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The solution of the vibrational Schrödinger equation is of fundamental importance in the in-

terpretation of infrared spectra and the information about the fundamental physics encoded

therein. Unfortunately, due to the high dimensionality of vibrational problems, a direct

solution rarely presents itself. Therefore, the development of models and methods to pro-

vide approximate solutions is crucial to the effective use of vibrational spectroscopies. In this

work, various methods to solve the Schrödinger equation and models built off of such methods

are presented, applied, and analyzed. First, a broad overview of the key methods in con-

structing representations of the molecular Hamiltonian is provided. Next, highly-accurate,

low-dimensional approaches are applied to understand an interesting correlation between the

frequencies of hydrogen bonds and OH bond lengths as well as to the interpretation of the

vibrational spectrum of the H+
5 molecular ion. After that, vibrational perturbation theory,

an approximate, high-dimensional method is introduced and our recent developments in ex-

tending the method are discussed. Finally, recent work on using vibrational perturbation

theory to identify resonances is introduced and a brief discussion of possible ways to combine

vibrational perturbation theory with low-dimensional approaches is provided.
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Chapter 1

INTRODUCTION

Molecular vibrations play an integral role in many facets of chemistry, from informing

the mechanisms by which reactions proceed to facilitating the flow of electrons both between

molecules and on a single molecule. While it is convenient to imagine molecules as rigid

collections of balls and sticks, as one would see in a textbook–or more likely when Googling

a given molecule–this picture does not reflect the reality that molecules and complexes are

in constant motion, moving through space, tumbling on axis, and vibrating. Even at low

temperature, even at absolute zero, a molecule has some amount vibrational energy–is to

some degree in flux. This zero-point vibrational energy means that the rigid ball-and-stick

model misses out on important physical effects. When vibrations are accounted for, bond

lengths may be longer, on average, than one would predict from the minimum-energy geom-

etry; symmetries may be broken or apparent asymmetries may disappear; dipole moments

may change orientation. These effects will all affect the reactivity of a given molecule or the

stability of a molecular complex. Unfortunately, if one wants to construct a fully accurate

chemical model, vibrations matter.

For over a century, infrared spectroscopy has been the primary tool for probing the

vibrations of molecules and complexes. In isolation, however, an infrared spectrum has

little utility. It becomes useful only when combined with a physical model with which to

interpret the peaks in the spectrum. As the Schrödinger equation informs us that molecular

systems can only exist in discrete energetic states, such a model is able to tell us which

transition between the molecular energy levels any given peak in the spectrum corresponds

to. An infrared photon, having an energy between ∼150 and 15000 cm−1, when absorbed

will correspond to an excitation of one of the allowed vibrational states in the systems,
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potentially with some rotational contribution as well. The most general possible model is

the full Hamiltonian of the molecular system. It is however rare that we are able to use the

full Hamiltonian in directly solving the Schrödinger equation. This is due to what is often

called the curse of dimensionality, in which problems that are straightforward to solve in one

or two dimensions quickly become intractable as the dimension increases. A system with N

atoms requires 3N Cartesian coordinates to fully describe the positions of its atoms, and

therefore has 3N degrees of freedom that must be accounted for. It is therefore necessary to

develop both reduced-dimensional modeling techniques as well approximation methods that

can be applied in full-dimensionality.

The space of methods in vibrational spectroscopy is large, taking ideas from every branch

of mathematics, and there is often a trade off between the accuracy of a method and its

computational expense, or even tractability. At the lower accuracy, lower cost side of this

spectrum is the harmonic approximation, introduced by Wilson and coworkers in the early

days of the studies of vibrations, which uses a quadratic expansion of the molecular Hamil-

tonian.1 Higher-accuracy results can be obtained with a moderate increase in computational

cost by starting with the harmonic approximation and applying vibrational perturbation

theory.2,3 At the other end of the spectrum lie methods derived from representation theory.

These methods, like finite basis and discrete variable representations4 provide exact solutions

to the vibrational Schrödinger equation. However, these methods are rarely applicable in

full dimensionality, often requiring more memory than is available even at high-performance

computing facilities–although stochastic methods such as diffusion Monte Carlo provide a

notable exception.5,6 More specific detail on these methods and others will be provided

later on in this work. The core of practical quantum chemistry, then, is found somewhere

between these two extremes, making use of reduced dimensional models which the use of

high-accuracy methods is required and the using more approximate methods when possible.

In this work, we will first describe in more detail the core concepts and methods used.

Then we will describe applications of two reduced dimensional approaches. First beginning

in 2D, we will introduce a study of an interesting structure-spectral correlation in water and
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ion-water clusters, which was analyzed primarily with 1D models. Next, we will look at

the vibrations of the H+
5 molecular ion under a 4D model, using an adiabatic separation.

The second portion of this work will detail some of our recent developments in extending

vibrational perturbation theory (VPT). We will first introduce a modern take on an old

approach to VPT and discuss its benefits in the light of advances in computing. Then we

will show how this approach can be extended to include the effects of vibrational resonances

and why resonances matter.

This is of course only a partial accounting of the work done in the past five years while

I have been at the University of Washington, and some works have been omitted in the

interest of space. Among those are applications of vibrational perturbation theory to a radi-

cal analog of tert-butyl hydrogen peroxide7 as well as to complexes of halides with HOCl.8,9

Similarly, a large number of software tools and algorithmic developments have been made but

have not been able to be described elsewhere. These may be found on the group’s GitHub

page (github.com/McCoyGroup) and include, among others, a black-box package for diffu-

sion Monte Carlo simulations adapted for high-performance computing environments with a

built-in foreign function interface for python with automatic threading, an efficient package

for discrete variable representations in arbitrary dimensions, a package for the automatic

construction and solution of analytic model Hamiltonians, as well as a large (>50000 lines

of code) suite of optimized tools for scientific software developers.
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Chapter 2

THE MOLECULAR HAMILTONIAN AND ITS
REPRESENTATIONS

2.1 Introduction

For a system with N atoms, and therefore 3N Cartesian coordinates/degrees of freedom, the

total molecular Hamiltonian is given by

H =
3N∑
i=1

p2i
2m

+ V (χ1, χ2, ..., χ3N) (2.1)

in which pi is the momentum operator for coordinate χi, the x, y, or z component of the

position of one of the atoms in the system, and V is the potential energy function for the

system, which in the works described below is uniformly chosen to be the energy of the

electronic ground state of the system under the Born-Oppenheimer approximation, although

with appropriate care electronic excited states may be treated. It is, in some sense, more

natural to replace the coordinates, χi, with mass-weighted versions

ξi =
√
miχi (2.2)

This form of the Hamiltonian, while totally general, admits neither an easy route to re-

ducing dimension nor easy solution via approximate methods, with the noted exception of

diffusion Monte Carlo. It is advantageous to reexpress the Hamiltonian in internal coordi-

nates. This is done by defining a transformation, T , from our 3N mass-weighted Cartesian

coordinates, {ξi}, to a corresponding set of 3N-6 internal coordinates, {ri}. The reduction in

dimension occurs because we require six coordinates to describe the embedding of our system
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in Cartesian space (3 for the center of mass, 3 for the system orientation). As our internal

coordinates are no longer along rectilinear Cartesian coordinates, we will need to borrow

from the general relativity community and introduce a metric tensor, G, to account for the

fact that Euclidean distances have become curvilinear arclengths. In the chemical theory

literature, this tensor is more commonly known as the Wilson G-matrix, being popularized

in chemical theory by Wilson.10 Despite the intimidating name, this matrix has a simple

form. We first introduce the Jacobian matrix for the coordinate transformation

Jij =
∂rj
∂ξi

(2.3)

and then

G = J⊺J (2.4)

With this transformation in place, the Hamiltonian may be expressed as

H =
3N−6∑
i,j=1

piGijpj + V (r1, r2, ..., r3N−6) + V ′(r1, r2, ..., r3N−6) (2.5)

where V ′ is an artefact of choosing to write the kinetic energy in the convenient form piGijpj.

2.2 Discrete Variable Representation

This internal coordinate form of the Hamiltonian allows for the development of reduced di-

mensional models. One effective approach for the construction of these models is through

discrete variable representation (DVR). A good primer on discrete variable representations

and their applications may be found in a review by Light and Carrington,4 and we provide

here only a few key ideas and results. We will focus, initially, on one-dimensional represen-

tations and then construct higher-dimensional representations from these lower-dimensional

ones.

To construct a DVR for a given internal coordinate of interest, r, it is first obtain a
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representation of the coordinate operator in a given basis, {ϕi}

Rij = ⟨ϕi| r |ϕj⟩ (2.6)

Traditional choices for ϕi are the classical orthogonal polynomials and the DVR devel-

oped by Colbert and Miller based on Fourier functions11 is particularly convenient. By

diagonalizing R, one obtains a transformation to a new basis, ϕ(DV R)
i , where each basis func-

tion is localized around a grid point, ρn, which correspond to the eigenvalues of R. In this

localized basis, not only is the representation of r diagonal, but so is the representation of

any operator that depends only on r and not on its derivatives. Importantly, this class of

operators includes the potential energy function, V , leading to a representation where the

values along the diagonal are simply the potential energy evaluated at the grid points, or

Vnm = V (ρn)δnm. For other operators not of this form, in particular the kinetic energy oper-

ator, prGrrpr, a representation may be obtained in the original basis, {ϕi}, and transformed

to the DVR basis. Alternately analytic forms may be derived in the limit of the infinite

basis, as done by Colbert and Miller for p2r in their work with the Fourier basis11 or as done

by McCoy et al. for the representations of the momentum, pr.12,13

To go beyond one-dimension, one constructs a basis as a direct product of DVR basis

functions in each dimension. This idea is discussed in detail in the work of Light and

Carrington. In doing so, unless the coordinates are chosen well, this will also necessitate

the development of a representation of piGijpj. Such a representation is a straightforward

application of representations developed in one dimension for pr with a direct product basis.

Discrete variable representations have many extensions, in particular they may be used

in a potential optimized DVR approach4 or they can be used in adiabatic separations as will

be seen in Chapter 4.



7

2.3 Normal Modes

Alongside DVRs, another coordinate choice is the normal mode representation. The goal

in this representation is to find a set of coordinates, qi, in which it is possible to write the

Hamiltonian as a sum of one-dimensional Hamiltonians

H =
ℏ
2

3N−6∑
i

ωi(p
2
i + q2i ) (2.7)

To obtain these modes, the Hessian matrix of the potential function, F , is evaluated at the

minimum energy geometry and the generalized eigenvalue problem Fqi = (ωi)
2Gqi is solved.

This provides both the desired coordinates, qi, as well as the associated frequencies ωi. These

modes provide a good initial solution to the full vibrational Schrödinger equation and as will

be seen in Chapter 5 provide a good zero-order picture for more accurate solution methods.

It is worth noting that there is broad flexibility as to the choice of coordinates with respect

to which the Hessian is obtained. If the set of coordinates is chosen to be 3N − 6 internal

coordinates, the normal modes obtained will be expansions in these internal coordinates. It

is however also possible to chooses these coordinates to be the 3N mass-weighted Cartestian

coordinates of the system. In this case, the normal modes obtained will be expansions

in the displacements of the mass-weighted Cartesian coordinates of the system. As the G-

matrix is the identity matrix wen using mass-weighted Cartesian coordinates, the generalized

eigenvalue problem from before reduces to finding the eigenvalues and eigenvectors of the

Hessian matrix with respect to the mass-weighted Cartesian coordinates. As is necessary,

given that there are 3N Cartesian coordinates, 3N eigenvalues and eigenvectors will be

obtained from this analysis. Six of these, however, will have a frequency of zero, or more

commonly very close to zero, as in the absence of an external electric field, the potential

energy must be invariant to the rotations and translations of the system. Therefore, the

normal modes with a frequency of zero will be linear combinations of the rotations and

translations of the system and may be safely discarded.
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Alternately, one may handle these modes a priori. To do so, one may first note that it

is possible to write down explict forms for the generators of the translational and rotational

motions. The derivation is detailed by Miller, Handy, and Adams,14 but the key idea is

to introduce the Eckart conditions, which any vibrational motion must satisfy and which

provide a mathematical formalism for the notion that a vibration is decoupled from the

overall translation and rotation of the system.

N∑
n=1

∆ξ⃗n = 0⃗ (2.8)

N∑
n=1

∆ξ⃗n ×∆ξ⃗n = 0⃗ (2.9)

where ∆ξ⃗n is the vector of such displacements for the nth atom in the system. Any vibration,

expressed in terms of the displacements of the mass-weighted Cartesian coordinates of the

system, must satisfy these conditions. By contrast, the translations and rotations cannot

satisfy these conditions, and in particular the three translational coordinates ill not satisfy

Eq. (2.8) and the rotational coordinates will not satisfy Eq. (2.9). From this, it is possible

to determine three translational eigenvectors, the elements of which are given by

(Tα)n,β =

√
mn

M
δα,β (2.10)

where M is the total mass of the system, α ∈ {x, y, z}, mn is the mass of the nth atom, and

β indicates we are considering either the x, y, or z component of the nth atom. Tα is then

the translation eigenvector in the α direction. The rotations are slightly more complicated,

as the evalutation of cross product in matrix form requires the use of the Levi-Cevita tensor,

ϵα,β,γ, which is also known the totally antisymmetric tensor or the direction cosine tensor.

The expression for the rotation eigenvector about the α axis is then given by

(Rα)n,β =
∑

γ∈{x,y,z}

−(I0)
−1/2
α · ϵα,β,γξn,γ (2.11)
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where ξn,γ is the γ component of the mass-weighted Cartesian coordinates for the nth atom

and (I0)
−1/2
α is the row of the square root of the inverse moment of inertia tensor for the α

axis.

From these, the projector (I − T − R) may be defined, which when applied to the Hes-

sian matrix of the system removes any contribution from the translational and rotational

motions. Upon diagonalizing, six modes with frequencies identical to zero will be obtained,

corresponding to combinations of rotations and translations.

2.3.1 Reaction Path Normal Modes

The method for obtaining normal modes detailed above only applies to normal modes evalu-

ated at a stationary point on the potential. This is because the desired form of the Hamilto-

nian contains q2i , and so the contribution to the expansion of the potential from the gradient

is assumed to be zero. As detailed by Miller, Handy, and Adams, by making use of a reaction

path normal mode analysis, it is possible to obtain normal modes at positions away from a

stationary point by noting that the expansion of the potential at such non-stationary point

is given by

V (ξ⃗) =
3N∑
i=1

∂V

∂ξi
∆ξi +

3N∑
i,j=1

1

2

∂V

∂ξi∂ξj
∆ξi∆ξj (2.12)

By defining a⃗ to be the unit vector in the direction of the gradient of the potential, we will

note that we can project out the entirety of the gradient contribution. Combining this with

the projectors for the translations and rotations from before, we can construct a 3N − 7

dimensional subspace in which the contribution to the expansion of the potential energy

from the gradient vanishes. From this, we can write

VRP(ξ⃗) =
3N−7∑
i,j=1

1

2

∂V

∂qi∂qj
∆qi∆qj (2.13)

where the qi will now be the reaction path normal modes, or the normal modes orthogonal to

the motion along the coordinate that minimizes the potential energy and VRP is the expansion
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of the potential in the space of these modes. As before, these modes and their associated

frequencies are then obtained by diagonalizing PFP but now for P = I − T −R− a⃗.

This analysis was performed in the mass-weighted Cartesian coordinates, but in certain

cases the analysis can be even easier in internal coordinates. The main insight here is

that often one is interested in obtaining the potential along some internal coordinate a

while allowing all other coordinates to relax to their optimized value. In this case, the

direction of the gradient is clearly along the vector corresponding to displacements of the a

coordinate. Therefore, we may simply use the Hessian matrix with respect to the 3N − 7

internal coordinates excluding the a coordinate. By evaluating the G-matrix in this subspace

as well, we may simply use the generalized eigenvalue problem approach from before and

obviate the need for any projection operators. On the other hand, if one is not optimizing

the energy with respect to all coordinates but one, the identification of the a mode may not

be possible a priori and the use of the potential gradient unit vector once again becomes

necessary.

2.4 Mixed Representations

It is often the case that the use of only a single representation proves insufficient to accu-

rately model the vibration spectrum of a molecule, ion, or complex. The highly-accurate

discrete variable representations become prohibitively expensive while the normal mode rep-

resentations are insufficiently accurate unless large basis sets are used. To alleviate both

of these issues, a mixed model is often used. In this model, an important coordinate or

subspace of coordinates is first identified. In a study of a radical analog of tert-butyl hy-

drogen peroxide, these motions were the OH stretching motion of the peroxide group and

its torsional motion.7 A mixed representation is then developed, where these coordinates

will be treated through DVRs and the remaining coordinates will contribute via a cheaper

approach, often something like the reaction path normal modes discussed previously. These

less important modes can then contribute zero-point energy effects or other quantities as

a function of the important coordinates. The DVRs in the important modes may then be
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solved directly or through something like an adiabatic approximation.In this way, a solution

is obtained in which effects of all of the degrees of freedom of the system are included, but

the computational cost is lowered as the less-important degrees of freedom are treated with

cheaper approaches.

2.5 Conclusion

Constructing a molecular Hamiltonian for a given chemical system is fundamental for making

connections between experimental observables and underlying physical reality. One has broad

flexibility in terms of the specific method used in the representation of the Hamiltonian.

Two very commonly used representations are the discrete variable representation, in which

a basis is chosen to allow the representation of the system’s potential energy to be as simple

as possible, and the normal mode representation, which provides the best representation

under the approximation that the potential energy is diagonal. Formally, all representations

of the Hamiltonian are equivalent. That is, once diagonalized, the values of the energies

and any other properties for the system will be the same. The only difference between

representations, then, is in the model used to interpret the results obtained. Formally,

there is also a true, exact Hamiltonian which if constructed would allow one to solve the

molecular Schrödinger equation exactly. In reality, the need to construct the representation

of such a Hamiltonian on a real-world computer makes creating an representation of the

total molecular Hamiltonian impossible, or at least intractable, in most cases. Moreover, this

unfortunate restriction to real-world hardware means the choice of representation matters, as

different representations will be better suited to solving different problems. In the rest of this

work, various representations will be used, ranging from one-dimensional discrete variable

representations to full-dimensional representations constructed from normal modes.



12

Chapter 3

BEYOND BADGER’S RULE: THE ORIGINS AND
GENERALITY OF THE STRUCTURE–SPECTRA

RELATIONSHIP OF AQUEOUS HYDROGEN BONDS

Reproduced with permission from [Mark A. Boyer, Ondrej Marsalek, Joseph P. Heindel,

Thomas E. Markland, Anne B. McCoy, and Sotiris S. Xantheas. Beyond Badger’s Rule: The

Origins and Generality of the Structure-Spectra Relationship of Aqueous Hydrogen Bonds.

J. Phys. Chem. Lett., 10(5):918–924, mar 2019]

3.1 Introduction

Hydrogen bonding plays a critical role in phenomena ranging from aqueous solvation and

reactivity, biological structure and function to homogeneous catalysis and atmospheric pro-

cesses. A hallmark of hydrogen bond formation is the decrease (red shift) of the vibrational

frequency of the covalent bond, which participates in the hydrogen bond, relative to the

isolated species. Due to the wide variety of hydrogen bond strengths observed in gas and

condensed phase systems, these red shifts range from a few tens to more than 2000 cm−1.16

Vibrational spectroscopies, such as infrared (IR) and Raman, can be used to probe these

shifts in environments ranging from simple clusters17–22 to more complicated aqueous solu-

tions.23–27

Due to the broad availability and applicability of vibrational spectroscopy techniques,

there have been extensive experimental and theoretical studies of the vibrational shifts in

hydrogen-bonded systems. These studies demonstrated a number of intriguing correlations

between shifts in the covalent bond vibrational frequency and the structural and energetic

properties of the hydrogen bond.28–36 Perhaps the most remarkable of these correlations
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is the one between the increase in the equilibrium OH covalent bond length of the hydro-

gen bond donor (Re) and the corresponding decrease in the harmonic frequency associated

with that OH bond (ω).31,32,37 This correlation, which has been well established for over 50

years,16 has been observed experimentally30,36,38–40 for intra- and inter-molecular hydrogen

bonds and theoretically using various levels of electronic structure methods31,41,42 as well as

simple, but physically insightful, models of hydrogen bonds.32,37,43,44 What is particularly

noteworthy about this correlation is that the relationship is surprisingly robust over a wide

range of hydrogen bond strengths, both with respect to its linearity as well as the value

of the slope obtained. For example in a series of studies, one of us investigated the linear

relationship between the shift in the harmonic OH stretch frequency from that of an isolated

water molecule (∆ω) and the shift in the equilibrium OH bond length from its value in an iso-

lated water molecule (∆Re)42 for a broad range of hydrogen-bonded systems. These included

clusters of water molecules (where ∆ω/∆Re = −20.2 cm−1/0.001 Å),31,42 hydrogen-bonded

complexes of alcohols (∆ω/∆Re = −20.4 cm−1/0.001 Å),45 and hydrogen-bonded complexes

involving HCl (∆ω/∆Re = −15.7 cm−1/0.001 Å).46 Interestingly, when calculations on water

clusters were performed at the Hartree-Fock, MP2 and CCSD(T) levels of theory, this shift

was observed to be independent of the level of electronic structure theory used.42 However,

while the previous theoretical predictions offer useful insights into the interplay between the

underlying molecular structure and the corresponding stretching vibration of the hydrogen-

bonded OH bond, they have mainly focused on the relationship between the changes in the

equilibrium bond lengths and the corresponding harmonic frequencies. As such, they are

limited in their connection with the experimentally observed structures, which are associ-

ated with larger vibrationally averaged bond lengths (R0) and corresponding anharmonic

transition frequencies (ν), which include substantial anharmonicities.

Here we show that the universal linear correlation between the elongation of the covalent

bond and the corresponding red shift of the vibrational frequency persists for both equi-

librium/harmonic and vibrationally averaged/anharmonic pairs. We demonstrate this by

extending both the range of water clusters considered to incorporate halide and hydronium
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ions as well as the system size, extending from clusters to liquid water. By doing this we

show that, owing to the robustness of this correlation, one can accurately reconstruct the

condensed phase OH stretching region of the spectra from knowledge of the vibrationally av-

eraged bond length distribution. Finally, we explore the underlying origin of this correlation

using a simple model of the hydrogen bond. We also investigate how this correlation can be

used to elucidate the success of the frequently employed electric field mapping approaches

to obtain vibrational spectra.47–53

3.2 Theoretical Methods

Second order vibrational perturbation theory (VPT2) is used to evaluate the zero-point aver-

aged bond lengths (R0), which are used to evaluate the correlations between these quantities

and the anharmonic frequencies, the later are also obtained using VPT2. Following standard

approaches for vibrational perturbation theory, the Hamiltonian is partitioned as

H = H(0) +H(1) +H(2) + · · · (3.1)

where H(0) contains the harmonic terms in the Hamiltonian, expressed in dimensionless

normal mode coordinates and their conjugate momenta

H(0) =
1

2

∑
m

ωm(p
2
m + q2m) (3.2)

and ℏ = 1 throughout this discussion. The first order correction, H(1), contains cubic terms

in the normal coordinates and their conjugate momenta, the second order correction contains

quartic terms, and so forth. In the same manner, R is expanded as

R = Re +R(1) +R(2) + · · · (3.3)

where Re provides the equilibrium OH bond length, R(1) contains linear terms in the ex-

pansion of R in normal coordinates, while R(2) contains quadratic terms. If the normal
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coordinates are constructed as linear combinations of displacements of internal coordinates,

the expansion of R contains only linear terms. In this case,

R0 ≈ −1

4

∑
m

1

ωm

∂R

∂qm

∑
l

(
∂3V

∂q2l ∂qm
+

∂Gll

∂qm

)
(3.4)

where Gll represents a diagonal element of the Wilson G-matrix.1

The expansion will contain higher order terms when the normal coordinates are expressed

as linear combinations of the displacements of Cartesian coordinates, as is typically used

in the normal mode analyses implemented in electronic structure program packages like

Gaussian.54 In this case,55,56

R0 ≈ −1

4

∑
m

[
1

ωm

∂R

∂qm

∑
l

∂3V

∂q2l ∂qm
− ∂2R

∂q2m

]
(3.5)

For the evaluation of the vibrationally averaged bond lengths using Eq. 3.5, the cubic force

constants were obtained from a VPT2 calculation performed using Gaussian 09,54 while the

second derivatives of the bond lengths with respect to the normal coordinates were evaluated

numerically using a second order finite difference scheme.

3.2.1 Analysis of a Morse Oscillator in a Uniform Electric Field

A common way to explore the dependence of OH bond lengths, stretch frequencies and

intensities on the local environment is to represent the local environment by the electric

field, which arises from the electrostatic properties of other molecules in the system. We

focus on an analytic exploration of these effects, asking how the frequency and intensity

of this oscillator is affected by the field strength. In this analysis, we consider a quadratic

expansion of the component of the dipole moment along the OH bond in terms of the OH

bond length, R. Specifically,

H = HM − E⃗ · µ⃗ =
p2

2µ
+De

(
1− e−α∆R

)2 − EOH

(
µ(1)∆R +

µ(2)

2
∆R2

)
(3.6)
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where E⃗ is the field strength which has a projection along the hydrogen-bonded OH bond of

EOH, while µ(1) and µ(2) provide the first and second derivatives of the dipole moment parallel

to the OH bond when the dipole moment is expanded about the equilibrium configuration for

the water molecule. The Morse oscillator is described by the dissociation energy, De = 0.9997

aJ, and a range parameter, α = 2.0531 Å−1, where the values of De and α are taken from

the water potential developed by Halonen and Carrington (Fit 1).57 Finally µ represents the

reduced mass of OH. Expanding the potential to second order, we find that the minimum in

the potential,

Re(EOH) ≈ Re(0) +
EOHµ

(1)

2Deα2 − EOHµ(2)
(3.7)

Likewise, if we evaluate the second derivative of the potential at this geometry, we obtain

d2V

dR2

∣∣∣∣
re(EOH)

= 2Dα2 − 6Dα3(Re(EOH)−Re(0))− EOHµ
(2) (3.8)

and a field-dependent frequency of

ω(EOH) = ω(0)− 3αω(0)

2
(Re(EOH)−Re(0))−

µ(2)ω(0)

4Deα2
EOH (3.9)

Combining, the above relationships and retaining the field-independent terms,

ω(EOH)− ω(0)

Re(EOH)−Re(0)
= −3αω(0)

2
− ω(0)µ(2)

2µ(1)
(3.10)

The first term in Eq. 3.10 depends only on the parameters of the Morse potential, while the

second is sensitive to the environment as the non-zero second derivative of the dipole surface

reflects the fact that the partial charge of the transferring proton increases as the OH bond

is extended.

When we introduce anharmonicity, the frequency is shifted by

ν(EOH)− ω(EOH) = −2ωx(EOH) (3.11)
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where ωx is the standard anharmonicity constant. Analysis of the Morse oscillator, yields

−2ωx(EOH) = − ω2(EOH)

4D(EOH)
= −α2(EOH)

µ
(3.12)

Using the above relationship for R0(E),

R0(EOH)−Re(E) = − 1

4ω(EOH)

∂3V

∂R3

√
1

µω(EOH)
(3.13)

since in this one-dimensional case, q = R/
√

µω(EOH). Rearranging, results in the relationship

ν(EOH)− ω(EOH)

R0(EOH)−Re(EOH)
= −4α(EOH)ω(EOH))

3
(3.14)

This result shows that as the ratio of the decrease in frequency to the increase in OH bond

length with the inclusion of anharmonicity is similar in magnitude to the proportionality

constant found for the ratio between the shift in the harmonic frequency to the shift in the

equilibrium bond length resulting from interaction with an external field. In this way, the

effect of anharmonicity is to shift the position of the point along the ∆ω vs. ∆R correlation,

developed above, rather than shifting it away from this line. Rewriting this expression,

ν(EOH)− ν(0) = ω(EOH)− ω(0)− 4

3
α(EOH)ω(EOH) (R0(EOH)−Re(EOH))

+
4

3
α(0)ω(0) (R0(0)−Re(0))

≈ ω(EOH)− ω(0)

−4

3
α(0)ω(0) [(R0(EOH)−R0(0))− (Re(EOH)−Re(0))] (3.15)
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3.3 Results and Discussion

To start, we have investigated the correlations between the OH bond lengths (Re or R0)

and the OH stretch frequency (ω or ν, respectively) for a series of water clusters and water

clusters containing hydronium or halide ions. The list of the clusters considered in this

work along with their structures is provided in Tables 3.1 to 3.4 and illustrated in Figures

3.1 to 3.3. Here the anharmonic frequencies are calcualted using second-order vibrational

perturbation theory (VPT2) calculations, based on MP2/aug-cc-pVDZ calculations of the

electronic structure as implemented in Gaussian 09,54 while the vibrationally averaged bond

lengths are evaluated using55,56,58

𝐧 = 𝟏, 𝟐

𝐧 = 𝟑, 𝟒

𝐧 = 𝟓

𝐧 = 𝟔

3+1 4 - Cage 4 - Ring

4+1 5 - Cage 5 - Ring

6 - Ring6 – Book 1 6 – Book 2 6 – Cage 6 – Prism

3-uuu

3-uud

Figure 3.1: Neutral water clusters considered in this study, (H2O)n, where n is the number
of water molecules in each cluster.

R0 = Re −
3N−6∑
m=1

[
1

4ωn

∂R

∂qm

3N−6∑
l=1

∂3V

∂q2l ∂qm
− ∂2R

∂q2m

]
(3.16)
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n = 2, 3

n = 4

Ring Eigen

Bridged 1 Bridged 2 Chain

5-Membered Ring 4-Membered Ring + 1

Figure 3.2: Hydronium-water clusters considered in this study, H3O
+(H2O)n, where n is the

number of water molecules in each cluster.

where the summations are over the normal modes, qm, with harmonic frequencies ωm. Here

and in the following equations, ℏ = 1. We should note that these quantities differ from

the Sz values reported in the outputs of some electronic structure calculations through the

inclusion of the ∂2R/∂q2m term. In the absence of this term, the Sz value corresponds to

changes in the projection of the OH bond length onto OH bond vector in the equilibrium

structure, which is often shorter than the vibrationally averaged OH bond length.

The correlation between changes in the anharmonic frequencies with respect to changes

in the vibrationally averaged length of the associated OH bond, computed relative to the

values for an isolated water molecule calculated at the same level of theory, is shown in

Figure 3.4. This plot also contains the results obtained based on the equilibrium structures

and the corresponding harmonic frequencies. Interestingly all of the data lie along a single

line, with a slope of −19.1 cm−1/0.001 Å, and R2=0.9938. The results are also divided
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F-(H2O) F-(H2O)2 F-(H2O)3 – Ring

F-(H2O)3 – Pyramidal

F-(H2O)4 – Pyramidal

F-(H2O)4 – 3+1

F-(H2O)5 – Pyramidal

I-(H2O)

Cl-(H2O)

Cl-(H2O)2

Cl-(H2O)3 – Ring

Cl-(H2O)3 – Pyramidal

Cl-(H2O)4 – Pyramidal Cl-(H2O)4 – 3+1

Br-(H2O) Br-(H2O)2 Br-(H2O)3 – Ring

Br-(H2O)3 – Pyramidal Br-(H2O)4 – Pyramidal Br-(H2O)4 – 3+1

Figure 3.3: Halide-water complexes considered in this study, X−(H2O)n, where n is the
number of water molecules in each cluster.

according to the type of system (e.g. water clusters, hydronium water clusters, and various

halide water clusters, the latter containing both the ion-water and water-water hydrogen

bonds). The correlations for each of these systems are individually provided in Figures 3.5

to 3.9. While the slopes vary slightly among these systems, they are all between −17.6 and

−20.1 cm−1/0.001 Å.

Based on the apparent universality of this correlation for a wide range of water clusters, we

repeated the analysis using the results of ab initio molecular dynamics (AIMD) simulations of

liquid water using the revPBE-D3 density functional. This level of electronic structure theory

has been shown to reproduce the experimental infrared spectrum of liquid water.59 This

analysis of the AIMD trajectory allows us to explore the correlation between OH frequencies,

bond lengths and their environment in liquid wate. The results are provided in Figure 3.10.

Again, the data lies close to a single line, with a slope of −18.8 cm−1/0.001 Å, which is
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0.3 cm−1/0.001 Å smaller than the value obtained for the hydrogen bonded clusters. The

present study demonstrates that the same slope can be used to describe the correlation

between frequency shifts and elongations of the corresponding OH bond length obtained

from harmonic and anharmonic data in both water clusters and in liquid water.

The question naturally arises as to the origin of this correlation. To answer this question,

we modeled the OH bond as a Morse oscillator in the presence of an external electric field.

Here the electric field is used to approximate the perturbation to an OH oscillator upon

hydrogen bond formation. For this system,

H = HM − E⃗ · µ⃗ =
p2

2µ
+De (1− exp [−α∆R])2 − EOH

(
µ(1)∆R +

µ(2)∆R2

2

)
(3.17)

where De represents the dissociation energy of the Morse oscillator and α determines the

width of the potential, while µ(n) represents the nth derivative of the dipole moment vector

along the OH bond evaluated at ∆R = 0, and EOH provides the magnitude of the electric

field along the OH bond axis. The truncation of the expansion of the dipole at second order

is supported by fits to scans of the dipole moment along the hydrogen-bonded OH bond in

the water dimer, shown in Figures 3.11 and 3.12.

As discussed above, expanding the potential to second order in the bond displacement,

and evaluating the electric field-dependent equilibrium bond length, Re(EOH), and harmonic

frequency, ω(EOH), allows us to develop an expression for

∆ω

∆Re

= − ω(EOH)− ω(EOH = 0)

Re(EOH)−Re(EOH = 0)
= −1.5αω(EOH = 0)− µ(2)

2µ(1)
ω(EOH = 0) (3.18)

In addition, we show that

∆ν(EOH)−∆ω(EOH) ≈ −4αω(EOH = 0)

3
(∆R0(EOH)−∆Re(EOH)) (3.19)
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Using values for ω and α for a Morse oscillator model of the OH stretch of water developed

by Halonen and Carrington,57 the first term in Eq 3.18 gives −1.5αω = −12 cm−1/0.001 Å,

and is independent of the environment of the OH bond. The second term depends on the

ratio of the dipole derivatives, µ(2)/µ(1), and thus depends on the environment the OH bond

experiences. However, calculations based on the equilibrium structure of the water dimer

(described below) yield a value of −9 cm−1/0.001 Å for the second term in Eq. 3.18. This

results in a ratio of the change in frequency with OH covalent bond length of −21 cm−1/0.001

Å, which is in good agreement with the results reported in Figure 3.4. The anharmonicity

correction in Eq. 3.19 indicates that a shift in ∆R0 relative to the corresponding ∆Re by

0.001 Å should lead to a roughly −10.7 cm−1 shift in the ∆ν relative to ∆ω. This would

lead to the expectation that the slope obtained, when only the anharmonic data that is

included in Figure 3.4 is considered, will be less steep than the slope that is obtained when

only the harmonic values are considered. This is consistent with our results for the water

clusters, where the slope for the equilibrium values is −20.6 cm−1/0.001 Å, while the slope

when only the zero-point information is included was decreased in magnitude to a value of

−19.7 cm−1/0.001 Å (see Figures 3.6 and 3.7).

This model, which is based on the hydrogen-bonding environment of an isolated OH bond

in a water molecule reproduces the observed trends. As can be seen from the results provided

in the left panel of Figure 3.13, changing the OO distance (ROO) in the dimer at which the

dipole derivatives are evaluated from 2.75 to 3.75 Å leads to calculated ∆ω(E)/∆Re(E)

ratios that range from −16 to −22 cm−1/0.001 Å. This range is consistent with the range

of ∆ω/∆Re and ∆ν/∆R0 ratios found in our data set, and plotted in the right panel of

Figure 3.13. This range is also in line with the range of OO distances found for the first

coordination shell of hydrogen bonded liquids.

It is interesting to consider the origin of the range of the ratios of the frequency shifts to

the change in the OH distances seen in the right panel of Figure 3.13. To aid in understanding,

the data has been divided into the contributions from different system types, water and

hydronium water clusters (plotted with the blue dot-dashed curve) and halide water clusters
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(plotted with the green dashed curve). While both distributions have similar breadth, and

sample the same range of ∆ω/∆Re values as the data reported in the left panel of this figure,

the halide water distribution shows two distinct peaks. The range of values of ∆ω/∆Re and

the bimodality of the halide water distribution both reflect the fact that the response of the

OH frequency and OH bond length to the environment depends on the dipole response to the

environment. For example, the two peaks in the X−(H2O)n distribution (green dashed line)

reflect the two types of hydrogen bonds in these clusters. The peak above 18 cm−1/0.001 Å

reflects hydrogen bonds between a water molecule and the halide ion, while the peak below

18 cm−1/0.001 Å reflects hydrogen bonds between two water molecules.

Since the term in Eq. 3.17 that depends on the dipole derivatives contributes roughly

a third of the magnitude of the ratio of the shifts in frequencies to the shifts in OH bond

lengths, a 50% a change in the size of µ(2)/µ(1) changes the resulting slope only by ∼10%.

This explains why the data reported in Figure 3.4 can be modeled by a linear correlation.

Finally, as we consider the linear fit of the ∆ω/∆Re values as a function of µ(2)/µ(1) in Figure

3.13, we find that the slope is close to the 3870 cm−1 harmonic frequency of an OH bond

based on the Morse oscillator model used in this study. Likewise, the intercept is close to

the −1.5ωα = −12 cm−1/0.001 Å value anticipated by Eq. 3.18.

Based on the values for R0(EOH) − R0(0) and for Re(EOH) − Re(0) reported in Tables

3.1 to 3.4, we find that the difference between these two quantities is small (roughly 5% of

the value of Re(EOH) − Re(0)). The above relationship anticipates the fact that the same

holds in the size of the shift in the anharmonic frequency with electric field compared to the

harmonic frequency (from Tables 3.1 - 3.4, this is roughly 6% of the value of the shift in

frequency with electric field). Based on these results, it is not surprising that the harmonic

and anharmonic results lie on the same curve as seen in Figure 3.4.

To further explore and to test the validity of the analytic results described above, we

have investigated a series of models, using numerical approaches to evaluate the frequency

and bond length displacements. For this part of the study, the electronic structure calcula-

tions were performed at the MP2/aug-cc-pVDZ level of theory and basis as implemented in
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Gaussian 0954 to be consistent with the work on the water clusters.

In the first set of calculations, we focus on the shifts in frequencies and bond lengths when

µ(2) in Eq. 3.6 is zero, and the potential is described using a Morse oscillator. For a harmonic

treatment the equilibrium bond length and harmonic frequency are evaluated analytically

over a range of values of EOH. The results are plotted in Figure 3.14, and are fit to a line

with an intercept at the origin. As is seen, the slope of the fit line, −11.3 cm−1/0.001 Å, is

close to the expected value of −12 cm−1/0.001 Å. When anharmonicity in the potential is

accounted for in the evaluation of ν and R0, the slope is increased to −11.1 cm−1/0.001 Å.

These results are plotted and fit to a line in Figure 3.15. This reduction in the magnitude

of the slope is consistent with the results provided in Eqs. 3.19 and 3.15, as discussed in the

main text.

If the Morse oscillator is replaced by the potential obtained by scanning the OH bond

length in water obtained at the MP2/aug-cc-pVDZ level of theory and basis, with the other

OH bond length and HOH angle constrained to their equilibrium values, the slopes decrease

to −12.4 and −11.8 for the harmonic and anharmonic results, respectively. These results

are provided in Figures 3.16 and 3.17 and demonstrate that the Morse oscillator provides a

reasonable approximation to the potential along an intramolecular OH stretch in water.

For both of these models and those described below, the anharmonic energies and wave

functions are evaluated using a discrete variable representation11 based on an evenly space

grid of 251 points ranging from ∆R = −0.4 Å to 1.0 Å, and µ is the reduced mass of the

OH stretch.

Clearly, a linear approximation to the dipole moment is insufficient to describe the re-

sponse of the OH stretch frequency and the bond length to the external field. In the third

system, we evaluated the OH stretch potential for an OH bond in water in the presence of

various electric field strengths, where the external field is included in the electronic structure

calculation. The results are provided in Figures 3.18 and 3.19. This explicit consideration

of the electric field decreases the slopes of these plots to −14.5 cm−1/0.001 Å (harmonic)

and −14.1 cm−1/0.001 Å (anharmonic), which are close to the value of −16 cm−1/0.001 Å
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reported by Hermansson47 based on a different level of electronic structure theory.

Finally, we look at the dependence of the OH stretch frequency in the context of a

hydrogen-bonding environment. This is accomplished by using the Hamiltonian provided in

Eq. 3.6 where the dipole derivatives are based on scans of the length of the hydrogen-bonded

OH bond for a specified OO distance in water dimer. Specifically, we constrain the O-H· · ·O

angle in the dimer to 180◦, and perform a scan of the potential and dipole surfaces of water

dimer, in which the OO distance ranges from 2.5721 Å to 3.8221 Å in increments of 0.05

Å, optimizing the four OH bond lengths, while keeping all other coordinates constrained to

their values in the equilibrium configuration of the dimer. At each point in this scan, the

hydrogen-bonded OH bond length is varied from 0.57274 Å to 1.82274 Å in increments of

0.01 Å, keeping all other internal degrees of freedom constrained to the values obtained from

the scan of the OO distance, ROO. We fit the projection of the dipole moments along the

hydrogen-bonded OH bond, obtained from the scan, to a quadratic polynomial in ∆R. A

sample of the data obtained with ROO = 2.97 Å and a quadratic fit to that data are provided

in Figure 3.11, noting the accuracy of the quadratic fit. This dipole surface was then used in

conjunction with the Morse oscillator described above to generate a set of potential curves

based on Eq. 3.6, using a range of field strengths, E .

The resulting correlations between the frequencies and OH bond lengths for ROO = 2.97

Å and various values of EOH are provided in Figure 3.20 for the harmonic frequencies and

equilibrium bond lengths and Figure 3.21 for the anharmonic frequencies and vibrationally

averaged OH distances. These data sets are fit to lines with slopes of −21.3 and −20.5

cm−1/0.001Å, respectively. Analogous calculations were performed using expansion of the

dipole moment along the hydrogen bonded OH bond for other values of the OO distance, and

the resulting slopes are summarized in Figures 3.13, 3.22 and 3.23, and associated data are

provided in Table 3.5. Analysis of the parameters in linear fits to these data show slopes of

3800 cm−1 and 3400 cm−1 for the harmonic and anharmonic analyses, while the intercepts are

found to be 11.6 and 11.8 cm−1/0.001 Å, respectively. The values for the harmonic data are

consistent with the slope and intercept anticipated by Eq. 3.10, where the slope is equated
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to the OH stretch frequency, 3884 cm−1, and the intercept is -1.5ωα ≈ −12 cm−1/0.001 Å.

Based on the observed correlation between the OH bond lengths and the associated

frequency, one can ask if such a correlation can be used to reconstruct the IR spectrum of

water from the vibrationally averaged OH bond lengths of all of the water molecules in the

AIMD simulation. This bond-length distribution is provided in Figure 3.24. Because we are

interested in the vibrationally averaged OH bond lengths and not the instantaneous values

of the OH distance, we have used Fourier filtering with a frequency cutoff of 800 cm−1 to

remove the high frequency components to the OH stretch oscillations. Based on this data,

we generated an IR spectrum by scaling the calculated vibrational density of states (VDOS)

(plotted in Figure 3.24) using the slope of −18.8 cm−1/0.001 Å obtained from analysis of

the results reported in Figure 3.10 along with the ratio of the dipole derivatives obtained

from an analysis of the water dimer using the revPBE functional with the D3BJ dispersion

correction60 and the def2-TZVPP61 basis set, as implemented in NWChem 6.8 (see Figure

3.12).62

Specifically, to perform this reconstruction, a given bond-length R is converted into a

frequency by

ω(R) = ωref − 18.8 cm−1/0.001 Å (R−Rref) (3.20)

where ωref = 3793 cm−1 is obtained by finding the maximum frequency sampled by the AIMD

simulation of water clusters using the revPBE-D3 functional. This maximum is chosen as

the onset of the distribution, where we identify the maximum frequency in the frequency

distribution with a height that is at least 0.01% of the maximum value of the distribution

shown in Figure 3.10. Likewise, Rref = 0.9649 Å is the minimum OH bond length in a Fourier

filtered distribution of OH bond lengths with a cutoff frequency of 800 cm−1 where the value

of the VDOS is at least 0.01% of the maximum value of this distribution.
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To obtain the spectrum shown in Figure 3.25, the intensity is then given by

I(R) ∝ p(R)

(
∂µ

∂R

)2

(3.21)

where µ is the dipole response along the hydrogen-bonded OH bond, which has been obtained

from a scan of this OH bond in a water dimer at the revPBE-D3 level of theory using

NWChem 6.8.62 To obtain the data shown in Figure 3.12, the dipole moment is calculated for

for each geometry along the scan and the projection of the dipole moment along the hydrogen-

bonded OH bond is fit to a quadratic polynomial in the OH bond length displacement,

∆ROH. The square of the dipole derivative is scaled by p, which is is the probability density

function for the Fourier filtered OH bond lengths obtained from the same AIMD simulation,

as described above.

In Figure 3.25, to facilitate a comparison with the spectrum calculated from the dipole-

dipole correlation function obtained using ab initio molecular dynamics (AIMD) simulations

based on the same level of electronic structure theory,59 the reconstructed spectrum is also

shifted so the peak in the reconstructed spectrum lies at the same frequency as the peak in

the AIMD spectrum. Based on our use of the −18.8 cm−1/0.001 Å proportionality constant

to obtain the frequencies, the shift of 50 cm−1 corresponds to a displacement in Re of 0.0027

Å. Such a shift is well within the accuracy with which we can obtain the reference OH bond

length from Figure 3.24. As is seen, this protocol yields a spectrum that is in good agreement

with the one obtained from AIMD simulation including the shape of the red side of the OH

stretching band.

The above analysis illustrates a powerful result of this work. A molecular dynamics or

quantum calculation that provides the equilibrium or zero-point averaged OH bond lengths

can be converted into a spectrum using the average value of ∆ω/∆Re, obtained from the

simulation, along with the corresponding ratio of the first and second derivative of the dipole

moment function, evaluated based on the water dimer.

The theoretical approach used to derive the correlation between shifts in harmonic fre-
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quencies and OH bond lengths is based on the response of the OH oscillator to its local

environment, specifically the electric field due to nearby water molecules or ions. Such a

model has been used in studies of the vibrational spectra of liquid water, where the OH

stretch frequency is found to vary linearly with the electric field strength, E , which arises

from the local environment of the OH bond.48–52 The resulting correlations have motivated

the construction of models that are used to understand or reconstruct experimental spectra

of liquid water. For example, Smith et al. mapped electric field distributions obtained from

classical simulations of potassium halides dissolved in aqueous solutions onto Raman spectra

using52

ω =
(
160.514 cm−1 V−1 Å

)
E + 3745 cm−1 (3.22)

where the coefficients in Eq. 3.22 were obtained from a fit of the calculated local electric field

distribution based on empirical model of pure water to the Raman spectrum of HOD in D2O.

In the present study, we derive the linear correlation between OH vibrational frequencies and

the external field strength, where the value of dω/dE depends on the OH stretch frequency,

its anharmonicity, and the projection of the second derivative of the dipole moment of the

water molecule onto the hydrogen-bonded OH bond. Substituting the parameters for the

Morse oscillator, and the dipole derivatives for water dimer with ROO = 2.97 Å, obtained in

the present study, into Eq. 3.9, we find dω/dE = 140 cm−1 V−1 Å, a value that is in very good

agreement with the empirical value provided in Eq. 3.22. Changing the OO distance in water

dimer at which the dipole derivatives are evaluated will alter their values, and modulate the

ratio slightly. In addition to noting that the model that was derived in this work reproduces

previously determined linear correlations between OH stretch frequencies and electric field

strength, we also find that the equilibrium OH bond length depends linearly on the size of E .

Combining these results leads to the linear correlation between the shift in the OH stretch

frequency and the shift in the OH bond length seen in Figures 3.4 and 3.10.

In summary, in this work we have extended the previously described correlation between
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the equilibrium OH bond lengths and the harmonic frequency for OH bonds in hydrogen

bonding environments to include the effects of anharmonicities. Based on cluster studies,

we found that the anharmonic results displaye roughly the same ratio of frequency shifts

to changes in vibrationally averaged bond lengths as is found at the harmonic level. We

extended this work from clusters to explore the correlation based on an AIMD simulation

of liquid water, and obtained roughly the same ratio of the frequency to OH bond length

changes as was obtained for the clusters, despite the use of a different level of electronic

structure theory for the two types of calculations. This apparent insensitivity of the value

of ∆ω/∆Re to the level of electronic structure theory and method used to evaluate the

harmonic frequencies and equilibrium bond lengths being fit is consistent with the results of

an earlier study in which different levels of electronic structure theory were shown to lead to

the same value of ∆ω/∆Re despite providing different frequency shifts originating from the

different elongations of the hydrogen bonded OH.42 The fact that different levels of electronic

structure theory produce different harmonic/anharmonic frequencies can be attributed to the

fact that these calculations primarily yield different equilibrium bond lengths and secondary

different shapes of the OH potential that affects the vibrationally averaged structures and

resulting anharmonic frequencies.

The reported correlations were explained using a model based on the perturbation of

a one-dimensional OH oscillator by an external electric field. Based on this model, we

developed a simple expression that captures the reported results. It also provided results

that are consistent with a series of one-dimensional studies of water in several environments.

Finally, we explored the relationship between these models and those used in earlier studies of

liquid water and find that they provide theoretical support for previously developed empirical

relationships between OH stretch frequencies and the environment as described by the local

electric field. We expect that our results will provide additional insights into the various

correlations between OH bond lengths, frequencies and the local environment of the OH

bond in complex environments.
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Figure 3.4: Correlations of ∆ω to ∆Re and ∆ν to ∆R0 for the OH . . .X− and OH . . .O
vibrations in the (H2O)n, n=2-6, X−(H2O)n, n=1-5, X=F, Cl, Br, I, and H3O+(H2O)n, n=3,4
clusters. The shifts are computed with respect to the equilibrium (vibrationally averaged)
bond length and the average of the symmetric and antisymmetric harmonic (anharmonic)
OH vibrations of the gas phase water monomer.
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Figure 3.5: The same as Figure 3.4, but considering only the hydrogen-bonded OH bonds in
water clusters.
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Figure 3.7: The same as Figure 3.5, but only considering the anharmonic frequencies and
zero-point averaged OH bond lengths.
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Figure 3.8: The same as Figure 3.4, but considering only the halide-bound OH bonds in
halide-water complexes.
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Figure 3.9: The same as Figure 3.4, but considering only the water-bound OH bonds between
water molecules in halide-water complexes.
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Figure 3.10: The correlation of ROH and ω as obtained from an AIMD trajectory of liquid
water at 300 K at the revPBE-D3 level of theory.
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Figure 3.14: The change in the harmonic frequency, ∆ω from the value in the absence of
an external electric field is plotted as a function of the shift in the equilibrium bond length,
∆Re. Here the OH bond is represented by a Morse oscillator using parameters used to model
the OH stretch in water,57 and the dipole moment is assumed to be a linear function of the
OH bond length, and independent of the field strength. The results are fit to a line that is
constrained to go through the origin. The slope matches the expected value of −1.5αω = −12
cm−1/0.001 Å, discussed in the text.
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Figure 3.15: The same as Figure 3.14, showing the correlation between the shift in the
anharmonic frequency, ∆ν as a function of the shift in the zero-point averaged OH bond
length, ∆R0.
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Figure 3.16: The same as Figure 3.14, using a one-dimensional scan of the potential as
a function of the OH bond length in water evaluated at the MP2/aug-cc-pVDZ level of
theory/basis, evaluated using Gaussian 09.
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Figure 3.17: The same as Figure 3.16, comparing anharmonic frequencies and zero-point
averaged OH bond lengths.
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Figure 3.18: The same as Figure 3.16, where the effect of the external field is introduced in
the electronic structure calculation, rather than assuming a linear dipole approximation.
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Figure 3.19: The same as Figure 3.18, comparing anharmonic frequencies and zero-point
averaged OH bond lengths.
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Figure 3.20: The same as Figure 3.14, replacing the linear dipole approximation with a
quadratic expansion of the dipole along the hydrogen-bonded OH stretch in water dimer,
which has been obtained for ROO = 2.97 Å. The dipole surface and fit are provided in Figure
3.11.
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Figure 3.21: The same as Figure 3.20, comparing anharmonic frequencies and zero-point
averaged OH bond lengths.
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Figure 3.22: Correlations between the −∆ω/∆Re ratio and the ratio of the second and first
derivatives of the dipole function. These calculations utilize the Morse potential described
in the text and a quaratic fit to the dipole moment along the hydrogen-bonded OH bond in
water dimer evaluated at the MP2-aug-cc-pVDZ level of theory. An example of this fit for
ROO = 2.97 Å is provided in Figure 3.11.
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Figure 3.23: The same as Figure 3.22, considering the ratio of the shift in ν to the shift in
R0.
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ROO µ(1) µ(2) µ(2)/µ(1) ∆ν/∆R0 ∆ω/∆Re

(Å) (D · Å−1
) (D · Å−2

) (Å−1
) (cm−1/0.001 Å) (cm−1/0.001 Å)

2.57 6.09 4.29 0.35 −12.6 −12.7
2.62 5.46 5.74 0.53 −13.4 −13.4
2.67 4.86 7.02 0.72 −14.1 −14.2
2.72 4.28 8.10 0.95 −15.0 −15.1
2.77 3.75 8.96 1.19 −15.8 −16.0
2.82 3.28 9.59 1.46 −16.8 −17.0
2.87 2.86 9.98 1.74 −17.7 −18.1
2.92 2.50 10.1 2.03 −18.7 −19.1
2.97 2.21 10.1 2.29 −19.5 −20.1
3.02 1.96 9.91 2.52 −20.3 −21.0
3.07 1.77 9.57 2.71 −20.9 −21.7
3.12 1.61 9.13 2.83 −21.3 −22.2
3.17 1.49 8.63 2.89 −21.5 −22.5
3.22 1.39 8.09 2.90 −21.6 −22.6
3.27 1.31 7.53 2.86 −21.5 −22.5
3.32 1.25 6.97 2.78 −21.3 −22.2
3.37 1.20 6.42 2.67 −20.9 −21.8
3.42 1.16 5.89 2.53 −20.5 −21.4
3.47 1.13 5.38 2.38 −20.2 −20.8
3.52 1.12 4.90 2.21 −19.6 −20.2
3.57 1.09 4.45 2.04 −19.0 −19.6
3.62 1.07 4.02 1.87 −18.5 −19.0
3.67 1.06 3.62 1.71 −17.9 −18.4
3.72 1.05 3.25 1.54 −17.4 −17.8
3.77 1.05 2.91 1.39 −16.9 −17.2
3.82 1.04 2.59 1.24 −16.3 −16.6

Table 3.5: Parameters Obtained From an Analysis of the One-Dimensional Cuts Through
the Water Dimer Potential Along the Hydrogen-Bonded OH Bond
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Figure 3.25: The reconstructed infrared absorption spectrum of water (green curve), cal-
culated from the Fourier filtered OH bond distribution obtained with an 800 cmz−1 cutoff
frequency (green curve in Figure 3.24), the revPBE-D3 dipole moment along the OH bond
axis, and the frequency calculated using the −18.8 cm−1/0.001 Å correlation in Figure 3.10.
This is compared to a spectrum obtained from ab initio MD (AIMD) at the revPBE-D3 level
of theory59 (black curve). To aid in comparison, the IR reconstruction is shifted by 50 cm−1

(blue curve) to align the peak with the peak in the AIMD spectrum. The red arrow indicates
the value of ωref = 3793 cm−1 (defined in Eq. 3.21) used to reconstruct the spectrum. In
these plots, the intensity has been scaled so the maximum intensity in all the curves is unity.
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Chapter 4

THE ROLE OF TUNNELING IN THE SPECTRA OF H+
5 AND

D+
5 UP TO 7300 CM−1

Reproduced in part with permission from [Mark A Boyer, Chloe S Chiu, David C Mc-

Donald, J Philipp Wagner, Jason E Colley, Dylan S Orr, Michael A Duncan, and Anne B

McCoy. The role of tunneling in the spectra of H5+ and D5+ up to 7300 cm−1. J. Phys.

Chem. A, 124(22):4427–4439, jun 2020]

4.1 Introduction

The H+
5 molecular ion has long been of theoretical and experimental interest. In 1960 Jones

and Simpson used H+
5 as a test system for developing a model to study the effect of delocaliza-

tion on IR intensity.64 Two years later, Dawson and Ticknee identified a mass spectrometric

signature of this ion in a hydrogen discharge.65 In this report, they noted that Schaeffer and

Thompson had proposed the existence of H2 · H+
3 in their consideration of H/D exchange

between H+
3 and D2.66 Structurally, H+

5 can be thought of as either a strongly bound complex

between H2 and H+
3 , where the binding energy is roughly 2200 cm−1,67 or as a proton bound

complex between two H2 molecules. Much of the more recent interest in H+
5 hinges on its

role in astronomy, both as a bound species and as an intermediate in the proton transfer

following a H2 +H+
3 collision.

Direct observation of interstellar H+
5 has yet to be reported. However, observation of

H+
3 was first reported by Oka68 in 1996, indicating that H2 + H+

3 collisions must occur.

Laboratory measurements of the infrared spectrum of H+
5 between 3400 and 4000 cm−1 were

first reported more than thirty years ago by Okumura, Yeh, and Lee.69 Subsequently Bae70

reported a spectrum between 6400 and 7900 cm−1. More recently, one of our groups recorded
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the mid-IR spectrum of H+
5 over a larger range of photon energies (from 2500 to 4500 cm−1)

as well as the spectrum of D+
5 between 1500 and 3500 cm−1.67 In this study, two additional

transitions were observed in the H+
5 spectrum and three peaks were reported for D+

5 . All of

these studies exploited the fact that the dissociation energies of H+
5 and D+

5 relative to the

H2 + H+
3 and D2 + D+

3 products are roughly 2230 and 2400 cm−1, respectively. This allowed

them to obtain an action spectrum for the ion of interest by monitoring the growth of the

H+
3 or D+

3 mass channel following the photon absorption of a single photon. In addition,

Cheng et al. reported far-IR spectra of H+
5 and D+

5 , which were obtained through an IR-

MPD (multi-photon dissociation) experiment using the FELIX free electron laser.71 This

study extended the region of spectral coverage down to 200 cm−1 for H+
5 and between 699

and 2000 cm−1 for D+
5 . The spectra obtained in these more recent studies were compared to

calculated spectra evaluated using a vibrational configuration interaction approach (VCI).

The history of the assignment of the observed transitions is similarly rich. Due to the lack

of a heavy atom, H+
5 has been termed ‘astructural’.72 While the minimum energy geometry

can be described as a complex of H+
3 with H2, where the shared proton lies on the axis that

connects the centers of mass of the two outer H2 groups and with the two H2 groups lying in

perpendicular planes, the barrier for proton transfer is well-below the zero-point energy in

the vibration that corresponds to the displacement of the shared proton between the outer

H2 units.67,73 The barrier for the hindered rotation of the outer H2 groups is also low, and

the ground state wave function is also delocalized in this coordinate.73,74

The lack of a simple zero-order model for the vibrations in H+
5 along with the absence of

a heavy atom and large changes in the bond lengths and frequencies of the outer H2 stretches

with displacement of the shared proton75 makes assignment of the spectrum sensitive to the

model used in making these assignments. For example, Okumura et al. assigned their spec-

trum based on harmonic frequencies obtained from a normal mode analysis by Yamaguchi et

al., which was based on the minimum energy geometry of the cluster.76,77 This led to a nom-

inal assignment of the peaks at 3532 and 3910 cm−1 to the fundamentals in the out-of-phase

and in-phase combination of the outer H2 stretches. Subsequently, Bae used a similar model
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to assign the higher-energy peaks as transitions to states with two quanta of excitation in

the outer H2 stretches along with zero or one quantum of excitation in the shared proton

stretch. They also identified a lower-energy peak at 4230 cm−1, which was assigned as a

transition to a combination band involving the first excited state in the outer H2 stretches

with one quantum of excitation in the shared proton stretch.

More recently, diffusion Monte Carlo (DMC) studies have identified the most probable

structure of H+
5 as the D2d saddle point structure.73,78 Using this structure as the reference,

VCI calculations of the spectra have been performed, and the resulting calculated spectra

agree well with the vibrational predissociation and IRMPD spectra obtained for transitions

above and below the dissociation limit for the ion, respectively.67,71 Calculated peaks at

3560, 3950, and 4268 cm−1, which are close in energy and intensity to the peaks in the mea-

sured spectrum, have been assigned to the out-of-phase outer H2 stretch with combination

bands involving the shared-proton stretch and the in-phase outer H2 stretch. Assignment

of features below 3000 cm−1 in H+
5 is more complicated due to the large couplings between

the shared proton stretch, the breathing (H2·H2 stretch) vibration, and the other lower fre-

quency vibrations. Based on a combination of fixed-node DMC studies and two-dimensional

calculations that focused on the shared proton stretch and the breathing vibrations, a model

has been developed that anticipates a series of peaks in H+
5 spanning from ∼350-2000 cm−1

which are assigned to a progression in the shared-proton with odd numbers of quanta of

excitation. The wave functions for these states extend into the H2+H+
3 product channel and

the nodes in the wave functions lie perpendicular to the reaction coordinate.79

The results of two- and four-dimensional calculations using either an adiabatic separation

of the shared proton modes80,81 or MCTDH82,83 have shown that the major features of

the spectrum can be reproduced by a reduced dimensional model that does not include

displacements of the shared proton off of the axis that connects the outer H2 groups and the

internal-rotation of the ion. A later nine-dimensional MCTDH calculation has been able to

reproduce the spectrum up to ∼7500 cm−1.84 Based on this calculation, peaks at 3528, 3944,

and 4248 cm−1 have been assigned to the out-of-phase outer H2 stretch, an H+
3 breathing
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mode, and a transition to a state with a single quantum of excitation in the shared proton

stretch combined with the out-of-phase outer H2 stretch. The peaks at 6823, 7304, 7681,

and 7905 cm−1 have all been assigned as two quanta in the outer H2 stretches combined

with 0, 1, 2, and 3 quanta in the shared-proton stretches. While this assignment is generally

consistent with earlier studies, it is surprising that some of the above assignments seem to

reflect excitation to totally symmetric excited states. Finally, comparison of the results of

the nine- and four-dimensional MCTDH calculations shows that the calculated spectra are

in fairly good agreement despite a shift in the energies that reflects the missing vibrational

degrees of freedom in the lower-dimensional calculation.

Assignment of a calculated spectrum is necessarily sensitive to the choice of coordinates,

the size of the basis, and the quality of the potential energy surface that is used. Furthermore,

full-dimensional approaches, while providing the ability to reproduce a spectrum with high

fidelity can suffer from a corresponding difficulty in interpretation, as teasing apart the

contributions of many motions can be a challenging process. In the present study, we develop

a four-dimensional model that reproduces the main features in the reported spectra of H+
5

and D+
5 . This model is based on the observation that the assignments described above

focus on the outer H2 stretches, the shared proton stretch, and the H2 breathing vibration.

Consequently, this model includes only these four vibrational motions. The wave functions

and energies derived from this treatment are analyzed in terms of an adiabatic separation

of the high-frequency H2 stretches and the lower-frequency shared proton and H2 breathing

vibrations. Couplings are introduced between states with the same total amount of excitation

in the outer H2 stretches. The combination of the reduced dimensionality and the further

adiabatic separation of the high and low-frequency vibrations simplifies the assignment of

the calculated transitions.

Spectra based on this four-dimensional model are compared to the previously reported

spectra, as well as to our newly-reported spectra between 4850 and 7300 cm−1 for both H+
5

and D+
5 . Based on the analysis of the resulting calculations we suggest a revised description

of the assignments of the peaks in the spectra of these ions in which the states that are



61

accessed correspond to the symmetry allowed combination bands involving the lowest-energy

state with the appropriate excitation in the outer H2 stretch in combination with states with

increasing excitation in the shared proton stretch.

4.2 Theory

Before considering the results of this model, we start by describing the model itself. H+
5 has

nine vibrational degrees of freedom. Two describe the outer H2 bond lengths, two provide

the distances between the shared proton and the centers of mass of each of the two H2

group, and two more are the angles between the vectors that describe the outer H2 bonds

and the vector that connects the centers of mass of the two H2 groups. The remaining

three coordinates include the torsion angle between the two outer H2 groups and the two

coordinates that describe displacements of the shared proton off of the axis that connects

the centers of mass of the outer H2 groups. In the model presented below, we focus on

the coordinates that describe the outer H2 stretches (r1 and r2), and the distances between

the shared proton and the centers of mass of each of the outer H2 groups (R1 and R2).

This choice of coordinates is similar to that used in prior 4D MCTDH work by Valdes and

Prosmiti82,83 as well as adiabatic treatment by Sanz-Sanz et al.80 The remaining coordinates

are constrained to their values in the D2d reference geometry. Specifically, the three angles

are all constrained to 90◦ and the shared proton is constrained to lie on the axis that connects

the centers of mass of the outer H2 groups. The D2d structure and the four coordinates that

are used in this study are depicted in Fig. 4.1. This structure corresponds to a low-energy

transition state structure on the potential,75 which, while not the lowest energy structure,

is the most probable structure of the ion when zero-point energy is taken into account.73,78

The choice to focus on these four coordinates is motivated by the fact that the displacement

of the shared proton between the two outer H2 groups carries most of the oscillator strength

and that the spectral regions of interest correspond to transitions involving excitation of

the outer H2 stretching vibrations. This choice is further justified by considering that the

five omitted coordinates have different symmetries than these nominally bright vibrations
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and carry significantly less oscillator strength. While transitions involving the other five

vibrations will certainly contribute to the spectrum, the zero-order bright states are expected

to correspond to transitions in the shared proton stretch that build off of states with two or

fewer quanta of excitation in the outer H2 stretching vibrations.

Figure 4.1: The D2d structure of H+
5 and the coordinates used for the calculations.

4.2.1 Hamiltonian

Based on the structure of H+
5 shown in Figure 4.1, the reduced dimensional Hamiltonian is

given by

H(R1, R2, r1, r2) =
p2R1

2µR1

+
p2R2

2µR2

+
p2r1
2µr1

+
p2r2
2µr2

− pR1pR2

mH+

+ V (R1, R2, r1, r2) (4.1)

where µri represents the reduced mass of one of the outer H2 groups, mH/2, while µRi

provides the reduced mass of the shared proton, with mass mH+ and one of the outer H2

groups, which has a mass of 2mH

µRi
=

(
1

mH+

+
1

2mH

)−1

(4.2)
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Because we calculate the spectra for the four isotoplogues of H+
5 in which the four atoms

that make up the outer H2 groups are all the same isotope of hydrogen, we differentiate the

mass of the shared proton from that of the atoms in the outer H2 groups by using mH+ and

mH, respectively.

To simplify the Hamiltonian, rather than using R1 and R2 to describe the position of the

central proton we use

a =
R1 −R2√

2

s =
R1 +R2√

2
(4.3)

This coordinate choice removes the kinetic coupling term from the Hamiltonian in Eq. 4.1,

leading to

H(a, s, r1, r2) =
p2a
2µa

+
p2s
2µs

+
p2r1
2µr1

+
p2r2
2µr2

+ V (a, s, r1, r2) (4.4)

where

µa =
4mHm

+
H

4mH +m+
H

(4.5)

µs = 2mH (4.6)

The potential term, V (a, s, r1, r2), is constructed as a spline interpolation over an evenly

spaced grid of electronic energies that consists of 60 points in R1 and R2 and 15 points in r1

and r2 evaluated at the MP2/aug-cc-pVTZ level of theory using the Gaussian85 electronic

structure package. In these calculations, R1 and R2 range from 0.461 Å to 3.461 Å and r1

and r2 range from 0.256 Å to 1.256 Å. It is important to note that the use of the aug-cc-

pVTZ basis is necessary for these calculations as the use of the smaller aug-cc-pVDZ basis
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gives qualitatively different spectra which do not agree with the measured spectra for this

ion. This surprisingly large sensitivity of the calculated spectrum to the basis set used for

the electronic structure calculations reflects the very flat potential along a. When the aug-

cc-pVDZ basis is used, the equilibrium structure corresponds to the D2d structure shown in

Figure 4.1, with se = 1.50 Å, while with the larger basis, there is a small barrier (73 cm−1)

in the D2d geometry, and se = 1.54 Å. When we take one-dimensional cuts through these

potentials along a at the appropriate value of se with the outer H2 bond lengths constrained

to their values in the minimum energy geometry, we find that the calculated anharmonic

frequencies of the shared proton stretch are roughly 40% larger when the aug-cc-pVDZ basis

is used (1000 cm−1) compared to when aug-cc-pVTZ is used (674 cm−1). While such one-

dimensional calculations are not expected to provide accurate frequencies for this ion, the

sensitivity of this frequency to the basis set used for the calculation anticipates the sensitivity

of the higher-dimensional calculations to this choice.

The large sensitivity of the shape of these potential cuts to the basis set raises the question

of what would happen if a larger basis were used, and we repeated the analysis using an aug-

cc-pVQZ basis. In this case the equilibrium value of s is still 1.54 Å, the barrier height is

slightly higher, 90 cm−1 and the anharmonic frequency becomes 683 cm−1. These values

can also be compared to those reported by Xie et al. based on CCSD(T)/aug-cc-pVTZ

calculations where the barrier height is 48.4 cm−1 and se = 1.54 Å.

4.2.2 Adiabatic Separation of the High and Low Frequency Vibrations

To facilitate the interpretation of the results of these calculations and to reduce the size of

the basis sets required to express the Hamiltonian matrix, the calculations are performed by

employing an adiabatic separation of the high-frequency H2 stretches and the low-frequency

displacement of the shared proton between the two H2 groups. This type of vibrational

adiabatic separation has been used to study a number of molecular systems, going back to

the work of Johnson and Reinhardt in their study of water.86 Such a treatment has been

shown to be an effective approach to decouple high- and low-frequency vibrational motions.
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In the present study, the states are described in terms of two sets of quantum numbers. The

first set of quantum numbers provides the excitation of the outer H2 stretch, νH2
. Since the

H2 stretch excitation is divided between the two outer H2 oscillators, for each value of νH2
,

there are νH2
+ 1 adiabatic states. These are identified by the letters A, B and C. The

associated wave functions are obtained by solving the two-dimensional Schrödinger equation

HH2(a, s) =
p2r1
2µr1

+
p2r2
2µr2

+ V (r1, r2; a, s) (4.7)

for the vH2+1 wave functions, ΦvH2
,α(r1, r2; a, s), and the corresponding energies, EνH2

,α(a, s),

at each set of values of a and s. In this notation, α represents the specific adiabatic state

(A, B, C). In the absence of couplings among the adiabatic states, the wave functions and

energies would be obtained by solving the Schrödinger equation based on

HH+

νH2
,α =

p2a
2µa

+
p2s
2µs

+ EνH2
,α(a, s) (4.8)

This approximation reduces the four dimensional problem to a pair of coupled two dimen-

sional problems. Conceptually, this is analogous to creating a set of effective potential energy

surfaces that are functions of the coordinates of the shared proton, which are obtained by

averaging the four-dimensional potential over the wave functions for the outer H2 stretches.

While computationally attractive, this separation is only valid when the adiabatic po-

tential energy surfaces remain separated by significantly more than the frequencies of the

low-frequency vibrations. This requirement holds for states that have different values of νH2
,

but it is not satisfied by adiabatic states with the same value of νH2
. Thus non-adiabatic cor-

rections need to be introduced to allow for couplings between these states. These corrections

account for the observation that in some geometries, the eigenstates of the Hamiltonian in

Eq. 4.7 show a strong dependence on the given value of a and s. These changes in the H2

wave functions can be viewed as coming in two types. In the first, the average H-H distance

and the width of the wave function adjust as the system shifts from H+
5 to a structure that

more closely resembles H+
3 ·H2. While important, this term will couple states with the same
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as well as different value of νH2
. It is also small compared to the resultant change in the

nature of the vibrational wave function coming from changes in a near a = 0.

At a = 0, the D2d symmetry of the ion requires that the vibrationally excited states in

the outer H2 stretches reflect this symmetry. For example, for νH2
= 1 these states would

be the in- and out-of-phase combinations of the states with one quantum of vibrational

excitation in one of the H2 bonds. As the shared proton shifts toward one of the outer H2

units, the structure of the ion is better described as a complex of H+
3 and H2. As the H2

stretch frequency in H+
3 is lower than that of H2, the two outer H2 oscillators are no longer

equivalent, and so the H2 wave functions more closely resemble local mode states (as opposed

to normal mode ones). The lower energy state will have the H2 stretch in H+
3 excited, and

in the higher energy state the H2 is excited. In the discussion that follows, we will describe

an approach for accounting for this contribution to the non-adiabatic couplings.

4.2.3 Evaluation of the Adiabatic States

Since we are focusing our analysis on the non-adiabatic couplings between states with the

same value of the νH2
quantum number, we start by re-expressing the wave function as

∣∣νH2
, α; a, s

〉
=

νH2∑
j=0

cαj (a, s)
∣∣j, νH2

− j
〉

(4.9)

where the
∣∣j, νH2

− j
〉

states used in the expansion are obtained by performing a vibrational

self-consistent field (VSCF) calculation to obtain a set of separable wave functions based

on the Hamiltonian in Eq. 4.7 at the chosen value of (a, s) as described below. The cor-

responding expansion coefficients, cαj (a, s) are obtained by evaluating the overlap between

these wave functions and the eigenfunctions of Eq. 4.7, ΦνH2
,α(r1, r2; a, s), at the same value

of a and s and with the same value of νH2
. The coefficients are then scaled to ensure that

the
∣∣νH2

, α; a, s
〉

states are normalized. With the expressions for the wave functions for the

adiabatic states provided by Eq. 4.9, the matrix elements of the coupled Hamiltonian matrix

are
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H
νH2

α,j,k;α′,j′,k′ =
∑
l

cαl (aj, sk)c
α′

l (aj′ , sk′) ⟨aj, sk|T |aj′ , sk′⟩+ EνH2
,α(aj, sk)δα,α′δj,j′δk,k′ (4.10)

where the dependence on a and s is expressed in a discrete variable representation (DVR).4

We can then find the wave functions and energies of this Hamiltonian, noting that the wave

functions, ΨνH2
,n(a, s), will have contributions from the νH2

+ 1 values of α, that is

ΨνH2
,n(a, s) =

∑
α

χνH2
,n,α(a, s) (4.11)

Given that adiabatic potential energy surfaces are used to obtain the wave functions

and energies, a similar adiabatic procedure is also used to obtain the intensities. This is

accomplished by evaluating the matrix elements of the dipole surface between the adiabatic

states that represent the various levels of excitation of the outer H2 stretches as a function

of a and s. Care must be taken to ensure that the phases of these adiabatic wave functions

are consistently defined. These transition moments are then used to evaluate the matrix

elements of the dipole moment in the adiabatic representation.

In the SCF procedure, given a value of (a, s), we represent our wave function as

ΦSCF
n,m (r1, r2; a, s) = ϕn(r1)φm(r2) (4.12)

and we compute this iteratively by computing each wave function on the potential averaged

over the other wave functions. Operationally, this means we compute ϕn(r1) by finding the

nth eigenvector of the Hamiltonian

H(r1; a, s) = T (r1) + ⟨φm|V (r1, r2; a, s)|φm⟩ (4.13)

and we compute φm(r2) by finding the mth eigenvector of the Hamiltonian
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H(r2; a, s) = T (r2) + ⟨ϕn|V (r1, r2; a, s)|ϕn⟩ (4.14)

These wave functions are computed via a one dimensional DVR. The overall wave function

is computed iteratively until

〈
ΦSCF(i)

n,m |ΦSCF(i−1)
n,m

〉
> 0.99 (4.15)

Since this is an iterative procedure we need a starting guess for the averaged potential. This

guess is chosen by finding the minimum in the potential, (r1,e, r2,e), and taking the cut in

r2,1 for that r2,e.

4.2.4 Numerical Details

All wave functions and energies in this study were obtained using a DVR. The underlying

basis for these calculations has been described by Colbert and Miller.87 The energies for the

adiabatic potential surfaces were evaluated using 60 points in r1 and r2 with both coordinates

ranging from 0.5 Å to 2.0 Å. The VSCF wave functions were evaluated using the same grid to

facilitate the evaluation of the cαj (a, s) coefficients in Eq. 4.9. The evaluation of the matrix

elements in Eq. 4.10 was performed using a two-dimensional DVR with 100 points in both

s and a. For these calculations, a ranged from −2.45 Å to 2.45 Å and s ranged from 0.6 Å

to 3.6 Å. All calculations were performed in Mathematica.88

4.3 Results and Discussion

4.3.1 Spectrum of H+
5

To start, we consider the spectra for H+
5 , shown in Fig. 4.2. The previously reported spectrum

below 2000 cm−1, obtained in an IRMPD study of the ion,71 is shown by the grey-shaded

region in the top panel of this figure. In the middle panel, we show the spectrum in the region

of the fundamental in the outer H2. This spectrum was obtained by single photon dissociation
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of the ion to H+
3 + H2.67 Finally, in the bottom panel, previously unreported spectra are

shown. The transitions at 6684 and 7159 cm−1 along with two additional features at 7490

and 7770 cm−1 have previously been reported by Bae and assigned to vibrations involving

two quanta of excitation in the outer H2 stretches.70 The features between 4500 cm−1 and

6000 cm−1 have not been previously reported.

Below 3000 cm−1

As noted in the introduction, the series of roughly equally spaced peaks below 3000 cm−1,

which are labeled Ia through Ig, can be attributed to a series of transitions from the ground

state to states that each have an odd number of quanta in the shared proton stretch.67,71,79

The associated motion can be thought of as the vibration of a delocalized proton between

the two outer H2 groups. As a result, the wave functions that correspond to excitation of this

vibration have amplitude near the minimum in the potential as well as along the wells that

correspond to the dissociation channels that lead to the formation of H+
3 + H2. This can be

seen in the plots of the wave functions that were evaluated using the lowest energy adiabatic

potential for this ion, shown in Figure 4.3. Excitations to the states plotted correspond to

features in the spectrum that carry intensity larger than 1 km mol−1.

The wave functions associated with the states that are accessed in the transitions labeled

Ia to Ig in Figure 4.2 are plotted in Figure 4.3, while the 24 lowest-energy states (E < 3200

cm−1) are shown in Fig. 4.4. Closer examination of these wave functions shows that the

ones that carry larger intensities are characterized as being antisymmetric along a, and have

significant amplitude and relatively few nodes in the region where the ground state wave

function has amplitude. It is this nearly constant amplitude and relatively few nodes in

the excited state wave functions in the configurations where the ground state has amplitude

that leads to the surprisingly long progression seen in the calculated spectrum plotted in

top panel of Fig. 4.2. This calculation is based on a model in which only excitation in the

shared proton is expected to have intensity (s, being a totally symmetric vibration, is not

IR active).
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This assignment is further supported by a comparison of the scaled results of the four-

dimensional calculations, which are shown with red sticks in the top panel of Fig. 4.2 and

reported in Table 4.1 (information for the 24 lowest energy states provided in Table 4.2),

with the recorded spectrum shaded in grey in the top panel of Figure 4.2. In this Table,

the assignment of the number of quanta in the shared proton vibration is determined by the

number of nodes in the calculated wave function that are perpendicular to the equipotential

contours that extend into the product channel.

Displacements of the shared proton off of the axis that connects the centers of mass

of the two outer H2 groups and the rotation of the outer H2 groups will lead to shifts in

the frequency of the shared proton stretch. Therefore in Fig. 4.2 the calculated transition

frequencies have been scaled by 0.802. This scaling factor is the ratio of the calculated

frequency of the fundamental in the shared proton stretch of 455 cm−1 and the value of

365 cm−1, which is based on nine-dimensional multi-configurational time-dependent Hartree

calculations.82

The need for this scaling factor can be seen by comparing the results of the current study

to the results of prior reduced dimensional (two- and four-dimensional) treatments and to

those obtained by a full-dimensional treatment of the spectrum. For example, in Figure 4.6,

we compare the present ones to those resulting from analysis of a two-dimensional potential

surface, V (a, s), which was obtained by minimizing the electronic energy with respect to

the outer H2 bond lengths.79 While the relative intensities of the transitions are generally

unaffected by the inclusion of the outer H2 stretches in the calculation, the frequencies

are notably lower when using the current four-dimensional approach. Similarly, Valdés and

Prosmiti82 compared the results of four- and nine-dimensional calculations over a comparable

spectral range. They found that the fundamental in the shared proton stretch based on a

similar four-dimensional calculation was at 505 cm−1 while a fully-coupled nine-dimensional

calculation gave a value of 365 cm−1.

Consistent with the experiment, the intensity of the transitions in this progression remains

large until ∼2300 cm−1, after which no additional transitions in this calculated progression
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carry significant intensity. Based on Figure 4.3, the excited state that corresponds to the

Ig transition, which is the final state in this progression with significant intensity, has nine

quanta of excitation in the shared proton vibration. An earlier study71 identified this transi-

tion, which is observed at roughly 2600 cm−1, as involving the second overtone in the shared

proton stretch, which is consistent with the amplitude near the potential minimum showing

three distinct nodes, and 68% of the amplitude being localized in this region of the potential.

Fundamental in the outer H2 stretch

Next we consider transitions to states that involve one quantum of excitation in the outer

H2 stretches, shown with blue lines in the middle and lower panels of Fig. 4.2 and identified

as transitions IIa to IIh. The energies and wave functions for the states involved in these

transitions are evaluated using the adiabatic potentials that correspond to the two states

that have νH2
= 1, and the calculations incorporate the non-adiabatic couplings between

these states as described above. To make comparisons to experiment, the position of the

IIa peak is shifted to match the position of the feature near 3500 cm−1, and the positions

of the remaining peaks associated with transitions to states with νH2
= 1 are scaled relative

to peak IIa by the same 0.802 scaling factor used for the νH2
= 0 peaks. Below 4500 cm−1

the agreement between the measured and calculated spectra is excellent. For the higher-

energy features, the agreement is less satisfying, although there is clearly intensity in the

calculated spectrum in the regions where there is intensity in the experiment. The missing

features likely reflect excitation of degrees of freedom that are not included in the calculation,

specifically the bends and internal rotation of the H2 and H+
3 subunits that make up the ion.

Given that we have obtained good agreement between the calculated and experimental

spectra for peaks IIa to IIc, it is interesting to consider the assignments of the states involved

in these transitions. By performing the calculations in an adiabatic representation, we are

able to explore the contributions from the adiabatic states that involve the outer H2 stretches

when analyzing the nature of the states that contribute to the observed intensity above 3000

cm−1. The wave functions that correspond to the blue peaks in Fig. 4.2 that are labeled IIa
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to IIh are provided in Fig. 4.7. The lower-energy adiabatic potential (State A) corresponds to

the out-of-phase combination of the H2 stretches when the shared proton is equidistant from

the centers of mass of the two H2 units. When the shared proton is displaced toward one of

the outer H2 units the lower energy state is the one for which the vibrationally excited H2

molecule is closer to the shared proton and the H2 molecule that is further from the shared

proton is in its ground state. Overall, the wave function that is associated with the lower-

energy adiabatic surface is antisymmetric with respect to exchange of the two outer H2 units.

The wave functions that are associated with the higher-energy adiabatic potential (State B)

are symmetric with respect to this exchange, and when the shared proton is displaced toward

one of the H2 units the other H2 is the one that is vibrationally excited. This behavior of

the wave functions for the outer H2 stretches can be seen in Figure 4.8.

The assignments for the labeled blue peaks in the spectrum are provided in Table 4.1.

The wave functions associated with these transitions are provided in Figure 4.7 (the wave

functions for 24 lowest-energy states with νH2
= 1 are plotted in Fig. 4.4). As the calculation

of the νH2
= 1 wave functions considers two adiabatic surfaces these assignments include both

a state label, expressed in terms of the number of nodes in the wave function along the shared

proton stretch coordinate, and the fraction of the probability amplitude that is localized on

each of the adiabatic potentials. As can be seen, the present assignment of the three peaks

identified as IIa, IIb, and IIc departs from the assignments described above. In addition, the

fact that we reproduce the spectrum without consideration of the bending vibrations makes

the assignment of the IIc feature to an overtone in the bend unlikely. We find that the three

peaks in the calculated spectrum are assigned to transitions to states that have most of their

amplitude on the lower-energy adiabat (State A) with zero, two, and four quanta of shared

proton excitation respectively. There is also a smaller but increasing contribution from the

higher-energy adiabat (State B). The pattern continues for the transitions to higher energy

states with one quantum of excitation in the outer H2 stretches.
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First Overtone in the outer H2 stretch

A similar picture emerges for the transitions to states with two quanta of excitation in the

outer H2 stretches. The results of our analysis of the wave functions for these transitions are

provided in Fig. 4.11 and Table 4.1 (the wave functions associated with the 24 lowest-energy

states with νH2
= 2 are plotted in Fig. 4.10). For these states, we have shifted the energies

of the calculated transitions so that the peak identified as IIIa is at the same frequency as

the feature in the spectrum at 6684 cm−1, and the relative positions of the νH2
= 2 features

are scaled using the same 0.802 scaling factor used for the peaks with νH2
= 0.

In this case, the lowest-energy adiabatic surface (State A) corresponds to two quanta of

excitation in the antisymmetric outer H2 stretch. The second adiabat (State B) corresponds

to a single quantum of excitation in each of the H2 molecules. The third and highest-

energy adiabat (State C) corresponds to two quanta of excitation in the symmetric outer H2

stretch. It is notable that for these adiabats, States A and C are symmetric with respect

to the exchange of the outer H2 units while State B is antisymmetric with respect to this

exchange. In this case, most of the amplitude remains on the lowest-energy adiabat, and

the two observed transitions labeled IIIa and IIIb correspond to one and three quanta of

excitation in the shared proton stretch, respectively.

As noted above, Bae70 identified two additional features in the spectrum above 7300

cm−1 at 7490 and 7770 cm−1, and the feature at 7490 cm−1 had larger intensity than the

one at 7130 cm−1. Based on the results provided in Fig. 4.11 and Table 4.1, we find that the

next two transitions involving states with two quanta in the outer H2 stretches that carry

intensity greater than 0.5 km mol−1 occur at 7341 and 7769 cm−1 and are less than half

as intense as the ones labeled IIIa and IIIb. A comparison between that spectrum and our

calculated spectrum over the same frequency range is provided in Figure 4.12. The agreement

is generally good for the two lower-energy features, but the calculation fails to capture the

intensity of the peak at 7490 cm−1. The fact that intensity is observed in this region is not

entirely surprising, although the peaks are larger than is anticipated by these calculations
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as well as the previously reported nine-dimensional MCTDH calculations.84 The states that

are accessed by calculated transitions in this spectral region are labeled IIIc and IIId and

follow the progression described above with five and seven quanta of excitation in the shared

proton stretch.

4.3.2 Tunneling and the Assignment of Combination Bands

An interesting feature of the spectra with zero to two quanta of excitation in the outer H2

stretches is the similarity between the energy spacings involving the first two peaks built off of

the H2 excitation with νH2
= 1, 2 (384 cm−1,67 and 475 cm−1) and the fundamental frequency

in the shared proton stretch71 (∼375 cm−1). Based on this similarity in the spacings, it would

be reasonable to conclude that the peaks labeled IIa and IIIa involve transitions to excited

states in the outer H2 stretch, while IIb and IIIb correspond to transitions to combination

bands with excitation in one of the outer H2 molecules and one quantum of excitation in the

shared proton stretch. Based on the analysis of the present calculations, this does not seem

to be the case. This raises the question of how to reconcile the revised description of the

assignments with the nearly constant spacing between these pairs of peaks.

If we perform the calculation of the spectrum based on our adiabatic potentials (with-

out inclusion of the non-adiabatic coupling terms), the agreement between the experimen-

tal and calculated spectra deteriorates significantly (see Fig. 4.13). To explore the role of

non-adiabatic couplings, we focus on the one-dimensional minimum-energy path potentials

(MEPs), shown in Fig. 4.15, which are evaluated as functions of the displacement of the

shared proton along the axis that connects the centers of mass of the two outer H2 groups

(a) by minimizing the energy as a function of the distance between the two outer H2 groups

(s) based on the two-dimensional adiabatic surfaces (see Figure 4.14). The reason for the

large difference between the spectra obtained with and without consideration of the non-

adiabatic couplings reflects the large change in the nature of ΦνH2
,α(r1, r2; a, s) near a = 0.

In Figure 4.8 we plot these wave functions for all of the states used in this study when a = 0.0

and ±0.495 Å with s = 1.8 Å. As is seen, even a small change in a shifts the wave functions
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from normal mode functions to nearly local mode functions with the vibrational excitation

in only one of the outer H2 units.

To better understand the effects of this coupling and to sort out the origin of the discrep-

ancy in assignments, we develop a one-dimensional model that replicates the most important

features of the four-dimensional system. To do this, we use the MEPs described above and

shown in Fig. 4.15 and then reintroduce the non-adiabatic couplings. From these cuts, we

find that the barrier at a = 0 increases from approximately 50 cm−1 on the νH2
= 0 surface to

roughly 1000 cm−1 on the potential surface that corresponds to State A when νH2
= 2. The

increase in the barrier height with excitation of the outer H2 stretches reflects the 805 cm−1

energy difference between the vibrational frequency of the two H2 stretches when a = ±0.495

Å, reflecting the 1000 cm−1 frequency difference between the H2 stretch frequency in an iso-

lated H2 molecule and in H+
3 . When a = 0, the local H2 frequencies are equal and the spacing

between the two adiabatic surfaces is reduced to 112 cm−1.

While the dependence of the energy difference between the two H2 oscillator on the

position of the shared proton is responsible for the barrier heights, the height of the tunneling

barriers alone is not sufficient to yield the observed pattern in the energy levels. It is only

when we introduce the non-adiabatic couplings that we obtain energy-level pattern that is

consistent with high-barrier tunneling. Specifically, the energies of the six lowest-energy

states with νH2
= 1 come in pairs of closely spaced levels, and these pairs of levels are

separated by larger energy gaps, as seen in Table 4.5. The spacing between the average

energies of the states (0) and (1) and states (2) and (3) are calculated to be 372.5 and 377

cm−1 for the levels with νH2 = 1 and 2. These values are both very close to the fundamental

frequency of the shared proton stretch. A similar energy level pattern is obtained when we

consider the energy levels obtained from the one-dimensional calculation based on the MEP

potentials shown in Fig. 4.15 in which the non-adiabatic couplings are considered. The origins

of the large influence of the non-adiabatic terms in the Hamiltonian on the appearance of the

tunneling doublets in the energy level pattern reflects the large change in the H2 vibrational

wave functions, shown in Figure 4.8, with small changes in a near a = 0. By analogy to
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electronic structure, this rapid change leads to large derivative coupling terms between the

adibatic states near a = 0, or, if we had expressed the problem in a diabatic representation,

weak couplings between the diabatic states that correspond to particular states associated

with the outer H2 stretches. As a result, although in the one-dimensional representation the

two wells in the potentials shown in Figure 4.15 appear to be separated by modest barriers,

the coupling between the wave functions localized in the two wells is weak due to the fact

that the associated H2 stretch wave functions associated with the adiabats when νH2 ̸= 0 at

positive and negative values of a are orthogonal to each other (see Figure 4.8).

This tunneling behavior is further manifested in the projections of the vibrational wave

functions onto a, shown in Fig. 4.16, and in the wave functions obtained from the one-

dimensional model, which are shown in Fig. 4.17. As can be seen in the plots in Fig. 4.17

and Fig. 4.16, the pairs of wave functions plotted in the same panel have the same width and

can be considered as the in- and out-of-phase contributions of pairs of wave functions, one

localized at positive values of a and one at negative values of a. This is exactly the behavior

one would expect for tunneling doublets. Additionally, as the energy is increased the widths

of both members of the pairs of wave functions increases, as expected for a progression in

the excitation of a specific vibration.

Taken together, the revised assignment of the transitions observed in the region of the

fundamental in the outer H2 stretches corresponds to transitions to the symmetric member

of tunneling doublets with increased numbers of quanta in the shared proton stretch, with

the shared proton shifted toward the H2 molecule that is vibrationally excited. Likewise,

for the transitions to states with two quanta in the outer H2 stretches, the ones that carry

intensity correspond to transitions to the antisymmetric member of tunneling doublets with

increasing numbers of quanta in the shared proton stretch, with the shared proton shifted

toward the H2 molecule that is vibrationally excited.
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4.3.3 Role of Torsion

Before concluding our discussion of the spectrum of H+
5 , we need to consider the role of

the torsional motion on the spectrum. In addition to the shared proton stretch, the torsion

of the outer H2 units reflects a large amplitude vibration in this ion. Earlier studies have

demonstrated that the ground state wave function is fully delocalized in this coordinate.73,74

On the other hand, the results that have been presented so far are based on a cut through

the potential with the torsion coordinate constrained to 90◦. To check if the above results

are sensitive to the value of the torsion angle used in the evaluation of the potential surface,

we repeat our calculation of the spectrum using a value of 0◦ for the torsion angle, which

corresponds to the structure shown in Fig. 4.18. Comparing the spectra obtained for these

two structures, we find that they are almost identical, as is shown in Fig. 4.19. The fact

that the spectrum does not change when the value of the torsion angle is shifted from 90◦ to

0◦ suggests that while the torsion is indeed large amplitude, its motion is nearly completely

decoupled from the other vibrations considered in this study. This is consistent with the

results of earlier work using DMC.89

4.3.4 Comparison with D+
5

We have also evaluated the spectrum for D+
5 , and the comparison between the calculated and

recorded spectra are provided in Fig. 4.23. The associated wave functions and assignments

can be found in Figures 4.20-4.22 and Tables 4.7-4.9. The calculated spectra in Figure

Fig. 4.23 have been shifted and scaled using a procedure that is analogous to that used to

adjust the calculated spectrum for H+
5 , and the parameters can be found in Table 4.10. The

agreement between the calculated and measured spectra is generally very good, especially

when we consider that the transition near 2500 cm−1 is near the dissociation threshold for

this ion. A similar difference between the calculated and measured intensity of this transition

has been noted by Valdés and Prosmiti based on their nine-dimensional MCTDH calculation

of the spectrum of the ion.84 Since the ions are only detected when the vibrationally excited
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population dissociates into D2 and D+
3 fragments, the diminished intensity in the spectrum

compared to calculation is consistent with this excited sate having an energy that is close to

the dissociation energy of the ion.

In addition to the previously reported spectra, shown in the upper two panels of Fig-

ure 4.23, we also report the spectrum from 4830 - 7300 cm−1 in the bottom panel. This

spectrum contains four peaks at 4860, 5220, 5495, and 5688 cm−1. Our calculated spectrum

agrees well with the experiment with respect to the positions of these peaks, but has some

notable differences with respect to the intensities. The difference in intensity compared to

the peak at 4860 cm−1 can be attributed to the laser power in the experiment in this region

being diminished relative to the region above ∼5000 cm−1. A more notable difference is the

intensity of the peak around 5495 cm−1. In both H+
5

70 and D+
5 this third peak has the largest

intensity of the four peaks in the spectral regions near the overtone in the outer H2 or D2

stretches. Comparing the H+
5 and D+

5 spectra, we find that they are very similar once the

frequency scale for the D+
5 spectrum are multiplied by roughly

√
2. It is notable, therefore,

that for H+
5 the nine-dimensional MCTDH calculations show the same difference in intensity

for this third peak.84 A possible explanation for this discrepancy between the calculated

and measured intensities is that neither calculation fully accounts for the rotation of the H+
3

fragment.

Given the otherwise good agreement of the frequencies it is interesting to analyze the

wave functions that we have obtained for D+
5 . As we found for H+

5 , the states that are

accessed by the transitions to states with νD2
= 2 have most of their amplitude on State A

with increasing quanta of excitation in the shared proton stretch. In the case of the lowest

energy bright state the tunneling splitting between this level and the one with no quanta of

excitation in the shared proton stretch is less than 1 cm−1. This allows us to explore the

relative sizes of the anharmonicity of the H2 and D2 stretches based on the frequencies of

the lowest energy transition that carries in intensity, which corresponds to excitation of one

or two quanta of excitation in the outer H2 or D2 stretch.
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4.3.5 H2D+H2 and D2H+D2

Much of the spectroscopy of H+
5 can be interpreted in terms of the motions of an excess

proton that is trapped between two H2 molecules. While such a bonding structure is not

uncommon, and protonated dimers of water,90 CO2,91 and N2,92 for example, have displayed

similar structures, H+
5 is unusual in that deuteration not only has a large impact on the

amplitude of the shared H+ or D+ motion, it also doubles the mass of the molecular cage

that traps the excess proton. This in turn has a significant effect on the amplitude of the

breathing motion of the outer H2 or D2 molecules, which can be seen to be strongly coupled

to the shared proton stretch, given the curvature of the ground state wave function shown

in the upper left panel of Figure 4.3. As a result, full deuteration of the ion not only affects

the amplitude of the shared proton stretch motion, it also limits the extent to which the

wave functions extend into the H+
3 + H2 product channel. Both of these factors lead to the

observed shorter progression in the shared proton stretch in D+
5 compared to H+

5 .

To sort out the contributions to the spectrum from deuterating the central proton as

opposed to deuteration of the outer H2 groups, we also calculate the spectra for H2D+H2

and D2H+D2, where the isotopically unique atom is the central proton. The resulting spectra

are provided in Figures 4.24 and 4.25 while the corresponding energies and wave functions

are reported in Tables 4.11-4.13 and Figures 4.26-4.28 for H2D+H2 and Tables 4.14-4.16 and

Figures 4.29-4.31 for D2H+D2. Comparing the spectra shown in Figures 4.2 and 4.23 to

those shown in Figures 4.24 and 4.25, we find that the range of the progression in the shared

proton stretch is correlated to the masses of the outer H2 units, while the frequency of this

vibration reflects the deuteration of the central proton.

This trend can be understood in terms of the similarity between the ground state wave

function, Ψ0,0(a, s), and the excited state wave functions, ΨνH2
>0,n(a, s). To quantify this,

we consider the contour of χ2
0,0,A(a, s), as defined in Eq. 4.11, that contains 99% of the

probability amplitude. By evaluating the integrated area of each χ2
νH2

,n,α(a, s) over this
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region, ξνH2
,n,α (see Tables 4.5, 4.8, 4.12, and 4.15), and then evaluating

ΞνH2
,n =

∑
α

ξνH2
,n,α (4.16)

we are able to quantify the degree to which each state is localized near the minima in the

potential. To explain the trend we evaluate Ξn,νH2
for the three states with νH2

= 1 labeled

IIa, IIb, and IIc in Figure 4.2 which correspond to the wave functions Ψ1,0(a, s), Ψ1,2(a, s), and

Ψ1,4(a, s). For all four deuterated analogs of H+
5 considered Ξ1,0 ≈ 0.92. However, for H+

5 and

H2D+H2 we find that Ξ1,4 ≈ 0.65, while for D+
5 and D2H+D2 we find that Ξ1,4 ≈ 0.78. This

indicates that the wave functions for D+
5 and D2H+D2 remain significantly more localized

near the minima in the potentials as the shared proton is excited. This reflects a difference

in the adiabatic potentials obtained when the outer units are H2 as opposed to when they are

D2. The ability of the shared proton wave function to extend further away from the minima

when H2 is the outer unit supports a longer progression by reducing the orthogonality with

the ground state wave function. It is worth keeping in mind that as Ψ1,n has contributions

from χ1,n,A and χ1,n,B, Ξ1,n will have contributions from ξ1,n,A and ξ1,n,B.

In this study, spectra of H+
5 and D+

5 from 4830-7300 cm−1 have been reported. We have

explored the nature of the states that are accessed in these and previously reported spectra

using a four-dimensional model Hamiltonian. The calculations were performed by adiabat-

ically separating the outer H2 modes from the shared proton motions and then introducing

non-adiabatic coupling for states with the same amount of outer H2 excitation. We find that

much of the observed intensity reflects the excitation of the shared proton stretch as the wave

function extends in to the H+
3 + H2 dissociation channel with zero, one, and two quanta of

outer H2 excitation. This work demonstrates the effectiveness of a coupled four-dimensional

adiabatic treatment to modeling the vibrational excited states of the highly-fluxional H+
5 and

D+
5 molecular ions.
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Figure 4.2: Experimental spectra (shaded grey) with calculated spectra (sticks) of H+
5 over-

lain. The top panel compares the spectrum reported in Ref. 71 to the calculated transitions
with νH2

= 0 (red sticks). The middle panel compares the spectrum reported in Ref. 67 to
the calculated transitions with νH2

= 0 and νH2
= 1 (red and blue sticks). The bottom panel

compares our newly recorded spectrum reported to the calculated transitions with νH2
= 1

and νH2
= 2 (blue and green sticks). The positions of the transitions in the calculated spec-

trum have been shifted and scaled as described in the text and tabulated in Table 4.10. The
intensity of Ia peak extends off the scale of the plot.
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Figure 4.3: Wave functions for the states probed by transitions indicated by red sticks in
Figure 4.2 labeled Ia to Ih. The energies, intensities and assignments of transitions to these
states are provided in Table 4.1. As there is only one adibatic surface when νH2

= 1, we only
plot χ0,n,A as defined in Equation 4.11.
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Figure 4.4: The 24 lowest-energy wave functions with νH2
= 1 for H+

5 , numbered according to
increasing energy. The contributions from the State A and State B adiabats are plotted side-
by-side. Wave functions corresponding to peaks in Fig. 4.2 are labeled with their peak label
in the bottom right of the corresponding plot. The energies and intensities for transitions to
these states are tabulated in Table 4.5.
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Labela Frequency Intensity State Ab State Bb State Cb

cm−1 (km/mol) nc
H+ Percentd nc

H+ Percentd nc
H+ Percentd

Ia 365 2321.20 1 100.00 − − − −
Ib 904 180.41 3 100.00 − − − −
Ic 1340 54.70 5 100.00 − − − −
Id 1692 26.03 7 100.00 − − − −
Ie 1968 18.00 9 100.00 − − − −
If 2174 29.49 11 100.00 − − − −
Ig 2267 64.54 9 100.00 − − − −
Ih 2834 2.41 17 100.00 − − − −
Ii 2963 2.67 17 100.00 − − − −
IIa 3520 332.33 0 94.30 1 5.70 − −
IIb 3889 72.18 2 79.30 1 20.70 − −
IIc 4192 19.93 4 54.80 1 45.20 − −
IId 4391 1.42 4 67.20 3 32.80 − −
IIe 4818 2.44 8 52.40 3 47.60 − −
IIf 4935 2.86 8 85.50 5 14.50 − −
IIg 5084 5.41 9 78.90 3 21.10 − −
IIh 5151 1.43 10 63.60 5 36.40 − −
IIIa 6685 10.29 1 97.30 0 2.30 1 0.40
IIIb 7040 4.46 3 91.60 0 6.00 1 2.40
IIIce 7341 0.69 5 82.30 0 10.30 1 7.40
IIIde 7769 1.99 7 70.90 0 4.50 1 24.50
IIIee 7923 1.54 9 80.90 1 3.70 1 15.40
IIIfe 8305 3.52 9 70.50 1 7.70 1 21.90

a As identified in Figure 4.2.
b The adiabatic states with the same νH2

in increasing energy as described in Eq. 4.9.
c Number of nodes along the proton transfer coordinate.
d Percentage of the probability amplitude associated with the adiabatic state.
e Not shown in Figure 4.2.

Table 4.1: Frequencies (in cm−1), Intensities (in km mol−1), and Assignments of the Labeled
Peaks in Figure 4.2.
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Figure 4.5: The 24 lowest-energy wave functions with νH2
= 0 for H+

5 , numbered according
to increasing energy. Wave functions corresponding to peaks in Fig. 4.2 are labeled with
their peak label in the bottom right of the corresponding plot. The energies and intensities
for transitions to these states are tabulated in Table 4.2.
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State Label Freq. Orig. Intensity ξa0,n,A nb
H+

(cm−1) (cm−1) (km/mol)

0 − 0 0 0.00 0.99 0
1 Ia 365 455 2321.20 0.95 1
2 − 626 781 0.00 0.83 2
3 Ib 904 1128 180.41 0.59 3
4 − 1098 1370 0.00 0.47 4
5 Ic 1340 1672 54.70 0.37 5
6 − 1425 1778 0.00 0.63 5
7 − 1594 1989 0.00 0.56 6
8 Id 1692 2111 26.03 0.27 7
9 − 1844 2301 0.00 0.30 8
10 Ie 1968 2455 17.99 0.23 9
11 − 2069 2582 0.00 0.23 10
12 If 2174 2713 29.49 0.25 11
13 − 2243 2799 0.00 0.27 10
14 Ig 2267 2829 64.54 0.68 9
15 − 2386 2977 0.00 0.37 12
16 − 2387 2978 0.25 0.21 13
17 − 2535 3163 0.00 0.31 14
18 − 2598 3241 0.95 0.19 15
19 − 2725 3400 0.00 0.29 16
20 Ih 2834 3536 2.41 0.22 17
21 − 2891 3607 0.00 0.36 15
22 Ii 2963 3697 2.67 0.38 17
23 − 3047 3801 0.00 0.30 19

a Percentage of the probability amplitude in the 99 percent
contour of the ground state probability amplitude.

b Number of nodes along the proton transfer coordinate.

Table 4.2: Frequencies and intensities of the 24 lowest-energy states with νH2
= 0. The

corresponding wave functions are shown in Fig. 4.5.
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Figure 4.6: Comparison of the stick spectrum of H+
5 obtained in this work (red) to the

spectrum that is generated for states with νH2
= 0 from a two dimensional potential where

the energy is evaluated at the same level of electronic structure theory, but the outer H2

bond lengths are allowed to optimize (bright green).
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Figure 4.7: Wave functions for the states probed by transitions indicated by blue sticks in
Figure 4.2 labeled IIa to IIh. The energies, intensities and assignments of transitions to these
states are provided in Table 4.1. The wave functions are divided into the contributions from
the two adiabatic states with one quantum in the H2 stretch, χ1,n,A and χ1,n,B as defined in
Equation 4.11, which are identified as State A and State B.
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Figure 4.8: Plots of the H2 wave functions for a = 0 and ±0.495 Å at s = 1.8 Å for
νH2

= 0, 1, 2 for H+
5 . The wave functions when a = ±0.071 Å are provided in Figure 4.9.
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Figure 4.9: Plots of the H2 wave functions for a = 0,±0.071,±0.495 Å at s = 1.8 Å for
νH2

= 0, 1, 2 for H+
5 (The same outer H2 wave functions are used for H2D+H2).
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Figure 4.10: The 24 lowest-energy wave functions with νH2
= 2 for H+

5 , numbered according
to increasing energy. The contributions from the State A, State B, and State C adiabats
are plotted side-by-side. Wave functions corresponding to peaks in Fig. 4.2 are labeled with
their peak label in the bottom right of the corresponding plot. The energies and intensities
for transitions to these states are tabulated in Table 4.6.
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Figure 4.11: Wave functions for the states probed by transitions indicated by green sticks in
Figure 4.2 labeled IIIa and IIIb. The energies, intensities and assignments of transitions to
these states are provided in Table 4.1. The wave functions are divided into the contributions
from the three adiabatic states with two quanta in the H2 stretch, χ2,n,A, χ2,n,B, and χ2,n,C

as defined in Equation 4.11, which are identified as State A, State B, and State C.
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Figure 4.12: Calculated spectrum of H+
5 (green sticks) in the νH2

= 2 region of the spectrum
compared to the spectrum obtained by Bae70 (background). Peaks identified in Table 4.1
are labeled.
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Figure 4.13: Spectrum of H+
5 obtained when not including the non-adiabatic coupling. Cor-

responding energies and frequencies are provided in tables 4.3-4.4.



95

Figure 4.14: The adiabatic potential surfaces used in this study each plotted over a 10000
cm−1 range from the minimum on the surface.
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State Frequency Intensity
cm−1 (km/mol)

0 3547 271.52
1 3809 0.00
2 4121 17.37
3 4385 0.00
4 4638 1.93
5 4865 0.00
6 5062 0.00
7 5254 0.00
8 5336 14.74
9 5450 8.86
10 5557 0.00
11 5691 1.06
12 5799 0.00
13 5922 0.35
14 6035 0.00
15 6124 0.00
16 6177 0.04
17 6348 0.00
18 6373 0.50
19 6537 0.41
20 6664 0.00
21 6829 0.01
22 6878 0.00
23 6992 0.27

Table 4.3: Frequencies and intensities from the H+
5 uncoupled calculation per Figure 4.13

(νH2
= 1, State A).
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State Frequency Intensity
cm−1 (km/mol)

0 7864 0.00
1 8480 6.71
2 8806 0.00
3 9236 1.09
4 9421 0.00
5 9791 0.00
6 9842 0.29
7 10130 0.00
8 10338 0.05
9 10491 0.00
10 10722 0.03
11 10784 0.00
12 10853 0.40
13 11035 0.00
14 11085 0.04
15 11257 0.00
16 11339 0.00
17 11446 0.00
18 11587 0.01
19 11615 0.00
20 11764 0.17
21 11826 0.00
22 11928 0.02
23 12050 0.00

Table 4.4: Frequencies and intensities from the H+
5 uncoupled calculation per figure 4.13

(νH2
= 2, State C)
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Figure 4.15: The minimum energy paths through the adiabats for νH2
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are evaluated by finding the minimum in the potential with respect to s for each value of a.
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State Label Freq. Orig. Intensity State A State B
(cm−1) (cm−1) (km/mol) ξa1,n,A nb

H+ Percentc ξa1,n,B nb
H+ Percentc

0 IIa 3520 3624 332.33 91 0 94.30 6 1 5.70
1 − 3562 3676 0.00 77 1 80.90 19 0 19.10
2 IIb 3889 4084 72.18 58 2 79.30 21 1 20.70
3 − 3904 4103 0.00 37 3 56.10 44 0 43.90
4 − 4170 4435 0.00 27 3 61.50 37 0 38.50
5 IIc 4192 4462 19.93 22 4 54.80 44 1 45.20
6 IId 4391 4711 1.42 30 4 67.20 29 3 32.80
7 − 4412 4737 0.00 23 5 63.60 33 2 36.40
8 − 4632 5012 0.00 16 7 59.60 33 2 40.40
9 − 4633 5013 0.15 22 6 73.90 21 3 26.10
10 − 4813 5237 0.00 21 7 63.00 23 4 37.00
11 IIe 4818 5243 2.44 22 8 52.40 29 3 47.60
12 IIf 4935 5390 2.86 35 8 85.50 9 5 14.50
13 − 4961 5422 0.00 18 9 67.20 24 3 32.80
14 IIg 5084 5575 5.41 42 9 78.90 15 3 21.10
15 − 5111 5609 0.00 24 11 73.30 26 3 26.70
16 IIh 5151 5659 1.43 19 11 63.60 13 5 36.40
17 − 5155 5663 0.00 24 12 45.30 23 4 54.70
18 − 5283 5824 0.00 13 11 75.40 12 5 24.60
19 − 5289 5831 0.07 10 11 68.30 15 5 31.70
20 − 5414 5987 0.25 20 12 63.70 12 7 36.30
21 − 5426 6002 0.00 15 13 61.40 16 6 38.60
22 − 5555 6163 0.00 13 13 61.40 16 6 38.60
23 − 5559 6168 0.01 14 14 70.90 13 7 29.10

a Percentage of the wave function probability amplitude in the 99
percent contour of the ground state probability amplitude.

b Number of nodes along the proton transfer coordinate.
c Percentage of the probability amplitude associated with the adiabatic state.

Table 4.5: Frequencies, intensities, and percent contributions from the State A and State B
adiabats for the 24 lowest-energy states with νH2

= 1. The corresponding wave functions are
shown in Fig. 4.4.
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Figure 4.16: Projections of the probability amplitude onto the a coordinate for the six lowest-
energy wave functions for H+

5 with νH2
= 1. These wave functions are shown in Fig. 4.4.

The contributions from the State A and State B adiabats are shown on the left and right
columns respectively.
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Figure 4.17: The one-dimensional wave functions associated with the six lowest-energy states
evaluated using the νH2

= 1 State A and State B minimum-energy curves shown in Fig. 4.15
with non-adiabatic couplings introduced. The wave functions are divided into the contribu-
tions from the State A and State B adiabats. The wave functions for the two lowest-energy
states are plotted in the top panel, those for the next two states are plotted in the middle
panel, and the final two excited state plotted in the bottom panel.

Figure 4.18: The parallel geometry of H+
5 .
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Figure 4.19: Comparison of the calculated spectrum for the parallel geometry spectrum of
H+

5 (blue) shown in Fig. 4.18 and the spectrum for the perpendicular geometry (red) shown
in Fig. 4.1. No shifting or scaling was applied to the frequencies. The calculated peaks were
convolved with Gaussian with a standard deviation of 50 cm−1 to facilitate comparison.
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Figure 4.20: The 24 lowest-energy wave functions with νH2
= 0 for D+

5 , numbered according
to increasing energy, analogous to Figure 4.5. Wave functions corresponding to peaks in
Fig. 4.23 are labeled with their peak label in the bottom right of the corresponding plot.
The energies and intensities for transitions to these states are tabulated in Table 4.7.



105

Figure 4.21: The 24 lowest-energy wave functions with νH2
= 1 for D+

5 , numbered according
to increasing energy, analogous to Figure 4.4. The contributions from the State A and State
B adiabats are plotted side-by-side. Wave functions corresponding to peaks in Fig. 4.23 are
labeled with their peak label in the bottom right of the corresponding plot. The energies
and intensities for transitions to these states are tabulated in Table 4.8.
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Figure 4.22: The 24 lowest-energy wave functions with νH2
= 2 for D+

5 , numbered according
to increasing energy, analogous to Figure 4.10. The contributions from the State A, State
B, and State C adiabats are plotted side-by-side. Wave functions corresponding to peaks
in Fig. 4.23 are labeled with their peak label in the bottom right of the corresponding plot.
The energies and intensities for transitions to these states are tabulated in Table 4.9.



107

State Label Freq. Orig. Intensity ξ0,n,A nH+

(cm−1) (cm−1) (km/mol)

0 − 0 0 0.00 99 0
1 Ia 238 296 1218.25 97 1
2 − 438 544 0.00 88 2
3 Ib 641 796 65.47 70 3
4 − 802 996 0.00 55 4
5 Ic 989 1229 20.08 41 5
6 − 1007 1251 0.00 81 5
7 − 1165 1447 0.00 48 6
8 Id 1290 1603 14.12 39 7
9 − 1424 1769 0.00 34 8
10 Ie 1500 1863 55.50 71 7
11 If 1579 1962 5.96 44 9
12 − 1616 2008 0.00 48 8
13 − 1731 2151 0.00 42 10
14 − 1786 2219 0.19 25 11
15 − 1895 2354 0.00 29 12
16 − 1963 2439 0.85 27 13
17 − 2007 2494 0.00 44 12
18 Ig 2050 2547 1.12 40 13
19 − 2091 2598 0.00 27 14
20 − 2147 2668 0.00 18 15
21 − 2211 2747 0.00 18 16
22 − 2269 2819 0.04 14 17
23 − 2319 2882 0.00 24 16

Table 4.7: Frequencies and intensities for the 24 lowest-energy wave functions with νH2
= 0

for D+
5 , analogous to 4.2. The corresponding wave functions are shown in Fig. 4.20.
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State Label Freq. Orig. Intensity State A State B
(cm−1) (cm−1) (km/mol) ξ1,n,A nH+ Percent ξ1,n,B nH+ Percent

0 IIa 2546 2605 177.03 92 0 93.90 6 1 6.10
1 − 2576 2643 0.00 77 1 80.10 20 0 19.90
2 IIb 2808 2930 36.20 61 2 74.00 26 1 26.00
3 − 2813 2936 0.00 38 3 47.70 52 0 52.30
4 − 3006 3176 0.00 39 3 63.30 36 0 36.70
5 IIc 3020 3194 7.28 28 4 48.80 50 1 51.20
6 − 3185 3398 0.09 33 4 69.80 28 3 30.20
7 − 3204 3423 0.00 21 5 54.90 42 2 45.10
8 − 3370 3628 0.00 23 5 55.90 36 2 44.10
9 − 3387 3649 0.24 22 6 57.30 35 3 42.70
10 IId 3498 3787 1.56 46 6 68.70 20 5 31.30
11 − 3521 3816 0.00 27 7 59.30 30 4 40.70
12 IIe 3608 3924 2.28 51 6 74.60 21 5 25.40
13 − 3638 3962 0.00 34 7 60.30 37 2 39.70
14 − 3695 4033 0.00 21 7 45.60 26 4 54.40
15 − 3697 4035 0.27 22 8 62.20 18 5 37.80
16 − 3835 4206 0.00 20 9 69.00 15 4 31.00
17 − 3839 4212 0.03 16 8 55.00 20 5 45.00
18 − 3948 4347 0.03 25 10 68.60 11 7 31.40
19 − 3959 4360 0.00 19 11 53.90 20 6 46.10
20 − 4040 4461 0.00 28 11 71.10 27 2 28.90
21 − 4054 4479 0.01 31 12 74.30 24 3 25.70
22 − 4094 4528 0.00 26 11 52.00 21 6 48.00
23 − 4104 4540 0.01 27 12 53.40 18 7 46.60

Table 4.8: Frequencies, intensities, and percent contributions from the State A and State B
adiabats for the 24 lowest-energy wave functions with νH2

= 1 for D+
5 , analogous to Table

4.5. The corresponding wave functions are shown in Fig. 4.21.
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System Band Referencea Calculated Shiftb Scalec

H +
5

νH2
= 0 365 455 0 0.802

νH2
= 1 3520 3624 104 0.802

νH2
= 2 6685 6918 233 0.802

D +
5

νH2
= 0 238 296 0 0.805

νH2
= 1 2546 2605 59 0.805

νH2
= 2 4902 5031 129 0.805

D2H
+D2

d

νH2
= 0 365 456 0 0.801

νH2
= 1 2546 2611 65 0.801

νH2
= 2 4904 5070 166 0.801

H2D
+H2

d

νH2
= 0 238 333 0 0.716

νH2
= 1 3520 3626 106 0.716

νH2
= 2 6684 6907 222 0.716

a Reference for νH2
= 0 comes from the 9D calculations

of Prosmiti et al.84 Reference for νH2
= 1, 2 comes from

experiment.
b Shifts are always negative in sign so only the
magnitude is given.
c Scaling is applied after the shift. For νH2

= 0
the scaling is applied to all of the peaks. For νH2

= 1, 2
the scaling is applied by treating the reference peak as
the origin.
d For D2H

+D2 and H2D
+H2 the reference peaks for

νH2
= 0 are chosen so to match the references for H+

5

and D+
5 while those for νH2

= 1, 2 are chosen to match
the references for D+

5 and H+
5 .

Table 4.10: The scaling factors and shifts applied to the calculated frequencies
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Figure 4.23: Experimental spectra (shaded grey) with calculated spectra (sticks) overlain for
D+

5 . The top panel compares the spectrum reported in Ref. 71 to the calculated transitions
with νH2

= 0 (red sticks). The middle panel compares the spectrum reported in Ref. 67 to
the calculated transitions with νH2

= 0 and νH2
= 1 (red and blue sticks). The bottom panel

compares our newly recorded spectrum reported to the calculated transitions with νH2
= 1

and νH2
= 2 (blue and green sticks). The positions of the transitions in the calculated

spectrum have been shifted and scaled as described in the text and tabulated in Table 4.10.
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Figure 4.24: Calculated spectrum of H2D+H2, analogous to Fig. 4.2. νH2
= 0, 1, 2 shown in

red, blue, and green. The positions of the transitions in the calculated spectrum have been
shifted and scaled as described in the text and tabulated in Table 4.10. The intensity of the
Ia peak is labeled as it extends off the scale of the plot.
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Figure 4.25: Calculated spectra of D2H+D2, analogous to Fig. 4.2. νH2
= 0, 1, 2 shown in

red, blue, and green. The positions of the transitions in the calculated spectrum have been
shifted and scaled as described in the text and tabulated in Table 4.10. The intensity of Ia
peak is labeled as it extends off the scale of the plot.
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State Label Freq. Orig. Intensity ξ0,n,A
(cm−1) (cm−1) (km/mol)

0 − 0 0 0.00 99
1 Ia 248 333 1414.71 96
2 − 429 576 0.00 87
3 Ib 629 845 104.43 67
4 − 767 1030 0.00 54
5 Ic 955 1283 32.01 41
6 − 982 1320 0.00 72
7 − 1128 1516 0.00 54
8 Id 1236 1661 17.16 37
9 − 1352 1817 0.00 36
10 Ie 1469 1974 30.20 40
11 − 1535 2063 0.00 42
12 If 1543 2074 39.95 74
13 − 1664 2237 0.00 41
14 − 1696 2279 0.12 25
15 − 1802 2422 0.00 32
16 − 1866 2507 0.71 20
17 − 1920 2580 0.00 32
18 Ig 1994 2680 1.69 29
19 − 2006 2696 0.00 29
20 − 2047 2751 0.75 32
21 − 2100 2823 0.00 21
22 − 2143 2880 0.02 15
23 − 2197 2953 0.00 20

Table 4.11: Frequencies and intensities for the 24 lowest-energy wave functions with νH2
= 0

for H2D+H2, analogous to 4.2. The corresponding wave functions are shown in Fig. 4.28.
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State Label Freq. Orig. Intensity State A State B
(cm−1) (cm−1) (km/mol) ξ1,n,A Percent ξ1,n,B Percent

0 IIa 3520 3626 283.08 93 96.70 3 3.30
1 − 3544 3659 0.00 84 89.00 11 11.00
2 IIb 3775 3969 92.46 63 86.30 14 13.70
3 − 3796 3998 0.00 44 66.80 33 33.20
4 − 3993 4262 0.00 23 56.00 43 44.00
5 IIc 4005 4279 36.08 26 64.70 35 35.30
6 IId 4154 4479 9.76 30 59.10 39 40.90
7 − 4162 4489 0.00 29 66.60 32 33.40
8 − 4320 4701 0.03 30 78.60 19 21.40
9 − 4330 4715 0.00 19 60.70 36 39.30
10 − 4472 4905 0.00 24 56.90 33 43.10
11 IIe 4479 4915 2.65 28 50.80 38 49.20
12 IIf 4534 4989 2.50 46 88.10 10 11.90
13 − 4561 5025 0.00 32 67.70 28 32.30
14 IIg 4652 5148 1.27 34 65.50 23 34.50
15 − 4667 5168 0.00 33 65.60 26 34.40
16 − 4746 5274 0.18 19 70.70 15 29.30
17 − 4746 5274 0.00 15 58.00 21 42.00
18 − 4862 5430 0.00 17 69.40 13 30.60
19 − 4868 5438 0.00 14 61.20 18 38.80
20 − 4939 5533 0.00 30 74.20 8 25.80
21 − 4950 5548 0.00 22 65.90 16 34.10
22 − 5021 5643 0.00 20 79.20 20 20.80
23 − 5022 5645 0.05 24 85.30 14 14.70

Table 4.12: Frequencies, intensities, and percent contributions from the State A and State
B adiabats for the 24 lowest-energy wave functions with νH2

= 1 for H2D+H2, analogous to
Table 4.5. The corresponding wave functions are shown in Fig. 4.27.



116
Ta

bl
e

4.
13

:
Fr

eq
ue

nc
ie

s,
in

te
ns

it
ie

s,
an

d
pe

rc
en

t
co

nt
ri

bu
ti

on
s

fr
om

th
e

St
at

e
A

,S
ta

te
B

,a
nd

St
at

e
C

ad
ia

ba
ts

fo
r

th
e

24
lo

w
es

t-
en

er
gy

w
av

e
fu

nc
ti

on
s

w
it

h
ν H

2
=

2
fo

r
H

2
D

+
H

2
,a

na
lo

go
us

to
Ta

bl
e

4.
6.

T
he

co
rr

es
po

nd
in

g
w

av
e

fu
nc

ti
on

s
ar

e
sh

ow
n

in
F
ig

.4
.2

8.

St
at

e
La

be
l

Fr
eq

.
O

ri
g.

In
te

ns
ity

St
at

e
A

St
at

e
B

St
at

e
C

(c
m

−
1
)

(c
m

−
1
)

(k
m
/m

ol
)

ξ 2
,n
,A

P
er

ce
nt

ξ 2
,n
,B

P
er

ce
nt

ξ 2
,n
,C

P
er

ce
nt

0
−

66
84

69
06

0.
00

80
99
.1
0

1
0.
70

0
0.
20

1
II

I a
66
84

69
07

6.
64

80
99
.3
0

0
0.
20

1
0.
50

2
II

I b
69
35

72
44

3.
41

46
97
.2
0

1
0.
90

2
1.
90

3
−

69
35

72
44

0.
59

45
96
.8
0

2
2.
10

1
1.
10

4
II

I c
71
61

75
48

1.
30

39
93
.3
0

2
1.
80

5
4.
90

5
−

71
63

75
50

0.
01

37
92
.2
0

5
5.
00

3
2.
80

6
−

72
27

76
36

0.
00

2
1.
80

81
81
.9
0

16
16
.4
0

7
−

73
60

78
15

0.
18

25
83
.9
0

7
7.
60

8
8.
40

8
−

73
64

78
19

0.
00

25
85
.7
0

6
6.
00

8
8.
30

9
−

74
10

78
82

0.
72

2
4.
90

87
93
.3
0

2
1.
80

10
−

75
27

80
39

0.
01

21
73
.3
0

8
7.
90

19
18
.9
0

11
−

75
29

80
42

0.
47

22
76
.0
0

5
5.
10

19
18
.9
0

12
−

75
87

81
19

0.
00

1
2.
00

68
88
.7
0

9
9.
30

13
−

76
45

81
97

0.
12

26
73
.8
0

5
5.
00

21
21
.2
0

14
II

I d
76
45

81
98

1.
13

28
73
.8
0

4
4.
10

22
22
.1
0

15
−

77
53

83
42

0.
29

28
89
.2
0

2
2.
70

8
8.
10

16
−

77
56

83
47

0.
00

27
89
.9
0

4
4.
70

5
5.
40

17
−

77
58

83
50

0.
87

1
2.
80

53
94
.9
0

2
2.
30

18
−

78
62

84
90

0.
05

37
88
.2
0

3
3.
20

8
8.
60

19
II

I e
78
63

84
90

1.
58

33
89
.2
0

2
2.
10

9
8.
80

20
−

78
99

85
39

0.
13

21
48
.1
0

15
31
.9
0

19
20
.0
0

21
II

I f
79
04

85
45

4.
12

33
69
.2
0

1
1.
50

28
29
.3
0

22
−

79
09

85
53

0.
05

11
24
.3
0

22
60
.6
0

15
15
.0
0

23
−

79
95

86
68

0.
22

11
83
.2
0

3
3.
50

12
13
.3
0



117

Figure 4.26: The 24 lowest-energy wave functions with νH2
= 0 for H2D+H2, numbered

according to increasing energy, analogous to Figure 4.5. Wave functions corresponding to
peaks in Fig. 4.24 are labeled with their peak label in the bottom right of the corresponding
plot. The energies and intensities for transitions to these states are tabulated in Table 4.11.
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Figure 4.27: The 24 lowest-energy wave functions with νH2
= 1 for H2D+H2, numbered

according to increasing energy, analogous to Figure 4.4. The contributions from the State
A and State B adiabats are plotted side-by-side. Wave functions corresponding to peaks in
Fig. 4.24 are labeled with their peak label in the bottom right of the corresponding plot.
The energies and intensities for transitions to these states are tabulated in Table 4.12.
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Figure 4.28: Fig. 4.10 for H2D+H2. The 24 lowest-energy wave functions with νH2
= 2 for

H2D+H2, increasing from left-to-right and row-by-row and are labeled as (n) according to
their energy ordering. The projections onto the State A, State B, and State C adiabats are
plotted side-by-side. Wave functions corresponding to peaks in Fig. 4.24 are labeled with
their peak label in the bottom right of the corresponding plot.
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State Label Freq. Orig. Intensity ξ0,n,A
(cm−1) (cm−1) (km/mol)

0 − 0 0 0.00 99
1 Ia 379 456 2137.12 95
2 − 658 790 0.00 84
3 Ib 948 1139 145.81 60
4 − 1155 1389 0.00 47
5 Ic 1410 1694 42.78 37
6 − 1470 1767 0.00 71
7 − 1653 1987 0.00 49
8 Id 1784 2144 21.48 28
9 − 1944 2337 0.00 29
10 Ie 2077 2496 19.93 26
11 − 2187 2629 0.00 25
12 If 2255 2711 62.90 62
13 Ig 2339 2811 6.58 31
14 − 2361 2838 0.00 35
15 − 2495 2999 0.00 34
16 − 2528 3038 0.21 18
17 − 2666 3204 0.00 25
18 Ih 2751 3306 1.15 20
19 − 2865 3443 0.00 31
20 Ii 2962 3560 3.13 34
21 − 2994 3599 0.00 38
22 − 3064 3682 0.25 27
23 − 3199 3845 0.00 27

Table 4.14: Frequencies and intensities for the 24 lowest-energy wave functions with νH2
= 0

for D2H+D2, analogous to 4.2. The corresponding wave functions are shown in Fig. 4.29.
Table 4.2 for D2H+D2.
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State Label Freq. Orig. Intensity State A State B
(cm−1) (cm−1) (km/mol) ξ1,n,A Percent ξ1,n,B Percent

0 IIa 2546 2611 196.19 87 89.10 11 10.90
1 − 2588 2662 0.00 65 66.90 33 33.10
2 − 2927 3069 0.00 40 50.40 49 49.60
3 IIb 2938 3083 21.54 54 65.90 34 34.10
4 − 3220 3421 0.00 37 63.00 35 37.00
5 IIc 3222 3424 2.37 30 50.70 47 49.30
6 − 3467 3718 0.00 29 70.80 25 29.20
7 − 3480 3735 0.00 16 52.30 42 47.70
8 − 3714 4015 0.00 24 60.40 26 39.60
9 − 3731 4036 0.35 19 52.30 32 47.70
10 IId 3878 4213 1.55 37 70.10 14 29.90
11 − 3903 4242 0.00 20 55.60 28 44.40
12 IIe 4070 4443 3.86 45 81.80 16 18.20
13 − 4093 4470 0.00 18 68.70 28 31.30
14 IIf 4138 4525 1.32 25 54.20 16 45.80
15 − 4143 4531 0.00 29 36.50 29 63.50
16 − 4299 4719 0.00 15 73.50 14 26.50
17 − 4299 4719 0.20 13 63.80 16 36.20
18 − 4433 4879 0.18 18 68.10 11 31.90
19 − 4445 4894 0.00 13 57.90 17 42.10
20 − 4561 5033 0.00 13 65.80 12 34.20
21 − 4571 5046 0.00 11 68.30 13 31.70
22 − 4695 5194 0.01 18 50.50 11 49.50
23 − 4703 5204 0.00 14 57.70 12 42.30

Table 4.15: Frequencies, intensities, and percent contributions from the State A and State
B adiabats for the 24 lowest-energy wave functions with νH2

= 1 for D2H+D2, analogous to
Table 4.5. The corresponding wave functions are shown in Fig. 4.30.



122
Ta

bl
e

4.
16

:
Fr

eq
ue

nc
ie

s,
in

te
ns

it
ie

s,
an

d
pe

rc
en

t
co

nt
ri

bu
ti

on
s

fr
om

th
e

St
at

e
A

,S
ta

te
B

,a
nd

St
at

e
C

ad
ia

ba
ts

fo
r

th
e

24
lo

w
es

t-
en

er
gy

w
av

e
fu

nc
ti

on
s

w
it

h
ν H

2
=

2
fo

r
D

2
H

+
D

2
,a

na
lo

go
us

to
Ta

bl
e

4.
6.

T
he

co
rr

es
po

nd
in

g
w

av
e

fu
nc

ti
on

s
ar

e
sh

ow
n

in
F
ig

.4
.3

1.

St
at

e
La

be
l

Fr
eq

.
O

ri
g.

In
te

ns
ity

St
at

e
A

St
at

e
B

St
at

e
C

(c
m

−
1
)

(c
m

−
1
)

(k
m
/m

ol
)

ξ 2
,n
,A

P
er

ce
nt

ξ 2
,n
,B

P
er

ce
nt

ξ 2
,n
,C

P
er

ce
nt

0
−

48
36

50
65

0.
00

88
94
.6
0

2
1.
70

4
3.
60

1
II

I a
48
41

50
70

1.
64

84
90
.8
0

6
6.
40

3
2.
80

2
−

51
15

54
00

0.
00

11
13
.8
0

73
73
.7
0

13
12
.5
0

3
−

52
11

55
16

0.
44

45
74
.8
0

13
13
.0
0

12
12
.2
0

4
−

52
20

55
26

0.
00

44
71
.1
0

4
4.
40

24
24
.5
0

5
−

54
34

57
83

0.
61

3
6.
00

87
93
.2
0

1
0.
80

6
−

55
23

58
90

0.
00

22
65
.2
0

3
3.
00

31
31
.8
0

7
II

I b
55
29

58
97

2.
85

18
58
.9
0

11
11
.2
0

30
29
.9
0

8
−

57
03

61
07

0.
00

5
7.
70

62
80
.6
0

12
11
.7
0

9
II

I c
57
59

61
75

2.
48

25
64
.2
0

2
1.
90

33
33
.9
0

10
−

57
64

61
81

0.
00

22
59
.1
0

9
11
.2
0

29
29
.8
0

11
−

59
68

64
26

0.
00

9
33
.2
0

30
51
.1
0

14
15
.6
0

12
−

59
75

64
34

0.
00

22
74
.0
0

1
2.
00

22
24
.0
0

13
−

59
82

64
42

0.
08

10
39
.2
0

28
51
.7
0

8
9.
10

14
−

61
82

66
82

0.
00

13
55
.3
0

14
32
.5
0

10
12
.1
0

15
−

61
85

66
86

0.
33

14
69
.3
0

4
4.
70

21
26
.0
0

16
−

61
92

66
95

0.
00

4
18
.1
0

19
57
.7
0

21
24
.2
0

17
−

63
17

68
45

0.
00

37
64
.5
0

3
4.
30

21
31
.1
0

18
−

63
18

68
46

0.
19

31
61
.6
0

7
7.
80

20
30
.6
0

19
−

64
06

69
52

0.
00

33
85
.3
0

5
5.
90

8
8.
80

20
−

64
10

69
56

0.
25

24
64
.8
0

16
29
.0
0

6
6.
30

21
−

64
24

69
73

0.
02

4
17
.4
0

27
77
.1
0

5
5.
50

22
−

65
26

70
95

0.
00

11
41
.1
0

23
35
.3
0

17
23
.6
0

23
−

65
38

71
10

0.
40

24
69
.5
0

2
2.
60

17
28
.0
0



123

Figure 4.29: The 24 lowest-energy wave functions with νH2
= 0 for D2H+D2, numbered

according to increasing energy, analogous to Figure 4.5. Wave functions corresponding to
peaks in Fig. 4.25 are labeled with their peak label in the bottom right of the corresponding
plot. The energies and intensities for transitions to these states are tabulated in Table 4.14.
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Figure 4.30: The 24 lowest-energy wave functions with νH2
= 1 for D2H+D2, numbered

according to increasing energy, analogous to Figure 4.4. The contributions from the State
A and State B adiabats are plotted side-by-side. Wave functions corresponding to peaks in
Fig. 4.25 are labeled with their peak label in the bottom right of the corresponding plot.
The energies and intensities for transitions to these states are tabulated in Table 4.15.
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Figure 4.31: The 24 lowest-energy wave functions with νH2
= 2 for D2H+D2, numbered

according to increasing energy, analogous to Figure 4.10. The contributions from the State
A, State B, and State C adiabats are plotted side-by-side. Wave functions corresponding to
peaks in Fig. 4.25 are labeled with their peak label in the bottom right of the corresponding
plot. The energies and intensities for transitions to these states are tabulated in Table 4.16.
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Chapter 5

A FLEXIBLE APPROACH TO VIBRATIONAL
PERTURBATION THEORY USING SPARSE MATRIX

METHODS

5.1 Introduction

Vibrational perturbation theory (VPT) provides a powerful approach for making connections

between the Schrödinger equation and the vibrational energy levels of a molecule. This

approach is an extension of the harmonic treatment of molecular vibrations, where higher

order terms in the expansion of the Hamiltonian are treated as perturbations.2,3, 93–96 For

a harmonic treatment, a quadratic expansion of the Hamiltonian in displacements of the

coordinates from their equilibrium values as well as the momenta that are conjugate to these

coordinates provides a good zero-order description of the system of interest based on 3N − 6

harmonic oscillators with frequencies ωi, and energies given by

En =
3N−6∑
i=1

ℏωi

(
ni +

1

2

)
(5.1)

The associated vibrations, the so-called normal modes, are generated from linear combina-

tions of the mass-weighted displacement coordinates, chosen to make the quadratic expansion

of the Hamiltonian separable.

One way to move beyond the harmonic treatment of molecular vibrations is to expand

the Hamiltonian to higher order in the coordinates and momenta (4th for second order per-

turbation theory), and use perturbation theory to develop expressions for the anharmonic

energies based on this expansion.2,3 An important difference between vibrational perturba-

tion theory and other forms of perturbation theory is that the expansion of the Hamiltonian

in powers of the coordinates and their conjugate momenta provides a natural partitioning



127

of the corrections as different orders of perturbations, so cubic terms become the first order

correction to the Hamiltonian, while quartic terms provide the second order correction. With

this expansion, in the absence of near-degeneracies, the energy through second order in the

perturbation theory expansion can be expressed as

En =
3N−6∑
i=1

ℏωi

(
ni +

1

2

)
+
∑
j≥i

ℏxij

(
ni +

1

2

)(
nj +

1

2

)
(5.2)

The approach, specifically second order vibrational perturbation theory (VPT2), has

deep roots in theoretical vibrational spectroscopy, and equations relating the terms in the

expansion of the Hamiltonian in normal modes based on the displacements of the Cartesian

coordinates of the atom to the terms in the expansion of the energy were worked out by

Nielsen in the early 1950’s.3 Subsequently, others have worked out expressions for higher

order corrections to the energies,97 as well as corrections to other properties such as the

intensities of transitions to these states.98–100

With the ability to write analytic expressions for the evaluation of the vibrational en-

ergies from terms in the expansion of the Hamiltonian, the question of whether the reverse

process is possible naturally arises. Analysis of the application of perturbation theory to a

Morse oscillator shows that the contributions to the energies from the cubic terms in the

expansion of the potential are roughly twice as large and opposite in sign compared to the

contributions from the quartic terms.101 Likewise, application of vibrational perturbation

theory to two degenerate anharmonic oscillators result in the x − K relationships between

the anharmonicites of the isolated oscillators, xll, and those for the normal modes (xss, xaa

and xsa) as well as the Darling-Dennison coupling constant, Kssaa.102 Specifically,

2 xss = 2 xaa = 0.5 xsa = Kssaa = xll (5.3)

Such relationships provide important physical insights into the connections between the

vibrational constants obtained by fitting the measured transition frequencies and properties

of the potential surface.
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It would be desirable to be able to obtain a potential from the fit constants. Unfortunately,

the problem is under defined even at the harmonic level, where for a N−atomic system there

can be as many as (3N − 6)(3N − 5)/2 independent force constants, and only 3N − 6

harmonic frequencies. The problem becomes larger as we consider higher order terms in

the expansion of the potential. Additionally, in the absence of resonances, the values of the

coefficients in Eq. (5.2) obtained using VPT2 are independent of the coordinates in which

the Hamiltonian is expanded.103,104 This is in contrast to other approaches that can be taken

to evaluate vibrational spectra, where the coordinates in which the potential is expanded

have a substantial effect on the results of the calculation. When the systems become larger

and there are accidental degeneracies, such relationships become even more elusive.

While using VPT2 to obtain a path for generating potentials from spectra is not a fully-

constrained problem, other insights can be obtained by analyzing the contributions to the

xij coefficients in Eq. (5.2) from the various cubic and quartic terms in the expansion of the

potential, or by decomposing the contributions to the transition moment matrix elements

⟨n|µ|0⟩ from terms in the expansion of the potential or dipole function, µ.

There have been a number of implementations of vibrational perturbation theory.55,96,105,106

In general, these have focused on the final results, e.g. energies, intensities, and other prop-

erties, rather than on the ability to obtain insights into the origins of the anharmonicites or

intensity. While much of the work has been followed the approach outlined by Nielsen and

used a zero-order harmonic basis, several groups have developed implementations of vibra-

tional perturbation theory that are based on the the Hamiltonian and wave functions from

vibrational self-consistent field (VSCF) calculations. This approach is directly analogous to

the MP2 approach in electronic structure, and have been termed MPVPT2.107–110 In addi-

tion, with the notable exception of the work of Sibert,96 these implementations of vibrational

perturbation theory have focused on normal mode analyses based on linear combinations of

displacements of Cartesian coordinates and have utilized the Watson Hamiltonian.111 While

studies by Sibert and co-workers illustrated that the choice of coordinates will not affect

the calculated quantities (at least in the absence of resonances)103 the choice will affect the
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decomposition of the wave function and the interpretation of the results.112 These studies

also illustrate that the expansions of the energies and wave functions used in the perturba-

tion theory are not necessarily convergent, even when the Hamiltonian is expanded in bond

length-bond angle coordinates and the perturbation theory is taken to high order.113

In the present contribution, we describe our recent implementation of vibrational per-

turbation theory, which is based on the work of Sakurai.114 The approach is general and

the perturbation theory can be performed in any choice of coordinates for which the zero-

order Hamiltonian consists of 3N − 6 uncoupled harmonic oscillators. In contrast to many

of the currently available implementations of VPT2 that are based on the work of Nielsen,

in the implementation described in this work115 the transformations are performed numer-

ically, which allows for the flexibility both in coordinate choice and the order to which the

perturbation theory is taken. One goal of taking such an approach is that it will allow us

to decompose the calculated quantities, specifically the transition energies and intensities,

and ask how this is affected by the coordinate choice. These questions will be addressed

through calculations of the vibrational energies of water, water dimer, and peroxynitrous

acid (HOONO) as well as several model systems.
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5.2 Theory

In this work, we have implemented Rayleigh-Schrödinger perturbation theory in a way that

is easily extended to arbitrary order. This approach is a generalization of the presentations

of Sakurai114 and Kato,116 to allow for additional flexibility in the form of the Hamiltonian.

Specifically, they considered the case when the perturbation is assumed to have a single

contribution, which is introduced at first order, e.g H = H(0) +λW whereas we consider the

case where the Hamiltonian is expanded to arbitrary order as

H = λ0H(0) + λ1H(1) + λ2H(2) + ... (5.4)

where the corrections to the Hamiltonian are partitioned based on an expansion in the normal

coordinates and their conjugate momenta. When expressed in dimensionless coordinates, all

of the contributions to the kth order correction to the Hamiltonian are of order ℏ(k+2)/2.

The ability to partition perturbation into an expansion in ℏ is a key feature of the standard

presentation of vibrational perturbation theory as discussed by Nielsen.2,3 In the absence

of degeneracies or near-degeneracies, this form of the expansion ensures that the resulting

energies, intensities and other observables will be independent of coordinate choice.

The work of Nielsen, and much work that has since followed, has involved using pertur-

bation theory to develop analytic expressions for properties of interest. The evaluation of

such expressions is computationally efficient, but can be prone to errors in implementation

and extension to higher-order is not straightforward. Additionally, the expressions used to

evaluate the corrections to the wave function, and from that the energies and other proper-

ties, depend on underlying choice of coordinates. Typically, vibrational perturbation theory

is applied to an expansion of the Hamiltonian in normal modes that are constructed from lin-

ear combinations of the mass-weighted displacements of the Cartesian coordinates, but that

does not need to be the case. In contrast, by merging the expansion of the Hamiltonian in
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orders of ℏ with the formalism laid out by Sakurai, it is possible to obtain a computationally

efficient route to high-order corrections to the energies and wave functions for vibrational

problems that is insensitive to the coordinates used to expand the Hamiltonian.

As usual, we start by expanding the wave functions, and energies using an indexing

parameter λ

|n⟩ = λ0 |n(0)⟩+ λ1 |n(1)⟩+ λ2 |n(2)⟩+ ... (5.5)

En = λ0E(0)
n + λ1E(1)

n + λ2E(2)
n + ... (5.6)

Based on the above partitioning of the corrections, all of the H(i) are Hermitian. Additionally,

we will take the overlaps among the corrections to the state |n(0)⟩ to be real. Combining

Eqs. (5.4)–(5.6), the time-independent Schrödinger equation becomes

(λ0H(0) + λ1H(1) + λ2H(2) + ...)(λ0 |n(0)⟩+ λ1 |n(1)⟩+ λ2 |n(2)⟩+ ...)

= (λ0E(0)
n + λ1E(1)

n + λ2E(2)
n + ...)(λ0 |n(0)⟩+ λ1 |n(1)⟩+ λ2 |n(2)⟩+ ...) (5.7)

Since this needs to be valid when Eq. (5.7) is truncated at any order in λ, we obtain a series

of equations

H(0) |n(0)⟩ = E(0)
n |n(0)⟩

H(1) |n(0)⟩+H(0) |n(1)⟩ = E(1)
n |n(0)⟩+ E(0)

n |n(1)⟩
...

Rewriting these in more compact notation, for any given order k

0 =
k∑

i=0

∆H(i)
n |n(k−i)⟩ (5.8)
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where

∆H(i)
n = H(i) − E(i)

n . (5.9)

The discussion that follows focuses on the implementation of perturbation theory in the

absence of degeneracies or near degeneracies. While the extension to treat systems with

degenerate or nearly-degenerate states is straightforward, the identification of the nearly-

degenerate states is less so. In the present study, we rely on analyses of the systems that are

investigated to identify resonances. In a follow-up study, we will more deeply explore the

issue of identifying resonance interactions.

5.2.1 Non-Degenerate Perturbation Theory

The goal in perturbation theory is to obtain the corrections to the wave functions and energies

in Eq. (5.8) for a given zero-order state |n(0)⟩ in the basis of zero-order states, {|m(0)⟩}, that

are eigenstates of H(0). Following Sakurai, this is accomplished by splitting the total state

space into a subspace where the diagonal matrix ∆H
(0)
n is invertible and a subspace where

it is not. In the absence of degeneracies, the non-invertible part of the total state space, i.e.

the part of the space that leads to singularities, contains only the zero-order contribution to

the state of interest, |n(0)⟩. When degeneracies are considered, the non-invertable subspace

is extended to include all states that are degenerate or nearly degenerate with the state

of interest, and the approach described below is used to develop a representation of the

Hamiltonian.

To start, we multiply Eq. (5.8) on the left by ⟨n(0)| and rearrange the results to obtain

an expression for the kth order correction to the energy

E(k)
n = ⟨n(0)|H(k) |n(0)⟩+

k∑
i=1

⟨n(0)|∆H(k−i)
n |n(i)⟩ (5.10)

Since ⟨n(0)| is an eigenstate of H(0), ⟨n(0)|∆H
(0)
n |n(k)⟩ = 0. This leads to the important result
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that E
(k)
n does not depend on |n(k)⟩, and Eq. (5.10) reduces to

E(k)
n = ⟨n(0)|H(k) |n(0)⟩+

k−1∑
i=1

⟨n(0)|∆H(k−i)
n |n(i)⟩ (5.11)

which can be evaluated using the previously determined corrections to |n⟩ up to order k− 1.

To obtain |n(k)⟩ we rearrange Eq. (5.8) as

−∆H(0)
n |n(k)⟩ =

k−1∑
i=0

∆H(k−i)
n |n(i)⟩ (5.12)

Since we showed E
(k)
n does not depend on |n(k)⟩, the entirety of the right-hand side of

Eq. (5.12) can be evaluated based on lower-order corrections to the energy and wave function

for the nth state. If ∆H
(0)
n were invertable, |n(k)⟩ could be evaluated by multiplying both

sides of Eq. (5.12) by −(∆H
(0)
n )−1. While ∆H

(0)
n is diagonal, since ∆H

(0)
n |n(0)⟩ = 0, ∆H

(0)
n

is not invertible.

Following Sakurai,114 we circumvent this problem by dividing the state space into two

parts. This is achieved by introducing a pair of projection operators. The first is

PS = |n(0)⟩ ⟨n(0)| (5.13)

This operator allows us to project onto the the portion of the state space that causes ∆H
(0)
n

to be singular. The second projection operator

PO = I − PS =
∑
m̸=n

|m(0)⟩ ⟨m(0)| (5.14)

allows us to project out the singular portion of state space. Next we introduce what Sakurai

calls the perturbation operator

ΠO = PO(−∆H(0)
n )−1PO (5.15)



134

By projecting out the portion of state space that causes ∆H
(0)
n to be singular, ΠO is well-

defined. In fact, because the matrix representation of ∆H
(0)
n , and by extension ΠO, is di-

agonal, evaluation of ΠO is straightforward for an arbitrarily large state space. Multiplying

Eq. (5.12) on the left by ΠO, and taking advantage of ΠO(−∆H
(0)
n ) = PO yields

PO |n(k)⟩ = ΠO

k−1∑
i=0

∆H(k−i)
n |n(i)⟩ (5.16)

Eq. (5.16) provides a straightforward way to evaluate the contributions to kth order correc-

tion to |n⟩ from states in the O subspace based on knowledge of |n(i)⟩ with i < k.

To obtain the contribution to |n⟩ from |n(0)⟩ we need an additional constraint on the wave

function that will allow us to evaluate ⟨n(0)|n(k)⟩. Specifically, we introduce the requirement

that through order k,

⟨n|n⟩ =
k∑

l=0

l∑
i=0

λl ⟨n(i)|n(l−i)⟩ = 1 (5.17)

This normalization is important since we are also interested in properties like intensities. As

⟨n(0)|n(0)⟩ = 1, this means for any k > 0,

k∑
i=0

⟨n(i)|n(k−i)⟩ = 0 (5.18)

which can be reexpressed as

⟨n(0)|n(k)⟩ = −1

2

k−1∑
i=1

⟨n(i)|n(k−i)⟩ (5.19)

Taken together this provides all the information needed to evaluate |n⟩ to an arbitrary order

in perturbation theory.

To summarize, to implement perturbation theory to arbitrary order, we solve a set of

iterative equations that can return corrections to the energies and wave functions of a given
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zero-order state in the absence of degeneracies

E(k)
n = ⟨n(0)|H(k) |n(0)⟩+

k−1∑
i=1

⟨n(0)|∆H(k−i)
n |n(i)⟩ (5.20)

|n(k)⟩ =ΠO

k−1∑
i=0

∆H(k−i)
n |n(i)⟩ − 1

2

k−1∑
i=1

⟨n(i)|n(k−i)⟩ |n(0)⟩ (5.21)

To apply these expressions at order k, it is necessary to have obtained corrections to the

energies and wave functions through order k − 1. This differs from the so-called 2n + 1

expressions that appear elsewhere in the perturbation theory literature.117 Such expressions

allow one to obtain corrections to the energies at order 2k + 1 with corrections to the wave

functions only up to order k. These have generally been derived considering only a single

perturbation to the Hamiltonian, but, following the procedure of Löwdin,117 similar expres-

sions may be derived for the case of multiple perturbations as treated in this work. While

the use of such expressions would lead to savings in the evaluation of the energy, the full

expansion of the wave function is still needed to obtain matrix elements of other operators,

specifically the dipole moment operator considered in the following discussion.

To obtain other properties of interest, the associated operator, A, is expanded in the

normal mode coordinates and conjugate momenta to the desired order, and through order k

⟨n|A |m⟩ =
k∑

l=0

⟨n|A |m⟩(l) =
k∑

l=0

[
l∑

i=0

l−i∑
j=0

⟨n(j)|A(i) |m(l−i−j)⟩

]
(5.22)

In the present study, we will focus on the intensities, which require expansions of the dipole

moment operator, for which we include the constant and linear terms in the expansion of µ

in µ(0), the quadratic terms are in µ(1) and so forth.

Before concluding this section, we should note that although the equations above assume

an expansion of the Hamiltonian or the operator A to kth order if the perturbative expansion

of the energy or matrix element of A is desired one can perform the perturbation theory on

a truncated expansion of either of these operators. Doing this requires a careful choice of
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expansion coordinates in which the higher-order terms in the expansion are small enough

to be declared negligible, and can be set to zero. This choice of coordinates is important,

however, and as will be explored more in the Results and Discussion.

5.2.2 Degenerate Perturbation Theory

One of the strengths of this approach is the simplicity of the extension to cases where there

are degeneracies or near degeneracies. In this case two small adjustments are needed. First,

PS in Eq. (5.13) is replaced by

PS =
∑
n′

|n′⟩ 0 ⟨n′| 0 (5.23)

where the sum is over |n(0)⟩ as well as all of the states that are nearly degenerate to |n⟩.

Additionally, rather than providing energies for each state, the perturbation theory will

generate a matrix representation of the Hamiltonian in the space of nearly degenerate states.

Obtaining the final energies and wave functions requires the evaluation of the eigenvalues

and eigenvectors of this Hamiltonian matrix. Since we are only considering couplings among

nearly degenerate states, the dimensionality of the Hamiltonian is much smaller than the

basis in which the perturbed wave function is expanded. This has been referred to as a

deperturb-and-diagonalize approach.97

5.2.3 Hamiltonian Choice and Implementation

The approach for implementing vibrational perturbation theory detailed above, is entirely

general, and only requires an expansion of the Hamiltonian through the desired order. The

coordinates that are used for the expansion are flexible, although it has been assumed that

H(0) consists of a set of uncoupled harmonic oscillators. This allows for the exploration of

the effects of coordinate choice both on the calculated properties and on the convergence of

the expansions of these properties.

The expansion of the Hamiltonian in the normal modes that are constructed from linear
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combinations of the displacements of the mass-weighted Cartesian coordinates have been

described in detail by others.3,118 This Hamiltonian can be reexpressed in terms of normal

modes that are linear combinations of the displacements of internal coordinates. Doing

this introduces coordinate-dependent mass terms, the so-called Wilson G-matrix elements,1

as well as a coordinate-dependent pseudopotential, V ′, which comes from transforming the

molecular kinetic energy into internal coordinates.119 In this work, V ′ is evaluated using120,121

V ′(q) =
ℏ2

8g

3N−6∑
ij

Gij
∂2g

∂qi∂qj
+

∂Gij

∂qi

∂g

∂qj
− 3

4g

∂g

∂Qi

∂g

∂Qj

(5.24)

where g = |I0|/|G| and I0 is the moment of inertia tensor evaluated at the equilibrium

geometry. Because this term is proportional to ℏ2 its constant contribution is included in

H(2). Linear terms in the expansion of V ′ are included in H(3) and so forth. With this in

mind, this normal mode Hamiltonian is expanded about a minimum in the potential as

H(0) =
1

2

3N−6∑
i=1

(
piG

eq
i,ipi +

∂V 2

∂q2i
q2i

)
(5.25)

H(1) =
3N−6∑
n,i,j=1

(
1

2
pi
∂Gi,j

∂qn
qnpj +

1

6

∂V 3

∂qn∂qi∂qj
qnqiqj

)
(5.26)

H(2) =
3N−6∑

n,m,i,j=1

(
1

4
pi

∂Gi,j

∂qn∂qm
qnqmpj +

1

24

∂V 4

∂qn∂qm∂qi∂qj
qnqmqiqj

)
+ V ′(q = 0) (5.27)

Constructing the Hamiltonian as an expansion in the normal coordinates has benefits

beyond the coordinate independence of the calculated properties, noted above. By defining

H(0) to consist of uncoupled harmonic oscillators, so |n(0)⟩ represents a harmonic basis, the

qi or pi operators can only couple zero-order states that differ by one quantum in mode i.

Similarly, q2i can only couple states which differ by zero or two quanta in mode i. There are

a few direct benefits from this. Focusing on VPT2, H(2) only contributes to E
(2)
n through

⟨n(0)|H(2) |n(0)⟩. Therefore, the only potential derivatives that contribute are ∂4V/∂q4i and

∂4V/∂q2i ∂q
2
j . This observation has been exploited in many implementations of VPT2 as the
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evaluation of fourth derivatives involving four different coordinates are much more expen-

sive to obtain than those involving one or two.106,122,123 Further, once the potential has

been expanded in one set of normal mode coordinates, it is straightforward to perform the

multi-linear transformations needed to obtain the expansion of the potential in an arbitrary

choice of normal mode coordinates. A second benefit of this form for the expansion of the

Hamiltonian is that E(i)
n is zero when i is odd, and so corrections to the energy only come in

at even orders of the perturbation theory expansion.

If one is mostly interested in computing properties, particularly transition moment ma-

trix elements, ⟨m|µ |n⟩, there is a related computational benefit. If vibrational perturbation

theory is performed up to order k, then the only terms in the evaluation of ⟨m|µ |n⟩ involv-

ing ⟨m(k)| or |n(k)⟩ are ⟨m(k)|µ(0) |n(0)⟩ and ⟨m(0)|µ(0) |n(k)⟩. The numbers of elements in the

expansions ⟨m(k)| and |n(k)⟩ grow factorially with system dimension, while those required to

evaluate µ(0) |n(0)⟩ and ⟨m(0)|µ(0) are in general significantly smaller. As a concrete exam-

ple, for VPT2 |n(2)⟩ has contributions from H(1)ΠOH
(1) |n(0)⟩. These terms can change the

number of quanta of excitation in a state by up to six. By contrast to the number of terms

in the expansion of |n(2)⟩, ⟨m(0)|µ(0) contains at most 2× (3N − 6) terms.

Finally, the representation matrices for H(1) and H(2) that are generated are very sparse.

This is in part due to the state-by-state nature of Rayleigh-Schrödinger perturbation theory

and in part due to the sources of sparsity describe above. There are modern sparse-linear

algebra libraries that are efficient and easy to use, for instance the one distributed in the

SciPy package for the python programming language.124 By leveraging these, the approach

described in this work is straightforward to implement. Moreover, the construction of these

representation matrices, which makes up the bulk of the computational effort, is trivially

parallelizable.

The above considerations have been exploited in our Python implementation of nth order

perturbation theory, PyVibPTn.115 This implementation allows for arbitrary-order pertur-

bation theory using Eq. (5.20) and Eq. (5.21) with flexibile coordinate choice using the

expansion of the internal coordinate Hamiltonian described above. For the molecular ap-
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plications described in the following section the potential derivatives were obtained from

electronic structure calculations at the MP2/aug-cc-pVTZ level of theory/basis, performed

using Gaussian 16.122 The energies for the two-dimensional harmonically coupled anharmonic

oscillator system, described below, were also evaluated using a two-dimensional discrete vari-

able representation using 100 grid points spanning from 0 Å to 2.65 Å in each dimension.11

5.3 Results and Discussion

As mentioned above, our implementation of vibrational perturbation theory (VPT) provides

flexibility with respect to the choice of coordinates used in expanding the Hamiltonian as well

as the order to which the perturbation theory is taken. This flexibility allows us to not only

look at how these choices affect the energies and intensities coming from the perturbation

theory, but also consider the corrections to the energies, wave functions, and intensities.

Looking at these corrections it is possible to better understand the physical origins of spectral

features, such as whether a transition has intrinsic intensity or whether it is borrowing

intensity from a nearby intense transition.

5.3.1 The Morse Oscillator

The natural system for exploring anharmonic effects is the Morse oscillator, which is defined

by the Hamiltonian

H =
p2r
2µ

+De(1− e−α∆r)2 (5.28)

where µ is the reduced mass of the oscillator, De is its dissociation energy, ∆r is the dis-

placement of the bond length from its equilibrium value, and α determines the breadth of

the well. Morse showed in 1929125 that when we assume that ∆r is defined from −∞ to ∞,

the corresponding energies are quadratic in
(
n+ 1

2

)
where

En/ℏ = ω

(
n+

1

2

)
− ωx

(
n+

1

2

)2

(5.29)
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Here ω is the harmonic frequency and ωx is the anharmonicity constant. Later work has

shown that when the Hamiltonian is expressed as a quartic expansion in ∆r, second-order

perturbation theory provides exact expressions for the energies as well. Higher order per-

turbation theory, based on higher order expansions of the Morse oscillator Hamiltonian also

recover Eq. (5.29).

In the above expression, all of the anharmonicity is included in the potential, which is

approximated by an expansion in ∆r. Alternatively, the Morse oscillator Hamiltonian can

also be expressed in Morse coordinates,57 y = (1− e−α∆r)/α, as

H =
py(1− αy)2py

2µ
+

1

2

(
2Deα

2
)
y2 − ℏ2α2

8µ
(5.30)

In introducing this change of variables, the potential becomes harmonic and the anharmonic-

ities are now in the kinetic term. Additionally, the Hamiltonian is a quartic expansion in y

and py, and as such the Hamiltonian is exact when the expansion in λ is truncated at second

order. Further details about the Morse oscillator Hamiltonian are provided in Section 5.3.3.

The results of applying perturbation theory to these two expansions of the Hamiltonian

up to fourth order are shown in Fig. 5.1. Following Sibert,96 the parameters in the Morse

oscillator Hamiltonian have been chosen to model an OH stretch in water with ω = 3869.47

cm−1 and ωx = −84.11 cm−1. For the results marked GS, we use colors to indicate the

corrections to the energy from specified terms in the expansion of the ground state, |0⟩, the

form of which is given by

∆E
(k)
0 =

k∑
l=1

E
(l)
0 =

k∑
l=1

l∑
i=0

E (i,l−i)
0 (5.31)

where

E (i,l−i)
0 = ⟨0(0)|H(i) |0(l−i)⟩ (5.32)
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Figure 5.1: Contributions to the zero-point energy (g.s.) and the energies of states with one
and two quanta of excitation (n = 1 and 2), E (i,j)

n defined in Eq. (5.32) and Eq. (5.34), based
on the one-dimensional Morse oscillator with ω = 3869.47 cm−1 and ωx = −84.11 cm−1,
when the Hamiltonian is expanded through sixth order in ∆r and the Morse coordinate, y.
The values of the plotted quantities are provided in Table 5.1.

For the vibrationally excited levels, n = 1 or 2,

∆E(k)
n =

k∑
l=1

E(l)
n − E

(l)
0 =

k∑
l=1

l∑
i=0

E (i,l−i)
n (5.33)

where

E (i,l−i)
n = ⟨n(0)|H(i) |n(l−i)⟩ − E (i,l−i)

0 (5.34)

At any order of truncation, the value of ∆E
(k)
n will be independent of the choice of coordinates

used to expand the Hamiltonian, although the sizes of the individual E (i,l−i)
n corrections will

depend on this choice. Additionally, since the corrections to the energies are only non-zero

for even values of l, results are provided for second and fourth order in perturbation theory
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Table 5.1: Contributions (in cm−1) to the zero-point energy (g.s.) and the energies of states
with up to four quanta of excitation, E (i,j)

n defined in Eq. (5.32) and Eq. (5.34), based on the
one-dimensional Morse oscillator with ω = 3869.47 cm−1 and ωx = −84.11 cm−1, when the
Hamiltonian is expanded through sixth order in ∆r and the Morse coordinate, y.

∆r

State E (2,0)
n E (1,1)

n E (4,0)
n E (3,1)

n E (2,2)
n E (1,3)

n Sum

g.s. 21.8750 −34.3750 0.2307 −0.7255 0.5418 −0.0470 −12.5001
n = 1 87.4999 −187.4999 1.3839 −6.1388 1.3923 3.3617 −100.0009
n = 2 262.4996 −562.4997 5.5357 −26.3411 −30.3293 51.1309 −300.0038
n = 3 524.9992 −1124.9995 14.3006 −69.9824 −230.7077 286.3796 −600.0102
n = 4 874.9987 −1874.9991 29.5238 −146.4385 −905.4871 1022.3809 −1000.0212

y

State E (2,0)
n E (1,1)

n E (4,0)
n E (3,1)

n E (2,2)
n E (1,3)

n Sum

g.s. 25.0000 −37.5000 0.0000 0.0000 0.2455 −0.2455 −12.5000
n = 1 50.0001 −150.0001 0.0000 0.0000 −0.5804 0.5804 −100.0000
n = 2 150.0002 −450.0002 0.0000 0.0000 −20.4464 20.4465 −300.0000
n = 3 300.0003 −900.0003 0.0000 0.0000 −126.0268 126.0269 −599.9999
n = 4 500.0005 −1500.0006 0.0000 0.0000 −464.1073 464.1075 −999.9999

as all of the contributions to the first and third order corrections to the energies are zero.

The second order corrections, E (2,0)
n and E (1,1)

n , are indicated by the blue and orange bars,

respectively, in Fig. 5.1. For the ∆r expansion, as noted above, E (1,1)
n is approximately twice

as large as E (2,0)
n and opposite in sign. Interestingly, when the Hamiltonian is expanded in y

and py, this ratio is exactly -3:1. These two relations are derived in Section 5.3.3. While both

sets of results reflect significant cancellations among the the E (i,j)
n corrections, the magnitude

of the individual corrections are smaller when the Hamiltonian is expanded in y than when

the expansion is in ∆r. If we are interested in interpreting the origins of anharmonicity, we

need to be aware that the interpretation depends on the coordinate choice. While the sum

of the blue and orange bars are the same for both expansions, the differences in the sizes of

the contributions from H(1) and H(2) is reflected in the coefficients in the expansion of the

wave function.



143

Moving on to the corrections coming in at 4th order, E (4,0)
n , E (3,1)

n , E (2,2)
n , and E (1,3)

n , we

see that the sum of these terms is zero, meaning the final energies from VPT4 are the same

as those obtained at second order. The most notable difference between the expansions of

these corrections in these two coordinate systems is that the ∆r expansion has corrections

from H(3) and H(4), whereas these terms are zero when the Hamiltonian is expanded in y

and py. Additionally, the E (4,0)
n and E (3,1)

n terms do not cancel and the sum of these terms

becomes non-neglible by third excited state. This serves as a reminder that truncation of

the expansion of the Hamiltonian will introduce errors if perturbation theory is to be taken

to higher order. This issue does not arise for the y coordinates, where H(3) and above are

rigorously zero. This, in turn, serves as a reminder that, if one wishes to perform perturbation

theory on a truncated expansion of the Hamiltonian, care needs to be taken in the choice of

coordinates used to expand the Hamiltonian.

5.3.2 Applying Perturbation Theory to the Morse Oscillator Expanded in Bond Displace-

ments

We start with Hamiltonian for a 1-d oscillator

H =
p2r
2µ

+Dα2(1− exp(−α∆r))2 (5.35)

where ∆r represents a bond displacement and expand the Hamiltonian to fourth order in

∆r

H =
p2r
2µ

+
2Dα2

2
∆r2 −Dα3∆r3 +

7Dα4

12
∆r4 (5.36)

and perform a change of variables to dimensionless coordinates

q =

√
µω

ℏ
∆r and pq =

√
ℏµω pr (5.37)
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where

ω =

√
2Dα2

µ
(5.38)

Making this substitution and taking advantage of the definition of the anharmonicity,

ℏωx =
ℏ2ω2

4D
=

ℏ2α2

2µ
(5.39)

Making this substitution,

H =
ℏω
2

(
p2q + q2

)
−
√

(ℏω)(ℏωx)
2

+
7ℏωx
12

q4 (5.40)

where the contribution to the energy from H(0) is

E(0)
n = ℏω

(
n+

1

2

)
(5.41)

at second order, the contribution from H(1) is

E(2,1) =
∑
m

〈
m

∣∣H(1)
∣∣n〉2

ℏω(n−m)
= −ℏωx

8

(
15n2 + 15n+

11

2

)
(5.42)

while the contribution from H(2) is

E(2,2) =
〈
n
∣∣H(2)

∣∣n〉 = 7ℏωx
8

(
n2 + n+

1

2

)
(5.43)

making the total contribution at 2nd order

E(2)
n = −ℏωx (n+ 1/2)2 (5.44)

with E(2,1) ≈ −2E(2,2).

5.3.3 Applying Perturbation Theory to the Morse Oscillator in Morse Coordinates

We start with the Hamiltonian in Eq. (5.35), and perform a change of variables from ∆r to
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y =
1

α
(1− exp(−α∆r)) (5.45)

∆r = − 1

α
ln(1− αy) (5.46)

pr = (1− αy)py (5.47)

and the Jacobian

dr =
dr

dy
dy = (1− αy)−1dy (5.48)

Next, we adjust the Schrodinger equation to incorporate the Jacobian into the definition of

the wave function to

Ψ′(y) =
√
1− αy Ψ(y) (5.49)

With this substitution, the Hamiltonian becomes

H ′ =
1

2µ
py(1− αy)2py −

ℏ2α2

8µ
+

2Dα2

2
y2 (5.50)

Finally we reexpress H ′ in dimensionless coordinates and momenta,

q =

√
µω

ℏ
y andpq =

√
ℏµω py (5.51)

Using Eq. Eq. (5.39), and making similar substitutions as before, we can reexpress the

Hamiltonian as

H ′ =
ℏω
2

(
p2q + q2

)
−

√
2ℏωℏωx pqqpq +

(
ℏωxpqq2pq −

ℏωx
4

)
(5.52)

Once again, the contribution from H(0) to the energy is
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E(0)
n = ℏω

(
n+

1

2

)
(5.53)

at second order, the contribution from H(1) is

E(2,1) =
∑
m

〈
m

∣∣H(1)
∣∣n〉2

ℏω(n−m)
= −ℏωx

2

(
3n2 + 3n+

3

2

)
(5.54)

while the contribution from H(2) is

E(2,2) =
〈
n
∣∣H(2)

∣∣n〉 = ℏωx
2

(
n2 + n+

1

2

)
+

ℏωx
4

(5.55)

making the total contribution at 2nd order

E(2)
n = −ℏωx (n+ 1/2)2 (5.56)

with E(2,1) ≈ −3E(2,2).

Analyzing Corrections to the Wave Function at First Order

As noted in the text, in water, the leading corrections to the wave function comes from

the state with one more (or fewer) quanta of excitation in the symmetric OH stretch. In

the discussion that follows, we explore the terms in the Hamiltonian that can contribute to

the size of this contribution. To keep the discussion more general, we will assume that the

quantum numbers that describe the state of interest are expressed as n, and the one that

is being excited (e.g. the symmetric stretch) is mode 1. Further, we take advantage of the

fact that our basis is a product of uncoupled harmonic oscillators, and our coordinates are

dimensionless normal mode coordinates. Based on this, the terms in the Hamiltonian that

could couple the state |n⟩ to the state |m⟩, where |m1 − n1| = 1 and mi = ni for i > 1 are
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Hcoup =
N∑
i=2

[
1

2

∂3V

∂q1∂q2i
q1q

2
i +

1

2

∂Gii

∂q1
q1p

2
i +

∂G1i

∂qi
p1 (piqi + qipi)

]
+
1

2
p1
∂G11

∂q1
q1p1 +

1

6

∂3V

∂q31
q31 (5.57)

and

⟨n|Hcoup|m⟩ =
1√
8

N∑
i=2

[
∂3V

∂q1∂q2i
+

∂Gii

∂q1

](
ni +

1

2

)√
max(n1,m1)

+
1√
32

[
∂G11

∂q1
+

∂3V

∂q31

]√
max(n1,m1)3 (5.58)

If we compare the size of the contribution of |m⟩ to the first order correction to state |n⟩,

when |n⟩ represents the ground state and the first excited in a vibration other than mode 1,

mode j, the difference is

∆ =
1√
32

[
∂3V

∂q1∂q2j
+

∂Gjj

∂q1

]
(5.59)

where the relevant derivatives are given in Table 5.4.

5.3.4 Molecular Systems

Moving beyond the one-dimensional Morse oscillator, a next natural system of study is the

water monomer. We will investigate this system both through a full ab initio treatment

and through two- and three-dimensional models. The two-dimensional model considers only

the two OH stretching vibrations, and is described by the harmonically coupled anharmonic

oscillator Hamiltonian

H =
p21
2µ

+
p22
2µ

+
cos θe
mO

p1p2 + V (r1) + V (r2) + V ′(r1, r2, θe) (5.60)
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Here, µ is the reduced mass of an OH bond, mO is the mass of oxygen, V (r1) and V (r2) are

Morse potentials, θe = 104.5◦ is the equilibrium HOH angle, and the equilibrium bond length

is re = 0.9575 Å. The parameters for the Morse potentials are the same as those used for

the one-dimensional Morse oscillator, described above. The three-dimensional model starts

from Eq. (5.60) and adds the HOH bend dependence in the form of a harmonic potential

with a frequency of 1600 cm−1 and accounts for the full kinetic energy operator.

The results of applying perturbation theory to the two-dimensional model are provided

in Fig. 5.2 and reported in Table 5.2. Of note is the fact that the size of the E (1,1)
n and E (2,0)

n

corrections follow the same pattern that was seen for the one-dimensional Morse oscillator.

Despite treating this system with non-degenerate perturbation theory, the calculated energies

are within 1 cm−1 of the DVR results for this system for the ground state, the states with one

quantum of excitation in one of the OH stretching vibrations, as well as the state with one

quantum of excitation in each of the two stretches. These differences increase with additional

vibrational excitation. For example, the results of the VPT2 calculations deviate from the

DVR results by < 50 cm−1 for the states with two quanta of excitation in a single stretch.

When taking the perturbation theory up to 4th order, this difference drops to < 15 cm−1.

The DVR and VPT energies are provided in Table 5.2 and are obtained using the discrete

variable representation described above.

We next turn to the results for three three-dimensional treatments of water, which are

plotted in Fig. 5.3, and the values are provided in Table 5.3. Once the HOH bend is intro-

duced, the choice of coordinates affects the relative sizes of E (2,0)
n (arising from terms in H(2))

and E (1,1)
n (arising from terms in H(1)). This can be seen in the results plotted in Fig. 5.3,

where the results obtained from the expansion of the Hamiltonian in normal modes based

on the displacements of the Cartesian coordinates (labeled C, darkest shading in Fig. 5.3)

and normal modes based on displacements of the OH bonds and HOH angle (labeled I, in-

termediate shading) are provided. The results for the three-dimensional model in internal

coordinates are also provided (labeled 3D, lightest shading). For the purposes of this dis-

cussion, we will label the antisymmetric stretch, symmetric stretch, and bend as OHa, OHs,
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Table 5.2: Energies (in cm−1) for two harmonically coupled anharmonic oscillators with the
Hamiltonian given by Eq. (5.60).

State DVRa VPT2b VPT4b

g.s. 3827.31 3827.31 3827.31
na = 1 3727.98 3727.98 3727.98
ns = 1 3674.29 3674.29 3674.29
na = 1, ns = 1 7235.20 7235.28 7235.20
na = 2 7416.85 7369.36 7431.88
ns = 2 7218.31 7265.71 7203.27

aDVR provides the ground state energy/transition fre-
quencies evaluated using a discrete variable representation
as described in the text.

bVPT2 provides the ground state energy/transition fre-
quencies from second order perturbation theory. VPT4
provides the ground state energy/transition frequencies
from fourth order perturbation theory.

and HOH. The coordinate dependence of the sizes of the energy corrections is most notable

for the energy difference between the ground state and the vHOH = 1 state, where the signs

of E (1,1)
HOH and E (2,0)

HOH depend on whether the Hamiltonian is expanded in internal or Cartesian

coordinates. Even for the energies of the first excited states in the OHa or OHs differences are

seen, although in both cases the expected −2 : 1 ratio between E (1,1)
n and E (2,0)

n anticipated

by the Morse oscillator model expanded in ∆r coordinates is observed.

Closer examination of the origins of the changes in the values of E (1,1)
0 and E (1,1)

HOH shows that

the leading contributions to the first order correction to the ground state wave function comes

from the states with vs
OH = 1, while the leading contribution to the first order correction

to the wave function for the state with vHOH = 1 comes from the state with one quantum

of excitation in both the HOH bend and the symmetric OH stretch. The magnitude of the

contribution of the state with one additional quantum of excitation in OHs is larger for

the state with vHOH = 1 when the Hamiltonian is expanded in internal coordinates, while
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Table 5.3: Contributions (in cm−1) to energies of H2O obtained at second order in perturba-
tion theory, where E (2,0)

n provides corrections from H(2) and E (1,1)
n provides corrections from

H(1). The reported results are based on quartic expansions of the Hamiltonian in normal
modes based on displacements of the Cartesian and the internal coordinates. The results are
plotted in Fig. 5.3.

State Cartesian Internal
E (2,0)
n E (1,1)

n Sum E (2,0)
n E (1,1)

n Sum

g.s. 42.0241 −117.6347 −75.6106 81.0958 −156.7085 −75.6126
va

OH = 1 157.5110 −350.2934 −192.7824 195.5946 −388.3766 −192.7819
vs

OH = 1 153.8492 −335.1695 −181.3203 200.5211 −381.8409 −181.3198
vHOH = 1 −74.1636 24.5679 −49.5957 7.3959 −57.0007 −49.6048

for the ground state wave function the expansion in Cartesian displacements gives a larger

contribution from the state with vs
OH = 1.

The terms in H(1) based on the expansion of the Hamiltonian for H2O are provided in

Table 5.4. The ones that couple the zero-order state to the state with one additional quantum

of excitation in the symmetric stretch are the ones identified as qsOHq
s
OHq

s
OH, qsOHq

a
OHq

a
OH

and qsOHqHOHqHOH. The terms in Table 5.4 that only involve the stretching vibrations are

dominated by the contributions to the potential derivatives, and the values of these quantities

are nearly equal when the Hamiltonian is expanded in internal or Cartesian coordinates.

These terms are also at least an order of magnitude larger than any other terms reported

in Table 5.4. In contrast, the terms in the row of Table 5.4 identified as qsOHqHOHqHOH are

comparable in magnitude, but have opposite signs when the Hamiltonian is expanded in

internal or Cartesian coordinates. The difference in the sign of this term reflects the fact

that the bending vibration does not follow Cartesian coordinates.103,112,126

The overall contribution to the first order correction to the state of interest from the

state with one more quantum of excitation in the symmetric OH stretch depends on the

sum of these contributions. While the contribution from the terms that only involve the

stretches will be the same for both the ground state and the state with vHOH = 1, the
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Table 5.4: Contributions to H(1) for H2O, including the potential derivatives in Cartesian
and internal coordinates as well as the first derivatives of the G-matrix elements.

Cartesian Internal
Coordinates
(i, j, k)

∂3V/∂qiqjqk ∂3V/∂qiqjqk ∂Gij/∂qk ∂Gik/∂qj ∂Gjk/∂qi

qsOHq
a
OHq

a
OH −1813.8 −1812.9 −1.0 −1.0 0.3

qsOHq
s
OHq

s
OH −1830.4 −1829.4 −0.6 −0.6 -0.6

qHOHq
a
OHq

a
OH −254.6 −214.1 10.0 10.0 −48.8

qHOHq
s
OHq

s
OH −69.5 −117.7 13.3 13.3 46.8

qsOHqHOHqHOH 292.1 −132.1 11.5 11.5 −227.2
qHOHqHOHqHOH 258.7 323.8 −43.4 −43.4 −43.4

contributions from the coupling terms listed in the row labeled qsOHqHOHqHOH in Table 5.4

will increase with HOH bend excitation. The fact that these terms are all negative when the

expansion is performed in internal coordinates means that excitation of the bend will increase

the size of the contribution of the state with one additional quantum of excitation in the

symmetric OH stretch to the first order correction to the wave function. In contrast, when

the Hamiltonian is expanded in Cartesian coordinates, the size of the contribution of the

state with one additional quantum of excitation in the symmetric OH stretch will decrease

with bend excitation. Since the energy shift at second order perturbation theory arises from

the ratio of the square of this matrix element of H(1) involving the state of interest and the

state that is contributing at first order and the energy difference between these two states,

the differences described above are responsible to the observed change in sign of E (1,1)
HOH and

E (2,0)
HOH in Fig. 5.3.

Likewise, large, negative quartic terms in the expansion of the potential, provided in

Table 5.5, that involve both the stretches and the bends when the potential is expanded in

Cartesian coordinates are responsible for the negative value of E (2,0)
HOH in this case, whereas

the positive values of the quartic kinetic couplings in the internal coordinate representation
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provide the positive E (2,0)
HOH for these coordinates. As expected, when we sum E (1,1)

HOH and E (2,0)
HOH

the resulting excited state energy is independent of the coordinates used to expand the

Hamiltonian. On the other hand, as seen in prior studies,126 the interpretation of the origins

of the anharmonicity as arising from large stretch bend couplings in the potential as opposed

to terms in the kinetic energy depends on the choice of coordinates. Similar changes are

observed in the analysis of the energy corrections when the energies are evaluated using the

three-dimensional model. This further supports the conclusion that this change is reflecting

the difference in the description of the bending vibration and not large underlying stretch-

bend coupling terms in the potential energy surface for water.

When we look at (H2O)2, we find that while the overall energy correction at second order

perturbation theory is independent of the coordinate choice, the sizes of the corrections

to the energy from the terms in the first and second order correction to the Hamiltonian

depend more sensitively on the choice of coordinates than was seen for H2O. Specifically,

when the Hamiltonian is expanded in internal coordinates, the sizes of E (2,0)
n range from 195

to 235 cm−1 for the stretches and are smaller than 100 cm−1 for all but the lowest frequency

vibration. Likewise, the corresponding E (1,1)
n values are no smaller than −440 cm−1 for the

OH stretches and no smaller than −125 cm−1 for all but the lowest frequency vibration. In

addition, E (1,1)
n ∼ −2E (2,0)

n for all four OH stretching vibrations, as expected from the Morse

oscillator model. In contrast, when the Hamiltonian is expanded in normal coordinates that

are linear combinations of Cartesian displacements, the signs of the corrections for the OH

stretches are reversed and are no longer in the expected −2 : 1 ratio. The magnitudes of the

corrections are generally much larger when the Hamiltonian is expanded in these coordinates,

and exceed 1000 cm−1 in many cases. This is seen in the results plotted in Fig. 5.4, which are

also provided in Table 5.6. The origins of these differences can be traced to slow convergence

of the expansion of the potential in the large-amplitude low-frequency vibrations, which

correspond to hindered rotations of the water molecules, when the Hamiltonian is expanded

in normal modes based on the displacements of Cartesian coordinates. This is largely driven

by the large-amplitude low-frequency modes which will be particularly poorly represented
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by Cartesian displacements.

Finally we look at peroxynitrous acid (HOONO), which is a molecule with an intramolec-

ular hydrogen bond. HOONO contains two low-frequency torsions, neither of which is ex-

pected to be well-represented by vibrational perturbation theory.127–129 The energy shifts

obtained by applying VPT2 to the expansions of the Hamiltonian for HOONO in internal and

Cartesian coordinates are provided in Fig. 5.5 and Table 5.7. The lowest frequency mode is

the hydrogen out-of-plane bending motion (HOO′N) with a harmonic frequency of 355 cm−1.

The corrections to the energies of both the hydrogen out-of-plane bend (HOO′N) and nitro-

gen out-of-plane bend (OO′NO′′) modes are very large when the Hamiltonian is expanded

in Cartesian coordinates and much smaller when the Hamiltonian is expanded in internal

coordinates. Interestingly, the energy of the OH stretching vibration is much larger when

the Hamiltonian is expanded in internal coordinates than when it is expressed in Cartesian

coordinates. This likely reflects the large anharmonicity in this mode. In fact, the internal

coordinate energy corrections are consistent with a Morse oscillator with an anharmonicity

of ∼95 cm−1. As was the case for water dimer, when the Hamiltonian is expanded in normal

mode coordinates that are based on the internal coordinates E (1,1)
OH ∼ −2E (2,0)

OH , while for the

expansion in Cartesian coordinates, the signs of these contributions are reversed. As with

(H2O)2, this deviation of the energy corrections for the OH stretch from expectations based

on the Morse oscillator reflects the large corrections arising from the contribution from states

with one quantum in the HOO′N torsion to the first order correction to the wave function

for the state with vOH = 1.

5.3.5 Properties

Having shown that the value of ∆E
(k)
n in Eq. (5.33) is independent of the normal mode

coordinates that are used to expand the Hamiltonian, it is natural to ask if the same holds for

other properties. If we partition the normal coordinate expansion of the operator of interest

by the order of the terms in the expansion, the corrections to the matrix elements of the

operator obtained from perturbation theory will once again be independent of the underlying
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coordinate choice. As an example, in the case of the dipole function, the constant and linear

terms in the expansion of the dipole are in µ(0), the quadratic terms are in µ(1), and the

cubic terms are in µ(2). In this way, the zero-order contribution to the intensity calculation

provides the results of the linear dipole/harmonic treatment. Putting the quadratic terms

in µ(1) ensures that the first order correction to the intensity provides the lowest order

approximation for the intensities of transitions to states with two or four quanta of excitation.

Likewise at second order, we obtain corrections to the intensities for transitions involving one

quantum of excitation as well as intensities for transitions to states with three or five quanta

of excitation. These observations result from the expression for the kth order correction to

the transition moments

⟨0|µα |n⟩(k) =
k∑

l=0

k−l∑
i=0

⟨0(i)|µ(l)
α |n(k−l−i)⟩ (5.61)

and the fact that, in a harmonic basis, operation by the coordinate or momentum operator

can only change the number of quanta in the state by ±1.

The results for the intensities of the three transitions involving two quanta of excitation

in H2O are shown in Fig. 5.6. Since by symmetry, only one vector component of the tran-

sition moment can be non-zero for this molecule, only the non-zero component is plotted.

Additionally, to aid in comparison, the sum of the contributions to the transition moment

components are denoted by the black dashed lines in the figure. As can be seen, these values

are the same when the Hamiltonian is expanded in normal modes based on the Cartesian and

internal coordinates. On the other hand, whether the origin of the intensity is primarily from

the linear term in the expansion of the dipole moment and higher order terms in the expan-

sion of the Hamiltonian (mechanical anharmonicity) or the harmonic potential (H(0)) and

higher order terms in the expansion of the dipole (electrical anharmonicity) often depends

on the coordinates in which the Hamiltonian and dipole moment operators are expanded.

We choose to focus on combination bands and overtones involving the HOH bend for two

reasons. Firstly, the intensities of transitions to the states with one quantum of excitation
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are well-described by the linear dipole/harmonic oscillator approximation, and typically the

second order corrections to these transition moments are ∼10% of the value of the zeroth

order transition moments. Secondly, as noted above, there are only two types of corrections

that come in at first order, those that result from the first order corrections to the wave

functions with µ(0) and those that come from µ(1). This greatly simplifies our analysis as

the first case corresponds to mechanical anharmonicity, while the second reflects electrical

anharmonicities. Comparing the results presented in Fig. 5.6, we find that the contributions

to the intensities for the transition involving the HOH bend and the antisymmetric stretch

are the same for both coordinate systems, while the leading contribution to the intensity

of the transition to the state with one quantum in the bend and one in the symmetric OH

stretch depends on the coordinates that are used to expand the Hamiltonian.

There are two factors reflected in this difference. First, as noted above, the sign of the

cubic terms in the expansion of the Hamiltonian that involve the symmetric stretch and

bend depend on the coordinates used to expand the Hamiltonian. Likewise, as seen in the

results reported in Table 5.9 the sign of the mixed second derivative of the dipole moment

with respect to the symmetric stretch and the bend depends on the choice of coordinates.

As with the cubic terms in the expansion of the potential reported in Table 5.4, this change

in sign reflects the differences in the description of the bend in the two coordinate systems.

Taken together, the differences in the description of the transition moment for the transition

to the state with one quantum in both the symmetric stretch and bend serve to illustrate the

potential challenges in interpreting the origins of anharmonicities. As noted before, while the

sum of the various contributions will not depend on the choice of coordinates, the individual

contributions will.

In Fig. 5.7 trends for the component of the transition moment along the A principal axis

(indicated as a red arrow in Fig. 5.7) for selected transitions in (H2O)2 are presented. As

with H2O, these results illustrate the effect of coordinates choice on the interpretation of the

results. Generally, when internal coordinates are used, the contribution from the higher order

terms in the dipole expansion become more important. Interestingly, this trend is exhibited
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even for combination bands involving primarily rectilinear motions, such as the combination

band of the OO stretch and the symmetric stretch on the acceptor water, OO + OHs
A, and

those involving motions that would not appear strongly coupled, such as the out-of-phase

rotation of the two water monomers about OO axis and the acceptor antisymmetric OH

stretch, rotOO + OHa
A.

As before, this is reflective of deficiencies in the Cartesian coordinate normal modes.

5.4 Conclusion

A sparse, linear algebra based implementation of Rayleigh-Schrödinger vibrational pertur-

bation theory that allows for flexibility in the expansion of the Hamiltonian used has been

described. Our PyVibPTn115 implementation of this approach provides a powerful tool for

investigating the origin of spectral intensity and transition frequencies by looking at which

expansion terms lead to the largest corrections. It also provides flexibility in terms of the

coordinate system used in the expansions, which aids in interpretation by allowing for the

use of coordinates that better follow the true molecular motions than the Cartesian dis-

placement coordinates most commonly used in prior implementations. Good coordinate

choice minimizes the amount of cancellation of corrections and coordinate systems beyond

the bond-angle-dihedral internal coordinate system, such as generalizations of the Morse

y coordinates, could prove even more advantageous for interpretation in more complicated

molecular systems.

We have explored the corrections to the wave functions for water in internal and Cartesian

coordinates, and found that the contribution of the symmetric OH stretch to the corrections

to the HOH bend wave function differs significantly between the two coordinate systems,

reflecting the larger coupling between the HOH bend and the OH stretches in Cartesian

coordinates. Likewise, we have shown that determining whether combination band inten-

sity arises from mechanical or electrical anharmonicity depends sensitively on coordinate

choice, finding that the intensity of combination bands involving nominally rectilinear mo-

tions can appear to originate from higher order terms in the potential when the Hamiltonian
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is expanded in Cartesian coordinates, while in internal coordinates the intensity appears to

reflect higher order terms in the expansion of the dipole surface. Additional applications

of the implementation of vibrational perturbation theory described here to studies of two

photon excitations of the CH stretching vibrations in the hydroperoxyalkyl radical130 and the

specral signatures of hydrogen bonding in complexes of HOCl and HOD with halide ions131

have been described elsewhere.

The work described here focused on situations where the energies and intensities were not

impacted by near degeneracies, which can be problematic in studies based on perturbation

theory. We are currently extending this work to include the identification of resonances in

order to appropriately handle them within PyVibPTn.
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Figure 5.2: Contributions to the zero-point energy (g.s.) and the energies of states with
up to two quanta of excitation for the two-dimensional harmonically coupled anharmonic
oscillator system defined by Eq. (5.60), E (i,j)

n defined in Eq. (5.32) and Eq. (5.34), based on
the one-dimensional Morse oscillators with ω = 3869.47 cm−1 and ωx = −84.11 cm−1. The
energies for these states at second and fourth order in perturbation theory as well as the
energies evaluated using a discrete variable representation are provided in Table 5.2.
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Figure 5.3: Contributions to energies of selected states of water obtained at second order
in perturbation theory, where E (2,0)

n provides corrections from H(2) and E (1,1)
n provides cor-

rections from H(1). Results are provided for the zero-point energy (g.s.) and the energies
of states with one of excitation in the symmetric OH stretch, OHs, the antisymmetric OH
stretch, OHa and the HOH bend, HOH. The reported results are based on three descriptions
of the vibrational Hamiltonian: C) a quartic expansion of the Hamiltonian in normal coordi-
nates based on Cartesian displacements, I) a quartic expansion of the Hamiltonian in normal
coordinates based on internal displacements, and 3D) when the potential is approximated
by Eq. (5.60) with an additional harmonic bend with ω = 1600 cm−1. The values of the
plotted quantities are provided in Table 5.3.
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Figure 5.4: Contributions to energies of selected states of water dimer obtained at second
order in perturbation theory, where E (2,0)

n provides corrections from H(2) and E (1,1)
n provides

corrections from H(1). Results are provided for the zero-point energy (g.s.) and the energies
of states with one quantum of excitation in the bound OH stretch, OHb, the HOH bend of
the donor water molecule, HOHD, and the out-of-phase rotations of the two monomers about
the axis perpendicular to the plane of symmetry of the complex, rot⊥. The reported results
are based on two descriptions of the vibrational Hamiltonian: C) a quartic expansion of the
Hamiltonian in normal coordinates based on Cartesian displacements, I) a quartic expansion
of the Hamiltonian in normal coordinates based on internal displacements. The values of the
plotted quantities are provided in Table 5.6.
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Table 5.6: Contributions (in cm−1) to energies of (H2O)2 obtained at second order in per-
turbation theory, where E (2,0)

n provides corrections from H(2) and E (1,1)
n provides corrections

from H(1). The reported results are based on two descriptions of the vibrational Hamiltonian:
Cartesians) a quartic expansion of the Hamiltonian in normal coordinates based on quartic
expansions of the Hamiltonian in normal modes based on displacements of the Cartesian and
the internal coordinates. Selected transitions are plotted in Fig. 5.4.

Statea Cartesian Internal
E (2,0)
n E (1,1)

n Sum E (2,0)
n E (1,1)

n Sum

g.s. 5014.8369 −5219.3827 −204.5458 235.1656 −439.7116 −204.5460
vOHa

A
= 1 −915.5209 733.9091 −181.6118 195.6823 −377.2943 −181.6119

vOHb = 1 −859.2775 684.8548 −174.4227 202.9660 −377.3888 −174.4228
vOHs

A
= 1 −883.2569 716.3186 −166.9383 198.3588 −365.2973 −166.9384

vOHf
D
= 1 −506.3871 370.0499 −136.3372 223.4496 −359.7868 −136.3372

vHOHD = 1 97.9036 −151.6619 −53.7583 −3.8285 −49.9298 −53.7583
vHOHA = 1 98.5104 −142.3190 −43.8086 7.9628 −51.7714 −43.8087
voop = 1 831.9775 −957.4894 −125.5119 −0.4689 −125.0430 −125.5119
vipD

= 1 1872.8878 −1927.8671 −54.9794 1.3232 −56.3027 −54.9794
vOO = 1 2543.1588 −2571.5487 −28.3899 54.9686 −83.3585 −28.3899
vrot⊥ = 1 3562.0310 −3579.5709 −17.5399 94.5916 −112.1315 −17.5399
vrotOO = 1 5904.1682 −5906.1242 −1.9560 78.1489 −80.1050 −1.9561
vtorA = 1 8367.2275 −8387.8344 −20.6068 140.9120 −161.5190 −20.6070

aA/D subscripts indicate the vibration is on the hydrogen bond acceptor or donor respectively; a/s
superscripts indicate the antisymmetric or symmetric combination of the OH stretches on the acceptor;
b superscript indicates the bound hydrogen while the f superscript indicates the free hydrogen on the
donor; rot ⊥ is the out-of-phase rotation of the water molecules about an axis that is perpendicular
to the plane that contains the donor water molecule, and rotOO is the out-of-phase rotation of the
monomers about the OO axis.
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Figure 5.5: Contributions to energies of selected states of HOONO obtained at second order
in perturbation theory, where E (2,0)

n provides corrections from H(2) and E (1,1)
n provides cor-

rections from H(1). Results are provided for the zero-point energy (g.s.) and the energies of
states with one of excitation in the OH stretch, the OO′NO′′ torsion, and the HOO′N tor-
sion. The reported results are based on two descriptions of the vibrational Hamiltonian: C)
a quartic expansion of the Hamiltonian in normal coordinates based on Cartesian displace-
ments, I) a quartic expansion of the Hamiltonian in normal coordinates based on internal
displacements. The values of the plotted quantities are provided in Table 5.7.
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Table 5.7: Contributions (in cm−1) to energies of HOONO obtained at second order in per-
turbation theory, where E (2,0)

n provides corrections from H(2) and E (1,1)
n provides corrections

from H(1). The reported results are based on quartic expansions of the Hamiltonian in nor-
mal modes based on displacements of the Cartesian and the internal coordinates and are
plotted in Fig. 5.5.

State Cartesian Internal
E (2,0)
n E (1,1)

n Sum E (2,0)
n E (1,1)

n Sum

g.s. 148.6515 −241.4685 −92.8170 58.7712 −151.8055 −93.0343
vOH = 1 −265.2326 77.3160 −187.9165 215.9494 −403.8564 −187.9070
vNO′′ = 1 19.8300 −30.1614 −10.3314 32.6524 −42.9955 −10.3432
vHOO′ = 1 3.0290 105.4814 108.5104 30.5498 77.8136 108.3633
vO′NO′′ = 1 5.3421 −28.9379 −23.5958 9.8035 −33.4172 −23.6137
vOO′ = 1 7.8039 −29.9004 −22.0965 16.0402 −38.1372 −22.0970
vO′N = 1 37.9814 45.0219 83.0033 45.0572 37.9436 83.0008
vOO′NO′′ = 1 134.2960 −175.3300 −41.0341 −21.1574 −19.9923 −41.1497
vOO′N = 1 7.2955 −33.1328 −25.8372 13.5707 −39.4211 −25.8505
vHOO′N = 1 650.5459 −736.2930 −85.7471 −55.5574 −30.7592 −86.3166
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Figure 5.6: Contributions to the component of the transition moment along the A or B
principal axis (indicated as red and blue dashed arrows) for selected transitions in water
obtained at first order in perturbation theory. The results plotted in blue reflect contributions
from µ(0) and reflect intensity originating from the first order correction to the wave functions,
while the results plotted in gold arise from contributions in µ(1), which contains the quadratic
terms in the expansion of the dipole surface. The dashed lines indicate the sum of these two
contributions. Results are provided for transition to states with two quanta in the HOH bend,
vHOH = 2, and the states with one quantum in the bend and one in either the asymmetric
or symmetric OH stretch, vHOH = 1 and va/s

OH = 1. The reported results are based on two
descriptions of the vibrational Hamiltonian and dipole surface: C) expansions in normal
coordinates based on Cartesian displacements, I) expansions in normal coordinates based on
internal displacements. The values of the plotted quantities are provided in Table 5.8. Only
the non-zero component of the transition moment is plotted for each transition.
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Table 5.8: Contributions (in D) to the component of the transition moment, ⟨0|µ |n⟩, along
the A or B principal axis (indicated as red and blue dashed arrows in Fig. 5.6) for selected
transitions in water obtained at first order in perturbation theory. The contributions from
µ(0) and reflect intensity originating from the first order correction to the wave functions,
while the contributions from µ(1) account for the quadratic terms in the expansion of the
dipole surface. Results are provided for transition to states with two quanta in the HOH
bend, vHOH = 2, and the states with one quantum in the bend and one in either the asym-
metric or symmetric OH stretch, vHOH = 1 and va/s

OH = 1. The reported results are based
on two descriptions of the vibrational Hamiltonian: Cartesian) a quartic expansion of the
Hamiltonian in normal coordinates based on Cartesian displacements, Internal) a quartic
expansion of the Hamiltonian in normal coordinates based on internal displacements. The
results are plotted in Fig. 5.6.

Cartesian
State µ(0) µ(1) Sum

A B A B A B

vHOH = 2 0.00000 −0.00048 0.00000 0.00891 0.00000 0.00843
vHOH = 1, va

OH = 1 −0.00379 0.00000 −0.01305 0.00000 −0.01684 0.00000
vHOH = 1, vs

OH = 1 0.00000 -0.00135 0.00000 0.00354 0.00000 0.00219

Internal
State µ(0) µ(1) Sum

A B A B A B

vHOH = 2 0.00000 −0.00141 0.00000 0.00983 0.00000 0.00843
vHOH = 1, va

OH = 1 −0.00415 0.00000 −0.01269 0.00000 −0.01684 0.00000
vHOH = 1, vs

OH = 1 0.00000 0.00494 0.00000 −0.00275 0.00000 0.00219
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Table 5.9: Derivatives (in D) of the dipole moment for H2O that contribute to µ(1) along the
A and B principal axes, indicated by the red and blue arrows in the inset in Fig. 5.6. Deriva-
tives are provided with respect to normal coordinates based on Cartesian displacements
(Cartesian) and normal coordinates based on internal displacements (Internal).

Cartesian Internal
Coordinates
(i, j)

∂2µA/∂qiqj ∂2µB/∂qiqj ∂2µA/∂qiqj ∂2µB/∂qiqj

qaOHq
a
OH 0 −0.003177 0 −0.002815

qsOHq
a
OH −0.001334 0 −0.001336 0

qsOHq
s
OH 0 0.002656 0 0.002718

qHOHq
a
OH −0.010266 0 −0.009982 0

qHOHq
s
OH 0 0.002787 0 −0.002161

qHOHqHOH 0 0.009913 0 0.010941
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Figure 5.7: Contributions to the component of the transition moment, ⟨0|µ |n⟩, along the A
principal axis (indicated as red dashed arrow) for selected transitions in water dimer obtained
at first order in perturbation theory. The results plotted in blue reflect contributions from µ(0)

and reflect intensity originating from the first order correction to the wave functions, while
the results plotted in gold arise from contributions in µ(1), which contains the quadratic
terms in the expansion of the dipole surface. The dashed lines indicate the sum of these
two contributions. Results are provided for combination bands with two total quanta of
excitation. The combinations are (from left) the bound hydrogen motion out of the plane of
symmetry for the complex with the acceptor antisymmetric OH stretch, oop+OHa

A, the out of
phase rotation of the two water monomers about OO axis with the acceptor antisymmetric
OH stretch, rotOO + OHa

A, and the OO stretch with the acceptor symmetric OH stretch,
OO+OHs

A. The reported results are based on two descriptions of the vibrational Hamiltonian
and dipole surface: C) expansions in normal coordinates based on Cartesian displacements, I)
expansion in normal coordinates based on internal displacements. The values of the plotted
quantities as well as the components along the C principal axis (indicated as blue dashed
arrow) are provided in Table 5.10.
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Table 5.10: Contributions (in D) to the component of the transition moment, ⟨0|µ |n⟩, along
the A or C principal axis (indicated as red and blue dashed arrows in Fig. 5.7) for selected
transitions in water dimer obtained at first order in perturbation theory. The contributions
from µ(0) and reflect intensity originating from the first order correction to the wave func-
tions, while the contributions from µ(1) account for the quadratic terms in the expansion
of the dipole surface. Results are provided for combination bands with two total quanta of
excitation. The combinations are the bound hydrogen motion out of the plane of symme-
try for the complex with the acceptor antisymmetric OH stretch, oop + OHa

A, the out of
phase rotation of the two water monomers about OO axis with the acceptor antisymmetric
OH stretch, rotOO + OHa

A, and the OO stretch with the acceptor symmetric OH stretch,
OO + OHs

A. The results are plotted in Fig. 5.7.

Cartesian
State µ(0) µ(1) Sum

A C A C A C

voop = 1, va
OHA

= 1 0.00463 −0.00076 0.00048 0.00181 0.00511 0.00105
vrotOO = 1, va

OHA
= 1 0.02170 0.00163 -0.00275 0.00332 0.01895 0.00495

vOO = 1, vOHs
A
= 1 0.01547 −0.01044 −0.01212 0.00845 0.00336 -0.00199

Internal
State µ(0) µ(1) Sum

A C A C A C

voop = 1, va
OHA

= 1 −0.00102 0.00023 0.00613 0.00082 0.00511 0.00105
vrotOO = 1, va

OHA
= 1 0.00128 −0.00037 0.01767 0.00532 0.01895 0.00495

vOO = 1, vOHs
A
= 1 −0.00036 0.00179 0.00371 −0.00379 0.00336 −0.00199
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Chapter 6

A WAVE FUNCTION CORRECTION-BASED APPROACH TO
THE IDENTIFICATION OF RESONANCES FOR

VIBRATIONAL PERTURBATION THEORY

6.1 Introduction

The simulation of vibrational spectra is a key element in the process of making connections

between experimentally observable quantities and the fundamental physics of molecular sys-

tems. There are many highly-accurate approaches that have been taken to simulate such

spectra. Commonly, methods like discrete variable representations4,11 (DVR) and local-mode

models132 (LMM) are used to describe individual coordinates. These representations of in-

dividual coordinates may then be composed via direct-product bases or similar approaches

to obtain representations of the full-dimensional Hamiltonian. Unfortunately, due to the

so-called "curse of dimensionality", this simple approach works best only for small systems

or in reduced-dimensional models. To extend to higher-dimensional problems, it is common

to use approaches like the vibrational self-consistent field/vibrational configuration interac-

tion (VSCF/VCI) method133 and the multiconfiguration time-dependent Hartree (MCTDH)

method,134 which make use of DVRs and LMMs, but extend them efficiently. These meth-

ods provide high-quality spectral information, but can come at a considerable computational

cost. As a complement to these highly-accurate but expensive methods, more approximate

methods also exist, the best-known likely being the harmonic oscillator model. In the har-

monic approximation, the potential energy is approximated by a second-order Taylor series

about the minimum-energy geometry. The vibrational Hamiltonian for an N -atom system

can then be expressed as

H =
3N−6∑
i=1

ℏ
2
ωi(p

2
i + q2i ) (6.1)
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where the qi are the 3N − 6 normal modes, the pi are the momenta conjugate to the normal

modes, and ωi are the associated frequencies.1

For systems where a quadratic approximation to the potential works well—a common

case for systems with small-amplitude motions—the harmonic approximation provides good

solutions to the full vibrational Schrödinger equation. However, for systems with signifi-

cant anharmonicity, a better solution is obtained through vibrational perturbation theory

(VPT).2,3, 55,93–96,118 In particular, for a vibration with a potential energy that is described

by a Morse potential, second-order vibrational perturbation theory (VPT2) provides the

exact energy.125 As the potential energy along a bond stretching coordinate is often well-

appoximated by a Morse potential, VPT2 can be expected to provide better energies for

the wave functions along these types of coordinates than a variational calculation using the

same potential energy surface. On the other hand, in the presence of resonances, that is

when states are nearly degenerate and/or strongly coupled, VPT is known to give incorrect

answers, the classic example being Fermi resonances.1,93,135 Such resonances are commonly

handled via the deperturb-and-diagonalize method, where terms that couple resonant states

are discarded when doing the perturbation theory and then reintroduced via a variational

step.93,97,101,118,135–137 This approach, while effective, requires resonances to be identified so

that the effects of the resonances may be properly accounted for.

It is sometimes possible to identify resonances a priori. For example, what is now known

as Fermi resonance was first discussed by Fermi and Dennison in studies of CO2.138 In these

works, it was noted that the frequency of the fundamental in the symmetric CO stretching

vibration was almost exactly twice the frequency of the doubly-degenerate OCO bending

modes, leading to these vibrations being in resonance. Later work by Sibert on H2CO
139

introduced a collective quantum number, Nt, to account for the polyad of resonances obtained

from the relations

ν1 ≈ ν5 ≈ 2ν2 ≈ 2ν3 ≈ 2ν4 ≈ 2ν6 (6.2)

For example, the state with one quantum of excitation in mode 5 has the same value of Nt as
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the state with one quantum of excitation in both modes 3 and 6, and so there is a resonance

between those states. Such polyads have been used in later studies as well.101

In the absence of prior knowledge of the important resonances in a system, more auto-

mated approaches are required. One approach, used by Handy and coworkers in the devel-

opment of the SPECTRO program105 is to consider the differences in harmonic frequencies

between transitions. Another, taken in the implementation of vibrational perturbation the-

ory in the CFOUR106 package is more sophisticated, considering instead the derivatives of

the VPT energies with respect to the harmonic frequencies, as outlined by Matthews and

Stanton.140 However, the most widely-used approach is likely the so-called Martin Test,141

which in its simplest form takes pairs of zero-order states, |n(0)⟩ and |m(0)⟩, and considers

the ratio of the coupling between them and their energy difference. This test is obtained by

considering the two-by-two coupling matrix with the energy of states |n(0)⟩ and |m(0)⟩ on the

diagonal and the coupling between them from perturbation theory. The energies obtained

by applying perturbation theory to this matrix are then compared to those obtained via

diagonalization, and if the difference is greater than a specified threshold, the states are de-

termined to be in resonance. A common choice for this threshold is 1 cm−1, although values

as large as 10 cm−1 and as small as 0.1 cm−1 have been used in the literature.55,118

The Martin test is a reliable, commonly used diagnostic for identifying Fermi resonances

and has been used by Barone and coworkers in a recent benchmark study as well as in the

implementation of VPT2 in the Gaussian 16 software package.122,142 It is, however, restricted

to the identification of Fermi resonances. Resonances involving states with the same number

of quanta of excitation, also known as Darling-Dennison resonances,143 must be identified by

other approaches. This is commonly done by the comparison of energy differences between

states, as was done by Barone and coworkers in their recent benchmark study.142

Automated approaches are, in general, very successful at accounting for disastrous res-

onances that lead to obviously incorrect results from VPT. It is worth noting, however,

that many resonances have more subtle effects and the identification of such resonances can

lead to important changes in the calculated spectrum. For example, in a recent study of
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isoprene,118 Stanton and coworkers found that the simulated spectrum from VPT2 was sen-

sitive to the choice of resonances. In that study, the best agreement with the experimental

spectrum was obtained by including not only those resonances identified by the Martin test

(for Fermi resonances) and an energy window (for Darling-Dennison resonances), but by also

including resonances between all of the CH scissoring modes. This mixture of an automated

approach with a priori information provided a high-fidelity reproduction of the experimental

spectrum.

The previously mentioned automated approaches to resonance identification (energy win-

dows, harmonic derivatives, and the Martin test), are all focused on the VPT corrections

to the energies. This focus on energies is not ideal, as Stanton and coworkers have noted

that VPT corrections to the transition moments are more sensitive to resonances than the

corrections to the energies.144

On the other hand, this focus on the energies is entirely logical considering the fact that,

for efficiency reasons, most approaches to vibrational perturbation theory build off of work

by Nielsen and coworkers and use analytic expressions that encode the corrections to the

energies and other properties.55,98,144–146 This means that corrections to the wave functions

are rarely evaluated explicitly. By contrast, in a recent paper (Paper I)147 the authors

described an implementation of VPT building off of work by Kato116 and Sakurai114 that

uses sparse linear algebra and keeps track of explicit corrections to the wave functions. In

this work, we will detail an automated approach to the identification of resonances that uses

these explicit corrections to the wave functions. It will provide the beneficial features of the

Martin test and energy window approaches while also allowing for the identification of more

subtle resonances that manifest more strongly in the corrections to the intensities than the

energies.

6.2 Theory

In vibrational perturbation theory, the potential and kinetic energy operators are expanded as

Taylor series in the normal mode coordinates and these expansions are used as perturbations.
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This provides the following expression for the Hamiltonian

H = λ0H(0) + λ1H(1) + λ2H(2) + ... (6.3)

where H(0) is the harmonic Hamiltonian, including the terms that are quadratic in p and

q. H(1) then includes all terms that are cubic in p and q, H(2) includes all terms that are

quartic in p and q, and so forth. The wave functions and energies are also expanded as a

formal power series in λ

|n⟩ = λ0 |n(0)⟩+ λ1 |n(1)⟩+ λ2 |n(2)⟩+ ... (6.4)

En = λ0E(0)
n + λ1E(1)

n + λ2E(2)
n + ... (6.5)

where |n(0)⟩ is an eigenstate of the Hamiltonian in Eq. (6.1) and E
(0)
n is the corresponding

harmonic energy. In Paper I, we have provided expressions for obtaining corrections to

the zero-order energy for any order k, E(k)
n , and the corresponding corrections to the wave

function, |n(k)⟩, using sparse linear algebra. In that work, we also elaborate on the forms of

H(1), H(2), and higher-order perturbations.

The effect of resonances on VPT is to cause the expansions in Eqs. (6.4) and (6.5) to either

diverge or simply not to converge. Mechanistically, a resonance occurs between states |n(0)⟩

and |m(0)⟩, when a term of the form ⟨n(0)|H(k) |m(0)⟩ /(E(0)
n −E

(0)
m ) becomes too large. This

term first occurs in the evaluation of |n(k)⟩ and will contribute to all higher-order corrections.

In the notation of Paper I, this comes from

|n(k)⟩ = ΠO

k−1∑
i=0

∆H(i)
n |n(i)⟩ − 1

2

k−1∑
i=1

⟨n(i)|n(k−i)⟩ |n(0)⟩ (6.6)
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where

∆H(i)
n =H(i) − E(i)

n (6.7)

ΠO =(I − |n(0)⟩ ⟨n(0)|)(−∆H(0)
n )−1(I − |n(0)⟩ ⟨n(0)|) (6.8)

As the perturbation theory is taken to higher order, higher powers of this ratio will enter

into the expressions for the corrections to the wave functions. If this term will lead to non-

convergence of Eq. (6.4) or Eq. (6.5), this should be noticeable in the corrections to the wave

functions.

That is, we know that

|n(k)⟩ =
∑
m

⟨m(0)|n(k)⟩ |m(0)⟩ (6.9)

where the expansion coefficients ⟨m(0)|n(k)⟩ are obtained by evaluating the matrix-vector

products in Eq. (6.6). It is therefore possible to say that a state |n(0)⟩ is resonant with

|m(0)⟩ if at any order k, ⟨m(0)|n(k)⟩ is larger than a specified threshold. Specifically, if we are

performing perturbation theory up to order N , we can define

Ξn,m =
N

max
k=0

∣∣⟨m(0)|n(k)⟩
∣∣ (6.10)

and then given a threshold value, χmin, we say |n(0)⟩ is resonant with |m(0)⟩ if Ξn,m is greater

than χmin. This leads to a series of pair-wise relations of the form |n(0)⟩ resonant with |m(0)⟩

and |i(0)⟩ resonant with |j(0)⟩ from which a graph of resonant states is constructed.

Similarly to the cyclical resonances noted to be a problem for the Martin test by Stanton

and coworkers,118 the WFC approach also can identify problematic resonances. That is,

direct application of WFC algorithm can identify resonances that should not be handled

through deperturbation and diagonalization. Our approach to handling this issue is to borrow

an idea from implementations of the Martin test and to use an energy window to restrict

which states are allowed to be in resonances.118,142

The WFC resolves many of the difficulties laid out above for the Martin test. For one, it



176

allows for a single test that can be applied to both Darling-Dennison and Fermi resonances.

Secondly, as the corrections to the wave functions are used directly in evaluating transition

intensities, this approach will be sensitive to resonances that affect the intensities more than

the energies. Finally, the specified threshold is a dimensionless quantity and therefore treats

high- and low-frequency modes equivalently. This is in contrast to the Martin threshold,

for which, since vibrational frequencies can range from 50 to 5000 cm−1, a threshold that is

appropriate for a high-frequency vibration may not be appropriate for a low-frequency one.

Moreover, the WFC threshold has an easy-to-understand meaning. A threshold value of

1.0 will only identify resonances that contribute to corrections to the wave functions that are

larger than the contribution at zeroth order. As perturbation theory assumes the corrections

to the wave functions are small, this kind of resonance usually indicates a complete breakdown

in the method, such as a case where two zero-order states have exactly or almost exactly the

same energy, i.e. E
(0)
n − E

(0)
m ≈ 0. By contrast, a threshold value of 0.5 will find corrections

that are 50% of the zero-order coefficient, which can change the spectrum obtained, but

likely will not correspond to a complete breakdown in the VPT.

Finally, there is a subtlety in the application of the Martin test that is of note. Formally,

the Martin test (with a threshold, δ) is expressed as

⟨n(0)|H(1) |m(0)⟩4

(E∗
n − E∗

m)
3

> δ (6.11)

where E∗
n and E∗

m are the deperturbed energies, that is, the energies obtained from VPT2

with the coupling between |n(0)⟩ and |m(0)⟩ removed. This is obtained by comparing the

eigenvalues of the matrix  E∗
n ⟨n∗|H |m∗⟩

⟨n∗|H |m∗⟩ E∗
m

 (6.12)

to the energies obtained by applying first-order perturbation theory to this matrix. Com-

monly, however, the approximation (E∗
n−E∗

m) ≈ (E
(0)
n −E

(0)
m ) is made.118,141 This is justified

in the case that states |n(0)⟩ and |m(0)⟩ have similar anharmonicities. As will be noted later
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for cis-cis HOONO, this approximation does not always hold and whether it is used or not

can affect which resonances are identified in significant ways.

6.3 2n+1 Rule

We also note an expression that can prove useful in evaluating the corrections to the energies.

It was shown by Wigner that in perturbation theory with a single perturbation, to evaluate

the corrections to the energies up to order k it is sufficient to have the corrections to the

wave functions only up to order k/2. We show here an equivalent derivation for the case of

arbitrarily many perturbations

We will start from

−∆H(0)
n |n(k)⟩ =

k−1∑
i=0

∆H(k−i)
n |n(i)⟩ (6.13)

and apply on the left with ⟨n(j+1)| for some arbitrary j, giving us

⟨n(j+1)|∆H(0)
n |n(k)⟩ = −

k−1∑
i=0

⟨n(j+1)|∆H(k−i)
n |n(i)⟩ (6.14)

We will also note that

∆H(0)
n |n(j+1)⟩ = −

j∑
i=0

∆H(j+1−i)
n |n(i)⟩ (6.15)

and here we can apply on the left with |n(k)⟩, yielding

⟨n(k)|∆H(0)
n |n(j+1)⟩ = −⟨n(k)|∆H(1)

n ⟨n(j)| −
j−1∑
i=0

⟨n(k)|∆H(j+1−i)
n |n(i)⟩ (6.16)

and then by Hermiticity we can equate Eq. (6.14) and Eq. (6.16). Rearranging that equality,
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we then have

⟨n(j)|∆H(1)
n |n(k)⟩ = ⟨n(j+1)|∆H(1)

n |n(k−1)⟩+
k−2∑
i=0

⟨n(j+1)|∆H(k−i)
n |n(i)⟩ (6.17)

−
j−1∑
i=0

⟨n(k)|∆H(j+1−i)
n |n(i)⟩ (6.18)

which, through p applications of this relation, leads to the expression

⟨n(0)|∆H(1)
n |n(k)⟩ = ⟨n(p)|∆H(1)

n |n(k−p)⟩+
p∑

a=1

k−1−a∑
i=0

⟨n(a)|∆H(k+1−a−i)
n |n(i)⟩ (6.19)

−
p∑

b=2

b−2∑
i=1

⟨n(k+1−b)|∆H(b−i)
n |n(i)⟩ (6.20)

−
k−1∑

i=k+1−p

⟨n(0)|∆H(k+1−i)
n |n(i)⟩ (6.21)

We then have two cases to consider. First we consider the case of an odd value of k. We will

let j = (k − 1)/2. This gives us

E(k)
n = ⟨n(0)|H(k) |n(0)⟩+

2j∑
i=1

⟨n(0)|∆H(k−i)
n |n(i)⟩ (6.22)

= ⟨n(0)|H(k) |n(0)⟩+ ⟨n(0)|∆H(1)
n |n(2j)⟩+

2j−1∑
i=1

⟨n(0)|∆H(k−i)
n |n(i)⟩ (6.23)

By applying Eq. (6.21) with p = j and through an impressive amount of fortuitous cancel-

lation, this reduces to

E(k)
n = ⟨n(0)|H(k) |n(0)⟩+

j∑
i=1

⟨n(0)|H(k−i) |n(j)⟩+
j∑

a=1

j∑
i=0

⟨n(a)|∆H(k−a−i)
n |n(i)⟩ (6.24)
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Similarly, for even k we define j = k/2, giving us

E(k)
n = ⟨n(0)|H(k) |n(0)⟩+

2j−1∑
i=1

⟨n(0)|∆H(k−i)
n |n(i)⟩ (6.25)

= ⟨n(0)|H(k) |n(0)⟩+ ⟨n(0)|∆H(1)
n |n(2j−1)⟩+

2j−2∑
i=1

⟨n(0)|∆H(k−i)
n |n(i)⟩ (6.26)

and again by applying Eq. (6.21) with p = j, this reduces to

E(k)
n = ⟨n(0)|H(k) |n(0)⟩+

j∑
i=1

⟨n(0)|H(k−i) |n(j)⟩+
j−1∑
a=1

j∑
i=0

⟨n(a)|∆H(k−a−i)
n |n(i)⟩ (6.27)

Therefore if we can get corrections to the wave functions through order k, we can write

E(2k+1)
n = ⟨n(0)|H(2k+1) |n(0)⟩+

k∑
i=1

⟨n(0)|H(2k+1−i) |n(i)⟩+
k∑

a=1

k∑
i=0

⟨n(a)|∆H(2k+1−a−i)
n |n(i)⟩

(6.28)

E(2k)
n = ⟨n(0)|H(2k) |n(0)⟩+

k∑
i=1

⟨n(0)|H(2k−i) |n(i)⟩+
k−1∑
a=1

k∑
i=0

⟨n(a)|∆H(2k−a−i)
n |n(i)⟩ (6.29)

6.4 Results and Discussion

In Fig. 6.1, the results of performing second-order vibrational perturbation theory (VPT2)

with resonance handling (blue) and without (red) are shown for CH4, H2CO, HNO3, and

HOONO. The corresponding frequencies and intensities are tabulated in the Supporting

Info. These systems have been studied previously, including with VPT,127–129,139,148–150 but

are chosen for this work as they broadly demonstrate the different classes of resonance effects

common in vibrational problems. All results were evaluated using a partial quartic force field

obtained using the Gaussian 16 software package at the MP2/aug-cc-pvtz level of theory and

basis,122 and all VPT2 calculations were performed using the PyVibPTn implementation of

the approach described in our previous work.115,147
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Figure 6.1: Vibrational spectra for with and without resonance handling (blue and red respec-
tively) for (a) CH4, (b) H2CO, (c)HNO3, and (d) HOONO. The corresponding transitions
and intensities are provided in Tables 6.1–6.4.

In CH4 (top left in Fig. 6.1), there is a degeneracy between the CH stretches, but they are

completely decoupled due to differences in symmetry. Numerical artifacts, however, lead to

small breakages of the symmetries and therefore the decoupling is imperfect in the expansions

of H(1) and H(2). The combination of this numerical imperfection with the degenerate CH

stretches causes the CH stretch transition intensity to "blow up" (red). On the other hand,

the transition frequencies are unaffected by this blow up, lending further credence to the

Stanton group’s observation that transition moments are more sensitive to resonances than

are the energies.144 By using the WFC approach, however, we easily are able to identify

numerical imperfection and once it is corrected, the final intensities are sensible (blue).

There is similarly little change in the transition frequencies of HNO3 with and without

resonance handling. In contrast to CH4, due to the lack of exact degeneracies, it also displays
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only small changes in the transition intensities. The primary difference is in the 1300 cm−1

region, where there is a decrease in intensity in the peak around 1290 cm−1 and an increase

in the intensity of the peak around 1315 cm−1. The first small intensity difference we see

corresponds to a transfer of intensity from the state with one quantum of excitation in the

HO...N stretch, around 1288 cm−1, to the state with two quanta of excitation in the ONO

bend, around 1299 cm−1. The second intensity difference corresponds to an increase in

the intensity of the HON bend fundamental from the inclusion of a resonance between the

state with one quantum of excitation in the HON bend and the state with one quantum of

excitation in both the hydrogen and nitrogen out-of-plane motions. Unlike the first resonance,

which is a classic stretch-bend Fermi resonance through states coupled by H(1), this second

resonance is between states coupled by H(2) and comes from the fact that the coupling matrix

element between these states is large enough (34 cm−1) and the frequency difference is small

enough (∼80 cm−1) to cause them to be in resonance. The effect of this resonance on the

frequencies of these transitions is minor, yielding 1318 and 1202 cm−1 respectively without

resonance handling compared to 1316 and 1205 cm−1 with resonance handling, however

there is an almost 50 km mol−1 increase in the intensity of the bend fundamental while

the out-of-plane combination band transition has very little change in intensity. That the

bend fundamental increases so significantly in intensity when the resonance is introduced

likely indicates that the overly large contribution to the correction to the wave function from

the out-of-plane combination state led to an overly large destructive effect on the transition

moment of the bend fundamental. This resonance would be difficult to identify a priori or

by considering the changes in the frequencies, but it is easily identified with a method that

also considers the effect on the intensities.

As has been seen in prior studies,139,148 resonances lead to a modulation in both the

frequencies and modulation intensities in the spectrum of H2CO (top right). There is a

well-known near-degeneracy between the state with one quantum of excitation in the anti-

symmetric CH stretch and the two states with one quantum of excitation the in-plane rock

and one in the HCH bend and CO stretch modes respectively. This near-degeneracy leads to
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an approximate quadrupling of the transition intensities for these states relative to the case

where the resonance is handled. The transition frequencies also shift by about 50 cm−1 once

the resonance is handled. Further analysis of the effects of resonances on the spectrum of

H2CO will be provided later, but it is worth noting that this important resonance is identified

correctly and automatically by the WFC approach.

For HOONO (bottom right in Fig. 6.1), the effects of resonances are most dramatic

and there are also clear issues in the spectrum without resonance handling. In the non-

resonant spectrum, there are multiple peaks with intensities greater than 5000 km mol−1. In

the spectrum with resonances handled, the maximum transition intensity is around 120 km

mol−1. There are also a large number of peaks in the spectrum with resonances handled that

do no appear in the non-resonant spectrum. This is a manifestation of intensity borrowing

from the intense transitions by the nominally dark peaks. In VPT, this most commonly

occurs once resonances are introduced, and it would be difficult to identify all of the important

resonances without the use of an automated approach.

6.4.1 Analysis of Performance of the Method

The question naturally arises as to how the resonances identified by the WFC approach

depend on the choice of the threshold parameter. We will use H2CO as a case study, owing

to the presence of multiple important resonances in its vibrational spectrum. When labeling

states, we will borrow notation from Romanowski et al.148 and write |in⟩(0) to indicate the

state with n quanta of excitation in mode i and |injm⟩(0) to indicate the state with n quanta

in mode i and m in mode j. In H2CO, mode 1 is the symmetric CH stretch, mode 2 is the CO

stretch, mode 3 is the HCH bend, mode 4 is the out-of-plane motion of the hydrogens, mode

5 is the anti-symmetric CH stretch, and 6 is the in-plane rocking motion of the hydrogens.

In Fig. 6.2, the vibrational spectrum for H2CO evaluated with different values for the

threshold (blue) is compared to the vibrational spectrum obtained when considering the

resonances derived from the polyad quantum number that accounts for Eq. (6.2) (red). This

polyad represents the most complete set of resonances we might expect to want to use.
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For the largest threshold value tested, 1.0, corresponding to a wave function correction

equal to the contribution of the zero-order state itself, we identify only one resonance, between

the state with one quantum of excitation in the anti-symmetric CH stretch |51⟩(0), and the

state with one quantum of excitation in both the hydrogen in-plane rocking motion and the

CO stretch, |6121⟩(0). This resonance arises primarily from near-degeneracy at the harmonic

level, the states having harmonic frequencies of 3047 and 3020 cm−1 respectively while having

only a modest sized coupling matrix element of 57 cm−1. At a threshold of 0.5, or half of

the contribution at zero-order, the identified resonances remain the same.

Between values of 0.4 and 0.2 for the threshold, the algorithm includes another resonance,

|51⟩(0) ∼ |6131⟩(0). This is illustrated in with in Fig. 6.2 and Table 6.5 for a value of 0.3 This

resonance, |51⟩(0) ∼ |6131⟩(0), arises primarily due to a modest sized coupling element of

48 cm−1 between the states, as the harmonic frequencies are separated by over 250 cm−1.

Importantly, despite its small coupling the the bright |5⟩(0) mode and despite the relatively

small concomitant shift in the transition energy (8 cm−1) the intensity of the transition

nearly quadruples and another peak becomes noticeable in the spectrum.

Finally, at a value of 0.1 (panel (d) in Fig. 6.2) the algorithm identifies resonances

including |11⟩(0), although the effect on the spectrum is minor. The triad identified is

|11⟩(0) ∼ |32⟩(0) ∼ |3121⟩(0). It is known that for systems with CH stretches, the stretch

is coupled to the overtone in the bend,118,151 and we note this again for H2CO, although in

this case the resonance is admittedly weak. The origin of the resonance between the stretch

fundamental |11⟩(0) and bend overtone |32⟩(0) is a small but signficant coupling matrix ele-

ment of 25 cm−1 with a modest sized difference in the harmonic frequencies, being separated

by around 90 cm−1. The third member of this triad is nominally a combination of CO and

HCH excitations. However, looking at the mode vectors provided in Figs. 6.3 and 6.4, it is

clear that mode 2, the nominal CO stretch, has a large contribution from the HCH bend.

Thus this triad could be interpreted to be a classic stretch-bend Fermi resonance, just with

the HCH bend contribution distributed over two normal modes.

Empirically, we have found that a threshold value of around 0.3 is effective. At this
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threshold, we recover both the resonances that cause the perturbation theory to break down

as well as the resonances that have a significant effect on the spectrum without leading to

an obvious break down. It is possible that going to a smaller threshold value would lead

to the inclusion of more relevant resonances, however the effect of these resonances will

be smaller. Moreover, by increasing the size of the resonant space, we come closer to the

limit of performing a variational calculation with a quartic force-field. Not only will such

a variational calculation be more computationally intensive than a VPT calculation, but it

can be expected to yield worse results than VPT, given that for Morse oscillators it is known

that VPT2 provides the exact corrections to the harmonic energies. Similarly, by making

the resonant space overly large, a greater reliance is placed on the energy window approach

to excluding spurious resonances mentioned earlier.

6.4.2 Comparison to Previous Approaches

It is also important to note how the WFC method compares to more traditional approaches.

For this, we will consider the Martin test at different energy thresholds for H2CO. The results

of this analysis are plotted in Fig. 6.5 and the corresponding frequencies and intensities are

given in Table 6.6. With the common default of 1.0 cm−1, the only resonance in H2CO

identified is |51⟩(0) ∼ |6121⟩(0). Decreasing the threshold value to 0.1 cm−1, the other member

of the triad previously identified by the WFC approach, |6131⟩(0)0, remains unincluded. At a

value of 1.0 cm−1, as with the WFC approach at thresholds greater than 0.2, no resonances

are identified involving symmetric CH stretch. Once the Martin test threshold is decreased

a value of 0.1 cm−1, the resonance |11⟩(0) ∼ |32⟩(0) is identified, but the third member of the

triad identified by the WFC approach, |3121⟩(0), is not identified.

In HOO′NO′′, there is a near-degeneracy between the state with two quanta of excita-

tion in the anti-symmetric combination of the hydrogen and nitrogen out-of-plane bending

motions and the state with one quantum of excitation in the O′N stretch. The displacement

vectors for these motions are visualized in Figs. 6.7 and 6.8 If this resonance is not handled,

there is a "blow up" in the intensity of the O′N stretch. Whether or not this resonance
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is identified by the Martin test depends on the form of the denominator used. As seen in

Fig. 6.6, if the approximation that E∗
n−E∗

m ≈ E
(0)
n −E

(0)
m is made, this resonance is identified

at a threshold value of 1.0 cm−1. By contrast, if the deperturbed energy difference is used

in the denominator, due to large differences in anharmonicities in the out-of-plane motions

and the O′N stretch, this resonance is not identified. This subtlety–whether or not to use

the harmonic or deperturbed energies–is obviated in the WFC approach as the issues with

the intensity will be directly reflected in the corrections to the wave functions.

6.5 Conclusion

Different choices of resonances for vibrational perturbation theory can lead to qualitative

differences in the simulated spectra obtained. By focusing on the corrections to the wave

functions, as explicitly provided in Paper I, it is possible to obtain a method for the iden-

tification of resonances that is straightforward and effective with a minimum of ambiguity.

This approach, which we call the wave function correction approach, compares favorably to

existing methodologies for the identification of resonances, allowing for the identification of

both Fermi and Darling-Dennison resonances. It has been shown to be effective in identifying

important resonances in both H2CO and HOONO, and work is ongoing to characterize its

performance in systems like the Br− . . .HOCl complex which was recently studied using a

priori identification of resonances through polyads,8 as well as to determine if any additions

should be made to the algorithm when the perturbation theory is extended to higher-order.

The algorithm as presented generalizes cleanly to aribtrary order, but given that 4th and

higher-order VPT is known to be plagued by resonances,97 it is possible that further ad-

ditions similar to energy window condition described above will become necessary. It has

also been shown by Stanton and coworkers that a mixed approach to the identification of

resonances where polyads are combined with automatic identification can provide a powerful

method for the identification of all important resonances.118 The WFC approach, and its

implementation in the PyVibPTn package for vibrational perturbation theory is well-suited

to this extension as well.
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Table 6.1: Transitions with intensities greater than 1.0 km mol−1 and corresponding harmonic
frequencies and intensities evaluated with and without resonance handling for CH4. The
corresponding spectrum is plotted in panel (a) of Fig. 6.1.

Harmonic Anharmonic
Statea Frequency (cm−1) Intensity ( km

mol) Frequency(cm−1) Intensity ( km
mol)

With Resonance Handling

0 0 0 0 0 0 0 0 1 3204.23246 16.25730 3070.01437 17.43464
0 0 0 0 0 0 0 1 0 3204.23246 16.25730 3070.01308 17.43458
0 0 0 0 0 0 1 0 0 3204.23246 16.25730 3070.01589 17.43462
0 0 1 0 0 0 0 0 0 1356.17500 10.90749 1319.16426 11.22876
0 1 0 0 0 0 0 0 0 1356.17500 10.90749 1319.16482 11.22875
1 0 0 0 0 0 0 0 0 1356.17500 10.90749 1319.16543 11.22876
0 0 1 0 0 0 0 0 1 4560.40746 0.00000 4361.46672 1.14345
1 0 0 0 0 0 0 1 0 4560.40746 0.00000 4361.80204 1.14156
0 1 0 0 0 0 1 0 0 4560.40746 0.00000 4361.47748 1.14346

Without Resonance Handling

0 0 0 0 0 0 0 0 1 3204.23246 16.25730 3070.02012 5894.13676
0 0 0 0 0 0 0 1 0 3204.23246 16.25730 3070.01751 8805462.51540
0 0 0 0 0 0 1 0 0 3204.23247 16.25730 3070.02091 8803747.80179
0 0 1 0 0 0 0 0 0 1356.17500 10.90749 1319.16578 755093088.45911
0 1 0 0 0 0 0 0 0 1356.17500 10.90749 1319.16670 67908.62375
1 0 0 0 0 0 0 0 0 1356.17500 10.90749 1319.16653 755100574.67772

aState labels correspond to the number of excitations in the corresponding normal mode, ordered by
frequency (lowest-to-highest) from left to right.
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Table 6.2: Transitions with intensities greater than 1.0 km mol−1 and frequencies between
2500 and 3500 cm−1 along with corresponding harmonic frequencies and intensities evaluated
with and without resonance handling for H2CO. The corresponding spectrum is plotted in
panel (b) of Fig. 6.1.

Harmonic Anharmonic
Statea Frequency (cm−1) Intensity ( km

mol) Frequency(cm−1) Intensity ( km
mol)

With Resonance Handling

0 0 0 0 0 1 3047.51537 88.36168 2875.10501 68.36121
0 0 0 0 1 0 2973.37769 66.67875 2826.80117 65.48012
0 0 0 1 0 0 1752.95345 67.77454 1721.03944 68.56550
0 0 1 0 0 0 1540.08383 10.68608 1507.98896 9.33306
0 1 0 0 0 0 1266.93205 9.39583 1246.70825 9.95761
1 0 0 0 0 0 1196.88408 7.03821 1180.25175 7.21334
0 0 2 0 0 0 3080.16766 0.00000 3018.00391 6.37681
0 1 0 1 0 0 3019.88550 0.00000 2989.00124 23.62636
0 1 1 0 0 0 2807.01588 0.00000 2730.46698 9.13525

Without Resonance Handling

0 0 0 0 0 1 3047.51536 88.36168 3009.54043 88.06293
0 0 0 0 1 0 2973.37769 66.67875 2826.80118 65.48014
0 0 0 1 0 0 1752.95344 67.77454 1721.03933 68.56534
0 0 1 0 0 0 1540.08383 10.68608 1507.98986 9.33316
0 1 0 0 0 0 1266.93205 9.39583 1246.70890 9.95765
1 0 0 0 0 0 1196.88408 7.03821 1180.25037 7.21326
0 0 2 0 0 0 3080.16765 0.00000 3018.00619 6.37682
0 1 0 1 0 0 3019.88549 0.00000 2846.65348 344.82602
0 1 1 0 0 0 2807.01587 0.00000 2738.38214 2.53086

aState labels correspond to the number of excitations in the corresponding normal mode, ordered by
frequency (lowest-to-highest) from left to right.
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Table 6.3: Transitions with intensities greater than 1.0 km mol−1 and frequencies between
1000 and 2000 cm−1 along with corresponding harmonic frequencies and intensities evaluated
with and without resonance handling for HNO3. The corresponding spectrum is plotted in
panel (c) of Fig. 6.1.

Harmonic Anharmonic
Statea Frequency (cm−1) Intensity ( km

mol) Frequency(cm−1) Intensity ( km
mol)

With Resonance Handling

0 0 0 0 0 0 0 0 1 3718.06522 97.48009 3537.46363 80.80775
0 0 0 0 0 0 0 1 0 1846.23608 275.54771 1822.13108 272.06442
0 0 0 0 0 0 1 0 0 1343.42521 123.70163 1316.53350 163.26114
0 0 0 0 0 1 0 0 0 1315.91749 188.22394 1288.54509 107.40302
0 0 0 0 2 0 0 0 0 1789.03269 0.00000 1724.46691 2.00469
0 0 2 0 0 0 0 0 0 1331.60461 0.00000 1299.00336 58.88209
0 1 0 0 0 0 1 0 0 1933.08747 0.00000 1894.43104 3.14054
0 0 1 0 1 0 0 0 0 1560.31865 0.00000 1505.76928 4.91745
1 0 0 1 0 0 0 0 0 1260.34112 0.00000 1205.20731 11.69635
1 1 0 1 0 0 0 0 0 1850.00339 0.00000 1782.88136 3.29750
0 1 2 0 0 0 0 0 0 1921.26688 0.00000 1873.32002 1.14136

Without Resonance Handlingb

0 0 0 0 0 0 0 1 0 1846.23608 275.54771 1821.88968 276.89909
0 0 0 0 0 0 1 0 0 1343.42521 123.70163 1318.82756 120.49935
0 0 0 0 0 1 0 0 0 1315.91749 188.22394 1290.72786 144.06185
0 0 2 0 0 0 0 0 0 1331.60461 0.00000 1296.82415 17.95633
0 1 0 0 0 0 1 0 0 1933.08747 0.00000 1896.33060 2.13469

aState labels correspond to the number of excitations in the corresponding normal mode, ordered by
frequency (lowest-to-highest) from left to right.

aTransitions that do not change in intensity by more than 0.5 km mol−1 without resonance handling are
not shown.
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Table 6.4: Transitions with intensities greater than 2.5 km mol−1 and frequencies smaller
than 1600 cm−1 along with corresponding harmonic frequencies and intensities evaluated
with and without resonance handling for HOONO. The corresponding spectrum is plotted
in panel (d) of Fig. 6.1.

Harmonic Anharmonic
Statea Frequency (cm−1) Intensity ( km

mol) Frequency(cm−1) Intensity ( km
mol)

With Resonance Handling

0 0 0 0 0 0 0 1 0 1568.50212 149.98263 1559.76870 124.49906
0 0 0 0 0 0 1 0 0 1433.60941 79.93619 1396.03746 74.72334
0 0 0 0 0 1 0 0 0 970.87676 12.90991 947.27221 11.24976
0 0 0 0 1 0 0 0 0 836.39478 31.15684 814.30121 24.11139
0 0 0 1 0 0 0 0 0 715.88331 215.78520 640.04794 214.74107
0 0 1 0 0 0 0 0 0 524.09935 25.68226 482.96818 12.83835
1 0 0 0 0 0 0 0 0 355.73348 62.64685 269.51064 72.06465
2 0 0 0 0 0 0 0 0 711.46696 0.00000 432.14827 1.91487
0 0 0 1 1 0 0 0 0 1552.27809 0.00000 1451.22575 17.50188
1 0 1 0 0 0 0 0 0 879.83283 0.00000 737.54541 10.15116

Without Resonance Handlingb

0 0 0 0 0 0 0 1 0 1568.50212 149.98263 1558.16075 129.74103
0 0 0 0 0 0 1 0 0 1433.60941 79.93619 1542.06374 120637.70297
0 0 0 1 0 0 0 0 0 715.88331 215.78520 798.92471 67817.90098
0 0 0 2 0 0 0 0 0 1431.76662 0.00000 1396.52898 5986.34756
2 0 0 0 0 0 0 0 0 711.46696 0.00000 309.30539 3323.60709
0 0 0 1 1 0 0 0 0 1552.27809 0.00000 1608.56879 17.27713
1 0 1 0 0 0 0 0 0 879.83283 0.00000 705.92925 15.15432

aState labels correspond to the number of excitations in the corresponding normal mode, ordered by
frequency (lowest-to-highest) from left to right.

aTransitions that change in intensity by less than 0.5 km mol−1 or in frequency by less than 5 cm−1

without resonance handling are not shown.
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Figure 6.2: Vibrational spectra for H2CO at threshold values of 1.0 (a), 0.5 (b), 0.3 (c),
and 0.1 (d). The corresponding resonant spaces for degeneracy handling are provided in
Table 6.5.
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Table 6.5: States involved in resonance handling for different values of the threshold for
H2CO along with transition frequencies and intensities. Resonance spaces are grouped by
symmetry. The corresponding spectra are plotted in Fig. 6.2.

Threshold B2 A1

State Frequency Intensity State Frequency Intensity
(cm−1) (km mol−1) (cm−1) (km mol−1)

1.0 |51⟩(0) 2866 74.87 |11⟩(0)a 2827 65.48
|6121⟩(0) 2990 23.50

0.5 |51⟩(0) 2866 74.87 |11⟩(0)a 2827 65.48
|6121⟩(0) 2990 23.50

0.3 |51⟩(0) 2878 65.62 |11⟩(0)a 2827 65.48
|6131⟩(0) 2730 9.14
|6121⟩(0) 2989 23.62

0.1 |51⟩(0) 2875 68.36 |11⟩(0) 2829 67.02
|6131⟩(0) 2730 9.14 |32⟩(0) 3015 4.68
|6121⟩(0) 2989 23.62 |3121⟩(0) 3221 0.49

aNo resonances with this state are identified at this threshold.
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Figure 6.3: Displacement vectors for mode 2 in H2CO.
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Figure 6.4: Displacement vectors for mode 3 in H2CO.



194

2700 2800 2900 3000 31000

20

40

60

80
a)a)a)a)

2700 2800 2900 3000 31000

20

40

60

80
b)b)b)b)

2700 2800 2900 3000 31000

20

40

60

80

In
te

ns
ity

 (k
m

 m
ol

1 ) c)c)c)c)

2700 2800 2900 3000 3100
Frequency (cm 1)

0

20

40

60

80
d)d)d)d)

Figure 6.5: Vibrational spectra for H2CO with resonances identified by the Martin test
with threshold values of 1.0 cm−1 (a), 0.5 cm−1 (b), 0.3 cm−1 (c), and 0.1 cm−1 (d). The
corresponding resonant spaces for degeneracy handling are provided in Table 6.6.
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Table 6.6: States involved in resonance handling via the Martin test for different values of
the energy threshold for H2CO along with transition frequencies and intensities. Resonance
spaces are grouped by symmetry. The corresponding spectra are plotted in Fig. 6.5.

Threshold B2 A1

State Frequency Intensity State Frequency Intensity
(cm−1) (cm−1) (km mol−1) (cm−1) (km mol−1)

1.0 |51⟩(0) 2866 74.87 |11⟩(0)a 2827 65.48
|6121⟩(0) 2990 23.50

0.5 |51⟩(0) 2866 74.87 |11⟩(0)a 2827 65.48
|6121⟩(0) 2990 23.50

0.3 |51⟩(0) 2878 65.62 |11⟩(0) 2829 68.15
|631⟩(0) 2730 9.14 |32⟩(0) 3015 4.45
|621⟩(0) 2989 23.62

0.1 |51⟩(0) 2875 68.36 |11⟩(0) 2829 68.15
|6131⟩(0) 2730 9.14 |32⟩(0) 3015 4.68
|6121⟩(0) 2989 23.62

aNo resonances with this state are identified at this threshold.
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Figure 6.6: Simulated spectra for HOONO using the Martin test with a threshold value of
1 cm−1 with the denominator in Eq. (6.11) determined by either the harmonic frequency
difference (blue) or the deperturbed energy difference (red).



197

Figure 6.7: Displacement vectors for the normal mode corresponding to the anti-symmetric
combination of the out-of-plane hydrogen and nitrogen bending motions in HOONO.
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Figure 6.8: Displacement vectors for the O′N stretch mode in HOONO.
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Chapter 7

CONCLUSION

The work described above spans the methodological spectrum. After a description of

the molecular Hamiltonian and methodologies for developing representations of it, the first

application described the use of discrete variable representations along the OO stretching

coordinate of the water dimer to investigate the origin of a surprising structure/frequency

relationship in hydrogen bonds in water clusters and ion water clusters. In that work,

low-dimensional representations provided a validation of a simple analytic model for this

relationship as arising from changes in the local electric field upon extension of the OH bond

length. By applying that analytic model to AIMD simulations, a good comparison to other

theoretical methods for simulating the spectrum of liquid water was obtained,

In the next chapter, the H+
5 molecular ion was investigated using a four-dimensional

model. By using an adiabatic separation of the high-frequency modes from the low-frequency

ones, a system of coupled two-dimensional models was obtained. Through the use of two-

dimensional discrete variable representations, this pair of coupled 2D models was solved and

the forms of the vibrational wave functions of H+
5 were inspected. It was found that there

are strong signatures of tunneling in the spectrum of H+
5 .

In the third chapter, a flexible implementation of vibrational perturbation theory was

described. This implementation, which makes use of sparse matrix methods, provides a

powerful tool for investigating the origins of spectral intensities in molecular systems. The

corrections to the energies and intensities from second- and fourth-order perturbation theory

were analyzed and it was found that the use of proper curvilinear internal coordinates leads

to potentially better behaved expansions. It was also found that the use of Morse coordinates

led to excellent results, and therefor suggests that a generalization of the Morse coordinates
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could provide even better results.

In the final chapter, a methodology for the automatic identification of resonances in VPT

was described. This method retained all of the benefits of existing approaches while focusing

on a the corrections to the wave functions from VPT instead of the corrections to the energies.

The algorithm was applied to H2CO and HOONO and it was found that there are important

resonances that standard approaches miss, but which this new method identifies.

These works have been discrete vignettes applying independent methods to independent

systems. In the first half, highly-accurate low-dimensional models were used and in the

second, more approximate methods were developed and applied. This distinction between

the use of low-dimensional, accurate methods and high-dimensional, approximate ones is

common, but also artificial. On the one hand, this separation is artificial because there are

methods like diffusion Monte Carlo,5 the vibrational self-consistent field/vibrational configu-

ration interaction approach,133 and the multiconfiguration time-dependent Hartree method134

which provide highly-accurate results in high dimensional spaces. More fundamentally, this

separation is artificial because the accurate and approximate methods are complementary

and can in fact be used together.

It is often the case that in a molecular system there are degrees of freedom that are poorly-

treated by approximate methods and there are degrees of freedom for which an approximate

treatment is effective. In this case, it is advantageous to avoid doing unnecessary work and

to treat this second class of degrees of freedom through the more approximate approaches.

It is beyond the scope of this work to explain exactly how this is done, but we have used

such an approach in the exploration of vibrational effects in tert-butyl hydrogen peroxide

and one of its radical analogs.7,152,153 In that work, the OH stretch and COOH torsion

motions were treated through highly-accurate methods, while the effects of the remaining

degrees of freedom were treated approximately. Specifically, discrete variable representations

were used along with an adiabatic separation of the OH stretch and COOH torsion modes.

To account for the remaining degrees of freedom, the potential energy surface along the

COOH torsional motion was corrected by adding on the harmonic zero-point energy as a
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function of the torsional coordinate using the reaction path normal mode approach. This

model therefore accounted for all of the motions in the system, while remaining simple to

construct and evaluate. Instead of purely harmonic zero-point energy, it is also possible to

imagine including zero-point energy from vibrational perturbation theory calculations. As

most of the normal modes of the system were only mildly perturbed by stretch and torsion

motions, it is possible to imagine an efficient approach for evaluating the partial quartic force

field needed for VPT2. In this approach, the subset of modes that do change significantly in

character as the torsion is displaced would first be determined. A partial quartic force field

would then be evaluated in this subspace of modes and finally this force field would be used

to update the quartic force field at the equilibrium geometry. From this, VPT2 calculations

would be possible to perform.

Another possible approach is to use the wave function corrections from perturbation

theory as part of a direct-product basis scheme with a DVR. The efficacy of such an approach

would depend on how effectively the coupling in the potential can be evaluated between the

degrees of freedom that are treated with discrete variable representations and those that are

treated with VPT. By the appropriate choice of points used to evaluate the force field used

in VPT, it is would also be possible to avoid excess potential evaluations.
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