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Abstract
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Department of Applied Mathematics

Underlying all cancer therapy protocols are the competing objectives of maximizing tumor
control and minimizing normal-tissue complications. As such, we can formulate many as-
pects of the cancer treatment planning workflow as optimization problems, enabling the
development of mathematically rigorous treatment planning methods. In this dissertation,
we present three novel optimization approaches to problems in cancer treatment planning:
1) a Markov decision process approach for optimizing multi-modality cancer therapy that
balances the trade-off between tumor control and normal-tissue complication, 2) a noncon-
vex relaxation for the fluence map optimization problem for intensity-modulated radiation
therapy that is well adapted to handle nonconvex dose-volume constraints, and 3) a hy-
perparameter optimization formulation for stereotactic body radiation therapy that has the
potential to improve treatment plan quality and reduce the time needed to create a clinically
acceptable treatment plan. We demonstrate the feasibility and potential benefit of each ap-
proach through numerical examples using synthetic and clinical cancer patient datasets. All

project data and code are made openly available on GitHub.
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Chapter 1

INTRODUCTION
1.1 Cancer Therapy

Cancer is one of the leading causes of death worldwide, accounting for nearly 1 in every 6
deaths [158], with approximately 38.4% of the population expected to develop cancer at some
point in their lives [79]. By 2040, the global cancer burden is projected to reach 27.5 million
new cases and 16.2 million deaths [158]. This can be attributed in part to growing and aging
populations, with more increases expected due to the adoption of behaviors and lifestyles
associated with economic development and urbanization [156], a trend already observed in
economically transitioning countries [157]. In the United States, cancer is the second leading
cause of death; in fact, it is the leading cause of death in many states and amongst individuals

younger than 80 [153].

Underlying all cancer therapy protocols are the competing objectives of maximizing tu-
mor control and minimizing normal-tissue complications. As such, we can formulate many
aspects of the cancer treatment planning workflow as optimization problems, enabling the
development of mathematically rigorous treatment planning methods. In this dissertation,
we present three novel optimization approaches to problems in cancer treatment planning:
1) a Markov decision process approach for optimizing multi-modality cancer therapy that
balances the trade-off between tumor control and normal-tissue complication, 2) a noncon-
vex relaxation for the fluence map optimization problem for intensity-modulated radiation

therapy that is well adapted to handle nonconvex dose-volume constraints, and 3) a hy-



perparameter optimization formulation for stereotactic body radiation therapy that has the
potential to improve treatment plan quality and reduce the time needed to create a clinically
acceptable treatment plan. We demonstrate the feasibility and potential benefit of each

approach through numerical examples using synthetic and clinical cancer patient datasets.

1.1.1  Multi-modality treatment planning

There are several modalities currently used to treat cancer, including surgery, chemotherapy,
and radiotherapy [157, 158]. Most patients receive treatment using two or more modalities,
often sequentially, in the course of managing their cancer. With numerous patient charac-
teristics, treatment modalities, and possible outcomes, making treatment decisions tailored
to individual patients is extremely complex. It may no longer be practical to make decisions
based solely on clinician experience and empirical intuition. In Chapter 2, we present a novel
mathematical framework to optimize multi-modality treatment policies for cancer manage-
ment using a finite-horizon Markov decision process approach, demonstrating the feasibility
of the proposed model through numerical examples [104]. Our model has the potential to be
personalized to individual patients via utility functions based on patient preferences, and it

can also serve as a tool to explain an expected treatment course to patients.

1.1.2  Radiotherapy treatment planning

Many cancer therapies target the weakened DNA damage response of cancer cells; in partic-
ular, radiotherapy uses high-energy ionizing radiation to damage cancer cell DNA [81, 124].
Radiation has been used to treat cancer since the discovery of X-rays in 1895 [24], and it is
used in up to two thirds of cancer cases in current practice [160]. The most common form of
radiotherapy is external-beam radiation therapy, where photon beams generated by a linear
accelerator are directed at the patient from a rotating gantry [80]. By surrounding the tumor

with beams from multiple angles, physicians can design treatment plans that target tumors



with a variety of geometries while avoiding a large dose to critical structures.

In Chapter 3, we focus on the fluence map optimization problem for intensity-modulated
radiation therapy, which can be formulated as a large-scale inverse problem with multiple
objectives and constraints on the tumors and organs-at-risk [105]. Unfortunately, clinically
relevant dose—volume constraints are nonconvex, so convex formulations and algorithms can-
not be directly applied to the problem. We propose a novel approach to handle dose—volume
constraints while preserving their nonconvexity, as opposed to previous efforts which focused
on convex approximations. We develop efficient, provably convergent algorithms based on
partial minimization, and show how to adapt them to handle maximum-dose constraints and
infeasible problems. We demonstrate our approach using the CORT dataset [49, 50], and
show that it is easily adaptable to radiation treatment planning with dose—volume constraints

for multiple tumors and organs-at-risk.

Inverse planning to solve the fluence map optimization problem often requires the treat-
ment planner to modify multiple parameters in the objective function to produce clinically
relevant plans. Due to the manual steps in this process, the quality of plans can vary widely
depending on the planning time available and the treatment planner’s skills. In Chapter 4,
we explore the feasibility of using hyperparameter optimization to improve treatment plan
quality and efficiency for stereotactic body radiation therapy. Specifically, we tune objective
function parameters using Bayesian optimization, comparing automatically generated plans
for peripherally located lung tumors with plans created by medically certified dosimetrists
at the University of Washington using the RayStation treatment planning system [28]. Our
approach can be used in conjunction with any treatment planning system with a scripting
interface, does not require access to previously optimized plans, and can improve upon man-
ual plans by exploring a larger parameter space than what is typically considered in clinical

settings.



1.2 Mathematical Preliminaries

Many interesting and important questions in science, engineering, and mathematics can be
expressed in terms of minimizing or maximizing a function f relative to a set C. A general

optimization problem has the form

minixmize f(x)
subject to  g;(z) <b;, i=1,...,m, (1.1)

hi(x)=¢ i=1,...,n,

with decision variable x, objective function f, constraint functions g; and h;, and constraint
limits b; and ¢;. Applications of optimization abound, including problems in optimal con-
trol, signal and image processing, data analysis and statistics, finance, medicine, and more
recently machine learning and artificial intelligence. We give a brief overview of some im-
portant aspects of mathematical optimization, including problem classes, solution methods,
and optimality conditions, with a focus on concepts related to our model, algorithm, and

convergence analysis in Chapter 3.

1.2.1 Problem classes

In any optimization problem, the form of the objective and constraints can impact the diffi-
culty of the problem, the choice of solution method, and the criteria used to identify optimal
solutions. For example, distinctions can be made between constrained vs. unconstrained,
smooth vs. nonsmooth, and convex vs. nonconvex problems. The class of convex optimiza-
tion problems is particularly significant, with theoretical results, state-of-the-art approaches,
and commercial implementations readily available. A convex problem has objective and

constraint functions that satisfy the inequality

[z + (1 =Nyl <Af(x) + (1= A)f(y) (1.2)
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Figure 1.1: An example of convex and nonconvex functions. (Right) A convex function, where
any line connecting two points [z, f(x)] and [y, f(y)] lies above the function. The local minimum
is also the global minimum. (Left) A nonconvex function with two local minima and one global
minimum.

for all vectors x and y on their respective domains and for all scalars A € [0, 1]. Graphically,
this means that any line connecting two points [z, f(z)] and [y, f(y)] must lie above the
function, as illustrated in Figure 1.1.

One important property of convex problems is that all local minima are also global. This
result can be made stronger with additional assumptions; for example, if there exists a scalar

i > 0 such that for all vectors x and y in the domain of f we have

1) = (@) + V@) (g = @) + Sy — <3 (1.3)

where || - ||2 denotes the Euclidean norm, the function is said to be u-strongly convex and
the optimal point is unique. While any differentiable convex function can be lower bounded

by its tangent lines, that is

fly) > flz) + V() (y—x), (1.4)

a strongly convex function can be lower bounded by a quadratic (see Figure 1.2). In contrast,

if a function can be upper bounded by a quadratic, satisfying the inequality

F) < £(@)+ V@) = 2) + 2y — 23 (1.5



— f(=)

Linear lower bound
------- Quadratic lower bound
"""" Quadratic upper bound

Figure 1.2: A graphical illustration of some useful inequalities for convex functions. While any
differentiable convex function can be lower bounded by its tangent lines, a p-strongly convex and
L-Lipschitz smooth function can be lower and upper bounded by a quadratic, respectively.

for some scalar L > 0, it is said to be L-Lipschitz smooth. These inequalities provide bounds
for how slowly or quickly a function can grow, which is useful for the convergence analysis

of many iterative methods.

1.2.2  Solution methods

Very few optimization problems have a closed-form solution, so most problems are solved
using iterative methods. One fundamental iterative method to minimize smooth functions

is gradient descent, where vectors are refined using the update
) = 2B AV f (@) (1.6)

illustrated for a 1-D and 2-D problem in Figure 1.3. Gradient descent is often the first
algorithm one encounters in the study of optimization, and it can be modified to work for a
variety of problem classes.

For example, the gradient update cannot be applied to nonsmooth functions. In this

case, we can use smoothing in the form of the Moreau envelope,

Mysto) =t { 1) + 55y = alB}. (1.7)
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Figure 1.3: The gradient descent algorithm demonstrated on a 1-D and 2-D problem.

which is continuously differentiable and has the same set of minimizers as f [125]. This

function is closely associated with the proximal operator

pros ) s= angmin { 1) + 5y = 13 . (15)
Y

which can be interpreted as a generalized gradient descent update for f:
prox, ;(r) = x — AVMys(z). (1.9)

One application of the proximal operator is in machine learning, where many objective

functions are composed of a loss function g and a regularization function h, i.e.,

f(z) = g(x) + Ah(x). (1.10)

While the loss function tends to be smooth, many popular regularization functions, such
as the /;-norm or total-variation regularization, are not differentiable everywhere on their

domains. A useful algorithm in this setting is proximal gradient descent,
2 * D = prox, , [:v(k) — Vg ($(k))} : (1.11)

which takes a gradient step in ¢ and a proximal step in h.
The proximal operator can also be viewed as a generalization of the projection opera-

tor, which can be used to solve constrained optimization problems. Specifically, using the



indicator function

0 if v €C,
oc(x) == (1.12)

400 otherwise,

we can express constrained problems of the form

minimize T 1.13
T € CZ i@ ( )

as unconstrained problems by moving the constraint into the objective function:

minixmize f(z) + dc(x). (1.14)

The proximal gradient method applied to this problem is equivalent to projected gradient

descent
2™ = proj, [¢™ — AV f ()], (1.15)
where
. . 2 . 1 2
profe(s) = angmin |y ~ o[} = angmin {0e(s) + glly — <l | = prog ). (110
ye y

In Chapter 3, we use a form of projected gradient descent to solve the fluence map opti-
mization problem for intensity-modulated radiation therapy with nonconvex dose—volume
constraints.

Gradient-based methods, such as the three mentioned in this section, are only one class
of the many types of iterative methods used to solve optimization problems. For example, we
use the backward induction algorithm for dynamic programming to solve a cancer treatment
planning problem with multiple modalities in Chapter 2, and we use a Bayesian method
for global optimization to solve a hyperparameter optimization formulation for radiotherapy

treatment planning in Chapter 4.



1.2.83  Optimality conditions

The first steps of analyzing a new optimization problem often include deriving conditions to
identify optimal solutions. Perhaps the most well-known optimality condition, familiar to
calculus students, is the first-order necessary condition for unconstrained problems. Specifi-
cally, if 2* is a local minimizer of f, and f is differentiable at z*, then V f(x*) = 0. If we also
know that f is convex, this becomes a sufficient condition for global optimality at z*. Not
only can these criteria help to verify if a solution is locally or globally optimal, they can also
be used to motivate algorithm design. For example, we can apply root-finding algorithms,
such as Newton’s method, to locate a point where the gradient is equal to zero. In this case,

vectors are updated using information about the curvature at a point,
-1
) = 8 2 (20)] T v f (2®), (1.17)

which opens the door to many other second-order methods. Alternatively, the first-order
condition implies that local minimizers are stationary points of (1.6), which makes the size
of the gradient an intuitive stopping condition for the gradient descent algorithm.

For constrained optimization problems, a similar necessary condition can be derived based
on the angle between the gradient at the optimal point and all points within the feasible set.
For example, suppose we want to minimize a smooth function f over a convex set C. Then

if * is a local minimizer of f on C, for all z € C we have
V(") (x —2*) > 0. (1.18)

Once again, if we also assume that f is convex, this becomes a sufficient condition for global
optimality at x*. Geometrically, this means that the negative gradient defines a supporting
hyperplane to C at z*, as illustrated on the left side of Figure 1.4. Furthermore, we see that
the projection of 2* — AV f(2*) onto C is just z*, so the local minimizer z* is a fixed point

of the projected gradient descent update in (1.15).
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Figure 1.4: Tllustration of local minima for constrained optimization problems. (Left) If a point 2*
is a local minimizer of a smooth function f over a convex set C, then the negative gradient at z*
defines a supporting hyperplane to C at *. Furthermore, if the boundary of C is smooth at *, then
—Vf(z*) = Ne(2*). (Right) If the boundary of C at 2* is not smooth, then —V f(x*) € N¢(z*).

We can generalize this optimality condition using a set called the normal cone. For a

convex set C, the normal cone of C at a point z is defined as
Ne(z) :={v:v"(y—2) <0forally € C}. (1.19)
Using this definition, the first-order necessary condition in (1.18) is equivalent to
—Vf(x*) € Ne(z*), (1.20)

as illustrated on the right side of Figure 1.4. This condition also holds when the set C
is nonconvex, but in this case we consider a more general definition of the normal cone.
Specifically, we say that a vector v is normal to C in a general sense, i.e., v € N¢(x), if there

exists a sequence ) —¢ z and v®) — v such that
(v(k))T (y — x(k)) <o (||y — x(k)H2) for all y € C, (1.21)

where o ([ly==®,)/ |y —2®]|, — 0 when y —¢ z* with y # 2®). In particular, we use the
optimality condition in (1.20) for our convergence analysis in Chapter 3, where we minimize

a smooth function over a nonconvex set.
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The optimality conditions discussed here are only a few of the many necessary and suf-
ficient conditions that exist for local and global optimality, and we have only provided a
small glimpse of the variety of problem classes and solution methods studied within the
field of mathematical optimization. For a more in-depth overview of optimization problems,

methods, optimality conditions, and applications, see [25, 34, 113, 120, 121, 130, 132, 135].

1.3 Bibliographic Notes

This dissertation is based upon the following publications.

1. Kelsey Maass and Minsun Kim. A Markov decision process approach to optimizing
cancer therapy using multiple modalities. Mathematical Medicine and Biology: A Jour-
nal of the IMA, 37(1):22-39, 2020. (Reproduced by permission of Oxford University
Press).

2. Kelsey Maass, Minsun Kim, and Aleksandr Aravkin. A nonconvex optimization ap-
proach to IMRT planning with dose—volume constraints. arXiv preprint arXiv:1907.10712,
2020. (Submitted for publication).

3. Kelsey Maass, Minsun Kim, and Aleksandr Aravkin. A hyperparameter optimization
approach for automated radiotherapy treatment planning. (In preparation).



12

Chapter 2

A MARKOV DECISION PROCESS APPROACH FOR
MULTI-MODALITY CANCER THERAPY

2.1 Introduction

There are many treatment modalities currently used for cancer therapy, including surgery,
chemotherapy, radiotherapy, hormone therapy, immunotherapy, and targeted therapy [157,
158]. Because “cancer treatments using a single therapeutic agent often result in limited
clinical outcomes due to tumor heterogeneity and drug resistance,” while “combination ther-
apies using multiple modalities can synergistically elevate anti-cancer activity while lowering
doses of each agent, hence, reducing side effects’ [84], most patients receive treatment using
two or more modalities, often sequentially, in the course of managing their cancer. Some
examples of multi-modality cancer therapy include combining gene therapy and chemother-
apy with nanotechnology [84]; using surgery, chemotherapy, and radiotherapy for head and
neck cancers [57]; combining immunotherapy with the more traditional surgery, radiother-
apy, chemotherapy, and targeted therapy [144]; treating glioblastomas with a combination of
surgery, radiotherapy, and systemic therapy [162]; treating brain metastases using a combi-
nation of surgery, radiotherapy, and symptomatic care [109]; treating localized rectal cancer
using a combination of surgery, chemotherapy, radiotherapy, and adjuvant cytotoxic therapy
[12]; and chemoradiotherapy plus surgery for esophageal cancer [149].

In current practice, multi-modality treatment decisions rely predominantly upon individ-
ual clinicians’ experiences, where the optimality of the resulting treatment plans is unclear.
Considering the variety of treatment options available in modern medicine and the numer-

ous possible outcomes associated with each treatment course, depending upon intuition or a
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heuristic search for optimal multi-modality treatment policies can be costly and inefficient
(21, 145]. There have been limited efforts to model optimal multi-modality treatments using
a mathematical approach. For example, Beil and Wein study the optimal sequencing of
surgery, chemotherapy, and radiotherapy, using ordinary differential equations to describe
the behavior of the primary tumor and metastases [19]. They suggest two novel treatment
sequences from their study; however, a potential weakness of their model is the requirement
of an accurate, a priori estimate of 14 different equation parameters. Alternatively, Hathout
et al. investigate the optimal combination of radiotherapy and surgery in the treatment
of glioblastomas, using a reaction—diffusion partial differential equation to simulate tumor
proliferation and response to radiation [68]. Their model provides answers regarding when

surgical resection, in combination with radiotherapy, adds survival benefits.

In this chapter, we propose a novel mathematical framework to optimize multi-modality
treatment policies for cancer therapy using a finite-horizon Markov decision process (MDP)
approach, and we demonstrate the feasibility and potential of the proposed model with
numerical examples. An MDP with a finite planning horizon is a mathematical framework
for optimizing a sequence of actions within a stochastic system, where the state of the system
is given at the beginning of each decision epoch, and the goal is to maximize the expected
reward at the end of the planning horizon. MDPs have been used to model problems in
various industries including robotics [86, 139] and economics [37, 140], and more recently
they have been applied to problems in medicine. For example, MDPs have been used to find
optimal treatments for sperocytosis [108] and ischemic heart disease [69], to determine the
optimal dose in sequential radiation treatment periods [85], and to decide whether to accept
or reject an available kidney or liver for transplantation [5, 6, 145]. In addition, a combination
of MDPs and dynamic decision networks has been used to develop a general-purpose artificial
intelligence framework that can “think like a doctor” for personalized medicine, improving

patient outcomes and decreasing costs [21]. In our MDP model, we define the system state
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as a combination of the patient’s degree of tumor progression (or tumor control) and normal-
tissue side effect. The action space consists of three different treatment modalities categorized
by repetition, tumor reduction, and risk to normal tissue. At each decision epoch, the
clinician observes the patient’s state and chooses an optimal treatment modality to maximize

the expected terminal reward, which is a function of the patient’s final state.

The rest of this chapter is organized as follows. We introduce our model formulation in
Section 2.2, with details on the treatment planner’s actions (treatment modalities), patient
states, state transition probabilities, and reward functions, and we review the backward
induction algorithm for computing optimal policies. In Section 2.3, we present numerical
examples using various intuitive reward functions to show the structural insights of optimal
policies and the potential benefits of using a mathematically rigorous model for optimal multi-
modality cancer therapy. Specifically, we demonstrate that changes in the reward functions
and state transition probabilities result in changes to the optimal policy that correspond
with clinical intuition. Finally, we conclude the chapter and discuss possible extensions to

our model in Section 2.4.

2.2 Problem Formulation

Consider a treatment course with T treatment periods, where a patient seeks an optimal
treatment decision at each period. To calculate the patient’s optimal treatment policy, we
define an MDP model with four components: the treatment planner’s actions (Section 2.2.1),
the patient state (Section 2.2.2), the state transition probabilities (Section 2.2.3), and the
intermediate and terminal reward functions (Section 2.2.4). Finally, we review the backward

induction algorithm to solve the recursive Bellman equations in Section 2.2.5.
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2.2.1 Treatment planner’s actions

We denote the action space as A = {M;y, My, M3}, where My, My, and Mj represent the

Type 1, 2, and 3 modalities, respectively. The definition of each modality type is as follows:

e Type 1: Treatment modalities with a high risk (increasing side effect) and high reward
(decreasing tumor progression). The frequency of administering Type 1 modalities is

restricted.

e Type 2: Treatment modalities with a lower risk and lower reward than Type 1. May

be repeated without restriction in frequency.

e Type 3: No treatment (surveillance). Has a higher probability of reducing normal-tissue
side effect and increasing tumor progression than the Type 1 and Type 2 modalities.

May be repeated without restriction in frequency.

We categorize treatment modalities into three types acknowledging that certain modali-
ties may be more effective but limited in the frequency of their administration. For example,
whole-brain radiotherapy to manage brain metastases is only done once during a patient’s
lifetime due to its associated normal-tissue side effect, whereas gamma knife and partial-
brain external-beam radiotherapy can be administered multiple times until normal-tissue
toxicity has reached its tolerance level [119]. For such cases, whole-brain therapy is catego-
rized as Type 1, while gamma knife and external-beam radiotherapy are categorized as Type
2 modalities.

In general, M; and M, may each represent a set of modalities, but to simplify notation
we first consider the case where there is only one modality of each type. (We consider a
case with two modalities of Type 2 in Section 2.3.5.) Additionally, we restrict the Type
1 modality to one-time use during the course of treatment, though this is certainly not a

requirement of our model. It is also noted that our model does not have any restriction
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on the order of administering treatment modalities, allowing full flexibility in selecting an

optimal modality for a given patient state.

2.2.2  Patient state

Let the total number of possible states for normal-tissue side effect and tumor progression be
m+1 and n+ 1, respectively. Let s; = (hy, ¢4, 7:) € S denote the patient’s state in treatment

period t with t = 1,2,...,T. Each state variable is defined as follows:

e hy € H =1{0,1}: History of Type 1 modality in period ¢ such that h; = 1 if the Type

1 modality has been used in periods 1,2,..., or t — 1. Otherwise h; = 0.

o o, € ®=1{0,1,...,m}: Normal-tissue side effect due to treatment observed in period
t. @ is ordered such that ¢; = 0 represents no side effect while ¢; = m represents the

worst possible side effect (patient death due to normal-tissue side effect).

e 7, €T ={0,1,...,n}: Tumor progression observed in period ¢. 7T is ordered such that
7, = 0 represents the best patient state (tumor remission) and 7, = n represents the

worst possible patient state (patient death due to tumor progression).

We denote the full patient state space by the Cartesian product S =H x @ x T.

2.2.3 State transition probabilities

When treatment modality a; € A is implemented in period ¢ for a patient in state s;, the
patient’s state in period ¢ 4+ 1 is assumed to be sy with probability P;(s;1 | s¢,ar). We
assume that the transition probabilities for each state variable are conditionally independent

of one another, that is,

Pt(st—i-l | Staat> = PtH(ht+1 | ht7at) X Pt¢(¢t+1 | ¢t>at) X PtT(Tt—',-l | Ttaat)- (2-1)
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This assumption is in line with our intuition that tumor progression and normal-tissue side
effects depend on treatment type only and not on each other. The classification of M;
as having a higher risk and higher reward than M, can then be written in terms of state

transition probabilities as follows:

Higher risk in side effects: Pf((ﬁtﬂ | &, My) > Pt"p(qbtﬂ | &1, M3) for ¢pq > ¢y, (2.2)

Higher reward in tumor control: P/ (1,41 | 7, My) > P (1i41 | 74, M) for 71 < 7. (2.3)

We define the transition probabilities for the history variable, h;, deterministically to

restrict the number of administrations of M; during the course of treatment:

P(1 | hy, My) = 1 for all hy € H, (2.4)

PtH(ht | ht,at) =1 for a; € {Mg, Mg} (25)

The restriction that Type 1 modalities may only be used once during the course of treatment

is then imposed through the transition probabilities in the following manner:
P(1L,m,n|1,¢y, 17, My) =1forall ¢, € P and 7, € T. (2.6)

This means that the patient will transition to the worst possible state, i.e., s;41 = (1,m,n),
if M is chosen when the history of M; use is positive.

We impose absorbing boundary conditions to simulate either the death of the patient
(when either side effect or tumor progression reaches its maximum value) or tumor remission
(when tumor progression reaches zero). We note that in the remission state only tumor

progression is fixed, allowing side effect to improve in subsequent treatment periods.

Death due to side effect:  Pi(hy,m, 7¢ | by, m, 7y, a¢) = 1 for all a; € A, (2.7)
Death due to tumor progression:  Pi(hy, ¢, 0 | by, ¢, n,a) = 1 for all a; € A, (2.8)

Tumor remission: P/ (0]0,a,) =1 for all a, € A. (2.9)
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2.2.4 Reward functions

We denote the real-valued terminal reward function rr.1(s), which quantifies the patient’s
utility of being in state s at the end of their treatment course, i.e., t = T + 1. After each
treatment period the patient may also receive an intermediate reward, r;(s;, as, S¢11), which
is associated with the action chosen in period ¢, such as the cost of using treatment a; or
the expected outcome in the patient’s next state, s;11. While our model will work with any
reward function, in general patient utility corresponding to better states should be at least

as large as patient utility corresponding to worse states. This means that

r(¢,7) > (¢, 1) for ¢ < ¢', and (2.10)

r(¢,7) > (¢, 7') for T < 7, (2.11)

because states are ordered such that smaller states represent better patient conditions. Some
commonly used utility measures in medicine are the quality-adjusted life year, the disability-

adjusted life year, and the healthy-years equivalent [110, 117, 143, 176].

2.2.5 Bellman equations and backward induction

For each patient state s; € S and treatment period ¢ € {1,2,...,T}, our goal is to maximize

the expected patient utility at the end of the treatment course, that is,

E

Zﬁ(st, ag, 5t+1> + TT+1(5T+1)] . (2~12)

t=1
Bellman’s recursive equations to solve this problem are given by
Vi(s) = Z Py(s' | s,a) [rt(s, a,s’) + V}H(s')} fort=1,2,...,T, (2.13)
s'eS
with boundary condition Vryi(s) = rr41(s). The optimal policy can be solved recursively

for all s, € Sand t =1,2,...,T with the well-known backward induction algorithm [130].
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Algorithm 1 Backward induction [130].
Set Vry1(s) =rpyi(s) forall s € S

fort=T,T—-1,...,1do
Vils) = max 3" R(s' | 5,0)[ru(s, a,8) + Vi ()]

s'eS

as(s) = arg max Z Py(s' | s,a) [rt(s, a,s’) + ‘/1:4_1(8,)}

acA ses

end for

With increasing dimensions in the state space S and action space A, the problem faces
the “curses of dimensionality” and may be solved using approximate dynamic programming

[129].

2.3 Numerical Examples

In this section we present numerical examples to illustrate the structure of optimal multi-
modality treatment policies generated with our MDP model. In Section 2.3.1 we present
a base case of the state transition probabilities and reward functions used in our simula-
tions, including the general assumptions used to make them clinically relevant. Next, in
Sections 2.3.2 and 2.3.3 we explore how changes in the terminal and intermediate reward
functions affect the optimal policies. The effect of changes in transition probabilities on the
optimal policies is presented in Section 2.3.4. Finally, we explore a scenario with multiple
Type 2 treatment modalities in Section 2.3.5. We note that the general assumptions made
in this section are specific to our numerical examples and not necessary for solving optimal
multi-modality treatment policies using our model. In practice, transition probabilities can
be estimated from correlations between treatment modalities and patient outcomes from the

clinical literature, which is beyond the scope of this chapter.
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2.8.1 Base case

We define a base case with one modality of each type, where A = {M;, My, M3}, and without
intermediate rewards, letting r, = 0 for ¢ = 1,2,...,T. In all of our numerical examples,
we use 11 states for ¢ and 7, i.e., m = n = 10, and three treatment periods, that is,
T = 3. First, in Section 2.3.1.1 we specify our assumptions used to assign state transition
probabilities, and we introduce our reward functions derived from clinical intuition and
practice in Section 2.3.1.2. This is followed by the optimal policies resulting from these base

transition probabilities and rewards in Section 2.3.1.3.

2.3.1.1 State transition probabilities

For our numerical examples, we utilize stationary transition probabilities that depend only

on the changes between states, rather than on the actual value of the state. This means that

Pt(5t+1 | Staat) = P(5t+1 | Staat> fort=1,2,...,T, (2‘14)
P?(¢rir | ¢rsar) = P¢(¢2+1 | ¢, ar) whenever ¢y — ¢ = ¢y — ¢, and  (2.15)
P (1 | 1yay) = PT(Tt'Jr1 | 7/, a;) whenever 144 — 7 = T/, — 7. (2.16)

For simplicity, we assume that state variables can only change by one increment between
two successive treatment periods, and that tumor progression only improves after treatment
(M, or Ms), while side effect only improves after surveillance (Mj3). Therefore, tumor pro-
gression can either stay the same or get better (decrease by one) between two successive
treatment periods after M; or Ms is chosen, while side effect can either stay the same or get

worse (increase by one). This implies that
P7(0]0,a;) =1 and P®(m | m,a;) = 1 for a, € {My, My}, (2.17)

which is consistent with our absorbing boundary conditions. When Mj (surveillance) is

chosen, tumor progression can either stay the same or get worse between two successive
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Table 2.1: State transition probabilities P®(¢;11 | é¢,ar) and P7 (1441 | 74, a¢) for the base case.

Modality Side Effect (¢y1) Tumor Progression (7;,1)
(ar) o — 1 oy o+ 1 T —1 T T+ 1
M, 0.0 0.4 0.6 0.7 0.3 0.0
Mo 0.0 0.6 04 0.6 04 0.0
M; 0.6 0.4 0.0 0.0 0.3 0.7

treatment periods, while side effect can either stay the same or get better. This implies that
PT(n|n,Ms)=1and P?(0 |0, M) = 1. (2.18)

For our numerical examples, we use the state transition probabilities for non-boundary
states defined in Table 2.1. The transition probabilities for the history variable h are as

defined in (2.4) and (2.5).

2.3.1.2 Reward functions

The reward (patient utility) of being in state s depends on the patient’s side effect (¢)
and tumor progression (7). We define our patient utility using additively separable reward
functions, where f measures the utility of the normal-tissue side effect being in state ¢, and
g measures the utility of tumor progression being in state 7. Let dg and d; be the parameters

associated with functions f and ¢g. Then the total reward is defined as

r(¢,7) = co f(d:dy) + crg(T5dy), (2.19)

where ¢4 and ¢, are the weighting factors of f and g, which represent the relative importance
of the side effect and tumor progression, respectively.
We use concave reward functions for f and g, where improvements made in worse patient

states are more appreciated than improvements made in healthier states. These relationships
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can often be found in studies that examine patient utility as a function of clinical states

[13, 42, 53, 112]. Thus, the functions f and g can be written as

100
Side effect:  f(¢;dy) = — (m? — ¢%), (2.20)
m
, 00, ,
Tumor progression: g(7;d;) = — (n* —197), (2.21)
n T

where dy,d, > 1 so that f and g are concave. (Note that dy,d, = 1 indicates a linear
function.) The functions f and g are normalized to 100 so that the reward ranges between
0 (minimum) and 100 (maximum). We note that the concave shape of the reward function
is not necessary to our model, but is used in our examples to simulate clinically relevant
scenarios as previously demonstrated in [85].

Finally, we use a stationary intermediate reward function that does not depend on the
action, i.e., ry(sg, ag, Sgp1) = 7(St, 8¢41) for t = 1,2,...,T. For the base case, we use expo-
nents dy, d, = 2 and weights ¢y, ¢, = 1/2 in the terminal reward function (rpy1), without

intermediate reward functions, that is, r(s;, s;11) =0 for t =1,2,...,T.

2.8.1.3 Base case

Figure 2.1 contains the optimal policy for the base case, with transition probabilities from
Table 2.1 and rewards functions described in Section 2.3.1.2. On the left we see the isolines
of the terminal reward function, with the patient state defined in terms of tumor progression
on the horizontal axis and normal-tissue side effect on the vertical axis. With lighter regions
corresponding to larger rewards, the lower-left corner is the patient’s best state, i.e., zero
side effect and tumor remission, while the upper-right corner is the patient’s worst state, i.e.,
maximum side effect and tumor progression. On the right we show the optimal policy, again
with states defined in terms of tumor progression on the horizontal axis and normal-tissue
side effect on the vertical axis. The top row contains the optimal policy when the Type 1

modality has never been used (h = 0), and the bottom row shows the optimal policy for



23

Terminal Reward (rp41(6, 7)) =1 t=2 t=3 Modalities
10 100 10
. - B
s 80 L ?
w v 4 M,
+~ +~ =
2 3 2
on 6 60 0 M3
B3] B
& 0 e 12 M; or M,
m = 6 —
) <)
= 20 < 4 I My or M;
= = <
n n o,
0 My, Ma, or M3
o 2 4 6 8 10 Y 024681002468100246810
Tumor Progression State (1) Tumor Progression State (

Figure 2.1: (Left) Terminal reward function rpy1(¢, 7) = 1/2f(¢;2) + 1/2g(7; 2). (Right) Optimal
treatment policy for T = 3 and A = {M;, My, M3} with state transition probabilities given in
Table 2.1.

h = 1. Each column represents a distinct treatment period.

The results agree with clinical intuition that, in general, when the patient’s normal-tissue
side effect is more detrimental to their overall health than their tumor progression (upper-
left corner), the optimal action is surveillance (M3). On the other hand, when the patient’s
current state is in the lower-right corner, i.e., severe tumor progression with minimal side
effects, the optimal action is to use more aggressive treatment modalities (M if it has
not been used). At the absorption states where ¢ = m or 7 = n, there is no difference
among modalities when M; has not been used. However, since using M; when h =
deterministically brings the patient’s next state to the worst possible state, the optimal
policy with h = 1 does not include M; for any states or treatment periods other than the
worst state, s; = (1,m,n). We note that with » = 0, the Type 1 modality tends to be saved
for later treatment periods, so M, is used more often in the beginning of the treatment course.
This observation will be compared with the case in Section 2.3.3, where the patient’s state
during intermediate treatment periods contributes to the total reward via an intermediate
reward function, unlike the base case where the total reward depends only on the patient’s

final state.
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2.3.2  Effect of terminal reward function on optimal policy

In this section we demonstrate how changes in the terminal reward function affect optimal
policies. Specifically, we consider various shapes of the terminal reward function in Sec-
tion 2.3.2.1 and the relative importance of side effect and tumor progression in the terminal

reward function in Section 2.3.2.2.

2.3.2.1 Shape of terminal reward function

We examine how the shape of the terminal reward function, represented by the exponents
dy, and d,, affects the optimal policy when side effect and tumor progression are weighted
equally, with ¢4, ¢, = /. Using the same exponent for f and g, letting dy,d, = d, we

compare the optimal policies generated using the following terminal reward function:

rra(6,7) = 37(6,d) + 59(r.d), (222)
- 15—(?6[ [(md — 6% + (107 — Td)], (2.23)
where d € {3/2,2 (base case), 3}. (2.24)

The exponent d = 1 corresponds to a linear function, where the reward of decreasing
tumor progression or side effect is identical in all patient states. When d > 1, the reward
received from decreasing tumor progression or side effect in worse patient states is larger
than the reward received in better states. As d increases, the reward at each patient state
also increases, except at the best and worst states where rewards are fixed at zero and 100.
This in turn results in a steeper slope and faster transition from “bad” states to “good”
states. The optimal policies resulting from d = 3/2 and d = 3 are shown in Figures 2.2 and

2.3, respectively, which can be compared with the base case in Figure 2.1.
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Figure 2.2: (Left) Terminal reward function rry1(¢,7) = 1/2f(¢;3/2) +1/2 g(T; 3/2). (Right) Opti-
mal treatment policy for T = 3 and A = {M;, Ms, M3} with state transition probabilities given
in Table 2.1.

As d approaches one, improvements made in all patient states (better or worse) are
rewarded equally, so less emphasis is put on getting patients out of the worst possible states.
This is demonstrated in the optimal policy included in Figure 2.2, where d is decreased
from 2 in the base case to 3/2, with less surveillance in states with high side effect (upper-
left corner) and less of the M; modality in states with high tumor progression (lower-right
corner). Alternatively, as we increase the exponent d to 3 in Figure 2.3, improvements
made near the worst patient states (the worst tumor progression or worst side effect) are
rewarded higher than improvements made in other states. This produces treatment policies
that prioritize getting the patient out of these states, with both more surveillance in states
with high side effect (upper-left corner) and more of the M; modality in states with worse
tumor progression (lower-right corner). For the remainder of our numerical examples, we use

quadratic terminal reward functions, letting d = 2, in order to compare with the base case.
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Figure 2.3: (Left) Terminal reward function rry1(¢, 7) = 1/2f(¢;3) + 1/2g(7; 3). (Right) Optimal
treatment policy for T = 3 and A = {M;, My, M3} with state transition probabilities given in
Table 2.1.

2.3.2.2  Relative importance of side effect and tumor progression

Next we look at the effect of the relative importance of side effect and tumor progression,

with ¢, = ¢ and ¢, = (1 — ¢), in the concave terminal reward function given by

rra(¢,7) = cf(¢;2) + (1 = ¢)g(7;2), (2.25)
= ¢ (100 — ¢*) + (1 —¢) (100 — 77), (2.26)

where ¢ € {1/3,1/2 (base case),2/3}. The optimal policies with ¢ = 1/3 and 2/3 are shown
in Figures 2.4 and 2.5, respectively. As we weigh tumor progression more heavily than side
effect in the terminal reward function, with ¢ = 1/3 in Figure 2.4, the optimal policies become
more aggressive. Specifically, decreasing ¢ produces policies that recommend treatment over
surveillance in more states than in the base case, with an increased frequency of using M;
when h = 0 and Ms when h = 1. On the other hand, when side effect has a higher weight
than tumor progression, with ¢ = 2/3 in Figure 2.5, the optimal policy becomes less aggressive,

with surveillance chosen for more states than in the base case.
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Figure 2.4: (Left) Terminal reward function rry1(¢, 7) = 1/3f(¢;2) +2/3g(7; 2). (Right) Optimal
treatment policy for T = 3 and A = {M;, My, M3} with state transition probabilities given in

Table 2.1.
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Figure 2.5: (Left) Terminal reward function rpy1(¢, 7) = 2/3f(¢;2) + 1/3g(7; 2). (Right) Optimal
treatment policy for T = 3 and A = {M;, My, M3} with state transition probabilities given in
Table 2.1.



28

t=1 t=2 t=3 Modalities
10
SS 6 =
S ¢ e My
8 2
@ Ms
R3]
&g 10 M1 or M2
o 8
6 i
]
I Mo or M-
=4 - 2 3
o,
0 .2\417 Mg, or M3

024681002468100246810
Tumor Progression State (

Figure 2.6: Optimal treatment policy for T' = 3 and A = {M;, Ms, M3} with terminal reward
function rpi1(¢, 7) = 1/2f(¢;2) + /2 g(7; 2), intermediate reward function ry(¢) = 1/af(¢;2), and
state transition probabilities given in Table 2.1.

2.3.8  Effect of intermediate rewards on optimal policy

In this section we explore the effect of adding an intermediate reward function on the optimal
policies. We consider two cases, where we collect rewards for 1) reducing side effect during
the treatment course by adding ry, and 2) reducing tumor progression during the treatment

course by adding r,. Using quadratic rewards (dg, d, = 2), the intermediate reward functions

re and 7, are defined as

T¢(St, St+1) = Cmf(¢t+l; 2), t= 1, 2, Ce ,T, and (227)

(8¢, St41) = emg(Ta132), t=1,2,...,T, (2.28)

where we let ¢, = 1/4. The optimal policies using r, and 7, are presented in Figures 2.6 and
2.7, respectively.

In Figure 2.6, we see that the optimal policy using r, tends to select actions that reduce
side effect during the treatment course; therefore, the policy has a higher proportion of
surveillance (Ms3), a lower proportion of M; and M, with h = 0, and a lower proportion of
M, with h = 1 in all treatment periods as compared to the base case in Figure 2.1. We

note that Mj, which can only be used once, is saved for the last treatment period (¢ = T)
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Figure 2.7: Optimal treatment policy for T' = 3 and A = {M;, M, M3} with terminal reward
function rr41 (o, 7) = 1/2f(¢;2) + /2 g(7; 2), intermediate reward function r, (1) = /2 g(7;2), and
state transition probabilities given in Table 2.1.

when 7 is used. This can be compared to the policy in Figure 2.5, where the importance of
reducing side effect is larger in the terminal reward than the importance of reducing tumor
progression. When ¢, is larger than c., without intermediate rewards, the optimal policy

still includes M; for certain states in earlier treatment periods.

On the other hand, the optimal policy using r, in Figure 2.7 tends to select actions that
reduce tumor progression during the treatment course. As compared to the base case in
Figure 2.1, the proportion of Mjs decreases in all treatment periods, the proportion of M;
and M, with h = 0 increases, and the proportion of My with h = 1 increases. Therefore the
preference for treatment over surveillance is higher. We note the difference in the optimal
policy resulting from adding r, to that of Figure 2.4, where ¢, is increased in the terminal
reward. The proportion of M;, which can only be used once, is higher in all treatment
periods when 7. is used. This is different from using a larger ¢, than c4 in the terminal
reward function, where M; is used in a larger portion of the states in the last treatment

period than in the earlier periods.
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Table 2.2: State transition probabilities P®(¢;.1 | ¢¢,a¢) and P7 (1,11 | 7, a;) with the assump-
tion that M; is more effective than the base case in terms of decreasing tumor progression.

Modality Side Effect (¢y1) Tumor Progression (7;,1)
(ar) ¢ — 1 ol ¢+ 1 7 —1 T T+ 1
M, 0.0 0.4 0.6 0.8 0.2 0.0
M, 0.0 0.6 0.4 0.6 0.4 0.0
M; 0.6 0.4 0.0 0.0 0.3 0.7

2.53.4 Effect of transition probabilities on optimal policy

In this section we show how changes in transition probabilities affect the optimal treatment
policy. First we explore a case where the treatment modality M, is more effective in reducing
tumor progression than in the base case, where we increase the probability that the tumor

progression will decrease after treatment, that is,
PT(r,—1|7,M) =08 and P7(r,|n, M) =0.2. (2.29)

The optimal policy computed using the transition probabilities in Table 2.2 is shown in
Figure 2.8. It shows a more aggressive treatment policy that uses M; in a higher proportion
of the states as compared to the base case. We also note an interesting effect of the boundary
condition at 7 = 0; specifically, M; is chosen for several states where 7 = 1 and ¢ < 4
(without severe side effect) at ¢ = 1 due to the fact that tumor remission in earlier treatment
periods (t = 1,2) is now more likely if M; is chosen.

Next we explore a case where the treatment modality M is less risky in terms of increasing
side effect than in the base case, where we decrease the probability that the side effect will

increase after treatment, that is,
P?(¢y | ¢y, M) = 0.7 and  P%(¢y + 1| ¢y, My) = 0.3. (2.30)

The state transition probabilities in this case are shown in Table 2.3, and the resulting
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Figure 2.8: Optimal treatment policy for T' = 3 and A = {M;, Ms, M3} with terminal reward
function ryy1(¢, 7) = 1/2f(4,2) + 1/2g(,2) and state transition probabilities given in Table 2.2,
modified to make M7 more effective than the base case in decreasing tumor progression.

Table 2.3: State transition probabilities P?(¢iy1 | ¢¢,a¢) and P7 (1,41 | 7¢,at) with the assump-
tion that Ms is less risky than the base case in terms of increasing side effect.

Modality Side Effect (¢:41) Tumor Progression (7;4;)
(ar) o — 1 oy o+ 1 T — 1 T T+ 1
M,y 0.0 0.4 0.6 0.7 0.3 0.0
M, 0.0 0.7 0.3 0.6 0.4 0.0
M; 0.6 0.4 0.0 0.0 0.3 0.7

optimal policy is shown in Figure 2.9. We see that this change makes M, more favorable and
produces an optimal policy that uses Ms in a higher proportion of the states in all treatment

periods as compared to the base case.
Finally, we investigate a case where the surveillance modality Mj is less likely to increase

tumor progression than the base case, where we change probabilities in the fourth row of
Table 2.1 to
P7(r, | 7y, M3) =0.7 and P"(r,+1|mn, Ms)=0.3. (2.31)

The state transition probabilities in this case are shown in Table 2.4, and the resulting
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Figure 2.9: Optimal treatment policy for T' = 3 and A = {M;, M, M3} with terminal reward
function ryy1(¢, 7) = 1/2f(4,2) + 1/2g(,2) and state transition probabilities given in Table 2.3,
modified to make Ms less risky than the base case in increasing side effect.

Table 2.4: State transition probabilities P?(¢iy1 | ¢¢,a¢) and P7 (1411 | 7¢,at) with the assump-
tion that Mj is less risky than the base case in terms of increasing tumor progression.

Modality Side Effect (¢:41) Tumor Progression (7;41)
(ar) o — 1 oy o+ 1 T — 1 T T+ 1
M, 0.0 0.4 0.6 0.7 0.3 0.0
Mo 0.0 0.6 0.4 0.6 0.4 0.0
M, 0.6 0.4 0.0 0.0 0.7 0.3

optimal policy is shown in Figure 2.10. We see an increase in the amount of surveillance
suggested by the policy in all treatment periods. We also note that Mj3 is optimal in more
states with higher side effects as compared to the base case. This policy may be appropriate
in the case of a slowly growing tumor, where the probability of increasing tumor progression

by surveillance is relatively low for a given treatment period.
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Figure 2.10: Optimal treatment policy for 7' = 3 and A = {M;, My, M3} with terminal reward
function ryy1(¢,7) = 1/2f(4,2) + 1/2g(7,2) and state transition probabilities given in Table 2.4,
modified to make M3 less risky than the base case in increasing tumor progression.

2.3.5 Multiple Type 2 modalities

In this section we demonstrate our model with multiple modalities of a particular treatment
type. Specifically, we consider a case where there are two modalities of Type 2, i.e., action

space A = {My, Ms,, My, M3}. We order the index of the treatment modalities based on

risk and effectiveness, that is,
P?(¢ri1 | ¢, Mi) > PP (g1 | b1, Maa) > PP (41 | 01, Map) > PP (born | ¢, Ma)  (2.32)
for ¢411 > ¢4, and
PT (11 | 7, My) > P (41 | 7y Mag) > PT (741 | 7o Moy) > P (141 | 7, M3)  (2.33)

for 7,41 < 7;. The transition probabilities used in this case are presented in Table 2.5, and
the resulting optimal policy is shown in Figure 2.11. The trend is qualitatively similar to the
previous cases with three modalities. We note that there are only ties between consecutive
treatment modalities; for example, M; never ties with My, or M3 due to the ordering in the

action space.
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Table 2.5: State transition probabilities P®(¢41 | ¢¢,a) and P7 (1,41 | 71,a) for four treatment
modalities A = { My, Mo, Moy, M3}.

Modality Side Effect (¢;41) Tumor Progression (7;,1)
(ar) ¢ —1 o o+ 1 T —1 Tt 7+ 1
M, 0.0 0.4 0.6 0.7 0.3 0.0
Mo, 0.0 0.5 0.5 0.6 0.4 0.0
Moy, 0.0 0.6 0.4 0.5 0.5 0.0
M; 0.6 0.4 0.0 0.0 0.3 0.7
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Figure 2.11: Optimal treatment policy for T'= 3 and A = {Ml, Moy, Moy, M3} with probabilities
given in Table 2.5 and terminal reward function rp41(¢,7) = 1/2f(¢;2) 4+ 1/2 g(7;2).
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2.4 Discussion

Most patients receive treatment using two or more modalities, often sequentially, in the
course of managing their cancer. However, with diverse patient characteristics, numerous
available treatment modalities, and various possible outcomes, making multi-modality treat-
ment decisions tailored to each individual patient is extremely complex, and it may no longer
be practical to make optimal decisions based solely on individual clinicians’ experiences and
empirical intuition. We approached this problem using a novel mathematical framework to
model optimal treatment policies for cancer therapy using a finite-horizon Markov decision
process (MDP). Through numerical examples using simplified patient states and clinically
intuitive reward functions, we have shown the potential application of our model to support
treatment decision-making or to serve as a tool to explain an expected treatment course to
patients.

Using state transition probabilities obtained from treatment—outcome clinical data, which
could potentially be non-stationary over time, our model can assist clinicians in making
optimal decisions for a particular patient’s current state. Our model has the potential to be
further personalized to individual patients via custom utility functions based on the patient’s
own preferences, with the addition of state variables such as age, specific side effects, and
tumor types. However, as we incorporate more realistic and detailed attributes into the
model, the problem becomes computationally intractable due to increased state and outcome
spaces. We leave these high dimensional problems, which require an approximate dynamic
programming approach, for future work. Other potential formulations for future investigation
include infinite-horizon MDPs leading to stationary optimal solutions. An infinite horizon
formulation is particularly useful when the length of a patient’s expected treatment course

is unpredictable.
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Chapter 3

A NONCONVEX OPTIMIZATION APPROACH FOR IMRT
PLANNING WITH DOSE-VOLUME CONSTRAINTS

3.1 Introduction

Many cancer therapies target the weakened DNA damage response of cancer cells; in partic-
ular, radiotherapy uses high-energy ionizing radiation to damage cancer cell DNA [81, 124].
Unfortunately, this radiation also damages the healthy cells in its path, so the main goal of
radiation treatment planning is to maximize the differential between damage to the tumor
and to nearby healthy tissue. The most common form of radiotherapy is external-beam ra-
diation therapy (EBRT), where photon beams generated by a linear accelerator are directed
at a patient from a rotating gantry [80]. By surrounding a tumor with beams from multiple
angles, physicians can design treatment plans that target tumors with a variety of geometries
while avoiding a large dose to critical structures.

One way to limit damage to healthy tissue is to require that treatment plans satisfy
various constraints on the amount of radiation delivered to organs-at-risk (OARs). For
example, it is often clinically relevant to impose maximum-dose constraints on a fraction of an
organ, known as a dose—volume constraint. Unfortunately, these constraints are nonconvex,
so convex formulations and algorithms cannot be directly applied to the treatment planning
problem. We propose a novel approach to handle dose-volume constraints for intensity-
modulated radiation therapy (IMRT) that preserves their nonconvex structure, as opposed to
previous efforts that focused on convex approximations. The proposed method is amenable to
efficient algorithms based on partial minimization and naturally adapts to handle maximum-

dose constraints and cases of infeasiblity. We demonstrate our approach using the CORT
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dataset [49, 50|, and we show that it easily adapts to radiation treatment planning with
dose—volume constraints for multiple tumors and OARs. We start with a brief overview of

EBRT, including IMRT, and the specific challenges posed by dose-volume constraints.

3.1.1 Eaxternal-beam radiation therapy

Conventional EBRT began soon after the discovery of X-rays in 1895 and was significantly
impacted by technological innovations such as advanced imaging and multileaf collimators
(MLC) [31]. Specifically, the invention of computed tomography (CT) in the 1970s enabled
accurate three-dimensional mapping of a patient’s internal anatomy, while the introduction
of the MLC to radiotherapy in the 1990s provided more control over beam shape and fluence.
For example, three-dimensional conformal radiation therapy (3D-CRT) uses the sliding leaves
of the ML.C to shape beam outlines to match tumor geometries, reducing radiation exposure
to healthy tissue, while IMRT uses MLCs to not only shape beam outlines, but also modulate
beam fluence, giving additional control over the patient dose distribution [175].

In the early history of radiotherapy, treatment plans were created using a trial-and-error
approach called forward planning, where physicians would calculate dose distributions for
different sets of beam parameters until an acceptable treatment plan was found. However,
modulating beam fluence for IMRT involves discretizing each beam into subunits, called
beamlets or bixels, which dramatically increases the number of variables under consideration,
rendering forward planning infeasible [30, 56]. In the 1980s, the idea of inverse planning for
IMRT was introduced by Brahme [36, 35|, where mathematical optimization was used to
calculate beam parameters to deliver a specified dose distribution.

Within radiotherapy inverse planning, there are a variety of different paradigms regard-
ing dose objectives, mathematical models, and optimization methods. For instance, while
our proposed model and many others seek to optimize dose distributions defined in terms

of physical criteria such as dose and volume [30, 45], it is also possible to consider biological
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criteria such as tumor control probability (TCP) and normal-tissue complication probability
(NTCP) [9], equivalent uniform dose (EUD) [51, 122, 163], and biologically effective dose
(BED) [141, 142]. Additionally, many early approaches to inverse planning used analytical
direct methods inspired by the similarities between IMRT planning and CT image recon-
struction [32, 47, 73], but the trend has since moved towards approximate iterative methods
(185, 152, 184].

Amongst iterative methods, the presence of nonconvexity within many IMRT models has
fueled the debate between stochastic methods such as simulated annealing [107, 173, 174]
and genetic algorithms [3, 183], which can escape local minima but tend to have higher com-
putational costs, versus gradient-based methods using techniques such as Newton’s method
(32, 181], L-BFGS [89, 128], and conjugate gradient methods [8, 159], which tend to be faster
but can get trapped in local minima. Our method uses a projected gradient approach to
handle issues related to nonconvexity, which we discuss in Section 3.1.3. For a more detailed

history of radiotherapy and IMRT, see [30, 31, 45, 56, 151, 175].

3.1.2  Intensity-modulated radiation therapy

In current practice, the patient undergoes imaging (e.g., CT) before IMRT treatment, pro-
ducing a three-dimensional model of their internal anatomy. This model is discretized into
volume units (voxels) and labeled by structure. Next, the physician specifies the prescrip-
tion, often in terms of a uniform target to the tumor with various constraints on critical
structures. The goal of the treatment planner is then to determine the number of beams,
beam angles, and beamlet intensities that will deliver the prescribed dose of radiation to
the tumor while keeping doses to healthy tissue low. Inverse planning for IMRT typically

involves three steps [56]:

1. Beam angles: Determine the number of beams and their orientations.

2. Fluence map: Calculate beamlet intensities to deliver the desired dose distribution.
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3. Segmentation: Design MLC sequences that achieve the optimized fluence map.

These steps require solving optimization problems that can be approached separately or in
combination [4, 26, 93, 188]. In this chapter, we focus on the fluence map optimization
(FMO) problem of assigning beamlet intensities for a given set of beam angles.

The FMO problem has been approached using a number of different mathematical frame-
works including linear programming [87, 92, 186], piecewise linear—quadratic models [44,
59, 136], quadratic programming [48, 159, 181], and other nonlinear programming models
9, 97, 152, 163]. Using multi-objective optimization, many studies have generated solutions
along the Pareto frontier to explore the trade-off between competing tumor and healthy-
tissue objectives and constraints [51, 65, 89]. Other approaches include formulating the
FMO problem as a dynamical system [74] or eigenvalue problem [52], using a database of
reference dose—volume histograms to guide optimization [187], and clustering beams and
voxels to handle large-scale problems [168]. We develop a new approach that is well adapted
to handle nonconvex dose—volume constraints, in addition to convex maximum-dose and
mean-dose constraints. We first explain all three constraint types.

Radiation dose is measured in gray (Gy), where one Gy is defined as the absorption of one
joule of energy per kilogram of matter. Although lower doses are always better for healthy
tissue, tolerable doses for many tissues are known empirically and depend on the risk level
that a patient and physician are willing to accept. In practice, tolerable doses for different

tissues are formulated using the following three types of constraints:

e Maximum dose: No voxel in the organ receives more than d™** Gy.
e Mean dose: Average radiation per voxel does not exceed d™**" Gy.

e Dose-volume: At most p% of the organ volume receives more than d%V Gy.

Serial structures such as the spinal cord and brainstem lose functionality if any of their sub-

volumes are damaged, so maximum-dose constraints are a good indicator of tissue damage.
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Maximum-dose and mean-dose constraints define a convex feasible region for the decision
variables. The associated optimization problems can be solved at scale; for example, inverse
planning with linear inequality constraints can be formulated as a convex quadratic program,
with state-of-the-art approaches and commercial implementations readily available (see e.g.,
[61]). On the other hand, parallel structures such as the liver and lungs are composed
of semi-independent units. In this case, a fraction of the parallel organ can be damaged
without loss of functionality, so dose-volume constraints are appropriate [159]. Assigning
maximum-dose constraints on partial volumes to achieve the desired dose—volume criteria
was first introduced by Langer and Leong in 1987 [92] and brought to the attention of the
mathematical community by Shepard et al. in 1999 [151].

3.1.83 Challenges of dose—volume constraints

In contrast to maximum-dose and mean-dose constraints, dose—volume constraints are com-
binatorial, since the choice of the p% of organ voxels that may receive more than d%v Gy is left
to the planner. In early IMRT research, using only a small number of beamlets and voxels,
it was possible to solve the treatment planning problem for all possible voxel combinations
satisfying a dose-volume constraint and then choose the best resulting plan [92]. This ap-
proach becomes infeasible as the problem size increases to clinically relevant situations: for
an organ with n voxels and a dose-volume constraint imposed on m of these voxels, there
are ™/(n —m)im! possible voxel combinations that would satisfy the constraint [159].

To illustrate the nonconvex geometry of a feasible beamlet region induced by a dose—
volume constraint, we recreate an example from Wu et al. [179] using the CORT dataset
described in Section 3.4. We consider three body voxels, where voxel u belongs to a prostate
tumor and voxels v; and vy belong to the rectum (left panel of Figure 3.1). Using two
beamlets x; and x5, we aim to deliver a uniform dose of 81 Gy to the tumor while ensuring

that no more than 50% of the rectum volume (one vozel in this case) exceeds 20 Gy.
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We calculate the optimal beamlet intensities by minimizing the objective function
1 A
Az — 813 + S l=[f3 (3.1)
2 2
subject to the dose—volume constraint
(As = 20) o < 1. (3.2)

The matrices A; € R'™™2? and A, € R?*? map beamlet intensities to prostate and rectum
voxel doses, the vector x € R? contains the beamlet intensities, and the regularization
term controlled by X = 5 x 107° is added to stabilize beamlet solutions, amortizing the
ill-conditioned beamlet-to-voxel map. The dose-volume constraint (3.2) forces the number

of rectum voxels receiving a dose greater than 20 Gy to be less than or equal to 1:
|(Asz — 20) 1 |lo = || max{0, Asx — 20}||o = number of voxels s.t. Az > 20, (3.3)

where the {p-norm returns the number of nonzero elements in a vector (e.g., [127]). In
Figure 3.1 (right), we plot the feasible beamlet region along with the contours of the objective
function. Since negative beamlet intensities are impossible, we restrict the beamlet values
to the first quadrant.

There are two possibilities for satisfying the dose—volume constraint: either the first
rectum voxel is allowed to exceed 20 Gy (Figure 3.1, vy < 20 region), or the second rectum
voxel is allowed to exceed 20 Gy (Figure 3.1, v; < 20 region). The union of these two regions
forms an L-shaped nonconvex region with two local minima at points A and B. Depending
on the beamlet initialization and algorithm used to minimize the objective function, it is
possible to converge to either of these two local minima, and there is no guarantee that the
global minimum at B will be reached. In general, the feasible beamlet region imposed by a
dose—volume constraint comprises the nonconvex union of regions satisfying maximum-dose

constraints for different voxel choices [54].
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Figure 3.1: (Left) Three body voxels, one belonging to a prostate tumor (u) and two belonging
to the rectum (v; and vy), are irradiated by two beamlets (z; and x2). The beamlet intensities
shown correspond to the global minimum at point B. (Right) The nonconvex feasible region
induced by the dose—volume constraint that no more than 50% of the rectum volume exceeds
20 Gy is explicitly given by the union of regions v; < 20 and v < 20. Contours of objective
function (3.1) are plotted along with a local minimum at point A and global minimum at B.
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The FMO problem with nonconvex dose—volume constraints is related to the general

convex-cardinality problem

minimize  f(z) (3.4a)
rel
subject to  ||z]lo < &, (3.4b)

where f(x) is a convex function and C is a convex set. The fy-norm constraint defines a
highly nonconvex set: the wunion of all subspaces of dimension at most k. Models with
these cardinality (or sparsity) constraints have become widely used within the past three
decades [166], with applications such as portfolio optimization [98], signal processing [40],
and compressive sensing [41]. Due to the combinatorial nature of these constraints, the
related feasibility problem is NP-complete [27], and the problem itself is known to be NP-
hard in general [27, 177], except for in special cases (e.g., [60]). More generally, it is an
NP-hard problem just to certify whether a point of a nonlinear function is a local minimum
(let alone a global one) [118]. For a more detailed overview of cardinality problems, see
[18, 38, 161, 166].

Many of the standard approaches for solving the convex-cardinality problem have been
applied to the FMO problem with nonconvex dose-volume constraints, most relying upon
convex relaxations or approximations. One technique is to reformulate both problems as a
mixed-integer programming (MIP) problem, which can be solved using branch-and-bound
or branch-and-cut methods [27, 91, 93], simplex methods using big M variables [189], or
by replacing the binary constraint x € {0,1}" with the linear constraint x € [0,1]™ [39,
65, 116]. Another popular technique for solving the convex-cardinality problem is to relax
the nonconvex fy-norm constraint (3.4b) using the convex ¢;-norm as either a constraint or
regularizer [34, 165, 166]. For example, convex approximations to the nonconvex dose-volume
constraint ||(Az — d®)||o < k include the convex constraint ||(1 + A(Ax —d¥)), ||y < k [59]

and conditional value-at-risk (CVaR) constraints [134] that limit the average dose at the
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tail of the dose distribution [4, 87, 136, 137]. One common dose-volume penalty includes
the convex objective term M||(Az — d¥).||3 [32, 56, 159, 181], though the fs-norm is less
effective at promoting sparsity than the ¢;-norm [165]. When replacing constraints with
objectives, weight factors can be applied to individual vector elements, and iterative re-

weighting schemes can then be used to improve convergence [1, 41, 48, 65].

The complication of nonconvexity arises from the combinatorial nature of the cardinal-
ity constraint (3.4b); once a sparsity pattern for  has been chosen, the problem becomes
convex. This observation is the motivation behind the multi-stage approach of 1) solving
an approximation of the original problem, 2) determining a sparsity pattern for = based on
the resulting solution, and 3) polishing the solution from Step 1 by solving a convex problem
using the sparsity pattern determined in Step 2 [15, 34, 55, 161]. In the FMO problem with
nonconvex dose—volume constraints, a variety of heuristics have been used to choose the p%
of organ voxels that may receive more than dv Gy in Step 3. For example, Morrill et al.
(114, 115] divide organ volumes a priori into high-dose and low-dose regions based on tumor
proximity, Saberian et al. [141, 142] and Hou et al. [74] solve the FMO problem without
dose—volume constraints to determine sparsity patterns, while Fu et al. [59] and Mukherjee
et al. [116] use convex relaxations of the original problem to determine which voxels may

receive more than d?' Gy.

The great watershed in optimization is between convex and nonconvex problems [133].
When minimizing a convex objective function over a convex set, all local minima are also
global. Conversely, optimizing any function over a nonconvex set leads to a nonconvex prob-
lem with potentially many local minima. Even in the small 2-D example in Figure 3.1, the
dose—volume constraint creates a nonconvex feasible set where each choice of voxel corre-
sponds to a different local minimum. As mentioned above, early IMRT treatment planning
relied on stochastic methods such as simulated annealing and genetic algorithms to avoid con-

verging to local minima, but these methods suffered from slow convergence rates [159, 175].
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Fortunately, many investigations into the properties of local minima induced by nonconvex
dose—volume constraints have concluded that, given a good initialization, it is possible to find
local minima whose dose distributions are close to the global minimum using fast gradient
methods [30, 179, 182], so the use of stochastic methods may not be warranted [9, 45, 96].
In this case, the emphasis in IMRT is often on finding a good local minimum that satisfies

clinical objectives rather than finding the global minimum [45, 190].

3.1.4  Contributions

In this chapter, we develop a novel approach to handle dose-volume constraints in the ra-
diation treatment planning problem. In contrast to prior efforts, which focused on convex
approximations, our formulation is nonconvex, yet can be efficiently solved using continuous
optimization techniques. We start with the idealized problem, formulated using objectives
for the tumor and constraints for the OARs, and extend it to a flexible formulation that
allows re-weighting strategies to balance infeasible solutions (with respect to the OARs)
against delivering a sufficient amount of radiation to the tumor. To solve this formulation,
we develop a customized algorithm that combines quadratic programming with fast nonlinear
operators, and show that it is guaranteed to converge to a stationary point of the proposed
model. The resulting approach is scalable, handles multiple objectives on tumors and OARs,

and returns actionable treatment plans on patient-scale datasets.

The chapter proceeds as follows. In Section 3.2 we formulate radiation treatment planning
as a nonconvex optimization problem over the fluence map. In Section 3.3 we develop a
custom optimization algorithm and provide a convergence analysis. In Section 3.4 we present
multiple radiation treatment use cases with data from an anonymized cancer patient dataset.

Finally, in Section 3.5 we summarize the results and discuss future avenues for research.
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3.2 Problem Formulation

Given a fixed set of beam angles, the dose delivered to the patient is approximated with a
linear mapping from beamlet intensity to voxel dose. The FMO step is to calculate beamlet
intensities that achieve the desired dose distribution to planning target volumes (PTVs)
indexed by ¢ € Z, while respecting constraints on OARs indexed by j € J. Let d; denote
target delivery doses (often in Gy) to PTV i € Z, and let dj**, d;***", and d?v denote the
maximum, mean, and dose—volume tolerance values for OAR j € J, where the size of dose
parameters (i.e., scalar or vector) can be determined by context. The sets of OARs that
have maximum-dose, mean-dose, and dose—volume constraints are denoted by J™®*, J™",
and J4. Let A; and A; be the linear beamlet-to-voxel maps for PTV i and OAR j. The
vector x contains the nonnegative beamlet intensities. The idealized FMO problem with a

uniform dose to the PTVs and the three constraints described in Section 3.1 on the OARs

is given by
(Po) minimize Z i | A — d;|5 + é”l‘”% (3.5a)
x>0 p 2n; 2
subject to  Ajx < dj", jeJgm™, (3.5b)
1" Ay < myde, Jj e Jgmen (3.5¢)
I(Ajw =)l < 252, 5 e T™, (3.5d)

where n; and n; indicate the number of voxels in the ith PTV and jth OAR, and the
percentage of voxels in the jth OAR that may receive a dose exceeding d}lv is specified by
p;. The least-squares term for the uniform target dose is widely used [32, 48, 56, 159, 181].
In principle, Problem (P;) can be replaced by a feasibility problem with lower and upper
dose—volume constraints also placed on the PTV [44, 111, 127]. Here we focus on (Py), but
the techniques we propose extend to the feasibility problem.

Problem (Py) is difficult for several reasons. First, it is high-dimensional (beamlets
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can be on the order of 10® — 10°) [179]. Second, beamlet-to-voxel maps are generally ill-
conditioned [3, 52, 152, 175]. Third, dose-volume constraints are combinatorial in nature,
as constraint (3.5d) requires choosing a set of voxels allowed to exceed d?v, so finding the
global solution is NP-hard [167]. Finally, while Problem (P) is always feasible (i.e., z = 0
is a solution), it may not yield a clinically useful radiation distribution. Feasibility-type
reformulations of (Py) often fail to have any meaningful solutions because the target doses
almost always compete with OAR doses, as it is common for tumors to be close to or within
OARs. Practical radiation treatment planning converts constraints into objectives, and then

looks for the best trade-off among competing objectives.

In the next section, we formulate the idealized problem using constraints, and then de-
velop a relaxation that always has a feasible solution. This allows significant modeling and
computational flexibility, yielding efficiently computable and clinically useful solutions that
balance the need to deliver enough radiation to the tumor while approximately satisfying

OAR constraints.

3.2.1 Nonconvex relaxation

To simplify the exposition, we explain the new formulation using only dose—volume con-

straints on the OARs:

o A
P;) minimj s P e [ 3.6
(P1) minimize ;EI QWII = difly + 2l (3.6a)
: dv njpj . dv
subject to  [[(Ajz — d§7) 4 [lo < 1007 7€ J. (3.6b)

Solutions to (P;) may not be clinically useful if the dose—volume constraints prevent sufficient
dose delivered to the tumor. We develop an extended, nonconvex formulation that relaxes the

dose—volume constraints. The new formulation includes additional variables w; ~ A;z — d?",
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and penalizes deviations of the delivered OAR doses from w;:

O{<
P,) minimize T,W) = “|| A — di|3
(o) miniize f(e,w) = 3 2 A — di

2n;
=W iex 7
(6% v A
+ 3 shle — (A —dMIB+Slel;  (37a)
jgjdv n]
bl Jelo< T2, Geg™ 3.7b
subject to  ||(w;)+[lo < o JeT™ (3.7h)

In formulation (P,), the auxiliary variables w; are forced to satisfy the dose-volume con-
straints, while the residuals A;z — d;“’ may not necessarily do so. The weights «; control
how closely w; must approximate A;z — d;-iv, and as «; T 0o, problem (P,) converges to the
idealized problem (P;) in an epigraphical sense.

The epigraph of a function is defined by

epi(f) = {(z,B) : f(z) < B} (3.8)

Epigraphs make it possible to go between sets and functions, and the notion of epigraphical

convergence [135] is exactly that of set convergence for epigraphs, that is,
[ —epi [ exactly when epi(f®) — epi(f). (3.9)

We know that our objective functions (3.7a) converge epigraphically to the original problem

by [135, Theorem 7.4(d)] because of monotonicity, i.e.,
fo < fo9+ when oy < oy, (3.10)

which we always have when using quadratic penalties for prox-bounded functions (see dis-
cussion below Theorem 7.4(d)).

Formulation (Ps) has several desirable features. First, while most of the heuristic ap-
proaches described in Section 3.1.3 rely on convex approximations, (Ps) fully captures the

nonconvex structure of the dose—volume constraints, while giving the modeler flexibility to
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match them approximately using weights «;. Specifically, the weights «; and «; can be
tuned to balance the trade-off between covering the tumor and approximately meeting OAR
constraints. Second, from a computational perspective, we can design efficient and provably
convergent algorithms that aggregate information from multiple tumors and OARs using
partial minimization, as described in the next section. Finally, approximate solutions can be
computed efficiently, then refined using techniques such as iterative re-weighting schemes or

polishing.

3.3 Algorithmic Approach

Our main strategy is to partially minimize formulation (Ps) with respect to x, viewing (Ps)

as a value-function optimization problem

i S A a2
(Ps3) minimize g(w) == min 2niHAzx dill5
1€T
o v A
F Y Dy (A — )+ Sl (3.11a)
A n;
]ejdv
subject to  w; € Q; 1= {wj R : [|(w)), o < Tijo% } je gy (3.11b)

The algorithm is centered on optimizing the value function g(w) in (3.11a) using a projected
gradient approach to take care of the nonconvex constraints encoded by €2;. The high-level
iteration is simply

w* ) € projq, [w(k) —TVg (w(k))} , (3.12)

where w = (wj,,wj,,...), T = diag(t;,, ..., t5,...), and Q = Q;, x Qj, x ... for j; € T,
Evaluation of g and Vg is done by computing the partial minimum over z, as detailed in
Algorithm 2. Projection onto €2; can be implemented efficiently by ordering the elements of
w; and setting the lowest [(100—p)n;/100] entries of w; to min{0, w;} [127].

The differentiability of g(w), formula for the derivative, and its Lipschitz constant follow
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Algorithm 2 Projected gradient descent for g(w) in (Ps).

Input €, t; < "i/a;, 2\%). Initialize k =0, 0 > €, w(o) = projg, (ij(o) - dz‘iv)-
while 0 > € do
® )« argmin, f (2, w®)
for j € J% do
w§k+1) « projg, {w§k) _agty [w(-k) — (AjzD) — d;lv)]}

n; J
end for
1 (k+1) (k)
k+—k+1
end while

return argmin, ., f (z, w®)

from [192, Theorem 1]. In particular, for one PTV and one OAR, define

A
g(w) = min 2—||A1$ —dill; + %Ilw (Agz — d")|l5 + §||$||3- (3.13)

2>0
Next, taking h(z) = 64 () + 12| A1z — di||3 + */2||x||3, where §,(z) is the indicator function
of the nonnegative orthant, we have
, a
o) = min h(x) + 22 s — (Ayr — &), (3.14)
z 2

z(w) € argmin h(z) + %Hw — (Apz — dM) |13, (3.15)
T 2

and from [192, Theorem 1], we get

Vo(w) = 22 {w — [Agz(w) —d¥]} and lip(Vg) < ~2. (3.16)

N9 N9

Similarly, for multiple OARs we have 99/ow,(w) = @i/n; {w; — [Ajz ddv] } and
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lip (99/ow;) < @ /n; for all j € JY, and for all w,w’ € RZ=:€s™™ we have

2
IVg(w) = Vg )l; = 3 |2 w) - 2w | (3.17)
jejdv
2
< 5 (9 - g, 319
jeETIY "
(0% 2 2
< max (%) 5 oy - 319
Jej J ; dv
JjeTJ
(0% 2
= max | 2] [jw—w']?, 3.20
max (22 o - ' (3.20)

so lip (Vg) < max;c gav (% /n;).

Algorithm 2 is projected gradient descent for the value function (3.11a), which is equiv-
alent to the simple iteration (3.12). Under fairy weak assumptions', the nonconvex gradient
projection method converges for a fixed step size ¢ < ip(vg) [14, Theorem 5.3]. On the
other hand, Algorithm 2 allows the flexibility to choose different step sizes t; < mi/o; for each
j € J¥. We prove the convergence of this variant of projected gradient descent, starting

with some definitions to quantify stationarity and optimality.
Definition 1 (Stationary Point). A vector w € Q is called a stationary point for (Ps) if

0 € Vg(w) + Ng(w), (3.21)
where Nq is the normal cone to Q) at w.

This definition follows from the basic first-order conditions for optimality [135, Theorem
6.12], where (3.21) is a necessary condition for w to be a local minimizer of g on Q. This

definition of stationarity motivates the following measure of optimality.

ISpecifically, the sequence {w®}ren generated by (3.12) must be bounded, and g + dq must be a
Kurdyka-Lojasiewicz function (which covers a wide range of functions, including the class of real semi-
algebraic functions).
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Definition 2 (e-Accurate Solution). Given fized step sizes t; > 0 for all j € J%, we call a

vector w € Q an e-accurate solution for (Ps3) if

1 2
> 2wy —will; < e, (3.22)

jegd J

where w; € projq [w; — ;99 /6w, (w)].

By the first-order optimality conditions of the problem defining the projection in (3.12),

for each j € J9 the vectors w; and w; satisfy

1 0
— ;) € 52
tj (9wj

(w) + Noy () (329
80 if D e yav 12 lwy — w12 = 0, then 0 € 99/ouw; (w) + N, (w;) for all j € J%. Furthermore,
by [135, Proposition 6.41] we have 0 € Vg(w) + Ngq(w), which means that w is a stationary
point for problem (7Ps).

We now establish the convergence of Algorithm 2, which follows from several auxiliary
lemmas. For simplicity, we let m be the number of beamlets and N := Zje gav Ty be the
number of dose-volume constrained voxels, so that 2 € R™ and w € RY. We begin by
proving that all fixed points of Algorithm 2 are local minimizers of g on €2 via the strong

convexity of objectives f and g.
Lemma 1. The objective f(x,w) is strongly conver on R™ x RY.

Proof. For simplicity, we consider the case with one PTV and one OAR, but the arguments

used generalize to include additional terms. Rearranging variables, the objective f(x,w) can
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be expressed using a single quadratic term,

« 2 A
Flow) = 5 s = il + 52 [l = [Aow — a3+ Gl (3.24)
2
1 T
=S ll[y/=a o] || -/ 2a
2 1 w 1
2
2
1 a2 a9 x ag gdv
1IN RN CHE N ENCT (3.25)
w
2
2
1 T
w
2
2
%Al 0 %dl
1 a a . az gd 2
VI 0 0 ,
||z - d” 7
= _||A7 — 3.2
2 o Hz ’ ( )
with symmetric Hessian matrix
o %A{Al + %AgAQ + A —%Ag
V2f(7) = ATA = : (3.28)
—%AQ 3—21—

Consider the matrix (®2/n,) I and the Schur complement of AT A in (2/n,) I,
ATA ) (%1) = MAT Y, +- ATA2 + M — <——AT> ( 1) (—%@) . (3.29)
N9 1 Ny N2
= —ATA1 +— ATA2 P — 24T A, (3.30)
N2

= —ATA1 + M. (3.31)

Because the coefficients @1 /n;, @2/n,, and \ are positive, the matrices (2/ny) I and AT A / [(@2 /) 1]

are positive definite (note that this does not depend on the rank of matrices A; or As), which
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implies that the Hessian matrix AT A is also positive definite [34]. Therefore the objective
f(z,w) with one PTV and one OAR is strongly convex on R” x R"2,

For multiple PTVs and OARs, the lower-right block of the Hessian matrix becomes a
block diagonal matrix with matrices (% /n;) I for j € J4 along the diagonal, and the Schur
complement becomes the matrix Y., ; AT A; + AI. Because the coefficients @ /n; for i € Z,
@ /n; for j € JY, and \ are positive, the arguments above can again be used to show that

the objective f(z,w) with multiple PTVs and OARSs is strongly convex on R™ x RV, O]
Lemma 2. The objective g(w) is strongly convexr on RY.

Proof. Because the objective f(x,w) is strongly convex on R™ x RY [Lemma 1], there exists
a constant p > 0 such that for all vector pairs (x,w), (2/,w’) € R™ x R" and constants

t € 10,1], we have
fltz+ (1 —t)2'tw+ (1 — )] < tf(z,w)+ (1 —1t)f (2, 0)
i 2 2
= Lt0=1) (e = 2'3+ o = w'|3)
Let (w) € argmin, ., f(x,w). Since f(z,w) is a strongly convex function and the nonneg-

(3.32)

ative orthant is a nonempty closed convex set, the vector x(w) € RZ; exists and is uniquely
defined for all vectors w € RY [34], and g(w) = min,>q f(x,w) = f(z(w),w). Furthermore,

for all vectors w, w’ € RY and constants ¢ € [0, 1], we have
gltw + (1= t)w') = min f [r, tw + (1 = t)w], (3.33)
< flte(w) + (1 —t)z (W), tw + (1 — t)w'], (3.34)
<tfla(w),w]+ (1=t f [z (), w]

(3.35)
~ Bu =) (Jlatw) — o @)+ o = w'l})

(3.36)
— Le1 =) (Jaw) — 2 @) + o —w')3)

< tg(w) + (1= t)g (w) = St(1 =) w —w'[3, (3.37)
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where line (3.34) follows from the fact that the nonnegative orthant is a convex set and
z(w) > 0 for all vectors w € RY so tx(w) + (1 — t)x (w') > 0 for all vectors w,w’ € RY and

constants ¢ € [0, 1]. Therefore g(w) is strongly convex on RY. O
Theorem 1. The fized points of Algorithm 2 are local minimizers of g on Q.

Proof. Fixed points w* = (w} ,w},,...) for j; € J% of Algorithm 2 satisfy

wj € projg, {wj —t % (w*)} : (3.38)

i
(9wj
Based on the form of the projection onto {);, for each element ¢ of a stationary vector wy,

we know that

L if (w}); <0, then [99/ouw; (w*)]; = (w}); — (Ajz(w*) —dJ¥); = 0, and the dose to voxel i

is less than d;l",

2. if (w}); > 0, then [99/ow,;(w*)]; = 0, (wj); is one of the ["Pi/i00] largest positive elements

of vector w}, and the dose to voxel i is greater than d}iv, and

3. if (w}); = 0, then either [%9/auw;(w*)]; = 0, and the dose to voxel i is exactly dJY, or
—1/t;[99ow; (w*)]; > 0 is less than the |"s7i/100] largest positive elements of w}, and the

dose to voxel i is greater than d?v (i.e., voxel i violates the dose-volume constraint on

OAR j).

Recall that for each j € J, the set Q; = {w € R : ||wy]|, < "Pi/100} is the union of
finitely many convex sets, each representing a different combination of the g; := |"%i/100]
elements of the vector w; allowed to be positive. Specifically, for £ =1,...,%"/(n; — ¢))tq;!, let
Mf be the n; x n; identity matrix with ¢; of its diagonal elements set to zero. Then the
convex set Qf = {w cR% : Mfw < 0} represents the set of vectors that satisfy element
combination £, and €; = Uy . o qj)!qj,Qﬁ is the union of all such convex sets. Conse-

quently, the set Q =[] jeav (15, the Cartesian product of the feasible sets for vectors wj, is
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also the union of finitely many convex sets, each representing a different combination of the
Q=> jegav 4 elements of w allowed to be positive. Because the objective ¢ is strongly
convex on any convex subset of its domain R [Lemma 2|, there is a unique global minimum
of g relative to any of these convex subsets of Q [34], each corresponding to a local minimum
of g on 2. As a result, there are finitely many local minimizers of g on €.

Suppose w* is a fixed point of Algorithm 2. If w* < 0, then the vector satisfies all
feasible combinations of the () elements of w allowed to be positive, and thus lies within the
intersection of all corresponding convex subsets of (2. Furthermore, from observations 1 and
3 above, we have Vg (w*) = 0, and using the strong convexity of g we can conclude that w*
is the unique global minimimizer of g on € [135, Theorem 6.12]. On the other hand, suppose
that at least one element of w* is positive, and let M* be the RY x R identity matrix
where the diagonal elements corresponding to the at most () positive elements of w* are set
to zero. Then Q* := {w eERY . M*w < O} is a convex subset of () containing w*. Again,
from observations 1-3 above, we have [Vg(w*)]; = 0 where (w*), # 0 and [Vg (w*)]; < 0

where (w*), = 0, so for all w € * we have
—Vg ()" (w—w*) = -Vg (W) w<0, (3.39)

because positive elements of w correspond to zero elements of the gradient. Therefore
—Vg (w*) € N (w*) [135, Theorem 6.9], and by the convexity of g and Q* we know
that w* is the unique global minimizer of g on Q* [135, Theorem 6.12], and hence a local

minimizer of g on €. O
We now establish the convergence of Algorithm 2 to a local minimum of g on €.

Lemma 3. For all vectors w,w’ € RY, we have

g(w) < g (w)) + Vg () (w—w)+ D 2L fw—w'[. (3.40)

jejdv J
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Proof. Following the proof from [120, Lemma 1.2.3], for all vectors w,w’ € R, we have

g(w) =g w') + /0 Vgw + 7 (w— w/)]T (w—w')dr,

(3.41)

=g W)+ Vg W) (w—w)+ /0 (Vg +7(w—w)] — Vg w)} (w—u)dr

Recall that for OARs j € J%, we have lip (99/ou,) < z—j Therefore

l9w) =g (w') = Vg ()" (w — )

/0 {Vg[w+7(w—w")] — Vg (w’)}T (w—w')dr

)

1
< [ Vol + 7w = w)] = Vo @) (w )| an
0
! dg dg ’
- [1Z o - ) = 52 @)} (- )| ar
gejdv
! ag / / ag / g /
<[ X o e o)) = 52 ) (o= )|
jEJdV
! dg dg
S/0 Z B, (W} +7 (w; —w))] - o, (wj) L Jw; — )|, dr,
jEJdV
! T 2
< [0 3 Ty -y
]GJdV
Q; 7112
— — |lw.; — . ,
jezjdv an || J JHQ
which implies that
g(w) < g (W) + Vg (@) (w—w')+ 3 S [fwy — w3
jegdy 7

for all w,w’ € RV,

(3.42)

(3.43)

(3.44)

(3.45)

(3.46)

(3.47)

(3.48)

(3.49)

(3.50)

(3.51)

]

Lemma 4. For fized step sizes t; € (0,7 /a;] for all j € T, the sequence of objective values

{g (w(k)) }kGN generated by Algorithm 2 is nonincreasing.
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Proof. For each j € J%, let vectors w](-k+1), wj(-k) € 2, satisfy

w§k+1) € projg, [w](-k) — 199 Jow, (w(k))} . Then from the definition of the projection operator,

2 2
(k+1) ® _, 99 o an|ll — ® _, 99 0w
‘ w; " — l w; — tja_w] (w )} - wr?elgj w; — {wj - tja—wjg (w™) . (3.52)
k dg ’
< ‘w]()— { ]()—tj—g( Uf))} : (3.53)
2
dg 2
= 6,29 (|| (3.54)
]8wj 9
which simplifies to
dg T 1 2
2T (K (k+1) _ (k) (k+1) (k)
ow; (w ) (wj Wi ) = 1P (3.55)
Noting that Q@ € RY, we can combine inequality (3.55) with Lemma 3 to get
T Q; 2
g (W) < g (w®) + Vg (w®)" (k) —w®) + Z 2— |w® D —w®]|7, (3.56)
jejdv n]
o .
So )+ 3 2 ) (i )+ T2 e -
. o (9wj . . 2nj
jeg jeT
(3.57)
1 2 s 2
(k) =, ) (R) g, k) (R)
< g (w™) w; w; H2 + Z o, w; w; HQ, (3.58)
jegd jegy
@)y Y (o L st _w(‘f)HQ, (3.59)
) 277,]' 2t]’ J J
Jejdv
Therefore we have ¢ (w(k“)) <g (w(k)) for all vectors wékﬂ), wj(.k) satisfying
(kH) € projg, [ J(k) tj 8‘1‘3’ (w(k))] with ¢ € (0,7/a;] for all j € J. ]

Theorem 2. For fived step sizes t; € (0,7 /a;] for all j € T%, Algorithm 2 generates a
sequence of iterates {w(’“)}k N Such that g (w(k)) $ g% > 0; in particular, g* < g (w(k)) for
all k € N. Furthermore, for any convergent subsequence w®s) — wy, the vector wy is a local

*

minimizer of g on 2, and g (wp) = g*.
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Proof. From Lemma 4, we know that if ¢; € (0,7 /a,] for all j € J%, then the sequence of
objective values { g (w(k)) } ren 1S nonincreasing, and g(w) > 0 for all w € RY by definition,
so the sequence converges to some constant ¢g* > 0 where ¢g* < ¢ (w(k)) for all £ € N.
Furthermore, for all convergent subsequences w®+) — wy as k — oo, we have g (w;) = g*.
Because w;, is a fixed point of Algorithm 2, it must also be a local minimizer of g on (2

[Theorem 1], so g* is a local minimum of g on €. O

We note that the convergence of our sequence of objective values {g (w(k)) only

Fen
implies subsequence convergence for our iterates {w(k)} ey 11 what follows, we prove the
convergence of our sequence of iterates to a local minimizer of g on €) for the case where

t; < mnifa, for all j € J9.

Theorem 3. For fized step sizes t; € (0,mi/a;) for all j € T%, the sequence of iterates
{w(k)}keN generated by Algorithm 2 converges to a local minimizer of g on 2. Furthermore,

we reach an e-accurate solution in O(1/e) iterations.

Proof. From Theorem 2 we have g (w(k)) $ 9" as kK — oo, so for all € > 0, there exists some
positive integer K such that for all £ > K, we have ¢ (w(k)) — g* < e. Furthermore, from
Lemma 2 we know that g is strongly convex. In particular, there exists some scalar p > 0

such that

g(w') = g(w) + Vg(w)" (w' — w) + gl!w' — w3 (3.60)

*

for all vectors w,w" € ). Let w* be a fixed point of Algorithm 2 that satisfies g(w*) = g*.

Then for any £ > K, we have

*

> < g (w®) = g(w) - Vg(w)T (W —w), (3.61)

H w® — w
2
=g (w®) - g* = Vg(w) w®, (3.62)

< e— Vgw*)Tw®, (3.63)
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where Vg(w*)Tw* = 0 because nonzero elements of w* correspond to zero elements of Vg(w*)
(see observations 1 and 2 from Theorem 1). We consider two cases based on the gradient of
g at w*.

Case 1. Suppose Vg(w*) = 0, and set § = \/@ Then from Theorem 2 and inequal-
ity (3.63), we know that for all 6 > 0, there exists some positive integer K such that for all

2€
2<”E:5' (3.64)

Therefore w*) — w* as k — oo, and the sequence of iterates {w(k)} ey converges to a fixed

k > K, we have

Ju® -

point of Algorithm 2. In fact, because g is strongly convex and Vg(w*) = 0, the fixed point
w* is the unique global minimizer of g on , and g(w*) = ¢g* is the global minimum.

Case 2. Suppose [Vg(w*)]; # 0 for at least one element i. From observation 3 of
Theorem 1, this will occur exactly when —1/:;[99/ow;(w*)]; > 0 is less than the ¢; largest
positive elements of w3}, which means that the subvector w} has reached its maximum number
of positive entries. In other words, all elements of Vg(w*) are zero, except for possibly in
entries belonging to subvectors wj that have reached their maximum number of positive

elements; in this case, we will have w} = 0 and [Vg(w*)]; < 0.

From Theorem 2, we know that all convergent subsequences of {w(’“)} ey converge to

*

vectors w* such that g (w*) = g*. Consider the convergent subsequence w®) — w* as

k — oo. For all § > 0, there exists some positive integer L such that for all £ > L, we have
|w®) — w*||, < 6. (3.65)

Let w denote the smallest positive element of w*, and let § < «w/2. Then for all k¥ > L, the
iterates w®*) must be positive everywhere that w* is positive, including all subvectors wy
that have reached their maximum number of positive elements. In particular, this means

that w ) cannot be positive where [Vg(w*)]; < 0, which implies that Vg(w*)Tw®*) > 0.
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Suppose that for some & > L and n > 0, we also have

prtn) _ w*

<6 (3.66)

et :

Then the iterate w®+™ is positive everywhere that w* is positive, which means that
Vg(w*)TwP+m > 0. If we can guarantee that the next iterate w®+"1) also satisfies

Vg(w*)Tw®+m+) > 0, and we let both \/2¢/. < § and p +n + 1 > K, then from inequal-

w0 o, < \/% <4 (3.67)

The only way that we could have Vg(w*)Tw®*"+1) < 0 would be if there were some element

ity (3.63) we will have

(pr+n+1)

¢ such that w, > 0 where w = 0 and [Vg(w*)]; < 0, which would need to occur on a

subvector w that has reached its maximum number of positive elements. Because wPrtn)

(Pk +n)
J
(pr+n—+1)

%

is positive everywhere that w* is positive, the subvector w would also have reached

its maximum number of positive elements. In order for w

(Pt <0 in an entry £ where w*™™ > 0, that is, we

> 0 where w; = 0 and

wE” ) < 0, we would require w

would need to swap the location of a positive element in the subvector. However, since we

assumed that

o) ] <5< %

2

, <0< (3.68)

this would require

prtntl) _ gy Pt || g (3.69)

Now suppose t; < mi/o; for all j € J%, and define § := min e 7av(1/2t; — % /2n;) > 0. Then

|

from inequality (3.59), we have for all k£ > K

1 2

g (W) < g (w®) +j§dv <2% ~ E) ’w§k+1> _ wﬂ('k)H2 (3.70)
< g (w®) = BJwt*) —w®]|2, (3.71)

which means that
) —w < o () —g (] < Sl @®) —g <5 @)
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In particular, if we add the assumption that \/¢/s < «/2, then

" n € w
Hw(pwr 1) et )H2 < \/% < 3 (3.73)

and it is impossible to swap the location of the positive elements in the iterates w®+™ and

wP Y - Therefore Vg(w*)Tw®+m+1) > 0, and we have

<. (3.74)

Hw(pk+n+1) —wt

2

By induction, if we choose § < «/2 and € < min {#6°/2, 8«?/s}, then for all integers k >

max {pr, K}, we have

*

<6, (3.75)

Hw(k) Wil

and the sequence of iterates {w('“)} rey converges to a fixed point w* of Algorithm 2 such
that g(w*) = ¢g*, where g* is a local minimum of g on Q.
To establish the convergence rate of Algorithm 2, we rearrange the terms in (3.71) and

sum over k to get

k k
1
S w0 - w®)? < 5 S g (w®) - g (V)] (3.76)
=0 =0
1
= 2 lo () g (u)] 71
1
<3 l9 (W) = g"] (3.78)
Define ¢ := min;¢ 7av (t;) > 0. For any € > 0, we let
. ‘ (e+1) _ (11) 2
- (+1) )
A0 2 Z Z s tz (3.79)
||w(e+1) —w e)”2
< > e (3.80)
) — g*
g\w g
< —(g{: n 1))ﬂ§2 <€, (3.81)

and solving for k, we find that we reach an e-accurate solution after O (1/e) iterations. [



63

Algorithm 3 Block coordinate descent (Algorithm 2 with t; = 7i/a;).

Input €, (V. Initialize k = 0, § > e, w](-o) = projg, (Aja:(o) — d;‘v).

while 6 > € do

k+1)

2 < argmin,s f (1:, w(k))

w* )« argmin, g f (25D, w)

aj (k+1) (k)
0= Djegarmy || W5~ W
k+—k+1
end while

return argmin, ., f (z,w®)

If we choose t; = ni/a, for each j € J%, Algorithm 2 reduces to block coordinate descent,
detailed in Algorithm 3, and its convergence to a function value corresponding to a local

minimizer follows immediately from Theorem 2.

3.3.1 Simple example

To demonstrate how the relaxed formulation (P;) and Algorithm 3 behave compared to
the idealized problem (P;), we revisit our example from the introduction. For iterations

k =0,3,32 of Algorithm 3 to solve (Pz), we plot the contour lines of the objective function
(k) 1 2, O k) 2 A
Pl w®) = 2 A = 81 + 2 [0® — (Az — 20)[3 + 3 el (35

in terms of the beamlet intensity variable z for fixed w®). Here A; € R'™? and A, € R**? are
the beamlet-to-voxel maps for the prostate tumor and rectum, = € R? contains the beamlet
intensities, w*) € R? approximates the deviation between the dose received by the rectum
and the dose-volume constraint, and \ is set at 5 x 107%. In each figure, 1) corresponds

to the global minimum of the relaxed problem at iteration k£, A and B correspond to the
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Figure 3.2: Contours of (3.82) in z for fixed iterates w® with k& = 0,3,32. The points A and
B correspond to the local and global minima of the idealized problem (P;). Starting with the
zero vector (¥, the global minimum of the relaxed problem (x(’”l)) moves towards the global
minimum of the idealized problem at point B.

local and global minima of the idealized problem, and the nonconvex feasible region induced
by the dose-volume constraint that no more than 50% of the rectum volume exceeds 20 Gy

is given by the union of regions v; < 20 and v, < 20.

In Figure 3.2 (left), we initialize the problem with #(®) as the zero vector. The contours
of (Py) are more circular than those of (P;) in Figure 3.1, indicating that the relaxation has
improved the problem conditioning. Additionally, as w® changes with each iteration, the

(=+1) moves closer to the

global minimum of the objective function in terms of x at point x
global minimum of (P;) at point B. For stopping tolerance ¢ = 1073, our algorithm converges
after 32 iterations, and in Figure 3.2 (right) we see that the global minimum of our relaxed
problem, corresponding to our final beamlet intensities, is just shy of the global minimum
of our original problem. The dose—volume constraint is met approximately, and we may

increase the weight coefficient i or decrease the dose level d3" to move closer to the feasible

region if necessary.



65

Next, we plot our iterates along with the contour lines of the objective function
1 9 O 9 AL g
g9(w) = min S| Ayz — 813 + S[jw — (Axz = 20)[3 + 5 [l=]2 (3.83)
x>0 2 2 2

in terms of the variable w. In Figure 3.3 (left), points A and B again correspond to the local
and global minima of the idealized problem, and the nonconvex feasible region
Q={weR: |(w)]lo < 1} is given by the union of regions w; < 0 and wy < 0. The
results of the gradient step in (3.12) are plotted as squares, and the projections onto €) are
plotted as circles. Just as we saw in x-space, our algorithm in w-space converges to a point

near the global minimum at B.

3.5.2 Initialization

Because our formulation is nonconvex, the initialization can affect both the solution and
the time to convergence. For example, using the initialization 2(® = (0,2 x 10%) for our
simple example, we converge near the local minimum at A after 37 iterations (center panel
of Figure 3.3). Fortunately, as demonstrated in other papers (see e.g., [96, 182]), local minima
do not have a large effect on the solutions to these least-squares formulations, especially when
the convex tumor terms have weights relative in size to the OAR term weights [138]. Given
enough time, different initializations tend to converge to similar objective values, fluence
maps, and dose distributions.

For the remainder of our examples, we initialize the beamlet intensity vector as the
solution to (Ps) without any dose-volume terms, i.e.,

20 = arg min Z
i€

x>0

%

« A
o A = il + 5

|z||3. (3.84)
In Figure 3.3 (right), we use this initialization for our simple example, converging near the

global minimum at B after 26 iterations. For this initialization, we see that A,2(®) — 20, the

value of w® before projection onto €2, corresponds to the global minimum of g(w). This is
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Figure 3.3: Contours of (3.83) with respect to w for different initializations. The points A and B
correspond to the local and global minima of the idealized problem (P;), the squares correspond to
the iterates w®) before projection onto the feasible set 2, and the circles correspond to the iterates
after projection. (Left) Starting with the zero vector 2(?), we converge after 32 iterations at a point
near the global minimum at B. (Center) Starting with the initialization z(®) = (0,2 x 10%), we
converge near the local minimum at A after 37 iterations. (Right) Starting with the initialization
20 = argmin, -, 1/2|| Az — 81||3 + A2||z||3, we converge near the global minimum at B after 26

iterations.

true for the general problem (P;) as well. Specifically, for all j € 49 we have

arg min f(z,w) = Ajz — d‘;lv,
w;

which means that
Q;

, A
min f(z,w) = > ol — dill3 + §||35||§-

2n;
i€l v

Therefore letting (® = arg min,_ (min,, f(z,w)), we are guaranteed that

Ajz©® — d;iv = arg min g(w)
wj

for all j € J9 because

min (min f(z, w)) = n}Uin g(w).

x>0 w

(3.85)

(3.86)

(3.87)

(3.88)

Since we are ultimately interested in solving min,cq g(w), using an initialization for 2(® that

corresponds to w(®) = projq(arg min,, g(w)) is a natural choice.
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3.4 Numerical Examples

Our examples are performed on data from an anonymized prostate cancer patient included
in the CORT dataset [49], available in the GigaScience repository GigaDB [50]. The dataset
includes beamlet-to-voxel maps for beam angles ranging from 0° to 358° in increments of 2°,
PTVs in the prostate and lymph nodes, and OARs including the rectum, bladder, femoral
heads, and unspecified tissue (Figure 3.4). In the CORT dataset, beamlet intensities are
measured in monitor units (MU), where 100 MU delivers a dose of 1 Gy in 10 cm depth in
water in the center of a 10 cm x 10 cm radiation field [49].

For a fixed set of beams, we consider the problem of treating tumors with dose—volume
constraints of increasing difficulty on various combinations of critical structures. In Sec-
tion 3.4.1, we look at an example with one PTV and one OAR, and show how the proposed
approach works for a single dose—volume constraint on the OAR. In Section 3.4.2, we increase
the complexity of the previous example by imposing multiple dose-volume constraints on the
same PTV and OAR. In Section 3.4.3, we show how the approach handles multiple PTVs
and OARs. Finally, in Section 3.4.4 we compare our approach to other published methods.
For all of our examples, we use seven equally spaced beams with angles ranging from 0° to
312° in increments of 52°. We set our regularization parameter at A = 1078, our stopping
tolerance at € = 1072, and for simplicity we let a; = ; = 1 for all i € Z and all j € Jv,
unless stated otherwise. Whenever there is overlap between PTVs and OARs, the voxels in
common are assigned to the PTV. However, this choice is not required for our model, and
a single voxel may be assigned to multiple structures if desired. All examples were run on a
computer with a 2.9 GHz dual-core Intel Core i5 processor with 8 GB RAM.

We use the cumulative dose-volume histogram to evaluate the quality of the resulting
treatment plans. In a dose—volume histogram, each point represents the percentage of the
organ volume that receives at least a particular dose. For example, we aim to deliver a

uniform dose of 81 Gy to the prostate tumor, corresponding to the dose—volume histogram
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Figure 3.4: A representative axial cross-section of organs from the CORT prostate case. The
prostate corresponds to planning target volume PTV_68 in the CORT dataset, while the lymph
nodes correspond to planning target volume PTV_56.

on the left panel of Figure 3.5. In this case, 100% of the organ volume receives exactly 81
Gy. As we cannot deliver a perfectly uniform dose, our goal is to find a treatment plan that
is as close as possible to this idealized dose distribution. For instance, in the right panel of
Figure 3.5 we see the dose-volume histogram of the solution to (3.84) for one prostate tumor
with regularization parameter A = 1075, We use the beamlet intensities from this solution

as the initialization for our examples in Sections 3.4.1, 3.4.2, and 3.4.4.1.

Cumulative dose—volume histograms can also be used to determine whether or not an
upper dose-volume constraint on an OAR has been met by a particular treatment plan.
For example, we consider the dose-volume constraint that no more than 50% of the rectum
volume exceeds 50 Gy. In Figure 3.6, the rectangular region within the dotted lines contains
all points where at most 50% of the rectum volume receives more than 50 Gy. Therefore any
dose curve that lies outside of the box does not meet the constraint, while any curve that
travels inside the box meets the constraint. In the left panel of Figure 3.6, approximately

57% of the rectum volume receives more than 50 Gy, so the dose-volume constraint is not
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Figure 3.5: Dose—volume histograms for a uniform PTV prescription of 81 Gy. (Left) An ideal
dose profile, with 100% of the target volume receiving exactly 81 Gy. (Right) A more realistic
dose profile, corresponding to our initialization for Sections 3.4.1 and 3.4.2, obtained by solving
(3.84) for one prostate tumor with regularization parameter A = 10~5.

met. However, in the right panel of Figure 3.6, approximately 42% of the rectum volume

receives more than 50 Gy, so the dose—volume constraint is met.

3.4.1 One PTV and one OAR with one dose—volume constraint

For our first example, we consider the problem of delivering a uniform dose of 81 Gy to a
prostate tumor, while satisfying the dose-volume constraint that no more than 30% of the
rectum volume receives more than 30 Gy. In this case, the PTV has 6770 voxels, the OAR
has 1764 voxels, and there are 986 beamlets. In Figure 3.7, we see a representative axial
cross-section of the calculated dose along with the intensities of four of the beams (due to
symmetry, the remaining three beams have similar intensity patterns). In this cross-section,
a nearly uniform dose of 81 Gy is delivered to the tumor, while only a small percentage of
the rectum volume receives more than 30 Gy.

Figure 3.8 shows the behavior of our model using Algorithm 3. The objective g(w)

decreases monotonically (top left), and Algorithm 3 converges after 42 iterations. The trade-
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Figure 3.6: Dose-volume histograms for an OAR dose-volume constraint that no more than 50%
of the rectum volume exceeds 50 Gy. The solid lines correspond to the dose that the organ
receives, and the dotted lines enclose the region that satisfies the dose—volume constraint. (Left)
A treatment plan that does not meet the dose—volume constraint, with approximately 57% of
the organ volume exceeding 50 Gy. (Right) A treatment plan that does meet the dose—volume
constraint, with approximately 42% of the organ volume exceeding 50 Gy.
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Figure 3.7: Solution for example in Section 3.4.1 using Algorithm 3. (Left) The prostate tumor is
irradiated by seven equally spaced beams with a dose-volume constraint on the rectum. (Right)
Beamlets intensities for four of the seven beams, calculated to deliver a nearly uniform dose of 81
Gy to the PTV while ensuring that no more than 30% of the OAR volume receives more than 30
Gy. Due to symmetry, the remaining three beams have similar intensity patterns.

70



71

x10~2

© : :
= 100 £ 10t
3] e
L 50 £
o ok < L: 5

- . . . g
é 0.6 O Ot
()
=

0.4
>
= '/K >l
A 0.2k : : : G 65
B 55
£ 100 A
S o z
M S
< ob—= : ; : : : < 33L . . . . .
© 0 6 12 18 24 30 36 42 & 0 6 12 18 24 30 36 42
Tteration (k) Iteration (k)

Figure 3.8: Convergence of example in Section 3.4.1 using Algorithm 3. (Left) Iterates of the
objective function g(w) and individual organ terms (PTV term = 1/(2 x 6770)|| A1z — 81]|3 and
OAR term = 1/(2 x 1764)||w — (Aaz — 30)||3). While both g(w) (top) and the OAR term (bottom)
decrease monotonically, the PTV term (center) adjusts to accommodate the competing OAR
objective. (Right) Convergence of the auxiliary variable measured by 1/t||w®) — w®*=1||5 (top)
and our approximation of the dose—volume constraint (bottom).

off between the competing PTV and OAR objectives is shown in the remaining left panels
of Figure 3.8. Because our initial beamlet intensities correspond to a solution with no dose—
volume constraints, the tumor term achieves its lowest value and the rectum term achieves
its highest value at the initialization. Once we begin iterating, the inclusion of the OAR
term causes the tumor term value to increase and the rectum term to decrease. On the right
panel of Figure 3.8, we show the behavior of the auxiliary variable w (top right) and our
approximation of the dose-volume constraint (bottom right). The percent of rectum voxels
exceeding 30 Gy approaches the dose-volume constraint; however, because of the relaxation,
we do not meet the dose—volume constraint exactly. Nevertheless, we improve upon the

initialization value according to the trade-off implicitly specified by our weights «; and as.

To demonstrate how the weight factors and dose—volume parameters can influence so-
lutions, we implement a variation of the penalty decomposition method for the convex-

cardinalty problem proposed in [100]. Specifically, we use the iterative re-weighting scheme
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Algorithm 4 Iterative re-weighting for Algorithm 3.

Input o, 7, (9. Initialize k = 0, a§0), d?v(o), p§0), €0,

while not converged do
(z*D) w* D) «— solution to (Ps) from Algorithm 3 with (x(k), Oz;-k), d?v(k),p§k), e(k)>
for j € 74 do

njpg-o)

if H(ij(kﬂ) - d?V(O))JrHo > 50 then
ag-kﬂ) — (1+ O')Cl/;k)
d;lv(k+1) “(1- O_)d?v(k)
p§k+1) (1= U)pg»k)
end if
end for

k+—k+1
end while

return z*

given in Algorithm 4, where (P;) is solved multiple times with increasing OAR weights, de-
creasing dose—volume parameters, and decreasing stopping tolerance values. In this example,
we use initial OAR weight ago) = 1, dose parameter d;“(”) = 30, volume parameter péo) = 30,
and stopping tolerance €® = 1073, with weight update parameter o = 0.01 and stopping

tolerance update parameter v = 0.99. For simplicity, we use the same update parameter o

for the weight, dose, and volume, but different parameters or update schedules could be used

if needed.

We compare the approximation of the dose—volume constraint in our solutions with and

without re-weighting in Table 3.1 and Figure 3.9. To illustrate the trade-off between the
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competing PTV and OAR objectives, we include results from Algorithm 4 using different
convergence criteria: (a) stopping once the dose-volume constraint is met, and (b) stopping
once the PTV D95 (i.e., the minimum dose delivered to 95% of the PTV) is less than 98%
of its initial value, where weight factors and dose—volume parameters are updated regardless
of whether or not the dose-volume constraint has been satisfied. There is little difference
between the initial tumor dose and the final tumor dose for each solution, both in terms of the
PTV D95 and the dose—volume histogram. At the same time, all solutions have reduced the
dose to the rectum to approximately satisfy the dose—volume constraint, where re-weighting
produces a lower dose at the expense of increased computation time. Without re-weighting,
the constraint is roughly met, with only 34.16% of the volume receiving more than 30 Gy, in
contrast to the initialization, where 64.14% of the volume exceeds 30 Gy. With re-weighting,
the constraint is satisfied, with 29.61% and 19.84% of the volume receiving more then 30 Gy
for stopping conditions (a) and (b), respectively.

In general, as the dose to the rectum decreases, the PTV D95 also decreases, while the
dose to the tumor deviates more from the target uniform dose. If the dose-volume constraint
makes the problem completely infeasible, the approach still returns some solution, but it need
not meet the dose—volume constraint nor the target tumor dose. In this case, the planner can
influence the trade-off between treatment goals by modifying weighting factors, dose—volume

parameters, and convergence criteria.

3.4.2 One PTV and one OAR with multiple dose—volume constraints

Next we consider the problem of delivering a uniform dose of 81 Gy to the prostate tumor,

with multiple dose—volume constraints on the tumor and rectum:

e No more than 5% of the tumor volume receives less than 81 Gy,
e 1o more than 0% of the tumor volume receives more than 85 Gy,

e no more than 20% of the rectum volume receives more than 60 Gy,
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Table 3.1: Results for example in Section 3.4.1 using Algorithms 3 and 4.

100

Relative Volume (%)
5 3 &

[\
[«

PTV OAR
D95 (Gy) % > 30 Gy Time (s)
Initialization 79.65 64.14 0.18
Solution w/ Alg. 3 79.17 34.16 7.22
Solution w/ Alg. 4 (a) 79.03 29.61 33.61
Solution w/ Alg. 4 (b) 78.05 19.84 163.51
Prostate “T Rectum| - - Initialization

A\

*****
SR

— Solution w/ Alg. 3
+«+ Solution w/ Alg. 4 (a)
+=+ Solution w/ Alg. 4 (b)

20 40 60 80
Dose (Gy)

100

Figure 3.9: Dose—volume histograms for example in Section 3.4.1 using Algorithms 3 and 4. (Left)
There is little notable difference between the initial and final dose to the PTV. (Right) Without
re-weighting, the constraint that no more than 30% of the OAR volume receives more than 30 Gy
is approximately met, with 34.16% of the volume exceeding 30 Gy, as opposed to the initialization
where 64.14% does. With re-weighting, 29.61% and 19.84% the volume exceeds 30 Gy for stopping
conditions (a) and (b), respectively.



75

e no more than 40% of the rectum volume receives more than 40 Gy, and

e 1o more than 60% of the rectum volume receives more than 20 Gy.

The first constraint, a lower dose—volume constraint on the PTV, is implemented similarly
to the upper dose—volume constraint on the OAR, with the exception that the corresponding

term in the objective function is changed to

Q;
2’/’LZ'

lwi — (5 — A3, (3.89)

and the projection onto §2; is computed by ordering the elements of w; and setting the
highest [(100—pi)ni/100] entries of w; to max{0,w;}. The second constraint corresponds to a
maximum-dose constraint, but expressing it as an upper dose-volume constraint allows us
to apply our relaxation rather than enforcing a hard constraint.

As in the previous example, the PTV has 6770 voxels, the OAR has 1764 voxels, and
there are 986 beamlets. One downside to adding multiple dose-volume constraints on a
particular structure is the inclusion of more terms in the objective function, increasing the
problem dimension. However, we can reduce the number of objective terms by combining

each of the K; dose-volume constraint terms corresponding to organ j,

aj, Y nDj,
gl — (e = )13 st )olo T for k=1 K (390
into one term,
7 A
2_7;||yj—ij|y§ sty €9, (3.91)
J

where Qj = le N---N QjKj represents the set of vectors that satisfy all of the organ’s K;

dose—volume constraints, with each constraint defined as

® n; % ;P;
e = {m e Ry —dlo< B2 for k=1 K (392)

Projections onto Qj can be computed efficiently by ordering the elements of y;, setting the

lowest (100 — p;, )% of y; to min{d,,,y,;} for upper dose-volume constraints, and setting
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the highest (100 — p;,)% of y; to max{d;,,y,} for lower dose-volume constraints, for all
k=1,...,K;. We note that by combining terms for a particular OAR, we lose the ability
to assign different weights to each of the OAR’s dose-volume objectives. However, one can

always create different groupings of terms based on weight factor.

Using Algorithm 3 with a; = 10 for the PTV dose—volume constraint term, we converge
after 21 iterations. In Table 3.2 and Figure 3.10, we see that the dose—volume constraints
have been approximately met. Specifically, none of the PTV volume receives more than 85
Gy, 24.47% of the PTV volume receives less than 81 Gy (53.26% initially), and the PTV
D95 increases from 79.65 Gy to 80.26 Gy. Furthermore, 61.95% of the OAR volume exceeds
20 Gy (68.81% initially), 42.9% exceeds 40 Gy (61.29% initially), and 21.84% exceeds 60 Gy
(38.47% initially). Importantly, it is possible to specify the shape of the PTV and OAR dose
distributions in terms of multiple dose—volume constraints without any significant increase
in computation.

Next, we use Algorithm 4 with weight factors and dose—volume parameters initialized
with the values used in Algorithm 3, initial stopping tolerance €® = 1073, weight update
parameter ¢ = 0.01, and stopping tolerance update parameter v = 0.99. For the lower
dose—volume constraint on the PTV, the dose parameter increases each iteration,

d;:lv(k—i—l) _ (1 + U)ddv(k), (393)

(]

rather than decreasing like the upper dose-volume constraints. Stopping once all dose—
volume constraints are met, none of the PTV volume receives more than 85 Gy, 4.09% of
the PTV volume receives less than 81 Gy, and the PTV D95 is 81.32 Gy. In addition, only
59.1% of the OAR volume exceeds 20 Gy, 39.26% exceeds 40 Gy, and 19.78% exceeds 60
Gy. In this case it is possible to satisfy all of the dose—volume constraints, but in cases of
infeasibility due to competing PTV and OAR dose-volume constraints, additional stopping

criteria for Algorithm 4 can be specified, e.g., setting a maximum number of iterations.



Table 3.2: Results for example in Section 3.4.2 using Algorithms 3 and 4.

7

PTV PTV OAR OAR OAR
D9 (Gy) % <81 Gy %>20Gy % >40Gy % > 060Gy Time (s)
Initialization 79.65 53.26 68.81 61.29 38.47 0.18
Solution w/ Alg. 3 80.26 24.27 61.95 42.90 21.84 8.89
Solution w/ Alg. 4 81.32 4.09 59.10 39.26 19.78 55.86
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Figure 3.10: Dose-volume histograms for example in Section 3.4.2 using Algorithms 3 and 4.
(Left) Without re-weighting, the dose—volume constraints on the PTV are approximately met, with
24.27% of the volume receiving less than 81 Gy (53.26% initially) and none of the volume exceeding
85 Gy. With re-weighting, only 4.09% of the volume receives less than 81 Gy. (Right) Without
re-weighting, the dose—volume constraints on the OAR are approximately met, with 61.95% of the
volume exceeding 20 Gy (68.61% initially), 42.9% exceeding 40 Gy (61.29% initially), and 21.84%
exceeding 60 Gy (38.47% initially). With re-weighting, only 59.1% of the volume exceeds 20 Gy,
39.25% exceeds 40 Gy, and 19.78% exceeds 60 Gy.
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3.4.8 Multiple PTVs and OARs

Now we consider the problem of delivering a uniform dose of 81 Gy to the prostate tumor and
a uniform dose of 60 Gy to the lymph nodes, while satisfying the dose—volume constraints
that no more than 50% of the rectum receives more than 50 Gy and no more than 30% of
the bladder receives more than 30 Gy. In this case the first PTV has 6770 voxels, the second
PTYV has 8483 voxels, the first OAR has 1643 voxels, the second OAR has 9708 voxels, and
there are 986 beamlets. We converge after 48 iterations of Algorithm 3.

Due to the proximity of the two PTVs and the difference between their prescription doses,
it is much more difficult to deliver a uniform dose to both targets. The increase in geometric
constraints and competing objectives results in more complicated dose distributions and
beamlet intensity patterns, illustrated in Figure 3.11. More of the prostate volume receives
less than 81 Gy than in previous examples, while more of the lymph node volume exceeds
60 Gy than we would like (Figure 3.12, top row). In this case, it may be important to add
lower and upper dose—volume constraints on the PTVs to ensure that appropriate doses are
delivered. The dose-volume constraints on the rectum and bladder are both approximately
met, with 57.33% of the rectum exceeding 50 Gy (82.47% initially) and 38.14% of the bladder
exceeding 30 Gy (91.87% initially) (Figure 3.12, bottom row).

Using Algorithm 4 with weight factors and dose—volume parameters initialized with the
values used in Algorithm 3, initial stopping tolerance ¢® = 1073, weight update parameter
o = 0.01, and stopping tolerance update parameter v = 0.99, we are able to meet both of
the dose—volume constraints on the OARs. Specifically, only 47.53% of the rectum volume
receives more than 50 Gy and 29.93% of the bladder volume exceeds 30 Gy, with little
difference to the PTV doses.
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Figure 3.11: Solution for example in Section 3.4.3 using Algorithm 3. (Right) Targets in the
prostate and lymph nodes are irradiated by seven equally spaced beams with dose—volume con-
straints on the rectum and bladder. (Left) Beamlet intensities for four of the seven beams,
calculated to deliver a nearly uniform dose of 81 Gy to the prostate and 60 Gy to the lymph
nodes while ensuring that no more than 50% of the rectum volume receives more than 50 Gy
and no more than 30% of the bladder volume receives more than 30 Gy. Due to symmetry, the
remaining three beams have similar intensity patterns.
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Table 3.3: Results for example in Section 3.4.3 using Algorithms 3 and 4.

PTV 1 PTV 2 OAR 1 OAR 2
D95 (Gy) D95 (Gy) % >50Gy % > 30 Gy Time (s)
Initialization 76.96 58.53 82.47 91.87 0.37
Solution w/ Alg. 3 76.70 57.51 57.33 38.14 15.52
Solution w/ Alg. 4 76.48 57.31 47.53 29.93 84.83
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Figure 3.12: Dose-volume histograms for example in Section 3.4.3 using Algorithms 3 and 4.
(Top) There is little noticeable difference between the dose to the PTVs in the prostate and
lymph nodes, though their proximity causes less prostate voxels to receive their target dose and
more lymph node voxels to exceed their target dose than we would like. (Bottom) Without re-
weighting, the dose—volume constraints to the OARs are approximately met, with 57.33% of the
rectum exceeding 50 Gy (82.47% initially) and 38.14% of the bladder exceeding 30 Gy (91.87%
initially). With re-weighting, only 47.53% of the rectum volume exceeds 50 Gy and 29.93% of the
bladder volume exceeds 30 Gy.
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3.4.4  Comparisons with other methods

Finally, we compare results from Algorithm 3, Algorithm 4, and four other published methods
for solving the FMO problem with dose-volume constraints. We start with two methods
that, like our approach, approximate dose—volume constraints with objective terms, and
thus provide flexibility for cases of infeasiblity. In particular, as mentioned in Section 3.1.3,
many least-squares models include a penalty term for OAR voxels that exceed a specified
dose (see e.g., [32, 56, 96, 97, 159, 181, 190, 191]). This penalty may apply to the entire
OAR, or in the case of dose—volume objectives, to a fraction of the OAR volume. Following
the approach used in [96, 97, 159], we replace our dose-volume terms in (3.7a) with

> oA — )l (3.94)
jegdy 7

where the vector J?V changes each iteration. Specifically, after each iteration we sort the voxel
dose vector A;z, assigning the highest p;% to the dose value czj»‘v = 10°% and the remaining
(100 — p;)% to CZ?V = d;i". The beamlet vector z is updated each iteration with a step of
gradient descent, where only the the lowest (100 — p;)% of voxels that exceed d~§1" influence
the direction of the gradient, followed by a projection onto the nonnegative orthant. If cZ?V
converges to a fixed dose vector, then the problem becomes convex [96].

Alternatively, we can penalize voxels that exceed a given dose by adding nonnegative slack
variables to the OAR terms. For example, following the model used in the Sensitivity-Driven
Greedy Algorithm [190, 191], we replace our dose—volume terms in (3.7a) with

Z ;—;HAJ-:E +s;—yll2 st s >0, y; e (3.95)
jegd =
which is similar to our modified OAR terms in (3.91). The alternating projections approach
of the Sensitivity-Driven Greedy Algorithm is equivalent to the block coordinate descent
approach of Algorithm 3, with two important differences. First, the nonnegative least-
(k+1)

) also updates the slack variables S

k+1

squares step to compute z , SO0 the number of
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variables in this subproblem increases by > jeqav M. Second, to ensure the convergence of
the dose variables, the y*+1) update includes a projection onto the modified set Qj N{y, €
R™ @ y; > y§k)}. Using the initialization yj(p) = d;i", this approach can be interpreted as
iteratively selecting the voxels that may exceed d%, and once |7Pi/i00] elements of vector

¥l )
yj(k) surpass d?v, the problem becomes convex.

Next we look at two methods that solve a convex problem by imposing maximum-dose
constraints on a chosen subvolume of each OAR. As mentioned in Section 3.1.3, many meth-
ods take a multi-stage approach of 1) solving an approximation of the original problem, 2)
determining which voxels may exceed d?v based on the resulting solution, and 3) polishing
the solution from Step 1 by solving a convex problem using the subvolumes determined in
Step 2. For example, one heuristic to choose the p;% of the voxels that may receive more
than d}i" Gy is to solve the FMO problem without dose-volume constraints [141, 142, 74].
Following this approach, we first solve (P;) without any dose—volume constraints (which is
equivalent to our initialization in (3.84)), and then re-solve with maximum-dose constraints

applied to the (100 —p;)% of the voxels that received the lowest dose in the previous solution.

Another heuristic is to solve an approximation of (P;) where the dose-volume constraints

in (3.6b) are replaced by the convex constraint

vy + Aje — )] < 2

st. v; >0, (3.96)

where v; is optimized along with the beamlet vector  [59]. If this problem is feasible, the
solution is guaranteed to satisfy the dose—volume constraints, but it may not be optimal
for (Py). Therefore, the problem is polished by re-solving with maximum-dose constraints
applied to the (100 — p;)% of the voxels that received the lowest dose in the approximate
solution. We compare results from these two convex methods with solutions from our re-
weighting scheme in Algorithm 4 and solutions from Algorithm 3 which are then polished to

satisfy the dose—volume constraints.
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3.4.4.1 One PTV and one OAR.

First we consider the problem from Section 3.4.1 with stopping tolerance e = 1072, where an
additional lower dose—volume constraint that no more than 5% of the tumor volume receives
less than 81 Gy has been applied to the PTV. In Table 3.4 and Figure 3.13, we see the results
of using approximate dose—volume objectives. Because none of the solutions come close to
satisfying the lower dose-volume constraint on the PTV, and only one satisfies the upper
dose—volume constraint on the OAR, we look for the best candidate method for re-weighting
or polishing. Compared to the solution with (3.94), our solution achieves a higher PTV
D95 and a lower OAR dose in less time. Because the method with (3.94) does not solve a
subproblem to update the beamlet vector, it unsurprisingly requires less time per iteration
than the other two methods, though it does require more iterations overall. The method with
(3.95) requires significantly more time than the other two approaches due to the additional
slack variables, but it produces the only solution that meets the dose—volume constraint on
the OAR. However, its lower OAR dose comes at the expense of a lower PTV D95, and
in less time we can use re-weighting or polishing with (Ps) to meet all of the dose-volume

constraints (first two rows of Table 3.5).

Next we examine results computed through either re-weighting or polishing. All four
solutions in Table 3.5 and Figure 3.14 satisfy the dose-—volume constraints on the PTV and
OAR, and are thus feasible solutions of (P;). However, the lowest objective value for the
idealized problem in (3.6a) is achieved by solving (P,) with Algorithm 3, then re-solving with
maximum-dose constraints applied to subvolumes of the PTV and OAR. The solution with
(3.84) has the highest objective value, perhaps because it is the only method that does not
include any approximations of the dose—volume constraints in Step 1, while the solution with
(3.96) requires the most time. The solution computed with Algorithm 4, on the other hand,
requires the least amount of time, though it is not as good with respect to the objective

value as the solution computed with the combination of Algorithm 3 and polishing.



84

Table 3.4: Results for example in Section 3.4.4.1 with dose—volume objectives.

PTV PTV OAR

D95 (Gy) % <81 Gy % >30Gy Iter. (k) Time (s)
Solution w/ (P2) 79.65 55.32 38.35 5 1.83
Solution w/ (3.94) 78.74 44.33 56.55 173 5.20
Solution w/ (3.95) 77.89 43.74 20.63 5 198.70
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Figure 3.13: Dose—volume histograms for example in Section 3.4.4.1 with dose—volume objectives.
(Left) None of the solutions come close to satisfying the lower dose—volume constraint on the
PTV, though the solution with (P2) achieves the highest PTV D95. (Right) The solution with
(3.95) satisfies the upper dose—volume constraint on the OAR, with only 20.63% of the rectum
volume exceeding 30 Gy, while 38.35% and 56.55% of the rectum volume exceeds 30 Gy for the

solutions with (P2) and (3.94), respectively.
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Table 3.5: Results for example in Section 3.4.4.1 with dose—volume constraints.

PTV PTV OAR
D95 (Gy) % <81 Gy % >30Gy Obj. Time (s)

Solution w/ (P2)®  81.32 2.97 20.43 780  46.94

Solution w/ (P2)?  81.00 4.37 29.43 6.95  65.56

Solution w/ (3.84) 81.00 3.26 28.40 9.12 63.60

Solution w/ (3.96) 81.00 2.20 28.16 8.94 379.46
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Figure 3.14: Dose—volume histograms for example in Section 3.4.4.1 with dose—volume constraints.
(Left) All solutions meet the lower dose—volume constraint on the PTV. (Right) All solutions meet
the upper dose—volume constraint on the OAR.
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3.4.4.2  Multiple PTVs and OARs.

Next we consider the problem from Section 3.4.3 with stopping tolerance ¢ = 1072, with
additional lower dose—volume constraints that no more than 5% of the tumor volumes receives
less than 81 Gy and 60 Gy for the prostate and lymph nodes, respectively. In Table 3.6 and
Figure 3.15, we see the results of using approximate dose—volume objectives, with patterns
similar to those in Table 3.4. Specifically, none of the solutions come close to meeting the
lower dose-volume constraints on the PTVs, our solution from Algorithm 3 achieves the
highest PTV D95 values and requires the least amount of time, and the solution with (3.95)
is the only method to satisfy the upper dose—volume constraints on the OARs, again at the
expense of significantly more time. While the method with (3.94) produces a lower dose to
the bladder, our method is still the best candidate for re-weighting or polishing in terms
of efficiency, where it achieves solutions that meet all dose—volume constraints in less time
than it takes the method with (3.95) to compute its approximate solution (first two rows of

Table 3.7).

Finally, we see the results for this example computed through either re-weighting or
polishing in Table 3.7 and Figure 3.16. This time, the PTV and OAR subvolumes determined
through the solution computed with (3.84) does not lead to a feasible solution for (7P),
though the subvolumes chosen by the other three methods do. Additionally, the method
with (3.96) delivers the lowest dose to the OARs, at the expense of a higher objective
value and computation time, while the solution found using (P) and re-weighting produces
the lowest objective value in the least amount of time. Overall, these results demonstrate
that, compared to other convex and nonconvex methods, our approach can efficiently deliver
similar or better solutions to the FMO problem in the presence of competing PTV and OAR

dose—volume constraints.
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Table 3.6: Results for example in Section 3.4.4.2 with dose—volume objectives.

PTV 1 PTV 1 PTV 2 PTV 2 OAR 1 OAR 2

D95 (Gy) % <8l Gy D95 (Gy) % <60Gy % >50Gy % >30Gy Iter. (k) Time (s)
Solution w/ (Ps) 76.95 57.86 57.51 52.95 64.58 49.47 3 2.80
Solution w/ (3.94) 76.57 42.07 56.87 41.18 77.48 44.45 195 12.98
Solution w/ (3.95) 74.18 45.73 57.34 42.25 25.68 27.55 3 2014.94
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Figure 3.15: Dose—volume histograms for example in Section 3.4.4.2 with dose—volume objectives.
(Top) None of the solutions come close to satisfying the lower dose—volume constraints on the
PTVs, though the solution with (P;) achieves the highest PTV D95 values. (Bottom) The solution
with (3.95) satisfies the upper dose—volume constraints on the OARs, with only 25.68% of the
rectum volume exceeding 50 Gy and 27.55% of the bladder volume exceeding 30 Gy, while 64.58%
and 77.48% of the rectum volume exceeds 50 Gy and 49.47% and 44.45% of the bladder volume
exceeds 30 Gy for the solutions with (P3) and (3.94), respectively.
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Table 3.7: Results for example in Section 3.4.4.2 with dose—volume constraints.

PTV 1 PTV 1 PTV 2 PTV 2 OAR 1 OAR 2

D95 (Gy) % <81 Gy D9 (Gy) % <60Gy % >50Gy % >30Gy Obj. Time (s)
Solution w/ (Pg)® 81.17 4.71 60.32 3.90 48.39 29.84 27.71 138.36
Solution w/ (Pg)b 81.00 4.46 60.01 3.68 44.31 28.78 28.64 309.83
Solution w/ (3.96) 81.00 3.07 60.01 2.69 33.41 25.02 36.02  1118.13
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Figure 3.16: Dose—volume histograms for example in Section 3.4.4.2 with dose—volume constraints.
(Top) All solutions meet the lower dose-volume constraints on the PTVs. (Bottom) All solutions
meet the upper dose—volume constraints on the OARs.
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3.5 Discussion

The main challenge of radiation treatment planning is to deliver a prescribed dose to the
tumor while sparing surrounding healthy tissue. The fluence map optimization problem for
intensity-modulated radiation therapy can be formulated as a large-scale inverse problem
with competing objectives and constraints on the planning target volumes and organs-at-
risk. Unfortunately, the clinically relevant dose—volume constraints are nonconvex, so solving
treatment planning problems exactly with dose-volume constraints is NP-hard. We proposed
a new approach that is well adapted to handle nonconvex dose—volume constraints without
relying on convex relaxations. To solve this formulation, we developed a customized algo-
rithm that is guaranteed to converge to a stationary point of the proposed model. The
overall approach is scalable, handles multiple objectives on PTVs and OARs, and returns
actionable treatment plans as demonstrated with examples on the CORT dataset.

Because our approach models dose-volume constraints using relaxations, our solutions
are not guaranteed to meet each dose—volume constraint exactly. This means that in cases
where no feasible solution exists, we can still find treatment plans that balance competing
objectives on PTVs and OARs. On the other hand, we also demonstrated that in many
cases, treatment plans can be computed efficiently using our approach, then iteratively re-
weighted or polished to find a feasible solution. In fact, results using Algorithm 4 show that
by changing the weights and dose—volume parameters in our objective function, it may be
possible to find treatment plans that not only meet a dose—volume constraint, but also lower
the dose to the OAR below the constraint value (e.g., Figure 3.9). This suggests that for
some cases, tuning the objective function parameters may yield better treatment plans. We
explore the problem of optimizing the objection function parameters in the FMO problem
in the following chapter.

While this chapter focuses primarily on the methodology of our new approach, future

work on this project will be directed towards practical considerations. We will test our
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model on additional datasets including different tumor types, patient geometries, and pre-
scriptions. The comparison of the results using our approach and commercial treatment

planning systems is left for future work.
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Chapter 4

A HYPERPARAMETER OPTIMIZATION APPROACH FOR
AUTOMATED RADIOTHERAPY TREATMENT PLANNING

4.1 Introduction

As we saw in the previous chapter, a crucial step of IMRT planning is solving the FMO
problem, where inverse planning is used to calculate beamlet intensities that deliver a desired
dose distribution to the patient. Using a treatment planning system (TPS), the treatment
planner translates a patient’s clinical goals into a mathematical objective function, which is
then minimized to determine the optimal treatment plan. The objective function typically
contains terms corresponding to different clinical goals, such as maximum doses or dose—
volume objectives, and each term is assigned a weight factor to specify the relative importance
of treating or sparing particular structures. Unfortunately, the treatment plan that minimizes
a given objective function may not be clinically acceptable or optimal, either because clinical
goals have not been met, or further improvement (e.g., better PTV coverage or lower OAR
doses) could still be made. To find a suitable plan, treatment planners often modify the
objective function weights through an inefficient trial-and-error approach, where the influence
of individual parameters on the resulting treatment plan is not always intuitive and can
depend on a variety of factors including model formulation, optimization algorithm, and
patient anatomy. This means that plan quality is often determined by the experience of an
individual planner and the time available to try different parameter configurations [29, 46].

To improve efficiency and plan quality, many efforts have been made to either guide
or automate this “manual planning” step. Omne approach is to explore the relationships

between the objective function parameters and the resulting dose distributions be means of
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an effect-volume histogram (EVH) [10] or an analytical sensitivity analysis [7, 88, 155]. In
the first case, the EVH can identify organ subvolumes where weight adjustment can have
the greatest impact. It can also help determine if goals can be met by either changing
weights or including additional objective terms, or if no further improvement can be made
due to conflicting objectives. In the second case, a sensitivity analysis of the objective
and constraint parameters can quantify the influence of each parameter with respect to the
objective function, which can then be used to predict changes to the resulting plan without
re-optimization. Of course, this requires knowledge of the specific form of the objective and
its Lagrangian function, which may not be available for all TPSs. In this case, an empirical
sensitivity analysis can be performed by computing treatment plans for randomly sampled
objective function parameters [99]. This sensitivity information can then be used to classify
parameters into three sets: a fixed set (often normalized to meet clinical specifications), a
sensitive set, and an insensitive set, which allows planners to reduce the dimensionality of

the problem by restricting their search to the sensitive set.

Another approach, often referred to as Knowledge-based Planning (KBP), uses a library
of previously optimized plans to predict the DVHs, dose objectives, and weight factors for a
new patient. For example, the dose distributions and DVHs from reference plans can be used
to guide the optimization of new plans via the constraint that OAR doses cannot be worse
than the reference [58]. In addition, correlations between the spatial relationships amongst
OARs and PTVs, such as what is captured in the overlap—volume histogram (OVH), and the
dose delivered in prior plans can be leveraged to develop models to predict expected OAR
DVHs from patient geometry. This can in turn be used to initialize planning goals for new
patients [178] or to develop quality control tools that can automatically detect suboptimal
plans [11]. Features of patient anatomy can also be incorporated into models such as k-
nearest neighbors or multinomial logistic regression to predict objective function weights to

warm start the manual planning process [33]. While these tools can reduce planning time by
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identifying a good starting point for a particular patient, or by indicating when an acceptable
plan has been found, they still require the planner to manually tune plans by trial and error.
Furthermore, they need access to previously optimized plans with similar patient geometry
and objectives, which may not always be available, and the resulting plan quality can be

dependent upon the quality of the training set [90].

In an effort to automate the search for objective functions that result in clinically ac-
ceptable plans, others view the objective term weights as tunable hyperparameters, taking
advantage of recent advances in hyperparameter optimization from the machine learning
(ML) community. In the ML setting, hyperparameters can include values related to the
structure of a learning model (e.g., regularization weights, number of features, or the ar-
chitecture of a neural network) or the optimization approach used to train the model (e.g.,
learning rate, mini-batch size, or number of epochs). This approach seeks to minimize a
loss function with respect to its hyperparameters, which can be challenging due the the fact
that the function is typically nonconvex, expensive to evaluate (e.g., it may involve training
an instance of a neural network), and does not have a closed-form expression or access to
its derivatives [172]. In the same way that treatment plan quality often depends on the
experience of the planner, the manual tuning of ML hyperparameters can be considered a

“black art” requiring expert intuition and heuristics [23, 154].

To improve efficiency, results, and reproducibility, ML researchers have developed a va-
riety of approaches for automated hyperparameter optimization. For a small number of hy-
perparameters, a naive grid search can be effective, but it suffers the curse of dimensionality
and is thus infeasible for most problems [23, 70]. In some cases, when certain continuity and
differentiability conditions are satisfied, gradients with respect to continuous hyperparame-
ters can be calculated using back-propagation and automatic differentiation, which can allow
for the optimization of a large number of hyperparameters [20, 106]. Two important classes

of hyperparameter optimization methods include model-free and model-based approaches.
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Some examples of model-free approaches include evolutionary [66, 94] and random searches
23, 95|, which are amenable to parallel computing. In contrast, in Sequential Model-based
Optimization (SMBO), the loss function is approximated by a surrogate that is cheaper to
evaluate, and new hyperparameters are chosen by optimizing an acquisition function based
on the surrogate. Examples include Bayesian optimization using Gaussian processes [22, 154]

or random forests [78, 164], which we discuss in more detail in Section 4.3.

Using a treatment plan utility function or other clinical criteria to quantitatively com-
pare different treatment plans, the hyperparameter optimization approach for radiotherapy
treatment planning iteratively selects new parameters to improve plan quality using various
search methods. For example, [16] applied a combination of grid search and linear interpola-
tion to find parameter values that improved PTV coverage while satisfying OAR constraints,
[99] developed a recursive random search method to optimize a plan score function based on
clinical objectives, [171] used a library of optimized plans with similar patient geometry to
guide weight selection and adjustment to improve the plan DVH, [90] used Bayesian opti-
mization to update weights to meet or improve upon dose objectives predicted using KBP,
and [150] used deep reinforcement learning to automate the trial-and-error process of tuning
weights to lower OAR doses. Other aspects of the treatment planning workflow have also
been explored, including a combination of KBP for personalized patient objective selection

and an automated search for MLC jaw configurations to lower OAR doses [75].

While many of these studies have focused on automated methods to tune weight factors,
it is not clear that these are always the most effective parameters of the FMO objective
function to consider. For example, [76, 77] found that increasing the weight of an OAR
term was more likely to worsen the PTV coverage than to lower the normal-tissue dose, and
that decreases to the OAR dose only occurred for severe dose constraints. Furthermore,
they noted that optimization results are often more sensitive to changes in the constraint

dose, which tend to contribute quadratically to the objective, as apposed to changes to
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the linear weight factors. Rather than increasing the OAR weights, they suggested that
the best plans result from objective functions where the OAR weights are equal to or less
than the PTV weights and the user-specified dose values for the PTVs and OARs are more
stringent than the actual clinical goals. Additionally, equalizing the importance of PTV
and OAR weight factors may also reduce the probability of finding local minima in the
search space [138], which can be a concern for some formulations involving dose-volume
objectives. Of course, the influence of weight factors and dose parameters are determined by
the specific model formulation used. However, even in approaches where updating weights
and dose parameters is mathematically equivalent, modifying references doses is typically

more natural for planners because the weights lack an intuitive clinical interpretation [180].

In this chapter, we explore the feasibility of using hyperparameter optimization to im-
prove treatment plan quality and efficiency for stereotactic body radiation therapy (SBRT)
using the RayStation TPS [28]. Specifically, we automatically tune objective function pa-
rameters using random and Bayesian search routines implemented in the Python package
Scikit-Optimize [71], focusing on objective function dose values rather than weight factors.
We compare our automatically generated plans for peripherally located lung tumors with
plans created by medically certified dosimetrists at the University of Washington Medical
Center. Using intuitive utility functions that can be personalized to reflect individual patient
goals, we demonstrate that it is often possible to decrease doses to OARs below clinical goal
limits, resulting in treatment plans that are as good as or better than manually-tuned plans.
Our approach can be applied to any TPS with scripting capabilities, does not require access
to previously optimized plans, and can improve upon manual plans by exploring a larger
parameter space than what is typically considered in clinical settings. Furthermore, Gaus-
sian process models built within the Bayesian optimization routine can provide a posteriori
sensitivity information in cases where access to specific optimization function information is

restricted.
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The rest of this chapter is organized as follows. We introduce our model formulation in
Section 4.2, including information on clinical goals, TPS objective functions, and treatment
plan utility functions. Next, we provide details on our solution method in Section 4.3,
with a brief overview of Bayesian optimization and Gaussian processes. In Section 4.4 we
demonstrate the feasibility of our approach through various numerical examples on lung
tumors treated with SBRT using the RayStation TPS. Finally, we conclude the chapter and

discuss directions of future work in Section 4.5.
4.2 Problem Formulation

In the IMRT treatment planning workflow, clinical goals are specified by the physician, of-
ten in terms of minimum and maximum doses or dose-volume objectives, average doses, or
uniform doses. It is then the job of the treatment planner to translate these goals into a
mathematical objective function, which is optimized by a TPS to determine beamlet inten-
sities that deliver an acceptable dose distribution to the patient. The TPS often calculates

beamlet intensities z € RY; by solving an FMO problem of the form

k
minimize rw,0) = w; fi(x; 6;), 4.1
e (i) = D wif(r:0) (@)

where constituent functions f; penalize beamlet configurations that violate a particular clin-
ical goal. Positive weight factors w; are used to specify the relative importance of treating
or sparing particular structures, while nonnegative dose parameters 6; are chosen based on
prescription values ~; > 0. Some constituent function types, such as those corresponding to
dose—volume objectives, require additional parameters related to volume limits. Examples
of constituent functions formulated with quadratic penalties are given in Table 4.1, where
dj : RTy — R;jo maps the m beamlet intensity values to the n; voxel doses for the jth
region of interest (ROI). Depending upon the TPS, the specific penalties used for each type

of constituent function may not be available to the planner.
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Table 4.1: Examples of constituent functions using quadratic penalties.

ROI  Clinical Goal Constituent Function
PTV,; Uniform dose =, |d;(z) — 6:]|3

PTV; Minimum dose >; |[[6; — d;(z)]+ |3
OAR; Maximum dose <=; ||[d;(x) — 6:]+]13

If the treatment plan that minimizes a given objective function is not clinically acceptable,
the planner will update the objective by modifying weights or parameters, adding constituent
functions, or even creating optimization-only ROIs (often corresponding to hot or cold spots)
[76]. After re-optimizing with the new objective, the planner will again evaluate the plan
based on their clinical goals and experience. Due to time constraints, this iterative process
often ends once an acceptable plan is identified, even if more improvements could be made.
To automate this trail-and-error process for improved efficiency and treatment plan quality,
we formulate it as a hyperparameter optimization problem of maximizing a treatment plan
utility function with respect to the objective function parameters.

For a fixed set of k constituent functions, let w € R% denote the vector of weight factors

and 0 € Rgo the vector of dose parameters. Viewing the results of the TPS as a black-

k

box function, we let x : RY

o X RE, — RZ return the solution to (4.1) for a given w and
0. We define the treatment plan utility function g(z(w,#);7) to quantify treatment plan
quality with respect to the clinical goal reference doses encoded in the vector v € R’;O. Our

hyperparameter optimization problem can then be expressed as

maximize x(w,d); 4.2a

imize glz(w,0);7] (4.2a)

subject to  x(w, ) € argmin f(z;w,0). (4.2b)
x>0

Depending on the patient, the planner may choose to optimize over only a subset of the
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weight or dose vectors. For example, treatment plans are often normalized to meet specific
prescriptions, such as the PTV D95, or the planner might know from experience that solutions
are relatively insensitive to changes in a given variable. In this case, the dose parameters 6;

in these constituent functions could be set to their corresponding goal values ;.

4.3 Algorithmic Approach

The optimization problem given in (4.2) is challenging for a number of reasons, many of them
due to the fact that the utility function depends on the results of the TPS. First, there is no
closed-form expression for g or its derivatives with respect to w or 8. This means that there
is no a priori information about the properties of the function (e.g., continuity or convexity)
or the influence of the decision variables. Furthermore, each evaluation of g requires the
TPS to solve an instance of (4.1), which can be expensive. Depending upon the difficulty
of the case and the settings of the TPS solver (e.g., stopping tolerance or maximum number
of iterations), calculating the beamlet intensities typically takes 3-5 minutes. While this is
nothing compared to the time it takes to train a deep neural network, the treatment planner
has a fixed time budget and multiple cases to consider. Finally, the values sampled from the
utility may be noisy. This uncertainty can arise from various sources, such as the TPS solver
failing to converge to a solution before reaching the maximum number of iterations, or from

the dose calculation algorithm used to approximate the resulting dose distribution [43].

These challenges make (4.2) a good candidate for a Bayesian optimization approach,
where the search for good parameters is guided by a surrogate model that is sequentially
queried and refined, as described in Algorithm 5. Specifically, starting with a prior over
our utility landscape, we iteratively sample from the utility function and refine our surro-
gate using a Bayesian posterior update. To determine which points to sample (i.e., which
parameters to use next in the TPS objective function), we optimize an acquisition function

that quantifies the benefit of sampling from different locations. There are many choices for
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Algorithm 5 Bayesian optimization for g(w, ) in (4.2).

Specify surrogate model, acquisition function, and number of iterations 7.
fort=1,...,7T do

Optimize acquisition function to determine (w®,®).

Sample g[z(w®,01); ~] by solving (4.1) with TPS.

Update surrogate model using data {g[z(w®,0©); 4] o1, 4.
end for

return max,—; _r{g[z(w®,0©);~]}

acquisition functions, such as Thompson sampling, probability of improvement, expected
improvement, upper confidence bounds, and entropy search [148]. In essence, these func-
tions are designed so that their optima reflect the dual objectives of exploration (sampling
where the surrogate’s uncertainty is high) and exploitation (sampling where the predicted
utility is high). Through this approach, we can simultaneously learn about the sensitivity of
treatment plan quality with respect to the objective function parameters via the posterior
surrogate model, while also identifying parameters that result in clinically superior treat-
ment plans. For a more detailed overview of Bayesian optimization and its applications, see

[2, 82, 113, 148].

In our implementation, we approximate the utility function using the nonparametric
Gaussian process surrogate model. A Gaussian process, defined in terms of mean and co-
variance functions, is a generalization of a multivariate Gaussian probability distribution,
which is specified in terms of a mean vector and covariance matrix. While a Gaussian dis-
tribution models random scalars or vectors, a Gaussian process describes a distribution over
functions. For the treatment planning problem, our Gaussian process is a collection of ran-

dom treatment plan utility variables g(w, @), any finite subset of which are jointly Gaussian
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distributed. In particular, for any input (w, #), there is an associated random variable g(w, €)
with mean p(w,f) and standard deviation o(w,#). For simplicity, the mean function is ini-
tially assumed to be zero, and the covariance is defined by a covariance function or kernel
k[(w,0), (w', 0], which specifies assumptions about the similarity between nearby points.
Popular kernel choices include radial basis functions, Matérn covariance functions, rational—
quadratic kernels, exp—sine-squared kernels, and dot product kernels [126]. For more details

about Gaussian processes and kernel functions, see [64, 123, 131].
4.4 Numerical Examples

In this section, we demonstrate the feasibility of using hyperparameter optimization to au-
tomate the search for objective function parameters for SBRT with the RayStation TPS.
Using Bayesian optimization routines from Scikit-Optimize, we automatically tune objective
function dose values to calculate beamlet intensities for five lung tumor cases treated at
the University of Washington Medical Center. For all cases, the objective function in (4.1)
consists of eleven constituent functions corresponding to the clinical goals given in Table 4.2,
chosen according to RTOG 0915 [169], with tunable weights w and dose parameters §. While
we leave the volume values of the dose—volume objectives fixed, these could also be tuned
using our approach. We treat the PTV D95 dose level as a fixed parameter, with all treat-
ment plans normalized so that exactly 95% of the PTV receives 48 Gy for the first four cases
and 50 Gy for the fifth case.

Our treatment plan utility function in (4.2) is defined as a linear combination of terms

corresponding to each clinical goal,

glr(w,0);7] == Zgi[w(wa 0); i), (4.3)

though the term corresponding to the PTV D95 could be omitted due to normalization. We
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Table 4.2: Clinical goals used in numerical examples.

1 ROI Type Dose (7;)  Volume
1 Chestwall MaxDvh 30 Gy 30 cm?

2  D2cm MaxDose 24-30! Gy

3  Esophagus MaxDvh 188Gy 5 cm?

4 Lungs MaxDvh 11.6 Gy 1500 cm?
5  Lungs MaxDvh 12.4 Gy 1000 cm?
6 PTV MinDvh  48-502Gy 95%

7 PTV MaxDose 80 Gy

8 Ribs MaxDvh 32 Gy 1 cm?

9 Ribs MaxDose 40 Gy

10 Spinal Cord MaxDvh 13.6 Gy 1.2 cm?
11 Spinal Cord MaxDose 26 Gy

use a combination of linear and linear—quadratic utility terms to reward plans that decrease
doses below (or increase doses above) the clinical goal limits. Our linear utility terms can
be interpreted as percent decrease (or increase) relative to the reference dose values. For

example, we use linear terms

gf[w(w, 0): ] 100{~; — d;;jx[:r(w, &)}

(4.4)

for ROIs with maximum-dose objectives, depicted as the solid blue line in Figure 4.1, where
d;*** calculates the maximum dose delivered to the jth ROI. While the linear utility terms

have an intuitive interpretation, they do not distinguish between doses that meet a clinical

Determined by PTV volume.

2Dose level ~ is 48 Gy for cases 1-4 and 50 Gy for case 5.
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Figure 4.1: Linear and linear—quadratic utility terms corresponding to a maximum-dose clinical
goal of 24 Gy for the D2cm, an optimization-only ROI that includes all voxels within 2 cm of the
PTV.

goal from doses that do not. Specifically, a decrease to doses above 7; is rewarded the same
as an equal decrease to doses below +; (i.e., the slope of the utility is the same). For clinical

goals with higher priority, we can instead use a linear—quadratic utility,

Se(w,0)i 7] = gilz(w,0); 7] APz (w, 0)] < i, (45
{1 = gile(w, 0); %]} gilo(w, 0); 7] df™[a(w,0)] > 7,
depicted as the dashed orange line in Figure 4.1, which prioritizes meeting these goals over
decreasing the doses to ROIs that have already met their respective goals.

Our examples are implemented with RayStation 8B, which provides scripting capabilities
in CPython 3.6.5. A call to our utility function updates the RayStation objective function
weight factors and dose parameters, runs RayStation’s optimization routine, retrieves the
resulting ROI doses, and returns the calculated utility value. Our hyperparameter optimiza-

tion problem is solved using the SMBO package Scikit-Optimize, which is built upon Python
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packages NumPy, SciPy, and Scikit-Learn [67, 170, 126]. We compare the results of uniform
random sampling to Bayesian optimization based on Gaussian processes using the functions
dummy minimize and gp_minimize, respectively, though we note that Scikit-Optimize also
provides methods that utilize decision trees (e.g., random forest and extra trees regressors)
and gradient-boosted trees. Except for the number of iterations and initial random points
(used to initialize the surrogate model), we use the default settings for gp minimize. This
includes a Matérn kernel with hyperparameters (e.g., length scale, covariance amplitude, and
additive Gaussian noise) automatically tuned, and the acquisition function gp_hedge, which
randomly selects either the lower confidence bound, expected improvement, or probability
of improvement acquisition function each iteration. While the default settings yield promis-
ing results, further improvements could be made by modifying the kernel and acquisition
function settings.

We first explore the relative sensitivity of ROI doses with respect to the dose parameters
and weight factors in Section 4.4.1, which motivates our choice to tune the dose values
exclusively. Next, we illustrate the behavior of random and Bayesian search methods with
reference to grid search results on a small 2-D problem in Section 4.4.2. The full 10-D problem
is implemented in Section 4.4.3, with comparisons to clinical treatment plans. Finally, we

demonstrate the potential benefits of dimensionality reduction in Section 4.4.4.

4.4.1 Dose sensitivity with respect to weight factors and dose parameters

For our first example, we demonstrate the relative sensitivity of ROI doses with respect to
weight factors and dose parameters. This is done by first fixing all weights w; = 1 and dose
parameters 6; = ;. Next, we compute treatment plans by separately varying the weight
factor wy and dose parameter 6, for the D2cm, an optimization-only ROI that includes all

voxels within 2 cm of the PTV.

In general we would expect the maximum dose to the D2cm to decrease as we increase
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wy and decrease fy; however, this doesn’t appear to be the case. In Figure 4.2, we plot the
results of varying the D2cm weight (orange dots) and dose parameter (blue dots) for all five
patients. The maximum allowed dose 7., denoted by the green dotted line, is chosen for
each patient based on the PTV volume. As we increase wsq, the resulting D2cm maximum
doses behave differently for each of the five patients. For example, the dose in case 5 steadily
decreases as wy increases, while the dose in case 2 doesn’t seem to follow any particular
pattern. Notably, none of the plans computed by varying ws satisfy the maximum-dose
clinical goal for the D2cm. Alternatively, as we decrease 0y the maximum dose to the D2cm
initially decreases, then begins to increase as the objective becomes too difficult for the TPS.
This highlights the importance of identifying a good parameter range, because unrealistic
parameters can lead to worse treatment plans. In all cases, varying 0, leads to treatment
plans that meet the maximum-dose clinical goal for the D2cm, and decreases the dose further
below 5 for cases 2-5. Based on the results of this section, and in order to keep our problem
dimension low, we fix all weight factors at w; = 1 and tune only the dose parameters 6; for

the remainder of our examples.

4.4.2  Comparison of search methods and utility functions

While an exhaustive grid search is simple to implement, it is infeasible for most practical
problems because the number of sample points increases exponentially with the number
of hyperparameters [23, 70]. In order to compare our Bayesian search method and uni-
form random sampling with a “ground truth” grid search, in this section we consider a toy
problem with only two tunable parameters. Using our first lung case, we again vary the
D2cm maximum-dose parameter 65, and we add an additional dimension by varying the
ribs maximum-dose parameter #y. All weights are fixed at w; = 1, and all remaining dose

parameters are set to their limit values 6; = ~;.

For our 2-D grid search, we calculate treatment plans for parameter pairs (s, 6y) over
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Figure 4.3: ROI doses corresponding to clinical goals computed by varying D2cm and ribs
maximum-dose parameters fo and €g. While the chestwall, esophagus, lungs, and spinal cord
meet their respective clinical goals, the D2cm, PTV, and ribs have regions where their maximum-
dose clinical goals are not met.
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the range [0, 5] X [0, 7] with 1 Gy increments. In Figure 4.3 we see the resulting dose values
for each clinical goal, excluding the PTV D95, plotted in terms of percent difference from
v;. The clinical goals for the chestwall, esophagus, lungs, and spinal cord are met in all
treatment plans , with doses far below ~; in most cases. In contrast, the D2cm, PTV, and
ribs are more affected by changes to 6, and 6y, with regions where the clinical goals are not
met. The trade-offs between meeting these different ROI goals will presumably impact on

the shape of the utility function.

4.4.2.1 Linear utility functions

We first consider the problem of maximizing the linear utility function using random sampling
and Bayesian optimization with Gaussian processes. Each method is run for 50 iterations,
where the first 10 iterations of the Bayesian routine correspond to the first 10 random
samples. In the first row of Figure 4.4, we plot the random and Bayesian samples over
the utility landscape calculated using the grid search results, along with the convergence of
the two search methods. While the Bayesian approach converges to a maximum utility of
465.94 after 28 iterations, compared to the grid search optimum of 467.58, the random search
takes 37 iterations to converge to a lower utility of 451. In the second row of Figure 4.4,
we plot the mean and standard deviation of the Bayes posterior surrogate function. The
mean function is qualitatively similar to the utility landscape, though naturally it has more
accuracy and less uncertainty near the sampled points. Finally, in Figure 4.5 we include the
doses delivered in the optimal treatment plans, expressed as the percent difference from ~;.
All of the clinical goals are met with the exception of the D2cm maximum dose, where the
lowest and highest doses are achieved in the Bayesian and random solutions, respectively.
Based upon the location of the optima and the ROI doses, it appears that the trade-off
specified by the linear utility function favors lowering the dose to the ribs over meeting the

maximum-dose limit for the D2cm.
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the utility landscape calculated with the grid search plans on the left, with convergence results
on the right (optimal grid search utility in orange). (Bottom) Bayesian samples are plotted over
the Bayes posterior surrogate function mean and standard deviation.
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Figure 4.5: Doses delivered in the plans calculated with the linear utility function using grid
search, random sampling, and Bayesian optimization, expressed as percent difference from ~;.

4.4.2.2  Linear—quadratic utility functions

To modify our utility function so that it emphasizes meeting the most important clinical
goals, we use a combination of the linear and linear—quadratic utility terms. Specifically,
we use linear—quadratic utilities for all ROIs except for the chestwall and ribs, which are
considered lower priority in the sense that doses may exceed their goal limits for the sake of
an otherwise superior plan. For these two ROIs we use linear utility terms. In the first row of
Figure 4.6, we plot the iterates of our random sampling and Bayesian optimization on top of
the linear—quadratic utility landscape calculated from our grid search. By setting the lower
limit of our color range to zero, we see that the region of positive utility mimics the shape
of the space where the D2cm satisfies its maximum-dose clinical goal in Figure 4.3. This
demonstrates the ability of the linear—quadratic utility to better prioritize meeting important

clinical goals.
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For this case, the best plan identified by the grid search has a utility of 445.13, while
random sampling achieves an optimum of 442.32 after 28 iterations, and Bayesian optimiza-
tion produces a maximum utility of 442.98 after 47 iterations. The second row of Figure 4.6
contains the mean and standard deviation functions of the Bayes posterior surrogate model.
On the left, we see that the Bayesian method was able to identify a region of positive utility
similar to the D2cm feasible region, which enabled it to avoid sampling bad parameter val-
ues in contrast to the random search method. We compare the doses delivered to each ROI
in Figure 4.7, where the maximum dose to the D2cm is reduced as compared to the plans
generated with the linear utility function. In particular, the Bayesian method produces a
plan that meets all of the clinical goals. We also see that while the grid search optimum
has a higher utility, it is achieved through a different trade-off than that found by the other
two plans. Specifically, the treatment plan identified though the grid search exchanges a
higher D2cm dose for lower rib doses, which does not correspond to our clinical intentions.
This illustrates the importance of the utility function design, and the difficulty of translating

clinical intuition into a mathematical objective function.

4.4.8  Comparison with clinical plans

After demonstrating how our approach works for a small 2-D problem, we now consider the
10-D problem where each of the dose parameters 6; are tuned over the range [i/4,;], with
the exception of the fixed PTV D95 parameter 65 = 7. The lower bound of 7/ is chosen
empirically based on the observation in Section 4.4.1 that unreasonably low parameters can
lead to worse treatment plans. Because the PTV maximum-dose parameter #; cannot be less
than the PTV D95 parameter, it is instead tuned over the range [(77 +3%) /1, 47]. As before,
all weight factors are fixed at w; = 1, and all terms in the utility function use the linear—
quadratic utility, except for those corresponding to the chestwall and ribs, where we use the

linear utility. For each case, we run random and Bayesian search for 100 iterations, where
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Figure 4.6: Comparison of 2-D grid search, random sampling, and Bayesian optimization using
the linear—quadratic utility function. Lower limit of the color range is set to zero to demonstrate
the shape of the positive utility region. (Top) Random (purple) and Bayesian (green) samples are
plotted over the utility landscape calculated with the grid search plans on the left, with convergence
results on the right (optimal grid search utility in orange). (Bottom) Bayesian samples are plotted
over the Bayes posterior surrogate function mean and standard deviation.
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Figure 4.7: Doses delivered in the optimal plans calculated with the linear-quadratic utility
function using grid search, random sampling, and Bayesian optimization, expressed as percent
difference from ;.

the first 20 iterations of the Bayesian routine correspond to the first 20 random samples. We
compare the resulting optimal plans with the doses from clinical plans manually generated

by a certified medical dosimetrist.

In Figure 4.8, we plot the convergence results along with the utility evaluated for the
clinical and default plans, where all dose parameters are set to their clinical goal limits, i.e.,
0; = ;. For most cases, the default utility is worse than the clinical utility; the utility is
particularly low for the case 4 clinical plan because the spinal cord maximum dose—volume
value is 33.85% above vy (see Figure 4.9), where a linear—quadratic utility term is used.
After tuning the objective function dose parameters, the plans computed with Bayesian
optimization achieve the highest utility, on average 4.82% higher than the plans computed
with random sampling and 39.4% higher than the clinical utilities (median 11.58%). The

random search method takes between 1.31-2.88 hours to complete 100 iterations, with a
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mean of 1.99 hours total computation time. This is on average 29.9 minutes faster than
the Bayesian routine, which takes between 1.81-3.64 hours with a mean of 2.53 hours total.
This is most likely due to the fact that the latter method also computes the Bayes posterior

surrogate model and optimizes the acquisition function every iteration.

Of course, a higher utility only matters if the resulting plans have improved with respect
to the clinical goals. To evaluate plan quality, we include the ROI doses for each optimal plan
as a percent difference from ~; (Figure 4.9) and as a percent difference from the clinical values
(Figure 4.10). For all cases, the Bayesian method meets the clinical goals for every term using
the linear—quadratic utility. For cases 1-4, the automatically generated plans deliver up to
a 76.75% lower dose than the clinical plans for all ROI goals that are violated in the latter.
Where the ROI doses were larger in the automatically generated plans, they were still lower
than the clinical goal limit ~; by 1.64-98.87%, indicating that they were clinically acceptable.
For case 5, a trade-off is observed between the spinal cord dose (lower in the Bayesian plan)
and the rib dose (lower in the clinical plan), a result of using a linear—quadratic utility for
the spinal cord and a linear utility for the ribs. In Figure 4.11, we plot the dose—volume
histograms for each case, with dotted lines for the clinical plans, dashed lines for the plans
computed through random sampling, and solid lines for the plans identified from Bayesian
optimization. The most consistent trade-off made by the automatically generated plans, as
compared to the clinical plans, appears to be an increased dose to the PTV in exchange for

a decreased dose to the spinal cord.

Finally, in Figure 4.12 we look at the distribution of optimal dose parameters 6;, expressed
as percent difference from ~;, found for all automatically generated plans. We first observe
that many of the optimal plans are achieved with parameters on the lower boundary of their
search ranges, which is often much lower than the parameters values typically considered by
a manual planner. This confirms the observation made in [72] that more flexibility in the

search space can lead to improved treatment plans. The optimal parameters with the widest
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Figure 4.8: Convergence results for 10-D random (purple) and Bayesian (green) search methods,
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method achieves the highest utility.
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Figure 4.9: Doses delivered in the optimal plans expressed as percent difference from ;. For
all cases, the Bayesian method meets the clinical goals for every term using the linear—quadratic
utility.
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Figure 4.11: Dose—volume histograms for plans computed with random and Bayesian search com-
pared to clinical plans. Dotted, dashed, and solid lines correspond to the clinical, random sam-
pling, and Bayesian optimization plans, respectively. The most consistent trade-off made by the
automatically generated plans, as compared to the clinical plans, appears to be an increased dose
to the PTV in exchange for a decreased dose to the spinal cord.
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Figure 4.12: Optimal dose parameters 6; for all automatically generated plans, expressed as
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ranges correspond to clinical goals that appear to be the easiest to meet across all five cases,
specifically those for the esophagus and the lungs. This seems to suggest that the utility may
be insensitive to changes in these parameters, though other factors, such as the correlation
between these parameters, the ROI doses, and the utility values must also be considered. We
also note that some optimal parameters never occur in the upper portion of their respective
ranges (D2cm and spinal cord), while others never occur in the lower portion (chestwall and

ribs). This may in part be due to the choice of linear vs. linear—quadratic utility terms.

4.4.4  Dimensionality considerations

In practice, Bayesian optimization methods have been shown to work efficiently for prob-
lems of moderate dimension; however, their success is often limited to no more than 10-20
parameters [83, 106, 172]. Therefore, scaling these approaches to higher dimensions remains
a challenge, and efforts to reduce problem dimension can lead to increased efficiency. A use-

ful feature of many problem classes is low effective dimensionality: most dimensions don’t
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significantly affect the utility function. Low effective dimensionality is often present in the
treatment planning problem, e.g. (4.1) and (4.2), and as mentioned in Section 4.1, there have
been previous approaches to analytically and empirically identify important parameters for
the treatment planning problem. In this section, we motivate future work in automatic
parameter selection for our hyperparameter optimization approach by demonstrating the
benefit, both in terms of efficiency and treatment plan quality, of identifying a subset of

sensitive parameters and corresponding parameter ranges.

We revisit our fifth case, arguably the most challenging, to see if re-optimizing on a subset
of the parameters can improve results. Specifically, we fix all parameters at 6; = ~;, except for
those corresponding the D2cm, PTV, and rib maximum doses and the spinal cord maximum
dose—volume objective. Furthermore, these parameters are tuned over the modified ranges
of Oy € [2/a,372/4], O; € [17/a,77], Og € [19/2, 7], and b1 € [110/a,370/4]. These parameters and
ranges are chosen empirically, based on the correlations between ROI doses and parameter

configurations from the previous example.

In Figure 4.13, we compare the convergence results of using a subset of our parameter
space against the results from Section 4.4.3. While our initial example achieved a maximum
utility of 241.88 at iteration 99, the re-optimized version finds a treatment plan with a
higher utility of 280.7 after only 56 iterations. This improvement in utility corresponds to
a decrease in the dose to both the ribs and the spinal cord, as seen in Figures 4.14. This
example demonstrates the potential benefit of choosing a good set of parameters to improve
the efficiency of the Bayesian optimization routine. While in this case we manually chose
our parameter subset, methods to automatically discover sensitive parameters could further

improve results.
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Figure 4.13: Convergence results for Bayesian search methods using different tunable parameters
and ranges, along with the clinical (orange) and default (blue) plan utilities. Results using a
subset of the tunable parameters (red) are compared to those from Section 4.4.3 (green).
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Figure 4.14: Doses delivered in the optimal plans expressed as percent difference from ~;. The
middle row contains doses from the Bayesian optimal plan for case 5 in Section 4.4.3, while the
bottom row corresponds to the results computed using a subset of the tunable parameters.
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4.5 Discussion

Radiotherapy inverse planning in current practice often requires treatment planners to tune
multiple objective function parameters to produce clinically acceptable plans. This manual
trial-and-error approach is inefficient, and the plan quality can vary widely depending on
the time available and the treatment planner’s skills. In this chapter, we proposed a hy-
perparameter optimization framework to automate the search for optimal objective function
parameters, which can help maintain plan quality and reduce treatment planning time. We
demonstrated the feasibility and potential benefit of our model through numerical examples
for peripherally located lung tumors treated with SBRT using the RayStation TPS. Specifi-
cally, we automatically generated treatment plans for five cases using both random sampling
and Bayesian optimization with Gaussian processes to optimize linear and linear—quadratic
utility functions. The average treatment planning time (no planner intervention required)
was 2.2 hours, and plan quality improved for four out of the five cases. Our approach can be
easily integrated with any commercial TPS with a scripting interface and does not require
training a model on a library of previously optimized plans as in the KBP approach.

There are many potentials directions to expand upon the work in this chapter. For
example, developing methods to automatically identify sensitive parameters and effective
parameter ranges could guide dimensionality reduction to improve efficiency and utility,
as discussed in Section 4.4.4. When a library of previously optimized plans is available,
our approach could also be used in conjunction with KBP methods. Other aspects of our
implementation, including utility function design and the choice of the surrogate model’s
kernel and acquisition functions, could also enhance performance. Additionally, further
advances in ML hyperparameter optimization can continue to motivate future work, including
techniques such as early stopping [95], parallel implementations for Bayesian optimization
[154], taking advantage of utility functions with additive structure [83], or collaborative

approaches that can tune multiple similar problems simultaneously [17].
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Appendix A
AVAILABILITY OF DATA AND MATERIALS

The figures in this dissertation, as well as the MATLAB and Python scripts necessary to
reproduce them, are available openly under the CC-BY license [101, 102, 103]. All examples
for Chapter 3 are performed on the CORT prostate dataset [49, 50]. Solutions to nonnegative
least-squares problems are solved with the function minConf TMP from the minConf package
[146, 147], and solutions for (3.96) in Section 3.4.4 are solved with CVX, a package for
specifying and solving convex programs [62, 63]. All examples for Chapter 4 are computed

using the RayStation TPS [28] and the Python package Scikit-Optimize [71].
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