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In this thesis we consider the classification of smooth toric varieties
with positive second chern character. We give a complete proof,
without using the classification of smooth toric Fano threefolds, that
the only such threefold with positive second chern character is P2.
We also provide some initial steps towards proving that the only
smooth toric Fano varieties in any dimension with positive second

chern character are the projective spaces P".
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Chapter 0.

Introduction

The classification of the 18 toric Fano threefolds was completed indepen-
dently by Watanabe and Watanabe [19] and Batyrev [3] in 1982. In 1999,
Batyrev [2] classified 123 toric Fano fourfolds and Sato [16] found discovered
one missing from the list, completing the classification. In 2009, Kreuzer and
Nill [11] classified the 866 toric Fano fivefolds, and in 2007 @bro [13] devised an
algorithm to compute the number of smooth toric Fano varieties in any dimen-
sion and computed the number of smooth toric Fano varieties up to dimension
8.

2-Fano varieties were defined by de Jong and Starr in [8].

Definition 0.1. A smooth projective variety is 2-Fano if it is Fano and the
second chern character

cha(X) = cha(Tx) = = (e1(Tx)* — 2¢2(Tx)) ,

1
2

has cha(X) - S > 0 for all S € NEy(X), where ¢; is the i-th graded piece of
c(Tx), the total chern class of X.

They prove that under certain hypotheses on spaces of rational curves on a
2-Fano variety X, that X has a rational surface through a general point of X,
and in [9], provide some first steps towards the classification of 2-Fano varieties.

Araujo and Castravet in [1] classify 2-Fano varieties of dimensions 2 and 3.
The only 2-Fano surface is P? and there are two 2-Fano threefolds, namely P3
and the smooth quadric hypersurface in P*.

The focus of this thesis is on the intersection of toric Fano varieties and
2-Fano varieties. Namely, we address the question of which toric Fano varieties
are also 2-Fano. The only known 2-Fano toric varieties are the projective spaces
P™. In [12], Nobili uses the classification of smooth toric Fano fourfolds, due to
Batyrev in [3], to show that the 2-Fano toric Fano fourfold is P*.

Sato and Sumiyoshi make the following definition [17, Definition 3.1].
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Definition 0.2. Let X be a smooth toric variety with torus-invariant divisiors
D1, ..., Dy. Define v2(X) € A%(X) to be

n(X)=>_ D
We say that X is vo-positive if for all non-zero S € NE3(X),

’YQ(X) -S > 0.

They show that for a smooth toric variety, 2v2(X) = cha(X). Therefore X
is yo-positive if and only if che(X) - S > 0 for all S € NE,(X).

Sato and Suyama [18] prove that every smooth projective toric variety X
with p(X) < 3 is not 7a-positive. In [15], Sato proves that every toric Fano
variety of dimension n with 5 < n < 7 is not vs-positive, using the classification
and a computer algorithm.

This thesis explores the concept of ~s-positivity on smooth toric Fano va-
rieties, with a focus on smooth toric Fano threefolds. Notably, we have the
following conjecture, known for dimensions n < 7.

Conjecture 0.3. Let X be a smooth toric Fano variety of dimension n. Then
X is yo-positive if and only if X = P".

The main subject of this thesis is the following proposition.

Proposition 0.4. Let X be a smooth toric Fano threefold. Then X is vo-
positive if and only if X = P3.

This can be deduced from the results of Araujo and Castravet on Fano
threefolds which in turn use the classification of smooth Fano threefolds. It can
also be proved using the classification of the 18 smooth toric Fano threefolds
due independently to Batyrev [3] and Watanabe and Watanabe [19].

By a theorem of Batyrev [3, Proposition 3.2], every projective toric variety
X has a centrally symmetric relation, i.e there exists a primitive collection
{z1,...2} with

We define the degree of the centrally symmetric relation to be k. If X has
a centrally symmetric relation of maximal degree k¥ = n + 1, then X = P™.
The primary result of this thesis is a proof, without using any classification of
Fano or toric Fano varieties, that if X is a smooth Fano toric threefold with
a centrally symmetric relation of degree 2 or 3, then X is not ys-positive. We
treat the cases of degree 2 and 3 separately.

The outline of this thesis is as follows.

Chapter 1 contains the relevant background for smooth toric varieties. In
Chapter 2, we define v2(X) and provide results on the intersection theory of
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toric varieties. In Chapter 3, we prove some fundamental results about smooth
toric surfaces. In Chapter 4, we prove several results on the structure of smooth
toric threefolds and on the behavior of 7. Additionally, we provide a complete
description of the behavior of 2 on smooth toric threefolds X with p(X) = 2. In
Chapter 5, we describe v2(X) for X the blowup of a smooth toric threefold at a
torus-invariant subvariety. We prove the main result of this thesis in Chapter 6,
namely, that every smooth toric Fano threefold X with p(X) > 1 is not 7o-
positive. Finally, in Chapter 7, we show that under certain hypotheses, the
methods of our main result can be applied to smooth toric Fano varieties of
dimension n with a centrally symmetric of degree 2 or of degree n, to show that
they are not ~y(X)-positive.
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Chapter 1.

Toric Varieties

1.1 First Definitions

The following definitions and results are the standard treatment of toric
varieties. We refer the reader to Fulton’s excellent book [7] for details and
proofs.

Definition 1.1. A normal variety X over an algebraically closed field k is a
toric variety if X admits an open embedding T — X, withT = G}, an algebraic

m?’

torus, such that the action T x T — T extends to an action on X, T x X — X.

We work over k = C, but note that the results hold over any algebraically
closed field. A lattice N is a free abelian group of finite rank, i.e. N = Z". We
let M denote the dual lattice, M = NY = Hom(N, Z).

An algebraic torus over C is a product G},, where G,, is the group variety
C* with multiplication coming from C. As an affine variety

Gy, = SpecC[X, X 1]
For every k € Z, we have a homomorphism of algebraic groups:
Gm — G,z = Zka

and every such homomorphism is of this form.

We let N = Hom(G,,,T) = Z™ be the lattice of one-parameter subgroups
of T. Given a lattice N, we let Ty denote the associated torus, and we let A,
denote the image of v € N under the identification N = Hom(G,,, Tn):

)\y:Gm —Tn.

We denote the dual lattice, M = Hom(N,Z) = Z"™. Every character x :
Ty — G,y is given by a unique u € M. To u = (ay,...,a,) € M, we associate
a monomial

X=X X0 e CIM) =C[Xy, XY, X, X1
Let Mr = M ® R, and Ng = N ® R, the associated real vector spaces.

5
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Definition 1.2. A convex rational polyhedral cone is a set of the form
U:{A1$1+"'+)\k7jk~ ‘ i ERzo} C Ng,

where the x; are non-zero elements of the lattice N. Given mon-zero lattice
elements x1,...,x, we denote

<1’1,...,:Ur> = {)\1£E1 4+ AUk | A € RZO},
the cone generated by the set {x1,..., 2z, }.

Definition 1.3. Let o be a one-dimensional cone in Ng. Then there is a unique
minimal generator v € N so that 0 = R>gx. We call such a lattice element a
primitive vector. Any o has a unique associated set of primitive vectors, which
we refer to as the generators of o.

Definition 1.4. A cone 0 C Ny is to be strongly convex if there are no non-
trivial linear subspaces of Nr contained in o, i.e.

on(—o)={0}.

Definition 1.5. The dimension of a cone o, dim(c) is defined to be the dimen-
sional of the linear subspace of Ng of the vectors in o. A 1-dimensional cone is
called a ray. If o is simplicial, generated by primitive vectors x1,...,xy, then
dim(o) = k.

Definition 1.6. A cone o is called simplicial if its ray generators are linearly
independent, and is called smooth if additionally its generators can be extended
to a Z-basis of the lattice N.

For us a cone 0 C N will always mean a smooth convex rational polyhedral
cone.

Definition 1.7. A semigroup is a set S with a commutative and associative
operation

+:8%x8 =8,
and with an identity element 0 € S, so 0+a=a foralla € S.

A map p: S — 5 is called a semigroup morphism if (u1 + ug2) = p(u1) +
p(ug) for all u; and us. There is a covariant functor from semigroups to C-
algebras which sends a semigroup S to the C-algebra C[S], generated by x* for
u € S. Multiplication in C[S] is defined by

Xu 'Xv _ Xquv7 and XO - 1.
A morphism of semigroups ¢ : S — S’ induces a morphism of C-algebras:
f:C[S] — C[$'], where f(x*) = x*™ e C[$"].

For any cone 0 C Ng, the set of lattice points c NN has the natural structure
of a semigroup.
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Proposition 1.8 (Gordan’s Lemma). If o is a cone, then So = oY N M is a
finitely generated semigroup.

Definition 1.9. Suppose we have a cone o, then we define the corresponding
affine toric variety

Uy, = Spec(C[S,]) = Spec(Ay).
Definition 1.10. A fan X is a finite collection of cones o in Ny such that
1. If 0 and T are in X, then o N7 is X and is a face of both o and T.
2. If 0 isin ¥ and T is a face of o, then T is in 2.
3. Everyo in'3 does not contain any linear subspace of Ny, i.e. cN—o = {0}.

Proposition 1.11. Let o be a cone in N. Then every face T of o is of the the
form T = o Nut for someu oV NM. Given =0 Nu",

Sq— = Sa' + ZZO . (—u)

This proposition implies the following, which allows us to glue together affine
sets U, as o varies over the cones in a fan X.

Lemma 1.12. If 7 is a face of o, then the induced map U, — U, embeds U,
as a principal open subset of U,.

We describe how to construct a toric variety X = Xy from a fan ¥ in V.
From the definition of a fan, any two cones ¢ and 7 in ¥ meet at a common face
o N§. The lemma gives us open immersions ¢, : Uynr — U, and ¢y : Ugnr —
Us.

Lemma 1.13 (Separation Lemma). For any two cones o and ¢’ whose inter-
section is a face of each, there exists u € oV Mo’ such that

r=cNut=d¢Nu" .

Definition 1.14. Suppose A is a fan in N. The support of A is the union in
Ngr over all cones in A:
Al:= o

ocEA

Definition 1.15. Given a fan ¥ in N, we define the toric variety associated
to, Xy, to be the following. Let X be the disjoint union over all o € X. Then
for any o and o' in X, o N o’ is a face of each, by definition. Then Usnyr can
be embedded in both U, and U, as principle open subvarieties. Finally we glue
U, to Uy along the open subvarieties. We do this for all o, o' € ¥ to obtain
X =Xs.

Definition 1.16. We say that a fan ¥ is complete if |X| = Ng, i.e., for all
v € N, there exists 0 € ¥ with v € 0.
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Proposition 1.17. A toric variety X = Xyx is complete if and only if ¥ is
complete.

Every toric variety we consider in this thesis is complete.

Definition 1.18. For any o € X, we have a corresponding closed torus-invariant
subvariety of X, denoted V(o)

Notation 1.19. We let (k) denote the set of k-dimensional cones of ¥, and,
by abuse of notation, we write x € (1) to denote the primitive vector associated
to Rzol' S E(l)

Note that every torus-invariant subvariety Y of a toric variety X is a com-
plete intersection. Indeed if Y C X is any torus-invariant variety V (o), with
o= {(x1,...,xk), Then Y = Dy ... Dy.

Proposition 1.20 (Orbit-Cone Correspondence). There is an order-reversing
correspondence between cones o € ¥ and torus-invariant subvarieties of X. In
otherwords, if o C o', Then V(o') C V(o). If dim(o) = k, then dim(V (0)) =
n—k.

1.2 Morphisms

Proposition 1.21. [7] Suppose we have toric varieties X and X' with ¥ and
¥ in N and N'. Then for any map N — N', we have an associated birational
map ¢ : X — X'. If, additionally, the image of every cone of ¥ is contained in
a cone of X/, then ¢ is a morphism.

Note that any map of lattices N — N’ induces a rational map X — X'.
Such a map will always be defined on the open torus.
If X and X’ are of the same dimension, then the map is necessarily birational.

Proposition 1.22. Suppose f : X' — X is a birational toric morphism between
smooth toric varieties. Then either f is an isomorphism or p(X') > p(X).

Proof. Let ¥ and ¥ be the fans associated to X’ and X, respectively, and let
@ : N’ — N be the associated map of lattices. Then for all ¢/ € X', there exists
o € ¥ such that ¢(o’) C o. Suppose f is not an isomorphism. Then there
exists ¢(0’) # o, and there must be some y, a primitive vector of ¢’, such that

y & X(1). Therefore, p(X') > p(X). O

Proposition 1.23 (Blowups). Suppose X is a smooth toric variety and ¢ a
torus-invariant subvariety.

Then for some ordering of the torus-invariant divisors, { = Hle D; where k
is the codimension of (. LetY = Bl: X, then the fan associated to'Y is obtained
from the fan associated to X, by removing the cone o = (x1,...,xk), adding the

primitive vector y = Zle z; and adding every cone of the form
g; = <l’1,. "7£ia"'axk7y>a

along with aoll of its proper faces.
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Theorem 1.24 (Fiber Bundles, [4]). Let X be a smooth toric variety. Suppose
there is a r-dimensional linear supspace H C Ng such that for every o € X,
there exists an n,T € X such that

1.o=n+rT.
2.nCH.

3. dim(n) =r.
4. TN H=0.

Fiz an (n — r)-dimensional subspace H+ C Ng complementary to H, i.e. so
that Ng = H @ H*. Then the following hold

1. The fan ¥p = {0 € X|o C H} is the fan of a smooth toric variety F.

2. Consider the projection ™ : Ng — HL. The fan Xz = {n(c) | 0 € X} is
the fan of a smooth toric variety Z.

3. The projection w induces an equivariant morphism 7 : X — Z such that
for every affine open U C X, 7Y (U) = U x F.

That is, X is a toric vector bundle over Z with fiber F.

Theorem 1.25. [10] Let X = Xx. If dim(X) = 2 or 3, then X is projective.
If dim(X) = 2, then ¥ is a splitting fan and X is a projective space bundle.

Proposition 1.26. In that case we have x1 + ... 2, =0 and
Y1+ Yn = Z ;%4
and
X =Ppr (0 P O(a:))
The following is due to Kleinschmidt [10].

Proposition 1.27. Any smooth toric variety X with p(X) = 2 is a projective
bundle over a projective space.

1.3 Toric Fano Varieties
Proposition 1.28. If X is a smooth toric variety, with torus-invariant divisors
D;, then

% =0x (- D).

Corollary 1.29. For any smooth toric variety X with torus-invariant divisors

{D;}, we have —Kx =5 D;.
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Theorem 1.30 (Cone Theorem). Suppose X is a complete toric variety. Then

NE(X)= > RxoV(o)]:

ceX(n—1)

In particular NE(X) is a closed rational polyhedral cone, and it is strictly convex
if and only if X is projective.

Theorem 1.31 (Toric Kleiman criterion). Suppose X is a smooth toric variety,
a combination of the torus-invariant divisors of X, D = > a;D;, is ample if
and only if D - V(o) > 0 for all cones of dimension n — 1.

In other words, a Cartier divisor on a toric variety is ample if and only if its
intersection with any torus invariant curve is positive.

Definition 1.32. A wvariety X is Fano if X is projective, normal, and —K x is
an ample Q-Cartier divisor.

Proposition 1.33. [19] X is Fano if and only if for every top-dimensional cone
o, with spanning primitive vectors x1,...,x,, there erists a linear functional
f: N = Z such that f(x1) = f(z2) = -+ = f(zn) = —1 and for all other
primitive vectors x, f(z) > 0.

Remark 1.34. This is the same thing as saying that the primitive vectors
minimally span a convex polytope with the origin as the only interior lattice
point.

Casagrande [5] proves the following bound on the Picard number of a smooth
toric Fano variety X.

Proposition 1.35. Any smooth toric Fano variety X of dimension n satisfies
p(X) < 2n.

Furthermore, if p(X) = 2n, then n is even and X = S%, where S is the
blowup of P? at the three torus-invariant points.

Proposition 1.36. Suppose X is a smooth toric Fano variety of dimension
n > 3, with torus-invariant D and E, so D - E = 0, and the corresponding
primitve relation is of the form x +vy = w. Then if F is the torus-invariant
divisor corresponding to w, then D - F #0 and E - F # 0.

Proof. Suppose D - E = 0, then the corresponding primitive vectors x and y are
not adjacent to on another, so

rty==z,

for some primitive vector z, since X is Fano, the degree of the relation must be
positive and X does not have a centrally symmetric relation of degree 2. Then
if z is not adjacent to x,

2+ =w,

10
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for some primitive vector w. But then, w does not meet y, so
y+w=(z—x)+ (z+2x)
=2z,

a contradiction. So z meets both = and y, and letting F' be the torus-invariant
divisor correspdonding to w, we have the result. O

Lemma 1.37. Suppose X is a smooth toric Fano variety with torus-invariant
divisors D and E, and corresponding primitiive vectors x and vy, respectively,
such that

z+y=0.

Then, if there exists D1 adjacent to D but not E, then there exists E1 adjacent
to both D1 and E, and letting x1 and y; be the primitive vectors corresponding
to Dy and E; respectively,

T+ vy =z1, and
Yy+x=y1.
Additionally, x1 does not meet y, and yy does not meet x.
Proof. Suppose we have D; adjacent to D, but not adjacent to F, Then
rty=u

for some primitive vector y;, since X is Fano, hence the degree of the relation
must be strictly positive, and we cannot have 1 +y = 0, since z+y = 0. Then,
y1 is not adjacent to z,

ntr=n1t+y+z

=2X1.

If y; does not meet x1, then we have
1+ Y1 = w,
where w meets neither  nor y. So,

wHy=(r1+y1)+vy
= (r1+y)+un

=2y1.

A contradiction, so y; meets x;. Finally, if y; does not meet y, then we have
y1 +y = w, but then w does not meet x1, so

w+r = (y1 +y) + 11
=y + (y+x1)
=2uy1.

A contradiction. So, we get the result. O

11
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Proposition 1.38. If X is a smooth toric Fano variety of dimension n > 3,
and X has a centrally symmetric relation of degree 2,

z+y=0.

Then for any mazimal cone of the form {x,x1,...,2n_1}, there exists k €
{1,...,n — 1} such that for all i # k, x; meets y.

Proof. Suppose we have a maximal cone spanned by {z,x1,...,2,-1}. Then
we have for each i, z; = y;, or &; = y; + x. Supposing there is some i for which,
x; # y;, we have some j € {1,...,n—1}, so that y; # x;. Then suppose z, # y;
for k # j. Then

Y =Tk +Y
=T — X
=k — (z; —y;),
SO i is in the affine linear subspace of dimension n — 1 spanned by
{xla DR In—17yj}'

But that’s impossible since y; meets all of the x;, and the polytope of X has as

a face the convex hull of {z1,...,zp—-1,9;}
So, for any n — 1 primitive vectors x; meeting x, there is at most one which
does not meet y, and in that case y; + x = x;. O

Corollary 1.39. If X is Fano and dim(X) > 3, then for any torus-invariant
divisors D and E, either D is adjacent to E, or there exists F' adjacent to both
D and E.

Proof. Suppose D - E = 0. Then if the corresponding primitive relation is of
the form = + y = z, then we have the result by Proposition 1.36. If x +y = 0,
then we have the result by Proposition 1.38. O

12



Chapter 2.

Intersection Theory

In this chapter we outline the intersection theory of a smooth toric variety
X and define the primary object of study, v2(X). We begin with some prelim-
inary definitions. Suppose X is an arbitrary variety, we let the group of cycles
Z(X) denote the free abelian group generated by subvarieties of X. We denote
Z(X) to be k-th graded piece of Z(X), i.e. the group of k-cycles generated by
subvarieties of dimension k. A cycle > a;Y;, is called effective if a; > 0 for all 4.

The Chow group A(X) is the the group of cycles Z(X) modulo rational
equivalence, and is graded by dimension, i.e.,

A(X) = @ Ai(X).

If X is smooth, we denote A*(X) = A, r(X), the group of codimension-k
cycles on X modulo rational equivalence. We define N*(X) to be the R-vector
space A¥(X) ® R, and likewise for N (X).

Given u € M we get a rational function x* on X, and the following lemma
shows us how to compute the corresponding principal divisor.

Lemma 2.1. [7] Let uw € M. Then
div(x*) = Z u(z;)D;.
miGE(l)

Proposition 2.2. [7, Section 5.1] Let X be a toric variety. Then for1 < k < n,
the Chow group Ay(X) is generated by the classes [V (o)] where o varies over
all n — k dimensional cones in X.

We define NE;(X) C Ni(X) to be the cone spanned by classes of effective

k-cycles, and define NE(X) to be NE;(X). We let NE;(X) be the closure of
NE,(X) in Ng(X).

Proposition 2.3. We have the following short exact sequence giving a presen-
tation for the Chow group A'(X).

0= M—=7ZF - AYX) =0

13
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Definition 2.4. Suppose X is a smooth toric variety, we say Dy is adjacent to
Dy if Dy N Dy # 0.

Dualizing the exact sequence
0— M —7ZF— AY(X) =0,
we obtain
0— A (X)—=2ZF - N —o.

Therefore we get the following proposition.

Proposition 2.5. [14] Let X be a smooth toric variety, then

Ay(X) = {(a1,...,ax) € ZF | Y aia; = 0},
the lattice of linear relations among the primitive vectors of X.

Proposition 2.6. [14] Suppose C C X is a torus-invariant curve. Then C' =
Dy ---D,_1, for some torus-invariant divisors D;. C = P! and meets ezactly
two torus-invariant divisors E1 and Fo at a torus-invariant point. Let x; and y;
be the primitive vectors corresponding to the D; and the E; respectively. Then,
the linear relation associated to C' is

y1+y2+zai$i=0,

where a; = D; - C = deg(D;|c).

Corollary 2.7. Suppose C = Dy - D5 is a torus invariant curve on a smooth
toric threefold X. Then C meets exactly two divisors Eq and Eq, at a point.
Let x1,22,y1,y2 be the associated primitve divisors, then the linear relation as-
soicated to C' is

Y1 + Y2 + (D% . Dg)xl + (D1 . DS)JZQ =0.

Reid proves the following proposition, which shows that, NE(X) is a closed,
polyhedral cone.

Proposition 2.8. [14] NE(X) is generated by torus-invariant curves.

2.1 Primitive Vectors and Relations

Definition 2.9. A nonempty subset P = {z1,...,z,} of X(1) is called a prim-
itive collection if

1. <,’E1,...,.’Er> %Z

it. For each i, {x1,..., %, ..., x.) € X.

14
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Definition 2.10. [14] Let P = {z1,...,z.} be a primitive relation. and define
the focus of P

o(P) = (Y1, Yr)
to be the cone of minimal dimension with Y x; € o(P). Then, there is a unique

linear relation
S~ o
with a; € Z~o. Then define the primitive relation associated to P,

T k
R=R(P)=> o~ ay
1 1

Lemma 2.11. /3, Section 3.2] If

T S
> wi=Y_ajy
i=1 j=1

s a primitive relation, then

{xlr"azT}m{yl?"'ayS}:@'

Proof. For all i (x1,...,4;,...2;) is a cone for all ¢, and conv(yq,...,yx) is a
cone. Suppose y1 = x1. Then 1 + Zé Ti=a1x1 + ZS a;y;, and

! k
o= (= Dy + ) aiys.
2 2
Observe that Eé x; € int(cone(xs, ..., x;). For two cones 0,0’ € X, if int(o) N
o’ # 0 then ¢ C ¢'. so {wa,...,7} is contained in {y1,...,yx}. But then
{z1,...2;} is contained in {y1, ..., yx }, but that’s impossible because (z1,...,z;) &
Y. So {z;} N{y:} = 0. O

Lemma 2.12. Suppose P = {x1,...x} is a primitive collection of a smooth
toric variety X, then

2<|Pl=k<n+1.
We say that P has size k.

Definition 2.13. The degree of a primitive relation R (or of the corresponding
primitive collection) is defined to be

deg(R):=r—c1 — -+ — C.
Definition 2.14. A primitive relation R with focus 0, i.e.,
k
S0
i=1

is called a centrally symmetric relation. Note that k = deg(R).

15
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Given a primitive relation R, with corresponding 1-cycle v € A;(X), —Kx -
v = deg(R), and we get the following fundamental lemma.

Lemma 2.15. A smooth toric variety is Fano if and only if deg(P) > 0 for
every primitive relation P of 3.

Lemma 2.16. If P = {xz1,...,x} is a primitive collection on X, then
P ={z1,...,&iy..., 7k}
18 a primitive collection on D;.
Proof. First, observe that
0=D;-Dy---Dy = (Dy---Dy)|p,

So the D;|p, do not meet at a point, thus the images of xa, ..., ) do not span
a maximal cone. Then for any i, since P is a primitive collection,

(DQ"'D’i'Dk)‘Dl =Dy Dy DDy
is an effective cycle on Dq. So P’ is a primitive collection on D;. O

Corollary 2.17. If P is a centrally symmetric relation on X, then P’ is a
centrally symmetric collection on D;.

Proof. If Y~ x; = 0in N, then >z} = 0 in N’ where x} are the images of ;. [

Proposition 2.18. [3, Proposition 3.2] For any smooth projective toric variety
there exists a centrally symmetric relation.

Corollary 2.19. If S is a smooth toric surface with p(S) > 2, then S has a
centrally symmetric relation of degree 2.

Proof. If S has a centrally symmetric relation of degree 3, S = P? by Proposi-
tion 2.20. Otherwise, by Proposition 2.18, S has a centrally symmetric relation
of degree 2. O

Proposition 2.20. If X has a primitive collection of mazximal degree, then
X xpr,

Proof. We proceed by induction. If dim(X) = 2 and {1, 22,23} is a primitive
collection, then X = P2,
Suppose the result holds for dim(X) =n — 1. Then on X, we have

{$17...,$n+1}

is a primitive collection. For any i,

{$17...7i‘i,...,$n+1}

is a primitive collectiion on D;. Therefore, by induction, D; = P! for all 1,
and each D, meets exactly n — 1 other P*~!. There can be no other torus-
invariant divisors since one would have to meet on of the D;, but we have
already accounted for all such divisors. Therefore, every torus-invariant divisor
D = P! Therefore X = P". O

16
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Proposition 2.21. [6] Suppose X is a smooth Fano toric variety. Then if Dy
and Doy are two divisors such that Dy N Dy = (), then there exists D3 such that
Dy - D3 and D - D3 are effective classes.

2.2 Y2

In [9], de Jong and Starr explore the behavior of the second graded piece of
the total chern character of a Fano variety X,

cha(Tx) = 5 (e1(Tx)? — 2¢2(Tx))

1
2

where ¢; is the i-th graded piece of ¢(Tx). We say that X is chg-positive if for

all S € NE,(X),
Ch2(X) - S > 0.

They show that every projective space is cha(X) positive, as well as all weighted-
projective spaces. Total complete intersections X in a projective space P" with
multi-degree (d1,...,dy) is cha-positive if and only if " d? < n + 1.

Proposition 2.22. [12] If X is a smooth toric variety with torus-invariant
divisors D;, then

cho(Tx) = % (Z D?) .

Sato and Suyama define the related 2 in [18].

Definition 2.23. For any smooth toric variety X with dim(X) > 2, let D; be
the torus-invariant divisors of X and define

Y2(X) = Z Dz'2
Proposition 2.24.
2cha(X) = y2(X).
Proof.

o(Tx)=1+» Di+ Y D;-Dj+--

i<j
SO Cl(Tx) = ZDZ = 7KX, and CQ(Tx) = Zi<j Dz . Dj.
a(Tx)* =Y D;+2) D;-Dj,

i<j

17



2.2 CHAPTER 2. INTERSECTION THEORY

SO

cho(Tx) = (81(TX)2 — 2¢9(Tx))

=3 > D}+2) D;-D;—2Y D;-D,

1<j 1<J
1 § 2

Y2(X)

5

L A

Proposition 2.25. Let X =P". Then X is vy2-positive.

Proof. Let Dq,...,Dp 41 be the torus-invariant divisors of X. Any effective
surface S € NE5(X) is numerically equivalent to a positive multiple of a linear
subspace of dimension 2. In particular,

S=Ds---D,.

For torus-invariant D;, D? is linearly equivalent to any affine linear subspace
of dimension n — 2, in particular, for all ¢, D; = Dy - Dy, thus

2(X) =) D;
= ZDI 'D2

So for any S € NE2(X),

12(X) S =(n+1)Di-Dy- S
= (’I’L—|—1)D1 -Dg-a(D3'~-Dn+1)
=n+1

So X is ya-positive. O

18



Chapter 3.

Surfaces

Fulton [7, Section 2.5] demonstrates that a smooth toric surface is given by
a sequence of lattice points z; C N = P2, in counter-clockwise order, such that
succesive pairs generate the lattice. In that case, for all 4, we must have

Ti—1 +Tip1 +a;x; =0 (3.1)

for some a; € Z. If ;1 does not meet x;11 in a cone, and a; < 0, then
Equation 3.1 is the primitive relation corresponding to the primitive collection

{961'71, !Ei+1}.

Proposition 3.1. For every primitive vector x;, we have a corresponding torus-
mwvariant curve C;, and C’f = a;.

Proof. Since x; is adjacent to x;_1, we have a basis for the lattice {z;_1,z;}.
Since z;_1 + x;41 + ax; = 0, the dual vector &; gives us

D, —aD;;1 =0, so
D? —aD;-Diy1 = D} —a=0.
O

Example 3.2. Any smooth toric surface S with p(S) = 1 has three primitive
vectors. Then we must have

T + To + I3 = O,
where all three torus-invariant curves C;, have C? =1, and S = P2.

Example 3.3. If p(S) = 2, we have four primitive vectors, x1, X2, T3, T4, and,
without loss of generality,

z1 +x3 =0, and
To + T4 = axs

= —axry.
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CHAPTER 3. SURFACES

We may assume a > 0.

If a =0, then for all C;, we have C? =0, and S = P* x P

If a > 0, then we have two torus-invariant curves, C1 and Cz with C? =
—C2 =a, and S 2, is a Hirzebruch surface of degree a.

Lemma 3.4. Any smooth toric surface S with p(S) > 3 has at most one D;
with D? > 0 and at most two D; with D? = 0.

Proof. Every such surface is a blowup of a Hirzebruch. If we start with P* x P!,
then we have four. If we blowup somewhere, we end up with only two. Any
further blowups can only decrease the self-intersections. Otherwise suppose
we start with a Hirzbruch F,. Then we start with 2, and blowing-up anywhere
removes one. It’s possible we could create a new one eventually with the original
curve that had positive self-intersection. But that can only happen once in a
sequence of blowups, and in any case we only get one more. So, any smooth
surface with picard number greater than 2, has at most two curves with zero
self-intersection. O

Lemma 3.5. [7] Blowing up a surface with self-intersection numbers ay, ..., ax
at the torus-invariant curve D; - D1 results in a surface with self-intersection
numbers

ar,...,a; —1,—1,aj+1 —1,...,ak

Proposition 3.6. [7] Every smooth toric surface can be obtained by a sequence
of toric blowups starting from either P? or F.

Proposition 3.7. Let X be a smooth toric surface, and let {C;} be the torus-
imvariant divisors, then

S0 =32 p(X)).

Proof. If X = P2, there are exactly three torus-invariant curves, each with self
intersection 1. Then, v2(X) = 3. If p(X) = 2, then X = F,, and we have
D? = D3 =0, and D3 = —D? = a, s0 v2(X) = >_ D; = 0. By 3.6, every smooth
toric surface X with p(X) > 3 can be obtained by a sequence of blowups at
torus-invariant points starting at F,. So we need only prove that the relation is
preserved under a blowup. Suppose X has 72(X) = 3(2 — p(X)), and let X be
the blowup of X and some torus-invariant point p. Without loss of generality, let
p = D1 - Dsy. Then, we blowup at p, to obtain exceptional divisor ¥ C X, with
E?=—1. By, 3.5, D;” = D?—1, and Dy’ = D3 —1. All other self-intersections
are unaltered. Therefore, we have

Y2(X) = 72(X) — 3
=3(2-p(X)) -3
=6-3(p(X)-1)-3
=6-3p(X)+3-3

=3(2 — p(X).
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O
Lemma 3.8. If X is a smooth toric Fano surface, then for all i, a; > —1.

Proof. If X is Fano, then —K x is ample, so by Kleiman’s criterion, — K x inter-
sects positively with every effective curve. In particular —Kx - D; > 0, where

7KX Dl :2+CL1
Therefore a; > —1. ]

Lemma 3.9. A smooth toric Fano surface X must have p(X) < 4

Proof. > a; =3(2 — p(X)), but all a; > —1,80 > a; > —(p(X) +2). So

3(2 - p(X)) = —(p(X) +2),
6 —3p(X) > —p(X) - 2,
8 > 2p(X),
4 > p(X).
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Chapter 4.
Threefolds

In this section we describe the general behavior of v5(X) for a smooth toric
threefold X.

We begin with the following fundamental proposition which describes the
relationship between the top self-intersection D3 and (X)) - D.

Proposition 4.1. Suppose X is a smooth toric threefold, and D a torus-
mvariant divisor, then

Y2(X) - D = D* 4+ 7(D)
= D?®+3(2 - p(D)).

Proof. By Proposition 3.7, we have for each i,
Di|h =3(2 — p(D)),
SO

w(X)-D=(D*+ Y D})-D
D;#D

=D+ Y DD
D;#D

=D*+ > Dif;
D;#D
= D? 4 3(2 — p(D)).

Corollary 4.2. If p(D) > 2,
v2(X)-D < D?,

and if D3 <0 and p(D) > 2, then y2(X) - D <0, and X is not v-positive.
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In general, it is fairly straight-forward to compute D3 for a particular torus-
invariant divisor D on a smooth toric threefold X. Let D be such a divisor,
and let D; be the divisors adjacent to D. Let x; and x be the primitive vectors
corresponding to the D; and D, let & be any element of M = NV with &(z) = 1,
and a; = Z(x;). Then, we get, locally near D,

SO

D*=>"a;D; - D*.

= ZQ1D|2D1

Note that the values D|2Di are not intrinsic to D, indeed they are the self-
intersection numbers of D restricted to each D;, and the a; can be any integers.
In fact, for any set of a;, we have a smooth toric threefold with the above set-up
and for each ¢ &(xz;) = a;. In particular this means the knowledge of the picard
number of a torus-invariant divisor D only gives us information about D? if
p(D) = 1, in which case, y2(X)- > 3.

Proposition 4.3 (p(D) = 1). Suppose X is a smooth, toric threefold, and
suppose D is a torus-invariant divisor with p(D) = 1. Let D; be the divisors
adjacent to D, and x;, x, be the primitive vectors corresponding to D; and D,
respectively. Then then exists a € Z, with D? - D = a for all i and

D3 =42
Proof. We have
x1 + 2o+ a3+ ax =0.

In particular all D; - D? = a for all i. Using the basis {x,z1, 22}, and the dual
functional &, we obtain the numerical relation, locally near D,

D —aD3; =0,

D3 —a(D3-D*) =0
and
D3 =da®>>0.
O

Corollary 4.4. Let X be a smooth toric threefold. If there exists a torus-
invariant divisor D C X with p(D) = 1, then

Y2(X)-D =3+a*>0.

In particular, v2(X) - D > 0 for all p(D) = 1.
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Corollary 4.5. Let X be a smooth toric threefold. If there exists a torus-
invariant divisor D C X, with p(D) = 1, and D3 = 0, then X has a centrally
symmetric relation of degree 3.

Proposition 4.6 (p(D) = 2). Suppose X is a smooth toric threefold, and D a
torus-invariant divisor with p(D) = 2. Then D = F, for some a > 0.

i. Ifa=0, D=P! x P!, and for some by and b,
by = D*-D; = D?. D3,
by = D?- Dy = D?- Dy, and
D? = 2b1by.
i. If a >0, then
by = D?>- Dy = D?- Ds,
b2 :D2 'D27
by = D? - Dy,
aby = by — by, and
D3 = bl(b2+b4).

Proof. Let D; be the surrounding divisors, in order.
Without loss of generality assume

0=D}-D=Dj D, and
a=D3-D=-Di D.

If a = 0, we have
$1+$3+(D2-D2)I=0.
=:C1+:L‘3+(D4-D2)CL'=0.
IE2+I4+(D1'D2)J}:0.
=29+ a4+ (D3-D?)x =0.

Let bl :D3~D2:D1'D2 andb2:D2~D2:D4-D2.
Then, using the basis {1, x2,z} and the dual functional &, we obtain

D —bsD3s—b1Dy=0
locally near D. So
D? = b3D3 4 b3D3 + 2b1by D3 - Dy,
and

D3 =03D2 - D+ b?D?- D + 2b1byD3 - D3 - D
= 201 bs.
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If ¢ > 0, then let b; = D, - D? = D\%i. Then we have the set of equations
defining the relations associated to the curves D; - D.

0= +ax3+ (D3 D)ag+ (Dy- D)z
=11+ 3+ axs + box

&1 +x3+ (D2 D)xy + (Dy- D*)x
=x1+ T3 — axy + byx.

0=y + 24+ (D? D)z + (D - D)z

o
I

=29+ x4 + b1
0=y + x4+ (D2-D)as+ (D3- D)z
= X9+ T4 + b3x.
So
a(xg + x4) + (b —ba)x =0, and
b = bs.
Since

0 =29 + x4 + b3z, then
0 = a(xg + x4) + absz,

and we have abs = aby = by — by. Note that

x4 = —bgxr — x5, and

r3 = —x1 — ary — box,
so using the basis {z, 21,22} and the dual functional &, we get, that near D,

D — bQDg, — b3D4 =0.

and
0= D*—byD3 - D* — b3D, - D?
= D3 — bybs — bzby
= D3 — b3(by + by).
So

D3 = by(by + by).
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4.1 Smooth Threefolds with Picard Number 2

In this section we classify all smooth toric threefolds X with Picard num-
ber 2 and show that none are vy,-positive. There are two types, according to
Batyrev’s classification, depending on the maximal degree d of a centrally sym-
metric relation on X.

First, we show that there is only one combinatorial type of a toric threefold
with picard number 2.

Proposition 4.7. Suppose p(X) = 2. Then the torus-invariant divisors of X
consist of three Hirzebruch surfaces D1, Do, and D3, and two P?’s, E; and Fs.
The D; each meet both E1 and E5 and Eq - E; = 0.

Proof. We must have some D with p(D) > 2, and since there are only four other
torus-invariant divisors, we assume p(D) = 2. Then D does meet all four other
divisors D1, ..., D4, and without loss of generality D; meets D3. Then Dy and
D, each have p(D;) =1, while D; and D3 each have p(D;) = 2.

Thus we have determined the combinatorial type of X. O

Corollary 4.8. If p(X) = 2, then X has a primitive collection P with |P| = 3.

Proof. By the proof of 4.7, we must have three Hirzebruch surfaces pair-wise
meeting each other, and, by the proof, they do not all three meet at a point. So
we have a primitive collection P with |P| = 3. O

Proposition 4.9. There are two types of smooth toric threefolds X with p(X) =
2.

Type I. The fibers of the Hirzebruch surfaces D; are of the form Dy - Dj,
D?-D; =0 for all i,j, and we have a centrally symmetric relation
of degree 2:

y1 +y2 = 0.

Type 1I. The fibers of the D; are of the form D; - E;, D? - E; =0, for all i,j,
and we have a centrally symmetric relation of degree 3:

1+ a9+ 23 =0.

In other words the fibers [ of the D; (torus-invariant curves with /2 = 0 on
D;) are either all of the form D; - E; or all of the form D, - D;. There is only
one smooth toric threefold satisfying both conditions, namely P2 x P!, where
D; 2 P! x P! for all i.

Proposition 4.10. If X is a smooth toric threefold of picard number 2, with a
centrally symmetric relation of degree 2. Then D} =0 for alli, and E3 = E3 =
a® where 1 + T2 + 3 = ay.
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VAN
N

Figure 4.1: A threefold with picard number 2.

Proof. Let 3, be the first P!, and let =1, 2, and z3 the adjacent Hirzebruch
surfaces. Then ay; = x1 + x2 + 3 = bys.

Suppose the fibers of D attach to Dy and D3. Then, as we saw earlier that
if one of the D; is such that its fiber are attached to E7, then they all must be.
Then

Di@)j =0,

for all i # j. Therefore, at D;, we must have
Y1+ Y2 = 4%
But this holds for all i. So a; = 0 for all i, and

y1 +y2 =0.
Then we have
T1 + T2 +x3 = ayy = —ays.
So,
Dl — D3 =0
Dy —D3=0
E1+CLD3 7E2 =0.
So,
F} = E?(Ey — aD3)
= —aFE1|},.
= g2 > 0.

E3 = E3(Ey + aD3)
E(IEQ‘%S.
=a?>>0.
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D¥=D,-Dy-D3=0.
O

Proposition 4.11. Suppose X is a smooth toric threefold with p(X) = 2 and
with a centrally symmetric relation of degree 3. Then,

> D=0,
and D? <0 for some i.
Proof. By assumption, X has a centrally symmetric relation of degree 3
r1+xo + 23 =0,

and Eiﬁjj =0 for all 4, j.
Now, write

Y1 + Y2 = dzy + cxo
where we get

2
D2|D1 = —¢, and

D3 |%1 = C.
Similarly,

Di|p, = —d, and
Dsl3, =d.

Then, write

Y1 + Y2 = d(—z2 — x3) + cx2
= (¢ — d)zg — dxs

to get

Ds|h, =d—c, and

2 _
D1 |D3 =C— d.
Rewrite the above equations in terms of the basis {x1, 22, y1}

Yo = dx1 + cT2 — Y1,
r3 = —T1 — T2.
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So, we have

Then,

and

D17D3+dEQEO
DQ—D3+CEQEO
El—EQEO.

E} = E; = E,-E; =0,

D3 = D?(D3 — dE3)
= D1|2D3 — le‘QEz
=(c—d)—d
=c—2d.

D3 = D3(D3 — cE»)
= D2|%)3 — C.D2|2E2
=(d—-c¢)—c
=d — 2¢, and

D3 = D3(Dq + cEy)
= D3|2D2 +CD3|2E2
=d+ec.

O

Note that ¢ and d can take any value in Z2. In particular any one of the D3

can be arbitrarily large.
Then observe that

So,

D3+ D3+ D3 = (c—2d) + (d — 2¢) + (d +¢)

=0.

% (X)-Y Di=> D} =0,

where >° D; € NEy(X) is an effective combination of torus-invariant sur-
faces. Therefore, X is not ~o-positive. Additionally, there must be some 7 with

D3 <.

Proposition 4.12. If a smooth toric threefold X has p(X) = 2 there exists a
torus-invariant divisor D such that v2(X) - D <0, and X is not ~-positive.
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Proof. If X has a centrally symmmetric relation of degree 2, then by Proposi-
tion 4.10, there exists a torus-invariant divisor D with D3 = 0 and p(D) = 2.
So

Y2(X)-D = D3 =0.

If X has a centrally symmetric relation of degree 3, then by Proposition 4.11,
there exist three divisor Dy, Do, and D3, each of Picard number 2, and

> Di=o.

But for each D;, we have v2(X) - D = D3, so

%(X)-Y Di=Y_Dj<o.

So for some 4, v2(X) - D; <0. O
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Chapter 5.
Blowups of Threefolds

In this chapter, we investigate how the two types of toric blowups of smooth
toric threefolds affect the behavior of 75(X). Suppose we blowup X at a torus-
invariant subvariety Z to obtain

X =Blz(X) = X.
We have two possibilities.
1. Z = p is a torus-invariant point of X.

2. Z =1 1is a torus-invariant curve of X.

5.1 Blowups of Points

If Z = p, then we may write p = Dy - Dy - D3, for torus-invariant divisors D;.
Let x1, x2, x3 be the corresponding primitive vectors, let ¥ be the exceptional
divisor of X — X, with corresponding primitive vector y, and let D; be the
strict transform of D; with corresponding primitive vector z. Then

Ty Fy + 7 =y,
and E = P2, We have E2-D; = —1, and E-D? = 1, for all i. p(D;) = p(D;)+1.
Proposition 5.1. Let X is a smooth toric threefold and w : X — X the blowup
of X at a torus-invariant point p. For D C X a torus-invariant divisor, let

D denote the proper transform of D, and let E be the exceptional divisor of .
Then,

(%) D= &) D=t ifpeD
v2(X) - D, otherwise.

and

1(X)-E=4.
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D2 D2

X X
Figure 5.1: Blowup of a point on a toric threefold.

Proof. Let {D;} be the set of all torus-invariant divisors on X, with D;-Dq-D3 =
p. Then

m*(D;) = D; +¢FE
with ¢; = 1 if ¢ € {1,2,3}, and ¢; = 0 otherwise. Then, for j € {1, 2, 3},
%2(X) - D; = (Zﬁiz +E2) - D;
- (Z(?T*Di GE)? 4 EQ) - D;
- (Z(W*Df +2em (D) - E + e E?) + EQ) . D;
= 7" (D;)*-D;+ (1+3)E*- D,
=> D}-D;+4E* - D,
=72(X) - D; +4(E|p)*
= 7y(X)-D; — 4.
If j ¢ {1,2,3}, then E - D; =0, in which case

Y2(X) - D; = 2(X) - D;.

<

Since
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and p(D) = p(D) + 1, we have for j € {1,2,3},

J J
Finally,
E3 =F- (7T*D1 - Dl)(TF*DQ - Dg)
—E-Dy D
=1.
Then, since p(E) =1, y(X) - E = E* +3=4. O

5.2 Blowups of Lines

Theorem 5.2. Suppose Z is a linel = Dy - Dy on X. There are two divisors
meeting | properly at a point, which we denote Fy and Fs. Then,

Y2(X) - Dj = 72(X) - D; — 21|}, — 1D,
=2(X) - Dy —2(l|5, —U[B,) = U,
=72(X) - Di+1|p, =21},

12(X) - Fy = 72(X) - F; = 3.

v2(X)-E=-D} Dy — D} Dy =%, —1[3,.
Note that p(D;) = p(D;), p(F;) = p(F;) 4+ 1 for i = 1,2, and p(E) = 2. So,
in terms of top self-intersections, we have the following corollary.
Corollary 5.3. Let Z be the blowup a line l = Dy - Dy on X.
D} =D} +1|p, —21[p,
By = D3+ 1fh, - 21,
F}=TF}.

E*=-U}, -1},
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DQ D2
_
FQ Fl F2 Fl
X X
Figure 5.2: Blowup of a line.
:Zé$+ZD§+ZF?+E2
=576 +ZW*D E)?+> w*(F)*+ E’
=) " 7(G)+ D (77 (D) — 27 (D) - E+E2 +Z7r )%+ E?
fZW( i) *Z” D;) *ZW 0?23 7 (D E+3E2
7 (12(X)) — 27*(Dy —I—D2)~E+3E2.
—Zw (Gi)?+) 7 (Di)* + > 7" (F)?—2) (Di + E)- E + 3E?
_Zw*(cl) +) 7 (D +Z7r*(Fi)2—22(ﬁz E) -
=" (12(X)) 2> (Di - E)
So
j
=7(X) F;—4+1
=72(X) - Fi = 3.
Since

.(E-D;) =, ((W*D2 —Ds) ﬁl)
= m,(7*Dy - Dy) — m.(Dy - Dy)
=Dy -7 (D1) =0
=Dy Dy
:l,
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we have
Yo(X) - D; = ¥ (72(X)) - Dy — 21" (D1 + Dy) - E - D; + 3E% - D;
= 1 (32(X)) - D; — 2(Dy + Dy) - m.(E - D;) + 3E* - D;
= 7o (X

Lemma 5.4.

Proof. E?-D; = EPs =1}, since
W'ﬁLDZ — D;

is an isomorphism, and E? - F; = 0. Then we have

0=E-7*Dy -7"Dy
=E-(D1+E)- (D2 +E)
—E?.D, 4+ E* Dy + E?
=13, +13, + E>
O

Lemma 5.5. The exceptional divisor E is a Hirzebruch surface. The curves
li|g and ls|g are the torus-invariant sections of

wlg: E—1
with self-intersection numbers
Lig =1p, — b, (5.1)
and
bl = Uy =D, — U, (5.2)
Additionally, for the other two torus-invariant curves fi and fo on E, f; is a

fiber of | and f? = 0.
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Proof.
0= E'ﬂ'*Dl '7T*D1
=E-(Di+E)- (D1 +E)
—E-Dy +2E%- D + B
=L|E + 25, + E°.
So by Lemma 5.4
2 2 2 2
O:ll‘E+2l|D1 —Z‘Dl _Z‘Dz'
= Ul +1b, — U, or

ll‘%] = l|2D2 7”2D1

We give an alternate proof using linear relations:

Proof. Write

0= Y1 + Y2 + 121 + C2x9.
=y +y2+ (c1 — ca)z1 + ca(z1 + 22)
=N + Y2 + (Cl — CQ)J)1 + coe.

These are the linear relations representing [ and I, in A;(X) and A;(X), re-
spectively. Then | = D; - Dy and we have

2
lQ'E:l'D1=l|D2261
lL-E=1-Dy=1} =c
ll'D1:11|2E:61702

lo- Dy =1ls|% = ¢y — c1.
In particular,
Ll = —lbly =1, -1,
and, by Lemma 5.4

E3 = —C1 — C2g.
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Chapter 6.
Fano Threefolds

In this section, we prove that every smooth toric Fano threefold X with
p(X) > 2 is not vye-positive.

The key to finding a torus-invariant divisor D with (X)) - D < 0 comes
from a proposition of Batyrev [3] which naturally separates toric threefolds into
three categories.

Namely, we use the following corollary of Proposition 2.18.

Corollary 6.1. Every smooth projective toric threefold X has a centrally sym-
metric relation of one of the following types.

1. $1+Z‘2:0,
1. 1+ 2o+ x3 =0,
1% T1 + a9+ 23+ 24 =0.

By, Proposition 2.20, if X has a centrally symmetric relation of degree 4,
then X = P3. Therefore if X is a smooth toric Fano threefold with p(X) > 2,
X must have either a centrally symmetric relation of degree either 2 or 3.

Lemma 6.2. Suppose X is a smooth toric threefold with a torus-invariant di-
visor D with p(D) > 2. Let x be the primitive vector corresponding to D. Then
there exists D1 and Do adjacent to D, with corresponding primitive vectors xy
and xo, such that

1+ 29 +ax =0.
The remaining divisors meeting D are split into {E;} and {F;} with
E;-F;-D; =0
for alli, j.

Proof. Every torus-invariant curve on D is of the form G|p for some torus-
invariant G. On D, we have the primitive relation =} 4+ 24 = 0, corresponding
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to D1|p and Ds|p. We must have at least one primitive vector on either side
of the line spanned by 2 and z/,. The corresponding torus-invariant curves of
D, other than D4|p and Dsy|p must be of the form E;|p and Fj|p, for some E;
and F; on X, and E;|D; - F;|D; =0 for all ¢, j, thus

O

Lemma 6.3. Suppose X is a smooth toric threefold with a torus-invariant divi-
sor D with p(D) > 2. Let {E;} and {F};} as in the lemma, If |{E;}| and |{F}}|
are both at most 2, then, for all i and j,

E?.D>—1, and
F? D> -1

Proof. D is the blowup of a Hirzebruch surface F, where Dq|p and Ds|p are
the strict transforms of the positive and negative sections.

If [{E;}| = 1, we have only one divisor on one side, so we did not blow up on
that side, and E1|% = 0. If we have two divisors, then we blew up once, yielding
two divisors Ey and Ey with E1|% = Es|% = —1. Similarly for the Fj. O

Corollary 6.4. Suppose X is a smooth toric threefold, with a torus-invariant
divisor D with p(D) > 2. Then we have x1 + x2 + ax = 0, with corresponding
torus-invariant divisors Dy and Ds. If for all other torus-invariant divisors F,
E?.D > —1, then

D? <2aD?-D-D —a?D; - D

Proof. Suppose we have 21 +x2+ax = 0. Let y; and z; be the primitive vectors
corresponding to E; and F}, respectively. There exists a maximal cone spanned
by {z,x1,y1} and using the dual functional g, we have §;(z) = §1(x1) = 0.
Then, we have 31 (y;) > 0 and 7:1(z;) < 0. for all ¢, j. We obtain numerical
relation, locally near D,

ZagEi — Zb;’Fj =0.
with a; > 0 and b} > 0. The functional #; yields the relation, locally near D,
D—aDy+Y a/Ei+Y b/F;=0,
for some a; and b7.

Multiplying the first equation by n > 0, and adding it to the second, we
obtain

D —aD; + Z(nag +a)E; — Z(nb; —b/\F; = 0.
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Choosing n large enough, and setting a; = na} + a and b; = nb; — b}/, we can

ensure that a; > 0 and b; > 0 for all 4, j, and we get

D—aDi=-Y aEi+Y bF;
with all a;, b; positive. Squaring, we obtain
D? —2aD - Dy +d?- D% = Z a?EZ-2 +2 Z aiai1 BB
+ ) BPF? 42 bibiga FiFy.
Dotting with D,
D*—2aD?- Dy +a°D-D? =) alE}-D+2)  aai11
+ Z b2E2-D+2 Z bibis1.

By assumption, for all 4, j, Ef - D > —1 and F} - D > —1.
If, for any 1, Ef - Dy =0, there is only one E;, and there are no a;a;11, so

> a}E}-D=0.
If not, there are exactly two F;, both with self-intersection —1. Then,
Z a?EZ-2 -D+2 Z a;iQiy1 = —a? + 2a1a9 — a%

= —(a1 — ap)*
<0.

Similarly,
D BIFE-D 42 bibipg <0.
So,
D?* —2aD*- Dy +a®D- D} <0, and
D3 < 2aD? Dy —a®D - D2,
O

Remark 6.5. The role of D and E in the corollary are completely symmetric,
50

D? < 2aD?*- Dy —a*D - D3.

Proposition 6.6 (Centrally Symmetric Relation of Degree 2). If X is a smooth
toric Fano threefold with centrally symmetric relation of degree 2, with corre-
sponding divisors D and E, then there exists D; meeting both D and F,

Y2(X)-D; < D} <0,

and X is not ~ys-positive.
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Proof. Suppose X is a smooth toric Fano threefold with a centrally symmetric
relation of degree 2, x + y = 0. Let {z;} be the primitive vectors adjacent
to = and {y;}, the primitive vectors adjacent to y. Then, By Lemma 1.37,
[{zi}| = [{y;}|, and we may reorder the indices so that for each ¢, either z; = y;,
or x; +y = y;, and z; is adjacent to y;. By Proposition 1.38, we have that for
at least one i, ; = y;. Then, by Lemma 6.3, if z; meets x;;1, but not y; 1,
D, - D%_H = 0, otherwise, ;11 # y;4+1 and x; meets both x;; and y;41, and

D; - Di2+1 =D; - Ei2+1
=—1.

Thus, the hypotheses of Corollary 6.4 are satisfied with @ = 0, thus D? < 0.
Finally, p(D;) > 2, so

v2(X) - D; < D} <0.
O

Proposition 6.7. Suppose X has a centrally symmetric relation of degree 3,
but not a centrally symmetric relation of degree 2. If X is Fano, then for for
each D;, there are at most two torus-invariant divisors on either side of the
relation restricted to D;.

Proof. We assume X does not have a centrally symmetric relation of degree 2.
Otherwise, X is not ys-positive by Proposition 6.6.

Observe that z1,zs, z3 lie in a plane containing the origin. Therefore, there
must be at least one vector on either side of this plane.

Recall by Proposition 1.35, since dim(X) is odd, p(X) < 2n —1 = 5. Then
there are at most 4 vectors y; on one side of the plane spanned by the z;. In
that case there is just one z on the other. But then no y; meets z, so for each
i, we have y; + 2 = 0 or y; + 2z = w;. We assumed that there are no centrally
symmetric relations of degree 2, so y; + 2 = w; for each j. The only vectors
meeting both w and one of the y;, are the z;. So each w; is some z;. But there
are only three w; and four y;, so, without loss of generality,

Y1 +2=yY2+ 2=

A contradiction, so there can be at most three vectors on each side. In that
case, suppose we have 1 meeting all three y;, y2, y3.

If y; does not meet y3, then y; + y3 = w, where w must be ys, otherwise we
have 4 vectors on one side. Then, we have y; + y3 = y2, but, without loss of
generality, y3 does not meet xs. So ys + x2 = w which again must be one of the
y;, but y; does not meet ys3, so w = yo, but y3 + y1 = y2, a contradiction.

If y1 does meet y3, then without loss of generality, y; meets zo, y3 meets 3,
and y3 does not meet x5, so we have y3 + x2 = y;, where y; meets both y3 and
Z3. Y2 cannot meet 2, so y; = y1, and y3 + x2 = y;1. Then, since y, does not
meet xo, we have ys + x2 = y;, where y; meets both y, and z2. y3 does not
meet T2, SO we must have ys + x5 = y1, but y3 + 2 = y1, a contradiction.
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So no x; can meet all three y;; in other words, every x; meets at most two
of the y;. O

Lemma 6.8. Suppose X has a centrally symmetric relation of degree 3, with
associated torus-invariant divisors D1, Do, and D3, then

> (D7 Dj) <o.
i#]

Proof. On D;, we ;1 +x;11 = 0so D;_1 and D, are the strict transforms of
the positive and negative curves of a Hirzebruch surface, F,. On F,, the sums
of the self-intersections are 0. D; is obtained via succesively blowing up F,, and
at each step the sum of the self-intersections can only decrease. So for each i,

D;-D},+D; -D? <0.
Summing them up, we get
0> D;-Di, +Di-Di
= (D} Dy)

i#j
O

Proposition 6.9 (Centrally Symmetric Relation of Degree 2). Suppose X is
a smooth Fano toric threefold with a centrally symmetric relation of degree 3.
Then X s not vys-positive.

Proof. If X has a centrally symmetric relation of degree 2, then by Proposi-
tion 6.6, X is not ~e-positive. Then suppose X does not have a centrally sym-
metric relation of degree 2. By Proposition 6.7, each D; has at most 2 divisors
on either side of the relation, so by Lemma 6.3 the hypotheses of Corollary 6.4
are satisfied with @ = 1. So, for each i # j, we have

D} —2D;} - Dj + D; - D7 <0.
Summing these over all ¢ # j, we obtain

0>> D}-2D}-D;+D;-D}
i#j

=> 2D}+> D}-Dj.

1#]
And, by Lemma 6.8,

> D}-D;<o.
i#j
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So,

and X is not yo-positive.
O

Theorem 6.10. Let X be a smooth toric Fano threefold, with X % P3. Then
X is not yo-positive.

Proof. Any such X has a centrally symmetric relation of degree 2 or 3. If X
has a centrally symmetric relation of degree 2, then the result follows from
Proposition 6.6. Otherwise, if X only has a centrally symmetric relation of
degree 3, then the result follows from Proposition 6.9. O
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Chapter 7.

Higher Dimensions

In this chapter we show that for a smooth toric variety X of dimension at
least 4, the behavior of (X)) depends on the torus-invariant threefolds of X,
and are able to show that under certain assumptions, smooth toric Fano varieties
with centrally symmetric relations of degrees 2 or n, are not y-positive.

Lemma 7.1. Suppose X is a smooth toric variety of dimension n > 4. Then
any torus-invariant surface S C X is of the form S = Dy---D,,_o for torus-
mnvariant D;. For each 1, let

G=D1-Dj+Dp_s.

Each (; is a torus-invariant threefold in X, and D; - (; = S for all i, and, for
each 1,

Y2(X) - S =D} S+7(D;)- S|p,
=D} -G +72(Dy) - S

Di'
Proof. v2(X) =" D?, so
Yo(X)-S=(Di+ -+ D7) (D1 Dy_s)
= (Di’-D2'~'Dn72)+D1'(D§+-'-+D;%)'(Dz'--anz)
= D} - S +72(D1) - S|p,
=D} - ¢ +72(D1) - Slp, .-
O

Corollary 7.2. Let X be a smooth toric threefold of dimesion n > 4, with torus-
mwvariant threefold ( C X. Then for any torus-invariant divisor D meeting

properly,

72(X)-D-(= S|§+72(D)‘S|D.
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Proof. Since D meets ¢ properly, ( = Dy ---D,,_3 for D; # D for all i. Then,

Y2(X)-D-(=D*-C+7(D)-(D-{)lp.
= D¢+ (D) -<lp
= S|Z+72(D) - Slp.

Corollary 7.3. Let S and (;, as in the proof, then,

72(X) 5 =32 p(8) + S

If p(S) > 2, then

Proof. First note, that is X is a threefold, (; = X, and
12(X) - S =3(2-p(S5)) + 57,

and if p(S) > 2, 12(X) -5 < S3.
Then, suppose dim(X) > 4. Then, as in the lemma, any S = Dy - D,,_o, and
there are exactly n — 2 threefolds ¢; on X with .S C (;. We have

Y2(X) - Dy -G = S} +72(D1) - Slp,.

But, for all ¢ > 1, {; € D;. So the torus-invariant threefolds in D; containing
S|p, are exactly the {;|p,. Then, by induction, we have the result. O

Proposition 7.4. Suppose we have a smooth toric variety X of dimension n
with a torus-invariant surface S C X, with S =2 P?2. Let S = Dy ---D,_5 and
G=D;--- D; - Dy_s. S meets exactly three divisors Fq, Es, and Es. Let y;
be the corresponding primitive vectors, then for each i, we have

Yy + ys +y5 + ax; = 0.
Where the y; and x} correspond to the restrictions of E; and (; to D;. Then,
7(X)-S=3+> al.

Proof. If n = 3, then by Proposition 4.3, 12(X) - S = 3 + a2.
Then suppose n > 4. By the corollary, since p(S) = 1, we have

Y(X)-5=3+> SE.
Then, where on each (; we have the primitive relation

Y1+ yh +ys +a;xi = 0.
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Where the y, and z correspond to the restrictions of E; and S to D;. Therefore,
we have for all 7, S|gl = a?, again by Proposition 4.3. Then,

2(X)-S=3+> ai.
O

Example 7.5. If X = P”, then every (; = P3, so a; = 1 for all i. Then,
72(8) =n+1.

We prove the following for the blowup at a point, in any dimension n.

Proposition 7.6. Let S be a torus invariant subsurface of a smooth toric va-
riety of dimension n. Let w:Y — X be the blowup of X at a torus-invariant
point p. Let S = 1(S). Then

(V) § = 4 2X) S =t D), fpes,
’ v2(X) - S, otherwise.

Proof. Let S = D;...D,_9,and let p € S i.e. p = D1...D,, for some D, 1
and D,,. Then, let

7: X =BLX — X,

and let E C X be the exceptional divisor, and S the strict transform of S.
Denote all other divisors besides the D; by Fj, where n*F; = F} for all j. We
note that

(D)) =D; + E
Then
(X)) 8§ = (ZD? +) F? +E2) .8
- (Z(ﬁ*(pf) ~E)+Y P+ EQ) g
=> 7 (Di)?- S+ (n+1)E*- S

=72(X)- S+ (n+1)(Elz)*
=% (X) S —(n+1).

If S C FE, then without loss of generality S = E-Dy---D,_3. Let ( =
DD, _3.

12(X) -8 = B} +7(E) e

but, E| is the exceptional divisor of a blowup at a point, so by Proposition 5.1,
E3-Dy---D, 3=1. E=P" ! soby Example 7.5, v2(E) - {|g = n. Then,

Yo (X)-S=n+1.
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Proposition 7.7 (Centrally Symmetric Relations of Degree 2). Suppose X s
a smooth toric variety of dimension n > 3 with a centrally symmetric relation
of degree 2 with corresponding divisors Dy and Ds. If there exists a torus-
invariant surface S intersection both Dy and Dy properly, and if for any other
torus-invariant divisor E, E\QS > —1, Then

Y2(X) -5 <0.

Proof. Since S intersects both Dy and Ds properly, for any (; containing S,
the relation descends to a centrally symmetric relation of degree 2 on (; corre-
sponding to Di|¢, and Dsl¢,, and S|¢; intersects both. Then, since for all other
torus-invariant divisors E, E|3 > —1, by Proposition 6.6

(Sle)* <0
for all 7. Then, by Corollary 7.3,
Y2(X) -8 < (S]e,)? <0.
O

Theorem 7.8. Suppose X is a smooth toric variety of dimension n > 3 with a
centrally symmetric relation of degree n with corresponding divisors D1, ..., D,.
For every B C{1,...,n} with |B| =n—2, let

iep
Suppose that for every such B and every torus-invariant divisor E not among
the D;, that E|QSB > —1, Then
Y2 (X) - ZSB <0.
B

Suppose X is a smooth toric variety of dimension n with a centrally sym-
metric relation

n
E Tr; = 0,
i=1

Then for any o C {1,...,n} with |a] = n — 3, we get a torus-invariant
threefold
o =]]Ds
1€

For each « and i € «, we get a torus-invariant surface

Sa,i = Sa - Dj.
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Then (, has a centrally symmetric relation of degree three and each S, ; has a
centrally symmetric relation of degree 2, all coming from the restrictions of the
remaining D;. Suppose for all other torus-invariant £, and for all ¢, £ |QSQ .= —L
Then, by Proposition 6.9 7

Z(Sa,i Ci)3 <0.
i€a
Now, letting 5 C {1,...,n}, with |8] = n — 2, we obtain a torus-invariant

surface
S5 = H D;.
ieB

Then every ( containing Sg, is of the form (,, for some «, and each Sz is
contained in exactly n — 2 torus-invariant threefolds, and each
Then,

(X)) S <Y Y S
3

B alp
<0.
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