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Mathematics

Wave packet methods have proven to be a useful tool for the study of dispersive effects of
the wave equation with coefficients of limited differentiability. In this thesis, we use scaled
wave packet methods to prove Strichartz estimates on compact Riemannian manifolds under
the condition that the Riemannian curvature tensor is uniformly bounded. This improves

upon prior results for the case of metrics with two bounded derivatives.
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GLOSSARY

B, ={r eR?: |z| <r}, B.(xg) ={z €R? : |z — x| <7}

WnR(Q) = {f € LX(Q) : 9°f € LP(Q) ¥ |a] < n}.

[fllwnr@) = 21010 10% fll @)

11 = projection onto the subspace perpendicular to w.

a < bmeans a < Cyb, Cy > 0 a constant depending only on the dimension d.

a~bmeans a S band b < a.
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Chapter 1

INTRODUCTION

1.1 Wave Equation and Strichartz estimates

Consider the Cauchy problem for the wave equation on a manifold (M, g)

(0F — Ag)u = F(t,x) € L' ([=1,1); H* (M)
uw(0,z) = f(z) € H*(M) (1.1)
Ou(0,7) = g(x) € H (M)

where A, is the Laplace-Beltrami operator, which equals (v/[g])™" >, ;9i(1/]glg70;) in

a local coordinate chart. An important family of estimates for the solutions of the Cauchy

problem, which control mixed type LP norms over space and time in terms of a Sobolev norm

of the initial data, are the Strichartz estimates. More specifically, if s > 0, ¢, € (2,00), and

the admissibility condition is satisfied:
1 d d 1 d-1 (1 1)
—t+ =55 -<—1\5-=
q r 2 q

then for a smooth compact manifold, we have

HUHLg([_Lu;Lr(M)) < C(Hﬂ Hs(M) T HQHHH(M) + HF”L}([—l,l];HS—l(M)))' (1-2)

The first version of such Strichartz estimates was obtained globally on R%*! by Strichartz
in [18], [19], where he proved (1.2) for s = 1, and ¢ = r = %. The results were then
extended to general smooth manifolds (M, g). More details can be found in [15]. There are
two crucial endpoint cases: one is when r = 2, ¢ = oo, which is the energy estimate; the
other one is when equality holds in the second admissibility condition. We refer to [8], [9],

[10] for more details.



The dispersive nature of solutions to the wave equation plays a crucial role in proving
Strichartz estimates. Such dispersive properties are closely related to the geometry of the

Hamiltonian flow induced by the wave operator, which, on the cotangent bundle T*(M), is

given by

dx d¢

Y _m S (s, 1.3
where H(2,§) = />, ;87 (2)&¢; is the square root of the principal symbol of the wave

operator. From such a point of view, the energy contained in the initial data, roughly
speaking, propagates along the bicharacteristic curves determined by (1.3). Hence, in order
to study the dispersive properties of the solutions to the wave equation, it’s important to

understand the geometry of the geodesic flow determined by (1.3).

To clarify this, we study the model case in which R? is endowed with the flat metric,
following the presentation of [5]. Fix a nonzero, radial Schwartz function on R%, v(x) with

supp(¥(€)) € {€: 1 < €] < 2} and define 1y (z) = A% (Ax). Write
INGEDIKEA]

where &K(f) is supported in a cone of angle A"z about the direction v, and v is a A~2
scaled family of directions in the unit sphere. For a specific vy, z/AJKO (€) is then supported
in a rectangle centered at £, = A vy of dimension A in 14 direction and A2 in 1/0L directions
and ¢°(z) is highly concentrated in a rectangle centered at origin, with A~! scale in the 1

direction and A2 scale in v& directions. The solution of (1.3) with initial data (0, &) is
x(t) = tyg £(t) =&
and the coherent wave packet at scale A
Dlta) = (V) @) = [ O e
roughly speaking, will rapidly decay outside of the region

{21 (o, 2 + )| < N0 [, o+ tg)| < A2 )



This can be seen by noting that |£| in the phase function is well approximated by (v, &) on
the support of &K‘) (£). The above regions are disjoint for different v in the sum, and summing

over v shows that ¢, (t,z) = (eitmwk)(:c) = > UX(t, x) satisfies, for all N
At )| < CuAT (1+ N[z —¢)

when ¢t =~ 1. For 0 <t < 1, scaling then shows that

a(t,2)| < Ont= T A% (14 Al —¢]) 7. (1.4)

Similar estimates can then be shown for cos(tv/—A)wy and sin(ty/—A)v,. This leads to

bounds for Schwartz kernel of the wave group localized to frequency scale A\, and Littlewood-

Paley theory together with an interpolation argument leads to the proof of Strichartz esti-
mates. More details can be found in [9], [10].

For a smooth manifold (M, g), one can use a Fourier integral representation of e —Be

to prove (1.4) for t less than the injectivity radius, which leads to the proof of Strichartz

estimates on smooth manifolds. We note that the group property of e“m plays a crucial

role in the proof of Strichartz estimates described in [9], [10].
1.2 C"! case

For a non-smooth metric g, the Fourier integral representation of eV ~2¢ fails. However, in
[12], Smith developed new techniques to prove (1.2) under the condition that the metric g

is Ob1. There are two key ingredients in the proof:

The first one is to approximate /—A, using a paradifferential approximation. For & > 0,
take g/’ to be mollification of g¥ of scale 2-% in space. Then since gié € C!, we have the

estimates

lg¥ () — g ()]l <C27F,

V(g () — g ()] 1o < C273.



We then pose
k=1

where pp(z,€) = Zw gfj(m)&fj and v, is the Littlewood-Paley cutoff function at frequency
scale 2%, The key estimate for P is that P? 4+ A, is an operator of order 1, in the sense that
it maps H® — H* ! for 0 < s < 2. One can then reduce the LIL" type estimates for
0?7 — A, to the same estimates for 92 — P? by absorbing the error term into the driving force

F, provided that 0 < s < 2.

The second ingredient is to construct a good parametrix for 0; —i P, meaning, we need to
approximate the evolution operator ¢”. The key idea in [12] is to construct an approxima-
tion solution using an appropriate wave packet frame based on 9§ described above. The wave
packets constructed there are a family of L? functions suitably localized in both physical and
frequency space at dyadic scale, and the key property of such wave packets is that the action
of the wave group on each element of the frame can be well approximated by a function
which is essentially a rigid translation of the original wave packet along the Hamiltonian
flow induced by the wave operator. Therefore the solutions to the wave equation can be
approximated by the superposition of the translated wave packet frame, up to an error term
that involves a gain of one derivative. The exact solution to the Cauchy problem can then
be produced by iteration. We note that such wave packet techniques only work for d = 2, 3,
since the kernel K} (t,z,y) of the parametrix constructed in [12] for eF at each dyadic scale

does not satisfies the bound

_d—1
2

[ Ku(t,z,y)| < C2M(1+ 28)t) = (1 + 2%d(x, Su(y)) ™, (1.5)

except for t &~ 1. However, for d = 2, 3, it does satisfy

_d—1
2
)

|[Ku(t, 2, )| < C27(1 +28|t])

which implies the Strichartz estimates. The Strichartz estimates for general dimensions were

established by Tataru in [20], [21], [22], where the FBI transform was used instead of the



wave packet technique. Here we also mention the work in Smith [13], where a modified FBI-
transform was applied to approximate e’ by the Hamiltonian flow map on the transform
side. The parametrix constructed there is then a unitary group. We need the group property
since for dispersive estimates we want W ()W (s)* to satisfy the same estimates (1.5) for

t =t — s. We can then derive Strichartz estimates for all dimensions.

We remark here that the assumption of C1! is the minimal regularity requirement among
Holder spaces for the validity of the Strichartz estimates. In fact, in [14], Smith and Sogge
produced explicit examples of wave operators with Lipschitz or C* metric for each 0 < o <

1, for which the Strichartz estimates fail.

1.3 Main results

In this thesis, we show that the regularity requirement of the metric can be slightly relaxed
by replacing the C'! condition by the condition of bounded Riemannian curvature tensor.
This means that we require only certain combinations of the second order derivatives of g
to be in L*, rather than all the second order derivatives of g. Additionally, the condition
R € L* is geometrically invariant, and better behaved under a low regularity change of

coordinates. Specifically, we prove the following theorem:

Theorem 1.1. Suppose that (M, g) is a compact Riemannian manifold of C' structure that
can be covered by a family of coordinate charts in which the metric g satisfies g;;(0) =
dijs sup; j [|gijllwre < Co, some p > d. If the Riemannian curvature tensor satisfies R € L™

in each local coordinate chart, then the Strichartz estimates (1.2) hold.

We want to adapt the ideas from [12], for which, as mentioned in the previous section,

we need two ingredients.

First, under the bounded curvature condition, we need

lg”(z) — g (@)l < C27F, (1.6)



where gzj is a mollification of g at physical scale 2-%. This will hold in local harmonic

coordinates on (M, g). This uses the fact that, in harmonic coordinates (see e.g. [4]),
> e (87 0r,8i5) + Q(g. Vg) = Ricy; € L,

where (g, Vg) is a quadratic form in first order derivatives of g;; with coefficients given by
combination of coefficients of g. By elliptic regularity, it follows that V2g € BMO, hence
g € C?*, which implies (1.6).

In Chapter 2, we use this idea to reduce matters to working with a compact perturbation
of the Euclidean metric on RY, such that V2g € BMO and R € L*. The procedure is similar
to that in Taylor [23], Chapter 3 §9. Chapter 2 also reduces estimates for 97 — A, to the

same estimates for 0; — i P, where P is a self-adjoint operator defined as

P = By(D Zﬁk (p(x, D) + pr(x, D)*) Be(D),

where 32(£) is a Littlewood-Paley partition of unity and py(z,&) = (szzl g (x) & @)5.
We show that P? + A, maps H® — H* ! for 0 < s < 2.

The second ingredient we need is the construction of the exact evolution group F(t) =

e We require E(t) to satisfy the following properties:

e F(t) is a strongly continuous l-parameter unitary group on Lz(Rd)

e The kernel Ki(t,z,y) of E(t) at each dyadic scale 2* satisfies the dispersive estimates
Kt 2,y)] < C 241+ 28¢) "7 (1 +28d(, Si(y)) ™,

where S;(y) denotes the geodesic sphere with radius ¢ centered at y, and d(z, S(y))
denotes the Euclidean distance of x to Si(y). Here we require 0 <t < 1, which will

guarantee that there are no conjugate points.



We start by constructing an approximation W (t) to *F in that

(9, — iP)W(t) = B(t)
W(0) =1

where B(t) is an operator of order 0. The exact evolution group F(t) then can be produced
by iteration of W (t). We note that neither the rigid translation technique in [12] nor the
construction using the flow along P of the FBI transform in [13] give a good approximation
of W(t) to e in the bounded curvature setting. In both of those approaches, one needs
Vg € L™ to show that (9; — iP)W (t) is of order 0. The key idea in our situation is to base
W (t) on the Lax parametrix construction. It works well since the solution to the eikonal
equation

at('pk(t7 x, 77) = Pk (l’, szok(t> €, 77)) ) ka(()? xz, 77) = <$7 77>

can be expressed in terms of the geodesic/Hamiltonian flow induced by px. The bounded
curvature condition plus Jacobi variation formula shows that the geodesic flow in this setting
is a C' diffeomorphism, which is just as good as the C™! case. Letting (z(t,y,n),£(¢,y,7))
be the Hamiltonian flow of (y,7) along py at time ¢, then @i (¢, z,m) = >, n;y;(t, ,7), where
y(t,z,n) is the inverse of the map y — z(¢,y,n). The derivative estimates of y(t,x,n) then
can be obtained by studying the Hamiltonian flow induced by py.

In Chapter 3, we use the Jacobi variation formula and ODE theory to show the regularity
of the geodesic flow and derivative estimates on (y,n) — (2(t,y,7),£(t,y,1)). We also prove
the invertibility of the map y — x(¢,y,n) and the derivative estimates of y(¢,x,n), all of

which are as regular as the C%! case.

In Chapter 4, we use the results derived in Chapter 3 and a dilation argument to prove
the desired estimates for (¢, z, 7). The key point is that we get better estimates for small ¢,
which is crucial to proving the dispersive estimates of the kernel Ky(t,z,y) when ¢ is small.

In Chapter 5, we introduce

1
(2m)

(Welt)) (@) = gz [ €202 vl Fn)



and show that

(0= i1 (Wil0)1) = Bu(0S = [ @tz ) o)
where, for |n| & 2", by, satisfies
[(m, 0, 050064 (t, 2, m)] < Cap 27 (¢227%)lel 251,

This can be proved by using the estimates of ¢, in Chapter 4 and Fourier integral calculus
arguments. We note that for ¢ small b, has better estimates, in particular by € Sf’ 1 when
t ~ 27%. This behavior will be crucial for the dispersive estimates in Chapter 7 for small ¢.
We remark that we cannot use the transport equation as in the Lax parametrix construction
to make (8t — iPk)Wk(t) to be order less than 0, since the transport equations do not lead
to a gain for general p; € Sll, L

In Chapter 6, we introduce
k
B(t) =Y By(t).
k
The exact evolution wave group E(t) = e¢” then can be constructed explicitly as
E@t)=>_t" [ W(trma)B(try)-- B(tr)dr,
m=0 Am

where A" C RTH is the m-simplex, consisting of r = (ry, ..., 7p41) with r; > 0 for all j, and
with 71+ - -+7r,41 = 1, and dr is the measure on A induced by projection onto (71, ..., 7m).
We want to show that F(t) satisfies a micro-locality property, that is, if f is micro-locally
concentrated in a region U in phase space, then E(t)f is micro-locally concentrated in the

flowout of U under the Hamiltonian flow at time ¢.

One can show this for any finite product of terms using appropriate Fourier integral

arguments. The difficulty in our setting is that we need to control products of terms of



arbitrary length. We start by showing that the dyadic localization is preserved for long
products of B. Precisely, we show that

Z Z tm Wk (t7ms1) Br(trm) - - - Bi(try) e (D) Bi(try) dr + R(t),

=0 m=0

where R(t) is a smoothing operator, and

Wi(t) = (D) (Wit + Wi + Wiia)(8)
Bi(t) = Y(D)(Br-1 + By, + Biy1)(t).

Here, 1;,C = Yr_1+ Y + Yrr1. The terms for m > 2% give a smoothing operator R(t) due to
the fact that the norm of the m-th iteration can be bounded by % Littlewood-Paley theory

then reduces the proof of Strichartz estimates to the estimates for the term

Ey(t) =) " . Wi (t7 1) Br(tr) - - - By(try)iy (D) By (try) dr. (1.7)

The goal of Chapter 7 is to prove that the kernel Ky (t,z,y) = (Ek(t)éy())(x) satisfies

the same dispersive estimates as on smooth manifolds; that is,
Kt 2, y)| < C 281+ 28[¢)) 2 (14 28d(x, S,(y)))™N, 2% <t<1. (1.8)

To motivate our proof of (1.8), let’s take a closer look at the model case we described in
Section 1.1. In that setting, for any v, with Fourier transform 1/;;@(5) supported in {£: 2% <
€| < 281}, we make a conic decomposition {1%} such that (&) = 32, ¥¥(€), where ¥% () is
supported in a 2F x (2§)d_1 rectangle along the v direction. The energy of each wave packet
Yy is then highly concentrated in a dual rectangle in physical space. Also, we note that
the phase function of the Fourier integral representation of V=2 can be well approximated
by (v,&) in the support of 7/;;; The dispersion at ¢t ~ 1 then comes from the fact that the
wave packet 1] propagates along the projected bicharacteristic curve in physical space, and
different wave packets, essentially, do not overlap when ¢ ~ 1. The scaling argument then

shows that the dispersive estimates hold for any ¢ < 1.
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We want to adapt the same idea to prove the dispersive estimates in the bounded cur-
vature scenario. One difficulty here is that the scaling argument does not work, since the
paradifferential operator P does not scale properly. In order to handle this issue, we note that
we have better estimates for the the phase function ¢y (¢, x,n) when ¢ is small. Thus, instead
of scaling the operator, we work with a scaled wave packet frame with a finer localization in
space. We construct a wave packet frame {¢,} that essentially is a spatial dilation by ¢~
of the dyadic-parabolic wave packets at the scale t2¥ constructed in Smith [12]. We want to
show that the operator Ek(t) maps such a wave packet to a similar wave packet along the
bicharacteristic flow. The dispersive estimates are then a consequence of such a mapping
property. The difficulty is that the expression for E,(t) in (1.7) contains long products of
operators, hence it is difficult to directly use Fourier integral calculus arguments. Instead
of working with the operator Ek(t) directly, we will prove an estimate for each single term
Bk(s) in the product that we can iterate. Specifically, for any function f with its Fourier

transform supported in the dyadic region at the scale 2%, we expand f as

f= ZC’Y¢’Y

where
Cy = / &y (y) () dy.

For any given integer M > 0 and fixed ¢, z, v, we then define a weighted norm space

113 = D (14 28 (w, vy, ) ey [

,\//

where d; is the pseudodistance function defined on the cosphere bundle S*(R?) as
di(z,v;2' V) = |(v,x — )|+ |(V, 2 — )| +tlv —V|* +t o — 2
For each single term By(s) in Ej(t), we prove the following weighted norm estimates

”Bk(s)fHM,Xs(x,y) S CMHf”M,I,V? (19)
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where x; is the projected Hamiltonian flow on S*(R") at time s. Iteration then shows that

1ER () f st xaeomn) < Car € ([ flarzons

which will lead to the dispersive estimates using arguments as for smooth manifolds.

To prove (1.9), we study the matrix representation {a(v’,7)} of Bi(s) in terms of the

wave packet frame {¢,}, where

a(\7) = / G (0) (Bi(5)y) ().

The weighted norm estimates (1.9) then can be proven by using Schur’s lemma for the
matrix representation {a(y’,)}, which is a consequence of the following estimates we prove

in Section 7.2,

la(y', )] < Cn (1 + 28 de(7s xs(7))) (1.10)

Estimate (1.10) tells us that By(s) essentially maps the wave packet ¢, to ¢,.(,) for every 7.
A key step in the proof of (1.10) is to show that the phase function of the Fourier integral
representation of Bk(s) can be linearized over the support of QASV, which closely follows the
proof in Seeger-Sogge-Stein [11], where they essentially handle the case when ¢t = 1. In our
situation, better estimates for the phase function ¢y (¢, x,n) and the symbol by (¢, x,n) for

small ¢ are vital to the proof.
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Chapter 2

PRELIMINARIES AND REDUCTION TO THE MODEL
OPERATOR

In this chapter we study the regularity of g in harmonic coordinates. We then consider
Sobolev spaces on M, and define the wave group for /—A, using the orthonormal basis for
L*(M) consisting of eigenfunctions of A,. We conclude the chapter by reducing the proof of
itP

Theorem 1.1 to estimates for the evolution group e"* of a pseudodifferential operator P on

R? that is a paradifferential approximation to y/ —A, in some harmonic coordinate chart.
2.1 Harmonic coordinates on (M, g)

We start with the assumption that (M,g) is a Riemannian manifold of C* structure with
the following condition: there exists ro > 0, Cy < 0o, and p € (d, o], and for each z € M a
coordinate chart F, : B,, — M with F,(0) = z, so that the induced metric g on B,, C R¢

satisfies

gij(0) =05, sup|lgillnre < Co.
ij
Since WP functions are of Hélder regularity 1 — % > 0, by shrinking ry if needed we may
additionally assume that, given ¢y > 0 to be determined,

sup |gi;(x) — di| < co.

CEEBTU

Following Taylor [23], Chapter 3 §9, in particular [23, Prop. 9.1] and the comments fol-
lowing [23, (9.39)], after replacing r¢ by po = po(d, p, Co,co) > 0, we may assume that the
induced coordinate functions, f! : F,(B,,) — RY, are harmonic functions with respect to

the Laplace-Beltrami operator of g, and that overlapping harmonic coordinate charts are
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of regularity W?2P on their overlaps. The harmonic coordinates are related to the original
F. by a W?? change of coordinates over B,,, and it follows that the original coordinates
were also necessarily of regularity W?2? c C L5 on their overlaps. Consequently, M is a
manifold with W?2? structure. This is consistent with the fact that a metric g maintains its

WP regularity under a WP change of coordinates, which can be seen by (2.1) below.

The space W™?(B,) admits a continuous linear extension operator to W™?(R%) for all
integers m > 0; see e.g. Stein [16], Chapter VI §3 Theorem 5. We may thus apply [23]
Chapter 2 Proposition 1.1, together with the inclusions W1P(RY) c L*°(R?), W2(RY) C

2
L»%(R%), to see that, on either R or B,

1fgllwie < Clfllwisliglwre,  Ifgllar < Clfllwoellglla, (2.1)

The Riemannian curvature tensor R for g in coordinates is given by

L[ Pgu 0*gje g g
5 al'ja,l‘g 8%5% B axjal’k - al},al‘g + Q(ga Vg)a

Rijm =

where Q(g, Vg) is a quadratic form in first order derivatives of g;; with coefficients given by
combination of coefficients of g, hence Q(g, Vg) € L% when g € W with p > d. Then R
is defined as a distribution, and our key assumption is that R;ji is a bounded measurable

function, and that uniformly in the local coordinates F,

IRijktll o= (8,,) < Co.

This is implied by assuming that R is a measurable function, together with the geometric

condition that for all continuous vector fields v;,
[ {(R(v1, v2)vs, va) || ee(ary < Co  if ||g(vj)||ee iy < 1.
In harmonic coordinates, the Ricci tensor Ric can be written, see e.g. [4], in the form

RiCZ‘j = Z &Em (gmna:vngij) + Q(g7 Vg)
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We have Ric;; € L°(B,,), and following [23], Chapter 3 §10, we conclude that g;; € W4(B,),
for all p < py and all ¢ < co. In particular, g;; € Lip(Byg,).

Next take ¢ € C2°(Bsgp,, [0,1]) with ¢ =1 on Bz, and x € C(Bg,,, [0,1]) with ¢ =1
on Bg,.

We form a Riemannian metric g;; = ¢g;; + (1 - gb) 6;; on RY and uniformly elliptic
coefficients a” = x g + (1 — x)d" on R?. Then the following holds globally on R?,

d

Z &Em (am"(‘?xngm) e L™.

mn=1
Since the ™" are globally Lipschitz, we conclude from [23, Chapter 3| Proposition 10.3 that
V2g;; € BMO.(RY).

Note also that the Riemannian curvature tensor R of g belongs to L>®(R%), where we
use that g is Lipschitz, hence R = ¢R modulo products of g and Vg. Collecting this, and

shrinking pg by a factor of 2, we have

Lemma 2.1. Given cq > 0, there exists pg > 0 and Cy < oo so that for each z € M there
exists a coordinate chart F, : B, — M, with F,(0) = z, such that the induced metric on B,,

agrees with the restriction of a metric g defined on R?, with
V%8sl Bro + lIglluip + [Rijrellze < Co,  llg =1l <o, g=Tif || > 2pp.
In particular, g;; belongs to W>4(R?) for all Q < oc.

We now fix a cover of M by a finite collection of harmonic coordinate charts F; : B,, —
M. We may then take a partition of unity x; on M, with supp(x;) C F,(B,,), and such
that x; o F; belongs to W*P(B,,) for each ¢; in particular, x; o F; € W2P(B,,).

It follows from (2.1) that multiplication by x; maps H; (B,,) into H:(B,,) for s =1, 2.
By interpolation this holds for 0 < s < 2. We may then introduce Sobolev spaces H*(M) C
L*(M) for 0 < s <2 by

feH (M) & foF, €Hjy(By)Vze M, |flmson =Y Il0GS) o Fllm@sy (22)
j



15

If f is supported in F;(B,,) N F;(B,,), then || f o F}|

e < C|[f o Fj

gs. This holds for s =0, 1
since Fj_l o F; is a C*' diffeomorphism. If holds for s = 2 since D(F j_l o F}) is a multiplier on
WP by (2.1). Tt then holds by interpolation for 0 < s < 2. Consequently, there are natural
continuous inclusions H(B,,) — H*(M) for 0 < s < 2 given by ¢ — g o Fj_l, and one may

identify H*(M) with a closed subspace of the finite direct sum over j of H*(B,,).

An element of (H*)* thus induces an element of H, . (B,,), and if we identify H*(M)

loc

with (H®)* for 0 < s < 2, then the condition (2.2) holds for —2 < s < 2.

We observe here the following regularity property for A, in harmonic coordinates, which
follows, for example, from [7, Theorem 8.9]. Suppose that u € H*(B,,) is a weak solution to

Agu = f, where f € L*(B,,). Then u € H*(B,) for all p < pg, and
ull 28, < Cp (1ull s,y + 1 fllz2s,,))- (2.3)

The Sobolev spaces for |s| < 2 can also be characterized using the spectral decomposition

of A; on L*(M). Consider the quadratic form on H*(M) given by

Q(u,v) = —/ﬂ(Agv) dmg = /g(dﬂ, dv) dmg.

Then @ is symmetric, nonnegative, and coercive. By Rellich’s Lemma, there exists a complete

orthonormal basis {v;} of L*(M, dm,) that diagonalizes @, in that for f,g € H (M)

Q(f,9) = Z)\f c;i(f)¢i(9),

where ¢;(f) = [,,7; f dmg, and 0 = A\g < Ay < --- is a sequence or real numbers converging
to co. The v; are weak solutions in H'(M) to —Azv; = A v;, hence (2.3) gives ||v;]| g2ar) <
C X5 Tt follows that c;(f) can be defined for f € H*(M) when —2 < s <0 as the action of
f on ;.

The operator (1 — A,) is equivalent to multiplication by (14 A?) in the basis {v;}, and

the following theorem then gives a more natural definition of H*(M).
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Theorem 2.2. For —2 < s < 2, the mapping f — {c;(f)};2, is a continuous bijection, with
continuous inverse, of H*(M) onto the space (* (N, (1+ )\g)s). In particular, uniformly over

—2 < s <2 we have

/]

b = 0+ XV ()= [ fdm,
=0
and » 27 cj(f)v; converges to f in the topology of H*(M).

Proof. The theorem holds for s = 0 and s = 1 by construction of the v;. For s = 2, we note

that
ci(f) vy

M-

ch((l —Ag)f) v = Z(l + M) ei(f) v = (1= Ay)

7=0 7=0 7=0
converges in L*(M) to (1 — A)f if f € H*(M). It follows by elliptic regularity that
>, ¢i(f)v; converges in H*(M) to f. Surjectivity onto £2(N, (1 + A3)?) follows similarly.
The theorem follows for 0 < s < 2 by interpolation, and for —2 < s < 0 by duality. n

We note that the proof also shows that —A, conjugates to multiplication by {)\JQ} in the
basis {v;}, as a map from H*(M) — H* *(M), provided 0 < s < 2.

2.2 The wave equation on (M, g)

Given data (f,g) € H*(M)& H* (M), with 0 < s < 2, we define the solution of the Cauchy
problem to be

oo

ult) =Y (cos(th;) ¢ (f) + A7 sin(td;) ¢;(9)) vy

=0
where we set 07!sin(0t) = ¢. It follows from Theorem 2.2 that

we COH* (M) N CH(H (M) N C*(H* (M), u(0) = f, du(0) = g.

and additionally that 9fu = Azu. In particular, this holds in the weak sense on B,, in each

local coordinate chart F.
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If the data (f, g) is localized in F(B,,3) for some harmonic coordinate chart, then W*?
regularity of g for all p < oo, together with Lemma 2.1 for ¢y small, shows that u(t) is
compactly supported in B, if [t| < po.

By a partition of unity, we may reduce the proof of Theorem 1.1 to the case that the
Cauchy data is supported in F.(B,,/3) for some z and harmonic coordinates F., and thus
work on R? with a metric satisfying the conditions of Lemma 2.1. After rescaling space and

time by a factor R > 1, where R~1Cj < ¢y, we can reduce Theorem 1.1 to the following

Theorem 2.3. Suppose g is a Riemannian metric on R, with g;; = &;; if |z| > Ry, and

such that, for cq a small constant to be chosen depending on d,
[Rigiallz= + llg = Ulwip + V28l ro < ca,
Suppose u € CP([—1,1]; H*(M)) N C} ([—1,1]; H*(M)) is a weak solution to
(0} —Au=F, u(0,-)=f 0wu(0,-)=g.

Then if s € [0,2], q,r € (2,00), and the admissibility condition is satisfied:

1+d d 1<d—1(1 1)
— — = - — 385 — - | - —
’ g~ 2 \2 r/)’

the following estimate holds

HUHLg([fl,l};LT(M)) <C ( ||fHH$(M) + g Hs=1(M) T ”FHL}([—Ll],HS*l(M)) )

2.3 The model operator P

We consider A, for a metric on R? satisfying the conditions of Theorem 2.3.

Introduce B (&) = B(27FE) if k > 1, and ¢ (€) = Br(€)?, such that ¢, is a Littlewood-
Paley partition of unity. That is,

supp(8) C {35 < [ <2}, > B¢’ =1
k=0
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We introduce a family of metrics gi(z) that are mollifications of g(z) on spatial scale 272 .
Precisely, fix a radial function x € C°(B;) with [ x(z)dz = 1, and [z*x(z)dz = 0 for
1 < |al <4, and define a smooth metric g on R? by
E
(gk)ij(z) = 22d/X(2

By the conditions on g in Theorem 2.3, ||gx — I||z~ < ¢o. Furthermore,

k
2

(z — 1)) gi;(y) dy.

/

L, 8] <1,

187 e¢ | < Ca § log(k), |8 =2 (24)

24092, || > 3.
\

The estimate for [3] = 2 follows by the fact that |avg,(V?g)] < 1+ !log(diam(@))

, which
follows from V2?g € BMO with support in {|z| < Ry}, and the last since 8% is an atom

when |0| > 1.

In much of what follows we will need only the weaker estimates

) 1 Bl <1,
1028y | e < Ca (2.5)

2D, |5 > 2.

1
Let pi(x,&) = (szzl g (2) & §j> * 50 pi(x, €) is homogencous of degree 1, and by (2.5)

and the conditions of Theorem 2.3

}pk(xaf) o ‘fH + |azpk($7§)| < CO|€|7

0¢0, (2.6)
Emax —
|0¢ Bpr(x,€)| < Cy 522 mexOIBI=) g 1-lal,

Hence, 0Ppy(x, &)1 (&) € 51 L uniformly over k, if |5] < 1.
Define
P = By(D Zﬁk (pi(x, D) + pr(x, D)*) Bu(D),

and let p(z, &) be the symbol of P. Then P is self-adjoint, and the ST" calculus shows that
2

Zpkl’fw 11
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In particular,

Oip € Sllé for |5 < 1.

We note for future use that the Garding inequality for P follows easily. Indeed, letting

bz, €) = (Yo(€) + D el n(©))

then b(z, D)*b(z, D) — P € Op(SY ), hence for f € Hz, and some real C

(Pf. f)>=C|fllf= (2.7)

Lemma 2.4.

1P+ Agul

Hs=1(R4) S C ||'LL| Hs(R%) 5 0 S S S 2. (28)

Proof. From the fact that g% is Lipschitz, we have the following estimates:

25081-1) (1 4 |¢t-lel 18] > 1
1070¢ pr(,€)| < Cag SISl 15 (2.9)

(1+ [t B=0.
Thus 02pp(z,€)Br(€) € 511; for |B| < 1, with uniform bounds over k. Furthermore, ;. has
’2
disjoint support from g; if |j — k| > 1. The asymptotic calculus then yields

[e.9]

d
pP? = Z(Z ng(x)DiDj)wk(D) +r(z,D), r(z,§) € 5117%,

k=0 i,j=1
so that r(z, D) : H® — H*! for all s. We next write

d
—A, =Y g(x)DiD; + g2 (D (gl &7)) D;.
ij=1
Since |g| "2 (Di( Ig|2 g?)) € W is a multiplier on H* for |s| < 1, the second term maps

H* — H'for 0 < s < 2.

We thus need establish that, for each i, j, the operator

o

R(z,D) = (8"(x) — g (x))vx(D)D;

k=0
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maps H*(RY) — H*(R?) for —1 < s < 1.
By the vanishing moment conditions on the radial function y, we can write
min(L, [§[*71), J¢| < 1,

€721, &l = 1.

1—X(&) = 6°h(€) . where [97A(¢)] < Ca

For j,k > 0, if we let k(&) = ¢b;(€)h(272€) we then have
|08hj 1 (§)] < Co27PI-H g7lel, (2.10)

That is, {2|2j _k‘hj,k }Jio satisfies the same derivative estimates and localization properties of

a Littlewood-Paley partition of unity, uniformly over k. We can write

g—gr=2") gix, where gjp=—(2m) " hx* (Ag).
=0

We then have
supp(g5%) C {27 < 1] <27}, gyl < 912k,

For the second estimate we use that ||E]\k * (Ag)||z < C27127H|| Ag| paro. This follows for

J # 0 since Ej\k is a molecule. For j = 0, we use also that supp(Ag) C Bp,.
If j < k—1, then g; ; ¥r(D)u has spectrum supported in {2871 < [¢] < 2¥2} 50 we can
use orthogonality to estimate the sum over j < k — 1:

oo k-2 00 k—2

RN 3L W

k=0 j=0 k=0  j=0
2

2
Hs*

IN

00
=0

Y (X2

<0 (D)
k=0

i < Cllul

If j > k+1, then g; 11 (D)u has spectrum supported in {2771 < [¢] < 27%2} and we estimate
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the sum by

PSRN DIPIEL L
k=0 j=k+2 k=0 ]:k+2

Z Z 27" g k1o (D) Du| 12

=0 j=k+2

Y Y DDyl

k=0 j=k-+2

< C’Z 27" ||4hr(D)ul

k=0

| /\

IN

It remains to handle the case |j — k| < 1. For this, we note that, by (2.10), the function
ap(§) = 2k > jj—kj<1 Nik(§) satisfies the properties of a Littlewood-Paley partition of unity,

as does 2% (D) D := 1),(D). We rewrite the remaining term as

|3 24 (a(D)g) (D))

For —1 < s < 0, we dominate this by

Hs

| > (a(D)ag) 2 (D)) || | < Clldglmoliuln-
k=0
where we use the paraproduct estimate of Carleson [2] and Fefferman-Stein [6]; for a proof,
see Stein [17, 11.2.4, IV.4.3].

For 0 < s < 1, we use that (a,(D)Ag) (Q[Jk(D)U> is frequency supported in [£] < 25F3,

and bound

|3 2 imiaa) Guconi],

(D)Ag) (du(D)u) |

LQ

Si (s—1)
k=0

< 03" 26 Agl o[l
k=0

<C Y 2" Agllsmolldr(D)ulln

k=0




We also note here the following bounds:
102 (gr — gr)|| oo < Cp2 7431,

For this, write
X(€) —x(228) = [¢?0(€),  pe S(RY), p(0) =0.

Then, setting pi(&) = p(272€), we have

gk — g1 =27 ") (Ag).
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(2.11)

The bound follows since 2218198 Pk is a molecule, uniformly over k, where by a molecule we

mean a L'-norm preserving dilation of a Schwartz function of integral 0.

2.4 Reduction to a first order equation

By the above, we need to prove that
lullagze < © (ullszrms + 100l -t + (D7 = P2l gy ).
If we pose u = (D)0, where (D) = (1 — A)z, then v solves

(Df = P*)v = [P* (D)"|u+(D)~*(Di — P*)u.

The S; 1 calculus shows that [P?,(D)~*] € 5|7, where we use that 0,p(z, &) € S],. Conse-

1
1,5

quently, the above is equivalent to showing that
D) ullgr; < € (Iulligers + 10l o + 1 (DF = P2l g )
By (2.7), with =1+ C we have

(P+f )= fl = 1P+ ) fllee > | fllz2 when fe H.

(2.12)

By elliptic estimates we have |[(P + ) f||lz2®e) = || ]| g1 ey, consequently (P + )" exists

as a map from L*(RY) — H'(R?). One can show that (P + u)~' € Op(S;i), for example by

[1].
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Note that since (P + pu)*> — P? € Op(Sllé), the estimate (2.12) remains unchanged if
we replace P by P + u. For notational simplicity we then assume P is invertible, with
Ple Op(S;é).

The remainder of this paper is devoted to constructing the exact evolution group E(t) =
exp(itP) for the self-adjoint operator P, and proving dispersive estimates for its kernel. The

group E(t) will satisfy following properties:

e [E(t) is a strongly continuous 1-parameter unitary group on L?(R9)

e [(t) is strongly continuous on H*(R?) for all s € R.

e 0,E(t) is strongly continuous from H*(R%) into H*~}(R?) for all s € R.

o £(0)f=f,and O,E(t)f =iPE(t)f =iE(t)Pf when f € H®, for all s € R.

The second and third condition mean that, if f € H®, then E(t)f € CO(H®*)NCY(H*™1).
For s < 0, we understand that F(t) extends continuously to such an operator from L?(R?).
It follows from the third and fourth conditions that E(t)f € C/(H*7) for all s € R and all
JjeN.

Let

Clt)=31(E®t)+E(-t)),  St)=3(E{t)—E(-t)P".

)
The solution u € C°(L?*) N C*(H™!) to the Cauchy problem

(0f =Phu=F, u(0)=f, 0u(0) =g,

is then given by .
u(t) =C(t)f+S(t)g —{—/0 S(t—s)F(s)ds.

So we are reduced to showing that, for all f € H?, and ¢, r, s as in Theorem 1.1,

H<D>7SE(t>f||L§L;([—1,1}de) <C Hpr(Rd). (2.13)
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Chapter 3

REGULARITY OF THE GEODESIC AND HAMILTONIAN
FLOWS

In this chapter we establish estimates for derivatives of all order on the geodesic and
Hamiltonian flows of the metrics gy, as well as spatial dilates of g,. More generally, we will
consider a metric gy, on RY, with estimates that depend on the parameter M € [1,00). We
assume that for constants independent of M, the metric g, satisfies the following conditions.

First, for a sufficiently small constant ¢4 to be chosen depending only on the dimension d,
Rigiallze + 1(8a1)is — ijlluip + Ve (gan)isllsaro < ca. (3.1)
Next, for constants Csz independent of M, we assume that
107 ei |l < Cs MPIZE 1B > 1, (3.2)
and that the associated Riemann curvature tensor, R;jy;, satisfies
107 Rjrl| e < Cp MV 18] > 0. (3.3)

We suppress the M in Rjjx, as well the Christoffel symbols I'7;, for simplicity of notation.

We let (¢, y, w) be the geodesic for gy, with initial conditions (y,w):
O =D TEMYY, 0 yw) =y, Y(0,y,w) =w,
ij
where 4 = Jyy. Note that by (3.2) we have
115 ||z < cas (3.4)

where for this section a < b means that a < Cyb with Cy depending only on the dimension

d.
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Theorem 3.1. Suppose that gy satisfies (3.1)-(3.3), for a suitably small constant c¢q. Then
there are constants Cop < 00, depending only on the constants Cs in (3.2)-(3.3), so that

over the setég lw| <2 and 0 <t <1,
0005y(t, y, w)| + 100050,y (t,y, w)| < Cop MI*HIIT, la + (8] > 1,

and

Dy 1+ DA+ 1D~ 1+ 5 —wl Sca 1Duy— 11 S cat. (3.5)

Additionally, if either |a] > 1 or |8 > 2,
10808 (t, y,w)| < Copt MIPHAL o > 1 or |8 > 2.

Proof. We produce a (not orthonormal) frame {V,,}% _, along v(¢,y,w) by parallel trans-
lating the standard frame {0,,}%¢_,, yielding V,,(t,y,w) = > v%(t,y,w)d,. The dual
frame {V"}¢_, under gy is obtained by parallel translating > g% (y)9,, along 7, so
vt y,w) =Y, g (y)vl, (8, y, w), and regularity of the functions v™! will follow directly

from those for v!,. We have
Ay, = =TT (7)3 0], v (0,t,w) = oy (3.6)
Note that by (3.4) we have |v]> — 6| < ¢q if || < 1. We then expand
Opy =D ity w) Vi, = ka (t,y, w)vd, (t, y,w)0;. (3.7)
Then, using (3.6),
OpA™ = 00" = D (O f i) Z % ()4 v, (3.8)
Since DO,y =Y, (97 fi) Vi, the Jacobi variation formula yields

O 1= 30 (D Run()3e 1) £, (39)

n ijlp
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with the following initial conditions, the latter by (3.6) and (3.7),
Oy w) =6 0 (0,y,w) = 3 Ti(y)w',
The bound |¥| <1 and |v| < 1, together with (3.4) yield, for |¢t| <1,
0 = 071+ [/ = 0| + 10| + 105" = 081 + 104" S ca- (3.10)

This yields the bound of (3.5) for the first two terms. The bounds for the terms in D,, follow

by a similar consideration of the Jacobi field 0,,;~.

Assume now that we have shown the following for |a| + |5 < N, where N > 1,

0500071+ 10505 £ + 10050, + 10050y, 7" + 105030, 47| S Cap MIHIITL (3.11)

y-wy

By (3.6) and the Leibniz rule, for |a| + |3] = N we can write

002900, = —T7 (1) 929%0], + O(MIH1A1),

y CwYm y CwYm

Here we used that ‘85FZ($)‘ < Cs MAl. Similarly, by (3.9),

RO = D (D R4 id 0™ ) 905 i + O (M),

n ijlp

By the initial conditions, we have
851)2‘(0, y,w) =0, 85]”,2"(0, y,w) =0, |8t85f,2”(0,y, w)| < Cy MPI,
An application of Gronwall’s lemma then yields the following, for || = N,

1000007 | + 0005 fi| + 100020, £ < Cap ML,

Yy w"j

and (3.11) follows for |a| + |5| = N by (3.7) and (3.8), hence all «, § by induction.

wf}/| S Ca,ﬁ M|O¢H’|ﬁ|*17 and
97057(0,y,w) = 0 if either |a] > 1 or [] > 2. O

The last estimate of the theorem now follows since |8t858°‘
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We now consider the related Hamiltonian flow. Let

(Zg mm) ,

and consider the solution (x(t, y,m),&(t,y, 77)) to the Hamiltonian flow

&= (Vepn)(2,), €= —(Vapa)(@,6), x(0,y,m) =y, £0,y,n)=n.
These are related to the geodesic flow by the following,
2ty =7 Gy, wyn), &ty =pun) D> ewi() Ay, wly,n)

where

Wy m) = o= > eii(y) s
It follows from (3.1) that

[Dyw| + Jw = [n| 0]+ [Dyw — (I=n|*n@mn)| < ca, (3.12)

and from (3.2) and homogeneity that

|856°‘ w(y,n ‘ <, 5M|5‘ 1’,7‘ laf

Observe that I — ||y ® n = II,;, the projection onto the plane perpendicular to 7. We
thus deduce the following corollary of Theorem 3.1.

Corollary 3.2. Suppose that gy satisfies (3.1)-(3.3), for a suitably small constant cq. Then
there are constants Cp g < 00, depending only on the constants Cs in (3.2)-(3.3), so that

over the interval 0 <t <1,

nl0] 0 (t, y, m)| + 10505(t, y, )| < Capg M [ tlel a4+ 18] > 1,
and

[Dyz =1+ D¢ = 1| Sca, D&+ [E=nl Scalnl, |Dyz—tI| S cat.
Additionally, if either |a] > 1 or|5| > 2,

\858395(75,3/,77)] < Cy gt MIHIBIZL ) =led, la| > 1 or |5 > 2.
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For the generating function ¢y (¢, x,n), we need consider the function y(t, z,n) that is the

inverse of the map y — x(¢,y,7n).

Theorem 3.3. Suppose that gy satisfies (3.1)-(3.3), for a suitably small constant c¢q. Then
there are constants C, 5 < 00, depending only on the constants Cg in (3.2)-(3.3), so that if
0<t<1andn+#0, the mapy — xz(t,y,n) is invertible, and the inverse map y(t,x,n)
satisfies |Dyy — 1| < ¢4, and

10205y (t, x,m)| < Copp MIHEY g7l o] 4-15) > 1,
Additionally, if either |a] > 1 or |5| > 2,
(020 y(t, . m)| < Cogt M= pI=lel o] > 1 or (8] > 2.
Also, for the function £(t,x,n) := (¢, y(t,x,n),n),
(0205 €(t, w,m)| < Cog ML tlel ol 418 > 1.

Proof. For each n # 0 and 0 < t < 1, the map y — x is proper, hence a closed mapping.
It is open since | D,z — I| < ¢4, hence onto by connectivity of R and one-to-one by simple
connectivity of R%. Thus y — z(t,y,7n) is a diffeomorphism of R?, with inverse satisfying
|D,y — I| < cq. The estimates of the theorem then are a consequence of the inverse function

theorem and Corollary 3.2. [
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Chapter 4

SMALL-TIME ESTIMATES FOR THE PHASE FUNCTIONS

In this chapter we prove estimates on derivatives of the solution to the eikonal equation
for gr. Let gi be the mollification of g at spatial scale 275 from Chapter 2, and let ¢ be

the solution to the eikonal equation

atSDk(t,%n) :pk<$,vxﬁpk(t,1’,7’]>) ’ SDk(vaan) = <ZL’,7’/>

Then @ (t, z,n) = Zj n;y;(t, x,n), where y(t,z,n) is as in Theorem 3.3, and the estimates
of that theorem hold with M = 2*. Furthermore,

87]j<10k(t7x777) - yj(tuxan)u azjgok(t’xan) = §j<t’xan)'

We then easily read off the following from Theorem 3.3,

|02t x,m)| < Cs 22082l 18] > 2 (4.1)
!85&7%(15 X, )‘ < C’ﬁtﬁ(w'_l) 18] > 2, (4.2)
0005 6u(t,m)| < Gyt 28 0PIl o] > 9, (4.3)
Additionally,
‘azﬁnwk(t,x,n)] <C. (4.4)

The following shows that some estimates can be improved with respect to derivatives in 7,

which is key to controlling the evolution operators for small ¢.

Theorem 4.1. Assume that || > 2 or || > 2. Then when 27% <t <1,

la|

!86077 orp(t,z,n)| < Captz 22(|a|+|f3\—2)|77’1—\a|’
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and when 0 <t < 27F,

le% £ - —la
(0205 pi(t, z,m)| < Cop 22 P12y 1o,

Proof. If |a| < 1, the estimates for all 0 < ¢ <1 follow from (4.1)-(4.2). To handle |a| > 2,
we take a parameter e with 27%/2 < e < 1. Let g x(z) = gi(ez), where g is the localization

of g to frequency 2¥/2. Similarly, let p.x(z, &) = pr(ex, €). Let ¢,y be the solution to

atgpf—?k(t T, 77) = Pek (SC, Vx@57k(t, z, 77)) ) @E,k(ov z, 77) = <I’, 77)

Then by homogeneity we have

@k(t7$an) = 59087k(5_1t’5_1x’77) . (45)

The metric g. () is the localization of g(ex) to frequency £2%/2. Since g(ex) is Lipschitz
with bounded curvature (uniformly over the range of €), we can apply estimates (4.1)-(4.3)
with 23 replaced by M = €25,

For 275 <t <1 we take ¢ = ¢ in (4.5), and apply (4.3) with M = 975 to get
1 ek (lalll— C
‘85870;9019(15,1',77” S Caﬁ t|04| 1 22(\ [+18]—2) |n|1 | "

For || > 2 this implies the desired estimate.

For 0 < ¢ < 2% we take ¢ = 273 in (4.5), and apply (4.3) with 23 replaced by 1 to get

o 5 Tl
10705 @1 (t, 2,m)| < Capt 2217|7100,

Since ¢t < ¢525021-2) for ¢ > 2% and |a| > 2, and 25181 < 250812 for 0 < ¢ < 2%, this

concludes the theorem for 0 <t < 273, ]

As a corollary we obtain the estimates we need for linearizing the phase function, and
showing the symbols are slowly varying, for n in an appropriate conical region. Given a unit

vector v, and 27% <t < 1, we define the dyadic/conic region

1 k

ro={n: 22 <l < 32K v —|n| My < Lt22me b (4.6)
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Note that on this region, since 3273 <1,

1k
2

nl = (vn) = 3l [Men| <7223,
where II,. is projection onto the hyperplane perpendicular to v.

Corollary 4.2. The following estimates hold for n € Qy ,, where 0, and 0, denote general
terms of the form 0,, and 0,,,

(v, 0,) 0200020 (t,w,m)| < Cjapt27t27M (227 3) 1o 2517, (4.7)
and

(1, 0,)7 0502 (0, 0u0) (8, m) | + 27" [{v, 8,) 0507 (Do) (¢, . )|
< Chap27M (t2275)l0l 23181 (4.8)
Proof. We observe that, by homogeneity, the estimates of Theorem 4.1 imply, for |n| ~ 2~

and all 7,
0202 (1, O201)(t, w,m)| < Cjapt2® (t2277)l 25191,

which, since [0y, (n,0,)] = [a|9;, imply in turn that
(0.0, 0507(00)(t,2.m)] < Capt2™ (2277) 2317,
Suppose (4.7) holds for j < jo, and after rotation assume that n = (1,0,...,0). We expand

<777 0 >JO — 7730830 + Z Cjojua T n/a&él 87(7)4
J+|el<jo
J<Jo
Since 1, < 282 and || < t732% on QY 4, the induction hypothesis of (4.7) for j < jo yields
that

109002 08 (02¢01) (1, )| < Cj 27" (13275)l01 25191

which yields (4.7) for j = jg since 1 > 272 on Q} ;- Similar steps prove (4.8). O
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In this chapter we produce the exact wave group E(t) for P by iteration of an approximate

wave group W (t), which we construct as a sum of approximate solutions at each dyadic scale.

Define
k41
Prl,n) = D pil@,m)vin),
j=k—1
and set

(Dy — pr(z, D)) et EmMapy (1) = 2By (¢ 20, m) P (n)

where D acts on x. Then by (t,x,n) ¥x(n) is given by the oscillatory integral

(&t@kz(t? r,m) — /€i<x_y7c>+i%(t’y’n)_w’“(t’x’n)ﬁk(% ¢)dy df) V().

1
(2m)"
We then write

Rty m) —we(t,v,m) = (y —x) - V(t, 2,y —x,m),

where
1 1
Vit 2 o) = / (Vo) (t, + sh, ) ds = / &t + shyn) ds,
0 0

where &(t,z,1) = Vypi(t, z,n) is as in Theorem 3.3. Then
V(ta z, O, 77) = VJB()O(L T, 77) ) 8h1V7<t7 T, 07 7)) = %axzaz] @k(tv T, 77)
By (3.1), we have |V (t,z, h,n) —n| < z|n|, and by Theorem 3.3,

070705V (t, 2, )| < Clapy 22 0HIFDIED 710l ] 48] + ] > 1.

(5.1)

(5.2)



33

We then make a change of variables: y — y + h, followed by ¢ — V(¢,z,h,n) + ¢, to write

the oscillatory integral term as
1

(2m)"

We split the oscillatory integral up using a smooth cutoff y, supported in |¢| < 2, with

/e—i<h74>pk (2, V(t, 2, hyn) + ) ¥y (n) dh dC.

x(¢) =1 for [¢| < 1. Specifically, we write
1= X(Z_k+40(1 - X(h)) + (1 — X(2"“+4§)) + x(R)x(27F40).

The estimates (5.2), together with (2.9) (C'S], estimates on py), imply that
2

|3;333§‘8513k (I, V(t,x, h,n) + C) ¢k(n)x(2—k+4o‘
ok(1-lal=16) 25 (B+HIHOI-D | 4 || 4 |0] > 1
S Ca,,@;y,e (53)
2k(1—|o¢|)7 |5| n |7| N |@| o

Furthermore, it is supported where 1%2’“ < |nl < %2’““.

Consider first
ri(t,x,n) = /e“h’%k (2, V(t, 2, h,n) + ) i(n) x(277C) (1 = x(h)) dhdC

= /e‘“h’OAéV (ﬁk (z,V(t, 2, hyn) + C) ti(n) X(2"“+4C)> (1= x(h))|h|=*N dh dC.
The estimates (5.3) show that the integrand is bounded by 2F(1=2M|h|=2N " and supported
where |¢| < 28+% and |h| > 1, with similar estimates on derivatives in (z,7). Hence, for all
N,
lﬁfﬁﬁrl(t,aj,n)\ < CnNop 27kN (5.4)

and ry is supported where 2871 < |n| < 2~+2,

Next consider
ro(t, x,n) = /6_“"’02% (z,V(t,z, h,n) + ) r(n) (1 — x(27*%)) dhd¢

_ / e (1 A AN (pu( VIt 2, ) + €) () (1= (2710 ¢72)

x (1+ |h|?)™" dhdC
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In this case the derivative estimates (5.3) show that the integrand is bounded by a constant
times 2¢(N*2)[¢| 72V (1 4 [h2[) " and is supported where [¢| > 2*. Tt follows that ro(t, z,7)

also satisfies the estimates (5.4).

We are thus left, modulo smoothing terms, with the symbol

/ ey (2, V(t, 2, hy) + C) () x (27774 x(h) dh .
We take a Taylor expansion in ( of p, about ( = 0 to write this as
1 , . _
Yo / e O DY ((050) (2, V(E 2, b)) x(R) ) ) x(27HHC) dhdC + r(t, ),
i<y
where r(t, xz,n) is given by

Z /01(1 B s)N_l/ 6—i<h,<>DZ<(8gﬁk) (m, V(t,x, h,n)+ SC) X(h)>

[v|=2N

x e(n) x(275F¢) dh d( ds.

The estimates (5.3) show that [0 057 (¢, x,1)| < Cn.ap k(nt1=3lal+3181-N)

For the terms with |y| < 2N, let ¢(h) = x(2*)(h), which has integral (27)™ and vanishing

moments of all non-zero order, and write the v term as

/ e~ Dy ((82150(1:, V(t,x, b)) Yu(n) x(h)) 2" (2" ) dh.

We Taylor expand py (z, V (¢, z, h, 1)) x(h) to order N about k = 0. The N-th order remainder

1=31I=N) | with similar estimates on derivatives in

term will lead to a term bounded by 2"
(z,m). All terms with h? with § # 0 integrate to 0 by the moment condition. Therefore,
since Oypi(t, x,n) = pi(t, x,&(t,x,n)), we can write
L viqna
bi(t,z,1m) = (pk(t,:v,é“(t,aw)) =Y =D (=, V(t, hm))!h:o)%(n) (5.5)

lyl<2N '

plus a term r(t, z,n), where supp(r) C supp(¢) and

|6§87‘;“7“(t, z,1n)| < CNap k(3181 1lal+n+1-N)
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The term py(t, z, V@i (t, £,m)) combines with the v = 0 term to give

k+1

D (k= 2yt &t )y (n)ow (). (5.6)

j=k—1
We will estimate this term similar to the term |y| = 1, using the following estimate, which
is a consequence of (2.11).

161 _4

0702 (pr = pi) (2, )] < Cap22 7" €] (57)
We now examine the terms in the sum when |y| > 1. Observe that

OV (t, 2, b, 0 (t,x,m).

I
0 = T
The « term in (5.5) is then a finite linear combination of terms of the form

(ag_‘_gﬁk) (l’, f(t, z, 77)) (aglf(ta z, 77)) e (8215(75: z, 77))7
where 0 4+ ---+ 6, =7, each 6; # 0, and | = |o| > 1.

We now consider estimates to show that by(t,z,7) is slowly varying on the region €},

defined in (4.6). First note that, by (4.8), when 6 # 0, and n € €} ,,
(1,0, 0705 (DL€t w.m))| < Crapg 250 274 (r3275) ol 230,

A recursion argument and (2.9) then show that, for n € Qy |,

(v, 0070205 (007 (w, (8 2, m)) &t ) - Ot ,m))|
< Cjapg 25CNI=l0D 9ki (139-F)lal 25181

The expression for bg(t,z,n) involves an asymptotic sum over |y| > 1, where also |o| > 1 in

all terms. Similarly, using (5.7), we get the following bounds for (5.6),
k+1

(. 0,70205 (37 (o = p3) (8 60 )y (0)m) )| € s 27 (275l 2800,

j=k—1

We consequently get the following.
Corollary 5.1. The following estimates hold for n € € ,,

(v, 0,)7 02080, (t,2,m)| < Cjap 27 (t227 7)ol 2301
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Chapter 6

ENERGY FLOW ESTIMATES

Define the operator Wy (t) and By(t) by

(W07) @) = sz [ 0+ () ) .
(BN @) = gz [ 0= bultm) (n) Fn) .

In this chapter we show that the Fourier transforms of Wy, (t) f and By(t)f are concentrated
in the image of the support of f under the Hamiltonian flow for g of time ¢. Since we will
consider iterates of By, we need a finer localization than that given by standard S symbols.
We could work with S) cutoffs for any p € (3,1), but fix p = 2 for convenience. We thus

consider cutoff functions a(n) that satisfy
|8,°,‘a(77)| < O, 2 kel supp(a) C {n: 22" < |n| < 3 2¢2}. (6.1)

Given any compact set K C {n: £2" < |n| < 222} and § > 0, there exists such a
cutoff a such that a = 1 on the %52% neighborhood of K, supp(a) is contained in the 2%
neighborhood of K, and such that the constants C, depend only on § and the dimension d.

In particular they are independent of K. For example,

a(n) = (5‘12“?)‘1/ G612 F (p—C))d¢, K= {(:dist(¢, K) < 2627},

*

where [ ¢ =1 and supp(¢) C Bys.

Lemma 6.1. Suppose that a; and as are cutoffs satisfying (6.1), and that as = 1 on the §21k
neighborhood of the projection onto 1 of the image of RY x supp(a;) under the Hamiltonian
flow of pi. at time t. Then for all N,

| (1 = a2(D)) Bu(t)ar (D) f || v < On 27N || Fll -,
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where the constant Cy depends only on N, the constants C,, in (6.1), and 6. The same holds
with By(t) replaced by Wi(t).

Proof. We prove this using a modification of the Cérdoba-Fefferman wave packet transform
introduced in [3]. We use the version from [12], which is based on a Schwartz function with
Fourier transform of compact support, instead of a Gaussian. Precisely, fix g a radial, real

Schwartz function supported in By 4, with ||g||z2 = (27)%, and set

k
2

(y —x))

kd —x
gue(y) =27 & 2)g(2

For f € L?(R%) define
TN = [ 165 e

Then T}, is an isometry, with adjoint given by

(T F) (y) = / F(2,€) goe(y) du de,

and since the frequency localization of the operator it suffices to show that, for all IV,
1T (D)Y (1 = a2(D)) Bi(t)ar (D) Ty F || 2 (raay < Cn 27V F|| 12 (r2ay.

This operator on L?(R??) is given by the following integral kernel,

K(a', ¢ 2, €) =/ (Bi(t) a1(D) g ) (y) (DYN (1 — a2(D)) gor.er (y) dy.

Rd
Letting (4, &) = x¢(x, §), with x; the Hamiltonian flow, the kernel vanishes unless |£' —&| >
527 — % Thus it suffices to show that, for all IV,

K (2, &52,8)] < Cn 2"V (14 2§|m’ — x| + 2_§|§’ — §t|)_N. (6.2)

For the purpose of this proof, we use g,¢(y) to denote a generic function of the form
2% ¢iley—a) §(2§(y — x)), where g is a Schwartz function that may differ in each occurence,
but all instances lie in a bounded family in S(R?) with bounds depending only on Schwartz

seminorms of ¢, the constants C,, in (6.1), and the constants C;, g in Corollaries 4.2 and 5.1.
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For instance, we can write (D)™ (1 — as(D))gw ¢ = 2"V Gy ¢r. We prove the estimate (6.2) by
showing that we can write By (t) gr¢ = ¢, provided |€] € [2871, 28+2] where we ignore the

factor a;(D) since it preserves the bounds and compact support of g, ¢(7).

The analysis of the function By (t) g,¢ is essentially from [3], with simplifications since g

is compact support. It is also a simple case of the proof of Lemma 7.2. O]

Lemma 6.2. Let W(t)f =3 1o Wi(t)f. Then

(D, = PYW(t) =Y Bi(t) + R(1)
k=0
where ||R(t) fllgy < Cn ||fllg-~ for all N, uniformly over 0 <t < 1.

Proof. Let aj(n) be supported in {32% < |n| < 22¥7} and equal 1 where {I2" < 5| <
8211, Then for ¢4 small enough, the condition of Lemma 6.1 with a; = 1y, is satisfied for

all ¢ with |t| < 1. Therefore

Z Z pj(z, D)¢;(D Z Z p;(2, D);(D)(1 — ax(D)) Wil(t)

k=0 |j—k|>1 k=0 |j—k|>1

can be seen to satisfy the conditions of R(¢). Thus we can write

(D~ P)W(t) = (Dt - Z p;(z, D)wj(D)) Wi(t) + R(t)
= i By (t) + R(t)
k=0
for R(t) as in the statement. O

The analysis of the kernel in Lemma 6.1 shows that we can write
> py(e D)5 (D) (1 = (D)W 2) = [ Kalt. ) (5l D))
li—k|>1

where

_ —N
10000 Ky (t, 2, y)| < Capn 27N (1 + & — y])
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We can then write

1
(2m)"

/ Kt 2.9) (0(D) f)(y) dy = / GO (1 ) () F () i,
with
ri(t,m,m) = e terltemn) / Ki(t,z,y) e " dy,
so that for all vV
|((9f((9f;rk(t,m,n)| < Copn2 N 2kl < |n| < 2k+2,

We can then incorporate ry into by, and hence R(t) into the sum of the By(t). Thus, we can

write
(Dt Z Bk =B

The proof of Lemma 6.1 also shows the followmg.

Lemma 6.3. For all s € R we have ||B(t) f]

e < CS||f|

s, uniformly over 0 <t < 1.

We can thus produce the exact wave group E(t) for D, — P via iteration

t +/ W(t—s)B ds—i—/ / W(t—s)B(s—r)B(r)drds+ ---
0

To write the iteration more concisely, let A™ C R7 be the m-simplex, consisting of r =
(71, ..., "my1) with r; > 0 for all j, and with 7y 4 - - + 7,41 = 1. Let dr be the measure on

A™ induced by projection onto (r1,...,7,). Then we can write

Z e | W (trmia) B(tr) -~ B(try) dr. (6.3)

If C, is a uniform bound for the H*(R¢) norm of both W (t) and B(t), then the m-th term

has H*® operator norm at most C™¢™/m).

Theorem 6.4. The expansion (6.3) converges uniformly over 0 < t < 1, in the operator
norm topology on each H*(R?). The limit E(t) is a one parameter group of L>-unitary
operators, and for f € H*, F € L'([-1,1], H®), the solution to (0; — iP)u = F, u(0,-) = f
is given by u(t,-) = E(t)f + fo (t—s)F(s,-)ds.
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Recall that ¥y, = ¥p_1 4 g + Vps1. We define

Wi(t) = Ur(D) Wiy + Wi, + Wia)(1),
Bi(t) = ¥r(D)(Bi_1 + By + Bii1)(2).

Lemma 6.5. Ifm+1 < 25, then for all N, uniformly over t and r,

|’W(trm+1)B(trm) -+ By(tr) f — Wk@rm-kl)ék(trm) o '&k(D)Bk(trl)fHHN

< On 27 (| fll -

Proof. Fix t and r, and without loss of generality assume ¢t > 0. We introduce a family of

intermediate cutoffs ¢y ;(D) for 1 < j < m, which depend on tr. Define points % <p;, <

pj < p; < % as follows. Fix ¢g and ¢; so that e = %, and et = 2. Let
k k
p; = eco+c1(r1+---+7‘j)t+61j271 p/' — €CO+CI(T1+"'+Tj)t+cl(,j+%)27z
’ J

Thus ¢ is supported where |n| € [e702" e©25+1] and ¢ (n) = 1 on the set {n : |n| €
[P, 2%, pl,, 2841} Also,

m

_k _k
P — il > 51277, pj+1 =P > eyt + 3271

By the above comments we can construct a family of cutoffs 1, ; (&), satistying (6.1) with

constants C, depending only on the dimension d, such that
Urg(n) =1 if |y € [p;'2%,p;2"Y), supp(vny) € {n:|nl € [p)7 28 pj2 ]}
Let ¢, = Supx’£(|§|’1|vxpk(x, €)]) < cq. Then for solutions to the Hamiltonian flow,
exp(—cytr;) |E(s)] < |&(s +tr;)| < exp(c,tr;)|E(s)|.

Then if ¢, < ¢;, the condition of Lemma 6.1 is satisfied for ay = ¢, ; and a; = 9 ;_; with

0= %101- Thus Lemma 6.1 yields

—kN
Hs—HS < CS,N2 ’ VS,N,

(1 = 2w 5(D)) B(tr;)r,;—1(D)]
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where if j = 1 this holds with B(tr;)yy j_1(D) replaced by By(try).

Since B(t)yx;(D) = By(t)ir;(D), and m < 21, we can apply this repeatedly to write

W (trps1)B(try,) - - - B(tre) By(try)

= Wi(trmi1) V(D) Br(tr) - - - By(tra) e, (D) Br(tri) + Re(t),

where ||R(t)]

msoms < Csn 2=NE for all s, N. We then prove Lemma 6.5 by observing that

the same steps let us write

Wi (trm 1)k m (D) Bi(tryn) - - - Ba(tr)ihy 1 (D) By(tr)
== Wk(tTm+1)Bk(tTm) te Bk(tTg)’J}k(D)Bk(tT’l) + Rr(t) s

for a similar R,(t). Since R.(t) is localized on the right at frequency 2%, it follows that
| Re(t)|| -~ v < Cn 27N for all N. O

Corollary 6.6. One can write

i Z m Wk (t7ms1) Bi(trm) - - - Bi(trs)p(D) By (tr1) dr + R(t),

k=0 m=0

where for all N we have |R(t)f|lgy < Cn || fllg-~, uniformly over 0 <t < 1.

Proof. Consider
Z 1 | W(tr) B(trm) -« B(tr) By(try) dr

m271

For 0 <t <1, and all N, the HY — H" operator norm of this sum is bounded by the sum
> o2k p O /m! < Cn273FN . Since it is localized on the right at frequency 2* it thus has
H=N — HY operator norm bounded by 27*V. O

We now define the operator

Z tm Wk (t7ms1) Bi(try) - - - Bi(tra)hp(D) By (tr) dr.
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The arguments leading to Lemma 6.5 apply equally well to conic localization. Precisely,

suppose that a,(n) is supported in the set |w — |n|™'n|| < for some w € S and let

32’

a,(n) be a smooth, homogeneous cutoff such that

au(n) =1 if jw—|n|"'n| < supp(d.) C |w — |n|~'n| <

1
=24 =16

Then, modulo Ry (t) where ||Ri(t)||g-~_g~y < Cxn 27" uniformly over 0 < ¢ < 1, one may

write

Ztm / G (D)W (t7m41)d(D) Bi(trpn) - - - 4 (D )iy (D) By (tr1)aw(D).

m

By taking a finite conic partition of unity, we may thus write

t)=> E{(t)+ R(t

where R(t) is as in Corollary 6.6, and for some a and a as above,

Z tm/ G (D)W (t7 i1 )iy (D) By (t7,) - - - Gy (D)o (D) By (tr1 )ag (D). (6.5)
We now turn to the proof of (2.13) for the operator E(t), that is

(D) *E®) fllLarr —1,xre) < C | fll22®ay

for (g, 7, s) satisfying the conditions of Theorem 1.1. A consequence of Corollary 6.6 is that
Yr(D)E(t) = 1p(D)E(t)r (D) + R(t), with R(t) a smoothing operator, hence by Littlewood-
Paley theory it suffices to prove

[Vx(D)E®#) fll Loy ((—1,1)xrey < C2%| fll z2 gy
By [9, Theorem 1.2], this is implied by the estimate
_d-1
[6e(D)E(t — $)0u(D) fll ey < €241+ 24t — s1) ™ |l e

To apply [9, Theorem 1.2], we have used that E(t)E*(s) = E(t — s), and applied a scaling
of (t,z) by a factor of 2.
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By Corollary 6.6 and the comments following it, this is implied by proving the same
estimate with (D) E(t — s)ix(D) replaced by E¢(t — s), that is

~ _d—1
1B (t = 8) fll oo ray < C 2% (1 + 25t — s]) ™ 7 (| £l 1 oy (6.6)
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Chapter 7

WAVE PACKETS AND DISPERSIVE ESTIMATES

In this chapter we give the proof of the estimate (6.6), which is equivalent to the following
pointwise bound on the integral kernel Kj(t,z,y) of E¥(t),

\Ky(t,z,y)| < Ca2M(1 4+ 20¢))~ "2, |t < L.

We in fact prove a stronger estimate, which captures the decay of the fundamental solution
away from the light cone. Without loss of generality, we consider 0 < ¢ < 1 in the remainder
of this section. Then we will show that, for all N, with S;(y) the geodesic sphere of radius ¢
centered at y, and dist(z, S;(y)) the Euclidean distance of x to the set S;(y),

—-N

| Ky (t, 2, 9)| < Cn 2841 + 2’%)’% (14 2*|dist(z, Se(y))] ) (7.1)

7.1 The wave packet frame

We will establish (7.1) for 27% < ¢ < 1; the proof for 0 < ¢ < 27 follows by using the
same proof as for t = 27%. We prove the estimate by studying the behavior of E¥(t) in
an appropriate frame of wave packets. The wave packet frame that we use at scale 2% is
essentially a spatial dilation by ¢! of the dyadic-parabolic wave packets at the scale t2*
constructed in Smith [12]. The key difference is that our frame covers three dyadic regions

instead of just one. We provide the details here for completeness.

We will be working with functions whose Fourier transform is supported in the set
Ap={n: 521 < p| < 3272}

Let A}, = {n: 22F1 < |n| < 32%+?}. We construct a partition of unity on Ay, supported in
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A}, of the form
1= Z 51:7::(77)2 when n € Ay, Supp(ﬁll;t) - QZ,w

VeTk’t
where Ty, is a collection of unit vectors separated by 72275 and By (n) satisfies the fol-

lowing estimates
i v —j =L kN —|a
[0 0,05 85, n)] < Cra(2)7 (£ 328) 7
Observe that Qf,, defined in (4.6), is contained in a rectangle of dimension 2¥*3 along
the direction v and t~22% along the directions orthogonal to v. For each v, let Eks be a
rectangular lattice in R” with spacing 27 -27%=3 along the v direction and spacing 27 - 3275

in directions orthogonal to v. Let I'y; = {’y =(z,v):z € Ez’t, Ve Tm}, and set

~ —k-3 d—1

6y (n) =277 (t2272) % e i@ gy (n).

|<VJ_7 8y>a85¢'y(y)|
< Cnap2® (7225) % 2900 (17323) T (14 2% (v, y — )+ 2 [y — ). (7.2)

For any function f € L*(R") with Supp(f) C A, we can expand f in terms of {¢,},er, , as

f= ch(bv

where
e, = [ G dy

For any given integer M > 0 and fixed ¢, z, v, we then define a weighted norm space

2M
113 =Y (14 28de(w, w52, 1) ey 2

,Y/

where d; is the pseudodistance function defined on the cosphere bundle S*(R%) as

di(z,v; 2 V) = |(v,o — 2V + (V0 — 2V +tlv = V] +t7 o — 22
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These norms capture when a function is “close” to being a wave packet at (z,r), and will
be used to proving localization properties of the composition of operators occuring in E,‘:(t)

The pointwise estimates on K will be a result of the following.

Theorem 7.1. Let x, be the projected Hamiltonian flow on S*(R™) at time s. Then for
0<s<t and all M >0, all (z,v) € R? x S,

||E~'l:)<t>f“M7xt($o7Vo) < CM”fHM@o,VO'

The advantage of using normed spaces to establish localization of E,‘g(t) is that it suffices
to prove estimates for the individual factors in the products that make up E¥(t). Precisely,

we will show that in the next section that, for all w,z,r, and 0 < s <'t,

Hdw(D)quk(D)Bk(s)fHM,xs(x,z/) < CMHfHM,x,Va (73)

and the same for By replaced by B; or W, with |j — k| < 1. The formula (6.5) for E(t)
then shows that

5 o0 tm0ﬂ+1
1B (6 f at e wown) S o Il

m=0

= Cu etCM HfHMJo,Vo'
7.2 Weighted norm estimates for the parametrix

In order to prove (7.3), we study the matrix representation of the operator é,, (D)t (D)By(s)
in the frame {¢,},er, . The same proof works equally well when B is replaced by B; or
W, with [j — k| < 1. The factor d,(D)yx(D) ensures that the range of this operator
can be expanded in the frame {¢,},er,, with coefficients that vanish unless v — | < &.

Consequently, in the estimates that follow we assume |v — w| < é.

Then, for supp(f) C Az N {lw = In|"'n|] < £}, we have

i (D)n(D)Bu(s)f = a(D)u(D)Bu(s) (D er0,) = D eviy

vy 04
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where
Cy = ZG(V,W)CW
¥

and
a(v,7) = / 37 (0) (@ (D) (D) Bi(5)6,) (v)dy.

Hence we may regard a(y/,v) as the matrix representation of operator Py(s) mapping [* to

I2. We will prove (7.3) by showing that a(y’, o) satisfies the following estimates

N
la(7',70)] < CN(l + t2F |y, — V'[Q)

—N

x (14 2"(vs, x5 — )| + 25 |(V g — 2)| + 712 |z — 2'?) (7.4)

where 79 = (z0,), ¥ = (2/,1/), and (z4,vs) = xs(vo, ). Note that the matrix a(v/,7)
1
]

vanishes unless |/ — w| < <, hence unless |V — vy < }L for all 0 < s < 1, where we use that

lvs — vo| < eq since |Vepr(z,n)] < cq|nl.

Estimates (7.4) is then an immediate consequence of the following lemma.

Lemma 7.2. For any [, 8 and N, the function g(x) = By(s)¢, satisfies the estimates

(v, 0 (v, 0,) g ()] < Oyt T

X 2kl(t_%2§)‘ﬂ|(1 + 2" (v, 1 — )| + 7128w — a:s\z)fN. (7.5)
If g(z) satisfies (7.5), then for |v' — v| < 1 we have
[ )8 DVRD)os e | < 1+ e, = /)
x (1428 (vs, 25 — 2)| + 2"V, 25 — 2)| + 71282y — x'|2)_N, (7.6)

where C depends on only a finite number of the constants Cn .

Proof. We first prove (7.5). We can assume vy = ey, where v = (2o, ). Then

Bk(S)QS»Y — 2—%2—]6(%)75% /ei(cpk(S,ﬁ,”)_<I07"7>)bk(8’;1;'717) z’lt<77)d/]7
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We simplify the phase function by writing

9019(57937 77) - <x0777> - [(ansﬁk(& L, 61) — Zo, 7)” + [ng(S, LE,77> - 6779016(3’ L, 61) ’ 77}-
Then
Byi(s)p, = 2—324@(%)75% /ei(y(&%h)—xo,n)eih(87x7n)bk(3’xm) i?t(n)dn
where y(5, 7, €1) = Oyi(s,,e1) and h(s,2,1) = @x(s,3,71) — Oypn(s, 3, e1) - 7. Wite =
(m1,n") where e; = (1,0). We claim that for any 5 and Ny, |a| > 0:

0210002 h(s, 2, m)| < Cy jag,8 27 (t_%ﬁ)*'a‘ﬁ'ﬁ' if n € supp(Bil)- (7.7)

The case 3 # 0 follows exactly the same as the case 5 = 0, so we consider 5 = 0 and suppress
s, x in what follows. Then with ¢k (n) = ¢k (s, x,n) where 0 < s < ¢, then from (4.7) and the

fact that |n;| ~ 2* we see that for integer j and index «

|67 o5 (83],g0k(n))‘ < Cjjat27 k274 (t_%Qg)_‘al if n € supp(B})- (7.8)

m-n

We now prove (7.7) in different scenarios. First we note

h(n) = ox(m,n') = Onor(m,0) - m — Byor(m, 0) - 1f

= or(n,1") — wr(m, 0) — Oyer(m,0) -1

since ¢y is homogeneous of degree 1 in 7.

In case of N; = 0 and |a| = 0, using the second order Taylor expansion of ¢x(n) and
(7.8), we get
[h(n)| < Copt27"(t7225)° = Coy.

In the case N; > 1 and |a| = 0, we have
Opth(n) = 00 or(ni, ') — Opor(m, 0) — O (Byr(m, 0)) - 17,
hence

0N ()| < o (1275279 - (17528)? < Oy 0 270
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In the case N; > 0 and |a| = 1, we have

|87]7\1[1877 h(n | - ’ Oy ox(m,n') — 3ﬁ13nf90k(771,0)|

< COpyq (1275 278N) L (17227)
k

= Oy 278N (7322) 70

In the case N; > 0 and |a| > 2, we have

|02 00 h(n)| = |05 05 er(ni, )]

Therefore we may rewrite

Bi(s)p, = 27227 M5 T /eﬂy(sxel o) by (s, 2, m) B2 () dip

where by (s, x,1) = ™% by (s, 2, 1) satisfies the estimates in Corollary 5.1 for v = e;.

Let T = D,y(s,zs,e1). We pose = z, +! T~'Z, and define
AN a—1 _k(ﬂ) t 1~
f(s,2) =t 7 27" ) (By(s) oy ) (s + T7'T).
The chain rule shows that estimates (7.5) are equivalent to the following

0L 00 F(s,8)| < Cnyp29(17227) 01 (1 4 287, | + t128|72) . (7.9)

17!

This uses the fact that |T'— I| < ¢4, which holds by Corollary 3.3, and vy = ¢Te;, where for

a prescribed € we have (1 +¢)™! < ¢ <1+ € by taking ¢4 small enough, since

Vs = CDISOIC(S"%'S’ 61) = CDI(DnSOk(SaxSa 61) : 61) = Cnyl(S,.Ts, 61).
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Set 4(s,7) = y(s,xs +' T71%, e1) — zp. Immediately we see §(0) = 0 and 9;3(0) = I. We also
observe that, by (4.8) and the fact that y;(s,z,e1) = @r(s, z,e1),

C 2§(|B‘_2)7 |6’ 2 27
025 <" (7.10)

057 |6| =1,

and

027 (7)] < Cy2: W=D 18] > 1. (7.11)

We then can write f(s,Z) = F(s,Z,3(s, Z)), where

where pi' () = 2-32 k(ST (1) and be(s, 7,1) = b(s, zs+' T~ &,1). We observe that
be(s, Z,n) satisfies the estimates in Corollary 5.1 for v = ey since |T — I| < ¢4

In order to show (7.9), we first prove two intermediate results: For any N, 3,1, we have

k

L, 0% f (s, %) < Cnyp 29 (7 225) 011+ 283 | + 125 (2) N (1 + 223 |7)) ", (7.12)

3312?

and

@]+t 2 = (g ]+t g (7.13)

To prove (7.12), we first note that

orrs i) = X () (2270 Fiszita)

!
B<p b

Z=T

The operator 0, acting on F' only applies to the symbol 13;, which has the effect of replacing
the symbol by 251881 times BZ where E’k’ satisfies the estimates in Corollary 5.1 with v = e;.

Thus, one is reduced to proving that, for all indices N, I, 5:

|5|)

0,00 F(t,§(2)| < Cvap 2402 (14 285 (2)] + £71255(3) )~ (1 + ¢ 223 7)) 7. (7.14)
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In the expression above, we suppress the argument z of F(¢, z, §(Z)), and note that our proof

will show that the estimate holds uniformly in z. In order to prove (7.14), first note that
05,05 F (s, §(7))
m 'Y l1 561~ lm 8m ~ ll 61 ~/ Z\’Y| 'B~|’Y| ~/
- Z Ca (aylay ) (aﬂclax ) o (aﬂh ai“’ yl) (axlax ) T (85:1 855’ Y )7
Q
where the sum runs over Q = {m,~,l1, -, ly, I, ,57‘,51, oo B By ,BM}, where

bt ottty =1 Bitd B+ Bt 4 By = B

Since I; + |8;] > 0, I; + | ;| > 0, it follows that m + |y| < I+ |8|. For each generic term in

the sum, we will establish the following estimates:

0200 F| < Cpy ka(t*%ﬁ)'ﬂu + 25|+ 12517 (7.15)
3 Bl 1y ,_1(6,|-

|08 92| < C; 5 20t =2 381D (7.16)

108 0% 1| < Ciy, 220500 (1 4 172237 (7.17)

Proof of (7.15). We prove for all indices m,~, [, 3
‘gllg/ﬁama’y s g)’ < Cm’%lﬁgfkl(t*%2§)*|/3|2km(t*%2§)\’Y\.
This can be seen by the following calculation:

050, F@)| = | [ 005 (7)o i) dn]

Y1~y

= | gi7"” / Ty b (s, 2,m)pY, (1) dn’

= | [ o0 tem st s ot i

_1.k i 7 ~ v
= oty | [ el o3 s, ok (o)

where b, (s, Z,1) = 2~km(t=225) "M b, (s, %, ) satisfies the estimates in Corollary 5.1. It then
follows that

m

007 F| < Cy v 257 (¢7225) 01 (1 4 283 4+ €223 |7)

< v 28 (£7225)01 (14 28|37y | + 7128 (52)
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: _lokyg ”
In the estimate above, we use the fact that |Q),| ~ 25(t7222)%"" so [ p{,(n)dn < 1. O

Proof of (7.16). If |3;] > 1, we have t~2(%1=1) > 1 hence
0k 8% 7| < € 5 280HBIED < o - okl 3Dy 10dI-y,
If |B~Z| =0, 1; > 1, then
0 97| = [0k 7| < Cr 5 250 = ¢ 5 D 9% < ¢y BB 4

where we use the fact that 27% < ¢. O

Proof of (7.17). We need to deal with three different scenarios. If I; + |5;| > 2, then (7.10)

tells us

104 iy | < G5, 2501312 < ¢y 2R (1 4 305,

Tl T

If |ﬁz| = 1, lz = O, then
05 0% 1| = |0win| < C & < C278(1+¢7328|F) = C2EH3 D (1 4 1325 |7)).

T 7%

If |ﬁz| = O, lz = ]_, then

|0 O%iin| = |05 0| < C < 02“1#'@”—1)(1 +t‘%2§|;g/|).

T17%

Combining estimates (7.15)-(7.17), we get

OO0 F) - (05,000) - (008 5n) - (9,02 y) - (3595

T1 7T z1 7T T1 7%

where " -
2@ =m+3hl+ (G + 3B - 1) + D (L+ 418l - 1)
i=1 i=1
= %(Zz + %|Bz|> + i@ + %|/B’L’)
i=1 i1

=1+ 318
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and
vl

1l
@) = —4hl =43 (18- 1) = =313 > 411
i=1 1
This proves (7.12).

To prove (7.13), we first note |Z| =~ |g]|. By symmetry, the result is then reduced to

proving

9 — @] St
We consider the Taylor expansion of g
g1(z) = §1(0) + 03,51 (0) - &1 + 9x§1(0) - T’ + R(Z)

where |R(z)| < |Z|?, since |0z291| < 1. Since 71(0) = 0, 97,41(0) = 1, and 9z (0) = 0, we
have

9 — @] = |R(@)| S |2f* < 7'z
Combine all the results above, we know for any N, 3:

L0 f(s.%)| < Ongp 29(¢7325)PI(1 4 28| + 7228 |g1%) N (1 + ¢ 225 |#'])
YA 4 2Ky | + ¢ 2k |2~V

k
2

k
2

< Opvgp 2(1722

< Ol p 2 (17 222) P11 4 2812 | 4 ¢ 122 2) N,

This completes the proof of (7.9), hence (7.5).

We now turn to the proof of (7.6). We will now assume vy, = e;,z, = 0, and recall
that v/ = (2/,1/). The multiplier a, (D) (D) is of class S, and is seen to preserve the
support properties and estimates (7.2) for ¢,,. Thus we ignore this factor, and just assume

V' — €1 < 1. Proving (7.6) is then equivalent to proving

(/;;(@@(@ do| < On (1125 — er?)

x (14 25(ex, 2)] + 28|/, 2y + 7128 |22) . (7.18)



First we show that for any N

‘/ z) oy ( dm‘<C’N 1—|—t22 |I/—€1|)
Observe that (7.5) implies that, for any N > 0, we have

[g(m)| < Ot 275D 2273 (e m) ).
Suppose the angle between |n|~'n and e; is 6, then

(e, m| = Inll{ex, I~ m)] = [nl | sin 6.

We note that

lex — |n|~'n| = 2|sin 16|,

hence
1 in@
|<€17n>| :|n| |S?1’11| :|77||COS%0’
lex — [n|~1n] 2| sin 30|
Since [/ — |n|7!n| < Z—it’%Q’g and [/ — e1] < 1, we know ‘QSin %9‘ <1 so

hence
Vo [l ler = [nl ™l < e, m)| < [nl lex — |nl~*nl.

Hence we can see that

L+ t2272 (ef )| ~ 1+ 2272 [ller — [n] 0]
~1 +t§25’€1 — |n|~"n]
~ 141225 e — V).

k
2

Here we use the fact that |n| ~ 2% and [/ — |n|~'y| < 1722~

We next prove

[ o)) ds

< Cn(1+2%(er, )| + 25| (v, 2"y | + 1272/ P) "N (1 + t2F|/

. This proves (7.19).

o 61|2)N

54

(7.19)

(7.20)
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We first prove
sup [(1 4+ 2| (er, )|+ £7124002) (1 4+ 20— @) 4+ 12— /)
S+ 25, o)+t 12K e — 2 P) T+ 128 — ey ). (7.21)
It suffices to show that, for all z,
|, )+t )P Sty — e + [{en, )| + [V — )|+t )P+t e — 22 (7.22)

Substituting ' — ta’, * — tx reduces this estimate to the case t = 1. To prove (7.22) for

t =1, we first note |2/|? < 2|z — 2'|*> + 2|2/|2. We also have

() < Vs e =2+ [V, )
<V w—af) + [V = er,2)| + (1, 7))

<[ =)+ [V = e + 2] + [{er, ).
This proves (7.22). The bound (7.21) then implies that
‘/ ) by (z dx‘ < Oy (1425, 2y + 1282/ )P) N (1 + 28 — e )V, (7.23)
By symmetry, we can prove the following estimate similar to (7.21),
sup [(1+ 2 (e, )] + 1725 a?) (14 250/, 2 — ) 42— o) ]
< (14 2%(eq, 2y + 7128z — 2/)P) N A + 128 — e ). (7.24)
By the same argument, we then see that
(/ 2) Br(r) do| < O (14 2ler, ) + 47 2P) N (12 —a)Y. (725)

(7.23) and (7.25) together imply (7.20). This, together with (7.19), completes the proof of
Lemma 7.2. O
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Proof of the bound (7.3). We first prove the result for M = 0. From Lemma 7.2, we can see
that
la(v )] < On (1 4+ 2 (s, v’ ), (wa ) = xa(0).

Next we note that, for any ¢ > 0,
SUPZ + det ,_Y v ))—(d+5) S 057

and

sup > (1+24dy(v.7)) " < G,

where Cj is a constant independent of s,t and k. This can be proved by using the estimate

(2.3) in Smith [12]; in our case we just need to consider k = k’. It then follows that
sup 3" Ja(+, )] < C,
Y ~

and

sup 3 Ja(+/,7)| < C.
vy
where C' is independent of s,¢ and k. By Schur’s Lemma, we conclude
16 (D) (D) Bi(s) flloens < C [l fllozomo-
The weighted case M > 1 follows by showing that
-M

M(’yla 7) = (1 + det(‘r,) V/; Xs(x()a VO)))Ma(7,7 f}/) (1 + det(x7 Vi Zo, VO))

satisfies the conditions of Schur’s Lemma. Taking N = d + § + M, it then suffices to show
that

142 dt(:): V' xs(zo, 1)) S (1 + oF dy (2", V"5 xs(x, V))) (1 +2kdt(x,y;xo,yo)>,

which in turn follows from

dt(xlv V/; XS(an VO)) S dt(m/a V/; Xs(xa V)) + dt(Xs(xa V); Xs(an VO)))
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and the fact that d;(xs(x,v); xs(xo, o)) ~ di(z,v;z0,10). This fact was proven in [12] for
C%! metrics and t = 1. We give the proof for bounded curvature metrics in the following

lemma. O

Lemma 7.3. Suppose that x, is the projected Hamiltonian flow on S*(R?) induced by
pr(x, &) = (Z” gzj(x) & §j>§, where g satisfies the conditions of Theorem 2.3. Then if
0<s<t<,

di(xs(y,v); xs(y', V) = di(y, vy, V).

Proof. Let n = v and 0 = /. If (z4,&) is the (non-projected) Hamiltonian flow of (y,n),
then ||£s\ — 1| < ¢q4, S0 we can replace v by &, in the distance function. From Corollary 3.2,

when |n| = 1 we have the bound |0,x;| < s, |0yxs| + |0,&s| +0,¢s| S 1, and we deduce

|2 — x| + 26 — &l S =yl + tn' =,
so applying this also to x_, we obtain
7l — P e — &P S Y — Pt =l
By symmetry it now suffices to show that
[,y = )| < K&, 2, — @) + Ot ol — a]* + Oty — ™.
Let ¢(s,z,n) be the generating function, so y = V,¢(s, s, 1) and & = V,¢(s,zs,n). Then
.y —y) — (& 2l — 25) = (0, Vg, 2, 1) — Vipp(s, 25,m)) — (Vaip(s, 25, 1), 25 — 70)
= @(s,2,1) — (s, 25,m) — (2, — x) - Vap(s,25,m) — (0 =) - Vyo(s, 2, n).

Next, we note that, by Theorem 3.3,

(' =) - (Vppls,zln) = Vye(s,zen)| < Clyf' = (|2} — x| + tn' — 7))
< Ct_1|x'S — xsl2 +Ctln — 77|2.
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Consequently, up to an error of desired size the above expression is the remainder for the
second order Taylor expansion of ¢(s,z,n') — ¢(s,xs,m). The estimates (4.1)—(4.4) give

020k] S 1, 1005011 S 1, 0201] < ||, and hence the remainder is dominated by

|2, — s? 4 |2l — x| [0 — |+t — > <2t — al? 4 2t — %

7.3 Proof of the dispersive estimate

In this section we prove the inequality (7.1). We write Ky(t, z,xq) = (E,‘;’(t)éxo)(x) Since
E¢(t) has the factor 1(D) on the right, we may write

(Ex (1)8s0) (x) = Y _(E¥ ()5 (D)0, ) ().

v

The function ff ,(D)?é,, has Fourier transform e~ 3¢ ()2, Up to a normalization factor
of Qk%t_%, this has the same support and derivative estimates as the frame element ¢,

where v = (zg, v); precisely, it is easy to verify that, for any M,

d—1

HﬁlZ,t(DyéroHM,wo,v < C'M 2k%t777
and hence by Theorem 7.1 we have
1E5 ()81 (D)0 | Mtz0n < Car 25751777
We observe that this implies, for all N, where (x4, ;) = x¢(xo, V),
[w v 2 Earl, d-l k k-1 2\ N
|(EY (1) B (D)*04) (@)| < Cu2" 7877 (1428 [(ny, z — )| + 28 Mo — o *) .

To see this, we use that the frame coefficients {c,/} of E}:(t)ﬂ}c’yt(D)zém, where ' = (2/,1/),

satisfy

fdtl -M

|C,y/| S CM2 4 t_% (1 —+ 2kdt($/,l/,,xt,l/t))
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for all M. From estimates (7.2) on |¢.,(x)|, we follow the proof of [12, Lemma 2.5] to bound
| (B ()B4 (D)0, ) ()] by

CM2kd+1 ,72 Z —|—2kdt 33 I/ mt’]/t))_M(l—f—zkdt(.fC, V/;xlayl))_M

e‘—‘k,t

da—1

<Oy 2P

Z(l + 28y (2, V' x4, Vt))fM

1//

d

_ _ a
< O 5T (14 28 (v — )| + 28 Mo — g f?) TR

Consequently, it remains to show that

_N_d _

Z (14 2%|(vp, w — o) | 4+ 25¢ 7 o — 2]?) V< Canyr (14 2" dist(z, Sp(20))) N
VGFtQk

Here, z; € S;(x¢) for each v, and 1, is the unit normal to Si(xy) at the point z;, in that

Vg - Op,2(n) = 0, which follows by invariance of the form 7 - dz under the Hamiltonian flow.

By Corollary 3.2, if (Zy, ) = x¢(%0, Do) and (x4, v4) = x¢(x0, o), then for ¢; small

Ty — 2y

(SN

t < FA— <2¢. (7.26)

Consequently the points z; are separated by #3275 for v € T}, and hence

Z (142" o — xt\z)_% < Cy.

VGFt2k

It thus suffices to show that, for ¢; small enough,
(v, x — @)+t o — 3 ? > & dist(z, Sy(20)). (7.27)

This is immediate if [z —z,| > &;t, so we may assume |z—2,| < &5, and then dist(z, Sy(x0)) =
dist(z, S¢(zo) N By/sa(y)).

We observe that, by scaling, it suffices to prove this in the case t = 1. Precisely, (t 7'z, v4)
is the flowout for time 1 of (g, 1) under the metric g (¢ -), and ¢ ' S;(zo) is the corresponding

unit geodesic sphere centered at xg, hence the two sides of (7.27) dilate by the same factor

t. Furthermore, the metric g(t-) satisfies conditions (3.1)-(3.3) with M = ¢25 < 25.
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Without loss of generality, we assume 1y = e; and x¢p = 0. We introduce the notation
x1(0,v) = (z(v),n(v)) to denote the mapping of the unit sphere S¢~! onto the unit conormal
bundle of S;(0). Then, by (3.5) and (3.12), assuming ¢4 small,

_ ) —a(®)

[20) —vl 4 @)~V Sear (He)™ = —

§1+Cd.

It follows that ¥ — z(v) is a smooth embedding of S¢~! into R?, with image S (zg), and
with uniform C' bounds on the map and its inverse. Additionally, the map from S%! to the
outer unit normal n(v) of S;(0) at z(v) is smooth, with uniform bounds on the C* norm by
Corollary 3.2.

By the above, 51(0) N Bysa(x(er)) C {x(v) : - v| < 55} We parameterize this neigh-
borhood of 1 in S** by v = (y/1 — [7/[2,7/) with || < 1. Then, writing z = (z, '), the

map z'(1)) := -z (y/1 — |n[?, ) satisfies
Dyt -1 S Wl <E

Consequently, we may parameterize S;(0) N By/16(e1) by a graph (F(.r/),:r’), with uniform
bounds on the C'* norm of F(z') over the set |2/| < ;. On the other hand, since the unit
co-normal (1, =V, F)/\/1+ [V, F|2is C' in 2’ over |2'| < 1, it follows that F' is uniformly
bounded in C?(|z’| < 1). To summarize, for a constant Cy depending only on the dimension,

provided ¢y is sufficiently small,
S1(0) N Bijisler) = {(F(2'),2') : |[2'] < 3N Bips(er),  [Fllezqa<r) < Ca

If © = (21,2') € Bijig(er), then dist(x, S1(0)) < Cqlzq — F(a')|. Consequently, it suffices to
observe that
1
|21 = F(a')] < (1+ [V FI*)? [(n(ex), (z1 — F(0),2'))| + Cal2'|”

= |$1 — F(O) — l’/ . Vx/F(0)| + Cd|$/|2

which follows by Taylor’s theorem, where Cy depends only on || F'[| o,

l<35)"
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