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Project 1: Construct a generic data-adaptive framework for multivariate point null testing.

Specifically, a data-driven optimality criterion is proposed for selecting among a large collection

of candidate test statistics. This framework can be applied in a wide array of problems. It is

illustrated on data from HVTN 505, a phase IIB HIV vaccine efficacy trial.

Project 2: Extend the framework developed in Aim 1 for testing a functional null hypothesis.

The test described in this framework connects to the test in Aim 1 by projecting the function

estimator into a finite dimensional vector space using a finite collection of the coefficients from

the Fourier transformation. We also provide arguments that the described test can consider more

coefficients as sample size grows while still maintaining desirable testing properties.

Project 3: Develop novel methodology for estimating open-label effectiveness for trials in

which many or all study participants have switched off the placebo arm of the trial. The method

developed accounts for changes in the population’s distribution of baseline characteristics and

adherence behavior. The method developed is used to estimate the open-label effectiveness of a

vaginal ring containing Dapivirine using data from the MTN-20 (ASPIRE) and MTN-25 (HOPE)

clinical trials.
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Chapter 1

A general adaptive framework for
multivariate point null testing

As a common step in refining their scientific inquiry, investigators are often interested in performing

some screening of a collection of given statistical hypotheses. For example, they may wish to

determine whether any one of several patient characteristics are associated with a health outcome

of interest. Existing generic methods for testing a multivariate hypothesis — such as multiplicity

corrections applied to individual hypothesis tests — can easily be applied across a variety of

problems but can suffer from low power in some settings. Tailor-made procedures can attain higher

power by building around problem-specific information but typically cannot be easily adapted to

novel settings. In this work, we propose a general framework for testing a multivariate point

null hypothesis in which the test statistic is adaptively selected to provide increased power. We

present theoretical large-sample guarantees for our test under both fixed and local alternatives.

In simulation studies, we find that tests created using our framework perform nearly as well as

tailor-made methods when the latter are available, and we illustrate how our procedure can be

used to create tests in two settings in which tailor-made methods are not currently available.

1.1 Introduction

Addressing a scientific question often involves performing simultaneous inference on components of

a vector-valued statistical parameter and, in particular, assessing whether this parameter deviates

from a specific null value of scientific interest. Indeed, testing of a multivariate point null hypothesis

arises commonly in applications. For example, it may be of interest to determine whether any of

several variables are related to a particular health outcome, as often occurs in genetics (Gao et al.,

2008), neurology (Flandin and Friston, 2019), and vaccine development (Borthwick et al., 2014),

among other fields. General-purpose strategies (e.g., construction of Wald-type test statistics)

exist for performing a hypothesis test of a univariate point null with a specified (asymptotic) type

I error; in many cases, such strategies can be shown to yield optimal tests. The corresponding
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problem for a multivariate point null poses a much greater challenge.

A valid test of a multivariate null hypothesis can be constructed on the basis of multiple tests of

univariate null hypotheses in a manner that controls the family-wise type I error rate. For decades,

the Bonferroni correction has been used to derive multiple hypothesis testing procedures. Early ex-

amples of its use appear in Dunn (1959, 1961). Refinements of the Bonferroni correction have been

proposed by various authors, including, for example, Holm (1979), Simes (1986), Hommel (1988),

Hochberg (1988) and S. Holland and DiPonzio Copenhaver (1988). Bonferroni-type correction

procedures are broadly applicable and easily implemented. However, because they do not leverage

knowledge of the dependence between the test statistics involved, they may yield low power in

some circumstances. Some authors, including Lehmann and Romano (2005) and Dudoit and van

der Laan (2008) have proposed alternative strategies to mitigate this problem by accounting for

the joint behavior of the test statistics. These procedures, in particular, allow users to specify the

desired trade-off between type I and II errors by controlling, for example, the false discovery rate

or family-wise error rate of the test. Nevertheless, despite these improvements, the use of multiple

testing techniques to assess a single multivariate hypothesis, while convenient, comes at a price.

The ability to determine which null hypothesis (if any) to reject, while potentially valuable, could

come at the cost of lower power for detecting deviations from the multivariate point null. Indeed,

for any multiple testing procedure that achieves family-wise type I error control, there exists a

calibrated test of the multivariate null with at least as much power. In fact, a more powerful test

of the multivariate null would be expected to exist since such a test does not need to account for

rejections of a univariate null that holds when others do not.

Approaches for multivariate testing have been proposed and typically account for the correlation

between individual test statistics. Such methods can be categorized based on how an aggregate

test statistic is constructed. In some procedures (e.g., Donoho and Jin, 2004), a summary test

statistic is built using estimators of underlying univariate parameters, whereas in others (e.g., Liu

and Xie, 2020) p-values from multiple univariate tests are directly combined. Unfortunately, these

procedures are usually tailored to a specific parameter and statistical model (e.g., Donoho and

Jin, 2004) or make assumptions about the data-generating mechanism that can fail in practice

(e.g., sparsity conditions or parametric modeling assumptions). Additionally, some procedures do

not allow the use of flexible learning strategies in the construction of the involved test statistics

(Breiman, 2001). While the use of flexible learners is often critical to obtaining asymptotic guaran-

tees in nonparametric and semiparametric models, it can also cause poor finite-sample performance

of testing procedures, especially when the adaptive nature of the test statistic is not taken into

account (see, e.g., Leeb and Pötscher, 2005, 2006). While more recent proposals address many

of these potential issues (e.g., Pan et al., 2014; McKeague and Qian, 2015; Xu et al., 2016), they
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provide techniques for use in specific applications rather than general-purpose templates for use

in a variety of problems. Thus, while procedures for multivariate testing with good performance

characteristics have been devised for certain settings, in many cases, there is little guidance for

investigators beyond crude approaches such as the Bonferroni correction. In this paper, we pro-

pose and study a general-purpose procedure for constructing a test of a multivariate point null

hypothesis that can be used for a broad range of statistical parameters and models. Our procedure

benefits from an explicit accounting of the joint behavior of the test statistic and incorporates

data-driven selection of the involved tuning parameters to optimize test performance for the appli-

cation at hand. As such, it can be expected to provide improved performance compared to existing

strategies in many contexts.

This chapter is organized as follows. In Section 1.2, we introduce the testing problem considered

and provide working examples with which we will illustrate the implementation and performance

of our proposed procedure. We formally describe our procedure in Section 1.3, and provide a theo-

retical study of its properties in Section 1.4. In Section 1.5, we illustrate through simulation studies

that the proposed framework yields novel tests with comparable power to tailor-made procedures

in settings in which specialized methods already exist, and has good operating characteristics in

settings in which problem-specific methods do not currently exist. In Section 1.6, we use our pro-

cedure to test for the existence of a correlate of risk of HIV infection using data from the HVTN

505 HIV vaccine trial. In Section 1.7, we provide concluding remarks. Technical proofs as well as

additional simulation results and details on our data analysis are provided in the Appendix.

1.2 Problem setup

Suppose that we have at our disposal observations X1, X2, . . . , Xn drawn independently from a

common unknown distribution P0 ∈ M, where the statistical model M encodes known restrictions

on P0. In the developments below, we are primarily interested in cases in which M is a nonpara-

metric or semiparametric model, although this is not a requirement for the developments presented.

We denote by X the union of the support of P for each P ∈ M. Suppose that Ψ1,Ψ2, . . . ,Ψd

form a collection of real-valued statistical parameters defined on M. For each j ∈ {1, 2, . . . , d}, we

define ψj0 := Ψj(P0) ∈ R to be the evaluation of Ψj on P0, and write ψ0 := (ψ10, ψ20, . . . , ψd0). In

this article, for a given (known) vector ψ∗ := (ψ1∗, ψ2∗, . . . , ψd∗) ∈ Rd, we consider testing

H0 : ψ0 = ψ∗ versus H1 : ψ0 ̸= ψ∗ . (1.1)

Without loss of generality, we consider the case ψ∗ = (0, 0, . . . , 0) since otherwise we may instead

take Ψj to be its null-centered counterpart P 7→ Ψj(P )− ψj∗.
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The setup we consider is sufficiently broad to include a large variety of examples. For concrete-

ness, we present here three particular examples that we will use throughout as an illustration of

our general results.

Example 1: correlation. In our first and simplest example, we consider the data unit X =

(W,Y ), where W := (W1,W2, . . . ,Wd) represents a vector of real-valued covariates and Y is some

outcome of interest, and the parameter of interest Ψj(P ) := corrP (Wj , Y ) is the marginal corre-

lation between Wj and Y under P . We are interested in testing the multivariate null hypothesis

that none of the components of W are marginally correlated with Y in a nonparametric model.

For this problem, there exist several competing approaches in the literature, and we will compare

a test derived using our proposal to several of these existing approaches.

Example 2: coefficients of a working log-linear regression model under missingness. In

our second example, we instead consider the data unitX = (W,U,∆), whereW := (W1,W2, . . . ,Wd)

again represents a vector of real-valued covariates, ∆ is an indicator that the binary outcome Y is

observed, and U := ∆Y equals Y if ∆ = 1 and is set to zero otherwise. In other words, this data

unit is similar to that defined in Example 1 but with the outcome value possibly missing. We focus

here on coefficients indexing the least-squares projection of the true conditional success probability

onto the log-linear regression model log pr(Y = 1 |Wj = wj) = α0 + αjwj . Assuming missingness

at random, that is, that Y and ∆ are independent conditionally upon W , the parameter

Ψj(P ) :=
covP [Wj , logEP {P (U = 1 |∆ = 1,W ) |Wj}]

varP (Wj)
(1.2)

identifies the coefficient associated with Wj in the projection onto the log-linear working model,

and simplifies to αj when this working model holds true. This parameter represents a measure of

association between positive outcome Y and covariate Wj for use when Y is possibly missing at

random given W . We are interested in testing, within a nonparametric model, the multivariate

null hypothesis that all coefficients of this working log-linear model equal zero.

Example 3: coefficients of a working effect modification model for randomized trials.

In our third example, we consider the data unitX = (W,A, Y ), where W := (W1,W2, . . . ,Wd) once

more represents a vector of real-valued covariates, A ∈ {0, 1} is a binary treatment variable, and

Y is a binary outcome of interest, and focus on the interaction coefficient of the least-squares projec-

tion of the true conditional success probability onto the logistic model logit pr (Y = 1 |Wj = w,Aj = a) =

α0j +α1ja+α2jw+ δjwa. This coefficient provides a measure of the degree to which Wj modifies

the effect of A on Y in a randomized trial. The parameter of interest can be expressed as

Ψj(P ) := argmin
γ

min
α
EP [logit P (Y = 1 |A,Wj) − α0 − α1A− α2Wj − γWjA]

2
,
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which identifies the interaction coefficient in this working model, and simplifies to δj when the

working logistic model above holds. Once more, we are interested in testing, within a nonparametric

model, the multivariate null hypothesis that each Ψj(P ) is equal to zero.

1.3 Proposed testing procedure

1.3.1 Non-adaptive test

While the test we ultimately propose is adaptive, it can be viewed as a refinement of non-adaptive

counterparts, which we begin by describing. We define M0 := {P ∈ M : Ψj(P ) = 0 for each j =

1, 2, . . . , d} to be the collection of all distributions in M under which the null hypothesis (1.1) is

true. Suppose that an estimator ψn := (ψ1n, ψ2n, . . . , ψdn) of ψ0 is available, and that for each

P ∈ M, n1/2(ψn − ψ0) tends in distribution to a random vector U0 following the d-dimensional

normal distribution Q0 with mean zero and positive definite covariance matrix Σ0 = Σ0(P0). We

define Un := n1/2ψn, and note that Un tends in distribution to U0 provided P0 ∈ M0. In this

work, the statistic Un will be used as a basis for the tests we construct. Our primary focus is

on applications in which ψn is an asymptotically linear estimator of ψ0, in which case Σ0 can

be characterized in terms of the (multivariate) influence function of ψn. Below, we will utilize

knowledge of this influence function to determine what values of ψn are far enough from the zero

vector to warrant rejecting the null hypothesis. Often, this task is accomplished by identifying a

multivariate region Θ0 ⊆ Rd such that the test rejecting H0 if and only if Un ∈ Θ0 has type I

error that tends to the nominal type I error α ∈ (0, 1) as n → ∞. Provided Θ0 is a continuity

set of Q0, this property is achieved if
∫
I{u ∈ Θ0} dQ0(u) = α whenever P0 ∈ M0. There

are typically infinitely many choices of Θ0, and it may be unclear which to select in practice.

Instead, for a given norm φ on Rd, we propose to search for a univariate region Θ∗
0 ⊆ R such

that
∫
I{φ(u) ∈ Θ∗

0} dQ0(u) = α whenever P0 ∈ M0. Then, an asymptotically calibrated test is

defined by rejecting H0 if and only if φ(Un) ∈ Θ∗
0. Use of the norm φ thus allows conversion of the

original multivariate problem into a univariate one.

In practice, there are many choices for φ, and as we will see, the norm used plays an important

role in determining the performance of the resulting test. As an example, we consider the ℓp-norm

φp defined as (z1, z2, . . . , zp) 7→ ∥z∥p := (zp1+z
p
2+. . .+z

p
d )

1
p along with regions of the form Θ∗

0(r) =

[r,∞). The choice r0 := min{r :
∫
I{∥u∥p ≥ r} dQ0(u) ≤ α} ensures that Θ∗

0 := Θ∗
0(r0) provides a

calibrated test, in the sense that the test rejectingH0 if and only if ∥Un∥p ∈ Θ∗
0 has asymptotic type

I error equal to α. The corresponding p-value is given by
∫
I{∥u∥p ≥ ∥Un∥p} dQ0(u). Different

choices of p may yield tests with a different power profile over various alternatives. To explore

this phenomenon, we may consider a simple example comparing tests resulting from the Euclidean
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Figure 1.1: Plots of 100 observations from a limiting distribution of a hypothetical vector of
parameter estimators in R2 (A) under the null, (B) under an alternative with ψ1 = 0, ψ2 ̸= 0, and
(C) under an alternative with ψ1, ψ2 ̸= 0. The 95% quantiles for the data based on the max (blue)
and ℓ2 (red) norms under the null are given in all three panels. If a test statistic fell within the
blue regions the test would fail to reject H0 if the ℓ∞ norm was used but would reject H0 if the
ℓ2 norm was used. The converse is true for the red regions. Depending on the alternative, the ℓ∞
norm (B) or the ℓ2 norm(C) will achieve higher power.

norm (p = 2) versus the maximum norm (p = ∞). Figure 1.1 illustrates the behavior of these two

tests in the case d = 2. In Panel A, 100 draws are taken from a multivariate normal distribution

U0 with mean zero and identity covariance matrix. The red circle and blue square represent the

boundary of the region Θ0 of these two tests constructed using empirical estimates of the 95th

percentile of the distributions of ∥U0∥2 and ∥U0∥∞, respectively. All observations in Panel A

except the five with the largest ℓ2-norm are contained within the red circle. Similarly, the blue

square contains all observations in Panel A except the five with the largest ℓ∞-norm. Observations

that fall within the blue shaded region result in rejection of the null hypothesis if the ℓ2-norm is

used to define the test but not if the ℓ∞-norm is instead used. Conversely, observations that fall

in the red shaded region result in rejection of the null hypothesis if the ℓ∞-norm is used to define

the test but not if the ℓ2-norm is instead used. The same square and circle are redrawn in panels

B and C to illustrate the behavior of the test under alternatives in which either (B) ψ10 = 0 and

ψ20 ̸= 0, or (C) ψ10 ̸= 0 and ψ20 ̸= 0. While both constructions of a rejection region result in

valid asymptotic type I error control, depending on the alternative, one test will outperform the

other in power. In Panel B, shifting each observation in only a single direction has a larger impact

on the maximum norm of the observations compared to the ℓ2-norm since the maximum norm

only considers the largest coordinate. This is shown by the numerous observations (given by red

squares) outside of the blue box (equivalent to rejecting H0) and inside the red circle (equivalent

to failing to reject H0). In contrast, there is only a single observation outside the red circle and

inside the blue box (given by blue triangles). The converse trend is shown in panel C, where the

ℓ2-norm performs better because it takes into account both coordinates of the shift.
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1.3.2 Adaptive norm selection

We denote by F the collection of all norms defined on Rd. So far, we have argued that a test

can be defined based on any φ ∈ F and that the choice of φ can influence the power of the test.

In many scenarios, it may not be clear a priori which of several tests should be preferred in a

given setting since the power of each test depends on details of the true (unknown) alternative. In

order to compare any of several candidate norms, we must first choose an objective criterion for

adjudicating, in the setting at hand, the performance of the test statistic φ(Un) for a given norm

φ.

For this purpose, suppose that Γd
0 : Rd×F → [0,∞) provides a local measure of test inefficiency.

Specifically, we stipulate that for any x ∈ Rd\{0} and φ ∈ F, greater values of Γd
0(x, φ) indicate a

larger asymptotic type II error — and so, lower power — for the test based on the test statistic

φ(Un) under a location shift by x of the null limiting distribution of Un under sampling from P0.

In this work, we focus on two particular measures, although our theoretical results are stated in

generality. The first, which we refer to as the acceptance rate measure, is defined as

Γd
ar,0 : (x, φ) 7→

∫
1{φ(u+ x) ≤ c0} dQ0(u) , (1.3)

where c0 := min{c ≥ 0 :
∫
1{φ(u) ≤ c} dQ0(u) ≥ 1− α} is the smallest cutoff value such that the

test rejecting H0 if and only if φ(Un) > c0 has asymptotic type I error equal to α. This measure

can be interpreted as the asymptotic type II error of the test based on φ(Un) in the context of

a sequence of local alternatives under which ψ0 = ψ
(n)
0 := xn−1/2. While it is intuitively simple

and straightforward to estimate in practice, this measure can suffer from the fact that its output

is constrained in the interval [0, 1− α], so that it becomes less informative — and thus less useful

for discriminating norms — in settings in which the distribution of Γd
0(Un, φ) is concentrated near

zero for each norm φ considered. Additionally, in view of the exponential tails of the normal

distribution, Γd
0(x, φ) tends to zero rapidly as x tends away from the origin, thereby rendering

onerous the task of achieving sufficient relative precision when approximating Γd
0(Un, φ) using

Monte Carlo methods. These difficulties motivate the consideration of an alternative measure

defined as

Γd
mf,0 : (x, φ) 7→ min

{
s ≥ 0 :

∫
1{φ(u+ sx) ≤ c0} dQ0(u) ≤ τ

}
(1.4)

for some user-specified τ ∈ (0, 1−α). We refer to this as the multiplicative factor measure since it

provides the smallest factor κ such that the asymptotic type II error of the test based on φ(Un) is

no greater than τ in the context of a sequence of local alternatives under which ψ(n)
0 := κxn−1/2.
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Figure 1.2: This figure illustrates the two proposed performance measures. In each figure, the
estimated acceptance region of the norm-based test is shown, with the top row using the ℓ2 norm
and the bottom row using ℓ∞ norm. In panel A, the estimated acceptance rate measure is shown.
The measure is estimated by taking draws from the estimated null distribution, shifting each
draw by x, and calculating the number of observations inside the acceptance region. In panel B,
estimation of the multiplicative factor measure is shown. On the left, an initial guess of 0.5 for the
multiplicative factor is considered. Because this results in an acceptance rate that is larger than β
(here β = 0.8), a larger guess of s is considered until the acceptance rate is equal to β.

This measure avoids the drawback of the acceptance rate by operating on a multiplicative scale,

though it does so at the expense of simplicity of interpretation and computational ease. The

computation of these two measures is illustrated in Figure 1.2

To motivate our method, suppose that we consider a finite collection F0 := {φ1, φ2, . . . , φK} ⊂

F of norms on Rd, which we wish to discriminate based on a given local measure of test inefficiency

Γd
0. Suppose also that an estimator Γd

n of Γd
0 based on X1, X2, . . . , Xn is available. Then, it

is sensible to consider Γd
n(Un, φ) as an estimated local measure of test inefficiency for a given

norm φ, where local here refers to the consideration of local alternatives defined by Un itself. As

a first attempt at developing a test based on adaptive norm selection, we could consider using

the test statistic φkn(Un)(Un) with kn(Un) := argmink Γ
d
n(Un, φk) — this amounts to considering

the univariate summary φ(Un) based on the norm φ ∈ F0 with the smallest estimated local

measure of test inefficiency. However, the test statistic φkn(Un)(Un) appears difficult to make valid

inference with since its limit distribution is difficult to derive — for example, the lack of continuity

of φkn(Un)(Un) as a function of Un precludes the use of a continuous mapping theorem. More
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Norm Value

Acceptance Rate Adaptive Acceptance Rate

Adaptive Norm Value

(A) (B)

Figure 1.3: This figure illustrates two issues that could arise when using the adaptive norm value
as a test statistic. (A) shows regions of R2 in which φ1 (dark red) or φ2 (light blue) have better
(hypothetical) acceptance rate value. A line segment containing two points un,1 and un,2 is also
shown, and the points along this line segment form the x-axis of the four figures in (B). The arrow
indicates the direction along the line segment in which both φ1 and φ2 increase. The top left display
in (B) shows the hypothetical values of the acceptance rate measure along the un-values shown on
the white arrow in (A), and the top right panel shows the adaptive version of this measure (the
pointwise minimum of the individual acceptance rate measures). The bottom left display indicates
the norm values, and the bottom right display shows the adaptive norm value wherein the norm
with lowest acceptance rate is used. As shown by the two horizontal line segments in this display,
the adaptive norm value does not necessarily increase as un-values are taken further away from
the origin. Additionally, the discontinuity of the adaptive norm value is apparent in the bottom
right display.

importantly, this test statistic produces an undesirable ordering in the space of alternatives, as

illustrated in Figure 1.3 with a simple example in which F0 = {φ1, φ2} contains only two given

norms, and the parameter of interest takes values in R2. In the figure, for each alternative, the

color indicates which of φ1 (dark red) and φ2 (light blue) is preferred to define a test. However,

the norm φ1 takes values that are substantially larger than φ2 for observations that are similar.

As a result, when considering the points un,1 and un,2, even though φ1(un,1) < φ1(un,2) and

φ2(un,1) < φ2(un,2), it is also true that φkn(un,2)(un,2) < φkn(un,1)(un,1). Thus, even though un,2

is further away from the null as measured by both norms, the relative size of the norms makes it

appear as though un,1 is more surprising than un,2 under the null according to the adaptive norm

test statistic.

In view of these challenges, we consider another strategy for building an aggregate test statistic.

We observe that for any norm φ, if Γd
0 were known, Γd

0(Un, φ) could serve as a sensible alternative to

the test statistic φ(Un), with smaller values of Γd
0(Un, φ) supporting rejection of the null hypothesis.

The use of Γd
0(Un, φ) as a test statistic has desirable properties. First, the interpretation of the

realizations of Γd
0(Un, φ) depends neither on the norm used nor on the limiting distribution Q0. As
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a result, the value of Γd
0(un, φ) can be directly compared across choices of φ, thereby facilitating

the construction of an adaptive test statistic. Second, the ordering induced on the parameter space

by Γd
0 is sensible. To illustrate this, suppose first that two realizations un,1 and un,2 of Un fall on

a common ray, that is, un,1 = β1v and un,2 = β2v for some direction v ∈ Rd and non-negative

values β1, β2 ∈ R. For β1 > β2, we expect un,1 to be less likely than un,2 under the null, and

indeed, in these settings Γd
0(un,1, φ) < Γd

0(un,2, φ) under regularity conditions introduced in the

next section. Suppose instead that un,1 and un,2 are such that φ(un,1) = φ(un,2). In this case,

depending on Q0, either un,1 or un,2 could be more likely. A test statistic based on Γd
0 allows for

consideration of Q0 and thus permits differentiation of un,1 and un,2 even when these realizations

may be undifferentiated by φ.

In practice, since Γd
0 is unknown, the test statistic Γd

n(Un, φ) would be used instead of Γd
0(Un, φ).

We observe that, by definition,

Zn := Γd
n(Un, φkn(Un)) = min{Γd

n(Un, φ1),Γ
d
n(Un, φ2), . . . ,Γ

d
n(Un, φK)} . (1.5)

As such, the adaptive test statistic Zn is a continuous transformation of the single-norm statistics

Γd
n(Un, φ1),Γ

d
n(Un, φ2), . . . ,Γ

d
n(Un, φK). Provided u 7→ Γd

0(u, φ) is continuous for each φ ∈ F0, this

implies that a non-degenerate limit distribution can be derived for the test statistic Zn, thereby

facilitating valid inference. Specifically, under regularity conditions, we may expect Zn to converge

in distribution to the random variable Z0 := min{Γd
0(U0, φ1),Γ

d
0(U0, φ2), . . . ,Γ

d
0(U0, φK)}, where

U0 is distributed according to Q0. This motivates an adaptive test in which we reject H0 if and

only if Zn > χn, where χn is any consistent estimator of the (1−α)-quantile χ0 of the distribution

of Z0.

We note here that our proposed procedure was inspired by the proposal of Zhang and Laber

(2015), which can be considered a special case of our framework. Their method, which focuses on

the specific problem of testing for null correlations in the setting of univariable linear models, is

recovered by taking ψn to be the vector of sample correlations, F0 to be a collection of sum-of-

squares norms, and Γd
0 to be the observed p-value for the test based on φ(Un). The sum-of-squares

norm is defined as

ȷk : (z1, z2, . . . , zd) 7→
{∑k

j=1 z
2
(d−j+1)

}1/2

for any fixed k ∈ {1, 2, . . . , d} and with z2(r) denoting the rth order statistic based on z21 , z22 , . . . , z2d

for each r = 1, 2 . . . , d. A proof that the sum-of-squares norm is indeed a proper norm is provided

in Lemma 6 of the Appendix.
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1.3.3 Implementation of proposed adaptive test

Suppose that Σn is a consistent estimator of Σ0, and denote by Qn the distribution function of the

normal distribution with mean zero and covariance matrix Σn. An estimator Γd
n can be derived by

replacingQ0 withQn in the definition of Γd
0. We set Z∗

n := min{Γd
n(Ūn, φ1),Γ

d
n(Ūn, φ2) . . . ,Γ

d
n(Ūn, φK)},

where Ūn represents a random draw from Qn, and note that Z∗
n serves as a natural proxy for a

random draw from the null limit distribution of Zn. Because the distribution of Zn is difficult to

calculate in practice, we instead define our cutoff value χ∗
n as the (1 − α)-quantile of Z∗

n. Below,

we will establish properties of the test in which we

reject H0 if and only if Zn > χ∗
n . (1.6)

While an analytic form χ∗
n is not currently available, its value can be approximated with an

arbitrary level of accuracy using the following steps:

1. for M large, conditionally on Qn, generate independent draws Ūn,1, Ūn,2, . . . , Ūn,M from Qn;

2. set Z̄n,m := min{Γd
n(Ūn,m, φ1),Γ

d
n(Ūn,m, φ2), . . . ,Γ

d
n(Ūn,m, φK)} for m = 1, 2, . . . ,M ;

3. compute the sample (1− α)-quantile χ∗
n,m based on {Z̄n,1, Z̄n,2, . . . , Z̄n,M}.

For concreteness of discussion, suppose that, for each j = 1, 2, . . . ,K, ψjn is an asymptotically

linear estimator of ψj0 with influence function ϕj : X → R, in the sense that

ψjn = ψj0 +
1

n

n∑
i=1

ϕj(Xi) + oP (n
−1/2)

with E0{ϕj(X)} = 0 and var0{ϕj(X)} < ∞. Suppose that the form of each ϕj is known up

to some dependence on the unknown data-generating distribution P0. Asymptotic linearity of

ψn readily implies that, under the null hypothesis, Un tends to a random vector following a

multivariate normal distribution with mean zero and covariance matrix Σ0 with jkth element

Σjk0 :=
∫
ϕj(x)ϕk(x) dP0(x). We will require a consistent estimator Σn of Σ0 in our devel-

opments — a natural candidate is the empirical cross-moment estimator, defined entrywise as

Σjkn := 1
n

∑n
i=1 ϕjn(Xi)ϕkn(Xi), where ϕjn and ϕkn are estimators of the influence functions ϕj

and ϕk, respectively. While for simplicity this empirical estimator is employed in all simulations

and data analyses reported below, more sophisticated procedures for covariance estimation — e.g.,

as described by Ledoit and Wolf (2004, 2020) — could be used instead. The implementation of

our approach also requires the selection of a collection F0 of norms. In this article, we explicitly

consider the ℓp and sum-of-squares norms.
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1.4 Large-sample properties of proposed test

In this section, we establish conditions under which the adaptive test outlined in (1.6) is guaran-

teed to have desirable statistical properties. In addition to type I error control and consistency

against fixed alternatives, we will show that our proposed test has nontrivial power against local

alternatives. For each theorem in this Section, a proof is provided in the Appendix.

Since Γd
0 depends on Q0 only through Σ0, we explicitly denote the local measure of test ineffi-

ciency as a fixed mapping (u,Σ, φ) 7→ Γd(u,Σ, φ) for which we have that Γd
0(u, φ) = Γd(u,Σ0, φ)

for each u ∈ Rd and φ ∈ F0. For simplicity, we consider an arbitrary estimator Γd
n of Γd

0 of the

form Γd
n(u, φ) = Γd(u,Σn, φ) for each u ∈ Rd and φ ∈ F0, where Σn is any consistent estimator of

Σ0. By explicitly representing the dependence of Γd
0 and Γd

n on Σ0 and Σn, respectively, via Γd,

the consistency of Γd
n to Γd

0 can be established as a consequence of a simple continuity condition

on Γd. We introduce the following conditions on the local measure of test inefficiency relative to a

given norm φ, where we denote by Vd the space of all positive definite d× d matrices:

C1) (u,Σ) 7→ Γd(u,Σ, φ) is continuous and non-negative on Rd × B0 for some neighborhood

B0 ⊂ Vd of Σ0;

C2)
∫
I{Γd

0(u, φ) = t} dQ0(u) = 0 for every t ≥ 0;

C3) Γd(xs,Σ, φ) → 0 uniformly over Σ ∈ B1 for some neighborhood B1 ⊂ Vd of Σ0 for every

sequence x1, x2, . . . of elements of Rd such that φ(xs) → ∞;

C4) u 7→ Γd
0(u, φ) is quasi-concave, in the sense that {u : Γd

0(u, φ) ≥ a} is convex for every a ≥ 0;

C5) u 7→ Γd
0(u, φ) is centrally symmetric, in the sense that Γd

0(u, φ) = Γd
0(−u, φ) for every u ∈ Rd.

The result below states that, under mild conditions, the proposed test has valid type I error

rate and power tending to one under each fixed alternative as sample size tends to infinity.

Theorem 1. Suppose that conditions C1–C2 hold for each φ ∈ F0. Under sampling from P0, as

n→ ∞, the rejection rate of the proposed test (1.6):

a) tends to α if P0 ∈ M0;

b) tends to 1 if P0 /∈ M0 provided condition C3 also holds for some φ ∈ F0.

Since in practice studies are typically designed to have power substantively below one in view

of cost and other logistic constraints, studying the asymptotic behavior of the proposed test for

these settings is of interest and motivates consideration of local alternatives. Specifically, a local
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alternative to P0 ∈ M0 is a one-dimensional parametric submodel {Pt} ⊂ M of M dominated by P0

and such that the Radon-Nikodym derivative of Pt relative to P0 satisfies, for t in a neighborhood

of zero,

dPt

dP0
(x) = 1 + tg(x) + trt(x) (1.7)

for some element g in the tangent space of M but not in the tangent space of M0 at P0, and where

rt is a remainder term tending to zero in a uniform sense (Pfanzagl, 1990). The estimator ψn

is said to be regular at P0 ∈ M if the limit distribution of n1/2(ψn − ψ0) under sampling from

P0 and of n1/2(ψn − ψ
(n)
0 ) under sampling from P

(n)
0 := Pt|t=n−1/2 is the same, where we write

ψ
(n)
0 := Ψ(P

(n)
0 ) and {Pt} is any local alternative to P0. We note that, for any such sequence

P
(n)
0 , it holds that ψ(n)

0 = an−1/2 + o(1) for some a ∈ Rd \ {0}. The following theorem states that,

under certain regularity conditions, if the estimator ψn is regular, then the proposed test is locally

unbiased in the sense that it has non-trivial power under local alternatives.

Theorem 2. Suppose that P0 ∈ M0, and let P (n)
0 be a sequence of local alternatives converging

to P0. Suppose also that conditions C1, C2, C4 and C5 hold for each φ ∈ F0, that condition C3

holds for some φ ∈ F0, and that ψn is a regular estimator of ψ0 at P0. Then, the rejection rate πn

of the proposed test under sampling from P
(n)
0 satisfies that lim infn πn > α.

This theorem guarantees that the asymptotic rejection rate is greater under local alternatives

than it is under the null. Theorems 1 and 2 indicate that the proposed test has desirable prop-

erties provided several conditions on the local measure of test inefficiency used hold. The next

result establishes that the two measures presented in Section 3, namely the acceptance rate and

multiplicative factor measures, indeed satisfy all required conditions, and therefore, can be used in

our procedure.

Theorem 3. Both the acceptance rate measure (1.3) and the multiplicative factor measure (1.4)

satisfy conditions C1–C5 for each norm φ.

1.5 Numerical examples

In this section, we discuss the implementation and evaluate the performance of our proposed test

in the context of the three working examples introduced in Section 1.2.

In each example, we consider all combinations of sample size n ∈ {100, 200, 500} and covariate

vector dimension d ∈ {10, 50, 100}. The multiplicative factor measure (1.4) is used throughout.

We compare a variety of competing procedures, including adaptive and non-adaptive versions of

our test. The non-adaptive tests use the ℓ2 and maximum absolute value norms and are referred
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to as the ℓ2 and ℓ∞ tests, respectively. The first adaptive version of our test selects over the ℓ1, ℓ2,

ℓ4, ℓ6 and ℓ∞ norms, and is referred to as the adaptive ℓp test. The second adaptive test selects

over various versions of the ȷk norm — specifically, over k ∈ {1, 3, 5, 6, 8, 10} when d = 10, k ∈

{1, 11, 21, 30, 40, 50} when d = 50, and k ∈ {1, 21, 41, 60, 80, 100} when d = 100 — and is referred to

as the sum-of-squares test. We note that ȷ1 = ℓ∞ and ȷd = ℓ2. We contrast the performance of these

adaptive procedures with two existing all-purpose methods for multiple testing. Each all-purpose

method (including ours) uses the same covariance matrix estimator Σn and parameter estimator ψn.

The first is a test based on the Bonferroni-corrected p-value d ×min(p1n, p2n, . . . , pdn) computed

from individual p-values pjn := 2 [1 − Φ(zj)], where zj := n1/2|ψnj |/σjn, σjn is a consistent

estimator of the asymptotic standard deviation σ0j of n1/2ψjn under the null hypothesis, and Φ

represents the standard normal distribution function. In our simulations, we take σjn to be the

root of the empirical second moment of ϕnj(X1), ϕnj(X2), . . . , ϕnj(Xn), where ϕnj is a consistent

plug-in estimator of the influence function ϕ0j of ψnj . The second is the more recent Cauchy

combination test (referred to here as the Cauchy test) described by Liu and Xie (2020) based

on the test statistic d−1
∑d

j=1 tan{(2pjn − 3/2)π}. Under certain conditions, including mutual

independence of ψn1, ψn2, . . . , ψnd, this test statistic has a limiting Cauchy distribution under the

null hypothesis. However, Liu and Xie (2020) show that even when independence fails to hold,

p-values computed using the Cauchy distribution are approximately valid for large realizations of

the test statistic. For this reason, and in view of its simplicity, we include this test as a comparator

in our simulation studies.

1.5.1 Example 1: correlation

In this example, we consider the settings described in the first example of McKeague and Qian

(2015) and Zhang and Laber (2015). The vector W = (W1,W2, . . . ,Wd) of covariates is generated

from a normal distribution with mean zero and covariance matrix with diagonal and off-diagonal

terms equal to 1 and ρ, respectively. Three distinct conditional outcome distributions are consid-

ered. In each setting, we generate ε as a standard normal variable independent of W . Conditionally

on W and ϵ, we separately consider

(Setting 1) Y = ε;

(Setting 2) Y = 0.25W1 + ε;

(Setting 3) Y = 0.15 (W1 + . . .+W5)− 0.1 (W6 + . . .+W10) + ε.

In this example, the sampling distribution of each test statistic — and thus cutoffs upon which

to construct valid tests — can also be determined using two different methods. The standard

approach, discussed above and referred to as the parametric bootstrap test, estimates the limiting
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Figure 1.4: Empirical rejection rate of various tests applicable in Example 1 under different data-
generating mechanisms, at different sample sizes, and for covariate vectors with no correlation
across components and of different lengths.

distribution of n1/2(ψn − ψ0) using a mean-zero normal distribution with an estimated covariance

matrix. A permutation approach, which typically provides better calibration than the parametric

bootstrap in smaller samples, can also be used in this particular example. A permutation-based

approximation of the p-value of the test based on Zn can be obtained by independently generating

modifications of the original dataset in which the outcome vector has been randomly permuted

across observations, re-computing Zn for each such permuted dataset, and computing the fraction

of permuted datasets for which the re-computed Zn value is larger than the original Zn value. In

this simulation, permutation-based and parametric bootstrap versions of our adaptive test were

compared to three competing tests, namely the test of Zhang and Laber (2015), the Bonferroni test,

and the Cauchy test. We note here that the test of Zhang and Laber (2015) leverages knowledge

about the data-generating mechanism, whereas other procedures considered instead make use of

nonparametric parameter and covariance estimators.

The empirical rejection rates of the different tests considered are shown for the three described

settings in Figures 1.4 and 1.5 with ρ = 0 and ρ = 0.8, respectively. Results for the intermediate

setting ρ = 0.5 are provided in Figure A.1 in the Appendix. Results for n = 500 are not shown

because power is very close to one for Settings 2 and 3. Because H0 holds in Setting 1, we expect

the rejection rates for this setting to be close to the nominal level 0.05. Figures 1.4 and 1.5 illustrate

that this is achieved by every testing procedure evaluated except for the Bonferroni test and the

Cauchy test. In Settings 2 and 3, H0 does not hold and the plots convey the empirical power of
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Figure 1.5: Empirical rejection rate of various tests applicable in Example 1 under different data-
generating mechanisms, at different sample sizes, and for covariate vectors with high correlation
(80%) across components and of different lengths.

the tests considered.

In most scenarios in which H0 does not hold all tests have similar empirical power. In most

settings, the test proposed by Zhang and Laber (2015) slightly outperforms all other tests, and in

settings in which it is not the best, it only performs slightly worse than the best test. The most

noticeable differences in performance are found in Setting 2 at sample size n = 200 under mutual

independence of covariate component in which the Zhang and Laber (2015) test outperforms all

others by a substantial margin. This superior performance is expected since the data-generating

mechanism matches the model assumed in this method, whereas the other tests considered are

nonparametric and therefore valid under weaker conditions.

Both of our adaptive tests perform similarly, with the permutation-based test having lower

power but achieving better type I error control than the parametric bootstrap-based test. The

relatively higher empirical power of the parametric bootstrap test compared to the permutation-

based test likely stems from the fact that the null hypothesis tested is weaker for the latter (null

marginal associations) than for the former (joint independence), and that the parametric bootstrap

test is imperfectly calibrated, as evidenced by its slightly inflated type I error.

In this simulation, the Bonferroni test and the Cauchy test are anti-conservative, especially in

settings in which there is no correlation between covariates. The failure of these tests to achieve

nominal type I error control can mostly be attributed to difficulty estimating the variance of ψn.

Figure A.2 in the Appendix shows the distribution of p1n in the setting in which there is no
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correlation between covariate components. This distribution has a large spike near zero, although

the spike is less pronounced at sample size n = 200 and is expected to dissipate as sample size

further increases. We observe that when the p-value p1n is computed using the true standard error

of ψn, this spike vanishes, suggesting that the poor small-sample calibration stems from estimation

of the standard error. The observed over-representation of small p-values (relative to the uniform

distribution) causes a large inflation in type I error for the Bonferroni test. The p-value of the

Cauchy test is also sensitive to small values of pjn due to the vertical asymptote of the tangent

function used to define the test statistic.

1.5.2 Example 2: coefficients of a working log-linear regression model

under missingness

In the second example, conditionally on W = w, the binary outcome Y is simulated from the

logistic regression model pr(Y = 1 |W = w) = expit(β1w1 + β2w2 + . . .+ βdwd). In all scenarios,

the conditional missingness probability is given by pr(∆ = 1 | W = w) = expit(0.5 + 0.15wd−1 −

0.275wd), and the vector W = (W1,W2, . . . ,Wd) of covariates is drawn from a multivariate normal

with mean zero and covariance matrix with diagonal and off-diagonal entries equal to 1 and 0.5,

respectively. We separately consider the following settings defined by different values for the

regression coefficient vector:

(Setting 1) β1 = . . . = βd = 0;

(Setting 2) β1 = 0.6, β2 = . . . = βd = 0;

(Setting 3) β1 = . . . = β5 = 0.32, β6 = . . . = β10 = −0.32, β11 = . . . = βd = 0;

(Setting 4) β1 = . . . = β5 = 0.23375, β6 = . . . = β10 = 0.4675, β11 = . . . = βd = 0.

Thus, the null hypothesis holds in Setting 1 but not in any of Settings 2, 3, and 4. In this example,

an influence function-based estimator of the covariance matrix Σ0 was used, and conditional mean

functions involved were estimated using either an elastic net (Simon et al., 2013; Tibshirani et al.,

2012; Friedman et al., 2010; Tibshirani et al., 2012) or loess smoother.

In the null setting (Setting 1), we find that the type one error of all tests is near (though still

slightly above) the 0.05 type one error rate. In general, the type one error is higher in settings with

smaller sample size and larger dimension (as expected). In Setting 2, all tests have similar power

with the Cauchy test slightly outperforming and the Bonferroni test slightly under-performing

all other tests. The differences in performance are larger for settings with higher dimension. In

Setting 3, the ℓ∞ based test outperforms all others, especially in the sample size 500 setting. In

Setting 4, all tests except the ℓ∞ and Bonferroni test perform nearly identically well for each

sample size and dimension. In Setting 3, ten covariates are associated with the outcome, which
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would suggest that norms accounting for the many non-null associations would perform (relatively)

better, as seen in Figure 1.1. Unexpectedly, the ℓ∞ test had the largest power. This finding may

be driven by the fact that other norms place larger importance on smaller component values. In

this setting, while only ten covariates are directly associated with the outcome, all other covariates

are still marginally associated with the outcome through their correlation with other covariates.

While the ℓ∞ norm considers only the covariate most strongly associated with the outcome, other

norms consider all covariates. Covariates that are indirectly associated with the outcome thus

have a small (though still non-zero) association with the outcome. If the additional variability

introduced by including these covariates is too large, it may be detrimental to test performance.

This explanation is supported by results presented in Figure 1.6, wherein we find that when all

covariates are truly associated with the outcome (d = 10), all considered tests have comparable

power, but that differences emerge in larger dimensions. It may also be that the low power of

the adaptive and ℓ2 tests are a consequence of various linear effects on the outcome canceling

each other out. Because covariate vector components are highly correlated and there are an equal

number of positive and negative β values of the same magnitude, the combined effect from all

covariates could be small. This would make it more difficult to discern the marginal effect of any

single covariate. In Setting 4, ten covariates are directly associated with the outcome, just like in

Setting 3, though unlike Setting 3, all non-null regression coefficients are positive. These differences

result in a reversal of which tests are optimal, with the ℓ∞ test having the lowest power of the

non-adaptive tests, and the adaptive tests and the ℓ2-based test all perform nearly equally, with

the latter narrowly outperforming the former.

Overall, we see that depending on the scenario, the norm on which a test is based could be

unimportant (Setting 2) or a source of substantial differences between tests (Setting 3). In settings

in which the choice of the norm is consequential, the adaptive test does not outperform all fixed

norm tests but does provide consistent performance across all settings. This example also suggests

that common guidelines from the high-dimensional statistics literature on which norm should

perform best in a given scenario may not be reliable, even when the data-generating mechanism is

known a priori.

1.5.3 Example 3: coefficients of a working effect modification model for

randomized trials

In this example, the covariate vector W is drawn from a multivariate normal distribution with

mean zero and a covariance matrix with diagonal and off-diagonal entries equal to 1 and 0.5,

respectively. Given W = w, the binary exposure A ∈ {0, 1} is drawn from a binomial distribution

with a success probability of 0.5, as in a standard randomized trial. Finally, given (A,W ) = (a,w),
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Figure 1.6: Empirical rejection rate of various tests applicable in Example 2 under different data-
generating mechanisms, at different sample sizes, and for covariate vectors with moderate correla-
tion (50%) across components and of different lengths.

the binary outcome Y ∈ {0, 1} is drawn from a Bernoulli distribution with success probability

given by

logitpr (Y = 1 |W = w,A = a) = β0a+

d∑
j=1

(βj + γja)wj .

We set β0 = 0.2, β1 = . . . = βd/2 = 0.7/d and βd/2+1 = . . . = βd = 0, where d is even, and consider

the following settings:

(Setting 1) γ1 = . . . = γd = 0;

(Setting 2) γ1 = 1.2 and γ2 = . . . = γd = 0;

(Setting 3) γ1 = . . . = γ5 = −0.8, γ6 = . . . = γ10 = 0.8 and γ11 = . . . = γd = 0;

(Setting 4) γ1 = . . . = γ5 = 0.07, γ6 = . . . = γ10 = 0.14 and γ11 = . . . = γd = 0.

Thus, the null hypothesis holds in the first setting, and the alternative holds in the three other set-

tings. Calculation of parameter estimates and estimated influence functions required for inference

was implemented using code adapted from the ltmle package in R (Lendle et al., 2017).

In the null setting (Setting 1), we find that the type one error of all norm-based tests is somewhat

above the nominal level, and larger for small sample sizes and high dimensions. The Bonferroni test

is slightly conservative and the Cauchy test is slightly anti-conservative in all settings. In Setting

2, all tests have similar power with the adaptive tests slightly outperforming others at lower sample

sizes and the Bonferroni test under-performing in all settings. The differences in performance are

larger when the dimension is higher. In Setting 3, the ℓ∞ based test almost always outperforms
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Figure 1.7: Empirical rejection rates for the Bonferroni test, the Cauchy test, the non-adaptive ℓp,
and ℓ∞ tests, and the adaptive ℓp and ℓ∞ tests in Example 3 across Settings 1–4, different sample
sizes and covariate vector dimensions.

all other tests, with the largest differences in the sample size 500 setting. In Setting 4, the ℓ∞ and

Bonferroni test under-perform all other tests, of which all have nearly identical power.

1.6 Assessing correlates of risk of HIV infection in HVTN

505

Between 2008 and 2013, a cohort of 2,504 circumcised men and transgender persons who have sex

with men were recruited in the United States to participate in HVTN 505, a phase IIB preventa-

tive efficacy trial of a DNA and recombinant adenovirus serotype 5 HIV vaccine (Neidich et al.,

2019). While the vaccine under study was not found to be efficacious in preventing HIV infection,

secondary analyses were conducted to study the association between the immune response to the

vaccine and the risk of infection. This response was measured using a large number of biomarkers,

including levels of various antibodies, T cells, and Fc-gamma receptors. These analyses indicated

the possibility of a qualitative interaction, whereby the vaccine may lower or raise the rate of HIV-1

acquisition for different subgroups, depending on the immune response (Fong et al., 2018; Gilbert

et al., 2020). Estimates of how well each biomarker group can predict future HIV-1 infection are

suggestive of which groups protect against HIV-1.

In our analysis, we consider the same groupings of biomarkers as in Neidich et al. (2019). For
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Biomarker Group ℓ2 ℓ∞ adaptive ℓp adaptive ssq

IgG + IgA 0.127 0.149 0.147 0.153
IgG3 (Immuno Globulin G3 Group) 0.000 0.003 0.000 0.000
T Cells 0.000 0.000 0.000 0.000
Fx Ab 0.062 0.116 0.052 0.049
IgG + IgA + IgG3 0.002 0.006 0.002 0.002
IgG + IgA + T Cells 0.003 0.000 0.000 0.001
IgG + IgA + IgG3 + T Cells 0.000 0.000 0.000 0.000
IgG + IgA + IgG3 + Fx Ab 0.004 0.004 0.002 0.002
T Cells + Fx Ab 0.000 0.000 0.000 0.000
All markers 0.000 0.001 0.000 0.000

Table 1.1: p-values for each combination of biomarker group and test type. This analysis is based
on data from the HVTN 505 clinical trial, and the null hypothesis tested is that the biomarkers
from the given group are not associated with the risk of HIV infection.

each set of biomarkers, we test the null hypothesis that no biomarker is associated with the risk

of infection using four tests derived from our framework. Two of these tests are adaptive (select-

ing across ℓp and sum-of-squares norms, respectively), whereas the other two are non-adaptive

(based on the ℓ2 and ℓ∞ norms, respectively). The association parameter we focus on is the

biomarker-specific regression coefficient from a weighted univariable working logistic regression

model. Weighting accounts for the informative biomarker missingness induced by the two-phase

study design. Additional details on the HVTN 505 trial and our analysis strategy are provided in

the Appendix.

The results of these tests are summarised in Table 1.1. Each column (except the first) corre-

sponds to a test type and each row to a group of biomarkers considered by Neidich et al. (2019).

With the exception of the Fx Ab and IgG+IgA groups, each test of association between a biomarker

group and risk of infection has a p-value less than 0.01 for all considered tests. For the IgG+IgA

group, the tests yield p-values that are all similar, though the ℓ2 test gives a slightly smaller p-

value. The tests for the functional antibody (Fx Ab) biomarker group give similar p-values to one

another except for the ℓ∞ test, which yields a p-value roughly twice as large as the others. Thus,

in all but one setting, the choice of testing procedure has little impact on results. For the test of

the Fx Ab biomarker group, the adaptive tests provide similar p-values, whereas p-values for the

non-adaptive tests differ more.

In Figure 1.8, we focus on the testing results for the Fx Ab group. The gray histogram in each

panel shows an approximation of the estimated null limiting distribution of Zn for each considered

test. The dashed red and solid black vertical lines intersect the x-axis at Z∗
n and the 5th percentile

of the estimated limiting distribution, respectively. Both adaptive tests have distributions that

are centered and more concentrated around a smaller value. Because the adaptive tests select the

pointwise minimum among all norms considered, this phenomenon is expected. Figure A.3 of the

Appendix shows this summary for every biomarker group from Table 1.1.
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Figure 1.8: Estimated limiting distributions of the multiplicative factor measure for both non-
adaptive (ℓ2 and maximum absolute deviation) and adaptive (adaptive ℓp and adaptive sum-of-
squares) testing procedures. The black vertical line in each plot represents the 0.05 quantile of
the limiting distribution, and the dashed red vertical line represents the value of the test statistic.
This analysis is based on data from the HVTN 505 clinical trial, and the null hypothesis tested is
that the biomarkers from the Fx Ab group are not associated with the risk of HIV infection.

1.7 Concluding remarks

We have described a general framework for constructing tests of a multivariate point null hypoth-

esis in settings in which an asymptotically linear estimator of the underlying target parameter is

available. Tests created using this framework leverage knowledge of the parameter estimator and

its estimated sampling distribution to adaptively build a test statistic that provides good power

under alternatives suggested by the data. Tests constructed using our framework have desirable

asymptotic guarantees under the null, fixed alternatives, and local alternatives. We studied the

performance of tests constructed using our framework in simulation studies and find these tests

have comparable performance to tailor-made methods in settings in which specialized methods

currently exist and have favorable properties in settings in which they do not.

The framework we described is quite general, allowing users to specify the parameter of interest

and to utilize as much or as little information of the data-generating mechanism as is known.

However, it does require an estimator of the covariance matrix of the parameter estimator. For

most common parameters, such (non-parametric) estimators already exist and in novel settings

constructing these estimators can be facilitated using influence functions. Such analytic derivations

could pose a challenge for the implementation of this method in novel settings, though work has

been done to allow for such computations to be carried out numerically, which could remove this

hurdle (Carone et al., 2019).
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Finally, while we have focused on point null hypotheses in this paper, our proposed framework

can also be used to test certain composite null hypotheses. For example, the composite null

hypothesis H0 : ψ10 = ψ20 = . . . = ψd0 can be equivalently stated as H0 : ψ∗
10 = ψ∗

20 = . . . =

ψ∗
(d−1)0 = 0, where we define Ψ∗

j (P ) := Ψj(P )−Ψd(P ) and write ψ∗
j0 := Ψ∗

j (P0). Indeed, whenever

the composite null hypothesis of interest can be restated as a point null hypothesis (of lower

dimension) based on a different parametrization, the methods we have proposed can be used

directly.

The code used to run all examples and the data analysis is maintained on GitHub: https:

//github.com/adam-s-elder/amvpnt_code. This code requires the amp package https://cran.

r-project.org/package=amp.
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Chapter 2

A general adaptive framework for

testing a functional null hypothesis

2.1 Introduction

It is often of interest to provide inference for function-valued parameters. Because these parameters

are infinite-dimensional, and in some cases, non-pathwise differentiable, estimation and inference

for these parameters can be more difficult than in the finite-dimensional setting. Currently, multiple

methods exist for addressing these issues, though none is a panacea.

A simple way to construct a functional null test is to assume that the data-generating mechanism

falls within some restricted space of functions (for example, a linear model). Such techniques are

easy to apply and can provide asymptotic guarantees for standard estimators, such as those derived

from maximum likelihood, when the model is correctly specified. Even issues arising from model

misspecification can be addressed in some settings by instead specifying a working model whose

parameter is still well-defined in settings when the working model does not hold (Buja et al.,

2019a,b; Whitney et al., 2019). However, even in settings where correct inference is achieved for

the parameter itself, a functional null tests based on such estimators may still be inconsistent.

This can happen whenever the working model parameter has a preimage that contains elements

both inside and outside of the functional null model space. As an example, consider testing the

null hypothesis that a function is constant across its support. If a linear working model for the

function-valued parameter is used when the true function is a parabola, it is possible the slope

parameter from this working model is zero. As a result, a test based on this working model could

be inconsistent.

To avoid these issues, non-parametric or semi-parametric models for the function valued pa-

rameter may be employed. When the parameter is pathwise differentiable then constructing a
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consistent test is possible using a multitude of methods, e.g., those described in Westling and

Carone (2020) and Hudson et al. (2021). While the two cited articles utilize different test statis-

tics, both rely on a univariate summary of the original function-valued parameter that is indexed

by a norm. As was seen in the previous chapter, the selection of the norm used can influence the

performance of the test and suggests that an adaptive selection of the norm could result in the

favorable finite-sample performance of the test.

While the previous chapter introduces an adaptive test, this was done in the context of a finite-

dimensional vector of parameters. By defining a vector of parameters evaluated at various points

on the function’s support, it is possible to construct an adaptive test of a functional null using

the framework outlined in the first chapter. However, the selection of the number and location of

the values at which to evaluate the function introduces multiple complications. Additionally, to

attain consistency for all alternatives, it would likely be necessary for the number of locations at

which the function is evaluated to grow with sample size. Providing theoretical results for such

a test could also prove challenging, especially since the sequence of vectors for such a test has a

covariance matrix that is changing dimension and approaching degeneracy as the number of grid

points grows.

Fourier transforms provide an alternative means to derive a low-dimensional approximation of

the function of interest. While the Fourier transformation still maps to an infinite-dimensional

space, lower dimensional approximations are easy to implement and frequently used. In practice,

such approximations consider some number of the earliest elements of the transformation. This ap-

proximation has been shown to be effective in many areas of statistics including time-series analysis

(Bloomfield, 2010), spatial statistics (Subba Rao, 2018) and Gaussian Process models (Hensman

et al., 2018). There is also theoretical support for using such finite-dimensional approximations.

Indeed for any square-integrable function, the Fourier series approximation of that function will

converge to the function with respect to the ℓ2 norm (Zygmund, 2002), suggesting that a (large

enough) finite-dimensional Fourier approximation will contain most of the information about the

given function.

The test described in this chapter uses the Fourier transform to define a test statistic, the form of

which builds on work from the previous chapter. We show that if the function estimator satisfies

certain regularity conditions, the finite-dimensional test achieves the same desirable properties

as the tests described in Chapter 1 in most settings. We also provide arguments that our test

approaches that of the (nearly non-parametric) infinite-dimensional test as d grows. We show via

simulations that the performance of the test is maintained as the number of coefficients used to

define the test statistic grows.

This chapter is organized as follows. In Section 2.2, we introduce the testing problem considered
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and provide context for the use of the Fourier transform to help define a test. We formally describe

the initial test in Section 2.3, and described an alternative test in Section 2.4. In Section 2.5 we

study the performance of the two considered tests in a variety of settings. In Section 2.6 we provide

concluding remarks.

2.2 Problem setup

In contrast to the first chapter, we now let the parameter Ψ map into a function space. We

suppose that Ψ maps from M to L2([0, 1]), the set of all square-integrable functions on [0, 1]. For

each P ∈ M, denote by fP := Ψ(P ) : [0, 1] → R the function-valued parameter of interest. In

this chapter, we restrict ourselves to parameters P 7→ fP (t), t ∈ R, that are pathwise differentiable

with some gradient Dt(P ).

For a given (known) function ψ∗ ∈ L2([0, 1]), we consider testing

H0 : fP0
= ψ∗ versus H1 : fP0

̸= ψ∗ . (2.1)

Without loss of generality, we consider the case ψ∗(t) = 0 for each t since otherwise we may instead

take Ψ to be its null-centered counterpart P 7→ fP − ψ∗.

As in the previous chapter, we suppose X1, X2, . . . , Xn are observations drawn independently

from a common unknown distribution P0 ∈ M, with the statistical model M encoding known

restrictions on P0. If the outcome space of Ψ can be indexed by a finite-dimensional vector, then

estimation and inference for Ψ(P0) can be simplified to estimation and inference for the indexing

vector. However, here we focus on cases in which M is a non-parametric or semi-parametric model

space. Denote by X the union of the support of each P ∈ M. Also, let M0 denote the set of P for

which Ψ(P ) = 0

Unlike in the finite-dimensional case when element-wise estimation was applicable, the func-

tional null test requires consideration of an entire function. Both estimation of and inference of

such quantities can be more difficult than for finite-dimensional quantities. A common method to

construct a test in this setting is to instead consider a finite collection of summaries of the function.

Commonly, these summaries S map from the infinite-dimensional parameter space into Rd. Such

summaries are often selected so that, if P ∈ M0, it follows that S(Ψ(P )) = 0 and, for P ̸∈ M0, it

holds that S(Ψ(P )) ̸= 0.

A straightforward version of this approach takes S to be function evaluations at a set of points

in the support of fP . This method would simplify the functional null test to a multivariate point

null test, a setting for which there are many existing testing procedures. However, it is possible

that, for a fixed set of grid points, such a test would be inconsistent if the true value of the
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function at each grid point was zero and the function took a non-zero value at another point. This

shortcoming can be addressed by adding more grid points, though such additions also come with a

computational cost. Because making the grid finer reduces the risk of false negatives, it is natural

to consider a test that increases the fineness of the grid as sample size increases.

Two inconveniences arise when considering such a test. The first is the question of how to

choose the number and location of the grid points. These decisions will need to be considered

alongside considerations of the function estimation procedure. Second, as the number of grid

points increases, the covariance matrix of the vector of function estimator evaluations becomes

nearly degenerate.

2.2.1 Defining a test statistic using a Fourier transformation

Because of the issues raised for the grid-based approach, we consider an alternative vector-valued

parameter to define the test. This alternative is the vector of Fourier coefficients arising from

the Fourier transformation. This transformation is well studied and frequently used to reduce

the dimensionality of estimation problems in a variety of settings. While this parameter is also

infinite-dimensional, it provides some key advantages over the grid-based approach. We start by

defining the transformation. Let F denote the map from L2([0, 1]) to R∞ defined by:

F : f 7→ (F1(f),F2(f), . . .) where Fl(f) = cl :=


2
∫ 1

0
f(t)dt, if l = 1,

2
∫ 1

0
f(t)cos(πlt)dt, if l is even,

2
∫ 1

0
f(t)sin(π(l − 1)t)dt, otherwise.

One could consider a test that uses the coefficients from this transformation as a test statis-

tic. While there are an infinite number of coefficients arising from the Fourier transform, finite-

dimensional approximations of the vector can be used and have favorable properties compared

to the finite-dimensional grid-based method. The most important of these properties is that for

smooth functions the earlier Fourier coefficients capture the majority of information about the

function and take larger values while the later coefficients capture more fine-grained information

and tend to take smaller values. This suggests two potential beneficial properties of a test that

uses the Fourier coefficients to define the test statistic. First, a finite-dimensional version of the

test could perform nearly as well as an infinite-dimensional version of the test since most of the

information about the function estimator is captured by the finite-dimensional test statistic. Sec-

ond, it suggests that a sequence of finite-dimensional tests with an increasing number of coefficients

could have behavior that converges to some desirable limit. This could occur if the later Fourier

coefficients become smaller as d grows such that the error induced by not including them shrinks
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to zero.

While vectors residing in Rd were used in the previous chapter and we provided a method for

constructing a test using these vectors, it is now of interest to consider vectors in R∞. To this end,

new notation is introduced to allow for the construction of an infinite-dimensional test statistic

that is comparable to finite-dimensional versions of the test statistic. Denote by vd,0 ∈ R∞ the

vector defined by vd,0i = vi for i ∈ {1, 2, . . . , d} and vi = 0 for i ∈ {d+ 1, d+ 2, . . .}. Similarly, for

any matrix A in R∞ ⊗R∞, we denote by Ad,0 a matrix defined by Ad,0
ij = Aij for i, j ≤ d and zero

otherwise. Lastly, we let v−d = v−vd,0, which is the error induced by considering the approximate

vector rather than the vector itself. Such vectors and matrices are easily compared since each

is infinite-dimensional for every d. In addition, these vectors also allow for consideration of the

finite-dimensional test, so long as a Γ can be defined such that Γ(vd,0,Σd,0, φ) = Γd(vd,Σd, φ).

Next, to further motivate the use of the Fourier transform in this setting, two useful results are

reviewed. To precisely state these results, we introduce the inverse Fourier transformation and the

notion of a finite-dimensional Fourier approximation. The inverse Fourier transform, denoted by

F−1 maps from R∞ into L2([0, 1]), defined by:

c 7→ fc where fc(t) := c1/2 +
∑

i=2,4,6,...

ci × cos(πit) +
∑

i=3,5,7...

ci × sin(π(i− 1)t).

The d-dimensional Fourier approximation of a function f is denoted by fd and is equal to F−1[Fd,0(f)].

The first result that we review is the Riesz–Fischer theorem which states that, for any function

f ∈ L2([0, 1]), the sequence {fd}∞d=1 will converge to f . Specifically,

lim
d→∞

(∫ 1

0

|fd(t)− f(t)|2dt
)1/2

= 0.

The second result considered is the Hausdorff-Young inequality (Zygmund, 2002) which states that,

for any function f in L1([0, 1]), each Fourier coefficient is well-defined and, for any p ∈ (1, 2],

( ∞∑
n=0

|F(f)n|p
′

)1/p′

≤
(∫ 1

0

|f(t)|pdt
)1/p

,

where p′ ∈ [2,∞) is the Hölder conjugate of p.

Due to the Riesz-Fischer theorem mentioned, we expect that if the function of interest is

in L2([0, 1]), the approximation error from using a d−dimensional Fourier approximation of the

function, fd, will shrink to zero in as d increase. That is,
(∫ 1

0
|fd(t)− f(t)|2dt

)1/2
will converge

to zero. Next, the Hausdorff-Young inequality implies that, given this convergence, the vector

F(f − fd) will converge to zero in the ℓ2 sense as d becomes large. Lastly, note that, due to the

linearity of the Fourier transform, we have that F(f−fd) = F(f)−F(fd). Taking this all together
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suggests that the finite-dimensional approximation of the vector of Fourier coefficients converges to

that of the actual vector with respect to the ℓ2 norm. This result suggests that it could be possible

to show that, as d increases, the d-dimensional test based on udn :=
√
nFd,0(fn) will approach some

infinite-dimensional test. Because an infinite-dimensional test includes all the Fourier coefficients,

it would not run the same risk of inconsistency that exists for the d-dimensional test.

For any single function in L2([0, 1]), we can expect that using a finite Fourier approximation

can allow for an arbitrarily accurate approximation of the function. However, when defining the

test statistic using the Fourier transform of the function estimator, it is necessary to account for the

randomness of this transformed estimator. To better understand the expected asymptotic behavior

of the test statistic, note that we anticipate that the normalized estimator
√
n[fn − f ] converges

in distribution to a Gaussian process Gk with mean zero and some covariance function k. Let K

denote the set of bivariate, exchangeable functions and denote by Σ the function mapping from K

to R∞ ⊗ R∞ defined by

k 7→


FF1,1(k) FF1,2(k) . . .

FF2,1(k) FF2,2(k) . . .

...
...

. . .

 ,

where kl(x) = Fl(k(x, ·)) and FF l,i(k) = Fi(kl). Due the linearity of the Fourier transform, for

any Gaussian process Gϕ,k with mean function ϕ and covariance function k, it follows that F(Gϕ,k)

is a Gaussian process with mean F(ϕ) and covariance matrix Σ(k) (Papoulis and Pillai, 2002).

Similar to the vector of Fourier coefficients, if the covariance matrix of the F(Gk) is almost

surely bounded with respect to the ℓ2 norm, we expect the d-dimensional approximation of the

covariance matrix, Σd,0, can approximate Σ to an arbitrary level of accuracy (given a large enough

d). We expect this can be shown using the Riesz–Fischer theorem and the Hausdorff-Young

inequality.

Thus, building a test around the parameters F(f)1, . . . ,F(f)d rather than f(x1), . . . , f(xd)

provides practical benefits, making both computation and derivation of theoretical results easier.

The described properties of the Fourier transform should prove useful when defining a test statistic

that takes values of the coefficients from the transform. In the finite-dimensional setting, we hope

that the initial coefficients contain most of the signal from the function estimator. In the infinite-

dimensional setting, for sufficiently smooth functions, the Fourier transform coefficients can be

accurately approximated using a finite-dimensional approximation. This fact may be used to show

the sequence of tests in which the number of coefficients increases with sample size will approach

some stable limit and have favorable properties.
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2.3 Proposed testing procedure

As described above, using the Fourier transform coefficients as a test statistic provides a simple

but powerful summary of the function estimator that can be used to construct a finite-dimensional

test of the functional null. In what follows we describe a straightforward method of constructing

a test using the Fourier transform and describe the properties of the function estimator that we

expect to be sufficient to guarantee favorable test performance. To simplify notation, let

Σn := FF(κn), Σ := FF(κ), SΣ,n := F(Gkn), SΣ := F(Gk).

For a test based on udn and Σd
n to satisfy the conditions of Theorem 1 (for a valid Γd), it is sufficient

to show udn is an asymptotically linear estimator of Fd(fP0
) and Σd

n is a consistent estimator of

Σd. To see that this holds in some settings, consider for now a one-step estimator fn of f of the

form

fn : t 7→ fP̂ (t) + PnΦt(P̂ ),

where Pn is the empirical distribution and P̂ is some estimate of P . For now, suppose that for

each t ∈ [0, 1], P 7→ fP (t) is pathwise differentiable with a gradient Φt(P ). It follows that, for each

t,

fn(t)− fP0
(t) = (Pn − P0)Φt(P0) + (Pn − P0)[Φt(P̂ )− Φt(P0)] + Remt(P̂ , P0). (2.2)

Suppose also that the following two conditions hold:

sup
t∈[0,1]

|(Pn − P0)[Φt(P̂ )− Φt(P0)]| = op(n
−1/2),

sup
t∈[0,1]

|Remt(P̂ , P0)| = op(n
−1/2).

In this case, it is possible to show that the Fourier coefficients of the functions ϵ1,n : t 7→
√
n(Pn −

P0)[Φt(P̂ ) − Φt(P0)] and ϵ2,n : t 7→
√
nRemt(P̂ , P0) shrink to zero as n increases. Note by the

Hausdorff-Young inequality that

( ∞∑
i=0

|F(ϵ1,n + ϵ2,n)i|p
′

)1/p′

≤
(∫ 1

0

|(Pn − P0)[Φt(P̂ )− Φt(P0)] + Remt(P̂ , P0)|pdt
)1/p

≤ op(1/
√
n).
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Next, suppose that {z 7→ Φt(P0)(z) : t ∈ [0, 1]} is a Donsker class. If each of the above conditions

holds, then

√
n [F{fn − fP0}] =

√
nF

{
[(Pn − P0)Φ(P0)] + (Pn − P0)[Φ(P̂ )− Φ(P0)] + Rem(P̂ , P0)

}
√
n [F{fn} − F{fP0

}] =
√
nF {[(Pn − P0)Φ(P0)]}+

√
nF

{
(Pn − P0)[Φ(P̂ )− Φ(P0)] + Rem(P̂ , P0)

}
=

√
nF{[(Pn − P0)Φ(P0)]}+ op(1).

If it is the case that

{
√
n(Pn − P )Φt(P0) : t ∈ [0, 1]}⇝ {GΦt(P0) : t ∈ [0, 1]}

in ℓ∞([0, 1]), then we expect that by the continuous mapping theorem that

√
n [F{fn − fP0

}]⇝ F{GΦt(P0)}.

Remembering that the Fourier transformation of a Gaussian process is also a Gaussian process (Pa-

poulis and Pillai, 2002), the above finding, would imply that under the null,
√
n
[
Fd{fn} − Fd{fP0}

]
converges in distribution to a multivariate normal distribution with mean zero and covariance ma-

trix Σd(ΦΦ), where ΦΦ is the map (x, y) 7→ Φx(P0)Φy(P0) with x, y ∈ [0, 1]. Lastly, note that if a

consistent estimator Φn of Φ(P0) exists, it can be used to define a consistent estimator of Σd(ΦΦ).

In conclusion, we expect that udn is an asymptotically linear estimator of Fd(f) and Σd(ΦnΦn) is

a consistent estimator of Σd(ΦΦ). If this holds, it would then follow that a test based on these

estimators would satisfy the properties described in Theorem 1.

One caveat of the described test is that it may be inconsistent in the sense that the first d

Fourier coefficients may be zero while the true function is non-zero at some point. To be more

precise, denote by Md
0 the set of all probability distributions P for which FdΨ(P ) = 0. Note that,

for each d, Md+1
0 ⊆ Md

0 and M∞
0 contains only functions that are almost everywhere equal to

0. If it were the case that f ∈ Md
0, but f ̸∈ M∞

0 the limiting distribution of udn (and every ud
∗

n

for d∗ < d) would have mean zero and as a result, the test based on udn would likely have a low

probability of rejecting the null hypothesis, even for large samples.

2.3.1 Allowing dimension to grow with sample size

As has been hinted at before, it is natural to consider the validity of the test that considers all

Fourier coefficients. In what follows an extension of the testing framework outlined in Chapter 1

will be introduced that uses an infinite-dimensional vector estimator as its test statistic. To show

that such a test has desirable properties, findings from Chapter 1 will be built upon. In particular,
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we seek to show that if a sequence of d-dimensional tests is considered, the behavior of these tests

approaches some limit as d and n become large. If this can be shown, it is possible to obtain some

of the same desirable properties for the infinite-dimensional version of the test as were found for

the finite-dimensional test.

It is difficult to make comparisons between tests that are defined using udn if d is different between

the tests. To make such comparisons more straightforward, recall that ud,0n = (udn, 0, 0, . . .). For

now, assume we may construct a performance measure Γ such that for each d, we have

Γ(vd,0,Σd,0, φ) = Γd(vd,Σd, φ) for each v, Σ, and φ.

Note that for Γar and Γmd, the definitions may be used in the infinite-dimensional setting by replac-

ing the finite-dimensional probability density function with an infinite-dimensional version. Next,

to ease notional complexity, let Qn,d denote the random variable Γd
(
udn,Σ

d
n

)
= Γ

(
ud,0n ,Σd,0

n

)
, Q̄n,d

denote the random variable Γd
(
SΣd

n
,Σd

n

)
= Γ

(
Sd,0Σ,n,Σ

d,0
n

)
, and Qd denote the random variable

Γd
(
SdΣ,Σd

)
= Γ

(
Sd,0Σ ,Σd,0

)
. Notation is also introduced for the infinite-dimensional version of the

test. Let Qn denote the random variable Γ (un,Σn), Q̄n denote the random variable Γ (SΣ,n,Σn),

andQ denote the random variable Γ (SΣ,Σ). Let Fn,d, F̄n,d, Fd, Fn, F̄n and F denote the cumulative

distribution functions of Qn,d, Q̄n,d, Qd, Qn, Q̄n and Q, respectively, and denote the corresponding

quantile functions of each random variable with a “−1” superscript. Next, we seek to quantify the

relationship between the finite and infinite-dimensional versions of the test. For context, suppose

that fn is some asymptotically linear estimator of f , where
√
n(fn − f) converges to a Gaussian

process G with covariance function κ and let κn be some consistent estimator of κ (in the ℓ∞ sense).

Next, suppose that Γd satisfies C1-C3 from Chapter 1. With these assumptions in place, consider

the error introduced by using a finite-dimensional test to approximate the infinite-dimensional test,

namely

∣∣∣pr
{
Qn,d < F̄−1

n,d(α)
}
− pr

{
Qn < F̄−1

n (α)
}∣∣∣ .

Being able to show that this error term becomes small as n and d increase should make it possible

to show that the infinite-dimensional version of the described test has the desirable properties

outlined in Theorem 1.

To see this, suppose it has been established that the above quantity converges to zero. This

convergence can be used to show the infinite-dimensional tests has a rejection rate that tends to

α under the null. Let T d
n denote the random variable that is equal to one if the d-dimensional

test rejects the null and zero otherwise. Let T∞
n denote the random variable that is equal to one

if the infinite-dimensional test rejects the null and is zero otherwise. Letting εd,n := |pr(T∞
n =
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1)− pr(T d
n = 1)|, suppose it has been shown that εd,n → 0 as d and n become large. Additionally,

for each fixed d it is known that pr(T d
n = 1) converges to α. Thus, the sum pr(T d

n = 1) + εd,n can

be made arbitrarily close to α. Let ε be given. First select a Dε and Nε,1 such that εd,n < ε/2 for

all d > Dε and n > Nε,1 and select an Nε,2 such that |pr(TDε+1
n = 1)− α| < ε/2 for all n > Nε,2.

Thus, for all n sufficiently large, it follows that

|pr(T∞
n = 1)− α| = |pr(T∞

n = 1)− pr(TDε+1
n = 1) + pr(TDε+1

n = 1)− α|

≤ |pr(T∞
n = 1)− pr(TDε+1

n = 1)|+ |pr(TDε+1
n = 1)− α| < ε/2 + ε/2.

Because the ε chosen was arbitrary, we may then conclude that limn→∞ pr(T∞
n = 1) = α. A key

piece of the above logic is that εd,n can be bounded uniformly with respect to both d and n at

the same time. That is, while εDε+1,Nε,1
< ε/2, it must also be the case that εDε+1,n < ε/2 for

each n > Nε,1. A similar argument could be made that would show that when P ̸∈ M∞
0 , the

infinite-dimensional test would approach a rejection rate of one. The only additional argument

would be finding a second D such that MD
0 does not contain the true function and choosing D to

be at least this large. While such an infinite-dimensional test can never be carried out in practice,

these results suggest that the sequence of tests for which dimension increases with sample size will

converge to a test with the properties outlined in Theorem 1. Additionally, the infinite-dimensional

test would avoid most of the issues of inconsistency that exist for the finite-dimensional test.

2.4 An alternative testing procedure

Considering the finite-dimensional test described earlier, note that the vector of Fourier coeffi-

cients is non-standardized in the sense that the entries of udn may have standard errors that are

quite different from one another. In previous settings, the parameters being estimated were often

themselves standardized. As an example, the correlation between the outcome of interest and each

covariate was considered in Chapter 1, rather than the covariance. However, this lack of stan-

dardization could cause more problems in this setting when the parameters are the coefficients of

a Fourier transform. While many counter-examples exit, it is generally expected that for smooth

functions the Fourier coefficients tend to rapidly shrink towards zero as the index of the coefficient

increases. In other words, it is expected that the latter entries of the vector of Fourier coefficient are

much smaller than the earlier entries of the vector. Even for non-smooth functions, this behavior

can be observed. As an example, the Fourier representation of the Brownian bridge was studied
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Figure 2.1: Empirical estimates of the performance of a simplified test under the null and two
alternatives

by Loève (1978) and has been shown to be given by:

∞∑
i=1

√
2Wi

πi
sin(πit) for each t ∈ (0, 1)

where each Wj is an independent standard normal random variable. The above representation

indicates that, for the non-smooth Brownian bridge, the jth Fourier coefficients will have a standard

error 1/j the size of the first coefficient.

These differences in coefficient size could potentially lead to poor test performance for settings

in which the latter Fourier coefficients are non-zero. The reason for this can be seen by studying

how the rejection region for a simple test is constructed. Consider a test that uses ℓ2(udn) as its

test statistic. As described in Chapter 1, this test may use a circular acceptance region, where

the radius of the circle, cα, is selected such that pr(ℓ2(udn) < cα) converges to 1− α when the null

holds. Figure 2.1 shows an example of such an estimated acceptance region and a region based

on the max norm. In this example, the vector of parameter estimators resides in R2 and the first

element of the vector has a far larger estimated variance than the second. As a result, the size

of the acceptance region for both tests is determined nearly entirely by the estimated variance of

the first element of the vector. Next, consider two separate alternatives, in which u2n has the same

covariance as in the null setting. For the first alternative, u2n has a mean of (3×
√

var(un,1), 0) and

for the second alternative u2n has a mean of (0, 3×
√

var(un,2)), as is shown in the second and third

panels of Figure 2.1, respectively. Because both alternatives are three standard deviations away

from zero, both alternatives could be considered equally far away from the null. However, because

of the symmetry of the acceptance region, the described tests have vastly different rejection rates

for the two alternatives. While tests based on Γar and Γmd construct their acceptance regions

differently than the simple tests described above, these performance measures are defined in part

by the simple tests that were just described. Thus, the rejection regions of tests defined using these

measures are still impacted by the lack of standardization.

One method to mitigate the trend observed above is to standardize the test statistic. To

describe standardization, we first recall the definition of a matrix square root. For a matrix, Σ,

we define the square root of Σ as the matrix A such that AtA = Σ. The inverse square root
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of the matrix Σ is defined as A−1 and is denoted by Σ−1/2. The standardized test statistic is

the original test statistic, but pre-multiplied by Σ−1/2. This multiplication will result in the test

statistics having a limiting distribution with an identity covariance matrix. Such a test statistic

is frequently used for defining tests, including the foundational Wald test. If tests using such a

standardization were used in the previous example, similar rejection rates for both alternatives

would have been observed.

Standardization provides a simple strategy to ensure that each element of the estimator vector

takes values relative to the estimated standard error of the estimator. While this can be beneficial

in some settings, it may not always improve the performance of the test. In particular, when the

Fourier transform defines the vector of parameters, standardization makes the test sensitive to

alternatives in which the latter coefficients are non-zero. However, when these latter coefficients

are equal to (or close to) zero, each standardized coefficient can add sizable amounts of noise to

the test statistic.

Additionally, the technique used to show that the non-standardized test would approach some

limit as the dimension of the test grows will not be usable for the standardized test. To show the

limit of the finite-dimensional non-standardized tests converged to that of the infinite-dimensional

test, it was shown that the size of the latter entries of the vector of Fourier coefficients would shrink

toward zero. Intuitively, for these tests, the information in the part of the vector not included in

the finite-dimensional approximation shrinks towards zero as the dimension grows. In contrast,

each entry of the standardized test is constructed to have an equivalent amount of information.

Thus ignoring the latter terms of the standardized vector could introduce large errors, even as

dimension increases.

For now, we introduce the finite-dimensional version of the standardized test described above.

Rather than using the estimator udn as the test statistic and Σd
n as the covariance estimator,

the standardized testing procedure uses
(
Σd

n

)−1/2
udn as the estimator and Id as the covariance

estimator where Id is the d by d identity matrix. By the continuous mapping theorem and the

assumption that matrix inverses and matrix square roots are continuous functions near (Σd)−1 and

Σd, respectively, we expect that
(
Σd

n

)−1/2 is a consistent estimator of
(
Σd
)−1/2 (Bhatia, 2013).

This and another use of the continuous mapping theorem implies that
(
Σd

n

)−1/2
udn will converge

in distribution to a multivariate normal distribution with mean zero and covariance matrix Id. If

this is the case, then
(
Σd

n

)−1/2
udn and Id satisfy the requirements of the parameter and covariance

estimators outlined in Theorem 1, respectively.
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2.5 Numerical examples

The performance of our testing procedures is now studied in a variety of settings. In each setting,

the baseline covariate W is drawn from a uniform [0, 1] distribution. Conditional on W = w, treat-

ment level is defined by A := εa +w/2, where εa is a uniform [0, 0.5] random variable independent

of W . Conditional on A = a, Y = f(a) + εy, where, independently of A and W , εy is drawn from

a normal distribution with mean zero and standard deviation of 0.4. The mean function f is one

of six functions:

• Null setting: f(x) = 0;

• Linear setting: f(x) = 0.25x;

• Parabolic setting: f(x) = 1.5[0.25− (x− 0.5)2];

• Discontinuous setting: f(x) =


4− 1.5x if 0 ≤ x ≤ 1/3

1 + 2x if 0 < x ≤ 2/3

3.7sin(2πx) + 1.1 if 0 < x ≤ 1;

• Multiple Fourier setting: F−1(c∗), where c∗,15 = −0.4, c∗,16 = 0.5, c∗,17 = −0.5, c∗,18 = 0.4 and

each other c∗,1j = 0; or

• Single Fourier setting: f = F−1(c∗,2), where c∗,24 = 0.8 and each other c∗,2j = 0.

For any function f with support on [0, 1], we define the standardized primitive of f as the func-

tion t 7→
∫ t

0
f(u)du − t

[∫ 1

0
f(u)du

]
. For each test considered, the parameter of interest is the

standardized primitive of the conditional mean function. Figure 2.2 shows each of the functions

described above, along with their corresponding standardized primitive functions. In the bottom

row of the figure, the first 11 Fourier transform coefficients of each standardized primitive function

are shown. As was done in Chapter 1, we consider both adaptive and non-adaptive versions of

the testing procedure and compare them to the method described by (Westling, 2020), which is

referred to here as the Westling test. This method requires users to specify the norm used to

define the test. For simplicity, only the performance of the Westling test based on the Euclidean

distance is presented here. We consider the non-adaptive ℓ2, and ℓ∞ versions of our test as well

as two adaptive versions of our test. The first adaptive test is the ℓp test and selects over the ℓ1,

ℓ2, ℓ4, ℓ6, and max norms. The second adaptive test selects over various versions of the ȷk norm

— specifically, over k ∈ {1, 2, 3} when d = 3, k ∈ {1, 2, 3, 4, 5} when d = 5, and k ∈ {1, 4, 6, 8, 11}

when d = 11, k ∈ {1, 6, 11, 16, 21} when d = 21— and is referred to as the sum-of-squares test. We

note that ȷ1 = ℓ∞ and ȷd = ℓ2.
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Figure 2.2: The six considered simulation settings.

In each example, we consider all combinations of sample size n ∈ {200, 400} and number of

basis functions d ∈ {3, 5, 11, 21}. The multiplicative factor measure (1.4) is used throughout. In

this example, all tests (including that of Westling, 2020) use the same function estimator and corre-

sponding covariance estimator. In each setting these estimators are calculated using the ctsCausl R

package (Westling, 2020). The Fourier coefficients of the standardized primitive function estimator

and the corresponding IC estimator are approximated using numerical integration.

In Figures 2.3, 2.4, and 2.5, the null hypothesis holds in the first (far left) setting but not in any

of the remaining settings. In each panel of each figure, the horizontal dotted red line represents the

0.05 α level of all tests. The thicker horizontal blue line shows the rejection rate of the Westling

test. Each of the remaining tests is defined by the number of Fourier coefficients used to define

the test statistic (shown along the x-axis,) with points indicating the approximate rejection rate

of the test and the line going through each point indicating the exact 95% confidence interval of

the approximation.

2.5.1 Non-Standardized test

We start by discussing the performance of the finite-dimensional, non-standardized test, with

results summarized in Figure 2.3. In the null setting, we find that the type one error of all tests is

above the 0.05 type one error rate. In the linear setting for both sample sizes, all tests have similar

power across both the number of Fourier coefficients and across the different testing procedures.

In the parabolic setting, the adaptive ℓp- and ℓ∞-based tests have lower rejections rates than the

adaptive sum of squares and ℓ2-based tests, with little to no difference in the performance of the

tests across the number of coefficients used. The Westling test rejects the null at a rate slightly
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Figure 2.3: Empirical rejection rate of various tests under different data-generating mechanisms,
at different sample sizes, and for different numbers of Fourier coefficients used to define the test
statistic. The test statistic used to define the test is not standardized in any of the settings shown.

lower than the max norm-based tests. In the discontinuous setting, each test has a comparable

performance for each combination of sample size and number of Fourier coefficients. In the multiple

Fourier setting, the rejection rate for each norm-based test is larger for tests that use more Fourier

coefficients. The exception to this is the max norm-based test, which maintains a low power across

all settings compared to the other tests. The Westling test has a slightly higher rejection rate than

each of the other tests when only 3 Fourier coefficients are considered, but has a lower rejection

rate than most tests that are defined using 11 or 21 Fourier coefficients. These differences are more

pronounced in the sample size 400 setting. In the single Fourier setting, while the differences in test

performance are less stark than they were in the multiple Fourier setting, the higher dimensional

versions of the tests again have higher rejection rates and the maximum norm has the lowest

rejection rate of the tests considered.

Considering Figure 2.2, in the parabolic and single Fourier settings, the fact that there is

one Fourier coefficient much larger than the others gives reason to think that the max norm would

perform well. Thus, the relatively low power observed in these settings is unexpected. Two possible

explanations for this observation are the finite sample bias of the function estimator and the lack

of standardization of the Fourier coefficient estimator. Both of these phenomena may be observed

in Figure B.1 in the appendix of this chapter. In this Figure, for each mean function and sample

size considered, a violin plot is shown of the sampling distribution of each of the first six Fourier

coefficients, with the black horizontal line showing the median of each sampling distribution. The
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blue point shows the true value of each Fourier coefficient in each setting. Note first that in the two

settings mentioned, the large Fourier coefficients appear late in the vector, and the corresponding

estimators are biased towards zero. Also note that in the single Fourier setting, the estimator

for the third coefficient has a non-zero mean whereas the true value is zero. Because Figure B.1

only shows the sampling distribution of the vector of Fourier coefficients rather than the estimated

covariance matrix of the Fourier coefficient estimator which determines the rejection region of the

test, the construction of the rejection region cannot be fully understood from the figure alone.

However, it is still worth noting the large variance of the earlier coefficients. If the estimated

variance of these coefficients is also large, this may lead to a stringent cutoff value for the test.

As discussed earlier, because the norm-based acceptance regions are symmetric, smaller coefficient

estimates may not be large enough to reject the null. This can be true even if, when considering

the standard error of the estimator, the smaller coefficient estimate would be quite unlikely to be

observed under the null.

In the first chapter, the choice between the adaptive ℓp and the adaptive sum of squares norm

appeared to have little effect on the performance of the test. However, in the parabolic setting, the

choice between the two tests appears to be somewhat important. Because the sum of square norm

considers only a subset of the vector entries, it could potentially reduce the amount of variance of

the test statistic, and as a result, the corresponding test may be able to detect smaller deviations

from the null. In contrast, the ℓp norm-based test will consider all vector values and place a non-

trivial amount of weight on each coefficient, potentially resulting in a more stringent cutoff value

for the test.

Throughout the settings, using more Fourier coefficients to define the test statistic resulted

in either no change in the rejection rate or an increase in the rejection rate. This observation is

consistent with the earlier note that the later Fourier coefficients of the function estimator can be

expected to have low variance. Thus, including such coefficients could potentially increase power

in settings in which the added coefficient is non-zero, but is unlikely to substantially increase the

size of the acceptance region. Depending on the setting, the choice of norm can be consequential.

From the considered settings, the ℓ2 based test or adaptive sum of squares tests had either the

highest or nearly the highest power and all tests had a similar type one error rate to all other tests.

2.5.2 Standardized test

Next, the performance of the standardized testing procedure is studied across the same settings

considered for the non-standardized test. The results of these simulations are summarized in Figure

2.4. In the null setting, the type one error of all tests is above the 0.05 type one error rate when

3 coefficients are considered. Type one error becomes smaller as the number of coefficients used
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Figure 2.4: Empirical rejection rates of various tests under different data-generating mechanisms
for different sample sizes and different numbers of Fourier coefficients used to define the test. For
all but the Westling test, the vector of Fourier coefficients used to define the test is standardized
in each of the settings shown.

to define the test statistic increases, and is only slightly above the 0.05 rate when 21 coefficients

are considered. In nearly all settings, the rejection rate of each test besides the Westling test is

similar. In the linear setting for both sample sizes, the Westling test has the highest rejection rate,

and the other tests have similar power that decreases as the number of Fourier coefficients used to

define the test increases. In the parabolic setting, the Westling test has the lowest rejection rate,

and again, the power of the other tests diminishes as the number of coefficients used increases. In

the discontinuous setting, the powers of all tests are roughly the same when 3 Fourier coefficients

are used for the test statistic. Once again, the rejection rate of the test decreases as the number of

Fourier coefficients used to define the test statistic increases. In the multiple Fourier setting, the

Westling test has a rejection rate that is much lower than all other tests. The rejection rate of the

other tests is higher when 11 Fourier coefficients are used to define the test statistic. The maximum

norm-based test has a slightly lower rejection rate across the number of Fourier coefficients, though

these differences become smaller as the number of coefficients grows. In the single Fourier setting,

the Westling test has a lower rejection rate than the other tests in all but one setting. In this

setting, the rejection rate of the other tests is highest when five Fourier coefficients are used.

In contrast to the non-standardized test, the performance of the standardized test was strongly

influenced by the number of Fourier coefficients used. Additionally, there was no single number of

coefficients that performed the best across all simulation settings. For settings where the earlier

Fourier coefficients of the true mean function were much larger than the later coefficients (linear,
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parabolic, and discontinuous), only considering the first few coefficients led to better performance.

In these settings, the rejection rate of the test decreased rapidly with the number of coefficients.

This trend can be better understood by considering the sampling distribution of each entry of the

standardized vector of Fourier coefficient estimators, as is summarized in Figures B.2 and B.3.

In contrast to the sampling distribution of the Fourier coefficient estimators from the non-

standardized test statistic (see Figure B.1), the variance of the standardized Fourier coefficient

estimator sampling distribution is similar across the different coefficients. As a result including

additional coefficients that contain only noise can be more detrimental in the standardized setting

because each additional coefficient adds a meaningfully large amount of noise. Additionally, while

the estimated covariance matrix used to standardize the test statistic does not converge to a

degenerate matrix for any fixed dimension, error from estimating this matrix could also inflate

the variance of the standardized estimator. As discussed earlier, the variances of the later Fourier

coefficients are quite small and, as a result, a relatively large amount of error could be introduced

when estimating the Σ̂−1/2 that defines the standardized vector of Fourier coefficients. Lastly,

note that the standardized estimator is expected to have a limiting distribution with an identity

covariance matrix. In Chapter 1, it was observed in settings in which the entries of the vector of

parameter estimators were independent from one another that the power of the test diminished

more rapidly as dimension grew compared to settings in which the entries of the vector were highly

correlated (see Figure 1.4). Thus, attempting to enforce independence of the entries of the test

statistic may result in the test becoming sensitive to the number of coefficients used to define it.

However, the addition of Fourier coefficients does not decrease power in all alternative settings.

As observed in the single Fourier and multiple Fourier settings, it is possible to include too few

coefficients and have a lower rejection rate. It is worth noting that, even in these settings, it is

still possible to include too many coefficients. While performance can improve from including the

signal of a non-zero coefficient, there can also be a loss of performance from including too many

coefficients that only add noise to the vector of Fourier coefficient estimators.

Overall, the norm used to define the standardized test appears to have little, if any, effect on

the performance of the test. However, the number of Fourier coefficients does play an important

role and appears to be related to the relative size of the Fourier coefficients of the conditional

mean function that defines the data generating mechanism. Unfortunately, because this function

is usually not known a priori, it could be difficult to provide guidance on how many coefficients to

use when applying the test in practice.
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Figure 2.5: Empirical rejection rate of various tests under different data-generating mechanisms,
at different sample sizes, and for different numbers of Fourier coefficients used to define the test
statistic.

2.5.3 Comparing the standardized and non-standardized tests

We conclude by comparing the performance of the standardized and non-standardized tests, with

results summarized in Figure 2.5. For simplicity, here we only make comparisons between the

adaptive versions of the standardized and non-standardized tests. Tests that use the standardized

vector of Fourier coefficients to define the test are referred to as standardized tests and tests that

use the non-standardized vector of Fourier coefficients are referred to as non-standardized tests.

In the null setting, all testing methods have inflated type one error. However, the standardized

test tends to have a lower type one error. As the number of coefficients used to define the test

increases, the type-one error decreases for the standardized tests, but not for the non-standardized

tests. In the linear setting, all the tests have similar performance when the first 3 Fourier coefficients

define the test statistic. However, the rejection rate of the standardized test diminishes as the num-

ber of coefficients used increases and is lower in these settings compared to the non-standardized

test which maintains a similar rejection rate across the different number of coefficients. In the

parabolic setting, the standardized test has a higher rejection rate relative to the non-standardized

test when fewer coefficients are considered and a lower rejection rate when more coefficients are

considered. In the discontinuous setting, the performance of the tests is similar when fewer co-

efficients are used, but differences appear as the dimension of the test statistic increases. In the

multiple Fourier setting, the standardized tests have a higher power across all settings compared

to the non-standardized tests, though in the n = 400 setting these differences shrink as the number
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of coefficients considered increases. In the single Fourier setting, the standardized tests tend to

outperform the non-standardized tests, though the differences in performance are smaller than

they were in the multiple Fourier setting and rejection rates are nearly identical when considering

21 coefficients.

The two testing schemes, standardized and non-standardized, each had settings in which they

outperformed the other. For settings in which the first few Fourier coefficients of the mean func-

tion are large relative to the latter coefficients, the non-standardized tests have higher power.

Conversely, in settings where the opposite is true, the standardized estimator allows the smaller

signals that also have a low variance to have a large impact on the test, and thus larger power.

While comparisons were originally made holding the number of Fourier coefficients constant, it is

also worth considering comparisons across both the testing scheme and the number of coefficients.

Because the non-standardized testing method would only improve or stay the same as the number

of coefficients increases it would be natural to only consider the non-standardized tests that use

21 coefficients. When comparing the high dimensional non-standardized test to all standardized

tests, the non-standardized test tends to have higher power. The only setting in which this is not

the case is the multiple Fourier setting. However, it is also worth noting that the non-standardized

test in the null setting has a higher type-one error, especially in the 21 coefficient setting.

2.6 Conclusion

In this chapter, we introduced a test of a functional null hypothesis. This test leverages the Fourier

transform to project the function-valued parameter into R∞. The dimension of this projection can

be further reduced by considering only the first d of the Fourier coefficients. Both the finite and

infinite-dimensional versions of the test are expected to share the consistency and unbiasedness of

the test described in the first chapter for most alternatives. An alternative test was also proposed

to mitigate some of the issues of the original test arising from differences in the magnitude of

different Fourier coefficients. The performance of each of these tests was studied in a variety of

settings. While both the standardized and non-standardized tests had strengths and weaknesses,

it is possible that some alternative version of the test could better balance the trade-offs made by

these two tests. One potential option is a partially standardized test in which only the first, say,

11 elements of the vector of Fourier coefficients are standardized, even as the dimension of the test

increases.

It was observed in the numerical study that the non-standardized test achieved similar rejec-

tion rates so long as the number of Fourier coefficients was 11 or greater. Because of the lower

computational cost, lower dimensional tests are preferable if there are no losses in performance.
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However, such tests also risk being inconsistent for some alternatives. A potential solution to this

is to add the ℓ2 norm (or any norm) of the function as an additional element of the parameter vec-

tor, in addition to the Fourier coefficients that are currently considered. Such a test could achieve

consistency while maintaining the advantages introduced by using the Fourier transformation.
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Chapter 3

Estimating open-label effectiveness

in trials with arm switching

3.1 Introduction

Of the 1.5 million new HIV infections in the last year, about half were among women. In Sub-

Saharan Africa, home to roughly two-thirds of people living with HIV, over 60% of new infections

were among women and girls (AIDS, 2021). One of the more promising preventions strategies

is the use of Pre-Exposure Prophylaxis (PrEP) to prevent new infections (Baeten et al., 2012;

Van Damme et al., 2012; Grant et al., 2010; Choopanya et al., 2013). While PrEP has been found

to be efficacious in clinical trials, challenges remain for obtaining high levels of adherence across

the entire population (Choopanya et al., 2013; Rees et al., 2015). Thus, to effectively combat HIV,

it is critical to find interventions that are not only efficacious but also easily adopted by the at-risk

population.

One such prevention modality is a vaginal ring containing Dapivirine. The double-blind,

placebo-control, ASPIRE clinical trial found one such ring to be efficacious in preventing HIV

(Baeten et al., 2012), and a separate trial (The Ring Study) found a similar ring to be efficacious

(Nel et al., 2016). Results from each trial led to a corresponding open-label extension of each trial:

HOPE, the open-label extension of ASPIRE, and DREAM, the open-label extension of The Ring

Study. Both open-label extension studies assessed the uptake and use of the ring in a real-world

setting and found elevated levels of adherence relative to the original studies despite less frequent

follow-up visits (Baeten et al., 2021; Nel et al., 2021). Based in part on these trial results, in 2021

the WHO updated their guidelines to recommend the use of a ring (alongside other preventive

measures) for women at heightened risk of HIV (Phillips, 2021).

While each of the four studies provided useful information, no single study would be sufficient to
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establish open-label effectiveness by itself. While both initial trials had active comparator groups,

the studies were carried out under settings that may not reflect the environment in which the

ring would be used. Conversely, while the extension trials studied the ring in a more pragmatic

setting, neither includes a placebo comparison group. Differences between the initial trial settings

and the open-label studies include uncertainty of the efficaciousness of the prevention modality,

uncertainty of arm assignment, and visit frequency. Existing analyses of the open-label extension

trials make comparisons between the open-label cohort and a counterfactual placebo group, but

avoid making direct claims about open-label effectiveness because the groups may not be directly

comparable (Baeten et al., 2021; Nel et al., 2021). We attempt to make such comparisons using

information from both the ASPIRE and HOPE studies. Under certain assumptions, the procedure

described in this chapter consistently estimates the effectiveness of the ring in a counterfactual trial

that is equivalent to HOPE except that it also includes a placebo arm. These assumptions include

standard causal assumptions and a bridging assumption which asserts that holding individuals’

characteristics and adherence fixed, the (multiplicative) risk reduction provided by the ring is the

same between the two trials.

3.2 Background

The ASPIRE study was a placebo-control, double-blind, clinical trial with fixed-sized block ran-

domization, stratified according to site in a 1:1 ratio. All trial participants received a ring, either

containing 25mg of Dapivirine if a participant was in the active arm or a placebo ring for those

in the placebo arm. Participants had monthly follow-up visits in which they returned the ring

used in the previous month and received a new ring. During these visits, they were also tested for

HIV. Those who became HIV positive during the trial were no longer given new rings. Four weeks

after discontinuation of the ring, trial participants had a follow-up visit to determine if infection

occurred at any point during the use of the ring. The follow-up period varied between individuals,

with a median follow-up time of 1.6 years (ICR of 1.1 to 2.3).

Of the 1456 participants who eventually enrolled in HOPE, the median time that passed between

exiting ASPIRE and enrolling in HOPE was 2 years (ICR of 1.8 to 2.1 years). Trial participants

did not have access to the Dapivirine rings in between the ASPIRE and HOPE. Participants who

were interested in enrolling in HOPE after ASPIRE were screened before entering the study. To

enroll in HOPE an individual must have participated in ASPIRE, had a negative serological test

for HIV at HOPE enrollment, have been using an effective form of contraception, not have been

pregnant or breastfeeding, and have been otherwise healthy and have had no contraindications to

use of the ring.
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Figure 3.1: Plot showing the distribution of study participants, before, in-between, and after studies
from the day before ASPIRE started to the day after HOPE ended. Each vertical strip shows the
proportion of ASPIRE trial participants in each of the possible phases of trial participation. In
this figure, participants are counted as having completed a trial if they are lost to follow-up.

The HOPE study was a phase 3B open-label extension of the ASPIRE trial. During the HOPE

study, participants’ visits occurred once a month for the first three months after entering the

study. After this period, visits occurred once every three months. During each visit, participants

were provided enough rings (one per month) to last until the next visit and were tested for HIV.

Participants visited the clinic 4 weeks after discontinuation of the ring to determine if infection

occurred at any point during the use of the ring. To assess adherence, the amount of Dapivirine

released from each ring was measured. If the measured amount was above the chosen threshold

the individual was considered to be adherent during the period that ring was being used.

3.3 Methods

3.3.1 Model

As the primary purpose of the HOPE trial was to assess the uptake and use of the vaginal ring,

including a placebo group was unnecessary. Additionally, doing so would have been unethical given

that the ASPIRE trial found the ring to be effective. This lack of a control group presents challenges

for estimating the open-label effectiveness of the ring in the HOPE trial population which will be

addressed in this chapter. Intuitively, the placebo group from the ASPIRE trial may be a useful

comparison group for this estimate, but multiple factors must be accounted for to achieve a valid

estimate. First, it is unlikely that the population level risk of infection was the same in HOPE and
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Figure 3.2: Three plots showing, from left to right, the distributions of time (in days) spent in
ASPIRE, time waiting between the two trials and time spent in HOPE.

ASPIRE. To be eligible for HOPE, participants must have completed the ASPIRE trial without

becoming infected so the population of HOPE could have had a lower baseline risk of infection than

ASPIRE, and these differences could lead to an incorrect estimate of the parameter of interest.

Second, the studies were carried out over different time periods. Thus, even if the populations of

the two trials were the same, one population may be less likely to become infected due to exogenous

factors such as the baseline incidence during each trial. Lastly, adherence between the two studies

could be different, which could in turn result in differences in effectiveness between the two trials.

It would not be unreasonable to observe differences in adherence between a trial conducted to

estimate effectiveness (in which patients are followed closely but the prevention modality has not

been proven effective) and an open-label extension trial (in which patients are followed less closely

but effectiveness has been established). To account for these factors, we use causal inference

methods and subject area expertise to identify and estimate open-label effectiveness in the HOPE

trial while making the most reasonable assumptions possible.

To precisely define the parameter of interest and the assumptions required to identify it, we

now introduce notation for the data from the two trials. Throughout, let upper case letters denote

random variables and their lower case counterparts denote realizations of these random variables.

In ASPIRE, let D be an indicator for being in the active arm. Throughout, subscripts j ∈ {h, s}

indicate whether observations were taken during ASPIRE (s) or HOPE (h). Let Lj be the set of

baseline variables measured at enrollment, and note that each of these variables is measured at

baseline for both trials. Let Tj denote the time in months from enrollment in the given trial to
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Trial

Arm ASPIRE HOPE

Placebo 10% ?
Active 5% 4%

Risk Ratio 0.5 ?

Table 3.1: Hypothetical observed 1-Year incidences in each observed arm of each study.

when an individual becomes HIV positive and let Cj denote the time in months from enrollment

to when an individual becomes right censored in the given trial. At times t ∈ {0, 1, . . . , τ} months

after enrollment in clinical trial j ∈ {s, h}, for uncensored individuals (that is, those with Cj ≥ t),

an indicator Aj,t of adherence is measured. For all tj > Tj , we let Aj,tj = ⋆. We denote the history

of adherence in trial j through time t by Āj,t := (Aj,1, Aj,2, . . . , Aj,t). For individuals who have an

event, or are lost to follow-up during ASPIRE, the values of all HOPE variables are set to ⋆. Let

R be an indicator that an individual enrolled in HOPE. A description of what the baseline and

adherence variables are for the ASPIRE and HOPE studies is provided in the Appendix of this

chapter.

Let T ∗
h denote the counterfactual time from enrollment to becoming HIV positive if, contrary

to fact, individuals in HOPE had been given a placebo ring. The parameter of interest is

pr(Th > τ | R = 1)

pr(T ∗
h > τ | R = 1)

.

Because T ∗
h is not observed, it is not possible to identify this parameter without further assump-

tions. In what follows, identification will be achieved using standard causal assumptions and an

additional bridging assumption that relates the data generating mechanisms of the two trials.

3.4 Parameter identification

There are many possible ways to identify the incidence in a counterfactual placebo arm in HOPE,

each of which uses some combination of assumptions and the observed data. To motivate the

final identifying assumption used for the analysis, several candidate identification assumptions are

considered here. While each of the considered identification strategies is different, they all aim to

tackle the same problem. In particular, when identifying the parameter, there are four populations

of special interest: the ASPIRE trial placebo and active arms, the HOPE active arm, and the

counterfactual HOPE placebo arm. Table 3.1 considers a hypothetical set of data, but like the

actual data, three of the four subgroups have a measure for 1-year HIV infection incidence so the

main challenge is in identifying the counterfactual HOPE placebo arm incidence.

The first and simplest identifying assumption considered here is the constant risk ratio as-
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sumption. This assumption states that the risk ratio comparing the one-year incidence between

the active and placebo arms in HOPE is the same as it was in ASPIRE. In particular, the assump-

tion is that

pr(Ts > 12 | D = 1)

pr(Ts > 12 | D = 0)
=

pr(Th > 12 | R = 1)

pr(T ∗
h > 12 | R = 1)

.

The implications of this assumption and how it could be used to identify the parameter are shown in

Table 3.2. While this assumption has the advantage of being simple, it is unlikely this assumption

would hold. To see why, first note that, because the HOPE population only includes individuals

who remained HIV-1 negative throughout ASPIRE, we expect the population of HOPE to be

different from that of ASPIRE. Hence, if the prevention effectiveness of the ring is heterogeneous

throughout the population, the population level relative risks will be different between the two

trials. Moreover, adherence was higher in HOPE than in ASPIRE, so if adherence reduces risk,

we would expect larger effects in HOPE. Considering this assumption from a different angle, the

assumption states that the risk ratio in the ASPIRE trial is transportable to the HOPE study and,

as a result, there would be no need to even use data from HOPE to estimate the parameter of

interest.

To account for some of the above deficiencies, we next consider the constant stratified risk

ratio assumption. This assumption is similar to the previously described assumption but aims to

properly account for differences in the distribution of baseline covariates between the two trials.

This new assumption states that the risk ratio from ring use within subgroups of the population (as

defined by the baseline covariates) is the same between the two trials. In particular, the assumption

is that the following holds almost surely according to draws from the distribution that generated

the baseline covariates Lh of the HOPE participants:

pr(Ts > 12 | D = 1, Ls = l)

pr(Ts > 12 | D = 0, Ls = l)

∣∣∣∣
l=Lh

=
pr(Th > 12 | R = 1, Lh)

pr(T ∗
h > 12 | R = 1, Lh)

.

Identification is still straightforward in this setting but requires more work than simply calculating

the risk ratio observed in ASPIRE. In particular, the parameter of interest can be identified with

a summary of the observed data distribution as follows:

pr (Th ≤ 12|R = 1)

pr (T ∗
h ≤ 12|R = 1)

=
pr (Th ≤ 12|R = 1)

E [pr (T ∗
h ≤ 12|Lh, R = 1)]

=
pr (Th ≤ 12, R = 1)

E
[

prP (Th≤12|Lh,R=1)prP (Ts≤12|D=0,Ls=l)|l=Lh

prP (Ts≤12|D=1,Ls=l)|l=Lh

] .
Table 3.3 provides an example of what such an assumption would imply in a hypothetical setting
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Trial

Arm ASPIRE HOPE

Placebo 10% 4%× 10/5 = 8%
Active 5% 4%

Risk Ratio 0.5 0.5

Table 3.2: Hypothetical observed 1-Year incidences in each arm of each study under the constant
risk ratio assumption. Bolded percentages indicate non-observed quantities that are implied by
the constant risk ratio assumption.

Age ≥ 25 Age < 25

Arm ASPIRE HOPE ASPIRE HOPE

Placebo 20% 12%× 20/14 ≈ 17.1% 8% 2%× 8/3 ≈ 5.3 %
Active 14% 12% 3% 2%

Risk Ratio 0.7 0.7 0.38 0.38

Table 3.3: Hypothetical observed 1-Year incidences in each arm of each study under the constant
stratified risk ratio assumption. Bolded percentages indicate non-observed quantities that are
implied by the constant stratified risk ratio assumption.

where there is a single baseline covariate that is 1 if an individual is at least 25 years of age and

0 otherwise. In this example, the estimate of pr(T ∗
h > 12 | R = 1) would be a weighted average

of 17.1 and 5.3 with weights equal to the proportion of individuals in the HOPE trial who are

at least 25 years old and less than 25 years old, respectively. Unlike the previous identifying

assumption this assumption seeks to account for differences in the risk of infection or differences in

the ring’s effectiveness between trials that result from differences in the study populations’ baseline

covariates. However, the assumption still may not hold due to differences in the risk of infection

that result from differences in adherence between the two trials.

We refer to the final assumption considered (and the one adopted in this chapter) as the constant

stratified fixed adherence risk ratio assumption. This assumption aims to account for differences

between the trial populations, not only with respect to the differences in baseline variables between

trials but also with respect to the adherence patterns observed in each trial. While this assumption

appears to be more plausible than the previous assumptions, it also requires identification of an

additional counterfactual outcome, which the others did not. In particular, this outcome is the

counterfactual event time in ASPIRE that would have been observed if, possibly contrary to fact,

individuals displayed adherence patterns that were the same as what was observed in HOPE.

To identify the counterfactual event time in ASPIRE under an alternative adherence regime, it

is necessary to account for the interplay between the event time and the time-varying adherence.

As described by Hernán MA and Robins JM (2020), simply conditioning on the observed adherence

pattern and assuming consistency and exchangeability is unlikely to lead to valid results. Methods

exist for identifying such counterfactual outcomes in similar settings that include time-varying
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covariates, and such an approach is described by Bang and Robins (2005). However, because our

data generating mechanism does not include any time-varying variables other than adherence, loss

to follow-up status, and HIV infection status, using such an approach may introduce unnecessary

complications for identification, as well as estimation, and variance quantification. To this end,

alternative adherence and censoring variables are introduced that allow for identification while

avoiding the common issues arising when working with time-varying adherence variables. With

these alternative variables, it is possible to write our parameter in a form similar to other commonly

studied parameters of interest in causal inference and survival analysis. This will prove convenient,

as it will greatly simplify both the derivation and implementation of our estimation strategy.

3.4.1 Defining the data generating mechanism and our bridging assump-

tion

To define the alternative adherence random variable, note that, once an individual has an event,

there are no further measurements available that inform on the adherence that would have been

observed for them had they not yet been infected. Consequently, all future adherence values are

set to be equal to ⋆ — put another way, if T = j, then Ak = ⋆ for each k > j. Thinking of the

reverse implication, if Ak is not equal to ⋆, then T > k. As a result, conditioning on the entire

vector Ā = ā (with the entries of ā ̸= ⋆) will exclude all individuals who had an event before

the last time point (otherwise Aτ would equal ⋆). To avoid this issue, we define a counterfactual

adherence variable, Ā†. This variable, which we refer to as immune adherence, is defined as the

adherence pattern that would have been observed if, possibly contrary to fact, the individual did

not experience an event or become censored. We conceptualize an individual’s immune adherence

as the adherence an individual would have had if, unbeknownst to them, they were not susceptible

to HIV infection. Since they have no knowledge of their immunity, we assume that their immune

adherence is the same as their observed adherence through the time of infection — that is, we

assume that Ā†
Y = ĀY , where Y := min(T,C). If this assumption is correct, then, given (Y, Ā†),

Ā satisfies the following:

Aj =


A†

j if Y ≥ j

⋆ otherwise .

With immune adherence now defined, it is possible to describe the assumed casual data gen-

erating mechanism more explicitly via a structural causal model (Pearl, 2009; Anderson, 1955).

Let U1, U2, . . . denote uniform random variables that are independent from all observed random
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variables and each other. The assumed model is as follows:

R = fh,0(Ts, Cs, Ls, U5),

Ls = fs,1(U1), Lh = fh,1(Ls, R, U6), (3.1)

Ā†
s = fs,2(Ls, U2), Ā†

h = fh,2(Lh, R, U7),

Ts = fs,3(Ls, Ā
†
s, D, U3), Th = fh,3(Lh, Ā

†
h, R, U8), (3.2)

Cs = fs,4(Ls, Ā
†
s, D, U4), Ch = fh,4(Lh, Ā

†
h, R, U9).

Using this structural causal model, it is now straightforward to consider counterfactual outcomes

by setting immune adherence to be equal to some fixed ā. We define T ā
s := fs,3(Ls, ās, D, U3) and

T ā
h := fh,3(Lh, āh, R, U7). However, the bridging assumption used involves survival times under

stochastic adherence regimes in which adherence is random, but not determined (as above) by

fs,2 or fh,2. To describe this random assignment precisely, let πt(· | āt−t, l0) to denote a generic

conditional distribution of immune adherence given baseline covariates l and immune adherence

before time t. Letting π̄(ā|l) := π1(l)
∏τ

i=2 πt(ai | āi−1, l), we will let Ā†,π̄
h,t denote a random variable

whose distribution is equal to that of the adherence pattern that would have been seen if, possibly

contrary to fact, immune adherence had been randomly assigned based on baseline covariates.

More concretely, letting Ū∗
j := (U∗

j,t)
τ
t=1 be a vector of independent exogenous uniform random

variables that are independent of all other variables under consideration, we recursively define,

from t = 0, 1, . . . , τ , by

A†,π̄
j,t = I

{
U∗
j,t ≤ πt

(
1 | Ā†,π̄

j,t−1, Lj

)}
=: f π̄j,t(U

∗
j,t, Ā

†,π̄
j,t−1, Lj). (3.3)

We let f π̄j (ū∗j , l) = (f π̄j,t(u
∗
j,t, ā

†,π̄
j,t−1, lj))

τ
t=0 and note that Ā†,π̄

j := f π̄j (Ū
∗
j , L). The stochastic adher-

ence regime A†,π̄
j,t may be used in the structural causal model to define the counterfactual outcome

of interest. This can be done for any π̄ and either trial:

R = fh,0(Ts, Cs, Ls, U5),

Ls = fs,1(U1), Lh = fh,1(U5, Ls, R),

Ā†,π̄
s = f π̄s (Ls, Ū

∗
s ), Ā†,π̄

h = f π̄h (Lh, R, Ū
∗
h),

T π̄
s = fs,3(Ls, Ā

†,π̄
s , D, U3), T π̄

h = fh,3(Lh, Ā
†,π̄
h , R, U7),

C π̄
s = fs,4(Ls, Ā

†,π̄
s , D, U4), C π̄

h = fh,4(Lh, Ā
†,π̄
h , R, U8).

While the definition of our parameter, the bridging assumption, and the identification results that

follow would be well defined for any stochastic adherence regime π̄, we now define the particular

54



stochastic adherence regime considered in our analysis. In particular, we consider the stochastic

intervention

π̄P,h(āτ |l) := pr(Ā†
h = āτ |Lh = l, R = 1),

where we have made the dependence of this intervention on the underlying probability distribution

P that generated the data explicit in the notation. With the stochastic adherence regime now

defined, we can precisely state the bridging assumption that we work with:

pr
(
T

π̄P,h
s ≤ τ |D = 1, Ls = l

)
pr (Ts ≤ τ |D = 0, Ls = l)

∣∣∣∣∣∣
l=Lh

=
pr (Th ≤ τ |Lh, R = 1)

pr (T ⋆
h ≤ τ |Lh, R = 1)

P − a.s.

When this assumption holds, we have that

pr (Th ≤ τ |R = 1)

pr (T ⋆
h ≤ τ |R = 1)

=
pr (Th ≤ τ |R = 1)

E [pr (T ⋆
h ≤ τ |Lh, R = 1)]

=
pr (Th ≤ τ,R = 1)

E
[

pr(Th≤τ |Lh,R=1)pr(Ts≤τ |D=0,Ls=l)|l=Lh

pr(T π̄
s ≤τ |D=1,Ls=l)|l=Lh

] . (3.4)

3.4.2 Identifying counterfactual means

Considering (3.4), note there are still multiple challenges to identifying the parameter of inter-

est. First, the outcome of interest is right censored. Second, by the law of total expectation,

prP (T π̄
s ≤ τ |D = 1, L) corresponds to an expectation taken over conditional probabilities for each

possible fixed adherence pattern that could be realized under the stochastic adherence regime π̄.

Depending on the observed event or censoring time, the observed adherence pattern may also be

partially or completely censored. To address both issues simultaneously, an alternative censoring

variable is introduced that accounts for both the first time an individual fails to follow a specified

adherence pattern and their right censoring time Cj . This variable, which we refer to as C∗
j , is

defined as follows:

C∗
j (āτ ) = min(Cj , cj(āτ , Ā

†
j)), where cj(āτ , Ā

†
j) =

τ∑
i=0

I{Ā†
i = āi}.

Using this censoring variable, let Y ∗
j (āτ ) := min(Tj , C

∗
j (āτ )) and ∆∗

j (āτ ) = I{Tj ≤ C∗
j (āτ )}.

Now considering the counterfactual event times in ASPIRE under the given adherence regime:

pr(T π̄
s ≥ τ |Ls = l,D = 1) = E

[
pr(T π̄

s ≥ τ |Ā†,π̄
s , Ls = l,D = 1)|Ls = l,D = 1

]
=
∑
āτ

pr(T π̄
s ≥ τ |Ā†,π̄

s = āτ , Ls = l,D = 1)π̄†(āτ |l).
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Since Ā†
j,T = Āj,T , it follows that, conditional on Ā†

j = āj , T π̄
s = Ts. Thus the above display

continues:

=
∑
āτ

pr(T āτ
s ≥ τ |Ā†,π̄

s = āτ , Ls = l,D = 1)π̄†(āτ |l).

Note that by the structural causal model (see equation 3.3 and the definition of T āτ
j ), Āπ̄,†

s is

independent of T āτ
s conditional on Ls and D. Thus, the display continues as

=
∑
āτ

pr(T āτ
s ≥ τ |Ls = l,D = 1)π̄†(āτ |l).

To identify pr(T π̄
s ≥ τ |Ls = l,D = 1), we will show that, for each āτ and almost all l as drawn from

the HOPE distribution, it is possible to identify pr(T āτ
s ≥ τ |Ls = l,D = 1) using the observed data.

We start by noting that, by definition (as provided by the SCM), T āτ
s is independent of C∗

s (āτ )

given L and D. This fact can be seen by recalling that T ā
s := fs,3(Ls, ās, D, U3), conditional on L

and D, is only random through the exogenous random variable U3. As with Ts and Cs, we observe

neither T āτ
s or C∗

s (āτ ) fully. However, as will be shown, we do observe a censored version of these

two variables given by

Y āτ
s (āτ ) = min{T āτ

s , C∗
s (āτ )}, ∆āτ (āτ ) = I{T āτ

s < C∗
s (āτ )},

With these observed variables, it is possible to identify pr(T π̄
s ≥ τ |Ls = l,D = 1) using identifica-

tion methods from survival analysis. We start by noting that both ∆∗
s(āτ ) := I{Ts ≤ C∗

s (āτ )} and

Y ∗
s (āτ ) := min{Ts, C∗

s (āτ )} are observed. Considering first the missingness indicator:

∆∗
s(āτ ) = I{Ts ≤ C∗

s (āτ )}

= I{Ts ≤ Cj , Ts ≤ cj(āτ , Ā
†
s)},

for the second statement in the indicator function to be true, it must be the case that Ā†
j,Tj

= āTj

and consequently Ts = T āτ
s . Thus the previous display continues as:

= I{Ts ≤ Cj , Ts ≤ cj(āτ , Ā
†
s), Ā

†
Ts

= āT }

= I{T āτ
s ≤ Cj , T

āτ
s ≤ cj(āτ , Ā

†
s), Ā

†
T = āT } by consistency

= I{T āτ
s ≤ C∗

s (āτ )}.
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Thus, it follows that ∆āτ
s (āτ ) is equal to the observed ∆∗

s(āτ ). Also, note that

Y ∗
s (āτ ) = min{Ts, C∗

s (āτ )}

= Ts∆
∗
s(āτ ) + C∗

s (āτ )[1−∆∗
s(āτ )].

If ∆∗
s(āτ ) = 1, it follows by consistency that Ts = T āτ

s . Thus, the above display continues as:

= T āτ
s ∆∗

s(āτ ) + C∗
s (āτ )[1−∆∗

s(āτ )]

= min{T āτ
s , C∗

s (āτ )}.

Thus, the observed Y ∗
s (āτ ) is equal to Y āτ

s (āτ ). We may then conclude that using the observed

data and survival estimation techniques it is possible to estimate pr(T āτ
s ≥ τ |Ls = l,D = 1).

One of the remaining hurdles is that this identified probability is conditional on baseline co-

variates. Fortunately, identification and estimation of such conditional survival outcomes has been

studied previously (van der Laan and Dudoit, 2003; Hothorn et al., 2006; van der Laan and Gru-

ber, 2011). Our chosen estimation strategy and its implementation will rely most heavily on the

approach described in Westling et al. (2021). We begin by defining the identifiable parameters

used for the estimation of the survival function. We attempt to closely follow the notation used

by Westling et al. (2021) but note that adherence is treated differently here than it is in the cited

article. In particular, in our derivations, adherence defines the censoring and time to event random

variables, rather than being considered as a random variable itself, as it is in Westling et al., 2021.

Let

Fj,1(P, u, āτ |l) := prP (Y
∗
j (āτ ) ≤ u,∆∗

j (āτ ) = 1|Lj = l), Fj,1(P, u|l) := prP (Y ≤ u,∆∗
j = 1|Lj = l),

Rj(P, u, āτ |l) := prP (Y
∗
j (āτ ) ≥ u|Lj = l), Rj(P, u|l) := prP (Y

∗
j ≥ u, Lj = l),

Λj(P, t, āτ |l) :=
∫ t

0

Fj,1(P, du, āτ |l)
Rj(P, u, āτ |l)

, Λj(P, t|l) :=
∫ t

0

Fj,1(P, du|l)
Rj(P, u|l)

,

Sj(P, t, āτ |l) := P
(0,t]

{1− Λj(P, du, āτ |l)}, Sj(P, t|l) := P
(0,t]

{1− Λj(P, du|l)},

θj(P, t, āτ ) := EP [Sj(P, t, āτ |Lj)] , θj(P, t) := EP [Sj(P, t|Lj)] ,

where P denotes the Riemann-Stieltjes product integral. Let S†
s(P, l) := Ss(PD=1, τ |l), where

PD=1 is the distribution of P conditional on D = 1. Under the specified SCM, S†
s(P, l) identifies

pr(T āτ ≥ τ |Ls = l,D = 1). Thus,

Q(π̄h,P , P, l) :=
∑
āτ

S†
s(P, āτ |l)π̄h,P (āτ |l)
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identifies pr(T π̄
s ≥ τ |Ls = l,D = 1). Similarly, the above definitions can be used to identify the

other probabilities in (3.4). Define Sh(P, l) := Sh(PR=1, τ |l) where PR=1 is the distribution of

P conditional on R = 1, and note that Sh(P, l) is equal to prP (Th ≤ τ |Lh = l, R = 1) so long as

Th ⊥ Ch | Lh, R = 1. Also, let Ss(P, l) := Ss(PD=0, τ |l) where PD=0 is the distribution of P

conditional on D = 0, which identifies prP (Ts ≤ τ |Ls = l,D = 0) so long as Ts ⊥ Cs | Ls, D = 0.

Now that each of the probabilities in (3.4) has been identified, we have identified the parameter:

pr (Th ≤ τ |R = 1)

E

[
prP (Th≤τ |Lh,R=1)prP (T π̄⋆

s ≤τ |D=0,Ls=l)|l=Lh

prP (T π̄
s ≤τ |D=1,Ls=l)|l=Lh

] =
E [1− Sh(P,Lh)]

E
[
{1−Sh(P,Lh)}{1−Ss(P,Lh)}

1−Q(π̄h,P ,P,Lh)

] . (3.5)

3.4.3 Influence curve derivation

Now that the parameter of interest has been identified, constructing an estimator is a natural

next step. We use a one-step estimator for this purpose (Bickel et al., 1998). An important

step in deriving a one-step estimator and its corresponding standard error is determining the

influence curve of the parameter. As we did for parameter identification, both the derivation and

computation of the influence curve will build on results from Westling et al. (2021). In the cited

article, the influence curve of θj( · , t, āτ ) was provided for any (t, āτ ). While our parameter of

interest is not written entirely in terms of θs and θh, knowledge of their influence curves can be

informative. First note that each of the functions Sh, Ss and S†
s are functions of P and baseline

covariates. Further, they appear in our parameter of interest within an expectation over the baseline

covariates in HOPE. Because θj is defined as the expected value of Sj with respect to baseline

covariates, knowledge of its influence curve is informative. To understand how the influence curve

of θj can be useful, let D denote the gradient of θj , and let Zj denote all observed variables in

the trial specified by the subscript, except baseline covariates. The gradient of θj can be broken

down into D = DZ|L +DL, where DZ|L is the portion of the gradient that arises from perturbing

the conditional distribution of PZ|L while keeping PL fixed. Similarly, DL is the portion of the

gradient arising from perturbing PL while keeping the conditional distribution PZ|L fixed. From

the definition of θj , it follows that DL = S(P, t, l)− θ(P, t), and thus it follows that

DZ|L(z, l) = D(z, l)−DL(l)

= D(z, l)− [S(P, t, l)− θ(P, t)] .

Next, note that E[DZ|L(Z,L) | L] = 0 almost surely. Last, letting {Pε : ε} be a smooth univariate

submodel through P such that P0 = P , if Pε,L = PL for each ε and the submodel has a score
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uZ|L ∈ L2
0(PY |Z) at ε = 0, then, for P -almost all l,

d

dε
S(Pε, t, l) =

∫
DZ|L(z, l)uZ|L(z, l)PZ|L(dz|l).

This can be shown to follow from the fact that the mapping l 7→ S(Pε, t, l) is invariant to changes

in the distribution of baseline covariates. In the derivation of the influence curve of our parameter

of interest, it will be important to calculate d
dεS(Pε, t, l), and the above findings provide a method

of doing so provided that the form of the influence curve of θj is known. Fortunately, this has been

calculated by Westling et al. (2021). To express these influence curves, it is necessary to introduce

new notation. Let

Fj,0(P, u, āτ |l) := prP (Y
∗
j (āτ ) ≤ u,∆∗

j (āτ ) = 0|Lj = l), Fj,0(P, u|l) := prP (Y ≤ u,∆∗
j = 0|Lj = l),

Hj(P, u, āτ |l) :=
∫ u

0

Sj(P,−s, āτ |l)
Sj(P, s, āτ |l)

Fj,0(P, ds, āτ |l)
Rj(P, s, āτ |l)

, Hj(P, u|l) :=
∫ u

0

Fj,0(P, ds|l)
Rj(P, s|l)

Sj(P,−s|l)
Sj(P, s|l)

,

Gj(P, t, āτ |l) := P
(0,t]

{1−Hj(P, du, āτ |l)}, Gj(P, t|l) := P
(0,t]

{1−Hj(P, du|l)}.

Theorem 2 of Westling et al. (2021) implies that for a given āτ and t, the influence curve of

θj(·, t, āτ ) is ϕj,t(y, δ, āτ , l)− θj(·, t, āτ ), where

ϕj,t(y, δ, āτ , l) := Sj(P, τ, āτ , l)

[
1−

{
I(y ≤ t, δ = 1)

Sj(P, y, āτ |l)Gj(P, y, āτ |l)
−
∫ τ∧y

0

Λj(P, du, āτ |l)
Sj(P, u, āτ |l)Gj(P, u, āτ |l)

}]
.

Similarly, for a given t, the influence curve of θj(·, t) is given by ϕj,t(y, δ, l)− θj(P, t), where

ϕj,t(y, δ, l) := Sj(P, τ, l)

[
1−

{
I(y ≤ τ, δ = 1)

Sj(P, y|l)Gj(P, y|l)
−
∫ τ∧y

0

Λj(P, du|l)
Sj(P, u|l)Gj(P, u|l)

}]
.

It follows from the previous findings and influence curves derived by Westling et al. (2021) that:

d

dε
Sj(Pε, t, āτ , l) = Sj(P, t, āτ , l)

[∫ t∧y

0

Λj(P, du, āτ |l)
Sj(P, u, āτ |l)Gj(P, u, āτ |l)

− I(y ≤ t, δ = 1)

Sj(P, y, āτ |l)Gj(P, y, āτ |l)

]
.

Define the function ϕ†s such that ϕ†s(y, δ, āτ |l) = d
dεSs(PD=1,ε, τ, āτ , l). Similarly to the above,

d

dε
Sj(Pε, t, l) = Sj(P, t, l)

[∫ t∧y

0

Λj(P, du|l)
Sj(P, u|l)Gj(P, u|l)

− I(y ≤ t, δ = 1)

Sj(P, y|l)Gj(P, y|l)

]
.

Let ϕh(y, δ|l, 1) := d
dεSh(PR=1,ε, τ, l), and let ϕs(y, δ|l, 0) := d

dεSs(PD=0,ε, τ, l). Each of these

functions is referred to later in this chapter as a pseudo gradient. The above building blocks will

assist in the derivation of the influence of the parameter of interest that is now presented. To

59



simplify the influence curve derivation, define

Ψden(P1, P2, P3, P4, P5) := EP5

[
{1− Sh(P1, Lh)} {1− Ss(P2, Lh)}

1−Q(π̄h,P3
, P4, Lh)

]
.

Using the above definition, it is possible to perturb each of the five probability distributions sep-

arately to determine the pathwise derivative of Ψ∗
den defined by Ψ∗

den(P ) := Ψden(P, P, P, P, P ).

Throughout these derivations, we denote probability densities with the lowercase p. Subscripts

indicate if the probabilities are taken with respect to ASPIRE (s) or HOPE (h). Conditional

probability density functions condition on the random variables indicated to the right of | and for

observations from the trial indicated by the subscript on p. As an example, ps(y, δ|l, d) denotes the

joint probability density of Ys and ∆s conditional on the event D = d and Ls = l. Throughout, l

denotes a generic realization of baseline covariates (that could come from either trial).

Now, considering Ψden, the first pathwise derivative considered perturbs the distribution that

indexes the HOPE survival probability (conditional on HOPE baseline covariates L). Letting

u1h ∈ L2
0(PYh,∆h|Lh,R=1), note that:

d

dε
Ψden(Pε, P, P, P, P )|ε=0

=
d

dε
EP

[
{1− Sh(Pε, Lh)} {1− Ss(P,Lh)}

1−Q(π̄h,P , P, Lh)

]
|ε=0

=

∫∫
−uh,1(y, δ, l, 1)ϕh(y, δ|l, 1)ph(y, δ|l, R = 1)dydδ

1− Ss(P, l)

1−Q(π̄h,P , P, l)
ph(l|R = 1)dl

=

1∑
r=0

∫∫
−uh,1(y, δ, l, 1)

I{r = 1}
ph(r)

ϕh(y, δ|l, 1)ph(y, δ|l, 1)dydδ
1− Ss(P, l)

1−Q(π̄h,P , P, l)
ph(l|r)ph(r)dl

=

1∑
r=0

∫∫
−uh,1(y, δ, l, 1)

I{r = 1}
ph(r)

ϕh(y, δ|l, 1)
1− Ss(P, l)

1−Q(π̄h,P , P, l)
ph(y, δ, l, r)dydδdl.

Next, let the function ϕ∗1 be defined by ϕ∗1(y, δ, l, r) = − I{r=1}
ph(r)

ϕh(y, δ|l) 1−Ss(P,l)
1−Q(π̄h,P ,P,l) and note that

E[uh,1(Yh,∆h, Lh, 1)|Lh = l, R = 1] is equal to zero. Defining ϕ1 by ϕ1(y, δ, l, r) = ϕ∗1(y, δ, l, r) −

E[ϕ∗1(Yh,∆h, Lh, R)|Lh = l, R = r], the previous display continues as

=

1∑
r=0

∫∫
uh,1(y, δ, l, 1)ϕ1(y, δ, l, r)ph(y, δ, l, r)dydδdl =

∫
uh,1(y, δ, l, 1)ϕ1(y, δ, l, r)dP

Next, considering perturbations of P2, the derivation begins similarly. Letting us,2 ∈ L2
0(PYs,∆s|Ls,D=0),

note that:

d

dε
Ψden(P, Pε, P, P, P )|ε=0

=
d

dε
EP

[
{1− Sh,τ (P,Lh)} {1− Sh(Pε, Lh)}

1−Q(π̄h,P , P, Lh)

]
|ε=0
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=

∫∫
−us,2(y, δ, l, 0)ϕs(y, δ|l, 0)ps(y, δ|l,D = 0)dydδ

1− Sh(P, l)

1−Q(π̄h,P , P, l)
ph(l|R = 1)dl

=

1∑
d=0

∫∫
−us,2(y, δ, l, 0)

I{d = 0}
ps(d|l)

ϕs(y, δ|l, 0)ps(y, δ|l, d)ps(d|l)dydδ
1− Sh(P, l)

1−Q(π̄h,P , P, l)
ph(l|R = 0)dl

=

1∑
d=0

∫∫
−us,2(y, δ, l, 0)

I{d = 0}
ps(d|l)

ϕs(y, δ|l, 0)
1− Sh(P, l)

1−Q(π̄h,P , P, l)
ps(y, δ, d|l)dydδph(l|R = 1)dl

=

1∑
d=0

∫∫
−us,2(y, δ, l, 0)

[
I{d = 0}
ps(d|l)

ϕs(y, δ|l, 0)
1− Sh(P, l)

1−Q(π̄h,P , P, l)

ph(l|R = 1)

ps(l)

]
ps(y, δ, d|l)ps(l)dldydδ.

Next, let the function ϕ∗2 be defined by

ϕ∗2(y, δ, l, d) = −I{d = 0}
ps(d|l)

ϕs(y, δ|l)
1− Sh(P, l)

1−Q(π̄h,P , P, l)

ph(l|R = 1)

ps(l)
,

and note that E[us,2(Ys,∆s, Ls, 0)|Ls = l,D = 0] is equal to zero. Defining ϕ2 by ϕ2(y, δ, l, d) =

ϕ∗2(y, δ, l, d)− E[ϕ∗2(Ys,∆s, Ls, D)|Ls = l,D = 0], the previous display continues as

=

1∑
d=0

∫∫
us,2(y, δ, l, 0)ϕ2(y, δ, l, d)ps(y, δ, l, d)dydδdl =

∫
us,2(y, δ, l, 0)ϕ2(y, δ, l, d)dP.

Unlike for the time-varying covariate case, here π̄ is separate from any expectation over what was

observed during ASPIRE which will simplify the calculation of the IC. Let uh,3 ∈ L2
0(PĀh,τ |Lh,R=1)

and note that:

d

dε
Q(π̄h,Pε

, P, L)|ε=0 =
∑
āτ

S†
s(P, āτ , L)π̄h,P (āτ |l, R = 1)uh,3(āτ , l, 1).

Now, considering the entirety of d
dεΨden(P, P, Pε, P, P ), note that:

d

dε
Ψden(P, P, Pε, P, P ) = EP

[
{1− Sh,τ (P,Lh)} {1− Ss,τ (P,Lh)}

(1−Q(π̄P , P, L))2
d

dε
Q(π̄Pε

, P, L)

]
.

Plugging in what was found as the value of d
dεQ(π̄Pε , P, L):

EP

[
{1− Sh(P,Lh)} {1− Ss(P,Lh)}

(1−Q(π̄P , P, L))2
d

dε
Q(π̄Pε , P, L)

]
.

=

∫ [
{1− Sh(P, l)} {1− Ss(P, l)}

(1−Q(π̄P , P, l))2

∑
āτ

S†
s(P, āτ , l)π̄h,P (āτ |l)uh,3(āτ , l, 1)

]
ph(l|R = 1)dl

=

1∑
r=0

∫ [
{1− Sh(P, l)} {1− Ss(P, l)}

(1−Q(π̄P , P, l))2
I{r = 1}
ph(r)

∑
āτ

S†
s(P, āτ , l)π̄h,P (āτ |l)uh,3(āτ , l, 1)

]
ph(l|r)ph(r)dl

=

∫ ∑
āτ

uh,3(āτ , l, r)

[
I{r = 1}
ph(r)

{1− Sh(P, l)} {1− Ss(P, l)})
(1−Q(π̄P , P, l))2

S†
s(P, āτ , l)

]
ph(āτ , l, r)dl

=

∫ ∑
āτ

uh,3(āτ , l, 1)

[
I{r = 1}
ph(r)

{1− Sh(P, l)} {1− Ss(P, l)}
(1−Q(π̄P , P, l))2

{
S†
s(P, āτ , l)−Q(π̄P , P, l)

}]
ph(āτ , l, r)dl.
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Next, let the function ϕ∗3 be defined by

ϕ∗3(āτ , l, r) =
I{r = 1}
ph(r)

{1− Sh(P, l)} {1− Ss(P, l)}
(1−Q(π̄P , P, l))2

{
S†
s(P, āτ , l)−Q(π̄P , P, l)

}
,

and note that E[uh,3(Āh,τ , Lh, 1)|Lh = l, R = 1] is equal to zero. Defining ϕ3 by ϕ3(āτ , l, r) =

ϕ∗3(āτ , l, r)− E[ϕ∗3(Āh,τ , Lh, R)|Lh = l, R = 1], the previous display continues as

=

∫ ∑
āτ

uh,3(āτ , l, 1)ϕ3(āτ , l, r)ph(āτ , l, r)dl =

∫
uh,3(āτ , l, 1)ϕ3(āτ , l, r)dP.

Letting us,4 ∈ L2
0(PYs,∆s|L,D=1), now consider perturbations of the ASPIRE outcome:

d

dε
Q(π̄P , Pε, l)|ε=0 =

d

dε

∑
āτ

S†
s(Pε, āτ , L)π̄h,P (āτ |l)|ε=0

=
∑
āτ

∫
ϕ†s(y, δ, āτ |l)us,4(y, δ, l, 1)ps(ys, δs|l,D = 1)π̄h,P (āτ |l).

Now, considering the entirety of d
dεΨden(P, P, P, Pε, P ), note that:

d

dε
Ψden(P, P, P, Pε, P )|ε=0 =

d

dε
EP

[
{1− Sh(P,Lh)} {1− Ss(P,Lh)}

(1−Q(π̄P , Pε, Lh))

]
|ε=0

= EP

[
{1− Sh(P,Lh)} {1− Ss(P,Lh)}

(1−Q(π̄P , P, L))2
d

dε
Q(π̄P , Pε, L)

]
|ε=0.

Plugging in what was found as the value of d
dεQ(π̄, Pε, L):

=EP

[
{1− Sh(P,Lh)} {1− Ss(P,Lh)}

(1−Q(π̄P , P, L))2
d

dε
Q(π̄Pε

, P, L)

]
=EP

[
{1− Sh(P,Lh)} {1− Ss(P,Lh)}

(1−Q(π̄P , P, L))2

∑
āτ

∫
ϕ†s(y, δ, āτ |L)us,4(y, δ, L, 1)ps(y, δ|L,D = 1)π̄h,P (āτ |L)dydδ

]

=

∫∫
{1− Sh(P, l)} {1− Ss(P, l)}

(1−Q(π̄P , P, l))2

∑
āτ

ϕ†s(y, δ, āτ |l)us,4(y, δ, l, 1)ps(y, δ|l,D = 1)π̄h,P (āτ |l)ph(l)dydδdl

=

∫∫
us,4(y, δ, l, 1)

{1− Sh(P, l)} {1− Ss(P, l)}
(1−Q(π̄P , P, l))2

∑
āτ

ϕ†s(y, δ, āτ |l)π̄h,P (āτ |l)ps(y, δ|l,D = 1)ph(l)dydδdl

=

∫∫
us,4(y, δ, l, 1)

{1− Sh(P, l)} {1− Ss(P, l)}
(1−Q(π̄P , P, l))2

ph(l)

ps(l)

∑
āτ

ϕ†s(y, δ, āτ |l)π̄h,P (āτ |l)ps(y, δ|l,D = 1)ps(l)dydδdl.

Next, to ease notation, let ϕ†,π̄s (y, δ|l) :=
∑

āτ
ϕ†s(y, δ, āτ |l)π̄h,P (āτ |l). Thus the above display

continues as

=

∫∫
us,4(y, δ, l, 1)

{1− Sh(P, l)} {1− Ss(P, l)}
(1−Q(π̄P , P, l))2

ph(l)

ps(l)
ϕ†,π̄s (y, δ|l)ps(y, δ|l,D = 1)ps(l)dydδdl

=

1∑
āτ ,d=0

∫∫
us,4(y, δ, l, 1)

I{d = 1}
p(d|l)

{1− Sh(P, l)} {1− Ss(P, l)}
(1−Q(π̄P , P, l))2

ph(l)

ps(l)
ϕ†,π̄s (y, δ|l)ps(y, δ|l, d)ps(d|l)ps(l)dydδdl
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=

1∑
āτ ,d=0

∫∫
us,4(y, δ, l, 1)

[
I{d = 1}
p(d|l)

{1− Sh(P, l)} {1− Ss(P, l)}
(1−Q(π̄P , P, l))2

ph(l)

ps(l)
ϕ†,π̄s (y, δ|l)

]
ps(y, δ, l, d)dydδdl.

Next, let the function ϕ∗4 be defined by

ϕ∗4(y, δ, l, d) =
I{d = 1}
p(d|l)

{1− Sh(P, l)} {1− Ss(P, l)}
(1−Q(π̄P , P, l))2

ph(l)

ps(l)
ϕ†,π̄s (y, δ|l),

and note that E[us,4(Ys,∆s, Ls, 1)|Ls = l,D = 1] is equal to zero. Defining ϕ4 by ϕ4(y, δ, l, d) =

ϕ∗4(y, δ, l, d)− E[ϕ∗4(Ys,∆s, Ls, D)|Ls = l,D = 1], the previous display continues as

=

1∑
d=0

∫∫
us,4(y, δ, l, 1)ϕ4(y, δ, l, d)ps(y, δ, l, d)dydδdl =

∫
us,4(y, δ, l, 1)ϕ4(y, δ, l, d)dP.

Lastly, let uh,5 ∈ L2
0(PLh,R=1). Thus, perturbing HOPE baseline characteristics, note that:

d

dε
Ψden(P, P, P, P, Pε)|ε=0 =

∫
uh,5(l, 1)

{1− Sh(P, l)} {1− Ss(P, l)}
1−Q(π̄P , P, l)

ph(l|R = 1)dl

=

1∑
r=0

∫
uh,5(l, 1)

I{r = 1}
ph(r)

{1− Sh(P, l)} {1− Ss(P, l)}
1−Q(π̄P , P, l)

ph(l|r)ph(r)dl.

Next, let ϕ∗5(l, r) :=
I{r=1}
ph(r)

{1−Sh(P,l)}{1−Ss(P,l)}
1−Q(π̄P ,P,l) and note that E[uh,5(Lh, 1)|R = 1] = 0. Letting

ϕ5 be defined by ϕ5(l, r) = ϕ5(l, r)−Ψden(P ), the previous display continues as:

=

∫
uh,5(l, 1)ϕ5(l, r)dP.

With each of the element-wise derivatives it is now possible to calculate:

d

dε
Ψ∗

den(Pε) =
d

dε
Ψden(Pε, P, P, P, P ) +

d

dε
Ψden(P, Pε, P, P, P ) +

d

dε
Ψden(P, P, Pε, P, P ) . . .

+
d

dε
Ψden(P, P, P, Pε, P ) +

d

dε
Ψden(P, P, P, P, Pε)

=

∫
uh,1(y, δ, l, 1)ϕ1(y, δ, l, r)dP +

∫
us,2(y, δ, l, 0)ϕ2(y, δ, l, d)dP +

∫
uh,3(āτ , l, 1)ϕ3(āτ , l, r)dP . . .

+

∫
us,4(y, δ, l, 1)ϕ4(y, δ, l, d)dP +

∫
uh,5(l, 1)ϕ5(l, r)dP.

Next, note that because each ϕi has a conditional mean of zero (when conditioning on the correct

variable) the unique score function within each integral can be replaced by some u ∈ L2
0(P ) without

changing the value of the integral. Thus the above display continues as

=

∫
u(yh, δh, āτ,h, lh, 1, ys, δs, ls, d)[ϕ1(yh, δh, lh, r) + ϕ2(ys, δs, ls, d) + ϕ3(āτ,h, lh, r)

+ ϕ4(ys, δs, ls, d) + ϕ5(lr, r)]dP.
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Lastly, we use the delta method to derive the influence curve of the identified parameter. Note

that the parameter can be written as:

Ψ : P 7→ E [1− Sh(P,Lh)]

EP

[
{1−Sh(P,Lh)}{1−Ss(P,Lh)}

1−Q(π̄h,P ,P,Lh)

] =
E [1− Sh(P,Lh)]

Ψ∗
den(P )

=
1− θh(PR=1, τ)

Ψ∗
den(P )

.

Thus, the pathwise derivative is given by:

d

dε
Ψ(Pε) =

− d
dεθh(PR=1,ε, τ)Ψ

∗
den(P )− [1− θh(PR=1, τ)]

d
dεΨ

∗
den(Pε)

Ψ∗
den(Pε)2

.

Letting ϕden = ϕ1 + ϕ2 + ϕ3 + ϕ4 + ϕ5, it follows from the above formulation that the influence

curve of the parameter is:

− [ϕh,τ − θh(P, τ)] Ψ
∗
den(P )− [1− θj(PR=1, τ)]ϕden
Ψ∗

den(Pε)2
.

3.4.4 Computation

To compute the one-step estimator, it is necessary to calculate the influence curve of the parameter

as well as the estimated distribution used for the plug-in. While much of the code for doing this

is written from scratch, other software packages are also used at various intermediate steps. In

particular, all survival-based parameters and influence functions are calculated using code from

the R package CFsurvival which is the implementation of the work in Westling et al. (2021). This

package was copied and modified for use in this setting to provide estimates of the conditional

survival functions and their corresponding pseudo gradients. While estimates of the pseudo gradi-

ents of Sh and Ss are not usually accessible when using the functions provided by the CFsurvival

package, they are calculated as an intermediate step to providing the influence function of θj and

thus slight modifications of the CFsurvival code allow for calculation of these influence functions.

Apart from the survival functions and their corresponding influence functions, the influence

curve is defined by two additional high-dimensional quantities. First is the ratio of the probability

densities of the baseline characteristics in HOPE and ASPIRE: ph(l)/ps(l). Here, the Bayes rule

is used to simplify the estimation. Letting H denote the random variable that is equal to 1 for

individuals enrolled in HOPE and 0 for individuals during ASPIRE:

ph(l)

ps(l)
=
f(l|H = 1)

f(l|H = 0)
=

pr(H=1|L=l)f(l)
pr(H=1)

pr(H=0|L=l)f(l)
pr(H=0)

=
pr(H = 1|L = l)pr(H = 0)

pr(H = 0|L = l)pr(H = 1)
=

pr(H = 1|L = l)[1− pr(H = 1)]

[1− pr(H = 1|L = l)]pr(H = 1)
.

Here, the ratio of the probability density ratio of the high dimensional outcome L is estimated using
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the conditional probability of trial given covariates done here using logistic regression. Second,

estimation of πj is carried out using a sequence of logistic regression models in which adherence at

each time point is predicted using adherence from previous time points and baseline covariates.

To estimate the parameter using the plugin estimator, each of the quantities in the identified

parameter is estimated. Each of the survival quantities is estimated using the CFsurvival package,

the adherence propensity function that defines Q is estimated as described above, and the empirical

is used for the distribution of the baseline covariates in HOPE. When estimating the parameter

a current intermediate step is to estimate the counterfactual outcome under each fixed treatment

regime. While the small number of adherence measurements in this chapter’s setting (4) made

computation of all combinations of adherence possible, as the number of adherence measurements

grows, brute force calculation of the parameter estimate becomes infeasible. However, in settings

with large numbers of adherence measurements, taking an average over a random sample of the

possible adherence combinations allows for a good approximation of the estimate.

3.4.5 Numerical validation

To validate the described estimation strategy, a simulation study was conducted in a setting where

the true data generating mechanism is known.

To mimic the observed data, each simulated dataset consists of two trials, with participants of

the second trial consisting of a subset of those of the first. The baseline covariate in this study is

a categorical variable with five different levels. Individuals’ underlying propensities to adhere to

treatment, have an event, enroll in the second trial after the first, or become censored vary across

levels of the baseline covariate. Adherence at each time point is random, based on an individual’s

baseline covariate, the previous adherence, and exogenous noise. The data-generating mechanism

is such that individuals are far more likely to adhere to treatment during the second trial. Data

are simulated across 12 different settings, consisting of each combination of four sample sizes and

three effect sizes. The number of participants in the first trial is either 500, 1000, 2000, or 4000 (the

number of participants in the second trial varies based on the number of events in the first trial

and the number of eligible participants who choose to enroll in the second trial). The full details

of the data generating mechanism can be found at https://github.com/adam-s-elder/HA_da_

simple/blob/master/sim_dat/simple_data_sim.R.

The results of the simulation study suggest that the developed estimator and software package

are working as expected. Confidence intervals across all settings are either very slightly (less than

1%) anti-conservative or conservative and the estimated standard error, on average, is roughly

equal to the standard deviation of the estimator. While not perfectly monotone with sample size

in each setting, bias tends to decrease with increased sample size.
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Sample Size Estimate Average Truth Percent Bias Coverage Estimator SD SE Estimator Average

Null Model
500 1.07 1.00 8.11 94.91 0.23 0.22
1000 1.05 1.00 7.76 94.13 0.16 0.15
2000 1.03 1.00 5.26 95.19 0.11 0.11
4000 1.02 1.00 10.09 96.17 0.07 0.08

Smaller Effect
500 0.82 0.75 6.13 94.53 0.25 0.24
1000 0.78 0.75 2.47 97.09 0.16 0.17
2000 0.76 0.75 0.88 97.60 0.11 0.12
4000 0.76 0.75 0.10 97.40 0.08 0.08

Larger Effect
500 0.66 0.62 2.90 94.92 0.27 0.26
1000 0.61 0.62 0.36 97.70 0.16 0.18
2000 0.59 0.62 3.71 98.00 0.11 0.13
4000 0.59 0.62 14.10 98.47 0.07 0.09

Table 3.4: Summary of results from a simulation study conducted across a variety of effect sizes
and sample sizes. The percent bias is bias2/MSE. Coverage is the percentage of 95% confidence
intervals that covered the true value. The estimator SD is the standard deviation of the sampling
distribution of the parameter estimator. SE Estimator average is the mean of the sampling distri-
bution of the standard error estimator.

3.5 Results

Based on the methodology described earlier, the estimated relative risk of HIV-1 infection within

a year of starting HOPE is 0.83 (95% CI:0.36-1.30) of the HOPE study participants who received

Dapivirine rings compared to if they had instead received placebo rings. While this estimate is

based on a prespecified analysis plan, a subsequent sensitivity analysis revealed that two decisions

played an important role in determining the value of the estimate. The first is the cutoff value for

the level of Dapvirine that was required to have left the ring for an individual to be considered

adherent. For the primary analysis in HOPE, and in our analysis as well, the cutoff value for

adherence was set to be 0.9 mg. The second is the 12-month period in ASPIRE that was used to

define our bridging assumption. Because it is necessary to compare the two trials on a single time

scale (so that adherence measures are comparable) and because some ASPIRE trial participants

stayed in the trial for longer than one year, it is necessary to select which one-year period to

compare to. Choosing a different one-year period to calculate incidence results in a different

bridging assumption and a different estimand. For our prespecified analysis, the starting month

for ASPIRE was set to be month 0 (baseline).

While the communicated results from this study (Baeten et al., 2021) did not directly esti-

mate open-label effectiveness, it did estimate an expected HIV-1 infection incidence of “4.4 per

100 person-years (3.2-5.8) among a population matched on age, site, and presence of a sexually

transmitted infection from the placebo group of ASPIRE.” The estimation strategy employed in

this chapter provides an estimate of the counterfactual HOPE placebo arm HIV-1 infection inci-
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Figure 3.3: Cumulative incidence across during the entirety of the ASPIRE trial. When calculating
the primary endpoint (HOPE open-label effectiveness), only the first 12 months are considered,
and the remainder of the trial (the dimmed-out section) is ignored

dence of 5.0 per 100 person-years (1.2-8.7). This estimate is similar to that found in (Baeten et al.,

2021), but has a noticeably wider confidence interval (which is not unsurprising considering this

confidence interval accounts for differences in adherence between trials).

Because ASPIRE found the ring intervention to be effective and the ASPIRE trial saw an

increase in adherence, it is somewhat surprising that the open-label effectiveness was not found

to be significantly far away from a null effect. To understand one potential explanation for this

observation, consider the denominator in (3.4). Note that if pr
(
T π̄⋆

s ≤ τ |D = 0, L
)

is equal to

pr (T π̄
s ≤ τ |D = 1, L), then the parameter estimate will always be equal to one, regardless of what

was observed in HOPE. Additionally, note that at 12 months after ASPIRE enrollment, there is

little difference in estimated incidence between the two arms of the trial — this is in contrast to the

differences between estimated incidences seen at nearly all other times post-enrollment (see Figure

3.3). This suggests that our estimate of effectiveness would be null for the HOPE trial, but there

are at least two potential mechanisms by which the HOPE open-label effectiveness estimate could

nevertheless have been found to be protective. First, it is possible that those who had the highest

level of adherence during ASPIRE received a large benefit, and that during HOPE, adherence

was higher across the board. Second, it is possible different subgroups of individuals in ASPIRE

received different protective benefits from the ring and that the individuals who received large

protective benefits from the ring were over-represented in the HOPE trial (relative to the ASPIRE

trial).

67



As previously discussed two choices made in the prespecified analysis could have potentially

been made differently. The first of these choices is the level of Dapivirine in a ring required for

an individual to be considered adherent. The second is the period of time in the ASPIRE trial

used to define the comparison group used in the bridging assumption. In Figure C.1 estimates and

confidence intervals are given for different combinations of these alternative choices. Discussion of

these results is provided in the appendix of this chapter.

3.6 Discussion

In this chapter, a method for estimating the open-label effectiveness in clinical trials with arm

switching was developed. This technique accounts for differences in the population of a study

shifting over time as well as population-level changes to the adherence observed during different

parts of the study.

This method builds on techniques in causal inference and survival analysis and allows for non-

parametric estimation of nuisance parameters that could otherwise result in bias of the parameter

estimate. Subject area experts were consulted when deciding on the bridging assumption used to

identify the parameter to make the least restrictive assumptions possible such that identification

of the parameter of interest was still possible. While care was taken in the development of these

assumptions, the validity of the analysis naturally rests on their validity.

Calculation of the estimate (and its confidence interval) was carried out using a combination of

already-existing software and code written specifically for use in this setting. The validity of this

software was supported by a small-scale simulation study. The calculated estimate and confidence

interval find a beneficial, but non-significant effectiveness for the ring. In sensitivity analyses, it is

seen that considering different 12-month periods of ASPIRE as the comparator group in estimation

results in a large difference in the estimated effectiveness.

While we applied our method to a single dataset in this chapter, both the bridging assump-

tion and the methodology applied could prove useful in other settings. As an example, a nearly

identical approach to the one used here could be applied to the data from The Ring Study and its

corresponding open-label extension, the DREAM study. The method outlined here could also be

used to estimate open-label effectiveness for many open-label extension trials that were preceded

by a placebo-control trial with a comparable population. While multiple approaches allow for

combining data across studies, the method outlined in this chapter can account for differences in

the study populations and differences in the adherence patterns between the two trials so long as

measures of adherence are recorded during both studies.
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Appendix A

Chapter one appendix

A.1 Technical lemmas

We first state and prove technical lemmas that will be used in the proof of Theorems 1, 2 and 3.

The first lemma below indicates when regularity conditions on the individual local measures of test

inefficiency in F0 imply corresponding conditions for the adaptive local measure of test inefficiency

upon which our test is derived. This lemma serves as a fundamental building block in the proof of

Theorems 1 and 2.

Throughout the Supplement, we define Γd,∗ : (x,Σ) 7→ minφ∈F0 Γ(x,Σ, φ) and Γd,∗
0 : x 7→

Γ∗(x,Σ0). Also, for any event E involving only the random variable U0, we denote by pr(E) the

evaluation of the probability of E under U0 ∼ Q0. Finally, we refer to the following conditions:

C1*) (u,Σ) 7→ Γd,∗(u,Σ) is continuous and non-negative on Rd ×B∗
0 for some neighborhood B∗

0 ⊂

Vd of Σ0;

C2*)
∫
I{Γd,∗

0 (u) = t} dQ0(u) = 0 for every t ≥ 0;

C3*) for at least one φ ∈ F0, Γd,∗(xs,Σ) → 0 uniformly over Σ ∈ B∗
1 for some neighborhood

B∗
1 ⊂ Vd of Σ0 for every sequence x1, x2, . . . of elements of Rd such that φ(xs) → ∞;

C4*) u 7→ Γd,∗
0 (u) is quasi-concave, in the sense that {u : Γd,∗

0 (u) ≥ a} is convex for every a ≥ 0;

C5*) u 7→ Γd,∗
0 (u) is centrally symmetric, in the sense that Γd,∗

0 (u) = Γd,∗
0 (−u) for every u ∈ Rd.

Lemma 1. If any combination of C1, C2, C4 and C5 hold for every element of F0, then the

respective combination of C1*, C2*, C4* and C5* hold as well. Additionally, if C3 holds for at

least one element of F0, then C3* holds as well.

Proof of Lemma 1. Suppose that C1 holds for each φ ∈ F0. Denote by B0(φ) ⊂ Vd the neighbor-

hood of Σ0 over which C1 holds for φ ∈ F0. Because the minimum function is continuous and
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the composition of continuous functions is also continuous, it follows that Γd,∗ is continuous on

Rd×B∗
0 , where B∗

0 := ∩φ∈F0B0(φ) ⊂ Vd is itself a neighborhood of Σ0. Additionally, the minimum

of non-negative values is necessarily non-negative. Thus, C1* holds. Suppose that C2 holds for

each φ ∈ F0. Because pr{Γd
0(U0, φ) = c} = 0 for each c ∈ R and φ ∈ F0, it follows that

pr
{
Γd,∗
0 (U0) = c

}
≤ pr

{⋃
φ∈F0

{
Γd
0(U0, φ) = c

}}
≤
∑

φ∈F0
pr
{
Γd
0(U

d
0 , φ) = c

}
= 0 ,

establishing C2*. Suppose that C3 holds for φ0 ∈ F0, and denote by B∗
1 ⊂ Vd the neighborhood

of Σ0 over which C3 holds. By definition, we have that 0 ≤ Γd,∗(xs,Σ) ≤ Γd(xs,Σ, φ0) for

each Σ, and so, 0 ≤ supΣ∈B∗
1
Γd,∗(xs,Σ) ≤ supΣ∈B∗

1
Γd(xs,Σ, φ0). This establishes C3* since

supΣ∈B∗
1
Γd(xs,Σ, φ0) → 0 by assumption. Suppose that C4 holds for each φ ∈ F0. Defining

Mφ(a) := {u ∈ Rd : Γd
0(u, φ) ≥ a} and M∗(a) := {u ∈ Rd : Γd,∗

0 (u) ≥ a}, we note that M∗(a) =

∩φ∈F0
Mφ(a). By assumption, Mφ(a) is convex for each a ≥ 0 and φ ∈ F0. Since the intersection of

a finite number of convex sets is convex, M∗(a) is convex for each a ≥ 0, thus proving C4*. Suppose

that C5 holds for each φ ∈ F0. Because u 7→ Γd
0(u, φ) is centrally symmetric for each φ ∈ F0, we

have that Γd,∗
0 (−u) = minφ∈F0 Γ

d
0(−u, φ) = minφ∈F0 Γ

d
0(u, φ) = Γd,∗

0 (u) for each u ∈ Rd, and so,

C5* holds.

The following lemmas establish technical properties for certain sets, functions and probability

statements considered in the proof of Theorems 1 and 2.

Lemma 2. The density function f of the d-variate normal distribution with mean zero is quasi-

concave, that is, the set {x ∈ Rd : f(x) ≥ κ} is convex for each κ ∈ R.

Proof of Lemma 2. By Tong (2012), the d-variate normal probability density function is log-

concave. All log-concave functions are quasi-concave in view of Section 3.5.1 of Boyd et al.

(2004).

Lemma 3. Let C be a convex subset of Rd, and define Cµ := {c+µ : c ∈ C} for µ ∈ Rd. For any

µ1, µ2 ∈ Rd and t ∈ [0, 1], the set tCµ1 +(1− t)Cµ2 = {tc1+(1− t)c2 : c1 ∈ Cµ1 , c2 ∈ Cµ2} is equal

to Ctµ1+(1−t)µ2
.

Proof of Lemma 3. Let x ∈ tCµ1
+ (1 − t)Cµ2

, so that there exist c1, c2 ∈ C such that x =

(c1 + µ1)t + (c2 + µ2)(1 − t). Since we can rewrite x = c1t + c2(1 − t) + µ1t + µ2(1 − t) with

c1t + c2(1 − t) ∈ C by the convexity of C, we have that x ∈ Cµ1t+µ2(1−t). Hence, we find that

tCµ1
+(1− t)Cµ2

⊆ Cµ1t+µ2(1−t). To show the reverse inclusion, let y ∈ Cµ1t+µ2(1−t), so that there

exists c ∈ C such that y = c + µ1t + µ2(1 − t) = (c + µ1)t + (c + µ2)(1 − t). This implies that

y ∈ tCµ1
+ (1− t)Cµ2

. Hence, we also find that Cµ1t+µ2(1−t) ⊆ tCµ1
+ (1− t)Cµ2

.
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Lemma 4. Suppose that B is a closed, bounded and centrally symmetric subset of Rd, and let f

denote the density function of the d-dimensional normal distribution with mean zero and positive

definite covariance matrix. For any non-zero h ∈ Rd, the function gh : β 7→
∫
B
f(t − βh) dt is

strictly decreasing.

Proof of Lemma 4. A minimizer x0 ∈ argmax {f(x) : x ∈ B} exists becauseB is closed and bounded

and f is continuous. We also have that −x0 ∈ argmax {f(x) : x ∈ B} because B and f are both cen-

trally symmetric. Let Σ be the covariance matrix indexing f , and define x∗0 := sign(h⊤Σ−1x0)·x0 ∈

B. In particular, we note that x∗0 + h ∈ {x+ h : x ∈ B}. We also note that

2[log f(x∗0)− log f(x∗0 + h)] = (x∗0 + h)⊤Σ−1(x∗0 + h)− (x∗0)
⊤Σ−1x∗0 = 2h⊤Σ−1x∗0 + h⊤Σ−1h

= 2|h⊤Σ−1x0|+ h⊤Σ−1h > 0 ,

and so, f(x∗0) > f(x∗0 + h) for h ∈ Rd ̸= 0. Set u := [f(x∗0) + f(x∗0 + h)]/2 and note that

f(x∗0) > u > f(x∗0 + h). This implies that x∗0 + h is an element of {x + h : x ∈ B, f(x) > u} but

not of {x + h : x ∈ B} ∩ {x : f(x) > u}. Thus, in view of Corollary 1 of Anderson (1955), gh is

strictly decreasing.

Lemma 5. Let constants b, c ∈ R and strictly ray monotone function g : Rd → R be given. If Z

is a non-degenerate d-variate normal random variable with distribution P and density function f ,

it holds that P {g(Z) = c} =
∫
I{g(z) = c}f(z) dz = 0.

Proof of Lemma 5. We focus on d ≥ 3 as the case d ∈ {1, 2} is straightforward. To eval-

uate the integral
∫
I{g(z) = c}f(z) dz, we reparametrize Rd into {(r, γ1, γ2, . . . , γd−1) : r ∈

[0,∞), γ1, γ2, . . . , γd−2 ∈ [0, π), γd−1 ∈ [0, 2π)} as in Blumenson (1960), setting z = rt(γ) with

t1(γ) := cos(γ1), tj(γ) := sin(γ1) sin(γ2) . . . sin(γj−1) cos(γj) for j = 2, 3, . . . , d − 1, and td(γ) :=

sin(γ1) sin(γ2) . . . sin(γd−1). Here, we write γ := (γ1, γ2, . . . , γd−1) and t(γ) := (t1(γ), t2(γ), . . . , td(γ)).

We also define |Jd| := rd−1sin(γ1)d−2sin(γ2)d−3 . . . sin(γd−2), and note that aγ := |Jd|r1−d depends

on γ but not r. This change of variable allows us to write

∫
I{g(z) = c}f(z) dz =

∫ 2π

0

∫ π

0

· · ·
∫ π

0

∫ ∞

0

I {g (rt(γ)) = c} f (rt(γ)) |Jd| dr dγ1 . . . dγd−1

=

∫ 2π

0

∫ π

0

· · ·
∫ π

0

aγ

[∫ ∞

0

rd−1I {g (rt(γ)) = c} f (rt(γ)) dr
]
dγ1 . . . dγd−1 ,

where we note that in the innermost integral t(γ) is fixed when integrating over r. Thus, the

latter integral has the form
∫∞
0
rd−1I{g(rv) = c}f(rv) dr for some v ∈ Rd. Because g is strictly

ray monotone, the function gv : r 7→ g(rv) is strictly monotone. Thus, the indicator function

I{g(rv) = c} can only equal one for a single value of r, and so, the innermost integral and thus
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the probability of interest equal zero.

A.2 Proof of Theorems 1 and 2

We now prove Theorems 1 and 2. Below, we denote convergence in distribution by ⇝. We refer

to Ūn as a random draw from the normal distribution with mean zero and covariance matrix Σn

independent of X1, X2, . . . , Xn given Σn. We define Ā∗
n := Γd,∗(Ūn,Σn), A∗

n := Γd,∗(Un,Σn) and

A∗
0 := Γd,∗(U0,Σ0), and denote by qn and q0 the α-quantile of Ā∗

n and A∗
0, respectively.

Proof of Theorem 1. In view of Lemma 1, if conditions C1*–C2* hold for each φ ∈ F0, then C1*–

C2* hold, and if in addition C3 holds for some φ ∈ F0, then C3* holds as well. Since Σn converges

in probability to Σ0, we have that (Ūn,Σn) converges in distribution to (U0,Σ0). In view of C1*,

this implies that Ā∗
n ⇝ A∗

0 by the continuous mapping theorem. By Lemma 21.2 of van der Vaart

(2000), we have that qn → q0 in probability since the distribution function of A∗
0 is continuous at

q0 by C2*. Suppose that P0 ∈ M0. The asymptotic linearity of ψn and consistency of Σn imply

that (Un,Σn) ⇝ (U0,Σ0), and so, A∗
n ⇝ A∗

0 by the continuous mapping theorem in view of C1*.

By C2*, this implies that the type I error P0(A
∗
n ≤ qn) tends to P0(A

∗
0 ≤ q0) = α.

Now, suppose instead that P0 ̸∈ M0. For any ε > 0, the rejection rate P0(A
∗
n ≤ qn) =

1 − P0(A
∗
n > qn) is bounded below by 1 − P0(A

∗
n ≥ q0 − ε) − P0(|qn − q0| > ε). The term

P0(|qn − q0| > ε) tends to zero in probability by the consistency of qn for q0. Since q0 > 0 by C2*,

we can choose ε ∈ (0, q0) above, and for any such choice, we have that

lim inf
n→∞

P0(A
∗
n ≤ qn) ≥ 1− lim sup

n→∞
P0(A

∗
n ≥ q0 − ε) .

It then directly follows that the power P0(A
∗
n ≤ qn) of the test tends to one provided A∗

n tends

to zero in probability. We thus show that the latter statement holds. First note that a sequence

of random variables converges in probability if and only if each subsequence of this sequence

contains a further subsequence that converges almost surely to the same limit (Shorack, 2017).

Let φ0 ∈ F0 be such that Γd,∗(xs,Σ) → 0 uniformly over Σ ∈ B∗ for some neighborhood B∗ of

Σ0 for every sequence x1, x2, . . . of elements of Rd such that φ0(xs) → ∞; the existence of φ0 is

guaranteed by C3*. By the reverse triangle inequality, we have that φ0(n
1/2ψn) ≥ φ0(n

1/2ψ0) −

φ0(n
1/2(ψn − ψ0)) = n1/2φ0(ψ0) − OP (1) in view of the fact that n1/2(ψn − ψ0) is bounded

in probability. As n1/2φ0(ψ0) → +∞, this shows that Vn := 1/φ0(n
1/2ψn) tends to zero in

probability. Let Vn1
, Vn2

, . . . with 1 ≤ n1 < n2 < . . . be an arbitrary subsequence of V1, V2, . . ., and

note that Vnk
tends to zero in probability as k → ∞. There must then exist a further subsequence

Vnk1
, Vnk2

, . . . with 1 ≤ k1 < k2 < . . . that converges to zero almost surely, and so, defining
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U ′
j := Unkj

= n
1/2
kj
ψnkj

, we have that φ0(U
′
j) diverges almost surely as j → ∞. Thus, it follows

that Γd,∗(U ′
j ,Σ) converges to zero almost surely uniformly over Σ ∈ B∗. Since we have argued that

every subsequence Γd,∗(Unk
,Σ) has a further subsequence that converges to zero almost surely, we

have shown that Γd,∗(Un,Σ) tends to zero in probability uniformly over Σ ∈ B∗. For each ε > 0,

we then have that

P0(A
∗
n > ε) = P0(A

∗
n > ε,Σn ∈ B∗) + P0(A

∗
n > ε,Σn /∈ B∗)

≤ sup
Σ∈B∗

P0{Γd,∗(Un,Σ) > ε}+ P0(Σn ̸∈ B∗) ,

which implies the claim since the first and second summands tend to zero in view of C3* and the

consistency of Σn, respectively.

Proof of Theorem 2. In view of Lemma 1, the fact that conditions C1, C2, C4 and C5 hold for

each φ ∈ F0 and that condition C3 holds for some φ ∈ F0 implies that C1*–C5* hold. Since Σn is

consistent and ψn is regular and asymptotically linear, under any sequence P (0)
n of local alternatives,

it holds that Un ⇝ U0+h for some h ∈ Rd, and in view of C1*, A∗
n = Γd,∗(Un,Σn)⇝ Γd,∗

0 (U0+h).

Also, in view of C1* and C2*, it follows that Ā∗
n ⇝ A∗

0 and the distribution function of A∗
0 is

continuous. Therefore, qn tends to q0 in probability under this sequence of local alternatives.

Lastly, q0 is a continuity point of Γd,∗
0 (U0 + h) using a change of variables argument and C2*.

Thus, it follows that P (0)
n (A∗

n ≤ qn) → pr
{
Γd,∗
0 (U0 + h) ≤ q0

}
. We define the function gh : R → R

pointwise as

gh(β) := pr
{
Γd,∗
0 (U0 + βh) ≥ q0

}
=

∫
B0

f0(x− βh) dx , (A.1)

where we define B0 := {x ∈ Rd : Γd,∗
0 (x) ≥ q0} and denote by f0 the density of the multivariate

normal distribution with mean zero and covariance Σ0. By Lemma 2, the probability density

function of the multivariate normal distribution with mean zero is centrally symmetric and quasi-

concave, and so, gh is non-increasing in view of Theorem 1 of Anderson (1955). Corollary 1 of

Anderson (1955) states that gh is in fact strictly decreasing provided {ω + h : ω ∈ B0, f0(ω) >

u} ≠ {ω + h : ω ∈ B0} ∩ {ω + h : f0(ω) > u}. Lemma 4 indicates that this condition is satisfied if

B0 is closed, bounded and centrally symmetric. By C5*, Γd,∗
0 is centrally symmetric, and so, B0 is

also centrally symmetric. Also, since u 7→ Γd,∗
0 (u) is continuous, it is also upper semicontinuous,

and therefore, B0 is closed. It remains to show that B0 is bounded. Let φ0 ∈ F0 be such that

Γd,∗(xs,Σ) → 0 uniformly over Σ ∈ B∗ for some neighborhood B∗ of Σ0 for every sequence

x1, x2, . . . of elements of Rd such that φ0(xs) → ∞; the existence of φ0 is guaranteed by C3*.

Suppose that B0 is not bounded, that is, for each r = 1, 2, . . ., there exists some vr ∈ B0 for
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which φ0(vr) > r. Because φ0(vr) → ∞, it follows that supΣ∈B∗ Γd(vr,Σ, φ0) → 0, and since

0 ≤ Γd,∗(vr,Σ) ≤ Γd(vr,Σ, φ0) for each Σ ∈ B∗, this also implies that supΣ∈B∗ Γd,∗(vr,Σ) → 0.

However, this is a contradiction since by definition supΣ∈B∗ Γd,∗(vr,Σ) ≥ Γd,∗
0 (vdr ) ≥ q0 for every r.

Thus, no such sequence exists, and instead there exists some r0 > 0 such that φ0(v) < r0 for every

v ∈ B0. Thus, B0 must be bounded. It follows finally that gh is strictly decreasing, and so, the

power of the proposed test under local alternatives tends to 1− gh(1) > 1− gh(0) = pr{Γd,∗
0 (U0) <

q0} = α.

A.3 Proof of Theorem 3

We now show that both local measures of test inefficiency discussed in this paper satisfy regularity

conditions C1–C5 irrespective of the norm φ used.

Proof of Theorem 3. Part 1: acceptance rate measure.

C1. Non-negativity is clear. To establish the continuity of (x,Σ) 7→ Γd
ar(x,Σ, φ), we first show

that ζ : (x,Σ, c) 7→
∫
I{φ(t) < c}fΣ(t− x) dt is continuous, where fΣ is the density function of the

d-dimensional normal distribution with mean zero and covariance matrix Σ. Fix x0 ∈ Rd, Σ′
0 ∈ Vd

sufficiently close to Σ0 to ensure that it is invertible, and c0 ∈ R. Consider an arbitrary sequence

(x1,Σ1, c1), (x2,Σ2, c2), . . . in Rd × Vd × R tending to (x0,Σ
′
0, c0). Since the smallest eigenvalue

of Σj converges to that of Σ′
0, Σj is invertible for all j sufficiently large. Hence, without loss of

generality, we suppose that Σj is invertible for all j. By the triangle inequality, for any j, we have

that

|ζ(xj ,Σj , cj)− ζ(x0,Σ
′
0, c0)| ≤ |ζ(xj ,Σj , cj)− ζ(x0,Σ

′
0, cj)|+ |ζ(x0,Σ′

0, cj)− ζ(x0,Σ
′
0, c0)| .

(A.2)

We first show that supc∈R |ζ(xj ,Σj , c) − ζ(x0,Σ0, c)| → 0, which implies that the first summand

tends to zero. Let T1, T2, . . . be independent random vectors with Tj following the d-dimensional

normal distribution with mean xj and covariance matrix Σj , and let T0 be an independent random

vector following the d-dimensional normal distribution with mean x0 and covariance matrix Σ′
0.

Because the moment generating function of Tj converges pointwise to that of T0, we have that Tj ⇝

T0, and by the continuity of norms, it follows that φ(Tj)⇝ φ(T0). Hence, the distribution function

Fj of φ(Tj) tends to the distribution function F0 of φ(T0) at all continuity points of F0. Because Tj

is a non-degenerate normal random vector and all norms are strictly ray increasing, Fj is everywhere

continuous for each j in view of Lemma 5, so that Fj(c) → F0(c) for each c ∈ R. Moreover, by

Lemma 2.11 in van der Vaart (2000), this convergence is uniform, that is, supc∈R |Fj(c)−F0(c)| → 0.

Since the continuity of Fj everywhere implies that ζ(xj ,Σj , c0) = Fj(c0) for each j, we find that
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supc∈R |ζ(xj ,Σj , c)−ζ(x0,Σ0, c)| → 0, as claimed. That the second summand in (A.2) also tends to

zero follows from the fact that ζ(x0,Σ0, cj) = F0(cj) → F0(c0) = ζ(x0,Σ0, c0) since c0 is necessarily

a continuity point of F0.

For each Σ ∈ Vd, we define cα(Σ) := min{c > 0 : pr{φ(U) < c} ≥ 1−α} with U a multivariate

normal random vector with mean zero and covariance Σ. We wish to show that cα is continuous

at Σ0. We first note that cα(Σj) is the (1 − α)-quantile of φ(Tj) in the setting in which x1 =

x2 = . . . = 0. Since we have already shown that the distribution function of φ(Tj) converges

uniformly to that of φ(T0), it follows from Lemma 21.2 of van der Vaart (2000) that the quantile

function F−1
j of φ(Tj) converges to the quantile function F−1

0 of φ(T0). Thus, we have that

cα(Σj) = F−1
j (1 − α) → F−1

0 (1 − α) = cα(Σ
′
0), thereby establishing that cα is a continuous

function in a neighborhood of Σ0. Since Γd
ar(x,Σ, φ) = ζ(x,Σ, cα(Σ)) for each (x,Σ), Γd

ar is a

composition of continuous functions, thereby implying C1.

C2. Fix x ∈ Rd and define gx : β 7→
∫
W
fΣ0(t−βx) dt with W := {t ∈ Rd : φ(t) ≤ cα(Σ0)}, so that

gx(β) = Γd
ar(βx,Σ0, φ). In view of from Lemma 4, gx is strictly decreasing provided W is closed,

bounded and centrally symmetric. Because φ is a norm, it is centrally symmetric, and thus, so

is W . Moreover, the hypograph {(t, c) : φ(t) ≤ c} is closed and therefore upper semicontinuous

by the continuity of φ. This, in turn, implies that W is closed. Finally, we can show that W is

bounded similarly as was done for the set B0 in the proof of Theorem 2. Since this establishes

that x 7→ Γd(x,Σ0, φ) is ray-decreasing, we find that pr
{
Γd

ar(U,Σ0, φ) = c
}
= 0 for every c ∈ R by

Lemma 5.

C3. For any sequence x1, x2, . . . of elements in Rd with φ(xs) → ∞, we have that

Γd
ar(xs,Σ0, φ) = pr {φ(U0 + xs) < cα(Σ0)}

≤ pr {φ(U0) + φ(xs) < cα(Σ0)} = 1− pr {cα(Σ0)− φ(U0) ≤ φ(xs)}

by the triangle inequality. Because the random variable cα(Σ0)−φ(U0) is bounded in probability,

it follows from the above inequality that Γd
ar(x

d
s ,Σ0, φ) tends to zero since φ(xs) → ∞.

Now, suppose that there is no ε > 0 over which, for every sequence xs for which φ(xs) → ∞,

Γd
ar(xs,Σ, φ) → 0 uniformly over all Σ in a neighborhood of Σ0. There must then exist some δ > 0

and sequences Σ1,Σ2, . . . and x1, x2, . . . such that φ(xs) → ∞ and Σs → Σ but Γd
ar(xs,Σs, φ) > δ

for every s. By the continuity of φ and cα, we have that cα(Σs)−φ(Us)⇝ cα(Σ0)−φ(U0), where

U0, U1, U2, . . . is a sequence of independent random d-vectors with Us following the multivariate

normal distribution with mean zero and covariance Σs. By Lemma 2.11 of van der Vaart (2000),

this implies the uniform convergence of the corresponding distribution functions, and so, it follows
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that

|pr {cα(Σ0)− φ(U0) ≤ φ(xs)} − pr {cα(Σs)− φ(Us) ≤ φ(xs)} |

≤ sup
x

|pr {cα(Σ0)− φ(U0) ≤ x} − pr {cα(Σs)− φ(Us) ≤ x}| → 0

Since we have already established above that pr {cα(Σ0)− φ(U0) ≤ φ(xs)} → 1, it must then also

be that pr {cα(Σs)− φ(Us) ≤ φ(xs)} → 1, and so, Γd
ar(xs,Σs, φ) ≤ 1−pr {cα(Σs)− φ(Us) ≤ φ(xs)} →

0. This is a contradiction. As such, there must exist some neighborhood of Σ0 such that the con-

vergence of Γd
ar(x

d
s ,Σ, φ) to zero is uniform over Σ in this neighborhood.

C4. Let x ∈ Rd be given. Defining Ax := {ω ∈ Rd : φ(ω + x) < cα(Σ0)}, we note that

Γd
ar(x,Σ0, φ) =

∫
I {φ(t) < cα(Σ0)} fΣ0

(t− x) dt

=

∫
I {φ(u+ x) < cα(Σ0)} fΣ0

(u) du = pr(U0 ∈ Ax) .

Suppose that x1, x2 ∈ Rd are such that Γd
ar(x1,Σ0, φ) ≥ c and Γd

ar(x2,Σ0, φ) ≥ c. Then, we can

write that c = ctc1−t ≤ Γd
ar(x

d
1,Σ0, φ)

tΓd
ar(x2,Σ0, φ)

1−t. Theorem 1 of Rinott (1976) states that

ν(Ay)
tν(Az)

1−t ≤ ν(tAy + (1 − t)Az) for any distribution ν with log-concave density function,

where tAy + (1− t)Az := {tω1 + (1− t)ω2 : ω1 ∈ Ay, ω2 ∈ Az, t ∈ [0, 1]}. The multivariate normal

distribution has a log-concave density, as shown, for example (see, e.g., Theorem 4.2.1 of Tong,

2012), and so, it holds that pr(U0 ∈ Ax1)
tpr(U0 ∈ Ax2)

1−t ≤ pr{U0 ∈ tAx1+(1−t)Ax2}. It remains

to show that pr{U0 ∈ tAx1
+ (1 − t)Ax2

} = Γd
ar(tx1 + (1 − t)x2,Σ0, φ) = pr{U0 ∈ Atx1+(1−t)x2

}.

This is implied by Lemma 3 and the fact that each Ax is convex by the convexity of norms, since

this lemma shows that tAx1 + (1− t)Ax2 = Atx1+(1−t)x2
. Thus, we obtain that

c ≤ pr {U0 ∈ tAx1
+ (1− t)Ax2

} = pr
{
U0 ∈ Atx1+(1−t)x2

}
= Γd

ar(tx1 + (1− t)x2,Σ0, φ) .

Thus, we have established that x 7→ Γd
ar(x,Σ

d
0, φ) is quasi-concave.

C5. In view of the facts that U0 and −U0 have the same distribution and that φ is centrally

symmetric, for any x ∈ Rd, we have that

Γd
ar(x,Σ0, φ) = pr {φ(U0 + x) < cα(Σ0)} = pr {φ(−U0 + x) < cα(Σ0)}

= pr {φ(U0 − x) < cα(Σ0)} = Γd
ar(−x,Σ0, φ) .

Part 2: multiplicative factor measure.

C1. Again, non-negativity is clear. For (x,Σ) ∈ Rd×Rd×d, define Λx,Σ : R+ → (0, 1−α] pointwise

as Λx,Σ(s) := Γd
ar(sx,Σ, φ). Since x 7→ Γd

ar(x,Σ, φ) is continuous and strictly ray-decreasing,
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s 7→ Λd
x,Σ(s) is also continuous and strictly decreasing. We note that Λx,Σ(0) = 1 − α > τ and

lims→∞ Λx,Σ(s) = 0, and therefore, Γd
mf(x,Σ, φ) = min{s ≥ 0 : Λx,Σ(s) ≤ τ} equals the inverse

Λ−1
x,Σ(τ) of Λx,Σ at τ .

Let sequences x1, x2, . . . ∈ Rd and Σ1,Σ2, . . . ∈ Vd such that (xk,Σk) → (x,Σ) be given, and

denote Λk := Λxk,Σk
for each k and Λ := Λx,Σ. The continuity of x 7→ Γd

ar(x,Σ, φ) implies that

Λk(s) → Λ(s) for each s. In view of the continuity and monotonicity of the bounded functions

Λ1,Λ2, . . . and Λ, an adaptation of arguments used to prove Lemma 2.11 of van der Vaart (2000) can

be used to show that sups≥0 |Λk(s)−Λ(s)| → 0. We prove by contradiction that Λ−1
k (τ) → Λ−1(τ).

Suppose this is not so. Then, there exists ϵ > 0 and natural numbers k1 < k2 < . . . such that

(i) infj [Λ
−1
kj

(τ) − Λ−1(τ)] ≥ ϵ or (ii) infj [Λ
−1(τ) − Λ−1

kj
(τ)] ≥ ϵ. Suppose that (i) holds. By the

monotonicity of Λk, we have that τ < Λkj (Λ
−1(τ) + ϵ) for all j, and so,

τ < Λ(Λ−1(τ) + ϵ) + Λkj
(Λ−1(τ) + ϵ)− Λ(Λ−1(τ) + ϵ)

≤ Λ(Λ−1(τ) + ϵ) + sup
s≥0

|Λkj
(s)− Λ(s)| .

As Λ is strictly decreasing, Λ(Λ−1(τ)+ϵ) < τ . This yields a contradiction since the latter summand

has been shown to tend to zero. A similar argument can be made if (ii) holds instead. We have

thus shown that x 7→ Γd
mf(x,Σ, φ) is continuous.

C2. Let v ∈ Rd be given, and define gv : R → R pointwise as

gv(β) := Γd
mf(βv,Σ

d
0, φ) = min{s ≥ 0 : pr {φ(U0 + sβv) ≥ cα(Σ0)} ≥ 1− τ} .

We note that gv(β) = gv(1)/β, and so, x 7→ Γd
mf(x,Σ0, φ) is strictly ray-decreasing. Hence, the

conditions of Lemma 5 are satisfied, and it follows that pr{Γd
mf(U0,Σ0, φ) = c} = 0 for each c ≥ 0.

C3. Let a sequence x1, x2, · · · ∈ Rd such that φ(xx) → ∞ be given. Let ε > 0 be given, and set

x̃j := εxj for each j. The sequence x̃1, x̃2, . . . also has the property that φ(x̃j) = φ(εxj) = εφ(xj) →

∞. Using condition C3 established in Part 1, there exists some N > 0 and a neighborhood B0 of

Σ0 such that Γd
ar(x̃j ,Σ, φ) ≤ τ for each n > N and Σ ∈ B0. As Γd

ar(x̃
d
j ,Σ, φ) → 0 and Γd

mf(xj ,Σ, φ)

is defined as the smallest s such that Γd
ar(sxj ,Σ, φ) ≤ τ , it follows that lim supj Γ

d
mf(xj ,Σ, φ) ≤ ε

uniformly over Σ ∈ B0. Since ε > 0 is arbitrary, it must be the case that Γd
mf(x

d
j ,Σ, φ) → 0

uniformly over Σ ∈ B0.

C4. Suppose that x1, x2 ∈ Rd are such that Γd
mf(x1,Σ0, φ) ≥ c and Γd

mf(x2,Σ0, φ) ≥ c. When

establishing condition C2 in Part 1, it was shown that s 7→ pr{φ(U0+ sx) ≥ cα(Σ0)} is continuous

and strictly increasing. Hence, if Γd
mf(x,Σ0, φ) ≥ x, then pr{φ(U0 + cx) ≥ cα(Σ0)} ≥ 1− τ , which

implies that pr{φ(U0 + cx1) < cα(Σ0)} > τ and pr{φ(U0 + cx2) < cα(Σ0)} > τ . Using condition

C4 established in Part 1, we find that pr{φ(U0+c{tx1+(1−t)x2}) < cα(Σ0)} > τ or, equivalently,

84



pr{φ(U0+c{tx1+(1−t)x2}) ≥ cα(Σ0)} ≤ 1−τ . Thus, it follows that Γd
mf(tx

d
1+(1−t)x2,Σ0, φ) ≥ c,

and so, x 7→ Γd
mf(x,Σ0, φ) is quasi-concave.

C5. Using the fact that the density function of a mean-zero multivariate normal distribution is

centrally symmetric, we have that

Γd
mf(x,Σ0) = min {s ≥ 0 : pr{φ(U0 + sx) ≥ cα(Σ0)} ≥ 1− τ}

= min {s ≥ 0 : pr{φ(−U0 + sx) ≥ cα(Σ0)} ≥ 1− τ}

= min {s ≥ 0 : pr{φ(U0 − sx) ≥ cα(Σ0)} ≥ 1− τ} = Γd
mf(−x,Σ0)

for each x ∈ Rd, thereby establishing that x 7→ Γd
mf(x,Σ

d
0, φ) is centrally symmetric.

A.4 Additional technical lemma

The sum-of-squares function ȷk : Rd → R is defined as x 7→
√∑k

i=1 x
2
(d−i+1), where x2(j) is the jth

order statistic of components of x.

Lemma 6. The function ȷk is a norm for each k ∈ {1, 2, . . . , d}.

Proof of Lemma 6. Fix k ∈ {1, 2, . . . , d}. We must show that ȷk is point-separating, absolutely

homogeneous and additive, which then implies the claim. First, we note that if ȷk(x) = 0, then it

must be that 0 ≤ x2(1) ≤ . . . ≤ x2(d) ≤
∑k

i=1 x
2
(d−i+1) = 0, and so, x1 = x2 = . . . = xd = 0. Second,

we note that, for any a > 0 and x ∈ Rd,

ȷk(ax) =

√√√√ k∑
i=1

{ax(d−i+1)}2 =

√√√√ k∑
i=1

a2x2(d−i+1) = a

√√√√ k∑
i=1

x2(d−i+1) = a · ȷk(x) .

Finally, we let x = (x1, x2, . . . , xd)
⊤ and y = (y1, y2, . . . , yd)

⊤ be elements of Rd, and define

z := x+ y. Without loss of generality, suppose that |z1| ≤ |z2| ≤ . . . ≤ |zd|. Then, we have that

ȷk(z) =

√√√√ k∑
i=1

z2(d−i+1) =

√√√√ k∑
i=1

z2d−i+1 =

√√√√ k∑
i=1

(xd−i+1 + yd−i+1)
2

≤

√√√√ k∑
i=1

x2d−i+1 +

√√√√ k∑
i=1

y2d−i+1 ≤

√√√√ k∑
i=1

x2(d−i+1) +

√√√√ k∑
i=1

y2(d−i+1) = ȷk(x) + ȷk(y) ,

where the first inequality follows from the subaddativity of the ℓ2 norm on Rk.
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Figure A.1: Simulation study-based empirical rejection rate of various tests applicable in Example
1 under different data- generating mechanisms, at different sample sizes, and for covariate vectors
with moderate correlation (50%) across components and of different length.

A.5 Additional figures

A.6 Additional information on data analysis

During the HVTN 505 clinical trial, vaccinations were administered at Months 0, 1 and 6. To

measure the immune response to vaccination, samples were collected from individuals at Month

7. After trial completion, samples were analyzed for 25 primary endpoint vaccine cases (HIV-1

infected between Month 7 and Month 24) and 125 randomly sampled frequency matched vaccine

controls (HIV-1 negative at Month 24) (Janes et al., 2017). Baseline covariates and infection status

were recorded for all study participants.

We denote the vector of recorded immune response biomarkers as S := (S1, S2, . . . , Sd), and

denote by W and Y the baseline covariate vector and infection status, respectively. The biomarker

vector S is only recorded on a subset of participants, and the variable ∆ indicates those patients,

with ∆ = 1 if S is recorded and 0 otherwise. For each group of biomarkers considered in Neidich

et al. (2019), we test the null hypothesis that these biomarkers are not associated with risk of

infection. The measure of association used for each biomarker Sj is the β1-coefficient value indexing

the KL projection of the conditional log-odds of infection log (odds (Y = 1|Sj = s)) onto a linear

working model β1 + β2s.

Denoting by PF a candidate distribution for the full-data unit (W,S, Y ), we first define the
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Figure A.2: Simulation-based empirical sampling density of the p-value p1n(σ) := 2 [1 −
Φ(n1/2|ψn1|/σ)] for σ equal to either the true asymptotic standard deviation σ0 or its influence
function-based estimator σn based on Example 1. Data are generated from the setting in which all
covariates are independent of each other and the outcome. Panel (A) shows sampling densities on
[0, 1]. Panel (B) shows the same densities but is restricted to the interval [0, 0.01]. In each panel,
displays in the top and bottom rows show, respectively, the sampling density when σ0 is estimated
or known. Displays in the left and right columns show, respectively, results for n = 100 or n = 200.
The blue horizontal line represents the theoretical standard uniform density of p-values under the
null, and the red vertical lines (left to right) in Panel (B) are the largest single covariate p-value
that results in rejection of the Bonferroni test for dimension d equal to 100, 50 and 10.
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Figure A.3: Estimated limiting distribution of the multiplicative factor measure for both non-
adaptive (ℓ2 and maximum absolute deviation) and adaptive (adaptive ℓp and adaptive sum-of-
squares) testing procedures. The black and dashed red vertical lines in each plot denote the value
of the 5th percentile of the limiting distribution and of the test statistic, respectively. This analysis
is based on data from the HVTN 505 clinical trial, and the null hypothesis tested is that the
biomarkers from the Fx Ab group are not associated with risk of HIV infection.
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full-data parameter for biomarker Sj to be

βj,F (PF ) := argmax
β

EPF
[Rj(β)(Sj , Y )] ,

where we also define Rj(β) : (s, y) 7→ y log{expit(β1+β2s)}+(1−y) log{1−expit(β1+β2s)}. For the

two-phase design, the observed-data unit is X := (W, S̃,∆, Y ) with S̃ := ∆S. Each participant’s

probability of being sampled in the second phase depends on their outcome and baseline covariate

vector but not on the biomarker vector. In other words, ∆ and S are independent given (W,Y ).

In this particular study, all cases were sampled but controls were sampled based on BMI, race and

ethnicity (Janes et al., 2017). Under this assumption, the full-data parameter can be expressed as

the observed-data parameter

βj(P ) := argmax
β

EP

[
∆

P (∆ = 1 | Y,W )
·Rj(β)(S̃j , Y )

]
,

where P is a candidate distribution of the observed-data unit.

In the context considered, (W,Y ) have a finite support under the true sampling distribution

P0. Thus, the parameter value βj0 := βj(P0) can be estimated using the plug-in estimator βjn :=

βj(Pn), where Pn is the empirical distribution based on X1, X2, . . . , Xn; in practice, this estimator

can be obtained using weighted univariable logistic regression with empirically computed weights.

The estimator βjn is a vector (βjn,1, βjn,2), with components giving estimators of the constant

and slope of the best linear model approximation to the true conditional log-odds of risk of HIV

infection, respectively.

The influence function of βjn is given by

x 7→ −M−1
j0

[
δ

π0(w, y)
∇Rj(βj0)(w, s̃, y) +

{
1− δ

π0(w, y)

}
ξj0(w, y)

]
,

where we define pointwise the nuisance functions π0(w, y) := E0 (∆ |W = w, Y = y) and ξj0(w, y) :=

E0

[
∇Rj(βj0)(W, S̃, Y ) | ∆ = 1,W = w, Y = y

]
as well as the normalization matrix

Mj0 := E0

[
∆

π0(W,Y )
∇2Rj(βj0)(W, S̃, Y )

]
.

Here, defining mβ : s 7→ expit(β1 + β2s), we can compute ∇Rj(β)(w, s, y) = [y −mβ(s)] [ 1s ] and

∇2Rj(β)(w, s, y) = −mβ(s)[1−mβ(s)]
[
1 s
s s2

]
. In particular, the influence function of ψjn := βj2,n

is given by

ϕj0 : x 7→ δ

π0(w, y)
{aj0 + bj0s̃}

{
y −mβj0

(s̃)
}
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+

{
1− δ

π0(w, y)

}
E0

[(
aj0 + bj0S̃

){
Y −mβj0(S̃)

} ∣∣∣∆ = 1,W = w, Y = y
]
,

where aj0 and bj0 are the [2, 1] and [2, 2] entries of −M−1
j0 . This implies that n1/2 (ψn − ψ0)

converges in distribution to a mean-zero multivariate normal distribution with covariance matrix

Σ0 with entry [j, k] given by Σjk := E0 [ϕj0(X)ϕk0(X)]. As such, a natural estimator Σn of Σ0 is

defined entrywise as Σjk,n := 1
n

∑n
i=1 ϕjn(Xi)ϕkn(Xi) with

ϕjn : x 7→ δ

πn(w, y)
{ajn + bjns̃}

{
y −mβjn

(s̃)
}

+

{
1− δ

πn(w, y)

}
En

[(
ajn + bjnS̃

){
Y −mβjn

(S̃)
} ∣∣∣∆ = 1,W = w, Y = y

]
,

where πn is an estimator of π0, ajn and bjn are the [2, 1] and [2, 2] entries of −M−1
jn with

Mjn := − 1
n

∑n
i=1

∆i

πn(Wi,Yi)
mβjn

(S̃i)[1 − mβjn
(S̃i)]

[
1 S̃i

S̃i S̃2
i

]
, and En denotes an empirical expec-

tation relative to the distribution of S̃ given ∆ = 1 and (W,Y ).

When solving for efficient influence function, if we have solved everything, but we are still not

integrating over everything, we can add an integral over everything else and add the conditional

probability of everything else.

A.7 Parameter of interest

Let Y be the binary outcome of interest, let W = (W1, . . . ,Wd) be a vector of covariates, and let

∆ be an indicator for observing Y . Our parameter of interest for each Wj is the β coefficient for

risk ratio corresponding each Wj .

Ψj

(
P full) = Cov (log (Pr (Y = 1|Wj)) ,Wj)

Var(Wj)

Ψj,1

(
P full) = E [log (Pr (Y = 1|Wj))Wj ]

Ψj,2

(
P full) = E [log (Pr (Y = 1|Wj))]

Ψj,3

(
P full) = E [Wj ]

Ψj,4

(
P full) = E

[
W 2

j

]

A.8 Identifying the parameter

In the data generating mechanism for the second data example from the first chapter, we assume

that data is missing at random : Y ⊥ ∆|W .
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Ψj,1

(
P full) = Cov (log (Pr (Y = 1|Wj)) ,Wj)

Var(Wj)
by law of total expectation

=
Cov (log (E [Pr (Y = 1|Wj ,W−j) |Wj ]) ,Wj)

Var(Wj)
by conditional independence

=
Cov (log (E [Pr (Y = 1|∆ = 1,W ) |Wj ]) ,Wj)

Var(Wj)

Ψ̃j

(
P obs) = Cov (log (E [Pr (∆Y = 1|∆ = 1,W ) |Wj ]) ,Wj)

Var(Wj)
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B.1 Additional figures
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Figure B.1: Empirical sampling distribution of the scaled parameter estimates for the first six
elements of the parameter estimator vector for the non-standardized test statistic. The black
vertical line shows the median of the given sampling distribution. The blue point shows the true
value of each Fourier coefficient in each setting.
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Figure B.2: Empirical sampling distribution of the scaled parameter estimates for the first six
elements of the parameter estimator vector for the standardized test statistic across sample size
and number of basis coefficients. The color of each violin plot indicates the number of basis
functions used to define the test statistic. The vertical line shows the median of the given sampling
distribution in each setting.
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Figure B.3: Empirical sampling distribution of the scaled parameter estimates for the first six
elements of the parameter estimator vector for the standardized test statistic across sample size
and number of basis coefficients. The color of each violin plot indicates the size of the sample used
to estimate the parameter. The vertical line shows the median of the given sampling distribution
in each setting.
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Figure B.4: Average estimated function in each setting for both considered sample sizes.
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Figure B.5: Bias of the function estimator in each setting for both considered sample sizes.
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Chapter three appendix

Appendices

C.1 Details of data analysis

Baseline covariates

Baseline covariates were recorded at the beginning of each trial. The covariates baseline considered

in this analysis where age, main partner HIV status, number of partners in the last three months,

number of sex acts in the last seven days, number of sex acts in which a condom was used, an

indicator for if an individual was worried about using the ring, marital status, and study site.

All but one study site included participants in both trials. The Umkomaas study site, which

only enrolled patients during ASPIRE, was collapsed into the Isipingo site. The Isipingo site is the

closest geographically to the Umkomaas site, and all participants who were seen at the Umkomaas

site during ASPIRE were seen at the Isipingo site if they enrolled in HOPE.

Adherence measure

Adherence was measured on individuals in the active arm of the ASPIRE trial and all individuals

in the HOPE trial. During the first year of the ASPIRE trial, to determine adherence, the levels of

Dapivirine using ultra-performance liquid chromatography-tandem mass spectrometry assay (Clin-

ical Pharmacology Analytical Laboratory). However, a plasma Dapivirine higher than 95 pg per

milliliter was usually attained within 8 hours of continuous use, making it possible appear adherent

with only a single days use of the ring. After the first year in ASPIRE and throughout HOPE,

adherence was measured by the level of Dapivirine left in the ring using acetone extraction and

high pressure liquid chromatography (Parexel). To account for the missing ring-based adherence

measures from the first year of ASPIRE, values were sequentially imputed starting from the last
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month in which an individual had Dapivirine concentrations and working backwards.

In the ASPIRE trial, rings were dispensed and collected at each of the monthly visits, making it

possible to have month level information on adherence levels of the active arm participants. How-

ever, during HOPE, when visits were only once every three months, each participant received and

returned three rings at each visit. As a result measurements of adherence can only be determined

on three-month intervals. To make adherence levels comparable across the trials, adherence levels

were determined at roughly three-month intervals for both trials. The average Dapvirine release for

each three-month period was determined and if the average monthly release rate was above 0.9 mg

an individual would be classified as adherent, and otherwise they would be deemed non-adherent.

In a sensitivity analysis we also consider the other mentioned release monthly Dapvirine release

rate cutoff (1.5 mg). As a result, each individual has four adherence measurements throughout the

trial, each of which is a binary variable. In an analysis of the ASPIRE trial, the minimum level of

Dapivirine released to be deemed adherent trial was 0.9mg. This is in contrast to the minimum

level of 1.5 in the analysis of HOPE (Baeten et al., 2021). In our analysis, a single threshold was

used to asses adherence during both trials. This threshold was 0.9mg in the main analysis, but in

a sensitivity analysis we also consider the 1.5mg threshold.

In the counterfactual outcome framework mentioned earlier, individuals are treated as censored

at the point in which they are no longer following the chosen adherence pattern. This time point

is chosen to be the date of the last visit in which a ring is returned for a given three month period.

Event and Censoring time

While nearly all individuals in the HOPE trial participated for close to 12 months, the amount of

time spent in the ASPIRE trial was far more variable (see Figure 3.2). To make fair comparisons

between the two trials a one year subsection of ASPIRE was considered. In the main analysis, this

year was the first year of ASPIRE. However, in sensitivity analyses, other one year periods are

considered starting, starting 3, 6, 9, 12, 15, and 18 months after enrollment.

C.2 Sensitivity analyses

To understand the impact of decisions made regarding the adherence cutoff and ASPIRE com-

parison group time period, we carried out estimation of the parameter using each combination

of potential cutoff values and time periods. A summary of these analyses is given in Figure C.1.

Some minor differences in the estimates exist between analyses that use the same ASPIRE starting

month but different adherence cutoffs. However, larger differences are observed across ASPIRE

starting month. As was mentioned earlier, the estimated ASPIRE effectiveness is an important
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Figure C.1: Plot showing the parameter estimates and confidence intervals for different analysis
choices with regards to the adherence cutoff value and ASPIRE starting month used.

factor when estimating the HOPE effectiveness. As seen in Figure 3.3, the incidences in the first

12 months of ASPIRE shows almost no large difference between the two arms, though later in the

study, differences do appear. Thus, it is not surprising that using these latter time periods would

lead to a noticeable change in the estimated effectiveness compared to when the first 12 months of

ASPIRE are used.

To study this connection more closely, multiple simple analyses of the trial were conducted

each one based on a data set constructed to reflect the survival and censoring times observed if the

ASPIRE trial started at the specified month and lasted for only twelve months. Figure C.2 shows

the observed HIV infection incidence curves for each of the different starting times. Above each

plot is the estimated hazard ratio from a Cox proportional hazards model fit to the data for the

specified starting month. The model includes a single predictor variable that is an indicator for

being in the active arm of the ASPIRE trial. In Table C.1, each of these hazard ratios is compared

to the estimated effectiveness using a particular starting month. It can be seen that the estimated

effectiveness closely tracks the estimated hazard ratio, where rows that have lower hazard ratios

also tend to have an estimated effectiveness risk ratio that is lower as well.

When evaluating the validity of each proposed ASPIRE starting month, the most important

factor to consider is which time period is most likely to satisfy the bridging assumption. Using the

first twelve months of ASPIRE is a natural choice because it allows for comparisons between the

first year of both trials. If, for example, the effect of the ring only began after a year of use, then

using any other period in ASPIRE would result in the bridging assumption being false. While less
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Figure C.2: Plots showing different one-year periods over which the ASPIRE trial data could be
used.

Starting Month Cox Model Hazard Ratio Effectiveness Estimate

0 0.98 (0.91, 1.06) 0.83 (0.36, 1.30)
3 0.87 (0.80, 0.94) 0.89 (0.49, 1.30)
6 0.76 (0.68, 0.84) 0.48 (0.15, 0.82)
9 0.69 (0.61, 0.77) 0.87 (0.54, 1.20)
12 0.41 (0.34, 0.49) 0.23 (0.00, 0.55)
15 0.51 (0.41, 0.63) 0.64 (0.34, 0.94)
18 0.57 (0.43, 0.75) 0.71 (0.55, 0.87)

Table C.1: Comparison of a simple Cox analysis to the estimated effectiveness for different ASPIRE
starting months. To estimate effectiveness it is necessary to select the 12 month period in ASPIRE
used to identify the parameter. The Cox Model Hazard Ratio column shows the estimated hazard
ratio from a Cox proportional hazards model with a single predictor that is an indicator for being
assigned to the active arm of the ASPIRE trial. Each row corresponds to the model being fit
on a different set of data, determined by the starting month. For each row, only data from the
twelve month period starting at the starting month is used to fit the Cox model. The effectiveness
estimate uses the 0.9 mg adherence cutoff.
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intuitive, choosing later ASPIRE starting months could be a good option because doing so would

result in the populations that defined the bridging assumption being closer to one another in time

(relative to other starting months) and thus more likely to resemble one another. One other factor

worth considering is that using an earlier ASPIRE starting month will result in an estimate based

on a larger sample size since all individuals at least started the ASPIRE trial.
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