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Abstract

Multiport Broadband Matching and its Application in the Design of Feed
Networks for Array Antennas

by
Clifford Richard Curry

Chairperson of the Supervisory Committee: Professor Jonny Andersen
Department of Electrical Engineering

The design of 2N-port networks that allow good power fiow between N
isolated resistors and a general, passive, N-port network is discussed. A new
design procedure is derived by first solving a multiport matching problem
exactly for a particular class of load network. Then a strategy to extend this
design to general load networks is presented. A congruence transformation
that approximately diagonalizes the impedance matrix of a given multiport
over a band of frequencies is found. It is shown how this congruence
transformation can be practically implemented as a network at microwave
frequencies. This 2N port transforming network is placed in front of the given
multiport, so that the impedance looking into the transforming network
consists of N approximately isolated impedances. Then N two port matching
networks are designed to be placed between the isolated resistors and the 1nput

to the transforming network. These matching networks together with the



transforming network constitute a 2N port lossless coupling network with the
desired performance. A specific multiport network model for array antennas is
developed. A new expression for the power dissipated by a load with a Toeplitz
immittance matrix, excited by a progressive phase signal, is derived. It is
shown how the design of coupling networks at a particular frequency, and for
a particular excitation pattern, is straightforward, but the performance can be
unsatisfactory at other frequencies or with other excitation patterns. Results
of several coupling network design techniques as applied to a feed network for

a four element, linear array of slots at 3 GHz are presented.
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1.0 Introduction

This dissertation concerns the design of multiport coupling networks
that provide good power flow between uncoupled resistive networks, and a
general, complex, multiport. A design procedure for maximum power
extraction from a multiport source at a particular frequency and excitation is
presented, and then ways to generalize from these conditions to ranges of

frequencies and arbitrary excitation patterns are given.

1.1 Research motivation

The motivation for these developments is the question of how to connect
array antennas, often used in radar, radio, and ultrasound systems, to the
electronics that constitute the receiver and transmitter parts of those systems.
The designer of the antenna system needs to know how the received signal can
be maximized. given a particular antenna, and incident wave. When
transmitting, the ratio of the power delivered to the antenna divided by the
maximum power available from the source excitation needs to be maximized to

reduce the cost and complexity of the transmitting electronics.

The power flow into a multiport network is a function of the magnitude
and phase pattern of the excitation source. Therefore, when a coupling network
is designed to reduce the power reflected by the antenna, the success of the

design will vary with the excitation. For example, a network which provides a



good match for a broadside beam may not do so well for a beam steered off

broadside.

One exception to this situation is when the impedance matrix of the
coupling network, as seen from the antenna, is the complex conjugate of the
impedance matrix of the antenna. In this case, the power into the antenna is
independent of the excitation pattern. However, perfect conjugate matching
over a range of frequencies is not physically possible, therefore this solution is
not applicable in the important broadband design condition. In applications.
the perfect match and excitation pattern independence of conjugate loading
will be sacrificed for approximate match and approximate excitation
independence over a given band of frequencies. This dissertation provides
design procedures for practical networks that provide good performance on

both these dimensions.

1.2 Literature Review

The problems that mutual coupling causes in array antennas have been
known for some time, and various solutions have been proposed [33], [34], [35],
[43]. A paper by Bloch[1] views the antenna feed as multiport network, and
identifies true conjugate loading as optimal. Several of these papers include
techniques to cancel the reactive part of the mutual coupling, however, they do

not mention the real coupling that exists between antenna elements.



The fact that conjugate loading is just one way to extract all the power
from a multiport source was made clear by Desoer (8]. Other papers have made
contributions to the field [12], [26], [5]. In general, finding useful optimum
loads for multiport sources other than the conjugate load remains an unsolved

problem.

Although broadband matching a single port load has many potential
solutions, [21], [39], [40], [41], [42], the problem of extending match to a range

of frequencies between two multiport loads, has not been addressed.

The realization that a physical element, the multiport transformer, can
perform an arbitrary congruence transformation on multiport impedance and
admittance matrices was probably reached sometime in the 1940’s. Bellevitch

[6] was one of the first to use the transformer explicitly.

Developments in this dissertation are an extension of work reported by

Geren, Curry, and Andersen [7] this year.

1.3 The content of this dissertation

The necessary and sufficient conditions on a lossless two port coupling
network that is placed between a resistive source and a known, complex load
impedance to achieve a particular power gain vs. frequency response are

known (Figure 1).
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Similar conditions on a lossless multiport coupling network are not

known (Figure 2).
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FIGURE 2. Necessary or sufficient conditions are unknown

One of the contributions of this dissertation is that sufficient conditions
for a restricted class of complex multiport load impedances are found (Figure

3).
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The loads for which sufficient conditions are found are those whose
impedance or admittance matrices can be diagonalized over all frequencies

with a constant congruence transformation.

This dissertation asserts that finding a constant congruence
transformation that approximately diagonalizes the impedance or admittance
matrices of a load over a frequency band of interest will lead to a coupling
network that approximately achieves a particular power gain vs. frequency
response over that band. Evidence for this assertion is offered by way of an

example design, using a four element linear array antenna as a load.

Two more of the contributions of this dissertation are in carrying out the

steps necessary to test this assertion:

» A numerical procedure is developed to find a constant congruence

transformation that approximately diagonalizes a load over a



frequency band. The procedure uses the singular value decomposition

of a matrix of the load’s impedance vs. frequency data.

e A design procedure is developed to implement the constant
congruence transformation using combinations of two port
transformers, four port directional couplers, and straight through
connections. All of these components can be readily realized at

microwave frequencies.

Less central to the main theme of the dissertation, but still significant
achievements, are four other contributions to the general areas of multiport

networks and broadband matching.

 Development of a network model for array antennas so that
straightforward computation of antenna patterns and received

signals is possible.

o Derivation of a new formula for scan-angle dependent power flow
when transmitting with array antennas, derived entirely from the

network model of the antennas.

« Introduction of a simple formula for designing the optimal decoupled
load impedance for a multiport source, (for a given excitation, at a

given frequency).

+ Derivation of performance constraints and network requirements for
Butterworth and Chebyshev bandpass matching into parallel and

series resonant RLC loads.



1.4 Document organization

Although array antennas are modeled as multiport networks all the
time, few articles make it clear that there is a relationship between the
network model and common “wave domain” calculations performed with the
antenna, such as the derivation of received signals from an incident wave, or
the calculation of beam direction and shape when using the antenna to
transmit. This connection is made explicit in Section 2.0, which discusses two
different modeling techniques, and develops a network model that can easily

be used for computation of antenna patterns and received signals.

Section 3.0 describes power flow into multiport loads, which is a model
of the transmit mode with an array antenna. In this section, a new expression
for power flow into multiports with Toeplitz describing matrices (like array
antennas), with progressive phase excitation (again, like array antennas), is

derived.

Power flow between two multiports, which is a good model for an array
antenna in the receive mode, is analyzed in Section 4.0. A viable design
procedure for broadband antenna feed networks is presented in Section 4.2.
However, these feed networks are sensitive to the direction of the signals
incident on the array, because they consist of uncoupled subnetworks. For the

power flow to be independent of the direction of the incident signals, some kind



of coupling in the feed network is necessary to counteract the mutual coupling

inherent in the array antenna.

Section 5.0 presents a classic solution to compensating for mutual
coupling: an “ideal multiport transformer”. This circuit component is the
physical analog of a congruence transformation on impedance and admittance
matrices of multiport networks. In Section 5.2 is the first presentation of a
technique for designing a network with practical microwave devices that
duplicates the congruence transformation performed by ideal multiport

transformers.

Section 6.0 presents a new solution to the multiport matching problem,
using decoupling and single port matching. This solution is not general, for it
is only applicable when the source magnitude does not vary with frequency,

and for multiports which can be diagonalized over all frequency.

A variation in the source magnitude is inherent in the antenna feed
problem, because the source magnitude and phases change as the beam is
steered or as the signal to the antenna is incident from a different direction. In
section 6.1, many kinds of networks are identified that are inherently
diagonalizable over all frequency, but a general array antenna is not of this

class.



The first constraint of the theory of Section 6.0 is dealt with in Section
7.0. Through the use of gain equalization of the individual two port broadband
matching networks used the multiport matching strategy, variations in source

magnitude as frequency varies can be accommodated.

Section 8.0 shows how the solution of section 6.0 can be applied to
general multiports, like those that represent array antennas, by approximately
diagonalizing these networks. In order to find a network which cancels the
mutual coupling of the antenna over a range of frequencies, a new design
procedure is described, where measured data from the antenna is used in
matrix form. This antenna data (over a band of frequencies), is then
parameterized by two constant matrices and two frequency dependent
functions. This parameterization is performed using the singular value
decomposition of a matrix of antenna data. The two constant matrices are then
used to design a network that approximately decouples the antenna over the

entire frequency range.

The single port matching necessary for completion of the multiport
broadband matching design is addressed in Section 9.0. Classical matching
theory is applied to the kinds of resonant loads seen in typical antenna
matching problems. Matching constraints for bandpass responses of the
Butterworth and Chebyshev type are derived for parallel and series second

order RLC loads in Section 9.2.
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Numerical techniques for matching are both convenient and necessary
for the multiport matching problem, and section 9.3 explains the technique.
originated by Yarman [14], adopted in this dissertation. At times it is necessary
to start from a close to optimum point to use the numerical technique
effectively, and modifications of the technique to allow this are detailed in

Section 9.4.

Section 10.0 illustrates the performance of various feed network
strategies by showing the detailed results of several designs for a four element

antenna.

Appendices I through VI are background information and reference
material from other sources, helpful for understanding the developments in the
body of the dissertation. Numerical examples of the use of singular value
decomposition to find a diagonalizing congruence transformation. using a
lossless scattering matrix to represent an impedance, and power flow into a
multiport can be found in Appendices VII, VIII, and X. Appendix IX is a
detailed derivation of the formula used to calculate power into networks with
Toeplitz matrices presented in Section 3.1. Appendix XI contains the derivation

of the matching conditions discussed in Section 9.2.

A note on notation: Most of the variables used in this dissertation are

either matrices, identified with capital letters, or column vectors, identified



1

with lower case. Subscripted variables are components of a vector. An
exception is the capital N, used as the integer number of ports of a general

multiport network.



2.0 A network model for antennas

An array antenna with N elements has a lumped electrical model as an
N+1 terminal network, with N ports that all share a common ground return. In
this thesis, attention is restricted to reciprocal N -ports, for example, antennas

In reciprocal media.

Antennas are, by nature, distributed rather than lumped systems. The
object of an antenna is to launch or gather waves. Never the less, at some point
the antenna connects to circuits and electronics that are modeled as lumped
elements. From the point of view of these connections, an array antenna

certainly can be thought of as a lumped, multiport network.

There is much to be gained by pushing the lumped network- distributed
network border much further into the distributed network, both from a
conceptual point of view and as an aide to computation of changes in antenna
pattern resulting from changes in feed network design. Section 2.1 makes the
case for antenna network models where the ports of the network correspond

directly to the wave-launching part of the antenna.

Section 2.2 contains the results of the network analysis necessary to

determine the performance of array feed networks.
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Two important and common antenna array shapes, a linear array and a

ring array, are discussed in Section 2.3.

2.1 The pattern of array antennas

The transmit and receive pattern for an array antenna at a particular
frequency is often expressed as the product of two expressions: the element
pattern and the array factor.

N

Pattern = ElementPattern*ArrayFactor = P,‘fz a,exp (kyr.), (EQ 1)

m=1
where P .sis the pattern of the reference element and the summation of
weighted exponentials expresses the time delay due to the relative element
positions in the array. The complex numbers o, are the antenna excitation.
The fact that the pattern can be expressed as a product like this has been
termed “factorization” [28], or principal of “pattern multiplication” [38]. The
overall antenna pattern is then quite easy to compute. It is convenient to apply
the same factorization technique to an array antenna modeled as a multiport

network, but care must be taken in the modeling process if this is to be valid.

2.1.1 One network model for array antennas

An accurate way of analyzing antenna performance using a network
model is to place inside the multiport the complete array antenna system,

including enough of the feed network so that a lumped feed port is obvious. The
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impedance at a port is then well defined, and the excitation at the ports can
arbitrarily be taken as, for example, current, voltage, or some combination of
the two. The electrical characteristics of the antenna, as viewed from the ports,
are well defined by an impedance, admittance, or scattering matrix. For
example, an antenna subsystem may consist of several copper patches etched
on a printed circuit board, some stripline interconnections, and a coax
connector for hookup to the associated circuits. This is shown schematically in

Figure 4.

|
I
I
[
I
I
| n— 1 A |
|

= {FL ’u_‘ ____________ _, Network Model
FIGURE 4. Excitation at one port causes every antenna to radiate.

A reasonable assumption is that, at the connector, there is one dominate
waveguide mode of power transmission. Therefore, the voltage at the connector
or current flowing in the center conductor of the connector are both equally fine
choices for excitation of the antenna. A complete electromagnetic analysis (or a
measurement) of the antenna subsystem results in a network model for the

antenna that can accurately describe the antenna.
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To predict the pattern of the antenna for arbitrary excitation, the
pattern of the antenna when only one port is excited is computed or measured.
However, the pattern resulting from excitation of one port will (in general), not
be the same as the pattern resulting from excitation of another port. This is
because excitation of a single port results in wave transmission from the
antenna associated with the element at that port, as well as scattering and
absorption by the other elements of the antenna. Since each element is in a
different position in the array, to accurately predict the pattern for the entire
antenna, the pattern of every port driven singly must be computed. Figure 4
illustrates that with this model, although excitation is applied at only one port,

currents get induced into the other antennas, causing them to radiate.

With this network model for the antenna, it is not possible to compute
the actual antenna element excitation, because that quantity is buried within
the electromagnetic model of the antenna. Also, when receiving a plane wave
signal from a particular direction, the output of the antenna cannot be
calculated from the network model, but must be computed using
electromagnetic simulation. Factorization (as applied at the ports of the
network) fails here, although superposition of all the various port patterns

gives the antenna pattern for an arbitrary excitation.
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2.1.2 A more useful network model.

In order to allow the separation of the antenna pattern into in array
pattern and an port pattern, the ports of the antenna network must be
physically much closer to the antenna elements than in the previous network
model discussed. Importantly, the port excitation must correspond directly
with the antenna element excitation used to compute the element pattern.
Thus excitation can no longer be arbitrarily chosen to be voltage or current. but

must be appropriate with the antenna element type.

For example, consider an array of siots in ground plane (Figure 5).
Because the pattern of a slot is computed from the electric field across the slot,
the port excitation in the multiport model must be the voltage across the slots.
“No excitation” means a zero voltage across a port, corresponding to a zero

tangential electric field across the slots.

E.H ﬁeldsEat slot opening correspond to voitage, current
+ -

ground piane

Slot 2 Slot 3

FIGURE 5. An array of slots in a ground plane

Because the excitation of a port corresponds with the excitation of an

antenna element, the antenna pattern resulting from excitation of only one
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port will be the same for all ports of the array. Zero excitation at the ports
corresponds to zero excitation of the antenna elements, so that the pattern

from excitation of one port is the same as the pattern of an element in isolation.

Wire Current at the feed point corresponds directly with currents into the
_ports of the multiport network i

,__Jotj ‘,___,qu /——*mj

+ e- + e- +e-

...............................................

FIGURE 6. An array of dipoles

As another example, port current should correspond with the driving
current in the center of the elements of an array of short, wire dipoles

(Figure 6).

A problem with this formation arises when the elements are more
complicated than simple slots or short wires. What does “excitation” mean for

a particular element?

This question can be answered by the requirement that the element
pattern part of the antenna pattern expression (Equation 1), be the same for
all port excitations. The element pattern must be the pattern of the antenna
when no other elements are excited. Therefore “no excitation” on an element

must leave the element transparent to electromagnetic waves.
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In several common circumstances, the other elements can be thought of
as mostly transparent when they have no excitation. As well as the “slots in a
ground plane” and the “array of short wire dipoles” examples, another example
is an array of longer wire antennas, which can be made transparent by loading
[33]. If the load impedance which leads to transparency is z, then when a port
is loaded by z, the voltage across the port and the current through some port

“m” are related by
v, = -z, (EQ 2)

Since this is the “no excitation” condition, the excitation at this port for

this antenna can be expressed as
excitation, = a, = K(v"l +zi), (EQ 3)

where K is a constant of proportionality.

When receiving from a particular direction, the signals that appear at
this antenna’s ports will not be solely currents or voltages, but will be a linear
combination of the two as given in Equation 3. In the transmit mode. the
excitation, as given by Equation 3, should be calculated at each port. Then the
overall array antenna transmit pattern can be found directly using the form
given by Equation 1, which shows a separation into a constant element pattern

and an array factor.
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In the network model for array antennas in this dissertation, the
excitations used in the expression for array factor are the port excitations in
the network model. Thus, array patterns can be straightforwardly computed

from network analysis of the antenna system, (and knowledge of the array

shape).
2.2 Calculating inputs and outputs from the antenna.
thev
ctiev, 1elemL‘ ielen\ll
Feed velem lt Antenna Feed jaorty @ /- : Antenna
network . -
<7 ielem, network <7 1elem,
( ) ¥ S
ethevy/ velem; Jnonw velemy’
AV * <7 .
ethevy * ielemy : ielemy
CH . —
uelemN _ jnort@ velemy
A. Thevenin equivalents B. Norton equivalents
FIGURE 7. Multiport models of an antenna and feed system.

Figure 7 is a model of the N element antenna as a network, with N
accessible ports. Both impedance and admittance representations are shown.
The port voltages of the antenna network are called v,jqp, (element voltages),

and the port currents are identified as i,),,,, (element currents).

The network of Figure 7A shows voltage sources in series with the
antenna and the feed network. In a transmit situation, the voltages are the

open circuit Thevenin equivalent voltages of the feed network, looking from the
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antenna to the left. In a receive situation. the voltages are the output voltages
from the antenna ports, when the antenna is open circuited. In the network of
Figure 7B, the current sources in parallel with the antenna and feed network
can be regarded as Norton short circuit equivalent sources from either the

antenna, when receiving, or the feed network, when transmitting.

Because the excitation for aperture antennas is a voltage, when an
aperture antenna is receiving, the Thevenin equivalent voltages from the
antenna are independent of the antenna’s impedance matrix, and are
computable straightforwardly from the incident field and geometry of the
antenna. A similar statement can be made for wire antennas and Norton
equivalent currents. For more complex elements, an excitation that is some
linear combination of currents and voltages is also independent of the
describing matrix of the antenna. To compute Thevenin or Norton equivalents

in this case, the antenna’s impedance matrix must also be known.

Assuming Thevenin or Norton equivalents are known, referring to
Figure 7, the antenna multiport voltages and currents due to an excitation can

be calculated from the describing matrices of the various networks:

Velem = (Zanunna (Zfecd + Zanlzmm) -l) €thev = (Yfeed + Yannnna) -ljnorl

ieltm = qud (Yfeed * Yamnma) - )jnorl = (Zfecd + Zanrcnna) -lelhcv (EQ 4)
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These formulas show the effect of mutual ceupling, as commonly
thought of in antenna problems. They make explicit how voltages and currents

appear at all antenna elements, due to excitation of only one antenna element.

The transmitting situation is shown in Figure 8. During transmit, the
excitation at the antenna ports is fixed by the choice of a desired transmit

pattern. The transmit voltages or currents that produce these excitations can

be obtained using Equations 5 through 8.

] \ielem ] AT U — iileml m
Viransmit | éa‘ Feed veieml: Antenna 'Feed vélemli’
network ielem, ' network ielem;
Viransmit2 Cg ve,lem“,: (E Ve/lemzt
: PR °
: ic\tlemN liransmitl - ielme
vu-ansmitNCE vel;m N: @ Vt/:lem i_}
v
FIGURE 8. A schematic of the transmitting antenna

The feed network can be described in a partitioned form, where the
partition corresponds to the input and output ports (usually of the same size).

Let the feed open circuit impedance (or short circuit admittance), matrix be

7 = ':Zn Zy vo= ¥, Fp,
d ed
2y 2 fred =y, 1y

(EQS)
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The Thevenin equivalent voltages or Norton equivalent currents at the

feed network output are then

€hev — Z?.l Ytransmic

jnorl - Y:l vtmn:mu

(EQ6)

The impedance of the feed network as seen by the antenna, the feed
impedance in Equation 4, is simply Z,,. The feed admittance in the second case
1s likewise Y50. Substituting these values into the inverse of Equation 4, the
transmit current needed to produce a particular aperture distribution. or the
transmit voltage needed to produce a particular element current, in the
presence of mutual coupling in the antenna and the feed network, can be

written:

i = 7-1 -1 = 7-1 i
Lransmue Z‘.’ (2‘12 + Zanunna) Zantumavclzm Z'.!l (ZZZ + Zantcnna) lelem

)Y

\4 antenna’ ¢ antenna’ elem (EQ7)

wansmie = T3l (P Y =V (Y +Y

anrcnna) Velnn

Figure 9 shows the antenna system in the receive mode.
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A. Thevenin equivalents B. Norton equivalents
FIGURE 9. A schematic of the receiving antenna

Depending on the use of the Thevenin or Norton equivalents, the output

from the antenna into the receiver can be calculated as
Vaul = Zl?. (Z‘.‘Z * Zanunna) -lerhtv = ZIZYZZ (YZZ * Yanrulna) —ljnorr

[oul = sz (YZZ + Yanunna) -ljnon = YIZZZ2 (222 * Zarmnna) -Iethev (EQ 8)

2.3 Describing matrices of particular array antennas

Because typical array antennas are very regular in shape, the
impedance and admittance matrices that describe them are also regular. Two
important array shapes are the uniformly spaced linear array, and the

uniformly spaced ring array.

The elements of a linear array are mutually coupled because they are
close to one another. One would expect the coupling factor between adjacent
elements to be about the same, no matter where the element is in the array.

Similarly, the coupling between elements separated by two spaces is probably
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close to the same, and so on for the other spacings of the elements. For an N
element array, there are N-1 different spacings. With the “self’ term included,
it would seem that the entire N by N describing matrix of the array depends on
only N different terms. This is approximately the case. For an antenna where
the excitation of an element is a current, the impedance matrix has this special
form. For voltage-driven elements, the admittance matrix has this special

form:

DescribingMatrix = [ A A (EQ9)

v vy fye o ]

where t is the self term, t, is the coupling between adjacent elements, t3is the
coupling between elements separated by two spaces, and so on. Matrices with

the pattern of Equation 9 are called symmetric Toeplitz matrices.

— >
D b—r= s N O)
= g >
x @ Numbers in circles x x
are node numbers,

corresponding directly NV
to port numbers.

FIGURE 10. Schematic of a four element linear array antenna.
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The nodal admittance matrix of Figure 10 can be written by inspection

as

x+2b+c+d -b - -d
_ -b x+2b+c+d ~-b ~C _ v
Ynodal - — b x+2b+c+a’ -b - }:honc:rcuu‘ (EQ 10)
-d - -b x+2b+c+d

where a, b, ¢, d, and x are the admittance values of the circuit components. If
the node to ground voltages of Figure 10 represent the port voltage of a
multiport network, then the short circuit admittance matrix and the nodal
admittance matrix of the network are the same. This multiport network with
a symmetric Toeplitz admittance matrix is an equivalent circuit for a four

element, voltage excited antenna.

The elements at the ends of linear arrays are in a slightly different
environment than elements in the middle of the antenna, and therefore

matrices describing finite antennas are not exactly symmetric Toeplitz, but are

almost so.

The second array shape presented here is the ring array. One can think
of this antenna as a linear array with the ends curved around to meet each
other. The describing matrix for this array is symmetric Toeplitz also.
However, with N elements in a circle, element number 1 is adjacent to element

2 and element N. Elements two away from 1 are elements 3 and N-1, and so on.
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Therefore, there are only integer(N/2)+1 different mutual couplings in the
describing matrix. This symmetric Toeplitz matrix, with some elements

repeated, is called a symmetric circulant matrix. In general, it looks like

a b ¢c d..dc b
b a b c ... e d e
c bab .. fed
Mawix = |9 ¢ b a g [ e (EQ 11)

[~ N

0
<
oQ

o]

o

(>

. b
bcde...cba_j

(s}
N
o
)

It is readily shown that the inverse of a symmetric circulant matrix is
also symmetric circulant, so both the impedance and admittance matrices of

ring array antennas have this pattern.

2.4 Conclusion

By demanding that the signal at the ports of a network model for array
antennas be directly related to the excitation of the antenna used to compute
the array transmit and receive pattern, the connection between the
electromagnetic behavior of the antenna and its circuit model is clear. For
example, describing matrices for simple array shapes like linear arrays or ring
arrays can be intuitively derived. Also, equivalent circuit models for some
antennas are easily found. A charactenistic of this formulation is that there are

“natural’ models for antennas with particular kinds of elements. Norton
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equivalent circuits for wire antennas and Thevenin equivalent circuits for

aperture antennas are two examples.



3.0 Power flow into a driven multiport

In this section, the idea of power flow into a network with more than one
connection port is explored. In the single port case, real power always flows into
the terminals of a passive network, but with multiple connection ports, power
can be flowing in some terminals and out others. The power flow depends
strongly on the excitation pattern, or the relative magnitudes and phases of the

excitations at all the ports.

In section 3.1, new, simple expressions for power flow into antenna-like
. h] v I + 3 o . 33 - - “ L.
multiports under what is called progressive phase” excitation conditions are

derived, based entirely on network models for the antenna.

When applying a signal to a multiport network, the power into the
network can be expressed from the scattering, admittance, or impedance

matrix of the multiport as
ComplexPower = a'* (I ~S"S)a = v!°Yv = i**Zi | (EQ 12)

where a, v, andi are 1 by n column vectors of complex phasors.” «“is the
incident wave, v is the port voltage, and i is the port current. When the phasors
represent exponentials on the j-axis, the real part of the complex power is the
average power dissipated over a period of the wave. In the following
development, admittance matrices are used, although another type of

describing matrix would serve just as well.
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For an admittance, the real power dissipated in the network is

N
Yy+re
R (v* YV) = w'( 5 )v = Z (—Vh') kmv’:v"' (EQ 13)
1

kkm=

where yy are the elements of the Hermitian part of the admittance.

If the network is passive, the real power flowing into it is always non-
negative. This does not mean, however, that power always flows into each port
of the network. Depending on the voltages on the ports, power can be flowing
out of some ports and into others. In the literature associated with antenna
arrays, the term “active impedance” is often used to represent the relation

between voltage and current at a single port under certain conditions of

excitation.
vy 3 Network
®
v, ®
Active impedance= l— )
i L
VN< : é IN

FIGURE 11. A multiport, driven by voltage sources

The real part of this “active impedance” can be positive, negative, or
zero. In other words, when the ports are looked at individually, they can seem
to be active or passive or lossless, even though the network is strictly passive.

When looking at the “active impedance” of a multiport as the excitation
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changes, odd responses that look like resonances occur, but they have nothing
to do with the dynamics of the network. This is demonstrated in an example of
power flow into a multiport network with a high degree of mutual coupling,

presented in appendix X.

3.1 Excitations for antenna arrays

In order to arrange for a particular transmit pattern from array
antennas, the magnitudes and phases of the port excitations are controlled.
Although different design procedures can lead to all sorts of excitation, a
common excitation for equally spaced arrays is called progressive phasing. In
this technique, the transmit beam of the array is steered from broadside to
endfire by applying an excitation to the elements that exhibits a constant
phase shift from element to element. Because of the phasing difference and the
slightly different distance waves from each element have to travel to reach a

far away target, the wavefronts all add up in phase for a particular direction.

When the excitation has a progressive phase shift from port to port, the
vk terms in Equation 13 are of the form
v, = v,exp (jkB) , (EQ 14)

where the v, are constants, and the port to port phase shift is 6. With N ports,
k ranges from 0 to N-1. Converting the exponential to sines and cosines, one

can see from Equation 13 that power into the admittance takes the form a
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weighted sum of sines and cosines of multiples of the excitation phase shift.

The highest multiple is one less than the number of the ports in the multiport.

More can be said about the power into the network as the port to port
phase shift changes in the special case of a symmetric Toeplitz admittance. In
the following, an expression for the power in terms of a sum of cosine terms is

developed. For a detailed derivation, please refer to appendix IX.

If the admittance is symmetric Toeplitz, then the Hermitian part of the
admittance is symmetric Toeplitz, also. Denote the first row or column of the
Hermitian part of the admittance as [Y}, Yy, Y3,...Yn]. Then the main diagonal

is all Y), the first superdiagonal and the first subdiagonal are Y5, and so on.

A symmetric Toeplitz matrix with entries Yy, is as a matrix where

Ym = Vi met- (EQ 15)

km

When the voltages display progressive phase, (Equation 14), with v and

6 real, then
VeV, = L, _exp (—kB) exp (jmO) = VL, exp (8 (k-m)) . (EQ 16)

As k and m range from 1 to n, their difference will range from n-1 to
-(n-1). For every k, m combination with difference i=k-m, there will be another
with difference -i=m-k. For every exponential with a positive exponent, there

will be one with a negative exponent, with the same multipliers. The two
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exponentials add up, with the sine terms cancelling and the cosine terms

adding.

The real power that flows into the multiport under these conditions is a
sum of cosines. Each diagonal of the admittance matrix contributes a cosine
term to the power. The power into such an admittance, under progressive

phasing, can be written

n n-lf n-
Power(8) = ER(Yl)ZvE*-Z kavh,]Z‘R(Y”l)cos(i@) ‘ (EQ 17)
k=1 =] k=]

For example, when the excitation is uniform, that is, the magnitude of
the voltage at each port is constant (set to unity), and only the phase changes,
the power into the admittance as a function of excitation angle takes a simple
form of

N

Power(8) = NY,+ 3 k¥ cos((/~1)8), (EQ 18)
1=2

where ¥ = (2(¥N+1-))). Thus, each diagonal of the matrix contributes a cosine
term to the power into the admittance. The weighting of each term falls off
linearly with movement away from the main diagonal. This is illustrated in
Figure 12, where the total power into a four port multiport is decomposed of a

sum of four weighted cosines.
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Power contribution from each diagonal of a network’s matrix
6 T T T i LI L 1 T
diagonals={.457,-.329,.199,-.327], |vin|=1

4F Progressive phasing on the ports,
and Toeplitz admittance matrix.

Total power

Main diagonal

0 20 40 60 80 100 120 140 160 180
Degrees between ports

FIGURE 12. The power into a network is a sum of cosine terms

If the admittance matrix is positive real, the power will, of course, never

be less than zero as the phasing changes.

The fact that the antenna is passive and has a describing matrix with a
positive semidefinite Hermitian part limits the kinds of Y;...Yy that will
appear in Equation 17. This, in turn, limits the kinds of shapes that the power
vs. angle between the ports curve will have. The positive semi-definiteness of
the Y matrix can be expressed as a set of nonlinear expressions that all are non-
negative!. Unfortunately, it is difficult to solve these equations in a way that

sheds light on how they constrain the power curve vs. angle, in detail.

1.Two different procedures lead to these equations, (1), setting all the principal minors of Yy
to be greater than or equal to zero, or (2) setting all of the eigenvalues of Yy to be greater than
or equal to zero. Both techniques lead to complicated equations, even for matrices as small as
3 by 3.
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3.2 Conclusion

Power into the network changes with changes in phase shift between the
ports (or changes with scanning, if the network is an antenna), because there
are non-zero entries off the main diagonal of the describing matrix of the
multiport. As the beam of an antenna is steered, the power into the antenna
may drop to very low levels for some scan directions. This is called scan
blindness [43]. An example of a resistive network that exhibits this scan

blindness effect is given in Appendix X.

In this section, we have shown how the power into a network described
by a symmetric Toeplitz admittance matrix, with progressive phase excitation,
varies with the cosine of multiples of the phase shift between ports. Thus, scan
dependent power flow in array antennas can be understocd as a consequence
of the nature of the antenna’s mutual coupling, which in turn, is a consequence

of the physical shape of the array.



4.0 Power flow between a multiport source and multiport load

Section 3.0 developed the ideas of power flow when a multiport is driven
by external sources, for example, an array antenna in transmit. In this section,
the concentration is on power flow in the receive situation. It is shown that N
isolated loads can be optimum at a single frequency and source distribution. A
new, simple technique to find these loads is presented. Then, design of coupling

networks where each port is isolated is analyzed.

To maximize the gain of an array antenna there must be optimum power
flow between the antenna itseif and the feed network. When the antenna is in
the receiving mode, it can be modeled as a multiport source with Thevenin
equivalent sources connected in series with each of its ports, or with Norton
sources in parallel (Figure 9). A natural question to ask in this situation is
“What is the receiver load that extracts the most power from the array
antenna?” This problem of maximal power transfer for N-ports was addressed
by Desoer [8], and Vidyaser [12]. They showed that, at any single frequency,
the complex conjugate transpose of the antenna impedance extracts all of the
available power from the antenna source. Their proof involves determining the
port currents, iop,, that flow for optimal power transfer. For details see

appendix I.

They also pointed out that, for a particular excitation voltage, there are

many different loads that will also extract all the available power from the
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antenna. This is due the fact that the A= parameters of Z ,4 are constrained

by only N equations. If Ni,;, denotes the (N 2.N) dimensional subspace
consisting of all matrices that map i, into the zero vector, then the matrices
Zyoaq Which satisfy these equations, and therefore optimal for power transfer,

can be expressed as

(Zload = Z'.rourcc + Znull) : Znull €. opt (EQ 19)

The best load is the conjugate of the source: however, this is only one of
an infinite number of loads of extract the same power from the source, given a
particular voltage excitation. One way to find Z,,;; matrices is to set up an
orthonormal basis for R" that includes the excitation vector, iy;,, as one of the
basis vectors. Then, any linear combination of the other N-1 vectors in the

basis, excluding i,p,, can be used to form the columns of Z,, ;.

Although Equation 19 is a description of all the loads that are optimal in
a particular situation, finding loads that are optimal and have other desirable
characteristics, (for example, simplicity), is generally an unsolved problem.

(For in interesting attempt, see Flanders [5]).

4.1 “N” isolated impedances can form the optimal load

Knowing that many loads can act just like a conjugate load for a
particular excitation, consider the observable voltages and currents flowing in

the circuit when the conjugate load is connected. Regarding the antenna and
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feed network (load), as black boxes, only the port currents lope> and the port
voltages v, are observable, so that any load which results in these voltages

and currents, regardless of its internal structure, will extract the optimal

power from the source. In particular, each port current and voltage defines an

isolated, uncoupled impedance, given by z,_ = \:”—"'-‘

port

, that can be substituted

port

for the conjugate load without changing the voltages and currents of the

circuit.

At a single frequency, given a particular excitation vector, there exists N
isolated loads that extract all of the available power from an N-port source. The
impedance of these loads can be calculated as the ratio of the voltages and
currents on the ports of a conjugate load connected to the source. This

important observation was made by Bloch [1].

For these conditions, designing the optimum load for a multiport source

simplifies into designing N single port loads, as shown in Figure 13. It is not
necessary to include mutual coupling in the load to extract the maximum

power from the source.

The following three paragraphs make statements about the optimum
diagonal load that are, in the author’s opinion, quite fascinating. It is

important to keep in mind, while reading the following, that these statements
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are true for single frequency conditions. and are even true when the multiports

In question are purely resistive.

Since the N numbers of the diagonal load are determined by N linear
equations, the optimal diagonal load is unique. However, when the source
network is passive, the diagonal load that extracts the same power as the
conjugate load is not necessarily passive. A formula for the diagonal load that
is passive and extracts the most power from a particular source is not

known(8].

It has been mentioned in Section 3.0 that the impedance looking into a
port of a multiport load, when considered in isolation, is sometimes called the
active impedance. A multiport source can be considered a passive multiport
network with Thevenin or Norton equivalent sources, and so the active
impedance of a multiport source is well defined, as the ratio of voltage to
current at a port of the passive multiport of the source (Figure 11).
Interestingly, the diagonal load that extracts the most power from a multiport
source is not the conjugate of the active impedance of the source. Thus, the best

loading of a source does not lead to individual best loadings of its ports.
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FIGURE 13. The optimum load can be simple, isolated impedances.

Consider a passive multiport in parallel with Norton equivalent sources.
as shown in Figure 13. The N impedances can be found which extract all the
available power from the source. following the procedure just discussed. Now
consider the same circuit, with the role of source and load reversed. The N
impedances along with the current sources form a diagonal multiport source.
The power extracted from this new source by the original multiport is not, in
general, all the available power. This is in contrast to the conjugate-matched
case, where reversing the roles of source and load lead to the optimum match

in both situations.

When the excitation differs from the excitation used to design the load,
the amount of power extracted from the source will not necessarily be all of the
available power. The degree that the load becomes suboptimal for other
excitations depends strongly on the original source. For example, the passive,

resistive source in Figure 14 accepts very different power as the excitation
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phasing changes, and also exhibits a high degree of variation of transducer
power gain with excitation phasing. (If this multiport were a linear array
antenna, it would be said to exhibit a high degree of scan blindness at broadside
and at an angle corresponding to 90° between ports). Figure 14 shows the power
gain that results from two different designs that are optimal at one particular
phasing: one with no phase shift between the ports, and one with 60° between
the ports. The 60° design has more gain over a broad range of input phasings,

but still exhibits very low gain (or “blind spots”) at some phasings.
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Power into network, directly driven by progressive phase voltages
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FIGURE 14. Power into two different loads from a source.

In contrast, the passive resistive network of Figure 15 shows minimal
change in transducer power gain for changes in excitation phase, and also
shows less variation of power into the network when driven by voltage sources.
Thus, the suboptimal performance of a diagonal load as the excitation changes

must be evaluated for each particular source.



42

Power into network driven by voltages
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Transducer power into diagonal load, optimum at 60° between ports.
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FIGURE 15. Power into two different loads from another source.

4.2 Using uncoupled feed networks

When an equally spaced array antenna is receiving from a far away
source at a particular direction, the elements will be excited approximately
equally in magnitude, with a progressive phase shift. This is an example of a

situation where the excitation pattern of the source is known. For this case, a
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specification for simple feed network design that results in optimal power

extraction from the array antenna can be found by

« Conceptually connecting the conjugate load to the antenna source.

« For all frequencies, computing the current and voltages that exist at

the load terminals.

« Computing the ratio of voltage to current at each port, which defines
N isolated impedances that extract the most power possible from the

antenna.

The problem remains to realize some (not too complicated), passive

impedances that come close the specification over the band of frequencies.

After design of the isolated loads, an analysis of the overall system will
reveal the performance of the antenna with sources at other locations. If the
performance is acceptable, this “single scan angle” based design may be all that
is needed. Figures 14 and 15 indicate that the antennas that exhibit a lot of

scan blindness effect will probably not be good candidates for this technique.

For example, optimum uncoupled loads for a four element multiport
with moderately low changes in power with scan were calculated in a band of

frequencies for an excitation of progressive phase with 60 degrees between the
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ports. Then, a numerical optimization routine was used to approximate the

optimum loads with fourth order, positive real loads.

The approximation was performed in this way: For each load, at each
frequency, the complex conjugate of the optimum load was computed. Then, a
numerical broadband matching routine was used to find the best source
impedance for delivering power over the given frequency band to the conjugate
of the optimum load. This source impedance is then an approximation to the

optimum load that is, in some “power” sense, a good approximation.

The total power out of the antenna into the realized load was calculated
for various progressive phasings, over the frequency band. The four optimum
loads are shown in Figure 16. (This multiport is actually the four element slot

antenna used the examples of the section 10.0).
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Magnitude of the best loads for the 4 port source
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FIGURE 16. The optimum loads as frequency changes.

The four optimum loads are approximated using the networks of Figure
17. The result of the numerical approximation is a rational function. Cascade

synthesis was then used on the rational functions to find the circuits of Figure

17.
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FIGURE 17. Designed matching networks
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These networks produce the impedances of Figure 18.

Magnitude of the best loads for the 4 port source
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FIGURE 18. An approximation to the optimum, uncoupled loads

Note that the approximating impedances and the optimum loads have
very different magnitude variation with frequency. However, the phase of the

approximating and optimum impedances are similar.

The power gain into the realized networks, for antenna output voltages
with progressive phasing, is shown in Figure 19. The power gain is quite flat,
and quite high, also. The power gain changes with phasing, and is shown for
several values of progressive phase signals from the source. As can be seen, the

change in power gain as the excitation phasing differs from the design value is
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nothing like the variations of Figure 14, it is more on the order of the variations
in Figure 15. Since the variation in power gain with frequency and the
variation in power gain with phasing are of the same order of magnitude in this
case, this variation with excitation may be acceptable. This would mean that
the design is good enough. If not, the following sections of this dissertation

show how the variation in excitation can be reduced.
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FIGURE 19. Power gain vs. frequency, for several excitation phasings.

4.3 Conclusion

Because there exists an optimum load for any N-port source that
consists of N isolated loads, in this section, the viability of design with feed
networks which consists of decoupled subnetworks is explored. An example

design is actually carried out. It is quite possible that a design based on
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uncoupled networks will have acceptable performance. This will depend on the

nature of the multiport source.



5.0 Allowing mutual coupling in the feed network

Although an uncoupled feed network may provide a good match for a
particular excitation, the only way to remove the match dependence on
direction of reception is to compensate for the mutual coupling in the array.
Also, in the transmit situation, the impedance change of the antenna with scan
angle makes the driving of the antenna difficult, and a compensation for this
scan dependence would reduce this impedance change. In this section, it is
shown how, ideally, it is possible to completely compensate for the mutual
coupling in a multiport. A design procedure for practical microwave circuits

that carry out this compensation is introduced.

A scheme for compensation for the mutual coupling in an array antenna
is suggested by Figure 10 on page 24. First, assume that all the admittances
cross coupling the four nodes are reactive. Then assume that reactances of
opposite signs, but the same magnitude, are substituted for those cross terms.
The resulting network has an admittance matrix which is symmetric Toeplitz,
and has cross terms which are exactly the negative of the original matrix. This
compensation network can now be placed in parallel with the antenna, and the
resulting input admittance does not vary with scan angle. Thus, the reactive

part of the antenna admittance can be dealt with.
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There is a considerable literature associated with reducing the scan
dependence of an array antenna by connecting another network in parallel
with the antenna [34], (35], [36]. However, this scheme can only work by
cancelling the reactive part of the mutual coupling with reactances of the
opposite sign. The real part of the mutual coupling cannot be cancelled by

placing a positive real network in parallel with the antenna.

5.1 Decoupling the ports by a congruence transformation

At a single frequency, a passive multiport network can have all of its
mutual coupling compensated for by a transformer network. This is because
two matrices, one of which is positive definite, can be simultaneously
diagonalized with a real congruence transformation. An impedance is
completely described by its real and imaginary parts. Since the real part of the
impedance matrix is positive definite (because the multiport is passive), the

real and imaginary parts can be simultaneously diagonalized.

isolated impedances Conjugate of the antenna
<->—/\/\ A T — ! % ; ]
<+ —_—
T == Decouplin T Decoupling
7 | Network | | Antenna Network Antenna

& [ O
= L

2k T

Transmit case Receive case

FIGURE 20. Use of a decoupling network at a single frequency.
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It can be shown that the placing of a so called “multiport transformer” in
front of a load described by its impedance matrix, has the effect of causing the
transformer’s input ports to have an impedance given by the congruence
transformation of the load impedance by the transformer’s turns ratio matrix

[43].

An explanation of the multiport transformer ideal circuit element is

available in appendix II.

In Figure 20, consider a transformer with a turns ratio matrix calculated
by the simultaneous diagonalization of the real and imaginary antenna
impedance used as the decoupling network. In the transmit mode, the
transformer, when terminated in the antenna, will show isolated complex
impedances at its input ports. These can be matched at a single frequency with
a reactance and a resistor. In the receive mode, the transformer, when
terminated with a resistance and a reactance, can show an exact conjugate of
the antenna impedance to the antenna. Then all the available power can be

extracted from the antenna.

The transformer provides a matched situation in both transmit and
receive, but so does terminating the antenna in the optimum diagonal loads.
The diagonal load, though, maintains a match only for a particular excitation.

Because the transformer, along with the resistors and reactances, provides for
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a true conjugate load at a single frequency, the match will be maintained by
any excitation at that frequency. Thus, on transmit, high reflected power when
scanning to particular beam directions will no longer occur. On receive, the
maximum available power will be extracted from the antenna, regardless of the

transmitter location.

5.2 A microwave multiport transformer

The above discussion seems academic because of the difficulty of making
the multiport transformer. However, it is demonstrated here that at microwave
frequencies, networks which act like multiport transformers {(over a iimited

frequency range), can be practically constructed.

In the paper by Geren, Curry, and Andersen, [7], it has been shown that
an “orthogonal transformer”, that is, a multiport transformer with an
orthogonal turns ratio matrix, can be constructed by a combination of

microwave directional couplers with the correct coupling factors.

This result can be extended. In this section, it is shown that any turns
ratio matrix, orthogonal or not, can be similarly constructed at microwave

frequencies.

The formula for the scattering matrix of a transformer with turns ratio

T is [2], [25]



53

-1 - -l
- {(urm (I'r-n  20+1T'D-'T } (EQ 20)

S =
TRANSFORMER 2T (I + T - (U+TTH- ([ - T

If a transformer happens to have a turns ratio matrix which is
orthogonal, then the upper left and lower right sub-matrices of its scattering
matrix, (Equation 20), are zero, indicating the network is “matched” at all
ports. Such a transformer is called an “orthogonal transformer.” Its scattering

matrix is
S - O Tf
ORTHOGONAL TURNS MATRIX Tol (€EQ 21)

Any reciprocal, lossless network that is matched at all ports can be
considered to be an orthogonal transformer [1]. Transformer networks that are

not matched do not have orthogonal turns ratio matrices.

The cascade connection of a chain of multiport transformers is a
multiport transformer, as shown in Figure 21. If the turns ratio matrices of the
cascaded transformer networks are T.T2,Ts....T,, the overall network has a
turns ratio matrix equal to the reversed product of the individual turns ratio

matrices, that is

TurnsBIG—TRANSFOR.MER =T,xT, x..xT,xT, . (EQ 22)

— T T2 Ts

——
—
—

[[]

TsxT:XTl‘

FIGURE 21. A cascade connection of transformer networks.
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Equation 22 suggests that decomposition of a complicated transformer
network into a cascade of simpler, (or more desirable), transformer networks

can be accomplished by factoring the turns ratio matrix.

For example, it is possible to design “orthogonal transformer” networks
at microwave frequencies using combinations of four port directional couplers
and straight through connections [7]. Therefore, it is of interest to look at
factorizations that result in orthogonal parts. Especially, the singular value
decomposition (SVD), is useful because it creates two orthogonal factors and a
diagonal factor. The orthogonal factors can be realized with a network of
directional couplers, as already mentioned, while the diagonal factor
represents uncoupled, two winding transformers. These simple transformers
can be realized with quarter wave sections at microwave frequencies. The

singular value decomposition is given by
SVD(Turns) = U-S-17 . (EQ 23)

Here, U and V are orthogonal matrices, while S is a diagonal matrix with

nonnegative entries.

The singular value decomposition is the only decomposition into
orthogonal matrices and a nonnegative diagonal matrix. The non-negativeness
of the diagonal parts is not necessary in order for realization with two port,

quarter wave impedance transformers, so the SVD is not the only
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decomposition that results in an easily realized network. It is suggested here
because it is easy to compute (it is a standard library routine for most linear

algebra packages), and the SVD exists for every matrix [9]. The singular value
decomposition will be referred to later in this paper. A derivation of the SVD,

from references [9] and [10] is presented in appendix III.

A feed network for array antennas that compensates for the mutual
coupling between the elements at a single frequency can be implemented by a
cascade of the three networks: an orthogonal transformer with turns ratio V*,
followed by isolated transformers whose primary turns are the diagonal
elements of S, followed by an orthogonal transformer with turns ratio U. This
is shown in Figure 22. In turn, each of the three ideal elements has a
microwave circuit analog with a rich collection of design techniques associated

with it [31]. A brief discussion of directional couplers is presented in the next

section.
@ e
| Nyt Ng Ny .

FIGURE 22. Every muiltiport transformer can be realized in this form.
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5.2.1 Realizations with directional couplers

A matched, lossless four port at microwave frequencies is often called a
directional coupler. So called “antisymmetical” couplers have a scattering

matrix like [23]

00 afp

SDIRECTIONAL—COUPLER =00 Ba ) (EQ 24)
a-f 0O
Ba 00

where the orthogonal condition holds, «3~p? = 1. Evidently, such a network is a

four port orthogonal transformer with a turns ratio of

- |a-B
Tur MSpIRECTIONAL -COUPLER = ,:B QJ - (EQ 25)

Although no practical design technique exists to make directional
couplers that are frequency independent, networks can be constructed that

behave ideally over wide bandwidths.

Orthogonal transformers of any number of ports can be constructed from
combinations of directional couplers and straight through connections. This is
accomplished by factoring the orthogonal turns ratio matrix of the transformer

into a product of “rank two corrections to the identity” of the form [24]
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0 ... cos® ... sine ... 0of ¢
...... . (EQ 26)
0 ...-sinB ... cos® .. 0| k

G(i, k8) =

These matrices are called Givens rotations. As can be seen by the
similarity of Equations 25 and 26, there a connection between the Givens
rotations and directional couplers. Details of the design procedure for
orthogonal turns ratio matrices are given in [7]. The results of that paper can

now be extended.

Any multiport transformer, orthogonal or not, can be realized by
combinations of directional couplers, straight through connections, and simple

two port transformers.

Thus, in some sense, design of networks at microwave frequencies may
be the only practical application of the extensive design procedures for
arbitrary multiport networks built on the use of multiport transformers, such

as those discussed by Newcomb [25].

5.3 Conclusion

A new way to implement constant congruence transformations with two

port transformers, four port directional couplers, and straight through
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connections has been presented here. All of these components are readily

realized at microwave frequencies [3 1].

Directional couplers and impedance transformers behave ideally only
around their design frequency, that is, they are band limited devices. The
microwave multiport transformer approaches its ideal only within a limited

band.



6.0 The Solution to a Multiport matching problem

Presented here is a solution to one kind of multiport broadband

matching problem. The solution only works for

» loads that are diagonalizable over all frequency, and

» excitations which are constant with frequency.

Subsequent sections generalize these results to other conditions, and

apply this theory to the antenna feed network design problem.

Consider a given N-port load, and N isolated, resistive sources, (Figure

23), where the excitation pattern of the sources does not vary with frequency.

Lossless

l

|

| |

: | ; Network | | Multiport
| |

!

|

Load
Resistive
Sources

-@%
l

FIGURE 23. A matching problem.

The following paragraphs show how to find a lossless coupling network
that will allow a given power gain vs. frequency specification to be realized

between the resistive sources and the given load. Power gain, refers to the ratio
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between the total power delivered to the load to the power available from the
source. The power available from the source is independent of frequency for

this particular problem.

This multiport matching problem would be solved if a congruence
transformation that diagonalized the impedance matrix of the load over all
frequencies could be found. Then the transformer which performs this
congruence transformation could be placed in front of the load. At the
transfermer inputs, the circuit’s impedance would be a diagonal matrix, and
the multiport matching problem would be converted into N single port

matching problems.

Fano[21] and Youla [22] derived the necessary and sufficient conditions
for the solution of the single port matching problems. If a congruence
transformation of the right kind is found, a solution is available for the
multiport matching problem, shown in Figure 24. It may be that this is not the
only solution, but it does provide one way to design a matching network to

achieve Butterworth or Chebyshev power gain.
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FIGURE 24. A solution, using a transformer

The magnitude of the excitation must remain constant as frequency
varies. The individual ports of the transformer terminated in the load look like
uncoupled impedances. Therefore, the power gain from the individual sources
into these ports is independent of the individual excitation. However, the
power gain into a given port will, in general, have a different constant
multiplier! associated with it than the power gain into another port. The
overall power gain, from all of the sources into the transformer and load,
depends on which port is delivering power, and so depends on the magnitude
of the excitation. The magnitude of the excitation does not matter to the overall
power gain of the matching networks when the constant multiplier of each of

the individual matches is the same.

1.The power gain at all of the ports is of the same shape, (for example Butterworth or Cheby-
shev), but the constant multiplier associated with the match depends on the particular load
matched to, which will be different from port to port.
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This solution to a multiport matching problem supposes that there is a
congruence transformation that can diagonalize the impedance matrix of the

multiport load over all frequency ranges.

6.1 Complete Decoupling over all frequency ranges.

Diagonalization over all frequency ranges is possible for the five types of
load network discussed in this section: one element kind networks, two element
kind networks with all ports accessible, systems with circular symmetry,
systems with adjacent element coupling only, and three element kind networks

with particular topolegies.

6.1.1 One element kind networks

Conventional, lumped network theory is the study of the interconnection
of two terminal elements with wires and ideal transformers. The three
different types of elements normally used are resistors, capacitors. and
inductors. These types are fixed: the designer is allowed to choose the values of
the elements, but not their functional form. Networks can be classified in terms
of the number of types of elements available for their design. Networks with
the usual lumped elements are called three element kind; if only lossy
capacitors are available for network synthesis, the networks are called one

element kind, and so on.
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For a one element kind network the impedance of the individual element
can be factored out of the impedance matrix of the network, leaving a
symmetric, real matrix multiplying a scalar impedance. A real and orthogonal
matrix of eigenvectors of the symmetric real matrix acts to diagonalize the
impedance matrix under a congruence transformation. This matrix of
eigenvectors can be used as the turns ratio matrix of a diagonalizing

transformer.

6.1.2 Special two element kind networks

Foster showed how to realize LC impedances by partial fraction
expansion in 1924 [29]. Through the use of frequency transformations, RC and
LR impedances can be realized in the same way. Taking this idea further,
suppose the designer has available two different kinds of elements, whose
mmpedance can be represented as some multiple of the basic elements Z1(s) and
Z2(s). Any network consisting of two different kinds of two terminal elements
can be transformed into an inductor capacitor network by dividing all
impedances by some factor (called impedance leveling), and by replacing the
complex variable s by some other function (called frequency translation). For
example, Z1, Z2 networks can be transformed into LC networks in the

following way:

s divide all impedances by Z1, (converting Z1 elements to resistors and
Z2 elements into elements of type (Z2/Z D(s)),
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» replace Z1/Z2 everywhere with s2, (converting the Z1/Z2’s to super-

inductors, and leaving the resistors unchanged),

* divide all impedances by s (converting all resistors to capacitors and

all super-inductors to inductors).

All two element kind networks are therefore equivalent to L.C networks.

The poles and zeros of any two element kind network will lie on a contour

in the s-plane. This contour can be found as the solution to the equation
ZI
l+ks =0 for k>0 {EQ 27y
“2

For example, critical frequencies of LC networks lie on the contour
ks? = -1, for k positive and real, or the j-axis, in the s-plane. The critical
frequencies of networks made of parallel LC tank circuits and resistors lie on

the contour

R kRCs
1 +& 1 =]
Ls+ =

Cs

=0, (EQ 28)

which is a half circle, centered at the origin of the s-plane, and a portion of the

negative real axis, (see Figure 25).
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FIGURE 25. Critical frequencies of a two-element kind network

6.1.2.1 Multiport two element kind networks

Impedance or admittance matrices of reciprocal lossless N -port

networks can be put into the form[25]

m
1 sA,
(8) = .40; +‘4”S+Zs2+:v2’ (EQ 29)

i=]

where the A matrices are N by N, symmetric, and positive semidefinite, and the
w’s are real. Each of the terms in Equation 29 can be realized by a transformer

network terminated in isolated LC impedances.

Through the use of impedance leveling and frequency translation, it can
be seen that impedance and admittance matrices of reciprocal two element

kind N-port matrices can be put into the form

m

4,
Z(s) = A,Z,(s) + A Zy(s) + Z, (5) ZZ—,(s)__ . (EQ 30)

1= ‘Z_—z(s) +w-
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where the A matrices are N by N, symmetric, and positive semidefinite, and the

w’s are real and positive.

6.1.2.2 Sufficient conditions for a matching solution

It is instructive to consider a special type of two element kind network.
Consider a multiport network where each of the node to datum voltages of the
electrical network is directly accessible as a port voltage in the multiport. The
definite admittance matrix of the electrical network can be expressed as
A,Y\(5) + 4,1 (s), where A) and Ay can be found by inspection. The diagonal
entries of A are positive and each a; can be found as the sum of all v's

connected to node i. The off diagonal entries, aj;, are the negative of the sum of

all the y’s connected between nodes i and j, and so on. The multiport short-
circuit admittance matrix for this kind of network (which can be called a

network with all nodes accessible) can be expressed using only the first two

terms of Equation 30. (A similar argument could be made for the open circuit
impedance matrix of two element kind networks with no internal, non-
accessible loops). For networks with all nodes accessible to the ports, the

multiport admittance is parameterized by two positive semidefinite matrices.

When the source network can be accurately modeled as a two element
kind network with all of its nodes connected to a port, then the impedance of

the source can be written
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Ztotal = [Matrix1) Z, (s) + [Matrix2) Z,(s) . (EQ 31)

Here, the two matrices are real, constant matrices, and all the frequency
variation in the network is in the two scalar impedances, Z1 and Z2. In this
case, a non-orthogonal congruence transformation can be found that

diagonalizes both matrices simultaneously, as in the single frequency case.

6.1.2.3 A multiport matching example.

This section illustrates how the broadband multiport matching problem

of section 6.0 can be completely solved for a limited class of networks.

Consider the network of Figure 26, with two ports. It would seem that
this network is a RLC network, with internal nodes and loops. However, this
can also be thought of as a two element kind network, where one element is a
lossy capacitor, and the other is an inductor. This network can be matched

exactly with a Butterworth response to a resistive source.

0.4
6 1 5
0000 [T o000,
Port | 15 Port 2
g < 067

FIGURE 26. Example network for exact multiport matching.
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The open circuit impedance matrix of the two port is

4852 +8s +24 1253+ 25+9
6s+ 1 6s+ 1

1252+25+9 1852+ 35+9(
6s+1 6s + |

oc

(EQ 32)

This can be written

82
ZOC= s
23

A transformer with a turns ratio matrix

L8313 .
33[6s+1 (EQ 33)

- - [0522 0522] €234
|_0.853 0.853 '

can be placed in front of the given network. Then, looking into the transformer,

the impedance seen is

36.952+6.15s5 + 21.1

6s+1 0
Z, = . | (EQ 35)
0 15.552 + 2.585 + 5.07
6s + 1

An equivalent circuit can be drawn for the input impedance of Equation
35. Figure 27 illustrates the view looking into the four port transformer. Now

the multiport of Figure 26 is no longer coupled.
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FIGURE 27. Uncoupled impedances looking into the transformer.

Networks to match the impedances of Equation 35 can be found using
the classical matching theory of Youla. The maximum transducer gain for a
fourth order Butterworth response shape with a cutoff of omega=1 is 0.6643 for
port 1 and 0.6048 for port 2. The ratio of power delivered to the load to the
available power from the source is maximum when port 1is delivering all the
power and port 2 none. For any constant magnitude excitation from source 1
and source 2, the power is Butterworth. The complete design of the

Butterworth matching network is shown in F igure 28.

Although the first impedance could be matched with a ladder network,
the second requires coupled inductors. Note, too, that the transformer turns

ratios can be scaled to accommodate any particular source impedance.
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FIGURE 28. Solution to the multiport matching example.

6.1.3 Systems with circular symmetry

Another situation where a constant transformer turns ratio can
decouple the multiport load completely is when the impedance matrix
possesses a certain structure, for example, if Z is constrained to be circulant.
All circulant matrices can be diagonalized by the same (unitary)
transformation. Circulant matrices arise in situations where there is circular
symmetry, such as a ring antenna array mentioned in section 2.3. For more

information about circulant matrices, see appendix IV.

6.1.4 Systems with adjacent element coupling only

If the mutual coupling between antenna elements were to be modeled as
msignificant, except for the adjacent couplings, the describing matrix for the

antenna would be a symmetric, Toeplitz tri-diagonal matrix. These matrices e
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are like circulant matrices, in that they also can all be diagonalized by one

(unitary) transformation. For details of the diagonalizing matrix, see appendix

VL

6.1.5 Three element kind networks with particular topologies

Networks whose multiport describing matrices can be can be expressed
as the sum of three terms, each one of which is a constant matrix times a scalar
function of frequency, can sometimes be completely decoupled. If the three

constant matrices are called A, B, and C, and if
BA-C = C4-B, (EQ 35)

then the three matrices can be simultaneously diagonalized. For more

information about simultaneous diagonalization, see appendix IV.

6.2 Conclusion

In this section, the multiport matching problem has been solved for a
limited class of load networks, as long as the source excitation pattern does not

vary as frequency varies.



7.0 Application to the array feed problem

The multiport matching problem discussed in section 6.0 and illustrated
in Figure 23 is a little different than the antenna feed problem shown in Figure

20. This section shows how to reconcile one of the differences.

The two problems are similar in the transmit situation, where resistive
sources drive the coupling network that is terminated in the antenna.
However, the aim in the transmitting situation is to drive the antenna ports
with a particular excitation pattern, which is derived from the desired beam
shape and direction. To produce such an excitation, the amplitude and phase
of the sources (transmitters) changes as the beam is steered, and as the
frequency changes. In general the power gain of the matching network will
vary when the source magnitude varies. However, this will not be true if the

power gain of each of the individual ports is the same.

Referring to Figure 24 on page 61, a design strategy that will produce a
given power gain while transmitting (for the conditions of section 6.0), can be

summarized as follows:

« Find the transformer which diagonalizes the antenna over all

frequencies.

« Design matching networks for the impedances that are observed at
the input ports of the diagonalizing transformer.
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+ Equalize the gain on all of the ports by lowering the gain of the better

matches to the gain of the worst match.

o The resulting network will have an overall power gain that is
independent of the magnitude of the source and so realizes the
desired power gain, independent of scan angle or frequency of

operation.

This strategy can be illustrated using the example of Figures 26-28. The
load of Equation 32, the “two element kind” example, is taken as a model for a
two element antenna. Let omega be fixed at unity. For this example, assume
the load has progressive phasing on the ports, so that

1
V = ,08=0..n. EQ 37
ports l:exp (Ie)J ( )

This means that the sources will be changing their magnitude and phase
in order to create this voltage on the load ports. The power gain between the
source and load in this case is shown as the top curve of Figure 29. When the
load is driven in phase, port 1, the higher gain port, is used more. As the load
voltage changes to exactly out of phase, port 2 comes to dominate. Since port 2
has less gain, this causes a variation in power gain with phasing. To eliminate
the variation, the gain of port 1 must be equalized to the gain of port 2. When
this is done, the variation in power gain is shown in lower curve of Figure 29.
By lowering the gain of port 1, a “scan independent” power gain has been

achieved.
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7.1 Conclusion

In this example, lowering the gain of port 1 necessitated a more complex

matching network, as shown in Figure 30.
2.29

Port 1 @— A I 0.205

Match

Old network, gain=0.66

Ml1=.0466

New network, gain=0.60

FIGURE 30. The matching network for port 1.

The matching network does not always become more complex, it
depends on the particular matching situation. In this section, it has been
shown that a given power gain (for example, Butterworth or Chebyshev), that
is independent of the incident wave direction in the receive case, or the beam
direction in the transmit case, can be achieved in the antenna matching
situation. The price paid for scan independence is a lowering of the overall gain

of the match.



8.0 A general diagonalizing transformation

The above sections have shown that several different types of load
networks are diagonalizable over all frequencies. With the diagonalization and
breadband matching, a scan independent match can be achieved over a wide
bandwidth. Also, it has been demonstrated that at a single frequency, any
passive load can be matched with scan independence. This section presents a
formulation for designing scan independent matching networks over a broad

band of frequencies, for general antenna-like load networks.

The motivation for this is that a two element kind network with all ports
accessible is diagonalizable over all frequencies, and a linear array with a
Toeplitz admittance matrix can be represented by an equivalent circuit, where

each node is brought out as a port, (that is, all ports are accessible in this case).

It is these two facts that lead us to suspect that one frequency
independent congruence transformation may do a good job of diagonalization
over a large frequency range. In the following section, it is shown how such a

congruence transformation can be found
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8.1 Modeling for diagonalization

Matching a multiport load over a wide bandwidth involves reducing the
mutual coupling between ports with a coupling network placed in front of the

load. The admittance matrix of the given multiport can be expressed as

AI i '41,2 AI,N Bl 1 Bl PR BI,N
Ay A5, 0 4, B,, B, ... B,

Yiorar = | 5" 732 R ORI R R AON (EQ38)
AN ! -lV 2 AVN BN.I B\ 2 BVN

where the elements of the two matrices are real constants. By parameterizing
the “spatial” aspect of this admittance with two constant matrices, it is possihle
to approximately diagonalize the admittance of the multiport source, by

simultaneously diagonalizing both matrices.

The following sections present a method for modeling the multiport in
the form of Equation 38. The method assumes that numerical data from an N
port is available. The object is to find a good diagonalizing transformation that
will work over the entire band of the data. A numerical example is presented

n appendix VII.

For an N port like a linear array antenna, the matrices are symmetric
Toeplitz, which are defined by N numbers, and the problem is to determine two
admittances (the Y(s)), and 2*N constants that are the entries in the two arrays

of Equation 39.
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Yo, Fia o Yy a, a, .. ay by b, ... by,
Y, r Y a, .. a ~ b, b
G 12 Wl 2 |9 9 N-1 Y+ 2 7 Vo Y(s) (EQ 39)
Yin iy oo Ty Ay ay._y - 4 byby ., .. b
Apparently,

Y, = alYl(s)+blY2(s)
¥, = a,¥ (s) + b, (s)
Viy = ayly(s) + b, Yo(s) (EQ 40)

8.2 Using the data directly

The available data are N vectors of complex numbers, each one
representing one of the N admittances on the left hand side of Equation 40. The
length of these vectors is equal to the number of frequency points used in the

multiport simulation. In terms of vectors of complex numbers, Equation 40 can

be written

[Y” Yia .. YW] = [Y, Yz] [:‘ :: :V} (EQ 41)

Here the Y's are columns of complex numbers: the right hand side is

known data, and the vectors Y1 and Y2, together with the real coefficient

matrix, are unknown.
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8.2.0.1 A Solution using the Singular Value Decomposition

Equation 41 could only have a solution if there is some degeneracy in the
data vectors on the left hand side. It demands that N vectors be represented by
a linear combination of only two. In fact, if the rank of the matrix on the left
hand side of Equation 41 exceeds two, there will be no solution to the equations.
However, an approximate solution can be found through the use of a singular
value decomposition of the left hand side of Equation 41. The SVD yields a

decomposition of the data matrix in this form:
SVD() =U-S- 1, (EQ 42)

where U and V are orthogonal matrices and S is a diagonal matrix with

non-negative entries.

The aim is to find real coefficients that multiply the two complex basis
vectors to approximate the N complex admittance vectors. To get real results,
the dimension of the complex problem is doubled and the problem made real by
representing the column vectors of data as [real, imaginary]‘. The columns of
the matrix U form an orthonormal basis of the space that is spanned by the
original data vectors. The N data vectors are then expressible as a linear
combination of the columns of U. The entries in the columns of S are the
weights that each of the U columns have in the reconstruction of the original
data. For example, the (1,1) entry of S indicates the weight for reconstructing

the data that is given to the first column of U. The size of the entries of S
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indicate the relative contribution of the columns of U to a reconstruction of the
original data. The values in each column of V*, also contribute to the weights
given to the columns of U. In general, however, the large value of S(1,1)
indicates that the first column of U is the dominant basis vector for

reconstruction of the data values.

For this N port, Toeplitz matrix problem the two columuns of U with the
largest weights in the corresponding columns of S are the two best basis vectors
to use in an attempt to reconstruct all N of the original data vectors. The
weights for the reconstruction are simply the corresponding two rows of the
matrix product S*V* that involve the two largest entries in S. Most SVD
routines return the matrices sorted so that the largest values in S are in the
first columns, and smaller values follow. This means that the two basis vectors
for the best approximation to the data are the first two columns of U. The

weights are given by the first two rows of S*V*,

Through the use of SVD, j-axis values of two admittances that most
closely can approximate the N admittances that comprise the original data
have been found. It is more important, though, that the set of weights for the
two admittances have been found. These 2*N weights are the entries in the

matrices of Equation 39.
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8.2.0.2 Diagonalization with a congruence transform.

The entire admittance matrix of the multiport has now been
parameterized with two constant matrices. Both matrices can be diagonalized
simultaneously with a congruence transformation. This mathematical
operation corresponds to the physical act of adding a lossless coupling network
to the front of the antenna. This network is ideally a multiport transformer. A

transformation matrix, “Trans”, is found such that

x 0 0 n o 0
. ... 0 ... 0
Trans‘YANTENNATrans = 0 = Yi(s)+ 0 v, Fy(s), (EQ 43)
!.0 0 ... xyj [0 0 ...yNJ
where the x; and y; are some real numbers. If a transformer with a turns ratio
matrix given by “Turns” is loaded with a network that has an admittance

matrix “Y;”, the admittance looking into the transformer is
Y,, = Turns-'Y, (Turns) -, (EQ 44)

Therefore, the multiport admittance matrix can be approximately
diagonalized with a multiport transformer coupling network. The multiport

transformer should have a turns ratio of
Turns = (Trans')-'. (EQ 45)

This transformer does not exactly diagonalize the multiport. However,

the mutual coupling effects are greatly reduced.
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When the network which cancels the mutual coupling effects of the
multiport is frequency independent, it will be more or less effective as
frequency varies. Figure 31 illustrates the performance of four different
frequency independent decoupling networks. The multiport used in this
example is a four element linear array slot antenna. The ratio of the
magnitudes of the diagonal elements of the admittance at the input of the feed

network to the magnitudes of the off diagonal elements is plotted.

Ratio of off diagonal terms to diagonal terms

0 T T L T
Original Antenna
I
10+ N
-20} N <% 1
* .
=30 <. ]
'.
8 Our Design 3.0GHz
40} .
These curves represent four different fre- «
50+ quency independent diagonalizing trans- ,
® formations applied to an example antenna 3.38GHz
251G, admittance
60 1
- = - Antenna
—— After Decoupling
_70 L L ! 4 ] I} 1 i
25 26 27 2.8 2.9 3 3.1 32 3.3 34

Frequency x 10
FIGURE 31. Different diagonalizing transformations.
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The top curve shows the behavior of the multiport without a decoupling
network. The antenna has a diagonal that is larger than its off diagonal
elements by 8 to 18 db, over the frequency range. Three other curves show the
performance of three designs based on perfect decoupling at a single frequency.
These single frequencies are chosen at the low end of the frequency range,
(2.51GHz), in the center (3.0GHz), and at the high end of the frequency range
(3.38GHz). The decoupling is very large at the design frequency, but is
unsatisfactory at other frequencies in the band. A fourth curve shows the
results of the design procedure that uses the singular value decomposition of
the data matrix to find the decoupling network. This procedure shows an
improvement over the antenna alone of 12 to 15 db over the entire frequency

band. Good performance is achieved over all frequencies.

8.3 Conclusion

In this section, a numerical procedure has been developed to find a
constant congruence transformation that approximately diagonalizes a given

multiport impedance or admittance matrix over a frequency band.



9.0 After Compensation for the Mutual Coupling Effects.

In order to reduce the dependence of the power flow into and out of the
antenna on the excitation pattern, a procedure to find a decoupling network
was presented in Section 8.2. Because the input impedance of this network,
when it is loaded by the antenna, approximately consists of N isolated one port
impedances, a broadband match to the antenna can be realized by designing N
two port lossless coupling networks that connect the resistive transmitter and
receiver to the decoupling network. Figure 32 shows that the two port
broadband matching networks appear between the uncoupled resistors and the

decoupling network in the overall matching scheme.

A /\ /\ Matching

/ 2-port
@— Decoupling Antenna
Network

@'VV Y 2pon

FIGURE 32. Lossless two port networks for broadband matching

To the extent that the decoupling network really does work, the
matching two-ports can be designed by classical broadband matching theory,
which details how to design a lossless two-port network to match a given

single-port load impedance.
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9.1 Matching over a wide range of frequencies

For antennas with simply shaped elements, one would expect the
decoupled ports of the feed network to be broadly resonant 1mpedances, with
center frequencies at the antenna design frequency. For wire dipole elements,
a series resonance seems likely, while apertures should be parallel resonant.
Broadband elements, which are more complicated in structure, exhibit more
complex frequency behavior. Simple element shapes are an lmportant case to

consider, however, because most arrays will use these kinds of elements.

sy

The analytic theory of Youla {21] for the design of matching networks is
a good starting point for numerical optimization techniques like the real
frequency technique of Carlin[13]. Youla’s theory has been applied in detail to
one load, an inductor in series with a resistor and capacitor in parallel [39],
[40], [41], [42]. Formulas have been derived for lowpass and bandpass
matching networks with Butterworth and Chebyshev response shapes for this
load. In the following section, Youla’s theory is applied to bandpass matching

of RLC series and parallel resonant loads.

9.2 Broadband Matching to resonant loads

The classical matching procedure starts with finding complex
frequencies where the load can accept no power. For a parallel resonant load,

given by
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1
c (w“)- . (EQ 46)

the frequencies where the load are can accept no power are on the J-axis, at DC
and infinity. Since the “usual” prototype responses like Butterworth and
Chebyshev bandpass functions have their zeros at DC and infinity, these
responses will be compatible with this load. The same can be said for the series

resonant load,

L{ . Yo .
Z= ;(3'*‘Q'~‘+W6)- (EQ 47)

Because these loads have “zeros of power acceptance” at DC and infinity,
the reflection coefficient at the load to matching network interface must reach
a magnitude of unity at these frequencies. The other requirement that these
loads place on the reflection coefficient has to do with how fast or how strong
this movement to unity must be for the reflection coefficient to be compatible
with the load. This is the requirement ~that really limits the gain obtainable for
a specified bandwidth of response into the load. A detailed derivation of the
gain bandwidth constraints for these loads is presented in Appendix XI. Only

some results are shown here.

These loads are the simplest bandpass circuits, and a bandpass response
is desired for the power gain into these loads. Intuitively, the gain possible for

a particular bandwidth of response will decrease as the Q factor of the load
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increases (see Figure 33). This is because the Q factor of the load is an
indication of the load’s natural bandwidth. Also, the possible gain must be
greatest when the center frequency of the desired response corresponds to the
center frequency of the load resonance. This is shown in F igure 34. Figures 33
and 34 are for Chebyshev power gains. Appendix XI also derives the matching
constraints for Butterworth power gains. An example of these results is shown
in Figure 35, which graphs the maximum gain vs. the bandwidth of the

resulting power response, when the Q of the load changes.

Constant multiplier vs. Q of the load for various network orders

1 Chebyshev matching to resonant load
. (bandwidth=100%, eps=.01db, w0 of load=.8)
[} -10
5 0.6 s "8
: ¥
g 0.4 n=4
8
"0 n=2
0 1 1 1 1 IR | 1 J 1 J
0 1 2 3 4 5 6 7 8 9 10
Q of the load

FIGURE 33. Matching best when the load is broad band
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Constant multiplier vs. center frequency of load, for various load Q factors

Load resonance and Q=5 v Chebyshev match
desired power gain ™ 4th order networks,
~ coincide eps=.01db,bandwith=100%

o
©

Transducer Power Gain
o
[0)]

N Q=%
0.4/(\\
Q=8.5
0'2 L 1 3
0.5 1 15 2

Center frequency of load/Center frequency of power gain
FIGURE 34. Max gain occurs for compatible load and power gains

Butterworth constant multiplier vs. bandwidth for various values of load Q
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FIGURE 35. Gain vs. bandwidth for various Q's of the load
9.3 Carlin and Yarman’s numerical matching technique

The classical theory of matching provides the necessary and sufficient

conditions for realization of a matching network for a particular load and a
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particular power gain. One of its main disadvantages is that the load must be
known over the entire range of complex frequencies for the theory to be applied.
In many practical situations, the load is only known at discrete frequencies on
a portion of the j-axis in the s-plane. Thus, some modeling must be done to

create a load, defined over all frequencies, that has the tabulated response.

Another potential disadvantage of the classical theory is the need to
choose a power gain response, a priori. The classical responses: Butterworth
and Chebyshev, come from filter design theory and are perhaps not the most
appropriate for a matching application. Specifically, the filter responses have
stopband requirements that are often not an issue for matching, where the

passband response is of sole interest.

Some sort of numerical optimization technique is appropriate here,
where the load’s tabulated data can be used directly, and a passband only error

criterion can be employed in the optimizing routine.

Carlin published a two part numerical procedure for single port
matching that has had a significant impact on practical matching design[13].
First, the real part of the back end impedance of the matching network is
modeled as a piecewise linear function (see Figure 36). The lmaginary part is
then calculated from the real part using the Hilbert transform. An optimization

is performed on the resistive excursions of the real part of the back end
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impedance. As the back end impedance changes, the transducer power gain

into the load is computed. and eventually the back end impedance with the best

transducer power gain is converged to.

\
/\/ \/ Lossless

Source ;:omplex,

voltage Matching lg:fiy

———————— | Network ,

Back end impedance
FIGURE 36. Model for the “real frequency” matching technique.

The second part of Carlin’s procedure is converting the piecewise linear
back end impedance into a positive real rational function. This curve fit
involves a second optimization technique. Finally, the back end impedance is
used to synthesize a matching network as a lossless network terminated in a

resistor (which is the source impedance).

Carlin and Yarman have also published a second technique, which they
call “simplified”[14]. Itis a one-step optimization, that finds a rational back end
impedance. This technique starts with the fact that a lossless 2-port network
terminated in a resistor can realize any positive real input impedance. Since
any real power that flows into the terminated two-port must be dissipated in
the resistor, there is a connection between the transfer function of the lossless

two port network and the real part of the input impedance.
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The numerical matching technique used in this work is based on this
simplified real frequency technique. The key to understanding this technique
1s the representation of the most general form of the scattering matrix for a

lossless, reciprocal two port that was derived by Bellevitch [2].

The lossless two port is described by a rational, unit normalized

scattering matrix. A lossless scattering matrix is para-unitary, or

S'(-5)S(s) = 1,, and so it can take only two forms, depending on whether the

transfer polynomial is even or odd {2, p. 278]. This is described in Table 1.

TABLE 1. Lossless, reciprocal scattering matrices take two possible forms
Condition tran(s) is an even polynomial tran(s) is an odd polynomial
Seatering ! ) trans) ! ) tran(s)
num(s) tran(s num(s) tran(s
i S = 57— EQ 48) S = 55— EQ 49
Matrix den(s) [lran(s) —num(—s):l ( den(s) [lran(s) num(—s)] ( )
1Syt num(s)num(-s) + tran(s)tran(s) = num(s)num(-s) - tran(s)tran(s) =
Slz SIZ°=1 den(s)den(—s) den(s)den(-s)
tran(s)tran(s) = tran(s)tran(s) =
den(s)den(~s) ~ num(s)num(-s) num(s)num(-s) - den(s)den(-s)

This scattering matrix is used in the simplified real frequency technique
to define the back end impedance of the matching network. If num(s) and
tran(s) are known, one can see from Table 1 that the entire scattering matrix
is known. Consequently, the impedance which results from terminating the

lossless network with a unit resistor is also known.
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Darlington showed how a driving point impedance can be realized by a
lossless coupling network terminated in a unit resistor [31]. His formulation
used the impedance parameters of the lossless network. The discussion above
is really just the Darlington theory in terms of the scattering parameters

rather than the impedance parameters.

The scattering formulation is used by Yarman in a numerical procedure.
First, the degree of the num polynomial, “n”, and the transfer polynomial,
“tran”, are chosen a priori. This determines the kind of network that will be
used to realize the impedance. It is especially desirable that the transfer
polynomial be chosen to be of the form tran=sX, where k is some integer. Then
the network realized will be a ladder network, with k zeros of transmission at
DC and n minus k at infinity. Second, a numerator, num(s), is chosen and a
denominator, dengs), is calculated using the equations in Table 1. In this way,
one is able to determine an impedance, over all frequencies, by choosing the n
coefficients of the num(s) polynomial.

Since the scattering matrix is normalized to unity, when it is
terminated in a unit resistor, the input reflection coefficient is '%—:’ . The

terminated network is then used to realize the back end impedance of the

matching network, as shown in Figure 36. At each iteration, the n coefficients
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of the num polynomial are varied, and the power gain is computed. Eventually

the procedure converges to define a maximum of the power gain.

9.4 From impedance to numc(s)

In order to use a starting point for the numerical iteration that is derived
from the analytic theory, the conversion of a known back end impedance to the

scattering matrix of a lossless coupling network must be performed.

If the impedance is specified, the reflection coefficient can be calculated

using

N

-1
T 1

v}
I

(EQ §0)

N

Equation 50 specifies =— . However, num and den may not be
den

acceptable as polynomials in Table 1. The num and den must result in tran2

which is a perfect square, and a resulting tran that is either even or odd.

Therefore num and den sometimes must be augmented, (as are the
polynomials of regular Darlington synthesis), to result in a scattering matrix

of the form of Table 1.

. 245+ . .
For example, an impedance 7z = === l results in a reflection

s2+s5+2

coefficient of T = s—zT_ff—]S- This numerator and denominator implies a tran?
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polynomial of tran*(s) = s*+2s+2. But, tran must be an even or odd
polynomial. Therefore the numerator and denominator of the reflection
coefficient must be augmented in order to insure that their magnitude square
sum or difference is a perfect square of an even or odd polynomial. For
example, if one were to multiply both num and den by

s6+2.9155 + 723554 + 9.47s% + 10.645s% +6.295 + 318, then their magnitude squared
difference is

tran®(s) = s16+8s'$+32.5512+ 83510+ 145 158 + 176.256 + 146.55% + 76,552 + 20.25 This

implies that tran is rran(s) = s8+45+8255*+8.55s2+4.5, which is even. The

scattering matrix in the form of Table 1 corresponding to this impedance is

then
S = !
lossiess s3+391s7+ 116456 ~21.1s5+ 315 +31s3 ¢+ 2652« 1265+ 4.77 b
~0.556- 14555 -365%~4.753-5352-3.155s~ 1.6 84458+ 82554 +8.552+45
s8+ 455 +8255V+8552+45 0555+ 1.4555-36s*+4 753 5352 +3. lS(.éa é16

The impedance in the above example cannot be realized as a lossless
ladder terminated in a resistor. It was chosen as an example because it needs
two coupled inductors and two capacitors in a lossless network terminated in a
resistor [18]. Thus, as a representation for ladder structures, Table 1 is quite
useful, however, more general matching networks are not simply represented

by the scattering matrix of Table 1. Another example is given in Appendix VIII.
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9.5 Comparison of the numerical and analytic results

Design of a matching network for a parallel RLC load impedance is used
as an example of this numerical technique and the analytic technique
developed in the last section. The load is of the form of Equation 46.

Specifically, it is

0.133s
Zioad = 77006655 1003 €as2)

The power gains that result from an analytical design and two different
numerical designs are shown in Figure 37, with a 50% bandwidth as the target
power gain response. The performances of the three designs are not
significantly different, although the realizations of the designs are a bit

different, as shown in Figure 38.

Transducer power gain, BW=50%
08 ! i i i l 1 1 T I

Chebyshev, |p order=4,eps=1db

0.6r Numerical, Sth order _».'\“ y Numerical, 4th order .

\

£
(4] I~ -
504
0.2 ]
0 . ' ' S
0 02 04 06 08 1 12 14 16 18 2

Omega

FIGURE 37. Match to a parallel resonant load



The result of all the matching procedures is a rational function, and the
realizations shown in Figure 38 are the result of applying cascade synthesis to
the rational functions. The performance Improvement resulting from
increasing the order used in the numerical procedure is slight to nonexistent,

even though the matching network for n=5 is quite a bit more complicated.

.2561 531 86
v\/’\\ - .
@ 1 0235 < Chebyshev, Ip n=2
™

262 3767 159 RLC Parallel

resonant load
S S
~®— Numencal, n=4 was used
.0614 6.905 1.06 0816

M— -
éJ\ 67 & Numerical, n=5

FIGURE 38. Three bandpass matching network designs.

9.6 Conclusion

This comparison used a load whose rational form was known. This is
necessary for the analytical technique. For the numerical technique, the
rational form was simply used to generate a data vector at equally spaced
points across the matching band. Thus, the numerical technique is practical in
matching measured or simulated loads, while the analytical technique requires
a second type of numerical procedure to form a rational approximation. The

ripple of the analytic technique is specified in advance, but the ripple resulting
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from the numerical technique is unknown. Here, 1 db ripple was chosen so that

the analytic technique would look similar to the numerical results.

The numerical design technique for matching that is presented here is
attractive because of its simplicity. Carlin’s original real frequency technique
is a general technique that does not presuppose the form of the resulting
matching network. This is because of the two step nature of the approximation:
In the first step a curve of the real and imaginary parts of the impedance vs.
frequency is found that is both stable (because of the Hilbert relation between
the two). and positive real (hecause the optimization is constrained not to allow
the real part to go below zero). It is only in the second step, (e.g., moving from
the back end impedance curve vs. frequency to a rational approximation), that

the realization of the network has to come in.

In contrast Yarman’s technique is not general. A rational form for the
matrix is presupposed, and the transmission zeros of the back end impedance
network are chosen a priori. A major advantage of this technique, however, is
that there is no need for a constrained optimization, since the numerator of the
reflection coefficient, which is the polynomial changed at every iteration, is not

necessarily Hurwitz.



10.0 Example

10.1 Four element linear array

To find a congruence transformation that compensates for the mutual
coupling of a four element linear array, the SVD technique was applied to data
collected from a numerical electromagnetic simulation of the antenna. Designs
were performed for several bandwidths. One hundred and fifty data points of
the antenna admittance were taken across the desired bandwidth of the
design. Linear interpolation was used to fill in for frequencies that were not

simulated.

When a plane electromagnetic wave impinges on a uniform linear array
antenna from a particular direction, voltages appear at the antenna ports. It is
assumed that the amplitude of the voltages is uniform, and they differ in phase
depending on the direction of the source. For elements separated by a distance
spacing , and wave incident from an angle 6, the waves travel spacing cos (8)
farther for each element which is at a multiple of spacing from the reference

element. The phase shift between ports is then
PhaseBerweenPorts = 2rdcos9, (EQ 83)

where d is the spacing between elements in wavelengths, and theta is the angle
of the incident wave. Here theta=0° is endfire and theta=90°is broadside to the

array. In the following examples, the frequency response of the various power
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gains is plotted for several different wave directions, and at each frequency the

equivalent excitation phase is calculated from Equation 53.

10.2 Characteristics of the antenna

The antenna is four, quarter wave slots on a ground plane, with a
spacing of 0.7 wavelengths, oriented broadside to the axis of the array. These
slots are cavity backed, and the feed point has been adjusted so that the slot
admittance is purely real at the center frequency of the design, which is

3.0GHz. This admittance is normalized to unity.

The variation in input power for a constant magnitude voltage excitation
with progressive phase is shown in Figure 39. Curves are shown at five
different frequencies. This multiport exhibits a moderate variation, with about
4 db of change over all scan angles. The variation shape is different as

frequency varies, but shows about the same order of magnitude change.
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Variation in power with constant voltage input

4 1
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Beam direction, degrees from endfire
FIGURE 39. The power into antenna as the beam direction varies

10.3  Single Frequency Matching

A useful reference, and perhaps the most straightforward design, is a
simple match at a single frequency within the band of the antenna, for a
particular receive direction (Figure 40). The design was carried out for a source
at 60°, at two frequencies, 2.6GHz and 3.4GHz. All the available power will be
extracted from the antenna at the design frequency and for a source at 60°, but

for other receive directions or frequencies, the receive performance will suffer.
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FIGURE 40. The simple antenna feed network
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An analysis was performed of the two designs, with frequency varying,

for several different source directions. The results are shown in Figure 41.

No Decoupling network, Single freq match, (des.BW=0.5)

T ] l\ T ] 1 1}
/ \ 0 Wé
60°
60°
a-2r .
Q
£ / 90
] 0° e
) 4k i
Design Frequency
90°
Design Frequency
_6 1 A H L
2 2.2 2.4 t2.6 2.8 3 3.2 3.4 3.6 3.8 4
Freq, Hz x 10
FIGURE 41. Simple feed network, for various directions of incident wave

This antenna does not show much variation in power flow with change
In excitation phase, but there is some evidence of it here. At the design
frequency, variation of about 1 db in power response is seen as the direction of
reception varies. The best power extraction shown here is a perfect match with
60 source direction at the two design frequencies. The bandwidth with gain
better than -3 db ranges from 1.35Ghz to 0.62Ghz, depending on source

direction.

The antenna excitation for Figure 41 is progressive phase, constant
amplitude. If it is assumed that, when transmitting, the antenna has just that

excitation on its ports, the transmitting and receiving power graphs will be
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identical. As frequency varies, the transmitters will have to adjust their

amplitudes and phases to achieve the given antenna port voltage distribution.

10.3.1 Decoupling to improve match at other receive angles

Addition of a transformer network will result in angle-independent

matching at the design frequency. This scheme is shown in Figure 42.

— a2
+  Decoupling
§ | ! Network e
' ! (Muitiport
l | Transformer) . Antenna
4
T matching -
§ matching
| networks '
- - fetworks _

FIGURE 42, Simple matching network, with decoupling network

Simulation of the feed network of Figure 42 under identical conditions

used for the network of Figure 40 results in the performance of Figure 43.
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With Decoupling network, Single freq match, (des.BW=0.5)
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FIGURE 43. The effect of a decoupling transformer

At the design frequency, the reactances in the matching network are
chosen to cancel the reactive part of the source’s active impedance. At that
frequency, with a coupling transformer, the match will be independent of the
excitation angle. Thus, all the curves meet at the design frequency in Figure
43. However, at other frequencies, the antenna is no longer close to being
conjugate matched, even with the decoupling transformer. In an unmatched
situation, the dependence on scan angle reappears, and is not lessened by the

transformer.

The transformer used in Figure 43 is derived using the SVD of the
antenna admittance data. That the transformer does a good job of decoupling
over the band is verified by noticing that, at both design frequencies, there is

no scan dependence on power gain.
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10.4  Use of sophisticated matching networks

When a decoupling transformer is used, where the match is good. the
transducer power gain from the antenna source into each of the loads is equal.
Because of this, the power response of the system is not dependent on the angle
of the received waves. If a fairly good match could be maintained over a wider
bandwidth, similar performance would be expected over that bandwidth. The
feed network design of Figure 44 is a combination of broadband matching and
broadband decoupling which can provide good power flow over a range of

frequencies and scan angles.

. VYV Matching Micro- vt
vin; 2-por wave, . - Antenna

Multi- .
\A : . port *
) + ¥V Matching trans-
ving (X 2-port Y4_
porty former.

FIGURE 44, The four element antenna in transmit

This is demonstrated in Figure 45. Here, fourth order broadband
matching networks are used to match over a 10% bandwidth. The gain of the
matching networks is close to unity, because the bandwidth is not that large.
In this case, the transformer is effective in removing the angle dependence on

gain.
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With Decoupling network, Broad band match, (des.BW=0.1)
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FIGURE 45. Small bandwidths exhibit no variation with source angle

Gain equalization provides scan-independence

10.5
In order to solve the broadband matching problem for antenna feed

networks using the theory of section 7.0, the gains of the individual matching

networks must be equalized. In this section, the effectiveness of this technique

is demonstrated with the four element array example.
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Here, the circuit diagram of Figure 44 is still appropriate. After design
of the decoupling transformer, and numerical design of individual matching
networks, a second numerical optimization is performed. This optimization
drives the gains of the separate matches to the gain of the smallest one,
equalizing the power flow from each transmitter into the antenna (or, from the

antenna to each resistive load, in the receive case).

To drive home the necessity of the gain equalization, and illustrate the
trade- offs necessary to accomplish the match, several different designs were

verformed and analyzed.

Figure 46 shows how effective four, fourth order broadband matching
networks can be in broadbanding the antenna response. Here, no decoupling
network is used, instead, the optimum diagonal load for the antenna over the
frequency band is calculated. Then, the numerical matching technique is used
to design matching networks that match to the conjugate of the best diagonal
loads. The minimum gain over a 50% bandwidth is between -4.2 and -1.2 db,

depending on source angle.
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No Decoupling network, Broadband match. (des.BW=0.5)
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FIGURE 46. Matching into array antenna’s active impedance

With a transformer between the matching networks and the antenna,
(Figure 47), the dependence on scan angle is not changed much. The matching
performance overall is improved negligibly. By introducing the transformer,
however, changes in the antenna port excitations can be regarded as moving
the power flow from one transmitter port to another. Therefore. if the
individual gains of each port can be equalized, the overall power gain into the
antenna (on transmit), or out of the antenna (in receive), will no longer change

with antenna excitation.
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With Decoupling network, Broad band match, (des.BW=0.5)

O T ) ! 1 ] 1 T

“1F -
o 60°
£ -2 .
S |3

3F g /\/\_//’—\ .

gQe
_4 1 | - 1 A ) 1 | 1
2.2 24 26 2.8 3 32 34 3.6 3.8 4
Freq, Hz x 10

FIGURE 47. Decoupling and broadband matching. No gain equalization.

Numerically equalizing the gains, (by lowering the gain of the higher

gain channels to that of the lowest gain channel), removes the scan dependence

shown in Figure 47, and results in the performance of Figure 48.

Broad band match, decoupled, with equalized gains (des.BW=0.5)
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O / 300\ ~—_ . \
/ o° \
4r ,60° 1
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2.2 24 26 2.8 3 3.2 3.4 3.6 3.8 4
Freq, Hz x 10
FIGURE 48. Gain equalization removes scan dependence



109

The price paid for scan independent power flow is a lowering of the

individual channel’s power gain.

10.6 Broadband, excitation pattern independent power flow

Design by

« Finding a good, frequency independent, congruence transformation

for decoupling,

+ Broadband matching to the decoupled impedances, and

+ Equalizing the gain of the individual matching networks,

was carried out for bandwidths of 10%, 20%, 30%, and 50%, for the example
antenna. The performance of the resulting designs is shown in Figure 49. At
each bandwidth, a SVD was performed on the antenna data to arrive at the
best transformer turns ratios. Then, a fourth order bandpass matching
network was designed to match the impedances seen looking into the
decoupling transformer. Finally, the matching network gains were equalized to

match the lowest gain of the four.

For each design bandwidth, performance at an incident beam angle of
endfire, broadside, and 60° was simulated. Overall gains of -0.2, -1, -1.8, and -

3.3 db were achieved for bandwidths of 10%, 20%, 30%, and 50%, respectively.
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Ripple of less than 1 db within the band and a variation of less than 1 db with

beam angle for each design were achieved.

The resulting designs show good power transfer over a band of
frequencies, with a variety of antenna excitation patterns. The decoupling
networks used can be realized with simple four port power divider structures,
and the matching networks used are straightforward fourth order, lumped

designs.
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FIGURE 49. Response with equalized matching networks



11.0 Conclusion

In this dissertation, the problem of power transfer between multiport
networks has been investigated, with the aim of providing a design procedure
for array antenna feed networks. It was shown that simple, isolated matching
networks that provide the maximal power transfer at one frequency and
excitation can be found by solving for the optimal diagonal load for a multiport.
By approximating the optimal diagonal load over a frequency range, broadband
power flow can also be achieved with isolated matching networks. There is
always a variation of power flow with excitation pattern, or scan angle, with
these isolated networks, but the severity of the mismatch depends on the
particular multiport being matched to. The variation with excitation, due to the
mutual coupling within the multiport, can be reduced by using a network that

compensates for this coupling.

A problem in multiport matching was solved in section 6.0 with the aid
of a multiport transformer, which is an ideal circuit element that has been
known for some time, but regarded as impractical for actual circuit design. It
has been shown that, at microwave frequencies, a combination of simple circuit
elements can act very much like a multiport transformer of arbitrary turns
ratio. Therefore, a multiport transformer can be a practical circuit element in
these frequency ranges. The multiport matching problem solved in section 6.0

was for a particular class of multiports, diagonalizable over all frequencies.
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Also, the excitation constraints existing in the antenna feed problem were not

considered in this multiport matching problem.

It was next shown how, at the expense of some gain, the excitation
pattern constraints in the antenna feed network matching problem can be
accommodated. The kind of multiports that can be matched using the theory of
section 6.0 was extended by developing a numerical technique to find a good
diagonalizing transformation over a range of frequencies for arbitrary
multiports. This technique makes use of the singular value decomposition of

the multiport impedance data.

Single port matching constraints for a pair of new loads, RLC tank
circuits and RLC series resonant circuits, were derived using classical
matching theory. An existing numerical technique for single port matching was
also adapted for use in designing the single port match subproblem of the

multiport matching design.

Through the use of a scheme for approximate diagonalizing over a
frequency range, and the modification of a single port matching technique to
allow for gain equalization, the multiport matching solution with the
limitations of section 6.0 was extended to apply to the antenna feed network
problem. The resulting designs show a good match over wide frequency ranges,

and various excitation patterns.
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Impedance data from a four slot linear array designed for 3GHz
operation provided concrete examples of the design and the results of several
different coupling network design procedures. Designs using the developed
“broadband matching with decoupling” procedure were carried out for four
different bandwidths, and the resulting performance showed both a good
match and insensitivity to scan angle changes over the design frequency

ranges.
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Appendix | Power flow between two multiport networks

This derivation of the optimum loading network for a multiport source

is central to the problem of feed network design for an array antenna.

Consider a multiport source, represented by ideal voltage sources in
series with an N-port network, described by its impedance matrix. For
sinusoidal signals, the voltage sources can be expressed as a length n vector of
complex numbers, “e”, and the network by an n by n matrix of complex

numbers, “Z. . ."- [8], [12]

Now consider a multiport load for this source, also described by an

impedance matrix. The overall network is shown in Figure 50.

Z_source Z_load

FIGURE 50. A multiport source connected to a multiport load

In this figure, ideal voltage sources are identified as e) through e, . The
source network is identified with its describing matrix labeled as Z ource» and
the load network matrix is labeled Z,,,4. At each port, a current i flows due to

the source e. The voltage across the load port can be calculated as

v=e _Zsourcci ’ (EQ 54)
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where e, v, and i are column vectors. The power delivered to the load is

- 1 - -
P, .4 = Re(v'i) = i(v’i*-i‘v)

ot 4 it it t ;
(efi+ite—i (Zxourcc +Z source) )

NI o=

(EQ 85)

where the overbar represents complex conjugate. The aim is to identify the
Zj0aq matrices that maximize the power delivered to the load. To accomplish
this, the current which brings about maximum power delivered to the load is
first found. By differentiating 55 with respect to current, the optimum current

can be identified. The derivative goes to zero when the current is such that

e-(Z

source

+ Z’:ourcc) iapl =0. (EQ §6)

Now, four cases can be identified, depending on the nature of the source

impedance.

Case 1. Z +2Z' ,.rce 15 POsitive definite. Then the current which

source

maximizes the power to the load is

. — >t -l : R L
’oPl - (Z:ourcc+zl:ourc¢) e . Smce Z I+Zload1 =e, then

source

Zlaadiopf = Zrmurceiapr : (EQ 57)

The optimum Z;,,4 must satisfy 57. One such
t

Zload 18 Z

source *

Case 2. Z + 2 urce 18 Indefinite. No finite current which maxi-

sSource

mizes power to the load can be found in this case.

Case 3. Z +Z',urce 18 POSitive semidefinite, and e belongs to the

source

rangeof z . .. +Z7,... .« thiscase, the equation

fource
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e = (2 -7t

source SOU'C!) lmany (EQ 58)

has an infinite number of solutions for lipany- ARy
Z)0aq satisfying

z

loadlmany = Zr:awcc'many (EQ 59)
1s optimal.

Case 4. 7 +2Z',urce 18 POsitive semidefinite, and e does not

belong to the range of z,,_, +Z'. .. In this case, there is
no finite current which maximizes the power to the load.
In cases 1 and 3, an optimum load impedance matrix exists. From 57
and 59, one can see that the » parameters of Z),,4 are constrained by n

equations. Let N;,,, denote the (n®-n) dimensional subspace consisting of all

matrices that map i, into the zero vector, where lopt 18 a solution of 57 or 59.

The matrices Z,,4 which satisfy these equations can be expressed as

Zioad = Zsource * Znat) s Zoatt € Nogp- (EQ 60)
One way to find matrices Z; is to set up an orthonormal basis for R"
that includes the excitation vector, lopt» as one of the basis vectors. Then, any
linear combination of the other n-1 vectors in the basis, excluding lope, can be

used to form the columns of Z .

What this means is that, for any particular excitation pattern of

currents, there are many (nontrivial) N-port networks which actually end up
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with no voltage across their ports when excited with this pattern of currents.
Any number of these N ports can be placed in series with any load network and
not change the power delivered to the load from the source. Thus, there are an
infinite number of optimum loads for a particular source with a particular

excitation (at one frequency).

However, if a Z),, is desired which always extracts the maximum power
from the source, regardless of the excitation pattern, the load which has an
impedance matrix which equal to the conjugate of the source impedance is the

best load.



Appendix [l The multiport transformer ideal circuit element

Use of this ideal circuit element is the only way that general multiport
networks can be synthesized, as the necessary and sufficient conditions for
transformerless synthesis of even purely resistive networks are not known.
The equivalence of these transformers and connections of microwave
directional couplers allows much of classical network theory to be applied to

microwave design problems.

Transformers can change impedance levels. The familiar two port
transformer, when loaded with a load Z,,4, has an input impedance of n°Z;,,
where n is the turns ratio, primary over secondary. By employing more
complicated transformers, this characteristic can be generalized from single

port impedance transformation to multiport impedance transformation.

An (X+Y) port multiport transformer is defined as a network with X
input ports and Y output ports. There are Y transformers inside the network,
each with X windings on the primary and one secondary. The secondaries of the
transformers form the output ports of the network. The input ports are formed
by connecting in series one primary winding of each and every one of the
transformers, forming a series connection of Y windings for each of the X input
ports. A realization of a multiport transformer is shown in Figure 51. Let the

turns ratio between the primary connected to port “i” and the secondary
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connected to port “j” be t;;. Then the turns ratio matrix is defined as the X x Y

matrix of t’s.

Port 1 t é
Y 4
Port 2 tlzg é ] Portx+1
Port x tix é
<
t21§
t2x§ ‘X’ input ports,’ y’
output ports.
Winding turns
* are indicated as
: tij-
<
txlé
t‘% g 1 Port x+y
bex 4
S

FIGURE 51. Schematic of a muitiport transformer.
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A multiport transformer loaded by an Y port network with an impedance

matrix Zjeq has an input impedance at its X input ports of
z,=r12,,T. (EQ 61)

Here, Zin is X by X, the turns ratio matrix T is Y by X and the load

impedance matrix Zload is Y by Y.

.1 Multiport network design using ideal transformers

Now, say an impedance matrix is to be realized, but the realization
technique is not obvious to the designer. If a constant congruence
transformation can be found that converts the matrix into a form whose
realization is obvious, the problem is solved by using a multiport transformer.
For example, if the matrix can be diagonalized with a congruence
transformation, the impedance is formed as the input impedance of a

transformer, loaded with isolated, two terminal impedances.

Conditions for matrix diagonalization are discussed in Appendix V.



Appendix lil  Derivation of the Singular Value Decomposition

.1 Derivation of the SVD for square matrices [9]

The singular value decomposition is simply the decomposition of a
matrix A, into two orthogonal matrices ¢ and 1", and a diagonal matrix, with
non-negative entries. The singular value decomposition is unique: although
there are other ways to decompose a matrix into orthogonal and non-
orthogonal parts. there is only one with a diagonal part that has non-negative

elements.

A44'1s a symmetric, positive semidefinite matrix. It follows that all its
eigenvalues are nonnegative. Let the matrix of eigenvectors of 4.4 be an
orthogonal matrix v. Thenvt (149 v = p2, where D is a diagonal matrix of the

positive square roots of the eigenvalues.

Now consider the matrix 1. Another way of writing the above equation
1s (U'4) (U'4)* = D2. From this equation, one can see that the norm of the it" row
of U4 is the ith eigenvalue of 14:. Also, the rows of v4 are orthogonal, since all

off diagonal elements of p? are zero.

Divide each row of the matrix U4 by its norm, so that it becomes a unit
vector. Call this (now row- orthonormal) matrix, i*. (If some of the eigenvectors

of U'4 are zero, so the division cannot be done, do it to all the rows possible,
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then fill out the +* matrix with orthonormal rows using the Gram-Schmitt

rocess). Now, 1 such thatutt = pir, or, L*4v - D has been created.
p

To summarize, the orthogonal matrix ¢ is the eigenvector matrix of .1..
The singular values are the positive square roots of the eigenvectors of ..1¢. The

columns of the orthogonal matrix /- are constructed from the scaled rows of ¢4 |

.2 Interpretation of the SVD

The “size” of a vector is easy to visualize as its Euclidean length. Coming
up with a good definition for the size of a matrix is a little more difficult.
Consider a matrix as a mapping of vectors from one space to another. A good
size definition with this in mind is to think of the size of a matrix as the
maximum stretch it can give to a unit vector, or the size of the largest vector
that it maps a unit vector to. Mathematically speaking, let the 2-norm of a

matrix be defined as

I4xi,
lall, = SR, (EQ 62)

where the two norm of a vector is just the familiar square root of the sum of the
magnitudes squared, or
Ixf, = (xtx) 172 (EQ 63)

Note that

[Axf2 = x‘4%4x. (EQ 64)
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Writing the SVD as 41" = DU, one can see that the first column of Vin
the SVD is mapped by the matrix A into the first column of U, scaled by the 2-
norm of A, the first singular value. This first column of V is the one vector in
R™™ that is mapped to the “biggest” vector by A. Then the space of vectors to
be considered is reduced by one dimension, and the next optimizing vector, (in
the space orthogonal to the first), becomes the second column of V. The next
singular value is then the maximum scaling done by A in this reduced space.
The process is continued, until the last singular value, which is the smallest

the matrix A scales the orthogonal coordinate system defined by the matrix V.

A unit circle in a two dimensional domain of A defined by unit first and
last column vectors of V is mapped into an ellipse by A. The ellipse has
semiaxes which are the largest and smallest singular values of A. This is the

greatest distortion which can occur to any unit circle in the domain of A. [10]



Appendix IV  Diagonalization and properties of circulant matrices

Circulant matrices are matrices where the elements of each row are
identical to those of the previous row, but are moved one position to the right
and wrapped around. The whole matrix is determined by the first row or
column. Circulant matrices are a subset of Toeplitz matrices. Circulant
matrices all commute with each other under multiplication, therefore, they are
diagonalizable with an orthogonal congruence transform. Symmetric circulant
matrices have real eigenvalues and eigenvectors, and for the symmetric case,

the diagonalizing matrix, T, for an even number of elements will be [19],

(1 1 2 0 2 0 ]
1 -1 ﬁcos(z-;x) ./isin(?-;'z-t) ./icos( (o —"2),[) ﬁsm( ")1:)
- 1 11 ﬂcos(l‘—’:-t) ﬁsin(“-n—x) Lco s( (" 2) 1:) ﬁsin(w;_z)f)
I ﬁcos(%) ﬁsin(i—") ﬁcos(:”n;z”:) fzsin(”";z”)
1 +1 fcos( (n; l)n) f.’sin(z("; l)n) ./icos(("' l)’('n-Z)n) ./isin( (n- I)'(,n—2)n)
(EQ €5)
The diagonalizing matrix for an odd number of elements is
I 2 0 S2 0 '
1 Zcos(z-n—n) ./isin(%n) ./icos( (n—nl)n) ﬁsin(@)
- 1 1 2cos(47x) ./is1n(4:) ﬁcos(m%r) ﬁsin(z(""ﬁ) . (EQ 66)
I 1 2cos(6"—x) ﬁsm(6—”) ﬁcos(&;lit) ﬁsin(unnﬁ)

1

l ./_cos( (n-l)n) ﬁsin(z(—"—;”n) ﬁcos((n_—n”—zn) ﬁSi"( L —"1)21:)
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The row, column, entries of Equation 66 can be found as either cosine or

7
sine of 2—\/’5( Sixl, C—;’) (row - l)) , where fix(x) is the integer part of x.

For non-symmetric matrices, the diagonalizing matrix is the same

matrix that performs a DFT on a vector, sometimes called the Fourier

matrix[17], where for v = exp( j%’t) , the elements of the conjugate of the
Fourier matrix are
F (i,j) = JLN(W"‘””‘”)- (EQ 67)

The result, y, of the linear transformation v = Fr is called the discrete

Fourier transform of x.



Appendix V  Conditions for diagonalization of matrices

If three symmetric real matrices could be simultaneously diagonalized.
then all passive lumped element networks could immediately be synthesized
with three multiport transformers and resistors, capacitors, and inductors. In
general, however, this diagonalization cannot be performed. In this appendix.

conditions for diagonalization of many different sets of matrices are presented.

Any Hermitian matrix A with rank r can be diagonalized with a product

of elementary transformation matrices T by forming ct(7) x4 x T, where the

notation means conjugate transpose [25]. The diagenal form will have r
nonzero entries on the diagonal. Real, symmetric, positive definite matrices A
can be diagonalized with real orthogonal T, in which case the diagonal terms

are the eigenvalues of A.

Two Hermitian matrices A and B, of which one is nonsingular and
positive definite, can be diagonalized simultaneously by the same matrix T.

The scheme to diagonalize both matrices relies on this strategy:

* acongruence transformation is applied to both matrices that

transforms one of the matrices into the unit matrix: then

* An orthogonal transformation is applied to the resulting two matrices
that diagonalizes the second one. An orthogonal transformation will
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leave the unit matrix unchanged. Thus, the combination of the two

transformations diagonalizes both matrices.

To provide details, assume it is the A matrix that is Hermitian positive
definite. Then an Hermitian matrix, which is like a “square root” matrix, can
be found:

A= J1/4. (EQ 68)

Because the A matrix is nonsingular, this square root matrix has an

inverse, and it is easy to see that
Jia e - {EG 65
Consider any arbitrary orthogonal matrix T. It will be true that
TJalaJa'r=TuT = 1 (EQ 70)

Now, find the eigenvectors of the Hermitian matrix Ji'8/4"' . These

eigenvectors can be formed into an orthogonal matrix T. Then
T'JA"'BJA'T = Diagonal, €Q71)
because T is formed from the eigenvectors, and
T*JA'AJ47'T = I = Diagonal, (EQ 72)

which is Equation 70. So, evidently, both A and B can be diagonalized by the

matrix JA'T.
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Also, if both are positive semi definite, they can be simultaneously

diagonalized. even if they are both singular. [2]

The four matrices A, B, C, and D, with A strictly positive definite, can be

simultaneously diagonalized iff [19]

BA-IC = CA-'B
BA-'\D = DA-'B
DA-IC = CA-'D

(EQ73)

As a corollary, if D is zero, then the three matrices A, B, C, with A strictly

positive definite, can be simultaneously diagonalized if
BA-'C = C4A-'B. (EQ74)

A group of real symmetric matrices are simultaneously diagonalizable

with an orthogonal T iff all of the matrices commute under multiplication.



Appendix VI  Diagonalizing symmetric, Toeplitz, tri-diagonal matrices
The elements of the diagonalizing matrix can be computed as (37]

D, (4

T T (EQ 75)

where @ (v) = (u®,_ (1) ~-®,_,()) i22,and ®,(u) = 1, and ®, («) = «, where

N
u, = (—Zcos(‘viz_t l)) i=1,...V,and 5/2 = Z (<D,_l(uj))2.



Appendix VI

Singular value decomposition design example

For example, let the antenna data be collected at the five frequencies 2.5,

28,3.1, 3.4, and 3.7 GHz.

Equation 41 takes the form

0.61-/2.44 ~0.18-j0.16 0.12+,0.45 —0.08 +,0.10
0.82-;0.96 —0.28-0.09 0.14-;0.08 —0.15+,0.11
1.09 +;0.48 ~0.36 +,0.04 003-;0.19 0.12+,005 | =
1.45+;1.96 —0.38 +,0.24 —0.15-;0.18 0.10-,0.13
1.93 +;3.56 —0.31 +,0.46 ~0.29 +;0.00 —O.lZ—jO.IéJ

where Y1, Y2, the a's and b’s are unknown.

Y. 1)

Y, Is

Ylb Y-b al a2 a3 a4 (£Q 76)
2Bl b2 b3 baf

Yld )Id

Ve 1

Equation 42, the SVD, for the example takes the form of

-0.18 0.12 -0.09
-0.28 0.14 -0.15
-0.36 0.03 0.12
-038 -0.15 0.09
-0.31 -0.30 -0.12
-0.16 0.04 001
-0.09 -0.08 0.11
045 -0.19 0.05
024 -0.18 -0.13

(To61
0.82
11
1.45
1.93
2.4
-0.96
0.48
1.96
| 3.56

SVD

0.46 0.00 -0.16]

A

0.11
0.14
0.19
0.25
0.34

-0.43 -0.10 <0.06 0.33
-0.17 -0.09 -0.24 -0.26

0.08
0.34

| 0.63

-0.19 0.37 039
-0.32 044 0.13
-044 023 -039
-0.49 -0.16 -0.30
-0.39 -0.46 0.53

0.01 -0.41 -0.26
0.21 -030 0.18

044 02 -0.05]

564 0 0 0
0 08 0 0
0 0 043 O
0o 0

099 0.02 -0.03 -003
~0.02 098 0.08 -015
003 -008 099 -002|
0 0.23]]|-0.02 -0.15 -0.03 -0.98

(EQ77)

The data vectors are expressible as a combination of the columns of U.

The first data vector (for example), is expressible as a weighted combination of

the four columns of U:
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- -

061 (011 0.19] [0.37 [0.39

0.82 0.14 ~0.32 0.44 0.13
11 0.19 ~0.44 0.23 -0.39
1.45 0.25 -0.49 -0.16 -0.30
931 2 5640099y | %34 ] +0.89 (-0.02) |03 + 0.43 (0.03) | 046 +0.23(-002) | 933 leare)
~2.4 ~0.43 -0.10 -0.06 033
-0.96 -0.17 -0.09 -0.24 -0.26
0.48 0.08 0.0l -0.41 -0.26
1.96 0.34 0.21 -0.30 0.18
(365 ] | 0.63 | | 0.4 | 0.20] -0.05|

The largest singular value, S(1,1), which is 5.64, always multiplies the
first column of U when used to reconstruct the data. For the first data vector,
above, the total weighting of the first column of U, which is 5.63, happens to
dominate the contributions from the other vectors, but this wili not always be

true.

Therefore, the two basis vectors are!l

[0.11 -0.19]
0.14 -0.32

0.19 0441 14 11 _;0.43 =019 0.10]
0.25 -0.49

[r Y] ety - | 03¢ 039 _ 0.14-0.17 -032 =/0.09 car
RE w12 043 010 = [019+,0.08 ~0.44 + 001/
0.25 +70.34 - 0.49 +,0.21

~0.17 -0.09 _ |
008 001| 034+/0.63 -039+,0.44)

034 021
| 0.63 0.44

The weights are

1.The notation A(:,1:2) means all the rows, and columns 1 and 2 of matrix A. Similarly, the
notation V(1:2,:) means all the columns, and rows | and 2 of matrix V. This notation is defined
by Golub [24], and is also used in the computer program MATLAB.
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(EQ 80)

(a1 a2 a3 ad] _ Sl = | 563 013 018 0.16
bl b2 b3 b4 o -0.02 0.87 0.07 -0.14|

Through the use of SVD, j-axis values of two admittances that most
closely can approximate the four impedances that comprise the original data
have been found. It is more important, though, that the set of weights for the
two admittances have been found. These eight weights are the entries in the

matrices of Equation 39, which now takes the form

TRITRETR N 563 0.13 ~0.18 -0.16 002 087 007 -014
e falnYsl o013 563 013 —0.18 0.87 -0.02 087 007
Y onrewna = . = ¥i(s)+ Y.(s).
Yis Yo ¥y Yol |-018 013 563 013 0.07 0.87 -0.02 087 2
[Fis iy Y1y ¥y 12016 -0.18 013 563 [-0.14 007 087 -0.02]
(EQ 81)

Vi1 How the Diagonalization is performed

The entire admittance matrix of the antenna has now been
parameterized with two constant matrices. Both matrices can be
simultaneously diagonalized with a congruence transformation. This
mathematical operation corresponds to the physical act of adding a lossless
coupling network to the front of the antenna. (This network is 1deally a

multiport transformer). A transformation matrix, “Trans”, is found such that

1000 025 0 0 0
0100 0 013 0 0

Trans’YANTENNATrans = 0010 Y (s)+ 0 0 009 o0 ISON (EQ 82)
0001 0 0 0 -0.25

Here,
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—0.15 -0.25 -0.25 0.15
025 0.15 0.15 -0.25|
025 0.13 -0.13 -0.25
0.15 -0.26 026 -0.14

Trans' = (EQ 83)
If a transformer with a turns ratio matrix given by “Turns” is loaded
with a network that has an admittance matrix “Y;”, the admittance looking

into the transformer is
Y,, = Turns='Y, (Turns®)-! (EQ 84)

Therefore, the antenna admittance matrix can be approximately
diagonalized with a multiport transformer coupling network. The multiport

transformer should have a turns ratio of

-0.85 -1.41 1.51 078
Turns = (Transy-! = ~1.44 088 0384 -142 . (EQ 85)
~1.44 088 -0.84 142

~0.85 ~1.41 -1.51 -0.78

This multiport transformer does not exactly diagonalize the antenna.

However, the mutual coupling effects are greatly reduced.



Appendix VIl S-matrix representation of an impedance example

For example, if it is known that the input impedance of the overall

network is

- 0.96s3 + 1.54352 + 1.5515 + 0.9803

Zin s*+ 1.608s + 0.9803

(EQ 86)

This happens to be the impedance of a ladder network:

. 000 I
Zin — ;JT: 1.64 % 1
|

p —
L 4

FIGURE 52. A ladder network used in this example.
the input reflection coefficient must be

__s3+0.566152 0059235 o
in = 34264952+ 3905 +2.042 (€Qs?)

The reflection coefficient has no common factors, so tran will not be of
any higher degree than necessary. The transfer scattering parameter is

proportional to

tran(s)tran(s) = (-s%+0.43952-0.0035152+4.17) — (- 56+ 0.439s* ~ 0.00351s2)

tran(s) = 2.04 (EQ 88)

Tran can be scaled larger or smaller by multiplying the numerator and

denominator of the reflection coefficient functions by any constant. The lossless

scattering matrix corresponding to a transfer numerator of 2.04 is
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53 +0.56615% + -0.05923s 2.042
s3+2.64952 +3.295 + 2.042 53 + 2.6495% + 3.295 + 2.042
2.042 53 +-0.5661s2 +-0.05923s |
53 +2.649s3 +3.295 +2.042 53 +2.6495% + 3.295 + 2.042

(EQ 89)

Before the broadband matching can start, the numerator of the 512
entry of a lossless scattering matrix needs to be chosen. Practically, a
numerator of the form s*, which leads to a ladder network, would be the choice.

Here we choose x=0, so the matching network takes the form of a low pass

ladder.

If this tran(s)=1is used, the overall s-matrix of the lossless network that

can be terminated in a one ohm resistor is

0.4896s3 + 0.277s2 - 0.029s 1
0.4896s3 + 1.297252 + 1.611s + 1.0 0.489653 + 1.2972s2 + 1 6115 + 1.0 (£Q 30)
1 (-0.4896) s3 +0.2775 + 0.029s

0.4896s% + 1.2972s2 + 1.611s + 1.0 0.4896s3 + 1.2972s2 + 1 6115 + 1.0



Appendix IX A derivation of Equation 17.

The power into a network with a Toeplitz describing matrix is a
weighted sum of cosines, where each weight is proportional to one of the

diagonals of the Toeplitz matrix.

The real power into a multiport is given by the quadratic form of
Equation 12. If each diagonal of the admittance matrix is separated out into its
own summation, (writing the diagonals above the main diagonal first, and then

the ones below the main diagonal,

N-1 N=-2

N
= 2 . L] Y
Power ZY,,IV,I + ZY'.‘“_lV' v+ ZY,‘”ZV,VH2+... +Y) wvivet
=1

1 =1 0=

N-1 N-2

L] L] .
ZY:~I.:V1~I"1+ Z ViVt o+ Fy vy,
r=1

1=

(EQ 91)

For a symmetric Toeplitz matrix, though, ¥ . =v_ =7y

nLt+a t*a, a«l’as
indicated in Equation 15, and also v'v,,_ = LY, ,exp (/8 (a)) , as indicated in
Equation 16. Therefore Equation 91 becomes

N N-1

Power = YlZ|u,|2+ Yzz (VV,.exp (jO) +v,u,, exp (58)) +
1=1 1=

N-2
Yaz (V,L,,,exp (j28) +u,v,, exp (-20)) +

1=

. *}'N(u,u,,lcxp G(N-18) +o,0, ,,exp(-f(N-1)8)) (EQ 92)
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But, each of the terms in Equation 92 are of the form

aexp (jb) +aexp (—b) = a(exp (jb) +exp (~jb)) = 2acos(b), yielding the purely real

expression of Equation 17.



Appendix X A multiport power flow exampie.

Consider a phased array radar. To transmit a beam in a particular
direction, the phasing of the excitation is varied so that the transmitted
wavefronts all line up in that direction. The antenna represents a multiport
network that must be driven by the transmitter to produce a particular voltage

on its ports, so the antenna pattern is the desired one.

For example, assume the positive real resistive four port with an

admittance matrix of

0.522 0.981 0.939 0.368

0.981 2.16 222 0920
Y= , (EQ 93)
0.939 222 254 108

0.368 0.920 1.08 0.463

represents the antenna. This network exhibits and interesting effect: when the
phasing between its ports gets above a certain limit: it accepts very little
current, and so the power into it is very small. Figure 1 demonstrates that. with
one volt on each of its ports, the network accepts 18 watts when driven all in
phase, and about a tenth of a watt when the phasing between ports approaches

exactly antiphase.
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Power into multiport with a 1 volt input

—

T

100¢
@ 10 3
= 3
=
01620 40 80 80 400 120 140 150 T8
Degrees of phase shift between ports
FIGURE 53. Power, driven by a progressive phase source.

Ifit is desired to deliver a constant power to network, regardless of the

mput phasing, (for an antenna, if the transmitted power is to remain the same

as the beam is steered), a lot more voltage drive will be needed as the phase

shift between ports increases.

Figure 54 shows the electrical characteristics of the network when one

watt is delivered to the network, with a uniform voltage and a range of

progressive phasing applied., Note that the power, and the real part of the

impedance, are actually negative for some ports at some phasing.
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Voltage magnitude for 1 watt out

10 ¢

VOns
-
T

Degrees between ports

Power into each port separately, when 1 Watt is delivered to the load

015 20 40 6080 100 190 145

160

180

180

2 1 T 19 T i I} 1 1
1 f’ Port 1

@

g ok Port 4 -
-1k Port 2 i
'20 20 40 60 80 100 120 140 160

Degrees between ports

Real part of impedance looking into each port

101
" »
E .
L
o

-5

-10r Port 4
_5 L 1 L | | L 1 1
10 20 40 60 80 100 120 140 160 180

Degrees between ports
FIGURE 54. Electrical characteristics of the muitiport load
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The behavior of the load with phasing difference makes it difficult to

design a source to deliver the desired signal to the load. The source must be

able to sink power as well as source it, and remain stable with all kinds of load

impedances.

If a coupling network is placed between the source and the load, and this

coupling network has a scattering matrix given by

“coupting

(094 0 0 0 -024 023 -0.12 002
0 098 0 0 001 0 -002 005
0 0 -062 0 -050-034 040 0.28
0 0 0 069020 045 049 020

0.23 0 -0.34 045-037 0.25 -0.61 -0.24
-0.12 -0.02 0.40 0.49 -0.20 -0.61 0.12 -0.39

-0.24 001 -0.500.20 0.69 -0.37 -0.20 —-0.04| "

002 005 0.28 0.20 -0.04 -0.24 -~0.39 0.82 |

(EQ 94)

The coupling network can be driven by a source to produce the same

voltages on the load as before. At the input to the coupling network, Figure 55

describes the electrical characteristics.

The coupling network of Equation 94 cancels out the mutual coupling of

the load, so that looking into the coupling network, the source sees four,

isolated, one ohm resistors. The impedance at each port, seen by the source, is

a resistive 1 ohm, no matter what the excitation.
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Magnitude of Port voitages at Input to Coupler, Pin=1 Watt

1 E i v D SN T
- Port 4
0.1
2 ]
‘6 p
> .,
01!t Port 2 _i
.001 1 | 1 A A 1 1 | 1
0 20 40 60 80 100 120 140 160 180
Degrees between ports
Power into each port
1
0.8 -~
« 0.6 .
ko]
S 0.4 .
0.2+ 1
OO 20 40 60 80 100 120 140 160 180
Degrees between ports
Phase of Port voltages at Input to Coupler, Pin=1 Watt
20 ] T T T T I ¥ i
Port 2
100- ]

i Port 1
© Or
g’) \/ Port 3
-10G¢-
/—""’7 \/ Bort 4

-20 20 40 60 80 100 120 140 160 180

Degrees between ports
FIGURE 55. Characteristics at the input to the coupling network ..
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To demonstrate that the coupling network of Equation 94 is not an

impossible idealization, Figure 56 indicates, (roughly,) what the coupling

network might look like, where it implemented at microwave frequencies.

Quarter wave transformers

Resistive

Network

FIGURE 56. A possible printed circuit layout for the coupling network




Appendix XI  Matching constraints for series and parallel RLC loads.

The load in question is a parallel resonant circuit:
L E
C(—w—) (EQ 95)

The squared magnitude of Z is a function of frequency squared, and is

given by

[Z12 = X EQ 96
(COIIC+ (Cwy) 1 (202- DX + (COwd) * (EQ 96)

Here, X is radian frequency squared.

The parameters of Equation 96 can be found from the measured curve of
the magnitude of Z. To do this, notice that the impedance magnitude reaches a

maximum at

Y= wi. (EQ 97)
The value of the impedance at this frequency is
o0, = (5%;) (EQ 38)

At two frequencies on either side of the center, the impedance squared

is half this minimum. The difference in X at these two frequencies is

Wo
_freqh,gh -freq,,, = Ik
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By measuring the maximum frequency, the bandwidth. and the

maximum impedance, The following parameters result

€
)

o = maximum frequency

Y

" difference in freqencies

- 0

womaximum umpedance

(EQ 99)
X1 Matching characteristics for the parallel resonance
The even part of the load is given by
Wy §2
r2 = Ev(2) = C_Q T 0) i ) (EQ 100)
54 + -D“Qz—n.sl + w3

The zeros of transmission of the load are given by the RHP zeros of

- Ev@ WoS
R ST aTow (EQ 101)

There is a order 1 zero at zero, where Z is zero. Therefore this is a class

2 zero.

There is also an order 1 zero at infinity, where Z is zero. This is also a

class 2 zero.

The A function is constructed from the RHP poles of Z(-s). These are at

the points

Yo
Stransmission zer0 E(l tJ1-40%) (EQ 102)
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Therefore A is simply

w
s~ 55 + wg
4= ; (EQ 103)
0
s+ o5t wi

The A function can be expanded about zero, where its first few terms are

2

—— EQ 104
(Ow,)? (Ea 1o

2
4, = 1,4, = —;O—Q,and,A2 =

The A function expanded around infinity yields the terms

~

2w 2w

Ay = 1,4, = -—Q—‘-’, and, 4, = =3 (EQ 108)

[=1¥)

The F function is 2*r2*A, which is

numer
denom’

where
numer = (-2q2W054 + 2qw02.s'3 - -2q2w03:2) , and
denom = cq3s5 + cqwosd + (3c\v02q3 ~cw0lg) st + (2cw03q2 —ewod)ys3 +

- ol
((3ew04q? - cwodg) 52 « cw03g2s ~ cw6g3) (EQ 106)

The F function can be expanded around zero, where its first few terms

are
Fy=0,F, = 0,and,F, = ——23— . (EQ 107)
QwsC
Also, the F function can be expanded around infinity, where its first few
terms are

2w
Fy = 0,F, = 0,and,F, = -Q—C?. (EQ 108)
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Let p; be the first term in the expansion of the reflection coefficient at
the back end of the matching network, Then Youla’s first constraints are that
the reflection coefficient go to total reflection where there is no power gain, at

DC and s=infinity. The other coefficient constraints for the class 2 zeros are

~—=-pl
(4,-p) “w@7° -2
= 3 20, orp,,,, 2@;;,::[3=zero.and
- Towic
2w,
“o *! 2%,
TZO , or pmﬂz—Q-,als=co
0
-oc

(EQ 109)
The power gain function, which determines the reflection coefficient, is
constrained by these equations. Now, matching constraints can be determined
for any power gain function. To determine the constraints, (for bandpass types
of power gains), only two things about the reflection coefficient must be known:

the slope at s=zero and the slope at s=infinity.

Consider a bandpass reflection coefficient, expressed as a rational
function. Choosing a monic denominator does not loose generality. The
reflection coefficient goes to unity at DC and at infinity. This means that the
highest coefficient of the numerator must be unity, and that the lowest
coefficients of numerator and denominator must be equal. Therefore the

reflection coefficient could be written
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sT+b, _sntleb Lsnmie +bis3+bsi+bs+x

p(s) = (EQ 110)

n n-1 n-2 3 2 *
sh+a, s +ta,_,s +...tays’+a,s tas+x

Now, limit the reflection coefficient to one that comes from the low pass
to band pass transformation, with the center frequency of the transformation

equal to unity. The transformation is

si+1
BWs (EQ 111)

s
therefore, a polynomial of the form a,s"+a, ,s"-'+ . +a,s?+as+a,, after
scaling, becomes a polynomial 4527 + Bs2n-1+Cs2-2+ _ +C+Bs+4. In this case,
the transformation always creates polynomials that are symmetrical about

their centers. A reflection coefficient derived with this transformation then

has the form

s"+b sl v b, st +b, ,st+b, s+1

p(s) = (EQ 112)

n n-1 n-2 2 :
s"ta, s +a, _,s +..ta, ,st+a, s+

Expanding this reflection coefficient around zero and infinity yields the
same result for the first few terms. In particular, the first non-constant term,

the slope of the response, is simply
py=a,_,~b,_, .around zero and around infinity. . (EQ 113)

To proceed, the two coefficients of Equation 113 must be known.

For any reflection coefficient derived from a known all pole low pass

prototype like a Butterworth or Chebyshev function, the minimum phase
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reflection coefficient is fairly easy to find from tables of the prototype
coefficients. The denominator coefficients come directly from the tables (or
from the table, through the low pass to band pass transform for the bandpass
case). If the reflection coefficient is minimum phase, then the numerator
coefficients can be calculated from the denominator coefficients and the gain

factor of the match. There are two possible added complexities, though:

« Some of the lhp zeros of the minimum phase reflection coefficient
could be moved to the RHP, causing no change in the denominator,

but changing the numerator.

* An all pass function can be multiplied into the reflection coefficient,
increasing the degree of both the numerator and denominator, but
not changing the j-axis behavior of the reflection coefficient, or the

power gain of the resulting design.

XI.2 Chebyshev reflection coefficients

For the minimum phase band pass reflection coefficient, the reflection
coefficient defined by Chen[41,Equation 94] is used. With n the degree of the

low pass prototype,

_ Asir+Bsin-l+  +Bs+4
PG) = Dy Te  *Ds+C

(EQ 114)

Where
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A=C-=]
sinh(lasmhl)
n £
D= ——"
Ssz—’—,
smh(lasmh—-““ ‘“)
n £
B = =
Ssmz—n

(EQ 115)

Here ¢ is the Chebyshev ripple factor, and 5 is the reciprocal of the /
bandwidth of the power gain. Then the slope of the reflection coefficient at both

zero and infinity becomes

1

Py = B-D = -
Ssmz—n

( sinh( ’lx asinh @) - sinh( ,l’asinh E)) (EQ 118)

=2 2w, .
The gain can be computed when \ = Gwo o TO is known, then the
[}

maximum gain is given by the lesser of

asinhe-!
n

o = asinh( sinh(

|
)+ X5 sin(ig))

Gain,, = 1~ (esinh (n®))? (EQ 117)

The conditions for a possible match are revealed by considering when a
positive, non-zero gain results from Equation 117. A match is possible as the
bandwidth of Chebyshev power gain gets larger and larger, (the gain just gets
smaller and smaller). However, surprisingly, as the bandwidth of the power

gain gets smaller and smaller, the gain, after rising to unity, also begins to be
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forced smaller. The bandwidth must be larger than the limits given in

Equation 118, or no match is possible at all.

Bandwidth > —————

0. =
Qsmzn

1
asinhg
sinh
Bandwidth > ) =

Q—wOsm o

(EQ 118)

Now, a reflection coefficient with second order real regular all pass[41,
Equation 99} is considered;

_ As?n*24+Bslntl 4 +Bs+ 4
p(s) = Cstn*24+Ds2n* 1+ +Ds+C

(EQ 119)
where,
A=C=1
1
sinh(-asinh-l-)
n e/ o
D= ——— -
SSini 3
2n
) | 1
sinh{ -asinh
n €
B = JU-K/ ¢
5si T )
stn
(EQ 120)

and sigma (non-negative), is the low pass prototype all pass zero
frequency.
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Then the slope of the reflection coefficient at both zero and infinity

becomes

plzB_D=

U (. (1 (-K))Y) (1 ]
. n\smh(;asmh—e— -smh(;asmhg)) (EQ 121)
dsins—
2n
) -2 2w, |
The gain can be computed when .t = Ow, g is known, then the
0

maximum gain is given by whichever X leads to the smaller of

o

T asimnhe-! . n
= asmh( 2051112—" + stnh( . )+X85m2—n)
Gain_, = 1 - (esinh (n®))?

(EQ 122)

The gain now depends on the right haif plane zero location. The addition

of the right half plane zero generally lowers the gain when the bandwidth is

wide, but it also allows more gain for narrow bandwidth matches. When sigma

is non-zero, a match can no longer be made for an arbitrarily wide bandwidth

of Chebyshev power response. The bandwidth of the power gain is now limited

as indicated in Equation 123. However, as the bandwidth gets smaller and

smaller, a sigma can always be chosen to allow full gain for that bandwidth.

Yo 20 it
3
% > Bandwidth > Q ] =
asmh; n:
sinh -2osin—
n 2n
and
1 l in T
—_ ——sin—
w0 wo 07 2n
—= > Bandwidth > 4
c L]
asinh - 1:
sinh - 20sin—
n 2n A

(EQ 123)
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For a particular w0, q of the load, the gain can be maximized by choosing

a particular sigma. A stationary point for sigma that leads to the best gain is

o1
w asinh -
ZéSSin%-smh ~ £
Opest = z . (EQ 124)
2sin=—
2n

The positive best sigma only exists, though, if

= sinz
Bandwidth <« —2— 21

and

|
2‘—-sm£

wo@" 2n
asinhl
€

Bandwidth <

sinh
n (EQ 125)

If there is a best sigma, it is chosen using Equation 124 and the gain in

this case will be one. Otherwise, the right half plane point does no good, sigma
is set to zero and the gain is calculated from Equation 122.
XI.3

Bandpass matching constraints for a series RLC load.

The series case is dual to the parallel one.

The load in question is a series resonant circuit.

L )
Z= ;(52+—Q—°s+w5) , (EQ 126)
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The squared magnitude of Z is a function of frequency squared. and is

given by

, (LI (Lwg)2 (202 - 1).X + (LOw})?
1Z]?> = o (EQ 127)

Where X is radian frequency squared.

The parameters of Equation 126 can be found from the measured curve

of the magnitude of Z. To do this, notice that the impedance magnitude reaches

a minmimum at
X = wi. (EQ 128)

The value of the impedance at this frequency is

()
1ZCO1,, = o/ (EQ 129)
At two frequencies on either side of the center, the impedance squared

1s twice this minimum. The difference in X at these two frequencies is

Yo
réqn gn '-freqlow = —Q- .

So, by measuring the minimum frequency, the bandwidth, and the

minimum impedance, The following parameters result
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w, = mnimum frequency

Wo
Q = Siorence in freqencies
L = minimum impedance WQ
o (EQ 130)
Xl.4 Matching characteristics
The even part of the load is given by
¥
r2 = Ev(2) = L@, (EQ 131)

The zeros of transmission of the load are given by the RHP zeros of

Wo_f

- Q‘2+w05 +ng (EQ 132)

There is a order 1 zero at zero, where Z is infinite. Therefore this is a

class 4 zero.

There is also an order 1 zero at infinity, where Z is infinite. This is also

a class 4 zero.

The residue of Z at zero is Lw}". The residue of Z at infinity is L.

The A function is constructed from the RHP poles of Z(-s). There are

none of these. Therefore A is simply unity. The F function is 2*r2*A, which is

Yo
2r2 = ZLE.
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The coefficient constraints are

Wo
Fo =2L§>L 2 0 >i
A, =7, = O—P| 2 Lwg, or >P:.,°l —Qwo
Wo
ZLB ~2w,
0p, 2L ,or 0>p,nﬂ2"Q—

, al s=zero, and

,at § = x©
(EQ 133)

Not surprisingly, these constraints are very similar to those for the

was no upper limit for the parallel case.

The parallel results are applicable here,

parallel case. The only difference is that the reflection coefficient slope is

limited from above: it must be negative at both DC and infinity, while there

as might be expected. Since the

series load is dual to the parallel case, a dual, (or reciprocal), matching network

derived for the parallel case could be used directly for the series case.

The design of the matching network follows the determination of the

complete the design,

gain of the match and the zero frequency of any extra all pass function. To

* The low pass Chebyshev power gain function with gain=1 is created
from Chebyshev polynomials of the first kind.

« This is converted to a band pass response, using the low pass to band

pass transformation, with the center frequency=1.
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» Areflection coefficient is formed from 1 minus the power gain, scaled
by the gain parameter, which is determined by the above coefficient

constraints.

o If an all pass function is used, it is multiplied into the reflection

coefficient.

» The back end impedance of the matching network is determined from

the reflection coefficient and the load impedance.

 The matching network is realized as a lossless network terminated in

a resistor using cascade synthesis.

XL..5 Butterworth reflection coefficient constraints

The minimum phase, Butterworth, bandpass reflection coefficient

defined by Larry Augustine[11] is used here. With n the degree of the low pass

prototype,
Asn+ Bsn-1 + +Bs+ 4
= EQ 134)
P) = C DT+ +DstC (
Where
A=C =1
D = a,_ ,Bandwidth
B=a

n-1

Bandwidth d
. (EQ 135)



162

Where Bandwidth is the bandwidth of the low pass to band pass

1
transformation. or the bandwidth of the desired power gain, d = (1 -gain) "

1s the coefficient of the s*-' th term of the Butterworth

lowpass denominator polynomial. Then the slope of the reflection coefficient at

both zero and infinity becomes

1
Bandw:d!h( (1 ~gain) 2 - l) . (EQ 136)

R P 1
p, =B-D sm(%)

. -2 2w,
The gain can be computed when x = ov " 5 ® is known, then the
0

maximum gain is given by

2n
Bandwidth

2n
Xsin( L) + Bandwidth
(EQ 137)

gain = 1 -

As the bandwidth gets larger, the gain falls off. However, the bandwidth

must be greater than

]
wosin 3~

Q

ok
sin3—

Qwo

Bandwidth >

and

Bandwidth >
(EQ 138)

for any match at all to be made. It is likely that the use of an all pass
function in the reflection coefficient will remove this limitation. To this end, we

can use the Butterworth bandpass coefficient with an all pass function given
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by Chen[41, Equation. 23]. There, the coefficient of the 1/s term in the

expansion of the reflection coefficient about infinity is given as

i
p, = ———)Bandwidlh( (1 —garn)in- l) -20 . (EQ 139)

sin( ZLn

Where Bandwidth is the bandwidth of the low pass to band pass
transformation, and sigma is the right half plane zero location of the low pass
all pass function. Again, the all pass function allows matching for very small

bandwidths, as in the Chebyshev case. The gain is now given by

T & A
/) T Danawidin + Acsm\z—n}J

(
gain = I_L Bandwidth

(EQ 140)

Which, for larger bandwidths, will be less than Equation 137, but allows
a match for smaller bandwidths than Equation 137. To find the value of sigma
that maximizes the gain, the derivative of Equation 140 can be set to zero, and

it is found that

1
1 Xsin( Z—n) + Bandwidth

Obese = —3 . ( l) , (EQ 141)
inl —
2n

which leads to unity gain when sigma is positive.

Once the gain is known, a series of steps similar to those for the

Chebyshev matching can be followed to determine the matching network.
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