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Randomized experiments are often employed to determine whether a treatment X has a causal
effect on an outcome Y. Under the Neyman-Rubin causal model with binary X and Y, each patient
is characterized by two binary potential outcomes, leading to four possible response types. In a
finite population, the set of individuals of each response type is regarded as fixed over hypothetical
rerandomizations, so that individuals are sampled without replacement. The resulting observed-
data likelihood, which we term the Neyman-Rubin-Copas (NRC) likelihood, is a convolution of
multivariate hypergeometric probabilities. We will derive results for the NRC likelihood that may
be used to facilitate calculation of the generalized likelihood ratio (GLR) in more complicated
finite population settings. A key finding is that the maximum likelihood under the ‘Neyman’ null
(where the population average causal effect is zero) is always attained by the population in which
the ‘Fisher’ null holds (where the individual causal effect is zero).

Next, we consider the setting where treatment X is no longer randomized, but there is an
instrumental variable Z that is randomized. For example, patients in a randomized controlled trial
may choose not to adhere to their randomly assigned treatment Z, possibly due to side-effects. In
such randomized experiments with noncompliance, scientific interest is often in testing whether
the treatment exposure X has an effect on the final outcome Y, among the subset of ’Compliers’
who take the treatment only if assigned to do so and would not if assigned not to do so. We propose

a finite population significance test of the ‘Fisher’ null hypothesis among the principal stratum of



’Compliers’, using the GLR test statistic under an extended Neyman-Rubin-Copas likelihood that
accounts for the noncompliance. New methods that improve the computational efficiency when
evaluating the exact p-values are described.

We then extend the randomization-based significance tests using the GLR to construct an exact
confidence interval for the Complier Average Causal Effect (CACE). The procedure is illustrated
with a small toy example. Finally, we propose a GLR test statistic for a significance test of the

‘Fisher’ null under the noncompliance setting where we allow for a direct effect of Z on Y.
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Chapter 1

LIKELTHOOD ANALYSIS FOR THE FINITE POPULATION
NEYMAN-RUBIN BINARY CAUSAL MODEL

1.1 Introduction

Under the Neyman-Rubin causal model with binary treatment and outcome, each patient is char-
acterized by two binary potential outcomes, leading to four response types. In a finite population,
individuals are sampled without replacement over hypothetical rerandomizations from a fixed set
of individuals characterized by the number of each response type. Under complete randomization
where the size of each treatment group remains fixed, the observed data consists of a two-by-two
table with fixed row sums. The resulting observed-data likelihood is a convolution of multivariate
hypergeometric probabilities.

In this chapter we present two finite population results relating to this likelihood. First re-
stricting attention to perfectly balanced designs with equal treatment group sizes, we show that,
depending on the observed data, the maximum likelihood is attained by a population in which ei-
ther one, two or three types are present, but never only by a population with all four response types.
We conjecture that this property also holds for unbalanced designs, and confirm this by brute-force
calculations for all populations up to size 200. Next we show that for any observed two-by-two
dataset, the maximum likelihood under the ‘Neyman’ null (where the population average causal
effect is zero) is always attained by the population in which the ‘Fisher’ null holds (where the in-
dividual causal effect is zero). These results facilitate the construction of exact significance tests
using the generalized likelihood ratio (GLR) in more complex finite population settings.

Consider a randomized study with N individuals where n are randomly chosen to undergo

treatment X = 1. The remaining N —n individuals are allocated to a different treatment X = 0.



Among the n individuals chosen for the X = 1 group, n,; were observed to have the outcome
Y =1, whereas njy had the same Y = 1 outcome among those in the X = 0 group. The total
number of individuals with the observed Y =1 outcome is also denoted s =n; for brevity. The

usual summary of the observed dataset n is in the form of a two-by-two table such as|Table 1.1

Nyx Y=1|Y=0 Row ry=A|ry=B|ry=C|ry=D || Row
X=1 niy nor ||n=nq41 X=1 | ma1 | mp1 | mg1 | Mmpi n
X=0 ni10 o0 N—n X=0 mAo mpo mco mpo N—n

Column || s=n14 | no4+ N Column | may+ | mp+ | me+ | mp+ N

Table 1.1:  Observed two-by-two Table 1.2: Complete table m where m;; is the number

dataset n where each entry is n,,. of individuals with 7y = 7 in group X =j.

Such randomized experiments are often employed in order to determine whether the treatment
X has a causal effect on the outcome Y. This problem may be formulated in terms of the potential
outcome framework, also referred to as the Neyman-Rubin causal framework [Sptawa-Neyman
et al., |1990, Rubin, 1974]]. Neyman introduced the potential outcome model in the context of a
fixed population of agricultural plots, where any given plot has, for each treatment (variety), a fixed
but unknown potential yield. Plots are then sampled without replacement from the fixed population
and assigned to a treatment group. Since each plot is assigned to only one treatment, exactly one
of the potential yields is observed: this is the ‘fundamental problem of causal inference’.

Copas| [1973] subsequently analyzed the likelihood under such a randomization-based distri-
bution in the context of a binary treatment and outcome on a set of individuals. Rubin| [1974]
discusses estimating the average causal effect using the set of all possible randomizations (allo-
cations) in a completely randomized experiment where the number of subjects in each treatment
group is fixed.

For x =1, 0, denote Y () as the outcome that an individual would have if, possibly counter to

fact, assigned to X = z. The potential outcomes Y () are then linked to the observed outcomes



via the causal consistency axiom (see for example [Pearl, 2010]):
Y =XY(1)+ (1-X)Y(0). (L.1)

Each individual may be characterized in terms of the pair of values for their potential outcomes
under each treatment compared {Y (x) : £ =1,0}. There are thus four possible response types 7y
that the population may be divided into: (A) those who would always have an observed outcome
of Y =1 regardless of the treatment they were given, Y (z) = 1; (B) those who would have an
observed outcome of Y =1 only if given X =1, Y (z) =x; (C) those who would have an observed
outcome of Y =1 only if given X =0, Y () =1—z; (D) those who would never have an observed
outcome of Y =1, Y(z) =0. If Y =1 denotes a good or desirable outcome and X =1 an active
treatment, the response types (A, B, C, D) are typically termed (Always Recover, Helped, Hurt,
Never Recover) respectively.

The number of individuals of each response type in each treatment group may be summarized
with a two-by-four table such as which we henceforth refer to as a complete table and
denote as m = (may, Mmag, Mp1,...,Mpo). Since for any individual we only get to observe
exactly one of the potential outcomes Y (x), the exact cell counts in m are not in general directly
observable from n. The set of all possible m compatible with the observed quantities 7 is the
subset of the eight-dimensional integer lattice ({0} U Z*)® that satisfies the linear constraints of

the observed quantities n:

ma1 +mp1 = N1, M1+ Mp1 = No1,
Nn)={m:my;>0,i=ADB,CD,j=10 711 prpr

map + Mco = N0, Mpo + Mpo = Noo

(1.2)

This is the same set of linear constraints in [|Copas, |1973|, Equation 6].
1.2 Likelihood Under a Fixed Population

A key feature of the potential outcome framework under the finite population approach is that the
set of individuals and the values of their potential outcomes are regarded as fixed over hypothetical

rerandomizations. Differences between results over hypothetical reallocations arise only due to



different assignments of this fixed set of individuals to either X =1 or X =0. A finite population

is uniquely described by the column totals ¢ in which we denote as
t= (tAatB7t07tD) = (mA+7mB+7mC+7mD+)' (13)

The appropriate sampling scheme for randomization-based inference is thus one where individ-
uals are sampled without replacement [Sptawa-Neyman et al., |1990]]. Randomization of treatment
implies that

Pr (X =1|{Y(1),Y(0)}) = Pr (X =1). (1.4)

Under complete randomization, the row totals n and N — n, respectively, the size of the X =1
and X =0 groups, are also fixed. Hence the randomization distribution for the complete table m

is the multiple hypergeometric distribution (see for example [Lehmann, 2006, Appendix 7B]):
N N\ t;
P t,n) = ’ ; 1.5
comie) = (v I () (15)
i€{A,B,C,D}

where we choose to write the binomial coefficient as:

at+c\ (a+c)
a,¢c ) alel

In general, there may be multiple complete tables m € A (n) that are compatible with the
observed data  and have the same column totals ¢. For a given population ¢, define the subset of
N (n) that satisfies both the linear constraints of the observed dataset 7, and the population-specific

linear constraints determined by ¢, as:
mp1 +Mmco =5 —1a
M(t;n)=cmeN(n): mp +mp=tg C N(n). (1.6)
me1 + meo = te
For a complete table m € M (t; n), each element in m is just a linear function of the observed
data n, the column totals ¢, and one of the cell counts m;;. For example, the entries in
may be written in terms of 7, ¢ and mp; as in Hence the complete tables in M(t; n)

may be indexed by the one-dimensional set of possible values for mp;:



{mp,mp + 1, . mBy ) (1.7)

min

mpy = max{s — (ta +tc),n11 —ta, tg — ngo, 0},

mgzlix = min {n01 - (tA + tC) + S,nll,tB, S — tA} .

ry =A ry =B ry=C ry=D Row
X=1 n11 — Mp1 mpi n
X=0 ||ta—(n11 —mp1) |t —mp1 s—ta—mp1 noo — tp +mp1 N-—n
Column ta tn tc N —(ta+tp+to) N

Table 1.3: Complete table m of the four response types in [Table 1.2/ expressed in terms of the

observed dataset 2, population £ and a single cell count mp;.

The likelihood given the observed dataset 72 of a particular population ¢ is thus the total proba-

bility of all complete tables m € M(t;n) [Copas, |1973]:
N -1
Pr(n|t,n) = > Pr (mlt,n) = ( ) h(t),

n,N—n
m € M(t;n)

t;
where h(t) = Z H ( )
m € M(t;n) lic(45.0.0) M1, Mo

max
mpy

t;
_ | | 1.8
Z (mil(t, n,mp1), mi(t,n, mBl)) ' (1.8)

mpy = msin i€{A,B,C,D}

and the entries m;; in the complete table m are functions of t, 72 and mp; as in Table[1.3] We shall
henceforth refer to the likelihood function h(t) as the Neyman-Rubin-Copas likelihood.

Note that if we knew the cell counts in the complete table m, we could obtain the exact values
of the parameters ¢ simply by finding the column sums. In contrast, neither 1 nor ¢ are determined

from n. Let T'(n) be the parameter space of possible values for ¢ given the observed dataset 7.



Since tp = N — (ta + tp + t¢) in a finite population of size N, it is sufficient to specify values
for (t,tp,tc). T(n) is then the intersection of the three-dimensional integer lattice ({0} U Z1)?,

and the convex polyhedron described with the following inequalities:

0 <t4 < ni+ nio, 0 <itp < ni1 + ngo, 0 <ic < noi + nao,

ny <ta+tp <N —ng, np<ta+tc <N —ng, ni+no<ts+itg+tc <N. (19)

The inequalities were obtained using rcdd [Geyer et al., 2015] in R [R Core Team, 2015].

1.3 Global Maximum Likelihood

Our motivation to study the maximum of the likelihood function, or equivalently, i (¢) stems from
the calculation of the generalized likelihood ratio (GLR) test statistic; see for example [Perlman
and Wu, 1999]. For a null hypothesis Hj, denote the subset of 7'(n) containing the population

column totals ¢ compatible with Hy as 7°(n). The GLR is defined as:

t Erré%}(;(n) Pr(nit,n) t ené%){(n) he)
Aln) = max Pr(n[t,n)  max h(t) (1.10)
teT(n) teT(n)

In subsequent chapters, we seek to extend the GLR to more complicated finite population settings
with nuisance parameters, where finding an appropriate test statistic is difficult.

Denote the global maximum likelihood given an observed dataset n as:

h = h(t). 1.11
tGmYE?({n) ®) ( )

As we will see, the parameters ¢ that we wish to maximize over are not point-identified asymptoti-
cally. Naively, finding / requires calculating all possible likelihood values /(¢) for all ¢ € T'(n). In
general, h(t) is the convolution of multivariate hypergeometric probabilities for m™%5a* — mpin 4+ 1
different complete tables. But if at least one of the column totals in ¢ is zero, then from Equa-
tion (I.7), we have that mB® = m%2*, M (t;n) then consists of a single complete table, so that
calculating the likelihood function does not require summing over multiple complete tables:

mint; =0 = At) = 11 ( b )

M1, Ty;
ie{A,B,c,p} N b0



Thus if we know that the global maximum likelihood h is attained by at least one population with
three or fewer types, equivalently that h is never achieved by just populations that have all four
types, then it would be easier to find h. In this case we need only calculate a single multivariate
hypergeometric probability, and not sums over sets of probabilities, to evaluate a candidate ¢ while

searching for h.

1.3.1 Bounds for the population totals for individuals with non-zero individual causal effects

An alternative parametrization to (t4,tp,tc) given a finite population of size N is (u1, o, ),

where:

p = (ta +1tg)/N, po = (ta +tc)/N, 8= (tg +tc)/N. (1.12)

(In [Copas, 1973], u, is m, for x = 0,1.) The (marginal) probability of observing ¥ = 1 if
everyone in the population had been assigned to X = z is just u, = Pr(Y(z) = 1). Note that
the ‘Fisher’ null of zero individual causal effects corresponds to (11 = po, 5 = 0), whereas the
‘Neyman’ null of equal average potential outcomes corresponds to just (11 = po).

Given an observed table n, it follows from the description of the parameter space 7'(n) de-
scribed in (1.9) that the set of possible values for (11, o) is the intersection of the discrete lattice

{0/N,1/N, ..., N/N}? and the subset of the unit square defined by the following inequalities:
Nig Moz
L S L 1.13
N SHe = N E (1.13)

For a fixed value of p = (1, po) that satisfies (I.13)), 5 is variation-dependent on g and is deter-

mined by the Fréchet bounds:

B7(1) = | — pol < B < minp + po, 2 — (11 + po)) = B (). (1.14)

The set of possible values for /3 is thus the intersection of the discrete set {0/N,1/N,...,N/N}
and the interval [3~ (), 57 ()] as described in Equation (T.14). Lemma [1| below describes the

column totals t corresponding to the endpoints of the bounds.



Lemma 1. Denote the population characterized by the proportions of the four response types for

a given value of (p, ) as:

n(w,B) =< m,i=AB,C,D: ma=(ituo=F)/2, mp=(n—poth)/2 . (1.15)

Te=(po—p1+P8)/2, Tp=1—(p+po+05)/2

Let the populations corresponding to the bounds 5~ () and 87 () as described in Equation (1.14))
for a given value of p be 7= () = w(w, 5~ (w)) and () = w(p, () respectively. There

are then at most three response types in each of these populations i.e.

min 7 (1) = min 7 () = 0.

7
% )

Proof. First consider the population 7~ () where 5 = |1 — pol:

~ (11,0, 0 — p1, 1 — po) 1 < pho
T () = (1.16)
(Hos 1 — 10,0, 1 — 1) 5 1 > pio-

Next consider the population 7" () where 5 = min(puy + po, 2 — (111 + fo)):

) = (0, 1, pto, 1 = (1 + o)) 1+ po < 1 (1.17)
(1 +po— 1,1 — o, 1 — p11,0) gy + o > 1.

There is thus at least one response type absent in each population i.e.

min 7 (1) = min 7 () = 0.

Furthermore, if 11y = po so that 5~ (p) =0, then 7w~ (@) = (121,0,0,1 — p1). Or if p3+p0=1 so that

B (w)=1, then 7" () = (0, p1, to, 0). O

Note that the bounds in Equation (I.14) may also be obtained from Equation (I.15) together

with the requirement that 7; > 0.



1.3.2  Asymptotic results

In order to present asymptotic results in the finite population context, we consider the setting where
the population characterized by some true value of ¢ is a member of a hypothetical infinite sequence
of populations t*) = {kt;,i = A, B,C, D} where k is a positive integer. Each element in ¢t is
k times that in ¢, so that the finite population size is N*¥) = kN. All the populations t*) have
the same true value of the parameters (u*), 3*)) = (u, 3) as defined in Eq. (T.12), as well as the
same fixed proportions of the four response types ) = 7 as defined in Eq. (T.13).

Given an observed table (¥ that is compatible with t*) and has n*) = kn individuals assigned
to the X = 1 group, denote the observed proportions of individuals with Y = 1 in each X = z
group as p;’“) = ng;) / Z;ZO ng(f;) Then as k£ — oo, the observed proportions ﬁ(k) = (p( ), p(k) )

converge in probability to the true value of p:

lim g% = p,, 2 =0, 1. (1.18)
k—o00

In contrast, 3 is partially identified with support determined by zi'*) as described in Eq. (L.14). As
k — o0, the true value of (3 is contained within the bounds determined by g with probability 1:

lim Pr (57 (B") < < 55 (0Y)) =Pr (6~ (W) << B W) =1 (1.19)

k—oo

Proposition 1. As £k — oo, the population column totals i(k) that attain the global maximum

likelihood contain at most three response types i.e.
min fgk) =0.
(]

(k)

Proof. From [Copas, 1973, as k — oo, the observed proportions z'"’ have a bivariate normal dis-

tribution with mean g and correlation strictly increasing with 3. The likelihood is then maximized
at i and 3™ being either of the bounds 3~ (B™) or g (E™M).

It then follows from Lemmalthat the corresponding population proportions 7® = (A(k B )
will have at most three response types i.e.

min ﬁgk) = 0.
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As k — 00, the column totals i(k) that attain the global maximum likelihood will thus have at most

three response types as well i.e.

Pr (min fz(»k) = min {N(k) /ﬁfk)} = O) — 1.

1.4 Finite Population Examples

For a given observed table n, let ;i = (p1, po) be the observed proportions, and the corresponding
bounds for 3 as described in Eq. (1.14) be B~ =8 (m) and B+ = p+ (p). From Lemma denote
the respective populations as 7~ = m(fi, 3~) and & = m (i, 3%), so that the column totals are
justt =N-7 andt = N7 Ifbotht € T(n)andt € T(n) are column totals
compatible with the observed n, let A* = max {h(ii), h(iJr)}. Following the asymptotic result
in Proposition |1} one may then use A* to approximate the global maximum likelihood h. However,
there may be a substantial difference between h* and h in finite populations, as the following

examples show. Consider the toy datasets:

I[: np=3n0=2mn0=2n0=3 I: ny=4mne=16,n19=9,n9p = 11;

II: ny = 2,7101 = 3,7?,10 = 1,77/00 = 4, IV : ny = 5,7101 = 15,7110 = 9,7100 = 11.

Datasets I and II are a tenth of the observed quantities in the numerical examples from [Copas,
1973]. The profile likelihood as a function of 3, where we fix a particular value of 8 = b, and

maximize over all populations t € T'(n) subject to (g + t¢)/N = b, takes the following form:

~

hs(b) max h(t). (1.20)

C{teT(n): (ts +tc)/N = b}
The global maximum likelihood solution for [ is then:

B = arg max hs(D).
b

A plot of ﬁﬂ (b) as a function of b for each dataset is shown in[Figure 1.1} The respective values

of E‘ and BJF are indicated by the blue vertical lines. For example in dataset IV, g = (0.25,0.45),
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so that B\ ~ =0.2and B* = 0.7. To contrast against a larger population, the profile likelihood for a
larger version of each dataset (ten times the respective observed quantities) is drawn as a red solid
line. The larger versions of datasets I and II are thus the same numerical examples from [[Copas),
1973]]: for the larger version of dataset I, B = B* =1, whereas for the larger version of dataset 11,
3 = B ~ =0.2. For the larger version of each dataset, the profile likelihood is indeed bimodal with
the (local) modes at 3~ and 3.

For the smaller observed datasets, the profile likelihood (empty circles) have local modes not
only at B\ ~and B\*, but at 5 =0 as well. In fact for datasets II and IV, the global maximum solutions
are 3 =0! This suggests that in small populations, B\ may not lie within the range [E‘, B*} : there
is information on 3 based on other values of p besides g that informs where the global maximum
likelihood is attained.

Note the GLR for testing the ‘Fisher’ null hypothesis that 3 = 0 is A(n) = hg(0)/ ﬁg(ﬁ)
(which|Copas [[1973]] mentions is also appropriate for comparing the hypotheses S =0 and = B).
If we were to approximate the global maximum likelihood in the denominator with h*, we may

obtain a value of the GLR that is greater than 1; for example in dataset II, ﬁﬂ(O) /h* =1.3!

1.5 Finite Population Properties of the Global Maximum Likelihood

We now turn our attention to the global maximum likelihood % as defined in Equation (T-TT). First,
under a perfectly balanced design where n = N — n, Theorem 1|states that h is attained by at least

one population with three or fewer types. The proof is provided in Appendix

Theorem 1. For an observed table n, denote the global maximum likelihood as:

"= t Em%)((n) o)

If n is perfectly balanced so that n = N — n, then there exists a population t where h(i) = hand
min #; = 0.

Next, we use brute-force computations to find the exact maximum likelihood h for all possible

two-by-two observed datasets 7 where N < 200. Our findings confirm the following proposition.
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Profile likelihood as a function of b ( n11=3, n10=2, n=5, N=10) Profile likelihood as a function of b ( n11=4, n10=9, n=20, N=40)
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Figure 1.1: Plots of the profile likelihood ﬁﬁ(b) against b for datasets LILIII and IV respectively;
the values on the vertical axis have been rescaled as /5(b)/ max, h(b), which is also the GLR for
comparing the hypothesis that 5 = b against the hypothesis that = B ; the red solid lines are for
larger versions of (ten times) the observed quantities in each dataset; the blue broken lines are B -

and 3, the bounds for 3 under fi = (p1,po) as defined in Eq. (I.14).

Proposition 2. For an observed table n, denote the global maximum likelihood as:

h= max h(t).

teT(n)
If N < 200, where N = Zal;:o Z;l,:o Nyz, then

(1.21)

max

{teT(n): h(t)=h} ]l{miin ti = 0} =1,
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where 1{E} returns a value of 1 if the condition E is met, and 0 otherwise. In other words, there

is at least one population where h(i) — h, and t has at most three types.

We have hence shown for observed datasets with sample size N' < 200 (Proposition [2)), for
perfectly balanced datasets where n = N — n (Theorem , and as k — oo with n®) /N®) fixed
(Proposition , that there exists some population ¢ with at most three types and achieves the
maximum likelihood h(i) — h. This provides compelling evidence that the result holds in general,

which leads us to the following conjecture.

Conjecture 1 (Never Only Four). For an observed table n, denote the global maximum likelihood
as:

"= t Em%)((n) he)

Then there is at least one population t where h(i) = h, and min; ; = 0. The global maximum like-

lihood h may then be found with the multivariate hypergeometric probability of a single complete

table m:

~

. t;
h= H (mﬂ, mw) ’

i€{A,B,C,D}
where the entries m;; are implicitly functions of t, n and one of the cell counts, for example mp,

as in Table
1.6 Restricted Maximum Likelihood

In the previous section, we conjecture that the maximum likelihood his always attained by at least
one population with at most three types. Now we examine whether a similar result holds for the
maximum likelihood under restrictions on the parameter space.

Define the Average Causal Effect (ACE) of X on Y as
| N
ACE = NZYJ-(U —Y;(0), (1.22)
j=1

where the subscript j indexes the potential outcome Y (z) for the j-th individual.
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The difference in the proportions of individuals of types B and C' in the population is 6 =
(tg—tc)/N = 1 — po = ACE (Copas|[1973]] denotes 0 as «). The profile likelihood as a function
of 0, where we fix a particular value of § = ¢, and maximize over all populations t € T'(n) subject

to (tp — tc)/N = c, takes the following form:

~

hs(c) h(t); (1.23)

= max
{teT(n): (tg —tc)/N =c}
the global maximum likelihood solution is just:

§ = arg max hs(c).

c

We found that the profile likelihood izg(c) can be attained only by populations with all four
types. For example, in the larger version of dataset I, the profile likelihood 35(0.18) = 0.0411
is attained by two populations ¢t = {(1,58,40,1),(2,57,39,2)}. The largest likelihood for a
population with three types or fewer and 6 = 0.18 was 0.0397 at t = {(0, 58, 40, 2), (2, 58, 40,0) }.
A possible explanation is that for a fixed value of § = yi; —u = ¢, the restrictions for j; in now

apply to pp + 9, so that the range of possible values for 1 are variation-dependent on 9 as well:
max(nig,n11 — 0)/N < po < min(N — ng; — §, N — ngg) /N. (1.24)

Hence, the most likely value of i in the profile likelihood fzg(c) may differ from the maximum
likelihood solution in .

We return to the four toy datasets analyzed in Figure A plot of iAz(;(c) as a function of
c for each dataset is shown in For the larger versions of each dataset, the profile
likelihood (red solid line) with respect to ¢ is clearly unimodal, with the maximum located at
5 = ACE = p1 — Po, as indicated by the blue vertical line. However, at smaller population
sizes, the profile likelihood (empty circles) is actually bimodal, with local maxima at § = 6 and
0 = 0. For datasets II and IV, the global maximum likelihood h is attained at § = 0, since
B =(tg+tc)/N =0implies § = (tg — tc)/N = 0.

Conversely, 6 = 0 does not necessarily imply that § = 0, since there are in general multiple

populations where tg = to and ¢t + tc > 0. In other words, if we assume only a zero population
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ACE (the ‘Neyman’ null), there may still be an equal but non-zero number of individuals of types
B and C in the population. By maximizing over the additional degree of freedom for the parameter
3, one would expect the maximum likelihood under the ‘Neyman’ null 35(0) to be larger than the
likelihood under the stricter ‘Fisher’ null 35(0). However, we observe that for datasets I and III

respectively, the profile likelihood h4(0) in [Figure 1.2 has the same value as ﬁg(()) in |Figure 1.1

This is not a mere coincidence, as we show in the following section.

Profile likelihood as a function of ¢ ( n11=3, n10=2, n=5, N=10) Profile likelihood as a function of ¢ ( n11=4, n10=9, n=20, N=40)
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Figure 1.2: Plots of the profile likelihood fz(;(c) against c for datasets LILIII and IV respectively;
the values on the vertical axis have been rescaled as izg(c) / max, izg(c), which is also the GLR
for comparing the hypothesis that § = ¢ against the hypothesis that § = 5; the red solid lines are
for larger versions of (ten times) the observed quantities in each dataset; the blue broken line is

5=ACE = (ny1/n — n1o/ (N — n)); the black broken line is 6 = 0.
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1.7 Maximum Likelihood Under the ‘Fisher’ and ‘Neyman’ Null Hypotheses

We first formalize the aforementioned ‘Fisher’ and ‘Neyman’ null hypotheses. Under the ‘Fisher’

causal null, also commonly referred to as the individual or ‘sharp’ null,
Hy(Fisher) : Y'(1) = Y(0). (1.25)

When Hj(Fisher) is true, the individual causal effect is zero: each individual in the finite population
has the same outcome regardless of the treatment group to which they were assigned. Equivalently,
there are no individuals with potential outcomes Y (1) # Y (0), so that the only population in 7'(n2)
satisfying tg=tc=0is t° = (s,0,0, N — s). Hy(Fisher) is thus a simple null hypothesis, with the
likelihood for the observed data being:

h(to):( ° )(N_3>. (1.26)
n11, N1o o1, Moo

Note h(t°) is also the kernel of the bivariate hypergeometric probability of the observed dataset in
Assuming that H,(Fisher) holds hence implies X L Y in the observed data. Testing
this latter independence using Fisher’s exact test [Fisher, |1935] may thus be seen as a test of the
null hypothesis that all individual causal effects are exactly zero. This is a possible reason for the
adoption of the term ‘Fisher’ null.

Under the ‘Neyman’ causal null, variously referred to as the population, ‘blunt’, or more re-

cently, ‘weak’ [[Chiba, 2015]] causal null, the average causal effect - as defined in (1.22)) - is zero:
Ho(Neyman) : ACE = 0 = tp = tc. (1.27)

Here the total number of individuals with potential outcomes Y (1) > Y'(0) is exactly equal to the
total number with potential outcomes Y (1) < Y (0). Hy(Neyman) has come to be termed as the
‘Neyman’ null due to the unbiased estimation of the ACE in [Sptawa-Neyman et al., 1990].
Denoting v as the common value of the column totals ¢ 3 = ¢, the range of possible values for
W is:
Y €{0,1,...,min(ny; + noo, no1 + n10) } = ¥(n). (1.28)
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The ‘Neyman’ null (1.27) is thus a composite null hypothesis, with 1) being a nuisance parameter

for which the -specific ‘Neyman’ null is:

H0(¢) . tB = tC = ¢ (129)

The ‘Fisher’ null is equivalent to the ‘Neyman’ null only when 1) = 0; in other words,
Hy(Fisher) = Hy(v) = 0). The set of alternatives against the ‘Neyman’ null is thus narrower than
the set of alternatives against the ‘Fisher’ null [Lang, [2015].

In general, for some given value of ¢) > 0, there may be multiple populations ¢ € T'(n) where
tp=tc=1); thus 7 is not the only nuisance parameter determining the ‘Neyman’ null. The values
of ¢4 compatible with the ‘Neyman’ null for a given value of ¢) are the non-negative integers in

({0} U Z™) that satisfy the following inequalities:

0 <ta < ni+ no, 0 < < min(ny; + neo, no1 + M10),

max(nu,nlo) S tA + ¢ S min(N—nm, N—noo), n11 + Nio S tA + 2'¢ S N. (130)

The inequalities may also be obtained from (1.9) together with the requirement that tg = to = 1.

The maximum likelihood under the 1)-specific ‘Neyman’ null is then:

~

hy (t). (1.31)

= max h
{teT(n):tg=tc=1}
The overall maximum likelihood under the ‘Neyman’ null (1.27)) is then:

-~ o~

h(Neyman) = 5 én%}zn) hy. (1.32)

We will prove in Theorem [2| that the restricted maximum likelihood solution when tp = t¢
under the ‘Neyman’ null (I.27) is always equal to the likelihood under the ‘Fisher’ null (I.25)

where tg=1t-=0.

Theorem 2. Under the ‘Neyman’ causal null ({1.2°7) that the population average causal effect is
zero, the maximum likelihood given an observed table m is always attained under the stricter

‘Fisher’ null (1.25)) for which the individual causal effects are zero. In other words:

R(Neyman) = max h(t) = h(t®) = < ° )(N - S). (1.33)

{teT(n): tg=tc} N1, Mo/ \"o1, oo
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Proof. First, relabel the variable X for the potential outcome variables Y (X = z) so that the
observed proportion of Y = 1 within the X = 1 group is less than or equal to the proportion of
Y =1 within the X = 0 group. Under such a relabelling, individuals with non-zero individual
causal effects (Y (1) # Y'(0)) are still either of type B or C, while individuals of type A have
potential outcomes Y (1) =Y (0) =1 and those of type D have potential outcomes Y (1)=Y(0)=0.
It may thus be assumed that the observed quantities n satisfy the following inequalities without

loss of generality:

3

ni N1o ni no1 oo
—_— S < N11Ngy = < no1Nyoy <— — S <
n N —n S N —s N —s

IN
|

0 .34
S

For some given value of ¢ € W(n) as defined in (1.28)), consider a population ¢t € T'(n2) where

tp = tc = 1. We will consider the following two possibilities for ¢ in turn.

Firstif ) = tc =t > s —ta,denote t yp = (ta +tp) — s > 0. Using the Chu-Vandermonde

convolution, the likelihood for a given set of column totals ¢ satisfies the following inequalities:

ta+tp ) Z Hi:A,B (mﬂt,inio) H ( t; )
ni1, (ta +tg) — niy ) ( fatin ) ; M1, My

m GM(t'n n11,(ta+tp)—n11/ i=C,D
9 N /

-~

<1

ta+tp ) ( N —(ta+tg) ) Hi:C’,D (m“t,imio)

max
nii, tA + tB — N1 n01,N — (tA + tB) —No1) m € ./\/l(t;n) (n01 ]]\y:((tA"rtB) )

ta+te)—no1
g

IN

~
<1

IN

S+1tap )( N —s—tag >
n11, §— N1 JHLAF; o1, (N -8 — ngl)—tAB

) ( - S) — h(t0). (1.35)
N11,M1o o1, oo

IN

< ta+tp )( N — (ta+1p) )
ni, (ta +tg) —ni ) \not, N — (ta +tg) — nm

The last inequality is obtained with Lemma [3] which may be found in Appendix [A]
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Otherwise if 1) =t = tp < s —ta4, then denote t 4o = s — (t4 + tc) > 0, such that:

ta+to Hz’:AC (m tim~ ) ( ti >
h(t) = (O oy
®) ((tA +tc) — nao, 7110) Z (( fatto ) H M1, Mo

m € M(t;n>\ ta+tc)—nio0,n10/ i=B,D

~

<1

ti

< (( tatto ) ( N —(ta+tc) ) Iics.0 (o)
< v

max
ta+ tc) — N0, N10 (tA + tC) — Moo, Moo/ m € M(t, n) (Nf(x;(tt;)ttso)o,noo)

<1

.

<( ta+tc )( N —(ta+tc) )

~ \(ta +te) —nio, i) \ NV — (ta + te) — noo, noo

[ N—s+ta s —tlac

B (noo, npy + YfAC) (n10> n11fAc,'>

g(N_S)( s ):h(to). (1.36)
Moo, Mo1 N1, M11

The last inequality is similarly obtained with Lemma [3]in Appendix
Since the above is true for all t € T'(n) with t5 = tc = 1, the maximum likelihood for the
w-specific ‘Neyman’ null is also bounded above by the likelihood under the ‘Fisher’ null:

~

hyy (£) < h(t").

= max h
{t c T(n) : tB:tC:¢}
Taking the maximum over all possible values of ¢, including ¢y = 0, the maximum likelihood

under the ‘Neyman’ null is then attained by the population t° = (s,0,0, N — s) where ¢ = 0:

~

h(Neyman) = 5 én%}zn)ﬁd, = h(t%).

1.7.1 Likelihood ratio for testing the ‘Neyman’ null

To assess the support in the observed data n for the ‘Neyman’ null against the unconstrained
alternative, we may use the GLR test statistic that compares the maximum likelihood under the

composite ‘Neyman’ null (I.27) against the global maximum likelihood (I.TT]:

-~

A(Neyman) = s ér%}zn) h¢/t em%}({n) h(t) = h(Neyman)/h(t). (1.37)



20

From Theorem [2| since E(Neyman) = h(tY), the test statistic A(Neyman) is equal to the test
statistic A(Fisher) that compares the likelihood under the simple ‘Fisher’ null against the global
maximum likelihood:

\(Fisher) = h(t°) / , ern%}((n) h(t) = h(t°)/h(t). (1.38)

In other words, the GLR test statistic used to test the ‘Fisher’ null hypothesis of zero individual
causal effects (1.25) may also be used as a test statistic for testing the ‘Neyman’ null hypothesis of

a zero population average causal effect (1.27):
A(Neyman) = \(Fisher) = h(t°)/h(t). (1.39)
1.8 Alternative Models Where the ‘Fisher’ Null Does Not Hold

When the ‘Fisher’ null (I.23) is true, all individuals have potential outcomes Y (1) =Y (0), so that
the column totals in the observed table are fixed over hypothetical rerandomizations in the finite
population. However, it has been suggested, for example in [Breslow and Day, 1980, Chapter 4.2]
and [Rothman et al., 2008, pg. 308], that even when the ‘Fisher’ null does not hold, inference
should be performed conditional on fixed column totals in the observed table.

We note the perhaps obvious point that the column totals in the observed table are not fixed over
hypothetical rerandomizations under the alternative where the population comprises individuals
with non-zero individual causal effects. Consider the following counterexample. Suppose that in
an observed two-by-two dataset such as [Table 1.1} all individuals with observed outcomes ¥ =0
are of type D, and all but one individual (say ‘J’) with observed Y =1 are of type A. Individual
‘T’ is actually of type B, with potential outcomes Y (x) = z, and had been assigned to the X =1
group. The total number of individuals with Y =1 and Y =0 are then s and N — s, the column
totals of the actual observed dataset.

However, if ‘]’ was assigned to X = 0 instead in a hypothetical rerandomization, then ‘J’
would have an observed outcome of Y =0, not Y = 1. All individuals of types A and D would

have still the same observed outcomes of Y =1 and Y =0 respectively, regardless of their assigned
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treatment group. Then under such assignments, the total number of individuals observed with
Y=1and Y =0wouldbe s — 1 and N — s + 1 respectively, and not s and N — s !

In general, the observed Y margins are not fixed over hypothetical rerandomizations from
a finite population. Under a completely randomized design where the row totals n and N — n
are fixed, hypothetical resamples 72 (the tilde (~) accent denotes hypothetical resamples) may be
described by one entry in each row, for example (711, 719). The sample space of all 72 given an
observed n, denoted as €2(n), is the intersection of the two-dimensional integer lattice ({0} U Z*)”
and the convex polyhedron described with the following inequalities (obtained using rcdd [Geyer

et al., 2015]] in R [R Core Team, [2015]]):

max(0,ny; +n — N) < fyp < min(s + ngg, n), Mol = N — Ty (1.40)
maX(O, N1 — n) < T~l10 < Il’liIl(S + no1, N — TL), fbog =N-—-n-— ﬁlO- (141)

Breslow and other authors have proposed the (Fisher) non-central hypergeometric distribution
as an alternative model when the ‘Fisher’ null does not hold, with the unknown parameter being

the odds ratio ¢. The probability of the observed dataset for a given value of ¢ is:

_(1
”gl)

Pr (n11|n7 37¢> :g(nll;n757¢) Z g<ﬁ11;na87¢)7

~(0)

ﬁllznll

where g(a;n, s, ) = ( y ) < N=s >q§a; (1.42)

a,s—a)\n—a,N—n—s+a
the normalizing constant sums over the sample space indexed by 71, from ﬁﬁ) = max(0, s+n—N)
to ﬁﬁ) = min(s, n).

We now compare the non-central (bivariate) hypergeometric distribution (1.42)) with the con-
volution (central multivariate) hypergeometric probability distribution from the Neyman-Rubin-
Copas model under the alternative hypothesis where there is a non-zero individual causal
effect. Recall the toy dataset II, so that under the true population t = (3,2,0,5), the population
causal odds ratio is for example,

_ta+ts XtB+tD_7

¢ T lattc tc+tp 3
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Holding the observed column and row totals fixed, n;; can take one of four possible values

{0,1,2,3}, with the other three cell counts determined by 721, so that
n = (M1, Mo, o1, Noo) = (P11, S—N1, n—"n11, N—n—s+711).

Even if we conditioned on the observed margins, such that the conditional distribution based on the

3
n11=0

Neyman-Rubin-Copas model is Pr (n|t,n) /> Pr (n|t,n), the non-central hypergeometric

distribution Pr (n;|n, s, ¢*) differs from the actual (conditional) distribution under ¢.

o e ni
Conditional Probabilities 0 1 > 3 Row Sum
Non-central Bivariate Hypergeometric | 0.018 0.268 0.536 0.179 1
(Convolution) Central Multivariate Hypergeometric | 0.019 0.222 0.518 0.242 1

Table 1.4: Conditional probabilities of each possibly observable dataset in terms of 7;; under the
population t = (3, 2,0, 5), for the non-central bivariate hypergeometric distribution (Row 1), and
the central multivariate hypergeometric distribution under the Neyman-Rubin-Copas convolution

likelihood (Row 2); here the observed row and column totals in toy dataset II are fixed.

1.9 Discussion

The goal of understanding the maximum likelihood is to ease finding the GLR test statistic in
performing exact significance tests. We conjecture that the global maximum likelihood h is attained
by at least one population with at most three types, so that finding h does not require summing over
probabilities for multiple complete tables when evaluating candidate column totals Z.

Because of the ‘fundamental problem of causal inference’, causal parameters are generally not
identified and cannot be consistently estimated from observed data. A GLR criterion is appro-
priate for testing hypotheses on the causal parameters since we are affording the observed data
the strongest possible support given by values of the unidentified causal parameters. Our interest

here is thus not in the maximum likelihood estimates per se, but rather in the comparison of the
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maximum likelihoods under different causal hypotheses. These results facilitate the construction
of exact significance tests using the generalized likelihood ratio in more complex finite population
settings. A procedure to construct exact confidence intervals for the ACE using the GLR is also
described in Appendix [B| In subsequent chapters, the GLR test statistic is extended to carry out

exact significance tests in more complicated finite population settings.
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Chapter 2

FINITE POPULATION TESTS OF THE SHARP NULL HYPOTHESIS
FOR COMPLIERS

2.1 Treatment Noncompliance

We have thus far assumed that the treatment received X was randomly assigned. However, often we
are interested in the effect of a treatment X that was not randomized. In this chapter we consider
the circumstance where, although X is not randomized, there is another variable 7, called an
‘instrument’ that is randomized, and influences X, but does not influence Y directly; see Figure

The assumption that Z has no (direct) effect on Y except through X is sometimes termed an

I

O—O—

Figure 2.1: Graphical representation of the Instrumental Variable (IV) model, where [ are unob-

‘exclusion restriction’.

served confounding variables.

A common example of this circumstance is a randomized study with ‘noncompliance’. In this
context Z represents the randomly assigned treatment, while X is the post-randomization treatment
that the patient actually receives; X and Z may differ owing to noncompliance.

Randomized experiments with treatment ‘noncompliance’ arise in many situations. For ex-
ample, patients in a randomized clinical trial may choose not to take their prescribed treatment,
possibly due to side-effects. In ‘encouragement’ studies where a randomly selected subset of sub-

jects are offered an incentive to avail themselves of a treatment, the inducement may be sufficient
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for some but not for others. In a randomized psychology experiment, whether or not participants
adhere to their assigned manipulation (treatment) depends on their individual personalities and the
type of manipulation. In each of these situations, every unit now has a treatment actually received
(X) that was not randomized, even if the assigned treatment (£) was randomized.

In such studies with noncompliance and binary treatment assignment /Z, one may use a sym-
bolic linear program to derive the bounds for counterfactual probabilities, and the average causal
effect of X on Y [Balke and Pearl, [1994]. |Rubin [1998] uses randomization-based posterior-
predictive p-values to test a null treatment effect. Imbens and Rosenbaum|[2005] use randomization-
based inference to obtain valid confidence intervals for the treatment effect under an additive struc-
tural model even when the instrument is ‘weak’; [Keele et al.| [2016] propose using attributable
effects for Compliers to construct exact confidence intervals for the CACE. A review of different
estimation approaches for binary outcomes in the IV model was also conducted in [Clarke and
Windmeijer, [2012].

Angrist et al. [1996] and Imbens and Rubin [1997]] among others, propose to find the effect of
treatment on the subset of individuals who would conform with the assigned treatment regardless
of the group to which they are assigned. Sommer and Zeger [[1991]] describe this subgroup of
individuals as ‘Compliers’: individuals who would take the treatment only if assigned to do so and
would not if assigned not to do so.

Another example where the IV model in Figure may be assumed for causal inference is
in Mendelian randomization analyses for epidemiological research; see for example [Didelez and
Sheehan, [2007]. In such applications, interest is in testing the causal effect of a modifiable phe-
notype or risk exposure X on a disease Y, but inferences based only on the observed (X, Y") data
may be biased due to possible confounding between X and Y.

A genetic variant Z that (i) is closely linked to the phenotype or exposure X but has no direct
effect on the disease Y, and (ii) is randomly assigned (given the parents’ genes) at meiosis such
that there is no association between Z and any possible confounding factors with Y, may thus be
considered as an instrument. The principal stratum analogous to ‘Compliers’ are thus individuals

whose potential outcome for the phenotype or exposure correspond to the assigned genotype of
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interest.

In this chapter we address the problem of testing the ‘sharp’ null hypothesis of zero individual
causal effect of X on Y for ‘Compliers’, the subpopulation or principal stratum where X (z) =z
for z = 0, 1; X (z) being the treatment a patient would receive if (counter to fact) assigned to Z = z.
Under the exclusion restriction assumption, the null hypothesis within this subpopulation that X
has no effect on Y is equivalent to the null hypothesis that Z has no effect on Y. Under random
assignment for the whole population, each individual in the Complier subpopulation has the same
probability of being assigned to treatment. Thus we could use the randomization distribution of
the outcomes for Compliers under the null hypothesis to carry out a significance test.

However, we face the obvious difficulty that membership in the Complier subpopulation gen-
erally cannot be determined from the observed data alone. Although we know that Compliers will
have Z = X, this condition is necessary but not sufficient. For example, in the Z = 1 group,
individuals with X = 1 may be either Compliers or ‘Always Takers’, where the latter subgroup
are individuals who would always take the active treatment even if (counter to fact) they had been
assigned to the placebo group (Z = 0). Conversely, an individual with Z = X = 0 may be either
a Complier or someone who refuses to take treatment regardless of their assigned group, in other
words a ‘Never Taker’.

If somehow we were told which individuals in the population were Compliers, then we could
simply test the ‘sharp’ null hypothesis by performing a significance test, such as Fisher’s exact test,
on the (X, Y") subtable, or equivalently the (Z,Y") subtable, for Compliers. One may circumvent
the problem of not knowing who the Compliers are by just considering all logically possible values
for the number of Compliers in any given (Z, X,Y’) stratum that may contain them (in which
Z = X), and then carrying out the significance test for the corresponding (X, Y") subtable for the
Compliers. Taking the maximum over all the resulting p-values would then give a valid p-value for
the null hypothesis.

There are, however, two concerns with such an approach. The first is that such a procedure will
have no statistical power to reject the null hypothesis, since it is always logically possible that there

are zero Compliers in any given stratum in which Z = X (such that the maximum p-value for the
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Complier subtable will always be 1). The second is that such an approach ignores the information
provided by strata that do not contain Compliers, in which Z # X.
We will assume that there are no individuals who consistently do the opposite of their assign-

ment, sometimes called ‘Defiers’ [Chickering and Pearl, |[1996], so for all individuals:
X(z=0) < X(z=1). 2.1)

It follows from this assumption, also termed ‘monotonicity’, that all individuals in the (Z=1, X =
0) stratum are Never Takers, and all individuals in the (Z =0, X =1) stratum are Always Takers.
Under random assignment of treatment Z, the respective proportions of Never Takers and Always
Takers in both the Z =1 and Z = 0 groups should be approximately the same. This information
then reduces the range of probable values (under the randomization distribution) for the number
of Compliers in the Z/ = X strata. Such an approach of conditioning on the compliance type
(Compliers, Never Takers, Always Takers) as if it were a pretreatment covariate is sometimes
termed ‘principal stratification’ [Frangakis and Rubin, 2002]. [Forastiere et al.| [2015] conduct
simulation studies comparing different approaches for imputing the unknown compliance statuses.

In this chapter we discuss two possible approaches that make use of the information in the
Z # X strata when testing the ‘sharp’ causal null hypothesis for Compliers. The first approach
[Loh and Richardson, [2013|], following [Nolen and Hudgens, 2011]] and [Berger and Boos, |1994],
uses a pre-specified significance level v to construct a confidence set of values for the number of
Compliers in a given (Z, X) stratum. Only values of the number of Compliers that do not indicate
large imbalance between the Z =1 and Z =0 arms, under the randomization distribution, are used
to carry out Fisher’s exact test in the implied (X,Y") table for Compliers. Taking the maximum
over these p-values and adding ~y then provides a valid but conservative p-value.

However, such a procedure requires a pre-determined (non-zero) value of v to eliminate ‘un-
likely’ values for the number of Compliers from consideration when controlling the Type I error
rate in a hypothesis test. The resulting p-value will hence always be greater than or equal to 7.
This is problematic if, as in a significance test, we wish to interpret the p-value as measuring the

strength of evidence against the null hypothesis.
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An alternative approach builds on the generalized likelihood ratio (GLR) test statistic previ-
ously presented (in which X was randomly assigned). Under the extended Neyman-Rubin-Copas
likelihood for treatment noncompliance, the GLR test statistic compares the ratio of the largest
probability for the observed data assuming that the ‘sharp’ null hypothesis holds among Compli-
ers, with the largest probability allowing a causal effect among Compliers. Such a GLR criterion
lets us evaluate whether the alternative hypothesis is a significantly better explanation for the ob-
served dataset than the ‘sharp’ null, even when the number of Compliers is unknown.

Finding the largest convolution likelihood when the ‘sharp’ null doesn’t hold involves sum-
ming over conditional probabilities for multiple complete tables when evaluating candidate values
of the column totals. A computationally faster option is to use the maximum conditional mula-
tivariate hypergeometric probability in the complete table instead. Such a maximum probability
ratio (MPR) was proposed in [Loh and Richardson, [2015] assuming only Compliers and Never
Takers (the latter being individuals who consistently do the opposite of their assigned treatment).
The procedure is also available in the noncompliance package [Loh and Richardson, 2016]] in
R [R Core Team| 2015]. In this chapter, we will show that a consequence of Conjecture I} that the
maximum likelihood under the binary causal model is achieved by at least one population with at
most three types, is that the MPR and the GLR are equal under the binary IV model.

For a given number of Compliers, the relative frequency with which, over hypothetical repli-
cations under the null hypothesis, we would obtain a value of the GLR that is as small or smaller
than that which we observed, would then be a p-value. Since this relative frequency will depend
on the number of Compliers, we maximize the p-value over the number of Compliers. This results
in a valid p-value that is suitable to be used in a significance test since it can be arbitrarily close to
zero (it does not require specification of some ). Furthermore, the resulting test has power against

some alternatives in which there is a non-zero average causal effect among Compliers.



29

2.2 Potential Outcomes Framework Under Treatment Noncompliance

We now formalize the foregoing development. Recall the following:

e / is the randomized treatment assignment, where 1 indicates assignment to active treatment;

e X is the treatment exposure subsequent to assignment, where 1 indicates treatment received;

e Y is the final response, where 1 indicates a desirable outcome, such as survival.

The potential outcome X (z) is the treatment X a patient would be exposed to if assigned Z =
z. Using these potential outcomes, we may define four generic ‘compliance types’ cx listed in

Table [2.1] The potential outcomes are linked to the observed outcomes by causal consistency:

X =2ZX(1)+ (1-2)X(0). (2.2)
Compliance Type cx X(1)=0 X(1)=1
X(0)=0 Never Taker (NT') | Complier (CO)
X(0)=1 Defier (DE) Always Taker (AT)

Table 2.1: Compliance Types cy based on Potential Outcomes X (z), [[mbens and Rubin, [1997].

Under the ‘monotonicity’ assumption (2.1)), there are no ‘Defiers’ in the finite population, so

that individuals in the Z # X strata are either Always Takers (X =1) or Never Takers (X =0).

2.2.1 Exclusion Restriction

In general, the potential outcome for a given individual’s response Y under exposure to treatment
X = z, and treatment assignment Z = z is Y'(x, z). Denote the set of values for the potential
outcomes {Y (z, z);x,z = 0, 1} for a single individual as the response type ry. Without further
assumptions there are 16 = 22* possible combinations for ry. However, under the ‘exclusion
restriction’ assumption, there is no (individual-level) direct effect of Z on Y relative X, so that for
x,z,2 = 0,1, we have:

Y(x,2)=Y(z,2') =Y(x). (2.3)
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Assumption (2.3) is guaranteed to hold under double-blind placebo-controlled trials in which the
active treatment is without side-effects and unavailable to patients in the control group. The re-
sponse type 7y then simplifies to just four types shown in Table The potential outcomes Y ()
are again linked to the observed outcomes via the causal consistency axiom, so that if X =x then

Y=Y(x).

Response Type 7y Y(z=1)=0 Y(z=1)=1
Y(x=0)=0 Never Recover (N R) Helped (HFE)
Y(z=0)=1 Hurt (HU) Always Recover (AR)

Table 2.2: Response Types y under Exclusion Restriction (2.3)), [Heckerman and Shachter, |1995].

2.2.2 Randomization Assumption

We also make the following assumption:
Pr(Z=1]{X(0), X(1),Y(0),Y(1)}) = Pr(Z=1). (2.4)

The assumption states that the probability of being assigned to Z =1 is (jointly) independent of
an individual’s potential outcomes. In other words, the distribution of compliance and response
types (cx,ry) is the same in both the Z =1 and Z = 0 arms. This will hold whenever treatment

assignment Z is physically randomized.

2.2.3  The Instrumental Variable (IV) Model

The model defined by (2.3)) and (2.4) is known as the Instrumental Variable (IV) model (see for
example [Angrist et al.,[1996])). A graph corresponding to the IV model given by (2.3) and (2.4) is
shown in Figure The exclusion restriction (2.3)) corresponds to the absence of a Z — Y edge

while the randomization assumption (2.4)) is indicated by the absence of edges directed into Z.
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2.2.4  Intent-To-Treat (ITT) Analysis

One possible approach that gets around the issue of partial compliance is to simply consider the
causal effect of treatment assignment, rather than treatment received or exposed to, also know as

the Intent-To-Treat (ITT) effect [Lee et al., [1991]]:
ITT=E[Y(2=1)-Y(2=0)], (2.5)

where, in our finite population context, the expectation here is over all possible assignments of
individuals to Z=1 or Z=0.

However, inference for this effect entirely ignores information provided by X. Furthermore,
the average difference in final responses Y based on treatment assignment Z does not provide an
unbiased or even consistent estimate of the average causal effect of treatment exposure X on final

response Y [Angrist et al., [ 1996].

2.2.5 Sharp null hypothesis

Under the ‘sharp’ causal null hypothesis, the absence of a non-zero individual-level effect of X on
Y is formalized by
Hy: Y(z=1)=Y(x=0); (2.6)

each individual in the finite population has the same outcome regardless of the treatment group X

to which they were assigned.

2.2.6 Average Causal Effect of X on'Y

The average causal effect (ACE) of treatment exposure X on outcome Y is defined as:
ACE(X —=Y)=E[Y(z=1)-Y(z=0)]. 2.7)

The ACE for the subpopulation of Compliers, which we also refer to as the Complier Average

Causal Effect (CACE), is:

ACEco(X —Y) = E[Y(z=1)-Y (z=0) | cx=CO). (2.8)
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Since for Compliers X (z) =z, it follows that Y (X (2)=2) =Y (xr=2)=Y(z) so that

ACE00<X — Y) = E{Y(Z = 1) —Y(Z = 0) | CX:CO] = ITTC(), 2.9)

or in words, the Average Causal Effect of X on Y for Compliers is equal to the Intent-to-Treat

effect of Z on 'Y for Compliers (ITT¢p).

Under the ‘monotonicity’ assumption (2.1]) that there are no Defiers, the global null hypoth-
esis ACE(X — Y) = 0 holds if and only if all the principal stratum-specific null hypotheses
ACE, (X —Y)=0for cx € {NT,CO, AT} jointly hold. By definition Never Takers and Always
Takers always have the same observed values of X = 0 and X = 1 respectively (regardless of
their assigned value of 7). Consequently without further experimentation (to change compliance
for these individuals), there is no test for the average causal effect of X on Y in either of these
principal strata. In the absence of Defiers, the only subpopulation for which we may observe ev-
idence that ACE., (X — Y') # 0 are the Compliers (CO). Evidence against the (narrower) null
hypothesis that ACEqo(X — Y') = 0 hence implies evidence against the global null hypothesis
ACE(X — Y) =0 as well. This is why, even though our procedure is a test of the global null, we

describe it as a test of the ‘sharp’ null for Compliers.

In the absence of Defiers, the ‘sharp’ causal null hypothesis that X has no effect on Y within

the Complier subpopulation is equivalent to the null hypothesis that Z has no effect of Y':

For Compliers, Hy:Y(2=1)=Y (X (2=1)=1)=Y(X(2=0)=0)=Y(2=0). (2.10)

Similarly, the average effect of treatment on the treated, E[Y (x =1)—=Y(x =0) | X = 1], is
a weighted average of ACEco(X — Y) and ACE, (X — Y) since the ‘treated” subpopulation
(X =1) comprises Compliers only in the treatment group (Z =1) but all the Always Takers in the
population. Without a test for ACE 47(X — Y') = 0, evidence against the ‘sharp’ null hypothesis
for Compliers would hence imply evidence against a null of zero average effect of treatment on the

treated.
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2.3 Binary IV model without Defiers

We now introduce the notation for our model, using a double subscript to avoid ambiguity. Let
Ny.z;2; DE the observed number of individuals assigned to treatment Z =1, with exposure X = j and
outcome Y = k. The marginal sums are denoted similarly, for example n,, ,. = Z;:o Ny,a;z and
My =S o im0 Mypay=- We will refer to the observed dataset as n = {ny,.., : 4,5,k = 0,1},
and the size of the finite population as N = E,lfzo Z;:o Z;ZO Ny,.z;z- Also denote the total number
of individuals in the finite population of compliance type cx and response type ry as {;¥. For
example, the total number of Compliers who are Helped and Hurt are respectively 5% and t59.
We will assume that there are no Defiers in the population (2.1). Even then, we still need to
distinguish the Compliers from the Always Takers and Never Takers to test the ‘sharp’ null for
Compliers. Since our interest here is in the CACE, and there is no direct effect of Z on Y under
exclusion restriction (2.3]), we will not distinguish between the different response types ry for the
Never Takers and Always Takers. Instead for £ = 0, 1, denote the respective total number of Never

Takers and Always Takers with observed outcome Y =k in the population as:
= > N g = > i k=01 (2.11)
ry:Y (0)=k ry:Y (1)=k

A finite population is therefore uniquely described by the parameter of length eight containing the

total number of individuals of each type, which we collectively denote as:
R R R R A R S A (2.12)
2.4 Parameter Space

Let T'(n) be the parameter space of possible values for ¢ given an observed dataset m. Since
159 = N— (159 +1t5% +t5%+> "o (M +t47)) in a finite population of size N, it is sufficient
to specify values for the seven column totals (57, ¢)'", t{%, 5%, 150, 07, ¢47). T(n) is then
the intersection of the seven-dimensional integer lattice ({0} U Z+)7, and the convex polyhedron

described by the set of inequalities (2.13)—(2.25).
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nykﬂfozl S téVT S nykxov k - 07 1 (213)
Ny 29 S tl?T S Nypxys k= 07 1 (214)
1
0 <150 <) Ny, (2.15)
1=0
1
0<t50 <> Ny os, (2.16)
=0
1
07+ 11T 59 <> ny, (2.17)
=0
1
T 150 <D ny 2.18)
=0
5% >0 (2.19)
" 8%+ 5% = Nyom (2.20)
to T+ 159+ 159 > nyor, @2.21)
"+ )T S SR H D > ny, (2.22)
1
(Z th) + 10T+ 155 + 5% < nygwy + Ny (2.23)
k=0
1
<Z tiw) + 0T + 155 + 50 < Ny + Ny (2.24)
k=0
o 15T 155 < ny,. (2.25)

When the ‘sharp’ null for Compliers (2.10) is true, there are no Compliers of response types
Helped or Hurt in the population, and all Compliers are either of type Never Recover or Always

Recover. Equivalently the ‘sharp’ null for Compliers is:
Hy: t52 =150 =0. (2.26)

If the observed study comprised only of individuals with Z = X, recall from Chapter 1 that

t" = (5,0,0, N — s) is the only population compatible with the observed data and the (global)
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‘sharp’ null, where s is the total number with Y = 1. However, in the absence of perfect compliance,
we no longer know exactly who the Compliers are, even when the (local) ‘sharp’ null for Compliers
holds, without making further assumptions on the Always Taker and Never Takers. If we fixed
the number of Always Takers and Never Takers at some value of { (¢tN'7,¢") : k = 0,1}, then
the respective total number of Compliers of types Never Recover and Always Recover, under the

‘sharp’ null for Compliers, are:
199, = nyy — 3T — 4T, 159 = n,, — 1T — 7. e27)

The population parameters { (t3'7, ") : k = 0,1} are hence nuisance parameters for the ‘sharp’
null for Compliers. The null parameter space 7°(n) under Hy is then the subspace of T'(1) where
t5% = t99 = 0. Equivalently 7°(n) is a Cartesian product of the four (variation-independent)

linear spaces corresponding to { (th 7, #47) : k =0,1}:

( T € fnyness s nyas} k= 0,15 )
T € {Nyparzes > Mgy 1, k=0, 1;
Tn) = teT(n): 159 = n, — N7 — AT, C T(n). (2.28)
9% =ny, =807 =47
\ the =tho = )

2.5 Hypothesis Test of the ‘Sharp’ Null for Compliers

We now describe how to carry out a hypothesis test of the ‘sharp’ null for Compliers (2.26). The
procedure was previously presented in [Loh and Richardson, 2013 for populations with only Com-
pliers and Never Takers. Here we present the procedure allowing for Always Takers as well.

We first introduce some more notation. Following ¢ in (2.12)), in each Z =i group, let mjX,,

be the number of individuals of compliance type cx with observed outcome Y =k, and m&?_ the

TY %

number of Compliers of response type ry. Denote the vector of length eight containing the number

of individuals of each type (in the same order as t) in the Z =1 group as:

— AT NT CcO cO cO cO NT AT\ .
m; = (myozz" Meyozs MNR,20 TVHE 2 VHU 20 VAR 250 Ty 20 ylzi) ) (2.29)
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we will refer to the concatenation of m and m, simply as a complete table m.

In general, only some of the counts in 7 may be determined from n. By definition, the Always

AT
Yk Z0

NT

Takers in the control group m ezt

and Never Takers in the treatment group m are directly
observable as 1, ;,,, and n,, ..., respectively for k = 0,1. For a given population t € T'(n),
denote the number of Compliers in each Z = ¢ arm with observed outcome Y = k as ngg (t),
where we use (i) n to emphasize that this is generally not a cell count in the complete table m,

(1) the subscript x; since Compliers have Z = X, and (iii) £ to indicate the dependence on the

co

er; (1), collectively denoted as n“O(t), may then

fixed population. The four ‘observed’ counts n

be expressed in terms of  and ¢ as:

ng’;(;o(t) = Nypoo—tn ng’gl(t) = Ny —ta k=0, 1. (2.30)

Under the ‘sharp’ null for Compliers, there are no Compliers who are Helped or Hurt, so that
m%%% = m%?]?zz_ = 0 for i = 0,1. All compliers with observed outcomes Y = 0 must thus
be of type Never Recover, while those with Y = 1 are of type Always Recover. A two-by-six
contingency table such as Table 2.3l may be used to summarize m for an observed dataset n under
a given population t € T°(n).

At this point, one could perform a significance test, such as Fisher’s exact test, on the (X,Y)
subtable for Compliers n“(t) to test the ‘sharp’ null. Denoting the population-specific p-value as
pv©O(t), an overall p-value is just the maximum p-value over all logically possible values for t:

p? = max puUO(t). (2.31)

teT%n)
Taking the maximum p-value here ensures that rejection of the ‘sharp’ null pv®? < « implies
rejection of the ‘sharp’ null in each of the population-specific tables pv©°(t) < a, Vt € T°(n).
However, such an approach is undesirable since the test statistic used in calculating the p-value

pv©O(t) is a function of both n and the nuisance parameter ¢. Furthermore under the population
t = (nyoxl ? nyowm 07 07 O’ 07 nyl$07 ny1$1)7

the Complier subtable n““ () would consist of only zeroes, such that the resulting p-value would



Z=0 Z=1 Column

AT, yo Tyom1 20 tf)qT — Nyow 2o tf)4T

NT, yo téVT T Nyooz Nyoaoz1 t(j)v g
CO,NR Tyoxo _téVT Nyoay _t64T t%% = Ny — téVT - tf)4T
CO’ AR LCTEN _tjl\]T Ty 2y _t114T tgg =Ny, — t{VT - t114T

NT7 hn t{VT Ny 3oz Ny z021 t{VT

AT, hn Ty 2120 tiqT —Nyrz120 t{‘T

Row UZH T2y N
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Table 2.3: ‘Complete’ table m with each entry as a linear function of the observed quantities n
and a fixed population total ¢ € T°(n), assuming that the ‘sharp’ null for Compliers holds; the

two-by-six table has also been transposed to make the cell counts more readable.

just be 1. Such an approach would have no statistical power since the maximum p-value pv©©

would then always be 1!

Rather than naively considering all possible values of ¢ € T%(n), we should make use of
information from the observed Z # X strata. Under randomization (2.3]) and exclusion restriction
(2.4), the number of Always Takers and Never Takers in the Z =0 and Z =1 groups of the complete

table m should be approximately ‘balanced’. For example, if there is no direct effect of Z on Y

AT _tAT
— Y

for the Always Takers, the quantities Moz

—Tygarz a0d ML= ny, ., should be ‘similar’
under random assignment Z. Following [Nolen and Hudgens, 2011]], such information is used to
limit the range of probable values for ¢ (under the randomization distribution), and subsequently,

the set of p-values for the Complier subtables pv©©(t).

The procedure from [Loh and Richardson, 2013]] is restated as follows. First, for a given
significance level «, choose a pre-determined value of 7 < «. For example, in other contexts,
Agresti| [2013] suggests a ‘small” value of v = 0.001 if o = 0.05. Next, define the ‘nuisance’ table

for a given population t € T°(n) as Nuis(t), obtained by summing the total number of Compliers
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within each Z =1 group of the complete table m and then disregarding the specific response types.

Nuis(t) may thus be described by a two-by-five contingency table such as Table

Z=0 Z=1 Column
AT, yo Nyow120 t(l)qT T Nyoay 2o t(?T
NT, Yo téVT —Nygzoz1 Nyomo2y téVT
o |
NT: hn tiVT T Ty 021 tJIVT
AT7 hn Ty 2120 t114T T Nyz120 tlqu
Row Mg Nz N

Table 2.4: ‘Nuisance’ table Nuis(t) where each cell count is a linear function of the observed
quantities n and a fixed population parameter ¢ € T°(n), assuming that the ‘sharp’ null for Com-

pliers holds; the two-by-five table has also been transposed to make the cell counts more readable.

Under both randomization and exclusion restriction, treatment assignment Z is independent
of the five compliance types in Nuis(t). Since the row and column totals are fixed under com-
plete randomization, we carry out Fisher’s exact test on Nuis(t) as a test of the composite null
of randomization and exclusion restriction. The resulting p-value, denoted as poY “is(t), is then
compared against the critical value ~y. Populations ¢ where the test of independence is not rejected

at significance level ~y are included in the confidence set:
C,={teT’(n):ppV(t) > ~}. (2.32)

Note that the size of C,, is hence inversely proportional to +y; setting v = 0 corresponds to the entire

space T°(n). Taking the maximum Complier subtable p-value pv“©(t) among all populations

t € C, and adding vy then provides a valid but conservative p-value [Berger and Boos, [1994]:

pvso =~+ tmeaé puO(t). (2.33)
v
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Such a procedure is relevant if our goal is to control the Type I error rate for some given
significance level . However, such a procedure has two shortcomings. The first is that a pre-
determined (non-zero) value of v < « is required to construct C.,. Whether y is considered ‘small’
depends on the significance level «, as well as the strength of evidence against H,. For example,
Loh and Richardson| [2013]] analyzed a dataset where for v = 0.01, the maximum p-value was

maé p©O(t) = 2x107?', so that the overall p-value was just pv$° = 0.01. This highlights
S

2l
the second drawback that the resulting p-value will always be greater than or equal to . This is

problematic if, as in a significance test, we wish to interpret the p-value as measuring the strength
of evidence against the ‘sharp’ null for Compliers.

There is also a subtlety in the procedure. For a given population t € T%(n), we carried out
separate significance tests on the nuisance table Nuis(t) and the two-by-two Complier subtable
nO(t). The total number of Compliers in each Z =i group differed over hypothetical resamples in
Nuis(t), but remained fixed (as the row totals) over hypothetical resamples in n“C(t). Since only
the column and row totals of the complete table m remain fixed over hypothetical rerandomizations
from the population ¢, the total number of Compliers in each Z = ¢ group may differ between
different resamples. We now describe in the following sections how to carry out a significance
test of the ‘sharp’ null for Compliers using the complete table 1, without having to consider the

nuisance table and Complier subtable separately.

2.6 Likelihood Under a Fixed Population

First we define the likelihood, given the observed data m, of a finite population uniquely described
by some parameter value ¢t € T'(n). In general, without assuming the ‘sharp’ null for Compliers,
each entry in the complete table m may be expressed as a linear function of n, ¢, and one of the
Complier cell counts, for example m%%ZO. A two-by-eight contingency table such as Table
may be used to summarize m.

Since for any Complier we get to observe exactly one of the potential outcomes {Y (1), Y (0)},

cO

mz; €ven for a fixed value of ¢.

we generally cannot determine the exact number of Compliers m

Denote the set of complete tables m compatible with both the observed quantities 72 and population
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Z=0 Z=1 Column
AT: Yo nygwl 20 taqT
NT) Yo téVT _nyoxozl nyoﬂﬂom téVT
CO,NR (Nyoze —tYT) —bo t5%
CO,HE bo —by t5%
CO, HU t5e
CO’ AR (nylwl _t114T) _t%%‘l'bO tgloz
NT) n Ny 2021 tJIVT
AT) yl nylml 20 th T nyl Z120 tl{lT
Row Ny Ny N

Table 2.5: ‘Complete’ table m with each entry as a linear function of the observed quantities
n, the population totals t, and one of the Complier cell counts m%% .», (denoted here as by); the

two-by-eight table has also been transposed to make the cell counts more readable.

t as M(t; n). Restricting each entry in m to be a non-negative integer results in the following set

of values for m%¢  that indexes M(t; n):

N e S TN el (2.34)
0" = max { (g —t5™" ) — 8% o — (i + VR 0 )t — (e —117), 0},
by = min { (nygm —to "), t5%s Ny — (A2 +10T), (93T +5%) 1y |-
Since individuals are sampled without replacement from a finite population, the column totals
t remain fixed over hypothetical rerandomizations. Under complete randomization, the row totals

of m are also fixed. Note the perhaps obvious point that in general, there is no single entry in m

that remains fixed! Hence the randomization distribution for the complete table m is the multiple
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hypergeometric distribution:

N -1 8 t,
Pr(myt)z(n n) H( (@ ) (2.35)

a1 M(a),z15 M(a),z0

where the subscript (a) represents the a-th entry in ¢ and m,;, and we choose to write the binomial

at+c\ (a+c)
a,c ) alel

It is implicit that the entries mq) ., in m are functions of 2, ¢ and one of the Complier cell counts,

coefficient as:

for example mfl%z .- The likelihood given the observed data n of a particular population t € T'(n)

is thus the total probability of of all complete tables m € M(t;n):

Pl = Y pemio=(, ) wheeno

m € M(t;n)

h(t) = > f[ ( Ha) ) . (2.36)

maz7maz
m € M(t;n)*=! (@)z1> )70

We shall henceforth refer to the kernel of the likelihood function A(t) of an observed dataset n in

a given population t as the extended Neyman-Rubin-Copas, or Neyman-Rubin-Copas-Richardson,

likelihood.

2.7 Significance Test of the ‘Sharp’ Null for Compliers with the Generalized Likelihood
Ratio

In a significance test of the ‘sharp’ null hypothesis for Compliers, our interest is in finding a p-
value that measures the strength of evidence in the observed data n against the null, assuming that
the null was indeed true. To do so, we will use the generalized likelihood ratio (GLR) test statistic
A(m) that lets us assess whether allowing a causal effect among Compliers is a significantly better
explanation for n than assuming no Compliers who are Helped or Hurt. The value of A(n2) depends
only on the observed data 7, and not on any (unknown) values of the column totals ¢.

We shall first consider the value of ¢ that lends the strongest support to the observed dataset

assuming that there are no Compliers who are Helped or Hurt. The largest probability of 72 under
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the ‘sharp’ null is:

Ho(p)\ — _ N o\
g (n) = . er%?gin) Pr(n | t, Hy) = (nzmn21> . Err?in)h(t). (2.37)

Next, we find the most likely value of ¢ allowing for Compliers who are Helped or Hurt in the

population:
N -1
gn)= max Pr(n|t)= ( ) max h(t). (2.38)
te T('I’I,) Nzpy Mzy tec T(n)
The GLR test statistic is then the ratio:
Y o max h(t)
0 teTl cT
An) = ) _ (n) € T(n) (2.39)
q(n) max h(t)
teT(n)

The GLR \(n) takes values between 0 and 1, with values closer to 0 indicating stronger evidence
against the ‘sharp’ null. However, the ‘sharp’ null for Compliers is a composite null hypothesis:
we must consider a set of sampling distributions for A(n), each corresponding to a value of the
population parameters ¢ € T°(n). Similar to the hypothesis testing procedure in Section we
will evaluate each population ¢ in turn.

For a fixed value of t € T°(n), the sampling distribution Pr (n | t, Hy) for the observed data
n under H, induces a null probability distribution for the GLR A(n). Using the tilde accent (~)
to indicate random quantities that vary over hypothetical rerandomizations, one may conceptually
generate assignments in the complete table m, either through complete enumeration using for
example [Gail and Mantel, [1977]], or via Monte Carlo simulations. The cell counts in m are then
aggregated using the linear constraints described in Table[2.3]to obtain the sample space of possibly
observable datasets 72, which we denote 2(¢). For each i € Q(t), we then calculate the value of
the test statistic A(72). The sampling distribution Pr(n2|¢t, Hj) induces a randomization distribution
for A(n2). The population-specific p-value is then the total probability of observing a dataset 7 that

is at least as ‘far away’ from the ‘sharp’ null as the observed dataset n:
pvo (n;t) = Pr (\(n) < A(n) | t, Hy)

- Z Pr(n|t, Hy) x 1{\(R) < A(n)}, (2.40)
n € Q(t)
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where 1{E'} returns the value 1 if condition £ is satisfied, and O otherwise. The overall p-value is

the maximum among all population-specific p-values:

p(n)= max ™ (n;t). (2.41)
teT%n)

If the ‘sharp’ null for Compliers is true, then the probability of obtaining a value of the test
statistic A(72) that is no larger than the observed value \(n) is at most pv™° (n), regardless of
the unknown population ¢. In other words, the overall p-value pv' (n) is an upper-bound on the
relative frequency that a dataset at least as ‘extreme’ as the observed n will arise, over hypothetical

rerandomizations from a population with zero Compliers who are Helped or Hurt.

2.8 Comparison of Exact P-values

How does the effort to account for the observed noncompliance using the GLR compare to per-
forming Fisher’s exact test for the ITT(Z — Y') effect? After all, the ITT p-value is also an exact
p-value, and summarizes evidence against the global ‘sharp’ null, rather than the local ‘sharp’ null
for Compliers.

To compare the resulting p-values from the two procedures, consider a toy observed dataset
from a double-blind randomized controlled trial where 13 out of 24 individuals were randomly
assigned to treatment Z = 1, of which 10 were observed to have a positive outcome Y = 1. Of
the remaining 11 assigned to control Z =0, only 4 had a positive outcome. The ITT p-value from
performing Fisher’s exact test on the observed (7, Y') dataset is then 0.095.

Suppose we then learn there were individuals who did not comply with the assigned treatment,
but because patients assigned to the control group Z =0 do not have access to the active treatment
outside of the trial, Z = 0 = X = 0. Such one-sided compliance implies that there are only
Compliers and Never Takers in the population (so that there are no Always Takers). Hence the
number of Compliers with observed outcomes Y =k in the treatment group Z =1 is now directly
observable from the data as n,, ,,, ., . The observed counts taking the treatment noncompliance into

account are shown in Table[2.6] There are two structural zeros due to the one-sided compliance, and
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we shall assume that Z has no effect on Y other than through X, so that the exclusion restriction

(2.3) holds.

Number of individuals : : Row

Z=0 0
Z=1 8

7 11
1 13

Table 2.6: Observed toy dataset n» from a randomized controlled trial; note the italicized structural

zeroes due to the one-sided noncompliance where Z =0 = X =0.

We then carry out our procedure as summarized in Figure Given the observed dataset 72,
we enumerate all possible populations t € T°(n) under the ‘sharp’ null for Compliers. We denote
to "

t in this example simply as ( ), since there are no Always Takers in the population, and the

total number of Compliers under the ‘sharp’ null, given the observed dataset and (£)7, t¥7) is just

t$9 =ny, — t5'T and 199 = n,, — tI'7.

For each fixed population ¢, for example ¢ = (4, 2), we generate the sample space §2(¢) and then
find the corresponding GLR test statistics \(72). The population-specific p-value pv° (n; t) is then
the lower-tail probability Pr(\(7)|t) for the critical value \(n2); for example pv° (n; t = (4,2)) =
0.018. The maximum p-value over all populations ¢ € T°(n) is 0.028, indicating stronger evidence
against the ‘sharp’ null for Compliers (and thus the global ‘sharp’ null) than the ITT test!

However, whether accounting for the observed noncompliance using the GLR results in a
smaller or larger p-value than the ITT test depends on the observed data. In Table among
the 10 people in the observed (Z =Y = 1) strata, we observed 8 with X = 1. How would the
overall p-value change if the (Z =Y = 1) margin was fixed, so that the ITT table for the (Z,Y)
margins remain the same, but with different observed counts for the (Z = X =Y =1) strata? We

carry out significance tests using the GLR for n,,,,., = 0, ..., 10 and plot the corresponding GLR

p-values in Figure [2.3] For significance levels between 0.02 and 0.08, the GLR test statistic has
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Ho (-4 —
- - o™ (nit=(1,2))
= 0.018 \
n A
Ho (1. ¢ —
ol L pv 0 (n;t=(2,1)) max  pv
o mA "l =0.023 > t e T0(n)
Ho (.4 —
o . N po’ (n;t=(6,8)) |/
s A | =0.007
Populations ¢ Possibly observed ~ GLR test t-specific p-values
under Hy datasets statistics

Figure 2.2: Summary of the procedure to carry out a significance test of the ‘sharp’ null for Com-
pliers H, for the observed dataset in Table @]; here we assume no Always Takers and no Defiers

in the population; the population parameters ¢ are represented here as (¢'7, t)'7).

greater statistical power than the other two test statistics.

When n,, ,, ., is close to the observed margin of n,, ., = 10, the resulting p-value for testing the
‘sharp’ null for Compliers using the GLR (in red) is the same as the ITT p-value (green horizontal
line). However, as n,, .., decreases, the GLR p-value falls below the ITT p-value before rising
past the ITT p-value when n,, ., is close to zero. For example, if n,,,,., = 1, the p-value using
the GLR in testing the ‘sharp’ null for Compliers is about 0.5, suggesting a lack of evidence against
a zero ACE.

Note that n,,,,,, = 1 implies n, ..., = 9 (since n,,,, = 10), so that there are nine Never
Takers with an observed outcome of Y =1 in the Z =1 group but at most four in the Z =0 group

(since 1y, 4,2, = 4)! Such an imbalance suggests a direct effect of Z on Y among the Never Takers.
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Exact p—values for different observed noncompliance

o
o
— —— Ignoring X (ITT)
—— Accounting for X (GLR)
8_ ] —— Accounting for X (qHO)
o
@
IS
[&]
P ]
8 o
[%)]
g 3
g O
T
o 1n
o
o
N (0.48)  (0.43) (0.36) (0.28) (0.18)  (0.05) (-0.15) (-0.25) (-0.33) (-0.5) (-1)
S T T T T |
0 2 4 6 8 10
r]ylxlzl

Figure 2.3: Exact p-values using (i) the GLR test statistic (in red) that accounts for the noncom-
pliance X, (ii) Fisher’s exact test on the (Z,Y) table (in green), and (iii) the ¢’ test statistic that
also accounts for X; the significance level of 0.05 is plotted as the broken line; the p-value using
the GLR test for the observed dataset in Table is indicated by the black solid circle; the values
in brackets at the bottom of the plot are the lower bounds of the AC'D Enr () in (2.43).

If we define the Average Controlled Direct Effect for Never Takers as
ACDENr(z9) =EY(x=0,2=1)-Y(z=0,2=0) | NT], (2.42)

then under exclusion restriction where there is no direct effect of Z on Y, ACDEnr(x) = 0. A

lower bound for the AC'D Enr(z0) [Cai et al., 2008] is

P(y1, Tolz0) 1}
p(wolz1) ~ )

The values of the lower bound for ny,2,., = 0, ..., 10 are shown at the bottom of Figure

p(y1|zo, 21) — min { (2.43)

with positive values equivalent to an IV inequality (under monotonicity) being violated empirically
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[Richardson et al., 2011]]. For small values of n,, , ., , the lower bound is strictly greater than zero,

suggesting that empirically, there is a direct effect of Z on Y for Never Takers.

A possible explanation is that under the ITT null, both the ‘sharp’ null for Compliers and
exclusion restriction for the Never Takers must hold. Evidence against a zero direct effect of Z
on Y for Never Takers then suggests evidence against the ITT null, even if the ‘sharp’ null for
Compliers is true. The positive values of the lower bound for the AC' D E () for small values
of ny,4,-, in this example suggest that there is evidence the overall ITT effect may be due to the
direct effect for Never Takers. With larger values of n,,,,.,, the evidence of the direct effect for
Never Takers contributing to the ITT effect is reduced, but the evidence of contribution of the
CACE to the ITT effect increases. The evidence against the overall ITT effect then remains the

same.

In addition, the (maximum) p-value using the test statistic ¢"° (numerator of the GLR) is plot-
ted. Similar to the ITT p-value, it is unable to distinguish between evidence against exclusion
restriction and evidence against a non-zero causal effect for the Compliers. Alternatively, if one
was to replace the GLR test statistic with the ITT test statistic (the bivariate hypergeometric prob-
ability of the induced (Z,Y") margins that ignore X), the resulting (maximum) p-value would just
be equal to the p-value from the ITT test. This is because when the ‘sharp’ null for Compliers is
true, the observed Z and Y margins in the complete table (Table are the same regardless of the
specific population t € T%(n). By the Chu-Vandermonde convolution, the sampling distribution
of the ITT test statistic (ignoring information from X') under some population ¢ (that accounts for

X) is just equal to the sampling distribution under the ITT table.

2.8.1 Statistical Power

To examine the statistical power of the GLR significance test, consider a single population that the

observed dataset in Table[2.6|could have arisen from, specifically the following population:

N =4 60T = 1,155 = 15,150 = 4,195 = 5% = 0.
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For each possibly observable dataset in the sample space nn € )(t), we find the maximum p-
value in a significance test using each of the three test statistics under comparison in Figure 2.3]
The sampling distribution for 2 then provides an empirical distribution for the respective p-values

under this population ¢, which we plot in Figure [2.4| below.

ECDFs of (max) p—values with different test statistics

S 4
- ’—Agfi
[e°) ’—'—'—
g
©
—~ S 7] .
: —— Ignoring X (ITT)
l!., — Accounting for X (GLR)
- —— Accounting for X (qHO)
d —
| .-
o
o
o -

Overall p—value

Figure 2.4: Empirical cumulative density functions (ECDFs) of the (maximum) p-values using (i)
the GLR test statistic (in red) that accounts for the noncompliance X, (ii) Fisher’s exact test on
the (Z,Y) table (in green), and (iii) the g™ test statistic that also accounts for X; all possibly
observable datasets were sampled from the population ¢t = 4 ' = 1,169 = 15,159 =

4,199 = 159 = 0; the diagonal is plotted as the broken line.
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2.9 Proposed Improvements for Computational Efficiency

2.9.1 Sample space for an observed dataset under H

Under the ‘sharp’ null for Compliers, the same possibly observable dataset 2 may arise from
multiple populations ¢ € T°(n); in other words, the intersection of the sample spaces for ¢ and
t' # t is non-empty:

Q) N Q) £ 0.

Naively calculating the value of the GLR test statistic A(72) every time n arises when generat-
ing the sample space €2(¢) under a fixed population ¢ (via either complete enumeration or Monte
Carlo simulation) would result in duplicate calculations. Under Hy, A(n) is a function only of the
observable quantities 1 and not of a specific fixed value of t. A computationally more efficient
approach would be to first enumerate the sample space of all possibly observed datasets 1 across
all populations ¢ € T°(n), and then calculate the values of the test statistic A\(12). The sample

space 2°(n) is thus defined as:

Qmy= |J on. (2.44)
teT'n)
The sample space 2°(n) is the intersection of the seven-dimensional integer lattice ({0} U ZT)",

and the convex polyhedron described with the inequalities (2.435)-(2.49):

0 S ﬁykxl_izi Snykwl—izi +nyk$1—izl—i7 /l:, k — O, 1; (2.45)
maX{O, Nyxi21—4 _ﬁyixizlfi} S ﬁyixizi Snyi Ny _ﬁyﬂﬂkw 1= 07 15 (2-46)
0< ﬁylﬂ'xiziv 1= 0, 1; (247)
1 1
Z Z Myajz = Ny E=0,1; (2.48)
=0 i=0
1 1
Nypjzi = Mz i=0,1. (2.49)
k=0 7=0

Detailed steps on how to obtain the inequalities using rcdd [Geyer et al., [2015] in R [R Core

Team, 20135]] are provided in Appendix [D| The population-specific probabilities of each 7 in a
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fixed population ¢ may be found using the Neyman-Rubin-Copas-Richardson likelihood (2.36))

when evaluating the p-value.

2.9.2  Maximum Complete Probability Ratio (MPR)

One way to find the maximum likelihood solution ¢(n) for a given observed m is to calculate all
possible multivariate hypergeometric probabilities Pr (m | t) in the two-by-eight complete table
m for all possible populations ¢ € T'(n), and then sum the probabilities for the (possibly multiple)
complete tables in M (t;n) to obtain the likelihood Pr (n | t). This is computationally intensive
and is O(n*), where n = max; . n,,4,»,-

Instead, consider the maximum conditional probability of the complete table m:

complete [, —
g (n) = . em%}({n) {m Er,r/l\é/ll}zt; n) Pr(m | t)} . (2.50)

Following [Loh and Richardson, 2015]], we may then maximize over both ¢ and m jointly,
using integer programs such as [Oberhofer and Kaufmann, 1987] and [Johnson and Kotz, 1969
to solve the corresponding discrete optimization problems. Finding the global maximum then
requires calculating only O(n?) hypergeometric probabilities.

Under the ‘sharp’ null for Compliers, if there are no Compliers who are Helped or Hurt in a
given population ¢, then there is only one possible complete table m in M(t;n) since bJ™" =
bax = () (see (2.34)). In other words, for t € T°(n), the likelihood given the observed data is just

the probability of the single complete table:
Pr(n|t,Hy) =Pr(m|t). (2.51)

The ratio of the maximum complete probabilities (MPR) is then:

max Pr(n | t, Hy)
MPR(n) = ¢"(n) _  teT’(n)CT(n) 2.52)
- qcomplete<n) - - - . (m ’ t) ’ )
X X
teT(n) |me M(t;n)

The significance test procedure using the MPR is available in the noncompliance package [Loh

and Richardson, [2016]] in R [R Core Team, [2015].
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2.9.3 Connection to likelihood under perfect compliance

We now examine the relationship between the Neyman-Rubin-Copas-Richardson likelihood func-
tion A(t) in (2.36) under treatment noncompliance and the Neyman-Rubin-Copas likelihood func-

tion under perfect compliance.

Lemma 2. Under a fixed population t € T'(n), the Neyman-Rubin-Copas-Richardson likelihood
function h(t) given the observed dataset m is a product of the kernel of the multivariate hyperge-
ometric probability for the Always Takers and Never Takers, and the kernel of the Neyman-Rubin-

Copas likelihood given the Complier subtable induced by t.

Proof. Denote ¢ = (t{T, 5T 4T 7T as the sub-vector of ¢ containing the total number of
Always Takers and Never Takers, and tC = (1%, t5%, 199, 159) as the sub-vector of ¢ for the

Compliers. Under a fixed population ¢ € T'(n), h(t) may be decomposed as:

o= 2 T, )

a),z1> M(a),z
(t, n) a=1 )» 1 ()7 0

M
1
( t;?T ) ( ti:VT )
= AT NT
M Nypz1205 tk Ny 20 tk T Nypzoz15 Nygaoz

m € M(t;n)k=0

g

= g(%)
. 1 (o co )

mry,Zo’ mTy,Z1
ry € {NR,HE,HU, AR}

t¢o
= g(ib) Z H (mco Ymco )
m € M(t;n) |ry € {NR,HE, HU, AR} ~ ™™ ™=

= f(t)

For ¢ = (t{!7,t)T, ¢4 #47), g(1p) is the kernel of the multivariate hypergeometric probability for

the Always Takers and Never Takers. We can factor g(1)) out of the sum over M(¢; ) because
the terms in g()) involving the Always Takers and Never Takers are a function only of ¢ and n,

and not m§%, ,, which M(t; n) is indexed by.
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In contrast, f(¢) is clearly a function of ¢, n and m§%, . . We now claim that f(t) is actually
the Neyman-Rubin-Copas likelihood (T.8)) of the population t“© given the two-by-two Complier
subtable n¢© (). n“C (1)) was previously n“°(t) in (2.30), but here it is explicit that the entries

of n%© (1)) are functions of n and v (not the entire parameter t):

n< (1) = nykxo—tngT, ng’gl(w) = Ny, —t;fT; k=0,1. (2.53)

YkZo

The proof then follows the approach under perfect compliance (but with the superscript C'O in the

notation). For the ‘observed’ table n““ (1)), express each entry in the complete two-by-four table

mY9 as alinear function of n¢“ (1)), t° and the cell count m%%z ,» as per the entries in Table

The set of complete tables m“© compatible with n“? (1)) and t“© is then M (¢t°9; n“C(4)), and

is indexed by the one-dimensional set of possible values for m% . in (I.7) as:

{boco,min7 boco,min 1, bOCO,maX} : (2.54)

by = max { g () — (55 +150), ngo, () — 5% gy, (¢ 0}

(&) +ny,” () = (50 +ENR)s Myga (£), L 1y () — KR}

bCO,max
’ yomo

= min {nylmo

Substituting the values of n¢“ (1)) with the corresponding functions of 7 and ) from (2.53)), we
find that the set of values for m{ ,  that indexes M (t;n) in (2.34) is the same as that in (2.54)
that indexes M (t““; n®?(a))). In other words,

bgljn _ b(C)'O,min7 bglax — bg’O,maX‘ (255)

This implies that

e
o= 2 11 (mCO O ) = hoo(t9),
mCO € M(t°0;nCO(y)) |ry € {NR,HE,HU, AR} ~ "™ "3
(2.56)

where hoo(t€€) is the Neyman-Rubin-Copas likelihood of the population t“© given the two-by-
two Complier subtable n“ (). (The subscript CO is used only to distinguish the Neyman-Rubin-
Copas likelihood function in (1.8]) from the Neyman-Rubin-Copas-Richardson likelihood function

also denoted h(t) here.) O
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Theorem 3. Given an observed table m, the profile likelihood for a fixed value of the nuisance
parameter 1 is the product of the kernel of the multivariate hypergeometric probability for the
Always Takers and Never Takers under 1, and the maximum Neyman-Rubin-Copas likelihood

given the Complier subtable induced by ).

Proof. For a fixed value of the nuisance parameter 1), say ', let n¢“ (") be the induced two-by-
two Complier subtable, with entries in terms of m and 1)’ as stated in (2.53). Denote the total num-
ber of Compliers for given ¢’ as NCO(¢') = (N =3, _, (tNT+AT)) = [23:0 > ngQ ('),
Since the parameter space 7'(n) lies in a seven-dimensional convex polyhedron, and we have
fixed the values of the four elements in 7/, denote the resulting three-dimensional convex polyhe-
dron for (t§%, %%, t59) as T'(n;4"). T(n;)’) is the intersection of T'(n) and the hyperplanes

corresponding to fixed 1), and is characterized by the following inequalities:

0 < 5% <ng O (') + g0 (W), (2.57)

0 <t <ng 0o (W) +ng 0 (), (2.58)

0 < thp <ng O (W) +ng 5 (W), (2.59)

Mo (') <R + L SNO(') = ngQ (), (2.60)

N (W) <IR3% + 50 <NO') —ng 0 (¥), (2.61)

Neoe (W) + 1550 (W) <G + 5% + 150 <NC(y) (2.62)

The inequalities (2.57)—(2.62) were obtained by rewriting the inequalities (2.13)—(2.23) in terms
of (t§2,t92,t5%9), n and 1)’, and then substituting the expressions involving n and 1" with the
entries in n“C(v)") using (2.53).

The set of inequalities (2.57)—(2.62) are then equal to the corresponding set of inequalities
describing the parameter space T (n°C (1)")) found with the inequalities in (T.9) for the Complier
subtable n¢“(1)’). In other words, the parameter space Tro(n“C(1)')) for the Complier subtable
n“9(4') induced by ', is equivalent to the subspace T'(n;v’') C T(n) for fixed '. From

Lemma for some population ¢ € T'(n) where the sub-vector 1) takes the value 1), the kernel of
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the likelihood function given an observed table 7 may be written as:

h(t) = g(¥")hco(t9°).

The profile likelihood for fixed 1)’ is just:

~

h(v') = max h(t
o {teT(n): ¢ =9} i

I
Q
—~
&
~—

max hco(tco)]
{teTn): v =y

= ! max heo (E9°
9(¥") oo ;(n;q,b’) col )]

= ! max co
=g(y') 10 ¢ Pimco(y) heo(t )]

= g(¥")hco(¥);

where hco(1)') is the global maximum likelihood for the two-by-two Complier subtable 1€ (1)

given n and fixed v'. O

Conjecture 2 (Extended Never Only Four). For an observed table n, let W(n) be the set of unique
values for the sub-vector 1) in the parameter space T'(n). Denote the global maximum likelihood
as:

~ ~

h = . Gm%?n) h(t) = " éngﬁn) hy) = " g%x(n) 9(¥)hoo(¥), (2.63)

where the last equality is due to Theorem[3] Following Conjecture[I|(‘Never Only Four’) that the
maximum value hco (1) is never attained by only one population with all four types, it follows that
the maximum likelihood h is never attained by only one population with all eight types. In other

words, there is at least one population t where
h(t) = h, mint; =0. (2.64)

This then implies M(i, n) contains just one complete table m (since b'™ = b*), so that the

global maximum likelihood h given the observed data may be found as the multivariate hypergeo-
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metric probability of a single complete table:
Pr(n |t)=Pr(m|t). (2.65)

This implies that the maximum complete probability ratio (MPR) and generalized likelihood

ratio (GLR) test statistics are equal.:

GLR(n) == o5 = qcﬂﬁfm = MPR(n). (2.66)
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Chapter 3

RANDOMIZATION-BASED SIGNIFICANCE TESTS FOR CAUSAL
HYPOTHESES IN PRINCIPAL STRATA

3.1 Introduction

We have presented an exact significance test of the ‘sharp’ null hypothesis in the Complier sub-
population under the binary instrumental variable (IV) model. The generalized likelihood ratio
(GLR) test statistic was used to assess whether allowing for a causal effect among Compliers was
a significantly better explanation for the observed data than the ‘sharp’ null. Here we propose two
possible extensions.

First, we consider more general causal hypotheses for the Compliers based on the observed
dataset. By testing a set of such hypotheses, a randomization-based confidence interval for the
Complier Average Causal Effect (CACE) may be constructed. However, there is a complication
that the Complier subpopulation is only partially identified, so that the (implicit) assumption of a
fixed population size under perfect compliance does not hold. We propose a parametrization that
treats the total number of Compliers as a nuisance parameter, and present the resulting confidence
interval for a small toy dataset.

Second, we consider relaxing the exclusion restriction assumption in (2.3) to allow for an
(individual-level) direct effect of Z on Y. Specifically we consider a randomized trial with an
intermediate post-treatment infection X. The final post-infection outcome Y is only observable
for infected individuals (X = 1), so that the randomized treatment assignment Z now has a direct
effect on the outcome Y, and may no longer be considered an instrument. Under such a circum-
stance, our interest is in testing the ‘sharp’ causal null hypothesis of no (individual-level) direct

effect of Z on Y for a principal stratum called the ‘Always Infected’ or ‘Doomed’:

Hy: Y=12=0=Y((x=1,2=1). (3.1
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‘Always Infected’ individuals have potential outcomes X (z) = 1. We will assume that there
are no individuals with potential outcomes { X (z) = z}; in words, no one in the population con-
sistently gets infected under treatment and remains uninfected under control. Infected individuals
in the treatment group Z = 1 must then be of type ‘Always Infected’. However, infected individ-
uals in the control group Z = 0 may be either ‘Always Infected’ or ‘Protected’ (who would not
have been infected had they received treatment; X (z) = 1 — z). The third principal stratum in
the population are those immune to infection (‘Immune’, X (z) = 0). The observed dataset n
and corresponding principal strata or infection types within each observed (Z, X,Y") stratum are

described in Table 3.1]

n Z=0 Z=1
Y =0,X =1 || Always Infected and/or Protected Always Infected
Y =1,X =1 || Always Infected and/or Protected Always Infected
Y =%x,X=0 Immune Immune and/or Protected

Table 3.1: Observed dataset for a study with a post-infection outcome and the principal strata
or infection types within each observed (Z, X,Y") stratum; an * indicates an outcome that is not

observable.

Note that unlike the binary IV model, there is no observed (Z, X,Y’) stratum containing only
Protected individuals. The resulting Neyman-Rubin-Copas likelihood given an observed dataset of
a given population is then a sum over a two-dimensional (variation-dependent) space of complete
tables. We describe the space of possible complete tables for the observed dataset under a fixed

population, and propose a GLR test statistic.
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3.2 Randomization-based Confidence Intervals for the Complier Average Causal Effect

3.2.1 Parameters for Population Proportions of Compliers

Our interest here is in the population CACE, which depends on the proportions of Compliers of
types Helped and Hurt, and in turn, the total number of Compliers in the population. For example,
when there is exactly one Complier who is Helped and zero who are Hurt, whether there are 100
Compliers in total in the population or just one Complier would result in quite different values of
the CACE.

Denote the proportions of Compliers who are Helped and Hurt in a given population ¢ as:

m(t) = (Tup(t), mao(t))

max (1, N =2 (VT +¢4T)) " max (1, N= 3, (N +t47)) )’ '

here we define a population with no Compliers to have zero proportions of Helped and Hurt. We
may see that 7(t) is just a deterministic function of the column totals ¢, and is hence a popula-
tion parameter which will not vary over hypothetical rerandomizations. Since the total number of
Compliers in the given population ¢ is just
1
> t00 = N=Y (" +47)
ry€{NR,HE,HU,AR} k=0

we consider both 7y (t) and w5y (t) as common fractions with a nonzero denominator, each taking
a discrete value between zero and one. The set of all possible unique pairs of values that 7(¢) can
take, across all possible populations ¢ in the parameter space 7'(n), is denoted as:

On)=|J =(@). (3.3)

teT(n)

Note that the set of possible values II(n) depends on the observed dataset n. For a value of
7 € II(n), the population CACE is the difference between the proportions of Compliers who are

Helped and Hurt, and is a function of 7:

CACE = THE — THU- (34)
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Since 0 < 7myp + myy < 1 for all values of 7 € II(n) by definition, the CACE will always be

between —1 and 1.

3.2.2  Significance Tests of Causal Hypotheses for Compliers

For a given value of 7’ € II(n), define the causal hypothesis that the proportions of Compliers

who are Helped and Hurt are equal to 7’ as:
Hy(r") :m(t) = 7. (3.5)

We use 7’ to refer to some value of the proportions in II(n), and 7(t) as the deterministic function
of the population parameters ¢ as defined in (3.2)). To perform a significance test of Hy(7'), we
require a test statistic that is a function only of the observed data n and the fixed value of 7, but
not £. We propose the generalized likelihood ratio (GLR) test statistic to assess whether allowing
an unrestricted value of the CACE is a significantly better explanation for the observed dataset n
than restricting the value of the CACE at 7'.

In general, there may be multiple populations ¢ € T'(n) where the population proportions
7(t) = 7'. For example, 7’ = (1, 0) is compatible with any population ¢ where all the Compliers
in that population are of type Helped, in other words, t5% = N—3", _, (N7 +t4T). For a particular
value of 7’ € TI(n), denote the subspace of T'(n) containing populations that are compatible with

/

7T as:

T(r'in)={teT(n): n(t)=r"}. (3.6)
The largest probability given n under the given hypothesis Hy(7') is obtained by finding the
value(s) of t € T'(7’; n) that lend the strongest support to n under the fixed value of 7':

'"nm) = P t), 3.7
q(t';m) te%ﬁﬁ;m r(n|t) (3.7

where Pr(n | t) is the probability given n in a given population ¢. Note that we are explicitly
maximizing over the size of the Complier subpopulation, since only the population proportions

7(t) = 7', and not the actual values of the population totals in ¢, are specified under Hy(7’). The
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GLR test statistic for Hy(7') is then:

sy tetoim Y )"
Al n) = WT’Ln = ma7>T<7n r(n - ma7;7n ’ (3.8)
1) ¢ & (%) teT(n)h(t)

where h(t) is the Neyman-Rubin-Copas-Richardson likelihood function defined in (2.36), and
q(n) is the global maximum likelihood given the observed dataset. There will hence be a value of
the GLR A\(7’; n) for the observed data n corresponding to each unique value of 7’ € II(n), such
that there are a total of |II(n)| values of the GLR test statistic for the observed dataset.

Since Hy(7') may be a composite ‘null” hypothesis, we need to consider the sampling distribu-
tion for n for each possible value of the population totals ¢. For a fixed value of t € T'(7"; n), the
sample space of possibly observable datasets 72, denoted as 2(t), is obtained by first conceptually
generating assignments (via either complete enumeration or Monte Carlo sampling) in the two-by-
eight complete table 1, and then summing the cell counts in 12 based on the linear constraints in
Table [2.5[to obtain n. If {2(¢) was obtained by complete enumeration, the probability Pr(72|t) is
calculated using the convolution likelihood (2.36).

We then find the value of the test statistic A(n’; 1) for each possibly observable dataset 2 to
obtain a population-specific randomization distribution for \(7’;n). The population-specific p-
value under Hy(7') is the total probability of observing a value of the test statistic for the given 7’

at least as extreme as the observed quantity:

pv™ (n;t) = Pr(Mn';n) < A(n'in) | t)
= > Pr(alt)x L{\#;n) < Ain)}. (3.9)
n € Q(t)
The overall p-value for a significance test of Hy(7') is then the maximum among all population-
specific p-values with 7(t) = 7"

i —

" (n) = ‘e %(a;c,; n)pv”/ (n;t). (3.10)

By definition, the ‘sharp’ null for Compliers where there are no Compliers who are Helped

or Hurt (t5% = t59 = 0) is equivalent to Hy(n' = (0,0)). There is also no (further) restriction
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placed on the null parameter space 7°(n), so that T'((0,0); n) = T°(n). Since the test statistics
A((0,0); ) and A(n) are also equal, the p-value pv(®?) (n) is equal to the p-value under the ‘sharp’
null pvf° (n).

3.2.3 Confidence interval for the Complier Average Causal Effect

A 100(1 — )% joint confidence region for the proportions of Compliers who are Helped and Hurt

given the observed dataset 1 is then:
[,(n) = {ﬂ' eIl(n) : pv™ (n) > a} : (3.11)
Denote the set of all unique values for the CACE for a given observed dataset as:

Am)=  |J  myp— o (3.12)
' € Il(n)

To construct a 100(1 — «)% confidence interval for the CACE, we first find the maximum p-value

over the subset of II(n2) that maps onto each unique discrete value of CACE = ¢ as follows:

pv° (n) max " (n). (3.13)

{7 eln) : 7y — Ty =0}
The 100(1 — «)% confidence interval for the CACE is just:

Ay(n) = {0 € A(n) : p° (n) > a}. (3.14)

By inverting a set of randomization-based significance tests, A,(n) contains the values of the

CACE that would not be ‘surprising’ at the « significance level.
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3.2.4 Toy dataset

We now apply our procedure to a toy dataset in Table All possible unique values for 7’ € TI(n)
for the observed dataset are plotted in Figure Values of 7’ in the joint confidence region
I1,(n) for @ = 0.05 are marked in green. The resulting 95% confidence interval for the CACE is
{0.18,...,1}.

Number of individuals : : Row

8 13
1 13

Table 3.2: Observed toy dataset n from a randomized controlled trial.

We may also compare our result to a Bayesian credible interval. First, we check whether the
Instrumental Variable (IV) inequalities assuming monotonicity have been satisfied empirically. The
inequalities (Equation (8.24) in [Pearl, 2009] and Equations (12)-(13) in [Richardson et al., 2011]])

are:

Pr(Y =y, X =0/Z=0)>Pr(Y =y, X =0[Z=1)

Pr(Y =y, X =1/Z=1)>Pr(Y =y, X =1|Z =0), (3.15)

for y = 0, 1. For the observed dataset, the inequalities satisfy the IV inequalities empirically:

Pr(Y =0,X =0]Z=0)—Pr(Y =0,X =0|Z =1) = 7/13
Pr(Y=1,X=0[Z=0)—Pr(Y =1,X =0[Z=1) =1/13
Pr(Y =0,X=1/Z=1)—Pr(Y =0,X =1|Z =0) =

Pr(Y=1,X=1Z=1)—Pr(Y =1,X =1|Z =0) = 8/13
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Plot of max. p—values for each value of
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Figure 3.1: Plot of possible unique values for 7 = (7myg, Tyy) based on the observed dataset in

Table values of 7’ where pv™ (n) > 0.05 are plotted in green.

Note that under exclusion restriction and monotonicity, the Complier Average Causal Effect

(CACE) is point-identified [Angrist et al.,[1996]:

p(y1]z1) — p(y1]20)
p(z1]z1) — p(a1]20)
Following [Richardson et al., 2011]], we use a Dirichlet prior for the population proportions

p(y, x|z) for example, Dir(0.25,0.25,0.25,0.25) x Dir(0.25,0.25,0.25,0.25) under a saturated

CACE =

model, and a multinomial likelihood for . We then sample j(y, x|z) from the truncated con-
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jugate Dirichlet posterior distribution via Monte Carlo simulation, where draws that violate the IV
inequalities in (3.15]) were discarded (about 37%). The posterior distribution for the CACE is then
obtained from the remaining p(y, x|z) and plotted in Figure The symmetric two-sided 95%
credible interval (with tail probabilities of 2.5% on either side) is [0.11, 0.93]; the lower bound of

a one-sided 95% credible interval is 0.19.

Histogram of posterior CACE

o
N --- 95% credible interval
—— observed value
v _|
—
P
2 o
o —
)
v _|
o
o
© | T
-1.0 -0.5 0.0 0.5 1.0
CACE

Figure 3.2: Posterior distribution for the CACE based on samples from a truncated Dirichlet pos-
terior distribution with prior Dir(0.25, 0.25, 0.25, 0.25) x Dir(0.25, 0.25, 0.25, 0.25); the two-sided
95% credible interval is indicated by the broken lines; and the observed value of 0.875 is marked

by the red line.
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3.3 GLR for Testing the Sharp Null in the Always Infected Principal Stratum

3.3.1 Population Parameters

We now consider the scenario of a randomized trial with an intermediate post-treatment infection
X, where the final post-infection outcome Y is only observable for infected individuals (X = 1).
Here we allow for a direct effect of treatment Z on Y.

We first introduce the notation. The potential outcome for an individual’s final response Y
under intermediate infection X = x, and treatment assignment Z = z is Y (z, z), such that for
binary treatment Z, an individual’s joint potential outcomes for Y are {Y (X (0),0), Y (X(1),1)}.

The potential outcomes are linked to the observed outcomes via causal consistency:
X=ZX1)+(1-2)X(0); Y=ZY(X(1),1)+ (1-2)Y(X(0),0). (3.16)

In general, principal strata [Frangakis and Rubin, 2002] are just mutually-exclusive groups
in the population as defined by the joint potential outcomes {X(z)}, where X (z) denotes the
potential post-treatment outcome had the individual been assigned to treatment Z = z. We label
individuals with potential infection outcomes X (z) = 1—z as ‘Protected’; their potential outcomes
{Y'(1,0),Y(0,1)} are either {0, *} or {1, *}, where  indicates an outcome that is not observable
or possibly undefined. For k = 0, 1, denote ¢/'? as the total number of Protected (PD) individuals
in the population with potential outcomes {k, *}. The total number of ‘Immune’ individuals, with
potential outcomes X (z) = 0 so that Y (0,0) = Y(0,1) = x, is just t/™.

Since ‘Always Infected’” individuals will be infected regardless of their treatment assignment,
their joint potential outcomes {Y'(1,0),Y(1,1)} can then take one of four possible combinations
for binary response Y. Assuming that Y = 1 denotes a desirable outcome such as recovery, we
label each one of the four combinations as a response type 7y, and describe them in Table [3.3]

Denote tf,‘f as the total number of Always Infected (Al) individuals of response type 7y in the
population. Under the ‘monotonicity’ assumption, there are no individuals in the population who

consistently get infected under treatment and remain uninfected under control, so that

X(2=0) > X(2=1). (3.17)
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Response Type ry | Y(x=1,2=1)=0 Y(z=1,2=1)=1

Y(z=1,2=0) =0 || Never Recover (N R) Helped (HE)
Y(z=1,2=0)=1 Hurt (HU) Always Recover (AR)

Table 3.3: Response Types ry for the Always Infected (AI) principal stratum.

A finite population may then be uniquely described by the population parameters:
t= (tPD P tNR» tHE? tHUv 7fAR» ¢, (3.18)

Let T'(n) be the parameter space of possible values for ¢ given an observed dataset n. It is sufficient
to specify values for (tJ'0, tPP 4k tAL 4l +4LY since t'M = N — (5P + PP 4 45 + t4h +
AL 4+ 4L). T(n) is then the intersection of the six-dimensional integer lattice ({0} U Z")°, and

the convex polyhedron described with the inequalities in Figure

3.3.2 Likelihood under a given population

Following the notation for ¢, let m,; be the number of individuals of each type represented in ¢
within each Z =1 group; a complete table m is then the concatenation of 1, and m,. For a given

set of column totals ¢ € T'(n), each entry in m may be expressed as a linear function of n, t, and

two of the cell counts, for example mﬁlﬂzo and myoz0 A two-by-seven contingency table such as

Table[3.4 may be used to summarize m.

Denote the set of complete tables m compatible with the observed dataset n and the given
column totals ¢ as M(t;m). M(t;n) is then a two-dimensional space indexed by a variation-

dependent set of possible values for m, . and m!” . The inequalities in terms of mf’, , and

yOZO

mXD  that characterize M (t;n) are shown in Figure The likelihood given the observed data

Yozo

n of a particular population ¢t € T'(n) is thus the total probability of of all complete tables m €
M(t;n):
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Z = 0 Z = 1 TOtal
Protected (PD), Y'(1,0)=0 co to "
Always Infected (Al), NR Nyow120 — Do — Co R
Always Infected (Al), HE bo tﬁ%
Always Infected (Al), HU thitr
Always Infected (Al), AR Nz — (toilz — bo) tah
Protected (PD), Y (1,0)=1 P
Immune (IM) M
Total N, n., N

Table 3.4: Complete table m with each entry as a linear function of the observed quantities 7,
the population totals ¢, and two of the cell counts myyy, . and m, 2 (denoted here as by and cq
respectively); we write ZTY c{(NRHE,HU,AR} t;f‘YI simply as > t;“YI ; the two-by-seven table has also

been transposed to make the cell counts more readable.

prwin= Y eemio=( Y ) o

)
m € M(t;n) oA

LOESDY f[(m(a) " ) (3:39)

, M(q),
m € M(t;n)*=! =10 @) %o

where the subscript (a) represents the a-th element in ¢ and m;, and the entries mg) ., fori = 0,1

. Al PD
are functions of n, ¢, myyp , and my .

Under the ‘sharp’ null for the ‘Always Infected” (Al) principal stratum (3.1)), there are no indi-

viduals in the Al subpopulation who are Helped or Hurt:

Hy:Y(xz=1,2=0=Y(@=1,2=1) <<= i, =t5 =0. (3.43)
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For each population ¢ that satisfies (3:43), ¢, = 0 = mgf, ., = 0, so that the set of complete

PD .

tables M(t; n) then reduces to a linear space indexed by m;,  :

min _min max
{eg™, g™ +1,..., g™} (3.44)
min __ IM Al Al
Gy — max (Ovt = Nz Ny — tNR’ Nyoz120 — tNR)
max __ : PD Al Al Al
Cp = mn (to Ny — Unp — taRy Nyozy — UV R nyoac1zo) .

So even under the ‘sharp’ null for the Always Infected, there may be multiple complete tables in a
given population, so that the likelihood requires summing over multiple hypergeometric probabil-
ities.

3.3.3 Finding the Generalized Likelihood Ratio test statistic

The maximum likelihood given the observed dataset assuming that H holds is just:

¢"(n)= max Pr(n|t), (3.45)
teT%n)

while the global maximum likelihood is:

q(n) = . em%}({n) Pr(n|t). (3.46)
The GLR is then:
g™ (n) /q(n) . (3.47)

It remains to be shown if the likelihood Pr (n | t) may also be decomposed so that results from the
perfect compliance setting may be applied to the Always Infected principal stratum. It would also
be useful to examine whether there still remain multiple complete tables m under the maximum

likelihood solution %.
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(3.19)

(3.20)

(3.21)

(3.22)
(3.23)
(3.24)
(3.25)
(3.26)
(3.27)
(3.28)
(3.29)
(3.30)
(3.31)
(3.32)
(3.33)

(3.34)

(3.35)

(3.36)
(3.37)

(3.38)

Figure 3.3: Inequalities characterizing the convex polyhedron for the parameter space 7'(n) given

an observed dataset n; these were obtained using rcdd [Geyer et al., [2015] in R [R Core Team,

2015].
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Al Al
max (0, tHE' - nylmlzl) < MEE
. Al AT Al
< min (tHE;tAR+tHE_ny1$1Z1) (3.40)

max (O, 1M nxo) < m;;)go

<min | t5P n,, — > tAl | (341
ry€{NR,HE,HU,AR}

Al _ AT Al Al PD
max (yee, — Ik = Uius Myorizo = INR) < Miip 0 T Mgy

< min (nyye, — tygs Myorizo ) (3.42)

Figure 3.4: Inequalities for my; . and m/"

voz, indexing M(t; n), the two-dimensional variation-

dependent set of complete tables 1 compatible with the observed dataset n and some fixed value
of the column totals ¢; these were obtained using rcdd [Geyer et al., |2015] in R [R Core Team),

2015].
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Appendix A
MAXIMUM LIKELTHOOD FOR PERFECTLY BALANCED DESIGNS

We first state the following lemmas used to order products of binomial coefficients in proving

Theorem

Lemma 3. For the non-negative integers a, b, c, d, k in the integer lattice:

b
{a,b,ce ({0}UZ+)3;d,kJ€Z+:a+c,a+b21,d2k‘, a g—},
a+c” b+

the following inequality holds:
a+c+k\[(b+d—Fk - a+c\ (b+d
a,c+k b,d —k a,c b,d )’

Proof. The respective binomial coefficients are proportional to the bivariate hypergeometric prob-

ability mass functions for the following two-by-two tables:

Col. 1 Col. I Col.1| Col. I
Row I a b Row I a b
Row II ct+k d—k Row II c d
Total atec+k | b+d—k Total a+c b+d
First,
a b a(d+0b) ad+ab ad a b
< — — = <]l & — <] < —<-=
a+c”b+d blc+a) bc+ab ~ be — c = d
such that for 1 < i <k,
a a a b b b b
< < - < =<K < < . A.l
cr ket e SdSd—GoDSd—(-1) “d—k A1)
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The binomial coefficients are then:

atc+k\(b+d—Fk\ [a+c a—i—c—i—k: lc! " b+d\ (b+d—k)ld!

a,c+k b,d—k a (a+c)l(c+ k) b,d (b—i—d)!(d—k)!

ﬁa—l—c—i—z b—l—d H (1—1)
c+i b+d (1—1)

bbﬁz)xlli( )(”ﬁ)_i

< 1 from (&)

I

/\\ /‘3/‘\
+
®)

\_/ vvv

Lemma 4. For the integers a,b,c > 1,
2(a+c) 2(a +b) _ 2a 2(a+b+c) ‘ (A2)
a+c,a+c)\a+b,a+b a,a)\a+b+c,a+b+c
Proof. Denote the ratio of the following binomial coefficients for the integer x > 1 as:
2 1 2 22x +1 1
r(z) = (z+1) / t :ng 9 _ '
r+1,x+1 T,x r+1 14+
We may see that r(z) < r(2') <= z < 2. Without loss of generality, assume that ¢ < b.
Then:

(aﬁzzj—)c) (aig(l:jzz—)b) I

(5,?1) (aflfi—;l;i%)+c)

1 ( 2(a+c—1) )( 2(a+b+1i) )
a+c—i,a+c—1i/) \a+b+i,a+b+i

( 2(a+c—i—1) ) ( 2(a+b+i+1) )

a+c—i—1,a+c—i—1) \a+b+i+1,a+b+i+1

IZIHEIZI

B r(a+c—1)
_Zzor(a+b+z+ 1)
g”‘l r(a+b—1)

torlatbtit+1)

.

A
—_
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We now restate Theorem [I] as follows, and provide the proof below.
Theorem[l} For an observed two-by-two dataset m in the form of[Table 1.1} denote the global
maximum likelihood as:

"= t em%}({n) he)

If n is perfectly balanced so that n = N — n, then there exists a population t where h(i) = hand

min £; = 0.
(2

Proof. First, relabel the potential outcome variables Y (1) and Y'(0) so that so that (i) the total
number of individuals with Y =1 is fewer than or equal to the total number with Y = 0, (ii) the
proportion of Y =1 within the X =1 group is less than or equal to the proportion of Y =1 within
the X =0 group, and (iii) the proportion of ¥ =1 in the X =0 group is less than or equal to 1/2.
The linear constraints in[Table 1.3|for a given population ¢ are isomorphic under such a relabelling;
only the definition of the response types are changed. It may thus be assumed that the observed

quantities n satisfy the following inequalities without loss of generality:

n1o
N —n

<= niing < Noinig, (1) nip < ngo.

(A.3)

. ..o 11
(1) s = nyi+nip < nert+ng = N—s, (i) o <

Now consider the following partitions of 7'(n), as defined in Equation (1.9), in turn.
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1. ¢ A +1 B Z S.
Denote t 45 = (t4 + tp) — s > 0. Using the Chu-Vandermonde convolution, the likelihood for

a given set of column totals ¢ satisfies the following inequalities:

ti

la+tp Hi:A,B (mlmo) t;
ni1, (ta +tp) — nu) Z ) (O H (mm mio)

m c ./\/l(t n ”117(tA+tB)—m1) i=C,D
) A\ ,

-

<1

2(/-A + tB ) ( N - (tA + tB) ) Hi:C,D (m“t,imio)
o1,

max
ni1, (ta +tg) — niy N —(ta+tg) —np

_ N—(tattp)
< m € M(t;n) <n01,N—(t:+tlgB)—n01>
( ta+1tp )( N—(tA—FtB) )

nit, (ta +tg) —nir ) \no1, N — (ta +tg) — noy
( S+ tas )( N —s—tap >

ni1, (s —na)+tas /) \nor, (N — s —no1)—tap

—< )(N_S)ZhW) (A.4)
ni1,M1o o1, Moo

<1
The last inequality is obtained with Lemma and t° = (5,0,0, N — s).

IN

2. tg+1tc < s.

Denote t 4o = s — (ta + tc) > 0, such that:

t;

ilt) = ((tA + zg)ttzlo? nm) 2 ) ?iﬂgfgﬂmio)) i Il (m“iimm)

. ta+tc)—nio, i—
m e M(t;n) attc)momol i=B.D

<1
N

max
(ta+tc) — nio, no — (ta +tc) — noos Moo

. N—(ta+tc)
( m € M(t;n) (Nf(tA+t§)fT?00,n00)
<< ta+to )( N — (ta +teo) )
(ta+tc) — nio,nio) \N — (ta +tc) — noo, noo
( —$+?‘Ac)( s —tac >
noo, no1 + tac/) \nio, n11—lac

)( ° ):h@) (A.5)
Moo, Mo1 N1, M11

The last inequality is similarly obtained with Lemma 3]

~
<1

IN
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3. tat+tp<s<ty+tc.
The maximum likelihood % (%) must be at least as large as h(t°). Furthermore, if there is a set
of column totals ¢ with a value of h(t) that is strictly larger than h(¢"), then ¢ must lie in the
partition of 7'(n) where t4 + tp < s < t4 + to. For each set of column totals in 7'(n) that
satisfiest4 +tp < s < t4 + t¢, an upperbound for the likelihood is then:

B ta+tiB Hi:A,B (m“t,imio) L;
h<t> B (nllu (tA + tB) - nll) Z tatis ) H <mi1, mm)

m € '/\/l(t7 ’I’L) (nu,(tA—i-tB)—nu /izC,D

g

<1

tA+t .
nu, (ta+t8) =1/ m e M(t;m) —5p, \Mit, Mao

= u(t). (A.6)

Denoting

m = argmax | | ( ), (A7)
m € M(t;n)ic,p \'"its o0

in addition to the linear constraint mcq + mp1 = ng1, the values of (mc1, Mmp1) are restricted
in terms of the column totals such that mc; + Mmoo = to, Mp1 +mpo = N — (ta + tp + to).
A further upperbound for «(¢) may thus be obtained by relaxing the restriction of the column
totals. To do so, we find the most likely values of (mc1, m p1) for the given values of (Mg, M. po)
and m, subject to just the linear constraint m¢gy + mp; = ng;. From [Johnson and Kotz, [1969,

page 146], the most likely values are then deterministic functions of (mcq, mpg) and n:

mco
= | —m——— 1) —1 A8
e L?Lco + Mpo (o1 + )—‘ ’ (&.8)

Mpy = N1 — M- (A.9)

( X )
Zcp \TMi1, Mo

o~
PN
Zcp \ i1, Mo

Then

u(t) _ ( ta+ip )
ni1, (ta+tp)—nn ;

<< ta+itp )
=\, (ta+tg)—nn /)

(2

= u*(’f/cho, mpo).
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In general, u*(mcg, Mpo) is not necessarily a valid likelihood for n: neither (t4 +t5,0, m$, +
Meo, My, + Mpo) nor (0,14 + tg, mey + Meo, MGy, + Mpe) may be in the parameter space
T'(n). The exception is if either mcq or mpg is equal to one of the observed values 11y or 1,
then u*(meo, Mpg) corresponds to a valid likelihood for the observed dataset n.

First, to simplify the notation, we replace m¢qo as by, and mpg as ¢, so that the function

u*(bo, o) takes the following form:
u* (b, o) = <n11 +nyp —co+ bo) (CT + Co) (nm — ]+ ngo — bo>; (A.10)
ni1,M10 — o + bo ci, Co no1 — €1, Moo — bo
Co
’Vnoo + (co — bo)
The function u*(by, c), in terms of the observed quantities in 7 is just the kernel of the multiple

*

co=1,...,n10—1;60 =0,...,min(co—1,ng); ¢} =

(w + 1| - 1.

hypergeometric probability for the following two-by-three table:

L[ A4 [C] D [Row]

*

*
ni1 01 no1 — Cl

X:
X:

1
0 || n10—(co—bo) | co | moo — bo

From hereon, we assume a perfectly balanced design where n = N — n. The assumptions in

(A.3) imply that the observed quantities n satisfy the following ordering:

nit < nig < Noo < No1. (A.11)

The observed quantities in @ may be equivalently expressed as:

ni1, N0 = N1 + k,noo = ni + & + koo, nor = nax + 2k + koo, (A.12)

where k, koo > 0 are observed quantities from n. The cell count ¢ = ¢ (by, ¢o) is a deterministic

function of (by, ¢o) and n:

Co
1= +2k+ko+1)| —1
Cl ’V(nn + k? + k?o()) -+ (Co — bo) <n11 00 )—‘

- [ (1 ! (nn(-lf-z%l—)k_oogcjrzcioz M !

<cy ,c0—byp=>k+1,

(A.13)
>co ,c0— by < k.
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The function u*(bg, cp), in terms of (nq1, k, koo ) is just the kernel of the multiple hypergeometric

probability for the following two-by-three table:

| | A [ C] D [ Row |
X=1 nii CT (’/7,11 +l€+koo) +(k*CT) n
X=0 | (n11+Fk)—(co—bo) | co (n11 + k + koo) — bo n

We now consider each of the following possible scenarios corresponding to (A.13)) in turn. For
each scenario, we will represent the kernel of the multiple hypergeometric probability as a contin-
gency table for clarity. An ordering between two contingency tables implies an ordering between
the corresponding product of binomial coefficients. Our goal is to show that, in each case, the prob-
ability of the initial table u*(bg, ¢p) has an upper bound corresponding to the likelihood of another
table h(t) that leads to the same observed data n (via the linear constraints in Equation (1.2))), and

has at most three non-zero response types.

Scenario Ordering of cell counts
1. co—bo=k
2i. O0<co<ci <k
2ii. 0<co—by<k=co<c} 0<co<k<c}
3. k < co <min(ny + k, )
4. k<co—by<mp+k=cf <co|max(k,cj) <co<ny+k
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1. Co — bo = k. This 1mphes that b() = Cy — k S ni.

2t. 0<cp <) <k

L Jal ¢ | D | Row |
X=1 nii ]C+b() (Tlll +k+k’00) 7b0 n
X=0 | ni1 | k+bo (7111 +k+ kioo) —bo
< by Lemmaf]
_ Jafe] D [Row]
X=1 ni1 k (n11 +k+l€00)
X=0| nu1 | k (n11 +]€+k’00) n
] A | ] D | Row |
X=1 n11 CT (n11+k+k00)+(k}_03{)
X=0 niy + (k — C()) + b() Co (7741 + k + k()()) — b() n

mnii < 1 S (7111

+k+koo)+(k—cl)

< by Lemmasince ey = PP
[ 4 [¢] D [ Row |
ni1 CT (n11 + k+ kOO) + (k - CT)

X=1
X=0

ni1 + (l{i — CQ) Co

(n11 + k + koo) n

Note that the above table is compatible with the observed data n via the linear constraints in Equation (1.2]).

2ii. 0 < ¢y < k < ¢;. This implies that £ — ¢y > 0. Note that by definition of ¢} in (A.13),

i <2 <2k=c]—-k<k.

|

| 4 | c | D [ Row |
X=1 n11 cl (n11 4k + koo) — (cf — k)
X=0 n11+b0+(k‘7(:0) co=k— (lﬂ’rf(:()) (n11+k‘+k00)—b0 n
< by Lemmasince nﬁlﬁbo <1< %
L 4 [c] D | Row |
= nii CT (Tlll + k -+ kog) — (CT — k) n

Il
O =

n11 + bo

k

(n11 + &k + koo) — bo n




Firstif by > (¢ — k) > 0, then:

| | A | c | D | Row |
X=1|nu=nu+(G—k —(—k | g=k+(ci—Fk) | (ni1+k+koo)—(cf —k) n
XZO nii +b() k (n11+k+k00) —bo n
. : n11+bo
< by Lemmasmce % =1< m
| I a4 [c] D | Row |
X:]. TL11+(CT—]€) k (TL11+I€+I€00)—(C>{—]€) n
X=0 ni1 + bo k (’FL11 —|—k5—|—]€00) — by n
| | A ] D | Row |
X=1 ny + (¢t — k) k (n11 + k + koo) — (cf — k) n
X=0 || ni1+(cf—k)+by—(ci—k) | k| (ni1+k+koo)—(cf—k)—bo+ (ci — k) n

< by Lemma3|since by — (cf — k) > 0

4  [c] D [ Row |
X=1 nii +(CT 7]m) k (n11+k+k00) — ((,1< 71ﬂ) n
X=0 | nu1+(c—k) | k| (ni1+k+ko)— (i —k) n

< by Lemma[]

| lafc] D [Row]
X=1 nii k (n11 + k + Ifoo) n
X=0 ni1 k (Tl11 —|—]<2—‘rk‘00)




Otherwise if by < cj — k < k, then:

| | 4 ] c | D | Row |
X=1 11 sz(k—Fbo)ﬁ*((T*k)*bU (n11—|—]€+k00)—b07((¢1‘714‘)%’[)0 n
X=0 | ni1+bo k (n11 +k + koo) — bo
) k _ (n11+ktkoo)—b
< by Lemmasmce e S 1= ke e
| | A | ¢ | D | Row |
X=1 | nuu=ni1+by—by | k+bo | (ni1+k+ko)—bo
XZO ﬂ11+b0 :ZC (n11+k+k00) —bo n

< by Lemmal[3]

L[ 4 lc] D [ Row |
X=1 ni1+by | k (n11 +k+ koo) —bo n
X=0 niy +bo | k (n11 +k+ koo) — bo

< by Lemma[]
_ lafcl D [Row]
X=1 ni1 k (n11 -l—]f—‘rkoo)
X=0 nii k (7111 +k+l€00)




3. 0<Co—b0<k’,]€<00§n11+k. ThiSimpliCSthatO<b0—(00—k’>:k—(Co—bo) <

For this setting, we will use the following notation instead:

do = (n11 + k) — co, 0 < do < nys;
(Sb:bo—(Co—k'), 0<5b<k7;
51261—00, 0§(51

The intital table may then be written as:

| | A | c | D | Row |
X=1 ni1 (ni1+k) =60+ 01 | (k+ koo) + (do — 61)
X=0 ni + 0 (n11 +k‘) — do (k—l—k‘oo) + (60 —51)) n

In addition, note the relationship between (¢ — ¢o) and b, under this setting:

[Co( (k+1) — (co — bo) -‘_1

ni1 + k + ko) + (co — bo)

*_

€y

Co =

Co o
= |(k—co+b + !
( 00 0'> (nn—i-k—l-koo—bO)—i_CO, \<n11+k+k00_b0)+co g
> )Y <0
<k —cg+ b;

:>51§5b55b—5120.
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k.

There are three possible orderings for dg relative to 6; < ¢, and we shall consider each in turn.
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(a) 0 < (Sb < 50.

[ A | c | D | Row |
X=1| niy=n11+00p—0)— (0 —01) | (n11+k) =6+ | (k4 Fkoo)+ (6o — ) + (6 — 1) n
X=0 n11 + 0y (n11 + k) — o (k + koo) + (00 — dp) n
. k-+koo)+(50—0 n11+6
< by Lemmasmce % =1< Wi—b&)

| L 4 ] c | D | Row |
ni1 + 0y — 01 (Tlll + k‘) — 0o + 01 (]4; + k‘oo) + ((50 — (5;)) n
(n11 + k) — do (k + koo) + (60 — dp)

|
0
S
_|_
&

< by Lemma[j|

L [ a4 [ ¢ | D [ Row |
X=1 ni+00 | k+ (77,11 — (50) (k + k‘oo) + (50 - (55) n
X=0 niy+0 | k+ (7111 — (5()) (k + koo) + ((50 — (51))

< by Lemmaf]

| | 4 [C] D [ Row |
X=1 ni1+0, | k (71/11 +k+ k‘oo) —
X=0 ni+06 | k (n11+k+k00)—5b n
< by Lemmaf]
| [ Alc] D [Row
X=1 nii k (71/11 +k+ k‘oo) n
X=0 ni1 k (TLH -l—k—‘rkoo)




(b) 0 < (50 < (Sb.

| | A | c | D | Row |
niy (n11 + k) — 6o + 61 (k + koo) + (60 — 1)
ni1+ 61 + (6, — 01) (n11 + k) — do (k + koo) + (60 — 1) — (0p — 01)

olle
L

. n _ (k+koo)+(d0—61)
< by Lemmasmce s < 1= ko) T (00 =01)

| L 4 | c | D | Row |
niy (n11+k)—d+ 1 (k + koo) + (60 — 61) n
(ni1+k)—060+01— 01 | (k+koo) + (60— 61) n

|
L
S
+
81

< by Lemma[j|

| [ 4] c | D [ Row |
X=1 ni /41+(77,117(§0)+(;1 (k+k500)+(50—(51) n
X=0| ni1 | k+ (n11 — )+ 1 | (k+koo) + (6o — 1)

< by Lemmaf]

| | a]c] D | Row |
ni1 | k| (ni1 4+ k4 koo)
ni k (7111 +k+ kOO)

b | 54
i




(¢) dp < 01 < 0p. This implies that 6, — dg > 01 — g > 0.

| | A | c | D | Row |
X=1 ni1 (n11+k) =060+ | (k4 koo) + (dp — 1) n
X=0 || ni1 + (8 — o) + do (n11+ k) — do (k + koo) + (60 — 0s) n
. niy ni1+k)+(5:1—0
< by Lemmasmce FGey <1< #
I S - E R 17
X=1 ni1 (nu + k) + ((51 - 50) (k + koo) + (50 - 51)
X=0 nip + (5}, — 50) (n11 + k) (k + k’oo) + (50 — 5[))
| | A | c | D | Row |
X=1 ni1 (n11 + k) + (61 — o) (k + koo) — (61 — do)
X=0 | ni1+ (dp—01 + 61 — do) (n11 + k) (k + koo) — (6p—01 + 01 — o) n
: ni1 _ (k+koo)—(81—6¢
< by Lemmasmce Ty S 1= mﬁ
- E ¢ 5 ]
X=1 | ni1+ (01 — o) — (61 — o) | (nu1 +k)+ (61 — o) | (k+ koo) — (61 — do) n
X=0 ni1 + (61 — do) nyy +k (k + koo) — (61 — do)
< by Lemmal[j]
| | A | ¢ | D | Row |
X=1| ni1+01—100) | nu1+k | (k+ koo)— (1 — do)
XZO ni1 —|— (51 — 50) ni11 + k? (k + koo) — (61 — 50)

< by Lemma[]

L la[ ¢ [ D [Row]
X=1 ni | ni1+k | k+ koo
X=0 ni1 ni + k k + koo n

< by Lemma[]

| | A c] D | Row |
nit | k| (nu+ k4 koo) n
nit | k| (nin+k+ koo)

|
i




4. k < cog— by < nyy + k. This implies that &£ < k + by < ¢p.
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Note that since k < ¢y — by = ¢} < cg < nq1 + k, this implies that ¢] — k£ < ny1 < nyy + kgo.

(1) Firstif ¢ <k < ¢y — by, then k — ¢] > 0 and:

L 4 | ¢ | D [ Row |
X=1 ni1 C’{ (’17,11 +I€+k00) +(k—CT) n
X=0 nip + (]{i — Co) + bo (Co — bo) + by (’/lu +k+ k‘oo) — bo

< by Lemmasince COC_IbO <1< ("“tifi(l’:lz(f:%)

L 4 | c | D | Row |
X=1 ni1 C)lk (n11 +/€+k‘00)+(k—0{) n
X=0 niy — [(CO — bo) — ]i] k + [((,10 — b()) — k] (nll +k+ koo) n

< by Lemmasince % <1l= ﬁ
L [ 4] c | D [ Row |
X=1|nn|c=k—(k—c) | (nu1+k+koo)+ (k—c}) n
X=0 ni1 k (’I’LH -l—k—l—koo) n
< by Lemma[j]
_ lafc] D [Row]

ni1 | k| (ni1 4+ k4 koo)

e | 5
i

ni | k| (n11+k =+ koo)

(i1) Otherwise if k < ¢ = ¢] — k > 0, then there are two possible orderings:

(a) kSCT—b0<C0—boand
(b) Cf—b0<k’<00—b0.

We consider each ordering in turn.
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(a) k < — by < co— by. This implies that (¢; — by) —k > 0 and ¢y — ¢ > 0.

H A ‘ C ‘ D H Row ‘
X=1 ni1 i (11 +k +koo) — (ci —k) | n
X=0 | ni1—(cf —bo) +k—(co—ci) | co=ci+ (co—ci) (n11 + k& + koo) — bo

: o _ . onu
< by Lemmasmce o 1< T —(c; —bo) TR

L A [ ] D [ Row |
X=1 ni1 CT (nll + k + kOO) - (CT - k)
X=0 | ni1—(c] —bo) +k | cf | (1 +k+koo)—(c§ —Fk)+ (c] —bo) — & n

< by Lemmal[j]

4] c___ | D | Row |
1 nii CT =k + (CT — ]i) (Tlll + k + koo) — ((’T — /{) n
=0 ni1 Cy{ =k+ (C)]k — A) (7111 + k + ]4300) - ((%F - ]ﬂ)

| | A lc] D [ Row |
X=1 | ny | k| (ni1+k+koo)
X=01| nu1| k (’I’Lll —|-]<3+k300)
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(b) ¢f—by < k < co—bp. This implies that (co—by) —k > 0,c] < k+bgand k— (cf —bg) > 0.

’ H A ‘ C ‘ D H Row ‘
X=1 nii CT (nll +k+ kOO) B (CT B k) n
X=0| ni1—(co—bo)+k | co=k~+by+ (co—by) — k (n11 + k + koo) — bo

< by Lemmasince kfbo <l=7u

| [ 4] c | D | Row |
X=1 | ny ¢t (n11 + k + koo) — (c§ — k) n
X=0 ni1 k+b0=Ci‘+k’—((ﬁT—bo) (n11—|—k+k00)—(c’f—k)—k—&—((ﬁ—bU) n

< by Lemmal[J]

4] ¢ | D | Row |
X=1 nii CT = k+ ((JT — ]i) (nn + k+ koo) — ((,’T — /{)
X=0|nu | c=k+(c—k) | (n1+k+ko)— (¢ —Fk) n

< by Lemmafdsince ¢} — k > 0

| | A lc] D | Row |
X=1 | ny | k| (n11+k+koo)
X=01| nu1| k (’I’Lll +k+ kOO)

In all possible scenarios, we have shown that u*(bg, ¢y) is bounded above by the likelihood
of another table h(t) that leads to the same observed data n (via the linear constraints in Equa-
tion (I.2)), and has at most three non-zero response types. For a perfectly balanced dataset where
n = N — n, the maximum likelihood solution is never achieved by just populations that have all

four response types.
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Appendix B

RANDOMIZATION-BASED SIGNIFICANCE TESTS WITH THE
GENERALIZED LIKELIHOOD RATIO UNDER THE NEYMAN-RUBIN
BINARY CAUSAL MODEL

In this Appendix we describe how to carry out significance tests for causal hypotheses under

the Neyman-Rubin binary causal model using the generalized likelihood ratio (GLR) test statistic.
B.1 Significance Tests of Causal Hypotheses

Broadly the three components in a significance test of a causal hypothesis are:

1. Causal hypothesis H that states the assumptions or restrictions on the causal parameters in the
finite population ¢ that remain fixed over hypothetical rerandomizations.

2. Observed data n and test statistic TS, where TS is a function of both n and H,. Here we
propose the GLR X as the test statistic, with smaller values of )\ being further deviations from
Hj. One may choose a different test statistic, for example the (maximum) likelihood under H,.

3. Sampling distribution Pr (n | Hy), which in turn induces a null probability distribution for TS.
Depending on H), there may be more than one sampling distribution for 2, where each sampling
distribution corresponds to a specified value of the population parameters £. We will use the tilde
accent (~) to indicate random quantities that vary over hypothetical rerandomizations, so that
possibly observed datasets and the corresponding test statistics are 72 and TS respectively. The

sample space of i that may arise from a fixed population ¢ is denoted €2(t), so that

> Pr(alt) =1,
n € Q(t)

where Pr (n | t) is the probability of observing n given ¢ under the Neyman-Rubin-Copas like-

lihood in (1.8).
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We will consider two classes of causal hypotheses here. The first is the ‘Fisher’ null Hy(Fisher),
which is a simple null hypothesis since t° = (s, 0,0, N — s) is the only population in the parameter
space T'(n) that satisfies Hy(Fisher) : t5 = t¢ = 0. The sampling distribution Pr (n | Hy(Fisher))
is thus well-defined. The p-value for the ‘Fisher’ null is just the total probability of observing a
dataset 72 € Q(t°) with test statistic TS at least as extreme as the observed value:

pv(Fisher) = >~ Pr(n | Hy(Fisher)) x 1{TS < TS}. (B.1)
n € Q(tY)
Here 1{E} returns a value of 1 if the condition F is met, and 0 otherwise. Choosing TS to be
the likelihood under the ‘Fisher’ null Pr (n | Hy(Fisher)) thus returns the two-sided p-value from
Fisher’s exact test [Fisher, [1935].

Next we define Hy(d = ¢) as a causal hypothesis where for some given value ¢, the population
average causal effect (ACE) is fixed at ACE = §/N = (tp — t¢)/N = ¢/N. By definition, the
‘Neyman’ null corresponds to a value of ¢ = 0, so that Hy(d = 0) = Hy(Neyman). In general,
Hy(6 = ¢) is a composite causal hypothesis: there may be multiple populations ¢ € T'(n) where
tp —tc = c. Denote the subspace of T'(n) containing populations ¢ € T'(n) that satisfy Hy(d = ¢)
as:

Tn;d=c)={teT(n):tg—tc =c}. (B.2)
B.2 Randomization-based Confidence Intervals for the Average Causal Effect

Rigdon and Hudgens| [2015]], henceforth RH, have described how, given an observed dataset n, to
invert a sequence of permutation tests for the complete tables m € A/(n) to construct a two-sided
confidence interval for the ACE = §/N.
We restate the procedure here in terms of the causal hypotheses Hy(d = c¢). First the set of all
possible values that ¢ can take given an observed dataset is just:
An)= ) ts—tc; (B.3)
teT(n)
the total number of unique causal hypotheses Hy(d = c¢) is then |[A(n)|. As RH point out, the set

of values for § € A(n) are bounded between — N and NV, so that the —1 < §/N < 1.
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For a given causal hypothesis Hy (6 = c), define the GLR for testing Hy (6 = c) as:

Ao =rc) = ‘e T(n;gn:axc) C T(n) Pr(n|t)/t EmY&P((n) Pr(n|t). (B.4)

RH propose the absolute difference between the estimate of the ACE and c as the test statistic:

|A/C\E—c|:‘(%— 1110 )—c. (B.5)

N-—n

Note that both A\(§ = ¢) and |ATC\E — ¢| are functions only of n and the fixed constant ¢, and not

the specific population ¢: the exact population totals ¢ are treated as a nuisance parameter under
H0(5 = C).

For each population t in T'(n; § = ¢), the population-specific p-value is then:

pu(d =ct) = Z Pr(n | t) X]I{S\((S:c) S)\(ézc)}. (B.6)
n € Q(t)

The overall p-value for Hy(d = ¢) is then the maximum over all population-specific p-values:

pu(d =c) = max pv(d = ¢ t). (B.7)
teT(n;0=c)

pv(d = c¢) is hence a valid but conservative p-value for Hy(6 = ¢), since under Hy(6 = ¢), the

probability of observing a value of 5\(5 = c) that is at least as extreme as the observed value

A(6 = ¢) is at most pv(§ = ¢). As RH point out, for a pre-specified value of «, there may not be a

need to find the exact value of pv(d = c) if there is some population ' where pv(§ = ¢;t') > a,

since

a<p(d=ct) < max pv(d =c;t) = pv(d = c).
( ) teT(n;d=c) ( ) ( )

An exact randomization-based 100(1 — a))% confidence interval for § is then the set of values

for § where pv(9) > «:

Ay(n)={6 € A(n) : pv(d) > a}. (B.8)
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B.3 Statistical Inference for the ‘Fisher’ and ‘Neyman’ Null Hypotheses

In this section we examine the ‘Neyman’ null corresponding to 6 = 0, so that Hy(d = 0) =
Hy(Neyman). We show that using the GLR ), the resulting p-value from a significance test of the

stricter ‘Fisher’ null can never exceed the p-value from a significance test of the ‘Neyman’ null.

Theorem 4. For a given observed table n, the ‘Neyman’ null assumes a zero population average
causal effect while the stricter ‘Fisher’ null assumes all individual causal effects are zero. Un-
der the Neyman-Rubin-Copas likelihood, the overall maximum p-value for testing the composite
‘Neyman’ null using the GLR test statistic is at least as large as the p-value for testing the simple

‘Fisher’ null.

Proof. The ‘Neyman’ null Hy(Neyman) = Hy(§ = 0) is a composite null hypothesis. Denote the

subspace of 7'(n) containing populations ¢ € 7'(n) that satisfy Hy(Neyman) as:
Tn;d=0)={teT(n): tp=tc}. (B.9)

One such population that satisfies ‘Neyman’ null is ¥ = (s,0,0, N — s), which is also the only

population in 7'(n) that satisfies the ‘Fisher’ null Hy(Fisher). The GLR \(Neyman) is:
A(Neyman) = max h(t) max  h(t); (B.10)
teT(n;0=0)CT(n) teT(n)
whereas the GLR A(Fisher) is:
\(Fisher) = h(t°) max  h(t) = h(t°)/h(t).
teT(n)

From Theorem 2] both test statistics are equal: A(Neyman) = \(Fisher).
Under the fixed population ¢°, denote the sample space for i as Q(¢°). The p-value for test-
ing the ‘Fisher’ null using A(Fisher) is then equal to the p-value for testing the ‘Neyman’ null

A(Neyman):
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pv(Fisher) = Pr(n | t°) x ]I{S\(Fisher) < A(Fisher)}

n € Q(t%)
2

n € Q(t%)

Pr(n | t°) x ]I{S\(Neyman) < )\(Neyman)}

= pv(Neyman; t°).

The p-value for testing H(Fisher) is thus a lower bound for the overall p-value for testing
Hy(Neyman), since

pv(Fisher) = pv(Neyman; t°) < max pv(Neyman; t) = pv(Neyman). (B.11)
teT(n;0=0)

This implies the following inferential relationships between the ‘Neyman’ and ‘Fisher’ null

hypotheses:

pu(Fisher) > o = pv(Neyman) > «; pv(Neyman) < o = puv(Fisher) < a.

B.4 Efficient Complete Enumeration of the Sample Space ()(n)

In general, to generate the sample space of possibly observable datasets (2(t) for a given population
t, one must first generate assignments in the complete table m, either through complete enumera-
tion using for example [Gail and Mantel, |1977]], or via Monte Carlo simulation. The entries in m
are then aggregated using the linear constraints in (1.2) to obtain 7.

However, this is computationally inefficient since different complete tables m and m' # m
(either from the same population or from different populations) may result in the same dataset 7.

Denote the sample space of all possibly observable datasets 72 given an observed dataset n as:

Qn)=|J Q). (B.12)
teT(n)
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Under a completely randomized design, where the sizes of the treatment groups remain fixed
over hypothetical rerandomizations, it is sufficient to specify values for one cell count in each
row, for example (711, 719). §2(n) is then the intersection of the two-dimensional integer lattice
({0} UZ*)? and the convex polyhedron described with the inequalities (T.40)—(T-41), which we

restate here as:

maX(O, niyy+n — N) S ﬁll S min(s + Moo, n), ’ﬁ(n =N — ’Flll

maX(O, Nnio — n) < ’Fllo < HliIl(S + no1, N — TL), ﬁoo =N-—n-— 'fblo.

In general, a test statistic TS is a function of the possibly observed dataset 7, and not the
complete tables 1 nor the population totals ¢. By enumerating {2(n) once, we may calculate TS
for each 7 once (for each H,), and avoid any redundant calculations of TS for 7 that may arise
under multiple populations. Furthermore, such an approach reduces the need for Monte Carlo
simulation (especially for small datasets), and does away with the intermediate step of generating
complete tables 1 for each population ¢ in turn. Datasets 72 that could not have arisen under some

given population ¢ then have probability zero; in other words, t € T'(n) <= Pr(n |t) = 0.

B.5 Simulation Results

We now compare the confidence intervals constructed using (i) the procedure described in RH with
Monte Carlo simulations (specifically using the RI2by2: :Perm.CI function [Rigdon, 2014] in
R [R Core Team, [2015]), (ii) Q2(n) with the |A/C\E — 0| test statistic, and (iii) ©2(n) with the GLR A
test statistic. Intervals constructed using the last two procedures are exact in the sense that there is
no Monte Carlo error.

The simulations under Scenario 1 in RH for sample size 20 are then replicated 5000 times for
each true value of the ACE between 0.2 and 0.95. The average widths of the confidence intervals
are plotted in below. The intervals constructed with Monte Carlo (MC) simulation are
the widest due to the approximation of the randomization distribution, while the widths of the exact

intervals using either test statistic are quite similar. Under the setting where Pr(X =1) = 0.5, the



98

confidence intervals using the GLR test statistic appear to be slightly narrower on average than

those using ]A/C\E — 4.

Pr(Xx=1)=0.3;n=20 Pr(Xx=1)=0.5;n=20 Pr(Xx=1)=0.7;n=20
[ee] o0} [ee]
c 7 c 7 c 7
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Figure B.1: Comparison of randomization-based confidence intervals in simulations under Sce-
nario 1 in [Rigdon and Hudgens, [2015]] for sample size 20; 5000 replicates were made at each true
value of the ACE, located at equally spaced intervals of 0.05 between 0.2 and 0.95 (indicated by

the points).
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Appendix C
MAXIMUM LIKELIHOOD OF A 2 x 2 OBSERVED DATASET

Here we present the results needed to find the maximum likelihood of an observed table h as

defined in Equation (I.T1) of Chapter|[I]

C.1 Maximizing the Hypergeometric Probability in a 2 x 2 Table

We review some existing results from [Johnson and Kotz, 1969] and [Zhang, 2009] below. Recall
the following 2 x 2 table where the row totals (k, N — k) and the counts in one row (b, (N — k) —b)

are fixed.

Table C.1: 2 x 2 Table With Unknown Column Totals

Red Green Row
Not drawn x k—x k
Drawn b (N—k)—b | N—k
Column | b+z | N—(b+x) N

Our interest is in maximizing the hypergeometric probability with respect to x:

Pr(z|(k,b, N)) = (b f x) <N i (_bj :L')) / (ZD

Theorem 5. In a 2x2 table where the row totals (k, N —k) and the counts in one row (b, (N —k)—b)

are fixed, the most likely value of x € |0, k| under the randomization assumption is:

s gy o<t = o0 )

where the ‘basement’ function ||a]|| is defined as:

|a]|] = max{0, [a] — 1}.
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Equivalently,
=l = [ =1t
b+ =

(b%} otherwise.

Proof. We are interested in the following £+ 1 binomial coefficient products to find the most likely

{(b;x)(ﬁg@), xe[o,k]}.

The first terms in each product are an increasing sequence in x, the second terms are a decreas-

value of x:

ing sequence in « for all values of x € {0,... k — 1}.
b+z\  [(btr+1 b+x
( x >_( r+1 )_(erl)

(b+:r+1)

< ;

r+1
(N—(b—l—:{z)) B <N—(b+:1;+1)> N (N —(b+ :L'—l—l))
k—x k—x k—(z+1)
- (N—(b—i—x—l—l))

k—(x+1)

The relationship between consecutive products due to a unit increase in z is thus:
b+x+1\ (N—(b+z+1)
r+1 k—(x+1)
B (b+x) (N—(b—i—x)) y b+az+1 k—x

x k—x IR N—(b+x)

- (b—i;JJ) (N ;Eb;x));

b+r+1  N—(b+x)
>
r+1 k—x
k—z  N-—(b+x)
r+1 ” b+x+1
k—x+(x+1)  N—(b+z)+(b+z+1)
r+1 ~ b+x+1
b+z+1  N+1
r+1 ~ k+1

z+1 < (k:+1)%. (C.1)

rtr 111
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Since (k,b, N) are fixed, the sequence of binomial coefficient products will increase with
until it exceeds the critical value (k + 1) and the inequality no longer holds. The most likely

value of « is then:

= < (k+1)—
= gy {7 < (o4

where the ‘basement’ function is defined as | |x]| = max{0, [x] — 1}. This is the same result
previously shown in [Zhang) |2009]. Johnson and Kotz [1969, page 146] give an equivalent result
in terms of the column total (b + x).

We may also rewrite the critical value (k 4 1) 2 as follows:

N—k

b b b
Ly vy M

=Pl e (v )

Since 0 < 2 < land 0 < [k | — k% < 1, we see that:

b b

There are now two cases to consider:

L If1> (k+1)5% — [k7%| > 0, then

SR

b b
_— | = T 1
[k]\f /«j argi?{%fzi]{‘ D5 k:}

When /’{;L is a positive integer, such as in a balanced table where k = N — k, then kﬁ =

’—k:N k-‘ Since 5 > 0,




2. 1f -1 < (k+1)7% — [ks] <0, then

[ I PR

2 ‘
S
?T‘
——

= € k+1
argTDél[%%{r (k+1)

=i

- [t

This gives us the following result:

C.2 Maximizing the hypergeometric probability in a 2 x 3 table

102

Consider the 2 x 3 table below where we only get to observe the exact cell counts n;, ne and the

sums @ > 0 and b > 0. By symmetry of the rows, we shall assume that a < b without loss of

generality.

A | B C Row total

n|xr|la—=x a—+ny

Yy | ng | b—y b+ ns
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The pair of missing values (z,y) takes values in X x ), where X = {0,...,a},Y = {0,...,b}.

Our interest is in finding the global maximum hypergeometric probability h, where:

o) = ni+y\ (ne+z\ [(a—2x)+ (b—y)
hz3) ( n1 )( n2 )( (a— ) )
_ (it y) e+ a)fla—=)+ (b —y)]
nqly! nolx!  (a—x)!(b—y)!
) o) [a-x)+ by
y! x! (a—2)(b—y)! ’

h= max h(z,y).
(z,y)€X XY ( y)

b+
to the 2 x 2 subtable with columns B and C. Similarly if n, = 0, 4 is attained by z = 0

and § = H(b—i— 1)aﬁ;2H.

For tables where min(ny, ns) > 0, h may be found by evaluating h(x, y) for all values in X' x ).

First if n; = 0, then h is attained byy =0and 2 = H(a +1) ”fmu, where 7 is from applying

Instead, first condition on x € X (since |X| < |)|), then find the corresponding (conditional)
maximum h(z, j(x)) by applying to the 2 x 2 subtable for columns A and C, so that

jx) = H(b+ 1)LH . (C.2)

n+a—2x

The search space for h may then be reduced to a linear space (of size a) since

~

h = max h(z,y(z)).

reX

However, by the symmetry of the rows, if we conditioned on y € Y first and found the (conditional)

maximum h(Z(y), y), where

i(y) = H(a + 1>LH , (C3)

ng+b—y

then the global maximum would be:

>

(Y),y)-

=>

= max h(
yey
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This implies that the equalities (C:2) and (C23) are necessary conditions for /. There is also at least
one pair of values for (z,y) that satisfies both (C.2)) and (C.3) since if we fix z = a, then

3la) = H(bJrl)LH b1 —1=b )= H(Hl)LH .

n+a—a ne+b—>

We may then reduce the search space to a sub-linear space simply by checking for each z € X

whether

o= alie). #6@) = ||@rn—m ] n

Then the global maximum likelihood is:

h=  max h(z,y(x)). (C.5)

reX:x=%(9(x))
C.3 Maximum Likelihood under the Never Only Four Conjecture

It follows from the Never Only Four Conjecture (Conjecture |1) that the maximum likelihood h
for a given observed table m may be found by comparing only the populations ¢ € T'(n) with
three or fewer types. In other words, we need only evaluate values of ¢ along the edges and (both)
vertices to find h, where the likelihood h(t) is the probability of a single complete table m. For
each possible edge where ¢; = 0, the complete table m reduces to a 2 x 3 table in which we may

apply the result in Section [C.2]to find the conditional maximum likelihood, say

~

e oo

There are generally only two vertices in T'(n) where ¢ has exactly two types: t° = (s,0,0, N — s)

and tl = (O, n11 + Nog, N1g + No1, 0) Then il is just

h = max {h(to), h(t'), max ﬁl} :
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Appendix D

PARAMETER AND SAMPLE SPACE FOR AN OBSERVED DATASET
UNDER THE BINARY IV MODEL ASSUMING MONOTONICITY

In this Appendix, we explain how to obtain the parameter space 7'(n) and sample space 2(n)
for an observed dataset n under the binary IV model without Defiers. n, T'(n) and 2(n) are jointly
described by a convex polyhedron (a set of solutions to a finite system of linear inequalities). Each
observed quantity in 7 is a single dimension in the polyhedron, but given the constraint that n
sums to N, we choose to write n,, ..., as the difference between IV and the other seven quantities
n. We do the same for n. However, we will keep the eight parameters in ¢ intact. There are hence

atotal of (8 — 1) + (8 — 1) + 8 = 22 dimensions in the polyhedron.

First, we list the vertices of the polyhedron using a matrix, say V0O, with 22 columns (one for
each dimension) and each row representing an extreme point. V0 is shown in Figure [D.1 We use

the following examples to explain how to derive V0.

Consider a population containing a single Always Taker named ‘R’ with an observed outcome
Y =0. If R 1s assigned to the Z =0 group, R would have observed values (Y =0, X =1, 7 =0),
so that n,,,,, = 1. If R is assigned to the Z = 1 group instead, the observed values would be
Y =0,X=1,Z=1), so that n,,;,., = 1. There are then 2 x 2 possible combinations of the
observed values n and the possibly observable values 12 (over hypothetical rerandomizations) for

R. Each of these combinations is described in the first four rows of Figure D.1

Now consider another population with a single Complier named ‘H’ who is of type Helped.
If H is assigned to the Z = 0 group, we would observe n,,,,., = 1. Whereas if H is assigned to
the Z =1 group, we would observe n,,,,., = 1, (which is equivalent to all the other seven values
of n being zero). There are again 2 x 2 possible combinations of nn and n for H, as described in

rows 13 to 16 of Figure The remaining rows of VO are then obtained by considering the other
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population parameters similarly, so that there are a total of 8 x 4 = 32 rows in VO.

We then use rcdd [Geyer et al., [2015] in R [R Core Team, 2015] to convert VO to a H-

representation (via facet enumeration). The linear constraint that n,, = n,, is then added to the

H-representation since under complete randomization, the sizes of the treatment groups are fixed

over hypothetical rerandomizations. Finally, we convert back to a V-representation (via vertex

enumeration) of the convex polyhedron again. The R commands are:

1.

qux.ppt <-— makeV (V0)
This appends the two columns 1 and b to VO to obtain a V-representation of the convex poly-
hedron. Here 1 and b are just indicators with values O and 1 respectively, and are used to flag

which vertices in VO the points in the convex polyhedron are linear combinations of.

. gqux <- z2g(qux.ppt, rep(l, length(qux.ppt)))

This formats the integer inputs as rational arithmetic representations.

. out <- scdd(gqux, representation = "V")

HO <- outS$output

colnames (HO) <- c("type", "b", colnames (V0))

This converts the V-representation to a H-representation, which characterizes the polyhedron as
the intersection of a finite collection of closed half spaces. The H-representation is then saved

as a matrix HO.

. H1 <- rbind(HO, O0)

Hl[nrow(H1), c("type", "n0O00", "nlO00", "nO10", "nllO",
"nt000", "ntl00", "nt01lO0", "ntl10")] <-
c(l, rep(l,4), rep(-1,4))
The constraint that n,, = 7., is represented as Zjl',k:(] Nypziz0 — Z;,k:o Ty, = 0. type=1
is used to indicate that this is a linear equality.
out <- scdd(H1l, representation = "H")
V1 <- out$output
This converts the H-representation that includes the linear constraint under complete random-

ization back to a V-representation.
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To obtain the parameter space 7'(n) for the observed dataset 1, we have to find the projection
of the 22-dimensional convex polyhedron V1 onto a 15-dimensional convex polyhedron for 7'(n)
and n. We do this by dropping the dimensions corresponding to 72 from V1, and then converting

to a H-representation to obtain the set of linear (in)equalities for n and ¢.

Vpsi <= V1[, —-c(1l8:ncol(V1l))]
out <- scdd(Vpsi, representation = "V")

Hpsi <- out$output

Hpsi is shown in Figure Denote v as the vector of dimensions (corresponding to the column
names of Hps1i), b; as the i-th element of the column vector b, and a; as the i-th row of Hpsi but
without the first two elements for t ype and b. If t ype=0, then that row in the H-representation
is read as

b; + a;v > 0;

otherwise if t ype=1, then that row is:
bz‘ + a;v = 0.

To obtain the sample space Q°(n) under the ‘sharp’ null for the observed dataset n, we
have to first add the following constraints for zero Compliers who are Helped or Hurt to the H-

representation H1:

H2 <- rbind(H1, 0, 0)
H2 [nrow (H2) -1, c("type","CoHE")] <- c(1, 1)

H2 [nrow (H2), c("type","CoHU")] <- c(1, 1)

We then convert back to a V-representation V2, drop the dimensions corresponding to ¢ from V2,

and then convert to a H-representation again to obtain the set of linear inequalities for  and n.

out <- scdd(H2, representation = "H")

V2 <- outSoutput
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Vept <= V2[, -c(10:17)]
out <- scdd (Vppt, representation = "V")

Hppt <- outS$Soutput

Hppt is shown in Figure and interpreted in the same manner as Hps1i.
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type b | Nyozoze Muyizoze Myowize Myiwizo Myososs Myowizr Myrwrar |to o g (e tho 0t 9%
1 -1 1
2 1 1 1 1 -1 -1 -1
3 1 -1 1 1 1
4 1
5 1 1 -1
6 1 -1 5 T O T R | 1 -1
7 1
8 1 1 1 1 B S T
9 1
10 -1 1
11 -1 -1 11 1
12 1| -1 1 1 1] -1 1 -1
13 1 1 -1
14 1
15 1 1 1 1 1 1 B T S T -1
16 -1 -1 -1 -1 1 1 1 1 1
17 1 1 -1
18 -1 1
19 1 T T s S S
20 1| -1 -1 -1 -1 -1 -1 -1
21 1| -1 -1 -1 -1 -1 -1 -1
22 11 1 1 1 1 1 1 1
23 1
24 1
250 1 -1 1 1 1 1 1 1 1

Figure D.2: H-representation of the convex polyhedron for the observed dataset n, and the param-

eter space T'(n); missing values here are zeroes.
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O 0 9 AN U A W NN =

[ T NS T N T N I N I N I N6 S e e T e T e T e e T
AN L AW D=, O 0O XN N R WD = O

-1
1
1 1
1
1 1 1 1
1 1 1
1 1
1
1
-1 -1 1
-1 -1 -1 1
1 1 1
1 1 1 1
1 1 1 -1
-1 -1 -1 -1 -1 -1 -1
1
-2 -1 2 -1 -1 -1
1
1
-1 -1 -1 -1
-1 -1 -1 -1

1 1
1
-1
-1 -1 -1
-1 -1
-1
1
1
1
1 1 1 -1
1 1 1
-1 -1 -1 1
-1 -1 -1
-1 -1 1
1
1 1 -1
1 1 1 1
1 1 1 1

Figure D.3: H-representation of the convex polyhedron for the observed dataset n, and the sample

space €)(n); missing values here are zeroes.
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