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Chapter 1 describes the history and notion of a fusion category, as well as some natural
settings where fusion categories appear. We discuss the fact that every fusion category is
equivalent to the representation category of a weak Hopf algebra, and the importance of an
invariant called the Frobenius-Perron (FP) dimension.

Chapter 2 explores algebraic structures in corepresentation categories over weak bial-
gebras, an investigation which was inspired by studying the symmetries of path algebras
of quivers. We prove that for a weak bialgebra H, the formulaic notions of H-comodule
algebra, H-comodule coalgebra, and H-comodule Frobenius algebra are equivalent via an
isomorphism of categories to the categorical notions of algebra, coalgebra, and Frobenius
algebra in the monoidal category of right H-comodules. We also provide a monoidal functor

4

which constructs “weak quantum symmetries” from “quantum symmetries.”

Chapter 3 takes a slightly different perspective, and seeks to generalize the categories
where we can apply the notion of FP dimension. We generalize the definition of the FP
dimension of an object in a fusion category to any k-linear category with a chosen endofunc-
tor. In particular, we define the FP dimension for abelian and derived categories, as well as
provide examples and applications. This work has particular significance because it defines a

new invariant for derived categories, and not many derived invariants are known. Chapter 4

takes this one step further by calculating the Frobenius-Perron dimension for the abelian



categories associated to a special generalization of A-D-E quiver algebras, and introducing a
family of a abelian categories which produce arbitrarily large FP dimension. Along the way,
we introduce a result that can be applied to calculate the FP dimension of a radical square

zero bound quiver algebra.
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Chapter 1

INTRODUCTION
1.1 Contributions of this thesis

This thesis focuses on two main, and perhaps seemingly unrelated, subjects: Frobenius-
Perron theory of endofunctors ([CGW*19al, [Wicl9], and [CGW*19b]) and the study of
(co)representation categories of weak bialgebras ((WWW19]). However, both of these topics
find their root in a single source: fusion categories. From a mathematical perspective, fusion
categories can be seen as a generalization of finite groups (or rather, their representation
categories). To explain how the work in this thesis fits into this framework, we will build the
theory of fusion categories from the ground up, starting from the theory of groups.

Group theory was first developed in the 19th century as a way to understand the symme-
tries of mathematical and physical objects. A classical example of a group is the collection
of all symmetries of a square, that is, all physical operations that we can perform on a rigid
square that yield a square in the same position that we started with. We denote this collec-
tion of symmetries by Dg. We can see that some symmetries of the square include rotating
the square by 90 degrees or flipping it over the diagonal. In fact, there are only 8 such
symmetries (hence the name Dg).

Upon further study, we begin to notice some special properties of these symmetries. If
we compose any of these operations, that is, perform one and then the other, we still end
up with a symmetry of the square. We also have a symmetry-preserving operation that does
nothing. Furthermore, every symmetry-preserving operation has an opposite operation that
returns the square to its original state. For example, if we flip the square twice, the end
result is equivalent to the “do nothing” symmetry-preserving operation. We can formalize

these abstract properties using the definition of a group.



Definition 1.1.1. A finite group is a finite set G along with a set map m : G x G - G
satisfying the following properties. Here we write gh :=m(g,h) for (¢g,h) €e G xG.

e associativity: for all g, h, k€ G, (gh)k = g(hk),
e unitality: there exists an element 15 € G such that for all ge G, 159 =9 = glg,

e existence of inverses: for all g in G, there exists an element ¢g=! € G such that gg=! =

la=g71g.

Now that we have a formal definition of what a group of symmetries is, how can we
study groups and understand their properties? Since groups formalize the symmetries of
mathematical and physical objects, it makes sense to understand the collection of symmetries
G by understanding the objects whose symmetries are described by GG. This leads us to the

definition of a representation of a group.

Notation 1.1.2. In the following, we will work over a field k. When we write ®, we mean

k.

Definition 1.1.3. A representation of a finite group G is a vector space V over k along with
a group homomorphism p : G - Aut(V'), where Aut(V) is the collection of all automorphisms

(or symmetries) of V. If V' is a representation of G, we say that G acts on V.

The restriction that p is a group homomorphism yields two conditions. The first says
that 15 acts as the identity (or “do nothing” map) on V. The second condition says that
composition of symmetry operations in GG is compatible with the action on V. These are

exactly the conditions that we would want for a vector space V' to have symmetries described

by G.

Remark 1.1.4. In our example of the symmetries of the square, we do not need to use vector
spaces. One approach we could take is to label the corners of the square, and represent each

symmetry-preserving operation by a permutation of the corners. The corners of the square



form a set with four elements, so we could have simply defined a group action on a set instead.
However, we do not lose any information by defining group actions on vector spaces, as we
can always take a group action on a set and write it as a group action on a vector space. In
the Dg example, we could consider a 4-dimensional vector space V', with a basis in one-to-one
correspondence with the corners of the square. Since each symmetry-preserving operation
is a permutation of the corners of the square, we can extend this map k-linearly to get an
automorphism of V. It can be checked that this satisfies the definition of a representation

of Dg.

The utility of defining group actions on vector spaces is that we get richer structure and
more possible actions than defining group actions on sets. Furthermore, we can use the full
power of linear algebra to make conclusions. Eventually, we will see that we can define group
actions on mathematical objects with more structure than a vector space.

Now that we have defined a representation of a group, it is natural to ask: how can
we classify the representations of a group? In other words, a group like Dg represents the
symmetries of the square. Can we find all mathematical objects (vector spaces) that have
symmetries described by Dg?

In the special case where |G| does not divide chark, we have an important theorem that

helps us achieve our goal. First, we need a definition.

Definition 1.1.5. A subrepresentation of a representation p: G - Aut(V') is defined to be
a vector space W c V such that p(g)(w) e W for all ge G,w e W.

A simple representation is a group representation that has no subrepresentations besides
itself and the zero vector space. We remark that simple representations are often referred to

as irreducible representations in the literature.

Theorem 1.1.6 (Maschke’s Theorem [Mas98]). Every representation of a finite group G
over a field k with characteristic not dividing the order of G s a direct sum of simple

representations.



Maschke’s theorem tells us that in this case, the simple representations are the building
blocks of all representations. To understand any representation, it is enough to gain an
understanding of the simple ones.

In the case where k = C, we have a theorem about the number of simple representations.

Theorem 1.1.7. Let G be a finite group. There are finitely many simple representations p;

of G over C, and we have
> =G,

where d; denotes the degree of p;: G — Aut(V;) (the dimension of the vector space V;).

The moral of the story is that we can get all of the representations of G by taking direct
sums of the simple ones, and there are only finitely many simples. This reduces the original
classification problem to finding the simple representations, which we can use techniques
from group representation theory to solve. In the case of Dg, we can apply these techniques
to show that there are only five simple representations. It seems then that by Maschke’s
theorem, the representation theory of Dy is completely understood.

Until now, we have discussed studying the individual representations of G without any
thought as to how they behave together. Nevertheless, the collection of representations of
G has a rich structure. In particular, the collection of finite-dimensional representations
of G forms a category which we call Rep;,(G). The objects are the finite-dimensional
representations of GG, while the morphisms are vector space maps which are compatible with
the G-action.

This category has many other special properties. If (V, py/) and (W, pyy) are two represen-
tations of GG, then we can define a representation of G on their k-tensor product (VW, pyew )
via pyew (9) = pv(9) ® pw(g) for all g € G. Since our representations are finite-dimensional,
we can take the vector space dual of a representation to yield a new representation. Further-
more, Rep; , (G) is an abelian category (see [Wei94, Sec. 1.2, Defn. 1.2.2] for a definition).
Practically speaking, we can think of abelian categories as full subcategories of the category

of modules over a ring via the following theorem.



Theorem 1.1.8. [Wei9/, Freyd-Mitchell Embedding Theorem 1.6.1] If A is a small abelian
category, then there exists a ring R and an exact, fully faithful functor from A into R-Mod,
which embeds A as a full subcategory in the sense that Hom4(M, N) 2 Hompg(M, N).

In this case of Rep; 4 (G), the ring under consideration would be the group algebra kG.
It is well known that Rep; ; (G) 2 k G-mod, where k G-mod denotes the category of finite-

dimensional left k G-modules. We recall the definition of the group algebra below.

Definition 1.1.9. Let G be a finite group. Then the group algebra k G is the |G|-dimensional
k-vector space defined as Span, {g € G}. We define the multiplication map m : k Gk G - kG

as follows, where o, 8 €k, g;,h; € G:
(Z aigi) (Z ﬁjhj) = Z a;B(gih;),
i j i.j
and g;h; denotes multiplication in G. The unit is 1¢.

There are many more special properties of Rep; 4 (@), which are captured in the definition

of a fusion category.

Definition 1.1.10. [EGNO15] A fusion category C is a category that has the following

properties:

(1) k-linear: for any two objects V, W, Hom¢(V, W) has the structure of a k-vector space

that is compatible with composition of morphisms,
(2) abelian,

(3) locally finite: for any two objects V, W, dim Hom¢(V, W) < co. Furthermore, every
object has finite length; that is, for all V' € C there exists a filtration

0=WcViccV,=V

such that V;/V;_; is simple for all 4,



(4) monoidal: essentially, there is a tensor product on objects in the category [EGNO15,
Def. 2.1.1],

(5) rigid: essentially, the objects of the category have duals [EGNO15, Def. 2.10.11],

(6) finite semisimple: there are finitely many simple objects, and every object in the

category can be written as a direct sum of simples,

(7) the monoidal product is bilinear on morphisms when considered as a bi-

functor,

(8) the endomorphism ring of the monoidal unit is isomorphic to k.

If we remove requirement (6), then C is called a tensor category. If we remove requirement
(8), then C is called a multifusion category. If we remove both (6) and (8), then C is called

a multitensor category.

One might ask why we would want to generalize the properties of Rep;, (G) in this
way. One answer is that fusion and tensor categories arise naturally in physical settings, for
example, in the study of topological phases of matter, which appear in condensed matter
physics and topological quantum computing. For our purposes, we will define a topological
phase of matter to be a physical system that can be described by an anyon model: a theory
of quasiparticles on a 2-dimensional surface. A famous example of a topological phase of
matter is given by the Ising model of ferromagnetism, where the quasiparticles correspond
to elementary excitations of the ground state. The physics of an anyon model is described

by the following properties:

(1) A finite list of particle types,

(2) Rules for fusing (two particles combine) and splitting particles (one particle splits into

two),



(3) Rules for braiding (exchanging particles).

We will not focus on (3), as this involves the notion of a braided tensor category (see
[EGNO15] for a definition). Though we omit some details, we remark that the full picture
of an anyon model is given by a unitary modular tensor category (a fusion category with
additional structure).

The particle types can be thought of as labels distinguishing different types of particles.
For example, we could have an anyon model with 3 types of particles, labeled a,b,c. We
always assume that we have a special label 1, called the vacuum, which corresponds to having
no particles at all. For a particle of type a, we assume that there exists a corresponding
particle of type @, called the charge conjugate of a, and a charge conjugation map C' on the
set of labels such that C2 =1Id and C(a) = a. We also assume that 1 = 1.

The fusion rules specify the possible particle types ¢ that can result from fusing an a par-
ticle with a b particle. In this model, we assume that when we combine two particles, we get
another particle. But the particle that we get might not necessarily be uniquely determined.
Rather, we have a list of particle types that can be obtained, and the number of ways in
which we can obtain them. The final particle we obtain is determined probabilistically, as

in quantum mechanics. We use the notation:
axb=> NSc,
C

where each N¢, is a non-negative integer and we sum over all particle labels. Physically, N¢,
represents the possible number of ways an a and a b particle can combine to result in a ¢
particle. It also represents the number of possible ways a ¢ particle can split into an a and a
b particle. There are several assumptions that we need to make. For one, fusion should be
associative: (axb)xc=ax (bxc). We also want axb=bxa, and 1 xa =a.

The last assumption (along with some other physical assumptions, see [Pre, Sec. 9.12])
implies that @ is the unique type of particle that fuses with an a particle to yield 1, and
that 1 can only split into charge conjugate pairs a,a. Therefore, @ represents an antiparticle

corresponding to a. If we combine a particle with its corresponding antiparticle, they should



annihilate and yield the vacuum. If we want to create particles from the vacuum, they should
come in particle-antiparticle pairs.

There are more physical assumptions that we want to make; for the sake of brevity, we
will not mention them here. The point that we want to make is that we need the language of
fusion categories to define an anyon model mathematically. We have the following dictionary

between physical and mathematical concepts (see [Dell9] for a more detailed dictionary).

Physics Math

anyon model unitary modular tensor category C (a fu-

sion category with extra structure)

anyon types isomorphism classes of simple objects in

C

quantum superposition (every anyon | C is a semisimple abelian category (every
state can be expressed as a superposition | object can be expressed as a direct sum

of the anyon types) of the simple objects)

fusion rules: axb=3, NS¢, ax(bxc)=|C is amonoidal category with bilinear bi-

(axb)xc, Ixa=a=axl functor ®, with a® b=@®. N c

conjugate charges a,a left duals a* of simple objects a (C is rigid,
which means that left and right duals ex-

ist)

For physicists, fusion and tensor categories provide the mathematical formalism to de-
scribe certain physical models. For mathematicians, fusion and tensor categories are inter-
esting objects of study in and of themselves. Not every fusion category comes from repre-
sentations of a group. For example, the category of representations of any finite-dimensional
semisimple Lie algebra yields a fusion category. Because of this, there is an active program
of research to classify fusion categories and where they come from. One tool that has been

crucial to this effort is the Frobenius-Perron (FP) dimension. First, we need some definitions.



Definition 1.1.11. The spectral radius of a matrix A with entries in C with eigenvalues

A1, ..., A\, is defined to be
p(A) = max{[A],..., [Aal}.

Definition 1.1.12. [EGNO15, Def. 3.3.3, Prop. 4.5.4] Let C be a fusion category and
let {X1,...,X,} be a complete list of non-isomorphic simples. By semisimplicity, for every

object V' of C and every j, we have a decomposition for some integers a;; > 0:
Ve X, = EEX?““.
The Frobenius-Perron (FP) dimension of V is defined to be
FPdim(V') := p((@ij )nxn)-
Example 1.1.13. [EGNO15, Ex. 4.5.5] If C = Rep; , (G) for some finite group G, then if V/

is a representation of G of dimension d, FPdim(V') = d.

7

This example justifies calling FPdim a “dimension.” However, in a general fusion cate-
gory, the FP dimension of an object does not have to be an integer. There are many theorems
regarding the numerical properties of the FP dimensions of objects of a fusion category; we

list one here.

Theorem 1.1.14. [ENO05, Thm. 8.33] Let C be a fusion category. The following two

conditions are equivalent.

(i) For all X €C, the number FPdim(X) is an integer.

(ii) C is the representation category of a finite-dimensional quasi-Hopf algebra.

We also remark the the FP dimension has a physical meaning for a topological phase of
matter. In a unitary modular tensor category, the FP dimension (also known as the quan-

tum dimension, which is defined using the trace) of an anyon encodes some of its physical
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properties. Anyons with quantum dimension 1 are called abelian, and those with quan-
tum dimension greater than 1 are non-abelian. We can use the FP dimension along with
other properties of the anyon (for example, the twist, which represents exchange of identical
particles via braiding) to define fermions, bosons, and semions (see [Del19]).

We can also define the FP dimension of a fusion category as follows.

Definition 1.1.15. [EGNO15, Def. 3.3.12, Rem. 6.1.8] Let C be a fusion category and
let {Xi,...,X,} be a complete list of non-isomorphic simples. The Frobenius-Perron (FP)

dimension of C is defined to be
FPdim(C) := > FPdim(X;)?.
i=1

Example 1.1.16. If C = Rep;, (G) for some finite group G, then by Example 1.1.13, Defi-
nition 1.1.15, and Theorem 1.1.7,

FPdim(C) = |G|.

There are many useful theorems concerning the FP dimension of a category, but the main

one that we focus on in this thesis is the following embedding theorem.

Theorem 1.1.17. [EGNO15, Prop. 6.5.8] Let C and D be fusion categories. If F:C - D
is an injective tensor functor, then FPdim(C) < FPdim(D).

This theorem shows that the FP dimension is an invariant of a fusion category. We can
apply this theorem in the following way. If we have two fusion categories C and D, and we
find that FPdim(C) > FPdim(D), we immediately know that C ¢ D and that C 4 D. Hence
one fruitful direction in the classification of fusion categories has been classifiying all fusion
categories of a particular FP dimension (for example, see [ENO05, EGO04, JL09]).

Since the FP dimension has been such an important tool in the classification of fusion
categories, we would like to extend these ideas to other categories of importance to alge-
braists, namely abelian and derived categories. In Chapter 3, we generalize the definition of

the FP dimension of an object to any k-linear category with a chosen endofunctor, specialize
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this definition to abelian and derived categories, and give some results. This gives us a new
invariant for abelian and derived categories, and we show that the analogy of Theorem 1.1.17
holds. We build on this work in Chapter 4 by focusing on derived categories of certain abelian
categories associated to A-D-E quivers.

In the prequel, we discussed how fusion categories generalize the special categorical prop-
erties of Rep; ; (G) and how the FP dimension is a powerful tool for studying and classifying
fusion categories. But in fact, we already know something about where all fusion cate-
gories come from. There is a remarkable theorem that says that every fusion category is the

representation category of another algebraic structure called a weak Hopf algebra.

Theorem 1.1.18. ([Hay99a, Szl01], see also [ENOO05, Cor. 2.22]) Every fusion category is

equivalent to the category of finite dimensional representations of a weak Hopf algebra.

Therefore, fusion categories generalize groups from two perspectives: from the properties
of the categories themselves, and from the properties of the algebraic structures that give
rise to these categories through their representations. We now explore how this algebraic
structure generalizes the definition of a group, or rather, that of a group algebra.

First we need to recall the definition of an algebra and a coalgebra. All of the algebraic

structures that we describe here are k-linear.

Definition 1.1.19. A k-algebra is a k-vector space A equipped with a multiplication map
m:A®A— A and unit map u:k - A so that m(m®Id) =m(Id®m) and m(u®Id) =1d =

m(Id ® u). We reserve the notation 1 to mean
1:=14:=u(ly).

A k-coalgebra is a k-vector space C equipped with a comultiplication map
A:C - C®C and counit map € : C' - k so that (A®Id)A = (Id® A)A and (e ® Id)A =
Id=(Id®e)A.

Definition 1.1.20. A bialgebra is a quintuple (H,m,u, A, ) such that
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(i) (H,m,u) is an algebra,
(ii) (H,A,e) is a coalgebra,
(iii) A(ab) = A(a)A(b) for all a,be H,
(iv) A(l) =11,
(v) e(ab) =e(a)e(b) for all a,b,ce H,

(vi) e(1) =1.

We can summarize this definition by saying that a bialgebra is a vector space equipped
with the structures of an algebra and a coalgebra that have good compatibility conditions.
Items (iii)-(vi) simply say that A and ¢ are algebra maps. It turns out that this is equivalent
to requiring that m and u are coalgebra maps.

Now let us try to understand how the group algebra k GG fits into this picture. We defined
the algebra structure on k G in Definition 1.1.9. Since the elements of GG are a basis for k G,

we can define a coalgebra structure by extending the following relations k-linearly:

VgeG, A(g)=g®g, e(g9)=1

It suffices to check the relations on a basis of kGG, since all maps are k-linear. For g € G,

we have
(Aeld)A(g) =(Aeld)(9®g)=g®geg=(ldeA)(g®g) = (Id®A)A(g),

and
(e®Id)A(g) = (e®ld)(g® g) =g =(Id®e)(g® g) = (Id®e)A(g).

Finally, k G is a bialgebra, since for all g, h € G, we have

A(gh)=gh®gh=(g®g)(h®h)=A(g)A(h), A(1)=A(lg)=1g®1lc=1®1,
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and
e(gh) =1=¢(g)e(h),  e(1)=¢e(lg)=1.

Now, k G has an additional piece of structure: every element of G has an inverse. When
we have a bialgebra structure in place, we can generalize the notion of inverse with the

following definition.

Definition 1.1.21. A Hopf algebra is a sextuple (H,m,u,A,e,S), where (H,m,u, A, ¢) is
a bialgebra and S: H - H is a k-linear map called the antipode that satisfies the following
property for all h e H:

m(S ® I)A(h) = e(h) = m(Id®S)A(h).

If we define S : kG — kG by requiring that S(g) = g7! and extending k-linearly, we can
see that k G is a Hopf algebra. For g € G, we have

m(S ®1d)A(g) =m(S(g) ® g) =m(g~ ® g) = 1 =e(g),
and the other relation is proved similarly.

Remark 1.1.22. For our purposes in this chapter, it suffices to remark that a Hopf algebra

is a special case of a weak Hopf algebra (see Definition 2.2.3 for a precise definition).

One might ask why we went to the trouble of generalizing the definition of a group algebra
in this way. One motivation is Theorem 1.1.18, which says that weak Hopf algebras are
precisely the algebraic structures that yield fusion categories. Yet another motivation comes
from our study of symmetry. In the prequel, we discussed how groups formalize collections of
symmetries of mathematical objects, and we examined group actions on vector spaces. It is
natural to ask for groups to act on mathematical objects with more structure: in particular,

on algebras and coalgebras. As before, we can define group actions via automorphisms:

Definition 1.1.23. A group action by a group G on a k-algebra A is a group homomorphism
p:G— Aut(A).
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The additional piece of structure that we obtain here is that p needs to respect the
multiplication and unit of A. That is, for all g € G and a,b € A, p(g)(ab) = p(g)(a)p(g)(D),
and p(g)(14) = L.

The study of group actions on algebraic structures found its motivations in algebraic
geometry. It started with group actions on commutative algebras, in particular with group

actions on polynomial rings.

Definition 1.1.24. Given a vector space V' of dimension n, we define k[V'] to be the com-
mutative k-algebra generated by all k-linear maps V' — k. That is, if we fix a basis of V' and
let {x;} be the dual basis, then k[V'] = k[z1,...,z,].

Proposition 1.1.25. Given a representation p: G — Aut(V'), we have an induced action p'

on k[V]:
VveV.geG, fek[V], p'(9)(f)(@) = f(p(g7) ().

It is natural to ask: which polynomials are invariant (that is, fixed) under a group action
on k[V']? This simple question led to the development of invariant theory. Building off of
this framework, we can consider group actions on coordinate rings of other varieties, and
other graded commutative algebras. The logical next step (for noncommutative algebraists)
would be to consider group actions on noncommutative algebras.

Unlike graded commutative algebras, a noncommutative algebra does not have an as-
sociated geometric space via the Proj or Spec constructions. Yet studying symmetries of
noncommutative algebras still makes sense from a geometric perspective. Noncommutative
projective schemes were first developed in [AZ94] (see [Rogl4] for a comprehensive survey on
this topic). In commutative algebraic geometry, we can construct a geometric space Proj(A)
from a commutative graded ring A. When B is noncommutative, however, it might not be
easy to find a geometric space that acts as the analogue of Proj(B). However, there are
many properties of Proj(A) that are determined by its category of coherent sheaves. To

this end, a generalization of the category of coherent sheaves on Proj(A) was developed for



15

noncommutative algebras. By studying this category, noncommutative geometers can make
geometric conclusions about B without having to construct an actual geometric space.

One of the requirements on B for this construction to work is that B should be connected
N-graded. In this case, connected simply means that By = k, where By is the degree 0 part
of B. (There are other requirements, but we will focus on the connected part here.) It seems
then that if we want to study symmetries of noncommutative spaces, we should be studying
group actions on connected graded k-algebras.

However, the symmetries described by group actions on connected graded algebras do not
capture the full collection of symmetries of these algebras, particularly in the noncommuta-
tive case. For example, consider the skew polynomial ring k_;[x,y] := k{(z,y) /(zy + yz) in
the case where k is an algebraically closed field of characteristic 0. This is a noncommutative
Artin-Schelter regular algebra of global dimension 2, which by definition is connected graded.
In [CKWZ16], Chan, Kirkman, Walton, and Zhang classify all finite-dimensional inner faith-
ful Hopf actions with trivial homological determinant on global dimension 2 Artin-Schelter
regular algebras. In particular, they show that there are Hopf actions on k_;[x,y] that do
not come from a group algebra action or the action of its dual.

Examples like these led to the notion of quantum symmetry. For noncommutative con-
nected graded algebras, the “right” kind of symmetries to consider are Hopf algebra actions
(a generalization of group actions, which we will define in Chapter 2). As the previous
example shows, if we restrict ourselves to group actions, we lose genuine symmetries of non-
commutative algebras. A theorem that supports that Hopf algebra actions are the right
kind of generalization of group actions is given below. This incredible result states that for
commutative domains, there are no quantum symmetries, only group actions. That is, the

notion of Hopf action reduces to the notion of group action in the commutative domain case.

Theorem 1.1.26. [EW14/[Thm. 1.53] If a cosemisimple Hopf algebra H over k acts inner

faithfully on a commutative domain over k, then H is a finite group algebra.

The study of Hopf actions on connected graded algebras is an active field of research.
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However, there are noncommutative algebras of interest that are graded, but not connected:
for example, the path algebra of a quiver. To understand symmetries of nonconnected graded
algebras, we posit that we must extend our definition of symmetries to “weak symmetry,”
that is, (co)actions of weak bialgebras and weak Hopf algebras on algebras, coalgebras, and
Frobenius algebras. We explore this idea further in Chapter 2, where we give both categor-

)

ical and formulaic definitions of a “weak symmetry,” and show that we have isomorphisms
of categories linking the two notions. We also provide a monoidal functor that creates weak
symmetries from quantum symmetries. We hope that this work will be the first in a system-
atic study of weak symmetries.

The contribution of this thesis to the study of mathematical symmetries centers on two
main topics: applying the techniques used in the study of fusion categories to other categories
of interest to algebraists and geometers, and understanding weak symmetries of algebraic
structures. Though seemingly different, these topics find their source in the desire to for-

malize and understand symmetries, which started in the 19th century and has been a focus

of mathematical research to the present day.
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This thesis contains material pertaining to the first three papers on this list.
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2. [Wicl9] Elizabeth Wicks. Frobenius-Perron theory of modified ADE bound quiver
algebras. J. Pure Appl. Algebra, 223(6):2673-2708, 2019.

Preprints



17

3. [WWW19] Chelsea Walton, Elizabeth Wicks, and Robert Won. Algebraic structures
in comodule categories over weak bialgebras. ArXiv e-prints, 2019.
4. [CGW*19b] Jianmin Chen, Zhibin Gao, E. Wicks, James J. Zhang, Xiaohong Zhang,

and Hong Zhu. Frobenius-Perron theory for projective schemes. ArXiv e-prints, 2019.



18

Chapter 2

ALGEBRAIC STRUCTURES IN COMODULE CATEGORIES
OVER WEAK BIALGEBRAS

2.1 Introduction

This chapter is a study of quantum symmetry in the context of weak bialgebra and weak
Hopf algebra (co)actions on algebraic structures, based on joint work with Chelsea Walton
and Robert Won [WWW19]. Previously, we discussed how Hopf algebras can be thought of
as generalizations of groups and can be used to generalize group actions on connected graded
noncommutative algebras. Our goal is to use weak Hopf algebras and bialgebras to generalize
group actions on nonconnected graded algebras, coalgebras, and Frobenius algebras.

First, we need some definitions.

Definition 2.1.1. Let (A,m,u) be a k-algebra and let V' be a vector space. Then V is a
left A-module if there exists a k-linear map [ : A® V' — V such that:

o I(Ids®l) = I(m®Idy),
e [(ueldy) =1Idy.

We denote [(a®v) :=a.v forae AjveV.

Definition 2.1.2. [Mon93] Let H be a Hopf algebra and let A be a k-algebra. We say that
Ais a left H-module algebra if A is a left H-module such that for all h € H,a,b e A, we have

e h.(ab) = (hy.a)(hs.b),

L] h.lA = €(h)1A,
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where 1, is the unit of A, ¢ is the counit of H, and A(h) = h; ® hy (here we use sumless

Sweedler notation). We say that H acts on A and we call this a Hopf action.

Since a Hopf action should correspond to a symmetry of an algebra, the action should
be compatible with the algebra structure of A. The first requirement shows that we have
compatibility with multiplication, while the second shows that we have compatibility with
the unit. However, this definition seems somewhat ad-hoc. How did we come up with these
formulaic compatibility conditions? The answer is that these compatibility conditions appear
in a natural way when considering Hopf actions from a categorical perspective.

The category of modules over a Hopf algebra H is always a monoidal category, denoted
aM, where the tensor product is ® := ®, [EGNO15]. Recall the definition of an algebra
in a monoidal category (Definition 2.3.4). We have the following classical theorem, which

connects the formulaic definition of a Hopf action to the categorical definition.

Theorem 2.1.3 (see [EGNOI15, Ex. 7.8.3(6)]). Let A be a k-algebra and H be a Hopf
algebra. Then A is a left H-module algebra if and only if A is an algebra in the monoidal
category of left H-modules g M.

With this theorem in mind, we can redefine our notion of symmetry categorically by
consider algebras, coalgebras, and Frobenius algebras in g M. However, we don’t have to
only focus on modules. Since H is a coalgebra, we can also look at comodules. That is, we
can consider algebras, coalgebras, and Frobenius algebras in M* (the monoidal category of

right comodules of H) in order to understand symmetries.

Remark 2.1.4. In our work, we focus on coactions rather than actions. The main reason for
this is that we have many nice examples of weak bialgebra coactions. In particular, for any
quiver (), we have an example of an associated weak bialgebra $(Q) that coacts on k@ (see
Example 2.2.8). Since we wanted to extend our notion of symmetry to nonconnected graded
algebras like k (), this example led us to start with coactions. In the finite-dimensional case,
we do not lose anything from taking this perspective; a weak bialgebra action can be thought

of as a coaction of the dual weak bialgebra.
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As in the bialgebra case, we would like to define the notion of an action for a weak
bialgebra categorically as well as formulaically. To do this, there are several issues that need
to be taken into account. First, we need to understand the monoidal structure of M# when
H is a weak bialgebra. If H is a weak bialgebra that is not a bialgebra, the tensor product
is not ® and the monoidal unit is not k (see Section 2.3.2). So, algebras in M# are not
canonically k-algebras in this case. Yet we still want to have a formulaic definition of a weak
bialgebra coacting on an algebra that corresponds to the categorical notion. We were able

to achieve this goal, as we will show below.

Convention. We employ Sweedler notation freely here and throughout (see Section 2.2.3).
Definition 2.1.5 ([B6h00, Definition 2.1], see also [CDGO00, Proposition 4.10]). Let H be
a weak bialgebra and H; be its target counital subalgebra [Definition 2.2.2]. We say that

a k-algebra (A, m: A® A > A, u:k - A) is a right H-comodule algebra if A is a right

H-comodule via p: A - A® H, a~ af) ® a] so that

(ab)o) ® (ab)(1] = afoybro) ® apiybp
and p(la) € A® H;. Here, m(a®b) = ab and 14 = u(1y).

As desired, there is a correspondence between right H-comodule algebras and algebras

in M#; this comprises our first result.

Notation 2.1.6. If D is a category whose objects have underlying k-vector space structures,

let Dy 4. denote the full subcategory of D whose objects have finite k-dimension.

Theorem 2.1.7 (Theorem 2.4.3). Let H be a weak bialgebra. Consider the category A" of
right H-comodule algebras (see Definition 2.4.1) and the category Alg(M™) of algebras in
the monoidal category M of right H-comodules (see Section 2.3.2 and Definition 2.3.4).

Then there is an isomorphism of categories
AR = Alg(MH),

which restricts to an isomorphism Aﬁd. ~ Alg(/\/lffd_).
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The utility of this theorem is that it gives a correspondence between understanding weak
symmetries of algebras formulaically and categorically. This result has appeared as a special
case of [BCMO02, Proposition 3.9], but we include a full proof here, both for the reader’s
benefit and to build on it for subsequent results on comodule coalgebras and comodule
Frobenius algebras. The proofs of our results are all constructive, explicit, and written

purely in the language of weak bialgebras.

To study comodule coalgebras over weak bialgebras, we note that a formulaic definition

of an H-comodule coalgebra has appeared in the literature.

Definition 2.1.8 ([Jia09, Definition 1], [VZ10, Definition 2.1]). Let H be a weak bialgebra
and €, be its source counital map [Definition 2.2.2]. A k-coalgebra (C, A:C - C®C, ¢:
C' — k) is called a right H-comodule coalgebra if C' is a right H-comodule via p: C' - C® H,

¢+ C[o] ® (1] so that
C1,[0] ® C2,[0] ® C1,[1]C2,[1] = C[o],1 @ Clo]2 @ C[1]
and e(cpoy)ep = €(cqoy)es(ep)-
Moreover, we introduce the definition of an H-comodule Frobenius algebra.

Definition 2.1.9. (Definition 2.6.1) A Frobenius k-algebra (A, m,u, A, ¢) is called a right
H-comodule Frobenius algebra if (A,m,u) is a right H-comodule algebra and (A, A ¢) is a
right H-comodule coalgebra.

We establish results relating the formulaic definitions above with categorical notions.

Theorem 2.1.10 (Theorems 2.5.2 and 2.6.2). Let H be a weak bialgebra and let M denote
the monoidal category of right H-comodules (see Section 2.3.2). Consider the categories

below:

e the category CH of right H-comodule coalgebras (Definition 2.5.1);

o the category FH of right H-comodule Frobenius algebras (Definition 2.6.1);
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e the category Coalg(MH) of coalgebras in MH [Definition 2.3.4]; and

e the category FrobAlg(M™M) of Frobenius algebras in MH [Definition 2.5.4].
Then, we have the following isomorphisms of categories:
CH = Coalg(M™)  and  FM = FrobAlg(M™),

which restrict to isomorphisms Cf; = Coalg(MY, ) and F[', = FrobAlg(M{,).

Remark 2.1.11. The restrictions of the category isomorphisms to their respective categories
of finite-dimensional corepresentations in Theorems 2.1.7 and 2.1.10 is clear, and will be
omitted in the statements and proofs in Sections 2.4-2.6. We mention the restriction here
as one may be interested in category of representations yM of a finite-dimensional weak

bialgebra H, in which case one can use the monoidal equivalence: g Mg = Mf}’d

One application for this study of weak quantum symmetries is to understand Frobenius
algebras in tensor categories, which arise physically in quantum field theory. These include
the Frobenius algebras in modular tensor categories that are used to examine rational confor-
mal field theories [FRS02], those in C*-tensor categories that comprise Q-systems in subfac-
tor theory [BKLR15], the commutative Frobenius algebras that characterize 2-dimensional
topological quantum field theories in symmetric tensor categories [Koc04], and more (see
[RFFS07] for a survey of Frobenius algebras in topological and conformal field theory). The

reason we can apply our results in this way is the following theorem.

Theorem 2.1.12. ([Hay99a, Theorem 4.1], see also [Sz101, Theorem 1.4] [ENOO05, Corol-
lary 2.22]). Every fusion category is tensor equivalent to the category of finite-dimensional

comodules over a face algebra (i.e., over a certain weak bialgebra).
In light of Theorem 2.1.12, some of our contributions (Definition 2.1.9 and Theorem 2.1.10)
provide an explicit characterization of Frobenius algebras in any fusion category.

As mentioned above, our interest in comodule algebras over weak bialgebras is motivated

by coactions of Hayashi’s face algebras [Hay93] (see Theorem 2.1.12), which include weak
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bialgebras $(Q) attached to a finite quiver @) (see Example 2.2.8). In [Hay99b, Section 2],
Hayashi showed that the corresponding path algebra k@ is a comodule over H(Q), and we
further establish that k@ is an $(Q)-comodule algebra in order to illustrate Theorem 2.1.7
(Example 2.4.8). The $(Q)-comodule structure on k@ is also used for our running exam-

ples of weak comodule coalgebras (Example 2.5.7) and weak comodule Frobenius algebras

(Examples 2.6.6 and 2.6.7), which illustrate Theorem 2.1.10.

To produce another collection of examples for Theorem 2.1.7 above, we employ the quan-
tum transformation groupoids presented in [NV02, Section 2.6]. These are weak Hopf alge-
bras H(L, B,<) that depend on a Hopf algebra L, a strongly separable algebra B, and an
action B® L > B making B a right L-module algebra (Definition 2.7.2). (Note that minor
adjustments to the presentation of H(L, B, <) in [NV02] were needed.) Our last result is that
we construct a monoidal functor from a category of L-bicomodules to the corepresentation

category MH(LB.Q),

Theorem 2.1.13 (Theorem 2.7.5). Let L, B, < be as above, and let H(L, B,<) denote the
corresponding quantum transformation groupoid. Let L-Bicomod be the monoidal category of

L-bicomodules given in Definition 2.7.4. Then there is a monoidal functor
[ : L-Bicomod - M(L:B<),

This theorem provides a mechanism for creating “weak quantum symmetry” (weak Hopf
algebra coactions) from “ordinary quantum symmetry” (Hopf algebra actions). Several ex-

amples of this construction are provided at the end of Section 2.7.
2.2 Preliminaries on weak bialgebras

In this section, we begin by providing the algebraic set-up material for working over a field
in Section 2.2.1. We then define and recall properties of weak bialgebras and of weak Hopf
algebras in Section 2.2.2. Next, we define (co)modules over weak bialgebras in Section 2.2.3.

We end by providing examples of weak bialgebras in Section 2.2.4.
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2.2.1 Algebraic structures over a field

Fix a base field k, and reserve ® to mean ®y. All algebraic structures in this work are
k-linear.

Recall that a k-algebra is a k-vector space A equipped with a multiplication map
m:A®A— A and unit map u:k - A so that m(m®1Id) =m(Id®m) and m(u®Id) =1d =

m(Id ® u). We reserve the notation 1 to mean
1:= 1A = U(lk)

A k-coalgebra is a k-vector space C equipped with a comultiplication map
A:C - C®C and counit map ¢: C' - k so that (A®Id)A = (Id® A)A and (e®Id)A =1d =
(Id®e)A. When we refer to a (co)algebra, we mean a (co)associative (co)unital (co)algebra.

A Frobenius algebra over k is a k-vector space A that is simultaneously a k-algebra

(A,m,u) and a k-coalgebra (A, A,¢) so that (m®Id)(Id®A) = Am = (Idem)(A ® Id).

If (C,A,¢) is a coalgebra and c € C', we use sumless Sweedler notation and write
A(c) =1 ® ca.
We use the compact notation A%(c¢) to mean (A ® Id)A(c). Since A is coassociative,
A?(c) = (AeId)A(c) = (Id®A)A(c).
Using Sweedler notation, we write A2(c) = ¢; ® ¢ ® c3. Then we have
C1®Ca®C3:=011®C12®Cy=01 ®Cy1 ®Cao,

where we denote A(cy) =¢11 ® ¢12 and A(cz) similarly.
There may be multiple coproducts of 1 appearing in the same formula. We denote

different copies of 1 using primed notation. For example,

AD)eA(l)=(l1ol)e(li1®ly)=191,1]®1).
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2.2.2  Terminology and properties

Definition 2.2.1. A weak bialgebra is a quintuple (H,m,u, A, ¢) such that
(i) (H,m,u) is an algebra,
(ii) (H,A,¢) is a coalgebra,
(iii) A(ab) = A(a)A(d) for all a,be H,
(iv) e(abc) = e(aby)e(byc) = e(abg)e(byc) for all a,b,ce H,
(v) A2(1) = (A() @ 1)(18 A1) = (1& A())(A1) ©1).
We can rewrite (v) in Sweedler notation as follows:
1helhely=118111®l,=1, 1|1, 1.

The difference between a bialgebra and a weak bialgebra can be understood as a weaken-
ing of the compatibility between the algebra and coalgebra structures. In a weak bialgebra,
we still have that comultiplication is multiplicative (e.g., condition (iii)), but the counit is
no longer multiplicative and we do not necessarily have A(1) =1® 1 or (1) = 1. Instead,
we have weak multiplicativity of the counit (condition (iv)) and weak comultiplicativity of

the unit (condition (v)).

Definition 2.2.2 (g4, &, Hg, Hy). Let (H,m,u,A,e) be a weak bialgebra. We define the

source and target counital maps, respectively as follows:

es:H—H, xw 1ie(xly)
et H—->H, xw~e(liz)ls.

We denote the images of these maps as H; := e5(H) and H, :=¢,(H). We call H; and H, the

counital subalgebras of H (see Proposition 2.2.4).

With these definitions in mind, we can define a weak Hopf algebra.
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Definition 2.2.3. A weak Hopf algebra is a sextuple (H,m,u, A, e,S), where (H,m,u, A, ¢)
is a weak bialgebra and S : H - H is a k-linear map called the antipode that satisfies the
following properties for all h € H:

(i) S(hl)hZ = €s(h)

(i1) h1S(h2) =ei(h)

(iii) S(h1)h25(h3) = S(h)~

Note that if H is a weak bialgebra, then H is a bialgebra precisely when ¢ is multiplicative
or when A(1) =1® 1. Similarly, if H is a weak Hopf algebra, the following are equivalent:
H is a Hopf algebra; A(1) = 1® 1; e(zy) = e(x)e(y) for all x,y € H; S(x1)xe = e(z)1 for all
x € H; and x15(x2) =e(x)1 for all x € H [BNS99, p.5].

We notice that the antipode axioms for a weak Hopf algebra use the maps e, ; instead of
¢ as for ordinary Hopf algebras. In fact, the counital subalgebras H, = e,(H) and H; = ,(H)
are often used instead of k = ¢(H) in the weak Hopf algebra setting. These subalgebras have

special properties that we will need below.

Proposition 2.2.4 (Facts about counital subalgebras). Let H be a weak bialgebra.
(i) [NV02, Prop. 2.2.1(iii)] he Hy < A(h) =1, ® hly and h e H, < A(h) = 11h ® 1,.
(ii) [NVO02, Prop. 2.2.2] Hy (resp., H;) is a left (resp., right) coideal subalgebra of H.
(iii) [NV02, Prop. 2.2.2] If y € Hy and = € Hy, then yz = 2y.

(iv) [BCJ11, Prop. 1.17] Hj is a coalgebra with counit €|g, and comultiplication

A, H, -~ H, ® H,

Yy 11 ®ces(yls) = 11 ®es(y2).
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(v) [BCJ11, Prop. 1.17] Hy is a coalgebra with counit €|y, and comultiplication
At : Ht - Ht ® Ht

2z e(112) ® 1o = g4(21) ® 2.

Proposition 2.2.5 (Useful weak bialgebra identities). [NV02, Prop. 2.2.1] Let H be a weak
bialgebra and let g,h € H. The following relations hold:

es(es(h)) =es(h), ei(ei(h)) = ei(h), (2.2.5.1)
hlgs(hg) = h=€t(h1)hg, (2252)
A(].): 11®5t(12) =€S(11)®12€H5®Ht. (2253)

2.2.8 Modules and comodules

We now direct our attention to the (co)representation theory of weak bialgebras. Let H
be a weak bialgebra and let M be a k-vector space. We call M a right H-(co)module if it
is a right (co)module under the (co)algebra structure of H. We define left H-(co)modules
similarly. We call M an (H, H)-bi(co)module if it is a bi(co)module under the (co)algebra
structure of H.

Given an algebra A, we denote the actions for a right A-module M and for a left A-module

N as follows:

vy M®@A—-> M, m®a—-mda,
Unv: AN >N, a®nw~abn.

Now suppose that M and N are (A, A)-bimodules. Recall that the tensor product of M

and N is an (A, A)-bimodule given as follows:
M®y N := (M ® N)/ lm(VM ® Idy —Idas ®,LLN).

That is, M ® 4 N is a k-quotient space of M ® N.
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Given a coalgebra C', we denote the coactions for a right C'-comodule M and for a left
C-comodule N using sumless Sweedler notation:

pv:M—->MeC, m = mp] ® M1, AN:N—->C®N, n = ne-1 ® Nl

A C-comodule M must satisfy the coassociativity and unitality axioms. Namely, for right

C-comodules we get

mo] ® M[1],1 ® M[1],2, (2.2.5.4)

mo],[0] ® M[o],[1] ® M[1]

m €(m[1])m[0]. (2.2.5.5)

for all m e M. We let Comod-C' denote the category of right C'-comodules.
Now let M, N be (C,C)-bicomodules. Recall that the cotensor product of M and N is a

(C, C)-bicomodule given as follows:
M ®C N :=ker (pM ® Idy —Ids, ®>\N) .

By definition, M ®° N is a k-subspace of M ® N.

2.2.4 FExamples

Next, we present several examples of weak bialgebras.

Example 2.2.6 (Groupoid algebras). [NV02, Example 2.5] Let G be a finite groupoid (a
finite category in which every morphism is invertible). We define the groupoid algebra kG,
as follows. As a vector space, kG has basis given by the morphisms ¢g € G. The product
of two morphisms is given by composition if it is defined and 0 otherwise. This extends
linearly to define multiplication on kG. The unit of kG is 1xg = Yir; e; where e; denotes
the identity morphism of the ith object of G. Then k G can be given the structure of a weak
Hopf algebra via

A(g)=geyg, e(g)=1, S(g)=g"
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for all g € G. The groupoid algebra is a Hopf algebra if and only if G is a group. Moreover,

for any g € GG, we have
53(9) = 118(912) =Y 615(9%) = Ct(g)

where t(g) denotes the target of g and composition is written left-to-right. Hence, the

counital subalgebra (kG); is equal to ke; @ --- @ ke,,. Similarly, (kG), = ®, ke;.

The following example is not provided in the literature, to the best of our knowledge,

and its verification follows exactly as the example above.

Example 2.2.7 (Path algebras). Let @ be a finite quiver with vertex set Qo ={1,2,...,n}
and edge set )1. We let e; denote the trivial path at vertex 7. The path algebra k) has
a weak bialgebra structure given by A(e;) = ¢; ® ¢; and €(e;) = 1 for each 1 <7 < n, and
A(p) =p®p and £(p) =1 for each p € ();. With this structure, k@) is a bialgebra if and only
if |Qo| = 1. As above, (kQ)s =@} ke; = (kQ);.

Example 2.2.8 (Hayashi’s face algebras attached to quivers). Let @) be a finite quiver.
Denote by @, the set of all paths of length £ in @), and let Qg = {1,2,...,n}. For a path p, let
s(p) and t(p) denote the source and target of p, respectively. We define the weak bialgebra
H(Q) as follows. As a k-vector space, H(Q) = D0 Dy 4eq, KZpq, for indeterminates z, .
The algebra structure of (@) is given by

T gq 1 t(p) =s(p’) and t(q) = s(¢")

Tpq* Ty g = Ot(p).s(r)0t().5(a") Top'gq’ =
0 otherwise

with 1 =3 z; ;. For p,q € Qy, the coalgebra structure is given by

i,7€Qo
A (xpq) = Z Lpt @ Tt g and € (Tpq) = Opg
teQy
For each i € Qo, the face idempotents of $§(Q) are a; := ¥i'y x;; and af = 3L x;,. For
p,q € Q¢, We can compute £,(7,4) = Opg Dicy Tit(g) and £1(Tpg) = Opg Xy Ts(g),j- Hence, as
k-vector spaces, H(Q); = @ ka; and H(Q): = @}, kaj. We refer the reader to [Hay93] for

more details.
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2.3 Monoidal categories and corepresentation categories

In this section, we begin by recalling facts about monoidal categories, functors between them,
and algebraic structures within them in Section 2.3.1. We then recall the definition of the
corepresentation category of a weak bialgebra in Section 2.3.2, and discuss functors between

this category and other monoidal categories in Section 2.3.3.

2.3.1 Monoidal categories

Definition 2.3.1. [EGNO15] A monoidal category C consists of the following data:

e a category C,

e a bifunctor ® : CxC - C,

e a natural isomorphism axyz: (X®Y)®Z > X ® (Y ® Z) for each X,Y, Z €C,
e an object 1 €C,

e natural isomorphisms Ix :1® X > X, rx: X ®1 > X for each X €C,

such that the following two axioms are satisfied.

The pentagon axiom. For all objects W, XY, Z € C, the following diagram commutes:

(WeX)oY)®Z
WeX)e((Y®Z2) We(XeY))eZ

CYW,X,Y@Z\L iaw,xmcz

We(Xe(Y®Z)) < We(XeY)®Z)

Idw Raxy,z

The triangle axiom. For all objects X, Y €C, the following diagram commutes:

ax,1,Y

(Xeol)eY » Xe(1leY)

Txm %X@ly

XY
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Example 2.3.2. Examples of monoidal categories include the following:

e Vecy, the category of finite-dimensional k-vector spaces, with ® = ®y, 1 =k, and with

the canonical associativity and unit isomorphisms;

e 4 M4, the category of (A, A)-bimodules with monoidal product being the tensor prod-

uct ® 4, for an algebra A;

e “MC the category of (C,C')-bicomodules with monoidal product being the cotensor

product ®“, for a coalgebra C.

If C' is a weak bialgebra, we can endow the category of right C-comodules with the

structure of a monoidal category; see Section 2.3.2 below.

Definition 2.3.3. [Str07, p.85] [DP08] [Sz105, Eq.6.46, 6.47] Let (C, ®c, Le, (s s+, L, 7 ) and

(D,®p, Lp, s 4.4, s, 7.) be monoidal categories.

(i) A monoidal functor (F,F, ., Fy):C — D consists of the following data:

e a functor F:C - D,
e a natural transformation Fxy : F(X)®p F(Y) - F(X ®cY) for all X,Y €C,

e a morphism Fy: 1p - F(1¢) in D,
that satisfy the associativity and unitality constraints: for all X, Y, Z €C,

Fxyeoez (Idpx)y®pFy,z) apx)rv)riz) = Flaxyz) Fxeev.z (Fxy ®pldpz)),
F(lx) " lpx) = Fiex (Fo p ldpx)),

F(rx) ™ rrex) = Fxa. (Idrpx) ®pFp).

A strong monoidal functor is a monoidal functor where £y, F'x y are isomorphisms for

all X,Y eC.
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(ii) A comonoidal functor (F, F** F9):C - D consists of the following data:

e a functor F': C - D,
e a natural transformation FXY : F(X ®:Y) - F(X) ®p F(Y) for all X,Y €C,

e a morphism F°: F(1¢) - 1p in D,

that satisfy the coassociativity and counitality constraints dual to above. A strong

comonoidal functor is a comonoidal functor where F°, FX:Y" are isomorphisms for all

X, YeC.

(iii) A Frobenius monoidal functor (F, F ., Fy, F**, F9) : C — D is a functor where (F, F ., Fy)
is monoidal, (F, F**, F°) is comonoidal, such that for all X,Y, Z € C:

(Fxy ®p IdF(Z))a;?l(X),F(Y),F(Z)(IdF(X) ®pF"7) = FY*V 7 F(ayly ;) Fx yecz,

(Idpx) ®DFY,Z)04F(X),F(Y),F(Z)(FX’Y ®p ldp(z)) = FX’Y@’CZF(OéX,Y,Z)FX@cY,Z-

Our definition of a (co)monoidal functor is also called a lax (co)monoidal functor in the
literature, and our definition of a strong (co)monoidal functor is sometimes simply referred
to as a (co)monoidal functor in other references. It is well known that a strong monoidal
functor is the same as a strong comonoidal functor. Moreover, any strong (co)monoidal
functor is Frobenius monoidal [DP08, Proposition 3].

Now we turn our attention to algebraic structures in monoidal categories.

Definition 2.3.4 (Alg(C), Coalg(C), FrobAlg(C)). Let (C,®,1,a,l,r) be a monoidal cate-
gory.
(i) An algebra in C is a triple (A, m,u), where A is an object in C, and m: A® A - A,

u: 1 - A are morphisms in C, satisfying unitality and associativity constraints:

m(m®Id) = m(Id®@m)aa .4, (2.3.4.1)

m(u®Id) =y, m(Ild®u) =7a4. (2.3.4.2)
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A morphism of algebras (A,ma,ua) to (B,mp,up) is a morphism f: A - B in C so
that fma = mpep(f ® f) and fus = ug. Algebras in C and their morphisms form a

category, which we denote by Alg(C).

A coalgebra in C is a triple (C,A, ), where C' is an object in C, and A: C - C®C,

¢:C — 1 are morphisms in C, satisfying counitality and coassociativity constraints:
Oécjcyc(A@Id)A = (Id ®A)A, (2343)
(e®Id)A =1z, (Id®e)A =1zt (2.3.4.4)
A morphism of coalgebras (C,A¢,ec) to (D,Ap,ep) is a morphism g : C' > D in C

so that Apg = (g® g)Ac and epg = . Coalgebras in C and their morphisms form a

category, which we denote by Coalg(C).

A Frobenius algebra in C is a quintuple (A, m,u, A, e) such that (A, m,u) € Alg(C) and
(A, A ¢e) e Coalg(C), so that

(meld)ayy J(IdeA) = Am = (Id®@m)aas (A eId). (2.3.4.5)

A morphism of Frobenius algebras in C is a morphism in C that lies in both Alg(C)
and Coalg(C). Frobenius algebras in C and their morphisms form a category, which we

denote by FrobAlg(C).

Algebras, coalgebras, and Frobenius algebras in Vecy are the same as k-algebras, k-

coalgebras, and Frobenius algebras over k, respectively (cf. Section 2.2.1).

Next, we see that monoidal, comonoidal, and Frobenius monoidal functors preserve,

respectively, algebras, coalgebras, and Frobenius algebras in monoidal categories.

Proposition 2.3.5. [Str07, p.100-101] [Sz105, Lem. 2.1] [DP0S, Cor. 5] [KR09, Prop. 2.13]

(1)

Let (F, Fs ., Fy) :C — D be a monoidal functor. If (A,m,u) € Alg(C), then

(F(A), F(m)Faa, F(u)ky) € Alg(D).
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(ii) Let (F,F**,F°):C — D be a comonoidal functor. If (C,A,¢) € Coalg(C), then

(F(C), FOCF(A), FOF(¢)) e Coalg(D).

(iii) Let (F,Fy ., Fo, F**,F°):C — D be a Frobenius monoidal functor. If (A,m,u, A ¢) is
in FrobAlg(C), then

(F(A), F(m)Faa, F(u)Fy, FAF(A), FOF(¢)) € FrobAlg(D).

2.3.2  The corepresentation category MH

For a weak bialgebra H = (H,m,u,A,¢), the category M# of right H-comodules can be

given the structure of a monoidal category:
MH = (Comod-H, ®, 1=H,, a=avye, [, 7).

We give further details about the tensor product ® and unitality constraints [ and r be-
low. We also recall some basic facts about M# which were provided in [BCJ11], some of
which appeared in the preprint [Nil98]. The connection between M and the bi(co)module
categories y My, and s MHs are also highlighted below.

Remark 2.3.6. By [NV02, Remark 2.4.1], H*? is a weak Hopf algebra. Hence the category
of left H-comodules is isomorphic to the category of right HP-comodules and we can identify
H M with MH*” . Note that the category of left H-comodules can also be given the structure
of a monoidal category, but one would need to use the counital subalgebra H; in place of H,

along with implementing other similar substitutions.

2.3.2.1 Tensor product ®

Given M, N € MH  the tensor product M ® N has a coassociative, but not necessarily

counital, right H-coaction given by m ® n = mg ® ny) ® mpynp). Hence, in M we force
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counitality by defining the monoidal product of M and N to be
M®N:={meneM®N |men=c(mpumnpu)mpo ®no)} - (2.3.6.1)

We use the notation m®n for the element m®n when we view it as an element of M ® N.

The right H-coaction on M ® N is given by

men — m[o] @n[o] ® M1N[1]-

The inclusion of M ® N into M ® N is given by

LM7N2M§N—>M®N

e(mpunpy)mio) ® npoy = e(mpnpiy)mpoy ® njo-
There is also a projection

’I’]M7NIM®N—>M§N

men— 6(m[1]n[1])m[0] ® no]-

Next, we study ® of morphisms of H-comodules. If f: M - M’ and g : N - N’ are

morphisms of right H-comodules, then we define

fe@g:M®N - M &N’

e(mmumnp)mpo) ® njoy = e(mpuynpy) f(moy) ® g(ngo))-
Note that since f and g are right H-comodule morphisms, we have
e(f(m)g(n)p)) f(m)io) ® g(n)jo) = e(mpnp) f(mpo)) ® g(nqo)),
and so e(mpnp) f(mp)) ® g(npy) € M’ ® N’. This shows that for m®ne M ® N,

(feg)(men)=f(m)®g(n). (2.3.6.3)



36

2.3.2.2 Unit object 1= H,

The counital subalgebra H, is naturally a right H-comodule since the image of Aly, is
a subspace of Hy ® H (see Proposition 2.2.4(iv)), and so A|g, can be viewed as a map
H, - H,® H. By [BCJ11, Theorem 3.1], H, is the unit object of the monoidal category
MH.

2.3.2.3 The unit isomorphisms | and r

By [BCJ11, Section 3|, the monoidal category M¥# has unit isomorphisms:

lMZHngﬁM, x§m=6(x[1]m[1])x[0]§m[0] = 6([Em[1])m[0],

ru:Me Hy—> M, m® x = e(xpymp)) e ® mp] = e(mpye)my,
for all M € MH. Moreover, the inverses of these maps are given as follows:

ZX/}:M—>H35M, m 5(12m[1])11§m[0],
riiM—>M®H,,  m v~ mg®e(mpla)l;.

2.8.83  Functors between M and other monoidal categories

In this section, we discuss the functors U : M — Vecy, & : MH > y My and ¥ : MH -

Hs MHs . We will see below that U and ® are monoidal, and also that U and ¥ are comonoidal.

2.3.3.1 The forgetful functor U : MH — Vecy

To begin, we have by [BCJ11, Theorem 3.2| that the forgetful functor

U: M7 - Vecy
is both a monoidal functor via
IM,N - ug,
Uun:M®N —— M®N and Uy:k —— H,

(2.3.6.4)

men - e(m[l]n[l])m[o] @n[o] Iy = 1y,
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and a comonoidal functor via

LM,N el H,
UMN:M@N — Me®N and U':H, — k
(2.3.6.5)
e(mpnpy)mio) ® npo) = e(mpuny)mo) ® 1o x> e(x).

Here, nyn and ¢y are defined in Section 2.3.2.1. In fact, by [Sz105, Section 6], U is a

Frobenius monoidal functor. We also remark that
U UMY =1d gy - (2.3.6.6)

2.3.3.2  The functor ® : MH — g My,

The monoidal structure of U induces an Hg-bimodule action on any right H-comodule.
Explicitly, if M is a right H-comodule, then the left Hg-action uj; and right Hg-action vy,

are given by, respectively,
py(x®@m) = & >m=e(xmpy)mo, vu(me )= mdx=c(mmz)mp), (2.3.6.7)

for all x € Hy, m € M; this is consistent with Section 2.3.2.3. Moreover, these actions

commute with right H-coaction in the following way: for all x € Hy,m € M,
(x >mM)[1® (x >m)py =mpey®ampy and  (m<x)[)®(Mm< z)) = mpy@mpz. (2.3.6.8)
For a morphism f: M — N € M define ®(f) = f. Indeed, if m € M and x € Hy, then
fm<az) = fle(mmz)m) = e(mmz) f(mp)) = e(f(m)me)f(m)p = f(m) <.

Likewise, f(x >m) =x > f(m), for all z € Hy and m € M. Therefore, f is also an Hg-bimodule
morphism.

Next, note that as a monoidal functor, U factors through the monoidal functor

O: MH” -y My, where

®M7N1M®H5N_>M§N
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moeg, N 5(m[1]n[1])m[0] @n[o].

and @ : Hy - H; is the identity map. In fact, ®j/n is an isomorphism of H-comodules,

with inverse

Oyl v MEN > M ey, N

e(mpnpy)mi) ® npoy = e(mpnpuy)mio) ®m, N =M, n.

Throughout, we use ®5; x and QDX}’ y toidentify M ® N with M ®y_  N.

2.8.3.3 The functor ¥ : MH — Hs AMfHs

The comonoidal structure of U induces an Hg-bicomodule action on any right H-comodule.
Explicitly, if M is a right H-comodule, then the left H,-coaction and right H,-coaction on
M are given respectively by

Ay (m) = s(m[l]ll)lg ®mp], pPu(m)=mpe e 115(m[1]12) Vm e M. (2.3.6.9)
As a comonoidal functor, U factors through the comonoidal functor
U M Hs pH: - where
UMNMEN - Mo N
e(mpynpy)mio) ® njo) = e(mpung))mio) & npg)

is the inclusion and WO : H, - H, is the identity map. Here, M ®s N is the cotensor product
of M and N using the H,-coactions given in (2.3.6.9) and Definition 2.2.2. In fact, M ® N

and M ®s N are equal as subspaces of M ® N.
2.4 Weak comodule algebras

The goal of this section is to reconcile the two notions of comodule algebras over weak

bialgebras available in the literature, which is a special case of [BCM02, Proposition 3.9].
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For the remainder of the paper, fix H = (H,m,u, A, c) a weak bialgebra, and set the
notation

1:=1g =u(ly).

Definition 2.4.1 (A7 =: A). and [B6h00, Definition 2.1] [CDGO00, Proposition 4.10]. Con-
sider the category A" of right H-comodule algebras defined as follows. The objects of A
are algebras in Vecy,

(A, ma:A®A— A us:k—> A),

with 14 := ua(1x), so that
e the k-vector space A is a right H-comodule via
patA—-A®H, aw ap®ap,
namely, the coassociativity and counit axioms hold (equations (2.2.5.4) and (2.2.5.5));
e the multiplication map my4 is compatible with p4 in the sense that Va,be A,

(ab)ioy ® (ab)1) = ajoybpo) ® apiybpy, (2.4.1.1)

e the unit map u, is compatible with p4 in the sense that

pA(lA) e A® H,. (2412)
The morphisms of A are k-linear algebra maps that are also H-comodule maps. We write
A for this category when H is understood.

Remark 2.4.2. It follows from [CDGO00, Proposition 4.10] that (2.4.1.2) is equivalent to

each of the conditions below:

pa(1a) € (La)®e(lay(la)ny)le;

pa(ly) e (1A)[0]®5((1A)[1]1(1))1(2);
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la@ly = apo@e(loam)le) Vae4;
aly® Iy = apy @ <(apl)le) Vae 4
(pa)*(1a) = (La)ioy® (La)pjlay ® Leay;
(pa)’(1a) = (La)®Llaoy(La)u ® L.

Recall from Section 2.3.2 the monoidal structure of the category M# of right H-comodules.

Our main result is the following.

Theorem 2.4.3. The category A" =1 A of right H-comodule algebras is isomorphic to the
category Alg(MH) of algebras in the monoidal category MM

Proof. We achieve this result by constructing mutually inverse functors F' and G below.

TN
A Alg(MH)
G

First, take (A, mau, ua) € A, and consider the assignment
F(A, ma, ua) =(A, maUb: A A~ A va(us®ldy,): Hy— A)
F(f) =1

for f:(A,ma,us) - (B,mp,up) € A. Here, U4 and v4 are given in (2.3.6.5) and (2.3.6.7),

respectively.

Claim 2.4.4. The assignment F' above yields a functor from A to Alg(MH).

Proof of Claim 2.4.4. First, A is a right H-comodule, by the definition of A. Next, take
M :=ma US4 and we get, by the definition of A ® A (§2.3.2.1), that

ma(a®b) =maUb (a®b) =ma(a®b) =ab
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for a,be A. Since

pama(a®b) = pa(ab) = (ab)i) ® (ab)p
(24.1.1)

afo1bro) ® ap11bp)

= (M4 ®1dy)(ag) ® by ® apybpy)

2352 (Ma®ldy)pagala ®Db),

we also get that 74 is a map in M#. Moreover, 4 is associative (that is, (2.3.4.1) holds)

because m 4 is associative.

Now, take U4 := va(ua ®Idy,) and 1y, =: 1. If x € Hy, then

6 2368

D pa(la< ) (1A)[0] ® (La)pe

PR () Yoy @ 5 ((La) )z
22222AMEIEDCALD (1 1y @ e((La)p 1) Loz
e((1a)myl)(1a)o) ® 71y

(1a< 1;) ® 21y

2
patia(z)

2.2.4(iii),(2.2.5.3)

(23.6.7)

= (ﬂA ® IdH)(11 ® xlg)

224

(uA ® Idy)A(x)

222 (@ 1dyr) pu, ().
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So, Uy is a map in MH. Moreover, if x € H; and a € A, then

TiaTa®1ds) (28 a) “ 27 ma((1a<2) @ a) @27 e((1a)pyz) Ta((1a)o) ® a)

(2.3.6.1)
=" e((La)mw) ma (e((La) o) (La)o o) @ ago)

2.2.4(iii),(2.4.1.2)
= e(x(1a)py) €((Xa)o),yary) (Lado)o) @fo)

(2.2.5.4)

= e(z(1a)ny2) e((La)pyaany)(La)o apo
2.2.1(iv)

= e(x(La)mapy)(La)o) ago
(2.4.1.1

= ) E(Ia[l] )CL[O]

82323 la(z®a).

With a similar computation for the right unit constraint r4 in §2.3.2.3, we conclude that the
unit axiom (2.3.4.2) holds for the map @4. Therefore, F' sends objects to objects.

To see that F' sends morphisms to morphisms, take f : A - B € A, which means that
fma=mp(f®f)and fus =up. The map f must also be a morphism of H-comodules, so

(f® [HUAA=UAA(f® f). Now we get:

F(f)maUAA = fmy UAA

mp (f® f) UA4

= mp UM (f® f) = mp UM (F(f)® F(f)).
We also get F'(f)(va(ua®1dy,)) = vg(up ® Idy,) by the following computation. Recall by

§2.3.3.2 that a right H-comodule map f must also be an H-bimodule map. So we get for
r e Hy,
fia(e) = fauseldy)(@) “=7 f(1aqa)

§2.3.3.2 fl) <z = 1p<dz (2857 vp(up ®ldpg,)(z) = up(x).

This ends the proof of Claim 2.4.4. n

Now, take (A, ma: A®A—> A, ua: Hy, > A) € Alg(MH), and consider the assignment

G(A, ma, ﬂA) = (A, ma UA7A3A®A—>A, U U()Zk—>A),

G(g) =g,
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for g: (A, ma,ua) - (B, mp,up) € Alg(MH). Here, Uy 4 and Uy are given in (2.3.6.4).

Claim 2.4.5. The assignment G above yields a functor from Alg(M*) to A.

Proof of Claim 2.4.5. Recall from Section 2.3.3.1 that the forgetful functor U : M — Vecy

is monoidal, and that
G(A, mA, HA) = (A, mA UA7A, ﬂA Uo) = (U(A), U(mA)UAA, U(EA)U()).

By Proposition 2.3.5(i), we have that G(A, ma, ua) € Alg(Vecy).
It remains to show that A is an H-comodule algebra in the sense of Definition 2.4.1.
First, we show that M4 Ua 4 satisfies (2.4.1.1), i.e., that the following diagram commutes,

where we use 7 to denote the flip map in Vecy (that is, 7(a®b) =b® a):

Ao A Uaa A A T4 A
PABPA l P AzA l lpA
A H® A H ARARH —————= A H
ma®ld
M\ /M
A A9 H® H

We know that the right square commutes since m 4 is an H-comodule map. To show that

the left pentagon commutes, let a ® be A® A. Then

(2.3.6.4) _
pasa Uaa(a®b) =" psgale(apibny)ago ® broy)

(2.3.6.2)

=" e(apbuy)ago) [0 ® boy,[o] ® afoy, 11070111

2.2.5.4 —
B2 <(ap obpy2)ag ® bioy ® apgbp.

2.2.1((iii)) _
=" afo) ® bjoy ® (apybpy)ie((agibpy)-2)

2.3.4.4 —
( =)%m®%m®amﬁw

Similarly,

(Uaaem)(lder®1d)(pa® pa)(a®b)
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—(UAA®m)(Id®T®Id)(CL ]®b[]®b[1])

= (UA,A ® Id)(a[o] ® b[o] ® a[l]b[l])

(2.3.6.4)
=" e(agoy,mbroypy)a 1] ® apbp)

2.2.5.4
(225 (a[l],lb 1)“ ®b ap,2bp,2

afo) ® broy ® £((apuybpy) i) (apybpg )2

2.3.4.4 _
( =)%m®%m®am%m

22.1;(111))

Moreover, (2.4.1.2) holds since

(2:3.6.4) waeM §2.3.2.2

pa(la) = patalo(1y) patia(lm,) (Wa®ldy) pr, (1) ua(l1) ® 1y,

the latter of which belongs to A® H; by (2.2.5.3). Therefore, G sends objects to objects.
Now take g: A — B € Alg(MH). Since g is a map in Alg(MH), by definition G(g) = ¢ is
an H-comodule map. Thus a straightforward calculation yields (¢ ® g)Uaa = Ua a(g ® g).

We also have that gima =mp(g® g) and guy =ug. So, we get:

G(g)maUaa = gmaUya mp(9®9) Uaa

= mpUsa(g®9) mp Uaa (G(g) ® G(9)),

and likewise G(g) wa Uy = up Uy. Therefore, G(g) is an algebra map in Vecy. Functoriality
is clear by the definition of GG. Hence, G also sends morphisms to morphisms, and this ends

the proof of Claim 2.4.5. n
Claim 2.4.6. F' and GG are mutually inverse functors.

Proof. We will show that FG (resp., GF) is the identity functor on Alg(M*) (resp., A) as

follows. First, note that
FG(A, mA, EA) = (A, ma UA,A UA’A, VA (EA Ug ® Ing))

By (2.3.6.6), it is clear that M4 Ua 4 U44 = T4 as morphisms in M. Recall from Sec-

tion 2.3.3.2 that a morphism of right H-comodules is a morphism of H,-bimodules. Hence,
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for x € H,
va(tia Uy @ Idg, ) (le® 2) “ LY vyal) @ 2) *2 7 a,(1) < 2 = 14(1 < 7) = Ta(2).
So, va(ta Uy ® Idy,) =4 as morphisms in Alg(MH) as well. On the other hand,

GF(A, may, UA) = (A, ma UA’A UA,A, I/A(UA(X)IdHS)UO).

We have that my UA4 Uy 4 = my as k-linear maps by the following computation for a ® b €

A®A:

2.3.6.5 — 2.3.6.4
ma UM Ug a(a®b) 27 mals a(e(apbpy)ago 8 bop) - “ = male(apbpy)ap) © byo)
(2.4.1.1)
= e(apbp)agorbpo =" e((ab)py)(ab)po
(2:25.5) ma(a®b).

We also get va(ua ® Idy, )Uy = us due to the calculation below:

va(ua®1dy,)Uo(L) = va(ua(li) @ 1) 27 c(ua(hpua(lp = wa(le).

Moreover, FG(g) = g for any g € Alg(MH#), and GF(f) = f for any f € A. O

Therefore, the functors F' and G (defined, respectively, in Claims 2.4.4 and 2.4.5) yield

an isomorphism between the categories A := A and Alg(M). O
Now consider the following examples.

Example 2.4.7. The counital subalgebra H, is an object of A¥ = Alg(MH), as the unit

object of a monoidal category is an algebra in the category; see Section 2.3.2.2.

Example 2.4.8. Let () be a finite quiver. let ), denote the paths of length ¢ in @), write
Qo ={1,...,n}, and let e; denote the trivial path at vertex i. Let k(@ be the path algebra
of @ and let $(Q) be Hayashi’s face algebra as defined in Example 2.2.8. Recall that $(Q);
has k-basis {Y.1"; z;; | 1 < j <n}. In [Hay99b, Equation 2.15], Hayashi notes that k@ is a
right $(Q)-comodule. For a path p € Q, the right coaction is given by

ko kQ-kQeH(Q), pr Z q®Typ.
q€Qy
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Indeed, for a path p e Qy:
(Id®A)pkq(p) = (IdeA) ( > 40 xq,p) = ), 49Ty ® Ty,
q€Qy q,meQ¢

while

(pxo ®1d)pxo(p) = (P ® Id) ( Z qe® ZL‘,MD) = Z r® Ty ® Ly

qeQy r,qeQy

S0, pkq is coassociative. To see that px¢ is counital, observe that
(Id®e)pk(p) = (Id®e) ( Y ge xq,p) =p.
qeQe
In fact, k@ is a right $H(Q)-comodule algebra. First note that
PeQ(lkq) = Pra (Zei) =D €6 ®T;=)¢® (Z%‘,i)
i1 ij=1 j=1 i=1
and so pko(lkg) e kQ®H(Q):. Now let p e Qp and g € Qy,,. Then if p and ¢ are composable,
p(Pg) = Y T®X= ( > 8®$s,p) ( > t®$t,q) = k() peq(q),
T€Qerm s€Qyq teQm

since each path r € QQyy,, can be written uniquely as a composition st where s € (), and

te@,,. If pand ¢ are not composable, then
pxe(P)rxq(q) = ( >, 5® :vsp) ( > t® :ct,q) = Y st®a T = 0= pro(pg).
s€Qyp teQm s€Qp,teQm

Therefore, k@ and $H(Q) satisfy Definition 2.4.1, so k@ is an $(Q)-comodule algebra.

2.5 Weak comodule coalgebras

The goal of this section is to dualize the main result of the previous section: Theorem 2.4.3.
That result pertained to comodule algebras over weak bialgebras, and here we consider
comodule coalgebras over weak bialgebras. We then prove the analogue of Theorem 2.4.3 for

these structures.
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Definition 2.5.1 (CH =:C). ([Jia09, Def. 1], [VZ10, Def. 2.1]; [AAGRFV*03, Prop 3.12].)
Consider the category CH of right H-comodule coalgebras defined as follows. The objects of

CH are coalgebras in Vecy,
(C, Ac:C->C®C, ec:C —k),
so that
e the k-vector space C' is a right H-comodule via
pc:C—-C®H, c~cp®cp,
namely, the coassociativity and counit axioms hold (Eqgs. (2.2.5.4), (2.2.5.5));
e the comultiplication map A¢ is compatible with pc and pcgc in the sense that Ve e C,

C1,[0] ® C2,[0] ® C1,[1]1C2,[1] = €[0],1 ® C[0],2 ® C[1]s (2.5.1.1)

e the counit ¢ is compatible with pe in the sense that Vce C,
80(0[0])0[1] = 80(0[0])83(6[1]). (2512)

The morphisms of C¥ are k-linear coalgebra maps that are also H-comodule maps. In other

words, a k-linear map f:C — D between C, D € C* is a morphism in C? if

f(C[o]) ®C[) = f(C)[O] ® f(C)[l], VeeC, (2.5.1.3)
fler)® f(e2) = f(e)1® f(c)a, VeeC,  (2.5.1.4)
ec=¢epf. (2.5.1.5)

We write C for this category when H is understood.

Theorem 2.5.2. Fiz a weak bialgebra H. Then the category C¥ =: C of right H-comodule

coalgebras is isomorphic to the category Coalg(M™M) of coalgebras in MH .
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Proof. We achieve this result by constructing mutually inverse functors F' and G below.

F
C Coalg(MH)
’\G_/

First, take (C, A¢, e¢) € C, and consider the assignment
F(C, Ac, ec) =(C, UscAc:C->CoC, (ec®ld)pl:C - Hy)

F(f) =1

for f: (C,Ac,ec) - (D,Ap,ep) € C. Here, Ucc and pg, are given in Equations 2.3.6.4
and 2.3.6.9, respectively.

Claim 2.5.3. The assignment F' above yields a functor from C to Coalg(M*™).

Proof. First we will show that F' takes objects of C to objects of Coalg(MH). Let (C, Ac,ec)

be a right H-comodule coalgebra. Define
ZC = UC,C AC’ and Eo = (EC ® Id)pé

We will show that (C,A¢,Z¢) is an object of Coalg(M¥#). To do this, it suffices to show
that Ag,Zo are H-comodule maps, and that A¢ is coassociative and counital (with respect
to Z¢).

First, we will show that €4 is an H-comodule map; in other words, that the following

diagram commutes:

C = y H,
PC\L \LPHS
CoH —<® . g oH.

By Section 2.3.2.2, we have py, = Aly,. For ce C' we have

puEc(c) = Alm,Ec(c)
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2.2.2,(2.3.6.9)

Alm, (ec(cro))es(eny))

Alm, (ec(co))eny)

(2.5.1.2)

=ec(croy)epyn ® ep
2.2.5‘4
= 60(6[01,[01)0[01 [1]®cp

2.5.1.2 .
P co(cpopon)es(eoyny) @y (applied to cpop)

2.2.2,(2.3.6.9)

= (gc ® Id)(C[O] ® 6[1])

= (Ec ®Id)pc (o).

Next we will show that A¢ is an H-comodule map; in other words, that the following

diagram commutes:
Ac

C »CeC

pcl l&:@c

CeoH —2% | c5CeH.

Let ce C. Then we have

(Ac ®1d)po(c) = (Ac ® 1d) (cpo) ® 1))
= Uc,cAc(cpo)) ® cp
= Uc,c(cro11 ® cfo1,2) ® ¢

(2.3.6.4) _
= e(cpo1,1,111¢00),2,[11)€[o1,1,[0] ® Clo,2,[0] ® C[1]

2.5.1.1 .

S e(croy,i11)Cro),[01,1 ® crol,fo1,2 ® ¢ (applied to cpop)
4) _

= 6(0[1],1)0[01,1 ® C[o],2 ® C[1],2

= C[o]1 ® C[o],2 ® 5(0[1],1)0[1] 2

2.3.4.4 —
( = ) Clo],1 ® C[0],2 ® C[1]-

In the last equation, (2.3.4.4) is applied to cp;j € H, for H € Coalg(Vecy). Similarly,

Pc@cZC(C) = Pc@cUO,CAC(C)

= pcacUcc(c1 ® ¢2)
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(2.3.6.4) _
= Pc@c(5(CL[HC2{u)Clim ®<h{m)

(2.3.6.2) _
=" e(cr,cz,y)eno),[0] ® C2,01,0] ® C1,[0],[11¢2,[0],[1]

2.2.5.4 — .
@5 e(cn 202,[1])01,[0] ® o [0],[0] ® C1,[1],1C2,01,(1]  (applied to c1)

(2.2.5.4 )
= 6(01 1,2C2,[1 2)61 ® Ca[0] ® C1,[1],1C2,[1],1 (apphed to 02)

2.2.1é(111))

e((e1,i1e2,017)2)c1,[0] ® C2,001 ® (C1,17C2,1))1

= C1,[0] ® C2,[0] ® 5((01,[1]02,[1])2)(01,[1]02,[1])1
(2.3.4.4)

= C1[0] ® Co,[0] ® C1,[1]C2,1]
(2.5.1.1) _

Clo}.1 ® C[o]2 ® €[]
so the diagram commutes.
Now we will show that A¢ is counital. In particular, we will show that the following
diagram commutes, where [, 7 are the left and right unit isomorphisms defined in Sec-

tion 2.3.2.3:

i » C'® H,
Eck J/ A@;C

ceC
We will give a proof that the right hand side of the diagram commutes; the left is similar.

Let ¢ € C. We will show that ro(Id®2)Ac(c) = c.

Tc(Idggc)Zc(C) = Tc(Id ggC)UC,CAC(C)

= Tc(Idggc)Uac(Cl ® 02)

2.3.64 — —
23 )Tc(Id®€c)(5(01,[11027[1])01,[0]®C2v[0])

2.3.6.9),2.2.2
( 9 (e} (5(01, )01 ® 55(02 ])50(02,[0],[0]))

2.5.1.2 )

=rc (80(02,[0]7[0])5(01, )Cl ® Ca (0], [1])

2.2.5.4 )

(2.2.5.4) ro (50(62,[0])€(CL[ 2)01 ® Ca1]1 1) (applied to cz)

=re (50(02,[01)8(01,[1]58(02 D2)enjo ® es(ea i)
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2.2.4(i
=( ) ro (60(627[0])8(01,[1185(02 )12)01 ®1 )

:Tc(fc(@ )01 ®115(01 63(02 )12))

2% (60(62 1)eo) @ es(enn 58(02,[1])))
(2.5.1.2) re (80(02 e ® es(er [1])) (applied to c3)
(2.5.1.1

ey (ec(crop2)eron ®es(epy))
2.3.44
Y (o B eslep))
§2.3.2.3
=" e(cpoy,mes (epy))eqon o]

5.4
= )5(0[1],185(6[1],2))0[0]

2
= e(epy)eq

To justify *:

c1 ®@ec(ca0)c2,1]1 ® Cop1]2 = €1 ® Aec(ca0])C2,1])
(2.5.1.2

= ) 1 ® A(£C(C2,[U])6S(CQ:[1]))

=1 ® 80(02,[0])83(02,[1])1 ® €s(02,[1])2-

Finally, we will show that A¢ is coassociative; that is, the following diagram commutes:

Consider an arbitrary element c € C. We have the following:

(Id@ZC)Zc(C)
= (Id@ZC)UC’CAc(C)
= (Id@ZC)UC C(Cl ® 02)

2364

(Id ®Ac)(e(er ez n)es o) ® eafo))



= (Id®Uc,cAc)(e(crpcen1)e,[0] ® c2f0])

= e(er,pye2,11)c0] ® Uce(ca 01 ® €2,00,2)
2.3.6.4
LY ey

® 5(02,[0],1,[1]02,[0],2,[1] )02,[0],1,[0] ® C2,[0],2,[0]

Ca (1] )01 [0]

= 5(01 )€(Cz J[0] 2,[1])01,[0] ® €2,[0],1,[0] ® C2,[0],2,[0]
2.5.1.1)
e 5(01 1€2,1,[1 ]02,2,[1])5(02,1,[0],[1]022 )01
(2.3.4.3)

= 5(01,[1]02 [1]C3 [1])5(02,[0],[1]03,[0],[1])01,[0]

2.2.5.4
- )5(01 1]€2,[1],2C3,[1

(2.2.5.4) 8(01

11)€(C2,[11,1€3,[0],[1]) 1. [0]

1.2)e(Ca1],163,013,1)C1 0] (applied to c3)

[1])2)5((02,[

® 62’[0] ® 03’[0].

1€2,[1],2€3,[1
5(01,[1](027[1]03
2.2.1((iv))

= e(enpce16s,n1)en o]

2.2.1((ii) ) )01 ®CQ[ ]@037[0]

On the other hand, we have

(ZC @ Id)Zc(C)
=(ZC§Id)(6(cL [11)¢1,[0] ® C2.[0])

= (UC,CAC’ @Id)(g(CLD )Cl ® C2,[0 ])

(applied to ¢3)

o2

1 ® Ca.1,(0],[0] ® C2,2,[0],[0] (applied to c3)

=e(crmies [1])UC,C(CL[O],1 ® C1,[0],2) ® C2,[0]

(236.4) e(er ez ny)e(enor,n,11¢1,0),2,111) €1, [0),1,0] @ C10],2,[0] @ C2,[0]

(22 e(c1,11)¢1,2,111¢2,117)€(C1,1,[0],(1]€1,2,[01,[11)€1,1,[01,[0] © C1,2,[0],[0] ® C2,0) (applied to c1)
(2:343) e(crycaycsy)e(Cr o), 112 [00.[1]) CL0),[0] ® C2,[0],[0] ® C3.[0]

(225.4) e(cry.2¢2,1163,017)E(C1[1),1C2,[0],[1])CL[0] ® C2,f0],[0] ® C3,0]  (applied to cp)

(2254) e(ery262,1.268,17)E(CL 11 C2,11,1) ¢, 0] © C20) @ C310)  (applied to cp)
2.21;(111))8((017[1 11)263.1171)€((er,11¢2,117)1)C1,[0] ® Ca,0] ® C3.[0)

2.2.1((iv)) = =

= e(cr)ea 1163, 1])CL 0] ® C2.[0] © C3,[0]-

Therefore, A is coassociative.

Now suppose that f:C — D is a morphism in C. We will show that F'(f) := f

is also a
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morphism in Coalg(M*). In other words, the following two diagrams commute:

c_—2 ., cgC i,

D—22 s D®D D

Recall from Section 2.3.2.1 that (f® f)(c®c) = f(c)® f(') for c® ' e C®C. We start

with the first diagram. For any c € C, we have

(f®HAc(e) = (f® fUccle(c)
=(f® fHUcc(c1®ca)
LY (18 ) (e(erpean)enon ® eo)
= &(cr,pyca, ) f(ero) ® fez o))
e 6(f(01)[11f(02)[11)f(cl)[OJ ® fle)o
CD (@ (o) F(©)110) B F(©)ao)
=Up,p(f(c)1 ® f(c)s)
=Up,pApf(c)
=Apf(c).

We also have

2.3.6.9 ),2.2.2

2pf(e) P07 2 (F@men(F())
(2-5£ ’ 55(0[1])€D(f(c[0]))
(2‘551'5) 55(6[1])50(0[0])

=§C(C).

We have shown that F'(f) := f is a morphism in Coalg(M*). Tt is clear that F is
functorial since F'(fg) = fg = F(f)F(g) and F(Id¢) = Ide = Idg(cy for any morphisms f, g
in C and any C'€C. O]
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Now take (C, A¢, £¢) € Coalg(M™), and consider the assignment
G(C, A¢, ) =(C, UCCAL:C->C®C, UZ.:C —-k)
G() =f
for f:(C,A¢,2c) = (D,Ap,Zp) € Coalg(MH). Here, U and U° are given in (2.3.6.4).
Claim 2.5.4. The assignment G given above yields a functor from Coalg(M*#) to C.

Proof. To begin, define
AC = UC’CZC and EC = Uogc.

Then by Proposition 2.3.5(ii) and the fact that the forgetful functor U is comonoidal (see
Section 2.3.3.1), we have that (C,A¢g,e¢) is a coalgebra in Vecy. It remains to check that
C'is a right H-comodule coalgebra; that is, C satisfies (2.5.1.1) and (2.5.1.2).

It is easily checked that (2.5.1.1) is equivalent to the commutativity of the following

diagram, where 7 is the flip map in Vecy and m is the multiplication in H:

C i » Co H
Acl l/Ac@Id

CoC X ceHeoCoH —22 , CgCeHeH —221%", 0o H.

Using the definition of Ag, we can rewrite the diagram as follows:

C po s O H
Ac lZC ®Id
CeC Pese s O®CoH

Uc,cl lUC’CQDId

CeC X CeHoCoH —22 , cgCeHeo H —221%" , 0o o H.

Since Ag € Coalg(MH), it is an H-comodule morphism, which leads to commutativity of

the top square. To show commutativity of the rest of the diagram, let c® d € C'® ', and
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consider the computation below:

(UC’C ® Id)pcgc(cgd) = (UC’C ® Id)(c[o] @d[o] ® C[l]d[l])

2.3.6.5

PV gy @ djgy Cmdm

= (Id®@Id®m)(cpo 1® ¢ ®dp)

= (ldeldem)(Ider® Id)(c cr ® dpo} ® dp)

(
(
= (IdeIdem)(Ider ® Id)(pc ® pc)(c® d)
= (Ideldem)(Ider ®1d)(pc ® pc)USC (c® d).

Therefore, (2.5.1.1) holds.

Now we will show that (2.5.1.2) holds. Recall from (2.3.6.9) and Definition 2.2.2 that for
c e C, we have pf.(c) = cfo) ® €5(c17). Then (2.5.1.2) holds if and only if
(ec®Id)p(c) = (ec ®1d)pi(c), VeeC.
Writing e¢ in terms of ¢ yields that (2.5.1.2) holds if and only if
(U°e1d)(Ec®1d)p(c) = (U’ ®1d)(Ec ® Id)pi(c), VeeC,

where U is defined in (2.3.6.5). In fact, we will show that if (C, Ag,2¢) € Coalg(MH), then

(U° ©1d)(Zc ® 1d)p(c) = Zo(c) = (U° @ 1d) (Fc ® Id)pis(c), Vee O (2.5.4.1)

Recall that since g¢ € Coalg(MH), it is an H-comodule map. In other words,

Ec(croy) ® ey = pu,Ec(c) =Ec(c)1 ®Ec(c)2, Veel, (2.5.4.2)
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where pp, is defined in Section 2.3.2.2. Therefore,

(2.3.6.5)

(UO ® Id)(gc ® Id)p(c) = (UO ® Id)(gc(c[o]) ® C[l]) = 8(50(0[0]))0[1]
(2.554.2) 6(?0(0)1)50(6)2 (2.354.4) Ec(c)
NG ) CEY ¢ (eEole)n)Ea(e)2)
= e(Fe(0)1)es(Fe(e)2) C2 e B (eo))es ()

= (U°®1d)(Ec(cpoy) ® es(cp11))
= (UO ® Id)(gc ® Id)(c[o] ® 53(0[1]))
_ (0" ®1d) (20 @ 1d) i (c).

So, (2.5.4.1) holds, and we have shown that G takes objects of Coalg(M*H) to objects of C.

It remains to show that G takes morphisms of Coalg(M*) to morphisms of C, since if
so, it is clear that G is functorial. Let f: C — D e Coalg(MH). Then G(f) = f is an
H-comodule map. It remains to check that it is a coalgebra map: conditions (2.5.1.4) and
(2.5.1.5). Notice that UCC(f® f) = (f ® f)USC by definition of ® and the fact that U¢C
is inclusion; see (2.3.6.3) and (2.3.6.5). Then (2.5.1.4) holds as

(fo HAc=(fe HUAc

=U%C(f& f)Ac
=U%CApf (since f e Coalg(M™))
=Apf.

On the other hand, (2.5.1.5), we have
epf =U%pf = U%¢c = ec,

where the second equality holds because f € Coalg(MH#). Therefore, G is well-defined on

morphisms. [

Claim 2.5.5. The functors F and G are mutually inverse.
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Proof. Clearly, FG and GF are the identity on morphisms. It remains to show that they
act as the identity on objects. Suppose that (C,A¢,Z¢) € Coalg(MH). Then

FG(07Z07EC) = F(Ca UC?CZC) UO?C)
= (C, Uc,cU“CAc, (U%c ®1d)pg)

(2:3.6.6)

(C, Ac, (U%c®1d)pg)

(2.5.4.1)

(C,Ac,Ec).
Now suppose that (C, A¢,ec) € C. We have

GF(C, Ac,6()) = G(C, UQ(jAc, (60 ® Id)psc)
= (C, UC’CUC,CAc, UO(&?C@Id)pSC) = (C, Ac,é‘c),

where the last equality is justified by the following calculations. For any c € C', we have

(2:3.6.4)

USCUccAc(c) =U%CUsc(c1 ®ca) USC (e(er1ea,11)C1,[0] ® C2,f0])
2.3.6.5 2.5.1
( = )&T(Cl7 )Cl ®02[] ( = 6(0 ) ]1®C[]
(2:2:5.5)
= AC(&?(CD])C[O]) 'Ac (o).

Similarly,

2.5.1.2
Uz @ 1d)pi(c) = U%(zc(cop)ea(er)) 27 U0 (ec(epn)ep)
(2.3.6.5)
=" e(ec(eoeny)  =ec(eoe(en)))
2255
( = )60(6).
O
Therefore, the functors F' and G (defined, respectively, in Claims 2.5.3 and 2.5.4) yield

an isomorphism between the categories C := CH and Coalg(MH). O
Now consider the following examples.

Example 2.5.6. The counital subalgebra H, is an object of C = Coalg(MH), as the unit

object of a monoidal category is a coalgebra in the category; see Section 2.3.2.2.
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Example 2.5.7. Let @ be a finite quiver. Let @)y denote the paths of length ¢ in @, let
Qo ={1,2,...,n}, and write e; for the trivial path at vertex i. Let $(Q) denote Hayashi’s
face algebra as defined in Example 2.2.8. Recall from Example 2.4.8 that the path algebra
k@ is an $(Q)-comodule algebra via the right coaction pxg(p) = Xy, ¢ ® Tqp for p € Q.
We now show that this coaction makes the path coalgebra k @) an $(Q))-comodule coalgebra.

The coalgebra structure that we consider on k() is given as follows. If ¢ € @)y then
Axg(ei) =e; ®e; and exg(e;) = 1. For £ > 1 and for a path p € Q;, write p = pips---p, where
Py, pe € Q1. Then

Akq(p) = (espy @) + (T52t pieps ® pisipe) + (P ® expy)

and exg(p) = 0.

First, we verify the compatibility of the comultiplication Ay with the coactions pyx g and

Proekq- 1f 7 € Qp, then

PrQekQ(Akq(€i)) = Proek(€i ® €i) = X ke, €5 ® €k ® TjiThi = X jeg, €5 © €5 ® Tj;

= (kg ®1d) (T;eq, €5 ® 75:) = (Mg ® 1d) prco(e:)-

Now p € )y for some ¢ > 1. Then we have

PkQek@(Akq(P)) = Prekq (es(p) ®p+ (Zfz_ll D1Di ®pi+1"'pe) tp® et(p))
-1

= Z €j ®q® Ljs(p)Typt Z Z T U Trpyp; Tupsir-py
7j€Qo i=1 re@;
qeQy ueQyp_;

+ Z VO e ® Ty, pTh t(p)

’UEQZ
keQo
-1
:Z€S(q)®q®xqm+z Z r®u®xm,p+21j®et(v)®xwy
qeQe i=1 1eQ;,ueQe; veQy

with t(r)=s(u)

Further,

(Akq ®1d)prq(p) = (kg ®1d) (Theq, 4® 745)



29

-1

=D, (es(q) ®q®1y,+ (Z Q1 Gi ® Giv1r Qe ® xq,p) +q®eyg) ® xq,p) :
qeQy =1

So, for each p € Q; we have pxgekg(Ako(p)) = (Akg ® Id)pxo(p), as desired.

For compatibility of the counit kg with the coaction, first let i € (). Then

(exq ®1d) (prq(e:)) = (ek@ ® 1) (Tjeqq €5 ® 75i) = X jeqy Tiii

while

(ex0 ®5)(Pra(e) = (cxQ ® &) (Tjeqn € ® i) = Xjegs €5 (1) = €5(ii) = X ey Tii-

Now let £>1 and let p € Qp. Then

(k@ ®1d) (po(p)) = (k@ ®1d) (T4eq, 4 ® T4p) = 0 = (kg ® £5) (Pro(D))-
Hence, by Definition 2.5.1, the path coalgebra k@ is an $(Q)-comodule coalgebra.

2.6 Weak comodule Frobenius algebras

We now define comodule Frobenius algebras over weak bialgebras and prove a result analo-
gous to Theorems 2.4.3 and 2.5.2. Recall the category A¥ of right H-comodule algebras and
the category C of right H-comodule coalgebras from Definitions 2.4.1 and 2.5.1, respectively.

Definition 2.6.1 (F7 = F). Consider the category FH of right H-comodule Frobenius

algebras defined as follows. The objects of FH are Frobenius algebras in Vecy,
(A, ma:A®A— A, ugs:k—>A Ap:A>AQA, c4:A->Kk),

so that (A,ma,us) € A and (A,A4,e4) € CH. The morphisms of FH# are k-linear maps
that simultaneously belong to A7 and C¥. When the weak bialgebra H is clear from context,

we denote this category by F.

Theorem 2.6.2. The category F of right H-comodule Frobenius algebras is isomorphic to
the category FrobAlg(M™) of Frobenius algebras in MH.
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Proof. Similar to the proofs of Theorems 2.4.3 and 2.5.2, we achieve this result by construct-

ing mutually inverse functors F' and G below.

/F_\
F FrobAlg( M)
G

First, take (A, ma,ua,As,e4) € F, and consider the assignment

F(A,mA,uA,AA,aA) = (A, mAUA’A, Z/A(UA@)IdHS), UA,A AA, (€A®Id),0f4)
F(f) =f

for f: (A,ma,ua,Aa,ea) > (B,mp,up,Ap,ep) € F. Here, UM, vy, Uy, and p’ are

given in Eqgs. (2.3.6.4), (2.3.6.5), (2.3.6.7) and (2.3.6.9), respectively.

Claim 2.6.3. The assignment F' above yields a functor from F to FrobAlg(M™).

Proof. Define (A, ma, s, Ax,E4) = F(A,ma,us, Ay e4). By Theorems 2.4.3 and 2.5.2, in
particular by Claims 2.4.4 and 2.5.3, (A,74,74) € Alg(MH) and (A, A4,E4) € Coalg(MH).
It remains to show that the Frobenius algebra condition (2.3.4.5) holds; namely, that

(Ms®Id)(Id®A,) = Ay = (1d&m4) (A, 1d).

(Recall from Section 2.3.2 that the associativity constraint of M¥# is the identity.) We will
show the left equality; the proof of the right equality is similar. Let a® be A® A. Then

(mA§Id)(Id§ZA)(CL§b) = (WA§Id)(Id§UA7AAA)(a§b)
= (WA®Id)(Id§UAVA)(a§b1 ® bg)

2.3.64) ,_ — — _
2354 (M ®1d)(a® e(by,[11b2,[1))b1,0] ® ba [0])

= (mAU*" ®1d)(a ® e(by[1)b2,1])b1,j0] ® b2 [0])

2.3.6.5 — =
(:)(mA®MXa®dhﬂﬁﬂuﬁum®%mﬂ
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= (b, yb2,1)aby o) ® ba o)
2.5.1.1 _
( = ) aE(b[l])b[O]’l ® 5[0]72

= ab1 @ bQ,
where the last equality is justified by the following computation:

(2.2.5.5

bl®bg = Ac(b) = )Ac(E(b[l])b[o]) = 8(5[1])Ac(b[0]) = 5(b[1])b[0],1 ®b[0],2.
On the other hand, we have

Aama(a®b) =UsaAamaUr (a®b)

G 114 a(ma ® 1) (Id®A 1) U (a B b)
=Uysa(ma®Id)(Id®A4)(a®b)
= Uy a(ab; ® by)

G55 174 AUAA (aby © by)

355 b, & by,

We have shown that F' takes objects to objects. By Theorems 2.4.3 and 2.5.2, F is functorial
and F takes morphisms of F to morphisms of FrobAlg(M). O

Now take (A, M4, Wa, Aa, E4) € FrobAlg(MH), and consider the assignment
G(A, Ma, Ua, A, Ea) = (A, MaUa s, UaUy, UM Ay, UZy)
G(f) =f

for f: (A, Ma,Ua,Au,Ea) — (B, Mp,Ug, Ap,Ep) € FrobAlg(MH). Here, Uy 4, UA4, Uy, and

U° are given in Section 2.3.3.1.

Claim 2.6.4. The assignment G given above yields a functor from FrobAlg(M) to F.

Proof. Recall from Section 2.3.3.1 that the forgetful functor U : M — Vecy is Frobenius
monoidal. Then by 2.3.5(iii),

G(A, ma,ua, A, a) = (U(A), UMma)Uaa, U(ua)Up, UMU(AL), UU(E4))
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is a Frobenius algebra in Vecy. Moreover, by Theorems 2.4.3 and 2.5.2, in particular by

Claims 2.4.5 and 2.5.4, we know that
(A,ma,ua, Au,ea) = G(A,MaA,Us, Aa,Es)

is both a right H-comodule algebra and a right H-comodule coalgebra. Hence G takes
objects to objects.

By Theorems 2.4.3 and 2.5.2, GG is functorial and G takes morphisms of F to morphisms
of FrobAlg(MH). O

Now by Claims 2.4.6 and 2.5.5, the functors F' defined in Claim 2.6.3 and G defined in
Claim 2.6.4 are mutual inverses. Therefore, these functors yield an isomorphism between the

categories F := FH and FrobAlg(MH). O
Now consider the following examples.

Example 2.6.5. The counital subalgebra H, is an object of FH = FrobAlg(M), as the unit

object of a monoidal category is a Frobenius algebra in the category; see Section 2.3.2.2.

Example 2.6.6. We showed in Examples 2.4.8 and 2.5.7 that k@ is an $(Q)-comodule
algebra and an $)(Q)-comodule coalgebra. By definition, k @) is an $(Q))-comodule Frobenius
algebra if k () is first a Frobenius k-algebra. But it is straightforward to show that under the
given algebra and coalgebra structure that k@) is a Frobenius k-algebra if and only if Q) = Qg
(i.e., @ is arrowless). In this case, k@ = $(Q); in the category F, so this example reduces
to Example 2.6.5. Thus k@ =k Q) is a Frobenius algebra in M®»(@) by Theorem 2.6.2.

On the other hand, we provide below an example of a Frobenius algebra over the weak

bialgebra $(Q) that is not the counital subalgebra $(Q)s;.

Example 2.6.7. Take ) to be the two cycle with vertices 1 and 2, with arrows p: 1 - 2
and p*:2 - 1.

p
Q-1
p*
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Consider the k-algebra A = kQ/(pp* — e1, p*p — €2). Then A admits the structure of a

Frobenius k-algebra via

A(e1) =e1®e +p®p*, A(p) =e1®p+p®ey,

A(p*) =p*®e;+ey®p*, A(es) =p*®@p+ex®ea,
and e(e1) = e(ex) = 1, e(p) = e(p*) = 0. Namely, A is isomorphic to the matrix algebra
Maty(k) via eq,p,p*,es = Ei1, Eio, Eo1, Fao, respectively. Moreover, we have a coaction

p:A—> A H(Q) given by

pler) =e1®x11+e2@1a7, ple2) =e1®x19+6e2®Tg9

p(p) =p®xy,+D* @ Ty, p(p*) =D®Tpp +D @ Ty o,
that yields that A belongs to the category F. The coassociativity and counitality of p follows
from a similar proof to Example 2.4.8. We already know that A is a Frobenius algebra, so
it only remains to check that k@ is an $(Q)-comodule algebra and an $)(Q)-comodule
coalgebra. The first condition follows from the proof of Example 2.4.8 and by checking that
p(p)p(p*) = p(e1) and p(p*)p(p) = p(e2). The second condition can be checked by hand. By

Theorem 2.6.2, we can give A the structure of a Frobenius algebra in M9(Q),

2.7 Weak quantum symmetry via quantum transformation groupoids

In the section, we consider a weak Hopf algebra that arises from a double-crossed product
construction: the quantum transformation groupoid H(L, B, <) [Definition 2.7.2]. Here, L is
a Hopf algebra, B a certain right L-module algebra via action < [Notation 2.7.1]. To achieve
a supply of weak quantum symmetries, we produce a monoidal functor from a category of L-
bicomodules to H-comodules [Theorem 2.7.5], thus illustrating the main result of Section 2.4.
We present explicit examples of these new weak quantum symmetries afterward.

We assume in this section that k is an algebraically closed field. Moreover, consider the

standing notation and hypotheses below.

Notation 2.7.1 (L, B, e, 4, >, w). Let L be a Hopf algebra over k. Let B be a strongly

separable k-algebra with symmetric separability idempotent e = e() ® e(2) € B ® B?, where
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we omit summation notation. If we use multiple copies of the separability idempotent in a

calculation, we will denote the additional copies with primes like so: e/ ® ¢/(2). We have

the following identities:

be @ e = (V) @ p, Vbe B,

eWe® =15,
Assume that B is a right L-module algebra with action
Be L - B, b®hw—b< h, Vbe B, hel.

So, B is a left L-module algebra with action via the antipode S, of L,

L ® B%® - B, h®ar h>a:=a< Sy(h), VaeB?, helL.

Let w: B - k be the nondegenerate trace form of B, which is characterized by
w(eM)e® = (M@ = 1,

We assume the following useful identities:

w((h >a)b) = w(a(b< h)),

eMe(h>e®) = (eMWah)ee?,

for ae B°?, be B, and h € L.

(2.7.1.1)

(2.7.1.2)

(2.7.1.3)

(2.7.1.4)

(2.7.1.5)

(2.7.1.6)

Now we consider the following weak Hopf algebra introduced in [NV02, Section 2.6], but

modified slightly here; see also [Nil98, Example 3, Appendix D]. We verify that this is indeed

a weak Hopf algebra in the appendix.

Definition 2.7.2 (H := H(L,B,<)). Let H := H(L, B,<) be the weak Hopf algebra, which

is B»® L ® B as a k-vector space, with the following structure:
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e multiplication m((a®@h®b)® (' @h @b)) = (hy >a’)a® hyh) @ (b hy)Y';
e unit u(ly) =1p® 1, ® 1p;

e comultiplication ~ A(a®h®b) = (a®h; ®eM)® ((hy >e®) ®hsz ®D);

e counit e(a®h®b) = w(a(b< S;H(h)));

e antipode S(a®@h®b) = b S.(h)®a;

for all a,a’ € B°?, b,b' € B, and h,h' € L. We refer to H as a quantum transformation groupoid

(QTG).

Lemma 2.7.3. The source and target counital subalgebras of the QTG H := H(L,B,<) are

given, respectively, as follows:
H,=1p®1;,® B and H, =B?®1;,®1pg.
Proof. This follows from the computations below: For a € B’ he L,be B, we get

c(a®@heb)=(1p®l,eeM)e((aeh®b)(e? @1, ®15))
= (11, ®eM)e((hy l>e(2))a®h21L®(b< 12)1p)
=(1p® 1@ eM)e((hy >e?)a®hy ®D)
=w((h >e®)a(b<a S (he)))(1p @1, @)

e w(e@ab< S;H(ho)))(1p® 1 ® (eM < hy))

(2.7.1.1

"w(e)(1pe 1@ ((ab< 57 (hs))e™) < b))
G pe 1@ (a(b<a S7M(h))) < by
=1p®1,®(a< hyi1)(b< S;H(he)hio)
=101, ® (a< hy)(b< er(hy))

=1B®1L®(6L< h)b, and

c(a®heb)=c((1gel,@eM)(a@heb) (P el e1p)



=e((1; >a)lg®lh @ (e < hy)b)(e® @1, ®15)
=c(a®h; ® (e < hy)b)(eP ® 1, ©15)

=w(a((e® < hy)b<a S;H(h1))(eP @1, ®15)

(a((e™) < hy) @ S7H(h1)1) (b SpH(h)2))(e® @ 1, @ 15)
w(a(e™ @ hyStt(h12)) (0 < SpH(ha)))(e® @1, @ 1)

w

W(&G(l)SL(hg)(b < Sil(hl)))(6(2) ®1l;,® 13)

w(aeW (b« S;H(R)))(eP @1, ®1p)

D LM (b< ST h)))(ePa® 1L ® 1)

P (ST (R) B eM)b) (€Pae 1, @ 15)

LD H((e® a D) (ePao 1, ®1p)

L LeWB)((h > eP)ae 1, ® 1)

w is a trace w(be(l))((h > 6(2))a® 1, ® 13)

Y L) ((h > (ePb))as 1, ®15)

(2.751‘4) (h > b)a ®1,®1p.

First, let us consider the following monoidal category.

Z1o],[-1] ® Z[o],[0] ® T[1] = Z[-1] ® T[0],[0] ® T[0],[1]-

For X, X’ e L-Bicomod, the bicomodule structure on X ® X’ is determined by

XX - Lo XX, $®$,'—>$[_1]x671] ® Z[g] ®xEO],

XX - XeX'®L, zox ®xfo] ®x[1]xfl].
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]

One avenue of obtaining “weak quantum symmetries” is via the following construction.

Definition 2.7.4 (L-Bicomod). Let (L-Bicomod, ®, k) be the monoidal category consisting

of L-bicomodules with the following monoidal structure. Observe that if X e L-Bicomod,

(2.7.4.1)

(2.7.4.2)

(2.7.4.3)
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This monoidal category has unit object k via the counit of L, and has the canonical isomor-

phisms for associativity and unitality.

We remark that, as an abelian category, L-Bicomod is the same as the category LML
defined in Example 2.3.2. However, they differ as monoidal categories, since the monoidal
product in L-Bicomod is the tensor product ®; while the monoidal product in ZMZ is the

cotensor product ®F.

Theorem 2.7.5. Consider the assignment I' : ML — MH  where for an object X € ML,
take

N(X)=BPeX®B, with
prixy(a®@zeb) =(a®zp ®eV) e ((zpy1 >e®) @y 0b) eI(X)®H,

and for a morphism f e MY, take T'(f) =Idger ® f ® Idg. Then,
(i) T is a functor;

(ii) Let U’ : L-Bicomod - M¥ denote the forgetful functor which forgets the left L-comodule
structure. Then the precomposition T = ' o U’ : L-Bicomod — M admits a monoidal

structure, where

Txx:T(X) ® T(X) —-T(X®X)

(a@z®b)@(a' @' @) = (2-1) >a')a®rp) @z @ (b af;))V’

/F\O : :H_MH = HS -_— f(k) = i—‘\(]lL—Bicomod)

1501, 0b— 150 1, ®b.
Proof. (i) Consider the following calculations:

(prix) ® Id)prix)(a ® z ® b)

= (pp(X) ® Id)[(a ® Z10] ® 6(1)) ® ((I[l],l > 6(2)) ® [1],2 ® b)]
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= [a ®x Z[0],[0] ® 6,(1) ® (:C 1 D 6/(2)) ® Z[o],[1],2 ® 6(1)] ® ((:L'[l]J > 6(2)) ® Z[1],2 ® b)
2.2.5.
( = (CL ® 22'[0] ® 61(1)) ® [(x[l],l > 6,(2)) ® 17[1]’271 ® 6(1) ® ((l‘[l]’Q’Q > 6(2)) ® 17[1],273 ® b]
= (IdeA)[(a®zp ®'D) @ ((zp11 > eP) @22 ®b)]

= (Id®A)prx)(a®@z®b),
where the third equality holds by the comodule and the coassociativity axioms. Moreover,

(Id®e)prx)(a@z®b)

= (ld@e)[(a @z ® M) ® ((z111 > e®) @ 21112 ®D)]

= (a®z) ® eM) w((zpy) > e@) (b i (zp12)))

P2 (@@ @ (6D < apyn) w(e® (b < S (e 2))

CLY (@@ @ (09 57 (2p12))e™) < 2p11)) w(e®)
E a® ) ® ((b< S (zp2)) < 2pya)

=a®x® (b Sil(x[l],z)x[l],l)

=a®cr(xp])r0] ®b

—a®r®b.

So, I'(X) is an object of M. It is clear that I'(f) is a morphism in M and with this, T

is a functor.
(i) First, we have that T'x xs is a morphism in MH due to the following calculation:
(Tx.x ® dw)prxyeron (@@ @ b) @ (o' @ 2" ®1')]
(2452) (FX x ®ldgy) [(a @1 ®c)® (d ® T(o) ® e'M)
® ((x[l],l >e®)®x)2®b) ((37{1],1 >e?) @ T(1)2 ® b’)]
= [(x[o],[_l] > a’)a ® Tjo) (0] ® Loy o] ® (e « (g, [1])6’(1)]
® ((zpya > e<2>) @012 @b) (], > e'@) @ afy,00)

[(w >a’)a ® [o)[0] ® T{oy (0] ® (e® < (o )e’(l)]
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@ ((zop1 &) @ 201112 @) ((2fyy, > @) @ 2f,, @)
[(x >a’)a ® Ty [0 ]®x’[0]7[0] ®e(1)e’(1)]
((x oL,[1] >e®) @z 2®b) ((x De’@))®xfl]72®b')
[(x >a’)a® x[g) ®xfo] ®e(1)e’(l)]
® ((x[l]:vh] >e®) @ rp ® b) (( (2] > @) e T(3 ® b’)

multn # [(:z:[_l] >a’)a ® (o) ® Ty ® e(l)e’(l)]

® (211 > (afy > @) (pjafyy > ) @ apag20fyy, © (0 2y ,)0)
= :(a:[,l] >a')a® zjo) ® Ty ® e(l)e’(l)]
® ((zpafy & @) (zpafy, & e®) @ apgafy @ (b< :44])5')
= ( 21y D a)a® ) ® Ty @ e(l)e’(l)] ® ((x[ux'l > 6(2)6,(2)) ® 2[2]7 ]y ® (b < 7 )b')

e idemp. [(x & a')a® 10 © 7y ®e(1)] ((x [ D e?) @apaly, © (b<1 x{ )b’)

= :(a:[_l] >a’)a ® o), (0] ® xfo],[o] ® e(l)]
® ((x[0]7[1]71xfo]7[1]71 >e®)® T(0],[1).2%(), 11,2 ® (0 < 2] )b')
(274.2),(2743) [( x> a')a® (xp ® :B[ ])[0] ® e(l)]
®((x[0] ® 21 & €)@ (210) ® 7)) 112 @ (< 7))V )
= PR(xex") [(x >a')a® xp) ® 2y ® (b< z; )b’]

= pf‘(X@X’)FX,X’[(CL er®b)®(d o' )]

Next, we have that Ty is a morphism in M# due to the calculation below. By Lemma 2.7.3,

an arbitrary element of Hy is of the form 13 ® 1, ® b. Now,

(fo ® IdH)pHs[lB ®1;,® b]
§2.:;2.2 (fg ® IdH)AH[lB ®1l;,® b]
= (fo ®IdH)[(1B ® 1 ®€(1)) ® ((1L > 6(2)) ® 1 ®b)]

=(1gelxoeM)e (1, >e®)e 1, ®b)
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Moreover, we have that T\X’ x satisfies the associativity constraint required for T to be

monoidal (see Definition 2.3.3):

Txxex(IdeTx x)[(a®@r0b)®(d @2’ @b )® (" ®z" ®b")]

=Tx.xe Xn[(a®m®b)®((x Da "a' ®x[] ®(b'<1x ])b")]

= (211 ((x o P a")a' ))a®:1c [0] ® (xfo] ®xfo])[0 ® (b< (xf [0] ) DGR )b"

(2'754'3) (m[—l],Qx[—l >a") (1)1 > a’)a® o) ® 2g) 0] © T{0),[0) @ (b<' o )< 2p)b”
= (apq)2]q) D> a") (22 > a)a® zg) @z ® x]p ® (b < 2 1)(b’<1 :c”g])b”

= (iU[o],[-ux[o],[_u >a")(z-1) B> a)a® wg) [0] ® 2oy o) @ o] ® (0 2[y)a(y) 1) (0 D 2]}y )"
2.7.4.2 ! " ! " "
CL2 (ag0) ® 21y B a”) (1) B a)a @ (zg0) ® 2o o] © 2y (((Mx DY) < )b
—I‘X®X/Xn[(x 1 >a’)a® ]®:U ®((b<1:c )b)®( ez b")]

:I‘X®X/7XH(FX7X/@Id)[(a@x@b)®(a ®x ®b')®(a ®$”®b”)].

Finally, T, satisfies the left unit constraint required for T to be monoidal (see Defini-

tion 2.3.3):

T(x) Thx (To®Id)[(1p01,0b) 8 (¢/ ®2' ®D)]
=T(lx) Tux[(1p® 1, ®b) ® (d' ® 2’ ® )]
=Tk b @) 15 @ L@y © (b< afy )]
=a' ®x(y) ® (b 2V

(G71 w(e(z))(a ® zy ® (b< 1 )b'e(l))

B (e (b1l V) (@ ® 2l @ D)
=w(er(ay )6(2)((b<l T(y))"))(a" ® 2| ]®6(1))
—w ((5;1(x[2])x[1] >e®)((b< ;1:[3])1)’)) (0 ® 2f ® D)

(2.7.1.5)

= w (a2 e®) (((ba 2f)l) < S () ) (@ @ 2]y @ D)
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=& ((afy > e®) @ afy @ (b afy)V) (o @ 2]y ® D)

== (a1, B e®) @y, ® (< 2y, ) (0 @ xfy @ V)
mult_in H ((13 ® 1, ®b)((zp,y, > e e T(1)2 ® b’)) (¢ ®x7y ® eW)
=c((1p®1,8b)(d ®2' ® b)) (' ® ' ® V')

PR (s el,eb)8 (d e’ ® )],

and the right unit constraint holds similarly. O

Notice that the monoidal structure on T is prompted by the multiplication of H :=
H(L,B,<); see Example 2.7.7 below. Indeed, H (with coaction defined by Ay) is an
algebra in the monoidal category M. However, H is not necessarily a coalgebra in M,

which leads to the question below.

Question 2.7.6. Under what conditions does the functor T' of Theorem 2.7.5 admit a

comonoidal structure? Further, when does it admit a Frobenius monoidal structure?

Example 2.7.7 (X = L). Take any Hopf algebra L with strongly separable module algebra
B as in Notation 2.7.1, and let H = H(L, B,<1) be the corresponding QTG.

By Theorem 2.7.5, T : L-Bicomod - M# is monoidal and so by Proposition 2.3.5, we
obtain an induced functor Alg(L-Bicomod) — Alg(M*). By Theorem 2.4.3, there is an

isomorphism of categories G : Alg(M*) - AH. Explicitly, we have (using Claim 2.4.5) that

Alg(L-Bicomod) "2 T Alg (M) S5 A (2.7.7.1)

(Lymp,ur) = (D(L), T(mp)Tp g, T(ur)To) = (T(L), T(mp)Tr Uy 7ry» T(ur)Toly).

Note that L € Alg(L-Bicomod) via Ay. Then T(L) = B?® L® B = H as a k-vector space.
By Theorem 2.7.5, the right H-coaction on T'(L) coincides with A.
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We claim that
(f(L), ’f(mL)fL,LUF(L)f(L)v f(uL)ngo) = (H, mH,uH),
that is, under the functor (2.7.7.1), L maps to H. We verify this as follows. To verify that

f(uL)foUo = uy, notice that

2364

T(ur)ToUn (1) “ Y Tur)To (1)
=T(u)To(1p®1,®15)
=T(u)(1p® 1 ® 1)

= (Idou;, ®Id)(1p® 1x ® 15)
=1p®1.®1p

=1,

To show that f(mL)FL’LU’I—T(L)7f(L) = my, we first note that for any X e L-Bicomod, a

straightforward computation shows,
Uf(X)f(X)((a reb)e(deoreb))=(aereb)® (de x 1@ (e® q x )b')
Therefore,

T(my)Ty, tUrinyry((a@z@b)e (d @z’ b))
T(m)Tro((a®z®beM)® (f ® Ty ® (e® < ] 1))

=T(mp)((zp1) > a)a @z ® T(g) (o] ® ((be™M) n )(6(2) < 2py))b)

=T(mz) ((:c[_l] >a')a® x[o) ® [y @ ((be(l)) S )(6(2) S )b’)

=T(my) ((l‘[_l] >a')a® x[) ® Ty ® ((beWe®) q af b’ )

@712 T(my) <(x[,1] >a")a® zjo) ® [y ® (b xfl])b’)

—(Id®mL®Id)((x > a’)a ® z[o) ® ®(b<1x1)b’)

= (z[-1) > a")a® zo)a)g @ (b 24V

=(x1 Da)a®xx] ® (b Q xp)t' (since the bicoaction is given by Ap)
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=mp((a®zeb)®(d @x'®l")).

Example 2.7.8 (X = 1 gicomod = K). Again, take any L and B as in Notation 2.7.1, and let
H(L,B,<) be the corresponding QTG. Then, k € Alg(L-Bicomod) via uy. By Theorem 2.7.5
we get that T'(k) € Alg(MH(LB:9) with H(L, B, < )-coaction given by

I'(k)>T(k)® H(L,B,<), (a®1®b)~ (a®@li®e)e (e® elob)
and
(k) B”®B as k-algebras.

Indeed, the identification is given by a ® 1x ® b corresponding to a ® b. Here,

G(mpgy)[(a® 1 ®b) @ (a' @ 1 ® V)]
=Mpgy[(a® 1k ®0) ® (' ® 1x ®b')]

220 T my) T (0@ 1 ®b) B (0’ ® 1 ® )]
=T(m)[d'a® 1, ® 1) ® bb']

=d'a® 1, ®bl,

2.3.5(1) = =
Glurgo) (1) = upao(1p ® Le @ 1) "2V T(w) To(lp@ Lo 1) =130 L@ 1p.

Remark 2.7.9. Note from the example above that f(]lL_Bicomod) ~ B? @ B, and by Sec-
tion 2.3.2.2 and Lemma 2.7.3 that 1, m.5<) = B. So, if the functor Tis strong monoidal,

then B = k.

We end this section with a non-trivial example of a QTG and the accompanying functor

T in Theorem 2.7.5.

Example 2.7.10. Let G be a finite group, and assume that k is a field such that |G| € k™.
Take L = kG as a Hopf algebra, and also take B = kG as a strongly separable right L-
module algebra via the adjoint action b < h = h~'bh for h,b € G. Here, a (symmetric)
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separability idempotent of B is given by |G|' ¥ o9 ® g7', and w = ex¢; in particular, the
identities (2.7.1.5) and (2.7.1.6) hold. In this case, the QTG

H = H(kG,kG,Qadj)
is a weak Hopf algebra of dimension |G|* with structure determined by

my((a®@h®b)® (a’®h'®V')) =ha'h™'a® hh' ® h''bh'Y,
ug(lx) = lkg ® lka ® lke,
Ap(a®@h®b)=|G 'Y, (ae@heg)® (hgtht@heb),
e(la®@h®b)=1,

S(a®@h®b)=b®h™'®a,

for a,a’,h,h',b,b" € G. Take 1y := uy(1lx). Note that when G is non-trivial, we get that H
is not a Hopf algebra as Ay (1y) # 1y ® 1y in this case.

Now given a right G-comodule V, we may extend linearly so that V is a right kG-
comodule. Using the antipode, we obtain a left k G-comodule structure on V', and since kG
is cocommutative, this makes V' a k G-bicomodule. Further, we can extend the k G-coactions
to V® for all k > 1 to obtain a k G-bicomodule structure on the tensor algebra T'(V') so that
T (V) € Alg(k G-Bicomod). By Theorem 2.7.5, (kG)? @ T(V) @ kG € Alg(M*H), and so by
Theorem 2.4.3, it is also a right H-comodule algebra (i.e., in the category A¥). Similarly,
we can take any ideal I of T'(V') that is stable under the k G-coactions on T'(V') to get that
A :=T(V)/I belongs to Alg(x¢ MkG) and (kG)? ® AR kG € Alg(MH) (= AH).
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Chapter 3
FROBENIUS-PERRON THEORY OF ENDOFUNCTORS

This chapter is based on joint work with Jianmin Chen, Zhibin Gao, James J. Zhang,
Xiaohong Zhang, and Hong Zhu [CGW*19a]. Throughout let k be an algebraically closed
field, and let everything be over k.

The Frobenius-Perron dimension has become a crucial concept in the study of fusion
categories and representations of semisimple weak Hopf algebras since it was introduced
by Etingof-Nikshych-Ostrik [ENOO05] (also see [EGNO15, EGO04, Nik04]). In this chapter,
we ask the question: can we extend the notion of Frobenius-Perron dimension to other
categories of interest to algebraists? We answer this question in the affirmative for any k-
linear category with a chosen endofunctor. In particular, we develop Frobenius-Perron type
invariants to study abelian and derived categories. Abelian categories are the bread and
butter of algebraists, as the category of representations of a ring is always an abelian category.
Derived categories were first developed by Grothendieck in the context of algebraic geometry,
but have since found their way to other fields, including noncommutative algebraic geometry
and physics. It is our hope that this new invariant will aid those trying to understand these

categories.

3.0.1 Definitions

The first goal is to introduce the Frobenius-Perron dimension of an endofunctor of a category.
This definition was inspired by the definition of the FP dimension of an object in a fusion

category, which we recall below.

Definition 3.0.1. [EGNO15, Def. 3.3.3, Prop. 4.5.4] Let C be a fusion category and let

{X1,...,X,} be a complete list of non-isomorphic simples. By semisimplicity, for every
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object V' of C and every j, we have a decomposition for some integers a;; > 0:
Ve X,z EEX?““.
The Frobenius-Perron (FP) dimension of V is defined to be
FPim(V') := p((ai;)nxn),
where p is the spectral radius.

We can interpret this definition in another way. Instead of thinking about the object V|
we can think about the endofunctor V @ — : C — C. For each simple object, we examine
the object it is mapped to under this endofunctor. We then study its decomposition into
simples, take the data from there, and put it into a matrix. We can see that this definition
requires the existence of simple objects as well as semisimplicity. But what can we do when
our category does not have a notion of subobject in the first place?

Well, notice that
Home(X;,V ®c Xi) 2 Home (Xj, @X;Ba““) ~ P Home (X, X;)®%k = k®k,
i=1 i=1

where the last isomorphism is due to the fact that X;, X; are simple objects, so Hom(Xj, X;) =

d;i k. Therefore, we can write
ajr = dim Home (X, V ®c Xi).

Therefore, instead of defining the FP dimension using the decomposition into simples, we
could have defined it by taking dimensions of Hom spaces. In this context, the fact that we
needed about these simple objects was that Hom(X;, X;) = d;; k. These observations led to
our definition of Frobenius-Perron dimension for a category with a chosen endofunctor (see
3.2).

If an object V in a fusion category C is considered as the associated tensor endofunctor
V ®c—, then our definition of the Frobenius-Perron dimension agrees with the definition given

in [ENOO5] (see Example 3.2.12 for details). Our definition applies to the derived category
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of projective schemes and finite dimensional algebras, as well as other abelian and additive
categories (Definitions 4.1.11 and 3.2.5). In Section 3.2, we define the following invariants of

an endofunctor:

Frobenius-Perron dimension (denoted by fpd, and fpd™ for n > 1),
Frobenius-Perron growth (denoted by fpg),
Frobenius-Perron curvature (denoted by fpv), and

Frobenius-Perron series (denoted by FP).

One can further define the above invariants for an abelian or a triangulated category. Note
that the FP dimension/growth/curvature of a category can be a non-integer, see Proposition
3.5.12(1), Example 3.8.7, and Remark 3.5.13(5) for non-integral values of fpd, fpg, and fpv
respectively.

If 2 is an abelian category, let D?(2() denote the bounded derived category of 2. On the

one hand, one might say that it is reasonable to call fpd a dimension function since
fpd(D°(Mod ~k[zy, -, 2,])) = n

(Proposition 3.4.3(1)), but on the other hand, one might argue that fpd should not be called

a dimension function since

fpd(D*(coh(P"))) =

(Propositions 3.6.5 and 3.6.7). In the latter case, fpd is an indicator of representation type of
the category of coh(P™), namely, coh(P") is tame if n = 1, and is of wild representation type

for all n > 2. A similar statement holds for projective curves in terms of genus (Proposition

3.6.5).
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We also define the Frobenius-Perron (“fp”) version of global dimension (Definition 3.2.8(1))
for any triangulated category. We remark that in general, the fpgldim A does not agree with
the classical global dimension of A (Theorem 3.7.8).

Our second goal is to provide several applications.

3.0.2  Embeddings

As the following theorems show, the Frobenius-Perron dimension increases when the “size”

of the endofunctors and categories increase.

Theorem 3.0.2 (Theorem 3.3.2). Suppose C and D are k-linear categories. Let F:C — D
be a fully faithful functor. Let oc and op be endofunctors of C and D respectively. Suppose
that F o o¢ is naturally isomorphic to opo F'. Then FP(u,t,0¢) < FP(u,t,op).

By taking o to be the suspension functor of a pre-triangulated category, we have the
following immediate consequence. (Note that the fp-dimension of a triangulated category T

is defined to be fpd(2), where 3 is the suspension of T.)

Corollary 3.0.3. Let Ty be a pre-triangulated category and Ty a full pre-triangulated subcat-
egory of Ta. Then the following hold.

(1) fpd T; < fpd Ts.
(2) tpgTr <fpg .
(8) fpv Ty < fpvTs.
(4) If Ty has fp-subexponential growth, so does Ti.

Fully faithful embeddings of derived categories of projective schemes have been inves-
tigated in the study of Fourier-Mukai transforms, birational geometry, and noncommuta-
tive crepant resolutions (NCCRs) by Bondal-Orlov [BO01, BO02], Van den Bergh [VdB04],
Bridgeland [Bri02], Bridgeland-King-Reid [BKRO01] and more.



79

Note that if fpgldim(7) < oo, then fpg(7T) = 0. If fpg(7) < oo, then fpv(7) < 1. Hence,
fpd, fpgldim, fpg and fpv measure the “size”, “representation type”, or “complexity” of a
triangulated category T at different levels. Corollary 3.0.3 has many consequences concerning
non-existence of fully faithful embeddings provided that we compute the invariants fpd, fpg

and fpv of various categories efficiently.

3.0.3 Tame vs wild

Here we mention a couple of more applications. First we extend the classical trichotomy on

the representation types of quivers to the fpd.

Theorem 3.0.4. Let () be a finite quiver and let Q be the bounded derived category of finite

dimensional left k QQ-modules.
(1) kQ is of finite representation type if and only if fpd Q = 0.
(2) kQ is of tame representation type if and only if fpd Q = 1.
(3) kQ is of wild representation type if and only if fpd Q = .

By the classical theorems of Gabriel [Gab72] and Nazarova [Naz73], the quivers of finite
and tame representation types correspond to the ADE and ADE diagrams respectively.

The above theorem fails for quiver algebras with relations (Proposition 3.5.12). As we
have already seen, fpd is related to the “size” of a triangulated category, as well as, the
representation types. We will see soon that fpg is also closely connected with the complexity
of representations. When we focus on the representation types, we make some tentative
definitions.

Let T be a triangulated category (such as D*(Modsg4 —A)).
(i) We call T fp-trivial, if fpd T = 0.

(ii) We call T fp-tame, if fpd T = 1.
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(iii) We call T fp-potentially-wild, if fpd T > 1. Further,

(illa) T is fp-finitely-wild, if 1 < fpd T < oo.
(itib) T is fp-locally-finitely-wild, if fpd T = oo and fpd"(7") < oo for all n.

(iiic) T is fp-wild, if fpd' T = oo.

There are other notions of tame/wildness in representation theory, see for example, [GK02,
Dro04]. Following the above definition, fpd provides a quantification of the tame-wild di-
chotomy. By Theorem 3.0.4, finite/tame/wild representation types of the path algebra k@
are equivalent to the fp-version of these properties of Q. Let A be a quiver algebra with rela-
tions and let A be the derived category D*(Mody 4 —A). Then, in general, finite/tame/wild
representation types of A are NOT equivalent to the fp-version of these properties of A

(Example 3.5.5). It is natural to ask:

Question 3.0.5. For which classes of algebras A, is the fp-wildness of A equivalent to the

classical and other wildness of A in representation theory literature?

3.0.4 Complexity

The complexity of a module or of an algebra is an important invariant in studying represen-
tations of finite dimensional algebras [AE81, Car96, CDW94, GLW09]. Let A be the quiver
algebra k Q/(R) with relations R. The complezity of A is defined to be the complexity of
the A-module T":= A/Jac(A), namely,

cx(A) = cx(T) :=limsuplog, (dim Ext’y (T, 7)) + 1.

n—oo

Let GKdim denote the Gelfand-Kirillov dimension of an algebra (see [KL85] and [MR87, Ch.

13]). Under some reasonable hypotheses, one can show
cx(A) = GKdim (@ Eth(T,T)) :
n=0

It is easy to see that cz(A) is an derived invariant. We extend the definition of the complexity

to any triangulated category (Definition 3.8.2(4)).
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Theorem 3.0.6. Let A be the algebra kQ/(R) with relations R and let A be the bounded

derived category of finite dimensional left A-modules. Then
fpg(A) < cx(A) - 1.

The equality fpg(.A) = cz(A) - 1 holds under some hypotheses (Theorem 3.8.4(2)).

3.0.5  Frobenius-Perron function
If 7 is a triangulated category with Serre functor S, we have a fp-function
fp: 27 — Ry
which is defined by
fp(a,b) :=fpd(X?o S°) € Ryy.

Then fpd(7) is the value of the fp-function at (1,0).

The fp-function for the projective line P! and the quiver A, are given in the Examples
3.5.1 and 3.5.4 respectively.

The statements in Theorem 3.0.4, Questions 3.0.5 and 3.7.11 indicate that fp(1,0) pre-
dicts the representation type of T for certain triangulated categories. It is expected that

values of the fp-function at other points in Z? are sensitive to other properties of T.

3.0.6  Other properties

The paper contains some basic properties of fpd, one of which we mention here.

Proposition 3.0.7 (Serre duality). Let C be a Hom-finite category with Serre functor S.

Let o be an endofunctor of C.
(1) If o has a right adjoint o', then

fpd(o) = fpd(a' 0 S).
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(2) If o is an equivalence with quasi-inverse o=t then

fpd(o) = fpd(c' 0 9).

(3) If C is n-Calabi- Yau, then we have a duality, for all i,

fpd(%?) = fpd(X"7).

3.0.7 Computations

Our third goal is to develop methods for computation. To use fp-invariants, we need to
compute as many examples as possible. In general it is extremely difficult to calculate useful
invariants for derived categories, as the definitions of these invariants are quite sophisticated.
We develop some techniques for computing fp-invariants. In Sections 3.4 to 3.8, we compute

the fp-dimension for some non-trivial examples.

3.0.8 Conventions

(1) Usually @ means a quiver.
(2) T is a (pre)-triangulated category with suspension functor ¥ = [1].

3) If A is an algebra over the base field k, then Mod 4 —A denotes the category of finite
!

dimensional left A-modules.
(4) If A is an algebra, then we use A for the abelian category Mod 4 —A.

(5) When 2l is an abelian category, we use A for the bounded derived category D?(2l).
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3.1 Preliminaries

3.1.1 Classical Definitions
Let A be an n x n-matrix over complex numbers C. The spectral radius of A is defined to be
p(A) = max{|7ﬂ1|7|7ﬂ2|7"'7|7ﬂn|} eR

where {ry,ry,---,7,} is the complete set of eigenvalues of A. When each entry of A is a
positive real number, p(A) is also called the Perron root or the Perron-Frobenius eigenvalue
of A. When applying p to the adjacency matrix of a graph (or a quiver), the spectral radius
of the adjacency matrix is sometimes called the Frobenius-Perron dimension of the graph
(or the quiver).

Let us mention a classical result concerning the spectral radius of simple graphs. A finite
graph G is called simple if it has no loops and no multiple edges. Smith [Smi70] formulated

the following result:

Theorem 3.1.1. [DGF*13, Theorem 1.3] Let G be a finite, simple, and connected graph

with adjacency matriz A.

(1) p(A) =2 if and only if G is one of the extended Dynkin diagrams of type ADE.

(2) p(A) <2 if and only if G is one of the Dynkin diagrams of type ADE.

We refer to [DGF*13] and [HPR80] for the diagrams of the ADE and ADE quiv-
ers/graphs.

In order to include some infinite-dimensional cases, we extend the definition of the spectral
radius in the following way. Let A := (a;j)nxn be an n x n-matrix with entries a;; in R :=

Ru {zoo}. Define A" = (aj;)nxn Where
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In other words, we are replacing oo in the (4, j)-entry by a finite real number, called z;;, in

the (i, j)-entry. And every x;; is considered as a variable or a function mapping R - R.

Definition 3.1.2. Let A be an n x n-matrix with entries in R. The spectral radius of A is

defined to be
p(A):= liminf p(A) eR. (3.1.2.1)

Remark 3.1.3. It also makes sense to use limsup instead of liminf in (3.1.2.1). We choose

to take liminf in this paper.
Here is an easy example.

1 -o0 1 —X12
Example 3.1.4. Let A = . Then A’ = . It is obvious that

0 2 0 2

p(A)= lim p(A")= lim 2=2.

Tr12—>00

3.1.2  k-linear categories

If C is a k-linear category, then Hom¢ (M, N) is a k-module for all objects M, N in C. If C
is also abelian, then Ext’ (M, N) are k-modules for all i > 0. Let dim be the k-vector space

dimension.

Remark 3.1.5. One can use a dimension function other than dim. Even when a category
C is not k-linear, it might still make sense to define some other dimension function on the
Hom-sets of the category C. The definition of Frobenius-Perron dimension given in the next

section can be modified to fit this kind of dim.

3.1.83  Frobenius-Perron dimension of a quiver

In this subsection we recall some known elementary definitions and facts.

Definition 3.1.6. Let () be a quiver.
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(1) If @ has finitely many vertices, then the Frobenius-Perron dimension of ) is defined
to be

fpd @ = p(A(Q))
where A(Q) is the adjacency matrix of Q.

(2) Let @ be any quiver. The Frobenius-Perron dimension of ) is defined to be

fpd @ :=sup{fpd Q'}
where ()’ runs over all finite subquivers of Q).
See [ES11, Propositions 2.1 and 3.2] for connections between fpd of a quiver and its

representation types, as well as its complexity.

We need the following well-known facts in linear algebra.

Lemma 3.1.7. (1) Let B be a square matriz with nonnegative entries and let A be a

principal minor of B. Then p(A) < p(B).
(2) Let A= (aij)nxn and B := (b;j)nxn be two square matrices such that 0 < a;; < b;; for all
i,j. Then p(A) < p(B).

Let @ be a quiver with vertices {vy,--+,v,}. An oriented cycle based at a vertex v; is called
indecomposable if it is not a product of two oriented cycles based at v;. For each vertex v;
let 6; be the number of indecomposable oriented cycles based at v;. Define the cycle number
of a quiver @) to be

O(Q) :=max{0; | V i}.
The following result is well-known.

Theorem 3.1.8. Let Q) be a quiver and let ©(Q) be the cycle number of Q.

(1) fpd(Q) =0 if and only if O(Q) =0, namely, Q is acyclic.
(2) fpd(Q) =1 if and only if ©(Q) = 1.

(3) tpd(Q) > 1 if and only if O(Q) > 2.
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3.1.4  Abelian and derived categories

We start with some preliminary definitions of additive, abelian, derived, and triangulated

categories.

Definition 3.1.9. [Wei%4, Defn. 1.2.2] Let A be a category. We call A an abelian category

if the following conditions hold.

(i) For any two objects A, B € A, the set of morphisms Hom4 (A, B) is given the structure
of an abelian group such that composition distributes over addition. In particular,

given a diagram in A of the form
A-1.B ﬁg; C 5D
we have h(g+¢')f = hgf +hg'f in Homy(A, D).
(ii) For any A, B € A, the product A x B exists.
(iii) A has a zero object (one that is both initial and terminal).
(iv) Every map in A has a kernel and a cokernel.
(v) Every monic in A is the kernel of its cokernel.
(vi) Every epi in A is the cokernel of its kernel.

If only Items (i) and (ii) are satisfied, we call C an additive category.

Practically speaking, we can think of abelian categories as full subcategories of the cate-

gory of modules over a ring via the following theorem.

Theorem 3.1.10. [Wei94, Freyd-Mitchell Embedding Theorem 1.6.1] If A is a small abelian
category, then there exists a ring R and an exact, fully faithful functor from A into R-Mod,
which embeds A as a full subcategory in the sense that Hom (M, N) 2 Homg (M, N).
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Before defining the derived category, we need to define the category of chain complexes

of an abelian category.

Definition 3.1.11. Let A be an abelian category. We will define Ch(.A), the category of
chain complexes of A. The objects consist of a family {X,, } .z of objects in A, together with
a collection of maps d, : X,, > X,,_1 in A that have the property d, o d,,; = 0 for all n € Z.

Such an object X can be written in the following manner:

dn 2 dn 1 d dn—l
X= o == Xy == Xy = Xy —= Xog — Xop — -

A morphism f: X — Y is a collection of maps {f, : X, > Y, }nez in A that commute
with the d maps. That is, the following diagram commutes:

d2 d1 d d—l
v — X2 —— X — X, —— -

lfn+2 \LﬂHl lfn
dn2 dnt1 \ Yn d

s Yn+2 ? Yn+1

> X9 —— -+

n-1
lfnfl \Lf'nﬁZ
d

-1
" Y, —— Y, g — -

We use Ch®(A) to denote the full subcategory of Ch(.A) whose objects consist of bounded
chain complexes (complexes X for which there exist m < n in Z such that X; = 0 for
i>n,i<m).

We have a special endofunctor ¥ : Ch(A) - Ch(A) which we call the suspension. If
X € Ch(A), we define £(X), = X,,;;. We can think of this as shifting the chain complex X
one unit to the right. If f: X - Y is a morphism in Ch(A), we can define X(f), : X(X), -
Y(X), to be fui1: Xp1 = Xy Clearly, ¥ is an automorphism of Ch(.A4). The suspension
of Ch’(A) is defined analagously.

It can be checked that both Ch(A), Ch®(A) are abelian categories.

Definition 3.1.12. Let C, D be objects of Ch(A). The nth homology of C' is defined to be
the quotient H,,(C') :=kerd,/Imd, 1. It can be checked that a morphism f: C' - D induces
a morphism H,(C) - H,(D) for each n [Wei94, Ex. 1.1.2].

A morphism C' - D of chain complexes is called a quasi-isomorphism if the induced maps

H,(C) - H,(D) are all isomorphisms.
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Definition 3.1.13. [Wei%4, Ch. 10] Let C be an abelian category. Let S be a collection
of morphisms in C. Under certain conditions, we can define a category S~1C, called the
localization of C with respect to S, as follows.

The objects of S~1C are the objects of C.

We define a left fraction fs™': X — Y to be the following data, where s € S and f is a
morphism in C:

X+ X, I,y

We call fs7': X - Y equivalent to gt~! : X — Y if there exists another left fraction

X « X3 - Y that fits into a commutative diagram in C:

/T\
\l/

It can be shown that this is an equivalence relation. Then we define the morphisms of S~1C

to be equivalence classes of left fractions of morphisms of C.

Definition 3.1.14. We define the derived category D(A) to be the localization of Ch(.A)
with respect to the collection of quasi-isomorphisms.

We define the bounded derived category DP(A) to be the localization of Ch’(A) with
respect to the collection of quasi-isomorphisms.

Since ¥ : Ch(A) - Ch(A) is exact and preserves quasi-isomorphisms, by [Wei94, 10.5.2]
there exists a functor extending > to the derived category called the suspension (which we

will also denote ¥ : D(A) — D(A)). The suspension of D?(A) is defined analagously.

Remark 3.1.15. The derived and bounded derived categories exist and satisfy the universal

property of localization of a category by the Gabriel-Zisman Theorem [Wei94, Thm. 10.3.7].

The derived category of an abelian category is a special case of a triangulated category.

First we need to define the notion of a triangle in a category. Essentially, triangles are re-
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placements for short exact sequences. For example, the derived category is not abelian, so we
cannot define kernels or cokernels and therefore we cannot define exact sequences. However,

we can construct objects called distinguished triangles which yield similar homological data.

Definition 3.1.16. [Wei94, Ch. 10.2] Suppose K is a category equipped with an automor-
phism T : £ - K. A triangle on an ordered triple of (A, B,C) of objects of K is a triple

(u:A—> Bv:B - Cw:C - T(A)) of morphisms. A triangle is usually displayed as

C
A 3B

A morphism of triangles is a triple (f : A - A’',g : B - B’ h : C - (") forming a

follows:

commutative diagram:

A—— B —— C —— T(A)

bbb w

!

Ay By o 2 T(AY)

An isomorphism of triangles (f,g,h) is a morphism of triangles where f, g, h are isomor-

phisms in /.

Definition 3.1.17. [Wei%4, Defn. 10.2.1] An additive category K is called a triangulated
category if it is equipped with an automorphism 7 : K — K (called the suspension or trans-
lation functor) and with a distinguished family of triangles (u,v,w) (called exact triangles)

subject to the following axioms:

(TR1) Every morphism u : A - B is part of an exact triangle (u,v,w). If A = B and
C =0, the triangle (Ida,0,0) is exact. If (u,v,w) is a triangle on (A, B,C') isomorphic to

an exact triangle (u/,v’,w’) on (A’, B',C"), then (u,v,w) is also an exact triangle.

(TR2) (Rotation). If (u,v,w) is an exact triangle on (A, B,C'), then both of its rotates
(v,w,-T'(u)) and (-T-'(w),u,v) are exact triangles on (B,C,T(A)) and (T-1(C), A, B)

respectively.
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(TR3) (Morphisms). Given two exact triangles

Cl
A A’ — s B/

> B

u
with morphisms f: A - A’ g: B — B’ such that gu = v’ f, there exists a morphism h: C' - C"

so that (f,g,h) is a morphism of triangles:

A—— B —— C —— T(A)
lf lg iEIh lT(f)
Ay By o 2 T(AY)

(TR4) (The octahedral axiom). Given objects A, A’, B, B’,C,C" in K, suppose there are
three exact triangles: (u,j,d) on (A, B,C"); (v,z,i) on (B,C,A"); (vu,y,0) on (A,C,B").
Then there is a fourth exact triangle (f,g,7'(j)i) on (C’, B’, A’) such that in the following
octahedron: (1) the four exact triangles form four of the faces; (2) the remaining four faces

commute (that is, 9 =40f, v = gy); (3) yv = fj; and (4) ud = ig.

Figure 3.1: [Wei94, p. 375

Definition 3.1.18. A pre-triangulated category is an additive category K equipped with
an automorphism 7' : £ — K (called the suspension or translation functor) and with a
distinguished family of triangles (u,v,w) (called exact triangles) subject to (TR1), (TR2),
and (TR3).
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Clearly a triangulated category is pre-triangulated. It is an open problem as to whether
pre-triangulated is equivalent to triangulated. That is, is the octahedral axiom (TR4) a

consequence of the other three axioms?

Remark 3.1.19. The derived categories D(A), D?(A) are triangulated (hence pre-triangulated)
categories. In this case T := X, the suspension functor. The triangles in D(A), D?(A) are

related to short exact sequences in an intermediate category K involving mapping cones

[Wei94, Defn. 10.1.3].

Definition 3.1.20. [EGNO15, Defn. 1.2.2, 1.2.3] A k-linear category C is an additive
category such that for any objects X,Y € C, Hom¢(X,Y') has the structure of a k-vector
space, and composition of morphisms respects this k-linear structure. A k-linear endofunctor

of C is an additive functor from C — C that respects the vector space structure on Hom-sets.

3.2 Definitions

Notation 3.2.1. Throughout the rest of the paper, let C denote a k-linear category. A
functor between two k-linear categories is assumed to preserve the k-linear structure. For
simplicity, dim(A, B) stands for dim Hom¢ (A, B) for any objects A and B in C.

The set of finite subsets of nonzero objects in C is denoted by ® and the set of subsets of
n nonzero objects in C is denoted by ®,, for each n > 1. It is clear that ® = U,;s; ®,,. We do

not consider the empty set as an element of ®.

Definition 3.2.2. Let ¢ := { X, X5, -, X, } be a finite subset of nonzero objects in C, namely,
¢ € ®,. Let o be an endofunctor of C.

(1) The adjacency matriz of (¢,0) is defined to be

A(¢,0) = (aij)nxn, where a;; :=dim(X;,0(X;)) Vi,j.

(2) An object M in C is called a brick [ASS06, Definition 2.4, Ch. VII] if

Home (M, M) =k.
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If C is a pre-triangulated category, an object M in C is called an atomic object if it is
a brick and satisfies

Home (M, S(M)) =0, ¥ i>O0. (3.2.2.1)

(3) ¢ e P iscalled a brick set (respectively, an atomic set) if each X is a brick (respectively,

atomic) and

dlm(Xz, XJ) = 52']'

for all 1 <4, j <n. The set of brick (respectively, atomic) n-object subsets is denoted by
O, (respectively, @, ,). We write ®p = U,.51 P (respectively, @, = U, Prg). Define
the b-height of C to be

hy(C) = sup{n | @, is nonempty}
and the a-height of C (when C is pre-triangulated) to be

ha(C) = sup{n | ®, , is nonempty }.

Remark 3.2.3. (1) A brick may not be atomic. Let A be the algebra

k(.T,y)/(.TQ,yZ - 1,xy+yx)

This is a 4-dimensional Frobenius algebra (of injective dimension zero). There are two

simple left A-modules
Soi= Al(wy-1), and Sy = Af(zy+1).

Let M; be the injective hull of S; for i =0,1. (Since A is Frobenius, M; is projective.)

There are two short exact sequences
0—>SO—>M0—f->Sl—>0

and

O—>Sl—g—>M1—>SO—>O.
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It is easy to check that Hom,(M;, M;) =k for all 0 < 4,5 < 1. Let A be the derived
category D?(Mody 4 —A) and let X be the complex

"—>0—>M0—giM1—>0—>"‘

An easy computation shows that Hom4(X, X) = k = Hom4(X, X[-1]). So X is a

brick, but not atomic.

A brick object is called a schur object by several authors, see [CC15] and [CKW15]. It
is also called endo-simple by others, see [vR08, vR16].

An atomic object in a triangulated category is close to being a point-object defined
by Bondal-Orlov [BOO1, Definition 2.1]. A point-object was defined on a triangulated
category with Serre functor. In this paper we do not automatically assume the existence
of a Serre functor in general. When C is not a pre-triangulated category, we can not

even ask for (3.2.2.1). In that case we can only talk about bricks.

Definition 3.2.4. Retain the notation as in Definition 4.1.10, and we use ®;, as the testing

objects. When C is a pre-triangulated category, ®, is automatically replaced by ®, unless

otherwise stated.

(1)

(2)

(3)

The nth Frobenius-Perron dimension of o is defined to be

fpd" (o) := sup {p(A(¢,0))}.

E(pn,b

If @, is empty, then by convention, fpd" (o) = 0.
The Frobenius-Perron dimension of o is defined to be
fpd(o) = sup{fpd” (o)} = 2u§{p(A(¢’ o))}
n Py

The Frobenius-Perron growth of o is defined to be

n—>oo

fpg(o) := zgg{limSUp log,,(p(A(¢,0™)))}.

By convention, log, 0 = —oo.
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(4) The Frobenius-Perron curvature of o is defined to be

() i= sup {msup (p(A(6.5")))""}.

n—-oo

This is motivated by the concept of the curvature of a module over an algebra due to

Avramov [Avr98|.

(5) We say o has fp-exponential growth (respectively, fp-subexponential growth) if fpv(o) > 1
(respectively, fpv(o) < 1).

Sometimes we prefer to have all information from the Frobenius-Perron dimension. We

make the following definition.

Definition 3.2.5. Let C be a category and o be an endofunctor of C.

(1) The Frobenius-Perron theory (or fp-theory) of ¢ is defined to be the set

{fpdn(am) }nzl,mzo-

(2) The Frobenius-Perron series (or fp-series) of ¢ is defined to be

FP(u,t, o) := i i fpd™ (e™)t"™u™.

m=0n=1

Remark 3.2.6. To define the Frobenius-Perron dimension, one only needs have an assign-

ment 7: ®,, > M,,(Mod-k), for every n > 1, satisfying the property that
if ¢1 is a subset of ¢o, then T(¢1) is a principal submatriz of T(pa).
Then we define the adjacency matrix of ¢ € ®,, to be
A(¢,7) = (aij)nxn

where

aij = dlm (T(QS))” VZ,]



95

Then the Frobenius-Perron dimension of 7 is defined in the same way as in Definition 4.1.11.
If there is a sequence of 7,,, the Frobenius-Perron series of {7,,} is defined in the same way

as in Definition 3.2.5 by replacing ¢ by 7,,,. See Example 3.2.7 next.

Example 3.2.7. (1) Let 2 be a k-linear abelian category. For each m > 1 and ¢ =
{X1,-, X, }, define
E™ ¢ — (Exty (X, X;))

nxn °

By convention, let Exty(X;, X;) denote Homy (X, X;). Then, for each m > 0, one can

define the Frobenius-Perron dimension of E™ as mentioned in Remark 3.2.6.

(2) Let 2 be the k-linear abelian category Mod;4 —A where A is a finite dimensional

commutative algebra over a base field k. For each m > 1 and ¢ = {X3,-+, X, }, define

Ty : ¢ — (Torp (Xi, X))

nxn

By convention, let Tor{)4 (X, X;) denote X;®4 X;. Then, for each m > 0, one can define

the Frobenius-Perron dimension of 7}, as mentioned in Remark 3.2.6.

Definition 3.2.8. (1) Let 2 be an abelian category. The Frobenius-Perron dimension of
2 is defined to be

fpd A := fpd (L)

where E! := Exty (-, -) is defined as in Example 3.2.7(1). The Frobenius-Perron theory

of 2 is the collection
{fpdm(En)}mzl,nzO

where E™ := Ext’; (-, ) is defined as in Example 3.2.7(1).

(2) Let T be a pre-triangulated category with suspension 3. The Frobenius-Perron dimen-

ston of T is defined to be
fpd T := fpd(X).
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The Frobenius-Perron theory of T is the collection
{tpd™(X") }m>1mez-
The fp-global dimension of T is defined to be
fpgldim 7 := sup{n | fpd(X") # 0}.
If 7 possesses a Serre functor S, the Frobenius-Perron S-theory of T is the collection

{fpdm(zn o Sw)}mzl,n,wEZ-

Remark 3.2.9. (1) The Frobenius-Perron dimension (respectively, Frobenius-Perron the-
ory, fp-global dimension) can be defined for suspended categories [KV87] and pre-n-
angulated categories [GKO13] in the same way as Definition 3.2.8(2) since there is a

suspension functor .

(2) When 2 is an abelian category, another way of defining the Frobenius-Perron dimension
fpd A is as follows. We first embed 2l into the derived category D°(21). The suspension
functor X of Db(2A) maps 2 to A[1] (so it is not an endofunctor of A). The adjacency
matrix A(¢,Y) is still defined as in Definition 4.1.10(1) for brick sets ¢ in 2. Then we

can define

fpd(E |a) == sup Ql{p(A(cb, )}

Py, pc

as in Definition 4.1.11(2) by considering only the brick sets in 2. Now fpd(2() agrees
with fpd (2 |y).

Lemma 3.2.10. Let 2 be an abelian category and n > 1. Then fpd"(Db(2)) > fpd™(A). A
similar statement holds for fpd, fpg and fpv.

Proof. This follows from the fact that there is a fully faithful embedding 20 — Db(2A) and
that E1 on 2 agrees with ¥ on Db(21). O

For any category C with an endofunctor o, we define the o-quiver of C, denoted by QZ,

as follows:
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(1) the vertex set of Q¢ consists of bricks in @, in C (respectively, atomic objects in @,

when C is pre-triangulated), and

(2) the arrow set of Q¢ consists of nx y-arrows from X to Y, for all X, Y € @, (respectively,

in @, ,), where nxy = dim(X,o(Y)).

If o is E', this quiver is denoted by le, which will be used in later sections.

The following lemma follows from the definition.
Lemma 3.2.11. Retain the above notation. Then fpdo < fpd Q7.

The fp-theory was motivated by the Frobenius-Perron dimension of objects in tensor or

fusion categories [EGNO15], as shown in the following example.

Example 3.2.12. First we recall the definition of the Frobenius-Perron dimension given in
[EGNO15, Definitions 3.3.3 and 6.1.6]. Let C be a fusion category. Suppose that { X7, X,,}
is the complete list of non-isomorphic simple objects in C. Since C is semisimple, every object
X in C is a direct sum
X = éX i
i=1
for some integers a; > 0. For every object V in C and every j, write

VeeX; 2@ X (3.2.12.1)
i=1
for some integers a;; > 0. Then, by [EGNO15, Definition 3.3.3|, the Frobenius-Perron
dimension of V' is defined to be

FPdim(V) := p((@ij )nxn)- (3.2.12.2)

Next we use Definition 4.1.11(2) to calculate the Frobenius-Perron dimension. Let o be
the tensor functor V ®¢ — that is a k-linear endofunctor of C. If ¢ is a brick subset of C, then
¢ is a subset of ¢, := {X1,-, X,,}. For simplicity, assume that ¢ is {X;, -, X} for some
s <n. It follows from (3.2.12.1) that

Home(X;,0(X;)) = Home (X, V ®¢ X;) = Home (X, @X;ea’“j) =k®%_ Vi, 5.
k=1
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Hence the adjacency matrix of (¢,,0) is

A(¢n7 U) = (aij>n><n

and the adjacency matrix of (¢,0) is a principal minor of A(¢,,c). By Lemma 3.1.7(1),
p(A(p,0)) < p(A(pn,0)). By Definition 4.1.11(2), the Frobenius-Perron dimension of the

functor 0 =V ®c — is

fpd(V ®c -) = zgg{p(fl(czﬁ, 0))} = p(A(dn, 7)) = p((aij)nxn),

which agrees with (3.2.12.2). This justifies calling fpd(V ®¢ —) the Frobenius-Perron dimen-

sion of V.
3.3 Basic properties

For simplicity, “Frobenius-Perron” is abbreviated to “fp”.

3.3.1 FEmbeddings

It is clear that the fp-series and the fp-dimensions are invariant under equivalences of cate-
gories. We record this fact below. Recall that the Frobenius-Perron series FP(u,t,0) of an

endofunctor o is defined in Definition 3.2.5(2).

Lemma 3.3.1. Let F : C — D be an equivalence of categories. Let oc and op be endofunctors
of C and D respectively. Suppose that F o o¢ is naturally isomorphic to op o F'.  Then
FP(u,t,0¢) = FP(u,t,0p).

Let R, denote the set of non-negative real numbers union with {co}. Let

flu,t) = Z fmnt™u™ and  g(u,t) = Z Gt u"

m,n=0 m,n=0

be two elements in R, [[u,t]]. We write f < g if f,,, < gmn for all m,n.

Theorem 3.3.2. Let F':C - D be a faithful functor that preserves brick subsets.
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(1) Let oc and op be endofunctors of C and D respectively. Suppose that F ooc is naturally
isomorphic to op o F. Then FP(u,t,0c) < FP(u,t,0p).

(2) Let 7¢ and tp be assignments of C and D respectively satisfying the property in Remark
3.2.6. Suppose that p(A(¢,1c)) < p(A(F(¢),mp)) for all ¢ € @, ,(C) and all n. Then
FP(u,t,7¢) <FP(u,t,mp).

Proof. (1) For every ¢ = {Xy,+, X} € ®,(C), let F(¢) be {F(X4),--, F(X,)} in ®,(D). By
hypothesis, if ¢ € ®,,,(C), then F(¢) is in @, (D). Let A = (a;;) (respectively, B = (b;;)) be
the adjacency matrix of (¢, 0¢) (respectively, of (F'(¢),0p)). Then, by the faithfulness of F,
Q5 = dlm(XZ,Oc(X])) < dlm(F(Xz)7F(O'c(X])))
= dlm(F(Xz),O'D(F(X]))) = bZJ

By Lemma 3.1.7(2),
p(A(6,00)) = p(A) < p(B) = p(A(F(6), 7). (33.21)

By definition,
fpd" (o¢) < fpd"(op). (3.3.2.2)

Similarly, for all n,m, fpd"(o%") < fpd"(cly). The assertion follows.

(2) The proof of part (2) is similar. O

3.3.2  (a-)Hereditary algebras and categories
Recall that the global dimension of an abelian category 2 is defined to be
gldim 2 := sup{n | Exty(X,Y") # 0, for some X,Y € A}.

The global dimension of an algebra A is defined to be the global dimension of the category
of left A-modules. An algebra (or an abelian category) is called hereditary if it has global
dimension at most one.

There is a nice property concerning the indecomposable objects in the derived category

of a hereditary abelian category (see [Kel07, Section 2.5]).
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Lemma 3.3.3. Let 2 be a hereditary abelian category. Then every indecomposable object in

the derived category D(2L) is isomorphic to a shift of an object in 2.

Note that every brick (or atomic) object in an additive category is indecomposable. Based

on the property in the above lemma, we make a definition.

Definition 3.3.4. An abelian category 2 is called a-hereditary (respectively, b-hereditary)
if every atomic (respectively, brick) object X in the bounded derived category D?(2l) is of
the form M|[i] for some object M in 2 and ¢ € Z. The object M is automatically a brick
object in 2.

If o is an auto-equivalence of an abelian category 2, then it extends naturally to an
auto-equivalence, denoted by @, of the derived category A := D(2). The main result in
this subsection is the following. Recall that the b-height of 2, denoted by h,(21), is defined
in Definition 4.1.10(3) and that the Frobenius-Perron global dimension of A, denoted by
fpgldim A, is defined in Definition 3.2.8(2).

Theorem 3.3.5. Let 2 be an a-hereditary abelian category with an auto-equivalence . For

each n, define n' = min{n, hy(A)}. Let A be D*(2).

(1) If m <0 orm > gldim%A, then
fpd(X™ o@) = 0.

As a consequence, fpgldim A < gldim 2(.

(2) For each n,

fpd"(«a) < fpd" (@) < lril'zg)g{fpdi(oz)}. (3.3.5.1)
If gldim A < oo, then
fpd" (@) = 1m<.z<mx,{fpdi(a)}. (3.3.5.2)

(3) Let g:=gldimA < co. Let 5 be the assignment (X,Y) - (Exty(X,a(Y))). Then

fpd™ (L9 o @) = fnq%%g{fpdi(ﬁ)}. (3.3.5.3)
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(4) For every hereditary abelian category A, we have fpd(A) = fpd(2A).

Proof. (1) Since A is a-hereditary, every atomic object in A is of the form M[i].
Case 1: m < 0. Write ¢ as {Mi[d;],--, M,,[d,]} where d; is decreasing and M; is in 2.
Then, for 7 < 7,

a;; = Hom4(M;[d;], (™ o@)M,[d;]) = Homa(M;, a(M;)[dj —d; + m]) =0

since d; —d; + m < 0. Thus the adjacency matrix A := (a;j)nxn is strictly lower triangular. As
a consequence, p(A) = 0. By definition, fpd(¥X™ o@) = 0.

Case 2: m > gldim®A. Write ¢ as {M;[dy],--M,[d,]} where d; is increasing and M; is in
2. Then, for ¢ > j,

Q5 = HOIHA(MZ[CZZ], (Em Oa)Mj[d]]) = HOII]A(MZ‘, Oé(Mj)[dj - dl + m]) =0

since d; — d; + m > gldim®2. Thus the adjacency matrix A := (a;;)nxn is strictly upper
triangular. As a consequence, p(A) = 0. By definition, fpd(X™ o @) = 0.
(2) Let F be the canonical fully faithful embedding 2 — A. By Theorem 3.3.2 and
(3.3.2.2),
fpd" (o) < fpd"(@).

For the other assertion, write ¢ as a disjoint union ¢4, U---Up,, where d; is strictly decreasing
and the subset ¢4, consists of objects of the form M|[d;] for M € 2(. For any objects X € ¢,
and Y € ¢g, for i < j, Hom4(X,Y’) =0. Thus the adjacency matrix of (¢, @) is of the form

Ay 0 0 -~ 0)
s Ap 0 0
Ab,@) =] +  + Ay o 0 (3.3.5.4)
0
sk x e Ay

where each A;; is the adjacency matrix A(¢q,,@). For each ¢4, we have

A(¢dz7a) = A(¢dz[_dl]7a) = A(¢dz [_di]7 CY)
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which implies that
p(Aii) < fpd™ (@) < max fpd’(a)
<gsn/

where s; is the size of A;; and n’ = min{n, hy(2A)}. By using the matrix (3.3.5.4),

p(A(9,@)) = max{p(Ai)} < max fpd’ ().

Then (3.3.5.1) follows.

Suppose now that g := gldim2 < co. Let ¢ € ®,, ,(A). Pick any M € ®,,(2A). Then, for
g >g, ¢ =pu{M[¢']} € Ppi1.(A). By Lemma 3.1.7(1), p(A(¢',@)) > p(A(¢,@)). Hence
fpd" (@) is increasing as n increases. Therefore (3.3.5.2) follows from (3.3.5.1).

(3) The proof is similar to the proof of part (2). Let F' be the canonical fully faithful
embedding 2 - A. By Theorem 3.3.2(2) and (3.3.2.2),

fpd"(5) < fpd" (X9 o @).

By the argument at the end of proof of part (2), fpd™ (29 o @) increases when n increases.
Then
max fpd’ (3) < fpd™ (X9 o @).

1<j<n/

For the other direction, write ¢ as a disjoint union ¢4, U - U ¢4, where d; is strictly
increasing and ¢,4, consists of objects of the form M|[d;] for M € 2. For objects X € ¢4, and
Y € ¢q, for i < j, Homy(X,%9(a(Y))) = 0. Let v = X9 oa. Then the adjacency matrix of
(¢,7) is of the form (3.3.5.4), namely,

A O 0 0
* Ay 0 0
A(o,7) =] = * Az 0
0
%% e A

where each A;; is the adjacency matrix A(¢q,,7). For each ¢g4,, we have

A(¢dw7) = A(¢dz [_dl]7 7) = A(Qﬁdz [_d2]7 ﬁ)
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which implies that
p(Ay) < fpd™(5) < max fpd? ()
<j<n/!

where s; is the size of A;;. By using matrix (3.3.5.4),

p(A(,7)) = max{p(A;)} < max fpd’ (B).

<j<n/

The assertion follows.

(4) Take « to be the identity functor of A and g =1 (since A is hereditary). By (3.3.5.3),

we have
fpd" (%) = max {fpd’(£")}.
By taking sup,,, we obtain that fpd(E"') = fpd(X). The assertion follows. O

3.3.8  Categories with Serre functor

Recall from [Kel08, Section 2.6] that if a Hom-finite category C has a Serre functor S, then

there is a natural isomorphism
Home(X,Y)* 2 Home (Y, S(X))

for all X,Y €C. A (pre-)triangulated Hom-finite category C with Serre functor S is called

n-Calabi- Yau if there is a natural isomorphism
NE=D I
(In [Kel08, Section 2.6] it is called weakly n-Calabi- Yau.) We now prove Proposition 3.0.7.

Proposition 3.3.6 (Serre duality). Let C be a Hom-finite category with Serre functor S.

Let o be an endofunctor of C.
(1) If o has a right adjoint o', then

fpd(o) = fpd(c' o S).
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(2) If o is an equivalence with quasi-inverse o=', then

fpd(o) = fpd(c~' 0 9).

(3) If C is (pre-)triangulated and n-Calabi- Yau, then we have a duality
fpd(2?) = fpd(E")
for all 1.

Proof. (1) Let ¢ = {X1,-,X,,} € . and let A(¢p,0) be the adjacency matrix with (7, j)-
entry a;; = dim(X;,0(X;)). By Serre duality,

a;; = dim(X;, 0(X;)) = dim(o(X;), S(X;)) = dim(Xj}, (o' 0 S)(X;)),

which is the (j,7)-entry of the adjacency matrix A(¢,c' o S). Then p(A(¢,0)) = p(A(¢p,0' o
S)). Tt follows from the definition that fpd” (o) = fpd" (o' o S) for all n > 1. The assertion
follows from the definition.

(2,3) These are consequences of part (1). O

3.8.4  Opposite categories

Lemma 3.3.7. Let 0 be an endofunctor of C and suppose that o has a left adjoint o*.

Consider o* as an endofunctor of the opposite category C°? of C. Then
fpd" (o |c) = fpd" (0" |cor).
for all n.
Proof. Let ¢ := {Xy,-+, X,,} be a brick subset of C (which is also a brick subset of C°). Then
dime (X;, 0(X;)) = dime (0™ (X;), X;) = dimeer (X, 07 (X5)),

which implies that the adjacency matrix of o* as an endofunctor of C° is the transpose of

the adjacency matrix of . The assertion follows. n
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Definition 3.3.8. (1) Two pre-triangulated categories (7;,%;), for i = 1,2, are called fp-

equivalent if

fpd™(%7") = fpd"(33")

forall n>1,m e Z.

(2) Two algebras are fp-equivalent if their bounded derived categories of finitely generated

modules are fp-equivalent.

(3) Two pre-triangulated categories with Serre functors (7;,%;,5;), for i = 1,2, are called
fp-S-equivalent if
fpd" (27" 0 ST) = fpd" (25" 0 S3)

for alln>1,m,k e Z.

Proposition 3.3.9. Let T be a pre-triangulated category.
(1) T and TP are fp-equivalent.
(2) Suppose S is a Serre functor of T. Then (T,S) and (T°,S) are fp-S-equivalent.

Proof. (1) Let X be the suspension of 7. Then T is also pre-triangulated with suspension
functor being 3! = ¥* (restricted to 7°P). The assertion follows from Lemma 3.3.7.
(2) Note that the Serre functor of 79 is equal to S~t = S* (restricted to 7). The

assertion follows by Lemma 3.3.7. O

Corollary 3.3.10. Let A be a finite dimensional algebra.

(1) A and A% are fp-equivalent.

(2) Suppose A has finite global dimension. In this case, the bounded derived category of

finite dimensional A-modules has a Serre functor. Then A and A°P are fp-S-equivalent.
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Proof. (1) Since A is finite dimensional, the k-linear dual induces an equivalence of trian-
gulated categories between D?(Modyq —A)% and D*(Mody 4 —A°). The assertion follows
from Proposition 3.3.9(1).

The proof of (2) is similar by using Proposition 3.3.9(2) instead. O

There are examples where T and 7°P are not triangulated equivalent, see Example 3.3.12.
In this paper, a k-algebra A is called local if A has a unique maximal ideal m and A/m 2 k.

The following lemma is easy and well-known.

Lemma 3.3.11. Let A be a finite dimensional local algebra over k. Let 2 be the category
Mody 4 —A and A be D*(2).

(1) Let X be an object in A such that Hom4(X, X[-i]) =0 for alli>0. Then X is of the
form M[n] where M is an object in A and n € Z.

(2) Every atomic object in A is of the form M[n] where M is a brick object in 20 and

n € Z. Namely, A is a-hereditary.

Proof. (2) is an immediate consequence of part (1). We only prove part (1).

On the contrary we suppose that H™(X) #+ 0 and H*(X) # 0 for some m < n. Since X is
a bounded complex, we can take m to be minimum of such integers and n to be the maximum
of such integers. Since A is local, there is a nonzero map from H"(X) - H™(X), which

induces a nonzero morphism in Hom 4(X, X[m —n]). This contradicts the hypothesis. [
Example 3.3.12. Let m,n be integers > 2. Define A,,,, to be the algebra
k(‘rb x2)/($'{n’ xga LE1I2).

It is easy to see that A,,, is a finite dimensional local connected graded algebra generated
in degree 1 (with degzy = degxq = 1). If A,,,, is isomorphic to A, as algebras, by [BZ17,
Theorem 1], these are isomorphic as graded algebras. Suppose f : A, = Ap is an

isomorphism of graded algebras and write

f(x1) = axy +bxy,  f(xe) = cxy + ds.
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Then the relation f(z1)f(z2) =0 forces b=c=0. As a consequence, m =m’ and n =n’. So

we have proven that
(1) A,,, is isomorphic to A,, , if and only if m =m/ and n=n'.

Next we claim that

(2) if m # n, then the derived category D*(Mody4 —Am») is not triangulated equivalent
to Db(Mod g ~A%.,).

Let m,n,m',n’ be integers > 2. Suppose that D*(Mod; 4 —An») is triangulated equiv-
alent to D*(Modyq —Apyn). Since A, is local, by [Yek99, Theorem 2.3], every tilting
complex over A,,, is of the form P[n] where P is a progenerator over A,,,. As a conse-
quence, A,,, is Morita equivalent to A, , . Since both A,,, and A, , are local, Morita
equivalence implies that A,,,, is isomorphic to A, . By part (1), m =m/ and n =n'. In
other words, if (m,n) # (m’,n’), then D*(Mods4 —A,,,) is not triangulated equivalent to
Db(Mod 4 —Am ). As a consequence, if m # n, then D*(Mody 4 —Apm»,) is not triangu-
lated equivalent to D*(Mody.4 —A, ). By definition, A%, = A, ,,. Therefore the claim (2)
follows.

We can show that D*(Mody4 —A) is dual to D*(Mod 4 —A°?) by using the k-linear dual.
In other words, D*(Mody 4 —A)°P is triangulated equivalent to D*(Mody 4 —A°P). Therefore

the following is a consequence of part (2).

(3) Suppose m #n and let A be D*(Mody.4 —A;,,). Then A is not triangulated equivalent
to A°P. But by Proposition 3.3.9(1), A and A° are fp-equivalent.

3.4 Derived category over a commutative ring

Throughout this section A is a commutative algebra and A = D*(Mod -A). (In other sections
A usually denotes D*(Modf 4 —A).)
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Lemma 3.4.1. Let A be a commutative algebra. Let X be an atomic object in A. Then X is
of the form M{[i] for some simple A-module M and some i € Z. As a consequence, Mod —A

15 a-hereditary.

Proof. Consider X as a bounded above complex of projective A-modules. Since A is commu-
tative, every f € A induces naturally a morphism of X by multiplication. For each i, H*(X)

is an A-module. We have natural morphisms of A-algebras
A - Homy(X, X) » Enda(H(X)).

By definition, Hom 4(X, X') = k. Thus Hom4(X, X) = A/m for some ideal m of A that has
codimension 1. Hence the A-action on H(X) factors through the map A — A/m. This
means that H*(X) is a direct sum of A/m.

Let n =sup X and m =inf X. Then H™(X) = (A/m)®* and H"(X) = (A/m)® for some

s,t>0. If m <n, then
Hom4(X, X[m —n]) 2 Homu(X[n], X[m]) 2 Homa(H"(X),H™(X)) #0

which contradicts (3.2.2.1). Therefore m = n and X = M[n] for M := H*(X). Since X is
atomic, M has only one copy of A/m. O

Lemma 3.4.2. Let A be a commutative algebra. Let X and Y be two atomic objects in A.
Then Hom4(X,Y) # 0 if and only if there is an ideal m of A of codimension 1 such that
Xz A/m[m] and Y 2 A/m[n] for some 0 <n—m < projdim A/m.

Proof. By Lemma 3.4.1, X = A/m[m] for some ideal m of codimension 1 and some integer
m. Similarly, Y = A/n[n] for ideal n of codimension 1 and integer n.

Suppose Hom4(X,Y) # 0. If m # n, then clearly Hom 4(X,Y") = 0. Hence m = n. Further,
Ext’y ™(A/m, A/m) 2 Hom4(X,Y) # 0 implies that 0 < n —m < projdim A/m. The converse

can be proved in a similar way. O]

If A is an affine commutative ring over k, then every simple A-module is 1-dimensional.

Hence (A/m)[¢] is a brick (and atomic) object in A for every i € Z and every maximal ideal

m of A. The fp-global dimension fpgldim(.A) is defined in Definition 3.2.8(2).
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Proposition 3.4.3. Let A be an affine commutative domain of global dimension g < oc.
(1) fpd(A) = g.
(2) fpd(3%) = (f) for all i.
(5) fpgldim(A) =g.

Proof. (1) By Lemma 3.4.1, every atomic object is of the form M][i] for some M = A/m

where m is an ideal of codimension 1, and i € Z. It is well-known that
dim Ext’, (A/m, A/m) = (f) v . (3.4.3.1)
If m; and my are two different maximal ideals, then
Ext’y(A/my, A/my) =0 (3.4.3.2)

for all i. Let ¢ be an atomic n-object subset. We can decompose ¢ into a disjoint union
Pafmy U U Gajm, Where ¢y consists of objects of the form A/m[i] for ¢ € Z. It follows
from (3.4.3.2) that the adjacency matrix is a block-diagonal matrix. Hence, we only need to
consider the case when ¢ = ¢ 4/ after we use the reduction similar to the one used in the proof
of Theorem 3.3.5. Let ¢ = ¢paym = {A/m[d,],---, A/m[d,,]} where d; is increasing. By Lemma,
3.4.2, we have d;,; —d; > g, or d; + g < d;,1, for all t =1,---;m —1. Under these conditions, the
adjacency matrix is lower triangular with each diagonal being g. Thus fpd(X) = g.

The proof of (2) is similar. (3) is a consequence of (2). O

Suggested by Theorem 3.3.5, we could introduce some secondary invariants as follows.

The stabilization index of a triangulated category T is defined to be
SI(T) =min{n | fpd™ T = fpd T, ¥ n’ > n}.
The global stabilization index of T is defined to be

GSI(T) =max{SI(T") | for all thick triangulated full subcategories 7' c T }.
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It is clear that both stabilization index and global stabilization index can be defined for an
abelian category.

Similar to Proposition 3.4.3, one can show the following. Suppose that A is affine. For
every i, let

d; := sup{dim Ext’;(A/m, A/m) | maximal ideals mc A}.

Proposition 3.4.4. Let A be an affine commutative algebra. Then, for each i, fpd(X?) =
d; < oo and p(A(¢p,X%)) < d; for all ¢ € D,,. As a consequence, for each integer i, the
following hold.

(1) fpd(X?) = fpd'(XF). Hence the stabilization index of A is 1.
(2) fpd(3?) is a finite integer.

Theorem 3.4.5. Let A be an affine commutative algebra and A be D*(Mod -A). Let T be

a triangulated full subcategory of A with suspension Xr. Let ¢ be an integer.
(1) fpd(Z%) = fpd' (X). As a consequence, the global stabilization index of A is 1.
(2) tpd(X%) is a finite integer.

(3) If T is isomorphic to D*(Mody.q —B) for some finite dimensional algebra B, then B

1s Morita equivalent to a commutative algebra.

Proof. (1,2) These are similar to Proposition 3.4.4.

(3) Since B is finite dimensional, it is Morita equivalent to a basic algebra. So we can
assume B is basic and show that B is commutative. Write B as a kQ/(R) where @ is a
finite quiver with admissible ideal R ¢ (k@Q)s2. We will show that B is commutative.

First we claim that each connected component of () consists of only one vertex. Suppose

not. Then () contains distinct vertices v; and vy with an arrow « : v; - vo. Let S7 and S5
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be the simple modules corresponding to v; and vy respectively. Then {Si, S5} is an atomic

set in 7. The arrow represents a nonzero element in Extp(S;,S;). Hence
HOHIT(Sl, Sg[l]) = EthB(S1, SQ) + 0.

By Lemma 3.4.2, S} is isomorphic to a complex shift of S;. But this is impossible. Therefore,
the claim holds.

It follows from the claim in the last paragraph that B = B; @ --- & B,, where each B; is a
finite dimensional local ring corresponding to a vertex, say v;. Next we claim that each B;
is commutative. Without loss of generality, we can assume B; = B.

Now let ¢ be the fully faithful embedding from
v+ T = D*(Mod; 4 -B) — A:= D*(Mod - A).

Let S be the unique simple left B-module. Then, by Lemma 3.4.1, there is a maximal
ideal m of A such that «(S) = A/m[w] for some w € Z. After a shift, we might assume
that ¢(S) = A/m. The left B-module B has a composition series such that each simple
subquotient is isomorphic to S, which implies that, as a left A-module, ¢(B) is generated by
A/m in A. By induction on the length of B, one sees that, for every n € Z, H*(.(B)) is a left
A/md-module for some d > 0 (we can take d = length(zB)). Since Hom4(¢(B),t(B)[-]) =
Hom(B, B[-i]) = 0 for all i > 0, the proof of Lemma 3.3.11(2) shows that «(B) = M[m] for
some left A/m?-module M and m € Z. Since there are nonzero maps from S to B and from
B to S, we have nonzero maps from A/m to «(B) and from ¢(B) to A/m. This implies that
m = 0. Since B is local (and then B/mp is 1-dimensional for the maximal ideal mg), this

forces that M = A/I where I is an ideal of A containing m?. Finally,
B =FEndg(B) 2 End4(A/I, A/I) =Enda(A/I,A]I) > A/l
which is commutative. Hence B is commutative. O

3.5 Examples

In this section we give three examples.
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3.5.1 Frobenius-Perron theory of projective line P' := Projk([t, t1]

Example 3.5.1. Let coh(P') =: 2 denote the category of coherent sheaves on P'. It is
well-known (and follows from [BB07, Example 3.18]) that

Claim 5.1.1: Every brick object X in 2 (namely, satisfying Homp: (X, X') = k) is either
O(m) for some m € Z or O, for some p € PL.

Let ¢ be in @, ,(coh(Pt)). If n =1 or ¢ is a singleton, then there are two cases: ei-
ther ¢ = {O(m)} or ¢ = {O,}. Let E' be the functor Exty (-, —). In the first case,
p(A(¢, EY)) = 0 because Extp: (O(m),O(m)) = 0, and in the second case, p(A(¢, E')) = 1
because Extp. (0,,0,) = 1.

If || > 1, then O(m) can not appear in ¢ as Homp: (O(m), O(m')) # 0 and Homp:1 (O(m), 0,) #
0 for all m <m' and p € P1. Hence, ¢ is a collection of O, for finitely many distinct points
p’s. In this case, the adjacency matrix is the identity n x n-matrix and p(A(¢, E')) = 1.

Therefore

fpd" (coh(P')) = fpd(coh(P')) = 1 (3.5.1.1)
for all n > 1. Since coh(P') is hereditary, by Theorem 3.3.5(3,4), we obtain that
fpd™(D?(coh(P'))) = fpd(D®(coh(P'))) = 1 (3.5.1.2)

for all n > 1.

Let K5 be the Kronecker quiver

N (3.5.1.3)

\/

By a result of Beilinson [Bei78], the derived category D*(Mody, —k K>) is triangulated

equivalent to D?(coh(P1)). As a consequence,
fpd(D*(Mody.4 -k K»)) = fpd(D°(coh(P"))) = 1. (3.5.1.4)
It is easy to see, or by Theorem 3.1.8(1),

fde2 =0
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where fpd of a quiver is defined in Definition 3.1.6.

This implies that

fpd(D*(Mod; 4 -k K3)) > fpd K. (3.5.1.5)

Next we consider some general auto-equivalences of D?(coh(P')). Let
(m) : coh(P') - coh(P')

be the auto-equivalence induced by the shift of degree m of the graded modules over k[tg, t;]
and let 3 be the suspension functor of D?(coh(P')). Then the Serre functor S of D?(coh(P'))
is ¥ o (-2). Let o be the functor X% o (b) for some a,b € Z. By Theorem 3.3.5(1),

fpd"(X%0 (b)) =0, Va=#0,1.

For the rest we consider @ =0 or 1. By Theorem 3.3.5(2,3), we only need to consider fpd on
coh(P1).

If ¢ is a singleton {O(n)}, then the adjacency matrix is

A¢,0) = dim(O, 2O (b)) =

-b-1 a=1,b<-1.

This follows from the well-known computation of HZ,(O(m)) for i =0,1 and m € Z. (It also
follows from a more general computation [AZ94, Theorem 8.1].) If ¢ = {O,} for some p € P!,

then the adjacency matrix is

A(p,0) =dim(0,,x(0,)) =1, for a=0,1.
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It is easy to see from the above computation that

1 a=0,b<0,
b+1 a=0,b>0,

fpd (2% o (b)) = (3.5.1.6)
1 a=1,b>-1,

b-1 a=1,b<-1.

Now we consider the case when n > 1. If ¢ € ®, ,(coh(P!)), ¢ is a collection of O, for
finitely many distinct p’s. In this case, the adjacency matrix A(¢, > o (b)) is the identity
n x n-matrix for a = 0,1, and p(A(¢,0)) = 1. Therefore

fpd™ (2% o (b)) = 1 (3.5.1.7)

for all n > 1, when restricted to the category coh(P!).
It follows from Theorem 3.3.5(2,3) that
Claim 5.1.2: Consider X% o (b) as an endofunctor of D?(coh(P')). For a,b e Z and n > 1,

we have
0 a+0,1,
1 a=0,b<0,
fpd" (S0 (1)) ={b+1  a=0,b30, (3.5.1.8)
1 a=1,b>-1,
-b-1 a=1,b<-1.

Since S = ¥ o (-2), we have the following (also see Figure 1)

0 a+b+0,1,
1 a+b=0,0>0,
fpd™ (2% 0 8) = fpd™ (X4 o (=2b)) ={ —(2b-1) a+b=0,b<0, (3.5.1.9)
1 a+b=1,0<0,
2b-1 a+b=1,b>0.
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20

Figure 3.2: fp-S-theory for P!, where f(a,b) = fpd(X o S?).

Claim 5.1.3: Since Db(coh(PP')) and D®(Mod;4 —k K5) are equivalent, the fp-theory of
Db(Mody4 -k K3) agrees with (3.5.1.9) and Figure 1 (next page).

3.5.2  Frobenius-Perron theory of the quiver Ay

We start with the following example.

Example 3.5.2. Let A be the Z-graded algebra k[x]/(2?) with degz = 1. Let C := gr—-A
be the category of finitely generated graded left A-modules. Let o := (-) be the degree shift
functor of C. It is clear that ¢ is an autoequivalence of C. Let 2 be the additive subcategory

of C generated by 0"(A) = A(n) for all n € Z. Note that 2 is not abelian and that every
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object in 2 is of the form @,z A(n)®» for some integers p, > 0. Since the Hom-set in the

graded module category consists of homomorphisms of degree zero, we have

k n=0,1
Homg (A, A(n)) =

0 otherwise

In the following diagram each arrow represents 1-dimensional Hom for all possible Hom-set

for different objects A(n)
w— A(-2) — A(-1) — A(0) — A(1) — A(2) — - (3.5.2.1)

(where the number of arrows from A(m) to A(n) agrees with dim Hom(A(m), A(n))). It
is easy to see that the set of indecomposable objects is {A(n)},ez, which is also the set of

bricks in 2.

Lemma 3.5.3. Retain the notation as in Example 3.5.2. When restricting o onto the cate-

gory A, we have, for every m > 1,

1 n=0,1,
fpd™(o™) = . (3.5.3.1)

0 otherwise
Proof. When n =0, (3.5.3.1) is trivial. Let n = 1. For each set ¢ € ®,,,;,, we can assume that
¢ ={A(d1),A(ds,), -, A(d,,)} for a strictly increasing sequence {d; | i =1,2,---,m}. For any
i< j, the (i,j)-entry of the adjacency matrix is
Q;; = dlm(A(d,), A(d] + 1)) =0.

Thus A(¢,0) is a lower triangular matrix with
Hence p(A(¢,0)) =1. So fpd™ (o) = 1.

Similarly, fpd™(o™) =0 when n > 1 as dim(A(d;), A(d; +2)) = 0 for all 4.

Let n < 0. Let ¢ = {A(dy), A(da, ), A(dm)} € ®pyp where d; are strictly decreasing.
Then a;; = dim(A(d;), A(d; +n)) =0 for all i < j. Thus p(A(¢,0™)) =0 and (3.5.3.1) follows

in this case. [
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Example 3.5.4. Consider the quiver A,
o<« o). (3.5.4.1)

Let P; (respectively, I;) be the projective (respectively, injective) left k Ay-modules corre-
sponding to vertices ¢, for ¢ = 1,2, It is well-known that there are only three indecomposable

left modules over Ay, with Auslander-Reiten quiver (or AR-quiver, for short)
P2—>P1(: [2) —>[1 (3542)

where each arrow represents a nonzero homomorphism (up to a scalar) [Schl4, Ex.1.13,
pp.24-25]. The AR-translation (or translation, for short) 7 is determined by 7(I;) = P». Let
T be D*(Modsg4 -~k As). The Auslander-Reiten theory can be extended from the module
category to the derived category. It is direct that, in 7, we have the AR-quiver of all

indecomposable objects

(3.5.4.3)
P

o[-1] L
\‘bl[_l]/'

The above represents all possible nonzero morphisms (up to a scalar) between non-

[ b =1

-1] P[1] L[1]
\P2/ \11/ \731[{

isomorphic indecomposable objects in 7. Note that T has a Serre functor S and that the
AR-translation 7 can be extended to a functor of 7 such that S = Yo7 [RVdB02, Proposition
[.2.3] or [CB, Remarks (2), p. 23]. After we identifying

Bli] < A(3i), P[i] < ABi+1), L[] < A(3i+2),

(3.5.4.3) agrees with (3.5.2.1). Using the above identification, at least when restricted to

objects, we have

S(A(®1)) 2 A(i +3), (3.5.4.4)
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T(A@)) = A(i - 2), (3.5.4.5)
S(A(#)) = A(i +1). (3.5.4.6)

It follows from the definition of the AR-quiver [ARS97, VII] that the degree of 7 is -2, see
also [ASS06, Picture on p. 131]. Equation (3.5.4.5) just means that the degree of 7 is 2.

By equation (3.5.4.6), the Serre functor S satisfies the property of o defined in Example
3.5.2. By Lemma 3.5.3 or (3.5.3.1), we have

1 3a+b=0,1,
fpd™ (X% 0 S®) = fpd" (o3**?) =

0 otherwise.

Therefore the fp-S-theory of T is given as above, and given as in Figure 2 (next page).

In particular, we have proven
fpgldim(D’(Mod 4 —k Ay)) = fpd(D*(Mod; 4 —k As)) = fpd(X) =0,

which is less than gldimk A5 = 1.

3.5.8  An example of non-integral Frobenius-Perron dimension
In the next example, we “glue” Ky in (3.5.1.3) and A, in (3.5.4.1) together.

Example 3.5.5. Let G5 be the quiver

) (3.5.5.1)

consisting of two vertices 1 and 2, with arrow «:2 - 1 and 3, : 1 — 2 satisfying relations
R: pa=vya=0,af=ay=0. (3.5.5.2)

Note that (G2, R) is a quiver with relations. The corresponding quiver algebra with relations
is a 5-dimensional algebra

A=key+kes+ka+kf+ky
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Figure 3.3: fp-S-theory for A
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satisfying, in addition to (3.5.5.2),

e?=e), es=ey, l=e+eo, (3.5.5.3)
eoax=0, ae;=0, e ff=ev=0, Pey=rye3=0, (3.5.5.4)

and
aey =a=ejq, fe;=0=ef, ~yei=7=ey. (3.5.5.5)

We can use the following matrix form to represent the algebra A

k€1 ko
kG+kvy ke

A:

For each i = 1,2, let S; be the left simple A-module corresponding to the vertex ¢ and P;

be the projective cover of S;. Then P; 2 Ae; is isomorphic to the first column of A, namely,

k€1 Lo . ka
; and P, @ Aey is isomorphic to the second column of A, namely,

kf+ky key|
We will show that the Frobenius-Perron dimension of the category of finite dimensional

representations of (G, R) is /2, by using several lemmas below that contain some detailed

computations.

Lemma 3.5.6. Let V = (V1,V5) be a representation of (Gg, R). Let W =im o and K = ker .
Take a k-space decomposition Vo = W & K where W = W. Then there is a decomposition
of (Gy, R)-representations V= (W e T,W & K) = (W,W) & (T,K) where  is the identity
when restricted to W (and identifying W with W) and is zero when restricted to K, where

B and vy are zero when restricted to W.

Proof. Since W=ima, Vo2 We K where K =kera and W 2 W. Write V; = W e T for
some k-subspace T' ¢ V;. The assertion follows by using the relations in (3.5.5.2). O]

Recall that A, is the quiver given in (3.5.4.1) and K3 is the Kronecker quiver given in
(3.5.1.3). By the above lemma, the subrepresentation (W, W) (where we identify W with
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k€1 ko

) (2 k Ay) and the subrepresentation (7, K) is a
0 k€2

W) is in fact a representation of (

k€1 0
(E kKQ)
kG+ky ke

Let I,, be the n x n-identity matrix. Let BI(\) denote the block matrix

representation of (

A1 0 - 0 0
0 A 1 = 0 0
0 0 0 - A 1
00 0 -« 0 X

Lemma 3.5.7. Suppose k is of characteristic zero. The following is a complete list of

indecomposable representations of (Gs, R).
(1) Py = (k,k), where a =1 and =~=0.
(2) Xn(A) = (K, K) with dim K =n, where a =0, =1, and 7y = BI(\) for some X e k.
(8) Y, =(K,K) with dim K =n, where a =0, = BI(0) and v = I,.
(4) Son=(T,K) withdimT =n and dim K =n+1, where a =0, 5 = (1,,0) and v = (0, 1,,).
(5) Sin = (1K) with dimT = n+1 and dim K = n, where o = 0, f = ({,,0)” and

v=(0,1,).
As a consequence, k Go/(R) is of tame representation type [Definition 3.7.1].

Proof. (1) By Lemma 3.5.6, this is the only case that could happen when « # 0. Now we
assume « = 0.

(2,3,4,5) If a = 0, then we are working with representations of Kronecker quiver Ko
(3.5.1.3). The classification follows from a classical result of Kronecker [Ben91, Theorem

43.2).
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By (1-5), for each integer n, there are only finitely many 1-parameter families of inde-

composable representations of dimension n. Therefore A is of tame representation type. [

The following is a consequence of Lemma 3.5.7 and a direct computation.

Lemma 3.5.8. Retain the hypotheses of Lemma 3.5.7. The following is a complete list of
brick representations of (Ga, R).

(1) Py~ (k,k), where a =1 and =~=0.

(2) X1(A) = (k,k), where =0, 5 =1, and v = Al for some X e k.

(3) Y1 =(k,k), where « =0, =0 and v = 1.

(4) San formn>0.

(5) Sin forn>0.

The set @, consists of the above objects.
Let X (o0) denote Y;. We have the following short exact sequences of (Ga, R)-representations
0-S51->P -5 -0,
0—> Sy = X1(A) = 51 —0,
0 - Sitt — Son = ST =0,
0S5y > Sp, > STt =0,

0— 522 - S2,n - Sl,n—l - Oa
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where n > 1 for the last exact sequence, and have the following nonzero homs, where A =

kGZ/(R)>
HOII]A(Xl()\), Sl,n) +0, Yn>1

Hom(S2,,, X1(A)) #0, Vn>1
Hom(S2,m, S2,) #0, Vm<n
Homa(S10,S1m) #0, Vm<n
Homy4(S2n,S1m) #0, Vm+n>1

Lemma 3.5.9. Retain the hypotheses of Lemma 3.5.7. The following is the complete list of

zero hom-sets between brick representations of Gy in both directions.
(1) Hom4 (X1 (A), X1(N)) = Homa (X1 (N), X1(N) =0 if A+ XN in ku{oo}.
(2) HOHIA(Sl, SQ) = HOHIA(SQ, Sl) =0.

As a consequence, if ¢ € @y, for somen > 2, then ¢ = {S1,52} or ¢ = {X1(N) 1, for different
parameters {A1,--, An}.

We also need to compute the Ext-groups.

Lemma 3.5.10. Retain the hypotheses of Lemma 3.5.7. Let A # X' be in ku{oo}.
(1) Exty(X1(N), X1(N)) = Homu (X1 (), X1 (M) = k.
(2) Exth(X1()\), X1(\)) = Homa(X;()), X1 (X)) = 0.

EXth(Sl,Sl) Eth(Sl,SQ) 0 k®2
Extl (S, 9) Exty(SyS)] \k o |

(4) Exty(Py, P,) = 0.
(5) dim Ext}(Sapn, S2.) < 1 for all n.

(6) dimExt}y (S, S1,) <1 for all n.
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Remark 3.5.11. In fact, one can show the following stronger version of Lemma 3.5.10(5,6).
(5") Extz(SQ,n,ng) =0 for all n.
(6") Extly(S1.,S1,) =0 for all n.
Proof of Lemma 3.5.10. (1,2) Consider a minimal projective resolution of Xj(\)
I
P1—>P2—>P1—>X1(/\)—>0

where f) sends e; € P to v — A3 € P;. More precisely, we have

k€1 e1—a ka es—>y—A\f3 k€1
—_— _—

k3 +kny kes k3 +kny

— P (k(7 - AB)) — 0.

Applying Hom4(—, X7()\')) to the truncated projective resolution of the above, we obtain

the following complex
0 9

k k k «—0.

If g is zero, this is case (1). If g # 0, this is case (2).
(3) The proof is similar to the above by considering minimal projective resolutions of .Sy
and Ss.
(4) This is clear since P; is a projective module.
(5,6) Let S be either Sy, or S ,,. By Example 3.5.1, fpd(Mod -k K3) = 1. This implies
that
dim Exty , (S, 9) <1

where S is considered as an indecomposable Ks-module.
Let us make a comment before we continue the proof. Following a more careful analysis,
one can actually show that

Exty. , (S, 5) = 0.

Using this fact, the rest of the proof would show the assertions (5’,6’) in Remark 3.5.11.
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Now we continue the proof. There is a projective cover P} ER S so that ker f is a direct

sum of finitely many copies of S;. Since P, is the projective cover of Sy, we have a minimal
projective resolution

— Py — P — S —0
for some a,b. In the category Mod; 4 -k K5, we have a minimal projective resolution of S
0—S5¢—P —S5—0

where S5 is a projective k Ko-module. Hence we have a morphism of complexes

— Py P S 0
0 —— 5% Plb S 0

Applying Hom,4 (-, S) to above, we obtain that

—— Homu(P¢,S) «— Homu(PP,S) «—— Homu(S,S) «— 0
| |- |-
<« Homy(S5%,95) PR Homa(PP,S) «—— Homu(S,8) «—— 0
Note that g is an isomorphism. Since dim Exty 4, (S, 5) <1, the cokernel of f has dimension

at most 1. Since g is an isomorphism, the cokernel of A has dimension at most 1. This
implies that Ext’ (.S, S) has dimension at most 1.

O
Proposition 3.5.12. Let 2 be the category Mod 4 —A where A is in Example 3.5.5.
\/5 n=2,
(1) fpd" A = As a consequence, fpd A = /2.
1 n#2.
(2) SI(A) =2.

(3) fpd A > /2.

Proof. (1) This is a consequence of Lemmas 3.5.9 and 3.5.10. Parts (2,3) follow from part

(1). O
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Remark 3.5.13. Let A be the algebra given in Example 3.5.5. We list some facts, comments

and questions.
(1) The algebra A is non-connected N-graded Koszul.
(2) The minimal projective resolutions of S; and Sy are

and

"—)P2®4—>P1®2—)P2®2—>P1—>P2—>SQ—)0.

(3) For i >0, we have

. 7 1S even
EthA(Sl, Sl) =
0 is odd
. 0 1 1s even
EXt;(Sl,Sg) = ) )
k®2? s odd
, k®2”  iiseven
EXti‘(SQ, Sg) =
0 is odd
, (5,.5,) 0 7 1S even
EthA 2,01) = ]
k22" s odd.

(4) One can check that every algebra of dimension 4 or less has either infinite or integral
fpd. Hence, A is an algebra of smallest k-dimension that has finite non-integral (or
irrational) fpd. It is unknown if there is a finite dimensional algebra A such that

fpd(Mody 4 —A) is transcendental.

(5) Several authors have studied the connection between tame-wildness and complexity
[BS10, ES11, Far07, FW11, K13, Ric90]. The algebra A is probably the first explicit

example of a tame algebra with infinite complexity.
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(6) It follows from part (3) that the fp-curvature of A := D?(Mod; 4 —A) is v/2 (some details
are omitted). As a consequence, fpg(A) = co. By Theorem 3.8.3, the complexity of A
is co. We don’t know what fpd A is.

3.6 o-decompositions

We fix a category C and an endofunctor . For a set of bricks B in C (or a set of atomic

objects when C is triangulated), we define
fpd" |5 (o) = sup{p(A(p,0)) | ¢={X1, -, Xy} € Dyp, and X; € B Vi}.

Let A := {\} be a totally ordered set. We say a set of bricks B in C has a o-decomposition
{B*}xea (based on A) if the following holds.

(1) B is a disjoint union Uyep B*.
(2) If X e B* and Y € B? with A < ¢, Hom¢(X,0(Y)) =0.

The following lemma is easy.

Lemma 3.6.1. Let n be a positive integer. Suppose that B has a o-decomposition { B} xex -

Then

fpd™ |g(0) < sup {fpd™|zr(0)}.

AeA,m<n

Proof. Let ¢ be a brick set that is used in the computation of fpd™|g(c). Write

¢ =¢r U Uy, (3.6.1.1)

where \; is strictly increasing and ¢), = ¢ n BY. For any objects X € ¢N and Y € ¢,
where \; < A;, by definition, Hom¢(X,0(Y)) = 0. Listing the objects in ¢ in the order that
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suggested by (3.6.1.1), then the adjacency matrix of (¢, c) is of the form

Ayp 0 0 0
* Ay 0 0
A(p, o) =] » x  Asgs 0
0
T I

where each A;; is the adjacency matrix A(¢,,,0). By definition,

p(Ayi) < fpd™

g (0)

where s; is the size of A;;, which is no more than n. Therefore

p(A(9,0)) = max{p(Ai)} < sup {fpd™[p:(0)}.

AeA,m<n

The assertion follows. O

We give some examples of o-decompositions.

Example 3.6.2. Let 2 be an abelian category and A be the derived category D?(2l). Let
[n] be the n-fold suspension 7.

(1) Suppose that « is an endofunctor of 2 and @ is the induced endofunctor of A. For
each n € Z, let B" := {M[-n] | M isabrick in A} and B := U,z B". If M;[-n;] € B™,

for ¢ = 1,2, such that ny; < ng, then
HomA(Ml[—nl],E(Mg[—ng])) = Ethl_n2(M1, Oé(MQ)) =0.
Then B has a a-decomposition {B"},; based on Z.
(2) Suppose g := gldim®2 < co. Let o be the functor ¥9 o @. For each n € Z, let B" :=

{M[n] | M isabrick in 2} and B := U,z B". If M;[n;] € B, for i = 1,2, such that

ni < ng, then
HomA(Ml[nl], O'(MQ[TLQ])) = EXt§2_n1+g(M1, Oé(Mg)) = 0

Then B has a o-decomposition {B"},.z based on Z.
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Example 3.6.3. Let C' be a smooth projective curve and let 2 be the the category of
coherent sheaves over C. Every coherent sheaf over C' is a direct sum of a torsion subsheaf
and a locally free subsheaf. Define

BY ={T is a torsion brick object in A},
B! ={F is a locally free brick object in 2}
and
B=B"1uB"
Let o be the functor E' := Exty(—,~). If F e B-L and T € B°, then
Exty(F,T) = 0.
Hence, B has an E'-decomposition based on the totally ordered set A :={-1,0}.

The next example is given in [BBO7].

Example 3.6.4. Let C' be an elliptic curve. Let 2l be the the category of coherent sheaves
over C' and A be the derived category Db(2l).

First we consider coherent sheaves. Let A be the totally ordered set Qu{+oco}. The slope
of a coherent sheaf X # 0 [BB07, Definition 4.6] is defined to be

_ x(x)
(X) ._me/\

where y(X) is the Euler characteristic of X and rank(X) is the rank of X. If X and Y
are bricks such that u(X) < u(Y'), by [BB07, Corollary 4.11], X and Y are semistable, and
thus by [BB07, Proposition 4.9(1)], Homg (Y, X) = 0. By Serre duality (namely, Calabi-Yau
property),

Hom (X, Y[1]) = Exty(X,Y) = Homg(Y, X)* = 0. (3.6.4.1)
Write B = @, ,(2() and B* be the set of (semistable) bricks with slope A. Then B = Uy B*.
By (3.6.4.1), Exty(X,Y) = 0 when X € B* and Y € B” with A < v. Hence B has an

E'-decomposition. By Lemma 3.6.1, for every n > 1,

fpd"(EY) = fpd" |5(E') < sup {fpd™ [p(E1))}.

AeA,m<n
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Next we compute fpd”|zr(E'). Let SS* be the full subcategory of 2 consisting of
semistable coherent sheaves of slope A. By [BB07, Summary], SS* is an abelian category
that is equivalent to SS°. Therefore one only needs to compute fpd” |g(E') in the category
S5, Note that S.S* is the abelian category of torsion sheaves and every brick object in 55
is of the form O, for some p € C. In this case, A(¢, E') is the identity matrix. Consequently,
p(A(¢, E')) = 1. This shows that fpd" |gr(E') = fpd™ |g=(E£') = 1 for all n > 1. It is clear that
fpd"(E') > fpd" |p=(E') = 1. Combining with Lemma 3.6.1, we obtain that fpd"(E') =1
for all n. (The above approach works for functors other than E.)

Finally we consider the fp-dimension for the derived category A. It follows from Theorem
3.3.5(3) that

fpd™(X) = fpd™(E') = 1
for all n > 1. By definition,

fpd(A) = fpd(A) = 1.

As we explained before fpd is an indicator of the representation types of categories.

Drozd-Greuel studied a tame-wild dichotomy for vector bundles on projective curves
[DGO1] and introduced the notion of VB-finite, VB-tame and VB-wild similar to the cor-
responding notion in the representation theory of finite dimensional algebras. In [DGO1]
Drozd-Greuel showed the following:

Let C be a connected smooth projective curve. Then
(a) C is VB-finite if and only if C' is P!.
(b) C is VB-tame if and only if C is elliptic (that is, of genus 1).
(c¢) C'is VB-wild if and only if C' has genus g > 2.

We now prove a fp-version of Drozd-Greuel’s result [DG01, Theorem 1.6]. We thank Max

Lieblich for providing ideas in the proof of Proposition 3.6.5(3) next.



131

Proposition 3.6.5. Suppose k =C. Let X be a connected smooth projective curve and let g
be the genus of X.

(1) If g=0 or X =P, then fpd D*(coh(X)) =1.
(2) If g=1 or X is an elliptic curve, then fpd D?(coh(X)) = 1.

(3) If g > 2, then fpd D(coh(X)) = oo.

Proof. (1) The assertion follows from (3.5.1.4).

(2) The assertion follows from Example 3.6.4.

(3) By Theorem 3.3.5(4), fpd(D®(coh(X))) = fpd(coh(X)). Hence it suffices to show that
fpd(coh(X)) = oo.

For each n, let {z;}, be a set of n distinct points on X. By [DGO01, Lemma 1.7], we
might further assume that 2x; ¢ z; + x; for all i # j, as divisors on X. Write &; := O(x;) for
all 7. By [DGO1, p.11], Home, (&;,&;) =0 for all ¢ # j, which is also a consequence of a more
general result [HL10, Proposition 1.2.7]. It is clear that Home, (&;,&;) = k for all i. Let ¢,
be the set {&1,...,&,}. Then it is a brick set of non-isomorphic vector bundles on X (which
are stable with rank(&;) = deg(&;) =1 for all 7).

Define the sheaf H;; = Hom(&;, ;) for all 4, 5. Then deg(H;;) = 0. By the Riemann-Roch

Theorem, we have

0 = deg(Hi;)
= X(Mi;) - rank(H;;)x(Ox)
= dim Homo, (&, ;) - dim Exte, (€,&;) - (1 - g)
= 0;; — dim Extg, (&,&;) + (9 - 1),
which implies that dim Extg, (&, ;) = g—1+6;;. This formula was also given in [DGO1, p.11
before Lemma 1.7] when i # j.
Define the matrix A, with entries a;; := dimExté)X(&,Sj) = g -1+ 4;;, which is the

adjacency matrix of (¢,, F'). This matrix has entries ¢g along the diagonal and entries
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g — 1 everywhere else. Therefore the vector (1,...,1) is an eigenvector for this matrix with
eigenvalue n(g—1)+1. So p(A,) >2n(g—1)+1>n+1. Since we can define ¢,, for arbitrarily

large n, we must have fpd(coh(X)) = oo. O

Question 3.6.6. Let X be a smooth irreducible projective curve of genus g > 2. Is fpd"(X)

finite for each n? If yes, do these invariants recover g?

Proposition 3.6.7. Suppose k = C. Let Y be a smooth projective scheme of dimension at
least 2. Then

fpd' (coh(Y)) = fpd(coh(Y)) = fpd* (D*(coh(Y))) = fpd(D*(coh(Y))) = co.

Proof. Tt is clear that fpd'(coh(Y)) is smallest among these four invariants. It suffices to
show that fpd'(coh(Y)) = oo.

It is well-known that Y contains an irreducible projective curve X of arbitrarily large
(either geometric or arithmetic) genus, see, for example, [CFZ16, Theorem 0.1] or [Che97,
Theorems 1 and 2]. Let Ox be the coherent sheaf corresponding to the curve X and let g be

the arithmetic genus of X. In the abelian category coh(X), we have
dim Extg, (Ox, Ox) = dim H'(X, Ox) = g.
Since coh(X) is a full subcategory of coh(Y), we have
dim Extg, (Ox, Ox) > dim Extg, (Ox, Ox) = g.

By taking ¢ = {Ox}, one sees that fpd'(coh(Y)) > fpd'(coh(X)) > ¢ for all such X. Since g

can be arbitrarily large, the assertion follows. O]
3.7 Representation types

3.7.1 Representation types

We first recall some known definitions and results.
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Definition 3.7.1. Let A be a finite dimensional algebra.

(1) We say A is of finite representation type if there are only finitely many isomorphism

classes of finite dimensional indecomposable left A-modules.

(2) We say A is tame or of tame representation type if it is not of finite representation
type, and for every n € N, all but finitely many isomorphism classes of n-dimensional

indecomposables occur in a finite number of one-parameter families.

(3) We say A is wild or of wild representation type if, for every finite dimensional k-algebra

B, the representation theory of B can be embedded into that of A.

The following is the famous trichotomy result due to Drozd [Dro80].

Theorem 3.7.2 (Drozd’s trichotomy theorem). FEvery finite dimensional algebra is either

of finite, tame, or wild representation type.

Remark 3.7.3. (1) An equivalent and more precise definition of a wild algebra is the
following. An algebra A is called wild if there is a faithful exact embedding of abelian

categories

Emb: Modyg —k(z,y) > Modsq -A (3.7.3.1)

that respects indecomposability and isomorphism classes.

(2) A stronger notion of wildness is the following. An algebra A is called strictly wild, also

called fully wild, if Emb in (3.7.3.1) is a fully faithful embedding.

(3) It is clear that strictly wild is wild. The converse is not true.

We collect some celebrated results in terms of representation types of path algebras

[Gab72] and [Naz73, DF73].

Theorem 3.7.4. Let () be a finite connected quiver.
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(1) [Gab72] The path algebra k Q) is of finite representation type if and only if the underlying
graph of Q) is a Dynkin diagram of type ADE.

(2) [Naz73, DEF73] The path algebra kQ is of tame representation type if and only if the
underlying graph of Q is an extended Dynkin diagram of type ADE.

Our main goal in this section is to prove Theorem 3.0.4. We thank Klaus Bongartz for

suggesting the following lemma.

Lemma 3.7.5. [Bonl6a/ Let A be a finite dimensional algebra that is strictly wild. Then, for
each integer a > 0, there is a finite dimensional brick left A-module N such that dim Ext’ (N, N) >

a.

Proof. Let V' be the vector space @i ,kz; and let B be the finite dimensional algebra
k(V}/(V®2). By [Bonl6b, Theorem 2(i)], there is a fully faithful exact embedding

Mody 4 —B — Mod; 4 —k(z,y).
Since A is strictly wild, there is a fully faithful exact embedding
Mody.4 - k(z,y) — Mody 4 —A.
Hence we have a fully faithful exact embedding
F: Modygq -B — Mod;g -A. (3.7.5.1)

Let S be the trivial B-module B/Bs;. It follows from an easy calculation that dim Extg(S,S) =

dim(V')* = a. Since F is fully faithful exact, F' induces an injection
F :Exty(S,S) — Exty(F(S), F(S)).

Thus dim Ext!(F(S), F(S)) > a. Since S is simple, it is a brick. Hence, F(S) is a brick.
The assertion follows by taking N = F(.5). O
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Proposition 3.7.6. (1) Let A be a finite dimensional algebra that is strictly wild, then

fpd' (E') = fpd(A) = fpd(A) = co.

(2) If A:=kQ is wild, then
fpd'(E) = fpd(A) = fpd(A) = .

Proof. (1) For each integer a, by Lemma 3.7.5, there is a brick N in 2 such that Exty (N, N) >
a. Hence fpd'(E1) > a. Since a is arbitrary, fpd'(E') = co. Consequently, fpd(2) = co. By
Lemma 3.2.10, fpd(A) = oo.

(2) It is well-known that a wild path algebra is strictly wild, see a comment of Gabriel

[Gab75, p.149] or [Ari05, Proposition 7]. The assertion follows from part (1). O

The following lemma is based on a well-understood AR-quiver theory for acyclic quivers
of finite representation type and the hammock theory introduced by Brenner [Bre86]. We
refer to [RV87] if the reader is interested in a more abstract version of the hammock theory.

For a class of quivers including all ADE quivers, there is a convenient (though not es-
sential) way of positioning the vertices as in [ASS06, Example IV.2.6]. A quiver @ is called
well-positioned if the vertices of () are located so that all arrows are strictly from the right
to the left of the same horizontal distance. For example, the following quiver D, is well-

positioned:
n-1

Lemma 3.7.7. Let () be a quiver such that

(i) the underlying graph of Q is a Dynkin diagram of type A, or D, or E, and that
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(i1) Q is well-positioned.

Let A=k Q@ and let M, N be two indecomposable left A-modules in the AR-quiver of A. Then
the following hold.

(1) There is a standard way of defining the order or degree for indecomposable left A-
modules M, denoted by deg M, such that all arrows in the the AR-quiver have degree
1, or equivalently, all arrows are from the left to the right of the same horizontal

distance. As in (3.5.4.2), when Q = Ay, deg Py =0, deg P, =1 and degI; = 2.
(2) If Homa(M,N) # 0, then deg M <deg N.
(3) The degree of the AR-translation T is —2.
(4) If ExtY (M, N) #0, then deg M > deg N + 2.

(5) There is no oriented cycle in the E'-quiver of A := Mod;q —k@, denoted by le,
defined before Lemma 3.2.11.

(6) tpd(2) = 0.

Proof. (1) This is a well-known fact in AR-quiver theory. For each given quiver @) as described
in (i,ii), one can build the AR-quiver by using the Auslander-Reiten translation 7 and the
Knitting Algorithm, see [Sch14, Ch. 3]. Some explicit examples are given in [Gab80, Ch. 6]
and [Sch14, Ch. 3.

(2) This follows from (1). Note that the precise dimension of Homy (M, N) can be
computed by using hammock theory [Bre86, RV87]. Some examples are given in [Sch14, Ch.
3.

(3) This follows from the definition of the translation 7 in the AR~quiver theory [ARS97,
VII]. See also, [CB, Remarks (2), p. 23].
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(4) By Serre duality, Extp(M, N) = Homy (N, 7M)* [RVAB02, Proposition 1.2.3] or [CB,
Lemma 1, p. 22]. If Extp(M, N) # 0, then, by Serre duality and part (2), deg N < deg7M =
deg M — 2. Hence deg M > deg N + 2.

(5) In this case, every indecomposable module is a brick. Hence the E'-quiver le has
the same vertices as the AR-quiver. By part (4), if there is an arrow from M to N in the
quiver gl, then deg M > deg N + 2. This means that all arrows in le are from the right
to the left. Therefore there is no oriented cycle in le.

(6) This follows from part (5), Theorem 3.1.8(1) and Lemma 3.2.11. O

Theorem 3.7.8. Let () be a finite quiver whose underlying graph is a Dynkin diagram of
type ADE and let A=kQ. Then fpd(2) = fpd(A) = fpgldim(A) = 0.

Proof. Since the path algebra A is hereditary, 2 is a-hereditary of global dimension 1. By
Theorem 3.3.5(3), fpd(2A) = fpd(A). If @1 and Q5 are two quivers whose underlying graphs
are the same, then, by Bernstein-Gelfand-Ponomarev (BGP) reflection functors [BGP73],
Db(Mody.4 -k @1) and D*(Mody4 —k@2) are triangulated equivalent. Hence we only need
prove the statement for one representative. Now we can assume that () satisfies the hy-
potheses (i,ii) of Lemma 3.7.7. By Lemma 3.7.7(6), fpd(2) = 0. Therefore fpd(A) = 0,
or equivalently, fpd(X) = 0. By Theorem 3.3.5(1), fpd(X?) = 0 for all ¢ # 0,1. Therefore
fpgldim(.A) = 0. O

3.7.2  Weighted projective lines

To prove Theorem 3.0.4, it remains to show part (2) of the theorem. Our proof uses a result
of [CGW*19b] about weighted projective lines, which we now review. Details can be found
in [GL87, Section 1].

For ¢t > 1, let p := (po,p1,---,p¢) be a (¢t + 1)-tuple of positive integers, called the weight
sequence. Let D := (Ao, A\1,+, \;) be a sequence of distinct points of the projective line P!

over k. We normalize D so that Ao =00, A\; =0 and Ay =1 (if £ > 2). Let

S =k[Xo, X1, Xi ] /(X7 = XTH + M X(0,0=2,--,1).
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The image of X, in S is denoted by x; for all 7. Let IL be the abelian group of rank 1 generated

by z; for i =0,1,---,¢ and subject to the relations

—

_ = = =
PoXo =" =PiTi = =PpLy =2 C

The algebra S is L-graded by setting deg z; = ;. The corresponding weighted projective line,
denoted by X(p,D) or simply X, is a noncommutative space whose category of coherent

sheaves is given by the quotient category

grl -8

coh(X) :=
gr]]lg_d_ -S

where gr -5 is the category of noetherian L-graded left S-modules and grﬂf. g —9 is the full

subcategory of grl-—S consisting of finite dimensional modules.

The weighted projective lines are classified into the following three classes:

domestic if p is (p,q),(2,2,n),(2,3,3),(2,3,4),(2,3,5);

Xis {tubular if p is(2,3,6),(3,3,3),(2,4,4),(2,2,2,2);

wild otherwise.

Let X be a weighted projective curve. Let Vect(X) be the full subcategory of coh(X)
consisting of all vector bundles. Similar to the elliptic curve case [Example 3.6.4], one can
define the concepts of degree, rank and slope of a vector bundle on a weighted projective
curve X, see [LM93, Section 2| for details. For each pz € Qu {oo}, let Vect,(X) be the full
subcategory of Vect(X) consisting of all vector bundles of slope p.

Lemma 3.7.9. Let X =X(p, D) be a weighted projective line.

(1) coh(X) is noetherian and hereditary.
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(2)
Db MOdf.d. _kgp,q) if p= (qu)a

>

b Modf,d,—kljn) if p=(2,2,n),

DY(Modyg -k E;) if p=(2,3,4),

(
(
D*(coh(X)) 2 { D*(Mod,q -k Eg)  if p=(2,3,3),
(
(

Db(Mod;q -k Eg)  if p=(2,3,5).

(8) Let M be a generic simple object in coh(X). Then Exty (M, M) =1.

(4) tpd*(coh(X)) > 1.

(5) If X is tubular or domestic, then Extyx(X,Y) = 0 for all X € Vect,(X) and Y ¢
Vect, (X) with p' < p.

(6) If X is domestic, then Extg(X,Y) =0 for all X € Vect,y(X) and Y € Vect,(X) with
<. As a consequence, fpd(2 |Vectu/(X)) =0 for all p< oo.

(7) Suppose X is tubular. Then every indecomposable vector bundle X is semi-stable.

(8) Suppose X is tubular and let p e Q. Then each Vect,(X) is a uniserial category. Ac-
cordingly indecomposables in Vect,(X) decomposes into Auslander-Reiten components,

which all are tubes of finite rank.

Proof. (1) This is well-known.
(2) [GL87, 5.4.1].

(3) Let M be a generic simple object. Then M is a brick and Ext'(M, M) = 1.

(4) Follows from (3) by taking ¢ := {M}.

(5) This is [Sch12, Corollary 4.34(i)] since tubular is also called elliptic in [Sch12].

(6) This is [Sch12, Comments after Corollary 4.34] since domestic is also called parabolic

in [Sch12]. The consequence is clear.
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(7) [GL87, Theorem 5.6(i)].
(8) [GL87, Theorem 5.6(iii)]. O

We will use the following result which is proved in [CGW*19b].

Theorem 3.7.10. [CGW*19b] Let X be a weighted projective line.

(1) If X is domestic, then fpd Db(coh(X)) = 1.
(2) If X is tubular, then fpd Db(coh(X)) = 1.

(3) If X is wild, then fpd D’(coh(X)) > dim Homy(Ox, Ox(&)) where & is the dualizing
element [GL87, Sec. 1.2].

There is a similar statement for smooth complex projective curves (Proposition 3.6.5).

The authors are interested in answering the following question.

Question 3.7.11. Let X be a wild weighted projective line. What is the exact value of
fpd™ Db(coh(X))?

3.7.8 Tubes

The following example is studied in [CGW*19b], which is dependent on direct linear algebra

calculations.

Example 3.7.12. [CGW*19b] Let £ be a primitive nth root of unity. Let T}, be the algebra
_ k(g,)

(9" -1,29 - {g2)
This algebra can be expressed by using a group action. Let G' be the group

T, :

{glg"=1}=2Z/(n)

acting on the polynomial ring k[z] by g-z = {&x. Then T, is naturally isomorphic to the skew
—_—

group ring k[z] * G. Let A,,_; denote the cycle quiver with n vertices, namely, the quiver

with one oriented cycle connecting n vertices. It is also known that 7;, is isomorphic to the

path algebra of the quiver A,_;. Then fpd(Mods4 -T7;,) =1 by [CGW*19b].
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3.7.4  Proof of Theorem 3.0.4

Proof of Theorem 3.0.4. Part (1) follows from Theorems 3.7.4(1) and 3.7.8. Part (3) follows
from Proposition 3.7.6(2). It remains to deal with part (2).

(2) By Theorem 3.7.4(2), @ must be of type either A—n_; or A, g, or D, or Egrs. If Q is
of type A—R,I , the assertion follows from Example 3.7.12. If @ is of type Zp,q, D,,, or 56,778,
the assertion follows from Lemma 3.7.9(2) and Theorem 3.7.10(1). O

3.8 Complexity

The concept of complexity was first introduced by Alperin-Evens in the study of group
cohomology in 1981 [AES81]. Since then the study of complexity has been extended to finite
dimensional algebras, Frobenius algebras, Hopf algebras and commutative algebras. First we
recall the classical definition of the complexity for finite dimensional algebras and then give
a definition of the complexity for triangulated categories. We give the following modified

(but equivalent) version, which can be generalized.

Definition 3.8.1. Let A be a finite dimensional algebra and 7' = A/J(A) where J(A) is the

Jacobson radical of A. Let M be a finite dimensional left A-module.
(1) The complezity of M is defined to be

cx(M) :=limsuplog, (dim Ext’y (M, T)) + 1.

n—>00

(2) The complexity of the algebra A is defined to be

cx(A) :=cx(T).

In the original definition of complezity by Alperin-Evens [AE81] and in most of other
papers, the dimension of n-syzygies is used instead of the dimension of the Ext"-groups, but

it is easy to see that the asymptotic behavior of these two series are the same, therefore these
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give rise to the same complexity. It is well-known that cx(M) < cx(A) for all finite dimen-
sional left A-modules M. Next we introduce the notion of a complexity for a triangulated

category which is partially motivated by the work in [BHZ19, Section 4].

Definition 3.8.2. Let 7 be a pre-triangulated category. Let d be a real number.

(1) The left subcategory of complexity less than d is defined to be

dim Hom7( X, X7(Y"))
nd-1

dT::{Xe’THim :O,VYET}.

(2) The right subcategory of complexity less than d is defined to be

T, = {X e T lim dim Hom7 (Y, ¥7(X))

n—>00 nd—l

:O,VYET}.

(3) The complexity of T is defined to be

cx(T)=inf{d| 4T =T}

(4) The Frobenius-Perron complexity of T is defined to be

fpex(T) := fpg(X) + 1.

Note that it is not hard to show that cz(T) =inf{d|Tq=T}.
Theorem 3.8.3. Let T be a pre-triangulated category. Then fpex(T) < cx(T).

Proof. Let d be any number strictly larger than cx(7). We need to show that fpex(7) < d.
Let ¢ € ®,, , be an atomic set and let X := @y, X;. Then, by definition,

lim dim Hom( X, X" (X)) _

n—00 nd—l

0.

Then there is a constant C' such that dim Homy (X, X"(X)) < Cn?1! for all n > 0. Since each

X, is a direct summand of X, we have

a;j(n) := dim Homy(X;, ¥"(X;)) < Cn*
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for all 7,j. This means that each entry a;;(n) in the adjacency matrix of A(¢,X") is less
than Cnd-1. Therefore p(A(p, X")) < mCnd-1. By Definition 4.1.11(3), fpg(X) < d-1. Thus
fpex(T) < d as desired. O

We will prove that the equality fpcx(7) = cx(7T) holds under some extra hypotheses. Let
A be a finite dimensional algebra with a complete list of simple left A-modules {S,--, Sy}

We use n for any integer and i, 5 for integers between 1 and w. Define, for 7 < 7,
pij(n) = min{dim Ext’{ (S;, S;), dim Ext’; (S}, S;) }

and
P, :=max{p;;(n)|i<j}.

We say A satisfies averaging growth condition (or AGC for short) if there are positive integers

C' and d, independent of the choices of n and (4, 7), such that
dim EXtZ(SZ', S]) < Cmax{Pn_d, Pn—d+1a e Pn+d} (3831)
for all n and all 1 <7,7 <w.

Theorem 3.8.4. Let A be a finite dimensional algebra and A = D*(Modyq —A).

(1) cx(A) =cx(A). As a consequence, cx(A) is a derived invariant.

(2) If A satisfies AGC, then fpex(A) = cx(A) = cx(A). As a consequence, if A is local or
commutative, then fpex(A) = cx(A) = cx(A).

We will prove Theorem 3.8.4 after the next lemma.
Let T be a pre-triangulated category with suspension . We use X,Y, Z for objects in
7. Fix a family ¢ of objects in T and a positive number d. Define

A0) = {X T im dimHom;E_)l(, () _g.y Ye¢}, (3.84.1)
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(6)a = {X eT | lim dimHom;'d(f’ X)) g vy gb}, (3.8.4.2)
(0) = {x | i Zn EEMTEZWD) g yy o], (3.84.3)
(¢) = {X eT | lim 2.izn dim HO;HJ(Y’ (X)) vy e gb}. (3.8.4.4)

Lemma 3.8.5. The following are full thick pre-triangulated subcategories of T closed under

direct summands.

(1) a(9).
(2) (¢)a-
(3) U¢).

(4) (¢)7.

Proof. We only prove (1). The proofs of other parts are similar. Suppose X € 4(¢). Using

the fact limp,o0 ¢ =1, we see that X[1]=2(X) is in 4(¢). Similarly, X[-1] is in 4(¢).

n+1)d-1

If f:X; — X5 be a morphism of objects in 4(¢), and let X3 be the mapping cone of f, then,

for each Y € ¢, we have an exact sequence
- HomT(X17 ETL—l(Y)) - HOI’HT(X::” EH(Y)) - HOI’HT(Xz, ETL(Y)) -

which implies that X3 € 4(¢). Therefore 4(¢) is a thick pre-triangulated subcategory of T.
If Xey(¢p)and X =Y @ Z, it is clear that Y, Z € 4(¢). Therefore 4(¢) is closed under taking

direct summands. O

Proof of Theorem 3.8.4. (1) Let ¢ = cx(A). For every d < ¢, we have that

dim Ext"s(T, T)
b -1 -

lim su 00

n—>00

which implies that T ¢ 4A. Therefore d < cz(A).
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Conversely, let d > c. It follows from the definition that

dim Ext’; (T, T)
nd-1 -

0.

lim sup

n—oo

This means that 7' € ({T'})4. Since T' generates A, we have A = ({T'})y. Again, since T'
generates A, we have A = A; = 4A. By definition, d > cx(A) as desired.
(2) Assume that A satisfies AGC. Let

c1 = fpex(A),

co = limsuplog, (Cmax{P,_4, Pr-gs1,"* Pusa}) + 1,

n—>00

c3 =limsuplog, (P,) + 1,

n—>00

cy =cx(A) =cx(A).

By calculus, we have ¢y = c5. Let ¢ be the atomic set of simple objects {5;}%,. Then
p(p,2") > pi;(n), for all 4,7, by Lemma 3.1.7(2). So p(¢,X") > P,. As a consequence,
¢ >c3 Let T = AlJ = @, S% for some finite numbers {d;}*,. Let D be max;{d;}. By
AGC, namely, (3.8.3.1),

1,J

<w?DCmax{P,_q, Po-gi1,, Pnra}

which implies that ¢y = cz(A) = cx(T) < ¢3. Combining with Theorem 3.8.3, we have
€1 = ¢y = C3 = ¢4 as desired.

If A is local, then there is only one simple module S;. Then (3.8.3.1) is automatic. If A
is commutative, then Ext’(S;,5;) =0 for all n and all i # j. Again, in this case, (3.8.3.1) is

obvious. The consequence follows from the main assertion. O

For all well-studied finite dimensional algebras A, (3.8.3.1) holds. For example, the
algebra A in Example 3.5.5 satisfies AGC. This can be shown by using the computation

given in Remark 3.5.13(3). It is natural to ask if every finite dimensional algebra satisfies

AGC.
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Lemma 3.8.6. (1) Let 2 be an abelian category and A = D*(A). If gldim® < oo, then
fpex(A) = 0.

(2) Let T be a pre-triangulated category. If fpgldimT < oo, then fpex(T) = 0.
Proof. Both are easy and proofs are omitted. m

We conclude with examples of non-integral fpg of a triangulated category.

Example 3.8.7. (1) Let a be any real number in {0} u {1} U[2,00). By [KL85, Theorem
1.8, or p. 14], there is a finitely generated algebra R with GKdim R = a. More precisely,
[KL85, Theorem 1.8] implies that there is a 2-dimensional vector space V' c R that generates

R such that, there are positive integers a < b, for every n > 0,
an® <dim(k1+ V)" < bn®.

Define a filtration F on R by
FR=(k1+V)", Vi.

Let A be the associated graded algebra gr R with respect to this grading. Then A is connected
graded and generated by two elements in degree 1 and satisfying, for every n > 0,
an® < ZdimAi < bn®. (3.8.7.1)
i=0
To match up with the definition of complexity, we further assume that there are ¢ < d such
that, for every n > 0,

en®t <dim A, < dn*!. (3.8.7.2)

This can be achieved, for example, by replacing A by its polynomial extension A[¢] (with
degt = 1) and replacing a by a + 1.
Next we make A a differential graded (dg) algebra by setting elements in A; to have

cohomological degree i and dy = 0. For this dg algebra, we denote the derived category of
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left dg A-modules by A. Let O be the object 4 A in A. By the definition of the cohomological
degree of A, we have

Homu(O,Xi0) = 4;, Vi. (3.8.7.3)

Let T be the full triangulated subcategory of A generated by O. (3.8.7.3) implies that
O is an atomic object. Now using (3.8.7.3) together with (3.8.7.2), we obtain that

fpex(T) > a. (3.8.7.4)

By (3.8.7.2)-(3.8.7.3), we have that, for every d > a, O € 4({O}). Since O generates T,
we have 4({O}) = T. The last equation means that O € (T),. Since O generates T, we have
(T)a=T. By definition, d > cx(T). Combining these with Theorem 3.8.3 and (3.8.7.4), we

have, for every d > «,

a<fpex(T) <cx(T) <d

which implies that fpex(7) = cx(T) = . This construction implies that
GKdim (@ Hom(O, El(O))) = GKdim A = a. (3.8.7.5)
i=0

(2) We now consider an extreme case. Let a = {a;}2, be any sequence of non-negative

integers with ag = 1. Define B to be the dg algebra @ B; such that

(i) dim B; = a; for all . In particular, By = k. Elements in B; have cohomological degree

i
(i) (Bis0 Bi)* =0.
(iii) Differential dp = 0.

In this case, GKdim B = 0. Similar to part (1), the derived category of left dg B-modules is
denoted by B. Let O be the object gB in 5. Then

Homg(0,%'0) = B;, Vi,
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and O is an atomic object. Let 7 be the full triangulated subcategory of B generated by O.
The argument in part (1) shows that

fpex(T) = limsuplog,,(a,) + 1.

1 1=0
Now let r be any real number > 1 and let a; = . Then we have fpex(7) = r.
it i>1
. Lor=
Let r be any real number > 1 and a; = |r?] for all 4 > 0. Then fpex(T) = . Using a

oo r>1
similar method (with details omitted), fpv(7) = 7.
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Chapter 4

FROBENIUS-PERRON THEORY OF MODIFIED A-D-E
BOUND QUIVER ALGEBRAS

4.1 Introduction

This chapter is based on independent work [Wic19]. As discussed in the introduction and in
Chapter 3, the Frobenius-Perron dimension of a finite tensor category has proven to be an
important invariant since it was introduced by Etingof, Nikshych, and Ostrik [ENOO05]. One
can define the Frobenius-Perron dimension of an object in a tensor category as well as the
dimension of the tensor category itself, and these dimensions encode many useful properties.
These ideas have been essential to the classification of fusion categories and understanding
the representation theory of semisimple Hopf algebras.

In Chapter 3, a new type of Frobenius-Perron dimension was introduced, which we will
denote fpd [CGW+19a]. This extends the definition of Frobenius-Perron dimension of an ob-
ject in a fusion category to a much more general setting [CGW*19a, Ex. 2.11]. In fact, this
definition of fpd can be applied to any k-linear category along with a chosen endofunctor.
Chapter 3 focuses on understanding the fpd of abelian categories (see Definition 4.1.10) and
derived categories, where the endofunctor is the suspension. The results in [CGW*19a] sug-
gest that the Frobenius-Perron dimension of an abelian or derived category is an important
and useful invariant with connections to representation theory.

The intent of this chapter is to gain a better understanding of the fpd as it relates to the
representation theory of finite-dimensional algebras. First, we review an important theorem
from [CGW*19al, which is analogous to the finite tensor category result [EGNO15, Prop.
6.3.3].

Theorem 4.1.1. [CGW*19a] If F : A - B is an embedding of abelian categories, then
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fpd A < fpd B.

The previous theorem is useful in that we can use the fpd to show non-existence of
embeddings between abelian categories. However, calculating the fpd can be a difficult
task. If we could develop strategies for calculating the fpd in certain abelian categories, we
could compare those categories via their fpd. To that end, we prove the following theorem,
which greatly simplifies the calculation of the fpd for radical squared zero finite-dimensional

algebras. First we need some hypotheses.

Hypothesis 4.1.2. Let A = kQ/(> 2) for some finite quiver @, where (> 2) is the ideal
generated by paths of length greater than 1, and let J be the ideal of A generated by the loops.
Let Q)" be the quiver formed from Q) by removing all the loops. Define C' = k@' = kQ/j,
where J is the ideal of kQ generated by the loops, and B = A/J 2k Q'/(>2) = C/(>2). Let
P, (respectively I;,S;) denote the indecomposable projective (respectively injective, simple)

B-module at each vertex i. Note that as A-modules, SYZ ~ S, for each 1.
Calculating the fpd requires an understanding of the brick modules (Definition 4.1.10).

Theorem 4.1.3. Assume Hypothesis 4.1.2. Then there is a one-to-one correspondence be-

tween the isomorphism classes below:
{brick A-modules} «— {brick C-modules annihilated by (>2)}
Furthermore, if M, N are brick A-modules, we have a natural isomorphism
Homu (M, N) 2 Hompg(M,N) 2 Homg (M, N).

We apply this theorem to some examples. We hope that these results in conjuction
with Theorem 4.1.1 will be of use to those who are trying to compare or understand these
categories.

In particular, we focus on a family of bound quiver algebras related to the ADE quiver

algebras (Definition 4.1.12). The ADE quivers and related quivers appear in settings as
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diverse as the classification of semisimple Lie algebras [Hum78|, the McKay correspondence
[McK80], the classification of minimal models of two-dimensional conformal field theory
[Cap88], and more. In addition to their ubiquity, the ADFE quivers are of finite represen-
tation type and their representations are well-known [Gab72], making variations of their

representation categories ideal to study.

Theorem 4.1.4. Let A be a modified ADE bound quiver algebra with N; loops at each vertex
i (Definition 4.1.12). Then

fpd (A-mod) = max{Ny,..., N, }.

Some consequences of this theorem include non-existence of embeddings. Suppose that A
is a modified ADFE bound quiver algebra with at least one loop on a single vertex. Then the
category of representations of A does not embed into any of the categories of representations
of the A,,, D, or E, quiver algebras, since these have fpd 0 [CGW*19a]. Similarly, if A is a
modified ADFE bound quiver algebra with at least two loops on a single vertex, the category
of representations of A does not embed into any of the categories of representations of the
A,,D,, or E, quiver algebras, since these have fpd 1 [CGW*19a]. And if A, B are modified
ADFE bound quiver algebras where the maximum number of loops at a single vertex of A
is N, and the maximum number of loops of at a single vertex of B is M, then if N < M,
B-mod cannot embed into A-mod.

The following question would be interesting to investigate.
Question 4.1.5. What is the fpd for the ADE modified bound quiver algebras?

Notice that Example 4.4.1 is of type A(1). In this case we have a formula for the fpd
which depends on the number of loops at each vertex, which is irrational in many cases. So
we do not get the same result as Theorem 4.1.4. It would be interesting to see if there is a
formula that describes the fpd of the ADE modified bound quiver algebras.

It is natural to ask about the fpd of the derived category.

Question 4.1.6. Let A be a modified ADFE bound quiver algebra. What is fpd D?(A-mod)?
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We defined the modified ADE bound quiver algebras with a certain arrow orientation
(Definition 4.1.12). We ask if the fpd is invariant under changing directions of arrows, and

show that the question has a positive answer up to n =3 (Theorem 4.6.1).

Question 4.1.7. Let )’ be a quiver whose underlying graph is A,,, D,,, or E,, for some n. Let
@ be the quiver formed from @’ by adding N; loops to each vertex i, and let A = kQ/(> 2).
Is it true that

fpd (A-mod) = max{Ny,...,N,}?

The fpd of an abelian category is an element of R*® U{xoo}. It is natural to ask

Question 4.1.8. For a finite-dimensional algebra A, what values of fpd A-mod are possi-

ble?

As a partial answer to this question, we provide the following family of examples using

Theorem 4.1.3. The general answer to this question is unknown.

Proposition 4.1.9. There exists a family of finite-dimensional radical squared zero algebras

A which can be used to construct arbitrarily large irrational values of fpd (A-mod).

4.1.1 Conventions and definitions

We assume that the base field k is algebraically closed.

If A is a finite-dimensional k-algebra, then A-mod (respectively mod- A) denotes the
category of finite-dimensional left (respectively right) A-modules. We will use A to denote
the opposite algebra of A.

Let ) denote a finite quiver. The ideal generated by all paths of lengths greater than 1 in
k @ is denoted by (> 2). If A =k @Q/I is a bound quiver algebra, we denote the indecomposable
projective (respectively injective, simple) module at vertex ¢ by P; (respectively I;, S;).

The spectral radius of a square matrix M with entries in R or C is denoted p(M) [HJ13,
Defn. 1.2.9].

We review the relevant definitions, which can be found in Chapter 3 as well as [CGW*19a].
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Definition 4.1.10. Let C be a k-linear abelian category, and let ¢ := { X1, X5,..., X,,} be a

finite subset of nonzero objects in C.
(1) The adjacency matriz of ¢ is defined to be

A(9) = (Aij)nxn, Where ay; = dim Exts(X;, X;) Vi, j.

(2) An object M in C is called a brick [ASS06, Definition 2.4, Ch. VII] if

Home (M, M) = k.

(3) ¢ € ® is called a brick set if each X; is a brick and
dim HOIHC(XZ, X]) = 52]

for all 1 <4,j <m. The set of brick n-object subsets is denoted by ®,,;,. We write
Dy = Ups1 Porp-

Definition 4.1.11. The nth Frobenius-Perron dimension of C is defined to be
fpd"(C) = Sup {r(A(9))}.
€Pn b

If @, is empty, then by convention, fpd"(C) = —oo.

The Frobenius-Perron dimension of C is defined to be

fpd(C) := sglp{fpd”(c)} = leq)p{p(A(@)}

Definition 4.1.12. We define a family of algebras closely related to the ADE path algebras.
Define A(n, Ny,...,N,) =kQa/(>2) for n > 1, where Q4 is the following quiver with N;
loops (labeled a! for 1 =1,..., N;) at vertex i:

z2 z3 Tn

\
4

~
~

G

1
ay

s G
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Define D(n, M, ..., M,) =kQ@p/(>2) for n > 4, where @Qp is the following quiver with
M; loops (labeled bt for [ =1,..., M;) at vertex i:

!
bﬂl

X

Tn-1
T x Tp-2
1 252 iy s -2 —" s
g Y
b 2 b, s

Define E(n, K1,...,K,) =kQg/(>2) for n € {6,7,8}, where Qg is the following quiver
with K; loops (labeled ¢! for [ =1,..., K;) at vertex i

1 T3 Ty 5 . Tp
@ J @ @
cq 3 cy

We refer to the algebras above as the modified ADE bound quiver algebras. When the

number of each loops at each vertex is given, we refer to these algebras as A(n), D(n), and

E(n). These algebras appear in Theorems 4.5.1, 4.5.2 and 4.5.5.

4.2 Preliminaries

We compile a list of results which we use later in the paper. The reader is welcome to skip

this section and come back to it for reference.

Definition 4.2.1. We define the path algebra k@ of a finite quiver @) (that is, a directed

graph with finitely many edges and vertices) to be the associative k-algebra determined by



155

the generators e;, a for all vertices i of ) and all edges « of @), such that for all i, 7, «,
€i€j = 0ij, Cya)X = Q, Qey(a) = Q,

where t(«) is the vertex that is the target of o and s(«) is the vertex that is the source of «.
Note that the definiton of path algebra in [ASS06] and in Chapter 3 is the opposite algebra
of k() as we have defined it here.

Fact 4.2.2. Let A be a finite-dimensional k-algebra.

(a) [Schl4, Prob. 5.6] The following functors are mutually inverse contravariant equiva-

lences

D(-) := Homy (-, k) : mod- A - A-mod,
D(-) := Homy (-, k) : A-mod — mod - A.

(b) [Sch14, Prob. 5.6] D gives duality between injective left modules and projective right
modules (and vice versa). This is a consequence of Exty (DX, DY) = Ext} (Y, X).

(c) [Schl4, Prob. 5.6, Prop. 5.7] Define the Nakayama functor v(-) = DoHom4 (-, A). Now
suppose that A = k@Q/I is a bound quiver algebra. We define I; := v(Ae;) = D(e;A).

Then [; is an indecomposable injective left A-module.
(d) [Ben91, Lem. 1.7.5,1.7.7] Let A =k@/I be a bound quiver algebra. Then
dimHom (P}, S;) = 0;; = dimHom 4 (S;, ;).
(e) [Schl4, Prob. 2.8, Cor. 2.12] Let A=k be a path algebra. Then

dimHom (I}, ;) = the number of paths from ¢ - j = dim Hom (P}, B).

(f) [ASS06, Lem. II1.2.12(b)] Let A=k@Q/I be a bound quiver algebra. Then

dim Ext,(S;,S;) = the number of arrows from i — j.
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(g) [ASS06, Defn. II.1.2, Thm. II1.1.6] Let A = k@/I be a bound quiver algebra. There
exists an equivalence of categories A-mod 2 Rep, (@, ). We will freely identify these

categories throughout the rest of the paper.

(h) [AFT74, 4.3, Ex. 4.16] Let A be a k-algebra and let I be an ideal. Then there is an
equivalence of categories between C = A/I-mod and D, which is defined to be the full

subcategory of A-mod whose objects are those A-modules which are annihilated by

I.

(i) Let @ be a finite quiver and let V' = (V;, f,) € Rep(Q). Suppose a; ..., is a non-zero
path, where each «; is an edge of (). Let I be an ideal of k(@ containing oy ...«q,. If

fay © -0 fa, is non-zero, then V is not annihilated by I. This is a consequence of (7).

(j) [DK94, Cor. 1.7.3] Suppose that @ is a finite quiver with an indecomposable represen-
tation V' = (V;, f5) € Rep(Q). If o is an edge of @ such that @) — « is disconnected,
and W(a) # 0 74 V;(a), then fa % 0.

(k) [ASS06, Lem. 2.4, 2.6] Let A =kQ/(>2) be aradical squared zero algebra described by
a finite quiver () such that e; Ae; is one-dimensional for all j. Then P, = Ae; corresponds

to the representation (V}, f,), where

kifj=1
Vi=1 Kk if j =t(a) for some arrow o with source i ,

0 otherwise

Lif Vi) =k = Vi)

Jfa

0 otherwise
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Similarly, I; = D(e;A) corresponds to the representation (W}, gs), where

K if j=i

Wi=1 kif j =s(B) for some arrow 3 with target i ;

0 otherwise

- Lif W) =k =Wy
B = .

0 otherwise
We need the following results for our calculations.

Lemma 4.2.3. Assume Hypothesis 4.1.2.

(a) If p“ﬁj are in the same brick set in A- mod, then we have Eth(pi’ﬁ)j) =0ifitj. If
P, ¢ S;, then Exth(pi, Pz) =0.

(b) Dually, if I;,I; are in the same brick set, then we have Extl(Il;,1;) = 0 if i # j. If
fi %1« Si; then EXti(fZ, jz) =0.

(¢) Ifi # 5 , then we have Ext(P;, S;) = 0.

(d) Dually, if i # j, Ext4(S;i, ;) = 0.

Proof. We will prove (1) and (3), since the other results are dual.

(1) Fix a vertex i. Let P, = Ae; be the indecomposable projective A-module at vertex i.
Notice that P, ~ P;/JP; as A-modules. Let ay,...,ay be a complete list of the loops in Q
with source ¢, and let x1,..., x5, be a complete list of arrows that are not loops with source
iin (). Note that for 1<m <M,1<n <N, kx,, = Sy,,) and ka, = S;. Then the following

is a projective resolution of P; in A.

14

@7]1\[:1 (@%:1 Pyam) ® Pz'@N) L)

@7]2[:1 (@%ﬂ k., @{Xl k al) @7]:/=1 ka,

~
-

.
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We need to take first homology of the following sequence:

_ « N _ « N M ~
0 Homa(Py ) &> @ Homa(Py By) L@Hom(ea %m)eaa@fv,e).
n=1 n=1 m=1

Case 1: i #].
We will show that Hom (P, P;) = 0; therefore, ExtY (P, P;) = 0.
By Proposition 4.3.4, Hom4(P,, P;) = Homg(P;, P;). Then

dim Hom 4 (P}, f’J) = dim el-]5j =dime;Be; = dimHomB(pi, ]5j) = dim HomA(Z-:’Z-, pj) =0,
where the last equality holds because P, IBJ are in the same brick set.

Case 2: 1=7.
Notice that 1* = @ ¢z, where ¢ : Homu (P, P;) - Hom, (@%:1 Pyz,,) ® PPN, I5j) . We
will show that ker4); = 0 for each n. Therefore, Ext} (P, P;) = 0.

- M N Pn 9 5
keryr =3g: P~ P;: D Pz, PP, — P~ P;j|=0
m=1 =1

Since Im ), = @%:1 kax,, EB{X1 k a;, we have

kerzﬁ;:{gzﬂefy: 9(zm)=0=g(a;), 1<m<M1<I<N}

Let g € kere}. Since as a vector space, we have

ke, ok @k dka; ®--dkay

B -
ka,®-—-okay

Y

we have that

g(e;) = [ae; + Brwy + -+ By ]

for some «, f1,..., By € k.

We can see that [B1xq + -+ Byar] = 0 by noting that since none of the z;, have target i,

[aei] = ei[ae; + Brxy + -+ Byaar] = eig(es) = g(es) = [ae; + frwy + -+ Barrar].
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There exists at least one non-loop arrow x; with source ¢ because f’z % S;. Hence
0=g(x;) =x9(e;) = xj[ae;] = [ax;] = a=0.
Then g(e;) =0, so g =0 and hence kerv;: = 0.

(3) We will use the same projective resolution of P; as the proof of (1) and the same

notation.
D1 (D01 Puann) @w e, —*— P —— P ——0
Sy (D kz, @Y kay) @) kay,

Apply Homu(-, 5;) :
o N o N M
0 - Homy(FP;, S;) — @ Homu(P;, S;) — € Homy (@ Piz,) @ PV, Sj) )
n=1 n=1 m=1
Then Ext}(P;,S;) = 0 since Hom4(P;, S;) =0 if i # j (Fact 4.2.2). O

Lemma 4.2.4. Assume Hypothesis 4.1.2. Let P; denote the indecomposable projective B-
module at vertez i. Suppose that M is an A-module such that Homa(P;, M) =0. Then

ExtY (P, M) = 0.

Proof. Let aq,...,ay be a complete list of loops at 7. First we construct a projective resolu-

tion of P,. As a vector space,
P;

b .
ka;®d-—-dkay

112

We have a projective resolution:

~

N P T -
@5 P > P > B 0

!

ka1 ® "‘@k&N
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Now take Homy (-, M):
0 —— Hom (P, M) —£— @k, Homy (P, M)
Since Homy (P;, M) =0,
Extl (P, M) =0. O
Definition 4.2.5. A vertex 7 in a quiver is called a sink if there are no arrows « with s(«) =
Lemma 4.2.6. Assume Hypothesis 4.1.2. Let S; denote the simple A-module at vertexi. Ifi
is a sink in the quiver Q' describing B, and if M is an A-module such that Homa(P;, M) =0,

then
EXtZ(SZ, M) = O, Vn.

Proof. Let P; denote the indecomposable projective at vertex i in A. Let aq,...,ay denote
the loops with source 7. If 7 is a sink in @', then as a vector space, ker(P; > S;) =ka; & @

kay. We have the following projective resolution of S;:

(PN e < e / / S —
(kalea---eakaN)@N (kay @@ kay)eN ka,o---eokay

We must take Hom4(—, M) of this resolution. But since Hom4(P;, M) = 0, all the terms
are 0. So Ext}(S;, M) =0 for any n. O

The following lemma comes in handy when calculating Ext! groups.

Lemma 4.2.7. Assume Hypothesis 4.1.2. Let M be an A-module which is annihilated by
all of the loops in A, and let P; be the indecomposable projective A-module at vertexr i. Let

{Ly,...,L,} be a complete list of loops of A with source i. Then for any subset {iy,... ix} C

{1,...,n},
{9:F > M:g(Li,) =--=g(L;,) =0} = Homa(F;, M).

Proof. For any g: P, > M, g(L;) = Ljg(e;) =0, since L; annihilates M. ]
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We use the following proposition to show that certain indecomposable modules cannot

be bricks.

Proposition 4.2.8. Let ) be a finite quiver with vertices i,j,k with arrows o : 1 — j, (3 :
j = k. Suppose that for any arrow v, j # s(v) except when v =3, and j # t(7) except when
y=a. If V. =(V,, f,) is a representation of ) such that V; = k', Vi=k" Vi, =k" forlin>1
and m>2, fo #0# f5, and fgo fo =0, then V is decomposable.

Proof. Notice that removing the vertex j creates two disjoint quivers )’, )", where ()’ con-
tains vertex ¢ and Q" contains vertex k. Let V(Q'),V(Q") denote the set of vertices of
Q’, Q" respectively.

First, here is a general picture of ):

a.ﬁ\/

/ i > j > k >
Here is a general picture of V' = (V,, f,) (for simplicity, denote f, by f and fs by g):

N L

\

Since Im f # 0, g # 0, and go f = 0, we may choose a basis {e1,...,¢ep, €ps1,...,€n} for kK™

such that 1 <p<m -1 and

g(e;)=0fori=1,...,p

g(ej)#0for j=p+1,...,m.
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Since go f =0,Im f c ke; ®--- @ ke,. Define a map of representations ¢ : V' — V', where

for any ay,...,a, €k,

Pa =1dy, if aeV(Q')

0o =0if a eV (Q")

TR g
(a1,-..,am) > (a1,...,a,,0,...,0).

Since ¢ is a non-trivial idempotent in the endomorphism ring of V', V' is decomposable

by [DK94, Cor. 1.7.3]. O

4.3 Results for radical squared zero algebras

We will apply Theorem 4.1.3 to calculate the Frobenius-Perron dimension of the category of
representations of a radical squared zero bound quiver algebra. To prove Theorem 4.1.3, we

need some additional results.

Lemma 4.3.1. Let A be a finite-dimensional algebra over a field k. Then if V' is a brick
object in A-mod and x € Z(A), there exists A € k such that for allveV, x.v=lv.

Proof. We will prove the contrapositive. Notice that if x is a central element of A, then we

have an induced endomorphism of any A-module V' defined by:
0V =V, @ (v)=x0.

Suppose that there exists a central element = of A and a representation V' such that
vz # Ady for any A € k. Then ¢, and Idy are linearly independent elements of Hom 4(V, V"),
so V' is not a brick. O

Proposition 4.3.2. If x is a central nilpotent element of A and V is a brick module, then

the ideal (x) annihilates V.
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Proof. By Lemma 4.3.1, for all v € V' we must have z.v = Av for some A € k. Suppose z" = 0.
Then 0 = 2™.v = A\"v for every v € V. Hence A = 0 and x annihilates V. Since x is central, the

two-sided ideal generated by  must also annihilate V. [

Corollary 4.3.3. Let J be an ideal generated by central nilpotent elements of A. If V is a
brick A-module, then J annihilates V.

Proposition 4.3.4. Let J be an ideal generated by central nilpotent elements. Then there

1s a one-to-one correspondence between the isomorphism classes below:
{brick A-modules} «— {brick A]J-modules}
Furthermore, if M, N are brick AJJ-modules, then we have a natural isomorphism
Hom (M, N) = Homyu,; (M, N).

Specifically, if we define J,. to be the ideal generated by all central nilpotent elements, we get

the one-to-one correspondence and natural isomorphism above.

Proof. Suppose that M, N are brick A-modules. Then J annihilates both M and N by
Corollary 4.3.3. By Fact 4.2.2 (8) we have a natural isomorphism

Hom (M, N) = Homyu,; (M, N).

Therefore M, N are also brick A/J-modules.
Now suppose that L, P are brick A/J-modules. Then L, P can be thought of as A-modules
via Fact 4.2.2 (8), and we have

Homy,;(L, P) = Hom, (L, P).
Therefore L, P are also brick A-modules. O

Proof of Theorem 4.1.5. First suppose that L, P are brick C-modules annihilated by (> 2).

Then by Fact 4.2.2 (8) we have natural isomorphisms

Home (L, P) 2 Homey(»2)(L, P) 2 Homp(L, P) = Homu,;(L, P) 2 Homu (L, P).



164

Therefore L, P are brick A-modules.

Now suppose that M, N are brick A-modules. Then we have natural isomorphisms
Homy (M, N) = Homy,;(M,N) (Proposition 4.3.4)
=Homp(M,N)
= Homg/(ZQ)(M, N)

¥ Home(M,N) (Fact 4.2.2 (8)).

Therefore, M, N are brick C-modules. 0

4.4 An example of arbitrarily large irrational Frobenius-Perron dimension

Example 4.4.1. Consider the following quiver Q(n,m) with n loops at vertex 1 and m

loops at vertex 2:
A
a; b
@ 1 — 2 @ !

Let A = kQ(n,m)/(> 2). We want to calculate fpd (A-mod). We can see that J =
(ai,...,an,b1,...,by) is an ideal generated by central nilpotents. Let B := A/J. Then B is
described by the following quiver with relations (> 2) = 0:

By Theorem 4.1.3, we have a one-to-one correspondence between bricks of A and bricks

of B, as well as the following natural isomorphism for any A-modules M, N:
Homu (M, N) 2 Homp(M, N).

Hence it suffices to compute the dimensions of Hom 4-spaces in B.
The representation theory of B is well-known [CGW+*19a]. There are 4 non-isomorphic

indecomposable modules. First, we have the two simples Sy, Sy, which are described by S; =
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Be;/(>1). Then we have the two indecomposable projectives My, My, where M; = Be;. S1,Ss
are bricks since they are simples. We have Hompg(M;, M;) = Hompg(Be;, Be;) 2 e;Be; = ke;,
so each M; is a brick as well. Under the one-to-one correspondence, these map to bricks in
A where S; = Be;[(>1) = Ae;/(> 1), which are simple in A, and M; = Be; = Ae;/ Je;.

We know that Hom 4 (M;, M;) 2 Hompg(M;, M;) = Hompg(Be;, Be;) = e;Be;, which is non-
zero for ¢ # j. So My, M cannot be in the same brick set. Furthermore, we have the following

short exact sequences:
O_)Sl_>M2_)SQ_>O7 O—>SQ—>M1—>51—>O.

Hence we cannot have a brick set containing both S;, M; for any 1, j.
Therefore there are only 5 possible brick sets: ¢ = {M;}, ¢o = {Msa}, ¢3 = {51,52},
¢4 ={S1}, and @5 = {S2}. Since ¢y, 5 are subsets of ¢s, P(A(¢(4 or 5))) < p(A(g3)), so we do

not need to consider them. We can compute the following.
p(A(¢1)) = Ext'(My, M) = 0 by Lemma 4.2.3.
p(A(¢p2)) = Ext!(Ms, My) = 0 by Lemma 4.2.3.
p(A(d)) = p T Mo (Vm—m)Z+ 4 +m+n) by Fact 4.2.2 (6).

m
Then

fpd (A-mod) = sup{p(A(¢;)):1<i<3} = % (\/(m—n)2 +4+m+n).

Proof of Proposition 4.1.9. We can get arbitrarily large irrational numbers using this ex-
ample. Let r € R*®. Let N be the smallest integer greater than or equal to r. Let
n=N,m=N+1. Then we have

fpd(A-mod):%(\/(N+1—N)2+4+N+1+N): (2N+\/§+1):N+

N —

Question 4.4.2. What is fpd D*(A- mod )? Is it still irrational in the cases where fpd (A - mod)

is irrational?
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4.5 Frobenius-Perron dimension of modified ADE bound quiver algebras

4.5.1 A(n) algebras

Theorem 4.5.1. Let A(n) be the finite dimensional radical squared zero algebra described

by the following quiver Q with N; loops (labeled b for 1 =1,...,N;) at vertez i:

Then
fpd (A(n)-mod) = max{Ny,..., N,}.

Proof. We have A(n) = kQ/(> 2). Let J be the ideal generated by the loops. Let B :=
A(n)/J. In other words, B is the radical squared zero algebra described by the following
quiver Q'

T3 Tn

Z2
1 > 2 o

S

We can see that B = C/(>2), where C:=k@Q'.
By Theorem 4.1.3, we have a one-to-one correspondence between bricks of A(n) and
bricks of C' annihilated by (> 2), as well as the following natural isomorphism for any brick

A(n)-modules M, N:
Hom 4y (M, N) = Homp(M, N) = Home(M, N).

Hence it suffices to compute the dimensions of Hom 4(,)-spaces in B or C.
The set of brick modules of C' is a subset of the set of indecomposable modules of C,
which are well known by Gabriel’s theorem [Gab72]. The dimension vectors of these modules

correspond precisely to the positive roots for the A,, root system [Hum78, p. 64].
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Let E; == (0,...,1,...,0), the n-dimensional vector with a 1 in the ith position and 0
elsewhere. Then the positive roots of A, are given by the following vectors:

j
{ZEl:ISiSan},

l=1

or in different notation,

(1,0,...,0)
(0,1,...,0)
(0,...,0,1)
(1,1,0,...,0)
(0,1,1,0,...,0)
(0,...,0,1,1)
(1,1,1,0,...,0)

(0,1,1,1,0,...,0)

(0,...,0,1,1,1)

(1,...,1).

However by Fact 4.2.2 (9), (10), any dimension vector with more than two 1’s in a row
gives a C-module that is not annihilated by (> 2). Therefore, the only indecomposables that
could possibly be bricks of A(n) are the following. Note that below we use Schiffler’s notation
for representations [Sch14, Remark 1.1].

(1) =(1,0,...,0)
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(2) =(0,1,...,0)

on=&xnw0J)
(;):(Ll,a..wo)

2
=(0,1,1,0,...,0
(3) ( (R B} Y )

(”;1):61“.ALL1)

We will show that all of these are bricks of A(n) and calculate the Hom matrix.

Because (i), (j) are simple,
dim Home ((2), (5)) = dijs (4.5.1.1)

so (i), (j) are bricks.
If we have (Zil) , (

jil) with i 4 j,1# j+1,and i # j -1, then we have no overlap between

the non-zero vector spaces of the representations, and Homg ((HZ1) ) (]il)) = 0. So we only
need to check the morphisms in the cases i =j,i=7+1,2=75-1.
Denote the indecomposable projective (respectively injective, respectively simple) of B

at vertex i by P; (respectively I;, respectively S;). Then by Fact 4.2.2 (11),

1+ 1

E=( ' ):LH- (4.5.1.2)
Tfi=,
dim Hom 4, , ! A ! = dim Homp (]52, ]51) = dim Homp (Be;, Be;) = dime; Be; = 1,
() 1+1 1+1

SO ( : ) is a brick.

1+1

Ifi=j+1,

. 1 .
dim Hom 4, ! , ! . =dim Homgp ( P;, P,_1) = dim Hompg(Be;, Be;_1) = dime; Be;_1 = 1.
(n)

1+ 1 7



169

Ifi=j-1,

N o
Homag ((, £ )+ (11, )) = Homs (P PLa) = Homa(Be,, Beios) = eiBeoy =0

Therefore,

1 ifi=j+1

d1mHomA(n)((i+1),(jil)): 1 ifi=j - (4.5.1.3)

0 otherwise

Recall that by Fact 4.2.2 (4), dimHomB(gi,fj) = 0;;. Therefore since S, = (i),fj+1 =

(:4)

j 1 ife=5+1
dimHomA(n) ((2)7( . 1)) = . (4514)
I 0 otherwise

Now let us consider (,/,),(j). By Fact 4.2.2 (4),

i+1

Compiling all this information, we have the following block matrix H. We define H;; =
dim Hom 4(,,) (X, X;), where X;, X € {(1), ooy (n), (;) e ("_1)}:

n



1 2 6 (n=-1) ()| () G 1) ()

(1 {1 0o 0 0 0] 0 0 0 0
2 o 1 0 o0 0|1 0 0 0
@ o o 1 0 0] 0 1 0 0
0 0

(mn-fo o o0 o0 1 0] 0 0 1 0
H="wy o o 0o o 0 110 0 0 1
(30 |1 o o 0o 0 0] 1 0 0 0
(3 o 1 0 0 0 0|1 1 0 0
: 0 0] 0 1 0 0
(™10 o 0 1 0 0] 0 0 0
() \o o o o 1 0] 0 0 1 1
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Now we can calculate the Extz(n) matrix. We already know what the Ext' groups for

the simple objects should be. Recall from Lemma 4.2.3 that

Extly ) (Si, ;) =0, Vi # j

Ext;(n)(ﬁi,sj) =0,Vi4j

Extly (5, Py) =0,

if i # j or I is not simple

if i # j or P, is not simple.

Let % denote a possible non-zero matrix entry. We have (i) = S; and (

J
J+1

:_Pj: G+1-



171

Using the same notation as before, if we define F;; = Extz(n)(Xi,Xj), we have

L @ G -~ -1 |G G -~ G5 ¢h

1 (M 10 0 - ol0 0 - 0 0
2 [0 N 1 0 - 0| % 0 0 0
B3y o o N 1 00 = 0 0
: 0 0
(n-1)10 0 0 0 Noy 110 0 0 = 0
E="wy o o o 0o o NJoOo 0 0 o0 *
Dl 0 0 0 0 ol0 0 0 0 0
> o =+ o 0 o0 0|0 0 0 0 0
' : 0 ol0 0 0 0 0
() 1o o 0 % 0 0|0 0 0 0 0
(™! 0 0 0 0 * Oo|l0 0 0 0 0

Now suppose that we have a brick set

. . J1 JL o . o .
= 111 <19 <0 < < Jg < eer < .
o {(h), ,(ZM)> (j1 + 1)> 7(jL + 1) 11 <12 v, J1<]2 ]L}
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We will show that for = € {0,1},

() (=) (s) = Gua) Ga) | (G4) (%) = () (%)

(1) N; * 0 0 0 0 0 0 0 0
(i2) 0 N, =* 0 0 0 0 0 0 0
(i3) 0 0 Ny * - 0 0 0 0 0 0
: 0 0 0 0 0
() | O 0 0 0 Ny, = 0 0 0 0 0
A= iy o 0o 0o 0 0o N,| o 0 0 0 0
(jfil) 0 0 0 0 0 0 0 0 0 0 0
(J'jSz) 0 0 0 0 0 0 0 0 0 0 0
; o 0 0 0 0 0 0 0 0 0 0
(jifl_il) 0 0 0 0 0 0 0 0 0 0 0
(jiil) o 0 0 0 0 0 0 0 0 0 0

Assuming the claim about A(¢), if there are no simples in ¢, p(A(¢)) =0 < max{Ny,..., N, }.
Else,
p(A(¢)) =max{N;,...,N;, } <max{Ny,...,N,}. (4.5.1.6)

To compute A(¢), notice that the upper leftmost and bottom rightmost blocks are given
by examination of the Ext' matrix. To get the upper rightmost and bottom leftmost blocks,

it suffices to show that for all m, I,

1 , Ji P Ji :
et (0, )) 0B () ).
By examination of the Hom and Ext" matrices, if (i) € {(1),...,(n)}and (1) € {(3)..... (")}

2 n

are in the same brick set, then

Ext () ((2’), (‘;)) = 0 = Exty,, ((2) : (i)).

Ext} ) ((@‘m), (jlji 1 )) = 0 = Exty, ((jlji 1) , (im)) .

Therefore,
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To complete the proof, notice that
¢:={(1),(2),...,(n)}
is a brick set. By Eq. (4.5.1.6) we have
p(A(d)) = max{Ny,Na,...,N,} .
Let @, the set of brick sets of A(n)-modules. Again by Eq. (4.5.1.6),
max {N1, N, ..., N} = p(A(9)) < sup p(A(¢)) <max {Ny,Na,...,N,}.
Therefore,

fpd (A(n)-mod) = sup p(A(¢)) = max{Ny, Na,...,N,}. O
pedy

4.5.2 D(n) algebras

Theorem 4.5.2. Let D(n) be the finite dimensional radical squared zero algebra described

by the following quiver Q with N; loops (labeled b for 1 =1,...,N;) at vertex i:

1
O
a1

Then
fpd (D(n)-mod) = max{Ny,..., N, }.
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Proof. We will reuse some notation from the previous theorem. Let D(n) =kQ/(> 2). Let
J be the ideal generated by the loops, and let B := D(n)/J. In other words, B is the radical

squared zero algebra described by the following quiver Q)"

n-—1
"EnflT
T2 x3 Tn-2 x
1 > 2 Yoo —Sy -2 —n

We can see that B = C/(>2), where C':=kQ'.
By Theorem 4.1.3, we have a one-to-one correspondence between bricks of D(n) and

bricks of C' annihilated by (> 2), as well as the following natural isomorphism:
Homp,y (M, N) 2 Homp(M, N) 2 Home (M, N).

Hence it suffices to compute the dimensions of Homp,)-spaces in B or C.

The indecomposable modules of C' are well known by Gabriel’s theorem [Gab72]. The
dimension vectors of these modules correspond precisely to the positive roots for the D,, root
system.

Let €; be the vector in R™ with a 1 in the ith component and 0 everywhere else. Recall

from [Hum?78, p. 64] that the root system for D,, consists of the vectors

{:I:(éi + 8]') ) #]}
Let
Ei=¢1~- €2,y .. >En—1 =Ep-1 " En, En =ep-1tép

be the standard base for D,,. Here we write out the other positive roots in terms of the
standard base.
For 1<i<j<n,

7-1
E; —Ej = FJZ +Ei+l +"'+Ej_1 = ZE[
=1

For 1<i<n-2,

n-2
giten=Ei+ B+ +E, 2+ E, = (Z El) + E,.
1=i



For 1<i<n-2,

n
E;teEp1 = Ez + Ei+1 + .-+ En_g + En—l + En = ZEl

=1

For 1<i<j<n-2,
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n—2 n
&; +€j = (EZ + Ei+1 + .-+ En—Z) + (Ej + Ej+1 + .-+ En—2 + En—l + En) = Z El + ZEk

Let P, (respectively I;) denote the indecomposable projective (respectively injective) of

B at vertex . By Fact 4.2.2 (11), we have

=(0,...,0,1,1,0,0)

(n 3)
n-—2
~ n-—2
[nlz( )2(07"'70717170)
n-1
2
(” ):(0,...,0,1,0,1)

_ _9
Pn_gz( " ):(0,...,0,1,1,1).

(4.5.2.1)
(4.5.2.2)

(4.5.2.3)

(4.5.2.4)
(4.5.2.5)
(4.5.2.6)

(4.5.2.7)

Proposition 4.5.3. The only indecomposable representations of C which are annihilated by

(>2) are the following:

(1) = B, = (1,0,...,0)
(2) = B, = (0,1,0,...,0)

(n) = E, =(0,...,0,1)

1
(2)=E1+E2:(1,1,0,...,0)

2
(3):E2+E3:(O,1,1,0,...,0)
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=Ep3+FE,=(0,...,0,1,1,0,0)
=FEpo+E,1=(0,...,0,1,1,0)
=E,2+E,=(0,...,0,1,0,1)
=FEpo+FE,q+E,=(0,...,0,1,1,1).

Proof. Case 0: E,, =c,_1+¢,.

This representation is annihilated by (> 2) because F,, is the simple module at vertex n.

Case 1: Roots of the form e; —¢; for 1 <i<j<n.
We have
Ei—Ej:E,L'+Ei+1+"'+Ej,1:(0,...,071,...,170,...70),

where the first 1 is in the ith position and the last 1 is in the (j — 1)th position. Notice that
there must be a 0 in the nth position since 7 < n. By examination of the graph for C, we
can see that if 7 > i+ 2 we have three 1’s in a row, which corresponds to two non-zero paths
of length 1 in a row by Fact 4.2.2 (10). Since the vector spaces involved are 1-dimensional,
the composition of these non-zero paths must also be non-zero. By Fact 4.2.2 (9), if j >i+2
the representation is not annihilated by (> 2).

Therefore only dimension vectors of the following form are annihilated by (> 2):

5i_5i+2=Ei+Ei+1 for1<i<n-2

5i_€i+1:Ei forl1<i<n-1

Case 2: Roots of the form e;+¢, for 1 <i<n-2.
We have
giten=FE;+Ej++E,2o+E,=(0,...,0,1,...,1,0,1),
where the first 1 is in the ith position. If i < n — 2, then we have three one-dimensional

vector spaces which sit adjacent to each other in the graph of C, which corresponds to a
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non-zero path of length 2 by Fact 4.2.2 (10). By Fact 4.2.2 (9), such a representation is not
annihilated by (>2). If i = n — 2, there is no such path.

Then the only representation annihilated by (> 2) is the one corresponding to i =n — 2:

En o+ E,=(0,...,0,1,0,1).

Case 3: Roots of the form e; + e, for 1 <i<n-2.

We have
5i+6n—1:Ei+Ei+1+"'+En—2+En—1+En:(07‘-'70717”"171)’

where the first 1 is in the ith position. If ¢ < n — 2, then we have three one-dimensional
vector spaces which sit adjacent to each other in the graph of C, which corresponds to a
non-zero path of length 2 by Fact 4.2.2 (10). By Fact 4.2.2 (9), such a representation is not
annihilated by (>2). If i = n -2, there is no such path.

By Fact 4.2.2 (9), the only representation annihilated by (> 2) is the one corresponding
toi=n-2:

En72 + Enfl + En = (0, . ,O, 1, 17 1)
Case 4: Roots of the form e;+¢; for 1 <i<j<n-2.
We have

g+ Ej = (Ez + Ei+1 + "'En—Q) + (EJ + Ej+1 + .-+ En—Z + En—l + En)

=EZ‘+Ei+1+"'+Ej_1+2(Ej+"'+En_2)+En_1+En.
If j=n-2, then

gitej=Ei+Ea++E_1+2(Ej++E,2)+E,1+E,
=K +-+FE,3+2FE, s+ FE, 1+ E,

=(0,...,0,1,...,1,2,1,1).



178

If 7 <n-3, then

gitej=E+E g+ +E_1+2(E;++E,2)+E, 1+ E,

=(0,...,0,1,...,1,2,...,2,1,1).

By Lemma 4.5.4 below, these representations are not annihilated by (> 2). Therefore, no

representations of this type are allowed. O

Lemma 4.5.4. Suppose that we have a representation V of C of the form

k
“’T (4.5.4.1)
Vi > s Vo4 N Ve AN Yo (N
or
k
gT (4.5.4.2)
Vi s V4 sk —L k2 Mk

for some k-vector spaces V; such that f,g,h are non-zero and go f =0="ho f. ThenV is

decomposable.

Proof. Define @' to be the full subquiver containing the vertices {1,...,n -3}, and let Q"
be the full subquiver containing the vertices {n —1,n}. Let V(Q'"),V(Q") denote the set of

vertices of )/, Q)" respectively.

We will start with Eq. (4.5.4.1).

Since g # 0, we can choose a basis ey, e5 for V,, o = k? such that g =m1. Then

gof=0=1Imfcke,

ho f=0,h+0= h=hym for some non-zero h; € k.
Then we have a map of representations ¢ : V' — V such that for any a;,as € k,

0a=0if aeV(Q)
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wo =Idy, ifaeV(Q")
Pn-2 * k2 - k2

(a1,a2) ~ (aq,0).

Since ¢ is a non-trivial idempotent in the endomorphism ring of V', V' is decomposable

by [DK94, Cor. 1.7.3].

Now let us prove the assertion for Eq. (4.5.4.2). By choice of basis for V,,_3 and the fact
that f # 0, we can assume that f =1y. Since go f =0="ho f and g, h are non-zero, we must

have g = gy, h = hym for some non-zero gy, hy € k.

Then we have a map of representations ¢ : V' — V such that for any a;,as € k,

0, =0if a e V(Q")
o =1dy, if aeV(Q")
Pn-2 * k2 - k2

(a1,az) ~ (aq,0).

Since ¢ is a non-trivial idempotent in the endomorphism ring of V', V' is decomposable

by [DK94, Cor. 1.7.3]. O

The list of indecomposables given in Proposition 4.5.3 are in fact bricks of D(n), as can

be seen by examination of the following Hom matrix, where H;; = dim Homp,)(X;, X;) for

brick objects X;, X; of D(n)-mod:
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W @ ~ -3 (-2 0-) WG G - DD A )
(1) (1 0 0 0 0 0 0|0 0 = 0 0 0 0
2) 0o 1 0 0 0 0 0| 1 0 0 0 0 0
0 0 0 0 0
(n-3)o o o 1 0 0 0] 0 0 0 0 0 0
(n-2)10 0 0 0 1 0 oj o0 o0 0 1 0 0 0
(n-1)10 0 0 0 0 1 0|0 0 0 0 1 0 1
(n) o 0 0 0 0 0 10 0 0 0 0 1 1
(;3) |1t o o o0 0 0 0| 1 0 0 0 0 0
(3) o 1 0 o0 0 0 o1 1 0 0 0 0 0
z 0 0
2y 1o o o 1 0 0 ojo0o o0 1 1 0 0 0
)y lo o o o0 1 0 o,0 0 0 1 1 0 0
(™) lo o 0o 0 1 0 o, 0 0 0 1 0 1 0
(">)\o o0 o 0 1 0 o]0 o0 0 1 1 1 1

To calculate the entries of the Hom matrix, recall from Fact 4.2.2 (4), (5) that

dim Homc(pi, S~j) =045,

dim Homo(gi, f]) =0;j,

dim Home(1;, I;) = the number of paths from i — j in C = dim Home(P;, P).

Using Eq. (4.5.2.1) through Eq. (4.5.2.7) in conjunction with these facts, we get most of

the Hom matrix. We can calculate the remaining entries:

n-9 )): 0 ie{l,...,.n—-2}

n-1mn

dimHomc((i)v( | ie{n-1,n}

-9 1 1=n-2
dimHomC((n 1),(i))=
"o 0 otherwise
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_ 1 i=n-2
dlmHomC((n 2),(i))=

" 0 otherwise
dimHomc((n_z),( n-2 )):O

n-1 n-1n
dimHomC((n_Q),( n-2 )):O

n n-1n
dlmHomc(( n-2 ),(H_Q)):l

n-1mn n-—1
e (2

n-1n n

We have the following Ext' matrix using the same notation as before, where E;; =

dim Ext}j(n)(Xi,Xj), and * denotes a possible non-zero entry:

1) @ = @-3) -2 (-1 )| () () - (2)]CD) 2 (L)
(1) (M 1 0 0 0 0 00 0 = 0 0 0 0
2 [0 Ny 0 0 0 0| % 0 0 0 0 0
: 0 0 0
(n-3) 0 0 0 N 1 0 0] 0 0 0 0 0 .
(n-2)10 0 0 0 Nys 1 10 0 0 = 0 0 *
(n-1)10 0 0 0 0 Ny O[O0 0 0 0 * 0 *
(n) 10 0 0 0 0 0 N, O 0 0 0 0 * *
() | o o o0 0 0 0] 0 0 0 0 0 0
(2) o = o o0 0 0 o0 0 0 0 0 0 0
: 0 0
("2)y 10 o0 o0 * 0 0 0,0 0 0 0 0 0 0
(™10 o 0o 0 * 0 x| 0 0 0 0 0 0 *
()10 o 0 0 * * o]0 0 0 0 0 0 *
("2y\o 0 0o o0 . 0 ol0 0 0 0 . . 0

Recall the results of Lemmas 4.2.3, 4.2.4 and 4.2.6:

EXthuy (P 85) = 0 = Exthyuy (Si 1) it i # j

Ext}:,(n)(pi, P)=0= Ext}j(n)(fi, I,) if they are not simple

(4.5.4.3)

(4.5.4.4)
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Extpg, (P, M) = 0 if Homp,) (P, M) =0 (4.5.4.5)

Extp, (Si; M) =0 if  is a sink in Q" and Homp (P, M) =0. (4.5.4.6)

By Eq. (4.5.4.3) and Eq. (4.5.4.4), we get all of the entries in the four top left block
matrices. We also get the entries in the middle rightmost block, the middle bottom block,
and the bottom rightmost block. It remains to check the top rightmost block and the bottom
leftmost block.

For the top rightmost block, note that Eq. (4.5.4.4) gives all of the entries in the

( Z:? ) ) ( n;Z ) columns.

Claim. Extp, ((7),(,"}%,)) =0 fori<n-4.

n-1n

We have the following projective resolution for (i) = S;:

kzin @ (@01 kaj)

v

N
v
)

Now take Homp(,,) (—,( n—2 )) = HomD(n)(—,Pn_g):

n-1n
0 —— HomD(n)(]Diy Pn—Q) — HomD(n)(PHl, pn—2) ® HOHID(TL)(Pi, pn_g)Ni —_— -
Then for j #n -2,

dim Hom p ) (P;, Pr-2) = dim Homp,y (D(n)ej, D(n)e,-a/ Je, 2)
=dime;D(n)en—2/Jen-

= the number of paths n -2 — j.

Since 7 < n — 4, there are no paths from n -2 to 57 = i or to j = i + 1. Therefore,
HomD(n)(F)Hla Pn—Z) 2] HomD(n)(Ra pn—2)Ni =0.
Now let us examine the bottom left block matrix. We already know the ( 2

1 n) row of
the matrix by Eq. (4.5.4.3).
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Claim. ExtD(n) (™ ), (4 )) =0 fori¢ {n-1,n-2}, and ExtD(n) (- ), (i) = 0 for
i¢{n,n-2}.

We have the following projective resolution of (";2), which is equivalent as a k-vector

PXI_2 .
kxn_le(@l;;-? kaiz_Q)

space to

o —— Py @ PNy > (

\ T

kx,_ 1 ® (EBl:’{ 2 kaﬁl_Q)
Take HomD(n)(—, (Z)) = HomD(n)(—, Sz)

0—— HomD(n)(Pn—Qa Sz) — HOHlD(n)(Pn,l, Sz) ® HOHID(n)(Pn,Q, SZ')N"*Q _

Since n—1# i # n—2, Homp,)(Py-1, 5;)®Hom p(,) (P,-2, S;) V-2 = 0 so Ext}j(n) ((”;2) , (z)) =

The proof for (Z:?) is analogous.

Claim. Let ¢ be any brick set. Then p(A(y)) < max{Ny,...,N,}. Since ¢ ={(1),...,(n)}
is a brick set such that p(A(yp)) = max{Ni,...,N,}, we must have fpd (D(n)-mod) =
max{Ny,...,N,}.

First notice that {(”;2) , ( )} and {(n 1 n)} are maximal brick subsets of {( ) , ("‘2) , ( n-2 )}

n—1 n-1n

Let ¢ be a brick set. We can divide our proof of the claim into the following cases.

Case 1: (nf)?(Zj) (n 1n)¢¢

Then for some 1< j;,<n-3, 1<, <n,

cbz{(il)v (iur), (]1+1) ”’(J'Ljil)}'

Note that by examination of the Hom matrix, if (7), (jil) are in the same brick set, then
jti#j+1, 80

Ext ) ((i), (j i 1)) =0 = Extp, ((j i 1) : (i)) . (4.5.4.7)
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Then by examination of the Ext' matrix we have for some * € {0,1}:

) ) @ - e G| () (5) - () ()
(i) (N, * 0 0 - 0 0 0 0 0 0
i) o N, + 0 0 0 0 0 0 0
(i5) | 0 Ny o+ e 0 0 0 0 0 0
: 0 0 0 0 0
(iva) O 0 0 0 Ny, * 0 0 0 0 0
Ale) = (i) 0 0 0 0 0 Ni,, 0 0 0 0 0
()]0 o o o o o 0o 0o 0 0 0
() o o o o o0 0 | o0 0 0 0 0
: 0 0 0 0 0 0 0 0 0 0 0
(=u)lo o o 0o o0 0 0 0 0 0 0
() \o o 0o o o0 0 0 0 0 0 0
If there are no simples,
p(A(¢)) =0.

Else,

p(A(p)) =max{N;,...,N;,, } <max{Ny,...,N,}.

Case 2: (";2) € o, (Z:f) ¢ o.

Then for some 1< j;,<n-3,1<14, <n,

¢:{(z‘l),...,(iM),(jljil)v""(ijil)’(n;zQ)}'

Suppose that i; < --- < iy;. By examination of the Hom matrix, since (”;2) € ¢ we have

(n-2),(n),( " ) ¢ ¢. Since (n) ¢ ¢, the largest possible value of iy is n - 1.

n-1n
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@) () ) - G G0 | ) () (i) - (i) ()
(i) (N, * 0 0 0 | 0 0 0 0 0 0
(i) |0 N, = 0 0 | o 0 0 0 0 0
Gs) |0 0 N, = 0 | o 0 0 0 0 0
: 0 | o0 0 0 0 0 0
() [O 0 0 0 Ny, * | 0 0 0 0 0 0
A@y= @) [0 0 0 0 0 N, | 0 0 0 0 0 0
(™) 1o o 0 0 0 * 0 0 0 0 0 0
() o o o 0o o 0 0 0 0 0 0 0
Jit
(Z) o o o o o0 0 | 0 0 0 0 0 0
: 0 0 0 0 0 0 | o0 0 0 0 0 0
(5u)lo o 0o 0o 0 0 | o0 0 0 0 0 0
JL-1+
() \o o o o o 0 0 0 0 0 0 0

We have the top right block matrix because (n —2) ¢ ¢. We have the middle row and
column since (n—2),(n) ¢ ¢. By Eq. (4.5.4.7), we have the rest of the A(¢) matrix.

If there are no simples,

Else,

Case 3: (Z:f) €0, (";2) ¢ o.

By symmetry, we can use the proof for Case 2.

Case 4: (37). (")) € ¢

Then for some 1< j;,<n-3,1<14, <n,

o= {0 71)

p(A(¢)) = 0.

p(A(¢)) = max{Ny,, ...

7NiM} < maX{Nl, -

Jr

jL+1

)

n—2)
n-1

{

, N}

n-—2
n

)
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Because (”_2) : (”;2) € ¢, it is clear from the Hom matrix that (n—2), (n—1), (n), " ) ¢

n-1 n-1n

¢. Therefore we have the A(¢) matrix below:

(i) () () - () ) |G )1 (G0) () -~ () ()
(i) (N, * 0 0 - 0 | 0 0 0 0 0 0 0
(i) |0 N, = 0 0 | o 0 0 0 0 0 0
Gs) |0 o0 N, = 0 | 0 0 0 0 0 0 0
0 | 0 0 0 0 0 0 0
(iv) | O 0 0 0 Ny, * | 0 0 0 0 0 0 0
Gu) O 0 0o 0o 0o N,| O 0 0 0 0 0 0
(™) 1o o 0 0 0O 0 0 0 0 0 0 0 0
(> 1o o 0 0 0 0 0 0 0 0 0 0 0
(7)o o o o o0 0 | o0 0 0 0 0 0 0
() ]o o o o o oo o] 0 0 0o 0 0
: 0 0 0 0 0 0 | 0 0 0 0 0 0 0
(=)o o 0o 0o o0 0 | 0 0 0 0 0 0 0
() Vo 0o 0o o 0 0 | 0 0 0 0 0 0 0
If there are no simples,
p(A(¢)) = 0.

Else,
p(A(p)) = max{N;,...,N;, } <max{Ny,...,N,}.

Case 5: ( "2 )e 0.

n-1n

Then for some 1< j;,<n-3,1<14, <n,

¢= {(@'1), o (), (jlji 1) T (iji 1) ’ (nn—_12n)}'

By examination of the Hom matrix, since ( 2 ) € ¢, we cannot have (n - 2),(n—-1),(n), (Z:?)

n-1n
n-2Y\ :
or( . )m o.
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) G G - e @0 G (8) () - () ()
() (N, *= 0 0 0 0 0 0 0 0 0
(i2) 0 N * 0 0 0 0 0 0 0 0
G) | o o N, = 0 0 0 0 0 0 0
: 0 0 0 0 0 0 0
(iM—l) 0 0 0 0 N’l‘]\,ffl * 0 0 0 0 0 0
A@y= () |0 0 0 0 0 N " 0 0 0 0 0
(s2)l0 o 0 0 0 0 0 0 0 0 0 0
(%) o o o o o0 0 0 0 0 0 0 0
(Z) o o o o o o0 0 0 0 0 0 0
: 0 0 0 0 0 0 0 0 0 0 0 0
(5u)]lo 0o 0o 0o 0 0 0 0 0 0 0 0
() \o 0o 0o o o0 0 0 0 0 0 0 0
This can be checked by examination of the Ext' matrix. If there are no simples,
p(A(¢)) = 0.
Else,
p(A(¢)) = max{N;,,...,N;,, } <max{Niy,...,N,}.
We have exhausted all cases (and possibly the reader). O

4.5.8 FE(6),E(7),E(8) algebras

Theorem 4.5.5. Suppose that n € {6,7,8}, and let E(n) be the finite dimensional radical

squared zero algebra described by the following quiver Q with N; loops (labeled al for 1 =

1,...,N;) at vertex i:
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1 > 3 s 4 5 > n
Yy U O U
ay ay a,,

Then
fpd (E(n)-mod) = max{Ny,...,N,}.

Proof. We will reuse some notation from the previous theorem. We have F(n) =kQ/(> 2).
Let J be the ideal generated by the loops, and define B := E(n)/J. In other words, B is the

radical squared zero algebra described by the following quiver Q'

2

sz
Z3

T4 5 x
1 > 3 > 4 S e —2 5

We can see that B = C/(>2), where C:=kQ'.

v

By Theorem 4.1.3, we have a one-to-one correspondence between bricks of F(n) and

bricks of C' annihilated by (> 2), as well as the following natural isomorphism:
Hompg,,) (M, N) 2 Homp(M, N) = Home (M, N).

Hence it suffices to compute the dimensions of Homg,)-spaces in B or C.

The indecomposable modules of C' are well known by Gabriel’s theorem [Gab72]. The
dimension vectors of these modules correspond precisely to the positive roots for the E,, root
system, which are described in [Hum?78, p. 64]. An explicit description of the positive roots
for Eg, E7, Eg is given in [dPa, dPb, dPc].

We will show that the only indecomposable C-modules annihilated by (> 2) are:

O o S S AW S
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This follows from examining the positive roots for F,, with respect to the next proposition.

Proposition 4.5.6. The following indecomposable representations of C' are not annihilated

by (>2) for any l,m,k >1 for any entries *:

(L%, m k%, %) (4.5.6.1)
(i, %, %, k%) (4.5.6.2)
(%, %, %, 0, m, k) for N =6 (4.5.6.3)
(,%,%,%,1,m, k) for N =7 (4.5.6.4)
(, %, %, %, %,1,m, k) for N =8 (4.5.6.5)
(%, %,%,%,1,m, k,*) for N =8 (4.5.6.6)
(+,1,1,2,1,%,..., %) (4.5.6.7)
(+,1,1,1,%,...,%) (4.5.6.8)
(e, %, 1,1, 1, %, ... %). (4.5.6.9)

Proof. Now in the case of m = 1, Eq. (4.5.6.1) through Eq. (4.5.6.6) follow from Fact 4.2.2 (9)
and (10), since all of these representations have a path Sa of length 2 such that fzo f, # 0.
We also have Eqgs. (4.5.6.8) and (4.5.6.9) for the same reason. By Proposition 4.2.8, we have
Eq. (4.5.6.1) through Eq. (4.5.6.6) for m > 2.

The proof of Eq. (4.5.6.7) is almost identical to the proof of Lemma 4.5.4 Eq. (4.5.4.2),

so we omit it. N

The indecomposables given in Eq. (4.5.5.1) are bricks of E(n) by examination of the
following Hom matrix, where H;; = dim Homp,)(X;, X;) for some brick objects X;, X; of
E(n)-mod:



(1)
(2)
(3)
(4)
(5)

~~
S

(1)

o o o o o o o

(2)

3 4

0

0

(5)

o o o O

(n-1) (n)

o o o o O

o o O o O — (] S w e

SN~—
—~

~—
—

~—

o o o o o o

<

3
|

iy

(

3

)

N—r
—

o O O O vk

—_
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©C O R O o*

—_

/N N /N
.. DU W W
~— ~— ~— | —

(".")

—_

o o o | o o

o o o o | o

—_

—_

— — o o | o O — o o O ] S ow

o o O | O

o O O Ok, O O O o o o o

—_

(2)
(5)

To calculate the entries of the Hom matrix, recall from Fact 4.2.2 (4) and (5) that

o o oo o o o

Ol o Ol O O O oo o o o o o = o

OO0 O o O O = OO0 O o o o = o

== = O O O Ol oo o o o = o o

oo ol O +, O Ol O o =, o o o o

dim Homc(IBi, S~j) = 045,

dim Home(S;, I;) = dyj,

o | o o | O

o | o O

O | O OO O O O ol O o o o o o o

o 1T oo o O =

— — — o O O = oo o o o _ O ) O kA~ w

o | o o | O

o 1To O

oo O

= | O = o o o O oo o O o O O — S N

== O O O = O Ol o o

dim Home(1;, I;) = the number of paths from i — j in C' = dim Home(P;, B).

_ o Ol oo O = O oo o o

Furthermore, if there is no overlap between the two representations (that is, one repre-

sentation has non-zero vector spaces only at vertices i1, ...,7); and the other representation

has non-zero vector spaces only at vertices ji,...

there are no morphisms between them. The remaining Hom spaces can be calculated:

5)

dim Hom¢ ((4) , (

25

=0

,jr such that i,, # j, for any m,[), then




191

dlmHomC((S)’(;E))) -1
st (1 )
st (1 -
dim Home. ((g) | (4)) _1
st (1) 0)-

s () 1))

dlmHomC((;l)’(;E))) -

() ()

We have the following Ext' matrix, where using the same notation as before, E;; =

dim Ext};(n)(Xi,X ;), and * denotes a possible non-zero entry:
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W@ @ W e - e GG 6 - CHE O6)
() (M 0 1 0 0 0 0 0/ 0 0 0 0 0 |0 0 =
@ |lo N~» o o 0 0 o0 00 0 0 0 0 |+ 0 =
@ lo o N 1 0 0 0 0+ 0 0 0 0 0 0 *
(4) 0 1 0o N 1 0 0 0 0 * 0 0 0 0 0 *
G) lo 0o 0 0 N 0 oo o o0 0 0 |0 = .
0 0 0 0 0 0 0 0 * 0 0 0 0 *
0 0 0 0 0 0 1 0 0 0 0 0 0 *
() o o o o o 0o 0O N,JO O 0 0 s« |0 0] =
(é) * 0 0 0 0 0 0 0 0 0 0 O 0 0 0 0
Ylo o = 0o 0o 0 0 0/0 0 0 0 O 0 0 0
() ]Jo o 0o 0 =+ 0 0 o0 0 0 0 0 0 0 0
: 0 0 0 0 0 0 0 0 0 0 O 0 0 0 0
"o o o o0 0 0 0,0 0 0 0 O 0 0 0
) o o o = +« 0 0 0,0 0 0 0 O 0 0 *
() ]o = 0 = 0 0 0 olo0o 0 0 0 0 0 0 *
S)\Vo0 0 0 0« 0 0 0 0olo0o 0 0 0 0 x % 0
Recall the results of Lemmas 4.2.3, 4.2.4 and 4.2.6:
Extiy (P, S;) = 0= BExty, (S, ;) if i # j
Extjlg(n)(]%-, P)=0= Extg(n)(fi, I;) if they are not simple
Extp ) (P, M) =0 if Hompg,) (P, M) =0
Ext}E(n)(S'i,M) =0 if i is a sink in Q" and Homp,,)(P;, M) =0
dim Ext%E(n)((i), (7)) = the number of arrows i - j.
These equations give us all the zero entries of the Ext' matrix, except
1 4\ . .
EXtE(n) 9 s (Z) = O, 7 ?é 4, 5 (45610)




Ext ) ((g) : (i)) =0, i#24.

Let us prove this. As a vector space,

2

We have the following projective resolution of (;‘) :

(4) _ke;okrmokasokaj @ oka)
krsoka, @ @ka)* '

o —— Py P > P
1 Ny
krsoka;®--®kay

Take Hompg,)(—, (7)) = Hompgy (=, S;):

0 —— HomE(n)(P4>Sz) —_— HOmE(n)(Pg,,Sl) EBHOHlE(n)(P4,Si)N4 —_— -

If i # 4,5, then Homp(,) (P, S;) ® Homp(,y (Py, S;)N+ = 0, so Extg(n) ((5).()=0.

Similarly, as a vector space we have

>

We have the following projective resolution of (g) :

(4) _ke;okrmokasokaj @ okay
krmyokad @ eka)*

w—— Pyo P > Py
kzyeoka,®-oka,

Take HomE(n)(—, (Z)) = HOIIlE(n)(—, SZ)

0 — HomE(n)(P4vSi) — HomE(n)(P27Si) ®HomE(n)(P4,Si)N4 —_—

193

(4.5.6.11)
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If i # 2,4, then Homp(,) (P2, S;) ® Hompe,) (FPy, S;)N4 = 0, so Extg(n) ((g) , (z)) =0.

Claim. For any brick set ¢, p(A(¢)) < max{Ny,...,N,}. Because ¢ = {(1),...,(n)}is a
brick set and p(A(¢)) = max{Ny, ..., N, }, we must have fpd (F(n)-mod) = max{Ny,...,N,}.

Before we begin, note that by examination of the Hom and Ext' matrices, if (i) e

{(1),...,(n)} and (i) € {(é) , (i) , (2),...,(”;1)} are in the same brick set, then

Ext ) ((z’), (f{)) = 0 = Exty, ((*]7{) , (i)) :

Case 1: (3).(1).(s%) £o.

Then
ol (2 ()}
where

et (1G]

Then A(¢) is a principal submatrix of the following upper triangular matrix, whose

eigenvalues are contained in the set {0, Ny,..., N, }. Therefore, p(A(¢)) < max{Ny,...,N,}.
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1 G @ @ 6 - o) - )
(1) (v 10 0 0O 0O 0| 0 0 0
]l0 N 1 0 0 0 0[O0 0 0
“J]lo o N 1 1 0 0[O0 0 0
20 0 0 N 0 0 0[O0 0 0
G) 0 0 0 0 Ny = [ 0 0 0

O 0 0 0 0 « | 0 0 0
() o 0 0 0 0 0 N,| 0 0 0
(7)o o o o0 0 0 0| 0 0 0
o o o o o0 0 0| 0 0 O
(z)\o 0o 0o o 0 0 0[O0 0 0

Case 2: (245) € ¢.

Then by examination of the Hom matrix, (2),(4),(5).(3) ¢ ¢. So

ol () () ()
where

et ()(CHE0) ()

Then A(¢) is given by the following upper triangular matrix, whose eigenvalues are
contained in the set {0, Ny,...,N,}. Notice that it is upper triangular because (4) ¢ ¢.
Therefore, p(A(¢)) < max{Ny,...,N,}.



196

(i) G |G () ] (25)

(i) (Ny * * | 0 0 0 *
o « |0 0 0 *
(iv)] 0 0 Ny, | 0 0 0 *
(7)o o o | 0 0 o0 0
o o o 0 0 0 0
(Z)lo o o | 0 0 0 0
s5)\0 0 0 | 0 0 0 0

Case 3: (g),(g) € ¢.

Then (2), (4), (5),(,%) ¢ ¢. So

oefior o (2) - (L ()
where

et (1G]

Then A(¢) is given by the following upper triangular matrix, whose eigenvalues are
contained in the set {0, Nqy,...,N,}. Notice that it is upper triangular because (4) ¢ ¢.
Therefore, p(A(¢)) < max{Ny,...,N,}.
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(i) - G | (5) ~ G G) ()
(i1) (N;, * = 0O 0 0 |0 0

0 * O 0 0 |0 0
(i)l O 0 N, | O 0 0 | 0 0
(7)o o o 0 0 0 0 0
: 0 0 0 0O 0 0 |0 0
(Z)fo o o | 0o 0o 0|0 0
(30 lo o oo o o]0 o0
() \o 0 o0 0 0 0 0 0

Case 4: (;1) € o, (g) ¢ o.

Then (2), (4), (245) ¢ o. So

o {(2) 0 () ()

where
et on (20005

Then A(¢) is given by the following upper triangular matrix, whose eigenvalues are
contained in the set {0, Nqy,...,N,}. Notice that it is upper triangular because (4) ¢ ¢.
Therefore, p(A(¢)) < max{Ny,...,N,}.



198

(5) | (i) (iar) | (1) (%)
(5) [0 | = = = 0 0 0
(i) | O | Ny = * 0 0 0
o] o * 0 0 0
Gm){ O] 0 0 Ny | O 0 0
(2)lo o 0o o0 0 0 0
ol o0 0 o0 0 0 0
(Z)\o | o o o0 0 0 0

Case 5: (;1) ¢ o, (é‘) € .

Then (4), (5), (245) ¢ o. So

(£ o () (1)

where
et (0002

Then A(¢) is given by the following upper triangular matrix, whose eigenvalues are
contained in the set {0, Ny, ..
Therefore, p(A(¢)) < max{Ny,...,N,}.

., N, }. Notice that it is upper triangular because (4) ¢ ¢.
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(3) | G~ Gan) | (1) (%)

(2) [0 | = = =« 0 0 0
(i) | 0 | NV, = * 0 0 0
o] o * 0 0 0
Gm){ O] 0 0 Ny, | O 0 0
(27)lo o 0o o0 0 0 0
:fojo o o |0 0 o0
(Zy\o | o o o 0 0 0

We have exhausted all possible cases. Therefore for n € {6,7,8},

fpd (E(n)-mod) = max{Ny,...,N,}. O

4.6 Modified ADE quiver algebras with different arrow orientations

We have calculated the fpd of modified ADE quiver algebras with arrows in a certain direction
(Theorem 4.1.4). It is natural to ask what happens if the directions of the arrows change. It
is clear that the fpd remains the same upon taking the opposite algebra, which is the radical
squared zero bound quiver algebra of the opposite quiver [CGW*19a]. However, we do not
know what happens in other cases.

It is possible that the directions of the arrows do not matter (Question 4.1.7). We
will show that the directions of the arrows do not matter for A(n) if n < 3. Preliminary
calculations for n = 4 also suggest a positive answer to this question, but the question

requires further analysis.

Theorem 4.6.1. For the modified ADE bound quiver algebras defined in Definition 4.1.12,
if Ae{A(1),A(2),A(3)}, then fpd (A-mod) is invariant under change of direction of the

arrows x;.
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Proof. The proof for n = 1,2 is clear because there is only one possible direction for the
arrows up to isomorphism.

For n =3, let A be the finite-dimensional algebra described by the following quiver, with
relations such that paths of length greater than or equal to 2 are 0:

an@1 2 59! 3301
Y

b

Label the loops ai,...,an,b1,...,bar,c1,...,cp. The brick objects of A are in one-to-
one correspondence with the brick objects in B, where B is the finite dimensional algebra

described by the following quiver:

—_
8
v
(]
N
<
w

The six non-isomorphic indecomposable representations of B are well known [Sch14, Ex.
1.14]. We have the three simples S; = I1,S2 = P, S5 = I3, and the additional representations
are Pp, P3, I5. All of these are brick objects.

Si=(1)=(1,0,0)
S» = (2) = (0,1,0)
93=(3)=(0,0,1)

(e

) (0,1,1)

l\’)

Il

NN
N W

\—/

1

~—~

)—l

1)

We can determine the brick sets by examining the Hom matrix below, where H;; =
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dim Hom(4, j). The * represents a non-zero entry.

Sl SQ S3 Pl ]2 P3

SS{1 0 0 0 0 O
Sel 0O 1 0 % 1 =
H:Sg o 0o 1 0 0 0
Pl 0 0 1 x 0
Ll 0 = 0 1 0
PB\0 0 % 0 = 1
The maximal brick sets are:
o1 ={I2},
@2 = {51, 52, 53},
¢3 ={Ps, 51},
o1 ={P1, Ps},
o5 ={ P, S5}.

We have p(A(¢y)) = |Exth (15, I,)| = 0 by Lemma 4.2.3 (2) since I, ¢ Ss.

Since | Ext}y(S;, S;)| is the number of arrows from i to j, we have

N 1 0
p(A(p2))=pl 0 M 0|=max{N,M, L}
0 1 L

We have by Lemma 4.2.3 (1), (3) that

p(A(gs)) = p

|Ext'(Ps, P)| |Ext'(Ps, S|
|Ext'(Sy, P3)| |Ext(Sy,S))|

0 0
:p 1
|EXt (Sl,P3)| N
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By Lemma 4.2.3 we have

0 0
p(A(¢4))p( )0-
0 0

By Lemma 4.2.3 (1), (3) we have

p(A(9s)) = p

|Ext' (P, P)| |Ext'(Py,Ss)|
|Ext'(Ss, P)| |Ext'(Ss,S5)|

0 0
:p 1
|Ext” (S3, P1)| L

Therefore,

fpd (A-mod) = max{N, M, L}.

Every modified ADE bound quiver algebra with arrows in an arbitrary orientation is
isomorphic to one of type A, A°?, or A(3). Since fpd is invariant under taking the opposite
algebra by [CGW*19a, Cor. 3.10], the theorem is true for n = 3. O
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