©Copyright 2014
Wei Zhao






On Estimation of Time-varying Population Attributable Fractions for
Population-based Case-control Studies

Wei Zhao

A dissertation®
submitted in partial fulfillment of the
requirements for the degree of

Doctor of Philosophy

University of Washington

2014

Reading Committee:
Ying Qing Chen, Chair
Li Hsu, Chair
Susanne May

Ching-Yun Wang

Program Authorized to Offer Degree:
Biostatistics

tan egocentric imitation, actually






University of Washington

Abstract

On Estimation of Time-varying Population Attributable Fractions for Population-based
Case-control Studies

Wei Zhao

Co-Chairs of the Supervisory Committee:
Affiliate Professor Ying Qing Chen
Department of Biostatistics

Affiliate Professor Li Hsu
Department of Biostatistics

The population attributable fraction (PAF) is an important measure in evaluating the
contribution of risk factors to disease burden or mortality. It is a useful tool for planning
of prevention actions. Recent development of PAF has extended the classic static measure
to a more dynamic time-varying functional form, which may provide more details of the
underlying quantity.

This dissertation focuses on estimation of the time-varying PAF for population-based
case-control studies. We consider both situations with or without adjustment for con-
founders. The underlying model is assumed to be the Cox model with possibly time-varying
covariates. We propose three kernel-type estimators of the time-varying PAF for case-control
studies. We study large sample properties of these estimators, and prove strong uniform
consistency and asymptotic normality. We also study the finite sample properties of these
estimators, and derive variance estimators with corrections for the finite sampling. We also
propose a resampling based approach for calculating the simultaneous confidence bands.
Simulation studies show that all the point and variance estimators perform well under all
the designed scenarios. We apply our proposed methods the Genetics and Epidemiology of
Colorectal Cancer Consortium (GECCO) smoking data to understand the risk of colorectal

cancer attributable to smoking.
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Chapter 1

INTRODUCTION

1.1 Population Attributable Fraction

Disease prevention programs often have to prioritize risk factors for public health preventive
intervention. Assessing the impact associated with exposure to the risk factors thus is
critical. For this purpose, the population attributable fraction (PAF) has been widely used
to quantify the impact of exposure on disease burden at the population level, and helps
to guide public health policies. The concept of PAF was first introduced by Levin [20] to
quantify the impact of smoking on lung cancer occurrence, and thereafter became a useful
tool for measuring impact of risk factors on disease burden. There are as many as 16 different
terms in the literature to denote the PAF, among which the most commonly used terms other
than PAF are “attributable risk”, “population attributable risk”, and “etiologic fraction”
[29, 3]. The PAF of an exposure to a disease is defined as the proportional reduction in the
probability of disease by comparing the current population with a hypothetical population
which is the same as the current population but the exposure had been eliminated. In the
simple case of binary disease (D) and exposure status (Z), PAF can be written as [20]

P(D=1)—P(D=1|Z=0)
D=1 , (1.1)

PAF =

where P(D = 1) is the probability of being diseased in the population, and P(D = 1|Z = 0)
is the hypothetical probability of being diseased in the same population but with the expo-
sure eliminated. Therefore, the PAF measures the proportion of the excessive disease prob-
ability in the population that is associated with the presence of exposure. Consequently,
PAF is used to assess the potential impact of public health actions aimed at eliminating
exposure from the population. The probabilities in equation (1.1) usually refer to disease
risk or incidence, with emphasis on assessing impact of exposure to disease occurrence. For

cross-sectional studies, these probabilities could also be referred to as disease prevalence,



with which PAF quantifies the impact of exposure on the overall burden of disease rather

than disease occurrence.

PAF combines both the strength of association between exposure and disease and the
prevalence of exposure in the population. It is therefore a more appropriate measure of
the population level impact of risk factors than association measures such as relative risk or
rate ratio. To see this property of PAF, it is helpful to rewrite equation (1.1) into other two
forms. By noting that P(D =1)=P(D=1|Z=1)P(Z=1)+ P(D=1|Z=0)P(Z =0)
and the relative risk or rate ratio RR = P(D = 1|Z = 1)/P(D = 1|Z = 0), we divide both
the numerator and denominator by P(D = 1|Z = 0) and can rewrite the formula for PAF

as [10, 21],
P(Z =1)(RR 1)
1+ P(Z=1)(RR—-1)

which is a function of the prevalence of exposure in the population, P(Z = 1), and the

PAF =

(1.2)

relative risk or rate ratio, RR. Another approach is to express P(D = 1) by P(D = 1) =
P(D=1Z=1)P(Z=1)/P(Z =1|D = 1) using Bayes’ theorem, and rewrite the formula
for PAF as [21]

P(Z =1|D = 1)(RR — 1) 1
PAF = — =P(Z=1D=1) <1_RR>, (1.3)

which a function of the prevalence of exposure in diseased individuals and the relative risk.
Formulas (1.2) and (1.3) explicitly describe how the measure of PAF integrates the asso-
ciation measure and the prevalence of exposure. A risk factor with high relative risk but
low prevalence of exposure could have low PAF, whereas a risk factor with low relative risk
but high prevalence could have high PAF. The range of PAF lies between 0 and 1 when
the exposure is a risk factor (RR > 1). PAF increases with increase of the relative risk (or
rate ratio) as well as with increase of the prevalence of exposure. When the prevalence of
exposure reaches the maximum value 1 or 100%, the value of PAF equals to (RR—1)/RR.
When RR goes to infinity, the value of PAF goes to 1 as long as the exposure is present in
the population. PAF equals to 0 when either there is no association between exposure and

disease (RR = 1) or the exposure is not present in the population, P(Z = 1) = 0.



The formulas for PAF presented so far consider only one dichotomous risk factor. In a
more realistic situation, risk factors can have multiple levels of exposure or there are multi-
ple risk factors. When multilevel or multivariate exposures are considered, the definition of
PAF by formula (1.1) still holds as long as the reference group (Z = 0) is well defined. To
see how formulas (1.2) and (1.3) could be generalized to a multifactoral setting, let Z be
the vector of all categorical exposures of interest, and suppose Z takes J levels according
to cross-classification of these categorical variables, zg, z1, ..., 27, Where 2y is the reference
level. Then equation (1.2) and (1.3) can be generalized as [30]

Yy P(Z = i)(RR; — 1)
1+, P(Z=149)(RR; — 1)

PAF = (1.4)

and [21]

J

1

PAF =Y "P(Z=ilD=1)(1- (1.5)
i=1 ( RRi)

respectively, where RR; = P(D = 1|Z =1i)/P(D = 1|Z = 0) is the relative risk or rate ratio
of developing a disease in group z; comparing with the reference group. It is also of interest
to consider the situation when Z contains exposure variables that are continuous or semi-
continuous. By the total probability theorem for continuous variable, equation (1.2) can

be generalized as [5]

_ [ARR. - 1}Fy(z) -
PAF = < jfZ{RRz 1o = ! {/ZRRZdFZ(z)} (1.6)

and (1.3) can be generalized as

PAF = /Z {1-=RR;'}dFyp_i(z)=1- /ZRRzldFZw:l(z) (1.7)

where RR, = P(D = 1|Z = z)/P(D = 1|Z = 0), Fz(z) is the distribution function of the
exposure in the population, and Fyzp_;(2|D = 1) is the conditional distribution function
of the exposure in diseased individuals. These formulas facilitate estimation of PAF with

various types of exposures.

PAF can be estimated from major study designs, such as cross-sectional, cohort, and case-

control studies. In cross-sectional studies, all probabilities in formula (1.1) can be directly



estimated, so the point estimate of PAF can be obtained from plugging in empirical es-
timates of these probabilities to formula (1.1) [30]. The same methods can be used for
estimation of PAF in cohort studies with a fixed follow-up time. In cohort studies with
unfixed follow-up time which yield time-to-event outcome, survival models such as the Cox
proportional hazards model are needed to obtain unbiased estimates. PAF can be obtained
through formula (1.2) or (1.3) by incorporating estimates of rate ratio from survival models
and estimates of the prevalence P(Z = 1) or P(Z = 1|D = 1) from the sample. In case-
control studies, formula (1.2) or (1.3) can be used to estimate PAF by estimating odds
ratio to approximate the relative risk RR and estimating the prevalence P(Z = 1) from
the controls (by assuming a rare disease) or P(Z = 1|D = 1) from the cases. It is worth
noting that the interpretation of the PAF measure in the cross-sectional studies is different
from those in cohort or case-control studies. Since no follow-up is involved in cross-sectional
studies, the probabilities in the PAF formula represent prevalence rather than incidence,
and the PAF in this situation measures the impact of exposure on the overall burden of
disease rather than disease occurrence. Variance estimates of the aforementioned point esti-
mates of PAF can be obtained from either applying the delta method [23] and considering

appropriate distributions, or from resampling based methods such as the bootstrap [18].

1.2 Adjusted PAF to account for confounding

The PAF estimates introduced in section 1.1 fail to take into account other factors that
may confound the association between the risk factor of interest and disease. Since con-
founders cannot be avoided in most observational studies, the unadjusted PAF estimates are
in general biased [21, 30, 31]. The unadjusted estimates of PAF can be misleading in some
situation. For example, Walter [31] compared unadjusted and adjusted PAF estimates for
a case-control study assessing the association between alcohol, smoking and oral cancer. He
found that the differences between unadjusted and adjusted estimates were both large for

smoking (0.51 vs 0.31) and alcohol (0.52 vs 0.37).

An appropriate measure of adjusted PAF would be the proportion of disease risk attributable



to an exposure given the same level of other (confounding) factors. There are three main ap-
proaches for adjusting for confounders in the estimation of PAF: the weighted-sum approach,
the Mantel-Haenszel approach, and the regression modeling approach. The weighted-sum
approach is a full stratification approach that corresponds to a saturated model. With this
approach, PAF is written as a weighted sum of the stratum-specific PAFs over strata formed

by the adjustment factors [30, 33],

J
PAF = w,;PAF,
j=1

PD=1U = u) (18)

B z‘]:w'P(D = 1|U =u;) — P(D=1|Z = 0,U = u;)
Jj=1 ’
where U is the vector of adjustment factors forming J levels, and w; and PAF} denote
the weight and the stratum-specific PAF of level u;. Different measures of adjusted PAF
could be produced by choosing different weights. A common choice of the weights is the
proportion of diseased individuals in stratum j (i.e., w; = P(U = u;|D = 1)) which yields
an unbiased estimator [33]. An alternative choice of weights is given by setting w; as the
inverse variance of the PAF estimate in level j over the sum of inverse variances over all lev-
els. However, this choice of weights has been shown to result in inconsistent estimate except
in some special cases [2]. Estimation of weighted-sum adjusted PAF has been focused on
estimating the stratum-specific PAF in each stratum as estimation of the unadjusted PAF,
and estimating the weights from the sample observation. The weighted-sum approach is
appealing because of its straightforward structure and application. However, as the number
of adjustment and exposure levels increases, it suffers from sample size bias and cannot
guarantee a reasonable estimator. Furthermore, stratification requires that both the risk
factors of interest and the confounding factors be categorical, which may result in loss of

information.

In the the Mantel-Haenszel approach, estimate of PAF is obtained by replacing RR. in for-
mula (1.3) with an adjusted RR (odds ratio in case-control study) estimated by a Mantel-
Haenszel estimator [15]. The assumption of a common relative risk or odds ratio cross
strata formed by adjustment factors is required for this method to be valid. Therefore, the
Mantel-Haenszel approach is a stratification approach with restriction on the relative risks

across adjustment strata, and corresponds to a model with only main effects for exposure



and adjustment factors and not any interactions. For this reason, this approach cannot be
used to adjust for effect modifiers, but in cases without interactions it is more efficient than

the weighted-sum approach.

The two stratification approaches for adjusting for PAF estimates are based on opposite
options. The weighted-sum approach does not assume any structure on the relative risk
across adjustment factors, while the Mantel-Haenszel approach assumes a common relative
risk across all the adjustment strata. In a modeling point of view, both of these options
are too extreme, and there could be some intermediate situation, for example, when con-
founders and effect modifiers both present. To overcome the difficulties of the stratification
based approaches, the regression modeling approach have been developed [30, 33, 15]. This
approach takes advantage of flexibility and efficiency of regression models, and includes the
stratification based approaches as special cases. With this approach, PAF is expressed as

33, 7]

P(D=1)-Y7],P(D=1Z=0,U = u)P(U = uy)

PAF = 1.

P(D=1) (1.9)

I

P(Z = z;,U = u;|D =1)
=1- ’ J
22 R,

7j=11=0

where RR;; = P(D = 1|Z = 2z,U = u;)/P(D = 1|Z = 0,U = uj) is the relative risk

or rate ratio for level i of exposure given level j of adjustment factors. It is worth noting
that this formula coincides with the weighted-sum adjustment formula (1.8) by setting the
weights w; = P(U = u;j|D = 1). However, the model based approach makes use regression
models rather than using a full stratification in the estimation procedure, therefore yields
more flexible and more efficient estimates. The relative risk or rate ratio can be estimated
through a regression model in cohort or cross-sectional studies, and odds ratio can be used
to approximate relative risk in case-control studies (by assuming rare disease). The quan-
tity P(D = 1|Z = z;,U = u;) can be estimated either through observed proportions or
through regression models [16]. Variance estimators have been developed based on asymp-

totic methods [4, 5, 1] or resampling methods such as bootstrapping [18, 17].



The classic PAF introduced above is a quantity defined over a pre-specified time inter-
val. To make a valid interpretation of PAF, the time interval needs to be defined such that
the disease risk or incidence rate are meaningful. Therefore, the PAF is a static measure
that quantifies the overall impact of exposure over a specific period. From a dynamic point
of view, the impact of an exposure to disease could change over time, because the two com-
ponents of PAF, the prevalence of exposure and the relative risk, can both change over time
in a realistic situation. A measurement that captures this dynamic pattern would provide
additional information on when and how the exposure impact varies over time and such
information is helpful in deciding the timing of actions/interventions. Therefore, it is nec-
essary to extend the concept of PAF to a time-varying measure and develop the estimators
for commonly used study designs. We will introduce the extension of PAF to time varying
measures in Section 4. Since the survival analysis of time-to-event data is the focus of
those measures, we will first briefly review some major concepts and techniques in survival

analysis below.

1.3 Time-to-event Data and the Cox Model

The time-to-event data analysis has important applications in clinical and epidemiological
studies to evaluate association between disease and exposure to risk factors. In the time-
to-event data analysis, the outcome of interest is time to the occurrence of an event (e.g.
disease occurrence). The occurrence of the event is often referred to as “failure”, and the
time to the occurrence of the event is referred to as “failure time”. Sometimes the exact
failure time for some subjects may not be observed, due to either expected or unexpected
reasons such as loss of followup or end of study before the event occurs, yet the failure time is
known to be greater or less than certain values. This situation is referred to as “censoring”.
The most common type of censoring is the “right censoring”, which means the failure time
is unknown but is known to be greater than a certain value. Time-to-event data often come
from prospective studies such as cohort or case-cohort studies. They could also be derived
from retrospective studies such as case-control studies. For example, in a case-control study
in which ages of subjects are recorded, the outcome may be age-at-onset, which can be

regarded as the failure time - time from birth (start point) to disease occurrence, and the



age at study of controls (non-diseased subjects) can be regarded as right-censored.

Hazard rate is usually used to describe the distribution of the failure time. The hazard
rate at time ¢ is defined as the instantaneous rate of failure in an arbitrarily short interval
At around time t, provided that the event has not occurred at time ¢. It can be written as:

. PE<T<t+ AT >t
A = g, HETS SR (140

where T is the failure time. The hazard ratio between hazard rate with certain exposures
and hazard rate with reference exposures is usually used to measure the association between
exposures and disease risk. The Cox proportional hazards model [12] (often referred as the
Cox model) is commonly used to estimate the hazard ratio for right-censored time-to-event
data. The Cox model links the hazard rate at time t with covariate effect through a baseline
hazard function, by assuming the hazard ratio is independent of time. The equation can be
expressed as,

A(H12) = Ao(t) exp (57 2) (L11)

where Z is a vector of covariates, Ag(t) is an unspecified baseline hazard rate at time ¢,
A(t|Z) is the hazard rate at time ¢ with covariates indicated by Z, and 3 is a vector of log
hazard ratios. As its name indicates, one essential property of the Cox model is the pro-

portional hazards assumption, which implies that exp(57 Z) in model (1.11) is free of time .

Because of the nonparametric component Ag(t), a partial likelihood approach is used to
estimate 3. Suppose that the sample of n subjects consists k failure time (uncensored)
t1 <ty < --- < tg, and there is no tie in failure time (i.e. only one subject fails in each
unique failure time). The remaining n — k subjects are right-censored. Let j denote the
subject failing at time t; and R(t) denote the set of subjects at risk for failure at time ¢,

then the partial likelihood is defined as

exp(8”Z;)
L(B) =
(5) =1 ZleR(t]-) exp(87Z))

The point estimator of regression parameter § is obtained by solving the score equation

(1.12)

of the partial likelihood function, dlogL(B)/ = 0, and the variance estimator is obtained



through the second derivative of the log partial likelihood.

The proportional hazards assumption required by the Cox model may not be realistic in
practice, and the interpretation can be quite tricky. To relax the proportional hazards as-
sumption, the Cox model can be extended to include time-varying covariate Z(t) and/or
time-varying coeffiecient 3(t). When the covariates are time varying while the coefficient
is independent of time, one can still use the partial-likelihood approach to obtain valid es-
timation of coefficient 5. When the coeffiecient is time-varying, the estimation procedure
needs special considerations, such as histogram sieve estimation with assumption that 5(t) is

piecewise constant, or local fitting techniques coupled with the partial likelihood estimation.

1.4 Time-varying PAF

Chen et al. (2006) firstly extended PAF to allow it to vary with time for cohort studies [9].
Under the survival analysis framework for time-to-event data, a natural extension of PAF
is to substitute the probabilities of disease in formula (1.1) with the respective cumulative

distribution functions of failure time 7" [9]:

P(T<t)—P(T<tZ=0) F(t)—F(Z=0)
B(t) = BT <5 - ) . (1.13)

This measure focuses on the attributable risk in a cumulative manner - the PAF of disease
risk due to an exposure over a period from baseline to time t. When the instantaneous
incidence rate is considered, an alternative measure called “attributable hazard function”
can be used. The attributable hazard function is defined as the proportional reduction of
hazard rate comparing the current population with a population with no exposure [9]:

At) — Ao(t)

o(t) = OB (1.14)

where A(t) is the composite hazard function defined as the instantaneous rate of failing at
time t, and A\o(t) = A(t|Z = 0) is the baseline hazard function. An extended measure of ¢(t)
is the average attributable hazard function, i.e. ¢(t) =¢~! fg ¢(u)du. Under a rare disease

scenario, ®(t) and ¢(t) numerically approximate each other [9], whereas simulations show
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that the two measures could be substantially different when the disease is not rare [26, 11].
The explicit relationship between the two measures is not clear yet and calls for further

study.

Estimators of ®(t) for cohort studies have been considered in several papers. Samuelsen
(2008) [26] introduced an estimator based on the Cox proportional hazards model. Laak-
sonen (2010) [19] considered censoring due to competing risks and proposed an estima-
tor based on a piecewise constant hazard model. Chen (2010) [8] proposed both a non-
parametric estimator of ®(¢) based on the Kaplan-Meier estimator and a semi-parametric
estimator based on a transformation model of the Cox model. An estimator of ¢(t) for
cohort studies has been proposed by Chen et al. (2006) [9] under the Cox proportional
hazards model, by plugging in the Breslow estimator for the baseline hazard function Ao (t)

and the Nelson-Aalon estimator for the marginal hazard function A(t).

Besides the two measures aforementioned, several other time-varying measures have been
proposed to extend the concept of PAF in specific study designs. Samuelsen (2008) [26] fo-
cused on intervention program with varying lengths of follow-up, and proposed two variants
of ¢(.) to measure the impact of lack of intervention. The two measures both assess the con-
sequences of an intervention on the instantaneous risk of disease at time ¢, but one considers
the case that the intervention takes place at time ¢, and the other considers the case that
the intervention takes place at time zero (program start point). Cox (2009) [11] focused on
the survival time attributable to the intervention, and introduced two new measures called
“attributable survival” and “attributable survival time” respectively, and compares these

measures with ¢(.) and ®(.).

So far the estimation of either ®(¢) or ¢(¢) has been only focused on cohort studies, and de-
velopment of time-varying PAF for case-control studies is completely missing. Case-control
studies have been the backbone in clinical and epidemiological studies because of its time
and cost efficiency, and are very popular particularly for rare and chronic diseases such

as cancer. Therefore, it is of great interest to develop methods for time-varying PAF for



11

case-control studies. We find that ¢(¢) is a natural extension of the classic PAF to a in-
stantaneous measure. Building upon the hazard function, ¢(¢) measures the instantaneous
attributable risk at time ¢, which provides fundamental description of a time dependent pro-
cess. Because of this appealing feature, it is of particular interest to develop its estimation
for case-control studies.

Since the kernel estimator plays an important role in the estimation procedure of ¢(t), we
will briefly review this technique in the next section. Then we will review the data set to

which we apply the proposed methods.
1.5 Kernel Estimation

Kernel estimation or kernel smoother refers to a class of techniques of non-parametric esti-
mation of functions. It provides a way of describing the structure in the data set without
imposing any parametric model. One of the most fundamental applications of kernel esti-
mation to estimate the probability density function. Suppose that Xy, Xo, ..., X, is a set of
continuous random variables with a common density function f. A parametric estimation
of f assumes an explicit parametric form of f, and estimates the unknown parameters in
it. In contrast, a non-parametric estimation does not assume any functional form of f. The

kernel density estimate of f at the point x is given by

Flash) = T;gK(x —th> (1.15)

Here K is the kernel function satisfying [ K(z)dx = 1, and h is a positive number and

usually known as the bandwidth. A more compact notation of the kernel density estimation

formula is

flash) = =37 Ko = X0 (1.16)

by introducing Kp(u) = K(u/h)/h. In practice K is usually chosen to be a unimodal prob-
ability density function symmetric about zero, which ensures that f (z;h) is itself also a

density function.

A widely used criteria for the performance of the kernel estimator is the mean integrated
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squared error (MISE), which is given by

MISE{f(e: 1)} = E [ [t = sy (1.17)

Assuming that the underlying density is sufficiently smooth, the kernel has finite fourth
moment, and the bandwidth satisfies lim,, .o, h = 0 and lim,,_,, nh = 00, it can be shown

by using Taylor series that [32]
MISE{ f(x;h)} = AMISE{f(z;h)} + o{(nh)~* 4+ h*}, (1.18)

where AMISE{ f(x; h)} is called the asymptotic mean integrated squared error, and has the

expression
1 Rt
R(K) + = 1o (K R(/"), (1.19)

AMISE{ f(z; h)} = —

where

RE) = [ KPde, BUY = [ @) e, k) = [K (e

Therefore, the asymptotically optimal bandwidth implying minimal AMISE satisfies

and the minimal AMISE for estimation of f using kernel K is
A 5 _
AMISE e £ h)} = S {RK) o (K RO om0 (1.21)

In (1.21), the term R(K)*us(K)? is about the kernel function. The kernel that minimize
this term is K () = 0.75(1 — #%)I};)<1, which is usually called the Epanechnikov kernel [28].
Other commonly used kernels include Gaussian, uniform, triangular, biweight, and triweight

kernels. These kernels all have a very close efficiency comparing with the Epanechnikov ker-

nel [32].

It is known that the kernel choices usually have little effect on the accuracy of the kernel
estimator, whereas that the bandwidth choices have a strong impact [28]. The bandwidth
can be manually selected by the data analyst by examining the fitted curves. A more so-

phisticated way is to use an automatic bandwidth selector. There are roughly three classes
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of bandwidth selectors: quick and simple methods, cross-validation methods, and plug-in
methods. The principle of the quick and simple methods is based on replacing the unknown
term R(f”) in (1.20) with its value from a parametric family (e.g., Gaussian) and estimate
the parameters in the parametric model using the data. The cross-validation methods make
use of the cross-validation techniques to minimize a predicted MISE, such as in the least
squares cross-validation (LSCV) [25, 6], or a predicted AMISE, such as in the biased cross-
validation (BCV) [27]. The plug-in methods are based on replacing R(f”) with a kernel
estimator R( fg’,’ ) [34], where g is called a pilot bandwidth . Then the remaining problem is
how to choose the pilot bandwidth g. When no structure of g is imposed, one needs another
'pilot bandwidth’ go for choosing g, then g3 for choosing g2, and so on. One solution to this
problem is to choose a pilot bandwidth using the quick and simple or the cross-validation
methods. The direct plug-in method (DPI) chooses a pilot bandwidth some stage (e.g. g3)
using the quick and simple methods without assuming any explicit form of the bandwidth.
The solve-the-equation method assumes a functional form of g depending on A, and solves
the equation in which a quick and simple pilot bandwidth selector is also involved. The

smoothed cross-validation method choose g by using LSCV or BCV.

1.6 Introduction of Application Data Set

We will apply our methods in analyzing the Genetics and Epidemiology of Colorectal Can-
cer Consortium (GECCO) data, and here we provide a brief introduction of the data set.
The GECCO is a well established consortium, which is comprised of a coordinating center
at the Fred Hutchinson Cancer Research Center (FHCRC) and investigators from twelve
well characterized cohort and casecontrol studies conducted in North America and Eu-
rope. This consortium aims to both accelerate the discovery of colorectal cancer related
variants and perform thorough epidemiologic evaluations of new susceptibility loci via gene-
environmental interaction analyses. Key clinical and environmental data have been harmo-
nized across all studies. The GECCO smoking data set used in our application consists of
five population-based case-control studies in U.S. with frequency match on ages between

cases and controls. The primary outcome is the case control status of colorectal cancer.
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The other variables include age (age at onset for cases and age at enrollment for controls),
gender, weight, height, BMI, medical history, dietary, alcohol use, smoking, exercises, can-
cer status, family history of colorectal cancer, and history of diabetes. The data analysis
will focus on understanding the association of risk factors to the colorectal cancer risk, and

quantify the PAF and time-varying PAF to the colorectal cancer risk of these risk factors.
1.7 Overview of Dissertation

The main objective of this dissertation is to derive estimators of ¢(t) for population-based
case-control studies. We derive the estimators based on a time axis of observed age, consid-
ering its wide use and interest in public health studies, although these estimators are also
applicable to other time scales. We consider various case-control designs including simple

(unmatched), frequency matched, and exact matched designs.

In Chapter 2, we derive unadjusted estimators of ¢(t) based on the Cox model without
considering confounders. We propose two separate point estimators by combining the 3 es-
timate from logistic model and a kernel smoother. We also propose a combined estimator of
these two estimators. We develop consistency and asymptotic normality of these estimators,
and study their finite sampling properties. We propose variance estimators and study their
properties. We also propose a resampling-based approach for calculating the simultaneous

confidence bands.

In Chapter 3, we derive adjusted estimators of ¢(t) with present of confounders. We study

the asymptotic and study finite sampling properties of these estimators.

In Chapter 4, we evaluate the performance of the proposed point and variance estima-
tors as well as the proposed approach for confidence bands calculation via Monte Carlo
simulation studies. We consider the situations with binary, continuous, or time-varying

covariates, and various kernel and bandwidth choices.

In Chapter 5, we apply our methods to the GECCO smoking data. An analysis of the
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classic PAF and time-varying PAF (¢(t)) for various risk factors is provided.

In Chapter 6, we summarize the dissertation with a discussion of the direction of future

research.
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Chapter 2

ESTIMATION OF TIME-VARYING PAF
FOR CASE-CONTROL STUDIES

2.1 Overview

The attributable hazard function ¢(¢) proposed by Chen et al. (2006)[9] is a natural ex-
tension of PAF to an instantaneous time-varying measure of the attributable risk. In this
chapter, we describe the statistical methods for estimation of ¢(t) for case-control studies.
To keep the problem simple, we start with the situation that no confounder is present. The
generalization to include confounders is provided in Chapter 3. In the rest of this chapter,
we first formulate the estimation problem for two common case-control sampling schemes,
and discuss the estimation of ¢(t) for case-control data. Then we propose a set of estimators
for ¢(t), and show the uniform consistency and asymptotic normality of these estimators,
as well as the finite sampling properties. Followed by the theoretical derivation, we pro-
pose the variance estimators and the method for the pointwise confidence intervals and the

simultaneous confidence bands. Finally we discuss the kernel and bandwidth choices.
2.2 Formulation of Estimation Problem

2.2.1 FEstimation Problem for Case-control Data

We first formulate the statistical problem for the case-control data. Without loss of gen-
erality, we consider case-control data containing the observed age, which is age-at-onset if
the subject is diseased (case) and is the current age if the subject is not diseased (con-
trol). Consider a case-control study which consists of n; cases and ny controls, in total n
(n = n1 + ng) subjects. Let X = {X, Z(.), A} ~ P, represent the experiment unit and the
corresponding distribution in the population of interest, where X is observed age, Z(.) is
a vector of possibly time-varying covariates, and A is the binary disease status. We will

distinguish between two types of case-control sampling: unmatched case-control sampling
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and age-matched case-control sampling.

Unmatched Case-control Sampling: In an unmatched case-control sampling with
designed case ratio of mp, to sample a total of n subjects, one randomly samples n; =
mon subjects from the cases population {X, Z(.)|A = 1}, and randomly samples ny =
n — ny controls from the control population {X, Z(.)|]A = 0}. This procedure forms
a sample set with n; 4+ no = n experimental units subject to a sampling distribution

P* with mg proportion of cases:
X" = {Xla Zl()72 = 1> 7n} ~ P*a

In this case the n subjects consisting a case-control data set can be regarded as n
independent and identically distributed observations sampled from P*, where the

marginal distributions of cases and controls are specified by Fp.

Matched Case-control Sampling: Without loss of generality, we consider the one-
to-one age-matched case-control sampling (ny = ng = n/2). Under this sampling, one
first samples a case by random sampling (X1, Z1) from the conditional distribution
of {X,Z(.)|A = 1}. Then one samples a control (Xy, Zy) from the conditional distri-
bution of {X, Z(.)]A = 0,X = X;}. This procedure forms an experimental unit X*

subject to a sampling distribution P*:
X*={X1,Z1(.),A1 =1,X0 = X1, Zo(.), Ag = 1} ~ P*.

Thus the matched case-control data set with n subjects will consist of n/2 independent
and identically distributed experimental units X7, ..., X* /2 with sampling distribution

P*. The marginal distribution of cases is specified by Fj.

In the following sections, we will first study the problem based on unmatched case-control
sampling, then describe how those results can be applied to matched case-control sampling.
We will use £* and P* to indicate expectation and probability with respect to the sampling
population, and use Ey and Py for expectation and probability with respect to the target

population.
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2.2.2  FEstimability of Time-varying PAF for Case-control Studies

Recall that the time-varying PAF measure ¢(t) is defined as

Ao(t)
A(t)

ot =1~

To facilitate the estimation of ¢(t) for case-control data, we need to rewrite ¢(t) into other
forms. By using the relationship \(t) = fr(t)/Sr(t) and applying total probability theorem

on Sr(t), we have

Ao(t)Sr(t)
o fr(t)
_ JXo(®)STiz(t2) fz(2)dz
fr(t)

_ No(t)
—1- /Z SO APy (1), (2.1)

¢(t) =1—

or alternatively,

~ Ao(D)S7(t)
fr(t)
- Ao(t)S7(t)
[ friz(tl2) fz(2)d=
Ao(t)St(t)
S A(t2)S72(tl2) fz(2)dz

—1-{ / A(;’Z)) dF g (2 )}_1. (2.2)

Note that these two formulas explicitly relate the time-varying PAF ¢(t) to the classic

—1-

Levin’s PAF. Recall that the Levin’s PAF can be written as
PAF =1 —/ RR;'dFzp_q(2), (2.3)
z

or

PAF =1— { /Z RRZdFZ(z)} . (2.4)

By comparing equation (2.1) with (2.3), and (2.2) with (2.4), we can see that ¢(t) equals
to Levin’s PAF with relative risk replaced with hazard ratio, and the prevalence of expo-
sure in cases replaced with the density of exposure for subjects who fail at time ¢, or the

prevalence of exposure in controls replaced with the density of exposure for subjects who
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are at-risk at time ¢. Thus, ¢(¢) can be regarded as the instantaneous evaluation of Levin’s

PAF at each time point.

Now consider the Cox model with possible external time-varying covariates,

Mt Z()} = Xo(t) exp{BT Z(1)}, (2.5)

where Z(t) = {Z1(t), ..., Zp(t)} is a p x 1 vector of external time-dependent covariates, and
B = (B, Bp)T is a vector of regression parameters assumed to be independent of t. Under
model (2.5), we can substitute A(t|z)/Ao(t) with exp(872) in equation (2.1) and (2.2),

and have
o(t) =1 - /Z exp(—B72)dF gy (2]1), (2.6)

and

o) =1~ { [ ean(8™)aF g1} (27)

Now we describe how ¢(t) could be estimated on basis of these formulas. One important
property of case-control data is that although they are collected retrospectively, they can be
analyzed as if they were prospectively collected using a logistic model[22]. For age- matched
case-control studies, consistent estimate of 5 can be obtained from a conditional logistic
model; for frequency matched case-control studies, 5 can be estimated from a regular logistic
model with adjustment for age frequency group, and for unmatched case-control studies, 3
can be estimated from a regular logistic model with adjustment for age. The estimation
of B in the latter two situations are generally not consistent, but the approximation yields
little bias. The remaining is to estimate the conditional distribution function Fyp(z[t) or
Fz1>¢(2). Under the random censoring assumption that the censoring time is independent
of both the failure time and covariates[35], we can show that Fyp(z[t) equals to F(z|T =
t, T < C) = P{Z(t) < z|T = t,T < C}, which can be estimated from the cases, and
Fyir>4(2) equals to F(2|C =t,T > C) = P{Z(t) < 2|C = t,T > C}, a quantity that can
be estimated from the controls. Therefore, either FZ|T(z]t) or FZ|T2t(Z> can be estimated by

its empirical estimator. However, these empirical estimators would have poor performance
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because of few subjects at time ¢. To improve the performance, we use a kernel smoother to

estimate these distribution functions. We describe the proposed estimators in details below.

2.2.8 Point Estimators of ¢(t)

We propose two estimators of ¢(t), corresponding to the two representations of ¢ () ( (2.6)

and (2.7)). The first estimator, corresponding to formula (2.6), is

" 5 i €x —ATz‘ i — Ay
bultsf) =1 - Z LD IS T, 28)

where Kj(z) = K(z/h)/h, K(.) is a kernel function, and h is the bandwidth that controls
the spread of weighting window. B is the estimate of 5 obtained from the logistic regression
with adjustment for age (for unmatched case-control studies). The following results are
developed under unmatched case-control studies. We show results for matched case-control
studies at the end of this chapter.

The second estimator, corresponding to formula (2.7), is

5—(15' B)y=1- Z?:}(l — A K (t — X;) |
) Z’anl eXP{BTZz(t)}(l — AZ)Kh(t _ XZ)

(2.9)

Since the kernel smoother of the two estimators are based on cases and controls separately,
combining the two estimators could potentially improve the efficiency. We therefore propose

a weighted estimator as follows:

bu(t; B) = w(t)p (t: B) + {1 — w(t)}o_(t; ),

where w(t) is a weighting function with value between 0 and 1. A natural choice of the
weight is to let w(t) equal to the proportion of cases in the sample. For example, in a 1: 1
case-control study, mo would be 0.5. Let myp = P*(T" < C') be the the proportion of cases in

the sample, then the weighted estimator is

~ ~

bu(t; B) = mod (t; B) + (1 — m0)—(t; B). (2.10)
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Large Sample Properties

In this section we will show the strong uniform consistency and pointwise asymptotic nor-

mality of <$+(t; B), $_ (t; B), and g/b\w(t;ﬁ). We first list the assumptions and conditions

required for consistency and asymptotic normality.

Assumptions.

Al.

A2.

A3.

Ad.

A5.

AG6.

AT.

Random censoring: the censoring time C' is independent of both the failure time T

and covariates Z(.).

The time ¢ is in a range of (0,7) for a constant 7 > 0 such that the density of failure
time fr(t), the density of censoring time fc(t) and their survival functions, Sz (t) and

Sc(t) all take positive real values on [0, 7].

The density of failure time fr(¢) and the density of censoring time fc(t) are both

continuous, uniformly bounded, and have second derivatives on [0, 7].
The bandwidth satisfies h = n?hg for constants —1/2 < d < —1/5 and hg > 0.

The kernel function K(.) has bounded variation and satisfies the following conditions,

/ K(u)du =1, / K*(u)du < oo,
/ uK (u)du = 0, / uw? K (u)du < oo.

Z(.) is bounded almost surely and has uniformly bounded total variation on [0, 7].

The number of cases n; and total number of subjects n satisfies ny/n — 7y as n — oo,

where 0 < my < 1.

We establish the asymptotic properties of q$+(t; B) in the next two subsections, followed by

the asymptotic properties of <$_ (t; B)
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2.3.1  Uniform Consistency of $+(t; B)
We first introduce the following notation that will be used in the proof.
po=P(T <C),m =P (T <C),

1< ’
An(t; ) = — D A (t = Xi) {1~ ~BTZi(0))
i=1
1 n
Bn(t) = o ZAiKh(t — )(Z»)7
i=1
Ly —B3 Zi(t) _ BT Zi(t)
Cn(t) = HZAiKh(t_Xi){e 0 —e }’
=1

1 & T
Dn(t;8) = =Y MK (t — X3)Zi(t)e™? %0,
(65 = DA~ K00
The limits of A, (t; 8), Bn(t), and D, (t; 3) are denoted by

A(t) = ¢(t) fr(t)Sc(t)mo/po,
B(t) = fr(t)Sc(t)mo/po,

D(8) = { [ 2= aFyr(:10 | 1r(®Sc(tm/m,

respectively.

We establish the strong uniform consistency of $+(t; B) in the following theorem.
Theorem 1. Suppose assumptions A1-A7 are satisfied. Then,
sup ¢4 (; 8) — &(1)] = 0 aus.
te(0,7)
as n — 0o.

Theorem 1 is proved with the help of the following lemmas.

Lemma 1.1. Suppose assumptions A1-A7 are satisfied. Then,
sup |Bp(t) — B(t)] — 0 a.s.
te(0,7)
as n — oo.

Proof. This lemma is proved with help of Lemma 1 and Lemma 2 in Nadaraya (1970),
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which are stated below.

Settings in Nadaraya (1970). Let (X;,Y;), i = 1,...,n be iid two-dimensional random
variables with density function f(z,y). Let the marginal density of X be f(z), y(z) =
7 yf(ylz)dy be the regression curve of Y with respect to X, and p(z) = f(z)y(z).
Assume f(x) and y(x) are continuous over the real line. Let

_ E?:l YiKp(z — X;)
Y Knla—X)

Yn()

and
pnl) = 1 D Vil — X)), fula) = 3" Kl = Xo),
i=1 )

where Kj,(x) = K(x/h)/h, and K(.) is a kernel function satisfying assumption A3, and h
is the bandwidth satisfying h — 0 with increasing n.

Lemma 1 (Nadaraya 1970). sup,<,<p |E@n(r) — ¢(x)] — 0 with increasing n. a and b are
real numbers satisfying a < b, and F¢, (z) can be written as

Fon(z) = ]11/_00 K <f”]:t) (1) dt.

o0

Lemma 2 (Nadaraya 1970). If K(z) is a function of bounded variation and Y is bounded

almost surely, then for any A > 0

P{ sup |pn(z) — Epp(z)| > A} < coexp(—ainh?) + ¢1 exp(—agnh?)
a<z<b

for some constants o, a9, ¢y, and c1.

Now we begin the proof of Lemma 1. To simplify the notation, unless otherwise speci-
fied, the integration with respect to z is from 0 to oo, and the integration with respect to

z is on its support Z through out the proofs in this chapter. First note that
E*{B,(t)} = E*{AKy(t — X))} = E*{Kp(t — X)|[A=1}P* (A =1).

Since the cases are randomly sampled from the cases in the population of interest, the

sampling distribution for {X, Z(.)|A = 1} is the same as the conditional distribution in the
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population of interest. Thus we have E*{Kp(t — X)|A = 1} = Ep{ Kx(t — X)|A = 1}, and
so that
E*{B,(t)} = BEo{Kn(t — X)|A =1}P*(A=1)
= Eo{Kh<t - T)’T < C}TFO

h
=5 X (t;x> ﬁ((?icg))df”
_ :L/K <t;$> B(z)dz. (2.11)

Since B(.) is continuous given that fr(.) and Sc(.) are both continuous, by Lemma 1 in
Nadaraya (1970), we have
sup |E*By(t) — B(t)| — 0 with increasing n. (2.12)
te(0,7)
It remains to check the convergence of sup;¢(q -y [Bn(t) — E*Bp(t)|. Since K(.) is of bounded
variation, and A is bounded almost surely, by Lemma 2 in Nadaraya (1970) we have, for
any A > 0,
P*{ sup |B,(t) — E*B,(t)] > A} < ¢1 exp(—a1nh?) + ¢ exp(—aznh?) (2.13)
te(0,7)
for positive finite constants c1, ¢z, a1, and az. Moreover, the series Y oo ; exp(—ynh?)
converges for any v > 0 under condition A4. To see this, let m be any integer larger than

1/(1 + 2d), then it is not hard to verify the following relationship,
o0 o0
/ exp(—vyh3z! ) dz < / exp(—yhdz'/™)da
1 1

m L
:(’yh%)m// Y lexp(—y)dy

h2
m m—1 oo
_ 1 } < o0
(Yhg)™ { ,z: —1-1) y=yh3
then >°°° | exp(—ynh?) converges by the integral test. Hence it follows by the fact
o oo
ZP*{ sup |Bp(t) — E*B,(t)] > A} < ch exp(—agnh?) + ZCQ exp(—agnh?) < oo,
te(0,7) n—1 n—1



and the Borel-Cantelli lemma that there exists N < oo such that

P{ sup |Bu(t) — E*Ba(t)] > A} = 0
te(0,7)
for all n > N, which is equivalent to say that

sup |Bn(t) — E*By(t)] — 0 a.s.
te(0,1)
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(2.14)

as n — 00. On the basis of (2.12) and (2.14) and the continuous mapping theorem, we

can conclude that

up [Bn(t) — B(t)] = S {Bn(t) — E*Bn(t)} + {E*Bu(t) — B(1)}]

< sup [By(t) — E"By(t)| + sup [E*By(t) — B(1)]
te(0,7) te(0,7)

as n — 0. Lemma 1.1 is proved.

Lemma 1.2. Suppose assumptions A1-A7 are satisfied. Then,

sup $+(t; Bo) — qb(t)’ — 0 a.s.
te(0,7)

as n — oo.

Proof. First we derive the expectation of Ay (t; Bo):
E*{An(t; B0)} = E* [AKh(t — X){1 - e_ﬁgz(t)}}
= E* [Kh(t CT){1 - e B 2Oy < C} PHT < 0)
- % //{1 —exp(—f) 2)} K <t ;Lw) frzir<c(w, 2)dxdz

o —x x|z)Sc(x z
= ho//{l — exp(—ﬁ(:)FZ)}K (t A ) fTZ(P|(; ;(C))fZ( )dxdz

" hpo h

) K <t - 5”) Sc(x) /{1 - exp(—ﬂOTz)}fT|Z(:U|z)fZ(z)dzd:L‘ (2.15)

From (2.6) it is straightforward to get the relationship

/ {1 — exp(— B8 2)} fryz(x]2) f2(2)dz = B(x) fr ().
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Substitute it into (2.15) we have

B = 22 [ K (157) Sel@)ota) i (oda
:2/K(Zﬁ>m@m. (2.16)

Then using the same arguments in Lemma 1.1, we can conclude that

sup |An(t: Bo) — A(t)] = 0 aus. (2.17)
te(0,7)

asn — 0, given K (.) has bounded variation, Z(.) is bounded almost surely, and > > ; exp(—ynh?)

converges for any v > 0.

Let infycor) [B(t)] = p > 0. Then for any 0 < A < p, we have the following relation-

ship:
* "N * An tv
P sup [30s60) - 00| > 4} = P sup | 25500 (0 > 0y
t€(0,7) t€(0,7) n(t)
Ayt — o(t)B,(t
SP*{Supte(o,Tﬂ (t; Bo) — ¢(t) Bn(t)] -
infie (0,7 | Bn(t)]
=P*{ sup [An(t;Bo) — ¢(t)Bn(t)| = A inf |By(t)], inf [Bn(t)] > p— A}
te(0,7) te(0,7) te(0,7)
£ P sup [ An(ti fo) — 6(O)Ba(D = A inf [Ba(t)l, inf |Ba(t)] < ji— A}
te(0,7) te(0,7) te(0,7)
<P*{ sup [An(t;B80) — ¢(t)Bn(t)| = A — A} + P*{ inf [Bp(t)| < p— A}
t€(0,7) te(0,7)
Since

P*{ inf |Bu(t)|<p—A}=P*{ inf |B(t)|— inf |B,(t)]> A\ 2.18
(dnf [Bu(O)] <= A} = P*{ inf [B@)|~ inf [B.0)]>))  (218)

<P™{ sup [By(t) — B(t)| > A},
te(0,7)
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we have

P s 6.t B0) — 6(1)| > A} (2.19)
SP*{tes(%g) [An(t; Bo) — ¢(t)Bn(t)| = M — A)} + P*{t:(%g) | Bn(t) — B(t)| > A}
gP*{tes(tég) [ An(t; Bo) — ¢(1)B(1)] + up [¢(t)Bn(t) — ¢(t) B(t)| = A — A)}

+ P*{tes(%g) | Bn(t) — B(t)| > A}
SP*{tGS(%g) [An(t; Bo) — A(t)] = Al — A)}

+ P*{teszég) |Bn(t) — B(t)] = Mp — A)/d}

+ P*{tSEéI,)T | |Bu(t) — B(t)] > A} (2.20)

Using (2.14) and (2.17) combined with 2.19, we can conclude that

sup $+(t; Bo) — ¢(t)| — 0 a.s. (2.21)
te(0,7)

as n — oco. Lemma 1.2 is proved.

Lemma 1.3. Suppose assumptions A1-A7 are satisfied. Then,

sup |4 (t; B) — ¢+ (£ Bo)| — 0 aus.
te(0,7)

as n — oQ.

Proof. Note that

b+ (t; B) — b4 (t; Bo) =
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We first study the convergence of supy¢ (g -y |Cn(t)|. By Taylor’s theorem we can write Cy, (t)

as

n

Cult) = % S [exp {60 Zu(t)} — exp{~B7 Z:(0)}| AK(t ~ X)

i=1

Z(ﬁ Bo)" Zi(t) exp{—B5 Zi(t) }AK(t — Xi) + 0p(1)

zfl

= (8- B0)" [ ZZ (t) exp{—B5 Zi(t)}AiKu(t — Xi) | + 0p(1)

= (B — Bo)" Du(t: Bo) + 0p(1),
It is easy to see that for any constant 3,

E*{D ( )} E]>k [Zl(t) eXp{—ﬁTZi(t)}AiKh(to — Xz)}]

= B [Zi(t) exp{—B" Zi(t) } K (to — X;)|T < C] P*(T < C)
//{ZeXP (-8"z) }K< )fT,ZTgC’(m’Z)dxdz

x|z)S,
h /{ZGXP BT )}K< ) fT|Z( ‘(; g(C))f 2(z )d:cdz

1 mg t—
- & (h) [ #exp(=672) fz(ale)dz ) Sclz)da

(5 bt o

using the same arguments in Lemma 1.1, we can conclude that

sup |Dy(t;8) — D(t; 8)] — 0 a.s. (2.23)

te(0,7)
as n — 0, given that D(.) is continuous, K (.) has bounded variation, Z(t) is bounded almost
surely, and >_°° | exp(—ynh?) converges for any v > 0. So that D,,(¢; Bp) is bounded almost
surely. By the strong consistency of B and continuous mapping theorem, we can conclude

that

sup |Cu(t)] = |8 — Bol"{ sup [Dn(t; Bo)[} + 0p(1) = 0 ass. (2.24)
te(0,7) te(0,7)
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as n — 0. Use similar arguments in (2.19) we can get the following relationship

Pl sup |Snl) \ S A} <P sup |Gt Bo)| > A= N)}
te(0,r) | Bn(t) te(0,r)
£ P sup |Ba(t) — B()| = A — \)/d}
te(0,7)
+P*{ sup |Balt) - B®)] > A},
te(0,7)

which in conjunction with the Borel-Cantelli lemma will imply that

Ca(t)
By (t)

sup
te(0,1)

‘ — 0 a.s. (2.25)

Lemma 1.3 is proved.

Now we can prove Theorem 1 with help of the lemma.

Proof of Theorem 1. Using the triangle inequality, we can easily obtain

sup |p(t; 8) — ¢(t)| = sup

te(0,7) te(0,7)

{6:(6:8) = (180} + {B:(t:80) — 00 ]|

~

O+ (t: B) — 4 (t; 50)‘ + sup

te(0,7)

¢4 (t; Bo) — ¢(t)’ -
Then use Lemma 1.2 and Lemma 1.3 we can conclude that

sup |64 (t; B) — o(t)| — 0 as.
te(0,1)

as n — oo. Theorem 1 is proved.

2.3.2  Asymptotic Normality of $+(t; B)

The pointwise asymptotic normality of $+(t; B) is stated in the following theorem.

Theorem 2. Suppose assumptions A1-A7 are satisfied. Then,
Su(to) = Vnh{.,(to; B) — #(to)} —a N (0,0%(to))

as n — oo for any tg € (0, 7).

Proof. For simplicity, we will use Z to denote Z(ty) in the following proof.
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Write S, (to) into two parts,
Su(to) = Vnh{ds (to; B)—d(to; Bo)} = Vnh{d (to; B)— - (to; Bo) }+Vnh{d. (to; Bo)—d(to: Bo) }

We first study the second part.
_ WZ?:l{l — ¢(to; Bo) — eXp(_B(:)FZi)}AiKh(t - X;)
Ylimy AiKp(to — Xi)
_ Vnh{An(to: fo) — 6(to) Ba(to)}
Bn(t())

Given the uniform consistency of By(t), it suffices to study the asymptotic normality of

vnh{Ay(to; Bo) — ¢(to)Bn(to)} and apply Slutsky’s theorem.

Vnh{¢ (to; Bo) — ¢(to; Bo)}

Denote

an,i(to) = \/Z{l — d(to; Bo) — exp(—Bg Zi) }AiKn(to — Xi),
so that vnh{A,(to; Bo) — d(to) Bu(to)} = >, an.i(to). Then it suffices to show that ay, ;(to)
satisfies the Lyapunov’s condition. We will set forth the condition in the following steps.

First note that
E*{an,i(to)}
e [~ ottos ) — expl BT 2)) At — ]

Zﬂo\/on [{1 — (to; o) — exp(—Pg Z)}Kn(to — X)‘T < C}

to—x

:% //{1 — ¢(to; Bo) — exp(—B] 2) } K ( 5 ) frzir<c(w, 2)dxdz

M —z x|z)Sc(x z
= [ 1= ot ) - exp( oy () ORI

by the random censoring assumption,

:;E\/Z//{l - Qb(tl); 50) - exp(_ﬂoTZ)}K(u)fﬂZ(to — Uh‘Z)SC(tO _ Uh)fz(z)dudz

by letting u = o }: m’
:% % {/{1 = ¢(to; o) — eXP(—ﬁgZ)}fﬂZ(toIz)Sc(to)fz(z)dz + B2r(ty) + O(R?)

by the Taylor’s expansion,



where

r(to) = / WK (u)du / {1 0(to; Bo) — exp(— B =) H fhy (to]2) St ko)
+ 3 Fria(tol2)S5(t0) + 5 5 tol2) S (t0)} ().

The first part in the brackets equals zero by noting that

/ {1 — §(to; Bo) — exp(—BL2)} Fryz(tol2)Sc(to) f2(2)d
=Sc(to){L = olto: o)} [ Friz(tol2) ()i = Sotte) [ exp(—8Frialtol)f ()

=Sc(to){1 — ¢(to; Bo)} fr(to) — Sc(to) /exp(5(7;2)fT|Z(tO|Z)fZ(Z)dZ

[ exp(=04 2) frz(tol2) fz(2)dz

=Sc(to) fr(to)

fr(to) — Se(to) / exp(—82) friz(tol2) f2(2)d=

=0

Hence E*{a, (to)} = /B /nr(to)mo/po + O(VRET /n) = O(\/h®/n).

Similarly, we can show that

B a2 (t0))
=P B 11— ot o) — exp(~8F 2)) AR (10 — X))
moh

== —Ey [{1 — B(to; Bo) — exp(—B4 Z)}2 K} (to — X)‘T < c]

to—.%‘

Z% //{1—¢(to;ﬁo) —exp(—BoTz)}2K2< . >fT7Z|T§C(m,z)dde

m —x x|z)Sc(x z
:772 //{1 — ¢(to; Bo) — exp(—f 2) 2 K* (to - > fTZ(]D'(; ;(C))fz( )

dzrdz

by the random censoring assumption,

:% //{1 — ¢(to; o) — eXP(—BoTz)}?K%u)fT‘Z(tO — uh|2)Sc(to — uh) f2(2)dudz
to — X
h b

:n%) {/{1 — @(to; o) — eXP(_/BgZ)}2fTZ(tO|Z)SC(t0)fz(Z)dz/K2(u)du +0(h)

by letting v =

by the Taylor’s expansion,

31
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and

E*{ayi(to)}

= (PP E* ({1~ bt o) — exp(—5] 2)* KR (1o — X)]

=WO<§>3/2E0 (1~ ot ) — expl—F 2))° Kt — )
—7ro 3/2 //{1 — ¢(to; Bo) — exp(—f 2) }' K° (to h ) frair<c(, z)dvdz

—7To 3/2/ {1 — &(to; Bo) — exp(—13 Z)}3K3( 5 )fTZ(P’(; 2(0)) 2(z )dxdz

r<c]

by the random censoring assumption,

pon\ﬁ /{1— (to; Bo) — exp(—P4 2)}P K3 (u) fr 7 (to — uh|2)Sc(to — uh) fz(z)dudz

t()—x

by letti =
v letting u P

:ponﬂ-\o/n* |:/{1 — tO ,80) —exp( ﬁo Z)} fT\Z(tO| )SC(tO)fZ /K3 du—l—O(h)

by the Taylor’s expansion,

Hence we have,
n
> E*{an(to) — E*an(to)}*
i=1

:nE*{an,i(to)?’} — 3nE*{am~ (tQ)Q}E*{amz‘(to)} + 2n [E*{ami(to)}]g
=0(1/vVnh) +nO(1/n) - O(y/h/n) + nO((h/n)>/?)
=0(1/vnh),

and

> Var{an(to)} = nE*{a2 ;(to)} — n[E*{an,(to)}]*

=1
=70 [0~ ot o) — exp(~65 )Y frizltal2)Sclto) f2(2)d [ K*w)du+ O2)

Denote the limiting variance as

o /{1 — o(t; Bo) — exp(=05 2)}° friz(t|2)Sc(t) f2(= /K2
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then
> Vart{an(to)} = o (to) + O(h?),

i=1
The Lyapunov’s condition satisfies

Yimy E{ani(t) — Ean,i(t)}?
Doiny Var{ani(t)}]*

as vnh — co. By Lyapunov’s Central Limit Theorem, we have

Vnh{ A, (to; Bo) — d(to) Bulto)} — S0y E*{ani(to)}
iy Vart{an,i(to) }]'/2

—+q N(0,1),

and so that
Vnh{An(to; Bo) — d(to) Bn(to)} —a N(0,0%(to))

by Slutsky’s theorem and the facts that

> E*{an(to)} = nE*{an(to)} = Vnhdmor(to) /po — 0,
=1

> Var{an(to)} — i(to),

=1

Remark. A usual choice of bandwidth is to let h = hgn~/% which minimizes the asymp-
totic integrated mean square error. This bandwidth choice would lead to asymptotic bias
for vVnh{A,(to; Bo) — ¢(to)Bn(to)} (thus for S, (to)), which in our case is v/hor(t)m/po. We
choose to use a faster converging bandwidth i.e. h = hgn? with d < —1/5 so that the bias

vanishes as n gets large, although this would compromise some efficiency.

Then we can conclude from the above results that,

Vnh{g (to; Bo) — d(to; Bo)} —a N (0,02 (to)).

where o%(t) = 0% (t)/B(t).
This completes the asymptotic normality of the second part. In the following we will show

that the first part vanish as h — 0. Note that

Vnh{p (to: B) — b4 (to; Bo)} =
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and by Taylor’s theorem, vnhCy,(ty) can be written as

\/%Cn(tO) (2.26)

:\/Z Z{exp(—BOTZi) — exp(—B7Z;) YA K (to — X)) (2.:27)
i=1

:\/Z Z{exp(—ﬂozz’)(B = Bo)" Zi + Op(1/n) } A K (to — X;) (2.28)
i=1

:\/ZZGXP(_BOZi)(B — Bo) T ZiANi K (to — X;) + Op(1/n) - \/7ZA K (to —
i=1

(2.29)
—VI{\/n(B = Bo) }T{ Zexp B0 Z) Zii Kty — X))} + Op(V/A/)Bulto)  (2:30)
=Vh{v/n(B = Bo)}" Du(to; B0) + Op(v/h/n) Bu(to). (2.31)
By the properties of MLE, we have
V(B = Bo) =a N (0,17 (50))

where I(fp) is the Fisher information with respect to 3. Combined with the convergence of

Dy (to, Bo) and By, (to), we see that vnhCy,(tg) — 0 as h — 0, so that
Vah{6.(to; B) — d(to; fo)} = 0

as h — 0. This completes the proof of theorem 2.
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The derivation of asymptotic results for qg, (t; B) is similar to that of gng(t; B) We first

introduce the following notation

(1) = / exp(872) fzi0(2)dz,

2 _ i exp{BTZi(1)} (1 - A)Ey(t — X;)
2 (1= A K (t = Xi) ’

An(t;8) = *Z (1= A Kn(t — Xi) exp{B7 Zi(1)},

Cu(t) = Z 1= MK (t = Xp) {20 — AT 40,

A(t) = v(t) fo(t)ST(t)(1 — 70) /(1 — po),
B(t) = fe(t)Sr(t)(1 — m0)/(1 — po),

E(t;ﬁ) = {/ZeBTzsz|T2t(Z)}fC(t)ST(t)(l —m0)/(1 = po).

We state the uniform consistency of gg, (t; B) in the following theorem:

Theorem 3. Suppose assumptions A1-A7 are satisfied. Then,

sup |o—(t; B) — o(t)| — 0 as.
te(0,7)

as n — 0.

Proof. Since $_ (t; B) =1 —;p\(t; ﬁ)_l, it suffices to show that J(t; B) is uniformly consistent

for ¢(t) for t € (0,7) and then apply the continuous mapping theorem. Note that

Sy nlts0) | Tult)
K AT H0)

(2.32)
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so it suffices to prove the consistency of By (t), A,(t; Bo), Cn(t), then use the similar argu-

ment in Theorem 1 to show the consistency of 12( B) Indeed,

E*{Bn(t)} = E*{(1 - A)Kn(t — X)}

= B*{Ky(t — X)|A = 0}P*(A = 0)

_ 1:;2; K< - )fc(x)ST(:c)dx
-1 / K (t » x) Blw)da, (233)

and

E*{A(t: o)} = E* [(1 = A) Ky (t — X) exp{B] Zi()}]
= B [Ku(t — X) exp{B] Z(1)}A = 0] P*(A = 0)

= Eo [Kn(t — C)exp{5 Z(1)|C < T] (1 — mo)

1 g WO // exp(f; 2) <t h ) fe,zic<r(z, z)dzdz

- i;jg}] J[ expik (150) fe@Sn()fzirs(e)dad
— o [ () vese@sr (e
_ ;L/K (t ;x> A(z)de. (2.34)

il S Lt S 1/;(75)’ — 0 a.s. (2.35)
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as n — 0.

Additionally, we have

Cu(t) = %Z {eXP{BTZi(t)} - eXP{/BoTZz‘(t)}} (1= Ay Kn(t — X5)

i=1
= :LG;(ﬁ — Bo)" Zu(t) exp{ 5 Zi(t)}(1 — Ai) Kn(t — Xi) + 0p(1)
= (B : 50)" D (t; Bo) + 0p(1), (2.36)
and
E*{Du(t; §)} = E* [Z(t) exp{BT Z() }(1 — A) K (to — X)}]
= E* [Z(t) exp{BT Z(t)} Kp(to — C)|C < T] (1 = po)

- —hﬂo/ {zexp(BT2)} K (t ;x) fe,zic<r(x, 2)dxdz

1—-m1 t—x
=1 psh/ {zeXP(ﬁTz)}K< . )fc(a:)ST(az)fmsz(z)dxdz

_ ;/K (t ;lf”) D(a: B)dz (2.37)

for any 8. Then we conclude using similar arguments in proof of Lemma 1.3 that

Ch(t)
B0 ‘ — 0 a.s. (2.38)

te(0,7)
as n — oco. With (2.35) and (2.38) and by using triangle inequality we can conclude that
sup | Qa(t; B) — (t)] = 0 aus.
te(0,7)

as n — 0o. Theorem 3 is proved.

2.3.4 Asymptotic Normality of gg, (t; B)

The asymptotic property of gg, (t; B) is stated in the following theorem.
Theorem 4. Suppose that assumptions A1-A7 are satisfied. Then V/ nh{qAS_ (t: B) — o(t)}
converges weakly to a zero-mean Gaussian process for t € [0, 7].

Proof. It suffices to prove the convergence of v/ nh{@(t;ﬁ) — 4 (t)} then apply the delta
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method. We will first prove the pointwise (finite dimensional) convergence, then verify the
Stone’s condition for tightness.

Let ¢ty be any constant between 0 and 7. Write

Vah{g(to; B) — b(to)} = Vnh{d(to;
_ r(

B) — ¥(to; Bo)} + Vnh{(to; Bo) — ¥ (to)}

) (B 49),

We first show the convergence of vVnh{A,(to; B0)Bn(to)~! — ¥(to)}. Given the uniform
consistency for By (t), it sufficed to show the asymptotic normality of vnh(A,(to; Bo) —
¥(to)Bn(to)). Denote

an,i(to) = \/Z{GXP(BOTZi) — ¢(to) H(1 = Ai) Kn(to — Xi),

so that Y0 @ni(to) = Vnh(Ay(to; Bo) — ¥(to)Bn(to)). We verify the Lyapunov condition
in the following steps. First note that

E*{an,i(to)}
:\/ZE* [{GXP(_BgZ) - 7/)(750;50)}(1 — A)Kh(to _ X)]

=(1- 7To)\/ZEo [{exp(85 Z) — ¥(to; Bo) }(1 — A) K (to — C)|C < T

: /{exp(ﬁoTZ) — (to; o) } K <t0 ]; m) fe,zic<r(z, 2)dzdz

1 _ _
1710]90 //{GXP BE2) — ¥(to; Bo) } K (to N &

:1 : - \/>/ {exp(B) 2) — W (to; Bo) KK (u) fe (to — uh) Stz (to — uh|z) fz(z)dudz
Po

) fo(@)S12(2]2) F2(2)dad

by letting u =

:1 :;3 \/> {/{GXP B4 2) — (to; fo) Y fo(to) Stz (tol2) fz(2)dz + h*T(to) + O(h®)

by the Taylor’s expansion,

2= 3
l—po\[{h (to) + O(R?)




39

where

(ty) = / W2 K (u)du / {exp (BT 2) — (tos fo) HSyy 1 (tol2) fto) +
SS112(0012)f8(t0) + 35 ol foto) i (2)d=

Similarly, we have

B (@ (1))
=" [{exp(—5 2) — ltos fo) (1 — A) K (to — X)]

1—mg

2 [t - view b () fogoerte o

1—
i ffien- s

n(1 —WO // {exp(By 2) = ¥(to; o) K> (u) fe(to — uh)Sriz(to — whl2) f2(2)dudz

. f: CU) fe(@)Stz(z|2) fz(2)dzdz

0—1‘

by letting u =

| [ texo(62) - vttos P fe(t)Srizttal) (i [ K2du+ 0

by the Taylor’s expansion,

and
E*{a, ;(to)}

= <Z>3/2 E* [{exp(B5 Z) — (to; Bo) P (1 — A) K} (to — X)]
1 [ [oxw(afa) = ot K3 (U5 ) fomocr(a, o
1:22 oh 3/2/ {exp(B] z) — ¥(to; Bo) P K (to}:m> fo(x)Sriz(x|2) f2(2)dxdz
n\ﬁl _17? 0) / {exp(B] ) — ¥(to; Bo) P K3 (u) fo(to — uh) Stz (to — uhl|z) f2(2)dudz

to—x

by letting v =

n\/i_lﬂi - [/{exp BE2) — b(to; ﬁo)}?’fc(tO)STIZ(tO\Z)fZ(Z)dz/K3(u)du+O(h)

by the Taylor’s expansion,
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Given that
> E*{ani(to) — E*an(to)}*
=1
=nE* {ami (to)g} — 3nE* {am (tO)Q}E*{EW (t())} + 2n [E* {am (to)}]g
=0(1/vVnh) + 3nO(1/n) - O(\/h/n) + 2n0((h/n)*?)
=0(1/Vnh),
and

Z Var{@n,.i(to)} = nE*{a;, ;(to)} — n[E*{@n.i(to) }J*

—(1 - m) / {exp(BT2) — t(to: o)} fe(t0) Sy (tol2) F 2 (2)d= / K2 (u)du + O(h) + O(h°)
:U%(tO) + O(h)v
where

o2 (1) = B(1) / K (u)du / {exp(BT2) — (t; o) PdE s (), (2.39)

the Lyapunov’s condition satisfies by verifying

noE* G i(t) — E*ap q(t 3
Zz[i?1{Var(*ian7i(t)}]3/(2)} = 0(1/\/7%) =0

as vnh — oco. Then by Lyapunov’s Central Limit Theorem,

Vnh(A,(to; Bo) — ¥ (to)Bu(to)) — S0y E*{@n.i(to)}
D71y Var{@ni(to)}]'/?

—d N(O, 1).

Since

> " E*{Gn,i(to)} = nE*{an(to)} = O(Vnh?) — 0,

=1

and

> Vart{an(to)} = o%(to) + O(h?),
=1

we conclude that

Vnh{ A (to; Bo) — ¥(to) Bu(to)} —a N(0,0%(t0)),
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and thereafter by Slutsky’s theorem

N (An(hﬁﬁo) - w(t(])) —a N(0, 7 (to)

Bn<t0)
where 2( )
2 _ o5 (to
wth) B'(to)

The next step is to show the convergence of v/ nh%. Note that from (2.36), we have

VnhCy(to) = VE{v/n(B — Bo) Y Du(t; Bo) + 0p(1).
Because /(3 — o) converges and Dy, (¢; Bo) is bounded almost surely, v/nhC,(t) vanishes
as h goes to 0. Therefore,
Vh{i(to; B) = v (to)} —a N(0, 03 (t)), (2.40)
and by the delta method, we have
Valh{o-(to; B) = $(to)} —a N (0,0 (to)), (2.41)

where o2 (tg) = ai(to)lb_‘l(to). Theorem 4 is proved.

2.3.5  Uniform Consistency and Asymptotic Normality of (gw(t;ﬁ)

We now study the asymptotic properties of ggw (t; B) Recall that

~ ~

Sult; B) = m0d 1 (t: B) + (1 — m0)p—(t; B).- (2.42)

Since $w (t; B ) is the weighted average of $+ (t; B ) and (;AS_ (t; B) with known constant weights,
the uniform consistency of G;w(t; B) immediately follows the uniform consistency of both
$+ (t; B ) and QAL (t; é ). Now we prove the asymptotic normality of ng(t; B) with the following
theorem.

Theorem 5. Suppose that assumptions A1-A7 are satisfied. Then \/%{(Ew(t; B) —o(t)}
converges weakly to a zero-mean Gaussian process for ¢ € [0, 7].

Proof. Let ¢ty € (0,7). Note that

Vih{ow(to; ) — ¢(to)} = Vnh{d(to; B) — ¢(to)}mo + Vnh{d_(to; B) — ¢(to)} (1 — mo).
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We have proved that

Vh{6 (to; B) — d(to)} = Vnh{An(to; Bo) — d(to) Ba(to)} By (to) + Vnh{Cp(to)} By L (to)
= Vnh{An(to; Bo) — (to) Bn(to) } B~ (o) + 0p(1),

and

Vih{_(to; B) — (to)}
=Vnh{3(to; B) — W (to) 32 (to) + 0p(1)
=V/nh{A,(to; o) — 1(t) Bu(to)} B,  (to) + Vnh{Cu(to)} B,  (to) + 0p(1)
=V {2, (to: o) — ¥(te) Bu(to) B~ (to) + 0p(1).

Since A, (to; Bo) — ¢(to)Bn(to) involves only the cases, and A, (to; Bo) — 1 (to) Bn(to) involves
only the controls, the two quantities are independent. Thus \/ﬁ{aﬁ(to; B) — ¢(to)} and
\/@{&5_ (to; B) —¢(to)} are asymptotically independent. Given the asymptotic normality of
Vh{d4(to; B)—d(to)} and vrh{d_(to; B)— (o)} and the property of normal distribution,

we can conclude that

Vnh{gw(to; B) — d(to)} —a N (0,02 (to)),

where

ol (t) = 7ot (t) + (1 — mo)202(t). (2.43)

w

Theorem 5 is proved.

2.4 Finite Sample Properties

2.4.1 Variance estimates of $+(t; B) with correction for finite sample

The asymptotic properties derived in the last section are very useful in estimating the vari-
ances and confidence intervals. However, variance estimates relying solely on the asymptotic
results may perform poorly due to the slow vanishing rate of v/h. In fact, in real practice
with finite samples, vk might not be close to zero even with large sample size. In this case

the first part of S, (t), v nh«{$+(t; B) — <$+(t; Bo)} cannot be regarded as zero. Instead we
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need to consider its contribution to the asymptotic results by taking the bandwidth h as a

known non-zero constant.

It can be easily verified that the Lyapunov’s condition for asymptotic normality of vVnh A, (t; Bo)
does not depend on the bandwidth assumption A4, so the asymptotic normality still holds,
yet the variance estimate needs to be corrected. The correction term comes from the vari-
ance of \/ﬁ{qg+(to; B) — gng(t; Bo)} and the covariance between m@m; B) — gng(t; Bo)}
and M{$+ (t; Bo) — ¢(t; Bo)}. These are stated in Theorem 6, after introduction of the

follow notation:

o&:(t;h) = hD(t; Bo) I~ (Bo) D(t; Bo),

gac(t;h) = hD(t; fo) ' E [AiKh(t — X1 = 6(t; B) — e P71y 5(Xy)]

where [5(X;) is the efficient influence function for 8 in the logistic model.

Theorem 6 Suppose assumptions A1-A3, A5-A7 are satisfied. Then the limiting variance
of \/%{QALF(to;B) — $+(to;ﬂo)} equals to o2 (to; h)B~2(tg) for any to € (0,7). Moreover,
the limiting covariance between vnh{¢. (t; B) — ¢4 (t; Bo) } and vnh{d.(t: Bo) — d(t: Bo)} is
oac(to;h) B72(tg).

Proof. Since condition A4 is not assumed here, we regard the bandwidth as a known

constant. From (2.26) we have
VnhCy(to) = Vh{v/n(B — Bo)}" Dn(to; Bo) + 0p(1),
for any tg € (0,7). When h is a pre-specified constant, it is straightforward to obtain
VnhCi(to) —a N(0, 0% (to; 1))

Therefore, the limiting variance of vVnh{¢. (to; 3)— b+ (to; Bo)} equals to 02(to)/B*(to). The
next step is to study the covariance between vnh{ A, (to; Bo) — ¢ (to) Bn(to)} and vVnhCy,(to).
Write \/ﬁ(ﬁA — fBp) into asymptotic linear form,
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and substitute it into (2.26), we can write both vVnh{A4, (to; Bo)—®(to) Bn(to)} and vVnhCy(to)

into asymptotic iid form:

Vnh{ An(to; Bo) — n(to)} = Zanz to)

VnhCy (to; h Zcmto +0p(1),
where
an,i(to) = \/Z{l — ¢(to) — exp(—fg Zi)}AiKn(to — X),
Cni(to) = \/Eiﬂ(xi)TD(to)-
Thus the covariance between vVnh{ A, (to; Bo) — ¢(to)Bn(to)} and vnhCy(to) is

nCov{an,i(to), cni(to)} + op(1)
=nE*{ani(to)cn,i(to)} + op(1)

:O'Ac(to; h) + Op(l).

Therefore, the limiting covariance between between / nh{$+ (t; B)_$+ (t; Bo)} and v/ nh{$+ (t; B

o(t; Bo)} is oac(to; h)/B?(to).

Theorem 6 is proved.

The variance estimator of $+(t; B) could be established based on the asymptotic variance
with finite sampling correction. We propose the following estimators for o (t), O'%«(t; h),

and o ac(t; h) respectively:
ZAKht— V{1 — §y(t:8) — e P42,
68 (t:h) = hDy(t: )T (B) Du(t: B),

Gac(t;h) ZA Kn(t— X){1— 64 (t: B) — e P %O) 5(X,)T Do(t: B),

where 1-1(3) is the estimator of the Fisher’s information and [ 3(X;) is the estimator of the

efficient influence function from the logistic model. Combining these together we have the

0)—
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variance estimator for v/ nh{g/Z)\Jr(t; B) — ¢(t)} that

04(t) + 26 4c(t; h) + GE(t; h)
B(t)

53 (t;h) = . (2.44)

2.4.2 Variance estimates of 5_ (t; B) with correction for finite sample

Similar to <$+(t0; B), the finite sample performance of 5_ (to; 3) depends on the bandwidth,
and the variance estimation through asymptotic derivation needs to be corrected in the
finite sampling. The idea is to regard the bandwidth as a non-zero constant and calculate
the correction term from the variance of vnh{t(to; ) — 1(t; By)} and the covariance be-
tween \/@{@Z(t, B) - J(t; Bo)} and \/%{@(t, Bo) — ¥(t; Bo)}, and apply this to the variance
estimation. We state the main result in the following theorem.

Theorem 7 Denote

o2(t;h) = kD' (t: Bo)I " (B0) D(t; Bo)

ot h) = hD(t: o) E [(1 = Ag) Kn(t — Xi){exp(63 Zi) — v()Hs(Xy)]

Suppose assumptions A1-A3, A5-A7 are satisfied. Then the limiting variance of v/ nh{@(to; B )—

D(to; Bo)} equals to a%(to; h)EiQ(to) for any to € (0,7). Moreover, the limiting covariance
between vnh{i)(t: 3) — (t: fo)} and Vnh{d(t: fo) — 1 (t: fo)} is oqete: BB (t).

Proof. Since Condition A4 is not assumed here, we regard the bandwidth as a known

constant. We have established the relationship
VnhC(to) = VE{v/n(B — Bo)} Da(to; Bo) + o(1),
Since

V(B = Bo) =4 N(0,171 (o)),

Dy (to; Bo) —+p D(to),

we have

VnhCh(to) —a N(0,05(to; b)),

and so that the limiting variance of vnh{t(to; 8) — ¥(to: Bo)} = Vnh{Cu(to)/Bn(to)} is
a%(to; h)/EQ(to). Next we will study the covariance between v/ nh{@(t; B) — @(t; Bo)} and
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Vnh{1)(t; Bo) — ¥(t; By) }. Since
V(B = Bo) = —= ) +o
0 \/> Zz; p
we can write both vnh{A4, (to; Bo) — ¥ (to)Bn(to)} and vnhC,(tp) in asymptotic iid form:

Vnh{A,(to; Bo) — 1 (to) Bn(to)} = Zan,i(t(])

VnhCy(to; h Zcm to) + op(1
where
ani(to) \/7{eXp (B3 Zi) — W (to) } (1 — Aq) K (to — Xa),
Cn,i(to) = \flﬂ(X )" D(to)-

Thus the limiting covariance between vnh{A, (to; Bo) — ¥ (to) Bn(to)} and vnhC,,(to; h) is

nCOU{an’iﬁo),En’i(to)} -+ Op(l)
=nE* {an,i (tO)En,i (to)} + Op(l)
=045 (to) + op(1),

and the limiting covariance between \/1Th{$, (t; B) —é_ (t; Bo)} and \/%{QALF(L‘; Bo)—¢(t; Bo)
is o4 (to; ) /B (to).

Theorem 7 is proved.

We propose the following estimators for 0%(t), U%(t; h), and o45(t; h) respectively:

n

2 (t) = %Z(l — A)K2(t— X){P 4O it B)Y2,
i=1
62 (t;h) = hDu(t; B)"T " (B) Du(t: B),

Bt h) = 321 MKt — X fe¥ 40 — 3t /) T5(X0) Dt ),

i=1
and thereafter a variance estimator for vnh{o_(t; 8) — ¢(t)} is

5 (1 1) = ( )+ 2aAC(t h) +8%(t h) (2.45)

B,, (£ (t: B)
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2.4.8 Variance estimates of q/b\w(t; B) with correction for finite sample

The asymptotic variance of ggw (t; B ) is a combination of the asymptotic variances of gng (t; B)
and <$_ (t; 5) The same finite sample correction on the variance estimates of QAS+(t; B) and
5 (t; B ) would be applied in the same way on q?w( . 3 ). Furthermore, when the bandwidth h
is not close to zero, F{(;SJr(to, B) —¢(to)} and \ﬁ{(b (to; B) — ¢(to)} cannot be regarded

as approximately independent, and their covariance needs to be considered. Here we derive

the limiting covariance of vnh{4 (to; B) — ¢(to)} and vVnh{d_(to: B) — (to)} under finite

sampling. Denote

045 (t;h) = hD(t; fo) ' E [Az‘Kh(t — Xi{1—o(t:8) - efﬁozi}[ﬁ(xi)} :
o (t;h) = hD(t; fo)" E [(1 — N)Kp(t — Xi){exp(B) Zi) — ﬂ)(t)}zﬁ(xi)} :
oot h) = hD™ (t; Bo) I~ (Bo)D(t; Bo),

and let

o6t h) +og40(th) + o6t h)
B(t)B(t)¥2(t) '

+—(th) =

Theorem 8 Suppose assumptions A1-A3, A5-A7 are satisfied. Then the limiting covariance
between vnh{d,(to: B) — d(to)} and Vnh{d_(to; B) — d(to)} is o4 (t; h).
Proof. Recall that

Vinh{d. (to; B) — ¢(to)}
=Vnh{Ay(to; Bo) — d(to) Bu(to) } B~ (t0) + Vnh{Ch(to) } B~ (to) + 0p(1),

and

Vah{$-(to; B) — b(to)}
—Vnh{A,(to; Bo) — ¥ (to) Bu(to)} B (to)d2(to) + Vnh{Cu(to)} B (o) 2 (to) + 0p(1).

Since A, (to; Bo) — ¢(to)Bn(to) and A, (to; Bo) — 1 (to)Bn(to) are independent, the limiting
covariance between vnh{e. (to; B) — d(to)} and vnh{d_(to; B) — d(to)} comes from the lim-
iting covariances between { A, (to; Bo) — ¢(to) Bn(to)} and Cy(to), {An(to; Bo) — 1 (to) Bn(to)}
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and Cy,(tg), and Cy,(to) and C,,(tg). Using the results in the proofs of Theorem 6 and Theo-
rem 7, it is straightforward to show that these limiting covariances are o 4= (to; h), o4 (to; h),
and o,5(to; h), respectively; hence, the limiting covariance between m{$+(t0; B) —¢(to)}
and \/@{(}L(to;ﬁ) — ¢(to)} is o4—(t; h). Theorem 8 is proved.

We propose the following estimators for o ,=(to; h), 05 (to; h), and o,5(to; h), respectively:

oac(tih) = % D (1= ANKR(t — Xi){1 - o(t: B) — efﬁzi(t)ﬁﬂ(xi)Tﬁn(t; B),
=1

oac(tih) = % D (1= A)Ku(t - Xi){e? 0 — (e, B)ﬁﬁ(xi)TDn(t; B),
i=1

Goo(tsh) = hDu(t: )71 (B)Da(t; ).

Then the estimator for o _(t;h) is

Tug(tih) + 050t h) +ocp(tsh)
B () B (t)92(t; )

0+—(t;h) =
Combining these results, we have the following estimator for o2 (¢):
G2(t) = moL(t; h) + 2mo(1 — m0) T+ (t; h) + (1 — m0) 262 (¢; h). (2.46)
2.5 Calculation of Simultaneous Confidence Bands

2.5.1 Confidence Bands for $+(t; /3)

In addition to the pointwise confidence intervals, it is also of practical interest to consider
simultaneous 100(1 — a)th percentile confidence bands. It is not straightforward to calculate
the theoretical confidence bands given the structure of the estimator. Here we provide an

approach using resampling techniques adapted from Lin et al. (1994). Let

~

Ai(t;8) = {1 — ¢4 (t; B) — exp(—BT Z) } A Ky (t — X5).

Now consider a process
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with {M;},n =1, ...,n be iid random variables with Normal(1, 1). Conditional on the data,

§+ (t) converges to a zero-mean Gaussian process by Lindeberg-Feller CLT, and the variance

B[S ()|{As, X3, Zi()}]

:B;Q(t)% > {Ai(t;B) + fB(Xi)Dn(t;ﬁ)}Q

i=1
{ ZA2t6 Zzﬁ D2tﬁ+2 ZAtﬁ 5(X;)D (t;B)}
=B, (t){aA(t) + G2t h) + 2ac(tih) |
=5(t).
Thus the distribution of S, (¢) can be approximated by simulating a large number of re-

alizations from §+(t) through repeatedly generating {M;}. Then the critical value for

100(1 — «)th percentile simultaneous confidence bands can be calculated based on these

P{ sup 1S+ ()] <3 a/g}il—a,

t€[0,7] 8+ & h)

simulations:

and the corresponding confidence bands are

~ ~

O+ (t; B) F Z1—a/2(nh) 2G5 (t; h).

2.5.2 Confidence Bands for ¢_ (t: B)

The confidence bands for qg_ (t; B\) can be constructed using the same resampling technique.

Let

Ai(t; B) = {exp(BTZ;) — bt B} — A Kt — X;),

and {M;},n = 1,...,n be iid standard normal random variables. Then we consider the

following process

5 o VEL {Ait:3) + 15X Da(t: B) | M
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Conditional on the data, S (t) converges to a zero-mean Gaussian process by Lindeberg-

Feller CLT, and the variance

E[S_()[{As, X3, Zi()}]

I
Sy
3
=
<
L
=
E>
)
S
=
+
-~
=
+
[\
Q
b
Q
=
=
——

The critical value for 100(1—a«)th percentile simultaneous confidence bands can be calculated

by

1S-(] _ - :
P{ sup = <Zi_a =1-—aq,
{tema (t:h) = "2

and the corresponding confidence bands are

~

O (t; B) F Z1_aja(nh) V2G5 (t; h).

2.5.8 Confidence Bands for $w(t; 3)

To calculate the simultaneous confidence bands for $w (t; B), we can construct the following

process:

L AR+ XD Al ﬁ>+? X)Da(t:A))
‘\/;;{0 Ba(t) T e ) }M“

where {M;},n = 1,...,n are iid standard normal random variables. Conditional on the

data, S, (t) converges to a zero-mean Gaussian process and the variance equals to 72 (t).
So that the critical value for 100(1 — «)th percentile simultaneous confidence bands can be

calculated by

|Su(t)]
P sup ————~ <7Z_, =1-q,
{ te[o,7] w (ta h) 1=e/2
and the corresponding confidence bands are

~

¢w(t§ B\) + glfa/2(nh)71/2aw (t; h)
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2.6 Bandwidth Selection

2.6.1 Bandwidth selection for $+(t; 3)

It is known that in kernel estimation bandwidth choice is critical to the adequacy of the
estimator. It is of practical interest to develop an automatic bandwidth selector for the
estimator of time-varying PAF. A well-working approach for optimizing the bandwidth is
the ”leave-one-out” cross-validation approach(Bierens 1983). The idea is to split the data
into two parts, the larger part that contains all but one subject, and the smaller part that
contains one subject, then use the larger part of the data for estimation and the smaller part
for evaluation of accuracy. The optimal bandwidth would minimize the average prediction

squared errors.

In particular, let

=D ix . p) — ZZL: 1(i # j) eXp(—BTZZ-)AiKh(X. - X;)
¢+ J (Xj7 h) =1- 1 Z?:l I(l 7& ])AZKh(XJ — XZ; ’

which is the estimator of ¢(X;) computed with all measurements of the jth subject deleted.

Then the cross-validation criterion is given by
V) = 1308, [1 - exp(-672,0x)) - 3 ()
j=1
A cross-validation bandwidth is obtained by minimizing C'V (h) with respect to h,
hey = arg I}]la>11(f)1 CV(h).

This approach generally works well in practice, however, the theoretical properties of ilcv as
well as asymptotic properties of ai_j ) (X3 iLCV) are hard to track. In addition, the process
may be very computationally demanding. Instead, we could use a variant of this approach
adopting finite grid search, which has very close adequacy yet is much less computationally

intensive. That is, we optimize h on a set of prespecified grid points,
CV(hey) = inf{CV (h;),i =1,2,..., K}

where by < hy < ... < hg are the grid points.
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2.6.2 Bandwidth selection for ¢_ (t; B)

We can apply the same cross-validation based bandwidth selection approach on gg, (t; B)

Let
B i I # J;)(l — A Kp(t — X;)
S I # §) exp{BTZi(t)}(1 — A Kp(t — X;)

which is the estimator of ¢(X;) computed with all measurements of the jth subject deleted.

o (X53h) =

Since {1 — (t B)} ! estimates | z exp(B2)dFzp>4(2), the cross-validation criterion for

o (t; ) is

OV = =30 -2 [0 - 37X ) - el (6]

=1

and the finite grid search approach yields the optimal bandwidth
CV(hey) = inf{CV (h;),i =1,2,..., K}
for pre-specified grid points hy < he < ... < hg.

2.6.3 Bandwidth selection for (Zw(t;B)

The cross-validation based bandwidth selector for gw(t; B) is a combination of the selectors

for ¢ (t; 3) and ¢_(t; B):

CV(h) =

SRS

> (WOAJ- |1 = exp{ =37 Z;(x;)} = 67 (X )]

j=1
2
(1= mo) (1= Ay [{1 = 677 (x5 )} —exp{BTZAXj)}}).

Then the optimal bandwidth can be obtained by taking the minimal criterion over a series

of pre-specified grid points,
CV(hey) = inf{CV (h;),i =1,2,..., K}

for pre-specified grid points hy < hs < ... < hg.
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Chapter 3

ESTIMATION OF TIME-VARYING PAF
FOR CASE-CONTROL STUDIES
WITH ADJUSTMENT FOR CONFOUNDERS

3.1 Overview

In Chapter 2 we studied the estimation of ¢(t) without considering confounders. Like the
classic PAF, the crude estimates of ¢(t) are in general biased in the presence of confounders.
In this chapter we study the adjusted estimators of ¢(t) that take into account of risk factors
that may confound the association between the exposure of interest and disease. Recall that
for classic PAF, the most commonly used approach for adjusted estimate is the regression

modeling approach. Under this approach, the PAF formula is written as [33, 7]

P(D=1)-Y7_  P(D=1|Z=0,U = u;)P(U = u;)

PAF = 1
P(D=1) (3:1)

I

P(Z = 2z,U =uj|D=1)
-1 — ’ J
2.2 RR;

7j=11:=0

where U is the vector of adjustment factors forming J levels, and RR;; = P(D = 1|Z =

ZZ',U:U]‘)/P(D: HZ:O,UIUJ‘).

In this study we will show how the adjusted time-varying PAF ¢(t) can be assessed through
regression modeling approaches. We propose a set of adjusted estimators for ¢(t), and study

their asymptotic and finite sampling properties.
3.2 Formulation of Estimation Problem

3.2.1 Definition of Time-varying PAF with Adjustment for Confounders

We followed the same formulation for case-control data as in Chapter 2. The only difference

is that here we let the data consist of confounding factors U. Therefore, the case-control data
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consisting of n subjects will be represented by the notation X = ({X;, A, Zi(.), Us(\)}, i =
1,...,n).

We define the adjusted time-varying PAF of Z in the presence of U as
A(t) = Eyirs{A(t]Z = 0,U)}
A(t) ’

Padj(t) = (3.2)

which is the proportional reduction of hazard at time ¢ comparing the current population
and the hypothetical population with no exposure and stratified by the potential confounder

(U) among subject at risk.

Consider the following Cox model,
MHZ(8),U (1)} = M) exp{B" Z(t) + U (1)}, (3.3)

where Z(t) = {Z1(t),..., Zp(t)}1 is a p x 1 vector of external time-dependent covariates,
B = (B1,..., Bp)T is a vector of regression parameters for Z(t), U(t) = {U1(t), ..., U,(t)}T is a
q x 1 vector of adjustment factors, and v = (71, ..., yq)T is a vector of regression parameters
for U. Under model (3.3), (3.2) can be expressed as
B Sy Mt Z = 0, u)dFyjpse(u)

A(t)

/u exp(77 ) fy s (u)du. (3.4)

Pagj(t) =1

By using the relationship A(t) = fr(¢)/Sr(t) and applying total probability theorem on

St(t), we can further express (3.4) as

Gai(t) = 1 /M /Z exp(—67z — 4Tu) f2.010(z, ult)dzdu /u exp(v"u) furse(uw)du,  (3.5)

or

Paa;(t) = 1—{/u/ZGXP(ﬁTZ+’YTU)fZ,U|T>t(ZyU)dZdu}_l/MGXP(’YTU)fU|T>t(U)dU- (3.6)

Equation 3.6 explicitly show the impact of U. For example, when § = 0, ¢qq;(t) = 0 for
all t. When v = 0 or Z and U are independent, we have ¢.q4i(t) = ¢(t), the unadjusted

time-varying PAF.
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3.2.2  Point Estimators of ¢(t)

Let
ot = | [ eap(=" =T frr(e )iz
wt) = [ [ ean(B" 4570 sz iz
o) = [ explo™u) fursilu)i
Then ¢oqi(t) can be expressed as
badj(t) = 1 — @(t)v(t),

or
Padj(t) =1 = (o ().
We propose the following estimators for ¢(t), ¥ (t), and v(t) respectively:

_ S oxp{ =BT Zi(t) = ATU(O)}AKR(t — X;)

P(t; 8,74) = ST AR %) ’

PPN Sy} exp{BTZ;(t) + 4TU;(t)}(1 — A) K (t — X;)

vEE = S (1= A)ER(t = X;) ’
B(t;4) = > i exp{T Ui (1)} (1 — Ay K (t — X;)

21 (1 = Ay Kp(t — X)) ’

where Kj(z) = K(x/h)/h, K(.) is a kernel function that is a weighting function that satis-
fies [ K(z)dz =1, and h is the bandwidth that controls the spread of weighting window.
B and 4 are the estimates of 8 and v obtained from the logistic regression or conditional

logistic regression.

With these estimators, we have the following two estimators for ¢qq;(t), corresponding

to formula (3.5) and (3.6) respectively:
(Zadj-i-(t;Bv:Y) =1- @(t;Bvﬁl)ﬁ(t;&)v (37)
and

Gadj—(t; 5,%) = 1 — 7L (t: B,7)0(t;4), (3.8)
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and a weighted estimator of the two,

$adjw(t; B,7) = 7T0¢A5adj+(t53,’?) + (1 — Wo)cgadj—(t;ﬁﬁ)- (3.9)

We study the properties of these estimators in the next sections.

3.3 Large Sample Properties

In this section we will show that under certain assumptions and regularity conditions, both
<$adj+(t;3,§/) and <$adj_ (t;BA,ﬁl) are uniformly consistent for ¢qq;(t) for t € (0,7). In addi-
tion, both vnh{@adgj (£ 8,4) — Gagj(t)} and Vnh{Gag;—(t; B,%) — Gaq;(t)} converge weakly
to zero-mean Gaussian processes. Assumptions A1-A7 are required for the consistency and

asymptotic normality. Additionally, the following assumption is needed:

Assumptions.

A8. U is bounded almost surely, and is independent of censoring time C.
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3.5.1  Uniform Consistency of Gagj+ (£ 5,4), Gadj— (£ 8,4), and Gagju(t; B, 9)

We first introduce the following notation that will be used in the proof. To save notation,

we recycle some notation used in Chapter 2.
=P (T <C),m=P(T<C(C),
Vi(t) = (Z] (1), U] ()", 0 = (87,47,
An(t: B,y) = *ZA Kyt — X;) exp{—B"Z;(t) — " Ui(t)},

B,(t) = ﬁZAiKh(t—X
@@zlfymnwamem&%Zm—%umywmkﬁzw—ﬁwW},
Dy(t;0) = fZAKht— Vi(t) exp{—0TVi(t)},
An(t; B,7) = *Z (1= D) Kn(t — Xi) exp{BT Zi(t) + v Ui(1)},
En(t):—z 1— A)K(t— X;),
2%@=f§jk— DE(t = X) |exp{ BT Z,(t) + 47U} — exp{67 Zi(t) + 3 U:(1)}

Dn(t:0) = fz (1 — A) Ky (t — X;)Vi(t) exp{0TVi(t)}.
The limits of An(t, B,7), Bn(t), and D,(t;6) are denoted by
A(t) = ¢(t) frt)Sc(t)mo/po,
B(t) = fr(t)Sc(t)mo/po,
D@@—{Awa4%wﬂqwmﬁﬂw%@mmm
respectively, the limits of A, (t; 3,7), Bn(t), and D, (t; 3,) are denoted by
A(t) = v(t) fe(t)ST(t)(1 — 70) /(1 — po),
B(t) = fe(t)Sr(t)(1 — m0)/(1 — po),
D(1:0) = { | wexp(=0"v)dFy r(010)}fe(0)Sr (1)1 = 7o) /(1 = o).
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We state the main results in the following two theorems.

Theorem 7. Suppose assumptions A1-A8 are satisfied. Then

SUp |badgis (t; 5, 4) — daaj ()] = 0 a.s.
te(0,7)

as n — oQ.

Theorem 8. Suppose assumptions A1-A8 are satisfied. Then

SUp |Gadj— (£ 5, %) — dagj(t)| — 0 aus.
te(0,7)

as n — oQ.

Theorem 9. Suppose assumptions A1-A8 are satisfied. Then

sup ’aadjw (t; Bv ’AY) - QZ)adj (t)| — 0 a.s.
te(0,7)

as n — oo.
Theorem 7, 8, 9 are proved with the help of the following lemmas.

Lemma 8.1. Suppose assumptions A1-A8 are satisfied. Then,

sup |B(t; B,4) — ¢(t)| — 0 as.
te(0,7)

as n — 0o.

Proof. The consistency of B,(t) has been shown in Lemma 1.1 in Chapter 2. Hence
as argued in Lemma 1.2 in Chapter 2, it suffices to show the consistency of the numerator
Ap(t; B ,7). To simplify the notation, unless otherwise specified, the integration with respect
to z is from 0 to oo, integration with respect to z is on its support Z and integration with

respect to w is on its support U through out the proofs in this chapter.
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~

Note that A, (t; 3,75) = An(t; Bo, 70) — Cn(t). The first term has expectation

E*{An(t; Bo,70)} (3.10)
=E* [AK,(t — X) exp{—5] Z(t) =5 U(t)}]

=E" [Kn(t = T) exp{~f5 Z(t) =% UOYT < C] PX(T < C)

/// exp( ﬁo 2= U) ( hx> fT,Z,U|T§C(x)ZaU)dxd2du

/// exp(—BLz — Eu) K (t hm> frizu(elz: ?;Sg%))fz’[](z’ v dzdzdu

i [ K (52 sr@sotemo/m [ expl=5 =) fpum e loddzduds,

z% /K (t ;x> Alz)dz, (3.11)

Using the same arguments as in Lemma 1.1 and 1.2 in Chapter 2, we can conclude that

sup |An(t; Bo,70) — A(t)| — 0 as. (3.12)
te(0,7)

as n — 0, given K(.) has bounded variation, and Z(.) and U(.) are both bounded almost
surely.

By using Taylor’s expansion, the second term C,,(¢) can written as

n

Cult) = = 3 [exp {03 Vi(1)} — expl~07Vi(0)}] AcKat — Xy)

i=1

= (0 — 00)T Dy, (t;60) + 0p(1).

Consistency of D, (t;0) can be established similarly as in the proof of Lemma 1.3 in Chapter
2, by noticing that

E*{Dn(t;0)} = E* [Vi(t) exp{—0" Vi(t) } Ai K (to — Xi)}]
= E* [Vi(t) exp{—0TVi(t)} K (to — X;)|T < C] P*(T < C)

/{UeXp 9T }K< >fT7V|T<C(x7U)d$d'U

_ h/K <t hx) D(x;0)dz, (3.13)
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D(t; ) is continuous for ¢, and V(.) is bounded almost surely. By the strong consistency of

6 and the continuous mapping theorem, we have

sup |Cy(t)] — 0 a.s. (3.14)
te(0,7)

as n — 0. Putting (3.10) and (3.14) together, we conclude that

sup [An(t; 8,4) — A(t)| = 0 as. (3.15)
te(0,7)

as n — 0. Lemma 8.1 is proved.

Lemma 8.2. Suppose assumptions A1-A8 are satisfied. Then,

~ A~

sup |Y(t;5,9) — ()| = 0 as.

te(0,7)
as n — oo.
Proof. Consistency of By, (t) has been shown in the proof of Theorem 3, so it suffices to show
the consistency of the numerator A, (; B, 4). Note that A, (t; B,’Ay) = A, (t; Bo,v0) + Crl(t).

The expectation of A, (t; Bo,70) equals

B {A(t; Bo,70)} = E* [(1 = A)Kn(t — X) exp{BLZ(t) + 1L UM)}]
— B [Kn(t —T) exp{ ST Z(t) + {UM}C < T] PH(C < T)

= 1- 71'() /// exp 50 zZ+ U) < h ) fC,Z,U|C§T($7zvu)dmd’2du

. 1—mp1 - fc({l,‘)ST('fU)fZ’U(Z,U)
= [ s apmn (55) R s
- i/K( - )A(x)dw. (3.16)

Using the same arguments as in Lemma 1.1 and 1.2 in Chapter 2, we conclude that

sup |Zn(t; Bo,Y0) — Z(t)| — 0 as. (3.17)
te(0,7)

as n — 0, given K (.) has bounded variation, and Z(.) and U(.) are both bounded almost

surely.
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By using Taylor’s expansion, the second term C,,(t) can written as
rai RS AT T
Cult) = — 37 [exp{0TVi(0)} — exp{6f Vi(t)}] (1 = A K(t - X))
i=1
= (0 — 00)"Dn(t; 60) + 0p(1).

The consistency of Dy, (t;0) can be established similarly as in the proof of Lemma 8.1, and

by the strong consistency of 6 and the continuous mapping theorem, we conclude that

sup |Cn(t)| — 0 a.s. (3.18)
te(0,7)

as n — 0. Putting (3.16) and (3.18) together, we conclude that

sup
te(0,7)

An(t; B,7) — Z(t)] S0 as. (3.19)

as n — 0. Lemma 8.2 is proved.

Lemma 8.3. Suppose assumptions A1-A8 are satisfied. Then,
sup [0(t;9) —v(t)] — 0 ass.
te(0,7)
as n — 0o.
Proof. The proof is done by replacing 6 with ~, and V;(¢) with U;(¢), and following the

same argument in the proof of Lemma 8.2.

Proof of Theorem 7. By applying Lemma 8.1 and 8.3, and using the continuous map-
ping theorem, we can say that (Eadﬂ(t; f,4) is consistent for $qq;(t) uniformly on t € (0, 7).

Theorem 7 is proved.
Proof of Theorem 8. By applying Lemma 8.2 and 8.3, and using the continuous map-
ping theorem, we can say that qubadj_(t; A, 4) is consistent for ¢qq;(t) uniformly on ¢ € (0, 7).

Theorem 8 is proved.

Proof of Theorem 9. By Theorem 7 and 8 and the continuous mapping theorem, we
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can say that qgadjw(t; B,’y) is consistent for ¢qq;(t) uniformly on ¢t € (0,7). Theorem 9 is

proved.

3.3.2  Asymptotic Normality of Gaaj+(t; 5,3), Gadi—(t: 6,7), and dagju(t; B,7)

In this subsection we study the asymptotic normality of the proposed estimators. We state
the results in the following theorems.

Theorem 10. Suppose that assumptions A1-A8 are satisfied. Then
\% nh{aader(tO; Bv :Y) - ¢(t0)} —d N<O7 Ui(t0>)

for ty € (0, 7).
Proof. Let ¢ty € (0,7). First note that

~

Vnh{agi+ (to; B,%) — d(t0)}
=Vnh{3(to; B,4)0(t0; %) — @(to)v(to)}
=Vnh{@(to; B,%)0(to; 7) — B(to; B, %)v(to) + B(to; B, 7)v(to) — ¢(to)v(to)}

=Vnh{(t0:4) — v(to)}@(to; B, 4) + Vnh{B(to; 8,9) — @(to) Yulto)-

We first study the asymptotic normality of vVnh{v(to;%) — v(to)}. Let

Eu(ti) = Y1 = A)Kn(t = X;) exp{yTUi(t)}
i=1

Folt) = -3 (1 = A)Kalt — X) [expf3 Ui(1)) — expfnd Ui(1)}].
=1

Tulti) = - (1= A Kult — XUilt) explr " Ti(1)},
=1

E(t) = v(t)fe(t)Sr(t)(1 — m0)/(1 - po),

Glt:1) = { | wesp(=1TudFupr(ult)}fo(t)Sr(6)(1 = m)/(1 = po)

Since the format of the relevant quantities are the same as those in Chapter 2, to save space

and avoid redundancy, we skip the details of the derivation which could be easily transferred
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from that in Chapter 2.

We write vnh{D(to;¥) — v(to)} into a summation of asymptotic iid terms,
Vnh{0(to; 4) — v(to)} = Vnh{En(to; 70) — Bu(to)v(to)}B,,  (to) + VnhFy(to) B, (to)
= @nilto) (B (to) + 0p (1)} +{Y_ Fuilto) + op()HB ™ (t0) + 0p(1)}
i=1

P
- ﬁ:en,i(to) (to) + Z Fai(to)B ™ (to) + 0p(1),
where h
en,i(to) = \/Z{exp(voTUi) —v(to) (1 = Ay Kn(to — Xi),
Frilto) = \/E%(Xi)TG(tmo),

where l} (Xj) is the efficient influence function for v in the logistic model. Using the same
argument as in the proof of Theorem 4, replacing 5 and Z;(.) with v and U;(.) respectively,

we have

Vi{S(toi70) = ()} = Vb (RO ) ) sy N (0.0300)5, " 1)

where

~B) / K2 (u)du / {exp(xTw) — v(t:70) Y dFyrsi(u).

We also have

Va{o(t:3) = 3tsion)) = Vi (D)~ VRV = 20}t ) + o1,

which converges to 0 as h — 0 given the convergence of \/n(4—~) and Gy, (to; 70). Therefore,
Vah{B(to; 4) = vlt)} —a N (0,05 (t0) B, "(to) )

The asymptotic normality of vnh{®(to; 3,4) — ¢(ty)} can be obtained using the same
argument as in the proof of Theorem 2, replacing § and Z;(.) with # and V;(.). Specifically,

we have

| ,
VRRP(t0i.3) ~ e(to)) = vk (FE) ) ) s v (0. 200
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where
2(1) = B(#) / K2(u)du / {exp(—BTz — AFw) — o(t: o 70) 2 dF gy (2 ),

and

Ay, (to; Bovo)

Vnh{@(to; B,4) — B(to; Bo, 10)} = \/1%( By (to)

> = VR{v/(B—00)} D (t0; 00) +0p(1),

which converges to 0 as h — 0 given the convergence of v/n(6—6y) and D, (to; ). Therefore

we conclude that
Vnh{(to; B,4) — ¢(to)} —a N (0,0% (o) B> (t0)) -

Now we look at the joint distribution of vnh{D(to; §)—v(to)}@(to; 3,4) and vnh{P(to; 8,%)—
o(to)}u(tp). Since
P(t0; B:4) = ¢(to) + Op(1/Vnh),
Vnh{v(to; 7) — v(to)} = vVnh{v(to; v0) — v(to)} + 0p(1),
Vnh{@(to; 8,9) — ¢(to)} = Vah{B(to; B0, 70) — #(to)} + 0p(1),
it suffices to study the joint distribution of vVnh{0(to;v0) — v(to)} and vVnh{@(to; So,v0) —
©(to)}. Note that U(to;7o) involves only controls and @(to; 5o, 0) involves only cases, so

that they are independent. Therefore, with the property of normal distribution, we can

conclude that
Vnh{G(to; 4) — v(to) }@(to; B,4) + Vnh{@(to; B,4) — ¢(to) }u(te) —a N(0,0% (t0)), (3.20)

where

(3.21)

Theorem 10 is proved.

Theorem 11. Suppose that assumptions A1-AS8 are satisfied. Then

m{aadj—(to; Bv ;Y) - gb(tO)} —d N(07 O% (to))
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for ¢y € (0, 7).
Proof. Let ¢ty € (0,7). Write

Vnh{gaaj—(to; B,7) — d(to)} = Vnh{d(to; 5,

F)o(to;7) — ¢ (to)v(to)}
En(to;d) v
_F{An(to,ﬁ,ﬁ) v (to) (to)}
_ {E n(f:9) —1/1_1(750)31@0)1471@0;/3,@}.
Zn(to;ﬁaﬁ/)

The consistency of A, (to; B ,7) has been shown in the proof of Lemma 8.2, so it suffices to
study the asymptotic normality of vVnh{E,(to; %) — ¢~ (to)v(to)An(to; 3,4)}. Using the

results in the previous proofs, we note that

Vh{En(to;4) — ¢~ (to)v(to) An(to; B,9)}
=Vnh{Ey(to; 1) — ¥ (to)v(to) An(to; Bo, 70)} + Vrh{F(to) — ¥ (to)v(to)Calto) }
=Vnh{En(to;v0) — ¥~ (to)v(to) An(to; Bo, 70)} + 0p(1),

so the asymptotic normality of vnh{E,(to;4) — ¥~ (to)v(to)An(to; 5,%)} only depends on
Vnh{En(to; 1) — ¥~ (to)v(to) An(to; Bo, 70)}- Let

en,i(to) = \/Z{GXP(%TUJ — ¢ (to)v(to) exp(B5 Zi + 70Ui) }(1 — Aq) K (to — X5),

so that vVnh{E,(to;0) — ¥~ (to)v(to) An(to; Bosv0)} = Doy en,i(to). We will set forth the
Lyapunov’ conditions. Let g(u, z;t0) = exp(7d u) — ¥~ (to)v(to) exp(BL z + ¢ u). Then we
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have

E*{en,i(to)}

:WE* {exp(vTU) — v~ (to)v(to) exp(BL Z + A4 U)H1 — A)Knto — X))

= [ otz <
S Tt /// <

- _WO\/>/// (u, z3t0) K (y) fo(to — yh) Stz (to — yhlz,u) fz,0(2, u)dydzdu

1 —po

> fe,zuic<r (@, 2, u)drdzdu

x) fe(@)Sizu(w|z,uw) fzu (2, u)drdzdu

O*CC

h )

N { J[ st zsto) et Srizotalz. w e wdzdu + 0<h2>}

by the Taylor’s expansion,

—1oTo f0<h2> O(\/5]n).

1—po

by letting y =

The last step comes from the fact that

// u, z;to) fo(to) St z,u (tol2z, w) fz,u (2, w)dzdu
/ {exp(vg u) — ¥~ (to)v(to) exp(B] 2 + g w) } fo(to) Styz,u (tolz, u) f2,u (2, w)dzdu
=fo(to)St(to) / {exp(7g u) — v (to)v(to) exp(B] z + ¥4 u)Hfzursi (2, w)dzdu

= fc(to) St (to){v(te) — ¥~ (to)v(to) - ¥(t0)}
=0.
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Similarly, we have

E*{ei,i(to)}

=L B [fexp G U) — 6 (to)o(to) exp(B 2 + 2§ U)Y (1~ AP KR (1 — X))

1 - ¢
a . /// u, 2 to) K2 < . h ) fC,Z,U|C§T($,Z,u)dxdzdu

1-m /// u, 2 to) K2 (to >fc( ) Stz (@2, u) fz,u (2, u)drdzdu

nh 1 —po
1—
Tl —7;)0 /// u, z;t0) K= (y) fo(to — yh)Styz,u (to — yhlz,u) fz,u(z, u)dydzdu
by letting y = to }: 337
1—
:71(1—7;)0){//92(%Z;to)fC(tO)STlZ,U(tOZau)fZ,U(Z,U)dzdu/K2(y)dy+O(h)}

by the Taylor’s expansion,

and

E*{ei,i(to)}

h

3/2
- (n) B* [{exp(1{U) — v (to)v(to) exp(5] Z +7F 1)} (1 — AV K (to — X)]

1 — T t
1 —ps nh )2 /// u, z3t0) K < h )fo,z,mch(a:,z,u)dxdzdu

1:7:? nh )3/2 /// u, z;t0) K (t ; )fc(x)SﬂZ’U(x!z,u)fZ7U(z,u)da:dzdu
n\ﬁl_lﬂi ) /// (u, 2;t0) K2 (y) fo (to — yh) St 7,0 (to — yhlz,u) fzu (2, u)dydzdu

0—27

h )

by letting y =

1—7T0

n\ﬁ(l — o) {// u, z;to) fo (o) Styz,u (tol 2, u) fz,0 (2, u dzdu/K3 dy+0(h)}

by the Taylor’s expansion.
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Given that
D E*{eni(to) — E*eni(to)}?
i=1

=nE*{e,i(to)>} — 3nE*{en.i(t0)>}E {eni(to)} + 2n [E*{eni(to)}]?
=0(1/vVnh) + 3n0(1/n) - O(\/h/n) + 2n0((h/n)>/?)
=0(1/V/nh),

and

Y Vart{enilto)} = nE*{e} ;(to)} — n[E*{en,i(to)}]*

=1
—(1 — ) // 62 (u, 2:t0) fo (to) St 2.0 (tol 2 w) 2.0 (=, u)dzdu/KQ(y)dy +O(h) + O(h?)
o3 (t0) + O(h),

where

O'QE(t) = B(t) /K2(u)du/ {exp(’ygu) —¢71(t0)v(t0) exp(ﬂgz+’ygu)}2fZ7U|T2t(z, u)dzdu,
(3.22)

the Lyapunov’s condition satisfies by verifying

noE* enilt _E*en,it 3
Zz[i?zl{Va:*ien’i(t)}]B/(z)} =O0(1/Vnh) = 0

as vnh — oo. Then by Lyapunov’s Central Limit theorem and Slutsky’s theorem, we

conclude that

Vnh{E,(to;70) — ¥~ (to)v(to) An(to; Bo.70)} —a N(0, 0% (to)), (3.23)

and thereafter
Vnh{bagi—(to; B,7) — d(to)} —a N (0,0 (to)), (3.24)

where o2 (t9) = a%(to)Z;Q(to; Bo,70)- Theorem 11 is proved.

Theorem 12. Suppose that assumptions A1-A8 are satisfied. Then

Vh{Gagjn(to; 5,7) — ¢(to)} —a N (0,02 (to))
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for ¢y € (0, 7).
Proof. Let ¢ty € (0,7). Write

Vih{badgjw (to; B,%) — d(to)}
=moVnh{D(to; %) — v(to) }B(to; B,4) + moVnh{B(to; B,%) — ¢(to) }v(to)
+(1 = m0)Vh{¢agj—(to; B,7) — b(to)}.

The asymptotic normality of these quantities has been studied in Theorem 10 and 11. Now
we study the covariance between them. We have shown in the proof of Theorem 10 and
11 that the asymptotic normality of vnh{@(to; 3,%) — ¢(to)} is determined by the cases,
and that of M{q?adj_(to; B,4) — ¢(to)} is determined by the controls. Therefore they are
asymptotically independent. The asymptotic covariance comes only from M{ﬁ(to;:}’) —
v(tp)} and \/’I%{é;adj_(to; B,4) — ¢(to)}. Write them in iid form, we have

Vah{o(:5) ~v(to)} = 3 ns)B (to) + op(1)
\/%{g/b\adj_(to;ﬁ o(to)} = Zenz to B to,ﬁoﬁo) +0p(1).

Therefore, the limiting covariance is

+—(to) = opg(to) B “(to) A (to: B0, 0),

where

o gg(to) = nE{En,i(to)en,i(to)},
and hence by multivariate central limit theorem,
Vnh{Gagju(to; B,7) — ¢(to)} —a N (0,02 (t)),

where

o (t) = Moo (1) + 2mo(1 — mo)o—(t) + (1 — m0) 0 (t).

Theorem 12 is proved.
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3.4 Finite Sample Properties

3.4.1 Variance estimates of ggader(t; B; 4) with correction for finite sample

As we have discussed in Chapter 2, the bandwidth has a substantial effect on the variance
estimate under finite sampling. Here we show to estimate the variance of (Zadj_i_ (t; B ;) with

finite sampling correction. Recall that
Vnh{ags (to; B,4) — 6(t0)} = Vnh{D(to; %) — v(to)}@(to; B, %) + Vnh{B(to; B, %) — ¢(to) }v(to).
We write v/nh{0(to;5)—v(to)} and vnh{B(to; 3,4)—¢(ty)} into a summation of asymptotic
iid terms,
Vh{D(to;4) — v(to)} = > Enilto) B (o) +me to)B ' (to) + op(1),
and

Vil {@(to: B,4) — @(to)} = Vnl{ Au(to; Bo,70) — Bu(to)e(to)} By (to) — VnhCy(to) By, L (to)

n

= ani(to))B~ (to)) = Y _ cni(to) B~ (to) + 0p(1),
i=1

i=1
where

an,i(to) = \/z{exp(—ﬁgzi — 0 Ui) — p(to) }Ai K (to — X)),

Cn,i(to) = \/zie(xi)TD(to; to).

Under finite sampling, we regard the bandwidth h as a known constant, rather than letting

it go to zero. Let
ot (to; h) = hD(to; 60)" I~ (60) D(to; bo),
aac(tosh) = hD(to; 6p)" E [AiKh(to — Xi){exp(—F§ Zi — 5 Ui) — so(to)}[e(Xi)} :
0% (to3 h) = hG(t0:70) "1~ (0) G (ko3 70),
(1= 20 Ki(to = Xi){exp(r] Us) = v(t)H, (%)
o 47 (to; h) = hG(to; )" E [A Kn(to — Xi){exp(—B4 Zi — g Us) — so(to)}iv(xi)} ,
oep(to: h) = hD(to; 60) B [ (1 = ) Kn(to — Xi){exp(1§ Us) — v(to) Ho(Xs)] .

ocr(tos h) = hE [{1o(X0) " D{to: 00) Hi- (Xi) Clto; 20)}] -

ogp(to; h) = hG(to;70)" E
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Thus the limiting variance of \/%{qgadﬂ (to; B, 4) — ¢(tp)} under finite sampling is
o4 (to)v*(to) | oZ(to)v*(te)  204c(to)v*(to)
B2(to) B2(to) B2(to)
o2 (to)¢”(to) N 2057(to)@* (to) N o2 (to)¢?(to)
B'(to) B(to) B(to)
20 47 (to)v(to)e(to) 2005 (to)v(to)e(to) 200 (to)v(to)e(to)
B(to)B(to) B(to)B(to) B(to)B(to)

o3 (to;h) =

An estimator of 03_(2&0; h) could be obtained by plugging in the following estimators:

ZAKM— 2 [expt~872100) - 3700} - 85 53]
52(t:0) = WDy (1:6) T (0) Da(1:0),

Gac(t:h) = zmm— ) [exp{=B72:(6) = 3TU0)} = Blt: 3.9) | 1o(X0) T Da(t: D)

n

B2 = 13- MK - X0? [exp (7D} — 8]
=1
65(t:h) = hGu(t:9)" T (3)G(:9),

Bt h) = D1~ MK (1 — X0 [exp{3 V1)) — 000:9)] L (X) G5 3),

=1
G 7(t; h) ZA Ku(t— X;) {exp{—BTZAt) —4TU; (1)} - @(t;ﬁfy)} (X)) TGt 9),

n

Fep(th) = S (U= MK — X [explU0)} — 00 4)]) (%) Da(t: ),

=1
Gep(tih) = Z{le 50T, (X) TG (6:9) ).
So that
52 (tg: h) = 0% (t0)0% (to; 7) (7507 h)o*(to;5)  26ac(to; h)0*(to; 9)
THIO T TR (1) B2(to) B2(to)
52 (t0)@(to; 8,%) +a—(to, h) % (to; B,7) +28ﬁ(to;h)tﬁ2(t0;3,&)
B, (to) Bi (o) B.(to)
+23AF(t07 h)o(to; 9)@(to; B, %) QUcE(to;h)@(to;’?)@(tosﬁﬂ)
By(t ) ( 0) Bn(tU)En(tO)

(
 20.5(to; h)U(to; 9)P(to; B
B(to) Bn(to)
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3.4.2  Variance estimates of (gadj_(t; B; 4) with correction for finite sample

Similarly we can estimate the variance of g/zﬁ\adj,(t; BA;’?) with finite sampling correction.

Recall that
M{Ggadj—(to;ﬁﬂ) — d(to)} = Vnh{Ey(to;¥) — ¥~ (to)v(to) An(to; Bv’?)}ggl(to; B.7).

Let

Eu(t;8,7) = En(t;y) — ¥ (t)0(t)An(t; B,7)

%Z(l — N)Ep(t — X;) [exp{y"Ui(t)} — ¢~ (t)v(t) exp{B" Zi(t) + v  Us(t)}] ,

i=1

Fvn(t) = En(t§ BA,’AY) - En(t§ Bo, 70) = Fn(t) - Tb_l(w’l)(t)én(t).

Then
Vnh{Ep(t0:4) =9~ (fo)v(to) An(to; ,4)} = VnhEa(to: fo.70) + Vnh Fy(to)
= Z en,i(to) + Z fn,i(to) + 0p(1)
i=1 i=1
where

en,i(to) = \/ﬁ( — A Ku(t — X;) [exp{yg Ui(to)} — ¥~ (t)v(t) exp{ B Zi(to) + 1o Us(to)}] ,
fn,i(to) = \[{l G(to;v0) — ¥ (to)v(to)ls(X:)" D(to; 6o)}-

Therefore, the limiting variance of vnh{Ey,(to;¥) — ¥~ 1(to)v(to)An(to; 3,4)} under finite
sampling is 0% (to) + 0% (to; h) + 20kr(to; h), where

~B(1) / K2 (u)du // {exp(rTu) — 0 (O)0(t) exp(BL = + 2w F 0 sz, w)dzdu,

o (t; h) = hE{L,(X:) G (t;70) — ¢~ () v(t)le(Xs)" D(t;60) ),
UEF(t§ h) = nE{en,i(t)fn,i(t)}'
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We could estimate these quantities with the following estimators

i=1
h) = % S (%) Cot:4) — & (8 8.4)0(6: ) (Xa) D (8:6) 12,
=1

n

G (t h) = %Z(l — M)t = X) [exp{3TU(0)} = 671 (8 8,7)0(t:7) exp{BT Zi(t) + 47U (1)} -

i=1

(1, (X0)TC(t:3) — 6115 B,3)0(t:3)1p(X3) D (86}

The limiting variance of v/ nh{qgadj_(to; B,4) — #(to)} is then

2(t 2 (to: h) + 2 to:h
o2 (to; ) = Ze0) T ok toi h) + 20mr(toi h) (3.25)
A (to)

and the corresponding estimator is

o5 (to) + UF(to, h) + 26Er(to; h)

G2 (to; h) = —
An(to; 57 7)

(3.26)

A~

3.4.83 Variance estimates of $adjw(t; B;4) with correction for finite sample

~

To obtain the limiting variance of ;b\adjw (t; B;%) under finite sampling, take the bandwidth

h as a known constant, and write

Vnh{agjw(to; B,%) — d(to)}
=moVnh{D(to; %) — v(to)}B(to; B, 7) + moVnh{B(to; B, %) — ¢(to) }v(to)
+(1 - Wo)m{a«zdj—(to; B,4) — ¢(to)}.

Write the components into asymptotic iid forms
Vnh{v(to;¥) — v(to)} = Zén,i(to) Y(to) + Z Fi(to) B (t0) + 0p(1),
{@(to,ﬁ 7 Zanz tO chz tO to) +0p(1)

\/7{¢ad] (thﬁ ’7 tO } Zenz 750 - thﬁOv’VD +anz tO - (tOQBOa’YO) +Op(1)'
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The variances of these terms, and covariance between the first two terms have been studied
in the variance under finite sampling of aadﬂ(t; B;’y) and (Eadj,(t; B;'Ay). The covariance

between vnh{d(to;¥) — v(to)} and M{aadj—(tm Bﬁ’) — ¢(to)} is
0 55(t0) A (t0: Bo,70)B " (to) + 0 (o)A~ (to; Bo,70) B (to)
+opp(t)) A (t0; B0,70) B (to) + 0 (t0) A~ (to; Bo.10) B (to),

and the covariance between vnh{@(to; 5,%) — ¢(to)} and M{aadj—(to; B,4) — d(to)} is

ar(to) A (to; Bo,10) B~ (to) — com(to) A (to; Bo, 7o) B~ (t0)

— UCF(tO)Z_l(tOQ B0,70)B " (to),

where

adjw(to) W(%Jgdﬁ(to) +27m(1 — m0)0agj4—(to) + (1 — WO)Qagdj—(tO)a

where
Tadj+—(to) UEE(tO)Z_l(to;ﬁo Y0)B 1(t0)+UEF( 0)A " (to; Bo,10) B (to)
+opp(t)) A (t0: Bo.10) B (to) + 0 (to) A~ (to; Bo.70) B (to)
+oar(to) A (to; Bo,70) B (to) — ocp(to) A (to; Bo, 70) B (to)
— oor(to) A (to; Bo,v0) B~ (to).
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We propose the following estimators for these terms:

o pE(t) :% 2(1 — N Ky (t — X;)? [GXP{’?TUz‘(t)} — 7N (& B,9)0(t; %) exp{ BT Zi(t) + ’VTUi(t)}] :

i=1

lexp{5" Us(t)} — D(;4)] ,

Brlts ) = (1= A)K(t = X0) [esp {300} — 07 (6 8,4)0(59) expl B Zi(0) + 47U (0)}] -
=1

{1,(X0) " Cu(t:9)},

Fppltih) =2 (1~ MKt - Xi) [esp57Ui(0)} - 5(t:9)] -

o~

(L, (X0 TG (1:3) — & 1(t: B 4)0(6:9)la (X3) T Din(t: B)},

o~

(X0)7Galt5) =763 )0 DI X0 Dl 0)Hi (X0 Gn(t:9) ),
X;) [exp{=B72:() = 37U0)} = 8(8:8.9)| -

{A< X3) TG (1:9) = 078 3,4)0(8: )1 (%) D (t:0)},
et ) h2< DKt~ X0) [eoxp 8T U0} — B (6,200 9) exp{ 7 Zu(t) + 57 Ui(1)}
=1
{19 t@)}

ocr(t;h) Z{le X;)" Dy(t; ) }{l TCat39) — 0 (15 8,400t )l (X3) D (8: ),

and hence

3§djw(t0; h) = 7r§8§dj+(to; h) + 2mo(1 — 7o) Tadj+—(to; h) + (1 — WO)QEZdj_(to; h),
where
Sprltos DA, (to: 8,9)B,, (to)
5 rr(tos A, (t0; 5,9)B, (to)

(tos h) A, ( )B,, " (to)
+Gar(to; 1) A, (to; B,7) By (to) — Gom(to; h) A, (to: 5,7) By (to)
(to; h) A, ( )B,," (to)
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Chapter 4

SIMULATION STUDIES

In this chapter we conduct simulation studies to evaluate the finite sample performance
of the proposed statistical procedures in Chapter 2 and Chapter 3. We consider the fre-
quency matched case-control studies with univariate risk factors. Each simulation consists
of generating a target population, sampling case-control data from the target population,
and calculating the point and variance estimators as well as the simultaneous confidence
bands using the case-control data. In our simulations, the kernel function is taken to be
Epanechnikov kernel, i.e., K(x) = 0.75(1 — x2)1|x|<1. The bandwidth will be automatically
selected from the proposed cross-validation approach, and fixed bandwidths from a broad
range will be used to evaluate the performance of the automatic bandwidth selector. The

details of the simulation studies are described below.

4.1 Unadjusted Time-varying PAF

The simulation studies in this section are to evaluate the estimators proposed in Chapter

2. We consider the following Cox model:
M| Z(t)} = Ao(t) exp{BZ(t)}, (4.1)

where Z(t) is a univariate possibly time-dependent covariate, 3 is the regression parameter,

and the baseline hazard \(¢) is assumed to be a Weibull hazard:

We consider both time-independent covariate, Z(t) = Z, and time-dependent covariate,

Z(t) = cZt, where c is a known parameter larger than zero. For time-independent covariate,
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the true ¢(t) is calculated using the following formulas:

¢(t) _ )‘(t) — AO(t) -1_ AOJE;)(‘?)@),

O
S(t) = /Z S(t2)dFy(2) = /Z exp{—A(t|2)}dFy(z) = /Z exp{—Ao(t) exp(B2)}dFy (2),
fr(t) = —dS(t)/dt = AO(f)/ZeXP(ﬁTZ) exp{—Ao(t) exp(B2) }dFz(2),

with pre-specified v, n, 8, and fz(z). For time-dependent covariate, the true ¢(t) is calcu-

lated using the following formulas:

A =) L Ao(®)S(2)
O=-"m T TR

S(t):/ZS(t\z)dFZ(z):/Zexp{—/Ot)\O(s)exp(ﬁczs)ds}dFZ(z),

fr(t) = —dS(t)/dt = )\o(t)/Zexp(ﬁczt) exp{ - /0 Ao(s) exp(ﬁczs)ds}dFZ(z).

Each simulation consisted of generating a population of interest, sampling case-control data
from the population, and calculating the estimators using the case-control data. A pop-
ulation with 20,000 subjects was first generated. For each subject, a univariate covariate
Z was generated from a pre-specified distribution, the failure time T" was generated based
on model (4.1), and the censoring time C' was independently generated from a truncated
normal distribution in [1,100]. The observed age X was set to be the minimum of 7" and
C, and the binary disease status A = 1 if T < C and A = 0if T > C. The case-control
sample was obtained by randomly sampling 1000 cases (A = 1) from the population, and
1000 controls with observed age matched with that of the cases within five-year intervals
(frequency match). The data for analysis included X, Z and A, while the failure time and
the censoring time were masked. Then QAS+(t; B), ;#5_ (t; B) and their corresponding variance

estimators were obtained using the procedures in Chapter 2.

The above simulation procedure was repeated for 2,000 times, and produced 2,000 pairs
of point and variance estimates for each of $+(t; B) and (Z_ (t; 3) The mean estimates were

calculated by taking the average of the 2,000 point estimates, the mean variance estimates
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were calculated as the average of the 2,000 variance estimates, and empirical variance esti-
mates were taken as the sample variance of the 2,000 point estimates. The bias was calcu-

lated by taking the absolute difference between the mean estimates and the theoretical ¢(t).

We consider four scenarios: 1) early onset common disease with binary exposure; 2) late
onset rare disease with binary exposure; 3) late onset rare disease with continuous exposure;

4) late onset rare disease with continuous time-dependent exposure.

4.1.1 FEarly onset common disease with binary time-independent exposure

Simulation Setting. This scenario was to mimic the early onset common diseases such
as infectious diseases in high-risk populations. We took 1,000 cases and 1,000 controls with
age frequency matched with five-year intervals. The baseline hazard parameters were set
as n = 40, v = 2. The covariate Z was Bernoulli with success probability of P, = 0.3 and
P, = 0.6. The odds ratio parameter was set as Sy = log2 and log 3. Censoring time was
truncated normal between 1 and 100 with standard deviation of 20, and the mean was set
to yield 30% censoring probability. These settings yielded an average age at onset of about

26 years.

Simulation Results. Figure 4.1 shows the true ¢(t) curves in solid lines and the mean es-
timated curves of $+(t; B) and the averages of their corresponding pointwise 95% confidence
intervals in dashed and dotted lines, respectively. For each simulation, the cross-validation
bandwidth is used for computing the estimated curves. The true ¢(¢) is a monotone de-
creasing function on [0,1]. For fixed odds ratio, when the prevalence of exposure (P;) is
higher, the ¢(t) curve shifts higher with similar decreasing rate. For fixed prevalence of
exposure, when the odds ratio is higher, the ¢(¢) curve takes a higher initial value and has a
steeper decrease. The curves of ggw (t; B) generally overlap with the true ¢(t) curve, indicat-

ing that these estimators and cross-validation bandwidths give generally satisfactory results.
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The simulation results for (Ew(t; /) with various bandwidth choices are summarized in Ta-
ble 4.1 and Table 4.2. hoy denotes cross-validation bandwidth. The results include ages
ranged from 10 to 50. The estimates out of this age range are not stable because of small
sample, hence are not shown. Comparing the results across different bandwidths, when a
smaller bandwidth is used, the biases tend to be smaller while the variances tend to be
larger, and when a larger bandwidth is used, the biases tend to be larger, especially at late
ages, and the variances tend to be smaller. The cross-validation bandwidths balance the
bias and variance, and yield satisfactory estimates. We also want to point out that while
we observe trends of bias and variance in association of bandwidth selection, the differences
are generally minor. This suggests that the proposed estimators are fairly robust over a
wide range of bandwidths in our settings. The standard error estimators are close to the
sampling standard deviations, and the coverage of 95% pointwise confidence intervals are

close to 95%, suggesting that the variance estimators perform well.

Results for <$+(t; B), (/5_ (t; B), and &w(t; 5) with cross-validation bandwidth are listed in
Table 4.3. The three estimators all have satisfactory control on bias. Also as we expected,
the combined estimator (ggw (t; 3)) has smallest variances on almost all time points, followed

by $+(t; B), and 5_ (t; B) has the worst performance.

4.1.2  Late onset rare disease with binary time-independent exposure

Simulation Setting. This scenario was to mimic the late onset rare diseases such as
chronic diseases or cancers. We took 1,000 cases and 1,000 controls with age frequency
matched with five-year intervals. The baseline hazard parameters were set as n = 70,
v = 9. The covariate Z was Bernoulli with success probability of P, = 0.3 and P, = 0.6.
The odds ratio parameter was set as Sy = log2 and log3. Censoring time was truncated
normal between 1 and 100 with standard deviation of 20, and the mean was set to yield

70% censoring probability. These settings yielded an average age at onset of about 60 years.

Simulation Results. Figure 4.2 shows the true ¢(¢) curves in solid lines and the mean es-
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Figure 4.1: Simulation results with cross-validation based bandwidth for early onset dis-
ease scenario with binary exposure. The theoretical function ¢(t) (solid lines), the mean
estimated curve of ¢(t) (dash lines), and the averages of their 95% pointwise confidence

intervals (dotted lines).

timated curves of QAS+(t; B) and the averages of their corresponding pointwise 95% confidence
intervals in dashed and dotted lines. For each simulation, the cross-validation bandwidth is
used for computing the estimated curves. The true ¢(t) is a monotone non-increasing func-
tion on [0, 1]. It remains flat at the early stage, and starts to drop at age of 50-60 years and
then converges to zero around age of 80 years. Same as in the early onset disease example,

¢(t) takes higher values with higher prevalence of exposure or larger odds ratio. The curves
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of gng (t; B) generally overlap with the true ¢(t) curve, indicating that these estimators and

cross-validation bandwidths give satisfactory results.

The simulation results for qgw(t; B) with various bandwidth choices are summarized in Table
4.4 and Table 4.5. These results shows the same pattern as in the early onset example.

The point and variance estimators both give satisfactory results.
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Figure 4.2: Simulation results with cross-validation based bandwidth for late onset dis-
ease scenario with binary exposure. The theoretical function ¢(¢) (solid lines), the mean
estimated curve of ¢(t) (dash lines), and the averages of their 95% pointwise confidence

intervals (dotted lines).
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4.1.8  Late onset rare disease with continuous time-independent exposure

Simulation Setting. This scenario was to show how the proposed estimators work with
continuous covariate. We took 1000 cases and 1000 controls with age frequency matched
with five-year intervals. The baseline hazard parameters were set as n = 70, v = 9. The
covariate Z was uniform on [0,4]. The odds ratio parameter was set as Sy = log(1.3) and
log(1.6). Censoring time was truncated normal between 1 and 100 with standard deviation
of 25, and the mean was set to yield 70% censoring probability. These settings yielded an

average age at onset of about 58 years.

Simulation Results. The results are shown in Figure 4.3 and Table 4.6 and Table
4.7. From these results we see that the point and variance estimators both give satisfactory

results.

4.1.4 Late onset rare disease with continuous time-dependent exposure

Simulation Setting. This scenario was to show how the proposed estimators work with
time-dependent covariates. We took 1000 cases and 1000 controls with age frequency
matched with five-year intervals. The baseline hazard parameters were set as n = 70,
v = 9. The time-dependent covariate was set as Z(t) = 0.02Zt with Z be uniform [0, 4].
The odds ratio parameter was set as 5y = log(1.3) and log(1.6). Censoring time was trun-
cated normal between 1 and 100 with standard deviation of 25, and the mean was set to yield

70% censoring probability. These settings yielded an average age at onset of about 58 years.

Simulation Results. The results are shown in Figure 4.4 and Table 4.8 and Table
4.9. From these results we see that the point and variance estimators both give satisfactory

results. It is worth noting that ¢(¢) is a concave function rather than a monotone function.

4.1.5  Simulation results for simultaneous confidence bands

We conducted extensive simulations to evaluate the performance of the proposed methods

for calculating the simultaneous confidence bands. The results for the late onset disease
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Figure 4.3: Simulation results with cross-validation based bandwidth for late onset disease
scenario with continuous exposure. The theoretical function ¢(t) (solid lines), the mean
estimated curve of ¢(t) (dash lines), and the averages of their 95% pointwise confidence

intervals (dotted lines).

with continuous exposure are shown in Table 4.10. The results for other scenarios are

similar. These results suggests the accuracy of the proposed confidence bands estimators.

4.2 Adjusted Time-varying PAF

In this section we evaluate the estimators proposed in Chapter 3 via simulations. We

consider the following Cox model:

Ml Z (), Ut)} = do(t) exp{BZ(t) + U (1)}, (4.2)
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Figure 4.4: Simulation results with cross-validation based bandwidth for late onset disease
scenario with continuous time-varying exposure. The theoretical function ¢(t) (solid lines),
the mean estimated curve of ¢(t) (dash lines), and the averages of their 95% pointwise

confidence intervals (dotted lines).

where Z(t) is a univariate possibly time-dependent covariate, U(t) is a univariate possibly
time-dependent adjustment factor, and 8 and - are the regression parameters. The baseline

hazard Ao(t) is assumed to be a Weibull hazard:
v—1

vt
w0 =2 (1)

(t) 7\

To calculate the true ¢qq;(t), we first write

A S
b (1) = 1 - ‘W /u exp(v) fu e () du,
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and St (t), fr(t), fujr>:(u) can be calculated by using the following formulas
Sr(t) = / / exp{—Ao(t) exp(Bz + yu)} fzu (2, u)dzdu,
UJZ

fr(t) = Xo(t) /U /Z exp(Bz + yu) exp{—Ao(t) exp(Bz + yu) } fzu (2, u)dzdu,

S U U
fU\th(U) = W,

Sy (thu) = /Z Syt ) frr (2 w)dz fur ().

Simulation Setting. For the simulation studies for ¢44;(t), we considered the late onset
disease with continuous Z and U. We took 1,000 cases and 1,000 controls with age frequency
matched with five-year intervals. The baseline hazard parameters were set as n = 70, v = 9.
The covariate Z and confounder U were bivariate normal with means puz = 2 and puy =1,
standard deviations o0z = 2 and oy = 1, and correlation p = 0.6. [y was log(1.3) and
log(1.6). Censoring time was truncated normal between 1 and 100 with standard deviation
of 25, and the mean was set to yield 70% censoring probability. These settings yielded an

average age at onset of about 62 years.

Simulation Results. Figure 4.5 shows the true ¢(t) curves in solid lines and the mean
estimated curves of g/gadjw(t; ﬁA,’y) and the averages of their corresponding pointwise 95%
confidence intervals in dashed and dotted lines. For each simulation, the cross-validation
bandwidth is used for computing the estimated curves. The true ¢qq;(t) is a monotone
decreasing function with values less than 1. In this case the true ¢q4;(t) can take negative
values, since the covariate Z can take negative values. These estimators and cross-validation

bandwidths give generally satisfactory results.

The simulation results for aadjw(t; B,’y) with various bandwidth choices are summarized
in Table 4.11 and Table 4.12. The results include ages ranged from 40 to 70. From
these results we see that the point and variance estimators both give satisfactory results
for cross-validation bandwidth. Inappropriate fixed bandwidth may result in large bias and

poor coverage (e.g. h =8, h = 10).
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Figure 4.5: Simulation results with cross-validation based bandwidth for continuous ex-
posure, adjusted for confounders. The theoretical function ¢,q;(t) (solid lines), the mean
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Table 4.2: Summary statistics for @EQW mv with binary Z for the early onset scenario, continued.

h=6 h=8 h=10
Parameter Age (yrs)  Bias SD ASE CP(%) Bias SD ASE CP(%) Bias SD ASE  CP(%)
Bo=1log2,p, =03 10 0.0011 0.0321 0.0326 94.7 0.0016 0.0313 0.0317 94.7 0.0023 0.0308 0.0311 95.0
20 0.0004 0.0285 0.0292 95.2 0.0000 0.0278 0.0285 95.4 0.0004 0.0274 0.0280 95.2
30 0.0003 0.0256 0.0256 94.5 0.0006 0.0247 0.0247 94.3 0.0011 0.0242 0.0243 94.6
40 0.0011 0.0224 0.0228 94.8 0.0022 0.0212 0.0215 95.5 0.0035 0.0204 0.0207 95.7
Bo=1log2, p, =06 10 0.0026 0.0404 0.0413 95.7 0.0030 0.0401 0.0410 95.5 0.0036 0.0399 0.0407 95.7
20 0.0022 0.0387 0.0396 95.6 0.0022 0.0384 0.0393 95.5 0.0024 0.0383 0.0391 95.4
30 0.0013 0.0368 0.0374 95.5 0.0007 0.0363 0.0369 95.5 0.0001 0.0360 0.0367 95.3
40 0.0007 0.0350 0.0356 95.0 0.0023 0.0339 0.0345 95.5 0.0043 0.0332 0.0339 95.5
Bo =1log3, p. =03 10 0.0032 0.0338 0.0333 94.3 0.0047 0.0324 0.0320 94.4 0.0068 0.0316 0.0312 94.2
20 0.0014 0.0293 0.0290 94.3 0.0015 0.0281 0.0277 94.2 0.0017 0.0274 0.0270 94.5
30 0.0016 0.0261 0.0254 94.1 0.0035 0.0243 0.0236 94.0 0.0058 0.0231 0.0225 94.0
40 0.0023 0.0231 0.0233 94.1 0.0054 0.0205 0.0208 94.9 0.0092 0.0190 0.0193 94.3
Bo =log3,p., =06 10 0.0038 0.0349 0.0348 95.2 0.0047 0.0347 0.0344 94.8 0.0061 0.0345 0.0341 94.6
20 0.0017 0.0340 0.0336 94.7 0.0018 0.0335 0.0331 94.8 0.0020 0.0332 0.0328 94.7
30 0.0008 0.0331 0.0331 94.0 0.0033 0.0318 0.0318 94.5 0.0064 0.0311 0.0311 94.3
40 0.0054 0.0389 0.0373 93.5 0.0110 0.0352 0.0336 92.8 0.0182 0.0328 0.0313 90.8

Bias, the sampling bias; SD, the sampling standard deviation; ASE, the sampling mean of the standard error estimator; CP, the coverage

probability of the 95% pointwise confidence interval.
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Table 4.4: Summary statistics for @é (t; mv with binary Z for the late onset scenario.

hev h=2 h=4
Parameter Age (yrs)  Bias SD ASE CP(%) Bias SD ASE CP(%) Bias SD ASE  CP(%)
Bo =log2, p, =03 40 0.0038 0.0500 0.0482 92.3 0.0056 0.0610 0.0577 90.5 0.0033 0.0477 0.0463 92.5
50 0.0027 0.0349 0.0345 94.7 0.0028 0.0382 0.0381 94.6 0.0029 0.0340 0.0338 94.7
60 0.0026  0.0293 0.0289 94.7 0.0025 0.0312 0.0311 94.8 0.0027 0.0289 0.0285 94.7
70 0.0006 0.0219 0.0220 94.7 0.0011 0.0252 0.0252 93.4 0.0009 0.0211 0.0213 95.2
Bo=1log2, p, =06 40 0.0071 0.0511 0.0509 94.5 0.0071 0.0546 0.0545 94.4 0.0065 0.0480 0.0480 95.0
50 0.0062 0.0432 0.0431 95.0 0.0066 0.0441 0.0442 95.0 0.0058 0.0425 0.0423 94.7
60 0.0059 0.0401 0.0402 95.0 0.0056 0.0408 0.0409 94.8 0.0061 0.0396 0.0397 94.8
70 0.0034 0.0365 0.0360 94.2 0.0049 0.0383 0.0379 93.4 0.0020 0.0351 0.0346 94.8
Bo =log3, p. =03 40 0.0052 0.0592 0.0560 93.0 0.0081 0.0721 0.0673 92.3 0.0044 0.0532 0.0520 93.7
50 0.0051 0.0357 0.0368 95.0 0.0052 0.0405 0.0416 94.8 0.0048 0.0340 0.0352 95.6
60 0.0044 0.0296 0.0295 94.5 0.0034 0.0334 0.0331 93.8 0.0046 0.0284 0.0283 94.5
70 0.0031 0.0232 0.0227 92.5 0.0014 0.0280 0.0276 90.8 0.0042 0.0210 0.0210 93.7
Bo =log3, p, =0.6 40 0.0114 0.0473 0.0474 94.5 0.0119 0.0505 0.0501 94.2 0.0108 0.0423 0.0426 94.3
50 0.0097 0.0374 0.0375 94.7 0.0095 0.0382 0.0384 94.5 0.0101 0.0354 0.0359 95.2
60 0.0108 0.0348 0.0351 94.2 0.0108 0.0359 0.0360 93.9 0.0110 0.0333 0.0337 94.4
70 0.0000 0.0422 0.0400 93.2 0.0046 0.0446 0.0435 92.8 0.0072 0.0342 0.0339 94.5

Bias, the sampling bias; SD, the sampling standard deviation; ASE, the sampling mean of the standard error estimator; CP, the coverage

probability of the 95% pointwise confidence interval.
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Table 4.6: Summary statistics for ¢, (t; 8) with continuous Z for the late onset scenario.

hev h=2 h=4

Parameter  Age (yrs) Bias SD ASE CP(%) Bias SD ASE CP(%) Bias SD ASE  CP(%)

Bo=1ogl3 40 0.0083 0.0558 0.0558  95.1 0.0091 0.0593 0.0585 94.2 0.0080 0.0543 0.0546 95.3
50 0.0080 0.0509 0.0512 95.5 0.0080 0.0517 0.0520 95.2 0.0080 0.0506 0.0509 95.3
60 0.0073 0.0489 0.0491 95.5 0.0071  0.0495 0.0495 95.9 0.0072  0.0487 0.0489 95.5
70 0.0042 0.0443 0.0447  95.0 0.0060 0.0450 0.0455 95.5 0.0036 0.0439 0.0443 95.2
Bo =1logl.6 40 0.0102 0.0409 0.0419  95.0 0.0105 0.0438 0.0444 95.3 0.0099 0.0390 0.0400 95.0
a0 0.0104 0.0359 0.0368 95.3 0.0104 0.0366 0.0376 95.6 0.0104 0.0352 0.0361 95.2
60 0.0097 0.0347 0.0359 94.8 0.0097 0.0355 0.0367  94.8 0.0097 0.0341 0.0353 94.8
70 0.0008 0.0364 0.0368 95.2 0.0055 0.0384 0.0394 94.8 0.0027 0.0334 0.0348 95.5

Bias, the sampling bias; SD, the sampling standard deviation; ASE, the sampling mean of the standard error estimator; CP, the coverage

probability of the 95% pointwise confidence interval.
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Table 4.8: Summary statistics for @ws (t; B) with continuous time-varying exposure for the late onset scenario.

hev h=2 h=4

Parameter  Age (yrs) Bias SD ASE CP(%) Bias SD ASE CP(%) Bias SD ASE  CP(%)

Bo=1ogl3 40 0.0035 0.0482 0.0470  93.8 0.0022 0.0494 0.0482 94.4 0.0038 0.0451 0.0437  93.2
50 0.0012 0.0461 0.0452 94.8 0.0010 0.0463 0.0456 94.8 0.0016 0.0451 0.0443 94.1
60 0.0007 0.0467 0.0464  94.8 0.0003 0.0471 0.0466 95.0 0.0009 0.0461 0.0459 94.6
70 0.0007  0.0452 0.0456 94.7  0.0003 0.0452 0.0462 94.9 0.0037 0.0440 0.0440 95.4
Bo =1logl.6 40 0.0025 0.0456 0.0433  93.2 0.0027  0.0459 0.0435 93.1 0.0004 0.0391 0.0380 93.8
a0 0.0024 0.0349 0.0350  94.9 0.0024 0.0350 0.0351 94.9 0.0019 0.0332 0.0336 94.7
60 0.0044 0.0353 0.0345 94.4 0.0043 0.0354 0.0345 94.3 0.0054 0.0338 0.0331 94.9
70 0.0001 0.0433 0.0418 94.3 0.0005 0.0432 0.0420 94.7  0.0106 0.0359 0.0360 94.8

Bias, the sampling bias; SD, the sampling standard deviation; ASE, the sampling mean of the standard error estimator; CP, the coverage

probability of the 95% pointwise confidence interval.
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Table 4.10: Simultaneous confidence bands coverage (continuous time-independent Z, late
onset disease).

Bo h=hcy h=2 h=4 h=6 h=8 h=10
log1.3  93.2%  92.2% 94.3% 95.1% 94.8% 95.0%
logl.6  92.1%  92.7% 93.6% 93.3% 89.6% 80.9%
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Table 4.12: Summary statistics for mvwa&s (t; 5,%) with continuous Z and U, continued.

Parameter ~ Age (yrs)  Bias SD ASE  CP(%) Bias SD ASE CP(%) Bias SD ASE  CP(%)

Bo =1logl3 40 0.0117 0.0472  0.0500 95.5 0.0116 0.0450 0.0481 96.0 0.0122  0.0432 0.0468 95.7
50 0.0123 0.0399 0.0437  96.5 0.0141 0.0391 0.0430 96.7 0.0167 0.0386 0.0425 96.5
60 0.0109 0.0366 0.0384 95.8 0.0121  0.0360 0.0380 95.6 0.0138 0.0354 0.0376 95.4
70 0.0124 0.0284 0.0299 94.1 0.0240 0.0273 0.0289 90.0 0.0366 0.0273 0.0288 76.9
Bo =1logl.6 40 0.0130 0.0328 0.0355 96.5 0.0146 0.0308 0.0341 96.3 0.0170 0.0297 0.0332 95.6
50 0.0135 0.0295 0.0322 95.3 0.0161 0.0286 0.0315 95.1 0.0201 0.0283 0.0312 94.1
60 0.0035 0.0312 0.0316 94.5 0.0011  0.0302 0.0306 94.3 0.0052 0.0295 0.0300 94.3
70 0.0367 0.0486 0.0472 83.6 0.0663 0.0410 0.0404 57.8 0.0991 0.0362 0.0358 21.2

Bias, the sampling bias; SD, the sampling standard deviation; ASE, the sampling mean of the standard error estimator; CP, the coverage

probability of the 95% pointwise confidence interval.
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Chapter 5
DATA ANALYSIS

In this chapter, we apply our proposed methods to three case-control studies from the
Genetics and Epidemiology Colorectal Cancer Consortium (GECCO). The aim of this data
analysis is to estimate the time-varying population attributable fraction of various risk

factors to colorectal cancer (CRC).
5.1 Data Description

The GECCO study is supported by the U.S. National Cancer Institute and it is com-
posed of twelve well-characterized prospective cohorts and case-control studies of colorectal
cancer. This consortium aims to both accelerate the discovery of colorectal cancer re-
lated variants and perform thorough epidemiologic evaluations of new susceptibility loci via
gene-environmental interaction analyses. Key clinical and environmental data have been
harmonized across all studies. The GECCO smoking data set we use for our analysis in-
clude a total of 5498 subjects (2742 cases and 2756 controls) from three population-based
case-control GECCO studies. The primary outcome is the case control status of colorectal
cancer. The other variables include age (age at onset for cases and age at enrollment for
controls), gender, weight, height, BMI, medical history, dietary, alcohol use, smoking, exer-
cises, cancer status, family history of colorectal cancer, and history of diabetes. The details

of these studies are provided below and the number of subjects is summarized in table 5.1.

1. Prostate, Lung, Colorectal, and Ovarian Cancer Screening Trial (PLCO).
PLCO is a large population-based randomized trial to determine the effectiveness of
screening to reduce cancer mortality. The trial enrolled 154,934 participants (men and
women) aged between 55 and 74 years at ten centers from 1993 to 2001. Details of this
study are available online (http://prevention.cancer.gov/plco). The GECCO PLCO

data included a subset of 991 colorectal cancer cases and 937 controls. The cases were
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self-reported as being non-Hispanic White with available DNA samples, questionnaire
data, and appropriate consent for ancillary epidemiologic studies. Cases were excluded
if they had a history of inflammatory bowel disease, polyps, polyposis syndrome or
cancer (excluding basal or squamous cell skin cancer). Controls came from the Cancer
Genetic Markers of Susceptibility (CGEMS) prostate cancer scan (all male) and the
Genome-wide Association Study (GWAS) of Lung Cancer and Smoking along with an
additional 92 non-Hispanic White female controls. Controls were frequency matched
1:1 to cases without replacement. Matching criteria were age at enrollment (two year
blocks), enrollment date (two year blocks), sex, race / ethnicity, trial arm, and study

year of diagnosis (i.e. controls must be cancer free into the case’s year of diagnosis).

VITamins And Lifestyle (VITAL).

The VITAL study enrolled 77,738 Washington State men and women aged 50 to 76
years from 2000 to 2002 to investigate the association of supplement use with can-
cer risk. All subjects completed a questionnaire about detailed information on use
of 38 supplements over the past 10 years, diet, non-steroidal anti-inflammatory drug
use, anthropometrics, exercise, health history and cancer risk factors. 54,045 partici-
pants also provided DNA sample for genetic studies. Subjects are followed for cancer
by linkage to the western Washington Surveillance, Epidemiology, and End Results
(SEER) cancer registry and are censored when they move out of the area covered by
the registry or at time of death. In GECCO, a nested case-control set was genotyped.
Samples included colorectal cancer cases with DNA, excluding subject with colorectal
cancer before baseline, in situ cases, (large cell) neuroendocrine carcinoma, squamous
cell carcinoma, carcinoid tumor, Goblet cell carcinoid, any type of lymphoma, includ-
ing non-Hodgkin, Mantle cell, large B-cell, or follicular lymphoma. Controls were
matched on age at enrollment (within one year), enrollment date (within one year),
sex, and race / ethnicity. One control was randomly selected per case among all con-
trols that matched on the four factors above and where the control follow-up time was
greater than follow-up time of the case until diagnosis. A total of 285 cases and 288

controls were included.
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3. Women’s Health Initiative (WHI).
WHI is a long-term health study of 161,808 post-menopausal women aged 50 to 79
years recruited from 1993 to 1998 at 40 clinical centers throughout the U.S. WHI com-
prises a clinical trial (CT) arm, an Observational Study (OS) arm, and several exten-
sion studies. The details of WHI are available online (https://cleo.whi.org/SitePages/Home.aspx).
The GECCO WHI data included 1466 cases selected from centrally adjudicated colon
cancer cases from both arms, and 1531 controls from controls previously genotyped
as part of a Hip Fracture GWAS conducted within the WHI OS. The controls were
matched to cases on age (within three years) enrollment date (within 365 days), hys-
terectomy status, and prevalent conditions at baseline. For 37 cases, there was not
a control match in the Hip Fracture GWAS. For these participants, matched con-
trols were identified in the WHI OS based on same criteria. In addition, case and
control participants were subject to the following exclusion criteria: a prior history
of colorectal cancer at baseline, IRB approval not available for data submission into
dbGaP, and not sufficient DNA available. Matching criteria included age (within
years), race/ethnicity, WHI date (within three years), WHI Calcium and Vitamin D
study date (within three years), and randomization arms (OSag, hormone therapy
assignments, dietary modification assignments, calcium/vitamin D assignments). In
addition, they were matched on the four regions of randomization centers. Each case
was matched with one control (1:1) that exactly met the matching criteria. Control
selection was done in a time-forward manner, selecting one control for each case from
the risk set at the time of the case event. The matching algorithm was allowed to
select the closest match based on a criterion to minimize an overall distance measure.
Each matching factor was given the same weight. Additional available controls that

were genotyped as part of the Hip Fracture GWAS were included to improve power.

5.2 Statistical Analysis

In this analysis, we focused on three smoking variables: smoking status (ever-smoker vs

non-smokers), pack-years (>= 20 vs < 20 and non-smoker), and years since quit smoking
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Table 5.1: Study information

Study N Cases N Controls Total
PLCO 991 937 1928
VITAL 285 288 573

WHI 1466 1531 2997
Total 2742 2756 5498

(< 10 years vs > 10 years and non-smokers). We also investigated the association between
risk of CRC and other variables including obesity (BMI larger than 30 kg/m? ), alcohol
intake (more than 1g/day vs 0-1g/day ), family history of CRC, and history of diabetes.
Time-varying PAF was estimated for those with significant associations. For each of these
variables, logistic regression models were used to estimate its association with CRC, and the
proposed kernel estimators were used to obtain the estimated functional time-varying PAF
¢(t). Epanechnikov kernel and cross-validation bandwidth were used for the kernel estima-
tion. Both the unadjusted estimates and the estimates adjusting for potential confounders
were provided. For the unadjusted model, 8 was estimated from a logistic model with ad-
justment for observed age, gender, and study. For the adjusted model, 8 was estimated
from a logistic model was adjusted for observed age, gender, study, and other potential

confounders.

5.3 Results

The descriptive statistics of the study population are summarized in Table 5.2. We see
that the age, gender, and mean BMI are balanced between cases and controls, while obe-
sity, alcohol use, family history of CRC, history of diabetes, and ever smoking have higher
prevalence in cases. The mean of pack-year is higher in cases, and the mean of year since

quit smoking is higher in controls.

The sample prevalence, estimated odds ratios, and the estimated classic PAF's for key risk
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factors are listed in Table 5.3. These variables are all significantly associated with CRC
risk, with odds ratios (OR) between 1.19 and 1.65. History of diabetes has the highest OR
of 1.65, however, the prevalence of exposure is low with 7.5% in cases and 4.7% in controls,
resulting in an estimated PAF of only 2.9. The composite variable ever-smoking-+obesity
has the highest PAF of 10.4, followed by the single variable of ever-smoking, with a PAF of
9.0.

Figure 5.1 shows the estimated curves of ¢(t) for the three smoking variables, and Figure
5.2 shows the estimated curves of ¢(t) for family history of CRC, diabetes history, and
obesity. Since ggw (t; B) generally provides better results than either g/Z;Jr (t; B) or g/g, (t; B), we
show only aw(t; ,5’), and the results for $+ (t; B) and g/g_ (t; B) are provided in the Appendix.
From these plots, we see that the attributable risk of smoking to CRC decreases over time.
The $w(t; B) for ever-smoking is about 10% at age 50 and drops slowly to 8% at age 80,
and further to 5% at 90 years of age. The estimated curve for year since quit smoking has
a steeper decreasing pattern, from 9% at age 50 to 1% at age 90. The estimated curve
for pack-years is approximately flat from age 50 to 70, and then slowly decreases from 8%
to 5% at age 90. The estimated curves for family history of CRC and history of diabetes
both have a increasing pattern. The estimated PAF increases from 2% to 4.8% for family
history of CRC, and from 0.5% to 3% for history of diabetes, over 50 to 90 years of age.
The estimated PAF for obesity has a decreasing pattern, from 8% to 4%. The estimated
time-varying PAF for the composite variable of ever smoking and obesity takes greater val-
ues than both estimates of the single variable, and has a steeper decreasing pattern, from
14% to 5%. The estimates for the composite variable of pack-years and obesity and the
composite variable of year since quit smoking and obesity both take slightly smaller values

than their corresponding single smoking variables.

Figure 5.3 shows the estimated curves of ¢(t) for the three smoking variables with adjust-
ment for age, gender, study, and obesity. These curves has similar pattern as the unadjusted

ones.
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Table 5.2: Summary statistics of study populations

Characteristic Cases Controls Total
Age (Mean, range) 70.8 (50 - 91) 70.9 (50 - 91) 70.9 (50 - 91)
Female (%) 73.9 74.2 74.1
Ever smoking (%) 55.2 50.8 53.0
Pack-year (Mean, SD) 31.1 (26.9) 28.6 (28.3) 29.9 (27.6)
Year since quit smoking (Mean, SD) 17.9 (13.9) 20.3 (14.4) 19.1 (14.2)
BMI (Mean, SD) 28.1 (5.4) 27.5 (5.1) 27.8 (5.2)
BMI Categories (%)
Underweight 2.2 2.2 2.2
Normal 30.1 32.8 314
Overweight 38.8 39.7 39.2
Obese 29.0 25.2 27.2
Alcohol use (%) 47.9 50.7 49.4
Family history of CRC (%) 17.6 15.1 16.3
History of diabetes (%) 7.5 4.7 6.1

Age: age at onset for cases and age at selection for controls; Pack-year: only for ever-smokers; Year

since quit smoking: only for ever-smokers.

5.4 Summary

In this chapter, we present an analysis of the GECCO smoking data. We provide estimation
of both classic PAF and the time-varying PAF with or without adjustment of confounders.
The unadjusted and adjusted models give similar results. The the time-varing PAF of the

three smoking variables and obesity all show downward patterns. The PAF for year since



105

Table 5.3: Sample prevalences, estimated odds ratios, and the estimated PAF's

Risk factor Prevalencein Prevalencein  ORs (95% CI) PAF
cases (%) controls (%)
Family history of CRC 17.6 15.1 1.21 (1.04, 1.40) 3.0
History of diabetes 7.5 4.7 1.65 (1.31,2.07) 2.9
Obesity 29.5 25.7 1.21 (1.07, 1.36) 5.1
Ever smoking 55.2 50.8 1.19 (1.07, 1.33) 9.0
Pack-year (>= 20) 30.0 24.1 1.35 (1.20, 1.52) 7.8
Year since quit smoking (< 10 yrs) 18.9 14.9 1.33 (1.15, 1.54) 4.7

Ever-smoking (Yes vs No) Year since quit smoking (<= 10 yrs vs > 10 yrs)

0.20
0.20

0.15
0.15

0.10

Estimated ¢(t)
0.10

Estimated ¢(t)

0.05
0.05

0.00
0.00

Estimated ¢(t)

0.20

0.15

0.10

0.00

Pack-year (>=22.5vs <22.5)

Figure 5.1: Estimated curves of ¢y, (t; ) for smoking variables. Estimated curve (solid lines)

and estimated 95% pointwise confidence intervals (dash lines).
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Figure 5.2: Estimated curves of QAﬁw(t; B) for family history of CRC, history of diabetes,
and obesity. Estimated curve (solid lines) and estimated 95% pointwise confidence intervals

(dash lines).

quit smoking deceases more than 50% over 40 years age. These estimates are based on
the Cox model where we assume a constant regression coefficient. Therefore, the overall
time-varying pattern in the time-varying PAF should be determined by Fyz(2[t), i.e., the
time-varying proportion of the risk factor Z in the cohort. People with adverse exposure
(e.g. smoking) has a higher risk for CRC, therefore as time progress, the people with higher
risk tends to fail prior to ¢ and shall not be considered in Fr(2]t), and the cohort thus
tends to be ’healthier’. This may explain the decreasing pattern of the PAF curves. The
PAF curves for family history of CRC and history of diabetes have upward patterns, which
can be explained by the fact that senior people are naturally more likely to have these

exposures.
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Figure 5.3: Estimated curves of qgadjw(t; B) for smoking variables. Model adjusted for age,
study, gender, and obesity. Estimated curve (solid lines) and estimated 95% pointwise

confidence intervals (dash lines).
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Chapter 6

SUMMARY AND FUTURE WORK

6.1 Summary

The population attributable fraction (PAF) is an important measure in evaluating the con-
tribution of risk factors to disease burden or mortality. It is a useful tool for planning of
prevention strategies. Recent development of PAF has extended the classic static measure
to a time-varying function, which provides a dynamic picture of how PAF for an expo-
sure varies over time. In this dissertation we propose three kernel-type estimators of the
time-varying PAF under the Cox model for case-control studies. These estimators are con-
structed by combining a logistic regression model based estimator and a kernel smoother.
The first estimator incorporates a kernel smoother on the cases data, the second estimator
incorporates a kernel smoother on the control data, and the third is a combined estimator
that sums the first two estimators with weight. We study the large sample properties of
these estimators, and establish the strong uniform consistency and asymptotic normality
by using modern asymptotic theories. We also study the finite sample properties of these
estimators, and note that the asymptotic variances are not adequate to explain the actual
variances under finite sampling. The extra variability comes from the variability of the re-
gression coefficient estimators that vanishes as the bandwidth goes to zero but contributes
considerable variability when the bandwidth is not small enough. We derive variance cor-
rections under finite sampling by considering non-zero bandwidths. We propose empirical
variance estimators based on the asymptotic normality with correction for finite sampling.
We also propose a resampling based approach for calculating the simultaneous confidence

bands.

We also consider a more realistic situation when there exists other risk factors that may

confound the association between the exposure of interest and the disease. We propose the
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adjusted time-varying PAF, and three kernel-type estimators for it. We study both the large
and finite sample properties of these estimators. We note, that any associations identified
by estimating time-varying PAF might be the result of underlying mechanisms that relate
to timing of exposure to different risk factors (see e.g. Rothman and Poole, 1988 [24]).
Unfortunately, identification of the timing of exposures and further details regarding the

underlying mechanisms is difficult if not impossible in the case-control design.

We conduct extensive Monte Carlo simulation studies to evaluate the proposed statisti-
cal procedures. We design simulations for four scenarios, each with multiple parameter
settings, to assess the performance of the estimators under these scenarios. We consider
early onset common disease with binary exposure, late onset rare disease with binary ex-
posure, late onset rare disease with continuous exposure, and late onset rare disease with
time-varying continuous exposure. We find that the point and variance estimators perform
well under all the situations tested. As expected, the combined estimator generally is more

efficient than the other two estimators.

Finally, we illustrate our proposed methods by applying them to the GECCO data. We ob-
serve PAF increases with age for the positive family history of colorectal cancer and positive

history of diabetes, and it decreases with age for smoking and obesity.
6.2 Future Work

In this work we focus on the concept of time-varying PAF and estimators based on the
kernel smoother. There are at least two aspects of our estimators that can be improved
by applying modification to the kernel smoother. The first is to deal with the boundary
effect. It is known that the kernel smoother can be dramatically biased near the boundary
of the underlying functions. A common remedy to this issue is to use boundary kernels
within the boundary region. The second aspect is to use a locally-varying bandwidth. The
kernel estimator with fixed bandwidth is susceptible to local bumpiness where density of
data points is low. The bandwidths which vary according to the density of local data points

may have better performances, especially when the local density of the data points changes
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substantially.

Besides the kernel smoother refinement, one possibly interesting direction is to study more
on the combined estimator. The proposed combined estimator is a special case within
a more general class of weighted estimators. Specially, one may consider the following

weighted estimator:

bu(t; B) = w(t)ps (t: B) + {1 — w(t)}o_(t; B). (6.1)

where w(t) could be any weighting function. Our estimator is a special case with w(t) = 7.
Since the combined estimator generally has better performances than its two components,
some optimization on the weighting could potentially make it even better. For example,
one could also use a inverse variance weight, where
_ Var{¢, (t; 3)} !

Var{o.(t; £)} 1 + Var{¢(t; 8)} 1

Since this weighting includes variance estimates from the data, the large sample properties

w(t)

and the bandwidth selection are not as straightforward as those for the constant weighting,

and requires substantial further development.

PAF is also an important quantity in estimating the age-specific absolute risk from population-
based case-control studies [13]. Estimation of the baseline hazard is a crucial step in age-
specific absolute risk estimation. One common approach for estimating the baseline hazard
for case-control study is through the relationship A\o(t) = A*(¢){1 — ¢(¢)}, where A*(¢) is the
composite incidence rate which can be obtained from an external registry such as the Na-
tional Cancer Institute’s Surveillance Epidemiology and End Results (SEER). The existing
approach for estimating ¢(t) is to approximate it by using the classic PAF [14]. Since the
classic PAF is a static measure, this approximation is only valid when ¢(t) remains roughly
constant over time. The development in this dissertation will be helpful to obtain a more
accurate estimation of ¢(t), and hence A\(t), which results in a more accurate absolute risk

estimation.
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Appendix A
SIMULATION RESULTS FOR UNADJUSTED TIME-VARYING PAF

We reported the simulation results for the combined estimators, g/i;w(t; B) and
(Zadjw(t; B,’Ay), in Chapter 4. Now we report the results for $+(t; ﬁ), <Z_ (t;ﬁ), gader(t;B,ﬁ),
and daqi—(t: 8,4).

A.0.1 FEarly onset common disease with binary time-independent exposure

The simulation results for $+ (t; B ) with various bandwidth choices are summarized in Table
A.1 and Table A.2. The simulation results for <$_ (t; B) with various bandwidth choices are

summarized in Table A.3 and Table A.4. These results show similar patterns as those for

Pu(t; B)-
A.0.2 Late onset rare disease with binary time-independent exposure

The simulation results for ¢A5+ (t; B ) with various bandwidth choices are summarized in Table
A.5 and Table A.6. The simulation results for ¢_ (t; B) with various bandwidth choices are

summarized in Table A.7 and Table A.8. These results show similar patterns as those for

Du(t; B).
A.0.8 Late onset rare disease with continuous time-independent exposure

The simulation results for <$+(t; B ) with various bandwidth choices are summarized in Table
A.9 and Table A.10. The simulation results for QAL (t; B) with various bandwidth choices
are summarized in Table A.11 and Table A.12. These results show similar patterns as

those for ggw (t; 3) .
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A.0.4 Late onset rare disease with continuous time-dependent exposure

The simulation results for ¢ (t; B) with various bandwidth choices are summarized in Table
A.13 and Table A.14. The simulation results for ¢_ (t; 3) with various bandwidth choices
are summarized in Table A.15 and Table A.16. These results show similar patterns as

those for ggw (t; B)
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Table A.1: Summary statistics for @Lﬁ mv with binary Z for the early onset scenario.

hov h=2 h=d
Parameter Age (yrs)  Bias SD ASE CP(%) Bias SD ASE CP(%) Bias SD ASE  CP(%)
Bo=1log2,p, =03 10 0.0008 0.0366 0.0359 94.0 0.0001 0.0440 0.0445 94.0 0.0003 0.0371 0.0374 93.9
20 0.0012 0.0310 0.0317 95.2 0.0015 0.0370 0.0384 94.9 0.0012 0.0318 0.0328 95.3
30 0.0000 0.0288 0.0285 94.2 0.0000 0.0373 0.0364 93.3 0.0001 0.0302 0.0298 94.3
40 0.0016 0.0270 0.0272 93.8 0.0002 0.0382 0.0379 92.5 0.0010 0.0289 0.0291 93.1
Bo=1log2, p, =06 10 0.0025 0.0426 0.0435 95.2 0.0020 0.0472 0.0481 95.1 0.0022 0.0432 0.0441 95.0
20 0.0019 0.0406 0.0414 95.3 0.0015 0.0450 0.0455 94.8 0.0021 0.0411 0.0419 95.5
30 0.0009 0.0397 0.0402 95.2 0.0013 0.0456 0.0463 94.7 0.0013 0.0406 0.0410 94.9
40 0.0004 0.0421 0.0415 94.6 0.0012 0.0537 0.0532 94.1 0.0005 0.0432 0.0432 94.5
Bo =1log3, p. =03 10 0.0019 0.0413 0.0403 94.5 0.0017 0.0504 0.0495 94.2 0.0019 0.0405 0.0399 94.0
20 0.0007 0.0355 0.0349 94.8 0.0004 0.0434 0.0433 94.3 0.0007 0.0346 0.0345 94.8
30 0.0014 0.0333 0.0324 93.9 0.0009 0.0421 0.0424 94.0 0.0014 0.0323 0.0320 94.0
40 0.0018 0.0310 0.0306 93.5 0.0006 0.0417 0.0418 91.0 0.0015 0.0298 0.0302 93.3
Bo =log3,p., =06 10 0.0024 0.0393 0.0392 94.6 0.0020 0.0433 0.0437 94.2 0.0023 0.0386 0.0385 94.6
20 0.0014 0.0393 0.0385 94.2 0.0016 0.0444 0.0436 94.1 0.0014 0.0379 0.0377 94.8
30 0.0004 0.0433 0.0428 95.0 0.0019 0.0511 0.0521 95.3 0.0003 0.0413 0.0412 94.7
40 0.0029 0.0573 0.0545 93.1 0.0025 0.0742 0.0710 91.5 0.0034 0.0542 0.0519 93.1

Bias, the sampling bias; SD, the sampling standard deviation; ASE, the sampling mean of the standard error estimator; CP, the coverage

probability of the 95% pointwise confidence interval.
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Table A.3: Summary statistics for ®| (t; mv with binary Z for the early onset scenario.

hev h=2 h=4
Parameter Age (yrs)  Bias SD ASE CP(%) Bias SD ASE CP(%) Bias SD ASE  CP(%)
Bo=1log2,p, =03 10 0.0015 0.0367 0.0365 94.2 0.0030 0.0474 0.0472 92.8 0.0017 0.0383 0.0389 94.6
20 0.0006 0.0322 0.0321 94.8 0.0001 0.0417 0.0410 93.6 0.0001 0.0339 0.0341 94.8
30 0.0001 0.0303 0.0299 94.8 0.0005 0.0407 0.0406 93.8 0.0002 0.0321 0.0324 94.7
40 0.0005 0.0308 0.0301 93.8 0.0029 0.0448 0.0444 91.0 0.0006 0.0337 0.0337 92.8
Bo=1log2, p, =06 10 0.0028 0.0420 0.0428 95.8 0.0033 0.0459 0.0469 95.0 0.0028 0.0423 0.0434 95.5
20 0.0027 0.0402 0.0408 95.5 0.0032 0.0440 0.0445 94.6 0.0028 0.0404 0.0414 95.5
30 0.0017 0.0391 0.0398 95.6 0.0031 0.0451 0.0457 95.2 0.0023 0.0399 0.0407 95.5
40 0.0000 0.0415 0.0421 94.9 0.0023 0.0537 0.0549 95.4 0.0005 0.0433 0.0441 95.0
Bo =1log3, p. =03 10 0.0038 0.0426 0.0411 94.3 0.0039 0.0546 0.0541 94.0 0.0035 0.0430 0.0424 94.2
20 0.0022 0.0385 0.0372 93.8 0.0035 0.0505 0.0502 93.2 0.0022 0.0389 0.0384 93.7
30 0.0005 0.0408 0.0389 93.6 0.0036 0.0567 0.0554 92.9 0.0013 0.0415 0.0407 93.3
40 0.0007 0.0434 0.0415 89.7 0.0056 0.0636 0.0586 79.1 0.0023 0.0451 0.0439 88.5
Bo =log3,p., =06 10 0.0040 0.0373 0.0374 94.8 0.0040 0.0405 0.0409 94.5 0.0039 0.0367 0.0370 95.3
20 0.0027 0.0381 0.0371 94.2 0.0034 0.0426 0.0416 94.0 0.0023 0.0371 0.0365 94.5
30 0.0023 0.0442 0.0436 94.7 0.0057 0.0546 0.0542 94.5 0.0020 0.0418 0.0423 95.0
40 0.0021 0.0682 0.0663 92.8 0.0100 0.0899 0.0874 90.5 0.0021 0.0640 0.0640 93.3

Bias, the sampling bias; SD, the sampling standard deviation; ASE, the sampling mean of the standard error estimator; CP, the coverage

probability of the 95% pointwise confidence interval.
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Table A.5: Summary statistics for @Lﬁ mv with binary Z for the late onset scenario.

hev h=2 h=4
Parameter Age (yrs)  Bias SD ASE CP(%) Bias SD ASE CP(%) Bias SD ASE  CP(%)
Bo =log2, p, =03 40 0.0028 0.0640 0.0628 92.2 0.0026 0.0775 0.0751 90.8 0.0021 0.0579 0.0570 92.7
50 0.0016 0.0399 0.0394 94.5 0.0009 0.0444 0.0444 93.9 0.0017 0.0372 0.0371 94.7
60 0.0017 0.0319 0.0314 95.3 0.0016 0.0344 0.0343 95.0 0.0019 0.0305 0.0301 95.3
70 0.0013 0.0256 0.0252 94.8 0.0006 0.0294 0.0290 93.9 0.0016 0.0237 0.0235 94.7
Bo=1log2, p, =06 40 0.0045 0.0638 0.0628 93.1 0.0035 0.0687 0.0676 92.5 0.0046 0.0558 0.0557 93.8
50 0.0058 0.0471 0.0468 94.5 0.0059 0.0488 0.0485 94.0 0.0054 0.0448 0.0444 94.6
60 0.0051 0.0426 0.0424 95.2 0.0046 0.0438 0.0434 95.0 0.0052 0.0411 0.0409 94.9
70 0.0027 0.0414 0.0408 93.8 0.0037 0.0437 0.0431 93.6 0.0012 0.0379 0.0373 94.8
Bo =log3, p. =03 40 0.0004 0.0817 0.0777 93.2 0.0003 0.0930 0.0880 91.8 0.0010 0.0662 0.0652 93.3
50 0.0040 0.0444 0.0450 94.6 0.0037 0.0486 0.0496 94.5 0.0038 0.0385 0.0397 94.8
60 0.0019 0.0349 0.0345 94.5 0.0013 0.0378 0.0376 94.5 0.0032 0.0308 0.0307 94.5
70 0.0031 0.0270 0.0268 93.3 0.0008 0.0302 0.0304 92.9 0.0056 0.0225 0.0226 94.0
Bo =log3, p, =0.6 40 0.0088 0.0664 0.0654 91.6 0.0090 0.0671 0.0660 91.5 0.0090 0.0531 0.0522 93.5
50 0.0074 0.0439 0.0440 94.6 0.0074 0.0441 0.0442 94.7 0.0081 0.0385 0.0389 94.9
60 0.0079 0.0403 0.0402 94.3 0.0079 0.0405 0.0404 94.2 0.0085 0.0358 0.0359 94.2
70 0.0011 0.0513 0.0511 94.0 0.0008 0.0518 0.0515 93.9 0.0097 0.0389 0.0389 94.5

Bias, the sampling bias; SD, the sampling standard deviation; ASE, the sampling mean of the standard error estimator; CP, the coverage

probability of the 95% pointwise confidence interval.
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Table A.7: Summary statistics for ®| (t; mv with binary Z for the late onset scenario.

hev h=2 h=4
Parameter Age (yrs)  Bias SD ASE CP(%) Bias SD ASE CP(%) Bias SD ASE  CP(%)
Bo =log2, p, =03 40 0.0060 0.0645 0.0617 91.6 0.0086 0.0818 0.0771 90.4 0.0046 0.0605 0.0591 91.7
50 0.0040 0.0402 0.0393 94.5 0.0047 0.0467 0.0460 93.8 0.0041 0.0385 0.0381 94.4
60 0.0035 0.0322 0.0316 94.0 0.0034 0.0360 0.0359 93.0 0.0035 0.0313 0.0309 94.2
70 0.0001 0.0277 0.0275 93.5 0.0028 0.0336 0.0338 93.0 0.0003 0.0259 0.0265 94.5
Bo=1log2, p, =06 40 0.0091 0.0588 0.0572 94.2 0.0108 0.0647 0.0631 93.5 0.0083 0.0529 0.0527 95.0
50 0.0069 0.0447 0.0449 95.5 0.0072 0.0462 0.0468 95.5 0.0062 0.0436 0.0436 94.9
60 0.0068 0.0409 0.0413 94.8 0.0066 0.0422 0.0427 94.7 0.0070 0.0401 0.0404 94.9
70 0.0043 0.0416 0.0407 93.0 0.0061 0.0450 0.0445 92.8 0.0028 0.0385 0.0380 93.6
Bo =log3, p. =03 40 0.0099 0.0806 0.0742 92.3 0.0160 0.1006 0.0928 90.5 0.0078 0.0708 0.0686 93.2
50 0.0067 0.0438 0.0442 94.1 0.0068 0.0519 0.0529 94.5 0.0059 0.0406 0.0416 94.3
60 0.0063 0.0356 0.0355 93.7 0.0055 0.0421 0.0427 94.3 0.0061 0.0332 0.0334 94.0
70 0.0025 0.0367 0.0354 91.5 0.0036 0.0461 0.0443 87.1 0.0028 0.0330 0.0326 92.5
Bo =log3, p, =0.6 40 0.0138 0.0534 0.0531 95.2 0.0149 0.0583 0.0579 94.8 0.0126 0.0460 0.0467 95.6
50 0.0119 0.0392 0.0394 94.8 0.0116 0.0408 0.0410 94.7 0.0122 0.0366 0.0372 95.0
60 0.0136 0.0370 0.0373 93.5 0.0136 0.0389 0.0390 93.8 0.0135 0.0345 0.0351 93.5
70 0.0040 0.0611 0.0566 92.1 0.0101 0.0667 0.0637 91.6 0.0047 0.0477 0.0466 93.9

Bias, the sampling bias; SD, the sampling standard deviation; ASE, the sampling mean of the standard error estimator; CP, the coverage

probability of the 95% pointwise confidence interval.
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Table A.9: Summary statistics for ¢, (t; B) with continuous Z for the late onset scenario.

hev h=2 h=4

Parameter  Age (yrs) Bias SD ASE CP(%) Bias SD ASE CP(%) Bias SD ASE  CP(%)

Bo=1ogl3 40 0.0068 0.0640 0.0627  93.8 0.0073  0.0687 0.0667  93.0 0.0067 0.0589 0.0591 94.5
50 0.0076 0.0528 0.0531 95.5 0.0074 0.0541 0.0543 95.6 0.0075 0.0517 0.0520 95.3
60 0.0064 0.0499 0.0501 95.4 0.0061 0.0506 0.0508 95.3 0.0066 0.0493 0.0494  95.3
70 0.0038 0.0466 0.0466 94.7  0.0047 0.0477 0.0480 94.9 0.0027 0.0452 0.0455 95.1
Bo =1logl.6 40 0.0089 0.0535 0.0527  93.2 0.0085 0.0541 0.0534 93.2 0.0085 0.0444 0.0449 94.2
a0 0.0087 0.0402 0.0402 94.4 0.0087 0.0403 0.0405 94.2 0.0089 0.0370 0.0375 94.8
60 0.0074 0.0379 0.0387  95.0 0.0074 0.0382 0.0390 95.2 0.0079 0.0354 0.0364  94.7
70 0.0025 0.0433 0.0451 94.9 0.0031 0.0441 0.0457  94.8 0.0032 0.0366 0.0382 95.5

Bias, the sampling bias; SD, the sampling standard deviation; ASE, the sampling mean of the standard error estimator; CP, the coverage

probability of the 95% pointwise confidence interval.
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Table A.11: Summary statistics for ﬁwl (t; wv with continuous Z for the late onset scenario.

hev h=2 h=4

Parameter  Age (yrs) Bias SD ASE CP(%) Bias SD ASE CP(%) Bias SD ASE  CP(%)

Bo=1ogl3 40 0.0099 0.0608 0.0602 94.5 0.0109 0.0662 0.0650 93.7  0.0093 0.0581 0.0582 94.7
50 0.0086 0.0524 0.0525 95.0 0.0087 0.0538 0.0539 94.9 0.0084 0.0517 0.0518 94.7
60 0.0080 0.0495 0.0497 954 0.0081  0.0507 0.0506 94.9 0.0078 0.0491 0.0494  95.3
70 0.0053 0.0461 0.0466 95.0 0.0073 0.0476 0.0486 95.2 0.0045 0.0452 0.0457  94.8
Bo =1logl.6 40 0.0116 0.0459 0.0464  95.2 0.0125 0.0500 0.0504 94.7  0.0114 0.0424 0.0434  95.0
a0 0.0118 0.0369 0.0384  95.3 0.0121  0.0385 0.0399 95.2 0.0118 0.0360 0.0373 95.2
60 0.0116 0.0366 0.0377  94.7  0.0119 0.0380 0.0393 94.1 0.0115 0.0353 0.0365 95.0
70 0.0016 0.0468 0.0448 93.0 0.0079  0.0522 0.0498 91.6 0.0022 0.0410 0.0410 94.5

Bias, the sampling bias; SD, the sampling standard deviation; ASE, the sampling mean of the standard error estimator; CP, the coverage

probability of the 95% pointwise confidence interval.
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Table A.13: Summary statistics for @.Lﬁ \9 with continuous time-varying exposure for the late onset scenario.

hev h=2 h=4

Parameter  Age (yrs) Bias SD ASE CP(%) Bias SD ASE CP(%) Bias SD ASE  CP(%)

Bo=1ogl3 40 0.0028 0.0557 0.0555 93.8 0.0028 0.0574 0.0574 93.4 0.0033 0.0496 0.0488 93.7
50 0.0016 0.0490 0.0477  93.8 0.0015 0.0495 0.0482 93.7  0.0016 0.0467 0.0456 93.6
60 0.0002 0.0478 0.0476 94.1 0.0002 0.0480 0.0480 94.4  0.0008 0.0464 0.0465 94.2
70 0.0018 0.0485 0.0485 95.0 0.0011  0.0490 0.0494 95.0 0.0041  0.0459 0.0455 94.5
Bo =1logl.6 40 0.0005 0.0578 0.0543  91.3 0.0006 0.0580 0.0544 91.3 0.0010 0.0457 0.0442 93.0
a0 0.0022 0.0385 0.0381 94.1 0.0022 0.0386 0.0382 94.1 0.0018 0.0352 0.0350 93.8
60 0.0039 0.0372 0.0366 94.4 0.0039 0.0372 0.0367 944  0.00564 0.0345 0.0341 94.7
70 0.0024 0.0507 0.0496 93.3 0.0024 0.0508 0.0497  93.3 0.0115 0.0407 0.0401 93.7

Bias, the sampling bias; SD, the sampling standard deviation; ASE, the sampling mean of the standard error estimator; CP, the coverage

probability of the 95% pointwise confidence interval.
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Table A.15: Summary statistics for @W (t; \9 with continuous time-varying exposure for the late onset scenario.

hev h=2 h=4

Parameter  Age (yrs) Bias SD ASE CP(%) Bias SD ASE CP(%) Bias SD ASE  CP(%)

Bo=1ogl3 40 0.0035 0.0548 0.0530  92.6 0.0016 0.0571 0.0553 93.1 0.0043 0.0493 0.0479 93.1
50 0.0012 0.0478 0.0471 94.7  0.0006 0.0484 0.0479 94.8 0.0017 0.0458 0.0455 94.4
60 0.0011 0.0482 0.0474  94.8 0.0008 0.0488 0.0479 94.9 0.0010 0.0471 0.0465 94.5
70 0.0003  0.0487 0.0498 95.2 0.0018 0.0494 0.0513 95.5 0.0033 0.0460 0.0466 95.1
Bo =1logl.6 40 0.0043 0.0522 0.0511 93.9 0.0048 0.0527 0.0516 93.8 0.0003 0.0427 0.0427  94.2
a0 0.0025 0.0368 0.0372 95.4 0.0026 0.0370 0.0373 95.2 0.0021 0.0341 0.0347  95.2
60 0.0048 0.0379 0.0370 934 0.0047 0.0382 0.0372 93.4  0.0055 0.0352 0.0344  94.0
70 0.0024 0.0565 0.0547  91.9 0.0034 0.0564 0.0552 92.1 0.0097 0.0430 0.0444  95.1

Bias, the sampling bias; SD, the sampling standard deviation; ASE, the sampling mean of the standard error estimator; CP, the coverage

probability of the 95% pointwise confidence interval.



131

‘TeAIRIUT 90upPYUOD ostmjurod %c6 oyl Jo Ariqeqord

98eI19A00 9T} ‘J)) {I0YeUII)Se IOIIS pIepue)s o) jo uesw Surdures o) ‘HQy ‘uoljerasp prepuels Surdures o) ‘(S ‘serq Surdures ayy ‘serqg

(s 09€0°0 9%€0°0 169070 a2 €LE0°0 G9€0°0 ¢8¥0°0 688 96€0°0 88€0'0 8L¢0°0 0.4
6°€6 8¢E0'0  FEEO'0 860070 076 0€€0°0 9€E0°0 8L000 L6 ¥€E0'0 TPEO'0  ¥900°0 09
096 0€€0°0 6¢€0°0  8000°0 696 €€€0°0 TEE0'0 LTOO0 9°G6 8¢€€0°0  PEE0'0 €000 0¢
T'T6 LGE0°0  T9€0°0  €LT0°0 G'€6 TL£0°0  GL€0°0 06000  L76 €6€0°0 96€0°0 82000 0y 91301 ="0
1°06 ¥wv0'0  S¥v0'0  €0¢0°0 616 9¥v0'0  L¥P0°0  €ST0°0 8'€6 16700 0S%¥0°0  G600°0 0.
876 Pero'0  LSP0°0  ©S00°0 4’76 9¢70°0  0970°0  G€00°0 9’76 6570°0  ¥970°0 02000 09
L€6 €¥r0° 0 9¥v0°0  SL00°0 ¢'v6 ¥wv0'0  L¥v0°0 97000 676 Lyv0°0  TS70°0  Lc00°0 0¢
€16 6¢v0°'0  ¥¥P0°0 89100 L°¢6 9€v0°'0  TSP0°0 80TO0 8°€6 ¢Sr0'0 9970°'0 99000 oy €1801="0¢g

(%)dD  dASV as serg  (%)dD  dSV as serg  (%)dD  HSV as serq  (s1d) o8y Iojourereq

01=1 8=1 9=1

‘PONUIUOD ‘OLIRUSIS JOSUO 99 91} 10J 0IMsodxo SUIAIRA-OWI) SNONUIIT0D [IM (¢ {2) ¢ I10J so13s19R)s Arewruung 971y 9[qe],



132

Appendix B
SIMULATION RESULTS FOR ADJUSTED TIME-VARYING PAF

The simulation results for $adj+ (t; B ,7) with various bandwidth choices are summarized
in Table B.1 and Table B.2. The simulation results for (;Aﬁadj_ (t; B, %) with various bandwidth

choices are summarized in Table B.3 and Table B.4. These results show similar patterns

as those for Q/b\adjw(t; B,4).
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Table B.2: Summary statistics for A\vwa&% (t; 5,%) with continuous Z and U, continued.

Parameter ~ Age (yrs)  Bias SD ASE  CP(%) Bias SD ASE CP(%) Bias SD ASE  CP(%)

Bo =1logl3 40 0.0079 0.0560 0.0573 94.8 0.0084 0.0512 0.0527 95.0 0.0094 0.0479 0.0495 95.3
50 0.0106 0.0429 0.0435 95.3 0.0124 0.0412 0.0419 96.1 0.0148 0.0402 0.0408 95.7
60 0.0091 0.0383 0.0383 95.1 0.0110 0.0372 0.0371 94.5 0.0133 0.0363 0.0363 94.3
70 0.0116 0.0369 0.0378 94.2 0.0214 0.0336 0.0345 90.1 0.0329 0.0318 0.0326 82.8
Bo =1logl.6 40 0.0086 0.0397 0.0394 94.7 0.0108 0.0361 0.0359 94.8 0.0134 0.0335 0.0336 95.1
50 0.0109 0.0321 0.0321 93.9 0.0143 0.0302 0.0305 92.8 0.0190 0.0293 0.0295 91.1
60 0.0035 0.0371 0.0356 93.4 0.0018 0.0345 0.0330 92.9 0.0000 0.0327 0.0314 92.7
70 0.0333 0.0733 0.0735 87.2 0.0568 0.0602 0.0619 77.4 0.0842 0.0518 0.0538 58.7

Bias, the sampling bias; SD, the sampling standard deviation; ASE, the sampling mean of the standard error estimator; CP, the coverage

probability of the 95% pointwise confidence interval.
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Table B.4: Summary statistics for @a&\? B,%) with continuous Z and U, continued.

Parameter ~ Age (yrs)  Bias SD ASE  CP(%) Bias SD ASE CP(%) Bias SD ASE  CP(%)

Bo =1logl3 40 0.0155 0.0541 0.0539  93.5 0.0149 0.0499 0.0502 93.5 0.0149 0.0469 0.0475 94.4
50 0.0139 0.0416 0.0424  94.2 0.0158 0.0402 0.0412 94.3 0.0186 0.0393 0.0404  93.6
60 0.0127 0.0381 0.0374  93.6 0.0131 0.0369 0.0366 94.2 0.0144 0.0361 0.0361 93.7
70 0.0131 0.0328 0.0344  94.0 0.0266 0.0302 0.0320 90.1 0.0404 0.0296 0.0309 76.9
Bo =1logl.6 40 0.0174 0.0379 0.0377  92.7  0.0184 0.0347 0.0349 92.3 0.0207 0.0328 0.0331 91.0
50 0.0160 0.0317 0.0310 914 0.0179 0.0303 0.0299 91.0 0.0212 0.0296 0.0293 89.2
60 0.0034 0.0331 0.0330  94.6 0.0040 0.0315 0.0312 93.9 0.0104 0.0306 0.0302 92.8
70 0.0400 0.0617 0.0587  85.7  0.0758 0.0515 0.0495 63.7  0.1139 0.0445 0.0431 24.3

Bias, the sampling bias; SD, the sampling standard deviation; ASE, the sampling mean of the standard error estimator; CP, the coverage

probability of the 95% pointwise confidence interval.
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