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Understanding how diseases spread through populations is vital for mitigation efforts. For

any disease at hand, the specifics of how a disease spreads through a community depends

on many factors: how the disease is transmitted, how contagious the disease is, how long

are individuals in the community contagious, what is the community structure of the popu-

lation, are there any mitigation efforts taken, among many others. One way to sidestep the

complications from studying a particularly disease at hand is to develop mathematical tools

that work for understanding the behavior of epidemics on random community structures

with relatively simple disease transmission mechanism. This is the topic of the present

thesis.

More precisely, we model the community structure by a random graph Gn on n vertices.

We make the simplifying assumption that each individual in the population (represented

by a vertex in the graph) who becomes infected is infected for just a single day and is then

forever cured of the disease. However, during that day the infected individual transmits the

disease to each of their susceptible neighbors. We are interested in the large n behavior of

Zn(t) = #{infected vertices in Gn on day t}, t = 0, 1, · · · .

It turns out, the behavior of the epidemic over time corresponds to understanding certain

aspects of the geometry of the connected components of the random graph.

For many random graphs models, in particular the Erdős-Rényi and configuration models



which we consider, the geometry of the connected components undergoes a quite dramatic

change depending on a parameter R0. The parameter R0 is the average number of suscep-

tible individuals infected by a single infected individual. The connected components, and

hence the number of individuals infected in the epidemic, exhibit very different properties

based on if R0 < 1, R0 = 1 or R0 > 1. When R0 < 1 one typically sees that the number of

individuals infected is at most logarithmic in the population size n and when R0 > 1 one

typically sees that the largest possible epidemic infects order n many individuals.

The situation is quite different when R0 = 1 where one often sees that each of the largest

possible outbreaks when just a single individual is infected will affect Θ(nγ) many individuals

for some γ ∈ (0, 1) depending only on the random graph and not on the individuals selected.

This is where we focus our attention and such random graphs Gn are called critical.

A popular approach for studying critical random graphs has emerged over the past

few decades. It turns out that for many models of critical random random graphs (see

Chapter 3 for more details and references) the metric space structure of the largest connected

components of critical random graphs has some limiting description in terms of a continuum

random graph. Unfortunately, the standard techniques used to describe the metric space

structure do not immediately imply that the process Zn has some limiting description as

n→∞.

In this thesis we show that the standard approach for proving convergence of the con-

nected components of a critical random graph to a limiting metric space, to say G , is

essentially enough to show that the process Zn has some large n scaling limit, to say Z.

This then gives a precise connection between properties of the metric space G and properties

of the limiting process Z. For example, understanding compactness of the metric space G

becomes understanding whether or not Z has compact support.
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1

Chapter 1

INTRODUCTION

This thesis is about mathematically understanding disease spread in critical regimes

where each infected person infects, on average, roughly a single susceptible individual. Often

in this situation we can not only describe the evolution of the number of individuals infected

over time as the size of the population grows large, but we can actually describe some limiting

behavior of the history of the disease itself. More precisely the history of the disease spread

is captured by a random graph G with some special marked vertices corresponding to the

initially infected individuals. Edges in G represent the infection of one individual (the vertex

further from those marked vertices) by another (the one close to the marked vertices). Many

ways have been proposed in the literature for understanding the behavior of random graphs

as their size grows large, and one of these ways is to describe the limiting metric structure

of the graph by so-called continuum random graphs.

Apart from their connection to modeling disease spread, random graphs have become

an area of increasing importance because, in part, they can be used to model abstract

interactions of elements in large data sets, which have become increasingly easier to obtain

[173]. We therefore spend a descent amount of time describing some of the tools that have

become popular in the literature while leaving some of the technicalities of the proofs to

cited references.

1.1 Brief History of Mathematical Epidemiology

The use of mathematics to model the behavior of disease spread dates back to the work

of William Farr in 1840 involving a smallpox outbreak in the late 1830’s in England, see

[162] for a historical overview of the mathematical theory. Observing data of the number

of smallpox deaths over successive 3-month periods, Farr approximated this data with a

bell-curve in order to predict the number of smallpox deaths in the coming months. In
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the 1910’s, Sir Ronald Ross, who discovered the link between malaria and mosquitoes, and

Hudson [160, 161] modeled the behavior of epidemics by differential equations. This built

off of difference equations used by Ross in his second edition of his book The Prevention

of Malaria [159] under the labeling of “Theory of Happenings,” which does not appear to

have caught on.

A more general approach was taken by Kermack and McKendrick in [115] in 1927 and

then later developed in [116–119] through the 1930’s. Their set-up in [115] is worth quoting

at length:

One (or more) infected person is introduced into a community of individuals,

more or less susceptible to the disease in question. The disease spreads from

the affected to the unaffected by contact infection. Each infected person runs

through the course of his sickness, and finally is removed from the number of

those who are sick, by recovery or by death. The chances of recovery or death

vary from day to day during the course of his illness. The chances that the

affected may convey infection to the unaffected are likewise dependent upon

the stage of the sickness. As the epidemic spreads, the number of unaffected

members of the community becomes reduced. Since the course of an epidemic is

short compared with the life of an individual, the population may be considered

as remaining constant, except in as far as it is modified by deaths due to the

epidemic disease itself. In the course of time the epidemic may come to an end.

Kermack and McKendrick proceed to obtain a system of non-linear differential equations

by discretizing time and informally taking limits. They allow for infected individuals to

become more (or less) contagious over time as well as their recovery rate to vary over time.

While we will not describe their general differential equations; however, when the rates are

constant their equations become

dS

dt
= −βSI, dI

dt
= +βSI − γI, dR

dt
= +γI,

where S, I and R are respectively the number of susceptible individuals, the number infected

individuals and number individuals who have recovered or died (i.e. removed) and β, γ are
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constants.

The model quoted above by Kermack and McKendrick is described probabilistically.

They use the phrase “[t]he chances” to describe both recovery and infections. However, they

do not explicitly use probability to derive their equations. This is because the equations they

use to model the discretized behavior over time are the expected values of a corresponding

stochastic model.

A stochastic model was used by Lowell J. Reed and Wade Hampton Frost for a course

they taught at Johns Hopkins in the second quarter of the 20th century; however, their work

went unpublished [1]. Their model is described as follows. Infection is spread from person-

to-person through some direct contact. Individuals are infected for a single day, during

which they are contagious, but afterwards they are forever cured of the disease. Each day,

each non-infected individual has some fixed and constant over time probability p of coming

into contact with an infected individual and consequently becoming infected. An infected

individual can infect many others (that is they can be superspreaders), they can infect no

others, or something in between.

In either the set-up for the Kermack-McKendrick model or the Reed-Frost model above,

we can create a directed graph G representing the disease transmission. Namely, we label

all the individuals in the in the population by 1, · · · , n, and then a directed edge i → j

represents that individual i infected individual j. Since the descriptions of the disease spread

in both models involve the day-to-day interactions of the individuals in the population, the

graph G is discovered over time in a breadth-first manner. We could, alternatively, forget the

direction of the edges in G but instead specify the initially infected vertices and consider

(G, {ρ1, · · · , ρk}) where ρ1, · · · , ρk are k distinct elements of {1, · · · , n} representing the

initially infected individuals. We will work with this second interpretation.

Conversely, given a graph G and vertices ρ1, · · · , ρk in G there is a corresponding epi-

demic where the k chosen vertices are the initially infected individuals. Namely, on day

zero the vertices ρ1, · · · , ρk are infected and on day t the infected vertices are

{v ∈ G : min
1≤j≤k

d(v, ρj) = t},

where d(u, v) is the graph distance between two vertices u and v.
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This gives a direct connection between disease transmission and graphs. In particu-

lar, the disease transmission terminates corresponds precisely with the termination of the

breadth-first exploration of the graph. However, if we explore a graph starting from a ver-

tex ρ ∈ G in either a depth-first or breadth-first manner we only discover information of

the connected component of G containing the vertex ρ. Therefore, the behavior of disease

transmission is directly related to the structure of the connected components of G.

1.1.1 Overview of the Rest of the Chapter

In Section 1.2, we begin by describing the simplest random graph models and preliminary

information about the structure of their connected components when the size of the graph

n = #G tends towards infinity. As we will see there is often a simple characteristic of

the random graph which describes the threshold for a connected component of G to have

ΘP(n) many vertices - that is with probability tending towards 1 as n → ∞ there is a

connected component of G with order Θ(n) many vertices. This threshold is directly related

to branching processes. While for most of the chapter we focus on the simplest case of the

Erdős-Rényi random graph, we do point to extensions to other more general and more

realistic graph models.

The structure of the connected components - or more precisely the behavior of epidemics

on the connected components - at the respective threshold is the main work of my thesis

and so we will spend quite a bit of time on this. For many models of critical random graphs

there are known limits of the largest connected components as metric spaces. These are

described in detail in Chapter 2 and 3 starting with the pioneering work of Aldous [9] on

the continuum random tree.

1.2 The Erdős-Rényi random graph

The stochastic nature of Reed-Frost model means that the corresponding (undirected) graph

G is, itself, random. The fixed probability p that a infected individual infects a non-infected

individual at a particular step in the process implies the each possible pair of edges in the

exploration of the graph appears with probability p and each edge is independent of each

other.
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In fact, the Reed-Frost model naturally leads to the study of the random graph G(n, p)

on n vertices labeled by [n] := {1, · · · , n} and each edge (i, j) is included in G(n, p) with

probability p. This graph was introduced by Gilbert in [93] in a different context involving

routing telephone calls1. We should point out that the graph studied by Gilbert in [93] is not

exactly the graph constructed from the Reed-Frost model; however, the disease transmission

will be the same. The difference between the two models is subtle, but the graph constructed

from the Reed-Frost model does not contain edges (i, j) corresponding to two vertices i, j

which never get infected at any point or are both infected on the same day. On the other

hand, the graph G(n, p) contains this edge with probability p. These possible additional

edges do not contribute to the disease transmission however and so we will ignore these

differences.

Similar random graph models were introduced and studied around the same time, but

neither were initially concerned with disease propagation. In [22], the authors studied a

random (multi)graph on n vertices where exactly M of the
(
n
2

)
edges are chosen at random

and with replacement where the authors were concerned with understanding the number

of connected components of this graph. At almost the same time as Gilbert, Erdős and

Rényi published their seminal papers [84, 85] describing the structure of random graphs

G(n,M) on n vertices containing exactly M distinct edges where each of the

((n
2

)
M

)
graphs

is chosen with equal probability. They were chiefly concerned with identifying conditions

on the growth rate of M = M(n) as n→∞ where various combinatorial properties of the

graph hold with probabilities that can be computed. It is now common to call both G(n, p)

and G(n,M) an Erdős-Rényi random graph and many properties of G(n,M) remain true

for G(n, p) where
(
n
2

)
p ≈M [138].

In terms of the Reed-Frost epidemic, there are two natural questions to consider as n→

∞. If there are n people in the population, what is the probability that everyone eventually

contracts the disease and what is the probability that εn many individuals contract the

1Gilbert worked for Bell Labs at the time so the concern of network communication should not be that
surprising. Later in [94], Gilbert studied a random graph with an application to disease spread. It was
constructed from a Poisson point process in the plane where atoms of the process are the vertices of an
infinite graph and an edge appears between two vertices if and only if they are within some fixed distance
R of each other.
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illness at some point? Clearly, the answers to these questions depend on the behavior

of p = p(n) as n → ∞. Using the connections between graphs and epidemics these two

questions relate to (1) the graph G being connected, and (2) the graph G possessing a

connected component which contains a positive proportion of all the vertices. Using the

connection between the Reed-Frost model and the Erdős-Rényi random graph, G(n, p),

these two questions can be rephrased and refined as follows

1. Can we identify conditions on p = p(n) such that we can compute

lim
n→∞

P (G(n, p) is connected)?

2. Let A(n, p) denote the size of the largest connected component ofG(n, p). Also let f(n)

be some given function such that f(n)→∞. Can we identify conditions on p = p(n)

such that f(n)/A(n, p) and A(n, p)/f(n) are tight random variables? Equivalently,

can we identify conditions on p = p(n) such that given any ε > 0 can we find a δ > 0

such that

P
(
δ <

A(n, p)

f(n)
< δ−1

)
≥ 1− ε, for all n sufficiently large? (1.1)

The second condition is stated more succinctly using Big-O notation. Let ((Xn, Yn);n ≥

1) be sequence of pairs of random elements of R×R+. We say that Xn = OP(Yn) if |Xn|/Yn

is tight, we say that Xn = oP(Yn) if Xn/Yn
d

=⇒0 and we say that Xn = ΘP(Yn) if both

Xn = OP(Yn) and Yn = OP(Xn). The second condition is now just identifying conditions

on p(n) for a given function f(n) such that A(n, p) = ΘP(f(n)).

We will briefly touch on both of these phenomena before moving on to understanding

the so-called “critical behavior” of the connected components of the Erdős-Rényi random

graph. For this graph model there is a sharp threshold for connectivity and there is a phase

transition for the emergence of a giant componetn of size ΘP(n).

1.2.1 Threshold for connectivity

The threshold for connectivity is known to be p = p(n) = logn
n . More precisely
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Theorem 1.2.1 (Erdős-Rényi [84]). Suppose that p = p(n) = n−1(log n+c) for some c ∈ R.

Then

P(G(n, p) is connected) −→ e−e
−c
, as n→∞.

We will not provide a full proof of this result but instead provide some intuition for why

this holds. A full proof can be found in Theorem 7.3 in [40].

Note that G(n, p) is disconnected if and only if there is some connected component in

G(n, p) with at most ⌊n2 ⌋ many vertices. It can be shown that when p = n−1(log(n) + c)

that

P
(
G(n, p) has a component of size r where 2 ≤ r ≤ n

2

)
→ 0 as n→∞.

Every vertex in a component with at least 2 vertices has to have degree ≥ 1, so the above

convergence can be rephrased as follows: With probability tending towards 1 as n → ∞

the graph G(n, p) is made up of a single connected component with ≥ n
2 many vertices and

components that are just isolated vertices.

Let X0(n, p) denote the number of isolated vertices in G(n, p). The proof of Theorem

1.2.1 will be finished if we can show that X0(n, p)
d

=⇒Poisson(e−c). Clearly we have

X0(n, p) =
n∑

i=1

1[deg(i)=0].

Now deg(i)
d
= Bin(n− 1, p) and so

E [X0(n, p)] =

n∑
i=1

E
[
1[deg(i)=0]

]
= nP(Bin(n− 1, p) = 0). = n(1− p)n−1.

It is also not hard to show that as n→∞

n(1− p)n−1 = n exp

(
−(log n+ c) +O

(
(log n)2

n

))
−→ e−c

and hence

E[X0(n, p)] −→ e−c.

One can show that

E
[(
X0(n, p)

k

)]
=

∑
i1<i2<···<ik

P (vertices i1, · · · , ik are isolated) =

(
n

k

)
(1− p)k(n−k)+(k2)
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because there are
(
n
k

)
many ways to choose the k vertices, and there are k(n−k)+

(
k
2

)
many

possible possible edges which can include any vertex i1, · · · , ik. It is not difficult to prove

E
[(
X0(n, p)

k

)]
=

(
n

k

)
(1− p)k(n−k)+(k2) −→ e−ck

k!
= E

[(
Poisson(c)

k

)]
.

1.2.2 Emergence of a Giant Component

In this section we discuss conditions on p = p(n) such that (1.1) holds almost surely with

f(n) = n.

To begin with recall how in the previous section we relied on the fact that for any vertex

i ∈ G(n, p) its degree deg(i)
d
= Bin(n − 1, p). In particular, when p = p(n) = c

n for some

c ≥ 0 we can observe that

Bin
(
n− 1,

c

n

)
d

=⇒Poisson(c),

and so each vertex i in the graph G(n, c/n) for large n should have approximately Poisson(c)

many neighbors. Also note that the probability that any two of the neighbors of vertex i,

say j1 and j2 share an edge is c/n which tends to zero as n → ∞. That is we should not

expect i is a part of a triangle. This means that the induced subgraph H(i, 1) with vertices

{v ∈ G(n, p) : d(i, v) ≤ 1} is a tree with probability (1− o(1)).

Similarly, each of the neighbors j of the vertex i should have approximately Poisson(c)

excluding the vertex i. Within the induced subgraph H(i, 2) with vertices {v ∈ G(n, p) :

d(i, v) ≤ 2}, the probability that we see a cycle will be order 1
n . That is the induced

subgraph H(i, 2) is with high probability a tree, where the root vertex i has approximately

Poisson(c) many neighbors and each vertex j has approximately Poisson(c) many neighbors

excluding i. This is precisely the first two levels of a Galton-Watson tree with offspring

distribution Poisson(c) offspring distribution 2.

One can actually prove something stronger [61, Proposition 2.6]. Namely, locally, as

n → ∞ the Erdős-Rényi random graph converges (in some mathematically precise way)

to a Galton-Watson branching tree with offspring distribution Poisson(c). It turn out this

size of the giant component in the Erdős-Rényi random graph G(n, cn−1) is directly related

2See Section 2.2.2.6 for a definition of Galton-Watson trees.
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to the almost sure extinction of a Galton-Watson branching processes with a Poisson(c)

branching mechanism.

Recall that Z = (Z(t); t = 0, 1, 2, · · · ) is a Galton-Watson branching process with off-

spring distribution µ where µ is a probability measure on N0 = {0, 1, 2, · · · } if Z is a Markov

chain on N0 such that

(Z(t+ 1)|Z(t))
d
=

Z(t)∑
j=1

ξj ,

where (ξj ; j = 1, 2, · · · ) i.i.d.∼ µ. Note that Z is absorbed upon hitting 0, which we call

the extinction of Z. A classical result in branching processes [20, Section I.5] says that if

µ({1}) < 1 then

P(Z never becomes extinct) =

 0 :
∑

k≥0 kµ(k) ≤ 1

p > 0 :
∑

k≥0 kµ(k) > 1
.

In particular, a Galton-Watson branching tree with offspring distribution Poisson(c) be-

comes extinct almost surely if and only if c ≤ 1 and has a positive probability of never going

extinct if and only if c > 1.

This is precisely the phase transition for the Erdős-Rényi random graph G(n, cn−1) to

have a component of order ΘP(n). That is there is drastically different behavior of the

largest connected component of G(n, cn−1) depending on whether c > 1 or not. If fact, the

following holds:

Theorem 1.2.2 (Erdős-Rényi [85]). Fix c > 0. For the Erős-Rényi random graph G(n, cn−1),

there is the following trichotomy:

1. If c > 1 then the largest connected component has ΘP(n) many vertices. The corre-

sponding disease outbreak starting from 1 individual will infect OP(n) many individu-

als.

2. If c = 1 then the largest connected component has ΘP(n2/3) many vertices. The

corresponding disease outbreak starting from 1 individual will infect OP(n2/3) many

individuals.
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3. If c < 1 then the largest connected component has ΘP(log n) many vertices. The

corresponding disease outbreak starting from 1 individual will infect OP(log n) many

individuals.

The respective regimes are called supercritical, critical, and subcritical. The change

from ΘP to OP is because the first individual infected need not be in the largest connected

component. Indeed, let V be a uniform vertex in G(n, cn−1), independent of G(n, cn−1).

Conditionally on the graph G(n, cn−1), the vertex V is in the largest connected component

with probability A(n, p)/n which is ΘP(1) (resp. oP(1)) when c > 1 (resp. c ≤ 1).

Figure 1.1: Approximate behavior of the critical and near-critical Reed-Frost model, which

corresponds to the critical and near-critical Erdős-Renyi random graph.

There is actually much more that we can say about the structure of the largest connected

components in the critical and near-critical regime. It turns out that the geometry of the

random graphs has some nice limiting features, namely the largest connected components

each have a scaling limit called continuum random graph. The limit takes place in the

space of metric spaces equipped with measures with some technical restrictions. In order

to properly formulate this convergence, we will take a brief aside on how to measure how

close two compact pointed metric measure spaces are. If we view the graph as telling us the

history of the disease spread once the epidemic is over, the continuum random graph limit

gives us a notion of the history of disease spread in the continuum after taking an n → ∞
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limit. The limiting descriptions of epidemics on the critical and near-critical Erdős-Rényi

random graphs are quite different than the critical epidemics on models of random graphs

super-spreaders (compare Figure 1.1 and Figure 1.2 below).

Figure 1.2: Approximate behavior of an epidemic on a random graph model exhibiting

super-spreading phenomena. The number of individuals each person infects is in the domain

of attraction of an α = 3/2 stable random variable.

1.2.3 Overview of Rest of Thesis

The rest of the thesis is organized as follows.

Chapter 2 discusses the technical tools popular in the literature for describing continuum

limits of random trees and random graphs. We start this chapter with a brief overview of

Aldous’s breakthrough continuum random tree trilogy [9–11] which essentially starts the

probabilistic study of these continuum objects. Much of technical tools developed over the

subsequent decades are then expounded on afterwards. No original work is present in this

chapter and it is meant to serve as an introduction to many of the technical tools this field.

Chapter 3 discusses some of the scaling limits for critical and near-critical random graph

models. Namely, we discuss the asymptotic component size for the Erdős-Rényi random

graph, the configuration model and an inhomogeneous random graph model. Since much of

the work on these random graph models involve an exploration introduced by Aldous [12],
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we spend some time discussing that exploration along with providing heuristics for why

that holds. Since Chapter 6 relates random trees to results stemming from random matrix

theory, we conclude Chapter 3 with a brief review of some results on eigenvalues of random

matrices.

Chapter 4 focuses on the (near-)critical Erdős-Renyi random graph and borrows heavily

from my work in [57]. For this model, we can analyze the aforementioned Reed-Frost model

on a population of size n with p = p(n) = (1 + o(1))n−1 when there are a large number of

individuals infected at time t = 0.

The resulting description of the limiting disease transmission discussed in Chapter 4,

almost breaks down when just a single individual is infected at day 0. We say “almost”

because the results still apply; however, the limiting processes are trivial. Chapter 5 de-

scribes some general methods to overcome the problem of describing the limiting properties

of disease outbreaks on critical random graphs when just a single individual is infected on

day 0. This is my work in [58].

The basis of the research project initiated in [57] and described in Chapter 4, was

motivated by a question posed by David Aldous during a presentation on my work in [56].

Namely, in [56] I use a breadth-first description of certain random forest models [8, 72]

to describe and generalize a result originating in random matrix theory [97, 126]. In [12],

Aldous used a breadth-first exploration of the near-critical Erdős-Rényi random graph to

obtain distributional limits for the size of the largest connected components. Aldous asked

whether or not my results in [56] can be used to describe the near-critical Erdős-Rényi

random graph. In Chapter 6, I present my work in [56].
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Chapter 2

BEGINNING OF CONTINUUM LIMITS

We provide a brief overview of convergence of Aldous’s description for the large uniform

random trees via an embedding into ℓ1. This description describes large random objects in

terms of a continuum object, the continuum random tree. Afterwards, we describe some of

the technical tools present in the literature that are used to describe large random discrete

graphs as metric spaces. It turns out that the simplest descriptions of the limiting continuum

random graphs obtained by limits of large connected graphs follows by first looking at a

particular spanning trees which essentially captures of the local geometry of the graphs and,

with just a little more randomness, can be used to capture the entirety of the components

geometry. That is, we will start with describing the behavior of random trees on n vertices

and then we will move to describing random graphs.

Since this field starts with the work of Aldous [9], this is where we begin in Section

2.1. Aldous does most of the construction of continuum limits in the space ℓ1 of abso-

lutely summable sequences. In Section 2.2 we discuss the more abstract way of showing

convergence of scaling limits thas become more prevalent in the literature.

2.1 The Continuum Random Tree, Aldous’ construction

As we briefly described (and informally justified) above, the structure of the Erdős-Rényi

random graph G(n, cn−1) is closely related to Galton-Watson branching tree with Poisson(c)

offspring law. Consider a tree T generated as follows. Initially, T contains a single vertex (0)

called the root, this vertex gives birth to Poisson(c) many children (0, 1), · · · , (0, ℓ) for some

ℓ. The vertices (0, j) are said to be in generation 1. Subsequently, each vertex (0, u1, · · · , un)

at generation n gives birth to Poisson(c) many children (independently of everything else)

and the children are labeled (0, u1, · · · , un, 1), · · · , (0, u1, · · · , un, r) for some r ≥ 0.

Let Tn be the tree T conditioned on having exactly n vertices, and we will relabel the
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vertices by labeling (0) by 1 and randomly assigning each of the remaining n − 1 vertices

in T a unique label in {2, · · · , n}. It turn out that Tn is uniformly distributed on all nn−2

labeled trees on vertices {1, · · · , n} which are rooted at ρ := 1. This gives a rooted labeled

tree on n vertices.

In [9], Aldous was concerned, in part, on the metric space structure of a uniform tree Tn

on n labelled vertices. The metric geometry of Tn does not depend on the labels and so we

can view (Tn, ρ) as a (nonuniform) random unlabelled rooted tree on n vertices. This gives

us two distinct ways to view the tree Tn.

In a prior work [7], Aldous gives a simple probabilistic construction of Tn when n ≥ 2 is

fixed. We will temporarily work with just some n fixed and so we omit additional n’s from

the notation until we begin to take the n → ∞ limit. The construction Aldous gives is as

follows:

Algorithm 1. Fix n ≥ 2.

Take a root vertex 1 and let U2, U3, · · · , Un be independent uniform random variables

on {1, 2, · · · , n}

For 2 ≤ i ≤ n, connect vertex i to Ui ∧ (i− 1).

If we forget the labels, this construction gives something equal in law to (Tn, ρ) viewed

as a random rooted unlabeled tree. We can include labels if in the last step of the algorithm

we, instead, relabelled all the vertices uniformly at random and re-rooted at the vertex 1.

In that situation, we get something equal in law to (Tn, ρ) viewed as a random rooted (at

1) labeled tree.

This algorithm naturally gives us a probabilistic way to embed (Tn, ρ) into the metric

(Banach) space ℓ1 = {(xi : i ≥ 1) :
∑

i |xi| < ∞} as follows. Let zi = (0, · · · , 0, 1, 0, · · · )

be the element of ℓ1 with zeros everywhere except the ith location, which contains a 1.

This is a basis of the Banach space ℓ1. Let (Ui; 2 ≤ i ≤ n) be the uniform random

variables on {1, · · · , n} as above and, conditionally gives (Ui; 2 ≤ i ≤ n) inductively define



15

(Ji; i = 1, · · · , n) by J1 = 1 and

Ji =

 Ji−1 + 1 : Ui < i− 1

Ji−1 : Ui ≥ i− 1
.

Given (Ui; 2 ≤ i ≤ n) and (Ji; 1 ≤ i ≤ i) we define elements Vi ∈ ℓ1 inductively by V1 = 0

and

Vi = VUi∧(i−1) + zJi , i ≥ 2.

Now in both {V1, · · · , Vn} and the tree constructed via the Algorithm 1 (which is prior to

forgetting the labels) we see that element Vi (resp. vertex i) is distance 1 from element

VUi∧(i−1) (resp. Ui ∧ (i − 1)). The choice of working in ℓ1 with the ℓ1-norm means the

the metric geometry of Tn is the same as Sn := {V1, · · · , Vn} ⊊ ℓ1. That is Tn and Sn is

isometric and the root ρ ∈ Tn is mapped to V1 = 0 under this isometry.

We will now begin to discuss n→∞ limits, so we will include the additional subscript n

to indicate dependence on n. For example, Jn,i will replace Ji. Looking at the construction

of the sequence (Jn,i; i = 1, · · · , n), a relevant thing to note is that Jn,i ̸= Jn,i−1 if and only

if Un,i < i− 1. Similarly, Vn,i = Vn,i−1 + zJi if and only if Un,i ∧ (i− 1) = i− 1 if and only

if Jn,i = Jn,i−1.

Now let (Cn,j , Bn,j) for j ≥ 1 be defined as follows. The integer variables 1 < Cn,1 <

Cn,2 < · · · are simply

{Cn,1, Cn,2, · · · } = {i ∈ {2, · · · , n} : Ui < (i− 1)}.

Set Bn,j = Un,Cn,j It is easy to see by the preceding paragraph that for ℓ ≥ 1

{i : Jn,i = ℓ} = {Cn,ℓ−1, Cn,ℓ−1 + 1, · · · , Cn,ℓ − 1}, Cn,0 := 1.

Since vertices i and i−1 share an edge if and only if Ji = Ji−1, we should be able to describe

Algorithm 1 for generating (Tn, ρ) using the random variables Cn,j and Bn,j . Indeed, this

can be done as follows.

Algorithm 2. Fix n ≥ 2.

Generate Cn,j and Bn,j as above and consider the path graph Pn on vertices 1, · · · , n

where each edge is of the form {i, i+ 1}. Root the tree at 1.
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For each j ≥ 1, remove the edge {Cn,j − 1, Cn,j} and replace it with {Cn,j , Bn,j}.

Both Algorithms 1 and 2 give isometric (unlabelled) trees. The importance of Algorithm

2 is that we can construct the rooted tree (Tn, ρ) by breaking the stick Pn according to Cn,j

and gluing the resulting segments back together using Bn,j .

The key observation in [9] is that (Cn,j , Bn,j) are the atoms of a random measure which

has a scaling limit as n→∞. Namely define the random measure mn on R+ by

mn(A) =
∑
j≥1

1[Cn,j∈A] =
∑
i∈A

1[Ui<i−1]

is a random measure on R+ with mean

E[mn(A)] =
∑
i∈A

P(Ui < i− 1) =
∑
i∈A

i− 2

n
.

In particular, we see that for the measure µn((a, b]) := E[mn((n1/2a, n1/2b])] that as n→∞

µn((a, b]) =
∑

i∈(n1/2a,n1/2b]∩N0

i− 2

n
=−→

b∫
a

t dt,

by, for example, convergence of Riemann sums. Similarly, it is not difficult to see that(
(n−1/2Cn,1, n

−1/2Bn,1), (n
−1/2Cn,2, n

−1/2Bn,2), · · ·
)

d
=⇒ ((C1, B1), (C2, B2), · · · ) ,

where (Cj ; j ≥ 1) are the jump times of a Poisson point process with rate t dt and, con-

ditionally given Cj , by Bj ∼ Unif(0, Cj). Thus, there should be some continuum analog

of Algorithm 2. Given the sequence ((Cj , Bj); j ≥ 1) define C0 = B0 = 0 and define the

function p : R+ → ℓ1 with p(0) = 0 and

p(t) = p(Bi) + (x− Ci)zi+1, t ∈ (Ci, Ci+1], i ≥ 0.

Now for each t ≥ 0, we get a random subset St := p([0, t]) ⊂ ℓ1 and we can equip this space

with a probability measure µt which is the pushforward under p of the uniform measure on

[0, t]. Aldous shows that there exists a random compact set S and a random measure on

S , µ, such that almost surely

St → S , and µt → µ, as t→∞ (2.1)
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where the convergence of subsets is with respect to the Hausdorff metric of compact subsets

of ℓ1 and the converges of measures is with respect to the topology of weak convergence of

probability measures on ℓ1.

Let us go back to the interpretation of Tn as a random subset Sn of ℓ1. Let also, νn

denote the uniform measure on (the discrete space) Sn. Also recall that we scale both

(Cn,j , Bn,j) by n−1/2 in order to obtain the limit ((Cj , Bj); j ≥ 1) and let scalec : ℓ1 → ℓ1

be defined by scalec((xi; i ≥ 1)) = (cxi; i ≥ 1). Aldous proves the following theorem

Theorem 2.1.1 (Aldous [9]). Suppose that Tn is a uniformly chosen labeled tree on n

vertices rooted at 1. Let Sn = {V1, · · · , Vn} be the isometric representation of Tn as a subset

of ℓ1 and let νn be the uniform measure on Sn. Then, for the (S , µ) defined by (2.1)(
scalen−1/2(Sn), (scalen−1/2)# νn

)
d

=⇒ (S , µ) .

The convergence of Sn is weakly in the space of compact subsets of ℓ1 with the Hausdorff

topology and the converge of νn is weakly with respect to the weak topology on probability

measures on ℓ1.

The limiting object S is now called the Brownian continuum random tree. Shortly we

will see why this deserves the moniker “Brownian,” but for not this seems justified by the

n−1/2 scaling for an object of size n and we will also see that it deserves the name “tree”

because it shares many properties of discrete trees.

Let us also note that S is a random subset of ℓ1 and the above convergence is weak

convergence in the Hausdorff topology (see Section 2.2.1 below) on the space of closed

subsets of ℓ1. In particular, this relies on the topology of ℓ1 and a particular embedding

into ℓ1 of the random trees Tn as a random subset denoted by Sn above. The modern

approach to understanding the large n behavior of random trees and random graphs on n

vertices often does not rely on any particular embedding into some ambient space. Instead,

the graphs and their continuum limits are described as random metric spaces.

That is, we now view S (ω) together with the specified point 0 ∈ S ⊂ ℓ1 (its root)

and its metric d as a representative of isomorphism class of pointed compact metric spaces.

This makes S a random element in some space of (isomorphism classes) pointed compact
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metric spaces. In fact, as we will describe in Section 2.2.1 below, the metric space S

can be viewed as a random element in some Polish space and therefore the tool of weak

convergence becomes available. We can also view S as a measured metric space by including

information about the measure µ as well, and then (S , 0, d, µ) becomes an element in a

space of (isomorphism classes of) pointed compact measured metric spaces (which can also

be topologized as a Polish space).

These tools were not present in the probability literature when Aldous described the

Brownian continuum random tree so much of Aldous’ pioneering work in [9–11] relied on a

particular embedding into ℓ1.

2.1.1 What is the metric measure space (S , µ)?

The construction of the limiting subset S does not give us a good intuition for what it

looks like. This problem is separate from embedding S into an infinite dimensional Banach

space ℓ1. In [11], Aldous give us a way to interpret this space using a (random) continuous

function f(t) which we will shortly describe.

To get a preliminary sense of the geometry of S , we will first show that S is “tree-like”

in the sense that between every two points x, y ∈ S there is a unique path [[x, y]] ⊂ S

containing both x and y which is isometric to a closed interval of size ∥x− y∥ℓ1 . Note that

in the pre-limit spaces St of (2.1) every point x ∈ St is of the form

x = (x1, x2, · · · , xm, 0, · · · ) ∈ ℓ1, xi ≥ 0.

This is by construction using the Poisson point process (Cj ; j ≥ 1). Thus there is some

special path, denoted [[0, x]] ⊂ St, of length ∥x∥ℓ1 which connects 0 to (x1, 0, · · · ) to

(x1, x2, 0, · · · ) etc. Moreover, this path [[0, x]] exists every element x ∈ ℓ1 and is always

an isometric embedding of [0, ∥x∥ℓ1 ] ↪→ ℓ1. For every x ∈ S the path [[0, x]] ⊂ S

and x = (x1, x2, · · · ) is such that xj ≥ 0 for all j. This is a feature of discrete trees.

Namely, given any vertex v ∈ T a rooted connected tree, there exists a unique path

v0 = root, v1, · · · , vj = v where vi and vi−1 share an edge for each i = 1, 2, · · · , j.

Now we see that for each x, y ∈ St, the paths [[0, x]]∩ [[0, y]] = [[0, b(x, y)]] where b(x, y)
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is the branch point between x and y defined by

b(x, y) = (x1 ∧ y1, x2 ∧ y2, · · · ).

Since b is continuous on (x, y) ∈ ℓ1 × ℓ1 of the form x = (xi), y = (yi) with xi, yi ≥ 0 we get

[[0, x]] ∩ [[0, y]] = [[0, b(x, y)]], ∀x, y ∈ S .

Let fx : [0, ∥x∥ℓ1 ] → S be the unique isometry whose image is [[0, x]]. This can easily

be seen to exist for xt ∈ St and for all x = limt xt as limt fxt(s ∧ ∥xt∥ℓs). For each a ∈

[[0, x]] \ {0, x} there is some time ta such that fx(ta) = a and define [[a, x]] = fx([t1, ∥x∥ℓ1 ]).

This is simply a path of length ∥x − a∥ℓ1 lying completely in S . Using branch points, we

see that [[x, y]] := [[b(x, y), x]]∪ [[b(x, y), y]] is image of a path from x to y lying completely

in S and of length ∥x − y∥ℓ1 . It is also not hard to see that this is the unique path that

does this by using convergence in the Hausdorff topology in (2.1).

We will call a subset1 S ⊂ ℓ1 a continuum tree if between each pair of points x, y ∈ S

there is a subset [[x, y]] ⊂ S containing both x and y isometric to to a closed interval

of length ∥x − y∥ℓ1 and this is unique in the sense that given any continuous injection

f : [0, 1]→ S such that f(0) = x and f(1) = y then f([0, 1]) = [[x, y]].

2.1.2 Sampling the CRT

Aldous gives an alternative way to think about the tree (S , µ) by repeatedly sampling

elements of S , according to the measure µ, and forming a family of subtrees of S . More

formally, conditionally given (S , µ), we select i.i.d. random elements V1, V2, · · · ∈ S with

common law µ. Given just the first k of these elements V1, · · · , Vk, we can create a tree

with k leaves where each edge in this tree also has an edge length. That is, define the tree

r(S ; {V1, · · · , Vk}) :=

k⋃
j=1

[[0, Vj ]] ⊂ S .

What does this subset look like? When k = 1, r(S ; {V1}) is simply isometric to a closed

line segment of length ∥V1∥ℓ1 . When k = 2, then

r(S ; {V1, V2}) = [[0, b(V1, V2)]] ∪ [[b(V1, V2), V1]] ∪ [[b(V1, V2), V2]].

1We will shortly remove the condition that it is a subset of ℓ1.
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Moreover, each of those intervals intersect at a single point b(V1, V2). That is r(S ; {V1, V2})

is isometric to three line segments of lengths ∥b(V1, V2)∥ℓ1 , ∥b(V1, V2)−V1∥ℓ1 and ∥b(V1, V2)−

V2∥ℓ1 joined at a single point. That is r(S ; {V1, V2}) is a rooted tree (rooted at 0) with two

leaves V1, V2 where each edge has an edge length. This continues to hold in general, the

space r(S ; {V1, · · · , Vk} is a rooted tree (rooted at 0) with k leaves where each edge has

some length.

The tree S has the property that each internal node (i.e. one of the branch points that

is not 0) in the tree r(S ; {V1, · · · , Vk}) is degree 3 (having two children) and the root may

have 1 or two children. This can be see by the stick-breaking construction of St which has

this property as well. Graph theoretically, Aldous called a rooted tree with k leaves, each

internal node has 2 children and each edge has some associated length a proper k-tree. That

is the tree r(S , {V1, · · · , Vk}) is a random proper k-tree.

By exchangeability, if we fix any k ≥ 1 and any j < k and we select any random subset

i1, i2, · · · , ij of distinct elements of [k] then

r(S ; {V1, · · · , Vj})
d
= r(S ; {Vi1 , Vi2 , · · · , Vij})

because (V1, · · · , Vj)
d
= (Vi1 , · · · , Vij ). That is a sub-sampling way of generating r(S ; {V1, · · · , Vj})

from r(S ; {V1, · · · , Vk}) for k > j. This gives us some consistency of the family of proper k-

trees (r(S ; {V1, · · · , Vk}); k ≥ 1). We say that sequence of random proper k trees (R(k); k ≥

1) is consistent if for each k ≥ j ≥ 1 given R(k) we select j distinct leaves Lk
1, L

k
2, · · · , Lk

j

uniformly among all such choices then the proper j-tree r(R(k); {Lk
1, · · · , Lk

j }), obtained

from R(k) by keeping just the root and each path going from the root to a leaf Lk
i for

i ∈ [j], satisfies

r(R(k); {Lk
1, · · · , Lk

j })
d
= R(j). (2.2)

In some sense consistent families of random proper k-trees (R(k); k ≥ 1) are (almost)

equivalent to the existence of a continuum random tree (CRT for short) S ⊂ ℓ1 equipped

with a probability measure µ such that r(S ; {V1, · · · , Vk})
d
= R(k) as proper k-trees. The

parenthetical almost is included because there is an additional and more technical condition

that we have to put on both (R(k); k ≥ 1) and the pair (S , µ). For a more precise statement

of this equivalence and its proof, see Theorem 3 in [11].
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2.1.3 Encoding the CRT

Now let us add some additional structure to the consistent family of random proper k-

trees (R(k); k ≥ 1) = (r(S ; {V1, · · · , Vk}); k ≥ 1). Namely, we wish to embed (non-

isometrically) R(k) into the upper half-plane for each k ≥ 1 which gives R(k) and additional

ordering structure, i.e. there is some way to distinguish which child was born first. Using

an independent and exchangeable ordering of {1, 2, · · · , n} along with the consistency of

R(k) as proper k-trees, there is some way of making (2.2) hold in the sense of rooted

planar proper k-trees. The precise details of this construction here is not important, but

the important thing is that their is some representation of the random rooted proper k-trees

R(k) as planar trees with edge lengths.

We can encode this metric space structure of any rooted planar tree T using the contour

process fT : R+ → R+. Namely, we start with the root, ρ, at time t = 0 and set fT (0) = 0.

Suppose that at time t, we have defined the values of fT (0), . . . , fT (t) and we are currently

at vertex u. At time t + 1, we go to the left-most child of u that has not already been

explored (if such a vertex exists). Else we go to the parent of the vertex u which must exist

if u ̸= ρ. Call this new vertex v and set fT (t + 1) = d(ρ, v). If we have finished exploring

all the children of u then we set fT (s) = 0 for all s ≥ t. Lastly, linearly interpolate2.

Each edge {u, v} in T is “explored” twice in this process. Once when going from parent

to child and second when going from child to parent. The respective increments of the

function fT are identical and so this clearly encodes the metric structure of T . This does

not naturally encode its mass structure however. If T has precisely n vertices, then T has

n− 1 edges and so fT (t) = 0 for all t ≥ 2n− 2.

A more important feature of this contour process fT is the following. Let u, v be vertices

in T and let b(u, v) denote their most recent common ancestor - the discrete analog of the

branch point defined for the CRTs S above. Suppose that t is the first time we explore u

and s is the first time we explore v, then

d(ρ, b(u, v)) = min{fT (r) : s ∧ t ≤ r ≤ s ∨ t}. (2.3)

2We are not following the convention used by Aldous in [11] which is just a minor change. Aldous starts
at t = 1 instead of t = 0, but this affects nothing.



22

This is simply because b(u, v) is the vertex closest to ρ that is visited while traveling between

u and v according to the ordering on the tree and that distance is capture precisely by the

right-hand-side above. In particular,

d(u, v) = fT (s) + fT (t)− 2 min
s∧t≤r≤s∨t

fT (r).

How does this order structure and (2.3) relate back to the CRTs (S , µ) in (2.1)? With

Theorem 13 of [11], Aldous provides a way to take certain continuous function f : [0, 1]→ R+

and construct a function F : [0, 1]→ ℓ1 such that Tf := F ([0, 1]) is a continuum tree and

dℓ1(F (s), F (t)) = f(t) + f(s)− 2 min
s≤r≤t

f(r), s ≤ t. (2.4)

The conditions on the continuous function f are that (1) f(t) = 0 for at most 1 t ∈ (0, 1);

(2) the strict local minimas of f are dense; (3) if t1 < t2 are strict local minima with

f(t1) = f(t2) then there is some s ∈ (t1, t2) with f(s) < f(t1); and (4) the collection of

one-sided minmas have Lebesgue measure zero. In this case we say that f encodes the tree

Tf . Also, the function F induces a measure µf on Tf given by µf := F# Leb |[0,1]. With

Theorem 15 in [11], Aldous shows that under some additional hypothesis involving a partial

order that the continuum random tree (S , µ) has a representation as a random tree encoded

by a random function f . Lastly, with Corollary 22 in [11], Aldous shows that the random

encoding function is equal in law to twice a standard Brownian excursion. At almost the

same time Le Gall [130] provides essentially the same encoding result as Corollary 22 in

[11] without any reference to embedding the tree encoded by twice a standard Brownian

excursion into ℓ1.

Theorem 2.1.2 (Aldous [11], Le Gall [130]). Let e = (e(t); t ∈ [0, 1]) be a standard Brow-

nian excursion and T2e ⊂ ℓ1 be the CRT encoded by 2e. The limit space (S , µ) in (2.1) is

equal in law to (T2e, µ2e).

By looking at (2.4) and Theorem 2.1.2 we see that we can recover certain properties of

the mass structure of S using a standard Brownian excursion. For example,

(
µ
(
v ∈ ℓ1 : d(0, v) ≤ x

)
;x ≥ 0

) d
=

(∫ 1

0
1[2e(t)≤x] dt;x ≥ 0

)
. (2.5)
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2.1.4 Universality of The CRT

The motivation for looking at Algorithm 1 was that Tn was constructed from a Poisson(c)

branching process conditioned on having total progeny n. Since the conditioning does not

depend on the parameter c, we will only consider the case where c = 1 (i.e. a critical

condition). More generally, we can consider Tn to be a Galton-Waston branching tree with

offspring distribution ξ conditioned on having exactly n vertices. This conditioning will

make sense for all n sufficiently large provided that gcd{j : P(ξ = j) > 0} = 1. We will call

ξ critical if E[ξ] = 1 and we will further suppose that σ2 = Var(ξ) ∈ (0,∞).

Just as the large n behavior of a simple random walk with step distribution (ξ − 1)

depends asymptotically only on σ by Donsker’s theorem, the large n behavior of Tn depends

only on σ. Namely, with Theorem 23 in [11] (see also item 1 in the Technical Remarks

afterwards) Aldous shows the following.

Theorem 2.1.3 (Aldous [11]). Let Tn be a Galton-Watson branching tree with offspring

distribution ξ satisfying E[ξ] = 1, 0 < σ2 = Var(ξ) < ∞ and gcd{j : P(ξ = j) > 0} = 1.

Then there exists a representation of Tn as a finite subset of ℓ1, call this Sn, equipped with

a uniform measure µn, such that jointly as n→∞

scaleσn−1/2 Sn
d

=⇒S , (scaleσn−1/2)#µn
d

=⇒µ,

where (S , µ) is the limit as in (2.1) and the topology is as in Theorem 2.1.1

Note the scaling in space is by σn−1/2 and note (σn)−1/2 as appears in the central limit

theorem. This correct scaling was observed by Aldous by appeal to a particular example

(P(ξ = 0) = P(ξ = 2) = 1
2) and a universality result.

2.1.5 Height profiles, part 1

Now that have the convergence of the conditioned Galton-Watson branching trees Tn con-

verging after rescaling towards the tree T2e by Theorems 2.1.2 and 2.1.3 it seems quite

natural that the height profile of Tn will have a scaling limit as well. Namely, let Zn =

(Zn(h);h ≥ 0) be defined by

Zn(h) = #{v ∈ Tn : d(ρ, v) = h}, ρ ∈ Tn is the root.
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By looking at the scaling present in Theorem 2.1.3 we want to scale the edges of Tn by σn−1/2

so distance t from the root in S should be roughly look like distance
√
n
σ t in the Galton-

Watson tree Tn. Moreover, the rescaled convergence in Theorem 2.1.3 of Tn towards a com-

pact limit suggests that Tn is actually of radius OP(
√
n) (and this is indeed true, see [11] and

references therein). Thus the sequence of random processes
(
n−1/2Zn(⌊σ−1n1/2t⌋); t ≥ 0

)
should be a tight-sequence in D(R+) and have a scaling limit described in terms of either a

Brownian excursion or, equivalently, the Brownian CRT (S , µ). This was a conjecture by

Aldous in [10]; however, the weak convergence arguments described above are too weak to

establish this. It was established using techniques from analytic combinatorics in [67].

2.2 Technical Tools

We will now spend some time flushing out some of the technical tools developed since

Aldous’ work mentioned above.

2.2.1 Gromov-Hausdorff-Prohorov Distance between metric spaces

Informally speaking, if we want to understand what the path of a Brownian motion B =

(B(t); t ∈ [0, 1]) looks like on R2 we may think of running a simple random walk on the

scaled integer lattice δZ2 run for time cδ−2. This would also work if we replace Z2 with any

lattice Λ ⊂ R2 with only the constant c changing. This is the case because (1) Donsker’s

theorem tells us that a simple random walk on δΛ run at speed δ−2 converges to a (multiple)

of Brownian motion but (2) in some imprecise (for now) way the scaled lattice δΛ is close

to R2 for δ small. This last point appears to have originated in the work of Edwards

[83] concerning approximating the (possibly infinite) dimensional configuration space of a

physical system by a smooth finite-dimensional Riemannian manifold. We will focus on a

different formulation due shortly afterwards to Gromov [100].
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2.2.1.1 Hausdorff Distance

Let X be a metric space and let A,B ⊂ X be two closed subsets. The Hausdorff3 distance

between A and B is

dH(A,B) := inf{ε > 0 : A ⊂ Bε, B ⊂ Aε}, U ε :=
⋃
x∈U

Bε(x).

where Bε(x) = {y ∈ X : d(x, y) ≤ ε} is the closed ball centered at x of radius ε. It is well-

known that dH is a metric on the collection of all closed subsets of X . Let F (X ) denote the

collection of all closed subsets of F (X ). The metric space F (X ) inherits many properties

from X : F (X ) is complete if X is complete; F (X ) is separable if X is separable; F (X ) is

compact if X is compact; F (X ) is bounded if X is bounded. Some of these statements are

proved in [47, Section 7.3] while the rest are easy to demonstrate. It is also easy to see that

X ↪→ F (X ) embeds isometrically into F (X ) and so those prior if ’s are actually iff ’s.

2.2.1.2 Compact Gromov-Hausdorff Distance

The idea of Gromov in [100] was to use the Hausdorff distance to compare two metric

spaces X and Y which need not be subsets of the same metric space. Thinking back to the

construction of Aldous described in Section 2.1, we considered rooted trees Tn viewed as

metric spaces. That is we will instead deal with pointed metric spaces which, for now, we

assume are compact. That is X = (X , dX , oX ) is a compact metric space together with a

distinguished point oX ∈ X , and similarly for Y.

We will say X and Y are isometric as compact pointed metric spaces if there exists a

bijective isometry f : X → Y such that f(oX ) = oY . We will say that f is an isomorphism

of pointed metric spaces. We will let Nc denote the collection of all isometry classes of

compact metric spaces. We use the symbol N to signify that these spaces are equipped with

the null measure.

The idea of Gromov was to embed X and Y into a separate metric space Z isometrically

and then measure the Hausdorff distance between their respective images as well as the

3This distance has also been called the Pompeiu–Hausdorff distance due to its origins in the work of
Pompeiu; however, this terminology is not as common. See the short historical account [36] for more
information.
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distance between their roots. That is

dGH,c (X ,Y) = inf {dH(f(X ), g(Y)) + dZ(f(oX ), g(oY))} ,

where the infimum is taken over all isometric embeddings f : X → Z and g : Y → Z

for a metric space Z = (Z, dZ). We call the metric dGH,c the compact Gromov-Hausdorff

(c-GH or compact GH for short) distance. Some references (including Gromov’s work [100])

in the literature take the maximum of the two quantities as opposed to the sum. This

makes a difference only in terms of constants (mostly in terms of certain Lipschitz functions

into or out of the space Nc) because the two such metrics are equivalent. Because of this

difference, we will state certain lemmas just in terms of some Lipschitz constant L as opposed

to specifying precisely what L is.

In order to have weak convergence of elements in Nc we need to know that Nc is (topo-

logically) a Polish space. The function dGH,c is a metric on Nc and turns Nc into a Polish

space.

Theorem 2.2.1. The space (Nc, dGH,c) is a Polish space.

A proof of the above theorem can be found in [2] and [121]. In particular, see Section

3.4 in [121].

2.2.1.3 Prohorov Distance

If we wish to incorporate information on the measure of, say, Tn then we will need some

way to compare how close two measures are with some metric. When two measures are

defined on the same space, there are several ways to do this; however, we will focus on the

Prohorov metric.

Let X be a Polish space and let Mf (X ) denote the collection of finite (positive) Borel

measures on X . The Prohorov distance between two measures µ, ν ∈Mf (X ) is defined by

dP(µ, ν) = inf {ε > 0 : µ(A) ≤ ν(Aε) + ε, ν(A) ≤ µ(Aε) + ε, ∀A ⊂ X Borel} .

It is well-known that if µn, µ ∈Mf (X ) and dP(µn, µ)→ 0 then for all bounded continuous

functions f : X → R ∫
X
f dµn →

∫
X
f dµ.
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That is, the Prohorov metric metrizes the topology of weak convergence of finite measures

on X . See Chapter 1, Section 6 in [35] for the case of probability measures and Section 4.1

in [111] in general.

2.2.1.4 Compact Gromov-Hausdorff-Prohorov Distance

We recall that with Aldous’s original construction described Section 2.1, Aldous shows

that a uniformly chosen rooted random labeled trees Tn viewed as a finite metric space

equipped n−1/2 times the graph distance and also equipped with the uniform measure has

some embedding as a metric measure space into ℓ1. Once embedded into ℓ1, Aldous shows

that this embedding converges weakly in the Hausdorff topology of compact subsets of ℓ1

and its measure converges weakly with respect to the Prohorov metric on Mf (ℓ1). The

compact Gromov-Hausdorff-Prohorov (c-GHP or compact GHP) topology is a succinct way

of describing this topology without an explicit embedding into ℓ1 or any other Polish space.

We will say that a four-tuple X = (X , dX , oX , µX ) is a compact pointed measured metric

space (c-PMM space) if (X , dX , oX ) ∈ Nc and µX ∈Mf (X ). We will say that two c-PMM

spaces X and Y are isomorphic if there exists a bijective isometry f : X → Y such that f is

an isomorphism of pointed metric spaces and f#µX = µY . We let Mc denote the collection

of isomorphism classes of c-PMM spaces.

The compact Gromov-Hausdorff-Prohorov distance between two c-PMM spaces X and

Y is

dGHP,c(X ,Y) = inf {dH(f(X ), g(X )) + dZ(f(oX ), g(oY)) + dP(f#µX , g#νY)} ,

where the infimum is taken over all isometric embeddings f : X → Z and g : Y → Z into a

comment metric space Z. Again, some authors take the maximum as opposed to the sum

in the definition, c.f. [121] and [2]. This makes only a trivial difference, most importantly

for us in terms of Lipschitz constants for certain maps. The following theorem is proved in

[2] and [121].

Theorem 2.2.2. The space (Mc, dGHP,c) is a Polish space.
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2.2.1.5 The Gromov-Hausdorff-Prohorov Topology

Up to now we have been comparing the distances between two compact pointed measured

metric spaces. It turns out that sometimes it is useful to work with a way to measure the

distance between two non-compact metric spaces. This was first introduced in [2] for the

case of length spaces where the distance between two points x and y in a set X is given by

d(x, y) = inf L(γ)

where L(γ) is the length of the continuous curve γ : [0, 1]→ X with γ(0) = x and γ(1) = y.

We follow the presentation in [121].

We will say that a quadruple (X , dX , oX , µX ) is a pointed metric measure (PMM) space

if each of the following hold

1. (X , dX ) is a metric space such that every bounded set has compact closure in X (i.e.

(X , dX ) has the Heine-Borel property);

2. µX is a Borel measure on X such that µX assigns finite mass to bounded sets;

3. oX ∈ X .

Note that each PMM space X is Polish but not every Polish space is a PMM space according

to this definition.

We will say that two PMM spaces X and Y are isomoprhic if there exists an isometry

f : X → Y such that f(oX ) = oY and f#µX = µY . We will say that f is an isomoprhism of

PMM spaces or a PMM-isomorphism for short. The collection of all isometry classes PMM

spaces will be denoted by M.

We say that X is a PMM-subspace of Y if there exists some isometric embedding4

ι : X → Y such that ι(oX ) = oY and ι#µX ≤ µY . We denote this by X ⪯ Y. There are

particularly important PMM subspaces of X denoted by X (r). The space X (r) is defined as

4This is slighlty different convention between what Khezeli defines in [121] wherein the author requires
that X be a subset of Y and not isometrically embedding into Y. Since we deal with isomorphism classes
of PMM spaces this makes no significant difference.
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a set by

X (r) = B̄r(oX ) := {x ∈ X : dX (x, oX ) ≤ r}

as the closed ball of radius r centered at oX . The space X (r) is turned into a PMM space

by equipping it with the same metric as X and with the measure µX (r)(A) = µX (A∩X (r)).

In [121], the author defines the function aε(X ,Y) on M×M for each ε ∈ (0, 1] by

aε(X ,Y) = inf
{
dGHP,c

(
X (ε−1),Y ′

)
: Y(ε−1−ε) ⪯ Y ′ ⪯ Y

}
.

In words aε informally measures how close the compact PMM space X (ε−1) is to a small

perturbation of Y(ε−1−ε). The Gromov-Hausdorff-Prohorov metric (GHP metric for short)

is defined in [121] by

dGHP(X ,Y) = inf {ε ∈ (0, 1] : aε(X ,Y) ∨ aε(Y,X ) ≤ ε/2}

where inf ∅ = 1. The following theorem is proved in [121].

Theorem 2.2.3. The space (M, dGHP) is Polish.

2.2.1.6 Gromov-Weak topology and Gromov-Vague topology

Before describing the Gromov-weak topology, we will work briefly by analogy. Consider what

it takes to prove convergence in the Skorohod space D([0, 1]) of, say, Xn
d

=⇒X where one

can not easily appeal to a well-known results on convergence of these particular stochastic

processes. The first thing one might try is to demonstrate that (1) the finite dimensional

distributions Xn converge towards the finite dimensional distributions of X and that (2) the

sequence Xn is tight. Many times proving (1) is easier than proving (2). The Gromov-weak

topology, introduced in [98], is a way to formalize this notion of convergence of finite-

dimensional distributions of random metric spaces where the metric spaces also differ.

Recall that above in Section 2.1.2 we described a way to sample finite-dimensional dis-

tributions in the Brownian CRT S to form a family of proper k-tree (R(k); k ≥ 1). The

information that the proper k-trees captures are the distances between different leaves and

the root in the trees - that is it captures information about how the metric behaves on(
k+1
2

)
many pairs of vertices. In the final paragraph therein we briefly mentioned that Al-

dous shows in Theorem 3 in [11] that, in some sense, consistent families of proper k-trees
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are equivalent to a CRT (S , µ) (not necessarily the Brownian CRT) where S ⊂ ℓ1. This

is a very helpful for identifying certain limits of random trees or describing properties of

known CRTs; however, this relies quite heavily on the being able to embed the CRTs into

ℓ1. The additional conditions that Aldous puts on the consistent families (which we have

not discussed) allows for a particular embedding into ℓ1.

One way to overcome the problem of embedding a tree into ℓ1 was to instead use the

compact GHP or compact GH topologies discussed above, or even the (not compact) GHP

topology if we do not know the limiting space is compact. While there have been many

tools introduced over the decades since Aldous’s work in [9–11] that simplify the work of

demonstrating weak convergence in these three topologies these results are still sometimes

difficult to use in practice.

In [98], the authors introduced a separate topology on the space of isomorphism classes

of Polish spaces equipped with probability measures (without a specified point and with a

different notion of isomorphism) which they call the Gromov-weak topology. These spaces

were extensively studied by Gromov [101]. This topology was slightly modified in [136] to

include the specification of a root in the metric space and finite measures as opposed to

probability measures. Finally, in [21] the authors extended this topology to the space collec-

tion of pointed Polish spaces equipped with a locally finite measure, that is, a measure which

assigns finite mass to bounded sets. Focusing on the latter point, let X = (X , dX , oX , µX )

be a quadruple such that (X , dX ) is a Polish space, oX ∈ X and µX is a Borel measure on

X which assigns finite mass to bounded sets, i.e. µX (B̄r(x)) <∞ for all r > 0 and x ∈ X .

To describe the isomorphism classes, we recall that the support of a measure µ defined

on a topological space Z is defined as

spt(µ) = spt(µ;Z) = Z \ {x ∈ Z : ∃x ∈ U ⊂ Z open s.t. µ(U) = 0} .

That is x /∈ spt(µ) if and only if there exists some open U ⊂ Z containing x such that

µ(U) = 0. We will say that two pointed Polish spaces with boundedly finite measures X

and Y are weak-isomorphic if there exists a f : spt(µX )∪{oX } → spt(µY)∪{oY} such that

f#µX = µY and f(oX ) = oY . We will call such an f a weak-isomorphism. In particular,

(X , dX , oX , µX ) is weak-isomorphic to (spt(µX ), dX , oXµX ). We let X denote the collection
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of weak-isomorphism classes of pointed Polish spaces with boundedly finite measures. We

let Xf denote the collection of weak-isomormpshism classes of pointed Polish space with

finite measures. Also let Xloc denote the collection of weak-isomorphism classes of pointed

Polish spaces with boundedly finite measures and such that there is some representative of

that isomorphism class, say X , such that bounded sets have compact closure.

Given a measure µ = µX on X , we let µ⊗m denote the m-fold product measure on Xm.

For each m = 0, 1, · · · let

R(m+1
2 )

+ = {(ri,j ; 0 ≤ i < j ≤ m) : ri,j ∈ R+}.

Given an element X ∈ Xf and an m = 0, 1, · · · we define νm(X ;−) as the measure on R(m+1
2 )

+

by

νm

X ;
∏

0≤i<j≤m
Ai,j

 =

∫
Xn

∏
0≤i<j≤m

1[dX (xi,xj)∈Ai,j ]µ
⊗m
X (dx1, dx2, · · · , dxm)

where x0 := oX . The following theorem is proved in [98] (see also Section 2.1 in [136]).

Theorem 2.2.4. Define the Gromov-weak topology on the space Xf by saying Xn → X if

and only if for all m = 0, 1, · · · the finite measures on R(m+1
2 )

+ νm(Xn;−) =⇒ νm(X ;−) in

the sense of weak convergence of finite measures.

The Gromov-weak topology is metrized by the metric

dGP,f (X ,Y) = inf{dP(f#µX , g#µY) + dZ(f(oX ), g(oY)}

where the infimum is taken over all isometric embeddings f : spt(µX ) ∪ {oX } → Z and

g : spt(µY) ∪ {oY} → Z.

The space Xf equipped with Gromov-weak topology is Polish, i.e. there exists a metric

which metrizes the Gromov-weak topology and makes Xf complete and separable.

We remark that the metric defined above is called the pointed Gromov-Prohorov distance

in [136] wherein the authors take the infimum over metric spaces Z which are obtained via

equipping X ⊔ Y with (pseudo)-metrics which agree with dX on spt(µX ) ∪ {oX } and dY on

spt(µY) ∪ {oY} and the maps f (resp. g) are the canonical embeddings and then taking

a quotient to make the pseudo-metric a bonafide metric. It is not too difficult to see why

these two notions are equivalent.
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In [21], the authors described some localization procedure. Namely, let X ∈ X and for

each r ≥ 0 let X (r) ∈ Xf be defined as the weak-isomrophism class of

(
X , dX , oX , µX

(
· ∩ B̄r(oX )

))
.

Note that we need note replace X with B̄r(oX ) as we did for the localization procedure for

the GHP topology because the support of µ(· ∩ F ) for any closed set F is contained inside

F .

The metric dGP on X (denoted by d#GP in [21]) is defined by

dGP(X ,Y) =

∫ ∞
0

e−r
(

1 ∧ dGP,c(X (r),Y(r)
)
dr.

It is shown in [21] that dGP is a metric on X and the topology it generates is called the

Gromov-vague topology. The following result, which we state as a theorem here, is proved

in Section 4 of [21].

Theorem 2.2.5. The space (X, dGP) is Polish. With this topology, Xloc ⊂ X is a Borel

subset and (Xloc, dGP) is Lusin but not Polish.

Let us finish with a remark that there is a gap between the Gromov-vague and the

Gromov-weak topologies on Xf . Let Xn = (R+, d, 0, µn) where d is the standard Euclidean

metric and µn = Leb |[0,1] + 1
n Leb |[0,n]. Also let X = (R+, d, 0, µ) where µ = Leb |[0,1].

Note that for any metric space Z such that spt(µn), spt(µ) embed into via fn and f

respectively, must have that

dP((fn)#µn, f#µ) = 1,

because the two measures have different total masses. So lim inf dGP,f (Xn,X ) ≥ 1 as n→∞;

that is Xn does not converge to X in the Gromov-weak topology.

However, for each n and each r ≥ 0 note that

dP(µn(· ∩ [0, r]), µ(· ∩ [0, r]) ≤ r

n
.

That means that

dGP(Xn,X ) ≤
∫ ∞
0

e−r(1 ∧ r/n) dr −→ 0,

by dominated convergence. Hence Xn → X in the Gromov-vague topology.
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2.2.2 Discrete Tree, Discrete Graphs and Random Models

In this section we will describe several encodings of discrete trees and discrete graphs as

metric measure spaces. Because we care about these discrete spaces at metric measure spaces

as opposed to viewed as combinatorial objects we will deal with particular embeddings in

the upper half-plane that are natural for describing scaling limits of random trees.

2.2.2.1 Planar Trees

We mostly follow the approach in [131]. Consider the set of labels

U :=

∞⋃
n=0

Nn, N = {1, 2, · · · }

and N0 := {o}. An element u = (u1, · · · , un) ∈ Nn ⊂ U is said to be a height n and we

will often abbreviate and write u1u2 · · ·un. We will denote the height of u ∈ U as hgt(u).

Given an elements u = u1 · · ·un and j ∈ N we write uj = u1 · · ·unj as the concatenation.

We say that elements uj are children of u and u is the parent of uj. For each u ∈ U \ {o}

we denote its parent by π(u). This is with the convention that oj = j and π(j) = o.

A rooted plane tree t is a finite subset of U which satisfies the following three conditions

1. o ∈ t;

2. If u ∈ t \ {o} then π(u) ∈ t;

3. If u ∈ t then there exists a number χt(u) ∈ {0, 1, · · · } such that uj ∈ t if and only if

j ≤ χt(u).

We call o ∈ t the root. The set t is viewed as a graphical tree by saying that u, v share

an edge if and only if u = π(v) or v = π(u). We will implicitly view t as a metric space

with the graph metric and as a measure space with the counting measure (which is not a

probability measure!).

We could have also allowed t to be an infinite set without much difficulty. The space

t would still be locally compact (provided we keep assumption 3) and have a locally finite

measure. However, several of the combinatorial identities we describe later require finiteness

of the set t in order to be a bijective relationship.



34

Partial orderings on U For our purposes there are two main total orderings on U which

are vitally important because they allow us to encode certain structure results about the

random tree (and, in fact, random graph) models.

The first ordering is often called the lexicographical ordering of U , but what we will call

the depth-first ordering. We will denote this by
DF
≺ . For example,

o
DF
≺ 1

DF
≺ 12

DF
≺ 13

DF
≺ 2314

DF
≺ 3.

Given a tree t with #t = n we will write o = uDF
0

DF
≺ uDF

1

DF
≺ · · ·

DF
≺ uDF

n−1 the ordering of all

elements of t. If we allowed #t = +∞ then one can construct examples where the depth-

first ordering of all the t cannot be indexed by the natural numbers. This poses a problem

for describing certain limits. As we will see, and has been apparent in the literature since

[132, 133], the depth-first ordering is vitally important for describing (in terms of scaling

limits) the metric structure of t.

The second ordering is the breadth-first ordering which will be denoted by
BF
≺ . This

ordering is defined as follows. If hgt(u) < hgt(v) then u
BF
≺ v while if hgt(u) = hgt(v)

then u
BF
≺ v if u

DF
≺ v. The partial ordering of the elements above become

o
BF
≺ 1

BF
≺ 3

BF
≺ 12

BF
≺ 13

BF
≺ 2314.

Given a tree t with #t = n we will write o = uBF
0

BF
≺ uBF

1

BF
≺ · · ·

BF
≺ uBF

n−1 the ordering of

all elements of t in a breadth-first manner. There is no trouble in indexing problem for the

breadth-first ordering of trees t with infinitely many vertices provided that hypothesis 3 is

kept. As we will see, and has been apparent in the literature since [49] (although the idea

existed before, see e.g. [14]), the breadth-first ordering is vitally important for describing

(in terms of scaling limits) the mass structure of t.

2.2.2.2 Encodings of Planar Trees

We now describe a very simple way to encode the structure of random trees. This is the

so-called  Lukasiewicz path or  Lukasiewicz walk.

Let us fix a tree t and recall the notatoin of χt(u). Define the functions XDF
t =
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(XDF
t (k); k = 0, 1, · · · ,#t) and XBF

t = (XBF
t (k) : k = 0, 1, · · · ,#t) defined by

XDF
t (k) =

k−1∑
i=0

(
χt(u

DF
i )− 1

)
and XBF

t (k) =

k−1∑
i=0

(
χt(u

BF
i )− 1

)
.

We call XDF
t (resp. XBF

t ) the depth-first (resp. breadth-first)  Lukasiewicz path (or walk)

of the tree t.

Clearly, these two  Lukasiewicz paths are uniquely defined by the tree t. Also, χt(u) ≥ 0

so XDF
t (k) −XDF

t (k − 1) ≥ −1, and likewise for the breadth-first  Lukasiewicz walk. Such

functions are often said to be downward skip-free walks. A simple counting argument also

reveals that

XDF
t (k) ≥ 0, if and only if k ∈ {0, 1, · · · ,#t− 1}

and XDF
t (#t) = −1. This last fact is perhaps the easiest to see because

∑#t−1
j=0 χt(u

DF
j )

counts the number of children in the tree and there is only one vertex in t which is not a

child, namely o. We will call a function f : {0, 1, · · · , n} → Z such that f(0) = 0, f(k) ≥ 0

if and only if k < n and f(n) = −1 a discrete excursion of duration n. The following lemma

is trivial, but can be found in e.g. [131].

Lemma 2.2.6. Let f : {0, 1, · · · , n} → Z be a discrete excursion of duration n and suppose

that f is also a downward skip-free. Then there exists a unique tree tDF (resp. tBF) whose

depth-first  Lukasiewicz path (resp. breadth-first  Lukasiewicz path) is f .

There are other encodings that uniquely describe the metric space structure of tree t.

We will mention the height process of the tree, denoted by Ht = (Ht(k); k ≥ 0). Namely,

we define

Ht(k) = hgt(uDF
k ), k ≥ 0,hgt(uDF

k ) = 0∀k = 0, 1, · · · ,#t− 1.

Clearly, process encodes the metric structure of the tree that is quite useful for proving

continuum limits.

A remarkable fact is that Ht can be constructed via the process XDF
t in some measurable

way.
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Lemma 2.2.7. Let t be a rooted planar tree and let XDF
t be its depth-first  Lukasiewicz path

and let Ht be its height process. Then, for each n ∈ {0, 1, · · · ,#t− 1},

Ht(n) = #

{
k ∈ {0, 1, · · · , n− 1} : XDF

t (k) = min
k≤j≤n

XDF
t (j)

}
. (2.6)

While the proof of this fact is not that difficult, it is not terribly insightful nor does

it play a vital role in some subsequent proof. Therefore, we do not include a proof. It

is, however, vitally important for the construction of the continuum limits that we will

eventually describe. For a proof we refer the reader to [133] or the survey [131]. This is

called the exploration process in [133] and some subsequent works; however, the exploration

process is now used to describe a different object.

Another useful quantity is the so-called contour function of the tree t. This we will

denote by Wt = (Wt(t); t ∈ [0, 2(#t − 1)]). This is defined as follows. Suppose that there

are p many leaves (vertices with χt(u) = 0) in t and let ℓ1, · · · , ℓp be leaves in depth-first

order. For any leaves ℓ and ℓ′ the path from o to ℓ and the path from o to ℓ′ will be identical

until some branching point bt(ℓ, ℓ
′). More formally, suppose the unique path from o to ℓ

is o = v0, v1, v2, · · · , vi = ℓ and the unique path from o to ℓ′ is o = u0, u1, . . . , uj = ℓ′.

There is some maximal r < i ∧ j such that uk = vk if and only if k ≤ r. The branch point

bt(ℓ, ℓ
′) = ur = vr. In terms of genealogy, bt(ℓ, ℓ

′) is the last common ancestor of ℓ and ℓ′.

The contour function Wt is the unique piece-wise linear function with Wt(0) = 0 and slopes

of ±1 whose consecutive local extremes occur at at the values

hgt(ℓ1), hgt(bt(ℓ
1, ℓ2)), hgt(ℓ2)), · · · ,hgt(bt(ℓp−1, ℓp), hgt(ℓp), 0

An important result that we will describe informally is the following. If γn → ∞ but

γn/n→ 0 and γn
n Ht(⌊n·⌋)→ h for some continuous function h as the size of the tree t = tn

as size n→∞, then γn
n Wt(⌊2n·⌋)→ h as well. That is for large trees t the contour process

and the height process roughly differ by just a time-change. See Remark 3.2 in [71] and

Section 1.6 in [131].
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2.2.2.3 The Height Profile

We recall that the motivation in this work for studying random trees and random graphs

was to understand disease propagation. Through the connection with graphs, the number

of people infected on day t = 0, 1, · · · was simply the number of vertices at distance t from

the collection of vertices {ρ1, · · · , ρk} representing the first k infected individuals. When

just a single individual is infected on a planar tree, the number of people infected is called

the height profile Zt = (Zt(h);h = 0, 1, · · · ) defined by

Zt(h) = #{v ∈ t : hgt(v) = h} = #{0 ≤ k ≤ #t− 1 : Ht(k) = h}.

An identity realized in [14] in a context of so called p-trees, but later used in [49,

50] to classify continuous state branching processes with immigration and their multitype

generalizations, is the discrete Lamperti transform.

Lemma 2.2.8. The height profile Zt solves the discrete difference equation

Zt(h+ 1) = Zt(0) +XBF
t ◦ Ct(h), Ct(h) =

h∑
ℓ=0

Zt(ℓ),

with initial condition Zt(0) = 1.

Proof. Note that Zt(h + 1) = Ct(h + 1) − Ct(h). Moreover, every vertex except for o of

height at most h + 1 has a parent of height at most h. Similarly, all vertices at height at

most h are labelled by uBF
0 , · · · , uBF

Ct(h)−1. Thus

Ct(h+ 1) = 1 +
∑

v∈t:hgt(v)≤h

χt(v) = 1 +

Ct(h)−1∑
j=0

χt(u
BF
j )

= 1 +

Ct(h)−1∑
j=0

(
χt(u

BF
j ) − 1

)
+ Ct(h)

= 1 +XBF
t ◦ Ct(h) + Ct(h).

This proves the desired claim.

2.2.2.4 Forests

Much of the above caries directly over to studying planar rooted forests made up of k many

trees rooted planar trees where the k many trees are also ordered. We can view a forest f
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constructed from k trees tj with a rooted planar tree by setting

f = {o} ∪
k⋃

j=1

{ju : u ∈ tj}.

We make a slight alteration to the definition of the ordering of vertices in f and the height.

Namely, o is omitted from both the depth-first and breadth-first labelings of the vertices in

f so 1 = 1o ∈ {1u : u ∈ t1} = uDF
0 = uBF

0 . We also define the height of a vertex ju ∈ f as

the height of u ∈ tj .

We observe that these slight changes result in minor alterations to the analysis done

above for trees; however we will not spell all of these out here. The things to note are that

the height processes of a forest is just the concatenation of the height processes of the trees,

the depth-first  Lukasiewicz paths of the forest are just the concatenation of the depth-first

 Lukasiewicz paths of the trees. The height profile of f is just the sum of the height profiles of

the trees. The breadth-first  Lukasiewicz path of f is not a simple functional of the breadth-

first  Lukasiewicz paths of the trees tj - the increments become interlaced. However, often

the probabilistic models used to generate random forests have an underlying exchangeable

probabilistic structure allowing one to conclude that XDF
f

d
= XBF

f . Importantly, Lemma

2.2.8 (and its proof) carries over with only a change in the initial condition.

With this convention, we can allow an infinite collection of trees (ti; i ≥ 1) where the

resulting depth-first constructions carry over with no problem.

2.2.2.5 Moving to graphs

The above descriptions work perfectly fine for the definition of planar trees t given above.

However, not all random tree models will naturally fit into this category and certainly graphs

will not, in general, be trees. The reader may therefore wonder how do we bridge this gap

in the case of graphs. We state the description used by Spencer [166] although similar ideas

were used by Aldous at almost the same time in a different context [12]. Before continuing

we recall the definition of surplus of a connected graph G. The surplus s(G) is defined by

s(G) = #E(G)−#V (G) + 1.

Trees are the only connected graphs of surplus 0.
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Let us focus on the restricted situation of consider a labelled connected graph G on

the vertices {1, · · · , n}. We view this graph as rooted at the vertex 1 and we perform a

breadth-first search on this graph and generate a breadth-first spanning tree. We do this

as follows. Maintain two ordered lists. An active stack, A, of discovered vertices where at

time 0 the active stack A = (1) and a dead stack, D which is initially empty. At each time

t = 0, 1, · · · label the vertex x at the top of the stack by vBF
t . Order the neighbors of vBF

t

in [n] \ (A∪D) from smallest label to largest label and add these vertices to the bottom of

the stack A in that order, and call these vertices the (breadth-first) children of vBF
t . Lastly,

remove vBF
t from A and place it in D.

Let us consider a particular graph on n = 7 vertices. The edges in the graph are 13, 15,

16, 27, 34, 35, and 37. This is a connected graph on 7 vertices and has 7 edges, i.e. its a

graph of surplus s(G) = 1. The stacks evolve as follows:

t = 0: A = (1), D = () and breadth-first children vertices are 3, 5, and 6;

t = 1: A = (3, 5, 6), D = (1) and breadth-first children vertices are 4 and 7;

t = 2: A = (5, 6, 4, 7), D = (1, 3) and there are no breadth-first children;

t = 3: A = (6, 4, 7), D = (1, 3, 5) and there are no breadth-first children;

t = 4: A = (4, 7), D = (1, 3, 5, 6) and there are no breadth-first children vertices;

t = 5: A = (7), D = (1, 3, 5, 6, 4) and breadth-first children vertices just 2;

t = 6: A = (2), D = (1, 3, 5, 6, 4, 7) and there are no breadth-first children vertices;

t = 7: A = (0) and D is length n.

GivenG we can do the above procedure to get a rooted tree TBF = TBF
G ⊂ G which comes

with some breadth-first ordering. Let χBF(x) denote the number of breadth-first children
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of the vertex x obtained in the above procedure. Let XBF
G = (XBF

G (k); k = 0, 1, · · · , n) be

defined by

XBF
G (k) =

k−1∑
j=0

(
χBF(vBF

j )− 1
)
. (2.7)

This is easily seen to be a downward skip-free excursion of duration n and hence uniquely

characterizes a planar tree t by Lemma 2.2.6; however, this will not play an important role

for us now. Note however, that XBF
G (k) is 1 less than the size of the active stack at time

t = k. Indeed, this is true for t = 0 and the increments χBF(vBF
j )− 1 is simply the change

in the size of the active stack at each step.

There is, of course, an analogous depth-first search of the graph G which results in a

depth-first walk XBF
G defined in an analogous way to (2.7). We do not spell all the details,

but the main difference is that the vertices in [n]\ (A∪D) discovered at each step are added

to the top of the stack A as opposed to the bottom.

Spencer in [166] gives a way to count how many graphs G with surplus s(G) = k have

the same breadth-first tree TBF. Which we will state as a lemma.

Lemma 2.2.9. Let T be a labeled tree on [n] rooted at 1 and fix k = 0, 1, · · · . The number

of graphs G with surplus k with TBF
G = T is

(ABF(T )
k

)
where ABF(T ) is

ABF(T ) =
n−1∑
j=0

XBF
T (j)

where XBF
T is the walk described by (2.7).

The same formula holds with DF replacing BF in every instance above.

The idea of the proof is the following. As we look at the neighbors of vertex vBF
t some

of these will be in the set A and D. Those in neighbors in A correspond to surplus edges

that are newly discover at time t (call the breadth-first back-edges or bf back-edges) while

neighbors in D are surplus edges discovered at some previous time. Since the stack A at

time t has XBF
G (t) + 1 many vertices, one of which is vBF

t , there are XBF
T (t) many possible

bf back-edges. A similar idea works for the depth-first walk which allows us to count the

possible depth-first back-edges (df back-edges).
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Let us explain how this works with a particular example. The tree T has exactly 10

vertices.

T =

8 10

2

4 6 9

3 5 7

1

. (2.8)

The  Lukasiewicz paths are graphed in Figure 2.1. One can easily compute ABF(T ) = 13 and

ADF(T ) = 18. The possible back-edges that can be included in a graph G with TBF
G = T or

TDF
G = T are

bf back-edges = {35, 37, 57, 54, 56, 74, 76, 46, 49, 69, 62, 92, 8(10)}

df back-edges =

 35, 37, 46, 45, 47, 26, 25, 27, 8(10), 86,

85, 87, (10)6, (10)5, (10)7, 65, 67, 57

 .

Above the back-edge ab appears before cd if a appears before c in the relevant exploration

or a = c and b appears before d in the relevant exploration.

Relating metric structure of G and TDF
G We will now describe briefly the idea behind

encoding the geometry of G using TDF
G which is described in [5] as well as the companion

paper [4].

Let’s suppose that we have a labeled tree T rooted at 1 and labeled by [n]. Suppose

also G is a rooted labeled graph uniformly chosen among all graphs with TDF
G = T and

s(G) = k. We know that there are
(ADF(T )

k

)
. If T is as in (2.8) the there are

(
18
k

)
such

graphs. In general, the number of such surplus k graphs is also precisely the number sets of

points in Z2
+ where Z+ := {0, 1, · · · } that lie strictly below the graph of the function XDF

T

and have size s(G) = 2. Let Q ⊂ Z2
+ be such a set, i.e.

Q ⊂
{

(i, j) ∈ Z2
+ : 0 ≤ j < XDF

T (i)
}
, #Q = k. (2.9)
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Figure 2.1: The two  Lukasiewicz paths (with linear interpolation) for the example tree in

(2.8). The depth-first walk is in blue and the breadth-first walk is in green.

Let Q be a uniformly chosen such set. We generate G = GDF(T,Q) from T as follows.

For each (i, j) ∈ Q, let ℓ = min{t > i : XDF
T (t) = j}. Add an edge between the vertices

vDF
ℓ and vDF

i . This gives a bijection between points sets Q with the above restrictions and

labeled rooted connected graphs G with surplus s(G) = k and with TDF
G = T .

We can do the exact same procedure with the breadth-first walks as well; however, this

is much less common in the literature for technical reasons. See the discussion in [147] for

more details.

Graphs not labeled by [n] We note that the previous discussion constructed graphs

which were labeled by [n]. However, the construction of G from a  Lukasiewicz walk and a

point set Q ⊂ Z2
+ via GDF(T,Q) works in general. For several random graph models there

is a “natural” way to explore the connected components of a graph and build a random

 Lukasiewicz path XDF or XBF and the point set Q simultaneously.
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2.2.2.6 Random Models

Gatlon-Watson Trees Fix a probability measure µ on the non-negative integers N0. A

Galton-Watson branching process Z = (Z(t); t ≥ 0) is a time-homogeneous Markov chain

such that

(Z(t+ 1)|Z(t))
d
=

Z(t)∑
j=1

ξj , ξj
i.i.d.∼ µ.

There is a natural genealogical interpretation of this process using a random rooted planar

tree T . Namely, we start from a single individuals o who is the only individual alive at

time t = 0. This individual gives birth ξo many children, where ξo ∼ µ. These children

will be labeled by 1, 2, · · · , ξo together they will constitute generation 1. Subsequently, each

individual u alive in generation t gives birth to an independent number of children labeled

uj for 1 ≤ j ≤ ξu where ξu ∼ µ. This continues until there are no individuals are present

at generation t, i.e. whenever Z(t) is absorbed at zero.

It is easy to see that the resulting collection T of individuals forms a rooted planar tree

if and only if the associated branching process Z is eventually absorbed at zero. It is well

known, [20], that this occurs a.s. if and only if
∑

k kµ(k) ≤ 1 and µ(1) < 1. We will say that

a measure µ with
∑
kµ(k) < 1 (resp. = 1, > 1) is subcritical (resp. critical, supercritical).

Given a (sub)critical distribution µ, the random rooted planar tree T constructed above will

be called a Galton-Watson tree with offspring distribution µ and we will write T ∼ GW(µ).

A more direct way to construct the tree T ∼ GW(µ) is using (random)  Lukasiewicz

paths XDF
T or XBF

T . That is, let (ξj ; j ≥ 0) be i.i.d. random variables with common law µ.

Since (ξi − 1) ≥ −1 for all i, the random process X = (X(t); t = 0, 1, · · · , T1)

X(t) =
t−1∑
i=0

(ξi − 1), T1 = min

t :
t−1∑
j=0

(ξi − 1) = −1

 .

is a downward skip-free discrete excursion of (random) duration T1. Given such a random

walk X and first hitting time T , we can generate a GW(µ) tree T DF whose depth-first

 Lukasiewicz path is X. Similarly, we could have generated a T BF whose breadth-first

 Lukasiewicz path is the random walk X.
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Trees with a Given Degree Sequence Let t be a random rooted planar tree and for

each i ≥ 0 let nit = #{v ∈ t : χt(v) = i}. We call nt := (nit; i ≥ 0) the degree sequence of t.

It is easy to see that ∑
i≥0

nit = #t = 1 +
∑
i≥0

init.

Indeed, the first sum counts all the vertices in t by counting the number of vertices with

exactly i children and the second summation counts all the vertices who are the child of a

vertex with exactly i children. Since o is not counted in the second sum, we must include

the “1+” term. Conversely, given any sequence N = (ni; i ≥ 0) with
∑

i n
i = 1 +

∑
i in

i

there exists a tree t with nt = n as we will shortly see. We will call such sequences n degree

sequences.

Given a degree sequence n define the (c0 ≥ c1 ≥ · · · ≥ cs−1) where s =
∑

i n
i uniquely

by requiring that ni = #{j : cj = i}. Clearly,
∑t−1

i=0(ci − 1) ≥ 0 for all t < s and∑s−1
i=0 (ci − 1) = −1 and so there exists a tree t with degree sequence n.

Now given a measure T ∼ GW(µ), we get

P(T = t) =
∏
u∈t

µ(χt(u)) =
∏
i≥0

µ(k)n
i
t , ∀t.

That is the probability that a Galton-Watson tree is equal to a given tree t depends only

on degree sequence of the tree. Said in another way, conditionally on nT = n, a GW(µ) tree

T is uniform over all trees t with nt = n; i.e.

(
T
∣∣nT = n

) d
= Unif {t : nt = n} .

The natural next question is: What is the distribution of T distributed uniformly among

all rooted planar trees t with nt = n? Let T denote the collection of a rooted planar trees

and let Tn denote the collection of all rooted planar trees with a given degree sequence.

Let c = (ci; i ∈ [N ]) denote the child sequence associated with n. We will describe how to

generate a random tree T ∼ Unif(Tn) using a simple combinatorial lemma whose proof can

be found in [170] and [154, Section 6.1].

Lemma 2.2.10. Let (xi; i = 0, 1, · · · , n− 1) be integers such that xi ≥ −1 and
∑n−1

i=0 xi =
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−k where k ∈ {1, 2, · · · , n}. Then there are precisely k many j ∈ {0, 1, · · · , n− 1} such that

t−1∑
i=0

xi+j > −k ∀t < n

where we interpret the subscript i+ j as i+ j mod n.

The cyclic shift lemma above allows us to easily construct a tree T ∼ Unif(Tn). Indeed,

let c = (ci) be the child sequence associated with n and set s =
∑

i n
i. Generate π ∈ Ss be

a uniformly distributed element in the symmetric group on the letters {0, 1, · · · , s− 1} and

let ξi = cπ(i). Let τ be the cyclic shift τ(i) = i+ 1 mod n and note that by Lemma 2.2.10

there exists a unique j such that (ξτ j(i); i = 0, 1 · · · , s− 1) such that

Xj,π(t) =
t−1∑
i=0

(ξτ j(i) − 1),

is a downward skip-free discrete excursion of duration s. Given this (random) downward

skip-free discrete excursion we can let T be the tree whose depth-first (or breadth-first)

 Lukasiewicz path is Xj,π. This tree T ∼ Unif(Tn). See Lemma 7 in [46].

2.2.3 R-trees and R-graphs

2.2.3.1 R-trees

An important feature of the Brownian CRT of Aldous described in Section 2.1 was that

between every two points x, y ∈ S there existed a unique path [[x, y]] between x and y.

This is a feature shared by discrete trees as well and what is formalized with the notion of

R-trees or real trees.

In general, let X be a metric space. A segment in X is a set I isometric to an interval

[0, ℓ] for some ℓ, i.e. I = φ([0, ℓ]) for an isometry φ. The endpoints of I are φ(0) and φ(ℓ).

A boundedly compact5 metric space T is called an R-tree (or a real tree) if for each

x, y ∈ T there exists a segment [[x, y]] with endpoints x and y such that for any continuous

injective function f : [0, 1] → T with f(0) = x and f(1) = y then f([0, 1]) = [[x, y]]. This

5The restriction to locally compact is not necessary in the definition. There is a well-developed theory
of R-trees which do not require this condition; however, we will only focus on these spaces because, for
example, we are interested in the Gromov-Hausdorff(-Prohorov) convergence of these objects.
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definition differs slightly from [87, Section 3.3] who does not require local compactness and

states the second condition on the metric space in terms of unions of segments. However,

these two definitions are equivalent for locally compact R-trees. We will say that T is rooted

if it is comes with additional specified point o ∈ T .

If φ : [0, d(x, y)]→ T is the isometric embedding of an interval to [[x, y]] with φ(0) = x

and φ(d(x, y)) = y it is convenient to write [[x, y[[, ]]x, y]], ]]x, y[[ as the respective images

of [0, ℓ), (0, ℓ] and (0, ℓ) with ℓ := d(x, y) under map φ.

We will let T0 ⊂ N denote the collection (isomoporphism classes) of pointed R-trees

which are locally compact metric spaces and let T ⊂M denote the collection (isomorphism

classes) of R-trees which are PMM spaces. Similarly, define T0
c ⊂ Nc and Tc ⊂Mc.

The following theorem is proved in [88] in the case of the compact GH topology, but the

proof works in general. See also [2], Section 3.

Theorem 2.2.11. The following spaces are Polish.

1. (T0
c , dGH,c);

2. (T0, dGH);

3. (Tc, dGHP,c);

4. (T, dGHP).

There are several topological features of rooted R-trees that we should mention before

continuing. These are the collection of leafs in T and branch points in T . The leafs of

T = (T , o), denoted by Lf(T ), is defined by

Lf(T ) = {x ∈ T \ {o} : T \ {x} is connected}.

The branch points of T , denoted by Br(T ), is defined by

Br(T ) = {x ∈ T \ {o} : T \ {x} has at least 3 connected components}.

We also define the complement of Lf(T ) as the skeleton of T , denoted by Sk(T ) = T \Lf(T ).

By the uniqueness of the segments for R-trees, one can prove that x ∈ Sk(T ) if x ∈ [[o, z[[

for some z ∈ T .
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2.2.3.2 Coding R-trees

A question that naturally arises while studying real trees (or discrete to continuum limits) is

how do we represent the real trees? Broadly speaking there have been three main approaches

to this problem: (1) a stick-breaking construction; (2) a consistent family of proper k-trees

construction; and (3) a coding by a continuous function.

The last one is, in the author’s opinion, the most natural construction and this is the one

that we focus on in this section. The originates in the work of Aldous [11] on the Brownian

CRT (see also [130]); however a similar idea appeared in the work of Le Gall [129] to study

superprocesses. Since then, there have been a plethora of results that aid in proving (weak)

convergence in the GHP or compact GHP topology. Namely, as we will see, the problem is

reduced to proving (weak) convergence in the space C(R+ → R+).

We follow the treatment in [131]. Let H denote the collection of functions h ∈ Cc(R+ →

R+) such that h(0) = 0. For such an h ∈ H , define ζ(h) = sup{t : h(t) > 0}. The set H

is easily seen to be a Borel subset of C(R+).

Let a continuous function h : [0, ζ] → R+ where ζ = ζ(h) > 0 such that h(ζh) = 0 and

h(0) = 0.

Let us define a function dh : [0, ζ]2 → R+ define by

dh(s, t) = h(s) + h(t)− 2 inf
r∈[s,t]

h(r), [s, t] = [t, s] if s > t.

It is not difficult to see that for s, t, u ∈ [0, ζ] that

dh(s, t) ≤ dh(s, u) + dh(u, t),

and so dh is a psuedo-metric on [0, ζ].

We can define a quotient space Th and a quotient map qh by

qh : [0, ζ]→ Th, Th := [0, ζ]/ ∼

where ∼ is the smallest equivalence relationship that makes s ∼ t if dh(s, t) = 0. The

psuedo-metric dh then because a bonafide metric on Th. Moreover, the map qh → Th is a

continuous map. Indeed, if tn → t ∈ [0, ζ] then dh(tn, t)→ 0 by the continuity of h. Hence

Th is a compact space. If we root Th at o := qh(0) then, in fact, Th ∈ T0
c is a compact
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R-tree. The proof of this fact is not terribly complicated so we refer the reader to Section

2 of [131] or Lemma 2.1 in [71].

Similarly, the tree Th comes equipped with a natural measure µh := (qh)# Leb |[0,ζ] which

turns Th into a rooted real tree with a measure, i.e. Th ∈ Tc. We call Th the tree coded by

the function h.

A quite useful fact is the following result which we state as a theorem.

Theorem 2.2.12. Let h, g ∈ H and let Th, Tg be the respective trees coded by h and g.

Then, there exists a universal constant L such that

d̃(Tg, Th) ≤ L
(

sup
t≥0
|g(t)− h(t)|+ |ζ(g)− ζ(h)|

)
,

where d̃ is the compact GH, compact GHP, or GHP metric.

Consequently, the map h 7→ Th is measurable when H equipped with the trace Borel σ-

algebra as a subset of C(R+) and Th is viewed in as an element in Nc,N,Mc,M,T0
c ,Tc,T

0,

or T.

For a proof of the above theorem see [131] for the compact GH metric, [3] for the compact

GHP metric and the GHP metric follows from comparison results between GHP metric and

compact GHP metric for elements in Mc in [121]. We mention that these various references

allow one to explicitly write down a constant L that works; however, this does depend on

the convention of taking maximums or sums in the definition of the compact GH or compact

GHP metric. We’ve omitted the actual constant for brevity.

2.2.3.3 R-graphs

A metric space G = (G, d) is an R-graph if locally it is an R-tree. That is, given any

x ∈ G, there exists an ε = ε(x) > 0 such that {y ∈ G : d(x, y) ≤ ε} is an R-tree. We

will not describe in full detail all of the theory of R-graphs, but will instead describe the

construction of R-graphs from two functions and point set. This follows the presentation

in [30]. Before doing so, we refer the reader back to Section 2.2.2.5 for a discussion on

constructing discrete graphs from excursions.
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Let g : [0, ζ]→ R+, h : [0, ζ]→ R+ and let Q ⊂ R2
+ be a discrete point set. Right now,

each of these are deterministic. We suppose that h is continuous and that g is càdlàg and

possesses no negative jumps. From the discussion in the previous section we can construction

Th as an R-tree. Define the point set Q∩ g by

Q∩ g = {(t, y) ∈ Q : 0 ≤ t ≤ ζ, 0 ≤ y < g(t)}.

Now suppose that #(Q ∩ g) = k ≥ 0 and let us enumerate the points by (ti, yi) for i ∈ [k].

For each i ∈ [k], define si by

si = min{u > ti : g(u) = yi}.

Recalling the discussion in Section 2.2.2.5 on the metric space structure constructed

from TDF
G , we added an edge between the vertices corresponding to the times ti and si with

the above notation. If we imagine the edge shrinking as the size of the graph grows large,

then the distance between ti and si with this newly added edge will shrink towards zero.

That is, in the continuum we do not add an edge, but we instead quotient the space Th so

that the elements ti and si are identified.

Namely, let ∼ be the smallest equivalence relationship on Th such that for each 1 ≤ i ≤ k

the pair of qh(ti) ∼ qh(si). Here qh : [0, ζ] → T = Th is the canonical quotient map. The

quotient space

G = G(g, h,Q) = T / ∼

is an R-graph. Of course, we can make G into a compact PMM space by rooting it at the

image of o ∈ T under the quotient and equipping it with the pushforward of measure µT

under the quotient map T → G.

Observe that the quotient map T → G changes the metric structure of the space. Impor-

tantly, it can change the distance to the root, but it is easy to see that dT (ti, o) ≥ dG(ti, o),

where in both cases we identified ti with its image in both T and G. If we view G as

capturing the history of the spread of a disease occurring in the continuum (as the discrete

disease spread through discrete graphs), then the construction of G(g, h,Q) via the above

method changes the cumulative number (more accurately mass) of individuals infected by
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time t ≥ 0 for some values of t; however, in general we have the following inequality

µG(B̄t(o)) ≥ µT (B̄t(o)), ∀t ≥ 0.

2.2.4 Stochastic Processes

A key ingredient in describing continuum limits of random graphs and random trees was

developed by Le Gall and Duquesne in [73], extending prior work of Le Gall and Le Jan

[132, 133]. This is with the use of height process (sometimes called ψ-height processes) built

up from a certain class of Lévy processes which do not jump downward. The processes

appear as limits of downward skip free random walks, and since these walks never decrease

by more than 1 their natural scaling limits do not jump downward.

2.2.4.1 Lévy processes

We will provide a brief overview of spectrally positive Lévy processes which appear as the

scaling limits of downward skip free random walks with i.i.d. increments. More details and

proofs of the statements below can be found in Chapter VII of Bertoin’s monograph [26].

A (possibly killed) spectrally positive Lévy process X = (X(t); t ≥ 0) is a Lévy process

which contains no negative jumps. Its Laplace transform exists and uniquely characterizes

the process X. The Laplace transform must be of the form

E [exp(−λX(t))] = exp(tΨ(λ)) ∀λ > 0. (2.10)

Moreover, the function Ψ must be of the form

Ψ(λ) = −κ+ αλ+ βλ2 +

∫
(0,∞)

(
e−λr − 1 + λr1[r<1]

)
π(dr) (2.11)

where κ, β ≥ 0, α ∈ R and π is a Radon measure on (0,∞) such that

∫
(0,∞)

(1∧ r2)π(dr) <

∞. Conversely, for each such Ψ, there exists a spectrally positive Lévy process with such a

Laplace transform.

In the sequel we will restrict our attention to the case where κ = 0, where there is no

killing of the Lévy process X at an exponential rate.
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An important class of spectrally positive Lévy processes are subordinators. These are

Lévy processes with non-decreasing sample paths. A subordinator Y has a Laplace trans-

form of the form

E [exp(−λY (t))] = exp(−tΦ(λ)), ∀λ > 0, (2.12)

where Φ is of the form

Φ(λ) = κ′ + α′λ−
∫
(0,∞)

(e−λr − 1) ν(dr) (2.13)

with κ′, α′ ≥ 0 and ν is a Radon measure with

∫
(0,∞)

(1 ∧ r) ν(dr) <∞. In the special case

where Φ(λ) = δλ for some δ > 0, which makes the subordinator Y (t) = δt.

2.2.4.2 Continuous state branching processes

Continuous state branching processes with immigration (CBI processes) arise as scaling

limits of discrete Galton-Watson processes, see [114]. A CBI process Z = (Z(t); t ≥ 0) is a

Feller process on [0,∞] which is absorbed at ∞. As shown by [114], the Laplace transform

of Z is of the form

Ex [exp{−λZ(t)}] = exp

[
−xu(t, λ)−

∫ t

0
Φ(u(s, λ)) ds

]
, ∀λ > 0

where u is the unique non-negative solution to the integral equation

u(t, λ) +

∫ t

0
Ψ(u(s, λ)) ds = λ,

for functions Ψ and Φ. The function Ψ is called the branching mechanism and must be

of the form (2.11) and the function Φ is called the immigration rate and must be of the

form (2.13). Conversely, given any two functions Ψ and Φ, there exists a CBI process with

branching mechanism Ψ and immigration rate Φ. For simplicity, we will use CBIx(Ψ,Φ)

to refer to the law of a CBI process starting from x ≥ 0 and satisfies the above Laplace

transform.

This is a classical result of Kawazu and Watanabe [114]: continuous state branching

processes with immigration are in one-to-one correspondence with pairs of Lévy processes

(X,Y ) satisfying (2.10) and (2.12). The bijection described there is in terms of the Laplace
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transforms of the respective processes. A path-wise identification does exist, thanks to the

work of Caballero, Pérez Garmendia and Uribe Bravo [49].

The authors of [49] examine existence and uniqueness to differential equations of the

form

h′ = x+ f ◦ h+ g, h(0) = 0, h′ ≥ 0

for certain càdlàg functions f and g. In particular, they show that if X is a spectrally

positive Lévy process with Laplace exponent (−Ψ) and Y is an independent subordinator

with Laplace exponent Φ then the unique càdlàg solution to

Z(t) = x+X

(∫ t

0
Z(s) ds

)
+ Y (t) (2.14)

is a CBIx(Ψ,Φ) process. When Y is identically 0, the Lévy process X in (2.14) is stopped

upon hitting −x. The path-wise relationship when Y = 0 was observed by Lamperti [128],

although proved later by Silverstein [163].

The authors of [49] also provide results that are useful for weak convergence. We will

often, when dealing with weak converge, assume that Ψ is conservative, meaning [99] Ψ

satisfies ∫
0+

1

|Ψ(u)|
du =∞. (2.15)

In some sense the most general assumption on Ψ that we can make for weak convergence ar-

guments, see [114]. This also appears in weak convergence results involving height processes

[73, Chapter 2].

2.2.4.3 The Ψ-height process

In this section we recall properties of the Ψ height process. These processes were introduced

by Le Gall and Le Jan in [133], and further examined in [73, 132]. They are the continuous

time analog of a contour process for a discrete tree. We recall some of there properties, but

do not endeavor to state things in full generality. To this end, we assume that

Ψ(λ) = αλ+ βλ2 +

∫
(0,∞)

(e−λr − 1 + λr)π(dr) (2.16)
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with α, β ≥ 0 and π a Radon measure with the stronger integrability condition
∫∞
0 (r ∧

r2)π(dr) < ∞. We make the assumption that Ψ is conservative, i.e. it satisfies equation

(2.15), and that further Ψ satisfies ∫ ∞
1

1

Ψ(u)
du <∞. (2.17)

Both of these assumptions on Ψ are slight restrictions on a general theory, but they imply

that a Lévy process X with Laplace exponent (−Ψ) has paths of infinite variation, non-

negative jumps, and does not drift towards +∞.

Let X be a Lévy process with Laplace exponent (−Ψ) satisfying the above restrictions.

The height process at time t is a way to “measure” the size of the set{
s ≤ t : X(s−) = inf

s≤r≤t
X(r)

}
. (2.18)

This is exactly the continuum analog of (2.6) for the discrete height profile.

This is done through a time-reversal approach. For each t > 0, define X̂(t) =
(
X̂(t)(s); s ∈ [0, t]

)
by X̂(t)(s) = X(t) − X((t − s)−) and the corresponding supremum process by Ŝ(t)(s) =

supr∈[0,s] X̂
(t)(r). The value H(t) is a normalization of the local time at 0 of the process

X̂(t) − Ŝ(t). By [73, Theorem 1.4.3] H has a continuous modification if and only if the

condition in (2.17) is satisfied. Whenever (2.17) is satisfied, we will implicitly assume that

H is this modification. For more information on the height process see [73].

The process H possesses a family of local times L = (La
t ; t ≥ 0, a ≥ 0) which almost

surely satisfies the occupation density formula:∫ t

0
g(H(r)) dr =

∫ ∞
0

g(a)La
t da, ∀g ∈ Cc(R), t ≥ 0. (2.19)

See [73, Proposition 1.3.3]. There is also a Ray-Knight theorem for these processes as shown

in [73, Theorem 1.4.1]. Namely, define Tx = inf{t : L0
t = x} = inf{t : X(t) = −x} then

(
La
Tx

; a ≥ 0
)
∼ CBIx(Ψ, 0). (2.20)

Similar Ray-Knight theorems were obtained by Warren [178] involving sticky Brownian

motion.
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The Ray-Knight theorem above was extended by Lambert [127] and Duquesne [72] to

allow for some immigration. Lambert’s work is slightly more general; however Duquesne’s

work contains some better approximation results for the local time. For δ > 0 and x ≥ 0

define the left-height process
←−
H = (

←−
H (t); t ≥ 0) by

←−
H = H(t) +

1

δ
(L0

t − x)+, (2.21)

where (x)+ = max(x, 0). By [72], there exists a jointly measurable family of local times
←−
L =

(←−
L a

t ; t ≥ 0, v ≥ 0
)

which is continuous and increasing in t which satisfies equation

(2.19) with
←−
H and

←−
L replacing H and L. Since

←−
H (t) → ∞ as t → ∞, we can define

←−
L a
∞ = limt→∞

←−
L a

t exists and is finite almost surely due to (2.15). Moreover, the Ray-

Knight theorem, see [72, Theorem 1.2] and [127, Theorem 5], states(←−
L a
∞; a ≥ 0

)
∼ CBIx(Ψ,Φ), Φ(λ) = δλ. (2.22)

In the case where the branching process is a squared Bessel process and the height process

is a reflected Brownian, a similar result was shown in [134].

2.2.4.4 Excursions

The discussions above about spectrally positive Lévy processes and height processes implic-

itly involved working under the probability measure P governing the motion of X. However,

if we denote I(t) = infr≤tX(r) as the running infimum of X we can see (informally) by

(2.18) that H(t) = 0 when X(t) = I(t). That is H has the same excursion intervals as X−I

and, in fact, the process H can be defined under the excursion measure of X − I. See [73,

Chapter 1] for more details.

Working under (2.16) and (2.17) and mostly following the presentation in [74] and [71]

(with the latter mostly focused on the stable case) the excursions are constructed as follows.

The process X − I is a strong Markov process for which 0 is a regular point for X − I, that

is inf{t > 0X(t)− I(t) = 0} = 0 with probability 1, and, moreover, −I acts as a local time

at zero of X − I at zero. We can decompose {s ≥ 0 : X(s)− I(s) > 0} by⋃
i∈I

(gi, di) = {s ≥ 0 : X(s)− I(s) > 0} = {s ≥ 0 : H(s) > 0}
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for some non-empty and disjoint intervals (gi, di) of length ζi = di − gi. We can let ei =

(ei(t); t ∈ [0, ζi]) and hi = (hi(t); t ∈ [0, ζi]) be defined by

ei(t) = X(gi + t)− I(gi) and hi(t) = H(gi + t).

We can define a point measure, N (dt, de, dh), on R+ × D(R+)× C(R+) by

N (dt, de, dh) =
∑
i∈I

δ(−I(gi),ei,hi)(dt, de, dh).

The measure N is a Poisson random measure with intensity measure dt ⊗ N(de, dh), and

we will sometime abuse notation and write N(de) (resp. N(dh)) and call this the law of X

(resp. H) under the its excursion measure. Similarly, we will let ζ denote the lifetime of an

excursion e or h under the measure N .

By general theory for measures [112, Chapter 3], we can condition N(de, dh) on the

value of ζ generate conditioned excursions (e, h) on the event ζ = x for deterministic x.

The resulting measure N(de, dh|ζ = x) is a probability measure, but is often difficult to

handle in general case. However, when X is a stable Lévy process, i.e. Ψ(λ) = cλα for some

α ∈ (1, 2] and some c > 0, conditioning on the value of ζ becomes much simpler thanks to

Itô’s excursion theory for Brownian motion [156] (α = 2) and the α-stable analogs due to

Chaumont [54] (1 < α < 2). See also [26, Chatper VIII].

Stable Lévy processes of index α have the following scaling relationship:

(X(t); t ≥ 0)
d
=
(
λ1/αX(t/λ); t ≥ 0

)
, ∀λ > 0.

This can be readily read off from the Laplace transform. We now fix an α ∈ (1, 2] and let

S
(λ)
β : D(R+)→ D(R+), for each λ, β > 0 denote the scaling operation

S
(λ)
β (w)(t) = λ1/βw(t/λ), t ≥ 0.

That we scale down time by a factor of λ and we scale up space by a factor of λ1/β.

The law of an α-stable Lévy process X is preserved under the map S
(λ)
α for all λ > 0;

however the law of H is not preserved under S
(λ)
α except in the Brownian case α = 2. In

the general α-stable case, the corresponding height process H has its law preserved under

the scaling S
(λ)
α

α−1
:

(H(t); t ≥ 0)
d
=
(
λ

α−1
α H(t/λ); t ≥ 0

)
.
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Modulo details about a sub-sequential limit, this scaling relationship can be see from Lemma

1.2.1 in [73]. For a more complete description see Section 3.1 in [70].

Using Poisson point processes it is not difficult to see that N(de, dh|ζ > t) is the image

of N(de, dh|ζ > λt) under the map (w1, w2) 7→
(
S

(λ)
α (w1),S

(λ)
α

α+1
(w2)

)
. As is shown in [54],

see also [26, Chapter VIII], and [70] the conditional law N(de, dh|ζ = x) is the pushfoward

of N(de, dh|ζ > t) by the (random) map

(w1, w2) 7→
(
S (x/ζ)

α (w1),S
(x/ζ)
α

α+1
(w2)

)
.

While the above gives a description for the excursion measure, Chaumont [54] provides a

nice path-wise construction of e ∼ N(de|ζ = 1) from just the process X. This was extended

by Duquesne [70] to include the height process. Namely, let g1 = sup{t ≤ 1 : X(t)−I(t) = 0}

and d1 = inf{t ≥ 1 : X(t) − I(t) = 0}. The interval (g1, d1) is the interval straddling time

1, and the corresponding excursions of X − I and H which straddle are

X̃(t) = X(t+ g1)− I(g1), H̃(t) = H(t+ g1) for t ∈ [0, d1 − g1].

We denote by ζ1 = d1−g1 the (random) length of the excursions. The path-wise construction

of (e, h) ∼ N(de, dh|ζ = x) is as follows.

Theorem 2.2.13. Fix an x > 0 and let ex = (ex(t); t ∈ [0, x]) and hx = (hx(t); t ∈ [0, x])

be defined by

ex(t) =

(
x

ζ1

) 1
α

X̃

(
ζ1t

x

)
, and hx(t) =

(
x

ζ1

)α−1
α

H̃

(
ζ1t

x

)
.

Then (ex,hx) ∼ N(de, dh|ζ = x).

2.2.4.5 Exchangeable increment processes

In the discrete setting of Section 2.2.2 we saw that Galton-Waston branching processes

conditioned on their child sequence is uniformly distributed over all rooted planar trees

with said child sequence, provided that the child sequence occurs with positive probability.

The continuum analog of the  Lukasiewicz path and its associated discrete height process is

an excursion e and its corresponding height process h. These processes are “distributed”
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according to the measure N(de, dh). The continuum analog of the  Lukasiewicz path for

trees with a given child sequence turns out to be a transformation of a processes with

exchangeable increments.

We recall the random elements (ξj ; j = 1, 2, · · · ) with values in some Polish space X are

said to be exchangeable if (ξj ; j ≥ 1)
d
= (ξπj ; j ≥ 1) for any permutation π : N → N which

fixes all but finitely many coordinates. A classical result, originally due in some version to

de Finetti, states that (ξj ; j ≥ 1) are exchangeable in X if there is some random measure

on X , µ, such that conditionally given µ the random variables (ξj ; j ≥ 1) are independent

with law µ. A proof of this result can be found in Chapter 27 of [112].

A real-valued process X = (X(t); t ∈ [0, 1]) is said to have exchangeable increments if

its increments over disjoint intervals of different lengths are exchangeable random variables.

In the case where X ∈ D([0, 1]), we can phrase this as the following. For each n = 1, 2, · · ·

the random variables X( j
n) − X( j−1n ) for j ∈ [n] are exchangeable. It is easy to see that

by the independence of the increments of Lévy processes imply that Lévy processes have

exchangeable increments.

There is a classification theorem of Kallenberg [110] which describes the distribution of

exchangeable increment processes. We refer to [110] for a full statement of the result and

restrict ourselves to the case where X does not possess negative jumps.

Theorem 2.2.14. Let X be a process with exchangeable increments, càdlàg paths, and

almost surely does not jump downwards. Then there exists

1. α ∈ R ,σ > 0, β1 ≥ β2 ≥ · · · ≥ 0 random variables with
∑

j β
2
j <∞;

2. a sequence of i.i.d. Unif(0, 1) random variables (Uj ; j ≥ 1); and

3. a Brownian bridge Bbr = (Bbr(t); t ∈ [0, 1])

where each item is independent of the others and

X(t) = αt+ σBbr(t) +
∑
j

βj(1[Uj≤t] − t).
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Such processes X are the càdlàg scaling limits of discrete processes with exchangeable

increments. We will refer to such a càdlàg process X as an EI (exchangeable increment)

process. We know that the  Lukasiewicz path of a tree terminates at the value −1 but this

is not an EI process; however, thanks to Lemma 2.2.10 and the discussion afterwards, the

 Lukasiewicz path of a tree with a given degree sequence is constructed from a discrete process

with exchangeable increments. That is the  Lukasiewicz path of a uniformly distributed tree

t with a given degree sequence is obtained by a cyclic shift of a downward skip-free walk

with exchangeable increments which starts at 0 and terminates at some time at −1 (which

in general will not be the first hitting time of −1). We call such a process a downward

skip-free bridge.

Any càdlàg scaling limit of a downward skip-free bridge that has exchangeable increments

must be an EI process Xbr with paths in D([0, 1]) such that Xbr(0) = Xbr(1) = 0. We will

call such a process an EI bridge (hence the br in the superscript). In this situation, we have

a deterministic sequence of degree sequences and so the resulting bridge satisfies

Xbr(t) = θ0B
br(t) +

∞∑
i=1

θi(1[Ui≤t] − t), θ0 ≥ 0, θ1 ≥ θ2 ≥ · · · ≥ 0 and
∑
i

θ2i <∞,

where θ = (θ0, θ1, · · · ) is deterministic. In the sequel we will write Xθ,br for the bridge

described above. Again, we point out that the processes we are considering only jump

upwards.

Of course, this is a bridge and not an excursion. That is, in general, Xbr(t) attains

non-positive values for t ∈ (0, 1) with positive probability. The analog of the cyclic shift

lemma (Lemma 2.2.10) in the continuum is the the so-called Vervaat transform named after

Vervaat [174]. We define the Vervaat transform of a càdlàg function f : [0, 1] → R+ with

no-negative jumps satisfying f(0) = f(1) = 0 such does not jump downwards as

V (f)(t) = f(t+ ρ mod 1)− inf
u
f(u), ρ = inf

{
t : f(t) ∧ f(t−) = inf

u
f(u)

}
.

In words, the Vervaat transform V (f) swaps the pre- and post-infimum sections of the curve

f . We note that the Vervaat transform of a bridge need not start from 0. That is for some

functions f , V (f)(0) > 0. Moreover, the V (f)(t) ≥ 0 for all t ∈ [0, 1] and can take the

value 0 for some t ∈ (0, 1) in the case where f obtains its infimum several times.
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It turns out [19] that when X is an EI bridge without negative jumps and has infinite

variation then V (Xθ,br)(t) = 0 if and only if t ∈ {0, 1}. See [19] and [122]. We will now

restrict our attention this case. The values of θ = (θ0, θ1, · · · ) that result in processes with

infinite varation can be seen to be

θ0 > 0 or
∑
i

θi = +∞.

In this case, we will define

Xθ,ex = V
(
Xθ,br

)
.

The resulting process is an excursion without negative jumps in the case that θ satisfies

(2.2.4.5).

In the case of EI processes there is no notion of local time, so it is not immediately clear

what the right way to measure the set{
s ≤ t : Xθ,ex(s−) = inf

s≤r≤t
Xθ,ex(r)

}
in this case. In [14] the authors came up with a method that is useful for describing inho-

mogeneous tree. The basic idea is the following. For each θj , j ≥ 1, there is a corresponding

jump time tj such that Xθ,ex(tj)−Xθ,ex(tj−) = θj . This time is unique provided that the

θi are distinct. Let Tj be defined by

Tj = inf{t > tj : Xθ,ex(t) = Xθ,ex(tj−)}

be the first return time. Then define

Rθ
j (u) =


inf

tj≤r≤u
Xθ,ex(r)−Xθ,ex(tj−) : u ∈ [tj , Tj ]

0 : else

.

Here Rθ
j (u) = 0 if θj = 0. The height process Hθ = (Hθ(t); t ∈ [0, 1]) is defined by

Hθ(t) = Xθ,ex(t)−
∑∞

i=1R
θ
i (t).
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Chapter 3

BRIEF LITERATURE REVIEW

The literature on scaling limits of random trees and random graphs as metric spaces is

quite young (spanning roughly three decades) although contains a plethora of significant

results. In this chapter we will give a brief review of some of this literature, referencing

some major results, as well has providing some heuristics for why the result should hold.

3.1 Scaling limits of Random trees

3.1.1 Galton-Watson forests

Recall from Section 2.2.2.6 that for any (sub)critical probability measure µ on the non-

negative integers, we can define a random tree T ∼ GW(µ) which is almost surely a finite

planar tree. The tree T can be constructed by either taking its depth-first or breadth-first

 Lukasiewicz path to be the a random walk with increments equal in law to (ξ − 1) where

ξ ∼ µ. That is set X = (X(t); t = 0, 1, · · · , T1)

X(t) =
t−1∑
j=0

(ξi − 1), T1 = min{t : X(t) = −1}, ξi
i.i.d.∼ µ (3.1)

and T can be constructed by setting X as either the depth-first or breadth-first  Lukasiewicz

path. We will focus on the depth-first construction.

We can also consider a forest of planar trees (T1, T2, · · · ) constructed from the infinite

duration random walk X = (X(t); t = 0, 1, · · · ) defined by (3.1) where Tj is defined by

setting first setting Tj = min{t : X(t) = −j} and defining depth-first  Lukasiewicz path of

Tj , (XDF
Tj (t); t = 0, 1, · · · , Tj − Tj−1) as

XDF
Tj (t) = X(Tj−1 + t) + (j − 1).

Similarly, we can see that the height process, HTj = (HTj (t); t = 0, · · · , Tj − Tj−1) of Tj
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defined by (2.6) can be recognized as the excursion of

H(t) = #

{
k ∈ {0, 1, · · · , n− 1} : X(k) = min

k≤j≤n
X(t)

}
(3.2)

between times Tj−1 and Tj . Similarly, one can define the contour process WTj = (WTj (t); t =

0, 1, · · · , Tj − Tj−1) for each of these trees Tj which are obtained from a single process

W = (W (t); t = 0, 1, · · · ).

Now consider a sequence of (sub)critical probability measures on the non-negative inte-

gers (µn;n ≥ 1) and a collection of downward skip-free random walks

Xn(t) =

t−1∑
j=0

(ξn,j − 1), (ξn,j ; j = 0, 1, · · · ) i.i.d.∼ µn. (3.3)

Further, from these walks Xn = (Xn(t); t = 0, 1, · · · ) we can define a height process Hn via

(3.2). Also define Wn = (Wn(t); t = 0, 1, · · · ) as the concatenation of the contour processes

of (Tj ; j ≥ 1).

Fix a divergent sequence γn → ∞. A classical result of Skorohod [165, Theorem 2.7]

states that a necessary and sufficient condition for

(
n−1Xn(⌊nγnt⌋); t ≥ 0

) d
=⇒ (X(t); t ≥ 0)

towards a Lévy process X = (X(t); t ≥ 0) in the Skorohod space is the much simpler

condition that

n−1Xn(⌊nγn⌋)
d

=⇒X(1). (3.4)

Recall from Section 2.2.4.3, that under certain conditions on the Laplace transform Ψ of X

we can construct a Ψ-height process H = (H(t); t ≥ 0). Namely, we assume that

Ψ(λ) = αλ+ βλ2 +

∫
(0,∞)

(e−λr − 1 + λr)π(dr) (3.5)

where α, β ≥ 0 and (r ∧ r2)π(dr) is a finite measure on (0,∞) and that satisfies both∫
0+

1

|Ψ(u)|
du = +∞, and (3.6)∫ ∞ 1

Ψ(u)
du <∞. (3.7)
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Condition (3.7) implies that X has paths of infinite variation [26] and condition (3.6) is

required for weak convergence results involving branching processes. Under (3.5), (3.6) and

(3.7) it is possible to construct a Ψ-height process H with continuous sample paths.

Unfortunately, the above condition on Ψ are not sufficient to imply that Hn (or Wn) pos-

sesses a scaling limit as well. There is an additional technical assumption on the generating

function of µn that is needed for some technical reasons. For completeness we will include

it. Let gn denote the generating function of µn and recursively define g
(k)
n = g

(k−1)
n ◦ gn

denote the kth-fold composition of gn. We can now state a corollary of Theorems 2.3.1 and

2.4.1 in [73]

Theorem 3.1.1 (Duquesne & Le Gall [73]). Suppose that (3.4) holds where X is a spectrally

positive Lévy process which satisfies (3.5), (3.6) and (3.7). If, in addition, for every δ > 0

fixed

lim inf
n→∞

(
g(⌊γnδ⌋)n (0)

)n
> 0,

then

((
n−1Xn(⌊nγnt⌋), γ−1n Hn(⌊nγnt⌋), γ−1n Wn(⌊2nγnt⌋)

)
; t ≥ 0

) d
=⇒((X(t), H(t), H(t)); t ≥ 0)

in the Skorohod space D(R+,R3).

Remark 3.1.1. A particular application or modification of Theorem 3.1.1 appears in many

subsequent results describing limits of random tree/graph models [4, 5, 44, 45, 59, 72] to

name a few.

Remark 3.1.2. The condition on the generating function gn is automatically satisfied if

µn = µ for all n. In this case the limiting process X(t) is an α-stable Lévy process. See

Chapter 2 in [73].

Remark 3.1.3. We included the time-scaling as ⌊nγnt⌋ instead of the perhaps more natural

⌊nt⌋ to make the space scaling simpler. In the stable case where Ψ(λ) = cλα for some

α ∈ (1, 2] the scaling can be replaced with

((
n−

1
αXn(⌊nt⌋), n−

α−1
α Hn(⌊nt⌋), n−

α−1
α Wn(⌊2nt⌋)

)
; t ≥ 0

)
d

=⇒((X(t), H(t), H(t)); t ≥ 0).
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3.1.2 Height Profiles of Forests

As discussed in Section 2.2.2.3, in particular Lemma 2.2.8, height profiles of planar trees

can be obtained from the breadth-first  Lukasiewicz walk by solving a difference equation.

Since for each j = 1, 2, · · · the value Tj < ∞ a.s. there are infinitely many planar trees

Tj generated by the random walk X defined in (3.1) as in the previous section. In turn,

there is no breadth-first walk that encodes all of trees (Tj ; j ≥ 1). However, for each fixed

k = 1, 2, · · · , we can consider a the forest Fk constructed from (Tj ; j = 1, · · · , k) and since

the increments (ξi−1) of XDF are exchangeable (in fact i.i.d.) the breadth-first  Lukasiewicz

path of Fk, denoted by XBF = (XBF(t); t = 0, 1, · · · , Tk) is equal in law to XDF(t ∧ Tk).

In particular, Lemma 2.2.8 implies the following:

Lemma 3.1.2. For each k ≥ 1, let Zk = (Zk(h);h = 0, 1, · · · ) denote the height profile of

Fk defined by

Zk(h) = #
{
v ∈ Tj : j ≤ k, d(oTj , v) = h

}
.

Then Zk solves

Zk(h) = k +XBF ◦ Ck(h− 1), Ck(h) =
h∑

ℓ=0

Zk(ℓ),

and, in particular, Zk
d
= Z̃k where

Z̃k(h) = k +XDF ◦ C̃k(h), C̃k(h) =
h∑

ℓ=0

Z̃k(ℓ).

We can similarly consider height profiles Zk,n constructed from the first k trees in the

forest generated by the downward skip-free random walks Xn in (3.3). A corollary of

Theorem 3.1.1, Lemma 3.1.2 and the time-change results of [49] imply

Theorem 3.1.3 (Duquesne & Le Gall [73], Caballero et. al. [49]). Fix an x ≥ 0 and let

k = k(n) = ⌊γnx⌋. Jointly with the convergence in Theorem 3.1.1,(
n−1Zk,n(⌊γnt⌋); t ≥ 0

) d
=⇒ (Z(t); t ≥ 0) (3.8)

where Z is the unique càdlàg solution to

Z(t) = x+ X̃

(∫ t

0
Z(s) ds

)
, X̃

d
= X.
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More generally, if (3.4) holds then (3.8) still holds.

Let us remark that when k = k(n) = 1 for all n, (the “x = 0” situation) the limiting

solution Z is trivial: Z(t) = 0 for all t ≥ 0. Obtaining non-trivial limits in this situations

(under appropriate conditioning) was the subject of my work in [58] along with various

other works [14, 19, 120] involving discrete to continuum limits and [108, 146] involving just

the continuum.

3.1.3 Conditioned GW trees

Recall from Chapter 2 that Aldous’ constructed the Brownian continuum random tree as

the metric space scaling limit of Tn which was a uniformly chosen labeled tree on n vertices

rooted at the vertex 1 ∈ Tn. That is Tn was a graph on exactly n vertices. Theorem

3.1.1 does imply the aforementioned result of Aldous, because the trees constructed from

the excursions of Xn are of random sizes depending on the distribution µn. Moreover,

with probability 1 a Brownian motion B(t) will not have any excursion of length exactly

1. Instead, more careful analysis is required to prove scaling limits for conditioned Galton-

Watson trees.

Conditional limit theorems exist for conditioned Galton-Watson whose offspring distri-

bution µ lies in the domain of attraction of a stable law. The Brownian case α = 2 is due to

Marckert and Mokkadem [142] (under an exponential moment assumption) and the general

α ∈ (1, 2) case is due to Duquesne [70]. See also [123, 124].

Theorem 3.1.4 (Marckert & Mokkadem [142], Duquesne [70]). Let µ be a probability

measure on the non-negative integers such that gcd(k : µ(k) > 0) = 1 and let Tn ∼

(GW(µ)|#T = n).

1. [α = 2 case] If E[ξ] = 1 and Var(ξ) = σ2 ∈ (0,∞) where ξ ∼ µ then((
n−1/2XDF

Tn (⌊nt⌋), n−1/2HTn(⌊nt⌋), n−1/2WTn(⌊2nt⌋)
)

; t ∈ [0, 1]
)

d
=⇒

((
σe(t),

2

σ
e(t),

2

σ
e(t)

)
; t ∈ [0, 1]

)
,

where e is a standard Brownian excursion.
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2. [α ∈ (1, 2) case] If µ([k,∞)) = k−αℓ(k) for some slowly varying function ℓ, and

α ∈ (1, 2) then((
n−1/αXDF

Tn (⌊nt⌋), n−(α−1)/αHTn(⌊nt⌋), n−(α−1)/αWTn(⌊2nt⌋)
)

; t ∈ [0, 1]
)

d
=⇒ ((e(t),h(t),h(t)) ; t ∈ [0, 1]) ,

where (e,h) ∼ N(de, dh|ζ = 1) for N the excursion measure for an α-stable Lévy

process.

As a consequence of the above theorem and Theorem 2.2.12 is the following:

Corollary 3.1.5. Let Tn be as in Theorem 3.1.4. View Tn as a rooted tree with graph

distance dn and with the uniform measure on the vertices µn. Then(
Tn, on, n−

α−1
α dn, µn

)
d

=⇒c ·T (α) in GHP,

where c·T (α) is a (up-to a scaling of the metric depending on the offspring law), the α-stable

continuum random tree encoding by an excursion h ∼ N(dh|ζ = 1) of unit duration of the

height process H.

3.1.4 Trees with a given degree sequence

Recall from Section 2.2.2.6 that conditioned Galton-Watson trees are mixtures of trees with

a given degree sequence so a natural question to ask is if there is an analog of Theorem

3.1.4 for trees with a given degree sequence. Here there are mixed results, because in certain

situations there is a not a well-defined theory of height processes for exchangeable increment

processes. Trees with a given degree sequence are closely related to so-called p-trees which

were studied in [14, 51].

We will state the following theorem whose proof can be found in [18].

Theorem 3.1.6 (Antuncio Hernández and Uribe Bravo [18]). Let sn → ∞ and let cn =

(cn0 ≥ cn1 ≥ · · · ≥ cnsn−1) be a child sequence for a tree tn. Let Xn be either the depth-first

or breadth-first  Lukasiewicz path of tn. Assume that

1. There exists bn →∞ such that for all i ≥ 1;

cni
bn
−→ θi ≥ 0;
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2. There exists some 0 ≤ θ0 <∞ such that

1

b2n

∑
i

(i− 1)2nni −→ θ0 +
∞∑
i=1

θ2i , nni = #{j : cnj = i};

and

3. Either θ0 > 0 or
∑

i θi = +∞.

Then (
b−1n Xn(⌊snt⌋); t ∈ [0, 1]

) d
=⇒

(
V (Xbr(t); t ∈ [0, 1]

)
where V is the Vervaat transform of the EI bridge

Xbr(t) = θ0B
br(t) +

∞∑
i=1

θi(1[Ui≤t] − t), Ui
i.i.d.∼ Unif(0, 1).

Note that the above theorem only deals with the  Lukasiewicz path of trees and not

with the height process or contour process. Some results involving processes close to height

processes have been obtained in this direction, see [46] and [27]. In lieu of the description

in terms of height processes, we will state the following theorem in terms of random trees.

Before we do this, we will need to define the process Hθ.

Hθ is constructed from Xexc := V (Xbr) as follows. For each i ≥ 1 ti as the for the

location of jump of Xexc of size θi > 0 (with ties broken arbitrarily). Set Ti := inf{r ∈ (ti, 1] :

Xexc(r) = Xexc(ti−)} which exists because the EI bridge Xbr does not jump downward.

Set, for each i ≥ 1,

Ri(u) =

 infti≤u≤uX
exc(s)−Xexc(ti−) : u ∈ [ti, Ti]

0 : else
,

which is null for all i such that θi = 0. Lastly set

Hθ(t) = Xexc(t)−
∑
i≥1

Ri(t).

Theorem 3.1.7 (Berzunza Ojeda, Holmgren & Thévenin [27]). Suppose, in addition to

the conditions of Theorem 3.1.6,
∑∞

i=0 θ
2
i = 1,

∑
i θi < ∞ and θ0 > 0. Let µn denote
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the uniform probability measure on tn and let o denote the root of tn. If b2n/sn → 1 and

supn n
n
1/sn < 1 then

(tn, o,
1

bn
d, µn)

d
=⇒TH in cGHP topology

where H = Hθ was constructed above.

3.2 Critical Erdős-Rényi Random Graph

We now move to describing the (near-)critical Erdős-Rényi random graph G(n, n−1+λn−4/3)

by exploring the graph in a manner that Aldous does in [12]. This type of encoding (and an

essentially equivalent depth-first encoding) has become quite popular in describing asymp-

totic properties of random graph models at and near-criticality [13, 59, 62, 109] to name a

few.

Consider the following exploration process of the graph Gλ
n := G(n, n−1 + λn−4/3). We

start at time t = 0 by exploring vertex v0 := 1 and let N0 = {v1, · · · , vk} denote the

collection of neighbors of v0 labeled in some arbitrary way and let A0 = (v1, · · · , vk) denote

a stack of vertices. We write χ(v0) = k = #N0. Set Xn(0) = 0 and Xn(1) = χ(v0)− 1.

At time t = 1, 2, · · · , we will have some stack At−1 = (vt, vt+1, · · · , vt+ℓ) for some ℓ and

we will set

Nt = {v ∈ Gλ
n : v is a neighbor of some vertex vs, s ≤ t}

be the collection of all neighbors of some vertex v0, v1, · · · , vt. If At−1 = () we will just

select vt to be the minimum vertex in [n]\{v0, · · · , vt−1}. By construction, these collections

Nt are nested: N0 ⊂ N1 ⊂ · · · . Define χ(vt) = #(Nt \ Nt−1) as the number of newly

discovered neighbors by the vertex vt and set

Xn(t) =
t−1∑
i=0

(χ(vi)− 1)

and update the stack At−1 to become

At = (vt+1, · · · , vt+ℓ, vt+ℓ+1, · · · vt+ℓ+χ(vt))

by adding the newly discovered neighbors of vt to the end of the stack At−1 and deleting

the vertex vt.
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This exploration captures essentially all of the structure of the Erdős-Rényi random

graph (or really any random graph model). Begin by noting that the newly discovered

vertices are always neighbors of the vertex vt and hence will always lie in the same connected

component of vt. Conversely, every vertex v in a connected component containing vt will

be added to the stack A· after time t and before the next time that the stack A· becomes

empty. In particular, the stack As = () is empty precisely at the times s such that we have

finished exploring a connected component of Gλ
n. If we let C ∗n (1),C ∗n (2), · · · , denote the

connected components of Gλ
n listed in the order in which they appear we can recover the

times {s < n : As = ()} by

{s ≤ n : As−1 = ()} =


k∑

j=1

#C ∗n (j) : k ≥ 0

 .

Indeed, note that we label the vertices in the first connected component by v0 = 1, v1, · · · , v#C ∗
n (1)−1

and so As−1 = () after we finish exploring the vertex labeled C ∗n (1)−1. That same counting

argument also allows us to recognize{
t = 1, · · · : Xn(t) < min

s<t
Xn(s)

}
=


k∑

j=1

#C ∗n (j) : k ≥ 0

 (3.9)

If Cn(i) is the ith largest connected component in Gλ
n then (C ∗n (i); i ≥ 1) are a size-biased

reordering of the connected components (Cn(i); i ≥ 1).

It is also not difficult to see that the excursions of Xn above its running minimum encode

a breadth-first spanning tree in each connected component of C ∗n (j), that is the excursions

of Xn encode the breadth-first  Lukasiewicz path of a breadth-first spanning tree in the

connected components of Gλ
n.

Observe that deg(vt) ≥ χ(vt) and there is equality precisely when the stack At−1 = ()

was empty, which is when we begin exploring a new component. When vt is not the first

vertex explored in a connected component, then deg(vt) ≥ χ(vt) + 1 because χ(vt) does not

count the vertex that discovered vt at some time s < t. Also note that there does not have

to be equality in this case. Let us re-examine what happens at time t when we explore the

vertex vt. There are three collections of vertices [n] \ {vt}: vertices that have already been

completely explored and removed from stacks, vertices in the stack At−1 = (vt, · · · , vt+ℓ)
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that are not vt, and vertices that we have not yet discovered. These collections, with the

labeling above, are respectively

S1(t) = {v0, · · · , vt−1}, S2(t) = {vt+1, · · · , vt+ℓ}, and S3(t) = [n] \ {v0, · · · , vt+ℓ}.

(3.10)

When At−1 = () and vt is the first vertex explored in a connected component are precisely

those times t such that vt has no neighbors in S1(t) since the vertex that discovered vt in

this exploration will always be in that set S1(t). Similarly, when At−1 = () the set S2(t) will

be empty but the converse need not hold because At−1 = (vt) is allowed. We also observe

that

|#S2(t)− (Xn(t)−min
s≤t

Xn(s))| ≤ 1.

Note that for every cycle in Gλ
n we can find an edge {vt, vu} with t < u the vertex vt

will have a neighbor vu of vt in and vu ∈ S2(t) and vt ∈ S1(u). Indeed, a cycle is discovered

precisely when a vertex vt is explored and we find an edge connected vt to some already

discovered - but not yet explored - vertex vu. We will say that vertex vt discovers a surplus

edge in this situation. Let Nn(t) be defined as the number of surplus edges discovered by

the time we start exploring vt so that

Nn(t+ 1) = Nn(t) + #{surplus edges discovered by vt}.

We now state the following lemma.

Lemma 3.2.1. Let Fn(t) = σ(Xn(s) : s ≤ t). Then

Xn(t+ 1)−Xn(t) + 1|Fn(t)
d
= Bin

(
n− t−#S2(t), n

−1 + λn−4/3
)
,

and

Nn(t+ 1)−Nn(t)|Fn(t)
d
= Bin

(
#S2(t), n

−1 + λn−4/3
)
.
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From here it follows that

E [Xn(t+ 1)−Xn(t)|Fn(t)] = (n− t−#S2(t))(n
−1 + λn−4/3)− 1

≈ 1− tn−1 + λn−1/3 − 1

=
tn−2/3 + λ

n1/3

Var(Xn(t+ 1)−Xn(t)|Fn(t)) ≈ 1,

where in both approximations above, we can ignore the contribution of #S2(t). This sug-

gests that limits appear when we rescale time by n2/3 and space by n1/3 which is just

Brownian scaling. Comparing the above martingale functional central limit approximations

and (3.10) led Aldous to the following theorem

Theorem 3.2.2. For each fixed λ ∈ R, the following convergence holds in the Skorohod

space D(R+,R2)(
(n−1/3Xn(⌊n2/3t⌋), Nn(⌊n2/3t⌋)); t ≥ 0

)
d

=⇒
(

(Xλ(t), N(t)); t ≥ 0
)

where

Xλ(t) = B(t) + λt− 1

2
t2

and N is a Poisson process with rate Xλ(t)−mins≤tX
λ(s).

3.2.1 Asymptotic Sizes of Connected Components

Returning to (3.9), we can see that the largest connected components of the near-critical

graph Gλ
n appear as the longest excursions (above the minimum) of the breadth-first walk

Xn(t). Since the time-scaling of the walk Xn is ⌊n2/3t⌋, this implies that the largest con-

nected components of Gλ
n are of order n2/3. That is

(n−2/3#Cn(j); j ∈ [k])
d

=⇒(γj ; j ∈ [k])

for some non-degenerate random variables γj . Technically, this relies on some additional

path properties of Brownian motion with parabolic drift which we do not dwell on here, see

Lemma 7 in [12].
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Looking as well at the process Nn, we observe that Nn increases at time t whenever

we discover a surplus edge in the connected component Cn(j) ∋ vt. Since the process Nn

converges after appropriate rescaling of time towards an inhomogeneous Poisson process, the

encoding described above not only encodes the asymptotic sizes of the connected components

but also describes their surplus.

Formally, we have the following. Consider the following decomposition:

∞⋃
j=1

(gi, di) = {t : Xλ(t) > min
s≤t

Xλ(s)}

ordered in such a way that γj := dj − gj is decreasing. There should be an additional

dependence on λ indicated in the notatoin but we omit this for clarity. This can be done

because it can be shown [12, 13] that there are only finitely many excursion intervals (gi, di)

of length γi > δ for each fixed δ > 0. Let σj := N(dj) −N(gj) denote the increment of N

over the interval (gj , dj). The

Theorem 3.2.3 (Aldous, [12]). For each fixed λ, let (Cn(j); j ≥ 1) be the largest connected

components of the near-critical Erdős-Rényi random graph Gλ
n. Then, as n→∞,(

(n−2/3#Cn(j), s(Cn(j))); j ≥ 1
)

d
=⇒ ((γj , σj); j ≥ 1) ,

where the convergence of the first coordinate occurs in ℓ2.

3.2.2 Scaling limits of the connected components

The work by Aldous in [12] on the sizes of the connected components of the critical Erdős-

Rényi random graph were strengthened by Addario-Berry, Broutin and Goldschmidt in

[4, 5].

In order to describe their result and outline why it holds, we recall the construction of

a connected graph G from a rooted planar tree T . As described in Section 2.2.2.5 in more

detail, given a rooted planar tree T and a fixed surplus k there are
(ADF(T )

k

)
many connected

rooted graphs G such that TDF
G = T , where

ADF(T ) =

#T−1∑
t=0

XDF
T (t)
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with XDF
T is the depth-first  Lukasiewicz path of the graph T . This is what happens when we

had a deterministic number of surplus edges and when we specify what the depth-first tree

TDF
G will be. This is not the case with the connected components (Cn(j); j ≥ 1) because,

for example, the surplus s(Cn(j)) is a random variable - in fact, conditionally on #Cn(j)

the surplus is a binomial random variable.

Consider, instead, the following model. Fix some p ∈ (0, 1) and some integer k ≥ 1 and

generate T̃ p
k among all trees labeled by [k] and rooted at 1 with probability

P
(
T̃ p
k = T

)
∝ (1− p)ADF(T )

where T is a labeled tree on [k] and rooted at 1. The tree T̃ p
k has precisely ADF(T̃ p

k ) many

surplus edges that can be added to form a graph G who’s depth-first tree spanning tree is

T̃ p
k . Include each possible surplus edge independently with probability p to form a graph

G̃p
k. This generates a random rooted graph on the vertices [k].

To connect G̃p
k with the connected components Cn(i), we will let Kn = (Kn(i); i ≥ 1)

denote the sizes of the connected components Cn. That is Kn(i) = #Cn(i). As shown in [5],

the connected component Cn(i) conditioned on Kn and is distributed as G̃n−1+λn−4/3

Kn(i)
modulo

a relabeling of the vertices of Cn(i) by [Kn(i)] in some exchangeable manner, by, for example

labeling the vertices of Cn(i) by [Kn(i)] in the unique way that preserves the ordering of

the original labeling. This result does not actually rely on p = p(n) = n−1 + λn−4/3.

Consequently, understanding the metric space structure of finitely macroscopic connected

components Cn(1), · · · ,Cn(j) relies on understanding: (1) the asymptotics of Kn(i); (2)

understanding the metric space scaling limits of T̃ p
Kn(i)

; and (3) understanding how G̃p
Kn(i)

is constructed from T̃ p
Kn(i)

along with how this relates to the GHP topology.

Item (1) is handled by the result of Aldous cited above (Theorem 3.2.3). To understand

item (2), we recall that, the metric space scaling limit of the a sequence of random trees can

be obtained by proving that the sequence of height processes converges to a continuous limit

and by applying Theorem 2.2.12. Moreover, as a metric space, a random tree uniformly

chosen among all trees labeled by [k] and rooted at 1 is distributed as a Poisson(1) Galton-

Watson tree conditioned on having k many vertices. That is Tk ∼ (GW(Poisson(1) |#T =

k). Comparing the change of measure in the definition of T̃ p
k makes the following lemma
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clear. For simplicity, we will focus on just the largest connected component.

Lemma 3.2.4. Let Xk = (Xk(t); t = 0, 1, · · · , k) denote the depth-first  Lukasiewicz path

of a Poisson(1) Galton-Watson tree conditioned on having size k and let Hk denote the

corresponding height process. Let X̃p
k = (X̃p

k(t); t = 0, 1, · · · , k), resp. H̃p
k = (H̃p

k(t); t =

0, 1, · · · , k), denote the depth-first  Lukasiewicz path, resp. height process, of the tree T̃ p
k .

Then

E
[
F (X̃p

k , H̃
p
k)
]

=
E
[
(1− p)

∑k−1
t=0 Xk(t)F (Xk, Hk)

]
E
[
(1− p)

∑k−1
t=0 Xk(t)

] .

Recall from Theorem 3.1.4 above that as k →∞(
k−1/2Xk(⌊kt⌋), k−1/2Hk(⌊kt⌋)); t ∈ [0, 1]

)
d

=⇒ ((e(t), 2e(t)); t ∈ [0, 1]) (3.11)

where e is a standard Brownian motion and by Theorem 3.2.3

n−2/3Kn(1)
d

=⇒γ1

where γ1 is the length of the longest excursion of a Brownian motion with parabolic drift.

Using Skorohod’s representation theorem, we can suppose that n−2/3Kn(1) → γ1 a.s. for

all i ∈ [j] and we will write k = kn := Kn(1) and γ = γ1.

We note that kn−2/3 → γ and so((
k

γ1

)−1/2
Xk(⌊γ−1kt⌋),

(
k

γ

)−1/2
Hk(⌊γ−1kt⌋); t ∈ [0, γ]

)
d

=⇒(e(γ)(t), 2e(γ)(t); t ∈ [0, γi]),

where e(γ)|γ is a Brownian excursion of duration γ.

Returning to the change of measure in Lemma 3.2.4, we see that we can reconstruct

G̃n−1+λn−4/3

kn
from a change of measure and the random walk Xk. The change of measure

depends on
∑k−1

t=0 Xk(t) and p = n−1 + λn−4/3. In particular, note that knp
2/3 → γ and

k−3/2
k−1∑
t=0

Xk(t)
d

=⇒γ−3/2
∫ γ

0
e(γ)(t) dt

d
=

∫ 1

0
e(1)(t) dt.

Therefore, after an application of Skorohod’s representation theorem and assuming that this

convergence actually holds almost surely,

(1− p)
∑k−1

t=0 Xk(t) ≈ (1− p)
k3/2

γ3/2

∫ γ
0 e(γ)(t) dt

−→ exp

(∫ γ

0
e(γ)(t) dt

)
,
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where the error in approximation is negligible, see [5]. Together with a uniform integrability

argument, the authors of [5] were able to show

Theorem 3.2.5 (Addario-Berry, Broutin, Goldschimdt [5]). Let (X̃p
k , H̃

p
k) be as in Lemma

3.2.4. Suppose that kp2/3 → γ. Then((
k

γ

)−1/2
X̃p

k(⌊γ−1kt⌋),
(
k

γ

)−1/2
H̃p

n(⌊γ−1n kt⌋); t ∈ [0, γ]

)
d

=⇒(ẽ(γ), 2ẽ(γ))

where

E
[
F (ẽ(γ))

]
∝ E

[
F (e(γ))

∫ γ

0
e(γ)(t) dt

]
.

In particular, if T̃ p
k is a tree whose depth-first  Lukasiewicz path is X̃p

k , d is the graph

distance on T̃ p
k and µk is the couning measure on T̃ p

k then(
T̃ p
k , 1, (k/γ)−1/2d, (k/γ)µ

)
d

=⇒T2ẽ(γ)

weakly in cGHP topology.

In the construction of G̃p
k from T̃ p

k , recall that each possible surplus edge was included

independently with probability p. Recalling the discussion in Section 2.2.2.5, in particular

the discussion around equation (2.9), each possible surplus edge is uniquely represented by

a point (i, j) ∈ Z2
+ with 0 ≤ j < X̃p

k(i). Therefore, the graph G̃p
k can be constructed directly

from X̃p
k and a binomial point set Q{(i, j) : 0 ≤ j < X̃p

k(i)} where

P ((i, j) ∈ Q) = p

and this occurs independently over (i, j). It is not hard to see that{(
(k/γ)−1i, (k/γ)−1/2j

)
: (i, j) ∈ Q

}
d

=⇒P ∩ ẽ(γ)

where P is a Poisson point process on R2
+ with Lebesgue intensity, the P ∩ f := {(x, y) ∈

P : 0 ≤ y ≤ f(x)} and the convergence is in the sense of vague convergence of counting

measures.

When viewing Theorem 3.2.5 together with the convergence of the point set above, the

following theorem should not be too surprising.
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Theorem 3.2.6 (Addario-Berry, Broutin, Goldshmidt [5] and Addario-Berry, Broutin,

Goldschmidt and Miermont [6]1). Let Cn(1) be the largest connected component of G(n, n−1+

λn−4/3). Root Cn(1) at its minimally labeled vertex, and equip it with the graph distance d

and counting measure µn. Then

(Cn(1), o, n−1/3d, n−2/3µn)
d

=⇒G
(
ẽ(γ), 2ẽ(γ),P

)
in cGHP

where γ = γ1 is the length of the longest excursion of the Brownian motion with parabolic

drift.

In fact, the above theorem is not as strong as the results proved in [5]. The authors ac-

tually prove that the connected components converge jointly in the product space equipped

with an ℓ4-type norm. This allows for some more detailed analysis.

3.2.3 Height profiles of the connected components

The authors of [4, 5] do not discuss the convergence of the height profiles Zn,1 = (Zn,1(t); t =

0, 1, · · · ) of

Zn,1(t) = #{v ∈ Cn(1) : d(v, o) = t}.

It was first established in [147] using a breadth-first construction of the critical components;

however, the convergence follows as a simple corollary of a more general result in my work

[58] discussed in Chapter 5 below.

3.2.4 The Standard Multiplicative Coalescence

Let us discuss a different way to generate the rescaled component size n−2/3#Cn(j) of the

near-critical Erdős-Rényi random graph G(n, p) which has proved to be valuable for many

random graph models. For each vertex i ∈ [n] we assign a vertex i mass xi > 0. Now for

each q ≥ 0 construct the graph G(x, q) on [n] where

P ({i, j} is an edge in G(x, q)) = 1− exp {−qxixj}

1In [5] the authors only prove convergence of the connected component in the Gromov-Hausdorff topology,
not the GHP topology. The extension to the GHP topology follows from Theorem 2.2.12 whose origin for
the GHP topology appears to have originated in [6].
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independently over all pairs of edges. We interpret the weight xi as telling us the propensity

for the vertex i to find new neighbors in the graph G(x, q).

In the scaling of Theorem 3.2.3, each connected component is scaled by a factor of n−2/3

which can be alternatively viewed as assigning each i ∈ G(n, p) a mass xi = n−2/3. Setting

q = q(λ) as the unique solution to

1− exp(qn−4/3) = n−1 + λn−4/3

the ordered weights of the connected components of the graph G(n, n−1 + λn−4/3) scaled

by n−2/3 agree with those of G(x, q) without any additional scaling. We can also see that

q ≈ n1/3 + λ.

While this connection between the Erdős-Rényi random graph and the inhomogeneous ran-

dom graph G(x, q) holds for nice choices of weights x more interesting phenomena can occur,

see [13].

If we view the parameter λ ∈ R as a time-parameter, then we have the following inter-

pretation of the masses of connected components of G(x, n−1/3 + λ):

1. The largest connected component has mass converging to 0 as λ→ −∞;

2. The largest connected component has mass converging to +∞ while the second largest

component has mass converging to 0 as λ→ +∞.

That is as λ goes from −∞ to +∞ we see that the masses of components start at dust

(all being zero) and merge as λ increases and as λ → ∞ there is a single giant connected

component and the rest of the components are dust again.

A remarkable fact proved by Aldous [12] and later extended in [13] is that this interpre-

tation of the near-critical Erdős-Rényi random graph and the inhomogeneous model has a

n → ∞ limiting description in terms of a Brownian motion with parabolic drift which is

called the standard multiplicative coalescence, which we now briefly describe.

Let us fix some vector x ∈ ℓ2↓ = {(x1, x2, · · · ) : x1 ≥ x2 ≥ · · · ≥ 0,
∑

i x
2
i < ∞} and

let X (x, t) = (Xi(x, t) : i ≥ 1) denote the ordered masses of clusters of the graph G(x, t)
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on countably many vertices. Whenever x has finite length, i.e. xi = 0 for all sufficiently

large i, then X (x, t) is a continuous time Markov chain on a finite collection of spaces whose

dynamics are the following

each pair of clusters (x, y) merges at rate xy to form a single new cluster of size

x+ y,

where the term cluster refers to the masses Xi(x, t). Aldous [12] shows that this process

can be defined for starting vectors x ∈ ℓ2↓ and not just finite length vectors and that process

(X (x, t); t ≥ 0) is a Feller process in ℓ2↓. The standard multiplicative coalescence is the

process (X (t);−∞ < t < +∞) whose distribution at time t is the ordered lengths of

excursions of Xt(s) = B(s) + ts− 1
2s

2.

3.3 Other Critical Random Graph Models and Results

In this section we will recall some subsequent results on critical and near-critical random

graphs and their asymptotics. Much of the work on the critical inhomogeneous random

graph models discussed above and below were motivated by conjectures of statistical physi-

cists in the early 2000’s on the behavior of large random graphs [41, 42, 104]. These works

suggest the following asymptotic behavior: Let (Gn;n ≥ 1) be a sequence of critical random

graphs on n vertices and let Dn denote the degree of a uniformly chosen vertex in Gn. De-

note by Cn = Cn(1) denote the largest connected component in Gn. If P(Dn ≥ k) ≈ ck1−τ

for some τ > 3 where the precise meaning of ≈ is intentionally omitted then, as n→∞, it

is believed that

1. [τ > 4] #Cn = Θ(n2/3) and the typical distance between two vertices in Cn is Θ(n1/3);

and

2. [τ ∈ (3, 4)] #Cn = Θ(n−(τ−2)/(τ−1)) and the typical distance between two vertices in

Cn is order n−(τ−3)/(τ−1).

Observe that for the Erdős-Rényi random graph, while note falling into the power-law case

with τ > 4, does still exhibit the same scaling as Case 1 above. Mathematically this

conjecture has been verified for several notable graph models which we will explain below.
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We will often phrase results analogous to Theorem 3.2.3 in terms of the excursions sizes of

some process above its running minimum. We will now establish some notation to eliminate

some redundancy later on. Consider a càdlàg function f such that f(0) = 0, f(t) → −∞

as t → ∞ and f(t) − f(t−) ≥ 0 for all t. We call an interval (l, r) an excursion interval of

f is f(x) > f(l) for all x < ℓ and r = inf{x : f(x) < f(ℓ)} and we will call r − l the length

of the excursion interval. Given an excursion interval (l, r) we call f(l,r) : [0, r− l]→ R+ by

f(l,r)(x) := f(l + x)− f(l) the excursion of f over (l, r). We note that f(l,r) is an excursion

above its past minimum and f(l,r)(x) can be 0 on (l, r). Whenever it makes sense, we let

((li, ri); i ≥ 1) denote the collection of all excursion intervals of f listed in decreasing order

and let fi = f(li,ri). We will also define

E↓(f) = (fi; i ≥ 1) ∈ D(R+,R+)∞, Γ↓(f) = (ri − li; i ≥ 1) ∈ ℓ∞↓ .

Also, given an element x ∈ R∞+ we write

σp(x) =
∑
i

xpi ∈ [0,∞].

Finally given a graph G on, say, n vertices which is equipped with some finite measure

m we will write

W (G) = (m(C (1)),m(C (2)), · · · ,m(C (k)), 0, 0, · · · ) ∈ ℓ∞↓

as the ordered sequence of masses of the connected components of G, listed in decreasing or-

der with ties broken arbitrarily. Similarly, if each connected component C (j) has a specified

vertex oj ∈ C (j) we will denote

COMP(G) :=
(
(C (i), oi, d,m|C (i)); i ≥ 1

)
as the ordered collection of PMM spaces where d represents the graph distance and for any

PMM space M we will denote

scale(a, b)(M, o, dM, µM) = (M, o, adM, bµM)

as the scaled metric space.
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3.3.1 Critical Inhomogeneous Random Graphs

In the last section, we discussed an inhomogeneous random graph G(x, q) which under

certain tuning of the parameters is identical to the Erdős-Rényi random graph modulo a

re-weighting of the vertices by a fact of n−2/3. To indicate the parameter n, we will write

xn = (xni ; i ≥ 1).

The first extension to a situation were xni ̸= n−2/31[i≤n] actually appears in Aldous’

work [12]. Recall that the vertex i in G(x, q) is assigned a mass xi. He showed the following

theorem

Theorem 3.3.1 (Aldous [12]). If (xn;n ≥ 1) is a sequence of finite positive weight vectors

such that

σ3(x
n)

(σ2(xn))3
−→ 1

xnj
σ2(xn)

−→ 0, ∀j ≥ 1

σ2(x
n) −→ 0,

then for each fixed t ∈ R

W (G(xn,
1

σ2(xn)
+ t)) −→ Γ↓(B(s) + ts− 1

2
s2), in ℓ2↓.

The proof of the above theorem relies on an exploration of the graph G(x⃗, q) in a manner

very similar to the exploration of the Erdős-Rényi random graph described in the previous

section.

Shortly afterwards, Aldous and Limic [13] described more collection of graph models

whose component masses exhibit scaling limits. Namely, they show

Theorem 3.3.2 (Aldous and Limic [13]). Suppose that (xn;n ≥ 1) are a sequence of finite

length vector such that

σ3(x
n)

(σ2(xn))3
−→ κ+

∑
j

c3j

xnj
σ2(xn)

−→ cj , ∀j ≥ 1

σ2(x
n) −→ 0,
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where κ ∈ R+ and c ∈ ℓ3↓. If either κ > 0 or c ∈ ℓ3↓ \ ℓ2↓ then

W

(
G
(
xn,

1

σ2(xn)
+ t

))
d

=⇒Γ↓(Xκ,t,c),

where

Xκ,t,c(s) =
√
κW (s) + ts− κ

2
s2 +

∞∑
j=1

(
cj1[ξj≤s] − c

2
js
)

(3.12)

for a collection (ξi; i ≥ 1) of independent exponential random variables with respective rates

ci.

We recall that the measure equipped on G(x, q) is the measure assigning weights xi to

vertex i and so the theorems above do not tell us information about the number of vertices in

the connected components of the inhomogeneous random graph. This is a subtle difference,

but the sizes of the connected components do not follow from the work of [12] or [13], but

would be useful for understanding component structure of the random graphs. Such results

were obtained by Bhamidi et. al. in [32, 33]. We will not write out their results in detail.

Convergence of the connected components of the inhomogeneous random graph G(x, q)

under certain assumptions on x and on q were obtained in [30] where the limiting connected

are analogous to those constructed for the critical Erdős-Rényi random graph. See also [28]

where the edge probability is replace by 1−exp(−k(xi, xj)) for certain kernels k : R2
+ → R+.

Both of these deal with the Brownian results which are technically easier to handle because

the construction of height processes a la [73] is more straight-forward (although still not

trivial). See also the discussion of the configuration model below where descriptions in the

case of random degree distributions was solved before the deterministic degree sequences.

In [44, 45] the authors describe the continuum limits of the critical inhomogeneous

random graph outside of the Erdős-Rényi universality class. There are a few technical

assumptions similar to those appearing in Theorem 3.1.1 and the construction of height

processes which will will not mention; however, the assumptions on the weight sequences xn

can are stated as follows. There are two sequences an, bn such that xn1 = O(an), an,
bn
an
→∞

and bn
a2n
→ β0 ∈ [0,∞) and

bn
an

(
1− σ2(x

n)

σ1(xn)

)
→ α ∈ R,

bn
a2n

σ3(x
n)

σ1(xn)
→ β + κ

∑
j

c3j ,
xnj
an
→ cj ,
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where α ∈ R, β ≥ 0 , κ ∈ (0,∞) and c ∈ ℓ3↓. They show

Theorem 3.3.3 (Broutin, Duquesne, Wang [44, 45]). Let Gn = G(xn, 1
σ1(xn)

). Under the

assumptions mentioned above along with some technical assumptions not explicitly stated

above, there exists limiting metric spaces (Gi; i ≥ 1) such that

scale(
an
bn
,

1

bn
) · COMP(Gn)

d
=⇒(Gi; i ≥ 1),

in the product GHP topology. Here Gn is equipped with either the measure assigning weight

xni to vertex i or the counting measure. The graphs Gi are constructed from (a time-change

and scaling) of the process in (3.12).

3.3.2 The configuration model

The configuration model was introduced by Bollobás in [39] to describe some asymptotic

formulas appearing asymptotic enumeration results for regular random graphs. Fix a se-

quence of non-negative integers dn = (d1, · · · , dn). The graph CM(dn) is a random graph

on the vertex set [n] where each vertex i has degree deg(i) = di counted with multiplicity.

Probabilistically the graph can be constructed as follows. View each vertex i ∈ [n] having

di many half-edges stemming from the vertex, and one then uniformly chooses a pairing of

the
∑

j dj many half-edges. The edges in CM(dn) are then formed by turning each pair of

half-edges into a bona-fide edge in CM(dn).

Apart from the combinatorial aspects of this model, it has become popular in recent

decades because the vertices dn can be chosen to match the degree distributions appearing

in many real-world networks. See [173, Chapter 1] and references therein. Unfortunately,

while the description of CM(dn) as a multigraph is straightforward; however, its construction

conditioned on being a simple graph is not straight forward.

One of the first result on component structure for the configuration model was the

threshold for a giant connected component of Molloy and Reed [148, 149]. In terms of the

disease interpretation of the model, this is simply stating the probability of a large infection

when just a single individual is infected at time t = 0.

Theorem 3.3.4 (Molloy and Reed [148, 149]). Let dn be a sequence of degree sequences
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and let θ = θ(dn) be defined by

θ(dn) =
E [dVn(dVn − 1)]

E[dVn ]
, P (Vn = j) =

1

n
,∀j ∈ [n].

Let Cn(1) denote the largest connected component of CM(dn). Under certain additional

assumptions on dn not stated,

#Cn(1) = ΘP(n) if and only if θ(dn) > 1.

The value θ(dn) = 1 is the critical value, where the behavior of the largest connected

component drastically changes. The first work on the large n properties of connected com-

ponents of the critical configuration model is due to Riordan [157] under the assumption

that the degrees are bounded. Riordan shows that component sizes and surplus for the

bounded degree configuration model falls into the same universality class as the critical

Erdős-Rényi random graph. The result in [157] is similar to a result due to Joseph [109] for

unbounded degree distributions but where additional randomness was included by taking

the degree sequence itself to be random. Namely, suppose that Dn = (D1, · · · , Dn) are i.i.d.

random variables are such that θ(D1) := E[D1(D1 − 1)]/E[D1] = 1. Observe that θ(D1) is

simply the mean of the size-biased distribution D∗ defined by

P(D∗ = k) =
kP(D1 = k)

E[D1]
.

Joseph [109] proved the following

Theorem 3.3.5 (Joseph [109]). Let (Cn(j); j ≥ 1) denote the connected components of

CM(Dn) where θ(D1) = 1. Then

1. Suppose that P(D1 = 1) < 1 and E[D3
1] < ∞ and let µ = E[D1] and β = E[D1(D1 −

1)(D1 − 2)]. Then

(
n−2/3#Cn(1), n−2/3#Cn(2), · · ·

)
d

=⇒Γ↓

(√
β

µ
W (t)− β

2µ2
t2

)
in ℓ2

for a Brownian motion W .

The same result holds when the multigraph CM(Dn) is conditioned on being simple.
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2. Suppose that P(D1 = k) ∼ ck−τ for some τ ∈ (3, 4) and c > 0 and let µ = E[D1].

Denote by X(t) the process with independent increments and Laplace transform

E
[
e−λX(t)

]
= exp

(∫ t

0
ds

∫ ∞
0

dx(e−λx − 1 + λx)
c

µxτ−1
e−xs/µ

)
,

for λ, t ≥ 0. Then

n−(τ−2)/(τ−1) (#Cn(1),#Cn(2), · · · ) d
=⇒Γ↓

(
X(t)− cΓ(4− τ)

(τ − 3)(τ − 2)µτ−2
tτ−2

)
in ℓ2.

The above theorem essentially confirms one aspect conjecture by statistical physicists

stated at the beginning of this Section under the additional assumption that the degrees

themselves are random. The result of Joseph does not establish the conjecture for the

behavior of distances between two typical points even in the configuration model; however,

his exploration of the graph together with the analogous results on random trees [73] strongly

suggests that the distances scale appropriately. Joseph’s result in the heavy-tailed also deals

with only multigraphs instead of simple graphs. We will return to this after a brief foray

into the work on deterministic degree sequences.

This random degree distribution assumption is not made by Riordan in [157] and, in

fact, Riordan actual describes a critical window for the bounded degree configuration model.

Riordan’s work falls much more in line with the work of Dhara et. al. in their two works

[62, 63]. All three of these works describe the critical window for the configuration model

with deterministic degrees provided that the empirical distribution of the degrees satisfy

some asymptotic properties.

Theorem 3.3.6 (Riordan [157], Dhara et. al. [62, 63]). For each n ≥ 1, let dn =

(d1, d2, · · · , dn) be a degree sequence listed in decreasing order. Let Dn denote the degree of

a uniformly chosen vertex in CM(dn). Suppose that

Dn
d

=⇒D, as n→∞,

for some random variable D such that P(D = 1) > 0 and that

θ(dn) =
E[Dn(Dn − 1)]

E[Dn]
= 1 + λr−1n + o(r−1n )

for some fixed λ ∈ R and sequence rn →∞.
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1. Suppose that E[D3
n]→ E[D3] <∞ as n→∞ and rn = n1/3. Then as n→∞

n−2/3 (#Cn(1),#Cn(2), · · · ) d
=⇒Γ↓

(√
η

µ
W (t) + λt− η

2µ3
t2
)

in ℓ2,

where µ = E[D], and η = µE[D3]− E[D2]2.

2. Let L(x) be a slowly-varying function and τ ∈ (3, 4). Suppose that (1) for each fixed

i ≥ 1, that
di

n1/(τ−1)L(n)
→ ci > 0, c = (ci; i ≥ 1) ∈ ℓ3↓ \ ℓ2↓;

(2) that E[Dn]→ µ := E[D], E[D2
n]→ E[D2] and

lim
K→∞

lim sup
n→∞

(n1/(τ−1)L(n))−3
∑

j≥K+1

d3j = 0;

and (3) that rn = n(τ−3)/(τ−1)/L(n)2. Then

L(n)

n(τ−2)/(τ−1)
(#Cn(1),Cn(2), · · · ) d

=⇒Γ↓
(
X0,t,c

)
, in ℓ2,

where Xκ,t,c is as in (3.12) where t = λµ1/(1−τ).

The above results continue to hold conditionally given CM(dn) is simple.

Let us note that the above theorem establishes the conjecture for component sizes of the

critical and near-critical configuration model, with deterministic degree sequences; however,

it does not establish the description of the distance between two typical points within the

largest connected components.

To understand the typical distances between vertices, we need to know the limiting

metric space structure of the critical configuration model. This is due to Conchon-Kerjan

and Goldschmidt for the case τ ∈ (3, 4) and random degree distributions. Before we state

their result in the following theorem, we recall some properties of excursions and continuum

random graphs. Recall that we can generate unit-duration excursions (e,h) of the (X,H)

where X is an α ∈ (1, 2] stable Lévy process and H is its associated height process. In

the Brownian case, α = 2, the excursion e is taken to be a standard Brownian excursion

and h = 2e. In the α-stable case (α ̸= 2) the excursion e depends on the constant C in

E[exp(−λX(t))] = exp(Ctλα).
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In the construction of continuum random graphs G(e,h,P) there is a point-set P ∩ e

which plays an important role in the quotienting procedure. In particular, #P ∩ e is the

number of vertex identifications made in the tree Th. This is the surplus of the continuum

random graph G = G(e,h,P) and we will denote this by s(G).

For α ∈ (1, 2], we will call G (α,k) the α-stable continuum random graph2 with fixed

surplus k by the graph

G (α,k) := G(ẽ(k), h̃(k),P(k))

where P(k) are k uniformly chosen points in {(t, x) ∈ [0, 1]× R+ : 0 ≤ x ≤ ẽ(k)(t)} and

E
[
F (ẽ(k), h̃(k))

]
=

E

[
F (e,h)

(∫ 1

0
e(t) dt

)k
]

E

[(∫ 1

0
e(t) dt

)k
]

where (e,h) as above.

Theorem 3.3.7 (Conchon-Kerjan & Goldschmidt [59]). Suppose that Dn is as in Theorem

3.3.5 and for each connected component Cn(j) in CM(Dn), let oj ∈ Cn(j) be a randomly

chosen vertex with probability proportional to its degree. Let µi,n denote the counting measure

on Cn(i). In the respective critical regimes:

1. As n→∞, in the product GHP topology

((
Cn(i), oi, n

−1/3d, n−2/3µi,n

)
; i ≥ 1

)
d

=⇒ (Gi; i ≥ 1) ,

where Gi continuum random graphs.

2. As n→∞, in the product GHP topology

((
Cn(i), oi, n

−(α−1)/(α+1)d, n−α/(α+1)µi,n

)
; i ≥ 1

)
d

=⇒ (Gi; i ≥ 1) , α = τ − 2,

for continuum metric spaces Gi.

2This graph depends on the constant C in the Laplace transform of the stable process X; however,
changing the constant C only rescales the metric in the graph.
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Moreover, the graphs (Gi; i ≥ 1) are i.i.d. conditionally given (ζi = µi(Gi), ki = s(Gi))i≥1

with law

(Gj |(ζi, ki)i≥1)
d
= scale(ζ

(α−1)/α)
j , ζj) ·

(
G (α,ki)

)
.

Remark 3.3.1. Each of the works of [59, 62, 63, 109, 157] explore the connected components

of the configuration model in a manner very similar to how Aldous explores the near-

critical Erdős-Rényi random graph in [12]. There are, of course, subtle differences related

to particular method of constructing the configuration model which is highlighted in Chapter

5 below.

3.4 Random Matrix Theory

The results in Chapter 6, recalled from [58], elaborate on some results about random trees

that originally appeared in the study of random matrices [97, 126]. To give some of a

background on this result, we will briefly mention some results in this line of work.

3.4.1 Why Eigenvalues and Gaussian Ensembles?

One of the motivations for the early study of random matrices comes from physics, namely

understanding energy levels of atomic nuclei. The energy levels of a quantum system are

supposed to be described by the eigenvalues of the Hamiltonian operator H, which is some

Hermitian operator on some infinite dimensional Hilbert space. Since one is concerned with

the eigenvalues and not the spectrum of the operator H, physicists were concerned with

understanding the behavior of eigenvalues of N ×N matrices where N is large. For many

systems the exact Hamiltonian H is not known, and so instead one considers the entries of

the matrix H to be random subject to certain physical symmetry constraints. See Chapter

1, Section 1 of [144] and references therein for more physical motivations.

The symmetry of physical systems, see [80], led early authors to consider N×N matrices

XN = (XN (ℓ, r) : ℓ, r ∈ [N ]) with entries in some (skew) field F taking particular forms.

The three (skew) fields considered are the field of real numbers R, the field of complex

numbers C, and the skew field (non-commutative) quaternions H. These matrices took the
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form [76]

XN (ℓ, r) =

β−1∑
α=0

XN,α(ℓ, r)eα (3.13)

where e0 = 1, e1 = i ∈ C, e2 = j, e3 = k ∈ H are particular elements in the (skew) field F,

β = dimR(F) is the dimension of F as an R-vector space and XN,α(ℓ, r) are real numbers

There is the additional constraint that the matrices are Hermitian over the field F which

means

XN,0(ℓ, r) = XN,0(r, ℓ) and XN,α(ℓ, r) = −XN,α(r, ℓ) for α ̸= 0. (3.14)

The Gaussian orthogonal/unitary/symplectic ensemble (GOE/GUE/GSE) is the family

of N × N Hermitian matrices XN = (XN (ℓ, r); ℓ, r ∈ [N ]) with independent (subject to

(3.14)) entries in R/C/H with entries defined by (3.13) where XN,α(ℓ, r) are independent

and distributed as

XN,0(ℓ, ℓ)∼N

(
0,

2

β

)
, and XN,α(ℓ, r) ∼ N

(
0,

1

β

)

where β = 1/β = 2/β = 4.

It can be shown, [76] and Theorem 2.5.2 in [17], that if λN1 ≤ λN2 ≤ · · · ≤ λNN are the

eigenvalues of GO/U/SE they’re joint law has a density on the set {x1 ≥ x2 ≥ · · · ≥ xN}

P
(
λN1 ∈ dx1, · · · , λNN ∈ dxN

)
∝

∏
i<j

|xi − xj |β
 exp

−β
4

N∑
j=1

x2j

 dx1 dx2 · · · dxN

(3.15)

where β = 1, 2, 4 respectively.

For each β = 1, 2, 4 there is a family of real N×N tridiagonal matrices whose eigenvalues

match the eigenvalues of GO/U/SE matrices. In fact, there is actually a generalization of

the Gaussian ensembles to all β > 0 and not just β = 1, 2, 4 due to Dumitriu and Edelman

[69] which we now state.
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Theorem 3.4.1 (Dumitriu & Edelman [69]). Fix a β > 0. Let

Mβ
N =

1√
β



√
2g1 χ(N−1)β 0 . . .

χ(N−1)β
√

2g2 χ(N−2)β 0 · · ·

0 χ(N−2)β
√

2g3
. . .

...
. . .

. . .

χβ

χβ

√
2gN


, for β > 0, N ≥ 1, (3.16)

where χβ, χ2β, · · ·χ(N−1)β are independent χ-random variables which are indexed by their

parameters and g1, . . . , gN are independent standard normal random variables. Then the

eigenvalues of Mβ
N have density (3.15).

We call such matrices the Gaussian β ensemble (GβE).

3.4.2 The Semi-circle Law

A major object of study in random matrix theory is the study of eigenvalues of N × N

matrices. We will focus mostly on real symmetric N × N matrices, which we will denote

for a fixed N by XN = (XN (i, j); i, j ∈ [N ]). We will also denote its N real eigenvalues by

λN1 ≥ λN2 ≥ · · · ≥ λNN , or, equivalently, the (scaled) empirical measure

ρN (dx) =
1

N

N∑
j=1

δλN
j /
√
N (dx),

∫
f(x) ρN (dx) =

1

N

N∑
j=1

f

(
λNj√
N

)
.

As can be visually seen from Figure 3.1, the eigenvalues for a particular sample appear

to mimic a particular function. This is not a coincidence, but is a general fact due originally

to Wigner [181]. This is so-called semi-circle law stated in the next theorem. The proof of

this result, under the following formulation, can be found in Chapter 2 of [17] and [69].

Theorem 3.4.2 (Wigner [181]). Let Y and Z be mean zero random variables with Var(Z) =

1. Suppose that (XN (i, j) = XN (j, i); i > j,N ≥ 1) are i.i.d. copies of Z and (XN (i, i); i ≥

1, N ≥ 1) are i.i.d. copies of Y . If

E[|Z|k] + E[|Y |k] <∞, ∀k ≥ 1,
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Figure 3.1: In blue: Histogram of the eigenvalues of a 10,000×10,000 matrix. In red: The

semi-circle 1
2π

√
4− x2.

then

ρN
P−→

N→∞
ρ(dx) :=

√
4− x2
2π

1[−2≤x≤2] dx,

where the measures are topologized with the topology of weak convergence of finite measures.

The same convergence holds if XN is the N ×N GβE matrix.

Recall that one of the early motivations for studying random matrices was to understand

the spacing of energy levels of some complicated quantum systems, but that the above

theorem does not quite give us this. What Theorem 3.4.2 does give us is that the proportion

of eigenvalues that fall outside of [−(2 + ε)
√
N, (2 + ε)

√
N ] tends to zero as N → ∞ for

each fixed ε > 0. In particular, the N eigenvalues are spaced in an interval of size roughly

4
√
N and hence should the spacing between adjacent eigenvalues should be of order N−1/2.

These are concerned with the local properties of eigenvalues, and there are essentially two

regimes that are studied: the bulk and the edge. The bulk eigenvalues are those eigenvalues

which fluctuate around u
√
N for u ∈ (−2, 2) and the edge are those concerned with what

happens for the largest (or smallest) eigenvalues. Since Chapter 6 is related to the edge

eigenvalues and so we will mostly focus on the behavior edge statistics of the Gaussian β
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ensemble.

3.4.3 The Edge Statistics of GβE

Let Mβ
N be as in (3.16) be in the N×N GβE and denote its eigenvalues by λNβ,1 ≥ · · · ≥ λNβ,N .

Note that for each fixed k ≥ 1, the largest k eigenvalues should all roughly of size 2
√
N by

the semi-circle law; however, it does not tell us the order of (2
√
N −λNβ,1) as N →∞. That

is, the semi-circle law does not tell us the fluctuations of the largest eigenvalues.

The first result dealing with such fluctuations were due to Tracy and Widom in [171]

for the GUE case β = 2 and then shortly after in [172] for the GO/SE cases β = 1, 4.

While they were concerned with a different scaling of the eigenvalues, these two theorems

are formulated as follows

Theorem 3.4.3 (Tracy & Widom [171, 172]). For β ∈ {1, 2, 4} there exists a distribution

function Fβ(x), called the Tracy-Widom(β) distribution such that

Fβ(s) = lim
n→∞

P
(
N1/6(λNβ,1 − 2

√
N) ≤ s

)
.

In particular, for each β ∈ {1, 2, 4} both (λNβ,1 − 2
√
N) = Θ(n−1/6) and there exists a limit

random variable Λβ,1 such that

N1/6(2
√
N − λNβ,1)

d
=⇒Λβ,1, as N →∞. (3.17)

About a decade after the results by Tracy and Widom, Sutton [169] and then jointly

with Edelman [82] gave a heuristic argument that the N × N re-centered and re-scaled

matrix

M̃β
N := N1/6

(
2
√
NIN×N −Mβ

N

)
can be approximated in the N →∞ limit by stochastic operator

H βf :=

(
− d2

dx2
+ x+

2√
β
W ′x

)
f, f(0) = 0, f ∈ L2(R+), (3.18)

where W ′x is a white noise. If we let The operator H β is called the stochastic Airy operator.

This connection was made precise in the work of Ramı́rez, Rider and Virág [155].

Let ΛN
β,1 ≤ ΛN

β,2 ≤ · · ·ΛN
β,N denote the eigenvalues of M̃β

N listed in increasing order.

Note that Λβ,j = N1/6(2
√
N − λNβ,j) for each j ∈ [N ]. Consequently, ΛN

β,1
d

=⇒Λβ,1 for each
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β ∈ {1, 2, 4} as in (3.17). It can be shown [155] that the operator H β has well-defined

smallest eigenvalues which can be defined by Λβ,1 ≤ Λβ,2 ≤ · · · . The connection between

the GβE and the stochastic Airy operator is made precise in the following theorem:

Theorem 3.4.4 (Ramı́rez, Rider & Virág [155]). For each fixed k, and β > 0 then jointly

as N →∞

(ΛN
β,1, · · · ,ΛN

β,k)
d

=⇒ (Λβ,1, · · · ,Λβ,k) .

The above theorem holds for more general joint eigenvalue distributions as well, see [125]

and references therein for a more precise formulation.

Let us remark that the above theorem holds for all β > 0 and not just β ∈ {1, 2, 4}

as was the case for the Tracy-Widom distribution. This situation was the consideration of

Gorin and Shkolnikov in their work [97].

Therein, they showed that the operator 1
2H

β generates a semigroup (Uβ(t); t ≥ 0) of

trace class integral operators on L2(R+) defined via a kernel Kβ(x, y; t) for t > 0. Let us

make this connection more precise. For each t, let Bx,y,t = (Bx,y,t(s); s ∈ [0, t]) denote a

Brownian bridge from x to y of duration t. Let (Lx,y,t
v ; v ∈ R) denote a continuous version

of the local time of Bx,y,t at time t and level v. Finally, let W = (W (v); v ≥ 0) denote an

independent standard Brownian motion. The kernel Kβ(x, y; t) is defined by

Kβ(x, y; t) =
e−(x−y)

2/2t

√
2πt

EB

[
1[Bx,y,t≥0] exp

{
−1

2

∫ t

0
Bx,y,t(s) ds+

1√
β

∫ ∞
0

Lx,y,t
v dW (v)

}]
,

where EB means that the expectation is taken only with respect to Bx,y,t and f ≥ 0 means

f(s) ≥ 0 for all s. Some care has to be taken to define the stochastic integral above in order

to consider multiple operators Uβ(t1), · · · ,Uβ(tm), [113].

Theorem 3.4.5 (Gorin & Shkolnikov [97]). Let (e−
t
2
H β

; t ≥ 0) denote the semi-group

generated by 1
2H

β. One can couple the Brownian motions W in their respective definitions

to make

P
(
e−

t
2
H β

= Uβ(t)
)

= 1, ∀t ≥ 0,

where (
Uβ(t)f

)
(x) =

∫ ∞
0

Kβ(x, y; t)f(y) dy.
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For an extension of this result see the joint work by Lamarre and Shkolnikov [126]. The

connection with a Brownian excursion, and not a Brownian bridge, will be discussed in

Chapter 6.
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Chapter 4

EPIDEMICS ON CRITICAL ERDŐS-RÉNYI RANDOM GRAPH

4.1 Introduction

Recall that the Erdős-Rényi random graph G(n, p) is a random graph on n vertices labeled

{1, · · · , n} where each edge {i < j} is included independently with probability p. We

imagine the graph G(n, p) as modeling a population on n vertices through which a disease

spreads in discrete time. On day t = 0, there are k many individuals infected and the rest

of the population is susceptible. On each day t = 0, 1, · · · , each infected individual infects

their susceptible neighbors who become infected on day t + 1 and each infected individual

on day t recovers on day t+ 1.

Let us write {ρ1, · · · , ρk} for the k many infected individuals on day zero. Since relabeling

vertices does not change the edge probability, we can take these k vertices to be the vertices

labeled 1, · · · , k; however, we prefer to stick with former choice. If we equip G(n, p) with

the graph distance, then the vertices who are infected on day t are simply those vertices{
v ∈ G(n, p) : min

j∈[k]
d(v, ρj) = t

}
.

If we let

Zk
n(t) = #

{
v ∈ G(n, p) : min

j∈[k]
d(v, ρj) = t

}
, (4.1)

then it is not hard to convince yourself that Zk
n is not Markov because, for example, the

more people who are initially infected at time t− 1 limiting the number of individuals who

can become infected on day t+ 1.

However, we can consider the Z2-valued (Zk
n, C

k
n), where Ck

n(t) =
∑t

ℓ=0 Z
k
n(ℓ), and see

that this is a Markov chain. More explicitly, we can see that transitions completely deter-

mined by (
Zk
n(t+ 1)|Zk

n(t) = z, Ck
n(t) = c

)
d
= Bin (n− c, 1− (1− p)z) .
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Indeed, conditioning on Zk
n(t) = z and Ck

n(t) = c implies that there are n − c susceptible

individuals remaining in the population. Each of those n−c individuals shares an edge with

each of the z infected individuals independently with probability p. Thus, the probability the

a particular susceptible vertex does not share an edge with any of the z infected individuals

(and hence does not become infected on day t+ 1) is (1− p)z.

We are interested in understanding the behavior of the SIR epidemic in within the critical

window [12] of the Erdős-Rényi random graph. That is when p = p(n) = n−1 + λn−4/3.

The main theorem is the following

Theorem 4.1.1. Fix a λ ∈ R and a sequence k = k(n) such that kn−1/3 → x ≥ 0 as

n → ∞. Suppose that p = p(n) = n−1 + λn−4/3. Then, as n → ∞, the following weak

convergence holds in the Skorohod space D(R+,R+):(
n−1/3Zk

n(⌊n1/3t⌋); t ≥ 0
)

d
=⇒ (Z(t); t ≥ 0) ,

where Z is the unique strong solution to the stochastic integral equation

Z(t) = x+

∫ t

0

√
Z(s) dW (s) +

(
λ− 1

2

∫ t

0
Z(s) ds

)∫ t

0
Z(s) ds (4.2)

for a standard Brownian motion W .

We mention that similar results using simpler, continuous-time, epidemic models were

studied in [66, 164]. We prove the above theorem by establishing the hypotheses of the

martingale functional central limit theorem [86, Chapter 7] in Lemmas 4.2.2 and 4.2.3

below.

The formulation of the limiting process Z in Theorem 4.1.1 is not a standard stochastic

differential equation because of the factor of
(∫ t

0 Z(s) ds
)2

. However, this is not as surprising

when we consider the following lemma.

Lemma 4.1.2. The process Z solving (4.2) is equal in law to the pathwise unique solution

to

Z(t) = x+ Xλ

(∫ t

0
Z(s) ds

)
, Xλ = B(t) + λt− 1

2
t2, (4.3)

where B is a linear Brownian motion.
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The process Xλ is a Brownian motion with parabolic drift and appears in the seminal

work of Aldous [12] on the Erdős-Rényi random graph.

Before moving onto the proof of Theorem 4.1.1 and Lemma 4.1.2, let us mention what

happens when just a single individual is initially infected, i.e. k = 1. This is a much

more natural setting when there is initially just a single source of the disease. Obviously in

this case, the limiting process Z solves (4.3); however, the unique solution to the resulting

stochastic equation in (4.3) (with x = 0) is the process Z(t) ≡ 0. This may lead the reader to

believe that the (n1/3, n1/3) time-space scaling is not the correct scaling window to examine

for this situation; however, based on the results we prove in Chapter 5 we believe this is

incorrect. We will show in a much more general context in the next chapter that when just

a single individual is infected in one of the largest connected components then there is a

non-trivial limit of the resulting process Z.

4.2 Technical Lemmas

In this section we provide lemmas necessary to go from the convergence in [66, 164] of

a continuous-time epidemic model to the statement presented in Theorem 4.1.1. This is

hinted at in [177, Appendix 2] as well although not proved. We fix a λ ∈ R and let

Gn = G(n, n−1 + λn−4/3) denote an Erdős-Rényi random graph, and let Zk
n be defined by

(4.1). For convenience, we let Ck
n =

(
Ck
n(h);h = 0, 1, · · ·

)
be defined by

Ck
n(h) =

h∑
j=0

Zk
n(j). (4.4)

In terms of the graph Gn, Ck
n(h) represents the number of vertices within distance h of the k

randomly selected vertices {ρn(1), · · · , ρn(k)}. In terms of the SIR model, Ck
n(h) represents

the number of individuals who have contracted the disease at or before “time” h.

From the correspondence of the Reed-Frost model and the Erdős-Rényi random graph,

we know that (Zk
n(h), Ck

n(h)) is a Markov chain with state space

S = {(z, c) ∈ Z2 : z, c ≥ 0}

which is absorbed upon hitting the line {(0, c) : c ≥ 0}. Moreover, the conditional distribu-
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tion of Zk
n(h+ 1) given

(
Zk
n(h), Ck

n(h)
)

is

(
Zk
n(h+ 1)

∣∣∣∣Zk
n(h) = z, Ck

n(h) = c

)
d
=

 Bin(n− c, q(n, z)) : z > 0, c < n

0 : else
, (4.5)

where q(n, z) is defined by

q(n, z) = 1−
(

1− n−1 − λn−4/3
)z
. (4.6)

The joint conditional distribution of (Zk
n(h+1), Ck

n(h+1)) is easily deduced from equations

(4.5) and (4.4).

4.2.1 Asymptotics for binomial statistics

We begin by examining the binomial random variables

β(n, z, c)
d∼ Bin(n− c, q(n, z)),

where q(n, z) is defined by (4.6). Examining the convergence in Theorem 4.1.1, we’ll study

various statistics of β(n, z, c) as n→∞ with z = O(n1/3) and c = O(n2/3).

We define the following statistics

µ(n, z, c) = E [β(n, z, c)] , σ2(n, z, c) = Var [β(n, z, c)] , κ(n, z, c) = E
[
(β(n, z, c)− z)4

]
.

(4.7)

The main purpose of this subsection is to establish the following lemma:

Lemma 4.2.1. Fix an r > 0 and T > 0 and let

Ωn = Ω(n, r, T ) =
{

(z, c) ∈ Z2 : 0 ≤ z ≤ n1/3r, 0 ≤ c ≤ n2/3Tr
}
.

Then, as n→∞, the following bounds hold:

sup
Ωn

∣∣∣µ(n, z, c)− z − n−1/3z(λ− n−2/3c)
∣∣∣ = O(n−1/3)

sup
Ωn

∣∣∣σ2(n, z, c)− z − n−1/3z(λ− n−2/3c)
∣∣∣ = O(n−1/3)

sup
Ωn

|κ(n, z, c)| = O(n2/3)

(4.8)
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In particular,

sup
Ωn

|µ(n, z, c)− z| = O(1)

sup
Ωn

∣∣σ2(n, z, c)− z∣∣ = O(1)
, as n→∞.

Proof. We prove the statements in equation (4.8), since the latter bounds easily follow from

the more detailed asymptotics.

We start with the expansion of µ(n, z, c). The binomial theorem gives

µ(n, z, c) = (n− c)
(

1− (1− n−1 − λn−4/3)z
)

= (n− c)

z(n−1 + λn−4/3)−
z∑

j=2

(
z

j

)
(−1)j(n−1 + λn−4/3)j


= z + n−1/3z(λ− n−2/3c)− λn−4/3zc− (n− c)

z∑
j=2

(
z

j

)
(−1)j(n−1 + λn−4/3)j .

For n sufficiently large, we can obtain the bounds

∣∣∣µ(n, z, c)− z − n−1/3z(λ− n−2/3c)
∣∣∣ ≤ |λ|n−4/3zc+ (n− c)

∣∣∣∣∣∣
z∑

j=2

(
z

j

)
(−1)j(n−1 + λn−4/3)j

∣∣∣∣∣∣
≤ |λ|n−4/3zc+ n

z∑
j=2

(
z

j

)
(n−1 + λn−4/3)j

≤ |λ|n−4/3zc+ n
z∑

j=2

(
2ez

n

)j

.

In the second and third inequality above, we used the bound 0 < n−1 +λn−4/3 ≤ 2n−1 and

the bound

(
m

k

)
≤ (em)k.

Taking the supremum over Ωn, gives

sup
Ωn

∣∣∣µ(n, z, c)− z − n−1/3z(λ− n−2/3)
∣∣∣ ≤ n−1/3|λ|Tr2 + n

n1/3r∑
j=2

(
2er

n2/3

)j

≤ n−1/3|λ|Tr2 + n

(
4e2r2n−4/3

1− 2ern−2/3

)
≤
(
|λ|Tr2 + 8e2r2

)
n−1/3 = O(n−1/3).

This proves the desired expansion and bound for µ(n, z, c).
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We now examine the bounds for σ2(n, z, c). Again, we use the binomial theorem

σ2(n, z, c) = µ(n, z, c)(1− n−1 − λn−4/3)z

= µ(n, z, c)

1− z
(
n−1 + λn−4/3

)
+

z∑
j=2

(
z

j

)
(−1)j(n−1 + λn−4/3)j


= µ(n, z, c)− µ(n, z, c)z(n−1 + λn−4/3) + µ(n, z, c)

z∑
j=2

(
z

j

)
(−1)j(n−1 + λn−4/3)j .

(4.9)

We can then use the previous asymptotic bounds for µ(n, z, c) to get

sup
Ωn

∣∣∣σ2(n, z, c)− z − n−1/3z(λ− n−2/3)
∣∣∣ ≤ sup

Ωn

|σ2(n, z, c)− µ(n, z, c)|+O(n−1/3).

We can bound the first term on the right-hand side as we did for µ(n, z, c) above. We get

sup
Ωn

∣∣σ2(n, z, c)− µ(n, z, c)
∣∣ ≤ sup

Ωn

∣∣∣∣∣∣µ(n, z, c)z(n−1 + λn−4/3) + n

z∑
j=2

(
z

j

)
(n−1 + λn−4/3)j

∣∣∣∣∣∣
≤ sup

Ωn

2rn−2/3µ(n, z, c) + n

z∑
j=2

(
z

j

)
(n−1 + λn−4/3)j


≤ 2rn−2/3 sup

Ωn

(
|µ(n, z, c)− z − n−1/3z(λ− n−2/3c)|+ |z + n−1/3z(λ− n−2/3c)|

)
+O(n−1/3)

= 2rn−2/3
(
O(n−1/3) +O(n1/3)

)
+O(n−1/3)

= O(n−1/3).

In the first line we used the bound 0 < n−1 + λn−4/3 ≤ 2n−1 for large enough n, and

µ(n, z, c) ≤ n, the second inequality used the bounds (n−1+λn−4/3)z ≤ 2rn−2/3 on Ωn. The

third inequality used the previously derived bound of

z∑
j=2

(
z

j

)
(n−1 +λn−4/3) ≤ 8e2r2n−4/3

which holds for n sufficiently large.
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To show the bound for κ(n, z, c), we expand it as follows

κ(n, z, c) = E
[
(β(n, z, c)− µ(n, z, c))4

]
+ 4E

[
(β(n, z, c)− µ(n, z, c))3

]
(µ(n, z, c)− z)

+ 6E
[
(β(n, z, c)− µ(n, z, c))2

]
(µ(n, z, c)− z)2

+ 4E [β(n, z, c)− µ(n, z, c)] (µ(n, z, c)− z)3

+ (µ(n, z, c)− z)4

=: κ4(n, z, c) + 4κ3(n, z, c) + 6κ2(n, z, c) + 0 + κ0(n, z, c).

We now show that κj(n, z, c) for j = 0, 2, 3, 4 have the desired bound.

By the approximations for µ(n, z, c) it is easy to see that

sup
Ωn

|κ0(n, z, c)| = O(1), as n→∞.

Similarly, we can use the approximations for both µ(n, z, c) and σ2(n, z, c) to arrive at

sup
Ωn

|κ2(n, z, c)| = sup
Ωn

∣∣σ2(n, z, c)(µ(n, z, c)− z)2
∣∣

≤ O(1) · sup
Ωn

(∣∣∣σ2(n, z, c)− z − n−1/3z(λ− n−2/3c)
∣∣∣+ |z + n−1/3z(λ− n−2/3c)|

)
= O(1) ·

(
O(n−1/3) +O(n1/3)

)
= O(n1/3).

Using the third central moment of a binomial random variable gives

κ3(n, z, c) = σ2(n, z, c)(1− 2q(n, z))(µ(n, z, c)− z).

A similar expansion as that for κ2(n, z, c) shows that supΩn
|σ2(n, z, c)| = O(n1/3), and the

other two terms are O(1) over Ωn and hence

sup
Ωn

|κ3(n, z, c)| = O(n1/3).

By the fourth central moment for a binomial random variable, we have

|κ4(n, z, c)| = σ2(n, z, c)
∣∣1 + 3(n− 2− c)(q(n, z)− q(n, z)2)

∣∣
≤ σ2(n, z, c)

(∣∣1 + 3(n− c)(q(n, z)− q(n, z)2)
∣∣+ 2|(q(n, z)− q(n, z)2)|

)
≤ σ2(n, z, c)

(
3 + 3σ2(n, z, c)

)
.
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Hence, by the bound for σ2(n, z, c)

sup
Ωn

|κ4(n, z, c)| = O(n2/3).

This proves the desired claim.

4.2.2 Martingale estimates

In this section we verify the conditions of the martingale functional central limit theorem,

as found in [86, Theorem 7.4.1]. Before moving onto the lemma, we establish some notation.

We let

Fk
n(h) = σ

(
Zk
n(j) : j ≤ h

)
denote the filtration generated by Zk

n. We let

Zk
n(h) = k +Mk

n(h) +Bk
n(h),

be the Doob decomposition of Zk
n into an {Fk

n(h)}h≥0-martingale Mk
n and a predictable

process Bk
n. Similarly, we let Qk

n be the unique increasing process which makes (Mk
n(h))2−

Qk
n(h) an {Fk

n(h)}h≥0-martingale. That is

Bk
n(h) =

h−1∑
ℓ=0

E
[
Zk
n(ℓ+ 1)− Zk

n(ℓ)|Fk
n(ℓ)

]
Qk

n(h) =
h−1∑
ℓ=0

E
[(
Zk
n(ℓ+ 1)− Zk

n(ℓ)
)2 ∣∣Fk

n(ℓ)

]
− E

[
Zk
n(ℓ+ 1)− Zk

n(ℓ)|Fk
n(ℓ)

]2
.

We define the following rescaled processes

Z̃k
n(t) = n−1/3Zk

n(⌊n1/3t⌋) C̃k
n(t) = n−2/3Ck

n(⌊n1/3t⌋)

M̃k
n(t) = n−1/3Mk

n(⌊n1/3t⌋) B̃k
n(t) = n−1/3Bk

n(⌊n1/3t⌋) Q̃k
n(t) = n−2/3Qk

n(⌊n1/3t⌋)
.

(4.10)

Also define τkn(r) = inf{t : Z̃k
n(t) ∨ Z̃k

n(t−) ≥ r} and τ̂kn(r) = n−1/3 inf{h : Zk
n(h) ≥ n1/3r}.

Lemma 4.2.2. Fix any r > 0, T > 0 and x > 0. Let k = k(n) = ⌊n1/3x⌋. The following

limits hold
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1. lim
n→∞

E

[
sup

t≤T∧τkn(r)
|Z̃k

n(t)− Z̃k
n(t−)|2

]
= 0.

2. lim
n→∞

E

[
sup

t≤T∧τkn(r)
|B̃k

n(t)− B̃k
n(t−)|2

]
= 0.

3. lim
n→∞

E

[
sup

t≤T∧τkn(r)
|Q̃k

n(t)− Q̃k
n(t−)|

]
= 0.

4. sup
t≤T∧τkn(r)

∣∣∣∣Q̃k
n(t)−

∫ t

0
Z̃k
n(s) ds

∣∣∣∣ −→ 0, in probability as n→∞.

5. sup
t≤T∧τkn(r)

∣∣∣∣B̃k
n(t)−

∫ t

0
(λ− C̃k

n(s))Z̃k
n(s) ds

∣∣∣∣−→0, in probability as n→∞.

Proof. In order to show (1), we prove the stronger claim

lim
n→∞

E

[
sup

t≤T∧τkn(r)
|Z̃k

n(t)− Z̃k
n(t−)|4

]
= 0.

To show this, note the following string of inequalities

E

[
sup

t≤T∧τkn(r)
|Z̃k

n(t)− Z̃k
n(t−)|4

]
≤ n−4/3E

[
sup

h≤n1/3(T∧τ̂kn(r))
|Zk

n(h+ 1)− Zk
n(h)|4

]

≤ n−4/3
⌊n1/3(T∧τ̂kn(r))⌋∑

h=0

E
[
|Zk

n(h+ 1)− Zk
n(h)|4

]

≤ n−4/3
⌊n1/3(T∧τ̂kn(r))⌋∑

h=0

sup
Ωn

E
[
E
[
(Zk

n(h+ 1)− Zk
n(h))4

∣∣∣∣Zk
n(h) = z, Ck

n(h) = c

]]
≤ Tn−1 sup

Ωn

E
[
(β(n, z, c)− z)4

]
= O(n−1/3).

In the third inequality above, we used the tower property and on fact that for h ≤ n1/3(T ∧

τ̂kn(r)) both Zk
n(h) ≤ n1/3r and Ck

n(h) ≤ n2/3Tr. The fourth inequality used the Markov

property of (Zk
n, C

k
n). The convergence then holds by the asymptotic result for κ(n, z, c)

shown in Lemma 4.2.1

To verify (2), we begin by noting that

Bk
n(h) =

h−1∑
j=0

E
[
(Zk

n(j + 1)− Zk
n(j))|Fk

n(j)
]
,
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and hence

sup
t≤T∧τkn(r)

|B̃k
n(t)− B̃k

n(t−)|2 ≤ n−2/3 sup
h≤n1/3(T∧τ̂kn(r))

∣∣∣E [Zk
n(h+ 1)− Zk

n(h)
∣∣∣Fk

n(h)
]∣∣∣2 .

We also note that almost surely on h ≤ n1/3(T ∧ τ̂kn(r))

E
[
Zk
n(h+ 1)− Zk

n(h)
∣∣∣Fk

n(h)
]
≤ sup

Ωn

|E[(β(n, z, c)− z)]| = O(1) as n→∞,

by Lemma 4.2.1. Hence,

E

[
sup

t≤T∧τkn(r)
|B̃k

n(t)− B̃k
n(t−)|2

]
≤ E

[
n−2/3 sup

h≤n1/3(T∧τ̂kn(r))

∣∣∣E [Zk
n(h+ 1)− Zk

n(h)
∣∣∣Fk

n(h)
]∣∣∣2]

≤ n−2/3 ·O(1) = O(n−2/3),

which argues (2).

We next show (3). We begin by noting that

Qk
n(h) =

h−1∑
j=0

E
[(
Zk
n(j + 1)− Zk

n(j)
)2 ∣∣∣Fk

n(j)

]
− E

[
Zk
n(j + 1)− Zk

n(j)
∣∣∣Fk

n(j)
]2
.

Hence

E

[
sup

t≤T∧τkn(r)
|Q̃k

n(t)− Q̃k
n(t−)|

]

≤ n−2/3E

[
sup

h≤n1/3(T∧τ̂kn(r))
E[(Zk

n(h+ 1)− Zk
n(h))2|Fk

n(h)] + E[Zk
n(h+ 1)− Zk

n(h)|Fk
n(h)]2

]

≤ n−2/3E

[
sup

h≤n1/3(T∧τ̂kn(r))
sup
Ωn

∣∣E[(β(n, z, c)− z)2] + (µ(n, z, c)− z)2
∣∣]

= n−2/3 sup
Ωn

∣∣σ2(n, z, c) + 2(µ(n, z, c)− z)2
∣∣ = O(n−1/3).

In the last equalities, we Lemma 4.2.1 and the observation that supΩn
σ2(n, z, c) = O(n1/3).

To argue claim (4), we observe(
Qk

n(h+ 1)−Qk
n(h)

)
= E

[
(β(n,Zk

n(h), Ck
n(h))− Zk

n(h))2|Fk
n(h)

]
− (µ(n,Zk

n(h), Ck
n(h))− Zk

n(h))2

= σ2(n,Zk
n(h), Ck

n(h)).
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Therefore,

sup
h≤n1/3(T∧τ̂kn(r))

∣∣∣∣∣∣Qk
n(h)−

h−1∑
j=0

Zk
n(j)

∣∣∣∣∣∣ = sup
h≤n1/3(T∧τ̂kn(r))

∣∣∣∣∣∣
k−1∑
j=0

σ2(n,Zk
n(j), Ck

n(j))− Zk
n(j)

∣∣∣∣∣∣
≤ sup

h≤n1/3(T∧τ̂kn(r))

h−1∑
j=0

|σ2(n,Zk
n(j), Ck

n(j))− Zk
n(j)|

≤
n1/3T∑
j=0

sup
Ωn

|σ2(n, z, c)− z|

= O(n1/3).

In the third inequality above, we used the previously discussed bounds on Zk
n(h) and Ck

n(h)

for all h such that h ≤ n1/3(T ∧ τ̂kn(r)) and in the last term, we used the bound for

σ2(n, z, c)− z on Ωn given by Lemma 4.2.1. Hence

sup
t≤T∧τkn(r)

∣∣∣∣Q̃k
n(t)−

∫ t

0
Z̃k
n(s) ds

∣∣∣∣ ≤ sup
t≤T∧τkn(r)

∣∣∣∣∣∣Q̃k
n(t)− n−2/3

⌊n1/3t⌋∑
j=0

Zk
n(j)

∣∣∣∣∣∣ (4.11)

+ sup
t≤T∧τkn(r)

∣∣∣∣∣∣n−2/3
⌊n1/3t⌋∑
j=0

Zk
n(j)−

∫ t

0
Z̃k
n(s) ds

∣∣∣∣∣∣ .
We can bound the first term, using the bound for Qk

n(h)−
∑h−1

j=0 Z
k
n(j) from above, to get

sup
t≤T∧τkn(r)

∣∣∣∣∣∣Q̃k
n(t)− n−2/3

⌊n1/3t⌋∑
j=0

Zk
n(j)

∣∣∣∣∣∣ ≤ n−2/3 sup
h≤n1/3(T∧τ̂n(r))

∣∣∣∣∣∣Qk
n(h)−

h−1∑
j=0

Zk
n(j)

∣∣∣∣∣∣
= O(n−1/3).

We can bound the second term as follows

sup
t≤T∧τkn(r)

∣∣∣∣∣∣n−2/3
⌊n1/3t⌋∑
j=0

Zk
n(j)−

∫ t

0
Z̃k
n(s) ds

∣∣∣∣∣∣
≤ sup

t≤T∧τkn(r)

∣∣∣∣∣n−2/3
∫ ⌊n1/3t⌋+1

0
Zk
n(⌊u⌋) du−

∫ t

0
Z̃k
n(s) ds

∣∣∣∣∣
≤ sup

t≤T∧τkn(r)

∣∣∣∣∣
∫ n−1/3(⌊n1/3t⌋+1)

0
Z̃k
n(s) du−

∫ t

0
Z̃k
n(s) ds

∣∣∣∣∣
≤ r sup

t≤T

∣∣∣t− n−1/3(⌊n1/3t⌋+ 1)
∣∣∣ −→ 0.
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The above bounds hold almost surely. This proves the convergence in (4).

We lastly establish (5). We begin by noting that

Bk
n(h+ 1)−Bk

n(h) = E
[
Zk
n(h+ 1)− Zk

n(h)|Fk
n(h)

]
= µ(n,Zk

n(h), Ck
n(h))− Zk

n(h).

Hence,

Bk
n(h) =

h−1∑
j=0

µ(n,Zk
n(j), Ck

n(j))− Zk
n(j).

Therefore, almost surely we have

sup
h≤n1/3(T∧τ̂kn(r))

∣∣∣∣∣∣Bk
n(h)−

h−1∑
j=0

n−1/3Zk
n(j)(λ− n−2/3Ck

n(j))

∣∣∣∣∣∣
= sup

h≤n1/3(T∧τ̂kn(r))

∣∣∣∣∣∣
h−1∑
j=0

(µ(n,Zk
n(j), Ck

n(j))− Zk
n(j))− n−1/3Zk

n(j)(λ− n−1/3Ck
n(j))

∣∣∣∣∣∣
≤ sup

h≤n1/3(T∧τ̂kn(r))

h−1∑
j=0

∣∣∣µ(n,Zk
n(j), Ck

n(j))− Zk
n(j)− n−1/3Zk

n(j)(λ− n−1/3Ck
n(j))

∣∣∣
≤ Tn1/3 sup

Ωn

∣∣∣µ(n, z, c)− z − n−1/3z(λ− n−2/3c)
∣∣∣ = O(1).

Hence,

sup
t≤T∧τkn(r)

∣∣∣∣B̃k
n(t)−

∫ t

0
(λ− C̃k

n(s))Z̃k
n(s) ds

∣∣∣∣
≤ sup

h≤n1/3(T∧τ̂kn(r))

∣∣∣∣∣∣n−1/3Bk
n(h)− n−1/3

h−1∑
j=0

n−1/3Zk
n(j)(λ− n−2/3Ck

n(j))

∣∣∣∣∣∣
+ sup

t≤T∧τkn(r)

∣∣∣∣∣∣n−1/3
⌊n1/3t⌋∑
j=0

n−1/3Zk
n(j)(λ− n−2/3Ck

n(j))−
∫ t

0
(λ− C̃k

n(s))Z̃k
n(s) ds

∣∣∣∣∣∣ .
By factoring out an n−1/3 from the first term on the right-hand side, it is easy to see that

term is O(n−1/3) almost surely. Examining the second term on the right-hand side, we get
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almost surely

sup
t≤T∧τkn(r)

∣∣∣∣∣∣n−1/3
⌊n1/3t⌋∑
j=0

n−1/3Zk
n(j)(λ− n−2/3Ck

n(j))−
∫ t

0
(λ− C̃k

n(s))Z̃k
n(s) ds

∣∣∣∣∣∣
= sup

t≤T∧τkn(r)

∣∣∣∣∣n−1/3
∫ ⌊n1/3t⌋+1

0
n−1/3Zk

n(⌊u⌋)(λ− n−2/3Ck
n(⌊u⌋)) du−

∫ t

0
(λ− C̃k

n(s))Z̃k
n(s) ds

∣∣∣∣∣
= sup

t≤T∧τkn(r)

∣∣∣∣∣
∫ n−1/3(⌊n1/3t⌋+1)

0
Z̃k
n(s)(λ− C̃k

n(s)) ds−
∫ t

0
Z̃k
n(s)(λ− C̃k

n(s)) ds

∣∣∣∣∣
= (|λ|+ Tr)r sup

t≤T

∣∣∣t− n−1/3(⌊n1/3t⌋+ 1)
∣∣∣→ 0.

This proves the lemma.

4.2.3 Existence and uniqueness lemma

Using the functional central limit machinery found in [86, Chapter 7], it is not difficult to

argue Theorem 4.1.1 from Lemma 4.2.2 along with the following existence and uniqueness

lemma:

Lemma 4.2.3. Fix a λ ∈ R and an x ≥ 0.

1. There exists a unique strong solution to the following stochastic differential equation

dZ(t) =
√

Z(t)dW (t) + (λ−C(t)) Z(t) dt, Z(0) = x

dC(t) = Z(t) dt, C(0) = 0,
(4.12)

which is absorbed upon Z hitting zero.

2. Given a weak solution (Z,C) to the equation (4.12), then on an enlarged probability

space there exists a Brownian motion B such that (Z,C) solves

Z(t) = x+ Xλ (C(t) ∧ T−x) , (4.13)

where Xλ(t) = B(t) + λt− 1
2 t

2 and T−x = inf{t : Xλ = −x}.
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3. Given Xλ(t) = B(t) + λt − 1
2 t

2 for a Brownian motion B there exists a path-wise

unique solution (Z,C) where C(t) =
∫ t
0 Z(s) ds and such a solution is a weak solution

to (4.12).

Remark 4.2.1. We observe that the SDE in equation (4.12) does not have a 1
2 , while in the

integrated form found in equation (4.2) there is such a term. This is because∫ t

0
C(s)Z(s) ds =

∫ t

0
C(s) dC(s) =

1

2
C(t)2.

Proof. The strong existence and uniqueness in first item follows from the Yamada-Watanabe

theorem [184, Theorem 1]. The absorption upon Z is obvious by stopping (Z,C) upon Z

hitting zero and observing that this stopped process still solves (4.12).

The path-wise existence found in the third item follows from known theorems on random

time-changes. See, for example [86, Chapter VI, Section 1], [48] or [49, Section 2].

Now suppose that (Z,C) solves (4.12) for a Brownian motion W . We observe that the

quadratic variation of Z is given by

⟨Z⟩(t) =

∫ t

0
Z(s) ds.

Define the process M(t) =
∫ t
0

√
Z(s) dW (s). Define V (t) = inf{s : C(s) > t} with the

convention that inf ∅ =∞.

Hence, by the Dambis, Dubins-Schwarz theorem [156, Chapter V, Theorem 1.7], on an

enlarged probability space, there exists a Brownian motion B̃ such that process

B(t) =

 M(V (t)) : t <
∫∞
0 Z(s) ds

M(∞) + B̃t−⟨M⟩(∞) : t ≥
∫∞
0 Z(s) ds.

is a Brownian motion.

We then have for t <
∫∞
0 Z(s) ds:

Z(V (t)) = x+M(V (t)) +

∫ V (t)

0
(λ−C(s))Z(s) ds

= x+B(t) +

∫ t

0
(λ− s) ds

= x+ Xλ(t).
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Observe t <
∫∞
0 Z(s) ds occurs if and only if Z(V (t)) > 0. Indeed, since Z is continuous,

non-negative and absorbed upon reaching zero then by [156, Lemma 0.4.8] t ≤ C(V (t)) =∫ V (t)
0 Z(s) ds <

∫∞
0 Z(s) ds if and only if

∫∞
V (t) Z(s) ds > 0 which occurs if and only if

Z(V (t)) > 0.

Hence, we can rewrite the above string of equalities as

Z(V (t)) = x+ Xλ(t ∧ T−x),

which now holds for all t. Indeed, if t ≥
∫∞
0 Z(s) ds =

∫ ζ
0 Z(s) ds then V (t) = C(ζ) = T−x.

Since V and C are two-sided inverses of each other prior to V (t) =∞, the above equation

implies equation (4.13) holds.

Reversing the above steps, gives the implication in the third item.

Lemma 4.2.4. Let (Z,C) be a solution of (4.12). Then almost surely

ζ := inf{t : Z(t) = 0} <∞.

Proof. We let Xλ(t) be the process define in Lemma 4.2.3(2) and such that (Z,C) solves

(4.13). We can write C as a function of just the process Xλ. Indeed let T−x be the first

hitting time of −x of Xλ(t), then

C(t) = inf

{
s :

∫ s

0

1

x+ Xλ(u ∧ T−x)
du = t

}
.

This is a simple calculus exercise and the proof can be found in [49, Section 2] and in [86,

Chapter VI, Section 1].

We note that almost surely

I :=

∫ T−x

0

1

x+ Xλ(u ∧ T−x)
du <∞.

Indeed, this is true if we replace Xλ with a Brownian motion B and Girsanov’s theorem

[156, Chapter VIII] implies that it is true almost surely for the Xλ as well. Hence

ζ = inf{t : x+ Xλ(C(t)) = 0} = inf{s : C(s) = T−x} = I <∞.
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4.3 A Self-Similarity Result

We first observe the following relationship in λ for the process Xλ. Namely,

((
Xλ(t0 + t)−Xλ(t0); t ≥ 0

) ∣∣∣∣Xλ(t0) = inf
s≤t0

Xλ(s)

)
d
=
(
Xλ−t0(t); t ≥ 0

)
.

This observation was used by Aldous [12] to simplify the description of the (time-inhomogeneous)

excursion measure of Xλ at time t to the excursion measure of Xλ−t at time 0. See also [5].

A similar result will hold in our situation as well. We state it in the following theorem

Theorem 4.3.1. Let Zλ
x(t),Cλ

x(t) denote the solution to

dZλ
x(t) =

√
Zλ
x(t) dW (t) +

(
λ−Cλ

x(t)
)
Zλ
x(t) dt, Zλ

x(0) = x

dCλ
x(t) = Zλ

x(t) dt Cλ
x(0) = 0

.

Then the following self-similarity result holds for any t0 > 0, z > 0 and µ > 0:

(((
Zλ
x(t0 + t),Cλ

x(t0 + t)
)

; t ≥ 0
) ∣∣∣Zλ

x(t0) = z,Cλ
x(t0) = µ

)
d
=
((

Zλ−µ
z (t),Cλ−µ

z (t)
)

; t ≥ 0
)

(4.14)

Proof. The proof follows from the decomposition in Lemma 4.2.3, particularly in equation

(4.13). Namely, there exists a Brownian motion with parabolic drift Xλ(t) such that

Zλ
x(t) = x+ Xλ(Cλ

x(t) ∧ T−x).

We also observe that

Xλ(s0 + s) = B(s0 + s) + λ(s0 + s)− 1

2
(s0 + s)2

= B(s0) +B(s0 + s)−B(s0) + λs0 + λs− 1

2
s20 − s0s−

1

2
s2

= Xλ(s0) +

(
B(s0 + s)−B(s0) + (λ− s0)s−

1

2
s2
)

= Xλ(s0) + X̃λ−s0(s),
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for a process X̃λ−s0 d
= Xλ−s0 which is independent of σ

{
Xλ(u);u ≤ s0

}
. Hence, we have

Zλ
x(t0 + t) = x+ Xλ

(
Cλ

x(t0 + t)
)

= x+ Xλ

(
Cλ

x(t0) +

∫ t

0
Zλ
x(t0 + s) ds

)
= x+ Xλ(Cλ

x(t0)) + B̃

(∫ t

0
Zλ
x(t0 + s) ds

)
+
(
λ−Cλ

x(t0)
)∫ t

0
Zλ
x(t0 + s) ds− 1

2

(∫ t

0
Zλ
x(t0 + s) ds

)2

,

where B̃ is a Brownian motion independent of σ{Xλ(u) : u ≤ C(t0)}. Hence, conditionally

on Zλ
x(t0) = z and Cλ

x(t0) = µ gives

Zλ
x(t0 + t) = z + X̃λ−µ

(∫ t

0
Zλ
x(t0 + s) ds

)
By Lemma 4.2.3, this is equivalent to the statement in (4.14) .

4.4 A More General Asymptotic Regime

As observed by Bollobás in [40], the asymptotic order of largest component of the Erdős-

Rényi random graph G(n, n−1 + λ log(n)1/2n−4/3) is n2/3(log n)1/2 as n → ∞. Actually,

he proves a much more general result, but we will not state that fully here. We instead

examine a more general asymptotic regime.

We consider any sequence of real numbers θn such that

θn = o(n1/3), and lim
n→∞

θn =∞. (4.15)

We also fix a λ ∈ R and let

Gθn = G(n, n−1 + λθnn
−4/3).

To distinguish the notation, we let Zθ,k
n (h) denote the height profile of Gθn starting from

k uniformly chosen vertices. With this notation, we can state the following theorem:

Theorem 4.4.1. Fix x > 0. Suppose that θn satisfies (4.15) and k = k(n) = ⌊θ2nn1/3x⌋.

Then the following convergence holds in the Skorohod space D(R+,R+)(
1

θ2nn
1/3

Zθ,k
n

(
⌊θ−1n n1/3t⌋

)
; t ≥ 0

)
=⇒ (z(t); t ≥ 0) , (4.16)
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where z solves the deterministic equation

z(t) = f

(∫ t

0
z(s) ds

)
, f(t) = x+ λt− 1

2
t2. (4.17)

The proof follows from lemmas similar to the lemmas found in Section 4.2.3. Before

stating those lemmas, we make some comments on the solution z(t) found in (4.17). We

have already mentioned that

c(t) =

∫ t

0
z(s) ds = inf{s :

∫ s

0

1

f(u)
du = t}.

See also, [49, Section 2] and [86, Section 6.1] for more details on time changes. We have

“= t” instead of “> t” because the inverse is actually a two-sided inverse. Indeed, since∫ t0
0

1
f(u) du =∞ where t0 = λ+

√
2x+ λ2 is the largest root of f(t), the function c is strictly

increasing continuous function c : [0,∞) → [0, λ +
√

2x+ λ2). The function c can actually

be explicitly computed:

c(t) = λ+
√

2x+ λ2 tanh

(√
2x+ λ2

2
t+ arctanh

(
−λ√

2x+ λ2

))
.

We also make comments on the scaling found in Theorem 4.4.1. In order to describe

this scaling, we introduce the diameter of the graph Gθn, as

Dθ
n = Dθn

n = max
u,v∈Gθn

{d(u, v) : d(u, v) <∞} .

The trivial observation is that Zθ,k
n (h) > 0 implies that Dθ

n ≥ h. A result of  Luczak [139,

Theorem 11(iii)] implies when λ < 0 that

Dθ
n =

log(2θ3n) +O(1)

− log(1− θnn−1/3)

with high probability as n → ∞. There is a typo in the statement of Theorem [139,

Theorem 11(iii)], he writes an log(2ε2n) term when there should be an log(2ε3n) term. In

the supercritical (λ > 0) regime, it appears that the work of Ding, Kim, Lubetzky and Peres

[64, 65] provide more precise results. Namely, they show [65, Theorem 1.1] that if C θ
n is the

largest component of Gθn, for λ > 0, then with high probability

diam(C θ
n ) = (3 + o(1))n1/3θ−1n log(θ3n) as n→∞.
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Even more precise asymptotic result in this regime can be found in [158], again in the

supercritical regime when λ > 0.

Both of these results on the asymptotic diameter Dθ
n suggest the proper “time” scaling

in Theorem 4.4.1 should be θ−1n n1/3 log(θn)t as compared with θ−1n n1/3t; however, this is

not the correct scaling to obtain a non-trivial limit.

4.4.1 Lemmas

In the connection to the Reed-Frost model of epidemics, it is easy to see that the analog of

(4.5) becomes the following

(
Zθ,k
n (h+ 1)

∣∣Zθ,k
n (h) = z, Cθ,k

n (h) = c
)

d
=

 Bin (n− c, qθ(n, z)) : z > 0, c < n

0 : else
,

where qθ(n, z) is defined as

qθ(n, z) = 1−
(

1− n−1 − λθnn−4/3
)z

The analog of Lemma 4.2.1 becomes the following

Lemma 4.4.2. Let βθ(n, z, c) denote a Bin(n− c, qθ(n, z)) random variable. Let µθ, σ
2
θ , κθ

denote the statistics in (4.7) with βθ replacing β. Fix r > 0 and T > 0 and define

Ωθ
n = Ωθ

n(n, r, T ) :=
{

(z, c) ∈ Z2 : 0 ≤ z ≤ n1/3θ2nr, 0 ≤ c ≤ n2/3θnrT
}

then the following bounds hold

sup
Ωθ

n

∣∣∣µθ(n, z, c)− z − n−1/3z(λθn − n−2/3c)
∣∣∣ = O

(
θ4nn

−1/3 + 1
)

sup
Ωθ

n

∣∣∣σ2θ(n, z, c)− z − n−1/3z(λθn − n−2/3c)
∣∣∣ = O

(
θ4nn

−1/3 + 1
)

sup
Ωθ

n

|κθ(n, z, c)| = O(θ12n + θ8nn
1/3 + θ4nn

2/3)

Proof. The proofs of the convergence of µθ and σ2θ follow from the same argument as in the

proof of Lemma 4.2.1, and we omit it here.
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We do argue the result for κθ since it is much more involved computationally. We again

use the expansion:

κθ(n, z, c) = E
[
(βθ(n, z, c)− µθ(n, z, c))4

]
+ 4E

[
(βθ(n, z, c)− µθ(n, z, c))3

]
(µθ(n, z, c)− z)

+ 6E
[
(βθ(n, z, c)− µθ(n, z, c))2

]
(µθ(n, z, c)− z)2

+ 4E [βθ(n, z, c)− µθ(n, z, c)] (µθ(n, z, c)− z)3

+ (µθ(n, z, c)− z)4

=: κ4,θ(n, z, c) + 4κ3,θ(n, z, c) + 6κ2,θ(n, z, c) + 0 + κ0,θ(n, z, c).

We can use the bound for µθ and Minkowski’s inequality to get

sup
Ωθ

n

|κ0,θ(n, z, c)| (µθ(n, z, c)− z)4

≤

[
sup
Ωθ

n

∣∣∣n−1/3z(λθn − n−2/3c)
∣∣∣+O(θ4nn

−1/3 + θ2nn
−2/3)

]4

≤ C

(
sup
Ωθ

n

|n−1/3z(λθn − n−2/3c)|4 +O(θ16n n
−4/3 + θ8nn

−8/3)

)
= O

(
θ12n + θ16n n

−4/3 + θ8nn
−8/3

)
≤ O(θ12n )

where in the last inequality we used the bounds in (4.15).

The next three follow from the bounds below. They are easy to verify using the original

bounds of σ2θ and µθ, and computations similar to the one above:

sup
Ωθ

n

|µθ(n, z, c)− z| = O
(
θ3n
)

sup
Ωθ

n

∣∣σ2θ(n, z, c)
∣∣ = O

(
θ2nn

1/3 + θ3n + θ4nn
−1/3

)
= O

(
θ2nn

1/3
)

Using the same expansions as in Lemma 4.2.1, we have

sup
Ωθ

n

|κ2,θ(n, z, c)| = O(θ6n)×O(θ2nn
1/3) = O(θ8nn

1/3)

sup
Ωθ

n

|κ3,θ(n, z, c)| = O(θ2nn
1/3)×O(θ3n) = O(θ8nn

1/3)

sup
Ωθ

n

|κ4,θ(n, z, c)| = O(θ2nn
1/3)2 = O(θ4nn

2/3)
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This proves the desired bounds.

One can use the bounds in the lemma above to prove an analog of Lemma 4.2.2. We

first establish some notation. We now let Fθ,k
n (h) = σ(Zθ,k

n (j), j ≤ h) be the filtration

generated by Zθ,k
n and let Zθ,k

n (h) = M θ,k
n (h)+Bθ,k

n (h) be the decomposition of Zθ,k
n into an

Fθ,k
n (h)-martingale M θ,k

n and a process Bθ,k
n . We also let Qθ,k

n be the process which makes

(M θ,k
n (h))2 − Qθ,k

n (h) an Fθ,k
n (h)-martingale. Define the rescaled processes, in comparison

to (4.10),

Z̃θ,k
n (t) = θ−2n n−1/3Zθ,k

n (⌊θ−1n n1/3t⌋) C̃θ,k
n (t) = θ−1n n−2/3Cθ,k

n (⌊θ−1n n1/3t⌋)

M̃ θ,k
n (t) = θ−2n n−1/3M θ,k

n (⌊θ−1n n1/3t⌋) B̃θ,k
n (t) = θ−2n n−1/3Bθ,k

n (⌊θ−1n n1/3t⌋)

Q̃θ,k
n (t) = θ−4n n−2/3Qθ,k

n (⌊θ−1n n1/3t⌋).

. (4.18)

Also define τ θ,kn (r) = inf{t : Z̃θ,k
n (t)∨ Z̃θ,k

n (t−) > r} and τ̂ θ,kn (r) = θnn
−1/3 inf{k : Zθ,k

n (h) >

θ2nn
1/3r}.

The analog of Lemma 4.2.2 is the following lemma. The proof is omitted since it is

similar to the proof of Lemma 4.2.2.

Lemma 4.4.3. Fix any r > 0, T > 0 and x > 0. Let k = k(n) = ⌊θ2nn1/3x⌋. The following

limits hold

1. lim
n→∞

E

[
sup

t≤T∧τθ,kn (r)

|Z̃θ,k
n (t)− Z̃θ,k

n (t−)|2
]

= 0.

2. lim
n→∞

E

[
sup

t≤T∧τθ,kn (r)

|B̃θ,k
n (t)− B̃θ,k

n (t−)|2
]

= 0.

3. lim
n→∞

E

[
sup

t≤T∧τθ,kn (r)

|Q̃θ,k
n (t)− Q̃θ,k

n (t−)|

]
= 0.

4. sup
t≤T∧τθ,kn (r)

∣∣∣Q̃θ,k
n (t)

∣∣∣ −→ 0, as n→∞ almost surely

5. sup
t≤T∧τθ,kn (r)

∣∣∣∣B̃θ,k
n (t)−

∫ t

0
(λ− C̃θ,k

n (s))Z̃θ,k
n (s) ds

∣∣∣∣ P−→ 0, as n→∞.

Finally, using the machinery of [86, Chapter 7], in particular Theorem 7.4.1, Lemma

4.4.1 follows from Lemma 4.4.3.
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4.5 Breakdown with single source

Let us describe briefly the breakdown when k = 1 many individuals are infected on day

t = 0 and informally describe why we should be able to overcome this issue. Theorem 4.1.1

still holds, however, the limiting stochastic process Z = (Z(t); t ≥ 0) is the unique solution

to

Z(t) = Xλ

(∫ t

0
Z(s) ds

)
.

It is easy to see that since Z(t) = 0 for all t is a solution it must be the only solution.

Informally, this means that the first infected vertex is not in a macroscopic connected

component which is of order n2/3 [12].

However, as is shown in [5] and extended in [6], if we let Cn(λ) denote the large connected

component of G(n, n−1 + λn−4/3) rooted at some vertex ρ ∈ Cn(λ) then we can view Cn(λ)

as a PMM space with root ρ, with the rescaled graph metric dn = n−1/3d and with the

rescaled counting measure µn(dx) = n−2/3
∑

v∈Cn(λ)
δv(dx) and then

(Cn(λ), ρ, dn, µn)
d

=⇒M1(λ) = (M , o, d, µ)

weakly in the compact GHP topology where M1(λ) is some fractal metric spaces. Now

informally, if the first infected vertex is the root ρ ∈ Cn(λ) then the total number of

individuals infected by day n1/3r is

n−2/3
n1/3r∑
ℓ=0

#{v ∈ Cn(λ) : d(v, ρ) = ℓ} = µn (Br(ρ))

where Br denote the ball in Cn(λ) equipped with the rescaled graph distance dn. By the

results in [121], for Lebesgue almost every r ≥ 0 we have

µn(Br(ρ))
d

=⇒µ(Br(o)).

Hence we should should expect that if Ẑn(ℓ) = #{v ∈ Cn(λ) : d(v, ρ) = ℓ} then(∫ r

0
n−1/3Ẑn(⌊n1/3t⌋) dt

)
≈

n−2/3 ⌊n1/3r⌋∑
ℓ=0

Ẑn(ℓ)

 d
=⇒ (µ(Br(o)); r ≥ 0) in D(R+)

where ≈ in this case means that the distance between the two processes is asymptotically

negligible.
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This suggests that if n−1/3Ẑn(⌊n1/3·⌋) converges to a limit Ẑ then d
drµ(Br(o)) exists and

is equal to Ẑ(r). While the above reasoning does not imply that this is true, we will see

in the next chapter that the informal arguments in this subsection can be formalized and

turned into a proof.
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Chapter 5

EPIDEMICS ON CONNECTED COMPONENTS OF CRITICAL
RANDOM GRAPHS

5.1 Introduction

Consider the following simple susceptible-infected-recovered (SIR) model of disease spread

in discrete time. On day 0, a single individual becomes infected with a disease. On day

1, that single infected individual comes into contact with some random number (possibly

zero) of non-infected individuals and transmits the disease. After transmitting the disease

to others, this initial infected individual is cured and can never catch the disease again.

On subsequent days each infected individual does the same thing: they come into contact

with some non-infected individuals, transmit the disease but then are cured. The study

of how the disease spreads over time naturally gives rise to a graph [24] constructed in a

breadth-first order, see Figure 5.1 for an example of a small outbreak and Figure 5.2 for

an example of a larger outbreak. The individuals are represented by vertices, and an edge

between two vertices represents that a vertex closer to the source transmitted the disease

to the other. Knowing the graph and the source tells us more information than the number

of individuals infected on a particular day, it tells us the history of how the disease spread

from individual from individual.

The size of the outbreak then corresponds to the size of a connected component in the

graph and, more importantly for our work, the number of people infected on day h = 0, 1, · · ·

is just the number of vertices at distance h from a root vertex corresponding to the initially

infected individual. Let Zn(h) represent the number of people infected on day h ≥ 0

when the total population is of size n. The process Zn(h) is just the height profile of the

component containing the initially infected individual. We are interested in the describing

n → ∞ scaling limits of Zn(h) for the macroscopic outbreaks for certain critical random

graphs which exhibit a “super-spreader” phenomena - that is they possess vertices with
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Figure 5.1: A small outbreak. Here, on day 0 the vertex labeled 1 is infected. The vertex

1 transmits the disease to vertices 2, 3 and 4 (in blue) who become the infected population

on day 1. The vertices infected on day 1 will infect the green vertices (5 through 9) who

are infected on day 2. This continues with the yellow vertices becoming infected on day 3,

and the grey vertices on day 4.

large degree.

A classical probabilistic model in this area is the so-called Reed-Frost model, where

each individual comes into contact with every non-infected individual independently with

probability p. It is not hard to see that the corresponding graph is the Erdős-Rényi random

graph G(n, p) where each edge is independently added with probability p. This object is

well-studied, and we know that in the critical window p = p(n) = n−1 + λn−4/3 the size of

the macroscopic outbreaks are of order n2/3 [12]. Within this critical window each vertex

has approximately Poisson(1) many neighbors, so in particular it has light tails. In turn,

the process Zn(h) corresponding to the largest component has a scaling limit and that limit

is a continuous process [147]. We stress that this is not because we are looking only at

an epidemic started from a single individual. The same can be said if we infect O(n1/3)
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individuals on day 0 [57].

To capture some super-spreading phenomena we focus mostly on the configuration model

with a heavy-tailed degree distribution: P deg(i) = k) ∼ ck−(2+α) for some α ∈ (1, 2), along

with some other technical assumptions dealing with criticality. The configuration model is

a graph on n vertices chosen randomly over all graphs with a prescribed degree sequence.

See Chapter 7 of [173] for an introduction to this model. We omit the case α = 2 because

this model falls within the same universality class as the critical Erdős-Rényi random graph

G(n, n−1 +λn−4/3) [28, 59] and so, up to some scaling factors, the structure of the processes

Zn(h) on largest components (which correspond to the largest possible outbreaks) will be

asymptotically the same as those in the Erdős-Rényi random graph. In the asymptotic

regime we study, the largest outbreaks are of order O(n
α

α+1 ) and scaling limits of Zn(h) will

possess positive jumps. These positive jumps come from presence of the super-spreading

individuals.

We also restrict our focus to critical regimes. One reason is general principle that what

happens at a phase transition is often interesting. Another is that while there are some

important results on the structure of the largest components of the critical heavy-tailed

configuration model [59, 109], there is not much information on the structure of the disease

outbreaks. In this vein, there are results in the literature on the behavior of the largest

outbreak when initially only a single individual is infected. While studying a model similar

to ours where edges are kept with probability p ∈ [0, 1] but are otherwise deleted, the

authors of [43] show that there is a parameter R0 such that if R0 ≤ 1 then only outbreaks

of size o(n) as n → ∞ can occur whereas if R0 > 1 there is a positive probability that an

outbreak of size O(n) occurs as n→∞. See also [107, 148, 149]. A continuous time analog

of that model was studied in [38] and there the authors show that there is a similar phase

transition between outbreaks of size o(n) and outbreaks which are of size O(n) with positive

probability. Those authors also describe some of the large n behavior of Zn(t) (the number

of individuals infected at a continuous time t ≥ 0) conditionally on having an outbreak of

size O(n), but they do not provide information for what happens at the phase transition.

We hope to fill in this gap in the literature.
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Figure 5.2: A simulation of the largest outbreak on a configuration model with heavy-tailed

degree distribution with α = 3/2. This component has 735 vertices, while the entire graph

has 70,000. The black node is the first vertex to be infected, and then darker shades indicate

that the corresponding vertex infected earlier in the outbreak. Most of the vertices have

small degree (≤ 3); however, there are some vertices with large degree. The large red blob in

the middle of the image comes from a vertex of relatively large degree, i.e. a super-spreader.

We can also see that there is another super-spreader depicted just below that red blob.
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5.1.1 Weak convergence results

Let us discuss a little more formally the configuration model. Before doing so, we recall that

a multi-graph can have multiple edges and self-loops while a simple graph does not contain

multiple edges nor self-loops. In terms of our approach to studying epidemics, self-loops and

multiple edges do not make any physical sense because, for example, an infected individual

cannot reinfect themself.

Given dn = (d1, · · · , dn) a finite sequence of strictly positive integers dj ≥ 1, the config-

uration model M(dn) is the random multi-graph chosen randomly over all multi-graphs G

on the vertex set [n] := {1, · · · , n} where the degree (counted with multiplicity) of vertex j

is deg(j) = dj . In order to construct such a multi-graph we need
∑n

j=1 dj to be even, and

two algorithms for its construction will be discussed in Section 5.5.1. We say that any such

graph G has degree sequence dn.

A priori it may not be possible to construct a simple graph on with degree sequence dn

because, for example, a single vertex may have degree di >
∑

j ̸=i dj . However, if there is a

simple graph with degree sequence dn, then conditionally on the event {M(dn) is simple}

the graph is uniformly distribution over all simple graphs with degree sequence dn [173,

Proposition 7.15]. Moreover for the asymptotic regime we study it makes no difference [59]

whether or not we examine simple graphs or multi-graphs so we will just say “graph.”

One aspect of randomness for the configuration model comes from taking the graph to be

randomly constructed over all graphs with a fixed deterministic degree sequence. Another

comes from taking the degree sequence itself to be random, say, with a common distribution

ν on {1, 2, · · · }. We then generate the graph conditionally given this degree distribution.

That is we generate M(dn) where dj are i.i.d. with common law ν. We may have to replace

dn with dn + 1 to obtain the proper parity; however, this does not affect the analysis [59].

To distinguish between these two situations we will write Mn(ν) instead of M(dn).

We focus on the degree distributions studied by Joseph [109] and Conchon-Kerjan and

Goldschmidt [59]:

lim
k→∞

k(α+2)ν(k) = c ∈ (0,∞), E[d1] = δ ∈ (1, 2), E[d21] = 2E[d1], (5.1)

for some α ∈ (1, 2). The third statement about the second moment and the mean imply that
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we are examining the random graph at criticality [107, 148, 149]. This means that there is

no giant component, i.e. there is no single component which contains a positive proportion

of the total number of vertices. Instead, there are macroscopic components which are of

order O(n
α

α+1 ).

In order to obtain scaling limits for a height profile represent the number of people

infected on day h, we would either need to look at the case where a significant number of

individuals are infected on day zero, or focus on the largest possible outbreaks. We focus on

the latter situation and hence decompose the graph Mn(ν) into its connected components

G1
n, G

2
n, · · · where they are indexed so

#G1
n ≥ #G2

n ≥ · · · .

In order to know how a disease spreads through Gi
n, we need to know its source. We will

start the spread from a single vertex ρin chosen with probability proportional to its degree,

and we will say that the component Gi
n is rooted at the vertex ρin.

The selection of ρin is a size-biased sample and not a uniform sample, but this is for good

reason. In terms of how a disease spreads through a community, vertices with higher degree

have more neighbors from whom they can catch the disease and so we should expect these

vertices to be infected earlier in the outbreak. This has been observed in a survey of how

influenza (seasonal or the H1N1 variant) spread through Harvard in 2009 [55]. Researchers

surveyed two sets of students twice-weekly to see when they developed flu-like symptoms.

One set was a random sample of all students and the other was a sample of friends nominated

by this original set. The set of friends was size-biased sample of the students at Harvard

and not a uniform sample. Sometimes called “the friendship paradox,” this is just the

observation that the average number of friends of friends is always greater than the average

number of friends [91]. In the study of influenza, the set of friends showed flu-like symptoms

earlier than the uniform random sample. See also [92].

Of course, there are only a finite number Kn, say, of connected components which

correspond to each of the outbreaks. To simplify the presentation we set Gi
n for i > Kn as

the graph on a single vertex with no edges and rooted at its only vertex.

The ith largest possible outbreak is then described by the process Zn,i = (Zn,i(h) : h =
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0, 1, · · · ) defined by

Zn,i(h) = #{v ∈ Gi
n : d(ρin, v) = h}, (5.2)

where d(−,−) is the graph distance on Gi
n. In terms of the graph, Zn,i is the height profile

of the component Gi
n. Our first result is the joint convergence of the processes Zn,i to a

time-change of some excursion processes ẽi = (ẽi(t); t ≥ 0). The processes ẽi, for i ≥ 1,

are the excursions above past minima of a certain stochastic process X̃ obtained by an

exponential tilting of a spectrally positive α-stable processes. See Section 5.3.1 for more

information on these processes.

Theorem 5.1.1. Fix some α ∈ (1, 2), and some distribution ν satisfying (5.1). In the

product Skorohod topology on D(R+)∞, the following convergence holds((
n−

1
α+1Zn,i(⌊n

α−1
α+1 t⌋); t ≥ 0

)
; i ≥ 1

)
d

=⇒((Zi(t); t ≥ 0); i ≥ 1),

where Zi is the unique càdlàg solution to

Zi(t) = ẽi ◦ Ci(t), Ci(t) =

∫ t

0
Zi(s) ds, inf{t > 0 : Ci(t) > 0} = 0,

where ẽi = (ẽi(t) : t ≥ 0) are defined in equation (5.12) and depend on the value α, c and δ

in (5.1).

5.1.2 A single macroscopic outbreak and the α-stable graph

More has been said about the graph components Gi
n in the literature. Joseph [109] has

argued that the size of the component Gi
n scaled down by n

α
α+1 converges to a random

variable ζi for each i ≥ 1, which in fact can be seen to be ζi = inf{t > 0 : ẽi(t) = 0}.

Conchon-Kerjan and Goldschmidt [59] generalize Joseph’s results and show that the graph

Gi
n itself has a scaling limit which is a random rooted compact measured metric space

Mi = (Mi, di, ρi, µi). Here di is a metric on Mi, ρi ∈ Mi is a specified element and µi is

a finite Borel measure on Mi.

This means not only does height profile (the number of infected people on day h) converge

Theorem 5.1.1, but there is some limiting continuum structure of the components Gi
n which

is represented by these continuum spaces (Mi; i ≥ 1). The standard construction of these
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continuum limits, first obtained in the critical Erdős-Rényi case in [4, 5], are constructions

in a depth-first manner: the spaces are obtained by gluing together k pairs of points on

a continuum random tree with a depth-first selection of the pairs. This gluing procedure

changes the distance from the origin and therefore it is non-trivial to argue convergence of

the height profiles similar to Theorem 5.1.1 from the results of [59].

The processes ẽi = (ẽi(t); t ≥ 0) in Theorem 5.1.1 and the graph Mi are of a random

length and mass, respectively. That is

ẽi(t) > 0 if and only if t ∈ (0, ζi)

for some random ζi and, moreover, ζi = µi(Mi). This does complicate the analysis some-

what; however, conditionally given the values (ζi; i ≥ 1) the excursions ẽi (resp. the spaces

Mi) are independent and are described by a scaling of an excursion (resp. metric measure

space) of unit length (resp. unit mass) [59]. Therefore in order to understand the scaling

limit Z1 = (Z1(t); t ≥ 0) of a single macroscopic outbreak Zn,1, we can study the structure

of a the process ẽ1 conditioned on ζ1 = 1.

To do this we let e = (e(t); t ∈ [0, 1]) denote a standard excursion [54] of a spectrally

positive α-stable Lévy process X = (X(t); t ≥ 0). To simplify our proofs, we will work with

situation where the Laplace transform of X satisfies

E [exp(−λX(t))] = exp (Aλαt) , ∀λ, t ≥ 0, where A =
cΓ(2− α)

δα(α− 1)
, (5.3)

for c, δ defined in (5.1). We remark that this excursion depends on the value A; however,

the results also hold for any value of A by using scaling properties of Lévy processes and

their associated height processes.

We also recall from above that Mi are obtained by gluing together a finite collection of

pairs of points in a continuum tree. This is the surplus of the continuum random graphMi.

We will let G (α,k) = (G (α,k), d, ρ, µ) denote the graph M1 conditioned on µ1(M1) = 1 and

having surplus k. A precise construction of this object will be delayed until Section 5.3.4,

but it suffices to say that it will be constructed from an excursion e(k) = (e(k) : t ∈ [0, 1])

defined by the polynomial tilting

E
[
f(e(k); t ∈ [0, 1])

]
∝ E

[(∫ 1

0
e(t) dt

)k

f(e; t ∈ [0, 1])

]
. (5.4)
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The continuum object G (α,k), in our case, represents the limiting structure of the history

of the disease spread. With this, we can ask several questions in the hope that this will shed

light on the structure of Mn(ν). What is the structure of the disease outbreak, i.e. what is

the height profile of the graph G (α,k)? When does a uniformly chosen person get infected,

or when do a finite number of uniformly chosen individuals get infected? When does the

outbreak die out, that is, when is the last person infected? In terms of the graph G (α,k) this

is asking what is the radius of the graph G (α,k). What’s the most number of people infected

at any one time or, in terms of the continuum graph, what is the distribution of the width

of G (α,k)? There are many more different questions we can ask, but we have answers to

these questions.

We start by answer the first question: what is the height profile of the graph G (α,k),

from which the others will follow by analysis of an integral equation.

Theorem 5.1.2. Fix k ≥ 0, and α ∈ (1, 2). Let G (α,k) be the α-stable continuum random

graph, constructed from a spectrally positive Lévy process with Laplace exponent (5.3) and

rooted at a point ρ ∈ G (α,k).

1. Let B(x, t) is the closed ball of radius t centered at x. The process c = (c(t); t ≥ 0)

defined by c(t) = µ(B(ρ, t)) is absolutely continuous and

c(t) =

∫ t

0
z(s) ds

for a càdlàg process z = (z(t); t ≥ 0).

2. The process (z(t); t ≥ 0)
d
= (z(t); t ≥ 0) where z is the unique càdlàg solution to

z(t) = e(k)
(∫ t

0
z(s) ds

)
, inf

{
t > 0 :

∫ t

0
z(s) ds > 0

}
= 0.

We can now answer all of the other questions once we know the height profile.

Corollary 5.1.3. 1. The radius of the graph G (α,k) is given by

sup
v∈G (α,k)

d(ρ, v)
d
=

∫ 1

0

1

e(k)(s)
ds.
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2. The width of the graph G (α,k) is given by

sup
t≥0

z(t)
d
= sup

t∈[0,1]
e(k)(t).

3. Let V ∈ G (α,k) be distributed according to the mass measure µ, and let U denote a

uniform random variable on (0, 1). Then

d(ρ, V )
d
=

∫ U

0

1

e(k)(s)
ds.

4. More generally, for any n ≥ 1, let V1, · · · , Vn denote random points distributed ac-

cording to µ on G (α,k). Let R(1) ≤ R(2) ≤ · · ·R(n) denote the order statistics of

d(ρ, V1), · · · , d(ρ, Vn). Let U(1) ≤ U(2) ≤ · · · ≤ U(n) denote the order statistics for an

i.i.d. sample of n uniform random variables. Then

(
R(1), · · · , R(n)

) d
=

(∫ U(1)

0

1

e(k)(s)
ds, · · · ,

∫ U(n)

0

1

e(k)(s)
ds

)
.

After discussing the integral equation involved in the statement of part 2 of Theorem

5.1.2, which is called the Lamperti transform in the literature, we will show how Corollary

5.1.3 follows from Theorem 5.1.2 in Section 5.3.2.

5.1.3 Relation to other works and proof structure

Epidemics on random graphs are important for many areas in the applied sciences, see

[25, 152, 175, 176] and references therein for a non-exhaustive collection of such works. One

difficulty in describing the limiting behavior comes from analyzing the influence that the

specific degree distribution has on the local structure of the graph.

One approach to overcoming this issue is by using a mean-field approach [25]. A typical

approximation is in continuous time where each infected vertex v is infected for an expo-

nential time, and infects its neighbors at independent exponential rates. On homogeneous

networks the behavior of Z(t), the number of people infected at time t ∈ R+, is modeled by

the ordinary differential equation

dz(t)

dt
= λµz(t)(1− z(t)) where z(t) =

1

n
Z(t).
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A more careful analysis can be done on heterogeneous networks, where one can track the

proportion of vertices with degree k infected at a certain time. A remarkable thing is that

this approach, while losing a lot of information about the specific local structure, it can be

used to find heuristics on the proper scaling of the graphs or epidemic, see [152].

A more detailed approach to studying heterogeneous networks was taken by Volz in

[176], and rigorously proved in [60] under a fifth moment condition. In these works the

population of size n is broken into 3 compartments - the susceptible, the infected and the

recovered - and individuals in one compartment are moved to another compartment (i.e.

an infected individual recovers or a susceptible individual is infected) at certain exponential

rates. The global changes in the proportional size of the outbreak is described, to first

order, by just the size of the respective compartments and the degree distribution. Here the

limiting structure is described by a system of deterministic ordinary differential equations,

which depend on the degree distribution. Deterministic limiting equations, perhaps after

some random time T0, were also obtained in [106] under a second moment condition.

Our approach is different and takes it idea from studies of height profiles of random trees

and branching processes. Particularly, we focus on the approach implicit in [14], and later

studied in [18, 49, 50] and we use the so-called Lamperti transform. This transform was

originally used for a path-by-path bijection between continuous state branching processes

and a certain class of Lévy processes. This transform was originally stated by Lamperti in

[128], but was proved later by Silverstein [163]. See also [48].

We can describe the discretized version in our situation as follows. Instead of looking

at the total number of people infected on day h, we look at the number of individuals that

person vj infects, when vj is the jth individual who contracts the disease. This corresponds

to a breadth-first ordering of the underlying connected component of the graph. Call this

number of newly infected individuals χj , and let X be the breadth-first walk

X(k) =

k∑
j=1

(χj − 1).

It was this walk on the Erdős-Rényi random graph that Aldous used in [12] to describe the

scaling limits of the component sizes of G(n, p) in the critical window, and an analogous

walk was used by Joseph [109] for the configuration model.
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An interesting property of this walk is that the number of people infected on day h solves

the difference equation

Z(h) = Z(0) +X (C(h− 1)) , C(h) =
h∑

j=0

Z(j).

As far as the author is aware, the first instance of this identity can be found in [14] with

a slightly more complicated formulation. See the Introduction of [49] for a proof of this

equality. The authors of [49, 50] studied the scaled convergence of solutions of the above

equation (with the addition of an immigration term) to its continuum analog

Z(t) = X

(∫ t

0
Z(s) ds

)
.

Unfortunately, there is not a unique solution to this integral equation when X(0) = 0 and

so proving weak convergence is quite difficult. For certain models of random trees one can

prove a weak convergence result [14, 18, 120], and also works for the Erdős-Rényi random

graph when X(0) > 0 as was shown in Chapter 4 which borrows from [57].

We overcome the uniqueness problem by arguing that the rescaled processes Zn,i(h) are

tight, and we further show that each subsequential weak limit must be of a particular form.

This approach to overcoming the uniqueness problem was used in [18] to study trees with

a certain degree distribution, as opposed to graphs with a given degree distribution in the

present situation. While, at first, these two discrete models may seem related, the proofs are

quite different. In [18], the authors use a combinatorial transformation of the tree to show

that that subsequential limits must be of a particular form. We, instead, show that this

follows automatically once we know the the underlying graph converges to a measured metric

space. In turn, in Section 5.6 we discuss how our abstract convergence results described in

Section 5.2 can be applied to the rank-1 inhomogeneous model [13, 31, 44, 45].

5.2 General Weak Convergence Results

5.2.1 General Weak Convergence Approach

Let us now discuss the general set up for our weak convergence arguments. In the introduc-

tion we discussed the epidemic, which can be realized as the height profile of a connected
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component of a random graph. Explicitly those graphs were viewed as a metric space, but

we implicitly equipped them with the counting measure. We phrase our results in terms

of more general measures on random graphs, which will likely be useful in inhomogeneous

models in [13, 44, 45]. The epidemiological interpretation of considering non-uniform mea-

sures is not immediately clear; however, we could think of the unequal mass of vertices as

measuring the size of a clique in a community which was reduced to single vertex.

A major assumption of these results is the convergence of graphs as measured metric

spaces. We delay a more detailed discussion of this topic until Section 5.3.3. For now it

suffices to say that we can equip the space M of (equivalent classes) of pointed measured

metric spaces with additional boundedness assumptions with a metric which turns M into

a Polish space. This metric is called the Gromov-Hausdorff-Prohorov metric, and we will

denote it by dGHP.

We will denote a generic element of M as M = (M, ρ,d, µ) where (M, d) is a metric

space such that bounded sets have compact closure, ρ ∈ M is a specified point and µ is a

Borel measure onM such that bounded sets have finite mass. For each α > 0, β ≥ 0 define

the scaling operation by

scale(α, β)M := (M, ρ, α · d, β · µ).

Now let G denote a connected graph on, say, n vertices, with ρ ∈ G a specified vertex.

We view G as a measured metric space with graph distance and m a finite measure such

that each vertex has strictly positive mass. As we did implicitly before, we explore the

graph in a breadth-first manner. The precise way in which this is done can vary depending

on the graph model, but we assume that the vertices are labeled by v1, · · · , vn such that

if i < j then d(ρ, vi) ≤ d(ρ, vj). This trivially implies that ρ = v1. This labeling can be

viewed as an indexing of each individual who gets infected, so that if person B got infected

after person A, then person A has a smaller index than person B.

We now discuss an underlying tree structure and breadth-first walk for the graph, which

draws inspiration from the breadth-first tree and walk in [13]. The tree is constructed by

looking at which vertices vi infects in the graph G. More formally, we will say that vertex

vj is the child of vi if {vi, vj} is an edge in G, but {vl, vj} is not an edge for all l < i. This
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implies i < j. In most models with a breadth-first exploration, vj will be a child of vi if

vertex vj is discovered while exploring the vertex attached to vi.

We also suppose that there is some breadth-first walk XBF
G as well:

XBF
G (τ(k)) = XBF

G (τ(k − 1))−m(vk) +
∑

u child of vk

m(u), τ(k) =
∑
j≤k

m(vj), (5.5)

and with XBF
G (0) = 0. How the process XBF

G behaves on the intervals (τ(k − 1), τ(k)) will

play no important role in this paper. The breadth-first walk used by Aldous and Limic in

their classification of the multiplicative coalescence [13] satisfies equation (5.5). Later an

analogous walk satisfying (5.5) was used in [14] to describe the inhomogeneous continuum

random tree and extend Jeulin’s identity [108]. When m is a uniform measure on G, this

walk will be the breadth-first  Lukasiewicz path [131].

Importantly for us, the walk XBF
G encodes the masses and tree structure of v1, · · · , vn.

However there is no clean functional amenable to scaling limits which allows us to reconstruct

the genealogical structure from this breadth-first walk.

We now define the height profile of G by

ZG(h) = m {v ∈ G : d(ρ, v) = h} .

It will be useful to define its cumulative sum as well:

CG(h) =
h∑

j=0

ZG(j) = m {v ∈ G : d(ρ, v) ≤ h} .

As observed in [14, equations (13-14)], ZG(h) solves the following difference equation:

ZG(h+ 1) = ZG(0) +XBF
G ◦ CG(h). (5.6)

To describe what happens in the n→∞ limit, let (Gn;n ≥ 1) be a sequence of connected

random graphs on a finite number of vertices, viewed as a measured metric spaces where

Gn is equipped with the measure mn. We write XBF
n for the breadth-first walk XBF

Gn
. We

prove the following in Section 5.4.

Theorem 5.2.1. Suppose that there exists a sequence αn →∞, and that γn := mn(Gn)→

∞ a.s. In addition assume:
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1. In the Skorohod space D([0, 1],R), the following weak convergence holds(
αn

γn
XBF

n (γnt); t ∈ [0, 1]

)
d

=⇒ (X(t); t ∈ [0, 1]) ,

where X is a process such that almost surely X(0) = X(1) = 0, X(t) > 0 for all

t ∈ (0, 1) and X(t)−X(t−) ≥ 0 for all t;

2. There exists a random pointed measured metric spaceM = (M, ρ,d, µ) which is locally

compact and has a boundedly finite measure such that

scale(α−1n , γ−1n )Gn
d

=⇒M,

weakly in the Gromov-Hausdorff-Prohorov topology.

3. For each ε > 0, µ(B(ρ, ε) \ {ρ}) > 0 for all ε > 0.

4. αn
γn

supv∈Gn
mn(v)→ 0 as n→∞ in probability.

Then

1. There is joint convergence in D(R+,R)2:((
αn

γn
Zn(⌊αnt⌋); t ≥ 0

)
,

(
1

γn
Cn(⌊αnt⌋); t ≥ 0

))
d

=⇒ ((Z(t); t ≥ 0), (C(t); t ≥ 0))

where Z and C are the unique càdlàg solution to

Z(t) = X ◦ C(t), C(t) =

∫ t

0
Z(s) ds, inf{t : C(t) > 0} = 0; (5.7)

2. The measure µ on M satisfies

(µ(B(ρ, t)); t ≥ 0)
d
= (C(t); t ≥ 0)

Let us make some important remarks on the assumptions in Theorem 5.2.1. Assump-

tion (1) is the convergence of the breadth-first walk, which is required in order to have a

description of the limiting process Z as described above, barring some stochastic analysis
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tools that can be used in particular cases [153]. Assumptions (2) and (3) are how we over-

come any possible uniqueness problems that were identified in [18] (see Proposition 5.3.1

below). Particularly, assumption (3) allows for the classification of the limit C satisfying

inf{t : C(t) > 0} = 0. Lastly, assumption (4) is so that the term Zn(0)
d

=⇒0 as n → ∞.

Without this assumption we are left to deal with a simpler situation to which we can use

the known weak convergence results in [49].

As the reader may guess, this formulation will not be helpful for the proof of Theorem

5.1.1 nor in the study of any of the macroscopic outbreaks for random graphs. Instead, the

above theorem works only with a single macroscopic component. In order to prove Theorem

5.1.1 we must develop a joint convergence result where each of the macroscopic components

of a graph converge to some limiting graphs structure. This is something that appears quite

often in the literature on continuum random graphs, dating back to the celebrated result of

Addario-Berry, Broutin and Goldschmidt [5]. We now suppose that we have a sequence of

graphs (Gn;n ≥ 1) on a finite number of vertices with a measure mn. For each n we denote

the connected components of Gn as (Gi
n; i ≥ 1), ordered so that

mn

(
G1

n

)
≥ mn

(
G2

n

)
≥ · · · .

Again, for convenience we will say that Gi
n is a graph on a single vertex where the vertex

has mass 0 for all i > Kn. We view each of the components as a measured metric space with

graph distance, and we select a vertex ρin from each component to start the breadth-first

walks. Here we write XBF
n,i for the breadth-first walk on Gi

n which, by assumption, satisfies

equation (5.5) with the obvious notation changes. Additionally we extend it by constancy

to be a function on all of R+:

XBF
n,i (t) = XBF

n,i (mn(Gi
n)) ∀t ≥ mn(Gi

n).

Let Zn,i = (Zn,i(h)) be the height profile of the ith component Gi
n. They solve an equation

analogous to (5.6) with the obvious notation change.

We prove the following

Theorem 5.2.2. Suppose there exists two sequence αn →∞ and γn →∞ such that
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1. In the product Skorohod space D∞ the following weak convergence holds:((
αn

γn
XBF

n,i (γnt); t ≥ 0

)
; i ≥ 1

)
d

=⇒ ((Xi(t); t ≥ 0) ; i ≥ 1)

where almost surely, Xi does not possess negative jumps and there exists a ζi > 0 such

that X(t) > 0 if and only if t ∈ (0, ζi).

2. There exists a sequence of pointed measured metric spaces Mi = (Mi, ρi, di, µi) which

is locally compact and has a boudedly finite measure such that

(
scale(α−1n , γ−1n )Gi

n; i ≥ 1
) d

=⇒(Mi; i ≥ 1)

weakly in the product Gromov-Hausdorff-Prohorov topology.

3. Suppose that µi(B(ρi, ε) \ {ρi}) > 0 for all ε > 0.

4. αn
γn

supv∈Gn
mn(v)→ 0 as n→∞ in probability.

Then

1. In the product Skorohod topology((
αn

γn
Zn,i(⌊αnt⌋),

1

γn
Cn,i(⌊αnt⌋); t ≥ 0

)
; i ≥ 1

)
d

=⇒ ((Zi(t), Ci(t); t ≥ 0) ; i ≥ 1) ,

where (Zi, Ci) is the unique càdlàg solution to

Zi(t) = Xi ◦ Ci(t), Ci(t) =

∫ t

0
Zi(s) ds, inf{t : Ci(t) > 0} = 0.

2. For each i ≥ 1,

(µi(B(ρi, t)); t ≥ 0)
d
= (Ci(t); t ≥ 0) .

5.2.2 Compactness Corollaries

Let us begin with the first corollary, which follows from Theorem 5.2.1 and a result in [18]

recalled in Proposition 5.3.1 below.
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Corollary 5.2.3. If the hypotheses of Theorem 5.2.1 are met, then∫
0+

1

X(s)
ds <∞ a.s.

The above corollary avoids a hypothesis in Theorem 1 in [18], but this comes at the

expense of assuming convergence in the Gromov-Hausdorff-Prohorov topology of an under-

lying metric space, which is a difficult hypothesis to verify. The inverse of Corollary 5.2.3 is

interesting, because it gives a necessary condition for convergence in the Gromov-Hausdorff-

Prohorov topology.

For certain models of random trees and random graphs, determining compactness of

the candidates for limiting metric space is difficult. This has been a particular problem for

the inhomogeneous continuum random trees introduced by Aldous, Camarri and Pitman

[16, 51]. These trees are characterized by a parameter θ = (θ0, θ1, · · · ) and in [14], the

authors showed that boundedness of the continuum random tree is equivalent to the almost

sure finiteness of an integral
∫ 1
0

1
X(s) ds. A question was posed in [14] to develop useful

criteria for compactness of the ICRT and determine if boundedness implied compactness.

This problem was open for 16 years, but appears to be solved very recently in [37].

It is in this vein that we state the next corollary. It is a more abstract version of part

(1) of Corollary 5.1.3 above, and follows from part (2) in Theorem 5.2.1 and Proposition

5.3.1.

Corollary 5.2.4. LetM and X be as in Theorem 5.2.1, assume the hypotheses of Theorem

5.2.1 are met, and let spt(µ) ⊂M denote the topological support of the measure µ. Then

sup
v∈spt(µ)

d(ρ, v)
d
=

∫ 1

0

1

X(s)
ds.

5.3 Preliminaries

5.3.1 Lévy processes, height processes, excursions

In this section we briefly recall the construction of Ψ-height processes and their excursions

which were discussed in Section 2.2.4.3. For more in depth discussion on the height processes

and their excursions see the works of Le Gall, Le Jan and Duquense in [73, 132, 133] and

for information about spectrally positive Lévy processes, see Bertoin’s monograph [26].
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Let X = (X(t); t ≥ 0) denote a spectrally postive, i.e. no negative jumps, Lévy process,

and let −Ψ denote its Laplace transform:

E [exp {−λX(t)}] = exp (tΨ(λ)) .

In order to discuss Ψ-height processes, we restrict our attention in this situation to have Ψ

is of the form

Ψ(λ) = αλ+ βλ2 +

∫
(0,∞)

(e−λr − 1 + λr1[r<1])π(dr),

where α ≥ 0, β ≥ 0, (r ∧ r2)π(dr) is a finite measure along with

β > 0 or

∫
(0,1)

rπ(dr) =∞.

The last assumption occurs if and only if the paths of X have infinite variation almost

surely.

The Ψ-height process H = (H(t); t ≥ 0) is a way to give a measure (in a local time

sense) to the set

{s ∈ [0, t] : X(s) = inf
s≤r≤t

X(r)}. (5.8)

Slightly more formally, under the the additional assumption that∫ ∞
1

1

Ψ(λ)
dλ =∞,

there exists a continuous process H = (H(t); t ≥ 0) such that for all t ≥ 0 then

H(t) = lim
ε→0

1

ε

∫ t

0
1[X(s)−infr∈[s,t] X(r)≤ε] ds, (5.9)

where the limit is in probability. See [132] and [73, Section 1.2] for more details. In the case

where β > 0, the process H can be seen [73, equation (1.7)] to satisfy

H(t) =
1

β
Leb

{
inf

s≤r≤t
X(r) : s ∈ [0, t]

}
.

In particular, when X is a standard Brownian motion then

H(t) = 2

(
X(t)− inf

s≤t
X(s)

)
is twice a reflected Brownian motion.
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One can also do this same procedure to the excursions of X. That is, if I(t) = infs≤tX(s)

is the running infimum of X then the process −I acts as a (Markovian) local time at level

0 for the reflected process X − I [26, Chapter IV]. Moreover, by looking at T (y) = inf{t ≥

0 : I(t) < −y}, we can talk about the excursions of X − I between times T (y−) and T (y).

As well [73, Section 1.1.2], it is possible to define the height process H for the excursions of

X above its running infimum. The associated excursion measure will be denoted by N . To

avoid confusion, we will write (e, h) for (X,H) under the excursion measure N .

5.3.1.1 Stable Processes and Tilting

We now restrict our attention to the stable case where

Ψ(λ) = Aλα, α ∈ (1, 2]. (5.10)

The process X satisfies the scaling [26]

(X(t); t ≥ 0)
d
=
(
k−1/αX(kt); t ≥ 0

)
, ∀k > 0.

Similarly, the height process H satisfies the scaling

(H(t); t ≥ 0)
d
=
(
k(1−α)/αH(kt); t ≥ 0

)
, ∀k > 0,

which can be derived from (5.9).

Remark 5.3.1. By scaling the Lévy process X, the constant A in (5.10) can be taken to equal

1 and this is typically done in the literature. We will not do this when proving Theorems

5.1.1 or 5.1.2 in order to simplify the presentation. By using scaling properties for both X

and H, it is possible to prove the results in Theorem 5.1.2 and Corollary 5.1.3 continue to

hold when A = 1.

As originally observed by Aldous [12], one can encode the size of components of a random

graph by a certain walk which possesses a scaling limit of the form X(t) + f(t) where X is

a Lévy process and f(t) is a deterministic drift term. Aldous first proved this [12] within

the critical window of Erdős-Rényi random graph where X is a Brownian motion and f

is a quadratic function. This later extended to the α-stable case by Joseph [109] on the

configuration model where X is a stable Lévy process.
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For the α-stable case (α ∈ (1, 2)), Conchon–Kerjan and Goldschmidt [59] described the

process in [109] via an exponential tilting of a Lévy process. That is they examine an

α-stable process X and its associated height process H of the form and define X̃ and H̃ by

E
[
F (X̃, H̃; [0, t])

]
= E

[
exp

(
−1

δ

∫ t

0
s dX(s)−A tα+1

(α+ 1)δα

)
F (X,H; [0, t])

]
(5.11)

where A is as in (5.10) and F is a function on the paths of upto time t. The A in our

notation is Cα
δ in the notation of [59].

The excursions of the process X̃ before time t > 0 can be described via the absolute

continuity relationship in (5.11) and the excursions of X prior to time t. What is very useful

for us is that all the excursions of

R̃(t) = X̃(t)− Ĩ(t)

above zero can be ordered by decreasing length [59, Lemma 3.5]. That is the lengths of the

excursion intervals, (ζi; i ≥ 1), can be indexed such that ζ1 ≥ ζ2 ≥ · · · ≥ 0. Corresponding

the values ζi, there is an excursion interval (gi, di) of length di − gi = ζi such that R̃(gi) =

R̃(di) = 0 and R̃(t) > 0 for all t ∈ (gi, di). We define the excursion ẽi = (ei(t); t ≥ 0) by

ẽi(t) = R̃((gi + t) ∧ di), t ≥ 0. (5.12)

These are the excursion which appear in Theorem 5.1.1.

We also let h̃i = (h̃i(t); t ≥ 0) be the excursion of H̃ which straddles (gi, di) defined by

h̃i(t) = H̃ ((gi + t) ∧ di) .

5.3.1.2 Normalized excursions and tilting

We now recall Chaumont’s path construction of a normalized excursion of a spectrally

positive α-stable Lévy process X. See [54] or [26, Chapter VIII] for more details on this.

This allows for an simple description of the conditioning the excursion measure N(·|ζ = x),

for a fixed constant (deterministic) x > 0 and ζ is the duration of the excursion. These

results also hold in the Brownian case α = 2., and we refer to Chapter XII of [156] for that

treatment.
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Define ĝ1 and d̂1 by

ĝ1 = sup{s ≤ 1 : X(s) = I(s)}, d̂1 = inf{s > 1 : X(s) = I(s)},

and define

e(t) =
1

(d̂1 − ĝ1)1/α
(
X(ĝ1 + (d̂1 − ĝ1)t)−X(ĝ1)

)
, t ∈ [0, 1]. (5.13)

The normalized excursion e = (e(t); t ∈ [0, 1]) has duration ζ = 1, and its law is N(·|ζ = 1).

We obtain, the law N(·|ζ = x) by scaling. Namely, set

ex(t) = x1/αe(x−1t), t ∈ [0, x],

and then ex = (ex(t); t ∈ [0, x]) has law N(·|ζ = x).

This can also be done under the conditioning on the lifetime of the excursion of the

height process H. See [70] or [146] for more information. We denote h = (h(t); t ∈ [0, 1]) as

the height process under the measure N(·|ζ = 1) and (by the scaling for the height process)

we write

hx(t) = x(α−1)/αh(x−1t), t ∈ [0, x].

The normalized excursions of X̃ and H̃ are trickier to handle because the process X̃ does

not have stationary increments. However, there is a relatively simple way of describing these

in terms of an exponential tilting of the excursions e and h similar to Aldous’ description

in [12] in the Brownian case. We define the tilted processes denoted by, ẽ
(δ)
x and h̃

(δ)
x , by

E
[
F (ẽ(δ)x , h̃(δ)

x )
]

=
E[exp(1δ

∫ x
0 ex(t) dt)F (ex,hx)]

E[exp(1δ
∫ x
0 ex(t) dt)]

(5.14)

When x = 1 or δ = 1 we omit it from notation. The excursions ẽ
(δ)
x and h̃

(δ)
x are shown in

[59] to be the excursions (ẽi, h̃i) conditioned on their duration being exactly x.

Remark 5.3.2. To clear up any confusion between ẽ(δ) defined in (5.14) and e(k) defined in

(5.4), we note that we use the tilde˜ to denote tilting associated with an exponential tilting

of an excursion. We do not include a tilde when discussing the polynomial tilting in (5.4).
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5.3.2 Lamperti Transform

The Lamperti transform relates continuous state branching processes and Lévy processes

via a time-change. This relationship dates back to a path-by-path relationship observed by

Lamperti [128], although only proved later by Silverstein [163]. More recently the authors

of [49] gave a path-by-path transformation between certain pairs of Lévy processes and

continuous state branching processes with immigration. The bijective relationship was

known before the path-by-path connection as well, see [114]. For more information on

this transformation see [48] for a description in the continuum, see [49, 50] for scaling limits

related to continuous state branching processes and their generalizations affine processes,

and see [18] for a scaling limits involving a similar situation of non-uniqueness of the limiting

equation.

We will focus on the transform applied to excursions. Given a non-decreasing function

c : R+ → R denote its right-hand derivative by D+c, i.e.

D+c(t) = lim
ε↓0

c(t+ ε)− c(t)
ε

.

We now define the Lamperti transform and the Lamperti pair.

Definition 1. Given a càdlàg function f ∈ D(R+,R+) let

ι(t) =

∫ t

0

1

f(s)
ds.

Define the right-continuous inverse of ι, denoted by c0, by

c0(t) = inf{s ≥ 0 : ι(s) > t},

with the convention inf ∅ = inf{t > 0 : f(t) = 0}. The Lamperti transform of f is the

function h0 = f ◦ c0 and we call the pair (h0, c0) the Lamperti pair associated to f .

Hopefully the choice of notating the Lamperti pair by (h0, c0) will be clear after the

statement of the next proposition, which we recall from [18] while introducing a trivial

scaling argument and fixing a typo:

Proposition 5.3.1. ([18, Proposition 2]) Let f ∈ D(R+,R+) with non-negative jumps.

Assume that f(t) = 0 if and only if t ∈ {0}∪ [ζ,∞) for some ζ ∈ (0,∞). Let (h0, c0) denote
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the Lamperti pair associated to f . Then, solutions to

c(0) = 0, D+c = f ◦ c (5.15)

can be characterized as follows:

1. If

∫
0+

1

f(s)
ds =∞ then h = c = 0 is the unique solution to (5.15).

2. If

∫
0+

1

f(s)
ds < ∞ then c0 is not identically zero, D+c

0 = h0, and c0 solves (5.15).

Furthermore, solutions to (5.15) are a one-parameter family (cλ;λ ∈ [0,∞]) given by

cλ(t) = c0 ((t− λ)+) , (x)+ := x ∨ 0.

In addition,

(a) If

∫ ζ− 1

f(s)
ds =∞ then c0 is strictly increasing with limt→∞ c

0(t) = ζ.

(b) If

∫ ζ− 1

f(s)
ds <∞ then c0 is strictly increasing until reaching ι(1) =

∫ ζ

0

1

f(s)
ds.

The above proposition states that all the solutions to (5.15) are determined by time-

shifts of the Lamperti pair associated with f , or is identically zero. As we will see in the

sequel, a major part of the proof of Theorem 5.2.1 is showing that every subsequential

(weak) limit of the C̃n is of the form C0 and not a time-shift, CΛ, of C0 for some random

Λ.

With Proposition [18] recalled, we can prove Corollary 5.1.3 from Theorem 5.1.2.

Proof of Corollary 5.1.3. We begin by observing that

sup
v∈spt(µ)

d(ρ, v)
d
=

∫ 1

0

1

e(k)(s)
ds

follows from Theorem 5.1.2 by an application of conclusion (2)(b) in Proposition 5.3.1. To

replace the support of the measure µ with the graph G (α,k) we observe that

sup
v∈spt(µ)

d(ρ, v) = sup
v∈G (α,k)

d(ρ, v).
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Indeed to prove this equality observe that the leafs of the graph G (α,k) are dense in both

the support of the measure µ and the graph G (α,k) which follows from analogous results for

the continuum random trees [70, 74] and the observation that the exponential tilting in the

construction of the graphs does not change this almost sure statement.

Part (2) trivially follows from Theorem 5.1.2 and the observation that c increases from

0 to 1 as t ranges from 0 to ∞. We restrict the rest our proof to part (3), the argument of

which will imply part (4) with minor modifications.

We recall the well-known fact that if X is a real random variable taking values in

(a, b) with cumulative distribution function F which is strictly increasing on (a, b), then

X ∼ F−1(U) where U is a standard uniform random variable and F−1(y) = inf{t : F (t) > y}

is the right-continuous inverse. Typically this is stated with the left-continuos inverse of F ;

however, when F is strictly increasing these two inverses agree on (a, b).

Now, conditionally given G (α,k) , Theorem 5.1.2 implies that

P(d(ρ, V ) ≤ t|G (α,k)) = µ(B(ρ, t)) = c(t).

Thus,

d(ρ, V )
d
= inf{t : c(t) > U}, U ∼ Unif(0, 1).

However, the process c is equal in distribution to c(t) =
∫ t
0 z(s) ds where z is as in part (2)

of Theorem 5.1.2. It is easy to see by examining the discussion of the Lamperti transform

above, that

c(t) = inf

{
u :

∫ u

0

1

e(k)(s)
ds > t

}
∧ 1.

See also the discussion preceding Proposition 2 in [18] and Chapter 6 of [86] as well. The

result now follows by taking another inverse.

The proof of part (4) is a trivial generalization involving order statistics.

5.3.3 Lemmas involving Convergence of Metric Spaces

Recall the definitions of PMM spaces and PMM isometries from Section 2.2.1 discussed

above.
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We now prove the following simple lemma, which we cannot find in the existing literature.

This will be used in the proof of Theorem 5.2.1. We denote by B(y, r), the closed ball of

radius r centered at y in the appropriate metric space.

Lemma 5.3.2. Let Mn = (Mn, ρn,dn, µn), M = (M, ρ,d, µ) be random elements of M

such that

Mn
d

=⇒M, as random elements of (M, dGHP),

and µ on M is almost surely not the zero measure. Then for all but countably many

r ∈ (0,∞):

µn(B(ρn, r))
d

=⇒µ(B(ρ, r)), as real numbers.

Both convergences above can be replaced with almost sure convergence as well.

We prove this by first appealing to a deterministic lemma.

Lemma 5.3.3. Let Mn → M in dGHP and suppose that the measure µ on M is not the

zero measure. Let r be a radius such that

µ {x ∈M : d(ρ, x) = r} = 0.

Then

µn(B(ρn, r))→ µ(B(ρ, r)).

Proof. By Theorem 3.16 in [121], it suffices to consider the compact case where Mn,M ∈

Mc and Mn →M with respect to the dcGHP metric and that r = supx∈M d(ρ, x).

We recall that, for metric spaces X and Y , a function f : X → Y is an ε-isometry if f

is measurable and

sup{|d(x1, x2)− d(f(x1), f(x2))| : x1, x2 ∈ X} ≤ ε

and for all y ∈ Y there exists some x ∈ X such that d(y, f(x)) < ε.

By Theorem 3.18 in [121], there exists a sequence εn → 0 and a sequence of functions

fn :Mn →M such that fn is an εn-isometry and such that

fn#µn → µ,
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with respect to the weak-* topology of measures onM, that is convergence of the integrals

against compactly supported continuous functions. However, 1M is continuous and com-

pactly supported since M is compact. So the following convergence holds in because of

convergence in the weak-* topology:

µn(Mn) =

∫
Mn

1Mn dµn =

∫
Mn

1M ◦ fn(x)µn(dx)

=

∫
M

1M(x)(fn#µn)(dx)→
∫
M

1M dµ = µ(M).

Therefore, there is no loss in generality in assuming that the measures µn and µ are proba-

bility measures, since we can just rescale the measures by their (non-zero) total mass. Since

weak-* convergence of probability measures on a compact space is simply weak convergence

of probability measures, the desired convergence holds by Portmanteau.

Proof of Lemma 5.3.2. By Lemma 5.3.3, we have shown that the map Φr : M→ R by

Φr(M) = µ(B(ρ, r))

is continuous at each M such that µ({x ∈M : d(ρ, x) = r}) = 0.

Now given a random element M with law P, we just need to show

{r : P [µ({x ∈M : d(ρ, x) = r}) > 0] > 0} is countable.

This follows from the same argument that random processes in D(R+,R) cannot have a

uncountably many jump-times which occur with strictly positive probability. The proof of

that latter statement can be found in Section 13 of [35], but is omitted here.

5.3.4 Continuum random trees and continuum random graphs

We refer the reader back to Section 2.2.3 for the construction of continuum random graphs

from a continuous function h : [0, ζ] → R+, a càdlàg function g : [0, ζ] → R+ without

negative jumps and a point set Q ⊂ R2
+ having finitely many points within any compact

set.

Let us now describe the graphs G (α,k) that we mentioned in the introduction. See

[59, 96] for more information on these graphs. We first define the α-stable graph G (α)
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where we let the surplus be a random non-negative integer. The graphs G (α) are the graphs

G(h̃
(1)
1 , ẽ

(1)
1 ,P) for a Poisson random measure P on R2

+ with Lebesgue intensity. The

Poisson point process P has only a finite number of points (t, y) such that 0 ≤ y ≤ ẽ
(1)
1 (t),

and this is the surplus of the random graph G (α). The graph G (α,k) is just the graph G (α)

conditioned on having fixed surplus k. This conditioning on the number of points of P

which lie under the curve ẽ
(1)
1 changes the exponential tilting in (5.14) to the polynomial

tilting in (5.4).

For more information on random trees and graphs see [8, 9, 11, 131] for the Brownian

CRT, see [70, 73, 146] for the stable-trees, see [5, 28] for the Brownian random graph and

[59, 96] for the stable graph.

5.4 Proofs of Weak Convergence Results

We now turn our attention to proving the abstract weak convergence results: Theorems

5.2.1 and 5.2.2. To simplify the notation in the proof of Theorem 5.2.1, we write Xn(·) =

Zn(0) + XBF
n (·). By assumption (4) in Theorem 5.2.1, Zn(0) → 0 in probability and so

assumption (1) in Theorem 5.2.1 holds with Xn replacing XBF
n by Slutsky’s theorem. More-

over, changing (5.6) to match this notation, the process Zn solves

Zn(h+ 1) = Xn ◦ Cn(h), Cn(h) =
h∑

j=0

Zn(j), Cn(−1) = 0.

We define the rescalings:

Z̃n(t) =
αn

γn
Zn(⌊αnt⌋)

C̃n(t) =
1

γn
Cn(⌊αnt⌋)

X̃n(t) =
αn

γn
Xn(γnt).

We begin by proving the tightness of X̃n and C̃n.

Proposition 5.4.1. Under the assumptions of Theorem 5.2.1, and the above notation, the

sequence ((C̃n, X̃n);n ≥ 1) is tight in D(R+,R)2. Moreover, any subsequential limit of

(C̃n, X̃n;n ≥ 1), say (C,X), must satisfy

C(t) =

∫ t

0
X ◦ C(s) ds.
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Proof. We alter the proof of Proposition 7 in [18]. That proof involves a linear interpolation

of Cn instead, which makes their proof slightly simpler. The differences are easily overcome

using compactness results in Billingsley’s monograph [35].

Because tightness of marginals implies tightness of the pair of random elements, in order

to show the tightness claimed, it suffices to show that (C̃n;n ≥ 1) is tight, since we assume

that X̃n converges weakly and is therefore tight. Towards this end, observe that C̃n is

uniformly bounded:

0 ≤ C̃n(t) ≤ 1

γn
mn(Gn) = 1. (5.16)

We now set t > s. We have

C̃n(t)− C̃n(s) =
1

γn
(Cn(⌊αnt⌋)− Cn(⌊αns⌋))

=
1

γn

⌊αnt⌋∑
h=⌊αns⌋+1

Zn(h)

≤ 1

γn

∫ αnt+1

αns−1
Zn(⌊u⌋) du

=
1

γn

∫ αnt+1

αns−1
Xn ◦ Cn(⌊u⌋) du

=
αn

γn

∫ t+α−1
n

s−α−1
n

Xn ◦ Cn(⌊αnu⌋) du

≤ (t− s+ 2α−1n )∥X̃n∥,

where

∥f(t)∥ = sup
t∈[0,1]

|f(t)|.

Define the functions

w(f ; I) := sup
s,t∈I
|f(t)− f(s)|, f ∈ D(R+), I ⊂ R,

and, for δ > 0,

w′N (f ; δ) := inf
{ti}

max
1≤i≤v

w(f ; [ti−1, ti)), N = 1, 2, · · ·

where the infimum is taken over all partitions 0 = t0 < t1 < · · · < tv = N such that

ti − ti−1 > δ for 1 ≤ i < v.
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From the above string of inequalities, for any integer N > 0 and any δ > 0, we have

w′N (C̃n; δ) ≤ 2
(
δ + α−1n

)
∥X̃n∥, ∀n ≥ 1,

Moreover, for any fixed δ > 0, there exists an n0 sufficiently large such that

2(δ + α−1n )∥X̃n∥ ≤ 4δ∥X̃n∥, ∀n ≥ n0,

since αn →∞. Fix ε > 0 and an integer N . Applying Theorem 13.2 in [35] gives

lim
δ↓0

lim sup
n→∞

P
(
w′N (C̃n; δ) ≥ ε

)
≤ lim

δ↓0
lim sup
n→∞

P
(
∥X̃n∥ ≥

ε

4δ

)
= 0.

Hence, by Theorem 16.8 in [35], the process C̃n is tight.

The statement about the form of the subsequential weak limits follows as in the proof

of Proposition 7 in [18] with little alteration.

5.4.1 Proofs of Theorems 5.2.1 and 5.2.2

We now move to describe more accurately the possible subsequential limits in Proposition

5.4.1. By Proposition 5.3.1 and Proposition 5.4.1, the subsequential limits (C̃nℓ
, X̃nℓ

)
d

=⇒(C,X)

must be of the form C(t) = C0((t−Λ)+) for some (random) Λ := inf{t : C(t) > 0} ∈ [0,∞]

where C0 is the Lamperti transform of the X. We desire to show that Λ = 0 almost surely.

By the Skorokhod representation theorem and by possible taking a further subsequence,

we can assume that we are working on a probability space such that both

scale(α−1nℓ
, γ−1nℓ

)Gnℓ
→M, and (C̃nℓ

, X̃nℓ
)→ (C,X)

occur almost surely in their respective topologies: the first convergence is with respect to the

pointed Gromov-Hausdorff-Prohorov topology and the second convergence is with respect to

the product topology on the D×D. We write G̃nℓ
= (G̃nℓ

, ρnℓ
, d̃, m̃nℓ

) for scale(α−1nℓ
, γ−1nℓ

)Gi
n.

By Lemma 5.3.2, we have for all but countably many t > 0,

C̃nℓ
(t) =

1

γnℓ

mnℓ
{v ∈ Gnℓ

: d(v, ρnℓ
) ≤ αnℓ

t}

= m̃nℓ

(
{v ∈ G̃nℓ

: d̃(v, ρnℓ
) ≤ t}

)
−→ µ({x ∈M : d(ρ, x) ≤ t}).
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Similarly, by the convergence of C̃nℓ
in D we have for all but countably many t > 0

C̃nℓ
(t)→ C(t).

By a standard diagnolization argument there exists a sequence tm ↓ 0 such that

C(tm) = µ
(
B̄(ρ, tm)

)
> 0.

The inequality follows from Assumption (3) in Theorem 5.2.1.

Hence

Λ = inf{t : C(t) > 0} = 0.

Therefore every subsequential weak limit for (C̃n, X̃n) must be of the form (C0, X) where

C0 is part of the Lamperti pair associated with X. Along with looking at Proposition 5.3.1,

we have proved the following:

Proposition 5.4.2. Let (Z0, C0) be the Lamperti pair of X. Then, under the assumptions

of Theorem 5.2.1, the following weak convergence holds(
C̃n, X̃n

)
=⇒

(
C0, X

)
,

in the product Skorokhod space D× D.

Moreover, since C0 is not identically zero X must satisfy∫
0+

1

X(s)
ds <∞.

We now finish the proof of Theorem 5.2.1.

Proof of Theorem 5.2.1. The proof of Proposition 5.4.2 gives the proof of conclusion (2) of

Theorem 5.2.1, and so we finish the proof of part (1).

By Proposition 5.4.1 and Proposition 5.4.2, and the Skorohod representation theorem,

we can assume that we are working on a probability space such that(
C̃n, X̃n

)
−→ (C0, X) a.s..

Then, a result of Wu [183, Theorem 1.2] which extends a result of Whitt [180], the following

convergence holds in the D:

Z̃n = X̃n ◦ C̃n −→ X ◦ C0 a.s..
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Using Proposition 5.3.1 part (2), we observe that

Z0 := X ◦ C0 = D+C
0.

That is (Z0, C0) is the Lamperti pair associated with X and in D2

(Z̃n, C̃n)
d

=⇒(Z0, C0).

The proof of Theorem 5.2.1 can be easily extended to joint convergence of the of finitely

many graphs Gi
n of random masses mn(Gi

n) as n→∞. Since the graph Gi
n are ordered by

decreasing mass, the excursion lengths also decrease: ζ1 ≥ ζ2 ≥ · · · . The only part that

changes is (5.16) is replaced with an analogous tightness bound on

max
j≤N

1

γn
mn(Gj

n) =
1

γn
mn(G1

n)

This will yield a proof of Theorem 5.2.2. The details are omitted.

5.5 The Configuration Model

In this section we focus on the applications to the configuration model when one specifies a

critical degree distribution ν in the domain of attraction of a stable law. We will focus on

the case α ∈ (1, 2), although the Brownian case α = 2 can be obtained by these methods.

The results can easily be altered to cover the α = 2 as well, by instead considering the case

where ν has finite third moment at the critical point (see the definition of θ in (5.19) below)

and omitting the cases ν(2) < 1 and ν(0) > 0.

We will be using the results of Joseph [109] and Conchon-Kerjan and Goldschmidt [59]

on scaling limits related to the configuration model. The latter reference provides a metric

space scaling limit for the components of the graph at the point of criticality θ = 1, where

θ is defined in (5.19). This allows us to utilize Theorem 5.2.2. Similar results in the α = 2

case were obtained prior to Joseph, see Riordan’s work [157] and also [29].
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5.5.1 Preliminaries: The configuration model and convergence

Let us describe briefly the configuration model, some of the associated walks on the graphs,

and their scaling limits. For a more detailed account of the configuration model, see Chapter

7 of [173].

The multigraph M(dn) is a random graph on vertex set (i; i ∈ [n]) where the vertex

i has degree (counted with multiplicity) di. We can construct this graph by viewing the

vertices i as hubs with di half-edges jutting out from the vertex i. We then pair half-edges

uniformly at random to create a multigraph. Given a multigraph G, we have [173, Prop

7.7]

P(M(dn) = G) =
1(

−1 +
∑n

j=1 dj

)
!!
×

∏n
j=1 dj !∏n

j=1 loop(i)×
∏

1≤i<j≤n mult(i, j)!
,

where loop(i) is the number of self-loops at vertex i and mult(i, j) is the number of edges

between i and j. Below we describe two different algorithms for how to construct the

multigraph and describe associated walks. It is also convenient to assume that the di half-

edges connected to a vertex i are ordered, so that we can talk about the “least” half-edge.

We remark that this random construction described above is taken from a deterministic

sequence of half-edges dn, later on we will take the vertex degrees to be random.

We describe two algorithms for the construction in a manner quite similar to Joseph

[109]. We partition the
∑n

j=1 dj half-edges into three disjoint subsets: the set S of sleeping

half-edges, the set A of active half-edges, and the set D of dead half-edges. We call the set

S ∪ A the collection of alive half-edges. Initially all half-edges are sleeping.

5.5.1.1 Breadth-first construction

We construct a graph MBF(dn) (we initially include a BF to specify the construction) as

follows:

To initialize at step 1, we pick a sleeping half-edge uniformly at random. Label the

corresponding vertex as v1 and declare all of the half-edges attached to v1 as active.

Suppose that we have just finished step j. There are three possibilities: (1) A ≠ ∅, (2)

A = ∅ and S ≠ ∅, (3) all half-edges are dead.
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In case 1, we proceed as follows:

1. Let i be the smallest integer k such that there exists an active half-edge attached to

vk.

2. Pick the least half-edge l from all active half-edges attached to vi.

3. Kill l, that is, remove it from A and add it to D.

4. Choose uniformly at random from all living half-edges r and pair it with l, that is, add

an edge between the vertex vi (which is attached to l) and the corresponding vertex

connected to r.

5. If r is sleeping, then we have discovered a new vertex. Label this new vertex vm+1

where we have discovered the vertices v1, · · · , vm up to this point. Declare all the

half-edges of vm+1 are active.

6. Kill r.

In case 2, we have finished exploring a connected component of MBF(dn). We proceed

by picking a sleeping half-edge uniformly at random. We then label the corresponding

vertex vm+1 if we’ve discovered vertices v1, · · · , vm up to this point, and we declare all the

half-edges connected to vm+1 as active.

In case 3, we have explored the entire graph and we are done.

The above is the breadth-first construction of the multigraph MBF(dn). In the sequel, we

denote the ordering of the vertices in the exploration/construction above by vBF
1 , · · · , vBF

n .

Remark 5.5.1. While the above algorithm gives a breadth-first construction of the graph

M(dn), observe that this can also be used to explore the graph M(dn). Indeed, if in step

(4), we selected the half-edge r which is connected to l instead of sampling it uniformly,

then we would have explored the graph and obtain the an equal in distribution ordering of

the vertices.
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Figure 5.3: Left: The initial collection of 11 vertices with half-edges appearing from

the center. Right: The structure of the breadth-first constructed graph after ini-

tially selected a half-edge connected to vertex 11. The edges were added in this order

{11, 1}, {11, 2}, {1, 4}, {1, 10}, {2, 2}. The next half-edge to be explored is the remaining

half-edge jutting out form vertex 2.

In case 1 above, it is possible that we match two half-edges l with r where r is already

active. We call the corresponding edge in the multigraph MBF(dn) a breadth-first (bf)

backedge.

We let FBF(dn) denote the forest constructed from the multigraph MBF(dn) obtained

by splitting all bf backedges into two half-edges and adding two leaves to each of these half-

edges. More formally, if the multigraph MBF(dn) has a bf backedge between vertices vl, vr.

Remove that edge from the multigraph and add two vertices v′l and v′r and add an edge

between both pairs (vl, v
′
l) and (vr, v

′
r). Continue this until all bf backedges are removed

and replaced.

Remark 5.5.2. This algorithm can also be used to mark where the new leafs occur within a

breadth-first exploration of the forest FBF(dn). When we first find backedge between half-

edges l and r in MBF(dn) we replace it with two new leafs. Then as we are exploring the

half-edge l, we find a new leaf and do not “see” the half-edge r. This means we do not kill
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that half-edge in step (6). This means we will eventually choose half-edge r in step (2) and

find second new leaf for this bf backedge. We can then label these vertices uBF
1 , · · · , uBF

p

for some p ≥ n. See Figure 5.4 for an example of how this is done for the breadth-first

construction.

5.5.1.2 Depth-first construction

We construct a graph MDF(dn) (we initially include a DF to specify the construction) as

follows:

We initialize at step 1 as before, we pick a sleeping half-edge uniformly at random. Label

the corresponding vertex as v1 and declare all of the half-edges attached to v1 as active.

The only thing that changes on subsequent steps is that in Case 1 we replace part (1) with

(1’) Let i be the largest integer k such that there exists an active half-edge attached to

vk.

This above is the depth-first construction of the multigraph MDF(dn). This changes

the order in which we find vertices and label them, so we will denote the new ordering

and labeling by vDF
1 , · · · , vDF

n . We analogously construct the depth-first forest, by removing

depth-first (df) backedges and replacing them with leaves.

5.5.1.3 Symmetry between constructions

Recall that the multigraph M(dn) is taken to be uniform over all possible pairings of half-

edges. The following proposition is trivial.

Proposition 5.5.1. For any degree sequence dn = (d1, · · · , dn) the graphs MBF(dn) and

MDF(dn) are equal in distribution. We write both as M(dn).

The symmetry between the constructions allow us to look at two random walks which

turn out being equal in distribution. We write deg(v) for the degree (counted with multi-

plicity) of the vertex v in a graph, M(dn), FDF(dn), etc., which is clear from context. Recall

that (vBF
j ; j ∈ [n]) and (vDF

j ; j ∈ [n]) are the vertices in the multigraph M(dn) labeled in two
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distinct ways acording the breadth-first exploration or depth-first explorations respectively.

Define the following two walks:

SBF
dn (k) =

k∑
j=1

(deg(vBF
j )− 2), SDF

dn (k) =
k∑

j=1

(deg(vDF
j )− 2). (5.17)

We wish to define analogous walks on the forests FBF(dn) and FDF(dn), to which we

remind the reader of Remark 5.5.2. Hence we have a labeling all the vertices of the forests

as (uBF
j ) for the forest FBF(dn) with the breadth-first exploration and (uDF

j ) for the forest

FDF(dn) with the depth-first exploration.

For each connected component of the multigraph and hence forest, there is a vertex

discovered when the collection of active vertices A was empty, we call those vertices roots.

If u is a root in a forest, write χ(u) = deg(u), otherwise write χ(u) = deg(u)− 1. The value

of χ(u) is precisely the number of children that vertex u has in the forest in which it lives.

For j sufficiently large, there will be no vertex of uBF
j or uDF

j . This will not matter for our

scaling limits, but for completeness we define uBF
j and uDF

j as root vertices of components

with a single vertex, and therefore χ(uBF
j ) = χ(uDF

j ) = 0 for sufficiently large j. Define the

walks

XBF
dn (k) =

k∑
j=1

(χ(uBF
j )− 1), XDF

dn (k) =
k∑

j=1

(χ(uDF
j )− 1). (5.18)

As is shown in Section 5.1 of [59], the distribution of the depth first walk XDF
dn can

be reconstructed from SDF
dn . This was done for when the degree sequence is taken to be

random; however it works for a deterministic degree sequence as well. A trivial alteration

of that algorithm can be used to construct XBF
dn from the walk SBF

dn and moreover, we can

couple these two constructions to see that backedges have a particular correspondence. We

summarize this construction later in the appendix. We write this as the following lemma.

Lemma 5.5.2. 1. For any degree sequence dn. The breadth-first walks and the depth-

first walks are equal in distribution. That is

(SBF
dn (k); k ≥ 0)

d
= (SDF

dn (k); k ≥ 0), and (XBF
dn (k); k ≥ 0)

d
= (XDF

dn (k); k ≥ 0).

2. There exists a coupling of FDF(dn) and FBF(dn) such that for all j < i a df-backedge
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appears between uDF
j and uDF

i if and only if a bf-backedge appears between uBF
j and

uBF
i .

In particular, there exists a coupling of XBF
n and XDF

n such that

inf
i≤k

XBF
n (i) = inf

i≤k
XDF

n (i).

The last part of the above lemma tells us something that will be used several times

in the sequel, under this coupling the distribution excursions of XBF
dn and XDF

dn above the

running infimum have the same length.

5.5.1.4 Random degree distribution

In this subsection we describe some of what happens when we take the sequence dn =

(d1, · · · , dn) to be from i.i.d. samples from a distribution ν on N = {1, 2, · · · }. We take

(dj ; j ≥ 1) to be an i.i.d. sequence with common distribution ν. In order to guarantee that

a multigraph with degree sequence dn = (d1, · · · , dn) exists, we replace dn with dn + 1 if

the sum has the wrong parity.

Recall from the introduction that we write Mn(ν) for the random graphs with a random

degree distribution and forest. We do the same when referencing the forests, i.e. we will

write FBF
n (ν) instead of FBF(dn) when the degree sequence is random. We do not emphasize

this dependence on ν when describing the random walks, instead we replace subscript dn

with just n, i.e. we write XDF
n instead of XDF

dn . If ν has finite variance, then it can be

shown (see [173, Section 7.6]) there is positive probability that the multigraph is simple, i.e.

contains no self-loops nor multiple edges, and it has an explicit asymptotic formula

lim
n→∞

P(Mn(ν) is simple) = exp

(
−θ

2
− θ2

4

)
, where θ = θ(ν) =

E[d1(d1 − 1)]

E[d1]
.

(5.19)

Moreover, when Mn(ν) is simple, it is uniformly distributed over all simple graphs with

degree distribution dn. We write Gn(ν) for the graph Mn(ν) conditioned on it being simple.

Under certain conditions on ν, the value of θ also tells us something about the critical

behavior of the graph which dates back to Molloy and Reed’s work [148, 149]. See also [107].

That is if Vn denotes the size of the largest component of the multigraph Mn(ν) there is a

phase-transition which occurs:
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1. If θ(ν) > 1 then Vn/n
p→ a(ν) for a deterministic constant a(ν) > 0.

2. If θ(ν) ≤ 1 then Vn/n
p→ 0.

We will now restrict our attention to the case where ν is as in (5.1) and observe that

the right-most assumption in (5.1) is E[d21] = 2E[d1], which is equivalent to θ = 1.

In this setting Joseph [109] gives a scaling limit of a depth-first walk for the multigraph

Mn(ν), which is very slightly different than what we wrote as SDF
n . That work was extended

by Conchon-Kerjan and Goldschmidt in [59]. We now recall the scaling limit in the latter

reference. Let X̃ = (X̃(t); t ≥ 0) and H̃ = (H̃(t); t ≥ 0) be defined by the change of

measure in (5.11). We write X for a Lévy process with Laplace exponent (5.10) and H is

its associated height process. We define the process Jn = (Jn(k); k ≥ 0)

Jn(k) = #{j ∈ {0, 1, · · · , k − 1} : SDF
n (j) = inf

j≤ℓ≤k
Sn(ℓ)}, (5.20)

which is a discretization of (5.8).

Theorem 5.5.3 (Joseph [109], Conchon-Kerjan - Goldschmidt [59]). Fix some α ∈ (1, 2).

Let ν be a distribution satisfying (5.1) and write A = cΓ(2−α)
δα(α−1) . Using the notation above,

the following joint convergence holds in D2:(
n−

1
α+1Sn(⌊n

α
α+1 t⌋), n−

α−1
α+1Jn(⌊n

α
α+1 t⌋); t ≥ 0

)
d

=⇒
(
X̃(t), H̃(t); t ≥ 0

)
.

A similar result is obtained in [32] under a finite third moment condition on the measure

ν where the limiting process is rescaling of Brownian motion with a different parabolic drift.

Crucially for their descriptions of the limiting graphs, the authors of [59] also develop

the excursion theory for the process X̃ (which is notated as L̃ in that work). Proposition

3.9 in [59] shows that the excursions of X̃, H̃, conditioned on their length being exactly x

are distributed as (ẽ
(δ)
x , h̃

(δ)
x ) defined in (5.14).

5.5.1.5 Continuum Graph Limits

We now heuristically describe how the authors of [59] obtain their metric space scaling limit.

Let Hn be the height process on the forest FDF
n (ν). That is Hn(k) is the distance in FDF

n (ν)
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from vertex uDF
k to the root in its connected component. This process Hn satisfies [131]:

Hn(k) = #{j ∈ {0, · · · , k − 1} : XDF
n (j) = inf

j≤ℓ≤k
XDF

n (ℓ)}.

To examine the components of the graph Mn(ν), the authors of [59] look at the collection

of excursions of the processes XDF
n and Hn. These are defined as follows:

X̂DF
n,i (k) = XDF

n (σn(i− 1) + k)−XDF
n (σn(i− 1)),

Ĥn,i(k) = Hn(σ(i− 1) + k),
k = 0, · · · , σn(i)− σn(i− 1)

where σn(i) = inf{j : XDF
n (j) = −i} is the first hitting time of level −i. The process X̂DF

n,i

starts at zero and is non-negative until it hits level −1 at time k = σn(i)− σn(i− 1). The

process Ĥn,i is strictly positive for k = 1, . . . , σn(i) − σn(i − 1) − 1. We extend both of

these by constancy for k > σn(i) − σn(i − 1). These processes encode the tree structure

[131] of the ith connected component of the forest FDF
n (ν). By the construction of MDF

n (ν),

this orders the components of the forest FDF
n (ν) in a manner size-biased by the number

of edges in the component. There are further only a finite number of indexes i such that

σn(i)− σn(i− 1) ̸= 1 since for sufficiently large i the ith component of FDF
n (ν) is simply an

isolated vertex.

To study the large components of the graph, we instead reorder the excursions by

decreasing lengths with ties broken arbitrarily. Denote this new ordering by omitting

the “widehat” notation: (XDF
n,i ; i ≥ 1) =

(
(XDF

n,i (k); k ≥ 0); i ≥ 1
)

and (Hn,i; i ≥ 1) =

((Hn,i(k); k ≥ 0); i ≥ 1).

The ith excursion XDF
n,i may not tell us information about the ith largest component

of Mn(ν), Gi
n. This is because the forest FDF

n (ν) contains additional vertices which could

change the ordering of the components. I.e. if Gi
n had 10 vertices and 0 df backedges and

component Gi+1
n had 9 vertices and 2 df backedges then the corresponding components in

FDF
n (ν) will have 10 and 13 vertices respectively. In turn, their indices will appear in the

opposite order. We also note that the excursions of the process XDF
n do not identically

correspond to the excursions of the process SDF
n discussed previously. While this may cause

some problems in the discrete, in the large n limit neither of these problems are relevant as

we will shortly explain.
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Before turning to the scaling limits, let T 1
n be the largest connected component, i.e.

tree, contained in FDF
n (ν). This is encoded by XDF

n,1 and Hn,1. This tree may contain df

backedges and these backedges appear in pairs. For concreteness, suppose that there are

m ≥ 1 of these pairs. These can be indexed by (l1, r1), · · · , (lm, rm). This means that the lthi

vertex explored in the depth-first exploration of the largest component of T 1
n will be paired

with the rthi vertex explored in the corresponding component of Mn(ν). See Figure 5.5 for

the analogous pairs for the breadth-first labeling of the component in Figure 5.4. We now

define PDF
n,1 as the collection of points

PDF
n,1 =

{(
n−

α
α+1 li, n

− α
α+1 ri

)
: i = 1, · · · ,m

}
.

When there are no df backedges present, just define the set as the empty set. We call this set

the set of marks, and we can do the same thing to each of the other connected components

as well to get sets PDF
n,i .

An important step in how the authors of [59] proved the components G1
n, G

2
n, · · · have

scaling limits was showing scaling limits of the processes XDF
n,i and Hn,i and of the set of

marks PDF
n,i . The convergence of the sets PDF

n,i is with respect to the vague topology of its

associated counting measure. Namely they prove [59, Proposition 5.16]((
n−

1
α+1XDF

n,i (⌊n
α

α+1 t⌋); t ≥ 0
)
,
(
n−

α−1
α+1Hn,i(⌊n

α
α+1 t⌋); t ≥ 0

)
,PDF

n,i ; i ≥ 1
)

d
=⇒

(
ẽi, h̃i,Pi; i ≥ 1

)
,

(5.21)

for some discrete sets (Pi; i ≥ 1). Here the convergence in the first two coordinates is with

respect to the Skorohod topology and the convergence in the third coordinate is with respect

to the vague topology of its associated counting measure and then the product topology is

taken over the index i ≥ 1.

The limiting set Pi can be described as follows. Let (Qi; i ≥ 1) denote an i.i.d. collection

of Poisson point processes on R+ × R+ with intensity 1
δ Leb. Only finitely many of these

points (s, y) ∈ Qi will satisfy 0 ≤ y ≤ ẽi(s), and index these as (s1, y1), · · · , (sm, ym) for

some m. The set Pi is then the collection

Pi = {(sp, tp) : p = 1, · · · ,m} tp = inf{u ≥ sp : ẽi(u) ≤ yp}.
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This, in turn, allowed them to show that the ordered sequence of components of Mn(ν)

and Gn(ν) by conditioning converge after proper rescaling in a product Gromov-Hausdorff-

Prohorov topology to the sequence of continuum random graphs

(Mi; i ≥ 1) =
(
G(h̃i, ẽi,Qi); i ≥ 1

)
, (5.22)

where Qi were defined above.

Let us summarize these results in a theorem for easy reference.

Theorem 5.5.4. (Conchon-Kergan - Goldschmidt [59]) Let (Gi
n; i ≥ 1) denote the com-

ponents of the critical random graph Mn(ν) ordered by decreasing number of vertices and

viewed as pointed measured metric spaces.

Under the assumptions of Theorem 5.5.3, the convergence in (5.21) holds in the product

topology (product over the index k). Jointly with (5.21), the weak convergence(
scale(n−

α−1
α+1 , n−

α
α+1 )Gi

n; i ≥ 1
)

d
=⇒(Mi; i ≥ 1) (5.23)

holds with respect to the product Gromov-Hausdorff-Prohorov topology, where the sequence

(Mi; i ≥ 1) is distributed as (5.22).

Remark 5.5.3. Theorem 1.1 in [59] does not state the joint convergence between equations

(5.21) and (5.23); however, the proof of said theorem shows there is joint convergence.

These recalled results from [59] are on the convergence for depth-first objects. However,

symmetry between depth-first and breadth-first constructions described above in Lemma

5.5.2 allow us to have similar results for the analogous breadth-first object. Consequently, if

we let XBF
n,i be the breadth-first walk of the ith largest component of FBF

n (ν), or, equivalently

stated, it is the ith longest excursion of XBF
n above its running minimum, then((

n−
1

α+1XBF
n,i (⌊n

α
α+1 t⌋); t ≥ 0

)
; i ≥ 1

)
d

=⇒ (ẽ∗i ; i ≥ 1) , (5.24)

where (ẽ∗i ; i ≥ 1)
d
= (ẽi; i ≥ 1). More importantly for our work, there are auxiliary processes

described in [59, pg. 30, 32] and recalled in the appendix that can easily be defined in the

same way for a breadth-first construction. In particular, these auxiliary processes include

the collection of marks PDF
n,k recalled above. Therefore, we can extend the convergence
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(5.24) by using Lemma 5.5.2 to include collection of marks in an analogous way to the

depth-first marks:

Lemma 5.5.5. There exists a finite set PBF
n,i ⊂ R2

+ of marks corresponding to the ith largest

component of FBF
n (ν) which keep track of the bf backedges such that

(
XBF

n,i ,P
BF
n,i ; i ≥ 1

) d
=
(
XDF

n,i ,P
DF
n,i ; i ≥ 1

)
.

We now state the following lemma:

Lemma 5.5.6. Couple XBF
n and XDF

n as in Lemma 5.5.2 so they have the same excursion

intervals. Then, under the assumptions of Theorem 5.5.4, any joint subsequential limit of

(5.21), (5.23) and (5.24) satisfies for each fixed i ≥ 1:

ζ(ẽ∗i ) = ζ(ẽi) = µi(Mi), (5.25)

almost surely.

Proof. Under this conditioning, the excursion intervals of XDF
n and XBF

n have the same

length. The equality ζ(ẽi) = µi(Mi) follows from [59], and that implies ζ(ẽ∗i ) = µi(Mi) as

well. See also [109].

We have now gathered most of the required ingredients and background to prove The-

orems 5.1.1 and 5.1.2 using the approach in Theorem 5.2.2. The last thing we’ll verify is

that Assumption 3 holds in Theorems 5.2.1 and 5.2.2. By scaling of the α stable graph [59],

we focus on the case that the total mass equals 1.

Proposition 5.5.7. Fix α ∈ (1, 2). Let (ẽ
(δ)
x , h̃

(δ)
x ) be defined as in (5.14). Let G =

G(h̃
(δ)
x , ẽ

(δ)
x ,Q) denote the continuum random graph where Q is a Poisson point process with

intensity 1
δ Leb for some δ > 0. Then, almost surely,

µ(B(ρ, t) \ {ρ}) > 0, ∀t > 0.

The same holds for the graphs Mi appearing in (5.22).
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Proof. The same statement holds for the graphs Mi hold by conditioning on their mass

µi(Mi) [59, Theorem 1.2].

We use the tree T
h̃
(δ)
x

as a measured metric space, and when confusion might arise we

will use subscripts to specify whether we are dealing with the tree or the graph.

We observe that from the quotient map

q : T
h̃
(δ)
x
−→ G(h̃(δ)

x , ẽ(δ)x ,Q)

in the construction of the random graph satisfies the following:

dG (ρ, q(x)) ≤ dT
h̃
(δ)
x

(ρ, x), ∀x ∈ T
h̃
(δ)
x
.

Consequently,

µG (BG (ρ, t)) ≥ µT
h̃
(δ)
x

(
BT

h̃
(δ)
x

(ρ, t)

)
=

∫ 1

0
1
[h̃

(δ)
x (s)∈(0,t)] ds.

Since the process h̃
(δ)
x is non-negative and almost surely not identically zero. The result

follows easily.

5.5.2 Proof of Theorem 5.1.1

We now prove Theorem 5.1.1.

Proof of Theorem 5.1.1. Throughout the proof all limits will be as n or a subsequence of n

goes towards infinity.

Make the components of the graph Gi
n, as measured metric spaces with graph distance

and the measure of each vertex is one.

The processes Zn,i measure the number of vertices infected on day h, which is simply

the number of vertices at distance h from ρi in Gi
n:

Zn,i(h) = #{v ∈ Gi
n : d(v, ρi) = h}

and the process Cn,i = (Cn,i(h);h ≥ 0) denote its running sum:

Cn,i(h) =

h∑
j=0

Zn,i(j) = mi({v ∈ Gi
n : d(v, ρi) ≤ h}).
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These processes measure something close to the height profile on the components of the

forests FBF
n (ν); however it is not exactly the same because of the addition of new leaves.

This complicates a direct application of Theorem 5.2.2.

Let us write Z∗n,i(h) is the discrete Lamperti transform of XBF
n,i :

Z∗n,i(h+ 1) = 1 +XBF
n,i ◦ C∗n,i(h), C∗n,i(h) =

h∑
j=0

Z∗n,i(j). (5.26)

This process Z∗n,i measures the number of vertices at height h in the ith largest component

of the forest FBF
n (ν); see the discussion around (5.6) and more generally [49]. Said another

way, the values of Z∗n,i(h) and Zn,i(h) for a fixed h only differ by the number of new leaves

at height h in the component of the forest FBF
n (ν).

The total number of such additional vertices is twice the number of bf backedges (which

is the number of df backedges as well). Therefore, for a fixed index i, the number of bf

backedges in Gi
n is a tight sequence in the index n of random variables. Indeed, a stronger

statement is true. By Proposition 5.12 in [59] the weak convergence

#{bf backedges in Gi
n}

d
=⇒Poisson

(
1

δ

∫ ζ(ẽi)

0
ẽi(t) dt

)
,

where ẽi is as in (5.21). Now for each i we can bound the difference between Zn,i(h) and

Z∗n,i(h) for each i uniformly in h. Indeed∑
h≥0
|Zn,i(h)− Z∗n,i(h)| =

∑
h≥0

∣∣#{v ∈ Gi
n : d(v, ρi) = h} − Z∗n,i(h)

∣∣
= 2 ·#{bf backedges in Gi

n} ≤ κn,i

where for each i ≥ 1 the sequence (κn,i;n ≥ 1) is a tight sequence of random variables.

By Slutsky’s theorem, in order to prove the rescaled convergence of (Zn,i; i ≥ 1) to the

desired limit, we just need to prove the convergence of (Z∗n,i; i ≥ 1) under the same scaling

regime to the same limiting processes. Indeed, their difference, when rescaled by n−
1

α+1

converges in probability to the zero path in the Skorohod space:(
n−

1
α+1κn,i; t ≥ 0

)
d

=⇒ (0; t ≥ 0) as n→∞.

By Proposition 5.4.1, for any fixed integer N((((
n−

α
α+1C∗n,i(⌊n

α−1
α+1 t⌋); t ≥ 0

)
,
(
n−

1
α+1XBF

n,i (⌊n
α

α+1 t⌋); t ≥ 0
))

; i ∈ [N ]
)

;n ≥ 1
)
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viewed as a sequence in D(R+,R)2N , is tight. Consequently, in the product topology over

the index i ≥ 1 the sequence((((
n−

α
α+1C∗n,i(⌊n

α−1
α+1 t⌋); t ≥ 0

)
,
(
n−

1
α+1XBF

n,i (⌊n
α

α+1 t⌋); t ≥ 0
))

; i ≥ 1
)

;n ≥ 1
)

(5.27)

is tight in (D2)∞. Additionally, by Proposition 5.4.1 any subsequential limit, say

(((Ci(t); t ≥ 0) , (Xi(t); t ≥ 0)) ; i ≥ 1) , (5.28)

must satisfy Ci(t) =
∫ t
0 Xi ◦ Ci(s) ds. Moreover, the sequence (Xi; i ≥ 1)

d
= (ẽ∗i ; i ≥ 1)

d
=

(ẽi; i ≥ 1). In particular subsequential limits of (5.27) are classified by a time-shift as in

Proposition 5.3.1.

By Theorem 5.5.4 and Lemma 5.5.2, we know that the convergences in (5.21), (5.23)

and (5.24) hold. By a tightness argument, we can assume that sequence converge jointly

along a subsequence, which we will denote by the index n.

Observe the sequence(((
n−

α
α+1Cn,i(⌊n

α−1
α+1 t⌋); t ≥ 0

)
; i ≥ 1

)
;n ≥ 1

)
is tight in D∞. Indeed, this easily follows the tightness of(((

n−
α

α+1C∗n,i(⌊n
α−1
α+1 t⌋); t ≥ 0

)
; i ≥ 1

)
;n ≥ 1

)
in D∞ discussed above and the bounds

|Cn,i(h)− C∗n,i(h)| ≤
∑
j≥0
|Zn,i(j)− Z∗n,i(j)| ≤ κn,i.

Let us work on a subsequence of (5.27) which converges to (5.28). Call this index nj .

Then, by the previous paragraph,((
n
− α

α+1

j Cnj ,i(⌊n
α−1
α+1

j t⌋); t ≥ 0

)
; i ≥ 1

)
d

=⇒ ((Ci(t); t ≥ 0) ; i ≥ 1)

for the same processes Ci in (5.28). However, Cn,i(h) = #{v ∈ Gi
n : d(v, ρi) ≤ h} is just the

measure of the ball of radius h in Gi
n and so an application of Lemma 5.3.3 implies

nj
− α

α+1Cnj ,i(⌊n
α−1
α+1

j t⌋) d
=⇒µi(B(ρ, t)), for all but countably many t > 0, (5.29)
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where µi is the mass measure on the scaling limit of the graph component Gi
n. Hence Ci(t)

must satisfy:

Ci(t)
d
= µi(B(ρ, t)), for Lebsgue a.e. t > 0.

It follows easily from Proposition 5.5.7 that

P(Ci(t) > 0,∀t > 0) = 1, ∀i ≥ 1.

Indeed Ci(t) is non-decreasing, and we can find a countable dense set of t > 0 such that

P (Ci(t) > 0) = 1. Hence, by Propositions 5.3.1 and (Xi; i ≥ 1)
d
= (ẽi; i ≥ 1), we get

((Ci, Xi); i ≥ 1)
d
= ((Ci, ẽi); i ≥ 1) where (Zi, Ci) is the Lamperti pair associated with

ẽi. Since this works for any subsequential limit, we conclude that the original sequence

converges: ((
n−

α
α+1Cn,i(⌊n

α−1
α+1 t⌋; t ≥ 0

)
; i ≥ 1

)
d

=⇒(Ci; i ≥ 1).

A similar proof of Proposition 5.4.2 yields the joint convergence((
n−

1
α+1Z∗n,i(⌊n

α−1
α+1 t⌋); t ≥ 0

)
,
(
n−

α
α+1C∗n,i(⌊n

α−1
α+1 t⌋); t ≥ 0

)
; i ≥ 1

)
d

=⇒((Zi, Ci); i ≥ 1)

(5.30)

where (Zi, Ci) is the Lamperti pair associated with the excursion ẽi.

This proves the desired claim.

Before turning to proof of Theorem 5.1.2, we state and prove the following lemma:

Lemma 5.5.8. Couple the depth-first and breadth-first walks as in Lemma 5.5.2. Under the

assumptions of Theorem 5.5.3, and using the notation in (5.26). There is joint convergence

in distribution along a subsequence of the index n ≥ 1 of the collection(((
n−

1
α+1Z∗n,i(⌊n

α−1
α+1 t⌋); t ≥ 0

)
,
(
n−

α
α+1C∗n,i(⌊n

α−1
α+1 t⌋); t ≥ 0

)
,(

n−
1

α+1XBF
n,i (⌊n

α
α+1 t⌋); t ≥ 0

)
, scale(n−

α−1
α+1 , n−

α
α+1 )Gi

n,#PBF
n,i

)
; i ≥ 1

)
n≥1

towards

((Zi, Ci, ẽ
∗
i ,Mi, sur(Mi)); i ≥ 1),

where
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1. Mi are as in Theorem 5.5.4 and (5.22);

2. (Zi, Ci) is the Lamperti pair associated with the excursion ẽ∗i ;

3. The process Ci(t) = µi(B(ρ, t)) for almost all (and hence all) t ≥ 0;

4. The excursions (ẽ∗i ; i ≥ 1)
d
= (ẽi; i ≥ 1) in the construction of Mi, and, in particular,

the length of the excursion ẽ∗i is the mass of the space Mi, i.e.

ζ(ẽ∗i ) =Mi;

5. The random variable sur(Mi), the surplus of the space Mi is

sur(Mi)
d
= Poisson

(
1

δ

∫ ζ(ẽ∗i )

0
ẽ∗i (t) dt

)
;

6. Lastly, conditionally on the length of excursion ζi := ζ(ẽ∗i ) and the surplus values

Ri := sur(Mi), the graph Mi satisfies

Mi
d
= scale

(
ζ
(α−1)/α
i , ζi

)
G (α,Ri)

Proof. These are tight random variables in each of the marginals, so joint convergence along

a subsequence is standard.

Item 1 follows from the referenced theorem.

Item 2 follows from the proof of Theorem 5.1.1 and the identity in distribution (ẽi; i ≥

1)
d
= (ẽ∗i ; i ≥ 1) previously seen.

Item 3 follows from the proof of Theorem 5.1.1, particularly around (5.29).

Item 4 is from Lemma 5.5.6.

Item 5 follows from Theorem 5.5 and Proposition 5.12 in [59] along with the equality

#PDF
n,1 = #PBF

n,i .

Item 6 follows from the proof of Theorem 1.2 in [59].
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5.5.3 Proof of Theorem 5.1.2

Proof of Theorem 5.1.2. The big content of this proof is to show that we can condition on

the length ζ(ẽ∗i ) of the excursion ẽ∗i and the surplus of the graphsMi by using Lemma 5.5.8

and scaling results for the excursions proved in [59].

By Lemma 5.5.8, we know that we can write the height profile of the graph Mi (which

is of random mass) as the process Zi where (Zi, Ci) is the Lamperti pair associated with

the excursion ẽ∗i . In fact, we know

((µi(B(ρi, v); v ≥ 0), µi(Mi), sur(Mi))i≥1
d
= ((Ci(v); v ≥ 0), ζ(ẽ∗i ), Ri)i≥1

where (Zi, Ci) is the Lamperti pair associated with the excursion ẽ∗i and

Ri ∼ Poisson
(
1
δ

∫ ζ(ẽ∗i )
0 ẽ∗i (t) dt

)
.

Conditioning on the values of ζ(ẽ∗1) and R1 gives(
(µ1(B(ρ1, v)); v ≥ 0)

∣∣∣∣µ1(M1) = 1, sur(M1) = k

)
d
=

(
(C1(t); t ≥ 0)

∣∣∣∣ζ(ẽ∗1) = 1, R1 = k

)
.

(5.31)

We can use the proof of Theorem 1.2 in [59] to handle this conditioning on the right-hand

side and the statement of Theorem 1.2 in [59] to handle the left-hand side.

The conditioning in the proof of Theorem 1.2 in [59] gives

E
[
g(ẽ∗i )

∣∣Ri = k, ζ(ẽi) = 1
]

= E[g(e(k))]

for all positive functionals g and where e(k) = (e(k)(t); t ∈ [0, 1]) is defined in (5.4). In

particular this holds for i = 1. Recall from Section 5.3.2, that c1 is simply a functional of

ẽ∗1. Therefore, conditionally on the values of ζ(ẽ∗1) and R1 we have(
(C1(t); t ≥ 0)

∣∣∣∣ζ(ẽ∗1) = 1, R1 = k

)
d
=
(
c(k)(t); t ≥ 0

)
where (z(k), c(k)) is the Lamperti pair associated with the excursion e(k).

The left-hand side of (5.31) is easy to condition with part (6) of Lemma 5.5.8. Condi-

tionally on the values of µ1(M1) and sur(M1) (which is precisely the conditioning described

above for c1) the metric spaces M1 satisfies(
M1

∣∣∣∣µ1(M1) = 1, sur(M1) = k

)
d
= G (α,k).
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Hence

(µG (α,k)(B(ρ, v)); v ≥ 0)
d
=
(
c(k)(v); v ≥ 0

)
.

An application of Proposition 5.3.1 completes the proof.

5.6 Discussion

In this work we showed convergence of the height profiles for the macroscopic components of

a certain class of critical random graphs. We did this by looking at the height profile of these

graphs and we relied on the weak convergence results that exist in the literature on some

encoding stochastic processes. We observe that these techniques can likely be extended to

other graph models appearing in the literature.

For example, the work of Broutin, Duquesne and Wang [44, 45] provides the rescaled

convergence under certain conditions of the rank-1 inhomogeneous model associated to a

weight sequence w = (w1, · · · , wn). That graph, whose asymptotics were studied by Aldous

and Limic in [13], is a graph on n vertices where edges are added independently with

probability

P (edge{i, j} is included) = 1− exp (−wiwj/q)

for some parameter q > 0. This graph goes by other names as well: the Poisson random

graph [32, 150] and the Norros-Reittu model [32]. See also [31, 33] and Section 6.8.2 of

[173] for more information. The resulting limiting processes and graphs are related to Lévy-

type processes (sometimes called Lévy processes without replacement) constructed from

spectrally positive Lévy processes which are not stable. As in [5, 59], Broutin, Duquesne and

Wang show convergence of the graphs as metric spaces by using a depth-first descriptions.

However, there is also convergence of the breadth-first walks [13], and so proving convergence

of the height profiles should similar to the proof of Theorems 5.1.1 and Theorems 5.2.2.

Using the results in the literature on Galton-Watson trees conditioned on having a fixed

size [11, 70, 131, 142] one can recover the Jeulin identity [108] and its α-stable extension

due to Miermont [146] from our Theorem 5.2.1 as well. The proofs in [108, 146] do not rely

on weak convergence arguments. For proofs using weak-convergence arguments more in-line

with the results of this papers see Kersting’s work [120], or joint work of Angtuncio and
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Uribe Bravo [18]. See also [14] for a weak convergence result in a slightly weaker topology.

More generally, under certain conditions (see Theorem 2.3.1 in [73]) on the offspring

distribution, there is convergence of Galton-Watson forests to continuum forests encoded

by spectrally positive Lévy processes. Under these assumptions, one can use a modification

of Lemma 4.8 in [143] or Lemma 5.8 in [59], one should be able to prove a Jeulin-type

identity for excursions for non-stable Lévy processes and their associated height processes

by a simple application of Theorem 5.2.2. As far as the author is aware, such results are

not present in the literature.
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Figure 5.4: The first component of MBF(dn) (top) and the corresponding first component

of FBF(dn) (bottom). The circles are the vertices, the labeled squares are the ordering of

the half-edges connected to each hub with a < b < c < d. The three bf backedges in this

graph connect half-edge (v3, b) to (v4, d), half-edge (v4, c) to (v7, b), and half-edge (v8, a) to

(v9, a). The new-leafs are vertices u8, u10, u11, u13, u14, u15 in green and they are ordered

according to the ordering of the half-edge to which it is connected.
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Figure 5.5: The excursion XBF
n,i associated with the component shown in Figure 5.4 with

the marks PBF
n,i included. The vertices uBF

8 and uBF
11 are paired, uBF

10 and uBF
13 are paired,

and uBF
14 and uBF

15 are paired. These are represented by the green circles, red triangles and

blue squares above.
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Chapter 6

THE GORIN-SHKOLNIKOV IDENTITY AND ITS RANDOM TREE
GENERALIZATION

6.1 Introduction

Let e = (et; t ∈ [0, 1]) denote a standard Brownian excursion, or, equivalently, a 3-dimensional

Bessel bridge from 0 to 0 of unit duration, see [156, Chapter XII]. This process is a semi-

martingale with quadratic variation t, and so possesses a family of local times L = (Lv
t ; v ≥

0, t ∈ [0, 1]) which satisfies almost surely the occupation time formula:∫ t

0
g(er) dr =

∫ ∞
0

g(v)Lv
t dv, ∀g bounded Borel measurable.

In this particular case, there exists a jointly continuous modification of L for which the

above formula holds almost surely.

Using topics in random matrix theory Gorin and Shkolnikov [97] obtained, as a corollary

of one of their main results, the following interesting distributional identity:∫ 1

0
et dt−

1

2

∫ ∞
0

(Lv
1)2 dv

d
= N

(
0,

1

12

)
. (6.1)

Gorin and Shkolnikov were studying Gaussian β ensembles and their eigenvalues, which

are briefly discussed in Section 3.4. Namely, they were concerned with the eigenvalues of

the tri-diagonal matrices of the form

Mβ
N =

1√
β



√
2g1 χ(N−1)β 0 . . .

χ(N−1)β
√

2g2 χ(N−2)β 0 · · ·

0 χ(N−2)β
√

2g3
. . .

...
. . .

. . .

χβ

χβ

√
2gN


, for β > 0, N ≥ 1, (6.2)
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where χβ, χ2β, · · · , χ(N−1)β are independent χ-distributed random variables which are in-

dexed by their parameters and g1, . . . , gN are independent standard normal random vari-

ables. The ordered eigenvalues, λ
(N)
1 ≥ λ

(N)
2 ≥ · · · ≥ λ

(N)
N , of Mβ

N in (6.2) are of particular

interest for their connection to β-ensembles. The celebrated work of Dumitriu and Edelman

[69] shows that joint distribution of the eigenvalues has a density proportional to

∏
1≤i<j≤N

(xi − xj)β
N∏
k=1

e−βxk/4.

Ramı́rez, Rider and Virág [155] relate a rescaling and recentering of largest eigenvalues,

i.e. the edge, of Mβ
N to the eigenvalues of the so-called stochastic Airy operator. In particular

they show for each fixed k = 1, 2, · · · that

Λj,N := N1/6
(

2
√
N − λ(N)

j

)
, j ∈ {1, 2, · · · , k}

converge jointly in distribution as N →∞ to eigenvalues Λ1 ≤ Λ2 ≤ · · · of the operator

H βf :=

(
− d2

dx2
+ x+

2√
β
W ′x

)
f, f(0) = 0, f ∈ L2(R+)

where W ′ is a white noise on R+ := [0,∞). In turn, Gorin and Shkolnikov showed the

powers of the matrix 1
2
√
N
Mβ

N converge in a certain operator-theoretic sense to the semigroup

generated by 1
2H

β. See Theorem 2.1 in [97] for a proper formulation of this convergence.

Proposition 2.7 in [97] relates the eigenvalues of H β to the functional in (6.1) by

E

∑
j≥1

eTΛj/2

 =

√
2

πT 3
E

[
exp

(
−T

3/2

2

(∫ 1

0
et dt−

1

β

∫ ∞
0

(Lv
1)2 dv

))]
.

By comparing the Laplace transform in the right-hand side with the prior work of Okounkov

[151] when β = 2, Gorin and Shkolnikov were able to prove the equality in distribution (6.1).

Lamarre and Shkolnikov [126] connected a spiked version of the matrix model in [97] to

a reflected Brownian bridge as well. If we let B|br| = (B
|br|
t ; t ∈ [0, 1]) denote a reflected

Brownian bridge and let L = (Lv
t ; v ≥ 0, t ∈ [0, 1]) denote its local time, then the work of

[126] relates eigenvalues of a spiked operator to the random variable

Aβ =
√

12

(∫ 1

0
B
|br|
t dt− 1

β

∫ ∞
0

(Lv
1)2 dv

)
. (6.3)
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Lamarre and Shkolnikov are able to give an explicit formulation of the moment generating

function of Aβ only in the case β = 2, which evaluates to

E
[
A2n−1

2

]
= −2n(2n− 1)!

4(n− 1)!

√
6π, n = 1, 2, · · · , 7.

This leads Lamarre and Shkolnikov “to believe that A2 admits an interesting combinatorial

interpretation.” This work is devoted to giving one such combinatorial interpretation using

random trees or random forests which can be generalized to the infinite forest models of

[8, 72]. We should mention that there are many relationships between the area of a Brownian

excursion and limits appearing in enumerative combinatorics. For a good survey on such

connections, Janson’s survey [105] is an excellent resource.

Shortly after Gorin and Shkolnikov posted their work on the arXiv, Hariya [102] gave

a path-wise interpretation and proof of the normality result (6.1). Hariya’s proof relies

heavily on the Jeulin identity [108]. Define

H(x) =

∫ x

0
Ly
1 dy =

∫ 1

0
1[et≤x] dt,

and let H−1 = (H−1(t); t ∈ [0, 1]) denote its right-continuous inverse. Jeulin’s identity is

the following identity in distribution(
1

2
L
H−1(t)
1 ; t ∈ [0, 1]

)
d
= (et; t ∈ [0, 1]) .

Lamarre and Shkolnikov [126] use Hariya’s idea and some results of Pitman [153] to show(
1√
12
A2

∣∣∣∣L0
1 = x

)
d
= N

(
−x

4
,

1

12

)
. (6.4)

For more information on this time-change including its proof, see Jeulin’s original work [108,

pg. 264] or a random tree interpretation and generalization in [14, 146, 153]. The paper [14]

conveys this transformation succinctly: The Jeulin identity “can be roughly interpreted as

the width of the layer of the tree containing [a] vertex [...] where the vertices are labeled

[...] in breadth-first order.”

Because of their connection to random matrix theory and the study of the stochastic

Airy semigroup, the distributional properties of the random variables Aβ in (6.3) and the

random variables ∫ 1

0
et dt−

1

β

∫ ∞
0

(Lv
1)2 dv
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for each β > 0 are of interest. Apart from the case β = 2, where tools from stochastic

calculus are useful [102, 126], it is not obvious what approach to studying these random

variables will be fruitful. In this article, we present a discrete forest model in order to

understand these random variables which can yield a wide class of results involving the

difference of an integral of a stochastic process and a constant multiple of an integral of its

squared local time. See Corollaries 6.1.4 and 6.3.3 below. Some of these techniques hold

even outside of a Brownian regime and do not rely on the stochastic calculus techniques of

[102, 126]. However, these stochastic calculus techniques can be used when we are inside

the Brownian regime. We develop the techniques in [102, 126] further with Theorems 6.1.5

and 6.1.6.

6.1.1 Random tree and branching process interpretation

We begin by giving the discrete interpretation of the Gorin-Shkolnikov identity in (6.1) and

its generalization in (6.4) in terms of two statistics on a random forests. We then show that

these same statistics have a functional limit for a wide class of random forest models.

Consider the vertex set [n] := {1, 2, · · · , n}. By a forest on [n], we mean a cycle-free

graph on the vertices [n]. We say that a forest f is rooted if each connected component has

a distinguished vertex called its root. Roots will be denoted by the letter ρ. We equip the

forests with the graph distance, denoted by dist(−,−). Given a forest f on [n] we can define

two statistics on the graph, measuring height and width. The first statistic, denoted by ht,

is the height of the vertex, i.e. the distance from the root. The second statistic counts the

number of “cousin” vertices, i.e. vertices at the same height; we denote this by csn. If v is

in the same component as the root ρ, then the two statistics are

ht(v) = dist(v, ρ), csn(v) = #{w ∈ f : ht(v) = ht(w), v ̸= w}. (6.5)

The statistics are portrayed graphically in Figure 6.1 below.

The following theorem describes the scaling relationship.

Theorem 6.1.1. Fix a sequence kn such that 2kn/
√
n→ x ≥ 0. For each n, let f(n) denote

a rooted forest on the vertex [n] with kn roots uniformly chosen among all such forests. Then
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Figure 6.1: A pictorial representation of ht and csn. The green vertices are the cousins of

the blue vertex, and the number of red vertices represents the height of the blue vertex. In

this example, ht(v) = 5 and csn(v) = 4 where v is the blue vertex.

the following weak convergence holds as n→∞

1

2n3/2

∑
v∈f(n)

ht(v)− 1

n3/2

∑
v∈f(n)

csn(v)
(d)

=⇒ N

(
−x
4
,

1

12

)
.

The above theorem relies on the connection between random trees and forests and ex-

cursions and reflected Brownian bridges in the literature. See, for example, [9, 153] and

references therein for more details on this connection. It also relies heavily on the extension

of Jeulin’s identity implicit in the work of Pitman [153], which relates the local time of a

reflected Brownian bridge with a time-change of a 3-dimensional Bessel bridge. We discuss

some extensions of the stochastic calculus approach used in [102, 126] below. Before moving

to that section, we discuss a generalization using branching processes.

In the study of branching processes, there is a breadth-first model similar to the Jeulin

identity. It is called the Lamperti transform originating in the work [128]. Consider a

genealogical structure with immigration depicted in Figure 6.2 below.

In this picture, the vertices (or individuals) come in two types. Using the language in

[72], the mutant individuals are the unlabeled white vertices and the non-mutant vertices

are the labeled black vertices. The mutant vertices are simply a convenient way to introduce

immigration and play little to no role in much of our analysis. The non-mutant vertices are
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Figure 6.2: The indices of the breadth-first labeling on an immigration forest of 24 non-

mutant vertices.

labeled by w0, w1, · · · in a breadth-first order with the convention that the immigrant vertices

are labeled last in each generation. The mutant vertices are unlabeled. Let χj denote the

number of children of the vertex wj , and let ηh denote the number of immigrants which

arrive at height (or generation) h. In Figure 6.2, the forest has 4 non-mutant individuals at

height 0, the sequence of χj ’s begins χ0 = 1, χ1 = 1, χ2 = 3, etc. and the sequence of ηh’s

begins η1 = 2, η2 = 0, and η3 = 1. Conversely, given a number k of non-mutant vertices

at height 0 (i.e. the roots) and two sequence of non-negative integers (χj ; j = 0, 1, · · · )

and (ηh;h = 1, 2, · · · ) one can inductively construct a forest like the one in Figure 6.2. See

Section 6.2.1 for more information.

If we let ch denote the number of non-mutant vertices appearing at or before height

h, then with the conventions c−1 = 0 the vertices at generation exactly h are indexed by

ch−1, ch−1 + 1, · · · , ch − 1. From here it follows

ch+1 = ch +

ch−1∑
j=ch−1

χj + ηh+1.

Let zh denote the number of non-mutant vertices at height exactly h, let xm =
∑m−1

j=0 (χj−1)

and let yh =
∑h

j=1 ηj . As observed in [49], we can recover the successive generation sizes

by solving the discrete equation

zh+1 = k + xch + yh+1, ch =
h∑

j=0

zj .

This is the discrete Lamperti transform, which was rigorously studied in [49] and generalized

by the same authors in [50]. The authors described continuous time analogs and developed
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robust limit theorems. In particular, the authors of [49] show that if X = (Xt; t ≥ 0) is a

Lévy process with no negative jumps and Y = (Yt; t ≥ 0) is an independent subordinator

with Laplace transforms satisfying

E[exp(−λXt)] = exp(tΨ(λ)), E[exp(−λYt)] = exp(−tΦ(λ)) λ > 0

then there exists a unique càdlàg solution to the equation

Zt = x+XCt + Yt, Ct =

∫ t

0
Zs ds, (6.6)

which exists until some possible explosion time. Moreover the process Z = (Zt; t ≥ 0)

is a continuous state branching process started from x with branching mechanism Ψ and

immigration rate Φ. We denote the law of Z solving (6.6) for these Lévy processes X and Y

by CBIx(Ψ,Φ). See Section 6.2.4 for more details on these processes. However, throughout

this work we will work under the following assumptions on Ψ and Φ:

Assumption 1. The function Ψ is of the form

Ψ(λ) = αλ+ βλ2 +

∫
(0,∞)

(e−λr − 1 + λr1[r<1])π(dr),

for some α ∈ R, β ≥ 0 and a Radon measure π such that (1 ∧ r2)π(dr) is a finite measure.

We assume that Ψ in addition is conservative, meaning [99]∫ ε

0

1

|Ψ(u)|
du =∞, ∀ε > 0. (6.7)

The subordinator Y = (Yt; t ≥ 0) is Yt = δt for all t ≥ 0, equivalently Φ(λ) = δλ.

The first part of Assumption 1 is equivalent to X being a real-valued Lévy process which

has no negative jumps and is not killed, see [26]. The second part of Assumption 1 is in some

sense the most general assumption on Ψ that we can make for weak convergence arguments,

see [114].

As briefly mentioned above, we can construct a forest, f, from two sequences (χj ; j =

0, 1, · · · ) and (ηh;h = 1, 2, · · · ) along with a non-negative integer k. We say that f is a Galton-

Watson immigration forest with offspring distribution µ and immigration distribution ν

starting from k roots if the sequences (χj)
i.i.d.∼ µ and (ηh)

i.i.d.∼ ν and there are k non-mutant
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individuals at height 0. We use the notation f ∼ GWIk(µ, ν). We also label the non-mutant

vertices by w0, w1, · · · in a breadth-first manner. See Section 6.2.1 and Definition 2 therein

for a more in-depth description of this model.

We can again define two statistics, ht and csn by (6.5). We will examine the following

two processes,

Kf
p =

p−1∑
j=0

csn(wj), and J f
p =

p−1∑
j=0

ht(wj). (6.8)

We refer to Kf = (Kf
p; p = 0, 1, · · · ) as the cumulative breadth-first cousin process and

J f = (J f
p; p = 0, 1, · · · ) as the cumulative breadth-first height process.

We will be concerned about distributional limits of the processes K f and J f, for sequences

of forests (f(n);n ≥ 1). For ease of notation we write K∗,n instead Kf(n)
, along with similar

notation shifts for other processes.

Let (µn;n ≥ 1) and (νn;n ≥ 1) be any sequence of probability measures on N0 =

{0, 1, · · · } which satisfy Assumption 2 below.

Assumption 2. There exists a sequence (γn;n ≥ 1) of non-negative integers and a real-

valued Lévy process X = (Xt; t ≥ 0) with non-negative jumps such that its negative Laplace

exponent Ψ is conservative (i.e. satisfies (6.7)). We assume

1

n

nγn−1∑
j=0

(χ∗,nj − 1)
(d)

=⇒ X1, as n→∞,

where (χ∗,nj ; j ≥ 1) are i.i.d. with common distribution µn. Simultaneously, for the same

sequence γn, we suppose

1

n

γn∑
j=1

η∗,nj

p−→ δ,

for some non-random constant δ > 0 where (η∗,nj ; j ≥ 1) are i.i.d. with common distribution

νn.

There are many examples of sequences of distributions (µn;n ≥ 1) and (νn;n ≥ 1) which

satisfy Assumption 2. Some examples are included below. In the following examples and

throughout the work, we write [x] for the integer part of a real number x.
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1. For any µn = µ with mean 1 and variance σ2 <∞ and νn = ν with mean δ > 0,

1

n

n2−1∑
j=0

(
χ∗,nj − 1

)
(d)

=⇒ N (0, σ2), and
1

n

n∑
j=1

η∗,nj

p−→ δ,

by the central limit theorem and the weak law of large numbers. Hence, Assumption 2

holds for γn = n and Xt = σBt for a standard Brownian motion B (i.e. Ψ(λ) = σ2

2 λ
2).

2. For a non-centered normal distributions, take a fixed a ∈ R with µn = Poisson(1 +

an−1) for n sufficiently large, νn = ν having mean δ > 0 and γn = n, then

1

n

n2−1∑
j=0

(
χ∗,nj − 1

)
(d)

=⇒ N (a, 1), and
1

n

n∑
j=1

η∗,nj

p−→ δ.

This corresponds to Xt = Bt + at and Ψ(λ) = −aλ+ 1
2λ

2.

3. Outside of a Brownian regime, we can take µn = µ where limk→∞ k
1+αµ(k) = c > 0

for some α ∈ (1, 2) and
∑∞

k=0 kµ(k) = 1. Then, for γn = [nα−1] we have

1

n

nγn−1∑
j=0

(
χ∗,nj − 1

)
(d)

=⇒ X1,

where X is a spectrally positive α stable Lévy process and Ψ(λ) = c̃λα when λ ≥ 0

for some constant c̃. See, for example, [75, Section 3.7]. Taking, for example, νn =

Poisson(δn2−α) for some δ > 0 implies

1

n

γn∑
j=1

η∗,nj

p−→ δ.

We now state the following generalization of the Gorin-Shkolnikov identity, at least as

described in the Theorem 6.1.1 interpretation of the result.

Theorem 6.1.2. Suppose that µn and νn satisfy Assumption 2 and fix some x ≥ 0. For

each n, let f(n) denote a GWI[nx](µn, νn) forest. Let K∗,n (resp. J∗,n) denote the cumula-

tive breadth-first cousin (resp. height) process. Then, in the Skorohod space D(R+,R) the

following weak convergence holds(
δ

nγ2n
J∗,n[nγnt]

− 1

n2γn
K∗,n[nγnt]

; t ≥ 0

)
(d)

=⇒
(
−xt−

∫ t

0
Xu du; t ≥ 0

)
,

where X is the Lévy process in Assumption 2.
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The above theorem relies on the following lemma.

Lemma 6.1.3. Suppose that Z is a CBIx(Ψ,Φ) process, where Ψ and Φ satisfy Assumption

1. Define V = (Vt; t ≥ 0) by

Vt = inf

{
r ≥ 0 :

∫ r

0
Zu du > t

}
. (6.9)

Then (∫ Vt

0
(Zu − δu)Zu du; t ≥ 0

)
d
=

(
xt+

∫ t

0
Xu du; t ≥ 0

)
.

It may not be immediately clear that Theorem 6.1.2 is related to the integral identity

in (6.1). We hope to illuminate the connection with this example, based on the work

by Duquesne [72]. Consider the sequences of measures (µn;n ≥ 1) and (νn;n ≥ 1) with

µn = µ = Poisson(1) and νn = ν = Poisson(δ) for each n ≥ 1. For these measures

Assumption 2 is clearly satisfied with the γn = n, and the Lévy process X a Brownian

motion B.

We let f(n) ∼ GWI[nx](µ, ν). As shown by Duquesne [72], there exists an encoding (in a

depth-first manner) of the non-mutant vertices in f(n) by a height process Hn = (Hn
j ; j =

0, 1, · · · ) such that

#{w ∈ f(n) : ht(w) = h, w is non-mutant} = #{j ≥ 0 : Hn
j = h}.

Moreover, Duquesne shows that(
1

n
Hn

[n2t]; t ≥ 0

)
(d)

=⇒
(←−
H t; t ≥ 0

)
,

where
←−
H t = 2|Wt|+

1

δ

(
L0
t (W )− x

)
+
,

for a Brownian motion W with its local time at level zero and time t being L0
t (W ) and

(x)+ := max(0, x). Duquesne [72] also shows that the process
←−
H possesses a jointly mea-

surable (jointly continuous in this situation [156, Theorem VI.1.7]) family of local times

L(
←−
H ) = (Ly

t (
←−
H ); t ≥ 0, y ≥ 0) satisfying the occupation time formula∫ t

0
g(
←−
H r) dr =

∫ ∞
0

g(y)Ly
t (
←−
H ) dy, ∀g ∈ Cc(R+) a.s.
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We remark that we always take this definition of local time even if the process is a semi-

martingale with quadratic variation not identically t, which is the case in this present

example.

Then Theorem 6.1.2, Lemma 6.1.3 and the Ray-Knight theorem [72] imply the following

corollary:

Corollary 6.1.4. Define V = (Vt; t ≥ 0) by

Vt = inf

{
r ≥ 0 :

∫ r

0
Ly
∞(
←−
H ) dy > t

}
.

Then(
δ

∫ ∞
0

←−
H r1[←−H r≤Vt]

dr −
∫ Vt

0

(
Ly
t (
←−
H )
)2

dy; t ≥ 0

)
d
=

(
−xt−

∫ t

0
Bs ds; t ≥ 0

)
. (6.10)

In particular, for each t,

δ

∫ ∞
0

←−
H r1[←−H r≤Vt]

dr −
∫ Vt

0

(
Ly
t (
←−
H )
)2

dy
d
= N

(
−xt, t

3

3

)
.

This corollary can be generalized further with Corollary 6.3.3, which includes examples

of processes
←−
H where the right-hand side is a spectrally positive Lévy process with certain

additional constraints. The integral relationship in equation (6.10) is analogous to the

Gorin-Skholnikov identity in the sense that both relate a linear combination of the area

under a curve and the integral of the squared local time to a normal distribution. Of

course, the formulation in Corollary 6.1.4 gives a Gaussian process and not just a single

normal distribution. This process-level generalization is further studied using stochastic

calculus with Theorem 6.1.5.

6.1.2 Stochastic Calculus Approach

While Corollary 6.1.4 follows from Lemma 6.1.3 it can also be obtained by stochastic calculus

without the appeal to Lamperti transform in [49]. Similar methods were used by Hariya

[102] and Lamarre and Shkolnikov [126] to obtain the normality results in (6.1) and (6.4).

We extend their methods in this paper.

Suppose the Lévy process in Lemma 6.1.3 is of the form Xt = σBt + at for σ > 0 and

a ∈ R. Then an elementary calculation yields xt+

∫ t

0
(σBs + as) ds is a Gaussian process
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with mean µt = xt+ a
2 t

2 and covariance function Γ(t1, t2) = σ2
(
t21t2
2 −

t31
6

)
for t1 ≤ t2. We

can extend this to a more general Gaussian structure. To do this examine the stochastic

differential equation:

dZv = g(Cv)
√
Zv dWv + (c+ f(Cv)Zv) dv, Z0 = x > 0

dCv = Zv dv C0 = 0
(6.11)

where g is a function such that g2 is Lipschitz and 0 < ε < g(t) < M <∞, c is a constant

such that c ≥ 1
2 supt g(t) and f is a continuous function and W is a standard Brownian

motion. In Section 6.5.2 we prove the weak existence of a solution to (6.11) by a sequence

of time-changes.

Theorem 6.1.5. Suppose that (Z,C) is a weak solution to the stochastic differential equa-

tion in (6.11). Let Vt = inf{r ≥ 0 : Cr > t}. Define the process X = (Xt; t ≥ 0) by

Xt =

∫ Vt

0
(Zv − cv)Zv dv.

Then X is a Gaussian process with continuous sample paths. Its mean is given by

µt = xt+

∫ t

0
(t− s)f(s) ds

and its covariance function is given by

Γ(t1, t2) =

∫ t1

0
(t2 − s)(t1 − s)g2(s) ds, t1 ≤ t2.

We can also study stochastic differential equations of the form

dZv = a
√
Zv dWv +

(
c+ f(Cv)Zv −

Z2
v

1− Cv

)
dv, Z0 = x ≥ 0 (6.12)

dCv = Zv dv, C0 = 0,

for a standard Brownian motion W , constants c > 1
2a

2 and f a continuous function. As

shown by Pitman [153], the terminal local time of a reflected Brownian bridge (Lv
1; v ≥ 0)

conditioned on the event L0
1 = x is a weak solution to the stochastic differential equation

dZv = 2
√
Zv dWv +

(
4− Z2

v

1−
∫ v
0 Zs ds

)
dv Z0 = x.

In Section 6.5.1 we prove the weak existence of a solution to (6.12). See also Leuridans’

work [135] on the conditioned Ray-Knight theorem. In Section 6.6 we extend Lemma 6.1.3

to the SDEs in (6.12). We prove the following theorem:
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Theorem 6.1.6. Suppose that (Z,C) is a weak solution to the stochastic differential equa-

tion in (6.12). Then ∫ ∞
0

{
2Z2

v − cvZv

}
dv

d
= N

(
µ, σ2

)
,

where µ = x+

∫ 1

0
(1− s)f(s) ds and σ2 =

a2

3
.

The above theorem has the following corollary, due to [97] when x = 0 and [126] when

x > 0. See also [102].

Corollary 6.1.7. Let B|br| = (B
|br|
t ; t ∈ [0, 1]) denote a reflected Brownian bridge and let

L = (Lv
t ; t ∈ [0, 1], v ≥ 0) denote its local time profile. Then, conditionally on L0

1 = x ≥ 0,∫ 1

0
B
|br|
t dt− 1

2

∫ ∞
0

(Lv
1)2 dv

d
= N

(
−x

4
,

1

12

)
.

6.1.3 Another Example

We do not claim that this is the best discrete interpretation of the Gorin-Shkolnikov identity

found in [97] and its generalization in [126]. However, the model presented in this article

presents a generalization to a wide class of random forests. There are other discrete models

which are asymptotically related to Brownian excursions and Brownian bridges. We briefly

make note of one such example, which may be of use in order to understand Aβ for other

values β ∈ (0,∞) \ {2}.

It is well known that a Brownian excursion can be constructed from a Brownian bridge

by placing the origin at the bridges absolute minimum, see [174]. One extension of the result

can be found in the work of Chassaing and Janson [52]. In their analysis, they use another

combinatorial object of study called parking functions. Certain classes of parking functions

are in bijection with labeled trees on the vertex set {0, 1, · · · , n} rooted at 0. See [53] and

references therein for more details on the specifics of the bijection. In the discrete setting,

the analog of the average height of a vertex in a rooted tree is the so-called displacement

for parking functions, and the average number of cousin vertices is the average number of

“cars” that, at some point, want to park in a certain parking space. In this work we do

not endeavor to prove weak limits for these discrete analogs; however, we do state what

the limiting objects should be. Going back to the belief that there may be an “interesting
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combinatorial interpretation” of the quantity A2, parking functions may be another way to

find a combinatorial interpretation of the results.

In this section we deviate from the notation in the last section. We let Bbr = (Bbr
t ; t ∈

[0, 1]) denote a Brownian bridge, and let e = (et; t ∈ [0, 1]) denote a standard Brownian

excursion. We take the (deterministic) periodic extensions of these functions so that they

are defined on all of R. Fix an x ≥ 0, define the following processes

X
(1)
t = Bbr

t − xt+ sup
t−1≤s≤t

(
xs−Bbr

s

)
X

(2)
t = et − xt+ sup

0≤s≤t
(xs− es) .

The process X(2) is just a reflected Brownian excursion with negative drift −x.

We now let X denote either of the processes above. The occupation measure of X is

equal in law to the occupation measure of a reflected Brownian bridge conditioned on its

local time at zero being x/2. See [52, Cor. 2.3]. The presence of the factor of 1
2 comes

from the different conventions for the local time at 0 used in [153] and [52]. Since, almost

surely the occupation measure for a reflected Brownian bridge has a continuous density with

respect to the Lebesgue measure, the same holds for the occupation measure of X. Thus

we get the following corollary of Corollary 6.1.7.

Corollary 6.1.8. Let X denote either X(1) or X(2) above. Let (Lv
1; v ≥ 0) denote a con-

tinuous version of the density of the occupation measure for X. Then,∫ 1

0
Xt dt−

1

2

∫ ∞
0

(Lv
1)2 dv

d
= N

(
−x

8
,

1

12

)
.

Parking functions and random forests are not the only combinatorial models that have

asymptotics related to the Brownian excursion or Brownian and their local times. As

mentioned previously, numerous quantities in graph enumerations are related to either a

Brownian excursion or its integrals, see [105] and references therein. See also [15] for the

connection between these processes and the asymptotics of uniform random mappings.

6.1.4 Overview of The Paper

In Section 6.2.1, we discuss the discrete forest model underlying our weak convergence results

in Theorem 6.1.2. This model is based on a random forest model used by Aldous [8] and
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Duquesne [72]. Afterward, in Section 6.2.2 we discuss in more detail the various processes

defined on the random forest. In Sections 6.2.3 and 6.2.4 we discuss Lévy processes and

continuous state branching processes respectively. Importantly, we describe the path-by-

path relationship between these two classes from [49]. Section 6.2.5 contains information

on Ψ-height processes and their Ray-Knight theorems.

After discussing these preliminaries we move to prove integral relationships for Lévy

processes and their relationships with continuous state branching processes with immigra-

tion in Section 6.3. This brief discussion allows us to prove Corollary 6.3.3, which is the

continuum random tree generalization of the Gorin-Shkolnikov identity.

In Section 6.4 we prove our weak convergence results which rely on the integral results

in Section 6.3. The proofs of Theorems 6.1.1 and 6.1.2 are found in Section 6.4.1. In Section

6.6 we prove the normality results in Theorems 6.1.5 and 6.1.6 after studying the properties

of solutions to (6.11) or (6.12) in Section 6.5.
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6.2 Preliminaries

6.2.1 Forest Constructions

In this section we describe the forest “picture” underlying some of our weak convergence

arguments later. This model is based on a model used by Aldous in [8] and then by Duquesne

in [72]. However, since we will not be proving convergence of the contour functions, we do use

a labeling which is convenient for our analysis and is not useful for any type of genealogical

analysis which can be found in [72].
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In this work, a forest will mean a locally finite planar graph on the vertex set

{wj ,mj : j = 0, 1, · · · }

which has a finite number of connected components which themselves are rooted planar

trees. The vertices of the form wj will be called the non-mutant vertices (depicted in Figure

6.2 as black vertices) and the vertices of the form mj will be called mutant vertices (depicted

as the white unlabeled vertices in Figure 6.2). When referring to a forest f, we will let V (f)

denote the vertex set of f and E (f) denote the edge set.

We will construct our random forests in a breadth-first approach from two given se-

quences of non-negative integers (χj ; j = 0, 1, · · · ) and (ηj ; j = 1, 2, · · · ) along with a number

k = 0, 1, 2, · · · . At each height there will be two types of vertices, mutant and non-mutant

vertices. There will only be one mutant vertex in each generation, and will be omitted from

most of the objects we count on our forest. Children of mutant vertices will appear last in

the breadth-first ordering when restricting to each height.

Each χj will represent the number of offspring the jth non-mutant vertex will have. Each

ηj will represent the number of immigrants that will appear in generation j. The immigrants

will be non-mutant offspring of the mutant vertex from the previous generation.

We start with defining f0 to be the graph with vertex set

V (f0) = {w0, . . . , wk−1,m0}

and edge set E (f0) = ∅. The vertex m0 will be the mutant vertex. These vertices will be

the roots of the random forest, and will consequently be the vertices of height 0. For each

h ≥ 1 we construct fh from fh−1 by adding vertices of height h. There are two cases which

we must consider: (1) there are no non-mutant vertices at height h − 1 in fh−1 or (2) the

non-mutant vertices at height h−1 in fh−1 are {wj : j = a, a+1, · · · , b−1} for some natural

numbers a < b.

In Case (1), we add ηh non-mutant vertices and a single mutant vertex as offspring of

the mutant vertex mh−1. The collection of non-mutant vertices of fh−1 is of the form

{wj : j = 0, 1, · · · , b− 1}
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for some b ≥ 0. When b = 0 the above set is empty. We let fh be the graph with vertex set

V (fh) := V (fh−1) ∪ {wj : j = b, b+ 1, · · · , b+ ηh − 1} ∪ {mh} and the edge set

E (fh) := E (fh−1) ∪ {(mh−1, wj) : j = b, b+ 1, · · · , b+ ηh − 1} ∪ {(mh−1,mh)}.

The height of the vertices of fh will be the distance to the root, which inductively implies for

all v ∈ fh \ fh−1 that ht(v) = h. We remark that if ηh = 0 then the only vertex in fh \ fh−1
is the vertex mh.

In Case (2), we add χj non-mutant vertices as offspring for each non-mutant vertex wj

in generation h− 1. We also add ηh non-mutant vertices and a single mutant vertex as the

offspring of mh−1. We go into more detail in order to describe the breadth-first labeling.

There are non-mutant vertices at height h − 1 in fh−1. These vertices will be of the form

{wj : j = a, · · · , b− 1} for some a < b. Each vertex wj gives birth to χj children at height

h and the vertex mh−1 will give birth to ηh non-mutant children and 1 mutant child. Thus

the vertex set for fh will be

V (fh) = V (fh−1) ∪

{
wj : j = b, b+ 1, · · · , b+

b−1∑
i=a

χi + ηh − 1

}
∪ {mh}.

Moreover, for each ℓ = 0, 1, . . . , b − a − 1 we add edges between a vertex wa+ℓ and wj for

j = b+
∑a+ℓ−1

i=a χi, b+
∑a+ℓ−1

i=a χi+1, · · · , b+
∑a+ℓ−1

i=a χi+χa+ℓ−1. We also add edges between

mh−1 and mh along with wj for j = b +
∑b−1

i=a χi, b +
∑b−1

i=a χi + 1, · · · ,
∑b−1

i=a χi − 1 + ηh.

Again, the vertices in fh \ fh−1 have distance h from a root.

We continue this process ad infinitum, and define f :=
⋃

h≥0 fh. By construction, for

i < j we must have ht(wi) ≤ ht(wj).

Definition 2. A forest f constructed as above starting from k non-mutant vertices is called

Galton-Watson immigration forest (GWI forest for short) when the integer sequence

(χj ; j = 0, 1, · · · ) are i.i.d. and the sequence (ηh;h = 1, 2, · · · ) are i.i.d. and are independent

of (χj). We call the common distribution, say µ, of (χj) the offspring distribution, and we

call the common distribution, say ν, of (ηh) the immigration rate. We denote the law of f

by GWIk(µ, ν).
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6.2.2 Processes defined on the forest

In this section we define several processes on the forest, and describe some of the relation-

ships between the various processes and the breadth-first labeling of the vertices. Let f be

a forest constructed as above. We recall that the forest f is rooted, and that the height of

a vertex is defined as the distance from the vertex to a root in the graph distance.

Define the height profile of the forest f as the process Z f =
(
Z f
h : h ∈ N0

)
by

Z f
h = #{non-mutant vertices v ∈ f with ht(v) = h}.

This counts the number of non-mutant vertices at height h in the forest f. We also define

the cumulative height profile of f as the process C f = (C f
h;h ∈ N0) by

C f
h =

h∑
j=0

Z f
j ,

and its right-continuous inverse V f = (V f
r ; r = 0, 1, · · · ) by

V f
r = inf{h ≥ 0 : C f

h > r}.

We observe that C f
h is the index of the first vertex at height h + 1. This follows easily

from the convention that we start indexing at 0. Hence, V f
r = ht(wr) and so Z f

V f
r

is the

width of the layer of the forest containing the vertex wr.

Lastly, we refer the reader back to (6.8) for a definition of the cumulative breadth-first

cousin process K f and the cumulative breadth-first height process J f.

6.2.3 Lévy processes

We will provide a brief overview of spectrally positive Lévy processes. More details and

proofs of the statements below can be found in Chapter VII of Bertoin’s monograph [26].

A (possibly killed) spectrally positive Lévy process X = (Xt; t ≥ 0) is a Lévy process

which contains no negative jumps. Its Laplace transform exists and uniquely characterizes

the process X. The Laplace transform must be of the form

E [exp(−λXt)] = exp(tΨ(λ)) ∀λ > 0. (6.13)
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Moreover, the function Ψ must be of the form

Ψ(λ) = −κ+ αλ+ βλ2 +

∫
(0,∞)

(
e−λr − 1 + λr1[r<1]

)
π(dr) (6.14)

where κ, β ≥ 0, α ∈ R and π is a Radon measure on (0,∞) such that

∫
(0,∞)

(1∧ r2)π(dr) <

∞. Conversely, for each such Ψ, there exists a spectrally positive Lévy process with such a

Laplace transform.

A particular class of spectrally positive Lévy processes are subordinators. These are

Lévy processes with increasing sample paths. A subordinator Y has a Laplace transform of

the form

E [exp(−λYt)] = exp(−tΦ(λ)), ∀λ > 0, (6.15)

where Φ is of the form

Φ(λ) = κ′ + α′λ−
∫
(0,∞)

(e−λr − 1) ν(dr) (6.16)

with κ′, α′ ≥ 0 and ν is a Radon measure with

∫
(0,∞)

(1 ∧ r) ν(dr) < ∞. In our work,

we concern ourselves with the case where Φ(λ) = δλ for some δ > 0, which makes the

subordinator Yt = δt.

6.2.4 Continuous state branching processes

Continuous state branching processes with immigration (CBI processes) arise as scaling

limits of discrete Galton-Watson processes, see [114]. A CBI process Z = (Zt; t ≥ 0) is

a Feller process on [0,∞] which is absorbed at ∞. We denote by Ex[−] the expectation

conditionally given Z0 = x ≥ 0. As shown by [114], the Laplace transform of Z is of the

form

Ex [exp{−λZt}] = exp

[
−xu(t, λ)−

∫ t

0
Φ(u(s, λ)) ds

]
, ∀λ > 0

where u is the unique non-negative solution to the integral equation

u(t, λ) +

∫ t

0
Ψ(u(s, λ)) ds = λ,

for functions Ψ and Φ. The function Ψ is called the branching mechanism and must be of

the form (6.14) and the function Φ is called the immigration rate and must be of the form
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(6.16). Conversely, given any two such functions Ψ and Φ, there exists a CBI process with

branching mechanism Ψ and immigration rate Φ. For simplicity, we will use CBIx(Ψ,Φ)

to refer to the law of a CBI process starting from x ≥ 0 and satisfies the above Laplace

transform.

By [114], we know that continuous state branching processes with immigration are in one-

to-one correspondence with pairs of Lévy processes (X,Y ) satisfying (6.13) and (6.15). The

bijection described there is in terms of the Laplace transforms of the respective processes.

A path-wise identification does exist, thanks to the work of Caballero, Pérez Garmendia

and Uribe Bravo [49]. As mentioned previously, the authors of [49] show that if X is a

spectrally positive Lévy process with Laplace exponent (−Ψ) and Y is an independent

subordinator with Laplace exponent Φ then a càdlàg solution to (6.6) exists, is unique, and

is a CBIx(Ψ,Φ) process. When Y is identically 0, the Lévy process X in (6.6) is stopped

upon hitting −x. The path-wise relationship when Y = 0 was observed by Lamperti [128],

although proved later by Silverstein [163].

6.2.5 The Ψ-height process

Height processes were introduced by Le Gall and Le Jan in [133], and further examined

in [73, 132] and we refer back to Section 2.2.4.3 for a more detailed summary of their

properties. Recall from therein that we can define so-called Ψ-height processes under the

more restrictive assumptions:

Ψ(λ) = αλ+ βλ2 +

∫
(0,∞)

(e−λr − 1 + λr)π(dr) (6.17)

with α, β ≥ 0 and π a Radon measure with the stronger integrability condition
∫∞
0 (r ∧

r2)π(dr) < ∞; the assumption that Ψ is conservative, i.e. it satisfies equation (6.7); and

that further Ψ satisfies ∫ ∞
1

1

Ψ(u)
du <∞. (6.18)

All of these assumptions on Ψ are slight restrictions on a general theory, but they imply that

a Lévy process X with Laplace exponent (−Ψ) has paths of infinite variation, non-negative

jumps, and does not drift towards +∞.
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Under the above conditions (6.17), and (6.7) there exists a process H which encodes a

forest of Lévy trees which has a continuous modification if and only if (6.18) holds. See [73,

Theorem 1.4.3] for the continuity statement. Whenever (6.18) is satisfied, we will assume

that H is this modification. For more information on height processes see [73].

The process H possesses a family of local times L = (La
t ; t ≥ 0, a ≥ 0) which almost

surely satisfies the occupation density formula:∫ t

0
g(Hr) dr =

∫ ∞
0

g(a)La
t da, ∀g ∈ Cc(R), t ≥ 0. (6.19)

See [73, Proposition 1.3.3]. There is also a Ray-Knight theorem for these processes as shown

in [73, Theorem 1.4.1]. Namely, define Tx = inf{t : L0
t = x} = inf{t : Xt = −x} then

(
La
Tx

; a ≥ 0
)
∼ CBIx(Ψ, 0).

Similar Ray-Knight theorems were obtained by Warren [178] involving sticky Brownian

motion.

The Ray-Knight theorem above was extended by Lambert [127] and Duquesne [72] to

allow for some immigration. Lambert’s work is slightly more general; however Duquesne’s

work contains some better approximation results for the local time. For δ > 0 and x ≥ 0

define the left-height process
←−
H = (

←−
H t; t ≥ 0) by

←−
H t = Ht +

1

δ
(L0

t − x)+. (6.20)

By [72], there exists a jointly measurable family of local times
←−
L =(←−

L a
t ; t ≥ 0, a ≥ 0

)
which is continuous and increasing in t and satisfies equation (6.19)

with
←−
H and

←−
L replacing H and L. Since

←−
H t →∞ as t→∞, the limit

←−
L a
∞ := limt↑∞

←−
L a

t

is finite almost surely due to (6.7). Moreover, the Ray-Knight theorem, see [72, Theorem

1.2, Remark 3.2] and [127, Theorem 5], states

(←−
L a
∞; a ≥ 0

)
∼ CBIx(Ψ,Φ), Φ(λ) = δλ. (6.21)

In the case where the branching process is a squared Bessel process and the height process

is a reflected Brownian, a similar result was shown in [134].
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6.3 Integral Relationships for CBIs

In this section we describe various properties of continuous state branching processes and

their implications for random trees. We will mostly work under the assumption that Ψ is

a conservative branching mechanism; however, when discussing the implications for left-

height processes we must work under slightly stricter assumptions. We recall that Ψ being

conservative is equivalent, see [99], to the almost sure finiteness of a CBIx(Ψ, 0) process.

Let us start by gathering certain properties of processes related to a

CBIx(Ψ,Φ) process Z. If Φ(λ) = δλ for some δ > 0 then, by Theorem 2 in [49], we

can and do assume Z to be the unique càdlàg solution to

Zt = x+XCt + δt, Ct =

∫ t

0
Zs ds, (6.22)

where X is a Lévy process with Laplace exponent (−Ψ). Moreover, using this representation

of Z along with Lemma 3 and Corollary 5 in [49] and the strong Markov property for Z the

following lemma is easy to see.

Lemma 6.3.1. Let Z be a CBIx(Ψ,Φ) process where Ψ is a conservative branching mech-

anism (i.e. satisfies (6.7) and (6.14)) and Φ(λ) = δλ for some δ > 0. Then Ct :=
∫ t
0 Zs ds

is strictly increasing and almost surely Ct →∞ as t→∞.

The above lemma tells us that the process V defined in equation (6.9) is actually the

two-sided inverse of C. Moreover, since C diverges towards infinity almost surely, the value

of Vr is finite for each r ≥ 0.

We now move to the proof of Lemma 6.1.3.

Proof of Lemma 6.1.3. We assume that we are working on a probability space where Z has

the path-by-path representation in (6.22), for a Lévy process X. The change of variable

formula implies ∫ Vr

0
F (u, Zu) dCu =

∫ r

0
F (Vu, ZVu) du

for locally bounded functions F . Moreover, since dCu = Zu du, we can claim∫ Vr

0
(Zu − δu)Zu du =

∫ r

0
(ZVu − δVu) du.
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However, by (6.22) and the fact that V is the two-sided inverse of C,

ZVu = x+XCVu
+ δVu = x+Xu + δVu.

The result desired claim now easily follows.

In fact the above proof easily implies the following corollary as well.

Corollary 6.3.2. Under the conditions for Lemma 6.1.3 and for any n = 1, 2, · · ·∫ Vr

0
(Zu − δu)nZu du

d
=

∫ r

0
(x+Xu)n du,

where X is a Lévy process with Laplace exponent (−Ψ).

6.3.1 The continuum random tree interpretation

Here we must strengthen the assumptions put onto Ψ in order to guarantee that there is a

continuous Ψ-height process. As discussed in Section 6.2.5, we require that Ψ satisfies (6.7),

(6.17) and (6.18).

Let
←−
H = (

←−
H t; t ≥ 0) be defined as in (6.20) and let

←−
L = (

←−
L a

t ; a ≥ 0, t ≥ 0) denote its

local time. We know from (6.21) that the process
(←−
L a
∞; a ≥ 0

)
is a CBIx(Ψ,Φ) process

where Φ(λ) = δλ. Define Vr = inf

{
x ≥ 0 :

∫ x

0

←−
L y
∞ dy > r

}
and then Lemma 6.1.3 implies

(
δ

∫ Vr

0
a
←−
L a
∞ da−

∫ Vr

0

(←−
L a
∞

)2
da; r ≥ 0

)
d
=

(
−xr −

∫ r

0
Xu du; r ≥ 0

)
.

However, the occupation time formula implies that almost surely the left-most integral

above can be recognized as ∫ Vr

0
a
←−
L a
∞ da =

∫ ∞
0

←−
H t1[←−Ht≤Vr]

dt.

Hence, we can conclude the following:

Corollary 6.3.3. Let
←−
H be defined as in (6.20) with Ψ satisfying (6.7), (6.18) and (6.17)

and let
←−
L denote its local time. Then(
δ

∫ ∞
0

←−
H t1[←−H t≤Vr]

−
∫ Vr

0

(←−
L a
∞

)2
da; r ≥ 0

)
d
=

(
−xr −

∫ r

0
Xu du; r ≥ 0

)
where X is a Lévy process with Laplace exponent (−Ψ).
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6.4 Weak Convergence

Throughout this section we will let (f(n);n ≥ 1) denote a sequence of forests where each

f(n) is a GWI[nx](µn, νn)-forest. We also assume that µn and νn satisfy Assumption 2, and

(γn;n ≥ 1) is the sequence of integers specified therein.

With this we can now prove the following joint convergence lemma:

Lemma 6.4.1. If µn and νn satisfy Assumption 2, then the following joint convergence

holds in the product of the Skorokhod space D(R+,R)3((
1

n
Z∗,n[γns]

)
s≥0

,

(
1

nγn
C∗,n[γnt]

)
t≥0

,

(
1

γn
V ∗,n[nγnr]

)
r≥0

)
(d)

=⇒

(
(Zs)s≥0 ,

(∫ t

0
Zs ds

)
t≥0

,

(
inf

{
t :

∫ t

0
Zs ds > r

})
r≥0

)
, (6.23)

where Z is a CBIx(Ψ,Φ) process.

Proof. We remark that by [72, Theorem 1.4], the convergence of rescaling of Z∗,n converges

to a CBIx(Ψ,Φ) process, i.e.(
1

n
Z∗,n[γns]

; s ≥ 0

)
(d)

=⇒ (Zs; s ≥ 0) .

We also observe

1

nγn
C∗,n[γnt]

=
1

nγn

[γnt]∑
h=0

Z∗,nh

=
1

γn

∫ [γnt]+1

0

1

n
Z∗,n[u] du

=

∫ ([γnt]+1)/γn

0

1

n
Z∗,n[γns]

ds.

Since ([γnt] + 1)/γn → t locally uniformly, the joint convergence((
1

n
Z∗,n[γns]

)
s≥0

,

(
1

nγn
C∗,n[γnt]

)
t≥0

)
(d)

=⇒

(
(Zs)s≥0 ,

(∫ t

0
Zs ds

)
t≥0

)
,

will follow once we argue the continuity of the map f 7→ (f,
∫ ·
0 f(s) ds).
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To see that f 7→
∫ ·
0 f(s) ds is continuous we prove that D continuously embeds into L1

loc.

Indeed, suppose that fn → f in D and let t be a continuity point of f . For g ∈ D(R+,R),

set ∥g∥[0,t] = supr≤t |g(r)|. Then there exists a sequence τn : [0, t] → [0, t] such that

∥τn − id∥[0,t] ∨ ∥f ◦ τn − fn∥[0,t] → 0 as n→∞. Then∫ t

0
|fn(s)− f(s)| ds ≤

∫ t

0
|fn(s)− f(τn(s))| ds+

∫ t

0
|f(τn(s))− f(s)| ds

≤ t∥fn − f ◦ τn∥[0,t] +

∫ t

0
|f(τn(s))− f(s)| ds.

The first term can easily be handled since fn → f in D and the second term converges

to 0 as n → ∞ by dominated convergence. This proves the continuity of the embedding

D ↪→ L1
loc. Since f 7→

∫ ·
0 f(s) ds is a continuous map from L1

loc(R+) → C(R+) and C(R+)

embeds continuously into D, we have shown the desired continuity.

The convergence of the third coordinate in equation (6.23) follows from [180, Theorem

7.2] and Lemma 6.3.1. Indeed, define the set E ⊂ D(R+,R) to be the collection of functions

f which are unbounded from above with f(0) ≥ 0 and equip this set with the Skorokhod

J1 topology. Then the map E → E defined by (f(t); t ≥ 0) 7→ (inf{t ≥ 0 : f(t) > r}; r ≥ 0)

is measurable and it is continuous on the set of strictly increasing functions.

6.4.1 Proofs of Theorem 6.1.2 and Theorem 6.1.1

Proof of Theorem 6.1.2. Throughout this proof we refer to Z as a CBIx(Ψ,Φ) process, the

quantity Ct =
∫ t
0 Zs ds and V defined in (6.9). In what follows we sometimes write the

index in the process as Z∗,n(h) instead of as a subscript Z∗,nh , and similar remarks hold for

the other processes.

We recall that the first index of a vertex in f(n) at height h+ 1 is C∗,nh . Therefore

K∗,n(C∗,nh ) =

C∗,n
h −1∑
j=0

csn(wj) =
h∑

ℓ=0

Z∗,nℓ (Z∗,nℓ − 1)

=

h∑
ℓ=0

(
Z∗,nℓ

)2 − C∗,nh .

Similarly, we can see that

J∗,n(C∗,nh ) =
h∑

ℓ=0

ℓZ∗,nℓ .
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Consequently,

1

n2γn
K∗,n(C∗,n[γnt]

) =
1

n2γn

[γnt]∑
ℓ=0

(
Z∗,nℓ

)2 − 1

n2γn
C∗,n[γnt]

=

∫ ([γnt]+1)/γn

0

(
1

n
Z∗,n[γns]

)2

ds− 1

n2γn
C∗,n[γnt]

and
1

nγ2n
J∗,n(C∗,n[γnt]

) =

∫ ([γnt]+1)/γn

0

[γns]

γn
· 1

n
Z∗,n[γns]

ds.

This easily implies the weak convergence in D(R+,R)2((
1

n2γn
K∗,n(C∗,n[γnt]

); t ≥ 0

)
,

(
1

nγ2n
J∗,n(C∗,n[γnt]

); t ≥ 0

))
(d)

=⇒
((∫ t

0
Z2
s ds; t ≥ 0

)
,

(∫ t

0
sZs ds; t ≥ 0

))
.

Moreover this convergence is joint with the convergence in (6.23), and hence by a lemma

on pg. 151 in [35](
1

n2γn
K∗,n(C∗,n(V ∗,n[nγnr]

))− δ

nγ2n
J∗,n(C∗,n(V ∗,n[nγnr]

)); r ≥ 0

)
(d)

=⇒
(∫ Vr

0
(Zs − δs)Zs ds; r ≥ 0

)
.

By Lemma 6.1.3 and Slutsky’s theorem, the result follows if we can show(∣∣∣∣ 1

n2γn
K∗,n(C∗,n(V ∗,n[nγnr]

))− 1

n2γn
K∗,n[nγnr]

∣∣∣∣ ; r ≥ 0

)
(d)

=⇒ 0 := (0; r ≥ 0) (6.24)

and (∣∣∣∣ 1

nγ2n
J∗,n(C∗,n(V ∗,n[nγnr]

))− 1

nγ2n
J∗,n[nγnr]

∣∣∣∣ ; r ≥ 0

)
(d)

=⇒ 0.

To argue the above convergences, we observe that C∗,n(V ∗,nr − 1) ≤ r < C∗,n(V ∗,nr ).

Since K∗,n is increasing, we have∣∣∣∣ 1

n2γn
K∗,n(C∗,n(V ∗,n[nγnr]

))− 1

n2γn
K∗,n[nγnr]

∣∣∣∣
≤
∣∣∣∣ 1

n2γn
K∗,n(C∗,n(V ∗,n[nγnr]

))− 1

n2γn
K∗,n(C∗,n(V ∗,n[nγnr]

− 1))

∣∣∣∣
≤ 1

n2γn

(
Z∗,n(V ∗,n[nγnr]

)
)2
. (6.25)
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The presence of the square in the second inequality follows from the fact that

K∗,n(C∗,n(h))−K∗,n(C∗,n(h− 1)) = Z∗,nh · (Z∗,nh − 1) ≤
(
Z∗,nh

)2
.

The desired convergence in (6.24) follows from(
1

n2γn

(
Z∗,n(V ∗,n[nγnr]

)
)2

; r ≥ 0

)
(d)

=⇒ 0.

The above convergence then holds by Lemma 6.4.1 and standard weak convergence argu-

ments for time-changes (see e.g. a lemma on pg. 151 in [35]). Indeed, we have(
n−1Z∗,n

(
V ∗,n[nγnr]

)
; r ≥ 0

)
(d)

=⇒
(
Z

(
inf{t :

∫ t

0
Zs ds > r}

)
; r ≥ 0

)
. (6.26)

Since γn →∞ by Assumption 2, the stated convergence to zero holds.

Reasoning as in (6.25) we get the upper bound∣∣∣∣ 1

nγ2n
J∗,n(C∗,n(V ∗,n[nγnr]

))− 1

nγ2n
J∗,n[nγnr]

∣∣∣∣ ≤ 1

nγ2n
V ∗,n[nγnr]

· Z∗,n(V ∗,n[nγnr]
).

By Lemma 6.4.1 and the convergence in (6.26), the following weak convergence holds(
1

nγ2n
V ∗,n[nγnr]

· Z∗,n(V ∗,n[nγnr]
); r ≥ 0

)
(d)

=⇒ 0.

The result now follows.

Similar arguments can yield Theorem 6.1.1. However, the authors of [97] and [126] are

interested in distributional properties of the quantity∫ 1

0
B
|br|,x
t − 1

β

∫ ∞
0

(
Lv
1,x

)2
dv, ∀β > 0

where B|br|,x is a reflected Brownian bridge conditioned on its local time at level zero and

time 1 being exactly x and Lv
1,x is the local time of B|br|,x at time 1 and level v. Hence,

we prove the following proposition, which by taking β = 2 and using Theorem 1.13 in [126]

yields the formulation in Theorem 6.1.1.

Proposition 6.4.2. Suppose that f(n) is a uniformly chosen rooted labeled forest on n

vertices with kn roots where 2kn/
√
n → x ≥ 0 as n → ∞. Then the following convergence

in distribution holds

1

2n3/2

∑
v∈f(n)

ht(v)− 2

βn3/2

∑
v∈f(n)

csn(v)
(d)

=⇒
∫ 1

0
B
|br|,x
t dt− 1

β

∫ ∞
0

(Lv
1,x)2 dv,

where B|br|,x and Lv
1,x are as above.
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Proof. This proof follows from arguments similar to Theorem 6.1.2 and the results of Pit-

man [153] describing a conditional version of a result by Drmota and Gittenberger [68].

Alternatively, when x = 0 we can use Jeulin’s identity along with a prior work by Drmota

and Gittenberger [67].

Let Z∗,n = (Z∗,nh ;h = 0, 1, · · · ) denote the height profile of f(n). Then, by Theorems 4

and 7 in [153], we have (
2√
n
Z∗,n
[2
√
nv]

; v ≥ 0

)
(d)

=⇒
(
Lv
1,x; v ≥ 0

)
,

where the convergence above is weak convergence in the Skorokhod space.

Hence,

1

n3/2

∑
v∈f(n)

ht(v) =
1

n3/2

∞∑
h=0

hZ∗,nh =
1

n3/2

∫ ∞
0

[u]Z∗,n[u] du

=

∫ ∞
0

[2
√
nv]√
n
· 2√

n
Z∗,n
[2
√
nv]

dv
(d)

=⇒ 2

∫ ∞
0

vLv
1,x dv

and, similarly

1

n3/2

∑
v∈f(n)

csn(v) =
1

n3/2

∞∑
h=0

(Z∗,nh )(Z∗,nh − 1)

=
1

n3/2

∞∑
h=0

{
(Z∗,nh )2 − Z∗,nh

}
=

1

2

∫ ∞
0

(
2√
n
Z∗,n
[2
√
nv]

)2

dv − 1√
n

(d)
=⇒ 1

2

∫ ∞
0

(Lv
1,x)2 dv.

The result now easily follows.

6.5 SDE Results

In this section we discuss the existence and uniqueness of solutions to SDEs of the form

(6.12) and (6.11). We first study the situation with equation (6.12) and then move onto

studying equation (6.11).
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6.5.1 Analysis of (6.12)

We begin by studying a fairly different stochastic differential equation. Let B̃ be a Brownian

motion on the filtered probability space (Ω,Ft, P̃ ) and let Yt be the unique strong solution

to the stochastic differential equation

dYt = adB̃t +

(
c

Yt
− Yt

1− t

)
dt, Y0 = x ≥ 0, t ∈ [0, 1]

where a > 0 and c ≥ a2

2 are constants. The process Y is a times a Bessel bridge of dimension

δ = 2c
a2

+ 1 ≥ 2 and so a unique strong solution exists by properties of Bessel bridges. See

Section XI.3 in [156] and [95] for more properties about Bessel bridges.

Now let f : R+ → R be a continuous function and define M to be the continuous

martingale Mt := 1
a

∫ t
0 f(s) dB̃s. Observe that E(Mt), where E is the Doléans-Dade ex-

ponential, is a positive continuous local martingale. Hence, by Girsanov’s theorem [156,

Theorem VIII.1.7], the measures P := E(Mt) · P̃ and P̃ are equivalent on Ft for each t ≥ 0.

Moreover, Bt := B̃t − 1
a

∫ t
0 f(s) ds is a P -Brownian motion and so

dYt = adBt +

(
c

Yt
+ f(t)− Yt

1− t

)
dt, Y0 = x ≥ 0, t ∈ [0, 1]. (6.27)

Using [156, Theorem IX.1.11], we have the following lemma:

Lemma 6.5.1. There is weak existence and uniqueness in law to equation (6.27) for con-

stants a > 0, c ≥ a2

2 and continuous function f .

Moreover, the law of a solution Y to (6.27) is equivalent to the law of aR = (aRt; t ∈

[0, 1]) where R is a Bessel bridge of dimension 2c
a2

+ 1.

Using facts about Bessel bridges and the equivalence of measures described in the above

lemma, we obtain the following corollary. See, for example, [156, Chapter XI], [95]. In

particular, the derivation of Equation (2.6) in [102] generalizes for δ-dimensional Bessel

processes when δ > 2.

Corollary 6.5.2. Suppose Y is a solution to (6.27) with c ≥ a2/2 and f a continuous

function. Then the following hold almost surely.

1.

∫ 1

0

1

Yt
dt <∞ if c > a2

2 and

∫ t

0

1

Ys
ds <∞ for all t ∈ [0, 1) when x > 0 and c = a2

2 .
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2.

∫ 1

0

Yt
1− t

dt <∞ if c > a2

2 .

3. Yt > 0 for all t ∈ (0, 1).

4. The process Vt :=
∫ t
0

1
Ys
ds for t ∈ [0, 1] is strictly increasing and bounded for c > a2

2 .

It is strictly increasing and locally bounded on [0, 1) when c = a2

2 and x > 0.

When c > a2

2 , we can define the right-continuous inverse τv := inf{t : Vt > v} for

v ∈ [0, V1). Since V is strictly increasing τ is actually a two-sided inverse of V . Define the

process Zv = Yτv and observe on the event {V1 > t} and for v ∈ [0, t)

Zv = x+ aBτv +

∫ τv

0

(
c

Ys
+ f(s)− Ys

1− s

)
ds

= x+ aBτv +

∫ v

0

(
c

Yτu
+ f(τu)− Yτu

1− τu

)
dτu.

We observe that

dτu = Yτu du = Zu du

and, by Proposition V.1.5 and Theorem V.1.6 in [156], we can write Bτv =
∫ v
0

√
Zv dWv for

a Brownian motion W . Hence, for v ∈ [0, V1)

Zv = x+

∫ v

0
a
√
Zv dWv +

∫ v

0

(
c+ f

(∫ u

0
Zs ds

)
Zu −

Z2
u

1−
∫ u
0 Zs ds

)
du. (6.28)

Finally, we observe that limv↑V1 Zv = limt↑1 Yt = 0 almost surely. Similarly, given a process

Z satisfying (6.28) the process Yt = ZVt with Vt = inf{u :
∫ u
0 Zs ds > t} for t ∈ [0, 1) solves

the stochastic differential equation (6.27).

We have thus argued the following proposition:

Proposition 6.5.3. For f a continuous function there is weak existence for the stochastic

differential equation (6.12) when c > a2

2 and x ≥ 0.

Moreover, if Z is any such solution then Yt = ZVt where Vt = inf{u :
∫ u
0 Zs ds > t} for

t ∈ [0, 1) solves (6.27).
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6.5.2 Analysis of (6.11)

Throughout this section we assume that f : R+ → R is a continuous function and g : R+ →

R is a function such that g2 is Lipschitz and there is some ε > 0 and M < ∞ such that

ε ≤ g ≤M .

We begin by observing that since g2 is Lipschitz and bounded below, the function 1
g2

is

Lipschitz. Now define the function h(t) = inf{v :
∫ v
0 g

2(s) ds > t}, and observe that this

function is continuous since g2 is strictly positive and moreover, it is the unique solution to

h′(t) =
1

g2(h(t))
, h(0) = 0.

Observe that for each c ≥ 0 the function b̃(t) = 2c
g2(t)

+ 1 is bounded and continuous. If we

define

b(t) = b̃(h(t)),

then b(t) is also continuous.

Since b̃ is continuous, by [89, Proposition 1] and [156, Theorem IX.3.5], for each c ≥ 0

there exists a unique strong solution to the stochastic differential equation

dXt = 2
√
Xt dB̃t + b(t) dt, X0 = x ≥ 0,

where B̃ is a standard Brownian motion on some filtered probability space (Ω,Ft, P̃ ). But

this means that there is a weak solution to the stochastic differential equation

dX
(1)
t = 2

√
X

(1)
t dB̃t + b̃(X

(2)
t ) dt, X

(1)
0 = x ≥ 0

dX
(2)
t =

1

g2(X
(2)
t )

dt, X
(2)
0 = 0,

since b(t) = b̃(h(t)) and X
(2)
t = h(t). Since g satisfies ε ≤ g ≤ M , by [156, Proposition

IX.1.13], there is a weak solution to the stochastic differential equation:

dX
(1)
t = 2g(X

(2)
t )

√
X

(1)
t dB̃t + g2(X

(2)
t )b̃(X

(2)
t ) dt, X

(1)
0 = x ≥ 0

dX
(2)
t = dt, X

(2)
0 = 0.

But this means that X(1) solves

dXt = 2g(t)
√
Xt dB̃t +

(
2c+ g2(t)

)
dt, X0 = x ≥ 0. (6.29)
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The next lemma states that the process X can be bounded below by a deterministic

time-change of a squared Bessel process S = (S(t); t ≥ 0). We recall [156] that a squared

Bessel process of dimension δ ≥ 0 and starting from x ≥ 0 is the unique strong solution of

the stochastic differential equation

dS(t) = 2
√
S(t) dBt + δ dt, S(0) = x,

for a standard Brownian motion B.

Lemma 6.5.4. Suppose X is a solution to (6.29) with respect to a Brownian motion B̃ and

started from x ≥ 0. Fix any 0 ≤ δ ≤ inft

(
2c

g2(t)
+ 1
)

. Then on the same probability space

(Ω,F , P ) there exists a δ-dimensional squared Bessel process S = (S(t); t ≥ 0) starting

from x such that

P

(
S

(∫ t

0
g2(r) dr

)
≤ Xt, ∀t

)
= 1.

Proof. We prove this lemma by a time-change. Let τt = inf{s :
∫ s
0 g

2(r) dr > t} and define

the process R by Rt = Xτt . Observe

Rt = x+

∫ τt

0
2g(r)

√
Xr dB̃r +

∫ τt

0

(
2c+ g2(r)

)
dr

= x+Mτt +

∫ t

0

(
2c

g2(τs)
+ 1

)
ds

where Mt =
∫ t
0 2g(r)

√
Xr dB̃r and we used the change of variable r = τs in the drift integral.

We now observe

⟨Mτ·⟩t = ⟨M⟩τt =

∫ τt

0
4g2(r)Xr dr =

∫ t

0
4Xτs ds =

∫ t

0
4Rs ds,

and so by the Dambis-Dubins-Schwarz theorem [156, Theorem V.1.6] there is a Brownian

motion B such that

Rt = x+

∫ t

0
2
√
Rs dBs +

∫ t

0

(
2c

g2(τs)
+ 1

)
ds.

For each δ ≥ 0 and with respect to this Brownian motion B, there exists a unique strong

solution to the stochastic differential equation

dSt = 2
√
St dBt + δ dt, St = x.
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The comparison theorems [156, Theorem IX.3.7] imply that

P (St ≤ Rt, ∀t) = 1

for any 0 ≤ δ ≤ inft

(
2c

g2(t)
+ 1
)

. The desired claim now follows.

Arguments similar to Lemma 6.5.1 and Corollary 6.5.2 give the following lemma, the

details of which are omitted:

Lemma 6.5.5. Suppose f is a continuous function and g2 is a Lipschitz function with

0 < ε ≤ g ≤M <∞. There exists a weak solution to the stochastic differential equation:

dXt = 2g(t)
√
Xt dBt +

(
2c+ g2(t) + 2f(t)

√
Xt

)
dt, X0 = x ≥ 0.

Moreover, for any such solution the following hold almost surely:

1. If c > 1
2 supt g

2(t) and x ≥ 0 or c = 1
2 supt g

2(t) and x > 0, then

∫ t

0
X−1/2s ds < ∞

for each t <∞.

2. If c ≥ 1
2 supt g

2(t) and x > 0 then inf{t : Xt = 0} =∞.

Observe that if X0 = x > 0 then Xt almost surely never reaches 0. Therefore, we can

apply Itô’s rule to Yt =
√
Xt and see

dYt =
1

2
√
Xt
dXt −

1

8X
3/2
t

d⟨X⟩t

= g(t)dBt +

(
c+ 1

2g
2(t)

√
Xt

+ f(t)

)
dt− 1

8X
3/2
t

(4g2(t)Xt) dt

= g(t)dBt +

(
c

Yt
+ f(t)

)
dt.

Hence we have argued the following lemma:

Lemma 6.5.6. Suppose f is a continuous function and g2 is a Lipschitz function with

0 < ε ≤ g ≤M <∞. Assume that c ≥ supt
1
2g

2(t) and x > 0. There exists a weak solution

to the stochastic differential equation

dYt = g(t) dBt +

(
c

Yt
+ f(t)

)
dt, Y0 = x > 0. (6.30)



202

Moreover, any such solution is strictly positive and so the process Vt =
∫ t
0

1
Ys
ds is con-

tinuous and strictly increasing.

Finally, we use a time change and obtain the following proposition.

Proposition 6.5.7. Suppose f is a continuous function and g2 is a Lipschitz function with

0 < ε ≤ g ≤ M < ∞. Assume that c ≥ supt
1
2g

2(t) and x > 0. Then there exists a weak

solution to (6.11). Moreover, for any such solution Z, the process Ct =
∫ t
0 Zs ds is strictly

increasing.

Proof. The proof of existence is omitted, since it follows from the arguments similar to those

in Proposition 6.5.3.

We now argue that Ct is strictly increasing. To this end let (Z,C) be a solution to (6.11)

with respect to some Brownian motion W . To argue that C is strictly increasing, we argue

its derivative Z is strictly positive. To this end, we argue by contradiction and suppose that

τ = inf{t : Zt = 0} <∞. First τ > 0 by continuity and the fact Z0 = x > 0. Hence, Zt > 0

for t ∈ [0, τ) and hence Ct is strictly increasing for t ∈ [0, τ) and we set h = Cτ > 0.

We now define the right-continuous inverse of C as Vt = inf{r : Cr > t} and define

Yt = ZVt . Observe that for t ∈ [0, h) we have

Yt = x+

∫ Vt

0
g(Cu)

√
Zu dWu +

∫ Vt

0
(c+ f(Cu)Zu) du

= x+ M̃Vt +

∫ t

0

(
c

ZVu

+ f(u)

)
dt

= x+ M̃Vt +

∫ t

0

(
c

Yu
+ f(u)

)
dt

where M̃t =
∫ t
0 g(Cu)

√
Zu dWu.

Moreover, we have that

⟨M̃V·⟩t = ⟨M̃⟩Vt =

∫ Vt

0
g2(Cu)Zu du =

∫ t

0
g2(t) dt.

Hence, by Dambis-Dubins-Schwarz [156, Theorem V.1.6] there is a Brownian motion B on

the interval [0, h) such that

Yt = x+

∫ t

0
g(u) dBu +

∫ t

0

(
c

Yu
+ f(u)

)
ds, t ∈ [0, h).
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Moreover, Vt =
∫ t
0

1
Ys
ds is continuous and strictly increasing by Lemma 6.5.6 and the

stochastic process Y is strictly positive and uniformly bounded away from zero on bounded

time intervals. Hence

Zτ = lim
r↑h

ZVr = lim
r↑h

Yr > 0.

This gives the desired contradiction and we conclude that Zt is always strictly positive and

hence Ct =
∫ t
0 Zu du is strictly increasing.

6.6 Proofs of Normality Results

6.6.1 Proof of Theorem 6.1.6

Throughout this subsection we fix a c > a2

2 and x ≥ 0 and let Y and Z be related as in

Section 6.5.1. In particular, we know that Y and Z solve (6.27) and (6.12), respectively,

and are related by Yt = ZVt where Vt =
∫ t
0

1
Ys
ds. As we have seen the right-continuous

inverse of Vt is equal to
∫ t
0 Zu du.

Proof of Theorem 6.1.6. The proof is quite similar to the proofs in [102, Theorem 1.1] and

[97, Theorem 1.11].

Since Y solves (6.27), we observe∫ 1

0
Yu du = x+

∫ 1

0
aBu du+

∫ 1

0

(∫ u

0

{
c

Ys
+ f(s)− Ys

1− s

}
ds

)
du

= x+

∫ 1

0
aBt dt+

∫ 1

0
cVu du+

∫ 1

0

(∫ u

0

{
f(s)− Ys

1− s

}
ds

)
du.

Corollary 6.5.2 allows us to apply Fubini’s theorem to the Ys
1−s integrand to obtain:∫ 1

0

∫ u

0

Ys
1− s

ds du =

∫ 1

0
ds

{∫ 1

s

Ys
1− s

du

}
=

∫ 1

0
Ys ds.

Hence we have∫ 1

0
(2Yu − cVu) du = x+ a

∫ 1

0
Bs ds+

∫ 1

0

∫ u

0
f(s) ds du

It follows that ∫ 1

0
(2ZVt − cVt) dt

d
= N

(
µ, σ2

)
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where µ = x+
∫ 1
0 (1− s)f(s) ds and σ2 = a2

3 . By the observation that Zv = 0 for all v ≥ V1,

and a change of variable we get∫ ∞
0

(2Zv − cv)Zv dv
d
= N

(
µ, σ2

)
,

which gives the desired claim.

6.6.2 Proof of Theorem 6.1.5

Proof of Theorem 6.1.5. We observe that given a solution (Z,C) to (6.11), we can define

Yt = ZVt where Vt satisfies (6.9) and then Y is a weak solution to (6.30). This follows from

the proof of Proposition 6.5.7.

Thus

dYt = g(t) dBt +

(
c

Yt
+ f(t)

)
dt, Y0 = x.

We recall that Vt =

∫ t

0

1

Ys
ds since

dVt =
1

ZVt

dt =
1

Yt
dt.

Also, Vt =
∫ t
0

1
Ys
ds is finite for each t ∈ [0,∞) by Lemma 6.5.6. Then for each t ≥ 0 we

have ∫ t

0
Ys ds = xt+

∫ t

0

∫ s

0
g(r) dBrds+

∫ t

0

∫ s

0

(
c

Yr
+ f(r)

)
dr ds

= xt+

∫ t

0

∫ s

0
g(r) dBr ds+

∫ t

0
cVr dr +

∫ t

0

∫ s

0
f(r) dr ds.

Hence ∫ t

0
(Ys − cVs) ds = xt+

∫ t

0

∫ s

0
g(r) dBr ds+

∫ t

0

∫ s

0
f(r) dr ds.

We observe that the left-hand side is equal to∫ t

0
(ZVs − cVs) ds =

∫ Vt

0
(Zv − cv)Zv dv =: Xt.

We just need to show that

Xt = xt+

∫ t

0

∫ s

0
f(r) dr ds+

∫ t

0

∫ s

0
g(r) dBr ds
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has the desired mean and covariance structure. It is easy to see

E[Xt] = xt+

∫ t

0

∫ s

0
f(r) dr ds = xt+

∫ t

0
(t− s)f(s) ds,

while the covariance structure follows from the following lemma.

Lemma 6.6.1. Let g ∈ L2
loc(R+), let B be a standard Brownian motion and define G(h) =∫ h

0

∫ u
0 g(s) dBs du. Then G(h) =

∫ h
0 (h−u) g(u) dBu, and consequently it is a centered Gaus-

sian process such that for h1 ≤ h2,

E[G(h1)G(h2)] =

∫ h1

0
(h2 − s)(h1 − s)g2(s) ds.

Proof. The claim that G(h) =
∫ h
0 (h − u)g(u) dBu is simply the stochastic Fubini theorem

[? , Theorem 65].

The covariance structure now follows by Itô’s isometry: for any f1, f2 ∈ L2
loc(R+)

E
[∫ h1

0
f1(s) dBs

∫ h2

0
f2(t) dBt

]
=

∫ h1∧h2

0
f1(s) f2(s) ds.

The result follows letting f1(u) = (h1 − u)g(u) and f2(u) = (h2 − u)g(u).



206

BIBLIOGRAPHY

[1] Helen Abbey. An examination of the reed-frost theory of epidemics. Human biology,

24(3):201, 1952.

[2] Romain Abraham, Jean-François Delmas, and Patrick Hoscheit. A note on the

Gromov-Hausdorff-Prokhorov distance between (locally) compact metric measure

spaces. Electron. J. Probab., 18:no. 14, 21, 2013.

[3] Romain Abraham, Jean-François Delmas, and Patrick Hoscheit. Exit times for an
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Lévy trees. Probab. Theory Related Fields, 131(4):553–603, 2005.

[75] Rick Durrett. Probability: theory and examples, volume 31 of Cambridge Series in

Statistical and Probabilistic Mathematics. Cambridge University Press, Cambridge,

fourth edition, 2010.

[76] Freeman J. Dyson. A Brownian-motion model for the eigenvalues of a random matrix.

J. Mathematical Phys., 3:1191–1198, 1962.

[77] Freeman J. Dyson. Statistical theory of the energy levels of complex systems. I. J.

Mathematical Phys., 3:140–156, 1962.

[78] Freeman J. Dyson. Statistical theory of the energy levels of complex systems. II. J.

Mathematical Phys., 3:157–165, 1962.

[79] Freeman J. Dyson. Statistical theory of the energy levels of complex systems. III. J.

Mathematical Phys., 3:166–175, 1962.

[80] Freeman J. Dyson. The threefold way. Algebraic structure of symmetry groups and

ensembles in quantum mechanics. J. Mathematical Phys., 3:1199–1215, 1962.



214

[81] Freeman J. Dyson and Madan Lal Mehta. Statistical theory of the energy levels of

complex systems. IV. J. Mathematical Phys., 4:701–712, 1963.

[82] Alan Edelman and Brian D Sutton. From random matrices to stochastic operators.

Journal of Statistical Physics, 127(6):1121–1165, 2007.

[83] David A. Edwards. The structure of superspace. In Studies in topology (Proc. Conf.,

Univ. North Carolina, Charlotte, N. C., 1974; dedicated to Math. Sect. Polish Acad.

Sci.), pages 121–133, 1975.
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Poincaré Probab. Stat., 55(3):1402–1438, 2019.

[127] Amaury Lambert. The genealogy of continuous-state branching processes with immi-

gration. Probab. Theory Related Fields, 122(1):42–70, 2002.

[128] John Lamperti. Continuous state branching processes. Bull. Amer. Math. Soc.,

73:382–386, 1967.

[129] Jean-François Le Gall. Brownian excursions, trees and measure-valued branching

processes. Ann. Probab., 19(4):1399–1439, 1991.

[130] Jean-François Le Gall. The uniform random tree in a Brownian excursion. Probab.

Theory Related Fields, 96(3):369–383, 1993.

[131] Jean-François Le Gall. Random trees and applications. Probab. Surv., 2:245–311,

2005.

[132] Jean-François Le Gall and Yves Le Jan. Branching processes in Lévy processes:
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