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Time-like graphical models

Tvrtko Tadié

Chair of the Supervisory Committee:
Professor Krzysztof Burdzy
Mathematics

We study continuous processes indexed by a special family of graphs. Processes indexed
by vertices of graphs are known as probabilistic graphical models. In 2011, Burdzy and Pal
proposed a continuous version of graphical models indexed by graphs with an embedded
time structure — so called time-like graphs. We extend the notion of time-like graphs and
find properties of processes indexed by them. In particular, we solve the conjecture of
uniqueness of the distribution for the process indexed by graphs with infinite number of
vertices. We provide a new result showing the stochastic heat equation as a limit of the
sequence of natural Brownian motions on time-like graphs. In addition, our treatment of
time-like graphical models reveals connections to Markov random fields, martingales indexed

by directed sets and branching Markov processes.
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INTRODUCTION

In the general theory of Markov processes (such as given in the book [6, Blumenthal-

Getoor|) we have a process X indexed by some parameter set 7"
(X(t):teT). (0.1)

The set T' can be any set with some order <. The book [34] by Khoshnevisan studies
different cases of multiparameter processes (7' C R™). T could, for instance, be vertices of a

directed graph with the order induced by the direction of edges.

Figure 0.1: Parameter set T" and the realization of the process indexed by T.

Processes indexed by vertices of graphs are well studied and are often used in machine
learning ([35, Koller - Friedman], [28, Hastie et al.]) and statistics ([37, Lauritzen], [45,
Studeny]), where they are called probabilistic graphical models. In each of these models
the conditional independencies can be read from the structure of the graph. (A

short introduction to undirected graphical models is given in §A.4.) In probability, Markov



processes indexed by trees have been studied (see [4, Benjamini - Peres|), as well as Gibbs

processes.

Figure 0.2: In graphical models the structure of the graph induces conditional independen-
cies.

Similar continuous models such as the branching Brownian motion ([16]), Le Gall’s
Brownian snake ([16]), Brownian web ([19]) and Brownian net ([46]) have been studied. In

all these models the underlying graph is a random graph.

In 2011, Burdzy and Pal ([7]) introduced time-like graphs (TLG’s) and defined (Markov)
processes on graphs with no co-terminal cells (NCC-graphs). Compared to graphical mod-
els, these were continuous processes (they have a random variable defined at each point of
the representation), and unlike the continuous models studied in probability, the underlying
graph was deterministic. A number of properties (induced by the structure of the under-
lying graph) of these processes were proved. However, the model had strong restrictions

both on the degrees of vertices of the graph and the distribution of the process.

In this paper we expand the definition of processes onto a wider family of graphs, answer
open questions asked by Burdzy and Pal, and investigate new properties and connections

with some known processes.

This paper has three main parts, and it ends with a list of open problems and an appendix

that contains definitions of some terms that might not be familiar to the reader.
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Figure 0.3: Time-like graph and a process indexed by it.

Construction and properties

In §1 we study the geometry of time-like graphs (TLG’s). We are focused on the TLG*
family, since the processes on this sub-family of time-like graphs can be well-defined. Many
of the properties depend on the structure of the underlying time-like graph, so we investigate

the properties and lastly give an algorithm for determining whether a graph belongs to

the TLG* family.

In §2 we give a very general criteria for constructing a process indexed by a TLG* G (see
§2.3). Further, we show that the constructed process has the hereditary spine-Markovian
property (see §2.3.3) and we get that the distribution of the process does not depend on
its construction (see Theorem 2.20). Burdzy and Pal (in [7]) conjectured that this holds
for NCC graphs with infinitely many vertices. This is proven here in a much more general

setting (Theorem 2.24).

In §3 we look into several properties of the constructed process induced by time and
graph structure. Theorem 3.8 proves that a generalized Markov property holds, while
Theorem 3.12 shows the connection between the constructed process and Markov random

fields.



Kurtz [36] studied martingales that are indexed by directed sets. Theorem 1.34 shows
that every TLG* G is a directed set, and under some conditions the process indexed by G will
be a martingale. In §4 we develop stopping times and look at the properties of filtrations
to prove the Optional Stopping Theorem (Theorem 4.21) for martingales indexed by
TLG*’s.

Natural Brownian motion and the stochastic heat equation

In Part 2 we investigate another question from the original paper [7]. What happens when
we have a process on a dense net that covers (a subset of) the plane? In §7 we look at a
rhombus grid that covers the whole plane and the two sided Brownian motion defined on this
graph. We analyze what happens when the mesh size goes to zero, and study the connection

with the stochastic heat equation (Theorem 7.8).

In chapters §5 and §6 we develop tools to prove the result about the stochastic heat equa-
tion. §5 reviews some results about maximums of Gaussian vectors and continuous Gaussian
process. §6 studies the approximation of the (stochastic) heat equation with one boundary
and an initial value condition with the Euler method under very general conditions. The

main tool for the analysis is the simple random walk.

Figure 0.4: Topographical image of the simulation of a process indexed by a dense rhombus
grid



Processes on general and random time-like graphs

The graphs used in Part 1 and 2 have one beginning and one end, so we can not define
a process on a time-like tree. In §8 we modify our approach to define a process with nice
properties on a more general family of graphs - TLG*’s. This family includes trees, and
it turns out (see §9.4) that some properties which do not hold in general are true for time-
like trees. We proceed to define Galton-Watson time-like trees (§10.2), and investigate
(810.5) what happens when we index the process by this type of random trees.

Open questions and appendix

This paper ends with several open questions: Under what conditions can we define a process
on any TLG? If we know the process on some parts of the graph, what can we tell about
the parts that are hidden from us? Do we (under some conditions) have the strong Markov

property? How would we model the evolution of the process on a graph over time?

NS
N

Figure 0.5: Open question: We know about the black parts of the graph and the process on
it, what can we say about the part of the structure that is hidden?

The Appendix contains some definitions and known results that we will often use.



Part I
CONSTRUCTION AND PROPERTIES



Chapter 1
GEOMETRY OF TIME-LIKE GRAPHS

Most of the definitions presented in this chapter are modified from the original model
presented in [7]. The crucial difference is the Definition 1.1 of time-like graphs. In the original
model, Burdzy and Pal considered time-like graphs with the beginning and end vertex of

degree 1, and all other vertices of degree 3. See Figure 1.1.

Figure 1.1:

The rest is a deeper study of geometric properties of the special family TLG*. These

properties will later be vital for the construction of the processes and many of their properties.
1.1 Basic definitions

Definition 1.1. A graph G = (V, &) will be called a time-like graph (TLG) if its sets of
vertices V and edges £ satisty the following properties.

(i) The set V contains at least two elements, V = {to,t1,...,tn}, where to = A, ty = B
and fork=1,2,....N —2, A<ty <ty <B.

(ii) An edge between t; and t; will be denoted Ej,. We assume that there is no edge

between t; and t;, if t; = t;. Ejj indicates that t; < t.



(iii) We assume that all vertices have a finite degree.

(iv) We assume that for every vertex t;, k =1,..., N —1 there exist edges E;j, and Ey,, with

1 <k<n.

We call TLG to be a unit TLG if A =0 and B = 1.

Remarks. (0) In our study of TLG’s, we will assume that TLG is a unit TLG, unless
specified differently. (1) We do not exclude the case V = {ty = A,ty = t; = B}.

(2) The definition implies that TLG has no loops.

(3) In (i) formally we should say that the elements have the form (k,t), so that (k,t)
and (k + 1,t,11) are distinct even if ¢, =t ;. This notation was simplified to make writing
easier.

(4) An edge between t; and t; (j < k) will be denoted Ejj, (if it exists), and if we are

using more of them we will use the notation Ej,, E% ... (or something similar).

Figure 1.2: TLG ¢

Figure 1.3: Representation of a TLG G

The representation of a TLG in R? is given by the following definition.

Definition 1.2. By abuse of notation let Ej : [t;,t5] — R* denote a continuous function

for all K, € £. Assume:

(i) That the images of the open sets (t;,t)) under the maps t — (t, Ej,(t)), where Ej, € €

are disjoint.



(ii) That Eji(tr) = Ern(te) if Ejp, Ewn € &; Eu(ty) = Enp(te) if B, Enp € E; and
Eok(t()) = on (t()) for E0k> EOj €.

We will call the set
R(G) = {(t, Eji(t)) € [0,1] x R? : Ejp € €, € [t, 1]}

a representation of G. We will say that G, is a subgraph of G, and write G; C Gy if there
exist representations of the two such that R(Gy) C R(Gy). We will call G planar if it has a
representation R(G) C R2.

Let t; = (t;, Ejx(t;)) for j < N and ty = (tn, En—1.n(tn))-
Remark. There are many representations for a TLG, but there is a unique TLG corresponding

to a representation.

. .\Acn—lkn

Ek1k2 Ek3k4

Figure 1.4: A time-path

Definition 1.3. We will call a sequence of edges

(Ek1k27 Ek2k37 ey Ekn,ﬂs:n) (11)

a time-path if Ey ., € £ for every j. We will denote the set of all paths of the form (1.1)

i+
by o(ki, ks, ..., k,). This time path is full time-path if kg = 0 and k,, = N. We will denote
the set of all full time-paths by Py_,1(G).

Remark. Note that the notation o(ky, ks, ..., k,) does not uniquely identify the path, since

there can be more than one edge between the two vertices.

Definition 1.4. (i) Time paths o; € o(j1,j2,-..,Jn) and oy € o(ky, ks, ..., ky,) are co-

terminal if j; = k; and j,, = k,.
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Figure 1.5: Example of a full time-path and an example of path that is not a time-path

(ii) Co-terminal paths o; € o(ji1, ja, ..., Jn) and oy € o(ky, ko, ..., ky) will be form a cell
(0j,0%) if

{J2: 73 s na1} NA{kay oo ke } = 0.

(iii) We will call a cell (0}, o) for o; € o(j1,J2, .-, Jn) and oy, € o(ky, k2, ..., ky,) simple if
if there does not exist a time path m € o(iy,1s, . ..,1,) such that iy € {J2,J3,- -, jn_1}

and ’ir c {]{72, .. -akm—l}; or il < {]{32, .. -ukm—l} and ’ir c {jQ,jg, ce ,jn_l}.

— O\ o<~

Figure 1.6: Non-simple cell and a simple cell

1.2 TLG* family

We will now describe the family of TLG graphs that is generated from minimal graph by

adding vertices and adding edges between vertices connected by a time-path.

Definition 1.5. The TLG*-family is given in the following inductive way.

(i) The minimal graph G = (V, &), with V = {to = 1,ty = 1} and € = {Egn} is a TLG*.

Figure 1.7: The minimal graph
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(ii) Let Gy = (V1,&1) be a TLG*, where V; = {tg,t2,...,tn}.

(1) (ADDING A VERTEX) If 7, € [0,1], and for some Ey, € £ and ty, < 7, < ty, then
set

V2 = Vl U {Tk} aﬂd 82 = 81 U {Ek1k7 Ekkz} \ {Ekle}'

Gy := (Vy, &) is also a TLG*.

Ek k
o Ek:lrk _:I?_ Ekkz
/_\ ] p )
tkzl tk2 tk'l tk2

Figure 1.8: Adding a vertex

(2) (ADDING AN EDGE) Let t;,t;, € V; such that t; < t;, and assume that there exists

a time-path o, € 0(j, ..., k) between these vertices. Then set
VQ = Vl and 52 = 51 U {E]*k .

Gy i= (Va, &) is also a TLG*. (E7, is an new edge (not in &;).)

M ~ N
~ -

Figure 1.9: Adding the edge £,

(iii) We will say that (G;)1<j<k is a tower of TLG"’s or TLG*-tower if for j > 1, G; is

constructed from G;_; as in (ii).

Remarks. (1) Clearly, all TLG*’s are TLG’s. (2) It is also clear that if (G;)i<j<x is a
tower of TLG*’s and G}, is planar that all the graphs in this tower of TLG*’s are planar.
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We will turn our attention to the question which TLG’s are TLG*. The following is a
generalization and a new proof of the result known to Burdzy and Pal (see Theorem 2.9 (ii)

in [7]).
Theorem 1.6. All planar TLG’s are TLG*’s.

Proof. Let G be a planar TLG and R(G) its representation in R2. We will prove the claim
in several steps.

(i) Denote time-paths from ¢y = 0 to txy = 1 in G with Py_,1(G). For each o € Py1(G)
there exists a continuous function g, : [0, 1] — R such that its graph I'y, = {(z, g,(x)) : z €
[0, 1]} is the representation of o in R(G). For two paths ¢’ # ¢” we have g, # g,~, and there

are three possibilities

e If g < gon OF gy > gor. In the first case we say o’ < ¢” and in the second case we

say o/ > o”.

e If not, min{g,, g, }, max{g., g, } are also representations of paths from 0 to 1. (These

paths use the same set of edges as paths ¢’ and ¢”.)

We define o’ Ao” and o’V o” to be the path represented by min{g,, go» } and max{g,, g~}
in R(G). This operation is closed, commutative and associative, and further o’ A ¢” < ¢’ <
o'Vo"and o' No”" <o" < o'V

(ii) We pick o1 to be Ayep, ., ()0, and we set G = (V, &) such that all vertices and all
edges of oy are in V; and &;. Clearly this is a planar TLG. Note that we choose o7 such that
there is no ¢’ in Py_1(G) with ¢’ < 07.

Now we continue inductively. Let Gy_1 = (Vx_1,Ek—1) be a TLG obtained in the previous
step. If £\ 1 = 0 clearly Gx_1 = G. Otherwise, choose o), in Py,1(G) \ Po~1(Gr_1) such
that there is no ¢’ in the same set with o’ < oy. (The set Py1(G) \ Po—1(Gr_1) is nonempty
since every edge E € £\ &1 is part of a path from 0 to 1 in G. There is such minimal edge

with respect to the given order, since this is a finite set.) We now set G, = (V, &), where



13

V) is the set of all vertices in V,_; and on o, and & is set of all edges in £_; and that oy,
is made of. Again, G, is a planar TLG.

Since there is only a finite number of edges in £, at some step K we will stop, and we
will have G = G.

(ii) Note that for each k there is no edge Ej, € £ \ & such that there exists o €
Po~1(Gx) with Ejn, < goli;.0,). Otherwise, there would exist a o; for some [ < k such that
Ejn < golit; 1), and a path o’ € Fy_1(G) that contains Ej,, but then o’ A 0 < 0, and this
contradicts the definition of o;.

(iv) From the definition in (i) it is clear that

Orljmax - vUEPOal(gk)O- (12)

is also a path in Gy.
(v) Now we will show that all G, are TLG*’s. It is clear that G; can be obtained from
the minimal graph Gy by repeating step (iil) in Definition 1.5.
We assume that G, is a TLG*. For an edge £}, in o that is not in &,_;, we have by
(i)
but 1 < B (13)

k—1

v (see (1.2)) will have common vertices with oy (at least in 0 and 1). The

Further, o
set T = {t €[0,1] : c¥~1(t) # 04(t)} has at exactly one connected component. Otherwise,
there would exist t;, <, <t,, <t;, in T and we would have two sub-paths o(l; ...l3) and

o(l3...1;) that start and end at vertices that are on o1 but since (1.3) we have

max?

k—1 <
, .
g |[1‘/z1 iy JUtg t ] = gO’k|[tl17tl2]U[tl37tl4]

(their representations lie above R(Gy_1)). But, now ¢’ is represented by
Yoy, (t) te [tll ) tlQ]
Gor1 (1) 1€ [ty )¢

is also a path in Py1(G) \ Po—1(Gk_1), such that ¢’ < op. This is a contradiction, with the

gor(t) =

k=1 and o, have two

definition of oj. Therefore, 1" has only one connected component and o7,
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k—1
mazx

common vertices - t;, and ;,. Since ;, and ¢;, are on the path o, - by Definition 1.5 we can
add an edge between them, and after that add vertices that are on the path that connects

them. All the other edges of the path o} (that are below the path o%~1 in the representation)

max

are already included in Gy (by (iii)), so we get G.

Figure 1.10: Tllustration of the proof of Theorem 1.6. The the path colored in gray represents
o, while dashed lines represent Gi_1.

Remark. The proof gives us the following algorithm for constructing a planar TLG G as a

TLG™.

1 0 a minimal path with respect to < in Py_1(G);
2 G# = (V# E7) that consists of all vertices and all edges of o (in G);
while £\ €% # () do

o a minimal path with respect to < in Py_1(G) \ Po_1(G%);

w

I

5 add all edges and vertices that make o (in G) to G¥;

6 end
Algorithm 1: Constructing a planar TLG as a TLG*.

We have shown that the step in line 5 can be done by adding edges and vertices as
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described in Definition 1.5. Since G# is a TLG* in line 2, G# remains a TLG* through the

whole algorithm. The illustration of this algorithm is given in Figure 1.10.

Corollary 1.7. For a planar TLG G there exists a tower of planar TLG’s (TLG*’s) (G;)1<j<n-
such that G = ({to = 0,ty = 1},{FEon}) and G, = G. Further, there ezists a sequence of
representations (R(G;))1<j<n such that R(G;_;) C R(G;) for j > 1.

Theorem 1.8. (i) There exists a TLG that is not a TLG*.

(ii) There exists a non-planar TLG*.
Proof. We will show the claim using examples similar to those Burdzy and Pal gave in [7].
(i) Assume the TLG G = (V, &), where V= {t; =j/5:j=0,1,...,5} and
& ={Eo1, Eoa, B4, En3, Bz, Fay, Eys, Ess}

(on the Figure 1.11.) is a TLG*. Then there exists a tower of TLG* (G;)1<j<, such that
G, = G. Let E* be the edge form the set £ = {Ey4, E13, Eay, Ea3} with largest j such that
E* e &\ E_1. (£ is the last edge from £* to be added to the graph.)

In Definition 1.5. we add edges in each step, so that their vertices lie on the same path
from 0 to 1 and these vertices will continue to be on the same path in future steps. Since,
no three vertices from the set {ti,t,,t3,%,} are on the same path in G, in each step we can
add only one edge from the set £*.

The graph G;_; contains the vertices ti, ts, t3 and ¢4, since it contains three out of four
edges from £* connecting them.

In order to obtain G, the endpoints of E* have to be connected by a time path. It is
clear that each element of the tower (G;)i<j<, the number of time paths between the two
vertices increases. This means that the number time paths between the endpoints of G will

be at least two, but this is not true in G. Hence, G can not be a TLG*.
(ii) Let G = (V,€), where V={t; =j/7:j=0,1,...,7} and

&= {E01a E12, E23> E34a E45a E56> E67> E14a E25> E3,6}-
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It is clear that this is a TLG* and it is not planar. See Figure 1.12 |

to s

. d

is
to

t 2

Figure 1.12: Non-planar TLG*.
Figure 1.11: A TLG that is not a TLG*

1.3 Consistent representation of a TLG*-tower, spines and (re)construction

If G is a TLG", then let (G;)7_, be a TLG* tower. In the corresponding sequence of rep-
resentations (R(G;))j—, we could have some inconsistencies which we would like to avoid.
For instance, let co-terminal edges E' = E} and E* = E2 be present in the whole
tower and the graph in the Figure 1.13 can represent part of each representation. The arcs
a and b in representation R(G;,) might represent E' and E?, while in some other represen-
tation R(G;,) it might be the other way around. To avoid this we will only use consistent

representations of the TLG* tower (G;)7_.

a

o

Figure 1.13: The arc a and b might not always represent the same edges.

Definition 1.9. We will call a sequence of representations (1(G;))}_, a consistent repre-

sentation of the TLG*-tower (G;)}_, if:
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(a) If we add a new vertex 7, to the TLG* G,;_; to obtain G; by removing an edge Ey,,, and
replacing it with Ey, i, and Ey, (as in step (iil) of Definition 1.5.), then the representation

of edges Fy, and Eyy, is the same as that of Ey,y,, i.e.

By ([try s thol) = B[ty tr]) U Bty ([Ers ts)) -

(b) All the edges that are in both G;_; and G;, will have the same representation in R(G;_1)
and R(G;), i.e. for By, € &1 NE; if E},, is the representation in R(G;_1) and E} ,,

is the representation in R(G;) then

E],Clkz ([tkl ) tkz]) - Ellcllk‘g ([t/ﬁ ) tkz])'

The two following facts are true about consistent representations.

Proposition 1.10. (i) If (R(G;))7-, is a consistent representation of the TLG*-tower

(Gj)i—o then R(G;-1) C R(G;) for j > 1.

(i) If (G;)i—o is a TLG*-tower, for a fized representation R(G,), there exists a unique
consistent representation (R(G;))7_, of this TLG* tower.

Proof. The claim (i) is clear from Definition 1.9. (ii) follows by induction on the number of

edges. [ |

Definition 1.11. Let G be a TLG* and fix its representation R(G). By Definition 1.5. of
TLG"’s there exists a TLG* tower (G;)}_,, where Gy is the minimal graph and G,, = G. By
Proposition 1.10 there exists a consistent representation (R(G;))}—, where R(G,) = R(G).

It is easy to see that that R(Gy) is the representation of a full time-path o in G. We will

call such a full time-path a spine.

The question is each full time-path a spine? In other words, can we take any full time

path, and by adding vertices and edges as in the Definition 1.5 of TLG* get the TLG* G.

Theorem 1.12. Fach full-time path in TLG* is a spine.
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Proof. We will prove this claim by induction on the number of edges m = |€] in G.

For m = 1 the claim holds, since the spine is the whole G.

Assume that the claim holds for m > 1. Let G be a TLG* with m + 1 edges. There exists
a TLG* G’ such that by adding a vertex or edge (as in step (ii) Definition 1.5.) we get G.
(Note that in both cases G’ has m edges.)

If we added a new vertex to G’ there exists a representation of R(G) that is the same as
the one of R(G’). Now it is clear, that if we pick any full time-path in G, there is a ¢’ full
time-path in G" with the same representation in R(G"). We first construct G', from ¢’ and

then we add G to the tower describing that construction.

Figure 1.14: Two spines ¢* and o’.

If we added a new edge Ej , . If we pick a full time-path ¢’ that is in G’, then we
first construct G’ from it and then add G as the last member of the tower describing that
construction. If we pick a full time path ¢* containing Ej , , let ¢’ be a full time path
connecting t,, and t,,, such that ¢’ and ¢* are the same except between t,, and t,,. We
can construct G’ from ¢’. To construct G from o* we start with one edge representing o*,
and then add vertices t,; and 5 and an edge between them. Now, we have a full time-path
that has the same representation as ¢/, and we keep adding edges and vertices in the same

order as in the construction of G’ starting with o’ (we skip the steps in which ¢; and ¢, are

added). At the end we have G. [

We have an interesting consequence of the previous Theorem.
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Corollary 1.13. If Ey,p, is an edge between the two vertices connected by a time path (not

containing that edge) in G = (V, &), then G' = (V,E \ {En,n, }) is also a TLG .

Proof. We pick a full time-path containing that path. Now in the construction of G from
that time path we skip the step in which need to add the edge Ej,, and we get G'. [ |

Definition 1.14. A point on G = (V,€) is an element of the set
{(Ejk,T) : Ejk € 5,7' c [t]’,tk]},

and the representation of the point t = (Ejj,, ) is the point on R(E}j;) whose time coordinate
isT. t; = (E', 1) and t, = (E?, 75) are connected by a (time-)path if E' and E? are a part
of some (time-)path. We will write t; < ty if 7 < 75 and t; and t, are connected by a
time-path.

Remark. For a point t on G we will write ¢ € G. Note that vertices can be represented as
several points, if they are endpoints to several edges, identify them as one point. The order
<" introduced is the order induced by the structure of the graph. We will write for

the time of ¢, to simplify the notation, just ¢.

We will give a criteria for connectedness of two points by a time-path. This says that
the two points are connected by a time-path in G, if and only if their representations are
connected from the moment that these points exist in the TLG*-tower (that leads to the

construction of G). A very similar result will hold for any path in G with a given time frame.

Theorem 1.15. Let t, and t* be two points on G and let (Gi)i_, be a TLG*-tower such that
G, =G and (R(Gy))}_, its consistent representation. Assume ko is the smallest k such that
t. and t* are on R(Gy). Then t, and t* are connected by a time-path in G if and only if they

are connected by a time-path in Gy, .

Proof. 1f t, and t* are connected by a time-path in Gy, they will remain connected by a time

path in all Gy for k > k.
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Let k. > ko be the smallest k& such that ¢, and ¢* are connected in G;. k. exists and is
less or equal n. If k, > kg, then ¢, and t* are points in Gi, ; but are not connected. This
means that an edge between two vertices ¢; and ¢, was added and ¢, and t* are on some
time-path. But since the points ¢; and ¢;, need to be connected in the previous step, this
would not affect the connection between t, and t*. So t, and t* are connected in Gy, 1. This

contradicts the definition of k,. Therefore, ky = k,. [ |

From the last result we know that a simple cell will remain a simple cell in the TLG*-

tower.

Corollary 1.16. Let (Gg)p_, be a TLG*-tower and 1 < k <1 < n. If (01,02) is a simple
cell in Gy then (0',0}) is a simple cell in G, where (01,04) and (o},0}) have the same

representation in the consistent representation of (G)j_,.

Definition 1.17. For any path p in G we say that the interval I = [a,b] is its time-frame
if R(p) C I x R2

Theorem 1.18. Let t, and t* be two points on G and let (Gi)p_, be a TLG*-tower such that
G, = G. Assume kg is the smallest k such that t, and t* are points on G,. Then t, and t*
are connected by a path p within the time-frame [a,b] in G if and only if they are connected

by a path within the time-frame [a,b] in Gy, .

Proof. The proof is the same as in Theorem 1.15. We look a the first member of the tower
when ¢, and t* are connected by a path within the time frame [a, b], if this is not kg, then the
connection was established by adding an edge between some vertices ¢; and ?;, but these had
to already be connected by a time-path. So the connection existed in the previous member

of the tower. Which proves the claim. |
1.4 Interval TLG"’s

In this section we will show the interval property of TLG*’s.
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Definition 1.19. Let G be a TLG, and 7y < 1 vertices on a TLG. We define G[r, )
the interval [Ty, 5] of G to be the graph (V|r, T2, E[1, T2|) such that V|r, 2] are all the
vertices ty, such that there exist a time-paths o,,;, and oy, .,, and E[1y, 7] are edges from &

that connect vertices from V[ry, T3].

Remark. Note that if 71 and 75 are not connected by a time-path then V[, 1] = 0.

The following result will show that interval TLG*’s are TLG*.

Figure 1.15: The interval graph G[r, 7).

Theorem 1.20. Let G be a TLG* and 71 < 75 be two vertices connected by a time path.
Then G|y, 1] is a TLG".

Proof. Pick a spine/full time-path o that contains 7, and 7. (It will exist since 7 and 7

are connected by a time-path.) Now, pick a TLG* tower (G;)_, that starts with o and ends
with G.

We will show by induction that G;[r, 72| is a TLG* for all j. Without loss of generality

we can assume that G; contains all vertices on o in G.

It is clear that the claim holds for j = 1. Assume it holds for 7 > 1, and let’s prove it for

J + 1. There are 4 cases to consider:

(1) If we added an vertex to G; to obtain G;; the claim clearly holds.
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(2) We added an edge that is not connecting vertices in V;[7y, 7). Then G, 1|1, 72| is the

same as G;[r, Ta).

(3) We added an edge that is connecting vertices in V;[7y, 72, then these two vertices are
connected by a time-path in G;, and hence they are connected by a time-path in G; [y, 7»].

This is the same as if we added a new edge on G;[1y, 72 to obtain G, 17y, 7).

(4) We added an edge that is connecting a vertex in V;[1y, 2] and a vertex not in V;[r, 7).
In this case Gj41[m1, 2] is the same as G;[1y, T3], because the vertex not in V;[r, 7], by

Theorem 1.15, can’t be in Vj [, 7).

Since in all cases Gj is either the same as G;[m, 72|, or obtained from G;[1, 72| by adding
and edge or a vertex, it is a TLG*.

This proves that G[r, 7] is a TLG*. |
From this proof we can get the following conclusion.

Corollary 1.21. When we erase the repeating elements the sequence (Gj[11, 7))}, is a

TLG*-tower for G|y, ).

Corollary 1.22. For a TLG* G and vertices 71 and T on a spine o we have that there exists

a TLG*-tower (G;)7_, with consistent representation (R(G;))}—, such that for some ng <n
R(Go) = R(0),  R(Gny) = R(G[1, 72]) U R(0).
That is after the spine o, we can construct G|, Ts], and then the rest of G.

Proof. We first construct the spine o, and then construct TLG* G[r, 73]. Now, we apply
steps from the proof of Theorem 1.20. that are using edges and vertices that haven’t yet
been constructed. In each of these steps when we add an edge time-path connectedness is
already guaranteed since the TLG* that we have is a sup-graph of the TLG* when the step
was done in the proof of Theorem 1.20. |
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1.5 Topology on TLG’s

For some things that follow we will need a notion of a limit of points on a TLG. In order to

define a limit we need to define a topology.

Definition 1.23. For a point t on a TLG G, and 0 < § < min{|t;, —t| : tx, € V\ {t}}, we say
that the ball Bs(t) centered at t with radius ¢ is the set of all points s on a TLG, such that:

e t and s are on a time-path;

e the absolute value of the time difference |t — s| is less than §.

8B(L, 01)

Figure 1.17: The representation inter-
Figure 1.16: Ball in a TLG sected by a sphere. In this case we have

I:{'l.l,...,i5}.

The following is a classical definition of open sets.

Definition 1.24. For a set U of points on a TLG G we say it is an open set, if for each
t € U there exists a 0 > 0 such that Bs(t) C U.
We define Tg to be the set of all open sets in TLG G.

Lemma 1.25. Let G be a TLG, and fix its representation R(G). U is an open set in if and
only if R(U) is an open set in R(G).
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Proof. If U € Tg, then pick arbitrary ¢ € R(U). There are only finitely many paths that
don’t pass through ¢, and the union of their representations is a compact set K in R3. Now,
we pick d; = d(t, K)/2 (where d is the usual metric in R?). Also, we pick d, > 0 such that
Bs,(t) C U. For § = min{dy,d2}, {s € R(G) : d(s,t) <} C R(U). Hence R(U) is opened.
If R(U) is opened, then we pick t € U. Pick §; > 0 such that B(t,d;) = {s € R(G) :
d(s,t) < 01} C R(U). There exists finitely many full time-paths 71, . .., 7 that contain ¢. Let

I be the points on G whose representations are at the intersection of R(m), ... , R(m) with
OB(t,61). (See Figure 1.17.) I is finite, and now pick 6 = min{|t — z| : z € TU (V' \ {t})}/2.
Since t ¢ I, § > 0. Hence, Bs(t) C U. [

Proposition 1.26. 7; is a topology on G.

Proof. Note that ¢t — t is a bijection. Hence, if (U, : @ € A) is in Tg, then since

R(JU.) = | R0

acA acA

is an open set 50 is | J,c4 Ua- We can use the same approach for the finite intersection. M

Corollary 1.27. t — t is a homeomorphism (i.e. a continuous bijective function with a

continuous inverse) from G to R(G).
Corollary 1.28. The topological space (G,Tg) is metrizable.

Proof. Fix the representation R(G), and set dg(s,t) := drs(5,t). dg is a metric and the

topology induced by dg is Tg. [ |

Corollary 1.29. (G,7g) is a Hausdorff space.

Proof. Follows from the fact that this space is metrizable. [ |
We define limit on TLG’s in the following natural way.

Definition 1.30. We say that the sequence of points (t,) converges to the point t in TLG
if:
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e there exists ng € N such that for each n > ng the points t, and t are connected by a

time-path;

e the absolute value of the time difference |t,, — t| converges to 0.

Remark. The time-path that connects ¢, and ¢ can depend on n. and can be a different
time-path for different n’s. (It will always contain t.)

We will show that this is also the limit in the topology that we defined.

Theorem 1.31. Let G be a TLG, and R(G) be its representation. A sequence of points (t,)

converges to t in G if and only if their representations (t,,) converge to t.

Proof. If t, — t in G. There are finitely many paths oy, ..., 0. going through ¢. In the
representation each path o; is represented by a graph of some continuous function f,.. But

now since
(tna fO'j (tn)) - (ta faj (t)) =t,
and for each ¢, there is k, such that ¢, = (t,., f5, (t,)), the claim follows.

Let ¢, — t in R(G). Now, there are only finitely many paths that don’t pass through ¢,
and the union of their representations is a compact set K. Now we pick 0 = d(¢, K)/2. Now,
there exists ng such that for all n > ng t,, € Bs(t), but this implies that all ¢,, are connected
by a time-path to ¢. It is clear that the absolute value of the time difference |t —t,| converges

to 0. [ |

Corollary 1.32. t, — t in G if and only if t, —t in (G, Tg).

Proof. Fix a representation R(G), and define a metric dg as in Corollary 1.28. It is clear

from Theorem 1.31 that we have convergence if and only if dg(t,,,t) = dgs(t,,t) — 0. [ |
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1.6 TLG" as a topological lattice
In this section we will show that TLG*’s are topological lattices.

Definition 1.33. A Hausdorff space X with some order <’ is called a topological lattice

if for x1, 19 € X:

e there exists a unique element x1 A xo such that

{reXz<nin{reX o<m}={reX x<z Axs};

e there exists a unique element x1 \V x5 such that

{reX:z>min{reX: x>} ={reX z>xVr}

and x1 A xy and 1 V x5 are continuous mappings of X x X (with product topology) onto X .

Theorem 1.34. A TLG* G is a topological lattice with respect to the order < induced by the

structure of G.

Proof. Let (Gr)i_, be a TLG*-tower starting with the minimal graph Gy and ending with
G, =G.

We will prove the claim by induction. Clearly, Gy is a topological lattice. Let’s assume
G is a topological lattice.

If we added a new vertex to Gy, in order to get Gy 1, then clearly Gi; is also a topological
lattice.

If we added a new edge to G, in order to get Gi.1, then take two points t,s € Gp 1.
If t,s € G, then by assumption there exist ¢t A s and t V s, the same is clear if £, s are
points of the new edge E7,. The only case that remains to be checked is when ¢ € E7, and

s € G Ift<s,thentAs=¢tandtVs=s. Similarly when s < ¢. Otherwise, we have
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{17 € Gy1 : T < s} isin Gy, so

{T€Gki1:Ts}N{T €Gpy1: 7t}
={reGy:73stnN{regGy: 7=t}
={reg,:7=stn{reg,: 7=t}

={r € Gp: T 25Nt}

therefore, we have s At = s At;. In the same way we can show that s V¢ = sV ¢, The
uniqueness follows from the fact that if « < v and v < u we have u = v.

Let (t1) and (t2) be a sequence of points converging respectively to t; and t, on G. If
t; = to both sequences converge to the same point, and so will (¢} Vv ¢2) and (1 A #2). If ¢,
and ty are on the same time-path, assume t; < t5. Now, by the definition of convergence,

there will exist a ny such that for n > ny we have t. < 2, hence
thvet =t st LA =12 oty

If ¢, and ¢y are not connected by a time-path, let § < min{[t; —¢[/2 : ¢ € V\ {t1}} A
min{|to — t|/2 : t € V \ {t2}}, it is not hard to see that for ¢’ € Bs(t;) and " € Bj(ty), we
have t' Vt" = t; Vty and t/ At”" = t; A ty. So for large n, the sequences will have the values

tl V t2 and tl VAN t2. [ |

It is not hard to see, that the TLG that is not a TLG* from Figure 1.11 is not a topological

lattice — there is no unique t; V ty and t3 A ty.
Lemma 1.35. There exists a topological lattice TLG, that is not a TLG*.

Proof. The TLG in the Figure 1.18 is an example of a topological lattice TLG, that is not
a TLG™.

It is easy to see that tg At; =ty and to Vt; = t;, and similarly t9g At; = t; and tg Vt; = to.
The following table will show what ¢, At; and ¢, Vt; are. In the table above the main diagonal
(for k < j) tp At; is calculated, and below (for k > j) ¢, Vt,;. The diagonal is omitted, since
LV =t At =t
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Figure 1.18: Topological lattice TLG that is not a TLG*.

ty|ta |t |ta|ts|t6|t7 | ts

till ot |t | to]ta|to!|ts]to
to |l ts | o | ta|to]|to]|to]|to ]| ta
ty [ ts |ty | o | to |t | to|ts |t
tallts | ts | to | o | ta | ta | ta | ta
tsllts | to | to | ts | o | ta | ts | ta
to || tr | ts | to | ts | tr | o | t6 | to
trll tr | to | to | t7 | tr |t | o | Lo

ta |l to | ts [ to | ta | to | s | to | ©
This is not a TLG™, since by applying the cell collapse transformation, see Definition 1.40 on
the cell (ty —t5 —t7,t4 — tg — t7) we will no longer have a topological lattice, since t3 A tg will
no longer be unique. Therefore the transformed graph is no longer a TLG* which contradicts

Lemma 1.43. if this is a TLG*. [ |

A natural question that will be useful later is if we have a sequence of points (t) does

there exist their infinitum and supreme, that is
Lemma 1.36. The order in which we take apply N\ and vV doesn’t matter, that is

(tl VAN tg) A t3 = tl A (tz N tg) and (tl V tg) V t3 = tl V (tg V tg).
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Proof. Let t. = (t1 Ata) Atz and t* =11 A (t2 At3). It is clear that £, <13, and ¢, <X t; Aty
implies t, <ty and t, < t;. By definition it is clear that t, < (3 A t3), again using the same
we have t, <t A (ta At3) = t*. In the same way, we can get t* < t,, and this implies ¢, = t*.
Hence, the first equality follows. The second equality follows by similar arguments. These

equalities imply the other statements. [ |

Lemma 1.37. Let (t;);>, be a sequence of points in a TLG*. We define the sequences (ty,)
and (£) by t] = t1, and t; = tx ANt y, and tT = t1, and t} = tp Nt} . Sequence (t;)
and (t;7) will converge to limits t. and t*. Further for any bijection f : N — N the sequences

(t/7) and (t]) obtained from (tr)) in the same way will converge respectively to t, and t*.

Proof. By definition, for each n the points (t, );_; there exists a full time-path o, such that
these points are all on 0. Further, the sequence of times (¢, ) converges to a time ¢.. On the
TLG* G there are only finitely many points with that time, name them t¢,, ..., £,.. Let
e =min{|t, — ;. Vtg| : k # j} where the minimum is taken over the time distances. Now,
if we pick kg such that [t, — ¢, | < e (time distance) for k > kg, then there will be only one
tj. in the future of ¢, ’s for k > ky. We set it to be t,, and it is not hard to see that all the
points are on the unique path between ¢, and ¢, . Now it is clear, since the topology on that
path is the same as the one on the open segment, that ¢, — ¢,.

By what we have just proven (tg_) converges to some point t/. But then, we can show

by definition, that ¢/ < ¢, and ¢, < t/, which implies t/ = t,. [ |
Definition 1.38. For a finite sequence (t;)}_; we define
Nzt = L At AG - (- Atpw))))  and - Vi te = tom)V (L) V(- (tpn-1) Vipm))))-

where p is any permutation of the set {1,2,...,n}. For a sequence (tx);, we define and any

bijection f : N — N we define

Apzate = Mm Ap_ytygy and - ViZy B = m Vit
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Corollary 1.39. The terms Aj_itk, Vi_ite, Nieqte and Vi t, are well defined for any

sequence (ty).
Proof. Follows from Lemma 1.36. and Lemma 1.37. |

1.7 Cell collapse transformation and the stingy algorithm

Another property of TLG* will be introduced in this section. This will be a transformation
on TLG’s that will map TLG"’s into TLG*’s.

Definition 1.40. We will call the map G — G° from TLG’s into TLG’s a cell collapse

transformation if:

Pick a cell (0y,,0},) (starting at t, and ending at t,). The transformation that we will
describe, basically, glues ol with its vertices to o,,, while keeping most of the connections

between vertices in the graph.

We construct the graph G° = (V°,£°) in the following way:

e In the first step we are maping the cell into a time-path.

Let t, = t,, < ... <t,, =1t, be the set of vertices on the time-paths o,, and a}w
ordered with respect to time. We will map t,,, into (t,,,)° in V° so that the vertices with

the same time are mapped into same vertices, that is ift,,, =t then (t,; )° = (tw,,)°.

We will use the notation (twh)O =ty . Note that if t,, =t,, , then wj =wj3,.

J1 J2
We add an edge in £° between t; . and tZﬂH if their times are different. (Note that in
J J

this way all the vertices in {(t,,;)° : j = 1,2,...n} are on the same time-path.)

e Every other vertex t; from V not contained on the paths o,, and o), is mapped into
(t;)° in V° so that the time is preserved, and these vertices are mapped into different

vertices and disjoint from where the vertices on o, and o, were maped.
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e For each edge E in € not a part of 0., or o} we add a E° in £° between the corre-

sponding vertices. We color E° in red if E is adjacent to a vertex from o,,, or in blue

1

uv”

if it is adjacent to the vertex from o

Figure 1.19: Transformation from G to G°.

Definition 1.41. A cell (01,05) in TLG G starting at ti, and ending at t, will be called
truly simple , if there is no path in G[ty,, tx,| connecting the interior of oy and os.
Remark. The path in question does not have to be a time-path. If there exists a a time path
between oy and oy then it will be in G[ty,, tx,], so a truly simple cell is a simple cell.

Before we prove the main result of this section we will prove the following lemma.

Lemma 1.42. (a) Let (0y1,03) starting at ty, and ending at ty, in in TLG* G be a truly
simple cell. Then

R<g[tk1 ) tkz]) \ {Ekl ) Ekz}
has at least two connected components.

(b) Let G be a TLG*, and let R(G) \ {to,tn} have two connected components. Closure of

each of these components, is a representation of a TLG*.
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Proof. (a) Since (01, 09) is a truly simple cell, there is no path between the interior vertices
of o1 and 05. So R(0y) and R(oy) are connected only through ¢, and t;,. Therefore, R(oy)\
{tr,, tr, } and R(o2) \ {tk,,tr,} are in two different connected components of R(Glty,, tx,]) \

{Ekw Ekz}

N

Figure 1.20: H and K are TLG"’s.

(b) Pick a component, and let H be the sub-graph of G that represents this component
and the union of {#,,Zy}. Pick a TLG*-tower (G;)}j_, that starts with a minimal edge and
ends with G. Let (Gj, )L, be the subsequence of all members of (G;)7_, such that an edge or
a vertex whose representation intersects R(#) \ {f1,ty} has been added to G;, 1 to obtain
gjk-

By the definition of the sequence (G, ), an edge has been added to G;, 1 in order to obtain
G. Since the representation of that edge intersects R(H) \ {t1,¢x} which is a disconnected

component of R(G) \ {t1,tx}. So therefore that edge needs to be between ¢; and ty. Set
Hi = (Vi O Vs, Eji vy mvn)s

where & |y represents the subset of edges in € that are connecting vertices in V. It is clear

that H; is a minimal graph.

Further, define Hy = (V;, N Vi, & v, mvy,) for k=2,...,n1. We will show that (Hy)iL,
is a TLG*-tower. H,,, by construction equals H. H; is a TLG*. Let’s assume H;, is a TLG*
(for k& > 1) and show that #H;,, is a TLG*. If a new vertex has been added to G;,, 1
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to obtain Gj, , this is, by construction, the same as if we added a new vertex to Hy in
order to obtain Hyyi. If we added a new edge, the representation of that edge intersects
R(H) \ {t1,tn}, and therefore is in that component. Since the new edge is connecting two
vertices connected by a time-path in R(H) N R(Gj,,,-1) these vertices are in H, and they
are connected in Hy. Hence, we added an edge to H; between two vertices connected by a

time-path. In both cases Hy,q is a TLG* obtained from Hj. Hence, H is a TLG*. [

Theorem 1.43. If G is a TLG* and o is collapsing a truly simple cell, then G° is also a
TLG*. Further, if o is collapsing a simple cell, then G° doesn’t have to be a TLG*.

Proof. Pick a spine o that contains o, side of the chosen cell (oy,,0,,). We know from
Theorem 1.20 that Glt,,t,] is a TLG*. By Lemma 1.42 G[t,,t,] is a union of two or more
TLG*’s that only have vertices t, and ¢, in common, and are otherwise disconnected. o,
and o} are in two different TLG* components and they are also spines in these components.
Therefore, we can construct G[t,, t,], from the TLG* whose representation is R(o,,)UR(c},).

We start with the two edges that have the representation R(o,,) and R(o},), and then we

1

uv?

first construct the component that contains o,,, then the one that contains o; , and possible
other components. At the end we get Gl[t,,t,]. But then, for any full-time path o that
contains ¢, and t, we can construct the TLG* whose representation is R(c) U R(G|t.,t])

starting with the TLG*
gl = ({t07 tuv tvv tN}v {E(hu Eiyv Eim EUN})7

and later, by Corollary 1.22, we can construct G. Hence, there exists a TLG"-tower (G;)’_,
such that ends with G, and its consistent representation has the representation of the cell
(0w, 0l,) at each level. Now, we define o-transformation to collapse the cell whose represen-

tation is R(0y,,0,,). We will show that (G9)7_, is a TLG*-tower.

It is clear that Gy is a TLG* and that images of all points connected by a time path in
G, are connected in G7. Let’s assume G; is a TLG* and that images of all points connected

by a time path in Gj are connected in Gy .
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If we added a vertex to Gy, in order to obtain Gy, then G| is either the same as Gy, or it
has an added vertex. It is clear in this case that images of all the points that are connected
in Gr41 by a time-path are connected by a time-path in G ;.

If we added an edge to Gy in order to obtain Gy, then G; , is the same as if added
an edge to Gy. Since this edge is connecting image of two points in G, that are connected
by a time-path, they are also connected by a time-path in G;. Hence, G;_ , is also a TLG".
Images of all the time-path connected points in Gi.; that are not on the edge added, are
connected by a time path in G;,,. (This is inherited from Gj.) The points on the edge are
connected through the endpoints, and since the image of the edge is connected through the

image of the endpoints, the connectedness follows.

Hence (Gyp) is a TLG*-tower ending with G°.

The example when we collapse a simple cell in a TLG* an don’t obtain a TLG* is given

on Figure 1.21. The second figure is not a topological lattice, so it is not a TLG*.

Figure 1.21: Planar TLG™, when we collapse the dashed (simple) cell we no longer have a
TLG*.

We obtain following from the previous proof.

Corollary 1.44. Let (G;)7_; be a TLG*-tower. If there exists a truly simple cell, in G,, such

that the representation of this cell is truly simple in each member of the tower, then for o

n

the cell collapsing transformation of this cell (G5)j_, is also a TLG*-tower.

1

J— where G_,, is the minimal TLG* containing

Proof. We first construct a pre-tower (G;)
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the cell. Now, (G;)}—_,, is a TLG*-tower, and in the same way as in the previous proof we
can show that (G7)7__,, is a tower, and the claim follows. [

In what follows we will define an algorithm which will give us the criteria for understand-

ing is something a TLG* or not.

Definition 1.45. For a TLG G and a full-time path o in G, the following algorithm will be
called the stingy algorithm for the TLG G with respect to the full-time path o:

1 o a full time-path (i.e. in Py ,1(G));
G#* = (V#, E%) a TLG that consists of all vertices and all edges of o (in G);
while £\ €7 # () do

N

w

4 o a time-path in G and not in G¥ between t, and t; in V# such that |t; — t;| is
minimal;
5 add all edges and vertices that make oy (in G) to G¥;

6 end
Algorithm 2: Stingy algorithm for constructing G with respect to o

Lemma 1.46. The stingy algorithm for any G and any full-time path o in G terminates in

finitely many steps.

Proof. Tt is clear that as long the condition £ \ £# # () is satisfied, we can find oy, as in the
line 4 (it may not be unique, but it will exist). Since in each while loop execution we add at

least one edge, eventually we will have & = £#. Clearly, at that point we have G = G#. W

The key to answering is G a TLG* is in line 4. We claim that if G is a TLG*, then for
the chosen oy, the vertices t;, and t; are connected by a time path in G# (constructed before

we picked o).

Theorem 1.47. If G is a TLG* and o a spine in G, then in the stingy algorithm for G with
respect to o, each time line J is evecuted we pick a time-path between two points connected

by a time-path in G7.
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Proof. Let n be the sum of degrees of vertices in G whose degree is at least 3, that is

veEV,d(v)>3

We will prove the following claim by induction on n:

For a TLG* G where n(G) = n, when we run the algorithm on G for any spine o in line 4
the chosen oy, is such that t;, and t; are connected by a time path in G from the previous

Iteration.

For n = 0 this claim is clearly true (then we have a TLG* with one spine). Assume that

this claim holds for all n < m where m > 0.

Let’s show that this claim holds for n = m + 1. If there is no such TLG* G, then we say
that the claim holds trivially. Otherwise, let G be such a TLG*, and o its arbitrary spine
from P0_>1(g)

We pick t, and ¢, on o that are connected by a time-path ¢l in G outside of o such
that |t, — t,| is minimal. Let oy, be the time-path between t, and t, on o. Note that, by

the construction, the cell (0,,,0.)) is truly simple. (Otherwise, if the sides o,, and o}  are

connected by a path in G[t,,t,] that would contradict the minimality of ¢, — t,.)

The graph constructed by the simple cell collapsing transformation with respect to
(Ows,s0l,) - G° is by Lemma 1.43 a TLG* and we have n(G°) < n(G) (it is clear that
d((t,)°) < d(t,) and d((t,)°) < d(t,)). So by induction assumption we can apply the al-
gorithm to G° and in this way show that it is a TLG™.

We will parallely run the algorithm on G° and G with the given spine (0)° and the
corresponding spine o.
We will assume that in the first iteration of the while loop in line 3 (of the algorithm on

G) time-path ¢! was chosen.

Let p denote the number of iterations of the while loop in line 3, and g;f the graph

constructed until that point when we run the algorithm on G.
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Now, we will show that if 0}, was chosen in the p-th iteration of the while loop on G°,

then we can choose oy; in p + 1-st iteration of the while loop on G.

For p = 1 this holds, oy, is connecting (#)° and (¢;)°, and by the construction of G°,
t; and t; are connected by a time path in G. (Otherwise, we ¢, and ¢; would be points on
different sides of the cell, connected by a the time path oy, and the cell (g,,,0!,) wouldn’t
be minimal.)

Assume this holds for p =7 > 1.

For p = r+1 let o}, be chosen. By assumption we know that (¢;)° and (#;)° are connected
by a time path in ((])f_l, we know, that o is a path connecting ¢;, and ¢; in G, there can’t
be a path whose time difference is smaller, because such would exist in G° also. The only

thing that we need to show is that ¢, and ¢; are connected by a time-path in g;f.

Figure 1.22:

Assume the opposite. This would mean, by construction that there exists ¢, € o, and
ty € ol on different sides of the cell (o} ,0.,), such that t; < tp < ty < ¢, (time order),
and there exist paths o and op;. Now this would mean, since G is a TLG*, and therefore

by Theorem 1.34 a topological lattice , that
{tEthjtk}ﬁ{tGQthtu}C{tEgthtk/}ﬁ{tGQItjtl}:{tEQZtStk//\tl},

Hence, in G there exists a vertex ti A t; connected by time paths to t;, t,, t and ty. Now,

ty A t; has to be on o, or otherwise t,, tx At; and ty form a cell, that will be a smaller cell
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whose on side is on the spine ¢ in G. But this contradicts the choice of ¢, and t,. Now, if
tw Aty is on o, this contradicts the choice of ¢t and t;, since t;, < tpr A t; < t;, because ty Aty
and ¢; are in Qf, they are connected in G and their time difference is less than ¢; — t;.

Hence t;, and ¢; have to be connected in Q;f.

This shows that the algorithm will be making a connection between two connected vertices

in each step.

Finally, this proves the claim. [ |
Corollary 1.48. The following algorithm determines is a TLG G a TLG* or not:

1 o a full time-path (i.e. in Py_1(G));

2 G = (V#,E%) a TLG that consists of all vertices and all edges of o (in G);

3 while £\ £# # () do

4 o a time-path in G and not in G between ty, and t; in V¥ such that |t; — ty| is
mainimal;

5 if ¢, and t; are connected by a time-path in G* then

6 ‘ add all edges and vertices that make oy (in G) to G7;

7 else

8 ‘ return This is not a TLG*;

9 end

10 end

11 return This 1s a TLG*;
Algorithm 3: Determine is TLG G a TLG* or not.

1.8 TLG’s with infinitely many vertices

We will allow ¢, and ¢y to take values in R U {—o0, co}.

Definition 1.49. (i) Suppose that the vertex set of a graph G = (V, &) is infinite. We
will call G a time-like graph (TLG) if it satisfies the following conditions.
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(a) There is a sequence of TLG’s G,, = (V,,,&,) with finite vertex set V,,, n > 1, and

for some representations of G, ’s and G we have
n=1

(b) The graph G is locally finite, i.e. it has a representation R(G) such that for any

compact K C R? a finite number of edges intersects K.

(i) A TLG G with infinite vertex set will be called an TLG* if it satisfies the following

conditions.

(a) We can choose a sequence of TLG*’s G,, in (i). (In the sense of the Definition
1.5.(iii), i.e. (G;)1<j<n Is a tower of TLG"’s for all n.)

(b) Let V,, = {ton,t1ns---,tn, n}. The initial vertices ty,, € V, and ty, , € V,, are the

same for all G,, i.e. for all m,n > 1
tO,n = tO,m and th,n = tNm,m~

(c) The initial and terminal edges form a decreasing sequence in the representations of

G,’s, i.e. ifn >m

Eto,n,t1,n ((toma tl,ﬂ)) C Et(),m7t1,m((t07m? tlm"b))

and
i, vmiroyn (N1 tN0n)) C Bty oty o (ENp 1m0 ENm)) -

The following lemma will be useful for the construction of processes.

Lemma 1.50. Let (G,,) and (G),) be two TLG*-towers that lead to the construction of G. Let
H be a sub-graph (not necessarily a TLG*) of some G,, whose vertices have a finite time.
Then there exists G, such that R(H) C R(G,,) and all the vertices of H are contained in
G,
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Proof. Since G is locally finite, there are finitely many vertices with representation on R(H),
also these vertices are of finite degree. For each such vertex v, by same argument, there has
to be G, such v in G, has that degree. Now if n; is the maximum of n, over each such

vertex v the claim follows. [ |
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Chapter 2
PROCESSES INDEXED BY TIME-LIKE GRAPHS

Let G = (V,€) be a TLG*. In this chapter we construct a stochastic process on G in
such a way that we have a random variable defined at every point of the representation. (See

Figure 2.1. for illustration.)

0 1/3 2/3 1

~V

Figure 2.1: Time-like graph G and a process indexed by it.

Definition 2.1. We define X = (X (t) : t € G) as a collection of random variables with
X =(Xgt): E=E;, € &,t€ [t ty]).
We will assume the following things.
o If Ejy, By, € € then Xg, () = Xg,, (tx).

o If Ejk, E,; € £ then XEjk(tk) = XEnk (tk)
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e Finally, if on, Eo. € € then XOj(tO) = X()k(to).
For a path o, € o(ky, ks, ..., k,) we use the notation

Xoy (t) = XEkj,lkj (),

forall j =2,3,...,n and t € [ty,_,,tx,].

i
Remark. (1) If there are two edges Ej, and EY with the same endpoints we will denote
processes on them by X7, and X7,.
(2) We will write X (¢) instead of X;x(t) or X, when this will not cause any confusion.
(3) In an infinite graph case we will do the same thing, but we will not define the process

at typ and ty, if they are not in R.

If P is the distribution of a Markov process (Y (t) : t € [to,tn]), note that for every
TLG there exists a P-process on G. Trivial example of a P-process on a TLG can be
constructed by taking a Markov process (Y (t) : ¢t € [ty,tn]) with distribution P and then
letting X, (t) = Y (¢) for all full time-paths o € Py_,1(G).

We will require some properties to hold for the process to be non-trivial.

2.1 Spine-Markovian property

Definition 2.2. Let o be any full-time path (from 0 to 1) in the TLG G = (V, ). Let G_
be a subgraph (not necessarily a TLG) of G whose representation is a closure of a connected
component of R(G) \ R(c). Let W be the set of vertices - roots connecting G_ to o and let
G, denote the graph represented by R(G) \ R(G_).

We say that the process X on a TLG G is spine-Markovian if for each such ¢ and G_
the processes (X (t) :t € G_) and (X(t) : t € G, ) given (X (t) : t € W) are independent.
Proposition 2.3. Let 0, G_, G, and W in a TLG G be as in the Definition 2.2. Then
for any o-algebra F such that o(X(t) : t € W) C F C o(X,), If the process X on G
is spine-Markovian then the processes (X(t) : t € G_) and (X(t) : t € G,) given F are

independent.
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Figure 2.2: Spine-Markovian property: The set of roots W is illustrated by bullet points (e).

Proof. Let Y_ and Y, denote bounded random variables respectively measurable in o(X () :
teg )and o(X(t):t € G,). For A€ F, Y, 1,4 is a bounded o(X(¢) : t € G, )-measurable

random variable, and we have

E(Y_Y;1a) = EE(Y_ Y, Ll(X() : £ € W)
— B(E(Y_|(X(t) : t € W)E(Y;1a|(X(2) : £ € W)
— E(E(Y_|(X(1) : t € W)EE(Y: 14| F)|(X() : t € W))
— E(E(Y_|(X(t) : t € W)EE(YV:F)Lal(X(1) : £ € W))
— E(E(Y_E(Y|F)La|(X() : t € W))) = E(V_E(Y; |F)Ly)
— E(E(Y_E(Y | F)14F)) = E(E(Y_|F)E(Y; |F)L).

Remark. Note that G, is a TLG while G_ does not have to be (it is still a connected graph).
Also, G, contains o, so we can find G? a connected component of R(G,) \ R(c), and so

on...So, the TLG G can be decomposed into G!, ..., G" that are connected components of

R(G) \ R(o) and the spine o.

Definition 2.4. We will call (¢;G',...,G") the decomposition of the TLG G with respect
to 0. The elements of this decomposition (including o) we will call components.

Remark. Notice that the decomposition, given ¢, is unique up to an order of G, ..., G".
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Figure 2.3: The decomposition of G with respect to o.

Proposition 2.5. Let G' be a graph that is the union of some graphs G*, ..., G’* in the
decomposition, and G” the union of all the other components in the decomposition. Then the
process (X (t) : t € G') and (X(t) : t € G”) are independent given (X (t) : t € W;, U...UW,,),
where W; is the set of roots of G;.

Proof. Forl=1,... kletY; beabounded o(X(¢) : t € G;)-measurable random variable, Z a
bounded o (X (t) : t € G”)-measurable random variable and A € o(X(¢) : t € W, U...UW,,).
Using the spine-Markovian property for each G;, [ = 1,2,...,k at a time with respect to o

we get

E(Y1Y;...Y,Z14) = E(E(Y:|Xw, )Ys ... YiZ1)
= E(E(Y:| X, )E(Ya|Xw,,) ... Y Z14)

= E(E(Y1|Xw, JE(Ya|Xw,,) ... E(Yi[Xw, )Z14).
Now, taking the conditional expectation with respect to O’(ijl .. .Xij)

— E(EEY|Xw,,) . .- E(Vi| Xw, ) 214 Xow,, - - Xw, )

= E(E(V:|Xw,,) - - E(Yil Xw, )E(Z|Xw,, - . Xu, )1.)
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Now, again using the spine-Markovian property on each graph in the union we get

= E(Y;...E(Yi| Xw, )E(Z|Xw,, ... Xw, )1a)

=E(Y; ... E(Z|Xw,, ... Xw, )1a).

Ik

Which, finally, gives us

= E(E(Y ... iE(Z|Xw,, ... Xw, )14l Xw,, ... X))

= E(E(Y: ... Vil Xw,, ... Xw, )E(Z|Xw,, ... Xw, )14).

Now from the Monotone Class Theorem the claim follows. |
We will need a stronger property for some proofs.

Definition 2.6. For a TLG* G we define S*(G) to be the set of all TLG*’s H such that there
exists a TLG*-tower (KCx)p_, that starts with Ky = H and ends with IC,, = G.

Definition 2.7. The process (X (t) : t € G) has a hereditary spine-Markovian prop-
erty if (X(t) :t € H) is a spine-Markovian process for each H € S*(G).

2.2 Consistent distributions on paths

Definition 2.8. Let G be a TLG, for a family of distributions of stochastic processes on
[0,1]
{to 10 € HY,

where H C Py_,1(G) (a subset of the set of full time-paths), we say that it is consistent if

for 01,09 € H

-1 _ -1
Hoy O Tp = Hoy O Tp

where T'={t:t € E,F € 01 & E € 05}.
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Proposition 2.9. If u is the distribution of the process X on a TLG G, then
{po=Po X :0€ P1(G)} (2.1)

s a consistent family.

Remark. Tt is not hard to see that the family of distributions given by (2.1) does not uniquely
determine p - the distribution on G. For example if we take a Markov process P on [0, 1],
and we take the TLG graph G = (V, &) where V = {0,1} and € = {E}|, E2,}. Let Y! be a
Markov process on [0, 1] with distribution P, and Y? a P-Markov bridge starting at Y'(0)
and ending at Y'!'(1) conditionally independent given Y'(0) and Y'(1). (This can be done
as in Theorem A.15.) Now, the process X' such that X1, = Y! and X', = Y has the

E()l EOI
same distributions along the full-time paths as X? given by X2, = Y! and X? Y2, But,

1 = 2
Egy Egy

these two processes are clearly different in distribution. (See Figure 2.4.)

Figure 2.4: Processes X! and X?

Corollary 2.10. Let P be a distribution of some process on [0,1]. If p, = P for each
full-time path o in TLG G, then

{1o: 0 € Posa(9)}

1S a consistent famaily.
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2.3 Construction from a consistent family

The interesting question is if we have a consistent family
M= {0 € Py1(9)},
under what conditions can we construct a process X on G such that X, has the distribution

1o We will call X to be an M-process

We will show that such a process exists under the following assumptions:

T1 G=(V,€&) is a TLG*.
T2 M is a consistent family of measures that induce continuous or RCLL processes.

T3 For each simple cell (01,05) in G starting at ¢, and ending at ¢*, if o is a full-time path
containing oy (or o3) then the p,-distributed process
(Y(t): t €[0,1]) (2.2)
has the property that (Y'(¢) : ¢ € [0,¢.] U [t*, 1]) and (Y(¢) : t € [ts,t*]) given Y (t.) and
Y (t*) are independent.
Conditions (T1)-(T3) we will call (3T) conditions.
Remark. Condition (T2) is needed so that we could define a conditional distribution when

needed. So other M can be a family of other types of processes for which this would be

possible (for example all the arguments would work for discrete processes).

The condition (T3) can be rewritten in a different way.

Lemma 2.11. The process given by (2.2) has the property that the distribution (Y (t) : t €
[t t*]) given (Y(t) : t € [0,t, ] U[t*, 1]) depends only on (Y (t.),Y (t*)), in other words if Z is

a bounded o(Y (t) : t € [t.,t"])-measurable random variable then

E(Z|Y(t) : t € [0,t] U [t",1]) = E(Z|Y (L), Y (£")).
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Proof. Let A € o(Y(t) : t € [0,t.] U[t*, 1]) and define U := E(Z|Y(¢) : t € [0,t.] U [t*, 1]).
Using the definition of the conditional expectation, and the property of Y

E(Z14) = E(E[Z14]Y (L), Y (£7)])
= EE[Z]Y (), Y (#")]E[L4]Y (.), Y (¢)])
EEE[Z]Y (t.), Y (T)1alY (L), Y (£)])
E(E[Z]Y (), Y (t7)]14).

The claim follows from the a.s. uniqueness of the conditional expectation. |

2.3.1 Construction

We will define a M-process on a TLG* G with finite sets V and £, where to =0 and ty = 1.

Definition 2.12. Let (G;)o<i<n be a tower of TLG* where Gy is a minimal graph Vy = {t, =
0,ty =1}, & = {Eon} and G, = G. Further let M be a family of distributions satisfying
(3T) conditions.

e On Gy we define a process X° with ug,, distribution.

e If we have already defined X' on G, (for some | < n), then we define X'*! on G, in the

following way depending how we constructed G, from G, (recall part (ii) of Definition

1.5.).

(1) In the construction a new vertex 7, € [0,1] \ V, was added to graph G;, by subdi-
viding some Ejj, such that t; < 7, <, into E; and Ey, to get Gi11. In this case,
the two graphs G, and G,.1 have a common representation, R(G;) = R(G;41), and

we can define X't on G, to have the same values on this representation as X'.

(2) In the construction a new edge between two vertices t; < t;, in V), that are con-
nected by a time path in G; , was added to get Gi11. So, G;+1 has a new edge
E* = Ej,. Let Z; = X'(t;) and Z), = X' (ty).
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0< >D
/ E/ \
Ejy, i Ey;

Figure 2.5: Case (1) in the construction.

0 \4\ > 1
/
Ejy, — é;k

Figure 2.6: Case (2) in the construction.

%

Now we pick a full-time path o that contains E*. Now we define p.(-|x,y) to be the

-1
[tjvtk]

to have values x at t; and y at ty. So we construct the process X'*! in such a

conditional probability of the process with the distribution i, o conditioned

way that X*' on R(G)) is equal to X' and X! is the process with distribution

we(:1Z;, Z1.) and otherwise independent of X' given Z; and Zj,.

Since n is finite this procedure will end and we will have a process X = X™ defined on G.

Remark. Note that this construction, i.e. the definition of X on G depends on the choice of

the TLG* tower (G)o<i<n-

2.3.2  Constructed process is an M-process

Definition 2.13. If (G)}_, is a TLG*-tower where G,, = G. If M is a family of distributions
on full time-paths of G. This naturally induces a family M(Gy) of distributions on full time-
paths of Gj..
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Remark. This is well-defined since a representation of every full time-path in G, is a rep-
resentation of a full time-path in G (in the consistent representation of the TLG*-tower
(Gr)izo)-

The only question remains will the family induced by M have the same properties as M.

This is shown to be true.

Lemma 2.14. If M is a family of distributions on full time-paths of a TLG* G satisfying
properties (T1)-(T3), then for any H € S*(G) the family M(H) also satisfies properties
(T1)-(T3).

Proof. (T1) is clearly satisfied since H is a TLG*. (T2) is satisfied since in the consistent
representation all the full time paths in H are full time paths in G. By Corollary 1.16, in a

consistent representation a representation of a simple cell in H is a representation of a simple

cell in G. Therefore (T3) holds. [

Lemma 2.15. The process X on G defined in 2.53.1 is an M-process.

Proof. Tt is clear that X° is a M(Gp)-process on the minimal graph G.

For, | < n we assume X' is a M(G)-process on G;. If we got X! using step (1) in the
construction, then we inherited this property from X!, since M(G;) = M(Gi;1). If we got
X1 using step (2), recall that G; contains a time-path o, connecting ¢; and ¢, so there is
a full path ¢’ in G4, that starts with a time-path oy; from ¢, to ¢;, contains oj, and ends
with a time-path oy y.

Now for every full time-path o that contains the new edge E* = E7; that was added in

-1
[tj tk]

doesn’t depend on the choice of o.

the construction, pgs = py o is well defined since M is a consistent family, and pp-

Since, (E*, o) is a simple cell, by property (T3) of M we have that ju.(-|z,y) is the
conditional distribution of a pg«-distributed process on [t;, ;] conditioned to have value x

at t; and y at ¢.
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Figure 2.7:

The process X &', by construction, is independent given (t;, Z;) and (¢, Z;,). By property
(T3) of M the distribution of X/ where ¢’ is the union of oy;, E*, o, is given by j,/: Let
Ay be an event in the path o-algebra on [0,¢;], A; an event in the path o-algebra on [ty 1],

and B an event in the path o-algebra on [t;, t;] we have:

Po(XEH) (AN BNA)=E®1 (Xl+1)1B(Xl+1) (XTI

Ok1

Ok1

(1a
= E(E(La, (Xop ) Ln(XE)1a, (X1 25, Zi))
E(

Loy (XS DB (X Z5, Z6) 1, (X5)

II’ﬂ

/A Bl o). 7 () o g ()

/A Bl o). ) o g ()
0X Al
(T3)

= ILLJ/(AQ NBN Al)

II’ﬂ

By Monotone Class Theorem P o (X5™1) ™1 = p,. [ |

Remark. Note that just for the existence of an M-process on the TLG* we could weaken
condition (T3). If we fix a construction to a TLG*-tower, then only some full time-paths need
to have the described property, but then we would lose some properties of the constructed

process.

2.3.8 The constructed process is a spine-Markovian process

Lemma 2.16. The process X on G defined in 2.3.1 is a spine-Markovian process.



52

Proof. X° is trivially an spine-Markovian process. Let’s assume that X' is spine-Markovian.

We have two cases to study to show that X!*! is spine-Markovian.

(e1) If we added a new vertex to the graph G, to obtain G;,1. Then the spine-Markovian

property is directly inherited from the process X', since W can’t contain the new vertex.

(e2) We added a new edge E* to the graph G, between two existing time-path connected
vertices to obtain G;,;. Pick a full time path o, and the subgraphs G_ and G, in the graph
Gi1 (in the sense of the Definition 2.2). First, note that from the construction the process
Xg;l is independent from Xlgtl given the values of the process at the endpoints of £*. We
will call this property edge-Markovian for the edge E* (in Gii1). (This property does not
need to hold for other edges.) This will be used often during the this proof. We have the

following cases.

(ol) If the new edge is the only edge in G_, i.e. E* is connecting two vertices on o. The

claim follows from the edge-Markovian property for £*.

(02) The new E* = Ef,. edge is in G- = (V_,£_), but one of the vertices that E* is
connecting is on o. (See Figure 2.8.) Let G* be the graph in G, that has the edges £_\ {E*}.
From Proposition 2.3. and the spine-Markovian property of X! we know (X'T1(t) : t € G*)
and (X"Y(t) : t € G,) given (X(t) : t € W) are independent. (Note that one vertex in W
may not be in G*.) Now, let Y* be a bounded o(X!T1(t) : t € G* )-measurable, Y, a bounded
o(X™1(t) : t € E*)-measurable, and Y, a bounded o(X!*1(¢) : t € G,) measurable random

variable. For A € o(X!1(t) : t € W) we have using edge-Markov property for E*:

E(Y?Y.Y,14) = E(YE(Y2| X5, Xi) Yy 1a).

Now, since YXE(Y,| Xy, Xiz) € o(X!HH(t) : t € G*)Vo(X(t) : t € W), and this is independent
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of (X"i(t):teGy) given (X(t):t € W). So,

E(YZE(Y,| X, Xi5) Y, 14)

E(E(YZE(Yi| Xy, X)) Y 1a|[(X(2) : t € W)))

)
E(YVE(Y,| X, Xig) V| (X (1) £ ¢ € W))14)
E(YZE(Y.| Xy, Xip)|(X (1) : £ € W)E(Y](X(1) : ¢ € W))La)
(

2

(
(
(
(

I
5 B =

Y E(Ya|Xir, Xip )E(Y, (X (£) - £ € W))1,)

- *
g_ TN E
P L7 SN
- ~ .

Figure 2.8:

Again using edge-Markovian property for E* we get

E(Y*E(Y.| Xps, XeJE(Y,|(X (1) : £ € W))1a)
= E(Y*Y.E(Y,|(X(£) 1t € W))1,)

=EENIV.EYL|(X (@) : t € W))La|(X(¢) : T € W)))
— B(E(Y?Y|(X(8) 1t € W)E(YL|(X(t) : t € W))1a).

This proves the claim for (02).

(03) The new E* edge isin G_ = (V_,E_), both of the vertices that E* is connecting are
not on ¢ but are on G_. In this case we fist use the edge-Markov property for £* and then in
the similar way as in (02) we use the spine-Markovian property or Theorem 2.5 if the graph

(V_,E_\ {E*}) is made of two components.

(o4) The new E* edge is in Gy = (V,,&,) and not a part of o. Using the spine-
Markov property of X! we know that (X'*(t) : t € £\ {E*}) and (X'TL(t) : t € £_) are
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independent given (X'*1(t) : t € W). Using the edge-Markovian property for X+ we get
that (X!T(t) : t € &) and (X'L(t) : t € £_) are independent given (X!TL(t) : t € W).

(This is proven similar as in (02).)

(05) If E* = Ejsy; is a part of the spine o. By the construction of £* we know that there
exists a time-path going through vertices ¢ and ¢3, and therefore there is a full time-path
o’ which contains whole of o except E*. Let o}, be the part of ¢’ connecting ¢} and t5. We
will use the spine-Markov property for ¢’ on G; to prove the one for o on G ;. Take G_ and
W in G, relative to 0. Clearly, none of the vetrices in W are on E*. If none of them are
on o}, (except maybe ¢ and t5), we can apply the spine-Markovian property relative to o’
in the case (03), and we are done.

If some of the vertices in W \ {¢},t5} are on o},, then the whole o}, is in G_. Let’s
decompose G; with the respect to o’. Now, the graph G_ is a union of some components G |

h

EHl .., Gl and 0. Now we

.., GF and o},. G, is a union of some other components G,

look a the following parts of G (for a illustration see Figure 2.11.)
e A=Gl U...UGF Wa=WU...UW,.

B=gG™u...ugl, Wg =Wy U...UW,. Note that W \ {t{,3} contains no

vertices on the path o

C'is the graph containing 5.

D is the graph containing ¢’ without o15. This is the same as a graph containing o

without E*.

FE is the graph containing E*.

Let’s review which parts we have in the important graphs

6| ¢ | o] |
AC|B.D.E|D.E|CD|E
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Figure 2.11: A, B, C, D and F parts of G.

Note that W the roots of G_ are (W4 \ (¢, t5))U{t], t5}. Let Yy be abounded o(X(¢) : t € H)-
measurable random variable, for H = A, B,C, D, E, and let T' € o(Xy). Now, we go step
by step, using the right Markovian properties. First we use the edge-Markovian property
for edge E* = Epxs, hence Y is independent of the rest of the Y-variables given X (¢}) and
X(t3)

E(YaYsYcYpYrlr) = E(YaYsYoYDE(YE|X (1)), X(¢3))17).
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Now, we apply the spine-Markovian property for on A and B relative to o'

=E(E(Ya|Xw,)YpYcYDE(YE|X(17), X(13))17)

=E(E(Ya|Xw, ) E(Yr[Xw,)YeYDE(YE|X (8]), X (23))17). (2.3)
Note, that Xy ,, Xw,, Yo, Yp, and X(t7), X(¢5), are all (X, )-measurable, and we can use
the (T3) property of the process X, (X on the path ¢’). Let Fo (t7) = o{ X (t) : t < t]}
and G,/ (t5) = o{X(t) : t > t5}. Now, we take the conditional expectation in (2.3) with
respect to Fo(t7) V Gy (t5). Note that Yp, 17 and Xy, are Fu/(t]) V G,/ (t5)-measurable.

Hence,

=E(E[E(Ya|Xw, ) E(Y5| Xw;) YeYDE(YE| X (87), X (1)) 17| Fo (17) V G (£3)]),
=ERE(Ya|Xw,)YolFor (1) V Gor (8)IE(YB| X ) YDE(YE|X (1), X (£5)) 1) (2.4)

Using, the spine-Markovian property of B with respect to ¢’ and the edge-Markovian prop-
erty of E*, respectively we get

=E(EEYa|Xw,)Yo|For (1) V Gor (8)]YBYDE(VE| X (1), X (£5))17)

=E(E(E(Ya|Xw,)Yo|For (1) V Go (15))YBYDpYE1T) (2.5)
It remains to show that E[E(Ya|Xw,)Ye|Fs (t]) V G (t5)] is o(Xw) measurable. Let Wy =
W, U W3, where W) C [0,¢5] U [t5,1], and W} = W,y \ W). We can assume Xy, =
(Xwr, Xws) I fyy (ewr, 2wy ) = E(Ya| Xw, = (2w, 2wy )), then

E[E(YalXw,)Yo|Fo (1) V Gor (13)]
=E[f (Xw,) Y| For (1) V Gor (13)]
I/f(Xwg,xwg)ycP(XW; € drwy, Yo € dyc|Fo (1) V Go (83)) (2.6)

Now, since W} and Y¢ are o(X,(t) : t € [t],t5])-measurable, using the (T3) (note that C'

and E form a simple cell) and Lemma 2.11, we have

]P)(Xw* € dxw*,YC € dyc|]:0/(t>{) V Gy (t;)) = P(XW;; € d!L’WX, Yo € dyc|X(tT), X(t;))
A A
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This and (2.6) implies that E[E(Ya|Xw,)Yo|Fo (t]) V G (t5)] is o(Xw)-measurable, since
W =W/ U{t;,t;}. Now taking the conditional expectation in (2.5) with respect to Xy we

get

E(E(EE(Ya| Xw,)Yel|For (1) V Gor (15)) YYD YELT| X))
=E(E(E(Ya|Xw,)Ye|For (t7) V Gor (83) ) E(YBYDYE| Xw)1r)

Using the fact that Xy is Fo/(t]) V G, (t5)-measurable, we have

E(E(E(Ya|Xw,)YCE(YBYDYE|Xw)1r|For (1) V Gor (85)))

=E(E(Ya| Xw, ) YCE(YsYDYE| Xw)1r)
Applying the spine-Markovian property to A with respect to o’ we get

E(E(Ya| Xw, ) YcE(YEYpYr|Xw)1r)

=E(YaAYcE(YsYpYE|Xw)lr).
Finally, taking the conditional expectation with respect to Xy we get

E(E(YAYcE(YRYpYE| Xw)1r| Xw))
=E(E(YAYe| Xw)E(YeYpYe| Xw)1r).

From the Monotone Class Theorem the claim follows. [ |

2.3.4 The constructed process is a hereditary spine-Markovian process

Recall how we defined S*(G) and the hereditary spine-Markovian property. (See Definition
2.6 and Definition 2.7. on page 45.)

Proposition 2.17. The process X on G defined as in 2.3.1. is hereditary spine-Markovian.

Proof. Fix an arbitrary TLG* G and an TLG* tower (Gy)}_, such that G is the minimal
graph and G, = G.
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Clearly, X° is spine-Markovian, and the claim holds since S*(Gy) = {Gy}. Now, we will
show that if the process X*~! on G,_; # G is hereditary spine-Markovian, so is X* on G;,.
e If we got G, by adding a new vertex to G,_; then we are done, since the distribution of

the process didn’t change on the joint representation of these two TLG*.

e Let’s view the case when we added a new edge E* (between the existing vertices) to
Gr_1 to obtain Gy.. Take any H € S*(Gy). If H € S*(Gr_1), then we are done. Otherwise,
H = (Vy,Ex) contains the new edge E*, i.e. E* € Ey. Let E* = Eirss.

(ol) If there exists a path oo connecting ¢} and t5 (not containing E*), then H' =
Vi, Ex \ {E*}) is a TLG* (Corollary 1.13.) and in S*(Gy_;). This implies that (X*(¢) :
t € H’') is spine-Markovian, and in the same way as in the Lemma 2.16, we can show that

(Xk(t) : t € H) is spine-Markovian.

(02) If a path 012 connecting ¢} and t5 does not exist, then take any tower (K;)j-, such
that Ko = H and I, = G.

Let k be a minimum [ such ¢} and ¢; are connected in K; by some path not containing
E*. Such a k exists, because for the construction of £* ¢7 and ¢ need to be connected by a
time-path in Gy_1, so this is also true in G, = KC,,. But then, we just added a new edge Eé;t;
to KC,n—1. Now we can first add an edge E 43 to Ko, and after that add vertices and edges in
the order we added them to obtain K,,_; from K.

In this way, we would still get K, at the end. This shows that a TLG* (Vy,& U{E}, })
(the TLG* that we get when we add a new edge connecting t] and ¢ to Ky) is in S*(Gy).

Now, we are previous case (o1): X* on (Vy,E U {Ei:1: }) is spine-Markovian.

To prove that X* on H is spine-Markovian we need to consider two cases: If a spine
o in ‘H contains E*, then El’{té is just one of the components (disjoint from others) in
(Vy,EU {Ez;{t;}) with respect to o. For any other spine ¢ not containing E*, since Eé;‘t; will
be an extra part of some component in (Vy, & U{Ej., }) with respect to . This shows that

X* on H is spine-Markovian. |
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2.3.5 Uniqueness in law of hereditary spine-Markovian M-processes

Lemmas 2.15 and 2.16 give the following proposition.

Proposition 2.18. The process X on G defined in 2.3.1 is a hereditary spine-Markovian
M-process.

We will finish this discussion by showing uniqueness in law of hereditary spine-Markovian

M-processes.

As we noticed in the Remark after the Definition 2.12, the definition of the process X on
G depends on the choice of the TLG* tower, on which we inductively define the process. It
turns out, that the distribution of the process X is unique, and therefore it doesn’t depend
on the choice of the TLG* tower.

First, let’s prove the following lemma.

Lemma 2.19. Let X be a hereditary spine-Markovian M-process on a TLG* G. If G can
be obtained from a TLG* G', by adding a new edge or vertex as in Definition 1.5.(ii), then

X' a restriction of X to G' is also a hereditary spine-Markovian M-process.

Proof. Any full-time path in G’ is also a full-time path in G. Since, S*(G') C S*(G), it is
clear that (X (¢) : t € G') is hereditary spine-Markovian. [

Theorem 2.20. A hereditary spine-Markovian M-process (satisfying (3T) properties) on a
TLG* G has a unique distribution.

Proof. We will prove this using the induction on the number of edges n of the TLG*.

For n = 1, we have a minimal graph and its distribution is clearly uniquely given.

For n > 1, suppose G can be obtained from G’ by adding a new edge or vertex as in
Definition 1.5.(ii). If we just added a vertex to G’ in order to obtain G, then we are done
since these two graphs have the same representation R(G) = R(G'). Since G’ has n — 1 edge,

the distribution on it is unique, and so is on G.
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If we added a new edge between the existing E* two vertices t; and ¢, on G'. We are done
since, there has to exist a full time-path ¢ in G’ containing ¢; and t,. But now, G_ = E*
is a component in the decomposition of G with the respect to o and G, = G’ is the rest of
G. Now, the processes (X(t) : t € G') and (X (t) : t € E*) are independent given X (t1) and
X(tz). By Lemma 2.19 (X(¢) : t € G’) is a hereditary spine-Markovian M-process, so its
distribution is unique. The distribution of (X () : ¢t € E*) given X (¢;) and X (1) is also
uniquely given because of the consistency (i.e. (T2) property) of M.

Hence, the distribution of X on G is unique. [ |

Definition 2.21. We define the process constructed in §2.3.1 to be the natural M-process
on the TLG* G.

2.4 Processes on TLG’s with infinite number of vertices

In Section 1.8 (see Definition 1.49) we introduced TLG’s and TLG* with infinitely many
vertices. As in the case where we had only a finite number of vertices, here also we will

construct a process on TLG* graphs.

2.4.1 Construction

Let G = (V,€) a TLG* such that V is infinite. According to the definition, there exists a
tower of TLG*’s G,, = (V,,,&,), n > 1, such that V), is finite, where V = Un21 V,.

Let
M = {ILLJ 10 € P0_>1(g)} (27)
be a family of distributions of Markov processes along full-time paths in G satisfying

conditions (T1)-(T3) given in Section 2.3. (Although 0 and 1 don’t have to be the start and
the end of time in G, we will still use the notation Fy_,;(G) for full-time paths in G.)

Since

M(Gn) = {pto : 0 € Pos1(Gn)}
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is well-defined, and we can show similarly as in Lemma 2.14 that M(G,) satisfies (T1)-
(T3), we can define a hereditary spine-Markovian process X" on G, such that for each
o € Py.1(G,) the process X has the distribution p,. Further, the restriction of this process
to Gi. (k < n) has the same distribution as the M(Gy)-process X* defined on Gy, in the similar

manner.

Now, Kolomogorov’s consistency theorem shows, that there exists a process X on G such
that the restriction of X to any G, has same distribution as X*. Note, that since each

o € Py.1(G) is in some of the G;’s we have X, has the distribution .

2.4.2  Uniqueness of the distribution

Lemma 2.22. Let Gy, H and G, be TLG*’s with the following properties:
(1) Go € S*(Gy);

(2) Vg, C Vi C Vg, ;

(3) R(Go) € R(H) C R(Gy).

Then Gy € S*(H).

G1
al

)7

/
Go

Figure 2.12:
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Proof. We will show the claim by induction on

n(G)= Y d).

vEVg,,d(v)>3
If n = 0 the claim is Gy represents a spine in Hy, and the claim follows by Theorem 1.12.

Assume the claim holds for n < k. We will prove the claim for n = k + 1. Pick a truly

1

1) (recall Definition 1.41) in Gy (for example pick a spine 7 and then a

simple cell (7,
time path 7l not contained in 7 connecting ¢, and ¢, such that |t, — t,| is minimal), the
representation of this cell will remain a truly simple cell in G; (by Theorem 1.18.) and

therefore also in H.
Hence, we define a cell collapsing transformation o that is collapsing this cell.

For the TLG*’s G§, H° and G property (1) holds by Corollary 1.44, while (2) and (3)
are clear. Now, since n(G§) < n(Gp), by induction assumption G5 € S*(H°).

We follow the construction from G; to H°, to obtain a TLG*-tower going from G, to
H. Let (K})}_, be TLG*-tower starting with Kj = Gg and K, = H°. Now we construct a
TLG*-tower (K,;) staring with Ky = Gy. The idea of the construction is the following: if on
K’ to obtain K%, we added

e a vertex, then add an appropriate vertex to K; to obtain K;1;

e an edge, then connect two appropriate vertices in K; by an edge to obtain ;..

The main question is: When we add an edge, are we connecting two vertices that are
connected by a time-path? That means that in K; two vertices ¢; and ¢; are not connected by
a time path, but (¢)° and (#;)° are connected by a time-path in K. So we have a situation
like on the Figure 2.13. (Other situations are similar.)

By Theorem 1.34 H is a topological lattice, there exists a unique vertex t,, := tp At;. By
definition since ¢, and tj are in the past of ¢; and ¢, ¢, and ¢, are connected by a time-path

to tu/ .
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b
(tw A1) V ity

Figure 2.13:

Using this property, again, we know that in H there exists t,, = t,, V ty. And know by
the same argumentation ¢,/ is connected by a time path to ¢; and ¢,.

Note that t,, and t,s are in the time frame [t,, t,]. In order for the cell (m,,, 7},) to remain
truly simple, ¢, = ¢, or t,, = t, (otherwise the path t;, — t,, — t,, — t; will go from one side

of the cell to the other within time frame [t,,1,]).

But, since ¢, and ¢; or ¢, and ¢ are not connected by a time path in £; (since ¢, and
t; are not), it follows that their images under the transformation are not connected in K.

Hence this is a contradiction.

Therefore, in our procedure we construct a TLG*-tower. [ |

Remark. The conditions (2) and (3) are not sufficient to imply the conclusion of the Lemma.
The example is given on Figure 2.14. The whole line graph with vertices, and the whole
graph are TLG*’s (since they are planar), but we can’t construct the second from the first,

since a simple cell is not a simple cell in the second.

Lemma 2.23. Let G be a TLG* with infinitely many vertices and (G}) and (G?) two TLG*-
towers that construct G. For any points 71 < T on Gy with finite times and j; > 1, the

distribution of the natural M-processes X' and X? restricted on R((]}1 [T1,72]) is unique.
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Figure 2.14:

Proof. First, we know that G/, 7] (h = 1,2) is a TLG* (see Theorem 1.20), also note that

all of its vertices have finite time.

By Lemma 1.50, there is a G such that R(Gj,[r1,7]) C R(GF)), and Vj C V} . Further,
note that R(Gj [, 7]) C R(G; [, 7]). Using the same idea, we can find j, such that
R(gg1 (71, m2]) C R(g}2 [11,72]) and Vlfl C V}2. In this way g}l [T1, T2], le [11, T2] and g]lz [T1, T2

satisfy the properties of Lemma 2.22. Therefore, we can construct G, [11, 2] from Q}l (71, T2

By Corollary 1.22, we can construct a spine 7 going through 7 and 7, then gjh (11, T2
(h =1,2) on that spine, and after that the rest of GI'. Since, M(G}[r1, 72]) — the restriction
of the family M on g;-L[Tl,TQ], is a (3T) family, X" restricted on G;L[’Tl,’TQ] is a natural

MGV 11, 7])-process.

Hence, X? on Gf ([11, 7)) is distributed as a natural M (G [r1, 72])-process. Since Gf [11, 7))
can be constructed from G} [71, 7], X restricted on R(G} [r1, 72]) is a natural M(Gj [r, 7])-

process. Therefore, X? has the same distribution as X' on R(G} [r1, 2]). |

Burdzy and Pal were able to prove the uniqueness only in the case of planar NCC TLG’s
with infinite vertex set. The following proves their conjecture (see the sentence before The-

orem 3.9. in [7]) that this is true in general case (including the non-planar case).

Theorem 2.24. Let G = (V,€) be a TLG*’s with infinitely many vertices in V', and let X*
and X? be two M-processes constructed using the TLG*-towers (G}) and (G?), then X' and

X? have the same distribution.

Proof. Pick points ™ < 7\ on G! with finite time such that 7" | —c0 and 73" 1 +o0 (in
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time). Now, the distributions of X and X2 on R(G,[r\", 7{"]) are the same, and since
U R@Galn",7"]) = R(G)
nlT1 5 T2 )
n=1

by Kolmogorov’s consistency theorem we have that X! and X2 have the same distribution.

Remark. To use the Kolmogorov’s consistency theorem we need to look at finite dimen-
sional vectors (X(t;),..., X'(t,,)) and (X?(t1),..., X?(t,,)) for a finite number of points
t1,...,t, € G with finite time. Since each point is in some subgraph of G, there exists a n

such that
{t1,.. . tm} C Gulr™, 7™

and hence the random vectors have the same distribution.
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Chapter 3

MARKOV PROPERTIES OF PROCESSES INDEXED BY
TLG’S

From §2.3.3. and §2.3.4. we know that the constructed process has a (hereditary) spine-
Markovian property. This property is induced by the graph structure and as we will see there
is one more property this process has when M is a (3T)-family. If M has some additional

properties we will have some additional properties of the process on the TLG* G.
3.1 Cell-Markov properties
Recall, truly simple cell has been defined in Definition 1.41.

Definition 3.1. We will say that a process X on a TLG G is cell-Markovian if for any
truly simple cell (0q,09) starting at t, and ending at t* the processes X, and X,, are

conditionally independent, given the values X (t.) and X (t*).

Definition 3.2. We will say that a process X on a TLG G is strong cell-Markovian if for
for any truly simple cell (o1, 09) starting at t, and ending at t* the processes is cell-Markovian
and (X (t) : t € G[t.,t*]) and (X(¢t) : t € G[0,t.] U G[t*, 1]) are independent, given the values
X(t,) and X (t*).

Before we prove the that the strong cell-Markovian property holds, we will prove the

following lemma.

Lemma 3.3. Let T = AUBUCUD, and X = (X(t) : t € T') a stochastic process. If

(1) Xa=(X(t):t € A) and Xo = (X(t) : t € C) are independent given Xp = (X(t) : t €
B)
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Figure 3.1: Strong cell-Markovian property: Xo; ) L Xgo.jugpe11[(X (ts), X (t))

(2) for some subset C" C C' X aupuc and Xp are independent given X

then X4 and Xcoup are independent given Xp.

Proof. Let Ys be a bounded o(Xg)-measurable function, for S = A, B,C, D, and U be an

element in 0(Xp). Then, using (2) we have
E(YaYpYeYply) = E(YaAYCE(Yp| Xer)1y).
Using (1) we get
E(YAYCE(Yp|Xo)1y) = E(E(Ya|Xp)YeE(Yp| Xer)10),

and again using (2) and the fact that E(Y4|Xp)Yc1py is a bounded o(X aupuc)-measurable

random variable we get
E(E(Ya|Xp)YcE(Yp| Xe)1y) = E(E(Ya|Xp)YeYnly).
Finally, conditioning everything (under the expectation) on Xp we get
E(E(Ya|Xp)YeYply) = E(E[E(Ya|Xp)YeYply| XB]) = E(E(Ya| XB)E(YoYn| XB)1y).
Now, using the Monotone Class Theorem the claim follows. |

Theorem 3.4. The process X on G defined in §2.3.1 is strong cell-Markovian process.
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Proof. It is known from Corollary 1.22 that there exists a TLG*-tower (Gy)j_, that starts
with a spine 7 containing t., t*, there exists ny such that G, such that R(Gt.,t"]) U R(7) =
R(G,,), and then we can construct the rest of G (i.e. G, = G). Since, G,, is a TLG*, we
know by Theorem that X the natural M(G,, )-process on G, is the same as the restriction

of the process X on G,,.

Assume that 7 is the spine that contains ;. Since oy will in a decomposition component
G_ with roots ¢, and t*, by the spine-Markovian property, X} is independent of X7* given
X" (t,) and X™(¢*). This proves the cell-Markovian property.

We use induction to show that (X(t) : t € Gi[t.,t"]) is independent of (X(t) : t €
Gr[0,t.] U Gg[t*, 1]). For n = 0 the claim follows from (T3) property. For k = 1,...,ng the
process on every edge that we add will depend only on the value of the process (X(t) : t €
Gr-1[t«, t*]) at its endpoints, so the claim will follow by Lemma 3.3. For k > ny we have the

following cases:

e We added an vertex - nothing changes since the representation is the same.

e We added an edge not in G[0,t.] U G[t*, 1]) - this has no impact.

e We added an edge E that connects two vertices in Gy_1[0,¢,] U Gx_1[t*, 1]). Then the
process depends only on the values of X at the endpoints, the claim is true by Lemma

3.3.

Since the distribution of the process, by Theorem 2.20, doesn’t depend on the construction

the claim follows. [}

Corollary 3.5. For the process X on G defined in §2.5.1, if (01,02) is a truly simple cell
starting at 0 and ending at t*, then the processes (X(t) : t € G[0,t*]) and (X (t) : t € G[t*, 1])
are independent given the values of X (0) and X (t*).
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3.2 Graph-Markovian and time-Markovian property

First, we introduce the graph-Markovian property, a version of the global Markov property

in graphical models (see Definition A.18 (c)).

Definition 3.6. Suppose that W C R(G) is a finite non-empty set such that R(G) \ W is
disconnected. Some edges of G are cut by W into two or more components. Let us call this
new collection of edges &y. Suppose that £ and &, are disjoint sets of edges with the union
equal &. We will call a process X on a TLG graph G a graph-Markovian process if for
all W, &, &, the conditional distribution of (X, :t € E,E € &) given (X;:t € E,E € &)
depends only on (X, :t € W).

Figure 3.3: Time-Markovian property:
Figure 3.2:  Graph-Markovian prop- The past P(t) - of ¢, and the future -
erty: Black points (e) represent W, () of ¢.
dashed lines &, and full lines &,.

The second property is the time-Markovian property.

Definition 3.7. (a) Let t be a point in G.

(i) (THE FUTURE) F(t) = {s € G : s = t} is the set of all points with times s > t, such

that there is a full path passing through t and s.

(ii) (THE PAST) P(t) = {s € G : s X t} is the set of all points with times s < t, such that

there is a full path passing through t and s.
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(b) We will say a process X on a TLG graph G is a time-Markovian process if for
every t, if the conditional distributions of (X (s) : s € P(t)) and (X (s) : s € F(t)) given X (t)
are independent.

Remark. Note that if (X (¢) : t € G) is time-Markovian, then for every full time-path 7 the

process X, = (X(t) : t € m) is a Markov process.

3.3 Processes on TLG’s for Markov family M

Some additional properties will hold if the distributions in the family M are all distributions

of Markov processes.

Note that in this case the property (T3) is automatically satisfied, so the only thing that
we need for the construction is the fact that M is a consistent family of distributions of
Markov processes that are continuous or RCLL (or any other that we can define conditional

distributions on) on a TLG* G.

In the next few subsections we will show that in this case we have additional properties

- edge-Markovian and time-Markovian properties.

3.3.1 The constructed process is a time-Markovian process

Theorem 3.8. The process X defined on G defined in §2.3.1 for a Markov family M is a

time-Markovian process.

Proof. Let t be a point on G. We can assume it is a vertex in V. We will expand the vertex
set V, by adding the vertex t_. = —¢, i.e. V. =V U{t_.}. Further, we will expand the edge
set by adding edges connecting ¢_. with 0 and ¢, i.e. & = EU{E .5, E_.;}. (See Figure
3.4.) It is not hard to see that G. = (V.,&;) is a TLG*. We define X(—¢) = 0 and Xp__,
and Xpg__, to be interpolations between the values of the processes at the end points. Xg,
is a continuous or RCLL process with Markov processes along full time-paths, and since Xg

is a hereditary time-Markovian, so is Xg..
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gs [t—sa t]
$ t

\P_ , -
- < o \\/F(t)

Figure 3.4: Idea of the proof of time Markovian property

For any path 7 between 0 and ¢, (E_.om, E_.;) is a truly simple cell. Now, using the
strong cell-Markovian property, we have that (X (¢) : t € G.[—¢,t])) and (X(¢) : t € G.[t, 1]))
are independent given X (¢) and X (—¢). Since X(—¢) is deterministic, G.[t,1] = G[t,1] =
F(t) and P(t) = G[0,t] C G.[—¢,t]), the claim follows. [

3.3.2  Moralized graph-Markovian property

In graphical models when we turn Bayes nets into Markov random fields, we moralize the
graph (see §4.5 [35, Koller, Friedman]). It turns out that the Markov processes on TLG*’s, in
general, don’t satisfy the graph-Markovian property described in Section 3.2 (see discussion
given in Subsection 3.4.1).

But under the modification of the graph, that we will call moralization, we will have a

similar property.
Definition 3.9. Let G = (V, &) be a TLG. The graph G¥ = (V¥ ,EY) given by V¥ =V and
EY=EU{L;; : iand j are begining and end of a truly simple cell in G}

will be called a moralized graph.
Remark. Note that for a TLG* G, G¥ is also a TLG* - we are adding edge between points

that are connected by a time-path.
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\@/

Figure 3.5: Moralization of a TLG G into G,

Definition 3.10. Let G be a TLG, and G¥ its moralization. Suppose that W C R(G) C
R(G") is a finite non-empty set such that R(GY)\ W is disconnected. Some edges of G are
cut by W into two or more components. Let us call this new collection of edges &,. Suppose
that & and &, are disjoint sets of edges with the union equal &. We will call a process
X on a TLG graph G a moralized graph-Markovian process if for all W, &, &, the
conditional distribution of (X; :t € E,E € &) given (X, :t € E, E € &) depends only on
(X¢:teW).

Figure 3.6: (X (¢) : t € &) is independent of (X (t) : t € &) given Xyy.

Before, we prove the moralized graph-Markovian property, we will prove the following

lemma.

Lemma 3.11. Let T'= AU B, and a stochastic process X = (X (t) : t € T') such that

(1) there exist Ay and Ay subsets of A such that X4, = (X (t) : t € Ay) is independent of
Xpe = (X(t) 1t € A\ A1) given Xy, = (X(t) 1t € Ag);

(2) there exists Ay, subset of A\ Ay such that X 4 is independent of Xp given Xy, ;

then Xpyae is independent of X, given Xa,.
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Proof. Let Ys be a bounded o(Xg)-measurable random variable, and U € o(X4,). Now,

using (2) we have

E(YpYa,Yacly) = E(E(Yp|Xa,)Ya,Yacly),

and using (1) we get
E(E(YB|Xa,)Ya,Yacly) = E(E(Yp|Xa,)E(Ya, [ Xa,)Yac1y).
Using, (2) once more we have
E(E(YB|Xa,)E(Ya, | Xa,)Yacly) = E(YBE(YA, | Xa,)Yac1y),
and now conditioning everything under the expectation on X 4, we get
E(YBE(Ya, | Xa,)Yac1y) = E(E(YpYae | X4, )E(Ya, | Xa,)10).
From the Monotone Class Theorem the claim follows. |

Theorem 3.12. For a Markov family M, the natural M-process on a TLG* G is a moralized

graph-Markovian process.

Proof. We use induction on the number of edges |E| for a TLG* G = (V,&). For |E| = 1,
the claim is clearly true. Assume that the claim is true for |E| = k > 1. Let’s show the claim
for |[E| = k + 1. Pick G and W a set of points G, such that R(GY)\ R(W) is disconnected.
We need to consider the following cases:

If we got G by adding a new vertex to some TLG* H. In that case, since the representation
of H and G is the same, the claim follows.

If we got G by adding a new edge E, between the vertices ¢, and t* in some TLG* H, we
first have to note that ¢, and t* are the begining and the end of a (truly) simple cell whose
one side is F,. Hence, t, and t* are both in one of the following & U W or & U W.

We have the following cases to consider:

e R(E,)NR(W) =0 then E, will entierly be in one of & or £&. We will assume E, € &,
and let & = & \ {E.}. In we use the spine-Markovian property with roots ¢, and
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t*, hence Xp, is independent of Xere, given X(t.) and X(t*). Now since Xg, is
independent of Xg given Xy, by Lemma 3.3. it follows that Xg, is independent of
Xg, given Xyy.

Figure 3.7: The new edge E* doesn’t contain points from W.

e R(E,)NR(W) # (), then we assume t,, t* € EUW. Denote, Wy the points represented
by R(W)N R(H). Note that these points separate H.

Figure 3.8: The new edge E* contains points from W.

Let Eﬁvk, k =1,...,n; denotes the edges in &; that cover the edge E,. It is not hard

to see, since the process along X g« is Markov that

XEi,k L XR(Q)\R(Ef’k)|X8Eik' (3.1)
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The endpoints of at least one of the sequences (£} ;) or (E2,) will be only in . Oth-
erwise, t, and t* won’t be in W, and they won’t be both in & . Under the assumption
that ¢, and t* are in & U W, it follows that (Efk) has all its endpoints in W, and call
that set Wi,.

Let Y7 be a bounded o(X (t) : t € R(&E1) \ R(E.)), Y2 a bounded o(X(t) : t € R(&) \
R(E.))-measurable, and Y;] , abounded o(X () : t € Eik)—measurable random variable,
forj=1,2,k=1,...,n,,

ni ni
vi=]Ivihe vi=]]v%
k=1 k=1
First, we will show that Y] is independent of Y given Xyy,. Let A € o(Xy,). Using
(3.1) we get

E(Y{Y314) = EGE(YVY | Xom V2. Y514)

— E(V{E(Y? [ Xom JE(Y2|Xopz ) ... YI314)

— E(Y/E(Y3 [ Xope JE(Y 2| Xomz ) . B3 Xop2, )14)
Now, we condition everything under the expectation with respect to Xy, :

= E(EMVE(Y [ Xogz JE(Y.2| Xogz,) . E(Y.3] Xopz )14l Xw.])

— B(ELY! X BV, Xz VBV 2| Xopz ) .- B3 Xopz, 1)
Using (3.1) again we get

= E(E[Y [ Xw. ]V E(Y. 1 Xop2,) . E(Y3 | Xop2,, )14)

B[] X [VAYE, .. Y/31,) = B(E[Y]| X, ] V1),
Finally, conditioning everything under the expectation with respect to Xy, we get

= EER | Xw. JE(Y;[ Xw.)14),
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and the claim follows.

Further, by Lemma 3.11, we have that

Let Ay € 0(Xw,,) and A, € o(Xw,). Now, since Wy separates G into £ U {E,} and
&L =& N R(H) we have :

E(Y1Y>Y{Y514,14,) = EVIY2YTE(Y;[Xw.)1a,14.) (3.3)
=E(YE(Ya| Xy, ) YIE(Y3 [ Xw. )14, 14,) (3.4)
=E(EY1 Y| Xw )E(Ya| Xw,, )E(Yz | Xw,)1a,14.)
=E(EM Y[ Xw)Y2E(Ys | Xw,)1a,14,)
(
=E(

(
( )Ys

=E(E(Y1Y] | Xw)Y2Ys1a,14,)
( JE

YiY{ X E(VY3| X)Ly L, ).

To get (3.3) we use 3.2. In (3.4) we use the fact that W separates &) from the rest of

G, and then the property proven in the previous e case.

Now, by Monotone Class Theorem the claim follows.

The following corollary, gives us a connection to the Markov random fields and classical

graphical models (see Appendix §A.4).

Corollary 3.13. For a Markov family M, let X be a natural M-process on a TLG* G =
(V,E). Let W be a finite set of points on G such that {t € V : d(t) > 3} C W, then (X (t) :
t € W) is a random Markov field with a global Markov property. Further, Xy is a random
Markov field indexed by the graph Gy = (W, Ew) where Ey contains an edge between w;
and wy if there is a time path © in G¥ between wy and wy such that R(m)NR(W) = {wy, ws}.



e e e e
LT e e

Figure 3.9: Getting the MRF: The radnom variables at green and blue points form a Markov
random field, where the underlying graph is given on the last figure.

Proof. It is easy to see that C' C W separates graph F if and only if it separates G¥. Now it
follows that X4 L Xp|Xe, since A and B are in two different components in G¥ separated

by C. |

The constructed process is edge-Markovian

Definition 3.14. We say that the process X ona TLG G = (€,V) is edge-Markovian if for
each ' = E;y € € the process (X (t) : t € E') is independent of (X (t) :t € E,E € E\{E'})
given X (t;/) and X (t).

Corollary 3.15. Let X be a natural M-process on a TLG* G. Let w be a time-path between
t. and t* two points on G such that w (in the interior) doesn’t contain a vertex of degree 3

or more. Then X, and Xg@g)\r(x) are independent given X (t.) and X (t*).

Proof. Except the endpoints, the path, can’t contain an edge in £\ £. Therefore, endpoints
t, and t* separate the graph G¥ with representations of components being R(7) and R(G) \
R(m). The calim follows. [ |

Theorem 3.16. The process X defined on G defined in 2.3.1 for a Markov family M is an

edge-Markovian process.

3.3.83  Summary

Everything we proved so far, can be summarized in the following theorem.
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Theorem 3.17. For every TLG* G with finite vertex set V and every Markov family M
there exists a hereditary spine-Markovian M-process X on G, and the distribution of such a
process is unique. This process also has time-Markovian, cell-Markovian, moralized graph-

Markovian and edge-Markovian properties. Further, if G can be constructed from a TLG*

H, then (X(t) : t € H) also has these properties.

Corollary 3.18. Let X be a natural M-process on a TLG* G, where M is a Markov family.
Then for T < T3 the process (X (t) : t € G|y, m]) has time-Markovian, cell-Markovian, moral-

ized graph-Markovian and edge-Markovian properties (induced by the structure of Gy, Ts] ).

Proof. We can assume that 7, and 7, are vertices on G. By Theorem 1.20 G[ry, 73] is a TLG*.

Further,

MG, 7)) = {uo © 7r[_ﬁl7T2] c0 € Pyo1(G), 1,12 €0}

satisfies (3T) properties. By Theorem 1.22 we can construct first construct a full time path
o containing 7 and 7o, and then G|, o], and after that the rest of G. It is not hard to see
that when we are done constructing G|, 72| in that TLG*-tower, the process restricted to

G[m, 2] will be a natural M (G|, T2])-process. [ |
3.4 Homogeneous Markov family Mp

Let P be distribution of a continuous or RCLL Markov process on [0, 1]. Then we will call
Mp =A{p, =P : 0 € P1(G)}, a homogeneous Markov family. Note that for this
family properties (T2) and (T3) are automatically satisfied.

Further, using Theorem 3.17. we have the following fact.

Theorem 3.19. For every TLG* G with finite vertex set V and every Markov process P
there exists a hereditary spine-Markovian Mp-process X on G, and the distribution of such
a process is unique. This process also has time-Markovian, cell-Markovian, moralized graph-

Markovian, and edge-Markovian properties.
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We will refer to the process X described in the Theorem as the natural P-process on

the TLG* G.

3.4.1 The graph-Markovian property doesn’t hold

In paper [7] it was claimed that for the the natural P-process, on what they called NCC
graphs, the graph-Markovian property holds.

However, the following example shows that this is not true.

In our simple model we look at a family of random variables { X, X,, X3, X1}. Such that
(Xo, X4, X1) is a Markov chain. (X, X3, X;) is also a Markov chain independent of the fist

one given (Xj, X;) and has the same distribution.

b

We suppose that the state space S is finite or countable.

We set for xg, x4, xp, 21 €S
P(Xo = 20, Xo = 20, X1 = 1) = P(Xo = 20, Xp = 2, X1 = 71) = pzznlxap}vaxopgoa

with the usual assumptions on initial probabilities (p?)scs and transition probabilities (pl, ) ves

and (p%,)s.ses. Further from the assumption of independence given (Xy, X;) we have
P(Xo = 24, Xp = 2| Xo = 20, X1 = 1) =

P(Xa = I'a‘X(] = ZL’(],Xl = l’l)P(Xb = l’b‘X(] = T, X1 = LE‘l).

Our ultimate goal is to see does

]P)(Xl = [L’1|Xa = :L'a,Xb = [L’b,Xo = ZL’Q) (*)
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depend on zy. We will first calculate

]P)(Xl = .lel,Xo = ZL’(]) = ZP(XI = Il,Xa = Oé,XO = ZL’(])

aes

_ E 2 1 0
- pxlapocxop:co :
aesS

Next, using the definition of conditional probability and conditional independence we

calculate

P(Xl =21, Xg = 24, Xp = 13, Xo = $0)
= P(Xa = T4, Xp = Ib|X1 =21, X9 = $0)P(X1 =11, X0 = $0)

= ]P)(Xa = ZL’a|X1 = ZL’l,XO = ZL’Q)]P)(Xb = l’b|X1 = X, XO = ZL’Q)]P)(Xl =T, XO = ZL’())
_ IED(Xl =T1, Xoq = Tq, Xo = xo)P(Xl =11, Xp = 13, X9 = 930)
]P)(Xl = T, XO = ZL’Q)
_ PrieaPrazoPao P, PryeePag
Zaes pszclocp(l)l:c()pgo
2 1 2 1
_ 0 Pri2.ProzoPayay Py

— Fao 2 ol
ZaES p:clocpa:co

To get (*) we need to calculate

]P)(Xa =24, Xp = Tp, Xo = xo) = Z P(Xl =71, Xoq = Tg, Xp = 73, Xo = xo)

Y1ES

2 1 2 1
_ .0 p’nxap:cal‘op’hl‘bpxbxo
= pxo

2 1
€S Zaesp“ﬂapamo
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Finally, we have

P(Xl = $C1|Xa =24, Xp = Tp, Xog = xo)
P(Xl = a1, Xy = Tq, X = 13, Xog = $0)
P(Xa =24, Xp = Tp, Xog = $0)

—1
2 1 2 1 2 1 2 1
0 pxlxapxaxgpxlxbpxbxo p(] 2 :p'ylmap:vamopﬁﬂxbpxbmo
— Fxg 2 1 o 2 1

Zaes pxlapocxo Zaes p’ylocpaxo

2 2
P2 iolPin (

Y1ES

- 2 1
ZaES p:clapa;po

2 .2 -1
Z Priza Pz, '
>

2 1
€S aesS p“flapawo

The last shows that X; given X,, X;, Xy depends on the value of X,. If the graph-
Markovian property holds this should not be so.

Simplifying our model to S = {0, 1}, and setting p) = p{ = 1/2,and pi, = p?, = 3/4, and
pi, = p?, = 1/4, we get that

P(X, =1|X,=0,X,=1)=1/2,

while

P(X; = 11X, =0,X, =1,X,=0) = 3/8.

Hence, the graph-Markovian property doesn’t hold.

3.4.2  Construction problems on non-TLG* TLG's

Why the construction described in 2.3.1 (on page 48) can’t work for all TLG’s? As an
example of Burdzy and Pal presented in [7] shows it may not be possible to construct such
a process and have all the properties Markov processes on TLG*’s had.
Let’s take a look at the example of a TLG that is not a TLG* given in Theorem 1.8.(i).
G=W.€), where V={t; =5/5:7=0,1,...,5} and

g = {EOIa E027 El4> El?n E237 E247 E45a E35}'

Let’s take P to be Markov process on [0, 1].
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Figure 3.10: Example from Theorem 1.8.(i).

We will try to construct a process on G, with a similar approach as in the construction

of Markov processes on TLG* (see 2.3.1.)

Construction attempt

We first define the process on ¢(0,2,4,5) with distribution P, we construct a P-Markov
bridge on (2, 3,5) between (t, X (t2)) and (t5, X (t5)) which is independent of the rest of
the process already defined given X (t5) and X(t5). Further, we construct a P-Markov
bridge between (to, X (t9)) and (t5, X (¢5)) on ¢(0,1,4) independent of the rest given X (to)
and X (t4). Finally, we construct a P-Markov bridge between (¢;, X (¢;)) and (t3, X (¢3)) on
o(1,3) that is independent of everything already defined given X (¢;) and X (¢3).

The problem in this construction is in the last step. Since, at that time ¢; and t3 are not

connected, the process on the full time-path o (0, 1,3,5) doesn’t have to be P-distributed.

We will prove this when P is Brownian motion on [0, 1]. Then X, 35 and Xy(1,4) are

Brownian bridges. Using Theorem A.16. we can have

131

X(t) = E(X(M) — W(ts)) + W(k), (3.5)
X(ta) = P2 (X (1) = Blta)) + Blta) + =2 (X(1) = B, (36

where W, B, X245 are independent Brownian motions on [0, 1]. If X;(g1,3,5) is Brownian
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motion on [0, 1] then E(X (t1)X(t3)) = t; = 1/5, but in our case we get from (3.5) and (3.6):

E(X (1) X (t3)) = %

Problems with cell-Markovian property

The other problem, that might occur, is that the processes we defined so far on TLG*’s have
the cell-Markovian property (recall Definition 3.1.), while on this TLG there might not exist
such a process.

Will show this, again, on the example when P is the distribution of Brownian motion on

[0, 1].
Proposition 3.20. If Z and Y be distributed as Brownian motion on [s1,ss] such that

Z(sj) =Y(sj) forj =1,2 and Z and Y are independent given Y (s1) and Y (s2). Then for

T1, To € [81, $2| we have

(11— s1)(m2 — 81)
(81— s2)

E(Z(1)Y (7)) = s1 +

Proof. We will use the representation given in Theorem A.16. Let Y be Brownian motion

on [sy,ss), and (W(t) : t > 0) Brownian motion independent of Y. Then we can take Z to

be
t—Sl

(Y(s1) = Wi(s1)) + W(t) + (Y (s2) = W(s2)),

S2 — 81 S2 — S1

E[Z()Y ()] =2 E[Y () (¥ (s1) = W(s2))] + E(Y (m)W (7))
F OB (m)(Y () = W(s2)] = T ot

Theorem 3.21. There doesn’t exist a process X on G such that:
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e X is cell-Markovian.

e [or each full-time o the process X, is distributed as Brownian motion on [0, 1].

Proof. Assume otherwise. Note that cells (¢(2,3,5),0(2,4,5)) and (0(1,4,5),0(1,3,5)) are
simple.

Then X,(235) and Xg2.45) are distributed as Brownian motions on [t, 5], so using the
cell-Markovian property of X, i.e. the fact that X, 35) and X;(245) are independent given
X (t2) and X (t5) from Proposition 3.20. we have:

E(X(t2)X (1)) = E(Xo(a5(t5) Xotaa)(1a)) = ta + L2 _(:)—(t;)_ Y- 1%

For X,(1,45 and X, 35 in a similar way we get:

(ts —t)(ts— 1) 13

E(X (t3) X (t4)) = E(Xo(1,35) (t3) Xo1,45)(ta)) = t1 + ) =1

This shows the claim. [ |

3.5 Three simple examples
Through this section G is a graph consisting of one cell (see Figure 3.11):

G = ({Oa 1}> {EéI’ Egl})

We define three functions fi, fo, f3 : [0, 1] — [0, 1]:

A=t fot) =¢

2z, 0<x<1/3;

fA)=q1—2 1/3<z<2/3;

2r—1, 2/3<z<1.
\

Further, let (B; : t € [0,1]) be Brownian motion on [0, 1]. For k = 1,2,3 we set uj to
be the law of (By, ) : t € [0,1]). Notice that py, for k = 1,2,3 are all laws of continuous
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1
EOl

2
EOl

Figure 3.11: Graph G

y = fulx) y = f3(
y = faf

Figure 3.12: Graphs of fi, fo and f3

processes. Also p; and g are laws of Markov processes, while u3 is not a law of a Markov

process. Now we set
My = {ug, = p, gz, = ks
My =gy, = ps g, = b2}
M = {MEgl = H1, HE2, = p3}-

Since f1(0) = f2(0) = f3(0) = 0 and fi(1) = fo(1) = f5(1) = 1, M1, My and M satisfy
(3T) properties. Therefore we can construct a natural My-process on G for each k € {1,2,3}.

Now, note the following:

e M, is a homogeneous Markov family.

e M, is a Markov family that is not homogeneous.



e Ms is not a Markov family.

86
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Chapter 4
FILTRATIONS, MARTINGALES AND STOPPING TIMES

Let’s look at a simple example of process on a time-like graph.
Y a value two persons (1&2) are trying to estimate based on the information they are

getting over time.
e The information they collect will be modeled as a filtration
{Fl:tel0,1]} and {F/:te](0,1]}.
e At ¢t = 0 they start with the same information Fy = F¢.
e At time t = 1 everything is known: F} = Ff = F D o(Y).

Set X! = E(Y|F}) and X7 = E(Y|F?).
For a TLG G = ({0,1},{E}, E3,}), we can define X = (X(t) : t € G) to be given by
Xpy, = X' and Xp2 = X?. In this way the process is well defined.

0 1

+V

X will be a martingale indexed by a TLG, and we will talk more about martingales in
this chapter. We will also show some results on the right-continuity of filtrations, define

stopping times and prove the Optional Sampling Theorem for this class of processes.
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4.1 Expanding the filtrations

The following will state some equivalent forms of the time-Markovian property.

Corollary 4.1. Let X be a process on a TLG* G. The following are equivalent: we have:

(a) X is time-Markovian on G
(b) For any point
Fr=0(X(u):u=1t), and G, = o(X(t) : u = t)
are conditionally independent given X (t). ("<’ is the order induced by G.)

(c) If Y € bG;, then we have
E(Y[F) = E(Y|X(1)). (4.1)

The main result in this section will be to show under which conditions we can expand the
o-algebra F; so that the relation (4.1) still holds. The main idea is to choose the filtration

that is right continuous.

Definition 4.2. Let X be a process on a TLG G

o Set FY = o(X(u) : u X t) and G? = o(X(u) : u = t). If not specified otherwise
Fi=F and G, = G.

e Foreach m € Py1(G) and t € [0, 1] we define

Fro= ] Fe (4.2)

t<s,sem

Definition 4.3. For the probability space (2, F,P) and G a sub-o-algebra of F we will
denote

NF={ACQ:(3BeG)(AcC B)P(B)=0)}

G" =o(GUNT). (4.3)
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Lemma 4.4. For G* defined by (4.3) the following holds
G'={ACQ:(3BeG)(AAB e N}

Lemma 4.5. For the probability space (), F,P) and G, and Gy sub-c-algebras of F the

following are equivalent:
(i) Gf =G5
(ii) For each Y € L'(Q, F,P)

E(Y|G) = E(Y|G,) a.s.

(i1i) For each A € F
P(A|G1) = P(A]G2) a.s.

Proof. (i)=-(ii): Let A € G;. Since G; C G] = G5, there exists B € Gy and Ny, Ny P-null
sets such that AU N; = BU N,. Now, for Y € L*(Q, F,P) we have

/AE(Y\Qg)dIP’:/AUME(Y|Q2)dIP:/ E(Y|Gs) dP

BUN>

:/E(Y|g2)dIP:/YdIP:/ Y dP

B B BUN>

:/ YdP:/YdIP:/E(Y\Ql)dIP
AUN1 A A

Since this holds for all A € G; the claim follows.
(ii)=-(iii): This is clear.

(iii)=-(i): Let A € G, then
14 =P(A|G1) =P(A|G2) a.s.

Since, P(A|Gy) is Go-measurable, hence 14 is G5 measurable. Therefore, G; C G5, and we

have GI C G5. By symmetry G5 C G[, and the claim follows. [ |
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Theorem 4.6. Let M be the (3T)-family, and X a natural M process on a TLG* G such
that for each m € Py-1(G) the process X, is Markov with respect to the (Fi :t € [0,1])
(recall (4.2)). Then

{Fi:teg}
s a right-continuous filtration, that is
F=F
t<s

Proof. Let (2, F,P) be the probability space on which X is defined. We pick ¢ € G. Now,
we pick a path 7 that contains ¢, and let Fy,, be the edge that is contained in 7 such that
tp, <t < t,. To prove that that at ¢ the filtration is right continuous we will restrict our

probability space to (€2, F',[’ = P|#) where

‘F,:U(‘Ftkz Ugtkl UNP)
With F € F, and G € G, we have

P(FNG|FL) = 1pP(G|FL) = 1pP(GX () = 1pP(G|F) = P(F N G|F]).
Using the monotone class theorem we have that for all A € F’
P(A[FT) = P(A[FL). (4.4)

Since N¥' = NP, we have by Lemma 4.5 (iii) that

TP P
ft _‘Ft+ :

Further, note that F7, C F7".
Now, let

Ae(\FIF = ﬁ Fiim
n=1

t<s
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Hence, we have A € ffﬂ/n, then there exists B, € 1 /n such that AAB, € NF. Set

B::mUBmZ m LJBmE 1M

n=1m=n n=M m=n

hence B € F],, hence B € F¥. Now, we can show that

B\ AcC (GBn> \A= G(Bn\A)eNP.

A\B:AmBC:Am<ﬁ DBm) :GAﬁ<ﬁ B;) C

n=1m=n
C DAmB; = G(A\Bm) e NF.
n=1 n=1

This implies that A € F", and the filtration (F7F : s € [0,1]) is right-continuous at t,

S

and to prove the claim we should note that F7 = F;, hence this implies (FL : s € 7) is

right-continuous at ¢, but since 7 is an arbitrary path that contains ¢ the claim follows, since

there is only finitely many such paths. Hence

F=NFmF"=NN*r=F

mmot mmatt<s t<s

It turns out that the condition from the previous theorem is satisfied by the natural

Brownian motion. Before we prove that we need the following lemma.

Lemma 4.7. Let G be a TLG* and X the natural Brownian motion on G. Fort € G we

have that the processes
(X(s):s=<t) and (X(s)—X(t):s=1)
are independent.

Proof. Pick a full time-path m € Fy,1(G) such that ¢ € 7. We pick a TLG* tower (G;)j_,

where Gy has the same representation as 7 and G, = G.
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Let X7 := (X (s): s € G;) be the natural Brownian motion indexed by G,. By induction

we will show that
(XI(s):s€ PI(t)) and (X’(s)—XI(t):s€ Fi(t)) (4.5)

It is clear that (4.5) holds for j = 0. Let’s assume that it holds for j = h > 0. Let’s show
the claim for j = h + 1.

If a new edge not in P"**(¢) and not in F"*1(¢) has been added to G, to construct Gy, 1,
then the processes in (4.5) are the same for j = h and j = h + 1, and the claim follows.

If a new edge FEj,, in F"*1(t) has been added to G, to obtain Gj,,;. Then since for

s € By, we have

XPFI(s) = X (1) = 22 7 (XM (1) — X (1)) +

(X"(th) = X(1) + B, (s),
thy — iy thy — by

where B}', is a Brownian bridge independent of X”. Hence, both (X"(s)—X(t) : s € F"(t))
and (Xp, ,, (s) — X(t) : s € Ej,,) are independent pointwise of (X"(s) : s € Pi(t)), and
(4.5) follows for j = h + 1. [ |

Theorem 4.8. Let G be a TLG* and X the natural Brownian motion on G. Fort € G and
m € Py1(G) such that t € m we have that

Frooand (Xi(s) — Xi(t): s >1))

are independent. (See Figure 4.1.)

Figure 4.1: Illustration of Theorem 4.8.
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Proof. Let n € N, and A € F], and t < s1,89,...,8, € 7. For small ¢ > 0 we know that
Y =14 € bFiycpp and A® := (Xr(s1) — Xn(t +€),... Xr(sn) — Xx(t + €)) are independent.
Now using the characteristic functions py (t) = E(exp(itY')) and ¢a-(t) = E(exp(it - A%))
we have

Py,a:(t, t) = oy (t)pa:(t) (4.6)
Continuity of X gives us lim. (Y, A%) = (Y, A%) a.s. Hence, from (4.6) we have

py.ao(t, t) = @y (H)pac(t).

Therefore, 14 and (X, (s1) — Xx(t), ... Xx(sn) — X (t)) are independent. [ |

Corollary 4.9. For the natural Brownian motion X on the TLG* G the following claims
hold:

(a) The filtration (F} :t € G) is right continuous.
(b) FE and (X(s) — X(t) : s € F(t)) are independent.
(c) Fort < s we have B(X (s)|FF) = X(t).
(d) Fort<s andY € bG, we have
E(Y|F) = E(Y]X(t)).
4.2 Markov martingales

Here we will show that under some conditions we can get a martingale property for the

process defined on a TLG*.

Definition 4.10. The Markov family of measures

M=A{u, :0€ PRy1(9)}

will be called a Markov martingale family if for each p,-distributed process (X, (t) €
[0,1]), we have
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o EIX,(1)] < oc;

o E(X,(0)](X,(u) : u € [0, ])) = X, (s).

Theorem 4.11. Let M be a Markov martingale family, and X an M-process on a TLG*
G. Then we have
E(X()[(X(u) :u=3s))=X(s), (4.7)

for all points s <t in G.

Proof. First from the time-Markovian property we have that

E(om (X)X (w) s u 2's)) = E(pam (X)) X)),

r, |r| <M,
where @y (z) = 12 . Using the dominated convergence theorem when M — oo
M, |z| > M.

we have

E(X@)|(X(u) 1 u = 5)) = B(X ()| X(s))-

Now, we pick a full time-path ¢ such that ¢t and s are on it, and we get

E(X(@®)[(X(u) - u = s)) = E(Xo(t)| Xo(s)) = Xo(s) = X(s).

The following is a consequence of Lemma 4.5 (ii).

Corollary 4.12. Let M be a Markov martingale family, and X an M-process on a TLG*
G. Then we have
E(X (t)|F,) = X(s), (4.8)

for all points s <t in G.

The equality (4.7) says that X defined in Theorem 4.11. is an example of a martingale
indexed by directed set G. These types of martingales have been investigated and there
are a lot of results including the optional sampling theorem. We will talk more about this

in section 4.3.



95

4.2.1  FEzample of glued diffusions

In this subsection we give an example of a general non-homogeneous Markov martingale

family M.
Definition 4.13. The family of functions
fo=1{f,:[0,1] = R:0€ P,1(9)}
is called consistent on the TLG G if for 01,09 € Py_1(G)
forlr = foolr
where T'={t : t€ E,E € 01 & FE € 0y}.

Theorem 4.14. Let Fg = {F, : [0,1] - R : 0 € Py-1(G)} be a consistent family of
absolutely continuous functions. Then there exists a consistent family fg = {f, : [0,1] = R :

0 € Po1(G)} of densities of Fg, that is for all 0 € Po1(G) and all t € [0, 1]

Fo(t) — F,(0) = /0 £.(s) ds.

Proof. Let o1 and oy be full time-paths. Then
Tio={t:t€ E,FE € 01.&FE € 05}
is a finite union of closed segments. For each a < b such that (a,b) C T, we have
b b
[ dtsrds= [ fulods
so therefore f,, = f,, A-almost everywhere on 77,.

Assume G = (V, E), for each edge Ej; € £ choose some fixed full time-path ¢* containing
E;,. For each full time-path o containing that edge we can fix f, on (¢;,1), to be some

density of the function ¢ +— F«(t) — F,+(t;) defined on (¢;, ;).
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Since there are only at most countably many vertices (in this case finitely many) the
values at the vertices won’t influence the values of the integrals, hence we can set the values

at vertices to be any real numbers. Now, we have constructed a consistent family. [ |

Let G be a TLG* and V : R(G) — R™ be a positive function, such that for each full
time-path o the restriction of V along R(o) V, : [0,1] — RT is an increasing continuous

function.

From the theory of functions of bounded variation, we know that there exists a positive

function f, in L'[0,1], such that

Valt) = [ 1),

for all ¢ € [0,1]. By Theorem 4.14. we can assume that
{fs:10,1] > R:0€ Py_1(G)}

is a consistent family of densities.

For 0 € Py1(G) let p, be the distribution of the process (N(t) : ¢t € [0,1]), given by the

formula )
N, (t) = /0 V() dB,,

for t € [0, 1]. (This is an Ito integral with respect to the Brownian motion (B;).) This is well
defined since \/f, € L?[0,1].

Clearly, N, is a Markov process with zero expectation on [0, 1]. The variance is

E(N3(t)) =E (/0 waTs)st)z = /0 fols)ds = Vo (1).

We will show that {y, : 0 € Py1(G)} is a consistent family. Again, let oy and gy be two
full time-paths, and T35 as before. Let 71 < 75 be from T}5. We have
E(No, (1) No, (12)) = E(No, (11)[(No, (12) = No (71)) + Noy (11)])
= VUl (Tl) = VO'Q (Tl)
= E(Noy(11) No (72))-
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Since, the covariance structure of the Gaussian processes N,, and N,, on T}5 is the same, we
have that the finite dimensional distributions on T}, are the same. Hence, by Kolmogorov’s
Existence Theorem we have that their distributions on T are the same. Therefore {u, :

o € Py,1(G)} is a consistent Markov martingale family.

t2

Figure 4.2: Graph G

Let
G = ({Oa 1}7 {Eolla Egl})

If we define V as
t forte By,
V(t) =
t? fort € EX;

Brownian motion runs along £, while N(t) = [; s dB, runs along E2;. (See Figure 4.2.)

Glued diffusions have several nice properties. Since along each path the distribution is
inducing a martingale and a Markov process the whole process is a martingale and a Markov
process indexed by the underlying TLG*.

Further, we have the following property which is a generalization of the Lemma 4.7.

Lemma 4.15. Let X be a natural glued diffusion on a TLG* G. Then for eacht € G
(X(s):s=t) and (X(s)—X(t):t=s)

are independent.
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Proof. Pick a full time-path m € Fy,1(G) such that ¢ € 7. We pick a TLG* tower (G;)}_,

where Gy has the same representation as 7 and G, = G.

Let X7 := (X(s) : s € G;) be the natural natural glued diffusion indexed by G;. By

induction we will show that
(Xj(s) 1S € Pj(t)) and (Xj(s) — Xj(t) 1S € Fj(t)) (4.9)

It is clear that (4.9) holds for j = 0. Let’s assume that it holds for j = h > 0. Let’s show
the claim for j = h + 1.

If a new edge not in P"**(¢) and not in F"*1(¢) has been added to G, to construct Gy 1,
then the processes in (4.9) are the same for j = h and j = h + 1, and the claim follows.

If a new edge FEj,, in F"*1(t) has been added to G, to obtain Gy,,;. Then since for
s € Ey,k, we have

V(ty,) = V(s)
V(tk,) — V(tx,)

Vi(s) = V()

htl/ .\ _
X" (s)=X (1) V(tr,) = V(tr,)

(X" (try) =X (1) +

(X" (t,) =X (£))+Noig ™2 (s),

where Néf“ol% (s) (see Corollary A.17.) is a diffusion bridge independent of X". Hence, both
(Xh(s) — X(t) : s € F(t)) and (XE, 4, (8) — X(t) : s € Ejyp,) are independent pointwise of
(X"(s): s € Pi(t)), and (4.9) follows for j = h + 1. [ |

Theorem 4.16. Let G be a TLG* and X the natural glued diffusion on G. Fort € G and
T € Py1(G) such thatt € m we have that

Froo oand (Xi(s) — Xi(t):s>1)
are independent.

Proof. Let n € N, and A € Fr ;1 and t < s1,82,...,8, € m. For small € > 0 we know that
Y =14 € bFiicpp and A® := (Xr(s1) — Xa(t+¢),..., Xr(s,) — Xz(t +¢)) are independent.
Now using the characteristic functions py (t) = E(exp(itY')) and @a-(t) = E(exp(it - A%))
we have

Pya:(t, t) = oy (t)pa:(t) (4.10)
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Continuity of X gives us lim. (Y, A%) = (¥, A%) a.s. Hence, from (4.10) we have

py.ao(t,t) = oy (t)pao(t).
Therefore, 14 and (X, (s1) — X (¢), ..., Xx(s,) — Xx(t)) are independent. |
Corollary 4.17. For the natural glued diffusion X on the TLG* G the following claims hold:
(a) The filtration (Fr : t € G) is right continuous.
(b) FE and (X(s) — X(t) : s € F(t)) are independent.
(c) Fort < s we have B(X (s)|FF) = X(t).
(d) Fort<s andY € bG, we have

E(Y|F) =E(Y]X(t)).

4.3 Optional sampling theorem for martingales indexed by directed sets

In his paper [36] Kurtz defined stopping times for martingales on directed sets. The way they
are defined, TLG’s are directed sets. We will state some of the results obtained by Kurtz
and apply them to the processes on TLG’s.

Let S be a directed set with partial ordering denoted by ¢t < s. That is, § is partially
ordered and for t1,1y € S there exists t3 € S such that t; < t3 and ty < t3.

Remark. Note that TLG’s satisfy this definition.

Let (2, F,P) be a probability space and let (F;);cs be a filtration indexed by S, that is
e (Fi)ies is a family of sub-o-algebras of F;

e t < s implies F; C Fs.
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A stochastic process X indexed by S is a martingale with respect to (F;)es if
E(X()]Fs) = X(s),

for all s <¢.
A S-valued random variable T is a stopping time if (T' <t) € F, for all t € S.

As usual we define
Fr={AeF: AN (T <t) e F,Vt e S}.
The following is the first form of the optional stopping theorem.

Lemma 4.18. Let X(t) be martingale and let Ty < Ty be stopping times assuming countably

many values. If there exists a sequence (t,,) in S such that

lim P(T, <t,) =1, (4.11)
m—r00
and
i E(X (t)] Lizy<0,0) = 0, (4.12)

and E(| X (Ty)]) < oo, then
E(X(T3)[Fr) = X(Th).

Remark. In a TLG with a finite number of vertices, we could pick the sequence t,, = 1. In

that case conditions (4.11) and (4.12) would be automatically satisfied.

In order to extend the result of Lemma 4.18 to general stopping times we need to make
some assumptions about the index set S and the process X. The assumption we make on S
is that it is a topological lattice.

Recall the Definition 1.33. of a topological lattice from Section 1.6:

A Hausdorff space X with some order "<’ is called a topological lattice if for x;,xs € X:
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e there exists a unique element x; A x5 such that

{reX: z<m}n{reX:z<m}={reX <z Axs};

e there exists a unique element x; V x5 such that

{freXz>nin{reX ze>n}t={recX x>z Va}.

and 1 Az and 7 V x9 are continuous mappings of X x X (with product topology) onto X.

If S is a topological lattice, note that this implies that the sets of the form [t1,t5] = {t :

t; <t <t} (intervals) are closed, and hence Borel measurable.

Definition 4.19. We will say that a topological lattice S is separable from above if

there exists a separating sequence {t;} C S, such that allt € S we have

t = lim t™
n—o0
where
t™) = min{t, : k < n,t, = t}. (4.13)

In Section 1.6 (see Theorem 1.34) we have shown that TLG* G is a topological lattice,
and clearly we can set {t;} to be the set of points with rational times.

The following is the main result for the martingales on directed sets.

Theorem 4.20. Let S be separable from above with separating set {t;}, Fy =\ —, Fym for

all t, and let X (t) be a martingale satisfying

lim X ("™, w) = X(t,w),

n—oo

for all (t,w) for which the limit exists. Let T} =< Ty be S-valued stopping times. Suppose

there exists a sequence (s,,) in {ty} such that

lim P(T5 < s,,) = 1,

m—r00
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and

lim (X (5,0) 1 7y<0,00) = 0,

m—ro0

and that E(| X (T1)|) < co. Then

E(X(T3)|Fr,) = X(T1).

The following theorem will translate the results we have into the ones of the process

indexed by time-like graphs.
Theorem 4.21. Let G be a TLG".

(a) Let X (t) be a martingale with respect to the filtration (F;)weg and let Ty < Ty be stopping

times assuming countably many values. If E(| X (T3)|) < oo then

E(X(T3)|Fr,) = X (T1).

(b) Let X(t) be a RCLL martingale with respect to the filtration (F;)ieg such that

Fo=()F. (4.14)

t<s

For stopping times Ty = Ty, if E(| X (T3)|) < oo then

E(X(T2)|Fr) = X(Th).

The key problem will be choosing a good filtration (F;)eg such that the (4.14) is satisfied.

4.4 TLG - valued stopping times

Let’s assume that (F; : ¢t € G) is a right-continuous filtration and X is an RCLL process
adapted to this filtration.

First, let’s define two random times that we want to make stopping times.



103

If 0 is a path in G, then clearly
Hj =inf{t € 0 : X,(t) € U},

where U is an opened set. This is a standard one-dimensional stopping time. A more

interesting example is

T5 :=inf{t € o: (I7 X t)(X (1) € U)}.
It is not hard to see that Hf < T7.
Lemma 4.22. T is an (F;) stopping time.

Proof. Let t € o, then by right continuity we have

(T < t) = D U x(s)ev)er.

n=1s<t—1 seQ

Where t — % is the point on o with that time, and s < ¢t — 1/n, s € Q means the point on

TLG G that is before t — 1/n and has rational time. If ¢ ¢ o then there exists
t” =max{s €0 : s <t}

Now, from the continuity of the filtration we have

(T < t) = (T7 =2 t°) = [()(T7 = t° + 1/n) € Fosap,
n==k

for all k € N. Therefore, the right-continuity of the filtration implies
(T5 <t) € Fro C Fr.
[

Let K be a compact set. We define T and Hf in the same way as we did 77 and H{.

We know from classical Markov processes that Hf, is a stopping time.

Lemma 4.23. T7 is an (F;) stopping time.
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Proof. Define U, = {x : d(z, K) < 1/n}. It is clear that K = (", U, = (o—, Uy, and also
it is clear that 77 < 17,,, < Tk Set T':=sup, 17 = lim, oo Ty . If T'> 1 then clearly

T% =T, on the event T' < 1 we have

lim X(T7,) = X(T),

n— o0

but then X(T) € U,, and hence
X(T) € K.

Therefore, T < T, and this implies 7% = T'. But we know that 7" is an (F;) stopping time,

and hence so is TF. [
Here are is a general result about stopping times.

Proposition 4.24. (a) If S and T are TLG* valued stopping times, so is SV T.

(b) If (T,,) is a sequence of stopping times then V2T, is also a stopping time.

Proof. We have

(\/fleTn = t) = m(Tn = t)>
n=1
and the claim follows. The case (a) is proved similarly. [ |

On the other hand, unlike in the classical case, the minimum of two stopping times
is not a stopping time. The following example will illustrate that. Let G be a TLG* like
in Figure 4.3. where to =0, t; = 1/3, to = 1/2, t3 = 1 and o3 is the bottom time-path, o,
the middle time-path, and o3 the upper time-path. Let Bf[b represent the Brownian bridge

starting at a and ending at b, and set

B t) te(1/2,2/3 BY t) t€[2/3,3/4
X, ()& Pimaplt) EEUZ2 oy a | Basanlt) EE /334
0 otherwise 0 otherwise
and let X, 20 (it can be any other Markov process consistent with the distributions of X,

and X,,).
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123

31

Figure 4.3: The red part of the graph is the part where Brownian bridges are defined,
everywhere else we set the process to be 0.

Let U = (1,00), and T} = H} and T3 = H}?. It is clear that T3 A T equals ¢; with

probability greater than 0. But the event

(T3 NTy =ty)
depends on events that happen after time 1/3, and it will not be contained in F,.
4.5 A simple coupling and branching process

In this section we will describe a simple coupling and branching process.
We are reconstructing the movement of two persons/objects, and we have the following

information

2 persons moving around;

(time ¢y = 0) started at the same time from point A € R

(time t3 = 1) stooped at the same time in point B € R?;

e we have an additional information that from time ¢, = 1/3 to time t, = 2/3 they

were moving together.
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Note, that we only know that the two persons were together in time interval [1/3,2/3], but
we don’t know anything about the locations they visited together!

We will model this as a process on a TLG. Let, G = (V, ) be given by

V= {to, t1,ta,t3}, & ={E}, E3, B, By, B3}

tO tl t2 t3

Figure 4.4: The blue path is indexing the movement of the first person, and red path the
movement of the second person.

Let o; = (E},, B, Fj3) for j = 1,2. (o is the blue path, and oy is the red path on
Figure 4.4.)

Now we set P to be the the distribution of the (two-dimensional) Brownian bridge from
A to B on [0,1] with variance 0. We define X on G to be a natural Mp-process.

Note, that X,, and X, are Brownian bridges from A to B with variance o, and X;, |1, 1) =
Xool[t1,t2]- Figure 4.5 shows a simulation of such a process.

Further, for this model we can calculate the expectations
E(X,, (1) = (tra + (1 = t)ap, tya + (L= t)y), J=1,2.

Also, it is not hard to calculate the covariance structure. The two processes have a known

covariance structure
! ! _ 2 _ C
COV(Xoj (Tl)7 Xcrj (7-2)) =0 Tl(l T2)7 jal - 17 27 1 S T2.
Since the all full-time paths have the same distribution we have that for 7 <9, and t; < 7

Cov(X. (1), XL, (12)) = Cov(X. (m), XL (r2)), i #J.
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Figure 4.5: Simulation of the simple coupling and branching process with o = 0.005.

04 06 08

TIME

The last case is when 7 < 7, are on different sides of a cell:

o2 12 (1—t1)
l l _ t1
COV(XUj (71)7 Xgi (T2>> o 0.2 (I=71)(1=T2)t2
1—to

T, To € [to, t1],

Ty, To € [tg,tg].
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Part 11

NATURAL BROWNIAN MOTION AND THE STOCHASTIC
HEAT EQUATION

In this part we study what happens (in some special cases) when the the process is

indexed by a time-like graph whose representation is dense in (a subset of) the t-z plane.

0
|
A .
in—t
I
-------- z
n-2"%

Figure 4.6: Index set: Honeycomb graph and a-rhombus grid

We will restrict our process to be a natural two-sided Brownian motion indexed by the
graph whose representation is a rhombus grid. Burdzy and Pal studied the same process
indexed by a honeycomb graph and found that (under certain scaling) when the mesh size
goes to zero, the covariance structure is non-trivial (see Theorem 6.1. in [7]). (See Figure

4.6.)

The images in Figure 4.8 show what happens when ratio of the half-diagonals is n~1/27% :
n~! for @ > 0. It turns out, in this case, the process in the limit only depends on the time
coordinate (¢) and not on the space coordinate (z).

For the limit case a = 0, however, the simulation (see Figure 4.9) indicates that the
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Figure 4.8: Scaled simulation of the process when the ratio is 1/n : 1/n, for n =
32,128,512, 0.

structure of the process in the plane is more complex. It turns out that the process in the

limit is the stochastic heat equation.

In this part we prove that these are the limits.
First, we introduce some results about maximums of Gaussian processes in Chapter 5.
Then in Chapter 6, we prove some general results about the (stochastic) heat equation, its

approximation by Euler’s method and the connections to the random walk.

After developing those tools, in Chapter 7. we prove the claims stated in this introduction

in Theorem 7.8.
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Figure 4.9: Simulation of a natural Brownian motion indexed by a rhombus grid where the
ratio is n="/2 : n~' and n = 1024.
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Chapter 5
MAXIMUMS OF GAUSSIAN PROCESSES

In this section we will review the

e bounds for the second moment of the maximum of a finite sequence of independent

Brownian bridges

e bounds for the second moment of the maximum of a finite sequence of (not necessarily

independent) normal random variables;

e concentration of the maximum of Gaussian random element in C'(K) for some compact

set K.
5.1 Sequence of Brownian bridges

For k =1,2,... we will denote (BY(t) : t € [0,1]) a Brownian bridge starting and ending at

0. (See Definition A.16.) We are interested in getting some estimation on moments of
M, :=sup{|B¥"(t)|: t € [0,1],k =1,2,...,n}.
In order to do this, we will estimate the moments of
M :=sup{BJ(t):t€[0,1,k=1,2,...,n}

M :=inf{Br(t):t€[0,1],k =1,2,...,n} = —sup{—BY(t): t € [0,1],k =1,2,...,n}.

Since, —BY" has the same distribution as BY", it follows that M, has the same distribution

as — M, .
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Now, since B (0) = B (1) =0, M7 > 0 and M, < 0. Further, it is clear that
M, = max{ M, —M}.

So if we find, a bound on moments of M," we will be able to find a bound on the moments
of M,,.
From classical results on boundary crossing probabilities for Brownian motion (see [33,

Karatzas, Shreve|, page 262-265), we have the following Lemma:

Lemma 5.1. If (W, :t > 0) is a Brownian motion starting at 0, then

P(max W, > B|Wr = a) = e 2B-0/T (5.1)

0<t<T

for T'> 0 and f > max{0,a}.

From the last Lemma we get what we need to calculate E(M?).

Proposition 5.2. (a) For the Brownian bridge BY" we have

P B (t) > B) = e 28,
(g% w(t)>p5)=ce

(b) If (BY) are independent Brownian bridges, the following equality holds:

—_

1 1
muﬁ%:1+— R (5.2)
n

[\)

Proof. (a) This follows from (5.1) when we set "= 1, and a = 0. (b) For this we first note
that, the independence of the sequence (BY)?_, implies
P(M;} > B) =1—P(M} <) =1-P(()(max B (1) < 5))
k

tefo,1
_, el

=1—[[P(max By (t) < 8) = 1 — [[(1 — P(max By (t) > §))

) te0,1
=1 k=1 [0.1]

Now, we get
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E(M;}?) = /0 " BP(M > 8)dB = /0 TR (1— ey dp (5.3)

Now, we will use some simple algebra,

Be_zﬁn — (1 — e 27%)n
1— (1= e 25

= Be P14 (1—e ) 4. 4 (1=,

BL—(1-e ) =

Using Tonelli’s Theorem the equality (5.3) becomes

i
L

2 * —22 026 _9g2 o2 1 1
B = [ 3 e - ) Z/ P =
since the expression under the last integral is the derivative of
(1 . 6—252)k+1
Ak
|
Recall, that for the harmonic sequence
k=1
we have,
Inn < H, <In(n+1). (5.4)

Corollary 5.3. The following inequalities hold for M, the mazimum of n independent Brow-

nian bridges

E(M,) < +/In(n+1). (5.5)

E(M?) < ZIn(n + 1) (5.6)
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Proof. From (5.2), using (5.4) we get

E(M) < VE(M+2) < % In(n + 1).

n

Now, using the fact that max{a,b} < a+ b for a,b > 0 we have, since M, and —M, have
the same distribution we get E(M,,) < E(M,F) +E(—M, ) = 2E(M,"). The inequality (5.5)
follows. The inequality (5.6) follows in the similar way. |

5.2 Sequence of normal variables

When we have several normal random variables, what can we say about the expectation of

the maximum of these random variables?

Let X ~ N(0,0%) for k =1,...,n, we are interested in the upper bounds for
E(max{|X1|,...,|X.|}),

and

E(max{|X1|2, SRR |Xn|2})

Using the result we got for the Brownian bridge we can get the upper bound.

Proposition 5.4. For (X;)}_, independent we have

E(max{|Xi|,...,|X.|}) <2 nax oy In(n +1) (5.7)
Emax{| X1|%,..., | X.|*}) <2 <II£1]§1<X 0,3) In(n+1) (5.8)

S

20 max

Proof. Let 04, = maxj<y<,0; > 0 and X = Xk. Now X} are normal random
variables with expectation 0 and variance at most 1/4. Hence, for each k = 1,...,n there
exists a time t; such that the variance of BY(t;) is the same as that of X}, where (BI)?_,

is a sequence of independent Brownian bridges starting and ending at 0. Hence, X, has
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the same distribution as BY(t;), so the distribution of max{|X7]|,...,|X’|} is the same as
of max{|B% (t,)],...,|B"(t,)|} and this is less than M, = sup{|BI(t)| : t € [0,1],k =
1,...,n}. So by (5.5), we have

E(max{|X{],...,|X.|}) <E(M,) < In(n+1).

Multiplying this with 20,,,, we get (5.7). Similar argument using inequality (5.6) will give
(5.8) ]

Now, we will deal with the case when (Xj)}_; are not necessarily independent. We will

do this with the help of a lemma that is due to Sidak (see [44]).

Lemma 5.5. (a) (Siddk 1967.) For positive numbers ci, ¢, . .., cp

]P)(|X1| S C1, |X2| S Co, ... |Xn| S Cn) Z P(‘Xl‘ S Cl)]P)(|X2| S Cg) c. ]P)(|Xn| S Cn).

(b) LetYy,...,Y, beindependent random variables, such that for each k =1,2,...,n Y} and

X} have the same distribution, then
E(max{|X1|,..., | X,|}") < E(max{|Yi],...,|Yal|}")

forallp > 1.

The proof of part (a) of this Lemma can be found in [44] or [40]. Part (b) is a direct
consequence of part (a).

As a consequence of Lemma 5.5 (part (b) for p = 1) and Proposition 5.4 we get the

following theorem.

Theorem 5.6. For (X ~ N(0,04))7_, (possibly correlated) we have

E(max{|X1|,...,|Xa|}) <2 max oy In(n+ 1) (5.9)
E(max{| X% ...,|X,[*}) <2 <1rgka<x U,%) In(n+1) (5.10)

A much general result (of the same order) can be found in the paper by Chatterjee in [9].
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5.3 Some concentration and convergence results

We will shortly state some concentration results taken from Chapter 3.1. of Talagrand’s

book [48], and apply it to the convergence of Gaussian processes.

Let B be a Banach space, and D some countable subset of the unit ball of the dual space

B’ such that
||| = sup | f ()],
febD
for all z € B.

We say that X is a Gaussian random variable in B if f(X) is measurable for every

f € D and if every finite linear combination

Zazfz(X)u
where a; € R and f; € D, is Gaussian.
Let X be a Gaussian, M = M(X) be the median of || X]||, that is M has the property
that
P(|X][ = M) >1/2 and  P([| X[ < M) > 1/2.

Further, set the supremum of weak deviations to be

o=0(X)= ilelgE[f(X)z]”z-

The following result is a Lemma 3.1. from [48].

Lemma 5.7. Let X be a Gaussian with median M = M(X) and the supremum of weak

deviations 0 = o(X), then

P X = M| > 1) < exp(—t2/202).

Corollary 5.8. Let X be a Gaussian with E[|| X ||?] < oo, then

P(| X > ¢) < 4exp (Wﬁm) . (5.11)
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Proof. Follows from Lemma 5.7 and the fact that o2 < E[|| X[|?] and M?* < E[|| X?]. [ ]

Let Y = (Y1,Y,,...,Y,) be a Gaussian vector with expectation vector 0, then since
B = R? is the Banach space with usual norm, and the set of projections D = {m, : k €

{1,2,...,d}} is a subset of B’ we have that

P(max [Yi| > ) < 4exp (21@[ - ) . (5.12)

1<k<n maxi<g<n | Yi|?]

It will not always be easy to get an estimate for E[max;<g<, |Y%|?], but when we do the

inequality (5.12) will tell us a lot.

Theorem 5.9. Let Y* be a sequence of Gaussian vectors (not necessarily of the same di-

mension) with expectation vector 0 on the same probability space, such that

C

E[||YF*|II2] < —
VAR < o

(5.13)
for some C' >0 and o > 0. Then

[V oo = 0 a.s.

Proof. 1t is easy to show that for sufficiently large k we have

2k 1
P\ "0 ) S

Now, using (5.12) and (5.12) the previous inequality for sufficiently large k gives

1
PV > ) < 7,

and hence

> P([YH)e > t) < 0.
k=1

Since this holds for all ¢ > 0, [|[Y*]|. — 0 a.s. |
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Corollary 5.10. Let Y* be a sequence of Gaussian vectors (not necessarily of the same

dimension) with expectation vector 0 on the same probability space, such that

BIIVHIL] < o (514)
for some C >0 and o« > 0. Then for 0 < f < a/2
Y oo = 0 a.s.
Proof. We see that for Z% = EPY* we have
EIIZ*1%) < s
Hence, since o — 23 > 0 by Theorem 5.9 we have || Z*||oc — 0 a.s. [ |

We can get similar results for continuous Gaussian fields.

Theorem 5.11. Let (2, F,P) be a probability space, K C R"™ be a compact set, and X, :
K x 0 — R have the following properties:

(1) For each v € K X,(x) is a Gaussian random variable.

(2) For each w € Q x — X, (z,w) is a continuous function.

Then if
E[|Xa]l2] <

)

C
ne
we have

1Xollo = 0 a.s. (5.15)

Further, for 0 < f < a/2 we have

| Xplee =0 a.s. (5.16)
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Proof. Let B = C'(K) with the usual |||/ supremum norm, and set D = {m, : ¢ € Q"NK}.
Now it is clear that X, is a Gaussian random variable in B, and since X, is continuous we

have || X, ||oc = SUPequak |7q(Xn)|, we have from (5.11) that

2k
B(|Xolloo > 8) < exp (—5 ) -

Using the same technique as in proof of Theorem 5.9 we have the desired results. [ |
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Chapter 6

RANDOM WALK AND STOCHASTIC HEAT EQUATION
REVIEWED

6.1 DModification of the Local Limit Theorem

In the rest of this chapter (S,) will denote the simple random walk, where S, = X; +
Xo+ ...+ X, (Xg) are i.id. and P(X; = +1) = 1/2.

First we introduce some notation. For a simple random walk (.5,,) we set

S
ph(x) = P(ZL =2), for z€ LF = {(k+22)/vn:2z€Z},
vn
and
Fa) = ! ex (—L)
where (o%)? = 7. The main result of this section is Theorem 6.3 which gives the bound on

the difference of p¥ and pF.
We will need the following two lemmas. The first lemma is a consequence of the inversion

formula for characteristic functions. (See [15].)

Lemma 6.1. IfY is a random variable with P(Y € a+ 0Z) = 1, and ¥ (t) = E(e™) is its

characteristic function, then

1 /0 —itx
PY = 0) = 5 /_ﬂ/ge o(t) dt.

The second lemma is a consequence of the Stirling formula.

Lemma 6.2. For k € N set )
/2
I ::/ cos®(z) dz,
0



there exists a C' > 0 such that

‘\/E[k_ g <

¢
.

Proof. From integration by parts we have

k—1

Ik = L Ik—27

and further we can calculate I; = 1 and I, = 7. Now, this recursion gives us

oo 2k 2%k-2 2 MR
Tk 1 2%—1 3 YT 2kt 1)
2%k—1 2k—3 3 (2k)!

Iy, = ST s

I — T
2k 2k—2 4 P 2%k(kl) 2
Using Stirling’s Formula (see for example Gamelin [22] page 368), i.e. the fact that

L= (™" 1 1
n! <€> 2n7rexp(12n+0(n3) ,

we have

2°V2k + 1(k!)? = MT(\/Q]{? + lexp ! + O( )
e2k 6k 8k3

et = (N Vava e (b o)
U e PA\2@k+1) 7 \8ks
and therefore
1 \*" I 1 1 1
V2k + 14 = (1 T 1) e\/;exp(6—k T BEkT D +O(k3)).
Now,
(2]{7 + ].)|\/ 2k + ]-IZk-i-l -\ 7T/2|
T 1\ 1 1 1
=2k + 14/ =1 - — I+ 1
(2k + )\/g ( 2k+1> U+ 5wy @)

oy

1 2k+1
1 —
(-me1) -

\/7 ‘2k+1 O(%)'

(6.2)

121



122

The second absolute value is clearly bounded. For the first absolute value we use the well-
known fact that if |ul, |2| < 1 then for m € N we have |u™ — 2| < m|u — z|. So, by setting

m=2k+1,u=1-(2k+1)"and z = e+ we have

1 2h+1
1-— — et
2k +1

< (2k+1)5

1
<(2k+1)|1 =z — e VEHD
= +)' k1 ©

1 1
(2k+1)2 22k +1)’
where the last inequality follows from the Taylor’s Theorem. Hence, the first absolute value

in (6.2) is also bounded.

Using the same methods we get the same result for (/o). [ ]

Theorem 6.3. There exists a C > 0 such that for any B(n) we have

n'/2 . C n
Sup sup |—/—p,\r) — p,\T < — )
Bm)<kzeck | 2 )=o) = 7 p(n)?
for all n.
Proof. Using Lemma 6.1. for § = 2/4/n and function
1Sk t

Yi(t) = E[exp(%)] = " (—=),
we have that / e
L, ! /_ ek (t/\/n) dt. (6.3)

2 ( ) 2w /12

The inversion formula gives that

1

pha) = 5 [ € exp(—(ob ) . (6.4)

From (6.3) and (6.3) we have

nl/2

— (@) = ph(@)

m/n/2
. <or [ V) - el Gk ) di

2 —m\/n/2

1 [ee]
+ - / exp(—(o¥)t?/2) dt.
T Jryn/2
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First, note that the right side the inequality doesn’t depend on x. Now by substituting
u = ty/k/n in both integrals, we get that the right side of the inequality is

n/k; 1 aVk/2 S
~— |z / 0¥ (u/VE) — exp(—u?/2)| du + / exp(—u?/2) du| . (6.5)
m 2 —W\/E/2 7T‘/E/z

For the first integral in (6.5), first note that ¢(t) = E(e"**) = cost, so since the function

under the integral is even we have

1 mVk/2 ) 7Vk/2 ,
5 /_W\/E/2 oF (u/VE) — exp(—u?/2)| du = /0 |o* (u/VE) — exp(—u?/2)]| du.

22

22
Further, it is not hard to show that e~z > cosx for x € [~7/2,7/2]. So, e~ % > cos(x/Vk)

for x in the bounds of the integral, and therefore

k)2 wVk/2
/0 0/ VR) — exp(—u?/2)| du = / exp(—?/2) — M u/VE) du,

and now right-side of (6.5) becomes

Valk | | vy du- / M VR du]

™ 0
i W\/E/2
= n/k \/f—/ cos® (u/Vk) du]
m 2 0
L [ w/2
= n/ \/f - \/E/ cos™(u) du] :
m 2 0
(651)%

From Lemma 6.2 we have that (6.5) is less than
C |n
T\ k3

Corollary 6.4. Iflim, . =0, then

B(n)?

nl/2
Tpﬁ(x) - P]:L(l")

lim sup sup =0.

0 B(n)<k zeLk
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Specially, in the case when $(n) =n, we have
nl/2

C
—pl(x) = piz)| < — =0,
Sup |5 Pa(x) = pn(z)| < —

as n — o0.
6.2 Approximations of the classical heat equation solution

In this section we will review the one-dimensional heat equation (mostly classical results that
can be found in books that deal with connections to PDEs like Karatzas and Shreve [33],
and some books on classical PDEs like Folland [18]) and develop more general results that

will later help us.

In this section we use the usual space-time (z-t) coordinate system. We are considering

the classical initial value problem

ow = %Qmw on R x (0,00),
(6.6)
w(0,z) = f(x)  for xe€R.
If we assume that f: R — R is a Borel measurable function satisfying
/ e~ | £ ()] dz < 00 (6.7)

for some a > 0. Then the solution exists.

Theorem 6.5. If the condition (6.7) is satisfied, then

o0

rweo (Z ) a e

w(t, z) = E(f(x + W) = / Ji_m

for 0 <t < 5 and x € R is the solution to the initial value (6.6). This solution has

derivatives of all orders. Furthermore, if f is continuous at x, then

lim  w(t,y) = f(x). (6.9)

(t:y)—=(0,2)
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Proof. This follows from the fact that the so called Gaussian kernel

(o) = o (5

x) = exp | — |,

' V27t P2

satisfies the heat equation. (This can be checked by a direct calculation.) The rest follows

from the dominated convergence theorem. [ |

The main question that will be of interest to us is: if f satisfies (6.7) and it is continuous,

for a simple random walk (.S,,) starting from zero is

E(f (S}/T%J —i—x)) — w(t, ), (6.10)

where u is given by (6.8) and how strong is this convergence.

It is clear from the definition of convergence in distribution and the Donsker’s theorem
that this convergence holds if f is bounded. We will show that this holds for a much wider

set of functions.

Lemma 6.6. (a) (HOEFFDING’S INEQUALITY) Fory > 0 we have

(I

where (S,) is a simple random walk.

> y) < 2e7Y/?,

(b) If T > 0 then for allt < T

for all y > 0.

Proof. (a) This is a well known inequality. For the proof see, for example, [29] or [8]. (b)
For |nt| = 0 the claim is clear. Otherwise, we have

S\nt) S\nt)
> —
P(| %] =) P(

v nt]

> Wﬁ).
~ V]
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Now, since
ywn oy oy oy
ni] © v ViD VT
we have
[nt] [nt] [nt]| — VT
and the claim follows from part (a). [

Sint)

vV [nt]

B(t) := SL\/’%J + (nt — |nt)) (SL\"/%H _ blL/r%J) .

Lemma 6.7. For any f continuous, a < b real numbers, and ¢ > 0 we have

Define B™ to be the linear interpolation of t , that is

E(f(

Sint) |y e (St Dot
NG + )ga,b(\/ﬁ))%E(f(Wt—i‘ )ga,b(Wt))

uniformly on compact sets in (t,z), where

(
1 x € [a,b],

x € la—e¢,al,
gi,b(x) =

x—b—¢ r € [b,b+€],
0 =xzdé¢la—eb+e].

Proof. Let K C RT x R be a compact set and define K := m(K) and K, := 7,(K). They
are also compact. Hence, the function h : R x K, — R given by h(u, ) := f(u+z)g; ,(u) is
a continuous function supported on a compact set (which is a subset of [a — ,b+ ¢] x K,).
Now, since K} is compact, there exists 7" > 0 such that K; C [0,7]. By Donsker’s Theorem
we know that B" % 1 on [0, T, hence by Skorohod’s Representation Theorem there exists

a probability space (Q, F, I@’) with random elements B" < B" and W < W such that

1B"(w) = W(w)l = sup |B"(t)(w) = W(t)(w)| =0,

te[0,7
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for all w € Q. Note that if we define
gtn = Bfntj/n’

S™ has the same distribution as S|,,;//n. Further, it is clear that

~ 1
S"—-B"| < —.
5"~ 5" < -

Therefore ||S™ — W"|| — 0. Now since h € C.(R?) it is uniformly continuous function, and

therefore
sup [(Sy,x) = h(W(t),2)| = 0,
(t,x)eK
Now
Sin . Sin .
B/~ + )00~ )~ BU Wi+ 2)gz, ()]
= ‘E[f(gf + x)gib(gtn)) — f(W, + x)gib(Wt))H
<E| sup [h(S} @) = h(W (1), )]
(t,x)eK
The convergence follows from the dominated convergence theorem. [

In order to get (6.10) we have to make some mild assumptions on f.

Lemma 6.8. Let f : R — R be a continuous function such that there exist C > 0 and a

locally integrable g : Rt — R with the property

||
U@W§C+A 9(y) dy. (6.11)

for all x € R, and
/ g(y)e VD dy < oo, (6.12)
0

for some T > 0. Then there exists M > 0 (that depends on C, g and 7) such that for all

t<T1andalln
(| (Syuy V) 2] < M. (6.13)
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Further,
/ |f(z)]e™*"/C) dz < oc. (6.14)

[e.e]

Proof. We set G(z) := [ g(y) dy. Now,
E[|£(Spes/vP)2] < C + E(G(|Sy/v/n]))
<C+ IE(/OOo 9L y<18 0y /v W)
=C+ /Ooog(y)E(1<y<sM/ﬁ> dy
— O+ /Ooog(y)msw/x/ﬁl > y)dy
=C+ /Ooog(y)P(\SLntJ/\/ﬁl > y)dy
=C+2 /Ooog(y)e_yz/@” dy =: M.

For (6.14) we first show a similar results using the same arguments. Let X ~ N(0, 7). Then
P(|X]| > z) < 2e**/7) Now,
/ |f (@)™ da = Vor - TE(| f(X)])

—00

<V27r7(C +E(G(X)))
= OV2r7 + V2r7E(G(X))

= CV2rT + \/27T7'/ g(y)P(|X| > y)dy
0
=CV2rT + 2V 27TT/ g(y)e_yQ/(zT) dy
0
= MV2nT.

Now, it is clear from Cauchy-Schwarz inequality we have that

0 , S 1/2 0 , 1/2
/ |f(z)]e™ /(QT)sz(/ e /(27’619:) (/ [f ()%™ /(2T’dx)

=V2rTM.
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Remark. The conditions (6.11) and (6.12) given by the previous lemma are satisfied by a

wide family of functions. For instance, if for o > 1 we have

lim sup |f(ya)‘ =L <

Then there exists a C > 0 such that

|f(y)] < C+ Llyl|%,

for all y € R. Now, the function g(y) := ay®~' satisfies (6.11). Further, since the normal

distribution has all the a-moments for o > 1, g satisfies (6.12).

Theorem 6.9. Let f : R — R be a continuous function and a < b finite real numbers, such

that there exist C' > 0 and a locally integrable g : RT™ — RT with the property

||
sup (f(z+7))* < C+/o 9(y) dy,

réela,b]
for all x € R, and
/ g(y)e /@ dy < oo,
0
for some T > 0. Then for all r € [a,b]

Sint|
\/ﬁ

as n — oo where t < 17 and w 1is the solution to the initial value problem (6.6) given by

E(f( +7)) = w(t,r), (6.15)

w(t,x) = E(f(z + W)).
Further, the convergence in (6.15) is uniform on [0,7) X [a, b]

Proof. From Lemma 6.8. and Theorem 6.5. we know that w(-,-) is the solution to (6.6).
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From Lemma 6.8. applied on the function f(- + ) we know that for each K >0

|EV53§+wx1—fxxﬁyg»nsv&uxig¢+maﬂal—fxﬂf”“»2

N4D

\/ﬁ
< /MBI /v > K)

Sin
< \/E(f( L 2B (L5, vl 1)

2

K
< \/2]\4exp(——2 ).
T

Pick € > 0, then there exists K > 0 such that

LAY 4 r)(1 = o el < e/

for all n and in the same way

[E[f(x+ W) (1 = ¢" g x(W)]| < /3

. Finally, using Lemma 6.7, « = —K, b = —K we have that for sufficiently large n

Sin
B/ (- + 7)) —witn)] <&
[ |
6.2.1 The case when a > 0
In this subsection we will show that for o« > 0
S\t
E(f /2ta +x|)— f(x), (6.16)

and uniformly for (¢, x) over a compact set.

Lemma 6.10. If 7 > 0 then for allt <7

"

S\nt)
nl/2+a

> y) < 9 v/07)

for all y > 0.
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Proof. 1t is not hard to show that

Sint] Sint]
{ e | 2V S || 2 Y
and the claim now follows from the result of Lemma 6.6. part (b). |

Using exactly the same argumentation we get a version of Lemma 6.8:

Lemma 6.11. Let f : R — R be a continuous function such that there exist C' > 0 and a

locally integrable g : Rt — R with the property

||
uquc+A 9(y) dy, (6.17)

for all x € R, and
/ g(y)e‘y2/(2T) dy < 00, (6.18)
0

for some 7 > 0. Then there exists M > 0 (that depends on C, g and T) such that for all
t<T1andaln
B[ f (St /0?2 < M. (6.19)

Now, under similar conditions as in Theorem 6.9, we have:

Theorem 6.12. Let f : R — R be a continuous function and a < b finite real numbers, such

that there exist C' > 0 and a locally integrable g : RT — RT with the property

||
sup (f(z+7))* < C+/o 9(y) dy,

réela,b]
for all x € R, and
/ g(y)e 7 dy < oo,
0
for some T > 0. Then for all r € [a,b]

B((S8 4 1) = (), (6.20)

as n — oo where t < T Further, the convergence in (6.20) is uniform on [0,7) X [a, b].
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Proof. Let € > 0. The function f on [a — 1,0+ 1] is uniformly continuous, and hence there
exists 0 € (0,1) such that for all y,y/ € [a — 1,b+ 1] if |y — ¢/| < 6 then |f(y) — f(¥/)| < e.

Now,

S nt S nt
(s + 1) - S0 < |G +) - 0

<E

1(|StntJ/n1/2+a| < 5)

Snt
f (e + 1) = ()

- -

Hf (S84 1)~ ()

by uniform continuity of f, and triangle inequality we get

(S /2] > 6)] ,

Snt nt nt
covn i ool io o] v Sz

By Cauchy-Schwarz we get
1/2 g
P2 = 00 4 (s £)]) PSS > n09),

y€la,b]

2

<e+E

St
i

Using Lemma 6.11 for the function f(-+r) on the expectation, and Lemma 6.6. part (b) on
the probabilities, we get

—n2as? —n2es2
< e+ MY2V2exp( )+ ( max |f(y)] ) - 2exp( ).
4 yelab] 2
Note that the bound doesn’t depend on ¢ or 7, and we have
fim sup sup [E(F( 2L 41)) — £(r)] < ¢
n—00 t,r n1/2+a -
Since, € > 0 is arbitrary the claim follows. [ |

6.2.2  Summary

Theorem 6.13. Let f : R — R be a continuous function and a < b finite real numbers, such

that there exist C' > 0 and a locally integrable g : RT — RT with the property

||
sup (f(z+1))2 < C + / g(y) dy,

réela,b]
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for all x € R, and
/ g(y)e™"/) dy < oo,
0
for some 7 > 0. Then for all r € |a, b
S\nt)
E {f <n1/2+a +7")} — wu(t,7), (6.21)

as n — oo where t < 1 and w, 1s the solution to the initial value problem given by

0, a>0
8twa =
%&mwa a=0

wa(0,7) = f(x)

Further, the convergence in (6.21) is uniform on [0,7) X [a, b].

6.3 Euler method for the stochastic heat equation

Let u be the solution to the heat equation
Ou = BOpu + f. (6.22)

Now, we discretize this equation at the point (¢, z)

wn(t ) ~ u(t + At, x) — u(t, 93)7

At

u(t,z + Ax) — 2u(t,x) + u(t,z — Ax)
(Az)? ’

where At and Az are small and positive. So equation (6.22) becomes
BAL BAL
(Az)? (Ax)?

Now, if we set ¢, = kAt, z, = kAz, for k =0,1,2,..., and if we replace u(t;, z;) by U,z

Uz (t, T) A2

u(t + At, z) ~ (u(t,z + Az) +u(t,x — Az)) + (1 —2 Ju(t,x) + Atf(t, x).

and f(t;,zx) by f,f, we get

U = (Ui + Uly) + (1= 29)U0 + (A

__ _BAt
= Qor

where s

Further, if the equation (6.22) has
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Lo Iy L2 L3 Ty

Figure 6.1: Euler method

(a) initial condition u(z,0) = g(x);
(b) 0-boundary condition «(0,t) = 0;
then we set
(a) initial condition U = g(xy);
(b) 0-boundary condition U = 0.
The given scheme is called the explicit Euler method for the one dimensional heat

equation. It is stable if s < 1/2. (See [26].)

We are interested for the Euler method in the case of the stochastic heat equation

1
81&7) - iﬁxxv + W7

with initial and boundary value conditions v(0,z) = 0 and v(¢,0) = 0. We will look at the
method when Az = n™"/2 and At = 1/n. In this case s = § and Euler method looks like
this

. 1 . .
Vit = 5 (Vi + Vi) + ?W(Rﬂg), k>1,7>0 (6.23)



135

Figure 6.2: Rectangle Rjy,

where R, = [xr_1, Tp11] X [t;,t;41]. We will work with the case when VOj =0 and V? = 0.
(Initial and boundary value conditions are 0.)

It is not hard to get the following result.

Lemma 6.14. The solution to the difference equation (6.23) with initial and boundary con-

dition 0 is given by
Vi

\/ﬁ j k+j 1
= Z Z ( n(tj—tj,) +xp = l’k') - P(%Sn(tj—tj,) + o, = —xk’)) W(Rj’—l,k’)

l 1 kl
(6.24)
J ktg
n /
:% Z Z Sj—j =k — k) =P(Sj—y = =k = K')) W(Rj_1). (6.25)
j/ 1k'=

Remark. Note that j — j' and k — k&’ have to be of both either even or odd. Otherwise,
P(S;_j =k — k) = P(S;_;y = —k — k') = 0. So in the upper formula the only use the
rectangles Rj_; s where j —j' =k — k' (mod 2).

Having in mind this remark we will focus on lattice points that are in the same class as
(0,0):
Ly =A{({tj,xx) : k,j >0, j =k (mod 2)}

(Points in £f are marked with e on Figure 6.1.) Note that if (¢;, z;) € £y thenif (¢, x) ¢ Ly

then
1 1

(\/7 n(tj—t;r) +$Ck—xkf)—IP’(%

Sn(tj—tj/) + T = _Ik/) - 0
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Also, note that if |k' — k| > 7 — j’ then the previous equality also holds.

Our aim is to show that for a compact set K when n — ooto discover the rate of

convergence to 0 of

sup{\ij —v(tj,zp)| = (tj,zx) € KNLYY,

where v is the solution to the stochastic heat equation with 0-boundary and O-initial condi-
tion. Recall (see §A.6), that the solution to the homogeneous stochastic heat equation with

0 initial and boundary conditions is

le—y|? lz+yl2

e 2= — e~ 2(ts>) W(ds, dy).

wn= [ = /..

Note that for (¢;,x) € L, j, k > 0 we have

J

: NG 1 1

Vlg = E E 7 P(%Sn(tj—tj/) + T = [L'k/) — P(ﬁsn(tj_tj’) + T = —[L’kl) W(Rj’—l,k’)
j'=1 (tj/,l‘k/)EEg

where R; = [tj,t;41] X [, x1]. (Notice, that in the case when k" = 0, the expression in the
sum is equal to 0.)

Note that (see Figure 6.1)

U U Rioiw =10,;] x [0, 00],

J'=1(t ) ELY

therefore
V;‘k - U(tj> Ik)
=1 (t o :L‘k/)E,C

1 1
(P(%Sn(tj—tjl) +ap = ap) — (\/—

1 T \zkmz
_— (e Wj=s) g 2ty=s )W(ds,dy).
t; —s)

n(tj—ty) T T = —Ik’)> W(Rj —10)—
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Since E(V} — v(t;, z;)) = 0, for the variance we have

E[(V} — v(t;, zx))’]

J

/ P(ﬁsn(tj—tj/) + Ty = xk/) - P(%Sn(tj_tj’) + Tk = _.:Ck/>
lefl,k:’ 2/\/ﬁ
1 _lze—yl? _lzptul? ?
_ (e 2-9 _ o 2(tjs)) dy ds (6.26)
27T(tj — 8)

6.3.1 Convergence of the Fuler Method
The main result of this subsection is the following,

Theorem 6.15. There exists v > 0 and I' > 0 such that

r

E[(v(t;, z) — V7)?] < —

This rate will help us to prove the convergence of the Euler method.

Recall from (6.26) that

Joro L2 (e mn) 2 (Gt =)

2 2 2

1 eyl _lzptyl

. (6 2(t;—s) __ e 2(t;—s) ) dy dS
27T(tj — 8)

We will decompose our sum over j’s into two sums:

i = >+ > (6.27)

'—=1 j_j/<n1/3+a j—j’2n1/3+a

<
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where o > 0 is some small positive number to be determined later.

2.2

j—g'<nl/3te (ty,ap)ELy

Joro L2 (e mn) 2 (Gt =)

2
1 _ =g~y _\xk+y\2

2
Ty <e -9 _ ¢ 2%5))] dy ds. (6.28)

2n(t; — s

From the inequality (a + b+ c+ d)?* < 4a® + 4b* 4+ 4¢® + 4d?, so we have that the sum (6.28)

is less than:

2.2

j—g'<nt/3ra (tx)eLy

S )

n
2 ey eptyl?
_l_
g J

— (e =) fe @) )] dy ds. (6.29)
It is not hard to see that using sub-additivity we have

)

» m(t

2
Z P (S\J/_ﬁ], = :l::(fk/ — LL’k) S Z P (S\j/j/ = :l::(fk/ — S(Zk) S 1.
n

(tj/,mk/)eﬁg (tj/,mk/)eﬁg

Therefore

S B )

()Sj—j’<n1/3+a (tj’ ,wk/)eﬁg

4
gﬁnlma = 4no 1/, (6.30)
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Further

e ty?

Z Z / =) e =) dy ds

j—g'<nt/3te (tyx)ELY 1,k

_leptyl® i [ 2 _leptyl®
:/ / e =9 dy ds </ / e =) dy ds
tjx 0 ﬂ-(tj - 8 tjsx —00 ﬂ-(t] - S
b2 1 8 [i—Jr
= s = — 1/t — = — : (6.31)
/tJ V(t; — s) Nz AV n

where j* + 1 =min{j': /> 1, 0 < j — j' <n'/3t°}, so the sum (6.31) is less than

8 [nt3te 1 \/—
B (e ne=2/3 4 (6.32)
\/7_T n

Hence, from (6.30) and (6.32) the sum (6.28) is bounded by

Ane-1/6 4 % /Y a— (6.33)
™

In order to estimate ) ; .-, a+1s - part of the sum (6.27) we first need to do some

i=i
estimates on the gradient of the function

Fltz) = — exp (-M)

2 (t; —t) 2(t; —t)

for (t,z) € [0,t;) x R.

Lemma 6.16. (a) For fired t < t; we have

1 1 (1= (t; —t))e 3+t =)
7T(tj - t)3’ 2€(t]’ — t)2’ 27‘(‘(1’;]. — t)3 } : (634)

sup | Vs, F(t, )||* < max { 3

z€eR

(b) For A > 0 there exists a constant Cy (depending only on A) such that for0 <t <t; < A
we have

Ca
V.. F(t )| < —2 .
ilég H t, ( LU)H (tj . t)3/2

Proof. (a) By doing taking derivatives we have

D(t,x) = |VeoF(t,2)|* = (B F (8, 2))* + (0:F (¢, 2))* =
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—a)? | 1 1 —2)?\° 1 (v — )’
N et e Bl RO k. i
tj —t 87T (t] - t)3/2 (tj - t)5/2 27T (tj — t)3
It is clear that lim, .., D?(t,z) = 0, so there exists a maximum, and it is obtained at the

zeros of 0, (D?(t,x)) =

()@ =) = (G =) (@ —2p)* = (Bt — 1) —4(t; —1)*) (v — p)°
etz o (-i280).

If we set © — x, = 0 we get D*(t,z) = (8n(t; — ¢)®)'; for (z — x)* = (¢; — ¢) we have
D?(t,z) = (2e(t; — ¢)*)71; for (x — xy)? = 3(t; —t) — 4(t; — t)? (note that this may not be

(1 (t; —f))e~ B+t =)

solvable) we have D?(t,x) = Sy )7

. If we can solve the equation in the last case

then we have an equality in (6.34), otherwise we have an inequality.

(b) Since (t,t;) + (1 — (t; — t))e >+~ obtains a maximum M, on the compact set

0, A]*, we have

<24
1 t,—t
(t; — tf’fﬂlég IV F(t,2)|” < max{g—, JQ—e Mat.

Corollary 6.17. For0 <t <t; <A and0< L <U we have

Ca
sup  sup ||Vi F'(t2)|| < —%-
L S IVeoF' (¢ 2)|l < 7575

We now have everything we need to estimate Zj_j,>n1/3+a - part of the sum:

2.2

J—g'>nt/3ta (tx)eLy

Joro L2 (e mn) 2 (Gt =)

1 _lzg—yl? _lzgtyl? 2
_—) <6 2= _ ¢ 2(tjs)) dy ds (6.35)

2n(t; — s
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We first give an upper bound for

(5 ) o ()

1 _lag—yl? eptyl?
- - (6 20t5-9) _ ¢ 2(tjs)) (636)
27T(tj — 8)
where (s,y) € Rji_1 . By triangle inequality, expression (6.36) is less or equal to
|z —x .,\2
@]P) <Sj—j’ — Ty — xk) . ;e_ 2(ktj7§j,)
2 \/ﬁ 27T(tj - tj’)
£ T ,\2
Vg <Sa-—jf S ) L1 e
2 \/ﬁ 27T(tj - tj’)
1 —7‘%7%"2 1 ey
T 7 ) N S O
1 _\wk+wk/\2 1 _\wk+y\2
+ | ————=e "+ ——e Y|, (6.37)
2(t; — ty) 27 (t; — 5)

The first two terms in (6.37), by Theorem 6.3, are less than n% By mean-value theorem,

the last two terms in (6.37) are less than

sup (Ve F (s, )14/t — )2 + (wx — )2,

(s,y)ERj/,Lk/

and by the definition of Rj_1x = [tji_1,tj7] X [Z@—1)r0, Th11], this is less than

Cy 1 1
L 2 _ 2 o . _
( sup Hvt,ms,y)n) Y=o+ m—yrs s+ 0

tj —tj/ Stj—sgtj —tj/71
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1/3+«

Now, for j — j' > n we have

Siy Sy
Z / {g(]}p( J—J :[L’k/—xk)_]P)< j—j :_xk/_xk))
(tjrmpr)ELY Rjr_q wr \/ﬁ \/ﬁ

1 _le—yl? legtyl? ?
- (6 2tj=s) _ o 20t—s) ) dy ds
27r(t» —3)

(Gl S) %

(tj/,zk/)eﬁg
Sj—j' ) (Sj_jr ))
= X — Tk —]P = —T — T}
/R/ o ( ( Vn NG

_‘zkfy@ _ |z, +ul?
e e Q(tjfs) —e 2(tj75)
27T(tj - )

First note, that we have

dy ds (6.38)

I

3 =1,

@p (SJ—J’ _
(tj/,mk/)eﬁg 2 \/ﬁ

1 S. 1
<Z i=i’ _ L <2 .
e Z) UIP ( N +15, xk) <- (6.39)

Further,

Z dy ds
L)

1 _log—yl? _legtyl?
m(t; — s
(tjr,epr)EL J

7! o 1 _\wk*y\Q _\zk+y\2
< / | e 2W=s) _ g 20t;-9)
tj/71 0 27T(tj — S)
/tj/ /oo 1
< S —
tjr—q J =00 \/ﬂ

—t ;o t]/_l =

R‘]‘,*l,k,

dyds

|zg—y|?

2579 dyds

3|}_.

(6.40)

Using triangle inequality the expression (6.38) is bounded by

3
vV 24+ — )=
<(]—])3/2 nn +n30‘)n
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Finally, the > rspat1/s-part of the sum is less than

3C' 1 1 3C
Z (j — j/)3/2 E+ +n3a+1 :

j_j/Zna+1/3

J=3

Since the sum goes over j’ with the property n®*'/3 < j — j' < |nA] < nA we have

o 1 3A
< ——dh+ — =
o La+1/3_1 h3/2 + n3®
3A
(na+1/3 o 1)—1/2 + @ (641)

Now, from (6.33) and the last bound we have that

8 3
BV = olty 20))") S 4n® 0+ J2 /e et (0 - )T o

Set v := min{1/6 — «, 3}, where a > 0 such that v > 0. Then there exists I' > 0 (that
depends on ) such that
E[(V] = v(tj,a))’] <

J

This discussion proves Theorem 6.15.

Now from Theorem 5.6 (inequality (5.10)) we know that

r
E[  sup |ij — vty )] < 25 In(n*2AB + 1). (6.42)

(t]‘,mk)eﬁgﬂK
since |£p N K| < [nA] [vnB] < n’/2AB.

The following shows th convergence of the Euler method.

Corollary 6.18. Using the same notation as before we have,

sup |ij —v(tj,zx) =0 as n—o0 a.s. (6.43)
(ty o) ELENK
Further for B < /2,

n®  sup |V]k —o(tj,zp)| =0 as n— o0 a.s.
(tj,mk)eﬁgﬂK
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Proof. Since {V} — v(t;, i) : (tj,x,) € L§ N K} is a family of Gaussian random variables,
by Theorem 5.9 the inequality (6.42) implies (6.43).
The second inequality follows from the fact that for every € € (0,~) there exists C' > 0

such that
C

ny—e’

L In(n*?AB) <
ny

By using Corollary 5.10. we get the desired result. |

6.4 Convergence of interpolation of the Euler method

We know the values ij at (t;,z) € L{ and we want to approximate the solutions to the
heat equation on the rest of the plane.

We are doing the interpolation in the following way:
e We do a linear interpolation between points (¢;, zy) and (¢;41, zx41) for all (¢, zx) € Lf.

e We do a linear interpolation between points (¢;, ) and (¢;_1, xx41) whenever (¢;,zy),

(tj—1, zr11) € L7
e We set all values on = and y axis to be 0.

e Finally, each point (¢, z) is linearly approximated by the values (t,z_) and (¢, z,) the

closest points previously defined with respect to the z-coordinate.

In this way we obtain the approximation V,,(¢, ) of the stochastic heat equation on Ri,
and we want to show convergence to u on compact sets, where

_lz—y|? _latyl?

e 20t-s) — ¢ 2(t8)) W(ds, dy) (644)

v(t,x)zfotﬁfw<

We will show that for a compact set K C R? we have

sup |V (t,z) —v(t,x)| — 0.
(t,x)eK
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Figure 6.3: Interpolation

Theorem 6.19. For a compact set K C Ri we have

lim sup |V,(t,z) —ov(t,x)|=0 a.s.

=0 (1.x)eK

Proof. Pick K, and then pick K, = [0,a] x [0,0], such that
sup{z : (t,z) € K} < a,

and

sup{t: (t,z) € K} <b.

For large n, the points £ N K, will be enough to calculate the value of V;, for all points on
K.

V,, at point (¢, x) can be written as a convex combination of the values of the four points

in £ that make the rhombus in which the point is. Therefore
Va(t,2) = a1V + oV + e VIR + au Vi,

where a; + ag + a3z + a4 = 1 (one or more of «;’s will be 0).
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Now,

Vo(t, x) = v(t,x) = an (VI — oty an)) + ao(ViT? = u(ty, 2r42)) + as(VEE — o(t), 2142))

4(ng— v(tj—1, Tr1))
+ ay(v(ty, zp) —v(t, z)) + aa(v(t;, Tpra) — v(, 7))
+ as(v(t), Tpro) —v(t, 2)) + au(v(tj—1, Tp1) — v(t, x)).
Not that v is a continuous function, and K, a compact set. Therefore, u is uniformly
continuous on K. The distance between (¢, ) and points (¢;, k), (tj—1, Tkt+1), (tj+1, Tit1)
and (t;, £42) goes to 0 uniformly. So, by uniform continuity for any ¢ > 0 we have |v(t,, ) —
v(t,x)| < e, when the distance between (., x,) and (¢, x) is less than some 0.

Hence, for a large n

sup |V (t,x) —v(t,x)] < sup |V —v(tj, zp)| +e.
(tﬂ?)EK [, NK4p

When n — oo we have, by (6.43)

limsup sup |V,(t,z) —v(t,x)| <e.

n—oo (t,x)eK

Finally, since ¢ is an arbitrary positive number, the claim follows. |

We have shown that the Euler method converges uniformly on compact subsets R to

the stochastic heat equation.

Proposition 6.20. For each n let (E7,) be an i.i.d. sequence of N (0, %), and

1 .
VI = SO+ V) + By 52 0k> 1,
with ;) = 0 and Yoj = 0. Then the described interpolation ?n(t,:z) converges in distribution
to the solution of the stochastic heat equation

U = %'Uxx_‘_w
U(Oa ) = 072}("0) =0
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6.4.1 Fuler method with weaker noise

We finish the study of Euler method by looking at the case when the noise is weak, so that
in the limit it has no effect. What happens if E7, would be distributed as N(0, m)
in Proposition 6.207 If we have noise with slightly lower variance, would we still have

convergence. It turns out we would and that convergence would be to 0.

Lemma 6.21. Let a > 0. For each n let (E), : k= j+ 1 (mod 2)) be an i.i.d. sequence of
N(O, m), and

Yj+1 (Y] 1 + ij 1) + Eﬂﬁ .] Z 07 k Z 17 (645)
k+

with Y? = 0 and Y = 0. Then for all0 < a < 14 2a,b > 0 and A, B > 0 there ezist T > 0

and vy >0
such that
F
E sup V2| < — (6.46)
§<Ane,k<Bnb n
Proof. 1t can be shown that
J o k+j
ZZ Sj—gr =K — k) = P(Sj_y = —k = K) Eji_y 0
/ 1 k/

is a solution to (6.45), where (.5;) is a simple random walk. From the fact that E7) are i.i.d.

we have
J o k+j 1
/ 1. 1.\)\2 -
Z:M/Z: Sj—jr =K — k) =P(Sj—jr = =k — I)) Jani/2ta’

Since |]{3/—]{5| < |]€/—|—]€‘, we have 0 < P(Sj_j/ = ]{Zl—k)—P(Sj_j/ = —]{7—]{7,) < P(Sj_j/ = ]{Zl—]{?),

and so
Jj o k+j

E(Y)? <ZZP Siy =k — k)’ \[n1/2+a

/ 1k/
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Now, it follows from the properties of the random walk that
]P)(Sj_j/ - ]{?/ - k)z - ]P)(Sg(j_j/) - S(j—j’) - —(]{7/ - k))P(Sj_j/ = ]{7/ - k) -

= P(Sa—j) = SG-iny = —(K' = k), Sj—jr = k' = k) = P(Sy—j1) = 0,8y = k' — k).

Furthermore,
k+j k+j
Y Py =K =k =) B(Sayyy = 0,855 =k — k)
k'=1 k'=1

<D P(Sagoyy = 0,855 = K — k) = P(Sa;_j0) = 0).

If 7 < An® by Stirling’s formula we have

An® An®
; 1 Z 1 Z 1
\/§n1/2+06 j/:1 \/§n1/2+a j,:1 A /ﬂ'j

The last sum can be bounded by 1 + flAna % dt = 2v/ An®. Hence, there exists C' > 0 such

that
2y Ano@ B Cv2A

1\ 2
E(ij) < C\/§n1/2+a o nl/2+a—a/2"

Now, by (5.10) we have

Cv2A

| ST 5 ab

. jSAnS;l]?anb ‘ij| < nl/2+a—a/2 ln(ABn + 1)'

Now, for any v € (0,1/2 4+ o — a/2) there exists I' such that (6.46) holds. -

Proposition 6.22. Let ij be as in the previous Lemma. t; = jn~' and x), = nl/%’ and
set L = {(t;,zr) : k = j (mod 2)}, if we define V,,(t;,zx) for (t;,x) € Ly to have a value

ij, and do the interpolation described in §6.4, V,, converges in distribution to 0.

Proof. Let K be a compact set, there exists A > 0, B > 0 such that K C [0, A] x [0, B], the
value maxg qyex Vn(t, ) is obtained at some point £§ N [0, A] x [0, B]. Now, from Lemma

6.21. and Theorem 5.11. the claim follows. [ |
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6.5 FEuler method with initial value condition and no external noise

We saw what happens with Euler scheme when the external source is replaced by noise.
In this section we shortly comment what happens with the Euler scheme for the heat

equation with no external force and a non-zero initial value function:
Wit = (Wﬁfuwl) k>1,5>0 (6.47)
We will work with the case when W{ = 0 and W2 = g(xy).

In order to simplify our work we will set W°, := —I/?. In this way we don’t have to

think about the boundary condition Wg = 0, because it is easy to show that the scheme

Wittt =lwl 4+ W), keZ,j>0
k 2 Wi k-1 (6.48)
WIS = f](l’k) ke Z.
Where g(z) = g(z) for > 0 and g(x) = —g(—=) for z < 0.
With this setup the following lemma holds.
Lemma 6.23. For the scheme given by (6.48) we have
S; k

we=ela ()

Under some mild properties on g we have that the Euler method converges to the heat

equation

;

Ow = Oppw on R x (0, c0),
(6.49)
w(z,0) =g(z) zeR.
It is well-known that u restricted to R* x (0, 00) is the solution to

(

Ow = Oppw on R x (0, c0),

w(z,0) =g(z) zeR, (6.50)
w(0,t)=0  t>0.

\
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Lemma 6.24. If g : Rt — R is continuous and we have

lim sup l9(z)]

r—00 |513'|

< 00, (6.51)
then for a compact set K C RT x [0, 00) we have

lim  sup  |w(wg,t;) — Wl =0,

200 (m,t5)ELENK

where W} is the solution to (6.47) and w to (6.50).
Proof. First, note that there exists L, C' > 0 such that
9(@)? < Liaf* + C.
Further we have |§(z)|? < L|z|* + C, and now for any a < b we have

||
sup |g(z +r)]* < 2Lmax{|a|?, |b]*} + 2L|z|* + C = 2L max{|a|?, |b]*} + C +/ 4Ly dy,
0

réela,b]

for all z. Also, we have
o 2
/ Lye_gT dy < oo
0
for all 7 > 0. For a compact set K C R x [0, 00),there exists 7 > 0 and a < b such that

K C[a,b] x [0,7), hence Theorem 6.13 implies that

lim sup W] —w(x;,t;)] = 0.

n—o0 (rmtj)EﬁHﬂK

Where W/ is the solution to (6.48) and w to (6.50).

It is now clear that the result follows. [ |

We can interpolate {W/ : (w4,t;) € L2} as in sections 6.4 and 7.2 to obtain a function

W, (x,t). The following can be shown using the same techniques.

Theorem 6.25. Let W, be the interpolation described in 6.4 of the Fuler method, and w
the solution to the equation (6.50) where g satisfies (6.51). Then we have

lim W, = w,
n—00

uniformly on compact sets.
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Corollary 6.26. If we set g(z) = B(x) where (B(z) : x > 0) is Brownian motion, then for
W, be the described interpolation of the Fuler method, and w the solution to the equation
(6.50) we get

lim W, = w,
n—oo

uniformly on compact sets almost surely.

Proof. Follows from the strong law of large numbers for the Brownian motion since

L 1B@)

=0a.s

Now we can apply Lemma 6.24, and all the results after. [
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Chapter 7

LIMIT OF THE NATURAL BROWNIAN MOTION ON A
RHOMBUS GRID

7.1 Natural Brownian motion on a rhombus grid

We will investigate the process on a rhombus grid where the ratio of diagonals depends on

n. A natural question is what happens when n — oo.

~Y

Figure 7.1: a-rhombus grid

Definition 7.1. We will call the TLG* G the (a, n)-rhombus grid if the plane is divided into
congruent rhombuses, diagonals of which are parallel to the x and t axis, the length of the
half-diagonal parallel to x is % and the length of the halt-diagonal parallel to t is nl/;?ﬂ” and
there is a rhombus that has vertex (0,0). (See Figure 7.1.)
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Remark. In our representation the vertices are represented by the set, where t; = gn Y2

and x, = k/n:

Ly" ={(tj,xr) 1 k,7>0, j =k (mod 2)}

Using Theorem 2.24. we construct a natural two-sided Brownian motion X, , on this
grid. Recall, that if (Wy(t) : ¢ > 0) and (Wa(t) : ¢ > 0) are two independent Brownian
motions, then

B Wit), t>0

WQ(_t>, t<0
is a two-sided Brownian motion. It is not hard to check that this is a Markov process on

T = R. Further, covariance of this process is
1
Cp(t,s) = S (It +[s] = [t = s]).
The following result will be useful.
Lemma 7.2. The processes (Xon(t) : t > 0) and (Xa,(t) : t < 0) are independent.

Proof. Let Yafn be a natural P,-Markovian process on a (a, n)-grid, where P, is the distri-

bution of

BY(t) := Wi(t), t=0

0, t<0
In the same way we can construct Y, as a natural P_-Markovian process on a (o, n)-grid,
where P_ is the distribution of

0, t>0
BY(t) ==

Wg(-t), t<0
We can construct Y, and Y such that they are independent and on the same space and

using the same TLG*-towers. Then, it is not hard to see that Y, +Y,, in each member of a

TLG*-tower has the same distribution as X, , on this TLG*. Therefore, the distribution of
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Xopnand Y5 +Y are the same by Theorem 2.24. Furthermore, ((Xo,n(f) : t > 0), (Xan(t) :
t <0)) are distributed as (Y, Y. ). [ |

a,n’ T an

Due to the last lemma, we can focus on what happens with the process X, ,(z,t) for
t>0.
The final distribution of the process, by Theorem 2.24. doesn’t depend on the way we

construct the process. We fix a construction that we will refer to.

For our construction we need:

e two-sided Brownian motion (B(t) : t € R);
o for j # —1, k€ Z: (BY(t) : t € [tj,1;42]) be a collection of Brownian bridges (n € N);

o for j=—1,keZ: (BY_(t):teltjtjn]), (B (t):t€ [tjz1,t;0]) be a collection of

Brownian bridges (n € N);
all of these things are independent.

Step 0 We run the two-sided Brownian motion on the time-path ¢ that is going through
(—00,00) x [0,4] (this will be our spine), that is we define X,(t) = B(t). (See Figure
7.2.)

Step 1 Now if we defined the process at points (t;,x)) and (¢j19,x)) then we define the
process on the time-path 7 (if 2, > 0) (¢, 2x) — (tj+1, Tht1) — (tj+2, Tx) or time-path

m_ (tj, o) — (tj—1, Tr—1) — (tj42, x) (if 2, < 0) by setting X, to be:

e if j = —1 two Brownian bridges (on the intervals [t;,¢;41] and [tj11, 42, where

the value of the process at t; is X, (t;, k), tj+1 is 0 and ;49 is Xy 0 (t42, 21):

e a Brownian bridge at times ¢; and ;5 between values X, ,,(t;, xx) and X, ,,(tj49, k).
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AT
1/n
g
D t
0 >

Figure 7.2:

(tj+1s Tht1)

(tj, ) (tjt2, k)

Specially, if the path if £; > 0 then X, will be of the form

tiio—1 t—t;
Xy (t) = LAXonn(tjaizk) + .

Xon(tivo, x) + B (t 7.1
tj+2 _ t] tj+2 o t] ) ( j+2 k) ]k( ) ( )

where B;’Z is a Brownian bridge that has value 0 at times ¢; and ¢;2, and independent

of the other Brownian bridges.
If j =—1 (tj+1 =0), then X, on [tj41,%42] is equal

t T
X, (t) = tiro Xan(tjt2, zr) + B?k-i—(t) (7.2)
j

where B;?Zi (t) is a Brownian bridge with value 0 at times ¢;;; and ¢; 1.
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Step 2 We repeat Step 1 in such a way that at every point in £y the process will be
eventually defined.

Remark.Along every path from —oo to +00 we have a two-sided Brownian motion.

Having in mind Lemma 7.2, we will focus our attention to the process X, , defined in the
first quadrant. The convergence of the process in other quadrants can be shown in a similar

way.

The most important thing to note from the construction of the process, that if from the

equation (7.1) is that when we set ¢ = t;,; we get:

1 1
Xan(tj1, Tes1) = §Xa,n(tja xy) + §Xa,n(tj+2> ) + Eji1 g1, (7.3)

where

r d — —-1/2—a
Ej1pe1 = BYi(tje1) = N(0,271/2n 71279,

for j > 0,k > 1 such that (¢;,z,) € £*". This is a form of the discrete stochastic heat
equation (see [38]) with random external source.
We discussed the convergence of these equations in Chapter 6 (see §6.3), that is what

happens when n — oo.

7.1.1 Interpolation

Now our process is defined on the representation of the whole («,n)-rhombus grid, and we

will extend the definition of the process on the whole plane (see Figure 7.3):

e X, n(0,2) =0 (the process on the z-axis is 0);

e by interpolation we will extend the definition of our process on the whole plane:

t, —t t—t_
Xant_,l' + — Xant y L),
el w) o Xan(ty, 7)

Xon(t,x) =

where (t,,x) and (t_, x) are points on the representation of the graph or on the z-axis

that are the closest to (t,z).
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(t—, a

Figure 7.3: Interpolation of the process

In further text we will denote the interpolated process as (Y, ,(t,z) : t € R,z € R). Note
that this is a continuous Gaussian process on R2.

We will study two cases a = 0 and « > 0, and how does Y, ,, behaves as n — oo.

7.2 Network of Brownian bridges

The final result that we need to show that the Brownian motion on a rhombus grid converges

is the fact that a network of Brownian bridges will converge to 0 on compact sets.

Theorem 7.3. Let K be a compact subset of R, then

2
Zn(K) = sup{max |B;?,Z(+)| :(tj,zx) € K} 5o.

Proof. Pick K, and then pick K, = [0,a] x [0,b], such that
sup{z : (t,z) € K} < a,

and

sup{t: (t,z) € K} <b.
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For each point in £ there are at most 2 bridges going out of this point (in the direction of

1/2+a 3/2+a

time). Hence on K, there are at most an -bn = abn such bridges. The bridges on
K, define the Z,, on K. We have at most abn®?*® on intervals of length [0, n_%_o‘]. Hence,
by Corollary 5.3 (inequality (5.6)) and the fact that for (B®(¢) : t € [0, 1]) Brownian bridge
on [0,1] (n~17*/2B (pl/2+ey) : t € [0, n~/27]) is the Brownian bridge on [0,77Y/27%], the

second moment of their maximum is bounded by

1 «
e In(abn®?t 4 1). (7.4)

Since the maximum is obtained in the points where the Brownian bridges have been defined,

the claim follows. [ |
From the rate of convergence in (7.4), and Theorem 5.11 we get the following result.
Corollary 7.4. Let K be a compact subset of R2, then
nh_}ralo Zn(K)=0 a.s. (7.5)
Further, for 5 < i + /2 we have
lim n’Z,(K) =0

7.3 The main result

The process that we will be more interested is the interpolation (similar to the one described

in §7.1.1) between values of X, at points in £*™ N Ri:
o X, n(0,2) =0 (the process on the z-axis is 0);

o (t;,x) and (t;+1, k1) we interpolate between the values at these points;
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e by interpolation we will extend the definition of our process on the whole plane:

t, —t t—t_
T Xaa(t_,z) + ﬁXa,n(u, ), (7.6)
+ - —_

Xon(t,z) =

where (t,,x) and (t_, x) are points on the representation of the graph or on the z-axis

that are the closest to (t,z).

We will call this process ?a,n.
From the construction of Y, ,, and ?am it is not hard to see that for each rhombus ¢ the
value

max ?ant,x — Y, . (t, )|,
max [T (t,2) = Yo (t.2)

due to linear interpolation, is obtained on 9¢. That means we can focus on the process

Van(t,2) — Yau(t, )| on the representation of the (a,n)-rhombus grid.
Lemma 7.5. The process on the path (t;, xy) — (tj41, Tke1) — (tj+1, Tig1) s bounded by

Yan(t,2) — Yot 2)] <2 max | |BY ()]

t€ltj,tjt2

Proof. From (7.6) and (7.3) we have:
tivo — 1 t—1;
Ya,n(ta l’) = LXa,n(t]ﬁ zk) + 7]Xa,n(tj+2> l’k) + B;)Z(t)
liya — 1 tiva —t;
- tiso—t t—t,
Ya,n(ta l’) - LX&,n(tja l’k) + %Xa,n(tj—i-% Ik) + Oé(t)EIj-l—l,k—i-la
tiva —t; tivz — 1
where |a(t)| < 1 obtained by interpolation between values at points (¢;, z;) and (¢;41, Tg41)
(if ¢ € [tj,tj41]) or (tjs1, Tas1) or (G2, wk) (for ¢ € [t41,tj42]). Since Ejiypr = Bj(tj),

the claim follows. [}

Lemma 7.6. For a compact set K C Ri we have

sup |Yan(t,2) = Yan(t,2)] = 0, a.s.
(t,x)eK
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Proof. There exists a compact set K such that all the rhombi whose interior intersects K,

are contained in K. Now,

sup |Yan(t,2) = Yonu(t, 2)| < Zn(K),

(t,x)eK

and by Corollary 7.4. the claim follows. [ |

Proposition 7.7. The process (Yo ,(t,x) : (t,x) € R) converges to u, where u is the

solution to the stochastic heat equation

%@m%—W o = 0,

Dpu = on RZ,
0 a >0,
u(0,t) = B(t) for teR.
u(z,0) =0 for = €R.

Proof. We will write the process ?a,n = ?O}n + ?jn, where

?al,n(tjﬂa Tpy1) = }703,n(tj+17$k+1) =
W (4, o) + 3 (62, w) + B g W2, (1, o) + Y2, (2, )
?J,n(o? Zlfk) =0, ii)},n(tj? 0) =0 ?s,n(o? xk) =0, ?f,n(tﬁ 0) = B(tj)

Now, by Propositions 6.20. and 6.22. Y! -% u! where

suy +W o a=0
0 a>0
u'(0,) = 0,ut(-,0) =0

By Corollary 6.26. Y2 % u2 where

1,2 —
U, =

0 a>0
u2(07 ) = 07u2('70> = B()

Since u = u' + u?, the claim follows. [ |
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Therefore by previous results we have the following theorem.

Theorem 7.8. Y, ,, the interpolated natural two-sided Brownian motion on the («, n)-rhombus
lattice converges in distribution to u as n — oo, where u is the solution to following stochastic

heat equation
%&%U + W a= 0,

Opu = on  (R\{0})%
0 a >0,
(7.7)
u(0,t) = B(t) for teR.
u(z,0) =0 for z €R.

and t — B(t) is a two-sided Brownian motion independent of (W(A) : A € B(R?)).

Proof. We will show the claim on R?, the other quadrants are shown in the same way. From

Yon = }7&,” + (Yon— )7@7”), Proposition 7.7. and Lemma 7.6. we have Y, ,, Ly +0=u. 1
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Part III

PROCESSES ON GENERAL AND RANDOM TIME-LIKE
GRAPHS

The TLG’s defined so far (see Chapter 1) have only one beginning and one end (usually
denoted by 0 and 1).

In applications and theory of classical graphical models an important role belongs to
processes indexed by trees. This includes one of the most widely used models - hidden

Markov model.

RRRR
HEEHE B

Hidden Markov model in image (letter) analysis.

Hidden Markov model is also a collection of Markov processes combined together. (See

for example §6.2.3.1 in [35].)

Another model that is of wide interest is the branching Brownian motion. This is a

similar model, but underlying graph is a random tree.

Having this in mind, it is natural to ask can we have more than one beginning and more
than one end. Could we define a process indexed by a TLG with a structure of a tree?
We will show that this can be so in Chapter 9, and that there is a natural embedding into
the existing family of TLG’s. This embedding will help us define processes on a generalized
family of TLG*’s in Chapter 9.
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Later, in Chapter 10. we will be able to randomize the underlying graph, and see how it

is connected to the branching Markov processes.
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Chapter 8
NON-SIMPLE TLG’S

8.1 New definitions
The TLG’s defined in Chapter 1, from now on, we will call simple TLG’s.

Definition 8.1. A graph G = (V, &) will be called a time-like graph (TLG) if its sets of
vertices V and edges £ satisfy the following properties.

(i) Let A, B > 0. The set V contains at least two elements, V = {to,t1,...,tx}, where for
k=1,2.... N1,

A<ty <ty <B.

(ii) An edge between t; and t, will be denoted Ej,. We assume that there is no edge
between t; and ty, if t; = ty. Ejj, indicates that t; < t,. (We use Ej, E%....if there is

more than one edge connecting t), and t;.)

(iii) We assume that all vertices have a finite non-zero degree.

We will call G the unit TLG if A=0 and B = 1.

Remarks.

(a) Notice that in the new definition there are no longer unique vertices with times A and

B.

(b) We dropped part (iv) of the original definition and added an assumption in (ii7) that all

vertices are of non-zero degree.
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(c) Notice, that this definition no longer guaranties that the graph is connected. (See Figure

8.1.)

Again, as in Chapter 1, we will restrict our attention to unit TLG’s and prove all the

claims for them.

Figure 8.1: TLG G with entrance vertex ¢ and exit vertex t;

Definition 8.2. (a) A vertex t; that is not connected to any other vertex with time less

than t;, will be called an entrance (vertex). We will denote the set of entrance vertices

by En(G).

(b) A vertex t; that is not connected to any other vertex with time greater than t, will be

called an exit (vertex). We will denote the set of exit vertices by Ex(G).

The definitions of the representation, time-paths, (simple) cells remain the same as

before (see Definitions 1.2, 1.3, 1.4).

We no longer have the full-time path as in the case of simple TLG’s but instead we define

the full path.

Definition 8.3. A time-path o is called a full path if it starts with an entrance vertex
and ends with an exit vertex. We denote the set of full paths by P(G), while the full paths
starting at t, € En(G) and ending at t; € Fx(G) we will denote by P, ;. (G).
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Remark. Note that it can be P, ;,(G) = () (see Figure 8.1.) and further

PG = {J U Py,

t,EEn(G) t;€Ex(G)

8.2 Embedding TLG’s into simple TLG’s

Although it seems that TLG’s are much more general objects than simple TLG's, there is
a natural embedding that will enable us to use most of the results that we had for simple
TLG’s. As a result we will be able to construct processes under similar conditions as we did

on simple TLG's.

Minimal embedding

The first embedding will use the minimal number of edges to embed the (unit) TLG into a
simple TLG.

Procedure is the following:

Let G = (V,€) be a TLG.
e Set t_ o =—1,t =2.

e Forallt, € En(G) we denote E_j, and edge between t_, and ¢, and for all t; € Ex(G)

we denote Ej., and edge between t; and t..

e Set
V=V U {t s, too),

and

E¥ =EU{E okt € En(G)}U{Ejw : tj € Ex(G)}.

The transformation that defines the embedding has some nice properties.
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Figure 8.2: Minimal embedding of the TLG G (from Figure 8.1) into a simple TLG.

Proposition 8.4. The following claims hold:
(i) G" is a simple TLG.
(i) G — G is an injective map.
(i1i) G +— G’ preserves the connectedness by time-paths.

(iv) G — G’ preserves the order induced by G and G', i.e.

g , 9,
t<s & t <s

Proof. (i) Follows form Definition 1.1. (ii) If we have G’, we can delete the edges connected
to t_o and t, . and get G. (iii) From the definition of the mapping it is clear that if ¢ and s
are connected by time-path then ¢’ and s’ will also be connected. If t and s are not connected
by a time-path neither will ¢ and s’ be connected by a time path, since all the new edges
added include vertices 0 and 1 in G’. (iv) This follows from (iii) and the the fact that time

remains the same. [ |

Mazximal embedding

The embedding will add a number of edges to embed the TLG into a simple TLG.
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Procedure is the following:

Let G = (V,€) be a TLG.
o Sett o =—1,1, =2

e For all t, € V we denote E_., and edge between t_,, and t, and Ej., an edge between

tr and to.

e Set
V=V U {t_ s, too),

and

5# =£U {E—ookaEkoo i, € V}

Figure 8.3: Maximal embedding of the TLG G (from Figure 8.1) into a simple TLG.

The transformation that defines the embedding has some nice properties.

Proposition 8.5. The following claims hold:
(i) G" is a simple TLG.
(i) G — G" is an injective map.

(i1i) G +— G" preserves the connectedness by time-paths.
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(iv) G — G" preserves the order induced by G and G', i.e.

t<s < t'=<ygd"

Remark on the embeddings

We will use both embeddings of a TLG G for several reasons. It is easier to draw and see
properties of G' than of G”. On the other hand, for the many of the proofs that we have to

do G" will be much better to use.

Proof. The proof is similar to the proof of Proposition 8.4. |

8.3 TLG* family

As we have already seen in §3.4.2 we might have problems to define a process with natural
properties on some TLG’s. In this section we introduce the family TLG**, similar to the

family TLG* that we had defined for simple TLG’s.

We will describe the family of TLG graphs that is generated from a minimal graph by
adding vertices, adding edges between vertices connected by a time-path and adding edges

between a new vertex and a vertex already on the graph.

Definition 8.6. The TLG**-family is given in the following inductive way.

(i) The minimal graph G = (V, &), with V = {to,tn} (to < tn) and € = {Egn} is a TLG**.

Figure 8.4: A minimal graph

(ii) Let Gy = (V1,&1) be a TLG*, where V; = {tg,ta2,...,tn}.
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(1) If 7, € [0,1] (not a vertex), and for some Ey,, € € and ty, < 7, < ty, then set
VQ = Vl U {Tk} and 82 = 81 U {Eklka Ekkz} \ {Ek1k2}.

Gy = (Vy, &) is also a TLG*.

Ey i T
o By o Ekk,
/_\ '//, - .
tkl tk2 tkl tkz

Figure 8.5: Adding a vertex

(2) If 7, € [0,1] (not a vertex), and for some 7, < ty, then set
VQ = Vl U {Tk} and 52 = (91 U {Ekkz}
Gy := Wy, &) is also a TLG*.

Tk Tk
e °

kik

/-_t‘kz\/;;l\

Figure 8.6: Adding the edge and the vertex

(3) If 7, € [0, 1] (not a vertex), and for some ty, < 7y then set
VQ = Vl U {Tk} and 52 = (91 U {Eklk}

Gy := (Vy, &) is also a TLG*.

(4) Let t;,t, € Vy such that t; < ti, and assume that there exists a time-path

o(J,...,k) between these vertices. Then set
Vo:=V, and & =& U {E]*k )

Gy := (Va, &) is also a TLG™. (Ej, is an new edge (not in &y).)
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M ~ N
~ -

Figure 8.7: Adding the edge £,

(iii) If Gy = V1, &) and Gy = (Vs, &) are two disjoint TLG™ their union is also a a TLG**.

(iv) We will say that (G;)1<j<k Is a tower of TLG*’s if for j > 1, G, is constructed from

Gj_1 as in (ii).

Remarks. (1) Applying only the procedure in (ii) will clearly give us a a connected TLG**.
(2) Any connected component of a TLG™ can be obtained only by using step (ii). (3) It can
be easily seen that a TLG** is a TLG. (4) It is clear that a TLG* is a TLG**.

Lemma 8.7. Let G be a TLG. If G"” is a TLG* then G is a TLG**.

Proof. 1f G" is a TLG*, then there exists a TLG*-tower (H,;)}_, such that H,, = G” and H,
contains an edge in G. Now, we construct a TLG™-tower (G;) from the tower (H)}_,. Let

Go be the minimal graph that is contained in R(H,). If H; is obtained by #H;_; by

e adding a new vertex, then let G; be obtained from G;_; by adding a new vertex (step

(1));

e adding a new edge contained in R(G), then let G; be obtained from G;_; by adding a
new edge (step (4));

e adding a new edge partially contained in R(G), then let G; be obtained from G;_; by

adding a new edge with a new vertex (steps (2) or (3));

e adding a new edge not contained in R(G), then let G; = G;_;.
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Let’s assume that (G;) doesn’t have repeating TLG’s. In order to show that it is a TLG**-
tower, we need to check that each time we add an edge (step (4)) the two endpoints are
connected. This is clear from the fact that one endpoint of all other edges in H; not in G;
is in the set {{_o,?400}. S0 the two points on G, are connected by a time path in #; only

if they are connected by a time path in G;. [ |

Theorem 8.8. Let G be a TLG, then G is a TLG* if and only if its embedding G" is a
TLG*.

Proof. Let n be the number of vertices and edges of G. For n = 3 we have a minimal graph
and the claim is clear. Let’s assume that the claim holds for n > 3, and show that the claim

is true for n + 1.

(=): Let G be a TLG** such that we can construct G using steps (1)—(4) from Definition
8.6. Then G” can be constructed from (G#)” in several steps from Definition 1.5.

(<): See Lemma 8.7. [ |
From the previous proof we get the following fact.
Corollary 8.9. If (H;) is a TLG**-tower, then (H}) is a subsequence of a TLG*-tower.

Theorem 8.10. The following statements are equivalent:
(a) G is a TLG™.
(b) G is a TLG".
(c) G" is a TLG".

Proof. (a) < (c): Follows from Theorem 8.8.
(b) = (c): Every ¢t} in G’ is connected to t_,, and t. by a time-path. Therefore, we
can add an edge to G’ between t_., and t;, and an edge between ¢ and t... Hence, we can

construct G” from G’ by adding edges. Hence, G” is a TLG*.
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(¢) = (b): Let t; be a vertex that is not an entrance, then the if we remove the edge
E_ ) from G” we get a TLG* by Corollary 1.13. The same holds if ¢ is not an exit for the
edge Ej . Doing this until all such edges are removed gives us G’, that will, by repeated

use of Corollary 1.13, be a TLG*. [ |

Corollary 8.11. If G" is a TLG*, then there is a TLG*-tower (H;)7_, such that H, = G’
and H, = G".
The order "<’ between the points is defined in the same way as in Chapter 1. See

Definition 1.14.

Lemma 8.12. For points t; and ty on a TLG*™ G
e there exists a point t; Aty on GU{—1} such that

{tEQtjtl}ﬂ{tegtjt2}:{t€gtjtl/\t2}7

o there exists a point t; V ty on GU {2} such that

{tegItitl}m{tegItttg}:{tegitttl\/tg};

in the sense that if we have an empty set on one side we define t; Nty = —1 in the first case,

and t; V ty = 2 in the second case.

Proof. By Proposition 8.4, we will have ) At} = (t; At2)" and (t; V) =t V t. Since G is
a TLG*, t) Aty and t} V t}, exists and can obtain one of the values in V' U {0, 1}. Since, the

transformation is injective so are t; Aty and t; V ts. [ |

We know from Theorem 1.6, that all planar simple TLG’s are TLG*. Unfortunately, the

same is not true for TLG**’s.

Proposition 8.13. The following statements hold:

(a) If G is a planar TLG its embedding G doesn’t have to be a planar TLG.
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(b) If G is a planar TLG™ its embedding G' doesn’t have to be a planar TLG*.

(c) There exists a planar TLG that is not a TLG**.

Proof. (a) See Figure 8.8.

Figure 8.8: TLG @ is planar (full lines), but its embedding G’ is not.

(b) The black part of the graph G (in Figure 8.8) is a (planar) simple TLG, so it is a
TLG*. Hence, we can first construct the black part, and then add the gray vertex and the
gray edge connecting it to the rest of the graph. So, G is a TLG*.

(c) See the graph in Figure 8.9. This is not a TLG**, because t3 A t4 is not defined, and
by Lemma 8.12 this should be defined in the case of a TLG**.

ty

tl t5

ts

Figure 8.9: A planar TLG that is not a TLG**.

There are two important cases of planar TLG’s that are planar TLG*’s, and we will

encounter with them in the future.

Proposition 8.14. (a) A planar TLG G such that all vertices in En(G) and all vertices in

Ex(G) have the same time component is a TLG*™.
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(b) TLG that has the structure of a tree is also a TLG**

Proof. (a) The proof follows from the fact that G’ the embedding of G is a planar TLG,
(b) Follows by induction on the

therefore a TLG*, and by Theorem 8.8 G is a TLG**.

number of edges.
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Chapter 9
PROCESSES ON NON-SIMPLE TLG’S

9.1 Processes on TLG*

Idea of the construction is the similar to the one that we had in the case of simple TLG’s

(as described in Section 2.2):
o We take a family M of measures p, on full paths P(G) with certain properties.

e Using these properties we create a (3T)-family M’ of measures p,» on full-time paths

of the embedding G'.

e We create a natural M’-process on G’, and from that process we create the process on

X on G.

We could do the same approach for G”, and we will briefly discuss it.

We need the version of the consistent family of measures along full paths.

Definition 9.1. Let G be a TLG, for a family of distributions
M={u, 0 € HC P(G)}

where if o is a full path from t;, to t; then u is a distribution of a stochastic process on [ty, t;],

we say that it is consistent if for 01,09 € H

-1 _ -1
Hoy O Tp = Hoy © Ty

where T'={t:t € E,F € 01 & E € 05}.

We also need a notion of the half-cell that didn’t exist for simple TLG’s.
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Definition 9.2. Let G = (£,V) be a TLG.

(a) We say that time paths o1 and o9 in G starting at ty, € En(G) and respectively at
tr, € En(G) and both ending at t,, which is their only common vertex, form a right

half-cell (04, 05).

tim,

ty,

Figure 9.1: Right and left half-cells.

(b) We say that time paths o1 and o, in G both starting at t, which is their only common
vertex, and ending at t,,, € Ex(G) and respectively t,,, € Ex(G), form a left half-cell

(0'170'2).

(c) A half-cell (o1, 09) is called simple if there is no time-path connecting vertex on oy and

a vertex on oy (both must be different from the connecting vertex t,, ).

Remarks. Note that a half-cell in G will be embedded into a cell in the embedding G’.

9.1.1 Conditions

We will show that an M-process exists if the following conditions are satisfied:

T G = (V,€) is a TLG*.
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T2’ M is a consistent family of measures that induce continuous or RCLL processes.

T3’ Let 7 be a full-path in P(G) and ¢, € V a vertex on that path. Then (X, (t) : t < t)
and (X, (t) : t > t;) are independent given X (t).

Definition 9.3. The family M = M(G) = {p, : 0 € P(G)} satisfying properties (T1’),
(T2’) and (T3’) is called the (3T’) family.

Proposition 9.4. If G is a TLG* and M a (3T’) family, then M is a (3T) family on G.

Proof. In this case we only need to check the (T3) property of M. Let m be a path that
contains t, and t* endpoints of a simple cell. Let A, € (X, (t) : t <t.) AL € o(X,(t) : t. <
t <t*) and A* € o(X,(t) : t* <), while B, € 0(X(t,)) and B* € o(X(t*)). Now we have

E(P(A, N AL N A" X(t1), X (t2))1p,15+)
E(].A ]_A*]_A |X(t1) X(tg))lB*lB*) :]E(]-A*]-AI]-A*]-B*]-B*)

X(t)1p,1p+)

= E(

= E(E(1a,|X(t.)1a:1a:1p,15-) = E(E(1a,| X (£.))1a:E(La-
= E(E(La, |X () E(La [ X (1), X (7)) E(La- | X (7)) 15.15+)
= E(L4, P(ALX (%), X () 1a-15,15-)

=EP

= E(

(AXX (), X () E(La, Lar

X(t*)>X(t*))1B*]—B*)
PAZIX (), X (£%))P(A. 0 A¥|X(¢,), X (%)) 15, 15-).

The claim now follows from the Monotone Class Theorem. [ |

Remark. The converse of of the statement of the previous proposition is not true. Take for
example a non-Markovian process on the graph G = ({tg = 1,t; = 1/2,t5 = 1}, { Eo1, F12}),
such that X (0) and X (1) are not independent given X (1/2).

9.1.2 Construction

Let M be a (3T’) family on a TLG** G.
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Let G” be the embedding of G into simple TLG’s. Now for each time-path o in G there

exists a full-time path ¢’ in G” that corresponds to o.

If o starts at t; and ends at ¢;, then we can define a process (Y, () : t € [ty,t;]) whose

distribution is p,. We will define Y,/ by interpolating Y, on the whole interval [0, 1] (see
Figure 9.2 for illustration):

1+t
Y, (t ift <t
1+t ( k) HE= T
Yo () = Y,(t)  ifte [t (9.1)
2—1

gyg(t]) lft 2 tj

Note that if Y, is continuous or RCLL so is Y.

Yo (1)

—1 te t; 2

Figure 9.2: Construction of Y.

Now, we define 1,/ to be the distribution of (Y,/(t) : ¢t € [0,1]), and set
M = M(G) = {por : 0" € Poo1(G')},

or

M" = M(G") = {por : 0’ € Posa(G)},
Theorem 9.5. M’ is a (3T’)-family on G' and M" is a (3T’)-family on G".

Proof. The proof is similar M’ and M”. Properties (T1") and (T2’) are clearly satisfied.
While the property (T3’) follows from the construction and the (T3’) property of M. [ |
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Corollary 9.6. M’ is a (3T) family on G' and M" is a (3T) family on G”.

Proof. By Theorem 8.10 both G’ and G” are TLG*’s. The claim follows from Proposition

9.4.

We can construct the process on a TLG™ similar to the construction of processes on

TLG*’s (see Definition 2.12).

Definition 9.7. Let (G;)o<i<n be a TLG*-tower where G, is a minimal graph Vy = {t,tn},

& = {Fon} and G, = G. Further let M be a family of distributions satisfying (31’)

conditions.

e On Gy we define a process X° with ug,, distribution.

e If we have already defined X' on G, (for some | < n), then we define X'*! on G, in the

following way depending how we constructed G,.1 from G, (recall part (ii) of Definition

8.6.).

(1)

(2)

In the construction a new vertex 7, € [0,1] \ V, was added to graph G;, by subdi-
viding some Ejj, such that t; < 7, <, into E; and Ey, to get Gi11. In this case,
the two graphs G, and G, have a common representation, R(G;) = R(Gy1), and

we can define X'+ on G4, to have the same values on this representation as X'.

In the construction a new vertex 7, and a new edge between the vertex t; < 7 in
V, and T3, was added to get G;.1. So, G;.1 has a new edge E* = E%, and a new

vertex 1. Let Z; = X'(1;).

Now we pick a full-time path o that contains E*. Now we define p.(-|x) to be the

conditional probability of the process with the distribution ., Oy ] conditioned
to have the value = at t;. So we construct the process X'*' in such a way that
X1 on R(G) is equal to X! and X' is the process with distribution p.(-|Z;)

and otherwise independent of X' given Z;.
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(3) In the construction a new vertex 7, and a new edge between the vertex t,, > Ty
in V; and 13, was added to get G;.1. So, G;11 has a new edge E* = E]*k and a new
vertex T,,. Let Z,, = X'(t,,).

Now we pick a full-time path o that contains E*. Now we define y.(-|y) to be the

-1

(o ] conditioned

conditional probability of the process with the distribution p,om
to have the value y at t,,. So we construct the process X'*! in such a way that
X" on R(G) is equal to X! and X' is the process with distribution ji.(-|Z,,)

and otherwise independent of X' given Z,,.

(4) In the construction a new edge between two vertices t; < t;, in V, that are con-
nected by a time path in G; , was added to get G;.1. So, G;+1 has a new edge
E* = Ej,. Let Z; = X'(t;) and Z), = X' (ty).

Now we pick a full-time path o that contains E*. Now we define pu.(+|z,y) to be the

—1
[tjvtk]

to have values = at t; and y at ty. So we construct the process X' in such a

conditional probability of the process with the distribution i, o conditioned

way that X'*' on R(G)) is equal to X' and X' is the process with distribution
s (:|Z;, Z) and otherwise independent of X' given Z; and Zj.

Since n is finite this procedure will end and we will have a process X = X™ defined on G.

We define:

e X on G to be defined as in Definition 9.7;
e X’ to be a natural M’-process on G’ (in the sense of Definition 2.21);

e X" to be a natural M"-process on G” (in the sense of Definition 2.21).

Theorem 9.8. The following processes have the same distribution on G:
(a) (X(t):t€G);

(b) (X'(t):t€G);
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(c) (X"(t):teg).

Proof. To show that X” and X' have the same distribution on G we will show that they have
the same distribution on G'.It is known by Corollary 8.11. that there exists a TLG*-tower
that starts with G’ and ends with G”. Now, by Lemma 2.14, M"(G’) is a (3T)-family, and
by definition it coincides with M. Since, the construction of a process on TLG* doesn’t
depend on the order (Theorem 2.20), we can first construct X” on G’ and later on the rest
of G”. Hence, X" on G’ will be a natural M'-process, so (X'(t) :t € G') and (X"(t) : t € G)
have the same distribution. Therefore, the restriction of these two processes to G is also the

salme.

It remains to show that X and X have the same distribution. Let (H)%_, be a TLG*"-
tower, we will show that the construction of X on G can embedded int the construction of
X" on G". For j =0 it is clear that X4, and X;Qg have the same distribution on H,. Let’s
assume for j > 0 X3, and X7 y have the same distribution on H;, and prove it for j+1. We
have the following cases to consider:

e A new vertex has been added to H; to obtain H,;. In this case the claim follows

clearly.

e A new vertex 7 and an edge F, between that vertex and existing one has been added.

In this case the claim follows from the fact that in H we are adding:

— a new edge E between —1 or 2 and an vertex ¢; on H;;
— a vertex 7 on that edge;

— we are adding an edge between 7 and between the vertex —1 or 2 to which it is

not connected.

Since, the X”(—1) = X”(2) = 0 the distribution of the process on E! whose represen-
tation is in R(#H;4+1) is given and depends only on the value X (¢;). Hence, the claim

follows.
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e A new edge has been added to H; to obtain H;,;. In this case the claim follows from
the fact that the distribution of the process on the new edge is given and depends only
on the values of the process on H; (for both X and X").

Theorem 9.9. For a (31°)-family M the constructed process X on a TLG™ G will always

have the same distribution.

Proof. By Theorem 9.8. we can embed the constructed process into a natural M’ process

on G' and this process has a unique distribution. [ |

9.2 Properties of constructed processes

We know, from Chapters 2 and 3, that for the process X’ many interesting properties hold.
Many of these properties have their natural analogous for the process X.

We will show that for X the following properties hold:

e X is an M-process;
e X is a spine-Markovian process;
e X is a hereditary spine-Markovian process;

e X is a cell-Markovian process.
Additionally if M is a Markov family of measures we have

e X is moralized graph-Markovian;
e X is time-Markovian;

e X is edge-Markovian.

All these properties are (slightly generalized) versions of the properties we had defined for
simple TLG's.
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9.2.1 X is an M-process

It is easy to see X, ~ p,, that is, X is a M-process. (This is the same as defined in

Subsection 2.3, on page 47.)

9.2.2 X is a spine-Markovian process

We will first define the spine-Markovian property.

Definition 9.10. Let o be any full path in the TLG G = (V, ). Let G_ be a subgraph (not
necessarily a TLG) of G whose representation is a connected component of R(G)\ R(o). Let
W be the set of vertices - roots connecting G_ to o and let G, denote the graph represented
by R(G) \ R(G-).

We say that the process X on a TLG G is spine-Markovian if for each such o and G_
the processes (X(t) :t € G_) and (X(t) : t € G;) given (X (t) : t € W) are independent.

Proposition 9.11. The constructed process X is a spine-Markovian process on G.

Proof. Let o be the full path, and ¢’ the corresponding full-time path in the embedding
G'. If G_ is as in the definition, this is a connected graph and is a connected component of
R(G') \ R(0'). We set G, and @', to be graphs that have the representation, respectively
R(G)\ R(G-) and R(G') \ R(G_). The roots W’ of G’ include all the roots W of G and
maybe —1 and 2. Since, X'(—1) = X'(2) = 0, we have o(Xw) = o(Xy) = o(Xjpn ;1 9y)-
Therefore, since X’ is spine Markovian, and o(X(t) : t € G_) C o(X'(t) : t € G_), o(X(2) :
tegy) Co(X'(t):ted’) the spine-Markovian property for X follows. [

9.2.3 Hereditary spine-Markovian property

Recall, Definition 2.6. of S*(G).

Definition 9.12. For a TLG™ G we define S**(G) to be the set of all TLG**’s H such that
there exists a TLG**-tower (Kj)}_, that starts with Ko = H and ends with K,, = G.
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Definition 9.13. The process (X (t) : t € G) has a hereditary spine-Markovian prop-
erty if (X(t):t € H) is a spine-Markovian process for each H € S*(G).

Corollary 9.14. Let G be a TLG*™ and G" its embedding, if TLG** H is in S™(G) then H"
is in S*(G").
Proof. Let (K;)%; TLG**-tower such that K; = H, and K,, = G. By Corollary 8.9. K, K7,

... K" are one after another in a TLG*-tower, and the claim follows. u

Proposition 9.15. The constructed process X is hereditary spine-Markovian.

Proof. Let H € S**(G). Then H" is in S*(G").
By Theorem 2.17., X’ on G” is hereditary spine-Markovian, X’ is spine Markovian on

H”, and therefore, X is spine Markovian on H. [ |

9.2.4  Cell-Markovian property

A cell will remain truly simple, as in Definition 1.41. We need to extend our definition to

half-cells.

Definition 9.16. (a) A right half-cell (01, 02) ending at t,, is called truly simple if there

is no path {t € G : t < t,,} that starts on on one side of the cell and ends on the other.

(b) A left half-cell (o1, 09) starting at ty, is called truly simple if there is no path {t € G :

tr < t} that starts on on one side of the cell and ends on the other.
Lemma 9.17. A truly simple half-cell in G is a part of a truly simple cell in G'.

Proof. We will prove the claim for the right half-cell, the proof for the left half-cell is similar.
Let o} be the path consisting including ¢, and oy, for j = 1,2. Now, sigma (01, 09) is a
cell. If there exists a path in G[t_, tm] \ {f—co, tm} connecting vertices on oy and oy, then
these vertices are in G. Further, since the path can’t go through ¢_,, the path it self is in

G. Hence, (01, 09) is not a truly simple half-cell. [ |
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Definition 9.18. We will say that a process X on a TLG G is cell-Markovian if for

(a) any truly simple cell (o1, 09) starting at t, and ending at t* the processes X,, and X,,
are conditionally independent, given the values X (t.) and X (t*);

(b) any truly simple right half-cell (01,0,) ending at t* the processes X, and X,, are
conditionally independent, given the value of X (t*);

(c) any truly simple left half-cell (o1, 05) starting at t, the processes X,, and X,, are con-

ditionally independent, given the value X (t.).

Definition 9.19. We will say that a process X on a TLG G is strong cell-Markovian if

it is cell-Markovian and for

(a) any truly simple cell (o1, 0,) starting at t, and ending at t* the processes (X (t) : t, <

L
t <t*) and (X(t) : t* <t ort <t*) are independent, given the values X (t.) and X (t*);

(b) any truly simple right half-cell (cy,09) ending at t* the processes (X (t) : t < t*) and
(X(t) : t* < t) are independent, given the value X (t*);

(c) any truly simple left-cell (o1, 09) starting at t, the processes (X (t) : t* < t) and (X (t) :
t X t*) are independent, given the value X (t,).

Proposition 9.20. The constructed process X on G is strong cell-Markovian.

Proof. A simple cell in G is clearly a simple cell in G’ and by Lemma 9.17. a truly simple half-
cell is a part of a truly simple cell in G’. By Theorem 3.4. X’ (on G') is strong cell-Markovian

(in the sense of the Definition 3.2.), and all the claims now follow.
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9.2.5 Distribution uniqueness
Proposition 9.21. A hereditary spine-Markovian M-process (satisfying (3T°) properties)

on a TLG™ G has a unique distribution.

Proof. This is a consequence of the unique distribution of M’-process on a TLG* G'. (See

Theorem 2.20.) |

9.3 Properties for Markov family M

Again, M is called a Markov family, if all the measures in M are distributions of Markov

processes.

Lemma 9.22. If M is a Markov family, so is M' and M".

Proof. For o € P(G) if u, is the distribution of a Markov process Y, then the process Y, is

also a Markov process, and hence p, is a distribution of a Markov process. |

9.3.1 Moralized graph-Markovian property

The definition of moralized graph-Markovian property is the same as in Definition 3.10.

Lemma 9.23. The constructed process X on G for a Markov family M is a moralized

graph-Markovian process.

Proof. Let & and & be two components of G connected through points W, and let W
separate £; and & in (G)¥. G’ we will get new edges connecting ¢_., and t,., so all the new
cells (that are not in G) will have one endpoint in {t_, i} If & and & were separated
by W in GY, they will be separated in (G')¥ by W U{t oo, t100}. Since X(t_o) = X(tio) =
0, o(Xwuft_wtroe}) = 0(Xw). Now, by Theorem 3.12, X = Xg and X; = Xg, are

independent given o(Xwug o, .01)- |
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9.3.2  Time-Markovian property

The definition of time-Markovian property is the same as in Section 3.2. (see Definition 3.7.).

Lemma 9.24. The constructed process X on G for a Markov family M is a time-Markovian

process.

Proof. Let t be a point in G. By construction of X we have that
Fi=c{Xw):ueGu=t)CF =c{X'(u):ued u<t}

Hi=o0{X(u):ueGu=ttCH,=0{X'(u):ueg urt}

(Actually equalities hold in both expressions.) Since M’ is a Markov family, X’ is a time-
Markovian process. Therefore, F] and #;} are independent given X'(t) = X (¢), but then also
F: and H, are independent given X (). |

9.3.83 FEdge-Markovian property

The definition of edge-Markovian processes remains the same (see Definition 3.14.).

Proposition 9.25. The constructed process X on G for a Markov family M is an edge-

Markovian process.

Proof. E be an arbitrary edge in G. Since M’ is a Markov family, X’ is edge Markovian, so
since 0(X%) =o0(Xg) and o(X () :t € G, t ¢ E) Co(X'(t):t € G',t ¢ E') are independent
given the values at the endpoints of F, X is independent of (X (t) : t € G,t ¢ E) given the

values at the endpoints of F. [ |
9.4 Processes on time-like trees

Among all graphs trees have a special place. Processes on trees have been widely studied
and used. For examples see Markov chains indexed trees (|4, Benjamini, Peres|), branching

Markov processes (where the underlying tree is random), hidden Markov models, ...
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Figure 9.3: Forward and backward trees.

In this section we will look at the properties processes on trees have. We start by defining

time-like trees.

Definition 9.26. (a) A time-like tree (TLT) is a TLG with no cells.

(b) A forward time-like tree T is a TLT with exactly one entrance. The entrance vertex

we will call the root of the forward time-like tree.

(¢c) A backward time-like tree T is a TLT with exactly one exit . The exit vertex we
will call the root of the backward time-like tree.
Remark. Since all vertices are connected to the root, it is clear that 7 is connected as a

graph.

We know from Theorem 8.14 (b) that a time-like tree is a TLG**, and further the following
holds:

Lemma 9.27. Let T be a TLT, and T' be a TLG that is a connected sub-graph of T. Then
T"is a TLT, and T' and T are elements of the TLG**-tower.

Proof. Let n be the difference between the number of edges 7 and 7' have. For n = 0 the
claim is clear. Let’s assume the claim holds for n > 0 and prove it for n 4+ 1. Pick a leaf t,,
on 7 not in 77, and an edge F that that is connected to it. Now, let 7" be T without t,,

and E. T" is a TLT, and further we can construct since the difference between the edges of
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T"” and T’ is n, we can construct 7" from 7’. Hence, they are in some TLG**-tower. It is

clear that 7" and T are in some TLG**-tower. The claim now follows. [ |

For a (3T’) family M on T we can construct a natural M-process on 7. By changing
time to each vertex from t; into t = 1 —t we can transform a backward graph into a forward
graph, and in the same way transform the process on a backward time-like tree into a process
on a forward time-like tree. Everything we prove for processes on forward TLT’s will in a

similar way hold for backward TLT’s.

Theorem 9.28. If M is a (3T’) family on a TLT T and t;, € V is a vertex and X a natural
M-process on T then

(a) the closures of connected components of R(T)\ R(ty) are representations of several time-

like trees Ti, Ta,. .., Tm;

(b) the processes X, ..., X1, are independent given the value of X (t) .

m

Proof. (a) Each of the components is a TLG without any cells. Hence, every component is

a TLT.

Figure 9.4:

(b) For each 7T; there is a full path such with no edges in 7;. Using the spine-Markovian

property we know that Xy is independent of the process on the rest of the graph given
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the value of X(#) (since t; is the only root). Now, applying this fact several times for

A eo(Xy) forl=1,...,m, we have

E(P(A; N... 0 A X (t)1s) = E(1y, ... 14, 15)

= E(E(14,[X(tk)) .- 1a,15) = ... = E(E(1a, |X(t)) ... E(14,, [X () 15)
— B(B(A X (1)) - P(An| X () 15).
for arbitrary B € o(X(#;)). Hence the claim follows. [

Corollary 9.29. If M is a (3T°) family on a forward TLT T and ty is a vertex of degree
at least 3, then the natural M-process X on T will have the property that given process X
on T;F ={s €T : ty X s} is independent of the process on the rest of T given X ().

The graph-Markovian property was introduced in Definition 3.6, and it was shown in
Subsection 3.4.1. that this property doesn’t have to hold on TLG*’s. This property was
replaced by the moralized graph-Markovian property on TLG*’s (see Definition 3.10), and
in Theorem 9.23 it was shown to also hold for natural M-processes on TLG**’s when M is

a Markov family.

Theorem 9.30. If M is a (3T°) Markov family on a TLT T the process will have the
graph-Markovian property.

Proof. By Theorem 9.23, we know that every natural M process on 7 is a moralized graph-

Markovian process. Since T has no cells, the claim follows. [ |

Corollary 9.31. If M is a (3T°) Markov family on a TLT T and 7i,...,7. are all the
points on T with time t, then the natural M-process X on T will have the property that

Fl=0(X(s):s<t) and F,=o0(X(s):s>1)
are independent given X (1), ..., X(7}).

Proof. The points 7{, ..., 7! separate the graph into two parts {s € G : s < t} and

{s € G : s > t}, and the claim follows by graph-Markovian property. [
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Figure 9.5: The process before and after time t.

Remark. The previous corollary states that the process (X (t) = (X(s) : s € R(G) N ({t} x
R?)) : t > 0) is a Markov process.

The following lemma states that the spine-Markovian property and hereditary spine-
Markovian properties are equivalent on time-like trees. (Note that we didn’t have this result

for TLG*’s.)

Lemma 9.32. If T is a time-like tree, and X a process indexed by T then the following

claims are equivalent:
(a) X is a spine-Markovian process;
(b) X is a hereditary spine-Markovian process.

Proof. Clearly (b) implies (a). Now, let’s prove that (a) implies (b). Let (Gx)7_; be a TLG**
tower leading towards the construction of 7. Note that since each Gy, is a connected subgraph
of T, it is also a tree.

If we pick a 7" full-path in G, then there is a full-path 7 in 7 such that R(7n") C R(m).

(See Figure 9.6.) But the representation of roots of T with respect to m will contain the



193

Figure 9.6: Gy, the spine 7w’/ and the root e.

representations of roots of G, with respect to 7’. Since the roots decompose the graph into

disjoint components the claim follows. |



194

Chapter 10

GALTON-WATSON TIME-LIKE TREES AND THE
BRANCHING MARKOV PROCESSES

10.1 TLG’s with an infinite number of vertices
We will allow ¢y and ¢y to take values in R.

Definition 10.1. (i) Suppose that the vertex set of a graph G = (V,€) is infinite. We
will call G a time-like graph (TLG) if it satisfies the following conditions.

(a) There is a sequence of TLG’s G,, = (V,,,&,) with finite vertex set V,,, n > 1, and

for some representations of G,,’s and G we have
U B(G.) = R(9).
n=1

(b) The graph G is locally finite, i.e. it has a representation R(G) such that for any

compact K C R? a finite number of edges intersects K.

(i) A TLG G with infinite vertex set will be called an TLG** if it satisfies the following

conditions.

(a) We can choose a sequence of TLG*™*’s G, in (i). (In the sense of the Definition
8.6.(iv), i.e. (Gj)1<j<n is a tower of TLG™’s for all n.)

(b) Let V,, = {ton,tin:---.tn, n}. The initial vertices ty,, € V, and ty, , € V, are the

same for all G,, i.e. foralll1 <m <n

tOJL S tO,m aﬂd th,n Z thmm'
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The following lemma will be useful for the construction of processes. (It is a version of

the Lemma 1.50. for TLG**’s.)

Lemma 10.2. Let (G,) and (G),) be two TLG*-towers that lead to the construction of G.
Let H be a sub-graph (not necessarily a TLG") of some G,,. Then there exists G, such that
R(H) C R(G),,) and all the vertices of H are contained in G, .

Proof. Since G is locally finite, there are finitely many vertices with representation on R(H),
also these vertices are of finite degree. For each such vertex v, by same argument, there has
to be G, such v in G has that degree. Now if n; is the maximum of n, over each such

vertex v the claim follows. [ |
The definition of (forward/backward) time-like trees is the same as in Definition 9.26.
Proposition 10.3. Time-like tree T with infinite number of vertices is a TLG**.

Proof. Pick a vertex t;, and let K, be a set of compact sets such that

G K, =R3.
n=1

It is clear that the connected component of R(7) N K, that contains t; is a tree, and we
set T, to be the time-like tree such that R(7,-1) C R(7,) C R(T)N K,, and the number of
T, is as large as possible. By Lemma 9.27, 7, can be constructed from 7, 1. So (7,) is a

subsequence of some TLG™*-tower (H.,). [

10.2 Galton — Watson time-like tree

We will encode a continuous version of Galton-Watson process into a (forward) time-like

tree. The idea is to use the setup in the Crump - Mode - Jagers model (see Section A.7.).
Let I = {0} UlU,~, N", and we interpret that (x,j) € I, j € Nis a child of z € I.

First, lets make some assumptions:
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e Let (A, : x € I) be a collection of exponential random variables with parameter V.

(Lifetime of an individual.)

e Let (R, : x € I) be a collection of random variables with distribution given by the

generating function
O(s) = Zaksk, O(1) = 1.
k=0
o (A, Ry)zer is an i.i.d. sequence.

In our model at the end of its lifetime, the individual gets divided into nonnegative number

of new individuals (0, 1, 2, ...), so we define the reproduction function to be

Ee (t) = er(tZ)\z) :

Recall, that we defined with 7, the birth time of x, with 75 = 0, 7 ;) = 7o + inf{u :
§or(u) = i}
We define the Galton - Watson tree in the following way:

e Let VO = {t_l = O,to = )\@}, and 51 = {E—LO}' Set g(] = (V(],go).

e Define I}, _(Gx) all the z labels of exit vertices in Gy such that &, > 0.

e Now set
Vi = Vg1 U U {twy =Twq d=1.. &},
a'elf (Gr_1)
gk = gk—l U U {E{E’,(.’E’,j) . j - 1 S gm’},
2 €l (Gr-1)
Gr = Vi, Ek)- (10.1)
e Now, set

V= Gvk, €= ng.
k=1 k=1
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We define G = (V, €) as the Galton — Watson time-like tree.

Lemma 10.4. For allt > 0 we have E(&,(t)) < E(R,).
Therefore, if E(R,) < oo, almost surely for all t > 0 the number of vertices from V with

time at most t is finite.

Proof. Since &, < R, the first claim follows. For the second claim, first note E({(t)) < oo.
Further (0 > A,) = (0 = A;), and this is a set of probability 0, hence E(£(0)) = 0 < 1.
Therefore, by Theorem A.35. the set of vertices with time label at most ¢ is finite. [ |

Theorem 10.5. IfE(R,) < oo, the Galton - Watson time-like tree is a TLG*. Specially,

it is a forward time-like tree.

Proof. 1t is clear that (Gj,) from (10.1) is the TLG**-tower that leads towards the construction

of G. Further, any representation is locally finite, since any compact set K will have a finite
time component, i.e. it will be contained in [0, 7] x R?, and by Lemma 10.4. it can contain
finitely many points finitely many edges. We know by Lemma 10.4 that the number of
vertices whose representation is in [0, 7] x R? is finite a.s., and also since R, is finite a.s. we

have that number of edges intersecting K is finite. [ |

10.3 Processes on TLG*’s with infinite number of vertices

10.3.1 Construction

Let G = (V,€) a TLG* such that V is infinite. According to the definition, there exists a
tower of TLG™’s G, = (V, €,), n > 1, such that V), is finite, where V = J,,5, Va.

Let
M={u, :0€ PG} (10.2)

be a family of distributions of processes along full-time paths in G satisfying conditions

(T°1)-(T"3) given in Subsection 9.1.1.
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Since

M(Gn) = 1o : 0 € P(Gn)}

is well-defined, and we can show similarly as in Lemma 2.14 that M(G,,) satisfies (T"1)-(T’3),
we can define a hereditary spine-Markovian process X" on G, such that for each o € P(G,)
the process X has the distribution p,. Further, the restriction of this process to Gy (k < n)

has the same distribution as the M (Gy)-process X* defined on Gy, in the similar manner.

Now, Kolomogorov’s consistency theorem shows, that there exists a process X on G such
that the restriction of X to any G, has same distribution as X*. Note, that since each

o € P(G) is in some of the G;’s we have X, has the distribution p,.

10.3.2  Uniqueness of distribution

Using a similar approach as in §2.4.2 we will get that the distribution of the process X
doesn’t depend on the choice of the TLG**-tower (G,,).

Lemma 10.6. Let G be a TLG*™ with infinitely many vertices, (G}) and (G7) two TLG*-
towers that construct G and X' and X? the natural M-processes constructed using these two

towers. The distribution of the processes X' and X? restricted on G} is the same for all k.

Proof. We first prove the claim when the vertices of G have only real values. By Lemma

10.2. we can choose kq, and [; in such that
R(Gy) C R(G}) € R(Gy,),

where Vg1 C Vg2 C Vgi . Now, we look at the embeddings (G;)", (G7)" and (G, )". We will
1 1
have the same relationships, and by Lemma 2.22, we know that (G})” and (G} )" are in some

TLG*-tower. Now, by Theorem 2.20. and Theorem 9.8. the result follows. [ |

Theorem 10.7. Let G = (V,E) be a TLG**’s with infinitely many vertices in V, and let X*
and X? be two M-processes constructed using the TLG**-towers (G) and (G?), then X' and

n

X? have the same distribution.
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Proof. Let ty,... 1, be the points on G with finite time. Then, by Lemma 10.2., there exists
G} that contains all of these points. By Lemma 10.6 it follows, that X! and X? have the
same distribution on G}. Specially, (X'(t1),..., X (¢t,)) and (X?(t1),..., X?(t,,)) have the

same distribution. Now, by Kolomogorov’s Consistency Theorem the claim follows. |

Corollary 10.8. The distribution of the process X on G doesn’t depend on the choice of the
TLG*-tower (G;) that constructs G.

Definition 10.9. We call the constructed process X the natural M-process on the TLG**
g.

10.4 Natural P-Markov process

First, let’s define the natural P-Markov process.

Definition 10.10. Let G be a TLG*™ and P a distribution of a Markov process on [0, 00),
then natural P-Markov process on G is a stochastic process X indexed by G such that
the distribution of X along each path m from any point t; to any other point t;, is distributed
as a P-Markov process along [t;,t]|, and satisfies (31") conditions. This induces a (3T")
family Mp, and the natural P-Markov process on G is the natural Mp-process on G (see

Definition 10.9.)

The following was shown in Section 10.3.

Theorem 10.11. For any distribution P of a Markov process on [0,00) and any TLG™ G

whose time components are all greater or equal to 0, there exists a natural P-Markov process.
10.5 Branching P-Markov process

Idea of this section is to construct a natural P-Markov process on a random Galton - Watson
tree, where P is a distribution of an RCLL or continuous process. We will also show its
connection to the branching P-Markov process. Specially, to show that in the case when P

is the distribution of the Brownian motion, that we have the branching Brownian motion.
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Basically, we first construct a Galton — Watson tree, and then on that tree we construct

the P-Markov process indexed by it.
e Based on the construction in Section 10.2 construct a Galton-Watson time-like tree 7.
e Construct a natural P-Markov process on T whose values are independent of 7.

Note, that the probability space on which we live can be written as

[[(® x No, B(R) x P(No))

zel

x [H(D[O, 00), B(D[0,0)))

xel
This is a product of countably many Borel spaces, and therefore it is a Borel space. The first
part of the product encodes the tree, while the second part is used to construct the process

on the tree.

Construction of the tree

As discussed in Section 10.2. the sequence (A, &;).er encodes the whole tree, and from there
we can get the time 7, of birth of each individual x € I. (Recall, that A, is the lifetime of x
and &, is the number of children.)
If 7, = oo then z was never born. Since the sequence was i.i.d. we can construct a
probability measure on
(Qr, Fr) = [[(R x No, B(R) x P(N)).
zel

We know that 7 is a time-like tree a.s.

Construction of the process

We will construct a probability on the space

(QaF) = (QTa ]:7') X H(D[0,00),B(D[0,00)))

zel

For each element ((\;, &2 )wer, (f2)zer):
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o (N, & )zer is distributed as Galton-Watson time-like tree

® filir.,m4,) Tepresents the space position of  during its lifetime

o folr\[ro,mtr,) = A for all h > 0 (represents cemetary).

o If 7, ;) < oo then f(;)(Tay)) = fo((7o + Az)7) almost surely for all z € I and j € N
(last position of the parent, is the first position of the child).

Specially, if 7, = oo then

e f.(h)= A for all h > 0 (never born, remains on cemetary).

Let’s make some assumptions on the distribution P and introduce some notation. Let

(X (t) : t > 0) be a P-distributed process:

e by P* we are denoting the distribution of the process (X (7 +¢) : t > 0) conditioned

on the event X, = z.

We will assume the following on (P¥ : 7> 0,2 € R) for all A € B(D|0,00)) the map

(1,2) = PX(A)

is a measurable function. This clearly holds in the case of many time-homogeneuos Markov

process (e.g. Brownian motion or Levy processes).

We do the following construction, based on first child - next sibling idea from computer

science.
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1 Ag = {0};

2 k=0;

3 loop

4 k=Fk+1,;

5 for z € A,_; do

6 add to Ay first child and next sibling of x;
7 end
8 endif

Algorithm 4: First child - next sibling search of the plane tree

We now order the I in a sequence (z,,), such that we first all the elements of Ay appear,

then of all the elements of A; appear, then of A, ...

Now (Qr, Fr), (e, Fay)y (Qayy Fuy), - - - is a sequence of measurable spaces, and we have

the following probability measures on them:
e On (Qr, Fr) we define Py as explained in the previous subsection;

e On (Q,,, F,, ) we define Piffl as the distribution of the process (Y (t) : ¢ > 0) where

X(t), t<Ag;
A, >N

Y(t) =

where the distribution of (X (¢) : t > 0) is P.

e On (£, F;;) we define IP’Zj Aol to be the distribution of the process (Y (¢) : ¢ > 0)
given by
A b < Ty,
Y(t) =< X(t), 7o, <t <7, + Ay
A, t 2> To, + Aays
fo, (s,

where (X(t) : ¢ > 0) is distributed as Pr,’ : where f,, € Q,, ¥; is the parent of

7;, and we can show that 7., is a measurable function on (7, F7). Therefore, since
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Jj <y, for Ae F,,

is [T1_; (Qq;, Fr;)-measurable.

Now we can define a product probability on (€2, F) using Theorem A.9.
Now, for w = (w, (f,;)) € Q. T(w) is represented by wr, and for E, ,,; an edge in T (w)

we define
X, ., (@)(0) = f2,(0)

for To, << Ty

Properties of the construction

Theorem 10.12. The probability measure is well-defined, that is P doesn’t depend on the

choice of (x,) as along as:

(1) xo =0);

(2) {xp, :neNy} ={x:zel};

(3) For each j > 1 there exists j' < j such that xj is a parent of x;.

Proof. Conditioned on (7 = T') the constructed process can be mapped into a construction
of a natural P-process on a TLT T'. The distribution of the process by Corollary 10.8 doesn’t

depend on the constrcution, hence the probability measure is well-defined. [ |

Corollary 10.13. The distribution of constructed process conditioned that the underlying

tree T =T is a natural P-process on T.

Theorem 10.14. If P is a distribution of a Markov process, for constructed process (T, X)
the process

Y(t) = {X(r): 7 € R(T) N ({t} x R?)} (10.3)

1s a Branching P-Markov process.
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Proof. Follows from stated in § |

Corollary 10.15. If P is a distribution of Brownian motion, then the process given by (10.3)

1s the branching Brownian motion.
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OPEN QUESTIONS AND APPENDIX
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Chapter 11
OPEN QUESTIONS

In this chapter we will state some open problems that could be of interest for further

research.
11.1 Construction of process on all TLG’s

As it was pointed out by Burdzy and Pal in [7] (and in §3.4.2 of this paper), it is not possible

to construct a natural Markov process on every TLG.

Theorem 3.21. shows that a Brownian motion with the cell-Markovian property indexed

by the TLG G given on the first image of the Figure 11.1 does not exist.

VS
LN

Figure 11.1: Example from Theorem 3.21. and different embeddings into a TLG*.

b¢

X

We know, by discussion in Section 2.3, that it is possible to construct a Markov process

on a TLG*. We could try to embed G into some TLG* H, define a natural Brownian motion

X on H and then restrict X to G (i.e. set Xg = (X (t) :t € G)).
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It is possible to embed any TLG into a TLG*.

Theorem 11.1. Let G = (G,V) be a (unit) TLG, then there exists a TLG* H that is a

sup-graph of G.

Proof. Let 1, ..., T,, be times of vertices of V. Now, we construct Vy that contains V
and vertices t’f/2,t§/2,. . tfn+1/2 with times 71/ = —1, 73/9 = Tl;’TZ, ey Tme1j2 = w’

Tm+1/2 = 2. Now, we set 5% is constructed in such a way that ¢, € V with time 7; the edge
® Ej /2 between ¢, and # is in EY;
® Ejjy1/2 between ¢y and 5, is in Y.

It is not hard to see that Ho = (Vy, &) is a planar simple TLG, therefore by Theorem 1.6.
a TLG*.

Figure 11.2: H, (induced by dashed edges) is planar.

Further, every two vertices ¢; and t;, are connected by a time-path in H,. Hence, we can

add one by one edge from & to Ho, and H = (Vy, &Y, UE) is a TLG*. [ |

It is clear that the distribution of a Brownian motion on G will depend on the embedding

H.

e For a given (simple) TLG G, under what conditions on the distributions along time-

paths can we construct a process on G7

e Are there examples of distributions of (Markov) processes along time-paths for which

this is not possible?
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e [s there a way of getting the uniqueness of distribution of X on G?

e What properties will the constructed process have?
11.2 Reconstruction of TLG’s based on the process

As we saw in the previous section, the fact that the underlying graph is not a TLG* or

TLG*™ does not have to prevent us from defining a process on it.

It could be that a part of the graph and a part of the process on that graph is hidden

from us.

Suppose X is a natural M-process on a TLG* H where M is a family of distributions of
Gaussian Markov processes. Let G be a TLG such that R(G) C R(H).

e If we know how the graph G looks like and we know the distribution of Xg = (X(¢) :

t € G), how much can we say about H?

e What if we don’t know the distribution of the process X on the whole G, but only on

the part of it?

e Could we use any of this on the branching Markov process (specially on branching

Brownian motion)?

In classical graphical models problems of hidden (latent) variables have been studied (see
Chapter 20. in [35] or §17.4 in [28]). One of the strong tools in solving the problems could
be the moralized graph-Markovian property, which enables us to project a process on a TLG
into Markov random field (MRF) . We could use some of the properties of MRF’s to detect

hidden parts of the graph.

There is an interesting criteria for finding edges in a Gaussian MRF. Before we state that

we will need the following lemma.
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Lemma 11.2. If X = (Xy,...,X,) is a Gaussian random vector with positive definite

covariance matriz ¥, then X; L X;|(Xy : k€ {1,2,...,n} \ {i,j}) if and only if Zi_jl =0.

Proposition 11.3. Let G = (V, E) be a undirected graph and X = (X, :v € V) a Gaussian
Markov random field. Let K be the positive definite covariance matriz of X. If {u,v} ¢ E
then K, = 0.

For proof of these claims see Chapter 7. in [35] or Chapter 5. in [37]. With these results

we can show the following.

Proposition 11.4. Let X be a natural M-process on a unit TLG* H, where M 1is a
family of Gaussian Markov processes. Assume we know the distribution of Xpgg) where
G = ({0,1},{EL, E4}). If R(G) is a representation of a truly simple cell in H then for the

covariance matriz K(t1,ty) of the vector
X = (X(0), X(t1), X(t2), X (1))

we have K(tl,tg)ié = 0 for every point t; € E}, and ty € EZ, with times in the interval

(0,1).

Figure 11.3: G and the induced graphical model

Proof. If G is a representation of truly simple cell, then by the Corollary 3.18, the strong
cell-Markovian property (Theorem 3.4) and moralized graph-Markovian property (Theorem
3.12.) we know that X can be represented as a graphical model. In this representation there

will be no edge between t; and t9, and by Proposition 11.3. the claim follows. |
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Making some natural conditions on the distributions on the family M and using the
variable elimination algorithm (see Chapter 9. in [35]) in for MRF’s we could try to get the

converse of the statement.

e If G is not the representation of a truly simple which paths can we detect?

11.83 Strong Markov property, parametrization, evolution over time,. ..

In Chapter 4 we defined stopping times and proved the Optional Sampling Theorem. We

also proved the time-Markovian property, and the the following question naturally follows.

e Do we have a version of the strong Markov property for a natural M-process, where

M is a Markov family?

Parametrizng the process in suitable way and calculating probabilities is always a chal-

lenge.

e [s there a convenient way to parametrize the family along time-paths of a TLG G7

e [s there a procedure how to calculate finite dimensional distributions of the process on

the TLG G7

e [s there a procedure how to calculate finite dimensional distributions conditioned that

we know some values of the process on the TLG G?

We could evolve the process on a graph G over time, and maybe even make the graph

evolve over time.

e Could we define a process (X7 : 7 > 0) such that X7 = (X7(¢) : t € G) is a process
indexed by a TLG G7?

e Could we define a process (X7 : 7 > 0) such that X7 = (X7(¢) : t € G(7)) is a process
indexed by a TLG G(7)?
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We saw one way to randomize the underlying graph in Chapter 10, we could try to

randomize the underlying graph in a different way.

e Let G be infinite TLG, suppose we run site or bond percolation on G, and then on the
connected component we define a Markov process. What properties will the process

have?
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Appendix A
INDEPENDENCE AND PROCESSES

A.1 Conditional independence and expectations
The results in this section are taken from Section 21.5. in [20].
We will often use conditional independence, so we need to define it.

Definition A.1. Let (Q, F,P) be a probability space and F1, Fa, and G sub-o-fields of F. The
o-fields Fy and F» are conditionally independent given G if

]P)(Al N Ag‘g) = ]P’(Al‘g)]P)(Aglg) a.s.
for all Ay € Fy and Ay € Fo.

Proposition A.2. Let (2, F,P) be a probability space and Fi, Fa, and G sub-o-fields of F, and

suppose that Fo C G. Then Fi and Fa are conditionally independent.

Proposition A.3. Let G, H, and K be o-fields of events in a probability space. If G and H are

conditionally independent given IC, then G and o(H,K) are conditionally independent given K.

Proposition A.4. Let G and H be two o-fields of events in a probability space, and let Gy and H;
be sub-o fields of G and H, receptively. Suppose that G and H are independent. Then G and H are

conditionally independent given (G, Hi).

Conditional expectations

Proposition A.5. Let X be (V,H)-valued random variable on a probability space (2, F,P) and
suppose that a conditional distribution Z of X given G exists where G is a sub-o-field of F. Let f
denote a R-valued function on (¥, H). Then

E(f(X)|9) = /@ f@)2(dz) as.
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Proposition A.6. For i = 1,2, let X; be a (V;, H;)-valued random variable on a probability
space (2, F,P) and let G be a sub-o-field of F, such that Xo is measurable with respect to G.
Suppose that each (V;,H;) is a Borel space. Let f be a measurable R-valued function defined on
(U, Hqy) x (Vg,Ha). If Qy is the distribution of Xy, then

E(f (X1, X2)|9)(w) = | f(z, X2(w))Qu1(dz|G)(w) a.s.

vy

in the semse that the set of w such that one side exist but the other does not is a null event.
A.2 Construction of a conditional sequence

Lemma A.7. Let (Vy,Goy) and (V1,G1) be two measurable spaces, let Ry denote the probability
measure on (Yo, Go), and let xo — Ri(xo,-) be a random distribution on (V1,Gy1) whose domain is
the probability space (Yo, Gy, Ro). Then there is a unique distribution Q on (Yo x ¥1,Gy x G1) such
that if X = (X0, X1) is any valued ¥o x Wq-valued random variable having distribution @Q, then Ry
is the distribution of Xy and Ry is a conditional distribution of X1 given o(Xy). Moreover Q is
given by
Q(A) = / / 1a(z, 21)R1(wo, dr1)Ro(dzo)
A

for A€ Gy x G.

Theorem A.8. (CONDITIONAL FUBINI) Let (o, Goy) and (¥1,G1) be two measurable spaces and

let
(Q,F) = (¥o,G0) x (V1,G1).

Let Ry, R1, and Q be as in Lemma A.7. If f is and R-valued measurable function defined on

(Q, F, Q) whose integral with respect to Q exists, then the function

o f(xo,xl)Rl(xo,dwl)
Wy

1s an Rg-almost surely defined Gy-measurable function, and

/fdQ:/ f(aco,xl)Rl(wo,dwl)Ro(dwo).
Q VAL



214

Theorem A.9. Let (V,,,G,,)n>0 be a sequence of measurable spaces. Let Ry be a probability measure
on Go, and for each n > 0, let Ry4+1 be a measurable function from (Wo,Go) X ... x (¥, Gy) to
the measurable space of probability measures on (Vy41,Gnt1). Then there exists a probability space
(Q, F,P) and a random sequence (Xy : k =0,...) defined on the space such that the distribution of

Xy is Ro, and for n >0, conditional distribution of X,+1 given o(Xo,...,X,) is given by
w i Ry (Xo(w), X1(w), ..., Xp(w), ).
The distribution of X is uniquely determined by the relations

]P)((XO,...,Xn) EAn) :/ / 1A(x0,...,xn)Rn((xo,...,xn_l),dazn)...Ro(dazo),
\I’O n
n €Ny and A, € Gog X ... X G,.
A.3 Markov and Brownian bridges

The best way to describe a Markov bridge (Y;) is as a Markov process on the time interval [s, u]

conditioned that we know the value of the process at times s and u.

In oder to construct such a process we need to see what is happening with a Markov process
when we condition it on the outside of that interval. Here we will prove a slight generalization of
the result stated in [1]. In this section we are working on a probability space (€2, F,P) until we

extend it later. The proof of the following theorem can be found in [1].

Theorem A.10. (TwWO-SIDED MARKOVIAN PROPERTY )Let (Xy)ier be a Markov process with re-
spect to the filtration (F;)ier, and let Gy = o{Xy, :u>1t}. Fors<winT and T' C TN [s,ul, if Y

is a bounded oc{X; : t € T'}-measurable random variable then
E(Y|Xs, Xy) =E(Y|FsVGy) a.s.

Corollary A.11. Let (X;)ier be a Markov process with respect to the filtration (Fi)ier, and let
G =o0{Xy,:u>t}. Fors<wuandt€ [s,u] inT, if f is a bounded R-valued measurable function

on the state space, then

E(f(Xe)|Xs, Xu) = E(f(X)[Fs V Gu)  as.
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If T C R be a closed finite interval, and (X;);er is RCLL (or continuous) process with real
values. Then X can be viewed as a random map into a Borel space (2, S) consisting of all z € RT
such that ¢ — z; is RCLL (or continuous) with the usual Skorohod (or uniform) topology. (See [5]
for more on this.) Under those conditions, since the space of RCLL functions on a compact set is

a Borel space, we can define a conditional probability pu(w,-) for w € Q such that

plw, H) = P(X™H(H)| X, Xo) (W), (A.1)

where H is an element in the o-algebra of that Borel space, for P-almost all w € Q.

Specially, since coordinate projection m; : RT — R are measurable, p we get the conditional

distribution for each X,:

p(w, m H(A) = P(X; € A|X,, Xs).

A property of this random measure.
Proposition A.12. For u € {s,t}, we have

(e myt(A)) = 0x,(A).

Proof. Since 14(X,) is Fs V Gi-measurable, from Corollary A.11 we have

N(’aﬂ'u_l(A)) =P(Xy € 41X, X3) = E(14(Xu)| X5, X3) =

= E(14(X)|Fs V G) = 14(Xy) = Oy, (A).

P-almost all w €  the measure p(w,-) on (X, S) defines a random map Y such that Y,, = X, (w)

wlw, )-a.s. for u € [0, s] U [t, 00).
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The construction

We will focus on RCLL (or continuous) Markov process (X (¢) : t € [0,1]) with distribution D.

Definition A.13. For times t; < t in [0, 1] we say that a process (Y (t) : t € [t1,t2]) is a Markov

bridge between (t1,v:,) and (t2,y.,) on some probability space if :
° Y;ﬁl = yt1 and Y%z — ytz;

e The distribution of (Y; : t € [t1,t9]) is the same as (X(t) : t € [t1,t2]) given (X (t1) =
Yo, X (t2) = Y1)

Theorem A.14. A Markov bridge between (t1, Xy,) and (ta, Xi,) exists, for D-almost all values of
(Xt17Xt2)‘

Proof. The process (X; : t € [t1,t9]) is still Markov and RCLL (or continuous). Now, from the
previous discussion (see (A.1)) and since the space of RCLL functions on a compact set is a Borel

space, there exists R such that
R(X(t1), X (t2))(-) = P(X € -[X(t1), X (£2)).

Now the measure B — R(X(t1), X (t2))(B) defines a process Y on D[t;,ts] (or C[0,1]). From the
Proposition A.12. we get that Y (t1) = X (¢1) and Y (t2) = X (t2) R(X (t1), X (t2)) - a.s. [ |

Often we will have a probability space a Markov process X and maybe some other process Y on
that space, and we will need to extend that process to get construct an additional Markov bridge

of the process X.

Theorem A.15. Let (Q,Fo,Po) be a probability space, (X :t € [0,1]) a RCLL (or continuous)

Markov process with distribution D, and Z some other random element on that space. Assume @

1

is the law of the Markov process on [t1,ta], where D omy &

=Qo Wa}h. Then for all t1 < to in
[0,1] there exist a probability space (Q,F,P) with a process (X (t) : t € [0,1]), random element Z,

and a Q - Markov bridge (Y (t) : t € [t1,t2]) between (t1, X (t1)) and (to, X (t2)) such that:

o The joint distribution of (X, Z) is the same as of (X, Z);
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o (X,2) and Y are conditionally independent given (X (t1), X (t2)).

The process X given by X (t) = X (t) for t € [0,t1] U [t2,1] and X (t) = Y (t) for t € (t1,t2) is a
Markov process. Further, if D on [t1,to] is distributed as Q then X has the same distribution (D)
as X.

Proof. We construct a Markov bridge and the space (2, F,P) using Lemma A.7. Let’s prove that
the process X is Markov. Pick u € [0,1] and with Ay, we denote a set in o(X; : t € [1,k]).
If u € (t1,t2), and let B, € o(X,) then when we condition on X(¢;) and X (t3) from the

construction we have

E(]‘Aotl 1At1u ]‘Aut2 ]‘At21 1g,)
= E(E(Lag, Lary, Ly, Lag: 15, [ X (0), X (t2)))

= E(]'A()tl lAtzlE(]‘Atlu 1Bu ]‘Aut2 |X(t1)7 X(t2)))
Now using the Markov property of the process X we have

E 1A0t1 1At21E(1At1u 1p, 1Aut2 ’X(t1)7 X(tQ))‘X(tl)))

Now, again using the properties of the conditional expectation we have

= E(E(E(Lag, [ X (01))E(La,, [ X (2) 14,15, 14,, X (t1), X (t2)))

= B(E(1a,,, [X(81))E(La,,, | X (t2))14,,, 18,1 4,0, )-
Since (X(t) : t € [t1,ts]) is a Q-Markov process, conditioning on X (u) we get

E(E(Lag, [ X (t1))E(La,, | X (t2)14,,,18,14,,,|X (1))
E(E(Lag, | X (t1)E(La,, [ X (£2)14,,, 14,1 X (u)15,)
E(E(Lag, X (t1))14,,, | X (w)E(E(14,,, X (t2))14,,, | X (u)1p,)
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We again condition on X (¢1) and X (t2) and we get

= E(E(E(La, [X(t1)) 14, E(E(La,, [X(t2))1a,, X (0)1p, X (t), X (t2)))

= E(E(Lag,, | X (0))E(La,, EELa, [X (82))1a,, X (u)1s, X (1), X (t2)))
Now, using Markov property of the process X, and later the construction we get

= E(Lag, E(La,, E(E(La,, X (t2))1a,, X (0)15, X (1), X (t2)))

= E(Lag, L, E(E(La,, | X (82))14,,, | X (0))15,)

Now we again condition everything on X (u) and using properties of the conditional expectation we

get:

E(E(lAOtl 1At1u ’X(u))E(E(lAtQI ’X(tQ))lAutz ’X(u))lBu)
E(E(E(lAOtl 1At1u ’X(u))E(lAtQI ’X(tQ))lAutz 1p, ‘X(u)))
E

(E(Lag, Lay, [ X (w)E(La,, [ X(t2))14,,15,)

Again conditioning on X (t1) and X (t2), and using Markov property of X, and the construction we

get

E(E(E(Lay, 1a,,, [ X (0))1a,,, 15, 1X (1), X (2))E(La,,, | X (t2)))
E(E(E(1A0t1 1At1u ‘X(u))lAutz 1p, ’X(t1)7 X(t2))1At21)
E

(E(Lag, 1a,,, | X ()14, 18,14,,)

Finally, conditioning on X (u) we get

= E(E[E(]-A()tl 1At1u ’X(u))lAutz 1p, 1At21 ‘X(u)])

= E(E(Lag, 14,,,| X (u)E[1a,,,14,,,|X (u)]1B,).

This proves, using monotone class theorem that (X (t) : t < u) and (X (t) : t > u) are conditionally
independent given X (u).

When u € [0,%1] U [ta, 1] this can be shown in a similar way. [ |
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Brownian bridge

Brownian bridges are Markov bridges when the given Markov process is Brownian motion.

The following representation holds.

Theorem A.16. For 0 < t; <ty the process (B"(t) : t > 0) given by

to —t t—1
2 (l’l — th) + Wt + tl (JEQ — Wtz),

to —t1

-t

where (Wy : t > 0) is Brownian motion has the same distribution as a Brownian bridge conditioned

at times t1 and ty to have values x1 and xs.

Corollary A.17. Let (N(t) : t € [0,T]) be given for each t by the Ito integral

N = [ r)ab.

For 0 <ty <ty <T the distribution of the process N conditioned at times t1 and to to have values

x1 and xo is the same as that of

V(t2) = V()
V(ta) — V(t1)

V() -Vt

Nl’Q(t): m

T1,T2

(1 = Wyy)) + Wy + (2 = Wy (1))
where (Wy : t > 0) is Brownian motion and V (t) = fot(f(s))2 ds.
A.4 Markov random fields

Let G = (V, E) be a simple undirected graph, where V is a finite set of vertices and E is a set of
edges. We are looking a process (X, : v € V).

Definition A.18. The process (X, : v € V) has a

(a) pairwise Markov property if for all v,u € V such that {u,v} ¢ E we have

Xy L Xu‘XV\{v,u};
(b) local Markov property if for allv € V

Xy L X (o} [ X usfupvreBY)s
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(c) global Markov property if for every A, B and C subsets of V such that C' separates A and
B, we have

X4 L Xp|Xc.

Definition A.19. We say that the process (X, : v € V) is a Markov random field (MRF) if it

satisfies one of the three properties (a), (b) or (c) in Definition A.18.

Lemma A.20. The global Markov property implies local Markov property, and the local Markov
property implies the pairwise Markov property.
If the random vector (X, : v € V') has a positive density then we have several interesting results.

(For more details see [35].)

Theorem A.21. Let X = (X, : v € V) have a positive density function f. Then global, local, and
pairwise Markov properties are equivalent.
The following theorem was proven in an unpublished paper by Hammeresley and Clifford. There

have been several proofs published obtained in different ways, see for example [25, Grimmett (1973)]

or [11, Clifford (1990)].

Theorem A.22. (Hammeresley-Clifford, 1971) Let X = (X, : v € V) be a continuous or discrete
random vector with a positive density function f. X is a Markov random field if and only if f is

of the form
flz) = % 11 )¢c(ﬂfc),

cec(@

where C(G) is the set of all mazimal cliques in G.

A.5 White noise

In this section we define the one dimensional white noise on R™. This is a mean-zero Gaussian

process indexed by Borel o-algebra on R (B(R™)), i.e.
(W(A) : A e BR")),

with the covariance function

S(A, B) = A\(AN B), (A.2)

where ) is the Lebesgue measure, and A, B € B(R").
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Lemma A.23. The function ¥ : B(R™) x B(R"™) — R given by (A.2) is symmetric and positive
definite.

By Kolmogorov’s Consistency Theorem, the process W exists, and has the following properties:
Theorem A.24. Let W= (W(A) : A€ B(R")) be the white noise on R™.
(a) For all disjoint A, B € B(R™), W(A) and W(B) are independent.
(b) For all A,B € B(R"), WAUB) =W(A)+W(B)—-W(ANB) a.s.

(¢c) If Ay, Ag, ... € B(R™) are disjoint and Y21 M(A;) < oo, then a.s.
W <U Ai) = W(A).
i=1 i=1

Although W is not a measure, it has enough properties (see details in Khoshnevisan) that for

h € L?()\) we can define the Wiener integral
W(h) = / h(s)W(ds).
The stochastic process (W (h) : h € L?())) is called the isonormal process.

Theorem A.25. The isonormal process (W (h) : h € L*()\)) is a mean zero Gaussian process

indexed by L*(\) such that for all hy, hy € L*()\),
BV ()W (h2)) = [ o
Moreover, for every o, 3 € R and f,g € L*(\)

W(af+Bg) =aW(f)+BW(g), as.

A.6 The stochastic heat equation

The usual heat equation is the initial value problem

Ot = cOpzpu + f on (0,00) x R,
u(0,2) = g(z) for z eR.

(A.3)
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Under mild assumptions (see [18, Folland]) it is well known that the following is a solution to

(A.3):
o=yl

e “eli- S>f (s,y)dyds (A.4)

_lz—y?

dct d —|—/ /
2V7TC o) dy 0 2y/me(t —s)

The idea of the stochastlc heat equation is to replace the external force f, with random noise,

u(t,z) =

in our case the white noise W. So the stochastic heat equation will be given by

Ou = €Oyt + oW on (0,00) x R,

(A.5)
u(0,2) = g(z) for z eR.
where 0 : RT x R — R is a nice function. The so called mild solution to (A.5) is
_lz—yl? ¢ lo—yl®
t,x) et d +/ e =) 0g(s,y)W(ds,dy). A.6
u(t, 2\/% 9)@/02\/m (s,y)W(ds, dy) (A.6)

We will state the results adapted from [47] (see the appendix of the paper). The case that will

interest us is the case when we have a boundary condition, and ¢ = % and o = 1 are constants:

Oy = %amu + W on (0,00) x RT,
u(0,z) = g(x) for zeRT. (A.7)
u(t,0) =0 for t>0.
We need to define precisely what the solution of this equation is, and when it is unique (and in
what sense). The following definition and results have been taken from [21, Section 3 & 4], where

more general result were obtained and by modification of results from [47].

First we will define a space of Ciepn(RT), and we will require that for all ¢ > 0 the function
’LL(t, ) € Ctem(R+)-

Definition A.26. We denote by Cien(RT) the family of all continuous functions f : Rt — R
satisfying
[ £ll=x = sup ™ f(2)] < oo,
z€RT
for all A > 0.
Definition A.27. (a) We call a random function {u = u(t,z),t > 0,2 € RT} a weak solution of
the SPDE (A.7) with an initial value ug € Ciep(R™) if it is (F;) adapted and has the following

two conditions:
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o u e C([0,00),Cem (RT)), a.s.

e For every p € C°(R™) such that ¢(0) = 0, the following is satisfied:

[ wtpta) e = [ ot des

// u(s, z)"( d:nds+// W(ds, dx)
R+ R+

(b) We call v under the same assumptions a mild solution if the following holds

( e )g(y)dy+

= =ING

(u is a Cyem-version of the integral on the right.)

u(t,z) =

V2Tt Jr+
|z —yl? Jatyl?

e 2i-s) — ¢ 20— s)>W(ds,dy). (A.8)

(c) We say that the pathwise uniqueness of the weak solution of the SPDE (A.7) holds if for
arbitrary two weak solutions u") and u(® of the SPDE (A.7) with the respect to the same
filtration (2, F, (F;),P) and the same noise W we have

(uD(t ) # uP ()} C N,

>0
where N € F such that P(N) = 0.

In order to show that a Cyepn,-version of (A.8) exists we will need the following results.

Lemma A.28. If ¢ : Rt x RT — R is in L?, for each p > 0 there exists a constant Cp > 0 such

E[< /0 t . ¢(s,x)W(ds,dx)>2p <c, < /0 t . ¢(s,$)2dsdx>p (A.9)

Lemma A.29. (i) There exists a constant C' > 0 such that

that

vt/
| [G=swp)-cw —sat)Pasdy < (e — 012 41 - o)
0 R
fort,t' >0 and x,2’ € R, where G(t,z,y) = (2rt)~ /2 exp(—(z—y)?/(2t)) fort > 0 and G(t,z,y) =
0ift <0.

(ii) For every A € R and T > 0

sup Supe_’\x/G(t,:n,y)e)‘|ydy<oo.
0<t<T z€R R
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Theorem A.30. If g € Ciep, a.s., the following claims are true:
(a) The SPDE (A.7) has a at most one pathwise unique weak solution.

(b) If u is a mild solution to the SPDE (A.7) then it is also a weak solution.

Lemma A.31. Brownian motion is in Ciep, a.S.

Proof. The claim follows from the strong law of large numbers for the Brownian motion, that is if

A > 0 then

W,
lim e W, = lim (ze ) —= =0-0=
T—00 T—00 X

The following result is Lemma 4.4. from [21].

Theorem A.32. The Wiener measure is an invariant measure for the SPDE (A.7), i.e. if g is

Brownian motion, then for each x € R the process t — u(x,t) is also Brownian motion.

A.7 Crump - Mode - Jagers trees

Here we present an introduction to Crump -Mode - Jagers model which we will later mention in

the context of time-like trees. We will use the notation given by Dawson in [13].

First some notation. We define I = {0}UlJ;2; N". Given u = (u1,...,Up),v = (V1,...,0,) € [

we denote the composition by uv := (U1, ..., Um, V1,...,Up).

Definition A.33. A plane rooted tree T' with root () is a subset of I such that:
1. beT,
2. Ifv=wuw €T for someu € [ andw € I, then u € T.

3. For every u € T, there exists a number k,(T) > 0, such that uj € T if and only if 1 < j <
ky(T).
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Set T to be the set of all plane rooted trees. For u € T define the level of the vertex to be

lu| = (w1, ..., um)| =m.

A plane tree T can be given a structure of a graph in which uw € T is descendant of wu.

Specially, (u)(j) € T is the child of .

Consider the following process: For each individual x € I

We denote his birth time 7.

Lifetime )\,.

Point process &, denoting reproduction function. (£, () is the number of offsprings produced

by individual 2 born at 0 during [0,¢]. )

Assume that the pairs (A, ;) are i.i.d.

Assume P(&, (A, 00) = 0) = 1. (Offsprings can’t be produced after x is no longer alive.)

v

To! T(m/71) 7—(1",2) / T(a:’,l,Q) \
T + A T(a',1) T+ A1)

Figure A.1: Crump-Mode-Jagrers tree

The probability space that we are working in is

(Q, F,P) = [[(Qu, Fu, Pa),
zel
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where each (Q, F,,P,) supports (Az,&z)-
We can determine the birth times {7, : z € I} as follows,
9 =0,

T(a! i) = Ta! + inf{u 2 &y (u) > Z}

The natural question that one may many individuals were born in the the time period [0,t]. Is
that number even finite? We will introduce some results on this.

Set u(t) :==E(£(t)), and we define

T, = Z l(rxgt)v

zel

to be the number of individuals born up to time ¢. The following two results are form [32] (Theorem

6.2.1. and Theorem 6.2.2. pages 126-127).
Theorem A.34. If u(0) > 1, then for allt >0, P(T; = c0) > 0.
Theorem A.35. If u(0) <1 and u(t) is finite for some t > 0, then

P(\Vt: T, < o0) = 1.

A.8 Branching Markov processes and branching Brownian motion
The following is a definition given in [16] of the branching Brownian motion.

Definition A.36. Branching Brownian motion has three ingredients:

e THE SPATIAL MOTION: During its lifetime, each individual in the population moves around

in R? (independently of all other individuals) according to a Brownian motion.

e THE BRANCHING RATE V: FEach individual has an exponentially distributed lifetime with

parameter V.



227

e THE BRANCHING MECHANISM ®: When it dies, and individual leaves behind (at the location
where it died) a random number of offsprings with probability generating function ®(s) =
Yoo prs®. Conditional on their time and place of birth, offsprings evolve independently of

each other (in the same way as their parent).

We could have defined any Markov process on any Polish space E to evolve in the same way,

and in that case this would be the branching Markov process.

For more details on the definition of the branching Markov process see [30] and [31].
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INDEX

M-process, see Process indexed by a TLG Euler method, see Heat equation

Banach space, 116 Filtration, 88
dual space, 116 right-continuous, 90
Branching Brownian motion, 204, 226 Firs child - next sibling, 201

Branching Markov process, 199-204, 227 Full time-path, see Time-like graph (TLG)

Branching Markov processes, 188
Brownian bridge, 154-160, 219
maximum, 111-114, 157

Galton-Watson time-like tree, 195-197
Gaussian random variable (in Banach space),

116
Cell collapse transformation, see Time-like graph

(TLG)
Cell-Markovian property, 66-68, 84

concentration inequality, 116
Global Markov property, 69, 220
Graph-Markovian property, 69

strong, 66 doesn’t hold, 79-81
Conditional expectation, 212-213

Conditional Fubini’s Theorem, 213

for time-like trees, 191
moralized, 72, 71-77, 187, 208
Conditional independence, 212, 212

Consistent family of distributions along time- Harmonic sequence, 113

¢ Heat equation, 124-161
discrete, 156

paths, see Process indexed by a TL
Covariance matrix, 209

Crump - Mode - Jagers trees, 195, 224-226 Euler method, 134-151

Galton-Watson, see Galton-Watson time- solution, 124

like tree stochastic, 134-146, 156, 221-224

mild solution, 223
Directed set, 99

Donsker’s Theorem, 125

weak solution, 222
Hidden Markov model, 162
Edge-Markovian property, 77, 188 93 %{idden Markov models, 188
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Hoeftding’s Inequality, 125 cell-Markovian property, 185
consistent family of distributions along time-
paths, 45, 176
construction, 47-49, 177-183

Interpolation, 144
Interval TLG, see Time-like graph (TLG)

Local Limit Theorem, 120124 (3T") conditions, 178
Local Markov property, 219 (3T) conditions, 47

construction problems, 81-84
Markov bridge, 216, 214-219

spine-Markovian property, 51-58, 184
Markov chains indexed by trees, 188
Markov random field (MRF), 71, 76, 208, 220

Gaussian, 208

for time-like trees, 192
hereditary, 57-58, 184

) uniqueness of distribution, 59-60, 187
Hammeresley-Clifford Theorem, 220

with infinite number of vertices, 60-65,

197-199

Martingale indexed by directed set, 99-102
Martingales

. construction, 60, 197
indexed by a TLG, 87

. . . ) uniqueness of distribution, 61, 198
Maximal inequality for normal random vari-

bles, 114 3
aes, Siddk’s inequality, 115

Moralization, 71 . .
Simple random walk, see also Local Limit

Moralized h-Markovi ty, Graph-
oralized grap arkovian property, see Grap Theorem, 120, 123, 125 133, 135

Markovian propert
PROPErLY Skorohod’s Representation Theorem, 126

Pairwise Markov property, 219 Spine of a TLG*, see TLG* family
Percolation, 211 Spine-Markovian property, 42-45, see also Pro-
Plane rooted tree, 224 cess indexed by a TLG, 66
Process index by a TLG hereditary, 45
M-process Stingy algorithm, see TLG* family
natural, 60 Stirling formula, 120
Process indexed by a TLG, 41 Stochastic heat equation, see Heat equation

M-process, 47, 49-51, 177, 184 Stopping times, 100, 102—-105



TLG - valued, 102
Strong Markov property, 210

Time-like graph (TLG), 8, 7-40, 164, 164—
175
cell, 10
cell collapse transformation, 30
embedding, 166-169
maximal, 167
minimal, 166
entrance (vertex), 165
exit (vertex), 165
full path, 165
full-time path, 17
half-cell, 176
truly simple, 185
Interval TLG, 21
order, 173
order induced by a TLG =, 19
planar, 9, 173
point, 19, 173
representation, 8
simple, 164
time-path, 9
full-time path, 9
topology, 23-25
Convergence of points, 24

metrizability, 24

234

tree, 175

truly simple cell, 31

with infinitely many vertices, 38, 194-195
Time-like tree (TLT), 189, 188-193

backward, 189

forward, 189

Galton-Watson, see Galton-Watson time-

like tree

Time-Markovian property, 69, 70-71, 188
Time-path, see Time-like graph (TLG)
TLG* family, 10-16

consistent representation, 16

spine, 17

stingy algorithm, 35

TLG*-tower, 11

topological lattice, 26
TLG*-tower, see TLG* family
TLG** family, 169, 169-175
Topological lattice, 26, see also TLG* family,

27
separable from above, 101

Truly simple cell, see Time-like graph (TLG)

White noise, 220, 220-221
Wiener integral, 221
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