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One of the overarching goals of nuclear physics is to rigorously compute properties of
hadronic systems directly from the fundamental theory of the strong interaction, Quan-
tum Chromodynamics (QCD). In particular, the hope is to perform reliable calculations
of nuclear processes which would impact our understanding of environments ranging from
big bang nucleosynthesis, stars and supernovae, to nuclear reactors and high-energy den-
sity facilities. Such calculations, being truly ab-initio, would include all two-nucleon and

three-nucleon (and higher) interactions in a consistent manner.

Currently, lattice QCD (LQCD) provides the only reliable option for performing calcu-
lations of low-energy hadronic observables. LQCD calculations are necessarily performed
in a finite Euclidean spacetime. As a result, it is necessary to construct formalism that
maps the finite-volume observables determined via LQCD to the infinite-volume quantities
of interest. For 2 — 2 bosonic elastic scattering processes, Martin Liischer [129] [130] first
showed that one can obtain the physical scattering phase shifts from the finite volume (FV)
two-particle spectrum (for lattices with spatial extents that are much larger than the range
of interactions). This thesis discusses the extension of this formalism for three important

classes of systems.

Chapter [1] discusses key aspects of the standard model, paying close attention to QCD
at low-energies and the necessity of effective field theories (EFTs) and LQCD. Chapter






reviews the result by Liischer for two bosons with arbitrary momentum. After a detailed
derivation of the quantization condition for two bosons below the inelastic threshold, it is
straightforward to determine the spectrum of a system with arbitrary number of channels
composed of two hadrons with nonzero total momentum. In Section Liischer’s result is
re-derived using the auxilary field formalism, also known as the “dimer formalism”.

Chapter [3| briefly reviews the complexity of the nuclear sector, as compared to the scalar
sector, and it shown that this rich structure can be recovered by the generalization of the
auzilary field formalism for the two nucleon system. Using this formalism, the quantization
condition for two non-relativistic nucleonsﬂ in a finite volume is derived. The result presented
hold for a two nucleon system with arbitrary partial-waves, spin and parity. Provided are
the explicit relations among scattering parameters and their corresponding point group
symmetry class eigenenergies with orbital angular momentum [ < 3.

Finally, Chapter [4] presents quantization condition for the spectrum of three identical
bosons in a finite volume. Unlike the two-body analogue, the quantization condition of the
three-body sector is not algebraic and in general requires numerically solving an integral
equation. However, for systems with an attractive two-body force that supports a two-
body bound-state, a diboson, and for energies below the diboson breakup, the quantization
condition reduces to the well-known Liischer formula with exponential corrections in volume
that scale with the diboson binding momentum. To accurately determine infinite volume
phase shifts, it is necessary to extrapolate the phase shifts obtained from the Liischer formula
for the boson-diboson system to the infinite volume limit. For energies above the breakup
threshold, or for systems with no two-body bound-state (with only scattering states and
resonances) the Liischer formula gets power-law volume corrections and consequently fails
to describe the three-particle system. These corrections are nonperturbatively included in

the quantization condition presented.

! Assuming the isospin limit where the proton and the neutron are degenerate and can be thought of as
components of an isospin doublet, N7 = (p n).
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Chapter 1

INTRODUCTION

One of the most important achievements of modern science is the unification of three of
the four known fundamental forces of nature into what is known as the Standard Model of
particle physics. The Standard Model describes the electroweak [82, [165], [174) 83] and strong
nuclear interactions [70} [71l, [162] 87] of all subatomic particles observed to this date. One
of the goals of modern day particle physics is to find extensions of the Standard Model that
would incorporate gross features of our universe that are currently missed by the Standard
Model. Some key examples include the fact that neutrinos are massive, as well as the fact
that the standard model does not incorporate gravity nor a fundamental description of dark

matter.

An equally important scientific program is to utilize the Standard Model to obtain
further insight to physical systems that are either experimentally inaccessible or whose
experimental programs are plagued by systematic errors. In particular, it would be desir-
able to understand the implications of the Standard Model to the evolution of stars, Big
Bang/supernovae nucleosynthesis, the composition of neutron stars, as well as reactions
occurring in nuclear reactors and high-energy density facilities. This would require a tight
control of the strong nuclear sector for a wide range of energy regimes. This sector of the
Standard Model is described by a quantum field theory (QFT) known as Quantum Chromo-
dynamics (QCD) [70L [71]. As will be discussed in the subsections to come, at low energies
QCD, whose fundamental degrees of freedom are quarks and gluons, is non-perturbative
[162, R7]. The non-perturbative nature of QCD has historically introduced uncontrolled
systematic errors to theoretical calculations of nuclear physics phenomena directly from

QCD.

At low energies QCD is not only non-perturbative but it is also confining. This means

that despite quarks and gluons being the fundamental degrees of freedom, they are always



bound together to form hadrons. As a consequence, it is convenient to describe low-energy
nuclear systems using effective field theories (EFTs) whose fundamental degrees of freedoms
are the hadrons themselves rather than the quarks and gluons. Fermionic hadrons composed
of three constituent quarks (or three antiquarks) are known as baryons. The proton and the
neutron are two important examples of baryons, as they are the building blocks of all nuclei.
Bosonic hadrons composed of a quark-antiquark pair are known as mesons. Pions, kaons
and etas are examples of mesons. They are identified as the approximate pseudoGoldstone
bosons of QCD and mediate the nuclear force at long distances. Section [1.2] reviews the
two most important low-energy EFTs for nuclear physics. The first is Chiral Perturbation
Theory [176] [77, [78], which describes the interactions of pions, kaons and etas. The second
is “pionless EFT” or EFT(#) [104, [105], which has been shown to accurately describes the
two- and three-nucleon interactions at low energies.

State of the art nuclear physics calculation, such as no core shell model (see Refs. [188] 96,
189, (147, [148]) with continuum or lattice effective field theory, use chiral interactions derived
from EFT(#)+xPT. Due to poor determination of the low energy coefficients appearing
in these EFTs, present day nuclear physics calculations are plagued by systematic errors.
The only known way to circumvent the predictive limitations of such EFTs is to perform
non-perturbative numerical calculations of physical obsevables directly from QCD. This is
program referred to Lattice QCD (LQCD) [180]. LQCD calculations are performed in a
discretized, finite Euclidean spacetime. As a result, it is necessary to develop formalism
that connects quantities evaluated via LQCD to the physical observables of interest. This
thesis addresses two major obstacles towards the study of nuclear reactions directly from
QCD: scattering processes above inelastic thresholds [36, [35] and the determination phases
and mixing angles for arbitrary channels in the two nucleon sector [37]. The work discussed

in Chapters were previously presented in

e Rail A. Briceno and Zohreh Davoudi. Moving Multi-Channel Systems in a Finite
Volume, arXiv:1204.1110 [hep-lat]. 2012.

e Rail A. Briceno, Zohreh Davoudi, and Thomas C. Luu. Two-Nucleon Systems in a

Finite Volume: (I) Quantization Conditions, arXiv:1305.4903 [hep-lat]. 2013.



e Raul A. Bricenio and Zohreh Davoudi. Three-particle scattering amplitudes from a

finite volume formalism, Phys. Rev. D.87:094507, arXiv:1212.3398 [hep-lat]. 2012.

To understand the context of the work presented, it is necessary to first review the basics

of the Standard Model, QCD, EFTs, and LQCD.

1.1 QCD and the Standard Model of Particle Physics

The standard model is a relativistic quantum field theory that describes the strong, weak
and electromagnetic interaction of quarks and leptons. The strong sector, which is the main
focus of this thesis, is described by a non-Abelian gauge theory [I87] with gauge group
SU(3)¢c, whose fundamental degrees of freedom are quarks and gluons. The electroweak
weak sector is described by a SU(2)r, x U(1)y gauge group [82] [165] [174] [83]. As it stands,
the standard model has three generations of spin-1/2 quarks and leptons, a spin-zero Higgs
boson [91], 90, 2], and four mediating spin-1 gauge bosons (the photon, gluon, W* and
Z9%). Although the electroweak Lagrangian has SU(2)r x U(1)y symmetry, this symmetry
is spontaneous broken down to U(1)g by the vacuum expectation value of the Higgs field.
As a consequence, W+ and Z° are massive particles, with masses of my = 80.385(15) GeV
and myz = 98.1876(21) GeV [143], while the photon remains massless.

Two defining characteristics of low energy QCD are confinement and asymptotic freedom.
Confinement refers to the fact that the low-energy degrees of freedom are color singlet bound
states (hadrons) of quarks and gluons. The fact that QCD is non-perturbative distinguishes
it from the spontaneously broken SU(2)r x U(1)y sector, where perturbation theory can be
implemented in a controlled way. As a result, the dominant contribution to a large subset
of hadronic physics is encapsulated by QCD, which must be treated non-perturbatively. At
high energies QCD becomes perturbative and quarks become asymptotically free, this is
commonly referred to as asymptotic freedom.

There are currently six quark flavors: up, down, strange, charm, bottom, and top. The
six fields associated with the quark flavors can be compactly written as components in a

six-dimensional vector in “favor space”, ¢ = (u,d, s, ¢, b,t). With this, one can write down



the QCD Lagrange density [70, [71] E|as
. 1 v
Locp = (@Y —mg) g — JTr (GG, (1.1)

where I) = D%? — D .~, and 4# are the standard Dirac matrices satisfying the Clifford
algebra {y",7"} = 2¢g". Above Dt = 0, + igAjt* denotes the SU(3) color covariant
derivativeﬂ and Gj,,, is the gluon field strength tensor,

Go, =0, AL — 9,A% — g fabCAgA;i, (1.2)

where the structure constant € is defined by [t?,t*] = fabete, Tr [t%t?] = §9/2. With
eight A%, in color space (denoted here by the index “a”), gluons are described in the adjoint
representation of SU(3) [71]. Quarks transform in the fundamental representation of SU(3),
and as a result are described by a three-dimensional vector field in color. mq denotes the six-
dimensional diagonal mass matrix with m, = diag(my, mq, ms, me, my, m;). Due to the fact
that quarks are not asymptotic states, their masses are renormalization scheme dependent.
In the M S scheme, the masses can be determined using a self-consistent definition m,(u =
mq) = myg, where p1 denotes the renormalization scale of the theory. Using this definition,
the charm, bottom and top have masses of m. = 1.275(25) GeV, m; = 4.18(3) GeV, and
my = 173.5(6)(8) GeV, respectively [143]. For sufficiently low energies (E < m,), these
particles can not go on-shell (E? = m? + p?). Therefore their contribution to low-energy
observables are kinematically suppressed and will be neglected from the remainder of this
discussion.

The QCD Lagrangian, Eq. , is necessarily invariant under SU(3) gauge transfor-

mations. Under this transformation, the quark field transforms as
q(x) = Qz)q(x) (1.3)
where Q(z) € SU(3), while the gauge field transforms as

A, = Q) A,0(2) " + ;(auﬁ(x))ﬁ(x)_l. (1.4)

! Although Lagrange density is the correct nomenclature, it is more common for this object to be referred
to as a Lagrangian. These will be used interchangeably throughout this work.

2Repeated indices are summed over, unless explicitly mentioned.



It is easy to show that both the Dirac term and theYang-Mills term in the QCD Lagrangian
remain invariant under gauge transformations.

Having written down the Lagrangian, one may proceed to construct the QCD Feynman
rules and calculate observables. The quantity that best illustrates the challenges associated
with understanding QCD is as(p) = ¢2(u)/4m, the QCD analogue of the fine-structure
constant. ¢g(u) is the running coupling between quarks and gluons at the renormalization
scale u. At next-to-leading order (NLO) in the perturbative expansion, the S-function of
QCD is [162, R7]

B0) = w9 =~ (11 - 20) + 000", (15)
where Ny is the number of dynamical quarks, typically between three to six. Since the
B-function is always negative for Ny < 16, the interactions between quarks and gluons
asymptotically vanishes at large energies. This phenomenon is known as asymptotic free-
dom [162, 87]. Equation can be solved for ag(u) in terms of a subtraction point
Agep
127

33 — 2N,) log(u?/Agep)

As 11 approaches Agcep, the strength of the interactions quickly diverges, illustrating the

as(p) = ( (1.6)

fact that standard perturbative tools fail and non-perturbative effects become important.
From experiments and LQCD calculations, it is observed that Agcp ~ 200 MeV, which
sets the scale for non-perturbatively strong effects. Figure shows a summary of ay as a
function of the energy scale u = @ determined from a variety of physical processes.
Although it may seem as an insurmountable challenge to study low-energy hadronic
physics, this obstacle can be overcome by the implementation of two ideas. The first is
to construct a low-energy EFT with hadrons as degrees of freedom, where the high-energy
degrees of freedom, quarks and gluons, have been integrated out yet the underlying symme-
tries of QCD are still manifested. EFTs allow to have analytic control over the low-energy
physics, yet, as will be discussed in the subsequent subsection, it has limited predictability.
This is due to the fact that the EF'T Lagrangian includes an infinite tower of operators with

low energy coefficients (LECs) that are a priori undetermined. The second approach is to
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Figure 1.1: a) Shown is a summary of a, as a function of energy energy scale u = @ using a
variety of different techniques. In parenthesis is shown the order in perturbation theory used (NLO:
next-to-leading order; NNLO: next-to-next-to leading order; res. NNLO: NNLO matched with
rsummed next-to-leading logarithms; N3LO: next-to-NNLO) [143]. b) Currently the most precise
determination of the running coupling constant is obtained via LQCD, o2t (m ) = 0.1185 +0.0007,

which is obtained as a world average of Refs. [I34] 6 170, 137, 50]. The figure is reproduced with

permission from the authors of the Particle Data Group’s review on quantum chromodynamics.

discretized the QCD action in order numerically evaluate observable in a non-perturbative
way, known as latttice QCD (LQCD) [180]. The advantage of LQCD is that it is in princi-
ple fully predictable at the cost of loosing analyticity. Therefore, these are complimentary

programs, that together allow one to have complete control of low-energy phenomena.

In order to understand the most prominent EFTs in nuclear physics, it is key to first
understand the symmetries of QCD. By definition, QCD has exact SU(3) gauge symme-
try. QCD also exhibits an approximate chiral symmetry. With m{\L/TS(,u = 2GeV) =
23707 MeV, mMS(1 =2 GeV) = 4.0107 MeV, mMS(j = 2 GeV) = 95(5) MeV [143], the



u, d, and s quarks are light compared to the nonpertubative scale Agcp. Therefore, one
can consider performing perturbations about the chiral point, where the “light” quarks are

exactly massless. In this limit, the part of the QCD Lagragian that includes quark fields,

Eq. (1.1)), reduces to

Lyqep = qiPq = qri Pqr + qri Par, (1.7)
where qr = 1+275 q, qr = l_%q. In this limit the QCD Lagrangian has an accidental

SU(3)r x SU(3)g chiral symmetry

qr. — L qr, qr — R qr, (1.8)

where L € SU(3)r, R € SU(3)r mix the three light flavors. The Lagrangian also has
U(l)y x U(1)a symmetries. The vector U(1) rotates both left- and right-handed fields
by the same phase. The conserved charge associated with this symmetry is known as
baryon number. The axial U(1) rotates the left-handed quarks by a phase and the right-
handed quarks by the opposite phase. Although the axial U(1) is a symmetry of the QCD
Lagrangian, it is not a symmetry of the QCD path integral. The symmetry breaking of the
axial U(1) by quantum corrections is known as the azial anomaly and it dominates for the
70 — 4y decay [1, 2, @] 28].

Applying Noether’s theorem [I50] to the chiral QCD Lagrangian, Eq. , after an
infinitesimal transformation of the form of Eq. , one obtains the currents associated

with the transformations of the left-handed or right-handed quarks

ta

L = a5, O LM =0 (1.9)
ta
RO = g an, OuRM =0, (1.10)

It is convenient to consider linear combination of these currents that do not mix under

parity transformations. In particular, one can construct the vector and axial currents

ta

Ve — RHA 4 [Ha — (jfyuiq (1.11)
e

A)u'aa — R/L,a _ L,U‘:a' — qzy/’tfyg)fq (112)

2



The V# and A" currents associate with the U(1)y and U(1)4 symmetries are similarly
defined by replacing t* with the identity.

The light quark masses are in fact nonzero, therefore one should expect the divergences
of the SU(3)r x SU(3)g currents to be nonzero and proportional to the quark masses. By
performing Noether’s theorem to the full Lagrangian, Eq. , one observes that this is

indeed the case

BV = i my, )0 (1.13)
BuA = i {mq, 5} 150 (1.14)
g V" = 0 (1.15)
oAt = 2iq mq’y5q+327r226m,gp Tr [GMG*), (1.16)

where the second term in Eq. corresponds to the axial anomaly [I} 2, Ol 28], which
makes the divergence of the current nonzero even in the chiral limit.

Although SU(3)r x SU(3)g is an approximate symmetry of the QCD Lagrangian, it is
not a symmetry of the QCD vacuum (even in the chiral limit). This is most clearly observed
by considering the implications of this symmetry onto the hadronic spectrum. For instance,

under parity the vector and axial currents do not mix,
ARt x) —  Aj(t —x) (1.17)
Vet x) — =Vt —x), (1.18)

but under chiral transformations these currents do in fact mix. As a result, one should ex-
pect parity partners to be degenerate, or nearly degenerate considering that the light quark
masses are indeed nonzero. Yet, this is not observed experimentally. For example, the pro-
ton, with quantum number of I(JP) = 1(1™) and a mass of m,, = 938.2727046(21) MeV,
is approximately 600 MeV lighter than its parity partner N(1535), which has I(J P ) =
2(37) [143]. This observations leads us to conclude that SU(3)., x SU(3) g is spontaneously

broken by the vacuum expectation value (VEV) of the mass operator

(@kar) = v 0, (1.19)

3This is standard notation for labeling the quantum numbers of a particle, where I=isospin, J=angular
momentum and P=parity.



where v is the VEV and it is of the order A?égc p- The presence of a mass in the Lagrangian
explicitly breaks chiral symmetry, therefore one should expect a dynamically generated mass

to spontaneously break it. Under chiral transformations Eq. (1.19) goes to
(@%q%) — v (LR")* = vx, (1.20)

Transformations under which the left-handed and right-handed quarks are simultaneously
rotated with L = R leave the condensate invariant. For transformations where L # R, %%
parametrizes a different vacuum of QCD than the one shown in Eq. with the same
energy. Therefore, the QCD vacuum spontaneously breaks SU(3)r x SU(3)r and reduces
it to the diagonal subgroup SU(3)y .

Goldstone’s theorem [84, 85] dictates that for each generator of the symmetry that is
spontaneously broken there is a massless, spinless boson in the spectrum of the theory,
commonly referred to as Goldstone boson. In this case, the symmetry that is broken is an
axial vector current, therefore the Goldstone boson are in fact pseudoscalars. Furthermore,
since the chiral symmetry was not an exact symmetry to begin with, these pseudo-Goldstone
bosons (pGB) are not expected to be massless but rather much lighter than other particles in
the spectrum. This fact is most evident when considering the special case where only the up
and down masses are treated as light. In this case, the chiral symmetry reduces to SU(2)y,
commonly known as isospin symmetry. Since the symmetry broken is a two-dimensional
special unitary symmetry, there are three generators and therefore three pGB. These are the
pions, {7*, 7%, 77}, with masses that are about three times smaller than any other particle
in the hadronic spectrum. The quantum numbers of the mesons can be identified by the
quark model {7% : ud, 7° : W%Qdcz, 7w~ :du}. With m + = 139.57018(35) MeV [143], this
isospin triplet is nearly degenerate. The splitting can be understood by the fact that the
up and down quarks are not degenerate and the inclusion of electromagnetic effects. The
identification of the pions as the pGBs of QCD is the foundation of SU(2) chiral perturbation
theory (xPT), which is the subject of section m

Although the strange quark is significantly more massive than the up and down quarks,
one can still consider the implications of a spontancously broken SU(3)r x SU(3)g chi-

ral symmetry. Since SU(3) has eight generators, one should expect there to be eight
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pGB, three of the which the pions listed above. The remaining five can be identified as
{K*,K° K° K—,n}. With masses in the range of 490-550 MeV, it is clear that explicit
symmetry breaking effects associated with a non-zero strange quark mass are significant.
As will be discussed in section these effects can be addressed in a controlled fashion
using SU(3) xPT.

Isospin symmetry plays an important role in nuclear physics, since the proton and
neutron are isospin partners. With a quark content of {p : uud, n : ddu} and masses
my = 938.2727046(21) MeV and m,, = 939.565379(21) MeV [143], the proton and neutron
can be represented as components of an isospin doublet N7 = (p, n). This fact will be
used extensively through out this thesis, and it will play an key role when constructing an

effective field theory for nucleons in chapter

1.2 Effective Field Theory

The guiding principle of EFTs is that low energy phenomena should be largely insensitive
to the details of the fundamental high energy theory. As a result, EFTs are a versatile and
extremely powerful tool. There are two classic examples of EFTs. The first corresponds
to a theory with light degrees of freedom, 1;, with mass m;, and heavy excitations ¥y,
with mass M. For energies well below M}, the heavy modes cannot go on-shell and can
be systematically integrated out. This is principal notion behind Fermi’s effective theory
of weak interactions [68, 69]. Weak processes are mediated by W+ and Z° bosonsﬁ For
energies in the order of My, ~ {my, mz} the intermediate particle propagator, 1/(p?—M?),
has a pole; therefore correlation functions involving these particles exhibit complicated non-
analytic behavior. For energies well below M}, one can Taylor expand the propagator
1/(p* — M}) ~ —1/M}? — p?/M}} + - - -, effectively integrating out effects from the W= and
Z° bosons. In this energy regime, the analytic behavior of the correlation functions can be
reproduced by contact operators in terms of the asymptotic states of the theory. In fact,
section discusses in great detail an analogous EFT for nucleons for interaction energies

well below the pion production. In this case the pions can be integrated out of the theory,

“mw = 80.385(15) GeV, mz = 98.1876(21) GeV [143]
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resulting in a EFT without pions as degrees of freedom and is commonly referred to as
EFT(5) [104] 105].

The second example of EFTs is one where the relationship between the low-energy and
high-energy degrees of freedom is a non-perturbative one. This is the case of the strong
sector, where at high energies it is manifested as a fundamental interaction between quarks
and gluons, while at low-energies only hadrons are observed. Of course, QCD is not the
only theory where such phenomena is observed. In fact, this is a common practice for
studying condense matter systems, where collective excitations can be typically described
via a low-energy EFT. Probably the best well known example is Landau’s theory of phase
transitions [I17], which set the foundation of our understanding of the manifestation of
spontaneous symmetry breaking in the universe.

By integrating out high-energy excitations, an infinite tower of operators that are con-
sistent with the symmetries of the theory are generated [I81I]. To have predictive power, it
is essential to define a hierarchy between the operators. For low-energy systems, the typical
expansion parameter is p/A, where p momentum of the interactions and A is the energy

scale at which the EFT breaks down.

1.2.1  Chiral Perturbation Theory

To get a deeper understanding of the power of EFTs, it is necessary to look at several
examples. In this section, we will review probably the most widely used low-energy EFT
for hadronic systems, xPT, which describes the dynamics of pions, kaons and etas. In
section [1.1] it was stated that the QCD vacuum spontaneously breaks the approximate
chiral SU(3)r x SU(3)r down to SU(3)y, and as a consequence there are eight nearly
massless pGB, one for each broken SU(3) generator. It is convenient to parametrize these

long-wavelength excitations by upgrading ¥ in Eq. (1.20) to a local operator

Y(x) =exp (2”}@)) , w(x) = m%(x) %, (1.21)

where f is the meson decay constants in the chiral limitEL and 7% paramatrices the eight

pGB bosons transforming as an octet in SU(3)y: w(z) — Va(z)VT, V € SU(3)y. In terms

5Tn this convention fP'* = 130.41(20) MeV and f2* = 156.1(9) MeV at the physical point [T43]
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of the particle basis, 7(x) can be written as 7 (z)

+ K+

KO
K~ KO —17\/%

One can verify this representation by evaluating the azimuthal component of isospin (I3),

(1.22)

the hypercharge (Y'), and charge (Q) of =

1 0 0 0o ot KT
13:% 0 -1 0. 7= - 0 & (1.23)
0 0 0 ~E- K2
10 0 0 0 Kt
Y:% o1 o], Y, w] = 0 0 KO (1.24)
00 —2 ~K~ —-K° 0
2 0 0 0 7t Kt
Q:% 0 -1 0 [, @ 7l=|f-x" 0 0 [ (1.25)
0 0 -1 ~K~ 0 0

With this, we are ready to construct the yPT Lagrangian. As mentioned earlier, the
low-energy EFT must have the same symmetries as QCD. Namely, it should it must be
Lorentz invariant, conserve charge and parity. Furthermore, in the chiral limit, mg, — 0,

the xPT Lagrangian must be invariant under chiral transformations
S(x) = LY(z)R'. (1.26)

The simplest operator that can be constructed that satisfies all of this criteria is Tr [ZTY] =
Ny, where Ny is the number of light flavors. This operator adds an overall constant to the
Lagrangian that can be absorbed into the vacuum state energy.

The first nontrivial operator to consider is Tr [8”“2“‘%2]. Similarly, one can construct
operators with more than two derivatives, but in order to have a proper expansion parameter

it is necessary to define the expansion parameter of the theory. With a mass of m, =
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775.49(34) MeV and a strong overlap with the 7w P-wave state, is natural to set the p mass
as the chiral symmetry breaking scale A, ~ 800 MeV. It will be demonstrated later that
the chiral expansion is in terms of A = 4r f; ~ 1.6 GeV, improving the convergence of the
theory. Therefore at O(p?/ Ai), Tr [8“2“%2] is the only chirally symmetric operator.

As has already been pointed out, QCD is in fact not chirally symmetric, and chiral
symmetry breaking corrections must be included which scale with the light quark masses.
Therefore a natural operator to consider is Tr [mqZT} , where mq = diag(m,, mq, ms). Note
that this operator is only invariant under SU(3)y when all the quark masses are degenerate.
As this is approximately true for the SU(2), it is convenient to write the quark matrix in the
isospin limit mg — diag(my, m;, ms). Alternatively, one can write this operator in terms of
the light meson masses M = %diag(m%, m2,2m3 —m2), ~ Tr [MET], and as will be shown
below the difference is an overall constant. Treating m7 /A3 to be in the order of O(p*/A2),
this operator comes in at order O(p?/ Ai)

At LO the light mesonic xPT Lagrangian is [80, [175]

LO f? 1 f2 T p*
122
Lipr = 3 Tr [8 by 8,)3} + i Tr [ME + h.c.] +0 < §<> (1.27)

_ f82Tr '519,5] + B‘f Tr [m¥f +hee| +0 <}§(> .

By expanding > =1+ ZZT“' + % (2"7”)2 + .-+, we obtain the isospin limit of the Gell-Mann-
Okubo formula m% = (4m% — m2)/3 [80]. Also, one finds the relationship between the bare
quark masses and the bare meson masses, {m2 = 2By m;, m3. = By (m; + ms)}. Of course
both of these relations will receive quantum corrections.

A remarkable feature of this Lagrangian is that by expanding ¥(z) to fourth-order in
m(x), one obtains a prediction for the S-wave scattering amplitude of {m7m — 7w, 7K —
7K, KK — KK,...} in terms of just the masses and decay constants. As discussed in
appendix [A] the scattering amplitude can be extracted from the sum of 2 — 2 Feynman
diagrams. For example, the 7t7 " and 7+ K scattering at LO in SU(3) xPT (depicted in
Fig. are [173]

2 2

m2 1
Mnlntnt = g [k Ot fo+ = 47T}:}K, (1.28)
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o 5 SO T X

(a) (b)

Figure 1.2: a) Leading order contribution to the meson-meson scattering amplitude arising
from contact interactions in Lagrangian, Eq. (1.27]). b) NLO corrections to the scattering
amplitude. The vertices appearing in the first loops are determined from Eq. ((1.27)), while

the fourth diagram denotes the counter terms appearing in Eq. ([1.30)).

where p; i is the reduced mass of the pion-kaon systems, satisfying p;}( =m_ 1+m1}1. There
is currently no experimental determination of pi; g a,+ g+, but the LO theoretical prediction

of myakfQ | = 0.04558(13)|§| [173] compares well with experimental determinations [159) [160]
mras s . = 0.0454(31). (1.29)

To properly theoretically determine the scattering lengths, it is necessary to perform the
calculation to NLO to assure that there is convergence. At O(p*/A}), the scattering lengths
get contributions from s-,t-,u-channel loops as depicted in Fig. [1.2(b)| but also contributions

from LECs appearing in the O(p*/ Ai) Lagrangian [78]
NLO 2
LY = LT |9210,3] 4 LoTr [005107s | v [9,570,3) + LyTr [9510,3 9210, %]
+ LT [00510,5) Tr [MST + he] + LT [00579,5 (M + he. )]
2 2
4 LgTr [MET n h.c.} 4L Tr [MET _ h.c.} 4 LgTr [MET Mt 4+ h.c.} , (1.30)
where UV effects are encapsulated in the low-energy coefficients (LECs) L;. Note that the

convention in the literature is to use x = 2Bym,, but at this order in the perturbation

theory, this is equal to M.

5Note, the uncertainty quoted only includes propagated uncertainties due to the experimental uncertain-
ties of the masses and decay constant but not systematic uncertainties due to the chiral expansion.
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Corrections to the scattering lengths from the NLO Lagrangian are depicted in Fig.
1.2(b)l The loops appearing in Fig. [1.2(b)[are UV divergent and must be regulated. These
divergences can be absorbed by the LECs, at the cost of introducing a renormalization scale,
1, into the problem, and therefore the L;’s become pu-dependent. For example, at NLO,

Malrtr+ 1s equal to [78]

m? m2 m? 1 m; 8
L S T |3log [~ ) + S log [~ | — o — 32(4m)’ L1
MGt ot 877]?{ +(47Tf7r)2 [30g<u2>+90g<ﬂz> 9 32(4m)" Loz (w)
(1.31)

where L,Irf =211 +2Ls+ L3—2Ly— L5+ 2Lg+ Lg. Note that subleading effects are kine-
matically suppressed by m2 /(47 fr)? ~ m2/ Ai, justifying the assertion at the beginning of
the section that A, ~ 4 f;. Since scattering lengths, masses, and decay constants are phys-
ical observables, they necessarily cannot depend on the renormalization scale. Requiring
Eq. to be p-independent leads to the evolution of LI=2(x) with the renormalization
scale

_ _ 28 2
324 LI () = 32(4m) LI (o) + o o (52) (1.32)

The LECs are not fixed by the symmetries of the theory and must be determined by
matching to experiments or evaluated directly from QCD. In fact, LQCD has been extremely
successful in evaluating low-energy phase shifts for meson-meson scattering, superseding
other theoretical tools and obtaining higher precision than experiments in the 7tz t —
7Tt channel. Currently the most precise determination of the scattering length for this

channel is by the NPLQCD Collaboration [17]
ma™t | =0.04330(42) (1.33)

where the standard deviation includes statistical and systematic uncertainties added in
quadrature. A compete list of references that have studied 77t scattering via LQCD
include [4, 184 [58, 12, 122, [61), 183, 62, [74]. To understand the sources of error and the
great success of LQCD in performing these calculations will require a thorough introduction

to LQCD and the Liischer formalism, which will be done in sections [1.3842] In section
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this problem will be revisited and it will be described in detailed how the LECs and

consequently the scattering lengths are determined. E]

1.2.2  Pionless EFT: EFT(#)

As approximate pGB of QCD, pions are the mediators of the nuclear force at long-distances.
Therefore, it would desirable to generalize the xYPT formalism to incorporate baryons. An
appropriate way to this was outlined by Jenkins and Manohar and it is known as Heavy
Baryon xPT (HBxPT) [97,08]. HBxPT presents a natural way to describe the interactions
between nucleons and pions that is consistent with the approximate chiral symmetry of
QCD. Weinberg proposed using this formalism to describe NN scattering [177, 178]. For
reasons that will be outlined below, this framework led to an ill-defined power counting
scheme for strongly interactive systems, which is referred to as Weinberg’s power counting
scheme. This issue will be discussed in section

Alternatively, for energies well below pion-production, the pions can be effectively inte-
grated out of the theory, akin to the Z° and W in Fermi’s effective theory of weak inter-
actions. In this limit, the nucleon can be treated non-relativistically and NN-interactions
can be accurately described in terms of an infinite series of operators with only contact and
derivative interactions, known as EFT(#) [104, [105].

Being spin-1/2 fermions and forming an isospin doublet, two-nucleon systems have a
rather rich structure. Requiring the nucleon state to be antisymmetric under the interchange
of the two-nucleons, there are four possible allowed channels: (I, S)P: (0,1)*, (1,0)*, (1,1)7,
(0,0)~. Each of these can be further decomposed into an infinite number of partial waves
in orbital angular momentum, and some of these may even mix onto each other. For
example, the deuteron channel is defined by J¥ = 07 and I = 0 with 35;-3D; mixing.
Chapter [3| discusses in great detail the generalization of EFT(#) for arbitrary two-nucleon
channels. Therefore in this section it is sufficient to study a scalar analogue to two-nucleons.

Furthermore, only S-wave scattering of identical bosons will be discussed in this section.

"For a detailed introduction to xPT see Ref. [169].
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JP ot 0- 1+ - 2F 2- 3+ 37 4f 4=
(L S) 1=0 T T {(071)7(271)} (1#0) (271) T {(271)1(471)} (30) (431) T
7 I=1 (070) (1,-1) T (171) (270) {(111)7(371)} T (311) (470) {(371)7(571)}

Table 1.1: All possible two-nucleon states with J < 4, where I=isospin, S=spin, and

L=orbital angular momentum.

To begin, it is important to be reminded of the non-relativistic reduction of a relativistic

field theory. Consider the free Lagrangian of a complex scalar field @,
Liree = @ (=0%—m?)0. (1.34)

In xPT, the range of validity of the theory was defined by A, ~ 800 MeV. So it was natural
to treat m;/A ~ p/A as a perturbation. For a theory where dynamical pions have been
integrated out and we are interested in low-energy scattering of two-scalar “nucleons”, then
A ~ m, and m > m,. Therefore, in order to introduce a well-defined low-energy expansion
it is necessary to perform perturbations about E ~ m. This is easily done by performing a

field redefinition

1
2my,

) e Mg, (1.35)

In doing so Eq. ([1.101)) reduces to

V2 82 v2 v4
Liree = ¢! (iat+—t>¢>=¢* (i8t++3+-~>¢, (1.36)
b my 8m

2m, me 2 b
where the equations of motion [—id; = QVT; + - -] have been used in the second equality.

Note that relativistic corrections to the NR theory appear naturally. That being said, in
the remainder of this discussion these corrections will be neglected. Having removed the
rest mass, the residual energy is the interaction energy, which scales like Em ~ p? and has
a definitive low-energy expansion.

Having introduced the free NR Lagrangian we need to introduce interactions. For suf-
ficiently low energies the relevant symmetry is invariance under Lorentz transformations

of small velocities, known as velocity reparametrization invariance [127], most commonly
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known as Galilean invariance. For a scalar theory this is most easily done by constructing
two-body operators of the form qﬁ(m)?z”qﬁ(x). In momentum space this operator can be
written as (P — 2k)?"¢p_yx¢k, which is cleraly invariant under boosts of the whole sys-
tems P — P + 6P. With that it is straightforward to construct the interactive Lagrangian

describing S-wave scattering,

Lint = — (%’2 612" — (;2)4 (67265 %6) +hc.) - (20,4)6 (679207 (6¥20) + - (1.37)

Unlike the relativistic analogue, in a NR field theory particles are neither created nor de-
stroyed. As a result only s-channel scattering diagrams contribute and single particle prop-
agators are not renormalized. Of course, one can attempt to calculate self-energy, t- and
u-channel diagrams using Eq. , and they would exactly vanish.

For weakly interacting systems, it would be natural to consider Cy in Eq. as the
LO contribution to the scattering amplitude. Using the NR expression for the scattering

amplitude, Eq. (A.5)), and the effective range expansion, Eq. (A.6)), this leads to

Co = &T—a. (1.38)

m
Therefore if a < 1/p then it is natural to expect this to be a the LO contribution to the
scattering amplitude. In nuclear physics, there are two possible S-wave scattering channels,
the spin-triplet (3S;) and the spin-singlet (1Sp). Both of these have unnaturally large

scattering lengths
a’5t = 5.425 fm, a'% = —23.714 fm. (1.39)

By unnaturally large it is meant that it is larger than the natural low-energy length scale of
the theory m 1 ~ 1.4 fm. In fact, since at long distances the nuclear force is mediated by
the pion, the range of the interaction should be approximately determined by the inverse of
the pion mass. It is reassuring to see that the effective range of both of these channels are

of natural size,
P51 = 1.75 fm, r'S0 = 2734 fm. (1.40)

Considering that nuclear physics is near the unitary limit (a=* = 0), it is important to

properly understand the the power counting scheme when a > 1/p. A good place to start is
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to study the expansion of the NR scattering amplitude, Eq. ((A.5), about the unitary limit.
This can be done by treating r¢* and poq*® to be small, where pg is the shape parameter,

while keeping ag* to all orders,

8 1
M = = S (1.41)
m gl M- 20 4. — g
8 -1 rq*? /2 rg*2/2)’ 4 /41
L P - (_f /2) S A (L)
m a~t 4 ig* (=t 4+ig*)  (a ! +ig*) (a1 4 ig*)
= M_;+Mo+M;+--- (1.43)

where the subscript denotes the scaling with the relative momentum ¢* = Em— P? /4, where
E(P) is the total energy(momentum) of the system. Finally one arrives at the conclusion
that Eq. would fail to reproduce the leading order behavior of the scattering amplitude
near the unitary limit. It turns out that in order to properly recover the leading order term of
the scattering amplitude, M _1, one needs to evaluate an infinite series of “bubble diagrams”
shown in Fig. |1.3(a)|

In general, one needs to evaluate a loop of the form

B 1 4-D dD—lk k_*Qn
I = (5) / CmDT e _ k2 (1.44)
*2n, * . _ D -3 /2 4-D
= o i PR < 2 > (4(174(;1)/1 (1.45)

Note that using dimensional regularization and setting D = 4, this integral is finite. This is
a consequence of the fact that dimensional regularization removes all power-law UV diver-
gences and only logarithmic divergences survive. Using the standard minimal subtraction

(MS) scheme, where only D = 4 singularities are removed, this integral reduces to

MS .m
" =—i—
47

q*2n+1. (146)
Therefore, the n'" term in the series of bubble diagrams scales like Co(Comp)" ~ 522 (8map)™.
For the case where a > 1/p, this would imply that higher order terms in the series would
give higher contributions, yet the sum of all terms would give a finite result, M_;. This is a
highly undesirable power-counting scheme. Kaplan, Savage and Wise [104] [105] argued that

a simple solution to this power-counting conundrum can be achieved by modifying the sub-

traction scheme applied to Eq. (1.44). As an alternative scheme, they proposed subtracting
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(b)

Figure 1.3: a) The sum over “bubble diagrams” constitutes the leading order EFT(#) scat-
tering amplitude. The bare vertex denotes the contribution from Cy(u). b) NLO corrections
to the EFT(#) scattering amplitude. The square vertex denotes a single insertion of the
contact interaction proportional to Co(u), while the two-particle propagator with boxes

around them denotes the LO dressed two-particle propagator.

the D = 3 pole appearing in Eq. (1.44). This “pole” can be removed by introducing a
counterterm

mq*Qn'u

Iy=—— " .
oL 47(D — 3)

(1.47)

Since this poles arises from power-law divergences in D = 4, this subtraction scheme is

known as power divergence subtraction (PDS). The PDS renormalized integral becomes

m * .k *
— ¢ (u+ig*) = ¢ IEPS, (1.48)

IPPS = I, + 01, = —
4

Using this subtraction scheme, the LO contribution to the scattering amplitude (depicted
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in Fig. [1.3(a)]) that includes no vertices with derivative couplings can be written as

iMea = =i 3 (GGl ) = e e (a)

n=0
Requiring this to reproduce M_; appearing in Eq. (1.41)), leads to

L

Co(u) = ma (1.50)

With all the pieces at hand, it is straightforward to see that, in fact, the power-counting
issue is resolved. From Eq. one sees that the integral scales like Iéj DS p, while the
low-energy coefficient Co(u) scales like p~!, therefore the product Co(u)I¥ D‘Sﬁ is order 1
and must be summed non-perturbatively.

Having defined the LO piece of the scattering amplitude in terms of the Cy, it is straight-
forward to calculate subleading terms in a consistent fashion. For example, the NLO contri-
bution comes with a single insertion of Cy¢*2. This term can be treated perturbatively, while
the infinite set of bubble diagrams dressing the outgoing two-particle propagator (depicted
in Fig. must be summed non-perturbatively. Doing so, one obtains

Mo O sty
My = (1 — mCO(M)<,U + iq*)/87r)2 T oom (a—l + iq*)Q (1'51)
= Calw) = i:(a—lT_u)z (1.52)

Therefore we find that Cy(p) ~ p~2; in fact, one can show that in general Cy,, (1) ~ p~ "+,
By asserting that p ~ ¢*, then the power-counting scheme can be summarized by:

1. The loop measure [ d*k scales as ¢*°, since E ~ ¢*?

2. Single particle propagators scale as ~ 1/¢?

3. Vertices with C’an*Qn scale as q*”_l.

The KSW expansion demonstrates how to reliably reproduce effective range expansion of
the two-body strongly interacting system, which is well experimentally constrained. There
are two major advantages of having parametrized the two-body strong interaction. The first

is that it allows for the evaluation of two-body matrix elements of electroweak operators.

8 All NR integrals will be evaluated using PDS, and from here on the superscript will be omitted.
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Section [3:3] will discuss the incorporation of weak currents responsible for proton-proton
fusion (pp — detv.), and a new method will be proposed for evaluating matrix elements of
these currents directly from LQCD. The second advantage is that having constrained the
two-body force, one can proceed to evaluate few-body observables. In principle, for systems
involving three or more particles there will be contributions from three-and potentially
fourth-body forces. Depending on the system, these contributions may be large and cannot
be neglected a priori. Section will discuss the incorporation of three-body forces
into this formalism, which will then be utilized in Section [4] to determine the quantization

condition for the spectrum for three-particles in a finite volume.

Including pions

The toy model presented above is a great model for describing low-energy scalar bosons near
unitarity. Generalizing this formalism for nuclear systems is complicated by the spin/isospin
structure of the nucleons. Furthermore, for sufficiently large energies contributions from
pions can no longer be neglected. This section briefly discusses the framework proposed
by Kaplan, Savage and Wise [104] 105] to include pions in the spin singlet channel and
demonstrate that in fact the contribution of pions is subleading. Discussion regarding the
spin/isospin structure of contact operators will be delayed to section

In the SU(2) limit of xPT Eq. (1.21)) reduces to

; 70 ot
Y(x) = exp <217}(m)> = &2, T = \/E ﬂ-wo , (1.53)
> _ﬁ

where ¢ = /X plays an important role in the construction of the HBYPT Langrangian [97,
98]. The nucleon as an isospin doublet, has a well defined transformation under SU(2)y,
but its transformation under SU(2);, x SU(2)g is ambiguously defined. Whatever it may
be, the chiral transformation of the nucleon needs to respect the fact that the nucleon has

positive parity. Therefore, it is convenient to require the nucleon field N to transform as
N(z) = U(z)N(x) (1.54)

where U is a symmetric combination of L and R, since these are mixed under parity. In

order to construct a Lagrangian that is invariant under such transformation, it is important
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to think of the transformation of the £(x) = \/X(z) field appearing in Eq. 1) Given
the transformation of ¥ field, Eq. (1.26]), under SU(2); x SU(2)r £(z) can be chosen to

transform as
£(z) = L &(z) Ul(z) = U(x) £(x) R, (1.55)

Note that despite chiral transformations being global, the presence of a square root relating
the fields £ and ¥ makes the chiral transformation of £ a local one. It is not an accident that
U(x) appears in both equations above. If alternatively, one chooses a nucleon field with

chiral transformation of the form N : N — LN. Then one could perform a field redefinition

of N to arrive at N satisfying Eq. (1.54)),
N =¢'N. (1.56)

Such field-redefinition would impact off-shell quantities but not S-matrix elements. Having
made chiral transformations local, Eq. , has effectively “gauged” interactions between
pions and nucleons. Enforcing SU(2) 1 x SU(2) g chiral symmetry, requires all terms coupling
nucleons and pions to be of the form NTF [f,fT]N , where the function F must satisfy
F[¢,&7] — UTF[¢, €U under chiral transformations. This requirement rules out terms
of the form NTEN. Since £7¢ = 1, the first non-trivial terms should involve the vector and

axial current

Vh — % (gaugf n ,5*8“5) , AP — % (gawg* _ g*awg) . (1.57)

It is convenient to introduce the covariant derivative D, = d,, +V,, which has the same

transformation properties as the axial current
D* — UDHUT, AH = UAHUT. (1.58)

With these pieces, it is straightfoward to construct the NR Lagrangian coupling the nucleons

to pions

D2
Lyr = Nt <iDt + o T 9aA- 0> N+ O(p*/A}), (1.59)
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where ¢ denotes the spin of the nucleon in the rest frame, and g4 = 1.2701(25) [143] is the
nucleon axial charge. Therefore in the presence of pions, the scattering amplitude would

get corrections from pion-exchange diagrams, depicted in Fig. [1.4(a)| that scale like

2 2
ﬁ,lNgA q

0 szrqz +m2 ~ O(q*0)7 (1.60)
where ¢ denotes the momentum carried by the intermediate pion, while ¢* is the relative
momentum of the two-nucleon system. Note, contributions from pions are important when
q* ~ my, therefore in the presence of pions the power counting is modified such that p ~ m.,
which assures that M{"' contributes at O(g*°).

In the presence of pions, there will also be higher-dimensional operators coupling pions
to two-nucleon states which are consistent with the symmetries of theory. In absence of

pions in the asymptotic states, these operators give rise to diagrams involving pion loops

such as the one shown in Fig. [L.4(b), which can be absorbed by the m,-dependence of the
LECs appearing in Eq. (1.37)),

C; — Ci(m2) = Cig+ Cia m2 + Ciami +--- . (1.61)

In the power-counting scheme mfr Co,2 would come in at the same order as Cz . Therefore
at O(q*°), the scattering amplitude will receive a contribution from the LO m.-dependence
of Co(myz), as shown in Fig. Because the contribution to the scattering amplitude
proportional Cp 2 is momentum independent, it will contribute to the LO m,-dependence of
the scattering length. In the physical world the pion mass is fixed, but as will be discussed
section [1.3] in LQCD calculations one can vary the quark mass. Therefore, in principle
LQCD calculations will be able to more precisely constrain such dependences than experi-

ments.

Auziliary-Field Formalism

The EFT(#) Lagrangian, Eqgs. (1.3681.37)), can be rewritten using an auxiliary-field [102),
18]. This formalism, referred to in the literature as the dimer formalism, has proved to
be useful for studying three-body physics [27], 22], 23], 24 [76] 21} 25, 20, 86]. The idea is

to introduce an auxiliary (or dimer) field, d, that mediates the two-body interactions (as
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(a) (b)

Figure 1.4: a) In the presence of pions, the NLO scattering amplitudes, depicted in Fig[1.3(b)

gets two corrections. The first arising from pion-exchange diagrams, as depicted by the
dashed line. The second comes from the LO m -dependence of the momentum independent
two-body operator, m2 Cp o(u) [circle vertex]. Note that the dressed two-particle propagator
defined in Fig has been used. b) An example of the diagrams contributing to the
mq-dependence of the LECs of EFT(#).

is schematically shown in Fig. [L.5(a)). In practice, one constructs a Lagrangian in terms
of d and ¢, that after integrating the dimer field out reduces to Eqgs. (1.36&]1.37)). In the

two-body S-wave sector, it is straightforward to write down such Lagrangian,
T (. V2 t - V2 g2 .2
Log = ' i+ -—]|o—-d |0+ — —A d——(dqﬁ —i—h.c.)—i—-'- (1.62)
2m dm 2

where ¢go and A are bare LECs that must be tuned to reproduce two-body scattering am-
plitude. To see that indeed this is consistent with Eqs. (1.36§41.37)), one observes that the
Lagrangian is quadratic in terms of the dimer field and therefore can be exactly integrated

out. Equivalently, one can solve for the equations of motions of the dimer field

-1
_ 92 ¢2+

92 _91
22‘&+%—A

5 Z¢2 + O@?). (1.63)

Inserting this expressing in the Lagrangian one observed the recovery of a four-body contact
interaction along with derivative insertion that define EFT(#).

Having defined the Lagrangian, it is straightforward to calculate boson-boson scattering
amplitude by summing over all bubble diagrams. These bubble diagrams dress the dimer
propagator, giving the fully dressed dimer propagator. The full scattering amplitude at

NLO in the effective range expansion can be written in a self-consistent fashion and it
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(b)

Figure 1.5: a) Schematic representation of the replacement of 2 — 2 contact interactions by
the 2 — 2 interactions mediated by an auxiliary-field, whose bare propagator is depicted as
a double lines. b) Self-consistent equation defining the the 2 — 2 scattering amplitude up
to NLO in the effective range expansion, with a fully dressed dimer propagator (thick black

line).

is diagrammatically shown in Fig. [1.5(b)l Using the PDS definition of the two-particle
loops, Eq. (1.48), and matching the solution to the scattering amplitude, one finds that the

solutions for the LECs
2
2 2 gam (1
=16 A=2= = _— 1.64
93 7T/m T, S <a M) ) ( )

which leads to the fully-dressed dimer propagator

mr ?
2 —a 4 rg?/2 —igt + e

iD®(E,P) = — = iM = —g2 D*(E, P), (1.65)

where ¢*2 = Em — P%/4.

Thus far, the dimer field is nothing more than an S-wave two-particle interpolating
operator, and in reproducing the EFT(5) result a truncation in the effective range expansion
has been made. Section will present the generalization of this formalism for arbitrary
partial waves and the truncation in the effective range expansion will also be removed.

As mentioned above, this formalism has been extensively used in the literature for study-

ing three-body physics. Since all 2 — 2 are now mediated by the dimer field, three-body
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Figure 1.6: a) Three-particle scattering amplitudes can be reduced to dimer-boson scatter-
ing amplitudes where the external dimer legs couple to two-boson states. b) Shown is a
diagrammatic representation of the STM equation, [I.68] in terms of the there-body kernel,

K3, which is composed of a contact interaction and a boson exchange.

scattering amplitude are redefined in this formalism as well. Figure demonstrates
that three-body scattering amplitudes can be treated as boson-dimer scattering where the
external legs of the dimers couple to the two bosonsﬂ The coupling between the dimer and
the external legs is completely determined from the two-body sector. Therefore, the only
non-trivial part to be determined is the boson-dimer scattering amplitude, M B4 1o do

this, it is necessary to first introduce a three-body force. Since the dimer is a two-particle

9Despite the fact that the auxiliary-field is referred to as a “dimer”, the two-particle state that it couples
to does not need to be bound. This is simply a field redefinition in the Lagrangian.
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interpolating operator, this can be achieved by adding a term to the Lagrangian of the form

[23, 24]
Ly = —g3 (do)' do, (1.66)

where g3 is a renormalization scale dependent LEC that must be tuned to assure that the
three-body scattering amplitude is renormalization scale independent [23]. This tuning can
be done by requiring the scattering amplitude to have a pole at the three-body bound state
energy.

The LO interactions between dimer and boson can be incorporated in an effective three-

body Bethe-Salpeter Kernel, K3, Fig. |1.6(b)]

. , i

iKs(p,k;P,E) = —igs— P % - % iQ(PZDmk)Q vl (1.67)
where the incoming (outgoing) boson has momentum p (k) and the incoming (outgoing)
dimer has momentum P —p (P —k), and (E, P) denote the total energy and momentum of
the three-particle system as before. Note that the incoming/outgoing boson has been put
on-shell. The first term in the Kernel, Eq. , is the three-body contact interaction, while
the second term describes the interaction of three particles via exchange of an intermediate
particle through two-body contact interactions. It is important to remember that for a
given a total energy (E) and total momentum (P), the kinematics of the three-particle
system are not fixed. In the infinite volume, where the momenta are continuous, this leads
to an infinite number of possible configurations between a two-particle subsystem and an
spectator particle. Formally speaking this is manifested by a cut in the exchange diagrams
that leads to loops in Fig. to be coupled. This is why in the infinite volume the

boson-dimer scattering amplitude satisfies an integral equation, known as the Skorniakov-

Ter-Martirosian (STM) equation [171],

3 2

d’q q vi
K. ;P,E)D*®(E — —,|P — k;P,E).
27T)3 3(p7q7 ) ) ( 2m7| q|)MBd (qa Ly )

Mpa (p,k: P, E) = Ks(p,k: P, E) - /

—~

(1.68)

This formalism has been used extensively to study properties of Bose gases, both in infinite

volume [23], 24], 20] and finite volume [I12]. In particular, it is has allowed to frame Efimov
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physics [64, 65] in a modern day language of renormalization group flow [23], which has
opened a new class of problems to study, e.g. four-body systems [I61]. The nuclear ana-
logue of this EFT has proven to be useful for studying deuteron-nucleon scattering, below
and above the break-up of the deuteron [27, 22) 25]. Incorporating pions can be done by
including the coupling between the nucleons and pions, Eq. . In Ref. [2I] this was
done to determine the real and imaginary part of the quartet S-wave phase shift in deuteron-
neutron scattering (4S5 /2) for centre-of-mass momenta of up to 300 MeV, and higher partial
waves for deuteron-neutron scattering have also been studied [76]. Recently, this formalism
has implemented for studying three-body problems with resonant P-wave interactions [34].
Sections [2] & [3] discusses the generalization of the dimer field with arbitrary partial waves,
both in the scalar and nuclear sector. In section 4| this formalism will be used to study

three-body systems in a finite volume.

1.3 Lattice QCD

Having thoroughly discussed challenges associated with having an analytic control of QCD
phenomena at low-energies, we finally discuss the numerical evaluation of QCD observ-
ables in a finite, discretized Euclidean spacetime, referred to as Lattice QCD (LQCD).
This program, that was initiated in 1974 by Wilson’s seminal paper on “Confinement of
quarks” [180], relies on several key features, but at the core of it are two fundamental of
equations. Firstly, the QCD spectrum, as well as matrix elements of operators can be
determined from correlation functions in a Euclidean spacetime. For example, consider a

creation operator OF, and its correlation function

1

(OWO'(O)r = T [e=(T=DH Oe=tH O] (1.69)
T
= > (m|On)(n|Of|m)e~T—EmetEn
= lim (O()01(0))r = > (Q[O|n)(n|OT|Q)e P, (1.70)

T—o0
n

where H = ﬁQC p is the QCD Hamiltonian, T is imaginary temporal extent of the Euclidean

spacetime, () is the groundstate of the system, and Zp = Tr [e‘TH ] is the partition function
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of the systerrm For sufficiently large T and ¢, only the lowest energy state that has that
has the same quantum numbers as O would survive.

The second equation relates the correlation function to the path integral

1 oA oA 1
—Tr [e-TDHO MO = — /[DA,Dq,D(j] O(t)0'(0) e~ °F (1.71)
ZT ZT

where Sg = fT dt fV d?’xﬁgc p is the action in a finite Euclidean spacetime, where V' is the

volume which will be assumed to be cubic with length L in each one of the sides, and
1 1
Lo =M +my) g+ {Tr [(*G"] =g M g+ [ Tr [GHG™], (1.72)

where the metric is now the identity and Ml = D + m,.

These two equations allow one to access the QCD spectrum by performing a path inte-
gral. The power of this simple observation lies on two facts. The first is that the Lagrangian
is quadratic in terms of the quarks, and therefore part of the integral can be done analyti-

cally. For instance, the partition function
=T ) = / [DA,Dg, DG ™" = / DA Det(M) e~ J4' 3T (GG

Similarly, the fermionic integral in Eq. (1.71]) can be performed, and can be schematically

written as

ZIT (DA, Dqg, Dg O()01(0) =57 — ZlT / DA F[A] Det(M) e=5%,  (1.73)

where F[A] denotes the functional form of the product of O(t)O(0) after having performed
the Wick contraction of the quark fields present in the operators. In section [1.3.1] we will
discuss the correlation functions of the pions, which will allow us to explicit write down the
functional F[A].

The second key fact is that the remainder of the path integral integral can be performed
using Monte Carlo techniques. This is done by sampling the phase space of the gauge field,
A, using

Det() + mg)e J 4w 3T (GG (1.74)

YEuclidean QFT in (3+1)-dimensional with a finite temporal extent T is equivalent to a 3-dimensional
quantum statistical theory in a finite temperature, 1/7.
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as a probability distribution. In practice, one would obtain a finite sample of gauge field
configurations {A1, As, ..., An,} of size Ng, and the green function above would be ap-

proximated as

Ng
1 1

7 T 7 e~ OF ~ ,
7 [DA,Dq,Dgq| (OO")(A,q,q) e No EZ FlA;]. (1.75)

Although an approximation has been made in order to evaluate the path integral, this is a
controlled approximation which can be systematically corrected by increasing the number

of gauge configurations in the ensemble.

1.3.1 Discretization of the QCD action

In order to numerically evaluate the QCD partition function, it is necessary to first discretize
spacetime. Furthermore, due to limited computational power, the spacetime is necessarily
truncated. In this section we will review the basics of the discretization of the action, and
in section [L.3.2] finite volume physics will be introduced.

Discretizing spacetime implies introducing a finite, minimum separation between point,
known as “lattice spacing” and will be denotedlE here as b. The lattice spacing need not be
the same in all direction, but here it will be assumed that spacetime is isotropic. Having
introduced an intrinsic length separation between lattice sites, one should expect the QCD
Lagrangian, Eq. , to no longer be local. In fact the discretized Lagrangian need only be
local in the continuum limit (b — 0). That being said, it is important to require that gauge
invariance is preserved even for nonzero lattice spacing. Quarks fields reside only on the
lattice sites, and their gauge transformation is still described by Eq. , and the covariant
derivative appearing in Eq. now couples quarks in different lattice sites. Therefore,
one should not expect the gauge field A, to be the object appearing in the LQCD action,

but rather the gauge transformer

G(z,y) = Pexp (z’g A- ds) , (1.76)
Cay

HThe lattice spacing is most commonly denoted by a but we want to avoid confusion with the scattering
length.
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where P denotes the path ordered integral connecting x and y via the path C;,. From
the transformation properties of the gauge field, Eq. (1.4)), one finds that G(z,y) has the

following transformation properties
G(z,y) = Q2)G(z,y)Q' (y). (1.77)

In the limiting case that x = nb and y = (n + [1)b, i.e. the two points are separated by a

single lattice spacing, the integral above can be approximated as
G(z,y) = Uy(n) = exp (ighA,) + O(b*). (1.78)

Note that the argument of the “gauge link”, U,(n), denotes the spacetime location of
the first point in lattice units, and the subscript depicts the direction of the unit step.
Having defined this object, it is straightforward to construct gauge invariant quantities. In
particular, the gauge action in Eq. can be built in terms of the shortest, nontrivial
closed loop on the lattice, the plaquette. The plaquette U,,(n) is defined as the product
over four gauge links [see Fig.

U(n) = Upln) Upln+ @) Uopin+ i+ ) Uoy(n + 9)

= U,(n) Uy(n+ ) Us(n+ )T U,(n)T, (1.79)

where we have used the relation U_,(n) = U, (n— i)', which follows from Eq. (1.78)). Under

gauge transformations
U (n) = Q(n) Uy (n) Qf(n), (1.80)

and as a result its trace is invariant. With this one can write down the gauge action in
terms of the plaquettes that reduces to the second term in Eq. (1.72]) in the continuum
limit [180],
1 b4 v v 6
SalU] == > Re Tr[l — U (n)] = T > T (GG + O(1F). (1.81)
9 n,u<v n,u<v

Having determined the lattice gauge action, one would imagine that it is straightforward to

write a well-behaved discretized fermion action. The challenges associated with constructing
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Figure 1.7: Pictorial representation of the plaquette in Eq. (1.79).

a discretized fermionic action is best summarized by the Nielsen-Ninomiya theorem [149].

Which states that for a fermionic action of the form

/b d4 _
P4 D(P) ap, (1.82)

SF[CLCLU]:/

—7/b (27T)4

the Fourier transform of the Dirac operator, ﬁ(p), cannot simultaneously satisfy all of the
following criteria:

1. lN)(p) is a periodic and analytic function of p everywhere except at p =0,

2. l~)(p) X Yupp as ap L 1,

3. {7, D(p)} = 0.

The first two are conditions required to assure that the Dirac operator in coordinate
space is local and that there there is only a single pole present for every continuum state.
The third is the condition that the Dirac operator must satisfy to have definitive chiral
symmetry in the continuum. In fact, it is the last condition that is too stringent for a
lattice action. Ginsparg and Wilson showed that in for a finite lattice spacing the Dirac

operator should satisfy [81]
{75. D} =b DvysD. (1.83)

This is known as the Ginsparg-Wilson equation, and operators that satisfy it have an exact
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symmetry that is the discretized analogue of the continuum chiral symmetry EL

Two solutions to the Ginsparg-Wilson equation are known as domain wall fermions
[100, 10T] and overlap fermions [145, 146, 144]. The domain wall fermion actions is a five
dimensional theory of massive fermions without any chiral symmetry, which was shown
to have massless fermion bound to the four-dimensional edge of the lattice. Domain wall
fermions only satisfy the Ginsparg-Wilson Equation in the limit that the fifth-dimension is
taken to infinity, and in that limit these two formalism are equivalent. The general overlap

operator

DO’U

c~\»—l

1 H
1 H)y=-11 e H=~vK 1.84
(1 signl) = 5 (142 ). ” (184

is the only known explicit solution to the Ginsparg-Wilson equation, where K is a ~s-
Hermitian “kernel” Dirac operator, i.e. K t = v5K 5. Since K is ys-Hermitian so is D,,y.

For ~s-Hermitian operators, the Ginsparg-Wilson equation can be written as
bDD' = D + DT, (1.85)

which after a couple of lines of algebra is clearly satisfied by the overlap operator.
The final piece to have chiral lattice fermions is to find a suitable Dirac kernel, K. The

simplest choice is to use the massless Wilson Dirac operator, Dy [180],

K = bDW, (1.86)
Dw(n,m) = nm - 2b Z 1 - 'Yu )5n+ﬂ,ma (1'87)
pn==x1
where v_,, = —v,. Note that in the absence of a quark mass, this operator has an effective

mass term of 4/b. This was introduced by Wilson to circumvent the “doubling problem”.
To get further insight consider the Fourier transform of the Wilson Dirac operator in the

limit where the gauge link is set to one,

4
~ 1
Dw(p) = Yu sin(pb) 5 Z (1 —cos(pubd)). (1.88)

| .
(-

1

w

12T direct the readers to Ref. [I03] for a review of chiral fermions on the lattice, as well as a instructive
derivation of the Ginsparg-Wilson equation.
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For momenta p € [0, 7/b], this operator only has one zero, p = 0. In absence of the second

term above, there would have be 15 other zeros corresponding to
p = (7/b,0,0,0),(0,7/b,0,0),...,(w/b,7/b,7/b,7/b) (1.89)

the so-called doublenﬂ With the Wilson action, these modes have a mass that is inversely
proportional to the lattice spacing and can be safely ignore. Showing that Wilson operator
is «v5-Hermitian is straightforward using fy,i =Y {715} =0, and U_,(n) = Uu(n — )t
Since the Wilson operator is proportional to 7,p, in the continuum limit, so is the overlap
operator.

Inverting large matrices is computationally very expensive, specially if these have large
condition numbers. To obtain the overlap operator, Eq., one needs to first determine
(H'H)~'/2. Furthermore, one needs to also evaluate the inverse of D,, 4+ m, to obtain the
quark propagators, which has nearly vanishing eigenvalues at the physical point. These two
facts make LQCD calculations with chiral, light-quarks technically challenging. Although
some calculations have been performed with physical light-quark masses [e.g. see Refs. [63,
10]], most calculations continue to be performed at unphysical light-quark masses. With
increasingly faster algorithms and more computational power, it is not unrealistic to expect
most calculations to be performed at or near the physical point with appropriate chiral
symmetry in the near future.

Although calculations being performed at unphysical quark masses might seem to be
a short coming of present day calculation, the ability to perform calculations at different
values of the the light-quark masses can give us a great deal of insight. As mentioned in the
previous section, the nuclear force is analytically understood in terms of a low-energy EFT
with an infinite number of operators with non-trivial m,-dependence, e.g. see Eq. .
As a result, obtaining the chiral nuclear forces requires performing calculations with many
different values of the light-quark masses. It is for this reason that LQCD calculations will
complement experiments, by not just giving access to on-shell quantities but also off-shell

quantities that are experimentally challenging to determine.

13The name doublers refers to the fact that for D-dimensions the naive Dirac operator would have D?
Z€eros
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On the construction of particle correlation functions

As discussed above, the first part of any LQCD calculations is to generate a set of Ng con-
figurations using the Eq. as a probability density. With the gauge configurations, one
can then proceed to evaluate correlation functions, Eq. . Most operators of interest in
nuclear physics will be entirely composed of quark and antiquark operators. From Wick’s
theorem, we know that Green’s functions for such operators can be written in terms of con-
tracted quark and antiquark propagators. The full propagator for a quark with flavor “f’,
D;l, is non-local with matrix, and its elements D;l(x 1 xl)gf denotes the propagator of a
quark created at x; with (spin,color)=(c, a) and annihilated at xy with (spin,color)=(8,b).
The full Dirac operator is a square matrix of (3 x 4 x L3 x T)? in size, making it extremely
computationally challenging to invert. With the up and down quarks having the light-
est masses, their propagators are the most computationally expensive to calculate. Most
modern day calculations are performed in the isospin limit. Another reduction in compu-
tational cost can be obtained by noting that most actions are ys-Hermitian, which related

forward-moving (quark) propagators and backward-moving (antiquark) propagators,
D' & [15Df (zi, xp)slay, = [Df ' (ap i) e (1.90)

Having calculated the propagators from the light-quarks, one needs to build operators that
have good overlap with the states of interest and then proceed to perform the propaga-
tor contractions. For example, the interpolating operators for the pions must have the
right isospin structure, must be a pseudoscalar, and must transform correctly under charge

conjugation. It is easy to see that the following satisfy all of these criteria

- 1 = o

7t = dysu, 70 = ﬁ(u%u — dysd), T = uysd. (1.91)
Under parity 77 (x,t) — —7"(—x,t) as do the other two pions. Under charge conjugations
at(x,t) — 7 (x,t) and 7°(x,t) — 7’(x,t). Having the interpolating operators at our
disposal, the last step is to perform the Wick contractions. The correlation functions for

7t and 7% with total momentum P are



37

(a) (b)

Figure 1.8: a) Connected and b) disconnected diagrams that contribute to the 7% correlation

function. The latter involve all-to-all propagators.

Crt(t,P) = D ™P(nt ()77 (0)) = Y _ ™ P(d(z)r5u(z)a(0)75d(0))

S Z e™P Tr (D, (x, 0)75D(;1(O, T)Y5) — 2Z,+ e EnT/2 cosh (Extr), (1.92)
1 X _ _ 1 ixe _ _
C7r0 (ta P) = _5 Z e P Tr (Du l(wv 0)75Du 1(0’ IL‘)’)/5) - 5 Z e™P Tr (Dd l(iL‘, 0)75Dd 1(07 $)’75)
+ Y e™P Tr (D (2, 2)y5) Tr(D,'(0,0)75)
+ Z e™P Ty (D Nz, 2)y5) Tr(D;'(0,0)75) — 27.0e E7T/2 cosh (Extr) (1.93)

where the asymptotic behavior has been deduced from Eq. and tp = t—T/2. Although
the “sources” for the correlation functions above were placed at the origin, this need not
be the case; the correlation function only depends on the time separation between the
source and the “sink”. By utilizing the v5-Hermiticity and considering the isospin limit, the
7T correlation function, Eq. , can be written in terms of a single quark propagator
going from the one point to all other points on the lattice. These are known as “point-
to-all” propagators. These propagators are a factor of volume smaller than the full-Dirac
operator. The first two terms in the 70 correlation function, Eq. , involve point-to-all
propagators, whose contribution to the correlation function can be portrayed by “connected”
diagrams, Fig. This correlation function also has terms with propagators starting
and ending at the same point x, where x is being summed over the lattice volume. These
propagators, depicted by the “disconnected” diagram in Fig.|[1.8(b)| are known as “all-to-all”

propagators and require inverting the full Dirac operator. Historically, these contributions
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have made the study of unflavored hadronic systems nearly impossible. With increasingly
faster inversion algorithms, these calculations are now starting to be possible. With this
progress in mind, in section we will pay close attention to 77w — KK mixing in the

isosinglet channel.

1.3.2 Finite Buclidian Spacetime

Since calculation are necessarily performed in a finite volume, it is important to have finite
volume effects under control. Chapters [2} 8] & [] discuss finite volume artifacts for two-
particle and three-particle systems. In this section the one-particle sector is discussed and

the challenges associated two-particle sector will be introduced.

As illustrated by Eq. , LQCD can reliably determine QCD spectrum in a finite
Euclidean spacetime. Although there has been much success in extracting excited states,
ground-state energies are always determined with higher precision and their implication for
the infinite volume spectrum are better understood. The ground states energy extracted
from a correlation function of a single particle with total momentum equal to zero can be
interpreted as the particle’s mass in a finite spacetime volume and finite lattice spacing,
mp(L,T,a). Hadrons composed of quarks with light masses m; satisfying m;b < 1, their
discretization effects are suppressed. For heavy-quark masses satisfying bmg>1, sytematic
errors due to discretization effects are sizable and need to be properly addressed. To circum-
vent this issue, modern day calculations use non-relativistic QCD (NRQCD) [120] actions
for the bottom sector and relativistic heavy-quark actions [114}, [66] [8, 47, [124], where all
O((mga)™) corrections are systematically removed, for the charm sector. These calcula-
tions must be performed at multiple lattice spacing and results must be extrapolated to the
continuum.

Assuming that discretization effects are under control, we proceed to discuss the finite
volume dependence of the hadron masses. In this sector, finite volume effects arise from
interactions of a particle with its neighboring mirror images. For large T and L, this
interaction is mediated by pion exchange, therefore it is natural to compare the correlation

length of the pion, 1/m, to the spatial (L) and temporal extents (T") of the lattice. For
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T/my ~ L/my > 1 it will be shown that these finite volume effects are exponentially
suppressed [128]; this regime is known as the p-regime [I1 [19] and will be the focus of this
work.

In general the volume dependence of the spectrum of N-particles can be obtained by
solving for the poles of the N-particle propagator in a finite volume. For single-particle
systems, the bare propagator contains no finite volume (FV) or finite temperature (FT) de-
pendence and consequently all FV and FT effects are encoded in the self-energy corrections,

E(Lv T7p2)7

) Zp(L, T j Y(L, T, p?
LT i (0 BBTR) (1.94)
p? —mu(L,T)? +ie p?—mg+ie p*—mitie

)
= . 1.95
p? —md+ X(L,T,p?) +ie (1:99)

Therefore the poles of the propagator are found by
P’ = m§— S(L,T.p*) =mg— S(L,T,mg) +--- (1.96)
= m(Q) — ¥(o0, Ooam(Q)) — 0%(L, T, m(Q)) (1.97)

(m phyS)z

_ ( ZhyS)Z 52([/ T ( phyS)2> 4+ ... = (mh(L,T»Q’ (198)

where 0% (L, T, m?) = X(L, T, m?) — ¥(00,00,m?), and it has been assumed that the inter-
action leading to self-energies is perturbative. Leading order self-energy corrections for the
light-meson sector can be calculated using Eq. [79, 48, [49]; the nucleon sector can be
studied using Eq. [11]. Assuming SU(2); x SU(2)g chiral symmetry and ignoring
the contribution of the Delta resonances for the nucleon, one finds the LO FV contribution

to the pion and nucleon masses are

o (L) = 2f2 Z (27TL n) e (1.99)
3 —nm7r
smn (L 16;’;‘}2 Z L — . (1.100)

Instead of rederiving this result, we will use )\¢4—the0ry as a toy model for the meson sector,

as it illustrates all the key-features of F'V physics,

Lioy = %qb(—aQ—mz)qb—%qb‘l. (1.101)
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Figure 1.9: Contributions to the self-energy in the A¢*-theory. In a finite volume, the

momentum flowing through the loops is discretized.

Having periodic boundary conditions in a the spatial extent leads to the momenta to be dis-
cretized, p,, = 27n/L. Although the boundary conditions in the spatial extent are a choice,
quarks necessarily have antiperiodic boundary conditions in the temporal extent of the lat-
tice. This is a consequence of the fermionic nature of the quarks and the definition of the
partition function, Eq. (1.73). This means that mesons(baryons) have periodic(antiperiodic)

boundary condition in the temporal extent. Therefore energies are also discretized

2
Wpy = 7;?0 (for mesons) (1.102)
2 1
Wny = W(HTM (for baryons), (1.103)

these are known as the Matsubara frequencies. With this, one finds that the LO contribution

to self-energy, first diagram shown in Fig. is equal to

. A 1
iX(L,T) = 3T Z (%77?0)2 _ (%Tn)2 —m2 + e
n,no
1

A
oo , (1.104)
L3T§) (27;?0)2 + (27[r/n)2 +m2

where the Matsubara frequencies have been Wick-rotated. This is equivalent to starting

with a Lagrangian in Euclidean spacetime. Summing over the Matsubara frequencies using
the Abel-Plana formula, Eq. (1.105)),

1 21 > dz , f(z , fz
T Z f(T) = / %f(z) - Zl%es(%)howerplane + Zl%es(%)|upperplane
n —00

(1.105)
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we obtain

iS(L,T) = _iI//\?’ZL\/( ! + ! ! . (1.106)

e f(B e VORT

The sum over the n can be done using the Poisson Resummation formula,

i [ P
52 - | CHLCEDY [ Gt e (1.107)

__27n
k= L

With this tools we arrive at

A m /2 _
LT = 53 (5rp)
n#0

A/OO I ! + (1.108)
212 Jy VEk2 + m?2 TVE+m? _q ’ '

where terms that are exponentially suppressed in both L and T have been neglected. It is
easy to numerically show that the T-dependent piece is two orders of magnitude smaller
than the L-dependent piece where T' = L. Most calculations are performed using T" > L,
therefore the temperature-dependent piece can be safely neglected. We conclude that for
this toy model, the LO FV correction to the mass is

Sm2(L) = 3 ( m )3/2 enmL. (1.109)

2m = 2nL n

exactly reproducing the result by Liischer [12§].

Therefore, we conclude by reiterating that, in the one-body sector, finite volume effects
are exponentially suppressed. As will be discussed in great detail for the remainder of
this work, this is not the case for systems with two or more particles. From here on, it
will be assume that exponential corrections scaling with the pion mass are negligible (i.e.
mzL ~ m;T > 1 must hold) and consequently will be ignored.

Ultimately, we are interested in determining S-matrix elements directly from LQCD.
The definition of the S-matrix strongly relies on the notion of asymptotic states, which
are nonexistent in periodic-finite volumes with spatial extents of the order of a few fermi.
One could naively argue that by studying two-particle Green’s functions at different val-

ues of L one could extrapolate to L = oo and in doing so obtaining information regarding
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“asymptotic states”. This speculation is trumped by the fact that LQCD calculations of
Green’s functions are performed in Euclidean spacetime. Furthermore, these are numerical
approximations of the Green’s functions, therefore they cannot be analytically continued to
Minkowski space. Maiani and Testa studied the infinite volume limit of a Euclidean theory
[133], and found that infinite volume Euclidean Greens functions for m(q) + m(—q) — n de-
pend on the desired scattering amplitude Mr—sn X out (0|7, ¢, T, —Q)in — out (|7, ¢, Ty — @) out
as well as the average (out(n|m, ¢, 7, —q)in + out (R|T, ¢, T, —@)our) /2. 1t is only after analyt-
ically continuing to Minkowski space that one recovers the LSZ reduction formula. They
showed that only in the kinematic threshold, the 7 +7 — 7m+ 7 Green’s function reduces to

Lr
(2m,)?

G(t1,t2) = (m(t)m(t2)J (0)) " =257

peam) (1= 0y 25 o).

47 to
(1.110)

where .J is a current operator that couples to two pions, f(g?) is the form factor of .J, and
a is the S-wave scattering length.

This naive approach is rather limiting, and it is necessary to circumvent this limitation
to be able to extract S-matrix elements with arbitrary momentum. The solution to this
problem was first postulated by Martin Liischer [129] [130], who found a one-to-one mapping
between the finite volume two-particle spectrum and the infinite volume scattering phase
shifts using a field theoretical approach. Liischer derived this relation for two-scalar bosons
with non-relativistic momentum below inelastic thresholds. In the following chapter we will
re-derive the relativistic analogue of this problem [164, 106, 107, 45]. The remainder of this
work will present new results regarding the generalization of this formalism for coupled-

channels, baryonic systems and three-particle systems.
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Chapter 2

MESON-MESON SYSTEMS IN A FINITE VOLUME

Scattering processes in hadronic physics provide useful information about the properties
of particles and their interactions. Some of these processes are well investigated in experi-
ments with reliable precision. However, there are interesting two-body hadronic processes
whose experimental determinations continue to pose challenges. They mainly include two-
body hadronic scatterings near or above the kinematic threshold with the possibility of the
occurrence of resonances. In this section we discuss scalar sector of QCD, whose nature is
still puzzling (See for example [30] and references therein). While some phenomenological
models suggest the scalar resonances to be tetraquark states (as first proposed by Jaffe
[95]), others propose these to be weakly bound mesonic molecular states. The most famous
of which are the flavorless ap(980) and f,(980), which are considered to be candidates for
a KK molecular states [179, 151, 153]. In order to shine a light on the nature of these
resonances, it would be necessary to perform model-independent multi-channel calculations
including the {77, 7wnm, KK, nn} scattering states directly from the underlying theory of
QCD.

As briefly discussed in the previous section , Liischer showed how to obtain the infinite
volume scattering phase shifts below inelastic thresholds from calculating energy levels of
two-body scattering states in the finite volume [129, [I30]. In order to present the general-
ization of this formalism above inelastic thresholds, it is key to first understand Liischer’s
result. The non-relativistic, center of mass reference frame result by Liischer has been gen-
eralized to the moving frames in Refs. [164} 106, 45]. In following section we follow in detail
the generalization by Kim, Sachrajda, and Sharpe, and discuss the implications for 777"
scattering. In section we present the generalization of this formalism for N arbitrarily
strongly coupled two-body channels in a moving frame and discuss the implications for the

7 — K K isosinglet spectrum. In section we see the generalization of the dimer formalism
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for arbitrary partial wave and observe that indeed the dimer formalism recover Liischer’s
well known result. Finally in section [2.4] we observe the implications of the coupled-channel
formalism for electroweak processes involve two particles both in the initial and final states,

e.g. TK — nm.

2.1 Below inelastic thresholds

The goal is to obtain a relationship between the finite volume two-particle spectrum and
infinite volume scattering amplitudes. As mentioned in section[I.3.2the N-particle spectrum
can be obtained from the pole condition of the N-particle propagator. Therefore we need
to evaluate the full two-particle propagator in a finite volume, which is equal to the sum
of all 2 — 2 amputated diagrams, shown in Fig. For the time being, we will consider
systems composed of two particle with mass m; and mo with m; < mo. The system has a
total momentum P and energy E satisfying mq 4+ mo < E < 3my + mo. In section [1.3.2| we
observed that the self-energy diagrams appearing in the one-particle propagator, Fig.
are exponentially close to their infinite volume counterpart. From here on all O(e=™rF)

correction will be neglected, and as a result the fully dressed one-particle propagator has

phys
i

a pole at the physical mass, m} °°, with a residue of one (LO exponential corrections
for 77" [26] and NN [167] have been previously calculated). The finite volume two-
particle propagator, as is shown in Fig. can be written in terms of the Bethe-Salpeter
kernel, K5, which is also exponentially close to its infinite volume counterpart. In fact, only
diagrams where all intermediate particles can be simultaneously put on-shell are power-law
in volume, all other diagrams exponentially suppressed. For energies below the particle
production threshold, this corresponds solely to s-channel diagrams.

The first non-trivial diagram to consider is the first loop appearing in Fig. [2.1(a)l Hav-
ing shown in section [I.3.2) that finite temperature effects can be safely neglected, the zero-
momentum appearing in the loops will be assumed to be continuous, and the spatial mo-
mentum will be discretized. If the two particle appearing in the loop are identical, there is

a symmetry factor of 2, this will be encapsulated in an overall constant n which is equal to

1 for distinguishable particles and 1/2 for indistinguishable particles. With this, the second

diagram in Fig. is equal to
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Figure 2.1: a) Sum of all 2 — 2 amputated diagrams written in terms of the K5 and the
fully-dressed one-particle propagator. b) Ks is two particle Bethe-Salpeter kernel, i.e. the
sum of all s-channel two-particle irreducible diagrams. c¢) The fully dressed one-particle

propagator is the sum of all one-particle irreducible diagrams.

iGY (pi, Pf)

[\

n dk° Ks(pi k) Kao(k,py)
Zk:/ T [(k — P)? —mi + ie][k? — m3 + ic] 21

—in zk: { Ks(pi, k) Ka(k,py)

(w2 — B)? — why, | + ie][2wp,2 + ie]

2wpk,1 + i€][(wpk + E)? — wz,Q + ie] ’

where the integral over k° has been performed and the following kinematic functions have

been defined
wl%,i = |k|2 + m?, wl%k,i =P — k|2 + mf (2.3)

The ingoing and outgoing momentum are denoted as p; and , py, where the momentum is
necessarily fixed by the on-shell condition but the direction is left unfixed. It is easy to see
that for £ < 3mj + mao, the second term appearing in Eq. is finite for all values of
k. From Poisson’s Resummation formula Eq. it is easy to see that this term can
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be replaced with its infinite volume counterpart up to exponential corrections scaling like
O(e=™E) < O(e~™=L) and can be safely neglected. Therefore the finite-volume effects are
encoded in the first term appearing above

n 1 Ko (pi, k) Ko (k, p
Srel _ _7173 2( 7 2) 2(2 f) ) (24)
L3 2= 2wy [(wr2 — E)? — wpy, | + €]

It is convenient to write this sum in terms of center of mass (CM) frame coordinates (E*, ¢*),

where E* = v/ E? — P? is the CM energy and ¢* is the CM relative momentum

1 2 . 9\2
=7 <E*2 ~o(m? 4 m3) L) ) : (2.5)

which simplifies to E—*Q —m? when m; = mg = m. The Lab frame coordinates k = (Kyps ki)
and wy; appearing in the summand can be transformed to CM coordinates k (kﬁ, k%)

and wy ; = \/m using the standard Lorentz transformations
k) = (k) — Bwg,), =k, wi i = V(Wi — Bky)), (2.6)

where v = %*, 8= %. Using these relations and schematically writing the functional form

of the kernels in the CM frame as K3, it takes a few lines of algebra to rewrite Eq. (2.4)) as

2 2
St = i 1 wio K3(p) KK (K, p}) [ B + 5 — 2wy
T A 2E Wy ¢ -k e At

Notice that at the pole, the term in the parenthesis is exactly equal to one. The on-shell
condition fixes the overall momentum of the kernel leaving the direction of the momentum

unfixed. This leads us to decompose the kernels and the product of them into spherical

harmonics
K3(pi k") = > [K5(pf, k)i VAT, (k7), (2.8)
U'm/
K3(&5,p5) = D (K5 (k" p7) e VAT Y (K), (2.9)
l// 1"
K5 (p}, k) K5 (k' py) = Zflm k) KN AT Y (k7). (2.10)
* V47r * * * * * *
= fim(K7) = o5 > K5 K [ (K, P

ll7l/l7m,,m”

[ 00 Vi )Y (6 Yo (). (211)
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The final piece of mathematical artillery that we need relies on the observation that Eq. (2.7))
has a single pole. By subtraction the singular contribution, the summation can be replaced

by an integral up to exponential corrections that will be neglected,

Srel +1

fim(q Wi o k¥ /AT Yy, (k*)
L3 Z

2E* Wi q*2 — k*? 4 e

3 * g 7
- rel+zfl7;]é*) n / (;lﬁl){s :’;z kqﬁﬁgi(l;), (2.12)
where I,.; denotes the infinite volume counterpart of Eq. and repeated indices are
summed. By transforming the variable of integration transformation from k to k* we in-
troduce a Jacobian that exactly cancels the overall factor of wy , Jwg 2 appearing in the
last integral. The ie appearing in the denominator of the summation can be safely ig-
nored, for the integral it is convenient to replace the denominator appearing into two parts,
m = —ind(q*? — k*?) + Pﬁ, where P denotes the principal value. Equation

Eq.(2.12)) can be rewritten as

q" foo(q
Srel = Iret = M 87‘[‘E* 2E* Z flm Clm ) ) (213)

where

x

3 - 7.% 7"1
P (z) = [L3 > - / Tk ] \/Ziy;m_(k ) (2.14)

where 7 =y (k; — aP) + k1, and a = [1 + mE*;ng] [121], [51), [73]. This reduces to the

non-relativistic value of a = 1 as is presented in Ref. [33]. Note that this result is

equivalent to the result obtained in Refs. [164] 106, 45] for the boosted systems of particles
with identical massesﬂ Note that the definition of the function clljn, Eq. 1) differs to
that of Ref. [106] by an overall sign.

!The kinematic function cf,,(¢*?) can also be written in terms of the three-dimensional Zeta function,
Zfm,
1-2
P 2 _ V4w (27 d . 2 d 2 Yim(r)
m =—= |+ Zim|1; (7 L/2m)7], Ziols; 2] = d
cm(q™) 7L$(L> imlL; (g7 L/2m)7] im[8;27] r;d(rzfxz)sv

where the sum is performed over Py = {r ER?|r= ’y*l(mH —ad)+m,,me Z}7 d is the normalized
boost vector d = PL/27, and « is defined above [51}, [73, [121].
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Using Eq. (2.11]), the difference between the infinite volume and finite volume loops can

be represented as a product over infinite-dimensional matrices in orbital angular momentum

space,
Srel - Irel = iGV(pia pf) - iGoo(pia pf) (215)

= [iK5(0}, ¢ (160G Vi pr amer [—1K5 (@, DF) |0 (2.16)

= —iK; 66V K3 (2.17)

Note that we have used the fact that the only finite volume piece appearing in Eq.( is
Srel, and the finite volume contribution to the single loop is

. q'n

v
(5g )11,m1;12,m2 Z@

'47T 4 P * * *
6l1,l26m17m2 +Z?Z q*l Clm(q 2)/dQ lim1}/lmyl2m2

l,m

(2.18)

Denoting G and G" as the infinite and finite volume loops respectively, we can determine

the full two-particle propagator iMV as follows

iMY = —iKy—iKyGY Ky —iKyGV KoGV Ko + -+ = —iK, (2.19)

1-GVEy
Currently the poles of the propagator are written in terms of the kernel. This can be
circumvented by writing the kernel in terms of the two-particle scattering amplitude. This
is defined as the sum of all 2 — 2 amputates scattering amplitudes, where the loops are
evaluated with continuous momenta,

1 1
IMT = —iKob——— = Ky=-M

0%k, T-goM (2.20)

Inserting this definition for Ko into Eq. (2.19)) one finds that the poles of the finite volume

propagator are defined by
det ((M“)_1 + 5QV> =0, (2.21)

where the determinant is over angular momentum space. While the scattering amplitude
is diagonal in angular momentum with the diagonal component defined in Eq. (A.4), §GY
as defined in Eq. (2.18)), is clearly not. This is a consequence of the fact that angular
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momentum is not a good quantum number in a cubic finite volume. As a result, the energy
eigenstates in the CM frame are identified with the irreducible representations (irreps) of the
octahedral (O) group [129]. Since the phase shifts are characterized according to the irreps
of the SO(3) group, the energy eigenvalues of the system in a given irreps of the octahedral
group in general depends on the phase shifts of more than one partial-wave. For example, if
a interpolating operator for two degenerate mesons is in the A; irrep of the cubic group, the
energy eigenstates of the system have overlap with the [ = 0,4,6, ... angular momentum
states at CM frame. When P # 0, the symmetry group is reduced and the symmetries of
the system are defined by the tetragonal (Dy4) group. Consequently at low energies the [ = 0
state will mix with [ = 2 partial wave as well as with higher partial waves [164]. For two
mesons with different masses, the symmetry group is even further reduced in the boosted
frame, making the mixing to occur between [ = 0 and [ = 1 states as well as with higher
angular momentum states [73]. An easy way to see the latter is to note that in contrast to
the case of degenerate masses, the kinematic function cﬁn as defined in Eq. 1) does not
vanish for odd ! when the masses are different. As a result even and odd angular momenta
can mix as seen in the quantization condition. This does not indicate that the spectrum of
the system is not invariant under parity. As long as all interactions between the particles
are parity conserving, the spectrum of the system and its parity transformed counterpart
are the same. One should note that the determinant condition, Eq. , guarantees
this invariance: any mechanism, for example, which takes an S-wave scattering state to an
intermediate P-wave two-body state, would take it back to the final S-wave scattering state,

and the system ends up in the same parity state. E|

2.1.1 Implications for m™n ™ scattering

In practice, it is necessary to truncate the partial waves contributing to Eq. (2.21)) to some

Imaz- For sufficiently small energies one can set [, = 0. In doing so, the rather complicated

2Note that under parity Z3, — (—l)l Z3 . Note also that under the interchange of particles Z3, —
(—1)' 22, so that for degenerate masses the ch,-function vanishes for odd I. This is expected since
the parity transformation in the CM frame is equivalent to the interchange of particles. However, as is
explained above for the case of parity transformation, despite the fact that §G" is not symmetric with
respect to the particle masses, the quantization condition is invariant under the interchange of the particles.
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quantization condition, Eq. (2.21]), reduces to just
q* cot(6©)) = amely (¢*?), (2.22)

where 6(? is the S-wave phase shift. Note that the imaginary pieces appearing in Eq. 1'
have exactly canceled. In fact it is easy to show this is true for all partial waves.

The quantization condition simplifies even further, when introducing a pseudo-phase ¢,

defined by
q* cot(¢) = —4ncly(¢*?) = 6 + ¢ = N, (2.23)

where N is an integer.

Having all the pieces in place, we can revisit the determination of the 77T scattering
length from LQCD. First, it is necessary to extract the lab frame energies. To do this is
necessary to construct appropriate interpolating operators with the right quantum numbers

and good overlap with the cubic irreps. For example, for two pions with P = 0, EA

.+ can

be extracted using the following correlation function

Crine(t,a) = > Ut (@)rt (y)7 T (0)77(0)) (2.24)
A
e 27y e BT ogh (Efjw+t;p> +27 .. (2.25)

where tp = t — T/2, T is the temporal extent of the lattice, Z +,+ and Z77;+7r+ are con-
stants.The relative momentum can then be determined from Eq. , by setting m; and
ma equal to the pion mass calculated on the lattice m!®". Using Eq. , for ¢*2 < mlatt
one obtains the scattering length [a;}ﬂ . ~ —4nck (q*?)] for the given value of the pion
mass. By performing calculations at multiple values of the light-quark masses one can then
obtain the scattering length as a function of m.

As mentioned before, the most precise determination of the scattering length is by
the NPLQCD Collaboration [17]. They performed the procedure discussed above for four
different light quark masses, corresponding to m, = 293.1(1.5) —591.8(1.0) MeV. Figure
shows the four values of mya,+,+ obtained by NPLQCD as a function of fr/m,. The “MA

x-PT labeling makes reference to the fact that discretization effects have been removed using
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Figure 2.2: This figure is from the work of the NPLQCD Collaboration [I7]. Shown are their
determination of mya,+,+ (black circles) as a function of m,/f, for four different ensembles. The
statistical uncertainty is shown as a dark bar, while the light bars denote systematic and statisti-
cal uncertainties added in quadrature. The blue band corresponds to the fit of the four values of
Myar+.+ using Eq. . They also compare their results to those of the CP-PACS Collabora-
tion [I84] (square), the LO xPT results Eq. [173] (red line), and the experimental measurement
Eq. [159, 160] (diamond). The difference in sign between the figure and the value quoted in
Eq. is due to the fact that in Ref. [I7] the scattering length is defined as a=! = lim, .o pcotd,
which differs by an overall sign from the convention used in this work, Eq. 7 which is the cus-
tomary nuclear physics definition. The figure is reproduced with permission from the NPLQCD

Collaboration.

expression from Mixed Action xyPT [42]. Also shown is their fit of the scattering lengths
using Eq. (1.31)), which allows them to make a prediction at the physical point, Eq. (1.33).

2.2 Above inelastic thresholds

The Liischer formalism relies on the assumption that the energy of the systems lies suffi-
ciently below any inelastic thresholds. A direct calculation of the near threshold scattering
quantities using LQCD can lead to the identification of resonances in QCD such as a((980)
and fp(980) discussed earlier, and provide reliable predictions for their masses and their

decay widths. One such generalization was developed by Liu et al. in the context of quan-
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tum mechanical two-body scattering [89, [125]. There, the authors have been able to deduce
the relation between the infinite volume coupled channel S-matrix elements and the energy
shifts of the scattering particles in the finite volume by solving the coupled Schrodinger
equation both in infinite volume and on a torus. The idea is that as long as the exponential
volume corrections are sufficiently small, the polarization effects, as well as other field the-
ory effects, are negligible. Therefore after replacing the non-relativistic dispersion relations
with their relativistic counterparts, the quantum mechanical result of Liu et al. [89) [125] is
speculated to be applicable to the massive field theory. In another approach, Lage et al.
considered a two-channel Lippman-Schwinger equation in a non-relativistic effective field
theory (NR EFT). They presented the mechanism for obtaining the KN scattering length,
and studying the nature of the A (1405) resonance from LQCD [I16]. Later on, Bernard
et al. generalized this method to the relativistic EF'T which would be applicable for coupled
KK — mrr channels [30]. Unitarized chiral perturbation theory (UCHPT) provides another
tool to study a variety of resonances in the coupled channel scatterings. This method
uses the Bethe-Salpeter equation for a coupled-channel system to dynamically generate the
resonances in both light meson sector and meson-baryon sector in infinite volume, see for
example Refs. [152],[09] 126, [158]. When applied in the finite volume, the volume-dependent
discrete energy spectrum can be produced, and by fitting the parameters of the chiral po-
tential to the measured energy spectrum on the lattice, the resonances can be located by
solving the scattering equations in infinite volume. This method has been recently used
to study the resonances f,(600), fo(980) and ao(980) in Refs. [55), 157], A(1405) in Ref.
[135], a1(1260) in Ref. [163], A-(2595) in Ref. [182], and D},(2317) in Ref. [136] in the
finite volume. One should note that in contrast to the single channel scattering system,
coupled-channel scattering requires determining a minimum of three independent scatter-
ing parameters which would require at least three measurements of the energy levels in the
finite volume. As proposed in Refs. [30], 55], one can impose twisted boundary condition in
the lattice calculation to increase the number of measurements by varying the twist angle
and further constrain the scattering parameters. Another tool to circumvent this problem
is the use of asymmetric lattices as investigated in Refs. [30L 55l 135]. Alternatively, one

can perform calculations with different boost momenta [135, [163].
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Figure 2.3: The fully-dressed finite volume two-particle propagator, M" can be written in a
self-consistent way in terms of the Bethe-Salpeter Kernel, I and the finite-volume function
GY. Note that the only difference between these and their single-channel counterparts is

that these are now matrices over the open channels.

Generalizing Eq. to NN arbitrarily strongly coupled two-body channels with ar-
bitrary momentum is straightforward. Consider first the case where there are two open
channels. For example, when the pion mass is approximately 300 MeV, the four pion
threshold lies above the two-kaon threshold. Therefore the following formalism can be used
for studying 77 — K K isosingle channel for energies below the four-pion threshold. For a
given partial wave, the S-matrix is a two-dimensional matrix over the two-open channels,
Eq. , where 07 and d;7 are the phase shifts corresponding to the scattering in channels
I and IT respectively, and € is a parameter which characterizes the mixing between the
channels.

Again, let F and P denote the total energy and momentum in the laboratory frame
and the CM energy is E* = v/E2 — P2. For the j'" channel with two mesons each having

masses m;1 and m; 2, the CM relative momentum is

. 1 (m2,1 - m2',2)2
qj2 = 1 (E*Z — 2(mj2<71 + miz) + ]_E—*QJ 5 (226)

which simplifies to ET*Z — m? when m;1 = mj2 = mj. Because the S-matrix for the
I partial wave is a two-dimensional matrix, the scattering amplitude is also necessarily a

two-dimensional matrix with matrix elements defined in Eq. (A.8). Similarly, the Kernel
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and the two-particle propagators get upgraded to matrices in the space of open channels.
The full finite volume two-particle propagator is pictorially defined in a self-consistent way
in Fig. It important to note that the channels only mix by off-diagonal terms in the
Kernel. That is to say that in the absence of interactions a two-pion state continues to

propagate as a two-pion state. With this in mind, in the presence of multiple channels

Eq. (2.1)) is replaced by

. n; dko K ) k ai K k, g
[iGY(Pipp)]y = 13 Zk: / =T ]__[))2(!_’ mf)]l o [Z_é]([k2pj)71n§2 T 22
= —i[KG"Kla (2.28)

where the GV is now not just an infinite-dimensional matrix in angular momentum but also
a two-dimensional diagonal matrix in the number of channels. The subscripts a, j, b denote
the initial, intermediate and final states, respectively. The difference between GV and its

infinite volume counterpart has matrix elements defined by

q;n; 4 4
\4 . ] . P 2
(59]- )ll,mulz,mz = 287]1'E* 511,l25m1,m2 +ZTZ 1 Clm(q;‘< )/dQ* lel}/lirL}/EQ'n’Q )
J im 17

(2.29)

where n; = % if the particles in the j* loop are identical and n; = 1 otherwise.
Having upgraded all the objects present to matrices in the open channels, one can go

through the derivation of the poles of the finite volume propagator in the same fashion as

was done in Egs. (2.1912.21)) to find
Det(1 + 6GY M) = detoe [detpy [1+ 3GV M]] =0, (2.30)

where the determinant det, is over the N open channels and the determinant dety, is over
the partial waves. This result was independently derived by [35, 88]. For N=1 Eq. ([2.30)
reduces to Eq. (2.21]).

For N=2, one obtains

1+6GY M §GY M
Det Tt TR g, (2.31)

GV Mrrr 146G, Mirir
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For l,q; = 0 it is convenient to introduce a pseudo-phase analogous to Eq. (2.23)

— P
q" cot(¢;) = —4mego(q;”)- (2.32)
Using this, the quantization condition can be written in a manifestly real form,

cos 2 cos (1 + 01 — g — d2) = cos (Pp1 + 01 + P2 + 02), (2.33)

which is equivalent to the result given in Refs. [89, 125] in the CM frame ﬂ It is easy to
see that in the € — 0 limit, one recovers the decoupled quantization conditions for both
channels I and 11, Eq. .

Consider the N=3 case. Unitarity and time-reversal invariance allow us to parametrize
the S-matrix using three phases shifts {7, 77,077} and three mixing angles {€1, €2, €3}

€i21 ¢ it 01011 5 g i1 0 g g
Sz = | ieCrtimn g ¢, 2011 (¢ coc3 — 5953) ie!OrH0n) (cyeos3 + s9c3) | 5 (2.34)
it 014011 g1 50 je?01IH011) (¢159c5 + cas3) i1 (c18983 — cacs)

where ¢; = cos(2€;), s; = sin(2¢;). Note that in the limit e2 = €3 = 0 the third channel
decouples, and a block diagonal matrix composed of Ss is obtained, corresponding to the
I — II coupled channel, as well as a single element corresponding to the scattering in the

uncoupled channel I71. The spectrum of three-coupled channel is defined by
146Gy My 6GY M1 6GY M1
det [ §G,Mrr 1+ 686G M SGYMurarr =0, (2.35)
G Mirrr 8GY  Murrrr 1+ 8GY  Murran
where the scattering matrix elements can be determined from Eq. using the relation-
ship between the scattering amplitudes and the S-matrix elements, Eq. .

Implication for the mm — KK spectrum

To this day the coupled-channel formalism has not be implemented in any LQCD calcula-

tions, so it is still preliminary to comment on the successes of this formalism. To understand

3The equivalence between Eq. (2.33) and Eq. (37) of Ref. [89] can be understood by noting that the
pseudo-phase ¢; as defined in Eq. (2.32) is equivalent to the negative A; as defined in Eq. (36) of Ref.
[89]. On the other hand, the mixing parameter € as defined in Eq. is related to the mixing parameter
no defined in Eq. (14) of Ref. [89] through 7o = cos 2€.
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(a) (b)

Figure 2.4: a) Example of connected and b) disconnected diagrams that contribute to the

0

7070 correlation function.

challenges associated with calculations involving coupled-channels it suffices to consider the
nm — KK isosinglet channel. For energies well below the K K-threshold, the two kaon sys-
tem cannot go on-shell, therefore up to exponentially small corrections this system can be
treated as a single-channel system composed of two pions. A good interpolating operator for

two pions in an isosinglet state, can be constructed as a linear combination of the operators

appearing in Eq. (1.91)) [115] [75]

O(t1,t2) gpr=0 = 1 (mH ()7 (t2) + 7 ()7 (1) — 70 (t) 70 (2)) (2.36)

V3

The correlation function would have contributions from connected [e.g. Fig. and
disconnected diagrams [e.g. Fig. . As discussed earlier, the latter pose a significant
computational challenge, and as a result only two calculations of al=? using full QCD have
been done to this day [72,[74]. This is in fact a common feature among most coupled-channel
systemsﬂ

We can utilize the prediction of the scattering amplitudes for the 77 — K K system from
LO SU(3) xPT to infer what the finite volume spectrum looks like. The nice feature of y PT
is that it allows us to dial the light-quark masses to unphysical values is a systematic fashion.

For m, ~ 310 MeV, the kaon has a mass of approximately mg =~ 527 MeV [38], where the

n section we will discuss coupled channels in the two-nucleon sector where disconnected diagrams are
not a source of computational limitation
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strange quark mass is fixed at its physical value. Therefore for this set of parameters,
the four-pion threshold is well above the two-kaon threshold and we can investigate the
spectrum using Eq. up to energies around 1240 MeV.

By investigating the analytic structure of Eq. one observes that the LO scattering
amplitudes obtained using Eq. lead to a complex quantization condition. This is in
fact not a issue with the quantization condition, but rather an issue regarding xyPT as it does
not reproduce the analytic structure of the fully relativistic scattering amplitude [A.4] The
solution is to promote the LO scattering amplitude to the Bethe-Salpeter Kernel, K, p7, and
resume the two-particle irreducible s-channel diagrams non-perturbatively. This formalism
is refered to as a Unitarized xPT (UxPT) [I54, I55]. For the nm — KK, K,pr can be
written as [154] [155]

IC7T7T ]Cﬂ‘K 2E*2 — m?r
]CXPT = ’ ICT(W: S Ei* 2 (237)
Kek Krg TE*f2
\/§E*2 3E*2
= 7 I 9.
Kk 167 E* f2 Rk 167 B f2 (238)

Using this expression for the Kernel and truncating [,,,,=0, one can then proceed to
generated the A spectrum of the 7m — KK system as a function of volume, shown in
Fig. The spectrum shown was generated for two different total momenta P = 2xd/L,
corresponding d = 0 and d = 1. Note that the spectrum is generated for L < 4/m,,
which is the minimum criteria needed to be able to neglect contributions from exponential
corrections to the quantization condition.

There are a couple of things that can be observed. First, we see a generic feature of
coupled-channel systems, which is the fact that energy levels do not cross. In particular, it
would be tempting to identify the blue line that is just below the K K threshold for m,L < 6
as a two-kaon sate, but as the volume is chosen so that m;L ~ 6 it is clear that this state
is an admixture of KK and 7r. In fact, if the off-diagonal terms in Eq. were zero,
these levels would indeed cross and one could clearly identify one as a two-kaon state and
the other as a two-pion state.

A second and more important observation is that for m,L ~ 6 — 6.5, the gap between

the two states is small. Consequently, low statistics calculations will not be able to resolve
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Figure 2.5: Shown is finite volume CM energy for mm — KK as predicted from the quantiza-
tion condition, Eq. , using the input from UxPT Eq. [154, [155]. The spectrum is
generated for two-different total momentum P and are labeled by d = PL/27. Also shown
is the KK threshold (green dashed line).

the spectrum near these points in the parameter space. Therefore to be able to reliably
disentangle the spectrum, while simultaneously having FV artifacts well under control, it
is preferable to design the future LQCD calculations to be performed in the m;L ~ 4 — 6

range.

Finally, before it was stated that one needs to have three-independent measurements at
the same CM energy to be able to extract the two phase shifts and the one mixing angle
of the two-channel system. Although this is formally true, one could alternatively use the
NLO expressions of UxPT [154, [I55] to parametrize the scattering amplitudes, perform
calculations at different volumes, boost, and pion masses, and simultaneously fit all of the

LQCD calculations to obtain the LECs appearing at NLO in UxPT.
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2.3 Auxiliary-Field Formalism for Arbitrary partial waves in the scalar sector

In section [1.2.2] we discussed the auxiliary-field formalism and its importance for studying
three-body physics. This formalism has only been previously developed for S-wave [102] 18]
and P-wave [34] scattering processes, but as discussed in the previous sections orbital angular
momentum is not a good quantum number of the finite volume system. Therefore to be
able to study finite volume physics it is necessary to generalize this formalism for higher

partial waves.

Consider two identical bosons with mass M that interact in an arbitrary partial-wave
channel (I, m) via a short-range interaction that can be effectively described by derivative
couplings to the fields. Let ¢, and dj,, p denote the interpolating operators that annihilate
a boson with four-momentum k, and a dimer (with quantum numbers of two bosons) with
four-momentum P and angular momentum (I, m), respectively. Then if the total energy and
momentum of the CM of the two-boson system is (E, P), one can write a Galilean-invariant
action that describes such system in the infinite volume in terms of a Lagrange density in

the momentum space,

d*P P2 p?
S = / o) ﬂa (E - QM) op — Zd;m,P (E - A+ chl (E - ) > i, P

l,m

4P 4
/éw = _ g“[dl*mpfm ) K orbrithel,  (239)

where k* = k — P /2 denotes the relative momentum of two bosons in the interaction term.
Note that the interactions between bosons in partial-wave channel (I,m) is mediated by
a corresponding dimer field, dj,,. As is evident, upon integrating out such auxiliary-field,
one recovers the four-boson interaction term in a Lagrangian with only ¢-field degrees of
freedom. Since this is a theory of identical bosons, all couplings of the dimer field to a the
two-boson state with an odd partial-wave vanish. Eq. clearly reduces to the S-wave
result of Refs. [102] 18, 86] discussed in section For systems involving distinguishable
scalar bosons this can be easily generalized (e.g. for P-wave scattering see Ref. [34]). As
usual, the low-energy coefficients (LECs) {Ay, ¢, 92,1} in the effective Lagrangian must be
tuned to reproduce the ERE of the [*-partial-wave, Eq. (A.6). The fully dressed dimer

propagator can be obtained by summing up the self-energy bubble diagrams to all orders,
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Fig. 2.6(a)

1
(DP) T~ I=(E.P)

D®(E,P) = (2.40)

where D denotes the bare dimer propagator,

—1 5l1l2 5m1m2

[DB(E’P)]hmlhmz - P2 00 P2 .7 (2'41)
E— g5 — A+ Xnly ena(BE — g37)" + i€

and I*° denotes the value of the bubble diagram when evaluated using the power divergence

subtraction scheme [104] [105], [13],

iM . ok
[IOO(E7P)]l1m1,l2,m2 = gg%,llk 2h (M + ik )5l1l26m1m2' (242)

1 is the renormalization scale. By requiring the full dimer propagator, D>, in the infinite

volume to reproduce the full scattering amplitude at any given partial-wave,

8 1
> — 2.4
Ml1m17l2m2 M 1% cot 5211) i 5l1l2 5m1m27 ( 3)
one arrives at
167 2 1 2 pM™
2 *2l n,
920 = 2y, ST A, <al s > C T Tl (2.44)

In a finite volume, the two-boson system can still be described by the action in Eq.
except the periodic boundary conditions constrain the momenta to be discretized.
In particular, the integral over momenta in Eq. is replaced by a sum over discrete
momenta, P = z%n, where n is a triplet integer. Then it is straightforward to evaluate the

corresponding bubble diagram in the finite volume,

M

*l]+l3
871, st1 )02

[IV] limi,la,ma

(47T)3/2 P *2 * *
X 611125m1m2 + Z = Clm(k ) ds) Yll,mlyi,mybmw )
lm

(2.45)

where ¢ () is the non-relativistic limit of Eq. (2.14), where v = 1 and a = 1/2 for two

Im

degenerate particles. The full dimer propagator, DV, can then be obtained by summing
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Figure 2.6: a) Diagrammatic equation satisfied by the matrix elements of the full dimer
propagator in a) infinite volume and b) finite volume. The grey (black) band represents the
full infinite (finite) volume propagator, D> (DV), while the double lines represent the bare

propagator, DB,

up the infinite series of bubble diagrams in Fig. [2.6(a)|, where the LEC of the theory are
matched with the the physical quantities, Eq. (2.44)),

1
(DB)—l _ (DB)_11V<E, P)DB’

Note that D" is a matrix in the angular momentum space as are D? and IV, Eqs. (2.4

DY(E,P) = (2.46)

2.45)). The poles of the FV dimer propagator give the spectrum of two-boson system in a
finite volume in terms of the scattering parameters. These energy eigenvalues satisfy the

following determinant condition
det [k* cot § + ]:FV] =0, (2.47)

where both cot § and F¥V are matrices in the angular momentum space,

cot & = cot 1, 01,1, 0myma s (2.48)
(477)3/2 * * *
[fFV] lim1,lama == Z k*l Cll:n(k 2) dQ Yll,mli/LmYEz,mQ- (249)
I,m

This quantization condition agrees with the non-relativistic limit of Eq. (2.21) [164,

106], 46]. This derivation shows that upon incorporating the higher partial-waves in the
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construction of the dimer Lagrangian, as well as accounting for higher order terms in the
EFR expansion, all the two-body physics is fully encapsulated in this formalism. As a result
the systematic errors of F'V multi-particle calculations that have used an S-wave dimer field

up to next-to-leading order in ERE (see Refs. [36] [1T1],112],113],110]), can be easily avoided.
2.4 Electroweak mixing in the two-body scalar sector

Electroweak processes in the two-hadron sector of QCD encompass a variety of interesting
processes, so it would be desirable to calculate the electroweak matrix elements directly
from LQCD. One of the very first attempts to develop a formalism for such processes from
a finite volume Euclidean calculation is due to Lellouch and Liischer. In their seminal work
[118], they restricted their analysis to K — 7w decay in the kaon’s rest frame, and showed
that the absolute value of the transition matrix element in an Euclidian FV is proportional
to the physical transition matrix element. This proportionality factor is known as the LL-
factor. This formalism was then generalized to moving frames in Refs. [106, 45]. Here we
present the generalization of Lellouch and Liischer formalism to processes where the initial
and final states are composed of two-hadrons S-wave states and are coupled solely by two-
body currentsﬂ In the relativistic case, the coupled-channel result, Eq. , is used to
derived the 2 — 2 LL-factor for boosted systems.

In order to derive the relativistic two-body LL-factor, one first notes that in the absence
of the weak interaction, the two states decouple, and as a result the S-matrix becomes
diagonal. As is pointed out by Lellouch and Liischer, there is a simple trick to obtain the
desired relation by assuming the initial and final states to be nearly degenerate with energy
Ej (each satisfying Eq. ) when there is no weak interaction. Once the perturbative

weak interaction is turned on, the degeneracy is lifted, and the energy eigenvalues are
Ef = E§ £ V|MY | = E; £ AE", (2.50)

where ./\/l}/ ;7 is the FV matrix element of the weak Hamiltonian density. Consequently, the

®In section Q we will discuss the FV corrections to the axial-vector current in the NN-sector. This is
particularly important for studying proton-proton fusion (pp — de*tv.) directly from LQCD. There we
find that one-body currents lead to large F'V corrections to the formalism discussed here.
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CM momenta and the scattering phase shifts acquire perturbative corrections of the form

N 1 N (m3, —m3,)? .
Ag = — | Bf — —2—32— V|M}/,H| = Ag; V|MY,H|7 (2.51)
4q; Eg
and
ASi(qf) = 6i(g})AG; VIMY ], (2.52)

where 0}(q) denotes the derivative of the phase shift with respect to the momentum evalu-
ated at the free CM momentum. The perturbed energy necessarily satisfies the quantization
condition, Eq. . The generalized LL-factor for 2 — 2 scattering is then obtained by
Taylor expanding Eq. to leading order in the weak matrix element about the free
energy solution,

M3 87rE(§> <87TE5;

|M¥,H|2 R nrqy nrrqry

) (G4(a2) + 53(a}) (Sl + 5'H<qm>} L (253)

where ¢/(g}) denotes the derivative of the pseudo-phase with respect to the momentum
evaluated at the free CM momentum.

Note that we arrived at the generalization of the LL factor for two-body matrix elements
using the degeneracy of states argument. Lin et al. [123] showed that the LL-factor for
K — 77 can also be derived using the density of states in the large volume limit, and this
argument was then generalized by Kim et al. [I06] to boosted systems. Here it will be shown
that the results in Eq. is also consistent with the work by Kim et al. Let o; (x,t) be
the two-particle annihilation operator for the i*” channel. Then the two particle correlation

function in F'V can be written as
1% _ 3. iPx f —Emt . 2
CPJ- (t) = /d Te (0] o; (x,t) o} (0,0) \O>V = VZe m" (0| o (0,0) ]z;P,m>V|

L—oo

3 V/dEpW(E)e_Et|<0\0(0,0) i, P, By | (2.54)

In the first equality we have inserted a complete set of states. In the second equality,
we have introduced the density of states for the it channel, py;(E), which is defined
as pvi(E) = dm;/dE. Using Egs. , the density of states can be written
as pvi(E*) = (¢5(qf) +9i(¢f)) Agf/m. In the infinite volume the two-particle correlation
function is [123]

n;
82

O (t) /dE;e—Et (0] (0,0) [i5 P, E) |, (2.55)



64

where the factor of n; has been introduced to account for the double counting of the phase
space when the particles are identical. It is straightforward to show that this relation still
holds when the two particles have different masses. From Eqs. (2.54)), (2.55) the relationship

between the states of infinite and asymptotically large (yet finite) volume can be deduced,

oV py B
P, B), & 2, | —Y20 1 p ), (2.56)
niq;

This relation therefore recovers the LL-factor as given in Eq. (2.53)). It also demonstrates
that the LL-factor accounts for different normalizations of the states in the finite volume

and infinite volume in presence of interaction.
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Chapter 3

NUCLEON-NUCLEON SYSTEMS IN A FINITE VOLUME

Being able to make reliable predictions for few-body and many-body nuclear systems re-
quires truly ab initio methods with quantifiable uncertainties is an important goal of nuclear
physics. In the two-body sector empirical models are sufficiently precise to provide a reliable
estimation of the two-body nuclear force and accurately reproduce experiments. However,
as discussed in previous chapters they do not provide an analytic handle of the nuclear force.
Furthermore, they do not give much insight into the nature of such systems at extreme ener-
gies and densities where experiments are not available or when more exotic nuclear systems
involving hyper-nucleons — such as those in astrophysical environments — become relevant.
The nature of the nuclear forces in connection to the parameters of the Standard Model
of particle physics is unknown and further insights into this problem require first-principle
calculations that use these fundamental parameters as input. Currently the only rigorous
method with which one can study nuclear systems directly from the fundamental theory of
strong interactions is LQCD. Although both analytically and computationally demanding,
this approach has been successfully implemented for studying nuclear systems in recent
years. With constant developments in formalism and algorithms, as well as ever-increasing
computational resources, the precision needed for these calculations will be within reach in

the upcoming years.

As has been discussed extensively through this work, Lattice QCD (LQCD) calculations
are performed in a finite, discretized Euclidean spacetime volume. Liischer presented a mas-
ter formula, Eq. (2.21), for the scattering phase shifts of two scalar particles in arbitrary
partial-waves in connection to the FV energy levels of the two-meson system [129] [130].
Although this master formula is self-contained and incorporates all the necessary details to
be implemented in practice, deducing the relations among phase shifts in different partial-

waves and the energy levels of a specific LQCD calculation requires multiple non-trivial
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steps. The corresponding procedure is sometimes called the reduction of the Liischer for-
mula. The difficulty associated with this procedure is due to the fact that the LQCD energy
eigenvalues is determined according to the irreps of the cubic group in the CM frame. Since
the phase shifts are characterized according to the irreps of the SO(3) rotational group, the
energy eigenvalues of the system in a given irrep of the cubic group in general depend on
the phase shifts of more than one partial-wave channel. Performing LQCD calculations of
energy levels in different irreps of the cubic group would provide multiple QCs depending
on different linear combinations of the scattering phase shifts, leading to better constraints
on these quantities. Therefore it is necessary to identify all the QCs satisfied by a given
scattering parameter in a partial-wave channel. While Liischer’s original work presents the
reduction of the master formula to a QC for the cubic A; irrep, Ref. [I31] provides the full
quantization conditions for the energy eigenvalues of different irreps of the cubic group, in
both positive and negative parity sectors for orbital angular momentum [ < 6 as well as
I =9 in the scalar sector. For scattering involving a spin—% particle and a scalar particle, the
Liischer formula can be generalized such that the energy eigenvalues of the meson-baryon
system in a given irrep of the double-cover of the cubic group is related to the correspond-
ing phase shifts [31]. Here we discuss and present the generalization of this formalism for
nucleon-nucleon systemsﬂ where due to the the possibility of physical mixing among dif-
ferent partial-wave channels, more complexities arise. This is an important problem as it
provides the formalism needed for a first-principle extraction of the S-D mixing parameter in
the deuteron channel, and will eventually shed light on the nature of the tensor interaction

in nuclear physicsE| The master formula presented here, Eq. (3.22)), is valid below the pion

!The Liischer formula to study two-nucleon systems were first presented in Ref. [13], although due to
constraining the calculation to S-wave scattering, the complexity of the two-nucleon systems has not been
dealt with. The only previous attempt to address this problem, including the spin, isospin and angular
momentum degrees of freedom, is the work by N. Ishizuka [04], where the quantization conditions for
energy eigenvalues of a two-nucleon system at rest in the positive and negative parity isosinglet channels
were obtained for J < 4.

2For a different approach in studying tensor nuclear force using LQCD calculations, see Ref. [7, [142).
These calculations rely on the assumption that the potential density Ug(x,y), which is the Fourier trans-
form of the Bethe-Salpeter kernel, is both energy-independent and “approximately local”. As it clearly
stated in Liischer seminal work [129, [130] and the work of the CP-PACS Collaboration [5] this is not the
case and making these assumptions leads to model-dependent potentials whose systematic errors cannot
be properly quantified.
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production threshold for all spin and isospin channels in both positive and negative parity
sectors and is derived using the generalization of the auxiliary-field formalism presented in
section 2.3] for nucleon-nucleon interactions.

Performing LQCD for systems with different CM momenta gives access to a different
spectrum at a given volume and provides additional QCs for the energy eigenvalues of the
system in terms of scattering parameters. Boosting the two-particle system however reduces
the symmetry of the problem further and introduces more FV-induced mixings among
different partial-waves [140], 132]. By investigating the symmetry group of the boosted
systems along one and two Cartesian axes as well as that of the unboosted system, we have
identify all the QCs satisfied by the phase shifts and mixing parameters in channels with total
angular momentum J < 4; ignoring scattering in partial-wave channels with [ > 4. Different
QCs correspond to different irreps of the cubic (O), tetragonal (D4) and orthorhombic (D3)
point groups that represent the symmetry group of systems with CM momentum P = 0,
P = QT”(O,O, 1) and P = 2%(17 1,0) respectively, where L denotes the spatial extent of the
cubic volume. As will be discussed later, these QCs can be also utilized for boost vectors
of the form 2%(2711,2712,2713), 2%(2n1,2n2,2n3 + 1) and 2%(2711 + 1,2n9 + 1,2n3) and all
cubic rotations of these vectors where ny,no,ng are integers. Although the master formula
presented in this chapter at zero CM momentum has been already derived in Ref. [94]
for nucleon-nucleon systems using a relativistic quantum field theory approach, the full
classifications of different QQCs for all the spin and isospin channels and for two non-zero
CM momenta are presented and tabulated for the first time in the following sections. These
relations make the implementation of the generalized Liischer formula for nucleon-nucleon
systems straightforward for future LQCD calculations of the nucleon-nucleon (NN) system.

It is important to reiterate that despite the tight empirical constraints on the two-body
nuclear force, the investigation of the two-nucleon sector within LQCD is still warranted.
As was discussed in section [2.4] understanding the energy-dependence of the scattering
phase-shifts of the two-body hadronic states [53] 138, 35 29, [139], for example, is essential
to obtaining physical matrix elements of current operators in the two-body sector. In
section [3.3 we will see that in order to study proton-proton fusion directly from LQCD we

need to first obtain the axial charge and derivative of the phase shifts at the given value
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of the pion mass where calculations are performed. Similarly, the study of multi-nucleon
systems from LQCD also requires not only the knowledge of two-nucleon phase shifts, but
the m,-dependence of the two-nucleon phase shifts [36, 1111 112, 113}, [110]. In chapter |4 we

will see this fact explicitly for the scalar analogue of three-nucleon systems.

3.1 Auxiliary-Field Formalism for Arbitrary partial waves in the nuclear sector

In section we observed that both infinite- and finite-volume physics in the scalar sector
can be well described by introducing a dimer that couples to two bosons in an arbitrary
partial wave. Due to spin and isospin degrees of freedom, the two-nucleon system exhibits
some specific features. In particular, the anti-symmetry of the two-nucleon state constrains
the allowed spin and isospin channels for a given parity state. Additionally, any spin-triplet
two-nucleon state is an admixture of two different orbital-angular momentum states. For
example, as is well-known, the two-nucleon state in the deuteron channel with J = 1% is
an admixture of S-wave and D-wave states. In general, a positive parity two-nucleon state

with total angular momentum J is a linear combination of states withP]

1 1
(£=7450- 095 =50- 1), (3.1)
while in the negative parity sector, the states that are being mixed havdﬂ

(L:Ji;(1+(—1)‘]),$: ;(1+(—1)J)>. (3.2)

Table shows the allowed spin and angular momentum of NN states in both isosinglet
and isotriplet channels with J < 4.

In order to write the most general Lagrangian describing nucleon-nucleon scattering in
all spin, isospin and angular momentum channels, let us introduce an operator that creates

an NN-state with total four-momentum P and the relative momentum k* = k — % in an

3The L that is introduced here and elsewhere as the partial-wave label of quantities should not be confused
with the spatial extent of the lattice L that appears in the definition of the cf,, functions.

4Note, however, that for a J-even state in the first case and a J-odd state in the second case, there is
only one angular momentum state allowed and no mixing occurs.
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arbitrary partial-wave (L, M) in the following way
* * 0N 7% - t
INN; P, k") Loy, svs, 1My ZNL/ko* Vi, (KK INE_ . Psvg.ivy) Nk] 0), (3.3)

where £* = |k*|. 75( SMs,1M;) 18 an operator which projects onto a two-nucleon state with spin
(S, Mg) and isospin (I, M), and N, is a normalization factor. By requiring such state to
have a non-zero norm, and given the anti-commutating nature of nucleon fields, one can infer
that for positive parity states the operator 75( SMg,7M;) Must be necessarily antisymmetric,
while for negative parity states it must be symmetric. Since this operator is a direct product
of two projection operators in the space of spin and isospin, these requirements can be
fulfilled by constructing the corresponding operators using the appropriate combinations of
Pauli matrices, o; (75), that act on the spin (isospin) components of the nucleon field. To

proceed with such construction, let us define the following operators

I S I S
o = TyTj, aj = oy0j, B =Ty, B” = oy. (3.4)

Note that the matrices that are named as « are symmetric while those that are named
as ( are antisymmetric. Superscript I (S) implies that the operator is acting on the spin
(isospin) space, and index j = 1,2, 3 stands for the Cartesian components of the operators.
Alternatively one can form linear combinations of af (ozjl ) that transform as a rank one
spherical tensorﬁ Using these matrices, it is straightforward to see that an antisymmetric

75(5 Ms,1M;) can have one of the following forms

M M
75(00 1M;) = L ! ® s 75(1M 00) = L @ a(s ) (3.5)
5 I) — \/g ) S - \/g ) :

which can project onto two-nucleon states with (S =0, =1) and (S = 1,1 = 0) respec-
tively. Note that these are the conventional isotriplet and isosinglet projection operators in
the positive parity sector that are used frequently in literature [104), 105, 168, 43]. On the

other hand, a symmetric 75( SMg,IM;) Can project onto two-nucleon states with (S=0,1=0)

A Cartesian vector r can be brought into a spherical vector according to

RON— e (re £iry)

T
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and (S = 1,1 = 1) and should have one of the following forms,

,ﬁ B ,8[ ® ﬁS’ ,ﬁ B gMI) ® Oé(MS) 3 6
(00,00) = Ta (IMg,1Mp) = Ta ( : )

respectively.

As it is the total angular momentum J that is conserved in a two-nucleon scattering
process, as opposed to the orbital angular momentum L, it is convenient to project a
two-nucleon state in the |LM},, SMg) basis into a state in the |JMy, LS) basis using the
Clebsch-Gordan coefficients,

INN: Pk ) gy esane, = ) (JMy|LMp, SMg) INN; Pok*) pary sus - (3.7)
My, Mg

Note that isospin remains a conserved quantum number up to small isospin breaking
effects that we ignore for the nucleon systems. In order to describe nucleon-nucleon in-
teractions, we introduce an auxiliary dimer filed, similar to the scalar theoryﬁ This field,
that will be labeled dﬁf[h IM;:P> has the quantum numbers of two-nucleon states with total
angular momentum (J, M) and isospin quantum number of (I, M;) with orbital angular
momentum L and spin S. Now the action corresponding to the Lagrangian density of free

nucleon and dimer fields in the momentum space can be written as

S A VP

P2
- Z Z J]VIJ,IMI, ) ( A?IS‘FZ citn( ) )dJMJ,IMI,P

J, My, I L,S
(3.8)

In order to write the interaction Lagrangian, one should note that, while the total angular
momentum, parity, isospin and spin are conserved in a strongly interacting nucleon-nucleon
process, the orbital angular momentum can change due to the action of tensor forces in
nuclear physics. This is easy to implement in this formalism, as the two-nucleon states that
are formed, Eq. , are compatible with the symmetries of the two-nucleon states. The

interacting part of the action that does not mix angular momentum states, S3; ;, can then

5The S-wave dimer field in the nuclear sector is commonly referred to as a di-baryon field.
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be written as

o d*P  d*k LS
int,1 — T (27’(’)4 (271')4 Z Z 9j1 <JMJ|LMLaSMS>

J,My,I,M; L,Mp,S,Ms
1 [ * D
X |:(d§]€4,7,1h11;P) Vi YLML(k ) k L N]z P(SMS,IMI) Np_i + h.c. s

(3.9)

where gﬁf denotes the coupling of a dimer field to the two-nucleon state with quantum
numbers {J, I, L, S}. Note that the interactions must be azimuthally symmetric and so the
reason the couplings are independent of azimuthal quantum numbers. Egs. now
guide us to write the most general form of the interacting part of the action that is not

diagonal in the angular momentum space, S;°, 5, as follows

d*P  d*k
oo — —
Sint2 = / 21)" (21)" Z Z hyr 6I’1+(;1)J 05100, 741007 g—1 +01,0-1017 J41)
J, My, I,M; LMy, L', M’ S, Mg
A~k

1- «L' A~
X (IMy|L' My, M) (@535, 1sye) ' VAT Yo, (67) BV NT Pionse nagy Npoi +hee]

(3.10)

Note that in this interacting term, spin, isospin and the initial and final angular momenta

are all fixed for any given total angular momentum J. As a result we have only specified
the (JI) quantum numbers corresponding to coupling h. As in the scalar case, all the
LECs of this effective Lagrangian, {Ag}g,cgﬁn,g%g, hjr}, can be tuned to reproduce the
low-energy expansion of the scattering amplitudes in the J* angular momentum channel
with a given spin and isospin. As discussed in Sec. , in the scalar sector the LECs can
be easily determined in terms of the ERE parameters and the renormalization scale. For
coupled-channel systems, obtaining the LECs in terms of the scattering parameters requires
solving a set of coupled equations. The tuning of the LECs is only an intermediate step in
obtaining the relationship between the FV spectrum and the scattering amplitude, which
can be easily circumvented by introducing the Bethe-Salpeter kernel.

Let us encapsulate the leading 2 — 2 transition amplitude between a two-nucleon state
with (JMy, IM;, LS) quantum numbers and a two-nucleon state with (JMy, IMy, L'S")
quantum numbers in the Bethe-Salpeter kernel, K. Note that since total angular momen-
tum, spin and isospin are conserved in each 2 — 2 transition, the kernel can be fully specified

by K f,ﬁgfl)wj Since J is conserved, the full kernel in the space of total angular momentum
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can be expressed as a block-diagonal matrix. In fact, it is straightforward to see that for

each J-sector, the corresponding sub-block of the full matrix has the following form

K50 0 Kfi
" Ko ] ’ (3.11)
0 0 KG, 0

S T R vl

Note that for any given J, I, L and S, there are (2.J+1)2 x (21 +1)? elements accounting for
different values of M; and M; quantum numbers. Note also that the value of the isospin is

fixed for each transition kernel. Explicitly, one finds that I = w and I’ = %

For the special case of J = 0, the corresponding sub-sector is

(0,0;0)
0 K(Ll;l) '
00;1M7

These kernels, that correspond to leading transitions in all spin and isospin channels, are
depicted in Fig. Although one can read off the Feynman rules corresponding to these
kernels from the Lagrangian, Egs. , the F'V energy eigenvalues can be deter-
mined without reference to the explicit form, as will become evident shortly.

The scattering amplitude can be calculated by summing up all the 2 — 2 diagrams which
can be obtained by any number of insertions of the transition kernels and the two-particle
propagator loops. It can be easily seen that the infinite-volume two-particle loops, G, are
diagonal in total angular momentum, spin, isospin and orbital angular momentum. It is
easy to show that G = 2 I°°, where I°° is the infinite-volume loop for two identical bosons,
Eq. , hence the overall factor of two. As a result, the scattering amplitude can be

expressed as

o _ 1
M= = K (3.13)

where K is a matrix whose J*-sub-block is given by Eq. (3.11)). Since G* is diagonal, the

"Note that there is no (I = 0,5 = 0) channel for scattering in an even J sector. Also there is no
(I =1,S5 = 0) channel for scattering in an odd J sector.
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Figure 3.1: The leading 2 — 2 transition amplitudes in the sector with total angular momen-
tum J, Eq. . The superscripts in the kernels denote the initial angular momentum,
L, final angular momentum, L’ and the conserved spin of the channels, S, respectively.
The black circle represents the interaction vertex that conserves the partial-wave of the
channel, and whose strength is parametrized by the coupling gﬁ}g , Eq. |D The grey
diamond denotes the vertex that mixes partial-waves, and whose strength is given by h;y,
Eq. . the double lines are the bare propagators corresponding to a dimer field with

angular momentum L”.
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Jt-sub-block of the infinite-volume scattering amplitude reads

MAST 00
o M, 0 : -
0 0o MG, 0 | |
M0 0 MGy
for any non-zero J and
M(()%ﬁ;%;(?) v (3.15)

LLy )7
0 Moo,
for J = 0. As is conventional, the scattering amplitude in channels with no partial-wave
mixing can be parametrized by a scattering phase shift, 55? , according to

iSLS
ML) 4 2057 —1 5. — A7 1
JMBIME = ME* 24 " Mk*cot 657 — i

5L7J, (3.16)

while in channels where there is a mixing between the partial-waves, it can be characterized
by two phase-shifts and one mixing angle, €;, [172],

-sLS
J41,J+1:8 A cos2€5e2057 — 1
M((]MJJMI ) = Mk»* 2 5L,J:|:la (317)

22'(5LS+5L’S)
J+1,JF1;8 Adr . e~ 0gr oy
MFIMJ;IAJ/F[, )= ME* S 2€Jf5L,J:tl(SL’,J:F1~ (3.18)

These relations are independent of My and M7 as the scatterings are azimuthally symmetric.
We emphasize again that Kronecker deltas used to specify the L quantum numbers should
not be confused with the phase shifts. Note that for each J sector, there is only one mixing
parameter and as result no further labeling other than the J label is necessary for €.

The FV kernels are equal to the infinite-volume kernels (up to exponentially suppressed
terms in volume below the pion production threshold), and in particular the J th_sub-block
of such kernel is given by Eq. . As in the scalar case, the only difference between the
finite volume and infinite volume shows up in the s-channel bubble diagrams, where the two
particles running in the loops can go on-shell and give rise to power-law volume corrections.
It is straightforward to show that the two-nucleon propagator in the finite volume, GV, can

be written as

G" =G> +4dG", (3.19)
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where 6G" is a matrix in the (JM, IM;, LS) basis whose matrix elements are given by

s 3/2
[6G"] SELECLLAP 0% NN B P00 NOER MY el ceit e 0
JM g, IM;,LS;J' MY, I' M}, L' S’ An MpMpOSS' | 9JJ OM ;M L1 Cim
lm

Xy (JMJ|LML75MS><L/M£75MS\J/M3>/dQ YE o, Yim Yoy |
My, M}, Ms
(3.20)

and, as is evident, is neither diagonal in the J-basis nor in the L-basis. The kinematic
function ¢}, (k*2) is defined in Eq. (2.14) and is evaluated at the on-shell relative momentum

of two nucleons in the CM frame. The full FV two-nucleon scattering amplitude can be

evaluated by summing up all 2 — 2 FV diagramsﬁ

1 1

V—— —
M= T T een

(3.21)

where in the second equality the kernel is eliminated in favor of M and G*° using Eq.
(3.19). The energy eigenvalues of the two-nucleon system arise from the poles of MY which

satisfy the following determinant condition
det [(M>)~! +46G"] =0. (3.22)

This quantization condition clearly reduces to Eq. for two-boson systems when setting
S=0 ﬂ and is in agreement with the result of Ref. [3I] for meson-baryon scattering after
setting S = 1/2. This result also extends the result of Ref. [94] for two-nucleon systems
to moving frames. The determinant is defined in the basis of (JMj, IM;, LS) quantum
numbers and is over an infinite dimensional matrix. To be practical, this determinant should
be truncated in the space of total angular momentum and orbital angular momentum. Such
truncation is justified since in the low-momentum limit the scattering phase shift of higher

k*2L+1

partial-waves L scales as In the next section, by truncating the partial-waves to

80ne should note that using the notion of FV scattering amplitude is merely for the mathematical
convenience. As there is no asymptotic state by which one could define the scattering amplitude in a finite
volume, one should in principle look at the pole locations of the two-body correlation function. However,
it can be easily shown that both correlation function and the so-called FV scattering amplitude have the
same pole structure, so we use the latter for the sake of simpler representation.

9The symmetry factor in both scattering amplitude and the FV function will cancel out in the determinant
condition, leaving the FV QC, Eq. (2.47), insensitive to the distinguishability of the particles.
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L < 3, we unfold this determinant condition further, and present the reduction of this master
formula to separate QCs for energy eigenvalues in different irreps of the corresponding
symmetry group of the two-nucleon system. The first trivial reduction in the QC clearly
takes place among different spin-isospin channels. In particular, it is straightforward to see
that the QC in Eq. does not mix (S =0, =1), (S=1,1=0), (S=0,1=0)
and (S = 1,1 = 1) sectors, and automatically breaks into four independent determinant
conditions that correspond to different spin-isospin sectors,
11
Det [(M*) 7 +66"] = T] ] det [(M5)7" + 6617 )| = 0. (3.23)

1=05=0
This is due to the fact that each J-sub block of the scattering amplitude matrix can be

separated into three independent sectors as following

MLT=1D) LT+

JiI J;I
_ — J,J;0 — J,J;1
i = > M) = Mf];f " ) = MS;I’ "
(J+1,J-1;1) (J+1,J+1;1)
MJ;I MJ;I
(3.24)

where I and I’ are defined after Eq. (3.11). Since the M; and M; indices are being
suppressed, one should keep in mind that each block is still a (2J +1)? x (21 +1)? diagonal
matrix. If J is even, these amplitudes describe scattering in the negative parity isotriplet,
positive parity isotriplet and positive parity isosinglet channels, respectively. For an odd J,
these amplitudes correspond to scattering in the positive parity isosinglet, negative parity
isosinglet and negative parity isotriplet channels, respectively. Due to the reduced symmetry
of the FV, GV has off-diagonal terms in the basis of total angular momentum .J. So although
the QC in Eq. fully breaks down in the (I, S)-basis, it remains coupled in the (J, L)-
basis. In order to further reduce the determinant conditions in Eq. , the symmetries
of the F'V functions must be studied in more detail. This will be the topic of the next
section, Sec. [3:2

3.2 Symmetry Considerations and Quantization Conditions

Lattice QCD calculations are performed in cubic volumes with periodic boundary conditions

on the fields in spatial directions. As a result, the energy eigenstates of the two-particle
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systems at rest transform according to various irreps of the cubic group, depending on the
interpolating operators that are used. Although it is convenient to think of the determinant
condition, Eq. , as a determinant in the J-basis, one should expect that for zero CM
momentum, this equation splits into five independent quantization conditions corresponding
to the five irreps of the cubic group (see table ) Furthermore, the degeneracy of the
energy eigenvalues will reflect the dimension of the corresponding irrep. In general, the
FV matrix 6G", Eq. , although being sparse, mixes states corresponding to different
irreps of the cubic group. As a result, at least a partial block-diagonalization of this matrix
is necessary to unfold different irreps that are present due to the decomposition of a given
total angular momentum J. When the two-particle system is boosted, the symmetry group
of the system is no longer cubic, and the reduction of the determinant condition, Eq. ,
takes place according to the irreps of the corresponding point group, table. . In the
following section, this reduction procedure and the method of block diagonalization will be
briefly discussed. In particular, we aim to obtain all the QC satisfied by the phase shifts
and mixing parameters of the NN system of channels with | < 3. We constrain this study
to the CM momenta d = (0,0,0), d = (0,0,1) and d = (1,1,0), where d = %, which
provides 47 independent QCs satisfied by different scattering parameters in these channels.
As mentioned earlier, these boost vectors correspond to cubic (O), tetragonal (D4) and

orthorhombic (D3) point groups, respectively.

d point group classification Nelements irreps (dimension)
(0,0,0) 0] cubic 24 A1(1), A2(1), E(2),T1(3), T2(3)
(0,0,1) Dy tetragonal 8 Aq(1), A2(1), E(2), B1(1), B2(1)
(1,1,0) Dy orthorhombic 4 A(1), B1(1), Ba(1), Bs(1)

Table 3.1: The classification of the point groups corresponding to the symmetry groups of
the FV calculations with different boost vectors. The forth column shows the number of

elements of each group.
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In order to calculate matrix elements of the FV matrix 6QV, one can take advantage of
the symmetries of the clljn functions as defined in Eq. (2.14)). The relations between non-

Z€ro cﬁns for any given angular momentum [ can be easily deduced from the transformation

properties of these functions under symmetry operations of the corresponding point groups

!
Cln = Z D,%/(Rx) Cho (3.25)
m/=—1

where Ry is the rotation matrix corresponding to each symmetry operation X of the group,
and fol) denotes the matrix elements of the Wigner D-matrix [130]. Beside these trans-

m/

formations, one can see that cﬁns are invariant under inversion as can be easily verified from
Eq. 1' for an arbitrary boost, and as a result all cﬁns with an odd [ vanishm Table |j
contains all such relations for non-vanishing cll?ns up to !l =6 for d = (0,0,0), d = (0,0,1)

and d = (1,1,0) boost vectors.

d=(0,0,0) d=(0,0,1) d=(1,1,0)
o & &
==& | h=—d,
Cégo 041134 = 04113,—4 Cfo
= =—\Id | b | d=—c,
Coa = 0574 Cia = €4,y
&
Chy = —¢h
054 = 05—4

Table 3.2: The nonzero cl]:ns up to [ = 6 for three different boost vectors d.

An important point regarding the cﬁn functions is that they explicitly depend on the

direction of the boost vector. In other words, cﬁns that correspond to different boost vectors

OFor systems with non-equal masses, this is no longer true when the system is boosted. Since parity is
broken for such systems, even and odd partial-waves mix with each other in the QCs, see Refs. [33, 52}
73, 121].
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with the same magnitude |d| = n are not equal. As a result the corresponding set of non-zero
cﬁns as well as the relations among them, for permutations of the components of (0,0, 1) and
(1,1,0) boost vectors are different from those that are listed in Table . Although this
difference in general results in different 6G" matrices, e. g. for (1,0,0), (0,1,0) and (0,0, 1)
boost vectors, as is shown in appendix the master equation is invariant under a
P — P’ transformation when P and P’ are related by a cubic rotation and |P| = |P’|. The
reason is that there exists a unitary transformation that relates 6GV'® to 6GV'F’, leaving the
determinant condition invariant.

Since the relations among clf:n are simpler when one assumes boost vectors that dis-
criminate the z-axis relative to the other two Cartesian axes, we will present the QCs
corresponding to d = (0,0,1) and d = (1, 1,0) boost vectors only. The lattice practitioner
can still use the QCs presented to extract the scattering parameters of the NN system from
the energy eigenvalues of lattice calculations with other permutations of these boost vec-
tors. It is however crucial to input the boost vectors that are specified in this paper when
calculating the cll?)n functions in the QCs (instead of the boost vectors that are used in the
lattice calculation). In order to increase the precision of the scattering amplitudes obtained,
one should perform the lattice calculation with all possible boost vectors of a given mag-
nitude that belong to the same A; irrep of the cubic groupB and use the average energy
eigenvalues in the QCs presented to determine the scattering parameters; keeping in mind
that c};’n functions have to be evaluated at the boost vectors considered in this paper.

The other fact that should be pointed out is that due to the symmetries of the clf:n
function for equal masses, the system at rest with d = (0,0, 0) exhibits the same symmetry
transformation as that of the (2n1,2ns,2n3) boost where nj,ns, n3 are integers. Similarly,
the symmetry group of the calculations with (0,0,1) ((1,1,0)) boost is the same as that of
(2n1,2n9,2n3+1) ((2n1 + 1,2n9 + 1,2n3)) boosts. As a result, the quantization conditions

presented in appendix [D]can be used with these boost vectors as well. It is worth mentioning

HNote that in higher momentum shells, there occurs multiple A irreps of the cubic group. This indicates
that there are classes of momentum vector that do not transform into each other via a symmetry operation
of the cubic group, e. g. (2,2,1) and (0,0, 3) vectors in the n? = 9 shell. However, as is discussed, another
property of the ¢}, functions for non-relativistic degenerate masses indicates that the value of the FV
function is the same for these two boost vectors as they are both of the form (2n1,2n2,2n3 + 1) with
n; € 7.
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that for relativistic two-particle systems with degenerate masses, the above statement is no
longer true. This is due to the fact that the boost vector dependence of the relativistic clljn
function is different from that of the NR counterpart, leading to more distinct point group
symmetries for different boosts [164, 106}, [46].

Back to our main goal, we aim to break the master equations into separate QCs
corresponding to each irrep of the symmetry group of the problem. In fact, from the
transformation law of the §G" function under a symmetry operation of the group,

J J’!
Vv _ @) \% J) -1
[59 ]JMJ,LS;J’M/J,L’S_ Z Z DMJ,MJ(RX) [5g ]JMJ,LS;J'M/J,L'SDM{,,M'J(RX )’
My=—J M)=-J'

(3.26)
one can deduce that there is a unitary transformation which brings the matrix 6GY to a
block-diagonal form. Note that we have suppressed the isospin quantum numbers as 6G"
is diagonal in the isospin basis. FEach of these blocks then can be identified by a given
irrep of the symmetry group of the problem. Such transformation eventually breaks the
determinant conditions to separate determinant conditions corresponding to each

irrep of the point group of the system. Explicitly in each spin and isospin sector,

N(T?)

det [(MG.6) 7" +0G)1 )] = [T det [(M3¥ shr + 06175 ] =o. (3.27)
T

where I'" denotes each irrep of the corresponding group and N (I'%) is the dimensionality
of each irrep. The dimensionality of each of these smaller determinant conditions is given
by the multiplicity of each irrep in the decomposition of angular momentum channels that
are being included in the scattering problem. As is seen in appendix |D} although from the
master quantization condition, for some of the NN channels with J < 4 and | < 3, one
has to deal with a determinant of 30 x 30 matrices, upon such reduction of the master
equation, one arrives at QCs that require taking the determinant of at most 9 x 9 matrices.
We demonstrate this procedure in more detail for one example in appendix [C} For the rest
of the channels and boosts, only the final result of such reduction will be presented (see

appendix @E It is also shown in appendix |C|that the QC in Eq. (3.22) is real despite the

12 Although these QCs are the main results of this chapter, to achieve a better presentation of such long
equations, we have tabulated them in an appendix.
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T T T
- 01,5,01,D,€1,5D 02, 03,D -
Eqgs. Eqgs. Eqgs.
I=0,5=1
D.10|[D.15)[D.16| [D.5{[D.11][D.12] mmmm
D.17|[D.15{[.19] | [D.13][D.14{[D.16] | [D.14{[D.15][D.16{[D.17]
D.20 .18 [D.19] D 20|
00,5 - 02,0 - -
Egs. Eqgs.

I=1,5=0|[D.23 D.24||D.25]|D.26

D.27([D.28||D.29
D.30||D.31}|D.32

33
B Sp - 03,7 -
Eqgs. Eqgs.
I=0,5=0 D.35/[D.38|[D.41 D.35|D.36||D.37| [D.38
D.42||D.43|[D.45 D.39|[D.40||D.41| [D.42
[D.43|[D 44 [D 45|
do.p 01.p 02,p, 02 F, €2,PF 93,7 04, F
Eqgs. Eqgs. Eqgs. Eqgs. Eqgs.
I=1,5=1 |D.50”D.52| D.57|| [D.47|[D.53|[D.56|| [D.48|[D.51|[D.52| | [D.47|[D.48|[D.49 D.47||D.48|[D.50
D.57|[D.58|[D.59| | [D.54|[D.55|[D.56| | |D.53|[D.54|[D.55 D.52||D.53|[D.54
D.60 D.58[D.59|[D.60| | [D.56|[D.57|[D.58 | [D.55][D.51{[D.56[ .57
57([D.59] |D.60 .58 0.59] D 60

Table 3.3: The scattering parameters that can be determined from the QCs presented
in appendix [D| for all four different spin-isospin channels. The reference to the relevant
equations in extracting each parameter is given in the table. These equations are assumed
to be used in Eq. . The subscript in each parameter denotes the total J as well as the

partial-wave of the channel the parameter corresponds to.
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fact that both G and M are complex quantities.
In summary, the lattice practitioner may extract the desired scattering parameters of

the NN-system by performing the following steps:

1. For a given irrep I', evaluate the NN correlation function with all possible boost vec-
Idy,

tors with magnitude d that are related to each other via a cubic rotation, {0]1:[,;\171 v Oy 2}

2. Average the value of the correlation functions over all boost vectors used in the pre-

. rd Ng ~Td;
vious step, Cy'y = >_; * ONN /Na-

3. Obtain the non-relativistic finite volume energy, EJI:, R= E]FV N —2my, from the asymp-
totic behavior of the correlation function and therefore obtain the value of the relative

momentum k* from k* = /MyE — (7d)2/L2.

4. Determine scattering parameters from the QCs in appendix

(a) Used = (0,0,0) if d is a permutation of (2ni,2ns, 2ns),
(b) Used = (0,0,1) if d is a permutation of (2n1,2ns,2n3 + 1),

(c) Used = (1,1,0) if d is a permutation of (2n; + 1, 2ng + 1, 2n3).

Implication for the Tfr spectrum at the physical point, my, ~ 140 MeV

A complete discussion of the implication of these QCs for the forthcoming LQCD calcula-
tions requires a rather extensive numerical study using phenomenological phase shifts and
exploring m,-dependence of these parameters, which is underway. Here we can get a taste
of the expectation of the spectrum by considering just the T} -irrep in the CM frame. The
QC for this channel, written in Eq. , depends on the phase shifts of the 35,3 Dy,3 D3
channels as well as the mixing angle €;—;. By inputing the phenomenological scattering
parameters obtained from [3] and depicted in Fig. we can predict the spectrum at the
physical point.

Figure [3.3(a)| shows the nine lowest states, including the bound state, as a function of

the volume. The states are identified as either primarily S-wave or D-wave states. This
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Figure 3.2: Shown are the of the phase shifts for the (a) S1, (b) 3D; and 3Dj channels as

well as the (¢) J = 1 mixing angle € [3] as a function of the NR CM energy, E} 5.

identification is done by comparing the spectrum with the one obtain when setting the
mixing angle equal to zero. Immediately one observes that there are two states that are
nearly degenerate. It is convenient to plot the dimensionless quantity ¢* = EjpL?/(47?)
as a function of the volume, Fig. From Fig. [3.3(b)| we observe that in fact the four
D-wave states are very close to the free states, which correspond to ¢ = {0,1,2...}. Which
one would expect as the D-wave phase shifts are in fact rather small at the physical point,
see Fig. For these states it might be more convenient to use a large-L expansion of

the QC around the free-energy solutions since the ¢, are divergent at these points.

Furthermore, it is unclear at this point if technological advancements will ever allow
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Figure 3.3: (a) Shown are the nine lowest states satisfying the QC for Ti-irrep, Eq. (C.15

)

as a function of the volume L. The blue-solid lines depict states that are primarily identified
as S-wave states, while the red-dashed lines depict states that are primarily identified as
D-wave states. The black-dashed line denotes the —B3° = 2.224644(34) MeV line, where
BZ is the infinite volume binding energy of the deuteron. (b) Shown is the dimensionless

quantity ¢* = Ex zL%/(47?) plotted as a function of L.

calculations to have a level precision high enough to resolve the two nearly degenerate D-
wave states. That being said, it is not physical point that is most interesting. After all,
physical NN-scattering parameters are remarkably well constrained. LQCD will have a large

impact by obtaining information of the scattering phases as a function of the pion mass.

3.3 Proton-proton fusion

In this section we discuss the weak interaction in the two-nucleon sector. This sector has
been previously studied by Detmold and Savage [53] in a finite volume. They considered a
novel idea of studying electroweak matrix elements using a background field. Since evaluat-
ing matrix elements of electroweak currents between NN states, e.g. (d| A" |np), is naively

one or two orders of magnitude more difficult than performing NN-four point functions,
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they present a procedure for extracting the relevant LECs of the pionless EFT, EFT( #)
[44], by calculating four-point functions of nucleons in a finite volume in the presence of
a background electroweak field. This would be a project worth pursuing with great bene-
fits, namely a five-point function is replaced by a four-point function, thereby dramatically
reducing the number of propagator contractions. For isovector quantities, this procedure
comes at a small computational cost, since for perturbatively small background fields, the
QCD generated gauge links get modified by a multiplicative factor that couples the valence
quarks to the external field, U,?CD(:U) — U,?CD (z)Ug*(x). On the other hand, for isoscalar
quantities this approach would require the generation of gauge configurations in the pres-
ence of the background field. For both isovector and isoscalar quantities, one would need to
perform calculations at a range of background field strengths in order to precisely discern
the contribution of the coupling between the background field and the baryonic currents to
the NN spectrum. Additionally, the nature of this background field will differ depending on
the physics one is interested in. Alternatively, one can always evaluate matrix elements of
electroweak currents with gauge configuration that solely depend on the QCD action, which
is the case considered here. With the improvement in the computational resources avail-
able for LQCD calculations, the studies of nucleonic matrix elements will become feasible
shortly, and therefore their connection to the physical matrix elements should be properly

addressed.

The goal is to explore F'V corrections of weak matrix elements in the two-nucleon sector.
In particular, we will consider the proton-proton fusion process, (pp — d + €™ + v¢), which
couples the 1Sy — 39 channels. In order to do this calculation the mechanism of pionless
EFT [104), 105 [44] will be used. The presence of a weak interactions, leads to a contribution
to the Lagrangian that couples the axial-vector current A#=3 = % (ﬂ7375u — J7375d) to an
external weak current. In terms of the low-energy degrees of freedom, the axial current will
receive one-body and two-body contributions. At energies well below the pion-production

threshold, the EFT () Lagrangian density including weak interactions can be written as
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[0, (105, 44, 39, A1), 40]
= N i+ L _ %) (T paanyt (NT P
= i+ 5 o’ )N —-Cy "/ (N"PIN)" (N"P{N)
_c®) (NTP:{N)T (NTPIN) = LyaWs [ (NTPIN)T (NTPIN) + hue] + (3:28)

(%50) (%)

where N is the nucleon annihilation operator with bare mass m, {Cy ~/,Cy 7, 94,L1,4}
are the LECs of the theory, g4 = 1.2701(25) [143] is the nucleon axial coupling constant, Ws

is the external weak current, and { Py, Pg } are the standard {1Sp,® S; }-projection operators,

1 ; 1 ,
P! = —m1%9, P} = —m0907, (3.29)

V8 V3
where 7 (o) are the Pauli matrices which act in isospin (spin) space. In Eq. the
ellipsis denotes an infinite tower of higher order operators. The O(p?")-operator for the
{180,391} state will have corresponding LECs {CQ(;SO) , 2(:’;91)}7 which are included in this
calculation. In this section we only consider NN-systems in the S-wave channel, which
makes this formalism only applicable near the kinematic threshold.

At leading order, a weak transition between the isosinglet and isotriplet two-nucleon
channels is described by an insertion of the single body current (which is proportional to
ga) and the bubble chain of the C'Ssl and CSSO contact interactions on the corresponding
nucleonics legs as discussed in Ref. [I09]. At NLO, the hadronic matrix element of pp — d+
e+, receives contributions from one insertion of the C’gp2 operator along with one insertion
of the single-body operator proportional to g4 [I08]. At the same order, a single insertion
of the two-body current that is proportional to L; s also contributes to the transition
amplitude [40]. In both of these contributions the dressing of the NN states with the
corresponding bubble chain of the LO contact interactions must be assumed. As is discussed
in Ref. [40], the two-body contribution is estimated to give rise to a few-percent correction to
the hadronic matrix element, and its corresponding LEC, L 4, is known to contribute to the
elastic and inelastic neutrino-deuteron scattering cross sections as well [39, [40]. Of course,
the electromagnetism plays a crucial role in the initial state interactions in the pp-fusion
process, but as is shown in Refs. [109, [108] 40], the ladder QED diagrams can be summed

up to all orders non-perturbatively. Since LQCD calculations of the matrix elements of the
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axial-vector current involving two-nucleons would allow for a determination of L1 4, one will
achieve tighter theoretical constraints on the cross section of these processes. Furthermore,
having obtained the one-body and two-body LECs of the weak sector will allow for the
determination of the few-body weak observables.

In the absence of weak interactions, the on-shell scattering amplitude for both channels
can be determined exactly in terms of their corresponding LECs by performing a geometric

series over all the bubble diagrams [44]

MO = Zonmg Condg™ (3.30)
1= GF 302 Cong™® .

where the on-shell relative momentum in the CM frame is related to the total NR CM
energy and momentum of the two-nucleon system via, ¢* = 4 /mE* — %Pz, and G° denotes

the loop integral

u\4-D d*k 1
GX = (7) / (3.31)
3 k2 (P—k)2 .
2 (2m) E— o — =~ +ie
which is linearly divergent. In order to preserve Galilean invariance and maintain a sensible
power counting scheme for NR theories with an unnaturally large scattering length, the
power-divergence subtraction (PDS) scheme is used to regularize the integral [104] 105] [13].

Using PDS, the integral above becomes

Gy =~ (e iymE = P2L) = =% (u+ig"), (3.32)

4 47
where p is the renormalization scale. When the volume is finite, the integral above is
replaced by its F'V counterpart, G(‘)/ . It is straightforward to find the relation between the
FV correction 6GY = Gg —Gg° and the non-relativistic version of the kinematic function céjo
defined in Eq. , with o = % and v = 1 for degenerate non-relativistic particles. One
can arrive at the desired relation by adding and subtracting the infinite volume two-particle
propagator, Eq. , to GE)/. One of them can be evaluated using PDS, Eq. , and

the other one can be written in terms of a regularized principle value integral, leading to
GY(E,P) = —2u—ch(g? 3.33
O( ’ ) - 47‘(’” COO(q )7 ( )
therefore arriving at

SGY (E,P) =

m
T

(q* cot o’ + iq*) , (3.34)
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where we have used the pseudo-phase definition, Eq. .

The goal is to find a relation between the FV matrix elements of the axial-vector cur-
rent and the LECs that parametrize the weak interaction, namely {ga, L1 4}, following a
procedure analogous to section The first step is to find the QC satisfied by the energy
eigenvalues of the two-nucleon system in presence of an external weak field as was also
considered in Ref. [53HE| After obtaining the QC for this theory, the method by Lellouch
and Lischer [I18] can be utilized to obtain an expression for the FV weak matrix element.
The main difference between the problem considered here and the problem discussed in
the previous section is that the dominant contribution to the weak processes in the NN-
sector comes from the one-body current, namely the term proportional to the axial charge
in Lagrangian, Eq. . In fact this contribution modifies the nucleon propagator and
therefore the on-shell condition. To avoid complications associated with the modification
of external legs appearing in the FV analogue of the scattering amplitude, MV, we obtain
the QC for this system by looking at the pole structure of the NN-correlation function in
presence of the weak field. As before a 2 x 2 kernel K can be formed that incorporates the

tree-level 2 — 2 transitions,

35
—i Z CQ(n l)q*Zn *iLl,A
iK = n ; (3.35)
—’iLl,A —i Z C2(n50)q*2n
n

The finite-volume function GV can be still expressed as a 2 x 2 matrix in the basis of channels,
except it will attain off-diagonal elements due to the presence of the single-body operator,
in contrast to the scalar sector studied before,
GY GY
6GYV = , (3.36)

where FV functions GK and GV are defined as

m 1 1
GY = — + — : (3.37)
2L 4 E—%—w—wsgfl E—ﬁ—%—i—ngA

2m

13The main distinction between the result that will be obtained here and that of Ref. [53] is that we will
consider the case where the two-nucleon system has arbitrary momentum below inelastic thresholds, while
Ref. [53] only considered the two-nucleon system at rest.
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Since we only aim to present the result up to NLO in the EFT expansion according to the
power counting discussed above, it suffices to keep only the LO terms in g4 when expanding
these FV functions in powers of the weak coupling. Explicitly, GY = G¥ (E, P) + O(W3 g%)
where G is defined in Eq. (3.33), and GY = Wga GY (E, P) + O(W3g?) with

m 1
Gl =13 g (=P g2 (3.38)

In order to form the NN correlation function, let us also introduce a diagonal matrix
Ann, whose each diagonal element denotes the overlap between the two-nucleon interpo-
lating operators in either isosinglet or isotriplet channels and the vacuum. With theses
ingredients, the NN-correlation function in the presence of the external weak field can be
easily evaluated, as is diagrammatically presented in Fig. It is important to note that
in evaluating the FV loops, one should pay close attention to the pole structure of GL
Eq. . In other words, the on-shell condition for the free two-nucleon system is mod-
ifies in presence of the single-body weak current, namely, ¢*? — ¢*2 £ mWsg4. Then it is
straightforward to show that after keeping only terms up to O(Coq*2W3ga, WLy ), the

QC obtained from the pole structure of the NN-correlation function reads
[q* cot dig, + ¢* cot ¢"] [¢" cot dsg, + ¥ cot @] = EW3L1,A + EWSQAGI , (3.39)

where El, 4 that is defined as
s 1 gam [ (5) | ()
Lia = W [Ll,A -5 <C2 +C, ) (3.40)

is a renormalization scale independent quantity [39) 41}, 140, 53]
A =0 (3.41)
2 dp 1,4 =U. .

Before proceeding let us compare this result with the one presented in Ref. [53]. As
discussed, the authors of Ref. [53] have evaluated this same quantization condition for
two-nucleon systems in presence of an external weak field using a dibaryon formalism.
The advantage of this formalism is that the diagrammatic representation of the processes of
interest are greatly simplified using an auxiliary field with quantum numbers of two nucleons.

In fact, the full di-nucleon propagator sums up all 2 — 2 interactions non-perturbatively. In
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Figure 3.4: Shown is the NN-correlation function in the isosinglet (isotriplet) channel in the
presence of an external weak field. Any denotes the overlap between the NN-interpolating
operators and the vacuum. The two-dimensional kernel is denoted by K. The diagonal
terms of the kernel correspond to the strong part of the interactions, while off-diagonal terms
depict contributions that arise from the weak interaction, namely L; 4. Unlike the scalar
sector considered before, the finite-volume function, 6G", has diagonal and off-diagonal

contributions due to the presence of the single-body current.
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the QC presented in Ref. [53], the contributions of the axial charge current to all orders have
been kept, but as the higher order operators that contribute to the weak transition have not
been included in their calculation, their result is only valid up to O(g4Caq*?) [39, 41} 40]. In
the dibaryon formalism, the two-body weak current is parametrized by l; 4 which is related

to L1, 4 in this work vi

la= %EI,A- (3.42)

Using this relation between the LECs of both theories, and keeping in mind the order up to
which the resuslt of both calculations are valid, one will find agreement between the result
presented in Eq. and that of Ref. [53] after setting the momentum of the CM to zero.
Having obtained the QC for this system, Eq. , it is straightforward to obtain the
relationship between the FV matrix elements of the Hamiltonian density and the LECs using
Lellouch and Liischer’s trick discussed in section In the absence of weak interactions,
the two NN-states are assumed to be degenerate with energy Ej and on-shell momentum
¢, satisfying the free quantization condition cot(¢”) = — cot(d). As the weak interaction is
turned on, the degeneracy is lifted, leading to a shift in energy equal to AE* = V]MYSO_351 l,
where |M}go_351| is the FV matrix element of the Hamiltonian density between the 1Sy and
36, states. Note that this is matrix element is proportional to W3. Therefore it is convenient
to define the purely hadronic matrix element |Mj;,| = |M¥90—351 |/ W35 which is in fact what
would be calculated using LQCD. Expanding the Eq. about the free energy, and

keeping LO terms in the weak interaction, one obtains

2

mV\? am ~ 4
<2> csc? big, esc? dag, (¢hg, + dig,) (dhs, + dig,) MYy |? = <mL1,A + mgAG‘l/) (3.43)

This result shows that in order to determine weak matrix elements in the NN-sector, not
only it is necessary to determine the derivatives of the phases shifts in the 1Sy and 3S;
channels with respect to the on-shell momenta, but also it is necessary to determine the
nucleon axial-coupling constant. There is no clear crosscheck for this result, since it is not

clear how to implement the density of states approach for this problem. The presence of

Note that Eq. (31) of Ref. [53] defines I1,4 as %Zl,m but we suspect this discrepancy is only due to a
typo in their result.
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the one-body operator makes the mixing between the two states non-trivial, therefore one
would expect a more complicated relationship between the FV and infinite volume states
than the one predicted via the density of states approach. Although it would be desirable
to obtain a generalization of Lellouch and Liischer’s result for 2 — 2 systems, this example
demonstrates that in the two-body sector, one-body currents lead to large finite volume
corrections. In principle, the FV matrix elements depend on the nature of the problem that

is considered, and each weak hadronic process must be studied separately.
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Chapter 4
THREE-BOSON SYSTEM IN A FINITE VOLUME

Although NN-scattering phase shifts are remarkably well constrained, poor determina-
tion of the three-body nuclear force is a large source of systematic error in ab-initio nuclear
calculations. Therefore it is desirable to be able to determine the three-body force directly
from LQCD calculations. Having studied the two-nucleon sector in chapter [3| in detail, it
would be straightforward to generalize that formalism to include three-body interactions.
That being said, the three-body sector is sufficiently complicated on its own that it is prac-
tical to first consider the scalar analogue of the three-nucleon problem. With that in mind
in this chapter we derive the quantization condition (QC) for the spectrum of a system
composed of three identical bosons in a finite volume with periodic boundary conditions.
The quantization condition gives a relation between the FV spectrum and infinite volume
scattering amplitudes, Egs. , . Unlike the two-body sector, this quantization
condition in general must be solved numerically, since the relation between the FV energy
eigenvalues and three-particle scattering amplitudes is not algebraic. We pay close atten-
tion to systems with an attractive two-body force that allows for a two-body bound-state, a
diboson, and energies below the diboson breakup. For these theories in this energy regime,
the quantization condition reduces to the Liischer formula with exponential corrections in
volume with a length scale that is dictated by the inverse diboson binding momentum.
In other words, the boson-diboson scattering phase shifts can be obtained from the three-

particle spectrum using the following relation

* P/ x eirydL
qocotdpa = 4m cyolqp) +1 7 (4.1)
where ¢ = % (mE* — @G?) is the relative momentum in the center of mass (CM) frame

of boson-diboson system with g; being the relative momentum of the two bosons in the
diboson in the CM frame of the diboson, m is the mass of the three identical particles, E*

is the CM energy, 74 is the binding momentum of the diboson in the infinite volume limit,
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0pq is the scattering phase shift of the boson-diboson system, L is the spatial extent of
the cubic volume, and 7 is an unknown coefficient that must be fitted when extrapolating
results to the infinite volume. Given that the diboson is bound, @? < 0 and > — —73
as the volume goes to infinity. clf;n is a kinematic function that is given in Eq. |i and
for non-relativistic particles k* = k — aP. P is the total momentum of the boson-diboson
1

[33]; so for a diboson that is twice as massive as the boson a = 3.

mi
m1+m2

system, and o =
In addition to exponential corrections that are governed by the size of the bound-state
wavefunction, there are other exponential volume corrections to the above Liischer relation
that are arising from the the off-shell states of the 2+1 system. These corrections however
are subleading compared to the exponential corrections denoted in Eq. , and will be
discussed in Sec. [.2] in more details.

In order to reliably use such an analytical formula, one must necessarily be in the regime
where 4L is at least 4 so that the infinite volume phase shifts of the bound-state particle
scattering can be obtained with a few percent uncertainty. This is an important distinction
compared to the the two-body problem where the dominant finite volume corrections to the
Liischer formula scale like ~ e =™ where m,; denotes the mass of the pion (these corrections
have been previously calculated for 77 [26] and NN [167] systems). So although volumes
of the order of 6 fm or greater would reliably recover, for example, 77 scattering phase
shifts at the physical pion mass, in order to accurately recover phase shifts for deuteron-
neutron scattering one would naively need L 2 17 me| Presumably upon quantifying the
coefficients of these exponentials, linear combinations of these exponential corrections can
be formed for different boost momenta of the three-particle system so that to cancel out the
leading exponential corrections to the above quantization condition, and therefore reduce
the size of the volumes needed for a reliable determination of the phase shifts to L > 12 me|
NLO corrections due to the size of the bound-state scale as e~ V2L /L. The quantization

condition shown in Section demonstrates that for energies above the diboson breakup

! Just as Liischer’s original two-body scalar result [129] [[30] can be reliably implemented for studying
two-nucleon systems at sufficiently low-energies [13], 51], Eq. (4.1) is expected to hold for near threshold
three-nucleon processes. This speculation however remains to be confirmed.

2For a discussion of the improvement of the volume dependence of deuteron binding energy in LQCD
calculations see Ref. [51].
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Eq. (4.1)) gets power-law corrections associated with new possible states that can go on-shell

and the quantization condition must be solved numerically.

4.1 Three Particles in a Finite Volume: Quantization Condition

As discussed in detail in section [1.2.2] in studying a three-body problem, it is customary to
divide the system of three particles to a system of two particles interacting in a given partial-
wave Jg, and a third particle, called the spectator, which interacts with the two-body system
with angular momentum Jpg. In particular, the dimer formalism is an extremely useful
diagrammatic representation of few-body scattering amplitudes which is greatly simplified
using the dimer field [102] 18]. Figure schematically shows how 3 — 3 scattering
amplitudes are constructed from dimer-boson scattering amplitudes. In this chapter we will
simplify the problem even further and truncate the two-particle subsystem to has J; = 0,
and therefore only the S-wave component of the dimer-field discussed in section will
contribute. This will introduce a systematic error to our calculation that can be corrected.
Consider three bosons with mass m and total energy and momentum (F,P) in the lab
frame. The total CM energy of the three-particle system, E* is then given by £* = E — %.
Also the relative momentum of the spectator boson and the dimer in the CM frame of
three particles, q*, is related to the momentum of the spectator boson in the lab frame,
qby q*=q- % The total CM energy of boson-dimer system can be written as E* =
7*2/m + 3¢*%/4m, where @* is the relative momentum of the two bosons inside the dimer.

In section we discussed the generalization of the dimer formalism to arbitrary par-

tial waves. By truncating the orbital angular momentum to be equal to zero, the dimer
propagator in Eq. (2.40]) reduces to

—imr/2

iD*(FE2,q%) ) (4.2)

- q* cot 6y — iq* + ie
where Ey = E* — ¢*?/2m is the total energy of the dimer. J; denotes the S-wave scattering

phase shift of the two-boson system, and r is its effective range. Similarly, by truncating

the angular momentum, the FV dimer propagator, Eq. (2.46)) simplifies to

. * —imr/2
iDV (Ba,q%) = — q/f —, (4.3)
q* cot 0g — 4m ¢y (q*°+i€) + i€
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where the kinematic function cg; is defined in Eq. 1’ For the case of a dimer composed

of identical bosons, one therefore has k* = k — %*.
The spectrum in a finite volume can be obtained from the poles of the two-particle

propagator or equivalently from the poles of the finite volume dimer, Eq. (2.14),
7 cot 64 = 4 cly(@2) . (1.4)

where g, is the k™" solution to the quantization condition for a boosted two particle system
[164, 106]. As will be discussed in great details, these poles play an important role in
the three-body sector and will be referred to as Lischer poles. Note that this result is
equivalent to the non-relativistic limit of the result obtained in Refs. [164] 106 46] for the
boosted systems of particles with identical masses, and for that of systems with unequal
masses [511, [73], 121].

In order to determine the energy eigenvalues of the three-particle system in a finite

volume, one can solve for the poles of the three-particle correlation function as depicted in

Fig. Algebraically,

1 . q2
Cy (E,P) = 73 > As(a1)iD"(E - ﬁ P —q)

q;

co n 1 ' ' qu
x |1+ Z H ﬁZZK3(qn—1’qn;P’E)ZDV(E T o |P - qn|) Aé (qn’) )

2m
n'=2n=2 q,

(4.5)

where A% (Ajg) is the overlap the annihilation (creation) dimer-boson interpolating operator,
o3 (o g,), has with the initial (final) state with total energy E and total momentum P. Note
that we have suppressed the total energy and momentum dependence of the overlap factors

in our notation. The interactions between three bosons are incorporated in an effective

three-body Bethe-Salpeter kernel, K3, Fig. [4.1(b)]

iKs(p,k;P,E) = —igs— 5 5 (4.6)
s By Ly K (P—p—k)? )
b - gim T 2m 21)7711 + 1€

3Tt is important to point out that Refs. [11T), 112, 13| [110] used a propagator that corresponds to a
dimer at rest. In future investigation of FV dependence of the Efimov bound states and the triton this
needs to be corrected.
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(b)

Figure 4.1: (a) Diagrammatic expansion of the three-body correlation function CY in the
finite volume. K3 denotes the three-body Bethe-Salpeter kernel and Ag (A%) is the overlap
the creation (annihilation) dimer-boson interpolating operator has with the initial (final)
state with total energy E and total momentum P, (b) The effective three-body Bether-
Salpeter kernel, K3, is composed of a three-body contact interaction as well as two-body

contact interactions via the exchange of a single boson.

where the incoming (outgoing) boson has momentum p (k) and the incoming (outgoing)
dimer has momentum P — p (P —k), and (E,P) denote the total energy and momentum of
the three-particle system as before. The first term in the kernel, Eq. , is the three-body
contact interaction, while the second term describes the interaction of three particles via

exchange of an intermediate particle through two-body contact interactions.

The finite volume contribution to the first term in the expansion of the three-body
correlation function, Eq. (4.5)), can be evaluated easily using the Poisson resummation
formula and the kinematic relations between the CM and lab frame momenta as presented

earlier,

NE*

2m

1 d3 2 / *\ < * ! [ %
I Z —/ (27?)13 As (@) iDV(E -~ L, P - ai|) Az (a1) = Z A3(qy) 168G, (q3)A5(qr) -
q; K

(4.7)
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While A3 and A% in the LHS of Eq. are functions of the relative coordinate q, they
are represented as vectors in the space of the boson-dimer angular momentum, Jpgg, in the
RHS, and are evaluated at the poles of the dimer propagator, ¢, and the sum runs over
these poles. 5@,‘{ is a matrix in the same angular momentum basis whose elements are

defined by

- RY
(5gl‘€/)llm1,12m2 = ﬁ(égf‘ﬂ/)llmllemQ ’ (4'8)

with

.M q* . VAT * * *
(5gf‘c/)l1m17l2m2 = l?’{ <5l1,125m1,m2 + ZZ Wcﬁn(qﬁ) /dQ Ylhlel,mYl?JW) :

Im 1

(4.9)

The kinematic function cllin is defined in Eq. () with a = %, since the dimer is twice
as massive as the boson. The on-shell CM momentum of the boson-dimer system, ¢, is
defined by " pole of the FV dimer propagator, 2 =mE* — %q;;?, and R is its residue

at the s pole. Explicitly,

2 iRV 4 PV
lim iDV(E- L Poq)my e 2 e (4.10)
72572 2m q° - Qi e 3q* —q* — e
where
9 —1
v_ _mr - |P—q| (%2
R, — [8q*2 (q cot 6g — 4 cyy 1 (g )) q*2:q*2] : (4.11)

Note that the poles of the FV dimer propagator correspond to the energy eigenvalues of the

boosted two-particle system in the finite volume, Eq. , i.e. the Liischer poles.
Equation reflects the fact that, unlike the two-body case, a single on-shell condition
does not simultaneously fix the relative momenta of the boson-dimer pair as well as that
of the bosons inside the dimer. What is important to observe here is that for a given
CM energy E*, there is only a finite number of “channels” Ng« that can go on-shell, each
being identified by a particular configuration of the boson-dimer relative momentum and

the relative momentum of the two bosons (of the dimer),

—% * —% 4 % —x —% 4 * —% — 4 * —x%
{7 a:} = {(‘IO: g(mE - (102)> ) <Q1a g(mE - ‘I12)> EREER) (qNE*, g(mE - qN%;)) } (4.12)
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Figure 4.2: The NLO contribution to the three-body correlation function with one insertion

of the three-body kernel.

These channels contribute to the quantization condition since g2/m < E*. This obser-
vation makes the analogy to the “coupled-channel” systems self-evident. For CM energies
that are below the dimer energy, E* < §*?/m, the energy is not sufficient to allow the
three-particle system to go on-shell. Subsequently, these states can be neglected as they
give rise to exponential corrections in volume rather than power-law. Furthermore, similar
to the two-body case, the on-shell condition does not fix the directional degrees of freedom
of the relative momentum of the 2 + 1 system, and therefore it is convenient to upgrade all
finite volume quantities into infinite-dimensional matrices in angular momentum.

The calculation of the second term in the expansion of the correlation function, Eq.
, is more involved as it comes with one insertion of the three-body kernel, Fig. and

due to the one boson exchange contribution couples the momenta running into the loops,

1 ) q2
C;:/,l(E) = 6 Z As (QI)ZDVUE - ﬁa P —ayl)
qd1,92
. 9 2
x | —igs — 9 iDYV (B~ 2 [P — qu)) A% (q2).
a9 (Poamay)? om
2m 2m 2m

(4.13)

Although at the first glance, there appears to be poles arising from the exchange boson
propagator, one can verify that the poles of the three-body kernel are exactly canceled by
the zeros of the full finite volume dimer propagatoxﬂ As a result, the only power law volume

dependence of such diagrams arise from the poles of the dimer propagator only. Given this

4This important observation was first pointed out to us by Michael Déring and Akaki Rusetsky for the
relativistic three-particle systems [56].
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observation, it is straightforward to show that

CV (E) = / d3q1 d3q2 A3 (Q1)2DV(E— q% ‘P —q1|)iK3(q q ) E)ZDV(E— ﬁ |P_q DAI (q2)
(2m)? (27)° 2m’ 1 G2i P 5 o)A
d3q1 -V q% Rk * * SV 0 % *
_ 2/ )3 Az (@) D" (E = 5 -, [P —ay) > {Kg(ql,qK;E )6GY (qK)Alg(qK)}

K
Npg*

= > [As(a:)0G Y (a2 )ik (a5 4z BV)OGY (a:) A4l
where a summation over angular momentum is understood for the terms inside the brackets.
The summation over the two-body Liischer poles is left explicit. The result of Eq. (4.14),
along with the fact that the dimer propagator can be decomposed in a series over its poles,
NE*

NV 2 iR
iDY (mE —3¢°/4,q) = Z —

. 4.15
72 — G2 +ie (4.15)

K
suggests that the dimer propagator can be upgraded unto a diagonal matrix in the space
of Ng- available FV states which is a useful representation when performing the sum over
all diagrams contributing to the correlation function. Each element of this matrix is then
effectively a single particle propagator with the corresponding FV pole and residue that
contain finite volume dependence of the propagators,

iRY

-V 2 —
(D (mE = 3¢°/4,9)] o =

St - (4.16)

Given the simplifying feature of the FV loop sums as is evident from Eq. , and
the representation of the FV dimer a matrix over available channels, Eq. , it is
straightforward to sum over the infinite number of terms appearing in the boson-dimer
correlation function, Eq. . Denoting the boson-F'V dimer propagator as G;°, one can
show that Eq. is equal to

CY (B, P) — C55/(B,P) = ids |(1—-GFM¥)6G" (1 - MFGP) | 45,

1+ MsGY
(4.17)

where C55,(E,P) = iA3G (1 — MPGR) AL M5 is defined as the sum over all infinite
volume diagrams containing a boson and a finite volume dimer, Fig. 4.3(c), and can be

interpreted as the non-renormalized infinite volume scattering amplitude between a boson

(4.14)
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Figure 4.3: (a) Diagrammatic representation of the inhomogenous integral equation satisfied
by the three-body scattering amplitude in the infinite volume, (b) The corresponding sum

equation satisfied by the FV scattering amplitude, (¢) The diagrammatic representation of

the integral equation satisfied by M, Eq. (4.18).

and a FV dimer[| That is to say, while the relative momentum between the dimer and
boson is continuous in ./\;(‘O/O, the relative momentum of the two bosons inside the dimer

remains discretized,

- 43 2 N

M (0.P.B) = KopdaPE) = [ G Kyp.a P DY (B~ 1. [P — M7 (a.k:P. )

M (p,k; P E)—/ g MZp,q; P E)dDV(E_ﬁ P — q )M (q,k; P, E)
[e'e) pv 9 ) (271_)3 oopvqa 9 va q \%4 q7 ] 9

(4.18)

where 6DV = DV — D™ and M2 is the non-renormalized infinite volume scattering am-

plitude, Fig. For comparison, the full FV scattering amplitude of the dimer-boson

5The difference between renormalized and non-renormalized scattering amplitudes will be explained
shortly.
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system is also depicted in Fig.[4.3(b)| where all relative momenta between the three-particles
are necessarily discretized. Note that the boson-dimer propagator and ./\;l‘o/o are evaluated
on-shell where the scattering energies of each boson-dimer channel is given by ¢2/m.

The poles of the FV correlation function, Eq. (4.17)), determine the spectrum,
Det(1 + MF6GY) =0, (4.19)

where the determinant det,. is over the Ng+ open channels and the determinant det,, is
over the boson-dimer relative angular momentum. In practice it is necessary to perform a
truncation over the partial-waves and choose a maximal angular momentum. This quanti-
zation condition however incorporate the partial-wave mixing due to the reduced symmetry
of the boson-dimer wavefunction in the finite cubic volume as will be discussed in more
details in the next section.

The reason that the scattering amplitude quantities introduced above are not renormal-
ized is that unlike single particle operators in a non-relativistic field theory, the dimer field
corresponds to an interpolating operator that has overlap with two-particle states, and as
a result must be renormalized [43], 24]. The renormalization factor in the finite volume can

be obtained from the residue of the F'V dimer propagator,

0 1 _m
O ipV (B~ £.,|P - a) RY

E*— a2 + 3q%2
m 4m

(4.20)

Upon renormalizing the dimer field, therefore, one arrives at the normalized scattering
amplitudes in the finite volume, e.g. (M59) . = (ZY)V/2(MSP) o (ZV)1/2.

The quantization condition, Eq. , resembles that of the two-body coupled-channel
systems as presented in Refs. [88 B5]. As discussed earlier this illustrates that a single
on-shell condition does not fix the magnitude of both relative momenta and there is a
freedom in scattering in any of finite number of available channels. The other characteristic
of Eq. is that it does not still provide a algebraic relation between the infinite
volume scattering amplitude and the energy eigenvalues of the boson-diboson system, simply
because ./\;(“’,o still has possibly large volume corrections arising from FV dimer propagator,

Eq. (4.18). Despite all these complexities, this quantization condition not only gives better
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insight into the three-body problem in a finite volume, it automatically reduces to the
Liischer quantization condition for the bound-state-particle scattering below the bound-
state breakup, up to exponential corrections that are due to the size of the bound-state

wave-function. This will be discussed in the next section in more details.
4.2 Boson-diboson scattering below the breakup threshold

The formalism developed in the previous section does not assume any specific form for the
interactions in the three-body system. Therefore the result presented is universal regardless
of the nature of the interactions or whether the theory contains any number of two-body or
three-body bound-states. In this section, though, we consider a theory with an attractive
two-body force which allows a two-body bound-state, a diboson. We will show how Eq.
(4.19) reduces to the well-known two-body result below the diboson breakup.

For such energies there is only one state that can go on-shell and introduce power-law
volume corrections, the boson-diboson state. By restricting to lpnax = 0, the low-energy
parametrization of the scattering amplitude becomes that of a two-particle system in an

S-wave with masses m; = "5 = m,

3m 1
= — 4.21
Msd m g cot dpq — iqf’ (421)

where ¢3?/m = %(E* — @32 /m) is the boson-diboson scattering energy in the CM frame,
(jgz /m is the boosted diboson FV binding energy, and dpg4 denotes the boson-diboson scat-
tering phase-shift. However, this is the non-renormalized quantity ./\;li’/o that appears in
the QC, Eq. , and not the physical scattering amplitude. Here we argue that by
introducing a systematic error of the order of e~7al /L to the final result, Eq. , the
scattering phase shifts can be derived from the QC, Eq. , after replacing 5Q~V./\;l‘°/o with
6QVM£ = 0GY Mpy. 74 denotes the infinite volume binding momentum of the diboson

which satisfies,

(@ cot 6g — iq") [y, = 0 - (4.22)

The first step to prove this claim is to note that the bound-state pole of the FV dimer

propagator is exponentially close to the bound-state pole of the infinite volume dimer,
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g = iva + O(e L /L), which is evident from Eq. after analytically continuing the
momentum ¢; to the imaginary axis. These exponential corrections have been previously
calculated for two-body bound states in the CM frame [129} 130, [13] [166] as well as moving
frames [33, [51]. Now in evaluating M%}O, one needs to perform a series of coupled integrals
as is given in the first line of Eq. . For negatives energies, the only singularity of the
integrands in the range of integration occurs when the diboson pole of the F'V dimer prop-
agators is reached. The contribution to the integrals due to this singularity is proportional
to the residue of the F'V dimer at that pole. Since the residue of the infinite volume dimer

propagator at the diboson pole,

-1

mr | 0 _, ok
Ry = 5 |52 (@ cot dg — iq") ‘6*2=*7§ , (4.23)
is exponentially close to its FV counterpart, Eq. 1’
R} =Ry [1+0(e )] | (4.24)

one can replace DV with D> up to the exponential corrections that scale by the size of the
bound-state wave-function. Consequently, from Eq. one observes that ./\;lg is equal
to /\;l%o up to exponentially small corrections. Note that /\;l‘o/o and Mg are renormalized
differently, however, the finite volume dimer field renormalization factor 2", Eq. is
exponentially close to the renormalization factor of the infinite volume diboson field Z°

around the bound-state pole, which is defined as

0 1 m

OE* jpoo (E —Lp- q|> b i3 R>

(28

Therefore one can approximate 5QNVM‘°/O = 5QVM?/° in Eq. |) with 6GY M for elastic
processes that occur in this energy regime up to these exponential corrections as stated.

Keeping in mind these exponential corrections, one can now apply the expression for

the scattering amplitude in Eq. (4.21)), to Eq. (4.19). Using Eqgs. (4.8)), (4.9), one can re-

5There is another correction to the residue function at the diboson pole that occurs at @ (einL/’ydL).

Since for y4L ~ 1 the diboson does not fit in the volume, and the finite volume formalism is no longer
valid, one must make sure to use sufficiently large volumes for shallow bound-states so that v¢L > 1. It
then follows that these corrections are subleading compared to the O(e™74%) corrections in Eq. and
could be ignored.
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cover the two-particle quantization condition for two-particle systems up to the exponential
corrections explained above as shown in Eq. (4.1)) and reiterated here for clarity

e_’YdL
L

qocotdpy = 4mchy(ah) +n (4.26)

This result confirms the postulate and numerical verification made by Bour et al. [32] that
upon subtracting off the F'V binding energy of the bound-state from the total energy of the
three-particle system, the scattering energy eigenvalues of the bound-state-particle system
can be reliably related to the scattering phase shift of the system through the use of Liischer
formula for two-body systems after extrapolating to the infinite volume limit. This offers
the practitioner a reliable method to extract the infinite volume phase shift of elastic bound-
state-particle scattering by fitting to an exponential form.

This result also illustrates that, in order to obtain the boson-diboson scattering phase
shift, not only does one need to determine the boosted three-particle energy spectrum, but
also needs to obtain the scattering parameters of the boosted two-particle system. It is
also evident that if the interactions support a boson-diboson bound-state, a triboson, after
analytically continuing the momentum in Eq. to the imaginary plane, ¢§ = ivBd,

3'712&1
4m

the binding energy of the three-particle system, Bs = , can be obtained easily via Eq.
, as is well-known for bound-states appearing in the two-body sector [129] 130, [13].
Alternatively, one can also solve for the triboson poles of the F'V scattering amplitude from
the FV counterpart of the Skorniakov and Ter-Martirosian (STM) equation, Fig. as
is pursued in Refs. [111 112, 1T3] 110].

The boson-diboson QC, Eq. , is a low-energy approximation of Eq. , which at
NLO has two sources of exponential corrections. First, the QC receive corrections associated
with the finite volume binding momentum of the diboson which scale like O(e‘ﬁVdL /L) at
next to leading order. It also acquires exponential corrections associated with the truncation
of off-shell states appearing in the decomposition of the dimer propagator, Eq. , as
mentioned before. More explicitly, the next excited state of the boson-diboson system
corresponds to a CM scattering energy of ¢2/m = %(E* — @}?/m), where @} is the boosted

momentum for an unbound two-boson system. For E* < q{Q /m, the three-boson scattering

energy, ¢;?/m, is negative which leads to exponential corrections of O (e_qTL / L) to the



106

single-channel QC, Eq. 1' which however are subleading compared to O (e‘qu / L) ~
O(e™74L /L) corrections. For sufficiently high energies, these exponential corrections become
power-law in the volume, and one necessarily has to study a coupled-channel system made
up of a boson-diboson state and a three-boson state. For energies just above the diboson

breakup Eq. (4.19)) can be written as

(1 + M%/?Bded 5g~gd> (1 + M%/?BBB—BBB 55%33) = ’M?/O,BdeBBP 6Ghq 0Ghpp (4.27)

where 5(jgd and 5QgB p are respectively the boson-diboson and three boson propagators,

M, denotes the elements of M5 for the x™ (k") initial (final) state. For such energies,

the approximations made before are no longer valid and determination of infinite volume
scattering cross sections from the finite volume spectrum requires numerically solving an
integral equation for M, Eq. (4.18).

Lastly we comment on the systematic uncertainties associated with the dimer formalism
and partial-wave mixing. Assume, for example, that both the dimer and the boson-dimer
wavefunctions are projected onto the Af irreducible representation of the cubic group and
that the three particles are degenerate. Then in the boson-dimer CM frame, the system has
an overlap with (Jg, Jpq) = (0,0) as well as (Jy, Jpa) = {(2,0), (4,0), (0,4), (2,4), (2,6),...}
angular momentum states, with the leading contamination arising from the D-wave dimer.
As discussed in Sec. this is due to the the fact that the dimer in this 241 body set-up is
boosted and its symmetry group in its CM frame is reduced compared to the original cubic
group [164]. If one then proceeds to consider a reference frame where the dimer-boson system
has non-zero momentum, then the ground state will have overlap with (Jg, Jgq) = (0,0) as
well as (Jq, Jpqa) = {(0,1),(2,0),(2,1),(0,2),(2,2),...} angular momentum states. This is
because the dimer-boson is effectively a two-particle system where one of the particles is
twice as massive as the other, and therefore S and P-wave mixing is unavoidable [73]. As
a result one needs to simultaneously determine S and P-wave scattering parameters. Note
that although the dimer field used in this paper is an S-wave field which does not lead to
inclusion of higher partial-waves in the two-body QC, the boson-diboson scattering QC, Eq.
fully incorporates the partial-wave mixing in the space of the boson-diboson angular

momentum states.
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Chapter 5

CONCLUSION

Determining nuclear properties directly from quantum chromodynamics (QCD) will im-
pact our understanding of a wide range of phenomena. Given the non-perturbative nature of
QCD, currently LQCD is the only reliable way to carry out such an ambitious program. As
discussed extensively throughout this work, LQCD calculations are necessarily performed
in a finite Euclidean spacetime. Therefore, it is necessary to construct formalism that con-
nects the finite-volume observables determined via LQCD to the infinite-volume quantities

of interest.

In chapter [2| we reviewed Liischer’s seminal work [129] [130], which allows for the extrac-
tion of meson-meson scattering phase shifts from the FV spectrum below inelastic threshold.
Although this formalism has allowed for the study of multiple scattering channels (e.g. 7+n™
see section , improvement in algorithms and increase in computational resources have
allowed modern day LQCD to extract energies well above inelastic thresholds. For example,
in 2011 the Hadron Spectrum Collaboration determined the isoscalar meson spectrum for
light quark masses corresponding to m, ~ 396 MeV [59] up to energies of approximately
2800 MeV, which is well above several inelastic thresholds (see Fig. . Although this is an
impressive computational achievement, it surpasses our current theoretical understanding
of the FV spectrum and therefore our understanding of the physical implication of such
calculation is limited at this point. With this class of challenges in mind, in section
we derived the generalization of Liischer formalism for multiple channels composed of two-
mesons with nonzero total momentum (first derived in Refs. [35, [88]) and discussed the
implication for the 7w — KK isosinglet spectrum for m, =~ 310 MeV.

Due to a poor signal-to-ratio ratio [I19], numerical calculations involving baryonic sys-
tems are significantly more challenging than their mesonic counterparts. As a result, it has

not been until recently that it has been shown that calculations of few-nucleon systems are
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Figure 5.1: Shown is the isoscalar meson spectrum calculated by the Hadron Spectrum
Collaboration with m, =~ 396 MeV [59]. States are labeled by JC the size of the boxes
corresponds to the one sigma statistical uncertainty, and fraction of the state corresponding
to light(strange) content is depicted in grey(green). Light grey boxes denote states obtained
from Ref. [60], and the pink boxes depict glueball states obtained in the quarkless Yang-
Mills theory [141]. The figure is reproduced with permission from the Hadron Spectrum

Collaboration.

possible [14], (15, 16}, O3] 186, [185] 142, 54, 156]. Figure shows the binding energies
calculated by the NPLQCD Collaboration [15] for systems including up to four baryons in
the limit of exact SU(3) flavor symmetry. It is not unrealistic to expect these calculations
to be performed near the physical point in the upcoming years. Although it is desirable to
use the formalism developed by Liischer to study NN-systems, this is only suitable when
the NN-system is projected into an S-wave [13]. That being said, in chapter [3| we saw that

this formalism can be generalized for two-nucleon systems with arbitrary momentum.

In studying the two nucleon system, it was convenient to first generalize the auxiliary
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field formalism to arbitrary partial-waves in both the scalar [2.3] and nuclear sectors [3.1] in
infinite and finite volumes. This formalism was used to derive a master equation that relates
the FV two-nucleon energies and the scattering parameters of the two-nucleon systems with
arbitrary spin, isospin and angular momentum. This master equation, Eq. is valid
for arbitrary total momentum up to inelastic thresholds.

The quantization condition (QC) is a determinant over an infinite-dimensional matrix
in the basis of angular momentum, and in practice it is necessary to truncate the number
of partial-waves that contribute to the scattering. By taking advantage of the symmetries
of the problem, we show how the master equation can be reduced to finite-size blocks that
relate particular partial-wave channels (and their mixing) to different spin-isospin channels
and different irreps of the corresponding point group of the system. By truncating the
matrices at [ < 3, this procedure requires block-diagonalizing matrices as large as 30 x
30. The resulting QCs are determinant conditions involving matrices that are at most
9 x 9, and are therefore practical to be used in future LQCD calculations of NN systems.
We have provided one explicit example of this reduction for the scattering in the positive
parity isosinglet channel for zero CM momentum in appendix [C] All other QCs for different
CM boosts, parity, isospin, spin, and angular momentum are enumerated in appendix
Having studied the zero CM boost as well as (0,0,1) and (1,1,0) boosts, we arrive at 47
independent QCs for four different spin and isospin channels giving access to all 16 phase
shifts and mixing parameters in these channels. Table [3.3] summarizes all such scattering
parameters and the corresponding equations that give access to each parameter as presented
in this paper. Given the fact that NN-systems couple different partial-waves, in order to
reliably extract scattering parameters from LQCD calculations, these calculations must be
necessarily performed in multiple boosts and various irreps of the corresponding symmetry
group.

A sector where LQCD will certainly have a big impact is in electroweak processes in-
volving multi-nucleon systems. With this in mind, in section we have used EFT(#%)
[44, 104}, 105, 102 18| 18] to determine the FV expression for NN-matrix element of the
axial-vector current that mixes the 1Sy — 357 NN channels. This is pertinent for perform-

ing calculations of proton-proton fusion, among other interesting processes, directly from
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Figure 5.2: Shown is the binding energies calculated by the NPLQCD Collaboration [15]
for nuclei and hypernuclei with four baryons or less, including states with strangenes s =
{0,1,2}. These are calculated at the SU(3) flavor symmetry point, which correspond to
my = mi == 800 MeV. The figure is reproduced with permission from the NPLQCD

Collaboration.

LQCD [109, 108, [41], 53]. The channels in this system are mixed not only by a two-body
operator but also by a one-body operator. As it is shown, FV effects arising from the inser-
tion of a one-body operator are sizable and therefore must be included. Unlike the scalar
analogue discussed in section the FV and infinite volume weak matrix elements are
not simply proportional to each other. The result demonstrates that in fact the FV matrix
element is proportional to a linear combination of the LO and NLO LECs that parametrize

the weak interactions in the NN-sector.

Finally, in chapter [4] we have determined a model-independent representation of the
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quantization condition for energy eigenvalues of three identical bosons in a finite volume
with the periodic boundary conditions. Using a non-relativistic EFT, the FV three-particle
spectrum has been shown to be related to the infinite volume S-matrix elements. For ar-
bitrary energies, this correspondence requires solving an integral equation. With nuclear
systems in mind, close attention is paid to scalar theories that support a two-body bound-
state. It is shown that for energies below the diboson breakup, the quantization condition
reduces to the well known Lischer result for two particles with unequal masses, with ex-
ponential corrections dictated by the size of the diboson, Eq. . Although physically
intuitive, this is a non-trivial observation that will require the Lattice practitioner to ex-
trapolate the phase shifts obtained from the Liischer formula for the particle bound-state
elastic scattering to the infinite volume.

In deriving the quantization condition we limited the dimer field to have the same
quantum numbers as of the two-boson system in an S-wave. This simplification comes at
the cost of neglecting the partial-wave mixing associated with a cubic finite volume with
the periodic boundary conditions. Given the formalism presented in Sect. this is an
approximation that will no longer be needed. By evaluating poles of the full three-boson
correlation function in the finite volume, the quantization condition for the three-particle
system with non-zero total momentum is derived. The poles are given by a determinant
condition, Eq. , where the determinant is taken over dimer-boson relative angular
momentum states as well as Ng« available boson-dimer eigenstates for each CM energy, E*.
As is shown, the corresponding quantization condition has strong parallels with two-body
coupled-channel systems discussed in setcion However one has to be careful that this
is not the physical scattering amplitude that directly shows up in the QC, but rather the
scattering amplitude of a boson-FV dimer system. These two quantities are related to each
other through an integral equation, Eq. .

Furthermore, as is explained in detail, the exponential volume corrections from the off-
shell excited states of the dimer are accounted for in the full quantization condition. For
sufficiently high energies, these exponential corrections become power-law in volume and can
no longer be neglected. Then one would have to consider a coupled-channel system where the

number of channels are determined by the total CM energy of the three-particle system, as
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shown in Eq. for energies just above the diboson breakup. The formalism presented
considers three-particle with non-zero total momentum which eventually allows for more
independent measurements at a given energy. This however leads to a practical complexity
as the symmetry of the system is reduced, and the ground state of the system is expected
to mix with the P-wave scattering state [33, 51}, [73]. The quantization condition derived
predicts this mixing between S and P partial-waves, and indicates that the truncation of
the determinant condition at S-wave could, in practice, introduce large systematics to the
calculation.

With these observations at hand, it is argued that future LQCD studies of nuclear reac-
tions and resonances involving three-particle states will require the following steps. First,
one needs to reliably determine scattering phase shifts for the two-particle sector from which
one can obtain the boosted Liischer poles as a function of the boost momenta and energy.
From there, one would proceed to obtained the three-particle spectrum. This requires
high statistics to obtain multiple states with clean signals. Also in order to disentangle
the coupled-channel nature of the three particle system, these calculations need to be per-
formed with different boosts and in different volumes. In addition one has to simultaneously
determine energy eigenvalues of three-particle states in different irreps of the cubic group
to correctly deal with the partial wave mixing which is more severe than the two-particle
sector. All of this information should be simultaneously fit to numerically solve the quanti-
zation condition presented. This would lead to an accurate determination of the three-body
Bethe-Salpeter kernel (or equivalently the LECs describing the systems at hand), which
encodes all of the infinite volume physics up to the four-particle inelastic threshold.

We are entering an important era for nuclear physics. As has been discussed through-
out this work, nuclear physics spans a wide range of scales from the cosmological to the
subatomic. Nuclear reactions were responsible for the formation of light nuclei in the early
stages of the universe, and continue to be responsible for fueling the evolution of stars.
Also nuclear physics exhibits an extremely rich spectrum with some seemingly fined tune
systems, such as the deuteron which is nearly unbound. We observe a complex structure of
resonances and rare isotopes that continue to be studied to this day, both experimentally

and theoretically. At the core of all of this structure lies QCD, and for the very first time in
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history we will soon be able to connect the complexity observed in nature with the standard
model of particle of physics. This thesis outlined key steps needed to carry this ambitious

program of unifying our understanding of the nuclear force.
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Appendix A
SCATTERING THEORY

The defining object behind scattering theory is the S-matrix, which is the unitary
matrix connecting states of the Hilbert space. More formally, “in” and “out” states
are asymptotic states of particles at T = —oo and T = oo, respectively. Consider
the case where the initial(final) state is compose of n(n)-states with four-momenta
{q1,92,- -, @ }({p1,D2, ..., Py }). Then, the overlap between these two states can be written

in terms of unitary time transformation

out({phan v apn"{QIa q2,-- -, Qn}>in = Tlgr;o<{p1,p2’ ERE 7pn’|€_i2HT|{q1, q2, ..., qn}>
= <{p17p27"'7pn’|S‘{q17q27"'7qn}>7 (Al)

where H denotes the Hamiltonian of the theory and the two states on the right of the
equality are defined at a common time reference frame. It is in this limit case that the S-
matrix is defined. If the initial particles do not interact, then S is the equal to the identity.

Therefore, it is convenient to isolate the interactive piece of the S-matrix into the T-matrix
iT=5-1. (A.2)

Furthermore, due to momentum-conservation the expectation value of the T-matrix is pro-
portional to a four-dimensional delta-function, so all of the physics can be encapsulated in

the scattering amplitude, M, defined by

({p1,p2, - liTHa1, a2, a0 }) = 27)* 6 (Dour — qin) IM. (A.3)

It is the scattering amplitude that is typically calculated. For example, in the two-body
sector, one can determine the scattering amplitude by evaluating the sum of all 2 — 2
amputated Feynman diagrams.

By definition, the representation of the scattering amplitude will depend on the nature
of the states. For example, because the normalization of relativistic and non-relativistic

states are different, the kinematic factors in the scattering amplitude will differ.
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For systems with a single two-particle channel, due to unitarity constraints the S-matrix
must be equal to S; = €29, where § is a real phase which depends on the relative momentum,
q*, between the particle and the total energy center of mass energy E*. Since total angular
momentum is a good quantum number in the infinite volume limit, the S-matrix can be
written as a infinite-dimensional diagonal matrix over all angular momentum channels, S; =

26(0) 251 1261
PO et e L)

diag(e . The relativistic and non-relativistic scattering amplitudes

can then be written in terms of the scattering phase shift

srE* 2" _ 1 grE* #2041
(M) = - " S - 1 - ) (A.4)
ng 23 n @2+l cot 60 — g2+l
o1 €2i5(l) -1 7 q*2l
MO = T 9. T ; A5
(MY)NR ST T g2 cot 60) — gt (A.5)

where n = 1/2 for identical particles and n = 1 otherwise, and p = (my* +m5 ")~ is the
reduced mass of the two-particle system. At low-energies ¢*2*1 cot 6() can be expanded a

function of ¢*2, this is the effective range expansion (ERE)

1 *2 >
q*2l+1 cot 5(l) = —— + g + Pn,l q*Qn’ (AG)
a; 2 o 2n!

where a;, 7 and p,; are referred to as shape parameters. For S-wave channels ag and rg

are known as the scattering lengths and effective range, respectively.

lth

When there are two open channels in the system, the [** component of the S-matrix can

be written using the “barred” parameterization [172]

-5 5(1) _ s sy L
0 e cos2e) et +0rr) gin 2¢(0)
Sy = () s() o s(D) (A7)
ietr +917) gin 2e® e2011 cos 2e)

where the mixing angle €) parametrizes mixing between the I and I channels in the [*'-

partial wave. When there an N coupled-channels, the S-matrix becomes and N-dimensional

matrix. In general the scattering amplitude can be written in terms of the S-matrix elements,

* )y, . 5.
MO = == (A8)
| Jrnigia; 2
2 (L) PR
(MDvr = T by (A.9)

. INR -
1/7J
A /nianfQ;ﬂiMj 2
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Appendix B

QUANTIZATION CONDITIONS UNDER P — P/
TRANSFORMATION WHEN P AND P’ ARE RELATED BY A
CUBIC ROTATION AND [P| = |P/|

We aim to show that the master QC, Eq. (3.22), is invariant under a P — P’ transfor-
mation where P and P’ are two boost vectors that are related by a cubic rotation. Denoting

such rotation by R, it is straightforward to show that

Clm— Z D Clm/ (Bl)

m/=—1
Note that for P = 0 this relation reduces to Eq. , while for a general non-zero boost
vector, it only holds if the rotation R corresponds to the symmetry operation of the cube.
For example such a transformation can take the cf function evaluated with d = (0,0,1)
to a cl " evaluated with d = (1,0,0). To proceed let us rewrite the §G¥ matrix elements as
given in Eq. in terms of the matrix elements of the F¥'V that is defined in Eq.
for the scalar sector,

sGV'P _ M )
[ g ]JMJ,IMI,LS;J’M",,I’M},L’S’ T g A OM MOS8 X

x |k*6p00nyney 0nn +i D (IMy|LMp, SMs)(L' M, SMs| ' MO)FL Vi 1
Mp,M} ,Ms
(B.2)

Superscript P on 6G" and FV reflects the fact that they depend on both magnitude and
direction of the boost vector. Now given the transformation of clf:n under a cubic rotation

of the boost vector, Eq. 1' one can write FFVP" as following

/ 47'(')3/
FV,P _ *2 * *
[f ]LML,L/M/L - ¥ Z p") (R e (k) / dQ Y 0, Vi Yirar,

I;m m/=—1

LI
- Z Z MLML ) []:FV’P]LML,L/M/L DJ(WL)M/L(RQB-?))
Mp=—L M, =—1'
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where in the last equality we have used the fact that under rotation

Z DY) L(R) Yoar (B) = Yo (RE). (B.4)
M'=—1,

Now one can obtain the relation between §GV'FP and 6GV"F using Eqgs. 1 ,

’ ZM
[5gVaP]JM e = RS i Y (IMy|LMy, SM) (LM}, SM| )/ M))
T My, M, Mg
FV,P (L)
x Z Z MLML R [F ]LML,L’M’LDN[iM’L(R) 7
ML:—LM’
(B.5)

where we have suppressed spin and isospin indices for the sake of compactness. Using the
fact that

J L S
J L S T T T
(IMy|LMy, SMs) = > > > DY) (RTD o (R)DS) o (R)(IMy| LMy, SMs),
MJ 7JML 7LM377$
(B.6)

and given that Wigner D-matrices are unitary, one easily arrives at
/

J
6 V’P/i| _1 5 v.P V] NI T D(J:) Vi
[ g JMJ,L;J’M(’],L’ Z_:J Mz_: ) [6G ]JMJ,L;JM L MJMJ(R)’

(B.7)
or in the matrix notation, 6GV"F" = D*(R)6GV"PDT(R). Given that the scattering ampli-

tude is diagonal in the |J, M) basis, and that the quantization condition Eq. (3.22) is a

determinant condition, one obtains

det [(MOO)—1 + 5ng1”} = det [D*(R) (M>®)"" +5GVF) DT (R)]
= det [(M>®)"'+4G"P] = 0. (B.8)

As one would expect, although the FV functions are in general different for different boosts
with the same magnitude within a given A; irrep of the cubic group, the spectrum does not
depend on the choice of the direction of the boost vector. As discussed in Sec. in order

to extract the scattering parameters of NN systems from the QCs presented in this paper,
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one needs to use the specific boost vectors that are studied in this paper. However, the
value of energy eigenvalues can be taken from the LQCD calculations that are performed

with any other boost vector that is a cubic rotation of the boost vectors presented here.
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Appendix C

REDUCTION PROCEDURE FOR POSITIVE PARITY ISOSINGLET
CHANNEL WITH P =0

Consider the NN system in the positive parity isosinglet channel where the ground state in
the infinite volume is known to be a shallow bound state, the deuteron, whose wave-function
is an admixture of both S-wave and D-wave. In order to obtain the phase shifts and mixing
parameter in this channel from the energy eigenvalues of the two-nucleon system at rest from
a LQCD calculation, one must first construct sources and sinks that transform according to
a given irrep of the cubic group, e.g. T7 when P = 0. The extracted energies then needs to
be put in the determinant condition for this channel in the corresponding irrep of the cubic
group, Eq. , and subsequently solve for the scattering parameters. If one assumes the
contributions from scattering channels with J > 4 and | > 4 to be negligible, the scattering

amplitude matrix in the LHS of Eq. (3.27)) can be written as

MO MG 0
2,0;1 2,2:1
o | ME mERY 0 0 1)
01 = (2,211) ’ '
0 0 M 0
0 0 0 MY
L,L';S)

where each element, ./\/lL(” , is a diagonal (2J +1)? x (21 + 1)?>-matrix. Note that this is
an 18 x 18 matrix which is parametrized by two phase shifts and a mixing angle in the J =1
channel, and two D-wave phase shifts in the J = 2 and J = 3 channels. Although there is
a mixing between D-wave and G-wave channels in the J = 3 sector, due to the assumption
of a negligible G-wave scattering, the scattering amplitude in this channel is truncated to

the D-wave.

The elements of the FV matrix §G" in the LHS of Eq. (3.27) for this channel can be
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evaluated from Eq. (B.4]). The result reads

V,(0,0;1 V,(0,2;1 V,(0,2;1 V,(0,2;1
3G % agGEY ag Y ag) G
59,{,1(;260;1) 59\/(2,2,1) 3G 2202 1) 5gV(2,2,1)

(2,0;1 V,(2,2;1 (2,2;1 V,(2,2;1
3Gy 5" 0G A TEY 6Gy s HTY  6Gy

V,(2,0;1 V,(2,2;1 2 2:1 V,(2,2;1
R T S YA I A e

V,(L,L";S

where each element still represents a matrix (59 T ) in the |J, Ms) basis and whose

explicit forms are as follovvlngﬂ

s 1.k

. 1
5" = Y = Moo+ ) Ta €3
0 0 -2 0 0 —vI5
T M
SGYVEED = [5g312’2’1} =0 | 0 0 0 L 0 0 0 [(C4
Y59 0 0 30 o0
o000y
0 —&% 0 0 0
. ik* M
5g(‘g77(22;’02)’1) = M(—COO —+ yp ) I5 =+ WCZLO 0 0 % 0 0 ) (CS)
0o 0 0 -% 0
10 2
o9 0o 0 2%
5vV2 5v2
0 2 0 0 0 2 0
_ 56 5_
Ty 0 0 or 00 0 V3
ol = ot = fen| 0 0 0 0 0 0 o
~= 0 0 0% 0 0
5v2 5vV2
0 %2 0 0 0 -3 0

"We will drop the superscript P on the ¢;,,s in this example as they are evaluated for P = 0.
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10 0 0 VE 0 0

0 -+ 0 0 0 F 0
5

0 = 0 0 0 é

V221) _ ik* M
0G50 = M(=coo+ ) Ir = gea0 } o 0o 2 0 0 o0 |,
S0 0 0 L 0 o0
7 21
5 1
0 & 0 0 0 —-% 0
5
0 0 é o 0o o 1

(C.7)

where I,, is the n x n identity matrix, and the rest of the blocks are zero. As is suggested in
Ref. [131], a unitary matrix, that can bring the 6G" matrix into a block-diagonalized form,
can be found by diagonalizing the blocks that are located on the diagonal of the G matrix,
69(‘37(;’061;1). It turns out that when there are multiple occurrences of a given irrep in each
angular momentum J (see table , the procedure of block diagonalization becomes more
cumbersome, and a systematic procedure must be taken which is based on the knowledge of
the basis functions corresponding to each occurrence of any given irrep. Such basis functions
for the irreps of the point groups considered in this paper are tabulated in table These
basis functions correspond to each occurrence of the irreps in the decomposition of the
angular momentum states into the irreps of the O, D4y and Dy point groups up to J = 4.
For this channel, however, such a unitary matrix can be found easily based on the method

described in Ref. [I31]. One finds

S11 0 0
S = 0 SQQ 0 ’ (CS)
0 0 Ss3

where the zero elements denote sub-blocks of appropriate dimension with all elements equal
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to zero, and the non-trivial blocks are the following matrices

aellce

10]00
[OO o o o
o o o o o <8
0[000[0
© © 4 o o o o
o o o o o
_
00001%017_@
1100 21
0[000 S
_
Il
3
w
I
-~ o o o o
© o - o o
o - o o o
0001_%17@
I
a
n
5
I
=
o)

(C.9)

The resultant partially block-diagonalized matrix can then be obtained by,

SIM 1) ™" +38G(,1))8T =

1

T

Y1

U1

Ys

L6

L7

(C.10)
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where
g O B e
Ty = —Mec xy = —Me ,
! 0o 4 det(MSD)? 72 00 4 det(MSD)
8 M iME* 1 4 M iME* 1
r3 = —Mcoo 7 C40 5517 T4 = —Mcoo + 5 7¢a0 551
21k @ 7k I VICD
2 M iME* 1 2 M iME* 1
x5 = —Mecoo — Zo—gca0 + — —— + —Gay, w6 = —Mceoo + oo cao 531)
Tk IERRVIE: 21k VI
Mo L AM L iME MG 216 M 10v/2 M
T; = —Mecoo+———Ca0+ — + —, Y1 = — = —c =———c¢
7 00 7 7 757 ¢40 i Mgfg;l)’yl det(MSD)’yQ 7 ra 40, Y3 o1 fo+d C40)

and det(M®P) in these relations denotes the determinant of the J = 1 sub-block of the
scattering amplitude, det(M°P) = Mg?(’)(];l)/\/lfézl) - (Mg%z;l))? This matrix can now
clearly be broken to 4 independent blocks corresponding to 4 irreps of the cubic group.
The degeneracy of the diagonal elements of this matrix, as well as the coupling between
different rows and columns, indicate which irrep of the cubic group each block corresponds
to. According to table the one-dimensional irrep Ao only occurs in the decomposition
of J = 3 angular momentum. As is seen from Eq. , the element z7 belongs to
the J = 3 sector and has a one-fold degeneracy. Also it does not mix with other angular
momentum channels, therefore it must correspond to the As irrep. So the one-dimensional

QC corresponding to the As irrep is

1 o 4 M iME*
D 0t et T =
3;0

Ay : 0. (C.12)

The QC corresponding to the two-dimensional irrep £ can be also deduced easily as it
only has overlap with the J = 2 channel. Clearly the element corresponding to this irrep is

x4 with two-fold degeneracy and the corresponding QC reads

1 4 M iMk*
E: W*MCOO+§WC4O+?:O~ (0-13)
2;0

The three-dimensional irrep T appears in the decomposition of both J =2 and J =3

angular momentum, and as is seen from Eq. ((C.10) mixes the x3, x¢ and y3 elements
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through the following QC

1 8 M iMk* 10v2 M
D Mecoo — 5y75aCa0 + “— ST 140
T5 : det ; =0.
102 M 1 2 M iMk*
21 k*4 C40 M(22;1) - MCOO + ﬁWC4O + A
3;0
(C.14)

As is clear, the energy eigenvalues in this irrep have a three-fold degeneracy (there are three
copies of this QC) that is consistent with the dimensionality of the irrep. The remaining
irrep is 17 which is a three-dimensional irrep and contribute to both J = 1 and J = 3
channels. As there are two J = 1 sectors corresponding to S-wave and D-wave scatterings,
the QC must be the determinant of a 3 x 3 matrix. This is in fact the case by looking closely
at the partially block-diagonalized matrix in Eq. . One finds explicitly

MY _ Megg + iME _ MY 0
det(MB5D) (0’2:?? e 001, M)
T - det d'::(/\o/tSD) di\:(lj\;so) — Mecgo + iJZITlrc* *% k],\*/{l C40
0 —%k]\icm W_MCOO_%k%C‘lO"‘%
=0.
(C.15)

Again there is a three-fold degeneracy for the energy-eigenvalues as there are three copies
of this QC for this irrep. This is an important QC as it gives access to the mixing angle
between S- and D-partial-waves. Note that the QC for As irrep, Eq. , by its own
determines the phase-shift in the J = 3 channel, which can then be used in Eq.
for the 77 irrep to determine the phase-shifts and mixing angle in the J = 1 channel. Eq.
for the E irrep gives access to the phase shift in the J = 2 channel, and finally
Eq. provides another relation for the phase-shifts in the J = 2 and J = 3 channels.
In practice, one needs multiple energy levels in order to be able to reliably extract these
parameters from the QCs presented. This is specially a challenging task when it comes to
the determination of the scattering parameters in the channels with physical mixing, e. g.
S-D mixing, since there are at least three unknown parameters to be determined from the
QC, e. g. see Eq. . By performing the LQCD calculations of boosted two-nucleon
systems, one will obtain more energy levels corresponding to other QCs. These QCs then

provide a set of equations that the same scattering parameters satisfy, and therefore better
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constraints can be put on these quantities. Without going into the detail of the reduction
procedure that leads to such QCs for boosted systems, as well as QCs for the other three
spin-isospin channels, we tabulate these QCs in the next appendix. Before presenting the

rest of QCs though, let us show that the QCs are all real conditions.

As all the cll?n functions are real, the only imaginary part of the FV matrix §G" shows
up in the diagonal elements of this matrixﬂ For the angular momentum channels J where
there is no coupling between different partial-waves, the inverse scattering amplitude matrix

has only diagonal elements, whose imaginary part exactly cancels that of the GV matrix,

see Eq. (3.16). Explicitly,

iME* n iME*
47 dr

LL;S — V,(LL;S
SUMINonr,) T4+ 6gj]\(4J,JJ\/)IJ;IMI] = 0. (C.16)

For the angular momentum channels where there are off-diagonal terms due to the partial-

wave mixing, one can still write the inverse of the scattering amplitude in that sector, Egs.

(3.17] , as following

ME* cos2e sin(6’—§)+sin(6'+6) iME* MEk* cos(e€) sin(e€)
(MLL';I)fl _ " T4m cos(6/+38)—cos(d'—d) cos(2¢) 4w 27 cos(8'+6)—cos(8’—3) cos(2¢)
MEk* cos(e€) sin(e) ME* cos(2€) sin(6—4§")+sin(8'+6) iMk* ’
27 cos(8’49)—cos(8'—3) cos(2¢€) " T4m cos(8’40)—cos(6'—d) cos(2¢) 4w

(C.17)

where L =J+1 (L'’ = JF1) and § (§') denotes the phase shift corresponding to the L (L')
partial-wave. The off-diagonal elements of this matrix are real. Given that the FV function
8GV has real off-diagonal terms, these terms in the QC lead to a real off-diagonal element.
For the diagonal elements, the imaginary part of the inverse scattering amplitude is isolated

and has the same form as the imaginary part of the §GY matrix, so a similar cancellation

as that given in Eq. (C.16]) occurs in this case as well.

2This is not always the case as for example, the §G¥ matrix for the d = (1,1,0) boost contains off-
diagonal complex elements as well. For all of those case, it can be checked that although the elements of
the matrix (M)~ 4-6G" are complex, the determinant of the matrix remains real, see QCs in appendix
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0 Dy D,
T": basis functions T": basis functions I": basis functions
Ay : Yoo Aq: Yoo A: Yy
Ty ¢ (Y11, Y10, Y1-1) Ag 1 Yo By : Yo
E: (yn,j)u) By : Vi, By: Y
E : (Ya0,Y22) Ay Yy A Yy
Ty : (3722,§21,§21) E: (ym,ym) Bs: Va1, By: Yo
By : Va2, By : Voo A: Y, Bi: Yo
Ao Vs Ag: Yo Bi: Y
Ty : (5/3)0,3733 - \/%3731,f33 + \/%yal) E: (37317y31) Bo: Va1, By: Yy
Ty: (y327§31 - \/§y31,3~)31 + \/%3731) By: Y32, Bri: Vs By: Vs, A: Vs
E: (§337y33) Bo: Y33, By: Vs
Ap: Y40+\/§y44 Ay Yy A Yy
E: (§42,Y40 - \/%ﬁm) E: (y4173~741) Bs: Yu, Ba: Yu
Ty : (f44,§43 VTV, Vas + \ﬁj}vzﬂ) Bi: Y, Ba: Vi A: Vg, Bi: Vi
T : <§42,y43 - \ﬁ§417j743 + \/?5&1) E: (f43,3743) Bs: Y3, Ba: Vi

Ar: Vs, As: Vu

A: Vi, Bi: Yu

Table C.1: The decomposition of the irreps of the rotational group up to J = 4 in terms
of the irreps of the cubic (O), tetragonal (D4) and orthorhombic (D) groups, see Refs.
[130L [67, 57]. The corresponding basis functions of each irrep are also given in the table,
where Vim = Yim + Yiem and Vim = Yim —
reductiing the full determinant condition, Eq. into separate QCs corresponding to

each irrep of the point group considered, see Sec.

1—m. These basis functions become useful in
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Appendix D
LIST OF QUANTIZATION CONDITIONS FOR NN-SYSTEMS

In order to make the presentation of the QCs clear and compact, we will introduce a
simpler notation in this section as following. Let us introduce a new FV function FI)-P

that is projected to a particular irrep of the point group of the problem, I';,

F(Fi),P(k*Q;L) = _ |:5gV(k*2’L) . iMEk
47 I
;) *
_ MZ = FTOP P (172 1), (D.1)

where the volume dependence of the F'V functions has been made explicit, while the reference
to each (I, S) channel is implicit. In this form, all the detail of the corresponding projected

(La).P . Similarly, the projection

FV functions are embedded in purely numerical matrices, IF; '
of the inverse of the scattering amplitude in each spin-isospin channel unto a particular

irreducible representation, M) is defined as
() — 1

M, (M‘()}” 5)) (D.2)
With this notation, the quantization condition for the irreducible representation I'; can be
simply written as

(r  WMES )P _

det (M(I,S) + ? — f(LS) =0. (D3)

Since we aim to present the QCs for each spin-isospin channel in separate subsections, the
(I,S) subscripts can be dropped in the following presentation. Although the (7,S) index
of the scattering amplitudes is assumed implicitly, one should keep the (J, L) quantum
numbers of the elements of the scattering amplitude matrix explicit. In order to simplify
the notation, however, the diagonal elements of the scattering amplitude in the L-basis in

each spin-isospin channel will be denoted by

LL;S
MJ)L = MSMJ;I)M[7 (D4)
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while the off-diagonal elements will be defined as

LL;S
MJ,LL/ = MSM,];IBW[' (D5)

The determinant of the 2 x 2 sub-sector that presents the mixing between partial-waves in

the J sector is denoted by det M ;. Explicitly,

M M /
det MJ = det P HLL 5L7J_15L/’J+]_. (D.G)
Miprn ML

Instead of using numerical values for the partial-wave L, we have used the conventional

spectroscopic notations for L = 0,1,2,3 as S, P, D and F waves, respectively.

D.0.1 Positive parity isosinglet channel

The scattering amplitude matrix in this channel, after truncating the scatterings at J = 4

and L = 3, reads

Mis Misp O 0
Mips M. 0 0
oy = L P . (D.7)
0 0 Myp O
0 0 0 Msp

As is clear, each element is still a (2J + 1) matrix due to the M; quantum number. As
a result, the truncated scattering amplitude is a 16 x 16 matrix that will be used in the
master QC for this spin-isospin channel. In the following, the elements of matrices F and
M as defied above, Egs. , will be given for this channel for different irreps of the

cubic, tetragonal and orthorhombic point groups.

d = (0,0,0)
E: Ty =1, F{ =-47, M =M}, (D.8)
Ay FP =1, FH¥ =-4/71, MY = M7l (D.9)
My, My,
0 0 0 detl./\/?l _detl./\SADl 0
T T
T : IE‘((Jol) =13, Fiol) =10 O % M) = _dj\:tl}\s/t[i dgﬁl 0
0 20 2 0 0 Msp



Ty: FG2 =
d = (0,0,1)
A1 : Fégl) =

Bi: Foy) =1,

44

By:  F{§? =1,

B
IFA(MQ) =

A2 : IF(()ISQ)

M(A2) —

E: FP =1,

E
Fz(xo) =

By _ 1
3

=)

2My, s+2vV2M1,sp+Mi,p Ve2Mi s—Misp—V2Mip

V2Mi,s—Mi sp—v2Mi b Mi,s—2v2M1,5p+2M1. b

Ju

Ow‘a Oa

'S

K}

o O O

o =

«x‘a o o o o
\x‘é o o o o
E‘a o N o o
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M1 0
2,0 (D.11)
0 Msp
(D.12)
5v2
21
O
3
). (D.13)
52
21
O
3
(D.14)
0o
0 0 22 |,
4 _2v2 2
7 7 7
0
0 . (D.15)
M35
00 /2
0 0 %
0 0 20 ;

o
o
o o o O
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M1 s—2v2Mi sp+2Mi D V2Mi s—Misp—V2Mip 0 0

d=(1,1,0)

Bli

3det M1 3det M1 0
V2Mi,s—Misp—V2Mi p 2M1,5+2V2M1,sp+Mi.p 0 0 0
3det M1 3det M1
M) = 0 0 M3, 0 0
0 0 0 Msp O
0 0 0 0 Msp
(D.16)
2 9
w 0 0 =m0
1 6 2
0 -k 0 &2 o
Fo! =T, F'=| o 0o & o —¥O |
9 6 2 8
s BEO0 w0
0 ¥ 9 0
0o 0 0 0 -3 o o0 0o % 0
o 0 v2 o & 0 0 0 22 9
B1 By
Fs'=| 0o —vz2 o 2 o |, FgY 0 0 -z o0 32
42 4 2V2 2
0 0 -2 0 -2 -7 % 0 7
5v2 1
B2 0 B2 0 o 0 % 0 -3
0O 0 0 0 28 00 0 0 0
o 0 0 0 -8 00 0 0 0
FRl = 0 0 0 =% 0 |, FE=] 00 —3/%® 0 -3/3
10 V3
0o 0 % } — x5 00 0 0 010
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D.0.2 Positive parity isotriplet channel

The scattering amplitude matrix for this channel is only a 6 x 6 matrix as following

o Moy.s 0
(1L,0) — ’

0 Map

(D.21)

D.0.3 Positive parity isotriplet channel

The scattering amplitude matrix for this channel is only a 6 x 6 matrix as following

Mo,s 0

(OiO) = ) (D22)

0  Msyp

where each element is still a diagonal matrix in the M basis. The QC in Eq. (D.3) for
each irrep of the corresponding point group should be understood with the matrices that

are given below.

d = (0,0,0)
A FPV =1, MW = Mgk (D.23)
6
E: FP=1 TFP= = M® =M (D.24)
Ty: B =1, B =2 M = ) D.25
2 oo — 5 0 T T = Mo - (D.25)
d=(0,0,1)
1 0 ML 0
Aq Féfgl) =1, F%‘l) _ e | Fflfgl) | MAD 0,8 g
= 7 0 My
(D.26)
. 2V5 1 . 10 _
Bi: Fygl=1 FU=-—, Fgl=g FEY =[5, MY =MpLo (D27)
2v/5 1 10
B : F((ng) =1, Fégl) — _Tf’ ]Fz(fl) _ = Fz(lfl) _ = MBY) — M;}D (D.28)
E E NG E 4 _
E: FP =1 TFP= Fio)=——-, M® =ML (D.29)
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0 0 My

D.0.4 Negative parity isosinglet channel

Given the truncation made on the angular momentum in the master QC, the scattering

amplitude matrix for this channel is a 10 x 10 matrix, and is given by

o My p 0
0,0) = ; (D.34)
0 Ms

where each element is still a diagonal matrix in the M ; basis. The following matrices should

be used in the QC in Eq. (D.3]) for this channel.
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s EPon EPo-f EY-YD R -
14
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00 —19/13 0 0 Mg

D.0.5 Negative parity isotriplet channel

The scattering amplitude in this channel is a 30 x 30 matrix with the following elements

Mop 0 0 0 0 0
0 Mip 0 0 0 0
% = 0 0 Mop Mopr 0 0 (D.46)
0 0 Morp Mop O 0
0 0 0 0 Ms p 0
0 0 0 0 0 Myr

As is seen, various QCs in this channel will give access to the P- F-wave mixing parameter

in the NN negative parity sector. The QCs are obtained via inputing the following matrices

in Eq. (D.3).

Hh o o
=[x
o
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VITA

Ratl was born in Caracas, Venezuela, in 1984. Raised as the only man in a Catholic
household full of short and bossy Hispanic women. Life was good until he moved to
Bethesda, Maryland in fifth grade along with his mom and grandma. Despite the fact
that nobody in his cookie-cutter classroom could point out Italy in the marﬂ he quickly
adjusted to people talking to him as though he was mentally challenged since he knew no
English and was the only foreigner in the whole school.

From there, he moved every other year, back and forth between Venezuela and the States.
It wasn’t until the grace of God put Chavez into power and Raul’s dad and stepmom ran
back to the states in fear of the “socialist revolution”, that he set roots in the states. Again,
highschool kids in Florida left a lot to desire, and it would be a safe bet that they also
couldn’t point Italy in the map. This made studying and painting very appealing. After
a couple of years, he got a full ride to attend college at New College of Florida where he
would meet lots of equally weird people that would restore his faith in his generation.

When debating whether to pursue a career in science or in fine arts, he figured that if
he would spend his days contemplating esoteric thoughts he might as well make a living at
it. Also, there was no reason to continue painting on the side. Little did he know that aside
from being completely consumed by research, the average physicist makes € more than a
starving artist. After 4 years of forgettable/unforgettable momentsﬂ at NCF he graduated
with a BA in Physics in 2007.

In the fall of 2007, he began attending UW for graduate school. He joined the nuclear
theory group at the beginning of his third year. In March of 2013, he co-organized along
with Zohreh Davoudi (UW) and Tom Luu (LLN) the first Institute for Nuclear Theory
(INT) workshop on “Nuclear Reactions from Lattice QCD”. This was also the first INT

L 4Tt looks like a freaking boot kicking Sicily”

2__.involving cow costumes, foosball tournaments, sneaking into the Ringling mansions in the middle of
the night, endless walls, etc.
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workshop to have graduate student organizers. After graduating from UW with his PhD
Raul will start a postdoc at the Thomas Jefferson National Accelerator Facility (JLab)
where he will continue his work on Lattice QCD. He is eager to move to Virginia with his
pup and join the theory group at JLab, but will definitely miss Seattle and all the great

people he’s met here through the years.
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