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The instrumental variable approach has been widely used for estimating the treatment ef-

fect in the presence of unmeasured confounding, e.g. randomized trials with noncompliance

problems and observational studies. While most literature focus on the estimation of compli-

ers averaged causal effect (CACE) nonparametrically or based on parametric assumptions,

under the IV assumptions, fewer works focus on estimating distributional causal effect using

IV. We study a novel monotone cumulative distribution function estimator of an outcome

variable for compliers receiving treatment or control. The estimation procedures involve

a weighted quantile regression and a post-estimation rearrangement adjustment. We show

that the proposed estimator is consistent and develop large sample properties. Based on the

asymptotic properties of the proposed estimator, a Wilcoxon-type statistic is proposed to

test the equivalence of CDF for compliers receiving treatment and control. By comparing

the influence function of the proposed estimator to the efficient influence function, we modify

the proposed estimator and obtain a local efficient and robust estimator in the sense that

when the unknown density functions are correctly specified, it reaches the semiparametric

efficiency bound and when the unknown density functions are misspecified, it is still a con-

sistent estimator. For the censoring outcomes, we propose a method to estimate quantile

functions and survival functions for potential outcomes under independent censoring and

noncompliance. Based on the martingale feature associated with the censoring data, we



estimate quantile functions for compliers. Then using the possibly non-monotone quantile

function, we construct a monotone and bounded estimator for the survival function. By

using empirical process techniques, we establish asymptotic properties, including uniform

consistency and weak convergence for the proposed estimators. For general observational

studies with unmeasured confounding problems, we impose a no-interaction assumption pro-

posed by Wang and Tchetgen Tchetgen (2018) and propose a new class of IV models that

identify quantities of potential outcomes for the whole population. Our work complements

current research on using instrumental variable method to estimate distributions of potential

outcomes and infer heterogenous treatment effect for observational studies in the presence

of unmeasured confounding, especially for the censoring outcomes. Simulation results, real

data examples, and proofs are detailed in this dissertation.
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Chapter 1

INTRODUCTION

A randomized trial is a gold standard to identify the causal effect of an intervention or

a treatment since the distribution of confounding variables is balanced by randomization.

However, when some subjects fail to follow their assigned treatments, the balance of random-

ization does not hold because subjects who actually receive treatment are not comparable to

subjects who actually receive control. The estimation of the causal effect based on the actual

treatment received is typically not consistent with the true causal effect of treatment. The

Instrumental variable approach has been widely used for estimating the treatment effect in

the presence of unmeasured confounding, e.g. randomized trials with noncompliance prob-

lems. An instrumental variable (IV) is a variable which is (a) associated with treatment, (b)

has no direct effect on the outcome other than through the treatment and (c) associated with

the outcome without unmeasured confounders. In randomized trials with noncompliance,

the association between treatment and outcome is confounded by unmeasured variables.

The assignment to treatment or encouragement to take treatment can be justified as a valid

instrument variable. In this setting, both the exposure and instrumental variable are bi-

nary variables. In the framework of counterfactual or potential outcome.Imbens and Angrist

(1994) and (Angrist et al., 1996) proposed a set of IV assumptions, which can nonparametri-

cally identify the causal effect of treatment for compliers, a latent subpopulation who would

take treatment only when assigned to the treatment group.

While most literatures, e.g.Imbens and Rubin (1997a), Imbens and Rubin (1997b) and

Cheng et al. (2009), focus on the estimation of compliers averaged causal effect (CACE) non-

parametrically or based on parametric assumptions, under the IV assumptions by Imbens and

Angrist (1994) and Angrist et al. (1996) , there are less works on estimating distributions of
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potential outcomes using IV method. When the treatment effect is a simple “location shift”,

CACE can capture the impact of treatment on the entire distribution. However, in most

cases, the treatment effect is heterogeneous and distributional treatment effect for compliers

beyond simple CACE is of fundamental interest, especially for policy-makers and social wel-

fare comparisons. As discussed in Imbens and Rubin (1997b), they show how to estimate

the cumulative distribution function (CDF) for compliers using an IV estimator, then esti-

mate the density functions for compliers based on smoothing and obtain nonnegative density

functions by truncation as a post-estimation procedure. As an extension to the IV models

of Imbens and Angrist (1994) and Angrist et al. (1996), Abadie (2000, 2003) introduce a

class of IV estimators of linear and nonlinear average treatment outcome models with co-

variates. They show that the expectation of a function of potential outcomes for compliers as

a weighted expectation of observed outcomes can be identified using a weighted expectation

of observed outcomes, e.g. quantile functions for compliers. Abadie (2002) proposes methods

to test the global hypothesis of distributional causal effects, such as distribution equivalence

and stochastic dominance, based on the estimation of CDF for compliers.

Estimating the compliers outcome distributions can also be considered as identifying la-

tent distributions from mixture models, where data arise from a mixture of distributions.

Identification and estimation problems in mixture models are common in many scientific

studies. For example, mixture models are widely used in quantitative trait locus (QTL)

studies to estimate the effect of a QTL predisposing a trait. Since the genotypes at the QTL

is unknown, it’s impossible to observe and estimate the effect of the QTL directly. Mixture

models are widely used to identify the effect of the QTL using known markers. Ma and Wang

(2012) characterize the complete class of consistent estimators for the latent distributions.

They propose an estimator that reaches the semiparametric efficiency bound and provide

an algorithm to implement the efficient estimator which requires kernel smoothing. Non-

parametric maximum likelihood estimators (NPMLEs) can also be used to identify latent

distributions in mixture models, however, two widely used NPMLEs are shown to be either

inefficient or even inconsistent by Ma and Wang (2012).
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None of the above estimators for the compliers distribution functions is guaranteed to be

monotone or bounded between 0 and 1. A possible method to obtain a monotone estima-

tor from a non-monotone estimator is weighted isotonic regression. However, in a weighted

isotonic regression, it’s not apparent to choose the optimal weight and the asymptotic prop-

erties of the estimator are typically unknown. Lee et al. (2016) propose a combined method

of the EM algorithm and Pool-Adjacent-Violators Algorithm using a binomial likelihood to

obtain monotone distribution curves for compliers. The binomial likelihood method pur-

posely discards correlation in the full likelihood to avoid known problems in the NPMLEs,

but is therefore inefficient. Moreover, the asymptotic distribution of their estimator remains

unknown. To address the above problems, in Chapter 2, we propose a novel IV estimator

that is guaranteed to be monotone and bounded between 0 and 1. We first estimate quantile

functions of potential outcomes for compliers and apply a rearrangement operation to obtain

monotone distribution functions.

Two common problems in clinical trials are censoring and noncompliance, while most of

the previous literature is for continuous and uncensored outcomes, focusing on the estimation

of compliers averaged causal effect nonparametrically or based on parametric assumptions

(Imbens and Rubin, 1997a,b; Cheng et al., 2009). For survival outcomes, few papers have

discussed randomized studies in the presence of noncompliance (Robins and Tsiatis, 1991;

Joffe, 2001; Loeys and Goetghebeur, 2003; Cuzick et al., 2007). These papers propose various

semiparametric models to estimate the effect of treatment on survival functions for potential

failure times. Baker (1998) derived closed-form expressions for the maximum likelihood es-

timates (MLEs) of the hazards of compliers in the treatment and control groups for discrete

survival outcomes. Baker’s estimator is analogous to the standard IV estimator for a sur-

vival outcome. Building on Baker (1998)’s work, Nie et al. (2011) develop a nonparametric

estimator of the survival function at a specified time for compliers based on the empirical

likelihood that makes full use of the mixture structure to gain efficiency over the standard

IV method. Though this nonparametric estimator is bounded between 0 and 1, the method

is not efficient to obtain whole survival functions and not necessary to generate a monotone
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survival function. In the case of binary treatment variable and binary instrument variable

(i.e. treatment assignment), we could also consider estimating the compliers outcome dis-

tributions as identifying latent distributions from observed mixture data. In the mixture

data framework, Qin et al. (2014) propose a binomial likelihood approach and a combined

method of the EM algorithm and Pool-Adjacent-Violators algorithm to obtain monotone

distribution curves for latent distributions. However, the asymptotic distribution of their

estimator remains unknown.

In Chapter 2, we mainly address the noncompliance problem in identifying the distri-

butional causal effect of treatment in randomized trials. In Chapter 3, we further study

identification and estimation problems of distributional causal effect for a time-to-event out-

come subject to right censoring in randomized trials with noncompliance. Our work builds

on Peng and Huang (2008), who develop a quantile regression method for survival data

subject to conditionally independent censoring. Their proposal uses the martingale feature

associated with the censored data. The main idea is that we first nonparametrically esti-

mate the quantile functions for compliers. Then we apply the rearrangement operation to

the possibly non-monotone quantile function and obtain cumulative distribution function or

survival function for the right censoring potential outcomes for compliers, that is monotone

and bounded in [0, 1]. Moreover, we provide a self-induced smoothing algorithm to estimate

the limiting variance of the estimators.

When randomized experiments are not feasible for various reasons, observational studies

are widely used to infer treatment effect. However, the treatment assignment or exposure of

interest is often associated with confounding variables that are not necessarily observed in the

study. Leaving out confounding variables typically leads to a biased estimate of treatment

effect. A major challenge of causal inference in observational studies is to address unmeasured

confounding variables. In such settings, instrumental variable (IV) methods are useful to

estimate the effect of treatment with unmeasured confounding, in other words, endogenous

exposure in econometrics literature. Under the standard IV assumptions proposed by Angrist

et al. (1996), Abadie (2000) introduces a new class of instrumental variable (IV) estimators
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for linear and nonlinear treatment response models. These IV models identify local quantities

of potential outcomes for the compliers, the subpopulation whose treatment status is affected

by the instrumental variable. In particular, Abadie et al. (2002) focus on estimating local

(conditional) quantile treatment effect (LQTE) for compliers. Chernozhukov and Hansen

(2005) propose a new IV model, the instrumental variable quantile regression (IVQR) model,

for estimating quantile treatment effect (QTE). The IVQR model relies on a different set

of identification assumptions than the IV assumption in Angrist et al. (1996). Instead of

estimating local quantile functions for compliers, the IVQR model estimates the quantile

functions and QTE for the whole population. The key assumption in IVQR model is the

rank similarity assumption, a condition that restricts the individual ranks in the potential

outcome distributions. The two sets of IV models are generally non-nested and estimating

different quantities. Wüthrich (2019) studies the relationship between the two IV models

for estimating QTE and shows that there is a close connection between the IVQR model

and LQTE model. The IVQR estimands for QTE are equivalent to LQTE for compliers at

transformed quantile levels. Moreover, the IVQR estimand of the average treatment effect

(ATE) is a convex combination of the local average treatment effect and a weighted average

of LQTE. These findings do not rely on the rank similarity assumption and provide an

alternate interpretation of IVQR estimands when the rank similarity assumption is violated.

Since the definition of compliers depends on the particular IV that is available, the local

estimand would, in general, differ from the population-level estimand for the whole study

population. To the best of our knowledge, to date, there has only been limited work focus-

ing on population-level estimand in the context of an IV, especially for censored outcomes.

Robins and Tsiatis (1991) describe a formal IV approach to analyze survival outcomes by

parameterizing the exposure effect under a structural accelerated failure time model and

developing G-estimation method.Loeys and Goetghebeur (2003) propose an alternative ap-

proach based on structural proportional hazard models but is more parametric and requires

modeling the exposure distribution. Li et al. (2015) developed a closed-form, two-stage esti-

mator for the causal effect in the additive hazard model, assuming linear structural equation
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models for the hazard function. Their method permits both continuous and discrete expo-

sures. Tchetgen et al. (2015) independently developed a two-stage estimation in additive

hazard models under a less restrictive model than Li et al. (2015). More recently, Mart-

inussen et al. (2017) develop IV estimators under a semiparametric structural cumulative

survival model without modeling exposure distribution. Their proposal is closely related to

but less restrictive than the additive hazard model in Tchetgen et al. (2015) and Li et al.

(2015). The above estimators model the causal effect of exposure as a location shift model

on a certain scale of survival outcome (e.g. log-hazard, hazard and log-linear).

Our proposed IV model in Chapter 4 relaxes this restriction, allowing for a heterogeneous

causal effect of exposure, and can accommodate adjustment for baseline covariates. In a re-

cent paper, Wang and Tchetgen Tchetgen (2018) discuss estimating the average treatment

effect (ATE) in the context of an IV. Instead of making the monotonicity assumption as in

Angrist et al. (1996), they propose two alternative no-interaction assumptions involving the

unobserved confounders. In Chapter 4, we propose a new class of IV models for nonlinear

moment condition models for population-level estimands, generalizing Abadie’s identification

results for compliers in Abadie (2000, 2003). As two special cases, we show that under the

new IV assumptions, the proposed estimating equations in Chapter 2 and Chapter3 identify

population-level quantities in the framework of observational studies with unmeasured con-

founding. To study the heterogeneous treatment effect at different quantiles, Chernozhukov

et al. (2015) developed a censored quantile instrumental variable (CQIV) estimator and

described its properties and computation. The CQIV estimator combines Powell (1986)’s

censored quantile regression to deal with censoring, with a control variable approach to in-

corporate endogenous exposures. However, this approach requires that the censoring time is

always observed, which is not the case in most survival settings. Our proposed model allow-

ing for random censoring complements the methodology in the context of IV for identifying

distributions of right censoring potential outcomes in observational studies with unmeasured

confounding.

My dissertation consists of three main Chapters about the instrumental variable method



7

in unmeasured confounding problems. The first two chapters focus on the noncompliance

problem in randomized trials. We propose IV estimators to identify the marginal distri-

bution functions of potential outcomes for compliers. Specifically, the proposed estimators

of the cumulative distribution functions are monotone and bounded between [0, 1]. In the

third Chapter, we propose a new class of IV models that focus on identifying causal esti-

mand for the whole population in the framework of observational studies with unmeasured

confounding.
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Chapter 2

MONOTONE DISTRIBUTION FUNCTION ESTIMATION IN
RANDOMIZED TRIALS WITH NONCOMPLIANCE

2.1 Introduction

A randomized trial is often regarded as the gold standard to identify the causal effect of an

intervention or a treatment since the distribution of measured and unmeasured confounders

is balanced by randomization. However, when some subjects fail to follow their assigned

treatments, the balance of randomization does not hold in general and subjects who actually

receive treatment are not comparable to subjects who actually receive control. Therefore,

the estimation of causal effect based on the actual treatment received is not consistent to the

true causal effect of treatment. Additional assumptions to identify the effect of treatment

in a meaningful way are often required. As in Imbens and Angrist (1994) and Angrist et al.

(1996), under certain plausible assumptions, referred to as the instrumental variable (IV)

assumptions, the causal effect of the treatment can be nonparametrically identified among

compliers in the framework of the counterfactual or potential outcome. These assumptions

are discussed in Section 2. As an extension to the IV model of Imbens and Angrist (1994)

and Angrist et al. (1996), Abadie (2000, 2003) introduce a class of IV estimators of linear

and nonlinear average treatment outcome models with covariates. Identification is shown by

expressing the expectation of a function of potential outcomes for compliers as a weighted

expectation of observed outcomes, where the weights can be positive or negative. While

most literature (Imbens and Rubin, 1997a,b; Cheng et al., 2009) focus on the estimation of

compliers averaged causal effect (CACE) nonparametrically or based on parametric assump-

tions, under the IV assumptions, fewer works focus on estimating distributional causal effect

using IV. When the treatment effect is a simple “location shift”, CACE can capture the
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impact of treatment on the entire distribution. However, in most cases, the treatment effect

is heterogeneous and distributional treatment effect for compliers beyond simple CACE is

of fundamental interest, especially for policy-makers and social welfare comparisons. As dis-

cussed in Imbens and Rubin (1997b), they show how to estimate the cumulative distribution

function (CDF) for compliers using an IV estimator, then estimate the density functions for

compliers based on smoothing and obtain nonnegative density functions by truncation as a

post-estimation procedure. Abadie (2002) proposes methods to test the global hypothesis

of distributional causal effects, such as distribution equivalence and stochastic dominance,

based on the estimation of CDF for compliers. Abadie et al. (2002) develop methods for

estimating the quantile treatment effects using main results in Abadie (2000), where the

possibly negative weights in the target function are modified to be nonnegative based on

conditional expectation which is estimated by smoothing techniques.

Estimating the compliers outcome distributions can also be considered as identifying la-

tent distributions from mixture models, where data arise from a mixture of distributions.

Identification and estimation problems in mixture models are common in many scientific

studies. For example, mixture models are widely used in quantitative trait locus (QTL)

studies to estimate the effect of a QTL predisposing a trait. Since the genotypes at the QTL

is unknown, it’s impossible to observe and estimate the effect of the QTL directly. Mixture

models are widely used to identify the effect of the QTL using known markers. Ma and Wang

(2012) characterize the complete class of consistent estimators for the latent distributions.

They propose an estimator that reaches the semiparametric efficiency bound and provide

an algorithm to implement the efficient estimator which requires kernel smoothing. Non-

parametric maximum likelihood estimators (NPMLEs) can also be used to identify latent

distributions in mixture models, however, two widely used NPMLEs are shown to be either

inefficient or even inconsistent by Ma and Wang (2012).

None of the above estimators for the compliers distribution curves is guaranteed to be

monotone or bounded between 0 and 1. A possible method that can obtain a monotone esti-

mator from a non-monotone estimator is weighted isotonic regression. However, in a weighted



10

isotonic regression, it’s not apparent to choose the optimal weight and the asymptotic prop-

erties of the estimator are typically unknown. Lee et al. (2016) propose a binomial likelihood

approach and a combined method of the EM algorithm and Pool-Adjacent-Violators Algo-

rithm to obtain monotone distribution curves for compliers. However, the binomial likelihood

method purposely discards correlation in the full likelihood to avoid known problems in the

NPMLEs, so it is likely to be inefficient. We propose a novel estimator that is guaranteed

to be monotone and bounded between 0 and 1. We derive the asymptotic properties and

propose an extension to obtain semiparametric efficiency. The major idea is that for a pos-

sibly nonmonotone quantile function Q̂(u), F̂ (y) =
∫ 1

0
I(Q̂(u) ≤ y)du is always monotone in

y and bounded in [0, 1]. Therefore, based on this representation, our estimator is a natural

CDF. It is related to the rearrangement operation from variational analysis (Hardy et al.,

1952; Lorentz, 1953; Villani, 2003). Chernozhukov et al. (2009) studies the rearrangement

estimator in the form of Ĝ(y) = inf{u ∈ R :
∫
I(G̃(v) ≤ u)dv ≥ y}, where G̃(v) is the

initial nonmonotone estimator. However, since G̃(v) based on the conventional IV methods

can be negative and larger than 1, Ĝ(y) may not be bounded in [0, 1]. On the other hand,

our proposed CDF estimator directly rearranges a non-monotone quantile function whose

domain is [0, 1], and produces a CDF bounded in [0, 1].

This chapter is organized as follows. In Section 2, we introduce notations, assumptions

and discuss some previously established estimators. The proposed estimator, its asymptotic

properties and a Wilcoxon-type test are discussed in Section 3. In Section 4, we discuss

how to modify the proposed estimator to attain semiparametric efficiency. We present nu-

merical results from several simulation experiments in Section 5. The proposed estimator is

compared with the conventional IV estimator and the efficient estimator computed from the

efficient score assuming known density functions. Type I error and power of the proposed

Wilcoxon test are studied. Section 6 applies the proposed estimator to a randomized trial to

study the efficacy of Modanifil on cocaine dependence. Some concluding remarks are given

in Section 7. The proof of Theorem 1 is given in the last section.
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2.2 Notation, Assumptions and Background

2.2.1 Notation

We consider a two-arm randomized trial with n subjects. Let π denote the probability of ran-

domization to treatment, Z be the indicator of treatment assignment and its sample analog

be Zi(i = 1, . . . , n), where Zi = 1 if subject i is assigned to treatment and Zi = 0 if subject

i is assigned to control. Let Dz be the potential treatment receive under randomization

assignment z, D = ZD1 + (1−Z)D0 be the actual treatment received and its sample analog

be Di(i = 1, . . . , n), where Di = 1 if subject i receives treatment and Di = 0 if subject i

receives control.

Let Yd be the potential outcome under treatment d, here we use the exclusion restriction

assumption in Angrist et al. (1996) that the potential outcome is affected by treatment

assignment only via treatment received, i.e., Ydz = Yd. The observed outcome is Y =

ZY1 + (1− Z)Y0.

The population can be classified into four subpopulations based on their compliance

status defined by the joint distribution of treatment assignment and potential treatment

receipt: compliers if subjects always follow the assignment, never-takers if subjects always

take the placebo, always-takers if subjects always take the treatment, defiers if subjects never

follow the assignment. Let C denote the compliance classes: C = 1 (compliers) if D1 > D0;

C = 2 (always-takers) if D1 = D0 = 1; C = 0 (never-takers) if D1 = D0 = 0; C = 3

(defiers) if D1 < D0. In practice, we can only observe one of D0 and D1, the compliance

class membership for each subject is therefore unknown.

2.2.2 Assumptions

Assumption 1 We impose standard IV assumptions similar to those in Angrist et al. (1996)

and Abadie (2003):

1. Independence: (Y1, Y0, D1, D0) is jointly independent of Z.
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Table 2.1: The relationship between observed groups and latent compliance classes (C).

Z D C

1 1 1 (Compliers) or 2 (Always-takers)

1 0 0 (Never-takers)

0 0 1 (Compliers) or 0 (Never-takers)

0 1 2 (Always-takers)

2. Nontrivial assignment: π = P (Z = 1) ∈ (0, 1)

3. First-stage: E(D1 −D0) 6= 0. The causal effect of Z on D is nonzero.

4. Monotonicity: P (D1 ≥ D0)=1, so there are no defiers who always receive the opposite

treatment of assignment.

Under Assumption 3 (1)-(4), a subject’s compliance class membership can be partially

identified based on the treatment assigned and the treatment received as in Table 3.1. In

this way, we can state our problem as identifying latent distributions from mixture data. Let

F1 and F0 be outcome CDF for compliers receiving treatment and control, Fnt be CDF for

never-takers and Fat be CDF for always-takers. The observed CDF of each strata defined

by Z and D can be expressed as a mixture of CDFs of latent compliance classes:

FY |Z=1,D=1 = λc1F1 + λatFat

FY |Z=0,D=1 = Fat

FY |Z=0,D=0 = λc0F0 + λntFnt

FY |Z=1,D=0 = Fnt

where λc1 = P (C=1)
P (C=1)+P (C=2)

,λc0 = P (C=1)
P (C=1)+P (C=0)

, λat = P (C=2)
P (C=1)+P (C=2)

, and λnt = P (C=0)
P (C=1)+P (C=0)

.



13

2.2.3 Abadie’s weighted estimators

To estimate the cumulative distribution functions (CDFs) for compliers, we define the fol-

lowing functions of D and Z:

k0 = (1−D)
(1− Z)− (1− π)

(1− π)π

k1 = D
Z − π

(1− π)π

k = k0(1− π) + k1π = 1− D(1− Z)

1− π
− (1−D)Z

π
.

Under Assumption 3 (1)-(4),Abadie (2003) proved the following lemma.

Lemma 2.2.1 (Abadie) Let g(Y,D) be any real function of Y,D such that E|g(Y,D)|<∞,

E[g(Y0, D)|C = 1] =
1

P (C = 1)
E[k0g(Y,D)]

E[g(Y1, D)|C = 1] =
1

P (C = 1)
E[k1g(Y,D)]

E[g(Y,D)|C = 1] =
1

P (C = 1)
E[kg(Y,D)].

This result allows us to identify functions of outcome distributions for compliers using a

weighted sample. However, when D 6= Z, k takes negative value and is not a proper weight.

Nonetheless, lemma (2.2.1) provides a simple way to estimate the CDFs of the potential

outcomes for compliers. Let g(Y,D) = I(Y ≤ t), then CDF for compliers F1 and F0 can be

identified as,

F0(t) =
1

P (C = 1)
E[k0I(Y ≤ t)]

F1(t) =
1

P (C = 1)
E[k1I(Y ≤ t)].

When g(Y,D) = Y , the sample counterparts of the corresponding equations are exactly the

conventional instrumental variable (IV) estimators for CACE.
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2.3 Estimation through quantile regression

While Abadie (2003) provides a simple way to estimate CDF for compliers, it can be non-

monotone and may not be bounded in [0, 1] due to the negative weights. The estimator can

also be very unstable in practice particularly when the instrument is weak. In this section,

we introduce a new monotone CDF estimator based on a non-monotone quantile function

estimator.

2.3.1 Distribution Estimation

Lemma (3.3.1) not only provides a simple way to estimate CDFs but also quantile functions

for compliers. For θ ∈ (0, 1), let q1(θ) denote θ-quantile of Y1 and q0(θ) denote θ-quantile

of Y0 for compliers. There exists δθ = (αθ, βθ), such that the θ-quantile of Y given D for

compliers,

qθ(Y |D,C = 1) = αθD + βθ,

where αθ = q1(θ)− q0(θ) and βθ = q0(θ). The parameters αθ and βθ can be expressed as,

(αθ, βθ) = arg minα,βE(ρθ(Y − αD − β)|C = 1),

where ρθ(y) = y(θ − I(y < 0)) is often called the check function. Using Abadie’s formula,

(αθ, βθ) = arg minα,βE(kρθ(Y − αD − β)).

Therefore αθ and βθ can be estimated by minimizing,

Qn(α, β) =
1

n

n∑
i=1

kiρθ(Yi − αDi − β) =
1

n

∑
Di=1

kiρθ(Yi − α− β) +
1

n

∑
Di=0

kiρθ(Yi − β).

Since ki = 1 − Di(1−Zi)
1−π − (1−Di)Zi

π
, when π is unknown, it can be estimated by k̂i = 1 −

D(1−Z)
1−π̂ − (1−D)Z

π̂
, where π̂ is the sample proportion of treatment assignment. Then, αθ and

βθ are estimated by minimizing Q̂n(α, β) = 1
n

∑n
i=1 k̂iρθ(Yi − αDi − β). Since k̂ and k

take negative values when D is not equal to Z, Q̂n and Qn are typically nonconvex funtions.

Optimizing nonconvex functions is not computationally efficient when the parameter space is
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large. For computational considerations, Abadie et al. (2002) modifies the objective function

by taking the conditional expectation of k given U = (Y,D) which requires smoothing when

Y is a continuous variable. As shown above, Q̂n(α, β) or Qn(α, β) can be decomposed into

two parts that can be minimized separately with data D = 1 and D = 0. Thus we can

minimize the one-dimensional objective function by a simple grid search method.

Let q̂1(θ) = α̂θ + β̂θ and q̂0(θ) = β̂θ. F1(t) and F0(t) can be estimated as,

F̂1(t) =

∫ 1

0

I(q̂1(u) ≤ t)du

F̂0(t) =

∫ 1

0

I(q̂0(u) ≤ t)du.

Though q̂1 and q̂0 are possibly non-monotone, F̂1 and F̂0 are nondecreasing functions and

bounded in [0, 1] by construction. In the next section, we derive asymptotic properties for

the estimated quantile functions and CDFs.

2.3.2 Asymptotic properties and Inference

The following theorems summarize the asymptotic properties of (α̂θ, β̂θ) obtained from

Q̂n(α, β) when π is unknown or (α̃θ, β̃θ) from Qn(α, β) when π is known.

Theorem 2.3.1 Let δ̂θ = (α̂θ, β̂θ) be solutions that minimize Q̂n(δθ), δθ = (αθ, βθ), εθ =

Y − X ′δθ, and X = (D, 1)′. Under Assumption 3 and regularity assumptions stated in the

appendix, δ̂θ is uniformly consistent of δθ for θ ∈ [0, 1], and
√
n(δ̂θ−δθ)⇒ to some Gaussian

process G, detailed in the appendix.

Theorem 2.3.2 Let δ̃θ = (α̃θ, β̃θ) be solutions that minimize Qn(α, β), then δ̃θ is uniformly

consistent of δθ and
√
n(δ̃θ − δθ)⇒ to some Gaussian process G̃, detailed in the appendix.

Remark

For fixed θ, where π is unknown,
√
n(δ̂θ−δθ) = 1√

n

∑n
i=1 J

−1ψi(θ)+op(1)→ N(0, J−1ΣθJ
−1),
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and when π is known,
√
n(δ̃θ − δθ) = 1√

n

∑n
i=1 J

−1ψ̃i(θ) + op(1)→ N(0, J−1Σ̃θJ
−1), where,

J = E(fεθ|X,C=1(0)XX ′|C = 1)P (C = 1)

m(δθ) = (θ − I(Y −X ′δθ < 0))X ′

H(δθ) = E

(
m(δθ)

(
(1−D)Z

π2
− D(1− Z)

(1− π)2

))
.

ψ(θ) = m(δθ)k +H(δθ)(Z − π)

ψ̃(θ) = m(δθ)k

Σθ = V ar(ψ(θ))

Σ̃θ = V ar(ψ̃(θ))

It can be easily shown that Σθ ≤ Σ̃θ, where for symmetric matrices A and B the notation

A ≤ B means c′Ac ≤ c′Bc for any nonzero vector c. Therefore, efficiency is improved when

the estimated π̂ is used regardless if π is known or unknown. The proof is detailed in the

Appendix. The estimated θ-quantile functions for compliers q̂1(θ) and q̂0(θ), derived from δ̂θ

(or δ̃θ) have the following asymptotic distribution:

Corollary 2.3.2.1 q̂1(θ)−q1(θ)⇒ some Gaussian processs and q̂1(θ)−q1(θ)⇒ some Gaus-

sian process.

Theorem 2.3.3
√
n(F̂1(t) − F1(t)) ⇒ some Gaussian processs and

√
n(F̂0(t) − F0(t)) ⇒

some Gaussian processs.

Remarks

At each point θ ∈ [0, 1],
√
n(F̂1(t)−F1(t)) = 1√

n

∑n
i=1 φ1i(t) + op(1) and

√
n(F̂0(t)−F1(t)) =

1√
n

∑n
i=1 φ0i(t) + op(1), where, the influence functions φ1(t) and φ0(t) of the proposed CDF
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estimators with estimated π̂ are,

φ0(t) = −f0(t) · (0 1) · J−1ψ(F0(t))

= −f0(t)
1

P (C = 1)f0(t)(1− π)
· (−1 1) · ψ(F0(t))

=
1

P (C = 1)
(I(Y < t)− F0(t))k0 −

Z − π
P (C = 1)(1− π)

(
F0(t)− FY |C=0

P (C = 0)

π

)
φ1(t) = −f1(t) · (1 1) · J−1ψ(F1(t))

= −f1(t)
1

P (C = 1)f1(t)π
· (1 0) · ψ(F1(t))

=
1

P (C = 1)
(I(Y < t)− F1(t))k1 +

Z − π
P (C = 1)π

(
F1(t)− FY |C=2(t)

P (C = 2)

π

)
.

Similarly, with true value of π, the influence functions φ̃1(t) and φ̃0(t) can be written as,

φ̃0(t) = −f0(t) · (0 1) · J−1ψ̃(F0(t)) =
1

P (C = 1)
(I(Y < t)− F0(t))k0

φ̃1(t) = −f1(t) · (1 1) · J−1ψ̃(F1(t)) =
1

P (C = 1)
(I(Y < t)− F1(t))k1.

The asymptotic variances V0(t) and V1(t) can be consistently estimated as

V̂0(t) =
1

n

n∑
i=1

φ̂0i(t)
2

V̂1(t) =
1

n

n∑
i=1

φ̂1i(t)
2,

where φ̂0i and φ̂1i are the influence functions of the ith observation with unknown quantities

replaced by their consistent estimators.

2.3.3 Testing distribution equivalence

To evaluate the effect of treatment on the entire outcome distribution, it is often of interest

to compare the equivalence of F1 and F0. The null hypothesis is

H0 : F1(t) = F0(t).
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A Wilcoxon-type statistic can be defined as

Wn =
√
n

(∫
F̂1dF̂0 −

1

2

)
.

The following theorem gives the asymptotic distribution for the Wilcoxon-type statistic

under the null hypothesis and thus provide a way to test the equivalence of F1 and F0.

Theorem 2.3.4 Under the null hypothesis,

Wn →d N(0, V ),

where V = E
(
−
∫
φ0dF1 +

∫
φ1dF0

)2
can be consistently estimated as

V̂ =
1

n

n∑
i=1

(
−
∫
φ̂0i(t)dF̂1 +

∫
φ̂1i(t)dF̂0

)2

.

Under the alternative hypothesis that F1 is stochastically greater or smaller than F0, we

expect the test to have decent power similar to the regular wilcoxon test.

2.4 Locally efficient estimators

In a framework of mixture models, Ma and Wang (2012) studied efficient estimation of the

CDFs for the latent classes, which can be applied to our problem. Among subjects who

receive treatment (D = 1), subjects with Z = 1 are mixture of always-takers and compliers

with mixture probability (λat, λc1); subjects with Z = 0 are always-takers. Among subjects

who receive control (D = 0), subjects with Z = 0 are mixed population of never-takers and

compliers with mixture probability (λnt, λc0); subjects with Z = 1 are never-takers.

Define f1 and f0 be density functions for compliers, fnt be density function for never-

takers, and fat be density function for always-takers. Let f̄1(s) = (fat(s), f1(s))′, f̄0(s) =

(fnt(s), f0(s))′, u11 = (λat, λc1)′, u12 = (1, 0)′, u01 = (λnt, λc0)′, and u02 = (1, 0)′. The

efficient influence function φeff,0(t) for compliers under control and φeff,1(t) for compliers

under treatment are,

φeff,1(t) =
D

πP (C = 1)
(1(Y ≤ t)−K1,4(t))Z +

−D
(1− π)P (C = 1)

(1(Y ≤ t)− K̃1,4(t))(1− Z)

φeff,0(t) =
D − 1

πP (C = 1)
(1(Y ≤ t)− K̃0,4(t))Z +

1−D
(1− π)P (C = 1)

(1(Y ≤ t)−K0,4(t))(1− Z),
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where

K1(t) =

∫
I(s ≤ t)A−1

1 (s)ds

[∫
A−1

1 (s)ds

]−1

≡

K1,1(t) K1,2(t)

K1,3(t) K1,4(t)



K0(t) =

∫
I(s ≤ t)A−1

0 (s)ds

[∫
A−1

0 (s)ds

]−1

≡

K0,1(t) K0,2(t)

K0,3(t) K0,4(t)


K̃1,4(t) = K1,4(t)− P (C = 1)

P (C = 2)
K1,3(t)

K̃0,4(t) = K0,4(t)− P (C = 1)

P (C = 0)
K0,3(t)

A1(s) =

(
u11u

T
11

uT11f̄1(s)

)
P (Z = 1|D = 1) +

(
u12u

T
12

uT12f̄1(s)

)
P (Z = 0|D = 1)

A0(s) =

(
u01u

T
01

uT01f̄0(s)

)
P (Z = 0|D = 0) +

(
u02u

T
02

uT02f̄0(s)

)
P (Z = 1|D = 0).

The matrices K1(t) and K0(t) have direct relationship with the CDFs, that is, K1(t)(1 1)′ =

(Fat(t) F1(t))′ and K0(t)(1 1)′ = (Fnt(t) F0(t))′ (Ma and Wang, 2012). We will use this fact

later.

The semiparametric efficient estimator constructed from the efficient influence function

involves complicated expressions and depend on unknown density functions of all compliance

classes. If f̄1(s) or f̄0(s) is misspecified as f̄ ∗1 (s) or f̄ ∗0 (s), the influence functions are no

longer mean-zero and do not produce consistent estimators. Ma and Wang (2012) suggest

to robustify the influence function by constructing, φ1 = φ∗eff,1 − F1 + (0 1)K∗1(1 1)′ and

φ0 = φ∗eff,0−F0 + (0 1)K∗0(1 1)′, where φ∗eff,1, φ∗eff,0, K∗1 and K∗0 are defined with respect to

working densities f̄ ∗1 and f̄ ∗0 . The latent CDF F1(t) and F0(t) can be estimated as F̂eff,1(t) =

1
n1

∑
i:Di=1 φ

∗
eff,1i(t)+(0 1)K∗1(1 1)′ and F̂eff,0(t) = 1

n0

∑
i:Di=0 φ

∗
eff,0i(t)+(0 1)K∗0(1 1)′. This

estimator is locally efficient in the sense that it reaches the semiparametric efficiency bound

if the unknown densities are correctly specified or consistently estimated. With plugged-in

estimators for unknown probabilities (i.e. P (C = 1), P (C = 2), P (C = 0) and π), some

terms will be cancelled and the robustified estimator is exactly Abadie’s IV estimator in our

problem.
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By comparing the influence functions φ1(t) and φ0(t) derived with true π in Section 3 to

the efficient influence functions φeff,1(t) and φeff,0(t), we notice that the proposed estimator

can be modified to reach the semiparametric efficiency bound through two modified quantile

regression estimators. To obtain the efficient CDF estimator for F1, we consider the quantile

regression model:

(α1,eff (θ), β1,eff (θ)) = arg minα,βE(kρ
ZK1,4+(1−Z)(K1,4−P (C=1)

P (C=2)
K1,3)

(Y − αD − β))

= arg minα,βE(ZρK1,4(Y − αD − β) + (1− Z)ρK̃1,4
(Y − αD − β)),

where K̃1,4 = K1,4 − P (C=1)
P (C=2)

K1,3. Similarly, to obtain the efficient CDF estimator for F0, the

modified quantile regression model is:

(α0,eff (θ), β0,eff (θ)) = arg minα,βE(kρ
(1−Z)K0,4+Z(K0,4−P (C=1)

P (C=0)
K0,3)

(Y − αD − β))

= arg minα,βE((1− Z)ρK0,4(Y − αD − β) + ZρK̃0,4
(Y − αD − β)),

where K̃0,4 = K0,4 − P (C=1)
P (C=0)

K0,3.

Distribution estimators transformed from

q̂1,eff (θ) = α̂1,eff (θ) + β̂1,eff (θ)

and

q̂0,eff (θ) = β̂0,eff (θ)

then reach the semiparametric efficiency bound when the unknown densities are correctly

specified. Note that in the modified quantile regression models, K1 and K0 are functions of

θ, i.e. K1 = K1(q1(θ)) and K0 = K0(q0(θ)). On the other hand, K1 and K0 are functions

of latent density functions f̄0 and f̄1, hence require working densities as in Ma and Wang

(2012). However, this estimator is robust with respect to misspecification of the latent

density functions. In the following, we show that when f̄0 and f̄1 are misspecified as f̄ ∗0 and

f̄ ∗1 , the corresponding estimators q̂∗1,eff (θ)=α̂
∗
1,eff (θ) + β̂∗1,eff (θ) and q̂∗0,eff (θ)=β̂

∗
0,eff (θ) still

consistently estimate q1(θ) and q0(θ).

In fact, when f̄0 is misspecified as f̄ ∗0 , (α̂∗0,eff (θ), β̂
∗
0,eff (θ)) consistently estimate
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(α∗0,eff (θ), β
∗
0,eff (θ)) ≡ arg minα,βE(kρ

(1−Z)K∗0,4+Z(K∗0,4−
P (C=1)
P (C=0)

K∗0,3)
(Y − αD − β))

First-order conditions yield,

β∗0,eff (θ) = q0(K∗0,3 +K∗0,4)

α∗0,eff (θ) = q1

(
θ − 1

P (C = 0)
K∗0,3

)
− q0(θ).

However, K∗0,3 + K∗0,4 = (0, 1)K∗0(q∗0(θ))(1, 1)′ = F ∗0 (q∗0(θ)) = θ. Therefore β̂∗0,eff (θ)

consistently estimates β∗0,eff (θ) = q0(θ). Similarly, when f ∗1 is misspecified, q̂∗1,eff (θ) =

α̂∗1,eff (θ) + β̂∗1,eff (θ) consistently estimate α∗1,eff (θ) + β∗1,eff (θ) = q1(θ). Hence the modified

CDF estimators are consistent though may not be efficient under misspecification.

2.5 Simulation studies

In this section, we study the finite sample performance of the proposed estimator and com-

pare it to Abadie’s IV estimator and oracle efficient estimator with the correct specification

of unknown density functions. We conduct several simulation scenarios. For each scenario,

we generate 1000 independent datasets. In the first simulation experiment, we evaluate

the sampling error of the four estimators on estimating CDFs at a single point (the 95th

quantile) and averaged discrepancy for the entire distribution (to be defined later). The

outcome distributions in four latent compliance classes follow Gamma or log-normal distri-

bution. Specifically, the means for each latent class are E(Y |C = 2) = 4, E(Y1|C = 1) = 2,

E(Y0|C = 1) = 2, E(Y |C = 0) = 1 and variances are 1. The randomization probability is 0.5.

We consider two scenarios corresponding to a strong and a weak IV. The strength of an IV is

how strong the association between the IV and the actual treatment is. When the first stage

F-statistic from the regression of the treatment on the IV is less than 10, the IV is commonly

considered to be a weak IV (Stock et al., 2012). The compliance class status C is randomly

generated as (a) strong IV: P (C = 0) = 0.25, P (C = 1) = 0.5 and P (C = 2) = 0.25 (average

first stage F -statistic=25, when n = 50); (b) weak IV: P (C = 0) = 0.45, P (C = 1) = 0.1 and
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P (C = 2) = 0.45 (average first stage F -statistic=6 when n = 500). The efficient estimator

and the modified quantile estimator are constructed using the true densities as the working

density. To assess each estimator’s average performance for the whole distribution, we define

L2 distance as the measurement of the discrepancy between the estimator F̂ and the true

CDF F ,

L2(F, F̂ ) =

∫
[F (y)− F̂ (y)]2dF (y).

Table 2.2 summarizes the sampling bias, sampling standard deviation of point estimates

and L2 distance for the four distribution estimators under different sample sizes. Under

the strong IV setting, all four estimators have a negligible bias for point estimates at the

95th quantiles. The proposed estimator has a much smaller standard deviation than the IV

estimator in finite samples. In terms of averaged discrepancy (AD), the proposed estimator

performs similar to efficient estimator and modified efficient estimator but much better than

the IV estimator especially for n = 50 and n = 100. Though results are not shown here, we

compare the estimated standard error (SE) with the averaged sampling standard deviation

(SD). SE slightly overestimated the variation of the proposed estimator when the sample

size is small, but when the sample size is increasing, SE is closer to SD. Under the weak IV

setting, the proposed estimator performs much better than the IV estimator and performs

similar to the efficient estimator and modified quantile estimator which uses the information

of the true CDFs. The IV estimator is really unstable and is often unbounded in most

simulation iterations when estimating the 95th quantile. We don’t report the exact bias and

sampling standard deviation since they are very large. The average discrepancy of the IV

estimator is dramatically larger and more variable than the other three estimators.

In the second simulation experiment, under the strong IV settings, we compare CACE

estimation using the proposed estimator, IV estimator and efficient estimator. Table 2.3

summarizes the sampling bias, sampling standard deviation for CACE estimates from the

three distribution estimators. In the CACE estimation, we compare the proposed estimator

with the IV estimator and the efficient estimator since the modified quantile estimator per-

forms similar to the proposed estimator in finite samples. All three CACE estimators have
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a low bias in finite samples. The IV estimator has the highest variability in all settings.

When the sample size is 200, the efficient estimator and the proposed estimator have similar

efficiency.

In the third simulation experiment, we study the type I error and power of the Wilcoxon

test. We also check the type I error of the Wilcoxon test for the intent-to-treat (ITT)

estimator under the setting that F1 = F0. To study the power of the Wilcoxon test for

the proposed estimator, the mean of the compliers outcome distribution is set as E(Y1|C =

1) = E(Y0|C = 1) + ∆ and E(Y0|C = 1) = 1, with ∆ = 1, 1.5, 2. For each scenario,

we generate 1000 independent datasets. As shown by Table 2.4, the Wilcoxon test for the

proposed estimator has a type I error slightly smaller than the nominal 0.05 level in finite

samples. The Wilcoxon test for the ITT estimator does not yield correct type I errors since

the CDFs for subjects assigned to treatment and control are not comparable under the null

hypothesis that the CDF for compliers with treatment is the same as the CDF for compliers

with control. When the sample size is 100, the power for testing a unit difference in mean

outcome as Gamma distribution or Log-normal distribution is higher than 80%.

2.6 Real data example

In this section, we apply the proposed method to analyze a randomized trial of an interven-

tion to test the efficacy of modafinil in facilitating abstinence in cocaine-dependent patients

(Anderson et al., 2009). This study is a double-blind placebo-controlled study. We analyze

data from 127 cocaine-dependent patients who have self-reported information on medica-

tion compliance status and daily cocaine use, where 62 patients were randomized to placebo

(control group) and 65 patients to modafinil 200 mg (treatment group). Patients were re-

quired to take the drug once daily on awakening and record the time of taking the drug.

These patients came to the clinic three times weekly to provide a urine sample and other

research data. The primary outcome was the median of the log10 urine benzoylecgonine (BE)

concentration at Week 3 when the percent of group retainment is about 89%. Treatment

compliance was evaluated based on the percent of days medication was taken (determined
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Table 2.2: Estimates of compliers CDFs F1 and F0 at 95th quantiles. Bias, sampling standard
deviation (SD), averaged discrepancy (AD) and its sampling standard deviation (SDad),
×102, sample size=50, 100 and 200.

Proposed IV Efficient Modified quantile

Bias SD AD SDad Bias SD AD SDad Bias SD AD SDad Bias SD AD SDad

n=50, strong IV

F Γ
1 -5.1 11.3 2.6 2.6 1.9 25.1 4.7 19.8 -5.1 12.1 2.0 1.7 -7.1 13.2 2.1 1.9

F Γ
0 -1.4 7.8 2.5 2.8 0.3 10.1 3.4 5.5 -1.0 7.3 2.6 2.4 -1.9 8.3 2.8 3.0

FLN
1 -4.3 11.3 2.7 3.0 2.6 23.0 4.7 12.2 -4.4 12.2 2.1 2.0 -6.4 13.0 2.1 2.0

FLN
0 -1.8 7.3 2.6 2.7 0.2 9.9 3.6 5.1 -1.6 7.3 2.8 2.4 -2.0 7.5 2.7 2.7

n=100, strong IV

F Γ
1 -3.4 8.8 1.4 1.5 0.8 14.8 1.8 2.7 -0.4 9.1 1.1 0.9 -1.1 9.3 1.1 1.0

F Γ
0 -0.8 5.2 1.4 1.4 0.3 6.4 1.6 1.6 -5.1 5.2 1.4 1.2 -7.1 5.4 1.5 1.6

FLN
1 -3.1 8.1 1.4 1.5 0.9 14.2 1.8 3.0 -2.5 8.5 1.0 0.9 -4.3 9.3 1.1 1.0

FLN
0 -1.1 5.4 1.4 1.3 0.1 6.5 1.5 1.5 -0.1 5.3 1.4 1.2 -1.4 5.5 1.4 1.3

n=200, strong IV

F Γ
1 -1.7 6.2 0.7 0.7 -0.8 9.3 0.8 0.8 -1.1 6.2 0.5 0.6 -2.3 6.4 0.6 0.6

F Γ
0 -5.1 4.0 0.7 0.7 1.9 4.6 0.7 0.7 -0.2 4.1 0.7 0.7 -0.9 4.1 0.7 0.7

FLN
1 -1.9 6.6 0.7 0.8 0.6 9.9 0.8 11.4 -1.4 6.6 0.5 0.5 -2.5 6.9 0.6 0.5

FLN
0 -0.7 3.9 0.7 0.6 -0.04 4.4 0.7 0.6 -0.2 3.9 0.7 0.6 -1.0 4.0 0.7 0.6

n=500, weak IV

F Γ
1 -8.0 16.4 4.7 5.9 * * 110.1 1155.7 -9.7 20.3 2.2 2.1 -13.8 20.7 2.7 3.5

F Γ
0 -4.4 14.8 5.8 6.4 * * 35.4 242.8 -3.2 9.9 6.1 5.2 -4.5 14.9 5.8 6.4

FLN
1 -7.7 15.1 4.6 5.8 * * 88.7 667.8 -9.4 19.4 2.1 1.8 -13.4 20.6 2.6 3.7

FLN
0 -4.8 15.2 5.8 6.6 * * 50.4 494.2 -2.9 9.4 5.1 5.3 -4.9 15.2 6.8 6.6
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Table 2.3: Estimates of the CACE under the strong IV setting. Bias, sampling standard
deviation (SD), averged estimated standard error (SE), ×102, sample size=50, 100 and 200.

Proposed estimators IV estimators Efficient estimators

Bias SD Bias SD Bias SD

n=50

Gamma 7.4 65.0 -7.2 92.8 10.6 56.5

Lognormal 3.0 64.0 -12.4 89.4 6.4 57.5

n=100

Gamma 4.6 46.6 -3.2 58.3 6.7 40.7

Lognormal 2.8 45.3 -4.3 56.7 4.2 38.8

n=200

Gamma 1.2 33.1 -2.8 37.7 2.5 28.4

Lognormal 1.3 34.1 -2.5 39.3 3.7 30.0

Table 2.4: Type I error of the Wilcoxon test for the proposed estimator and ITT estimator,
and the power of the Wilcoxon test for the proposed estimator.

Type I error Power

Proposed ITT ∆ = 1 ∆ = 1.5 ∆ = 2

n=50

Gamma 4.8 31.8 63.8 83.4 93.1

Lognormal 5.6 34.6 68.8 86.9 93.1

n=100

Gamma 5.0 33.8 83.6 96.1 99.5

Lognormal 4.5 35.6 88.1 97.8 99.5

n=200

Gamma 4.2 32.6 96.4 100 100

Lognormal 4.1 32.8 98.5 99.9 100
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Table 2.5: Compliance classes and sample sizes.

n Z D C

30 1 1 1 (Compliers)

35 1 0 0 (Never-takers)

62 0 0 1 (Compliers) or 0 (Never-takers)

by self-report at each study visit). Taking medication daily as instructed until Week 3 is

considered as complying to the assigned treatment.

We apply the proposed method to estimate the CDFs for compliers in the modafinil 200 mg

group and placebo group. In this study, patients in the placebo group didn’t have access to

the treatment medication. Patients who actually took treatment medication were compliers

of which the CDF can be identified directly. The observed groups and latent compliance

classes are listed in Table 2.5.

Figure 1 shows the proposed estimators and Abadie’s IV estimators of CDFs for compli-

ers. Since there are no always takers, the IV estimator for compliers with treatment overlaps

with the proposed CDF estimator. For compliers in the control group, Abadie’s IV estima-

tor is not monotone and the proposed estimator smoothes the IV estimator at its wiggling

regions in a data-adaptive manner, and is also guaranteed to be between 0 and 1. The IV

estimator has a larger bootstrap standard error than the proposed estimator at the non-

monotone regions. The bootstrap standard error for the IV estimator of F0(4) is 0.18 and

the bootstrap standard error for the proposed estimator of F0(4) is 0.15. We noticed that

at week 3, the estimated F1 is stochastically greater than F0, which indicates that among

compliers the average BE concentration level in the treatment group is lower than that in

the placebo group. Since the two estimated functions are not crossing, the Wilcoxon test

can be used as a powerful test to test the equivalence of the two CDFs. The estimated F1

and F0 using the proposed method are significantly different (P-value=0.04, Wilcoxon test

statistic= 2.4). At 95% significance level, we can conclude that the data provide enough
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Figure 2.1: Left panel: distribution function estimates of BE level at Week 3. Right panel:
a nonmonotone part of distribution function estimates of BE level at Week 3. Blue solid
line is estimated CDF for compliers in placebo group using the proposed method, the red
solid line is the estimated CDF for compliers in 200 mg modafinil treatment group using the
proposed method. Dashed lines are the corresponding IV estimators.

information to reject the null hypothesis that F1 and F0 are the same.

We also examine urine BE concentration level at Week 1 and Week 2 by plotting CDF esti-

mators for the treatment group and control group in Figure 2. The discrepancy between the

two groups is increasing from Week 1 to Week 3. The estimated CDF for treated is crossing

with the estimated CDF for control. The estimated CDFs are not significantly different

between the treatment group and control group for controls at Week 1 (P-value=0.44) or

Week 2 (P-value=0.10).

2.7 Conclusion

We study a novel monotone cumulative distribution function estimator of an outcome variable

for compliers receiving treatment or control. The estimation procedures involve a weighted

quantile regression and a post-estimation rearrangement adjustment. We show that the

proposed estimator is
√
n-consistent and develop large sample properties. Based on the
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Figure 2.2: Distribution function estimates of BE level at Week 1 (left panel) and Week
2 (right panel). Blue solid lines are estimated CDFs for compliers in placebo group us-
ing the proposed method, red solid lines are the estimated CDFs for compliers in 200 mg
modafinil treatment group using the proposed method. Dashed lines are the corresponding
IV estimators.
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asymptotic properties of the proposed estimator, a Wilcoxon-type statistic is proposed to

test the equivalence of CDF for compliers receiving treatment and control. By comparing the

influence function of the proposed estimator to the efficient influence function, we modify the

proposed estimator and obtain a local efficient and robust estimator in the sense that when

the unknown density functions are correctly specified, it reaches the semiparametric efficiency

bound and when the unknown density functions are misspecified, it is still a consistent

estimator. The performances of the proposed estimator, the conventional IV estimator,

efficient estimator and the modified estimator under correct specification of unknown density

functions are evaluated by simulation studies under different scenarios. In finite samples, the

proposed estimator performs similar to the efficient estimator and the modified estimator and

has a much smaller standard deviation than the IV estimator especially when the instrument

variable is weak.

2.8 Proofs

2.8.1 Proof of Theorem 1 and Theorem 2

Assumption 2 We assume the following regularity assumptions:

1. the data are i.i.d.;

2. Y1 and Y0 for each compliance class are continuously distributed with a compact support

Ω and density functions bounded away from zero and infinity on the support.

Let Q0(δθ) = E(kρθ(Y −X ′δ)). Q0(δθ) is continuous and uniquely minimized at δθ. Before

proving Theorem 1 and Theorem 2, we first give point-wise asymptotic results of δ̂θ. First,

we would likt to show that δ̂θ → δθ in θ ∈ [0, 1].

It suffices to show Q̂n(δθ) converges in probability to Q0(δθ) and a ’well-separated’

miminum condition for Q0(δθ) (Van der Vaart, 2000, Theorem 5.7). Since

supδ∈Ω,θ∈[0,1]|Q̂n(δθ)−Q0(δθ)|≤ supδ∈Ω,θ∈[0,1]|Qn(δθ)−Q0(δθ)|+supδ∈Ω,θ∈[0,1]|Q̂n(δ)−Qn(δ)|,
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we can show this by bounding each term on the right hand.

In fact, the first right term supδ∈Ω,θ∈[0,1]|Qn(δθ) − Q0(δθ)|= sup| 1
n

∑
kiρθ(Yi − X ′iδ) −

E(kρθ(Y −X ′δ))|= op(1). This can be verified by showing that

|ρθ(Y −X ′δ1)k − ρθ(Y −X ′δ2)k|≤ max(k)× ||X||×||δ1 − δ2||<∞

for δ1, δ2 ∈ Ω, where X = (D, 1) and ||·|| denotes the Euclidean norm. Thus sup|Qn(δ) −

Q0(δ)|= op(1) following Theorem 19.4 of Van der Vaart (2000). The second right term

supδ∈Ω|Q̂n(δ)−Qn(δ)| = sup| 1
n

∑
ρθ(Yi −X ′iδ)(k̂i − ki)|

= |π̂ − π|×sup| 1
n

∑
ρθ(Yi −X ′iδ)

(
Zi(1−Di)

π̂π
− (1− Zi)Di

(1− π̂)(1− π)

)
|

= |π̂ − π|×sup|E(ρθ(Y −X ′δ)
(
Z(1−D)

π2
− (1− Z)D

(1− π)2

)
+ op(1)|

= op(1),

where π̂ = 1
n

∑
Zi. Thus supδ∈Ω|Q̂n(δ)−Q0(δ)|= op(1). Hence, δ̂θ is a consistent estimator

of δθ.

We then prove the asymptotic distribution of δ̂θ. The first order condition writes as

∂
∂δ
Q̂n(δ) = 1

n

∑n
i=1(θ − 1(Yi < X ′iδ))X

′
ik̂i = 0. Define D(δ) = E ((θ − 1(Y < X ′δ))X ′k) and

D̂(δ) = E
(

(θ − 1(Y < X ′δ))X ′k̂
)

.

0 =
√
n
∂

∂δ
Q̂n(δ̂θ)

=
1√
n

n∑
i=1

[
(θ − 1(Yi < X ′i δ̂θ))X

′
ik̂i − D̂(δ̂θ)

]
+
√
n
(
D̂(δ̂θ)− D̂(δθ)

)
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−
√
nD̂n ≡

1√
n

∑
(θ − 1(Yi < X ′iδθ))X

′
ik̂i

=
1√
n

∑
(θ − 1(Yi < X ′iδθ))X

′
iki +

1√
n

∑
(θ − 1(Yi < X ′iδθ))X

′
i(k̂ − ki)

=
1√
n

∑
(θ − 1(Yi < X ′iδθ))X

′
iki

+
√
n(π̂ − π)

1

n

∑
(θ − 1(Yi < X ′iδθ))X

′
i

(
Zi(1−Di)

π̂π
− (1− Zi)Di

(1− π̂)(1− π)

)
=

1√
n

∑
(θ − 1(Yi < X ′iδθ))X

′
iki

+
√
n(π̂ − π)E

[
(θ − 1(Y < Xδθ))X

′
(
Z(1−D)

π2
− (1− Z)D

(1− π)2

)]
+ op(1).

Then, by the central limit theorem
√
nD̂n → N(0,Σθ), where

Σθ = V ar(m(δθ)k +H(δθ)(Z − π)) ≡ V ar(ψ(θ))

m(δθ) = (θ − 1(Y −X ′δθ))X ′

H(δθ) = E

[
(θ − 1(Y < Xδθ))X

′
(
Z(1−D)

π2
− (1− Z)D

(1− π)2

)]
In fact, Q̂n(δ) is linear in δ ∈ Ω almost everywhere. With probability 1, Q̂n(δ)−Q̂n(δθ)−

D̂n(δ − δθ) = 0 for ||δ − δθ||≤ ε. Since Q0(δ) is twice differentiable, Q0(δ) − Q0(δθ) =

1
2
J ||δ − δθ||2+o(||δ − δθ||2). Thus sup||δ−δθ||≤δn|R̂n(θ)/[1 +

√
n||δ − δθ||] |→ 0 in probability

for any δn → 0. It follows from Theorem 7.1 of Newey and McFadden (1994) that
√
n(δ̂−δ)→

N(0, J−1ΣθJ
−1), where J = E(fεθ|X,C=1(0)XX ′|C = 1)P (C = 1) is the second derivative of

Q0(δ) at δθ. Then we conclude that
√
n(δ̂ − δ)→ N(0, J−1ΣθJ

−1).

When the randomization probability π is known, the asymptotic distribution of δ̃θ can

be derived in a similar way that
√
n(δ̃θ − δθ)→ N(0, J−1Σ̃θJ

−1), where Σ̃θ = V ar(m(δθ)k).

Next we show that Σθ ≤ Σ̃θ.

Σθ = V ar(m(δθ)k +H(δθ)(Z − π))

= V ar(m(δθ)k) + V ar(H(δθ)(Z − π)) + 2Cov(m(δθ)k,H(δθ)(Z − π)),

The two components can be rewritten as,

V ar(H(δθ)(Z − π)) = H(δθ)(1− π)πH(δθ)
′

Cov(m(δθ)k,H(δθ)(Z − π)) = E(m(δθ)kH(δθ)
′(Z − π)) = E(m(δθ)k(Z − π))H(δθ)

′.
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where

H(δθ) = E(m(δθ)(
Z(1−D)

π2
− (1− Z)D

(1− π)2
))

=

 −(θ − FY |C=2(α + β))P (C=2)
1−π

(θ − FY |C=0(β))P (C=0)
π
− (θ − FY |C=2(α + β))P (C=2)

1−π


After some algebra calculation and cancellation of terms, E(m(δθ)k(Z − π)) can be sim-

plified as

E(m(δθ)k(Z − π)) =

 πP (C = 2)(θ − FY |C=2(α + β))

πP (C = 2)(θ − FY |C=2(α + β))− (1− π)P (C = 0)(θ − FY |C=0(β))


= −(1− π)πH(δθ).

Since for any nonzero vector c ∈ R2, cH(δθ)H(δθ)
′c′ ≥ 0,

Σθ = V ar(m(δθ)k +H(δθ)(Z − π))

= V ar(m(δθ)k)− (1− π)πH(δθ)H(δθ)
′

≤ V ar(m(δθ)k)

= Σ̃θ

Therefore, plugging an
√
n-consistent estimate π̂ of π can improve the efficiency of the

distributional estimation.

We now prove uniform consistency and asymptotic normality of δ̂(θ) = (α̂(θ), β̂(θ))′, via

empirical process arguments for Z-estimators. For ease of notation, we may discard θ for

δ(θ). We present results for known π, proof is similar for results with π̂ and thus omitted.

Let ∆ be the linear space of all quantile functions. We will use the uniform norm ‖·‖∞
on ∆. For vectors in ∆2, ‖·‖∞ is element-wise norm. Define Ψn(δ)(θ) = Dn(δ, θ) = 1

n

∑
(θ−

1(Yi < X ′iδ))X
′
iki with the form Ψn(δ)(θ) = Pnψδ,θ, where

ψδ,θ(Yi, Di, Zi) = ((θ − 1(Yi < X ′iδ))X
′
iki)

and Xi = (Di, 1) for i = 1, . . . , n.
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Define Ψ(δ)(θ) = Pψδ,θ = E((θ − I(Y < X ′δ))Xk). To show the uniform consistency of

δ̂, we establish an identifiability condition for Ψ and uniform consistency of Ψn.

The identifiability condition holds if for any sequence {δn} ∈ ∆2, ‖Ψ(δn)‖∞→ 0 implies

‖δn − δ̃‖∞→ 0, where Ψ(δ̃) = 0.

Ψ(δn)(θ) = Ψ(δn)(θ)−Ψ(δ̃)(θ)

= E((θ − I(Y < X ′δn))Xk)− E((θ − I(Y < X ′δ̃))Xk)

= πcE((θ − I(Y < X ′δn))X|C = 1)− πcE((θ − I(Y < X ′δ̃))X|C = 1)

= πc(F1(1′δ̃)− F1(1′δn))1 + πc(F0(e′δ̃)− F0(e′δn))e,

where 1 = (1, 1)′, e = (0, 1)′ and πc = P (C = 1).

Under the regularity assumption that density functions in each compliance class are

bounded away from zero and infinity on the support, ‖Ψ(δn)‖∞→ 0 implies ‖δn − δ̃‖∞→ 0.

Thus the desired identifiability condition holds.

It is easy to show that F = {ψδ,θ : δ ∈ ∆2, θ ∈ [0, 1]} is a Donsker class. Note that

{1(Y ≤ X ′δ) : δ ∈ ∆2, θ ∈ [0, 1]} is Donsker, and so is {k} (trivially). We now have that F

is Donsker by using the permanence properties of the Donsker class. Since Donsker classes

are also Glivenko-Cantelli, we have supδ∈∆2,θ∈[0,1]‖Ψn(δ)−Ψ(δ)‖→ 0.

We now consider weak convergence of the Z-estimator δ̂. Note that since F = {ψδ,θ : δ ∈

∆2, θ ∈ [0, 1]} is a Donsker class, we have that
√
n(Ψn − Ψ)(δ) ⇒ G for some Gaussian G.

At each point θin[0, 1], G ∼ N(0, Σ̃θ) for known π and G ∼ N(0,Σθ) for unknown π̂. We

also have that for any {δn} ∈ ∆ converging uniformly to δ,

supθ∈[0,1]P (ψδn,θ − ψδ,θ)2 = (E([1(Y < X ′δ)− 1(Y < X ′δn)]Xk)))
2

≤ E([1(Y < X ′δ)− 1(Y < X ′δn)]Xk))2

→ 0,

as k is bounded. Note that (·)2 in this part is element-wise for vectors.

We then show that Ψ is Frechet-differentiable at δ with derivative,

Ψ̇δ(h)(t) = E(fε|X,C=1(0)XX ′|C = 1)P (C = 1)h(t),
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for ε = Y −X ′δ and h(t) ∈ g[0, 1]2, all left continuous functions and with right limit. By the

regularity condition that f1 and f0 are bounded in each strata, for all {hn} ∈ g[0, 1]2 that

‖hn‖∞→ 0 and δ + hn ∈ ∆2,

‖Ψ(δ + hn)−Ψ(δ)− Ψ̇δ(hn)‖∞

= ‖E(1(Y < X ′δ)Xk)− E(1(Y < X ′(δ + hn))Xk)− E(fY−X′δ|X,C=1(0)XX ′|C = 1)πchn‖∞

= πc‖(F1|C=1(1′δ)− F1|C=1(1′δ + 1′hn))1 + (F0|C=0(e′δ)− F0|C=0(e′δ + e′hn))e

− E(fε|X,C=1(0)XX ′|C = 1)hn‖∞

= πc‖f1|C=1(1′δ + ηn1)1(1′hn) + f0|C=1(e′δ + ηn2)e(e′hn)− f1|C=1(1′δ)11′hn

− f0|C=1(e′δ)ee′hn‖∞

→ 0

where ηn1 is between 0 and 1′hn, ηn2 is between 0 and e′hn. The third equality comes from

expectation conditioning on X = (D, 1)′. We have that

Ψ̇−1
δ (a)(t) = (E(fY−X′δ|X,C=1(0)XX ′|C = 1)πc)

−1a(t)

which is a linear operator of a(t). Thus we obtain the desired weak convergence that
√
n(δ̂(θ)− δ(θ))⇒ Ψ̇−1

δ (Gθ), which also is Gaussian.

2.8.2 Proof of Theorem 3

Under Assumption 2, q1(u) and q0(u) are continuously differentiable functions. The CDFs

F1(t) and F0(t) can be expressed as,

F1(t) =

∫ 1

0

I(q1(u) ≤ t)du

and

F0(t) =

∫ 1

0

I(q0(u) ≤ t)du.

As in Corollary 1,
√
n(q̂1(θ)− q1(θ))⇒ G1(θ) ≡ 1′Ψ̇−1

β1
(Gθ)1
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and
√
n(q̂0(θ)− q0(θ))⇒ G0(θ) ≡ e′Ψ̇−1

β1
(Gθ)e

Following results on Hadamard derivatives and functional limit laws in Chernozhukov

et al. (2010), we have
√
n(F̂1(t)− F1(t))⇒ −f1(t)G1(F1(t))

and
√
n(F̂0(t)− F0(t))⇒ −f0(t)G0(F0(t)),

where at point t, −f1(t)G1(F1(t)) ∼ N(0, V1(t)) and −f0(t)G0(F0(t)) ∼ N(0, V0(t))

2.8.3 Proof of Theorem 4

From Theorem 3, we have

√
n(F̂1(t)− F1(t)) =

1

n

n∑
i=1

φ1i(t) + op(1)⇒ −f1(t)G1(F1(t))

and
√
n(F̂0(t)− F0(t)) =

1

n

n∑
i=1

φ0i(t) + op(1)⇒ −f0(t)G0(F0(t))

Lemma 20.10 in Van der Vaart (2000) together with the delta method implies that,

Wn ≡
√
n

(∫
F̂1dF̂0 −

∫
F1dF0

)
= −

∫ √
n(F̂0 − F0)dF1 +

∫ √
n(F̂1 − F1)dF0 + op(1)

The right part can be written as the sum of independent ramdom variables, and we can then

apply the central limit theorem.

Wn =
1√
n

n∑
i=1

(
−
∫
φ0i(t)dF1 +

∫
φ1i(t)dF0

)
+ op(1)→d N(0, V ).
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Chapter 3

MONOTONE DISTRIBUTION FUNCTION ESTIMATION IN
RANDOMIZED TRIALS WITH NONCOMPLIANCE AND

RANDOM CENSORING

3.1 Introduction

In randomized trials with time to event outcomes, two common problems are censoring

and noncompliance. Censoring means follow-up for a subject ends before a time-to-event

outcome is observed or at a pre-specified date. Noncompliance happens when some subjects

fail to follow their assigned treatments, and the balance of randomization does not hold.

Subjects who actually receive treatment are not comparable to subjects who actually receive

control and in general, the intent-to-treat (ITT) effect is not consistent to the causal effect

of actually receiving the treatment, especially when compliance patterns differ. Additional

assumptions to identify the effect of treatment in a meaningful way are often required. As in

Imbens and Angrist (1994) and Angrist et al. (1996), under certain plausible assumptions,

referred to as the instrumental variable (IV) assumptions, the causal effect of the treatment

can be nonparametrically identified among compliers in the framework of a counterfactual or

potential outcome. Based on their work, Abadie (2000) and Abadie (2003) introduce a class

of IV estimators to identify the functions of potential outcomes for compliers with covariates.

Identification is shown by expressing the expectation of a function of potential outcomes for

compliers as a weighted expectation of observed outcomes, where the weights can be positive

or negative.

Most of the early literature are for continuous, uncensored outcomes, focusing on the

estimation of compliers averaged causal effect (CACE) nonparametrically or based on para-

metric assumptions (Imbens and Rubin, 1997a,b; Cheng et al., 2009). For survival outcomes,
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few papers have discussed randomized studies in the presence of noncompliance (Robins and

Tsiatis, 1991; Joffe, 2001; Loeys and Goetghebeur, 2003; Cuzick et al., 2007). These pa-

pers propose various semiparametric models to estimate the effect of treatment on survival

functions for potential failure times, where the effect of treatment is modeled parametrically.

Baker (1998) extended the models and assumptions for discrete-time survival data and de-

rived closed-form expressions for the effect of treatment on the hazards at a specified time.

Baker’s estimator is analogous to the standard IV estimator for a survival outcome. Nie et al.

(2011) developed a nonparametric estimator of the survival function at a specified time for

compliers based on the empirical likelihood that make use of the mixture structure to gain

efficiency over the standard IV method. Though this nonparametric estimator is bounded

between 0 and 1, the method is not efficient to obtain whole survival functions and not

necessary to generate a monotone survival function. In the case of binary treatment variable

and binary instrument variable (i.e. treatment assignment), we could also consider esti-

mating the compliers outcome distributions as identifying latent distributions from observed

mixture data. In the mixture data framework, Qin et al. (2014) propose a binomial likeli-

hood approach and a combined method of the EM algorithm and Pool-Adjacent-Violators

Algorithm to obtain monotone distribution curves for latent distributions. However, the

asymptotic distribution of their estimator remains unknown.

Our work builds on Peng and Huang (2008), who develop a quantile regression method

for survival data subject to conditionally independent censoring. Their proposal uses the

martingale feature associated with the censored data. Based on the martingale feature

associated with the potential failures subject to independent censoring, we propose a novel

estimator of quantile functions for potential outcomes and construct monotone distribution

functions and survival functions, that are monotone and bounded between 0 and 1. The main

idea is that we first nonparametrically estimate the quantile functions for compliers. Then

for the possibly nonmonotone quantile function β̂(u), we construct F̂ (t) =
∫ 1

0
I(β̂(u) ≤ y)du,

which is monotone in y and bounded in [0, 1]. Based on this representation, our estimator

is a natural CDF. It is related to the rearrangement operation from variational analysis
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(Hardy et al. (1952),Lorentz (1953), Villani (2003)). By using empirical process techniques,

we establish asymptotic properties, including uniform consistency and weak convergence for

the estimated quantile functions and survival functions. Moreover, we provide a self-induced

smoothing algorithm to estimate the limiting variance of the estimator.

The paper is organized as follows. In Section 2 and 3, we introduce notations, assump-

tions and discuss the previously established IV estimators. In Section 4, we discuss the

procedure to estimate quantile functions for the censoring potential outcomes for compliers,

and construct a quantile-based monotone survival function estimator. We discuss asymp-

totic properties of the proposed estimators in Section 5 and prove theoretical results in the

appendix. In Section 6, we proposed to use a self-induced smoothing approach for variance

estimation. We described the algorithm to obtain variance estimation. In Section 7, we eval-

uated finite-sample performance of the proposed estimators under a series of data generating

models. The proposed estimator is compared with the conventional IV estimator. Section 7

applies the proposed estimator to a randomized trial that aimed at examining the effects of

periodic screening on breast cancer mortality.

3.2 Assumptions and Notations

3.2.1 Notation

We consider a two-arm randomized trial with n subjects. Let π denote the probability of

randomization to treatment, Z be the indicator of treatment assignment and its sample

analog Zi(i = 1, . . . , n), where Zi = 1 if subject i is assigned to treatment and Zi = 0 if

subject i is assigned to control. Let Dz the potential treatment receive under randomization

assignment z, D = ZD1 + (1− Z)D0 the actual receive of treatment and its sample analog

Di(i = 1, . . . , n), where Di = 1 if subject i receives treatment and Di = 0 if subject i receives

control.

Let T d the potential time-to-event outcome under treatment d and Cd the potential

censoring time under treatment d. Define Y d = min(T d, Cd) and δd = I(T d ≤ Cd). Here
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Table 3.1: The relationship between observed groups and latent compliance classes (CC).

Z D C

1 1 1 (Compliers) or 2 (Always-takers)

1 0 0 (Never-takers)

0 0 1 (Compliers) or 0 (Never-takers)

0 1 2 (Always-takers)

we assume the exclusion restriction assumption in Angrist et al. (1996) that the potential

outcome is affected by treatment assignment only via treatment received, i.e., Y dz = Y d.

Define Y = min(T,C), and δ = I(T ≤ C). The observed data consist of n iid replicates of

(Y,C, δ, Z,D), denoted by (Yi, Ci, δi, Zi, Di), i = 1, . . . , n.

The population can be classified into four subpopulations based on their compliance status

defined by the joint distribution of treatment assignment and potential treatment receipt:

compliers if subjects always follow the assignment, never-takers if subjects always take the

placebo, always-takers if subjects always take the treatment, defiers if subjects never follow

the assignment. Let CC denote the compliance classes: CC = 1 (compliers) if D1 > D0;

CC = 2 (always-takers) if D1 = D0 = 1; CC = 0 (never-takers) if D1 = D0 = 0; CC = 3

(defiers) if D1 < D0. In practice, we can only observe one of D0 and D1, the compliance class

membership for each subject is therefore unknown. Let πc = Pr(CC = 1), the probability

of being a complier in the population.

3.2.2 Assumptions

Assumption 3 We impose standard IV assumptions similar to those in Angrist et al. (1996)

and Abadie (2003):

1. Independence: (T 1, T 0, C1, C0, D1, D0) is jointly independent of Z.

2. Nontrivial assignment: π = P (Z = 1) ∈ (0, 1)
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3. First-stage: E(D1 −D0) 6= 0. The causal effect of Z on D is nonzero.

4. Monotonicity: P (D1 ≥ D0)=1, so there are no defiers who always receive the opposite

treatment of assignment.

Under Assumption 3 (1)-(4), a subject’s compliance class membership can be partially iden-

tified based on the treatment assigned and the treatment received as in Table 3.1. The

observed CDF of each strata defined by Z and D is mixture of latent compliance classes. In

this way, we can state our problem as identifying latent distributions from mixture data. Let

(F 1
c , S

1
c , q

1
c ) and (F 0

c , S
0
c , q

0
c ) cumulative distribution functions, survival functions and quan-

tile functions for compliers receiving treatment and control, (Fnt, Snt, qnt) for never-takers

and (Fat, Sat, qat) for always-takers. Additionally, we assume independent censoring that Cd

is independent of Td.

3.3 Abadie’s weighted IV estimators

To estimate the survival functions for compliers, we define the following functions of D and

Z:

k0 = (1−D)
(1− Z)− (1− π)

(1− π)π

k1 = D
Z − π

(1− π)π

k = k0(1− π) + k1π = 1− D(1− Z)

1− π
− (1−D)Z

π
.

Under Assumption 3 (1)-(4),Abadie (2003) proved the following lemma.

Lemma 3.3.1 (Abadie) Let g(T,C,D) be any real function of T,C,D such that E|g(T,C,D)|<

∞,

E[g(T 0, C0, D)|CC = 1] =
1

πc
E[k0g(T,C,D)]

E[g(T 1, C1, D)|CC = 1] =
1

πc
E[k1g(T,C,D)]

E[g(T,C,D)|CC = 1] =
1

πc
E[kg(T,C,D)].
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This result allows us to identify functions of outcome distributions for compliers using a

weighted sample. However, when D 6= Z, k takes negative value and is not a proper weight.

Nonetheless, lemma (3.3.1) provides a simple way to estimate the CDFs of the potential

outcomes for compliers. Let g(T,C,D) = I(T ≥ t), then survival functions for compliers S1
c

and S0
c can be identified as,

S0
c (t) =

1

πc
E[k0I(T ≥ t)]

S1
c (t) =

1

πc
E[k1I(T ≥ t)]

Then, the corresponding sample Ŝ0,IV
c (t) and Ŝ1,IV

c (t), referred as the standard IV estimators,

can be written as sum of weighted estimators of observed strata-specific survival function

estimators, i.e., Kaplan-Meier estimators.

3.4 Quantiled-based Monotone Estimator

To estimate the quantile curves for compliers, we define the τ -th quantile of T for compliers

under treatment as Q1
c(τ) = β1(τ) and τ -th quantile of T for compliers under control as

Q0
c(τ) = β0(τ) and τ ∈ [0, 1]. Let T 1

c and T 0
c be the potential time-to-event outcomes

among compliers. Define Λ1
c(t) = −log(1 − P (T 1

c ≤ t)), Λ0
c(t) = −log(1 − P (T 0

c ≤ t)),

N1(t) = I(Y 1 ≤ t, δ1 = 1), N0(t) = I(Y 0 ≤ t, δ0 = 1) and N(t) = I(Y ≤ t, δ = 1). Define

H(u) = −log(1 − u) for u ∈ [0, 1]. As discussed in Peng and Huang (2008), the stochastic

property of the martingale associated with the compliers gives the following results:

E[N1(β1(τ))− Λ1
c(β1(τ) ∧ Y 1)|CC = 1] = E[k1(N(β1(τ))− Λ1

c(β1(τ) ∧ Y ))] = 0 (3.1)

E[N0(β0(τ))− Λ0
c(β0(τ) ∧ Y 0)|CC = 1] = E[k0(N(β0(τ))− Λ0

c(β0(τ) ∧ Y ))] = 0 (3.2)

where Λ1
c and Λ0

c are the cumulative hazard functions of T 1 and T 0 among compliers. The

first equation in Equation 3.1 and 3.2 is direct result from Lemma 1. The relationship

between the unknown cumulative hazard functions and (β1, β0) is,

Λ1
c(β1(τ) ∧ Y ) = H(τ) ∧H(F 1

c (Y )) =

∫ τ

0

I(Y ≥ β1(u))dH(u),
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Λ0
c(β0(τ) ∧ Y ) = H(τ) ∧H(F 0

c (Y )) =

∫ τ

0

I(Y 0 ≥ β0(u))dH(u).

This motivates us to consider the following estimating equations,

S1
n(β1, τ) = n−1

n∑
i=1

k1i(Ni(β1(τ))−
∫ τ

0

I(Yi ≥ β1(τ))dH(u)) = 0 (3.3)

S0
n(β0, τ) = n−1

n∑
i=1

k0i(Ni(β0(τ))−
∫ τ

0

I(Yi ≥ β1(τ))dH(u)) = 0 (3.4)

The stochastic integration representation of S1
n(β1, τ) and S0

n(β0, τ) suggests a grid-based

estimation procedure for β1(·) and β0(·). Specifically, we define β̂1(·) and β̂0(·) as a right-

continuous piecewise-constant function that jumps only on a grid, 0 = τ0 < τ1 < . . . <

τLn = τu < 1, where τu is a constant subject to identification constraints due to censoring.

More precise condition and estimate of τu is described in the next section. Define α1i(τj) =∑j−1
k=0 I(Yi ≥ β1(τk))(H(τk+1)−H(τk)) and α0i(τj) =

∑j−1
k=0 I(Yi ≥ β0(τk))(H(τk+1)−H(τk)),

for i = 1, . . . , n and j = 1, . . . , Ln. Based on (3.3) and (3.4), we propose to estimate β̂1(τj)

and β̂0(τj) sequentially by solving the following estimating equations for β1(τj) and β0(τj)

n−1

n∑
i=1

k1i(Ni(β0(τ))− α1i(τj)) = 0 (3.5)

n−1

n∑
i=1

k0i(Ni(β0(τ))− α0i(τj)) = 0 (3.6)

Since Equation 3.5 and 3.6 are not continuous, exact roots may not exist, and the proposed

β̂1(τj) and β̂0(τj)(j = 1, . . . , Ln) are defined as generalized solutions. The monotonicity of

(3.1) and (3.2) implies that their left sides are the gradients of convex functions (Fygenson

and Ritov 1994). Setting r1(τ) = Y 1 − β1(τ) and r0(τ) = Y 1 − β0(τ), the convex functions

are

E
(
r1(τ)(α1(τ)− I(r1(τ) < 0)δ1)|CC = 1

)
= E (k1r1(τ)(α1(τ)− I(r1(τ) < 0)δ)) (3.7)

E
(
r0(τ)(α0(τ)− I(r0(τ) < 0)δ0)|CC = 1

)
= E (k0r0(τ)(α0(τ)− I(r0(τ) < 0)δ)) (3.8)
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Based on equations (3.7) and (3.8), estimating β1(τj) and β0(τj) (j = 1, . . . , Ln) are equivalent

to locating the minimizer of the following objective functions:

Q1(τ) = n−1/2

n∑
i=1

k1i (r1i(τ)(α1i(τ)− I(r1i(τ) < 0)δi)) (3.9)

Q0(τ) = n−1/2

n∑
i=1

k0i (r0i(τ)(α0i(τ)− I(r0i(τ) < 0)δi)) , (3.10)

where, r1i(τ) = Yi − β1(τ) and r0i(τ) = Yi − β0(τ). Further examination on the objective

functions 3.9 and 3.10 shows that they are piece-wise linear functions in β1(τ) and β0(τ)

for each τ . Since the weights k0i and k1i can be negative values, the objective functions are

not necessarily convex. In practice, we can compute the greatest convex minorant (GCM)

of the piece-wise linear function and then locate the minimum point as the first slope knot

changing from negative to positive. The GCM is obtained by isotonic regression of the raw

slopes. We can then obtain the CDF estimators (thus survival function estimators) from,

F̂ 1
c (t) =

∫ τu

0

I(β̂1(u) ≤ t)du

F̂ 0
c (t) =

∫ τu

0

I(β̂0(u) ≤ t)du.

The integral construction naturally assures a monomotone CDF estimator that is bounded.

Though q̂1
c and q̂0

c are possibly non-monotone, F̂1 and F̂0 are nondecreasing functions and

bounded in [0, 1] by construction, similar for survival function estimators Ŝ1 and Ŝ0. In the

next section, we derive asymptotic properties for the estimated quantile functions and CDFs.

3.5 Asymptotic results

The derivation of asymptotic results is faciliated by the stochastic integral representation

associated with the proposed estimation procedure and Z-theorem. In this section, we estab-

lish the uniform consistency and weak convergence of the proposed estimators (β̂1
c , F̂

1
c ) and

(β̂0
c , F̂

0
c ). We first state the regularity conditions. Define F̃ 1

c (t) = Pr(Y 1 ≤ t, δ1 = 1|CC =

1), f̃ 1
c (t) = dF̃ 1

c (t)/dt, F̄ 1
c (t) = Pr(Y 1 ≥ t|CC = 1), f̄ 1

c (t) = dF̄ 0
c (t)/dt, F̃ 0

c (t) = Pr(Y 0 ≤
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t, δ1 = 1|CC = 1), f̃ 0
c (t) = dF̃ 0

c (t)/dt, F̄ 0
c (t) = Pr(Y 0 ≥ t|CC = 1), f̄ 0

c (t) = dF̄ 0
c (t)/dt,. The

regularity conditions are as follows:

1. F̃ 1
c (β1(τ)) and F̃ 0

c (β1(τ)) are Lipschitz functions of τ . f̃ 1
c (t), f̄ 1

c (t),f̃ 0
c (t) and f̄ 0

c (t) are

bounded above uniformly in t.

2. f̄ 1
c (t)f̃ 1

c (t)−1 and f̄ 0
c (t)f̃ 0

c (t)−1 are uniformly bounded for t.

3. f 1
c (β1(τ))Pr(C1 ≥ β1(τ)|CC = 1) > 0 and f 0

c (β0(τ))Pr(C0 ≥ β0(τ)|CC = 1) > 0 for

τ ∈ [0, τu].

Conditions (1) and (2) impose mild regularity assumptions on the distributions of out-

comes for compliers. Condition (3) is the key assumption that ensures the identifiability

of β1(τ), β0(τ), τ ∈ [0, τu]. If f 1
c and f 0

c are bounded below away from 0, then Condition

(3) requires that τu is less than the CDF of T among compliers at the upper bound of C.

Alternatively, Condition (3) can be relaxed such that for T 1 and T 0 among compliers, the τ ′us

are defined separately with respect to C1 and C0 among compliers. For the ease of notion,

we use τu for both T 1 and T 0. We have the following theorems.

Theorem 3.5.1 Assuming the regularity conditions hold, if limn→∞SL = 0, then

supτ∈[0,τu]|β̂1
c − β1

c |→p 0

and

supτ∈[0,τu]|β̂0
c − β0

c |→p 0

Theorem 3.5.2 Assuming the regularity conditions hold, if limn→∞SL = 0, then

supt∈[0,β1(τu)]|F̂ 1
c − F 1

c |→p 0

and

supt∈[0,β0(τu)]|F̂ 0
c − F 0

c |→p 0
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Theorem 3.5.3 Assuming the regularity conditions hold, if limn→∞SL = 0, then
√
n(β̂1(τ)−

β1(τ) converges weakly to a Gaussian process for τ ∈ [0, τu] and
√
n(β̂0(τ)− β0(τ) converges

weakly to a Gaussian process for τ ∈ [0, τu]

Theorem 3.5.4 Assuming the regularity conditions hold, if limn→∞SL = 0, then
√
n(F̂ 1

c (t)−

F 1
c (t) converges weakly to a Gaussian process for t ∈ [0, β1(τu)] and

√
n(F̂ 0

c (t) − F 0
c (t) con-

verges weakly to a Gaussian process for τ ∈ [0, β0(τu)]

Proofs for the above theorems are described in the appendix.

3.6 Self-induced Smoothing Approach for variance estimation

Inferences about β̂1(τ), β̂0(τ), F̂ 1
c (t) and F̂ 0

c (t) are important in applications. However, as

seen from the proof of Theorem 3 and 4, the variances of the limiting processes involve

the unknown density functions. In this section, we propose to use a self-induced smoothing

approach to estimate the variances of the limiting processes for β̂1(τ) and β̂0(τ). We will

discuss the variance estimation for β̂1(τ), and method and result for β̂0(τ) follows similarly.

Since β̂1(τj) for (j = 1, . . . , Ln) is asymptotically normal, its difference with the true pa-

rameter value, β̂1(τj) − β1(τj), should be approximately a Gaussian noise Z(τj)/
√
n, where

Z(τj) ∼ N(0, σ2
j ). Since we obtain β̂1(τj) sequantially for j = 1, . . . , Ln, we shall estimate

the asymptotic variance by approximating the joint distribution of (β̂1(τ1), . . . , β̂1(τj)). Let

β1(τ̄j) = (β1(τ1), . . . , β1(τj)), σ̄j = (σ1, . . . , σj) and Z(τ̄j) = (Z(τ1), . . . , Z(τj)). The co-

variance matrix for the limiting distribution of
√
n(β̂1(τ̄j − β1(τ̄j)) is Σj, of which σ̄2

j are

diagonal terms. Assume Z(τ̄j) is independent of data and let Ez conditional expectation

given data with respect to Z(τ̄j). A self-induced smoothing objective function is defined as

Q̃1(β1(τj); β1(τ̄j−1))) = EzQ1(β1(τj)+Z(τj)/
√
n; β1(τ̄j−1)+Z(τ̄j−1)/

√
n). The self-smoothing

approach using the limiting Gaussian distrbution was originally proposed by Brown and

Wang (2005) for certain non-smoothing estimating functions; Jin (2014) developed a Monte

Carlo version when there is no explicit form for the smoothing estimating function. The

asymptotic covariance is estimated by a sandwich-type estimator of form A−1DA
′−1 with A
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being the Jacobian matrix of the smoothed score functions and D the covariance matrix of

the smoothed score functions .

Let Φ be the standard normal distribution function, φ the standard normal density func-

tion, φ̇ the first derivative of φ and φ̈ the first derivative of φ̇. It is easy to obtain an explicit

form for Q̃1,

Q̃1(β1(τj); β1(τ̄j−1))

=
1

n

n∑
i=1

k1i

[
(Yi − β1(τj))

j−1∑
k=0

Φ(
√
n(Yi − β1(τk))/σk)∆H(τk+1)

− (1− Φ(
√
n(Yi − β1(τj))/σj))δi(Yi − β1(τj)) + σj/

√
nφ(
√
n(Yi − β1(τj))/σj)δi + ci

]
,

(3.11)

where the constant term ci does not involve β1(τj). Let β̃1(τj) minimizing Q̃1(β1(τj); β1(τ̄j−1))

denote the corresponding estimator for β1(τj). We then differentiate the smoothed objective

function Q̃1 to get score function

S̃1(β1(τj); β1(τ̄j−1)) =
1

n

n∑
i=1

k1i

[
−

j−1∑
k=0

Φ(
√
n(Yi − β1(τk))/σk)∆H(τk+1)

+ (1− Φ(
√
n(Yi − β1(τj))/σj))δi

−φ(
√
n(Yi−β1(τj))/σj)δi

√
n(Yi−β1(τj))/σj − φ̇(

√
n(Yi−β1(τj))/σj)δi

]

≡ 1

n

n∑
i=1

ψ̃ij

(3.12)

Let vectors ψ̃ī = (ψ̃i1, . . . , ψ̃ij)
′ and S̃1(β1(τ̄j)) =

(
S̃1(β1(τk); β1(τ̄k−1)), k = 1, . . . , j

)′
. The

asymptotic covariance matrix of
√
nS̃1(β1(τ̄j)) is approximated by

D̂(β1(τ̄j),Σj) =
1

n

n∑
i=1

ψ̃⊗2
ī
,

where for a vector v, v⊗2 = vv′.

Â(β1(τ̄j),Σj) =
∂S̃1(β1(τ̄j))

∂β1(τ̄j)
.
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Let

V̂ (β1(τ̄j),Σj) = Â(β1(τ̄j),Σj)
−1 × D̂(β1(τ̄j),Σj)× Â(β1(τ̄j),Σj)

′−1.

By simple algebra manipulation, we should notice that V̂ (β1(τ̄j),Σj) only involves Σj through

σ̄j; and Â(β1(τ̄j),Σj) has an embedded structure by Â(β1(τ̄j−1),Σj−1) and (β1(τj), σj); and

D̂(β1(τ̄j),Σj) has an embedded structure by D̂(β1(τ̄j−1),Σj−1) and and (β1(τj), σj). These

embedded structure facilities our calcualtion for V̂ (β1(τ̄j),Σj). If β1(τ̄j) is the true parameter,

then V̂ (β1(τ̄j),Σj) converges to the limiting covariance matrix Σj. Therefore, the sandwich-

type estimator implies an iterative algorithm of form Σk
j = V̂ (β̂1(τ̄j),Σ

k−1
j ). Specifically, we

propose the following algorithm to estimate σj for j = 1, . . . , Ln:

1. Compute the estimator β̂1(τ̄j) and set Σ0
j to be the identity matrix.

2. Update variance-covariance matrix

Σk
j = Â(β̂1(τ̄j),Σ

k−1
j )−1 × D̂(β̂1(τ̄j),Σ

k−1
j )× Â(β̂1(τ̄j),Σ

k−1
j )

′−1.

Obtain the smoothed objective function Q̃1(β̂1(τj); β̂1(τ̄j−1)) using the updated Σk
j .

Minimize the smoothed objective function to get an estimator β̂1(τj)
k.

3. Repeat Step 2 until β̂1(τj)
k converge.

We then use the converged Σ̂Ln to approximate limiting variances of F̂ c
1 (t) by a Monte

Carlo approach. Specifically, we first generate a large number (B∗) replications z̄i = (z(τ̄Ln))i

(i = 1, . . . , B∗) from the multivariate norml distribution N(0, Σ̂Ln). Next, we obtain F̂ c
1i =∫ τu

0
I(β̂1(u) + zi(u)/

√
n ≤ t)du (i = 1, . . . , B∗), where zi(u) is a right-continuous piecewise-

constant function defined with respect to z̄i. Then, the variance of F̂ c
1 (t) is estimated as

sampling variance of F̂ c
1i (i = 1, . . . , B∗).
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3.7 Numerical Studies

3.7.1 Simulation results

In this section we evaluate the finite-sample performance of the proposed methods and

compare with the standard IV estimator. The event times T are generated from lognor-

mal distribution. Specifically, the means for each latent class are E(logT 1|CC = 2) = 1,

E(logT c1 ) = 2, E(logT c0 ) = 1.5, E(logT 0|CC = 0) = 1 and {V ar(logT d|CC)}d=0,1 are 1.

We generate the G from Bernoulli(p); censoring distribution C is unif(0, 25) if G = 1 and

C = 25 otherwise. We set p=0.8, 0 to yield 25% and 5% censoring on T . The strength

of an IV is how strong the association between the IV and the actual treatment is. One

factor for the strength of IV is the proportion of compliers in the study population πc, with a

higher πc indicating a stronger IV. In the simulation studies, we consider the strong IV cases

πc = 0.5 and weak IV cases πc = 0.1. Accordingly, the compliance class status C is randomly

generated as (a) strong IV: P (C = 0) = 0.25, P (C = 1) = 0.5 and P (C = 2) = 0.25; (b)

weak IV: P (C = 0) = 0.45, P (C = 1) = 0.1 and P (C = 2) = 0.45. As a intermediate case,

we also evaluate the performance of the two estimators under a medium strength IV that

πc = 0.2 and πat = πnt = 0.4. Under each scenario, we generate 1000 simulated data sets

of sample sizes n = 200 and n = 400. We set replication number B∗ = 500 for the Monte

Carlo scheme. We use an equally spaced grid with SL = 0.05. The R function gcmlcm from

pacakge fdrtool is used to computed the GCM of the objective functions.

Table 3.2 reports the empirical biases (Bias), empirical standard deviation (EmpSD),

and average standard deviation estimates (EstSD) of the proposed quantile estimator β̂1(τ)

and β̂0(τ) at τ = 0.1, 0.3, 0.5, 0.7. The table also reports the coverage rate of the 95%

confidence intervals (Cov95) constructed based on the normal approximation with EstSD.

When the compliance rate is about 50 %, estimation performance improves as sample size

n increases. The proposed standard error estimators and 95% confidence intervals slightly

underestimate when the sample size is small but perform better as the sample size increases.

Results for experiment with low compliance rate (πc = 0.2) are not listed for small sample
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size n = 200 because of extremely high bias and standard error. The performance of the

proposed estimator gets worse as τ increases, because of the sequential estimation process

and high censoring rate.

Table 3.2: 25% Censoring: Estimation of quantile function for compliers on treatment group
using the proposed methods, β1(τ) for τ = 0.1, 0.3, 0.5, 0.7. Bias, sampling standard error
(EmpSD), averaged estimated standard error (EstSD) and coverage rate (Cov95).(×102)

τ Bias EmpSD EstSD Cov95

πc = 0.5, n = 200

0.1 14.8 90.8 88.1 85.6

0.3 13.8 123.1 118.5 88.7

0.5 23.3 189.4 166.12 88.1

0.7 19.7 303.6 222.3 81.8

πc = 0.5, n = 400

0.1 6.7 66.5 66.1 85.2

0.3 4.7 85.4 84.4 92.5

0.5 5.3 123.6 121.5 91.1

0.7 41.5 233.5 201.2 89.0

πc = 0.2, n = 400

0.1 50.8 158.8 255.3 83.8

0.3 33.3 209.9 225.9 86.7

0.5 55.3 304.5 279.4 87.6

0.7 -33.0 374.8 262.3 76.4

Table 3.3 reports Bias, EmpSD and EstSD of the proposed quantile estimator β̂1(τ) and

β̂0(τ) at τ = 0.1, 0.3, 0.5, 0.7 under 5% censoring rate. The table also reports the coverage

rate of the 95% confidence intervals (Cov95) constructed based on the normal approximation

with EstSD. In this setting, we observe similar pattern as in Table 3.2 where censoring rate is
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about 25%. For cases with compliance rate πc = 0.5, both bias and precison of the proposed

estimator get better comparing to high censoring cases in Table 3.2. Results for experiment

with low compliance rate (πc = 0.2) are not listed for small sample size n = 200 because of

extremely high bias and standard error.

Table 3.3: 5% Censoring: Estimation of quantile function for compliers on treatment group
using the proposed methods, β1(τ) for τ = 0.1, 0.3, 0.5, 0.7. Bias, sampling standard error
(EmpSD), averaged estimated standard error (EstSD) and coverage rate (Cov95).(×102)

τ Bias EmpSD EstSD Cov95

πc = 0.5, n = 200

0.1 9.5 87.1 87.1 85.6

0.3 0.6 112.5 109.2 90.8

0.5 -0.01 152.8 150.7 91.4

0.7 33.3 261.2 236.6 88.9

πc = 0.5, n = 400

0.1 4.9 61.0 60.2 89.2

0.3 2.7 78.7 81.4 92.7

0.5 -0.6 110.7 112.9 92.9

0.7 17.1 182.3 176.9 93.4

πc = 0.2, n = 400

0.1 36.7 137.5 255.3 84.8

0.3 12.9 182.5 209.7 87.7

0.5 3.8 233.6 245.2 87.4

0.7 33.1 374.8 350.7 88.1

Table 3.4 reports the empirical biases (Bias), empirical standard deviation (EmpSD),

and average standard deviation estimates (EstSD) of the proposed estimators Ŝc1(t) at t =

0.3, 0.5, 0.7, 0.9. As a comparison, the table also presents the empirical biases (Bias), em-
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pirical standard deviation (EmpSD) of the standard IV estimators Ŝc1,IV (t). When the com-

pliance rate is about 50%, the proposed estimator performs similarly to the standard IV

method. When the compliance rate πc gets lower to 0.2 or 0.1, the proposed estimator is

more robust than the standard IV estimator. When the compliance rate is too low, the

standard IV method cannot yield reasonable point estimate. The proposed estimator tends

to have higher bias and larger standard error when the compliance rate is lower. Results for

Ŝc0(t) and Ŝc0,IV (t) have similar pattern as here.

3.8 Application to HIP Study

The Health Insurance Plan of Greater New York (HIP) study was a randomized trial that

began in 1963 and was aimed at examining the effects of periodic screening for the early

detection and treatment of breast cancer. More than 60,000 women were randomized into

two groups at the beginning of the study. Women in the treatment group received an

initial screening examination and three annual follow-up visits. Women in the control group

received usual care. Approximately one-third of the women in the treatment group refused

to screen.

A lot of literature studied this data set. Joffe (2001) used G-estimation of the accelerated

failure time (AFT) model and concluded that screening increased the mean time to death

from breast cancer by 22% (95% CI: 5.1%, 63.2%). This AFT model depends on a para-

metric model. Baker (1998) studied how screening effected medical cost and concluded that

screening saved $16,000 (95% CI: $10,000, $51,000) per life year (cost-effectiveness). Baker’s

estimator is analogous to the standard IV estimator for a survival outcome. Nie et al. (2011)

developed a nonparametric estimator based on the empirical likelihood that makes use of

the mixture structure to gain efficiency over the standard IV method. They concluded that

compliers who received screening have 12.3% (95% CI: 4.08%, 20.6%) higher probability to

survive over 10 years. Similar to Joffe (2001) and Nie et al. (2011), we consider the first 10

years of each woman follow up, to reduce the attenuation on the screening effect by later

periods when both groups received the same treatment. We also consider a limited mortality
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analysis by only including women whose breast cancer was diagnosed within the first 7 years

of study, as in Baker (1998) and Nie et al. (2011).

We include 878 subjects in the analysis. The sample size in each compliance class is

listed in Table 3.5. This was a single consent design as subjects in the control group had

no access to screening In the data set, the compliance rate is about 72%. 39 subjects were

lost to follow-up during the first 10-year follow-up and 542 subjects were still alive after

the first 10-year follow-up. In Figure 3.8, the blue solid line is the estimated distribution

function for compliers who received control, the red solid line is the estimated distribution

function for compliers who received treatment and the dash lines are the corresponding IV

estimator. For compliers who received control (usual care group), the standard IV estimator

is not monotone but the proposed estimator smoothes out these wiggling parts, bounded

between 0 and 1. For compliers who received treatment, the standard IV estimator performs

similarly to the proposed estimator. We expect that our estimator performs more robust

than the standard IV estimator, especially for compliers who received control. We estimate

that compliers who receive control have 0.42 (95% CI: 0.35, 0.49) all-cause mortality and

compliers who receive treatment have 0.28 (95% CI: 0.23, 0.33).

3.9 Conclusion

Our work builds on Peng and Huang (2008), who develop a quantile regression method for

survival data subject to conditionally independent censoring. We propose a method to es-

timate quantile functions and survival functions for potential outcomes under independent

censoring and noncompliance. Based on the martingale feature associated with the censor-

ing data, we estimate quantile functions for compliers. Then for the possibly non-monotone

quantile function β̂(u), we construct F̂ (t) =
∫ τu

0
I(β̂(u) ≤ t)du, which is monotone in y and

bounded in [0, 1]. By using empirical process techniques, we establish asymptotic properties,

including uniform consistency and weak convergence for the proposed estimators. Inferences

about β̂1(τ), β̂0(τ), F̂ 1
c (t) and F̂ 0

c (t) are important in applications. However, the fact that

the limiting processes involve unknown density functions complicates variance estimation.
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Figure 3.1: Left Panel: estimated mortality lines during the first 10-year follow-up period.
Right Panel: a zoom-in area of the left panel between 2.5 to 5 follow-up years. Blue solid
line: the proposed estimator for compliers who received control, blue dash line: the standard
IV estimator for compliers who received control, red solid line: the proposed estimator for
compliers who received treatment, red dash line: the standard IV estimator for compliers
who received treatment.
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To tame this, we apply a self-induced smoothing Monte-Carlo approach to estimate the vari-

ances of the limiting processes for quantiles and distribution functions. As an alternative,

a multiplier bootstrapping approach is proposed to estimate variances and construct con-

fidence intervals. In simulation studies, the proposed estimator performs more stable than

the standard IV estimator, especially in the weak instrument setting. We apply our pro-

posal to analyze the HIP study and examine the effect of periodic screening on breast cancer

mortality.

3.10 Proofs

3.10.1 Proof of Theorem 1 and 2

In this section, we give proof of Theorem 1 and 2. We give the proof for β̂1 and F̂ 1
c ,then

proof for β̂0 and F̂ 0
c follows similarly.

According to the estimation procedure proposed in Section 3.4,

S1
n(β̂1, τj) = n−1

n∑
i=1

k1i(Ni(β̂1(τj))−
∫ τj

0

I(Yi ≥ β̂1(u))dH(u)) = Op(1/n),

for j = 1, . . . , Ln. Uniform consistency and asymptotic normality of β̂1 can be demonstrated

via empirical process arguments for Z-estimators. Let Θ be the space of all quantile functions

β with β(0) = 0 and restricted to [0, τu]. We will use the uniform norm ‖·‖∞ on Θ. Define

Ψn(β)(τ) = S1
n(β1, τ) with the form Ψn(β)(τ) = Pnψβ,τ , where

ψβ,τ (Xi) = k1i(Ni(β(τ))−
∫ τ

0

I(Yi ≥ β(u))dH(u))

and Xi = (Yi, δi, Di, Zi) for i = 1, . . . , n.

Define Ψ(β)(τ) = Pψβ,τ = πc(F̃
1
c (β(τ))−

∫ τ
0
F̄ 1
c (β(u))dH(u)). We assume that τ1 < . . . <

τLn−1 are equally spaced between 0 and τu = τLn with grid size SL. Because SL → 0, we have

that ‖Ψn(β̂1)‖∞→p 0. This is true because by the definition of Ψn(β̂1)(τ) and Ψn(β̂1)(τj),

supτ∈[τj ,τj+1]|Ψn(β̂1)(τ)−Ψn(β̂1)(τj)|

≤ (H(τj+1)−H(τj))

≤ SL/(1− τu)
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β̂1 is then a Z-estimator. To show the uniform consistency of β̂1, we should establish an

identifiability condition for Ψ and uniform consistency of Ψn. The identifiability condition

holds if for any sequence {βn} ∈ Θ, ‖Ψ(βn)‖∞→ 0 implies ‖βn − β1‖∞→ 0. Ψ(βn)(τ) =

Ψ(βn)(τ) − Ψ(β1)(τ) = πcf̃
1
c (β̃1(τ))(βn(τ) − β1(τ)) −

∫ τ
0
πcf̄

1
c (β̌1(u))(βn(u) − β1(u))dH(u),

where β̌1(·) and β̃1(·) are between βn(·) and β1(·). Let εn(τ) = βn(τ)− β1(τ).By solving this

integral equation, we obtain

εn(τ) = πcf̃
1
c (β̃1(τ))−1(Ψ(βn)(τ)

+

∫ τ

0

Ψ(βn)(u)f̄ 1
c (β̌1(u))f̃ 1

c (β̃1(u))−1

τ∏
u

(1 + f̄ 1
c (β̌1(s))f̃ 1

c (β̃1(s))−1dH(s))dH(u))

where
∏

is the type II product integral. Then Ψ(βn)(τ)→ 0 uniformly over τ ∈ [0, τu] implies

εn(τ)→ 0 uniformly. Thus ‖βn − β1‖∞→ 0 implies the desired identifiability condition.

It is easy to show that F = {ψβ,τ : β ∈ Θ, τ ∈ [0, τu]} is a Donsker class. Note that

{N(β(τ)) = I(Y ≤ β(τ), δ = 1) : β ∈ Θ, τ ∈ [0, τu]} is Donsker, and so is {k1} (trivially)

and
∫ τ

0
I(Yi ≥ β(u))dH(u) is lipschitz in τ . We now have that F is Donsker by using the

permanence properties of the Donsker class. Since Donsker classes are also Glivenko-Cantelli,

we have supβ∈Θ‖Ψn(β)−Ψ(β)‖∞→p 0.

Next, we can show that the rearranged estimator F̂ 1
c (t) constructed by β̂1(τ) are uniformly

consistent for τ ∈ [0, τu]. Since supτ∈[0,τu]|β̂1(u)−β1(u)|→p 0, for sufficiently large n, we have

that supτ∈[0,τu]|β̂1(u) − β1(u)|≤ ε with ε ≤ β1(τj+1) − β1(τj) for j = 1, . . . , Ln − 1. Let

t = β1(u∗) and u∗ ∈ [τk, τk+1), k = 0, . . . , Ln − 1. Note that β̂1(u) < t for u ∈ [0, τk), and

β̂1(u) > t for u > τk+1. Then, we can show that |F̂ 1
c (t) − F c

1 (t)| is bounded by 2an + a2
n



56

(an = SL) which does not depend on t.

|F̂ 1
c (t)− F c

1 (t)| = |
∫ τu

0

I(β̂1(u) ≤ t)du−
∫ τu

0

I(β1(u) ≤ t)du|

≤ |
k−1∑
j=0

[
I(β̂1(τj) ≤ β1(u∗))an − an

]
|+|I(β̂1(τk) ≤ β1(u∗))an − (u∗ − τk)an|

+ |I(β̂1(τk+1) ≤ β1(u∗))an − 0|+|
Ln−1∑
j=k+2

[∫ τj+1

τj

I(β̂1(u) ≤ β1(u∗))du− 0

]
|

≤ 0 + (an + a2
n) + an + 0

Thus, supt∈[0,β1(τu)]|F̂ 1
c (t)− F c

1 (t)|→p 0.

3.10.2 Proof of Theorem 3 and 4

We now consider weak convergence of the Z-estimator β̂1. First note that since
√
nSL → 0,

we have ‖
√
nΨn(β̂1)‖∞→p 0. This is true because

√
nΨn(β̂1)(τj) = op(1) and

supτ∈[τj ,τj+1]

√
n|Ψn(β̂1)(τ)−Ψn(β̂1)(τj)|

≤
√
n(H(τj+1)−H(τj))

≤
√
nSL/(1− τu).

Note that since F = {ψβ,τ : β ∈ Θ, τ ∈ [0, τu]} is a Donsker class, we easily have that
√
n(Ψn − Ψ)(β1) → G for some tight random G. We also have that for any {βn} ∈ Θ

converging uniformly to β1,

supτ∈[0,τu]P (ψ(βn)(τ)− ψ(β1)(τ))2 ≤ supτ∈[0,τu]2Ek2
1(I(Y ≤ βn(τ))− I(Y ≤ β1(τ)))2δ

+ 2Ek2
1

(∫ τ

0

I(Y ≥ βn(u))− I(Y ≥ β1(u))dH(u)

)2

→ 0,

as k1 and δ are bounded (trivial).

We then show that Ψ is Frechet-differentiable at β1 with derivative

Ψ̇β1(h)(t) = πcf̃
1
c (β1(t))h(t)−

∫ t

0

h(u)πcf̄
1
c (β1(u))dH(u)
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for h(t) ∈ g[0, τu], all left continuous functions and with right limit, h(0) = 0. By the

regularity condition that ˙̃f c1 and ˙̄f c1 are bounded uniformly by c <∞, for all {hn} ∈ g[0, τu]

that ‖hn‖∞→ 0 and β1 + hn ∈ Θ,

‖Ψ(β1 + hn)(τ)−Ψ(β1)(τ)− Ψ̇β1(hn)(τ)‖∞

= πc‖F̃ 1
c (β1(τ) + hn(τ))− F̃ 1

c (β1(τ))− f̃ c1(β1(τ))hn(τ)

−
∫ τ

0

(
F̄ 1
c (β1(u) + hn(u))− F̄ 1

c (β1(u))− hn(u)f̄ 1
c (β1(u))

)
dH(u)‖∞

≤ πc‖F̃ 1
c (β1(τ) + hn(τ))− F̃ 1

c (β1(τ))− f̃ c1(β1(τ))hn(τ)‖∞

+ πc‖
∫ τ

0

(
F̄ 1
c (β1(u) + hn(u))− F̄ 1

c (β1(u))− hn(u)f̄ 1
c (β1(u))

)
dH(u)‖∞

= πc‖1/2 ˙̃f c1(β̃1(τ))hn(τ)2‖∞+πc‖
∫ τ

0

1/2 ˙̄f c1(β̌1(u))hn(u)2dH(u)‖∞

≤ c‖hn‖2
∞,

where β̃1(τ) and β̌1(τ) are between β1(τ) and β1(τ) + hn(τ).

By solving this integral equation, we have that

Ψ̇−1
β1

(a)(t) = π−1
c f̃ c1(β1(t))−1[a(t)

+

∫ t

0

a(u)f̃ c1(β1(u))−1f̄ c1(β1(u))×
t∏
u

(
1 + f̃ c1(β1(s))−1f̄ c1(β1(s))dH(s)

)
dH(u)],

which is a linear operator of a(t). Thus we obtain the desired weak convergence that
√
n(β̂1(τ) − β1(τ)) → −Ψ̇−1

β1
(G), which also is Gaussian. And by functional limiting laws

(Chernozhukov et al., 2010), we have that
√
n(F̂1(t)− F1(t))→ f c1(t)Ψ̇−1

β1
(G).
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Table 3.4: 25% Censoring: Comparions between the proposed methods and the standard
IV method to estimate survival function for compliers on treatment group, for S1(t) =
0.3, 0.5, 0.70.9. Bias, sampling standard error (EmpSD), averaged estimated standard error
(EstSD).(×102)

Proposed IV

S1(t) Bias EmpSD EstSD Bias SSE

πc = 0.5, n = 200

0.9 -0.20 7.20 7.30 -0.01 8.20

0.7 0.20 9.60 9.80 0.01 9.90

0.5 0.30 9.80 9.00 -0.01 9.40

0.3 0.10 9.00 6.80 -0.80 8.60

πc = 0.5, n = 400

0.9 0.20 5.60 5.30 -0.30 5.70

0.7 0.20 6.80 7.20 -0.01 7.10

0.5 0.01 6.60 6.80 0.20 7.00

0.3 0.40 6.00 5.40 -0.30 6.00

πc = 0.2, n = 200

0.9 -2.10 14.40 16.00 -0.40 23.80

0.7 0.20 20.90 18.30 0.60 25.00

0.5 0.60 21.40 17.60 -0.00 21.50

0.3 -0.60 18.50 13.20 -2.00 16.30

πc = 0.2, n = 400

0.9 -1.00 11.70 12.50 -0.20 16.30

0.7 1.40 15.90 15.30 0.10 17.90

0.5 1.20 15.70 14.80 0.90 15.80

0.3 0.90 13.50 10.70 -0.30 12.60

πc = 0.1, n = 400

0.9 -3.10 18.10 20.2 −6.2× 1013 1.7× 1015

0.7 0.60 27.20 25.8 −3.5× 1013 1.0× 1015

0.5 5.00 31.20 28.9 −1.9× 1013 5.4× 1015

0.3 6.40 32.00 29.1 −7.0× 1013 1.9× 1015
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Table 3.5: Compliance classes and sample sizes.

n Z D C

308 1 1 1 (Compliers)

122 1 0 0 (Never-takers)

448 0 0 1 (Compliers) or 0 (Never-takers)
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Chapter 4

A NEW CLASS OF IV MODEL IDENTIFYING
POPULATION-LEVEL ESTIMAND IN OBSERVATIONAL

STUDIES WITH UNMEASURED CONFOUNDING

4.1 Introduction

In randomized trials with noncompliance, the association between treatment and outcome

is confounded by unmeasured variables and the assignment to treatment or encouragement

to take treatment can be justified as a valid instrument variable. In this setting, both the

exposure and instrumental variable are binary variables. In the first two projects, we use an

instrumental variable approach to identify and estimate the marginal casual effect of treat-

ment on potential outcomes for compliers who would take treatment only when assigned to

the treatment group. In this project, we would like to study instrumental variable approach

in a more general setting (e.g. observational studies involves non-randomized exposures).

Observational studies are widely used to infer treatment effect when randomized experi-

ments are not feasible for various reasons. However, the treatment assignment or exposure

of interest is often associated with background variables that are not necessarily observed in

the study. These background variables are often called confounding variables if they are also

associated with the outcome. Leaving out confounding variables typically leads to a biased

estimate of treatment effect. A major challenge of causal inference in observational stud-

ies is to address unmeasured confounding variables. In such settings, instrumental variable

(IV) methods are useful to estimate the effect of treatment with unmeasured confounding,

in other words, endogenous exposure in econometrics literature. An instrumental variable

(IV) is conventionally defined as a variable which is (a) associated with the exposure of
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interest or treatment, (b) affects the outcome through its effect on the treatment but is

otherwise unrelated to the outcome and (c) associated with the outcome without unmea-

sured confounders. Under the standard IV assumptions proposed by Angrist et al. (1996),

Abadie (2000) introduces a new class of instrumental variable (IV) estimators for linear and

nonlinear treatment response models with covariates. These IV models identify local quan-

tities of potential outcomes for the compliers, the subpopulation whose treatment status is

affected by the instrumental variable. In particular, Abadie et al. (2002) focus on estimat-

ing local (conditional) quantile treatment effect (LQTE) for compliers. Chernozhukov and

Hansen (2005) propose a new IV model, the instrumental variable quantile regression (IVQR)

model, for estimating quantile treatment effect (QTE). The IVQR model relies on a different

set of identification assumptions than the IV assumption in Angrist et al. (1996). Instead

of estimating local quantile functions for compliers, the IVQR model estimates the quantile

functions and QTE for the whole population. The key assumption in IVQR model is the

rank similarity assumption, a condition that restricts the individual ranks in the potential

outcome distributions. The two sets of IV models are generally non-nested and estimating

different quantities. Wüthrich (2019) studies the relationship between the two IV models

for estimating QTE and shows that there is a close connection between the IVQR model

and LQTE model. The IVQR estimands for QTE are equivalent to LQTE for compliers at

transformed quantile levels. Moreover, the IVQR estimand of the average treatment effect

(ATE) is a convex combination of the local average treatment effect and a weighted average

of LQTE. These findings do not rely on the rank similarity assumption and provide an al-

ternate interpretation of IVQR estimands when the rank similarity assumption is violated.

Since the definition of compliers depends on the particular IV that is available, the local

estimand would, in general, differ from the population-level estimand for the whole study

population. In a recent paper, Wang and Tchetgen Tchetgen (2018) discuss estimating the

average treatment effect (ATE) in the context of an IV. Instead of making the monotonicity

assumption as in Angrist et al. (1996), they propose two alternative no-interaction assump-

tions involving the unobserved confounders. As argued in the previous chapters, we are more



62

interested in the distribution of potential outcomes other than the ATE. In this chapter, we

propose a new class of IV models for nonlinear moment condition models for population-level

estimands, generalizing Abadie’s identification results for compliers in Abadie (2000, 2003).

In the previous chapters, we proposed estimators to identify the marginal distribution of

potential outcomes for compliers in the randomized trials with noncompliance. As two spe-

cial cases, we show that under the new IV assumptions, the previously proposed estimating

equations identify population-level quantities in the framework of observational studies with

unmeasured confounding. Right censoring survival outcomes are common in epidemiological

studies. However, IV methods are not as well developed for regression analysis for survival

outcomes. Most literatures focus on location shift models on certain scale of survival out-

come (Tchetgen et al. (2015); Li et al. (2015)). To study the heterogeneous treatment effect

at different quantiles, Chernozhukov et al. (2015) developed a censored quantile instrumen-

tal variable (CQIV) estimator and described its properties and computation. The CQIV

estimator combines Powell (1986)’s censored quantile regression to deal with censoring, with

a control variable approach to incorporate endogenous exposures. However, this approach

requires that the censoring time is always observed, which is not the case in most survival

settings. Our proposed model allowing for random censoring and adjustment for baseline

covariates complements methodology for identifying distributions of right censoring potential

outcomes in observational studies with unmeasured confounding.

In Section 2, we describe notation and setup for the observational studies that we consider

in this chapter. We relate the potential outcomes with the structural quantile function by the

Skorohod representation. In Section 3, we briefly review the instrumental variable quantile

regression (IVQR) model. Specifically, we introduced the IV assumptions for the IVQR

model and the estimation procedures. In Section 4, we described Abadie’s local IV models

for identifying casual quantities for compliers. In Section 5, we discuss the no-interaction

assumption and proposed a class of new IV model that estimates quantities of potential

outcomes for the whole population. In Section 7, we perform numerical studies on the

proposed estimators and make a comparison to the IVQR estimator for the noncensoring
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outcome.

4.2 Setup and Models

We consider an observational study of n subjects on an outcome y, a binary treatment

variable (exposure of interest) D, and a binary instrumental variable Z. X represents a

vector of predetermined variables. Let Dz the potential treatment receive under z, the

observed variable D = ZD1 + (1 − Z)D0 with Di(i = 1, . . . , n), where Di = 1 if subject i

receives treatment and Di = 0 if subject i receives control. The population can be classified

into four subpopulations based on their compliance status defined by the joint distribution

of treatment assignment and potential treatment receipt: compliers if subjects always follow

the assignment, never-takers if subjects always take the placebo, always-takers if subjects

always take the treatment, defiers if subjects never follow the assignment. Let CC denote the

compliance classes: CC = 1 (compliers) if D1 > D0; CC = 2 (always-takers) if D1 = D0 = 1;

CC = 0 (never-takers) if D1 = D0 = 0; CC = 3 (defiers) if D1 < D0. In practice, we can

only observe one of D0 and D1, the compliance class membership for each subject is therefore

unknown. Let Y 1 and Y 0 be potential outcome variables with and without the treatment.

The core problem of causal inference is that we can only observe one of the two potential

outcomes for each individual, and the observed outcome is Y = DY 1 + (1 − D)Y 0 = Y d.

The objective of interest is to quantify the distribution of potential outcomes Y0 and Y1.

We denote the quantile function of Y d as Qd and cumulative distribution function (CDF)

as Fd, Qd(τ) = inf{y : Fd(y) ≥ τ}. Conditional on the observed covariate variables X = x,

the potential outcome Y d can be related to the structural quantile function by the Skorohod

representation.

Y d = q(d, x, Ud), where Ud ∼ U(0, 1)

Ud is referred to as the rank variable in Chernozhukov and Hansen (2005). It determines

the relative ranking of potential outcomes among individuals with similar covariates and

treatment status. Thus Ud is responsible for the heterogeneity of outcomes and represents

the unmeasured variables that affect potential outcomes Y d.
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Similarly, the observed outcomes Y can be expressed as Y = q(D,X,U), where Y = Y D

and U = UD.

4.3 Instrumental variable quantile regression (IVQR) model

The IVQR model is introduced in Chernozhukov and Hansen (2004, 2005) and its inference

method is further discussed in Chernozhukov and Hansen (2006). Typically, the observed

covariates X is not sufficient to assure independence assumption between D and potential

outcomes Y d.

4.3.1 Assumptions

Formally, the IVQR model consists of the following main conditions.

Assumption 4 Given a common probability space, the following conditions hold jointly with

probability one:

1. Monotonicity: Conditioning on X = x, for each d, Y d = q(d, x, Ud). q(d, x, τ) is

strictly increasing in τ and Ud ∼ U(0, 1).

2. Independence: Conditioning on X = x, Ud is independent of Z.

3. Selection: D ≡ δ(Z,X, V ) for some unknown function δ, instrument variable Z and

unmeasured random variables V .

4. Rank invariance or rank similarity: Conditioning on X = x, Z = z,

• {Ud} are equal to each other, or, more generally,

• {Ud} are identically distributed, conditional on V .

The observed variables consist of Y , D, X and Z.Chernozhukov and Hansen (2005) presents

a detailed discussion on the IVQR model and assumptions. In summary, Rank similarity or

rank invariance is the most important assumption of the IVQR model. It implies that the
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potential outcomes Y d are not truly multivariate and allows us to address the unmeasured

confounding problem.

4.3.2 Estimation procedure

The main testable implication of Assumption 4 is the following conditional moment restric-

tion (Chernozhukov and Hansen (2005)).

P [Y ≤ q(D,X, τ)|X,Z] = τ a.s., (4.1)

where Z is a set of instrument variables that affects treatment status D but is independent

of potential outcomes. It is equivalent to the statement that 0 is the τth quantile of random

variable Y − q(D,X, τ) conditional on (X,Z):

0 = QY−q(D,X,τ)(τ |X,Z), a.s. for each τ (4.2)

So the problem is to find a function (d, x)→ q(d, x, τ) such that 0 is a solution to the quantile

regression of Y − q(D,X, τ) on (Z,X):

0 ∈ arg minf∈FEρτ [(Y − q(D,X, τ)− f(Z,X))] (4.3)

where F is the class of measurable functions of (X,Z) that will be restricted in applications

and ρτ is the check function in quantile regression.

As in Chernozhukov and Hansen (2006), I consider the basic linear-in-parameter model.

q(D,X, τ) = Dα(τ) +X ′β(τ)

In the framework of randomized trials with noncompliance, Z is usually selected as the

randomization assignment and observed covariates X are not necessary for the validity of

instrument variable. In the case of a marginal model without covariates X, the linear-in

parameter model is fully nonparametric.

Then the weighted quantile regression objective function is defined as,
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Qn(τ, α, β, γ) ≡ 1

n

n∑
i=1

ρτ (Yi −Diα−X ′iβ − φi(τ)′γ)Vi(τ), (4.4)

where φi(τ) ≡ φ(τ,Xi, Zi) is a vector of (transformations of) of observed covariates X and in-

struments Z, and Vi(τ) ≡ V (τ,Xi, Zi) is a positive weight function. In practice, let Vi(τ) = 1

and form φi(τ) by projection of Di on Zi and Xi. The procedure to solve the optimization

problem of the objective function 4.4 is a two-step grid search approach described in Cher-

nozhukov and Hansen (2006):

1. For a given τ , define a grid of α, {αj, j = 1, . . . , J}, and run the τ -quantile regression

of Y −Dαj on X and φ(τ) to obtain coefficients β̂(αj, τ) and γ̂(αj, τ).

2. Choose a αj that minimizes ||γ̂(αj, τ)|| or the Wald statistics for testing γ(αj, τ) = 0.

The estimated coefficient is then given by β̂(αj, τ).

The consistency and functional limit distribution of the quantile process are established in

Chernozhukov and Hansen (2006). Furthermore, Chernozhukov and Hansen (2008) derive

dual inference approach that allows for weak instrusment when D is weakly dependent on Z.

4.4 Local IV models

Abadie’s IV model relies on different sets of assumption and identifies different quantities.

Instead of identifying the potential outcome Y d for the population, the model identifies

potential outcome Y d in the compliers, a subset of the population.

4.4.1 Assumptions

Assumption 5 We review the standard IV assumptions similar to those in Angrist et al.

(1996) and Abadie (2003) that conditioning on covariates X:

1. Independence: (Y 1, Y 0, D1, D0) is jointly independent of Z.

2. Nontrivial assignment: π = P (Z = 1) ∈ (0, 1)
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3. First-stage: E(D1 −D0) 6= 0. The causal effect of Z on D is nonzero.

4. Monotonicity: P (D1 ≥ D0)=1, so there are no defiers who always receive the opposite

treatment of assignment.

Under Assumption 5, the potential outcome quantile function for the compliers,

QY D|CC=1(τ |X) = ατD +X ′βτ

can be determined by the following objective function.

(ατ , βτ ) = arg minα,βE(k · ρτ (Y − αD −X ′β)).

where, ρθ(y) = y(θ − I(y < 0)) is the usual check function in quantile regression literatures

and the weights k are given by

k = k(D,Z,X) = 1− D(1− Z)

1− P (Z = 1|X)
− (1D)Z

P (Z = 1|X)

Since the weight k is negative when D is not equal to Z, the sample analog of the objective

function is typically nonconvex. To address this problem, Abadie et al. (2002) modify the

weight k by taking its expectation conditional on the observed data (Y,D,X). This amounts

to replacing k by kv, where

kv = E[k|Y,D,X] = 1− D(1− v(Y,D,X))

1− P (Z = 1|X)
− (1D)v(Y,D,X)

P (Z = 1|X)

for v(Y,D,X) = E[Z|Y,D,X] = P (Z = 1|Y,D,X). In the previous two chapters, we

consider IV methods for randomized trials with noncompliance. We focus on identifying the

marginal distribution of potential outcome for compliers and the objective functions do not

involve observed covariates X. Instead of using the smoothing weight of kv, We propose to

use a simple grid search approach to solve the optimization problem.

4.5 A new class of IV models

Under Assumption 5, Abadie (2000) present a general result that any parameter defined

as the solution to a moment condition involving (Y,D,X) is identified for compliers, using
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weights k. However, these estimands are for compliers, a latent subset that depends on the

selection of instrument variable Z. To estimate the average treatment effect in the popula-

tion, Wang and Tchetgen Tchetgen (2018) propose two no-interaction assumptions involving

the unobserved confounders that allow for the identification of the average treatment effect in

the population. In the following part, I show that the IV models using Abadie’s weights can

be generalized to identify population-level potential outcomes under a similar no-interaction

assumption as in Wang and Tchetgen Tchetgen (2018). Instead of making monotonicity

assumption in Assumption 5, we consider the following assumption.

Assumption 6 (No-interaction assumption) E(D|Z = 1, U,X) − E(D|Z = 0, U,X) =

E(D|Z = 1, X)− E(D|Z = 0, X), where U are unmeasured confounding variables.

4.5.1 Main Results

Under Assumption 5(1)-(3) and 6, we could generalize main results in Abadie (2000) to

casual estimand for the population.

Theorem 4.5.1 Let gθ(Y,D,X) be any real function of (Y,D,X) with parameters θ such

that E|gθ(Y,D,X) ≤ ∞|.Given Assumption 5 and 6, E(gθ(Y
d, d,X)|X) = 0 for d = 0, 1

implies

E(k · gθ(Y,D,X)) = 0

where k = k(D,X,Z) = 1− D(1−Z)
1−π(X)

− (1−D)Z
π(X)

.

The proof is detailed in the appendix. This result enables us to identify population-level

causal parameters involved in a moment condition. Theorem 4.5.1 instantly implies the

following results for estimating quantile functions of potential outcomes (Y 0, Y 1) for the

population.

Corollary 4.5.1.1 Under Assumption 5(1)-(3) and 6, the quantile functions of potential

outcomes, QY D(τ |X) = αDi + X ′iβ can be identified from the observed data (Y,D,X). The
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estimated parameters (α̂, β̂) are solution to

n∑
i=0

ki · (τ − I(Yi < αDi +X ′iβ)) = 0

alternatively, minmized the objective function

n∑
i=0

ki · ρτ (Yi − αDi −X ′iβ)

.

The weights k can be replaced by the smoothing weight kv so that an usual weighted quantile

regression algorithm will solve the optimization problem. The obtained quantile functions

QY D(·|X) are not necessarily monotone. As described in the previous chapters, rearrange-

ment operation can be applied to obtain monotone quantile functions. In absence of covari-

ates X, we describe and discuss the monotone rearranged estiamtors in the framework of

randomized trials with noncompliance. Results derived in this chapter are complement to

our previous frameworks by extending to observational studies and instrument variable Z is

not necessary to be the causal instrument (randomization variable).

4.6 Censoring outcomes

Right censoring outcomes are common in practice. It further complicates identifying causal

estimand in the presence of unmeasured confounding. Aside from literature that focuses on

estimating survival functions or semiparametric survival models for compliers, there is less

work on the estimand of potential outcomes on the population-level. Chernozhukov et al.

(2015) develope a censored quantile instrumental variable estimator that combines Powell

(1986) censored quantile regression to deal with administrative censoring. This approach

requires that the censoring time is always observed, which is not the case in most survival

settings. Theorem 4.5.1 implies that distribution functions of potential outcomes in the pres-

ence of random censoring can be obtained from a similar objective function as proposed in

the previous chapter in the framework of randomized trials with noncompliance. Here we
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use T d to denote the potential time-to-event outcome under treatment d, Cd the potential

censoring time under treatment d. Define Y d = min(T d, Cd) and δd = I(T d ≤ Cd). Sim-

iliarly, for observed data, define Y = min(T,C), and δ = I(T ≤ C). The observed data

consist of n iid replicates of (Y,C, δ, Z,D,X), denoted by (Yi, Ci, δi, Zi, Di, Xi), i = 1, . . . , n.

In the case of random censoring that Cd is independent of Td (given observed covariates),

Theorem 4.5.1 generalizes main results in 3.5.

Corollary 4.6.0.1 Under Assumption 5(1)-(3) and 6, the estimands in Chapter 3 are on

population-level. The quantile functions of potential outcomes, QTD(τ |X) = α(τ)Di+X
′
iβ(τ)

can be identified from the observed data (Y,C, δ, Z,D,X). The parameters (α, β) are solution

to

E

[
k ·
[
N(α(τ)Di +X ′iβ(τ))−

∫ τ

0

I(Y ≥ α(τ)Di +X ′iβ(τ))dH(u)

]]
= 0 (4.5)

where, N(t) = I(Y ≤ t, δ = 1) and H(t) = −log(1− t) for t ∈ [0, 1].

Specifically, we define α̂(·) and β̂(·) as a right-continuous piecewise-constant function that

jumps only on a grid, 0 = τ0 < τ1 < . . . < τLn = τu < 1. We approximate the integral

in Equation 4.5 by α∗i (τj) =
∑j−1

k=0 I(Yi ≥ (α(τk)Di + X ′iβ(τk)))(H(τk+1) − H(τk)), for i =

1, . . . , n and j = 1, . . . , Ln. τu is a constant subject to identification constraints due to

censoring. Using arguments in Chapter 3 3.4, the parameters can be obtained by minimizing

n−1/2

n∑
i=1

ki (ri(τ)(α∗i (τ)− I(ri(τ) < 0)δi)) , (4.6)

where,ri(τ) = Yi− (α(τ)Di+X ′iβ(τ)),α∗i (τj) =
∑j−1

k=0 I(Yi ≥ (α(τk)Di+X ′iβ(τk)))(H(τk+1)−

H(τk)) The objective function is not necessarily convex, since weights k is negative when D is

not equal to Z. To circumvent this, the smoothing weights kv can be used to avoid nonconvex

objective function. As discussed in Peng and Huang (2008), the smoothing objective function

can be transformed to a LP problem and optimized efficiently using on-shelf programs.
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4.6.1 Numerical Studies

Noncensoring Outcome

In this section, we examine the performance of the proposed estimator to IVQR estimator.

We include settings where the rank similarity assumption is violated. We simulate data in

settings as described below.

U1 ∼ Uniform(0, 1), U0 ∼ Uniform(0, 1),

X ∼ N(0, 1),

pz = expit(c0 + c1 ·X), Z ∼ Bernoulli(pz)

P (D = 1|Z,X) = X · γ0 + γ1Z + γ2,

pd = P (D = 1|Z,X, V )

= expit(P (D = 1|Z = 0, X) · (1− Z) + P (D = 1|Z = 1, X) · Z + φ · V ).

D ∼ Bernoulli(pd),

Y D = D ·X ′(β(U1) + α(U1)) + (1−D) ·X ′β(U0).

γ1 controls the strength of instrument variable Z. φ controls the influence of the unmeasured

variables V on the treatment variable D. We simualte unmeasured confounding variables V

in different settings to evaluate our estimator in terms of robustness to the rank similarity

assumptions in Chernuzhukov (2005): (1) Balanced case V = U1 + U0; (2) Unbalanced

V = 2 ∗ tU1 − 0.5 ∗ tU0 + 1.5, where tU1 ∼ Φ−1(U1) and tU0 ∼ Φ−1(U0). For each scenario,

we generate 1000 independent datasets.

In Table 4.8.2, we set α(U) = α · U2 and β(U) = β · U . We also set c0 = 0.1,c1 = −0.4,

γ0 = −1, γ1 = 1 and γ2 = 0.5. The parameter γ1 = 1 and the F-statistics of regression D

on Z and X is about 25, indicating a moderate IV strength. We present estimated quantile

functions of Y 1 and Y 0 at τ = 0.25, 0.5, 0.75, given baseline covariate X = 0. The IVQR

estimators have larger sampling standard errors than the proposed estimator in all scenarios.

We also examine the performance of the naive estimator (ITT estimator) by regressing the

observed outcome Y on treatment status D and baseline covariate X. The biases of the
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naive estimator are larger than the IVQR estimator in all scenarios, though the sampling

standard errors are mostly around 0.10. Since our primary interest is the comparison of the

proposed estimator and IVQR estimator, those results are not included in the table.

Censoring Outcome

We then examine the proposed method for the censoring outcome case. We simulate data

in a similar framework as in the noncensoring case. We set V = 2 ∗ tU1 − 0.5 ∗ tU0 + 1.5,

where tU1 ∼ Φ−1(U1) and tU0 ∼ Φ−1(U0). The censoring variable C ∼ Uniform(0, c),

where c is a constant. The potential outcomes TD = D · (β(U1) + α(U1)) + (1−D) · β(U0).

We estimate marginal quantile functions of T 1 and T 0 under approximately 20% censoring.

We consider strong IV cases and weak IV cases, where the F-statistic of We consider two

scenarios corresponding to a strong and a weak IV. The strength of an IV is how strong the

association between the IV and the actual treatment is. When the first stage F-statistic from

the regression of the treatment on the IV is less than 10, the IV is commonly considered to

be a weak IV (Stock et al. (2012)). The parameter γ1 in P (D = 1|Z) = γ1Z + γ2 is set as

(a) strong IV: γ1 = 2 (First-stage F -statistic≈,complers proportion ≈ 30%, for n = 400);

(b) weak IV: γ1 = 1 (First-stage F -statistic≈6, complers proportion ≈ 15%, for n = 400).

For each scenario, we generate 1000 independent datasets.

In Table 4.8.2 and Figure 4.8.2, we set β(U) = β · U with β = 10, α(U) = α · U2 in

quadratic case and α(U) = α · U in linear case with α = 5. Under a strong IV scenario,

we report performance fo the estimated quantile functions using the proposed method at

τ = 0.1, 0.3, 0.5, 0.7. The proposed estimators have similar performance across scenarios of

different forms of α(U). The sampling standard error increases as τ gets closer to 1.

In Table 4.8.2 and Figure 4.8.2, under a weak IV scenario, we report performance fo the

estimated quantile functions using the proposed method at τ = 0.1, 0.3, 0.5, 0.7. When the

correlation between IV and treatment status D changes from strong to weak, we observe

larger bias at τ = 0.1; the weak IV has a larger effect on the bias of Q̂T 1 and ∆Q̂; all

estimators have larger sampling standard error. The weak IV affects the precision of the
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proposed estimators, especially when τ is near 0 or 1, as shown in Figure 4.8.2 and Figure

4.8.2. We expect that the estimated lines are closer to the true lines when the censoring rate

gets lower and the sample size is larger.

4.7 Conclusion

In this chapter, we describe the instrumental variable quantile regression (IVQR) model,

proposed and discussed in Chernozhukov and Hansen (2005). The key (untestable) assump-

tion is the rank similarity assumption that restricts the evolution of individual ranks of

potential outcomes across treatment states. The estimation procedures is a two-step grid

search algorithm. We then briefly review the IV models proposed by Abadie (2000) under

the standard IV assumptions in Angrist et al. (1996). Unlike the IVQR model that estimate

quantile functions for the whole population, Abadie’s IV models identify the estimand of

potential outcomes for compliers. Wüthrich (2019) studies the relationship between the two

IV models for estimating QTE and shows that there is a close connection between the IVQR

model and LQTE model. Our previous results are based on Abadie’s IV models and estimate

quantile functions of potential outcomes for compliers. Instead of making the monotonicity

assumption as in Angrist et al. (1996), we impose a no-interaction assumption proposed by

Wang and Tchetgen Tchetgen (2018) and propose a new class of IV models that identify

quantities of potential outcomes for the whole population. As two special cases, we show

that under the new IV assumptions, the previously proposed estimating equations identify

population-level quantities in the framework of observational studies with unmeasured con-

founding. Our work complements current research on using instrumental variable method

to estimate distributions of potential outcomes and infer heterogenous treatment effect for

observational studies in the presence of unmeasured confounding, especially for the censoring

outcomes. Further studies are of interest to compare our censoring regression model to other

semiparametric models.
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4.8 Proofs

4.8.1 Proof of Theorem 1

In this section, we give proof of Theorem 1. Let gθ(Y,D,X) be any real function of (Y,D,X)

with parameters θ such that E|gθ(Y,D,X) ≤ ∞|.

E(k · gθ(Y,D,X)) = E[gθ(Y,D,X)]− E[
D(1− Z)

1− π(X)
gθ(Y,D,X)]− E[

(1−D)Z

π(X)
gθ(Y,D,X)]

(4.7)

The first term in Equation 4.7 gives

I1 = E[gθ(Y,D,X)]

= EXE[gθ(Y,D,X)|X]

= EX [E[gθ(Y,D,X)|X,Z = 1]π(X)] + Ex[E[gθ(Y,D,X)|X,Z = 0](1− π(X))]

= EX,U [E[gθ(Y
1, 1, X)|X,Z = 1, D = 1, U ]π(X)P (D = 1|X,Z = 1, U)]

+ EX,U [E[gθ(Y
0, 0, X)|X,Z = 1, D = 0, U ]π(X)P (D = 0|X,Z = 1, U)]

+ EX,U [E[gθ(Y
1, 1, X)|X,Z = 0, D = 1, U ](1− π(X))P (D = 1|X,Z = 0, U)]

+ EX,U [E[gθ(Y
0, 0, X)|X,Z = 0, D = 0, U ](1− π(X))P (D = 0|X,Z = 0, U)]

=
(1)
EX,U [E[gθ(Y

1, 1, X)|X,U ]π(X)P (D = 1|X,Z = 1, U)]

+ EX,U [E[gθ(Y
0, 0, X)|X,U ]π(X)P (D = 0|X,Z = 1, U)]

+ EX,U [E[gθ(Y
1, 1, X)|X,U ](1− π(X))P (D = 1|X,Z = 0, U)]

+ EX,U [E[gθ(Y
0, 0, X)|X,U ](1− π(X))P (D = 0|X,Z = 0, U)]

= EX,U [E[gθ(Y
1, 1, X)|X,U ]P (D = 1|X,Z = 0, U) + π(X)(P (D = 1|X,Z = 1, U)

− P (D = 1|X,Z = 0, U))] + EX,U [E[gθ(Y
0, 0, X)|X,U ]P (D = 0|X,Z = 0, U)

+ π(X)(P (D = 0|X,Z = 1, U)− P (D = 0|X,Z = 0, U))],
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the second term in Equation 4.7 gives

I2 = E[
D(1− Z)

1− π(X)
gθ(Y,D,X)]

= EX,U [E[gθ(Y
1, 1, X)|X,Z = 0, D = 1, U ]P (D = 1|X,Z = 0, U)]

= EX,U [E[gθ(Y
1, 1, X)|X,U ]P (D = 1|X,Z = 0, U)]

and the third term in Equation 4.7 gives

I3 = E[
Z(1−D)

π(X)
gθ(Y,D,X)]

= EX,U [E[gθ(Y
0, 0, X)|X,U ]P (D = 0|X,Z = 1, U)]

The Equation 4.7 can be rewritten as

I1 − I2 − I3

= EX,U [E[gθ(Y
1, 1, X)|X,U ]π(X)(P (D = 1|X,Z = 1, U)− P (D = 1|X,Z = 0, U))]

+ EX,U [E[gθ(Y
1, 1, X)|X,U ]π(X)(P (D = 1|X,Z = 1, U)− P (D = 1|X,Z = 0, U))]

= EX,U [E[gθ(Y
1, 1, X)|X,U ]π(X)(P (D = 1|X,Z = 1)− P (D = 1|X,Z = 0))]

+ EX,U [E[gθ(Y
1, 1, X)|X,U ]π(X)(P (D = 1|X,Z = 1)− P (D = 1|X,Z = 0))]

(by Assumption 6)

= EX [E[gθ(Y
1, 1, X)|X]π(X)(P (D = 1|X,Z = 1)− P (D = 1|X,Z = 0))]

+ EX [E[gθ(Y
1, 1, X)|X]π(X)(P (D = 1|X,Z = 1)− P (D = 1|X,Z = 0))]

= 0

since E[gθ(Y
d, d,X)|X] = 0 for d = 0, 1.

4.8.2 Proofs of Corollarys

Corollary 4.5.1.1 follows Theorem 4.5.1 immediately after replacing gθ(Y
d, d,X) with k · (τ−

I(Y d < αd + X ′β)). Since E(τ − I(Y d < QY d(τ |X))|X) = 0 for d ∈ 0, 1, the parameters

(ατ , βτ ) in QY d(τ |X) = ατd+X ′βτ can be identified from

E[k · ρτ (Y − ατD −X ′βτ )].
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Using arguments in Chapter 2, we could estimate (ατ , βτ ) consistently from the observed data

(Yi, Di, Xi, Zi) for i = 1, . . . , n. Consistency and limit theorems are established in Chapter 2.

Similar arguments work for Corollary 4.6.0.1.For the censoring outcomes, we define T d the

true potential outcomes, Cd the potential censoring variables, and Y d = min(T d, Cd) with

indicator δd = I(T d ≤ Cd). Let gθ(Y
d, d,X) = N(QY d(τ |X))−

∫ τ
0
I(Y d ≥ QY d(τ |X))dH(u).

As discussed in Peng and Huang (2008), the stochastic property of the martingale associated

with the potential outcomes gives

E[gθ(Y
d, d,X)] = E[N(QT d(τ |X))−

∫ τ

0

I(Y d ≥ QT d(τ |X))dH(u)] = 0

where N(t) = I(Y d ≤ t, δd = 1) and H(t) = −log(1− t).

We define α̂(·) and β̂(·) as a right-continuous piecewise-constant function that jumps only

on a grid, 0 = τ0 < τ1 < . . . < τLn = τu < 1. We approximate the integral in Equation

4.5 by α∗i (τj) =
∑j−1

k=0 I(Yi ≥ (α(τk)Di + X ′iβ(τk)))(H(τk+1) − H(τk)), for i = 1, . . . , n and

j = 1, . . . , Ln. τu is a constant subject to identification constraints due to censoring. Using

argruments in Chapter 3 3.4, the parameters can be obtained by minimizing

n−1/2

n∑
i=1

ki (ri(τ)(α∗i (τ)− I(ri(τ) < 0)δi)) , (4.8)

where,ri(τ) = Yi− (α(τ)Di+X ′iβ(τ)),α∗i (τj) =
∑j−1

k=0 I(Yi ≥ (α(τk)Di+X ′iβ(τk)))(H(τk+1)−

H(τk)). The consistency and limit theorems of the obtained estimators are discussed in

Chapter 3.
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Figure 4.1: Top: plots of estimated quantile functions Q̂T d and true quantile functions
Q̂T d under strong IV and linear specification of α(U). Bottom: plots of estimated quantile
functions Q̂T d and true quantile functions Q̂T d under strong IV and quadratic specification
of α(U)
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Figure 4.2: Top: plots of estimated quantile functions Q̂T d and true quantile functions
Q̂T d under weak IV and linear specification of α(U). Bottom: tplots of estimated quantile
functions Q̂T d and true quantile functions Q̂T d under weak IV and quadratic specification of
α(U)
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Table 4.1: Estimation of quantile functions Q1(τ |X = 0) and Q0(τ |X = 0) for τ =
0.25, 0.5, 0.75. Bias, sampling standard error (EmpSE), n = 200.

Proposed Estimator IVQR Estimator

Y1 Y0 Y1 Y0

τ Bias EmpSE Bias EmpSE Bias EmpSE Bias EmpSE

Unbalance case

0.25 0.09 0.27 -0.05 0.25 0.18 0.26 -0.13 0.37

0.5 0.11 0.28 0.06 0.21 0.16 0.41 0.05 0.39

0.75 0.05 0.29 0.12 0.21 0.03 0.47 0.32 0.65

Balance case

0.25 0.05 0.26 -0.09 0.26 0.16 0.28 -0.14 0.34

0.5 0.04 0.29 0.03 0.25 0.10 0.31 0.004 0.37

0.75 -0.04 0.31 0.06 0.25 0.1 0.46 0.15 0.55
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Table 4.2: 20% Censoring and strong IV: Estimation of quantile functions using the proposed
method, QT 1(τ), QT 0(τ) and ∆Q ≡ QT 1(τ) − QT 0(τ) for τ = 0.1, 0.3, 0.5, 0.7. Bias and
sampling standard error (EmpSE) for n = 400.

T0 T1 ∆Q

τ Bias EmpSE Bias EmpSE Bias EmpSE

Linear

0.1 0.03 0.45 0.29 1.32 0.27 1.37

0.3 -0.15 0.70 0.06 1.82 0.21 1.97

0.5 -0.21 0.79 -0.09 2.05 0.12 2.21

0.7 -0.25 0.78 -0.28 2.04 -0.03 2.19

Quadratic

0.1 0.03 0.48 0.24 1.02 0.21 1.14

0.3 -0.14 0.74 0.04 1.58 0.18 1.78

0.5 -0.25 0.81 -0.15 1.99 0.10 2.19

0.7 -0.25 0.79 -0.47 2.23 -0.22 2.36
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Table 4.3: 20% Censoring and weak IV:: Estimation of quantile functions using the proposed
method, QT 1(τ), QT 0(τ) and ∆Q ≡ QT 1(τ) − QT 0(τ)for τ = 0.1, 0.3, 0.5, 0.7. Bias and
sampling standard error (EmpSD) for n = 400.

QT 0 QT 1 ∆Q

τ Bias EmpSE Bias EmpSE Bias EmpSE

Linear

0.1 0.18 0.90 0.51 1.77 0.32 1.96

0.3 -0.04 1.24 0.26 2.60 0.29 2.88

0.5 -0.13 1.35 -0.17 2.89 -0.04 3.20

0.7 -0.20 1.33 -0.58 2.84 -0.39 3.21

Quadratic

0.1 0.20 0.89 0.62 1.72 -0.41 1.93

0.3 0.08 1.27 0.44 2.48 0.36 2.83

0.5 -0.07 1.39 0.14 2.88 0.21 3.26

0.7 -0.23 1.29 -0.42 3.14 -0.19 3.41
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