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This thesis studies the factors that contribute to the success and shortcomings of in-context
learning, which refers to the ability of some language models to perform a new task during
inference using only a few labeled examples, for Large Language Models (LLMs). Drawing on
insights from the literature on human concept learning, we test LLMs on carefully designed
concept learning tasks, and show that task performance highly correlates with the logical
complexity of the concept. This suggests that in-context learning exhibits a learning bias for

simplicity in a way similar to humans.
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Chapter 1

INTRODUCTION

The ability of language models to learn new tasks in-context (Brown et al., 2020) seems
both exciting and mysterious to Natural Language Processing (NLP) researchers. What
makes such learning algorithms work? In what ways is in-context learning similar / different
when compared to the human learning process? And can we utilize techniques from cognitive

science to better study the mechanisms of such learning algorithms?

We will investigate the learning biases of in-context learning algorithms of large language
models (LLMs) using techniques derived from human concept learning experiments. One
prominent tradition argues that concepts are representations in a language of thought (LoT)
(Fodor, [1975; Goodman et al., |2015; |Quilty-Dunn et al.l 2022). The recent Bayesian revolution
in cognitive science has argued that concept learning exhibits a very strong bias for simplicity:
human learners infer the simplest expression in an LoT that is consistent with the data that
they have seen (Feldman, [2000; Chater and Vitanyi, 2003; (Goodman et al., 2008; |Piantadosi
et al., 2016} Griffiths et al., |2024).

In this thesis, we study in-context concept learning with large language models (LLMs).
In-context learning in LLMs refers to language models being able to perform a new task using
only a few labeled examples given during inference. The experiments allow us to address the
following questions: when presented with labeled examples of an unknown concept, can an
LLM infer the underlying concept? If so, what inductive biases does this in-context concept
learning exhibit; in particular, does it exhibit a simplicity bias similar to the one displayed

by humans?

Consider the prompt in . In the first two lines, we see labeled examples of a new

numerical concept, bnik. The final line asks a model to label a new example. Repeating



this for a range of example sets and concepts, we can measure whether models have greater

success with simpler concepts.

(1) There are 10 apples. Alice has 3 of the apples. Does Alice have bnik of the apples?
No.
There are 15 apples. Alice has 10 of the apples. Does Alice have bnik of the apples?
Yes.
There are 20 apples. Alice has 10 of the apples. Does Alice have bnik of the apples?

We study a range of numerical concepts, expressed in a simple language of thought with
basic logical and arithmetical operators and find (for several different models) that concepts
with shorter representations in a hypothesized LoT are easier to learn in-context. This shows
that LLMs are capable of learning non-trivial mathematical concepts and exhibit learning

biases that are similar to those used in human concept learning.



Chapter 2

RELATED WORK

Feldman| (2000) showed that ease of human concept learning is highly negatively correlated
with Boolean logical complexity: concepts with longer minimal logical formulas are harder
for people to learn. A large body of subsequent work has extended the range and scope of
this view using Bayesian inference in various LoTs (Goodman et al., 2008; |Piantadosi et al.|
2016)). Carcassi and Szymanik (2022) show that neural networks trained from scratch to learn
Boolean concepts exhibit a similar bias for simplicity. A wide range of work has recently
analyzed when, how, and why in-context learning (ICL) in LLMs works (Min et al., 2022;
Akyiirek et al., [2022; Akytirek et al., 2024 i.a.). To the best of our knowledge, this thesis is
the first to explicitly study concept learning and measure a learning bias for logical simplicity

in ICL.

Misra et al.| (2023) constructed datasets testing how language models handle semantic
property inheritance with nonce words. They found that language models can reason about the
semantic properties of the nonce words reasonably well, but performance drops significantly
when distracting information is added to the input. Marinescu et al.,| (2024) showed that
priors from symbolic Bayesian models can be learned by artificial neural networks, resulting
in neural nets that exhibit the same inductive biases (as Bayesian models) in concept learning
tasks. Unlike our work that uses large language models and natural language data, this paper
focuses on smaller neural networks and artificial data. Steinert-Threlkeld| (2021) studies the
semantic properties (e.g. semantic universals) of natural language quantifiers using a language
generated by a logical grammar, which inspired the construction of the logical grammar used

in this work.

Agmon et al.| (2019; [2022); [Tan et al.| (2023)) have shown that humans generally require



more processing time and tend to make more mistakes when making judgments about [less
than] concepts, relative to the [more than] counterparts. An example experiment (for [more
than]) can be human participants making truth value judgments for the sentence “over half
of the students are in the park” given a specific context. The authors hypothesized that
such phenomena can be attributed to [less than] being a more complex concept than [more
than], therefore requiring more time to process. Such results show that humans may have
special learning biases for certain concepts, and it is an interesting direction to test whether
language models possess similar biases. We will briefly study this direction toward the end of

the thesis.



Chapter 3

METHODOLOGY

3.1 Concept generation

Our data generation methodology is inspired by van de Pol et al.| (2022) and Z. Wang and
Steinert-Threlkeld| (2023)), where we define the complexity of a concept using its minimal
description length—the length of the shortest expression that can capture the concept (defined
more precisely below). We define a concept as a semantic object generated by a logical
grammar, whose basic structure is shown in Table [3.1] The full grammar used during
generation is given in section [3.4.1] which imposes some additional constraints to prevent
certain types of unwanted recursive generation. Code for generating the concepts, as well
as prompting models and analyzing data, may be found at https://github.com/lerow/

llm-concept-learning-complexity.

Operator Type Gloss

NUM x NUM — BOOL Numerical equality

=+ NUM x NUM — BOOL Numerical inequality

> NUM x NUM — BOOL Numerical more than

< NUM x NUM — BOOL Numerical less than

X NUM x NUM — NUM Numerical multiplication

BOOL x BOOL — BOOL And
BOOL x BOOL — BOOL Or

Table 3.1: Operators in the logical grammar.


https://github.com/lerow/llm-concept-learning-complexity
https://github.com/lerow/llm-concept-learning-complexity

The complexity of a concept is determined by the number of operators in its minimal
description. For example, the concept [between 5 and 10] has a complexity of 3 (and therefore
will be in class 8) because there are three operators (>, A, and >) in its minimal description:
(x > 5) A (10 > z); we call this a minimal description because it is the shortest description in
the logical grammar that describes the concept. The description (z > 4) A (x # 5) A (10 > z)
also describes the same concept, but it is not minimal because there exist shorter possible
descriptions. One example of a concept with a complexity of 1 is [less than 5], with minimal
description: (z < 5). Concept complexity class n will thus contain all unique concepts
with minimal description lengths of n that can be generated by the logical grammar. The
complexity classes, along with some representative concepts for each class, are included in
section [3.41

Under the procedure described so far, it is possible to generate two concepts that have
similar or identical meanings. Here, concepts classify pairs of numbers (in , the number of
apples and the number that Alice has) into true and false. We identify a concept’s meaning
as its extension, i.e. the set of the set of such pairs that it maps to true.

This fact creates several issues for interpreting the results:

1. If two concept descriptions in different complexity classes yield the same meaning (e.g.,
xr <5Ax <6and x <5), then the more complex one should not be considered because
our hypotheses are about a concept’s minimal description length; thus, only the simplest

description for a concept should be considered.

2. If two concept descriptions in the same complexity class yield the same meaning (e.g.,
x <bVzx>17and z > 17V x < 5), then they are effectively the same concept. Thus,
generating both concepts is effectively the same as sampling one concept twice, which

is undesirable because it might make that concept overrepresented, biasing the results.

3. If two concept descriptions yield similar but non-identical meanings, there are potential

challenges in interpreting a model’s performance. Consider the concepts with meanings



(x > 5) and (x > 5) A (z # 7). When n = 100, the second meaning only differs from the
first at exactly one place (when x = 7). Thus, if we intend to test learning of the second,
more complex concept, a model would get almost the same accuracy if it had learned
the incorrect simpler concept as it would get if it had learned the correct concept, since
both concepts almost always yield identical predictions. This is a problem since it
means we cannot tell if the model has learned the intended concept (as opposed to a

similar but unintended concept).

To address these issues, we perform deduplication in which a generated concept is discarded
if its meaning is the same as, or similar to, a previously-generated concept. Since concepts
are generated in order of increasing complexity, this procedure ensures that we keep only the
minimal description for a given meaning. For deduplication across complexity classes, we
consider two concepts similar when their Levenshtein distancdﬂ is less than 3, i.e. they differ in
truth value on at most 3 inputs, in which case we discard the one with the longer description.
Deduplication is also performed within complexity classes: when multiple concepts in the

same class have a Levenshtein distance of 0 with each other, we discard all but one of them.

3.2 Data generation

Each prompt that we give to LLMs, such as the prompt shown in above, is made of
several examples. Each example is generated from the following template, where the slots

that vary between examples are underlined:

(1)  There are : of the :
TOTAL  OBJ SUBJ PRED NUM OBJ

Does bnik of the ? .
SUBJ PRED OBJ YES/NO

ISee on how the distance is calculated.



Algorithm 1 Data Generation
Inputs: set of subject nouns S, set of predicate verbs P, set of objects O,

function GENERATE_EXAMPLE

initialize positive_examples = ||, negative_examples = ||

for total in [5,100] do
for num in [0, total] do
uniformly randomly sample s, p, o from S, P, O

example = GENERATE_EXAMPLE (total, num, s, p, 0)

append example with true labels to positive_examples
append example with false labels to negative_examples
end for

end for

return positive_examples, negative_examples

As shown in Algorithm [I] we iterate through all meaningful | numerical ranges for both
the number of total objects (which we restrict to be between 5 and 100 inclusive) and the
number of objects the person has, and generate an example for each combination. If we want
to generate a prompt with m positive examples and n negative examples, we would sample
without replacement m and n examples from the sets of positive examples and negative
examples respectively, and use an unseen example as a question at the end. The sets of
examples used in this paper are balanced — in every prompt, the model sees the same number

(10) of positive and negative exampleﬂ and for each accuracy data point, the model is tested

%i.e. a person cannot have more objects than the total number of objects, or have less than 0 objects

3Because of this, we exclude concepts that would have fewer than 10 positive or negative examples.



on the same number (500) of prompts with true labels and false labels. In this work, we use
the template “Let us define a new word, bnik.”, followed by labeled examples and a question

at the end, for all prompts in the dataset.

3.3 Deduplication

The concept deduplication methodology used here is based on vectors representing concept
meanings. Suppose the total number of objects is n = 100. We can then imagine the
semantics of a concept being represented by a 101-dimensional vector, where each dimension
is the truth value of f(n = 100,z) = {(n,z) : (x > 3)} for x = [0, 100].

For instance,

x=0 (x > 3) False 0
x=1 (x > 3) False 0
x=2 (x > 3) False 0
x=3 (x > 3) False 0
x=4 (x > 3) True 1
x=5 (x > 3) True 1

> [000011 ...... 1.

We compute such a semantics vector for n = {25, 50,100} for all concepts in each class,
and use the edit distancelz_f] to remove similar concepts. Two concepts are considered similar if
they belong to different classes and have an edit distance < 3 between their vectors.

Different values of n are used during deduplication since it’s possible for two concepts

to have the same semantics for some n but different semantics for a different n. Consider

4since any two concept vectors always have the same length, the distance is defined as the number of

places where two vectors have different values.
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concepts [z > 50] and [z > 1 - n]. They have identical semantics when n = 100 but not

when n = 50.

Algorithm 2 Concept deduplication: when two concepts are similar, only remove the one in

the more complex class
Inputs: current concept class this_class, set of all previous concept classes prev_classes

function EDIT_DIST

deduped_concepts = this_class

for concept in this_class do
for prev_concept in prev_classes do
if EDIT_DIST (concept, prev_concept) < 3 then
remove concept from deduped_concepts
end if
end for

end for

return deduped_concepts
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3.3.1 FExample prompt

Prompt Label

Let us define a new word, bnik.

There are 17 plants. Alice has 13 of the plants.
Does Alice have bnik of the plants? No.

There are 99 trees. Bob has 7 of the trees.

Does Bob have bnik of the trees? Yes.

There are 40 tables. Alice owns 36 of the tables.
Does Alice own bnik of the tables? No.

There are 72 chairs. Bob owns 9 of the chairs.
Does Bob own bnik of the chairs? Yes.

There are 82 chairs. Bob has 47 of the chairs.
Does Bob have bnik of the chairs? No.

There are 100 plants. Alice owns 70 of the plants.
Does Alice own bnik of the plants? No.

There are 56 chairs. Alice owns 3 of the chairs.
Does Alice own bnik of the chairs? Yes.

There are 56 birds. Bob owns 37 of the birds.
Does Bob own bnik of the birds? No.

There are 84 tables. Alice owns 12 of the tables.
Does Alice own bnik of the tables? Yes.

There are 69 bikes. Alice owns 32 of the bikes.
Does Alice own bnik of the bikes? Yes.

There are 99 apples. Alice has 3 of the apples.
Does Alice have bnik of the apples? Yes

Table 3.2: Example of prompts in the dataset. The underlying concept in this example is
“less than half”.
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Lexical items used in prompts

e nonce word: bnik

subjects: Alice, Bob

predicates: has, owns

objects: “tables”, “chairs”, “apples”, “bikes”, “trees”, “fish”, “birds”, “plants”

The exact set of lexical items used in the prompt is presented in this section. The words used
for subjects, predicates, and objects are manually chosen by the author. The set of objects is
chosen to represent a variety of scenarios while also minimizing ambiguity. A nonce word
that is morphologically uncommon in English is used in the prompt to minimize the effect of
any pre-existing bias that may be associated with the nonce words (such as “wugs”, “buba”)
used in previous literature. [Misra et al.| (2023)) showed that using different nonce words in
LLM prompts did not lead to significant bias, but more experiments are needed to study the
effect of different nonce words on model performance in concept learning, which we will leave

as future work.

3.4 Concept complexity classes

Below are some representative concepts for each class. It is not a comprehensive list of all

the concepts that are generated.



Complexity 1: primitive operators

Complexity 2: proportional primitives
[z > p*n)

[z < pxn]

Complexity 3: conjunction / disjunction of primitive operators
(x >cl)or(z < 2)

(x> cl)and (z < 2)

14
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Complexity 4: conjunction / disjunction of one operator and one proportion
(x >c)or(z <p=*n)

(x > c)and (z < pxn)

Complexity 5: conjunction / disjunction of two proportions
(x >pl*xn)or(z < p2xn)

(x > pl*xn)and(x < p2*n)

conjunction / disjunction of three primitives
((x > cl)and (z < c2)) or (x > ¢3)

(x> cl)and (z < 2)) or (x < ¢3)

3.4.1  Grammar for concept generation

The grammar used during concept generation is given below, presented as a context-free
grammar. The structuring of the grammar and the logical operators is inspired by Steinert+
Threlkeld| (2021). To improve efficiency during concept generation, some specific design
decisions are made, such as the distinction between “SimpleFloat” and “ComplexFloat”,

which is explained below.

Bool -> Bool AND Bool

Bool -> Bool OR Bool

Bool -> Var2 == Simplelnt
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Bool -> Var2 I= Simplelnt
Bool -> Var2 > Simplelnt
Bool -> Var2 < Simplelnt
Bool -> Var2 > ComplexFloat
Bool -> Var2 < ComplexFloat

ComplexFloat -> SimpleFloat *  Varl

# total number of items

Varl -> [5, 100]

# subject’s number of items

Var2 -> [0, 100]

SimpleInt -> [0, 100]

# fractions

SimpleFloat -> {1/5, 1/4, 1/3, 2/5, 1/2, 3/5, 2/3, 3/4, 4/5}

Constraints on the grammar For efficiency, the fine-grained type system in the grammar
prevents the generation of fractions that are not in the predefined list of fractions. Multipli-
cation can only take place between “SimpleFloat” and “Varl”, so it is not possible to obtain
new fractions by multiplying existing ones.

A variable with type “SimpleFloat” can only take the value as one of the fractions defined
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above; a variable with type “Simplelnt” can only take the value of a whole number from 0 to

100.

3.5 Counting the number of concepts

Given an arbitrary n, how many concepts are in class n? van de Pol et al.| (2022) claimed
that the number of possible quantifiers grows exponentially as the minimal expression length
increases, but the authors did not provide detailed justification. Here, we will provide a more
formal inquiry into this matter.

Let us start with simpler cases. Suppose n = 1, the possible concepts in class 1 must have
a minimal expression length (MEL) of 1. To count the number of possible concepts with
MEL of 1, we need to find the grammar rules that contain just 1 operatoﬂ (even after all
applicable production rules are applied), and enumerate the concepts that can be generated
by those rules.

For n = 2, we can follow similar steps and find all rules with 2 operators, which are rules
7 and 8 in our grammar.

For n = 3, we see that there are no rules that contain 3 operators, so we will need to use
rules that have logical connectives to form compositions of simple rules. Since the binary
logical connectives in this grammar have an expression length of 1, the expression of each side
of the logical operator must also have a length of 1, otherwise we cannot obtain a length-3

expression. If we let f(n) be the number of possible concepts in class n, then we can write

f(3) as

f@B)=r)-2-f(1)
=2-f(1)-f(1)

Swhich would be rules 3 — 6 in the above grammar
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The constant 2 is in the equation since we have two possible logical operators in the
grammar. Because we are only interested in the asymptotic behavior of f(n), small constant
terms will be omitted in calculations below.

We can observe that for n > 2, the expression must contain at least one logical connective.

Thus, for n > 2, the concept expression must have the form

Bool —> Bool Conj Bool (3.1)

where ‘Conj’ is a binary logical operator.
Since ‘Conj’ has a length of 1, the sum of the lengths of the expressions on the left and

right of ‘Conj’ must be n — 1. If we let [ and r be the lengths of those two expressions, we

can write

(mn—1)=1 + r
=1 4+ (n—2)
=2 4+ (n—3)
=3 4+ (n—4)
=n-2) + 1

Because the logical operators we have are commutative,

Bool —> A Conj B

is equivalent as

Bool —> B Conj A.
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So when we are counting the unique combinations of [ 4+ r, we can omit combinations

such as

since it is equivalent to

I + (n—2).

To find the number of all possible expressions with form (3.1)) and an expression length
of n, we can first enumerate all unique combinations of [ and r, and for each combination,

enumerate all possible expressions with those lengths. We can have the recurrence relation

fn)y=> f@)-fln—i-1) (3-2)

i=1

where f(7) is the number of possible expressions with length [ and f(n —i— 1) counts the
number of possible expressions with length r. For each value of i, f(i) - f(n —i — 1) counts
the number of possible expressions such that | = f(i) and r = f(n — i — 1); in other words,
it counts all possible expressions that can be formed given the lengths of the expressions
that are on the left and the right sides of the logical operator. After finding the number of
expressions for each combination of [ and r, the numbers are summed up to obtain the total

number of possible expressions for length n.

Definition 3.5.1 The n-th Catalan number is defined by C, = Z?:_ol C; - Ch_i—1, where
Co=1.

To find the asymptotic behavior of f(n), we can use the Catalan numbers, which have a

similar recurrence form. We see that f(n) in is clearly bounded by
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i
L

Ctn)=S"Cl) - Cln—i—1) (3.3)

i

I
=)

as n approaches infinity, since f(n) has a smaller upper bound of summation (about half
of C(n)’s upper bound). We can use the known results of C,, to approximate the behavior of

f(n). C,, grows in O(4™) as n increases’}, so we have

where f(n) grows in the order of 4[]

3.5.1 Scaling up concept generation via sampling

As demonstrated in section [3.5] scaling up the experiments is not feasible with brute-force
enumeration due to the exponential growth in the number of concepts. To address this issue,
we will use random sampling to ameliorate the computational bottleneck.

We can formulate our problem as

Given an arbitrary n, find an expression in class n. (3.6)

To solve (3.6), we can break it down into different steps below, each with increasing

difficulty.

1. Find an expression with length n using random sampling

Shttps://mathworld.wolfram.com/CatalanNumber.html

7 A more precise asymptotic analysis is possible, and can be found in literature studying Catalan numbers.
We omit the details as it is not the focus of this section.


https://mathworld.wolfram.com/CatalanNumber.html
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2. Make sure each expression in class n is equally likely to be sampled (i.e. no bias)

3. Find conditions that guarantee the expression length is minimal (or not minimal) when

satisfied.

For step 1, we can exploit the fact that expressions must have the structure (3.1)) when
n > 2. When n =1 or n = 2, the problem is trivial since we can just randomly sample from
the production rules that contain 1 or 2 operators. For larger n, we can follow similar steps

shown in 3.5 and let [ and r be the lengths of the two expressions on the left and right of

the logical operator:

(n—1)=1 + r
=1 4+ (n—2)
=2 + (n—23)
=3 4+ (n—4)

We want to find all such combinations of [ and r given that [ < r. Once we have the set
of combinations, we can uniformly randomly sample a combination (/,r) from the set. If
from the sampled combination [ > 2, then we will repeat the same steps by finding all I, 79

such that (I — 1) =ly + 75 and Iy < ry. We repeat the same steps for r, until all [, 7 are not

greater than 2.

To demonstrate using an example, suppose n = 8. We have
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8—-1)=I1+r
— 146
=2+5

=3+4.

From the three pairs of (I,7), suppose we randomly sampled (2,5). We continue the

procedure for r since it is greater than 2.

G-1)=1l+r
=1+3

=242

Now suppose we sampled (1, 3), we will continue with r = 3:

B-1=Il+r

=141

Figure [3.1] visualizes this procedure below.
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8

/l\
2 Conj 5

/[\
1 Conj 3

/]\
1 Conj 1

Figure 3.1: Example of random sampling an expression with length 8.

A possible expression (n = 8) that can be generated using the above procedure, where T’

is the total number of items:

(x> % .T) AND [(z>8) OR [(z>1) AND (z < 5)]|. (3.7)

For step 2, we need to ensure that our sampling procedure is not biased toward any
particular structure. Note that the sampling procedure presented above may not be unbiased,
since we cannot be certain if the structuresﬂ (2 Conj 5) and (3 Conj 4) have the same

number of possible expressions, yet each structure is sampled uniformly randomly.

To address this issue, we can let the sampling step be weighted, such that each structure
is sampled with a probability proportional to the number of all possible expressions with that

structure. Using the n = 8 example,

8where number a represents a length-a expression
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8—1)=1+r
— 146 with probability f(1)- f(6)/t
— 245 with probability f(2)- f(5)/t
— 344 with probability f(3)- f(4)/t.

where

t=fQ1)-f(6) + f(2)- () + ) f(4).

For step 3, which poses the greatest difficulty, we will prove a few conditions that guarantee

an expression is not minimal when satisfied.

Lemma 3.5.2 For a fixed T, let e be an expression that contains only one AND and no other

logical operators. e is not minimal if it does not have the form a < x < b where b > a.

Proof of If e does not have the form (x > a AND z < b) such that b > a, then it

must be the case that

1. e has the form (z > a AND z > b), or (z < a AND z < b); the former is equivalentf|
as (zr > c¢) which is a shorter expression, where c is the larger number between a and
b; the latter is equivalent as (x < c¢), where ¢ is the smaller number between a and b.

Therefore e is not minimal.

2. or, we have (x > a AND z < b) where b < a, which is an expression that is always false.

Therefore e is not minimal.

9 “extensionally equivalent”
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Lemma 3.5.3 For a fized T, let e be an expression that contains only one OR and no other
logical operators. e is not minimal if it does not have the form (x < a OR x > b) where

b > a.

Proof of If e does not have the form (z < a OR x > b) such that b > a, then we

must have

1. e has the form (z > a OR z > b), or (z < a OR z < b); the former is equivalent as
(x > ¢) which is a shorter expression, where ¢ is the smaller number between a and
b; the latter is equivalent as (x < ¢), where ¢ is the larger number between a and b.

Therefore e is not minimal.

2. or, we have (z < a OR = > b) where b < a, which is an expression that is always true.

Therefore e is not minimal.

Future work Previous works such as [van de Pol et al. (2022) and |Wang et al.| (2024)) limit
the max length of expression to 5 due to the exponential growth of generated concepts. This
section sets the basic theoretical framework for scaling up concept generation using random
sampling. We note that the non-minimality conditions presented in step 3 are nascent and
only work in ideal scenarios (e.g. for a fixed total number). Some next steps to improve these

conditions can be

1. to show that an expression e containing multiple logical connectives is not minimal,
if at least one clause in e (connected to other clauses by a logical connective) is not
minimal. This should not be difficult to prove, since one can show that the non-minimal
clause can be replaced by a shorter expression while keeping the extensional semantics

of e the same.

2. to show that if an expression does not satisfy the non-minimality conditions, then it

must be minimal. This can be difficult to prove since expressions about proportions
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(e.g. > % -T) can have different truth conditions for different 7. An easier statement
to prove might be “suppose e is an expression with multiple clauses connected by logical
operators, and fix the value of T" to be the largest valid number in the grammar, e is
non-minimal at 7" if the truth conditionﬂ of any two clauses are not disjoint. 7 The
statement might be a sufficient but not necessary condition for non-minimality, which
could be useful for efficiently finding longer expressions with minimality guarantees.
Note that the statement (along with its inverse) is not true, if the grammar contains a
modulo operator % with type

NUM x NUM — NUM, then (z %2 = 0) would be extensionally equivalent as (z = 0)
OR (x =2) OR (z =4) OR (z = 6) OR ...(x = d), where d is the largest valid even

number in the grammar.

0gee |3.3| for details on expression truth conditions
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Chapter 4
RESULTS

We ran experiments on two LLM families: Qwen2 (Yang et al., 2024) from Alibaba
research, and Gemma 2 (Riviere et all 2024)) from Google DeepMind. During testing, the
instruction-tuned versions of the models and default Huggingface chat templates were used.
Qwen2-72b was the best-performing open model on Hugging Face Open LLM Leaderboard]]
as of June 2024. The Gemma 2 models achieved state-of-the-art results for their size, while
reaching competitive performance on many benchmarks when compared to models with 2x
more parameters.

For each complexity class, we randomly sample 18 concepts from all possible concepts in
that class. Each data point on the plot in Figure represents the model’s accuracy on a
specific concept. The trend line shows the line of best fit to the average accuracy of each
complexity class. Figure 4.2/ shows models’ average accuracies for the same set of experiments.

For each model family, we run experiments for models in two sizes — the largest model
in that family, and a model that has approximately 10 billion parameters. As shown in the
figure, the average accuracy for all LLMs decreases as concept complexity increases. The
drop in average accuracy is most evident in Gemma 2-9B: from 83% in class 1 to 66% in class
5. For the largest model we tested, Qwen2-72B, there is a 16% decrease (90% — 74%) in
average accuracy as complexity increases from 1 to 5.

In Table we see there is a strong negative correlation between concept complexity and
average model accuracy, indicated by the Pearson correlation coefficients (PCC). All results
are statistically significant except for Qwen2-72B, which is nearly significant at a p = 0.05
threshold.

Ihttps://huggingface.co/spaces/open-11m-leaderboard/open_l1lm_leaderboard
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Figure 4.1: The influence of concept complexity on LLM accuracy in concept learning. On

average, LLM accuracy drops as complexity increases. Each data point in the plot represents

the model’s accuracy on a specific concept. The orange-colored trend line shows the line of

best fit to the average accuracy of each complexity class.
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Figure 4.2: The influence of concept complexity on LLM accuracy in concept learning. Each

data point in the plot represents the model’s average accuracy for the complexity class.

Model Name PCC p-value
Gemma-2-9B-it -0.961  0.009
Gemma-2-27B-it -0.898  0.038

Qwen2-7B-Instruct  -0.884  0.046
Qwen2-72B-Instruct -0.854  0.065

Table 4.1: Pearson correlation between complexity and average accuracy
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Figure 4.3: LLM accuracy of learning concepts [more than] vs [less than] at different model
checkpoints (checkpoints 120, 180, 240, 300, 360). The model reaches higher accuracies for
[more than] across all checkpoints. At earlier checkpoints, the accuracy gap between the two

concepts tends to be larger.

More vs less in K2-65b language model Figure shows the results of comparing
the learning accuracies between concepts [more than p] and [less than p] (where p is a
proportion) in K2-65b model (Liu et al., 2025). Each plot in the figure represents the result
for the same set of experiments obtained from each checkpoint. The x-axis of the plot shows
the different values of proportion p, and the y-axis is the accuracy. For each value of p, the
same random sampling procedure (used in experiment is used to generate 200 positive
examples (i.e. with true label “yes”) and 200 negative examples. After a fixed number of
training steps, a model checkpoint is saved for K2-65b. A larger checkpoint number means
the checkpoint is from a later training stage of the model. For reference, K2-65b has 380
checkpoints (numbered from 001 to 380) in total.

We see that generally [less than p] is a harder concept to learn compared to [more than p],
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since on average K2-65b has a lower accuracy for [less than p] across all checkpoints. This can
have many interpretations; (Agmon et al., 2019; 2022) have shown that humans generally need
more processing time and can make more mistakes when making judgments about [less than]
concepts, compared to the [more than] counterparts. They argued that [less than] is a
concept that contains an implicit negation, which requires more processing time. In other
words, they claimed that [less than] is potentially being computed as [NOT more than] in
humans; since there is one more operator to compute, [less than] becomes more computa-
tionally expensive. This argument can be a possible explanation for this phenomenon in
K2-65b. Although the two concepts have the same logical complexity in our current grammar,
we can modify the grammar (e.g. removing the > operator) so that [less than p] is always
more complex than [more than p]. The advantage of this approach is that this phenomenon
can be explained using the main results (complexity vs accuracy) of the thesis — ICL tends
to favor logical simplicity. However, it also means that the main experiments need to be
re-run using the new grammar, which can lead to different outcomes compared to our current
results. Another approach is to keep the grammar unchanged, and argue that there can be
other factors besides logical complexity that affect the learning accuracy. We leave this as an

exciting direction for future work.

4.1 Limitations

Only a finite set of fractions are used in the grammar to improve efficiency. As a consequence,
it may be the case that some concepts that require a certain minimal number of operators
under our framing could be expressed using fewer operators if more fractions were allowed.
To address this issue, we plan to use a richer set of fractions in future work.

Only a limited set of LLMs are tested. It is possible that newer models or models with
different architectures do not exhibit the phenomena discussed in this text.

We use only one prompt template for all experiments, which may introduce implicit biases

in the data and affect the experiment results.
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Chapter 5
CONCLUSION

We demonstrate that LLM in-context concept learning exhibits a simplicity bias similar
to one that has been observed in human concept learning. Section [3.5.1] outlines a possible
strategy that is more computationally efficient to scale up future experiments. Despite the
scale limitations in the experiments, the results in this thesis set the theoretical foundation
for future research into learning biases of LLM in-context learning. Some directions for
future work may include an in-depth error analysis on the LLM’s concept learning behavior,
extending the domain of concepts beyond numerical, and a detailed comparison between
model and human behaviors. The main contribution of this thesis is showing that in-context
learning (ICL) algorithms in LLMs can have similar learning biases as humans; ICL generally
favors logical simplicity when presented with an unfamiliar concept. When two concepts have
the same logical complexity (in our grammar), language models can still have drastically
different performances on the corresponding concept learning tasks. The experiment on
learning concepts [more than] and [less than] has demonstrated such learning biases. We
argue that this bias is human-like, and unlike other forms of bias, the cause for this kind
of bias seems more mysterious. For instance, biases such as race or gender in LLMs can
potentially be attributed to texts about certain social groups in the corpus having more
negative sentiments than positive (Park et al., 2021} [Field et al.| 2022)). But for the bias in
learning [more than] and [less than] concepts, it is not immediately clear what structure in
the training data may enable this behavior. It can be an exciting direction to study this kind

of phenomenon in more detail and investigate how such learning biases emerge in LLMs.
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