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University of Washington

Abstract

Generalized Linear Mixed Models:
Development and Comparison of

Different Estimation Methods

by Kerrie P Nelson

Chair of Supervisory Committee:

Professor Brian Leroux

Biostatistics

The use of generalized linear mixed models is growing in popularity in the modelling of
correlated data. To date, methods available are either computationally intensive or asymp-
totically biased. The following work examines the performance of three methods through
the use of simulation studies: maximum likelihood, approximate maximum likelihood and
iterative bias correction. The effects of sample size, the true values of parameters and the
distribution of the random effects on the standard errors, bias and mean-squared errors of
the resulting estimates are investigated. An improvement to the iterative bias correction

method has been proposed to increase the method’s computational efficiency.
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Chapter 1

INTRODUCTION

Over the last decade, the class of generalized linear mixed models, commonly known as
“GLMM'’s” or random effects models, has become an increasingly popular modelling ap-

proach in a regression setting for correlated, clustered and overdispersed data (McCulloch
1997).

Developed from a background of generalized linear models and linear mixed models, the
generalized linear mixed model can be used to model a wide spectrum of non-normally
distributed dependent data in a variety of research areas, including medical clinical trials
involving longitudinal data (Zeger 1988), spatial data (Breslow and Clayton 1993, Leroux
2000), breeding studies (Tempelman 1998, Engel 1998), epidemiologic studies, and many
others (Breslow and Clayton 1993, Crowder 1978). They are especially applicable in situ-
ations where the focus of the research is to make inferences at an individual subject level

rather than a population level (Zeger 1988).

However, the practical use of these models in real-life situations has thus far proved to be
challenging due to the complexity of the likelihood functions involved. Methods developed
have tended to be either computationally efficient, with the resulting parameter estimates
prone to bias, or computationally intensive but with the estimates being more exact (Booth
and Hobert 1999). Current possibilities for fitting generalized linear mixed models include
a range of maximum likelihood algorithms, approximate maximum likelihood techniques
involving Taylor’s series approximations, Bayesian methods (Zeger and Karim 1991), non-

parametric techniques (Aitken 1999), and more recently, a method based on the method



of moments (Jiang 1998), an iterative bias correction method (Kuk 1995), and a method

based upon indirect inference (Mealli and Rampichini 1999).

In the following work, the next chapter describes the background of the generalized linear
mixed model, including the development of techniques for model-fitting. For each of the
chapters 3-5, a section within Chapter 2 is devoted to describing the background material,

including the work to date carried out by other researchers in that area.

Chapter 3 examines the performance of exact maximum likelihood estimators in the general-
ized linear mixed model setting for a single time series of counts. Due to the computational
intensity required in finding the exact maximum likelihood estimates, which cannot usually
be carried out analytically, there has been only a limited amount of work done in this area.
This chapter investigates the effect of sample size and other variants such as the size of the
true regression coefficients and variance components on the resulting parameter estimates

using simulation studies in a more thorough manner than previously seen.

In chapter 4, the performance of approximate maximum likelihood estimates using the
penalized-quasi likelihood (PQL) are examined for the generalized linear mixed model struc-

ture described in chapter 2, using simulation studies in a similar manner to chapter 3.

Chapter 5 is devoted to the development and investigation of the iterative bias correction
method initially proposed by Kuk (1995). The development of this technique involves using
simple methods to get starting estimates of the parameters. This iterative bias correction
method is then compared to other choices of methods currently being used. Conditions
for the validity of the method and the calculation of standard errors are described here, in

particular for the generalized linear mixed model structure introduced in chapter 2.

The final section in chapter 5 investigates the performance properties of the estimates of
the regression coefficients and variance components found using the iterative bias correction

method using simulation studies as in chapters 3 and 4.

A comparison of the performance properties of all three methods for finding estimates of the



regression coefficients and variance components is made in chapter 6, based on the results
found earlier in chapters 3-5. Of particular interest is the comparison of the biases of the
parameter estimates for each of the three methods and the mean-squared errors associated

with the parameter estimates.

One assumption underlying the generalized linear mixed model is that the random effects
come from a normal distribution. Chapter 7 examines the impact of non-normally dis-
tributed random effects on the three methods for a model based on a single time series set

of count data.

Chapter 8 provides a set of conclusions and recommendations, and also potential areas of

future research arising from the current work.






Chapter 2

BACKGROUND

2.1 Introduction

The classical linear regression scenario which has formed the basis for most analyses of con-
tinuously distributed data, has long since been built upon and generalized in many different
ways to incorporate the modelling of a larger variety of data types (Nelder and Wedderburn
1972). The classical linear model takes the form:

y = XB+e,

where the errors contained in the error vector e are independent and identically distributed
as Normal (0, 02), X is an n x p matrix, the ith row representing the ith obsrvation, the
jth column consisting of the values of a covariate variable. The regression coefficients
Bo, Bry ..., Bp—1 form the vector 3, while the responses for the n observations are found in
the n x 1 vector y* = {y1,..-,yn}'. The relationship between the mean response and the

explanatory variables is asssumed to be linear.

Orne extension to the linear regression scenario allows the response variable to be non-
continuously distributed, for example, to have a discrete, such as a Poisson or binomial,
distribution. This suggests that a non-linear relationship between the response variable and
explanatory variables may be more appropriate for modelling purposes than the linear rela-
tionship assumed in the linear regression setting. Modelling of non-continuously distributed
data can be carried out within the framework of generalized linear models.



2.2 Generalized Linear Models

These models are comprised of three main components: the random component, the system-
atic component and the link function (McCullagh & Nelder 1989). The constant variance
assumption of the classical regression model is replaced with a mean-variance relationship
assumption. For a set of independent random variables Y;,...,Y, forming the response

vector, the model is as follows:

e random component: the response variables Y;, ¢ = 1,...,n are assumed to come from

a one-parameter exponential family distribution, with density function f(y; |6;; ¢).

e systematic component: A linear predictor 7); for the ith observation is formed by

o= zif.

o link function: the random and systematic components are associated by a link function
g to formn the overall model, i.e., the link function relates the linear predictor 7; to y;

in the following manner:
9(pi) = ni = (B,

where g is a monotone, differentiable function and u; = E(y;), the expected value of
the ith observation. For certain types of data such as Poisson and binomial there is
a special link function called a “canonical” link function which occurs when 6; = 7;.
Possible canonical link functions include g(u;) = log u; which is commonly used for
Poisson count data, and g(u;) = logit(p;) which is frequently used as a link function for
binomial data. A linear regression model uses the identity link function g(u;) = u; =

E(y;). The linear regression model can be considered a special case of the generalized

linear model.

Generalized linear models (GLM’s) can be fitted easily using maximum likelihood algorithms
including iterative weighted least squares, Fisher scoring, and Newton-Raphson. Further



details can be found in the comprehensive text, “Generalized linear models”, by McCullagh
and Nelder, 1989.

2.3 Correlated Data Analysis

Generalized linear models have “unified regression methodology for a wide variety of dis-
crete, continuous and censored response data that can be assumed to be independent” (Zeger
and Karim 1991). However, in many studies carried out today, responses are clustered in
some way, and this dependence between responses needs to be accounted for in order to
correctly assess the relationship of the response Y with the explanatory variables of interest

‘Yj,j=0,...,p— 1.

For example, longitudinal studies are designed to investigate changes over time for some
characteristic (for example, blood pressure, temperature) that is measured for each study
participant, so the measurements collected for any participant cannot generally be consid-
ered independent. In genetic epidemiology, responses for members of one family will be
correlated. In sample surveys, responses from members in the same family or town may
be correlated, and in spatial data collection, measurements made in one region (such as a
county) may be correlated to those in neighbouring regions. So dependence between obser-
vations can occur through measurements made over time, or perhaps through some common
spatial, genetic, or environmental link. These are just a few of the many possible scenarios
where the assumed independence of observations in many statistical modelling techniques
would not be satisfied. If the data does contain some type of dependency, usage of these
methods assuming independence may lead to erroneous results, such as biasing the variance
estimated for the parameter estimates, which in turn could invalidate the test statistics and

confidence intervals (Watier, Richardson and Hemon 1997, Zeger and Liang 1992).

Methods for dealing with correlated data can be broadly divided into two types, depending
on whether the response data is normally or non-normally distributed. Generally, methods

tend to be more complex than those for independent data due to the need to account for



the correlation structure, and a normally-distributed response variable is simpler to model

than a non-normally distributed response variable.

There are many possible strategies for modelling correlated data with a normally-distributed
response within the regression framework. Some methods include univariate and multivari-
ate ANOVA for repeated measures data, in which all subjects receive all treatments in a
randomized order (especially useful for designed experiments and balanced data), the use
of derived variables which incorporate the use of univariate techniques, analyzing each time
point separately, and fitting a linear mixed model to the data. Figure 2.1 displays each of

these methods.

Using a modelling approach is advantageous in that it allows the inclusion of continuous
and factor (qualitative) predictors in a regression modelling framework as well as flexible
modelling of the covariance structures, and can be used for both continuous and discrete
response data (Diggle, Liang and Zeger 1994), when compared to the other methods men-
tioned that tend to be more restrictive. For example, ANOVA and MANOVA allow only

factor variables and no continuous predictors.

When the data is correlated and non-normally distributed, there are two main modelling
approaches that can be used: a marginal approach (Liang and Zeger 1986, Zeger and Liang
1986), and a conditional approach (Breslow and Clayton 1993). The marginal approach is
particularly appropriate when one is interested in conclusions based at the population level;
for example, in a medical clinical trial, the main focus is on the average difference between
the control and treatment groups. In a logistic setting, the marginal model parameters
describe the ratio of the population odds. Marginal models have been considered by Diggle,
Liang and Zeger (Diggle, Liang and Zeger 1994) to be natural analogues for correlated data
of generalized linear models for independent data. Methods for fitting marginal models
include generalized estimating equations, “GEE’s” (an extension of quasi-likelihood to the
analysis of dependent data), and estimating function approaches (Liang and Zeger 1986).

The remaining work in this thesis focuses on the conditional approach.



When the objective of a study is to make inference about individuals rather than the
population average, a conditional model, otherwise known as a subject-specific or random-
effects model is more useful. In contrast to the marginal model setting, in the logistic model
setting, the conditional model parameters describe the ratio of an individual's odds. For
example, (Neuhaus and Segal 1996) one could estimate how much an individual’s probability
of experiencing respiratory symptoms in a medical study changes in response to changes in
environmental conditions. In a seed study (Crowder 1978) where four different combinations
of two treatments were applied to a total of twenty-one plates of seeds, a population approach
is more appropriate when the effects of the factors on germination are of interest, while a
conditional approach would be more helpful if selecting plates of seeds with particularly

high germination rates was the focus.

The interpretation of the results from a marginal model and conditional model differ (Zeger,
Liang and Albert 1988). If a study was carried out on subjects each measured at a number
of different time points, and at each time point, subjects were asked whether they had a
respiratory infection (yes/no response) and whether they were currently smoking (yes/no
covariate), a possible population model interpretation would be “that there is a 5% difference
in prevalence of infection between smokers and non-smokers.” A conditional model could
lead to an interpretation such as “if individual ¢ starts smoking at time 2 after time 1, we

estimate his probability of infection to change from 10% to 20%".

2.3.1 Linear mized models

Multivariate normal linear models have been used by applied statisticians since the 1930’s
(Palmgren 2000), but it wasn’t until much later, in 1982, that Laird and Ware (1982),
based on some ideas introduced by Harville (1977), formally defined a family of models for
serial measurements that included repeated-measures models as a special case, leading to
the formation of the linear mixed model. These models, commonly known as linear mixed
models (“LMM?”s), can also be written as general linear models, and are appropriate to use

when the outcome variable is continuously distributed. They take the general form
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Analysis of
correlated data
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e ANOVA, MANOVA
e linear mixed models
e derived variables
e analyzing time points separately
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¢ Generalized estimating equations ¢ | Generalized linear mixed models

e transitional models

Figure 2.1: Methods for analysis of correlated data

y = XB+Zu+e where yzx1 = vector of responses
Xnxp = fixed effects design matrix
Bpx1 = fixed effects vector of coefficients
Znxq = design matrix for the random effects
ugx1 = random effects vector ~ (0, D)
D,xq = random effects covariance matrix
eanx1 = error vector ~ (0, R).

The random effects structure Zu can be considered as a technique to incorporate correlation
between observations at a subject or cluster level, with the errors e accounting for any

residual error at an individual observation level. For one-level clustered data models, where
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m independent clusters are observed, a linear mixed model structure can be applied to each
cluster, with the fixed effect coefficients 8 constant across clusters. A covariance matrix
for clustered data accounts for between-cluster and within-cluster variation. If the random
effects structure is set up correctly, the responses within the ith cluster with n; observations,
Yi1, ¥i2, --- , Yin, can be considered conditionally independent, i.e. all the correlation in the

data can be explained by the random effects u such that cov(y;| u;) = cov(e;).

ANOVA and MANOVA can be considered special cases of LMM's. In addition, LMM’s
can be used to model non-clustered data such as time series data, spatial data, data which

contains crossed random effects, and also for data containing no independent clusters.

One common estimation technique for regression coefficients of an LMM is weighted least
squares (equivalent to maximum likelihood). Estimation of the covariance matrix for the
random effects can be carried out using maximum likelihood, restricted maximum likelihood
(Laird and Ware 1982) and method of moments. For the covariance of 3, model-based or
empirical methods can be used. Many computer packages such as Splus, SAS, R, and others

contain procedures and functions to analyze continuously-distributed correlated data in a

regression setting.

2.3.2 The form of generalized linear mized models

While LMM'’s can accommodate repeated-measures and longitudinal outcomes for contin-
uously distributed data, and generalized linear models can model non-continuous outcome
data but assume independence of the observations, the natural extension of these methods
is the class of generalized linear mixed models (GLMM’s), as shown in Figure 2.2. These
can model data that is both non-continuously distributed and correlated, and have proved

to be a very useful and flexible modelling technique in a wide variety of situations.

In the early 1980’s (Diggle, Liang and Zeger 1994 and McCulloch 1994), researchers were
developing generalized linear mixed models as a way to account for overdispersion in data

(Williams 1982, Breslow 1984). Overdispersion is often seen in Poisson or binomial data. It
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occurs when an assumed mean-variance relationship, such as mean = variance = u as for
the Poisson case is not satisfied, an important covariate is omitted, or the covariate(s) are
measured with error (Follmann and Lambert 1989). For example, data collected by Ochi
and Prentice (Ochi and Prentice 1984) on radiation was considered to be overdispersed
because the variance was affected by individual differences in susceptibility to radiation
damage, or perhaps substantial random errors in the estimated radiation exposure levels.
Not accounting for overdispersion can lead to underestimates of standard errors associated
with regression parameters (Ochi and Prentice 1984). Stiratelli, Laird and Ware (1984)
and Zeger, Liang and Albert (1988) developed GLMM’'s for modelling the dependence seen
in binary and other outcome variables for longitudinal, clustered, and repeated-measures
studies. Further applications of GLMM’s include shrinkage estimates of parameters in
spatial studies (Leroux 2000, Clayton and Kaldor 1987) and meta-analysis (Aitken 1999,
Berkey 1998, Platt et al 1999).

Generalized linear mixed models fall under the framework of conditional models, which also

include transitional models. The general form of a GLMM is very similar to a LMM except

for a non-linear link function:

g(p*)=n* = XB+Zu where ynx = vector of responses
n* = E(ylu)
var(ylu) = V(u").

The assumptions behind the model are (Diggle, Liang and Zeger 1994):

1) The conditional distribution of Y given the random effects u follows a distribution from

the exponential family with density f(y|u, 3, D);

2) Given the random effects u;, the repeated measurements or correlated observations (per-

haps within a cluster) Y1, ...., Yin, are independent;

3) The u; are iid with density function f(0, D), which is usually multivariate normal for
generalized linear mixed models.
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Figure 2.2: The development of generalized linear mixed models
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The covariance matrix D is used to incorporate the correlation structure present in the data,
for example, the data may come from a time-series dataset and an auto-regressive AR(1)

or higher-order autoregressive correlation structure may be appropriate.

An example of a generalized linear mixed model for Bernoulli data, with a random inter-
cept is a model motivated by data collected in an Indonesian children’s health study on the
effects of vitamin A intake on the probability of getting respiratory disease (Diggle, Liang
and Zeger 1994). The model used here assumes that every child has their own probability
for getting respiratory disease (thus a random effect for each child is appropriate) but that
the effect of vitamin A on the probability for getting respiratory disease is the same for

every child . The model is
logit Pr(Y; = 1| w) = o+ fizij + ui,

where the random intercepts, u; are iid Normal(0, D), ¢t = 1,....,n, 8 = (8o, £1) is the vector
of fixed effects, z;; is a covariate measuring whether child 7 is vitamin A deficient, and Y;;
is an indicator response variable indicating whether a child had a respiratory infection at
time ;. An additional assumption for the model used here is that given u;, the repeated
observations for the ith child are independent of one another. The intercept coefficient 39
would be interpreted as the log odds of respiratory infection for a typical child with random
effect u; = 0 and z;; = 0. The parameter 3, is the log odds ratio for respiratory infection
when a child is vitamin A deficient relative to when that same child is not (Diggle, Liang

and Zeger 1994).

2.3.3 The fitting of generalized linear mized models

The traditional form of estimation, maximum likelihood, that is commonly used for linear
mixed models and generalized linear models, has so far proved to be limited in its usefulness
for estimation in generalized linear mixed models due to the complexity of the likelihood
functions for these models. In particular, when the model contains a large number of random

effects, crossed random effects (Breslow and Clayton 1993), or random effects that are not
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independent (Zeger 1988), the marginal likelihood which is necessary for calculation of the
log likelihood can involve very high-dimensional integrals (Kuk and Cheng 1999) that are
often intractable analytically.

Consequently, much effort has been put in over the last decade and is continuing at present,
to develop strategies to fit generalized linear mixed models. Current methods available can
be categorized broadly as follows:

e conditional likelihood methods

e approximate maximum likelihood methods

e Bayesian methods

e non-parametric methods

e exact maximum likelihood methods

e iterative bias-correction method

o indirect inference method

e approximate method based on method of moments.

2.3.4 Conditional likelihood

In this method (McCulloch and Nelder 1989), the random effects u; are treated as a set of
nuisance parameters and the regression coefficients 3 are estimated using the conditional
likelihood of the data given the sufficient statistics for the random effects. This likelihood
is fairly simple to maximize for simple forms of generalized linear mixed models, such as
those with a random intercept, where observations are grouped together, with each group
having its own unique random effect. One limitation of the conditional likelihood approach
is that it can only be used to model within-cluster effects (effects for observations with the

same random effect), and not between-cluster effects, since the random effects have been
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conditioned out.

2.3.5 Approzimate mazimum likelithood methods

Several inference procedures have been developed using analytical approximations to the
likelihood to get around the problem of intractable high-dimensional integrals. One main
approach, penalized quasi-likelihood (PQL) was developed by Breslow and Clayton (1993).
This approach involves integrating first- and second-order Taylor series expansions of the
likelihood integral. Various other methods have been derived in different ways with al-
ternative motivations to arrive at essentially the same estimating equations, and yield the
same approximate estimates. These methods include IRREML for GLMM'’s (Schall 1991,
Engel and Keen 1994), Laird (1978), MAP (maximum a posteriori) (Gianola and Foulley
1983, Harville and Mee 1984, Stiratelli, Laird and Ware 1984), pseudo-likelihood (Wolfin-
ger and O’Connell 1993), REML or BLUP for GLMM’'s (McGilchrist 1994), and MAPHL
(Maximum adjusted profile h-likelihood) (Lee and Nelder 1996).

As mentioned previously, the calculation of the marginal likelihood f(y;8) for use in maxi-
mum likelihood is usually very challenging due to the intractability of the integrals involved
in integrating out the random effects. The main idea behind PQL (Breslow and Clayton
1993) is to make a first-order Laplace approximation to an integrated likelihood of the data
y, leading to a set of estimating equations that can be solved easily by iteratively fitting a
linear mixed model to a modified dependent variable. The resulting equations can also be

derived using a method of joint maximization.

PQL has been implemented as a computationally efficient method to fit generalized lin-
ear mixed models in a number of computer packages, including the GLIMMIX macro and
NLMIXED procedure in SAS, MIWin (London Institute of Education) which implements
penalized quasi-likelihood, marginal quasi-likelihood and Bayesian Gibbs sampling meth-
ods, HLM (Scientific Software International) which can fit two- and three-level hierarchical
models, and GENSTAT which implements an IRREML macro for hierarchical generalized



17

linear models. The development of these computer packages has increased the popularity
of generalized linear mixed models as a modelling tool for non-statisticians in a large vari-
ety of situations, including animal breeding (Gilmour, Anderson and Rae 1985), education
(Goldstein 1986), and environmental studies (Millar and Willis 1999). The PQL method is
described in more detail in §3.1.

2.3.6 Bayesian methods

An alternative approach for parameter estimation for generalized linear mixed models is
the use of Bayesian methods. Zeger and Karim were the first to cast the generalized linear
random effects model in a Bayesian framework in their 1991 paper and use a Monte Carlo
method, the Gibbs sampler, to avoid the often intractable numerical integration issues,
although their methods are not exact. Since then, Bayesian methods have been commonly
used for data modelling in this context (Dellaportas and Smith 1993, Tan et al 1999, Wang
et al 2000), especially with the development of computer software such as BUGS “Bayesian
Inference using Gibbs Sampling” (http://www.mrc-bsu.cam.ac.uk/bugs/).

The use of Bayesian methods in the generalized linear mixed model setting is especially
common in breeding studies (Moreno, Sorensen et al 1997, Tempelman 1998, Lee 2000),
where it has been mentioned that parameter estimates from the Bayesian approach were
comparable with those from non-Bayesian approaches. Millar and Willis (1999) comment
that a Bayesian approach could also be a worthwhile approach in their study which is mod-
elling data using generalized linear mixed models, especially with the use of non-informative

priors to help allay the concerns of many critics.

Malec, Sedransk et al. (1997) also make use of hierarchical Bayesian modelling techniques
in the analysis of nationwide survey data involving a very large dataset. Karim and Zeger

(1992) apply the Bayesian methodology to a well-known dataset involving crossed random

effects.

To show the Bayesian formulation for a generalized linear mixed model, Zeger and Karim use
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a clustered data model structure, where the data is composed of a response y;; from an ex-
ponential family distribution and a vector of p predictors z;; for observations j = 1,2, ..., n;

within clusters ¢ = 1, ..., I. The form of the model is:
=t ¢ oy
Nij = Ty B+ 2ij Ui,
where u; is assumed to be multivariate Gaussian with mean 0 and variance D.

The performance of Bayesian methods has been noted by many researchers. Breslow and
Clayton (1993) comment on the flexibility of the Bayesian approach for full assessment of
the uncertainty in the estimated random effects and functions of model parameters, and the
potential drawbacks including the computational intensity required in using these meth-
ods (Karim and Zeger 1992) and questions about when the sampling process has achieved

equilibrium.

McCulloch (1997) refers to other researchers who have suggested using a Bayesian paradigm
with flat or diffuse priors to approximate maximum likelihood estimates as a general ap-
proach to difficult maximum likelihood problems. However, McCulloch comments that
though the numerator in such computations is the same as for the maximum likelihood cal-
culations, this will often be inappropriate for models with random effects since the posterior
distribution may not exist for diffuse priors, and that this may not be detected when using
computational techniques such as the Gibbs sampler, and wrong estimates can result. Since
then, some researchers have further investigated the use of alternative priors to overcome
these difficulties (Daniels 1999, Natarajan and Kass 2000, Browne and Draper 2000}, and
further developed Gibbs sampling techaiques (Hoijtink 2000).

More details on Bayesian hierarchical modelling can be found in “Bayesian Data Analysis”

by Gelman, Carlin, Stern and Rubin (1995).

2.3.7 Non-parametric techniques
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The term 'non-parametric’ can describe a variety of situations. For generalized linear mixed
models, it could be referring to methods that use some type of non-parametric smoothing
technique for the estimation of the parameters and random effects; removing the common
normal distributional assumption for the random effects; or thirdly, not making an assump-
tion regarding the distribution of the response y, which is often assumed to be a member of
the exponential family distribution. In a generalized linear mixed model setting, the major-
ity of non-parametric analysis carried out focuses on removing or weakening distributional
assumptions for the random effects. This is motivated by the possible sensitivity of param-
eter estimation to the assumption of a specific parametric model for the random effects,
such as the usual Gaussian distribution. Some refer to models that remove or weaken the
assumptions for the random effects as “semi-parametric” models (Neuhaus and Lesperance).
A number of authors (Neuhaus and Segal 1996, Butler and Louis 1992) demonstrate in some
generalized linear mixed model examples that misspecifying the random-effect distribution
has little effect on the fixed-effects estimates. However, a paper by Heckman and Singer
(1984) suggested that substantial changes in parameter estimates can occur with quite small

changes in the mixing distribution specification. This is a current ongoing area of research.

Kiefer and Wolfowitz (1965) were possibly the first researchers to consider nonparametric
maximum likelihood estimation of a mixing distribution. This paper set the scene for later
research into the area of nonparametric distributions for random effects models, including

a paper by Simar in 1976.

A number of researchers have investigated non-parametric methods for the linear mixed
model (Madger and Zeger 1996), and also for the generalized linear mixed model, in partic-
ular, finding nonparametric techniques for estimating the distribution of the random effects.
Follmann and Lambert (1989) use nonparametric maximum likelihood to estimate a dis-
crete distribution of a random slope in a logistic generalized linear mixed model. Bartlett
and Sutradhar (1999) provide a semi-parametric solution to finding parameter estimates
in a generalized linear mixed model, which involves a two-step joint estimating equations

approach. In the first step, an estimating function based approach is used to obtain the
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estimates of the random effects, and in the second step, the first two moment based joint
estimating equations for the regression parameters and the variance component of the ran-
dom effects are constructed in the case of a generalized linear mixed model with a single

random effect.

A semi-parametric Bayesian approach to generalized linear mixed models is proposed by
Kleinman and Ibrahim (1998) where the usual normal distribution prior on the random
effects is replaced with a non-parametric prior followed by a Dirichlet process prior on that

general distribution.

Aitken (1999) reported on an EM algorithm developed for nonparametric maximum like-
lihood regression in generalized linear models with variance component structure. The
algorithm is initially derived as a form of Gaussian quadrature assuming a normal mix-
ing distribution, but with only slight variation, it can be used for a completely unknown
mixing distribution giving a straightforward method for the fully nonparametric maximum

likelihood estimation of this distribution.

While Aitken’s method provides a nonparametric distribution for the random effects which
is discrete, and therefore perhaps not totally realistic, Tao, Palta et al. (1999) propose a
semiparametric mixed effects regression model where the common assumption of Gaussian
random effects is relaxed by using a predictive recursion method to provide a nonparametric
smooth density estimate. This approach does not yield direct estimates of individual random

effects but is feasible for fitting semiparametric mixed models on quite large datasets.

Walker and Mallick (1997) consider a Bayesian nonparametric approach to analysing hier-
archical generalized linear models.

The performance of these different methods is well-documented within these papers for
specific examples; however, not a lot has been done to date to compare the performance of

these methods with the more commonly used parametric approaches.
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2.3.8 Ezact mazimum likelihood methods

Because bias may be present in the approximate maximum likelihood methods mentioned
above, there has been ample motivation for investigating methods for finding the exact
maximum likelihood estimators, despite the intractability of the integrals involved (Booth
and Hobert 1999). For generalized linear mixed models that have a simple random effect
structure, such as a random intercept, numerical integration techniques that provide exact
solutions can be used for full maximum likelihood estimation, such as some form of Gaus-
sian quadrature (Anderson and Aitken 1983), which is widely regarded as computationally
intensive (Aitken 1999). Gaussian quadrature methods for many different generalized linear

mixed model structures can now be implemented in SAS using the NLMIXED procedure.

Recently, Lesaffre and Spiessens (2001) tested out the Gauss-Hermite method (based on
Gaussian quadrature points) for a very simple example, and found that it gave valid results
only when a high number of quadrature points was used. They suggest that the adaptive
Gaussian quadrature procedure as implemented in the SAS procedure NLMIXED usually
works better, but that in their experience with even relatively simple models, convergence

to a global maximum can be difficult to obtain.

Through the use of the EM (Dempster, Laird and Rubin 1977) and Newton-Raphson (NR)
algorithms (Tanner 1991), and various simulation techniques (Metropolis-Hastings algo-
rithm, importance, rejection and Gibbs sampling), a number of methods were developed in
the 1990’s to obtain exact maximum likelihood estimates for both simple and more com-
plex generalized linear mixed models. Generally these methods are computationally very
demanding, and the availability of more powerful and cheaper computers has led to these
methods becoming popular in the fitting of generalized linear mixed models, although the

complexity of the programming involved is still daunting for most.

In 1994 McCulloch described a Monte-Carlo Expectation-Maximization algorithm (MCEM)
implementing Gibbs sampling that can handle simple and complex fixed and random ef-
fects structure, but is restricted to datasets that have a binary response with a probit link
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function. McCulloch extended this method in 1997 to a more general MCEM algorithm
that incorporates the Metropolis-Hastings algorithm, allowing for a broader range of link
functions and response distributions. In addition, McCulloch also proposed a Monte-Carlo
Newton-Raphson algorithm (MCNR), and adapted simulated maximum likelihood (SML)
methods (as developed by Geyer and Thompson (1992) and Gelfand and Carlin (1993)),
and also a hybrid algorithm combining MCNR and SML for use in at least some generalized

linear mixed models.

Booth and Hobert in their 1999 paper proposed two new implementations of the EM algo-
rithm for maximum likelihood fitting of generalized linear mixed models, which use rejection
and importance sampling. They suggest that their methods can be considerably more ef-
ficient than those based on Monte-Carlo Markov-chain algorithms, such as McCulloch’s
MCEM algorithm. However, they point out their methods may break down when the in-
tractable integrals in the likelihood are of a high dimension.

Geyer and Thompson (1992) and Gelfand and Carlin (1993) developed the use of simulation
to directly approximate the likelihood, described by Kuk and Cheng as the “functional
approach” (Kuk and Cheng 1999). These methods were applied in the context of generalized
linear mixed models by McCulloch (1997), who also compared them to his MCEM algorithm,
and found that this functional approximation approach often performed poorly. Kuk and
Cheng (1999) similarly compare these algorithms and describe the functional approach as

more ambitious, but giving an approximation which is local in nature.

Quintana, Liu et al. (1999) proposed a new Monte Carlo EM algorithm to compute maxi-
mum likelihood estimates in the context of random effects models. The algorithm involves
the construction of efficient sampling distributions for the Monte-Carlo implementation of
the E-step, together with a reweighting procedure that allows repeated use of a sample of
random effects. They tested their method on one simulated binomial dataset similar in

structure to one of McCulloch’s (1997) examples:

logit(pij) = PBzij +ui, where u; ~ iid N(0,0?).
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They suggested that the introduction of the reweighting step might represent considerable
savings in computational effort, compared with McCulloch’s algorithm.

Since then, other EM-type algorithms have also been developed. Van Dyk (2000) proposed
an approach involving two or more nestings of the EM algorithm that he found to be
computationally more efficient than the other Monte-Carlo approaches for at least one

generalized linear mixed model structure.

Molenberghs and Goetghebeur (1997) and Galecki, Ten Have et al. (2001) proposed a faster
alternative to available EM approaches under a multivariate generalized logistic model with

a composite link function, which may be useful in the generalized linear mixed model setting.

Currently these methods are not available in computer packages, except for adaptive quadra-
ture, which is available in the procedure NLMIXED in SAS for a range of generalized linear
mixed models. Computer code generated by researchers tends to be fairly specialized.

2.3.9 Iterative bias correction method

Kuk (1995) remarks that it is rather difficult to obtain asymptotically unbiased estimators
for general random effects models, and has developed a general method to adjust incon-
sistent estimators to result in estimators that are asymptotically unbiased. The method is
motivated by an iterative bias correction and does not require approximate linearization of
the model. He carried out a small simulation study to show that this method, which adjusts
initial estimates found using a method such as BLUP, can lead to estimates that are nearly
unbiased even for the variance components, and consistent, at least for a binary example
shown. For this example at least, Kuk’s estimates of the regression coefficients and variance
components are unbiased, and perform better than both McGilchrist’s approximate residual
maximum likelihood method, PQL and bias-corrected PQL (CPQL) methods. Kuk men-
tions that the tradeoff for correcting the downward bias of a2 is in 10-20% larger standard
errors, but in general, the standard errors appear comparable to other methods. Since the

publication of Kuk’s paper in 1995, a few researchers have applied this technique in certain
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fields. More detail is provided on Kuk’s method in Chapter 5.

2.3.10 Indirect inference method

A flexible approach, indirect inference, originally developed by Gourieroux, Monfort et al.
(1993), was recently extended for use in the generalized linear mixed model setting by Mealli
and Rampichini (1999). Estimation using the indirect inference method consists of two main
steps. In the first step, an approximated (auxiliary) model, chosen as it is easier to handle
than the original model, is used to derive estimates of some auxiliary parameters. In the
second step, simulations are used to correct the discrepancy of the auxiliary parameters
from the original ones. The simulations are run for the model of interest with fine tuning
of the parameters until the estimates of the auxiliary parameters using the simulated data
are close with regard to some defined criteria to those using the original dataset. Mealli
and Rampichini comment that indirect inference appears to be a more general procedure
that encompasses the iterative bias correction method. The performance of the indirect

inference method is discussed below in §2.4.6.

2.3.11 Approzimate method based on method of moments

Jiang (1998) developed a simple method based on simulated moments to estimate the re-
gression coefficients and variance components in a generalized linear mixed model. In the
method, a set of sufficient statistics is first found from the density function and a set of
estimating equations is then obtained by equating sample moments of the sufficient statis-
tics to their expectations. However, while the integrals involved with these expectations are
usually of much lower dimension (equalling the number of sources of random effects) than
those of integrals involved in the likelihood function, analytic evaluation of the integrals may
still not be feasible; thus simulated moments are used as an approximation. Jiang notes
that such a method has been studied in econometrics. The performance of this method is

discusssed below in §2.4.6.
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2.4 Sampling Performance of Different Estimation Techniques

2.4.1 Introduction

The use of generalized linear mixed models to model correlated data is growing in popularity.
However, to date, there has been limited investigation into the properties and performance of
the estimators for regression coefficients and variance components for the different methods
used in estimation for generalized linear mixed models. These methods include exact max-
imum likelihood methods such as McCulloch’s MCEM algorithm, approximate maximum

likelihood methods, and the iterative bias correction method.

While it is generally assumed that exact maximum likelihood estimates are asymptotically
unbiased, little is known about the performance of exact maximum likelihood in smaller to
moderate-sized samples, in the generalized linear mixed model setting. The same problems
occur in linear mixed models when the random effects are crossed. The lack of investiga-
tion generally can be attributed to the complexity and intractability of the mathematics
involved in attempting to prove results theoretically, and the intensity of the computing
effort required if simulation studies are used. As Millar and Willis (1999) aptly pointed
out, “in situations of small or moderate sample sizes there would be no guarantee that the
MLE’s had good properties and it would remain desirable to perform a simulation study,
but this would be computationally prohibitive”.

Furthermore, while approximate likelihood methods are attractive to use due to their com-
putational efficiency, the more thorough investigations that have been done on these meth-
ods suggests there can be serious bias present in the resulting estimates of the regression
coefficients and variance components. Other methods such as the iterative bias correction
method developed by Kuk have also been considered up to now to be computer intensive,

and consequently, little has been done to test their performance.

The following section presents an overview of work done to date in investigating the per-

formance properties of the commonly-used exact and approximate maximum likelihood
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methods, iterative bias correction, and to a lesser degreee, other methods such as Bayesian

methods, indirect inference, and Jiang’s method based on simulated moments.

2.4.2 Sampling performance of approzimate mazimum likelihood estimators

Out of all the methods currently used in fitting generalized linear mixed models, much of
the effort that has been spent in investigating the performance properties has focused on
approximate methods, due to the computational efficiency and availability of these methods
in SAS, Genstat and MLn. Researchers have especially looked at the modelling of correlated
data with a binary response variable, as this has many applications in research areas such

as animal breeding and medical studies.

In 1993, Breslow and Clayton applied PQL to the Crowder seed data (Crowder 1978). The
seed data, as described earlier in §2.3 consists of the outcome variable y; as the propor-
tion of seeds that germinated on plate ¢ (i = 1,...,,21), and two covariates: seed variety
(two types) and type of root extract (two types) arranged in a factorial design. The gen-

eralized linear mixed model used to account for the overdispersion present in the model was:
logit Pr(Y; = 1| w) = Bo + b1 * type; + B2 » extract; + u;.

Because of the simplicity of the model, Gaussian quadrature was also applied to get exact
maximum likelihood estimates. The parameter estimates and their standard errors from
this analysis as presented in Table 2.1 show some differences between the exact maximum
likelihood estimates and the PQL estimates, with the maximum likelihood estimate of the

variance component being 20% smaller.

Breslow and Clayton then went on to examine the effect of the size of the binomial de-
nominator on the estimated regression coefficients and variance components in two sets
of simulations for a simple correlated binomial data example. The data consisted of 100
clusters of 7 observations each, with 200 and 100 datasets, respectively, for the two sets of

simulations. The form of the model was:
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Table 2.1: Summary of seed data analysis results (Breslow and Clayton 1993).

Maximum
Parameter GLM PQL Likelihood
Bo -0.430 (0.114) | -0.375 (0.182) | -0.389 (0.166)
B -0.270 (0.155) | -0.363 (0.228) | -0.347 (0.215)
1.065 (0.144) | 1.012 (0.224) | 1.029 (0.205)
o - 0.352 (0.118) | 0.295 (0.112)
logit Pr(Yyj = 1| w) = Bo+ Bitj + Bozi + Bazitj + uf + ult;.

Different sets of simulations were carried out for the binomial denominators 1,2,4 and 8,
two covariates z; and t;, where z; = 1 for half the sample and 0 for the other half, and
tj=j—4for j =1,2,..7. The true regression coefficients used were (-2.5,1, -1, -0.5).
For the first set of simulations, the random effects were independently and identically dis-
tributed with covariance matrix D; (as shown below), while the second set of simulations

the random effects had dispersion matrix D2. The matrices D, and D; are:

10 050 O
Dl = and D2 = .
00 0 0.25

The results for the first set of simulations (with a single component of variance) showed that
the often substantial downward bias present in the estimated variance components for small
binomial denominators of 1 or 2, improved as the binomial denominator became larger,
and the bias present in all of the estimated regression coefficients for small denominators
showed some improvement as the binomial denominator increased to 8. A summary of
these simulation results, as presented in Breslow and Clayton (1993) is presented in Table

2.2 below. The results given are the average parameter estimates based on 200 replications
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for the first set of simulations, and 100 replications for the second set of simulations for each

binomial denominator.

Similar effects were seen for the second set of simulations where two variance components
were involved, with the serious downward bias in the variance components generally im-
proving as the binomial denominator increased, and similarly for the estimated regression

coefficients. These results also are summarised in Table 2.2 below.

Table 2.2: Results for Breslow and Clayton’s binary simulations using PQL.

Binomial denominator 0! o1 o2 Bo b B2 B3

First set of simulations based on D,

1 068 - - -231 0.93 -094 -042
2 079 - - -236 0.95 -090 -0.46
4 082 - - -2.38 096 -0.93 -0.46
8 090 - - -246 0.98 -0.94 -0.48
true value 100 - - -250 1.00 -1.00 -0.50

Second set of simulations based on D,

1 035 -0.05 0.15 -2.31 0.93 -0.94 -0.42
2 043 -0.04 0.17 -236 095 -0.90 -0.46
4 036 -0.00 020 -2.38 0.96 -0.93 -0.46
8 0.41 -0.01 022 -246 098 -094 -0.48

true value 050 0.00 025 -250 1.00 -1.00 -0.50

These approximate maximum likelihood methods are computationally efficient and in many
situations provide close to exact maximum likelihood estimates, especially when the true
distribution of the random eflects is normal, and when the variance components in a binary

response data situation are small. Unfortunately under other circumstances (such as when
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the data is binary and consists of matched pairs, the random effects have a large variance, or
the random effects do not follow a normal distribution), these methods can lead to estimates
of the 8 coefficients and variance components which are biased, often underestimating the
true values of the variance components (Engel and Buist 1998, Breslow and Lin 1995, Lin

and Breslow 1996, Booth and Hobert 1999, Aitken 1999, Rodriguez and Goldman 1995).

Neuhaus and Segal (1996) suggest the attentuation of the variance components closely corre-
sponds to what one may expect from fitting population-averaged models to non-continuous
correlated data. Breslow and Lin (1995) and Lin and Breslow (1996) made bias corrections
to the PQL method which greatly extend the range of parameter values for which the ap-
proximate estimation procedures have satisfactory asymptotic properties (Breslow and Lin
1995), while not completely reducing the bias in some situations (Neuhaus and Segal 1996).
Other researchers including Goldstein and Rashbash (1996) have also made improvements

to approximate maximum likelihood methods.

Some authors (Neuhaus and Segal 1996) consider that these approximate methods even with
bias corrections, may require modification before their asymptotic bias can be competitive
with more exact mixed effects model methods that provide consistent estimation. Engel
mentioned that the scope for reduction of bias in the estimation of heritability for binary
data in animal breeding is thought to be slim (Engel 1998, Engel and Buist 1998). Many
authors (Booth and Hobert 1999, Engel 1998) have considered that the relative simplicity
of the PQL (or IRREML) approaches keep these as attractive alternatives when compared

to the more computer intensive exact maximum likelihood methods.

The estimating equations that the PQL method is based upon are the REML (Residual
or Restricted Maximum Likelihood) equations under the normal theory linear model, and
consequently, as Breslow and Clayton remark, the PQL approximations are likely to improve
as the individual y; become more normally distributed, such as when the denominator of a
binomial proportion increases (as was seen in the above simulation studies), or the mean of
Poisson observations increases. Overall, Breslow and Clayton comment that the simulation

results were encouraging as regards the ability of PQL to render approximately correct
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inferences on regression coefficients in hierarchical models. However, they found that bias

in the parameter estimates was an issue, particularly when the binomial denominator was
small.

In 1994 McGilchrist developed a method for estimation in generalized linear mixed models
that extended the best linear unbiased predictor (BLUP) methods of Henderson (1963). The
idea is to use BLUP to obtain approximate maximum likelihood estimates of the regression
coefficients and variance components for data that are correlated and non-continuous. While
McGilchrist’s intention was not to do extensive simulations, he carried out two small simula-
tion studies on a binomial-logit model of 30 observations to compare the performance of his
two methods, the above mentioned approximate maximum likelihood method (McGilchrist-
1), and a method based on the full likelihood of the data (McGilchrist-2), increasing the
value of the variance component between the two sets of simulations (each consisting of 100

datasets) from 1.0 to 2.0. The form of this model was:

logit Pr(Y = 1 | u) = X8 + Zu,

where u = (uy,us, ..., u1s) are iid N(0,0%). A summary of the results from his simula-
tion studies are presented in Table 2.3. As can be seen from this table, the approximate
maximum likelihood estimates (McGilchrist-1) of the variance components were less biased
than the estimates from McGilchrist’s other method in both sets of simulations. For both
McGilchrist’s approximate maximum likelihood method and his other method based on the
full likelihood (McGilchrist-2), the regression parameters Sy and $) are estimated in the
same way, but differ slightly in the results due to the different estimates of 02 produced.
When the value of the variance is increased from 1.0 to 2.0, the bias appears to worsen,
though it is difficult to draw any firm conclusions based on one hundred simulations for
each set.



Table 2.3: Results for McGilchrist’s binary simulations.
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Average estimated parameter values (se’s)
Simulation set | Method o2 Bo B

Set 1: McGilchrist-2 | 0.705 (0.439) 0.249 (0.309) 0.100 (0.037)
McGilchrist-1 | 0.907 (0.540) 0.253 (0.314) 0.101 (0.038)

True value 1.000 0.200 0.100
Set 2: McGilchrist-2 | 1.336 (0.640) 0.109 (0.343) 0.097 (0.048)
McGilchrist-1 | 1.681 (0.795) 0.111 (0.350) 0.099 (0.049)

True value 2.000 0.200 0.100

2.4.3 Sampling performance of bias-corrected approzimate mazimum likelihood estimators

After the recognition of the often substantial bias present in the PQL method, Breslow and
Lin developed the PQL method further. They published three papers on their corrected
PQL (CPQL) methods, the first in 1995 for generalized linear mixed models with a single
component of variance (Breslow and Lin 1995), another in 1996 for generalized linear mixed
models with multiple sets of random effects (Lin and Breslow 1996a), and a third paper
(Lin and Breslow 1996b) describing the PQL correction procedure for analysis of correlated
binary data in logistic-normal models, and a comparison with a Bayesian Gibbs sampling
approach. In their 1995 paper, Breslow and Lin derive general expressions for the asymptotic
bias present in the PQL estimators of the regression coefficients and variance component
for a generalized linear mixed model with a single component of variance, along with other
approximate estimators (Solomon and Cox 1992, Liu and Pierce 1993) which involve first
and second-order Laplace expansions of the integrated likelihood for use in inference on the

odds ratio in a simple random effects model for a series of two by two tables.

The bias present in the estimated regression coefficients, as o2 goes to zero, is of the order a2
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for PQL, of the order (¢2)2 for the first-order Laplace and Solomon-Cox methods, while of a
smaller magnitude for the second-order Laplace and Solomon-Cox methods. The corrected
PQL method (CPQL) involves subtracting the linear bias term from the estimated regression
coefficients. Performance of the corrected PQL method can be summarized as follows: for
o? less than 0.5, there is little bias in the regression coefficients (also true for uncorrected
PQL and first-order Laplace methods, with slightly greater bias for the first and second-
order Solomon-Cox estimators). With regard to the variance components, CPQL (and the
second-order Laplace method) worked quite well for o less than 0.5. It should be observed
that these results were noted for correlated binary data in a small range of regression
coefficients and variance component values. Breslow and Lin comment that the correlated
data problem for which the numerical work was carried out could be considered close to a
“worst case scenario” for approximate procedures, due to success probabilities being close
to 0 or 1, and that substantially better performance can be expected when larger binomial

denominators are used.

The 1996 paper by Lin and Breslow focused on correcting the PQL method for generalized
linear mixed models with multiple sets of random effects. Instead of a correction factor as
for a single component of variance, a correction matrix was developed. Numerical results
for the matched pairs correlated data problem suggested that CPQL often overcompen-
sated for the bias in the estimated regression coefficients, especially for moderate values
of these and the dispersion parameter. Aside from comparing the CPQL method to other
previously reported analyses on a well-known salamander dataset involving crossed effects,
Lin and Breslow carried out some simulation studies comparing the various PQL methods
and REML for 1000 simulations based on the salamander data for two different sample
sizes, n = 360 and n = 720, and two sets of variance components, (¢%,02,) = (0.5,0.5) and

(a}, 02,) = (1.69,1.50). The logit model used for the simulations takes the form

logit P (yi; = 1| uf,uP) = zfB+uf +uP, with i,j=1,...,60,
8 = (1.06, —3.05, —0.72,3.77).

Table 2.4 below presents the results from these simulations under the different approximate



methods used.

Table 2.4: Results for Lin and Breslow’s salamander data simulations.

Average estimated parameter values

Sample size | Method of o3 bBo B B2 B3
n=2360 |PQL 033 032 094 -2.73 -0.64 3.38
PQL with CPQL 02 | 0.46 0.46 0.96 -2.78 -0.66 3.44
First-order CPQL 046 046 1.17 -3.31 -0.79 4.11
Second-order CPQL | 0.46 0.46 1.01 -2.95 -0.69 3.65
REML 055 0.54 1.09 -3.14 -0.74 3.88
n=720 | PQL 030 0.29 092 -2.66 -0.62 3.29
PQL with CPQL 02 { 0.43 0.42 094 -2.71 -0.63 3.35
First-order CPQL 043 0.42 113 -321 -0.76 3.97
Second-order CPQL | 0.43 0.42 101 -294 -0.69 3.64
REML 0.52 0.51 1.06 -3.06 -0.71 3.79
True value 0.50 0.50 1.06 -3.05 -0.72 3.77
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The above table suggests that any of the corrected PQL methods work fairly well when esti-

mating the variance components, while PQL is seriously biased as expected when the sample

size is n = 360. When the sample size is doubled to n = 720, the bias seen in the variance

components for each of the PQL methods becomes slightly worse. The REML estimates

of variance components are almost unbiased overall, but have much larger mean-squared

errors attached to them than the PQL variance component estimates. The estimated regres-

sion coefficients are really only reasonably estimated by the second-order CPQL method,

while the other PQL methods lead to fairly biased estimates. The REML method slightly

overestimated the regression coefficients. When the variance components are increased to

(02,0%) = (1.69,1.50), both the first-order and second-order CPQL methods failed, and Lin



34

and Breslow recommend using only the CPQL version of the variance components with the

original PQL method to estimate the regression coefficients.

Lin and Breslow (1996b) carried out extensive simulation studies of 200 datasets each on
binary observations with one hundred clusters of seven observations each for different bino-

mial denominators m = 1 and 8. The model used is:

logit Pr(Y;; = 1| uw) = fo+ Bitj + Bozi + Bazxit; + u;,

where t; = j —4 for j = 1,..,7, and z; = 0 for half of the sample and 1 for the other half.
Several tables of results are presented in the paper. A sample of some of the results is as

follows:

Table 2.5: Average parameter estimates for a binomial model (Lin and Breslow 1996b).

Parameter o? Bo B B2 Bs
m | true value 1.00 | -2.50 1.00 | -1.00 | 0.50
PQL 0.66 -2.28 0.93 | -0.89 0.43
PQL(0%pq;) | 0.88 | -232 | 094 | -0.90 | 0.44
1 | Ist CPQL 0.88 -2.66 1.08 -1.03 0.51
2nd CPQL 0.88 -240 | 097 | -1.00 0.49

Gibbs Sampler | 1.21 -267 | 1.07 | -0.96 0.49

PQL 092 | 243 | 098 | -0.97 | 048
8 | PQL(0%pg,) | 095 | -243 | 098 | -097 | 0.48
1st CPQL 095 | -281 | 113 | -1.12 | 0.57
2nd CPQL 095 | -0.62 | 027 | -0.90 | 0.37

Lin and Breslow concluded from this paper that the correction works best when the variance
components are small and the sample size is reasonably large. Both first- and second-order

corrections reduce the bias in the PQL regression coefficient estimators for small values of



the variance components, especially when the values of the regression coefficients are large
and the data binary. The first-order correction often overcompensates slightly for the bias
in the PQL regression coefficient estimators. Both corrections, especially the second-order

one, break down for large variance components and large binomial denominators (see last
line of Table 2.5).

2.4.4 Sampling performance of approrimate mazrimum likelihood methods by other authors

Other authors have carried out simulation studies to compare a range of methods. Goldstein
and Rasbash (1996) carried out a simulation study of 200 datasets on a binary data model

with two separate random effects, and three nested levels for the model as follows

logit pijk = Bo + B1T1ijk + B2T2jk + B3T3k + ujk + uk,  where

ujx ~ N(0,02,) and

ug ~ N(0, 0,2,3)

to compare the performance of MQL (marginal quasi-likelihood) with first- and second-order
corrected PQL. MQL is a method described by Breslow and Clayton (1993) alongside PQL
which is helpful to calculate estimates of covariate effects on population averages rather than
specific subjects. The main difference between the two methods is that the MQL estimating
equations do not contain the random effects terms in the linear predictor, while the PQL

estimating equations do.

The results are given in the table below. Goldstein and Rasbash found that second-order
corrected PQL outperformed the first-order corrected PQL and MQL methods in terms of

bias but not standard errors, and the variance components' still showed some negative bias.

An earlier study carried out by Rodriguez and Goldman (1995) examined binary data models

using a large number of simulations with varying hierarchical data structures. Their results
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Table 2.6: Summary of Goldstein and Rasbash (1996) results.

Parameter | True value MQL CPQL (1st-order) | CPQL (2nd-order)
Bo 0.665 0.512 (0.010) 0.548 (0.011) 0.660 (0.014)
B 1.0 0.738 (0.012) 0.795 (0.013) 0.965 (0.015)
B2 1.0 0.745 (0.006) 0.805 (0.006) 0.968 (0.008)
Ba 1.0 0.767 (0.014) 0.837 (0.015) 1.002 (0.019)
Ou,y 1.0 0.119 (0.010) 0.457 (0.006) 0.802 (0.011)
Ous 1.0 0.748 (0.004) 0.800 (0.005) 0.968 (0.007)

revealed substantial biases in the estimates of the fixed effects and the variance components
or both whenever the random effects were sufficiently large, or the number of observations

within a given level of clustering was small.

Engel and Buist (1998) carried out simulation studies on a binary data model in the context
of an animal breeding study to investigate the performance of the approximate maximum
likelihood method IRREML, corrected and uncorrected for bias, and a third method using
alternative weights within the IRREML algorithm. Corrected and uncorrected IRREML
procedures worked very well when large numbers of sires and offspring per sire were included
in the model, while more bias was present for a moderate number of fixed effects. Engel
and Buist suggest that for many statistical problems with a relatively small number of fixed
effects and a large number of random effects, the Breslow and Lin correction factor is a
useful asset. However, in animal breeding studies where large numbers of fixed effects are

common, the correction factor seems to be of limited use.

Neuhaus and Segal (1996) investigated the performance of approximate maximum likelihood
for a matched pairs data example based on pulmonary function using a binomial model,
where the goal of the analysis was to examine whether an individual’s propensity to ex-

perience respiratory symptoms changed with exposure to ozone. The bias-corrected PQL
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estimates are the closest to the true maximum likelihood estimates (found using EGRET),

but are attenuated. In this matched-pairs example, PQL exhibits substantial bias for the

variance component.

Table 2.7: Approximate maximum likelihood results for a study of ozone exposure on res-

piratory morbidity.

Maximum
Parameter Likelihood PQL CPQL
Bo -2.69 (0.79) | -1.52 (0.34) | -1.92
B 1.61 (0.63) | 0.93 (0.40) | 1.15
a? 6.78 1.26
p 0.44

A study carried out by Sutradhar and Qu (1998) compared three approaches for the analysis
of a count data set, a refreshing change from the more commonly-seen binomial data models.
The three approaches are PQL, a proposed likelihood method based on a small o2-based
approximate likelihood function, and methods of Waclawiw and Liang (1993) based on so-
called Stein-type estimating functions. Fairly extensive simulations were carried out for two
different cluster sizes, four and six, and a range of 02 values from 0.1 to 1.0. The results
for their example demonstrate that the fixed effects are estimated similarly well by all
three methods. The variance components are estimated with least bias, with the proposed

likelihood approximation method exhibiting the least bias, and the Waclawiw approach
being the most biased.

PQL and other approximate procedures are proving to be popular methods for estimating
parameters in the generalized linear mixed model setting, especially as they are significantly

more computer efficient, provide good estimates in many situations, and can be fairly simple

to program.
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2.4.5 Sampling performance of ezact mazimum likelihood methods
In his 1997 paper, McCulloch simulated one hundred datasets for a binary data model, and
compared his regression coefficient and variance component estimates using the methods

described above with those using PQL. The model used was:

logit(pij) = fo+ 5117"]' + u;, where u; ~ iid N(O, 02).

These results are summarized in Table 2.5.

Table 2.8: Results for McCulloch’s (1997) binary simulations.

Average estimated parameter values

(standard errors)

Method o? B
PQL 0.96 (0.13) 4.630 (0.05)
MCEM 1.41 (0.07) 4.990 (0.01)
MCNR 1.39 (0.09) 4.990 (0.02)
SML 1.14 (0.15) 4.420 (0.05)
MCNR + SML (hybrid) | 1.41 (0.09) 4.446 (0.02)
MCNR + 2SML (hybrid) | 1.42 (0.10) 4.443 (0.02)
True value 1.50 5.000

These simulation results suggest that while PQL is biased in an attenuated manner for both
the beta coefficients and variance component, the MCEM and MCNR algorithms, which
are close to the exact maximum likelihood estimates (allowing for Monte-Carlo error), are
less biased and also have smaller standard errors. The SML and hybrid methods do not

appear to contribute any improvement over the MCEM and MCNR estimation procedures.
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2.4.6 Sampling performance of the iterative bias correction method and other methods

Kuk’s original paper (1995) described the iterative bias correction method with BLUP used
for estimation of starting values. A binomial example given in McGilchrist (1994) was
used in Kuk’s paper. This example is based on a simulation study involving 200 sets of
simulations. The results are presented in Table 2.12 along with McGilchrist’s and Jiang's
results. The IBC method yielded less biased results than both of McGilchrist’s methods for

the variance component o2, and close to unbiased estimates for the regression coefficients.

Goldstein also carried out some small simulation studies consisting of one hundred datasets

in his paper (Goldstein 1995) for the binomial model

logit(pi;) = Bo + Bizi; + ui, where u; ~ iid N(0, a?)

while comparing the performance of the iterative bias correction method, available in the
advocated computer package MLn, with other currently available methods including first-
and second-order PQL and MQL. The true parameter values are all equal to 1. The results
are presented in Table 2.9. In this example, the IBC estimates are the least biased with
similar standard errors to the other methods. The parameter estimates calculated using

second-order PQL were only slightly more biased than those for IBC.

Table 2.9: Average parameter estimates for a binomial data model using MQL, PQL and
IBC (Goldstein 1996). Standard errors are given in parentheses.

True | 1st-order 1st-order | 2nd-order Kuk’s

Parameter | value MQL PQL PQL IBC
Bo 1 0.89 (0.03) | 0.88 (0.03) | 1.07 (0.04) | 1.05 (0.04)
5 1 0.91 (0.03) | 0.88 (0.03) | 1.10 (0.04) | 1.07 (0.04)
a? 1 0.49 (0.03) | 0.49 (0.04) | 0.93 (0.07) | 0.98 (0.06)

Moreno, Sorensen et al. (1997) compared the use of Kuk’s iterative bootstrap bias correction
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method, in conjunction with using the mode of the joint posterior distribution for the initial
estimates, with two other methods in a simulation study. The study was conducted to
study frequentist properties of three estimators of the variance component in a binary data
model based on animal breeding. They found that the iterative bootstrap bias correction
method, in contrast to a method based on Gibbs sampling, leads to unbiased estimates
of the variance components in all cases studied as shown in Table 2.10 below, but also
found that the iterative bias correction method can lead to estimates that fall outside the

parameter space.

Table 2.10: Results for Moreno and Sorensen’s (1997) data simulations. (Mean-squared
errors are given in parentheses).

Average estimated parameter values

No. of No. of True Gibbs sampler

fixed levels | random levels | variance | Kuk’s method (m.s.e) method (m.s.e)

100 500 0.2 0.204 (0.0051) 0.211 (0.0041)
100 500 0.5 0.512 (0.0074) 0.503 (0.0850)
900 250 0.2 0.177 (0.0065) 0.221 (0.0053)
900 250 0.5 0.479 (0.0128) 0.475 (0.0128)
500 250 0.5 0.496 (0.0757) 0.743 (0.1976)

Recently, Mealli and Rampichini (1999) carried out a simulation study comparing four meth-
ods: MQL, indirect inference, IBC and CPQL. Their model was a two-level logit model with
a single variance component. Four scenarios were examined, for 1000 subjects, split into
either K = 200 subjects with 5 observations each, or K = 50 subjects with 20 observations
each, at two different variance component values, 02 = 0.5 and 1.0. The random effects u;
were distributed as N(0,02). One hundred simulations were carried out for each scenario.

The model was:
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logit Pr(Yie = 1| ux) = Bo+ Bizix + u.

The results are presented in Table 2.11.

Table 2.11: Average parameter estimates and Monte-Carlo standard errors in parentheses
for Mealli and Rampichini’s (1999) simulations.

Average estimated parameter values (se’s)
Cluster Para- | True Indirect Iterative

sizes meter | value MQL inference bootstrap CPQL
Bo 1 0.836 (0.14) 0.987 (0.19) 1.012 (0.16) 0.990 (0.16)
50 subjects /1 1 0.856 (0.08) 1.002 (0.11) 1.024 (0.11) 1.009 (0.10)
n=20 a? 1 0.695 (0.17) 1.049 (0.36) 1.119 (0.32) 0.993 (0.31)
per subject Bo 1 0.933 (0.13) 1.026 (0.16) 1.027 (0.14) 1.025 (0.14)
b 1 0.932 (0.08) 1.020 (0.10) 1.019 (0.10) 1.002 (0.11)
a? 0.5 | 0.406 (0.12) 0.520 (0.22) 0.335 (0.20) 0.499 (0.19)
Bo 1 0.860 (0.09) 0.985 (0.11) 1.020 (0.11) 1.001 (0.11)
200 subjects | (3 1 0.856 (0.09) 1.007 (0.11) 1.005 (0.11) 0.985 (0.11)
n=35 a? 1 0.571 (0.14) 1.024 (0.15) 1.007 (0.32) 0.875 (0.29)
per subject Bo 1 0.870 (0.07) 0.960 (0.09) 0.962 (0.11) 0.950 (0.10)
o 1 0.888 (0.07) 0.960 (0.09) 0.976 (0.09) 0.957 (0.09)
a2 0.5 | 0.321 (0.14) 0.520 (0.28) 0.515 (0.28) 0.424 (0.23)

These results suggest that the three methods, indirect inference, iterative bootstrap, and
PQL all perform similarly well for the first two scenarios, with the variance components
being more biased in estimation by PQL in the second two sets of simulations when there

are only 5 observations per each of 200 subjects.
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Jiang (1998), in testing his simple method based on simulated moments, carried out some
simulation studies using the same data structures as McGilchrist (1994) and Lin and Breslow

(1996). These results are presented in Tables 2.12 and 2.13, respectively.

Table 2.12: Results for McGilchrist (1994), Kuk (1995) and Jiang’s (1998) binary simula-
tions.

Average estimated parameter values

Simulation set | Method o? Bo B
Set 1: McGilchrist-2 | 0.705 (0.439) 0.249 (0.309) 0.100 (0.037)
McGilchrist-1 | 0.907 (0.540) 0.253 (0.314) 0.101 (0.038)
Kuk (1995) | 0.992 (0.603) 0.194 (0.263) 0.100 (0.035)
Jiang (1998) 0.953 0.197 0.101
True value 1.000 0.200 0.100
Set 2: McGilchrist-2 | 1.336 (0.640) 0.109 (0.343) 0.097 (0.048)

McGilchrist-1 | 1.681 (0.795) 0.111 (0.350) 0.099 (0.049)
Kuk (1995) 1.904 (0.955( 0.204 (0.364) 0.100 (0.045)
Jiang (1998) 1.979 0.180 0.104
True value 2.000 0.200 0.100

Inspection of Jiang’s results for the McGilchrist model suggest that Jiang’s method performs
better with respect to bias than McGilchrist’s methods, but not quite as well as Kuk’s new
method. For the salamander dataset simulations, Jiang’s variance component estimates
are seriously biased. However, the regression coefficient estimates are practically unbiased,
and performed better than the CPQL methods, but had larger standard errors attached to
them. Jiang points out that a motivation for his method is its computational efficiency, and
in addition, the improvement seen in the performance of the estimators, considering both

bias and standard errors as the sample size increases.

Neuhaus and Lesperance (1996) looked at the estimation problem from a different perspec-
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Table 2.13: Results for Lin and Breslow’s (1996b) salamander data simulations.

Average estimated parameter values

Sample size | Method a2 a2 B B B2 B3

n=2360 |PQL 033 032 094 -2.73 -0.64 3.38
PQL with 62.q, 046 046 096 -2.78 -0.66 3.4
First-order CPQL | 0.46 0.46 1.17 -3.31 -0.79 4.11
Second-order CPQL | 0.46 046 1.01 -2.95 -0.69 3.65

Jiang (1998) 0.58 0.59 1.07 -3.13 -0.73 3.87
REML 055 054 1.09 -3.14 -0.74 3.88
n =720 PQL 030 0.29 092 -2.66 -0.62 3.29

PQL with 02,q, 043 042 094 -271 -0.63 3.35
First-order CPQL | 043 042 113 -3.21 -0.76 3.97
Second-order CPQL | 0.43 0.42 101 -2.94 -0.69 3.64

Jiang (1998) 049 049 1.05 -3.05 -0.73 3.79
REML 0.52 051 1.06 -3.06 -0.71 3.79
True value 0.50 0.50 1.06 -3.05 -0.72 3.77

tive, and investigated the efficiency of likelihood methods using simulation for estimating
the regression parameters of mixed effects logistic regression models for three approaches.
These are: a conditional likelihood approach, a parametric approach with the random effects
distribution assuming a parametric form, and a non-parametric approach where the ran-
dom effects distribution is left unspecified. Neuhaus and Lesperance simulated 200 datasets
of 200 pairs of binary data according to a mixed effects model with a range of values for
within-pair correlation of the covariate p; = corr(X;;, Xi2) for the ith cluster. The model

took the following form:



lOgit P (}’ij =1 [ Xijvu'l ﬂ) = 130 + ﬂlxij + uj, with ﬂ = 1.0,
u; ~ Normal(0, 4).

They found that the conditional likelihood approach provides more variable estimators
of B than the parametric and non-parametric approaches for all values of the correlation

coefficient, and the observed efficiency decreased as the correlation increased.

The above analyses by a range of different researchers has shown some investigation into
the properties of approximate maximum likelihood estimates with regard to changing the
sample size and variance components, though only in a correlated binary data setting. Little
has been done on examining the properties of exact maximum likelihood estimates at all.
It is clear that the new methods by Kuk and Jiang may hold some potential for providing
unbiased estimation. These methods would need to be examined for a wider range of gen-

eralized linear mixed model structures.

2.5 Motivating Example

2.5.1 Polio incidence data

In 1988 Zeger reported an analysis of the monthly number of cases of poliomyelitis for the
years 1970 — 1983 (as collected by the U.S. Centers for Disease Control). One central idea in
modelling this sequence was detection of a possible decreasing trend over time. Zeger used
an estimating equation approach analogous to quasi-likelihood to estimate the regression
coefficients in a regression model for this time series of count data. His initial analysis has
since sparked a great deal of interest in this particular dataset, and since the publication
of the 1988 paper, a number of researchers including Wang and Puterman (2001), Davis,
Dunsmuir and Ying Wang (2000), Kuk and Cheng (1999), Chan and Ledolter (1995) have
also analyzed the data using a variety of modelling techniques.

The data as reported by Zeger (1988) are listed in Appendix A, and are displayed in Figure

2.3. The random effects were modelled assuming a normal autoregressive structure with a
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lag of 1, i.e. an AR(1) process {u,} satisfying

8 10 12 14

6

Monthly count

o ] A}
°-
1970 1972 1974 1976 1978 1960 1982
Time

Figure 2.3: Monthly counts of polio in the USA 1970-1983.

U = pue_ + € where ¢ ~ iid Normal (0, 02),

t=1,2,...,168,

with the correlation coefficient p assumed to remain constant over the time period, and the

time series to come from a stationary process. In addition, the observations y; are assumed

to be conditionally independent, i.e.,

ye|ue ~ Poisson(u,),

where

logpe = z(B+uy,

with the time trend and seasonality in the data modelled by linear and trigonometric com-

ponents as follows:
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It is also assumed that the distribution of the random effects u, does not depend on z;. The
likelihood function for this data does not have a simple closed form, due to the unobserved
random effects and intractable integrals which leads to difficulty in finding the form of the
marginal likelihood. The density function for a single response y is

fly:0) = f £(y, u; 8) du

[ £(y] u; 8) h(u; 6) du

= / elvlogu—u—logy'} \/51;;5 e-;f:; du.
Zeger’s modelling of the data involved an estimating equation approach, a time-series ana-
logue of quasi-likelihood as discussed by McCullagh (1983). The estimating equations are
shown in Zeger (1988). Both Kuk and Cheng (1999), and Chan and Ledolter (1995) used
Monte-Carlo Markov chain methods to fit the above latent process model to the data. Gibbs
sampling was used by both groups to simulate random effect vectors u(!),...,u(N) (where
N is the number of Monte-Carlo simulations used), and a one-step MCEM algorithm was
used to get the maximum likelihood parameter estimates. Both groups used an ordinary
Poisson generalized linear model fit for the starting value for 3 and initial values of p and

o? were 0 and 1.0, respectively.

Wang and Puterman (2001) used a Markov Poisson regression method in which the coeffi-
cient vector 8 depends on the state of an unobserved stationary Markov chain with a finite
number of states. Davis, Dunsmuir and Wang (2000) used the polio data to illustrate results
from a newly-developed approach to diagnose the existence of a latent stochastic process in
the mean of a Poisson regression model. The results from the different approaches for the

original polio dataset are displayed in Chapter 6.
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At present, procedures available in SAS such as NLMIXED and GLIMMIX are unable to

model the specialized correlation structure present in a single time series dataset.
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Chapter 3

EXACT MAXIMUM LIKELIHOOD ESTIMATION IN GENERALIZED
LINEAR MIXED MODELS

3.1 Fitting Generalized Linear Mixed Models using Exact Maximum Likeli-
hood Methods

A number of algorithms have been developed to find exact maximum likelihood estimates
for generalized linear mixed models. These include an MCEM algorithm developed by
McCulloch (1997), as described in §2.3.5, and also an MCEM algorithm developed by Kuk
and Cheng (1997, 1999). Before describing the algorithms in more detail, it will be helpful

to establish some notation that will be used throughout the remaining work.

3.1.1 Some notation

Let f(yi|wu;®0) be the conditional density of the observed data y; given the unobserved ran-

dom effects, where y; comes from an exponential family distribution,

f(yilui;0) = ezp {y'—"'a%("') + C(yi,ab)} :

for canonical parameter 7;, given by 7; = z!5+u;, cumulant function b(;), dispersion param-
eter a(¢) and 0 = (8, D, ¢). Some examples of exponential family distributions commonly
used in generalized linear mixed models include the normal, binomial and Poisson distribu-
tions with their canonical link functions, as outlined in the following table (McCullagh and
Nelder 1989).
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Table 3.1: Exponential family distributions commonly used in GLMM'’s.

Response data y 1 b(n) a(¢) u(n) (y, 9)
normal identity n? a? n —%(V‘; + log(27¢))
Binomial log(t£;) log(l+e€") 5 log(Z)
Poisson log exp(n) 1 exp(n) —log y!

The marginal likelihood function based on the observed data y can be obtained by integrat-

ing out the unobserved random effects u from the joint density function f(y,u; 6):

L, y) = / f(y, u; 0) du = [ £yl u; 8) hu; ) du, (3.1)

where h(u; 6) is the density function of the random effects, and f(y|u; 8) = [Ti, f(vil u;0).

The forms of the log likelihood function and its derivatives, as based on Equation (3.1) above

are:
l(6,y) = log L(6; y)
I'(6;y) = vector of first derivatives of /(8;y) with respect to the components of §
= E{l'(6;y,u)|ly,0} (Kuk and Cheng 1999)
I"(6;y) = matrix of second derivatives of [(8;y) with respect to the components of 6

= E{l"(6;y,u)ly,0} + E{I'(8;y,u) *(6;y,u)|y; 0} — I'(6; 1) I'(6; y)-

3.1.2 The MCEM algorithm

The general MCEM algorithm (McCulloch 1994, 1997) is a Monte-Carlo implementation
of the EM algorithm developed by Dempster, Laird and Rubin in 1977, which is used for
finding exact maximum likelihood estimates. It has been successfully used in a wide variety

of situations.
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The EM algorithm is particularly well-suited to research problems where there is incomplete
data (Dempster, Laird and Rubin 1977, Louis 1982) and it is difficult to maximize the
observed log likelihood function directly, whereas the log likelihood function based on the
complete data can be maximized easily (Kuk and Cheng 1997). The unobserved random
effects, u, in generalized linear mixed models can be formulated as the missing data, with
the complete data as W = (y, u), so the EM algorithm is especially appropriate for fitting

these models.

A variant of the MCEM algorithm was proposed by Lange (1995) which avoids the usual
EM iterations within iterations by carrying out a one-step EM procedure. He proved that
his algorithm is locally equivalent to the conventional EM algorithm (Kuk and Cheng 1999).

The vector of parameters is defined as § = (8, D, ¢), consisting of the regression coeffi-
cients, variance components and dispersion parameter, respectively. The general structure
of the Monte-Carlo EM algorithm for finding the exact maximum likelihood estimates for

generalized linear mixed models is as follows:

Step (1). Choose starting values 8(0) = (39, D0 4(0)) Set the iteration number m = 0.

Step (2). Simulate the random effects vectors u(!),...,u(") from their conditional density

f(u] y,6(™) (described in more detail below).

Step (3). E-step:

Given 8(™) the current estimate of the parameter vector 8, the conditional expected

value of the complete data log-likelihood is obtained as follows:
Q. 6™) = E[16; W) |5:6™] = [ 1665 y,u) f(u|3:6™) a
where (0, y,u) = log f(u,y; 6).

Step (4). M-step:
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In this step, Q(8, 8™) = E[I(8; W) |y; 8(™)] is maximized as a function of 6 to obtain
the updated parameter estimate vector 6(™+1). With the exclusion of the simplest
forms of GLMM'’s, the expectation cannot be computed in closed form due to the high
dimensionality of the integrals involved in the above expression. When the expectation
cannot be carried out analytically, the following Monte-Carlo approximation can be

used:
L
A gim)y _— . ()
QB 6™y = % ; 1(; y,ud), (32)
where N is the number of Monte-Carlo simulations carried out and the random effects

vectors ul)’s are generated in Step (2). This approximation can be maximized by a

single Newton iteration, following the spirit of the EM-gradient algorithm:
EM Gradient (Lange’s):
Gm) = G — (30,6l pogim)” @06 g om
= 6™ (R PE™ ),
where the following Monte-Carlo approximations are used:

N

~ - — 1 - .

’ (m)y = jra(m). - 1ca(m). ()]
Q'(8,6™) = P(6™; y) N?:;"” » y,uY) and

N
Q@m0 = ~hi= £ 3 PE™;y,u0).
j=1

It is also useful to define I» here for use in the next section:

N
L = %Z 1(@™;y,ul)) 1480y, u®) — P(60™;y) I4(6™; y)
i=1

Set m =m + 1.
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Step (5). Compare the (old) 6(™) with the (new) (™+1)_ If convergence is achieved, §(™+1!)

is declared the maximum likelihood estimator; otherwise return to step 2.

McCulloch (1997) shows how the log-likelihood function of the complete data f(u,y; 8) can
be split into two parts: the first part involving only the regression coefficients, f(y|u, 8, ¢),
and the second involving only the variance component(s), f(u|D). This can make the max-
imization problem simpler in Step (4) (the M-step), especially for more complex random
effect structures. The EM Gradient equation for 8(™+1) as displayed in Step (4) can be used
to maximize the log likelihood with respect to 3. Closed form maximum likelihood equa-
tions can be used for estimating the variance components, or a Newton-Raphson algorithm

may be used when closed form solutions do not exist. For the seed data, for example, where

u; ~ Normal(0, D),

3.1.3 The MCNR algorithm

The general Monte-Carlo Newton-Raphson method (MCNR) (Burden and Faires 1985, Tan-
ner 1991, Penttinen 1984), which is a Monte-Carlo implementation of the Newton-Raphson
procedure, is considered to be a viable alternative for fitting generalized linear mixed mod-
els because it has a faster rate of convergence than the MCEM algorithm (Kuk and Cheng
1999). However, the MCNR algorithm can also behave erratically and is less stable generally
due to the use of the Monte Carlo gradient vector and Hessian matrix —i"(6,y) = I, — I>
which is sometimes not positive definite. Kuk and Cheng (1997) suggested a half-stepping
procedure to help provide stability in fitting generalized linear mixed models, which they

found to perform quite well.

The basic structure of the Monte_-Ca.rlo NR algorithm for finding the exact maximum like-
lihood estimates for generalized linear mixed models is as follows. It is very similar to the
EM procedure above:



Step (1). Choose starting values (%) = (80, D(0) | 4(0)) Set the iteration number m = 0.
Step (2). Simulate the random effects u(!, ..., u(") from their conditional density f(uly, 8™)).

Step (3). The analytical form of a Newton-Raphson iteration is given by:
Newton-Raphson: (™t = §(m) _ {7(§(m); )} =1 ['(6(™); y)

The Monte-Carlo Newton-Raphson procedure is an approximation of the analytical form
of the Newton—-Raphson procedure that is used when we cannot evaluate analytically the
conditional expectations [”(6(™); y) and !'(§(™); y) in the above expression. The following

Monte-Carlo approximation can be used:
{"e™; 9}y =h-h
leading to the following Monte-Carlo form of the Newton-Raphson iteration:
Newton-Raphson: 6™+ = §m) 4 ([, — )~ I"(6(™); y)
Setm=m+1.

Step (4). Compare the (old) (™) with the (new) 6(™+1)_ If convergence is achieved, §(™+1)

is declared the maximum likelihood estimator; otherwise return to step 2.

As can be seen, the MCEM and MCNR algorithms actually lead to very similar proce-
dures for finding the maximum likelihood estimates in a generalized linear mixed model. A
comprehensive outline of the relationships between the various Monte-Carlo techniques was

given by Kuk and Cheng (1999), and is presented in Figure 3.1.

The iterative Monte-Carlo likelihood approach was proposed by Geyer and Thompson
(1992). The aim behind this approach is to approximate the whole likelihood function,
using a ratio of the likelihood L(8;y) to L(6,;y), relative to a prechosen point 6,. Then

simulating random effects vectors u) | .., ul¥) the likelihood ratio can be estimated using



One iteration per M-step

Iterative Monte-Carlo Monte-Carlo
likelihood Newton-Raphson
I, used instead
of [, - I

Monte-Carlo
Monte-Carlo EM A
( ) One iteration per M-step\ EM gradient )

Figure 3.1: Relationships between the Monte-Carlo methods.

Monte-Carlo methods.

3.1.4 Simulation of the random effects

Because it is not possible to directly sample the random effects from their conditional
distribution f(u|y) in step 2 at any particular iteration in the above algorithm, the random
effects u(l), ....,u(¥) (where N is the number of Monte-Carlo simulations to be performed),
are obtained through simulation using Markov chain methods. McCulloch (1994) was the
first author to use Markov Chain Monte-Carlo methods in the form of Gibbs sampling to
compute maximum likelihood estimates. McCulloch then generalized his 1997 algorithm
and used a Metropolis-Hastings algorithm to sample the random effects (McCulloch 1997).

Since then, other authors (Kuk and Cheng 1997, 1999, Booth and Hobert 1999) have sug-
gested alternative Monte-Carlo methods. Thus, the current choices are the Metropolis-
Hastings algorithm, importance sampling techniques, rejection sampling, and Gibbs sam-
pling. Only the Metropolis-Hastings algorithm has been implemented for use in the current
study, as it takes a simple form as described by McCulloch (1997). This algorithm is de-

scribed in more detail below.
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3.1.5 The Metropolis—Hastings algorithm

The simple algorithm called the Metropolis-Hastings algorithm is a Markov Chain Monte-
Carlo method, first proposed by Metropolis et al (1953), and then generalized by Hastings
(1970). It can be used in the context of fitting generalized linear mixed models to obtain
dependent samples of the random effects u from their (target) conditional distribution f(u|y)

which is difficult or impossible to sample from directly.

The dependence of the samples comes from the structure of Markov chains in that when
a sequence of random variables Xg, X1, X2,... is generated, the next state X,,; which
is sampled from Pr(X.y1| X:), has a dependence on the previous observation X;. An
assumption is that the probabilities of moving from observation to observation in the chain

remains the same over time, i.e., Pr(X;+1| X:) does not depend on ¢.

In a general setting, to obtain a single (dependent) sample, Xj, X,,.. .., the Metropolis-

Hastings algorithm has a simple structure as follows:
Step 1. Initialize starting values Xy and t = 0.

Step 2. Iterate:

Sample a candidate value X* from the proposal distribution ¢(X* | X'), which may or

may not depend on the current value X; = X.

Calculate the acceptance probability a to determine whether to accept X* as the next

value in the Markov chain, where 7 is the target distribution:

[ m(X*) q(X]| XY)
® = min (" (X) q(x'm)

The next state X;,; becomes

X X* (candidate value) with probability a
t+1 =
X (current value) with probability 1 — a.

Repeat loop for desired sample size.
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The beauty of this algorithm is that the proposal distribution ¢(X*| X) is arbitrary. How-
ever, some forms will lead to more efficient sampling strategies than others (Hastings 1970).
Some recommended guidelines (Gelman, Carlin et al. 1995) include selecting a distribution
that is easy to sample from, choosing candidate values that are not rejected too frequently,
and ensuring that the distance moved is a reasonable distance in the parameter space (oth-

erwise the Markov chain moves around the entire distribution too slowly).

Applying this algorithm to generating simulated samples of random effects vectors, u, is
a little more involved, depending on the complexity of the random effects structure. For
the generalized linear mixed model structure in the example in §2.3 where only a random
intercept u; is modelled, a random effects vector is generated at each step of the Markov-
chain. The random effects vector u is (u,, ug, ..., 4n), where n is the number of subjects or
clusters. For example, if we wish to generate a single random effect for each of n subjects,
there will be N random effects vectors (one for each Monte-Carlo simulation), where usj )is

the random effect for the ith subject at the jth Monte-Carlo simulation:

Monte-Carlo Simulation:

1 2 3 N
1 2 3 N
CAVEAYES (™ )
ugl) ug?) ug!) ot ugN)
u ul® o ™

AW I AW R WY

Hastings (1970) suggests three different methods for using this algorithm when the target
distribution is multi-dimensional, as is the situation when we have n random effects to

sample at the jth Monte-Carlo iteration:

1. Choose n candidate values u; and compare the new values to the original u; values
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i =1,..,n all at once, i.e. (u], u3, ..... , Un) versus (u), ug, ..... s Un).

2. Choose one of the n elements at random, say the ith element, and choose a candidate
value only for this element, keeping the remaining elements the same, so that we are checking

only one new u; at a time, i.e. (uy, u2, .., 4], ...,uy) versus (uy, u2, .., %, ..., Un).

3. Sequentially choose the 1, ..., n values of the vector one at a time to test a new candidate

value where the preceding values may or may not be changed to their new value depending

on whether they were accepted or not.

(u{\ [ul\ [ul\ (ul\

u2 uz u§ U2

u; u; u; u;
Vs and then Vs etc.

\wn )\t \wn )\
The third method has been used in the current work as it appears to work more efficiently

than the first method and is comparable to the second method. The acceptance probability
was neatly formulated by McCulloch (1997) for the generalized linear mixed model scenario

as follows:

Aim: To sample a random effects vector u = (uy,...,uy) ~ f(u|y) for one Monte-Carlo

simulation, where
o target distribution 7 is f(u|y)

e proposal distribution is q(u*|u).

Algorithm:

(a) Initialize u = (uy, ua, ..., un) = (0, 0, ..., 0)



(b) Randomly generate u* ~ g(u*|u) so that

u* = (U[, U2,y .oy Ui—1, u;’ Ui4ly ooy un) and
u = (ulv U2,y oy Ui—1y Uiy Ujp]y ooy un)

(c) Accept u* with probability a, where

. f(u®|y) g(u|u®)
@ = “‘“‘{" f@ly) q(u'|u)}

et ft) glul )
= “‘“‘{" fwlo @) g |u)}

= min{l, exp (Z yi((nf —m) — (b(n]) — b(m)))}

i=1

where the cancellation of the candidate distributions on the numerator and denominator

occur since g(u{u*) = f(u) and q(u*|u) = f(u*).

The value u4; becomes

u; (candidate value)  with probability
u; (current value) with probability 1 — a.

Repeat (b) and (c) sequentially for each element of the vector .

3.1.6 Estimation of the parameter standard errors

The observed information matrix Z provides estimates of the standard errors for both the

regression coefficients and the variance components at the final MCEM iteration, after the



parameters have converged. If there are regression coefficients Sy, ...., 3, and two variance
components p and 02, as for the polio incidence data, then the observed information matrix

is {I"(8; y)}~! = I, — I, where

2 . 2108 . .
8 lg:'%':‘! 8 l;?.%.:t! . : :

ii-
2U(8; y.u
—a-é—a%—lp ~ 0 0
0 0 3Ubiyu) 3%U(B:y,u)
e gpap 8p6¢77

a%U(0; y, a21(8;y,
\ 0 o TG Zhuy )

The complete-data log likelihood function can be separated into two components, one for
the regression coefficients and the other for the variance components. The first and sec-
ond derivatives of the complete-data log likelihood function with respect to the regression

coefficients can easily be derived as follows.

The first derivatives are

Olog L(6; y,u) _ .,

and the second derivatives are

3210g L(a; Y, u) _ ¢ XB+u
898 [- Xt xe o]

LY

The second derivative(s) for the variance component(s) will depend on their distributional

form and assumed correlation structure, but can be calculated from their likelihood h(u|8).
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3.2 The Performance Properties of Maximum Likelihood

3.2.1 Measurement of performance criteria

Simulation studies were carried out to investigate the performance of exact maximum like-

lihood estimators. Of particular interest here are the following issues:

e While it is presumed that maximum likelihood estimates are asymptotically unbiased,
the amount of bias present in the parameter estimates in small to medium-sized sam-
ples has not been well-established. Simulation studies will be used to examine the
effect of sample size on the levels of bias present in maximum likelihood estimates for

sample sizes of n = 50, 100 and 250.

e The effects of the values of the correlation coefficient p and variance o2 of the ran-
dom effects on the resulting bias and mean-squared error in the maximum likelihood
estimates will be investigated. For example, for a fixed 2, does the value of p im-
pact the level of bias? The values of p investigated were 0, 0.25, 0.5, 0.75, and for o2,
0, 0.5, 1.0, and 2.5.

3.2.2 Simulation studies setup

The polio incidence data example forms the basis for the generalized linear mixed model

under investigation, i.e.,
log pe = zi8 + u,.

The random effects are modelled assuming a normal autoregressive structure with a lag of

one, i.e., an AR(1) process {u,} satisfying
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U= pup_| + € where p is the correlation coefficient,
€¢ ~ iid Normal (0, 02),

t=1,2,...,n,

and the y,'s are conditionally independent, i.e., y; | u; ~ Poisson(u}').

The trend and seasonality in the data are modelled with linear and trigonometric compo-

nents:

x'—chosm sinzﬂ)cosz—ﬂ— sin-2-1-r—t
t 7\ 1000’ 12 )’ 12 /° 6 /)’ 6 /)

For each scenario (each combination of sample size n, correlation coefficient p and variance
o2 as presented in Table 2.2), two hundred simulated datasets were fitted using McCulloch’s
MCEM algorithm as shown in Figure 3.2.

The datasets were generated from the population model based on the true parameter
values by first generating a set of random effects u, from MVN(0,D) where D has an
AR(1) correlation structure. The covariates used were the same as Zeger (1988) used in
the true polio dataset as described in §5.5.1. A log link function was used, thus uf =
exp(n¥) = exp(ziB + u.), and a dataset based on each u* was then randomly drawn as

Ysim ~ Poisson(uy).

Table 3.2: Parameter values used in simulation studies.

Parameter | Range of values examined
n 50, 100, 250, 500
p 0, 0.25, 0.5, 0.75
02 0, 0.5, 1.0, 2.5
B (1,0,0,0,0, 0)

Within the Metropolis-Hastings algorithm, the proposal distribution q(u|u*) is chosen to



63

STEP 0

Initialize parameter estimates
Bo, - - ,Bs using IWLS;
p=05, 02 =05

l

— STEP 1
B Generate set of random effects u,
using Metropolis-Hastings step
Repeat
M times
STEP 2
Calculate 1st and 2nd derivatives
— of complete data log likelihood
log f(y,u;06)
Repeat until compute averages of derivatives
of complete-data log likelihood
convergence

STEP 3
Using EM one-step algorithm:

B = 8 — (2nd deriv avg)~! (1st deriv)

Update p and o? setting lst derivative

equations to 0, treating u;’s as true

|

STEP 4
Check for convergence of
parameter estimates

Figure 3.2: The MCEM algorithm for the polio incidence data.
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Figure 3.3: Simulation of random effects using Metropolis-Hastings algorithm.

be Normal(0, D), thus the form of the acceptance probability a used is (as shown in §3.5.1):

i=1

a = min {1, exp (Z yi((ni —m) = (b(n]) - b(n.-))) }

Shown in Figure 3.3 is a sample of the simulated random effects using the Metropolis-

Hastings algorithm.

The number of Monte-Carlo iterations carried out at each step varied from iteration to
iteration. As pointed out by Booth and Hobert, a smaller number of Monte-Carlo iterations
can be carried out in the early iterations to increase computational efficiency, since a high
level of accuracy is not required until nearer to convergence. For the simulations carried

out here, the numbers of Monte-Carlo iterations presented in Table 3.3 were found to work

efficiently.
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Table 3.3: Number of Monte-Carlo iterations used in simulation studies.

MCEM iteration number | Number of Monte-Carlo iterations
1-35 1500
6 — 10 5000

11 — 20 10000

21 — onwards 70000

If the calculated information matrix was found not to be positive definite, then an additional
10000 Monte-Carlo iterations were added at each MCEM iteration until the information
matrix became positive definite (necessary for calculation of the corresponding standard
errors of the estimates). This was not required in the early iterations, but became necessary

as the parameter estimates got closer to convergence.

Starting values used for 3 = (8, 51, ..., B5) were found using IWLS, an algorithm commonly
used for estimating the regression coefficients in a generalized linear model. These values
are commonly used by other researchers and provide starting values that are in a range
close to the final estimated maximum likelihood values. However, it should be noted that
a range of starting values were tried out, and it was found that the values used made little
difference in the efficiency of the algorithm, as it would tend to take larger steps to start with
if the starting values used were a lot further away from the maximum likelihood estimates.

Starting values for p and o2 were set at 0.5.

Strict convergence criteria were used within the MCEM algorithm to achieve a high level of
accuracy of parameter estimates 8. For the first thirty iterations, the convergence criterion

was:

= lénew - éoldl

- < 0.0001.
|Ootdl

Since the standard error of an estimate describes to a large degree how accurate an estimate
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one will be able to get from the method used to fit the data, the convergence criterion was
changed to:

se(oold)

at the thirtieth iteration. If A < 0.0001 within the first thirty iterations, or less than 0.01

for iterations after that, then 6 was considered to have converged.

3.2.3 Estimation of the variance components

As mentioned above in §3.6.1 , the second derivative equations for the variance components

for the polio incidence data are found using the joint density function f(u; p,02) as below:

fuip,0?) = (2 12)2 (1= p?yh ¢ wF el + i (wempue-)),
no?)z

The log density function is then:

log f(u; p,0?) =

2[(1— 2)"1‘*’2(“: pue—1)?].

t=2

_Tnlog(21raf) + %log(l -p

The first derivatives of log f(u;p,0?) with respect to each of the variance components is:

dlogf(u; po?) _ p fm1 .
Bp - 1- P2 + ( g UplUp -1 (2 g put—1, (33)
dlogf(uipa?) _ -—n  (-p)u]
da? 202 + 2(02)2 2(02)2 ;(“t pue—1)? (3.4)

The second derivatives for the variance components take the following form:
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3.2.4 Least squares estimates of the variance components

To solve the equations for p and o2 in Step 3 of the EM algorithm, closed form approximate

solutions were found using least-squares (Box and Jenkins 1994). As Box and Jenkins (1994)

point out, the term %log(l — p?) is relatively small for moderate to large samples, so that

in the calculation of the least squares estimates, it can be omitted.

Using Equation (3.2) in Step 3 of the MCEM algorithm (the M-step) for the variance

components involved averaging

the log-likelihood and then solving for p and o2 by setting

equations (3.4) and (3.5) to zero, and omitting the term %log(l — p?). This led to the

following estimates of p and o2:

= (), ()
Z u; “ifn
-~ =1 =l
p = N n-1 0
>3 uo
=l i=
1 N n—1 G o 2(i
&3 = Nn z [Z (“i+)1 “ﬁ“im +(1 ‘f’z)“xm] ’
ij=1 =1

where N is the number of Monte-Carlo iterations carried out at each MCEM step, and n is

the sample size of the dataset.
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3.2.5 Results

Estimation of regression coefficients using exact maximum likelihood methods proved to be
in accordance with the theoretical and empirical results found by many researchers before
in non-GLMM modelling situations. Overall, there was little or no bias present in the
estimates of the regression coefficients, while the estimation of the variance components, in
particular, p produced interesting results as discussed in more detail below. Tables 3.4 -
3.5 provide details on the average estimates for p, o2, B, 81 and B;. The other regression
coefficients 5, 33 and S5 were omitted as their results were very comparable to those for
Bs4. The associated standard errors were calculated in two ways: the standard deviation
of the parameter estimates from the two hundred simulations for any particular variance
component (“theoretical”), and the average of the standard errors for the two hundred
simulations (“observed”). Mean-squared errors (m.s.e’s) for the same parameter estimates

in each regression scenario are presented in Tables 3.8 - 3.9.

Convergence issues

An attractive feature of maximum likelihood is its presumed consistent estimation of re-
gression coefficients and variance components. However, a major disadvantage in its use
here, where there are no closed form solutions and some type of iterative algorithm such as
EM has to be used in fitting the data, is the extreme computational intensity required in
fitting even one dataset. The time required to fit a dataset using the MCEM algorithm to a
satisfactory convergence is lengthy, requiring many hours, perhaps days, even using an effi-
cient computing programming language such as C and a fast computer. The computational
time required to obtain a satisfactory convergence is approximately exponential, mainly due
to the extra computing time required in the Metropolis-Hastings step in the simulation of
the random effects. A small dataset, for example of sample size n = 50, usually converges
satisfactorily within an hour or so. The time to convergence also increased as the values of
the true variance component p increased, as these datasets displayed less information in the

data due to a higher correlation between consecutive observations. Regarding the number
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of MCEM iterations, many of the datasets for n = 50 satisfactorily converged in 30 — 40
iterations, while many datasets of a sample size of n = 250 required over 100 iterations,
even perhaps as many as 300 iterations to satisfactorily converge. The number of iterations
required for convergence was dependent to a large degree on the values of the variance com-
ponenents: as p got larger, more iterations were required to reach satisfactory convergence,
and the number of Monte-Carlo iterations within each MCEM step also was required to be

larger.

None of the estimates of o2 were less than 0.001 when the true value of 02 was zero for
any of the sample sizes tested, although if these simulations had been allowed to run many
more iterations, they may have reached this lower level. At a sample size of n = 250, 99%

of the datasets estimated o2 at less than 0.1.

Due to the slowness of convergence in many of the sets of simulations, especially where
p = 0.75 and 02 = 1 or 2.5, the number of MCEM steps for fitting any particular dataset
was restricted to a maximum of sixty. Consequently, satisfactory convergence was reached
in only 70-80% of the datasets when n = 50. Due to a high rate of non-convergence in
the largest sample size investigated, where p = 0.75 and 02 = 5.714, these results are not

reported in the tables.

Other researchers have suggested faster algorithms such as the Newton-Raphson algorithm
to increase the rate of convergence, or the use of importance/rejection sampling techniques
for generation of the random effects. Their methods have certain disadvantages however,
mainly a lack of stability (Kuk and Cheng 1999). A Newton-Raphson algorithm was at-
tempted in the current study and found to be unstable. Because this study required fitting
a large number of datasets, the stability of the Expectation-Maximization algorithm was

advantageous, if somewhat slow.
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The regression coefficient [y

The intercept, Sy, was estimated on average over the 200 simulations with very little bias
(bias = average estimated value - true value), for all combinations of the variance compo-
nents p and 2. Even for smaller sample sizes such as n = 50 the bias was minimal. The
variability of the two hundred 3y estimates for each set of simulations was low, especially
when the variance components were small. This variability increased with increasing p and
o?. Figure 3.4 displays an example of this increasing variability in the estimated value of
Bo where p is kept fixed at 0.25 and o? increases from 0 to 2.5. A similar pattern was also

seen for the other values of p.

The regression coefficient 3,

This regression coefficient, 3, estimated the time trend present in the data, and was es-
timated with little bias, but with large variability present in the two hundred estimates,
with some larger values often leading to a slightly biased mean value, although boxplots
displayed little bias. The large variability was especially noticeable in the smallest sample
size tested, n = 50, and decreased substantially as the sample size increased to n = 250.

Larger variability was also observed for increasing values of 02, as displayed in Figure 3.5.

The other regression coefficients

In a similar manner to Sy the estimates of the remaining regression coefficients, 5> to G5
also exhibited very little bias (all less than 5%), even for the smallest sample size examined,
n = 50, and for all combinations of the variance components. Any small biases present were
frequently negative. As the variance components became larger, the variability seen in the

two hundred estimates also increased in a similar manner to 5g.
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Figure 3.4: Estimation of 8y for varying o2 and fixed p = 0.25.

The variance components

The variance component 02 was generally estimated with no or little bias. However, p

displayed significant negative bias in certain circumstances as described below.

When the true value of the variance was zero, g2 was slightly overestimated on average,
(bias less than 0.07) due to the restrictive lower bound of 0 imposed on its estimation. For
other combinations of the variance components, o2 tended to be underestimated for the

smallest sample size of 50 (at worst, the bias was close to -30%), but showed significant
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Figure 3.5: Estimation of 3; for varying o2 and fixed p = 0.25.

improvement to yield minimal bias (less than 5% as the sample size increased, regardless of
the true combination of 02 and p involved. This suggests that the true value of p has little

impact on the estimation of o2.

The estimation of p yielded some interesting results. Larger values of p led to more severe
underestimation of p in terms of absolute bias but less severe in terms of bias as a percentage
relative to the true value of p. The smallest sample size, n = 50, especially exhibited
large negative biases as large as 90%. As the sample size increased, the average estimate

of p improved, with the level of bias dropping significantly, although corresponding 95%
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confidence intervals for the mean value still did not cover the true value of p. Here, the
impact of the size of the variance, 02, was perhaps surprising: as the value of o2 became
larger, the bias associated with the estimation of p became correspondingly smaller, as seen
in Figure 3.6. The reason is probably that a larger variability in the (unobserved) random
effects provides more information and a wider range of values to assist in the estimation of
p than a smaller variance. Further discussion regarding the bias cbserved in the estimation

of the variance components can be found in the next section.
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Figure 3.6: Average estimate and corresponding 95% confidence interval for E(p) for varying
o2 and fixed p = 0.5.

There have been few results reported by other researchers on the performance of exact
maximum likelihood methods in a generalized linear mixed model setting with a Poisson

link function. However, as discussed in §2.4.5, small simulation studies carried out for binary
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data by McCulloch (1997) reported underestimation of a single variance component 2.

The standard errors, both theoretical and observed, were moderate in value for the regression
coefficients 3, ..., A5 and p, ranging from 0.03 to 0.17 for the smallest sample size of 50 for
p. The standard errors decreased with larger sample sizes. The standard errors associated
with the estimation of o2 tended to be large, especially for larger o2 and p values, reaching
as high as 4.9 when 02 = 5.71. Larger standard errors were also observed for the regression

coefficients 39 and §,, especially for a sample size of 50.

Mean-squared errors reflected the increased standard errors for 02, 3y and 8; observed for
larger variance component values. The increasing bias observed in the estimation of p for
small values of 02 led to larger mean-squared errors for p, because bias is included as a

squared term in the mean-squared error.

Discussion of the bias of the variance components estimates

The question is raised as to the cause of the noticeable negative bias present in the estima-
tion of p, and also 02 using maximum likelihood. This bias is severe in small-sized samples
and with little improvement, even at a sample size of n = 250. This issue is of interest, par-
ticularly as it is presumed that maximum likelihood estimation will lead to asymptotically
normal and consistent estimates of the regression coefficients and variance components in
the generalized linear mixed model setting. There are a number of possible explanations for
the severe bias present in the estimation of the variance components in the polio incidence

model:

One explanation is that one of the regularity conditions underlying the standard proof
of the asymptotic normality and consistency of maximum likelihood estimates is that the
observations are independent and identically distributed (Ferguson 1996). However, the
polio model consists of observations that are all correlated with one another under the
AR(1) correlation structure of the random effects, which leads to exponential decay in the

correlation. While the correlation present in the data is a departure from the independence
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assumption, the fact that the decay is exponential suggests that the departure from this
assumption is not too dramatic, and that it is plausible that the polio model estimates will
still be asymptotically normal and consistent. While this has not yet been formally proved
for correlated data in the framework of generalized linear mixed models, an outline sketch
of such a theorem and proof is as follows (partly based on a proof by Cramér presented in
Ferguson (1996) for iid observations):

Theorem: Let Y, Y3,..., Y, be distributed according to the model described in §2.5.1, with

parameter 8 = (8q, B, ..., Bs, p, 02). Let 6y denote the true value of the parameter.

It may be shown that there exists a strongly consistent sequence 5,; of roots of the likelihood

equation %log Ly (6) such that
V(@ - 6) % N(O,5),

where ¥ is the inverse of the observed information matrix, Z(6p)~!.

Outline of proof: The proof will be based on Cramér’s approach, and can be split into two

parts: the first showing the existence of consistent roots, and the second part, asymptotic

normality.

(i) Existence of consistent roots: The existence of a strongly consistent sequence 6, of roots
of &logLn(O) = 0 follows from an (as of yet unproven) extension of Theorem 17 in Ferguson

(1996) for correlated observations, which shows that 6, =3 6o..

(ii) Asymptotic normality: For any fixed y, expand g%logL,,(é,.) about 6y using a Taylor’s

series expansion:
- ~ 1 -
(6n) = I'(60) + (6n — 60)l"(80) + 3(6n — 60)*1"'(67)

where 0;, lies between 6, and é,.. Setting the left-hand-side to zero, as assumed, we get

(Z=)'(Bo)

\/7_1(0n - 00) = —%I"(OO) —_ (%n)(én - 90)1"'(05)
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It is necessary to show that:

o (J2)0'(06) S Normal(0,Z(6r),
o —11"(5) B Z(6y), and that

e 11"(8;) is bounded in probability.

In order to show the first, since the data is correlated, a strong mixing central limit theorem,
such as Theorem 3.3.1 as presented in Guyon (1995) might possibly be used in place of
the standard maximum likelihood central limit theorem as used by Cramér to show that

V70, — 85) 23 Normal(0,Z(6o)).

This is merely an outline of a possible proof showing the asymptotic normality and consis-
tency of maximum likelihood estimates for correlated data using generalized linear mixed

models.

A second possible explanation is that if the estimates of the regression coefficients and vari-
ance components can be shown as above to be asymptotically normal and consistent, then
the severe bias may be attributed to either small-sample behavior of maximum likelihood,
or to the failure of the Metropolis-Hastings algorithm to converge to the true distribution
of the random effects. The first of these, the small-sample behavior, is the most likely ex-
planation of the bias, which is particualarly severe in the simulations of sample size n = 50.
Small improvements are observed in the estimation of both p and o2 as the sample size
increases: however these improvements are small, and it would appear that significantly
larger sample sizes would be required before the unbiased property of maximum likelihood
estimators is observed. This could be shown through the use of simulation studies, which

are outside the scope of the current work.
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Table 3.4: Maximum likelihood average estimated parameter values: the first row in each

section describes the true values of the parameters for that set of simulations.

Sample

size n

Average estimated parameter values

over 200 simulations

p o? Bo B Ba

true value
50
100
250

N/A 0 1 0 0

-0.023 0.058 0.945 0.069 -0.0048
-0.009 0057 0.957 0.088 -0.001
-0.006 0066 0947 0.072 0.007

true value
50
100
250

0 0.5 1 0 0
-0.059 0.383 1.007 -0.320 -0.014
-0.032 0.444 1.004 -0.356 -0.010
-0.016 0.478 0.995 -0.255 -0.008

true value
50
100
250

0.25 0.533 1 0 0
0.017 0.372 1.012 -0.034 -0.028
0.017 0468 0981 0.497 -0.000
0.083 0.508 0976 0.244 -0.009

true value
50
100
250

0.5 0.667 1 0 0
0.113 0441 1.025 -0.775 -0.018
0.171 0.570 0.970 0.656 0.008
0.209 0.634 0996 -0.074 -0.029

true value
50
100
250

0.75 1.143 1 0 0
0.272 0.672 1.033 -0.505 -0.028
0.362 0919 0974 1.312 0.004
0.406 1.052 1.096 -5.731 0.008

true value
50
100
250

0 1 1 0 0
-0.075 0.800 1.012 0.096 -0.040
-0.041 0.916 1.008 -0.052 -0.018
-0.018 0.949 1.017 -0.094 -0.011

true value
50
100
250

0.25 1.067 1 0 0
0.038 0.807 1.029 -0.439 -0.037
0.089 0.940 1.020 -0.057 -0.024
0.116 1.003 1.024 -0.172 -0.011
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Table 3.5: Maximum likelihood average estimated parameter values: the first row in each
section describes the true values of the parameters for that set of simulations.

Average estimated parameter values
Sample over 200 simulations
size n p a2 Bo B Ba
true value 0.5 1.333 1 0 0
50 0.176 0.957 1.029 -0.239 -0.038
100 0.244 1.143 0.993 0.586 -0.001
250 0.249 1.158 1.044 -0.064 -0.023
true value 0.75 2.286 1 0 0
50 0371 1502 1.156 -1.046 -0.027
100 0474 1985 1.235 0.165 -0.032
250 0.517 2,183 1.403 -1.324 -0.023
true value 0 2.5 1 0 0
50 -0.007 2298 1.336 -1.363 -0.073
100 0.027 2536 1.246 0.882 -0.020
250 0.084 2575 1.540 -0.474 -0.008
true value 025 2.667 1 0 0
50 0.105 2.206 1.214 -1.864 -0.076
100 0210 2.732 1.459 0.108 -0.062
250 0254 2.828 1.720 -1.457 -0.052
true value 0.5 3.33 1 0 0
50 0.268 2645 1.319 -2.494 -0.112
100 0413 3950 1.702 0.221 -0.088
250 0.475 4.245 2.028 -1.131 -0.036
true value 0.75 5.714 1 0 0
50 0483 5.134 1.567 -1.923 -0.086
100 - - - - -
250 - - - - -
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Table 3.6: Maximum likelihood standard errors: the first row in each section describes the
true values of the parameters for that set of simulations.

Sample Theoretical (observed) standard errors over 200 simulations
size n p o2 Bo B Ba
Param. N/A 0 1 0 0
50 0.032 (0.828) 0.025 (0.132) 0.181 (0.205) 6.714 (4.533) 0.125 (0.133)
100 0.019 (0.584) 0.018 (0.078) 0.113 (0.134) 1.910 (1.811) 0.082 (0.085)
250 0.016 (0.338) 0.013 (0.058) 0.083 (0.088) 0.569 (0.557) 0.059 (0.059)
Param. 0 0.5 1 0 0
50 0.082 (0.327) 0.163 (0.161) 0.280 (0.256) 9.216 (8.360) 0.195 (0.174)
100 0.056 (0.189) 0.123 (0.122) 0.200 (0.186)  3.389 (3.114) 0.125 (0.127)
250 0.038 (0.114) 0.085 (0.084) 0.200 (0.119) 0.807 (0.804) 0.081 (0.083)
Param. 0.25 0.533 1 0 0
50 0.084 (0.322) 0.169 (0.158) 0.329 (0.258) 11.240 (8.516) 0.197 (0.174)
100 0.065 (0.189) 0.123 (0.180) 0.226 (0.193) 3.872 (3.221) 0.145 (0.131)
250 0.045 (0.113) 0.078 () 0.136 (0.124) 1.035 (0.840) 0.088 (0.085)
Param. 0.5 0.667 1 0 0
50 0.107 (0.354) 0.204 (0.190) 0.446 (0.295) 15.320 (9.132) 0.210 (0.183)
100 0.084 (0.228) 0.148 (0.237) 0.307 (0.229) 5.242 (3.587)  0.151 (0.144)
250 0.046 (0.114) 0.092 (0.128) 0.189 (0.141) 1.396 (0.945) 0.113 (0.092)
Param. 0.75 1.143 1 0 0
50 0.141 (0.452) 0.322 (0.257) 0.803 (0.382) 27.010 (8.401) 0.229 (0.218)
100 0.114 (0.335) 0.323 (0.421) 0.585 (0.326) 9.991 (2.868) 0.150 (0.170)
250 0.078 (0.258) 0.195 () 0.397 (0.310)  2.443 (0.686) 0.101 (0.130)
Param. 0 1 1 0 0
50 0.102 (0.229) 0.258 (0.267) 0.366 (0.355) 12.337 (11.161) 0.236 (0.245)
100 0.076 (0.148) 0.210 (0.209) 0.250 (0.250) 4.443 (4.401) 0.172 (0.190)
250 0.044 (0.091) 0.132 (0.150) 0.155 (0.155) 1.088 (0.993) 0.105 (0.106)
Param. 0.25 1.067 1 0 0
50 0.106 (0.231) 0.290 (0.262) 0.436 (0.341) 15.063 (11.262) 0.266 (0.235)
100 0.077 (0.147) 0.231 (0.211) 0.315 (0.255) 5.532 (3.886) 0.193 (0.178)
250 0.049 (0.090) 0.135 (0.170) 0.181 (0.177) 1.253 (1.040) 0.116 (0.113)
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Table 3.7: Maximum likelihood standard errors: the first row in each section describes the
true values of the parameters for that set of simulations.

Sample Theoretical (observed) standard errors over 200 simulations
size n p o2 Bo B/ B4
Param. 0.5 1.333 1 0 0
50 | 0.135 (0.276) 0.389 (0.519) 0.644 (0.403) 21.559 (12.067) 0.291 (0.263)
100 | 0.091 (0.147) 0.272 (0.421) 0.456 (0.313) 7.989 (4.751)  0.219 (0.217)
250 0.089 (0.150) 0.318 (0.202) 0.436 (0.309) 3.002 (1.612)  0.207 (0.187)
Param. 0.75 2.286 1 0 0
50 | 0.154 (0.456) 0.903 (0.483) 1.254 (0.732) 42.546 (10.780) 0.373 (0.406)
100 0.119 (0.194) 1.053 (0.421) 0.974 (0.493) 16.982 (2.577) 0.295 (0.229)
250 | 0.088 (0.123)  0.599 ()  0.626 (0.372)  4.078 (0.136)  0.193 (0.264)
Param. 0 2.5 1 0 0
50 0.136 (0.212) 0.937 (0.519) 0.774 (0.503) 26.038 (7.300) 0.534 (0.341)
100 | 0.101 (0.145) 0.665 () 0.522 (0.389) 9.078 (6.210) 0.373 (0.268)
250 | 0.083 (0.094) 0.622 () 0.426 (0.275)  2.815 (0.079)  0.268 (0.168)
Param. 0.25 2.667 1 0 0
50 0.135 (0.202) 0.954 (0.579) 0.892 (0.256) 29.993 () 0.530 (0.381)
100 | 0.120 (0.143) 0.996 (0.462) 0.712 (0.432) 11.775 () 0.447 (0.254)
250 | 0.084 (0.088) 0.686 () 0.505 (0.223) 3.073 () 0.286 (0.154)
Param. 0.5 3.33 1 0 0
50 | 0.147 (0.215) 0.823 (0.721) 1.229 (0.655) 41.431 () 0.561 (0.448)
100 | 0.134 (0.156) 1.961 (0.533) 1.007 (0.492) 16.304 () 0.527 (0.298)
250 | 0.089 (0.096)  1.447 ()  0.744 (0.681) 4.790 () 0.364 (0.161)
Param. 0.75 5.714 1 0 0
50 | 0.166 (0.288) 4.236 (0.859) 2.235 (0.607) 74.519 () 0.775 (0.408)
100 - - - - -
250 - - - - -
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Table 3.8: Maximum likelihood mean-squared errors: the first row in each section describes
the true values of the parameters for that set of simulations.

Maximum likelihood mean-squared errors

Sample based on 200 simulations
size n p a2 Bo B B4
Param. | N/A 0 1 0 0

50 0.002 0.004 0.036 38.123 0.016
100 0.000 0.004 0.015 3.656 0.007
250 0.000 0.005 0.010 0329 0.004

Param. 0 0.5 1 0 0
30 0010 0.173 0.078 85.032 0.038
100 0.004 0.212 0.040 11.514 0.016
250 0.002 0236 0.014 0.654 0.007

Param. 0.25 0.533 1 0 0
30 0.061 0.054 0.108 126.339 0.039
100 0.040 0.019 0.051 15.055 0.021
250 0.030 0.007 0.0191 1.073 0.008

Param. 0.5 0.667 1 0 0
50 0.161 0.093 0.200 235.373 0.044
100 0.115  0.031 0.095 27.584 0.023
250 0.087 0.010 0.036 1.950 0.014

Param. 0.75 1.143 1 0 0
30 0.248 0.325 0.647 729.973 0.053
100 0.164 0.155 0.343 100.259 0.022
250 0.124 0.046 0.167 7.282 0.010

Param. 0 1 1 0 0
50 0.016 0.106 0.133 152.218 0.057
100 0.008 0.051 0.062 19.746 0.030
250 0.002 0.020 0.024 1.192 0.011

Param. 0.25 1.067 1 0 0
50 0.056 0.152 0.191 227.086 0.072
100 0.032 0.070 0.100 30.602 0.038
250 0.020 0.022 0.033 1.600 0.014
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Table 3.9: Maximum likelihood mean-squared errors: the first row in each section describes
the true values of the parameters for that set of simulations.

Maximum likelihood mean-squared errors

Sample based on 200 simulations
sizen | p o2 Bo B Bs
Param. 0.5 1.33 i 0 0

50 0.123 0.293 0.415 464.864 0.086
100 0.074 0.110 0.208 64.170 0.048
250 0.071 0.132 0.192 9.019 0.043

Param. | 0.75 2.286 1 0 0
50 0.168 1.429 1.596 1811.256 0.140
100 0.090 1.199 1.004 288.416 0.088
250 0.062 0.369 0.554 18.376 0.038

Param. 0 2.5 1 0 0
50 0.019 0919 0.711 679.846 0.290
100 0.011 0443 0.333 83.182 0.140
250 0.014 0.392 0473 8.150 0.072

Param. | 0.25 2.667 1 0 0
50 0.039 0914 0.841 903.086 0.287
100 0.016 0.997 0.717 138.662 0.204
250 0.007 0497 0.773 11.567 0.084

Param. 0.5 3.333 1 0 0
50 0.075 2344 1611 1722.744 0.327
100 0.025 4.225 1.508 265.879 0.286
250 0.009 2925 1.610 24224 0.133

Param. | 0.75 5714 1 0 0
50 | 0099 23464 5.318 5556.789 0.608
100 - - - - -

250 - - - - -
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Chapter 4

APPROXIMATE MAXIMUM LIKELIHOOD ESTIMATION IN
GENERALIZED LINEAR MIXED MODELS

4.1 The Penalized Quasi-likelihood Method

In Chapter 1 §1.3.2, PQL was introduced briefly. Below is a description of the method
in more detail. Breslow and Clayton (1993) derived the PQL method by making some
modifications to the Laplace approximation of the integrated likelihood. The log-penalized
quasi-likelihood as defined by Breslow and Clayton (1993) is:

x(u) = -z": Li(B;u) — u'D 'u/2

i=1
where

: M ai(yi —w)
li(ﬁ,u) (X/l‘“ -de

defines the conditional log-quasi-likelihood of 3 given u, where 3 is the vector of regression
coefficients, u is the vector of random effects, 8 the vector of variance components, and
D = D(#) is the covariance matrix of the random effects u. By maximizing the log penalized
quasilikelihood, (3, u) can be estimated for fixed 8. The integrated quasi-likelihood used to
estimate (8, u) (Lin and Breslow 1996) is:

L(B,6) = €9 o |D|7'2 / exp{Z Li(8,u) — %u‘D-‘u} du
i=1

= chl'l/Q/e“"(“) du.



PQL may be motivated by making a first-order Laplace approximation to the above inte-
grated quasi-likelihood. By making a quadratic expansion of —x(u) about its maximum
point 4 = i(3,0), the first-order Laplace approximation (Lin and Breslow 1996b, equation
10) is:

1L,(8,6) = --l-log I+ Z'W2ZD| + Z L(8,a) — -a‘v-‘*

=1

where @ = (3, 0) is the solution to —«'(u) = Z'r, — D~'u = 0, r, is an n x 1 vector of
residuals a;(y; — u¥)/¢, and W is W (an n x n diagonal matrix with variances a;v(u!')/¢
on the diagonal) evaluated at u = @. Z is the design matrix for the random effects (with

rows z;) and D is the covariance matrix of the random effects.

Assuming that the first term of [, varies slowly with 3 for fixed 6, Breslow and Clayton
(1993) set

1p(8,0) = Y 1(Bi@) - @D
=1 =

and the value that maximizes [p(3,0) for fixed @ is the PQL estimate of the regression

coefficients, 3p(6). The score equations are:

5p(8,0) _ Yo
—8 - de,u(u NG

ilp(B,0) _ _
du B Z ¢aw(# )9’(# )

i=1

D 'u

where z; is the ith row of the design matrix X. These equations were derived by Stiratelli,
Laird and Ware (1984) for logistic regression of binary data. A Fisher scoring algorithm can
be used (Green 1987) to solve these equations as an iterated weighted least squares (IWLS)
problem involving a working dependent variable Y (where Y; = n¥ + (yi; — p¥)g'(4¥)) and
a weight matrix V = W~! + ZDZ* updated at each iteration. The solution to these score
equations can be expressed as the iterative solution to the system:
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Xtwx Xtw B Xtwy

Z'WX I+2Z2'WZD v Z'Wy
where u = Dv. This was derived by Harville (1977) for best linear unbiased estimation
(BLUE) of 8 and u in a linear mixed model setting, ¥ = X8 + Zu + ¢, where ¢ ~

Normal(0, W~!) and u ~ Normal(0, D), with ¢ and u independent. This is equivalent

to solving for 3 using:

(X'v7lX)g = X'V-ly

and then finding the random effects u using
i=Do=DZ'V-YY - XB).

To find estimates of the variance components, the log-quasi-likelihood approximated by

Breslow and Clayton (1993),

1 1 -
(6) = —3log [V| - 5(V - XB)'V "y — XB)lsppa)

can be differentiated with respect to each of the variance components, although in practice,
the REML version of this likelihood function is used, as shown in Breslow and Clayton
(1993), equation (13). If the interest is focused on the asymptotic bias of the variance
component estimates, the simpler standard maximum likelihood equations (Harville 1977)
can be used. These standard maximum likelihood estimating equations for @ are defined as

follows:

v

= 1 - - _ oV
06;) =3 [(Y—Xﬂ)‘V 2. V(Y =XB) - tr (V 130:)] |a=ap<o) =0 (4.1)

J

and the Fisher information matrix Z has as the jkth component:

1 av _av
Ijk = 5 tr (Péo—]Pa) y (4.2)
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where

P=v-t - vIx(xtv-lx)-lxtv-L
A very common technique that is used to find updated estimates of the variance compo-
nents is the Fisher scoring algorithm. This involves taking the maximum likelihood score
equations for the variance components and the expected Fisher information matrix as de-
scribed above in equations (4.1) and (4.2) and iteratively updating the value of the variance

components until convergence. Letting 0; represent the ith variance component, and 6 the

vector of variance components, the Fisher scoring algorithm is as follows:

Step 1. Initialize 6 = 6F) where k = 0.
Step 2. Repeat until convergence: 9K+ = glk) 4 (1 (0(’°))]-l U(68%)), where
Ue®) =4 [(v - xpr v vy - xp) - tr (P |
16%);; = ser (PH- P )
and P=V-! - V-l X (XtV-1 X))l XtV-! (following Harville 1977).
A more detailed description of the PQL method can be found in Breslow and Clayton (1993)

and in Lin and Breslow (1996). The algorithm presented in Figure 4.1 can be applied in

practice in fitting a dataset.

4.1.1 Practical tssues in implementing PQL

The Newton-Raphson procedure, when used to estimate the variance components, can be

unstable. The instability can arise in three ways:

e The updated information matrix is not positive definite,

e An updated variance component falls outside of its parameter boundaries.,
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Y =9+ (y — u*)d (u*)

W = diag {v(u®*)[g'(u*)])?}! |
V=Ww-14+2ZD2zt

Step 1: Repeat

1 until convergence

Update 8 = (X'V-l1X)-lXtv-ly |
Repeat Steps 1 and 2 .
Update @ = DZ*V~Y(Y - X5)

|

Step 2: Repeat until convergence

until convergence

Update 6 using Newton-Raphson to solve

Ue®) =1 [(Y — XB)V ULV -UY - XB) - tr (P%’;)] =0

Update covariance matrix D.

Figure 4.1: Algorithm for finding approximate maximum likelihood estimates using PQL.

e The true value of one or more of the variance components is extreme, i.e. close to the

edge of the parameter space.

Possibilities for improving the stability of the Newton-Raphson algorithm within the PQL
setting were explored. When the expected information matrix is not positive definite at
any particular step, a half-stepping procedure can be iteratively applied to the updated
variance components, and the information matrix recalculated until the matrix becomes
positive definite. The half-stepping procedure used involves iteratively halving the value of
[1(6%)] ~! U(6™) at any particular step and after updating the previous variance compo-
nents, recalculating the expected information matrix. This is repeated, getting successively
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smaller values of [/ (0("))]_1 U(6®)) until the expected information matrix becomes posi-
tive definite. Another type of half-stepping iteratively doubles the diagonal elements of the

expected information matrix until the matrix became positive definite.

An alternative approach for finding the updated estimates of the variance components is to
use an Expectation-Maximization algorithm instead of a Newton-Raphson algorithm. The
EM algorithm (Dempster, Laird and Rubin 1977), while having a linear rate of convergence
in contrast to the quadratic rate of the Newton-Raphson procedure, is known to be much
more stable, and may perform better in the above mentioned situations where the Newton-
Raphson procedure is particularly unstable. Some work was done investigating the use of
EM as an alternative to the Newton-Raphson algorithm for estimating the variance com-
ponents, but it ended up not being required, as the half-stepping procedures implemented
within the Newton-Raphson algorithm proved to provide sufficient stability.

4.2 Penalized Quasi-likelihood for the Polio Incidence Model

The model used for the polio data is log u, = zt8 + u;, where uy ~ MV N(0, D),

(Vo i)
p 1 p p?

: . i’ el op
and the covariance matrix D is o2 ,

\ e F o 1)

or alternatively, u, is Normal (0, 02) where 02 = l—j'_;;-;, and u; = pu,—; + Normal (0, 02).



The basic outline of the PQL algorithm for the Polio data is as follows:

Step 0:
Step 1:

Updating 8 and u :
(i) Adjusted dependent variable Y = n* + (y — u*) ¢'(u®*) = n* +

[t 0 0 0 \

0 uf 0 0 ..
=] 0o o um o

\ 0 0 0 0 ut)

(ii) W = diag {v(u*) [¢'(s”) ]}

number of observations in the dataset).

1
(u'l‘ 0 0 0
1
0 o 0 O
—_ 1
= 0 O aE 0

1
(W+1 P
P ‘}—,2.+1
=al /A p
\ »* P

\ (1 p 2 4 \
' p 1 p p?
2 1
‘o2 P p p
/ \ i op 1)
P P )
p P
ﬁ+l p

#p o+l

(iv) B=(Xtv'x) ' xtv-ly

(v) a=DZ'V-Y (Y - XB)

Initialize P azzn B, nu’ ”u, where I‘;‘ = ez:ﬁ+u' and f];‘ = .’E:ﬂ + ug.

89

(y — u*)

U

(iii) V= W-! + ZDZ", (where Z is the n x n identity matrix, and n is the



Step 2:

Update the variance components p, o2, which are the solutions to the

following score equations:
y_ oy _xprvr vy - xp) - (3_") -
Uplp, ol) = =5 | (¥ - XBY VT v (Y - XB) —tr (P2 ) | =0 (1)

1 av v
2 bt ty—1 —l - _ A =
Ualo, o) = -3 | (v = x8) v S v (v - xo) - or (PR ) | =0 @
where P=V- ' Vvl X (X'V I X)"' X*V-! and
1 p p?2 P ...
(0 1 2 302 ... ( , )
p L p p° ..
1 01 20 ..
v _ g v _ ’#oplop
p = 201 0 1 .. an 802
\ .. 2 1 0
\ P op 1)

Since there is no closed form solution to these equations, a quasi-Newton

algorithm was used iteratively to find solutions:

(P, aﬁ)updated = (pv Uﬁ)current + I—l(pv 03) U(pa 0’:‘:)

Here, T is the Fisher (expected) information matrix with:

(1,1)st component = %tr (P P—

av _é8v )
Op Op

(1,2)nd component = P—

( do2
av 3V
tr (P 602 )

v
Paz 02 602 )

3V BV)

DN -

(2,1)nd component =

tr

(2,2)nd component = .;.
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These steps are repeated until convergence of both the 8 and u, and the variance compo-

nents.

4.2.1 Practical issues

The half-stepping procedure described in §4.1.1 was applied in the Newton-Raphson al-
gorithm and was required quite often especially when the values of p or o2 or both were

extreme (p > 1, 02 < 0).

When the true value of 02 = 0, the random effects u; are zero in value. Consequently,
the value of p is undefined. In this scenario, the Newton-Raphson algorithm (without any
adjustment) is fairly unstable. The Newton-Raphson procedure usually converged when
02 = 0, frequently making use of half-stepping. The final updated value of p was fairly
unstable (which is why the half-stepping was frequently necessary) and not representative
of the maximum likelihood value of p at all.

When the true value of 02 = 0, the variance component 02 was estimated as being < 0.001
in 20% of the datasets fitted using PQL for a sample size of n = 50, increasing to 35% at a

sample size of n = 250, with o2 less than 0.1 for every dataset at n = 250.

When the true value of p is particularly large, this too can lead to instability of the Newton-
Raphson algorithm. This is due to the parameter being close to the boundary of the

parameter space. Half-stepping of the variance components was applied frequently when

this occurred.

4.2.2 Performance criteria and simulation studies

Simulation studies were carried out to evaluate the performance of approximate maximum
likelihood estimators for the polio incidence data in an identical manner to the exact max-
imum likelihood estimators as in §3.2.2. Full details can be found in that section, but a

summary of the model will be provided below.
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The form of the model used to simulate the data is log u; = ¢8 + u,. The random effects

follow an AR(1) process {u;} satisfying:

Uy = pue—) + €, where p is the correlation coefficient,
€; ~ iid Normal (0, 0?),
y=12,...,m,

and the y,’s are conditionally independent, i.e. y; | u; ~ Poisson(ug).

The trend and seasonality in the data were modelled with linear and trigonometric compo-

nents, with the covariate vector
= |1 _t cos 2t sin 2t cos 2t sin 2mt
¢ ' 1000’ 12 )’ 12 )° 6 )’ 6 )

For each scenario (each combination of sample size n, correlation coefficient p and variance
02) a set of 200 simulations were carried out using the PQL algorithm as described in
§3.2. The datasets were generated from the population model based on the true parameter
values by first generating a set of random effects u; from MVN(0,D) where D has an AR(1)

correlation structure.

Table 4.1: Parameter values used in simulation studies.

Parameter | Range of values examined

n 50, 100, 250, 500
p 0, 0.25, 0.5, 0.75
02 0, 0.5, 1.0, 2.5

B (1,0, 0,0, 0, 0)

Strict convergence criteria were used at three steps within the PQL program. The first
involved the algorithm used to estimate the 3 coefficients within each PQL iteration. Here

the convergence criterion was:
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A = | Bnew — Botd| < 0.00000001.

For the estimation of the variance components using a Newton-Raphson algorithm within
each PQL iteration, the convergence criterion was the same as for the beta coefficients,
except less strict (A < 0.001). Overall, when checking for overall convergence of § =

(Bo, ---» Bs, p, 02) between PQL iterations, the convergence criteria was
A = |bpew — Boia| < 0.00001.

4.2.3 Results

The simulation studies yielded interesting results regarding the performance of PQL for
a log-link generalized linear mixed model. In particular, the true values of the variance
components and their combination played an important role in the estimation of both the
regression coefficients and the variance components themselves. A full numerical analysis
of the simulation results is presented in Tables 4.2 - 4.7 below. These include the mean
estimate and corresponding average standard error (calculated as the average of the two
hundred standard errors calculated from the information matrix Z for each simulation) and
the standard deviation of the two hundred parameter estimates. Results are presented for
p, 02, Bo, 51 and Bs4. Results for the remaining regression coefficients 3,, 83 and 35 were
omitted due to their close similarity to results for 3;. Mean-squared errors (m.s.e’s) for the

parameter estimates in each regression scenario are presented in Tables 4.5 - 4.6.

The regression coefficient By

The regression coefficient 3y (the intercept) was estimated with a varying level of success; the
level of bias in the average estimates depended on the true value of the variance components

p and 02. When the true value of 62 was zero, 5y was underestimated slightly with only
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small bias (less than 0.05) with an improvement in the bias as the sample size increased.
For all other values of o2, the intercept coefficient was positively biased (from 7-23%), with
the bias getting gradually worse as o2 or p increased, or both increased. The bias was larger
as the sample size increased, and corresponding 95% confidence intervals for the expected
value of the estimator E(Bo), did not usually cover the true value of 8y. Figure 4.2 displays
these effects clearly for a fixed value of p = 0.5 and increasing variance g2, where the true
value is represented by the horizontal line at 3y = 1. Examination of the same set of curves
for other fixed values of p and varying o2 yielded the same pattern, as confirmed by the
numerical summaries presented in Tables 4.2 — 4.4. These results are consistent with the
findings in Leroux (2000) where a small simulation study conducted on a log-linear model for
spatial data using PQL also overestimated the intercept term on average. Other researchers
(Bresiow and Clayton 1993, Raudenbush, Yang et al 2000, Mealli and Rampichini 1999),
carrying out simulation studies for binomial data using PQL, had varying results in the
estimation of §y, though commonly found their PQL regression coefficients to be less in
absolute value than the true value, or close to no bias. Neuhaus and Segal (1996) noted
that the estimation of f9 using PQL may bear similarity to the estimation of 3y in marginal
(population-averaged) models, which could lead to the observed positive bias present in the

current analysis.

Improvements in the observed standard error (as measured by the standard deviation of
the estimates from the two hundred simulations) and the average estimated standard error
(as calculated from the information matrix for each simulated dataset) were seen as sample
size increased. The estimated and observed standard errors were comparable for all sample
sizes and combinations of the variance components. Breslow and Clayton (1993) also found
that standard errors estimated for the regression coefficients in a simulation study carried

out on binary data using PQL agreed reasonably well with the simulated standard errors.
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Figure 4.2: Average estimates and corresponding 95% confidence intervals of E(fp) for
varying o2 and fixed p = 0.5.

The regression coefficient 5,

The estimation of the regression coeflicient used to model the time trend, 8,, was highly
variable, especially with increasing 2, and to a lesser degree, p. The bias ranged from -0.97
for the combination of the most extreme values of the variance components at a sample
size of 50, to 0.01 for p = 0.25 and aﬁ = 0.533 at a sample size of 100. However, the
corresponding 95% confidence interval for £ (B;) almost always covered the true value of

Bi1. As for the intercept, both measures of standard error (theoretical and observed), which

-
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were similar in size to each other, showed improvement with an increasing sample size, more

drastically so than the standard errors associated with fp.

The other regression coefficients

The remaining regression coefficients were estimated on average with minimal bias (less
than 0.06) for all sample sizes from n = 50 to n = 500, and with correspondingly small
mean-squared errors. The small level of bias is displayed clearly in Figure 4.3 for 3, where
p = 0.5 and 02 = 3.33.

in

i B
IS 3
i

n=50 n=100 n=250 n=500

Figure 4.3: Boxplot showing variability reduction for 3; estimation as sample size increases
for 02 = 3.33, p=0.5.
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The variance components

The variance component o> was generally estimated with negative bias which became more
noticeable as the sample size increased. Most of the biases were in the vicinity of 10-12%,
while the smallest was 3% for a sample size of 50 for the most extreme values of the variance
components tested, and the largest bias was 11% when the variance of the random effects
was 1.143 with p = 0.75. The exception was when the true value of 02 was zero, when o2
was always overestimated (since it has a lower bound of zero). In 20% of the datasets for
n = 50 and 35% of the datasets for n = 250, 02 was estimated to be very close to zero (less

than 0.001). At a sample size of n = 250, nearly 90% of the datasets estimated o2 to be
less than 0.05.

An absolute bias of 0.6 was observed in the average estimate of o2 for the smallest sample
size of 50 down to 0.01 at a sample size of 500. It should be noted that the corresponding
95% confidence intervals for E(62) cover the true value in most cases. Figure 4.5 presents
boxplots of the estimates for o2 for the fixed value of p = 0.5 and increasing sample size.
This clearly demonstrates that as the level of variability of the random effects increases, the
level of absolute bias of the average estimates also increases. However, the biases relative
to the value of 02 as measured in percentages rose only slightly with increasing variance.
This pattern was seen in similar plots for other values of p, as confirmed by the numerical
summaries presented in Tables 4.2 - 4.3. The bias is also clearly seen in Figure 4.4, where
the individual bias (parameter estimate - true value) of o2 for each of two hundred datasets

for varying o2 and a fixed p = 0.25 at a sample size of n = 250 is presented.

The standard errors of o2 also increased with larger values of p and o2, as displayed in
Tables 4.4 - 4.5.

As for the regression coefficients, the observed and estimated standard errors for o2 were
comparable. Breslow and Clayton (1993) observed rather large discrepancies between the
theoretical and observed standard errors of the variance components for small denominators

in a logit GLMM, a situation which improved with larger denominators.
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Figure 4.4: Boxplots of biases of individual dataset estimates of o2 for varying o2 using
PQL.

The other variance component p was always underestimated on average, but with very little
bias (always less than 0.05) regardless of the true values of p and 02. Improvements in
already small biases were observed as sample size increased, as seen in Figure 4.6. The
standard errors displayed for p in Tables 4.4 - 4.5 remain stable at values around 0.2 for a

sample size of 50 and values around 0.08 for a sample size of n = 250.

There was a very clear effect of sample size on the variability of the PQL estimates of all
regression coefficients and variance components for every combination of p and 62. The
largest variability was predictably seen in the smallest sample size investigated, n = 50,

decreasing quite substantially as the sample size increased to n = 500. A typical set of
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boxplots showing this reduction in variability is shown in Figure 4.3.
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Table 4.2: PQL average estimated parameter values: the first row in each section describes
the true values of the parameters for that set of simulations.

Average estimated parameter values
Sample over 200 simulations
size n p o2 b B B4
true value N/A 0 1 0 0
50 -0.063 0.110 0.960 0.240 -0.002
100 0.252 0.039 0.991 -0.102 0.001
250 0.194 0.016 0.980 0.066 0.007
500 0.333 0.010 0.003 0.017 -0.003
true value 0 0.5 1 0 0
50 -0.003 0.441 1.073 -0.220 -0.0013
100 -0.013 0.438 1.094 -0.176 -0.010
250 -0.015 0.437 1.097 -0.049 -0.008
500 -0.007 0.436 1.103 -0.003 -0.004
true value 0.25 0.533 1 0 0
50 0.228 0.472 1.079 -0.089 -0.027
100 0.220 0473 1.085 0.011 -0.015
250 0.236 0.469 1.091 -0.036 -0.010
500 0.246 0.465 1.103 -0.012 -0.006
true value 0.5 0.667 1 0 0
50 0455 0.600 1.089 -0.964 -0.017
100 0477 0.597 1.077 0.223 -0.020
250 0.498 0.583 1.094 -0.066 -0.013
500 0495 0.589 1.100 -0.023 -0.003
true value 0.75 1.143 1 0 0
50 0.719 1420 1.091 -1.027 -0.028
100 0.728 1.072 1.083 0.019 -0.029
250 0.741 1015 1.103 -0.218 -0.010
500 0.748 1.020 1.098 -0.054 -0.007
true value 0 1 1 0 0
50 -0.012 0.843 1.104 0.1732 -0.040
100 -0.015 0.852 1.128 -0.046 -0.018
250 -0.009 0.831 1.141 -0.075 -0.011
500 -0.011 0.830 1.143 -0.011 -0.004
true value 0.25 1.067 1 0 0
50 0.222 0.907 1.116 -0.387 -0.040
100 0.236 0.909 1.126 -0.027 -0.025
250 0.245 0.890 1.137 -0.093 -0.013
500 0.242 0.891 1.140 -0.019 -0.004
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Table 4.3: PQL average estimated parameter values: the first row in each section describes
the true values of the parameters for that set of simulations.

Average estimated parameter values
Sample over 200 simulations
size n p a2 Bo o) Ba
true value 0.5 1.33 1 0 0
50 0.465 1.169 1.121 -1.082 -0.031
100 0.482 1.165 1.119 0.072 -0.026
250 0.487 1.122 1.137 -0.121 -0.016
500 0.495 1.129 1.138 -0.039 -0.008
true value 0.75 2.286 1 0 0
50 0.713 2.546 1.123 -1.510 -0.022
100 0.733 2.074 1.123 -0.013 -0.022
250 0.739 1.963 1.153 -0.384 -0.016
500 0.743 1.955 1.150 -0.112 -0.006
true value 0 2.5 1 0 0
50 -0.008 2.001 1.181 -0.425 -0.035
100 -0.012 1.999 1200 -0.015 -0.022
250 -0.004 1960 1220 -0.149 -0.013
500 -0.005 1.966 1.220 -0.043 -0.003
true value 0.25 2.667 1 0 0
50 0.236 2.182 1.182 -0.796 -0.044
100 0.238 2.144 1.192 0.166 -0.036
250 0.241 2.102 1.220 -0.172 -0.016
500 0.239 2.092 1.220 -0.048 -0.006
true value 0.5 3.33 1 0 0
50 0.466 2.716 1.185 -0.472 -0.057
100 0.476 2.758 1.199 -0.157 -0.046
250 0.484 2.660 1.227 -0.275 -0.021
500 0.487 2.643 1.220 -0.072 -0.013
true value 0.75 5.714 1 0 0
50 0.707 5.901 1.193 -0.972 -0.046
100 0.723 4.775 1.222 -0.028 -0.041
250 0.731 4.490 1.258 -0.460 -0.024
500
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Table 4.4: PQL standard errors: the first row in each section describes the true values of
the parameters for that set of simulations.

Sample Theoretical (observed) standard errors over 200 simulations
size n p o2 Bo B Ba
Param. N/A 0 1 0 0
50 0.786 (19.663) 0.182 (0.387) 0.184 (0.263) 6.408 (8.515)  0.128 (0.130)
100 0.800 (12.115) 0.050 (0.074) 0.124 (0.167) 2.080 (2.790)  0.083 (0.088)
250 0.800 (5.420) 0.020 (0.022) 0.083 (0.086) 0.573 (0.592)  0.059 (0.055)
500 0.073 (3.938) 0.013 (0.013) 0.059 (0.058) 0.197 (0.201)  0.038 (0.039)
Param. 0 0.5 1 0 0
50 0.275 (0.288) 0.163 (0.175) 0.270 (0.267) 8.810 (9.118)  0.189 (0.176)
100 0.178 (0.189) 0.109 (0.114) 0.190 (0.180) 3.232 (3.092) 0.119 (0.124)
250 0.115 (0.115) 0.072 (0.070) 0.112 (0.112) 0.767 (0.772)  0.077 (0.078)
500 0.088 (0.080) 0.045 (0.049) 0.076 (0.079) 0.259 (0.273)  0.060 (0.055)
Param. 0.25 0.533 1 0 0
50 0.275 (0.278) 0.244 (2.240) 0.317 (0.320) 10.980 (10.842) 0.190 (0.182)
100 0.173 (0.179) 0.123 (0.124) 0.227 (0.215) 3.963 (3.688)  0.138 (0.132)
250 0.107 (0.108) 0.078 (0.075) 0.136 (0.134) 0.938 (0.928)  0.082 (0.084)
500 0.069 (0.075) 0.046 (0.052) 0.092 (0.095) 0.318 (0.328)  0.057 (0.059)
Param 0.5 0.667 1 0 0
50 0.269 (0.397) 0.273 (0.297) 0.432 (0.425) 14.763 (14.324) 0.200 (0.189)
100 0.144 (0.148) 0.170 (0.166) 0.311 (0.294) 5.305 (5.029)  0.140 (0.136)
250 0.073 (0.087) 0.092 (0.096) 0.182 (0.185) 1.293 (1.273)  0.086 (0.086)
500 0.063 (0.060) 0.064 (0.067) 0.125 (0.130) 0.425 (0.451) 0.065 (0.061)
Param 0.75 1.143 1 0 0
50 0.170 (0.185) 1.624 (2.065) 0.730 (0.826) 24.199 (26.455) 0.207 (0.195)
100 0.100 (0.103) 0.425 (0.411) 0.546 (0.538)  9.372 (9.101)  0.139 (0.137)
250 0.056 (0.057) 0.196 (0.205) 0.328 (0.340) 2.331 (2.336) 0.085 (0.086)
500 0.037 (0.039) 0.132 (0.141) 0.233 (0.245) 0.795 (0.845) 0.061 (0.061)
Param 0 1 1 0 0
50 0.228 (0.226) 0.254 (0.268) 0.339 (0.326) 11.328 (11.127) 0.214 (0.218)
100 0.160 (0.150) 0.182 (0.178) 0.230 (0.223) 4.096 (3.833) 0.158 (0.154)
250 0.087 (0.093) 0.111 (0.107) 0.140 (0.138) 0.978 (0.955)  0.095 (0.097)
500 0.072 (0.065) 0.074 (0.075) 0.094 (0.097) 0.314 (0.336) 0.066 (0.069)
Param 0.25 1.067 1 0 0
50 0.219 (0.221) 0.318 (0.310) 0.400 (0.400) 13.652 (13.609) 0.239 (0.231)
100 0.140 (0.144) 0.217 (0.198) 0.286 (0.277) 5.008 (4.758) 0.174 (0.166)
250 0.082 (0.088) 0.122 (0.117) 0.164 (0.173) 1.174 (1.192) 0.107 (0.105)
500 0.060 (0.061) 0.083 (0.082) 0.114 (0.121) 0.383 (0.420) 0.072 (0.074)
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Table 4.5: PQL standard errors: the first row in each section describes the true values of
the parameters for that set of simulations.

Sample Theoretical (observed) standard errors over 200 simulations
size n p o? Bo B Bs
Param. 0.5 1.333 1 0 0
50 0.201 (0.196) 0.609 (0.592) 0.571 (0.570) 18.994 (19.165) 0.266 (0.243)
100 0.121 (0.124) 0.326 (0.286) 0.407 (0.393) 7.053 (6.720) 0.182 (0.174)
250 0.069 (0.074) 0.168 (0.161) 0.235 (0.243) 1.720 (1.676) 0.112 (0.110)
500 0.052 (0.051) 0.110 (0.113) 0.171 (0.174) 0.581 (0.600) 0.075 (0.078)
Param. 0.75 2.286 1 0 0
50 0.143 (0.162) 3.842 (3.128) 1.108 (1.067) 33.557 (34.561) 0.257 (0.250)
100 0.085 (0.092) 0.787 (0.759) 0.733 (0.740) 12.775 (12.502) 0.188 (0.176)
250 0.054 (0.053) 0.379 (0.380) 0.445 (0.465) 3.197 (3.196) 0.106 (0.110)
500 0.034 (0.036) 0.253 (0.257) 0.318 (0.331) 1.091 (1.142) 0.074 (0.078)
Param. 0 2.5 1 0 0
50 0.198 (0.193) 0.537 (0.548) 0.456 (0.464) 15.580 (15.855) 0.321 (0.311)
100 0.137 (0.129) 0.393 (0.361) 0.328 (0.316) 5.756 (5.435)  0.220 (0.219)
250 0.079 (0.079) 0.245 (0.217) 0.196 (0.197) 1.395 (1.361)  0.137 (0.138)
500 0.057 (0.055) 0.165 (0.152) 0.138 (0.139) 0.473 (0.480) 0.096 (0.098)
Param. 0.25 2.667 1 0 0
50 0.189 (0.191) 0.647 (0.657) 0.593 (0.591) 20.293 (20.114) 0.344 (0.338)
100 0.116 (0.125) 0.445 (0.410) 0.403 (0.404) 7.139 (6.933)  0.248 (0.240)
250 0.076 (0.076) 0.282 (0.243) 0.244 (0.251) 1.800 (1.735)  0.152 (0.151)
500 0.056 (0.053) 0.178 (0.168) 0.173 (0.177) 0.591 (0.611) 0.104 (0.107)
Param. 0.5 3.333 1 0 0
50 0.167 (0.174) 0.970 (1.006) 0.819 (0.818) 27.793 (27.628) 0.371 (0.352)
100 0.107 (0.111) 0.710 (0.620) 0.585 (0.582) 10.248 (9.963) 0.259 (0.255)
250 0.063 (0.067) 0.381 (0.352) 0.348 (0.363) 2.545 (2.505) 0.154 (0.160)
500 0.045 (0.046) 0.252 (0.243) 0.251 (0.257) 0.868 (0.887) 0.110 (0.113)
Param. 0.75 5.714 1 0 0
50 0.132 (0.150) 9.699 (7.115) 1.559 (1.580) 19.467 (51.284) 0.370 (0.367)
100 0.080 (0.088) 1.750 (1.641) 1.108 (1.089) 4.843 (18.426) 0.260 (0.259)
250 0.048 (0.050) 0.826 (0.831) 0.666 (0.685) 4.887 (4.708) 0.159 (0.161)
500 ~ - - - -
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Table 4.6: PQL mean-squared errors: the first row in each section describes the true values
of the parameters for that set of simulations.

Mean-squared errors for PQL
Sample based on 200 simulations
sizen |p ol Bo A Ba
Param. | N/A 0 1 0 0
50 0.716 0.045 0.035 41.12 0.016
100 0.639 0.004 0.016 4.339 0.007
250 0.643 0.001 0.007 0.333 0.004
500 0.570 0.000 0.003 0.039 0.001
Param. 0 0.5 1 0 0
50 0.078 0.221 0.078 77.660 0.036
100 0.032 0.203 0.045 10.476 0.014
250 0.013 0.196 0.022 0.5391 0.006
500 0.008 0.192 0.016 0.067 0.004
Param. 0.25 0.533 1 0 0
50 0076 0.063 0.107 120.563 0.037
100 0.031 0.019 0.059 15.705 0.019
250 0.012 0.010 0.027 0.880 0.007
500 0.005 0.007 0.019 0.101 0.003
Param. 0.5 0.667 1 0 0
50 0.075 0.079 0.195 218.868 0.040
100 0.021 0.034 0.102 28.195 0.020
250 0.005 0.015 0.042 1.675 0.008
500 0.004 0.010 0026 0.181 0.004
Param. 0.75 1.143 1 0 0
50 0.030 2.716 0.542 586.665 0.043
100 0.010 0.186 0.305 87.834 0.020
250 0.003 0.055 0.118 5.481 0.007
500 0.001 0.033 0.064 0.635 0.004
Param. 0 1 1 0 0
50 0.052 0.089 0.126 128.350 0.048
100 0.026 0.055 0.069 16.781 0.025
250 0.008 0.041 0.039 0.961 0.009
500 0.005 0.034 0.029 0.098 0.004
Param. 0.25 1.067 1 0 0
50 0.049 0.126 0.173 186.541 0.059
100 0.020 0.072 0.098 25.085 0.031
250 0.007 0.046 0.046 1.386 0.012
500 0.004 0.038 0.033 0.147 0.005
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Table 4.7: PQL mean-squared errors: the first row in each section describes the true values
of the parameters for that set of simulations.

Mean-squared errors for PQL

Sample based on 200 simulations
sizen |p ol Bo B Ba
Param. | 0.5 1.333 1 0 0

50 0.041 0.221 0.341 358.132  0.072
100 0015 0.135 0.179777 49.754 0.034
250 0.005 0.073 0.074 2973  0.013
500 0.003 0.054 0.048 0.339  0.006

Param. | 0.75 2.286 1 0 0
50 0.022 14.829 1.052 1128.375 0.067
100 0.008 0.664 0.553 163.213  0.036
250 0.003 0.248 0.222 10.371  0.012
500 0.001 0.173 0.123 1.203  0.006

Param. 0 2.5 1 0 0
50 0.039 0.537 0.241 242.921 0.104
100 0.019 0405 0.148 33.126  0.049
250 0.006 0.351 0.087 1.968 0.019
500 0.003 0.313 0.068 0.225 0.009

Param. | 0.25 2.667 1 0 0
50 0.036  0.653 0.385 412.438 0.120
100 0.014 0.472 0.200 50.993 0.063
250 0.006 0.398 0.108 3.269  0.023
500 0.003 0.362 0.078 0.352 0.011

Param. | 0.5 3.333 1 0 0
50 0.029 1.322 0.705 772.666 0.141
100 0.012 0.835 0.382 105.041 0.069
250 0.004 0.599 0.173 6.551 0.024
500 0.002 0.540 0.111 0.758  0.012

Param. | 0.75 5.714 1 0 0
50 0.019 94.104 2.469 2587.751 0.139
100 0.007 3.944 1.277 378.958 0.069

250 0.003 2.181 0.510 24.091 0.026
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Chapter 5

THE ITERATIVE BIAS CORRECTION METHOD

5.1 Background

The methods described in previous chapters for fitting generalized linear mixed models
involve finding either approximate or exact maximum likelihood estimates. In 1995 Kuk
published a paper proposing “a general method of adjusting any conveniently defined initial
estimates to result in estimates which are asymptotically unbiased and consistent”. This
method is based upon a technique known as iterative bias correction which can supposedly
be applied to any parametric model. Another potential advantage of this method is that it
is assumed only that f(y|u;0) and h(u;8) are parametric, whereas other methods such as

PQL currently used make the more restrictive assumption that h(u;8) is normal.

5.1.1 Description of the iterative bias correction method

The iterative bias correction method initially finds estimates of regression coefficients and
variance components using a method such as PQL/MQL or BLUP (Best Linear Unbiased
Prediction). The method chosen to find the initial estimates may yield inconsistent and
biased estimates in certain situations, such as when the true distribution of the random
effects has a large variance. These initial estimates are denoted as 6, and are assumed to
have an asymptotic limit of * (which commonly may not be the true parameter values 0
for one or more of the parameters). The asymptotic bias is then defined as the difference
between 6 and 6°, i.e.



108

bo) = 6° - 8
= h(d) - 6,

where 0°, the asymptotic limit of 5, is considered to be a function of the true parameter 6.
This relationship can be defined as * = h(6), where h(.) is 1 — 1 and differentiable. The
true values of the parameters are found in the 1 x (p + r) vector 8. The initial estimation
vector 0* is of a similar dimension, where p is the number of regression components and r

is the number of variance components to be estimated.

It is assumed that the initial estimates 8 are solutions to an estimating function written in

vector form as:

¥(6;y) = 0.

The estimating function (8; y) of dimension (p + r) x 1 can also be written more explicitly
as Z;;l ¥(0;y;), the sum of the estimating functions for the individual observations. For
standard estimating equations under certain regularity conditions, Fahrmeir and Kaufman
(1985) (and earlier, Haberman 1977) show that the initial estimates 8 are asymptotically

normally distributed and consistent, i.e.
Vi@ -6°) 3 N(, %),

where the asymptotic limit of the vector of initial estimates, 6* is defined implicitly by
Eq[4(6°,Y)] = 0.

Hwever, for the example of the polio incidence data (following in §5.3), all the observations
are correlated to some degree. An AR(1) correlation structure for the random effects means
the strongest correlation is present between consecutive observations, with exponential decay
for correlation between observations further apart. The presence of the correlation means

that the independence of the observations assumption in the standard estimating equation
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theory is not satisfied. However, the exponential decay of the correlation implies that the
correlation present between most of the observations is not a dramatic departure from the
independence assumption. While it has not yet been proven that estimates calculated from
estimating equations based on correlated data with an autoregressive correlation structure

are asymptotically normal and consistent, it is plausible that they will be.

Asymptotically, the covariance matrix ¥ can be written as:

n -1 n n
£ o= lim {,1—1230(1#'(0';&))} %50{2111(9';}?)2!02(9';1”;‘)} x
i=1 i=1 i=1

n -1
1 'tn®. v,
[{;?ﬁ; Eo(v'(8 ,Y.»} l

¢(9‘;Y2)¢‘(0‘;IG)} X

n -17¢
[{Z Ea(w'(o°;Y.-))} ]
=1

t
’

t

n -1 n n
= nl_i_’noxon{ZEo(wl(o‘;Yi))} Eq {Z
i=1 =

i=1 j=1

= lim n{Es(¥/(9Y)} ' Ea{$(6% )04 (6" V)} [{Eo(w' (0% Y))} ']

where ¢’ is a (p+r) x (p + r) matrix of derivatives of the components of ¥ with respect to

the components of 6°*, sometimes written as:
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(d'/!oéoa':m dwléog;!z
dtboﬁ':yz dﬁniﬂi‘;!)

dYprr)(0°5y)

Do w)

dwgua,}(l"m)
1

(0% y) =

d’bo.go‘:g) dvi(6y) d'l’gi-w!(o':!!)

(p+)

\

(.P+")

The expected values of the cross product terms in the middle expectation of ¥ are zero,

assuming the conditional independence of Y;|u. It is assumed that * exists, and as men-

tioned earlier, is a function of the true 6, i.e. 8* = h(8), where the function h(.) is assumed

to be 1 — 1 and differentiable. The 1 x (p + r) vector b(0) is defined as the bias of 8, and

8 is defined as the 1 x (p + r) vector of the final updated bias-corrected estimates of the

parameters. The method works by repeatedly updating estimates of the bias vector b(8)

and 8 iteratively until convergence of the parameter estimates, as follows:

b =0
b = R(6) - 5O

b@ = h(eV) - gV

until at convergence,

b = h@ - 8

80 =g - pO
o) =g — p»)

92 =g - 2

)
]
Dt
|
o

so that § = h(a), or, writing the final estimates as a function of the initial estimates,

8 = h‘l(a). Then, assuming that h is 1-1 and differentiable and by applying the multi-
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variate delta theorem to /n(6 — 6°) 4N (0,%), we get:
VR (h~1(8) - h~1(8°)) 25 N(0, HTZHY), ie.

vi(8 - 8) -5 N(o, HZHY),

so that 6 is an asymptotically unbiased estimator of §. H is the matrix of the deriva-

tives of the components of § = h~1(8*) with respect to the components of 6*, such that

-1 - .
H=2% .o = 2 e
fi:] 00 05
- %
a6, a0 a6 -+ r
o T
39, a0 80,4
;. e T 005,
-1 -
AsH=2_¢) &":, the inverse of this matrix is:
H-l = 96 - = Q.-
00 a0

The function h(@), defined implicitly above can be estimated through the use of simula-
tion. In particular, since h(6) = 6* is the asymptotic mean of 8, h(@) can be estimated
by generating a number of datasets, M, based on 6, which are each then fitted using the
chosen starting method, yielding Oms (m=1,..., M). The 6m are then averaged to yield an
approximation of h(8). Under special circumstances, Kuk shows that the final updated esti-
mates calculated using the iterative bias correction method are also the maximum likelihood

estimators. An algorithm to implement this method is presented in Figure 5.1.

5.1.2 Standard errors for iterative bias correction

While the method itself is fairly straightforward to implement, the calculation of the stan-

dard errors associated with the final bias-corrected estimates of 8 is a little more tedious.
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Step O:
6=6" = (5,5 p)

=0

Step 1:
————— Generate M independent datasets
using 6

A7INN

Dataset 1 .. ... Dataset M

Step 2:
Repeat until For each dataset m

convergence get 8%

|

Step 3:
Update bias b(*) = J Z 6 — g4

m=1

Update 6G+1) = § — p(®)

|

Step 4: Check convergence

Figure 5.1: Algorithm for the iterative bias correction method.
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The asymptotic covariance matrix of 5, A },:‘” : , can be used in the calculation of the standard

errors. The form of this matrix is:

t
5"_2711 = [Ee {w(6%;Y)S"(6;Y,U)}] ™" Eq [w(6%: Y)¥' (67 V)] x

(B (w618t @ v, 0017

where S(0; Y,U) is the vector of the derivatives of the complete-data likelihood function

f(y,u; 8) with respect to the components of 8.

5.1.2.1 Derivation of the covariance matriz

The H matrix required as part of the covariance matrix can be derived by expanding the
form of the derivative of Ey[v(8°;Y)] = 0. The relationship 8* = h(0) is defined implicitly
by Eg[¥(6°;Y)] = 0. Setting the first derivative of Ey[y(6*;Y)] = 0 yields

S Ealp(6:Y)] = 0

> SElw(h6)Y)] =0
= 5 [ v6Es) fowi 8y =0
= [ ZWh6)) S 0l dy =0

= / [E%w(h(l));y)] Jo(y; O)dy + / v(h(8);y) [ /u d_&%ﬂ’l du] dy =0
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> [[gveen)] s + [von [ L850 a) 4y =0

(since 6* = h(0) )

= / d¢g’:((%)); ) d’:g) fly; 0)dy + / $(6%y) [ /u Mdﬂ] dy =0 (chain rule)

do
and since
P . _ otra. _ &fY,u(yvu;o)
g ' fr(,uif) = SHBY.U) = SmEr
o H@u0) _ oo v u) fy,u0),
a0
we get

[ |geers] 8 fuotray + [ [ w670 567,00 ft0068) duay =0

dh~1(0 1
(-5 )

= [d‘;.w(o';y)] H" foly: 0)dy + /,, [ #(6"0)S 65, 0) f(ului6) fwi8) dudy =0,

So / [%w(e‘;y)] foly: O)dyH™" + Ey [¥(6°:Y)S'(6;Y,U)] =0

= Egly/ (8% Y)H™' + Eq [¢(6°;Y)5'6;Y,U)] =0

and the matrix H is

H = —[E{v(6%Y)S"6:Y,U)}]™" B [¢/(6%:Y)].

The matrix HEH® can then be written as
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HEH' = lim [-Ep {%(6%Y)S"6:;Y,U)}] ™" Eo [#/(6%:Y)] n {Ea(v'(6%Y))} ™" x
Eo (907 Y)34(6% V)] [{Bsw(05 )} ] [Batw (05 1)} x
[~ (B {wo: ) st@: v, 0))) )’
= n[Be{w(67Y)S'6:;Y,U)}] " Eg [(6%Y)9!(6%Y)] x

_1t
(8o {wo"s 1) st v, )7
The covariance matrix of the parameter estimates g is:

HYH*

= [Eq {¥(6%:Y)S46:;Y,U)}] ™ Eq [w(6%: Y)¥ (6 Y)] x

(B (v~ v)s 0,0 5)

The calculation of the final updated parameter estimates 8 and the asymptotic covariance
matrix is done through the use of simulation and is dependent to a large degree on the choice
of the method used to get the initial parameter estimates §. An example of the calculation

of the covariance matrix will be described more fully in the section below.

5.2 Proposed Choice of Initial Estimators in the Iterative Bias Correction
Method

The choice of method used to get the starting values § (= (%)) has primarily been marginal
quasi-likelihood (MQL) or PQL (for example, MLnWin provides a choice of MQL or PQL).
Both of these methods (which may be inconsistent under certain conditions) are relatively
fast (compared to full maximum likelihood methods involving Monte Carlo methods). How-
ever, when it is required to perform these methods on M simulated datasets at each itera-

tion, where M may be anywhere between 10 and 1000, the method can be computationally
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very intensive (Hoeschele and Tier 1995). Under these circumstances, the method possibly
may not provide many advantages over the more well-established full maximum likelihood

procedures.

I propose to reduce the computational intensity of the iterative bias correction method by
selecting methods for the initial estimates that are computationally very efficient. This will
avoid the computational intensity involved when an iterative approach such as PQL is used
to find the initial estimators (§5.3.5). In particular, I propose to use iterated weighted least
squares (IWLS) to obtain the initial estimates of the 3 coefficients, and closed-form method
of moment equations for the initial estimators of the variance components. The 1 equations
for the IWLS procedure for finding the maximum likelihood estimates of 8 = (8g, 51, .-, Bs)
for the generalized linear model g(u) = n = X3 are given below. (Recall that the gener-
alized linear model assumes that the data y is independent, and thus does not account for

any correlation that may be present in the data.) The i equations are

¥(O:y) = X'y =) =0, j =1L..p.

An iterative algorithm that can be used to fit a dataset using IWLS is as follows:

Step (1). Initialize starting values Gy, B, .., Bs

Set n = g(y).

Step (2). Repeat until convergence of the regression coefficients 3:
p=g""'(n
Z=n+(y-n9dn
W = diag({(g'(1))? a() V(1) } ]
B=(XWX)"1XWZ
n=X3.

The method of moments (MoM) is perhaps the oldest method of finding point estimates,
dating back to at least Karl Pearson in the late 1800’s (Casella and Berger 1990). It has



117

the virtue of being quite simple to use and almost always yields some sort of estimate;
however it is also well-known that these estimates can often be improved upon by some
other estimation technique with regard to inference. The method of moment estimators are

found by equating the first k£ sample moments to the corresponding k population moments.

However, for the purposes of finding estimates of the variance components in this bias-
reduction method, the equations form an ideal starting estimation procedure, as their so-
lutions, being closed-form, are quickly calculated, and the method is applicable for a wide
range of models. Section §5.2.1 below shows comparisons of the time taken to fit a fixed

number of datasets based on the polio incidence data, using both PQL and IWLS/MoM
methods to find 6.

5.2.1 Estimation of the standard errors for the parameter estimates

The covariance matrix can be estimated by replacing the true parameter values,  and the
asymptotic values of the initial estimators, 6*, in equation (5.1) above, by 6 and 8, respec-
tively. The expectations can be approximated by the use of simulations. More explicitly,

the first term and last term can be approximated using:

M
Es{#(8Y) SOV, 0} = 37 S (#™ & V) MG Y,0))

m=1

and the middle expectation as:

M
Eo (b6 YO V)] = 32 D M@V 6™ YL,
m=1

where the mth simulated dataset (m =1, ..., M) is generated using 8, the final (converged)
updated parameter estimates. Kuk mentions in his paper that there are some guidelines for
the choice of M, the number of datasets used in the calculation of the standard errors, that
are mentioned in Diggle and Gratton (1984) and Kuk and Chen (1992). The ¢ equations for
the variance component(s) will be based on the method of moment equations. (An example

can be seen in the next section for the polio data).



118

Calculation of S*(8;Y,U) is based on the true parameter values, 8, and for the complete-
data log-likelihood,

1(6; y,u) = log f(y|u;0) + log f(u;0).

The formula S$¢(6;Y,U) for S3;, the jth regression coefficient is:

S;i(6;Y,U) = X' (y — p). (5.2)

where u = eXA+u. The formula S'(0;Y,U) for the variance component(s) can be found

similarly by setting the first derivative of log f,(u;6) = 0.

5.3 The Iterative Bias Correction Method for the Polio Incidence Model

5.3.1 IWLS algorithm for estimation of the regression coefficients

The IWLS algorithm is the algorithm used for a generalized linear model with a Poisson
link function, g(u) = log() = X8, V(u) =pu, a(¢) = 1. The ¢ equations take the form:

¥i(0; y) = X' (y— 1) =0 where i = e = 7.

5.3.2 Method of moment equations for the variance components

The random effects are assumed to have an AR(1) correlation structure. Consequently,

there are two variance components, p and 02. The method of moment equations for these

are (Zeger 1988):
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n

> (e — Be)? - ]

-2 t=1

Oz = n
DA
t=1
n
Y e = ) (@e-1 — fie-1)
- t=2
Pz = =% n
9z I
Z#tm—l
t=2

where 4 = eXt8. The method of moment equations were derived initially by Zeger (1988)
for a marginal model where the errors ¢, were assumed to come from a AR(1) distribution
with E(e;) = 1 and cov(e;, €.4+1) = 02p(1), where ¢, is a latent process modelled by an
AR(1) process. For Zeger’s model, y;|€; is assumed to follow a log linear model, where

E(ye| &) = eX¢Pe,. The marginal variance of the y,'s is var(y:) = ue + o%u?.

These equations were later adjusted by Chan & Ledolter (1995), who were interested in
fitting the polio incidence data as a random effects model, using a multivariate normal
distribution for the random effects with a zero expectation and AR(1) correlation matrix.

These adjustments led to the following method of moment estimates for p and o2:

32 = log(a% +1)
5 — log(pz (78 —1) +1) _ log(pz6% + 1)

a2 T log(6% + 1)

with an adjustment also being made to the intercept coefficient, 3, subtracting &ﬁ if it is
to be compared to Zeger’s estimated 3. Zeger (1988) notes that these method of moment

equations for 02 and p can lead to negative values of 62 and that § is not constrained to
the interval (-1, 1).

The score equations for the variance components were calculated from the method of mo-

ment equations above. Defining 52 as the estimate of 62 using the initial estimation method,
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method of moments, and 2 as the final updated estimate of o2 after the iterative bias cor-

rection method has been carried out, the 9 equation for aﬁ, is

Yo2(fiy) = &, —log (5% + 1) =0.

The 3 equation for p can be derived as:

~ . log(p.6% + 1)
0; = _e———— = ).

5.3.8 [Estimation of the standard errors for the polio incidence data

Calculation of S¢(8;Y,U) for the polio incidence model involved the use of equation (5.2) as
displayed in §5.2.1 for 8}, j = 1,...,5, where log = X3+ u. The components of S*(6;Y,U)
for the variance component(s) can be found similarly from the first derivative of log f(u;#6).
These equations are based upon 02 (from the error terms e; ~ N (0, 02) as part of the AR(1)
correlation structure of the random effects u, = pu,_; + ¢;). Equations for o2 can be easily
obtained using the formula 02 = 02(1 — p?). After the calculation of the final covariance
matrix based on the final iterative bias correction updated estimates, the standard errors
found for o2 can be adjusted to those for g2 using the multivariate delta theorem. As also
used in the MCEM algorithm used to find the exact maximum likelihood estimates, the

formulae for the components of the score vectors are:

n  wWl-p2) 1 &
Sa@:Y.U) = -3+ o + 7 (w—pua),
=2
p o
Sy6;Y,U) = —T—_—p,'+ ;3 +ZP(“€-1+“{1‘1’—1)2-
=2

As the number of variance components is r = 2, the form of the (p+2) x (p+2) matrix ¢/ is:
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5.3.4 Simulation study for the estimation of the standard errors

To check out how many datasets are required to get convergence of the standard error
estimates, a small simulation study was carried out based on a randomly generated dataset
of sample size n = 250, where the true values of the regression coefficients were (3o, ..., 85) =
(1,0,0,0,0) and (p,02) = (0.25,0.5). For varying M in steps of 1000, the standard errors
were found for a fixed § (based on the polio data model). This was repeated for five different
random seed values. The plots for p, 02 and 5y are presented below in Figure 5.2. These
plots suggest that the standard errors for the regression coefficients require approximately
M = 15000 datasets for stability, while the variance components require at least 10000
datasets. For the polio incidence model simulations carried out in this chapter, M = 15000
was used.

5.3.5 Gains in computational efficiency using the iterative bias correction method

It is of particular interest to investigate the potential gains in computational efficiency of
using IWLS and MoM for the initial estimation of the regression coefficients and variance
components respectively, as compared to PQL. This choice of using PQL or IWLS/MoM
was tested for a range of sample sizes, with the variance components (p, 0%) = (0.25, 1.0).

For each sample size, five datasets based on the polio incidence dataset were generated and
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Figure 5.2: Plot showing the convergence of the standard errors for one dataset (n = 250)
using the iterative bias correction method.

fitted to convergence using the two initial estimation procedures. Their average CPU time
to convergence was calculated using a COMPAQ AlphaServer DS10 466 MHz computer

with 1 Gigabyte memory. A significant time reduction was found in all situations by using
the IWLS/MoM method.
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Table 5.1: Average time taken (in minutes) to fit a dataset based on the polio incidence

model using the iterative bias correction method with both PQL and IWLS/MoM as the
initial estimation methods.

Sample IBC IBC
size (PQL) (IWLS/MoM)
n =50 309 8
n = 100 574 29
n = 250 6931 167

5.3.6 Simulation studies setup and performance criteria

In an identical manner to both exact maximum likelihood and approximate maximum like-
lihood estimators, simulation studies were carried out to evaluate the performance of the
iterative bias correction estimators for the polio incidence model. Full details can be found

in §3.2.2, but a summary of the model will be provided below.

The form of the model used to simulate the data is log u; = z!8 + u;. The random effects
follow an AR(1) process {u.} satisfying:

Uy = pus—i + €, where p is the correlation coefficient,
€: ~ iid Normal (0, 02),
y= la 21 weey Ty

and the y;’s are conditionally independent, i.e. y; | u; ~ Poisson(uf).
t

The trend and seasonality in the data were modelled with linear and trigonometric compo-

nents, with the covariate vector
2 = (1, =, cos 2mt sin 2mt cos 2t sin 2mt
¢ - ' 1000’ 12 )’ 12 )° 6 )’ 6 )

For each scenario (each combination of sample size n, correlation coefficient p and variance

0?) a set of 200 simulations were carried out. The datasets were generated from the popu-



124

lation model based on the true parameter values by first generating a set of random effects

u; from MVN(0,D) where D has an AR(1) correlation structure.

Table 5.2: Parameter values used in simulation studies.

Parameter | Range of values examined
n 50, 100, 250
p 0, 0.25, 0.5, 0.75
o? 0, 0.5, 1.0, 2.5
B (1,0,0,0,0,0)

Strict convergence criteria were used within the iterative bias correction computer program.
The convergence criterion used in the estimation of the 3 coefficients within each IBC iter-

ation was:

Similar convergence criteria were used in the estimation of the variance components.

5.3.7 Results

The iterative bias correction method used with IWLS/MoM led to parameter estimates that
on average were unbiased and had mean-squared errors that were generally comparable to
maximum likelihood and PQL, while being significantly less computationally intensive than
methods currently available for maximuin likelihood estimation. However, some convergence
problems with the two variance components, p and o2, were observed in smaller sample sizes
or in the presence of extreme values of the variance components, or both, as described in
more detail below. Tables 5.3 — 5.4 present the average estimates of the parameters for a
range of variance component combinations and Tables 5.5 — 5.6 show the theoretical and
observed standard errors for the parameter estimates in each simulation scenario. Mean-

squared errors (m.s.e’s) for the parameter estimates are presented in Tables 5.7 - 5.8.
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Convergence issues

The iterative bias correction method used with the IWLS/MoM was very stable and pro-
vided high proportions of converged datasets (greater than 98%) when the sample size was
large at n = 250 and the variance component o2 was small (less or equal to 0.5) and for all
values of p tested, i.e., 0 to 0.75. When the true value of the variance o? took the value 2.5,
a lower proportion of converged datasets was observed (between 70% and 80%).

However, for the smallest sample size tested, at n = 50, the iterative bias correction method
used with IWLS/MoM proved to be less stable. A lower proportion of converged datasets for
most of the variance component combinations was observed, except for the smaller values of
p and o2 (between 70% when p = 0.75 and 02 = 5.714 and 98% when p = 0.25 and 02 = 0.5).
The lack of convergence was mainly due to the variance component 2 not converging. The
other variance component, p, was much more stable and led to significantly fewer non-
convergence issues. The method of moment estimators did not restrict the estimation of p to
be within the bounds of -1 and 1. This led to occasional overestimation and underestimation
of p, especially for a sample size of 50. The regression coefficients, 3g, 5, ..., 85, while

influenced by the lack of convergence of o2 (in particular, 3y), converged with little difficulty

in every dataset.

The convergence proportions showed a significant improvement with an increased sample
size of 100 (greater than 95%) for all variance component combinations, except in the most
extreme situations in which the convergence proportions were between 80% when p = 0.75

and 02 = 5.714, and 98% when p = 0.25 and o2 = 0.5.

With an increased sample size (n = 250), the convergence issues that plagued the smaller
samples disappeared almost entirely, with all the convergence rates being above 90% except
in the case of p = 0.75 and o2 = 5.714, where the convergence rates fell to around 75%.
High p values, except where combined with a high o2 value, led to minor convergence issues

for a sample size of 250.
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For those simulation scenarios which suffered from high non-convergence (above 10%), the
results have been omitted from the tables of results. In particular, many of the scenarios
with p > 0.5 and 02 > 1.7 for a sample size of n = 50 were excluded, and for all sample

sizes, the simulation scenario for p = 0.75 and 02 = 5.714 was excluded.

None of the estimates of o2 were less than 0.001 when the true value was zero for any of
the sample sizes. However, over three-quarters of the estimates of a?, were less than 0.1 for

a sample size of n = 250.

As the observed standard errors of the parameter estimates were also calculated through
the use of simulation, these were also prone to non-convergence issues. The standard error
calculations for the regression coefficients were very stable, though a little less so for 3,
while some non-converged standard errors were observed for the variance components. These
were removed from the summaries of the observed standard errors. The proportion of non-
converged standard errors of 02 was less than 10% except for the more extreme values of p
and o2 where the non-convergence proportion rose to around 30%. This suggests that the
method of simulation used in calculating the standard errors for the iterative bias correction
method is reliable for small to moderate values of the variance components, but not so for

more extreme values of the variance components.

The regression coefficient (3o

The intercept 3; was estimated on average with very little bias (less than 3.5%) for all the
simulation scenarios presented in the tables (reasons for omitted results are described in the
previous section. These small levels of bias were observed for all the sample sizes tested, and
no noticeable improvements on already small biases were seen with larger sample sizes. The
corresponding standard errors for the estimates were moderate in value, and decreased to
approximately half of their values with a change in sample size from 50 to 250, as expected
from the asymptotic theory.
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The regression coefficient 5,

The regression coefficient accounting for the time trend, 3,, was estimated on average with
minimal bias in all simulation scenarios presented in the tables. Higher levels of variability
than seen for the other regression coefficients were present for all sample sizes. The level of

variability increased with larger values of p and o2.

The other regression coefficients

In a similar manner to both 8y and 5, the remaining regression coefficients 3, ..., 85 were
also estimated with very little bias and low levels of variability for all sample sizes and
simulation scenarios presented in the tables. Results for 34 are displayed in the tables, and

are representative of those for all of these other regression coefficients.

The variance components

The correlation coefficient p was estimated with very little bias on average for moderate
values of o2 (its estimation is redundant for o2 = 0). The biases in the estimates of p ranged
from -5% to 4.5%. The variability present in the two hundred estimates in any particular
simulation scenario predictably decreased with an increase in sample size. Some outliers
were present, especially for a sample size of 50. Figure 5.3 presents boxplots showing the

estimates of p for increasing p and a fixed o2 = 0.5.

The other variance component, 02, was also estimated on average with little bias (less than
5%). Again, as with the estimation of p, there were outliers present, especially at a small
sample size of 50. As the value of o2 increased, while keeping p fixed, the variability of the
estimates increased. Figure 5.4 displays this effect for p = 0.25 and varying 2.
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Figure 5.3: Estimation of p for increasing p and a fixed o2 = 0.5.
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Table 5.3: Iterative bias correction average estimated parameter values: the first row in
each section describes the true values of the parameters for that set of simulations.

Average estimated parameter values
Sample over 200 simulations
size n p o2 Bo B B
true value N/A 0 1 0 0
50 0.532 0.146 0.944 0.070 -0.005
100 0.320 0.093 0.966 -0.123 0.000
250 0.170 0.076 0.942 0.086 0.006
true value 0 0.5 1 0 0
50 0.002 0.531 0.997 -0.331 -0.025
100 0.007 0.517 0998 -0.181 -0.011
250 -0.014 0495 1.001 -0.086 -0.009
true value 0.25 0.533 1 0 0
50 0.278 0.573 1.015 -0.651 -0.037
100 0.239 0.549 0.991 0.002 -0.018
250 0.237 0.529 0.998 -0.094 -0.012
true value 0.5 0.667 1 0 0
50 0463 0.678 1.067 -2.342 -0.029
100 0.493 0.733 0.973 0.185 -0.028
250 0499 0.662 1.003 -0.146 -0.017
true value 0.75 1.143 1 0 0
50 - - - - -
100 - - - - -
250 0.750 1.222 1.000 -0.402 -0.014
true value 0 1 1 0 0
50 0.022 0965 0.993 0.580 -0.048
100 0.006 1.058 0.972 0.155 -0.026
250 -0.003 0.995 1.012 -0.182 -0.010
true value 0.25 1.067 1 0 0
50 0.243 1.028 0.999 0.323 -0.039
100 0.261 1.166 0.969 -0.009 -0.044
250 0.246 1.053 1.016 -0.240 -0.017




131

Table 5.4: Iterative bias correction average estimated parameter values: the first row in
each section describes the true values of the parameters for that set of simulations.

Average estimated parameter values
Sample over 200 simulations
size n p o? Bo B Ba
true value 0.5 1333 1 0 0
50 - - - - -
100 0.485 1.322 1.021 -0.292 -0.047
250 0.499 1.378 1.004 -0.323 -0.016
true value 0.75 2.286 1 0 0
50 - - - - -
100 - - - - -
250 0.737 2.769 0.858 -0.491 0.000
true value 0 2.5 1 0 0
50 - - - - -
100 - - - - -
250 0.019 2.559 1.024 -0.491 -0.018
true value 0.25 2.667 1 0 0
50 - - - - -
100 - - - - -
250 0.243 2.754 1.129 -1.251 -0.039
true value 05 3.333 1 0 0
50 - - - - -
100 - - - - -
250 0.518 3.432 1.115 -1.149 -0.108
true value 0.75 5.714 1 0 0
30 - - - - -
100 - - - - -
250 - - - - - -
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Table 5.5: Standard errors for the iterative bias correction method: the first row in each
section describes the true values of the parameters for that set of simulations.

Sample Theoretical (observed) standard errors over 200 simulations
size n p a2 Bo B Ba
Param. N/A 0 1 0 0
50 1.088 (1.580) 0.058 (0.063) 0.182 (0.305) 6.712 (9.840) 0.124 (0.138)
100 1.035 (1.136) 0.035 (0.054) 0.121 (0.186) 1.988 (2.852)  0.082 (0.097)
250 1.026 (1.114) 0.033 (0.022) 0.084 (0.114) 0.567 (0.662)  0.060 (0.070)
Param. 0 0.5 1 0 0
50 0.407 (0.537) 0.251 (0.514) 0.294 (0.410) 9.698 (10.254)  0.200 (0.204)
100 0.189 (0.236) 0.169 (0.279) 0.215 (0.213) 3.570 () 0.127 (0.141)
250 0.116 (0.126) 0.100 (0.121) 0.130 (0.129) 0.848 () 0.082 (0.086)
Param. 0.25 0.533 1 0 0
50 0.344 (0.595) 0.296 (0.433) 0.341 (0.521) 11.820 (12.201) 0.203 (0.215)
100 0.189 (0.288) 0.180 (0.238) 0.245 (0.316)  4.281 (4.067)  0.150 (0.151)
250 0.115 (0.159) 0.102 (0.136) 0.153 (0.173) 1.009 (1.006)  0.090 (0.096)
Param. 0.5 0.667 1 0 0
50 0.221 (0.383) 0.274 (0.342) 0.451 (0.512) 16.095 () 0.208 (0.252)
100 0.186 (0.307) 0.355 (0.170) 0.347 (0.389)  5.990 (5.824)  0.158 (0.167)
250 0.103 (0.176) 0.137 (0.099) 0.204 (0.217) 1.393 (1.470)  0.093 (0.100)
Param. 0.75 1.143 1 0 0
50 - - - - -
100 - - - - -
250 0.088 (0.225) 0.212 (0.151) 0.392 (0.431)  2.649 (2.806) 0.105 (0.130)
Param. 0 1 1 0 0
50 0.250 (0.276) 0.340 (0.379) 0.369 (0.425) 12.877 () 0.234 (0.289)
100 0.188 (0.316) 0.381 (0.616) 0.289 (0.514) 4.894 (5.696)  0.190 (0.229)
250 0.109 (0.199) 0.226 (0.315) 0.196 (0.420) 1.211 (1.223) 0.113 (0.132)
Param. 0.25 1.067 1 0 0
50 0.286 (0.462) 0.560 (0.619) 0.447 (0.652) 15.803 (17.097) 0.272 (0.319)
100 0.181 (0.316) 0.497 (0.429) 0.361 (0.495) 6.055 (5.952)  0.207 (0.244)
250 0.112 (0.176) 0.261 (0.255) 0.230 (0.277) 1.435 (1.563)  0.125 (0.141)
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Table 5.6: Standard errors for the iterative bias correction method: the first row in each
section describes the true values of the parameters for that set of simulations.

Sample Theoretical (observed) standard errors over 200 simulations
size n p o2 Bo B Ba
Param. 0.5 1.333 1 0 0

50 - - - - -

100 0.163 (0.216) 0.461 (0.403) 0.440 (0.523) 8.195 () 0.228 (0.266)

250 0.114 (0.233) 0.420 (0.359) 0.296 (0.447) 2.047 (2.643) 0.135 (0.196)
Param. 0.75 2.286 1 0 0

50 - - - - -

100 - - - - -

250 0.104 (0.378) 0.782 (0.738) 0.557 (0.642) 4.092 (4.812) 0.151 (0.219)
Param. 0 2.5 1 0 0

50 - - - - -

100 - - - - -

250 0.152 (0.304) 0.788 (0.824) 0.432 (0.678) 2.298 (2.374) 0.212 (0.242)
Param. 0.25 2.667 1 0 0

50 - - - - -

100 - - - - -

250 0.149 (0.243) 0.766 (0.508) 0.453 (0.582) 2.985 (3.504) 0.227 (0.414)
Param. 0.5 3.333 1 0 0

50 - - - - -

100 - - - - -

250 0.184 (0.314) 0.879 (0.419) 0.540 (0.626) 3.612 (3.995) 0.252 (0.317)
Param. 0.75 5.714 1 0 0

50 - - - - -

100 - - - - -

250 - - - - -
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Table 5.7: Iterative bias correction mean-squared errors: the first row in each section de-
scribes the true values of the parameters for that set of simulations.

Iterative bias correction mean-squared

Sample errors based on 200 simulations
size n p o? Bo B Ba
Param. | N/A 0 1 0 0

50 1.467 0.025 0.036 38.094 0.015
100 1.173 0.010 0.015 4.003 0.007
250 1.055 0.006 0009 0.329 0.004

Param. 0 0.5 1 0 0
50 0.166 0.064 0.086 94.161 0.041
100 0.036 0.300 0.045 12.780 0.016
250 0.014 0.256 0.017 0.726 0.007

Param. | 0.25 0.533 1 0 0
50 0.119 0.089 0.117 140.125 0.043
100 0.036 0.033 0.060 18.326 0.023
250 0.013 0.030 0.024 1.033 0.008

Param. 0.5 0.667 1 0 0
50 0.050 0.075 0.207 264.544 0.044
100 0.035 0.053 0.121 34.845 0.026
250 0.011 0.019 0.042 1962 0.009

Param. 0.75 1.143 1 0 0
50 - - - - -
100 - - - - -
250 0.008 0.051 0.311 7.18t 0.011

Param. 0 1 1 0 0

50 0.063 0.117 0.136 166.160 0.057
100 0.035 0.149 0.084 23.978 0.037
250 0.012 0.051 0.039 1500 0.013

Param. | 0.25 1.067 1 0 0
50 0.082 0.322 0.200 250.867 0.076
100 0.033 0.257 0.131 36.660 0.045
250 0.013 0.068 0.053 2.119 0.016
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Table 5.8: Iterative bias correction mean-squared errors: the first row in each section de-
scribes the true values of the parameters for that set of simulations.

Sample

size n

Iterative bias correction mean-squared

errors based 200 simulations

p o? Bo B Ba

Param.
50
100
250

0.5 1.333 1 0 0

0.027 0.212 0.194 67.248 0.054
0.014 0.178 0.089 4.292 0.019

Param.
50
100
250

0.75 2.286 1 0 0

0.011 0.612 0.311 16.751 0.023

Param.
50
100
250

0 2.5 1 0 0

0.024 0.625 0.187 5.520 0.045

Param.
50
100
250

0.25 2.667 1 0 0

0.022 0.594 0.222 10473 0.053

Param.
50
100
250

05 3.333 1 0 0

0.034 0.783 0.304 14.363 0.075

Param.
a0
100
250

0.75 5.714 1 0 0
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Chapter 6

COMPARISON OF IBC, MAXIMUM LIKELIHOOD AND PQL FOR
THE POLIO INCIDENCE MODEL

Chapters 3 to 5 presented the results for simulation studies, investigating the performance
of three methods available (amongst others) for fitting generalized linear mixed models.
The particular model of interest was a log linear model based on polio incidence data in
the USA from 1970-1983. In this chapter, the results for the three methods are compared,
with special regard to bias and mean-squared error. The bias is calculated as the average
estimate from the two hundred converged datasets minus the true value for the parameter.
The mean-squared error is calculated as the addition of squared bias and variance, where the
variance is the sample variance of the two hundred estimates for the parameter of interest.
Full details for the mean-squared errors calculated for each simulation scenario for each of
the three methods are presented in Tables 6.1 - 6.5.

Computational efficiency

Of the three methods, maximum likelihood was significantly the most computationally
intensive, and PQL was the most computationally efficient method. The iterative bias
correction method falls somewhere in the middle. Figure 6.1 shows the average time taken
(in minutes) to fit a dataset for the sample sizes n = 50, 100, and 250, where p = 0.25
and 02 = 1.067. The times are based on an average of the time taken to fit five different
datasets, where time is measured as the CPU time taken on a COMPAQ AlphaServer DS10
466 MHz compute with 1 Gigabyte memory.
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Figure 6.1: Time taken (in minutes) to fit a dataset using the three methods for p = 0.25
and o2 = 1.07.

The regression coefficient (g

The iterative bias correction method estimated the intercept Sy with little or no bias, while
PQL and maximum likelihood overestimated [y for extreme values of p and o2. For a
sample size of 250 (the largest sample size examined for all three methods), the biases for
the average estimates of Fy using maximum likelihood fluctuated from around -5% to 25%,

while the estimates of 3y using PQL and iterative bias correction had significantly less bias.

The mean-squared errors of Sy decreased more rapidly for the estimates of G¢ calculated
using maximum likelihood than for the corresponding mean-squared errors for PQL and

IBC. Figure 6.2 clearly displays this trend for p = 0.25 and 02 = 0.533.
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Figure 6.2: Mean-squared errors of 3y for maximum likelibood, PQL and IBC where p = 0.25
and o2 = 0.553.

The mean-squared errors ranged from approximately 0.05-2.5 for the smallest sample size
of 50, and 0.007-0.6 for the largest sample size of 250, showing the predictable decrease in

mean-squared errors as the sample size increases.

Both PQL and maximum likelihood displayed increasing mean-squared errors for 5y as
either or both o2 and p increased. In contrast, the mean-squared errors for 5y calculated
using IBC were unaffected by changes in p and 02, although the mean-squared errors were
slightly larger than those for both PQL and maximum likelihood. Figure 6.2 displays the
mean-squared error of Gy for varying o2 for a fixed p = 0.5. A similar trend was also
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observed for the other values of p as displayed in the results presented in Tables 6.5 - 6.8.
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Figure 6.3: Mean-squared errors of §y for maximum likelihood, PQL and IBC for fixed
p = 0.25 and varying o2.

Overall, maximum likelihood performed better, with lower mean-squared errors, when the
variance o2 was small, while PQL performed better when the value of 02 was higher. IBC
also performed in a manner comparable with PQL.
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The regression coefficient 3,

Unlike the other regression coefficients, all three methods estimated 3, the regression co-
efficient describing the time trend 5, with little bias and high variability. Boxplots in
Figure 6.4. are presented of the two hundred estimates of 3; for 02 = 0.533 and p = 0.25.

The high variability in the estimates was reflected in the significantly higher mean-squared
errors of 3, for each of the three methods in all the variance component combinations,

although the mean-squared errors decreased substantially with increasing sample size.

In a similar manner to fg, the mean-squared errors for all three methods’ estimates of 5;

increased in value as the variance components, p and o2 increased.

The other regression coefficients

Each of the three methods estimated the remaining regression coefficients, 32 to 85, with
very little or no bias on average, and the mean-squared errors for each of the three methods
were almost identical for each combination of variance components, ranging in size from
0.007 - 0.29. A small decrease was observed in the mean-squared errors as the sample
size increased for all three methods in a similar manner to the other regression coefficients.
Mean-squared errors for 34 are displayed in Tables 6.1 — 6.4 and reflect the mean-squared
errors for the other regression coefficients, 32, 53, and (5. All three methods would be
recommended for the estimation of these regression coefficients for any of the sample sizes

and variance component combinations tested.

The variance components

Both PQL and IBC provided the best estimation of the variance component p in terms of
having the smallest bias for all sample sizes and combinations of the variance components.

The estimates of p found using maximum likelihood exhibited large negative bias. This
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Figure 6.4: Boxplots of 8, for maximum likelihood, PQL and IBC for 02 = 0.533 and fixed
p = 0.25.

improved somewhat, but did not disappear entirely, when the sample size reached n = 250
(range: from -80% to -65% at sample size of 50; -30% to 2% at sample size of 250). The

negative bias also improved as o2 got larger.

Iterative bias correction tended to have slightly larger mean-squared errors in the estimation
of p, with PQL having the next largest mean-squared errors when p was smaller, and
maximum likelihood having the next largest mean-squared errors when p was large. This

effect is shown clearly in Figure 6.5 where the mean squared errors for p for both PQL and
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ML are shown for increasing p. The sample size chosen was n = 250 and o2 was fixed at 1

(i.e. the corresponding o2 = 1,1.07,1.33,2.29).
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Figure 6.5: Mean-squared errors of p for IBC, PQL, and maximum likelihood for varying p
where 02 = 1 and n = 250.

This can be explained easily by the mean-squared error formula, which is calculated as the
addition of squared bias and variance of the two hundred estimates. The PQL estimates
of p, while consistently displaying very little bias, exhibited high variability for p = 0 and
0.25 which decreased as p reached 0.5 and 0.75. Consquently the mean-squared errors for
p became smaller when the true value of p was higher. On the other hand, the maximum
likelihood estimates of p displayed only small bias at the lower levels of p which became
larger as p increased. This contributed in a squared manner to the larger mean-squared

errors observed for the estimates of p where the true value of p was large. Figure 6.6 shows
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the breakdown of the mean-squared errors for both PQL and maximum likelihood into the
variance and squared bias components. It is important to note that as p increased, o2
also increased and it was difficult to separate the effects of an increasing p with that of
an increasing o2, as both occurred simultaneously. However to observe the effect of the
variance, o2, alone, Figure 6.7 shows that for a fixed p-value of 0.5 and a sample size of
n = 250 the mean-squared errors of p for both PQL and maximum likelihood decreased
as 02 became larger. This attributes the increasing mean-squared errors of the maximum
likelihood estimation of p observed in Figure 6.5 to the additional bias seen as p increases

in value. A similar decreasing trend was also observed for other fixed values of p.
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Figure 6.6: Mean-squared errors, variance and bias? of j for maximum likelihood, PQL and
IBC for varying p and fixed 02 = 1 for n = 250.
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Figure 6.7: Mean-squared errors of p for PQL, maximum likelihood, and IBC for fixed
p = 0.5 and varying o2.

The variance component 02 was estimated with little or no bias for maximum likelihood,
with a tendency to slightly underestimate the true value, and with improvement as the
sample size increased. In contrast, using PQL, 02 was underestimated, with bias that
became worse with increasing sample size. However the mean-squared errors of o2 using
PQL became smaller as the sample size increased despite the increasing severity of the
bias, due to the compensating reduction in variability. For IBC, the mean-squared errors
were a little larger for larger 02 than for the other two methods. Figure 6.7 displays the
mean-squared errors of o2 for increasing sample size and a fixed p value of 0.25. The plot
clearly shows that maximum likelihood performs better than both IBC and PQL in terms

of mean-squared error for small 02, except where 02 = 0 and a sample size of 50, where
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PQL performs much better. The maximum likelihood mean-squared errors improve more

drastically with increased sample size compared with PQL and IBC. For o2 = 2.67, PQL

outperforms maximum likelihood, and would be recommended for situations where o2 is

large.
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Figure 6.8: Mean-squared errors of o2 for maximum likelihood, PQL and IBC for fixed

p = 0.25 and varying o2.

Each of the three methods is carried out using a different iterative process. The iterations

to convergence of the variance components p and o2 for a dataset where n = 100, p =

0.25, and 02 = 1.07 are shown in Figure 6.9 for all three methods, maximum likelihood,

PQL, and iterative bias correction. These plots suggest that the three methods converge
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in very different ways to their final parameter estimates, with PQL providing the fastest
convergence. The iterative bias correction method tends to jump around a lot more in its
iterations, circling in towards the final converged values, while the MCEM algorithm tends
to very quickly head onto a steady, slow course towards the final converged values.

Maximum likelihood PQL lterative Biag Correction

11
1

10
10
o

var{u)
[']]
var(u)
os (1]
vas(u)
09

o8
o8

04

£
&

LX) a1 02 03 04 0.0 01 02 03 04 0.0 0.t

Figure 6.9: Iterations to convergence of p and o2 using the three methods for one dataset
where n = 100, p = 0.25 and 02 = 1.07.

Analysis of the Original Polio dataset

As mentioned in chapter 2, a number of authors have analyzed the original polio incidence

data. Below in Table 6.2 are the results from the analyses carried out. Various authors
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estimated different forms of the variance component o2 including the variance o2, however,

the value of o2 is displayed in the table for ease of comparison between results.

Table 6.1: Results from modelling approaches of different researchers of the polio incidence
data (Z: Zeger (1988); C&L: Chan and Ledolter (1995); K&C: Kuk and Cheng (1997); Mc:

McCulloch (1997); B&C: Breslow and Clayton (1993); prop.: proposed).

Estimated parameter values
for each method
Coeft. GEE MCEM MCEM MCEM PQL IBC
(Z) (C&L) (K&C) (mine) (B&C) (prop.)
Bo 0.46 (0.13) | 0.64 (0.13) | 0.24 (0.29) | 0.27 (0.19) | 0.33 (0.29) | 0.24 (0.06)
B -4.35 (2.68) | -4.62 (1.38) | -3.79 (2.85) | -4.35 (1.96) | -3.46 (3.04) | -4.77 (0.63)
B2 -0.11 (0.16) | 0.15 (0.09) | 0.16 (0.15) | 0.15 (0.13) | 0.16 (0.14) | 0.13 (0.07)
B3 -0.48 (0.17) | -0.50 (0.12) | -0.48 (0.17) | -0.51 (0.15) | -0.46 (0.16) | -0.52 (0.09)
Bs | 0.20 (0.14) | 0.44 (0.10) | 0.42 (0.13) | 0.42 (0.14) | 0.40 (0.12) | 0.46 (0.06)
Bs -0.41 (0.14) | -0.04 (0.10) | -0.01 (0.12) | -0.04 (0.14) | -0.01 (0.12) | -0.08 (0.12)
p 0.82 0.90 (0.04) | 0.67 (0.17) | 0.10 (0.36) | 0.70 (0.13) | 0.55 (0.23)
o2 0.57 0.43 0.62 (0.29) | 0.51 (0.21) | 0.51 (0.17) | 0.49 (0.19)
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Table 6.2: Mean-squared errors for n = 250: the first row in each section describes the true
values of the parameters for that set of simulations.

Mean-squared errors for the three
Sample methods based on 200 simulations
size n P o} B B Ba
true value N/A 0 1 0 0
ML N/A 0.005 0.010 0.329 0.004
PQL N/A 0.001 0.007 0.333 0.004
IBC N/A 0.006 0.009 0.341 0.004
true value 0 0.5 1 0 0
ML 0.002 0.236 0.014 0.654 0.007
PQL 0.013 0.196 0.022 0.591 0.006
IBC 0.014 0.256 0.017 0.726 0.007
true value 0.25 0.533 1 0 0
ML 0.030 0.007 0.019 1.073 0.008
PQL 0.012 0.010 0.027 0.880 0.007
IBC 0.013 0.030 0.024 1.033 0.008
true value 0.5 0.667 1 0 0
ML 0.087 0.010 0.036 1.950 0.014
PQL 0.005 0.015 0.042 1.675 0.008
IBC 0.011 0.019 0.042 1.969 0.009
true value 0.7 1.143 1 0 0
ML 0.124 0.046 0.167 7.282 0.010
PQL 0.003 0.055 0.118 5.481 0.007
IBC 0.008 0.051 0.311 7.181 0.011
true value 0 1 1 0 0
ML 0.002 0.020 0.024 1.192 0.011
PQL 0.008 0.041 0.039 0.961 0.009
IBC 0.012 0.052 0.038 1.486 0.013
true value 0.25 1.067 1 0 0
ML 0.020 0.022 0.033 1.600 0.014
PQL 0.007 0.046 0.046 1.386 0.012
IBC 0.012 0.050 0.048 2.105 0.016
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Table 6.3: Mean-squared errors for n = 250: the first row in each section describes the true
values of the parameters for that set of simulations.

Mean-squared errors for the three
Sample methods based on 200 simulations
size n p o? Bo B Ba
true value 0.5 1.333 1 0 0
ML 0.073 0.140 0.213 10.345 0.048
PQL 0.005 0.073 0.074 2973 0.013
IBC 0.014 0.172 0.092 4.446 0.019
true value 0.75  2.286 1 0 0
ML 0.062 0369 0.554 18.376 0.038
PQL 0.003 0.248 0.222 10.371 0.012
IBC 0.011 0.612 0.311 16.751 0.023
true value 0 2.5 1 0 0
ML 0.014 0.392 0.473 8.150 0.072
PQL 0.006 0.351 0.087 1.968 0.019
IBC 0.024 0.625 0.187 5.520 0.045
true value 0.25 2.667 1 0 0
ML 0.007 0.497 0.773 11.567 0.084
PQL 0.006 0.398 0.108 3.269 0.023
IBC 0.022 0.594 0.222 10.473 0.053
true value 0.5 3.333 1 0 0
ML 0.009 2925 1.610 24.224 0.133
PQL 0.004 0.599 0.173 6.551 0.024
IBC 0034 0.783 0304 14.363 0.075
true value 0.7 5.714 1 0 0
ML 0.005 57.797 5.734 59.782 0.263
PQL 0.003 2.181 0.510 24.091 0.026
IBC - - - - -
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Chapter 7

PERFORMANCE OF GLMM FITTING METHODS WITH
NON-NORMAL RANDOM EFFECTS

One assumption that is generally made when fitting generalized linear mixed models is that
the random effects are normally distributed. If there is a single independent random effect,
then the assumed distribution is Normal(0,02), while if there is some assumed correlation
structure or more than one random effect, then a multivariate Normal(0, D) distribution is

assumed, where D is the variance-covariance matrix with a specified or unspecified correla-

tion structure for the distribution.

When the random effects do not come from a normal distribution, the impact on the result-
ing parameter estimates has not yet been well investigated, although a number of researchers
have examined this issue a little. The robustness of the parameter estimates to the assumed
distribution of the random effects has been a controversial topic to date. In light of the
possible impact a non-normal distribution may have on the resulting estimates, a number

of researchers have proposed non-parametric solutions to the estimation of random effects.

These were described earlier in §2.3.7.

Below, §7.1 discusses previous work done by researchers, and the various assumed distri-
butions for the random effects that were investigated. Section §7.2 is a description of a
non-normal random effects distribution that will be investigated here for the generalized
linear mixed model based on the polio incidence model. The performance of PQL for the
polio data where non-normal random effects are present is investigated in §7.3, the iterative

bias correction method in §7.4, and exact maximum likelihood in §7.5.
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7.1 Background

As mentioned above, a number of researchers have investigated the robustness of approxi-
mate maximum likelihood and other methods to the assumption made in generalized linear
mixed models that the distribution of the random effects is normal. Neuhaus et al. (1992)
investigated the effect of non-normally distributed random effects for a clustered binary

data model.

They examined a range of random effects distributions with varying degrees of skewness and
kurtosis on five hundred simulated datasets, each consisting of 100 clusters of size 5. The
five distributions tested were: Gamma(a = 0.5, 8 = 1), Gamma(a = 16, 8 = 1), Student
t(v = 3), and the Normal distribution.

Their results showed little bias in the estimates of the regression coefficients even when
the mixing distribution was highly skewed. There was also little bias in the estimation of
the intercept for the symmetric mixing distributions, but larger bias for the highly skewed
Gamma((a = 0.5, 8 = 1) distribution. There was also large bias for the estimates of o in
all non-normal models. In addition, Neuhaus et al. examined the biases in the associated
standard error estimates, and found large biases for the random efffects standard deviation
and the intercept. Their conclusion was that the inferences made about the regression pa-
rameters in a logistic model and valid standard error estimates of the regression coefficients

can be obtained.

These authors have found mixed results that appear promising for the robustness of the
generalized linear mixed model to the assumption of normally-distributed random effects.
However, Heagerty and Zeger (2000) mention that an often overlooked limitation of the con-
ditional formulation for nonlinear models is that the interpretation of regression coefficients
and their estimates can be highly sensitive to difficult-to-verify assumptions about the dis-
tribution of random effects, particularly the dependence of the latent variable distribution
on covariates. They observed that regression parameters in conditionally specified models

are more sensitive to random effects assumptions than their counterparts in the marginal
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formulation.

McCulloch (1997) tested out an exponential distribution for the random effects for a bino-
mial dataset with a single random effect using full maximum likelihood estimation assuming
an exponential distribution or a normal distribution for the random effects, and PQL (which
assumes a normal distribution for the random effects). These results are presented in Table
7.1

Table 7.1: McCulloch (1997) results for non-normal random effects.

Estimated bias (se's)
Parameter Maximum Likelihood Maximum Likelihood
(True value 02 = 1) (Exponential) (Normal) PQL
Bias of o2 0.19 (0.05) -0.58 (0.03) -1.53 (0.01)
MSE of o? 0.93 (0.14) 0.56 (0.03) 2.53 (0.03)

The bias in the estimates of the random effects variance for maximum likelihood assuming
normality of the random effects, when using exponentially distributed random effects, was

quite large. When PQL was used, the bias was even larger for 52.

Madger and Zeger (1996) investigated the effect of non-normal distributions of the random
effects for linear mixed models. They tested three distributions, each with the same variance
of four:

e Gaussian(0,02 = 4),

¢ A skewed distribution: 0.25 Gaussian(14,10) + 0.75 Chisq(4,‘—/-fﬁ),

e A discrete distribution with equal point masses placed on 2 and -2.
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Four hundred datasets for each type of distribution were simulated. Their results sug-
gested that their non-parametric method (as described in §2.3.7) outperformed a parametric
method assuming that the random effects were normally distributed for both the skewed
and discrete distributions, and performed only slightly less well than the parametric method

when the random effects were normally distributed.

The assumptions underlying the specific method used in fitting the generalized linear mixed
model will impact the robustness of the estimators to the assumption of normally distributed
random effects. For example, exact maximum likelihood, approximate maximum likelihood
and the iterative bias correction method may all be impacted in different ways in their
estimation by non-normality of the random effects, depending on how the method uses the
normality assumption. Below a comparison of the three methods will be made when the
assumption of non-normal random effects is not kept. These comparisons will be made for

the polio incidence model described below.

7.2 Non-Normal Random Effect Distributions for the Polio Incidence Model

A small set of simulation studies were carried out to compare the effect of a normal and
non-normal random effects distribution on the estimation of the polio incidence model using

the three different methods, exact and approximate maximum likelihood, and iterative bias

correction.

The form of the model used to fit the polio incidence data is log u} = z{ 3+u;. The random
effects follow an AR(1) process {u;} satisfying

Uy = pUe—| + €, where p is the correlation coefficient,
€: ~ iid Normal (0, 02),
yv=12,...,n,

and the y,'s are conditionally independent, i.e. y; | u¢ ~ Poisson(u}).

The trend and seasonality in the data were modelled with linear and trigonometric compo-
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nents, with the covariate vector

2 = (1, cos(2—7rt— sin (2™, cos [ 27, sin ( 2
t 7\ 1000’ 12)° 12 )’ 6/’ 6 /)

Setting

(1 p 2 0 )
p 1 p p
E=1pPp 1l p

\ p 1)
the distributional form of the random effects can also be written as:

u = (uy, ug,...,u168) ~ Multivariate Normal(0, 0,2‘ ).

7.2.1 A Multivariate t-distribution for the polio incidence model

The non-normal distribution for the random effects that will be tested is a multivariate
t-distribution with an AR(1) correlation structure (Gelman, Carlin et al. 1995) This dis-
tribution has heavier tails than the corresponding normal distribution, allowing for more
extreme observations. A special relationship exists between a standardized multivariate
normal random variable, X ~ MVN(0,X) where X is the correlation matrix shown above
(Johnson and Kotz 1972), and a random variable v ~ MV¢, (0, £), where MV, is a multi-

variate t-distribution with v degrees of freedom. The random variable v;, the tth random

-1
v =X (\/E) )

with R ~ x?(v), independent of X,. Then

effect of v can be written as:

v = (vl,vg, ey vlss) ~ MVt.,(O, 0"2‘2) with var(v) = v i 2 z.
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To enable fair comparison between using the multivariate normal and multivariate t-distributions
as random effect distributions, the variance of an individual random effect v; from the mul-
tivariate t-distribution will be set to be equal to the variance of an individual random effect

v, from the multivariate normal distribution.

The variance for an individual random effect v; from the multivariate ¢-distribution is cal-

culated as:
var(vy) = var (X. [@] -l)
(v 7&)
= vE (v r(X) IR) + vuvar (E(X‘) IR)
(%

= vuvar

R

= vE ) + vuvar(0| R)

= + 0, forv>2,
u—2

as -,‘; follows an inverted x? distribution. In practice, it is easiest to simulate random ef-
fects v,from a multivariate t-distribution using the corresponding random effects u, already
generated from a multivariate normal(0, 02 £) distribution. This allows for a more flexible
range of possible multivariate-t, distributions, using the same values of the variance com-

ponents p and a2 for both distributions as required. This is done by generating the v,’s using:

Ve = U ; C

where c is a constant. The variance of v, is:

]

var(v)
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In order to ensure var(v;) =var(u;) so that the two distributions have equal variances:

o2 = ¢

This allows for a wide range of possible values for the degrees of freedom v for the multi-

variate t-distribution.

A scenario in particular that has been chosen for investigation is where p = 0.25, 02 =1 =

o2 = 1.067 leading to a multivariate t-distribution with » =3 d.f., and ¢ = /1.

An example of the random effects generated for one dataset, where n = 100, p = 0.25,

02 = 1.07, and v = 3 is displayed in Figure 7.1. As anticipated, the random effects

generated using the multivariate t-distribution exhibited more extreme values.

7.3 Results

Overall, under the multivariate t-scenario, the three methods estimated the regression co-
efficients with little bias: however, the variance components were generally severely un-
derestimated on average, with 02 being estimated with significantly more variability even
in a sample size of n = 250. The iterative bias correction method proved to be unstable
under these circumstances with low rates (around 50-60%) of converged datasets (due to
non-convergence of 02) in the smallest sample size, n = 50, with some improvement when
the sample size increased to n = 100, and a high rate (around 90%) of converged datasets
for n = 250. Thus, results for sample sizes of n = 50 and n = 100 for the iterative bias
correction method are not presented in the following results. PQL had slightly lower rates
of converged datasets for each sample size compared with their multivariate normal coun-
terparts (98% compared with 100%). Individual datasets fitted using maximum likelihood
each took significantly more iterations to converge. Tables 7.2 — 7.4 present details of the
average estimates, theoretical and observed standard errors, and mean-squared errors, re-

spectively, for all three methods for the parameters 5y, 51, 84 and p and 0,2‘ The remaining
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Figure 7.1: Plot of the multivariate normal and multivariate ¢ random effects generated for
one dataset with n = 100.

regression coefficients (2, 33 and 35 were estimated in a similar manner to 34, and have not

been included in the tables of results.

The regression coefficients 3g to (s

When a multivariate ¢ random effects distribution was used, the regression coefficients
Bo, ..., Bs were generally estimated by PQL with comparatively similar levels of bias to

their corresponding estimates with a multivariate normal random effects distribution.

The intercept 8y was estimated on average with more bias using maximum likelihood in
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the smallest sample size n = 50, but similar bias to the corresponding multivariate normal

scenario once a sample size of n = 250 was reached.

The time trend coefficient, 8;, was estimated with similar levels of bias to the corresponding
multivariate normal scenarios using maximum likelihood. Higher variability was observed in
the two hundred estimates of all the regression coefficients in the multivariate ¢ simulation
scenarios at the smallest sample size of n = 50 when compared to their corresponding
multivariate normal estimates. This variability decreased to similar levels to the multivariate
normal estimates for sample sizes of n = 100 and 250, except for Sy, which maintained higher

variability, as reflected in theoretical standard errors up to fifteen times larger.

The estimation of By using PQL proved to have similar levels of bias in the presence of
multivariate ¢ random effects, when compared with the multivariate normal setting for
all the sample sizes examined. PQL also exhibited larger variability in the estimation
of the regression coefficients in the multivariate t-setting at the smallest sample size of
n = 50. Once a sample size of n = 100 was reached, the variability was comparable to the

multivariate normal setting.

The iterative bias correction method at a sample size of n = 250 estimated Fy with little bias
in both multivariate t-and normal settings, with more variability present in the multivariate
t-situation. The time trend coefficient, 3; was estimated very similarly for both settings

with little bias, as were the remaining regression coefficients.

The variance component p

Estimation of p proved to yield very similar results in terms of bias for both the multivari-
ate t-and the multivariate normal distribution using all three methods. An exception was
maximum likelihood at a sample size of n = 250, which underestimated p more with the
multivariate ¢-distribution. Very little differences were observed in the average estimates
of p at each sample size: however, the standard errors associated with the estimation of p

in the multivariate ¢ simulations were approximately 1.5 to 2 times as large as the corre-
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Figure 7.2: Average value and corresponding 95% confidence intervals for E(p) for n = 250
using both multivariate normal and multivariate ¢ random effect distributions.

sponding standard errors in the multivariate normal simulations for each of the methods,
particularly maximum likelihood, as displayed in Figure 7.3 below. These larger standard
errors are reflected in mean-squared errors which were approximately 1.5 times as large as

the corresponding mean-squared errors in the multivariate normal simulations.
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Figure 7.3: Average value and corresponding 95% confidence intervals for E(p) for n = 250
using both multivariate normal and multivariate ¢ random effect distributions.

: 2
The variance component o

The other variance component, 02, was estimated with substantially higher levels of bias
in the multivariate ¢ simulations than for the multivariate normal simulations for each of
the three methods, and at each sample size tested. In each multivariate ¢-scenario, more
extreme observations were observed even at the largest sample size, n = 250, with the
median values exhibiting larger negative bias (up to 35% larger) than observed for the

corresponding multivariate normal simulations.
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Figure 7.4: Multivariate normal and multivariate ¢ random effect distribution results for o2
for n = 250.
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Table 7.2: Average parameter estimates for multivariate normal and multivariate ¢t random
effects distributions.

Para- | Sample ML PQL IBC
meter | size Truth MVN MVt MVN MVt MVN MVt
50 1.029 1.155 | 1.116 1.087 | 0.999 -
Bo 100 1 1.020 1.102 | 1.126 1.101 | 1.001 -
250 1.024 1.022 | 1.137 1.101 | 1.016 1.003
50 -0.439 -1.576 | -0.387 -0.353 | 0.323 -
B 100 0 -0.057 0.290 | -0.027 -0.111 | -0.010 -
250 -0.172  -0.196 | -0.093 -0.019 | -0.240 -0.008
50 -0.037 -0.139 | -0.040 -0.034 | -0.039 -
Ba 100 0 -0.024 -0.003 | -0.025 -0.017 | -0.052
250 -0.011 -0.010 | -0.013 -0.008 | -0.017 -0.006
50 0.038 0.039 | 0.222 0.204 | 0.243 -
P 100 0.25 | 0.089 0.073 | 0.236 0.224 | 0.254 -
250 0.116 0.083 | 0.242 0.244 | 0.246 0.233
50 0.807 0.894 | 0.907 0.859 | 1.028 -
a2 100 1.07 | 0.940 0.692 | 0.909 0.666 | 1.059 -
250 1.003 0.642 | 0.890 0.708 | 1.053 0.659




164

Table 7.3: Theoretical (observed) standard errors for multivariate normal and multivariate
t random effects distributions.

Para- ML PQL IBC
meter n MVN MV-t MVN MV-t MVN MV-t
50 | 0.44 (0.34) 0.84 (0.28) | 0.40 (0.40) 0.40 (0.37) | 0.44 (0.55) -
Bo=1 | 100 | 0.32 (0.26) 1.10 (0.60) | 0.29 (0.28) 0.25 (0.23) | 0.33 (0.44) -
250 | 0.18 (0.18) 2.84 (0.11) | 0.16 (0.17)  0.17 (0.15) | 0.22 (0.25) 0.17 (0.09)
50 |15.06 (11.26) 18.59 (0.47) |13.65 (13.61) 14.54 (12.44)| 15.27 () -
=0 | 100 | 553 (3.89) 5.21(0.33) | 501 (4.76) 4.14 (3.99) | 6.04 () -
250 | 1.253 (1.04) 1.81(0.19) | 1.17(1.19) 1.07(1.01) { 143()  1.14 (0.60)
50 | 0.27(0.24) 1.33(0.19) | 0.24 (0.23) 0.25 (0.21) | 0.27 (0.29) -
Bi=0 | 100 | 0.19(0.18) 0.19(0.13) | 0.17 (0.17) 0.15 (0.14) | 0.20 (0.22) -
250 | 0.12 (0.11) 0.11 (0.08) | 0.11(0.11) 0.10 (0.09) | 0.13 (0.14) 0.10 (0.06)
50 | 0.11(0.23) 0.143 (0.39) | 0.22 (0.22) 0.30 (0.45) | 0.27 (0.34) -
p=025| 100 | 0.08 (0.15) 0.11(0.26) | 0.14 (0.14) 0.24 (0.52) | 0.17 (0.21) -
250 | 0.05(0.09) 0.15(0.17) | 0.08 (0.09) 0.11 (0.13) | 0.11 (0.17) 0.07 (0.14)
50 | 0.29 (0.26) 1.55() | 0.32(0.31) 1.10 (0.34) | 0.40 (0.46) -
02=107| 100 | 023( 0.69 (1.39) | 0.22 (0.20) 0.82 (0.16) | 0.33 (0.38) -
250 | 0.14 (0.14) 064() | 0.16(0.17) 0.87 (0.10) | 0.22 (0.24)  0.641 ()
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Table 7.4: Mean-squared errors for multivariate normal and multivariate ¢ random effects

distributions.
Para- Sample ML PQL IBC
meter size | MVN MV-t MVN MV-t MVN MV-t
50 0.191 0.736 0.173 0.166 0.197 -
Bo=1 100 0.100 0.364 0.098 0.071 0.110 -
250 0.033 8.420 0.046 0.039 0.048 0.039
50 228.964 348.100 | 186.541 211.631 | 233.271 -
Br=0 100 31.717  27.182 | 25.085 17.165 | 26.500 -
250 2.944 3.398 1.386 1.148 2.105 1.308
50 0.072 1.784 0.059 0.061 0.074 -
Ba=0 100 0.038 0.036 0.031 0.022 0.042 -
250 0.014 0.013 0.012 0.010 0.016 0.009
50 0.056 0.065 0.049 0.092 0.075 -
p=0.25 100 0.032 0.044 0.020 0.059 0.030 -
250 0.020 0.043 0.007 0.012 0.012 0.014
50 0.152 1.554 0.126 1.252 0.159 -
o2 =107 100 0.070 0.686 0.072 0.832 0.107 -
250 0.022 0.564 0.046 0.891 0.050 0.458
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Chapter 8

CONCLUSIONS AND FUTURE WORK

The performance of three methods that can be used to fit generalized linear mixed models
has been thoroughly examined using simulation results for a Poisson model with AR(1)
correlation structure for the random effects using simulation studies. Performance was

measured using averages, standard errors, and mean-squared errors.

Each method was shown to have strengths and weaknesses, and none of the three methods
proved to be ideal for use in every situation for the Poisson data model used. Below are

some conclusions and recommendations based on the work carried out.

e For a small sample size, around n = 50 to 150, either PQL or maximum likelihood are
the methods of choice. The iterative bias correction method proved to be unstable
in smaller sample sizes, with the variance components often not converging. Because
only small sample sizes are involved, the time taken to fit a dataset using maximum

likelihood is reasonable, and PQL is extremely fast.

e For moderate-sized samples, between n = 150 and 1000, either PQL or iterative
bias correction can be recommended for use, as both methods provide estimates in a

moderate time frame.

e PQL is the recommended method of fitting for large datasets (n > 1000), due to the
computational intensity of the other two methods, iterative bias correction and maxi-
mum likelihood. However, if the level of bias in the parameter estimates, particularly
the variance components, is an important consideration, the iterative bias correction

method can be considered a viable alternative.
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e Of the three methods, the iterative bias correction method provides the least biased

estimates, particularly for the variance components. Both maximum likelihood and
PQL displayed bias in a range of situations for either or both of the variance compo-
nents, especially where the variance components were more extreme in value (02 > 1,

p 2> 0.5). However, the standard errors were often around 10% larger for the IBC

method.

All three methods proved to be less stable (with lack of convergence of p and 02) when

the true values of the variance components were extreme (p > 0.75, aﬁ > 2.5).

PQL and maximum likelihood generally had smaller mean-squared errors for the vari-
ance components than the iterative bias correction method. The IBC mean-squared
errors were often around 10%-15% larger than the corresponding mean-squared errors

for PQL and maximum likelihood.

None of the three methods was particularly robust to non-normality of the random
effects; the estimation of o2 was particularly affected, with substantially higher nega-
tive bias when the random effects came from a multivariate t-distribution with three
degrees of freedom. In addition, datasets fitted using maximum likelihood took longer

to converge, and the other two methods, PQL and iterative bias correction, were both

less stable.

Future Work

The investigation of the performance of the three methods for fitting the polio incidence

model raised a number of interesting questions that have much potential as topics for future

research.

e In chapter two, the question was raised regarding the cause of the bias present in

the maximum likelihood estimation of the variance component p, especially in small
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samples. Of interest will be to examine the asymptotic behavior of the maximum
likelihood estimators in a generalized linear mixed model, where there is correlation
present between the observations. This issue could be examined both theoretically

and through the use of simulation studies.

The performance and comparison of the three methods in the work carried out has
been for count data with an AR(1) random effects correlation structure. Similar
investigation of the performance and comparison of the three methods for a binary

data model would be of interest, especially as the use of binary outcomes is very

common.

The MCEM algorithm used here to obtain maximum likelihood estimates of the pa-
rameters uses a Metropolis-Hastings algorithm to generate random effects vectors from
their conditional distribution f(u]y). This is computationally very intensive, so conse-
quently, Booth and Hobert (1999) investigated the use of faster sampling techniques,
importance and rejection sampling, to generate random effects vectors. Of interest is
to investigate the use of these alternatives, and other sampling techniques, in an effort

to reduce the computational intensity of the algorithm.

Bayesian methods are becoming increasingly popular for fitting hierarchical datasets,
which can include many types of generalized linear mixed models. Much work has
been done in this area, and it is of interest is to compare current Bayesian techniques

with maximum likelihood, PQL, and iterative bias correction.
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Appendix A

THE POLIO INCIDENCE DATA

0BSy OBS y OBSy OBS y OBS y OBS y OBS y OBS y
1 0 24 143 164 185 11064 127 0 148 1
2 1 23 144 065 086 1107 2 128 0 149 0
3 0 24 545 166 087 0108 3 129 0 150 1
4 0 25 046 067 188 11093 130 1 151 0
5 1 26 347 168 289 11100 131 0 152 2
6 3 27 148 069 090 0111 0 132 1 153 0
7 9 28 049 170 091 2112 2 133 1 154 0
8 2 29 150 071 192 11137 1340 155 1
9 3 30 451 172 293 3114 8 135 0 156 2

10 5 31 052 073 094 1115 2 136 0 157 0

11 3 32 053 174 395 2116 4 137 0 158 1

12 5 33 154 075 196 4117 1 138 0 159 0

13 2 34 655 176 197 0118 1 139 1 160 0

14 2 351456 077 098 0119 2 140 2 161 0

15 0 36 157 178 299 0120 4 141 0 162 1

16 1 37 158 079 01001 121 0 142 2 163 2

17 0 38 059 080 4 101 0 122 1 143 0 164 1

18 1 39 060 281 01021 123 1 144 0 165 0

19 3 40 161 082 21030 124 3 145 0 166 1

20 3 41 162 183 110421253 146 1 167 3

21 2 42 163 084 11052 126 0 147 O 168 6
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