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In this dissertation we study classical and quantum spin systems with applications to the
theory of computation. In particular, we examine computational aspects of these systems
beyond their ground states by considering the effects of non-zero temperatures and excited
energy states. The results within can be divided into four main categories.

In the first part we show that universal classical computations can be encoded into
equilibrium thermal states of classical spin systems, at sufficiently low temperatures which
are independent of the system size. This extension of ground-state spin computing to a more
realistic setting involving non-zero temperatures can be viewed as a form of fault-tolerance
for classical computation. The demonstration of this result relies on a strong understanding
of the equilibrium distribution of these spin systems, including an exact solution for the
partition function. We also pose open questions about the non-equilibrium dynamics of
these thermal circuits, as well as about generalizations to quantum models.

In the second part we explore different strategies for optimization with the quantum
adiabatic algorithm. We show that it is possible to increase the success probability for hard
random instances by following the counterintuitive strategy of evolving along the Hamiltonian
path more rapidly. All of the hard instances in the ensemble of our large-scale computational
study were improved according to this strategy, and we explain the mechanism of this success

in terms of the exchange of amplitudes that occurs at avoided crossings between energy levels.



In the third part we examine the performance of simulated quantum annealing in finding
the minimum of an energy function which contains a high energy barrier. Classical simulated
annealing takes exponential time to cross this energy barrier by thermal fluctuations, and
so it becomes trapped in a local minimum. In contrast, quantum annealing can efficiently
tunnel through the barrier and escape the local minimum. We use the path-integral quantum
Monte Carlo method to sample from the thermal equilibrium state of a quantum annealer,
and provide evidence that simulated quantum annealing inherits some of the advantages of
quantum annealing which allow it to pass through the high barrier and minimize the energy
function efficiently.

In the last part we show that the path-integral quantum Monte Carlo method leads to a
provably efficient algorithm for approximating the partition function of any 1D generalized
transverse Ising spin chain (with position-dependent local fields and frustrated interactions),
at temperatures which are independent of the system size. Generalized transverse Ising mod-
els are used in the traditional forms of quantum annealing, which motivates our investigation
of the computational complexity of simulating these models. Our main contribution is to
formalize the QMC sampling procedure in terms of a Markov chain, and to show that this
Markov chain is rapidly mixing in this 1D setting. The version of QMC we consider maps 1D
quantum spin chains to 2D anisotropic classical spin models, and our result on rapid mixing
can be interpreted as demonstrating that the non-equilibrium dynamics of the 2D classical

system thermalize in an amount of time which scales polynomially with the system size.
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GLOSSARY

COMBINATORIAL OPTIMIZATION: Finding the extreme values of a function on a discrete
domain, e.g. finding the minimum of a real-valued function f : {0,1}" — R whose
domain is the set of n-bit strings.

FAULT-TOLERANCE: : A scheme for turning noisy components into a computer that
functions correctly with high probability.

QUANTUM ADIABATIC ALGORITHM: A method for preparing the ground state |1) of any
Hamiltonian H by following a parameterized path in the space of Hamiltonians and
remaining in the ground state at all times according to the adiabatic theorem.

QUANTUM ADIABATIC OPTIMIZATION: An application of the quantum adiabatic algo-
rithm to problems in combinatorial optimization. The function to be minimized is
represented by a Hamiltonian whose ground state corresponds to the minimum of the
function.

QUANTUM ANNEALING: A more realistic version of quantum adiabatic optimization in
which the system is subject to thermal noise.

SIMULATED QUANTUM ANNEALING: A classical algorithm, based on quantum Monte
Carlo, that simulates quantum annealing with a random walk that samples from the
thermal equilibrium Gibbs distribution of the system.

SIMULATED ANNEALING: A classical algorithm for combinatorial optimization problems
which is based on a random walk that simulates the nonequilibrium thermal effects in
a classical spin system as it is cooled from high to low temperature.

STOQUASTIC HAMILTONIAN: A Hamiltonian which has all of its off-diagonal entries being
real and non-positive in a particular basis. Equivalently, the Hamiltonian does not have

a sign problem.

QUANTUM MONTE CARLO: A family of classical algorithms which use random walks to
simulate stoquastic Hamiltonians.
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PATH-INTEGRAL QUANTUM MONTE CARLO: A version of quantum Monte Carlo that
performs a random walk on the space of worldlines of the quantum system.

MARKOV CHAIN: A mathematical formulation of a random walk, with the key property
that the future of the walker only depends on its current state, and not it’s past

trajectory.

RAPID MIXING: A rapidly mixing Markov chain is a random walk that efficiently equili-
brates to its stationary distribution.
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Chapter 1

INTRODUCTION

1.1 The Physics of Spin Systems

Spin systems are a class of models in the study of many-body physics in which the degrees of
freedom (“spins”) are associated to the vertices V' of a graph (“sites”). In classical systems
the spin at each site takes values in a finite set (e.g. S = {—1,1}), and the states of the
system correspond to all allowed assignments of spin values to the vertices of the graph.
In quantum systems each site is associated with a finite dimensional Hilbert space (e.g.
a qubit C?), and the states of the system belong as usual to the tensor product of these
finite dimensional spaces. These models can exhibit a variety of behaviors depending on
the interactions between the spins at different sites, which are specified either by a classical
energy function or a quantum Hamiltonian.

In this section we will define classical and quantum spin systems and review some of
the main quantities of physical interest. Following this we review the subject of phase
transitions, which provides an underlying foundation for understanding the results in each
of the subsequent chapters. Chapter 2 introduces the thermal circuit model, which embeds a
probabilistic computation into a classical spin system, and shows that the system can be made
to compute correctly in thermal equilibrium below some constant threshold temperature.
The stability of the computation being correctly performed across the spatial extent of
the system, described in Section 2.5, can be viewed as a form of long-range order; this
is a sign that the system has undergone a phase transition, since like all spin systems it
is disordered at sufficiently high temperature. In chapter 3 we present different strategies
for adiabatic optimization which improve the success probability of the algorithm by either

taking advantage of the system’s behavior at the quantum critical point at which the system



becomes gapless as in Section 3.2 and Section 3.3, or by changing the Hamiltonian path
to remove the critical point as in Section 3.4. In chapters 4 and 5 we analyze the path-
integral quantum Monte Carlo simulation method, which connects the equilibrium state of
a quantum system to the non-equilibrium dynamics of a classical system. The question we
address is whether the random walk underlying these non-equilibrium dynamics converges
rapidly to the stationary distribution, or whether it undergoes a critical slowdown. In chapter
5 we prove the efficint convergence of this quantum Monte Carlo method for a class of 1D
quantum systems at non-zero temperature, and the intuition for this result is supported
by the fact that there are no thermal phase transitions for 1D spin systems with nearest

neighbor interactions.

1.1.1 Classical Spin Systems

A classical spin system is specified by a state space Q = SV and a function F : Q — R which
assigns an energy E(z) to each configuration z € €. Most attention is directed towards
systems with local interactions, so that the energy function can be specified as a sum of local
terms E(z) = ), F,(2) where each E, depends only on the spin value at a small number of
sites. The most famous spin system is the ferromagnetic Ising model [Isi25],
FErging(2) = — Z 2i%j, (1.1)
inj
where i ~ j means that the sites i and j are connected by an edge, and z; € {—1,1} is the
spin value assigned to site 4 in the configuration z € {—1,1}". This model is 2-local, because
each interaction term involves two spins (in general a system is k-local if every interaction
term involves at most k spins). Additionally, if the interaction graph is a lattice in D spatial
dimensions then the system is spatially local.
In a ferromagnetic Ising model the energy is decreased when adjacent vertices have the
same spin value, and increased when the spins on neighboring sites differ. The ground
state(s) of a spin system are defined as the minimum energy configurations; in the case of

the ferromagnetic Ising model, there are two ground states, g, and g_, which have the spin



on every site set to +1, or to -1, respectively. While the ground states of this model can
be determined by inspection, we will see later that the general problem of determining the
ground state(s) of local energy functions can be highly non-trivial.

When a spin system with energy function F is considered to be in thermal equilibrium
at some non-zero temperature 7', the properties of the system are determined by the Gibbs
distribution,

e~ BE(2)

() =—p— Z =Y e P, (1.2)

z€eQ)

where § = 1/T is the inverse temperature, and the normalizing constant Z is called the
partition function. The Gibbs distribution specifies the probability 7(z) that the system
is in the state z, and knowledge of the partition function can be use to determine thermal

expectation values. For example the mean energy (F) is given by

_OlogZ
B

An arbitrary observable A can be expressed as a derivative of the partition function by

(E) = (1.3)

defining a modified energy function E(\) = E + AA where ) is a real parameter, so that for
the modified partition function Z(\) associated with E()\) we have

1 0log Z
<A>:_B O\ ‘,\:0'

(1.4)

The powerful relation (1.4) means that the thermodynamic average of any quantity can be
computed from the partition function, so going from the energy function E of a system to its
partition function Z can be considered as the central task in equilibrium statistical physics.
An exact solution for the partition function allows for great insight into the properties of
the system, and from the 1940s to the 1970s a beautiful series of results culminated in
solutions for many translationally invariant systems on planar graphs [Bax82]. However,
exact solutions are rare beyond translationally invariant systems in a low number of spatial
dimensions. In chapter 2 we will describe a spin model, which is neither translationally
invariant nor embeddable in low dimensional space, for which we were able to solve for the

partition function exactly because of the relation of the model to a computational circuit.



1.1.2  Quantum Systems

Quantum spin systems place a finite dimensional Hilbert space C? at each site of the graph,
so that the state space of the system is a Hilbert space of dimension d”,

Q=)c (1.5)

veV

The parameter d is called the local dimension, and in the case d = 2 the quantum spins are
called qubits. The interactions between the spins are specified by a Hamiltonian H : £ — €2,
and just as in the classical case most attention is directed towards Hamiltonians with local
interactions (which may or may not be spatially local). A 2-local Hamiltonian can be written

in the form

H=> M, (1.6)

inj
where each H;; only acts non-trivially on the spins at sites ¢ and j, and acts as the identity
on all other sites.
The quantum generalization of the ferromagnetic Ising model considered in the last sec-
tion can be achieved by introducing a uniform transverse field,
Moy =T of =) oios. (1.7)
veV i~)

Here we will use the conventional “computational basis” for qubit states and operators,

ofl0) =10) , oF)y=—1) . o) =+ , o) =—|-) (1.8)
1 0 0 1

of = , o' = (1.9)
0 -1 10

The ground state(s) of a quantum spin system are the eigenvectors of H corresponding to
the smallest eigenvalue. When I" = 0 the transverse Ising Hamiltonian is diagonal (in terms
of the basis choice described above) and has essentially the same form as the classical Ising

model from the previous section. All of the spins want to align, so the (unnormalized)



ground state is |00...0) + |11...1). On the other hand, when I" > 1 and transverse field
term dominates, the spins are essentially uncoupled and the ground state is the uniform

superposition of computational basis states,

[+t = ) 2. (1.10)

z€{0,1}m

In the case of spatially local interactions on a 1D lattice, an exact solution for the entire
eigenspectrum for any value of I' can be found by a Jordan-Wigner transformation, but
for general interaction graphs no solution to the ground state of this model is known at
intermediate values of I". This contrasts with the classical case, where the ground state for
ferromagnetic Ising models on general graphs can be determined by inspection.

In thermal equilibrium a quantum system with Hamiltonian H will be in the Gibbs state,

Z = tre "M, (1.11)

P="FZ >

and the thermal expectation value of an observable A is given by (A) = tr (pA).
As in the classical case, the solution of a physical model typically involves going from a
Hamiltonian as in (1.6) to an explicit form of the ground state or thermal state that allows

one to determine observables of interest.
1.2 The Computational Complexity of Spin Systems

The field of computational complexity formalizes the concept of computation, and examines
how the resources needed to solve a particular computational task scale with increasing size
of the problem. In spin systems the size of the problem is typically parameterized by the
number of spin sites n, and in some cases by the number of local terms in the Hamiltonian
or classical energy function. An algorithm that computes a physical property of the system,
such as its partition function or the expectation value of an observable, is considered to be
efficient if it runs in a time that scales polynomially with n. This is a stringent requirement,

in part because the size of the state space of a classical spin system is exponential in n, and



in quantum systems the dimension of the Hilbert space is exponential in n! Despite this
hurdle, efficient algorithms for computing physical properties are possible in many cases.
Formally, the run-time of an algorithm is defined in terms of the number of steps per-
formed by a computational model called a Turing machine [Tur36]. The notion that the
Turing machine model adequately captures the notion of what can be performed by any

physical instantiation of a computer is called the Church-Turing thesis.

1.2.1 Turing Machines and Combinatorial Circuits
Determanistic Turing Machines

A deterministic Turing machine consists of the machine and a linear tape onto which ele-
ments from a finite alphabet, I', can be written into different cells on the tape. The machine
itself has an finite set of internal states, (), a method for reading a symbol written in a cell
on the tape, a method to write a symbol in a cell on the tape, and the ability to move either
left or right one cell. Formally the tape is assumed to be infinite or at least infinitely ex-
tendable. Initially an input, consisting of a string of symbols from a finite alphabet ¥ C T" is
placed on the tape and the physical machine is placed on the first symbol of this string. The
machine is assumed to start itself with its internal states in a special state called the start
state, g € @), and then proceeds to “compute” as follows. At each time step the machine
examines the symbol of the cell it currently occupies and its internal state. Conditional on
these two variables the machine writes a symbol onto cell (possibly from a larger, but still
finite, alphabet than the alphabet of the initial strings) it occupies, moves either left or right,
and modifies its internal state. These rules can be specified by a function, the transition
function, 0 : @ x I' = @ x I' x {L, R}, where L and R denote moving left or right. The
machine does this indefinitely until it reaches one of a set of its internal states known as halt
states. These halt states are labeled as either “reject” or “accept.” If we initially input the
string w and the machine halts in accept state, then we say the machine accepts w. Similarly

if on input w the machine halts in a reject state, then we say that the machine rejects w.



Note that on some strings the Turing machine may neither accept or reject a string, but
continue indefinitely. The language of a Turing machine is the set of all strings taken from

the input alphabet for which the Turing machine accepts for that string being input.

Deterministic Turing machines capture many important features of real modern comput-
ers. For example, the running time of most algorithms on a variety of hardware are closely
related to the similar problems cast in terms of the model described above. An important
class of languages are those for which a deterministic Turing machine accepts a string from
the language in a time bounded by a constant times a polynomial in the size of the string.

Such languages are said to be in the complexity class P.

Non-Deterministic Turing machines

In order to classify the computational hardness of problems for which we we cannot yet con-
ceive of any polynomial-time algorithms, it can be useful to consider models of computation
with capabilities that go beyond deterministic Turing machines. A non-deterministic Turing
machine is a model of computation which allows the Turing machine to explore multiple
computational pathways at once, and halt whenever one of the states of any of the multiple
branches it is exploring enters a halt state. In other words, a non-deterministic Turing ma-
chine doesn’t have to chose one new state, new symbol and direction to move, but may branch
to multiple such triples. The transition function is now not § : @ xI' = Q x I' x {L, R}, but
instead is of the form § : @ x I' = P(Q x I x {L, R}) where P denotes the power set. The
time complexity of a non-deterministic Turing machine is the number of steps of executed
by the Turing machine irrespective of the number of branches explored by the machine.
Because a non-deterministic Turing machine is allowed to explore multiple pathways in
its computation it is not clear that such machines can be reasonably mapped (in terms of
say, time complexity of problems) to modern computers. This question can be put on a more
formal footing by defining the complexity class NP. NP is the class of languages which can

be recognized by a non-deterministic Turing machine in a time bounded by a constant times



a polynomial in the size of the string being decided. The statement of whether NP is strictly
larger than P is the famous P = NP problem, one of the most important open problems in
the theory of computational complexity. That being said, most researchers do believe that
P # NP and that the model of a non-deterministic Turing machine is more powerful than

computers we can physically construct.

Combinatorial Circuits

Another abstract model of computing is a circuit. Throughout the computation the infor-
mation is encoded into a sequence of symbols from a finite alphabet which is called the
state of the computation. The positions in the sequence are called registers. If desired one
can pad the input with ancillary registers which can be thought of as “scratch space.” The
elementary operations, called gates, are taken to be functions which act on a small number
of registers, and write their output to a small number of registers (e.g. the AND function
which takes two bits as input and outputs a 1 if both bits are 1, and otherwise outputs 0).
The gates are applied in sequence to the input (and ancillas), and the number of gates is

called the size of the circuit, which measures the resource cost of the computation.

More formally, a combinatorial circuit, C = (G, L), is a directed acyclic graph, G = (V, E)
with vertices V' and edge set E, where the internal vertices, V;,,, of the graph are logical gates,
L :V,, — G (G is the set of all logical gates), and the external vertices, V.., are the inputs
and outputs to the circuit. External vertices that have no edges leading to them are inputs
and external vertices that have no edges that lead away from them our outputs to the circuit.
If a circuit has n input vertices and m output vertices, then to such a circuit we can assign
a function f : {0,1}" — {0, 1} which results from propagating the input through the logic
gates to the output vertices. Note that at this point we require that fan-outs in our circuit
are represented by gates and do not allow circuits which have fan-in gates. A k-fan-out gate

is the boolean function fy, : {0,1} — {0,1}* given by fi(z) = (z,...,x).



1.2.2  Complexity in Classical Spin Systems

While the ground state of a ferromagnetic Ising model can be easily determined by inspection,
one of the first results formalizing the hardness of finding the ground state(s) of classical
spin systems was provided by Barahona [Bar82]. There it was shown that any instances of
MAX-CUT could be reduced to finding the ground state of a 3D Ising model with {+1, —1}
nearest-neighbor couplings, and therefore it is NP-hard to find such ground states. This result
also holds for 2D Ising models with {+1, —1} nearest-neighbor couplings and {+1, —1} local
fields. From a physical point of view the hardness of finding the ground state of these systems
is due to a large degeneracy of low energy configurations, which causes the system to form
a glassy phase at low temperature.

Another milestone in the computational complexity of spin systems occured when Jer-
rum and Sinclair [JS93] gave a polynomial-time algorithm for approximating the partition
function of ferromagnetic Ising models, at any temperature 1/poly(n) < T" < poly(n) and
on arbitrary graphs. Their algorithm is based on a rapidly mixing Markov Chain which per-
forms non-local updates on configurations that correspond to terms in the high-temperature
expansion of the partition function. However, in the same work these authors also show that
approximating the partition function of an Ising model on an arbitrary graph with {+1, —1}
nearest-neighbor couplings is a very hard problem, as hard as counting the number of so-
lutions to an instance of 3-SAT (which is clearly harder than the NP-complete problem of

deciding whether a 3-SAT instance has a solution or not).

1.2.8  Complexity in Quantum Spin Systems

While classical computing technology improved at a great pace in the 20" century, the
task of simulating quantum systems (beyond special cases and small system sizes) remained
apparently difficult for classical computers, in direct part because the size of the classical
memory needed to store an arbitrary state of a system of n quantum spins grows exponentially

in n. This motivated Feynman to propose the idea of simulating quantum systems by using
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computers which exhibit quantum effects [Kis85], since (at least in principle) a quantum
computer could overcome this memory problem by encoding the quantum state of a physical
system into a computer consisting of quantum bits.

While quantum computers allow for efficient algorithms for quantum simulation, and
were later found to efficiently perform other tasks such as integer factoring [Sho94] which are
thought to be classically hard, their computational power is not unlimited. Just as NP was
defined in order to classify problems which are hard classically, Kitaev defined a quantum
version of NP ([KSV02], [AN02]), which today is called QMA, to classify problems which are
as hard as performing nondeterministic quantum computations - and therefore thought to be
hard even for real-world quantum computers. Just as the boolean satisfaction problem SAT
is an important NP-complete problem, Kitaev demonstrated that a Hamiltonian satisfaction
problem, called the local Hamiltonian problem, is QMA-complete.

The essence of the local Hamiltonian problem is to decide whether the ground state energy
of a local Hamiltonian is above or below some threshold value. It may not be surprising that
this problem can be very hard for Hamiltonians which are gapless and/or frustrated, but
Kitaev was able to formalize this hardness by showing that a particular Hamiltonian — called
the Feynman-Kitaev Hamiltonian — could have as its ground state a superposition of the
time steps of an arbitrary quantum computation. Therefore the problem of estimating the
ground state energy of this Hamiltonian is linked to the question of whether the associated
quantum circuit has an accepting input, making the problem as hard as determining whether
a nondeterministic quantum computer will accept or reject it’s input.

In 2006, Bravyi et al [BDOTO08] brought attention to a special subset of Hamiltonians
which are called “stoquastic”, by showing that the stoquastic local Hamiltonian problem is
in the classical complexity class MA, and is therefore not thought to be as hard as QMA as in
the case of general Hamiltonians. Stoquastic Hamiltonians are those which Suzuki [SMK77]
recognized as being free of the sign problem, and are therefore amenable to quantum Monte
Carlo methods. These Hamiltonians are conjectured to allow for polynomial-time classical

simulations in many cases, but to date only a few results along these lines are known; simu-
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lating adiabatic evolutions with frustration-free stoquastic Hamiltonians, and approximating
the partition function for ferromagnetic transverse Ising models (which are stoquastic) on
arbitrary graphs. It has also been shown that any instance of the stoquastic local Hamil-
tonian problem can be mapped to a local Hamiltonian problem for a generalized transverse
Ising model [BH14]. In chapter 5 we give a polynomial-time algorithm for approximating
the partition function for any 1D generalized transverse Ising model, at temperatures which

are independent of the system size.
1.3 Physics and Optimization

Optimization is the task of finding the “best” element of a set, according to some criteria.
A standard form for the optimization problems we will consider is as follows: given a real-
valued function f : € — R on a domain 2, find the element z* € () that achieves the
minimum value f,;, = mingeq f(x). The function f is sometimes called a cost function, and
the element x* is called the global minimum of f. Note that minimizing f corresponds to
maximizing — f, so this form of the problem accommodates maximization problems as well.
In general the domain Q does not need to be finite (or even discrete), but in this work we
will examine cases where €2 is a finite set.

There is a longstanding and fruitful correspondence between computational optimization
problems and finding the ground states which minimize the energy of quantum and classi-
cal physical systems. If we associate €2 with the state space of a classical spin system and
view the cost function f as a classical energy function, then the problem of minimizing f
is recast into physical language as the problem of finding the ground state of a spin sys-
tem. In this section we will review two highly influential physics-inspired algorithms for
the abstract mathematical task of optimization: the classical simulated annealing algorithm
[KGV83] which emulates the process of cooling a system down into thermal equilibrium at
low temperatures, and the quantum algorithm known as either quantum adiabatic optimiza-
tion [FGGS00] (when it is effectively run at zero temperature) or as quantum annealing

[KN98](when non-zero temperature effects are important).
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1.3.1  Simulated Annealing

Physical systems in thermal contact with an environment will eventually equilibrate to states
which minimizes their free energy, ' = E — T'S, but sometimes a system can be trapped
in a quasi-equilibrium (a local minimum of the free energy) which can make the process
of arriving at the true equilibrium prohibitively slow. For example, defects in the lattice
structure of a metal material correspond to quasi-equilibria, and these relax very slowly at
room temperature. Annealing is a method, discovered by ancient metallurgists millenia ago,
for accelerating this equilibration by first heating the material up to a high temperature and

then slowly cooling it down to a state that has a smaller free energy at lower temperatures.

Simulated annealing attempts to minimize a cost function by treating it as the energy
of a physical system, and by performing a random walk to sample the Gibbs distribution
of this energy function at various temperature[KGV83]. The Gibbs distribution for a cost
function f is

o—BI(2)

m(z) = — L Z=) PO, (1.12)

z€Q

To simulate the processes that drive a physical system to equilibrium when the temperature
is changed, the proposal is to perform a random walk on the state space ). The transition

probability P(i,j) to move between states i, 7 € €2 is chosen to satisfy detailed balance,

m(i)P (i, j) = 7(5) P4, 1),

which ensures that the random walk will eventually converge to m. The algorithm proceeds
by initializing the system to a random state at high temperature [y, and simulating the
random walk while also cooling the system through a schedule of lower temperatures £y <
b1 < ... < Br. While it is difficult to predict in advance the number of steps of the random
walk which will be needed to converge, the algorithm does well at producing low energy

solutions in practice and is widely used in applications.
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1.8.2  Quantum Annealing

The Quantum Adiabatic Algorithm (QAA) can be used on a quantum computer as an
optimization method [FGGSO00] for finding the global minimum of a classical cost function
f:{0,1}" — R. The cost function is encoded in a problem Hamiltonian Hp which acts on
the Hilbert space of n spin—% particles,

He= S ). (1.13)

z€{0,1}"

The Hamiltonian Hp is diagonal in the computational basis, and its ground state corresponds
to the bit string that minimizes f. To reach the ground state of Hp the system is first
initialized to be in the ground state of a beginning Hamiltonian, which is traditionally taken

to be

HBzi(l_z"i). (1.14)

=1

The ground state of Hg, which can be prepared efficiently, is the uniform superposition of

computational basis states

|Vinit) = ! Z |2). (1.15)

The system is then acted upon by the time-dependent Hamiltonian

H(t) = (1~ ) Hi + o Hyp (1.16)

from time t = 0 to t =T according to the Schrodinger equation

.d
i [v@) = H@)¥(). (1.17)

For a problem instance with a unique string w that minimizes f, the probability of obtaining
w at time t =T,

P(T) = [{wl(t = T)[, (1.18)

is a metric for the success of the method on that particular instance.
By the adiabatic theorem, if we prepare the system initially in the ground state of Hp

and evolve for a sufficiently long time T, then the state of the system at the end of the
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evolution will have a large overlap with the ground state of Hp. Specifically, the adiabatic
approximation requires 1" > O(g;ﬁn), where ¢,,in, 18 the minimum difference between the

ground state energy and the first excited state energy during the course of the evolution.
1.4 Quantum Monte Carlo Simulations

The possibility of classically simulating thermal states of a limited sub-class of quantum
systems using Quantum Monte Carlo methods was first proposed by Suzuki, Miyashita and
Kuroda almost 40 years ago [SMK77]. The key limitation of their method is that the Hamil-
tonian must have all real nonpositive off-diagonal matrix elements in a particular basis, which
has been called being “free of the sign problem.” In mathematics these matrices are called
sub-stochastic [Hor86] for their connection with stochastic matrices, and are also known as
Perron-Frobenius matrices, after the authors who recognized some of their special proper-
ties over 100 years ago [Per(7, Frol2]. In condensed matter physics, such Hamiltonians have
been described as having a “stochastic matrix form” [CCMP05], and are sometimes known as
Rokhsar-Kivelson Hamiltonians after authors who applied the special properties of these ma-
trices to understand the square lattice quantum dimer model [RK88]. The term “stoquastic”
is a portmanteau of “quantum” and “stochastic” which first appeared in [BDOT08], and since
then these Hamiltonians have come to attention as a sub-class of quantum systems which
may allow for provably efficient classical simulations.

Despite the seemingly restrictive definition, the class of stoquastic Hamiltonians includes
many quantum systems of physical and computational interest. A system of spinless parti-
cles moving on a graph, with position dependent interactions, is described by a Hamiltonian
which is stoquastic with respect to the position basis. Transverse Ising models with ar-
bitrary diagonal interactions are stoquastic in the computational basis (here we take the
transverse field to be uniform and pointing in the +X direction, if it is pointing in the —X
direction the system can be made stoquastic by a simple change in basis), and this example
is particularly notable because of quantum annealing proposals involving thermal states of

these Hamiltonians. Many other quantum spin models are stoquastic (such as the ferro-
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magnetic Heisenberg model) or can be made stoquastic by a change of basis (such as the
anti-ferromagnetic Heisenberg model on bipartite graphs).

If the matrix entries of H are real and non-positive (in a particular basis), then the matrix
entries of the thermal density matrix p are real and non-negative (in that same basis). The
key property of non-negative matrices which was realized by Perron and Frobenius is that
that all of the coefficients of the eigenvector corresponding to the largest eigenvalue of a non-
negative matrix have the same phase. Since the largest eigenvalue of p corresponds to the
ground state of H, the Perron-Frobenius theorem implies that there is a choice of phase for
which the ground state amplitudes are non-negative in the computational basis. This opens
up the possibility of treating the ground state wave function as an (unnormalized) classical
probability distribution, and the idea behind the quantum Monte Carlo method we will
consider is to treat the off-diagonal matrix entries of a stoquastic Hamiltonian as transition
probabilities of a random walk that converges to the thermal state. In chapters 4 and 5 we
analyze a particular version of QMC, called path-integral quantum Monte Carlo (PI-QMC),
which uses a random walk on a state space which consists of all possible worldlines of the

quantum system.

Although the PI-QMC method had been well-known for decades and is widely used in
practice, there are still very few rigorous guarantees on the convergence time of the underlying
random walk. In chapter 5 we give a formal analysis of the convergence of the PI-QMC
method when it is applied to 1D generalized transverse Ising models. To do this we will
review some definitions and techniques from the mathematical theory of Markov Chains in
section Section 5.3.4. The time it takes for a Markov chain to converge to its stationary
distribution is governed by the spectral gap of the transition matrix (which encodes the
transition probabilities of the random walk). The standard belief in computational physics
is that the spectral gap of the QMC transition matrix should be related to the spectral
gap of the Hamiltonian, and that the convergence time of the QMC method scales with the
correlation length in the quantum system, but a rigorous proof of this conjecture has remained

elusive. In [HF'13] it was shown that there are pathological examples of Hamiltonians which
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are gapped, and which have a unique ground state, for which the convergence time of PI-QMC
is exponentially slow. Besides the need to understand how pervasive these counterexamples
are in the quantum world, we also take the view that provably efficient simulation algorithms

are valuable for the perspective they yield on the complexity of these systems.
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Chapter 2

UNIVERSAL CLASSICAL COMPUTATION IN THERMAL
EQUILIBRIUM

In this chapter, which is based on [CBB10], we begin with a model of classical determinis-
tic computing in which the ground state of the classical system is a spatial history of the
computation. In its most primitive form, systems constructed in this model cannot compute
in an error free manner when working at non-zero temperature. However, by exploiting a
mapping between the partition function for this model and probabilistic classical circuits we
are able to show that it is possible to make this model effectively error free. We achieve this
by using techniques in fault-tolerant classical computing and the result is that the system can
compute effectively error free if the temperature is below a critical temperature. We further
link this model to computational complexity and show that a certain problem concerning
the thermal equilibrium distribution of classical spin systems is complete for the complexity

class MA.

Finally, our mapping leads naturally to problems which are complete for the complexity
class promise Merlin-Arthur [Bab85, GS86], a result which can be regarded as a finite tem-
perature version of the Cook-Levin theorem [Coo71, Tra84] from the theory of computational
complexity. The new computational model we consider thus serves as a bridge between statis-
tical mechanics and the classical computational complexity of probabilistic computation. We
also obtain a computational complexity result concerning the difficulty of identifying when
a system admits a mapping to a probabilistic circuit by showing that a restricted version of
this problem is NP-complete. This implies that the problem of identifying when a physical

system can be seen to be performing a computation is itself computationally intractable.

The outline of the chapter is as follows. In Section 2.1 we introduce the model of com-
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puting with spins in the ground state using a particular energy function for this system. In
Section 2.2 we show that at non-zero temperature the model from the previous section fails
to properly compute. We do this for an extremely simple and previously explored model,
but present the result using two different methods, one related to reinterpreting the transfer
matrix and the other related to classical circuits applied to simple thermal ensembles. Gen-
eralizing these methods allows us to discuss the energy functions arising in Section 2.1 as
probabilistic circuits. This more general formulation we discuss using two different methods
in Section 2.3. Motivated by the mappings discovered in Section 2.3, we then return to our
original model and define the broader class of energy functions consistent with these models
in Section 2.4. At this point we also point out how our models differ from classical models
of quantum-dot cellular automata. The more general setting leads us to ask questions about
how algorithmically hard it is to decide if a given physical system supports computation in
these models. We show that this problem, even in a very weak form, is NP-complete and
thus likely to be intractable. In Section 2.5 we discuss how to design ground state spin
models that, unlike the generic case, do compute fault-tolerantly at non-zero temperature.
Our construction is intimately related to the original fault-tolerance construction of von
Neumann [von56] and we show that von Neumann’s threshold for fault-tolerance is related
to a critical temperature in our system. Finally in Section 2.6 we discuss how the model we
consider is related to the Cook-Levin theorem from computational complexity and show how

this leads to certain natural problems about our model being Promise-MA-complete.
2.1 Deterministic classical computing in ground states

Here we introduce the model of classical ground state spin computing. This model, in par-
ticular restricted cases, is relevant to a variety of different models considered elsewhere.
For instance, quantum dot cellular automata can be partially modeled by classical ground
state spin computing [LTPB93, LTP94]. However the model we consider is more general
than these specific instances. This larger generality comes along with certain unphysical

assumptions: our models contain, for example, three-body interactions which are not nec-



19

essarily easily achievable in a physical device. Physically we imagine that models such as
the one we consider might emerge in certain limits where effective many-body interactions
can emerge. However, irrespective of the physical implementation, the model provides a set
of classical many-body interacting systems which can be mapped onto probabilistic classical
circuits. This connects statistical mechanics with classical probabilistic circuits thus bridging
computer science and physics in a new and interesting manner.

We further note that a quantum version similar to this model has been studied by Mizel
et al [MMCO02, Miz04]. This later model contains significant difference owing to the quantum
nature of the computation: in particular the ground state does not contain the computation
laid out spatially, but instead exists in a superposition of the computation being carried
out spatially. These quantum models are also connected to universal adiabatic quantum
computing schemes [KR06, OT08, BLO8] and piecewise variations on these schemes [BFO0S,
BE10, OBL09, Ore09]. By studying the classical analogy of these schemes, we hope to shed

light on how these later quantum methods can be made fault-tolerant.

2.1.1 The Model

Consider the following physical system. For each edge of a combinatorial circuit associate a
single subsystem with only two possible states, 0 and 1, i.e. associate a bit to every edge.
Consider next a logic gate which has incoming edges labeled by bits 41, s, . .., i; and outgoing

edges labeled by t1,ts,...,t;. For such a logic gate, [, define the following energy function

. 3 . O lf fl(il,’ig,...,i'):(tl,tg,...,tk)
El(ll,ZQ,...,Zj,tl,tg,...,tk) = ! s (21)

A otherwise
where f; is the function the logic gate is computing. Note that this energy contributes 0
when the inputs and outputs follow the rules of the logic gate, but is A otherwise. Now
define the energy for a particular configuration of the bits associated with edges as the sum
over all logic gates of these energy terms:

Eo(s)=) B (2.2)

leL
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where each Ej acts on the appropriate input and output bits and s is the collection of bits for
the entire system. This energy is a function of the labels on all of the edges. Its zero energy
configurations are ground states which consist of configurations which correctly compute
the logical function corresponding to the circuit C'. Note that at this point the ground
state is degenerate: every valid input (and corresponding output) defines a valid zero energy
configuration. We call an energy function constructed in this fashion from a circuit a circuit
enerqy function.

In addition to imposing energy constraints to enforce logic gates, we may also impose
energy constraints to fix a particular input to the circuit. Suppose that the input vertices
are vy, Vg, ..., v, and we wish to force the input 1, xs, ..., z,, where z; € {0,1}. Then to
each edge whose bit is labeled s; lead away from vertex v; we can associate an energy term
E(s;)) = 0if s; = x; and E(s;) = A otherwise. Taking a sum over all of these terms for
the input vertices (and corresponding edges) we can thus add a term such that the ground
state configuration consists now only of the input x4, ..., x, propagated to the output of the

circuit, f(x1,...,x,). In particular for input x € {0, 1}" define the
Eca(s) = Ec(s) + Y Eu(si) = Ec(s) + Eau(s), (2.3)
i=1

where
0 if s; = x; where s; corresponds to input v;
E. (s;) = . (2.4)
A if s; # x; where s; corresponds to input v;
We call an energy function made up of a circuit energy function plus an input forcing energy
function a computed circuit energy function.

The above description of how to take a combinatorial circuit, C', plus its input, (x1, ..., z,),
and converting it into a many-spin energy function is what we term the classical ground
state spin computing (CGSSC) model. Just as in quantum dot cellular automata [LTPB93,
LTP94], the computation occurs when the system is in its ground state and is spatially

spread out across the device. Unlike in quantum dot cellular automata, however, this model

can implement logic gates by using interactions beyond just pairwise interacting spins (or
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pseudo-spins in the case of the quantum dot configurations.) For example, constructing a
quantum wire in the CGSSC model will correspond directly to an identical model in the
semi-classical limit of quantum dot cellular automata models. Gates in quantum dot cellular
automata, however, are implemented in a way which is not directly analogous to the CGSSC
model. In section 2.4 we return to this issue and define a more general set of energy functions

wherein our results still hold and compare this with quantum cellular automata models.

2.1.2  FExample

s
S6 NAND S 7

Figure 2.1: Left: An example circuit whose circuit energy function is given in the text.
The bits of the ground state spin energy function are labeled s;. Right: the spin system
corresponding to this circuit. Here the spins connected by a triangles have interactions

between them as specified in the main text.

To be explicit, let’s consider an example circuit involving four inputs, a few logical gates,

and one output as diagramed in Fig. 2.1. The energy function for the AND gate is then, for
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example,

Eanp(s1,82,83,84,85) = A((L—s1)(1 —s2)s5 + (1 — 51)5285 + s1(1 — s2)55 + s152(1 — 5))

= A(S5 + 8189 — 2818285). (25)

The full circuit energy function is given by

OR

A

~

Ec(s1,52,53,54,85) = A(s34 54+ 56 — 5354 — 25356 — 25456 + 2535456)

+ A(85 + S$1S9 — 2518285) + A(l — 87 — S5S¢ + 2558657) . (26)
AT\IrD NAT\ID

Suppose that we wish to force the input to be s; = s = s3 =0 and s4 = 1. Then we would
add the term
Eq;,; :E0+A(81+82—|—83+(1—84)). (27)

2.2 The need for fault-tolerance at non-zero temperature

Having defined a spin model whose ground state deterministically computes a circuit, we
can now consider the physically important question of how the model behaves in thermal
equilibrium at non-zero temperature. In order to preserve the intended computation the
conditional probability of output f(iy,ds,...,%,) = (t1,t2,...,tn), given the forced input
(41,19, ... ,1,), in the Gibbs distribution for this circuit energy function must be large enough
to distinguish this output from a completely random outcome. It is easy to see that for at
least some circuits C' and inputs x, ground state computation will fail to correctly evaluate
the function corresponding to the circuit as the size of the circuit being implemented grows.
This follows directly from examining one of the most basic models in statistical physics, the
one-dimensional Ising model [Isi25]. This was pointed out in the context of quantum-dot
cellular automata in [LTP94] (see also [UFMIO0, WL04]). Here we reproduce this argument
presenting it in two different forms. We do this not just to be pedagogical, but also because
these two methods will generalize from the one dimensional case to more general circuit

computing energy functions.
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Consider the circuit computing energy function corresponding to inputing the bit 0 into
a series of n identity gates:
E](Sl, ceey Sn+1) = Aésl,l + A Z 5Si,_‘8i+17 (28)
i=1
where —s represents the negation of s: =0 = 1 and =1 = 0. It is convenient here, and in
the sequel, to work with {+1,—1} valued variables instead of the {0,1} valued s;’s. Thus
we will define uppercase spin variables to be 41 valued versions of the s;’s via S; = 1 — 2s;.

Then the above energy function can be written as

A A
Ei(S1,...,541) = 5(1 _51)"‘52(1—51'5#1), (2.9)
i1

which we recognize as the one dimensional Ising model with ferromagnetic couplings and a
boundary term which is a local field. The ground state of this is simply all s; = 0 (S; = +1),
i.e. the initial 0 has been copied by identity gates down the line.

The thermal ensemble arising from this energy function is given by

Pr(Sy,...,Snp1) = eXp(_ﬁZEI(S)), (2.10)

where Z is the partition function,
Z= > exp(-BE(S)), (2.11)
Se{+1,—1}+1
and 3 = (kgT)~! is the inverse temperature. It is well known that the one dimensional Ising
model does not order at finite temperature in the thermodynamic limit [Isi25]. From our
perspective, we observe that the system will fail to correctly transmit the 0 down the line
at finite temperature except in a window of size kT < % which goes to zero as the system

size goes to infinity.

2.2.1 Transfer Matriz Reinterpreted as a Probabilistic Circuit

The standard method for solving this model is the transfer matrix method which we review

and then reinterpret. To the energy function add a term dependent on a variable ~ for the
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last spin:

E}(S,7) = Er(S) + 7S (2.12)

If we calculate Z’ for this energy function, we can then use this to calculate the probability

that S,41 is +1 via Pr(Syq1 = +1) = (5(1 4 Snt1)) = 3(1 4 (Sn41)) where

10InZ2' 1 07’
Spt1) = —= = — : 2.13
< +1> 6 87 =0 BZ/ af)/ -0 ( )
Define the two by two matrices
b
[Mz‘]sm,si = exp {—5(1 — Si5i+l):| ) (2.14)
where b = A, as well as the column vector
b
[U]S1 = €xXp |:_§(1 - Sl):| ) (215)
and the row vector,
[wT]Sn+1 = eXp[_678n+l]- (216)

Explicitly the partition function 7’ is

7' = Z exp

Se{+1,—1}n+t1

_ﬁ75n+1 - g (1 - S1 + i(l - stz+1)>] . (2.17)

=1

This can then be written as
1

Z'= Y [ws,., [[[Misns0s, = w" MM,y ... My, (2.18)

Se{+1,—1}n+1 i=n
where the last equation is a row vector, a matrix product, and a column vector thus giving
a scalar. This is the transfer matrix form of the solution: the partition function is written
as a product of “transfer matrices” and, in this case, sandwiched between an “initial” and
“final” vector.

Define the following matrices and vectors:

[M;]s,

[Pi]Siﬂ,Si = H—ex—g(l’—szb) (2‘19)
[Pinls, s, (2.20)

1+ exp(=b)
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We can rewrite Z’ as
7' = (1 —exp(=0)) "D P, P, ... Pipin. (2.21)

It is at this point that we begin to see our reinterpretation of the transfer matrix method.
In particular we note that p;, is a vector of probabilities (that is it sums to unity) and P; is
a stochastic matrix (its columns sum to unity). In other words encoded into Z’ is a classical
preparation of a probabilistic bit, followed by an evolution according to probabilistic gates.
Suppose that we let po; = P,Pu_1... Pip;, denote the output of this probabilistic circuit.
Then

7' = (1= exp(—b)" " (why., (2.22)

where the sample is taken from the output of the probabilistic circuit. Notice that at v = 0,

w is a vector made up of all components equaling 1. In this case, (w) o = 1 since then

Pout y=

this term is a sum over all the outputs to the probabilistic circuit. Further

192’
B 07,20

where o = (+1,—1)T. Thus

= (1 = exp(=b))"" o)y, (2.23)

(Snt1) = () pour- (2.24)
In other words the expectation value of the last spin in the chain is equal to the expectation
value for the output of the circuit starting with p;, and then applying the probabilistic gates
Py, ..., P,. Note that the combinatorial factors (1 + exp(—b))"*! have canceled out.

The above description tells us that we can think about the one dimensional Ising spin
chain with a forced boundary term as a probabilistic circuit related to our ground state
spin computation. In particular the probabilistic circuit starts with the possibility of an
incorrectly initialized boundary. This is formulated in the preparation probability vector
Pin- Then with probability % the ground state spin computation of an identity gate
is replaced by a bit flip gate. The probability of the final spin of the chain being in a
particular state is then directly given by the probability that the probabilistic circuit outputs

a particular value.
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In this model the probability of the ground state properly computing the desired identity
circuit is such that the information is washed out at finite temperature. To see this we
must actually calculate (S,.1). This can be done most easily by diagonalizing the gates. In

particular if we define the Hadamard matrix,

H ! b (2.25)
V2|1 -1 ‘
then
P,=HDH '=HDH (2.26)
where
1 0
D= (2.27)
1—exp(—b)
1+exp(—b)
Thus
(Susr) = o HD" Hp, (2.28)
which can be reduced to
1 — o=\ ™! p17H!
- — = |tanh — ) 2.2
Suh = (o) = |raung] (229

From this expression we see that the probability that the final spin is aligned with the input
quickly drops to 1/2 as a function of n (unless b > n, i.e. in a small window of temperature
below %) Thus the circuit fails with high probability as we make the chain longer and
longer. This is exactly the result of [WL04]. In this respect, ground state spin computing
in this model is not tolerant to errors arising from working at finite temperature. Note that
we do not consider scaling of the temperature to stay within the small window where the

computation is correctly performed to be a fault-tolerant method as it requires unreasonable

physical resources as the system size gets larger.

2.2.2 A Second Approach Using Controlled-Not Gates

Having shown in the previous subsection how one can reinterpret the transfer matrix method

as a probabilistic circuit for the one dimensional Ising model with forced boundary, we next
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present a second way to derive this observation. This method is a direct variation on the
method used in [Egg74] to study Ising models on Cayley trees.
On the n + 1 spins, define the controlled-not on positions i and ¢ 4+ 1 as the function, C;,

which maps {+1,1}""! to {+1, —1}"*! via
OZ'(Sl, e 752'7 Si+17 Si+2 e 7Sn) == (Sla e 7Si; Si+15'i, Si+27 ey Sn) (230)

We call this a controlled-not because it functions as a deterministic gate which, controlled
on the spin S; either does nothing to the spin in position (i + 1) (if S; = +1), or flips the
spin in position (i 4 1) (if S; = —1.) Further define the function which is the composition of
controlled-not’s starting at the first spin and working forward (note that C;0C;y1 # Ciy10C;):

C=C,o0C,_10--+00C500C]. (2.31)

Notice that if we start with spin 1 in the state S; and all of the other spins S, ..., 5,41 in
+1, then the action of C' is to copy S; down the line: C(Sy,+1,...,+1) = (S1,51,...,51).
In this sense C' is the operation of applying identity gates as information is propagated down

the spin chain. Note that the C; are bijections as is C' and that C; is its own inverse. Thus

Cl=CioCyo---0C,_410C,. (2.32)
Explicitly,
n+1
C(S1, 82,83, -, Sr1) = (1,515, 51585, ..., [ 1) (2.33)
i=1
and
C7Y(S1, 59,5, .., Sur1) = (S1,515, 5253, -, SnSni1). (2.34)

Consider the energy function on n + 1 spins:

/ ! A - !/
E'(S), 8%, ...,8 ) = 52(1 — 8. (2.35)

i=1
Then clearly a system in the thermal state described by this energy function has each spin

in +1 with probability 1 —p = 1/(1 + exp(—b)) and —1 with probability p = exp(—b)/(1 +
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exp(—b)). Suppose that we apply the C' function to this system. That is consider the above
system in its thermal ensemble and consider physically applying the controlled-not gates.
Then certainly this can be thought of as a system in which the first bit is prepared in 0 with
probability 1 — p, with probability 1 — p the controled-nots successfully copy the bit down
the line, and with probability p the output of the controlled-not is flipped. This is exactly
the probabilistic circuit as described in the previous section.

How is this related to our original E7 Let the unprimed variables be the spins after C

has been applied to the system. Then

Pr(Si,....Su1) = Y. Pr(Si,....SualS,... S)Pr(S),....Sh,)  (2.36)

S1seesSy €{E1}

where

Pr(Su, ... Sut1|Sts -5 85) = 00(8),...8%, ).(S10Sn 1) = (8480 1), C-1(S10Snin) (2:37)

Therefore

P?”(Sl, ey SnJrl) = PT(Cil(Sl, ey Sn+1)>- (238)

This implies that the probability distribution produced by taking the thermal ensemble for
E'(S1,...,S,,,) and applying C to the system is equivalent to a thermal ensemble with a
new energy function

E'(C7H(Sh, .., Sun1))- (2.39)
A quick calculation using Eq. (2.34) finds that

E'(C7Y(S1,...,S041)) = %(1 —S1) + % i(l — SiSii1) (2.40)

i=1

which we see is equal to our original energy function E. Reversing the above argument
we thus see that the energy function E can equally well be thought of as the ensemble
corresponding to £’ followed by the application of the mapping C'. Further this later ensemble
and computation has a clear interpretation in terms of a probabilistic initialization followed

by probabilistic gates: when we apply controlled-nots with error target values then this



29

causes a bit flip error in copying the information down the line. Thus we see that we can
derive the same probabilistic gate expression for the one-dimensional Ising model as that

which arose by reinterpreting the transfer matrix as a probabilistic circuit.
2.3 Deriving the partition function by recognizing a probabilistic circuit

We now turn to the more general setting of a circuit energy function for a generic circuit
C = (G, L). We begin by focusing on circuit energy functions without a forced input.

Let E¢ be the energy function for the circuit C'. For each logic gate, [, with inputs
11,12, ...,%; and output t1,%s, ..., %, define the following tensor,

1 if fi(iy,d,...,4;) = (t1,ta, ...t
(l) _ fl( 1,02 j) ( 1,02 k) (241)

Ul yeenslgsblyeensly _ . )
e~? otherwise

where b = SA as before. Given this definition, we can now write the partition function Z as
the contraction of a tensor network [MSO08] plus a sum over all inputs and outputs. What is
a tensor network? Take a graph and map a tensor to every vertex in such a manner that the
tensor has an index for every edge of the relevant vertex. One can then perform a sum over
two tensor indices connected via edges in the graph. A tensor network is thus a graph where
vertices are tensors, and edges are tensor indices. Free edges are indices which have not been
summed over and connected edges are ones for which a sum has been performed. The entire
network (graph) then represents itself a tensor with a number of unsummed indices equal to
the number of free edges.

Given the tensors M® and the graph given by the circuit (which will have free edges
for the inputs and outputs), we can build a tensor network out of these M®s. This tensor
network will itself be a tensor network having indices for the inputs and outputs. Call this

tensor M C;

i inityn t, fOT Inputs 4y, ..., 4, and output fy,...,t,. Then it is easy to see that

the partition function is equal to

Z = Z Mf,...,in,tl,...,tm (2-42)

il7-~~7in7t17~~-7tm€{+1771}
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In other words, the partition function is given by the sum over all inputs, and all outputs of
the value of the tensor network.
What does this have to do with probabilistic circuits? Well now instead of using the

tensors M, instead use
0

M
@ _ (ST N T 73
‘Pi1,...,ij,t1,...,tk - 1 + (Qk J_ 1)€_b (243)

or in other words

0) e i filinda, . ig) = (bt )
11,501,000tk

(2.44)

b .
m otherwise

It is easy to check that this defines a stochastic matrix, i.e. a probabilistic gate. Indeed
it is a probabilistic gate which performs the correct function of the gate with probability

1+(2k—1—1)e47 and randomly flips the output to one of the other outputs with equal probability

o—b
1+(2k—1)e—b "

Notice, importantly, that the difference between P® and M is a constant which depends
on only on the number of output bits. So suppose we consider the tensor network for the

circuit made now with P®s and not M ®s. Then we can write the partition function as

Zo =K > P, imsttyotm (2.45)

i17;in7t17---7tme{+17_1}

where K is the simple combinatorial factor
K=]Ja+@"-1e?) (2.46)
!

and k; is the number of outputs of the /th gate. Now examine P, ... This is nothing

Ly, bi,ee st
more than the probability that we get output ty,...,%, given that we had input i,...,1,
to the probabilistic circuit with probabilistic gates P®). In other words, we can express the

partition function as

Zo=K Z Z Pr(output|input) (2.47)

inputs output



31

Thus the partition function is really hiding a probabilistic computation. Notice further that

we can explicitly calculate that partition function because ), ., Pr(outputfinput) = 1,

Zo=K2" (2.48)

where n is the number of input bits.
Now we turn to the case where we force the input to the circuit. Let zq,...,x, be the
inputs to the circuit C' and E¢, be the energy function for the forced computation. Define

the modified energy function

EC’J:,y = EC,x(S) + Ey(s)> (249)
where
Ey(s) = Z%‘Eyi(s) (2.50)
i=1
with
E(s)=1{ " ! : (2.51)

and the sum is over the output bits, ¢;. Call the partition function associated with this setup

20wy
Note that Z¢ ; 4|y, =...=y,,—0 1s equal to the partition function for energy function with a

forced input x, Z¢,. Define

Pyn(in, .- in) = [ [ Pon(iy), (2.52)

j=1
where
1 . .
—— if ;=
Pringli) =4 o7 77 (2.53)
Tre—b if 121 7£ T
Then it is easy to see that
Zoa =K' > Piy it Pin i, i), (2.54)

il:;in:t17~~~:tm€{+1:71}
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where
K =K(1—e")m (2.55)
Thus we see that we can interpret Z¢, as a sum over a probabilistic circuit, but now with a

probabilistic input corresponding to each bit being flipped with a probability ﬁ% Again,

because we are summing over all outputs, we can explicitly perform this sum

Zew =K' (2.56)

)

We are interested in computing the probability that the thermal ensemble for the forced
input circuit has output given by v1,...,4,. This can be calculated by

1 0" Zc
Prtlzyla"'atm:ym = - Y
| ) BZeuy On - O Y1="=ym=0
- L O"Zcey (2.57)
/BZC,J? 671 e aIYm 1= =Ym =0
Note that
ZCay = K’ Z e_BEy(S)Rl,...,in,tl,“.,tmf)in(il, ey in) (2.58)

ilv;in7t17"'7tme{+17_1}

so that the partial derivatives may be evaluated only over the first term. There we find that

ame—ﬁEy(s) -
et o (2.59)
8'}/1 e 872 71::’%:0 E -
Thus we find that
Pr(tl = y17 e 7tm = ym> = Z P‘E?l,...,snyyl""’y'”‘Pin(Sl7 T ’Sn). <260)

S1yeeSn
This is the main result of this section: the probability of the ground state spin computing
model output bits is equal to the probability of running the probabilistic circuit described
by P on inputs described by input probability distribution P;,. The gates in P are simply
noisy versions of the deterministic gates which fail with a fixed probability related to the

temperature.
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This result is interesting in two manners. First it allows one to use techniques designed for
probabilistically failing gates to be ported over to our model. For instance this will allow us to
use methods for constructing fault-tolerant circuits. It is also interesting in that it shows that
certain many-body quantum systems can be efficiently simulated. Computed circuit energy
functions can be simulated by directly implementing the probabilistic gate that these systems
correspond to. Here we have shown that output bits for the circuit energy function are related
to the output bits for the probabilistic computation. A straightforward generalization shows
that this is also true of other bits in the system. We can efficiently simulate systems with
computed circuit energy functions by executing the probabilistic computation these energy

functions represent.

2.8.1 The Gate Model Derivation

Next let us turn to the same analysis as the prior subsection, but now using the gate trick
as we did for the one-dimensional model in Section 2.2.2. To do this we must first define
the equivalent of the controlled-not gate. Consider a logical gate [ with input ¢;,...,%; and
output ty, ..., ¢ which computes the function (¢1,...,t;) = f(i1,...,4;). Define the function

Cy from {0,1} x {0,1}* to {0,1}7 x {0,1}* as

(i1, yig, fi(in, . ig)) if by = =ty =
Ciir, -yt te) = (ig,...,45,0,...,0) if (ty,...,te) = f(ir,...,3;) (2.61)
(T P8 ST 78 otherwise
This function thus computes the function on input (4y,...,7;,0,...,0), uncomputes the func-
tion on input (i1, ..., 4, fi(i1,...,%;)), and does nothing otherwise. Note that C; is a bijection

and is self-inverse, C;! = C;. Defining an order to gates in our circuit such that the circuit

computes properly, [; first, [, second, etc. Then we can define the function on all our bits of
CC = Clr O0-:--0 Cl2 9] Cll (262)

Suppose we initially start with input bits initialized to an input ¢; = x1,...,4, = x, and all

other bits initialized to 0. Then if we apply C¢ to these bits we will place the result of the
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computation in their appropriate locations across the circuit.
Next define an energy function on all of our system. This is most easily defined in terms

of the inputs to the full circuit and the outputs to the gates [ € L,

E'(s) = D AlGigay + o+ 8y w) + Y Bl (2.63)
il leL
and
0 ifty=-=t, =0

E(ty, ... t,) = (2.64)

A otherwise

This energy function thus assigns for non-global inputs an energy penalty for output to gates
being anything different that 0. For global inputs it adds a penalty for every input which
is not the correct input from z. The thermal ensemble resulting from this system is then
trivially described: the input qubits are in the correct input x; with probability 1+e+1>(—b) and

the internal output bits of a gate are grouped together and have a probability m

being all zeros and probability - m to be anything else.

1+(2F—1) exp(~b)

Imagine applying C¢ to the state described by the ensemble for E’(s’). Clearly the ground
state of E’(s) is such that the circuit C' will be correctly computed. Further, because the
ensemble related to E’(s") has erred inputs, the resulting probability distribution will have
erred inputs. Finally the gates will function properly only when the output was properly

initialized to all Os. This occurs with probability - - (le_ll _ for logic gate [ and otherwise

) exp(

the gate fails by an equally probable error state with probability " _ In other

14 (2F 1) exp(~b)
words the ensemble is exactly the one describing the probabilistic circuit in Section 2.3. Let
us now show that this corresponds to the thermal ensemble of our original E¢ construction.

Asin Section 2.2.2 the trick here is to express the probability distribution for the ensemble
after applying C¢ as

Pr(s)=>_Pr(s|s)Pr(s"), (2.65)

where

Pr(s|s') = 0co(ss = 04,051 (5)> (2.66)
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such that
Pr(s) = Pr(Cgl(s)). (2.67)

Thus the probability distribution resulting from after the application of C¢ to the E'(s’)
thermal ensemble is equal to the probability distribution arising from E'(Cg'(s)).
We will now show the E'(C~!(s)) is exactly the energy function we would define for a

ground state spin computing construction for our circuit C'. Recall that
Cal = Cl1 o) Clg e Clr- (268)

Note that in evaluating E'(C~'(s)), which is a sum of terms, we can evaluate the action

action of C ! on each of these terms separ