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This dissertation highlights the research of myself and my numerous collaborators through-

out my time at the University of Washington on topics such as: safety constraints, controlled

invariant sets, Markov chains, Markov decision processes, and swarm guidance. As au-

tonomous systems become more prevalent, great care must be taken to ensure that they

remain in well-understood operating regimes, despite the unavoidable uncertainty of the real

world. Safety constraints are therefore critical to consider for a wide variety of models, espe-

cially those which explicitly incorporate uncertainty. If safety cannot be guaranteed in some

well-defined sense, then a model cannot confidently be applied to a practical problem—or

may even guarantee an undesired outcome. Therefore, the analysis of control systems under

safety constraints is integral to bridging the gap between mathematical models and real-world

processes.
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Chapter 1

INTRODUCTION

1.1 Overview

The contributions of my research share the broad theme of swarm guidance, whether it

be a literal swarm of vehicles moving between physical configurations, or a more abstract

collection of possible trajectories in a stochastic model. A ubiquitous methodology for the

theory and application of control theory is to build a mathematical model for the process

being controlled, to design a controller which achieves certain design objectives for this

idealized system, and then to experimentally verify the controller on a real system. Applying

this methodology for controlling a swarm, each of these stages has its own challenges that

require special attention; the model must capture the essential behavior of a swarm but

not be too complex to rigorously analyze, there must be available algorithms for designing

appropriate control laws across a wide range of multi-agent systems, and it must be possible

to certify that a guidance algorithm is usable in practice and achieves the desired behavior.

It is with these steps in mind that my research into the areas of Markov decision processes,

optimal mass transport theory, certification of constraint satisfaction, and beyond will strive

to further our knowledge of the theory and application of swarm guidance and control.

In the past decade alone, real-time optimization has matured into a proven technology

in aerospace applications such as rocket landing. As our technological capabilities grow,

so must our underlying confidence that our control algorithms will robustly and efficiently

accomplish their objectives, and we must be able to examine how vulnerable our systems are

to a broad set of unpredictable phenomena. An important challenge is to design complex

systems which are certifiably safe while still achieving high performance. To this end, we

must be able to translate the abstract idea of safety into concrete constraints on our systems,

and then to optimize with respect to these constraints with the knowledge that our system

model is fundamentally imprecise under real-world operating conditions.
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1.1.1 Markov Decision Processes

A Markov Decision Process (MDP) is a stochastic control problem over a finite set of states

and control actions, with associated costs. Since no model of a real-world system is perfect,

each control action results in a probability distribution over possible outcomes. Under this

framework, we can design a policy—a method of choosing which action to take from the

current information—that optimizes a chosen objective while enforcing constraints on the

probability distribution over states. The Sequentially Ordered MDP (SO-MDP) model is a

variation on MDP where the action is chosen based on the current state and measured result

of each future action in real time. My work with El Chamie and Açıkmeşe [27] shows that

these extra measurement data result in improved performance and safety over a policy that

chooses an action from only the current state information. We observed that benefit was the

most dramatic in or near high-risk regions with large penalties, and therefore this kind of

model is particularly useful to guaranteeing the satisfaction of probabilistic state constraints

in the presence of significant uncertainty.

1.1.2 Safety Constraint Certification

Safety constraints are conditions requiring the state of a system to remain in some prescribed

set S for all future times. For example, the constraint set for a swarm of vehicles may be

the set of all configurations where no vehicle is colliding with an obstacle or another vehicle.

Any example of a trajectory where the state leaves the constraint set proves the entire safety

condition false, however proving that such a constraint is always satisfied cannot be proven

true by brute force. One key result for dynamical systems of the form x(t + 1) = f(x(t)) is

that an initial condition satisfies the safety constraint if and only if it is within the maximal

positively invariant subset of the constraint set. The standard algorithm to compute this set

presented by Kolmanovsky [49] is a special case of a more general Kleene iteration algorithm,

as discussed in §3.5.

1.1.3 Optimal Mass Transport for Swarms

Optimal mass transport (OMT) is the idealized problem of moving an initial configuration

of “mass” into a desired final configuration in the most efficient way possible. This problem

is of clear importance to swarm guidance. In our paper “Discrete-Time Linear-Quadratic

Regulation via Optimal Transport, my coauthors and I demonstrated how the textbook
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discrete-time LQR problem may be analyzed within the theoretical framework of OMT. By

modeling the initial and final uncertainties in the state of an agent as probability distribu-

tions, the LQR problem for a stochastic system can be converted into an OMT problem with

an explicit form. This idea also extends to a broader family of problems with constraints on

the spatial density of agents as they move toward a desired configuration, and similar state

constraints.
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1.2 Notation

Arbitrary sets are denoted by capital script Latin letters.

N is the set of natural numbers {0, 1, 2, . . . }

R is the set of real numbers

R+ is the set of nonnegative real numbers

Rn is the set of ndimensional real vectors

Rm×n is the set of real matrices of size m× n

1 is the column vector of ones of appropriate dimension

≤ indicates entrywise inequality for vectors and matrices

S is the closure of set S

A ≺ B ⇐⇒ x⊺Ax < x⊺Bx, ∀x ∈ Rn\{0}

A ⪯ B ⇐⇒ x⊺Ax ≤ x⊺Bx, ∀x ∈ Rn

2A := {B | B ⊆ A}

A⊕ B = {a+ b | a ∈ A, b ∈ B}

∥x∥Q :=
√
x⊺Qx

∆(n) = {x ∈ Rn | 1⊺x = 1, x ≥ 0}

fk(x) is defined recursively for k ≥ 0 as f 0(x) := x, fk+1(x) = f(fk(x))

f−k(A) := {x | fk(x) ∈ A}, k ∈ N

Oℓ(S, f) :=
ℓ⋂

k=0

f−k(S)

ω(x, f) :=
⋂
k∈N

{f l(x) | l ≥ k}

Ω(S, f) := {x ∈ S | ω(x, f) ⊆ S}

d(x,Y) := inf
y∈Y

∥x− y∥

Br := {x | ∥x∥ < r}

κp(V ) := |||V |||p
∣∣∣∣∣∣V −1

∣∣∣∣∣∣
p
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Chapter 2

MARKOV DECISION PROCESSES

2.1 Markov Chains

A Markov process is defined as a stochastic process with the Markov property: for each

t > τ , Pr[X(t) ∈ Si | {X(σ)}σ≤τ ] = Pr[X(t) ∈ Si | {X(τ)}]. In other words, the future

trajectory can only depend on the current state, and not on the past history of states. If two

trajectories have different histories but have the same state at time τ , then they will behave

statistically identically from that time onward. Although the future trajectory often cannot

be known with certainty, Markov processes correspond to linear systems over probabilities

from the definition of conditional probability:

Pr[X(t) ∈ Si] = (Pr[X(t) ∈ Si | X(τ) ∈ Sj])× Pr[X(τ) ∈ Sj]. (2.1)

A Markov chain is a Markov process with a discrete, totally-ordered set of times indexed

by t ∈ N, and a finite set of states S = {s1, . . . , sn}. The conditional probabilities of

Equation (2.1) are arranged into a sequence of state transition matricesM(t) so thatMij(t) =

Pr[X(t + 1) = si | X(t) = sj]. From the unitarity and nonnegativity of probabilities, these

matrices have the properties

n∑
i=1

Mij(t) = 1, ∀j ∈ [1, n], ∀t ∈ N, (2.2)

Mij(t) ≥ 0, ∀(i, j) ∈ [1, n]2, ∀t ∈ N. (2.3)

Properties (2.2) and (2.3) are written more compactly as the following:

1⊺M(t) = 1⊺, ∀t ∈ N, (2.4)

M(t) ≥ 0, ∀t. (2.5)

In other words, each M(t) is a square, column-stochastic matrix (also called a Markov ma-
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trix ).

Although Markov chains are fundamentally nondeterministic in general, they can be

formulated as a linear system whose state x(t) describes a probability distribution over S at

time t:

x(t) =


Pr[X(t) = s1]

...

Pr[X(t) = sn]

 . (2.6)

This new state x is a vector in ∆(n) which satisfies the linear dynamics

x(t+ 1) =M(t)x(t). (2.7)

If x(τ) is given, then x(t) can be found for all t > τ in terms of x(τ) as

x(t) =M(t− 1)M(t− 2) . . .M(τ)x(τ). (2.8)

The product of Markov matrices from times t−1 to τ is also a Markov matrix, and its entries

are the conditional probabilities of X(t), given X(τ).

2.2 Markov Decision Processes

A Markov decision process (MDP) is a controlled Markov chain with a discrete time index

t ∈ N, a finite set of states S = {s1, . . . , sn}, a finite set of actions A = {a1, . . . , am},
a transition kernel G mapping state-action pairs to probability distributions on S, and

a cost (or alternatively, reward) functional on the feasible sequences of state-action pairs

(s(t), a(t))t∈N. We also attach a cost functional over trajectories of state-action pairs; e.g.,

total cost
∑∞

t=0 r(s(t), a(t)), discounted cost
∑∞

t=0 γ
tr(s(t), a(t)) with a discount factor γ ∈

[0, 1), or average cost limT→∞
1
T

∑T−1
t=0 r(s(t), a(t)). The current state is observed, and the

controller chooses an action according a policy π.

We seek an optimal policy π∗ for choosing an action based on knowledge of the state which

minimizes the expected cost. A policy is said to be deterministic if the action is specified by
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Figure 2.1: One time step of a Markov decision process. The policy π chooses a random
action a(t) using a random number generator. The state transitions to s(t+1) stochastically
from the state-action pair (s(t), a(t)) and a random variable ω.

the current state, and mixed if the action follows a distribution which is a function of state.

Pr[s(t+ 1) = si] =
n∑
j=1

m∑
k=1

Pr[s(t+ 1) = si | sj, ak] Pr[ak | sj] Pr[s(t) = sj]. (2.9)

As with Markov chains, MDPs are formulated as a linear system on the space of probability

distributions over S, using the state vector x(t) defined as xi(t) = Pr[s(t) = si] similarly to

Equation (2.6). This allows Equation (2.9) to be written in matrix form:

x(t+ 1) =Mπ(t)x(t), (2.10)

Mπ
ij(t) =

m∑
k=1

Gijk(t)πkj(t), (2.11)

Gikj(t) = Pr[s(t+ 1) = si | s(t) = sj, a(t) = ak], (2.12)

πkj(t) = Pr[a(t) = ak | s(t) = sj]. (2.13)

The state transition matrix Mπ(t) depends linearly on the policy π, which gives the proba-

bilities of choosing each action upon observing the current state.

Rather than treating the set of actions as independent of state, we may instead consider

the state-action pairs accessible from any particular state. There are several advantages

of doing this, such as to express Mπ(t) as a product of a transition kernel matrix and a

policy matrix, to conveniently frame the MDP dynamics over state-action pairs rather than

just states or actions separately, and to allow for a state-dependent set of available actions

A(s). Although the latter may appear to be more general, one could always choose A so
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that |A| = maxs∈S |A(s)|, and introduce redundant actions for states with fewer options of

action.

For convenience, the transition kernel G and policy π can be recast as n×mn and mn×n
matrices, respectively. Let Piℓ be the probability that s(t+1) = si given the ℓth state-action

pair is realized at time t. Also let Πℓj be the probability for being in the ℓth state-action pair

at time t, conditioned upon s(t) = sj. The MDP dynamics then simplify to

x(t+ 1) = P (t)Π(t)x(t). (2.14)

2.2.1 Constrained MDP Synthesis

For any particular policy, the dynamics of the MDP (S,A, P, R) reduces to the Markov

chain shown in Equation (2.10). The transition matrix Mπ(t) = P (t)Π(t) separates the

uncontrolled probabilities in transition kernel P from the policy matrix Π. To understand

the set of feasible Π, the indicator matrix Io ∈ {0, 1}n×mn is defined so that its (i, k)th entry

is 1 iff the kth state-action pair contains state si. If the set of actions is uniform across all

states, then

Io = In×n ⊗ 11×n (2.15)

=


11×n 01×n · · · 01×n

01×n 11×n · · · 01×n
...

...
. . .

...

01×n 01×n · · · 11×n

 . (2.16)

Because Πkj > 0 only if the kth state-action pair contains state sj, and each column of Π is

a probability vector, Π(t) always satisfies the following linear constraints:

IoΠ(t) = In×n, (2.17a)

Π(t) ≥ 0. (2.17b)

Furthermore, any Π(t) satisfying conditions (2.17) is compatible with the MDP. Since Π must

have the sparsity structure of I⊺o , the policy can also be represented by the vector π ∈ Rmn+
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such that Π(t) = Diag(π(t))I⊺o , and π(t) satisfies the linear constraints

Ioπ(t) = 1n×1, (2.18a)

π(t) ≥ 0. (2.18b)

The dynamics of the MDP can then be parameterized either by the policy matrix Π(t) or

the policy vector π(t):

Mπ(t) = PΠ(t), (2.19)

Π(t) = Diag(π(t))I⊺o . (2.20)

Since P and Io are treated as fixed, the identities (2.19) and (2.20) are linear. Thus, any

convex program in the state transition matrices Mπ(t) is also convex with respect to the

policy vector formulation.

One can also consider the distribution over state-action pairs y(t) ∈ Rmn+ , so that yk(t) is

the probability of the tth state-action pair occurring at time t. y(t) captures both x(t) and

π(t) simultaneously through the following identities:

y(t) = Π(t)x(t), (2.21a)

x(t+ 1) = Py(t), (2.21b)

x(t) = Ioy(t), (2.21c)

Unlike in Equations (2.19) and (2.20), y(t) is bilinear with respect to Π(t) because y(t) =

Π(t)Ioy(t). This lets constraints which are linear in y(t) but not in π(t) be formulated as

convex constraints. I.e., the constraint x(t) ≤ d is linear in y but not in the sequence of

policy matrices, since x(t) = Ioy(t) = PΠ(t)PΠ(t−1) · · ·PΠ(0)x(0). Furthermore, the policy

vector π(t)—and therefore Mπ(t)—can be computed from y(t) directly if Diag(I⊺o Ioy(t)) is

invertible:

π(t) = Diag(I⊺o Ioy(t))
−1y(t). (2.22)

This identity follows from the observation that each entry of y(t) is a joint probability of

being in the corresponding state x(t) and taking the action with conditional probability given

by π(t). Ioy(t) is simply x(t), so I⊺o Ioy(t) is a vector whose ith entry is the probability of the
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state contained in the ith state-action pair. With this choice of variables, the time-varying

MDP takes the form

minx(t),y(t)
∑T

t=0 r(t)
⊺y(t)

s.t. x(t) = Ioy(t),

x(t+ 1) = Py(t),

1⊺y(t) = 1,

y(t) ≥ 0, ∀t ∈ 1, . . . , T.

(2.23)

The solution to this linear program gives the optimal sequence of y(t). Additional convex

constraints in x(t) or y(t) can be added without affecting the convexity of this problem.

Then, we recover the time-varying policy from y(t) using Equation (2.22).

2.3 Sequentially Observed MDP

A Sequentially Observed Markov Decision Process (SO-MDP) is a generalization of the usual

MDP model. For a traditional MDP, the action is based only on the current state, while a

SO-MDP determines the outcome of each action in sequence, either accepting or rejecting

the action. At the start of each decision epoch, the outcome of action a1 is measured in

phase 1, and the action is either accepted or rejected. If accepted, the new state will take

the observed value. Otherwise, action a2 is sampled in phase 2, and the process repeats for

all ak in sequence up to am−1. If no actions are accepted in phases 1 through m − 1, then

am is forced to be accepted.

The policy for a SO-MDP takes the current state, phase, and measured transition, and

then returns the probability of accepting the action. This contrasts with the normal MDP

model in which the action is chosen at the start of the epoch without measuring the out-

come of any action. Since the normal MDP policies are a subset of SO-MDP policies, the

expected reward is generally increased with the additional measurement data. Furthermore,

the optimal SO-MDP policy can be efficiently computed via backward induction. Since it

can also be formulated as a linear program, off-the-shelf LP (or convex program) solvers can

find the optimal policy when there are linear (convex) constraints on the state frequencies.

Numerical simulations show that the optimal SO-MDP policy typically outperforms the

optimal MDP policy the most wherever there is a large spread in the distribution of rewards,

such as when the state is near a very high-cost state such as an obstacle. Figure 2.4 shows the

increase in expected utility from traditional MDP to sequantially ordered MDP in two similar
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Figure 2.2: The SO-MDP model measures the outcome of each action, and either accepts or
rejects each observed transition.

Figure 2.3: Backward induction algorithm for SO-MDP. V ∗
t (i) is the optimal cost to go for

measuring a transition to state i during phase t.
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Figure 2.4: The SO-MDP experiences a higher reward across all states than the traditional
MDP. This is most pronounced near the high-cost square of states added in the bottom-left
of the rightmost figure.

square grids. The agent can either choose to move in each of the four cardinal directions or

stay still, with a 60% chance to execute the desired motion, and a 10% chance for each of the

others. Each state-action pair is assigned a uniform random reward from the start. In the

figure, the right plot gives artificially low reward to a 5× 5 square of cells near the bottom

left, providing empirical evidence that SOMDP is particularly useful if there is a moderately

high risk of incurring a large cost. For safety critical applications, the greater certainty from

the outcomes of an agent’s actions can lead a significant increase in performance and safety.
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Chapter 3

SAFETY CONSTRAINTS

An important part of designing a controller is to be able to guarantee that certain re-

quirements are practically always met. Formally, a safety condition is a logical statement

that a particular property is true for all times. For example, an autonomous vehicle may be

in danger of colliding with an obstacle only if they are ever within some known distance D.

Then, collisions can be avoided if the following safety condition is met: that the distance

between the vehicle and obstacle shall be greater than D always.

3.1 Formulation of Safety Constraints

First consider the time-invariant system with f : X × U ×W → X and h : X ×W

x(t+ 1) = f(x(t), u(t), w(t)), (3.1)

y(t) = h(x(t), w(t))x(0) ∈ X0. (3.2)

x is the system state, y is the observation, u is a feedback control signal, and w(t) is an

uncontrolled disturbance signal. A safety constraint for this system would then take the

form

x(t) ∈ S, ∀t ∈ N. (3.3)

One natural question to ask is is there exists a feedback control law for which the safety

condition (3.3) is satisfied for all sequences of disturbances.

3.2 Positively Invariant Sets

For each set S ⊆ X , there is an associated safety constraint x(t) ∈ S, ∀t ∈ N. This constraint

is violated if and only if there exists some t ∈ N for which x(t) /∈ S. Therefore in principle,

any safety constraint can be proven false by searching for a single counterexample, however

infinitely many conditions x(0) ∈ S, x(1) ∈ S, . . . must be checked to prove it true.
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3.2.1 Safety Certification Through Positive Invariance

Consider the idealized dynamical system without disturbance:

x(t+ 1) = f(x(t), u(t)), (3.4)

y(t) = h(x(t)). (3.5)

The goal of this section is to assess whether a particular feedback control law of the form

u(t) = κ(y(t)) satisfies the safety constraint x(t) ∈ S, ∀t ∈ N. By fixing the control as a

function of the state, this system can be expressed without loss of generality as the dynamical

process

x(t+ 1) = fu(x(t)). (3.6)

To certify that the system satisfies the safety constraint for a particular controller, it

suffices to find a positively invariant subset of S with respect to the closed-loop system (3.6).

A set A is said to be positively invariant with respect to a dynamic system with solution

x(t) if x(τ) ∈ A ⇒ x(t) ∈ A, ∀t > τ . For a discrete-time system, positive invariance is

equivalent to the condition x(t) ∈ A ⇒ x(t + 1) ∈ A by induction. If there exists some

positively invariant set A ⊆ S, and if x(τ) ∈ A for some time τ , then x(t) ∈ S for all times

t ≥ τ .

3.2.2 Lattice Theory and the Banach-Tarski Theorem

It is useful to consider the positively invariant subsets of a set S ⊆ X with respect to

a function fu : X → X within the framework of lattice theory. A partially ordered set

(P ,≤) consists of a set P , and a partial order ≤ over P . Namely, ≤ is a binary relation

over P which is reflexive (a ≤ a), antisymmetric (a ≤ b, b ≤ a ⇒ a = b), and transitive

(a ≤ b, b ≤ c ⇒ a ≤ c). In this context, a lattice is defined to be a partially ordered set

(P ,≤) for which any pair of elements of P have a unique greatest lower bound (also called

“meet” or “infimum”) and a unique least upper bound (also called “join” or “supremum”)

in P . A lattice (P ,≤) is said to be complete if every subset of P has a greatest lower bound

and least upper bound. For example, (R,≤) is a lattice because the infimum/supremum

of any finite set of real numbers is their minimum/maximum, while no element of R is the

infimum/supremum of R. However, the extended real line R∪ {+∞,−∞} does form a com-
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plete lattice. Another example of a complete lattice is (2Rn
,⊆), whose infimum/supremum

represents intersection/union, respectively..

A fundamental result in lattice theory is the Banach-Tarski theorem, which concerns

the fixed points of monotone functions in a complete lattice. A function g is monotone if

a ≤ b⇒ g(a) ≤ g(b), and x is a fixed point of g if f(x) = x.

Theorem 3.1 (Banach-Tarski Theorem [72]) Consider the complete lattice (L,≤), and

let g : L → L be a monotone function. Then, the set of fixed points of g is a complete lattice

with respect to ≤.

3.3 Complete Lattice of Positively Invariant Sets

Positively invariant sets satisfy certain interesting properties, in particular, both the union

and intersection of any collection of positively invariant sets is also positively invariant. This

property can be seen as a consequence of the Banach-Tarski Theorem, and can be used to

define a complete lattice over the positively invariant subsets of the constraint set S.
Firstly, a set is positively invariant with respect to f iff it is a fixed point of the mapping

g(A) := A∩f−1(A). If A is positively invariant, then the set of points mapping onto A must

contain A itself, else there would be some point x ∈ A such that f(x) /∈ A, and A would

not be positively invariant. Next, notice that (2S ,⊆) is a complete lattice. The Banach-

Tarski theorem then implies that the set of fixed points of g forms a complete lattice under

the partial order ⊆, which is the same as the set of positively invariant subsets of S. This

guarantees that there is a maximal positively invariant subset which is the supremum of all

the fixed points of g among subsets of S. Therefore if x(t) is in some positively invariant

subset of S, then it is in the maximal positively invariant subset O∞(S, f).
Since the positively invariant subsets of S are a complete lattice by the Banach-Tarski

theorem, one only needs to check if x(τ) ∈ O∞(S, f) instead of searching over all possible

positively invariant sets to prove the safety condition x(t) ∈ S, ∀t ≥ τ . Conversely, if the

safety condition is satisfied, then x(τ) is in the positively invariant set {x(τ), x(τ +1), x(τ +

2), . . . }, which is a subset of O∞(S, f) by maximality.

3.3.1 Kleene Iteration

Kleene’s Fixed Point Theorem provides an algorithm for computing the extremal elements

of the complete lattice of positively invariant sets.
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Theorem 3.2 (Kleene’s Fixed Point Theorem (Special Case) [47]) Let (L,⊆) be a

complete lattice, and let g : L → L be continuous. If g(x) ≤ x, then
⋂
k∈N g

k(x) is the

greatest fixed point of g on {y ∈ S | y ≤ x}.

The procedure for computing the maximal positively invariant set presented by Kolmanovsky

and Gilbert [49] is essentially Kleene iteration starting from the set S, and achieving a

sequence of tighter upper bounds for O∞(S, f). By defining Ot(S, f) =
⋂t
k=0 f

k(S), it is

apparent that the sequence Ot(S, f) is nonincreasing in t, and approaches O∞(S, f) from

above. This sequence also has the recursive definition O0(S, f) = S Ot+1(S, f) = S ∩
f(Ot(S, f)). This form makes it clear that Ot∗(S, f) = O∞(S, f) iff Ot∗(S, f) = Ot∗+1(S, f),
leading to Algorithm 3.1 for computing O∞(S, f) exactly.

Figure 3.1: Kleene iteration with initial set S.

If Ot+1(S, f) ̸= Ot(S, f) for all t ∈ N, then this algorithm does not terminate, and

O∞(S, f) is not finitely determined from Algorithm 3.1. However, if there is a t∗ ∈ N such

that Ot∗+1(S, f) = Ot∗(S, f), then Algorithm 3.1 finds O∞(S, f) exactly as

O∞(S, f) = Ot∗(S, f) (3.7)

=
t∗⋂
t=0

f−t(S). (3.8)

Algorithm 3.1 does not need to start with the set S to compute O∞(S, f) exactly. Notice
that if the algorithm were called to compute O∞(O∞(S, f), f), then the algorithm immedi-

ately terminates and returns O∞(S, f). It can be shown that O∞(R, f) = O∞(S, f) for any
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R in the interval [O∞(S, f),S], and furthermore, the number of iterations is maximum for

R = S and may be strictly smaller if R is a tighter upper bound for O∞(S, f).

3.4 Maximal Invariant Sets for MDPs

Due to the inherent stochasticity of MDPs, it is natural to express safety conditions on the

probability distribution rather than the physical state. For example, a swarm may be guided

according to MDP dynamics. Suppose each agent is following the same stochastic policy to

move among a set of locations to be continually surveyed. A lower-level collision avoidance

subroutine may fail if there are too many agents near each other, so a safety constraint may

impose a limit on the expected proportion of agents at each location. This constrains the

overall distribution x(t) to satisfy the linear inequality x(t) ≤ d, so that the constraint set

takes the form S = {x ∈ ∆(n) | Gx ≤ g}.
For a time-invariant MDP with fixed policy, the distribution represented by x(t) evolves as

an LTI system x(t+1) =Mx(t) so that f(x) =Mx. The safety constraint x(t) ∈ S, ∀t ∈ N

is then equivalent to x(0) ∈ O∞(S, f). The maximal invariant set O∞(S, f) can be exactly

computed if the following two assumptions are made:

Assumption 3.1 There exists a v ∈ ∆(n) such that ρ(M − v1⊺) < 1.

Assumption 3.2 The v from Assumption 3.1 satisfies Gv + 1ϵ ≤ g for some ϵ > 0.

The safety constraint x(t) ∈ S can be certified if the closed-loop Markov matrix M satisfies

Assumptions 3.1 and 3.2. One systematic way to satisfy these assumptions is to first choose

a vector v in the relative interior of S. Next, define r as the elementwise square root of

v, and let Q = Diag(r). Then enforce the following LMI constraints on M and the policy

vector π:

−γI ⪯ Q−1MQ− rr⊺ ⪯ γI, (3.9)

M = P Diag(π)I⊺o , (3.10)

Ioπ = 1, (3.11)

π ≥ 0. (3.12)

The parameter γ must be strictly less than 1, and can be found by minimizing γ subject to

the other constraints.
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Figure 3.2: Sequence of sets Ot(S, f) in the simplex with vertices s1, s2, s3. The set Ω is
an example of a set in the interval [O∞(S, f),S].

3.5 Safety Constraints

3.5.1 Introduction

Safety conditions are an important consideration for many dynamical systems. For example,

an autonomous vehicle may minimize risk of failure by remaining in a safe operating regime,

or a low-level control algorithm may be required to keep the state of the system sufficiently

close to the nominal state used by a higher level motion planner. For these and other

situations, safety constraints play a crucial role in simplifying the design and analysis of

complex systems.

For this section, we developed a lattice-theoretic approach for verifying safety constraints,

similar to what is used in formal verification of code. Specifically, we show that Kleene

iteration explicitly computes the set of states which forever remain in the constraint set

(often called the maximal invariant set because of the strong connection between safety

constraints and positively invariant sets). The traditional method of computing this set is a

special case of Kleene iteration. We propose a similar specialized algorithm for discrete-time

Markov chains with polyhedral constraint sets based on an exact characterization of their

omega-limit sets, and we show that for this application, the new algorithm exactly computes
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the maximal invariant set over a strictly larger class of dynamics than the previous algorithm.

3.5.2 Related Literature

Many authors have described the applications and computation of invariant sets in the con-

text of set-theoretic control [11] [12] [13] [49] [68] [26]. In this paper, we focus only on

discrete-time, time-invariant dynamic systems with no explicit control or disturbance. Hen-

net showed that in the control-free LTI case, positive invariance of a polyhedron is equivalent

to solving a linear feasibility problem [39], and Kolmanovsky and Gilbert considered the max-

imal and minimal positively invariant sets for LTI systems with bounded disturbances [49].

Various authors such as Hirata and Raković have considered polynomial systems with semi-

algebraic constraints [42] [69]. Raković was able to approximate the maximal invariant set

from below with positively invariant sets [68]. All of these approaches can be understood in

a lattice-theoretic framework as well. The Banach-Tarski theorem [72] is a crucial result for

complete lattices, guaranteeing that the fixed points of any monotone function form another

complete lattice. Kleene’s fixed point theorem [47] provides an algorithm for computing

these fixed points, in this case the greatest fixed point of a mapping whose fixed points are

precisely the positively invariant sets for the dynamical system.

3.5.3 Definitions

A partially ordered set (or poset) is a tuple (X ,≤) consisting of a set X and a partial order ≤.

A complete lattice is a poset where all subsets admit a least upper bound and a greatest lower

bound, hence a supremum and an infimum. The greatest fixed point of self-map g : X → X
with respect to (X ,≤) is denoted gfp≤

Xg. Given a dynamic system x+ = f(x), the sequence

(xk)k∈N is a trajectory if x0 ∈ X , and xk+1 = f(xk) for all k ∈ N. For the purpose of this

paper, a safety condition has the form xk ∈ S ∀k ∈ N, where S is the constraint set.

3.6 Invariant Sets and Safety

Throughout this section, we consider a general dynamic system

x+ = f(x), (3.13)

where f : X → X . A setA is positively invariant with respect to (3.13) if x ∈ A ⇒ f(x) ∈ A.

Equivalently, A is positively invariant ifA ⊆ f−1(A), i.e., A ⊆ {x | f(x) ∈ A}. This property
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ensures that if x ∈ A, then f(x) ∈ A, f(f(x)) ∈ A, and so on such that if x ∈ A, then

fk(x) ∈ A, ∀k ∈ N. The safety condition fk(x) ∈ S, ∀k ∈ N therefore can be verified by

proving that x is in some particular positively invariant subset of S.
Our goal is to characterize the subset of X for which fk(x) ∈ S, ∀k ∈ N, by showing

that the poset of positively invariant subsets of X satisfy the assumptions of Kleene’s Fixed

Point Theorem [47]. Then, Kleene iteration can compute a nonincreasing sequence of outer

approximations to the set of x satisfying the safety condition, denoted O∞(S, f), which is

also the largest positively invariant subset of S. Hence our main objective is to compute

O∞(S, f), which will be accomplished by Kleene iteration.

3.6.1 Kleene Iteration from S - Existing algorithm for maximal invariant sets

Here we establish the lattice theoretic basis of our methodology by using two important

theorems. We first use Tarski’s fixed point theorem to show that the invariant subsets of S
form a complete lattice. Then this result is used to establish the algorithm to compute the

largest invariant set by using Kleene’s fixed point theorem.

Theorem 3.3 (Tarski’s Fixed Point Theorem [72]) Consider the complete lattice (L,≤
), and let g : L → L be a monotone function, i.e., f(x) ≤ f(y), ∀x ≤ y. Then, the set of

fixed points of g is a complete lattice with respect to ≤.

Applying Tarski’s Fixed Point Theorem to the complete lattice (2X ,⊆), the fixed points

of any monotone self-map over the subsets of X will also form a complete lattice with the

same partial order ⊆. What remains to be shown is that there exists a self-map whose fixed

points are precisely the positively invariant subsets of X . This is indeed the case, as proven

by the following lemma with the monotone self-map g(A) = A ∩ f−1(A).

Lemma 3.1 Let g(A) = A ∩ f−1(A). A is positively invariant with respect to (3.13) iff A
is a fixed point of g.

Proof: Suppose A is positively invariant. If x ∈ A, then f(x) ∈ A, and so x ∈ f−1(A)

by definition. This implies that A ⊆ f−1(A), and therefore A = A ∩ f−1(A) = g(A).

The converse is also true because if A is a fixed point of g, then g(A) = A∩f−1(A) = A,

which is true only if A ⊆ f−1(A), or equivalently, x ∈ A ⇒ f(x) ∈ A. This shows that A is

positively invariant.
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Corollary 3.1 The positively invariant subsets of X for system (3.13) are a complete lattice

with respect to the partial order ⊆.

Proof: Consider the poset (2X ,⊆). The least upper bound and greatest lower bound for

any nonempty subset of 2X are respectively the union and intersection operations, forming a

complete lattice. f−1 is monotone because if A ⊆ B, then x ∈ f−1(A) ⇒ f(x) ∈ A ⇒ f(x) ∈
B ⇒ x ∈ f−1(B). The function g(A) = A∩f−1A with domain 2X therefore is also monotone,

since if A ⊆ B, then g(A) = A∩f−1(A) ⊆ B∩f−1(A) ⊆ B∩f−1(B) = g(B). Tarski’s Fixed
Point Theorem guarantees that the fixed points of g, i.e., the positively invariant subsets of

X , form a complete lattice with partial order ⊆.

Kleene’s fixed point theorem provides an algorithm for computing the least and greatest fixed

points of a function over a complete lattice. Hence it provides an algorithm that computes

the smallest and largest invariant sets for (3.13) in S. The relevant special case of Kleene’s

fixed point theorem is given next.

Theorem 3.4 (Kleene Fixed Point Iteration Theorem [9][47]) Let (L,≤) be a com-

plete lattice, and let g : L → L be a continuous monotone set-valued map. Then
⋂
k∈N g

k(x)

is the greatest fixed point of g on {y ∈ L | y ≤ x}.

Following the principles of Abstract Interpretation [20], we can compute this invariant

set O∞(S, f) = gfp≤
S f

−1 as the limit of the decreasing sequence (S, S ∩ f−1S, S ∩ f−1S ∩
f−2S, . . . ). Indeed, if S ⊆ S∩f−1S, then the greatest element of {R ∈ 2S | R ⊆ R∩f−1R}
is S, and S = O∞(S, f). Otherwise, assuming that S is strictly greater than S ∩ f−1S, one
obtains f−1S ⊇ f−1S ∩ f−2S by monotonicity of ∩ and of f−1, and we can build the

decreasing sequence. If one works in a complete lattice—such as (2S ,⊆)—then the limit of

that sequence exists.

Since the maximal invariant set coincides with the set of safe initial conditions, it can be

formally constructed by considering the sequence of sets for which the state remains in S
for all times k = 0, . . . ,m and then letting m approach infinity. Let Om(S, f) be defined as

follows:

Om(S, f) = {x0 ∈ X | fk(x0) ∈ S, ∀k ∈ N≤m}, (3.14)

=
m⋂
k=0

f−kS. (3.15)
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Since this is a nonincreasing sequence, the limit as m → ∞ is simply the intersection over

all Om(S, f). Letting g(O) = O ∩ f−1O, this sequence can be expressed recursively:

O0(S, f) = S, (3.16)

Om+1(S, f) = g(Om(S, f)), ∀m ∈ N, (3.17)

O∞(S, f) =
⋂
m∈N

Om(S, f). (3.18)

Since a set O is positively invariant iff O = g(O), the previous equations show that if

Om∗(S, f) is positively invariant for some m∗ ∈ N, then O∞(S, f) = Om∗(S, f). This fact is
used as the stopping criterion for the following algorithm to compute the maximal invariant

set [42].

Figure 3.3: Kleene iteration with initial set S.

Algorithm 3.3 recursively computes Om(S, f), stored as the variable K0, until K0 is pos-

itively invariant. Positive invariance is determined by K0 being a fixed point of the mapping

g(K) = K ∩ f−1(K). Since g is non-increasing, K0 is a fixed point of g if and only if

K0 ⊆ g(K0) = K1. This algorithm terminates only if the condition for positive invariance

K0 ⊆ K1 is satisfied, in which case O∞(S, f) is said to be finitely determined by Algorithm

3.3. Otherwise, the sequence of Om(S, f) approaches O∞(S, f) asymptotically from above,

and this algorithm must be terminated to give an outer approximation for the maximal in-

variant set. Finite determination is not guaranteed even in the case of linear dynamics and

polyhedral S, but sufficient conditions exist for special cases [36][49]. Algorithm 3.3 is there-

fore not sufficient for computing the maximal invariant set exactly, i.e., finite termination is
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not always guaranteed.

3.6.2 Kleene Iteration from Ω(S, f) - Proposed algorithm for maximal invariant sets

By initializing Kleene iteration with a tighter outer approximation of O∞(S, f), Kleene iter-

ation can potentially compute O∞(S, f) more efficiently. For example, if K0 was initialized

with O∞(S, f) rather than S, we would immediately detect that K0 ⊆ K1, and therefore that

K0 was positively invariant. Kleene’s Fixed Point Theorem guarantees that we can initialize

the iteration with any set R such that O∞(S, f) ⊆ R ⊆ S, and the limit of Kleene iteration

will still be the maximal invariant subset of S. We can therefore generalize Algorithm 3.3

the following results.

Lemma 3.2 Let O∞(S, f) ⊆ R ⊆ S. Then, O∞(S, f) = O∞(R, f) ⊆ Om(R, f) ⊆
Om(S, f), ∀m ∈ N.

Proof: The rightmost inequality Om(R, f) ⊆ Om(S, f), ∀m ∈ N is shown by induc-

tion. The base case m = 0 is satisfied since O0(R, f) = R ⊆ S = O0(S, f). Assum-

ing the induction hypothesis Om(R, f) ⊆ Om(S, f) is true for some m ∈ N, then since

the mapping O → O ∩ f−1O is monotone, Om+1(R, f) = Om(R, f) ∩ f−1Om(R, f) ⊆
Om(S, f) ∩ f−1Om(S, f) = Om+1(S, f), completing the proof by induction.

The inequality O∞(R, f) ⊆ Om(R, f), ∀m ∈ N follows immediately from Equation

(3.18). Using Equation (3.18) and the fact that Om(R, f) ⊆ Om(S, f) for all m ∈ N,

O∞(R, f) =
⋂
m∈N Om(R, f) ⊆

⋂
m∈N Om(S, f) = O∞(S, f). Therefore, O∞(R, f) ⊆

O∞(S, f).
To show that O∞(S, f) ⊆ O∞(R, f), consider any x ∈ O∞(S, f). Since we had assumed

that O∞(S, f) ⊆ R, fm(x) ∈ O∞(S, f), ∀m ∈ N ⇒ fm(x) ∈ R, ∀m ∈ N ⇒ x ∈ O∞(R, f).
This shows that also O∞(S, f) ⊆ O∞(R, f), proving the equality O∞(S, f) = O∞(R, f).

Theorem 3.5 shows that by initializing Algorithm 3.3 with a tighter outer bound of

O∞(S, f) than S, the number of iterations to compute the maximal invariant set is either

lower or the same.

Theorem 3.5 Let O∞(S, f) ⊆ R ⊆ S, and let l∗ and m∗ be the smallest elements of

N ∪ {∞} for which Ol∗(R, f) ⊆ f−1Ol∗(R, f) and Om∗(S, f) ⊆ f−1Om∗(S, f), respectively.
Then, l∗ ≤ m∗, and O∞(S, f) = Ol∗(R, f).
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Proof: If O∞(S, f) is finitely determined, then m∗ is finite. Otherwise, m∗ = ∞.

By Lemma 3.2, O∞(S, f) = O∞(R, f) ⊆ Om(R, f) ⊆ Om(S, f) for all m ∈ N ∪ {∞}.
Because Om∗(S, f) = O∞(S, f), setting m = m∗ gives O∞(S, f) = O∞(R, f) = Om∗(R, f).
This also shows that m∗ is an upper bound for l∗, since l∗ is the minimum l for which

O∞(R, f) = Ol(R, f).
One outer approximation of O∞(S, f) is obtained by considering the points in S whose

omega-limit sets under f are entirely within S. The omega-limit set ω(x, f) is defined as

ω(x, f) =
⋂
k∈N

{f l(x) | l ≥ k, l ∈ N}, (3.19)

where f : X → X , and the over bar denotes the set closure with respect to the topological

space containing X . We also define

Ω(S, f) = {x ∈ S | ω(x, f) ⊆ S} . (3.20)

As a simple case, suppose the system x+ = f(x) has an equilibrium point xe with basin of

attraction A. For each initial condition x0 ∈ A, the state asymptotically approaches xe, so

ω(x0, f) = {xe}. If xe ∈ S, then Ω(S, f) = {x ∈ S | ω(x, f) ⊆ S} ⊇ {x ∈ S | ω(x, f) =

{xe}} = S ∩ A. However if instead xe /∈ S, then A and Ω(S, f) are disjoint because the

omega-limit sets of all states in A are {xe}, which is not in S. More generally, certain initial

conditions for the system x+ = f(x) may approach a limit cycle or some other complex

omega-limit set such as a strange attractor, rather than a single equilibrium point. However,

computing the set Ω(S, f) for nonlinear systems is beyond the scope of this paper, and we

will focus on computing this set for Markov chains in §3.7.
The main motivation for the definition of Ω(S, f) is to characterize a tighter outer ap-

proximation for O∞(S, f) than S, and which can be computed exactly for Markov chains

with safety constraints on the probability distribution. Lemma 3.3 states that Ω(S, f) is an
upper bound for the maximal invariant set, and therefore meets the requirements for the set

“R” of Theorem 3.5.

Lemma 3.3 Let f : X → X and let S be a closed subset of X . Then O∞(S, f) ⊆ Ω(S, f) ⊆
S.

Proof: The relation Ω(S, f) ⊆ S is apparent from the definition of Ω(S, f). For any

x ∈ O∞(S, f), f l(x) ∈ O∞(S, f) for all l ∈ N. Since O∞(S, f) ⊆ S, and S is closed,
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ω(x, f) ⊆ {f l(x) | l ∈ N} ⊆ O∞(S, f) ⊆ S = S. Therefore, x ∈ Ω(S, f).
We then suggest the following algorithm for determining O∞(S, f) exactly.

Figure 3.4: Kleene iteration with improved initial set Ω(S, f).

Algorithm 3.4 computes O∞(S, f) in no more iterations than Algorithm 3.3 does, and

even has finite termination in some cases where Algorithm 3.3 does not. The set Ω(S, f)
must be pre-computed from S and f . To the authors’ knowledge, there is no known method

to compute this set efficiently for general systems, which may exhibit chaotic behavior.

However, as we will show in §3.7, Ω(S, f) can be computed exactly for a Markov chain and

for S that can be described by semi-algebraic constraints.

3.6.3 A Bound on the Number of Iterations

We make the following assumptions to bound the analytical complexity of Algorithm 3.4.

Assumption 3.3 (Uniform Exponential Decay of Transient Behavior) There exist a

C > 0 and a γ ∈ (0, 1) such that d(fk(x), ω(x, f)) ≤ Cγk, ∀x ∈ Ω(S, f), ∀k ∈ N.

Assumption 3.4 (Uniform Separation Between ω(x, f) and Sc) There exists an r >

0 such that ω(x, f)⊕ Br ⊆ S, for all x ∈ Ω(S, f).

Assumptions 3.3 and 3.4 are generalizations of those in [45]. For example, all ergodic Markov

chains have a unique asymptotically stable stationary distribution v, so ω(x, f) = {v} for all

x ∈ ∆(n). The ball Br is understood to be a subset of the domain of f . The exact value of

r may be determined after the omega-limit sets are characterized. In the ergodic case, r is

the distance from the stationary distribution to the boundary of the set S.
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For Lyapunov stable linear systems of the form x+ = Ax, the eigenvalues of A can always

be separated into those with magnitude 1, and those with magnitude strictly less than γ,

for some γ < 1. Likewise, the sequence of Ak can be expressed as the sum of a steady-state

component, and an exponentially decaying transient component. This property is evident

from the Jordan decomposition of Ak:

Ak =
[
V1 · · · Vp

]
Jk1

. . .

Jkp



W1

...

Wp

 , (3.21)

= V̄1J̄
k
1 W̄1 + V̄2J̄

k
2 W̄2, (3.22)

where J̄1 is the direct sum of the Jordan blocks with eigenvalues on the unit circle, and the

eigenvalues of J̄2 have magnitude less than γ. Since limk→∞Akx−AkV̄1W̄1x = limk→∞ V̄2J̄
k
2 W̄2x =

0, the ω-limit set for the original system is the same as that of the projected system ω(x,A) =

ω(V̄1W̄1x,A), which has the property AkV̄1W̄1x ∈ ω(V̄1W̄1x,A), ∀k ∈ N. Furthermore, if S
is bounded, the transient part satisfies Assumption (3.3) by the existence of a C̄ such that∣∣∣∣∣∣J̄k2 ∣∣∣∣∣∣ ≤ C̄γk for some induced norm |||·|||, because ∥V̄2J̄k2 W̄2x∥ ≤

∣∣∣∣∣∣V̄2∣∣∣∣∣∣∣∣∣∣∣∣W̄2

∣∣∣∣∣∣∥x∥C̄γk ≤
Cγk.

Lemma 3.4 Let function f and set S satisfy Assumptions 3.3 and 3.4. Then, fk(x) ∈
S,∀k ≥ logγ(r/C), ∀x ∈ Ω(S, f).

Proof: Let k ≥ logγ(r/C). Since Cγ
k is a decreasing function of k, Cγk ≤ Cγlogγ(r/C) =

r. For all x ∈ Ω(S, f), d(fk(x), ω(x, f)) ≤ Cγk ≤ r. This implies that fk(x) ∈ ω(x) ⊕ Br,
and therefore that fk(x) ∈ S.

Theorem 3.6 Consider the system x+ = f(x) and the set S satisfying Assumptions 3.3

and 3.4. Then, Algorithm 3.4 computes O∞(S, f) in no more than max{0, ⌈logγ(r/C)⌉}
iterations.

Proof: Let C, γ, and r be the constants described in Assumptions 3.3 and 3.4, and let

m̄ = ⌈logγ(r/C)⌉. For any x ∈ Ω(S, f), Lemma 3.4 guarantees f m̄+k(x) ∈ S for all k ∈ N, i.e.,

f m̄(x) ∈ O∞(S, f), or equivalently x ∈ f−m̄(O∞(S, f)). Therefore, Ω(S, f) ⊆ f−m̄O∞(S, f).
The (m̄−1)st iteration of K0 has the explicit form K[m̄−1]

0 = Ω(S, f)∩· · ·∩f−(m̄−1)Ω(S, f), so
thatK[m̄−1]

1 = Ω(S, f)∩K[m̄−1]
0 = Ω(S, f)∩· · ·∩f−m̄Ω(S, f) = Ω(S, f)∩· · ·∩f−(m̄−1)Ω(S, f) =
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K[m̄−1]
0 , because Ω(S, f) ⊆ f−m̄O∞(S, f) ⊆ f−m̄Ω(S, f). Since Lemma 3.2 guarantees that

O∞(S, f) ⊆ K[m̄−1]
0 , and since K[m̄−1]

0 = K[m̄−1]
1 proves that K[m̄−1]

0 is a positively invariant

subset of S, we conclude that K[m̄−1]
0 = O∞(S, f).

Note the Assumptions 3.3 and 3.4 are not necessary to compute O(S, f) in finite time

with Algorithm 3.4. For example, if f(x) = x, then any set S is positively invariant, and so

O∞(S, f) = S. However, for any x on the boundary of S, ω(x, f) = {x} will also be on the

boundary of O∞(S, f), and so there is no r > 0 satisfying Assumption 3.4. Nevertheless,

d(fk(x), {x}) = d(x, {x}) = 0. The following theorem provides a more general result which

applies to this case.

Theorem 3.7 Let S be closed. If Ω(S, f) ⊆ f−mΩ(S, f) for somem ∈ N≥1, then O∞(S, f) =⋂m−1
k=0 f

−kΩ(S, f).

Proof: First, we show that O∞(S, f) ⊆
⋂m−1
k=0 f

−kΩ(S, f). By Lemma 3.3, O∞(S, f) ⊆
Ω(S, f). Since O∞(S, f) is positively invariant, O∞(S, f) ⊆ f−kO∞(S, f), ∀k ∈ N. There-

fore, since f−k is a monotone mapping of sets,O∞(S, f) =
⋂m−1
k=0 f

−kO∞(S, f) ⊆
⋂m−1
k=0 f

−kΩ(S, f).
We now prove the reverse relation

⋂m−1
k=0 f

−kΩ(S, f) ⊆ O∞(S, f). Recall that a set A is

positively invariant if A ⊆ f−1A. Let A =
⋂m−1
k=0 f

−kΩ(S, f). A =
(⋂m−1

k=1 f
−kΩ(S, f)

)
∩

Ω(S, f) ⊆
(⋂m−1

k=1 f
−kΩ(S, f)

)
∩f−mΩ(S, f) =

⋂m
k=1 f

−kΩ(S, f) = f−1
(⋂m−1

k=0 f
−kΩ(S, f)

)
=

f−1A. Since A ⊆ f−1A, A is positively invariant. Since A is a positively invariant subset

of S, it must be a subset of the maximal invariant subset of S due to Corollary (3.1), and

therefore A ⊆ O∞(S, f).

3.7 Markov Chains with Polyhedral Constraints

To implement Algorithm 3.4, we must compute Ω(S, f), compute f−1K, take the intersection

of Ω(S, f) with f−1K, and determine whether K0 ⊆ K1. These computations can be costly

in general, particularly if S is not a polyhedron. For example, the relatively simple problem

of checking if an ellipse contains a polyhedron expressed in facet form is NP-complete [32].

However, each individual computation of Algorithm 3.4 can be performed in polynomial time

for Markov chain dynamics and polyhedral S, which is the focus of this section.

Any time-invariant, discrete-time, finite-dimensional Markov chain can be expressed as

the linear system

x(k + 1) =Mx(k), (3.23)
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where x(0) ∈ ∆(n), f(x) = Mx, and M is an n × n Markov matrix, i.e., M ≥ 0 and

1⊺M = 1⊺. Perron-Frobenius theory ensures the eigenvalues of all Markov matrices are in

the closed unit disk. We write the Jordan decomposition of M as

M =
[
V1 V2

] [ J1 0

0 J2

][
W1

W2

]
, (3.24)

= V1J1W1 + V2J2W2, (3.25)

where the block matrices J1 and J2 share the eigenvalues of M with modulus equal to 1, and

strictly less than 1, respectively. We also represent M as the sum M1 +M2, defined as

M1 = V1J1W1, (3.26)

M2 = V2J2W2. (3.27)

Since W = V −1, W1V2 = 0 and W2V1 = 0. This observation implies that M1 and M2 have

the property

M1M2 =M2M1 = 0. (3.28)

In the case where all eigenvalues of M have modulus 1, we define M1 = M and M2 = 0.

Every eigenvalue of a Markov matrix on the unit circle is semisimple and a root of unity [60].

Therefore, Jp1 = I for some positive integer p, and so Mk+p
1 = V1J

k+p
1 W1 = V1J

k
1W1 = Mk

1

for all k ≥ 1.

Theorem 3.8 If M is a Markov matrix with M1 given by Equation (3.26), and if p is the

smallest positive integer such that M1 =M1+p
1 then ω(x,M) = {Mk

1 x | k ∈ {1, . . . , p}}.

Proof: A state y is in the ω-limit set ω(x,M) iff there exists an infinite subsequence

(Mσ(1)x, Mσ(2)x, . . . ) that converges to y. If y =Mk
1 x for some positive integer k no greater

than p, then the subsequence (Mkx,Mk+px,Mk+2px, . . . ) converges toMk
1 x, sinceM

k+ipx =

V1J
k+ip
1 W1x+ V2J

k+ip
2 W2x = V1J

k
1W1x+ V2J

k+ip
2 W2x =Mk

1 x+Mk+ip
2 x from the Jordan de-

composition (3.24). By construction, limi→∞Mk+ipx =Mk
1 x+

(
limi→∞Mk+ip

2

)
x =Mk

1 x =

y. Therefore, y ∈ ω(x,M).

Conversely, assume that y /∈ {Mk
1 x | k ∈ {1, . . . , p}}. Since this set is closed, d(y, {Mk

1 x |
k ∈ {1, . . . , p}}) > 0. From Lyapunov theory for discrete LTI systems, ρ(M2) < 1 if and only
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if there exists a positive-definite matrix P and scalar γ ∈ (0, 1) such that γ2P−M⊺
2PM2 ⪰ 0.

Equivalently, the norm ∥x∥P =
√
x⊺Px then has the property ∥M2x∥P ≤ γ∥x∥P , which im-

plies the inequality ∥M t
2x∥P ≤ γt∥x∥P , ∀t ∈ N. Let V (x) = ∥x −Mp

1x∥P . We show by

induction V (z(t)) ≤ γtV (z(0)), ∀t ∈ N, for the system z+ = Mz, z(0) = x . The base case

t = 0 is trivial. If V (z(t)) ≤ γtV (x) for some t ∈ N, then V (z(t+1)) = V (Mz(t)) = ∥Mz(t)−
Mp

1Mz(t)∥P = ∥M1z(t) +M2z(t) −Mp+1
1 z(t)∥P = ∥M2z(t)∥P = ∥M2z(t) −Mp

1M2z(t)∥P =

V (M2z(t)) ≤ γV (z(t)) ≤ γt+1V (x), which proves the induction hypothesis for the t + 1

case. V (z(t)) is nonnegative and bounded from above by the exponentially decreasing func-

tion γtV (x), and V (z(t)) is the P -norm distance between z(t) and some element of the

set {Mk
1 x | k ∈ {1, . . . , p}}. Therefore limt→∞ d(z(t), {Mk

1 x | k ∈ {1, . . . p}}) = 0. Let

r = mink∈{1,...,p} ∥y −Mkx∥P Since r > 0, and z(t) approaches {Mk
1 x | k ∈ {1, . . . p}}, there

cannot be infinitely many t for which ∥z(t)− y∥P < r
2
, and therefore y /∈ ω(x,M).

Markov chains necessarily satisfy Assumption 3.3 because for k ≥ 1, d(fk(x), ω(x, f)) ≤
d(fk(x), {Mk

1 x}) = ∥Mk
2 x∥ ≤

∣∣∣∣∣∣Mk
2

∣∣∣∣∣∣∥x∥, which exponentially approaches 0 as k → ∞. For

S = {x ∈ ∆(n) | Gg ≤ g}, if the Markov chain converges to a unique stationary distribution

v for all initial conditions, e.g. an ergodic Markov chain, and if Gv < g, then Assumption

3.4 is satisfied with r = 1
|||G|||∞

mini{e⊺i (g −Gv)}.
The omega-limit set ω(x,M) for System (3.23) has the explicit form

ω(x,M) =
{
Mk

1 x | k ∈ {1, . . . , p}
}
. (3.29)

For S defined as the sub-level set S = {x ∈ ∆(n) | H(x) ≤ 0},

Ω(S,M) =
{
x ∈ S | H

(
Mk

1 x
)
≤ 0, ∀k ∈ {1, . . . , p}

}
. (3.30)

Specifically, if S is the polyhedron {x ∈ ∆(n) | Gx ≤ h}, then Ω(S,M) is also a polyhedron,

namely {x ∈ Rn | 1⊺x = 1, x ≥ 0, GMk
1 x ≤ h, ∀k ∈ {1, . . . , p}}.

For system (3.23) with polyhedral S, Algorithm 3.4 initializes K0 with a polytope of the

form K0 = {x ∈ ∆(n) | Gx ≤ h}. K1 is also a polytope, since K1 = {x ∈ ∆(n) | Gx ≤
h, GMx ≤ h}. It can be shown by induction that all subsequent K0 and K1 inside the

While loop are polytopes. Therefore K0 ⊆ K1 is a condition that one polytope is within

another, which by the Extended Farkas’ Lemma is equivalent to at least one of the following

two conditions being true [40]:
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1. K0 = ∅, or

2. There exist nonnegative matrix Y and real vector z such that GM ≤ Y G + z1⊺, and

Y g + z ≤ g.

Each of these conditions is a linear feasibility problem which can be verified by solving a

linear program (LP).

We provide a bound on the number of iterations as a set of LMI conditions.

Theorem 3.9 Let M be an n × n Markov matrix. Also let S be a subset of ∆(n) such

that for some r > 0, ω(x,M) ⊕ Br ⊆ S, ∀x ∈ Ω(S,M). Let M2 = V2J2W2 as defined in

Equation (3.27). If there exist γ ∈ (0, 1), κ ∈ [1,∞), and positive-definite matrix P such that

I ⪯ P ⪯ κI and M⊺
2PM2 ⪯ γ2P , then Mkx ∈ S, ∀x ∈ ∆(n), ∀k > max{0, logγ(r/

√
κ)}.

Proof: Let k be a positive integer greater than logγ(r/
√
κ), and let x ∈ ∆(n). Let

M = M1 +M2, with M1 = V1J1W1 and M2 = V2J2W2 as defined in Equation (3.24). By

equation (3.29), ω(x,M) = {Mk
1 x | k ∈ N>0}, and so d(Mkx, ω(x,M)) ≤ d(Mkx, {Mk

1 x}) =
∥Mkx −Mk

1 x∥2 = ∥Mk
2 x∥2. Since I ⪯ P , ∥Mk

2 x∥22 = (Mk
2 x)

⊺(Mk
2 x) ≤ (Mk

2 x)
⊺P (Mk

2 x) =

∥Mk
2 x∥2P . Therefore, d(Mkx, ω(x,M)) ≤ ∥Mk

2 x∥2 ≤ ∥Mk
2 x∥P .

Next, the LMI M⊺
2PM2 ⪯ γ2P implies ∥M2x∥2P ≤ γ2∥x∥2P , or equivalently ∥M2x∥P ≤

γ∥x∥P , for all x ∈ Rn. The latter inequality is applied recursively to ∥Mk
2 x∥P to obtain

∥Mk
2 x∥P ≤ γ∥Mk−1

2 x∥P ≤ · · · ≤ γk∥x∥P . Similarly, because P ⪯ κI, ∥x∥2P ≤ κ∥x∥22, and
∥x∥P ≤

√
κ∥x∥2. Since the 2-norm of x is maximized at the vertices of ∆(n), ∥x∥2 ≤

maxi ∥ei∥2 = 1. As a result, ∥Mk
2 ∥P ≤ γk∥x∥P ≤

√
κγk∥x∥2 ≤

√
κγk, and therefore

d(Mkx, ω(x,M)) ≤
√
κγk.

Finally,
√
κγk is a strictly decreasing function of k. Since we required k > logγ(r/

√
κ),

we have
√
κγk <

√
κγlogγ(r/

√
κ) = r. Combining this with the inequality at the end of the

previous paragraph, d(Mkx, ω(x,M)) ≤
√
κγk < r. Thus, Mkx ∈ ω(x,M) ⊕ Br, and so

Mkx ∈ S by the assumption ω(x,M)⊕Br ⊆ S. This proves that Mkx ∈ S for all x ∈ ∆(n)

and for all positive integers k > logγ(r/
√
κ).

Corollary 3.2 Let S = {x ∈ ∆(n) | Gx ≤ h}, and let M be a Markov matrix such that

limk→∞Mk = v1⊺ and Gv < h. If (M − v1⊺)⊺P (M − v1⊺) ⪯ γ2P for some γ ∈ (0, 1)

and P ≻ 0, then O∞(S,M) = Ot(S,M), where t = ⌈logγ
(
a2
a1

)
⌉ − 1, a1 = maxi ∥ei − v∥P ,

a2 = mini
(h−Gv)i√
(GP−1G⊺)ii

.
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Proof: We apply Theorem 3.7 to the Markov chain f(x) = Mx. From the LMI

(M−v1⊺)⊺P (M−v1⊺) ⪯ γ2P , we obtain the inequality ∥Mx−v∥P ≤ γ∥x−v∥P , ∀x ∈ ∆(n).

By induction, it follows that ∥Mkx− v∥P ≤ γk∥x− v∥P , ∀k ∈ N, ∀x ∈ ∆(n).

For all x ∈ ∆(n), ∥x − v∥P ≤ maxi ∥ei − v∥P = a1, since this a1 is the radius of

the smallest P -norm ball centered at v, which contains ∆(n). Similarly, the largest P -

norm ball centered at v which is a subset of the polytope {x ∈ Rn | Gx ≤ g} has radius

a2 = mini
(h−Gv)i√
(GP−1G⊺)ii

. Thus, {x ∈ ∆(n) | ∥x − v∥P ≤ a2} ⊆ S. If t ≥ logγ(
a2
a1
), then

∥M tx − v∥P ≤ γt∥x − v∥P ≤ γta1 ≤ γlogγ(a2/a1)a1 = a2, ∀x ∈ S. Since M tx ∈ ∆(n) and

∥M tx − v∥P ≤ a2,M
tx ∈ S,∀x ∈ S. We notice that Ω(S, f) = S because limt→∞M tx =

v ∈ S, ∀x ∈ ∆(n). We can then claim Ω(S, f) ⊆ f−⌈logγ(a2/a1)⌉Ω(S, f), which by Theorem

3.7 implies that O∞(S, f) =
⋂⌈logγ(a2/a1)⌉−1

k=0 f−kS = O⌈logγ(a2/a1)⌉−1(S, f).

This result suggests that among ergodic Markov chains, those with fast mixing rate

ρ(M−v1⊺) tend to let O∞(S, f) be computed in fewest iterations, because all points in ∆(n)

rapidly converge to v. The value a2 = mini
(h−Gv)i√
(GP−1G⊺)ii

is the P -norm distance from v to the

boundary of S. Since γ ∈ (0, 1), logγ(a2/a1) is a decreasing function of a2, and so t is smallest

when a2 is maximized. Note also that the representation of S as {x ∈ ∆(n) | Gx ≤ h} is not

unique, since if 1⊺x = 1, then Gx ≤ h is equivalent to (G+ b1)x ≤ h+ b for all real vectors

b of appropriate dimension. Therefore to maximize a2, one should choose b to minimize the

square of the denominator e⊺i (G + b1⊺)P−1(G + b1⊺)⊺ei for all i, specifically b = − GP−11
1⊺P−11

.

Therefore, a2 in the formula in Corollary 3.2 from the optimal G becomes

a2 = min
i

(h−Gv)i√
(GP−1G⊺ − 1

1⊺P−11
GP−111⊺P−1G⊺)ii

. (3.31)

3.8 Examples

3.8.1 Explicit Example

We present a low-dimensional example to show that Algorithm 3.4 may compute O∞(S, f)
in finitely many steps, while Algorithm 3.3 never terminates. Consider the system x+ =
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f(x) =Mx and set be S given as:

M =


0 1 0 0

1/4 0 0 0

3/4 0 0 1

0 0 1 0

 , (3.32)

S =
{
x ∈ ∆(4) |

[
0 0 1 0

]
x ≤ 1/2

}
. (3.33)

Because the dynamics are linear, and the constraint set is a polyhedron, we check if K0 ⊈ K1

by solving a linear feasibility problem. Each iteration of Algorithm 3.3 computes the next

set in the sequence of Ok(S, f):

Ok(S, f) =
{
x ∈ ∆(4) |

[
0 0 1 0

]
Mkx ≤ 1/2

}
. (3.34)

Observe that

x =
[

1
3

1
6

1
3
− 1

6(−2)k
1
6
+ 1

6(−2)k

]⊺
(3.35)

is in Ok(S, f) but not Ok+1(S, f). For t ≤ k, GM tx = 1
2
− (−1)t

6(−2)k
− 1

6(2t)
≤ 1

2
+ 1

6(2k)
− 1

6(2t)
≤ 1

2
,

while GMk+1x = 1
2
− (−1)k+1

6(−2)k
− 1

6(2k+1)
= 1

2
+ 1

12(2k)
> 1

2
. Since there is no k ∈ N for which

Ok(S, f) ⊆ Ok+1(S, f), Algorithm 3.3 does not terminate.

We use Algorithm 3.4 instead to finitely characterizeO∞(S, f). We first compute Ω(S, f).
The Jordan decomposition of M is computed symbolically, then M1 is found by setting all

transient Jordan blocks to zero:

M1 =


0 0 0 0

0 0 0 0

1 0 0 1

0 1 1 0

 . (3.36)

Since the eigenvalues of M on the unit circle are 1 and −1, the Markov chain has period 2.



34

Therefore,

ω(x, f) = {M1x} ∪
{
M2

1x
}
, (3.37)

Ω(S, f) =
{
x ∈ ∆(4) | x ∈ S, M1x ∈ S, M2

1x ∈ S
}

(3.38)

=

x ∈ ∆(4) |

 0 0 1 0

1 0 0 1

0 1 1 0

x ≤


1/2

1/2

1/2

1/2


 . (3.39)

In this case, Ω(S, f) is positively invariant, so Algorithm 3.4 immediately finds thatO∞(S, f) =
Ω(S, f).

3.8.2 Numerical Example

Our second example shows how this algorithm can be applied to a larger example. A swarm

of agents is placed on a 13-by-7 grid. At each time step, every agent moves to a uniformly ran-

dom adjacent bin unless it is in the A, C, or L shaped region, where the agents move accord-

ing to the Metropolis-Hastings algorithm with a uniform stationary distribution [1][6]. The

eigenvalues of M in order of decreasing magnitude are (1, 1, 1,−0.9397, 0.9397, 0.9211, ...).

The eigenvalues with unit magnitude are all exactly 1, so M1 has period p = 1.

For safety, no bin may have more than 3.6% of the agents at the same time. That is, the

state vector x(t) must satisfy the constraints x(t) ∈ S = {x ∈ ∆(91) | x ≤ 9
250

1}, ∀t ≥ 0.

Since M1 has period 1, Ω(S,M) = {x ∈ ∆(91) | x ≤ 9
250

1, M1x ≤ 9
250

1}. Rather than use

Algorithm 3.3 to compute the minimum t∗ for which Ot∗(S,M) = O∞(S,M), we observe

that M is diagonalizable as M = V JV −1 with all real eigenvalues. Thus, the LMI condition

M⊺
2PM2 ⪯ γ2I is satisfied for γ = ρ(M2) ≈ 0.9397 and P = (V V ⊺)−1. This property satisfies

Assumption 3.3 with respect to the P -norm ∥x∥P =
√
x⊺Px.

We choose an initial condition x(0) ∈ O∞(S,M) that converges to the uniform distribu-

tion over the A, C, and L regions. We let v be this particular steady-state distribution. This v

satisfies Assumption 3.4 within in the simplex X = ∆(91), since v ≤ 1
28
1 < 9

250
1. Using Theo-

rem 3.7 and Corollary 3.2, we find thatO∞(S,M) = {x ∈ ∆(91) |Mkx ≤ 9
250

1, ∀k ∈ N≤206}.
The safety constraint is then satisfied if and only if the initial condition is in the polytope

O∞(S,M). The initial condition is then optimized as part of a convex program with the lin-

ear constraints x(0) ∈ {x0 ∈ Rn | 1⊺x0 = 1, x0 ≥ 0, M1x0 = v, Mkx ≤ 9
250

1, ∀k ∈ N≤205}.
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Figure 3.5: Evolution of the maximal entropy initial condition without the safety constraint.

To illustrate, we maximize the entropy of x(0) to encourage a nearly uniform initial distri-

bution.
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Figure 3.6: The initial condition is now constrained to be in O∞(S,M), which ensures the
safety constraint x(t) ∈ S, ∀t ≥ 0.

Figure 3.7: Comparison of the maximum density over time for the two trajectories.
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Chapter 4

DISCRETE-TIME LINEAR-QUADRATIC REGULATION VIA
OPTIMAL TRANSPORT

In this chapter, we consider a discrete-time stochastic control problem with uncertain

initial and target states. We first discuss the connection between optimal transport and

stochastic control problems of this form. Next, we formulate a linear-quadratic regulator

problem where the initial and terminal states are distributed according to specified probabil-

ity densities. A closed-form solution for the optimal transport map in the case of linear-time

varying systems is derived, along with an algorithm for computing the optimal map. Two

numerical examples pertaining to swarm deployment demonstrate the practical applicability

of the model, and performance of the numerical method.

4.1 Introduction

The problem of steering the states of a linear system from an initial distribution to a terminal

distribution has attracted much interest in recent years [16, 17]. Applications of such con-

trollers include the density control of swarms [30, 25] and networked dynamical systems [22],

as well as opinion dynamics [3].

Optimal mass transport is a mathematical framework for deriving mass-preserving maps

between specified distributions that minimize a cost of transport. The optimal transport

cost, in some specific contexts called the Wasserstein metric, provides a useful metric on the

space of probability distributions. This has been employed in a wide variety of fields, such

as economics [35], machine learning [33, 70], computer vision [67], and image processing [66].

The Wasserstein metric also allows one to tractably compute worst-case distributions in op-

timization problems [61], which have been applied in areas such as state estimation [71],

and machine learning [53]. The computation of the Wasserstein metric and correspond-

ing transport map has also attracted much attention, in particular techniques allowing for

computational speedup such as entropic regularization and Sinkhorn scaling [21, 63].

The connection of optimal transport to continous-time control began with the seminal

reformulation of optimal transport as a PDE-based fluid dynamics optimization problem [10].
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In this approach, a velocity field is computed that minimizes the average kinetic energy of

a fluid moving from one density to another. Equivalently, this approach can be thought of

as a single-integrator particle moving from an initial state with uncertainty described by

an initial distribution, to a final state with an uncertainty described by a final distribution.

The cases of general linear time-varying (LTV) systems, and general LTV systems driven by

noise (so-called Schrödinger bridges) were developed by [18].

The latter paper [18] employs a Lagrangian-based cost function, where the static quadratic

cost is replaced with a time-varying cost with dynamical constraints. Such techniques were

developed in [2], which dealt with optimal transport with nonholonomic constraints. In a

similar problem configuration, the existence and uniqueness of transport maps were deter-

mined for linear–quadratic costs by [41]. Other works include distributed optimal transport

for swarms of single-integrators [51, 52], Perron-Frobenius operator methods for computing

optimal transport over nonlinear systems [29], and a related problem regarding the steering

of an LTV systems to a terminal state with specified expected value and covariance [37, 7, 8].

While much attention has been paid to optimal transport of dynamical systems in

continuous-time, there has been a marked lack of works discussing the implementation of

such controllers in discrete time, which is a gap in the literature that needs to be addressed

before optimal transport techniques can be implemented on digital controllers. One contri-

bution of this paper is to provide a rigorous analysis of the optimal transport problem for

linear-quadratic regulation of LTV systems in discrete time.

In the present work, we discuss the theory and implementation of optimal transport

for discrete-time linear-quadratic regulation for LTV systems. Our contributions are as

follows. We formalize a previously-developed method of applying optimal transport methods

to control by converting a class of optimal control problems to an optimal transport problem

where the cost function is the optimal cost-to-go from an initial state to a terminal state.

This formalism is then applied to derive the closed-form solution of the discrete-time LQR

problem with state-density constraints. This problem is solved numerically, and the solution

is then implemented on an example involving swarm deployment.

The paper is organized as follows. We outline the notation and preliminaries on optimal

transport in §4.2. Our problem statement is outlined in §4.3, where we discuss formulating

optimal transport problems for control systems in terms of value functions. Our results

concerning optimal transport for LQR and its numerical computation are in §4.4. We present

numerical examples and an application to swarm deployment in §4.5, and conclude the paper
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in §4.6.

4.2 Mathematical Preliminaries

In this section, we outline the notation used in the paper, as well as the necessary prelimi-

naries on optimal transport.

4.2.1 Notation

The n-dimensional space of real numbers, non-negative real numbers, and positive real

numbers are respectively denoted by Rn,Rn+, and Rn++. We denote vectors in lower-case

x, y, z ∈ Rn, and matrices in capital-case A,B,C ∈ Rn×m. Inequalities are interpreted

component-wise. Symmetric positive-definite and positive semi-definite cones of matrices

are respectively denoted as Sn++ and Sn+. For Q ∈ Sn+, we let xTQx = ∥x∥2Q. The n × n

identity matrix is denoted by In, or just I if comformable dimensions are assumed. 1n de-

notes the length-n vector of all ones, and 0 denotes a matrix of zeros. The identity map

is denoted by Id(x) = x. The direct sum of n m × m square matrices matrices {Ai}ni=1 is

the nm × nm matrix formed by placing A1, . . . , An on the block diagonal. It is denoted

by
⊕n

i=1Ai. The vectorization operation U = vec({uk}nk=1) denotes the vector U ∈ Rnm

consisting of the stacked vectors uk ∈ Rm.

A measure space is a triple (X ,A, µ) where X is a set, A is a σ-algebra on X , and µ is

measure on (X ,A). We write a probability space as (X , µ), where µ(X ) = 1 is a non-negative

measure, and we assume that (X , µ) is equipped with the Borel σ-algebra.

For probability spaces (X , µ0), (Y , µ1), the pushforward map, denoted by µ1 := T#µ0, is

defined by the relation

µ1(B) = µ0(T
−1(B)) (4.1)

for each B ∈ A(Y ). If a random variable x is distributed according to a probability density

function ρ(x), then we write x ∼ ρ(x)dx.

4.2.2 Optimal Transport

In this section, we summarize four seminal forms of the optimal transport problem, and then

specify the form of the optimal transport for our present work. One may consult excellent

texts by Villani for a more in-depth discussion of the theory [74, 73].
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Consider two probability spaces (X , µ0) and (Y , µ1). A transport map T : X → Y is said

to transport µ0 to µ1 if T#µ0 = µ1. The Monge optimal transport problem seeks to find an

optimal map T that minimizes some cost of transport c(x, T (x)),

infT
∫
X c(x, T (x))dµ0(x)

s.t. T#µ0 = µ1.
(OT1)

In general, if one of the measures µ0, µ1 has infinite second moment, then the cost of (OT1)

may be infinite. Furthermore, the pushforward constraint of (OT1) makes this problem

computationally intractable. Kantorovich formulated a relaxation of (OT1) that obtains the

same minimizer under quadratic costs1, i.e., c(x, y) = 1
2
∥x− y∥22. The problem considers the

set of joint probability distributions π(x, y) on X × Y whose marginals are the initial and

target measures,

π(A,Y) = µ0(A), π(X , B) = µ1(B), (4.2)

for all Borel sets A ⊆ X and B ⊆ Y . With some abuse of notation, to make variables of

operators (e.g., optimization, integration) we may write the above as

π(x, ·) = µ0(x), π(·, y) = µ1(y). (4.3)

The Kantorovich optimal transport is then given by,

infπ
∫
X×Y c(x, y)dπ(x, y)

s.t. π(x, ·) = µ0(x), π(·, y) = µ1(y).
(OT2)

For the case of quadratic costs, (OT2) obtains the same minimum as (OT1), and the optimal

coupling satisfies π∗ = (Id× T ∗)#µ0, where T
∗(x) is the optimal map from (OT1).

The dual of (OT2) has an explicit interpretation in economic theory of transport pric-

ing [35], but perhaps more importantly, it offers insight into the structure of the optimal

map T in the case of quadratic costs. For ϕ, ψ in the dual space of probability measures, the

1The Kantorovich and Monge problems have corresponding minimizers under more general choices of
c(x, y), but we only consider the quadratic cost c(x, y) = xTQxx+ yTQyy + 2xTQxyy in this paper.
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dual is given by,

supϕ,ψ
∫
X ϕ(x)dµ0(x)−

∫
Y ψ(y)dµ1(y)

s.t. ϕ(x)− ψ(y) ≤ c(x, y), ∀(x, y) ∈ X × Y .
(OT3)

When c(x, y) = 1
2
∥x − y∥22, the optimal map T ∗(x) of (OT1) can be written in terms of ψ∗

from (OT3) as [73],

T ∗(x) = ∇
(
1

2
xTx+ ψ∗(x)

)
, (4.4)

and in particular it can be shown that (1
2
xTx + ψ∗(x)) is a convex function [14]. Note that

in our notation, ψ∗(x) refers to the optimal ψ, and not its Fenchel conjugate.

One final formulation of optimal transport we describe here is given by Brenier and

Benamou in the form of an optimal control problem in a fluid dynamics setting. Given

initial and terminal densities ρ0, ρ1, one seeks to find a smooth, time-dependent velocity

field v(x, t) taking ρ0 to ρ1 in unit time, while satisfying the continuity equation. The

velocity field minimizes the average kinetic energy of the fluid. The problem is explicitly

defined as [10],

supρ,v
∫ 1

0

∫
Rn ∥v(x, t)∥22ρ(x, t)dxdt

s.t. ∂tρ(x, t) +∇ · (ρ(x, t)v(x, t)) = 0

ρ(x, 0) = ρ0(x), ρ(x, 1) = ρ1(x).

(OT4)

In Lagrangian coordinates X(x, t) with X(x, 0) := x, ∂tX(x, t) = v(X(x, t), t), the solution

to (OT4) is given by a linear interpolation with the optimal map,

X(x, t) = x+ t(T (x)− x) =: Tt(x), (4.5)

and so the densities at time t satisfy

ρ(x, t) := ρt(x) = (Tt)#ρ0(x). (4.6)
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4.3 Stochastic Optimal Control with State-Density Constraints

In this section, we consider an optimal transport approach for the discrete-time linear-

quadratic regulator. We present a formal discretization of the continuous-time controllers

presented in [18], and extend this to the more general framework of LQR control.

We consider systems with a state zk ∈ Rn of the form

zk+1 = Akzk +Bkuk

z0 ∼ ρ0(z)dz,
(4.7)

where the initial condition z0 has some uncertainty described by a probability density ρ0(x)

and uk ∈ Rm is the control. Our goal is to translate the system (4.7) to a terminal state

ztf ∼ ρ1 over a time horizon 0 ≤ k ≤ tf , where ρ1 captures some desired uncertainty in the

terminal state2. The control should satisfy some optimality principle under an appropriate

cost, and so an optimization problem with dynamics (4.7) is,

minu,π Eπ
[∑tf−1

k=0 c(zk, uk)
]

s.t. zk+1 = Akzk +Bkuk

z0 ∼ ρ0(z)dz, ztf ∼ ρ1(z)dz,

(4.8)

where the expectation is with respect to a joint distribution π(z0, ztf ), as defined in (OT2).

The remark below formalizes a solution technique for problems of the form (4.8) which was

used by [18] to solve continuous-time optimal control problems with control costs.

Remark 4.1 A general method to solve problems of the form (4.8) is to first solve the

deterministic problem

minu
∑tf−1

k=0 c(zk, uk)

s.t. zk+1 = Akzk +Bkuk

z0 = x, ztf = y

 = C(x, y), (4.9)

to determine a formula C(x, y) for the optimal cost-to-go from x to y. Thus, (4.8) can be

2As a technical assumption, we let tf ≥ n. This is not a constricting assumption, because OT problems
do not in general scale well with n, and so we expect that in a real-world setting the OT methods in this
paper would be applied to a reduced-order model (and hence small n) to compute references that would
be tracked by a local, higher-fidelity controller.
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re-written as

minπ
∫

Rn×Rn C(x, y)dπ(x, y)

s.t. π(x, ·) = ρ0(x)dx, π(·, y) = ρ1(y)dy,
(4.10)

where the marginal constraints on π encode the relevant distributions on the initial state x

and terminal state y. Problem (4.10) is clearly a Kantorovich optimal transport problem of

the form (OT2), where the cost function is now the deterministic value function encoding

the cost-to-go from x to y, and the optimal coupling π∗ encodes a mapping between initial

and terminal conditions x and y.

The solution to (4.10), under appropriate assumptions on the cost C(x, y), yields a cou-

pling of the form

π∗(x, y) = (Id× T ∗)#µ0(x), (4.11)

where y = T ∗(x). Finally, we note that {u∗k(x, T (x))}
tf−1

k=1 solves (4.8). △

When c(zk, uk) = (zk − y)TQk(zk − y) + uTkRkuk for y ∼ ρ1(z)dz, we have the following

LQR problem with stochastic initial and terminal constraints,

minu E
[∑tf−1

k=0

{
∥zk − y∥2Qk

+ ∥uk∥2Rk

}]
s.t. zk+1 = Akzk +Bkuk

z0 ∼ ρ0(z)dz, ztf = y ∼ ρ1(z)dz.

(4.12)

We solve this problem in the following section.

4.4 Derivation of the Optimal Map

In this section, we outline the solutions to Problem (4.12), beginning with the simplified case

of a cost on the control only. Our main contribution in this section is the more-general LQR

problem, outlined in 4.4.2.

4.4.1 Discrete-Time Optimal Transport – Control Cost Case

Consider the task of transporting over a time horizon of 0 ≤ k ≤ tf a linear time-varying

system with uncertain initial state z0 characterized by ρ0(z), to a final state ztf with an
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uncertainty characterized by ρ1(z), with minimal control cost. We assume that the dynamics

zk+1 = Akzk +Bkuk are controllable over the interval 0 ≤ k ≤ tf . The problem is posed as

min E
[∑tf−1

k=0 ∥u(k)∥22
]

s.t. zk+1 = Akzk +Bkuk

z0 ∼ ρ0(z)dz, ztf ∼ ρ1(z)dz.

(P1)

Following a similar derivation as the continuous-time case studied in [18], one can consider

first solving the deterministic problem,

min
∑tf−1

k=0 ∥u(k)∥22
s.t. zk+1 = Akzk +Bkuk

z0 = x, ztf = y.

(P2)

The solution to (P2) is given in closed form as

C∗(x, y) = (y − Φ(tf , 0)x)
T

·Wc(tf , 0)
−1 (y − Φ(tf , 0)x) ,

(4.13)

u∗(k) = BT
k Φ(tf , k + 1)TWc(tf , 0)

−1 (y − Φ(tf , 0)x) , (4.14)

where

Φ(tf , k) = Atf−1Atf−2 · · ·Ak, (4.15)

and

Wc(tf , 0) =

tf−1∑
k=0

Φ(tf , k + 1)BkB
T
k Φ(tf , k + 1)T . (4.16)

Substituting the optimal cost (4.13) into (P1) and applying the coordinate transformation[
x

y

]
7→

[
Wc(tf , 0)

−1/2Φ(tf , 0)x

Wc(tf , 0)
−1/2y

]
≜

[
x̂

ŷ

]
, (4.17)
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transforms (4.13) into ∥x̂ − ŷ∥22, and so we arrive at the Kantorovich optimal transport

problem

minπ̂
∫

Rn×Rn ∥x̂− ŷ∥22dπ̂(x̂, ŷ)
s.t. π̂(x̂, ·) = ρ̂0(x̂)dx̂, π̂(·, ŷ) = ρ̂1(ŷ)dŷ,

(P3)

with the distributions in the (x̂, ŷ) coordinates given by

ρ̂0(x̂) = |Wc(tf , 0)|1/2|Φ(tf , 0)|−1ρ0
(
Φ(tf , 0)

−1Wc(tf , 0)
1/2x̂

)
(4.18)

ρ̂1(ŷ) = |Wc(tf , 0)|1/2ρ0
(
Wc(tf , 0)

1/2ŷ
)
. (4.19)

Now, suppose that T̂ is the Monge map that corresponds to the solution of (P3). Then, by

using (4.17), the solution to the original problem (P1) can be written in terms of its Monge

map

y = T (x) = Wc(tf , 0)
1/2T̂

(
Wc(tf , 0)

−1/2Φ(tf , 0)x
)
. (4.20)

The optimal controls are thus given by

u(k, x(k)) = BTΦ(tf , k + 1)TWc(tf , 0)
−1 [T (x)− Φ(tf , 0)x] . (4.21)

4.4.2 Discrete-Time Optimal Transport – Linear-Quadratic Case

In this subsection, we consider the more general case of a linear-quadratic cost function. The

problem is formulated as

min E
[∑tf−1

k=0

{
∥uk∥2Rk

+ ∥zk − y∥Qk

}2]
s.t. zk+1 = Akzk +Bkuk

z0 ∼ ρ0(z)dz, ztf = y ∼ ρ1(z)dz.

(P3)

We proceed using the methodology in Remark 4.1 by considering the solution to the

deterministic problem,

min
∑tf−1

k=0

{
∥uk∥2Rk

+ ∥zk − y∥2Qk

}
s.t. zk+1 = Akzk +Bkuk

z0 = x, ztf = y.

(P4)
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We summarize the cost-to-go of (P4) in the following lemma. Note that we utilize a pseudoin-

verse, present in (4.47). While at first glance it may seem that this pseudoinverse severely

limits the applicability of this lemma, this is not the case. We discuss in Remark 4.3 (af-

ter the proof of the lemma) why the pseudoinverse is well-defined for all controllable LTV

systems, and we highlight an example in §4.5 that shows that the pseudoinverse is indeed

well-behaved, even in pathological cases.

Lemma 4.1 The optimal cost-to-go of (P4) is quadratic in x, y, in that

C∗(x, y) = xTQxx+ yTQyy + 2xTQxyy, (4.22)

where Qxy is invertible. The optimal control of (P4) is given by U∗ := vec({u∗k}
tf−1

k=0 ),

U∗ = K∗(y − Φ(tf , 0)x)

− ΓU1P
−1ATU1

Q̃
(
Ωx− (1tf ⊗ In)y

)
,

(4.23)

K∗ =
(
I − ΓU1P

−1ΓTU1
R̃− ΓU1P

−1ATU1
Q̃Ψ
)
Γy, (4.24)

where the matrices comprising the optimal cost and control are given by

Qx = KT
1 Q̃K1 +KT

3 R̃K3 (4.25)

Qy = KT
2 Q̃K2 +KT

4 R̃K4 (4.26)

Qxy = KT
1 Q̃K2 +KT

3 R̃K4 (4.27)

K1 = (I − AU1P
−1ATU1

Q̃)Ax − AU1P
−1ΓTU1

R̃Γx (4.28)

K2 = (I − AU1P
−1ATU1

Q̃)Ay − AU1P
−1ΓTU1

R̃Γy (4.29)

K3 = (I − ΓU1P
−1ΓTU1

R̃)Γx − ΓU1P
−1ATU1

Q̃Ax (4.30)

K4 = (I − ΓU1P
−1ΓTU1

R̃)Γy − ΓU1P
−1ATU1

Q̃Ay (4.31)

P = ATU1
Q̃AU1 + ΓTU1

R̃ΓU1 (4.32)

Ax = Ω+ΨΓx, Ay = ΨΓy − 1tf ⊗ In, AU1 = ΨΓU1 (4.33)

Γx =

[
0

−S†
2Φ(tf , 0)

]
, Γy =

[
0

S†
2

]
, ΓU1 =

[
I(tf−n)m

−S†
2S1

]
, (4.34)

Q̃ =

tf−1⊕
k=0

Qk, R̃ =

tf−1⊕
k=0

Rk, (4.35)
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where S1, and S2 are

S1 = (4.36)[
Φ(tf , 1)B0 Φ(tf , 2)B1 · · · Φ(tf , tf − n)Btf−n−1

]
, (4.37)

S2 =
[
Φ(tf , tf − n+ 1)Btf−n · · · Btf−1

]
, (4.38)

and the matrices defined by the dynamics are given by

Ψ =


Ῡ(0)

Ῡ(1)
...

Ῡ(tf − 1)

 , Ω =


Φ(1, 0)

Φ(2, 0)
...

Φ(tf , 0)

 (4.39)

Υ(l, 0) =
[
Φ(l, 1)B0 Φ(l, 2)B1 · · · Bl−1

]
(4.40)

Ῡ(l) :=
[
Υ(l, 0) | 0 · · · 0

]
∈ Rn×mtf . (4.41)

Remark 4.2 For an LTI system, these matrices are simply

Ψ =



0 0 · · · 0

B 0

AB B
. . .

...
...

...
. . . . . .

Atf−2B Atf−3B · · · B 0


, Ω =



I

A

A2

...

Atf−1


(4.42)

△

We now prove the lemma.

Proof: An analysis in the simpler case of LTI systems with y = 0 may be found in [31].

By setting U(l) = vec({uk})lk=0, U = U(tf ), and R̃ =
⊕tf−1

k=0 Rk, the control cost term can

be written as

tf−1∑
k=0

∥uk∥2Rk
= UT R̃U. (4.43)

Similarly, by writing zk = Φ(k, 0)x + Υ(k, 0)U(k) and Q̃ =
⊕tf−1

k=0 Qk, the state cost term
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can be written as

tf−1∑
k=0

∥zk − y∥2Qk
= (4.44)(

Ωx+ΨU − (1tf ⊗ In)y
)T
Q̃
(
Ωx+ΨU − (1tf ⊗ In)y

)
. (4.45)

To eliminate the equality constraints, we can write,

y = Φ(tf , 0)x+
[
S1 S2

] [U1

U2

]
, (4.46)

and we can thus parameterize U as follows:

U =

[
U1

U2

]
=

[
U1

S†
2 (y − Φ(tf , 0)x− S1U1)

]
(4.47)

=

[
I(tf−n)m

−S†
2S1

]
U1 +

[
0

−S†
2Φ(tf , 0)

]
x+

[
0

S†
2

]
y (4.48)

= ΓU1U1 + Γxx+ Γyy. (4.49)

Substituting (4.49) into (4.43) and (4.45) yields the total cost as

J(x, y, U1) = (NQ + AU1U1)
T Q̃(NQ + AU1U1)

+ (NR + ΓU1U1)
T R̃(NR + ΓU1U1)

(4.50)

NQ = Axx+ Ayy (4.51)

NR = Γxx+ Γyy. (4.52)

Taking the gradient of (4.50) with respect to U1, setting it to zero, and solving for U∗
1 yields,

U∗
1 = −P−1(ATU1

Q̃NQ + ΓTU1
R̃NR). (4.53)

Substituting this form of U∗
1 into (4.49) yields the optimal control as in (4.23), and substitut-

ing U∗
1 into (4.50) yields the optimal cost as in (4.22). It can be checked that Qxy is positive

definite.

Remark 4.3 Our technical assumption in the above lemma is that the LTV system is con-
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trollable, in the sense that the controllability Gramian is positive definite. The matrix S2

in (4.47) may be zero, even in cases when the underlying system is controllable. The pseu-

doinverse is well-defined in this case due to the elementary property 0†
m×n = 0n×m. See the

example in §4.5 for more details. △

We can now state and prove the main theorem regarding the solution of Problem (P3).

Theorem 4.1 Consider the setting of Problem (P3), and the Kantorovich optimal transport

problem,

minπ
∫

Rn×Rn C
∗(x, y)dπ(x, y)

s.t. x ∼ ρ0(x)dx, y ∼ ρ1(y)dy
, (4.54)

where C∗(x, y) is given by (4.22). Then, the optimal coupling π∗ of (4.54) is given by

π∗(x, y) = (Id× T ∗)#ρ0(x), (4.55)

where T ∗
#ρ0 = ρ1. Furthermore, the control inputs optimizing Problem (P3) is given by,

U = K∗(T ∗(x)− Φ(tf , 0)x) (4.56)

− ΓU1P
−1ATU1

Q̃
(
Ωx− (1tf ⊗ In)T

∗(x)
)
, (4.57)

where the relevant matrices are defined in Lemma 4.1.

Proof: We can see that the Kantorovich problem (4.54) corresponds to Problem (P3).

By Theorem 2.2 in [41], the solution to Problem (4.54) under the cost C∗(x, y) from (4.22)

exists, and is of the form

π∗(x, y) = (Id× T ∗)#ρ0(x), (4.58)

with

T ∗(x) = −1

2
Q−1
xy∇φ(x), (4.59)

where φ(x) is a convex function. From the calculation in Lemma 4.1, the optimal control

in (4.57) follows.
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Remark 4.4 The solution to Problem (4.54) yields a Monge map T ∗ that transports x ∼
ρ0(x)dx to y := T ∗(x) ∼ ρ1(y)dy, minimizing the expected cost-to-go from x to y. Another

interpretation of this map is that it pairs initial and terminal states (x, y) in such a manner

that it minimizes the LQR cost averaged over the distribution of initial states. We exploit

this interpretation in §4.5, where we discuss an application to swarm deployment. △

First, we examine the numerical computation of T ∗(x).

4.4.3 Numerical Computation of the Monge Map

In general, the Monge map T (x) is difficult to compute numerically [34, 64]. In fact, the opti-

mal control formulation (OT4) was devised by Brenier and Benamou precisely to numerically

compute T (x), and devising fast solvers for this problem is an area of active research [62].

In one dimension, a classical result (used in [18]) determines the Monge map in terms of the

cumulative distribution functions of the initial and terminal densities as∫ x

−∞
ρ0(x)dx =

∫ T (x)

−∞
ρ1(y)dy. (4.60)

This can readily be solved to high precision with a bisection algorithm.

For systems with n > 1 states, the situation is more complicated. For example, in the

single-integrator system xk+1 = xk + uk, the one-timestep Monge map exists explicitly when

the initial and termimal distributions are Gaussian. Suppose ρ0, ρ1 are, ρ0(x) ∼ N (m0,Σ0),

ρ1(x) ∼ N (m1,Σ1). Then, the optimal Monge map is a shift and scaling [48], T (x) =

Ã(x−m0) +m1, with Ã = Σ
−1/2
0

(
Σ

1/2
0 Σ1Σ

1/2
0

)1/2
Σ

−1/2
0 .

For general distributions, we outline a discretization-based method for computing π∗

from (OT2), and then generating the image of T ∗(x) from this approximate π∗. Suppose we

discretize X = Y := Rn into cells {Xi}nx
i=1, {Yj}

ny

j=1, and then define probability mass vectors

ρ0 ∈ Rnx , ρ1 ∈ Rny representing ρ0, ρ1, as

ρi =

∫
Xi

ρ0(x)dx, ρj =

∫
Yj

ρ1(y)dy. (4.61)

The cost in (OT2) can be written over this discrete space as∫
Rn×Rn

C(x, y)dπ(x, y) −→
∑
i,j

C(xi, yj)π(xi, yj), (4.62)
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where xi, yi are representative coordinates of the cell, say their centroids. The marginal

constraints can be imposed on π as

π1ny = ρ0, π
T1nx = ρ1. (4.63)

Letting C(xi, yj) := Cij, and π(xi, yj) := πij, we arrive at the linear program

minπ

∑
i,j Cijπij

s.t. π1ny = ρ0, π
T1nx = ρ1

πij ≥ 0, ∀i, j.
(4.64)

To recover a discrete image of the map T , one has to numerically ‘un-do’ the pushforward

operation that π represents. This is done by the element-wise division of π(xi, yj) by ρ0(xi):

τ (xi, yj) :=
π(xi, yj)

ρ0(xi)
. (4.65)

Note that this definition requires that ρ0 must be strictly positive over the discrete domain;

alternately if ρ0(xi) = 0, then the corresponding row of π must also be 0 from the constraints

in (4.64). In this case, we can define τ (xi, yj) arbitrarily, since if there is no mass to move

from xi, it is irrelevant where that mass should move to. Note that Problem (4.64) suffers

from the ‘curse of dimensionality’ due to the discretization of Rn. Fast approximations of

optimal transport are an ongoing area of research, and in the near future one may expect

that Problem (4.64), or approximations of it, may be computationally tractable for large

state-spaces [4, 21, 5].

The graph of T over {xi}ki=1 can then be determined by applying the map τ to the

domain {xi}ki=1. Suppose [X1, . . . , Xn] are appropriately-vectorized coordinates in each of

the n directions of the discretized domain in Rn. Then, the matrix τ generates the image of

T as follows:

τ [X1, . . . , Xn] = [T1, . . . , Tn], (4.66)

where Ti is the vectorized map over the domain in the ith direction of Rn.
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Figure 4.1: True distribitions of the initial (left: ρ0(x)) and target (right: ρ1(x)) states.

4.5 Examples

In this section, we provide numerical experiments of the results in §4.4. Code (and param-

eters) for the examples can be accessed at [43]. The runtimes for the computation of the

optimal transport maps are 12s and 9s, for examples 4.5.1 and 4.5.2 respectively, on an Intel

Core i7-9700K CPU (3.60GHz).

4.5.1 2D LQR Example on LTI System

First, we provide an example of the numerical implementation of Theorem 4.1. We imple-

mented the optimal transport method for LQR on a 2-state, 1-input system with matrices

A =

[
0.9 −0.1

−0.1 0.8

]
, B =

[
1

0

]
(4.67)

Qk = I2, Rk = 1, 0 ≤ k ≤ 10. (4.68)

Let the states be denoted by zk := (z
(1)
k , z

(2)
k ). Our initial states were distributed according

to ρ0(x) depicted in Fig. 4.1, and we sought to steer the system to the distribution ρ1(y),

also depicted in Fig. 4.1.

The distributions ρ0, ρ1 are supported on a discrete grid on the cube [−1, 1]2 with a

discretization length ∆x = ∆y = 0.0588. The optimal transport map T ∗ was computed

by solving (4.64) discretized on this grid, with a cost matrix C computed using (4.22) from
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x

y

0 2 4 6

x
y

0 2 4 6

Figure 4.2: Images of the optimal map T ∗(x) in the y(1) (left) and y(2) (right) coordinates of
the target domain.

Lemma 4.1. In Fig. 4.2, we show a color map of the image of T ∗. On the left is the coordinate

in the first dimension as a function of the initial (x(1), x(2)) = (z
(1)
0 , z

(2)
0 ), and on the right is

the coordinate in the second dimension as a function of the initial (z
(1)
0 , z

(2)
0 ). One can note

that the numerical approximation contains outliers in regions where ρ0 has little mass.

We ran an experiment with 10,000 i.i.d. random initial conditions sampled from ρ0. For

each initial condition z0, the optimal map computed the corresponding final condition as

ztf = T ∗(z0). The simulation then used the optimal control inputs (4.57) to guide the

system to T ∗(z0) over a time horizon of 0 ≤ k ≤ 10. Plots of the empirical distributions are

shown in Fig. 4.3 at times t = 0, 3, 7, 10.

4.5.2 Swarm Deployment - 2D LQR on an LTV System

Consider the task of assigning target positions to n agents whose initial states have an

empirical distribution approximating ρ0(x)dx, but not randomly instantiated. For example,

consider n agents spaced at constant intervals in the cube [−1, 1]2, as depicted in the middle-

left subfigure of Fig. 4.5. Clearly, this is an approximation of a uniform distribution. Our



54

x

y

x

y

x

y

x

y

Figure 4.3: Empirical distributions of the states of the system over time. Top left: t = 0.
Top right: t = 3. Bottom left: t = 7. Bottom right: t = 10.
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target distribution is the logo of the Swiss Federal Institute of Technology, Zürich, discretized

over a 35 × 35 pixel domain. A target application could be a swarm of UAVs providing a

background performance act during a university event.

Using LTV discrete single-integrator dynamics

Ak = Qk = Rk = I2, 0 ≤ k ≤ 10,

Bk = I2, 0 ≤ k ≤ 5, Bk = 02×2, 5 < k ≤ 10,
(4.69)

we compute the optimal map using (4.64) with the cost matrix (4.22) from Lemma 4.1,

depicted in Figure 4.6. The simulation was again produced over a time horizon of 0 ≤ k ≤ 10.

This time, we plot the explicit mapping between points in a grid and their target states as

generated by the map T ∗, as shown in the bottom-right of Figure 4.6.

The dynamics (4.69) are controllable, in the sense that the controllability Gramian (4.16)

Wc(tf , 0) is positive-definite, however the matrix S2 in (4.47) is 04×2. Since 0†
4×2 = 02×4,

by (4.47), this simply means that the control is zero for 6 ≤ k ≤ 10. As the system is

controllable, it is steered to the final position by timestep k = 5, as evident in Figure 4.4.

4.6 Conclusion

We studied the discrete-time linear-quadratic regulator with uncertainties in the initial state,

and how optimal transport can be used to guide the system to a final state with an uncertainty

specified by a target probability density. We derived the form of the optimal control from

the optimal transport map, and discussed numerical implementations of this map. Finally,

we provided numerical examples with an application to swarm deployment.

Future work may include online computation of the optimal transport map corresponding

to the LQ cost, and studying systems where additional uncertainty comes from being driven

by noise of arbitrary distributions.
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Figure 4.4: Top: Trajectory of dynamics (4.69). Bottom: Control computed by solving (P3)
using cvx[38] (solid line) and via (4.23) (markers). Red (black) dashed lines indicate target
(initial) states.
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Figure 4.5: Top: plots of the initial uniform distribution (left), and target distribution rep-
resenting the ETH logo (right). Middle: Initial conditions (x, y) uniformly spaced in [−1, 1]2

(left), and their corresponding terminal conditions T ∗(x, y) (right). Bottom: empirical dis-
tribution of the terminal states from the middle-right, and a plot showing the corresponding
final states interpolated from an initial state.
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Figure 4.6: Images of the optimal map T ∗(x) in the x (left) and y (right) coordinates of the
target domain.
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Chapter 5

MEASURE FORMULATION OF CONTROL SYSTEMS

5.1 Introduction

At the heart of control theory is the idea of a control system which represents some relation-

ship between input and output signals. We will look at both discrete-time and continuous-

time systems, and then develop an alternate way to characterize the dynamics in terms of

measures, rather than simply the evolution of a state.

This formulation has some important advantages and disadvantages compared to a state-

space model;

• It allows for stochasticity in control and dynamics,

• It can describe a swarm of identical agents which is independent of size (as long as the

agents are indestinguishable and follow the same overall dynamics), and

• It losslessly converts a nonlinear, finite-dimensional system into an infinite-dimensional

linear system.

5.2 Measures

5.2.1 Definitions and Preliminaries

A measure is fundamentally a type of mapping from sets to the nonnegative real numbers

R+. Specifically, we define a measure space (X ,A, µ) where X is some set, A is a σ-algebra

on the set X , and µ is a measure. Given the set X , a σ-algebra is a nonempty collection of

subsets of X which are closed under the complement with respect to X , countable unions,

and countable intersections. One commonly used σ-algebra is the collection of Borel subsets

of Rn—here denoted B(Rn)—defined as the σ-algebra generated by the closed subsets of Rn

or equivalently by the collection of rectangles of the form {x ∈ Rn | a < x ≤ b} for some

vectors a and b ∈ Rn.
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The measure µ is a mapping with the following properties: if E1, E2, · · · ∈ A are mutually

disjoint sets, then

1. µ(∅) = 0,

2. µ(Ei) ≥ 0, ∀i, and

3. µ (
⋃∞
i=1Ei) =

∑∞
i=1 µ(Ei).

A measure µ is said to be a probability measure if µ(X ) = 1. Furthermore, the support of

µ—denoted sptµ—is the smallest closed set whose complement has measure zero. Intuitively,

the support indicates the set which contains all the “stuff” picked up by the measure.

The push-forward operator f# acts on a measure µ such that:∫
S

φ(x) f#µ(dx) =

∫
f−1(S)

φ(f(y)) µ(dy). (5.1)

By abuse of notation, the set f−1(S) is the preimage of set S under mapping f , i.e., f−1(S) =

{y | f(y) ∈ S}. Notice that the domain and co-domain of f are not the same, so the

operator f# re-expresses an intergral in one measure space into that of another measure

space, analogous to u-substitution.

[Define marginal and conditional measures]

5.2.2 Lebesgue Integration

The idea of an integral can be extended to measures in a very similar way to the Lebesgue

integral, which relies on the Lebesgue measure space (Rn,B(Rn), λ) corresponding to the

n-dimensional volume in Euclidean space. E.g., for a function f : Rn → R,

∫
X
f(x) dx := sup

y0<···<yN

N−1∑
i=0

yiλ (Xi) , where (5.2)

Xi := {x ∈ X | yi ≤ f(x) < yi+1)}. (5.3)

This supremum is over all finite partitions of the range of f .

More generally, we can define integrals with respect to other measures, by replacing λ(Xi)

in Equation (5.2) with another measure µ(Xi). We would write this as either
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∫
R
f(x) dµ(x), or (5.4)∫

R
f(x) µ(dx). (5.5)

An important result connecting integrals with respect to different measures is the Radon-

Nikodym Theorem:[cite Cohn book on Measure Theory]

Theorem 5.1 (Radon-Nikodym) Let ν and µ be measures on the measurable space (X,A).

If ν(X) < ∞ and µ(X) < ∞, and if ν is absolutely continuous with respect to µ—i.e.,

µ(A) = 0 ⇒ ν(A) = 0, ∀A ∈ A—then there is an A-measureable nonnegative function

g such that ν(A) =
∫
A
g(x) dµ(x). Furthermore, g is unique up to µ-almost-everywhere

equality.

If such a g(x) in the statement of Theorem 5.1 exists, then g is said to be a Radon-

Nikodym derivative of ν with respect to µ and is typically denoted g = dν
dµ
. The collection

of all such g must agree almost everywhere, and so we can consider them all to form an

equivalence class. (This type of object is closely tied to the idea of a distribution, i.e., a

generalized function which cannot be evaluated at a specific point, but rather is defined by

how it integrates with respect to a set of so-called test functions.)

One important implication of this theorem is that if the measure µ of any set with zero

Lebesgue measure (e.g., any subset of R3 with zero volume), then µ has an associated density

function ρ(x) such that µ(A) =
∫
A
ρ(x) λ(dx). If µ is a probability measure, then ρ is its

probability density function. Furthermore, we can simply evaluate integrals with respect to

a measure ν by converting this to a more standard Lebesgue integral:∫
A

f(x) ν(dx) =

∫
A

f(x)
dν

dλ
(x) λ(dx).

To simplify things, we often treat the Radon-Nikodym derivative as a unique function, es-

pecially if there exists a function in this equivalence class which is continuous. For example,

we might say that the probability density function for the standard normal distribution is
1√
2π
e−x

2/2, despite being able to arbitrarily change the value of this function on a set of

(Lebesgue) measure zero.
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5.2.3 Moments of Measures

One important practical challenge is how to quantify a measure. For example, assuming

absoute continuity, we could represent µ as its Radon-Nikodym derivative with respect to

the Lebesgue measure (the pdf being a special case for probability measures). One can also

directly specify the measures of a family of sets which generate the σ-algebra of the measure

space. E.g., probability measures over R, have a cumulative distribution function, giving

measures of sets of the form (−∞, x] explicitly.

Another approach is to give the information required to compute the integral
∫
S φ(x) µ(dx),

for some family of functions φ(x). One way to do this is by specifying the integrals of a set of

basis functions vi(x). Then, the hope is that for φ(x) in the span of vi(x), the integral of phi

will be represented as the appropriate linear combination of the integrals of basis functions.

If φ(x) is in the span of a finite subset of basis functions, then the integral can indeed be

computed in this way. However, some caution is needed for functions requiring infinitely

many basis functions to ensure convergence. There are many sufficient conditions to this

end, but the following theorem is especially relevant.

Theorem 5.2 (Lebesgue’s Dominated Convergence Theorem [19]) Let (X,A, µ) be
a measure space, let g be a [0,+∞]-valued integrable function on X, and let f and f1,

f2, . . . be [−∞,+∞]-valued A-measurable functions on X such that f(x) = limn fn(x) and

|fn(x)| ≤ g(x), n = 1, 2, . . . hold at µ-almost every x in X. Then f and f1, f2, . . . are

integrable, and
∫
f(x)µ(dx) = limn

∫
fn(x)µ(dx).

Consider the integral of some function φ(x) with respect to a measure µ. By linearity, if

we can decompose φ(x) as the linear combination of countably many basis functions vi(x),

then ∫
X
φ(x) µ(dx) =

∫
X

(∑
i∈N

αivi(x)

)
µ(dx)

=
∑
i∈N

∫
X
αivi(x) µ(dx)

=
∑
i∈N

αi

∫
X
vi(x) µ(dx).

Therefore if we know the integrals of a set of basis functions, then we can in principle integrate

any suitably nice function in their span by taking the corresponding linear combination of
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basis integrals.

To demonstrate the equivalence between measures and and their moments, let IS(x)

denote the indicator function on set S, which is a measurable subset of X:

IS(x) =

{
1 if x ∈ S
0 if x ̸∈ S.

(5.6)

If IS(x) is represented as
∑

i∈N αivi(x), then

µ(S) =
∫
X

IS(x) µ(dx) =
∑
i∈N

αi

∫
X
vi(x) µ(dx),

assuming that the dominated convergence theorem allows this series to converge. Therefore,

the measures of some class of sets S in this measure space can be computed as a particular

linear combination of the moments of µ.

However, be cautioned that a candidate set of moments does not necessarily correspond

to a measure. As an example, consider the derivative operator of a function f : R → R
evaluated at zero:

L(f) := f ′(0),

L(xn) = n.

5.3 Measure Dynamics over State-Space

A typical state-space model tracks how a single state x (e.g., in Rn) changes over time. If

one wants to track the evolution of multiple agents at once, then one approach is to stack

the states of each individual agent into a larger overall state, which can become intractible

as the dimensionality grows exceedingly large. This procedure also struggles to capture an

infinite number of agents, such as in an idealized fluid. Instead, measures can be used to

characterize state dynamics of a complex dynamical system by instead considering how a

measure derived from the distribution of agent states evolves.
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5.3.1 Discrete Time

Consider the following time-invariant, discrete-time model with state x, control input u, and

disturbance w:

xk+1 = f(xk, uk, wk). (5.7)

The state at time step k + 1 entirely depends on the tuple of state, control input, and

disturbance at time step k. For a single agent, we can recursively generate a sequence

of states (x0, x1, . . . ) from the initial state x0, and the control and disturbance sequences

(u0, u1, . . . ) and (w0, w1, . . . ), respectively.

Another way to understand System (5.3.1) is as a sequence of three-phase processes.

The first phase generates control input uk which converts the state xk into the state-action

pair (xk, uk). The second phase generates the disturbance wk to form the tuple (xk, uk, wk).

Finally, the third phase applies the function f , resulting in xk+1. This perspective makes it

straightforward to explicitly consider uk as a function of xk, and for wk to be a function of

both xk and uk.

Now consider the case in which x0 is not precisely known, but rather follows some prob-

ability distribution represented by the measure µ0(S) := Pr[x0 ∈ S]. Then for any speci-

fied control sequence, we can hope to solve for a sequence of measures, rather than states:

(µ0, µ1, . . . ) such that µk(S) = Pr[xk ∈ S]. To make this idea rigorous, one can construct the

measure spaces (X ,A, ρk), (X ×U ,B, µk), and (X ×U ×W , C, νk)—which correspond to the

distributions of states, state-action pairs, and state-action-disturbance tuples, respectively—

such that ρk is a marginal measure of µk, which is in turn a marginal measure of νk, and

ρk+1 is a push-forward measure of νk:∫
U
µk(S, du) = ρk(S), (5.8)∫

W
νk(S, T , dw) = µk(S, T ), (5.9)

ρk+1(S, T ) = (f#νk)(S, T ), ∀S ∈ A, ∀T ∈ B. (5.10)

A more useful form for these relations is obtained by integrating a continuous and

bounded test function φ(x) (or ψ(x, u)) with respect to the measures on both sides of the
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equations: ∫∫
X×U

φ(x) µk(dx, du) =

∫
X
φ(x) ρk(dx), (5.11)∫∫∫

X×U×W
ψ(x, u) νk(dx, du, dw) =

∫∫
X×U

ψ(x, u) µk(dx, du), (5.12)∫
X
φ(x) ρk+1(dx) =

∫∫∫
X×U×W

φ(f(x, u, w)) νk(dx, du, dw). (5.13)

5.3.2 Continuous Time

We can also consider the continuous-time system

ẋ(t) = f(x(t), u(t), w(t)), (5.14)

which can be approximated for small ∆t as

x(t+∆t) = x(t) + f(x(t), u(t), w(t))∆t+ o(∆t). (5.15)

Analogously to §5.3.1, we can consider the time-varying measure µt by letting the step size

∆t in this discrete-time approximation approach zero. Let g(x, u, w) = x+f(x, u, w)∆t, and

assume φ(x) is smoothly differentiable:

d

dt

∫
φ(x)ρt(dx) := lim

∆t→0

1

∆t

(∫
φ(x) ρt+∆t(dx)−

∫
φ(x) ρt(dx)

)
= lim

∆t→0

1

∆t

(∫
φ(x) g#νt(dx)−

∫
φ(x) ρt(dx)

)
= lim

∆t→0

1

∆t

(∫
φ(g(x, u, w)) νt(dx, du, dw)−

∫
φ(x) ρt(dx)

)
= lim

∆t→0

1

∆t

(∫
φ(x+ f(x, u, w)∆t+ o(∆t)) νt(dx, du, dw)−

∫
φ(x) ρt(dx)

)
= lim

∆t→0

1

∆t

∫
∇φ(x) · [f(x, u, w)∆t+ o(∆t)] νt(dx, du, dw)

=

∫
∇φ(x) · f(x, u, w) νt(dx, du, dw).

Analogously to the discrete-time case, ρt(X ) is a marginal measure of µt(X ,U), which
in turn is a marginal measure of νt(X ,U ,W). These are combined with the above dynamic
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relationship for d
dt
ρt(X ) and are expressed in the form of integrals of general test functions

φ(x) and ψ(x, u): ∫∫
X×U

φ(x) µt(dx, du) =

∫
X
φ(x) ρt(dx), (5.16)∫∫∫

X×U×W
ψ(x, u) νt(dx, du, dw) =

∫∫
X×U

ψ(x, u) µt(dx, du), (5.17)

d

dt

∫
X
φ(x) ρt(dx) =

∫∫∫
X×U×W

∇φ(x) · f(x, u, w) νt(dx, du, dw). (5.18)
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Chapter 6

MAXIMAL CONTROL INVARIANT SETS FOR MARKOV
DECISION PROCESSES

6.1 Introduction

Invariant sets play a crucial role in certifying safety constraints for control systems. Specif-

ically, if there is a control law that keeps the state of a system in a desirable region, then

we can keep the state in a safe region. Finding such controlled invariant sets—and their

corresponding control laws—has been the subject of much study [12][13][46], specifically in

the context of Markov decision processes (MDPs) [28][1].

The technique of transforming a nonlinear state-space model into an infinite-dimensional

linear system is a powerful tool for the analysis of control systems. This extends the tools

of linear system theory to more general nonlinear systems, and various quantities of interest

in control theory such as reachable sets and positively invariant sets can be formulated

as solutions to infinite-dimensional linear programs over the space of measures [57][50][59].

However, this comes at the cost of needing to truncate the dimensionality of the space of

measures from uncountably infinite to finite dimensions in practice.

The method of Lasserre hierarchies [57] offers a systematic way to bound the solutions

to these infinite-dimensional linear programs with solutions to finite-dimensional convex

programs of fixed degree, e.g., by optimizing over finitely many moments of the measures,

or by optimizing over nonnegative polynomials of fixed degree in the dual problem.

Here we apply the results of Korda et al. [50] to find the maximal controlled invariant

(MCI) set for a Markov decision process (MDP) under polyhedral constraints to the state

vector and policy. To the authors’ knowledge, sum-of-squares (SoS) programming has not

yet been analyzed in much detail, apart from the more general class of polynomial systems

with basic semi-algebraic constraints. We exploit the particular structure of MDP dynamics

to explicitly eliminate the equality constraints from the state and control to reduce the

dimension of the problem. We then present the specific form of this SoS program for MDPs,

using the moments of the so-called canonical simplex [56], which are of particular importance

to MDP dynamics. Furthermore, since the SoS procedure necessarily produces an outer
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approximation to the MCI set, we can compare this method with previous work on invariant

sets for Markov chains to bound the MCI set from both the outside and inside [50][45][46].

6.1.1 Notation

We write the vector of ones of dimension n as 1n, and the m×n matrix of zeros as 0m×n (or

just 0 if the dimensions are apparent). If x, y ∈ Rn, then x ≤ y means that xi ≤ yi, for all

i = 1, . . . , n. Rn
+ is the set of nonnegative vectors in Rn, and ∆n denotes the so-called unit

simplex embedded in Rn, i.e., ∆n := {x ∈ Rn+ | 1⊺x = 1}. Note that ∆n has dimension n− 1

because of the affine constraint 1⊺x = 1. The support of measure µ is denoted spt(µ), and

is loosely defined as the closure of the set on which µ is nonzero. When f is a function with

domain X and codomain Y , then we denote the image of set A as f(A) := {f(x) | x ∈ A}.
We similarly denote the pre-image of set B as f−1(B) := {x ∈ X | f(x) ∈ B}. A

⊗
B denotes

the Kronecker product of matrices A and B. diag(v) is the square diagonal matrix whose

(i, i)-th entry is vi. For continuous function f and measure µ, the push-forward measure f#µ

has the defining property∫
A
φ(y) (f#µ)(dy) :=

∫
f−1(A)

φ(f(x)) µ(dx)

for all test functions φ : A → R, where both integrals are well-defined (e.g., A is a Borel

set). Informally, the push-forward measure results from applying the mapping f to every

infinitesimal bit of mass which makes up measure µ. E.g., if µ is the Dirac delta concentrated

at (xk, uk), then f#ρ is the Dirac delta concentrated at xk+1 = f(xk, uk).

6.2 MCI Set for a Discrete-Time System

For the sake of making this paper self-contained, we review the general theoretical framework

outlined by Korda et al. [50] to formulate MCI sets as solutions to infinite-dimensional

linear programs of positive measures, and we present the specific case of MDPs in §6.3.
In particular, we consider the following finite-dimensional nonlinear time-invariant control

system in discrete time:

xk+1 = f(xk, uk), f : Rn × Rm → Rn, (6.1)

xk ∈ X ⊂ Rn, uk ∈ U ⊂ Rm, k = 0, 1, 2, . . . . (6.2)
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We call X the constraint set and U the set of feasible controls. In principle U may be a

function of the state, but here we just consider uniform control constraints through careful

formulation of the dynamics. A set A ⊆ Rn is said to be controlled invariant (abbreviated

CI) for System (6.1) if for all x0 ∈ A, there exists a sequence of uk ∈ U such that xk ∈ A for

all k > 0. The empty set is therefore controlled invariant, as is Rn.

A key property of controlled invariant sets is that they are closed under the union op-

eration ∪. In other words, controlled invariant sets form a complete join-semilattice for the

partial order ⊆, where the “join” (i.e. least upper bound) of two CI sets A1 and A2 is simply

A1 ∪ A2. As a result, the maximal controlled invariant (MCI) subset of X is the union of

all controlled invariant subsets of X . The MCI set is maximal in the sense that it is itself

controlled invariant, and all controlled invariant subsets of X are subsets of the MCI set.

Controlled invariant sets play a crucial role in verifying that a trajectory satisfies a safety

constraint. If x0 is in some controlled invariant subset of X , then by definition there exists

a control sequence which satisfies the safety constraint xk ∈ X , ∀k ∈ N. Since this would

also imply that x0 is in the MCI set, we may equivalently define the MCI set as the set of

initial states for System (6.1) that satisfy the safety constraint for some control sequence.

As a result, if x0 is not in the MCI subset of X , then every feasible trajectory will always

eventually leave the constraint set X .

6.2.1 Linear Conditions on the Occupation Measure

To motivate the measure solutions of System (6.1), we could consider how a collection of

agents following these dynamics evolves. The trajectory of state-action pairs is completely

determined by the initial state vector x0 and the sequence of inputs {uk}k∈N. More generally,

we allow for a randomized control law κk(U | x) which is a probability measure over the set

of controls U at time k and state vector x. Now consider a distribution of initial states

ρ0(x), with each state evolving according to these dynamics. We can then describe how this

distribution evolves over time under control law κk(· | x)—a probability measure on U which

is a function of the state vector x—in a similar way:

µk(dx, du) = κk(du | x)ρk(dx) (6.3)

ρk+1(dx) = (f#µk)(dx), (6.4)
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where f#µ is the push-forward measure of f acting upon measure µ. In other words, Equation

(6.3) states that we decompose µk into the product of a conditional distribution κk and the

corresponding marginal measure ρk, by the disintegration theorem (see: e.g., [15]).

We also can incorporate control into the dynamics of the measures more generally. Con-

sider the joint measure µ =M(X ×U). Then, µ(A×B) is the mass of the agents in the state

region A and taking an action in set B. The measure ρ(dx) over states is the marginal mea-

sure µ(dx,U), and the (mixed) control law is a probability distribution over U conditioned

upon state vector x ∈ X .

Korda et al. [50] presented an infinite-dimensional LP whose solution implicitly yields

the MCI set. Let IP denote the indicator function on set P ; namely IP(x, u) = 1 when

(x, u) ∈ P , and IP(x, u) = 0 otherwise. The discounted occupation measure is defined for

a discount factor α ∈ (0, 1), initial state x0, and sequence of admissible state-action pairs

{(xk|x0 , uk|x0)} consistent with equation (6.1):

µ (P | {(xk, uk)};α) =
∞∑
k=0

αkIP (xk, uk) , (6.5)

with P being any measurable subset of X ×U . The occupation measure is a discounted count

of how many times the state-action pair enters P , given the initial condition x0 and control

sequence {uk|x0}. This definition is extended to a sequence of measures µk over X × U :

µ̃(P | {µk}k∈N;α) =
∞∑
k=0

αkµk(P). (6.6)

We will adopt the methodology for computing the MCI set for polynomial systems given

by Korda et al. [50] to MDP dynamics. System (6.1) defines a trajectory with initial condition

x(0) = x0, with a time-varying input u(t). We then extend these dynamics to an ensemble

of trajectories described by the sequence of positive measures {µt}t∈N so that µt(A × B) is
the total “mass” on the set A taking an action in B at time t.

The following lemma shows that any discounted occupation measure µ̃ follows a linear

relation with its initial measure over state space ρ0.

Theorem 6.1 Let ρ0 be the initial mass distribution for the system xk+1 = f(xk, uk), and

let µ̃ be the occupation measure with discount factor α ∈ (0, 1) generated by some (possibly
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time-varying) stochastic control policy, then µ̃ satisfies the equation∫∫
X×U

(φ(x)− αφ(f(x, u))) µ̃(dx, du) =

∫
X
φ(x)ρ0(dx) (6.7)

for all continuous, bounded functions φ : X → R.

Proof: Now we derive a condition relating a discounted occupation measure to the

initial distribution ρ0 ∈ M(X ). We first give the equations relating the measure sequences

ρk(X) and µk(X,U): ∫
X
ψ(x)ρk(dx) =

∫∫
X×U

ψ(x)µk(dx, du), (6.8)∫
X
φ(x)ρk+1(dx) =

∫∫
X×U

φ(f(x, u))µk(dx, du), (6.9)

for all continuous ψ and φ, and for all k ∈ N. We then integrate a test function φ with

respect to the occupation measure defined in equation (6.6).

∫∫
X×U φ(x)µ̃(dx, du;α)

=
∫∫

X×U φ(x)
∑∞

k=0 α
kµk(dx, du) using (6.6)

=
∑∞

k=0 α
k
∫∫

X×U φ(x)µk(dx, du)

=
∑∞

k=0 α
k
∫
X φ(x)ρk(dx) using (6.8)

=
∫
X φ(x)ρ0(dx)

+α
∑∞

k=0 α
k
∫
X φ(x)ρk+1(dx)

=
∫
X φ(x)ρ0(dx) using (6.9)

+α
∑∞

k=0 α
k
∫∫

X×U φ(f(x, u))µk(dx, du)∫∫
X×U φ(x)µ̃(dx, du;α) =

∫
X φ(x)ρ0(dx)

+α
∫∫

X×U φ(f(x, u))µ̃(dx, du;α) using (6.6)

Therefore, any occupation measure µ̃ must satisfy the linear equality∫∫
X×U (φ(x)− αφ(f(x, u))) µ̃(dx, du;α)

=
∫
X φ(x)ρ0(dx), ∀φ.

(6.10)
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Notice that the specific policy κ does not appear in Equation (6.10), rather this is a

necessary (and sufficient) condition that all occupation measures satisfy. We may also extract

a stochastic time-invariant policy κ(du | x) for any such µ̃, as we show in the following

theorem.

Theorem 6.2 Let µ̃(dx, du) be a positive measure satisfying Equation (6.7), and let κ̃(du|x)
be the corresponding conditional measure of µ̃, i.e.,

µ̃(dx, du) = κ̃(du | x) (ρ0(dx) + αf#µ̃(dx)) . (6.11)

Then, the control system (6.3) has discounted occupation measure µ̃ with discount factor

α ∈ (0, 1).

Proof: First, we confirm that κ̃ is the conditional measure of µ̃ as a function of x by

noticing that Equation (6.7) may be rearranged and rewritten in brief form as
∫
U µ̃ = ρ0 +

αf#µ̃, and thus κ̃ is an appropriate conditional measure: µ̃(dx, du) = κ̃(du|x
∫
U µ̃(dx, du).

Next, notice that (6.3) implies µk+1 = κkf#µk. We substitute κk = κ̃ and solve for µk in

terms of ρ:

µk = (κ̃f#)
kµ0 = (κ̃f#)

kκ̃ρ0. (6.12)

Rearranging Equation (6.11) as κ̃ρ0 = µ̃− ακ̃f#µ̃, we can then explicitly write µk in terms

of µ̃:

µk = (κ̃f#)
kκ̃ρ0 = (κ̃f#)

k(µ̃− ακ̃f#µ̃)

= (κ̃f#)
kµ̃− α(κ̃f#)

k+1µ̃.
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We can finally compute the discounted occupation measure:

∞∑
k=0

αkµk =
∞∑
k=0

αk
(
(κ̃f#)

kµ̃− α(κ̃f#)
k+1µ̃

)
=

∞∑
k=0

(
(ακ̃f#)

kµ̃− (ακ̃f#)
k+1µ̃

)
=

∞∑
k=0

(ακ̃f#)
kµ̃−

∞∑
k=1

(ακ̃f#)
kµ̃

= µ̃.

6.2.2 Linear Program for MCI Set

As shown by Korda et al. [50], the MCI set for System (6.1) subject to the safety constraints

(x(t), u(t)) ∈ X ×U , ∀t ∈ N is the support of an initial mass measure ρ0 which is consistent

with some occupation measure µ̃ satisfying the safety constraints. We write the primal

equations from Korda et al. [50] in a form consistent with our notation (eliminating the slack

measure for clarity):

p∗ = supµ̃,ρ0 ρ0(X )

s.t.



∫∫
[v(x)− αv(f(x, u))]µ̃(dx, du)

=
∫
v(x)ρ0(dx), ∀v∫

w(x)ρ0(dx) ≤
∫
w(x)λ(dx), ∀w ≥ 0

µ̃ ≥ 0, ρ0 ≥ 0, spt µ̃ ⊆ X × U ,

(6.13)

If X×U is bounded (as is the case for MDPs), we only need the first and second constraints to

be satisfied for all polynomials v and w such that w is nonnegative over X . Note that we have

also removed the explicit constraint on the support of ρ0, since spt µ̃ ⊆ X×U ⇒ spt ρ0 ⊆ X
for all µ̃ and ρ0 satisfying the “v” constraint. The main idea is that we can find the MCI set

by maximizing the mass of the initial measure ρ0 with a finite density upper bound, which

is consistent with some occupation measure contained entirely inside the constraint sets,

thereby satisfying the state constraints for some state feedback control law. The optimal

value p∗ is therefore the volume of the MCI set. This primal problem may be solved as-is by

optimizing over their moments subject to the support constraints [50], but this approach is
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outside the scope of this paper. Rather, we instead focus on the dual problem.

The dual of this infinite-dimensional LP is as follows:

d∗ = inf
v,w

∫
X
w(x)λ(dx) (6.14)

s.t.


v(x)− αv(f(x, u)) ≥ 0, ∀(x, u) ∈ X × U
w(x)− v(x)− 1 ≥ 0, ∀x ∈ X
w(x) ≥ 0, ∀x ∈ X .

(6.15)

This gives another characterization of the MCI set as {x ∈ X | w(x) ≥ 1}, for any optimal

w(x). Furthermore, for any wk(x) in the feasible set for the dual LP, the MCI set is a subset

of {x ∈ X | wk(x) ≥ 1}. The dual problem solves for the value function v(x), and an

auxilliary nonnegative function w(x) which bounds v(x)+1 from above. By optimizing v(x)

and w(x) over a sufficiently expressive family of functions satisfying the dual constraints,

then we could obtain an arbitrarily good outer approximation of the MCI set, in principle.

Suppose X and U are compact basic semialgebraic sets, i.e.,

X = {x ∈ Rn | g̃i(x) ≥ 0, i = 1, 2, . . . , nX}, (6.16)

U = {u ∈ Rm | h̃i(u) ≥ 0, i = 1, 2, . . . , nU}. (6.17)

The constraints of the dual LP are satisfied if and only if there exist nonnegative functions

pi(x), qi(x, u), ri(x, u), and si(x) such that

v(x)− αv(f(x, u)) ≥
∑nX

i=1 qi(x, u)g̃i(x)

+
∑nU

i=1 ri(x, u)h̃i(u),

w(x)− v(x)− 1 ≥
∑nX

i=1 pi(x)g̃i(x),

w(x) ≥
∑nX

i=1 si(x)g̃i(x),

(6.18)

∀(x, u) ∈ Rn×m. Notice that if (x, u) ∈ X × U , then the left-hand sides are greater than or

equal to sums of products of nonnegative functions, and are thus nonnegative on the domain

of interest.

6.2.3 MCI Set for Polynomial System with Semi-algebraic Constraints

Although the problem (6.14) is infinite-dimensional, we can obtain an outer approximate

solution by optimizing over a finite-dimensional subset of feasible v and w by replacing each
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inequality with a stronger sum-of-squares polynomial constraint. Let f(x, u), g̃(x), and h̃i(u)

be polynomials. Then, the inequality conditions (6.18) are satisfied for polynomials v(x) and

w(x) such that:

v + αv ◦ f −
∑
i

qig̃i −
∑
i

rih̃i ∈ SoS, (6.19)

w − v − 1−
∑
i

pig̃i ∈ SoS, (6.20)

w −
∑
i

sig̃i ∈ SoS. (6.21)

One hopes that the SoS polynomials are expressive enough so that we can achieve an

arbitrarily good approximation of the true dual constraints by choosing a high enough degree.

This is indeed the case for a general MDP. We justify replacing the inequality constraints of

(6.14) with polynomial SoS conditions with the aid of the following powerful result [58][65]:

Assumption 6.1 Assume there exist SoS polynomials pi(x) such that the set {x ∈ Rn |
p0(x) +

∑
i pi(x)g̃i(x) ≥ 0} is compact.

Theorem 6.3 (Putinar’s Positivstellensatz) Let X be the simple semi-algebraic set {x ∈
Rn | g̃i(x) ≥ 0, i = 1, . . . , nX} such that the polynomials gi satisfy Assumption 6.1. If the

polynomial f(x) is positive for all x ∈ X , then there exist SoS polynomials qi(x) such that

f(x) = q0(x) +
∑

i qi(x)g̃i(x).

Assumption 6.1 is broad enough to cover the entire MDP context; it is satisfied whenever

X is compact (since X is a subset of a simplex represented by linear constraints [44][54]). This

result is the foundation of Lasserre hierarchies since it shows that if the Archimedian condi-

tion holds, then we may replace polynomial constraints of the form f(x) > 0, ∀x s.t. g̃(x) ≥ 0

with the more tractable conditions f(x) = q0(x)+q(x)
⊺g̃(x), qi(x) ∈ SoS, where the degrees

of qi are uniformly less than some integer k. By a limit argument, we can then replace the

strict inequality with ≥ by taking the limit as the maximum degree k tends towards infinity.

This justifies approximating the constraint f(x) > 0, ∀x s.t. g̃(x) ≥ 0 with the corresponding

SoS condition of some large (but finite) degree k.

6.3 MCI Set for Controlled Markov Chain

For completeness, we re-derive the Lasserre hierarchy presented by Korda et al. [50] first

in the context of general polynomial dynamics, and then specialized to the specific case of
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Markov decision processes.

6.3.1 MDP Dynamics

AMarkov chain is a discrete-time stochastic process over a finite set of states S = {s1, . . . , sn},
not to be confused with the state vector x in the previous section. During each time step,

the state transitions stochastically as a function of the current state:

Pr[s(t+ 1) = sj | s(t) = si] =Mi,j, ∀t ∈ Z≥0. (6.22)

Although the state trajectory of a Markov chain is nondeterministic, the distribution over

the states ξ(t) ∈ Rn evolves as a linear system:

ξ(t+ 1) =Mξ(t), ∀t ∈ N (6.23)

where ξi(t) = Pr[s(t) = si], and Mi,j = Pr[s(t + 1) = si | s(t) = sj]. Since all probabilities

conditioned on s(t) = sj are nonnegative and sum to 1, M must be a column stochastic

matrix: ∑
i=1:nMi,j = 1 ∀j,

Mi,j ≥ 0 ∀i, j.
(6.24)

In a Markov decision process (MDP), an action a(t) is chosen from a finite set A at each

time step t. Transition probabilities depend on the state-action pair (s(t), a(t)) ∈ S × A,

and there is a reward functional which associates real number to each infinite sequence of

state-action pairs. One typically wishes to find an optimal policy π associating each state

with a probability distribution over actions, to maximize expected reward.

Lemma 6.1 The MDP dynamics may be represented in matrix form as ξ(t+1) = P Diag(π(t)) I⊺o ξ(t),

where:

• ξj(t) = Pr[s(t) = sj], sj is the j
th state,

• Pi,k = Pr[s(t+ 1) = si | p(t) = pk], pk is the kth state-action pair,

• πk = Pr[p(t) = pk | s(t) = sjk ], jk is the index of the state in state-action pair pk, and
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• Io[j,k] = δj,jk =

1 j = jk

0 j ̸= jk
.

Proof: This lemma follows straightforwardly from the law of total probability and

matrix manipulation. Specifically, for all i:

ξ+i = Pr[s+ = si]

=
∑
k,j

(
Pr[s+ = si | p = pk] . . .

·Pr[p = pk | s = sj] · Pr[s = sj])

=
∑
k,j

Pi,k · πk δj,jk · ξj

=
∑
k,j

Pi,k · πk Io[j,k] · ξj

=
∑
k

Pi,k · πk · [I⊺o · ξ]k

= [P ·Diag(π)Ioξ]i .

Thus ξ+ = P ·Diag(π)Ioξ, as hoped.
For any fixed policy π, the system simplifies to a Markov chain with a particular Markov

matrix denoted Mπ. If we consider mixed policies, the set of achievable Mπ is a polytope in

Rn×n. Specifically, we may characterize this polytope as

Mπ ∈ {P Diag(π)I⊺o | π ∈ Rmn+ , Ioπ = 1n}, (6.25)

with transition kernel P ∈ Rn×mn whose kth column is the distribution over states from the

kth state-action pair, and indicator matrix Io ∈ {0, 1}n×mn such that Io(i, k) = 1 if and

only if the kth state-action pair includes state si. We can represent the MDP dynamics as a

polynomial control system:

ξk+1 = P diag(πk)I
⊺
o ξk,

ξk ∈ {ξ ∈ Rn+ | 1⊺ξ = 1},
πk ∈ {π ∈ Rmn+ | Ioπ = 1n}.

(6.26)

Notice that the constraints on π require the entries associated with any particular state to
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be nonnegative and sum to 1, since π is a vector of conditional probabilities. We explicitly

include these constraints in the representation of the semi-algebraic sets X̃ and Ũ defined in

the form of (6.16):

X = {ξ ∈ Rn | 1⊺nξ = 1, ξ ≥ 0, gi(ξ) ≥ 0,

∀i = 1, . . . , nX} ,
(6.27)

U = {π ∈ Rmn | Ioπ = 1n, u ≥ 0, hi(π) ≥ 0,

∀i = 1, . . . , nU} .
(6.28)

Although the set of available actions may not be uniform across all states in practice, we

assume that the full set of m actions is accessible from any state for notational convenience

w.l.o.g., since we may pad out the number of actions with redundant ones. This ensures the

policy vector πk is in Rmn and lets us construct Io as the Kronecker product of the n × n

identity matrix and an m-dimensional row vector of ones, i.e.,

Io = In×n ⊗ 1⊺m, (6.29)

since m actions may be chosen from each of the n states.

6.3.2 Dynamics in Unit Simplex

We now present the dual problem (6.14) for a state vector is constrained to a subset of the

unit simplex.

Lemma 6.2 The exact MCI dual problem for the dynamics ξk+1 = f(ξk, πk) with constraint
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sets X and U respectively defined by (6.27) and (6.28) is the following:

d∗ = inf
v,w,p,q,r,s

∫
∆(n)

w(ξ) dλ(x) (6.30)

s.t.



v(ξ)− αv(f(ξ, π))− q1(ξ, π)
⊺g(ξ)

−q2(ξ, π)
⊺ξ + q3(ξ, π)(1

⊺
nξ − 1)

−r1(ξ, π)
⊺h(π)− r2(ξ, π)

⊺π

+r⊺3(ξ, π)(Ioπ − 1n) ≥ 0,

w(ξ)− v(ξ)− 1− p1(ξ)
⊺g(ξ)− p2(ξ)

⊺ξ

+p3(ξ)(1
⊺
nξ − 1) ≥ 0,

w(ξ)− s1(ξ)
⊺g(ξ)− s2(ξ)

⊺ξ

+s3(ξ)(1
⊺
nξ − 1) ≥ 0,

q1(ξ, π), q2(ξ, π), r1(ξ, π), r2(ξ, π) ≥ 0,

p1(ξ), p2(ξ), s1(ξ), s2(ξ) ≥ 0,

∀(ξ, π) ∈ Rn × Rm

(6.31)

where the multiplier functions q1,2, r1,2,3, p1,2, and s1,2 are vector-valued.

Proof: Take the problem (6.14), with basic semi-algebraic sets X = {ξ ∈ Rn | 1⊺ξ =

1, ξ ≥ 0, gi(ξ) ≥ 0, ∀i} and U = {π ∈ Rm | Ioπ = 1, π ≥ 0, hi(π) ≥ 0, ∀i}. We do not require

q3, r3, p3, or s3 to be nonnegative because they are multipliers associated with equality

constraints in the primal problem.

The infimum is taken over continuous functions—or equivalently polynomials, from the

Stone-Weierstrass theorem [24]—v(ξ), w(ξ), qi(ξ, π), ri(ξ, π), pi(ξ), and si(ξ) satisfying the

above constraints. Since the coefficients of any nonnegative polynomial are approximated ar-

bitrarily well on a bounded set by those of SoS polynomials [55], all nonnegativity constraints

can be replaced with stronger SoS conditions of sufficiently high degree:
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d∗ = inf
v,w,p,q,r,s

∫
∆(n)

w(ξ) dλ(ξ) (6.32)

s.t.



v(ξ)− αv(f(ξ, π))− q1(ξ, π)
⊺g(ξ)− q2(ξ, π)

⊺ξ

+q3(ξ, π)(1
⊺
nξ − 1)− r1(ξ, π)

⊺h(π)

−r2(ξ, π)⊺π + r⊺3(ξ, π)(Ioπ − 1n) = q0(ξ, π),

w(ξ)− v(ξ)− 1− p1(ξ)
⊺g(ξ)− p2(ξ)

⊺ξ

+p3(ξ)(1
⊺
nξ − 1) = p0(ξ),

w(ξ)− s1(ξ)ξ
⊺g(ξ)− s2(ξ)

⊺ξ

+s3(ξ)(1
⊺
nξ − 1) = s0(ξ),

q0,1,2(ξ, π), r1,2(ξ, π) ∈ SoS,

p0,1,2(ξ), s0,1,2(ξ) ∈ SoS, ∀(ξ, π) ∈ Rn × Rm

(6.33)

6.3.3 Transformed Dynamics

The MDP defined in §6.3 has polynomial dynamics in the probability vector ξ ∈ Rn and

policy u ∈ Rmn.

ξk+1 = P diag(πk) (In ⊗ 1m) ξk (6.34)

The vector ξ describes a probability distribution over the finite set of MDP states, so ξ

satisfies the constraints 1⊺ξ = 1 and ξ ≥ 0. Likewise, the entries of π corresponding to each

individual state should also be nonnegative and sum to 1. These equality constraints imply

that the domains of ξ and π are polytopes of dimension n − 1 and (m − 1)n, respectively.

For example:

ξk =

[
xk

1− 1⊺xk

]
, xk ∈

{
x ∈ Rn−1

+ | 1⊺x ≤ 1
}
,

πk = Ruk + c,

uk ∈
{
u ∈ R(m−1)n

+ |
(
In ⊗ 1⊺m−1

)
u ≤ 1n

}
,

(6.35)
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where R = In ⊗

[
Im−1

−1⊺m−1

]
, and c = 1n ⊗

[
0(m−1)×1

1

]
. This change of variables removes the

equality constraints and reduces the dimensionality of the state and control vectors. Left-

multiplying Equation (6.34) by
[
In−1 0

]
and making the appropriate substitutions, we have

an equivalent system with no equality constraints:

xk+1 =
[
In−1 0

]
f

([
xk

1− 1⊺xk

]
, Ruk + c

)
(6.36)

=
[
In−1 0

]
Pdiag (Ruk + c) (In ⊗ 1m)

[
xk

1− 1⊺xk

]
. (6.37)

Likewise, this eliminates the equality constraints in the representations of (6.27), becoming

the transformed constraint sets X̃ and Ũ :

X̃ = {x ∈ Rn−1 |

[
xk

1− 1⊺xk

]
∈ X}

=
{
x ∈ Rn−1 | x ≥ 0, 1− 1⊺x ≥ 0,

gi

([
x⊺k 1− 1⊺xk

]⊺)
≥ 0, ∀i

}
,

Ũ = {u ∈ Rmn−n | Ru+ c ∈ U}

= {u ∈ Rmn−n | Ru+ c ≥ 0, hi(Ru+ c) ≥ 0, ∀i}.

6.3.4 Specific Form for Controlled Markov Chain

So far, we were able to over approximate the exact solution to (6.14) as the solution to a

finite-dimensional SDP by further constraining the functions v and w to be polynomials of

degree d such that the nonnegativity constraints are replaced with the stronger constraint of

being sum-of-squares polynomials of degree 2k. Since w is a polynomial, we may represent it

as a linear combination of monomials, noting that xi denotes the i-th component of x ∈ Rn:

w(x) =
∑
τ

cτx
τ :=

∑
τ∈T

cτ

n∏
i=1

xτii ,
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Figure 6.1: Canonical simplex in ∆c(3). This is the projection of the unit simplex ∆(4) into
R3.

where T = {τ ∈ Z≥0 | τ1 + · · ·+ τn ≤ 2k}. By linearity, the objective function is a weighted

sum of the coefficients cτ :∫
∆(n)

w(x) λ(dx) =

∫
∆(n)

∑
τ

cτx
τ λ(dx)

=
∑
α

cτ

(∫
∆(n)

xτλ(dx)

)
.

These integrals over the canonical simplex ∆c(n − 1) = {x ∈ Rn−1
+ | 1⊺x ≤ 1} converge if

τi > −1, ∀i (which is the case if w is a polynomial) and have the explicit form [56]∫
∆c(n−1)

xτ λ(dx) :=

∫
∆c(n−1)

n∏
i=1

xτii λ(dx)

=

∏n
i=1 τi!

(n+
∑n

i=1 τi)!

= B(τ1 + 1, . . . , τn + 1, 1)

where B is the multivariate beta function. Note that we may scale the dual problem objective

function by an arbitrary positive constant without changing the optimal solutions v and w,

so it makes no difference whether the basis polynomials are integrated with respect to the

Lebesgue measure or to the uniform probability measure on the simplex, since the former
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simply scales the integral by the volume. Replacing the integral with an expected value

w.r.t. the uniform distribution on the canonical simplex, the maximum moment is scaled to

1 rather than to the volume 1
n!
:

EX [Xτ ] = n!B(τ1 + 1, . . . , τn + 1, 1) =
n!
∏n

i=1 τi!

(n+
∑n

i=1 τi)!
.

We therefore find the final version of the SoS program by making the substitutions to

Equation (6.32) as defined in Equations (6.35). The final version of our optimization problem

is a 2kth order SoS program in the coefficients of the polynomials w(x), v(x), p(x), q(x, u),

r(x, u), and s(x).

min
w,v,p,q,r,s

∑
τ1+···+τn≤2k

wτEX [X
τ ]

s.t. v(x)− α v(f(x, u))− q(x, u)⊺G̃(x)

− r(x, u)⊺H̃(u) ∈ SoS,

w(x)− v(x)− 1− p(x)⊺g(x) ∈ SoS,

w(x)− s(x)⊺g(x) ∈ SoS,

q(x, u), r(x, u) ∈ SoS,

p(x), s(x) ∈ SoS,

where

G̃(x) =


x

1− 1⊺x

g

([
x

1− 1⊺x

])
 , (6.38)

H̃(u) =

[
Ru+ c

h(Ru+ c)

]
. (6.39)

6.4 Examples

To simplify the notation in the examples, we note the time-invariance of the dynamics and

use x+ = f(x, u) to denote xk+1 = f(xk, uk), ∀k = 0, 1, 2, ....
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6.4.1 Example 1

In our first example, we compare the SoS approach to the exact maximal invariant set for

the uncontrolled Markov chain

x+ =

0.9 0 0.1

0.1 0.85 0

0 0.15 0.9

x, (6.40)

with safety constraint −1 0 0

0 −1 0

0 0 −1

x ≤

−0.1

−0.1

−0.1

 (6.41)

for all time steps k ≥ 0. Since the unit simplex in R3 has dimension 2, we reduce the

dimension with the substitution x3 = 1− x1 − x2:[
x1

x2

]+
=

[
0.8 −0.1

0.1 0.85

][
x1

x2

]
+

[
0.1

0

]
,−1 0

0 −1

1 1

[x1
x2

]
≤

−0.1

−0.1

0.9

 .
Since there is no control, the solution polynomials v(x) and w(x) are functions only of x (in

particular, the first two components x1 and x2). Each non-negativity constraint poly(x) ≥ 0
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is expressed as the stronger SoS condition A ⪰ 0, where

poly(x) =



1

x1

x2

x21

x1x2

x22
...

xk2



⊺


a11 a12 · · · a1NA

a21 a22 · · · a2NA

...
...

. . .
...

aNA1 aNA2 · · · aNANA


︸ ︷︷ ︸

A⪰0



1

x1

x2

x21

x1x2

x22
...

xk2


= m(x)⊺ A m(x).

For concreteness, we chose α = 0.9. Explicitly, the SoS problem of degree 2k is:

min
w,v,p,q

2k∑
τ1=0

2k−τ1∑
τ2=0

2!τ1!τ2!

(2 + τ1 + τ2)!
wτ1,τ2 (6.42)

s.t. v(x)− 0.9v

([
0.1 + 0.8x1 − 0.1x2

0.1x1 + 0.85x2

])
(6.43)

− q(x, u)⊺

 −0.1 + x1

−0.1 + x2

0.9− x1 − x2

 ∈ SoS, (6.44)

w(x)− v(x)− 1− p(x)⊺

 −0.1 + x1

−0.1 + x2

0.9− x1 − x2

 ∈ SoS, (6.45)

w(x) ∈ SoS. (6.46)

We illustrate the maximum invariant sets with polynomials of varying degrees in Figure

2.
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Figure 6.2: Degree 4 Polynomial MCI set approximation for Example 1. The computed set
is the segment of the grey region contained within the canonical simplex (outlined in dashed
lines).

Figure 6.3: Degree 6 Polynomial MCI set approximation for Example 1.
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Figure 6.4: Degree 8 Polynomial MCI set approximation for Example 1.

Figure 6.5: Degree 10 Polynomial MCI set approximation for Example 1.
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Figure 6.6: Degree 12 Polynomial MCI set approximation for Example 1.

Figure 6.7: Degree 14 Polynomial MCI set approximation for Example 1.
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6.4.2 Example 2

In the second example, we introduce control to the system from Example 1. Each state now

has two actions: move to the next consecutive state, and remain in the current state. The

dynamics have the form

x+ = P diag(u) Io x

=

1 0 0 0 0 1

0 1 1 0 0 0

0 0 0 1 1 0



. . .

u
. . .





1 0 0

1 0 0

0 1 0

0 1 0

0 0 1

0 0 1


x

=

u1 0 u6

u2 u3 0

0 u4 u5

x =

u1x1 + u6x3

u2x1 + u3x2

u4x2 + u5x3


and constraints 

−1 0 0

0 −1 0

0 0 −1

1 −2 0

−2 1 0

x ≤


−0.1

−0.1

−0.1

0

0

 , 1⊺x = 1, x ≥ 0

1 0 0 0 0 0

0 0 1 0 0 0

0 0 0 0 1 0

u ≤

 0.9

0.85

0.9

 , Iou = 1, u ≥ 0.

Notice that these control constraints are a relaxation of Example 1. Therefore we would

expect the MCI set to contain the one in the previous example. As expected, the semi-

algebraic outer approximation also contains the previously computed maximal invariant set

(in blue and red).

To see that this outer approximation represents a real increase in size of the MCI set,

notice that the vertex x0 =
[
0.1 0.1 0.8

]⊺
is sent to itself with the feasible control vector
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Figure 6.8: Degree 4 Polynomial MCI set approximations for Example 2.

Figure 6.9: Degree 6 Polynomial MCI set approximations for Example 2.
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Figure 6.10: Degree 8 Polynomial MCI set approximations for Example 2.

u0 =
[
0.875 0.125 0 1 0 1

]⊺
, however x0 violates the safety constraint from Example 1

since

f(x0, u0) =

0.9 0 0.1

0.1 0.85 0

0 0.15 0.9


0.10.1

0.8

 =

 0.17

0.095

0.735

 ,
which is outside the polyhedron of Equation (6.41).
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Figure 6.11: Example feasible trajectories of points within the true MCI set.

6.5 Conclusion

We presented a brief summary of the measure formulation of control system to provide back-

ground for the infinite-dimensional linear program to compute the MCI set under state and

control constraints. We then applied the Lasserre hierarchy adapted from Korda et al. [50]

to reduce this to a sequence of finite-dimensional SoS programs for specifically an MDP

subject to basic semi-algebraic safety constraints in both the full-dimension“unit simplex”

and reduced-dimension “canonical simplex” formulations. We then gave numerical examples

showing the effectiveness of this method for various polynomial degrees.
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Chapter 7

CONCLUDING REMARKS

7.1 Future Research Directions

Though the primary topic for this dissertation, the study of safety constraints is far from my

only topic of interest. The techniques presented here have many potential applications apart

from the specific scenarios we considered, and I hope that they will prove to be fruitful for

future research by myself, my collaborators, and the broader controls community.

7.1.1 Velocity Fields for Swarm Guidance

The main insight is to treat a swarm as a continuous fluid instead of as a discrete set of

agents. Every agent has a position and velocity, so we can think of each agent as a particle

in a fluid. For very large swarms, this approach may be useful because we can think of a

velocity field carrying the collection of agents rather than looking at each agent’s individual

state.

ẋ(t) = f(t, x(t)) (7.1)

If f(t, x) is continuous, then limdx→0 f(t, x+dx)−f(t, x) = 0, and so the relative velocity

of two nearby agents will approach zero as the relative displacements approach zero. By

requiring f to be continuous, we can ensure that all collisions will occur with zero relative

velocity to minimize the damage done by each collision. However, this is only a heuristic

whenever the vehicles have nonzero volume, and two agents can still have arbitrarily large

relative velocity when they are within some nonzero distance R. Continuity alone is not

sufficient to mitigate the danger of collisions. To quantify the relationship between distance

and relative velocity, f needs to satisfy stronger continuity properties such as smoothness.

Assumption 7.1 Assume that f : R × Rn → Rn is continuously differentiable, and that
∂
∂x
f(t, x) is uniformly bounded for all t and x.

Let x1(t) and x2(t) be solutions of Equation (7.1). Then the rate of change of the squared
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P -distance between these two trajectories is

d

dt
∥x2(t)− x1(t)∥2P =

d

dt
[x2(t)− x1(t)]

⊺ P [x2(t)− x1(t)] (7.2)

= 2 [x2(t)− x1(t)]
⊺ P [f(t, x2(t))− f(t, x1(t))] . (7.3)

If we assume that ∂
∂x
f(t, x1(t)),

∂
∂x
f(t, x2(t)) ∈ Ω, where Ω is a closed and convex subset of

Rn×n, then a generalization of the Mean Value Theorem states that

∃J ∈ Ω | f(t, z2)− f(t, z1) = J · (z2 − z1). (7.4)

This lets us continue from Equation (7.3).

d

dt
∥x2(t)− x1(t)∥2P = 2 [x2(t)− x1(t)]

⊺ P [f(t, x2(t))− f(t, x1(t))] , (7.5)

= [x2(t)− x1(t)]
⊺ (PJ + J⊺P ) [x2(t)− x1(t)] , (7.6)

for some J ∈ Ω. If γ1I ⪯ PJ+J⊺P ⪯ γ2I for all J ∈ Ω, then the right-hand side of Equation

(7.6) is in the interval [γ1∥x2(t) − x1(t)∥2, γ2∥x2(t) − x1(t)∥2]. It is then possible to bound

the rate of change of ∥x2(t)− x1(t)∥2 as

γ1∥x2(t)− x1(t)∥2 ≤
d

dt
∥x2(t)− x1(t)∥2P ≤ γ2∥x2(t)− x1(t)∥2. (7.7)

The change in separation distance between two agents with trajectories x1 and x2 can there-

fore be controlled by the parameter γ1, which is a property of the gradient of f .

Consider the squared Euclidean distance ∥x2(t) − x1(t)∥P , P = I. The inequality (7.7)

then can be converted into a bound on the distance itself using Grönwall’s inequality.

eγ1t∥x2(0)− x1(0)∥2 ≤ ∥x2(t)− x1(t)∥2 ≤ eγ2t∥x2(0)− x1(0)∥2, (7.8)

e(γ1/2)t∥x2(0)− x1(0)∥ ≤ ∥x2(t)− x1(t)∥ ≤ e(γ2/2)t∥x2(0)− x1(0)∥. (7.9)

7.1.2 Distributed Swarm Control

Another approach to efficiently control a large swarm is to utilize a decentralized control

algorithm. Previously in this report, the curse of dimensionality was addressed by treating

a swarm as a continuum so that swarms of any size can be modeled as a fluid. Rather than
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a central decision-maker broadcasting a policy to all agents, each vehicle may be given the

ability to communicate with and coordinate its policy with nearby agents.

I plan to investigate consensus over a swarm following MDP dynamics. Each agent will

behave according to some initial policy. If two agents are in close proximity, then they

will average their own policy with that of their neighbors. This forms a dynamic network

represented by a time-varying graph whose vertices are the agents, and whose edges are pairs

of agents in direct communication. The connectivity of this network depends on the states

of all the agents.

For example, each agent may be given an initial mixed policy so that the entire swarm

evolves nondeterministically. The entire swarm initially follows a mixture of the distributions

of the agents. How this macroscopic distribution evolves according to various consensus

algorithms is worth investigating. In one case I plan to consider, these policies may be

parameterized by their stationary distribution vector so that each policy solves a constrained

MDP problem. The consensus algorithm could be performed over these vectors, or by some

other parameterization of the policies.

Some questions which remain to be answered are:

1. How does the distribution of the swarm evolve over time?

2. Under what conditions are convergence guaranteed, and what is the rate of conver-

gence?

3. What is the performance of such an architecture, and how robust is it?

7.1.3 Verifiably Safe Control Synthesis

Our techniques to certify safety constraints as presented in Section 3.5 guarantee finite

determination of the maximal positively invariant safe set, and under Assumptions 3.3 and

3.4 in §3.6.3, there is an easily computable upper bound on algorithmic complexity of the

Kleene iteration based algorithm. We may want to design controllers for our systems so that

this algorithm terminates, and O∞(S, f) can be easily found for a large set of constraint sets

which do not necessarily satisfy these assumptions. Further research may reveal new insights

into which systems tend to have easily-verified safety constraints. A related challenge is to

maximize the size of O∞(S, f), for MDPs, since the maximal invariant set is a nonlinear

function of the policy.
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7.2 Conclusion

Safety constraints play a vital role in the control or real-world systems, and they must be

analyzed for a variety of models, from a state-space model of a single vehicle, to Markov de-

cision processes in a complex stochastic environment, to measure-based models of a swarm

of autonomous agents. This dissertation touches on a variety of topics including positively

invariant set computation, Markov decision processes, and swarm guidance, all with the over-

arching theme of the satisfaction of safety constraints. However, this is only a small sample

of the kinds of processes for which safety must be considered. The increasing prevalence of

novel approaches to modeling comes with the need for theoretical and practical guarantees

that they will behave in a safe and desirable manner. For this reason, I am confident that

the consideration of safety constraints will continue to be a fruitful topic of research for the

foreseeable future.
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with sequential sensor measurements. Automatica, 103:450–460, 2019.
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[39] J. C. Hennet and C. E. T. Dórea. Invariant regulators for linear systems under combined
input and state constraints. In Proceedings of 1994 33rd IEEE Conference on Decision
and Control, volume 2, pages 1030–1035 vol.2, Dec 1994.

[40] Jean-Claude Hennet. Discrete time constrained linear systems. Control and Dynamic
Systems, Vol.71:157–213, 1995.

[41] Ahed Hindawi, J-B Pomet, and Ludovic Rifford. Mass transportation with lq cost
functions. Acta applicandae mathematicae, 113:215–229, 2011.

[42] Kenji Hirata and Yoshito Ohta. Exact determinations of the maximal output admissible
set for a class of nonlinear systems. Automatica, 44(2):526–533, 2008.

[43] Mathias Hudoba de Badyn. Supplementary software for” discrete-time linear quadratic
regulation via optimal transport”, 2021.

[44] Thomas Jacobi and Alexander Prestel. Distinguished representations of strictly positive
polynomials. Journal für die reine und angewandte Mathematik, 2001(532):223–235,
2001.
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