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Time series forecasting presents significant challenges across engineering and scientific disci-
plines, particularly in handling non-stationary real-world data and providing real-time pre-
dictions from streaming sources. Deep learning approaches, including Recurrent Neural
Networks (RNNs), Convolutional Neural Networks (CNNs), and Transformer-based models,
have advanced the field but often fall short in interpretability, computational efficiency, and
real-time adaptability. Despite their capacity for modeling complex non-linear dynamics,
these models require extensive hyperparameter tuning and lack robust mechanisms for in-
cremental updates. They also suffer from catastrophic forgetting in streaming scenarios,
limiting their deployment in dynamic and resource-constrained environments. This disserta-
tion addresses these limitations through two complementary research directions: enhancing
deep learning interpretability through distance correlation analysis and developing efficient
Dynamic Mode Decomposition (DMD) methods for batch and streaming forecasting.

First, this work introduces a distance correlation-based framework to examine the inter-
nal mechanics of RNNs in time series forecasting. This versatile metric enables systematic
analysis of information flow through RNN activation layers, revealing how these networks
process temporal dependencies. Empirical analysis demonstrates that RNN activation layers

effectively learn lag structures in early layers but progressively lose this temporal information



in deeper layers, degrading forecast quality for series with large lag dependencies. The study
further reveals fundamental limitations in RNN capabilities for modeling moving average
and heteroskedastic processes. Distance correlation heatmaps provide visual comparisons
across architectures and hyperparameters, demonstrating that input window size influences
model behavior far more than conventional hyperparameters such as hidden units or acti-
vation functions. These findings enable practitioners to assess RNN suitability for specific

time series characteristics without extensive trial-and-error experimentation.

The second direction introduces novel DMD-based forecasting methods that address deep
learning limitations. For batch scenarios, Incremental Kernel Dynamic Mode Decomposi-
tion (IKDMD) enhances adaptability and efficiency by integrating incremental kernel sin-
gular value decomposition and randomized linear algebra into the kernel DMD framework.
Comparative analysis across real-world datasets demonstrates that IKDMD outperforms
state-of-the-art deep learning methods, particularly for highly non-stationary and volatile
data, while providing interpretable eigenvalue diagnostics unavailable in black-box neural

networks.

For streaming applications, this dissertation presents Windowed Online Random Kernel
Dynamic Mode Decomposition (WORK-DMD), which integrates Random Fourier Features
with online DMD to enable real-time forecasting from continuously arriving data. By employ-
ing explicit feature mappings rather than implicit kernel methods, WORK-DMD achieves
fixed computational complexity per update while capturing nonlinear dynamics. Its adap-
tive windowing mechanism naturally handles non-stationary dynamics without catastrophic
forgetting. Experimental evaluation across benchmark datasets demonstrates remarkable
sample efficiency, requiring only single-pass learning while achieving competitive or superior
accuracy compared to deep learning methods that demand multiple training epochs and ex-
tensive sample exposures. This efficiency translates to reduced computational costs, faster

deployment, and viability for resource-constrained edge devices.



Together, these contributions advance time series forecasting by providing both diagnostic
tools for understanding deep learning limitations and computationally efficient alternatives
that balance accuracy, interpretability, and real-time adaptability. The methods presented
enable practical deployment in scenarios where traditional deep learning approaches struggle

with sample efficiency, computational constraints, and evolving data dynamics.
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Chapter 1

INTRODUCTION

Time series forecasting is a pivotal challenge across various engineering and scientific
domains, necessitating the development of advanced predictive models to effectively manage
real-world data that often exhibits non-stationary behavior. Such data are characterized by
continuous changes in their statistical properties, demanding robust and adaptive forecast-
ing solutions. Beyond non-stationarity, modern applications increasingly require real-time
forecasting from continuously streaming data, where traditional batch methods struggle with
stringent computational constraints and the need for rapid adaptation to evolving patterns.
In response, researchers have increasingly turned to deep learning models, including recur-
rent neural networks (RNNs), convolutional neural networks (CNNs), and transformer-based
models with attention mechanisms, to address the complexities of non-linear time series dy-
namics. Recent advancements, such as DeepAR [99], attention-based frameworks [45], and
transformer architectures [134], have significantly enhanced forecasting capabilities. How-
ever, despite their experimental successes, Dynamic Mode Decomposition (DMD) and its
variants, a method often overlooked in the time series forecasting landscape, hold potential
advantages for both batch and streaming forecasting scenarios. This dissertation aims to
explore the capabilities of deep learning models, particularly RNNs, in time series forecast-
ing and investigate the benefits that novel DMD methods offer over state-of-the-art machine

learning models.

1.1 Interpretability of RNNs with Distance Correlation

While there are several deep learning models to choose from, RNNs are popular candidates

for time series forecasting. This is due to their ability to handle sequential data, which is a



fundamental characteristic of time series. Yet, through a series of several experiments, RNNs
and their adaptations [73, 61, 134, 81] have shown a wide range of forecasting results, making
it difficult to evaluate their effectiveness. Experimental reviews and surveys have highlighted
both the scenarios, one in which RNNs have achieved highly accurate results [74, 105, 50,
123, 117], and another in which they have been surpassed by traditional statistical regression
models such as ARIMA [24] and gradient boosting trees [42]. Despite the breadth of these
studies, their conclusions offer limited insights on the variations in RNN performance, often
deferring to the explainability of the chosen hyperparameters or domain-specific hypotheses.
These outlooks can be attributed to the restricted perspective offered by generalization error,
which is the primary way of evaluating these models. While the generalization error is
important to track, it does not delve into the internal mechanism of how time series inputs
evolve through the RNN layers, limiting our understanding of this subject. As it stands, an
evaluation tool that allows us to comprehend the inner workings of RNNs on a layer-by-layer
basis is needed.

While there are several evaluation metrics to measure mathematical and statistical rela-
tionships, many lack the flexibility that is needed for studying the components of RNNs. A
recently proposed statistical dependency metric, called distance correlation [110], has a few
key advantages in this regard. First, it has the ability to capture the non-linear relationships
present in typical RNN operations. Additionally, it can compare random variables of dif-
ferent dimensions, which are likely to occur in RNN architectures. It can also be used as a
proximal metric to measure the information stored in the RNN activation layers through its
training cycle [133, 116]. These factors make distance correlation well suited for a detailed

characterization of RNN models based on their forecast performance.
1.2 Dynamic Mode Decomposition as a Forecaster

Though deep learning forecasting remains a popular framework, these models frequently
struggle with interpretability, flexibility, and the complexity of hyperparameter tuning.

Moreover, they lack efficient mechanisms for incremental updates, which are essential for



real-time data streaming applications. In response to these challenges, this dissertation ex-
plores the potential of Dynamic Mode Decomposition (DMD), a method traditionally used
in fluid mechanics and system identification, now extended to broader time series forecasting
applications [87]. DMD uses linear algebra and applied mathematics for system identification
and trajectory forecasting of dynamical systems [71].

Although effective for physical systems, DMD’s inherent linearity assumption is often in-
adequate for non-linear or non-stationary time series characteristics. Kernel DMD (KDMD)
[67] has been adapted to handle such nonlinearities but lacks extensive benchmarking for
generalized time series analysis in batch settings. Beyond these batch forecasting scenar-
ios, streaming and real-time applications present additional challenges that neither stan-
dard DMD nor KDMD adequately address. Traditional DMD assumes stationary dynamics
and fixed linear operators, limiting its effectiveness when system dynamics evolve continu-
ously. While online DMD variants have been developed to enable incremental updates, these
methods either remain fundamentally limited by their linear nature or face computational
scalability issues when extended to kernel methods. Kernel-based approaches, despite their
theoretical appeal for capturing nonlinear dynamics, encounter quadratic scaling in memory
and computation as new data continuously arrive, making them impractical for streaming
applications.

This research aims to fill these gaps by first enhancing KDMD’s adaptability and efficiency
for batch forecasting, particularly through innovations supporting incremental data integra-
tion. We then extend this foundation to streaming scenarios by developing a computationally
efficient approach that captures nonlinear dynamics while maintaining fixed computational
complexity per update and naturally adapting to non-stationary data without catastrophic

forgetting.
1.3 Research Contributions and Organization

Given these general concepts between RNN interpretability-based methods and DMD as a

forecaster for both batch and streaming scenarios, we present the following contributions



of this dissertation. First, we outline a distance correlation-based approach for evaluating
and understanding time series modeling at the RNN activation layer level. Consequently, we
demonstrate that the activation layers identify time series lag structures well. However, they
quickly lose this important information over a sequence of a few layers, posing difficulties
in modeling time series with large lag structures. Further, our experiments show that the
activation layers cannot adequately model moving average and heteroskedastic processes.
Last, we employ distance correlation to visualize heatmaps that compare RNNs with varying
hyperparameters. These heatmaps show that certain hyperparameters, such as the number
of hidden units and activation function, do not influence the activation layer outputs as much
as the RNN input size. A visual overview of our work is shown in Figure 1.1.

With regards to DMD advancements in forecasting, this dissertation addresses existing
gaps in time series forecasting methodologies through three major contributions. First, for
batch forecasting scenarios, we develop and enhance the adaptability and efficiency of Kernel
DMD for univariate time series under non-stationary behavior. To achieve this, we adapt
univariate time series data into a dynamical system framework suitable for a batch Kernel
DMD approach, consistent with standard DMD procedures [71]. Our specific contributions

for batch forecasting are organized as follows:

1. Mathematical Implementation: We mathematically develop and integrate the In-
cremental Kernel Dynamic Mode Decomposition (IKDMD) using an incremental kernel
singular value decomposition method [33]. Additionally, we introduce a Randomized
Kernel DMD (RKDMD) that efficiently approximates kernel functions using random-

ized Fourier features [51] and randomized linear algebra techniques [94].

2. Benchmarking: We benchmark IKDMD and RKDMD against state-of-the-art deep
learning models, such as Informer [134], Non-Stationary Transformer [85], and DLinear
[128]. Our analysis shows that our methods outperform these models on five out of
six real-world datasets exhibiting non-stationarities, demonstrating their effectiveness.

We also show superior inference times compared to the benchmark models.
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Figure 1.1: Overview of the use of distance correlation to examine time series forecasting
using a recurrent neural network (RNN). We begin with a time series history that comprises
the inputs z; for the RNN and the predicted outputs yr. The outputs for each activation
layer and ground truth values, yr, are extracted and processed with distance correlation.
This is then used to generate correlation plots for analyzing activation layers behaviors and

visualizing heatmaps for comparisons of different RNN models.

3. Visual Demonstrations: We provide visual demonstrations that illustrate how our
methods more effectively approximate complex, volatile time series data, such as fi-
nancial returns and generalized autoregressive conditionally heteroscedastic processes.

These visualizations also highlight the shortcomings of popular transformer models in



handling such data types.

Last, extending beyond batch forecasting, we develop WORK-DMD (Windowed Online
Random Kernel Dynamic Mode Decomposition), which addresses the unique challenges of
streaming time series forecasting. This contribution integrates Random Fourier Features
with online DMD updates to enable efficient nonlinear modeling for streaming data while
maintaining the interpretable eigenvalue structure of DMD. Our specific contributions for

online forecasting include:

1. Efficient Kernel Approximation: We present the first integration of Random
Fourier Features [94] with online DMD, enabling kernel-based nonlinear modeling that
maintains fixed computational complexity per update, avoiding the quadratic scaling

issues of implicit kernel methods.

2. Streaming Adaptation: We develop a rolling window mechanism coupled with online
updates that naturally handles non-stationarity by continuously incorporating new
patterns while discarding outdated information, without suffering from catastrophic

forgetting.

3. Single-Pass Learning: Unlike deep learning methods requiring extensive training
datasets and multiple epochs, WORK-DMD requires only the current windowed snap-
shot to generate predictions, making it particularly suitable for applications with lim-

ited historical data or scenarios requiring rapid deployment.

4. Comprehensive Evaluation: We provide extensive benchmarking against state-of-
the-art online forecasting methods, demonstrating competitive or superior performance

with substantially lower data requirements and computational overhead.

Through these contributions, we not only advance the theoretical framework of Kernel DMD

for both batch and streaming scenarios but also provide practical insights and tools for



more accurate, robust, and computationally efficient time series forecasting across diverse
application domains.

To effectively guide this research, the dissertation is organized into subsequent chap-
ters as follows. Chapter 2 reviews the related work on RNNs, distance correlation, and
interpretability-based methods for deep learning models. It also discusses the role of Dy-
namic Mode Decomposition (DMD) in time series forecasting for both batch and streaming
approaches. Chapter 3 details the development of our interpretability-based method us-
ing RNNs and distance correlation. It then presents experimental results from this analysis.
Chapter 4 introduces the novel Incremental Kernel Dynamic Mode Decomposition (IKDMD)
and Randomized Kernel DMD (RKDMD) methods for batch forecasting. This chapter in-
cludes experimental outcomes demonstrating their effectiveness. Chapter 5 presents WORK-
DMD, our streaming forecasting approach that extends DMD to online learning scenarios
through Random Fourier Features and efficient online updates. Finally, Chapter 6 syn-
thesizes the findings across all contributions and discusses their implications for practical

forecasting applications. It concludes with future research directions for this work.



Chapter 2

BACKGROUND OF
TIME SERIES FORECASTING METHODS

Time series analysis constitutes a multifaceted research domain that has evolved signifi-
cantly throughout its history. It encompasses a wide array of topics such as forecasting [43],
anomaly detection [106], change point detection [10], and classification [6], among others.
This dissertation primarily concentrates on forecasting methods, which we conceptualize as
a regression task. Notwithstanding, it is pertinent to acknowledge that the aforementioned
methodologies can augment and refine forecasting techniques. Given the expansive scope
of forecasting, this section will specifically narrow its focus to pertinent studies discussed
in Chapters 3, 4, and 5. Consequently, this chapter is structured as follows: 1) Statistical
Methods for Forecasting; 2) Machine Learning for Forecasting; 3) Interpretability of Ma-
chine Learning Forecasting Models; 4) Dynamic Mode Decomposition; and 5) Online and

Streaming Forecasting Methods.

2.1 Statistical Methods for Forecasting

Statistical methods have long served as the cornerstone for time series forecasting, offering
several modeling and prediction frameworks. Autoregressive (AR) models, one of the most
prevalent approaches, leverage past values to predict future observations, assuming that the
future value is a linear combination of past observations [25]. Complementing AR models,
Moving Average (MA) models incorporate past forecast errors into the prediction equation
to enhance accuracy [25]. For more complex non-stationary data, Autoregressive Integrated
Moving Average (ARIMA) models extend AR and MA by differencing the data, thereby

stabilizing the mean [25]. Addressing the volatility clustering common in financial time se-



ries, Generalized Autoregressive Conditional Heteroskedasticity (GARCH) models predict
future variance based on past observed variances and forecast errors, providing critical in-
sights into risk management [47]. However, the primary limitation of these linear models is
their assumption of linearity and stationary the in the data, which can lead to inaccuracies
when dealing with non-linear or non-stationary behaviors prevalent in real-world data. This
limitation necessitates the exploration of non-linear and decomposition methods, which offer

advanced techniques for capturing complex patterns not addressable by linear models alone.

Non-linear and decomposition methods provide sophisticated alternatives for capturing
the complex dynamics inherent in time series data. Decomposition techniques like Seasonal
and Trend Decomposition using Loess (STL) effectively disaggregate a time series into its
trend, seasonal, and residual components, enhancing the clarity of pattern analysis [106].
Exponential smoothing methods, particularly the Holt-Winters approach, adjust to shifts
in trend and seasonality by applying weighted averages to past observations, proving in-
valuable for predicting short-term fluctuations [63]. Frequency-based methods such as the
Fourier Transform offer insights into periodic patterns by analyzing time series in the fre-
quency domain, revealing dynamics not readily apparent in the time domain. Extending this
concept, spectral analysis estimates the spectral density of a series, an essential technique
for uncovering hidden periodicities and cycles [62]. These methods, by challenging the basic
assumptions of linearity, enable more accurate and detailed analyses. However, they also
introduce challenges such as parameter sensitivity, the complexity of capturing multi-scale
relationships, and a susceptibility to overfitting. These limitations emphasize the need for
meticulous method selection and parameter adjustment to ensure reliable forecasting out-

comes, especially in complex data scenarios.

The exploration of statistical methods for time series forecasting, both linear and non-
linear, establishes a solid foundation for understanding data dynamics. However, the limi-
tations of these methods have opened opportunities for advanced approaches. Transitioning
to machine learning in the next section, we will explore how these models leverage large

datasets and complex relationships, offering enhanced forecasting capabilities beyond tradi-



10

tional statistical techniques.
2.2 Machine Learning for Forecasting

The ascent of machine learning models has captivated the forecasting community, with su-
pervised machine learning models predominating across diverse forecasting applications. No-
tably, Zhang et al. [130] utilized an XGBoost model for predictions within the retail sector.
Other efforts have incorporated Gaussian Processes Regression for industrial time series fore-
casting and methods such as decision trees, random forests, and generalized linear regression
models [31]. Despite mixed success, there is a pronounced shift towards deep learning models,
which have been the focal point of recent research endeavors.

Deep learning presents a spectrum of architectures suited for time series forecasting tasks.
The simplest of these, the Multi-Layer Perceptron (MLP), has been applied in various sce-
narios, including forecasting COVID-19 mortality rates [21]. Recurrent Neural Networks
(RNNSs), designed explicitly for sequential data, along with their derivatives like Long Short-
Term Memory (LSTM) and Gated Recurrent Units (GRU), offer robust processing capabili-
ties across numerous applications [59]. Furthermore, Convolutional Neural Networks (CNNs)
have been tailored for specific forecasting tasks, such as gold price predictions [86]. The surge
in proposed architectures, particularly hybrid models, aims to amalgamate the best features
of individual models to create superior forecasting tools [53]. Moreover, Transformer-based
architectures have recently begun to lead the field in time series forecasting innovations.

The advent of attention mechanisms in Transformers has revolutionized forecasting method-
ologies. Models such as the Informer [134], Non-stationary Transformers [85], and Fedformer
[135] leverage the enhanced memory capabilities of Transformers to forge cutting-edge tech-
niques for precise and efficient forecasting. This paradigm shift has inspired viewing time
series as a linguistic sequence, leading to the development of the Language Based Model
for forecasting, known as Chronos [13]. More recently, foundation models have emerged as
a powerful paradigm in time series forecasting. These models, trained on massive datasets

comprising billions of observations, demonstrate impressive zero-shot capabilities across di-



11

verse domains. TimesFM [37], trained on 307 billion time points, and Moirai [121], trained
on 27 billion observations, represent the current state-of-the-art in foundation model ap-
proaches. These models leverage pre-training on heterogeneous time series data to achieve
strong performance without task-specific fine-tuning. Nonetheless, the efficacy of Transform-
ers in time series forecasting remains under scrutiny. Zeng et al. [128] highlighted that a
well-crafted MLP could outperform several Transformer models across diverse benchmarks,
indicating that while deep learning methods hold promise, their practical effectiveness varies
significantly.

While the proliferation of deep learning models has significantly enhanced the capabilities
of time series forecasting, their intricate architectures often lead to a 'black box’ scenario
where the decision-making process is not transparent. This lack of clarity presents substantial
challenges, especially in industries where understanding and trust in predictive models are
critical. The next section will delve into interpretability-based methods designed to clarify
the inner workings of deep learning models. These methods aim to improve transparency,
thereby increasing trust, aiding in the detection and correction of biases, and enhancing the

reliability and accountability of forecasting systems.
2.3 Interpretability of Deep Learning Forecast Models

Interpreting deep learning models remains a formidable challenge in time series forecast-
ing research. The opacity of these models, often referred to as the black box problem, has
motivated significant research into understanding their decision-making processes [52]. De-
spite the diverse architectures discussed previously, this section focuses particularly on the
Recurrent Neural Network (RNN) architecture. We aim to enhance understanding and inter-
pretability within the context of time series forecasting, exploring how these complex models
can be made more transparent and their decisions more comprehensible.

Neural networks, despite their tremendous success, are not fully understood from a the-
oretical perspective. Some strides have been made, such as the work by Telgarsky [114],

where the greater approximation power of deeper networks is proved for a class of nodes that
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includes ReLU and piecewise polynominal functions. Rolnick’s work [95] extended this rigor-
ous understanding of neural networks by establishing the essential properties of expressivity,
learnability, and robustness. Bahri et al. [15] recently reviewed a breadth of research on
the connections between deep neural networks and several principles of statistical mechanics
to obtain a better conceptual understanding of deep learning capabilities. To estimate the
overall complexity and learning ability of deep neural networks without actual training and
testing, Badias and Banerjee proposed a new layer algebra-based framework to measure the
intrinsic capacity and compression of networks, respectively [14]. These measurements en-
abled us to analyze the performance (accuracy) of state-of-the art networks on benchmark

computer vision datasets.

Specifically for RNNs, one of the more well-known drawbacks is their inability to retain
information from long term sequences, as found by Bengio et al. while using gradient-based
algorithms for training RNNs [19]. This finding led to the use of alternate RNN architec-
tures, such as the Long Short-Term Memory (LSTM) network [60], despite their increased
computational complexity. More recently, Chen et al. [32] established generalization bounds
for RNNs and their variants based on the spectral norms of the weight matrices and the
network size. A different approach focused on studying the implicit regularization effects of
RNN by injecting noise into the hidden states, which resulted in promoting flatter minima
and overall global stability of RNNs [82]. While all these approaches are theoretically rigor-
ous, they are typically formulated under rigid constraints, many of which are not necessarily
satisfied in real-world applications.

Therefore, several researchers have turned to interpretation based methods to develop a
principled yet practically useful understanding of RNNs. In this context, since RNNs are
common for natural language processing (NLP) tasks, many studies have focused on tracking
the hidden memories of RNNs and their expected responses to the input text [89, 109]. For
time series, Shen et al. [107] developed a visual analytics system to interpret RNNs for
high dimensional (multivariate) forecasting tasks. While this system is very useful, we aim

to approach RNN interpretability from a different perspective of understanding performance
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(forecast) generalizability by tracking how the hidden memories respond to specific time series
characteristics. For this purpose, we look at alternate information-theoretic approaches.

One of the most promising works on information-theoretic analysis was conducted by
Schwartz and Tishby [108]. They used mutual information (MI) to represent a deep neural
network as a series of encoder-decoder networks, enabling analysis at the activation layer
level. Such analysis goes beyond the typical generalization errors used for model assessment,
and allows us to closely observe the information flow through deep learning networks such
as RNNs. Although this approach is novel, MI estimation is challenging for real-world data.
To address this challenge, researchers have investigated different approaches, such as a k-
nearest neighbor method [70] and a semi-parametric local Gaussian method [49]. While these
attempts seem promising, there are questions regarding their practical usefulness. For ex-
ample, McAllester and Stratos [88] argue that without any known probability characteristics
of the data, any distribution-free, high-confidence lower bound on mutual information would
require an exponential amount of samples. It is quite rare to find real world datasets with
known (or well-fitting) distributions, and this is generally true for time series applications
[25]. Nevertheless, the underlying framework of analyzing RNNs from a layer-by-layer per-
spective is a useful concept that we can build upon using an alternative metric, as discussed
next.

As we search for an approach that affords the flexibility of analyzing the components
of RNNs, Szekely et al.’s [112] distance correlation comes to the forefront as a dependency
measure. It is closely related to Pearson’s correlation with the advantage of measuring
non-linear relationships among the random variables. Naturally, some researchers directly
apply it toward time series forecasting. Zhou’s [136] work re-purposes distance correlation
by proposing the auto-distance correlation function (ADCF), which is an extension of the
auto-correlation function (ACF) [25]. Yousuf and Feng [125] use distance correlation as a
screening method for deciding which lagged variables should be retained in a model.

Beyond time series applications, distance correlation has other practical uses in the deep

learning space. Zhen et al. [133] outline a process that uses distance correlation and partial
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distance correlation to compare deep learning models from a network layer level. They use
it as a measure of information lost or gained in the network layers, where high distance
correlation values indicate more information is stored in the activation layers. In a separate
study, NoPeek [116] uses a distance correlation method that decorrelates the raw input
information within the activation layers during training, which is essential for preventing
the leakage of sensitive data. These studies show the viability of distance correlation as an
analysis tool in time series applications and deep learning, separately. Our work aims to

connect the two topics to further our understanding of time series forecasting tasks.
2.4 Dynamic Mode Decomposition

DMD has emerged as a significant analytical tool for dynamical systems. Originally adopted
by the fluid dynamics community [97, 103], its application has broadened to fields such as
video surveillance, epidemiology, neurobiology, and financial engineering [104]. Variants like
optimized-DMD [102], DMD with control [93], and Extended DMD [120] have been intro-
duced, providing targeted enhancements for specific applications. Standard DMD meth-
ods assume stationary dynamics with fixed linear operators governing temporal evolution.
However, this stationarity assumption becomes a critical limitation when applied to non-
stationary time series, where regime changes occur and system dynamics evolve continuously
93].

The application of standard DMD to univariate time series forecasting [115] offers a foun-
dational framework, although it primarily facilitates time series reconstruction and limited
short-term forecasting. The standard approach may not adequately address the non-linear
or non-stationary dynamics frequently observed in real-world time series. Kernel DMD [67]
attempts to overcome these limitations by applying DMD within non-linear functional spaces
through implicit kernel mappings. Williams et al. [120] demonstrated that kernel methods
can capture complex nonlinear dynamics by implicitly mapping data to high-dimensional fea-
ture spaces. However, kernel-based approaches face fundamental computational scalability

challenges. The requirement to invert covariance matrices leads to computational complex-
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ity that grows quadratically with the number of training points [20]. This quadratic scaling
in both memory and computation creates particular difficulties for streaming applications,
where maintaining and updating kernel matrices becomes increasingly expensive as new data
continuously arrive.

To address computational efficiency while maintaining the ability to capture nonlin-
ear dynamics, randomized methods have emerged as a promising alternative. Random
Fourier Features [94] provide a mechanism to explicitly approximate kernel functions in
finite-dimensional spaces, avoiding the computational pitfalls of implicit kernel methods.
This approach has been successfully integrated with DMD through randomized linear alge-
bra techniques [51], demonstrating that explicit feature mappings can achieve comparable

performance to implicit kernel methods while maintaining fixed computational complexity.
2.5 Online and Streaming Forecasting Methods

The deployment of forecasting models in real-time streaming environments presents unique
challenges that distinguish these scenarios from traditional batch learning settings. Stream-
ing data applications require models that can adapt quickly to changing dynamics while
maintaining computational efficiency and avoiding catastrophic forgetting, where models

lose knowledge of past patterns when adapting to new data [69].

2.5.1 Deep Learning Approaches for Streaming Forecasting

Modern deep learning approaches have attempted to address streaming forecasting chal-
lenges with varying degrees of success. DeepAR [99] pioneered probabilistic forecasting with
autoregressive recurrent networks, though its deployment in streaming scenarios requires
careful consideration of retraining strategies. More recent transformer-based models have
demonstrated impressive capabilities but face significant computational overhead in online
settings. Foundation models such as TimesFM [37] and Moirai [121] achieve remarkable
zero-shot performance through massive pre-training, yet their computational requirements

and difficulty in efficiently adapting learned representations to evolving data distributions
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make real-time deployment challenging.

Several specialized online learning methods have emerged to address these limitations.
FSNet [92] leverages frequency domain representations for multi-scale temporal modeling, en-
abling more efficient processing of temporal patterns. OneNet [118] proposes a unified frame-
work designed to handle diverse forecasting scenarios with improved adaptability. Continual
learning techniques have also been explored to mitigate catastrophic forgetting. Methods
such as DER++ [28] employ experience replay mechanisms combined with regularization
strategies to preserve knowledge of past patterns while adapting to new data. However,
these approaches typically still require substantial training data and multiple passes through
historical observations, limiting their applicability in resource-constrained streaming envi-
ronments where rapid adaptation is essential.

Beyond computational constraints, deep learning models present fundamental interpretabil-
ity challenges that complicate their deployment in streaming applications. Recent work has
sought to address this opacity through distance correlation-based approaches that charac-
terize information flow through neural network layers [98]. This analysis reveals how RNNs
gradually lose temporal information across activation layers and struggle with certain time
series characteristics such as moving average and heteroskedastic processes. Such inter-
pretability challenges, combined with their computational demands and catastrophic forget-
ting issues, underscore the need for more transparent and efficient alternatives for streaming

forecasting scenarios.

2.5.2  Online Dynamic Mode Decomposition

To address the limitations of standard DMD in streaming contexts, several online variants
have been developed. Streaming DMD [58] introduced methods for handling large datasets
through incremental updates, enabling the model to process new data as it arrives without
requiring complete retraining. Liew et al. [80] demonstrated practical applications of stream-
ing DMD for short-term wind farm forecasting, showing domain-specific benefits. However,

these linear approaches remain fundamentally limited in their ability to model complex non-
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linear dynamics present in broader real-world time series.

Zhang et al. [129] proposed a more sophisticated online DMD framework that addresses
computational efficiency through Sherman-Morrison matrix updates. This method provides
an elegant solution for incremental updates of matrix decompositions, demonstrating ef-
fectiveness for time-varying dynamical systems. The Sherman-Morrison formula enables
efficient rank-one updates to matrix inverses, allowing the DMD model to incorporate new
observations with fixed computational complexity per update. While this approach estab-
lishes a solid foundation for online DMD, it has not been extended to handle nonlinear
dynamics through kernel methods, and its evaluation has been limited to specific dynamical
systems rather than general time series forecasting benchmarks.

The challenge of extending online DMD to capture nonlinear dynamics while maintaining
computational efficiency remains largely unaddressed. Kernel methods, despite their theo-
retical appeal, face the quadratic scaling issues discussed previously. This gap motivates the
development of approaches that combine the adaptability of online DMD with efficient non-
linear modeling capabilities, forming the foundation for the WORK-DMD method presented
in Chapter 5 of this dissertation.
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Chapter 3

ASSESSING RNN EFFECTIVENESS IN TIME SERIES
FORECASTING: A DISTANCE CORRELATION APPROACH

Time series forecasting remains a pivotal yet complex field, necessitating robust and in-
terpretable methods to accurately predict dynamics in diverse areas such as weather, stock
markets, and supply chain operations. Despite challenges such as data non-stationarity,
seasonality, and inherent uncertainties, the evolution from classical models like ARIMA to
sophisticated deep learning networks marks significant progress. Recent advances, exem-
plified by the work of Zhang et al. [132] and the innovative information-aware attention
dynamic synergetic network [57], demonstrate the efficacy of Recurrent Neural Networks
(RNNs) in handling sequential data [73, 61, 134, 81]. However, the opaque nature of these
models often obscures the decision-making processes, creating a barrier to their practical
application. This chapter introduces a novel approach employing distance correlation [110)]
to dissect the complexities of RNNs, aiming to enhance understanding of their internal me-
chanics and forecasting effectiveness. We will discuss our methods, present experimental
data, and engage in discussions that reveal how RNN activation layers manage time series
data, providing critical insights into the impact of model hyperparameters and structural
data characteristics. These findings aim to improve both the interpretability and reliability

of forecasting models.

3.1 Methodology

In this section, we first characterize the time series forecasting problem before describing the
components of an RNN and providing an overview of distance correlation. We then propose

a method that links these core topics to further our understanding of time series forecasting
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using RNNs.

3.1.1 Time Series Forecasting

As we define the forecasting problem, we adopt the notation used by Lara-Benitez et al. [74]
in their experimental review of deep learning models with forecasting tasks. We let Z =
Z1, 22, - .., zr, be the historical time series data of length L and H be the prediction horizon.
The goal of a time series forecasting problem is to use Z to accurately predict the next horizon
values 2711, 21492, -.,20+5. The time series data can either be univariate or multivariate; we
focus this paper on univariate analysis where single and sequential observations are recorded
over time.

One of the challenges of time series research is the lack of benchmark datasets for fore-
casting. Many time series experimental reviews [74, 123, 117] choose datasets from several
domains with various characteristics. This makes it difficult to generalize the behavior of
the forecasting models since it is not clear whether each dataset represents a class of time
series processes or is uniquely domain specific. It also complicates the interpretability of the
experiments and their corresponding conclusions.

To circumvent these issues, we experiment primarily with synthetic data from known
time series processes (see Section 3.2.1). We, however, still use real world time series data
to provide a practical context for our proposed forecasting model evaluation tool.

Given our data, it is important for us to establish a baseline of the time series structure.
One of the primary methods for analyzing time series forecasting problems is by using the
auto-correlation function (ACF) [25]. This function looks at the linear correlations between
z; and its previous values z;_, where [ = 1,2... L at lag h. Formally, the auto-correlation

function, p,(h), is defined as
p=(h) = Cor(z, z1-n) (3.1)

where Cor represents the Pearson’s correlation function. Plotting the ACF is a common

method for understanding a time series lag structure. An example of this auto-correlation
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Figure 3.1: An example of an auto-correlation plot for the sun spot time series data [30)]
with blue shaded significance level band. Lags that fall outside of significance level band are
considered important to include in a forecasting model. It also provides a way to describe
the time series data, as the cyclical nature of the lags from this plot indicates a seasonal

characteristic to sun spot observations.

plot is shown in Figure 3.1 for the sun spot time series data [30].

A final key aspect to consider is the size of the prediction horizon H. In this study, we
stick with single-step ahead forecasting (H = 1) to create a simple experimental environment.
This choice allows us to minimize the model complexity required for multi-step forecasting

and reduces the error accumulation with having a larger H.

3.1.2 RNN Architecture

Considering that we are investigating recurrent neural networks (RNNs), we must define

all its components. RNN was originally proposed by Elman [41], where they altered the
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classical feedforward network layer structure into a recurrent layer. This change in archi-
tecture allowed the outputs of a previous layer to become the inputs of the current layer,
thereby creating a compact model representation for sequential input data. Figure 3.3 shows
an unfolded RNN displaying the inputs, an activation function operation (i.e., tanh), and
outputs (hidden state). While the Elman RNN is relatively simple compared to other model
architectures, focusing on this network provides a baseline of how recurrent based networks
learn time series structures.

A necessary step for modeling time series with an RNN is preparing the full univariate
time series history into samples that purposefully generate the input-output sequences. We
adopt the moving window procedure described by [74] to create the input and output samples.
Given a full time history Z, a window of fixed size T slides over the data to create samples of
input x; in R” and a corresponding output y, in R, where i = 1,2,...,n. A visual example
of generating these input-output samples is shown in Figure 3.2 for T'=15 and H = 1.

The input-output sample vectors, (x;,y;), are currently globally represented in terms of
their z; values. However, it is beneficial to convert our vectors into a sample representation
that serve as local inputs for our RNN model. To do this, we denote our samples as x; =
(%14, T2, ..., Tr;], which represents the ith sample of a sequence of T' time series values. For
each component of x;, we recover its relation to the time series history using z;; = 211,
where t = 0,1,...,7. Similarly, the output of the RNN is a vector y, = [Z741,], which
represents the ¢th forecasting output for a single-step ahead value beyond T, or H = 1.
We measure the output error with reference to the ground truth single-step ahead vector
y: = [$T+1,z’]-

Lastly, we define the activation layer outputs (or hidden states) in the context of our
time series data and the RNN architecture. Considering an input-output sample (x;,y;), the
hidden state al(f? represents the ith sample output of an activation layer at time step ¢ and
epoch p, where p = 1,2,..., P. The activation layer output ag? is a vector in R®, where b
specifies the width of the hidden state or the number of hidden units. Each activation layer

output is produced from tensor operations with the sample inputs that pass through some



22

/\/./.\./.:—\ Time Series

Time Series History

VW

X;=21 2232425 Y= 72 5.
Input sample 1 Output 1

Value
o

0 500 1000 1500 2000

\/'/\ ° \ Time Step

Input sample 2 Output 2 Train Test

Figure 3.2: Time series sampling strategy where a full univariate time series plot is displayed.
This full time series is partitioned into an 80:20 training:test split. Each of these training and
testing splits are further divided into input-output samples, where each sample is generated
via a sliding window. In this example, our sliding window is of size T' = 5 and prediction

horizon H = 1.

activation function f. The time step t for the activation layer output aéf? doubles as an
indicator for the layer number. For example, ¢ = 2 corresponds to the input x4 ; and agf 2 , the
second activation layer for training epoch p. In order to output a single prediction value, we
must collapse the dimension of the final activation layer output, a% Z, with a dense layer. A

visualization of this unrolled RNN setup with the time series forecasting problem is shown

in Figure 3.3.
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Figure 3.3: Time series input-output structure with an unfolded RNN for the ith sample
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i for t = 0,...,T using a predetermined activation function f. The final

activation layer output ag{ 2 is fed into a dense layer to produce a single-step ahead forecast
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3.1.3 Distance Correlation

An approach for examining the relationships among random variables is through the use of
energy statistics [111]. Energy statistics comprise a set of functions derived from the distances
of statistical observations, inspired by the gravitational potential energy between two bodies.
We primarily use the distance correlation metric from energy statistics [112] to measure the
statistical dependence between random variables. Distance correlation is tailored to measure
the non-linear relationships between two random variables, not necessarily of equal sizes. We
build the empirical definition of distance correlation by relating it some of our previously

defined time series components. We start with our input-output samples as X € RT*" and

Y € RAxn,

X=1x X3 ... X |+ Y=]|Yy1 y2 ... ¥n
. | . |

where the columns x; € RT,y; € R¥ are the input-output sample vectors defined in section

3.1.2. From the observed samples X, Y, define

bij = |xi = x;]| b = (Z bz’j) /n b;= (Z bz’j) /n
=1 i=1

b.= (Z bw’) /n* Bij=bij —bi—b;+b.

ij=1
These are similarly defined for ¢; , ¢;, ¢ where ¢;; = |ly; —y;l|l and C;; = ¢;; — ¢ — ¢, +¢..
Given this set of double centered matrices, the sample distance covariance function [112] is

defined as

R 1 &
VA(X,Y) = 2 Z B;;Cij . (3.2)

,j=1
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Finally, the empirical distance correlation is defined as

X)X V(YY) > 0
R(X,Y) = { Verm’ POVIEY) (3.3)

0, V2(X)V2(Y) =0
The empirical distance correlation function has the following properties [39]:

A~

e R(X,Y) converges almost assuredly to the theoretical counterpart [112] provided n —
oo and E[||X]|] < oo and E[[|Y]]] < oo.

A

e R(X,Y) =0 denotes the independence of X and Y

e 0<R<1
Additionally, another key property shown by [110], for a fixed n

lim R(X,Y)=1 (3.4)

T,H—o0
provided that X and Y are independently and identically distributed (i.i.d.) and their

corresponding second moments exist.

3.1.4  Analysis of RNN Activation Layers

We now provide the framework for using distance correlation to study how the RNN ac-
tivation layer outputs learn time series structures that eventually translate to forecasting
outputs. We start with a set of samples (x1,y,), (X2,¥5), . , (Xn,¥,) where each x; is
an RNN input to produce a forecasting value y,. This is compared with the ground truth
output y, using a loss function. For each sample fed into the RNN during training, a unique
activation layer output ag‘? is produced depending on the sample 7, time step ¢, and epoch

p. The accumulation of all the samples for a particular activation layer output at time step

t and epoch p is represented as a matrix

A,Ep)z agﬁ) ag a,(fn
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With our representation of sample ground truth outputs Y, we estimate the distance correla-
tion between the activation layer output at time ¢ and epoch p, and the ground truth outputs.
This is denoted by R(Aﬁp ),Y), and is calculated using (3.3). We also estimate the depen-
dency between two activation layers, AP AP at different time steps using R(Agp% AP,
which is the distance correlation between the activation layer outputs at time steps v and m

at epoch p. We note that for both the scenarios, the dimensions between the two random

variables need not be the same. This framework guides the experiments in section 3.2.

3.2 [Experiments

We now conduct a series of experiments to showcase the usefulness of our method for assessing
time series forecasting using RNN models. Using such method, we make note of certain lim-
itations of RNN forecasting and compare the models (network architectures) using heatmap

visualizations.

3.2.1 Time Series Data

Before we begin our experiments, we must select the type of time series data we would like
to analyze. As discussed in section 3.1.1, we generate synthetic time series data for each
time step z;, according to a few well established processes. Perhaps the simplest case is the
auto-regressive process, signified by AR(p), where the value of the current time step [ value
is a linear combination of the previous p time steps. Formally, the auto-regressive process is

defined as [25]

p

2 = Z Cizl—; T € . (3.5)

i=1
Here, ¢; are the coefficients of the lagged variables and ¢; is white noise which follows a

normal distribution N(p,0?) at time step [. We also consider the moving average model,

MA(q), which is similarly defined as [25]

q
z] — ) -+ Z Hielfz' (36)
=1
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where 6; are the coefficients of the lagged white noised ¢;_; and ¢ is a predetermined average
value. This moving average process generates the value of the current time step [ based on
an average value  and the previous ¢ lagged white noise. When we combine the processes
from (3.5) and (3.6), we arrive at the auto-regressive moving average, or the ARMA(p, q)
model.

Beyond these simple models, we consider another time series model called the general-
ized autoregressive conditional heteroskedasticity (GARCH) model. Full definition of the
GARCH(p, q) process is presented in [25], where this process allows the time series to exhibit

variance spikes during any given time step. It is generally defined as:

Z] = \/h_lel (37)

where h; is a positive function that represents the variance. The variance h; is defined by:
p q
hl = Qg + Z 041'21271- + Z ﬁjh%fj . (38)
i=1 j=1

In this GARCH(p, ¢) definition, «a; are the coefficients of the p lagged variables, and j; are
the coefficients of the ¢ lagged variances. This process induces volatility in the time series
data that is often present in real world datasets. One simple but effective way to characterize
these times series processes is by observing the magnitudes of their lag structures. For large
values of p,q, we consider the lag structure to be high (and correspondingly low for small
values of p, q).

In addition to the synthetic time series processes, we also experiment with the following
three real world datasets. (1) ETTh1, OT [134] includes the hourly oil temperature (OT)
collected by electricity transformers from July 2016 to July 2018 from two different counties
in China. (2) Solar-energy [73] includes the solar power production records in the year of
2006, which is sampled every 10 minutes from 137 photovoltaic plants in Alabama, USA.
(3) Daily NASDAQ composite index values between 2014 to 2023 are gathered from Yahoo!
Finance [5]. Note that ETTh1, OT, and Solar-energy have served as benchmarks for time

series forecasting tasks [73, 85, 128].
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3.2.2  RNN behavior under various time series processes

The focus of this section is to use distance correlation to determine the characteristics of
RNNs for various time series processes. To investigate this, we carry out a series of exper-
iments that track the outputs of each activation layer and compare it to the ground truth
output via distance correlation upon the completion of model training. In effect, we are
calculating }?(Agp),Y) for t = 1,2,...,T at the final epoch, P. }?(Agp),Y) values near one
show that the activation layer at ¢ has a strong dependency to Y, indicating it is a highly
important layer in the training process. Conversely, values close to zero imply that the
activation layer at ¢ does not contribute to learning the output Y.

One particular component of interest is layer number T, A(TP), which is the final activation
layer before the RNN generates an output. Since all the previous inputs flow to this activation
layer, tracking R(A(TP), Y) serves as a measure of what information has been retained or lost
during training.

Since we are tracking the dependency structure of each layer AEP) and ground truth
Y, we can make a parallel comparison to the auto-correlation function (ACF) defined by
(3.1). If we are interested in understanding the linear structure between a single-step ahead
time series value and a corresponding lag h, we would calculate Cor(z41,2i41-1). The
analogous comparison to this would be calculating the distance correlation, R(A(lezl_h, Y).
For example, given a window size of T" = 20 and a lag of h = 5, activation layer number
16, Agg), can be directly compared to the ACF value at the 5th lag. Note that this inverse
relationship between the layer number and lag (e.g., layer 20 and lag 1, or, layer 1 and lag
20) is used for comparisons during our experiments. We make this comparison to establish

a baseline analysis of the underlying time series structure.

Implementation Details

Before presenting the results, we choose some parameters specific to our experiments. We

begin by generating a time series history Z of length L = 4,000 from the processes and
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datasets in Section 3.2.1. We change L to 2,000 and 1,500 for the Solar-energy and NASDAQ
datasets, respectively, to accommodate their smaller size. As is customary in training deep
learning models, we standardize each time series using the z-score [74]. This is done to aid
the stability of training an RNN and analyze all the time series processes or datasets using
the same scale. We then split our time series history such that the first 80% points form the
training set and the last 20% points are used for evaluation (test set), as shown in Figure
3.2. We only consider single step-ahead forecasts, i.e., H = 1.

For the Elman RNN setup, we fix the input window size T' = 20, the number of hidden
units as b = 64, use the ReLU activation function, batch size of 64, learning rate of 0.0001
and train the model for 35 epochs. We also initialize the networks weights via a Kaiming He
initialization procedure [56], as it has been shown to be a stable and efficient initialization
scheme [95]. We choose these parameters with the aim of creating a stable environment where
the RNN has a high likelihood of converging. Overall, we want to ensure an experiment that
captures how RNNs learn time series structures, not why they have known instabilities.
We then evaluate the performance (forecast accuracy) of the RNNs using mean squared
error (MSE) and mean average percentage error (MAPE) on the standardized data to allow
consistent comparisons of the outcomes. In terms of the computational resources, we use

TensorFlow 2.1 on a single GTX 970 GPU for model training and activation layer extraction.

Time Series Process Results

We now report the results of a series of simulations where a total of 50 runs are conducted
for a given time series process. For each run, we train an RNN from scratch using a specified
time series, calculate both the distance correlation values described in Section 3.2.2 | and
the corresponding MSE and MAPE values. Note that for all the time series plots, the values
are de-standardized to their original scales in order to view the actual results.

Beginning with auto-regressive time series, Figure 3.4 shows two plots each for AR(1)
and AR(5) time series processes: 1) A time series plot with the original and de-standardized

forecast values by the trained RNN; and 2) the mean correlation values between the ground
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truth and each activation layer using both distance correlation and ACF metrics. Figure 3.5
shows the same plots for AR(5) and AR(10) time series processes. In addition, the figures
also display the corresponding MSE and MAPE values, and the coefficients for the time
series processes.

Figure 3.4(a) shows that for an AR(1) process, the distance correlation values closely
resemble the pattern produced by the ACF values for all the layers and lags. The similarity
between ACF and distance correlation is likely due to the recursive nature of the AR(1)
process, where all the time steps are recursively dependent on each other. There is a gradual
increase in correlation as the layer numbers increase, which remain relatively high for all the
layers (above 0.7). Noting that layer number 20 is the final activation layer prior to generating
a forecast, it follows that a high distance correlation in this layer yields accurate forecasts.
This is supported by the low MSE and MAPE values, and well fitting de-standardized time
series forecasting plots.

However, the corresponding plots for AR(5), AR(10) and AR(20) indicate that the fore-
casting accuracy of RNN decreases for increasing time series lag structures. Figure 3.4(b)
shows the correctly identified AR(5) lag structure by displaying high correlation values at
layers 1, 6, 11 and 16. Recalling the inverse relationship that lags have with the layer num-
bers, this aligns with the ACF values whose corresponding correlations are high at lags 20,
15, 10 and 5. This alignment, however, diminishes quickly as the distance correlation val-
ues decrease to approximately 0.5 at layer 20. This is further evident in Figure 3.5, where
although the correct lags are identified by both distance correlation and ACF, distance cor-
relation reduces to less than 0.4 for AR(10) and approximately 0.35 for AR(20) when it
reaches layer 20; see Table 3.1 for the exact correlation values at activation layer T" = 20.
This reduction in distance correlation with increasing layer numbers is synonymous to the
RNN losing memory of the important previous inputs. As a result, the MSE and MAPE
scores increase for the AR(10) and AR(20) time series, which is supported by the poor fitting
de-standardized forecasting plots.

We extend these experiments to the moving average process by looking at MA(1) and
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Figure 3.4: AR time series plots with RNN forecasts of the test set (top row). The mean
values of ACF and the distance correlations between the outputs of activation layers and the
ground truth horizon values are shown in the bar plots for 50 runs (bottom row). For the
AR(1) process, we observe high correlation values for both metrics and a gradual increase
as the layer number increases. For the AR(5) process, we see layers 1, 6, 11, and 16 with
high correlations, but they cyclically diminish for every 5 layers. This aligns with high ACF

values whose corresponding lags occur at 20, 15, 10, and 5. Both the de-standardized

time series plots have well fitting forecasts from the RNN, which corresponds to the

relatively low MSE and MAPE scores.

MA(20) structures. Figure 3.6 shows the same mean correlation and de-standardized time

series forecasting plots. In Figure 3.6(a), the mean correlation plot displays the correct layer
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Figure 3.5: AR time series and mean correlation plots for 50 simulation runs. For AR(10),
we see high distance correlation values at layers 1 and 11 with diminishing correlation values
from layers 12 to 20. The high correlation values align with the ACF lags at layers 10 and 20.
For AR(20), we only see high correlation at layer 1 (or lag 20), before a similar dissipation
in values occur from layers 2 to 20. This decrease likely occurs due to the RNN losing some
memory of the previous important inputs. We also see an increase in the MSE and MAPE
values for both the processes, as compared to the AR(1) and AR(5) processes, with worse

fits of the de-standardized forecasting plots.

number (or lag structure) for MA(1); however, the value is relatively low (approximately 0.4).

Although the distance correlation value is highest at layer number 20, the MSE and MAPE
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scores are larger than their AR(1) counterparts. The relatively low distance correlation value
at the final activation layer combined with worse MSE and MAPE scores indicate that the
RNN struggles to model the error lag structures well, even under ideal low lag structures.

Figure 3.6(b) shows the results for the MA(20) structure. Although the proper lag is
identified at layer number 1, it is again relatively low with a value of approximately 0.4.
However, since the lag structure is high (larger values of p,q) and far removed from the
forecast horizon, we see an asymptotic decrease in correlation values near layer number 20,
exhibiting values less than 0.1. The RNN appears to compensate for this lack of information
being transmitted to the final layer by modeling values near the average (of zero), as opposed
to the fluctuations that characterize the MA processes. This mean trend prediction is no-
ticeable in the de-standardized time series forecasting plot where the amplitude is truncated
and centered around zero.

We also look at the combined effects of AR(p) and MA(q) processes by modeling ARMA(p, q)
time series structures. Figure 3.7 shows the same set of plots for the ARMA(1,10) and
ARMA(10,1) processes. Figure 3.7(a) shows the results for ARMA(1,10), which exhibit a
similar correlation behavior to that of AR(1). The distance correlation values are high for
all the layers with the highest occurring at layer number 20. This results in highly accurate
forecasts with low MSE and MAPE values, and well fitting de-standardized time series plots.
Figure 3.7(b) shows the results for ARMA(10,1), which exhibits similar correlation patterns
to that of AR(10). However, the correlations do not decrease as much when approaching
layer number 20 (0.5 instead of 0.4). The inclusion of the MA terms, therefore, seems to
provide additional pertinent information on the underlying time series characteristics to the
RNN. This slightly higher correlation values at the final layer leads to lower MSE and MAPE
scores for both the ARMA processes as compared to their AR counterparts.

We also explore how RNNs internally learn time series processes exhibiting heteroscedas-
ticity with GARCH processes. We report the same time series forecasts and mean value
correlation plots in Figure 3.8, where we note that the distance correlation values are quite

low (less than 0.25) for all the layers. The low correlation values indicate that none of the



Time Series

0 1000 2000 3000 4000
Time Step
Mean Correlation Values

o
IS

O
(N}

Correlation

LLLLELELCELELERERLL

o
o

2 4 6 8101214161820
Layer Number
(a) MA(1)
MSE = 0.602 + 0.037
MAPE = 0.388 + 0.438
4 =099, + ¢

34

Time Series

5.0

B original
- Forecast

Value

0 1000 2000 3000 4000
Time Step

Mean Correlation Values

" Imuummum

2 4 6 8101214161820
Layer Number
(b) MA(20)
MSE = 1.056 + 0.063
MAPE = 0.579 + 0.374
2= 0.99€¢, + €

Figure 3.6: MA time series plots with RNN forecasts of the test set (top row). The mean

values of ACF and distance correlation between the outputs of the activation layers and

the ground truth horizon values are shown in the bar plots for 50 runs (bottom row). For

both the MA(1) and MA(20) processes, we see that the lags are identified at layers 20 and

1 (lags 1 and 20), respectively, with the correlation values around 0.4 (0.5 for ACF). We

also see for MA(20), distance correlation diminishes asymptotically and converges to a value

of less than 0.1 at the final activation layer. This is analogous to the RNN losing memory

of the important inputs, resulting in higher MSE and MAPE scores, and a worse fitting

de-standardized forecasting plot.
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Figure 3.7 ARMA time series plots with RNN forecasts of the test set (top row). The
mean values of ACF and the distance correlations between the outputs of the activation
layers and the ground truth horizon values are shown in the bar plots for 50 runs (bottom
row). For ARMA(1,10), high distance correlation values are exhibited for all the layers,
which resemble the correlation plots of AR(1) and result in highly accurate forecasts. For
ARMA(10,1), there is a notable lag structure similar to the AR(10) process. However, the
decrease in RNN memory is less severe with a distance correlation value of 0.5 at layer 20, as
compared to 0.4 for AR(10). This results in relatively well fitting de-standardized forecasting
plots for both the ARMA processes.
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RNN activation layers make strong contributions to learning the ground truth. This is cor-
roborated by the poor fitting de-standardized forecasting plots for both the GARCH(2,2)
and GARCH(4,4) processes. In essence, the RNN activation layers are not able to effectively
model the heteroscedasticity and volatility present in the GARCH process, at least without
additional pre-processing.

Last, we employ our evaluation method on the real world datasets described in Section
3.2.1. We generate the same correlation plots and de-standardized forecast plots for the
ETTh1, OT and the Solar-Energy datasets in Figure 3.9. Figure 3.9(a) shows that layers 1-
10 have approximately constant correlation values of around 0.5 before gradually increasing
to 0.8 at layer 20. This corresponds to having well fitting forecasts and lower MSE and
MAPE scores. Similar observations are found in Figure 3.9(b), where the correlation values
increase at a constant rate until a value of 0.85 at activation layer 20. As seen for the AR and
ARMA processes, high correlation values at the final layer lead to fairly accurate forecasts.

However, the results for the NASDAQ Composite data in Figure 3.10 are quite different.
The correlation plots show that none of the activation layers recognize the underlying process
exhibited by the financial data. All the correlation values are near 0.1 and there is no evidence
that the activation layers learn the outputs well, leading to poor forecasting results. In fact,
the results are similar to those for the GARCH process. In summary, these real world
examples provide additional validity to the fact that distance correlation can effectively
examine the behavior, especially, learning capacity, of RNN forceasting models for any given

times series.

Temporal information loss in RNNs

We recall the studies that used distance correlation as a metric of the information stored
in neural network activation layers [133, 116], and apply the same principle in our study.
From our experiments, we observe that the distance correlation values change as the time
series inputs move from one activation layer to the next, analogous to a measurable change

in information content across the RNN. Table 3.1 summarizes the results for all the time
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Figure 3.8: Time series plots with RNN forecasts of the test set (top row). The mean values of
distance correlation and ACF between all the activation layer outputs and the ground truth
horizon values are shown in a bar plot for 50 runs (bottom row). For both the GARCH(2,2)
and GARCH(4,4) processes, we see that the distance correlation and ACF values are low;
in fact, they are effectively zero with ACF for all the layer numbers. We also see that both
the time series plots have poor RNN fitting forecasts, which corresponds to the relatively

high MSE and MAPE scores. In particular, the RNN forecasts do not capture the spikes in

variance well.

series forecasting experiments, and report the metrics that encode this RNN information

flow. The key metric is the percentage change between the max distance correlation at any
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Figure 3.9: Time series plots with RNN forecasts of the test set (top row). The mean values
of distance correlation and ACF between all the activation layer outputs and the ground
truth horizon values are shown in a bar plot for 50 runs (bottom row). For both the ETThI,
OT and Solar-Energy data, we see that the distance correlation and ACF values gradually
increase until layer 20 is reached. This results in well fitting de-standardized forecasts, which

correspond to the relatively low MSE and MAPE scores.

~

layer and the distance correlation at the final layer. This is calculated by (R(AEP), Y)mar —
R(A(TP),Y)) JR(AY) Y)pae. It summarizes how much information is lost by the time the

data reaches the final activation layer before the RNN produces a forecasting value.

From Table 3.1, we see that for the higher AR lag structures, the RNN is able to identify
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Figure 3.10: Time series plots with de-standardized RNN forecasts of the test set (top). The
mean values of distance correlation and ACF between all the activation layer outputs and the
ground truth horizon values are shown in a bar plot for 50 runs (bottom). For the NASDAQ
Composite returns, we see that the distance correlation and ACF values are low; in fact, the
ACF values are close to zero for all the layers. This leads to poor fitting forecasts, which
correspond to the relatively high MSE and MAPE scores. This example is similar to the
outcomes of the GARCH process in Figure 3.8.

the proper lags. However, higher lag structure AR processes lose a larger percentage of
the information as they reach the final activation layer. For the MA lag structures, the

proper lags are also identified, although they exhibit smaller distance correlation values.
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Nonetheless, the higher lag structures still lose more information as they reach the final
activation layer. This general loss of memory in the final activation layer leads to higher
MSE and MAPE scores. This is also exemplified by comparing AR(10) to ARMA(10,1),
where they have similar distance correlation patterns, as seen in Figures 3.5(a) and 3.7(b).
However, ARMA(10,1) loses 48% of the input memory as compared to 59% for AR(1),
resulting in lower MSE and MAPE values. The exception to this behavior occurs for the
GARCH and NASDAQ time series, where no RNN activation layer learns the ground truth
values well, leading to poor overall results.

These experiments and outcomes were replicated for different RNN hyperparameters
to show that this behavior is consistent despite changes in the modeling parameters. See
Appendix A for a summary of the additional results that include changes to the number of

hidden units, learning rate, and dropout rate of the final RNN layer.

3.2.83  Visualizing differences in time series RNN models

As we try to gain a better understanding of RNN capabilities with time series forecasting,
we leverage distance correlation to generate heatmaps as a visual way of investigating the
activation layers; similar to the comparison of computer vision models [133]. We motivate this
visualization method by considering which RNN hyperparameters lead to accurate forecasts.
These include input size, activation functions, the number of hidden units, and even the RNN
output configurations (i.e., many-to-one or many-to-many). For example, Figure 3.11 shows
a distance correlation heatmap between a trained RNN with 10 inputs (activation layers)
and itself, where we see a complete symmetry in the heatmap. This baseline heatmap can
help us visualize the similarities between the activation layers at different time steps and
reveal characteristics such as the lag structure. We expand such comparisons with some of
the hyperparameters mentioned above.

Distance correlation heatmaps can show whether two networks with different hyperpa-
rameters are similar at each activation layer. Two examples of this are displayed in Figure

3.12, where we test networks with different activation functions and number of hidden units.
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Table 3.1: MSE, MAPE, and distance correlation results for all the experiments

Time Series MSE MAPE RAY) Y) RAYP v) Change (%)
(max)

AR(1) 0.025 0.050 + 0.014  0.927 0.927 0
0.006

AR(5) 0.100 0.111 +0.064  0.916 0.436 52
0.039

AR(10) 0.672 0.319 £ 0.240  0.949 0.391 59
0.344

AR(20) 1.281 0.884 + 1.154  0.964 0.356 63
0.441

MA(1) 0.602 0.388 + 0.438  0.418 0.418 0
0.037

MA(5) 0.783 0.525 + 0.603  0.427 0.131 69
0.057

MA(10) 1.008 0512 +0.235  0.422 0.098 77
0.081

MA (20) 1.056 0579 + 0.374  0.435 0.093 79
0.063

ARMA(1,1) 0.009 0.035 £ 0.012  0.935 0.935 0
0.003

ARMA(1,10) 0.013 0.037 £ 0.011  0.951 0.951 0
0.003

ARMA(10,1) 0.341 0.216 £ 0.199  0.947 0.496 48
0.195

GARCH(2,2) 1.037 0.614 + 0.674  0.264 0.259 2
0.830

GARCH(4,4) 1.080 0.720 £ 0.728  0.215 0.202 6
0.751

ETThl, OT 0.040 0.453 + 0.324  0.923 0.923 0
0.020

Solar-Energy 0.017 0.510 + 0.691  0.983 0.983 2
0.013

NASDAQ 1.499 1.077 + 0.818  0.123 0.114 7
0.521

Notes: MSE and MAPE scores are calculated for 50 simulation runs. R(A§P>,Y) (max) represents the max

distance correlation for any layer number ¢. R(A;P),Y) is the distance correlation value at layer number 7" = 20.

The percent change from the peak distance correlation values in any activation layer to the final layer measures

how much information is lost during RNN training. In general, we see that larger lag structures tend to lose more

information during training, leading to higher MSE and MAPE scores.
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Figure 3.11: Distance correlation heatmap between RNN with 10 inputs and itself. The RNN
was trained on an AR(7) process with the following governing equation: z;, = 0.8z_7 + €.
We observe there is an exact symmetry along the diagonal, where the distance correlation
between each RNN layer and itself is 1. We also see that the AR(7) pattern is detected if

we follow the progression of values from layer 1 on the y-axis to layer 8 of the x-axis.
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In the case of Figure 3.12(a), the symmetric nature of the heatmap suggests that using either
ReLU or Tanh activation function makes minimal difference in its evaluation of an AR(1)
process. Extending this to Figure 3.12(b), we see a similar symmetry in the heatmap for net-
works having 8 and 128 hidden units in the activation layer for an ARMA(1,2) process. Note
that all the networks were allowed to train until convergence, which exceeded 100 epochs
for the RNN with 8 hidden units. Both these results show that the different hyperparam-
eter choices do not have any noticeable effect for a given time series process, provided the

computational cost is not an issue.
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Tanh activation functions hidden state

Figure 3.12: Visualization of the similarities of different RNNs in time series modeling us-
ing distance correlation heatmaps. (a) The symmetry in the heatmap suggests that using
either activation function yields similar outputs at each activation layer. (b) The heatmap
also suggests that both the networks arrive at similar activation layer outputs, despite the

differences in the hidden unit size of the activation layers.

Another crucial choice with RNN time series forecasting is the proper window input size.

While some heuristics can be applied in choosing this parameter, we can also use distance
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correlation heatmaps to understand the impact. We exemplify this with a heatmap that
compares an RNN with 6 inputs and 10 inputs under an AR(8) process which is shown in
Figure 3.13. In this scenario, the smaller RNN shows that it can learn similar activation
outputs to the larger 10 input RNN as shown by the similarities in the diagonal elements
between activation layers 1-6 and 5-10, respectively. However, it seems that without having
access to at least 8 inputs for the AR(8) process, suggests that the smaller network cannot
adjust its learning weights via a backpropagation through time algorithm [119] to produce
accurate forecasts. This is supported by the lack of good fit in the de-standardized time
series forecast plot for the 6 input RNN and the better fit in the 10 input RNN.

We can then adopt a conservative strategy of choosing a window input size that is larger
than necessary. Putting aside the known issues with long term dependency and exploding
gradient problems in RNNs, we use distance correlation heatmaps to identify how the RNNs
learn time series when the networks inputs are oversized. Figure 3.14 simulates this scenario
where both the RNN input sizes (10 and 20, respectively) are greater than the AR(6) process
lag structure. We notice that the diagonal streaks of similarities are 6 activation layers apart,
which confirms that both the RNNs can detect the 6 lag structure of the time series. Further,
the 20 input RNN encounters the lag structure multiple times. This redundancy likely aids in
the backpropagation through time algorithm, where the adjusted layer weights are updated

to have more accurate forecasts.
3.3 Discussion

We use distance correlation to show that the RNN activation layers can identify lag structures
but have issues in transmitting that information to the final activation layer. This loss in
information seems to occur over a span of 5-6 activation layers before the distance correlation
values converge. The critical implication is that the RNN forecasts of univariate time series
processes with large lag structures are likely to be poor since they are subject to more
information loss. This can affect design decisions such as the sampling rate. For example, a

sampling rate of hours, as compared to days, may subject the RNN to larger lag structures,



45

even though a higher resolution input sequence is obtained. Conversely, lower lag structures
make RNNs a preferred model with fast forecast results as they are relatively computationally
inexpensive. These results are supported by our evaluation on the ETTh1l, OT and Solar-
Energy datasets, where we observe high correlation values at the final activation layers. This
yields favorable forecasts and indicates that the RNNs have adequate learning capacity for
single-step forecasting of such data.

Additionally, low distance correlation values of the activation layers in MA processes
show that the error lags are difficult to model for RNNs. This lower accuracy is exacerbated
by the information loss of RNNs. We also observe that the low distance correlation values
in all the activation layers for GARCH processes lead to poor performance. Thus, an RNN
model of any heteroskedastic time series is not likely to perform well. Relating this to real
world data, we observe that the NASDAQ Composite returns look similar to the GARCH
process results. None of the activation layer correlations are high, leading to poor fitting
forecasts. In these instances, we find that the low correlations in the activation layers relate
to the lack of the RNN’s learning capacity given this form of time series data.

These results can also help the practitioners with a priori assessments of the suitability
of RNN forecasts given the characteristics of their time series data. For example, ACF plots,
indicating whether the lag structures are high, can determine whether the corresponding
time series processes are suitable for RNN forecasting. The presence of AR, MA, ARMA,
and GARCH processes are also indicated in the ACF plots, providing cues on whether RNNs
would be suitable for the corresponding forecast problems. This knowledge is valuable in
reducing unnecessary and time-consuming model building and exploration steps. Coupling
these observations with the hyperparameter-based comparisons provided by the distance
correlation heatmaps, analysts are now better equipped to both interpret and explain RNN
modeling of time series.

We acknowledge some ways to improve and expand our findings. First, we primarily con-
sider well-established time series processes. This is done intentionally to create a controlled

experiment, where the inputs and outputs of the time series processes are well defined. An ex-
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pansion of the scope of our experiments to real world datasets, may provide a more practical
context for our evaluation tool. Further, we only consider the most basic form of time se-
ries forecasting, which is univariate, single-step prediction. Single-step predictions can make
our plotted forecasting results look quite favorable, but they should not be confused with
the much more challenging task of forecasts with larger prediction horizons. Multivariate
and multiple horizon forecasting are expected to reveal more insights into the effectiveness of
RNNs, and we believe that distance correlation is powerful and generic enough to be adapted
to such problems.

We also recognize that our distance correlation-based analysis is done with only Elman
RNNs. However, we contend that it can be expanded to other widely-used RNN architec-
tures, such as Long-Short Term Memory (LSTM) and Gated Recurrent Unit (GRU) models,
which have more complex cell operations to alleviate some of the common pitfalls of RNNs.
It may be particularly interesting to investigate how the information is partitioned among
the regulatory gates and additional recurrent cell states of LSTMs. This analysis tool can
also be extended to many other deep learning networks that attempt to address time series
forecasting. This includes observing how a time series input evolves through every major
component in a transformer or another hybrid architecture. Overall, we feel that distance
correlation is a flexible metric that can potentially unlock the unexplained nature of deep

learning models for time series forecasting tasks.
3.4 Conclusions

In this chapter, we develop a distance correlation framework to study the effectiveness of
RNNs for time series forecasting. Specifically, we leverage the versatility of distance corre-
lation to track the outputs of the RNN activation layers and examine how well they learn
specific time series processes. Through both synthetic and real world data experiments, we
find that the activation layers detect time series lag structures well, but tend to lose this
information over a sequence of five-six layers. This affects the forecast accuracy of series with

large lag structures. Further, the activation layers have difficulty in modeling the error lag
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terms for both moving average and heteroscedastic processes. Last, our distance correlation
heatmap comparisons reveal that certain network hyperparameters, such as the number of
hidden units and activation function, matter less as compared to the input window size of
an RNN for accurate forecasts. We, therefore, believe our framework is a foundational step
toward improving our understanding of the ability of deep learning models to handle time

series forecasting tasks.
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Figure 3.13: Distance correlation heatmap between RNN with 6 inputs and 10 inputs. This
example invokes a scenario where the input size is smaller than the largest lag in the AR
process. The RNNs were trained under an AR(8) process with the following governing
equation: z; = 0.82;_g+¢;. The 6 input and 10 input RNNs received an MSE = 1.18 £ 0.056
(MAPE = 0.510 4 0.0816) and 0.496 + 0.024 (MAPE = 0.272 + 0.226), respectively, after 50
simulation runs. RNN (6 input) activations layers 1-6 and RNN (10 input) activation layers
5-10 are noticeably highly correlated. This correlation suggests that the smaller network
learns the final activation layer outputs of sufficiently sized networks. However, without
access to the 8th lagged time step from the AR(8) process, the smaller network is missing
crucial information that prevents accurate forecasts. This is evident from the worse fitting

forecasts of the time series plot and the corresponding MSE and MAPE scores.
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Figure 3.14: Distance correlation heatmap between RNNs with 10 inputs and 20 inputs.
The RNNs were trained under an AR(6) process with the following governing equation:
z1 = 0.8z + €. The 10 input and 20 input RNNs received an MSE of 0.501 4+ 0.061
(MAPE = 0.278 + 0.0790) and 0.490 + 0.045 (MAPE = 0.293 + 0.137), respectively, after
50 simulation runs. The heatmap shows diagonal streaks of similarities in both the networks,
which are spaced apart by 6 activation layers, matching the AR(6) process. The 20 input
RNN encounters the AR(6) lag structure at least thrice, as compared to twice in the 10
input RNN. This may be the source of why the former RNN yields a slightly lower MSE (and
comparable MAPE) than the latter RNN. However, the corresponding time series forecasting
plots indicate that both the RNNs learn the time series structure adequately as their input

sizes are sufficiently large.



20

Chapter 4

ENHANCING NON-STATIONARY TIME SERIES
FORECASTING WITH INCREMENTAL KERNEL DYNAMIC
MODE DECOMPOSITION

4.1 Proposed Method

To develop our proposed method, it is essential to establish the foundational concepts related
to univariate time series and the general framework of DMD. In this section, the symbol
represents the Moore-Penrose pseudoinverse of a matrix. Also % represents the conjugate
transpose of a matrix containing complex elements. Further, whenever a Singular Value
Decomposition (SVD) of a matrix is performed, it is assumed that its components can
be truncated using a parameter r. This truncation facilitates more efficient downstream

calculations.

4.1.1  Unwariate Time Series and DMD Framework

Let S = (z1,x2,...,2r) be a univariate time series with 7" observations. To format this into
a DMD snapshot matrix [115], we create a Hankel matrix of the data with m columns, which

is synonymous with the number of snapshots of a dynamical system. This matrix is defined

as
T i) c. Im
) T3 R ey |
H =
Tr—m+1 TT-m42 --- IT

To create the pairs of snapshots used for DMD, we partition H into the following X,Y data
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Tr—m+2 TT-—m43
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T

Tm+1

xXr

where X contains the first m — 1 snapshots and Y contains the final m — 1 snapshots. For

compactness, we re-write X, Y as

X = X1 Xo
|
|
Y = X9 X3
|
where
X = [Im Tit1y e 7~ri+T—m]T

and i represents the snapshot or column number of H. Given how we arrange H, x; € R?

where d =T — m + 1.

As outlined by [71], for the standard DMD approach, we wish to solve Kgnq such that

Y = KguqX approximately holds. Solving for Ky, requires minimizing a least-squares

problem which yields Kgnq = YX'. The eigendecomposition of Kgyq gives the eigenvalues

arranged as a diagonal matrix, A € C™", and eigenvectors, W € C"*". Furthermore, the

SVD of X is computed:

X =Qx2xVyk

(4.1)
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where Qx € C¥", 3y € C™*", Vx € C™'*". This decomposition allows the construction
of DMD modes as
Pnd = YV I W. (4.2)
Finally, we use the previous matrices to construct the forecast
Xy = PagmaAlby (4.3)

which represents the prediction at time step t. The amplitudes, by, are formed from the

initial conditions, and are typically calculated as
bo = @LdeO (44)

where x¢ is an initial snapshot vector (typically the last column of X or Y).
If a prediction horizon of [ points beyond x7 is desired, we collect the predictions from

Equation (4.3) as column vectors and arrange them as the following trajectory matrix

jm+1 i)erQ .. im+l

> «i'm+2 jm+3 oo «%m+l+1

X = (4.5)
Tr41 Tr42 oo TTH

Note that X is still arranged as a Hankel matrix, which contains multiple predictions of the
same T7, where k =1,2,...,]. One approach to resolve this is by collecting and averaging
all the instances of 7, as demonstrated by [115]. In effect, this method averages the
anti-diagonals of the diagonals of X. However, we find that this step is inefficient during
inference, especially as [ increases. Instead, we simply extract the last row of X to serve as

our forecast values:

%; = X(d, ") (4.6)
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4.1.2  Kernel DMD

One of the limitations of the standard DMD approach is the assumption of linearity in the
dynamical systems. Although this assumption suffices for many systems, it may be inade-
quate for predicting time series with nonlinear behavior. Therefore, we explore an advanced
method known as Extended Dynamic Mode Decomposition (EDMD), which facilitates the
application of DMD in infinite-dimensional spaces [120]. A practical variant of EDMD is the
kernel-based (KDMD) approach developed by [67], which incorporates the kernel method or
“kernel trick” within the DMD framework. We briefly present this method.

Considering our original observations X and Y, we seek a transformation to a higher

dimensional space, represented as ¥, and W,

Here, (+) is the function that maps our observations to a higher dimensional space. Due to
the computational costs associated with high-dimensional spaces, it is often impractical to
explicitly calculate ¥, and W,. Instead, the kernel trick facilitates an implicit calculation
of these mappings through dot products v (x;)T4(x;), determined by a user-defined kernel
function, such as Gaussian Radial Basis Functions (RBF), polynomial, or sigmoidal.

If we have access to ¥,, we compute its SVD
v, =UXZ" (4.7)
As derived by [67], we form a new matrix K, analogous to Kgma:

K = (U A(UST) (4.8)
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where A = W, T is formed using the specified kernel function. Similarly, G = U, Wl s

computed using the same kernel function, and its eigendecomposition is:
G =uxxuT (4.9)

where U and ¥ are the same matrices from Equation (4.7). Once K is determined, V
represents the matrix whose columns are the eigenvectors of K, and A denotes the diagonal
matrix containing the corresponding eigenvalues. We then derive the dynamic modes using

the following relation:

Bramq = XUSH(VHT (4.10)

Finally, we use the eigenvalues of K and Py gmq to make forecasts using Equation (4.3):
Xy = Preama Ay (4.11)

where by is analogous to Equation (4.4). Finally, we arrange the predictions from (4.11)

similarly to (4.5) and extract the last row as in (4.6) to make our forecasts.

4.1.83  Incremental Kernel DMD

For streaming data that arrives incrementally, it is inefficient to use the kernel DMD batch
method outlined in Section 4.1.1. Although incremental methods for the standard DMD
approach has been proposed [58, 129], to the best of our knowledge, an incremental kernel
DMD (IKDMD) method has not been explored.

The solution of converting KDMD to IKDMD boils down to the incremental kernel SVD
update of G from Equation (4.9). To begin, we build new data matrices by appending the

newly arrived snapshots Xjew, Ynew t0 X and Y

XneW: X1 X2 ... Xm—-1 Xpew
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Ynew: Xo X3 ... Xm Yioew

Naturally, we also update

Wonew = | ¥(x1) ¥(x2) ... ¥(Xm_1) Y(Xnew)

‘Py,new: ¢(X2) ¢(X3) ¢(Xm) w(YHeW)

To incrementally update G, we use the work by [33], where the authors extend the incremen-
tal SVD method to the non-linear kernel case. We summarize the steps required to develop
incremental kernel SVD method, specically for a rank-one update.

We begin by defining o« = UX' which represents the basis vector coefficients of linear

expansion of the mapped input vectors, ¥,. We then define L as
L=a"Uly(xpen), (4.12)

where W71 (x,0,,) can be evaluated via the kernel function since it represents an inner prod-

uct. This allows the formation of C as
C= lIlac,new = \Ijac,neW/B (413)

where I, is the identity matrix whose size is determined the number of new snapshots

being introduced; I,o,, = 1 for rank-one updates. This allows us to form the following:

M=pga"9v! W, .0 (4.14)

T,new
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where the eigenvalue decomposition of M = QEQ. Note for a rank one update, M is a 1x1
matrix whose eigenvalue decomposition becomes trivial.

We use the eigenvalue decomposition of M to construct the following matrices,
J=¥,0BQE 2 =0, 0,0, K=22Q" (4.15)

Matrix F is then formed via the following,

¥ L
F= (4.16)
ler K

which is then diagonalized with F = U'X/'V'*. Given these new matrices, we are finally able

to update the SVD components of equation (4.9) via the following,

Unew = ‘I,SCJIGWB? z]nevv = E,(l ., 1: T) (417)

o
where B = U'(1:r:)+ QU ((r+1),:) and X,ey formed by taking the first r x r
01><r

elements of /. The matrix B represents the coefficients of linear expansions of our up-
dated mapped values. We refer the interested reader to [33] for a detailed derivation of the
aforementioned calculations.

The form of Equation (4.17) involves W, ne, which is not explicitly expressed. By em-
ploying the kernel trick and leveraging dot products, we execute essential substitutions.
We derive an updated K from Equation (4.8) by replacing A U, Y with Aew, Unew, Snews

leading to the following expression:

Knew - (ET UT )Anew(Unesz )

new new new

=3 B! WPl P, e B

new T,new T,new new

=l BTA,GuwBE . (4.18)

new

Here, Ao = U, ewPT . and Grow = U, e PT Importantly, Guew and A ey do not

T,new T,new*

require re-calculation from scratch; the specified kernel function is simply applied to the new

vectors Xpew, Ynew and the existing matrices X, Y.
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With our incrementally updated Kew, we retrieve the eigenvalues and eigenvectors,

Avew, View, allowing us to update our DMD modes

(I)kdmd, new — )(neW:BEJr (Vil )T- (419)

new new

With Apew, Prdmd, new, We finally forecast the future trajectory:

~

it = ‘I)kdmd, newAt bO (420)

new

As before, we arrange the predictions from (4.20) similarly to (4.5) and extract the last row

as in (4.6) to make our forecasts.

4.1.4  Randomized Kernel DMD

We now present an alternative randomized kernel DMD (RKDMD) method based on ran-
domized linear algebra techniques [54]. This method utilizes randomized approaches to
approximate the necessary DMD modes and eigenvalues for forecasting both efficiently and
effectively.

Building on the methodologies outlined in [94, 51], we employ Random Fourier Features
(RFF) to approximate kernel functions, notably the RBF Gaussian kernel. A key advantage
of RFFs is their ability to provide an explicit approximation of the feature map 1 (x), as

described by the following formula:

P(x) == \/% [cos(0; + zx)];_, (4.21)

Here, 61, ...,60, € R are uniformly distributed in [0, 27), and the random vectors z1, ..., zs €
R? follow a normal distribution informed by the RBF kernel parameter v. The normalization
constant ¢ is set at 1 to adhere to the statistical properties of the RBF kernel. A detailed
pseudocode for implementing Equation (4.21) can be found in [51].

Equation (4.21) facilitates the explicit construction of ¥, and ¥, enabling the applica-
tion of SVD. However, given that the user-defined dimension s may be substantial, traditional

SVD at each incremental timestep can be computationally prohibitive. To address this issue,
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we employ a randomized SVD approach [94], which significantly accelerates the kernel DMD
algorithm. The following steps outline this process.
Initially, the feature map matrix ¥, is projected onto a lower-dimensional space as shown

in the equation:

¥,P=W (4.22)

where P € R**" is a random Gaussian matrix with truncation parameter r. The resultant
matrix W is then decomposed using QR factorization to obtain W = QgrR. Subsequently,
we compute the projection QLW, = D and perform SVD on D, resulting in D = UpXZ*,
where ¥ and Z* correspond to the decomposed components as defined in Equation (4.7).
Finally, we obtain our basis U by projecting back to the original space using U = QgUp.
This procedure completes the extraction of all the components required by Equation (4.7),
allowing us to proceed with the kernel DMD method described in Section 4.1.2 and eventual
forecast with Equations (4.3), (4.5), and (4.6).

4.2 Experiments

We conduct a set of experiments to evaluate the performance of the incremental and random-
ized versions of kernel dynamic mode decomposition. We use six real-world and two synthetic
time series forecasting benchmarks to quantitatively and visually validate the generality of

our proposed methods.

4.2.1 Datasets

We now introduce the six datasets for our univariate time series experiments, where the
chosen variables serve as target variables in previous benchmark tests [134, 85, 128]. (1)
Electricity [4] records the hourly electricity consumption of 321 clients from 2012 to 2014.
(2) ETTh1 [134] contains the time series of oil temperature (OT) and power load collected
by electricity transformers from July 2016 to July 2018 recorded every hour; we use OT as
the target variable. (3) Exchange [73] collects the panel data of daily exchange rates for 8
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countries from 1990 to 2016; we use France in our experiments. We alter the exchange rates
to exchange returns, as it is a common technique to measure the volatility of a exchange rate
[18]. (4) ILI [2] collects the ratio of influenza-like illness patients versus the total patients
in one week, which is reported weekly by Centers for Disease Control and Prevention of
the United States from 2002 to 2021; we use the count for patients aged 0-4 for the target
variable. (5) Traffic [1] contains the hourly road occupancy rates measured by 862 sensors
in the San Francisco Bay area freeways from January 2015 to December 2016. (6) Weather
[3] includes meteorological time series with 21 weather indicators collected every 10 minutes
from the Weather Station of the Max Planck Biogeochemistry Institute in 2020; we model
temperature measured in Celsius. To generate the main results, a standard protocol is
followed that divides each dataset into training, validation, and testing subsets. The split
ratio is 6:2:2 for the ETTh1 dataset and 7:1:2 for all the others [85].

These real-world datasets were selected for their non-stationary variability. To quantify
this characteristic, we conduct the Augmented Dickey-Fuller Test (ADF) [40] on the uni-
variate target variable, a widely used hypothesis test for detecting non-stationary behavior.
Refer to Table 4.1 for a summary of the datasets and their respective ADF test statistics,
where a smaller value suggests greater stationarity and stability in the time series.

Additionally, synthetic datasets are employed to illustrate non-stationary and volatile
behaviors of the investigated methods. A synthetic non-stationary time series is generated,
characterized by periodicity (sine wave), a linear trend, and stochastic noise adhering to a
normal distribution. We refer to this as as the SN'T-TS. Moreover, a time series based on the
Generalized Autoregressive Conditional Heteroskedasticity (GARCH) process is constructed,

with a detailed description of this GARCH process provided by [25].

4.2.2  Benchmarks and Implementation details

We evaluate the IKDMD and RKDMD methods against a handful of state of the art machine
learning forecasting methods. Such methods include Informer [134], Non-Stationary Trans-

former (NS Transformer) [85] and DLinear [128]. These benchmark methods are chosen for
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Dataset Sampling Total ADF
Frequency | Observations | Statistic

ETTh1 1 Hour 17,420 -6.225

ILI 1 Week 966 -6.507

Electricity 1 Hour 26,304 -6.857

Weather 10 Min 52,695 -8.407

Traffic 1 Hour 17,544 -15.161

Exchange Returns 1 Day 7,588 -22.798

Table 4.1: Summary of the real-world datasets. Smaller ADF test statistic indicates a more
stationary dataset. Accordingly, ETTh1 is the most non-stationary and Exchange Returns

in the most stationary in this list.

their ability to predict non-stationary time series.

All the deep learning methods are implemented with PyTorch using a single NVIDIA
GTX 1080 GPU. We keep many of the hyperparameters of the deep learning methods the
same from previous benchmarking experiments [85]. This includes model training with the
ADAM optimizer and an L2 loss function with an initial learning rate of 10~* and a batch
size of 32. The Transformer based methods, Informer and Non-stationary, have two encoder
layers and one decoder layer. Prior to training, we normalize the time series so that so
that evaluations are equalized across datasets. We evaluate the main results with test Mean
Square Error (MSE) and Mean Average Error (MAE) under several prediction lengths. A
lower MSE/MAE indicates better performance.

The primary hyperparameters for our proposed DMD methods include the number of
snapshots m, which are used to form the Hankel matrix H, the truncation parameter r,
and the RBF kernel parameter v. Additionally, the RKDMD method requires specifying

the parameter s, which defines the dimensionality of our feature map. Typically, s is fixed
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relative to m according to the formula proposed by [51]:

s = O(y/mlog(m)) (4.23)

In the validation phase, we explore a range of values for m from 20% to 50% of the total time
series length T', r from 50% to 100% of m, and v from 107! to 107!°. After optimizing these
hyperparameters and finalizing the modes and eigenvalues used for forecasting, we proceed
to evaluate IKDMD and RKDMD on the test set, incorporating an incremental update
approach. In other words, for every new test data point, we update the method using the
steps outlined in sections 4.1.3 and 4.1.4, which ultimately updates the DMD modes and

eigenvalues that govern the forecasting Equation (4.6).

4.2.8  Main Results

Table 4.2 presents the comparative results of IKDMD and RKDMD against the other bench-
mark methods on the six real-world datasets for three different prediction sequence lengths.
Both IKDMD and RKDMD demonstrate competitive forecasting capabilities in comparison
to the deep learning methods. Notably, IKDMD and RKDMD achieve lower MSE and MAE
values in all the cases, except for the Weather dataset and the 720 prediction sequence in the
Traffic dataset. Furthermore, RKDMD consistently exhibits close approximation to IKDMD),
as evident from the similar error metrics across all the experiments. More importantly,
IKDMD and RKDMD shows superior performance compared to the other benchmarks in
the most non-stationary datasets (ETTh1, ILI, Electricity) showcasing it’s ability to handle
unstable time series.

To illustrate the performance of each method, we provide forecasting plots for each dataset
in Figure 4.1. We transform the values back to their original scale and omit RKDMD
for clarity. Generally, IKDMD closely aligns with the ground truth in all the datasets.
Specifically, Figures 4.1b and 4.1le demonstrate that IKDMD closely matches the ground
truth shapes for the ILI and Traffic datasets, respectively. Although DLinear exhibits smaller

errors in the Weather dataset, the performance of our proposed methods remains competitive,
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as shown in Figure 4.1d. These results affirm the utility of our methods as effective forecasting
tools.

We critically evaluate each method performance by examining their handling of non-
stationary behavior. For instance, Figure 4.1a illustrates that the IKDMD forecast for the
ETTh1 dataset closely mimics the inherent variability of the ground truth, unlike Informer,
which tends to project a cyclical pattern uncharacteristic of the actual data. Conversely,
DLinear and NS-Transformer both tend to underestimate the ground truth. A similar
analysis for the Electricity dataset in Figure 4.1c reveals that while Informer predicts a
constant line, failing to capture any dynamics, DLinear underestimates peak values, and
NS-Transformer deviates significantly from the actual data pattern. In contrast, IKDMD
generally replicates both the shape and volatility of the ground truth. For the Exchange
Returns, shown in Figure 4.1f, Informer notably overestimates the ground truth. We further
analyze the performances of these deep learning techniques in the next section, focusing on

their handling of volatile time series such as Exchange Returns.

4.2.4 Additional Performance Visualizations

To further validate the performance of the IKDMD and RKDMD methods, additional visu-
alizations are presented under various scenarios. First, the performance of these methods in
a streaming or incremental update context is explored. Figure 4.2 illustrates the evolution of
forecasting capability as new data (snapshots) are incrementally introduced for the SNT-TS
and Traffic datasets. Initially, with a limited number of snapshots (m = 100), the forecasting
accuracy is modest. However, as more data become available, the forecast curves increas-
ingly align with the actual data trends. This underscores the robustness of the IKDMD and
RKDMD methods in scenarios requiring incremental updates. Additionally, it is observed
that the performance of IKDMD/RKDMD is influenced by the choice of the truncation pa-
rameter r, which dictates the extent of noise or variability of our method. Lower values
of r tend to emphasize the general trends in the time series data, whereas, higher r values

promote fitting to noisy data. We explore the effects of m and r further in the attached
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supplementary material.

Transformer-based methods are often found to underperform in the analysis of noisy and
volatile time series. This issue is highlighted in Figure 4.3, where we analyze the performance
under volatile conditions present in the SNT-TS, GARCH, Exchange Returns, and Electricity
datasets. For the SNT-TS dataset, both IKDMD and DLinear not only effectively capture the
trends and cyclical behaviors, but also closely approximate the noisy behavior in the ground
truth data. In contrast, Transformer tends to focus on predicting the overall trends and
periodicities without adequately representing the noise. Similarly, for the Exchange Returns,
Electricity, and GARCH time series, IKDMD and DLinear effectively capture the inherent
volatility, whereas Informer and NS-Transformer forecasts generally revert to the mean of
the series. Notably, IKDMD captures the volatility peaks more accurately as compared to
DLinear.

To further quantify the volatility of the data and each method’s predictions, we calculate
the standard deviation of the predictions and compare them to the corresponding ground
truth values for the datasets shown in Figure 4.3. Although other measures of volatility are
employed in financial applications, standard deviation is the most commonly used metric
[36]. The results, presented in Table 4.3, clearly show that IKDMD matches the ground
truth standard deviation more closely than all the other methods, corroborating the visual

evidence discussed earlier.

4.2.5 Inference Efficiency

One potential drawback of IKDMD and RKDMD is their tendency to increase in size as more
snapshots are incorporated, as governed by mode Equations (4.10) and (4.19). Nevertheless,
in the context of the benchmarks used in this study, they demonstrate superior inference
times. We evaluate the average inference times across 30 predictions, each with a sequence
length of 720, using the Weather dataset. Due to its extensive time series history, this dataset
generates the largest matrices for the DMD modes and eigenvalues, thereby representing the

worst-case scenario for inference evaluation. For IKDMD and RKDMD, inference primarily
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involves matrix multiplication as outlined in Equation (4.3). We estimate the memory usage
based on the matrix size, assuming each element in a PyTorch complex matrix occupies 16
bytes, resulting in memory allocations of 448 MiB for IKDMD and 436 MiB for RKDMD.
In comparison, DLinear, the most efficient benchmark method, requires 687 MiB of memory
and reports 0.4 ms inference time under a multivariate scenario [128]. The inference time

results are presented in Table 4.4.
4.3 Discussion

The main findings from our study reveal three key outcomes. First, IKDMD and RKDMD
demonstrate superior performance over state of the art deep learning methods in forecasting
non-stationary time series data. Additionally, there is evidence that suggest our methods
are robust to limited data samples compared to the other methods. For instance, in the
ILI dataset, despite its non-stationary nature and limited sample size (see Table 4.1), the
error results for our methods are substantially smaller as compared to the other deep learn-
ing techniques. Second, our visual analysis highlights that Transformer-based methods are
inferior to our methods ability to predict volatile time series. This capability is crucial in
financial data analysis, where precise prediction of market volatility is essential. Last, despite
the increasing complexity and size of the eigen-pairs with larger data volumes, our methods
continue to achieve superior inference times, outperforming even the highly efficient DLinear
method.

Beyond experimental performance, our DMD methods offer significant practical benefits
over traditional machine learning methods. First, IKDMD and RKDMD require only a sin-
gle pass through the data, as opposed to multiple training epochs needed for deep learning
methods. This substantially reduces training time and enables cost-effective fine-tuning. Ad-
ditionally, unlike machine learning methods that must be trained for specific output lengths,
our DMD methods use pre-computed modes and eigenvalues to forecast any desired future
point, as outlined in Equation (4.20). Moreover, the eigenpairs produced by the DMD meth-

ods facilitate detailed eigen-analysis, allowing for the filtering and enhancement of specific
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time series behaviors. For instance, eigenvalues with real parts indicate exponential decay or
growth, while imaginary components suggest oscillatory behavior [71]. An advanced appli-
cation of this is residual DMD [34], which enables the filtering of spurious DMD eigen-pairs
through a spectral analysis. These advantages underscore the efficiency and flexibility our
DMD methods bring to forecasting non-stationary time series data.

There are a few limitations to our proposed DMD methods. First, our experimental
results have been demonstrated only for univariate cases. While extending our method
to multivariate cases is theoretically straightforward and likely to yield favorable results,
this extension has not yet been empirically tested. Another issue is the direct correlation
between data volume and DMD eigen-pair size. Although this does not affect inference times
significantly in our current benchmarks due to the truncation parameter r, the eigenvalues
and DMD mode size could theoretically grow indefinitely. Practical implementations may
need defined stopping or restarting criteria to facilitate sustainable, long-term deployment.
Additionally, our current implementation of RKDMD is limited to RBF kernels, constrained

by the use of Random Fourier Features that specifically approximate these kernels.
4.4 Conclusions

Our research introduces several significant advancements to the field of time series forecast-
ing through the development of a novel method, the Incremental Kernel Dynamic Mode
Decomposition (IKDMD). By mathematically integrating incremental kernel singular value
decomposition with kernel dynamic mode decomposition, we establish a robust framework
for analyzing time series data. Additionally, we introduce the Randomized Kernel Dynamic
Mode Decomposition (RKDMD), which utilizes randomized linear algebra techniques to
further enhance the efficiency of IKDMD. Our experimental evaluations demonstrate that
IKDMD/RKDMD outperforms state-of-the-art machine learning methods, including trans-
formers, in five out of six datasets. This is particularly notable in datasets characterized by
high non-stationarity. We also provide visual evidence of this superior performance through

forecasting plots, which clearly illustrate how IKDMD excels in incremental data stream
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settings and outshines other methods in handling non-linear and volatile data.

Looking toward future research, there are several promising paths for enhancing our
DMD methods. Although our methods have the potential to grow indefinitely, not every
new data point necessitates an update. For example, streaming DMD implementations use a
residual-based threshold to update the method based on reconstruction error and can resize
the DMD modes once it exceeds a predefined size [58]. Adapting this solution to Kernel
DMD would require a different approach due to its unique method of solving for modes and
eigenvalues. Additionally, there is potential to integrate our methods into hybrid forecasting
frameworks. They could serve either as a global method capturing overarching trends or as

a local component focusing on specific temporal dynamics.
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Methods ‘ IKDMD ‘ RKDMD ‘ NS Transformer ‘ Informer ‘ DLinear
Metric | MSE MAE | MSE MAE | MSE MAE | MSE MAE | MSE MAE
96 0.046 0.169 0.073 0.193 0.106 0.250 0.294 0.447 0.091 0.243
ETThl 192 | 0.052 0.178 0.083 0.226 0.125 0.272 0.303 0.457 0.122 0.270
720 | 0.071 0.210 0.086 0.254 0.153 0.312 0.298 0.452 0.158 0.313
24 0.723 0.622 0.711 0.616 1.871 0.954 2.813 1.123 1.872 0.993
ILI 32 0.756 0.631 0.752 0.632 2.092 1.011 3.001 1.165 1.821 0.964
60 1.131 0.794 1.123 0.761 2.232 1.055 3.274 3.000 1.353 0.931
96 0.272 0.398 0.323 0.433 0.457 0.398 0.881 0.617 | 0.355 0.326
Electricity 192 0.401 0.432 0.415 0.454 0.571 0.467 0.911 0.655 0.411 0.363
720 | 0.784 0.553 0.822 0.626 0.941 0.738 1.161 0.774 0.856 0.591
96 0.222 0.445 0.171 0.237 0.126 0.266 0.254 0.381 | 0.101 0.225
‘Weather 192 0.225 0.423 0.179 0.338 0.226 0.371 0.402 0.505 | 0.141 0.271
720 0.611 0.720 0.563 0.612 0.556 0.581 1.542 1.061 | 0.327 0.430
96 0.321 0.224 0.312 0.200 0.414 0.279 1.143 0.562 0.670 0.367
Traffic 192 0.442 0.243 0.424 0.230 0.456 0.296 1.291 0.613 0.638 0.342
720 0.735 0.280 0.721 0.278 0.415 0.269 1.632 0.647 0.725 0.374
96 0.953 0.823 0.681 0.482 0.674 0.508 3.992 1.470 | 0.671 0.501
Exchange Returns | 192 0.912 0.814 0.673 0.454 0.663 0.496 4.68 1.607 0.664 0.495
720 0.634 0.605 0.493 0.451 0.523 0.457 6.037 1.897 0.530 0.458

Table 4.2: Univariate time-series forecasting results on six datasets with 3 prediction sequence

lengths. The sequence lengths are 24, 32, 60 for ILI and 96, 192, 720 for all the others. We

notice that IKDMD/RKDMD combined show lower error metrics for five of the six datasets

with the sole exception of Weather.
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Figure 4.1: Forecast plots of each method for all the benchmark datasets: (a) ETThl (b)
ILI (c) Electricity (d) Weather (e) Traffic (f) Exchange Returns.
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Dataset Ground Truth | IKDMD | DLinear | Informer | NS-Transformer
SNT-TS 0.91 0.87 0.75 0.07 0.75
GARCH 1.08 0.64 0.16 0.03 0.03
Exchange Returns 3.50e-3 4.47e-3 | 0.52¢-3 | 12.81e-3 0.32e-3
Electricity 18.80 7.50 2.37 0.061 2.46

Table 4.3: Standard deviation of time series datasets and method forecasts to measure

volatility. IKDMD notably closely matches the Ground Truth as compared to the other

methods.

Method Inference Time (in ms)
RKDMD 0.173 £ 0.0291
IKDMD 0.243 £0.0453
DLinear 0.267 4 0.0288

NS-Transformer

Informer

5.450 £ 0.4860
22.2+6.42

Table 4.4: Comparison of inference time of IKDMD/RKDMD and deep learning methods
under 720 sequence prediction lengths on the Weather dataset. Both RKDMD and IKDMD

report faster inferences times. The inference times are computed over 30 runs.
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Figure 4.2: Incremental forecasting performance of IKDMD and RKDMD demonstrated on
(a) SNT-TS and (b) Traffic Datasets. This figure illustrates how the forecasting accuracy of
both the methods improves as new data (snapshots, m) are incrementally introduced into

the system. The progressive enhancement of performance is evident across both the datasets.



71

Ground Truth —— IKDMD DLinear —— Informer —— NS-Transformer
SNT-TS Predictions GARCH Time Series Predictions
62
61
60
59
0 50 100 150 200 0 50 100 150 200
Time Time
(a) (b)
Exchange Returns Time Series Predictions Electricity Time Series Predictions
70
0.010
60
0.005' 50
0.000 LALAUIGRYA )1 S ‘l A ‘ I ._ Ml“ e 0
I LR MV P l 30
—0.005 20
10
—-0.010: 0
0 50 100 150 200 0 50 100 150 200
Time Time
(c) (d)

Figure 4.3: Prediction performance of each method for volatile and non-stationary time
series data which include: (a) SNT-TS (b) GARCH (c¢) Exchange Returns (d) Electricity.
IKDMD shows relatively well fitting curves for all the time series, including capturing the
noisy components. In contrast, the other methods either underestimate or completely fail to

capture the dynamics of volatile time series.
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ONLINE KERNEL DYNAMIC MODE DECOMPOSITION FOR
STREAMING TIME SERIES FORECASTING WITH

ADAPTIVE WINDOWING
5.1 Mathematical Background

5.1.1 Space-time transformation of the data

Consider a multivariate time series

{Xt}tT:p Xt = (%El)a cee ZEEP))T € RP,

where p is the number of components or features. Given a window length w € N, we form

the windowed data matrix
X, — [xt_w o Xewss e Xt] c RV,
Its jth row ng ) e R collects component j over the last w time steps:
X0 _ (29 ).

()

Next, we choose an autoregressive depth d < w. For each row X}/, j =1,...

construct the univariate Hankel matrix as

xgj—)wﬂ T xi(i)aHl
(4) (4)
2‘:.l(tj) _ mt—.w+2 xt—.d+2 c RIx(w—d+1).

ECA

(5.1)

(5.2)

,p, we then

(5.3)
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Finally, we stack these p blocks to form the complete block—Hankel embedding;:

X, = € Rpdx(w=dtl), (5.4)

By employing a block—Hankel embedding to capture multi-step temporal correlations, we
facilitate the discovery of sparse, robust eigen-analysis that is required for dynamic mode

decomposition [26, 75].

5.1.2  Dynamic Mode Decomposition

Fix m = w — d. From the current block-Hankel matrix in (5.4), we extract
X - [Xt,la ey Xt,m}a

(5.5)
Y = [Xt,2, ce Xt,m—&-l]

Here, x;,; denotes the ith column of the block-Hankel matrix X;. Consequently, the columns
of Y are each shifted one time step ahead of those in X. Given snapshot matrices X, Y from

(5.5), we seek an operator A satisfying
Y =~ AX.
The minimum-norm least-squares solution defines the standard DMD operator:
APMD — vy XT (5.6)

where T denotes the Moore—Penrose pseudoinverse. Further, we perform a rank-r truncated

singular value decomposition (SVD)
X =QxXx Vy, (5.7)

with Qx € CP¥" Xy € C™", Vx € C™ and (-)* the conjugate transpose. Projecting

APMP into this reduced basis yields

A=QyAPMPQy = Qi YV X} (5.8)



74

Its eigen-decomposition

AW=WA, W,AecC™,

provides eigenvalues A and eigenvectors W, from which the DMD modes are recovered as
®=QxW € Crixr, (5.9)
Finally, the initial amplitudes are obtained from the last column of the snapshot matrix Y:
by = @' X y1 - (5.10)
Forecasting k steps into the future in delay-coordinate space then proceeds by
X,=®A"b,. (5.11)
Selecting the appropriate p rows of )/C\k yields the p-dimensional forecast X;, .

5.2 Methodology

We now introduce our new method, which we call Windowed Online Random Kernel-
Dynamic Mode Decomposition, or WORK-DMD for short. Our approach consists of three
main steps. Step 1 explicitly lifts the data to approximate a Gaussian kernel using Ran-
dom Fourier Features (RFF) [94], to enable nonlinear modeling while keeping the feature
dimension manageable. Step 2 performs an online kernel-DMD update each time a new
snapshot arrives and produces forecasts. Step 3 decodes those forecasts through the current
DMD modes and eigenvalues to obtain the final prediction. A general overview of the entire

method is shown in Figure 5.1.

5.2.1 Random-feature lifting

Kernel methods usually exploit the kernel trick to sidestep high-dimensional computations,
as shown in kernel DMD [67]. In our setting, the product of series dimension p, Hankel
depth d, and window size w can be large, so direct kernel arithmetic (cf. Section 5.1) can

be impractical.
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Figure 5.1: WORK-DMD methodology pipeline. The method processes multivariate time se-
ries data through the following steps: (1) Input multivariate windowed time series X; € RP*%
with p features, (2) Construction of block-Hankel embedding X; € RP¥*™ to capture tem-
poral correlations across multiple lag orders, (3) Random Fourier Feature (RFF) lifting to
transform data into kernel feature space Wy, ¥y € R**™ using Gaussian kernel approxima-
tion, (4) Online Dynamic Mode Decomposition update using Sherman-Morrison formulation
to maintain forward update A;,; € R***® with streaming data by discarding old snapshots
(gray) and incorporating new observations (orange), (5) Generate forecast in feature space via
eigendecomposition of SVD-compressed features W,,eq € C3* (red divider separates current
features from future predictions), and (6) Decoding via matrix D to transform feature-space
predictions back to physical coordinates x,,, € RP. Color coding maintains feature identity
throughout the pipeline: original time series features (red, teal, blue) are preserved through
Hankel embedding, transformed to kernel features (yellow), processed through online up-

dates, and decoded back to multivariate predictions.
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To control dimensionality, we explicitly lift each block—Hankel snapshot from (5.4) into

an s-dimensional space with RFF. For a Gaussian kernel of bandwidth ~, the mapping is

»(x) = \/g[cos(ﬁi + Z—Z!—X)} ;1, (5.12)

where 6; are drawn uniformly from [0,27) and the random vectors z; € RP? follow a mul-
tivariate normal distribution whose covariance is determined by ~. A detailed pseudocode
for computing (5.12) is given in [51]. Applying ¢ column-wise to the data blocks X and Y
from (5.5) yields the lifted snapshots

Wy = ¢(X> , Uy = w(Y) S Rsxm) (513)

which are then used in the subsequent online kernel-DMD step.

5.2.2 Online Kernel DMD

We adapt the update steps described in [129] for the online DMD problem. For the initial

window size, we compute the equivalent DMD operator from (5.6) with
P, = (U WL ), A =0, WP, (5.14)

In practice, €I is used to avoid numerical problems during the inverse operation; £ taken to
be 1075||® x ¥ ||. We use the Sherman-Morrison formulation [129] to update (5.14), which
ultimately contains the components that allow forecasting.

Consider a rolling window of X,Y, where the oldest snapshot columns x;1,x; 2 are dis-

carded and new snapshots X; 41, Xt m+2 are introduced. We define the following matrices:

= W(Xt,l) w(xt,m+1)},

U
V = [¥(x12) ¥(Xemi2)],

(5.15)
~1 0
0 1
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We also define the auxiliary matrix I' as
r=(C'+UPuU) ", (5.16)

which captures how much the current P, matrix aligns with the directions of the new and
old snapshots. The set of Sherman-Morrison equations [129] is then used to update the

following:

P, =P, - PUTU P, (5.17)

A=A + (V-AU)TU'P,. (5.18)

The intuitive interpretation of the above steps is that the term (V — AtU) in equation
(5.18), scaled by I', can be considered a prediction error of the current model A;. The above

formulae are meant to be used in a recursive manner.

5.2.3  Feature-space forecasting

After each online update, we have the current forward update operator Ay, € C**® and its
rank-r SVD basis Q, € R**", obtained from the refreshed feature matrix ¥y. Forecasting

then proceeds in three algebraic steps.

(i) Projection onto the leading SVD modes.

Ki=Q AL1Q, € R™. (5.19)

(ii) Eigendecomposition in the reduced space.

Kt+1 Wr = Wr Ar;
W,, A, € C™7, (5.20)
A, = diag (\1,...,\).
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(iii) Forecast in the compressed basis.

by = W, Q, ¥(Xtm+1), (5.21)

r, H—1 r
E= [\, € C™, (5.22)
Uied = Q. W, (b ©E) € C, (5.23)

where ® denotes element-wise multiplication. Equation (5.23) is the compressed analog
of the full-space forecast. Its columns give the feature-space trajectories w(§t7m+1+h) for
(time) horizon h = 1,..., H, with x;,,11 being the most recent snapshot after the update.
The matrix E is a Vandermonde-like structure encoding the temporal evolution of each
eigenvalue across all forecast horizons [115], where entry Ej; = A captures how the i-th

mode propagates h steps forward in time.

5.2.4 Decoding to the physical space

To convert feature—space forecasts back to the original coordinates we build a decoder matrix
from the current lifted snapshot pair. Let ¥y € R**™ and X € RP?™ denote, respectively,
the lifted and physical Hankel blocks at time step ¢ + 1. The decoder is obtained by a

one—time ridge-free least—squares fit:
D=XWwl e Rr (5.24)

Applying D to the feature-space trajectory Wpeq from (5.23) yields the decoded forecast
matrix

Xprea = DWpeq € RIH (5.25)

whose columns provide the predicted snapshots X ,,+144, for horizon h = 1,..., H, in the

original data space.

5.3 Results

This section describes the experimental data sets and the online forecasting results.
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5.3.1 Datasets

The datasets used in this study have typically served as benchmarks to generalize time
series forecasting performance of a model, particularly with state-of-the-art methods such as
deep learning models [78]. We use it to compare to other recent models who have their own
methods for the online time series forecasting problem. Electricity Transformer Temperature
(ETT) [126] captures load and oil temperature data of power transformers at 15-minute
intervals from July 2016 to July 2018. It is composed of hourly granularity data (ETTh2)
and 15-minute granularity data (ETTm1). Traffic [1] contains the hourly road occupancy
rates measured by 862 sensors in the San Francisco Bay area freeways from January 2015
to December 2016. The Weather (WTH) [64] dataset contains hourly records of 11 climate

features from almost 1,600 locations across the United States.

5.3.2  Implementation details

We follow the implementation details used in the FSNet method [92], where the data are
split into warm-up and online testing phases by a 25:75 ratio. However, since our method
is not a traditional machine/deep learning model, we use the warm-up phase to tune our
hyperparameters. We perform hyperparameter tuning for {r, d,~, s} via random search with
3-fold rolling cross-validation on the warm-up data, independently for each dataset. In
addition, the mean and standard deviation are calculated in the warm-up phase to normalize
the online testing samples. For all the benchmark datasets, we vary the forecasting window as
H € {1,24,48}. We evaluate forecasting performance using Mean Squared Error (MSE) and
Mean Absolute Error (MAE) as our primary error metrics. All experiments were conducted
on an Nvidia GeForce RTX 3070 GPU with 8GB of RAM using PyTorch.

The optimized hyperparameter configurations for WORK-DMD show consistent values
across all the datasets for gamma (y = 1 x 107*) and auto-regressive depth (d = 30),
while window sizes and RFF dimensions are adapted to dataset characteristics. Specifically,

ETTh2 and WTH utilize larger window sizes (w = 120) with RFF dimensions of s = 1024
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and 512, respectively, while ETTm1 and Traffic employ smaller windows (w = 60) with RFF
dimensions of s = 256 and 512, respectively. The rank parameters are determined by the
column rank available in each experiment. Additional sensitivity studies that examine the

impact of hyperparameter variations on performance are provided in Appendix C.1.

5.8.8  Baseline of Adaptation Methods

We compare our method against five recent online forecasting approaches: OnlineTCN [76,
16], an adaptation of Temporal Convolutional Networks for incremental updates; DER~++
[28], a continual learning method mitigating catastrophic forgetting through replay and reg-
ularization; Informer [134], a transformer model with Prob-Sparse attention for efficient
long-sequence prediction; FSNet [92], a frequency-spectral network capturing multi-scale de-
pendencies with fast and slow learning; and OneNet [118], a unified framework dynamically
ensembling models for online forecasting under concept drift. These baselines span diverse
architectures including transformer-based, convolutional, spectral, and continual learning,

providing a balanced reference for evaluating online forecasting performance.

5.3.4  Online Forecasting Results

The forecasting results in Table 5.1 show that the proposed WORK-DMD method achieves
competitive or superior accuracy compared to established baselines across diverse datasets
and prediction horizons. Notably, WORK-DMD consistently achieves the lowest error met-
rics for short-term forecasts (H = 1), where both MSE and MAE improvements are the
most pronounced. Across all datasets, WORK-DMD matches or outperforms deep learning
models such as OneNet, FSNet, and Informer, demonstrating its effectiveness at capturing
both short-term dynamics and longer-term dependencies compared to the baseline methods.

Further evidence of WORK-DMD'’s strong performance is seen in the following predic-
tion plots, where we primarily compare with OneNet as it is the closest competitor. Figure
5.2 demonstrates that for longer H = 48 horizons, our method closely matches the cycli-

cal behavior of the ETTh2 time series across two different instances. Furthermore, there is
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Table 5.1: Multivariate Forecasting results, averaged over all variables (horizon H).

Dataset H OnlineTCN DER++ Informer FSNet OneNet WORK-DMD
MSE MAE MSE MAE MSE MAE MSE MAE MSE MAE MSE MAE

ETTh2 1 0.502 0.436 0.508 0.375 7.571 0.850 0.466 0.368 0.380 0.348 0.289 0.334
24 0.830 0.547 0.828 0.540 4.629 0.668 0.687 0.467 0.532 0.407 0.480 0.453
48 1.183 0.589 1.157 0.577 5.692 0.752 0.846 0.515 0.609 0.436 0.603 0.516

ETTml 1 0.214 0.085 0.083 0.192 0.456 0.512 0.085 0.191 0.082 0.187 0.004 0.102
24 0.258 0.381 0.196 0.326 0.478 0.525 0.115 0.249 0.098 0.225 0.102 0.200
48 0.283 0.403 0.208 0.340 0.377 0.460 0.127 0.263 0.108 0.238 0.121 0.314

Traffic 1 0.315 0.283 0.289 0.248 0.795 0.507 0.288 0.253 - - 0.275 0.265
24 0.452 0.363 0.387 0.295 1.267 0.750 0.362 0.288 - - 0.357 0.291

WTH 1 0.206 0.276 0.174 0.235 0.426 0.458 0.162 0.216 0.156 0.201 0.149 0.197
24 0.308 0.367 0.287 0.351 0.370 0.417 0.188 0.276 0.175 0.255 0.220 0.253
48 0.302 0.362 0.294 0.359 0.367 0.419 0.223 0.301 0.200 0.279 0.261 0.275

Note: OneNet results for the Traffic dataset were not provided by the authors.

evidence that our method adapts to mean shifts in the time series, as shown by the model
operating in negative value space in Figure 5.2(a) and positive value space in Figure 5.2(b).
Figure 5.3 shows the consecutive single-step ahead forecasts against the ground truth, show-
casing how well WORK-DMD adheres to the ground truth patterns for ETTm1. Figure 5.4
illustrates two instances within the WTH time series for H = 24 forecasting of the Wet Bulb
Temperature variable, showing that WORK-DMD can capture underlying dynamics despite

erratic behavior at different stages of the time series.

Finally, to show the adaptive nature of our method, we report cumulative MSE plots
for the ETTh2 and WTH datasets. Figure 5.5 shows the cumulative MSE plots for H = 1
and H = 48 for ETTh2 compared to OneNet. Despite a drastic non-stationary shift in the
ETTh2 time series, WORK-DMD is able to recover, sometimes at a faster rate than OneNet,
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Figure 5.2: Time series forecasting comparison on ETTh2 for the Oil Temperature (OT)
variable. The figures show 48-hour ahead predictions from WORK-DMD and OneNet against
ground truth for two different instances: (a) Instance 1300 and (b) Instance 5700. In both
instances, WORK-DMD demonstrates better adherence to the ground truth compared to

OneNet.
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Figure 5.3: Time series forecasting comparison on ETTm1 for the Oil Temperature (OT)
variable. The figure shows 1-step ahead predictions comparing WORK-DMD and OneNet
against ground truth for instance 500. WORK-DMD exhibits marginally closer alignment

to the ground truth, demonstrating detailed tracking of temporal patterns.
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Figure 5.4: Time series forecasting comparison on WTH dataset for the Wet Bulb Temper-
ature variable. The figures show 24-hour ahead predictions from WORK-DMD and OneNet
against ground truth for two different instances: (a) Instance 600 and (b) Instance 5000. In
(a), WORK-DMD demonstrates better adherence to the ground truth compared to OneNet,
while in (b) both methods exhibit comparable performance. Notably, WORK-DMD show-
cases adaptive capabilities by accurately forecasting across different temperature regimes,

operating in predominantly negative values in (a) and transitioning to positive values in (b).
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eventually settling into a lower error score. Figure 5.6 presents the cumulative MSE for H = 1
and H = 48 for the WTH dataset. We see that WORK-DMD, despite structural shifts in the
time series, adapts to such changes due to our updating method discarding older snapshots
that no longer represent the dynamics properly. Although OneNet achieves a lower error in
Figure 5.6(b), WORK-DMD remains within a competitive margin. Additional forecasting

and cumulative error plots for the Traffic dataset are shown in Appendices C.2 and C.3.

5.8.5  Sample Efficiency

A key advantage of WORK-DMD is its single-pass learning capability: each data point is
processed only once, unlike deep learning methods that require multiple passes through the
same data. To quantify this efficiency, we conduct a sequential online forecasting comparison
between WORK-DMD, OneNet and FSNet using the Traffic dataset, tracking the total
number of sample exposures each method requires during the training and online operation.
Our experiment uses 100 traffic features with both methods starting from identical initial
training data (60 time steps) and processing 100 streaming updates sequentially. WORK-
DMD sees each sample once during training and once per online update, while OneNet /FSNet
processes training data through 10 epochs and performs 1 epoch per online update using

previous ground truth for supervision.

Table 5.2 shows that WORK-DMD achieves superior accuracy across all horizons while
requiring 37x fewer sample exposures than OneNet/FSNet. At short horizons (H = 1,24),
WORK-DMD delivers approximately 2x better MSE respectively, while maintaining compet-
itive performance. Figure 5.7 illustrates representative forecasting performance, demonstrat-
ing how WORK-DMD tracks ground truth patterns effectively with dramatically reduced
sample requirements. This efficiency stems from WORK-DMD’s Sherman-Morrison matrix

updates that extract all necessary information in a single pass.
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Figure 5.5: Cumulative MSE comparison on ETTh2 dataset. The figures show cumula-
tive mean squared error progression for (a) ETTh2 1-step ahead and (b) ETTh2 48-step
ahead forecasting, comparing WORK-DMD and OneNet performance. In (a), WORK-DMD
demonstrates faster error correction, resulting in lower cumulative error accumulation com-
pared to OneNet. In (b), both methods exhibit comparable performance across the forecast-

ing horizon.



87

Cumulative MSE, H =1

0.20 7 —— WORK-DMD

] OneNet
0.18
0.16
= ]
£ 0.14
b ]
m p
0.12—_
0.10
0.08

T -——r 77—+

0 5000 10000 15000 20000 25000

Instances
(a) 1-step ahead
Cumulative MSE, H = 48
0.45
1 —— WORK-DMD

] OneNet
0.40 -
0.35
- ]
e ]
£ 0.30
= ]
0.25
0.20

T -t - T - I T T T

0 5000 10000 15000 20000 25000

Instances

(b) 48-step ahead

Figure 5.6: Cumulative MSE comparison on WTH dataset. The figures show cumulative
mean squared error progression for (a) 1-step ahead and (b) 48-step ahead forecasting, com-
paring WORK-DMD and OneNet performance over time. In (a), WORK-DMD marginally
outperforms OneNet with slightly lower cumulative error accumulation. In (b), OneNet
demonstrates better performance, though WORK-DMD remains competitive and maintains

close proximity throughout the forecasting horizon.
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Figure 5.7: Multivariate online forecasting comparison on Traffic dataset for first three mon-
itoring channels under limited training data. All methods start from identical initial training
data and process streaming updates sequentially. WORK-DMD sees each sample once dur-
ing training and once per update, while FSNet/OneNet requires multiple training epochs
plus additional epochs per update. WORK-DMD achieves superior accuracy across forecast-
ing horizons while requiring substantially fewer total sample exposures, demonstrating the

efficiency of single-pass learning.
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Table 5.2: Sample efficiency comparison in sequential online forecasting: FSNet vs. OneNet

vs. WORK-DMD on Traffic dataset.

Horizon FSNet OneNet WORK-DMD

Mean Squared Error (MSE)

H = 0.447 0.855 0.241
H=24 0.635 0.732 0.304
H =48 0.597 0.675 0.448

Sample Efficiency

FSNet/OneNet Total Exposures 5,940
WORK-DMD Total Exposures 160
Efficiency Ratio 37.1x

5.4 Discussion

WORK-DMD addresses critical challenges in real-world streaming applications where tradi-
tional forecasting methods are inadequate due to computational constraints and data lim-
itations. Our comprehensive evaluation across four benchmark datasets demonstrates that
WORK-DMD consistently achieves competitive or superior performance compared to state-
of-the-art online forecasting methods, with particularly strong results in short-term forecast-

ing where it outperforms existing approaches across most datasets.

The sample efficiency analysis reveals compelling practical advantages: WORK-DMD
achieves superior accuracy while requiring dramatically fewer sample exposures than com-
peting deep learning methods. This efficiency directly translates into reduced data collection
costs, faster deployment timelines, and lower computational overhead. For applications such

as smart traffic management (800+ monitoring stations) or energy grid monitoring, this
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efficiency may be viable for real-time processing on edge hardware.

The cumulative MSE analyses provide insights into WORK-DMD’s adaptability in non-
stationary environments. The results demonstrate adaptation to regime shifts in both
weather and electrical transformer datasets, where the method recovers from dramatic changes
that would typically require manual intervention in conventional approaches. This adaptabil-
ity stems from the online Sherman-Morrison updates that automatically discard outdated
information while incorporating new dynamics.

From a methodological perspective, several design choices impact performance and de-
ployment considerations. Window size selection presents a fundamental trade-off between
adaptation speed and pattern retention, with smaller windows enabling rapid response to
changes but potentially missing longer-term trends. Decoder update frequency represents
another practical consideration: updating after every prediction ensures maximum accuracy
but increases computational load, while periodic updates based on domain knowledge or sys-
tematic approaches provide more efficient alternatives. Eigenvalue monitoring offers a princi-
pled approach to system health assessment and model interpretability. Unlike black-box deep
learning methods, DMD provides access to eigenvalue analysis, which encodes information
about system dynamics, dominant frequencies, and temporal patterns [72]. This spectral de-
composition enables systematic approaches to detecting when model retraining or parameter
adjustment is necessary. Recent work has demonstrated that DMD-based methods can be
leveraged for change point detection by monitoring eigenvalue drift and reconstruction er-
rors [68], suggesting potential extensions of WORK-DMD for automated system monitoring.
However, developing robust online change point detection methods from eigenvalue patterns
remains an active area of research.

Beyond efficiency metrics, the computational advantages presented here enable new de-
ployment paradigms. WORK-DMD’s Sherman-Morrison updates operate with lower com-
putational complexity per timestep compared to full matrix operations, while maintaining
constant memory requirements rather than growing with data stream length. These proper-

ties could enable deployment on embedded systems and [oT devices, where traditional neural
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networks might exceed hardware constraints.

However, some limitations constrain the applicability of the method. As a system iden-
tification approach, WORK-DMD assumes underlying dynamical structure that may not
exist in purely stochastic processes such as random walks, white noise processes, or series
dominated by measurement noise without underlying dynamics [27]. The method excels
with structured time series that exhibit recognizable patterns, such as traffic flows, energy
consumption, and sensor readings, but may struggle with highly irregular or chaotic dynam-
ics. Additionally, hyperparameter optimization remains a practical challenge, particularly
for automated deployment scenarios where domain expertise is limited. This is of particular
interest for the auto regressive depth, which continues to be an open research problem within

the dynamic mode decomposition community.

Future research should address practical deployment challenges for widespread industrial
adoption. Adaptive hyperparameter tuning mechanisms that respond to changing data char-
acteristics could enhance robustness across diverse applications. Integration with anomaly
detection systems would enable automatic model reset when the underlying dynamics shift
dramatically. Extension to explicit multivariate forecasting with cross-variable modeling
could expand applicability to complex systems such as chemical process control, smart
manufacturing, and energy management where variable interactions drive system behavior

113, 44, 79].

The advantages of computational efficiency support sustainable Al deployment strategies
by reducing resource requirements compared to traditional deep learning approaches. The
method’s ability to operate with limited data collection addresses privacy concerns in sen-
sitive applications while enabling predictive capabilities in data-constrained environments.
However, the interpretability advantages of eigenvalue evolution must be balanced against
risks of over-reliance on automated decisions in critical infrastructure, emphasizing the im-

portance of human oversight protocols in safety-critical deployments.
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5.5 Conclusion

We present WORK-DMD, a method that integrates Random Fourier Features with on-
line Dynamic Mode Decomposition to enable real-time forecasting from streaming data.
By capturing nonlinear dynamics through explicit feature mapping while maintaining fixed
computational cost per update, WORK-DMD transforms traditional kernel methods into a
practical online learning framework.

Experimental evaluation shows WORK-DMD achieves competitive or superior accuracy
compared to recent online forecasting methods across benchmark datasets while requiring
only a single pass through the data. The method excels in short-term forecasting scenarios
where rapid adaptation is critical. Unlike transformer-based models that require substantial
computational resources and lengthy training, WORK-DMD generates reliable predictions
from the current windowed snapshot alone. This efficiency could make it suitable for resource-
constrained environments such as edge devices and IoT sensors.

By augmenting dynamical systems theory with randomized kernel methods, WORK-
DMD demonstrates that sophisticated nonlinear modeling need not require deep learning’s
computational overhead. The combination of efficiency, minimal data requirements, and in-
terpretable eigenvalue diagnostics positions WORK-DMD as a valuable tool for applications

demanding real-time adaptation under strict computational constraints.
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Chapter 6
CONCLUSIONS

This dissertation has addressed fundamental challenges in time series forecasting through
two complementary perspectives: enhancing the interpretability of deep learning models and
developing efficient dynamical systems-based forecasting methods. The research progresses
from understanding the limitations of existing approaches to proposing novel solutions that
balance accuracy, efficiency, and interpretability in both batch and streaming forecasting

scenarios.

6.1 Summary of Contributions

Chapter 3 introduced a distance correlation-based framework for analyzing RNN effective-
ness in time series forecasting. This approach revealed critical insights into how RNNs
process temporal information through their activation layers. The analysis demonstrated
that while RNNs effectively identify time series lag structures in early layers, this temporal
information degrades rapidly across subsequent layers. This degradation is particularly pro-
nounced for processes with large lag dependencies. Furthermore, the experiments exposed
fundamental limitations in RNN capabilities for modeling moving average and heteroskedas-
tic processes. The distance correlation heatmaps provided a systematic tool for comparing
RNN architectures, revealing that input window size exerts substantially greater influence
on model behavior than conventional hyperparameters such as the number of hidden units
or activation function choice. These findings provide practitioners with actionable guidance
for RNN design and highlight the need for alternative approaches when RNN limitations
become prohibitive.

Chapters 4 and 5 addressed these limitations by exploring Dynamic Mode Decomposition
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as a competitive alternative to deep learning methods. Chapter 4 presented an incremental
kernel DMD approach that enhances forecasting performance for non-stationary time series
in batch settings. By leveraging kernel methods to capture nonlinear dynamics while main-
taining computational tractability through incremental updates, this work demonstrated
that DMD-based approaches can achieve competitive accuracy with state-of-the-art machine
learning models. These methods also offer interpretability through eigenvalue analysis. The
method’s ability to adapt to regime changes and evolving dynamics positions it as a valuable
tool for practitioners working with non-stationary data.

Chapter 5 extended these concepts to streaming scenarios with WORK-DMD, which inte-
grates Random Fourier Features with online DMD to enable real-time forecasting from con-
tinuously arriving data. By employing explicit feature mappings rather than implicit kernel
methods, WORK-DMD achieves fixed computational complexity per update while capturing
nonlinear dynamics. The experimental evaluation across benchmark datasets demonstrated
remarkable sample efficiency. The method requires only single-pass learning while achieving
competitive or superior accuracy compared to methods demanding multiple training epochs.
This efficiency translates directly into reduced computational costs, faster deployment time-
lines, and the potential for edge device implementation in resource-constrained environments.
The adaptive windowing mechanism enables natural handling of non-stationary dynamics
without catastrophic forgetting, addressing a critical limitation of deep learning approaches

in streaming contexts.

6.2 Broader Implications

The contributions of this dissertation extend beyond methodological innovations to address
practical deployment considerations increasingly relevant in modern forecasting applications.
The interpretability analysis of RNNs provides transparency that is essential for building
trust in automated decision systems, particularly in safety-critical domains where under-
standing model behavior is paramount. The distance correlation framework offers practition-

ers a principled approach to diagnosing model failures and selecting appropriate architectures
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based on data characteristics rather than trial-and-error experimentation.

The DMD-based methods presented in Chapters 4 and 5 demonstrate that sophisticated
forecasting capabilities need not require the computational overhead of deep learning. For ap-
plications in smart infrastructure, industrial monitoring, and edge computing, where compu-
tational resources and training data are limited, these methods offer viable alternatives that
maintain strong performance while enabling real-time deployment. The eigenvalue-based
interpretability inherent to DMD provides system health monitoring capabilities unavailable
in black-box neural networks, supporting proactive maintenance strategies and early warning
systems.

From a sustainability perspective, the computational efficiency of WORK-DMD con-
tributes to reducing the environmental footprint of Al systems. The single-pass learning
paradigm minimizes energy consumption compared to methods requiring extensive training
iterations. Meanwhile, the fixed memory requirements enable deployment on energy-efficient
edge hardware. These characteristics align with growing emphasis on sustainable Al practices

that balance performance with resource consumption.
6.3 Limitations and Future Directions

Despite these contributions, several limitations warrant acknowledgment. The distance cor-
relation analysis of RNNs, while revealing fundamental behavioral patterns, was conducted
primarily on univariate time series with controlled characteristics. Extension to multivariate
settings and more complex real-world scenarios could reveal additional insights or nuanced
behaviors not captured in the current study. The DMD-based approaches, while computa-
tionally efficient and interpretable, rely on assumptions of underlying dynamical structure
that may not hold for purely stochastic or chaotic processes. Hyperparameter selection re-
mains a practical challenge, particularly for automated deployment scenarios where domain
expertise is unavailable.

Future research directions emerge naturally from these limitations. For RNN inter-

pretability, investigating attention mechanisms and transformer architectures using distance
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correlation could extend the analysis to state-of-the-art models. Developing automated di-
agnostic tools that leverage distance correlation patterns to recommend architecture mod-
ifications would enhance practical utility. For DMD-based methods, integrating adaptive
hyperparameter tuning mechanisms that respond to changing data characteristics would
improve robustness. Coupling WORK-DMD with anomaly detection systems could enable
automatic model resets when underlying dynamics shift dramatically beyond the adapta-
tion capabilities of incremental updates. Extension to explicit multivariate forecasting with
cross-variable dependencies would expand applicability to complex systems such as chemical
process control, smart manufacturing, and energy management.

The integration of these two research threads suggests promising hybrid approaches.
Combining the pattern recognition capabilities of deep learning with the interpretability and
efficiency of DMD-based methods could yield systems that leverage the strengths of both
paradigms. Such hybrid architectures might employ neural networks for feature extraction
and pattern recognition while using DMD for temporal modeling and forecasting. This

approach could potentially achieve superior performance with enhanced interpretability.

6.4 Closing Remarks

This dissertation has demonstrated that advancing time series forecasting requires both
understanding the limitations of existing approaches and developing innovative alternatives
that address practical deployment challenges. The distance correlation framework provides
tools for systematic RNN analysis that can guide architecture design and reveal fundamental
modeling limitations. The DMD-based methods offer computationally efficient, interpretable
alternatives that excel in scenarios where deep learning faces challenges of sample efficiency,
computational constraints, and catastrophic forgetting.

As forecasting applications continue to expand into edge computing, real-time systems,
and resource-constrained environments, the methods presented here provide practical path-
ways for deployment that balance accuracy, efficiency, and interpretability. The combination

of rigorous theoretical foundations with comprehensive empirical validation positions these
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contributions to impact both academic research and industrial practice. Future work building
upon these foundations can further bridge the gap between theoretical capabilities and prac-
tical deployment, advancing the field toward forecasting systems that are not only accurate

but also efficient, interpretable, and trustworthy.
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Appendix A
ADDITIONAL EXPERIMENTAL RESULTS FOR CHAPTER 3

The following tables report the time series forecasting results using RNN models that are
slightly different to the model used in Table 3.1. These tables expand the RNN architecture
to a larger number of input hidden units of 128 (Table A.1), a learning rate of 0.001 (Table
A.2), and a dropout rate of 0.2 in the final layer (Table A.3). The purpose of these additional
tables is to show consistency in the results from Section 3.2.2, even with a different set of
hyperparameters. For example, each table shows that for increasing lag structures, MSE
and MAPE scores grow, and the activation memory loss increases (shown by the change
in % column). It also shows that despite the changes to the hyperparameters, large MA
lag structures and GARCH processes are not adequately modeled by an RNN. Given the
agreement of these results, we contend that other changes to the RNN hyperparameters will

lead to the same general outcomes.
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Table A.1: MSE, MAPE, and distance correlation results for all the experiments with 128

input hidden units

Time Series MSE MAPE RAY) Y) (max)  RAP),Y) Change (%)
AR(1) 0.024 + 0.005  0.058 + 0.039  0.952 0.952 0
AR(5) 0.070 £ 0.029  0.105 + 0.078  0.913 0.449 45
AR(10) 0.404 + 0.197  0.275 4+ 0.192  0.947 0.402 58
AR(20) 1.112 +0.333  0.809 + 1.275  0.966 0.378 61
MA(1) 0.612 + 0.034  0.303 + 0.050  0.434 0.434 0
MA(5) 0.772 £ 0.050  0.434 +0.178  0.431 0.134 69
MA(10) 0.920 + 0.059  0.424 + 0.159  0.431 0.105 76
MA(20) 1.080 £ 0.064  0.572 4 0.309  0.428 0.096 78
ARMA(1,1) 0.008 + 0.002  0.035 + 0.019  0.947 0.947 0
ARMA(1,10) 0.012 + 0.003  0.040 + 0.025  0.966 0.966 0
ARMA(10,1) 0.235 + 0.137  0.251 +0.344  0.946 0.482 49
GARCH(2,2) 0.85 + 0.674 0.651 + 0.551  0.272 0.267 2
GARCH(4,4) 1.186 + 1.081  1.406 + 4.608  0.218 0.208 5
ETThl, OT 0.038 £ 0.019  0.603 + 0.650  0.913 0.913 0
Solar-Energy 0.010 £ 0.007 1.083 &+ 5.48 0.976 0.976 0
NASDAQ 1.558 + 0.460  8.953 + 8.554  0.120 0.112 7

Notes: Results for all time series experiments with 128 units for the hidden units of the RNN. Mean squared errors are

calculated with standard deviations for 50 simulation runs. R(AﬁP),Y) (max) represents the max distance correlation

for any layer number t¢. R(A;P) ,Y) is the distance correlation value at layer number 20. The percent change is calculated

as (R(A",Y)

maa:_R

(A%P),Y))/R(Agp)7 Y)maz, which measures how much information is lost during RNN training.



learning rate of 0.001
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Table A.2: MSE, MAPE, and distance correlation results for all the experiments with a

Time Series MSE MAPE RAY) ) RAY v) Change (%)
(max)

AR(1) 0.028 + 0.007 0.048 + 0.012 0.964 0.964 0
AR(5) 0.070 + 0.036 0.099 =+ 0.083 0.917 0.416 55
AR(10) 0.438 + 0.184 0.272 + 0.282 0.952 0.426 55
AR(20) 1111 + 0.250 1.259 + 2.677 0.965 0.346 64
MA(1) 0.826 =+ 0.060 0.367 + 0.199 0.472 0.472 0
MA(5) 1.011 + 0.078 0.399 + 0.144 0.450 0.170 62
MA(10) 1.213 + 0.092 0.468 + 0.179 0.439 0.115 74
MA(20) 1.534 + 0.130 0.569 + 0.222 0.431 0.106 75
ARMA(1,1) 0.008 = 0.002 0.030 £ 0.018 0.967 0.967 0
ARMA(1,10) 0.012 + 0.004 0.037 + 0.021 0.972 0.972 0
ARMA(10,1) 0.193 %+ 0.097 0.267 £ 0.359 0.945 0.508 46
GARCH(2,2) 1.201 + 1.034 1.453 + 4.901 0.279 0.270 27
GARCH(4,4) 1.235 + 1.201 0.581 + 0.471 0.209 0.068 20
ETThl, OT 0.039 + 0.021 0.523 + 0.537 0.942 0.942 0
Solar-Energy 0.010 + 0.006 1.083 + 2.29 0.977 0.977 0
NASDAQ 1.592 + 0.497 1.132 + 0.907 0.112 0.103 8

Notes: Results for all time series experiments using an RNN learning rate of 0.001. The experimental setup as well

as the overall outcomes are the same as Table 3.1.



dropout rate of 0.2

Time Series MSE MAPE RAY) v) RAP) v) Change (%)
(max)

AR(1) 0.030 =+ 0.009 0.060 =+ 0.030 0.923 0.923 0
AR(5) 0.174 + 0.160 0.184 + 0.176 0.911 0.457 50
AR(10) 1.210 + 0.470 0.610 %+ 0.864 0.948 0.423 55
AR(20) 1.292 £+ 0.291 0.774 + 1.080 0.967 0.368 62
MA(1) 0.605 =+ 0.037 0.378 =+ 0.190 0.430 0.430 0
MA(5) 0.811 + 0.047 0.437 + 0.381 0.436 0.127 71
MA(10) 1.027 £ 0.056 0.492 + 0.231 0.425 0.099 77
MA(20) 1.040 + 0.056 0.550 + 0.313 0.433 0.094 78
ARMA(1,1) 0.015 + 0.007 0.042 + 0.021 0.923 0.923 0
ARMA(1,10) 0.014 + 0.005 0.044 + 0.017 0.955 0.955 0
ARMA(10,1) 0.684 + 0.271 0.387 + 0.363 0.948 0.499 47
GARCH(2,2) 1.128 + 0.835 0.701 + 1.248 0.280 0.276 2
GARCH(4,4) 1.226 £+ 1.252 1.666 + 4.024 0.226 0.213 6
ETThl, OT 0.041 £ 0.019 0.842 + 2.136 0.940 0.940 0
Solar-Energy 0.029 + 0.031 0.663 & 1.47 0.985 0.985 0
NASDAQ 1.562 + 0.487 2.514 + 4.312 0.096 0.088 9

Notes: Results for all time series experiments with a dropout rate of 0.2. The experimental setup is similar to previous experiments.
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Table A.3: MSE, MAPE, and distance correlation results for all the experiments with a
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Appendix B
ADDITIONAL EXPERIMENTAL RESULTS FOR CHAPTER 4

B.1 Introduction

This appendix serves as supplementary material for the paper titled “Enhancing Non-
stationary Time Series Forecasting with Incremental Kernel Dynamic Mode Decomposition”.
Herein, we present additional results exploring hyperparameters efffects on our proposed
methods: Incremental Kernel Dynamic Mode Decomposition (IKDMD) and Randomized
Kernel Dynamic Mode Decomposition (RKDMD). We compare these methods against bench-
mark methods labeled DLinear, Informer, and Non-Stationary. The datasets featured in this
document include Weather, Exchange Returns, ILI, Electricity, and ETThl. For a detailed

description of the methods, models, and datasets, please refer to the main paper.
B.2 Additional Incremental Results

In this section, we explore the incremental improvements achieved when IKDMD and
RKDMD are updated incrementally with the number of snapshots m. We also examine
the effects associated with the truncation parameter r. Here, r is a value between 0 and 1,
representing a percentage of m.

We begin with Figure B.1, which presents the incremental plots for the ILI dataset
analyzed by the value of r. In this example, the choice of r does not lead to significant
changes in the performance of the plot, except for a smoother fit to the ground truth in
Figure B.1, as compared to the more jagged nature observed in Figure B.1c. Additionally,
there is a noticeable improvement in prediction as the number of snapshots increases from
m = 50 to m = 100.

Generally, we observe that lower values of r tend to forecast the ground truth with
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smoother curves that capture the mean of the data, whereas, larger values of r tend to fit
the noise and fluctuations of the data more closely. As expected, greater the number of
snapshots m available to the DMD models, more pronounced the overall improvement in
forecasting accuracy.

The effect of r is also evident in Figure B.2, where lower values of r produce smoother
forecasts, and larger values lead to forecasts that more closely fit the ground truth. Addition-
ally, for the ETTh1 dataset, more snapshots are needed to adequately forecast future values.
These trends hold true for the Exchange Returns and Weather datasets, as demonstrated in
Figures B.3 and B.4, respectively. For the Electricity dataset, it is important to note that
we could not reduce the truncation beyond r = 0.95. In this case, the Electricity data does
not appear to exhibit a low-rank dynamical structure, requiring almost all the snapshots for

accurate forecasting.
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Figure B.1: Incremental forecasting performance of IKDMD and RKDMD on the ILI dataset
based on the number of snapshots m and truncation parameter r. The truncation parameter

is based on the percentage of snapshots m and is shown in sub-figures (a) r = 0.5 (b) r =

0.7 and (c) r = 1.
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Figure B.2: Incremental forecasting performance of IKDMD and RKDMD on the ETTh1
dataset based on number of snapshots m and truncation parameter r. The truncation pa-

rameter is based on the percentage of snapshots m and is shown in sub-figures (a) r = 0.5

(b) r =0.7and (c) r = 1.
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Figure B.3: Incremental forecasting performance of IKDMD and RKDMD on the exchange

returns dataset based on number of snapshots m and truncation parameter . The truncation

parameter is based on the percentage of snapshots m and is shown in sub-figures (a) r = 0.5

(b) r =0.7and (c) r = 1.
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Figure B.4: Incremental forecasting performance of IKDMD and RKDMD on the weather
dataset based on number of snapshots m and truncation parameter . The truncation pa-

rameter is based on the percentage of snapshots m and is shown in sub-figures (a) r = 0.5

(b) r =0.7and (c) r = 1.
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Figure B.5: Incremental forecasting performance of IKDMD and RKDMD on the Electricity
dataset based on number of snapshots m and truncation parameter r. The truncation pa-
rameter is based on the percentage of snapshots m and is shown in sub-figures (a) r = 0.95
(b) r = 1.0. The forecasting accuracy of both the models improves as new data (snapshots,

m) are incrementally introduced into the system.
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Appendix C
ADDITIONAL EXPERIMENTAL RESULTS FOR CHAPTER 4

C.1 Sensitivity of Hyperparameters

To evaluate the hyperparameter robustness of WORK-DMD, we conducted a systematic
sensitivity analysis of four critical hyperparameters: window size, Random Fourier Feature
(RFF) dimension, kernel bandwidth parameter (), and matrix rank. We varied each param-
eter independently while maintaining baseline values (window size = 60, RFF dimension =
1024, v = 3 x 1077, rank = 128) for others. Each configuration was evaluated using training
data of the forecasts on the Traffic dataset to ensure statistical reliability.

The analysis reveals distinct sensitivity patterns across parameters. Window size exhibits
optimal performance around 60-90 time steps, where smaller windows provide insufficient
temporal context while larger windows introduce computational overhead without accuracy
gains (Figure C.1a). RFF dimension demonstrates diminishing returns beyond 1024 features,
with performance plateauing due to sufficient kernel approximation quality (Figure C.1b).
The kernel bandwidth parameter v shows the highest sensitivity, with optimal values around
107 to 10™%; values outside this range cause either over-smoothing or noise amplification
(Figure C.2a). Matrix rank exhibits moderate sensitivity with stable performance between
20-40, where lower ranks lack model expressiveness and higher ranks introduce overfitting in
the streaming setting (Figure C.2b).

These results demonstrate that WORK-DMD exhibits reasonable robustness within prac-
tical hyperparameter ranges, with the kernel bandwidth requiring the most careful tuning.
The identified optimal ranges facilitate deployment across different domains: window size
should match the temporal correlation structure of the application, RFF dimensions between

512-2048 provide good accuracy-efficiency balance, v should be tuned within [1076, 107%] us-
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ing validation data, and rank values between 20-40 offer sufficient model complexity without

overfitting.
C.2 Forecasting plots for Traffic dataset

When comparing forecasting plots against the latest methods, we found that OneNet did
not provide results for the traffic dataset. We therefore use FSNet as a comparison baseline.
Figure C.3 shows the results for the first three channels of traffic monitoring. For prediction
horizon H = 24, both models demonstrate comparable performance in capturing the ground

truth patterns.
C.3 Additional Error plots

In addition to the cumulative error plots that were shown in section 5.3 for the ETTh2
and WTH forecasting results, we present the cumulative results for the ETTm1 and Traffic
datasets here. It should be noted, since there were no available results for OneNet with the
Traffic dataset, FSNet was the next closest comparison.

The ETTm1 results demonstrate WORK-DMD'’s exceptional performance for short-term
forecasting, with notably superior accuracy in the 1-step ahead prediction task where the
cumulative error remains consistently lower than OneNet throughout the evaluation period.
For longer horizons (48-step ahead), WORK-DMD maintains competitive performance with
OneNet, showing stable error accumulation patterns that indicate robust forecasting capabil-
ity across different prediction timeframes. The Traffic dataset comparison with FSNet reveals
consistent relative stability between the two methods, with both algorithms demonstrating
similar error accumulation rates across the 1-step and 24-step ahead forecasting tasks, sug-
gesting that WORK-DMD achieves comparable performance to established baselines even

on challenging high-dimensional traffic prediction problems.
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Mean Absolute Error vs Window Size
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Figure C.1: Window size and RFF dimension sensitivity analysis for WORK-DMD showing

MSE and MAE performance across different forecasting horizons (H=1, 24, 48). (a) Win-

dow size analysis reveals optimal performance around 60-90 time steps, balancing temporal

context with computational efficiency. Smaller windows provide insufficient historical infor-

mation while larger windows introduce computational overhead without proportional gains.
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Mean Absolute Error vs Regularization Parameter (y)
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Figure C.2: Gamma parameter and rank sensitivity analysis for WORK-DMD. (c) Gamma
parameter exhibits optimal range around 107° to 10~*, with performance degradation at
extreme values due to under/over-smoothing effects. This parameter shows the highest
sensitivity among all tested hyperparameters. (d) Rank truncation demonstrates stable

performance between 20-40, with degradation below 20 due to insufficient model complexity
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Figure C.3: Time series forecasting comparison on Traffic dataset for three monitoring chan-
nels at two temporal instances. The figure shows 24-step ahead predictions (H = 24) com-
paring WORK-DMD and FSNet against ground truth. WORK-DMD achieves comparable

performance to FSNet across all channels (only first three channels shown for clarity), demon-
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Cumulative MSE, H =1
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Figure C.4: Cumulative MSE comparison on ETTm1 dataset. The figures show cumulative
mean squared error progression for 1-step and 48-step ahead forecasting, comparing WORK-
DMD and OneNet performance over time. The cumulative curves demonstrate superior

performance when H = 1 and competitive performance when H = 48.
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Cumulative MSE, H =1
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Figure C.5: Cumulative MSE comparison on Traffic dataset. The figures show cumulative
mean squared error progression for ahead forecasting, comparing WORK-DMD and FSNet
performance. The cumulative analysis reveals the relative stability and accuracy of both

methods across different prediction horizons.



