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Given recent advances in causal inference, what challenges still prevent these methods from
being widely or reliably used in real-world applications? This dissertation considers two tasks
in causal inference—causal decomposition and causal discovery—and develops statistical
methodology in three separate projects to support their use in practice.

In the first project, we study Black—white disparities in NIH R01 grant peer review. Prior
work has identified the step of selection into panel discussion as an important contributor to
Black—white funding disparities at the NIH. In this project, our objective is to use a causal
decomposition framework to understand what factors could causally contribute to reduc-
ing Black—white disparities in selection into discussion, and to assess how recent procedural
changes may affect Black—white disparities in selection into discussion. To achieve these ob-
jectives, we extend the causal decomposition framework to accommodate the complexities of
the NIH peer review process. For example, we account for interference between applications,
since proposals are evaluated relative to others and interventions on one proposal’s score may
affect the discussion outcomes of others. We also develop a Bayesian estimation procedure for
causal decomposition that incorporates group-level structure. Using our causal decomposi-
tion framework, we first explore whether hypothetical interventions eliminating Black-white

disparities and/or differences in attributes would reduce Black-white disparities in selection



of proposals for panel discussion. The attributes we consider include those associated with
applicants (degree, career stage, their institution’s funding bin) and their submitted propos-
als (application type, amended status, Preliminary Overall Impact Score, and NIH assigned
Administering Organization and Integrated Review Group). Under reasonable assumptions,
we find that among the attributes considered, Preliminary Overall Impact Score was the only
one that, after equalizing, could dissolve Black-white disparities in selection into discussion.
In addition, we conduct a thought experiment to explore potential impacts of the NIH’s
move to binary scoring for the Investigator and Environment criteria in the new Simplified
Peer Review Framework on Black-white disparities in selection into discussion. To carry
out this thought experiment, we introduce a new estimand within our causal decomposition
framework, the Thresholded Disparity, which captures the impact of discretizing evaluation
criteria while accounting for the same complexities of the NIH peer review process (e.g., in-
terference), and estimate it using a similar Bayesian procedure that incorporates group-level
structure. Analyses from our thought experiment suggest that changing to binary scoring
of the Investigator-and-Environment factor may not have any effect on disparities in selec-
tion into discussion. Overall, under the assumptions of the causal decomposition framework,
these results suggest that efforts aimed at reducing disparities in selection into discussion
should focus on identifying upstream, policy-relevant, and practically feasible interventions
for eliminating racial disparities in Preliminary Overall Impact Scores. In contrast, the tran-
sition to the Simplified Peer Review Framework is unlikely to substantially reduce disparities

in selection into discussion.

In the second and third projects, we develop statistical inference tools for causal discovery
to address the lack of formal inference and sensitivity to assumption violations in existing
methods. Existing functional causal discovery approaches use structural asymmetries to
identify causal directionality but rely on strong modeling assumptions and provide limited

support for uncertainty quantification. To address these limitations, in the second project, we



develop a foundational hypothesis testing-based framework that provides formal inference on
causal direction and diagnostic information about potential assumption violations for bivari-
ate functional causal discovery. We demonstrate these inferential and diagnostic capabilities
through simulations with varying degrees of assumption violation and through case studies
of cause-effect datasets. Building on this foundational hypothesis testing-based framework,
in the third project, we introduce Causal Discovery via Statistical Power (CDSP), a method
that connects causal direction estimation—a.k.a. causal discovery—with statistical power.
Within CDSP, we define notions of statistical power and effect size in causal discovery and
characterize, through the effect-size asymmetry assumption, when the observational data
contain sufficient information to favor one causal direction over the other. We establish
theoretical results linking effect-size asymmetry to direction detection, showing that when
this assumption holds, the probability of correctly detecting the causal direction (i.e., the
power of causal discovery) exceeds that of favoring the reverse direction. Leveraging these
results, we develop a procedure for causal direction estimation via effect-size asymmetry
and provide statistical inference for the estimated direction through a measure of directional
support. Simulations show that CDSP direction estimation is robust to mild and moder-
ate model misspecification. Real data analyses on 100 cause—effect benchmark pairs further
demonstrate that CDSP reduces false discovery rates by approximately 18% relative to a
commonly used existing method.

Together, the contributions of this dissertation support the use of statistically grounded

causal inference methodologies in complex real-world settings.
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Chapter 1
INTRODUCTION

Causal inference methods have seen substantial theoretical and methodological advances,
yet their application in real-world settings remains challenging. In practice, data often
arise from complex systems where methods developed under idealized assumptions may not
directly apply, making causal conclusions difficult to interpret and trust. This dissertation
develops application-driven statistical methodologies for causal decomposition and causal
discovery to address these challenges and support the reliable use of causal methods in

practice.

1.0.1  Contributions to Statistical Methodology

This dissertation develops statistical methodology for causal decomposition and causal dis-
covery, motivated by the challenges of applying causal methods in complex, real-world set-
tings. Chapter 2 provides background on causal inference, causal decomposition for disparity
quantification, and causal discovery, establishing the foundation for the methodological de-
velopments that follow.

In Chapter 3, we extend the causal decomposition framework to the NIH peer review
setting, addressing practical challenges such as interference between applications—since pro-
posals are evaluated relative to others—and a hierarchical institutional structure, where
applications are reviewed within panels that are themselves grouped into larger administra-
tive units with constraints on how many applications can be discussed. We formalize causal
estimands and identification assumptions for this setting and derive identification results for

interventions relevant to NIH peer review. We also develop a Bayesian estimation procedure



that incorporates group-level structure. First, we use our causal decomposition framework to
explore whether eliminating disparities and/or differences in attributes would reduce Black-
white disparities in selection of proposals for panel discussion. Second, we conduct a thought
experiment to assess the impact of discretizing evaluation criteria, motivated by proposed
reforms to the peer review process. To carry out this thought experiment, we introduce a
new estimand, the Thresholded Disparity, which captures the impact of discretizing evalua-
tion criteria while accounting for the same complexities of the NIH peer review process (e.g.,

interference), and estimate it using our Bayesian procedure.

In Chapter 4, we develop statistical inference tools for causal discovery to address the
lack of formal inference. We first provide a systematic review of the statistical guarantees of
existing functional causal discovery methods across theory, software, and applied use, iden-
tifying a key gap: the absence of a unified inferential framework that applies broadly across
model classes. To address this gap, we develop a hypothesis testing-based framework for
bivariate causal discovery. This foundational framework yields explicit uncertainty quantifi-
cation, characterizes distinct causal discovery outcomes, and provides diagnostic insight into
potential model misspecification and lack of identifiability. We further introduce resampling-
based procedures to assess the stability of causal direction estimates and provide practical

recommendations for advancing statistical guarantees in functional causal discovery.

In Chapter 5, building on the test-based approach developed in Chapter 4, we introduce
Causal Discovery via Statistical Power (CDSP), a framework that connects causal direction
estimation with statistical power. We define notions of statistical power and effect size
tailored to causal discovery and characterize when the data contain sufficient information to
favor one causal direction over the other. Within this framework, we formalize an effect-size
asymmetry assumption, under which the incorrect direction deviates more strongly from
its null and is therefore easier to reject than the correct direction. We show that this
asymmetry implies that the probability of detecting the correct causal direction exceeds
that of the incorrect direction, yielding a statistical characterization of directional evidence.

Building on these results, we develop an inferential procedure for estimating causal direction



along with a measure of directional support. Simulation studies and real data applications

demonstrate robustness to model misspecification.

1.0.2  Contributions to Real-World Applications

This dissertation is motivated by the gap between theoretical developments in causal in-
ference and real-world applications. Chapter 3 focuses on the NIH RO1 grant peer review
process, a high-stakes evaluation system in which prior work has identified selection into
panel discussion as the decision point contributing most to Black—white NIH funding dispar-
ities (Hoppe et al., 2019).

Using a causal decomposition framework, we evaluate what factors causally contribute
to Black—white disparities in selection into panel discussion. In particular, we examine
whether hypothetical interventions eliminating Black—white disparities and/or differences in
attributes would reduce disparities in selection into discussion. In addition, we conduct a
thought experiment to explore the potential impact of the NIH’s transition to binary scoring
for the Investigator and Environment criteria under the Simplified Peer Review Framework
(NIH Center for Scientific Review, 2024b) on disparities in selection into discussion.

Under reasonable assumptions, we find that among the attributes considered, Preliminary
Overall Impact Score was the only one that, after equalizing, could dissolve Black-white
disparities in selection into discussion. Furthermore, analyses from our thought experiment
suggest that changing to binary scoring of the Investigator-and-Environment factor may not
have any effect on disparities in selection into discussion. Overall, under the assumptions
of the causal decomposition framework, these results suggest that efforts aimed at reducing
disparities in selection into discussion should focus on identifying upstream, policy-relevant,
and practically feasible interventions for eliminating racial disparities in Preliminary Overall
Impact Scores. In contrast, the transition to the Simplified Peer Review Framework is
unlikely to substantially reduce disparities in selection into discussion.

More broadly, the methodologies developed in this dissertation enable the application of

causal methods in settings where standard assumptions may not directly hold. In Chapter 3,



this enables evaluation of interventions in institutional decision-making processes such as peer
review, where features such as interference between proposals, self-selection mechanisms, and
structural constraints must be accounted for.

In Chapter 4, the proposed test-based causal discovery framework provides formal infer-
ence on causal directionality and a diagnostic tool for detecting potential violations of the
assumptions underlying functional causal discovery methods. In Chapter 5, we introduce
Causal Discovery via Statistical Power (CDSP), a statistically grounded framework for di-
rection detection that is robust to model misspecification and supports inference through
a measure of directional support. Across Chapters 4 and 5, we demonstrate these meth-
ods through simulations and applications to the Tiibingen Cause—Effect Pairs (Mooij et al.,
2016a), showing that they can improve upon a commonly used existing approach in realistic
data settings.

Together, these contributions support the use of statistically grounded causal methods

for reliable decision-making and scientific discovery in complex, real-world settings.
1.1 Organization of Dissertation

To summarize, Chapter 2 provides important background on causal inference, causal de-
composition for disparity quantification, and causal discovery. Chapters 3-5 present the
main contributions of the dissertation. Specifically, Chapter 3 develops causal decomposi-
tion methods for NIH RO1 peer review to study which factors causally contribute to Black—
white disparities in selection into discussion and to assess how recent procedural changes
may affect these disparities. Chapter 4 develops a hypothesis testing-based framework for
causal discovery that enables statistical inference on causal direction and provides diagnostic
insight into potential assumption violations. Chapter 5 builds on this foundational hypothe-
sis testing-based framework and introduces Causal Discovery via Statistical Power (CDSP),
which connects causal direction estimation with statistical power, characterizes when the
data support one direction over the other, and is robust to model misspecification. Last,

Chapter 6 discusses the complete work and proposes areas for future research.



Chapter 2

BACKGROUND

In this chapter, we provide key background information that will be useful for under-
standing the subsequent chapters of this dissertation. Specifically, we provide background

on causal inference, causal decomposition for disparity quantification, and causal discovery.

2.1 Causal Inference

We begin with a brief introduction to causal inference, as all subsequent chapters relate to
this topic. Causal inference is a discipline that “considers the assumptions, study designs,

and estimation strategies that allow researchers to draw causal conclusions based on data”

(Hill & Stuart, 2015).

To draw causal conclusions from data, one must typically specify the underlying causal
structure. When this structure is well understood (e.g., from randomized experiments), one
can proceed to estimate causal quantities of interest. However, in many settings, the causal
structure is not known a priori. In such cases, researchers may turn to causal discovery—the
identification of causal relationships among variables from observational data. In Section 2.3,

we review causal discovery as it relates to the work in Chapters 4 and 5.

Once a causal structure is specified, either through domain knowledge or causal discovery
methods, it can be used to conduct causal analyses. One important application of causal
inference is in quantifying fairness and disparities. In particular, causal methods can be used
to identify factors that contribute to disparities and to evaluate policy interventions that
may reduce them. In Section 2.2, we provide a more detailed review of causal methodologies

for quantifying fairness and disparities as they relate to the work in Chapter 3.



Estimand Estimand Interpretation
Name

Counterfactual | P(Y(A =a) =y[M =mA=a)=PYA=a)=yM =mA=a)|GivenM = mandA = athe
Fairness Va €A yeyY probability of Y = y equivalent to
the probability of Y = yifA = a'.

Natural Direct | E[Y(4 = a, M(A = a')) — Y(A = a',M(4 = a"))] Measures the effect of the direct

Effect causal path A —» Y

Natural E[Y(A=a M(A=a)) — YA =a MA=a))] Measures the effect of the mediator M

Indirect Effect at levels M(a), M(a") on the outcome
YhadA = a'.

Table 2.1: Examples of causal estimands used in the fairness literature. Kusner et al.,
2017 introduced Counterfactual Fairness, and Chiappa, 2019; Nabi and Shpitser, 2018 use
mediation-based approaches.

2.2 Causal Inference for Disparity Quantification

In this section, we briefly review causal methodologies for quantifying fairness and disparities
as they relate to the work in Chapter 3. Racial disparities are commonly defined as differences
in outcomes across racial groups (Barocas et al., 2023; VanderWeele & Robinson, 2014).
These differences may arise through multiple pathways, including factors associated with race
as well as intermediate variables that lie on causal pathways from race to the outcome. The
framework of causal inference provides tools for quantifying the mechanisms that contribute
to these disparities and for evaluating interventions that may reduce them (VanderWeele &
Robinson, 2014).

To formalize these questions, we use counterfactual variables, or potential outcomes,
which denote the outcomes that would be observed under hypothetical interventions (Imbens
& Rubin, 2015; Rubin, 1974). Let Y denote the outcome of interest (e.g., peer review funding
decisions), A denote self-reported race, and M denote a mediator—a variable that is affected
by race and in turn affects the outcome (e.g., peer review scores). We use notation such as
Y (m) to represent these quantities.

Many approaches in the fairness literature define estimands that contrast counterfactual

outcomes across levels of race (see Table 2.1) (e.g., Chiappa, 2019; Kusner et al., 2017; Nabi



and Shpitser, 2018). These include approaches that aim to ensure decisions or predictions
remain unchanged under hypothetical changes to race, as well as approaches that examine
how disparities arise through intermediate variables.

However, several researchers have argued that counterfactual variables involving race are
not well-defined (e.g., Barocas et al., 2023; Hu, 2023; VanderWeele and Robinson, 2014).
Race is not a manipulable treatment in the conventional sense, and its effects may reflect
a combination of physical features, ancestry, and social and cultural factors (VanderWeele
& Robinson, 2014). As a result, standard causal interpretations that rely on well-defined
interventions are difficult to apply directly to race.

One approach proposed in the literature is to shift the focus from the effect of race itself
to the effect of exposure to perceived race (Barocas et al., 2023). Under this perspective, the
“treatment” corresponds to observable attributes (e.g., a PI's name) that may signal per-
ceived race, and the estimand captures how decision-makers respond to such signals. While
this approach introduces manipulable interventions, it also raises challenges, as perceptions
of race can arise through multiple channels (e.g., names, speech, or other characteristics),
and it is difficult to define coherent counterfactual scenarios that alter these signals while
preserving all other relevant features (Barocas et al., 2023).

To address these issues, VanderWeele and Robinson (2014) propose focusing on mediat-
ing mechanisms that contribute to disparities. They introduce this framework to “provide
a causal interpretation of race coefficients... without defining potential outcomes for race
itself,” noting that “there are... no reasonable hypothetical interventions on race.” Instead,
the framework asks “how much a racial inequality could be eliminated by intervening on a
different variable,” thereby shifting the focus to factors that are more amenable to interven-
tion (VanderWeele & Robinson, 2014). This approach avoids causal interpretations of race
itself while allowing for causal interpretation of how interventions on mediators may reduce
disparities.

Within this framework, disparities can be decomposed into components corresponding

to different intervention targets. To define the causal estimands of interest, VanderWeele



and Robinson (2014) use the potential outcomes framework (Rubin, 1974). Let C' denote
baseline covariates. The potential outcome Y (M =m) denotes the outcome if the mediator
M were set to value m. They propose a causal decomposition consisting of the observed

disparity, disparity reduction, and disparity remaining:

Observed Disparity: E[Y|A=0]-E[Y|A=1] (2.1)
Disparity Reduction: E[Y/(M*)|A=1]-E[Y|A=1] (2.2)
Disparity Remaining: E[Y|A=0]-E[Y(M*)|A=1] (2.3)

Here, M* ~ P(M|A = 0,C') represents an intervention that equalizes the distribution
of the mediator across racial groups. Under assumptions such as consistency, conditional
ignorability, and positivity, these quantities are identifiable (VanderWeele & Robinson, 2014).
The authors also discuss challenges that arise when conditioning on selected populations
(Bareinboim & Pearl, 2012; VanderWeele & Robinson, 2014). Subsequent work has developed
estimation procedures for these estimands (Jackson & VanderWeele, 2018; Park et al., 2020).

2.3 Causal Discovery

In this section, we briefly review causal discovery methodologies relevant to Chapters 4 and 5.
Identifying and understanding causal relations is fundamental to many scientific disciplines.
For example, in biology, uncovering causal links in gene regulatory networks is crucial for
gaining insight into biological processes and disease mechanisms (Jiang et al., 2023). While
randomized experiments and carefully designed interventions can reveal causal relationships,
these are often too expensive, time-consuming, or infeasible. As a result, reliable causal
discovery methods that can extract evidence of causal structure from observational data are

essential.



Causal discovery methods have been applied across the sciences (e.g., Glymour et al.,
2019; Hu et al., 2018; Kotoku et al., 2020; Rosenstrom et al., 2012; Saito and Fujiwara,
2023; Zhang et al., 2012). These methods typically represent causal structure using a Di-
rected Acyclic Graph (DAG), whose nodes correspond to random variables and whose edges
represent direct causal dependencies. The acyclicity assumption rules out directed cycles

and ensures that the graph encodes a well-defined causal ordering.

Two broad classes of causal discovery are constraint-based and function-based methods
(Glymour et al., 2019). Constraint-based approaches—such as the Fast Causal Inference
(FCI) algorithm (Spirtes et al., 2000) and the Peter—Clark (PC) algorithm (Spirtes et al.,
2000)—search for patterns of conditional independence in the data. Their validity depends
on the faithfulness assumption, which requires that all conditional independence relations
present in the observed distribution are implied by the DAG. In general, constraint-based
methods identify a Markov equivalence class rather than a unique DAG. These methods
work best with large sample sizes, where tests of conditional independence have sufficient
power (Glymour et al., 2019), and they provide no information in purely bivariate settings

where no conditional independences exist.

Functional causal discovery methods take a different approach: they use structural as-
sumptions on the functional form of the relationship between variables to identify the causal
direction. In the bivariate case, for two random variables X and Y, suppose the true causal

direction is X - Y. Then, functional causal models are of the form

Y = f(X,n;9),

where 7 is noise that is independent of X, f € F is the functional form, and ¢ is the
parameter set. Given ¢, some models additionally assume that f is invertible so that n can
be recovered uniquely from (X,Y"). These methods identify the causal direction by exploiting
asymmetries: when the model assumptions hold, the noise term is independent of the cause

in the true direction but not in the reverse direction.
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Prominent examples include the Linear Non-Gaussian Acyclic Model (LINGAM)
(Shimizu & Kano, 2008), where Y = X +n and the noise 1 is non-Gaussian; the Addi-
tive Noise Model (ANM) (Hoyer et al., 2009), where Y = fan(X)+n; and the Post-Nonlinear
Model (PNL) (Zhang & Chan, 2006; Zhang & Hyvarinen, 2012), where Y = fo(f1(X) +n)
with fy invertible. Shimizu et al. (2011, 2006), Hoyer et al. (2009), and Zhang and Hyvarinen
(2012) formalize identifiability results for these models and provide algorithms for estimating
the causal direction.

Functional causal discovery methods have been used widely in neuroscience, epidemiology,
psychology, genetics, and other domains in the medical and social sciences. For example,
Saito and Fujiwara (2023) used LINGAM to study factors contributing to nitrogen oxide
generation in a coal-fired power plant. Rosenstrom et al. (2012) used LINGAM to examine
causal relationships between sleep and depression, while Hu et al. (2018) applied ANMs for
causal discovery in genetic studies. Song et al. (2017) applied ANM and PNL models to
diverse bivariate datasets across geography, biology, physics, and economics. Despite this
widespread use, the state of statistical guarantees for these methods remains underdeveloped;
we provide a focused review of the current state of statistical guarantees in functional causal

discovery in Chapter 4.
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Chapter 3

CAUSAL DECOMPOSITION OF BLACK-WHITE
DISPARITIES IN NIH’S SELECTION OF PROPOSALS FOR
PANEL DISCUSSION

This work was conducted in collaboration with Dr. Elena A. Erosheva and Dr. Carole J.
Lee. A revised version of the original manuscript received a 2026 Joint Statistical Meetings
(JSM) Student Paper Award jointly from the Social Statistics, Government Statistics, and
Survey Research Methods Sections of the American Statistical Association. This chapter

provides the most complete account of the methodology.

3.1 Introduction

The National Institutes of Health (NIH) “is the largest public funder of biomedical research
in the world” (National Institutes of Health, 2026). The NIH funds research through a
competitive peer review process. A major mechanism for this funding is the Research Project
Grant (RO1), which supports investigator-initiated research aligned with the mission of the
NIH and its Institutes and Centers (National Institutes of Health, n.d.). The ROl grant
“is the original and historically oldest grant mechanism used by NIH”(National Institute
of Biomedical Imaging and Bioengineering, 2026). Research has demonstrated persistent
Black-white disparities in funding at the NIH, even as of 2022 (Lauer & Roychowdhury,
2023), more than ten years after Ginther et al., 2011’s first report. Portions of the funding
gap have been attributed to different structural inequities in science. Ginther et al., 2011
found that, in submitted Biosketches, new and experienced Black Principal Investigators
(PIs) publish in journals with lower impact factors, have fewer field-normalized citations,

and report fewer publications than their white peers—and that these bibliometric differences
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account for roughly half the funding gap. Lauer et al., 2021 discovered that part of the
funding disparity could be attributed to the lower award rates at Centers and Institutes to
which Black PI’s disproportionately apply Lauer et al., 2021—and that this fully accounts
for previously observed associations between PI race and proposal topic choice Hoppe et al.,
2019. Inequities in mentoring and co-author networks are also thought to play a role: Warner
et al., 2017 found that within the context of Harvard Medical School, an NIH applicant’s
network reach—measured as the intra-institutional number of the applicant’s co-authors plus
the intra-institutional number of their co-authors’ co-authors—was associated with receiving
an NIH RO1 grant. Although the Black-white funding gap at NIH has narrowed in recent
years, it has not been eliminated (Refer to Figure 8 of Lauer and Roychowdhury, 2024).
The persistence of Black—white disparities raises concerns about equity in access to research
funding and the potential loss of scientific contributions from underrepresented groups. The
continued attention to this issue in recent work following Ginther et al., 2011 underscores its
ongoing importance (e.g., Erosheva et al., 2020a; Lauer et al., 2021). However, most of this
work relies on associational analyses and does not establish which factors causally contribute
to disparities or which changes to the review process would meaningfully reduce them.

In this chapter, our objective is to use a causal decomposition framework to understand
what factors causally contribute to reducing Black-white disparities in selection into dis-
cussion, and to assess how recent procedural changes may affect Black—white disparities in
selection into discussion.

Research grant proposal applications must successfully surmount multiple hurdles to
secure NIH RO1 funding, as shown in Fig 3.1, with the first being selection into discussion
by Scientific Review Groups (SRGs). NIH SRGs—study sections composed of subject-area
experts who conduct the peer review of RO1 applications—are organized within broader
Integrated Review Groups (IRGs), which cluster related study sections by scientific discipline.

In the Enhanced Peer Review Process used by the NIH between January 25, 2009 and
January 24, 2025 (NIH Center for Scientific Review, 2009), assigned reviewers evaluated the

proposed research and the biosketch, which contains applicants’ names, institutional affili-
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- . Selection of
Applications Submitted Appjications for Applications Discussed Applications Funded

Panel Discussion

Figure 3.1: Overview of the NIH RO1 peer review process. Figure widths reflect the approx-
imate proportion of applications at each stage: all applications receive preliminary scores;
roughly half are selected for discussion; and only a smaller subset ultimately receive funding.
White text denotes the three major stages. Yellow text highlights a key review process—the
selection of proposals for panel discussion. Adapted from Fig. 1 in Hoppe et al., 2019.

ations, and selected publications Hoppe et al., 2019; Nakamura et al., 2021, and provided
preliminary (i.e., before panel discussion) criterion scores for Significance, Investigators, In-
novation, Approach, and Environment as well as Preliminary Overall Impact Scores for each
submitted application (see Table 3.1 for descriptions). Each preliminary criterion was scored
on a scale from 1 to 9, with 1 being the best and 9 the worst. Preliminary Overall Im-
pact Scores were used to nominate which applications—typically half based on Preliminary
Overall Impact Scores—were not to be discussed. This process of nominating applications
to not be discussed based on a Preliminary Overall Impact Score threshold is known as
‘streamlining’ (NIH NIAD, 2023). Applications that were not ‘streamlined” would go on to

be discussed.

Selection for panel discussion included an additional step. That is, after ‘streamlining’,
panel reviewers assessed applications nominated not to be discussed in a randomized order
to decide if any should be added to the discussion (NIH NIAD, 2023). For each proposal
nominated not to be discussed, all reviewers without a conflict of interest must have agreed
unanimously not to discuss that application; otherwise, applications would have been moved
along to the discussion phase (NIH NIAD, 2023). All applications selected for SRG panel

discussions were provided final Overall Impact Scores. At the funding step, these final
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Enhanced Peer Review Process (for due dates before Jan 25, 2025)
All five scored criteria are considered in the Preliminary Overall Impact Score
Criterion (Scored 1-9) | Description

Significance Does the project address an important problem or a critical barrier to progress
in the field? If the aims of the project are achieved, how will scientific knowl-
edge, technical capability, and/or clinical practice be improved? How will suc-
cessful completion of the aims change the concepts, methods, technologies,
treatments, services, or preventative interventions that drive this field?
Innovation Does the application challenge and seek to shift current research or clinical prac-
tice paradigms by utilizing novel theoretical concepts, approaches or method-
ologies, instrumentation, or interventions? Are the concepts, approaches or
methodologies, instrumentation, or interventions novel to one field of research
or novel in a broad sense? Is a refinement, improvement, or new application of
theoretical concepts, approaches or methodologies, instrumentation, or inter-
ventions proposed?

Approach Are the overall strategy, methodology, and analyses well-reasoned and appro-
priate to accomplish the specific aims of the project? Are potential problems,
alternative strategies, and benchmarks for success presented? If the project is
in the early stages of development, will the strategy establish feasibility and
will particularly risky aspects be managed? If the project involves clinical re-
search, are the plans for (1) protection of human subjects from research risks,
and (2) inclusion of minorities and members of both sexes/genders, as well as
the inclusion of children, justified in terms of the scientific goals and research
strategy proposed?

Investigator(s) Are the PD/PIs, collaborators, and other researchers well suited to the project?
If Early Stage Investigators or New Investigators, do they have appropriate
experience and training? If established, have they demonstrated an ongoing
record of accomplishments that have advanced their field(s)? If the project
is collaborative or multi-PD/PI, do the investigators have complementary and
integrated expertise? Are their leadership approach, governance, and organi-
zational structure appropriate for the project?

Environment Will the scientific environment in which the work will be done contribute to
the probability of success? Are the institutional support, equipment, and other
physical resources available to the investigators adequate for the project pro-
posed? Will the project benefit from unique features of the scientific environ-
ment, subject populations, or collaborative arrangements?

Table 3.1: NIH’s descriptions of the five review criteria under the Enhanced Peer Review
Process. ‘Reviewers will provide’ a preliminary ‘overall impact/priority score to reflect their
assessment of the likelihood for the project to exert a sustained, powerful influence on the
research field(s) involved, in consideration of the following five core review criteria, and
additional review criteria (as applicable for the project proposed)’. (NIH Center for Scientific
Review, 2016, 2009).
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Overall Impact Scores guided the NIH’s Centers’ and Institutes’ funding decisions along
with a variety of other factors such as pubic health burden, programmatic priorities, overall
portfolio balance and budgets at the funding institutes (Hoppe et al., 2019; Nakamura et al.,
2021).

On January 25th, 2025, the NIH introduced the new Simplified Peer Review Framework.
The goals of the Simplified Peer Review Framework are to 1) simplify the peer review process
to be more focused on the key questions necessary to assess scientific and technical merit,
2) reduce reviewer burden, and 3) mitigate the effect of reputation bias (NIH Center for
Scientific Review, 2024b). Under this new system, instead of scoring five criteria individ-
ually, reviewers score three broad factors that encompass slightly updated versions of the
previous review criteria (NIH Center for Scientific Review, 2023b), as shown in Table 3.2.
A key simplification aimed at helping “put applicants on equal footing” involves combining
the Investigator and Environment criteria into a single binary assessment to be scored as
“gaps identified” or not (NIH Center for Scientific Review, 2024a). A major goal of this spe-
cific simplification is to “mitigate the effect of reputational bias” (NIH Center for Scientific
Review, 2024a), a plausible contributor to Black-white disparities (Ginther et al., 2011).

In this chapter, we undertake causal analyses to evaluate which interventions could po-
tentially decrease Black-white disparities in selection of proposals for panel discussion. We
focus on this stage for two main reasons. First, this decision point culls the largest number
of proposals. Second, this step in the process was shown to constitute “the largest single
contribution” to Black-white disparities in NIH grant review and funding (Hoppe et al.,
2019).

Despite the importance of this step of selection into discussion in the review process, this
decision point has not been investigated from a causal analysis perspective. Most analy-
ses aimed at understanding Black-white disparities in funding, including some of the most
groundbreaking work (Erosheva et al., 2020a; Ginther et al., 2011; Hoppe et al., 2019; Lauer
et al., 2021), have reported associations and, as such, refrained from drawing causal con-

clusions. For example, the only study that investigated selection of proposals for panel
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Simplified Peer Review Framework (for due dates on/after Jan 25, 2025)

All three factors are considered in the Preliminary Overall Impact Score

Factor (Score)

‘ Evaluation Criteria

Factor 1: Importance of
the Research (Scored 1-9)

Significance: Evaluate the importance of the proposed research in the
context of current scientific challenges and opportunities. Does the
application address a significant knowledge gap, critical problem, or
valuable conceptual/technical advance? Assess the rigor and justification
of the scientific background.

Innovation: Evaluate the influence of innovation on the importance of
the proposed research. Does the project apply novel concepts, methods,
or technologies, or use existing approaches in novel ways? Projects
without novelty may still be highly important to the field.

Factor 2: Rigor and
Feasibility (Scored 1-9)

Approach: Evaluate the scientific quality of the work. Assess whether
it is likely to yield compelling, reproducible results and whether the
proposed studies are feasible within the proposed timeline.

Rigor: Evaluate experimental design, controls, sample size, plans for
analysis, and whether biological variables (e.g., sex or age) are addressed.
For human or animal studies, assess the rigor of interventions, outcome
justification, generalizability, and population appropriateness.
Feasibility: Evaluate whether the research plan is realistic, including
recruitment and retention strategies (for human studies), study
milestones, and likelihood of achieving goals across diverse subgroups.

Factor 3: Expertise and
Resources (Binary:
Appropriate/Gaps
Identified)

Investigators: Are the PD/PIs and collaborators well qualified? Do
they have relevant experience, training, and complementary expertise?
Environment: Does the institutional setting, available resources, and
infrastructure support project success?

Proposals flagged as having “gaps identified” require an explanation.
This factor is not numerically scored but must be assessed for
appropriateness.

Table 3.2: NIH’s descriptions of the Review Criteria Under the Simplified Peer Review
Framework (NIH Center for Scientific Review, 2023b, 2024b). The Simplified Peer Review
Framework reorganizes NIH’s five individual review criteria (Table 3.1) into three broader
factors: (1) Importance of the Research, (2) Rigor and Feasibility, and (3) Expertise and
Resources. The most notable changes are: (i) Significance and Innovation are combined into
a single 1-9 score under Factor 1, and (ii) Investigator and Environment are merged into a

single binary score under Factor 3. These changes are detailed in NIH guidance and webinars
(NIH Center for Scientific Review, 2023b, 2024b).
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discussion (Hoppe et al., 2019) found significant associations between PI race, application
resubmission, institutional prestige, and career stage and the outcome of selection of pro-
posals for panel discussion; however, these associations estimated from observational data
were not evaluated for their causal contribution to disparities in selection into discussion.
Experimental efforts to identify causal mechanisms for racial disparities in peer review out-
comes include a study that anonymized PI identities (Nakamura et al., 2021) and another
study that swapped social identities of the names listed on otherwise identical proposals
(Forscher et al., 2019). However, these studies focused primarily on the causal role of per-
ceived applicant race and did not consider other factors that could impact disparities in
scoring and funding. Identifying hypothetical interventions that could reduce or eliminate
racial disparities in selection into discussion could inform where policies could be directed

most effectively.

In Section 3.2, we start by confirming Hoppe et al., 2019’s finding of substantial Black-
white disparity in selection into discussion with our data and illustrate variation in these
disparities across NIH’s Integrated and Scientific Review Groups. Then, to gain insight into
the scoring and selection process, we extend the causal decomposition framework introduced
by VanderWeele and Robinson, 2014 for the peer review context. Section 3.4 outlines the
causal decomposition methodology, its assumptions, and its adaptation to the peer review
context. Importantly, the causal decomposition framework does not estimate the causal effect
of race. Rather, it begins by estimating the observed Black—white disparity in selection into
discussion and then asks how this disparity would change under hypothetical interventions
of certain attributes (VanderWeele & Robinson, 2014). Section 3.5 presents the estimation
procedure. In Section 3.6.1, we use the causal decomposition framework to quantify: (i) the
observed Black—white disparity in selection into discussion; (ii) how much of this disparity
would be reduced if the distribution of a given attribute (e.g., PI career stage or institutional
prestige) were equalized across groups; and (iii) how much of the disparity would remain

after such equalization.

In Section 3.6.2, we examine counterfactual questions about how procedural changes akin
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to the Simplified Peer Review Framework’s move to replace the Investigator and Environment
1-9 scores with one binary Factor 3 score might affect disparities in selection for discussion.
We single out this procedural change in our analysis as it represents an intervention intro-
duced by the NIH with the stated goal of “mitigat[ing] the effect of reputational bias” NTH
Center for Scientific Review, 2024a, a factor that may contribute to Black—white disparities
in peer review (Ginther et al., 2011). While we do not have access to data from NIH’s new
Simplified Peer Review, we can still consider a thought experiment in which we use available
data from the NIH’s Enhanced Peer Review to binarize the Investigator and Environment
criteria separately since, after deciding on each Investigator and Environment criteria score,
one can relate these two binarized scores to the combined Factor 3 score as outlined in Fig
3.2. To implement our thought experiment, we use two conceptual extremes regarding how

criterion scores relate to Preliminary Overall Impact Score since that mechanism is unknown.

Investigator
Appropriate Gaps Ildentified

Either Appropriate or Gaps Identified Gaps |dentified

Appropriate Either Appropriate or Gaps Identified

Environment
Appropriate Gaps Identified

Figure 3.2: Relationship between two binarized criteria scores Investigator and Environment
(margins) and the new combined binary Investigator and Environment Score (cells).

As with any statistical analysis, our causal decomposition analysis relies on assumptions,
most of which are not directly testable from the observed data. Thus, the causal interpreta-
tions of our results should be understood as conditional on the assumptions underlying the
causal decomposition framework. In Section 3.4, we describe these assumptions in technical
detail and discuss their plausibility in the context of NIH peer review.

Under the assumptions outlined in Section 3.4, our causal decomposition analysis yields

several causal conclusions. First, eliminating racial disparities and/or differences in one of
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the attributes, in particular Preliminary Overall Impact Score, can dissolve the disparity
in selection into discussion. This result was not guaranteed a priori because, as we discuss
in the paper and Appendix A.2, selection into discussion is not deterministically driven
by Preliminary Overall Impact Scores. Second, we find that the impact of changes in the
Simplified Peer Review Framework on disparities in selection into discussion depends on how
reviewers evaluate the binary criteria as well as on the underlying causal relationship between
the criterion scores and Preliminary Overall Impact Scores. The results from our thought
experiment show that two conceptual extremes for this causal relationship can theoretically
lead to different effects that some may find surprising (see Figs 3.8a and Appendix A.7).
However, if the criteria are evaluated using cutoffs that reflect historical discussion rates at
the NIH, our thought experiment suggests that neither extreme would substantially alter
Black-white disparities in selection into discussion. Thus, under the assumptions of the
causal decomposition framework, we conclude that while reductions in racial disparities in
Preliminary Overall Impact Scores may impact disparities in selection into discussion, the

transition to the Simplified Peer Review Framework is unlikely to do so.
3.2 Preliminary analysis

Our dataset consists of preliminary peer review scores and several PI and application char-
acteristics for a subset of R0O1 submissions by Black and white PIs from 2014-2016 (Erosheva
et al., 2020a), and is publicly available on the Open Science Framework (Erosheva et al.,
2020b) (https://osf.io/4d6rx/). The dataset contains all submissions from Black Pls and a
random sample of submissions from white PIs. 22% of the Pls in the data are identified
as Black, while 78% are white. Additional details on our dataset and its construction are
provided in Section 3.3.

We observe that 54% of proposals are selected for discussion, aligning with the NIH’s
standard that approximately half of proposals are discussed; however, there is a great deal
of variability across Integrated Review Groups (IRGs) (NIH Center for Scientific Review,
2023a). We note that 56.4% (Cred. Interval = [54.4%, 58.2%]) of white PIs are selected


https://osf.io/4d6rx/

20

for panel discussion while only 43.9% (Cred. Interval = [40.6%, 47.3%]) of Black Pls are
selected!, leading to a substantial 12.3% (Cred. Interval = [11.3%, 16.3%]) disparity in
selection for discussion toward Black PIs. This is similar to the findings of Hoppe et al., 2019,
who observed a 13.4% disparity in their analysis of grant applications submitted between
2011 and 2015. Fig 3.3 presents discussion rates and Black-white disparities in discussion
rates by IRG. We observe considerable variability, with discussion rates across IRGs ranging
from 40% to 57%. Discussion rates further vary by SRG; Fig 3.3 (bottom panel) shows SRG
discussion rates for SRGs within the largest IRG range from 41% to 71%.

Discussion rates vary substantially based on Preliminary Overall Impact Scores, as well
as Investigator and Environment criterion scores (see Table A.1). Specifically, almost no
proposals with preliminary criteria scores above 5 are discussed, while the vast majority of
proposals with Preliminary Overall Impact Scores of 1 (the highest score) are discussed. How-
ever, both NIH documentation and our data suggest that while selection for panel discussion
is primarily driven by Preliminary Overall Impact Score, the process is not entirely deter-
ministic. As outlined in Appendix A.2, our analysis demonstrates that while these scores
play a central role, there may be other additional factors that influence which applications

are ultimately selected for discussion.
3.3 Data Sources

We analyze publicly available preliminary peer review data on NIH R0O1 grant applications
reviewed by the Center for Scientific Review (CSR) from 2014-2016 (Erosheva et al., 2020a).
The original dataset contains 4,651 applications with proposal-, investigator-, and review-
level information, including PI race, gender, ethnicity, degree type, career stage, institutional
funding bin, application type, amended status, Integrated and Scientific Review Group iden-

tifiers, administering Institute or Center, and both preliminary and final scoring outcomes.

!Because we observe all Black PI applications, whereas the white PI data comprise both a matched
subset of all white PIs and a randomly sampled subset (see Erosheva et al., 2020a for details on the
publicly available dataset), the credible intervals are conservative and not directly comparable across
groups.
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Black-White Disparity in Selection into Discussion Rate by IRG
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Figure 3.3: Discussion rates (top); Black-white disparities in selecting into discussion by IRG
(middle); and estimated discussion rates and the associated 95% Credible Intervals for SRGs
within the largest IRG (IRG 7) (bottom). Red dashed line is the estimate of the overall
discussion rate of 0.54 (0.51, 0.56) and the overall disparity of -0.12 (-0.16, -0.08). Credible
Intervals were obtained using a Bayesian bootstrap with 500 posterior samples.
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We restructure the data to the proposal level to focus on selection into discussion. Prelim-
inary scores are averaged across reviewers for each proposal, reflecting NIH procedures in
which initial decisions are based on average Preliminary Overall Impact Scores (NIH Center
for Scientific Review, 2018). We restrict the sample to applications with three reviewers—the
most common configuration—for consistency. The binary outcome indicating selection into
discussion is defined based on the availability of a final Overall Impact Score, which is as-
signed only to proposals that are discussed. This yields a final analytic sample of 3,687
proposals (22% from Black PIs and 78% from white PIs).

3.4 Causal Decomposition Analysis

In this section, we summarize the causal decomposition methodology introduced by Van-
derWeele and Robinson (2014) and describe how we extend it in the context of NIH peer
review. We first construct a causal diagram or directed acyclic graph (DAG) (Figure 3.4)
informed by domain knowledge of the NIH peer review process (NIH Center for Scientific
Review, 2023a); the presence of directed edges indicates possible causal relationships, while
the absence of an edge reflects an assumed lack of causal influence. Key variables include:
PI Race (denoted A), selection into discussion (Y'), protected attributes not currently under
examination (W), application and PI characteristics (Z) and contextual factors (L). See
Figure 3.4 caption for the list of variables in each group.

We extend the causal decomposition framework of VanderWeele and Robinson (2014) to
evaluate how changes in the distribution of specific attributes—such as Preliminary Overall
Impact Scores or degree category—contribute to Black—white disparities in selection into
discussion. Their framework provides “a causal interpretation of race coefficients... without
defining potential outcomes for race itself,” emphasizing that there are no reasonable hy-
pothetical interventions on race. Instead, they ask “how much a racial inequality could be
eliminated by intervening on a different variable,” thereby shifting focus to factors that are
manipulable or policy-relevant.

While it may not be feasible to experimentally alter some attributes, we can still con-
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Figure 3.4: Causal diagram of the NIH peer review process. A: PI race (A=0 white, A=1
Black); Y: selection of proposals for discussion; W: ethnicity and gender (protected at-
tributes not under examination); M: Preliminary Overall Impact Score; Z: application and
PI characteristics (Application Type, Amended Status, Career Stage, Degree Category, and
Funding Bin); L: contextual factors (IRG, SRG, and Administering Organization). The
dotted bi-directional arrow between W and A indicates an association rather than a causal
link.
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Figure 3.5: Simplified DAGs representing two conceptual extremes for how criterion scores
relate to Preliminary Overall Impact Scores. Panel a (Simultaneous Evaluation Model)
reflects NIH documentation, where all criterion scores are evaluated in parallel and influenced
by underlying PI ability (U). Panel b (Normatively Backwards Evaluation Model) represents
a scenario where some criterion scores influence the Preliminary Overall Impact Score while
others (e.g., Approach M,) are evaluated afterward. In both DAGs, M, denotes applicant-
related scores, M, proposal-related scores, and Y selection into discussion.
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sider hypothetical interventions that shift their distributions to gain insight into potential
policy effects. For example, we might consider a hypothetical intervention that equalizes
Preliminary Overall Impact Scores between Black and white PIs (i.e., removes any Black-
white disparities in Preliminary Overall Impact Scores). Analyzing such a scenario can help
us understand how much of the disparity in selection for discussion is driven by the score

differences, and guide policies that would target underlying factors.

We define three estimands to quantify disparities in selection into discussion. The Ob-
served Disparity (OD) (Eq. 3.1) captures the difference in discussion rates between white
and Black PIs. The Disparity Reduction (DRed) (Eq. 3.2) represents the change in
disparity under a hypothetical intervention that equalizes the distribution of an attribute
(e.g., Preliminary Overall Impact Scores) between groups. To formalize this, we let M*
denote a value drawn from the conditional distribution of Preliminary Overall Impact
Scores for white Pls, given gender, ethnicity, IRG, SRG, and Administering Organization:
P(M | A=0,W,L). Using the potential outcomes framework (Rubin, 1974), which allows
us to define outcomes under hypothetical scenarios, we define Y (M*) as an indicator for
whether a proposal would be selected for discussion after the hypothetical intervention to
equalize the distribution of Preliminary Overall Impact Scores between white and Black Pls.
The Disparity Remaining (DRem) (Eq. 3.3) captures the portion of the disparity that
persists after such an intervention. Consistent with NIH’s streamlining practice, all potential
outcomes (e.g., Y (M*)) are defined such that the discussion rate within each SRG k—that

is, the proportion of proposals selected for discussion—is fixed at its observed value dy.

Observed Disparity: E[Y | A=0]-E[Y | A=1] (3.1)

Disparity Reduction: E[Y(M*)|A=1]-E[Y|A=1] s.t. E[Y.(M*)]=dx (3.2)

Disparity Remaining: E[Y |A=0]-E[Y(M*)|A=1] st. E[Yi(M*)]=dr (3.3)

We also consider a thought experiment in the form of a hypothetical intervention mo-
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tivated by NIH’s Simplified Peer Review Framework: binarizing the Investigator and Envi-
ronment criterion scores. To assess its impact, we define the thresholded disparity (TD)
(Eq. 3.4), which measures the disparity that would remain if these scores were converted

from 1-9 scales to binary indicators (e.g., “appropriate” vs. “gaps identified”).
Thresholded Disparity: E[Y (M{,)|A=0]-E[Y (M. )|A=1] st. E[Yi(M.)]=ds (3.4)

Formally, Mf’e denotes the binarized Investigator and Environment criterion scores (as a
stacked vector), based on a predefined threshold ¢. If M; . <t, then M}, = [1,1] (strong score);
otherwise, M/, = [5,5] (poor score). The potential outcome Y (M ) represents whether a
proposal would be selected for discussion under this binarized scoring.

To carry out this thought experiment, we consider two conceptual extremes for how cri-
terion scores relate to Preliminary Overall Impact Scores: the Simultaneous Evaluation
Model and the Normatively Backwards Evaluation Model. The Simultaneous Evalu-
ation Model reflects the structure implied by NIH documentation, where all criterion scores
are assessed in parallel and influenced by an underlying latent PI ability (U). Figure 3.5a
shows an example DAG for this model. In contrast, the Normatively Backwards Evaluation
Model captures a scenario in which some criterion scores influence the Preliminary Overall
Impact Score, while the Approach score (M,) is evaluated afterward, reflecting a possible
ordering or dependency in how reviewers form their assessments (Figure 3.5b).

The following assumptions are sufficient for nonparametric identification of the Disparity
Reduction, Disparity Remaining, and thresholded disparity estimands using observational

data:

1. Consistency (SRG level): For proposal i in SRG k, if My = my, then Y; = Yy, (my).

2. No unmeasured confounding: The effect of M on Y is unconfounded at the SRG

level conditional on observed covariates (W, Z, L).
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3. Positivity: For all relevant values of (W, Z, L), there is positive probability of observ-
ing each level of M.

4. Partial interference: Interference occurs only within SRGs, not between SRGs.

The above assumptions 1-4 are reasonable in the NIH peer review setting. The con-
sistency assumption follows from the scoring process: the observed discussion outcome
corresponds to the outcome under the realized score. The no unmeasured confounding
assumption requires that, conditional on observed covariates (i.e., gender, ethnicity, IRG,
SRG, and Administering Organization), there are no unobserved variables that influence
both the intervened-on attribute (i.e., Preliminary Overall Impact Score) and selection into
discussion. A key concern for this assumption is the presence of unobserved aspects of pro-
posal quality or evaluation context that may affect both preliminary scores and discussion
decisions. Many dimensions of proposal quality are reflected in the criterion scores and
Preliminary Overall Impact Score themselves; however, it is possible that some aspects of
proposal quality or evaluation context are not fully captured by these scores and remain
unobserved. To mitigate confounding, we adjust for covariates selected based on the causal
diagram (Fig. 3.4), including structural, application, and investigator characteristics. In
particular, conditioning on IRG, SRG, and Administering Organization accounts for sys-
tematic differences in reviewer composition and evaluation standards, while application and
investigator characteristics capture key observable dimensions of proposal quality and/or re-
view context. While these adjustments address major sources of observed variation, the no
unmeasured confounding assumption cannot be verified and may be violated if important
aspects of proposal quality or evaluation context are not fully captured. The causal dia-
gram (Fig. 3.4) clarifies the assumptions under which identification holds, and our results
should be interpreted in light of this assumed causal structure. The positivity assumption
is supported by the presence of both Black and white Pls across relevant subgroups in the
data.

The set of covariates used for adjustment is determined by the directed acyclic graph
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and corresponding identification forms. These covariates are included to account for differ-
ences in observed context that may influence both the attribute being intervened on and
the outcome. Conditioning on these variables allows us to compare outcomes between Black
and white PIs who are similar along these observed dimensions. For example, when evaluat-
ing interventions on preliminary impact scores, we adjust for PI characteristics (e.g., career
stage, degree category, and prior funding), proposal characteristics (e.g., application type
and amendment status), and structural features of the review process (e.g., IRG and admin-
istering organization), with SRG included as a random effect. Full details of the covariate

sets corresponding to each intervention are provided in Tables A.6 and A.7 in the Appendix.
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Figure 3.6: Simplified interference structure for two proposals ¢ and 7 within a single SRG
k.

The partial interference assumption reflects the NIH streamlining procedure: proposals
are evaluated relative to others within the same SRG, so interventions on one proposal’s score
may affect discussion outcomes of other proposals in that SRG, but not those in different
SRGs. This motivates a partial interference framework (Hudgens & Halloran, 2008; Ogburn
& VanderWeele, 2014).

Let n denote the total number of proposals and N the number of SRGs. Proposals are
partitioned into SRGs indexed by k, with ny proposals in SRG k. Let My = (M1, ..., Myn,)
denote the vector of scores within SRG k. Let m = (my,...,my) denote a global assignment

vector across all SRGs. For proposal i in SRG k, define the potential outcome Yj;(my) as
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the outcome that would be observed under an intervention that sets M = my,.

Under partial interference,

Yki(m) = Yki(mk)>

so outcomes depend only on interventions within SRG k.

To illustrate the implied dependence structure, Figure 3.6 presents a simplified DAG
involving two proposals within a single SRG. For notational simplicity, the SRG index k is
suppressed in the figure. Let Cy; = (Wi, Agi, Zki, L) denote observed covariates for proposal
7.

The DAG encodes that both My, and Mj; may affect Yy;, and that confounding of these
relationships is captured by Cj;. Under the no unmeasured confounding assumption at the
SRG level, and the absence of cross-unit confounders beyond C};, this implies, under the

assumptions above, that

Yki(mk) 1 My, | Chi,

which permits nonparametric identification of the causal effect of M, on Y,; under partial

interference.

Formal identification proofs for the Disparity Reduction, Disparity Remaining, and
thresholded disparity estimands appear in Appendix A.5, and the effects of self-selection

on these estimands are discussed in Appendix A.6.

3.5 Estimation

3.5.1 Estimation Framework

To estimate the Disparity Reduction, Disparity Remaining, and thresholded disparity, we
consider only interventions that keep the discussion rate constant. This ensures that all
aspects of review other than the distributions of the intervened attributes remain unchanged.

Let d; denote the observed discussion rate for SRG k, and n; the number of proposals in
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SRG k. Define
Vi) = - 3 Vi)
Nk =1
as the proportion of proposals selected for discussion in SRG k. In order to estimate
the Disparity Reduction, Disparity Remaining and thresholded disparity, we must estimate

Egs. (3.5) and (3.6).
P(Yii(M}) =1] A =0), st E[Vi(ML)] = dp. (3.5)

P(Vii(ML,) =1| Ak =0), st E[Vi(ML,)] = dy. (3.6)

Under the identifying assumptions described in Section 3.4, the Disparity Reduction,
Disparity Remaining and thresholded disparity can be written as functionals of the observed
data distribution. To estimate these functionals under interventions that preserve the ob-

served discussion rate within each SRG, we introduce the shifted estimator.

We begin by specifying a working model for the probability of discussion. Let C; denote a
vector of observed covariates for proposal 7 in SRG k, chosen to capture the variables required
for identification, including those that account for interference within SRGs. The specific
covariates included in Cj; depend on the identification form associated with each estimand
(e.g., thresholded disparity versus disparity reduction), but we use a common notation for
simplicity. Following Erosheva et al. (2020a), we incorporate an SRG-specific random effect

and fit a logistic regression model of the form

1
1+ exp(=(Bo + BaApi + BT Cri + b))’

Pk =

where b, is an SRG-specific random effect.

To enforce the constraint that the discussion rate in each SRG equals the observed rate

dy, we introduce an SRG-specific shift parameter 7. The shifted predicted probability is
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defined as

. 1
~shift

Pri = .
k, 1+ exp(=(Bo + Vi + BaAri + B1Chi + bi,))

The shift parameter v; is chosen to satisfy

1 & hif

Ashift
— > pry =dg, k=1,...,N,
ng ;1

which ensures that, within each SRG, the average shifted predicted probability matches
the observed discussion rate. Intuitively, this estimator enforces the marginal constraint
by shifting the intercept, aligning the overall discussion rate with d; while preserving the
relative ordering of proposals within each SRG.

Under the working model, the shifted predicted probabilities ﬁzh;ft approximate the condi-
tional expectation under the model. Averaging over the empirical distribution of the covari-
ates yields a plug-in estimate of the corresponding marginal expectations E[Y (ML) | A = a]
and E[Y/(M?!) | A =a].

Thus, the Disparity Reduction, Disparity Remaining, and thresholded disparity can all

be expressed through a common plug-in form:

1 X 1 X

S ppt -

nA:O k=1 iZAkiZO

E:

> Rt (3.7)

MA=1 k=1 i:Ap;=1

The specific estimand (e.g., Disparity Reduction) is determined by the definition of the shifted

probabilities pihif which depend on the corresponding intervention and identification form.

3.5.2  Bayesian Implementation

We estimate Disparity Reduction, Disparity Remaining and Thesholded Disparity using
a Bayesian framework, which provides a coherent way to model the joint distribution of
outcomes and mediators, incorporate structural constraints required for the intervention,
and propagate uncertainty through the intervention and aggregation steps. Specifically, we

combine parametric models for the outcome and mediator distributions with a group-level
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Bayesian bootstrap and use Monte Carlo integration to obtain posterior summaries. In order
to estimate Disparity Reduction and Disparity Remaining, we follow Algorithm 1; here, we
illustrate the procedure by intervening on average Preliminary Overall Impact Scores. In the
first step of Algorithm 1, we model selection into discussion Y using a Bernoulli likelihood,
with the mean modeled by a logistic regression including fixed effects for the PI’s race,
ethnicity, gender, and the proposal’s average Preliminary Overall Impact Scores, the mean
and variance of scores from other proposals within the same SRG, application type, amended
status, career stage, degree category, funding bin, IRG, and Administering Organization.
SRG is included as a random effect to account for differences across SRGs (Erosheva et al.,

2020a).

To account for interference, we allow a proposal’s discussion outcome to depend on the
scores of other proposals within the same SRG, but assume no interference across SRGs. To
make estimation tractable, we do not model the full vector of other proposals’ scores directly.
Instead, conditional on a proposal’s own score and observed covariates, we assume that the
effect of other proposals’ scores on selection into discussion is captured by the mean and
variance of those scores within the same SRG, denoted fagy and 012\4]:’(_1_). This working
modeling assumption reduces the dimensionality of the problem. Intuitively, we assume
fary and 012\4,;(4) summarize the overall level and dispersion of scores among competing
proposals in the same SRG. We assess the adequacy of this approximation (i.e., representing

the influence of other proposals’ scores using only their mean and variance) in simulation

studies described in Appendix A.4.

In the second step of Algorithm 1, we model the average Preliminary Overall Impact
Scores using a linear mixed-effects model with Gaussian residuals. Specifically, for proposal

7 in SRG k,
My, | Api, Wi, L ~ N(Nku 02), with g = Bo + BaAki + BuWii + Bi Ly + by,

where race, ethnicity, gender, IRG, and Administering Organization are included as fixed
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Algorithm 1 Bayesian Estimation Procedure for Disparity Reduction and Remaining.

1. Model Y using a Bernoulli likelihood with SRG as a random effect and other attributes
as fixed effects.

2. Model M using a Gaussian likelihood with SRG as a random effect.

3. For each proposal 7 in SRG k:

(a) Draw 100 samples from M}, ~ P(My; | Api = 0, Wi, Li;).

(b) For each draw, compute summaries pary and o3 .
(= k(=)

using the sampled inter-

vened scores.

(c) Estimate

P(Ykz(M]:) = 1| Ay, My, = M;:pMM*,(_NU?WI:

k

,),Zki,wki,Lki)

for each sample and average over the Monte Carlo samples.

e To improve efficiency, we summarize the scores of other proposals within each
SRG using p M7 and o3, , rather than conditioning on each individual
score. ’ e
4. Apply the shifted estimator to the resulting predicted probabilities so that
E[Y.(M*)] = dy.

5. Jointly model all other variables using a group-level Bayesian bootstrap and compute
E[Y(M~) | A=1] via posterior averaging.

6. Compute Disparity Reduction and Remaining.
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effects, and by ~ N (0,72) is a random effect for SRG that captures between-SRG variability.
In the next step of Algorithm 1, we approximate the counterfactual outcomes under the

intervention using Monte Carlo integration.

In the third step of Algorithm 1, for each proposal, we use Monte Carlo integration
to average over draws of the intervened score M}, ~ P(My; | Ar; = 0, Wy, Li;). For
each draw, we compute the corresponding leave-one-out summaries fary and aﬁﬁ ,

R k,(=4)
and input these leave-one-out summaries into the logistic regression model to estimate

P(Ykl(MZ) =1| Api, My = M,C*Z},;LM]:’H),J&:’H),Z,m-, Wi, L;ﬂ-). Averaging over the Monte
Carlo samples yields proposal-level predicted probabilities. We then adjust these probabili-
ties using the shifted estimator so that E[Y,(M*)] = dj. In the final steps of Algorithm 1,
we model the joint distribution of W, L, and Z using a group-level Bayesian bootstrap at
the SRG level, and compute E[Y (M*) | A = 1] via posterior averaging. We repeat the model
fitting, intervention, and prediction steps for 1,000 draws, obtaining 1,000 estimates of the
Disparity Reduction and Disparity Remaining, which are used to construct 95% credible

intervals.

In Algorithm 2, we estimate the thresholded disparity using a procedure analogous to
that described above for Disparity Reduction and Disparity Remaining (Algorithm 1). As
described when introducing the thresholded disparity in Eq. (3.4), this estimand requires
binarizing the Investigator and Environment criterion scores relative to a threshold. We
therefore consider thresholds over the support of each score, applied separately to the In-
vestigator and Environment criteria, to indicate whether each score exceeds the threshold.
This allows us to assess how the Thresholded Disparities vary across different cutoff lev-
els. In the first step of Algorithm 2, for each pair of thresholds (tinyest, fenvir), Selection into
discussion Y is modeled using a Bernoulli likelihood, with the mean specified via logistic re-

gression. To define the intervention at a given threshold pair, we threshold the Investigator
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and Environment criterion scores as:

(invest) (envir)
L, M < tinvest and Me,ki < Lenvir;

e, ki

M; i = (3.8)

5, otherwise.

In the next step of Algorithm 2, for each SRG, we apply the thresholding defined in Eq. (3.8)
to all proposals and use the resulting thresholded scores to compute summaries of the other
proposals. Specifically, to obtain predicted probabilities of selection under the intervention,
we include Mékl along with the leave-one-out mean and variance of the thresholded scores of

o , among the covariates in the logistic regression

other proposals, denoted iyt ot and o2
ek, (= ek, (—1)

model (with the full set of covariates under the Normatively Backwards and Simultaneous

Evaluation models specified in Algorithm 2). The summaries jiy - and aiﬁ
e:k,(— e,k,(—1)

capture
within-SRG interference. To enforce the fixed discussion rate dy, we use the shifted estimator.
In the final steps of Algorithm 2, we model the remaining variables jointly via a group-level
Bayesian bootstrap and compute E[Y (M) | A =0] and E[Y(M!) | A = 1] to estimate the
thresholded disparity. We carry out the model fitting, intervention, and prediction steps
for 1,000 draws, obtaining 1,000 estimates of the thresholded disparity, which are used to

construct 95% credible intervals.

In our Bayesian estimation framework (illustrated in Algorithms 1 and 2), we use
weakly informative priors because the data are sufficiently informative for the likelihood
to dominate (Gabry et al., 2019). Fixed-effect parameters in the logistic regression have
N(0,4) priors, and SRG random effects follow N(fisg,,05,) With pigg, ~ N(0,4) and
Osrg, ~ Exponential(1). For the linear regression modeling average scores, fixed-effect pa-
rameters have N(0,10) priors, with analogous priors for SRG random effects. Predictive

posterior and MCMC diagnostic checks reveal no issues.

Moreover, in our Bayesian estimation framework, summaries such as puyy, . and U%/[k( )
s (=1

are, by construction, highly correlated within SRGs. However, because our target of infer-

ence is the marginal distribution P(Y | A), rather than conditional relationships involving
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Algorithm 2 Bayesian Estimation Procedure for thresholded disparity.

1. For each pair of thresholds (finvest, tenvir); Where tinvest, tenvir € {1,...,9}:

(a) Model selection into discussion Y using logistic regression with SRG as a random
effect and other attributes as fixed effects:

e For the Normatively Backwards Evaluation Model, model

2
Vi | Api, Me,ki;/LMe,k’(_i);UMe’h(_i)aWki’ Lyi, Z;.
e For the Simultaneous Evaluation Model, model
2
Y;ci | Ak’i) Me,k‘ia IuMe,k,(—i) ) O-Me,k,(—i)’ Mp,k‘ia Wk’ia Lki7 Zk‘l

(b) Define the thresholded Investigator and Environment criterion scores by

1, M(inveSt) < tinvest and M(en-Vir) < tenvira

e ki e,ki

Moo=
ek {5, otherwise.

(c) Compute summaries p M, and o , and use them together with Metm to

e, k,(-1)
obtain predicted probabilities of selection under the intervention:

e For the Normatively Backwards Evaluation Model,
P(Ykl(Mz,k) =1 | Aiy Zi, Wi, Ly, Mi,kia MM;’C,(%) ) 0_12\/[t . (__)) .
e For the Simultaneous Evaluation Model,

P(Ykzz(MZ,k) =1 | A]m', Zlm Mp,ka Wka Lk’v Mt,ki? NM;,C’H) ) 012\4t ) ’

e
ek, (—1)

(d) Apply the shifted estimator so that E[Yy(M?!)] = dk.

(e) Jointly model the remaining variables using a group-level Bayesian bootstrap and
compute E[Y(M!)| A=0] and E[Y (M!) | A =1] by posterior averaging.

(f) Compute the thresholded disparity.
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these summaries, such within-group dependence has limited impact on inference. To fur-
ther account for this dependence, we implement a group-level Bayesian bootstrap, assigning
resampling weights at the SRG level (Cameron et al., 2008; Rubin, 1981). Results closely
match those from the standard Bayesian bootstrap, suggesting that within-group dependence
does not substantially affect our estimates.

We conducted a simulation study to assess the statistical bias of the shifted estimator and
evaluate the impact of interference by comparing estimates with and without accounting for
interference. The simulations showed that, after accounting for interference, the shifted esti-
mator is approximately unbiased. Moreover, both simulation results and empirical analyses
suggest that interference due to streamlining has minimal effect on the estimates, implying
that partial interference is unlikely to introduce substantial bias in this setting. Additional

details are provided in Appendix A.4.

3.6 Results

3.6.1 Causal decomposition analysis of hypothetical interventions equalizing Black-white dif-

ferences in attributes

In this section, we focus on several variables that may influence a proposal’s chances of being
discussed: the Preliminary Overall Impact Score, application type, amended status, degree
category, funding bin, career stage, Administering Organization, and IRG, which is a proxy
for scientific area. Given that distributions of these variables differ substantially by race,
we investigate — via causal decomposition analyses — whether hypothetical interventions of
eliminating these disparities and/or differences would influence racial disparities in selection
into discussion.

Observed disparities and /or differences in the investigator and application characteristics
by race are substantial. The observed distribution of mean Preliminary Overall Impact
Scores differs between Black and white Pls, with white PIs tending to receive lower (better)

scores. We also observe notable racial differences in other key attributes: white PIs have
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a 5.1% higher rate of renewed applications, 7.9% more hold a Ph.D., while 4.3% and 3.4%
more Black PIs hold an M.D. or other degrees, respectively. Additionally, 9.2% more Black
Pls are Early Stage Investigators, 6.5% more are non-Early-Stage-Investigators, and 15.7%
more white Pls are Experienced Investigators. Lastly, the distributions of Administering
Organization and IRGs also differ between Black and white PIs. We also observe differences
in the PI’s institution’s funding bin which is a proxy for its prestige, where lower bins indicate
higher prestige (Erosheva et al., 2020a). These differences highlight potential contributors
to disparities in selection for discussion and motivate the use of hypothetical interventions
to assess whether targeting these factors could reduce those disparities. Tables and figures

in Appendix A.1 provide further details on these comparisons.

We examine several hypothetical interventions eliminating racial disparities and/or dif-
ferences in: (1) mean Preliminary Overall Impact Score, (2) application type and amended
status jointly, (3) degree category, funding bin, and career stage jointly, and (4) Adminis-
tering Organization and IRG jointly. These interventions are motivated by observed racial
differences in the distributions of these attributes and are grounded in previous research
that examined success in securing NIH funding (Erosheva et al., 2020a; Ginther et al., 2011;
Hoppe et al., 2019; Lauer et al., 2021). Ginther et al., 2011 found that those with strong
priority scores (scores given after SRG panel discussion), were equally likely to receive fund-
ing, irrespective of the PI’s race. Hoppe et al., 2019 found significant marginal effects for (1)
application resubmission, with new applications being significantly less likely to be discussed
and awarded than resubmitted applications; (2) institution prestige, with applications from
less prestigious institutions (those that receive less funding) being significantly less likely to
be discussed and awarded; (3) career stage, with early career investigators being significantly
more likely to be discussed and awarded; and (4) topic choice, suggesting that preferences
for topics “less likely to excite the enthusiasm of the scientific community” could lead to
lower discussion and funding rates, potentially creating a vicious cycle. Subsequently, Lauer
et al., 2021 refuted Hoppe et al., 2019’s claim that topic choice is the primary reason for the

funding gap and instead suggested that differences in funding rates between Institutes and
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Centers to which PI applications are assigned play a larger role.

We estimate the expected Disparity Reduction and Disparity Remaining in selection into
discussion under hypothetical interventions aimed to equalize the attribute(s) of interest
among Black and white PIs (Jackson & VanderWeele, 2018; VanderWeele & Robinson, 2014).
To do this, we randomly assign the attribute(s) under consideration among Black PIs such
that they follow the same distribution as white Pls conditional on gender, ethnicity, IRG,
SRG, and Administering Organization. (If the intervention under consideration is for IRG
and Administering Organization jointly, we do not include IRG, SRG, and Administering
Organization among conditioning variables). To estimate the disparity reduced, we use a
causal decomposition analysis, assuming the causal structure in Fig. 3.4 and accounting
for SRG-level discussion rates, so that comparisons are made within an SRG-constrained
selection process. We use logistic regression to model the selection process. We use either
linear or binary/multinomial logistic regressions, as appropriate, to model the attribute(s)
under consideration. For the joint interventions, we first model the distribution of one of
the attributes and then model the conditional distribution of the other attributes given the
previously modeled attributes.

Under the assumptions of the causal decomposition framework, our findings, summarized
in Fig 3.7, indicate that equalizing mean Preliminary Overall Impact Scores would dissolve
racial disparities (Disparity Remaining Estimate = 0.1%, 95% Cred. Interval = [-2.7%,
2.9%]); however, equalizing distributions of application type, amended status, degree cate-
gory, funding bin, career stage, IRG, and/or Administering Organization by race results in

minimal reductions in the disparity in selection into discussion.

3.6.2 Thought experiment on binary Investigator and Environment scoring under the Sim-

plified Peer Review Framework

On January 25th, 2025, NIH implemented the Simplified Peer Review Framework (NIH
Center for Scientific Review, 2023b). Tables 3.1 and 3.2 demonstrate the key differences

between the Enhanced Peer Review Process and Simplified Peer Review Framework. A



39

>10
& Estimand
q o -
@ M Disparity Remaining
Do 5 I Observed Disparity
o~
0
& s° < < i K
R D O O O N
& & o o o o
S & N N2 N2 Na
& & & Q bQ \Q(b
069, & K \,Z,O S
O .<\\\<\ Q & >
& &
Q\ Q&O

Figure 3.7: Estimated Overall Disparity and Disparity Remaining. Estimated Disparity
Remaining for Preliminary Overall Impact Scores, proposal attributes (application type and
amended status), PI attributes (career stage, degree category, and institutional funding
bin — a proxy for institution prestige), and structural attributes (IRG and Administering
Organization). Positive values indicate disparity against Black PIs. Included 95% Credible
Intervals. Estimates and intervals were obtained using Bayesian estimation.
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key simplification is combining the evaluation of the Investigator and Environment into a
single binary score, labeled as Factor 3, which will be rated as either “appropriate” or “gaps
identified”. This “will help put applicants on equal footing”, aiming to “mitigate the effect
of reputational bias” (NIH Center for Scientific Review, 2024a), a plausible contributor to
Black-white disparities (Ginther et al., 2011). Although we cannot fully assess changes due
to combining the Investigator and Environment into a single binary score, we can use our
causal decomposition framework to assess effects of binarization of both Investigator and
Environment criterion scores on racial disparities in selection into discussion. Assuming
that reviewers determine binary appropriateness based on the previous score being below
a certain threshold, we consider a thought experiment by binarizing the Investigator and
Environment scores separately at those thresholds while keeping all other criterion scores
as they are. We do not know exactly where the psychological threshold for “appropriate”
versus “gaps identified” will fall relative to the previous 9 point scale, so we perform a range
of analyses with different thresholds. If the threshold is very high (recall that higher scores on
the 9 point scale are worse), almost all proposals will be marked as “appropriate”, essentially
leading to parity. Similarly, if the threshold is very low, almost all proposals will be marked
as “gaps identified”, also resulting in parity. In what follows, we refer to the Investigator and
Environment criterion scores as applicant-related scores, and the Significance, Innovation,

and Approach criterion scores as proposal-related scores.

We propose a thought experiment where reviewers map their numerical scores (1-9) for
rating Investigator and Environment criteria onto binary “appropriate” or “gaps identified”
decisions. Each of the three reviewers would give one of these two designations. To model
the impact onto discussion, we assume that “appropriate” would correspond to a numeric In-
vestigator/Environment score that indicates the proposal will likely proceed to be discussed.
Likewise, “gaps identified” would correspond to a score that reflects a low chance of selection
into discussion. As seen in Table A.1, proposals with scores of 1 are often discussed, and
proposals with scores of 5 and above are rarely discussed. Therefore, we map a score of

1 to an “appropriate” decision and a score of 5 to a “gaps identified” decision. When we
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average these binary decisions across the three reviewers, we get the following scores: 1 (all
three reviewers find the proposal “appropriate”), 2.33 (two reviewers select “appropriate”
and one selects “gaps identified”), 3.67 (one reviewer selects “appropriate” and two select
“gaps identified”), and 5 (all three reviewers select “gaps identified”). Based on the distri-
bution of Investigator and Environment criterion scores (Fig A.1), scores of 1 and 2.33 are
more common, while 3.67 and 5 occur less frequently. Table A.1 shows that proposals with
scores around 1 or 2.33 are more likely to be discussed.

We implement this thought experiment under two conceptual models introduced in Sec-
tion 3.4 (Figure 3.5): the Simultaneous Fvaluation Model, consistent with NIH documenta-
tion, and the Normatively Backwards Fvaluation Model, which allows for sequential assess-
ment of criteria.

Fig 3.8a shows results for the Environment criterion score threshold of 2 and Investigator
criterion score thresholds from 1 to 3. We focus on this range because higher thresholds are
less realistic given historical NIH discussion rates. The combination of an Investigator cri-
terion score threshold of 3 and Environment criterion score threshold of 2 is most plausible,
as approximately 50% of proposals with these scores or lower are discussed. We note that
thresholded disparities are consistent across Environment criterion score thresholds; there-
fore, we present results only for the Environment criterion score threshold of 2. Complete
results over the full range of threshold combinations are provided in the Appendix (Fig A.7).
In what follows, we offer further explanation and intuition for our findings under both the
Simultaneous and Normatively Backwards Evaluation Models.

For the Simultaneous Evaluation Model, we use the estimand identified in Eq. S9. No-
tably, this model conditions on proposal-based criterion scores. Under this model, there is
minimal variation across different Investigator and Environment criterion score thresholds
because, conditional on the proposal-related criterion scores, the applicant-related criterion
scores have minimal impact on selection into discussion, as indicated by the coefficients in
the logistic regression model. As a result, regardless of whether reviewers were strict, mod-

erate, or lenient in judging proposals as “acceptable” versus “gaps identified,” disparities in



42

Causal Decomposition Equalization Analysis
for Applicant-related Criterion Scores

Thresholded % Disparity for Different Thresholds for the
Investigator and Environment Criterion Scores (Default Low Score 5)

% Disparity

Simultaneous Evaluation Model Normatively Backwards Evaluation Model
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Threshold: 2 Threshold: 2
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Figure 3.8: Thresholded disparity Results: Each plot shows the percentage of thresh-
olded disparity for an Environment criterion score threshold of 2, with the x-axis represent-
ing varying Investigator criterion score thresholds (1-3), based on historical NIH discussion
rates. The blue line represents the thresholded disparity under Model 3.5b, with the blue
shaded region indicating the 95% Credible Intervals. The green line represents the thresh-
olded disparity under Model 3.5a, with the green shaded region indicating the corresponding
95% Credible Intervals. The red dotted line marks the overall observed disparity, which is
12.3% (11.3%, 16.3%). For both models, applications with scores below the Environment
and Investigator criterion score thresholds were treated as if they had received a score of 5.
Equalization Results for Applicant-Related Criterion Scores: This section presents
the estimated overall disparity and Disparity Remaining after equalizing applicant-related
criterion scores under the Simultaneous and Normatively Backwards Evaluation Models.
Positive values indicate disparity against Black PIs. Estimates and their 95% Credible In-
tervals are obtained using Bayesian estimation.
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selection into discussion remain largely unchanged from the originally observed levels.

For the Normatively Backwards Evaluation Model, we use the estimand from Eq. SS8.
Notably, this model does not account for proposal-based criterion scores. Our results show
that, if reviewers were very strict, deeming only top-tier Investigator scores as “appropri-
ate”, disparities in selection into discussion would become slightly lower than observed, as
this strictness would apply to all PIs. Our exploratory analysis supports these results (see
Table A.1), as substantial disparities still exist at an Investigator criterion score of 1. If
reviewers were to use the Investigator criterion score threshold of 2, meaning that proposals
with Investigator criterion scores of 1 or 2 would be considered “appropriate” while scores
above 2 would indicate “gaps identified,” this would result in the largest disparities in se-
lection into discussion compared to all other thresholds. This finding can be traced back to
data (see Table A.1) that shows that most white Pls receive scores of 1 or 2, while many
fewer Black Pls achieve these scores, resulting in the largest Black-white disparity by the
Investigator criterion score breakdowns. If reviewers were to use the Investigator criterion
score threshold of 3, the disparity in selection into discussion would be similar to that at
the threshold of 1. This is because, as shown in Table A.1, the disparity at a score of 3
is the same as that at a score of 1. For higher thresholds (not shown in Fig 3.8a, refer to
Fig A.4), disparities decrease slightly and level out for thresholds of 5 and above, as few
PIs score above 4. Overall, if reviewers were to binarize Investigator and Environment cri-
terion scores, the expected thresholded disparity differs from the observed disparity, but not
substantially, especially for the relevant thresholds of 1 to 3.

We connect the binarization analysis to the equalization analysis by noting that extremely
lenient /strict thresholds effectively treat nearly all Investigator and Environment criterion
scores as “acceptable” /“gaps identified” for both Black and white Pls, thereby equalizing
their distributions. The findings from our binarization analysis align with those from hypo-
thetical interventions that equalize applicant-related criterion scores, as shown in Fig 3.8a.
The identification formulas for these equalization interventions under the Simultaneous and

Normatively Backwards Evaluation Models are provided in Table A.6. Under the Simul-
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taneous Evaluation Model, equalization has no impact on disparities — consistent with the
binarization analysis results. Under the Normatively Backwards Evaluation Model, equaliza-
tion leads to small, but not statistically substantial, reductions in disparities, again echoing
the binarization analysis results. These results indicate that even under extreme thresholds,
where applicant-related scores are effectively equalized across groups, disparities in selection
into discussion persist.

Overall, under both the Normatively Backwards and Simultaneous Evaluation models,
our thought experiment—simulating the NIH’s shift to binary Investigator and Environment
scores—did not lead to a meaningful reduction in disparities. The joint evaluation of In-
vestigator and Environment falls into the patterns described in Fig 3.2. Our conclusions
are conditional on the assumed plausible mappings between scoring systems and reviewer
behavior, as well as on the assumptions of the causal decomposition framework. Under these
conditions, the transition to the Simplified Peer Review Framework is unlikely to substan-

tially reduce disparities.
3.7 Discussion

Following on Hoppe et al., 2019’s finding of substantial Black-white disparity in selection
into discussion, we employ a causal decomposition methodology (1) to evaluate what factors
drive Black-white disparities in selection for panel discussion and (2) to assess the potential
impact of the move to the Simplified Peer Review Framework on these disparities.

In our work, we illustrate that there is quite a bit of variability in both discussion rates and
amount of disparity across NIH’s Integrated and Scientific Review Groups. This variability,
along with NIH’s documented practices of “rescuing” applications for discussion (NIH NIAD,
2023), suggests that selection for discussion is not entirely deterministic based on Preliminary
Overall Impact Scores (see Appendix A.2).

Nonetheless, under the assumptions of the causal decomposition framework, our analysis
suggests that eliminating racial disparities in Preliminary Overall Impact Scores can poten-

tially dissolve disparities in selection into discussion. This could be because the selection
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process is either primarily driven by Overall Impact scores and/or because the variability in
discussion selection practices is too infrequent to detect differences. Given the causal influ-
ence of Preliminary Overall Impact Scores on selection into discussion, future work should
focus on identifying upstream, policy-relevant, and practically feasible interventions for clos-
ing disparities in these scores. In the context of NIH grant review, experiments have provided
mixed results about the impact of interventions on perceived PI race on Preliminary Overall
Impact scores: on the one hand, an experiment that redacted names on proposals submitted
by Black, matched white, and random white PIs (400 proposals for each group) found that
anonymization halved the difference in mean Preliminary Overall Impact scores for proposals
submitted by Black versus white PIs (Nakamura et al., 2021); in contrast, a Goldberg-style
study (Goldberg, 1968) that swapped the perceived-race of applicant names on otherwise
identical applications (which included 24 funded and 24 unfunded NIH grant proposals)
found little to no difference in assigned Preliminary Overall Impact Scores (Forscher et al.,
2019). Future research is needed to resolve these discrepancies and to evaluate whether
inequities in Preliminary Overall Impact Scores could be causally explained by structural
inequities that have been found to account for downstream gaps in funding, including in-
equities in bibliometric profiles (Ginther et al., 2011) and co-author networks (Ginther et al.,
2011; Warner et al., 2017). Note that research topics disproportionately studied by Black
PIs is not listed here because, although such proposals receive less funding, this was found
to be due to differences in funding award rates at the Centers and Institutes to which they

are assigned rather than differences in peer review scores (Lauer et al., 2021).

Under the assumptions of the causal decomposition framework, our analysis also finds
that eliminating disparities in application type, amended status, degree category, institution
prestige, career stage, Integrated Review Groups (IRGs) and/or Administering Organization
has little potential to reduce disparity in selection into discussion. This finding is akin to
that from an earlier correlational analysis that found that preliminary criterion scores fully

explained racial disparities in Preliminary Overall Impact Scores (Erosheva et al., 2020a).

In our thought experiment, the causal decomposition analysis indicates that the impact
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of moving to binary scoring for the Investigator and Environment criteria in the new Sim-
plified Peer Review Framework depends on how reviewers evaluate the criteria as well as
on the underlying causal relationship between the criterion scores and Preliminary Overall
Impact Scores. According to our thought experiment, if the process operates as intended in
NIH documentation, binarization produces essentially no change in Black—white disparities.
Under an alternative, backward evaluation of scores, binarization can have some effect, but
the changes supported by the data were not substantial. Under the assumptions of the causal
decomposition framework and the scoring scenarios considered in our thought experiment,
the results suggest that while efforts to eliminate racial disparities in Preliminary Overall
Impact Scores may greatly reduce disparities in selection for discussion, transition to the

Simplified Peer Review Framework is unlikely to do so.

Our study has several important limitations. First, due to data privacy restrictions, we
did not have access to the full set of applications from 2014 to 2016. Our dataset is only
representative of those applications with complete demographic information. We cannot be
certain that applicants who did not provide their demographic information were not different
from those that did. Second, our thought experiment related only to binarizing the Investi-
gator and Environment criteria scores in the Simplified Peer Review Framework. While it
is conceptually straightforward to imagine that reviewers might still assess Investigator and
Environment separately before forming a combined binary judgment (see Fig 3.2), it is not
clear how to operationalize the mapping for another important change of combining Signifi-
cance and Innovation scores into one single Factor 1 score on a 1-9 scale. Third, our analyses
relied on patterns in data collected under the previous Enhanced Peer Review framework,
and one cannot be certain that data patterns that were present under NIH’s Enhanced Peer
Review will persist under the new Simplified Peer Review Framework.

Lastly, while our study includes important applicant- and application-level factors such
as career stage, institutional prestige, and whether an application was amended, other po-
tentially influential factors are missing. In particular, we do not have bibliometric profiles

(Ginther et al., 2018) or mentorship network measures for applicants (Warner et al., 2017),
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which have been found to explain a significant portion of the Black/white R0O1 funding gap.
While we believe the variables we included are sufficient to identify our causal quantities of
interest, incorporating additional factors may improve the precision and robustness of our
estimates.

This chapter demonstrates how a causal decomposition framework could be used to pilot
policy initiatives via specifying the updated estimands and identification assumptions and
verifying whether those assumptions hold in practice as we did in the second part of the
results section. Although the analyses in this chapter focused specifically on selection of
proposals for panel discussion, our causal decomposition framework could be extended to
study hypothetical interventions at other stages such as funding decisions, if the assumptions
outlined in Section 3.4 remain reasonable.

Overall, conditional on the assumptions of the causal decomposition framework and on
the assumed plausible mappings between scoring systems and reviewer behavior, our find-
ings suggest that interventions such as binarizing the Investigator and Environment crite-
rion scores, as proposed in the Simplified Peer Review Framework, are unlikely to improve
Black—white disparities in selection into discussion. We find that, among the proposal and in-
vestigator characteristics considered, racial disparities in Preliminary Overall Impact Scores
play the central role, suggesting that future work should focus on identifying upstream,
policy-relevant, and practically feasible interventions that could reduce disparities in these

scores and move selection into discussion toward parity.
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Chapter 4

HYPOTHESIS TESTING FOR FUNCTIONAL CAUSAL
DISCOVERY

This work was conducted in collaboration with Dr. Elena A. Erosheva and Dr. Fan Xia.

4.1 Introduction

Despite their widespread use, functional causal discovery methods remain limited by the
absence of statistical guarantees—uncertainty quantification, error control, and consistency
properties that form the basis of statistical inference (e.g., Wasserman, 2010). In particu-
lar, many causal discovery methods lack accompanying inferential frameworks: they rely on
deterministic outcomes by returning a single, potentially misleading point estimate of the
causal direction. In addition, functional causal discovery depends on strong assumptions—
such as specific functional forms—to identify the causal model from population information
(e.g., Hoyer et al., 2009; Shimizu et al., 2006). As these assumptions are likely to be vio-
lated in practice to various degrees, there is a clear need for inferential tools that quantify
uncertainty and provide information about the extent of possible assumption violations.

In this chapter, we begin by providing the first focused review of statistical guarantees in
functional causal discovery, a family of causal discovery methods that identify causal direc-
tion by positing specific functional relationships between variables. Existing surveys of the
literature describe model classes and algorithms, but to our knowledge, none systematically
examine whether current methods provide uncertainty quantification, error control, or tools
for diagnosing assumption violations. Our review shows that these inferential components—
central to classical statistical methodology—receive limited attention in existing functional

causal discovery approaches. To address these gaps, we then propose a test-based framework
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for functional causal discovery.

In Section 4.2, we review the state of statistical guarantees provided by existing func-
tional causal discovery methods. In Section 4.3, we introduce a principled way to assess
causal discovery evidence and to recognize when the data do not support a definitive causal
direction. We do so by repurposing goodness-of-fit and independence tests into a formal
hypothesis-testing procedure for causal direction, which we term the test-based approach
for functional causal discovery. In Section 4.4.2, we demonstrate the use and behavior of
the test-based approach through simulations that vary the degree of assumption violation,
as well as through real-data applications. Finally, in Section 4.5, we situate the test-based
approach within the broader causal discovery literature, offer practical guidance for applied
researchers, and discuss directions for future work on strengthening statistical guarantees in

functional causal discovery.
4.2 Current State of Statistical Guarantees in Functional Causal Discovery

We summarize the state of statistical guarantees provided by existing functional causal dis-
covery methods in Table 4.1. To simplify the exposition, we view the current literature as
comprising several distinct components. The first group are papers presenting core method-
ological frameworks such as the Linear Non-Gaussian Acyclic Model (LINGAM), Additive
Noise Model (ANM), and Post-Nonlinear (PNL) model (Peters et al., 2014; Shimizu et al.,
2006; Zhang & Hyvarinen, 2012). The second group is comprised of papers that focus on
software implementations of these methods, providing practical tools for applied researchers
(Ikeuchi et al., 2023; Kalainathan et al., 2020; Kalisch et al., 2012; Zheng et al., 2024). The
third group are papers that aim to establish formal statistical guarantees for causal discovery
(Komatsu et al., 2010b; Thamvitayakul et al., 2012a; Wang et al., 2025). The fourth group is
a set of benchmarking and applied studies that use these methods on real datasets to assess
their empirical performance (Hu et al., 2018; Jiao et al., 2018; Mooij et al., 2016a; Motokawa
et al., 2020; Rosenstrom et al., 2012; Song et al., 2017). We consider the model class each

paper addresses to understand the extent to which these statistical guarantees apply within
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Table 4.1: Current state of statistical guarantees in functional causal discovery. Our proposed
test-based approach is included and boxed for emphasis. A check (v) indicates the feature is
explicitly supported; a cross (X) indicates it is not; a triangle (2) indicates partial or limited

support.
Inference Decision Model
Any Formal Multiple ImptiCttiOfn Deterministic Allows Model
Method / Paper inferential inferential forms as.sul tI') 0‘ decision inconclusive class
quantity framework of inference ' O 2vions enforced outcome coverage
understood
LiNGAM / ANM / PNL
Shimizu et al., 2011 X X X X v X LiNGAM
Hoyer et al., 2009 v x X A X v ANM
Peters et al., 2014 v X X A A A ANM
Zhang and Hyvarinen, 2012 v X X A X v PNL
Software
Ikeuchi et al., 2023 v X X X A A LINGAM
Kalisch et al., 2012 X X X X v X LINGAM
Kalainathan et al., 2020 X X X X v X ANM
Zheng et al., 2024 v x x x A A LiNGAM/ANM/PNL
Inferential Tools
Komatsu et al., 2010b v v X X v X LiINGAM
Thamvitayakul et al., 2012a v v X X v X LiINGAM
Wang et al., 2025 v v X v X v LiINGAM/ANM
Test-based Approach (proposed) 4 v 4 v X v LiNGAM/ANM/PNL
Benchmarks/Applications
Mooij et al., 2016a v X X A A A ANM
Rosenstrém et al., 2012 v v X X v X LiINGAM
Motokawa et al., 2020 v v X X v X LINGAM
Jiao et al., 2018 v x x A A A ANM
Hu et al., 2018 v x x A A A ANM
Song et al., 2017 4 X X X 4 X ANM/PNL

Notes. “Any inferential quantity” includes p-values, bootstrap frequencies, or confidence sets. “Formal infer-
ential framework” means that these quantities are developed and interpreted within a formalized inferential
framework, such as a hypothesis-testing or confidence-set procedure. “Multiple forms of inference” indicates
that multiple complementary inferential tools are integrated within a coherent framework, as recommended
for reliable inference by Wasserstein et al. (2019). & denotes partial or limited discussion or support.
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the broader domain of functional causal discovery.

The papers in Table 4.1 are intended to be representative rather than exhaustive lists,
with the level of coverage varying by category: the methodological papers highlight the
core model families, the software papers reflect widely used implementations, the inferential
papers largely capture the existing formal work, and the applied studies illustrate case studies
in the literature.

We discuss statistical guarantees by distinguishing whether the methodology relies on
a clearly defined inferential quantity—such as a p-value, confidence interval, or bootstrap
frequency—and has a well-specified inferential framework—such as a formal hypothesis test-
ing or a bootstrap framework—that situates the inferential quantity within a broader statis-
tical inference structure.

The importance of both clearly defined inferential quantities and coherent inferential
frameworks echoes broader guidance for statistical practice. The American Statistician’s
statements on p-values (Wasserstein & Lazar, 2016; Wasserstein et al., 2019) emphasize
that reliable inference is achieved by integration of multiple complementary tools within
a framework that makes assumptions and uncertainty explicit, rather than by reliance on
“using bright-line rules for justifying scientific claims or conclusions” which “can lead to
erroneous beliefs and poor decision making” (Wasserstein et al., 2019, p. 2). In the context
of causal discovery, reliance on a single inferential device—as a p-value, test statistic, or
confidence set—may therefore limit interpretability and robustness. Accordingly, we assess
whether each method incorporates multiple forms of inference, consistent with recommended
best practices (Wasserstein et al., 2019).

We further distinguish between methods that always enforce a deterministic conclusion—
typically by comparing a single numerical summary such as a test statistic or a p-value—and
methods that allow for an inconclusive outcome when the available evidence is insufficient.
The ASA’s Statement on p-values (Wasserstein & Lazar, 2016) emphasizes that a p-value
alone does not measure the strength of evidence nor the probability that a hypothesis is

true, underscoring the broader principle that inferential summaries should not be used as
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automatic decision rules in isolation. From this perspective, methods that accommodate
inconclusive results more faithfully reflect the uncertainty inherent in statistical inference,
whereas deterministic rules risk overstating the evidence when assumptions are violated
and /or when the signal is weak.

The core methodological frameworks (LINGAM/ANM/PNL) provide population-level
identifiability and, for some procedures, asymptotic consistency guarantees (Mooij et al.,
2016a; Peters et al., 2014; Shimizu et al., 2006; Zhang & Hyvarinen, 2012). However, these
results rely on assumptions that might be often violated in practice. The core LINGAM
papers (Shimizu et al., 2011, 2006) do not define a formal inferential quantity or frame-
work; instead, they enforce a directional decision by comparing dependence or independence
measures—such as mutual information—used as comparative “scores.”

The use of statistical tests to assess residual-predictor independence, and to permit in-
conclusive causal discovery outcomes when both directions are rejected or fail to reject, has
been discussed in the ANM and PNL contexts (Hoyer et al., 2009; Zhang & Hyvarinen,
2012). However, these discussions remain largely conceptual: the testing framework itself is
not formally developed, and the meaning of each test outcome—particularly how rejection
or non-rejection should be interpreted for causal direction identification—is not clearly spec-
ified. This lack of a well-defined inferential structure has led to heuristic uses of p-values
in several studies and software implementations, such as selecting the direction with the
larger p-value (Peters et al., 2014), rather than interpreting the p-values within a principled
statistical testing framework.

Overall, none of the core methodological papers we reviewed formalize an inferential
framework or incorporate multiple complementary inferential tools. They tend to either
enforce a deterministic directional decision (Peters et al., 2014; Shimizu et al., 2011, 2006)
or, at most, contain limited discussion of assumption violations and potential inconclusive
outcomes (ANM/PNL) (Hoyer et al., 2009; Peters et al., 2014; Zhang & Hyvarinen, 2012).

Existing software implementations (e.g., (Kalainathan et al., 2020; Kalisch et al., 2012))

often follow a similar sequence of steps. That is, for a given a bivariate dataset of size N
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on a pair of variables X and Y, models are first fitted separately in each direction (X — Y
and Y — X); second, a dependence measure between the predictor and residuals (e.g., mu-
tual information or Hilbert Schmidt Independence Criterion (HSIC) (Gretton et al., 2008))
is computed; and finally, the direction with the smaller dependence is taken as “causal.”
These procedures provide no quantification of uncertainty. While some implementations
report per-direction p-values (Ikeuchi et al., 2023; Zheng et al., 2024), it is left to the practi-
tioner whether to interpret them inferentially or simply use them as comparative scores, as
recommended by Peters et al. (2014).

There is a paucity of work aimed at building inferential tools for causal discovery (e.g., Ko-
matsu et al., 2010b; Thamvitayakul et al., 2012a; Wang et al., 2025). The existing work in
this area can largely be grouped into two categories: methods that estimate bootstrap-type
reliability measures and those that construct confidence sets for causal structures or direc-
tionality.

Komatsu et al. (2010b) extended the LINGAM framework with a multiscale bootstrap
procedure to assess the stability of estimated causal orderings, which is implemented in the
lingam Python package (Ikeuchi et al., 2023). Their algorithm repeatedly refits LINGAM
on bootstrap samples, computes the mutual information between residuals as a dependence
measure, and estimates the bias-corrected selection probability with which the same ordering
is recovered. The resulting values represent approximately unbiased bootstrap probabilities
that indicate how consistently LINGAM selects a given causal ordering across resampled
datasets. Similarly, Thamvitayakul et al. (2012a) adopt a resampling-based approach within
the Direct-LINGAM algorithm to estimate the uncertainty of directional signals, quantify-
ing how frequently a particular edge orientation appears across bootstrap samples. While
these methods represent important early steps toward incorporating uncertainty into causal
discovery, they remain limited: the resulting probabilities depend on the assumed LINGAM
model class and can be misleading when the underlying assumptions are violated.

Among existing methods that produce confidence sets for causal orderings, Wang et al.

(2025) provides one of the most general inferential frameworks currently available for un-



54

certainty quantification in causal discovery. Their method applies to identifiable structural
equation models with additive errors, encompassing both linear and nonlinear additive-noise
models. Wang et al. (2025) construct a confidence set of causal orderings by inverting a
goodness-of-fit test. In the bivariate case, the set may contain one direction, neither, or
both, reflecting whether the data provide sufficient evidence to distinguish the models. The
procedure also offers some insight into model-class misspecification: an empty confidence set
indicates that the “model class does not capture the data-generating process” (Wang et al.,
2025, p. 2). However, this discussion is limited to that specific case, and further examination
of other types of assumption violations could broaden the framework’s interpretability. Con-
ceptually, this approach parallels a hypothesis-testing framework, since confidence sets and
tests are dual procedures. However, it does not currently extend to the PNL model class,
where noise enters non-additively.

Turning to the final group of papers—benchmarking and applied studies—we examine
how these works handle inference and decision-making in practice. For example, Mooij et al.
(2016a) present the 103 cause—effect benchmark pairs for causal discovery and apply ANM-
based algorithms to these pairs. They provide some discussion of p-values and inconclusive
outcomes but do not describe any formal inferential framework. In particular, they dis-
cuss using the HSIC independence measure as a heuristic score, selecting the model with
the smaller HSIC estimate, rather than interpreting the corresponding p-values within a
principled inferential structure (Mooij et al., 2016a).

Some applications use inferential tools to quantify uncertainty; however, these papers
inherit the same limitations as the underlying inferential procedures. For example, several
applications of LINGAM-based methods exist in practice (e.g., (Kotoku et al., 2020; Mo-
tokawa et al., 2020; Rosenstrom et al., 2012; Saito & Fujiwara, 2023)), and some of these
employ bootstrap methods to quantify uncertainty (e.g., (Motokawa et al., 2020; Rosenstrom
et al., 2012)). Yet, as previously discussed, bootstrap-based approaches can be misleading
when model assumptions are violated. Similarly, some applications of ANM and PNL-based

methods use permutation tests to obtain p-values (e.g., Hu et al., 2018; Jiao et al., 2018).
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In these approaches, permutation is used to approximate the null hypothesis that no causal
direction is favored: by breaking the directional relationship between the variables while
preserving their marginal distributions—whether by permuting one variable, as in Jiao et al.
(2018), or permuting joint samples, as in Hu et al. (2018)—the permuted datasets mimic
settings in which neither functional model holds. The directional models are then re-fit and
the dependence statistics are recomputed on each permuted dataset to form empirical null
distributions against which the observed statistics are compared to obtain p-values. However,
these works do not explicitly discuss how each decision outcome should be interpreted within
a formal hypothesis-testing framework, and hypothesis testing for causal discovery remains
largely informal and often only implicitly addressed (Hoyer et al., 2009). Other applications
(e.g., Song et al., 2017) report p-values but rely on direct p-value comparisons to determine
the favored direction.

Based on our review, we identify a clear need for a formal inferential framework that can
be paired with any functional causal discovery model class (LINGAM, ANM, or PNL). Such
a framework should integrate multiple complementary inferential tools within a coherent
structure that makes both assumptions and uncertainty explicit. In this chapter, we aim to

address this gap through our proposed test-based approach.

4.3 A Hypothesis-Testing Framework for Bivariate Functional Causal Discov-
ery

In this section, we develop a framework for functional causal discovery that is grounded
in classical hypothesis testing. This framework, which we term the test-based approach,
repurposes standard goodness-of-fit and independence tests into a formal procedure for causal
direction detection and inference. As summarized in Table 4.1, the test-based approach
provides a formal inferential framework that integrates multiple complementary forms of
inference and includes an explicit “inconclusive” outcome whose behavior under assumption
violations is well understood. It can be paired with any major functional causal discovery

model class, including PNL and its special cases, LINGAM and ANM. These aspects place
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it in a favorable position within the broader literature in terms of its statistical guarantees.

Given a bivariate dataset of size N on a pair of variables X and Y, the test-based frame-
work infers directionality through setting up two hypothesis tests, one for each direction, each
conducted with controlled Type I error. In addition to the Type I error control provided by
the underlying hypothesis tests, we introduce a resampling-based procedure that estimates
and constructs confidence intervals for the frequencies with which the test-based approach
yields each causal discovery outcome—(a) rejecting the tests for both directions X — Y and
Y - X, (b) failing to reject both tests, (c) rejecting only the test for X - Y, or (d) rejecting
only the test for Y - X. This procedure adds an additional layer of uncertainty quantifi-
cation beyond the formal guarantees of the tests themselves. Consequently, the test-based
approach provides formal statistical guarantees for functional causal discovery, whereas most
existing methods yield only deterministic decisions without any accompanying assessment of
uncertainty (e.g., Peters et al., 2014; Shimizu et al., 2011). We illustrate the methodology
when it is paired with the bivariate Post-Nonlinear (PNL) model class, which encompasses

the Additive Noise Model (ANM) and LINGAM as special cases.

4.8.1 Setup

Suppose we have a dataset of size NV on a pair of variables X and Y, where a causal direction
exists. In bivariate causal discovery, the task is to distinguish between X - Y and ¥ - X.

Under Assumptions A1-A5, the causal direction is identified at the population level under

the PNL model class.

Assumptions A1-A5 (Assumptions for Identifiability).

(A1) The data-generating mechanism is correctly specified within the assumed functional

model class.
(A2) X andY have an acyclic relationship.

(A3) X and Y are unconfounded, meaning they share no common causes.
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(A4) The data are independent and identically distributed (i.i.d.).

(A5) None of the five unidentifiable cases characterized by Zhang and Hyvarinen (2012)
(summarized in Appendiz B.1) occur; these include, for example, situations where the

relationship between X and Y is linear and all random variables are Gaussian.
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Figure 4.1: Left: Raw data. Middle: Residuals from regressing the outcome on the predictor
in the correct causal direction. Right: Residuals from regressing the predictor on the outcome
in the incorrect direction. Adapted from Wang et al. (2025).

When Assumptions A1-A5 are satisfied, the noise term in the true causal direction is
independent of the predictor but not the other way around. This property can be exploited

to infer the causal direction. To make this dependence structure explicit, assume the true

data-generating mechanism is given by:

Y = f2(1(X) +n), (4.1)

where f; and f, are the generating functions, and f5 is invertible. The noise term 7 is,

by construction, independent of the predictor X.

Now, suppose f; is also invertible. Then we can write:
X =1 EY) -n). (4.2)

Next, consider attempting to represent the data-generating mechanism in the reverse
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direction, Y — X. Specifically, we consider representations of the form

X =g (V) +€), (4.3)

where g; and g, are unknown functions and g, is assumed to be invertible. Let G; and G,
denote the function classes from which ¢g; and go are chosen (e.g., linear functions under
LINGAM).

To select a particular representation within this class, we define (g;,g5) as population

risk minimizers under a loss function ¢:

(91,93) earg  min  E[¢(g;"(X) - g:1(Y))]. (4.4)

91€G1, g2€G2

Given (g7, 95), we define the reverse-direction residual as

§:= g5 (X) - g (Y), (4.5)

so that (4.3) holds by construction.

The functions (g7, g5) represent the best-fitting functions within the chosen model classes
when attempting to express the data-generating process in the reverse direction, and depend
on both the model class and the loss function ¢. They are introduced to illustrate how
dependence arises when fitting the incorrect causal direction. According to (4.2), the residual
¢ can be written as a deterministic function of (Y,n). Since Y itself is generated from 7 via
(4.1), we generally have Y [ €. Thus, if X - Y is the true data-generating mechanism, then
X 1 nbut typically Y [£, except in the well-known unidentifiable cases under Assumption A5
(e.g., the linear-Gaussian setting).

Figure 4.1 illustrates this asymmetry property between the correct and incorrect causal
directions. Additional intuition for how ¢ behaves under different properties (e.g., additive
f1) is provided in Appendix B.2.

As shown above, the PNL model relies on independence between residuals and predictors



29

to infer the causal direction—a property that holds only when the fitted model is correctly
specified. Thus, assessing the causal direction naturally involves evaluating both model
adequacy (goodness-of-fit) and independence, recasting causal discovery as a joint problem
of goodness-of-fit and independence testing. Building on this observation, the next section
introduces the test-based approach, a hypothesis-testing framework for statistical inference

in functional causal discovery.

4.8.2  Test-based Approach

The test-based approach translates the causal discovery task of selecting between the direc-

tions X - Y and Y — X into the following pair of hypotheses:

HY ,: X—-Y, H., : otherwise,
(4.6)
H) :Y—>X, H{ _ : otherwise.
Under the key assumptions of PNL causal discovery (A1-A5), the noise is independent
of the predictor in the true causal direction. Thus, the pair of hypotheses from (4.6) can be

reformulated to test both independence and goodness of fit in each direction. Specifically,

for prespecified function classes Fi, Fs,G1,Go, we consider:

HY v:3fieF, freFast. Y =fi(fi(X)+n), foinvertible, X 1 n, Hx_y : otherwise;

HY v:391€G1, goeGost. X =ga(gi(Y)+E), go invertible, Y 1 &,  Hy_ y : otherwise.
(4.7)

Here, the function classes Fi, Fs,G1,Gs can encode modeling assumptions (e.g. linearity)
and are typically taken to be the same across directions (i.e., F; = G, F2 = G3). One can
choose among different independence tests to conduct the hypothesis testing in (4.7). For
example, we use the test introduced by Sen and Sen (2014), which simultaneously assesses
(i) independence between the residuals and the predictor using the Hilbert—Schmidt inde-

pendence criterion and (ii) the goodness of fit within the specified function classes. When
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incorporated into a hypothesis-testing framework, the test-based approach provides a prin-
cipled way to assess whether a proposed directional model is compatible with the data,
in contrast to methods that rely solely on comparing dependence measures (scores). This
enables detection of situations where model assumptions are not satisfied, leading to incon-

clusive outcomes.

Table 4.2: Causal discovery outcomes and their interpretation when using hypothesis tests
in (4.7) to test for goodness-of-fit and independence test.

Test Outcome Interpretation
Reject both HY .y and Hy_ . Inconclusive outcome; can arise from model misspecfication.
Fail to reject both HY y and HY- . | Inconclusive outcome; can arise from identifiability issues or

small sample size.
Reject HY _y and fail to reject Hy-_ . | Favors the direction ¥ — X.
Fail to reject Hg(ﬁy and reject HXO,%X. Favors the direction X — Y.

Table 4.2 summarizes how different assumption violations correspond to each possible
outcome under the test-based approach. Rejecting HY , while failing to reject HY. . favors
the direction X — Y, whereas rejecting HY . while failing to reject H% , favors ¥ —
X. When both null hypotheses are rejected, the outcome is inconclusive, which occurs
whenever neither causal direction provides an adequate representation of the data under the
assumed model families. A common reason for this is model misspecification (i.e., violation of
Assumption A1). While the Post-Nonlinear (PNL) model class is flexible enough to represent
a wide range of data-generating mechanisms, practical implementations rely on estimated
functions (e.g., fl, fg) that may not adequately capture the true relationships. As a result,
the test-based procedure can still detect apparent model misspecification when sample size
is limited or when the functional form lacks sufficient flexibility to approximate the true
data-generating process. Moreover, for additive-noise models (ANMs) and LiNGAM, which
are special cases of PNL, both null hypotheses may be rejected if the true data-generating
process lies outside those restricted model classes (e.g., when the errors are not additive or
the model is not linear, respectively). Conversely, when neither null hypothesis is rejected,

the outcome is also inconclusive, reflecting situations in which the available data do not
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provide sufficient statistical power to distinguish between directions under the assumed model
families. Inconclusive outcomes can arise from small sample sizes or identifiability issues. In
the LINGAM setting, for instance, this occurs under Gaussianity, where the model becomes

unidentifiable (Shimizu & Kano, 2008).

In addition to inferential guarantees provided by hypothesis testing, we recommend incor-
porating a resampling-based procedure that estimates the frequency of each causal discovery
outcome (Table 4.2) and constructs associated confidence intervals for the test-based ap-
proach. For example, if one were to resample with replacement S times, the rate of favoring

the direction X — Y would be

1 S
5 Z;IS(Reject HY ., and fail to reject HY - for replication s). (4.8)

This frequency can be viewed as an estimate of the probability of each outcome, since
it is the sample mean of the corresponding indicator function. Conditional on the observed
dataset Dy, the bootstrap replicates are i.i.d., so by the conditional law of large numbers and
central limit theorem, (4.8) is consistent and asymptotically normal, allowing for confidence

intervals to be constructed using the normal approximation (Casella & Berger, 2021).

This resampling step quantifies uncertainty in the causal direction by assessing the stabil-
ity of each outcome across bootstrap replicates. Conceptually, this is a bootstrap procedure,
much like those used in the LINGAM literature (e.g., Komatsu et al., 2010b; Thamvitayakul
et al., 2012a), in that we repeatedly draw bootstrap datasets and recompute the causal
conclusion. In the bivariate setting, both approaches estimate how often each causal out-
come would be recovered under repeated sampling. However, the test-based framework
generalizes this idea by resampling the data and re-running both hypothesis tests on each
bootstrap dataset. Fach replicate therefore yields a pair of hypothesis test outcomes (e.g.,
Reject HY |, and fail to reject HY. for replication s) and the resulting bootstrap distri-
bution estimates the joint distribution of these two hypothesis-test outcomes. In contrast,

LiINGAM bootstrap procedures resample the data, refit the LINGAM algorithm on each



62

bootstrap sample, and record only the resulting causal ordering; the bootstrap distribution
therefore reflects how often the algorithm selects X — Y versus Y — X across replicates.
Moreover, LINGAM bootstrap methods assess the stability of estimated causal coefficients
or graph structures within a specific model class, whereas our approach applies the same
resampling principle directly to the joint hypothesis-test outcomes.

As summarized in Table 4.1, the test-based approach occupies a favorable position among
existing functional causal discovery methods by providing a unified inferential framework that
integrates two complementary forms of inference within a hypothesis-testing paradigm. The
discussion below elaborates on how these advantages arise.

The test-based approach extends and improves upon using LINGAM, ANM, and PNL
causal discovery algorithms in several important ways. Rather than relying solely on the
comparison of dependence measures or test statistics, the test-based approach obtains two
p-values corresponding to hypothesis tests in each direction. The results of these hypoth-
esis tests convey uncertainty in the direction estimate and provide insights into assump-
tion violations. Although two tests are performed, they correspond to different modeling
assumptions—one under X — Y and another under ¥ - X—and their outcomes are inter-
preted jointly. Because these hypotheses are logically coupled, standard multiple-comparison
adjustments are neither required nor appropriate; the inferential target is the pattern of re-
jections rather than the marginal significance of each test.

When assumptions hold, the two p-values are perfectly correlated, meaning that, with
enough samples, rejecting in one direction would imply a failure to reject in the other.
Therefore, given no assumption violations and a sufficiently large sample size, the test-based
approach would provide the same information as a traditional functional causal discovery
method.

However, one cannot be sure that strict assumptions always hold in practice. Under
assumption violations, the two p-values would not be perfectly correlated, and the test-based
approach would be able to convey this information by either rejecting or failing to reject in

both directions, resulting in an inconclusive directionality (see Table 4.2). In contrast, many
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implementations of functional causal discovery methods output a single causal direction (e.g.,
X - Y) without providing the option for an inconclusive outcome (e.g., Ikeuchi et al., 2023;
Kalainathan et al., 2020; Kalisch et al., 2012).

As also reflected in Table 4.1, previous work (e.g., Hoyer et al., 2009; Mooij et al., 2016a;
Peters et al., 2014; Shimizu et al., 2011; Zhang and Hyvarinen, 2012) has not formalized an
inferential framework that integrates hypothesis testing with additional inferential quanti-
ties to provide statistical guarantees in functional causal discovery. Unlike the bootstrap-
based approaches of Komatsu et al. (2010b) and Thamvitayakul et al. (2012a) that assess
stability under the assumption that the LINGAM causal model is correctly specified, our
framework explicitly incorporates information about model assumptions through formal hy-
pothesis tests. Moreover, unlike the confidence-set approach proposed by Wang et al. (2025),
our framework can be paired with the broader Post-Nonlinear (PNL) model class and of-
fers multiple forms of uncertainty quantification—both through hypothesis testing itself and
through the estimated rates of causal discovery outcomes. We now turn to numerical results

to demonstrate the test-based approach in practice.
4.4 Numerical Results

In this section, we illustrate the use and behavior of the test-based approach through both
simulated and real data. In the simulations studies in Section 4.4.1, we pair the test-based
framework with the LINGAM and PNL model classes and assess its performance in controlled
settings with varying degrees of assumption violations.

For real data analyses in Section 4.4.2, we pair the approach with LINGAM to demon-
strate its application in real settings where one might ordinarily apply LINGAM-based causal
discovery and where the extent of assumption violations is unknown. In this section, we limit
our illustrations to the LINGAM model class. This is because allowing for more extensive
PNL or ANM model classes would require additional machine-learning steps to estimate
the functions f; (and fy in the PNL case). Such model-selection decisions—choosing ar-

chitectures, tuning hyperparameters, and optimizing nonlinear predictors—are outside the
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scope of this chapter and would distract from our main emphasis on illustrating inferential

guarantees provided by the test-based approach.

4.4.1  Simulations

In our simulations, we pair the test-based approach to two model classes, LINGAM and PNL.
For both classes, the simulations illustrate how the hypothesis-testing formulation in (4.7)
can be implemented in practice within a given model class and how the resampling step
yields empirical causal outcome rates that quantify uncertainty. However, the scope and

emphasis of the simulation studies differ across the two model classes.

Specifically, for the LINGAM model class, we use simulations to demonstrate how the
test-based approach paired with LINGAM behaves under both model misspecification and
unidentified settings. In this case, we further compare the resulting decisions and resampling-
based outcome rates to those obtained from DirectLINGAM with bootstrap rates, as is
commonly used in applications (see Table 4.1). This comparison highlights differences in the
inferential information provided by the two approaches, particularly in settings where model

assumptions fail.

For the PNL model class, we focus exclusively on the behavior of the test-based approach
under varying degrees of model misspecification. We do not consider unidentified PNL set-
tings, as the linear—Gaussian case already provides the most intuitive and canonical example
of non-identifiability in functional causal models, which is examined in the LINGAM sim-
ulations. As a result, the PNL simulations are used to assess how the test-based approach
responds to misspecification within a flexible nonlinear model class. In addition, because
existing PNL-based methods do not provide a comparable bootstrap-based inferential pro-
cedure, we do not include a direct comparison to alternative PNL methods with inference in

this setting.
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4.4.1.1 LiNGAM Model Class Simulations

When paired with LINGAM, the hypothesis tests in the test-based approach can be formal-

ized as follows:

HY .+ X L7, relationship between X and Y is linear, Hy ., : otherwise, (49)
4.9
HY :Y L&, relationship between Y and X is linear, Hj-_ y : otherwise.

We view this as a special case of (4.7) in which f; and ¢, are restricted to be linear and
fo and gy are identity maps, yielding linear structural equations with additive noise.

To study the behavior of the test-based approach paired with LINGAM and Di-
rect LINGAM, we consider two forms of assumption violations: (i) varying degrees of linear
model misspecification (violation of Assumption Al) and (ii) data-generating processes that
span a range of non-Gaussianity settings, including the linear—-Gaussian setting, which is
unidentified under Assumption A5.

For each simulation setting, we generate M = 100 independent datasets, each of size
N = 3000, from the same data-generating process under the true causal direction X — Y.
For each of the M simulated datasets, we run the test-based approach to jointly test for
independence and goodness-of-fit of the linear model, as formalized in (4.9), using the com-
bined independence and goodness-of-fit test based on the Hilbert—Schmidt Independence
Criterion (HSIC) proposed by Sen and Sen (2014). We compare the results with those from
DirectLINGAM,! ensuring comparability by also using HSIC as the independence measure
within DirectLINGAM. For each of the M simulated datasets, we additionally compute
the causal outcome rates (4.8) for the test-based approach and the bootstrap rates for Di-

rectLINGAM following the procedure of Thamvitayakul et al. (2012a).

'We use DirectLiNGAM rather than ICA-LINGAM because DirectLINGAM, under its assumptions, is
guaranteed to converge to the correct causal ordering in a finite number of iterations as the sample size
tends to infinity (Shimizu et al., 2011). This guarantee does not hold for ICA-LINGAM. In the bivariate
case, Direct LINGAM fits linear models in both directions and determines the causal direction by assessing
the independence between the predictor and its residuals. For each direction, the algorithm computes a
user-specified measure of independence and selects the direction that minimizes this measure.
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Table 4.3: Simulation settings for varying linearity.

Linear Polynomial = 1 Y =sign(X -a)|[X -a|8+7n
Moderately nonlinear | Polynomial = 1.5 Y =sign(X -a)[X —a[*®B+7
Severely Nonlinear Polynomial = 3 Y =sign(X -a)[X -aP’B+n

Table 4.4: Simulation settings for varying levels of Gaussianity. Here £ is the number of
mixture components in the Gaussian mixture model (GMM).

Gaussian X ~N(0,1),n~N(p1,01)
Slightly non-Gaussian | X ~ N(0,1),n7~ GMM(k = 2)
Non-Gaussian X ~N(0,1),n ~ GMM(k = 3)

Table 4.3 summarizes the functional form used to generate Y from X under the three
levels of linearity assumption violations considered: no violations (where Y is a linear function
of X)), moderate violations (where Y is a polynomial function of X with a polynomial power
of 1.5), and severe violations (where Y is a polynomial function of X with a polynomial
power of 3). We ensure all other assumptions, besides linearity, are met. We sample X from
a truncated exponential distribution (Figure 4.2b), which ensures that Y is not normally
distributed. Figure 4.2a illustrates the simulated data under each linearity setting.

Table 4.4 summarizes the noise distributions used to generate 7, corresponding to three
levels of increasing Gaussianity, or equivalently, decreasing degrees of violation of the non-
Gaussianity assumption, considered in our simulations: (1) non-Gaussian errors generated
from a three-component Gaussian mixture model (GMM), (2) slight violations from a two-
component GMM, and (3) Gaussian errors. To ensure a controlled progression toward
Gaussianity, mixture parameters were chosen so that the three-component mixture pro-
duces a visibly multimodal, asymmetric distribution, while the two-component mixture pro-
duces a unimodal but still heavy-tailed and slightly skewed distribution. Specifically, for
the three-component case, mixture means (-2,0,2) and unequal variances (0.5,1,3) with
mixture weights (0.4,0.2,0.4) yield a clearly non-Gaussian, multimodal shape. For the two-

component case, mixture means (-1,0.25) and variances (0.5,0.6) with weights (0.6,0.4)



67

generate a near-unimodal density with heavier tails and mild skewness relative to a standard
Gaussian. Finally, under the Gaussian setting, the noise, 7, is drawn from a single standard
normal distribution. We ensure that all other assumptions, aside from non-Gaussianity,
are satisfied by sampling X from a Gaussian distribution (Figure 4.2b). When both X
and the noise n are Gaussian, the resulting Y is also Gaussian, placing the model in the
linear-Gaussian setting where causal direction is not identified. Figure 4.2c illustrates the

corresponding error distributions under each non-Gaussianity setting.
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Figure 4.2: Simulation settings for linearity and Gaussianity.

Tables 4.5 and 4.6 summarize the results for the test-based approach and Direct LINGAM
under each level of linearity and non-Gaussianity assumption violation, respectively. For the
test-based approach, we report decision rates across the M replications, along with the
average outcome rates aggregated over the M simulated datasets. For Direct LINGAM, we
likewise report decision rates across the M replications and the average bootstrap resampling
rates aggregated over the M simulated datasets.

Simulation results under varying degrees of linearity violation show that the test-based
approach appropriately signals assumption violations, frequently yielding inconclusive out-
comes, whereas DirectLINGAM tends to select an incorrect causal direction when linearity
assumptions are violated. When there are no assumption violations, both Direct LINGAM

and the test-based approach correctly identify the causal direction X — Y across all repli-
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Test-based approach DirectLINGAM
Degree of Decision rate Average outcome rates Decision rate Average bootstrap
misspecification rates

Reject both: 3.1%

X ~Y: 100% Fail to reject both: 0% X - Y: 100% XY 99.6%

%H(fariomial N ﬁ;rﬁllg;f’e, 0% Reject only X ->Y: 0% Y - X: 0% Y —X: 0.4%
poly ed Reject only Y — X: 96.9%
. Reject both: 100%
Moderatel ?f:}g (?0;% Fail to reject both: 0% X ->Y: 0% XoY: 0%
ocerately B Reject only X >Y: 0% Y - X: 100% Y > X: 100%
nonlinear Inconclusive: 100%

(polynomial 1.5) Reject only Y — X: 0%

Reject both: 100%

Nonlincar i,(: ;({ 5’;% Fail to reject both: 0% X-Y: 0% X-Y: 0%
(polynomial 3) Inconelu siV‘Je: 100% Reject only X »Y: 0% Y - X: 100% Y > X: 100%

Reject only Y - X: 0%

Table 4.5: Comparison between the test-based approach and DirectLINGAM under varying
degrees of linearity assumption violation. Rows correspond to no violation (linear), moderate
violation (polynomial exponent 1.5), and severe violation (polynomial exponent 3). For the
test-based approach, we report the decision and average outcome rates across M simulated
datasets. For DirectLINGAM, we report the decision and average bootstrap rates.

cations. For DirectLINGAM, the average bootstrap rate for the correct direction is 99.6%.
For the test-based approach, the average outcome rate corresponding to the correct direc-
tion is quite high (96.9%), with all other average causal outcome rates being quite small.
Under moderate and severe model misspecification, DirectLINGAM incorrectly favors the
reverse direction Y — X, with average bootstrap rates of 100% in both settings. In contrast,
across all replications, the test-based approach yields an inconclusive result, as both hypoth-
esis tests are rejected—indicating assumption violations due to model misspecification. The
average causal outcome rates further support this conclusion, with the average rate of re-
jecting both directions equal to 100% and all other average rates equal to 0%. Together, the
moderate and severe model misspecification settings illustrate how the inferential framework
provided by the test-based approach enables a more informative interpretation of uncer-
tainty. Specifically, the test-based approach correctly signals that no causal direction can
be reliably inferred under assumption violations and therefore yields an inconclusive result.

By contrast, while Direct LINGAM incorporates a bootstrap-based inferential procedure, it
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fails to indicate the presence of assumption violations and instead favors an incorrect causal

direction due to its enforced deterministic decision rule.

Test-based approach DirectLINGAM
Degree of Decision rate Average outcome rates Decision rate Average bootstrap
Gaussianity rates

Reject both: 2.7%

Fail to reject both: 0% X —-Y: 100% X-Y: 99.1%
Reject only X -=Y: 0% Y - X: 0% Y—-X: 0.9%
Reject only Y - X: 97.3%

X - Y: 100%
GMM(k = 3) Y - X: 0%
Inconclusive: 0%

Reject both: 5.2%

Fail to reject both: 24.9% X ->Y: 96% X-Y: 95.2%
Reject only X »Y: 1.1% Y - X: 4% Y - X: 4.8%
Reject only Y — X: 68.8%

X -Y: 70%
GMM(k = 2) Y - X: 0%
Inconclusive: 30%

Reject both: 1.2%

Fail to reject both: 97.6% X ->Y: 45% X-Y: 42.9%
Reject only X -Y: 0.4% Y - X: 55% Y—-X: 57.1%
Reject only Y — X: 0.8%

X ->Y: 0%
Gaussian Y - X: 0%
Inconclusive: 100%

Table 4.6: Comparison between the test-based approach and DirectLINGAM under varying
degrees of non-Gaussianity assumption violation. Rows correspond to no violation (errors
from a GMM (k = 3)), slight violation (errors from a GM M (k = 2)), and strong viola-
tion (Gaussian data and errors i.e. direction is unidentified). For the test-based approach,
we report the decision and average outcome rates across M simulated datasets. For Di-
rectLINGAM, we likewise report the decision and average bootstrap-based stability rates
across M simulated datasets.

Similarly to the (non-)linearity settings, simulation results under varying degrees of non-
Gaussianity assumption violation also show that the test-based approach appropriately sig-
nals when the causal direction is unidentified, yielding inconclusive outcomes, whereas Di-
rectLINGAM tends to oscillate between the two directions when the non-Gaussianity as-
sumption is violated. When there are no or only slight violations of the non-Gaussianity
assumption and all other assumptions are satisfied, both DirectLINGAM and the test-based
approach correctly identify the causal direction X — Y for the majority of replications (100%
for both under no violations, and 96% for DirectLINGAM and 70% for the test-based ap-
proach under slight violations). For DirectLiINGAM, the average bootstrap rates for the
correct direction are 99.1% and 95.2% under no and slight violations, respectively. Under no

assumption violations, the test-based approach yields an average outcome rate of 97.3% for
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the correct direction, with all other average causal outcome rates being quite small. Under
slight violations, the average rate of correctly identifying the causal direction decreases to
70%, while the average rate of failing to reject both hypotheses increases to 24.9%, indicating
mild departures from the non-Gaussianity assumption. Under severe assumption violations,
when the data are Gaussian, Direct LINGAM favors the incorrect direction Y — X in 55%
of replications, with an associated average bootstrap rate of 57.1%. In contrast, across
all replications, the test-based approach yields an inconclusive result, as both hypothesis
tests fail to be rejected—indicating assumption violations due to Gaussianity. The average
causal outcome rates further support this interpretation, with the rate of failing to reject
both hypotheses equal to 97.6% and all other average rates comparatively small. Together,
these settings illustrate how the inferential framework provided by the test-based approach
enables a more informative interpretation of uncertainty when identifiability breaks down.
Specifically, the test-based approach correctly signals that no causal direction can be reliably
inferred under violations of the non-Gaussianity assumption and therefore yields an incon-
clusive result. By contrast, while the bootstrap in DirectLINGAM provides a limited form
of uncertainty quantification—the reduced average rate of 57.1% under severe violations—it
still favors the incorrect direction in the majority of replications. Because DirectLINGAM
enforces a deterministic decision and does not allow for inconclusive outcomes, this behavior

may still lead a practitioner to favor the incorrect direction.

4.4.1.2  PNL Model Class Stmulations

When paired with PNLs, we use the hypothesis tests in (4.7), with f; and f; restricted to a
specified nonlinear family.

We use our simulations to study the behavior of the test-based approach paired with
PNLs under varying degrees of model misspecification (violation of Assumption Al). We
refrain from considering unidentifiable regimes (Assumption A5), since the linear-Gaussian
case—the simplest unidentifiable regime—has already been studied for the LINGAM model

class, where we show that the test-based approach correctly signals non-identifiability. Ex-
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tending these experiments to PNL models would not provide additional insight.

For each model misspecification setting, we generate M = 100 independent datasets, each
of size N = 3000, from the same data-generating process under the true causal direction

X =Y, given by
Y = fo( f1(X) +n),

which corresponds to a post-nonlinear (PNL) causal model. In our simulations, we specify
logarithmic fi(x) =log(z) and hyperbolic tangent fo(u) = tanh(u) transformations. We use
the same marginal distribution for X and the same error distributions 7 as in the linearity

simulations for LINGAM model class (see Figures 4.2b and 4.2c).

To assess the effect of model misspecification, we consider three pairs of fitted models for
f1 and fs, corresponding to correct specification, partial misspecification, and full misspec-
ification. First, in the correctly specified PNL scenario, the fitted models match the true
forms of f; and f5. Second, in a partially misspecified scenario, we fit a linear model for
f1 while correctly specifying f,. Third, in a fully misspecified scenario, we fit linear models
for both f; and f5. These scenarios allow us to isolate the impact of progressively stronger

deviations from the true PNL model on the behavior of the test-based approach.

We find that, across these misspecification settings, the test-based approach behaves
analogously to the LINGAM linear misspecification experiments. When the PNL model is
correctly specified, the test-based approach recovers the true causal direction X — Y in
100% of the M replications. Under partial and full misspecification, it yields inconclusive
outcomes in 100% of the M replications, indicating that no reliable causal conclusion can
be drawn under these misspecified models. Thus, the PNL simulations corroborate the
conclusions from the LINGAM misspecification experiments: when the model is correctly
specified, the test-based approach recovers the correct direction, whereas under misspecifi-
cation it appropriately signals a lack of reliable evidence through inconclusive outcomes. A

table summarizing these results is provided in Appendix B.3.

In summary, our simulation studies confirm that the test-based approach provides a
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principled and informative inferential framework for functional causal discovery. Across
model classes, the simulations show that the test-based approach correctly identifies the
causal direction when model assumptions are satisfied. Through hypothesis testing and
causal outcome rates, the framework quantifies uncertainty in the inferred direction and
yields inconclusive outcomes when the causal direction is unidentified—corresponding to
failure to reject both directions—or when model misspecification is present, as indicated by
rejection of both directions.

By contrast, the commonly used DirectLINGAM with bootstrap provides limited inferen-
tial information. While Direct LINGAM with bootstrap summarizes the stability of a single
directional decision across resamples, it does not permit inconclusive outcomes or provide
insight about potential assumption violations. Under moderate and severe linear model
misspecification, DirectLINGAM favors the incorrect direction, and in the linear—Gaussian
setting the causal direction is unidentified, leading DirectLINGAM to oscillate between the
two directions at near 50% rates. The test-based approach, on the other hand, permits incon-
clusive outcomes and provides insight into potential assumption violations. In the LINGAM
model class simulations, it is able to signal potential violations of two key assumptions—
linearity (Assumption Al) and non-Gaussianity (Assumption A5). The PNL model class
simulations further demonstrate that this behavior is not specific to LINGAM: when PNL
assumptions hold, the test-based approach favors the correct causal direction, and when
model misspecification is present, it shifts toward inconclusive outcomes rather than enforc-
ing a potentially misleading decision.

Our simulation results motivate the analysis of real-world datasets, where the data-

generating mechanism and the validity of modeling assumptions are typically unknown.

4.4.2  Real Data

We apply the test-based approach to three real-world datasets from the Cause—Effect Pairs
Benchmark (Tiibingen pairs) (Mooij et al., 2016a): two Balltrack datasets and the Ozone

and Temperature dataset. These examples were chosen because their scatterplots suggested
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approximately linear relationships. Therefore, one might reasonably expect approaches based
on the LINGAM model class to be well suited for these data, making them informative test

cases for illustration.

Through this analysis, we demonstrate how the test-based approach paired with LINGAM
provides a richer inferential framework than DirectLiNGAM. Specifically, separate hypoth-
esis tests for each causal direction allow practitioners to distinguish between confident di-
rectional conclusions and inconclusive cases due to possible assumption violations—insights
that are not available from DirectLINGAM, even when supplemented with bootstrap rates

(Thamvitayakul et al., 2012a).

The first Balltrack dataset contains 94 measurements collected using a physical ball track
equipped with two pairs of light barrier sensors: the first sensor (X) records the ball’s initial
speed, and the second (V') records its speed at a later position along the track. The exper-
iment was designed and conducted for the Tiibingen Cause-Effect Pairs benchmark suite
(Mooij et al., 2016a). The initial portion of the track has a steep slope, making the initial
speed highly sensitive to the exact release position. To introduce natural variability and avoid
systematic positioning, some runs used positions chosen by an adult, while the remainder
used positions chosen by a four-year-old child. Following Mooij et al. (2016a), we treat the
causal direction as known, with the initial speed causing the final speed. A scatterplot of
initial versus final speed (Figure 4.3) suggests an approximately linear relationship. Never-
theless, the DirectLINGAM point estimate infers the incorrect causal direction when applied
to this dataset, and the associated bootstrap procedure supports this incorrect direction in
61% of resamples. In contrast, the test-based approach supports the correct causal direction.
Specifically, the causal outcome rate for the correct direction is 62%, while the remaining out-
come rates indicate slight assumption violations, potentially due to model misspecification,
as evidenced by a 29% rate of rejecting both directions. This example illustrates that relying
on the DirectLINGAM point estimate alone is not advisable and that, even when supple-
mented with bootstrap rates, it can still be misleading. By contrast, the test-based approach

not only recovers the correct causal direction but also provides diagnostic information about
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Figure 4.3: The first two rows presents results for the Balltrack datasets, and the third row
presents results for the Temperature and Ozone dataset. From left to right, the columns
display the scatterplot of the data, the test-based decision and outcome rates (resampling
proportions with 95% confidence intervals; Cls are omitted when the estimated variance is
zero), and the corresponding LINGAM decision with associated bootstrap rates.
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potential assumption violations.

The second Balltrack dataset contains 202 measurements collected under a setup similar
to the first Balltrack dataset with two sensors X and Y recording the initial and a later
speed along the track. However, in this setup, the track had a shorter acceleration zone,
which limited the extent to which the ball can increase its speed. As with the first Balltrack
dataset, the experiment was designed and conducted for the Tiibingen Cause—Effect Pairs
benchmark suite (Mooij et al., 2016a), and we treat the causal direction as known, with the
initial speed causing the final speed. A scatterplot of initial versus final speed (Figure 4.3)
suggests an approximately linear relationship. Here, the DirectLINGAM point estimate infers
the incorrect causal direction when applied to this dataset, and the associated bootstrap
procedure supports this incorrect direction in 61% of resamples. By contrast, the test-based
approach yields an inconclusive result by failing to reject either causal direction, with a causal
outcome rate of 50%. This indicates potential identifiability or small sample size issues, an
informative finding which is preferable to LINGAM’s enforced deterministic (and incorrect)
decision.

The Ozone and Temperature dataset contains 365 daily mean temperatures and lower-
atmosphere ozone concentrations measured in Chaumont, Switzerland, during 2009. The
data were collected by the Swiss Federal Office for the Environment (FOEN) Federal Office
for the Environment (FOEN), 2009. Following Mooij et al. Mooij et al., 2016a, we assume the
causal direction is known, with changes in temperature causing changes in lower-atmosphere
ozone concentrations. When plotting ozone concentrations against temperature in Figure 4.3,
the relationship between the two variables appears approximately linear. As shown in Fig-
ure 4.3, applying DirectLINGAM to this dataset yields the incorrect causal direction, with a
bootstrap rate of 52%. In contrast, the test-based approach yields an inconclusive result by
rejecting both causal directions, indicating potential model misspecification—consistent with
the behavior observed in our simulation studies (Table 4.5). This outcome is preferable to
LiINGAM’s enforced deterministic (and incorrect) decision, as it not only avoids a misleading

conclusion but also provides diagnostic information about possible model misspecification.
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Overall, the real-data analyses further illustrate how the test-based approach provides a
richer inferential framework than DirectLINGAM with bootstrap. In particular, it produces
directional conclusions when supported by the data and inconclusive outcomes otherwise,
together with outcome rates and confidence intervals that quantify uncertainty across re-
samples. This distinction—between enforcing a single deterministic direction and allowing
uncertainty-aware, inconclusive conclusions—is particularly important in applied settings,
where the data-generating mechanisms and the presence or extent of assumption violations
are typically unknown. In such scenarios, inconclusive outcomes are especially informative:
rejecting both causal directions can signal potential model misspecification, while failing to
reject either direction may indicate lack of identifiability or insufficient sample size under the
assumed model class. By permitting and interpreting these distinct inconclusive outcomes,
the test-based approach provides diagnostic insight that is not available from LiNGAM-based

causal discovery methods.
4.5 Discussion

Causal discovery methods have pioneered data-driven approaches for identifying and under-
standing causal relationships, a goal that is fundamental across many scientific disciplines.
However, applied researchers using causal discovery methods should be mindful of the (lack
of) statistical guarantees in existing approaches such as LINGAM, ANM, or PNL.

In this chapter, we reviewed the state of statistical guarantees provided by existing func-
tional causal discovery methods. As summarized in Table 4.1, this review revealed a clear
gap: the absence of a formal, general inferential framework in functional causal discov-
ery. As the first step toward filling this gap, we then developed the test-based approach
to functional causal discovery that establishes a formal inferential framework by combining
two complementary forms of inference: hypothesis testing and uncertainty quantification for
each competing causal discovery outcome. Together, these components provide a principled
way to quantify uncertainty in the estimated causal direction and provide diagnostic insight

for cases when a determinate causal direction is not supported by the data.
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Specifically, the inferential framework provided by the test-based approach enables practi-
tioners to (i) report evidence supporting a causal direction when such conclusion is supported
by the data, (ii) quantify uncertainty in that conclusion, and (iii) obtain diagnostic insight
into potential assumption violations—such as model misspecification (Assumption Al) and
non-identifiability (Assumption A5)—particularly when the causal direction is inconclusive.
Importantly, these forms of inference are available across major functional causal model
classes. As a result, the test-based approach to functional causal discovery addresses a
gap in the existing literature, where this combination of qualities—uncertainty quantifica-
tion, diagnostic insight, and applicability across model classes—is largely unavailable (see
Table 4.1).

The lesson for applied statisticians is threefold. First, causal discovery should always be
undertaken with explicit awareness of its modeling assumptions and of the consequences when
those assumptions fail. Second, inconclusive results or signs of assumption violation should
not be viewed as failures but as statistically meaningful outcomes that can guide model
refinement, data collection, or reformulation of causal hypotheses. Third, causal discovery
should be paired with explicit uncertainty quantification, and users should understand the
nature and scope of the inferential information provided by these tools. The test-based
approach represents a first step toward incorporating these key principles into a coherent
inferential framework.

Within the test-based approach, we primarily discussed the impact of model misspecifi-
cation and non-identifiability (e.g., the linear—-Gaussian setting). An important direction for
future work is to extend this framework to characterize how other types of assumption viola-
tions—such as unobserved confounding, cyclicity, and non-i.i.d. data—affect the behavior of
the two hypothesis tests in (4.6) and the resulting causal discovery outcomes. Understanding
how these violations, individually or in combination, influence test outcomes would further
enhance the diagnostic scope and practical utility of the test-based approach.

While we studied the test-based approach in the bivariate setting in this chapter, extend-

ing the framework to multivariate settings is another important direction for future work.
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One very simple multivariate setting in which the framework can directly apply is when the
causal structure is known for all variables except for two variables of interest, X and Y, and
the effects of all other variables on X and Y are understood. In this case, the framework
can be used to study the directionality between X and Y with only minor modifications.
Specifically, one could first remove the effects of the known confounders on X and Y, re-
spectively, via, e.g., linear regression. The resulting residuals rx and ry can then be treated
as a new pair of bivariate variables to be directly used in the test-based approach. Extend-
ing the test-based approach to a general multivariate setting in which the causal structure
among variables is unknown is a substantially more complex problem. Such an extension
would require evaluating a large collection of hypothesis tests corresponding to the many
possible parent sets for each variable. The number of these tests—and the resulting space of
possible causal outcomes—grows combinatorially with the number of variables, making co-
herent inference and uncertainty summarization challenging. Moreover, the introduction of
confounders substantially complicates the estimation effort, as it necessitates modeling and
removing nuisance components for multiple variables. Developing scalable procedures and
principled methods for summarizing uncertainty in a multivariate outcome space remains an
important avenue for future research.

Finally, the inferential foundations established by the test-based functional causal discov-
ery approach can be extended using ideas from the broader statistical inference literature—
such as methods for power analysis (Casella & Berger, 2021; Lehmann & Romano, 2005),
resampling (Efron & Tibshirani, 1993; Good, 2005), and model diagnostics (Atkinson, 1985;
Buja et al., 2009; Cook, 1977)—to further strengthen the inferential foundations of causal

discovery and promote its reliable use in practice.
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Chapter 5
CAUSAL DISCOVERY VIA STATISTICAL POWER (CDSP)

This work was conducted in collaboration with Dr. Elena A. Erosheva and Dr. Fan Xia.

5.1 Introduction

In this chapter, we focus on bivariate functional causal discovery that reduces to determining
the causal direction between two variables by fitting regressions in both directions. The
bivariate setting is important because it is the simplest setting in which causal discovery
identifiability mechanisms can be studied. It can also be considered a building block for
more complex multivariate settings. Bivariate causal discovery methods are often evaluated
on benchmark datasets consisting of cause—effect pairs (Mooij et al., 2016b).

In a bivariate setting, functional causal models posit that the data-generating process for

two random variables X and Y and the true causal direction X — Y can be written as

Y = f(X,n), (5.1)

where 7 is a noise term that is independent of X and f € F is a function belonging to a
specified model class.
Functional causal discovery methods rely on strong identifiability assumptions to identify

the causal direction from observational data (Hoyer et al., 2009; Shimizu et al., 2006).

Assumptions A1-A5 (Assumptions for Identifiability). In the bivariate setting, the iden-

tifiability assumptions are as follows:

(A1) The data-generating mechanism is correctly specified within the assumed functional

model class.
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(A2) X andY have an acyclic relationship.
(A3) X andY are unconfounded, i.e., they share no common causes.
(A4) The data are independent and identically distributed (i.i.d.).

(A5) The data-generating process does not fall into the few unidentifiable cases characterized
by Zhang and Hyvarinen (2012); for example, when the relationship between X and'Y

18 linear and all variables are Gaussian.

Under Assumptions A1-A5, the independence between cause variable X and noise vari-
able n holds only in the true direction and fails in the reverse direction. This asymmetry
enables identification of a unique causal direction from observational data. When Assump-
tions A1-Ab hold, the causal direction can be identified; however, impacts of assumption
violations on traditional causal discovery approaches are unclear. In addition, most existing
causal discovery methods do not provide statistical guarantees—that is, statistical inference
for the estimated direction.

In practice, assumption violations such as model misspecification due to deviations from
the assumed functional form are often unavoidable. This has been widely recognized; for
example, in linear regression, the consequences of assumption violations have been exten-
sively studied, motivating the use of diagnostic tools and uncertainty quantification to assess
model fit and guide interpretation (Kutner et al., 2005; Weisberg, 2005).

In contrast, current work on uncertainty quantification in functional causal discovery has
been limited. It can be broadly divided into two categories: resampling-based procedures
that assess stability of estimated causal structures and inferential approaches based on sta-
tistical tests. Bootstrap-based methods extend causal discovery algorithms by repeatedly
refitting models on resampled datasets to assess stability of inferred causal orderings (Ko-
matsu et al., 2010a; Thamvitayakul et al., 2012b); however, as we will see in this chapter,
resulting reliability measures can be misleading when the underlying modeling assumptions

are violated. Wang et al. (2025) develop statistical inference via confidence sets for causal



81

orderings by inverting goodness-of-fit tests in identifiable structural equation models with
additive errors. The confidence sets offer insights into model-class misspecification: an empty
confidence set indicates that the “model class does not capture the data-generating process”
(Wang et al., 2025, p. 2). While this approach provides a formal method for uncertainty
quantification for both bivariate and multivariate functional causal discovery, it does not
extend to more general functional causal models such as the post-nonlinear model. Addi-
tionally, both resampling-based and inferential methods are developed under the assumption
that the working models are correctly specified and may fail to provide reliable directional
evidence under mild violations, as robustness to such assumption violations is not explicitly
examined.

More broadly, much of the existing causal discovery literature emphasizes identifiability
under idealized modeling assumptions, with comparatively limited attention paid to un-
certainty quantification and robustness under assumption violations. A central challenge in
applying causal discovery in practice is that identifiability assumptions—such as those related
to model specification (Assumption Al)—are rarely satisfied exactly, making it essential to

develop methods that remain informative under such violations.

To address this challenge, we develop Causal Discovery via Statistical Power (CDSP), a
framework that connects causal direction estimation with statistical power concepts. CDSP
provides a statistical perspective on causal discovery by introducing notions of statistical
power and effect size tailored to this setting. Within this framework, we introduce the
effect-size asymmetry assumption, which posits that the incorrect direction deviates more
strongly from its null and is therefore easier to reject than the correct direction. We show
that this asymmetry implies that the probability of detecting the correct causal direction
exceeds that of detecting the incorrect direction, yielding a statistical characterization of
directional evidence. We further leverage the effect-size asymmetry assumption to formulate
causal direction estimation as a problem of assessing directional detectability. We develop the
CDSP procedure to estimate the causal direction via effect-size asymmetry and to provide

statistical inference for this estimate. Through simulation studies, we demonstrate that
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CDSP is robust to model misspecification. Analyzing 100 cause—effect benchmark pairs
(Mooij et al., 2016b), we find that CDSP yields materially improved performance, reducing
the false discovery rate by approximately 18% relative to LINGAM, both across all pairs and
when restricted to pairs with approximately linear relationships—a setting in which methods
based on the linear model class are expected to perform well.

Next, we introduce the CDSP framework and its theoretical foundations in Section 5.2,
followed by numerical results in Section 5.3. We conclude with a discussion of our contribu-

tions and open questions for future research in Section 5.4.

5.2 Causal Discovery via Statistical Power (CDSP)

In this section, we introduce Causal Discovery via Statistical Power (CDSP), a framework
that connects causal direction estimation with statistical power. We begin by formulating
a hypothesis-testing framework for bivariate causal discovery and defining a corresponding
notion of directional power. We then show that this notion of power depends on the relative
magnitudes of directional effect sizes, leading to the effect-size asymmetry assumption. Using
asymptotic arguments, we establish that the effect-size asymmetry assumption is equivalent
to favoring the correct direction with higher probability. Importantly, the effect-size asym-
metry assumption does not explicitly depend on the presence of model misspecification. We
then present the CDSP procedure, the implementation of the proposed framework for di-
rection estimation, and discuss inference for the estimated direction through a measure of

directional strength.

5.2.1 Motivating the Role of Power, Effect Size, and Assumptions in Causal Discovery

Assumption 5.2.1 (Standing Assumption). Assume that the true causal direction is X =Y,

and the data-generating mechanism s

Y =m(X)+n,
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where m is an arbitrary (unknown) generating function. The noise n is, by construction,

independent of X.

To assess the reverse direction Y — X, we attempt to represent X as a function of Y by
fitting a model of the form
X=1Y)+¢,

where [ is restricted to lie in a specified model class (e.g., linear functions under LiNGAM).

The function | is defined as the population risk minimizer,
[ = argr}rllelélR(h),
where R(h) denotes the population risk. The reverse-direction residual is defined as
g= X -U(Y).

Thus (1,£) represents the best-fitting approximation to the true data-generating process within

the chosen model class when expressing the data in the reverse direction.

Functional causal discovery methods assume that the regression function lies within the
specified model class. Under this assumption, independence between the predictor and the
noise term in the correct causal direction, but generally not in the incorrect one, creates an
asymmetry that can be exploited for causal discovery. However, this independence cannot be
tested directly because the noise term is unobserved. Instead, the noise terms, denoted by 7
and é , must be estimated from regression models fit in the two possible directions. Measures
of dependence between 1 and X, and between f and Y, are then compared to determine the
causal direction. However, simply comparing the estimated dependence measures in the two
directions does not account for the uncertainty in these empirical quantities. We therefore
formulate causal direction detection as a pair of hypothesis tests corresponding to the two

possible causal directions in (5.2),
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HY :X 1n, meM, Hx. :otherwise, 52)
5.2
HY :Y L& lel, Hy_ y:otherwise.

The null hypotheses HY . and Hy. jointly assess (i) independence between the pre-
dictor and residual and (ii) the adequacy of the model classes M and L for the X — Y and
Y — X directions, respectively. Their alternatives, H} , and H) ., correspond to any
violation of these conditions.

Here, M denotes the model class used to represent the generating mechanism m in the
X =Y direction, while £ denotes the model class used to approximate the reverse-direction
regression function /. In practice, these model classes are often taken to be the same (e.g.,
both linear), but they need not coincide in general.

Under the assumptions of functional causal discovery methods (Assumptions A1-A5), the
model class corresponding to the true causal direction is correctly specified!, the two tests are
assessing only (i), and therefore the test results can directly inform causal direction. When
either or both M or L are misspecified, rejection of a null hypothesis may arise from residual
dependence, model misspecification, or both. This motivates decomposing each composite

alternative into subcases that distinguish these possibilities in (5.3).

Hiy: X [n,meM,  HE Y L€ €L,
HY X 1np me¢M, HY Y1 1¢L, (5.3)

H¥y: X [n,mé¢M,  HE Y [E1¢L
Intuitively, alternatives that depart more strongly from the null should be easier to detect
and therefore yield higher power, whereas alternatives that represent weaker or more limited
departures should generally yield lower power. In our setting, when model misspecification

(Assumption A1) is the sole source of violation, the correct causal direction satisfies the

independence condition and can violate the null only through the model misspecification.

'Model misspecification occurs when the true data-generating relationship does not follow the assumed
functional form and therefore cannot be represented within the specified model class.



85

Consequently, if the model class in the correct direction is only mildly misspecified, the
corresponding alternative may remain close to the null and thus be harder to detect. This
motivates studying power under the derived alternatives, as different forms of null violation
can have different detectability and therefore provide evidence for causal direction.

In classical hypothesis testing (Casella & Berger, 2021; Cohen, 1988; Lehmann & Ro-

mano, 2005), the statistical power of a test is defined as
P(reject Hy | H is true),

for a given null hypothesis Hy and a given alternative hypothesis H;.
Because causal discovery involves comparing two directional hypotheses, the notion of
statistical power must be adapted to account for this paired testing structure. In particular,

power corresponds to the probability that the procedure favors the correct direction.

Definition 5.2.1 (Directional Power). Directional power is the probability that the causal

discovery method correctly favors X —Y, namely
IP’( (fail to reject HY_y ) A (reject HY ) ‘X - Y). (5.4)

To understand how this probability depends on the strength of directional evidence,
we next introduce a directional effect size. Let Tx_y and Ty _x denote the test statistics

corresponding to the tests of HY. - and HY_ ., respectively.

Definition 5.2.2 (Directional Effect Size). Let 0x_y and 0y _ x denote the population values
of the test statistics Tx_y and Ty x, respectively. Let ox_y[\/n and oy_ x[\/n denote their

corresponding standard deviations.

Define the directional effect size for testing H%_)Y tO0xoy =00 xoy as

_ (QX—>Y - GO,XAY)\/E

AX—>Y7n =
0X-Y
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Similarly, the directional effect size for testing HY. . : 0y_x =0y y_x is

_ (QY»X - GO,Y»X)\/H

AY—»)(,n -

Oy-X

In our setting, we assume that under the null hypotheses of independence, the population
values of the test statistics are zero (i.e., Oy x-y = 6py-x =0). This assumption holds for
commonly used dependence measures such as the Hilbert-Schmidt Independence Criterion

(HSIC) (Gretton et al., 2008). Under this assumption, the directional effect sizes simplify to

Ox.. Oy
Ay = 2xrn o Ovexy/n (5.5)

OX-Y 0y-X
Assumption 5.2.2 (Traditional Asymmetry Assumption). Traditionally, functional causal
discovery methods rely on an asymmetry between the two directions, which can be expressed

in terms of the population test statistics as
Oyx > Oxoy.

Under the standard identifiability assumptions (Assumptions A1-Ab), the correct direc-
tion X =Y yields Ox_y =0, while the reverse direction Y — X yields 0y_x > 0. Thus, this

iequality arises as a direct consequence of the model assumptions when they are satisfied.

Although this Assumption 5.2.2 is not typically stated explicitly in the literature, it is
implicitly relied upon. For example, many functional causal discovery methods compare test
statistics or dependence measures across directions and select the direction with the smaller
value (e.g., Mooij et al. (2016b), Peters et al. (2017), and Shimizu et al. (2006)).

Building on the traditional asymmetry assumption (Assumption 5.2.2), we incorporate
the variability of the test statistics through standardization and account for the corresponding
critical values, so that the comparison reflects how strongly each direction departs from its

null, yielding a refined comparison in Assumption 5.2.3.
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Assumption 5.2.3 (Effect-Size Asymmetry). Let gx_y ., and qy-x, denote the directional
standardized critical values,

\/ﬁcg(—ﬂf,n a \/ﬁ C(})’—>X,n

o _ —
x>y n="_— Ay xn="_ (5.6)
00Xy Oy-X

where ¢y, and ¢§._ i, denote the level-a critical values under the null hypotheses HY

and HY. _, respectively. We say that the effect-size asymmetry assumption holds if

6Y—>X 9X—>Y a a
> and 4y x = dxyn = o(1) (5.7)
Oy-x OX5Yy

Remark 1. The effect-size asymmetry assumption depends on the relative magnitudes of the

directional effect sizes and thus does not explicitly depend on model misspecification.

When model misspecification (Assumption Al) is the sole source of violation, the alter-

natives in Equation (5.2) simplify to those in Equation (5.8).

HY v X1n m¢M and Hi¢ Y L& 1¢Lif X - Y is true,
(5.8)
H¥ yv: X [n,m¢M and HY : Y LE 1¢LifY —» X is true.

In this regime, the incorrect direction (Y — X)) exhibits two sources of deviation from
its null—both Y [ ¢ and [ ¢ L—whereas the correct direction (X — Y') exhibits only one,
namely m ¢ M. The effect-size asymmetry assumption posits that two such deviations
induce a larger departure from the null than a single deviation, and hence a larger departure
relative to the corresponding rejection threshold. This disparity yields asymmetric finite-
sample behavior: the incorrect direction is more readily detectable and is therefore rejected
more quickly than the correct direction.

To make the connection between directional effect sizes and rejection probabilities con-
crete, we work under the misspecification regime in Equation (5.8) where the true causal
direction is X — Y, the correct-direction null is violated through model misspecification

only (ie., HY ), and the incorrect-direction null is violated through both dependence and
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model misspecification (i.e., H{¢, y).

In what follows, we use the independence and goodness-of-fit test of Sen and Sen (2014),
which jointly assesses (i) independence between the predictor and residuals using the Hilbert—
Schmidt independence criterion (HSIC) (Gretton et al., 2008) and (ii) whether the regression
function lies within the assumed functional model class. We focus on linear model mis-
specification. Theorem C.1.1 in the Appendix shows that the corresponding test statistics
(T x-y,Ticy—x) are asymptotically bivariate normal under the alternatives.?

We show in Theorem 5.2.1 that, under this regime, the effect-size asymmetry assumption
is equivalent to the probability of correctly detecting the causal direction (i.e., directional

power) exceeding the probability of incorrectly favoring the reverse direction.

Theorem 5.2.1 (Effect-Size Asymmetry Characterization of Directional Power). Consider
the misspecification regime in which the correct-direction null is violated through model mis-
specification only (i.e., HY . holds) while the incorrect-direction null is violated through both
dependence and model misspecification (i.e., Hy*  holds).

Let Ty, xy and Ti.y-x be the test statistics corresponding to H)I(bﬂy and H%/;X. Let
%y and ¢ denote the level-a critical values for nTy, x-y and nTi.y_x, respectively

(Sen & Sen, 2014), and define c%_ ,, = Cg‘;Y and ¢, = CQY;X. Define the directional

detectability indices

_ Ak
I _ QX»Y CX—>Y,n I _
X-Yn = 9 Y-Xn =
OX->Y Oy-X

o
Oy-x - Cy_Xm

(5.9)

Equivalently, /nIx .y n=Axoyn— 0%y o Vinly xn=Ayvoxn - 45 .x.n- Denote by n the
noise term in the true direction and by & the noise term in the reverse direction, as defined

in Assumption 5.2.1. Define the misspecified residuals in the true and incorrect directions as

6:m(X)_X60+na 5:[(Y)—Y;§/O+€7

2We present the results in Theorem 5.2.1 under an asymptotic Gaussian approximation for clarity,
although the same arguments apply more generally to any pair of directional test statistics with a known
joint distribution, whether asymptotic or finite-sample.
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where By and 7y are the population linear regression coefficients in the correct and incorrect

directions, respectively. Let
(9X_,y:6(X,€), «9y_,X:6(Y,(5),

denote the population HSIC dependence measures corresponding to (X, e) and (Y,0), respec-
tively, and let

2 2 2 2
Oxoy = 01p x5y Oyo.x = 01cy-»X>

denote the asymptotic variances of Tyy x—y and Ti.y_x. Then

V(T xoy —0xoy) S N(0,0%_y),
Vi(Tiey-x - Oy-x) S N(0,05_x)-

As a result, under the asymptotic normal approximations,
P((reject HY ) A (fail to reject HY ) ‘ HY .y, H}l,c_)x)
> P((reject HY .y ) A (fail to reject Hy_, ) | HY .,y Hi x)

if and only if

Iy xn>Ixoyn, (5.10)

or equivalently,

AY—’XW - q%%X,n > AX—>Y,n - qA())[(qY’n' (511)

Furthermore, since ¢y x , = 4%y n = o(1), then asymptotically Equation 5.10 is equivalent

to
0Y—>X 0X—>Y
>

Oy-X UX—»Y‘
Thus, directional effect sizes Ay_x, and Ax_y, govern detectability of the true causal

direction.
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Proof. Under the misspecification regime (HY ., H{¢, ), decompose the marginal rejection

—

probabilities as

—

P(reject Hy .y | HY .y, Hy".x) = P((reject Hy_x) A (fail to reject Hy_y) | HY.y, H)lfix)

+ P((reject HY ) A (reject HY ) | HY ., H51,C_)X) ,

P(reject Hy .y | HY.y, Hi%, <) = P((reject HY .y ) A (fail to reject HY ) |HiL,y, H . x)

+ ]P((rejeCt H8—>X) A (rejeCt HA())(—>Y) | H?—)Y? H}1/C—>X) .
Subtracting the two identities gives

P((reject HY ) A (fail to reject HY ) ‘H)lé’_,y, Hy )
—P((reject HY ) A (fail to reject Hy_ )| HY.y, Hi" x)

= P(reject Hy_x | HY.y, Hy",x) = P(reject HY y | HY.y, Hy".x). (5.12)

— —

Because the rejection event for HY. , depends only on the test statistic Tj.y_x and
the rejection event for HY - depends only on the test statistic T3 x_y, the corresponding
marginal rejection probabilities are determined by the marginal asymptotic laws of these

statistics. Hence
: 0 1b lc _ : 0 lc
P(reject Hy_x | Hx.y, Hy%x) = P(reject Hy_x [ Hy% x),

and

P(reject HY .y | HY.y, Hy",x) = P(reject Hy_y | HY.y).
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Therefore, Equation (5.12) becomes

P((reject HY. ) A (fail to reject HY ) | HY v Hi )
—P((reject H%_y) A (fail to reject HY_ y) | HY v Hi )

= Pveject Hy_ y | Hy",x) — P(reject Hy_y | HY.y). (5.13)
Under the asymptotic normal approximation we have,

P(reject Hy x| Hy*.x) = P(nTicy-x > &5 x | H3%. x)

_ ]P( V(They-x = Oy.x) S V(e x/n—=0y.x)

H;ax)

Oy-X Oy-X
o1 @(\/ﬁ(cgg)(/n - 9Y~X))
Oy-X
_ (I)(\/E(HY—)X B C(;/%X/n)) )

Oy-Xx

Similarly,

P(reject HY .y | H.y) =P(nTipx-y > oy | HY Ly

_ IP’( V(T xoy = Ox-y) N Vn(ckoy/n-0x-y)

OXxX-Y OX-Y

~l q)(\/ﬁ(c‘;‘(_)y/n - 9X—>Y))

H}(b—ﬂ/)

_ q)( Vn(Ox .y - Cgé;y/n)) .

OX-Y

Substituting these expressions into Equation (5.13) yields

IP’((reject HY. ) A (fail to reject HS ) | HY .y Hi% x)

—P((reject H_y) A (fail to reject Hy )| HY .y, Hi" x)

_ <I>( Vn(by-x - C?f—»x/n)) B <I>( Vn(Oxoy - Cg{—»y/”)) '

25'ENY

Oy-X
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Since ® is strictly increasing, the right-hand side is positive if and only if

Vi (Oy-x = c§_ x[n) N Vi (Oxoy = 5Ly /n)

Oy X OX-Y
— Ay.oxn-— Cho;_,X,n >Axoyn— q(pl(_,y,n (5.14)
<~ ]Y—>X,n > ]X—>Y,n~
Since ¢¥ v, — %y, = 0(1), then asymptotically Equation 5.14 is equivalent to
Oy x| Oxy
Oy-x OX-Yy
This proves the claim. O]

Remark 2. The directional detectability indices Iy x ,, and Ix_y ,, defined in Equation 5.9,
provide a finite-sample operational condition for evaluating effect-size asymmetry in terms
of standardized effect sizes and critical values, and are what we use in practice for CDSP. As
shown in Theorem 5.2.1, for sufficiently large n, the condition in Equation 5.14 is equiva-
lent to the effect-size asymmetry assumption in Equation 5.7. The latter provides a simpler,
population-level characterization that aids intuition and interpretation, while the former cap-

tures the finite-sample quantities that govern the procedure.

Remark 3. CDSP is most informative under mild to moderate model misspecification, where
the effect-size asymmetry is most likely to hold, as the test statistic corresponding to the
correct direction tends to remain closer to the null than the test statistic corresponding to
the incorrect direction. These settings correspond to regimes of greatest practical relevance,
as severe model misspecification is often readily detectable using standard diagnostic tools
(e.g., visual inspection), whereas mild to moderate misspecification is more subtle yet can

still impact causal discovery.
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5.2.2  Estimating Causal Direction and Directional Support Probability via CDSP

In Section 5.2.1, we defined notions of statistical power and effect size tailored to causal
discovery and introduced the effect-size asymmetry assumption, which posits that the stan-
dardized deviation from the null is larger in the incorrect direction than in the correct
direction. We showed that this asymmetry is equivalent to the probability of detecting the
correct causal direction exceeding the probability of detecting the incorrect direction. In this
section, we leverage effect-size asymmetry to estimate the causal direction and quantify the
strength of directional evidence.

Suppose we have a bivariate dataset of size N on variables X and Y. We assume that the
true data-generating process is unknown (i.e., we do not know whether X - Y or ¥ - X
nor the functional form of f in Equation 5.1). We obtain CDSP point estimate of the
causal direction and an estimate of the directional support probability using Algorithm 3.
Specifically, CDSP Procedure outputs (i) estimated causal direction D¢pgp: either X — Y,
Y — X, or inconclusive, and (ii) directional support measure Pcpgp.

We estimate causal direction Depgp in Algorithm 3 via effect-size asymmetry. By The-
orem 5.2.1, effect-size asymmetry is equivalent to the probability of detecting the correct
causal direction exceeding the probability of favoring the incorrect direction. We first esti-
mate the required components needed to evaluate effect-size asymmetry via the directional
detectibility indices—#x_y and 0y _ x via bootstrap means, cx_y and oy_x via bootstrap
standard deviations, and %y, and ¢§_ . via the procedure of Sen and Sen (2014)—and
then substitute these estimates into Equation (5.9). We then compare fyﬁ x,n and I XoYn
to determine f)CDSp: if IAY_,Xvn > IAX_>y7n, we set ﬁCDSp =X->Y;if IAX_>y7n > IAy_,Xvn, we set
Depsp =Y - X 3

The computational complexity of computing the point estimate in Algorithm 3 is
O(BN?). CDSP uses B bootstrap replicates to estimate the directional detectibility indices,

and each replicate requires a constant number of HSIC computations. Under the standard

3In the event that IAy_,X,n = IAX_,ym, DCDSP is inconclusive. This case is unlikely to occur in practice
and is thus omitted from the procedure.
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Algorithm 3 CDSP Procedure: Estimation and Inference via the Effect-Size Asymmetry

1: Input: Dataset {(X;,Y;)}Y,, significance level o, number of bootstrap replicates B.

2: Using bootstrap, estimate éxﬁy and éy%X as bootstrap means, 6x_y and oy_x as
bootstrap standard deviations, and ¢% .-, and ¢§ |y via the procedure of Sen and Sen
(2014).

3: Compute directional detectability index estimates

Ox-y = KLy m Ov-x =Y xn

s IY—>X,n =

[X—>Y,n =

a-X—>Y 6-Y—>X

4: Point estimate of direction:

A X =Y, if yoxn>Ixoyn,
Dcpsp = I A
Y—>X, if IX—>Y,n>IY—>X,n-

5: Bootstrap inference: For b = 1,..., B, draw a bootstrap resample and recompute
[l(,blx,n and I)((blyjn using Steps 2 and 3.

6: Estimate directional support probability:
- % ZbB;l 1{j}(/le7n - f)((blym > 0}, if DCDSP =X - Y,
Feose =11 5 - o) 0 i

5 2bel 1{IX_)Y7n -, > 0}, if Depsp =Y = X.

7: Output: DCDSP and pCDSP'
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empirical implementation, HSIC requires O(N?) time due to pairwise kernel evaluations,
yielding an overall time complexity of O(BN?). The space complexity is O(N? + B), where
O(N?) arises from storing the HSIC kernel matrices and O(B) from storing the bootstrap

outputs.

In addition to a point estimate of the causal direction, the CDSP procedure in Algo-
rithm 3 outputs an inferential measure quantifying directional support. Specifically, if CDSP

estimates X — Y, it reports the bootstrap estimate

Pepse = P(fy—xn = Ixoyn > 0) = ébi {1, - 10,y >0}, (5.15)
where B denotes the number of bootstrap samples, and fx(/bl xn and .f)((blyyn are the corre-
sponding estimates computed from the b-th resample. An analogous quantity is reported
when CDSP estimates Y — X. The computational complexity of bootstrap inference in
Algorithm 3 is O(B?N?), since it computes the point-estimation procedure across B boot-
strap replicates, each of which has time complexity O(BN?). The space complexity remains
O(N? + B).

The population quantity Pepsp is the probability that the CDSP point estimate Depsp
favors X — Y under sampling variability from the data-generating distribution. Thus, Pepsp
estimates the probability of directional support for Depsgp. From a decision-theoretic per-
spective, when the direction favored by CDSP is the true causal direction, Pepgp can be

interpreted as the success probability of the procedure under 0—1 loss—that is, the probabil-
ity that the procedure selects the true causal direction (Casella & Berger, 2021).

Directional support probability Pepsp can also be interpreted as a concordance proba-
bility, that is, the probability that one random quantity exceeds another. Probabilities of
this form arise in several statistical contexts, including the area under the receiver operating
characteristic curve (AUC) (Hanley & McNeil, 1982). In these settings, the quantity repre-
sents the probability that a randomly drawn observation from one group exceeds a randomly

drawn observation from another. In the CDSP procedure, the randomness instead arises
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from the sampling distribution of the estimators fy_, x.n and I Xoy . Accordingly, FCDSP
measures the probability that the directional evidence favoring X — Y exceeds that favor-
ing Y - X under sampling variability. Values of Pepgp near 0.5 indicate little directional
separation between the two candidate directions, whereas values farther from 0.5 indicate
stronger directional dominance. Table 5.1 provides a heuristic interpretation scale adapted

from AUC discrimination guidelines (Hosmer et al., 2013).

PCDSP Interpretation

~ 0.5 Little or no directional separation
0.5-0.7 Weak directional support

0.7-0.8 Moderate directional support
0.8-0.9 Strong directional support

>0.9 Very strong directional support

Table 5.1: Guidelines for interpretation of directional support Pepsp values.

5.2.8  Establishing Consistency of CDSP Direction and Support Probability Estimates

In this section, we establish consistency of the inferred causal direction via effect-size asym-
metry, and of the directional support probability Pepsp from Algorithm 3. In particular,
we show that under the effect-size asymmetry assumption (Assumption 5.2.3), the inferred

causal direction is consistent.

Theorem 5.2.2 (Consistency of Directional Estimate via Effect-Size Asymmetry). Let

QO o— QO Q o— Q y y ) O — A A0 o—
Soym = oy Lx 0 = & Lx/n, with plug-in estimates ¢y, = KLy /1,5 x, =
o ‘

& /n. Suppose oy_.x and ox_y are bounded away from zero. Under standard regularity

conditions, the estimators described in Algorithm 3 satisfy

R P o P4 0 20
Oy-x 7 0y-X,; Cyx 7 Cy_x, Y-X 7 Uy-Xx,
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and

A P o P, é P 0
OX-y > 0XxX-y, Cxoy —>Cx.y, X-Y > Uxsy.

Furthermore, let Iy_ x = g‘;:’; and Ix_y = fj):i Then, if the asymptotic effect-size asym-

metry assumption holds (Assumption 5.2.3), that is,

IY—>X > [X—>Y7

then

IP([AYQX’” > jX_>y7n) -1 asn— oo.

Proof. Prior  work  establishes  consistency @ of  the  bootstrap  estimators
s, X,ég(_ﬂ/,éy_, X,éx_,y,&y_,x, and dx_y under standard regularity conditions (e.g.,
i.i.d. sampling and characteristic kernels) (Efron & Tibshirani, 1993; Gretton et al., 2008;
Sen & Sen, 2014).

In particular, by the bootstrap consistency result of Sen and Sen (2014), the estimated
critical values satisfy

A0 p o A0 p (6%
&Sox =%, oy = oy (5.16)

Since HSIC is a V-statistic, its empirical form is consistent (Gretton et al., 2008), implying
Oyx =0(Y,0) > 0(Y,8), Ox_y =0(X,e) > 0(X,e). (5.17)

Additionally, by standard bootstrap theory (Efron & Tibshirani, 1993),
Oyox = Oyox, Oxoy — Oxoy. (5.18)

Because oy_x and ox_.y are bounded away from zero, the continuous mapping theorem
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(van der Vaart, 1998) gives

2 el N e
Oyx - Cyoxn p Oyox Ox-y - Cxovm p Oxoy
— —

=ly_x, Ixyn= =Ix.y.

Iy . xn= - -
Oy-X Oy-X 0X-Y OX-Y

Here we use that

o C%—’X fo" C?(»Y
Cysxn = n =o(1), Cxoyn = n =o(1).

By the asymptotic effect-size asymmetry assumption (Assumption 5.2.3), we have Iy x >
IX_,y. Let A := IY—>X_]X—>Y > 0 and take ¢ := A/4 If |]Ay_,X7n—]yﬁx| <eand |[AX_,y7n—[X_,y| <
g, then

R A A R
Iy oxn>lyox —e=Iyox - 7 7 Ix oy + il Ix_y +e>Ixyp,

hence Iy_ x> Ix.y . Therefore

{fyﬁx,n < fxﬁy,n} c {|fy%x,n -Iy_x|>¢e}u {’fxﬁy,n - Ix.y|>e},

and so
P(lcyﬁx,n < fx%y,n) < ]P)(UAYaX,n -Iy.x|>¢) + IED(|IAX~>Y,n —Ix.y|>e) — 0.

Thus ]P)(fyﬁx’n > IAX%YJL) - 1. ]

For inference, we use the bootstrap estimate ﬁCDSP. Proposition 1 establishes consis-
tency of Pepsp. In particular, when the effect-size asymmetry assumption holds for the true
direction (e.g., X - Y), the probability that CDSP selects X — Y converges to one as the

sample size increases, while the probability of selecting Y — X converges to zero.

Proposition 1 (Consistency of Bootstrap Directional Support Probability). Let O, =
{(Xi,Y;)}, denote an i.i.d. sample of size n, and let directional detectability indices Iy x ,,

and Ix_y , be defined as in Equation (5.9), with D,, = IAY_,Xyn - fX_,y,n. By Theorem 5.2.2,
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P(D, >0) - 1, so that D,, asymptotically reflects the true causal direction. Let O} denote

a nonparametric i.i.d. bootstrap resample drawn from O,, and let D} denote D,, computed

from OF. For the b-th bootstrap resample, let DY = ji(/le,n - IA)((blY ., and define

sy

n

1

T 1{D§f’> >0}, B, — co.

Pcpsp =

Il
—_

Define the (finite-n) directional support probability
PCDSP,n = ]P’(Dn > 0)

Assume the nonparametric i.i.d. bootstrap is asymptotically valid for D,, in the sense that,

conditionally on O,,

sup [P(D: <t]|0,)-P(D, <t)| 0.

teR
Then

=y p =y p
Pcpsp = Pepspn — 0, and Pcpsp — 1.

Proof. Let
Py :=P(D;>0]0,).

Conditional on O, the variables {l(D,(lb) > 0)} 7 are i.i.d. Bernoulli(P;). Hence, by the

conditional law of large numbers,
Pepsp - P50 (B, » ).
It remains to show that P} — Pcpspn 2. By bootstrap consistency,
P(D:<0|0,)-P(D, <0) 30,

which implies

P* - Pepspp = P(D, <0) -P(D: <0]0,) % 0.
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Thus,

Pepsp — Pepspon 2 0.
Finally, since P(D,, > 0) i>, we have Popsp,, = 1, and therefore Pepsp - 1. O

Remark 4. Under the assumptions of Theorem 5.2.2, D, is a smooth plug-in functional
of the empirical distribution, as it is composed of consistent estimates with denominators
bounded away from zero. Under the nonparametric i.i.d. bootstrap, such smooth functionals

are bootstrap-valid under standard reqularity conditions.
5.3 Numerical Results

In this section, we evaluate performance of CDSP through both simulated and real data

experiments.

5.5.1 Simulations

In our simulations, we compare the accuracy of CDSP and LINGAM under increasing levels
of linear model misspecification. To evaluate CDSP, we first assess whether the popula-
tion effect-size asymmetry assumption holds using the ground truth quantities Iy_ x = gi—:i
and Ix_.y = gf(—;y/.“ We then examine how effect-size asymmetry is reflected in finite sam-
ples via the distributions of the directional detectability indices Iy_.x, and Ix_y , across
Monte Carlo replications. As misspecification increases, the overlap between the sampling
distributions of Iy_x, and Ix_.y, grows, leading to a gradual decline in accuracy of the
CDSP directional estimate and, under severe misspecification, a breakdown of the effect-size
asymmetry assumption. In contrast, LINGAM exhibits abrupt failure to detect the causal

direction even under mild misspecification. These simulation results indicate that CDSP is

more robust to misspecification than LINGAM.

4Using the test statistics of Sen and Sen (2014), the critical values satisfy Soym=Coy/nand ey =
5 x/n. Consequently, the corresponding standardized critical values satisfy ¢ _ X~ Xy = o(1), so
asymptotically the contribution of the critical values is negligible, and population effect-size asymmetry is
determined by Iy_x and Ix_y.
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We generate bivariate datasets under the true causal direction X — Y, considering set-
tings that either satisfy the model assumptions or exhibit six increasing levels of linear model

misspecification. Data are generated according to

Y =sign(X - a)|X -al’8+1n, (5.19)

Degree (d)

-20-

-30-

Figure 5.1: Settings of linearity

where the exponent d controls the degree of nonlinearity. As illustrated in Figure 5.1, we
consider d € {1,1.2,1.25,1.3,1.4,1.5,3} where d = 1 corresponds to the linear case and larger
values represent progressively stronger departures from linearity. All other assumptions,
aside from linearity, are satisfied. We sample 1 from a Gaussian Mixture Model (GMM)
with 3 mixtures. We sample X from an exponential distribution truncated to the interval
(0,3), ensuring that Y is non-Gaussian. As seen in Figure 5.1, the case d = 3 represents
a regime of severe model misspecification that lies outside the settings for which CDSP is
primarily designed (Remark 3). Nonetheless, we discuss the case of d = 3 to highlight a
regime in which the effect-size asymmetry assumption breaks down.

For each nonlinearity level, we generate M = 100 datasets of size N = 3000 from the true
data-generating process in Equation (5.19). For each dataset, we obtain a point estimate of
the causal direction using CDSP (Algorithm 3) with the test statistic of Sen and Sen (2014),
based on the Hilbert—Schmidt Independence Criterion (HSIC). We compare the CDSP point
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estimates of causal direction to those obtained from DirectLINGAM (Shimizu et al., 2011).
To ensure comparability, we use HSIC as the independence measure within DirectLiINGAM.

To evaluate the population effect-size asymmetry assumption (Assumption 5.2.3), we
compute the required population quantities. We use a large Monte Carlo sample of size 10°
to estimate 6(X,¢e) and (Y, ). We estimate o1 x-.y and o1,y x as VN times the sample
standard deviation of the test statistics 71, x_.y and T3.y_x across the M = 100 Monte Carlo
replications, where N = 3000 is the sample size of each dataset. We compute accuracy of
CDSP directional estimate as the empirical fraction of Monte Carlo replications in which the
estimated ordering supports the direction favored by the population effect-size asymmetry
assumption. We compute accuracy of DirectLINGAM as the proportion of replications in
which DirectLINGAM correctly detects X — Y. When the effect-size asymmetry assumption
holds, accuracy of CDSP directional estimate reduces to the proportion of replications in
which the correct direction is selected. Further details on the simulation setup are in the
Appendix. Figure 5.2 illustrates the sampling distributions of directional detectability indices
Iy_x, and Ix_y , along with their corresponding population values (Iy_x and Ix_y ), while
Table 5.2 reports accuracies of the CDSP and LINGAM directional estimates across mild to
moderate misspecification settings (d € {1,1.2,1.25,1.3,1.4,1.5}). In all cases, the effect-size
asymmetry assumption holds, so both CDSP and LINGAM accuracies are proportions of

replications selecting the correct direction.

Accuracy

Degree (d) CDSP LiNGAM
d=1 100% 100%
d=1.2 100% 100%
d=1.25 100% 0%
d=1.3 100% 0%
d=14 88% 0%
d=15 57% 0%

Table 5.2: Accuracies of CDSP and LINGAM directional estimates for polynomial degrees
de{1,1.2,1.25,1.3,1.4,1.5}.
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0.4

0.4

0.4

Figure 5.2: Distribution of the estimated directional detectability indices Ix_y , (blue) and
Iy x, (orange) under varying degrees of nonlinearity. The top-left panel corresponds to the
linear case (d = 1). The remaining panels correspond to d = 1.2 (top-right), 1.25 (middle-
left), 1.3 (middle-right), 1.4 (bottom-left), and 1.5 (bottom-right), representing progressively
stronger departures from linearity. Solid blue and orange vertical lines indicate population
values Ix_y and Iy_x, respectively.

When linearity holds (d = 1, top left in Figure 5.2 and first row of Table 5.2), the sampling

distributions of Ix_y, and Iy_x, are well separated. In this setting, both CDSP and

LiINGAM also correctly identify the direction across all M replications. Because HY - holds,

the corresponding population departure from the null, fx_y, is zero. In contrast, Hy.  , does
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not hold, so the corresponding population departure from the null, 8y, x, is strictly positive.
This pronounced asymmetry induces a clear separation between the population values Iy x
and Iy_y, which is reflected in the well-separated sampling distributions of the directional
detectability indices.

As the degree of misspecification increases from d =1 to d = 1.5, the separation between
the population values Iy, x and Ix_y decreases, and the sampling distributions of the direc-
tional detectability indices Iy_x, and Ix_y , move closer together. Beginning at d = 1.25,
the two distributions begin to overlap, and LINGAM incorrectly identifies the direction across
all replications, reflecting a breakdown of the traditional asymmetry assumption (Assump-
tion 5.2.2). Despite the slight overlap for d € {1.25,1.3}, CDSP accuracy remains at 100%,
indicating that the ordering Iy_.x, > Ix_y is preserved across Monte Carlo replications.
This demonstrates that, under mild model misspecification, CDSP remains substantially
more robust than LINGAM.

At higher levels of misspecification (d € {1.4,1.5}), the separation between the popula-
tion values Iy x and Ix_y decreases further. The sampling distributions of the directional
detectability indices Iy_x , and Ix_y , exhibit substantial overlap across Monte Carlo repli-
cations, and accuracy of CDSP directional estimate decreases correspondingly. In these
settings, sampling variability becomes large relative to the population gap between Iy _ x
and Ix_y, so the ordering Iy_x , > Ix_y , is no longer preserved uniformly across datasets.
Nevertheless, CDSP continues to exhibit stronger directional performance than LINGAM,
which incorrectly concludes Y — X in all M replications.

For the severe model misspecification case of d = 3, we observed that, unlike the previous
settings (d € {1,1.2,1.25,1.3,1.4,1.5}), the effect-size asymmetry assumption no longer holds.
In this setting, CDSP continues to favor the direction implied by effect-size asymmetry;
however, because this asymmetry is misaligned with the true causal direction, it results
in incorrect inference relative to the ground truth X — Y. As a result, both CDSP and
LINGAM favor the incorrect direction (Y — X) across all Monte Carlo replications. We

provide additional details for the d = 3 case in the Appendix.
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As discussed in Section 5.2, Pepgp measures the directional support for the estimated
causal direction, defined as the proportion of bootstrap samples favoring the directional
estimate. Similarly, LINGAM bootstrap rates (Thamvitayakul et al., 2012b) quantify the
proportion of bootstrap resamples favoring the estimated direction. The accuracies of the
CDSP and LiNGAM directional estimates reported in Table 5.2 are directly related to ﬁCDSP
and LINGAM bootstrap rates, respectively: when the estimated direction is the true causal
direction, Popgp and the LINGAM bootstrap rate correspond to accuracy, whereas when the
estimated direction is incorrect, one minus the corresponding value reflects accuracy. For
CDSP and LiINGAM, the effect-size asymmetry assumption and the traditional asymmetry
assumption, respectively, characterize the theoretical conditions under which the estimated

direction is expected to align with the true causal direction.

To assess the role of sample size, we increase N from 3000 to 6000 and then to 9000
in the d € {1.4,1.5} settings, where accuracy of CDSP directional estimate is below 100%.
LiNGAM is excluded from this study because its accuracy is consistently 0% in these settings,
indicating failure under this level of misspecification; as a result, increasing the sample size
would not provide any additional insights into its performance. As shown in Table 5.3, for
d = 1.4, the accuracy increases from 88% to 91% and then to 94%, while for d = 1.5 it increases
from 57% to 62% and then to 65%. This behavior is consistent with Proposition 1: as the
sample size increases, the estimates of the directional detectability indices Ix_y , and Iy x
concentrate more tightly around their population values Iy_y and Iy _ x, reducing sampling
variability and stabilizing their ordering across Monte Carlo replications. Consequently,
when the effect-size asymmetry assumption holds, increasing the sample size can strengthen
directional stability and improve accuracy of CDSP estimate. In settings where the effect-
size asymmetry assumption holds but the directional signal is weak (e.g., d = 1.5), this
consistency may manifest in finite samples as an increasing trend in Popgp with sample size,
as the ordering between Ix_y , and Iy_x , stabilizes, thereby providing further evidence in

favor of the correct direction.

In summary, our simulations demonstrate CDSP’s robustness to mild to moderate model
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Degree (d) N =3000 N =6000 N =9000

d=14 88% 91% 94%
d=1.5 57% 62% 65%

Table 5.3: Accuracy of CDSP directional estimate for increasing sample size N for d =
{1.4,1.5}.

misspecification and show that accuracy of CDSP directional estimate slightly declines as
misspecification increases from mild to moderate. We additionally illustrate that CDSP out-
performs LINGAM across settings with varying degrees of nonlinearity. Importantly, the
decline in CDSP accuracy reflects increased overlap in the sampling distributions of direc-
tional detectability indices Ix_y , and Iy_x ,, rather than a structural failure of the method.
We also demonstrate that increasing the sample size mitigates this effect: larger samples can
strengthen directional stability when the effect-size asymmetry assumption holds. In con-
trast, LINGAM fails to infer the correct direction even under mild misspecification, with

accuracy dropping abruptly to 0%.

5.3.2 Real Data

We apply CDSP as described in Algorithm 3 to the Tiibingen Cause—Effect Pairs benchmark
of 100 real-world univariate cause—effect pairs (Mooij et al., 2016b), and compare the resulting
direction estimates and associated uncertainty to those obtained from LINGAM. For CDSP,
we quantify uncertainty via the directional strength probability Pepgp. For LINGAM, we
use bootstrap selection rates as suggested by (Thamvitayakul et al., 2012b) and commonly
used in practice (e.g.,Motokawa et al., 2020; Rosenstrom et al., 2012).

As noted by the dataset’s authors, the Tiibingen pairs are inherently heterogeneous:
although each is believed to reflect a genuine causal relationship, the presumed ground-
truth directions have not been established through intervention and hidden confounding or

selection bias may be present (Mooij et al., 2016b). This heterogeneity is evident in the pairs’
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scatterplots that show a range of functional forms—from approximately linear relationships
to strongly nonlinear ones.

We consider two evaluation settings across pairs: the full set of 100 pairs and a subset
of approximately linear pairs (i.e., pairs that do not exhibit clear violations of the linear-
ity assumption). Given the substantial heterogeneity across all pairs, both LINGAM and
CDSP may struggle to reliably infer directionality on the full dataset. We expect better
performance by both LIGNAM and CDSP on the subset of approximately linear pairs which
reflects settings where both methods might reasonably be applied in practice. In addition,
we further examine three pairs to better understand the comparative performance of the two
procedures across different regimes: a pair where both CDSP and LINGAM correctly identify
the direction; a pair where LINGAM selects the incorrect direction while CDSP correctly
infers the direction with strong directional strength PCDSP; and a setting in which LINGAM
again selects the incorrect direction while CDSP correctly infers the direction but with weak
directional strength.

To identify approximately linear relationships, we compare a linear regression model to
a flexible spline-based generalized additive model (GAM) following standard practice in the
GAM literature (Ellison, 2022; Wood, 2017). For each pair (X,Y") we fit (i) a linear regression
model, Y = fy + 51X + ¢ and (ii) a semiparametric GAM, Y = By + f(X) + ¢, where f is a
smooth function estimated using penalized regression splines with basis dimension k£ = 10
(Wood, 2017, 2003). GAM Smoothing parameters are estimated using maximum likelihood
to allow likelihood-based comparison across models (Wood, 2017). We compare the two
models using the Bayesian Information Criterion (BIC) (Schwarz, 1978) and classify a pair
as approximately linear when the linear model achieves lower BIC (Kutner et al., 2005).

We assess performance of LINGAM and CDSP on the benchmark pairs using two metrics:
the true discovery rate (TDR) and false discovery rate (FDR). Following standard usage in

statistical model evaluation (e.g., Fawcett, 2006; Powers, 2011), we define

number of correct decisions number of incorrect decisions
TDR = — , FDR = —
number of all decisions number of all decisions
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Table 5.4: Comparison of CDSP and LINGAM on all 100 benchmark pairs.

(a) Performance metrics across all 100 pairs.

Metric CDSP LINGAM

True Discovery Rate  62/100 = 62% 44/100 = 44%
False Discovery Rate 38/100 = 38% 56/100 = 56%

(b) Contingency table comparing causal discovery decisions across all 100 pairs.

LiINGAM Right LINGAM Wrong Total

CDSP Right 43 19 62
CDSP Wrong 1 37 38
Total 44 56 100

(c) False discovery rates by Pcpgp-defined support categories across all 100 pairs.

Support Category  CDSP FDR  LiNGAM FDR

No/little 2/3 =66.7%  2/8 = 25%
Weak 18/45 = 40% 13/15 = 86.7%
Moderate 4/8 = 50% 7/10 = 70%
Strong 8/17 =471%  6/10 = 60%
Very strong 6/27 = 22.2% 28/57 = 49.1%
Total 38/100 = 38%  56/100 = 56%

We present results across all 100 benchmark pairs in Table 5.4. Across the 100 real-data
examples, CDSP achieves a substantially lower false discovery rate (38% vs. 56%) and a
higher true discovery rate (62% vs. 44%). When the two methods disagree, CDSP is correct
far more often: it is correct in 19 cases where LINGAM is wrong, whereas LINGAM is correct
in only one case where CDSP is wrong.

In Table 5.4c, we stratify both Popsp and LINGAM bootstrap rates into the directional
support categories defined in Table 5.1. We use the Popgp-defined bins since no established
interpretive scale exists for LINGAM bootstrap rates. For a reliable method, we would expect
false discovery rates to decrease as directional support increases, with low-support categories

exhibiting higher error rates and high-support categories exhibiting lower error rates. We
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Table 5.5: Comparison of CDSP and LINGAM on 34 approximately linear pairs.

(a) Performance metrics across a subset of 34 approximately linear pairs.

Metric CDSP LINGAM

True Discovery Rate 27/34 = 79.4% 21/34 = 61.8%
False Discovery Rate 7/34 =20.6%  13/34 = 38.2%

(b) Contingency table comparing causal discovery decisions across 34 approximately linear pairs.

LiINGAM Right LiNGAM Wrong Total

CDSP Right 21 6 27
CDSP Wrong 0 7 7
Total 21 13 34

(c) False discovery rates by Pcpsp-defined support categories across 34 approximately linear pairs.

Support Category CDSP FDR  LiNGAM FDR

No/little 1/1 = 100.0% 1/1 = 100.0%
Weak 4/9 = 44.4%  7/10 = 70.0%
Moderate 2/5 = 40.0% 0/2 = 0.0%

Strong 0/7=0.0%  2/4 = 50.0%
Very strong 0/12 =0.0% 3/17 = 17.6%

Total 7/34 = 20.6% 13/34 = 38.2%
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observe that LINGAM-based bootstap rates provide ‘very strong’ directional support to
more than half of the pairs, yet LINGAM exhibits a high false discovery rate within this
category (49.1%, compared to 22.2% for CDSP). In contrast, CDSP exhibits higher false
discovery rates in lower-support categories and substantially lower false discovery rates in
higher-support categories. Thus, results in Table 5.4c¢ indicate that Pepgp provides a more

meaningful measure of uncertainty quantification than LINGAM’s bootstrap rate.

Table 5.5 presents results for the approximately linear pairs. On this subset, as expected,
classification performance improves for both methods; however, CDSP maintains a consistent
advantage. CDSP again exhibits a lower false discovery rate (20.6% vs. 38.2%) and a higher
true discovery rate (79.4% vs. 61.8%). In cases of disagreement, CDSP is correct 6 times,
while LINGAM is never correct when CDSP is wrong. In Table 5.5¢, we again stratify
both Pepsp and LINGAM bootstrap rates into the directional support categories defined in
Table 5.1. We observe that false discovery rates are lower for both CDSP and LiINGAM
in this subset compared to the full dataset. However, CDSP continues to show lower false
discovery rates than LiNGAM, particularly in the higher-support categories, providing us

with uncertainty quantification that is more meaningful than LINGAM’s bootstrap rates.

In Figure 5.3, we examine three approximately linear pairs, selected to highlight distinct
scenarios in which CDSP and LiINGAM differ in performance. The first pair relates pop-
ulation growth to food consumption and contains 347 observations from 174 countries or
regions, covering two time periods: 1990-1992 to 1995-1997 and 1995-1997 to 20002002
(with one missing entry). The data, collected by the Food and Agriculture Organization of
the United Nations, record the average annual rate of change in population (X) and total
dietary consumption (Y). Following Mooij et al. (2016b), we treat the causal direction as
X — Y. The scatterplot in Figure 5.3 suggests an approximately linear relationship be-
tween the two variables. In this well-behaved setting, both LINGAM and CDSP recover the
correct direction. CDSP yields Popgp = 0.80, while LINGAM yields a bootstrap rate of 1.
As indicated in Table 5.1, this value of Papgp corresponds to strong directional support for

X->Y.
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/F;CDSP =0.80

LiINGAM: X — Y [1] (correct)
SCDS: X - Y (correct)

P cose = 0.99

LINGAM: Y — X [0.6] (incorrect)
SCDS: X - Y (correct)

0.2

ﬁcosp =0.63

LINGAM: Y - X [0.52] (incorrect)
SCDS: X - Y (correct)

0.70

I IY—»X,n

Figure 5.3: Rows 1-3 correspond to the Population and Dietary Consumption, Balltrack,
and Ozone-Temperature datasets, respectively. The first column shows scatterplots of the
observed data. The second column shows histograms of the bootstrap distributions of Ix_y ,,
(blue) and Iy_x , (orange); the solid vertical lines mark the corresponding estimates com-
puted on the full dataset. Each histogram also reports Pepgp. To the right of each histogram,
we report the overall LINGAM and CDSP results; LINGAM bootstrap rates for the inferred

direction are shown in brackets.
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The second pair relates the initial and final speeds of a rolling ball and consists of 94
measurements collected for the Tiibingen Cause—Effect Pairs benchmark suite (Mooij et
al., 2016b). The data were obtained using a physical ball track equipped with two light
barrier sensors, where X records the initial speed and Y records the speed at a later position
along the track. The causal direction is taken to be known, with initial speed causing final
speed. The scatterplot (Figure 5.3) suggests an approximately linear relationship. Despite
this apparent linearity, LINGAM infers the incorrect direction, with a bootstrap rate of
0.6. In contrast, CDSP correctly identifies the direction, with (ﬁCDSP =0.99), corresponding
to very strong support (Table 5.1). Here, we observe a notable difference in conditional
variability between the two directions, which may affect the variability of the corresponding
test statistics. CDSP accounts for such variability in the effect-size asymmetry assumption.
In contrast, LINGAM does not explicitly account for this in the traditional asymmetry
assumption, which may contribute to the discrepancy in performance, with CDSP correctly

identifying the direction while LINGAM does not.

The third pair relates ozone concentration to temperature and consists of 365 daily
measurements of mean temperature and lower-atmosphere ozone concentration recorded in
Lausanne-César-Roux, Switzerland in 2009 (Federal Office for the Environment (FOEN),
2009). Following Mooij et al. (2016b), we treat the causal direction as known, with changes
in temperature (X) driving changes in ozone concentration (Y'). The scatterplot (Figure 5.3)
suggests an approximately linear relationship, making this a setting in which LINGAM would
ordinarily be expected to perform well. Despite this, LINGAM infers the incorrect direction,
with a bootstrap rate of 0.52. In contrast, CDSP correctly identifies the direction, with
Pepsp = 0.63, indicating weak directional support (Table 5.1). The weak support may in
part be due to high variability in X, which can reduce power in the correct direction and
diminish the separation between I Xy, and [Ay_, xn- As suggested by Proposition 1, if the
effect-size asymmetry assumption holds, increasing the sample size would be expected to
strengthen the directional evidence and drive Pepgp closer to one. Consistent with the pat-

terns observed in Figure 5.3, the bootstrap distributions of the directional detectability index



113

estimates [ Xy, and Iy, x,n are left-skewed, with the original-sample estimates appearing
toward the lower tail. This suggests substantial variability in the sampling distributions,
which can reduce the separation between I xov,n and fy_, x,» and thereby contribute to the
weak directional support. Another possible contributing factor is that the nonparametric
bootstrap relies on an i.i.d. sampling assumption (Efron & Tibshirani, 1993), which may be
imperfectly satisfied in this dataset, potentially affecting stability of the bootstrap estimates.

In sum, CDSP yields materially improved performance across both the full set of 100
benchmark pairs and the subset of 34 approximately linear pairs, reducing the false discovery
rate by approximately 18% in both settings relative to LINGAM. We observe that LINGAM
bootstrap assigns very strong support to a large fraction of pairs, yet exhibits relatively
high false discovery rates even within this category, particularly across all 100 pairs where
assumption violations are more likely. In contrast, Popsp spans a broader range of values
across support categories, with higher false discovery rates in lower-support categories and
substantially lower false discovery rates in higher-support categories. These patterns indicate
that larger values of ﬁCDSP are associated with lower error rates, suggesting that ﬁCDSp
provides uncertainty quantification, especially under model misspecification. In addition,
the three representative pairs illustrate how CDSP distinguishes between strong and weak
evidence across settings, correctly inferring the causal direction with high support in settings
where model assumptions are approximately satisfied and weaker support when the evidence

is less clear.
5.4 Discussion

In this work, we introduce Causal Discovery via Statistical Power (CDSP), a framework that
provides a statistically principled basis for causal direction estimation. FExisting methods
often focus on identifiability under idealized modeling assumptions and pay limited atten-
tion to uncertainty quantification and robustness under model misspecification. In contrast,
CDSP places these aspects at the center of the framework by characterizing when the data

contain sufficient information to favor one causal direction over the other. CDSP reframes
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causal discovery as a problem of directional detectability through notions of power and effect
size within a hypothesis-testing—based framework.

Through simulation studies involving linear model misspecification, we demonstrate that
statistical inference via CDSP yields robust direction estimates and meaningful uncertainty
quantification, while improving recovery of true causal direction relative to the commonly
used LINGAM. In addition, CDSP provides diagnostic insight into potential assumption
violations through the underlying directional hypothesis test outcomes (Equation 5.2). In
particular, cases in which both directional hypotheses are either rejected or not rejected may
indicate potential model misspecification or identifiability issues, respectively.

The most important practical consideration for using CDSP is that it relies on the effect-
size asymmetry assumption (Assumption 5.2.3), which represents a first step toward elucidat-
ing how effect size influences causal direction detection. This assumption cannot be directly
verified in practice, since the true data-generating mechanism is unknown. However, it is
weaker than the traditional asymmetry assumption (Assumption 5.2.2) implicitly relied upon
in functional causal discovery methods, which likewise cannot be verified in practice. The
strength of the effect-size asymmetry depends on the choice of a test statistic, as different
measures of dependence can capture deviations from the null to varying degrees. In this work,
we demonstrate CDSP using the test statistic of Sen and Sen (2014), which is based on the
Hilbert—Schmidt independence criterion (Gretton et al., 2008). In our simulation studies, we
observe that the effect-size asymmetry may fail under severe model misspecification but tends
to hold under mild to moderate deviations. In practice, we therefore recommend applying
standard model checking procedures appropriate to the assumed model class—e.g., linearity
diagnostics for linear models (Kutner et al., 2005; Weisberg, 2005)—to avoid settings with
severe misspecification, where the effect-size asymmetry assumption may not hold. Further
evaluation of the effect-size asymmetry assumption—e.g., across different test statistics and
more extensive simulation settings—remains an important direction for future work.

Our practical recommendation to ensure appropriateness of the assumed model class is

confirmed by the real data analyses of the Tiibingen cause—effect pairs (Mooij et al., 2016a).
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Thus, identifying 34 approximately linear pairs led to substantial performance improvements
for both CDSP and LINGAM. In particular, CDSP’s false discovery rate decreased by 17.4%
relative to its performance on the full set of 100 pairs. In addition, CDSP performed uni-
formly better than LINGAM on real data, with its false discovery rate being approximately
18% lower than LiINGAM’s for both the full set of 100 cause-effect benchmark pairs and
for the subset of 34 approximately linear pairs. We should note that our numerical findings
on the Tibingen cause—effect pairs come with the caveat that, although widely treated as
known for demonstration purposes in the causal discovery literature (e.g., (Compton et al.,
2020; Kocaoglu et al., 2020; Marx & Vreeken, 2017; Peters et al., 2017)), the ground-truth
causal directions are not known with complete certainty.

Another practical consideration in CDSP is the choice of resampling method. We use the
nonparametric bootstrap to estimate the quantities required to infer causal directionality
via effect-size asymmetry and Pcpsp, and establish consistency of these estimates in Sec-
tion 5.2.3. Prior work has identified limitations of the nonparametric bootstrap in specific
settings, such as when particular test statistics or model selection criteria are evaluated on
bootstrap samples, or when combined with causal discovery followed by downstream causal
effect estimation (Chang et al., 2026; Janitza et al., 2016). Even though these existing results
pertain to different inferential targets, investigating how alternative resampling approaches
affect CDSP performance and theoretical guarantees could be an important direction for
future work.

We note that CDSP’s notion of “directional power”—defined as the probability of cor-
rectly detecting the causal direction—is conceptually related to classical power in hypothesis
testing, but is used here to characterize directional detectability rather than to perform
classical power analysis (Casella & Berger, 2021; Cohen, 1988; Lehmann & Romano, 2005).
Our framework does not naturally lend itself to classical power analysis for causal discovery
because such analyses would require specifying directional effect sizes, thereby assuming the
causal direction—the very quantity the procedure seeks to infer.

In this chapter, we illustrate CDSP in the context of linear model misspecification for
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bivariate causal discovery. However, CDSP applies more broadly to functional causal dis-
covery methods, including ANMs and PNL models. In addition, beyond model misspecifica-
tion, violations of other assumptions—such as unobserved confounding, cyclicity, or non-i.i.d.
data—may also affect causal direction estimation. Understanding how such violations influ-
ence the effect-size asymmetry underlying CDSP remains an important direction for future
work. In particular, studying how different types of assumption violations—individually or in
combination—affect the effect-size asymmetry, and therefore the ability of CDSP to correctly
identify the causal direction, is an open problem. Finally, in this work, we study CDSP in the
bivariate setting. Extending the framework to higher-dimensional settings and developing
scalable approaches for such applications are important directions for future research.
Overall, this chapter takes a first step toward a power-motivated statistical framework for
causal discovery. We encourage researchers use this method to learn when the data provide

sufficient evidence to favor a causal direction, even in the presence of model misspecification.
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Chapter 6
DISCUSSION

6.1 Contributions

In this dissertation, we develop statistical methodologies for causal decomposition and causal
discovery, motivated by the challenges of applying causal methods reliably in complex, real-
world settings where underlying assumptions may not align with the data or may be violated
in practice. We treat both causal decomposition and causal discovery as fundamentally
statistical methodologies, whose application requires careful attention to uncertainty, model
assumptions, and real-world complexities. Across the chapters, the focus is on developing
methods that remain informative and interpretable in realistic settings, particularly in the
presence of model misspecification and practical constraints. The three lines of work in this
dissertation address complementary aspects of this objective, as summarized below.

In Chapter 3, we extended the causal decomposition framework to study Black—white
disparities in NIH RO1 peer review, focusing on selection into panel discussion. We used
causal decomposition to evaluate what factors causally contribute to these disparities and
whether hypothetical interventions on those factors could reduce them. We also conducted a
thought experiment exploring the potential impact of the NIH’s transition to binary scoring
for the Investigator and Environment criteria under the Simplified Peer Review Framework.
Our analysis demonstrated how causal decomposition can be used to evaluate and pilot
interventions in settings with features such as interference, complex institutional structure
and constraints, and highlighted which types of interventions have the greatest potential to
reduce Black-white disparities in selection into panel discussion.

In Chapter 4, we addressed a key gap in functional causal discovery by developing a hy-

pothesis testing-based framework that enables formal statistical inference on causal direction
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estimation. Existing functional causal discovery approaches use structural asymmetries to
identify causal directionality but rely on strong modeling assumptions and provide limited
support for uncertainty quantification. To address these limitations, we developed a hypoth-
esis testing-based framework that enables uncertainty quantification, characterizes possible
causal discovery outcomes, and provides diagnostic insight into potential assumption viola-
tions. This approach allows practitioners to report evidence for a causal direction, quantify
uncertainty in that conclusion, and obtain diagnostic insight into potential assumption vio-
lations. Importantly, this framework applies broadly across major functional causal model

classes, providing a unified inferential perspective for functional causal discovery.

In Chapter 5, we built upon this foundational hypothesis testing-based framework and
introduced Causal Discovery via Statistical Power (CDSP), a robust framework for direction
detection that connects causal direction estimation with statistical power. By introducing
notions of power and effect size tailored to causal discovery, we characterized when one
direction is more detectable than the other through effect-size asymmetry. This framework
provides both direction estimates and a measure of directional support, enabling inference
on the strength of evidence for a given direction. Simulation studies under varying degrees
of model misspecification showed that CDSP is robust to mild and moderate violations and
performs favorably relative to existing methods. Real data analyses on 100 cause—effect
benchmark pairs further demonstrated improved performance in practice, reducing the false
discovery rate by approximately 18% relative to LINGAM. These results demonstrate that
CDSP provides a statistically grounded and practically effective approach to causal direction

estimation.

Together, the work in Chapters 4 and 5 moves causal discovery methods beyond re-
liance on idealized assumptions toward approaches that explicitly account for uncertainty,

robustness, and the challenges of observational data.
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6.2 Discussion and Future Work

A unifying theme across these contributions is the emphasis on developing causal methods
that remain informative and useful for decision-making in realistic settings. In practice,
causal analyses are often conducted in environments with complex data structures and un-
certainty about underlying mechanisms. The methods developed in this dissertation address
these challenges by providing interpretable outputs that clarify what can be learned from
the available data and which conclusions are supported under the assumed framework. In
the NIH application, this perspective enables the evaluation of interventions relevant to NIH
peer review and clarifies which types of changes have the potential to meaningfully reduce
disparities. In the causal discovery setting, this perspective motivates frameworks that quan-
tify uncertainty, provide diagnostic insight, and characterize when the data contain sufficient
information to support a directional conclusion. Several directions for future research emerge

from this work.

Causal Decomposition: For causal decomposition, one direction is to incorporate ad-
ditional applicant- and proposal-level information that may improve the precision and ro-
bustness of the estimated effects. In the NIH application, the absence of variables such
as bibliometric profiles and mentorship networks may limit the precision of the estimates,
although the included variables are sufficient for identification of the causal quantities of

interest.

A second direction is to extend the causal decomposition framework to evaluate inter-
ventions at other stages of the peer review process. While the analysis in this dissertation
focuses on selection into panel discussion, the same framework could be applied to study hy-
pothetical interventions in downstream outcomes, such as funding decisions, provided that
the required identification assumptions remain reasonable. More broadly, the framework can
be used to pilot and evaluate other proposed policy changes by formally specifying the cor-

responding estimands and assumptions and assessing their implications using observed data.
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This highlights the potential for causal decomposition to provide insight into policy-relevant

questions in complex institutional settings.

Causal Discovery: For the causal discovery frameworks developed in Chapters 4 and 5,
several directions for future work remain. First, an important open problem is understanding
how a wider range of assumption violations—such as unobserved confounding, cyclicity, and
non-i.i.d. data—affect the behavior of the hypothesis tests underlying the test-based frame-
work and the resulting causal discovery outcomes, as well as how such violations influence the
effect-size asymmetry underlying CDSP. While the test-based framework provides diagnostic
insight into potential model misspecification and lack of identifiability, and CDSP is robust
to mild and moderate model misspecification, systematically characterizing the effects of a
broader range of assumption violations would further enhance their diagnostic scope and

practical utility.

Second, extending these frameworks to multivariate settings remains a central challenge.
While both approaches can be applied in simple settings where the causal structure is known
except for a pair of variables of interest, extending them to general multivariate settings—
where the causal structure is unknown—introduces substantial challenges. The number of
hypothesis tests and the resulting space of possible causal outcomes grows combinatorially
with the number of variables, making coherent inference and uncertainty summarization
challenging. Moreover, the presence of confounders complicates estimation, as it necessitates
modeling and removing nuisance components across multiple variables. Developing scalable
procedures and principled methods for summarizing uncertainty in these settings remains an

important avenue for future research.

Third, investigating the role of resampling methods for inference in the test-based frame-
work and CDSP is an important direction. While we use the nonparametric bootstrap in
this work, understanding how alternative resampling procedures affect inference and the

associated theoretical guarantees remains an important direction for future research.
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Connections and Future Directions: An additional direction for future work is to
integrate the causal discovery methods developed in Chapters 4 and 5 with the causal de-
composition framework used in the NIH application in Chapter 3. An important unknown
in the NIH setting is the relationship between preliminary overall impact scores and crite-
rion scores, which is not directly observed and may vary across plausible data-generating
structures (e.g., the Normative Backwards and Documentation models in Chapter 3). This
uncertainty is particularly relevant for evaluating policy changes such as the Simplified Peer
Review Framework, which modifies the role of criterion scores.

A key challenge in pursuing this direction is that the NIH peer review process constitutes
a complex, multivariate system, whereas the causal discovery methods developed in this dis-
sertation focus on the foundational bivariate setting, with extensions to multivariate settings
remaining an important avenue for future research. In particular, applying these methods
would require restricting attention to specific pairs of variables while making assumptions
about the broader causal structure. More generally, it would require careful consideration of
the underlying assumptions of the methods and how they interact with the complex institu-
tional features of the NIH peer review process.

Within these constraints, the causal discovery tools developed in this dissertation could
be used to assess which relationships are supported by the data and to quantify uncertainty
in those conclusions. In particular, they could help determine where the data lie among a set
of plausible causal structures relating preliminary overall impact and criterion scores. While
such analyses may not substantially change the primary conclusions regarding disparities in
selection into discussion, they could improve understanding of the underlying review process
and inform the design and evaluation of additional interventions.

Finally, an important direction that spans all chapters is the application of these methods
to new domains. The causal decomposition framework can be used to evaluate interventions
and disparities in a variety of settings beyond NIH peer review. Similarly, the inferential
perspective on causal discovery developed in this dissertation is broadly applicable to sci-

entific problems where understanding both causal direction and the strength of evidence is
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critical. Applying these methods in new domains will be important for understanding their
practical performance and guiding their continued development.

Overall, this dissertation develops statistical frameworks for causal decomposition and
causal discovery that support reliable application in complex, real-world settings. The causal
decomposition framework enables the evaluation of interventions in settings with complex
decision processes, while the causal discovery frameworks introduce a formal inferential per-
spective and a power-based characterization of when causal direction can be determined
from the data. Together, these contributions emphasize the importance of grounding causal

decomposition and discovery in formal statistical reasoning in practical applications.
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Appendix A
APPENDIX TO CHAPTER 3

The appendix for this chapter is organized as follows. In Section A.1, we present an
exploratory analysis of the distributions of preliminary scores, proposal characteristics, PI
characteristics, structural factors, and selection into discussion, focusing on how these dis-
tributions differ between Black and white PlIs. In Section A.2, we analyze whether selection
into panel discussion is a fully deterministic process with respect to Preliminary Overall
Impact Scores. In Section A.3, we further illustrate the concept of partial interference. In
Section A.4, we present our simulation setup and results, which assess the statistical bias
of the shifted estimator and evaluate the impact of interference by comparing estimates
with and without accounting for it. In Section A.5, we provide identification proofs for the
Disparity Reduction, Disparity Remaining, and Thresholded Disparity estimands under no
selection bias. In Section A.6, we discuss the effects of self-selection on the identification of
these estimands. Finally, in Section A.7, we present the full Thresholded Disparity results

for all binarization thresholds.
A.1 Exploratory Data Analysis

In what follows, we present an exploratory analysis of the distributions of preliminary scores,
proposal characteristics, PI characteristics, structural factors, and selection into discussion

— focusing on how these distributions differ between Black and white Pls.

Summary Statistics for Preliminary Overall Impact scores Table A.1 presents sum-
mary statistics related to Preliminary Overall Impact Scores and Investigator and Environ-

ment criterion scores.
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Figure A.1: Distributions of Mean Preliminary Overall Impact Scores Conditioned on PI
race.

Summary Statistics for Proposal and PI Characteristics Table A.2 presents sum-

mary statistics for proposal and PI characteristics.

Distribution of Preliminary Overall Impact scores Figure A.1 shows the empirical

distributions of Preliminary Overall Impact Scores conditioned on PI race.

Distribution of Structural Characteristics Figure A.2 shows the empirical distribu-

tions of IRG and Administering Organization conditioned on PI race.

Summary Statistics for Discussion and PI race Table A.3 presents summary statistics

for discussion and PI race.
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Criterion| %  White | % Black PI|%  Dis-|% Discuss|% Discuss | % Dis-

Score PI cuss for White |for  Black | parity in
PIs PIs Discussion

Preliminary Overall Impact scores

1 0.7% 0.9% 96.4% 95.2% 100% 4.8%

2 11.2% 5.9% 97% 97.2% 95.8% 1.4%

3 28.3% 19% 93.8% 94% 92.9% 1.1%

4 29.4% 28% 53.6% 52.9% 56.4% -3.5%

5 19.2% 24.6% 13.7% 13.1% 15.6% -2.5%

6 8.4% 14.9% 0.6% 0.8% 0% 0.8%

7 2.3% 5.3% 0% 0% 0% 0%

8 0.5% 1.0% 0% 0% 0% 0%

9 0.07% 0.4% 20% 0% 33.3% -33.3%

Investigator Criterion Scores

1 29.1% 17.7% 79.2% 79.8% 75.5% 4.3%

2 46.8% 44.3% 55.3% 56.8% 49.6% 7.3%

3 18.3% 24.9% 31.3%  |32.5% 28.2% 4.3%

4 4.1% 9.4% 12.9% 11.9% 14.5% -2.6%

5 1.5% 2.6% 4.8% 4.8% 4.8% 0%

6 0.07% 0.4% 0% 0% 0% 0%

7 0.07% 0.2% 0% 0% 0% 0%

8 0.1% 0.5% 14.3% 0% 25% -25%

9 0.03% 0% 0% 0% 0% 0%

Environment Criterion Scores

1 43.4% 32.8% 71.3% 72.7% 64.7% 8%

2 44.6% 47.5% 48.2% 50.2% 41.6% 8.6%

3 9.5% 14.1% 21.4% 23% 17.5% 5.4%

4 1.9% 3.8% 9.3% 10.9% 6.5% 4.5%

5 0.3% 0.9% 0% 0% 0% 0%

6 0.1% 0.2% 20% 0% 50% -50%

7 0.1% 0.2% 0% 0% 0% 0%

8 0% 0.2% 50% 0% 50% -50%

9 0.03% 0.1% 0% 0% 0% 0%

Table A.1: Summary Statistics for Investigator and Environment Criterion Scores.
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[ Quantity [% [ % Black PI [% White PI1[ % Difference [ % Disparity in Discussion ||
Degree Category
PhD 71.8% |65.7% 73.6% 7.9% (3.6%, 13.2%) 14.4% (8.2%, 20.2%)
MD 16.5% |19.9% 15.6% -4.3% (-8.5%, 0.1%) 7.0% (-2.2%, 16.2%)
MD/Phd 9.5% 9.6% 9.5% -0.2% (-3.2%, 2.6%) 9.9% (2.6%, 23.4%)
Others 22% | 4.8% 1.4% -3.4% (-5.8%, -1.6%) | 5.6% (-13.0%, 26.9%)
Institution Funding Bin
1 19.9% |19.4% 20.1% 0.7% (-3.5%, 5.1%) 18.7% (9.8%, 27.8%)
2 22.6% |19.9% 23.4% 3.6% (-1.0%, 7.8%) 2.1% (-7.1%, 11.6%)
3 21.1% 21.4% 21.0% -0.4% (-4.6%, 4.2%) 12.8% (2.9%, 22.3%)
4 18.6% | 18.1% 18.7% 0.5% (-3.7%, 4.7%) 11.5% (1.5%, 20.8%)
5 17.8% |21.2% 16.9% -4.4% (-8.8%, 0.4%) 13.7% (4.3%, 22.3%)
Career Stage
ESI 20.1% | 27.3% 18.1% -9.17% (-13.8%, -4.5%) | 12.0% (4.1%, 19.9%)
Non-ESI 15.3% | 20.4% 13.9% -6.5% (-10.6%, -2.1%) |22.0% (13.1%, 30.6%)
Experienced| 64.6% | 52.3% 68.0% 15.7% (10.4%,21.2%) 9.8% (2.8%,16.2%)
Application Type
New 88.4% |92.4% 87.2% -5.1% (-8.0%,-1.8%) 12.0% (7.0%,17.5%)
Renewal 11.6% | 7.7% 12.8% 5.1% (2.0%,8.2%) 8.4% (-4.8%,22.8%)
Application Amended
True 26.7% |25.1% 27.2% 2.1% (-6.9%,2.7%) 9.5% (1.0%,17.7%)
False 73.3% | 74.9% 72.8% -21% (-2.7%, 7.0%) 12.7% (7.0%, 18.2%)

Table A.2: Summary Statistics for Proposal

and disparities are bolded.

and PI Characteristics. Substantial differences

[ Quantity [%

| % Black PI[% White PI|% Difference | % Accepted [ % Rejected [ % Difference ||

PI race

Black 22.0% |- - - 18.0% 26.5% -8.5%
White 78.0% |- - - 82.0% 73.5% 8.5%
Discussion

Accepted [53.6% |44.0% 56.3% -12.3% - - -
Rejected [46.4% |56.0% 43.7% 12.3% - - -

Table A.3: Summary Statistics for Discussion and PI race.
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A.2 Selection into Discussion and Preliminary Overall Impact Scores

The analyses in this section indicate that the selection of proposals for panel discussion is not
a fully deterministic process with respect to Preliminary Overall Impact Scores. Although
our data lack indicators for which applications within each SRG were reviewed together
in the same panel meeting, we can still support this claim through two key observations.
First, we fit a logistic regression model for selection into discussion (Y), including PT race,
ethnicity, gender, average Preliminary Overall Impact Scores, and other applicant, proposal,
and structural attributes. Second, as noted in our preliminary analysis (Section 3.2), we
observe substantial variability in discussion rates and disparities across IRGs and SRGs.
Together, these analyses suggest that while these Preliminary Overall Impact scores play
a central role, there may be other additional factors that influence which applications are
ultimately selected for discussion.

We model selection into discussion (V') using logistic regression with PI race, ethnicity,
gender, average Preliminary Overall Impact Scores, and other covariates as fixed effects, and
SRG as a random effect. We compute 95% credible intervals for each coefficient. The analysis
reveals that Preliminary Overall Impact Scores have a substantial effect, along with career
stage and some individual IRGs (estimates reported in Table A.4). This suggests additional
contributors to the selection process beyond Preliminary Overall Impact Scores. While the
regression analysis suggests that other variables besides Preliminary Overall Impact Score
are associated with selection into discussion, it does not allow us to assess their causal
contribution to observed Black-white disparities in selection into discussion. To address this,
we apply a causal decomposition framework for observational data, extending the approach
introduced by VanderWeele and Robinson (2014).

Additionally, our preliminary analysis in Section 3.2 demonstrated substantial variability
in discussion rates and disparities across IRGs and SRGs. This variability provides further
evidence that, although Preliminary Overall Impact Scores are the primary driver of selection

into discussion, the process does not yield uniform discussion rates across SRGs — suggesting
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H Variable Estimate \ 95% Credible Interval H
Intercept 12.30 (10.91, 13.71)
Average Preliminary Overall Impact Score -3.16 (-3.39, -2.94)
Hispanic/Latino 0.63 (0.04, 1.24)
IRG 9 1.29 (-2.45, -0.13)
IRG 21 -1.31 (-2.55, -0.08)
ESI 1.84 (1.52, 2.17)
Non-ESI 1.76 (1.41, 2.13)

Table A.4: We fit a logistic regression model for selection into discussion as the outcome, with
PI race, ethnicity, gender, average Preliminary Overall Impact Scores, and other covariates
as fixed effects, and SRG included as a random effect. For brevity, we report only those
estimates whose 95% credible intervals do not include zero.

some flexibility at the level of SRGs rather than strict, score-based determination.
Overall, our analysis suggests that selection into panel discussion is primarily driven by

Preliminary Overall Impact Scores but that selection is not entirely deterministic.
A.3 Discussion of Partial Interference Assumption

In Section 3.4, we summarize the causal decomposition framework applied to peer review.
We introduce our estimands of interest: the Observed Disparity, Disparity Reduction, Dis-
parity Remaining, and Thresholded Disparity. To identify these estimands, we account for
the interference introduced by the streamlining procedure. Because proposals are reviewed in
parallel and relative to one another within study sections, interventions on one proposal may
influence the outcomes of other proposals within the same study section, introducing inter-
ference. However, it is reasonable to assume partial interference, meaning that interference
occurs only within each SRG (Hudgens & Halloran, 2008).

To illustrate the concept of partial interference, Ogburn and VanderWeele describe a sce-
nario involving two individuals living in the same household, each randomized to an inter-
vention aimed at lowering cholesterol. The intervention includes cooking classes, nutritional
counseling, and coupons for fresh produce. If only one household member receives the inter-

vention, they may still bring fresh produce into the home, prepare healthier meals, or share
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advice from the nutritionist—indirectly improving the untreated individual’s diet. The un-
treated individual may still experience improvements in blood cholesterol, not through direct
intervention, but because exposure to the treated household environment can influence di-
etary habits and affect cholesterol levels. As this interference occurs only within households,
it constitutes an instance of partial interference.

We encounter a parallel situation in NIH peer review. Under the streamlining procedure,
changes to the score of one proposal can influence which other proposals in the same study
section are selected for discussion, resulting in interference. As in the cholesterol example,
this interference is localized (i.e., partial interference): just as the household limits who is
affected, in our setting, interference occurs only within SRGs. This allows us to formalize our
framework using an approach similar to that proposed by Ogburn and VanderWeele (Ogburn
& VanderWeele, 2014).

We represent partial interference using the simplified structure depicted in the DAG in
Figure 3.6, which closely follows the direct interference example shown in Figure 4 of (Ogburn
& VanderWeele, 2014). This DAG illustrates a basic setting involving only two proposals, i
and 7, within a single SRG k. While no SRG in practice evaluates only two proposals, this
simplified setting is sufficient to illustrate the type of interference under consideration and the
variables that must be adjusted for to control confounding. To simplify the representation,
all variables that confound the relationships between M; and Y; are grouped into a single node
C; = (Wi, Aiy Zi, Ly). The DAG implies that adjusting for C; suffices to block all backdoor
paths from both M; and M; to Y;, and thus Y;(m;,m;) L (M;,M;) | C;. This permits

identification of the causal effect of the score vector M on Y; under partial interference.
A.4 Simulation Study

The goal of our simulation study is to assess the statistical bias of the shifted estimator under
the true data-generating process and to evaluate the impact of interference. To do this, we
simulate data under a set of simplifying assumptions.

To simplify the hierarchical structure of the NIH review process, we assume that SRGs,
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IRGs, and Administering Organizations are fully nested (i.e., SRG - I RG - Admin). Each
SRG is treated as an independent unit and corresponds to a single study section meeting,
with 100 proposals per SRG—consistent with typical NIH study section sizes, which range
from 60 to 100 proposals (Bonetta, 2009).

For each SRG, we simulate proposal-level data based on a structural equation model
(SEM) that encodes the assumptions of our causal diagrams. Specifically, we first sample
PI ethnicity and gender (W) and PI race (A) independently with replacement from their
empirical marginal distributions for the matched SRG. Then, conditional on W and A, we
draw additional application-level attributes—Application Type, Amended Status, Career
Stage, Degree Category, and Funding Bin (jointly denoted as Z)—from their empirical con-
ditional distribution. Preliminary criterion scores are then generated using the SEM based
on these covariates. This framework assumes that proposals are independent across SRGs.
Within each SRG, proposals are generated independently conditional on covariates, but their
outcomes become dependent through the ranking procedure that determines selection into
discussion.

We estimate SEM parameters using the matched NIH dataset, which exhibits fewer ex-
treme class imbalances. This improved balance enables more robust estimation and reduces
sensitivity to model misspecification (Erosheva et al., 2020a).

This setup allows us to ground our simulations in real NIH data while maintaining a fully
known data-generating process. It allows us to assess the statistical bias of our estimates,
including bias introduced by interference, under specific interventions, while keeping the
simulated data aligned with the structure of the observed data. For simplicity, we assume
that selection into discussion is deterministic: within each SRG, proposals are ranked by
Preliminary Overall Impact Scores, and the top 50% are selected for discussion.

We present our simulations for the Thresholded Disparity estimand. Because the shifted
estimator operates analogously across all estimands, evaluating its performance for the
Thresholded Disparity provides insight into its behavior more generally. Through our simu-

lations, we aim to quantify the overall bias in our estimates, which includes the bias arising
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from interference. To do so, we must first define the truth. In our simulation setting, the
truth is defined as the disparity in selection into discussion under the intervention that
jointly binarizes Investigator and Environment scores and applies the deterministic ranking
rule within each SRG.

We use linear mixed models with SRG as a random effect to learn the structural equation

model parameters from the NIH matched dataset:

o MJAW,L,Z

M;|A,W,L,Z

M8|A7VV7L7Z7 MeaMi

Mlnn|A7 W7 LJ Zu Mea Mz

MlAa W> L> Z> Mea Mz'a MS7 Mznn

Ma‘A> VV) L7 Z7 M€7 Mi7 M

Using these models, we simulate data following Algorithm 4. For each Preliminary Overall
Impact Score, we introduce noise based on within-SRG variability estimated from the linear
mixed models. We then compute the true Thresholded Disparity using the known data-
generating process (Algorithm 5).

We use Monte Carlo to generate D = 100 datasets from the same data-generating pro-
cess and calculate the bias under our shifted estimator, with and without accounting for
interference. We set the Investigator and Environment criterion score thresholds at 2.

Table A.5 reports the average estimator bias in the Thresholded Disparity, both with and
without accounting for interference. In both cases, the bias is small, and the shifted estimator
is approximately unbiased when interference is accounted for. Overall, the simulation results
suggest that, under the specified data-generating process, accounting for interference has a

limited impact on the estimator’s bias.
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Algorithm 4 Simulating Data

for admin org in the Admin Orgs do
for irg in admin org do
for srg in srg do

1. Compute P(W|SRG = srg) and P(A|SRG = srg) using NIH matched data
2. Simulate 100 proposals for this SRG:
e SRG =srg,IRG =irg, Admin Org = admin org

e Sample W with replacement using P(W|SRG = srg)

e Sample A with replacement using P(A|SRG = srg)

e Sample Z with replacement using P(Z|SRG = srg, A=a, W = w)
e Using linear mixed models, predict:

— Menvironment adding noise n,,,, ~ N(0,0Z, ), where 02, is the estimated within-
SRG variability

— Minvestigator adding noise 7, ~ N (0,02, ), where o2, is the estimated within-
SRG variability

— Mggnificance adding noise 7,,,, ~ N (0,02, ), where o2, is the estimated within-
SRG variability

— Minnovation adding noise 7y, ~ N(0,02, ), where o
within-SRG variability

— M adding noise n,, ~ N(0,02,), where o2, is the estimated within-SRG vari-
ability

— Mapproach adding noise 7,,, ~ N (0,02, ), where o2, is the estimated within-

SRG variability

e Rank proposals based on M and set selection into discussion Y as 1 for the top
50% of proposals and 0 otherwise

2

Minn

is the estimated

end for
end for
end for
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[ Estimator | Mean Bias (%) | 2.5% | 97.5% |
Shifted (Adjusted for 0.0 -3.4 3.3
Interference)

Shifted (Not Adjusted -0.3 -3.6 2.9
for Interference)

Table A.5: Estimator bias based on simulations. We use Monte Carlo to generate D =
100 datasets from the same data-generating process and calculate the mean bias under the
shifted estimator, with and without accounting for interference. We also report 95% credible
intervals. Investigator and Environment criterion score thresholds are set to 2.

Algorithm 5 Using simulation to get true thresholded disparity.

for admin org in Admin Orgs do
for irg in admin org do
for srg in srg do

1. Get the simulated data for SRG = srg

2. For every proposal in this SRG, threshold M . using Mie = -
5, MM >

3. Using linear mixed models, obtain:
o M (M)A W,L,Z,M{,, adding noise n,,, ~ N(0,0%, ), where o7, is the esti-

1,e’ mg

mated within-SRG variability
o Mo (M)A W, L, Z, M, adding noise ny,,,,, ~ N(0,07,, ), where o7, is the

1,e’

estimated within-SRG variability
o M(M;)AW,L,Z, M, My(M{,), Minn(M!), adding mnoise n, ~ N(0,0%),

where o2, is the estimated within-SRG variability
4. Rank proposals based on M (Mfe) and set selection into discussion after the inter-
vention, Y (M, ), as 1 for the top 50% of proposals and 0 otherwise

end for
end for
end for
Use empirical mean to estimate E[Y (M!) = 1|A, M, = m!, Z, W, L] and estimate Thresh-
olded Disparity
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Table A.6: Summary of the interventions of interest, corresponding estimands, identification
assumptions, and identification forms for the interventions considered in Section 3.6.1. In
addition to the notation introduced in Section 3.4, we denote PI attributes (career stage,
degree category, and institution funding bin, a proxy for institution prestige) by Z,; and
proposal attributes (application type and amended status) by Z,,p.

Intervention| Estimands of Interest Identification Assumptions Identification Form of Counterfactual Quan-
tity (e.g. E[Y(M*)|A =1])
1 N "%
i > P(wi, 1 | Ak =1)
. E=1i=1my,z, w1}
E[Y(M*)|A =1]- E[Y|A = 1] Y’”(}'i‘(’jzl‘l\\/,[‘}“ '{vk)’fo’“;ik’Lk v 1
* k ko Lk a.e. » = ) .
Preliminary| E[YIA =0]- E[Y(M*)A =1] P(My | Ay, W L Z1) > 0 ave. x B[Yyi | Api =1, mp, 2, Wy, 1x]
Impact x P(zy | Ag; =1, wp, 1)
Scores X P(my | Agi =0, wy, 1)
1 N Tk
Yii k)L Zpi gk | Wy, A, Z L T k= =12pik Zprop,k Wk lk
PI E[Y(Z;i)|A:1]—E[Y|A:1] ’ﬂ(zm,l;) J:A Pt&/ Lkv 16* prop,k> Uk
attributes | E[Y|A =0]- E[Y(Z};)|A = 1] (Ag | Wy, Li) >0 ace E[Yyki | Agi =1, Zpi k> Zprop,k> Wi k]

P(Zpi,k ‘Ak’wkvaizp'rop,k) >0 a.e.
X P(Zprop,k | Aki =1, Wi, 1g)

X P(Zpi g | Ari =0, Wi, 1) P(Wy, 1 | A = 1)

1 N Tk
>

M 2 iS 2 0p ko2 pi, kWi 1k

Yii 1Z W, AL, Z,; 1., L
YA =1]- E[Y|A = 1] m(zpmpﬁ()Ak ‘WO;’JEL) Tk B Zpi ko PR B[Yig | Ak = 1 Zprop, ko Zpi ks Wi 1ic]
A-1 Wi L -
)l ] P(Zprop,k | Ay Wi, L, Zpi 1) >0 ae. | x P(2p; 1 | Ags =1, Wy, 1)

Proposal E[Y(Z;”-op

attributes | E[Y|A = 0] - E[Y(Z},,,

X P(zprop,k | Agi =0, Wi, 1x)
x P(wWg, 1y | Agi =1)
1T N "k

>0 X P(wi,lp|Agi=1)

Pl & E[Y(Z*)|A =1]- E[Y|A =1] Yiei(2k) L Zk | Wi, A, L M =1 il 2wy 1y,
Proposal EIYIA = 0] - EIY(Z*)|A = 1 P(A, |Wg,Lg) >0 a.e.
attributes (YA =0]- B[Y(Z")|A =1] P(Zp | Ak, Wg,L;) >0 a.e. XE[Yg; | Agi = 1,25, Wi, 1g]
X P(zg | Agi =0, Wi, 1)
LEY s
— P(wg,zp | Ak = 1)
Structural | E[Y(L*)|A = 1]- E[Y|A = 1] Yki}(}(kg: f&'k‘)"iké:g Zk M {21 {5 2y, w1y,
; ; e S ‘e.
attributes E[Y|A =0]- BIY(LD)IA = 1] P(Ly | Ak, Wg,Zy) >0 ae. X E[Yyi | Agi = 1,25, Wi, 1x]

x P(lg | Ay =0, wg)

A.5 Identification Proofs

We provide identification proofs for the Disparity Reduction, Disparity Remaining, and

Thresholded Disparity estimands under no selection bias.

A.5.1 Identification Proofs for Disparity Reduction and Disparity Remaining

We identify Disparity Reduction and Disparity Remaining for the case of equalizing Pre-
liminary Overall Impact Scores. We estimate these quantities under several interventions,
equalizing the Black and white PI distributions of: 1) mean Preliminary Overall Impact

Score, 2) application type and amended status jointly, 3) degree category, funding bin, and
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Table A.7: Summary of the estimands of interest, identification assumptions, and identifica-
tion forms for interventions targeting the applicant-related criterion scores under the Simul-
taneous and Normatively Backwards Evaluation Models. We study both equalization-based
and thresholding-based interventions on disparities in selection into discussion. In addition
to the notation introduced in Section 3.4, we denote applicant-related criterion scores by M,
and proposal-related criterion scores by M,,.

Model Estimands of Interest Identification Assumptions Identification Form of Counterfactual Quan-
tity (e.g. E[Y(M!)A =1])
Simultaneoys Equalization
Ed
E[Y(M)[A=-1]=
LEs >
M §Z1isim, omy, gz Wil
EIY 1A =1]- EFY(M*) | A =17 | Yei(@e k) L Me g [ Wi, Ay, Zg, L, My, i ko,
E%Y(‘M*_H]A 1[] (E[%;}A_O% P(Ag | Wi, L) >0 ae. P(wi, 1 | Ay =1)
=1]- = o i
e P(M g | A, Wy, Lg, Zg, My, ) >0 ace.
X E[Yy; | Agi =1, me g,my g, 25, Wi, 1]
x P(zp,my, i | Agg =1, wy,1g)
X P(me g | Agq =0, wy, 1)
Thresholding
T
E[Y(M,)|A=1]=
L s
Yii(me ) L Me o | Wy, Ap, Zg , My, 1, Ly M}c:li:ll t
i =, k 2y g d ok g koW Zg,my, ome pe{m’}
E[Y(ML)|A=0]-E[Y(M!)|A[E1] PEAk‘kaLkvzkvMp,k)>Oa-e- P ©
P(M | Ak, Wi, L, Zg, My, ) >0 ace. | P(wy, Ly, 2z, my i | Agg = 1)
X E[Ypi | Agi =1, me g, 25, Wi, 1, my, ]
t
x P(M_ =mg g | Ag; =1, wy,lp, 25, my )
Normativel. Equalization
Backwards

E[Y|A=1]-E[Y(M})|A=1]
E[Y(M})|A=1]-E[Y|A=0]

Yii(me ) L M o | Wy, Ag,Zy, Ly,
P(Ag | Wg,Lg)>0 ae.
P(Me,k | Ak, Wy, Ly, Z) >0 a.e.

E[Y(M.)[A=1]=
N

1 & ng
M E=li=img g2 wylp

P(wp, 1y | Ag; = 1)

X B[Yg; | Ags =1, me 1,25, Wi, 11 ]
X P(zp | Ags =1, wy, 1)

xP(me g | Ag; =0, wg, 1)

Thresholding

E[Y(M!)|A=0]-E[Y(ML)|A

Yii(me i) L Mg o | Wy, Ag, Zy, Ly
P(Ag |Wg,Lg,Z)>0 a.e.

1]
P(M! ) | Ap, W, Ly, Zg) >0 ace.

E[Y(M.)|A=1]=

1N Tk

>z

M g3 =11y ,wy 2y m, pe{mt}
P(wg, g,z | Agi = 1)
X E[Yy; | Ags =1, me g, 25, Wi, 1]

t
XP(M =mg | Ag; =1, wg, g, 2E)
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career stage jointly, and 4) administering organization and IRG jointly. Identification of
these estimands under such interventions requires: 1) partial interference, 2) consistency at
the SRG level, 3) no unmeasured confounding of the intervention-outcome relationship at
the SRG level, and 4) positivity at the SRG level. The same proof strategy applies to the
other interventions we study. Table A.6 summarizes the interventions, estimands of inter-
est, corresponding identification assumptions, and identification forms for the equalization
analysis in Section 3.6.1.

Proof.

P(Yii(My, = M) Agi = 1wy, 1) = 3 P(Yai(My, = mp)|Ag; = 1, Wy, 1y, My, = my,)
my

x P(M}, = my|Ag; =1, wg, 1)  (LOTP & consistency)

= > P(Yis (M = my)|Ag; = 1, wi, LIi,)
mp

X P(MI: = mk‘Akz = 17Wk71k)
since Yy; (My, = my) L M}, = my|[{Ay, Wy,L;} by definition of
M;, as a random draw given W = wy,, Ly =1,

= > P(Yii(My = my)|Ag; = 1, wy, 1)

my,
x P(M}; = my|Ag; =0, wg, 15)
We have M} =mj L Ay|Wy, Ly by definition of M, as a
random draw given Wy, Ly

= > PV (My, = my)|Ag; = 1, wy, 1)

mp
x P(My = my|Ay; = 0, wg, 1)
definition of MZ: ~ P(MMA}W = O,Wk,Lk)

> P(Yei(My = my)|Ag; = 1, wg, I, 2)

my .,z

x P(z|Agi = 1, Wi, i)

x P(M}, = my|Ag; = 0,wy,1;) (LOTP)

> P(Yii(My = my)|Ag; = 1, Wi, 1, my, z,)

mp,zg
X P(Zk‘Akz = 1’Wk71k)
x P(My, = my|Ag; = 0, wg, 1x), since (Y(my) L Mg|Ag, Wy, Ly, Zy,)

= Y P(YiilAgi =1, wy, Iy, my, z25) P(zg | Ak = 1, Wy, 1)

my,zg

x P(My = my|Ag; =0,wy,1;) (consistency)
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Let M = Y0, ny.

. 1 Yo .
E[Y(M)|A=1]=— 3 2. PY(M)| Ak = 1wy, L) P(wi, il Agi = 1)
k=1i=1wy 1y, m,2k
1 N ngk
=—>% > P(YilAki =1, wi, 1y, my, zi)
M k=11i=1 wy, 1, my,zy

x P(zg, Wi, k| A = 1) P(My, = my|Ay; = 0, wy, 1)

We can apply this derivation to multiple mediators. When there are multiple mediators

we can model the mediators as follows:

P(m = (mq,mg, -, my)|w,l,A=0) = P(myjw,l,A=0)
x P(mg|my,w,l, A=0)

X "'P(mk|m17"'7mk‘—17w7laA = 0)

A.5.2  Identification of Disparity after Thresholding Scores

We also use the causal decomposition framework to analyze the impact of thresholding the
Environment and Investigator criterion scores using the Thresholded Disparity. Specifically,
we study this estimand under both the Simultaneous and Normatively Backwards Evaluation
Models. The identification argument closely parallels that for Disparity Reduction and
Disparity Remaining in Section A.5.1. We give the proof under the Normatively Backwards
Evaluation Model; analogous steps yield the corresponding identification form under the
Simultaneous Evaluation Model. In our analysis, we connect the binarization analysis to the
equalization analysis by noting that extreme thresholds effectively equalize the distributions

between Black and white PIs. Table A.7 summarizes the estimands of interest, identification
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assumptions, and identification forms for interventions on the applicant-related criterion

scores under both the Simultaneous and Normatively Backwards Evaluation Models.

Proof.

P(Yii(Mep =ML )lag, wi L, zi) = Y. P(Yii(Me g = me)|ag, Wi, Ly, 2, ML, = me 1)

me,ke{mt}
x P(M};, = mcilag, wi,Ix,z:) (LOTP & consistency)

> P(Vii(Mey = mey)|ag, Wi, 1y, z)

m. pe{mt}

X P(M;,C =m, i|ak, Wi, li, 2x)
Yii(Me =me ) L ML, = me ,[{Ay, Wi, Ly, Zy } since
Yiei(Me g =me ) L My =me g | {Ag, Wy, Lg, Zy.})
and we fix Mik =M, =m,

= Y P(Wu(Mey =mey)lag, wi, 1y, ze, Mc p = me i)

m. pe{mt}
x P(M! ;, = m ilag, Wi, 1, 2;)
(by independence: Yi;(m. ;) L Mcy | {Ak, Wy, Lg, Zi})

= > P(Yilag, Wi, Ly, ze, M, = me i)

m, pe{mt}

x P(MY ;, = mc ilay, wi,1x,2;)  (consistency)

Let M = Y&, n,. Then we have that under the Normatively Backwards Evaluation

Model:

1 N ny .
Ecp[V(M“)A=1] = i D > E[Viu(Mj, = M) Wi, L, zg, Ay, = 11 P(Wi, L, 25| Ay = 1)
k=11=1wyg,l,z)
1 N np . .
:M Z Z E[Yki|wk71k’7zkaAk:I,Mk:mk]
k=1i=1wy,ls,2z,,m§e{mt}
x P(My' = m{|wy, L, 2, Ay, = 1) P(wi, 1, 2 |Aj = 1) (S8)

Similarly, the identification form for the Thresholded Disparity under the Simultaneous
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Figure A.3: Causal Diagram of NIH Peer Review Process after accounting for Selection Bias.
This diagram illustrates the causal relationships within the NIH peer review process. In this
representation, A corresponds to the PI race, with A = 0 representing white Pls and A =1
representing Black Pls. The outcome, Y, signifies the selection of proposals for discussion.
The selection is denoted as S. W denotes the PI's ethnicity and gender, regarded as protected
attributes not currently under examination. We allow for an association between ethnicity,
gender (W), and PI race (A), as indicated by the dotted bi-directional arrow. Intermediate
variables linking PI race to selection into discussion include M (Preliminary Overall Impact
Score); Z (Application Type, Amended Status, Career Stage, Degree Category, and Funding
Bin, jointly); and L (Integrated Review Group [IRG], Scientific Review Group [SRG], and
Administering Organization).

Evaluation Model is

3
e

EDOC[Y(Me t)|A = 1]

g —
||M2

<.
Il

Z E[Yki(Me = Mz’t)|wk71kamp,kvzk;Ak = 1]

1w, lg,2z5,my

P(Wkalknzknmp klAr=1)

i\
||M2

Ng
Z Z E[Yki|wk71kvzk7mp,k7Ak = 17Me = mZ]

Wi,k Zk,myp  m§ e{mt}
x P(Mi’t =my|wy, i, zg, my, g, Ag = 1) P(Wy, L, 2, my, i |Ag = 1) (59)

A.6 Selection

We define self-selection as the process of applicants’ choice to apply for the NIH grant in the
first place (denoted as S =1). Figure A.3, shows our DAG after accounting for this selection.

In this setting, we are interested in the following estimands:

e Observed Disparity: E[Y|A=1,5=1]-FE[Y|A=0,S=1]
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e Thresholded Disparity: E[Y(M")|A=0,5S=1]-E[Y(M")A=1,S=1] st P(Yi,(M") =
11S=1) =dj

e Disparity Reduction: E[Y|A=1,S=1]-E[Y(M*)|[A=1,5=1] st P(Yiy(M*)=1|S =
1) =dy

e Disparity Remaining: E[Y(M*)|A=1,S=1]-FE[Y|A=0,S=1] st PYp(M*)=1|S=
1) = dy

Where M* ~ P(M|A = 0,5 = 1,W,L) and M! has the same definition as in Section
3.4. We are interested in these quantities for the selected population or the population that
applied for NIH grants. The identification assumptions and proof are identical to what was
shown previously in Section 3.4, A.5.1 and A.5.2 with the extra conditioning on S = 1.

So the final identification forms are the following:

n

b

E[Y(M*)|A=1,S=1] = Z P(Yki|Aki:l,wk,lk,mk,zk,smzl)

1wy, lg,my,z,Ski=1

<[=
:rMZ

17

x P(zg, Wi, lg|Ari = 1, Ski = 1) P(My, = my|Ag; = 0, wg, 1, Sk = 1)

3
>

Ecp[Y(M®)|A=1,5=1]= E[Yii|wi, Ik, 21, Agi = 1, M§, = mS§, Sp; = 1]

i=1 w1y, 2z, mge{m?!}

<[=
:rMZ

Il
—
~

I

x P(M{" = m{|wy, L, zg, Ag; = 1, Sgi = 1) P(Wi, L, 2| Agi = 1, Sps = 1)
ng

Li=lwy, g,z ,myp  ,mye{mt}

1

~
M=

EDOC[Y(Me7t)|A = 1,5 = 1] =
k

E[Yyilwi, I, 25, my g, A = 1, My =my, Si; = 1]
X P(M;’t = m2|wk71kvzkamp,k7Aki = 17Sk1 = ]-)

X P(Wk‘,;lk7zk’amp,k|Aki = laski = 1)

A.7 Full Thresholded Disparity Results

Figure A.4 shows the results for all binarization thresholds. In the Normatively Backwards

Evaluation Model, thresholds of 4 or higher substantially reduce disparities. However, as
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B Thresholded % Disparity for Different Thresholds for the
Investigator and Environment Criterion Scores (Default Low Score 5)
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A Thresholded % Disparity for Different Thresholds for the
Investigator and Environment Criterion Scores (Default Low Score 5)
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Figure A.4: Thresholded disparity results: Each plot represents different thresholds for
the Environment criterion score for thresholds from 1 to 9. Each plot shows the % Thresh-
olded Disparity for that Environment criterion score threshold and varying Investigator cri-
terion score thresholds for thresholds from 1 to 9 also based on historical NIH discussion
rates. The top plot (all in green) corresponds to the Thresholded Disparity under Model 6a.
The green shaded region represents the point-wise Credible Intervals corresponding to that
model. The bottom plot (all in blue) corresponds to the Thresholded Disparity under Model
6b. The blue shaded region represents the point-wise 95% Credible Intervals corresponding
to that model. For both models, scores that fell below the Environment and Investigator
criterion score thresholds were treated as if they received an Environment and Investigator
criterion score of 5. The red dotted line is the overall observed disparity, which is 12.3%

(11.3%, 16.3%).
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noted earlier, such high thresholds may be unlikely given historical NIH discussion rates. In
the Simultaneous Evaluation Model, binarizing the Investigator and Environment criterion

scores has no impact on disparities, regardless of the threshold.
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Appendix B
APPENDIX TO CHAPTER 4

The appendix for this chapter is organized as follows. In Section B.1, we describe the
unidentifiable cases in PNL models. Section B.2 provides additional intuition for how &
behaves under different properties. Finally, Section B.3 presents simulation results under

model misspecification for PNLs.
B.1 Unidentifiable Cases in Post-Nonlinear Models

Following Zhang and Hyvarinen (2012), the causal direction in the Post-Nonlinear (PNL)

model is unidentifiable in the following five cases:
1. Both f; and f5 are linear and the noise 7 is Gaussian.

2. The model reduces to an invertible linear transformation with symmetric distributions

for X and 7.

3. The noise n and the cause X have certain exponential family relationships that render

f1 and f, indistinguishable.

4. The functional relationships satisfy specific differential equation constraints that make

both directions equally valid.

5. Degenerate cases where f, is constant or non-invertible, leading to lack of model iden-

tifiability.
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B.2 Example Behaviors of &

To understand the behavior of £ under the ANM model class (f2, go are identity functions),

we examine several illustrative cases.

1. Suppose f; is additive, i.e. fi(a+b)= fi(a)+ f1(b), and g, = f;!:

=)= f ) = f(Y) = (),
here £ is only a function of 7.

2. Suppose =0, and ¢g; = f;'. Then

E=f1(Y)-fi1(Y) =0,
so the reverse-direction residual vanishes.

3. Suppose f; is nonlinear, and g¢; is restricted to be linear, g;(Y) = 7Y for some v € R.

Then
E=fi'(Y-n)-9Y.
In this case, £ depends on both Y and 7, and hence Y /1¢.
Taken together, these cases illustrate that under the ANM model class, when f; is nonlin-
ear, there is no choice of ¢g; within a restricted model class that yields £ 1 Y. Consequently,

except in the standard unidentifiable cases (e.g., the linear—-Gaussian setting), we have Y [ &

when fitting the model in the incorrect causal direction.
B.3 PNL Model Misspecification Simulation Results

Table B.1 presents the simulation results for the test-based approach paired with the PNL

model class under varying levels of model misspecification.
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Test-based approach

Degree of Decision rates Average causal outcome rates
misspecification

X +¥: 100% Fah 6 neject both: 0%
No misspecification Y - X: 0% ] C0

Inconclusive: 0%

Reject only X »Y: 98.1%
Reject only Y - X: 0%

X -Y: 0%
Partial misspecification Y - X: 0%
Inconclusive: 100%

Reject both: 100%

Fail to reject both: 0%
Reject only X ->Y: 0%
Reject only Y - X: 0%

X-Y: 0%
Full misspecification Y - X: 0%
Inconclusive: 100%

Reject both: 100%

Fail to reject both: 0%
Reject only X -Y: 0%
Reject only Y —X: 0%

Table B.1: Test-based approach under varying degrees of model misspecification. Rows
correspond to settings with no misspecification (both f; and f; match their true forms),
partial misspecification (only f; is misspecified as linear), and full misspecification (both f;
and f, are misspecified as linear). We report the resulting decision rates and average causal

outcome rates across M simulated datasets.
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Appendix C
APPENDIX TO CHAPTER 5

The appendix for this chapter is organized as follows. In Section C.1, we prove the asymp-
totic joint distribution of (71 x-y, Ticy-x). Section C.2 provides details for our simulation

setup. Finally, Section C.3 presents simulation results under severe model misspecification.
C.1 Asymptotic Joint Distribution of (T, x_y, Ticy-x)

In this appendix we show that the joint distribution of the test statistics
(Thp, x>y They-x) is asymptotically bivariate normal as stated in Section 5.2.1, adopting
the independence-and-goodness-of-fit framework of Sen and Sen (2014). We work in the
scalar case X € R, Y € R, which is the setting used throughout our paper.

Setup and notation

The true data-generating mechanism is

Y =m(X)+n, E[n| X]=0. (C.1)

Assume m is bijective on its image. For any measurable function [(Y"), define

g=m (Y -n) - I(Y).

For simplicity, let [(Y) = E[X | Y], so that E[{|Y]=0.
Let (X1,Y1),...,(Xy,n,) be ii.d. observations generated from (C.1). For i =1,...,n,
define
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1. e,=Y; - XiBn (residual in the true direction),

2. g, =m(X;) - X; 50 +1; (misspecification error in the true direction),

3. d; = X; - Y4, (residual in the incorrect direction),

4. §; =U(Y;) = Yo + & (misspecification error in the incorrect direction).

Let 8(U, V') denote the Hilbert—Schmidt independence criterion (Gretton et al., 2008):
O(U, V) = E[k(U,UYMV, V)] + E[k(UU)E[R(V,V")] -2E[k(UU)R(V,V")], (C.2)

where (U, V") and (U"”, V") are independent copies of (U, V).

We consider the test statistics

1 2 1 n 2 n
le,X—>Y = ﬁ Z kijhij + 4 Z kithr -3 Z kijhiqa (CS)
i,7=1 1,7,9,r=1 ijq 1
1 N N N
Tiey-x = n2 Z kijhij + Z kzthr_ n3 Z kijhiq: (C4)
2,7=1 z]qr 1 %,7,9=1

where
kij = k(Xi, X5), hij = h(ei, €;5), ki = K'(Y3,Y;), hi; = h'(d;, dy),

and k, k', h,h' are characteristic kernels defined on R x R.

Under (H JHf le ), the corresponding population targets are
X-Y >X
0(X,¢) and 6(Y,0).

Let

Ty x>y
T, =

Tlc7Y—>X
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Conditions:

Condition 1.
A=E[X?]>0, B=E[Y?]>0.

Condition 2. The kernels k, k', h, h' are characteristic, k, k' are continuous, and h, h’ are twice
continuously differentiable. Their first- and second-order partial derivatives are Lipschitz

continuous.

Condition 3.
E[X?*] <00, E[Y?]<oo, E[n*]<oo, E[]<o0, E[X??]<o00, and FE[Y?§?]< o0.

Condition 4. The kernel-moment conditions required by Lemma 1 in the Supplement of Sen
and Sen (2014) hold for both (X,e) and (Y,d), so that the Taylor expansion remainders

below satisfy

R, = op(n’l/Q), R = op(n’1/2).

Condition 5. Both
m(X)-XBy and  I(Y)-YA

are nonconstant with positive probability.

Theorem C.1.1. Suppose that Conditions 1-5 hold. Then under (HY? , H{¢. ),

Vi(T, -0) 5 N3 (0, %),

where

2
Q(X, 5) 5 T1bX >y O1b,1¢,X-Y,Y - X
)
2
0(Y,0) O1b,16:X>Y,Y »X O1ley—X

and

0(X,e)>0, 0(Y,5)>0.



Moreover,
o1 = Var(h(o)(W Y+vA X e )
1, XY v W 1€1 ),
Ulb,lc;X—>Y,Y—>X = COV(thB(Wl) + I/A_leEl, hg?,)l(Wll) + gbB_l}/i(Sl) s
and

afc,yﬁx = Var(hgg)l(Wl’) + ¢B‘1Y151) ,
where W; = (X;,¢;), W! = (Y;,0;), and h@},hgg)l, v, ¢ are defined in the proof.

Proof. The least squares estimate

3 a1y xy sy
Bn—An (nZXzY;)7 An_nZXi7

i=1
admits the following expansion around Bo:
PO 1 .
il - ) = Vi (414 32 i~ )
i=1
1& ~
=/n (Aﬁl— ZXi{m(Xi) - Xifo + m})

3

-1+ op<1>}f > A X,
Here we use that A, - A almost surely and A >0 by Condition 1. Similarly,
V(= 90) = {1 +0,(1)}—= ZB Y.
\/_
The population normal equation gives
E[X{m(X) - Xfo}] =

and since E[n| X]=0
E[Xn] = E[XE(n[X)]=0

159
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Hence E[X¢e] =0. Similarly, because E[{ | Y] =0,
E[Y6] = E[Y{I(Y) - YA} ] + E[Y¢] = 0.
By Condition 3, the variances
ATTE[X?e?] AT and BE[Y?§*|B™

are finite, so by the central limit theorem, \/ﬁ(ﬁn - o) and /n(4, — o) are asymptotically
Gaussian.

We next expand h;; = h(e;, e;) around h(e;, €;):
hij = h(gi ;) + (€i =€) ha(Nijn, Tijn) + (€5 = €5) Py (Nijns Tign),
where (\jjn, Tijn) lies on the line segment joining (e;,e;) and (g;,€;). Similarly,
hgj = h'(04,65) + (di - 5i)h;c(>‘;jn77—i,jn) +(d; - 6j)hg,;(/\;jn77—i,jn)7

where (Aj;,,7};,) lies on the line segment joining (d;,d;) and (d;,d;).

Using
6i_5i:_Xi(Bn_BO)a di—éi:—}/;-(’yn—’yo),

we obtain the decompositions

0 5 3 (1
(TIb,XeY) _ (Tl(b,)xﬁy + (B - ﬂO)Tl(b,)X—»Y + Ry, (C.10)

Tiey-x Tl(g%/_))( + (Y — f?O)Tl(cl,%/—nX + R,
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where
7 LS kex, xom L k(X;, X;)h 2 S (X X)h
16, XY — _2 Z ( ) ) (5l’€])+n Z ( 9 ) (Eqvgr _ﬁ Z ( i) j) (Ei,Eq),
by=1 1,5,q,r=1 i,4,g=1
1 1 & 1 L 1 2 n )
Ty = 7 2 MG X))+ o S RGP - 25 KGR,
by=1 1,5,q,r=1 %,J,g=1
0 1 & , 2 & )
1(c§/—>X = _2 Z lv ])h (5u5 ) +_ Z lk( 2 ])h’ (51175 ) _3 Z K (Y;7Y3)h (5i>5q)7
1,J=1 ,7,4,r= 7,q=1
1 1 w /1 /1 (1
T&Lx—sZ VYD« Y K, Y)h “——zm,mgx
J=1 ZJqT 1 %,7,q=1
with

W) = ~{ha(ei,e) Xi+ hy(e0,6) X5} and Y = ~{10(8;,6;)Yi + By (8,6,)Y; ).
By Lemma 1 in the Supplement of Sen and Sen (2014) and Condition 4,
R, = 0,(n"1?), R = o0,(n"1?).
We now show that (X, e) >0 and 0(Y,d) > 0. Since
Ele| X]=m(X) —XBO+E[W | X]=m(X) - X By,
and

E0|Y]=1(Y)-Y%+E[¢|Y]=U(Y)-Y",

Condition 5 implies that both conditional means are nonconstant with positive probability.
Hence X [ e and Y [ §. Since the kernels are characteristic, HSIC detects dependence, so
0(X,e)>0and 0(Y,d) > 0.

Next, let W; = (X;,¢&;) and W/ = (Y;,6;). Then T1(1?)X_>Y and T(c)Y»X are V-statistics
with finite second moments and means 0(X,e) and (Y, ), respectively. Therefore, by the

standard asymptotic theory of nondegenerate V-statistics, there exist mean-zero, square-
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integrable functions hg,l and hg?,)1 such that

VAT Ly = 00X.2)} = 2= 3N + 0, (1), (c.11)
ﬁ{TfSLX—Wﬁ)}—Ti B0 (W7 + 0,(1). (C12)

By the weak law of large numbers for V-statistics,
Tl(blZX—’Y ﬁ) v and Tl(cl,)Y—>X ﬁ) ¢7 (013)

for finite constants v and ¢.

Combining (C.10), (C.8), (C.9), (C.11), (C.12), and (C.13), we obtain

g Ty =0 (VT = 0K )+ /(B = BTy + VR,
Tiey-x —0(Y,0) ) \V/A{Tioh.x = 0Y.0)} + /(3 = 50) T3 x + VR,
] Ly B (W) +vA X} roul).
\ = 2 (W) + 0B-1Vid

Define
WO (W) + vA Xe
RUUART R A

Then 1,1y, ... are i.i.d., E[¢;] =0, and by Condition 3 they have finite second moments.

By the multivariate central limit theorem,

\/_ sz - NQ(O 2)

where 3 = Var(v;), with entries given in (C.5)—(C.7). This completes the proof. ]
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C.2 Simulation Setup Details

Purpose. To study how CDSP responds under varying degrees of misspecification of the
linear model, controlled by degrees d € {1,1.2,1.25,1.3,1.4,1.5,3}. Note that all simula-
tion experiments were conducted using a SLURM-based cluster computing environment to

efficiently handle the computational demands.

Inputs. Fix significance level «, number of replications M, dataset size N, and a large

Monte Carlo sample size Ny used to approximate population quantities.

Global oracle objects (computed once). Using a very large Monte Carlo sample from
the true DGP,Y = f(X)+n, f(z) = Bsign(z-a) |[z-a|?, with X ~ Px (truncated exponential)
and n ~ P, (mixture), estimates of the population HSIC quantities #(Y,0) and (X, ¢) by
computing the corresponding test statistics using this large Monte Carlo dataset. These

quantities are treated as oracle (population) values.

Per-replication experiments. For each misspecification setting d and for m=1,..., M:

1. Simulate data from the true DGP. Generate a dataset D0 = {(X ™ y,(™ )N,
using X ~ Px, n~P,, and Y = f(X) +.

2. LINGAM decision. Fit DirectLINGAM and record the chosen direction.

3. Estimate directional detectability indices using bootstrap. Using bootstrap
resampling on D™ obtain bootstrap estimates of the directional detectability indices

fgf@y” and j;(/”l)Xn Use this to estimate the causal direction via effect-size asymmetry.

4. Store per-replication test statistics. Record T}, and T for use in esti-

mating the oracle asymptotic standard deviations.
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Population Effect-Size Asymmetry For each misspecification setting, use the following

oracle estimates to evaluate the population effect-size asymmetry assumption via Iy_ x and

Ixy:

e Oracle standard deviations. Estimate oy, x.y ® VIV de(Tl(;n ))(_)Y), Ole,y»X ™

\/NSdM(Tl(ZQﬁX)

e Population HSIC. Use the Monte Carlo estimates of (Y, ) and 6(X, ) computed

from the global oracle objects.

CDSP and LINGAM Accuracy. Across m=1,..., M for each misspecification setting:

e Estimate C'DSP accuracy as the proportion of replications in which the direction
favored by the bootstrap-estimated directional detectability indices Iy_x , and Ix_y,

matches the direction favored by the population quantities Iy x and Ix_y.

e Estimate LINGAM accuracy as the proportion of replications in which LINGAM iden-

tifies the true causal direction.
C.3 Severe Model Misspecification Simulation Results

We present CDSP under severe linear model misspecification with exponent d = 3. Under this
setting, the effect-size asymmetry assumption no longer holds. The results for this setting
are shown in Figure C.1.

In contrast to the moderate misspecification settings, we again observe no overlap between
the distributions of Ix.y, and Iy_.x,, but now the ordering is reversed. Consequently,
direction detection via effect-size asymmetry favors the incorrect direction Y — X across all
Monte Carlo replications as the effect-size asymmetry assumption does not hold.

This severe misspecification setting highlights an important aspect of CDSP. While the
method is robust to model misspecification, there exists a threshold at which the effect-size

asymmetry assumption breaks down. As the degree of misspecification increases, the overlap
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Figure C.1: Distribution of the estimated directional detectability indices Ix_y, (blue) and
Iy_ x . (orange) under d = 3. Solid vertical lines indicate the corresponding population values
(Ix-y in blue and Iy x in orange).

between the Ix_y, and Iy_x, distributions again diminishes, but in favor of the opposite
direction. However, as discussed in Remark 3, this regime is not the primary setting for which
CDSP is intended, since practitioners would typically avoid linear-model-based approaches

under such severe misspecification.



	List of Figures
	List of Tables
	Introduction
	Organization of Dissertation

	Background
	Causal Inference
	Causal Inference for Disparity Quantification
	Causal Discovery

	Causal decomposition of Black-white disparities in NIH's selection of proposals for panel discussion
	Introduction
	Preliminary analysis
	Data Sources
	Causal Decomposition Analysis
	Estimation
	Results
	Discussion

	Hypothesis Testing for Functional Causal Discovery
	Introduction
	Current State of Statistical Guarantees in Functional Causal Discovery
	A Hypothesis-Testing Framework for Bivariate Functional Causal Discovery
	Numerical Results
	Discussion

	Causal Discovery via Statistical Power (CDSP)
	Introduction
	Causal Discovery via Statistical Power (CDSP)
	Numerical Results
	Discussion

	Discussion
	Contributions
	Discussion and Future Work

	Appendix to Chapter 3
	Exploratory Data Analysis
	Selection into Discussion and Preliminary Overall Impact Scores
	Discussion of Partial Interference Assumption
	Simulation Study
	Identification Proofs
	Selection
	Full Thresholded Disparity Results

	Appendix to Chapter 4
	Unidentifiable Cases in Post-Nonlinear Models
	Example Behaviors of 
	PNL Model Misspecification Simulation Results

	Appendix to Chapter 5
	Asymptotic Joint Distribution of (T1b,XY,T1c,YX)
	Simulation Setup Details
	Severe Model Misspecification Simulation Results


