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The population attributable fraction (PAF) is an important measure in evaluating the

contribution of risk factors to disease burden or mortality. It is a useful tool for planning

of prevention actions. Recent development of PAF has extended the classic static measure

to a more dynamic time-varying functional form, which may provide more details of the

underlying quantity.

This dissertation focuses on estimation of the time-varying PAF for population-based

case-control studies. We consider both situations with or without adjustment for con-

founders. The underlying model is assumed to be the Cox model with possibly time-varying

covariates. We propose three kernel-type estimators of the time-varying PAF for case-control

studies. We study large sample properties of these estimators, and prove strong uniform

consistency and asymptotic normality. We also study the finite sample properties of these

estimators, and derive variance estimators with corrections for the finite sampling. We also

propose a resampling based approach for calculating the simultaneous confidence bands.

Simulation studies show that all the point and variance estimators perform well under all

the designed scenarios. We apply our proposed methods the Genetics and Epidemiology of

Colorectal Cancer Consortium (GECCO) smoking data to understand the risk of colorectal

cancer attributable to smoking.
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Chapter 1

INTRODUCTION

1.1 Population Attributable Fraction

Disease prevention programs often have to prioritize risk factors for public health preventive

intervention. Assessing the impact associated with exposure to the risk factors thus is

critical. For this purpose, the population attributable fraction (PAF) has been widely used

to quantify the impact of exposure on disease burden at the population level, and helps

to guide public health policies. The concept of PAF was first introduced by Levin [20] to

quantify the impact of smoking on lung cancer occurrence, and thereafter became a useful

tool for measuring impact of risk factors on disease burden. There are as many as 16 different

terms in the literature to denote the PAF, among which the most commonly used terms other

than PAF are “attributable risk”, “population attributable risk”, and “etiologic fraction”

[29, 3]. The PAF of an exposure to a disease is defined as the proportional reduction in the

probability of disease by comparing the current population with a hypothetical population

which is the same as the current population but the exposure had been eliminated. In the

simple case of binary disease (D) and exposure status (Z), PAF can be written as [20]

PAF =
P (D = 1)− P (D = 1|Z = 0)

P (D = 1)
, (1.1)

where P (D = 1) is the probability of being diseased in the population, and P (D = 1|Z = 0)

is the hypothetical probability of being diseased in the same population but with the expo-

sure eliminated. Therefore, the PAF measures the proportion of the excessive disease prob-

ability in the population that is associated with the presence of exposure. Consequently,

PAF is used to assess the potential impact of public health actions aimed at eliminating

exposure from the population. The probabilities in equation (1.1) usually refer to disease

risk or incidence, with emphasis on assessing impact of exposure to disease occurrence. For

cross-sectional studies, these probabilities could also be referred to as disease prevalence,
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with which PAF quantifies the impact of exposure on the overall burden of disease rather

than disease occurrence.

PAF combines both the strength of association between exposure and disease and the

prevalence of exposure in the population. It is therefore a more appropriate measure of

the population level impact of risk factors than association measures such as relative risk or

rate ratio. To see this property of PAF, it is helpful to rewrite equation (1.1) into other two

forms. By noting that P (D = 1) = P (D = 1|Z = 1)P (Z = 1) + P (D = 1|Z = 0)P (Z = 0)

and the relative risk or rate ratio RR = P (D = 1|Z = 1)/P (D = 1|Z = 0), we divide both

the numerator and denominator by P (D = 1|Z = 0) and can rewrite the formula for PAF

as [10, 21],

PAF =
P (Z = 1)(RR− 1)

1 + P (Z = 1)(RR− 1)
, (1.2)

which is a function of the prevalence of exposure in the population, P (Z = 1), and the

relative risk or rate ratio, RR. Another approach is to express P (D = 1) by P (D = 1) =

P (D = 1|Z = 1)P (Z = 1)/P (Z = 1|D = 1) using Bayes’ theorem, and rewrite the formula

for PAF as [21]

PAF =
P (Z = 1|D = 1)(RR− 1)

RR
= P (Z = 1|D = 1)

(
1− 1

RR

)
, (1.3)

which a function of the prevalence of exposure in diseased individuals and the relative risk.

Formulas (1.2) and (1.3) explicitly describe how the measure of PAF integrates the asso-

ciation measure and the prevalence of exposure. A risk factor with high relative risk but

low prevalence of exposure could have low PAF, whereas a risk factor with low relative risk

but high prevalence could have high PAF. The range of PAF lies between 0 and 1 when

the exposure is a risk factor (RR > 1). PAF increases with increase of the relative risk (or

rate ratio) as well as with increase of the prevalence of exposure. When the prevalence of

exposure reaches the maximum value 1 or 100%, the value of PAF equals to (RR− 1)/RR.

When RR goes to infinity, the value of PAF goes to 1 as long as the exposure is present in

the population. PAF equals to 0 when either there is no association between exposure and

disease (RR = 1) or the exposure is not present in the population, P (Z = 1) = 0.
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The formulas for PAF presented so far consider only one dichotomous risk factor. In a

more realistic situation, risk factors can have multiple levels of exposure or there are multi-

ple risk factors. When multilevel or multivariate exposures are considered, the definition of

PAF by formula (1.1) still holds as long as the reference group (Z = 0) is well defined. To

see how formulas (1.2) and (1.3) could be generalized to a multifactoral setting, let Z be

the vector of all categorical exposures of interest, and suppose Z takes J levels according

to cross-classification of these categorical variables, z0, z1, ..., zJ , where z0 is the reference

level. Then equation (1.2) and (1.3) can be generalized as [30]

PAF =

∑J
i=1 P (Z = i)(RRi − 1)

1 +
∑J

i=1 P (Z = i)(RRi − 1)
(1.4)

and [21]

PAF =

J∑
i=1

P (Z = i|D = 1)

(
1− 1

RRi

)
(1.5)

respectively, where RRi = P (D = 1|Z = i)/P (D = 1|Z = 0) is the relative risk or rate ratio

of developing a disease in group zi comparing with the reference group. It is also of interest

to consider the situation when Z contains exposure variables that are continuous or semi-

continuous. By the total probability theorem for continuous variable, equation (1.2) can

be generalized as [5]

PAF =

∫
Z{RRz − 1}dFZ(z)

1 +
∫
Z{RRz − 1)}dFZ(z)

= 1−
{∫
Z
RRzdFZ(z)

}−1
(1.6)

and (1.3) can be generalized as

PAF =

∫
Z

{
1−RR−1

z

}
dFZ|D=1(z) = 1−

∫
Z
RR−1

z dFZ|D=1(z) (1.7)

where RRz = P (D = 1|Z = z)/P (D = 1|Z = 0), FZ(z) is the distribution function of the

exposure in the population, and FZ|D=1(z|D = 1) is the conditional distribution function

of the exposure in diseased individuals. These formulas facilitate estimation of PAF with

various types of exposures.

PAF can be estimated from major study designs, such as cross-sectional, cohort, and case-

control studies. In cross-sectional studies, all probabilities in formula (1.1) can be directly
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estimated, so the point estimate of PAF can be obtained from plugging in empirical es-

timates of these probabilities to formula (1.1) [30]. The same methods can be used for

estimation of PAF in cohort studies with a fixed follow-up time. In cohort studies with

unfixed follow-up time which yield time-to-event outcome, survival models such as the Cox

proportional hazards model are needed to obtain unbiased estimates. PAF can be obtained

through formula (1.2) or (1.3) by incorporating estimates of rate ratio from survival models

and estimates of the prevalence P (Z = 1) or P (Z = 1|D = 1) from the sample. In case-

control studies, formula (1.2) or (1.3) can be used to estimate PAF by estimating odds

ratio to approximate the relative risk RR and estimating the prevalence P (Z = 1) from

the controls (by assuming a rare disease) or P (Z = 1|D = 1) from the cases. It is worth

noting that the interpretation of the PAF measure in the cross-sectional studies is different

from those in cohort or case-control studies. Since no follow-up is involved in cross-sectional

studies, the probabilities in the PAF formula represent prevalence rather than incidence,

and the PAF in this situation measures the impact of exposure on the overall burden of

disease rather than disease occurrence. Variance estimates of the aforementioned point esti-

mates of PAF can be obtained from either applying the delta method [23] and considering

appropriate distributions, or from resampling based methods such as the bootstrap [18].

1.2 Adjusted PAF to account for confounding

The PAF estimates introduced in section 1.1 fail to take into account other factors that

may confound the association between the risk factor of interest and disease. Since con-

founders cannot be avoided in most observational studies, the unadjusted PAF estimates are

in general biased [21, 30, 31]. The unadjusted estimates of PAF can be misleading in some

situation. For example, Walter [31] compared unadjusted and adjusted PAF estimates for

a case-control study assessing the association between alcohol, smoking and oral cancer. He

found that the differences between unadjusted and adjusted estimates were both large for

smoking (0.51 vs 0.31) and alcohol (0.52 vs 0.37).

An appropriate measure of adjusted PAF would be the proportion of disease risk attributable
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to an exposure given the same level of other (confounding) factors. There are three main ap-

proaches for adjusting for confounders in the estimation of PAF: the weighted-sum approach,

the Mantel-Haenszel approach, and the regression modeling approach. The weighted-sum

approach is a full stratification approach that corresponds to a saturated model. With this

approach, PAF is written as a weighted sum of the stratum-specific PAFs over strata formed

by the adjustment factors [30, 33],

PAF =
J∑
j=1

wjPAFj =
J∑
j=1

wj
P (D = 1|U = uj)− P (D = 1|Z = 0, U = uj)

P (D = 1|U = uj)
(1.8)

where U is the vector of adjustment factors forming J levels, and wj and PAFj denote

the weight and the stratum-specific PAF of level uj . Different measures of adjusted PAF

could be produced by choosing different weights. A common choice of the weights is the

proportion of diseased individuals in stratum j (i.e., wj = P (U = uj |D = 1)) which yields

an unbiased estimator [33]. An alternative choice of weights is given by setting wj as the

inverse variance of the PAF estimate in level j over the sum of inverse variances over all lev-

els. However, this choice of weights has been shown to result in inconsistent estimate except

in some special cases [2]. Estimation of weighted-sum adjusted PAF has been focused on

estimating the stratum-specific PAF in each stratum as estimation of the unadjusted PAF,

and estimating the weights from the sample observation. The weighted-sum approach is

appealing because of its straightforward structure and application. However, as the number

of adjustment and exposure levels increases, it suffers from sample size bias and cannot

guarantee a reasonable estimator. Furthermore, stratification requires that both the risk

factors of interest and the confounding factors be categorical, which may result in loss of

information.

In the the Mantel-Haenszel approach, estimate of PAF is obtained by replacing RR in for-

mula (1.3) with an adjusted RR (odds ratio in case-control study) estimated by a Mantel-

Haenszel estimator [15]. The assumption of a common relative risk or odds ratio cross

strata formed by adjustment factors is required for this method to be valid. Therefore, the

Mantel-Haenszel approach is a stratification approach with restriction on the relative risks

across adjustment strata, and corresponds to a model with only main effects for exposure
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and adjustment factors and not any interactions. For this reason, this approach cannot be

used to adjust for effect modifiers, but in cases without interactions it is more efficient than

the weighted-sum approach.

The two stratification approaches for adjusting for PAF estimates are based on opposite

options. The weighted-sum approach does not assume any structure on the relative risk

across adjustment factors, while the Mantel-Haenszel approach assumes a common relative

risk across all the adjustment strata. In a modeling point of view, both of these options

are too extreme, and there could be some intermediate situation, for example, when con-

founders and effect modifiers both present. To overcome the difficulties of the stratification

based approaches, the regression modeling approach have been developed [30, 33, 15]. This

approach takes advantage of flexibility and efficiency of regression models, and includes the

stratification based approaches as special cases. With this approach, PAF is expressed as

[33, 7]

PAF =
P (D = 1)−

∑J
j=1 P (D = 1|Z = 0, U = uj)P (U = uj)

P (D = 1)
(1.9)

= 1−
J∑
j=1

I∑
i=0

P (Z = zi, U = uj |D = 1)

RRi|j

where RRi|j = P (D = 1|Z = zi, U = uj)/P (D = 1|Z = 0, U = uj) is the relative risk

or rate ratio for level i of exposure given level j of adjustment factors. It is worth noting

that this formula coincides with the weighted-sum adjustment formula (1.8) by setting the

weights wj = P (U = uj |D = 1). However, the model based approach makes use regression

models rather than using a full stratification in the estimation procedure, therefore yields

more flexible and more efficient estimates. The relative risk or rate ratio can be estimated

through a regression model in cohort or cross-sectional studies, and odds ratio can be used

to approximate relative risk in case-control studies (by assuming rare disease). The quan-

tity P (D = 1|Z = zi, U = uj) can be estimated either through observed proportions or

through regression models [16]. Variance estimators have been developed based on asymp-

totic methods [4, 5, 1] or resampling methods such as bootstrapping [18, 17].
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The classic PAF introduced above is a quantity defined over a pre-specified time inter-

val. To make a valid interpretation of PAF, the time interval needs to be defined such that

the disease risk or incidence rate are meaningful. Therefore, the PAF is a static measure

that quantifies the overall impact of exposure over a specific period. From a dynamic point

of view, the impact of an exposure to disease could change over time, because the two com-

ponents of PAF, the prevalence of exposure and the relative risk, can both change over time

in a realistic situation. A measurement that captures this dynamic pattern would provide

additional information on when and how the exposure impact varies over time and such

information is helpful in deciding the timing of actions/interventions. Therefore, it is nec-

essary to extend the concept of PAF to a time-varying measure and develop the estimators

for commonly used study designs. We will introduce the extension of PAF to time varying

measures in Section 4. Since the survival analysis of time-to-event data is the focus of

those measures, we will first briefly review some major concepts and techniques in survival

analysis below.

1.3 Time-to-event Data and the Cox Model

The time-to-event data analysis has important applications in clinical and epidemiological

studies to evaluate association between disease and exposure to risk factors. In the time-

to-event data analysis, the outcome of interest is time to the occurrence of an event (e.g.

disease occurrence). The occurrence of the event is often referred to as “failure”, and the

time to the occurrence of the event is referred to as “failure time”. Sometimes the exact

failure time for some subjects may not be observed, due to either expected or unexpected

reasons such as loss of followup or end of study before the event occurs, yet the failure time is

known to be greater or less than certain values. This situation is referred to as “censoring”.

The most common type of censoring is the “right censoring”, which means the failure time

is unknown but is known to be greater than a certain value. Time-to-event data often come

from prospective studies such as cohort or case-cohort studies. They could also be derived

from retrospective studies such as case-control studies. For example, in a case-control study

in which ages of subjects are recorded, the outcome may be age-at-onset, which can be

regarded as the failure time - time from birth (start point) to disease occurrence, and the
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age at study of controls (non-diseased subjects) can be regarded as right-censored.

Hazard rate is usually used to describe the distribution of the failure time. The hazard

rate at time t is defined as the instantaneous rate of failure in an arbitrarily short interval

∆t around time t, provided that the event has not occurred at time t. It can be written as:

λ(t) = lim
∆t→0

P (t ≤ T < t+ ∆t|T ≥ t)
∆t

(1.10)

where T is the failure time. The hazard ratio between hazard rate with certain exposures

and hazard rate with reference exposures is usually used to measure the association between

exposures and disease risk. The Cox proportional hazards model [12] (often referred as the

Cox model) is commonly used to estimate the hazard ratio for right-censored time-to-event

data. The Cox model links the hazard rate at time t with covariate effect through a baseline

hazard function, by assuming the hazard ratio is independent of time. The equation can be

expressed as,

λ(t|Z) = λ0(t) exp(βTZ) (1.11)

where Z is a vector of covariates, λ0(t) is an unspecified baseline hazard rate at time t,

λ(t|Z) is the hazard rate at time t with covariates indicated by Z, and β is a vector of log

hazard ratios. As its name indicates, one essential property of the Cox model is the pro-

portional hazards assumption, which implies that exp(βTZ) in model (1.11) is free of time t.

Because of the nonparametric component λ0(t), a partial likelihood approach is used to

estimate β. Suppose that the sample of n subjects consists k failure time (uncensored)

t1 < t2 < · · · < tk, and there is no tie in failure time (i.e. only one subject fails in each

unique failure time). The remaining n − k subjects are right-censored. Let j denote the

subject failing at time tj and R(t) denote the set of subjects at risk for failure at time t,

then the partial likelihood is defined as

L(β) =

k∏
j=1

exp(βTZj)∑
l∈R(tj) exp(βTZl)

(1.12)

The point estimator of regression parameter β is obtained by solving the score equation

of the partial likelihood function, ∂logL(β)/β = 0, and the variance estimator is obtained
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through the second derivative of the log partial likelihood.

The proportional hazards assumption required by the Cox model may not be realistic in

practice, and the interpretation can be quite tricky. To relax the proportional hazards as-

sumption, the Cox model can be extended to include time-varying covariate Z(t) and/or

time-varying coeffiecient β(t). When the covariates are time varying while the coefficient

is independent of time, one can still use the partial-likelihood approach to obtain valid es-

timation of coefficient β. When the coeffiecient is time-varying, the estimation procedure

needs special considerations, such as histogram sieve estimation with assumption that β(t) is

piecewise constant, or local fitting techniques coupled with the partial likelihood estimation.

1.4 Time-varying PAF

Chen et al. (2006) firstly extended PAF to allow it to vary with time for cohort studies [9].

Under the survival analysis framework for time-to-event data, a natural extension of PAF

is to substitute the probabilities of disease in formula (1.1) with the respective cumulative

distribution functions of failure time T [9]:

Φ(t) =
P (T ≤ t)− P (T ≤ t|Z = 0)

P (T ≤ t)
=
F (t)− F (t|Z = 0)

F (t)
. (1.13)

This measure focuses on the attributable risk in a cumulative manner - the PAF of disease

risk due to an exposure over a period from baseline to time t. When the instantaneous

incidence rate is considered, an alternative measure called “attributable hazard function”

can be used. The attributable hazard function is defined as the proportional reduction of

hazard rate comparing the current population with a population with no exposure [9]:

φ(t) =
λ(t)− λ0(t)

λ(t)
, (1.14)

where λ(t) is the composite hazard function defined as the instantaneous rate of failing at

time t, and λ0(t) = λ(t|Z = 0) is the baseline hazard function. An extended measure of φ(t)

is the average attributable hazard function, i.e. φ(t) = t−1
∫ t

0 φ(u)du. Under a rare disease

scenario, Φ(t) and φ(t) numerically approximate each other [9], whereas simulations show
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that the two measures could be substantially different when the disease is not rare [26, 11].

The explicit relationship between the two measures is not clear yet and calls for further

study.

Estimators of Φ(t) for cohort studies have been considered in several papers. Samuelsen

(2008) [26] introduced an estimator based on the Cox proportional hazards model. Laak-

sonen (2010) [19] considered censoring due to competing risks and proposed an estima-

tor based on a piecewise constant hazard model. Chen (2010) [8] proposed both a non-

parametric estimator of Φ(t) based on the Kaplan-Meier estimator and a semi-parametric

estimator based on a transformation model of the Cox model. An estimator of φ(t) for

cohort studies has been proposed by Chen et al. (2006) [9] under the Cox proportional

hazards model, by plugging in the Breslow estimator for the baseline hazard function λ0(t)

and the Nelson-Aalon estimator for the marginal hazard function λ(t).

Besides the two measures aforementioned, several other time-varying measures have been

proposed to extend the concept of PAF in specific study designs. Samuelsen (2008) [26] fo-

cused on intervention program with varying lengths of follow-up, and proposed two variants

of φ(.) to measure the impact of lack of intervention. The two measures both assess the con-

sequences of an intervention on the instantaneous risk of disease at time t, but one considers

the case that the intervention takes place at time t, and the other considers the case that

the intervention takes place at time zero (program start point). Cox (2009) [11] focused on

the survival time attributable to the intervention, and introduced two new measures called

“attributable survival” and “attributable survival time” respectively, and compares these

measures with φ(.) and Φ(.).

So far the estimation of either Φ(t) or φ(t) has been only focused on cohort studies, and de-

velopment of time-varying PAF for case-control studies is completely missing. Case-control

studies have been the backbone in clinical and epidemiological studies because of its time

and cost efficiency, and are very popular particularly for rare and chronic diseases such

as cancer. Therefore, it is of great interest to develop methods for time-varying PAF for



11

case-control studies. We find that φ(t) is a natural extension of the classic PAF to a in-

stantaneous measure. Building upon the hazard function, φ(t) measures the instantaneous

attributable risk at time t, which provides fundamental description of a time dependent pro-

cess. Because of this appealing feature, it is of particular interest to develop its estimation

for case-control studies.

Since the kernel estimator plays an important role in the estimation procedure of φ(t), we

will briefly review this technique in the next section. Then we will review the data set to

which we apply the proposed methods.

1.5 Kernel Estimation

Kernel estimation or kernel smoother refers to a class of techniques of non-parametric esti-

mation of functions. It provides a way of describing the structure in the data set without

imposing any parametric model. One of the most fundamental applications of kernel esti-

mation to estimate the probability density function. Suppose that X1, X2, ..., Xn is a set of

continuous random variables with a common density function f . A parametric estimation

of f assumes an explicit parametric form of f , and estimates the unknown parameters in

it. In contrast, a non-parametric estimation does not assume any functional form of f . The

kernel density estimate of f at the point x is given by

f̂(x;h) =
1

nh

n∑
i=1

K

(
x−Xi

h

)
. (1.15)

Here K is the kernel function satisfying
∫
K(x)dx = 1, and h is a positive number and

usually known as the bandwidth. A more compact notation of the kernel density estimation

formula is

f̂(x;h) =
1

n

n∑
i=1

Kh (x−Xi) , (1.16)

by introducing Kh(u) = K(u/h)/h. In practice K is usually chosen to be a unimodal prob-

ability density function symmetric about zero, which ensures that f̂(x;h) is itself also a

density function.

A widely used criteria for the performance of the kernel estimator is the mean integrated
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squared error (MISE), which is given by

MISE{f̂(x;h)} = E

[∫
{f̂(x;h)− f(x)}2dx

]
. (1.17)

Assuming that the underlying density is sufficiently smooth, the kernel has finite fourth

moment, and the bandwidth satisfies limn→∞ h = 0 and limn→∞ nh =∞, it can be shown

by using Taylor series that [32]

MISE{f̂(x;h)} = AMISE{f̂(x;h)}+ o{(nh)−1 + h4}, (1.18)

where AMISE{f̂(x;h)} is called the asymptotic mean integrated squared error, and has the

expression

AMISE{f̂(x;h)} =
1

nh
R(K) +

h4

4
µ2(K)2R(f ′′), (1.19)

where

R(K) =

∫
K2(u)du, R(f ′′) =

∫
{f ′′(u)}2du, µ2(K) =

∫
u2K(u)du.

Therefore, the asymptotically optimal bandwidth implying minimal AMISE satisfies

hAMISE =
{ R(K)

µ2(K)2R(f ′′)

}1/5
n−1/5, (1.20)

and the minimal AMISE for estimation of f using kernel K is

AMISEopt{f̂(x;h)} =
5

4
{R(K)4µ2(K)2R(f ′′)}1/5n−4/5. (1.21)

In (1.21), the term R(K)4µ2(K)2 is about the kernel function. The kernel that minimize

this term is K(x) = 0.75(1−x2)I|x|<1, which is usually called the Epanechnikov kernel [28].

Other commonly used kernels include Gaussian, uniform, triangular, biweight, and triweight

kernels. These kernels all have a very close efficiency comparing with the Epanechnikov ker-

nel [32].

It is known that the kernel choices usually have little effect on the accuracy of the kernel

estimator, whereas that the bandwidth choices have a strong impact [28]. The bandwidth

can be manually selected by the data analyst by examining the fitted curves. A more so-

phisticated way is to use an automatic bandwidth selector. There are roughly three classes
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of bandwidth selectors: quick and simple methods, cross-validation methods, and plug-in

methods. The principle of the quick and simple methods is based on replacing the unknown

term R(f ′′) in (1.20) with its value from a parametric family (e.g., Gaussian) and estimate

the parameters in the parametric model using the data. The cross-validation methods make

use of the cross-validation techniques to minimize a predicted MISE, such as in the least

squares cross-validation (LSCV) [25, 6], or a predicted AMISE, such as in the biased cross-

validation (BCV) [27]. The plug-in methods are based on replacing R(f ′′) with a kernel

estimator R(f̂ ′′g ) [34], where g is called a pilot bandwidth . Then the remaining problem is

how to choose the pilot bandwidth g. When no structure of g is imposed, one needs another

’pilot bandwidth’ g2 for choosing g, then g3 for choosing g2, and so on. One solution to this

problem is to choose a pilot bandwidth using the quick and simple or the cross-validation

methods. The direct plug-in method (DPI) chooses a pilot bandwidth some stage (e.g. g3)

using the quick and simple methods without assuming any explicit form of the bandwidth.

The solve-the-equation method assumes a functional form of g depending on h, and solves

the equation in which a quick and simple pilot bandwidth selector is also involved. The

smoothed cross-validation method choose g by using LSCV or BCV.

1.6 Introduction of Application Data Set

We will apply our methods in analyzing the Genetics and Epidemiology of Colorectal Can-

cer Consortium (GECCO) data, and here we provide a brief introduction of the data set.

The GECCO is a well established consortium, which is comprised of a coordinating center

at the Fred Hutchinson Cancer Research Center (FHCRC) and investigators from twelve

well characterized cohort and casecontrol studies conducted in North America and Eu-

rope. This consortium aims to both accelerate the discovery of colorectal cancer related

variants and perform thorough epidemiologic evaluations of new susceptibility loci via gene-

environmental interaction analyses. Key clinical and environmental data have been harmo-

nized across all studies. The GECCO smoking data set used in our application consists of

five population-based case-control studies in U.S. with frequency match on ages between

cases and controls. The primary outcome is the case control status of colorectal cancer.
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The other variables include age (age at onset for cases and age at enrollment for controls),

gender, weight, height, BMI, medical history, dietary, alcohol use, smoking, exercises, can-

cer status, family history of colorectal cancer, and history of diabetes. The data analysis

will focus on understanding the association of risk factors to the colorectal cancer risk, and

quantify the PAF and time-varying PAF to the colorectal cancer risk of these risk factors.

1.7 Overview of Dissertation

The main objective of this dissertation is to derive estimators of φ(t) for population-based

case-control studies. We derive the estimators based on a time axis of observed age, consid-

ering its wide use and interest in public health studies, although these estimators are also

applicable to other time scales. We consider various case-control designs including simple

(unmatched), frequency matched, and exact matched designs.

In Chapter 2, we derive unadjusted estimators of φ(t) based on the Cox model without

considering confounders. We propose two separate point estimators by combining the β es-

timate from logistic model and a kernel smoother. We also propose a combined estimator of

these two estimators. We develop consistency and asymptotic normality of these estimators,

and study their finite sampling properties. We propose variance estimators and study their

properties. We also propose a resampling-based approach for calculating the simultaneous

confidence bands.

In Chapter 3, we derive adjusted estimators of φ(t) with present of confounders. We study

the asymptotic and study finite sampling properties of these estimators.

In Chapter 4, we evaluate the performance of the proposed point and variance estima-

tors as well as the proposed approach for confidence bands calculation via Monte Carlo

simulation studies. We consider the situations with binary, continuous, or time-varying

covariates, and various kernel and bandwidth choices.

In Chapter 5, we apply our methods to the GECCO smoking data. An analysis of the
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classic PAF and time-varying PAF (φ(t)) for various risk factors is provided.

In Chapter 6, we summarize the dissertation with a discussion of the direction of future

research.
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Chapter 2

ESTIMATION OF TIME-VARYING PAF
FOR CASE-CONTROL STUDIES

2.1 Overview

The attributable hazard function φ(t) proposed by Chen et al. (2006)[9] is a natural ex-

tension of PAF to an instantaneous time-varying measure of the attributable risk. In this

chapter, we describe the statistical methods for estimation of φ(t) for case-control studies.

To keep the problem simple, we start with the situation that no confounder is present. The

generalization to include confounders is provided in Chapter 3. In the rest of this chapter,

we first formulate the estimation problem for two common case-control sampling schemes,

and discuss the estimation of φ(t) for case-control data. Then we propose a set of estimators

for φ(t), and show the uniform consistency and asymptotic normality of these estimators,

as well as the finite sampling properties. Followed by the theoretical derivation, we pro-

pose the variance estimators and the method for the pointwise confidence intervals and the

simultaneous confidence bands. Finally we discuss the kernel and bandwidth choices.

2.2 Formulation of Estimation Problem

2.2.1 Estimation Problem for Case-control Data

We first formulate the statistical problem for the case-control data. Without loss of gen-

erality, we consider case-control data containing the observed age, which is age-at-onset if

the subject is diseased (case) and is the current age if the subject is not diseased (con-

trol). Consider a case-control study which consists of n1 cases and n2 controls, in total n

(n = n1 + n2) subjects. Let X = {X,Z(.),∆} ∼ P0 represent the experiment unit and the

corresponding distribution in the population of interest, where X is observed age, Z(.) is

a vector of possibly time-varying covariates, and ∆ is the binary disease status. We will

distinguish between two types of case-control sampling: unmatched case-control sampling
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and age-matched case-control sampling.

Unmatched Case-control Sampling: In an unmatched case-control sampling with

designed case ratio of π0, to sample a total of n subjects, one randomly samples n1 =

π0n subjects from the cases population {X,Z(.)|∆ = 1}, and randomly samples n2 =

n − n1 controls from the control population {X,Z(.)|∆ = 0}. This procedure forms

a sample set with n1 + n2 = n experimental units subject to a sampling distribution

P ∗ with π0 proportion of cases:

X∗ = {Xi, Zi(.), i = 1, ..., n} ∼ P ∗,

In this case the n subjects consisting a case-control data set can be regarded as n

independent and identically distributed observations sampled from P ∗, where the

marginal distributions of cases and controls are specified by P0.

Matched Case-control Sampling: Without loss of generality, we consider the one-

to-one age-matched case-control sampling (n1 = n2 = n/2). Under this sampling, one

first samples a case by random sampling (X1, Z1) from the conditional distribution

of {X,Z(.)|∆ = 1}. Then one samples a control (X0, Z0) from the conditional distri-

bution of {X,Z(.)|∆ = 0, X = X1}. This procedure forms an experimental unit X∗

subject to a sampling distribution P ∗:

X∗ = {X1, Z1(.),∆1 = 1, X0 = X1, Z0(.),∆0 = 1} ∼ P ∗.

Thus the matched case-control data set with n subjects will consist of n/2 independent

and identically distributed experimental units X∗1, ...,X
∗
n/2 with sampling distribution

P ∗. The marginal distribution of cases is specified by P0.

In the following sections, we will first study the problem based on unmatched case-control

sampling, then describe how those results can be applied to matched case-control sampling.

We will use E∗ and P ∗ to indicate expectation and probability with respect to the sampling

population, and use E0 and P0 for expectation and probability with respect to the target

population.
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2.2.2 Estimability of Time-varying PAF for Case-control Studies

Recall that the time-varying PAF measure φ(t) is defined as

φ(t) = 1− λ0(t)

λ(t)
.

To facilitate the estimation of φ(t) for case-control data, we need to rewrite φ(t) into other

forms. By using the relationship λ(t) = fT (t)/ST (t) and applying total probability theorem

on ST (t), we have

φ(t) = 1− λ0(t)ST (t)

fT (t)

= 1−
∫
λ0(t)ST |Z(t|z)fZ(z)dz

fT (t)

= 1−
∫
Z

λ0(t)

λ(t|z)
dFZ|T (z|t), (2.1)

or alternatively,

φ(t) = 1− λ0(t)ST (t)

fT (t)

= 1− λ0(t)ST (t)∫
fT |Z(t|z)fZ(z)dz

= 1− λ0(t)ST (t)∫
λ(t|z)ST |Z(t|z)fZ(z)dz

= 1−
{∫
Z

λ(t|z)
λ0(t)

dFZ|T≥t(z)
}−1

. (2.2)

Note that these two formulas explicitly relate the time-varying PAF φ(t) to the classic

Levin’s PAF. Recall that the Levin’s PAF can be written as

PAF = 1−
∫
Z
RR−1

z dFZ|D=1(z), (2.3)

or

PAF = 1−
{∫
Z
RRzdFZ(z)

}−1
. (2.4)

By comparing equation (2.1) with (2.3), and (2.2) with (2.4), we can see that φ(t) equals

to Levin’s PAF with relative risk replaced with hazard ratio, and the prevalence of expo-

sure in cases replaced with the density of exposure for subjects who fail at time t, or the

prevalence of exposure in controls replaced with the density of exposure for subjects who
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are at-risk at time t. Thus, φ(t) can be regarded as the instantaneous evaluation of Levin’s

PAF at each time point.

Now consider the Cox model with possible external time-varying covariates,

λ{t|Z(t)} = λ0(t) exp{βTZ(t)}, (2.5)

where Z(t) = {Z1(t), ..., Zp(t)}T is a p×1 vector of external time-dependent covariates, and

β = (β1, ..., βp)
T is a vector of regression parameters assumed to be independent of t. Under

model (2.5), we can substitute λ(t|z)/λ0(t) with exp(βT z) in equation (2.1) and (2.2),

and have

φ(t) = 1−
∫
Z
exp(−βT z)dFZ|T (z|t), (2.6)

and

φ(t) = 1−
{∫
Z
exp(βT z)dFZ|T≥t(z)

}−1
. (2.7)

Now we describe how φ(t) could be estimated on basis of these formulas. One important

property of case-control data is that although they are collected retrospectively, they can be

analyzed as if they were prospectively collected using a logistic model[22]. For age- matched

case-control studies, consistent estimate of β can be obtained from a conditional logistic

model; for frequency matched case-control studies, β can be estimated from a regular logistic

model with adjustment for age frequency group, and for unmatched case-control studies, β

can be estimated from a regular logistic model with adjustment for age. The estimation

of β in the latter two situations are generally not consistent, but the approximation yields

little bias. The remaining is to estimate the conditional distribution function FZ|T (z|t) or

FZ|T≥t(z). Under the random censoring assumption that the censoring time is independent

of both the failure time and covariates[35], we can show that FZ|T (z|t) equals to F (z|T =

t, T ≤ C) = P{Z(t) ≤ z|T = t, T ≤ C}, which can be estimated from the cases, and

FZ|T≥t(z) equals to F (z|C = t, T ≥ C) = P{Z(t) ≤ z|C = t, T ≥ C}, a quantity that can

be estimated from the controls. Therefore, either FZ|T (z|t) or FZ|T≥t(z) can be estimated by

its empirical estimator. However, these empirical estimators would have poor performance
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because of few subjects at time t. To improve the performance, we use a kernel smoother to

estimate these distribution functions. We describe the proposed estimators in details below.

2.2.3 Point Estimators of φ(t)

We propose two estimators of φ(t), corresponding to the two representations of φ(t) ( (2.6)

and (2.7)). The first estimator, corresponding to formula (2.6), is

φ̂+(t; β̂) = 1−
∑n

i=1 exp{−β̂TZi(t)}∆iKh(t−Xi)∑n
i=1 ∆iKh(t−Xi)

, (2.8)

where Kh(x) = K(x/h)/h, K(.) is a kernel function, and h is the bandwidth that controls

the spread of weighting window. β̂ is the estimate of β obtained from the logistic regression

with adjustment for age (for unmatched case-control studies). The following results are

developed under unmatched case-control studies. We show results for matched case-control

studies at the end of this chapter.

The second estimator, corresponding to formula (2.7), is

φ̂−(t; β̂) = 1−
∑n

i=1(1−∆i)Kh(t−Xi)∑n
i=1 exp{β̂TZi(t)}(1−∆i)Kh(t−Xi)

. (2.9)

Since the kernel smoother of the two estimators are based on cases and controls separately,

combining the two estimators could potentially improve the efficiency. We therefore propose

a weighted estimator as follows:

φ̂w(t; β̂) = w(t)φ̂+(t; β̂) + {1− w(t)}φ̂−(t; β̂),

where w(t) is a weighting function with value between 0 and 1. A natural choice of the

weight is to let w(t) equal to the proportion of cases in the sample. For example, in a 1 : 1

case-control study, π0 would be 0.5. Let π0 = P ∗(T ≤ C) be the the proportion of cases in

the sample, then the weighted estimator is

φ̂w(t; β̂) = π0φ̂+(t; β̂) + (1− π0)φ̂−(t; β̂). (2.10)
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2.3 Large Sample Properties

In this section we will show the strong uniform consistency and pointwise asymptotic nor-

mality of φ̂+(t; β̂), φ̂−(t; β̂), and φ̂w(t; β̂). We first list the assumptions and conditions

required for consistency and asymptotic normality.

Assumptions.

A1. Random censoring: the censoring time C is independent of both the failure time T

and covariates Z(.).

A2. The time t is in a range of (0, τ) for a constant τ > 0 such that the density of failure

time fT (t), the density of censoring time fC(t) and their survival functions, ST (t) and

SC(t) all take positive real values on [0, τ ].

A3. The density of failure time fT (t) and the density of censoring time fC(t) are both

continuous, uniformly bounded, and have second derivatives on [0, τ ].

A4. The bandwidth satisfies h = ndh0 for constants −1/2 < d < −1/5 and h0 > 0.

A5. The kernel function K(.) has bounded variation and satisfies the following conditions,∫ ∞
−∞

K(u)du = 1,

∫ ∞
−∞

K2(u)du <∞,∫ ∞
−∞

uK(u)du = 0,

∫ ∞
−∞

u2K(u)du <∞.

A6. Z(.) is bounded almost surely and has uniformly bounded total variation on [0, τ ].

A7. The number of cases n1 and total number of subjects n satisfies n1/n→ π0 as n→∞,

where 0 < π0 < 1.

We establish the asymptotic properties of φ̂+(t; β̂) in the next two subsections, followed by

the asymptotic properties of φ̂−(t; β̂).
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2.3.1 Uniform Consistency of φ̂+(t; β̂)

We first introduce the following notation that will be used in the proof.

p0 = P0(T ≤ C), π0 = P ∗(T ≤ C),

An(t;β) =
1

n

n∑
i=1

∆iKh(t−Xi){1− e−β
TZi(t)},

Bn(t) =
1

n

n∑
i=1

∆iKh(t−Xi),

Cn(t) =
1

n

n∑
i=1

∆iKh(t−Xi){e−β
T
0 Zi(t) − e−β̂TZi(t)},

Dn(t;β) =
1

n

n∑
i=1

∆iKh(t−Xi)Zi(t)e
−βTZi(t).

The limits of An(t;β), Bn(t), and Dn(t;β) are denoted by

A(t) = φ(t)fT (t)SC(t)π0/p0,

B(t) = fT (t)SC(t)π0/p0,

D(t;β) =
{∫
Z
ze−β

T zdFZ|T (z|t)
}
fT (t)SC(t)π0/p0,

respectively.

We establish the strong uniform consistency of φ̂+(t; β̂) in the following theorem.

Theorem 1. Suppose assumptions A1-A7 are satisfied. Then,

sup
t∈(0,τ)

|φ̂+(t; β̂)− φ(t)| → 0 a.s.

as n→∞.

Theorem 1 is proved with the help of the following lemmas.

Lemma 1.1. Suppose assumptions A1-A7 are satisfied. Then,

sup
t∈(0,τ)

|Bn(t)−B(t)| → 0 a.s.

as n→∞.

Proof. This lemma is proved with help of Lemma 1 and Lemma 2 in Nadaraya (1970),
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which are stated below.

Settings in Nadaraya (1970). Let (Xi, Yi), i = 1, ..., n be iid two-dimensional random

variables with density function f(x, y). Let the marginal density of X be f(x), y(x) =∫∞
−∞ yf(y|x)dy be the regression curve of Y with respect to X, and ϕ(x) = f(x)y(x).

Assume f(x) and y(x) are continuous over the real line. Let

yn(x) =

∑n
i=1 YiKh(x−Xi)∑n
i=1Kh(x−Xi)

,

and

ϕn(x) =
1

n

n∑
i=1

YiKh(x−Xi), fn(x) =
1

n

n∑
i=1

Kh(x−Xi),

where Kh(x) = K(x/h)/h, and K(.) is a kernel function satisfying assumption A3, and h

is the bandwidth satisfying h→ 0 with increasing n.

Lemma 1 (Nadaraya 1970). supa≤x≤b |Eϕn(x) − ϕ(x)| → 0 with increasing n. a and b are

real numbers satisfying a ≤ b, and Eϕn(x) can be written as

Eϕn(x) =
1

h

∫ ∞
−∞

K

(
x− t
h

)
ϕ(t)dt.

Lemma 2 (Nadaraya 1970). If K(x) is a function of bounded variation and Y is bounded

almost surely, then for any λ > 0

P{ sup
a≤x≤b

|ϕn(x)− Eϕn(x)| > λ} ≤ c0 exp(−α1nh
2) + c1 exp(−α2nh

2)

for some constants α1, α2, c0, and c1.

Now we begin the proof of Lemma 1. To simplify the notation, unless otherwise speci-

fied, the integration with respect to x is from 0 to ∞, and the integration with respect to

z is on its support Z through out the proofs in this chapter. First note that

E∗{Bn(t)} = E∗{∆Kh(t−X)} = E∗{Kh(t−X)|∆ = 1}P ∗(∆ = 1).

Since the cases are randomly sampled from the cases in the population of interest, the

sampling distribution for {X,Z(.)|∆ = 1} is the same as the conditional distribution in the
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population of interest. Thus we have E∗{Kh(t−X)|∆ = 1} = E0{Kh(t−X)|∆ = 1}, and

so that

E∗{Bn(t)} = E0{Kh(t−X)|∆ = 1}P ∗(∆ = 1)

= E0{Kh(t− T )|T ≤ C}π0

=
π0

h

∫
K

(
t− x
h

)
fT |T≤C(x)dx

=
π0

h

∫
K

(
t− x
h

)
fT (x)SC(x)

P0(T ≤ C)
dx

=
1

h

∫
K

(
t− x
h

)
B(x)dx. (2.11)

Since B(.) is continuous given that fT (.) and SC(.) are both continuous, by Lemma 1 in

Nadaraya (1970), we have

sup
t∈(0,τ)

|E∗Bn(t)−B(t)| → 0 with increasing n. (2.12)

It remains to check the convergence of supt∈(0,τ) |Bn(t)− E∗Bn(t)|. Since K(.) is of bounded

variation, and ∆ is bounded almost surely, by Lemma 2 in Nadaraya (1970) we have, for

any λ > 0,

P ∗{ sup
t∈(0,τ)

|Bn(t)− E∗Bn(t)| > λ} ≤ c1 exp(−α1nh
2) + c2 exp(−α2nh

2) (2.13)

for positive finite constants c1, c2, α1, and α2. Moreover, the series
∑∞

n=1 exp(−γnh2)

converges for any γ > 0 under condition A4. To see this, let m be any integer larger than

1/(1 + 2d), then it is not hard to verify the following relationship,∫ ∞
1

exp(−γh2
0x

1+2d)dx <

∫ ∞
1

exp(−γh2
0x

1/m)dx

=
m

(γh2
0)m

∫ ∞
γh20

ym−1 exp(−y)dy

=
m

(γh2
0)m

{
− exp(−y)

m−1∑
i=0

(m− 1)!

(m− 1− i)!
ym−1−i

∣∣∣∞
y=γh20

}
<∞,

then
∑∞

n=1 exp(−γnh2) converges by the integral test. Hence it follows by the fact

∞∑
n=1

P ∗{ sup
t∈(0,τ)

|Bn(t)− E∗Bn(t)| > λ} ≤
∞∑
n=1

c1 exp(−α1nh
2) +

∞∑
n=1

c2 exp(−α2nh
2) <∞,
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and the Borel-Cantelli lemma that there exists N <∞ such that

P ∗{ sup
t∈(0,τ)

|Bn(t)− E∗Bn(t)| > λ} = 0

for all n > N , which is equivalent to say that

sup
t∈(0,τ)

|Bn(t)− E∗Bn(t)| → 0 a.s. (2.14)

as n → ∞. On the basis of (2.12) and (2.14) and the continuous mapping theorem, we

can conclude that

sup
t∈(0,τ)

|Bn(t)−B(t)| = sup
t∈(0,τ)

|{Bn(t)− E∗Bn(t)}+ {E∗Bn(t)−B(t)}|

≤ sup
t∈(0,τ)

|Bn(t)− E∗Bn(t)|+ sup
t∈(0,τ)

|E∗Bn(t)−B(t)|

→ 0 a.s.

as n→ 0. Lemma 1.1 is proved.

Lemma 1.2. Suppose assumptions A1-A7 are satisfied. Then,

sup
t∈(0,τ)

∣∣∣φ̂+(t;β0)− φ(t)
∣∣∣→ 0 a.s.

as n→∞.

Proof. First we derive the expectation of An(t;β0):

E∗{An(t;β0)} = E∗
[
∆Kh(t−X){1− e−βT

0 Z(t)}
]

= E∗
[
Kh(t− T ){1− e−βT

0 Z(t)}|T ≤ C
]
P ∗(T ≤ C)

=
π0

h

∫∫
{1− exp(−βT0 z)}K

(
t− x
h

)
fT,Z|T≤C(x, z)dxdz

=
π0

h

∫∫
{1− exp(−βT0 z)}K

(
t− x
h

)
fT |Z(x|z)SC(x)fZ(z)

P (T ≤ C)
dxdz

=
1

h

π0

p0

∫
K

(
t− x
h

)
SC(x)

∫
{1− exp(−βT0 z)}fT |Z(x|z)fZ(z)dzdx (2.15)

From (2.6) it is straightforward to get the relationship∫
{1− exp(−βT0 z)}fT |Z(x|z)fZ(z)dz = φ(x)fT (x).
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Substitute it into (2.15) we have

E∗{An(t;β0)} =
1

h

π0

p0

∫
K

(
t− x
h

)
SC(x)φ(x)fT (x)dx

=
1

h

∫
K

(
t− x
h

)
A(x)dx. (2.16)

Then using the same arguments in Lemma 1.1, we can conclude that

sup
t∈(0,τ)

|An(t;β0)−A(t)| → 0 a.s. (2.17)

as n→ 0, givenK(.) has bounded variation, Z(.) is bounded almost surely, and
∑∞

n=1 exp(−γnh2)

converges for any γ > 0.

Let inft∈(0,τ) |B(t)| = µ > 0. Then for any 0 < λ < µ, we have the following relation-

ship:

P ∗{ sup
t∈(0,τ)

∣∣∣φ̂+(t;β0)− φ(t)
∣∣∣ > λ} = P ∗{ sup

t∈(0,τ)

∣∣∣∣An(t;β0)

Bn(t)
− φ(t)

∣∣∣∣ > λ}

≤P ∗{
supt∈(0,τ) |An(t;β0)− φ(t)Bn(t)|

inft∈(0,τ) |Bn(t)|
> λ}

=P ∗{ sup
t∈(0,τ)

|An(t;β0)− φ(t)Bn(t)| ≥ λ inf
t∈(0,τ)

|Bn(t)|, inf
t∈(0,τ)

|Bn(t)| ≥ µ− λ}

+ P ∗{ sup
t∈(0,τ)

|An(t;β0)− φ(t)Bn(t)| ≥ λ inf
t∈(0,τ)

|Bn(t)|, inf
t∈(0,τ)

|Bn(t)| < µ− λ}

≤P ∗{ sup
t∈(0,τ)

|An(t;β0)− φ(t)Bn(t)| ≥ λ(µ− λ)}+ P ∗{ inf
t∈(0,τ)

|Bn(t)| < µ− λ}.

Since

P ∗{ inf
t∈(0,τ)

|Bn(t)| < µ− λ} = P ∗{ inf
t∈(0,τ)

|B(t)| − inf
t∈(0,τ)

|Bn(t)| > λ} (2.18)

≤P ∗{ sup
t∈(0,τ)

|Bn(t)−B(t)| > λ},
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we have

P ∗{ sup
t∈(0,τ)

∣∣∣φ̂+(t;β0)− φ(t)
∣∣∣ > λ} (2.19)

≤P ∗{ sup
t∈(0,τ)

|An(t;β0)− φ(t)Bn(t)| ≥ λ(µ− λ)}+ P ∗{ sup
t∈(0,τ)

|Bn(t)−B(t)| > λ}

≤P ∗{ sup
t∈(0,τ)

|An(t;β0)− φ(t)B(t)|+ sup
t∈(0,τ)

|φ(t)Bn(t)− φ(t)B(t)| ≥ λ(µ− λ)}

+ P ∗{ sup
t∈(0,τ)

|Bn(t)−B(t)| > λ}

≤P ∗{ sup
t∈(0,τ)

|An(t;β0)−A(t)| ≥ λ(µ− λ)}

+ P ∗{ sup
t∈(0,τ)

|Bn(t)−B(t)| ≥ λ(µ− λ)/d}

+ P ∗{ sup
t∈(0,τ)

|Bn(t)−B(t)| > λ}. (2.20)

Using (2.14) and (2.17) combined with 2.19, we can conclude that

sup
t∈(0,τ)

∣∣∣φ̂+(t;β0)− φ(t)
∣∣∣→ 0 a.s. (2.21)

as n→∞. Lemma 1.2 is proved.

Lemma 1.3. Suppose assumptions A1-A7 are satisfied. Then,

sup
t∈(0,τ)

∣∣∣φ̂+(t; β̂)− φ̂+(t;β0)
∣∣∣→ 0 a.s.

as n→∞.

Proof. Note that

φ̂+(t; β̂)− φ̂+(t;β0) =
Cn(t)

Bn(t)
.
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We first study the convergence of supt∈(0,τ) |Cn(t)|. By Taylor’s theorem we can write Cn(t)

as

Cn(t) =
1

n

n∑
i=1

[
exp{−βT0 Zi(t)} − exp{−β̂TZi(t)}

]
∆iKh(t−Xi)

=
1

n

n∑
i=1

(β̂ − β0)TZi(t) exp{−βT0 Zi(t)}∆iKh(t−Xi) + op(1)

= (β̂ − β0)T

[
1

n

n∑
i=1

Zi(t) exp{−βT0 Zi(t)}∆iKh(t−Xi)

]
+ op(1)

= (β̂ − β0)TDn(t;β0) + op(1),

It is easy to see that for any constant β,

E∗{Dn(t;β)} = E∗
[
Zi(t) exp{−βTZi(t)}∆iKh(t0 −Xi)}

]
= E∗

[
Zi(t) exp{−βTZi(t)}Kh(t0 −Xi)|T ≤ C

]
P ∗(T ≤ C)

=
π0

h

∫∫
{z exp(−βT z)}K

(
t− x
h

)
fT,Z|T≤C(x, z)dxdz

=
π0

h

∫∫
{z exp(−βT z)}K

(
t− x
h

)
fT |Z(x|z)SC(x)fZ(z)

P (T ≤ C)
dxdz

=
1

h

π0

p0

∫
K

(
t− x
h

)∫
z exp(−βT z)fZ|T (z|x)dzfT (x)SC(x)dx

=
1

h

∫
K

(
t− x
h

)
D(x;β)dx (2.22)

using the same arguments in Lemma 1.1, we can conclude that

sup
t∈(0,τ)

|Dn(t;β)−D(t;β)| → 0 a.s. (2.23)

as n→ 0, given that D(.) is continuous, K(.) has bounded variation, Z(t) is bounded almost

surely, and
∑∞

n=1 exp(−γnh2) converges for any γ > 0. So that Dn(t;β0) is bounded almost

surely. By the strong consistency of β̂ and continuous mapping theorem, we can conclude

that

sup
t∈(0,τ)

|Cn(t)| = |β̂ − β0|T { sup
t∈(0,τ)

|Dn(t;β0)|}+ op(1)→ 0 a.s. (2.24)
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as n→ 0. Use similar arguments in (2.19) we can get the following relationship

P{ sup
t∈(0,τ)

∣∣∣∣Cn(t)

Bn(t)

∣∣∣∣ > λ} ≤P ∗{ sup
t∈(0,τ)

|Cn(t;β0)| ≥ λ(µ− λ)}

+ P ∗{ sup
t∈(0,τ)

|Bn(t)−B(t)| ≥ λ(µ− λ)/d}

+ P ∗{ sup
t∈(0,τ)

|Bn(t)−B(t)| > λ},

which in conjunction with the Borel-Cantelli lemma will imply that

sup
t∈(0,τ)

∣∣∣∣Cn(t)

Bn(t)

∣∣∣∣→ 0 a.s. (2.25)

Lemma 1.3 is proved.

Now we can prove Theorem 1 with help of the lemma.

Proof of Theorem 1. Using the triangle inequality, we can easily obtain

sup
t∈(0,τ)

∣∣∣φ̂+(t; β̂)− φ(t)
∣∣∣ = sup

t∈(0,τ)

∣∣∣{φ̂+(t; β̂)− φ̂+(t;β0)
}

+
{
φ̂+(t;β0)− φ(t)

}∣∣∣
≤ sup

t∈(0,τ)

∣∣∣φ̂+(t; β̂)− φ̂+(t;β0)
∣∣∣+ sup

t∈(0,τ)

∣∣∣φ̂+(t;β0)− φ(t)
∣∣∣ .

Then use Lemma 1.2 and Lemma 1.3 we can conclude that

sup
t∈(0,τ)

|φ̂+(t; β̂)− φ(t)| → 0 a.s.

as n→∞. Theorem 1 is proved.

2.3.2 Asymptotic Normality of φ̂+(t; β̂)

The pointwise asymptotic normality of φ̂+(t; β̂) is stated in the following theorem.

Theorem 2. Suppose assumptions A1-A7 are satisfied. Then,

Sn(t0) =
√
nh{φ̂+(t0; β̂)− φ(t0)} →d N(0, σ2(t0))

as n→∞ for any t0 ∈ (0, τ).

Proof. For simplicity, we will use Z to denote Z(t0) in the following proof.
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Write Sn(t0) into two parts,

Sn(t0) =
√
nh{φ̂+(t0; β̂)−φ(t0;β0)} =

√
nh{φ̂+(t0; β̂)−φ̂+(t0;β0)}+

√
nh{φ̂+(t0;β0)−φ(t0;β0)}

We first study the second part.

√
nh{φ̂+(t0;β0)− φ(t0;β0)} =

√
nh
∑n

i=1{1− φ(t0;β0)− exp(−βT0 Zi)}∆iKh(t−Xi)∑n
i=1 ∆iKh(t0 −Xi)

=

√
nh{An(t0;β0)− φ(t0)Bn(t0)}

Bn(t0)
.

Given the uniform consistency of Bn(t), it suffices to study the asymptotic normality of
√
nh{An(t0;β0)− φ(t0)Bn(t0)} and apply Slutsky’s theorem.

Denote

an,i(t0) =

√
h

n
{1− φ(t0;β0)− exp(−βT0 Zi)}∆iKh(t0 −Xi),

so that
√
nh{An(t0;β0)−φ(t0)Bn(t0)} =

∑n
i=1 an,i(t0). Then it suffices to show that an,i(t0)

satisfies the Lyapunov’s condition. We will set forth the condition in the following steps.

First note that

E∗{an,i(t0)}

=

√
h

n
E∗
[
{1− φ(t0;β0)− exp(−βT0 Z)}∆Kh(t0 −X)

]
=π0

√
h

n
E0

[
{1− φ(t0;β0)− exp(−βT0 Z)}Kh(t0 −X)

∣∣∣∣T ≤ C]
=

π0√
nh

∫∫
{1− φ(t0;β0)− exp(−βT0 z)}K

(
t0 − x
h

)
fT,Z|T≤C(x, z)dxdz

=
π0√
nh

∫∫
{1− φ(t0;β0)− exp(−βT0 z)}K

(
t0 − x
h

)
fT |Z(x|z)SC(x)fZ(z)

P (T ≤ C)
dxdz

by the random censoring assumption,

=
π0

p0

√
h

n

∫∫
{1− φ(t0;β0)− exp(−βT0 z)}K(u)fT |Z(t0 − uh|z)SC(t0 − uh)fZ(z)dudz

by letting u =
t0 − x
h

,

=
π0

p0

√
h

n

[∫
{1− φ(t0;β0)− exp(−βT0 z)}fT |Z(t0|z)SC(t0)fZ(z)dz + h2r(t0) +O(h3)

]
by the Taylor’s expansion,
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where

r(t0) =

∫
u2K(u)du

∫
{1− φ(t0;β0)− exp(−βT0 z)}{f ′T |Z(t0|z)S′C(t0)

+
1

2
fT |Z(t0|z)S′′C(t0) +

1

2
f ′′T |Z(t0|z)SC(t0)}fZ(z)dz.

The first part in the brackets equals zero by noting that∫
{1− φ(t0;β0)− exp(−βT0 z)}fT |Z(t0|z)SC(t0)fZ(z)dz

=SC(t0){1− φ(t0;β0)}
∫
fT |Z(t0|z)fZ(z)dz − SC(t0)

∫
exp(−βT0 z)fT |Z(t0|z)fZ(z)dz

=SC(t0){1− φ(t0;β0)}fT (t0)− SC(t0)

∫
exp(−βT0 z)fT |Z(t0|z)fZ(z)dz

=SC(t0)

∫
exp(−βT0 z)fT |Z(t0|z)fZ(z)dz

fT (t0)
fT (t0)− SC(t0)

∫
exp(−βT0 z)fT |Z(t0|z)fZ(z)dz

=0

Hence E∗{an,i(t0)} =
√
h5/nr(t0)π0/p0 +O(

√
h7/n) = O(

√
h5/n).

Similarly, we can show that

E∗{a2
n,i(t0)}

=
h

n
E∗
[
{1− φ(t0;β0)− exp(−βT0 Z)}2∆K2

h(t0 −X)
]

=
π0h

n
E0

[
{1− φ(t0;β0)− exp(−βT0 Z)}2K2

h(t0 −X)

∣∣∣∣T ≤ C]
=
π0

nh

∫∫
{1− φ(t0;β0)− exp(−βT0 z)}2K2

(
t0 − x
h

)
fT,Z|T≤C(x, z)dxdz

=
π0

nh

∫∫
{1− φ(t0;β0)− exp(−βT0 z)}2K2

(
t0 − x
h

)
fT |Z(x|z)SC(x)fZ(z)

P (T ≤ C)
dxdz

by the random censoring assumption,

=
π0

np0

∫∫
{1− φ(t0;β0)− exp(−βT0 z)}2K2(u)fT |Z(t0 − uh|z)SC(t0 − uh)fZ(z)dudz

by letting u =
t0 − x
h

,

=
π0

np0

[∫
{1− φ(t0;β0)− exp(−βT0 z)}2fT |Z(t0|z)SC(t0)fZ(z)dz

∫
K2(u)du+O(h)

]
by the Taylor’s expansion,
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and

E∗{a3
n,i(t0)}

=(
h

n
)3/2E∗

[
{1− φ(t0;β0)− exp(−βT0 Z)}3∆K3

h(t0 −X)
]

=π0(
h

n
)3/2E0

[
{1− φ(t0;β0)− exp(−βT0 Z)}3K3

h(t0 −X)

∣∣∣∣T ≤ C]
=π0(

1

nh
)3/2

∫∫
{1− φ(t0;β0)− exp(−βT0 z)}3K3

(
t0 − x
h

)
fT,Z|T≤C(x, z)dxdz

=π0(
1

nh
)3/2

∫∫
{1− φ(t0;β0)− exp(−βT0 z)}3K3

(
t0 − x
h

)
fT |Z(x|z)SC(x)fZ(z)

P (T ≤ C)
dxdz

by the random censoring assumption,

=
π0

p0n
√
nh

∫∫
{1− φ(t0;β0)− exp(−βT0 z)}3K3(u)fT |Z(t0 − uh|z)SC(t0 − uh)fZ(z)dudz

by letting u =
t0 − x
h

,

=
π0

p0n
√
nh

[∫
{1− φ(t0;β0)− exp(−βT0 z)}3fT |Z(t0|z)SC(t0)fZ(z)dz

∫
K3(u)du+O(h)

]
by the Taylor’s expansion,

Hence we have,

n∑
i=1

E∗{an,i(t0)− E∗an,i(t0)}3

=nE∗{an,i(t0)3} − 3nE∗{an,i(t0)2}E∗{an,i(t0)}+ 2n [E∗{an,i(t0)}]3

=O(1/
√
nh) + nO(1/n) ·O(

√
h/n) + nO((h/n)3/2)

=O(1/
√
nh),

and

n∑
i=1

V ar∗{an,i(t0)} = nE∗{a2
n,i(t0)} − n[E∗{an,i(t0)}]2

=
π0

p0

∫
{1− φ(t0;β0)− exp(−βT0 z)}2fT |Z(t0|z)SC(t0)fZ(z)dz

∫
K2(u)du+O(h2).

Denote the limiting variance as

σ2
A(t) =

π0

p0

∫
{1− φ(t;β0)− exp(−βT0 z)}2fT |Z(t|z)SC(t)fZ(z)dz

∫
K2(u)du,
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then
n∑
i=1

V ar∗{an,i(t0)} = σ2
A(t0) +O(h2),

The Lyapunov’s condition satisfies∑n
i=1E{an,i(t)− Ean,i(t)}3

[
∑n

i=1 V ar{an,i(t)}]3/2
→ 0

as
√
nh→∞. By Lyapunov’s Central Limit Theorem, we have

√
nh{An(t0;β0)− φ(t0)Bn(t0)} −

∑n
i=1E

∗{an,i(t0)}
[
∑n

i=1 V ar
∗{an,i(t0)}]1/2

→d N(0, 1),

and so that
√
nh{An(t0;β0)− φ(t0)Bn(t0)} →d N(0, σ2

A(t0))

by Slutsky’s theorem and the facts that

n∑
i=1

E∗{an,i(t0)} = nE∗{an,i(t0)} =
√
nh5π0r(t0)/p0 → 0,

n∑
i=1

V ar∗{an,i(t0)} → σ2
A(t0),

Remark. A usual choice of bandwidth is to let h = h0n
−1/5 which minimizes the asymp-

totic integrated mean square error. This bandwidth choice would lead to asymptotic bias

for
√
nh{An(t0;β0)−φ(t0)Bn(t0)} (thus for Sn(t0)), which in our case is

√
h0r(t)π0/p0. We

choose to use a faster converging bandwidth i.e. h = h0n
d with d < −1/5 so that the bias

vanishes as n gets large, although this would compromise some efficiency.

Then we can conclude from the above results that,

√
nh{φ̂+(t0;β0)− φ(t0;β0)} →d N(0, σ2(t0)).

where σ2(t) ≡ σ2
A(t)/B2(t).

This completes the asymptotic normality of the second part. In the following we will show

that the first part vanish as h→ 0. Note that

√
nh{φ̂+(t0; β̂)− φ̂+(t0;β0)} =

√
nhCn(t0)

Bn(t0)
,
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and by Taylor’s theorem,
√
nhCn(t0) can be written as

√
nhCn(t0) (2.26)

=

√
h

n

n∑
i=1

{exp(−βT0 Zi)− exp(−β̂TZi)}∆iKh(t0 −Xi) (2.27)

=

√
h

n

n∑
i=1

{exp(−β0Zi)(β̂ − β0)TZi +Op(1/n)}∆iKh(t0 −Xi) (2.28)

=

√
h

n

n∑
i=1

exp(−β0Zi)(β̂ − β0)TZi∆iKh(t0 −Xi) +Op(1/n) ·
√
h

n

n∑
i=1

∆iKh(t0 −Xi)

(2.29)

=
√
h{
√
n(β̂ − β0)}T

{ 1

n

n∑
i=1

exp(−β0Zi)Zi∆iKh(t0 −Xi)
}

+Op(
√
h/n)Bn(t0) (2.30)

=
√
h{
√
n(β̂ − β0)}TDn(t0;β0) +Op(

√
h/n)Bn(t0). (2.31)

By the properties of MLE, we have

√
n(β̂ − β0)→d N(0, I−1(β0))

where I(β0) is the Fisher information with respect to β. Combined with the convergence of

Dn(t0, β0) and Bn(t0), we see that
√
nhCn(t0)→ 0 as h→ 0, so that

√
nh{φ̂+(t0; β̂)− φ̂+(t0;β0)} → 0

as h→ 0. This completes the proof of theorem 2.
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2.3.3 Uniform Consistency of φ̂−(t; β̂)

The derivation of asymptotic results for φ̂−(t; β̂) is similar to that of φ̂+(t; β̂). We first

introduce the following notation

ψ(t) =

∫
exp(βT z)fZ|T≥t(z)dz,

ψ̂(t; β̂) =

∑n
i=1 exp{β̂TZi(t)}(1−∆i)Kh(t−Xi)∑n

i=1(1−∆i)Kh(t−Xi)
,

An(t;β) =
1

n

n∑
i=1

(1−∆i)Kh(t−Xi) exp{βTZi(t)},

Bn(t) =
1

n

n∑
i=1

(1−∆i)Kh(t−Xi),

Cn(t) =
1

n

n∑
i=1

(1−∆i)Kh(t−Xi){eβ̂
TZi(t) − eβT

0 Zi(t)},

Dn(t;β) =
1

n

n∑
i=1

(1−∆i)Kh(t−Xi)Zi(t)e
βTZi(t),

A(t) = ψ(t)fC(t)ST (t)(1− π0)/(1− p0),

B(t) = fC(t)ST (t)(1− π0)/(1− p0),

D(t;β) =
{∫

zeβ
T zdFZ|T≥t(z)

}
fC(t)ST (t)(1− π0)/(1− p0).

We state the uniform consistency of φ̂−(t; β̂) in the following theorem:

Theorem 3. Suppose assumptions A1-A7 are satisfied. Then,

sup
t∈(0,τ)

|φ̂−(t; β̂)− φ(t)| → 0 a.s.

as n→∞.

Proof. Since φ̂−(t; β̂) = 1−ψ̂(t; β̂)−1, it suffices to show that ψ̂(t; β̂) is uniformly consistent

for ψ(t) for t ∈ (0, τ) and then apply the continuous mapping theorem. Note that

ψ̂(t; β̂) =
An(t;β0)

Bn(t)
+
Cn(t)

Bn(t)
, (2.32)
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so it suffices to prove the consistency of Bn(t), An(t;β0), Cn(t), then use the similar argu-

ment in Theorem 1 to show the consistency of ψ̂(t; β̂). Indeed,

E∗{Bn(t)} = E∗{(1−∆)Kh(t−X)}

= E∗{Kh(t−X)|∆ = 0}P ∗(∆ = 0)

= E0{Kh(t− C)|∆ = 0}(1− π0)

= E0{Kh(t− C)|C ≤ T}(1− π0)

=
1− π0

h

∫
K

(
t− x
h

)
fC|C≤T (x)dx

=
1− π0

1− p0

1

h

∫
K

(
t− x
h

)
fC(x)ST (x)dx

=
1

h

∫
K

(
t− x
h

)
B(x)dx, (2.33)

and

E∗{An(t;β0)} = E∗
[
(1−∆)Kh(t−X) exp{βT0 Zi(t)}

]
= E∗

[
Kh(t−X) exp{βT0 Z(t)}|∆ = 0

]
P ∗(∆ = 0)

= E0

[
Kh(t− C) exp{βT0 Z(t)|C ≤ T

]
(1− π0)

=
1− π0

h

∫∫
exp(βT0 z)K

(
t− x
h

)
fC,Z|C≤T (x, z)dxdz

=
1− π0

1− p0

1

h

∫∫
exp(βT0 z)K

(
t− x
h

)
fC(x)ST (x)fZ|T≥x(z)dxdz

=
1− π0

1− p0

1

h

∫
K

(
t− x
h

)
ψ(x)fC(x)ST (x)dx

=
1

h

∫
K

(
t− x
h

)
A(x)dx. (2.34)

Therefore, with similar arguments in the proofs of Lemma 1.1 and 1.2, we can conclude that

sup
t∈(0,τ)

∣∣∣∣An(t;β0)

Bn(t)
− ψ(t)

∣∣∣∣→ 0 a.s. (2.35)
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as n→∞.

Additionally, we have

Cn(t) =
1

n

n∑
i=1

[
exp{β̂TZi(t)} − exp{βT0 Zi(t)}

]
(1−∆i)Kh(t−Xi)

=
1

n

n∑
i=1

(β̂ − β0)TZi(t) exp{βT0 Zi(t)}(1−∆i)Kh(t−Xi) + op(1)

= (β̂ − β0)TDn(t;β0) + op(1), (2.36)

and

E∗{Dn(t;β)} = E∗
[
Z(t) exp{βTZ(t)}(1−∆)Kh(t0 −X)}

]
= E∗

[
Z(t) exp{βTZ(t)}Kh(t0 − C)|C ≤ T

]
(1− p0)

=
1− π0

h

∫∫
{z exp(βT z)}K

(
t− x
h

)
fC,Z|C≤T (x, z)dxdz

=
1− π0

1− p0

1

h

∫∫
{z exp(βT z)}K

(
t− x
h

)
fC(x)ST (x)fZ|T≥x(z)dxdz

=
1

h

∫
K

(
t− x
h

)
D(x;β)dx (2.37)

for any β. Then we conclude using similar arguments in proof of Lemma 1.3 that

sup
t∈(0,τ)

∣∣∣∣Cn(t)

Bn(t)

∣∣∣∣→ 0 a.s. (2.38)

as n→∞. With (2.35) and (2.38) and by using triangle inequality we can conclude that

sup
t∈(0,τ)

|ψ̂a(t; β̂)− ψ(t)| → 0 a.s.

as n→∞. Theorem 3 is proved.

2.3.4 Asymptotic Normality of φ̂−(t; β̂)

The asymptotic property of φ̂−(t; β̂) is stated in the following theorem.

Theorem 4. Suppose that assumptions A1-A7 are satisfied. Then
√
nh{φ̂−(t; β̂) − φ(t)}

converges weakly to a zero-mean Gaussian process for t ∈ [0, τ ].

Proof. It suffices to prove the convergence of
√
nh{ψ̂(t; β̂) − ψ(t)} then apply the delta
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method. We will first prove the pointwise (finite dimensional) convergence, then verify the

Stone’s condition for tightness.

Let t0 be any constant between 0 and τ . Write

√
nh{ψ̂(t0; β̂)− ψ(t0)} =

√
nh{ψ̂(t0; β̂)− ψ̂(t0;β0)}+

√
nh{ψ̂(t0;β0)− ψ(t0)}

=
√
nh

(
Cn(t0)

Bn(t0)

)
+
√
nh

(
An(t0;β0)

Bn(t0)
− ψ(t0)

)
.

We first show the convergence of
√
nh{An(t0;β0)Bn(t0)−1 − ψ(t0)}. Given the uniform

consistency for Bn(t), it sufficed to show the asymptotic normality of
√
nh(An(t0;β0) −

ψ(t0)Bn(t0)). Denote

an,i(t0) =

√
h

n
{exp(βT0 Zi)− ψ(t0)}(1−∆i)Kh(t0 −Xi),

so that
∑n

i=1 an,i(t0) =
√
nh(An(t0;β0) − ψ(t0)Bn(t0)). We verify the Lyapunov condition

in the following steps. First note that

E∗{an,i(t0)}

=

√
h

n
E∗
[
{exp(−βT0 Z)− ψ(t0;β0)}(1−∆)Kh(t0 −X)

]
=(1− π0)

√
h

n
E0

[
{exp(βT0 Z)− ψ(t0;β0)}(1−∆)Kh(t0 − C)

∣∣C ≤ T ]
=

1− π0√
nh

∫∫
{exp(βT0 z)− ψ(t0;β0)}K

(
t0 − x
h

)
fC,Z|C≤T (x, z)dxdz

=
1− π0√
nh(1− p0)

∫∫
{exp(βT0 z)− ψ(t0;β0)}K

(
t0 − x
h

)
fC(x)ST |Z(x|z)fZ(z)dxdz

=
1− π0

1− p0

√
h

n

∫∫
{exp(βT0 z)− ψ(t0;β0)}K(u)fC(t0 − uh)ST |Z(t0 − uh|z)fZ(z)dudz

by letting u =
t0 − x
h

,

=
1− π0

1− p0

√
h

n

[∫
{exp(βT0 z)− ψ(t0;β0)}fC(t0)ST |Z(t0|z)fZ(z)dz + h2r(t0) +O(h3)

]
by the Taylor’s expansion,

=
1− π0

1− p0

√
h

n
{h2r(t0) +O(h3)},
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where

r(t0) =

∫
u2K(u)du

∫
{exp(βT0 z)− ψ(t0;β0)}{S′T |Z(t0|z)f ′C(t0)+

1

2
ST |Z(t0|z)f ′′C(t0) +

1

2
S′′T |Z(t0|z)fC(t0)}fZ(z)dz.

Similarly, we have

E∗{a2
n,i(t0)}

=
h

n
E∗
[
{exp(−βT0 Z)− ψ(t0;β0)}2(1−∆)K2

h(t0 −X)
]

=
1− π0

nh

∫∫
{exp(βT0 z)− ψ(t0;β0)}2K2

(
t0 − x
h

)
fC,Z|C≤T (x, z)dxdz

=
1− π0

nh(1− p0)

∫∫
{exp(βT0 z)− ψ(t0;β0)}2K2

(
t0 − x
h

)
fC(x)ST |Z(x|z)fZ(z)dxdz

=
1− π0

n(1− p0)

∫∫
{exp(βT0 z)− ψ(t0;β0)}2K2(u)fC(t0 − uh)ST |Z(t0 − uh|z)fZ(z)dudz

by letting u =
t0 − x
h

,

=
1− π0

n(1− p0)

[∫
{exp(βT0 z)− ψ(t0;β0)}2fC(t0)ST |Z(t0|z)fZ(z))dz

∫
K2(u)du+O(h)

]
by the Taylor’s expansion,

and

E∗{a3
n,i(t0)}

=

(
h

n

)3/2

E∗
[
{exp(βT0 Z)− ψ(t0;β0)}3(1−∆)K3

h(t0 −X)
]

=
1− π0

1− p0
(

1

nh
)3/2

∫∫
{exp(βT0 z)− ψ(t0;β0)}3K3

(
t0 − x
h

)
fC,Z|C≤T (x, z)dxdz

=
1− π0

1− p0
(

1

nh
)3/2

∫∫
{exp(βT0 z)− ψ(t0;β0)}3K3

(
t0 − x
h

)
fC(x)ST |Z(x|z)fZ(z)dxdz

=
1− π0

n
√
nh(1− p0)

∫∫
{exp(βT0 z)− ψ(t0;β0)}3K3(u)fC(t0 − uh)ST |Z(t0 − uh|z)fZ(z)dudz

by letting u =
t0 − x
h

,

=
1− π0

n
√
nh(1− p0)

[∫
{exp(βT0 z)− ψ(t0;β0)}3fC(t0)ST |Z(t0|z)fZ(z)dz

∫
K3(u)du+O(h)

]
by the Taylor’s expansion,
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Given that

n∑
i=1

E∗{an,i(t0)− E∗an,i(t0)}3

=nE∗{an,i(t0)3} − 3nE∗{an,i(t0)2}E∗{an,i(t0)}+ 2n [E∗{an,i(t0)}]3

=O(1/
√
nh) + 3nO(1/n) ·O(

√
h/n) + 2nO((h/n)3/2)

=O(1/
√
nh),

and

n∑
i=1

V ar∗{an,i(t0)} = nE∗{a2
n,i(t0)} − n[E∗{an,i(t0)}]2

=(1− π0)

∫
{exp(βT0 z)− ψ(t0;β0)}2fC(t0)ST |Z(t0|z)fZ(z)dz

∫
K2(u)du+O(h) +O(h5)

=σ2
A

(t0) +O(h),

where

σ2
A

(t) = B(t)

∫
K2(u)du

∫
{exp(βT0 z)− ψ(t;β0)}2dFZ|T≥t(z), (2.39)

the Lyapunov’s condition satisfies by verifying∑n
i=1E

∗{an,i(t)− E∗an,i(t)}3

[
∑n

i=1 V ar
∗{an,i(t)}]3/2

= O(1/
√
nh)→ 0

as
√
nh→∞. Then by Lyapunov’s Central Limit Theorem,

√
nh(An(t0;β0)− ψ(t0)Bn(t0))−

∑n
i=1E

∗{an,i(t0)}
[
∑n

i=1 V ar
∗{an,i(t0)}]1/2

→d N(0, 1).

Since
n∑
i=1

E∗{an,i(t0)} = nE∗{an,i(t0)} = O(
√
nh5)→ 0,

and
n∑
i=1

V ar∗{an,i(t0)} = σ2
A

(t0) +O(h2),

we conclude that

√
nh{An(t0;β0)− ψ(t0)Bn(t0)} →d N(0, σ2

A
(t0)),
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and thereafter by Slutsky’s theorem

√
nh

(
An(t0;β0)

Bn(t0)
− ψ(t0)

)
→d N(0, σ2

ψ(t0))

where

σ2
ψ(t0) =

σ2
A

(t0)

B
2
(t0)

.

The next step is to show the convergence of
√
nhCn(t0)

Bn(t0)
. Note that from (2.36), we have

√
nhCn(t0) =

√
h{
√
n(β̂ − β0)T }Dn(t;β0) + op(1).

Because
√
n(β̂−β0) converges and Dn(t;β0) is bounded almost surely,

√
nhCn(t0) vanishes

as h goes to 0. Therefore,

√
nh{ψ̂(t0; β̂)− ψ(t0)} →d N(0, σ2

ψ(t0)), (2.40)

and by the delta method, we have

√
nh{φ̂−(t0; β̂)− φ(t0)} →d N(0, σ2

−(t0)), (2.41)

where σ2
−(t0) = σ2

ψ(t0)ψ−4(t0). Theorem 4 is proved.

2.3.5 Uniform Consistency and Asymptotic Normality of φ̂w(t; β̂)

We now study the asymptotic properties of φ̂w(t; β̂). Recall that

φ̂w(t; β̂) = π0φ̂+(t; β̂) + (1− π0)φ̂−(t; β̂). (2.42)

Since φ̂w(t; β̂) is the weighted average of φ̂+(t; β̂) and φ̂−(t; β̂) with known constant weights,

the uniform consistency of φ̂w(t; β̂) immediately follows the uniform consistency of both

φ̂+(t; β̂) and φ̂−(t; β̂). Now we prove the asymptotic normality of φ̂w(t; β̂) with the following

theorem.

Theorem 5. Suppose that assumptions A1-A7 are satisfied. Then
√
nh{φ̂w(t; β̂) − φ(t)}

converges weakly to a zero-mean Gaussian process for t ∈ [0, τ ].

Proof. Let t0 ∈ (0, τ). Note that

√
nh{φ̂w(t0; β̂)− φ(t0)} =

√
nh{φ̂+(t0; β̂)− φ(t0)}π0 +

√
nh{φ̂−(t0; β̂)− φ(t0)}(1− π0).
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We have proved that

√
nh{φ̂+(t0; β̂)− φ(t0)} =

√
nh{An(t0;β0)− φ(t0)Bn(t0)}B−1

n (t0) +
√
nh{Cn(t0)}B−1

n (t0)

=
√
nh{An(t0;β0)− φ(t0)Bn(t0)}B−1(t0) + op(1),

and

√
nh{φ̂−(t0; β̂)− φ(t0)}

=
√
nh{ψ̂(t0; β̂)− ψ(t0)}ψ−2(t0) + op(1)

=
√
nh{An(t0;β0)− ψ(t0)Bn(t0)}B−1

n (t0) +
√
nh{Cn(t0)}B−1

n (t0) + op(1)

=
√
nh{An(t0;β0)− ψ(t0)Bn(t0)}B−1

(t0) + op(1).

Since An(t0;β0)−φ(t0)Bn(t0) involves only the cases, and An(t0;β0)−ψ(t0)Bn(t0) involves

only the controls, the two quantities are independent. Thus
√
nh{φ̂+(t0; β̂) − φ(t0)} and

√
nh{φ̂−(t0; β̂)−φ(t0)} are asymptotically independent. Given the asymptotic normality of
√
nh{φ̂+(t0; β̂)−φ(t0)} and

√
nh{φ̂−(t0; β̂)−φ(t0)} and the property of normal distribution,

we can conclude that

√
nh{φ̂w(t0; β̂)− φ(t0)} →d N(0, σ2

w(t0)),

where

σ2
w(t) = π2

0σ
2
+(t) + (1− π0)2σ2

−(t). (2.43)

Theorem 5 is proved.

2.4 Finite Sample Properties

2.4.1 Variance estimates of φ̂+(t; β̂) with correction for finite sample

The asymptotic properties derived in the last section are very useful in estimating the vari-

ances and confidence intervals. However, variance estimates relying solely on the asymptotic

results may perform poorly due to the slow vanishing rate of
√
h. In fact, in real practice

with finite samples,
√
h might not be close to zero even with large sample size. In this case

the first part of Sn(t),
√
nh{φ̂+(t; β̂) − φ̂+(t;β0)} cannot be regarded as zero. Instead we
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need to consider its contribution to the asymptotic results by taking the bandwidth h as a

known non-zero constant.

It can be easily verified that the Lyapunov’s condition for asymptotic normality of
√
nhAn(t;β0)

does not depend on the bandwidth assumption A4, so the asymptotic normality still holds,

yet the variance estimate needs to be corrected. The correction term comes from the vari-

ance of
√
nh{φ̂+(t0; β̂)− φ̂+(t;β0)} and the covariance between

√
nh{φ̂+(t; β̂)− φ̂+(t;β0)}

and
√
nh{φ̂+(t;β0) − φ(t;β0)}. These are stated in Theorem 6, after introduction of the

follow notation:

σ2
C(t;h) = hD(t;β0)T I−1(β0)D(t;β0),

σAC(t;h) = hD(t;β0)TE
[
∆iKh(t−Xi){1− φ(t;β)− e−β0Zi}l̃β(Xi)

]
,

where l̃β(Xi) is the efficient influence function for β in the logistic model.

Theorem 6 Suppose assumptions A1-A3, A5-A7 are satisfied. Then the limiting variance

of
√
nh{φ̂+(t0; β̂) − φ̂+(t0;β0)} equals to σ2

C(t0;h)B−2(t0) for any t0 ∈ (0, τ). Moreover,

the limiting covariance between
√
nh{φ̂+(t; β̂)− φ̂+(t;β0)} and

√
nh{φ̂+(t;β0)−φ(t;β0)} is

σAC(t0;h)B−2(t0).

Proof. Since condition A4 is not assumed here, we regard the bandwidth as a known

constant. From (2.26) we have

√
nhCn(t0) =

√
h{
√
n(β̂ − β0)}TDn(t0;β0) + op(1),

for any t0 ∈ (0, τ). When h is a pre-specified constant, it is straightforward to obtain

√
nhCn(t0)→d N(0, σ2

C(t0;h)).

Therefore, the limiting variance of
√
nh{φ̂+(t0; β̂)−φ̂+(t0;β0)} equals to σ2

C(t0)/B2(t0). The

next step is to study the covariance between
√
nh{An(t0;β0)−φ(t0)Bn(t0)} and

√
nhCn(t0).

Write
√
n(β̂ − β0) into asymptotic linear form,

√
n(β̂ − β0) =

1√
n

n∑
i=1

l̃β(Xi) + op(1)
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and substitute it into (2.26), we can write both
√
nh{An(t0;β0)−φ(t0)Bn(t0)} and

√
nhCn(t0)

into asymptotic iid form:

√
nh{An(t0;β0)− φ(t0)Bn(t0)} =

n∑
i=1

an,i(t0)

√
nhCn(t0;h) =

n∑
i=1

cn,i(t0) + op(1),

where

an,i(t0) =

√
h

n
{1− φ(t0)− exp(−βT0 Zi)}∆iKh(t0 −Xi),

cn,i(t0) =

√
h

n
l̃β(Xi)

TD(t0).

Thus the covariance between
√
nh{An(t0;β0)− φ(t0)Bn(t0)} and

√
nhCn(t0) is

nCov{an,i(t0), cn,i(t0)}+ op(1)

=nE∗{an,i(t0)cn,i(t0)}+ op(1)

=σAC(t0;h) + op(1).

Therefore, the limiting covariance between between
√
nh{φ̂+(t; β̂)−φ̂+(t;β0)} and

√
nh{φ̂+(t;β0)−

φ(t;β0)} is σAC(t0;h)/B2(t0).

Theorem 6 is proved.

The variance estimator of φ̂+(t; β̂) could be established based on the asymptotic variance

with finite sampling correction. We propose the following estimators for σ2
A(t), σ2

C(t;h),

and σAC(t;h) respectively:

σ̂2
A(t) =

h

n

n∑
i=1

∆iKh(t−Xi)
2{1− φ̂+(t; β̂)− e−β̂TZi(t)}2,

σ̂2
C(t;h) = hDn(t; β̂)T Î−1(β̂)Dn(t; β̂),

σ̂AC(t;h) =
h

n

n∑
i=1

∆iKh(t−Xi){1− φ̂+(t; β̂)− e−β̂TZi(t)}̂l̃β(Xi)
TDn(t; β̂),

where Î−1(β̂) is the estimator of the Fisher’s information and
̂̃
lβ(Xi) is the estimator of the

efficient influence function from the logistic model. Combining these together we have the
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variance estimator for
√
nh{φ̂+(t; β̂)− φ(t)} that

σ̂2
+(t;h) =

σ̂2
A(t) + 2σ̂AC(t;h) + σ̂2

C(t;h)

B2
n(t)

. (2.44)

2.4.2 Variance estimates of φ̂−(t; β̂) with correction for finite sample

Similar to φ̂+(t0; β̂), the finite sample performance of φ̂−(t0; β̂) depends on the bandwidth,

and the variance estimation through asymptotic derivation needs to be corrected in the

finite sampling. The idea is to regard the bandwidth as a non-zero constant and calculate

the correction term from the variance of
√
nh{ψ̂(t0; β̂) − ψ̂(t;β0)} and the covariance be-

tween
√
nh{ψ̂(t; β̂)− ψ̂(t;β0)} and

√
nh{ψ̂(t;β0)−ψ(t;β0)}, and apply this to the variance

estimation. We state the main result in the following theorem.

Theorem 7 Denote

σ2
C

(t;h) = hD
T

(t;β0)I−1(β0)D(t;β0),

σAC(t;h) = hD(t;β0)TE
[
(1−∆i)Kh(t−Xi){exp(βT0 Zi)− ψ(t)}l̃β(Xi)

]
.

Suppose assumptions A1-A3, A5-A7 are satisfied. Then the limiting variance of
√
nh{ψ̂(t0; β̂)−

ψ̂(t0;β0)} equals to σ2
C

(t0;h)B
−2

(t0) for any t0 ∈ (0, τ). Moreover, the limiting covariance

between
√
nh{ψ̂(t; β̂)− ψ̂(t;β0)} and

√
nh{ψ̂(t;β0)− ψ(t;β0)} is σAC(t0;h)B

−2
(t0).

Proof. Since Condition A4 is not assumed here, we regard the bandwidth as a known

constant. We have established the relationship

√
nhCn(t0) =

√
h{
√
n(β̂ − β0)}TDn(t0;β0) + o(1),

Since

√
n(β̂ − β0)→d N(0, I−1(β0)),

Dn(t0;β0)→p D(t0),

we have
√
nhCn(t0)→d N(0, σ2

C
(t0;h)),

and so that the limiting variance of
√
nh{ψ̂(t0; β̂) − ψ̂(t0;β0)} =

√
nh{Cn(t0)/Bn(t0)} is

σ2
C

(t0;h)/B
2
(t0). Next we will study the covariance between

√
nh{ψ̂(t; β̂) − ψ̂(t;β0)} and
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√
nh{ψ̂(t;β0)− ψ(t;β0)}. Since

√
n(β̂ − β0) =

1√
n

n∑
i=1

l̃β(Xi) + op(1),

we can write both
√
nh{An(t0;β0)− ψ(t0)Bn(t0)} and

√
nhCn(t0) in asymptotic iid form:

√
nh{An(t0;β0)− ψ(t0)Bn(t0)} =

n∑
i=1

an,i(t0)

√
nhCn(t0;h) =

n∑
i=1

cn,i(t0) + op(1).

where

an,i(t0) =

√
h

n
{exp(βT0 Zi)− ψ(t0)}(1−∆i)Kh(t0 −Xi),

cn,i(t0) =

√
h

n
l̃β(Xi)

TD(t0).

Thus the limiting covariance between
√
nh{An(t0;β0)− ψ(t0)Bn(t0)} and

√
nhCn(t0;h) is

nCov{an,i(t0), cn,i(t0)}+ op(1)

=nE∗{an,i(t0)cn,i(t0)}+ op(1)

=σAC(t0) + op(1),

and the limiting covariance between
√
nh{φ̂−(t; β̂)−φ̂−(t;β0)} and

√
nh{φ̂+(t;β0)−φ(t;β0)}

is σAC(t0;h)/B
2
(t0).

Theorem 7 is proved.

We propose the following estimators for σ2
A

(t), σ2
C

(t;h), and σAC(t;h) respectively:

σ̂2
A

(t) =
h

n

n∑
i=1

(1−∆i)K
2
h(t−Xi){eβ̂

TZi(t) − ψ̂(t; β̂)}2,

σ̂2
C

(t;h) = hDn(t; β̂)T Î−1(β̂)Dn(t; β̂),

σ̂AC(t;h) =
h

n

n∑
i=1

(1−∆i)Kh(t−Xi){eβ̂
TZi(t) − ψ̂(t; β̂)}̂l̃β(Xi)

TDn(t; β̂),

and thereafter a variance estimator for
√
nh{φ̂−(t; β̂)− φ(t)} is

σ̂2
−(t;h) =

σ̂2
A

(t) + 2σ̂AC(t;h) + σ̂2
C

(t;h)

B
2
n(t)ψ̂4(t; β̂)

. (2.45)
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2.4.3 Variance estimates of φ̂w(t; β̂) with correction for finite sample

The asymptotic variance of φ̂w(t; β̂) is a combination of the asymptotic variances of φ̂+(t; β̂)

and φ̂−(t; β̂). The same finite sample correction on the variance estimates of φ̂+(t; β̂) and

φ̂−(t; β̂) would be applied in the same way on φ̂w(t; β̂). Furthermore, when the bandwidth h

is not close to zero,
√
nh{φ̂+(t0; β̂)−φ(t0)} and

√
nh{φ̂−(t0; β̂)−φ(t0)} cannot be regarded

as approximately independent, and their covariance needs to be considered. Here we derive

the limiting covariance of
√
nh{φ̂+(t0; β̂)− φ(t0)} and

√
nh{φ̂−(t0; β̂)− φ(t0)} under finite

sampling. Denote

σAC(t;h) = hD(t;β0)TE
[
∆iKh(t−Xi){1− φ(t;β)− e−β0Zi}l̃β(Xi)

]
,

σAC(t;h) = hD(t;β0)TE
[
(1−∆i)Kh(t−Xi){exp(βT0 Zi)− ψ(t)}l̃β(Xi)

]
,

σCC(t;h) = hDT (t;β0)I−1(β0)D(t;β0),

and let

σ+−(t;h) =
σAC(t;h) + σAC(t;h) + σCC(t;h)

B(t)B(t)ψ2(t)
.

Theorem 8 Suppose assumptions A1-A3, A5-A7 are satisfied. Then the limiting covariance

between
√
nh{φ̂+(t0; β̂)− φ(t0)} and

√
nh{φ̂−(t0; β̂)− φ(t0)} is σ+−(t;h).

Proof. Recall that

√
nh{φ̂+(t0; β̂)− φ(t0)}

=
√
nh{An(t0;β0)− φ(t0)Bn(t0)}B−1(t0) +

√
nh{Cn(t0)}B−1(t0) + op(1),

and

√
nh{φ̂−(t0; β̂)− φ(t0)}

=
√
nh{An(t0;β0)− ψ(t0)Bn(t0)}B−1

(t0)ψ−2(t0) +
√
nh{Cn(t0)}B−1

(t0)ψ−2(t0) + op(1).

Since An(t0;β0) − φ(t0)Bn(t0) and An(t0;β0) − ψ(t0)Bn(t0) are independent, the limiting

covariance between
√
nh{φ̂+(t0; β̂)−φ(t0)} and

√
nh{φ̂−(t0; β̂)−φ(t0)} comes from the lim-

iting covariances between {An(t0;β0)−φ(t0)Bn(t0)} and Cn(t0), {An(t0;β0)−ψ(t0)Bn(t0)}
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and Cn(t0), and Cn(t0) and Cn(t0). Using the results in the proofs of Theorem 6 and Theo-

rem 7, it is straightforward to show that these limiting covariances are σAC(t0;h), σAC(t0;h),

and σCC(t0;h), respectively; hence, the limiting covariance between
√
nh{φ̂+(t0; β̂)−φ(t0)}

and
√
nh{φ̂−(t0; β̂)− φ(t0)} is σ+−(t;h). Theorem 8 is proved.

We propose the following estimators for σAC(t0;h), σAC(t0;h), and σCC(t0;h), respectively:

σ̂AC(t;h) =
h

n

n∑
i=1

(1−∆i)Kh(t−Xi){1− φ̂(t; β̂)− e−β̂Zi(t)}̂l̃β(Xi)
TDn(t; β̂),

σ̂AC(t;h) =
h

n

n∑
i=1

(1−∆i)Kh(t−Xi){eβ̂
TZi(t) − ψ̂(t; β̂)}̂l̃β(Xi)

TDn(t; β̂),

σ̂CC(t;h) = hDn(t; β̂)T Î−1(β̂)Dn(t; β̂).

Then the estimator for σ+−(t;h) is

σ̂+−(t;h) =
σ̂AC(t;h) + σ̂AC(t;h) + σ̂CC(t;h)

Bn(t)Bn(t)ψ̂2(t; β̂)
.

Combining these results, we have the following estimator for σ2
w(t):

σ̂2
w(t) = π2

0σ̂
2
+(t;h) + 2π0(1− π0)σ̂+−(t;h) + (1− π0)2σ̂2

−(t;h). (2.46)

2.5 Calculation of Simultaneous Confidence Bands

2.5.1 Confidence Bands for φ̂+(t; β̂)

In addition to the pointwise confidence intervals, it is also of practical interest to consider

simultaneous 100(1−α)th percentile confidence bands. It is not straightforward to calculate

the theoretical confidence bands given the structure of the estimator. Here we provide an

approach using resampling techniques adapted from Lin et al. (1994). Let

Ai(t; β̂) = {1− φ̂+(t; β̂)− exp(−β̂TZi)}∆iKh(t−Xi).

Now consider a process

Ŝ+(t) =

√
h/n

∑n
i=1

{
Ai(t; β̂) +

ˆ̃
lβ(Xi)Dn(t; β̂)

}
Mi

Bn(t)
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with {Mi}, n = 1, ..., n be iid random variables with Normal(1, 1). Conditional on the data,

Ŝ+(t) converges to a zero-mean Gaussian process by Lindeberg-Feller CLT, and the variance

E[Ŝ2
+(t)|{∆i, Xi, Zi(.)}]

=B−2
n (t)

h

n

n∑
i=1

{
Ai(t; β̂) +

ˆ̃
lβ(Xi)Dn(t; β̂)

}2

=B−2
n (t)

{
h

n

n∑
i=1

A2
i (t; β̂) +

h

n

n∑
i=1

ˆ̃
l2β(Xi)D

2
n(t; β̂) + 2

h

n

n∑
i=1

Ai(t; β̂)
ˆ̃
lβ(Xi)Dn(t; β̂)

}

=B−2
n (t)

{
σ̂2
A(t) + σ̂2

C(t;h) + 2σ̂AC(t;h)
}

=σ̂2
+(t).

Thus the distribution of Sn(t) can be approximated by simulating a large number of re-

alizations from Ŝ+(t) through repeatedly generating {Mi}. Then the critical value for

100(1 − α)th percentile simultaneous confidence bands can be calculated based on these

simulations:

P

{
sup
t∈[0,τ ]

|Ŝ+(t)|
σ̂+(t;h)

≤ z̃1−α/2

}
.
= 1− α,

and the corresponding confidence bands are

φ̂+(t; β̂)∓ z̃1−α/2(nh)−1/2σ̂+(t;h).

2.5.2 Confidence Bands for φ̂−(t; β̂)

The confidence bands for φ̂−(t; β̂) can be constructed using the same resampling technique.

Let

Ai(t; β̂) = {exp(β̂TZi)− ψ̂(t; β̂)}(1−∆i)Kh(t−Xi),

and {Mi}, n = 1, ..., n be iid standard normal random variables. Then we consider the

following process

Ŝ−(t) =

√
h/n

∑n
i=1

{
Ai(t; β̂) +

ˆ̃
lβ(Xi)Dn(t; β̂)

}
Mi

Bn(t)ψ̂2(t; β̂)
.
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Conditional on the data, Ŝ−(t) converges to a zero-mean Gaussian process by Lindeberg-

Feller CLT, and the variance

E[Ŝ−(t)|{∆i, Xi, Zi(.)}]

=B
−2
n (t)ψ̂−4(t; β̂)

h

n

n∑
i=1

{
Ai(t; β̂) +

ˆ̃
lβ(Xi)Dn(t; β̂)

}2

=B
−2
n (t)ψ̂−4(t; β̂)

{
h

n

n∑
i=1

A
2
i (t; β̂) +

h

n

n∑
i=1

ˆ̃
l2β(Xi)D

2
n(t; β̂) + 2

h

n

n∑
i=1

Ai(t; β̂)
ˆ̃
lβ(Xi)Dn(t; β̂)

}

=B
−2
n (t)ψ̂−4(t; β̂)

{
σ̂2
A

(t) + σ̂2
C

(t;h) + 2σ̂AC(t;h)
}

=σ̂2
−(t).

The critical value for 100(1−α)th percentile simultaneous confidence bands can be calculated

by

P

{
sup
t∈[0,τ ]

|Ŝ−(t)|
σ̂−(t;h)

≤ z̃1−α/2

}
.
= 1− α,

and the corresponding confidence bands are

φ̂−(t; β̂)∓ z̃1−α/2(nh)−1/2σ̂−(t;h).

2.5.3 Confidence Bands for φ̂w(t; β̂)

To calculate the simultaneous confidence bands for φ̂w(t; β̂), we can construct the following

process:

Ŝw(t) =

√
h

n

n∑
i=1

{
π0
Ai(t; β̂) +

ˆ̃
lβ(Xi)Dn(t; β̂)

Bn(t)
+ (1− π0)

Ai(t; β̂) +
ˆ̃
lβ(Xi)Dn(t; β̂)

Bn(t)ψ̂2(t; β̂)

}
Mi,

where {Mi}, n = 1, ..., n are iid standard normal random variables. Conditional on the

data, Ŝw(t) converges to a zero-mean Gaussian process and the variance equals to σ̂2
w(t).

So that the critical value for 100(1− α)th percentile simultaneous confidence bands can be

calculated by

P

{
sup
t∈[0,τ ]

|Ŝw(t)|
σ̂w(t;h)

≤ z̃1−α/2

}
.
= 1− α,

and the corresponding confidence bands are

φ̂w(t; β̂)∓ z̃1−α/2(nh)−1/2σ̂w(t;h).
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2.6 Bandwidth Selection

2.6.1 Bandwidth selection for φ̂+(t; β̂)

It is known that in kernel estimation bandwidth choice is critical to the adequacy of the

estimator. It is of practical interest to develop an automatic bandwidth selector for the

estimator of time-varying PAF. A well-working approach for optimizing the bandwidth is

the ”leave-one-out” cross-validation approach(Bierens 1983). The idea is to split the data

into two parts, the larger part that contains all but one subject, and the smaller part that

contains one subject, then use the larger part of the data for estimation and the smaller part

for evaluation of accuracy. The optimal bandwidth would minimize the average prediction

squared errors.

In particular, let

φ̂
(−j)
+ (Xj ;h) = 1−

∑n
i=1 I(i 6= j) exp(−β̂TZi)∆iKh(Xj −Xi)∑n

i=1 I(i 6= j)∆iKh(Xj −Xi)
,

which is the estimator of φ(Xj) computed with all measurements of the jth subject deleted.

Then the cross-validation criterion is given by

CV (h) =
1

n

n∑
j=1

∆j

[
1− exp{−β̂TZj(Xj)} − φ̂(−j)

+ (Xj ;h)
]2

A cross-validation bandwidth is obtained by minimizing CV (h) with respect to h,

ĥCV = arg min
h>0

CV (h).

This approach generally works well in practice, however, the theoretical properties of ĥCV as

well as asymptotic properties of φ̂
(−j)
+ (Xj ; ĥCV ) are hard to track. In addition, the process

may be very computationally demanding. Instead, we could use a variant of this approach

adopting finite grid search, which has very close adequacy yet is much less computationally

intensive. That is, we optimize h on a set of prespecified grid points,

CV (ĥCV ) = inf{CV (hi), i = 1, 2, ...,K}

where h1 < h2 < ... < hK are the grid points.
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2.6.2 Bandwidth selection for φ̂−(t; β̂)

We can apply the same cross-validation based bandwidth selection approach on φ̂−(t; β̂).

Let

φ̂
(−j)
− (Xj ;h) = 1−

∑n
i=1 I(i 6= j)(1−∆i)Kh(t−Xi)∑n

i=1 I(i 6= j) exp{β̂TZi(t)}(1−∆i)Kh(t−Xi)
,

which is the estimator of φ(Xj) computed with all measurements of the jth subject deleted.

Since {1 − φ̂−(t; β̂)}−1 estimates
∫
Z exp(βz)dFZ|T≥t(z), the cross-validation criterion for

φ̂−(t; β̂) is

CV (h) =
1

n

n∑
j=1

(1−∆j)
[
{1− φ̂(−j)

− (Xj ;h)}−1 − exp{β̂TZj(Xj)}
]2
,

and the finite grid search approach yields the optimal bandwidth

CV (ĥCV ) = inf{CV (hi), i = 1, 2, ...,K}

for pre-specified grid points h1 < h2 < ... < hK .

2.6.3 Bandwidth selection for φ̂w(t; β̂)

The cross-validation based bandwidth selector for φ̂w(t; β̂) is a combination of the selectors

for φ̂+(t; β̂) and φ̂−(t; β̂):

CV (h) =
1

n

n∑
j=1

(
π0∆j

[
1− exp{−β̂TZj(Xj)} − φ̂(−j)

+ (Xj ;h)
]

+ (1− π0)(1−∆j)
[
{1− φ̂(−j)

− (Xj ;h)}−1 − exp{β̂TZj(Xj)}
])2

.

Then the optimal bandwidth can be obtained by taking the minimal criterion over a series

of pre-specified grid points,

CV (ĥCV ) = inf{CV (hi), i = 1, 2, ...,K}

for pre-specified grid points h1 < h2 < ... < hK .
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Chapter 3

ESTIMATION OF TIME-VARYING PAF
FOR CASE-CONTROL STUDIES

WITH ADJUSTMENT FOR CONFOUNDERS

3.1 Overview

In Chapter 2 we studied the estimation of φ(t) without considering confounders. Like the

classic PAF, the crude estimates of φ(t) are in general biased in the presence of confounders.

In this chapter we study the adjusted estimators of φ(t) that take into account of risk factors

that may confound the association between the exposure of interest and disease. Recall that

for classic PAF, the most commonly used approach for adjusted estimate is the regression

modeling approach. Under this approach, the PAF formula is written as [33, 7]

PAF =
P (D = 1)−

∑J
j=1 P (D = 1|Z = 0, U = uj)P (U = uj)

P (D = 1)
(3.1)

= 1−
J∑
j=1

I∑
i=0

P (Z = zi, U = uj |D = 1)

RRi|j

where U is the vector of adjustment factors forming J levels, and RRi|j = P (D = 1|Z =

zi, U = uj)/P (D = 1|Z = 0, U = uj).

In this study we will show how the adjusted time-varying PAF φ(t) can be assessed through

regression modeling approaches. We propose a set of adjusted estimators for φ(t), and study

their asymptotic and finite sampling properties.

3.2 Formulation of Estimation Problem

3.2.1 Definition of Time-varying PAF with Adjustment for Confounders

We followed the same formulation for case-control data as in Chapter 2. The only difference

is that here we let the data consist of confounding factors U . Therefore, the case-control data
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consisting of n subjects will be represented by the notation X = ({Xi,∆i, Zi(.), Ui(.)}, i =

1, ..., n).

We define the adjusted time-varying PAF of Z in the presence of U as

φadj(t) =
λ(t)− EU |T≥t{λ(t|Z = 0, U)}

λ(t)
, (3.2)

which is the proportional reduction of hazard at time t comparing the current population

and the hypothetical population with no exposure and stratified by the potential confounder

(U) among subject at risk.

Consider the following Cox model,

λ{t|Z(t), U(t)} = λ0(t) exp{βTZ(t) + γTU(t)}, (3.3)

where Z(t) = {Z1(t), ..., Zp(t)}T is a p × 1 vector of external time-dependent covariates,

β = (β1, ..., βp)
T is a vector of regression parameters for Z(t), U(t) = {U1(t), ..., Uq(t)}T is a

q× 1 vector of adjustment factors, and γ = (γ1, ..., γq)
T is a vector of regression parameters

for U . Under model (3.3), (3.2) can be expressed as

φadj(t) = 1−
∫
U λ(t|Z = 0, u)dFU |T≥t(u)

λ(t)

= 1− λ0(t)

λ(t)

∫
U

exp(γTu)fU |T≥t(u)du. (3.4)

By using the relationship λ(t) = fT (t)/ST (t) and applying total probability theorem on

ST (t), we can further express (3.4) as

φadj(t) = 1−
∫
U

∫
Z

exp(−βT z − γTu)fZ,U |T (z, u|t)dzdu
∫
U

exp(γTu)fU |T≥t(u)du, (3.5)

or

φadj(t) = 1−
{∫
U

∫
Z

exp(βT z+γTu)fZ,U |T≥t(z, u)dzdu
}−1

∫
U

exp(γTu)fU |T≥t(u)du. (3.6)

Equation 3.6 explicitly show the impact of U . For example, when β = 0, φadj(t) = 0 for

all t. When γ = 0 or Z and U are independent, we have φadj(t) = φ(t), the unadjusted

time-varying PAF.
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3.2.2 Point Estimators of φ(t)

Let

ϕ(t) =

∫
U

∫
Z
exp(−βT z − γTu)fZ,U |T (z, u|t)dzdu,

ψ(t) =

∫
U

∫
Z
exp(βT z + γTu)fZ,U |T≥t(z, u)dzdu,

υ(t) =

∫
U

exp(γTu)fU |T≥t(u)du.

Then φadj(t) can be expressed as

φadj(t) = 1− ϕ(t)υ(t),

or

φadj(t) = 1− ψ−1(t)υ(t).

We propose the following estimators for ϕ(t), ψ(t), and υ(t) respectively:

ϕ̂(t; β̂, γ̂) =

∑n
i=1 exp{−β̂TZi(t)− γ̂TUi(t)}∆iKh(t−Xi)∑n

i=1 ∆iKh(t−Xi)
,

ψ̂(t; β̂, γ̂) =

∑n
i=1 exp{β̂TZi(t) + γ̂TUi(t)}(1−∆i)Kh(t−Xi)∑n

i=1(1−∆i)Kh(t−Xi)
,

υ̂(t; γ̂) =

∑n
i=1 exp{γ̂TUi(t)}(1−∆i)Kh(t−Xi)∑n

i=1(1−∆i)Kh(t−Xi)
,

where Kh(x) = K(x/h)/h, K(.) is a kernel function that is a weighting function that satis-

fies
∫
K(x)dx = 1, and h is the bandwidth that controls the spread of weighting window.

β̂ and γ̂ are the estimates of β and γ obtained from the logistic regression or conditional

logistic regression.

With these estimators, we have the following two estimators for φadj(t), corresponding

to formula (3.5) and (3.6) respectively:

φ̂adj+(t; β̂, γ̂) = 1− ϕ̂(t; β̂, γ̂)υ̂(t; γ̂), (3.7)

and

φ̂adj−(t; β̂, γ̂) = 1− ψ̂−1(t; β̂, γ̂)υ̂(t; γ̂), (3.8)
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and a weighted estimator of the two,

φ̂adjw(t; β̂, γ̂) = π0φ̂adj+(t; β̂, γ̂) + (1− π0)φ̂adj−(t; β̂, γ̂). (3.9)

We study the properties of these estimators in the next sections.

3.3 Large Sample Properties

In this section we will show that under certain assumptions and regularity conditions, both

φ̂adj+(t; β̂, γ̂) and φ̂adj−(t; β̂, γ̂) are uniformly consistent for φadj(t) for t ∈ (0, τ). In addi-

tion, both
√
nh{φ̂adj+(t; β̂, γ̂)− φadj(t)} and

√
nh{φ̂adj−(t; β̂, γ̂)− φadj(t)} converge weakly

to zero-mean Gaussian processes. Assumptions A1-A7 are required for the consistency and

asymptotic normality. Additionally, the following assumption is needed:

Assumptions.

A8. U is bounded almost surely, and is independent of censoring time C.
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3.3.1 Uniform Consistency of φ̂adj+(t; β̂, γ̂), φ̂adj−(t; β̂, γ̂), and φ̂adjw(t; β̂, γ̂)

We first introduce the following notation that will be used in the proof. To save notation,

we recycle some notation used in Chapter 2.

p0 = P0(T ≤ C), π0 = P ∗(T ≤ C),

Vi(t) = (ZTi (t), UTi (t))T , θ = (βT , γT )T ,

An(t;β, γ) =
1

n

n∑
i=1

∆iKh(t−Xi) exp{−βTZi(t)− γTUi(t)},

Bn(t) =
1

n

n∑
i=1

∆iKh(t−Xi),

Cn(t) =
1

n

n∑
i=1

∆iKh(t−Xi)
[
exp{−βT0 Zi(t)− γT0 Ui(t)} − exp{−β̂TZi(t)− γ̂TUi(t)}

]
,

Dn(t; θ) =
1

n

n∑
i=1

∆iKh(t−Xi)Vi(t) exp{−θTVi(t)},

An(t;β, γ) =
1

n

n∑
i=1

(1−∆i)Kh(t−Xi) exp{βTZi(t) + γTUi(t)},

Bn(t) =
1

n

n∑
i=1

(1−∆i)Kh(t−Xi),

Cn(t) =
1

n

n∑
i=1

(1−∆i)Kh(t−Xi)
[
exp{β̂TZi(t) + γ̂TUi(t)} − exp{βT0 Zi(t) + γT0 Ui(t)}

]
,

Dn(t; θ) =
1

n

n∑
i=1

(1−∆i)Kh(t−Xi)Vi(t) exp{θTVi(t)}.

The limits of An(t;β, γ), Bn(t), and Dn(t; θ) are denoted by

A(t) = ϕ(t)fT (t)SC(t)π0/p0,

B(t) = fT (t)SC(t)π0/p0,

D(t; θ) =
{∫
V
v exp(−θT v)dFV |T (v|t)

}
fT (t)SC(t)π0/p0,

respectively, the limits of An(t;β, γ), Bn(t), and Dn(t;β, γ) are denoted by

A(t) = ψ(t)fC(t)ST (t)(1− π0)/(1− p0),

B(t) = fC(t)ST (t)(1− π0)/(1− p0),

D(t; θ) =
{∫
V
v exp(−θT v)dFV |T (v|t)

}
fC(t)ST (t)(1− π0)/(1− p0).
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We state the main results in the following two theorems.

Theorem 7. Suppose assumptions A1-A8 are satisfied. Then

sup
t∈(0,τ)

|φ̂adj+(t; β̂, γ̂)− φadj(t)| → 0 a.s.

as n→∞.

Theorem 8. Suppose assumptions A1-A8 are satisfied. Then

sup
t∈(0,τ)

|φ̂adj−(t; β̂, γ̂)− φadj(t)| → 0 a.s.

as n→∞.

Theorem 9. Suppose assumptions A1-A8 are satisfied. Then

sup
t∈(0,τ)

|φ̂adjw(t; β̂, γ̂)− φadj(t)| → 0 a.s.

as n→∞.

Theorem 7, 8, 9 are proved with the help of the following lemmas.

Lemma 8.1. Suppose assumptions A1-A8 are satisfied. Then,

sup
t∈(0,τ)

∣∣∣ϕ̂(t; β̂, γ̂)− ϕ(t)
∣∣∣→ 0 a.s.

as n→∞.

Proof. The consistency of Bn(t) has been shown in Lemma 1.1 in Chapter 2. Hence

as argued in Lemma 1.2 in Chapter 2, it suffices to show the consistency of the numerator

An(t; β̂, γ̂). To simplify the notation, unless otherwise specified, the integration with respect

to x is from 0 to ∞, integration with respect to z is on its support Z and integration with

respect to u is on its support U through out the proofs in this chapter.
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Note that An(t; β̂, γ̂) = An(t;β0, γ0)− Cn(t). The first term has expectation

E∗{An(t;β0, γ0)} (3.10)

=E∗
[
∆Kh(t−X) exp{−βT0 Z(t)− γT0 U(t)}

]
=E∗

[
Kh(t− T ) exp{−βT0 Z(t)− γT0 U(t)}|T ≤ C

]
P ∗(T ≤ C)

=
π0

h

∫∫∫
exp(−βT0 z − γT0 u)K

(
t− x
h

)
fT,Z,U |T≤C(x, z, u)dxdzdu

=
π0

h

∫∫∫
exp(−βT0 z − γT0 u)K

(
t− x
h

)
fT |Z,U (x|z, u)SC(x)fZ,U (z, u)

P (T ≤ C)
dxdzdu

=
1

h

∫
K

(
t− x
h

)
fT (x)SC(x)π0/p0

∫∫
exp(−βT0 z − γT0 u)fZ,U |T (z, u|x)dzdudx,

=
1

h

∫
K

(
t− x
h

)
A(x)dx. (3.11)

Using the same arguments as in Lemma 1.1 and 1.2 in Chapter 2, we can conclude that

sup
t∈(0,τ)

|An(t;β0, γ0)−A(t)| → 0 a.s. (3.12)

as n → 0, given K(.) has bounded variation, and Z(.) and U(.) are both bounded almost

surely.

By using Taylor’s expansion, the second term Cn(t) can written as

Cn(t) =
1

n

n∑
i=1

[
exp{−θT0 Vi(t)} − exp{−θ̂TVi(t)}

]
∆iKh(t−Xi)

= (θ̂ − θ0)TDn(t; θ0) + op(1).

Consistency of Dn(t; θ) can be established similarly as in the proof of Lemma 1.3 in Chapter

2, by noticing that

E∗{Dn(t; θ)} = E∗
[
Vi(t) exp{−θTVi(t)}∆iKh(t0 −Xi)}

]
= E∗

[
Vi(t) exp{−θTVi(t)}Kh(t0 −Xi)|T ≤ C

]
P ∗(T ≤ C)

=
π0

h

∫∫
{v exp(−θT v)}K

(
t− x
h

)
fT,V |T≤C(x, v)dxdv

=
1

h

∫
K

(
t− x
h

)
D(x; θ)dx, (3.13)
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D(t; θ) is continuous for t, and V (.) is bounded almost surely. By the strong consistency of

θ̂ and the continuous mapping theorem, we have

sup
t∈(0,τ)

|Cn(t)| → 0 a.s. (3.14)

as n→ 0. Putting (3.10) and (3.14) together, we conclude that

sup
t∈(0,τ)

∣∣∣An(t; β̂, γ̂)−A(t)
∣∣∣→ 0 a.s. (3.15)

as n→ 0. Lemma 8.1 is proved.

Lemma 8.2. Suppose assumptions A1-A8 are satisfied. Then,

sup
t∈(0,τ)

∣∣∣ψ̂(t; β̂, γ̂)− ψ(t)
∣∣∣→ 0 a.s.

as n→∞.

Proof. Consistency of Bn(t) has been shown in the proof of Theorem 3, so it suffices to show

the consistency of the numerator An(t; β̂, γ̂). Note that An(t; β̂, γ̂) = An(t;β0, γ0) + Cn(t).

The expectation of An(t;β0, γ0) equals

E∗{An(t;β0, γ0)} = E∗
[
(1−∆)Kh(t−X) exp{βT0 Z(t) + γT0 U(t)}

]
= E∗

[
Kh(t− T ) exp{βT0 Z(t) + γT0 U(t)}|C ≤ T

]
P ∗(C ≤ T )

=
1− π0

h

∫∫∫
exp(βT0 z + γT0 u)K

(
t− x
h

)
fC,Z,U |C≤T (x, z, u)dxdzdu

=
1− π0

1− p0

1

h

∫∫∫
exp(βT0 z + γT0 u)K

(
t− x
h

)
fC(x)ST (x)fZ,U (z, u)

P (T ≤ C)
dxdzdu

=
1

h

∫
K

(
t− x
h

)
A(x)dx. (3.16)

Using the same arguments as in Lemma 1.1 and 1.2 in Chapter 2, we conclude that

sup
t∈(0,τ)

∣∣An(t;β0, γ0)−A(t)
∣∣→ 0 a.s. (3.17)

as n → 0, given K(.) has bounded variation, and Z(.) and U(.) are both bounded almost

surely.
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By using Taylor’s expansion, the second term Cn(t) can written as

Cn(t) =
1

n

n∑
i=1

[
exp{θ̂TVi(t)} − exp{θT0 Vi(t)}

]
(1−∆i)Kh(t−Xi)

= (θ̂ − θ0)TDn(t; θ0) + op(1).

The consistency of Dn(t; θ) can be established similarly as in the proof of Lemma 8.1, and

by the strong consistency of θ̂ and the continuous mapping theorem, we conclude that

sup
t∈(0,τ)

∣∣Cn(t)
∣∣→ 0 a.s. (3.18)

as n→ 0. Putting (3.16) and (3.18) together, we conclude that

sup
t∈(0,τ)

∣∣∣An(t; β̂, γ̂)−A(t)
∣∣∣→ 0 a.s. (3.19)

as n→ 0. Lemma 8.2 is proved.

Lemma 8.3. Suppose assumptions A1-A8 are satisfied. Then,

sup
t∈(0,τ)

|υ̂(t; γ̂)− υ(t)| → 0 a.s.

as n→∞.

Proof. The proof is done by replacing θ with γ, and Vi(t) with Ui(t), and following the

same argument in the proof of Lemma 8.2.

Proof of Theorem 7. By applying Lemma 8.1 and 8.3, and using the continuous map-

ping theorem, we can say that φ̂adj+(t; β̂, γ̂) is consistent for φadj(t) uniformly on t ∈ (0, τ).

Theorem 7 is proved.

Proof of Theorem 8. By applying Lemma 8.2 and 8.3, and using the continuous map-

ping theorem, we can say that φ̂adj−(t; β̂, γ̂) is consistent for φadj(t) uniformly on t ∈ (0, τ).

Theorem 8 is proved.

Proof of Theorem 9. By Theorem 7 and 8 and the continuous mapping theorem, we
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can say that φ̂adjw(t; β̂, γ̂) is consistent for φadj(t) uniformly on t ∈ (0, τ). Theorem 9 is

proved.

3.3.2 Asymptotic Normality of φ̂adj+(t; β̂, γ̂), φ̂adj−(t; β̂, γ̂), and φ̂adjw(t; β̂, γ̂)

In this subsection we study the asymptotic normality of the proposed estimators. We state

the results in the following theorems.

Theorem 10. Suppose that assumptions A1-A8 are satisfied. Then

√
nh{φ̂adj+(t0; β̂, γ̂)− φ(t0)} →d N(0, σ2

+(t0))

for t0 ∈ (0, τ).

Proof. Let t0 ∈ (0, τ). First note that

√
nh{φ̂adj+(t0; β̂, γ̂)− φ(t0)}

=
√
nh{ϕ̂(t0; β̂, γ̂)υ̂(t0; γ̂)− ϕ(t0)υ(t0)}

=
√
nh{ϕ̂(t0; β̂, γ̂)υ̂(t0; γ̂)− ϕ̂(t0; β̂, γ̂)υ(t0) + ϕ̂(t0; β̂, γ̂)υ(t0)− ϕ(t0)υ(t0)}

=
√
nh{υ̂(t0; γ̂)− υ(t0)}ϕ̂(t0; β̂, γ̂) +

√
nh{ϕ̂(t0; β̂, γ̂)− ϕ(t0)}υ(t0).

We first study the asymptotic normality of
√
nh{υ̂(t0; γ̂)− υ(t0)}. Let

En(t; γ) =
1

n

n∑
i=1

(1−∆i)Kh(t−Xi) exp{γTUi(t)},

Fn(t) =
1

n

n∑
i=1

(1−∆i)Kh(t−Xi)
[
exp{γ̂TUi(t)} − exp{γT0 Ui(t)}

]
,

Gn(t; γ) =
1

n

n∑
i=1

(1−∆i)Kh(t−Xi)Ui(t) exp{γTUi(t)},

E(t) = υ(t)fC(t)ST (t)(1− π0)/(1− p0),

G(t; γ) =
{∫
U
u exp(−γTu)dFU |T (u|t)

}
fC(t)ST (t)(1− π0)/(1− p0).

Since the format of the relevant quantities are the same as those in Chapter 2, to save space

and avoid redundancy, we skip the details of the derivation which could be easily transferred
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from that in Chapter 2.

We write
√
nh{υ̂(t0; γ̂)− υ(t0)} into a summation of asymptotic iid terms,

√
nh{υ̂(t0; γ̂)− υ(t0)} =

√
nh{En(t0; γ0)−Bn(t0)υ(t0)}B−1

n (t0) +
√
nhFn(t0)B

−1
n (t0)

=

n∑
i=1

en,i(t0){B−1
(t0) + op(1)}+ {

n∑
i=1

fn,i(t0) + op(1)}{B−1
(t0) + op(1)}

=

n∑
i=1

en,i(t0)B
−1

(t0) +

n∑
i=1

fn,i(t0)B
−1

(t0) + op(1),

where

en,i(t0) =

√
h

n
{exp(γT0 Ui)− υ(t0)}(1−∆i)Kh(t0 −Xi),

fn,i(t0) =

√
h

n
l̃γ(Xi)

TG(t0; γ0),

where l̃γ(Xi) is the efficient influence function for γ in the logistic model. Using the same

argument as in the proof of Theorem 4, replacing β and Zi(.) with γ and Ui(.) respectively,

we have

√
nh{υ̂(t0; γ0)− υ(t0)} =

√
nh

(
En(t0; γ0)

Bn(t0)
− υ(t0)

)
→d N

(
0, σ2

E
(t0)B

−2
n (t0)

)
,

where

σ2
E

(t) = B(t)

∫
K2(u)du

∫
{exp(γT0 u)− υ(t; γ0)}2dFU |T≥t(u).

We also have

√
nh{υ̂(t0; γ̂)− υ̂(t0; γ0)} =

√
nh

(
Fn(t0; γ0)

Bn(t0)

)
=
√
h{
√
n(γ̂ − γ0)}Gn(t0; γ0) + op(1),

which converges to 0 as h→ 0 given the convergence of
√
n(γ̂−γ0) and Gn(t0; γ0). Therefore,

√
nh{υ̂(t0; γ̂)− υ(t0)} →d N

(
0, σ2

E
(t0)B

−2
n (t0)

)
.

The asymptotic normality of
√
nh{ϕ̂(t0; β̂, γ̂) − ϕ(t0)} can be obtained using the same

argument as in the proof of Theorem 2, replacing β and Zi(.) with θ and Vi(.). Specifically,

we have

√
nh{ϕ̂(t0; β̂, γ̂)− ϕ(t0)} =

√
nh

(
An(t0;β0, γ0)

Bn(t0)
− ϕ(t0)

)
→d N

(
0,
σ2
A(t0)

B2(t0)

)
,
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where

σ2
A(t) = B(t)

∫
K2(u)du

∫∫
{exp(−βT0 z − γT0 u)− ϕ(t;β0, γ0)}2dFZ,U |T (z, u),

and

√
nh{ϕ̂(t0; β̂, γ̂)−ϕ̂(t0;β0, γ0)} =

√
nh

(
An(t0;β0γ0)

Bn(t0)

)
=
√
h{
√
n(θ̂−θ0)}Dn(t0; θ0)+op(1),

which converges to 0 as h→ 0 given the convergence of
√
n(θ̂−θ0) and Dn(t0; θ0). Therefore

we conclude that

√
nh{ϕ̂(t0; β̂, γ̂)− ϕ(t0)} →d N

(
0, σ2

A(t0)B−2(t0)
)
.

Now we look at the joint distribution of
√
nh{υ̂(t0; γ̂)−υ(t0)}ϕ̂(t0; β̂, γ̂) and

√
nh{ϕ̂(t0; β̂, γ̂)−

ϕ(t0)}υ(t0). Since

ϕ̂(t0; β̂, γ̂) = ϕ(t0) +Op(1/
√
nh),

√
nh{υ̂(t0; γ̂)− υ(t0)} =

√
nh{υ̂(t0; γ0)− υ(t0)}+ op(1),

√
nh{ϕ̂(t0; β̂, γ̂)− ϕ(t0)} =

√
nh{ϕ̂(t0;β0, γ0)− ϕ(t0)}+ op(1),

it suffices to study the joint distribution of
√
nh{υ̂(t0; γ0)− υ(t0)} and

√
nh{ϕ̂(t0;β0, γ0)−

ϕ(t0)}. Note that υ̂(t0; γ0) involves only controls and ϕ̂(t0;β0, γ0) involves only cases, so

that they are independent. Therefore, with the property of normal distribution, we can

conclude that

√
nh{υ̂(t0; γ̂)− υ(t0)}ϕ̂(t0; β̂, γ̂) +

√
nh{ϕ̂(t0; β̂, γ̂)− ϕ(t0)}υ(t0)→d N(0, σ2

+(t0)), (3.20)

where

σ2
+(t0) =

σ2
E(t0)ϕ2(t0)

B
2
(t0)

+
σ2
A(t0)υ2(t0)

B2(t0)
. (3.21)

Theorem 10 is proved.

Theorem 11. Suppose that assumptions A1-A8 are satisfied. Then

√
nh{φ̂adj−(t0; β̂, γ̂)− φ(t0)} →d N(0, σ2

−(t0))
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for t0 ∈ (0, τ).

Proof. Let t0 ∈ (0, τ). Write

√
nh{φ̂adj−(t0; β̂, γ̂)− φ(t0)} =

√
nh{ψ̂−1(t0; β̂, γ̂)υ̂(t0; γ̂)− ψ−1(t0)υ(t0)}

=
√
nh

{
En(t0; γ̂)

An(t0; β̂, γ̂)
− ψ−1(t0)υ(t0)

}

=
√
nh

{
En(t0; γ̂)− ψ−1(t0)υ(t0)An(t0; β̂, γ̂)

An(t0; β̂, γ̂)

}
.

The consistency of An(t0; β̂, γ̂) has been shown in the proof of Lemma 8.2, so it suffices to

study the asymptotic normality of
√
nh{En(t0; γ̂) − ψ−1(t0)υ(t0)An(t0; β̂, γ̂)}. Using the

results in the previous proofs, we note that

√
nh{En(t0; γ̂)− ψ−1(t0)υ(t0)An(t0; β̂, γ̂)}

=
√
nh{En(t0; γ0)− ψ−1(t0)υ(t0)An(t0;β0, γ0)}+

√
nh{Fn(t0)− ψ−1(t0)υ(t0)Cn(t0)}

=
√
nh{En(t0; γ0)− ψ−1(t0)υ(t0)An(t0;β0, γ0)}+ op(1),

so the asymptotic normality of
√
nh{En(t0; γ̂)− ψ−1(t0)υ(t0)An(t0; β̂, γ̂)} only depends on

√
nh{En(t0; γ0)− ψ−1(t0)υ(t0)An(t0;β0, γ0)}. Let

en,i(t0) =

√
h

n
{exp(γT0 Ui)− ψ−1(t0)υ(t0) exp(βT0 Zi + γ0Ui)}(1−∆i)Kh(t0 −Xi),

so that
√
nh{En(t0; γ0)− ψ−1(t0)υ(t0)An(t0;β0, γ0)} =

∑n
i=1 en,i(t0). We will set forth the

Lyapunov’ conditions. Let g(u, z; t0) = exp(γT0 u)− ψ−1(t0)υ(t0) exp(βT0 z + γT0 u). Then we
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have

E∗{en,i(t0)}

=

√
h

n
E∗
[
{exp(γT0 U)− ψ−1(t0)υ(t0) exp(βT0 Z + γT0 U)}(1−∆)Kh(t0 −X)

]
=

1− π0√
nh

∫∫∫
g(u, z; t0)K

(
t0 − x
h

)
fC,Z,U |C≤T (x, z, u)dxdzdu

=
1− π0√
nh(1− p0)

∫∫∫
g(u, z; t0)K

(
t0 − x
h

)
fC(x)ST |Z,U (x|z, u)fZ,U (z, u)dxdzdu

=
1− π0

1− p0

√
h

n

∫∫∫
g(u, z; t0)K(y)fC(t0 − yh)ST |Z,U (t0 − yh|z, u)fZ,U (z, u)dydzdu

by letting y =
t0 − x
h

,

=
1− π0

1− p0

√
h

n

{∫∫
g(u, z; t0)fC(t0)ST |Z,U (t0|z, u)fZ,U (z, u)dzdu+O(h2)

}
by the Taylor’s expansion,

=
1− π0

1− p0

√
h

n
O(h2) = O(

√
h5/n).

The last step comes from the fact that

∫∫
g(u, z; t0)fC(t0)ST |Z,U (t0|z, u)fZ,U (z, u)dzdu

=

∫∫
{exp(γT0 u)− ψ−1(t0)υ(t0) exp(βT0 z + γT0 u)}fC(t0)ST |Z,U (t0|z, u)fZ,U (z, u)dzdu

=fC(t0)ST (t0)

∫∫
{exp(γT0 u)− ψ−1(t0)υ(t0) exp(βT0 z + γT0 u)}fZ,U |T≥t(z, u)dzdu

=fC(t0)ST (t0){υ(t0)− ψ−1(t0)υ(t0) · ψ(t0)}

=0.



67

Similarly, we have

E∗{e2
n,i(t0)}

=
h

n
E∗
[
{exp(γT0 U)− ψ−1(t0)υ(t0) exp(βT0 Z + γT0 U)}2(1−∆)2K2

h(t0 −X)
]

=
1− π0

nh

∫∫∫
g2(u, z; t0)K2

(
t0 − x
h

)
fC,Z,U |C≤T (x, z, u)dxdzdu

=
1− π0

nh(1− p0)

∫∫∫
g2(u, z; t0)K2

(
t0 − x
h

)
fC(x)ST |Z,U (x|z, u)fZ,U (z, u)dxdzdu

=
1− π0

n(1− p0)

∫∫∫
g2(u, z; t0)K2(y)fC(t0 − yh)ST |Z,U (t0 − yh|z, u)fZ,U (z, u)dydzdu

by letting y =
t0 − x
h

,

=
1− π0

n(1− p0)

{∫∫
g2(u, z; t0)fC(t0)ST |Z,U (t0|z, u)fZ,U (z, u)dzdu

∫
K2(y)dy +O(h)

}
by the Taylor’s expansion,

and

E∗{e3
n,i(t0)}

=

(
h

n

)3/2

E∗
[
{exp(γT0 U)− ψ−1(t0)υ(t0) exp(βT0 Z + γT0 U)}3(1−∆)3K3

h(t0 −X)
]

=
1− π0

1− p0
(

1

nh
)3/2

∫∫∫
g3(u, z; t0)K3

(
t0 − x
h

)
fC,Z,U |C≤T (x, z, u)dxdzdu

=
1− π0

1− p0
(

1

nh
)3/2

∫∫∫
g3(u, z; t0)K3

(
t0 − x
h

)
fC(x)ST |Z,U (x|z, u)fZ,U (z, u)dxdzdu

=
1− π0

n
√
nh(1− p0)

∫∫∫
g3(u, z; t0)K3(y)fC(t0 − yh)ST |Z,U (t0 − yh|z, u)fZ,U (z, u)dydzdu

by letting y =
t0 − x
h

,

=
1− π0

n
√
nh(1− p0)

{∫∫
g3(u, z; t0)fC(t0)ST |Z,U (t0|z, u)fZ,U (z, u)dzdu

∫
K3(y)dy +O(h)

}
by the Taylor’s expansion.
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Given that

n∑
i=1

E∗{en,i(t0)− E∗en,i(t0)}3

=nE∗{en,i(t0)3} − 3nE∗{en,i(t0)2}E∗{en,i(t0)}+ 2n [E∗{en,i(t0)}]3

=O(1/
√
nh) + 3nO(1/n) ·O(

√
h/n) + 2nO((h/n)3/2)

=O(1/
√
nh),

and

n∑
i=1

V ar∗{en,i(t0)} = nE∗{e2
n,i(t0)} − n[E∗{en,i(t0)}]2

=(1− π0)

∫∫
g2(u, z; t0)fC(t0)ST |Z,U (t0|z, u)fZ,U (z, u)dzdu

∫
K2(y)dy +O(h) +O(h5)

=σ2
E(t0) +O(h),

where

σ2
E(t) = B(t)

∫
K2(u)du

∫∫
{exp(γT0 u)−ψ−1(t0)υ(t0) exp(βT0 z+γT0 u)}2fZ,U |T≥t(z, u)dzdu,

(3.22)

the Lyapunov’s condition satisfies by verifying∑n
i=1E

∗{en,i(t)− E∗en,i(t)}3

[
∑n

i=1 V ar
∗{en,i(t)}]3/2

= O(1/
√
nh)→ 0

as
√
nh → ∞. Then by Lyapunov’s Central Limit theorem and Slutsky’s theorem, we

conclude that

√
nh{En(t0; γ0)− ψ−1(t0)υ(t0)An(t0;β0, γ0)} →d N(0, σ2

E(t0)), (3.23)

and thereafter
√
nh{φ̂adj−(t0; β̂, γ̂)− φ(t0)} →d N(0, σ2

−(t0)), (3.24)

where σ2
−(t0) = σ2

E(t0)A
−2
n (t0;β0, γ0). Theorem 11 is proved.

Theorem 12. Suppose that assumptions A1-A8 are satisfied. Then

√
nh{φ̂adjw(t0; β̂, γ̂)− φ(t0)} →d N(0, σ2

w(t0))
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for t0 ∈ (0, τ).

Proof. Let t0 ∈ (0, τ). Write

√
nh{φ̂adjw(t0; β̂, γ̂)− φ(t0)}

=π0

√
nh{υ̂(t0; γ̂)− υ(t0)}ϕ̂(t0; β̂, γ̂) + π0

√
nh{ϕ̂(t0; β̂, γ̂)− ϕ(t0)}υ(t0)

+(1− π0)
√
nh{φ̂adj−(t0; β̂, γ̂)− φ(t0)}.

The asymptotic normality of these quantities has been studied in Theorem 10 and 11. Now

we study the covariance between them. We have shown in the proof of Theorem 10 and

11 that the asymptotic normality of
√
nh{ϕ̂(t0; β̂, γ̂) − ϕ(t0)} is determined by the cases,

and that of
√
nh{φ̂adj−(t0; β̂, γ̂)− φ(t0)} is determined by the controls. Therefore they are

asymptotically independent. The asymptotic covariance comes only from
√
nh{υ̂(t0; γ̂) −

υ(t0)} and
√
nh{φ̂adj−(t0; β̂, γ̂)− φ(t0)}. Write them in iid form, we have

√
nh{υ̂(t0; γ̂)− υ(t0)} =

n∑
i=1

en,i(t0)B
−1

(t0) + op(1),

√
nh{φ̂adj−(t0; β̂, γ̂)− φ(t0)} =

n∑
i=1

en,i(t0)A
−1

(t0;β0, γ0) + op(1).

Therefore, the limiting covariance is

σ+−(t0) = σEE(t0)B
−1

(t0)A
−1

(t0;β0, γ0),

where

σEE(t0) = nE{en,i(t0)en,i(t0)},

and hence by multivariate central limit theorem,

√
nh{φ̂adjw(t0; β̂, γ̂)− φ(t0)} →d N(0, σ2

w(t0)),

where

σ2
w(t) = π2

0σ
2
+(t) + 2π0(1− π0)σ+−(t) + (1− π0)2σ2

−(t).

Theorem 12 is proved.
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3.4 Finite Sample Properties

3.4.1 Variance estimates of φ̂adj+(t; β̂; γ̂) with correction for finite sample

As we have discussed in Chapter 2, the bandwidth has a substantial effect on the variance

estimate under finite sampling. Here we show to estimate the variance of φ̂adj+(t; β̂; γ̂) with

finite sampling correction. Recall that

√
nh{φ̂adj+(t0; β̂, γ̂)− φ(t0)} =

√
nh{υ̂(t0; γ̂)− υ(t0)}ϕ̂(t0; β̂, γ̂) +

√
nh{ϕ̂(t0; β̂, γ̂)− ϕ(t0)}υ(t0).

We write
√
nh{υ̂(t0; γ̂)−υ(t0)} and

√
nh{ϕ̂(t0; β̂, γ̂)−ϕ(t0)} into a summation of asymptotic

iid terms,

√
nh{υ̂(t0; γ̂)− υ(t0)} =

n∑
i=1

en,i(t0)B
−1

(t0) +
n∑
i=1

fn,i(t0)B
−1

(t0) + op(1),

and

√
nh{ϕ̂(t0; β̂, γ̂)− ϕ(t0)} =

√
nh{An(t0;β0, γ0)−Bn(t0)ϕ(t0)}B−1

n (t0)−
√
nhCn(t0)B−1

n (t0)

=
n∑
i=1

an,i(t0)B−1(t0)−
n∑
i=1

cn,i(t0)B−1(t0) + op(1),

where

an,i(t0) =

√
h

n
{exp(−βT0 Zi − γT0 Ui)− ϕ(t0)}∆iKh(t0 −Xi),

cn,i(t0) =

√
h

n
l̃θ(Xi)

TD(t0; θ0).

Under finite sampling, we regard the bandwidth h as a known constant, rather than letting

it go to zero. Let

σ2
C(t0;h) = hD(t0; θ0)T I−1(θ0)D(t0; θ0),

σAC(t0;h) = hD(t0; θ0)TE
[
∆iKh(t0 −Xi){exp(−βT0 Zi − γT0 Ui)− ϕ(t0)}l̃θ(Xi)

]
,

σ2
F

(t0;h) = hG(t0; γ0)T I−1(γ0)G(t0; γ0),

σEF (t0;h) = hG(t0; γ0)TE
[
(1−∆i)Kh(t0 −Xi){exp(γT0 Ui)− υ(t0)}l̃γ(Xi)

]
,

σAF (t0;h) = hG(t0; γ0)TE
[
∆iKh(t0 −Xi){exp(−βT0 Zi − γT0 Ui)− ϕ(t0)}l̃γ(Xi)

]
,

σCE(t0;h) = hD(t0; θ0)TE
[
(1−∆i)Kh(t0 −Xi){exp(γT0 Ui)− υ(t0)}l̃θ(Xi)

]
,

σCF (t0;h) = hE
[
{l̃θ(Xi)

TD(t0; θ0)}{l̃γ(Xi)
TG(t0; γ0)}

]
.
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Thus the limiting variance of
√
nh{φ̂adj+(t0; β̂, γ̂)− φ(t0)} under finite sampling is

σ2
+(t0;h) =

σ2
A(t0)υ2(t0)

B2(t0)
+
σ2
C(t0)υ2(t0)

B2(t0)
− 2σAC(t0)υ2(t0)

B2(t0)

+
σ2
E

(t0)ϕ2(t0)

B
2
(t0)

+
2σEF (t0)ϕ2(t0)

B
2
(t0)

+
σ2
F

(t0)ϕ2(t0)

B
2
(t0)

+
2σAF (t0)υ(t0)ϕ(t0)

B(t0)B(t0)
−

2σCE(t0)υ(t0)ϕ(t0)

B(t0)B(t0)
−

2σCF (t0)υ(t0)ϕ(t0)

B(t0)B(t0)
.

An estimator of σ2
+(t0;h) could be obtained by plugging in the following estimators:

σ̂2
A(t) =

h

n

n∑
i=1

∆iKh(t−Xi)
2
[
exp{−β̂TZi(t)− γ̂TUi(t)} − ϕ̂(t; β̂, γ̂)

]2
,

σ̂2
C(t;h) = hDn(t; θ̂)T Î−1(θ̂)Dn(t; θ̂),

σ̂AC(t;h) =
h

n

n∑
i=1

∆iKh(t−Xi)
[
exp{−β̂TZi(t)− γ̂TUi(t)} − ϕ̂(t; β̂, γ̂)

]̂̃
lθ(Xi)

TDn(t; β̂),

σ̂2
E

(t) =
h

n

n∑
i=1

(1−∆i)Kh(t−Xi)
2
[
exp{γ̂TUi(t)} − υ̂(t; γ̂)

]2
,

σ̂2
F

(t;h) = hGn(t; γ̂)T Î−1(γ̂)Gn(t; γ̂),

σ̂EF (t;h) =
h

n

n∑
i=1

(1−∆i)Kh(t−Xi)
[
exp{γ̂TUi(t)} − υ̂(t; γ̂)

]̂̃
lγ(Xi)

TGn(t; γ̂),

σ̂AF (t;h) =
h

n

n∑
i=1

∆iKh(t−Xi)
[
exp{−β̂TZi(t)− γ̂TUi(t)} − ϕ̂(t; β̂, γ̂)

]̂̃
lγ(Xi)

TGn(t; γ̂),

σ̂CE(t;h) =
h

n

n∑
i=1

(1−∆i)Kh(t−Xi)
[
exp{γ̂TUi(t)} − υ̂(t; γ̂)

]̂̃
lθ(Xi)

TDn(t; β̂),

σ̂CF (t;h) =
h

n

n∑
i=1

{̂
l̃θ(Xi)

TDn(t; θ̂)
}{̂
l̃γ(Xi)

TGn(t; γ̂)
}
.

So that

σ̂2
+(t0;h) =

σ̂2
A(t0)υ̂2(t0; γ̂)

B2
n(t0)

+
σ̂2
C(t0;h)υ̂2(t0; γ̂)

B2
n(t0)

− 2σ̂AC(t0;h)υ̂2(t0; γ̂)

B2
n(t0)

+
σ̂2
E

(t0)ϕ̂2(t0; β̂, γ̂)

B
2
n(t0)

+
σ̂2
F

(t0;h)ϕ̂2(t0; β̂, γ̂)

B
2
n(t0)

+
2σ̂EF (t0;h)ϕ̂2(t0; β̂, γ̂)

B
2
n(t0)

+
2σ̂AF (t0;h)υ̂(t0; γ̂)ϕ̂(t0; β̂, γ̂)

Bn(t0)Bn(t0)
−

2σ̂CE(t0;h)υ̂(t0; γ̂)ϕ̂(t0; β̂, γ̂)

Bn(t0)Bn(t0)

−
2σ̂CF (t0;h)υ̂(t0; γ̂)ϕ̂(t0; β̂, γ̂)

Bn(t0)Bn(t0)
.
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3.4.2 Variance estimates of φ̂adj−(t; β̂; γ̂) with correction for finite sample

Similarly we can estimate the variance of φ̂adj−(t; β̂; γ̂) with finite sampling correction.

Recall that

√
nh{φ̂adj−(t0; β̂, γ̂)− φ(t0)} =

√
nh{En(t0; γ̂)− ψ−1(t0)υ(t0)An(t0; β̂, γ̂)}A−1

n (t0; β̂, γ̂).

Let

Ẽn(t;β, γ) = En(t; γ)− ψ−1(t)υ(t)An(t;β, γ)

=
1

n

n∑
i=1

(1−∆i)Kh(t−Xi)
[
exp{γTUi(t)} − ψ−1(t)υ(t) exp{βTZi(t) + γTUi(t)}

]
,

F̃n(t) = Ẽn(t; β̂, γ̂)− Ẽn(t;β0, γ0) = Fn(t)− ψ−1(t)υ(t)Cn(t).

Then

√
nh{En(t0; γ̂)− ψ−1(t0)υ(t0)An(t0; β̂, γ̂)} =

√
nhẼn(t0;β0, γ0) +

√
nhF̃n(t0)

=
n∑
i=1

en,i(t0) +
n∑
i=1

fn,i(t0) + op(1),

where

en,i(t0) =

√
h

n
(1−∆i)Kh(t−Xi)

[
exp{γT0 Ui(t0)} − ψ−1(t)υ(t) exp{βT0 Zi(t0) + γT0 Ui(t0)}

]
,

fn,i(t0) =

√
h

n
{l̃γ(Xi)

TG(t0; γ0)− ψ−1(t0)υ(t0)l̃θ(Xi)
TD(t0; θ0)}.

Therefore, the limiting variance of
√
nh{En(t0; γ̂) − ψ−1(t0)υ(t0)An(t0; β̂, γ̂)} under finite

sampling is σ2
E(t0) + σ2

F (t0;h) + 2σEF (t0;h), where

σ2
E(t) = B(t)

∫
K2(u)du

∫∫
{exp(γT0 u)− ψ−1(t)υ(t) exp(βT0 z + γT0 u)}2fZ,U |T≥t(z, u)dzdu,

σ2
F (t;h) = hE{l̃γ(Xi)

TG(t; γ0)− ψ−1(t)υ(t)l̃θ(Xi)
TD(t; θ0)}2,

σEF (t;h) = nE{en,i(t)fn,i(t)}.
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We could estimate these quantities with the following estimators

σ̂2
E(t) =

h

n

n∑
i=1

(1−∆i)Kh(t−Xi)
2
[
exp{γ̂TUi(t)} − ψ̂−1(t; β̂, γ̂)υ̂(t; γ̂) exp{β̂TZi(t) + γ̂TUi(t)}

]2
,

σ̂2
F (t;h) =

h

n

n∑
i=1

{̂l̃γ(Xi)
TGn(t; γ̂)− ψ̂−1(t; β̂, γ̂)υ̂(t; γ̂)̂l̃θ(Xi)

TDn(t; θ̂)}2,

σ̂EF (t;h) =
h

n

n∑
i=1

(1−∆i)Kh(t−Xi)
[
exp{γ̂TUi(t)} − ψ̂−1(t; β̂, γ̂)υ̂(t; γ̂) exp{β̂TZi(t) + γ̂TUi(t)}

]
·

{̂l̃γ(Xi)
TGn(t; γ̂)− ψ̂−1(t; β̂, γ̂)υ̂(t; γ̂)̂l̃θ(Xi)

TDn(t; θ̂)}.

The limiting variance of
√
nh{φ̂adj−(t0; β̂, γ̂)− φ(t0)} is then

σ2
−(t0;h) =

σ2
E(t0) + σ2

F (t0;h) + 2σEF (t0;h)

A
2
(t0)

, (3.25)

and the corresponding estimator is

σ̂2
−(t0;h) =

σ̂2
E(t0) + σ̂2

F (t0;h) + 2σ̂EF (t0;h)

A
2
n(t0; β̂, γ̂)

(3.26)

3.4.3 Variance estimates of φ̂adjw(t; β̂; γ̂) with correction for finite sample

To obtain the limiting variance of φ̂adjw(t; β̂; γ̂) under finite sampling, take the bandwidth

h as a known constant, and write

√
nh{φ̂adjw(t0; β̂, γ̂)− φ(t0)}

=π0

√
nh{υ̂(t0; γ̂)− υ(t0)}ϕ̂(t0; β̂, γ̂) + π0

√
nh{ϕ̂(t0; β̂, γ̂)− ϕ(t0)}υ(t0)

+(1− π0)
√
nh{φ̂adj−(t0; β̂, γ̂)− φ(t0)}.

Write the components into asymptotic iid forms

√
nh{υ̂(t0; γ̂)− υ(t0)} =

n∑
i=1

en,i(t0)B
−1

(t0) +

n∑
i=1

fn,i(t0)B
−1

(t0) + op(1),

√
nh{ϕ̂(t0; β̂, γ̂)− ϕ(t0)} =

n∑
i=1

an,i(t0)B−1(t0)−
n∑
i=1

cn,i(t0)B−1(t0) + op(1),

√
nh{φ̂adj−(t0; β̂, γ̂)− φ(t0)} =

n∑
i=1

en,i(t0)A
−1

(t0;β0, γ0) +
n∑
i=1

fn,i(t0)A
−1

(t0;β0, γ0) + op(1).
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The variances of these terms, and covariance between the first two terms have been studied

in the variance under finite sampling of φ̂adj+(t; β̂; γ̂) and φ̂adj−(t; β̂; γ̂). The covariance

between
√
nh{υ̂(t0; γ̂)− υ(t0)} and

√
nh{φ̂adj−(t0; β̂, γ̂)− φ(t0)} is

σEE(t0)A
−1

(t0;β0, γ0)B
−1

(t0) + σEF (t0)A
−1

(t0;β0, γ0)B
−1

(t0)

+ σEF (t0)A
−1

(t0;β0, γ0)B
−1

(t0) + σFF (t0)A
−1

(t0;β0, γ0)B
−1

(t0),

and the covariance between
√
nh{ϕ̂(t0; β̂, γ̂)− ϕ(t0)} and

√
nh{φ̂adj−(t0; β̂, γ̂)− φ(t0)} is

σAF (t0)A
−1

(t0;β0, γ0)B−1(t0)− σCE(t0)A
−1

(t0;β0, γ0)B−1(t0)

− σCF (t0)A
−1

(t0;β0, γ0)B−1(t0),

where

σEE(t) = nE{en,i(t)en,i(t)},

σEF (t) = nE{en,i(t)fn,i(t)},

σEF (t) = nE{en,i(t)fn,i(t)},

σFF (t) = nE{fn,i(t)fn,i(t)},

σAF (t) = nE{an,i(t)fn,i(t)},

σCE(t) = nE{cn,i(t)en,i(t)},

σCF (t) = nE{cn,i(t)fn,i(t)}.

So that the limiting variance of
√
nh{φ̂adjw(t0; β̂, γ̂)− φ(t0)} under finite sampling is

σ2
adjw(t0) = π2

0σ
2
adj+(t0) + 2π0(1− π0)σadj+−(t0) + (1− π0)2σ2

adj−(t0),

where

σadj+−(t0) = σEE(t0)A
−1

(t0;β0, γ0)B
−1

(t0) + σEF (t0)A
−1

(t0;β0, γ0)B
−1

(t0)

+ σEF (t0)A
−1

(t0;β0, γ0)B
−1

(t0) + σFF (t0)A
−1

(t0;β0, γ0)B
−1

(t0)

+ σAF (t0)A
−1

(t0;β0, γ0)B−1(t0)− σCE(t0)A
−1

(t0;β0, γ0)B−1(t0)

− σCF (t0)A
−1

(t0;β0, γ0)B−1(t0).
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We propose the following estimators for these terms:

σ̂EE(t) =
h

n

n∑
i=1

(1−∆i)Kh(t−Xi)
2
[
exp{γ̂TUi(t)} − ψ̂−1(t; β̂, γ̂)υ̂(t; γ̂) exp{β̂TZi(t) + γ̂TUi(t)}

]
·

[
exp{γ̂TUi(t)} − υ̂(t; γ̂)

]
,

σ̂EF (t;h) =
h

n

n∑
i=1

(1−∆i)Kh(t−Xi)
[
exp{γ̂TUi(t)} − ψ̂−1(t; β̂, γ̂)υ̂(t; γ̂) exp{β̂TZi(t) + γ̂TUi(t)}

]
·

{̂l̃γ(Xi)
TGn(t; γ̂)},

σ̂EF (t;h) =
h

n

n∑
i=1

(1−∆i)Kh(t−Xi)
[
exp{γ̂TUi(t)} − υ̂(t; γ̂)

]
·

{̂l̃γ(Xi)
TGn(t; γ̂)− ψ̂−1(t; β̂, γ̂)υ̂(t; γ̂)̂l̃θ(Xi)

TDn(t; θ̂)},

σ̂FF (t;h) ={̂l̃γ(Xi)
TGn(t; γ̂)− ψ̂−1(t; β̂, γ̂)υ̂(t; γ̂)̂l̃θ(Xi)

TDn(t; θ̂)}{̂l̃γ(Xi)
TGn(t; γ̂)},

σ̂AF (t;h) =
h

n

n∑
i=1

∆iKh(t−Xi)
[
exp{−β̂TZi(t)− γ̂TUi(t)} − ϕ̂(t; β̂, γ̂)

]
·

{̂l̃γ(Xi)
TGn(t; γ̂)− ψ̂−1(t; β̂, γ̂)υ̂(t; γ̂)̂l̃θ(Xi)

TDn(t; θ̂)},

σ̂CE(t;h) =
h

n

n∑
i=1

(1−∆i)Kh(t−Xi)
[
exp{γ̂TUi(t)} − ψ̂−1(t; β̂, γ̂)υ̂(t; γ̂) exp{β̂TZi(t) + γ̂TUi(t)}

]
·

{̂
l̃θ(Xi)

TDn(t; θ̂)
}
,

σ̂CF (t;h) =
h

n

n∑
i=1

{̂
l̃θ(Xi)

TDn(t; θ̂)
}
{̂l̃γ(Xi)

TGn(t; γ̂)− ψ̂−1(t; β̂, γ̂)υ̂(t; γ̂)̂l̃θ(Xi)
TDn(t; θ̂)},

and hence

σ̂2
adjw(t0;h) = π2

0σ̂
2
adj+(t0;h) + 2π0(1− π0)σ̂adj+−(t0;h) + (1− π0)2σ̂2

adj−(t0;h),

where

σ̂adj+−(t0;h) = σ̂EE(t0;h)A
−1
n (t0; β̂, γ̂)B

−1
n (t0) + σ̂EF (t0;h)A

−1
n (t0; β̂, γ̂)B

−1
n (t0)

+ σ̂EF (t0;h)A
−1
n (t0; β̂, γ̂)B

−1
n (t0) + σ̂FF (t0;h)A

−1
n (t0; β̂, γ̂)B

−1
n (t0)

+ σ̂AF (t0;h)A
−1
n (t0; β̂, γ̂)B−1

n (t0)− σ̂CE(t0;h)A
−1
n (t0; β̂, γ̂)B−1

n (t0)

− σ̂CF (t0;h)A
−1
n (t0; β̂, γ̂)B−1

n (t0).
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Chapter 4

SIMULATION STUDIES

In this chapter we conduct simulation studies to evaluate the finite sample performance

of the proposed statistical procedures in Chapter 2 and Chapter 3. We consider the fre-

quency matched case-control studies with univariate risk factors. Each simulation consists

of generating a target population, sampling case-control data from the target population,

and calculating the point and variance estimators as well as the simultaneous confidence

bands using the case-control data. In our simulations, the kernel function is taken to be

Epanechnikov kernel, i.e., K(x) = 0.75(1− x2)I|x|<1. The bandwidth will be automatically

selected from the proposed cross-validation approach, and fixed bandwidths from a broad

range will be used to evaluate the performance of the automatic bandwidth selector. The

details of the simulation studies are described below.

4.1 Unadjusted Time-varying PAF

The simulation studies in this section are to evaluate the estimators proposed in Chapter

2. We consider the following Cox model:

λ{t|Z(t)} = λ0(t) exp{βZ(t)}, (4.1)

where Z(t) is a univariate possibly time-dependent covariate, β is the regression parameter,

and the baseline hazard λ0(t) is assumed to be a Weibull hazard:

λ0(t) =
ν

η

(
t

η

)ν−1

.

We consider both time-independent covariate, Z(t) = Z, and time-dependent covariate,

Z(t) = cZt, where c is a known parameter larger than zero. For time-independent covariate,
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the true φ(t) is calculated using the following formulas:

φ(t) =
λ(t)− λ0(t)

λ(t)
= 1− λ0(t)S(t)

fT (t)
,

S(t) =

∫
Z
S(t|z)dFZ(z) =

∫
Z

exp{−Λ(t|z)}dFZ(z) =

∫
Z

exp{−Λ0(t) exp(βz)}dFZ(z),

fT (t) = −dS(t)/dt = λ0(t)

∫
Z

exp(βT z) exp{−Λ0(t) exp(βz)}dFZ(z),

with pre-specified ν, η, β, and fZ(z). For time-dependent covariate, the true φ(t) is calcu-

lated using the following formulas:

φ(t) =
λ(t)− λ0(t)

λ(t)
= 1− λ0(t)S(t)

fT (t)
,

S(t) =

∫
Z
S(t|z)dFZ(z) =

∫
Z

exp
{
−
∫ t

0
λ0(s) exp(βczs)ds

}
dFZ(z),

fT (t) = −dS(t)/dt = λ0(t)

∫
Z

exp(βczt) exp
{
−
∫ t

0
λ0(s) exp(βczs)ds

}
dFZ(z).

Each simulation consisted of generating a population of interest, sampling case-control data

from the population, and calculating the estimators using the case-control data. A pop-

ulation with 20,000 subjects was first generated. For each subject, a univariate covariate

Z was generated from a pre-specified distribution, the failure time T was generated based

on model (4.1), and the censoring time C was independently generated from a truncated

normal distribution in [1, 100]. The observed age X was set to be the minimum of T and

C, and the binary disease status ∆ = 1 if T ≤ C and ∆ = 0 if T > C. The case-control

sample was obtained by randomly sampling 1000 cases (∆ = 1) from the population, and

1000 controls with observed age matched with that of the cases within five-year intervals

(frequency match). The data for analysis included X, Z and ∆, while the failure time and

the censoring time were masked. Then φ̂+(t; β̂), φ̂−(t; β̂) and their corresponding variance

estimators were obtained using the procedures in Chapter 2.

The above simulation procedure was repeated for 2,000 times, and produced 2,000 pairs

of point and variance estimates for each of φ̂+(t; β̂) and φ̂−(t; β̂). The mean estimates were

calculated by taking the average of the 2,000 point estimates, the mean variance estimates
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were calculated as the average of the 2,000 variance estimates, and empirical variance esti-

mates were taken as the sample variance of the 2,000 point estimates. The bias was calcu-

lated by taking the absolute difference between the mean estimates and the theoretical φ(t).

We consider four scenarios: 1) early onset common disease with binary exposure; 2) late

onset rare disease with binary exposure; 3) late onset rare disease with continuous exposure;

4) late onset rare disease with continuous time-dependent exposure.

4.1.1 Early onset common disease with binary time-independent exposure

Simulation Setting. This scenario was to mimic the early onset common diseases such

as infectious diseases in high-risk populations. We took 1,000 cases and 1,000 controls with

age frequency matched with five-year intervals. The baseline hazard parameters were set

as η = 40, ν = 2. The covariate Z was Bernoulli with success probability of Pz = 0.3 and

Pz = 0.6. The odds ratio parameter was set as β0 = log 2 and log 3. Censoring time was

truncated normal between 1 and 100 with standard deviation of 20, and the mean was set

to yield 30% censoring probability. These settings yielded an average age at onset of about

26 years.

Simulation Results. Figure 4.1 shows the true φ(t) curves in solid lines and the mean es-

timated curves of φ̂+(t; β̂) and the averages of their corresponding pointwise 95% confidence

intervals in dashed and dotted lines, respectively. For each simulation, the cross-validation

bandwidth is used for computing the estimated curves. The true φ(t) is a monotone de-

creasing function on [0, 1]. For fixed odds ratio, when the prevalence of exposure (Pz) is

higher, the φ(t) curve shifts higher with similar decreasing rate. For fixed prevalence of

exposure, when the odds ratio is higher, the φ(t) curve takes a higher initial value and has a

steeper decrease. The curves of φ̂w(t; β̂) generally overlap with the true φ(t) curve, indicat-

ing that these estimators and cross-validation bandwidths give generally satisfactory results.
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The simulation results for φ̂w(t; β̂) with various bandwidth choices are summarized in Ta-

ble 4.1 and Table 4.2. hCV denotes cross-validation bandwidth. The results include ages

ranged from 10 to 50. The estimates out of this age range are not stable because of small

sample, hence are not shown. Comparing the results across different bandwidths, when a

smaller bandwidth is used, the biases tend to be smaller while the variances tend to be

larger, and when a larger bandwidth is used, the biases tend to be larger, especially at late

ages, and the variances tend to be smaller. The cross-validation bandwidths balance the

bias and variance, and yield satisfactory estimates. We also want to point out that while

we observe trends of bias and variance in association of bandwidth selection, the differences

are generally minor. This suggests that the proposed estimators are fairly robust over a

wide range of bandwidths in our settings. The standard error estimators are close to the

sampling standard deviations, and the coverage of 95% pointwise confidence intervals are

close to 95%, suggesting that the variance estimators perform well.

Results for φ̂+(t; β̂), φ̂−(t; β̂), and φ̂w(t; β̂) with cross-validation bandwidth are listed in

Table 4.3. The three estimators all have satisfactory control on bias. Also as we expected,

the combined estimator (φ̂w(t; β̂)) has smallest variances on almost all time points, followed

by φ̂+(t; β̂), and φ̂−(t; β̂) has the worst performance.

4.1.2 Late onset rare disease with binary time-independent exposure

Simulation Setting. This scenario was to mimic the late onset rare diseases such as

chronic diseases or cancers. We took 1,000 cases and 1,000 controls with age frequency

matched with five-year intervals. The baseline hazard parameters were set as η = 70,

ν = 9. The covariate Z was Bernoulli with success probability of Pz = 0.3 and Pz = 0.6.

The odds ratio parameter was set as β0 = log 2 and log 3. Censoring time was truncated

normal between 1 and 100 with standard deviation of 20, and the mean was set to yield

70% censoring probability. These settings yielded an average age at onset of about 60 years.

Simulation Results. Figure 4.2 shows the true φ(t) curves in solid lines and the mean es-
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Figure 4.1: Simulation results with cross-validation based bandwidth for early onset dis-

ease scenario with binary exposure. The theoretical function φ(t) (solid lines), the mean

estimated curve of φ(t) (dash lines), and the averages of their 95% pointwise confidence

intervals (dotted lines).

timated curves of φ̂+(t; β̂) and the averages of their corresponding pointwise 95% confidence

intervals in dashed and dotted lines. For each simulation, the cross-validation bandwidth is

used for computing the estimated curves. The true φ(t) is a monotone non-increasing func-

tion on [0, 1]. It remains flat at the early stage, and starts to drop at age of 50-60 years and

then converges to zero around age of 80 years. Same as in the early onset disease example,

φ(t) takes higher values with higher prevalence of exposure or larger odds ratio. The curves
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of φ̂+(t; β̂) generally overlap with the true φ(t) curve, indicating that these estimators and

cross-validation bandwidths give satisfactory results.

The simulation results for φ̂w(t; β̂) with various bandwidth choices are summarized in Table

4.4 and Table 4.5. These results shows the same pattern as in the early onset example.

The point and variance estimators both give satisfactory results.
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Figure 4.2: Simulation results with cross-validation based bandwidth for late onset dis-

ease scenario with binary exposure. The theoretical function φ(t) (solid lines), the mean

estimated curve of φ(t) (dash lines), and the averages of their 95% pointwise confidence

intervals (dotted lines).
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4.1.3 Late onset rare disease with continuous time-independent exposure

Simulation Setting. This scenario was to show how the proposed estimators work with

continuous covariate. We took 1000 cases and 1000 controls with age frequency matched

with five-year intervals. The baseline hazard parameters were set as η = 70, ν = 9. The

covariate Z was uniform on [0, 4]. The odds ratio parameter was set as β0 = log(1.3) and

log(1.6). Censoring time was truncated normal between 1 and 100 with standard deviation

of 25, and the mean was set to yield 70% censoring probability. These settings yielded an

average age at onset of about 58 years.

Simulation Results. The results are shown in Figure 4.3 and Table 4.6 and Table

4.7. From these results we see that the point and variance estimators both give satisfactory

results.

4.1.4 Late onset rare disease with continuous time-dependent exposure

Simulation Setting. This scenario was to show how the proposed estimators work with

time-dependent covariates. We took 1000 cases and 1000 controls with age frequency

matched with five-year intervals. The baseline hazard parameters were set as η = 70,

ν = 9. The time-dependent covariate was set as Z(t) = 0.02Zt with Z be uniform [0, 4].

The odds ratio parameter was set as β0 = log(1.3) and log(1.6). Censoring time was trun-

cated normal between 1 and 100 with standard deviation of 25, and the mean was set to yield

70% censoring probability. These settings yielded an average age at onset of about 58 years.

Simulation Results. The results are shown in Figure 4.4 and Table 4.8 and Table

4.9. From these results we see that the point and variance estimators both give satisfactory

results. It is worth noting that φ(t) is a concave function rather than a monotone function.

4.1.5 Simulation results for simultaneous confidence bands

We conducted extensive simulations to evaluate the performance of the proposed methods

for calculating the simultaneous confidence bands. The results for the late onset disease
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Figure 4.3: Simulation results with cross-validation based bandwidth for late onset disease

scenario with continuous exposure. The theoretical function φ(t) (solid lines), the mean

estimated curve of φ(t) (dash lines), and the averages of their 95% pointwise confidence

intervals (dotted lines).

with continuous exposure are shown in Table 4.10. The results for other scenarios are

similar. These results suggests the accuracy of the proposed confidence bands estimators.

4.2 Adjusted Time-varying PAF

In this section we evaluate the estimators proposed in Chapter 3 via simulations. We

consider the following Cox model:

λ{t|Z(t), U(t)} = λ0(t) exp{βZ(t) + γU(t)}, (4.2)
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Figure 4.4: Simulation results with cross-validation based bandwidth for late onset disease

scenario with continuous time-varying exposure. The theoretical function φ(t) (solid lines),

the mean estimated curve of φ(t) (dash lines), and the averages of their 95% pointwise

confidence intervals (dotted lines).

where Z(t) is a univariate possibly time-dependent covariate, U(t) is a univariate possibly

time-dependent adjustment factor, and β and γ are the regression parameters. The baseline

hazard λ0(t) is assumed to be a Weibull hazard:

λ0(t) =
ν

η

(
t

η

)ν−1

.

To calculate the true φadj(t), we first write

φadj(t) = 1− λ0(t)ST (t)

fT (t)

∫
U

exp(γu)fU |T≥t(u)du,
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and ST (t), fT (t), fU |T≥t(u) can be calculated by using the following formulas

ST (t) =

∫
U

∫
Z

exp{−Λ0(t) exp(βz + γu)}fZ,U (z, u)dzdu,

fT (t) = λ0(t)

∫
U

∫
Z

exp(βz + γu) exp{−Λ0(t) exp(βz + γu)}fZ,U (z, u)dzdu,

fU |T≥t(u) =
ST |U (t|u)fU (u)

ST (t)
,

ST |U (t|u) =

∫
Z
ST |Z,U (t|z, u)fZ,U (z, u)dz/fU (u).

Simulation Setting. For the simulation studies for φadj(t), we considered the late onset

disease with continuous Z and U . We took 1,000 cases and 1,000 controls with age frequency

matched with five-year intervals. The baseline hazard parameters were set as η = 70, ν = 9.

The covariate Z and confounder U were bivariate normal with means µZ = 2 and µU = 1,

standard deviations σZ = 2 and σU = 1, and correlation ρ = 0.6. β0 was log(1.3) and

log(1.6). Censoring time was truncated normal between 1 and 100 with standard deviation

of 25, and the mean was set to yield 70% censoring probability. These settings yielded an

average age at onset of about 62 years.

Simulation Results. Figure 4.5 shows the true φ(t) curves in solid lines and the mean

estimated curves of φ̂adjw(t; β̂, γ̂) and the averages of their corresponding pointwise 95%

confidence intervals in dashed and dotted lines. For each simulation, the cross-validation

bandwidth is used for computing the estimated curves. The true φadj(t) is a monotone

decreasing function with values less than 1. In this case the true φadj(t) can take negative

values, since the covariate Z can take negative values. These estimators and cross-validation

bandwidths give generally satisfactory results.

The simulation results for φ̂adjw(t; β̂, γ̂) with various bandwidth choices are summarized

in Table 4.11 and Table 4.12. The results include ages ranged from 40 to 70. From

these results we see that the point and variance estimators both give satisfactory results

for cross-validation bandwidth. Inappropriate fixed bandwidth may result in large bias and

poor coverage (e.g. h = 8, h = 10).
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Figure 4.5: Simulation results with cross-validation based bandwidth for continuous ex-

posure, adjusted for confounders. The theoretical function φadj(t) (solid lines), the mean

estimated curve of φadj(t) (dash lines), and the averages of their 95% pointwise confidence

intervals (dotted lines).
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Table 4.10: Simultaneous confidence bands coverage (continuous time-independent Z, late
onset disease).

β0 h = hCV h=2 h=4 h=6 h=8 h=10

log 1.3 93.2% 92.2% 94.3% 95.1% 94.8% 95.0%

log 1.6 92.1% 92.7% 93.6% 93.3% 89.6% 80.9%
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Chapter 5

DATA ANALYSIS

In this chapter, we apply our proposed methods to three case-control studies from the

Genetics and Epidemiology Colorectal Cancer Consortium (GECCO). The aim of this data

analysis is to estimate the time-varying population attributable fraction of various risk

factors to colorectal cancer (CRC).

5.1 Data Description

The GECCO study is supported by the U.S. National Cancer Institute and it is com-

posed of twelve well-characterized prospective cohorts and case-control studies of colorectal

cancer. This consortium aims to both accelerate the discovery of colorectal cancer re-

lated variants and perform thorough epidemiologic evaluations of new susceptibility loci via

gene-environmental interaction analyses. Key clinical and environmental data have been

harmonized across all studies. The GECCO smoking data set we use for our analysis in-

clude a total of 5498 subjects (2742 cases and 2756 controls) from three population-based

case-control GECCO studies. The primary outcome is the case control status of colorectal

cancer. The other variables include age (age at onset for cases and age at enrollment for

controls), gender, weight, height, BMI, medical history, dietary, alcohol use, smoking, exer-

cises, cancer status, family history of colorectal cancer, and history of diabetes. The details

of these studies are provided below and the number of subjects is summarized in table 5.1.

1. Prostate, Lung, Colorectal, and Ovarian Cancer Screening Trial (PLCO).

PLCO is a large population-based randomized trial to determine the effectiveness of

screening to reduce cancer mortality. The trial enrolled 154,934 participants (men and

women) aged between 55 and 74 years at ten centers from 1993 to 2001. Details of this

study are available online (http://prevention.cancer.gov/plco). The GECCO PLCO

data included a subset of 991 colorectal cancer cases and 937 controls. The cases were
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self-reported as being non-Hispanic White with available DNA samples, questionnaire

data, and appropriate consent for ancillary epidemiologic studies. Cases were excluded

if they had a history of inflammatory bowel disease, polyps, polyposis syndrome or

cancer (excluding basal or squamous cell skin cancer). Controls came from the Cancer

Genetic Markers of Susceptibility (CGEMS) prostate cancer scan (all male) and the

Genome-wide Association Study (GWAS) of Lung Cancer and Smoking along with an

additional 92 non-Hispanic White female controls. Controls were frequency matched

1:1 to cases without replacement. Matching criteria were age at enrollment (two year

blocks), enrollment date (two year blocks), sex, race / ethnicity, trial arm, and study

year of diagnosis (i.e. controls must be cancer free into the case’s year of diagnosis).

2. VITamins And Lifestyle (VITAL).

The VITAL study enrolled 77,738 Washington State men and women aged 50 to 76

years from 2000 to 2002 to investigate the association of supplement use with can-

cer risk. All subjects completed a questionnaire about detailed information on use

of 38 supplements over the past 10 years, diet, non-steroidal anti-inflammatory drug

use, anthropometrics, exercise, health history and cancer risk factors. 54,045 partici-

pants also provided DNA sample for genetic studies. Subjects are followed for cancer

by linkage to the western Washington Surveillance, Epidemiology, and End Results

(SEER) cancer registry and are censored when they move out of the area covered by

the registry or at time of death. In GECCO, a nested case-control set was genotyped.

Samples included colorectal cancer cases with DNA, excluding subject with colorectal

cancer before baseline, in situ cases, (large cell) neuroendocrine carcinoma, squamous

cell carcinoma, carcinoid tumor, Goblet cell carcinoid, any type of lymphoma, includ-

ing non-Hodgkin, Mantle cell, large B-cell, or follicular lymphoma. Controls were

matched on age at enrollment (within one year), enrollment date (within one year),

sex, and race / ethnicity. One control was randomly selected per case among all con-

trols that matched on the four factors above and where the control follow-up time was

greater than follow-up time of the case until diagnosis. A total of 285 cases and 288

controls were included.
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3. Women’s Health Initiative (WHI).

WHI is a long-term health study of 161,808 post-menopausal women aged 50 to 79

years recruited from 1993 to 1998 at 40 clinical centers throughout the U.S. WHI com-

prises a clinical trial (CT) arm, an Observational Study (OS) arm, and several exten-

sion studies. The details of WHI are available online (https://cleo.whi.org/SitePages/Home.aspx).

The GECCO WHI data included 1466 cases selected from centrally adjudicated colon

cancer cases from both arms, and 1531 controls from controls previously genotyped

as part of a Hip Fracture GWAS conducted within the WHI OS. The controls were

matched to cases on age (within three years) enrollment date (within 365 days), hys-

terectomy status, and prevalent conditions at baseline. For 37 cases, there was not

a control match in the Hip Fracture GWAS. For these participants, matched con-

trols were identified in the WHI OS based on same criteria. In addition, case and

control participants were subject to the following exclusion criteria: a prior history

of colorectal cancer at baseline, IRB approval not available for data submission into

dbGaP, and not sufficient DNA available. Matching criteria included age (within

years), race/ethnicity, WHI date (within three years), WHI Calcium and Vitamin D

study date (within three years), and randomization arms (OSag, hormone therapy

assignments, dietary modification assignments, calcium/vitamin D assignments). In

addition, they were matched on the four regions of randomization centers. Each case

was matched with one control (1:1) that exactly met the matching criteria. Control

selection was done in a time-forward manner, selecting one control for each case from

the risk set at the time of the case event. The matching algorithm was allowed to

select the closest match based on a criterion to minimize an overall distance measure.

Each matching factor was given the same weight. Additional available controls that

were genotyped as part of the Hip Fracture GWAS were included to improve power.

5.2 Statistical Analysis

In this analysis, we focused on three smoking variables: smoking status (ever-smoker vs

non-smokers), pack-years (>= 20 vs < 20 and non-smoker), and years since quit smoking
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Table 5.1: Study information

Study N Cases N Controls Total

PLCO 991 937 1928

VITAL 285 288 573

WHI 1466 1531 2997

Total 2742 2756 5498

(≤ 10 years vs > 10 years and non-smokers). We also investigated the association between

risk of CRC and other variables including obesity (BMI larger than 30 kg/m2 ), alcohol

intake (more than 1g/day vs 0-1g/day ), family history of CRC, and history of diabetes.

Time-varying PAF was estimated for those with significant associations. For each of these

variables, logistic regression models were used to estimate its association with CRC, and the

proposed kernel estimators were used to obtain the estimated functional time-varying PAF

φ(t). Epanechnikov kernel and cross-validation bandwidth were used for the kernel estima-

tion. Both the unadjusted estimates and the estimates adjusting for potential confounders

were provided. For the unadjusted model, β was estimated from a logistic model with ad-

justment for observed age, gender, and study. For the adjusted model, β was estimated

from a logistic model was adjusted for observed age, gender, study, and other potential

confounders.

5.3 Results

The descriptive statistics of the study population are summarized in Table 5.2. We see

that the age, gender, and mean BMI are balanced between cases and controls, while obe-

sity, alcohol use, family history of CRC, history of diabetes, and ever smoking have higher

prevalence in cases. The mean of pack-year is higher in cases, and the mean of year since

quit smoking is higher in controls.

The sample prevalence, estimated odds ratios, and the estimated classic PAFs for key risk



103

factors are listed in Table 5.3. These variables are all significantly associated with CRC

risk, with odds ratios (OR) between 1.19 and 1.65. History of diabetes has the highest OR

of 1.65, however, the prevalence of exposure is low with 7.5% in cases and 4.7% in controls,

resulting in an estimated PAF of only 2.9. The composite variable ever-smoking+obesity

has the highest PAF of 10.4, followed by the single variable of ever-smoking, with a PAF of

9.0.

Figure 5.1 shows the estimated curves of φ(t) for the three smoking variables, and Figure

5.2 shows the estimated curves of φ(t) for family history of CRC, diabetes history, and

obesity. Since φ̂w(t; β̂) generally provides better results than either φ̂+(t; β̂) or φ̂−(t; β̂), we

show only φ̂w(t; β̂), and the results for φ̂+(t; β̂) and φ̂−(t; β̂) are provided in the Appendix.

From these plots, we see that the attributable risk of smoking to CRC decreases over time.

The φ̂w(t; β̂) for ever-smoking is about 10% at age 50 and drops slowly to 8% at age 80,

and further to 5% at 90 years of age. The estimated curve for year since quit smoking has

a steeper decreasing pattern, from 9% at age 50 to 1% at age 90. The estimated curve

for pack-years is approximately flat from age 50 to 70, and then slowly decreases from 8%

to 5% at age 90. The estimated curves for family history of CRC and history of diabetes

both have a increasing pattern. The estimated PAF increases from 2% to 4.8% for family

history of CRC, and from 0.5% to 3% for history of diabetes, over 50 to 90 years of age.

The estimated PAF for obesity has a decreasing pattern, from 8% to 4%. The estimated

time-varying PAF for the composite variable of ever smoking and obesity takes greater val-

ues than both estimates of the single variable, and has a steeper decreasing pattern, from

14% to 5%. The estimates for the composite variable of pack-years and obesity and the

composite variable of year since quit smoking and obesity both take slightly smaller values

than their corresponding single smoking variables.

Figure 5.3 shows the estimated curves of φ(t) for the three smoking variables with adjust-

ment for age, gender, study, and obesity. These curves has similar pattern as the unadjusted

ones.
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Table 5.2: Summary statistics of study populations

Characteristic Cases Controls Total

Age (Mean, range) 70.8 (50 - 91) 70.9 (50 - 91) 70.9 (50 - 91)

Female (%) 73.9 74.2 74.1

Ever smoking (%) 55.2 50.8 53.0

Pack-year (Mean, SD) 31.1 (26.9) 28.6 (28.3) 29.9 (27.6)

Year since quit smoking (Mean, SD) 17.9 (13.9) 20.3 (14.4) 19.1 (14.2)

BMI (Mean, SD) 28.1 (5.4) 27.5 (5.1) 27.8 (5.2)

BMI Categories (%)

Underweight 2.2 2.2 2.2

Normal 30.1 32.8 31.4

Overweight 38.8 39.7 39.2

Obese 29.0 25.2 27.2

Alcohol use (%) 47.9 50.7 49.4

Family history of CRC (%) 17.6 15.1 16.3

History of diabetes (%) 7.5 4.7 6.1

Age: age at onset for cases and age at selection for controls; Pack-year: only for ever-smokers; Year

since quit smoking: only for ever-smokers.

5.4 Summary

In this chapter, we present an analysis of the GECCO smoking data. We provide estimation

of both classic PAF and the time-varying PAF with or without adjustment of confounders.

The unadjusted and adjusted models give similar results. The the time-varing PAF of the

three smoking variables and obesity all show downward patterns. The PAF for year since
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Table 5.3: Sample prevalences, estimated odds ratios, and the estimated PAFs

Risk factor Prevalence in

cases (%)

Prevalence in

controls (%)

ORs (95% CI) P̂AF

Family history of CRC 17.6 15.1 1.21 (1.04, 1.40) 3.0

History of diabetes 7.5 4.7 1.65 (1.31, 2.07) 2.9

Obesity 29.5 25.7 1.21 (1.07, 1.36) 5.1

Ever smoking 55.2 50.8 1.19 (1.07, 1.33) 9.0

Pack-year (>= 20) 30.0 24.1 1.35 (1.20, 1.52) 7.8

Year since quit smoking (≤ 10 yrs) 18.9 14.9 1.33 (1.15, 1.54) 4.7
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Figure 5.1: Estimated curves of φ̂w(t; β̂) for smoking variables. Estimated curve (solid lines)

and estimated 95% pointwise confidence intervals (dash lines).
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Figure 5.2: Estimated curves of φ̂w(t; β̂) for family history of CRC, history of diabetes,

and obesity. Estimated curve (solid lines) and estimated 95% pointwise confidence intervals

(dash lines).

quit smoking deceases more than 50% over 40 years age. These estimates are based on

the Cox model where we assume a constant regression coefficient. Therefore, the overall

time-varying pattern in the time-varying PAF should be determined by FZ|T (z|t), i.e., the

time-varying proportion of the risk factor Z in the cohort. People with adverse exposure

(e.g. smoking) has a higher risk for CRC, therefore as time progress, the people with higher

risk tends to fail prior to t and shall not be considered in FZ|T (z|t), and the cohort thus

tends to be ’healthier’. This may explain the decreasing pattern of the PAF curves. The

PAF curves for family history of CRC and history of diabetes have upward patterns, which

can be explained by the fact that senior people are naturally more likely to have these

exposures.
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Figure 5.3: Estimated curves of φ̂adjw(t; β̂) for smoking variables. Model adjusted for age,

study, gender, and obesity. Estimated curve (solid lines) and estimated 95% pointwise

confidence intervals (dash lines).
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Chapter 6

SUMMARY AND FUTURE WORK

6.1 Summary

The population attributable fraction (PAF) is an important measure in evaluating the con-

tribution of risk factors to disease burden or mortality. It is a useful tool for planning of

prevention strategies. Recent development of PAF has extended the classic static measure

to a time-varying function, which provides a dynamic picture of how PAF for an expo-

sure varies over time. In this dissertation we propose three kernel-type estimators of the

time-varying PAF under the Cox model for case-control studies. These estimators are con-

structed by combining a logistic regression model based estimator and a kernel smoother.

The first estimator incorporates a kernel smoother on the cases data, the second estimator

incorporates a kernel smoother on the control data, and the third is a combined estimator

that sums the first two estimators with weight. We study the large sample properties of

these estimators, and establish the strong uniform consistency and asymptotic normality

by using modern asymptotic theories. We also study the finite sample properties of these

estimators, and note that the asymptotic variances are not adequate to explain the actual

variances under finite sampling. The extra variability comes from the variability of the re-

gression coefficient estimators that vanishes as the bandwidth goes to zero but contributes

considerable variability when the bandwidth is not small enough. We derive variance cor-

rections under finite sampling by considering non-zero bandwidths. We propose empirical

variance estimators based on the asymptotic normality with correction for finite sampling.

We also propose a resampling based approach for calculating the simultaneous confidence

bands.

We also consider a more realistic situation when there exists other risk factors that may

confound the association between the exposure of interest and the disease. We propose the
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adjusted time-varying PAF, and three kernel-type estimators for it. We study both the large

and finite sample properties of these estimators. We note, that any associations identified

by estimating time-varying PAF might be the result of underlying mechanisms that relate

to timing of exposure to different risk factors (see e.g. Rothman and Poole, 1988 [24]).

Unfortunately, identification of the timing of exposures and further details regarding the

underlying mechanisms is difficult if not impossible in the case-control design.

We conduct extensive Monte Carlo simulation studies to evaluate the proposed statisti-

cal procedures. We design simulations for four scenarios, each with multiple parameter

settings, to assess the performance of the estimators under these scenarios. We consider

early onset common disease with binary exposure, late onset rare disease with binary ex-

posure, late onset rare disease with continuous exposure, and late onset rare disease with

time-varying continuous exposure. We find that the point and variance estimators perform

well under all the situations tested. As expected, the combined estimator generally is more

efficient than the other two estimators.

Finally, we illustrate our proposed methods by applying them to the GECCO data. We ob-

serve PAF increases with age for the positive family history of colorectal cancer and positive

history of diabetes, and it decreases with age for smoking and obesity.

6.2 Future Work

In this work we focus on the concept of time-varying PAF and estimators based on the

kernel smoother. There are at least two aspects of our estimators that can be improved

by applying modification to the kernel smoother. The first is to deal with the boundary

effect. It is known that the kernel smoother can be dramatically biased near the boundary

of the underlying functions. A common remedy to this issue is to use boundary kernels

within the boundary region. The second aspect is to use a locally-varying bandwidth. The

kernel estimator with fixed bandwidth is susceptible to local bumpiness where density of

data points is low. The bandwidths which vary according to the density of local data points

may have better performances, especially when the local density of the data points changes
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substantially.

Besides the kernel smoother refinement, one possibly interesting direction is to study more

on the combined estimator. The proposed combined estimator is a special case within

a more general class of weighted estimators. Specially, one may consider the following

weighted estimator:

φ̂w(t; β̂) = w(t)φ̂+(t; β̂) + {1− w(t)}φ̂−(t; β̂). (6.1)

where w(t) could be any weighting function. Our estimator is a special case with w(t) = π0.

Since the combined estimator generally has better performances than its two components,

some optimization on the weighting could potentially make it even better. For example,

one could also use a inverse variance weight, where

w(t) =
Var{φ̂+(t; β̂)}−1

Var{φ̂+(t; β̂)}−1 + Var{φ̂−(t; β̂)}−1
.

Since this weighting includes variance estimates from the data, the large sample properties

and the bandwidth selection are not as straightforward as those for the constant weighting,

and requires substantial further development.

PAF is also an important quantity in estimating the age-specific absolute risk from population-

based case-control studies [13]. Estimation of the baseline hazard is a crucial step in age-

specific absolute risk estimation. One common approach for estimating the baseline hazard

for case-control study is through the relationship λ0(t) = λ∗(t){1−φ(t)}, where λ∗(t) is the

composite incidence rate which can be obtained from an external registry such as the Na-

tional Cancer Institute’s Surveillance Epidemiology and End Results (SEER). The existing

approach for estimating φ(t) is to approximate it by using the classic PAF [14]. Since the

classic PAF is a static measure, this approximation is only valid when φ(t) remains roughly

constant over time. The development in this dissertation will be helpful to obtain a more

accurate estimation of φ(t), and hence λ0(t), which results in a more accurate absolute risk

estimation.
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Appendix A

SIMULATION RESULTS FOR UNADJUSTED TIME-VARYING PAF

We reported the simulation results for the combined estimators, φ̂w(t; β̂) and

φ̂adjw(t; β̂, γ̂), in Chapter 4. Now we report the results for φ̂+(t; β̂), φ̂−(t; β̂), φ̂adj+(t; β̂, γ̂),

and φ̂adj−(t; β̂, γ̂).

A.0.1 Early onset common disease with binary time-independent exposure

The simulation results for φ̂+(t; β̂) with various bandwidth choices are summarized in Table

A.1 and Table A.2. The simulation results for φ̂−(t; β̂) with various bandwidth choices are

summarized in Table A.3 and Table A.4. These results show similar patterns as those for

φ̂w(t; β̂).

A.0.2 Late onset rare disease with binary time-independent exposure

The simulation results for φ̂+(t; β̂) with various bandwidth choices are summarized in Table

A.5 and Table A.6. The simulation results for φ̂−(t; β̂) with various bandwidth choices are

summarized in Table A.7 and Table A.8. These results show similar patterns as those for

φ̂w(t; β̂).

A.0.3 Late onset rare disease with continuous time-independent exposure

The simulation results for φ̂+(t; β̂) with various bandwidth choices are summarized in Table

A.9 and Table A.10. The simulation results for φ̂−(t; β̂) with various bandwidth choices

are summarized in Table A.11 and Table A.12. These results show similar patterns as

those for φ̂w(t; β̂).
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A.0.4 Late onset rare disease with continuous time-dependent exposure

The simulation results for φ̂+(t; β̂) with various bandwidth choices are summarized in Table

A.13 and Table A.14. The simulation results for φ̂−(t; β̂) with various bandwidth choices

are summarized in Table A.15 and Table A.16. These results show similar patterns as

those for φ̂w(t; β̂).
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Appendix B

SIMULATION RESULTS FOR ADJUSTED TIME-VARYING PAF

The simulation results for φ̂adj+(t; β̂, γ̂) with various bandwidth choices are summarized

in Table B.1 and Table B.2. The simulation results for φ̂adj−(t; β̂, γ̂) with various bandwidth

choices are summarized in Table B.3 and Table B.4. These results show similar patterns

as those for φ̂adjw(t; β̂, γ̂).
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