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Professor Gunther Uhlmann
Department of Mathematics

In this thesis, we discuss two inverse problems arising in medical imaging.

The first problem is about a hybrid imaging method using coupled boundary measurements,

which combines electrical impedance tomography (EIT) with heat conduction. We prove

uniqueness for this method in the two dimensional case, i.e. it uniquely determines the

anisotropic electrical conductivity, the anisotropic thermal conductivity, and the product of

heat capacity and heat density within a bounded domain in the plane up to a boundary-

fixing diffeomorphism.

The second problem arises in positron emission tomography (PET), a medical imaging tech-

nique that aims to determine the distribution of radioactive tracers in a patient’s body. The

PET data needs some attenuation correction before it can be used to reconstruct the dis-

tribution, and the correction is usually achieved using attenuation coefficients reconstructed

from another computed tomography (CT) scan. We show that the PET data is enough to

recover certain types of singularities of the distribution (like jump discontinuities), which is

usually enough for medical purpose, and thus that the extra CT scan is unnecessary.
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Chapter 1

INTRODUCTION

Over the past several decades, medical imaging techniques have revolutionized health

care. Imaging modalities, such as computed tomography (CT) scan, ultrasound, magnetic

resonance imaging (MRI), provide noninvasive ways to reconstruct internal physical prop-

erties like electrical conductivities, attenuation coefficients, etc. The reconstructed physical

properties reveal the internal structure of patient’s body, since different tissues may differ

a lot in these properties, and are usually presented to doctors in form of 2D/3D images.

These techniques are vital in disease diagnosis/early detection, surgery and treatment, and

have fundamentally altered the practice of medicine. Any improvements in image accuracy,

contrast or resolution can have a positive impact on thousands of patients.

While imaging modalities differ in the underlining physical processes, device and hard-

ware, data acquisition and signal processing, etc., at the core of each modality, there is an

inverse problem that first establishes an appropriate mathematical model, based on the phys-

ical principles the modality operates on, to interpret the measurements and then tries to find

an inversion formula/a numerical algorithm that reconstructs the desired physical properties

from the measured data. Mathematically, an inverse problem is usually formulated as follows:

let X be the space of functions f : Ω→ Rm where Ω ⊂ Rn, A : X → Y be an operator from

the function space X to some data space Y , given d = Af + ε where ε is some random noise

in data space Y , the inverse problem aims to recover f from d. In medical imaging context,

f represents the physical properties we want to recover and m might be greater than 1 which

corresponding to multiple properties or some property with vector/matrix representation. Ω

represents patient’s body (n = 3) or a 2D body slice (n = 2). A corresponds to the imaging

process, ε is the random noise due to various reasons like precision limitation of the device
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which is inevitable in practice and d represents the measured data we have.

For an inverse problem, usually we need to understand the following:

• Uniqueness: in the noise free case, does the measured data uniquely determine the

desired properties? That is, does Af1 = Af2 imply f1 = f2?

• Existence/Range characterization: for a given element in the data space Y , is there a

f ∈ X such that Af = d? That is, what is the range of the operator A? Knowing

the range also helps when given a noisy data, we may want to first project it into the

range.

• Inversion formula: when existence and uniqueness are guaranteed, the problem is in-

vertible, then can we find some explicit formula that reconstructs f from d? If so, is

there an efficient numerical algorithm to implement it?

• Stability: when the problem is invertible, how sensitive is it to the measured data?

Can a small change in measurements lead to a huge difference in the reconstructions?

Unfortunately, inverse problems are often highly unstable.

• Gaps between continuous and discrete: most of the models we establish are continuous,

which work well for theoretical analysis, while in reality, all computations are discrete.

How should we connect the continuous results with discrete computation? For example,

the wavefront set we are going to use later in this thesis is great for theoretical analysis,

but how to use it for discrete computations is still not well understood.

See [46], [18], [40] for more information about mathematical inverse problems in medical

imaging.

We discuss two inverse problems arising in medical imaging in this thesis. In Chapter 2,

we consider uniqueness for a hybrid imaging method which combines electrical impedance

tomography (EIT) with heat conduction. Originally proposed in [33], this method uses
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coupled boundary measurements to determine both electrical and heat transfer properties

within some bounded domain. Uniqueness was proven in [33] for isotropic properties in three

dimension or higher. We consider anisotropic properties within a bounded plane domain and

prove that the method uniquely determines the properties up to a boundary-fixing diffeomor-

phism. In Chapter 3, we consider an inverse problem arising in positron emission tomography

(PET). PET is a functional imaging modality that is used to observe metabolic processes

in the body. Before the PET scan, patients are injected with some radioactive tracers; the

goal is to recover the distribution of the tracers by counting the number of simultaneously-

detected photon pairs (which are generated when the tracers decay) along each line. These

counts need some correction due to body attenuation before they can be used to reconstruct

the distribution. The correction is usually achieved using the body’s attenuation coefficient

which is obtained by another CT scan. In medical imaging, it is usually the singularities

rather than the exact values of the reconstructed functions that provide useful information:

for example jump discontinuities usually correspond to boundaries of different tissues. We

show that if we only want to recover certain types of singularities (like jump discontinuities)

of the target functions, the attenuation correction based on the extra CT scan is actually

not needed: most of this information is contained in the PET data.
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Chapter 2

UNIQUENESS FOR THE EIT/HEAT SYSTEM

2.1 Problem set up

In spite of the great success various medical imaging modalities have achieved, each stand-

alone method usually has its drawback limited by the underlining physical process. For

example, thanks to efficient reconstruction algorithm and data redundancy, CT image usually

exhibits high resolution but low contrast since the attenuation coefficients, the physical

properties CT scan reconstruct, for healthy and unhealthy tissues are not that different,

which can make diagnose pretty difficult. While at the same time, optical tomography

usually exhibits low resolution but high contrast. This suggests us to use coupled imaging

modalities to combine advantages and overcome drawbacks. These hybrid imaging methods

have been more and more popular in recent years. Successful examples include photo-

acoustic tomography, thermo-acoustic tomography, see [5], [34], [39], [59], [51], [13] for more

discussions.

In [33], the authors proposed a new hybrid imaging method that combines EIT with

heat conduction. They proved that the method uniquely determined isotropic electrical and

heat transfer properties within some bounded domain in Rn for n ≥ 3, by using coupled

boundary measurements. In this chapter, we prove that in the two dimensional case, the

method uniquely determines anisotropic properties up to a boundary-fixing diffeomorphism.

Now we set up the problem as follows, given a bounded domain Ω ⊂ R2 with smooth

boundary (for the purpose of this thesis, we just formulate the problem for plane domains,

but the set up is the same for n > 2), we consider two physical processes. First, we put

a time-dependent voltage distribution f(x, t) ∈ C(R+, H
1
2 (∂Ω)) at the boundary ∂Ω, and

assuming there are no sinks or sources inside Ω. Then the resulting voltage distribution
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u(x, t) throughout the whole domain is governed by the conductivity equation

∇ · (γ(x)∇u(x, t)) = 0, x ∈ Ω and u|∂Ω = f, (2.1)

where ∇ is the standard gradient operator, ∇· is the standard divergence operator and γ(x)

is the electrical conductivity of Ω, the first unknown property of the domain that we want to

determine. Instead of only considering isotropic electrical conductivities like [33] did, we also

include anisotropic conductivities, i.e. γ(x) is a positive definite matrix at each point, and

we assume it is bounded below, i.e. ∃c > 0 s.t. ||γ(x)||2 > c where ||·||2 is the induced matrix

2-norm defind by ||A||2 , supx∈Rn
||Ax||2
||x||2 where || · ||2 is just the usual vector 2-norm. Then

u(x, t) ∈ C(R+, H
1(Ω)) since for any fixed time t, equation (2.1) is a second order elliptic

equation and the standard existence theory assures us that there exists a unique solution

u(·, t) ∈ H1(Ω). Also we remark here that the boundary condition makes sense since we can

extend the usual restriction operator R : C∞(Ω̄) → C∞(∂Ω) to a bounded operator from

H1(Ω) to H
1
2 (∂Ω).

The second process is heat transfer. It is known that electrical current generates heat

which diffuses throughout the domain. We model this by considering the temperature dis-

tribution ψ(x, t), which is governed by the heat equation

κ−1(x)∂tψ(x, t) = ∇ · (A(x)∇ψ(x, t)) + S(x, t), x ∈ Ω and t ≥ 0, (2.2)

ψ(x, 0) = 0, ∀x ∈ Ω ψ(x, t) = 0, ∀x ∈ ∂Ω and t ≥ 0, (2.3)

where κ(x) = c(x)−1ρ(x)−1 is the reciprocal of the product of the heat capacity c(x) and

density ρ(x), A(x) is the thermal conductivity and is represented by a positive definite

matrix at each point. We also want to determine κ and A and assume they are also bounded

below thoughtout the domain. The term S(x, t), which is called the energy density of the

electrical field, is defined by S(x, t) = ∇u(x, t) · γ(x)∇u(x, t), where u(x, t) is the solution

to (2.1) and S(x, t) will act as a source term in the heat equation. The initial and boundary

condition (2.3) means that the temperature (after some shift) throughout the domain equal

0 when t = 0 and the boundary temperature is kept at 0 for all t ≥ 0. As [33] did, we also
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assume that the heat transfer is sufficiently slow so that the quasistatic model (2.1) for the

voltage u(x) is still realistic.

Define coupled boundary measurements, namely the voltage-to-heat flow map Σγ,κ,A, as

follows:

Σγ,κ,A : f(x, t) ⇒ ν ·A∇ψ(x, t), x ∈ ∂Ω, (2.4)

where ν is the unit outer normal vector at the boundary. In other words, Σγ,κ,A maps a

time-dependent electrical boundary voltage f(x, t) to the outcoming heat flow ν ·A∇ψ(x, t).

We study with what information about the internal properties γ, κ and A can we recover

from the boundary measurement Σγ,κ,A.

The first part of the method is related to EIT, which is also known as Calderón’s inverse

problem, where one tries to determine bodies’ internal electrical conductivities by using

voltage-to-current measurements at the boundary. It has been intensively studied over the

past few decades and we will review some basic results below.

As mentioned above, unlike [33] where the authors only consider isotropic electrical con-

ductivities and show that Σγ,κ,A determines γ, κ andA uniquely, we also consider anisotropic

electrical conductivities. As we know for the anisotropic EIT/Calderón’s inverse problem,

given any boundary-fixing diffeomorphism F of Ω, we define the pushforward of γ by F as

F∗γ(x) = DFγDF T

|DF | ◦ F
−1(x), where DF is the Jacobian matrix of F , then it can be proved

that ΛF∗γ = Λγ , where Λγ is the boundary voltage-to-current measurements, or mathemati-

cally the standard Dirichlet-to-Neumann (DtN) map that maps static boundary voltage (the

Dirichlet boundary data, i.e. the boundary value) to the outcoming current (the Neumann

boundary data, i.e. the outer normal derivative). It means that any conductivity and its

pushforward have the same measured data, or in other words, the DtN map can not tell

conductivity and its pushforward apart. The reason for that is conductivity equation is in-

dependent of the choice of coordinates and the whole pushforward can be seen as change of

coordinates within the domain. For the two dimensional case, it has been proved that change

of coordinates is the only obstacle to uniqueness, i.e. if Λγ1 = Λγ2 , then γ2 is the pushforward

of γ1 by some boundary-fixing diffeomorphism F . Similarly we can apply the same change of
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coordinates to the heat equation, so for the two dimensional case if we consider anisotropic

electrical conductivities, the best uniqueness result for this hybrid modality is that Σγ,κ,A

determines γ, κ,A uniquely up to a boundary-fixing diffeomorphism. We prove that this is

indeed the case and have the following result.

Theorem 1 (Chang). Assume Ω ⊂ R2 is a bounded domain with smooth boundary, κi(x) ∈

C∞(Ω̄), γi(x), Ai(x) ∈ C∞(Ω̄,S2
++), where S2

++ stands for 2 × 2 positive definite matrices

and κi, ||γi(x)||2, ||Ai(x)||2 are bounded below by a positive number, i = 1, 2. If Σγ1,κ1,A1 =

Σγ2,κ2,A2, then there exists a diffeomorphism F : Ω̄ → Ω̄, which fixes the boundary, i.e.

F |∂Ω = id, such that κ2(x) = κ1|DF | ◦ F−1(x), γ2(x) = DFγ1DF T

|DF | ◦ F−1(x) and A2(x) =

DFA1DF T

|DF | ◦ F−1(x), where (DF )ij = ∂Fi
∂xj

is the Jacobian matrix of F .

The rest of this chapter is organized as follows. We first review some basic results about

EIT/Calderón’s inverse problem in Section 2.2. In Section 2.3 we explain the outline of the

proof. In Section 2.4 we do a brief review of the nonuniqueness caused by the change of

coordinates. In Section 2.5, we show that the conductivity is determined uniquely up to a

boundary-fixing diffeomorphism. An important density argument is proved in Section 2.6 and

is later used in Section 2.7 to determine the heat properties up to the same diffeomorphism

arises in Section 2.5.

Remark 1. The regularity assumption in the theorem may not be optimal and may be im-

proved by a more refined analysis. From now on, we will just assume everything is smooth

without further mentioning.

2.2 Review of EIT

EIT, or more generally known as Calderón’s inverse problem aims to determine the electrical

conductivity of some medium by making boundary voltage-to-current measurements. The

problem is formulated as follows, Ω is a bounded domain in Rn, n ≥ 2, when imposed with

a static boundary voltage f , the voltage u throughout the domain, by Ohm’s law, satisfies
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the conductivity equation,

∇ · (γ(x)∇u(x)) = 0, x ∈ Ω and u|∂Ω = f, (2.5)

where γ(x) represents the electrical conductivity at each point (a scalar if the conductivity is

isotropic and a positive definite matrix if the conductivity is anisotropic) and we assume it is

bounded below. (2.5) is an elliptic partial differential equation and by the standard existence

theory, for any boundary voltage f ∈ H 1
2 (∂Ω), we have a unique solution u ∈ H1(Ω). Then

as mentioned above, we measure the outcoming current at the boundary i.e. ν · γ∇u|∂Ω,

where ν is the unit outer normal vector. This defines the voltage-to-current map, or the DtN

map induced by γ that maps any boundary voltage to the current flux at the boundary:

Λγ : f =⇒ ν · γ∇u|∂Ω. (2.6)

The Calderón’s inverse problem is can we determine γ from Λγ .

The problem was proposed by Dr. Alberto Calderón who first came across it while

working as an engineer for some oil company in the 1950’s and published his result [10] in

1980. Ever since then, it has been intensively studied and applied to different industries as

well. Theoretically, there have been many results on uniqueness ([10], [32], [64], [65], [35], [25],

[24], [12], [43], [2]), stability ([1]), reconstruction and the corresponding numerical methods

([42], [41], [57], [6]). See [69], [70] for general reviews. For applications, besides in medical

imaging where it has been wildly used for detecting pulmonary emboli (see [14] for more

information), it has also been applied to areas like geophysical prospection, Schlumberger-

Doll company was founded to find oil by using electromagnetic methods.

For the sake of this thesis, we briefly review some uniqueness results for EIT/Calderón’s

inverse problem. For isotropic conductivities, A. Caldorón [10] showed that the linearization

of the map Φ : γ → Λγ was injective in 1980. R. Kohn and M. Vogelius [32] showed that

given a domain with smooth boundary, if γ(x) was smooth near ∂Ω, then γ and all its

normal derivatives were uniquely determined by Λγ. J. Lee and G. Uhlmann [35] proved

the same result using the idea that Λγ was actually a pseudodifferential operator of order
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1 on ∂Ω and boundary values and normal derivatives of γ were related to the symbol of

Λγ. Then if the conductivity was analytic, we could reconstruct it through Λγ. The first

global uniqueness result was proven by J. Sylvester and G. Uhlmann [64] in 1987 for smooth

conductivity within a domain with smooth boundary in dimension three or higher. Since

then the regularity assumption on conductivity and domain boundary were relaxed by several

authors based on similar approach, see [47], [8]. Inspired by the work of B. Haberman and

D. Tataru [25], [24], P. Caro and K. M. Rogers [12] proved the uniqueness result for n ≥ 3,

Lipschitz conductivity which was bounded below within a domain with Lipschitz boundary.

For the two dimensional case, the approach usually involved complex analysis by the nature

of the dimension and was always handled separately. Some early results include R. Kohn

and M. Vogelius [32], Z. Sun and G. Uhlmann [60]. In 1995, Nachman [43] gave a uniqueness

result for conductivity with two derivatives. The regularity assumption was relaxed to W 1,p

conductivity with p > 2 by R. Brown and G. Uhlmann [7], then to L∞ conductivity bounded

from above and blow by the work of K. Astala and L. Päivärinta [2].

For anisotropic conductivities, as mentioned above, Λγ is not able to tell a conductivity

with its pushforward by any boundary-fixing diffeomorphism apart. Then we wonder does

Λγ1 = Λγ2 implies γ2 is the pushforward of γ1 by some boundary-fixing diffeomorphism.

For the two dimensional case, the statement is true and was proved by J. Sylvester [62] for

conductivity close to constant, Z. Sun, G. Uhlmann [61] for W 1,p conductivity and finally

K. Astala, M. Lassas and L. Päivärinta [3] for L∞ conductivity. The idea is to convert the

anisotropic problem into an equivalent isotropic case and the method only works for two

dimension since it relies heavily on complex analysis. For dimension three and higher, the

problem is still largely open. D. Ferreira, C. Kenig, M. Salo, and G. Uhlmann [21] prove it

under certain additional assumptions by using limiting Carleman weight and geodesic ray

transform.

Next we state some facts that are important in the proofs of these uniqueness results.

First, when the conductivity is isotropic, (2.1) is closely related to a Schrödinger equation

through the so called Liouville transform: assume 0 < γ(x) ∈ C2(Ω̄) and u(x) ∈ H1(Ω)
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solves the conductivity equation (2.5) with boundary value u|∂Ω = f ∈ H 1
2 (∂Ω), define uS,

q, g as follows,

uS(x) = γ
1
2u, q =

∆γ
1
2

γ
1
2

, g = γ
1
2f, (2.7)

then it can be proved that they solve the following Schrödinger equation

(−∆ + q(x))uS(x) = 0, x ∈ Ω and uS|∂Ω = g. (2.8)

Notice that (2.8) is uniquely solvable for any given boundary data g ∈ H 1
2 (∂Ω) when 0 is not

a Dirichlet eigenvalue of −∆ + q(x), which is always satisfied if q(x) is derived from some

conductivity γ as above. Then we can similarly define the DtN map for the potential q that

maps the boundary value to the outer normal derivative,

Λq : g =⇒ ν · ∇v|∂Ω, (2.9)

and another inverse problem arises naturally that whether Λq uniquely determines q or not.

Also based on the above derivation, the relation between Λγ and Λq is given by:

Λqf = γ
1
2 Λγγ

− 1
2f +

1

2
γ−1∂nγf, ∀f ∈ C∞(∂Ω). (2.10)

Both Λγ and Λq maps from H
1
2 (∂Ω) to H−

1
2 (∂Ω), which is the dual space of H

1
2 (∂Ω). For

example,

∀f, g ∈ H
1
2 (∂Ω), < Λγf, g >=

∫
Ω

∇uf · (γ∇vg)dx, (2.11)

where uf is the solution to (2.5) with boundary value f , vg is any function in H1(Ω) such

that vg|∂Ω = g and < ·, · > is the usual duality pair between H−
1
2 (Ω) and H

1
2 (∂Ω). It is

easy to see that (2.11) does not depend on the choice of vg as long as vg|∂Ω = g, then we

may take vg to be the unique solution to (2.5) with boundary value g, plus the fact that γ

is symmetric, we have

< Λγf, g >=

∫
Ω

∇uf · (γ∇vg)dx =

∫
Ω

∇vg · (γ∇uf )dx =< Λγg, f >

Similarly, Λq satisfies

< Λqf, g >=

∫
Ω

∇uf · ∇vg + qufvgdx =< Λqg, f >,
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here uf and vg are solutions to (2.5) and (2.8) with boundary values f and g. Then if

Λγ1 = Λγ2 , we have

∀f, g ∈ H
1
2 (∂Ω), < Λγ1f, g >=< Λγ2f, g >=< Λγ2g, f > .

Let uf be the unique solution to (2.5) with boundary value f and conductivity γ1, vg be

the unique solution to (2.5) with boundary value g and conductivity γ2, using the above

properties,∫
Ω

(∇uf )T · (γ1 · ∇vg)dx =< Λγ1f, g >=< Λγ2g, f >=

∫
Ω

(∇uf )T · (γ2 · ∇vg)dx,

which implies ∫
Ω

(∇uf )T · (γ1 − γ2) · ∇vgdx = 0.

So for isotropic γ1, γ2, uniqueness can be proved by showing the space spanned by (∇uf )T ·

∇vg, where uf and vg are arbitrary solutions to (2.5) with conductivities γ1 and γ2, is dense

in L2(Ω). Another approach for isotropic conductivities is as follows, from the boundary

determination result [32], Λγ1 = Λγ2 implies

γ1|∂Ω = γ2|∂Ω, ∂nνγ1 = ∂nνγ2 (2.12)

Consider the corresponding Schrödinger equations obtained by the Liouville transform, we

have Λq1 = Λq2 based on (2.10) and (2.12). Using similar derivation as above, this further

implies ∫
Ω

(q1 − q2)ufvgdx = 0,

where uf , vg are solutions to (2.8) with boundary values f and g. Then we can prove q1 = q2

by showing the space spanned by ufvg are dense in L2(Ω), which further implies γ1 = γ2.

The density is usually proved by constructing enough solutions, the most important and

successful example is the Complex Geometric Optics (CGO) solutions constructed by J.

Sylvester and G. Uhlmann [64] among which for any ξ, we can find pairs of solutions whose

products converge to eix·ξ.
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2.3 Outline of the proof

In this section, we give the outline of the proof for Theorem 1.

1. First, we recover the quadratic forms Qγi induced by γi, which will be defined later,

from the voltage-to-heat flow map Σγi,κi,Ai . Qγi contains the same information as the

DtN map Λγi does. The reconstruction is done by taking special input data (static

ones). The main idea behind this is that the quadratic form maps any static boundary

voltage to the amount of energy needed to maintain that due to the energy loss caused

by the heat generated by the current. So in the static case, this energy should be equal

to the heat flow coming out due to the conservation of energy. Then based on the

exiting result for the two dimensional Calderón’s inverse problem, we prove that the

two conductivities are the same up to certain boundary-fixing diffeomorphism, i.e. one

is the pushforward of the other.

2. The conductivity equation (2.1) and the heat equation (2.2) are related through the

electrical energy density S(x, t) = ∇u(x, t)·γ(x)∇u(x, t), which is the outcome of (2.1)

and acts as an input of (2.2). Now we take spacial input data f which is separated in

x and t, i.e. f(x, t) = h(x)g(t), then the corresponding solutions to (2.1) will have the

form u(x, t) = u0(x)g(t), where u0 is the static solutions to (2.5) with boundary value

h(x), and S(x, t) = (∇u0(x) · γ(x)∇u0(x))g(t). Next we show the space spanned by

{∇u0 · γ∇u0} is actually dense in L2(Ω). So we can conclude that the voltage-to-heat

flow map Σγ,κ,A contains information for putting arbitrary variable-separated source

S(x, t) = w(x)g(t) into (2.2) by the continuous dependence of the solution to (2.2) on

S(x, t). The most important part in this step, which is also the core of this chapter,

is to prove the density argument and it is obtained by using special solutions to the

Schrödinger equation related with (2.5), including the CGO solutions and the solutions

constructed by A. Bukhgeim in [9].

3. Based on the fact in the second step and a change of coordinates (arising from the
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first step), the problem has become that if for any variable-separated source S(x, t) =

w(x)g(t), the out-coming heat flows are the same for two systems, then their heat

properties must coincide. This has already been proven in [33]. The basic idea is once

again to take special input data (pulse sources which converge to w(x)δ(t)) and solve

the heat equations using eigenfunctions of the operator κi∇·(Ai(x)∇) in some weighted

L2 space. And with the help of some boundary determination results, it can be proved

that all the eigenvalues and eigenfunctions of the two operator κi∇ · (Ai(x)∇) are the

same, which leads to A1 = A2 then κ1 = κ2.

Remark 2. Our proof for step one is slightly different with the one in [33] that emphasises

more on the physical interpretation. The arguments in step three have already been proven

in [33] for dimension n ≥ 2, but their strategy to prove the density argument stated in step

two can not work for the two dimensional case.

2.4 Obstacle to uniqueness

In this section, we review some basic facts about the obstacle to uniqueness caused by

change of coordinates or sometimes called gauge transformation induced by a boundary-

fixing diffeomorphism of Ω. This nonuniqueness happens since physical principles do not

depend on the choice of coordinates and what we see here is essentially describing the same

physical phenomenon using different coordinate system. The results in this section are valid

for dimension n ≥ 2. They can actually be proved by some tedious direct calculations

that only evolve basic calculus. But instead, we are going to prove them using Riemannian

geometry which provides some new perspective and can further relate these problems with

other geometric inverse problems (which is beyond the scope of this thesis). In this whole

section, we assume that F : Ω̄ → Ω̄ is a diffeomorphism of Ω̄, which is a at least C2 and

fixes the boundary, i.e. F |∂Ω = id. We first start with the conductivity equation (2.5) and

have the following result.

Lemma 1. If u(x) is a solution to (2.5), then ũ(x) , u ◦F−1(x) = u(F−1(x)) solves (2.5)
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with conductivity γ̃ = F∗γ , DFγDF T

|DF | ◦ F
−1, which is sometimes called the pushforward of

γ and (DF )ij = ∂Fi
∂xj

is the Jacobian matrix of F as usual. As a result, we have Λγ = ΛF∗γ.

As mentioned above, when n ≥ 3, we are going to relate (2.5) with the Laplace-Beltrami

operator ∆gγ for some properly chosen metric gγ associated with γ

gγ , |γ|
1

n−2γ−1, (2.13)

then∇·(γ(x)∇u(x)) = |gγ |
1
2 ∆gγu = 0 means that u is a harmonic function on the Riemanian

manifold (Ω, gγ). Notice an important fact that

gγ̃ = gF∗γ = (F−1)∗gγ ,

i.e. the metric corresponding to the push forward conductivity is just the pull back of the

metric gγ by F−1. Then since the Laplace-Beltrami operator is defined intrinsically, we have

0 = ∆gγu = ∆(F−1)∗gγu ◦ F−1 = ∆gγ̃ ũ,

which implies that ũ solves (2.1) with conductivity γ̃. But we may have a problem when

n = 2, since the metric gγ in (2.13) will not be well defined. We will fix this problem

later in the proof of Lemma 2. Another equivalent way to see this is using the fact that

u(x) solves (2.5) if and only if u(x) is the unique global minimizer of the energy functional

Eγ(u) =
∫

Ω
∇u(x) · γ(x)∇u(x) dx within the class of functions with boundary value f .

An easy calculation using change of coordinates shows that Eγ(u(x)) = EF∗γ(u ◦ F−1(x)).

So u(x) minimizes Eγ(·) is equivalent to ũ = u ◦ F−1 minimizes Eγ̃(·) = EF∗γ(·), which

means u ◦ F−1 solves (2.5) with conductivity F∗γ. To show that Λγ = ΛF∗γ , either use the

Riemannian geometry approach which will be explained below, or just calculate directly and

recall the fact that F is identity when restricted to the boundary.

Then we move on to the heat equation (2.2) and show the following result.

Lemma 2. If ψ(x, t) solves the heat equation (2.2) with the initial and boundary value

condition (2.3). Define

ψ̃(x, t) , ψ(F−1(x), t), κ̃(x) , |DF (F−1(x))|κ(F−1(x)),



15

S̃(x, t) , |DF (F−1(x))|−1S(F−1(x), t), Ã(x) = F∗A(x) ,
DFADF T

|DF |
◦ F−1(x),

then ψ̃(x, t) solves (2.2) with κ̃(x), Ã(x) and S̃(x, t). Also the two systems give the same

out-coming heat flow at the boundary, i.e. ν ·A∇ψ(x, t) = ν · Ã∇ψ̃(x, t), ∀x ∈ ∂Ω.

Proof of Lemma 2. Denote y = F (x), according to the definition, the only thing needed to

be shown here is that

|DF (x)|−1∇x · (A(x)∇xu(x)) = ∇y · (Ã(y)∇yũ(y)) = ∇y · (F∗A(y)∇yu(F−1(y))) (2.14)

We will use the metric argument mentioned above. First when n ≥ 3, we take the metric gA

associated with A(x) as in (2.13),

gA(x) , |A(x)|
1

n−2A(x)−1. (2.15)

As we have already mentioned above, here are some basic facts which can be verified easily.

• |gA| = |A|
2

n−2

• ∇ · (A(x)∇u(x)) = |gA|
1
2 ∆gAu = |A|

1
n−2 ∆gAu

• The metric associated with Ã = F∗A is the pullback of gA by F−1, i.e. gF∗A =

(F−1)∗gA. And we have the following |F∗A(y)| = |DF (x)|2−n|A(x)|, |gF∗A(y)| =

|DF (x)|−2|gA(x)|

Then it is easy to see that

∇x · (A(x)∇xu(x)) = |gA|
1
2 ∆gAu = (

|gA|
|(F−1)∗gA|

)
1
2 |(F−1)∗gA|

1
2 ∆(F−1)∗gAu ◦ F

−1

= (
|gA|
|gÃ|

)
1
2 |gÃ|

1
2 ∆gÃ

u ◦ F−1 = |DF (x)|∇y · (Ã(y)∇yũ(y))

To show that ν ·A∇ψ(x, t) = ν · Ã∇ψ̃(x, t), we can either calculate directly, or relate it

with the interior product of ∇gu and the volume form dgV since we have the relation

(∇gψ y dgV )|∂Ω = (ν ·A∇ψ(x, t))dS, (2.16)
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where dS is the Euclidean volume form restricted to ∂Ω. Then we get what we want since

∇gψ y dgV is independent of the choice of coordinates plus the fact that F is identity at the

boundary.

When n = 2, we can not use the arguments above since (2.15) makes no sense, or from

another perspective, in the Laplace-Beltrami operator ∆g = |g|− 1
2∇·(|g| 12 g−1∇), determinant

of the matrix |g| 12 g−1 is always one (det(|g| 12 g−1) = ((|g| 12 )n|g−1| = |g||g|−1 = 1 since n = 2),

which is not satisfied by a general A. We fix this by first normalizing A, define

A(x) = |A(x)|
1
2 (

1

|A(x)| 12
A(x)) , |A(x)|

1
2A0(x),

so |A0| = 1 and

∇ · (A∇u) = ∇ · (|A|
1
2A0∇u) = |A|

1
2∇ · (A0∇u) +∇|A|

1
2 · (A0∇u).

Then just define the metric associated with A to be gA = A−1, we get

∇ · (A(x)∇u(x)) = ∆gAu+ < ∇gA log |A|
1
2 ,∇gAu >gA ,

and similarly,

∇ · (Ã(y)∇ũ(y)) = ∆gÃ
ũ+ < ∇gÃ

log |Ã|
1
2 ,∇gÃ

ũ >gÃ
.

Notice that when n = 2, gÃ , Ã−1 does not coincides with (F−1)∗(gA), but satisfies that

gÃ(y) = |DF (x)|(F−1)∗gA(y). Plus the fact that |A(x)| = |Ã(y)|, we have

∆gÃ
ũ(y) = |DF (x)|−1∆gAu(x),

< ∇ log |Ã|
1
2 ,∇ũ >gÃ

|y = |DF |−1 < ∇ log |A|
1
2 ,∇u >gA |x,

which finishes the proof that ψ̃ solves (2.2) with κ̃, Ã and S̃.

To show ν ·A∇ψ(x, t) = ν · Ã∇ψ̃(x, t), we can also either calculate directly or use the

same argument above with some small modification. Notice that when n = 2, relation (2.16)

becomes

|gA|−
1
2 (∇gAψ y dgAV )|∂Ω = (ν ·A∇ψ(x, t))dS. (2.17)
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Then notice that

gÃ(y) = |DF (x)|(F−1)∗gA(y), |gÃ(y)| = |gA(x)|,

d(F−1)∗gAV = |DF |−1dgÃV, ∇(F−1)∗gAψ̃ = |DF |∇gÃ
ψ̃,

we get

∇gAψ y dgAV |x = (∇(F−1)∗gAψ) y d(F−1)∗gAV |y = ∇gÃ
ψ y dgÃV |y.

Combining the fact that F is identity at the boundary, we finish the proof.

2.5 Determination of the conductivity

In this section, we recover γ from Σγ,κ,A. We start with a property that will be used to

solve the heat equation. Consider the operator A , −κ∇ · (A∇) in the weighted L2 space

L2
κ−1(Ω) with weight function κ−1(x), i.e. the space equipped with the weighted inner product

< u, v >κ−1=
∫

Ω
uv̄κ−1 dx, we first set the domain of A to be C∞0 (Ω) and then extend it to

H1
0 (Ω)∩H2(Ω) by Friedrichs extension. It is well known that, given κ, A both positive with

lower bounds strictly greater than zero, A is positive self-adjoint, furthermore the spectrum

of A consists of real positive eigenvalues {λi}∞i=1 of finite multiplicity which accumulate at

+∞ (we may assume that λi is non-decreasing), and the corresponding eigenfunctions {φi}∞i=1

form an orthonormal basis of L2
κ−1(Ω).

And now we return to the topic of this section, determining the conductivity through

Σγ,κ,A. The method used here has a strong physical interpretation. Recall that for the

two dimensional Calderón’s inverse problem, we have the following result from A. Nachman

[43] stating that anisotropic conductivities are determined by the DtN map Λγ up to a

boundary-fixing diffeomorphism.

Theorem 2 (Nachman). Let Ω be a bounded domain in R2 with C3 boundary, γi ∈ C3(Ω̄,S2
++)

bounded from below, then if Λγ1 = Λγ2, there exists a boundary-fixing diffeomorphism F which

is at least C3 such that γ2 = F∗γ1.
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Another important fact is that knowing the DtN map Λγ is actually equivalent to knowing

the quadratic form Qγ : H
1
2 (∂Ω) → R, or the energy functional Eγ : H1(Ω) → R induced

by γ defined as follows

Qγ(f) = Eγ(u) = Λγf(f) =

∫
∂Ω

u(γ∇u · ν) dS =

∫
Ω

∇u · γ∇u dx,

where u is the solution to (2.5) with boundary value f . The equivalence can be easily proved

since we can recover any one from either one of the other two. The physical interpretation of

the value Qγ(f) = Eγ(u) is that, it equals to the amount of energy needed to maintain the

boundary voltage f , or to keep the voltage u throughout the domain. We know that energy

is conservative, so it must transfer into some other form, which in fact is heat. So it is quite

nature to expect that in the static case, the energy used to maintain the voltage should be

equal to the heat energy coming out through the boundary, i.e.

Qγ(f) = Eγ(u) = −
∫
∂Ω

A∇ψ0 · ν dS,

where u(x), ψ0(x) solve the static conductivity and heat equation. This can be verified as

follows,∫
∂Ω

A∇ψ0 · ν dS =

∫
Ω

∇ · (A∇ψ0) dx = −
∫

Ω

S(x) dx = −
∫

Ω

∇u · γ∇u dx = −Qγ(f).

So we can recover the quadratic form Qγ from the static outcoming heat flow. Next we try

to recover the static outcoming heat flow from Σγ,κ,A by taking static boundary voltage f ,

but will get into a problem that the static solution ψ0(x) doesn’t satisfy the initial condition.

We can fix this by the following result.

Lemma 3. If we take f(x, t) = f(x), then limt→+∞
∫
∂Ω

(Σγ,κ,Af)(x, t) dS = −Qγ(f).

Proof of Lemma 3. Assume u(x) solves (2.1) with the static boundary data f(x, t) = f(x),

then the source term will also be static (independent of t), S(x, t) = S(x) = ∇u(x) ·γ∇u(x)

and Qγ(f) =
∫

Ω
S(x) dx. After that we solve the heat equation (2.2) by decomposing
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ψ(x, t) = ψ0(x)+ψ1(x, t), where ψ0(x) solves the static heat equation with the static source

term,

∇ · (A∇ψ0(x)) + S(x) = 0, x ∈ Ω, ψ0(x) = 0, ∀x ∈ ∂Ω, (2.18)

and ψ1(x, t) fixes the initial condition,

κ−1∂tψ1 = ∇ · (A∇ψ1), ψ1(x, 0) = −ψ0(x), ∀x ∈ Ω, ψ1(x, t) = 0, ∀x ∈ ∂Ω. (2.19)

From the standard existence theory, we know there is always a unique ψ0(x) ∈ H1
0 (Ω) solves

(2.18). Also notice that∫
∂Ω

A∇ψ0 · ν dS =

∫
Ω

∇ · (A∇ψ0) dx = −
∫

Ω

S(x) dx = −Qγ(f).

And for ψ1, we solve it by using the eigenfunction expansion as follows. First we do the

eigenfunction decomposition for the initial value −ψ0,

−ψ0(x) =
∞∑
i=1

aiφi(x), ai =< −ψ0, φi >κ−1= −
∫

Ω

ψ0φ̄iκ
−1 dx. (2.20)

Substituting (2.20) into (2.19), we get ψ1(x, t) =
∑∞

i=1 aie
−λitφi(x). Since λi ≥ λ1 > 0,

we know that ψ1 converges to 0 exponentially as t → +∞, so is the out-coming heat flow

corresponding to ψ1. Then we have

lim
t→+∞

∫
∂Ω

(Σγ,κ,Af)(x, t) dS =

∫
∂Ω

A∇ψ0 · ν dS = −Qγ(f)

.

This way we recover the quadratic form Qγ , as well as Λγ , then since we are working

with smooth conductivities within a domain with smooth boundary, by Theorem 2, this

determines the conductivity up to a boundary-fixing diffeomorphism which is at least C3

and proves the following result.

Lemma 4. If Σγ1,κ1,A1 = Σγ2,κ2,A2, then there exits a boundary-fixing diffeomorphism F of

Ω which is at least C3, s.t. γ2 = F∗γ1.
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2.6 A density argument

In this section, we prove the density argument mentioned in Section 2.3.

Lemma 5. Assume γ is smooth up to the boundary and bounded below as above, then the

space spanned by ∇u(x) · γ(x)∇u(x), where u(x) is arbitrary static solution to (2.1), is

dense in L2(Ω).

It is easy to see that

span{∇u · γ∇u} = span{∇u · γ∇v}, where u, v are arbitrary static solutions to (2.1).

So span{∇u · γ∇u} is dense if and only if span{∇u · γ∇v} is dense, and we will prove the

second statement in this section.

L2(Ω) is a Hilbert space equipped with the standard L2 inner product, then any linear

subspace is dense if and only if its orthogonal complement contains only the 0 element.

So it is equivalent to show that span{∇u · γ∇v}⊥ = 0, i.e. ∀f(x) ∈ L2(Ω) satisfies that∫
Ω
f(x)∇u(x) · γ(x)∇v(x) dx = 0 for u and v being arbitrary static solutions to (2.1), then

f = 0 (strictly speaking we should use f̄ in the inner product, but it doesn’t matter here

since our final goal is to show f = 0).

First we claim that since we are now working on the two dimensional case, we may assume

the conductivity γ is isotropic, i.e. γ = γ(x)I based on the following Property proved by J.

Sylvester [62].

Property 1 (Sylvester). Let Ω be a bounded domain in R2 with C3 boundary and γ ∈

C3(Ω̄,S2
++), then there exits a C3 domain Ω

′
and a C3 diffeomorphism F : Ω→ Ω

′
such that

∀x′ ∈ Ω
′
F∗γ(x

′
) = |γ(F−1(x

′
))|

1
2 I,

where I is the identity matrix.

Then for any smooth anisotropic conductivity γ, we can find a change of coordinates F

such that the pushforward F∗γ is isotropic. It is easy to verify that∫
Ω

f(∇u · γ∇v) dx =

∫
F (Ω)

f ◦ F−1(∇(u ◦ F−1) · F∗γ∇(v ◦ F−1)) dy,
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so the density of span{∇u ·γ∇v} in L2(Ω) is equivalent to the density of span{∇(u ◦F−1) ·

F∗γ∇(v ◦ F−1)} in L2(F (Ω)), where F∗γ is an isotropic conductivity. So from now on, we

will assume that γ ∈ C∞(Ω̄) is isotropic.

To show that any f statisfies
∫

Ω
f∇u · γ∇v dx = 0, where u and v are arbitrary solutions

to the conductivity equation (2.5), is identically 0, we use some special solutions to (2.5).

Here is a sketch of the proof.

1. First we use Liouville transform (2.7) and the standard CGO solutions to the related

Schrödinger equation, to show that fχΩ ∈ H4+ε(R2) for 0 < ε < 1, where χΩ is the

standard characteristic function of Ω so that fχΩ is a well defined function on R2. By

Sobolev embedding H4+ε(R2) ⊂ C3(R2), we have fχΩ ∈ C3(R2), which implies that

f , ∂iνf must vanish at ∂Ω for i ≤ 3.

2. Since u, v solve the conductivity equation, we have

∇u · γ∇v =
1

2
∇ · (γ∇(uv)).

Applying the divergence theorem with the fact that both f and ∂νf vanish at the

boundary, we have

0 =

∫
Ω

f∇u · γ∇v dx =
1

2

∫
Ω

f∇ · (γ∇(uv)) dx =
1

2

∫
Ω

∇ · (γ∇f)uv dx.

Then we use Liouville transform (2.7) again and the solutions Bukhgeim constructed

in [9], to show that 1
γ
∇ · (γ∇(f)) = 0 in Ω by the same arguments used in [9].

3. Finally based on 1
γ
∇ · (γ∇(f)) = 0, plus the fact that both f and ∂νf vanish at

the boundary, we conclude that f = 0 by the unique continuation results for elliptic

equations.

Step 2 and 3 have already been proven, so the only missing part here is the following.

Lemma 6. Assume γ is smooth up to boundary as above, ∀f ∈ L2(Ω), s.t. f ⊥ span{∇u ·

γ∇v}, where u, v are arbitrary static solutions to (2.1), then fχΩ ∈ H4+ε(R2) for any

0 < ε < 1.
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Recall the Liouville transform (2.7) converts (2.1) into a related Schrödinger equation with

potential q =
∆
√
γ

√
γ

, and u(x) is a static solution to (2.1) if and only if uS(x) = γ
1
2 (x)u(x)

solves the Schrödinger equation

(−∆ + q)uS = 0, uS|∂Ω = g, (2.21)

with g = γ
1
2f . In [60], the authors showed that if g ⊥ span{uSvS}, where uS and vS are

arbitrary solutions to (2.21), then gχΩ ∈ Hs(R2) for 0 < s < 1. They proved this by using

pairs of CGO solutions whose product was approximately eik·x to derive estimates for the

Fourier transform of gχΩ when |k| was large. We extend this result and show that when the

potential q is smooth, gχΩ belongs to Hs(R2) for 0 < s < 5, and we can use almost the same

arguments to show that fχΩ in Lemma 6 belongs to Hs(R2), for 0 < s < 5.

First we review and modify the construction of CGO solutions to the Schrödinger equation

(2.21), which were first introduced in [63]. For any given η ∈ C2 s.t. η · η = 0 and

|η| large enough, we want to construct CGO solution uS to (2.21) in the form uS(x,η) =

eη·x(1 + r(x,η)), where the correction term r(x,η) is small in certain norm (like the W 1,p
δ

norm or the Hn/2+k+ε norm which will be discussed later and the norm is only in x variable).

We introduce some notation here before we move on. ∀η ∈ C2 satisfies η · η = 0 if and

only if η = 1
2
(±k⊥ + ik) for some k ∈ R2 (the factor 1

2
is just for notation simplicity),

where k⊥ stands for the vector obtained by rotating k clockwise by π
2
. We do the analysis

for η = 1
2
(k⊥ + ik) first, and all the results hold for η̃ = 1

2
(−k⊥ + ik) by almost the same

arguments with minor adjustments. Then there is a one-to-one correspondence between η

and k, from now on we use uS(x,k) and r(x,k) to denote CGO solution and its correction

term (just switch the second variable from η to k). We use k = (k1, k2)T to denote the vector

and k = k1 + ik2 to denote the complex number, similarly x denotes the vector (x1, x2)T

and z = x1 + ix2 denotes the complex number. It is easy to see that η · x = i
2
k̄z and if we

use the standard notation ∂ = 1
2
(∂x − i∂y), ∂̄ = 1

2
(∂x + i∂y), then uS = eη·x(1 + r(x,k)) =

e
i
2
k̄z(1+r(x,k)) solves the Schrödinger equation (2.21) is equivalent to (∆+2η ·∇−q)r = q,
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or written in complex notation

(4∂̄∂ + 2ik̄∂̄ − q)r = q. (2.22)

This was solved in [63] by constructing r(x,k) explicitly with the following expansion,

r(x,k) =
a(x)

ik̄
+
b(x,k)

(ik̄)2
, (2.23)

where we have uniform bounds (in k) for the norm of b(x,k). And based on this, [60]

showed that ∀g ⊥ span{uSvS}, gχΩ ∈ Hs(R2) for 0 < s < 1. To extend their result to any

0 < s < 5, we need to modify the expansion (2.23) with the following result.

Lemma 7. Assume q is smooth up to the boundary as above, for |k| large enough and n ≤ 5,

we can construct CGO solutions by solving (2.22) with r(x,k) in the following form,

r(x,k) =
n∑
j=1

aj(x)

(ik̄)j
+
bn+1(x,k)

(ik̄)n+1
, (2.24)

where aj = (−2∂ + Pq)j−1Pq, j ≤ n are smooth, do not depend on k and P stands for the

Cauchy transform which will be introduced later. Moreover, (2.24) is the unique solution to

(2.22) regardless of the value of n.

We call (2.24) CGO solutions expanded up to the (n − 1)-th order, so (2.23) are CGO

solutions expanded up to the 1st order. Equation (2.22) is solved by first formally setting

r =
∑∞

1 rj, where rj satisfies (4∂̄∂+2ik̄∂̄)rj = qrj−1 with r0 = 1, then proving the summation

converges and so solves the equation. Instead of solving (2.22) inside Ω, we extend q ∈ C∞(Ω̄)

to R2 and solve (2.22) on the whole plane. Notice that, there are various way to extend q

to the whole plane continuously or even smoothly, which can be done by standard extension

techniques, and we require the extension qext belongs to C21
c (R2) at least, the reason will be

explained later. We will denote qext simply by q from now on. Then the key step is to solve

the following equation on the whole plane,

(4∂̄∂ + 2ik̄∂̄)r = 2∂̄(2∂ + ik̄)r = f. (2.25)
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We can first invert the ∂̄ equation by the standard Cauchy transform P ,

Pf(z) =
1

2π
f ∗ 1

·
(z) =

1

2π

∫
R2

f(w)

z − w
dw

where dw is the usual Lebesgue measure on the plane (we have modified the standard def-

inition by a factor of 1
2

for simplicity). The properties of P have been studied intensively,

like

2∂̄(Pf) = f, and that ||Pf ||W 1,p
δ
≤ ||f ||Lpδ+1

(2.26)

where 1 < p < ∞, −2
p
< δ < 1 − 2

p
(see [71] for more details), and Lpδ+1, W 1,p

δ are the

completion of C∞c (R2) under the norm

||f ||Lpδ+1
= (

∫
R2

(|f(x)|(1 + |x|2)
δ+1
2 )p dx)

1
p , ||f ||W 1,p

δ
= ||f ||Lpδ + ||∇f ||Lpδ+1

.

Then we are trying to solve equations like

(2∂ + ik̄)r = g, (2.27)

where g = Pf for (2.25). Notice that 2∂(eik·x) = ik̄eik·x, using integration factor, we have

(2∂+ ik̄)r = e−ik·x2∂eik·xr, which means 2∂+ ik̄ is actually 2∂ conjugated by eik·x. Then we

can solve (2.27) using P̄ , which is defined as convolution with 1
z̄

and has similar properties

as P does,

r = e−ik·xP̄ (eik·xg). (2.28)

But if we solve (2.27) this way, we can not control the norm of r by |k| thus can not prove

the convergence of r =
∑∞

1 ri. Instead, [63] solved (2.27) by noticing

r =
g

ik̄
+
r(1)

ik̄
, where (2∂ + ik̄)r(1) = (−2∂)g, (2.29)

which can be verified by substitute (2.29) into (2.27) directly. Then we have the correct

norm control

||r||W 1,p
δ
≤ C

|k|
||g||W 1,p

δ
, (2.30)

from which we can conclude that the summation r =
∑∞

1 ri converges and we get CGO

solutions expanded up to 1st order.
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But we can not get CGO solutions expanded up to the n-th order if we solve (2.27) this

way. Instead, when g is regular enough, we can modify (2.29) and derive (2.24). If we define

r(n) by the following,

r =
n∑
j=1

(−2∂)j−1g

(ik̄)j
+

r(n)

(ik̄)n
, (2.31)

then substitute (2.31) into (2.27), we get

(2∂ + ik̄)r = g, ⇔ (2∂ + ik̄)r(n) = (−2∂)ng. (2.32)

And we call (2.31) expanding r up to the n-th order. We remark here that as long as we have

enough regularities in g, (2.31) will be the same unique solution (see [63] for the uniqueness

proof) to (2.27) in W 1,p
δ regardless the value of n. In other words, (2.28), (2.29) and (2.31)

are the same solution written in different forms, i.e. ∀n,m ∈ N+,

r =
g

ik̄
+
−2∂g

(ik̄)2
+ ...+

(−2∂)n−1g

(ik̄)n
+

r(n)

(ik̄)n
=

g

ik̄
+
−2∂g

(ik̄)2
+ ...+

(−2∂)m−1g

(ik̄)m
+

r(m)

(ik̄)m
,

as long as (−2∂)ng and (−2∂)mg exist and belong to Lpδ+1, which is why we require g to be

regular enough. And now we are ready to prove Lemma 7.

Proof of Lemma 7. As mentioned above, we first extend q ∈ C∞(Ω̄) regularly to the whole

plane (at least in C21
c (R2)), then solve (2.22) in the same way [63] did, i.e. set r =

∑∞
1 rj

with rj satisfies (4∂̄∂ + 2ik̄∂̄)rj = qrj−1, where r0 = 1. Since we are constructing the same

solutions as [63] and [5] did, all their convergence analysis and norm bounds apply to our

solutions as well and we will not repeat the proof but mention some important facts here.

• For q ∈ L∞ compactly supported, |k| large enough, (2.22) has a unique solution r ∈

W 1,p
δ (R2) satisfies the norm estimate ||r||W 1,p

δ
< C
|k| ||q||L∞ , where the constant C does

not depend on k, see [63] for more details.

• Introduce the space Hs
δ as the completion of C∞c (R2) under the norm

||f ||Hs
δ

= (

∫
R2

(|(I −∆)
s
2f)|(1 + |x|2)

δ
2 )2 dx)

1
2 ,
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where ̂(I −∆)
s
2f)(ξ) = (1 + |ξ|2)

s
2 f̂(ξ). Then for q ∈ H1+l+ε

δ compactly supported, |k|

large enough, the unique solution r belongs to H1+l+ε
δ , which further implies r ∈ C l(Ω̄),

and we have norm control ||r||H1+l+ε
δ

< C
′

|k| ||q||H1+l+ε
δ

where the constant C
′

does not

depend on k, see [5] for more details.

• In both cases, the norm of rj decays like ||rj|| ∼ O( 1
|k|j ).

To derive CGO solutions expanded up to the 5-th order, all we need to do is expanding rj

up to higher orders for j ≤ 5. Namely, we will need to expand rj up to the (7− j)-th order

for j ≤ 5 and leave the rest of rj unchanged. In fact ∀n ∈ N+, we can derive CGO solutions

expanded up to the n-th order as long as ri can be expanded up to order n + 2 − i for all

i ≤ n, which requires more regularities in q as n increases. As an example, now we show

how to derive CGO solutions expanded up to the 2nd order and what we need to do here is

just expanding r1 up to the 3rd order and r2 up to the 2nd order.

r1 =
Pq

ik̄
+
−2∂Pq

(ik̄)2
+

(−2∂)2Pq

(ik̄)3
+

r
(3)
1

(ik̄)3

r2 =
P (qr1)

ik̄
+
−2∂P (qr1)

(ik̄)2
+

r
(2)
2

(ik̄)2

=
1

ik̄
P (q

Pq

ik̄
+ q
−2∂Pq

(ik̄)2
+ q

r
(2)
1

(ik̄)2
) +

1

(ik̄)2
(−2∂)P (q

Pq

ik̄
+ q

r
(1)
1

ik̄
) +

r
(2)
2

(ik̄)2
,

(2.33)

where r
(i)
1 solves (2∂ + ik̄)r

(i)
1 = (−2∂)iPq, r

(2)
2 solves (2∂ + ik̄)r

(2)
2 = (−2∂)2P (qr1). One

thing to be noticed here is the facts that P and (−2∂) commute with each other and q ∈ C21
c

actually guarantee that we end up with the same ri regardless of what order we expand them

up to. And by the existing results, the norm of r
(2)
2 is of order O( 1

|k|2 ) since the norm of r1

is of order O( 1
|k|). This means the only term that is of order O( 1

|k|2 ) in the last line of (2.33)

is Pq(Pq)

(ik̄)2
and we have

r2 =
Pq Pq

(ik̄)2
+O(

1

|k|3
). (2.34)

The norm of the rest of ri, i ≥ 3 is no more than order O( 1
|k|3 ), so we have derived CGO
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solutions expanded up to the 2nd order, i.e.

r(x,k) =
∞∑
1

rj =
Pq

ik̄
+

(−2∂ + Pq)Pq

(ik̄)2
+
b3(x,k)

(ik̄)3
. (2.35)

By exactly the same process, but with more terms involved, we can construct CGO solutions

expanded up to the n-th order as long as we have enough regularities in q. And for our case,

q ∈ C21
c (the extended version) will be enough since we need C6 for expanding r1 up to the

6-th order, then another C5 for r2 up to the 5-th order, etc. The expression for aj can be

derived by some easy observation when you write out more terms.

Remark 3. With minor adjustments, for each η̃ = 1
2
(−k⊥+ik) and n ≤ 5, we can construct

CGO solutions expanded up to the n-th order as follows,

r̃(x,k) =
n∑
j=1

ãj(x)

(ik)j
+
b̃n+1(x,k)

(ik)n+1
, ãj = (−2∂̄ + P̄ q)j−1P̄ q, (2.36)

as long as we have enough regularities in q.

For Lemma 6, we first prove a generalization of the similar result in [60] for the Schrödinger

equation. In [60], the authors showed that ∀g ⊥ span{uSvS}, gχΩ was in Hs(R2) for

0 < s < 1. They used the standard CGO solutions,

uS = e( 1
2

(k⊥+ik))·x(1 + r(x,k)), vS = e( 1
2

(−k⊥+ik))·x(1 + r̃(x,k)), (2.37)

for |k| sufficiently large. Substituting (2.37) back into the assumption
∫

Ω
guSvS dx = 0, they

got ∫
Ω

geik·x(1 + r + r̃ + rr̃) dx = 0 ⇒ ĝχΩ(−k) = −
∫

Ω

geik·x(r + r̃ + rr̃) dx. (2.38)

Then they used (2.24), (2.36) up to the 1st order to show that | − k|sĝχΩ(−k) was in

L2(|k| > R) for R sufficiently large, which implied gχΩ ∈ Hs(R2) since only the large k

behaviour of ĝχΩ mattered. They stopped here since it was enough for their purpose, while

we can actually prove gχΩ ∈ Hs for some larger s by expanding (2.24), (2.36) up to higher

order together with a bootstrapping argument, given that q is regular enough.
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For instance, for |k| large enough, if we use CGO solutions (2.24), (2.36) expanded up to

the 2nd order, (2.38) becomes

− ĝχΩ(−k) =
1

ik̄
â1gχΩ(−k) +

1

ik
̂̃a1gχΩ(−k)+

1

(ik̄)2
â2gχΩ(−k) +

1

(ik)2
̂̃a2gχΩ(−k) +

1

(ik̄)(ik)
̂a1ã1gχΩ(−k)+

1

(ik̄)(ik)2
̂a1ã2gχΩ(−k) +

1

(ik̄)2(ik)
̂a2ã1gχΩ(−k) +

1

(ik̄)2(ik)2
̂a2ã2gχΩ(−k)+

1

(ik̄)3

∫
Ω

geik·xb3(1 + r̃) +
1

(ik)3

∫
Ω

geik·xb̃3(1 + r)− 1

(ik̄)3(ik)3

∫
Ω

geik·xb3b̃3

(2.39)

Then combining with the following facts, we can show that ∀0 < s < 2, |− k|sĝχΩ(−k) ∈

L2(|k| > R), so gχΩ ∈ Hs(R2).

• The terms in the first line of (2.39), like |−k|
s

ik̄
â1gχΩ(−k), belongs to L2(|k| > R) is

based on the fact that it has already been shown in [60] that gχΩ ∈ H t(R2) for any

0 < t < 1, plus gχΩ is compactly supported and a1 = Pq is regular enough which does

not depend on k, then a1gχΩ ∈ H t(R2), which means |−k|tâ1gχΩ(−k) ∈ L2(|k| > R).

Then since | |−k|
s

ik̄
| ≤ |k|s−1 where s−1 < 1, so |−k|

s

ik̄
â1gχΩ(−k) belongs to L2(|k| > R).

• The terms in the second and third line of (2.39), like |−k|s
(ik̄)2

â2gχΩ(−k), belongs to

L2(|k| > R) since | |−k|
s

(ik̄)2
| < 1 and the Fourier transform of a2gχΩ = (−2∂+Pq)Pq ·gχΩ

is in L2(R2) (remember a2 does not depend on k).

• The first two terms in the last line of (2.39), like |−k|s
(ik̄)3

∫
Ω
geik·xb3(1 + r̃), belongs

to L2(|k| > R) since |−k|s
(ik̄)3

∈ L2(|k| > R) given that 0 < s < 2 and the rest∫
Ω
g(x)b3(x,k)(1 + r̃(x,k))eik·x dx is bounded in k by Cauchy-Schwarz inequality,

|
∫

Ω

g(x)b3(x,k)(1 + r̃(x,k))eik·x dx| ≤ ||g||L2(Ω)||b3(x,k)||L4(Ω)||1 + r̃(x,k)||L4(Ω).

The L4(Ω) norm here is in x variable but is uniformly bounded in k and the last higher

order term can be bounded similarly which finishes the proof.
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To sum up, by using CGO solutions expanded up to the 1st order, the authors proved

gχΩ ∈ Hs for 0 < s < 1 in [60]. Based on this and continue to expand CGO solutions

up to the 2nd order, we prove gχΩ ∈ Hs for 0 < s < 2. The reason we need to expand

CGO solutions to the next order is that we want the second order terms in r and r̃ to be

independent of k so we can bound them like we did above. Then as long as q is regular

enough to expand CGO solutions to higher order, we can keep running this bootstrapping

process to get more and more regularities in gχΩ. Similar with Lemma 6, if we want to

show gχΩ belongs to Hs for s < 5, then we will need to use CGO solutions expanded up to

the 5-th order which requires q (the extended version) belongs to C21
c (R2) at least as stated

above. Now we come back to the conductivity equation and prove Lemma 6.

Proof of Lemma 6. As mentioned above, we take solutions to the conductivity equation (2.1)

obtained by using the Liouville transform (2.7) and the CGO solutions constructed to the

corresponding Schrödinger equation (2.21), i.e.

u = γ−
1
2 e( 1

2
(k⊥+ik))·x(1 + r(x,k)), v = γ−

1
2 e( 1

2
(−k⊥+ik))·x(1 + r̃(x,k)), (2.40)

Substituting (2.40) into the assumption
∫

Ω
f∇u · γ∇v dx = 1

2

∫
Ω
f∇(γ∇(uv)) dx = 0, we get

f̂χΩ(−k) = −
∫

Ω

fReik·x dx+

2i

|k|2
k ·

∫
Ω

f∇Reik·x dx− i

|k|2
k ·

∫
Ω

f(1 +R)∇ log γeik·x dx

1

|k|2
(

∫
Ω

f(1 +R)∆ log γeik·x dx+

∫
Ω

f∇R · ∇ log γeik·x dx+

∫
Ω

f∆Reik·x dx),

(2.41)

where R = R(x,k) = r(x,k)+r̃(x,k)+r(x,k)r̃(x,k). The leading order term
∫

Ω
fReik·x dx

is exactly the same as what we get in (2.38), so we can run the same bootstrapping arguments

to prove fχΩ ∈ Hs(R2) for s < 5. And as we just mentioned above, we need the potential

q = γ−
1
2 ∆γ

1
2 belongs to C21(Ω̄), which is always satisfied since we assume γ to be smooth.

Next we rephrase a result proved by A. Bukhgeim in [9] that we are going to use later.
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Property 2 (Bukhgeim). Let Ω ⊂ R2 be a bounded domain, q(x) be C2 potential function,

then for any C1 function f ∈ C1(Ω̄) and any point x0 ∈ Ω, we can construct series of pairs

of solutions (unS, v
n
S), which are both at least C1+α for any α ∈ [0, 1), to the Schrödinger

equation (2.21), such that

lim
n→+∞

n

∫
Ω

f(x)unS(x)vnS(x) dx = f(x0).

Now we are ready to prove Lemma 5.

Proof of Lemma 5. The lemma is equivalent to that ∀f ∈ L2(Ω), s.t. f ⊥ span{∇u · γ∇v},

where u, v are arbitrary static solutions to (2.1), then f = 0.

As mentioned above, we may assume the conductivity γ is isotropic. By Lemma 6, we

have fχΩ ∈ H4+ε(R2), for 0 < ε < 1. By Sobolev embedding, fχΩ belongs to C3(R2), which

implies f , ∂iνf (i ≤ 3) all vanish at the boundary. Then combining the fact that u, v solve

(2.1) and applying divergence theorem (which is valid since u, v ∈ H1(Ω)), we get

0 =

∫
Ω

f∇u · γ∇v dx =
1

2

∫
Ω

f∇ · (γ∇(uv)) dx =
1

2

∫
Ω

∇ · (γ∇(f))uv dx. (2.42)

Use the Liouville transform (2.7), i.e. u = γ−
1
2uS, where uS is the solution to the related

Schrödinger equation (2.21), we have
∫

Ω
1
γ
∇ · (γ∇(f))uSvS dx = 0. Since f ∈ C3 and γ is

smooth, 1
γ
∇· (γ∇(f)) ∈ C1(Ω̄), then by taking uS, vS to be the special solutions constructed

in Property 2, we get 1
γ
∇ · (γ∇(f)) = 0.

Finally by the unique continuation results for elliptic equations, 1
γ
∇·(γ∇(f)) = 0 together

with both f and ∂νf vanish at the boundary, we conclude that f = 0.

2.7 Determination of the heat properties

Consider the heat equation (2.2) and define the source-to-heat flow map Φκ,A that maps the

source S(x, t) to the outcoming heat flow ν ·A∇ψ, K. Krupchyk, M. Lassas and S. Siltanen

[33] proved that this map uniquely determined κ and A with the following result.
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Property 3 (Krupchyk, Lassas and Siltanen). Let Ω ⊂ Rn be a bounded domain with

smooth boundary, κi, Ai are smooth and bounded from below, then if Φκ1,A1 = Φκ2,A2, we

have κ1 = κ2, A1 = A2. Moreover, use Svs = {w(x)g(t)|w(x) ∈ L2(Ω)} to denote the space

of variable-separated sources, then Φκ1,A1 = Φκ2,A2 on the space Svs is enough to derive the

uniqueness.

With all these preparations, we are now ready to prove Theorem 1.

Proof of Theorem 1. By Lemma 4, we have already proved that there exits a boundary-

fixing diffeomorphism of Ω̄, denote by F , such that γ2 = F∗γ1. By Lemma 1, we know that

u1(F−1(x), t) solves (2.1) with conductivity F∗γ1, which is equal to γ2 now. By the unique-

ness for the elliptic Dirichlet boundary value problems and the fact that u1(F−1(x), t)|∂Ω = f

since F fixes the boundary, we have

u2(x, t) =u1(F−1(x), t)

S2(x, t) =∇u2(x, t) · γ2(x)∇u2(x, t) = ∇u1(F−1(x), t) · F∗γ1(x)∇u1(F−1(x), t)

=
1

|DF (F−1(x))|
S1(F−1(x), t).

(2.43)

On the other hand, if we consider a new system with properties γ̃1, κ̃1, Ã1 defined as in

Lemma 1 and Lemma 2,

γ̃1(x) , F∗γ1(x) =
DFADF T

|DF |
◦ F−1(x),

κ̃1(x) , |DF (F−1(x))|κ1(F−1(x)), Ã1(x) , F∗A1(x) =
DFADF T

|DF |
◦ F−1(x),

(2.44)

and compare (γ̃1, κ̃1, Ã1) with (γ2, κ2,A2). We have already pointed out that, γ̃1 = γ2 , γ,

so for any input boundary data f(x, t), ũ1(x, t) = u2(x, t) , u(x, t) which implies S̃1(x, t) =

S2(x, t) , S(x, t). And we have Σγ̃1,κ̃1,Ã1
= Σγ1,κ1,A1 = Σγ2,κ2,A2 , where the first equality

is by Lemma 1 and Lemma 2 while the second one is our assumption, which means that

∀S(x, t) = ∇u(x, t) · γ(x)∇u(x, t), the out-coming heat flows are the same for the two

systems. Now we take special boundary input data which is separated in x and t, i.e.
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f(x, t) = h(x)g(t), then the resulting source term S(x, t) = (∇u(x) ·γ(x)∇u(x))g(t), where

u(x) is the static solution to (2.1) with boundary value equals h. By Lemma 5 and continuous

dependence of the solutions to (2.2) on S(x, t), we know that the outcoming heat flows are

the same for any source term in the form S(x, t) = w(x)g(t), where w(x) ∈ L2(Ω). Then by

Property 3, we have

κ2 = κ̃1, A2 = Ã1. (2.45)

Then by the definition of κ̃1, Ã1, we finish the proof.

2.8 Summary

In this chapter, we prove the uniqueness result for a new hybrid method proposed in [33] for

the two dimensional case. The main difficulty is to show a density argument, which is proved

in Section 2.6. Since the two dimensional anisotropic Calderón’s inverse problem is well

understood, in this paper we allow the electrical conductivity to be anisotropic and so we can

only expect to have uniqueness up to a boundary-fixing diffeomorphism. The hybrid method

actually doesn’t provide any interior information, so we should not expect any improvement

in stability or higher-resolution, but on the other hand, we can recover three coefficients all

together and the coupled measurement may be more efficient in application. Further work

may include requiring less regularity of the properties, numerical reconstruction, improve the

model for time-varying boundary voltage, etc.
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Chapter 3

BOUNDARY RECONSTRUCTION USING ONLY THE PET
DATA

3.1 Motivation and background

PET is a functional medical imaging modality whose importance is increasing rapidly in

disease diagnosis and treatment monitoring. Unlike CT or MRI which provide anatomical

structures of the body by reconstructing certain ’static’ physical properties, PET provides

images of physiologic function by reconstructing distribution of some radioactive tracers

that tend to concentrate near metabolic active regions (for example near tumors). It works

as follows, before the scan, patients are first injected with some radioactive tracers (for

example fludeoxyglucose, an analogue of glucose). After waiting for some time (usually a

few hours) for the tracers to distribute throughout the bodies, patients are sent into the

PET scanner. Whenever the tracer decays, a positron is emitted and soon annihilates with

a nearby electron, which produces two high energy gamma photons travelling in opposite

direction along a straight line. These photons sometimes are able to get through the bodies

and detected by some detectors on the scanner. Since photons travel at the speed of light, if

both two photons generated by the same decay event are captured by some detectors, they

will arrive at almost the same time. This means if any two detectors both record getting

a photon at the same time, we can conclude that there is a decay event happening at that

time somewhere along the line connecting these two detectors. Our goal is to reconstruct the

tracers’ distribution by counting the numbers of decay events along all the lines connecting

a pair of detectors. The total number of decay events along any given line l is proportional

to the integral of the distribution function f ≥ 0 along l. But not every decay event can

be recorded since the two photons it generated may not both be able to make it to the
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detectors due to body attenuation. By Beer’s Law and some further calculations, we know

that each decay event will be recorded with probability e−
∫
l g ds where g ≥ 0 is the attenuation

coefficient for the body and l is the line along which the two photons generated by the event

travel. An important fact to notice here is that the probability only depends on the line, but

not the exact position along the line where the decay happens. Then the counting of decay

events along any given line l is proportional to∫
l

f ds · e−
∫
l g ds = X f(l)e−Xg(l), (3.1)

where X is the X-ray transform that maps any function f(x) to a function defined on the

space of all lines that for any given line l, X f(l) =
∫
l
f(x) ds. The X-ray transform X ,

which is closely related to X-ray and CT scan, is invertible, i.e. we can recover f from X f

using some explicit inversion formula. It has been studied intensively with various efficient

reconstruction algorithms that produce thousands of medical images everyday around the

world. But for the PET scan, in order to recover f form the data (3.1), we need to first

get rid of the term e−Xg(l). The process is called attenuation correction to the data and one

popular way to do that is by performing another CT scan which reconstructs the body’s

attenuation coefficient g (strictly speaking, there is a difference between the attenuation

coefficient in PET scan and the one in CT scan). Next we can simply multiply the data (3.1)

by eXg(l) using the g we just reconstruct to get X f . Then we can finally reconstruct f by

inverting X f . We remark here that there are also other reconstructing approaches for the

PET scan, such as the probability approach by L. Shepp and Y. Vardi [56], the time-of-flight

approach [15], [36] which depends on more advanced hardware, etc. See [18], [50], [67] for

more information.

We come across the problem in this chapter during our collaboration with the Imaging

Research Laboratory at the University of Washington. They are developing a PET device to

examine efficiency of therapies for breast cancers. Instead of using the PET/CT combination

mentioned above, they are trying to combine the PET device with standard mammography

equipment. Mammography is a projection radiography modality with a low energy point
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X-ray source. It is used for early breast cancer detection and roughly speaking, the data

it collects is the integral of the attenuation function along all the lines passing through

the point source. But these information is not enough for the attenuation correction since

mammography is not invertible. Then they wonder if we can first recover the boundary

of the breast use the PET and mammography data. The answer is yes and we do not

even need the mammography data to do that. Moreover, we show that we can actually

recover singularity information about the tracers’ distribution function f and the attenuation

coefficient g from just the PET data. This can be useful since in medical imaging, usually it

is the singularities rather than the exact values of the reconstructed properties that provide

important information, like jump discontinuities usually correspond to boundaries of different

tissues.

Since usually the reconstruction is performed slice by slice, so in this chapter we only

consider the two dimensional case. Then the X-ray transform X is equivalent with the Radon

transform R, which will be defined later, and we switch to Radon notation from now on.

The rest of this chapter is organized as follows, in Section 3.2, we review some results about

the 2D X-ray/Radon transform and also introduce the Fourier Integral Operator (FIO) and

wavefront set, which is the main tool to rigorously describe what we mean by singularities.

Then in Section 3.3, we use these tools to show some results under the assumption that

both f and g are piecewise smooth functions with jump discontinuities across some closed

non-self-intersecting smooth curves. In Section 3.4, we prove the same result for piecewise

C2 functions with jump discontinuities. We show some numerical results in Section 3.5 and

summarize the results in Section 3.6.

3.2 Preliminary results

In this section, we review some preliminary results that will be used later in this chapter.
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3.2.1 2D X-ray/Radon transform

We first define the Radon transform of f(x) ∈ L∞c (Rn) as,

Rf(θ, s) ,
∫
x·θ=s

f(x) dσ, θ ∈ Sn−1, s ∈ R, (3.2)

where dσ is the Lebesgue measure on the hyperplane x · θ = s. So Rf is a function defined

on all the hyperplanes, which are parametrized by the unit normal vector θ and the distance

s to the origin, and returns the integral of f on them. As mentioned above, since we only

consider the two dimensional case, hyperplanes are just straight lines which means Radon

transform and X-ray transform are the same and we will use Radon notation from now on.

Also for any unit vector θ ∈ S1, we can find a unique θ ∈ [0, 2π), s.t. θ = (cos θ, sin θ), so

the 2D Radon transform can be viewed as a function defined on [0, 2π)×R.

Introduced by J. Radon [53], the X-ray/Radon transform is the foundation of CT scan

and we list some important definitions, properties and results here, see [38], [26], [46], [18]

for detailed proofs.

Property 4. For any f ∈ L∞c (Rn), its Radon transform is an even function, i.e. Rf(θ, s) =

Rf(−θ,−s), for the two dimensional case, if we use the θ ∈ [0, 2π) notation, the even

condition becomes Rf(θ, s) = Rf(θ + π,−s). Moreover, it satisfies the moments condition:

for any non-negative integer k, if we calculate the k-th moment of Rf in s, which is a

function of θ, it must be a homogeneous polynomial of degree k in θ since

Mk(θ) =

∫ ∞
−∞
Rf(θ, s)sk ds =

∫
Rn

f(x)(x · θ)k dx.

For the two dimensional case, this is equivalent with the following:

∀0 ≤ k < l, k, l ∈ Z,

∫ ∞
−∞
Rf(θ, s)ske−ilθ dsdθ = 0

Definition 1. Define the Radon transpose RT that maps a function g(θ, s) defined on the

Radon domain Sn−1 ×R to a function of Rn as follows,

RTg(x) =

∫
Sn−1

g(θ,x · θ) dS,
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where dS is the surface measure on Sn−1. For the two dimensional case using the θ notation,

RTg(x) =

∫ 2π

0

g(θ,x · θ) dθ.

Property 5. For any f that has well-defined Radon transform and Fourier transform,

R̂f(θ, ρ) = (2π)
n−1
2 f̂(ρθ), (3.3)

where the second hat means Fourier transform and the first hat means the Fourier transform

only in the s variable. Similarly, for any even function g on the Radon domain that has

well-defined Radon transpose,

R̂Tg(ξ) = 2(2π)
n−1
2 |ξ|1−nĝ(

ξ

|ξ|
, |ξ|), (3.4)

where the hat on the right hand side is Fourier transform in the second variable.

We remark here that the Fourier transform and its inverse have slightly different defini-

tions with different constants/signs and we are using the following version,

f̂(ξ) = (2π)−
n
2

∫
Rn

f(x)e−ix·ξ dx, f̌(x) = (2π)−
n
2

∫
Rn

f̂(ξ)eix·ξ dξ.

Theorem 3 (Radon, Ludwig). For the two dimensional Radon transform, if g = Rf , then

we have

f =
1

4π
RTFg, or

1

4π
RTFR = id, (3.5)

where the filter operator F is the Fourier multiplier on the second variable defined by F̂g(θ, ρ) =

|ρ|ĝ(θ, ρ), or equivalently F = H∂s where H is the Hilbert transform. Similarly, for any even

function g on the Radon domain,

If f ,
1

4π
RTFg is well defined, ⇒ Rf = g. (3.6)

3.2.2 FIO and wavefront set

In this part, we introduce the wavefront set of a distribution, which is used to describe

singularities of the distribution, and also review basic definitions, properties of FIO and
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microlocal analysis which describe how FIO moves singularities around. While these tools

are originally developed by L. Hörmander [27], [28] to solve variable-coefficient linear partial

differential equations, they have been applied to inverse problems and received great success,

see [68], [48] for examples.

We know that for any compactly supported distribution u ∈ E ′(Rn),

u ∈ C∞c (Rn) ⇔ ∀ξ ∈ Rn, ∀N ∈ Z, |û(ξ)| = O(|ξ|N),

i.e. u is smooth if and only if its Fourier transform (which is well-defined since u is compactly

supported) is rapidly decaying in any direction. This motivates the definition of wavefront

set which describes both positions and directions where the distribution are not smooth.

Definition 2. For u ∈ D′(Ω) where Ω is an open subset of Rn. We define the wavefront

set of u, denoted by WF (u) ⊂ Ω × Rn \ 0, by defining its complement. (x0, ξ0) does not

belongs WF (u), if there exists a smooth cutoff function φ(x) that is not 0 at x0, an open

conic neighbourhood U of ξ0 (conic means if η ∈ U , then tη ∈ U for any t > 0), such that

∀ξ ∈ U , φ̂u(ξ) decays rapidly, i.e. faster than any power of |ξ|.

The idea behind the above definition is roughly that we want to analysis the local be-

haviour of u near some point x0 ∈ Ω by first localizing u by multiplying a cutoff function φ,

then observing the decay of φ̂u, which is well-defined since φu ∈ E ′(Ω). By the definition,

WF (u) is a closed conic set in Ω×Rn \ 0 and it can be proved that

ΠxWF (u) = singsupp(u),

where Πx is the projection to the x variable and singsupp(u) is the singular support of u,

i.e. the complement of the largest open set where u is smooth locally.

But sometimes the wavefront set is not enough since the smooth requirement is too strong.

Based on similar ideas, we can define the Hs wavefront set of a distribution u, denoted by

WFs(u), as follows.

Definition 3. For u ∈ D′(Ω), we define the Hs wavefront set of u, denoted by WFs(u) ⊂

Ω × Rn \ 0, by defining its complement. (x0, ξ0) does not belongs WFs(u), or we say u is
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microlocally in Hs near (x0, ξ0), if there exists a smooth cutoff function φ(x) that is not 0

at x0, an open conic neighbourhood U of ξ0, such that∫
U

|φ̂u(ξ)|2(1 + |ξ|2)s dξ <∞.

By definition, WFs(u) is a closed conic set in Ω×Rn \ 0 and we have ∀t < s, WFt(u) ⊂

WFs(u) ⊂ WF (u). Roughly speaking, WFs(u) describes positions and directions where u

fail to be Hs
loc(Ω) and we have

Πx(WFs(u)) = Hs − singsupp(u),

where Hs − singsupp(u) is the complement of the largest open set where u is Hs
loc(Ω). Also

by the Sobolev embedding, we know the larger s is, the less singular the singularities are.

See [49] for more discussions about Hs wavefront set.

Another important thing is that how the (Hs) wavefront set changes under change of

coordinates. Let Ω
′

be another open domain in Rn and F : Ω → Ω
′

is a diffeomorphism,

then for any u ∈ D′(Ω′), we define the pull-back distribution F ∗u ∈ D′(Ω) as follows

∀ϕ(x) ∈ C∞c (Ω), F ∗u(ϕ) = u(|det(DF−1)| · ϕ ◦ F−1)

and we have the following result.

Property 6. The (Hs) wavefront set of the pull-back distribution F ∗u is given by

WF(s)(F
∗u) = {(x, ξ) ∈ Ω×Rn \ 0|(F (x), (DF )Tξ) ∈ WF(s)(u)}. (3.7)

This actually shows the invariance of the (Hs) wavefront set which suggests that the

whole thing can be intrinsically defined on the cotangent bundle of any manifold.

Next we introduce oscillatory integral Ia,ϕ ∈ D
′
(Ω), which is a family of distributions on

Ω ⊂ Rn induced by a phase function ϕ and a symbol function a. We first define the phase

function and space of symbols.

Definition 4. A real-valued function ϕ(x,θ) ∈ C∞(Ω×RN \ 0) is a phase function if it is

positive homogeneous of degree 1 in θ with nonvanishing gradient, i.e. ∀(x,θ) ∈ Ω×RN \0,
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∀t > 0, we have ϕ(x, tθ) = tϕ(x,θ) and ∇x,θϕ 6= 0. Moreover, a phase function is called

non-degenerate if ∀(x0,θ0) satisfies ∇θϕ(x0,θ0) = 0, we have ∇x,θ ∂ϕ∂θ1 , ∇x,θ ∂ϕ∂θ2 ,..., ∇x,θ ∂ϕ
∂θN

are linear independent at (x0,θ0).

Definition 5. The space of symbols of order m and of type (ρ, δ), denoted by Smρ,δ(Ω×RN), is

the space of all a(x,θ) ∈ C∞(Ω×RN) such that for any compact K ⊂ Ω and any multi-index

α, β, there is a constant C depending on K, α, β and a such that

|∂αx ∂
β
θ a(x,θ)| ≤ C(1 + |θ|)m−ρ|β|+δ|α|. (3.8)

In this thesis, we only use symbols of type (1, 0) and will omit the (ρ, δ) subscripts from

now on. Then for any phase function ϕ and symbol a, we define the oscillatory integral

Ia,ϕ ∈ D
′
(Ω) formally as

Ia,ϕ(x) =

∫
eiϕ(x,θ)a(x,θ) dθ. (3.9)

Clearly this integral does not converge in the usual Lebesgue sense unless a(x,θ) decays

fast enough for θ large, for example when the order of a is less than −N . And the whole

FIO theory makes sense of (3.9) as a distribution for symbols of any order rigorously, i.e.

∀u(x) ∈ C∞c (Ω), we define the value of Ia,ϕ(u(x)) in a reasonable way such that the resulting

Ia,ϕ is indeed a distribution and agrees with the normal Lebesgue integral when the order

of a is small enough. We do not repeat the official definition here, see [27], [28], [22] for

more details. The main idea is that we know from (3.8) ∂θia decays faster in θ than a which

suggests us to consider integration by parts. By the nonvanishing gradient property of the

phase function, we can construct a differential operator L with the following properties: (1)

Leiϕ = eiϕ, (2) ∀a ∈ Sm(Ω×RN), LTa ∈ Sm−1(Ω×RN), then we define

Ia,ϕ(u) ,
∫
eiϕ(x,θ)(LT )k(a(x,θ)u(x)) dθdx, (3.10)

where k is large enough such that (LT )k(a(x,θ)u(x)) decays fast enough for the integral to

converge. It is easy to proved that the value of (3.10) does not depend on the choice of k

as long as the integral converges. Strictly speaking, a is not compactly supported in θ and
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we are actually not allowed to do integration by parts just like this. Another equivalent

definition is that take a family of smooth cutoff function χε(θ) in θ such that each χε is

compactly supported, or rapidly decays in any direction and ∀θ, χε(θ)→ 1 as ε→ 0. Then

we define

Ia,ϕ(u) , lim
ε→0

∫
eiϕ(x,θ)a(x,θ)u(x)χε(θ) dθdx, (3.11)

where the integral inside the limit clearly converges and it can be proved that the limit exists

and does not depend on the choice of χ, also the resulting Ia,ϕ is a distribution and it agrees

with (3.10). Now with Ia,ϕ well-defined as a distribution in Ω, we can study its wavefront

set and have the following result.

Theorem 4 (Hörmander). For a given real-valued non-degenerate phase function ϕ, define

its critical set as Cϕ = {(x,θ)|∇θϕ = 0}, then Cϕ is a closed conic set of codimension N .

Consider the map j : Cϕ 3 (x,θ)→ (x,∇xϕ(x,θ)) ∈ T ∗Ω, we have ∀(x,θ) ∈ Cϕ, dj(x,θ)

is injective. Define Λϕ to be the image of Cϕ under the map j, i.e. Λϕ = j(Cϕ), then we

have Λϕ is a conic Lagrangian submanifold of T ∗Ω with respect to the standard symplectic

structure on the cotangent bundle and we call Λϕ the Lagrangian submanifold parametrized

by the phase function ϕ. For any oscillatory integral Ia,ϕ with phase function ϕ, we have

WF (Ia,ϕ) ⊂ Λϕ. (3.12)

We remark here we still have WF (Ia,ϕ) ⊂ j(Cϕ) without the non-degenerate assumption.

Moreover, (3.12) only gives a containing relation which can actually be improved: let ϕ be

non-degenerate, for any (x0, ξ0) ∈ Λϕ, i.e. ∃(x0,θ0) ∈ Cϕ s.t. j(x0,θ0) = (x0, ξ0), it belongs

to WF (u) as long as a(x0,θ0) does not decay rapidly in the θ0 direction. We can even further

determine which Hs wavefront set (x0, ξ0) belongs to, see [22] for more detailed discussions.

Now we are ready to introduce FIO. Let X ⊂ RnX , Y ⊂ RnY be open domains, take

Ω = X × Y , then by the Schwartz kernel theorem, any oscillatory integral Ia,ϕ ∈ D
′
(X × Y )

induces an operator from C∞c (Y ) to D′(X) and we call it a FIO (induced by Ia,ϕ), formally
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denoted by Au =
∫
eiϕ(x,y,θ)a(x,y,θ)u(y) dθdy. By the definition, ∀v(x) ∈ C∞c (X),

Au(v(x)) , Ia,ϕ(v(x)u(y)) =

∫
eiϕ(x,y,θ)a(x,y,θ)v(x)u(y) dθdxdy, (3.13)

where the last integral is just a formal notation and should be interpreted as the oscillatory

integral Ia,ϕ. Also we can further define Au ∈ D′(X) for any u ∈ E ′(Y ) if WF (u) satisfies

certain conditions. Moreover, the following result tells us how A moves singularities of u to

singularities of Au, i.e. how WF (Au) is related to WF (u) and WF (Ia,ϕ), or more generally

WF (KA) where KA is the Schwartz kernel of A.

Theorem 5 (Hörmander). Let KA ∈ D
′
(X × Y ) be the Schwartz kernel of the operator

A : C∞c (Y )→ D′(X). Define the following sets

WF
′
(KA) = {(x, ξ;y,−η) ∈ T ∗(X × Y ) \ 0|(x, ξ;y,η) ∈ WF (KA)}

WF
′

X(KA) = {(x, ξ) ∈ T ∗X \ 0|∃y ∈ Y, s.t.(x, ξ;y,0) ∈ WF
′
(KA)}

WF
′

Y (KA) = {(y,η) ∈ T ∗Y \ 0|∃x ∈ X, s.t.(x,0;y,η) ∈ WF
′
(KA)}

Then ∀u ∈ E ′(Y ) s.t. WF (u) ∩WF
′
Y (KA) = ∅, Au ∈ D′(X) is well-defined and we have

WF (Au) ⊂ WF
′
(KA)(WF (u)) ∪WF

′

X(KA), (3.14)

where WF
′
(KA)(·) is considered as a relation T ∗Y → T ∗X, i.e. ∀U ⊂ T ∗Y , WF

′
(KA)(U) =

{(x, ξ) ∈ T ∗X|∃(y,η) ∈ U, s.t.(x, ξ;y,η) ∈ WF
′
(KA)}.

Once again since this is a general result, (3.14) only gives a containing relation and we

can have more precise statement on WF (Au) if we put more restrictions on A, for example

when A is a FIO with elliptic symbol, see [28], [49], [17] for more information. Also in the

context of A being a FIO induced by Ia,ϕ with ϕ non-degenerate, define Λ
′
ϕ as

Λ
′

ϕ , {(x, ξ;y,−η) ∈ T ∗(X × Y ) \ 0|(x, ξ;y,η) ∈ Λϕ}

and it will be called a homogeneous canonical relation from T ∗Y to T ∗X which, by the above

theorem, controls how singularities move.
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3.3 Piecewise smooth case

With all the preparations above, we are now ready to show our results. In this section, we

make the following assumptions on the tracers’ distribution function f and the attenuation

coefficient function g.

Assumption 1. Assume f(x) and g(x) have the following form,

f(x) =

nf∑
i=1

fi(x)χΩi(x) g(x) =

ng∑
j=1

gj(x)χΩ̃j
(x),

where fi(x), gi(x) are smooth functions, Ωi, Ω̃j are bounded open plane domains with smooth

boundaries and χΩi(x) are the characteristic function of Ωi. Or in other words, f and g are

compactly supported, bounded, piecewise smooth functions separated by some closed smooth

non-self-intersecting curves. We further assume f and g have non-zero jumps across ∂Ωi

and ∂Ω̃j.

This is a reasonable assumption for our problem with Ωi, Ω̃j representing different body

tissues and our goal is trying to reconstruct their boundaries ∂Ωi, ∂Ω̃j to the maximum

extent using only the PET data Rfe−Rg.

We first point out that the algorithm we are proposing here may not be able to recover

all of ∂Ωi and ∂Ω̃j, and we will characterize in detail later in this section which part is

missing. Also PET scan does not have uniqueness, i.e. we may have (f1, g1) 6= (f2, g2)

satisfy Assumption 1 with Rf1e
−Rg1 = Rf2e

−Rg2 , p. But the boundaries recovered by our

algorithm are valid for all (f, g) with PET data p, in other words, we may not be able to

recover all the boundaries, but the ones we get are all correct.

By Assumption 1, we know that singsupp(f) = ∪∂Ωi, singsupp(g) = ∪∂Ω̃j, i.e. the

boundaries that we want to recover are exactly where f and g are singular. So recovering

boundaries is now equivalent with recovering singularities of f and g. This suggests us to

first describe singularities of f and g using the tools we just introduce, the wavefront set,

then study how the singularities are transferred into the data we collect which is possible
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since the Radon transform is actually a FIO and by the corresponding theorems we know

how it moves singularities. So the main idea for our algorithm is to first extract singularities

of the PET data and then try to recover singularities of f and g based on how they are

transferred from one to the other.

The wavefront set of piecewise smooth functions are well understood

WF (f) = {(x,θ)|x ∈ ∂Ωi, θ is orthogonal to ∂Ωi at x},

which can be easily proved by Theorem 6 using a (local) diffeomorphism to straighten ∂Ωi.

Similar result holds for g.

Next we show that the Radon transform is a FIO by making use of the δ function. First

we point out that since δ̂ = 1, by Fourier inversion formula, we have

E ′(Rn) 3 δ(x) = (2π)−n
∫
Rn

eix·ξ dξ,

which can actually be interpreted as an oscillatory integral with ϕ = x · ξ and a = 1. Then

we can rewrite (3.2) as

Rf(θ, s) =

∫
x·θ=s

f(x) dσ =

∫
Rn

f(x)δ(x · θ − s) dx =
1

2π

∫
Rn

∫
R

eiµ(x·θ−s)f(x) dµdx,

which is a FIO with X = Sn−1 × R (X = [0, 2π) × R for the 2D case), Y = Rn, N = 1,

induced by an oscillatory integral Ia,ϕ with ϕ = ρ(x · θ − s) non-degenerate and a = 1.

Moreover, RT is induce by Ia,ϕ by simply switch the space X and Y . The critical set and

canonical relation of Ia,ϕ are given by

Cϕ = {(θ, s,x;µ)|x · θ − s = 0}, Λ
′

ϕ = {(θ,x · θ, µx · θ⊥,−µ;x,−µθ)}, (3.15)

where θ⊥ = (− sin θ, cos θ) is the vector obtained by rotate θ counterclockwisely by π
2
.

By applying (3.14) in Theorem 3.12, we know ∀x0 ∈ ∂Ωi, its contribution to WF (f),

i.e. (x0, ξ0) where ξ0 is orthogonal to ∂Ωi at x0, might contribute to WF (Rf) only at

(θ0,x0 ·θ0, |ξ0|x ·θ⊥0 ,−|ξ0|) where θ0 ∈ [0, 2π) is the unique solution to θ0 = (cos θ0, sin θ0) =

ξ0
|ξ0| . Further analysis proves that for the Radon transform, which is an elliptic FIO, (3.14) is
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not only a containing relation, but an equality, see [23], [52] for detailed proof of the following

result.

Theorem 6 (Guillemin). Let f ∈ E ′(R2), the correspondence between WF (f) and WF (Rf)

is given by

(x0, ξ0) ∈ WF (f), if and only if (θ0,x0 · θ0, |ξ0|x0 · θ⊥0 ,−|ξ0|) ∈ WF (Rf),

where θ0 = (cos θ0, sin θ0) = ξ0
|ξ0| and they determine each other uniquely. Moreover, f is

microlocally in Hs near (x0, ξ0) if and only if Rf is microlocally in Hs+ 1
2 near (θ0,x0 ·

θ0, |ξ0|x0 · θ⊥0 ,−|ξ0|).

Apply the theorem to our problem, under the current assumption, notice that (θ0,x0 ·θ0),

the Radon domain projection of (θ0,x0 · θ0, |ξ0|x0 · θ⊥0 ,−|ξ0|), corresponds exactly to the

tangent line of ∂Ωi at x0, which means singularities at x0 ∈ ∂Ωi would transfer to singularities

(1
2

order smoother) at the exact two points in the Radon domain that representing the

tangent line at x0 (since each line in the plane corresponding to two points in the Radon

domain). So when we trace along ∂Ωi ⊂ singsupp(f), singularities along the curve will

transfer to the Radon domain and trace two ’dual’ curves, denoted by Γi,±, which by the

above theorem belong to singsupp(Rf) and the ± correspond to the two choices of the

boundary normal vector, i.e. pointing outwards or inwards. Further analysis actually shows

that WF (Rf) is actually consisting of Γi,± together with their normal vectors. This one-to-

two correspondance has been studied by several authors, [31] gave an algorithm to derive ∂Ωi

from Γi,±, [54] showed that ∂Ωi and Γi,± were actually the Legendre transform of each other,

etc. Now we summarize the main results and give another straightforward local method to

transfer between ∂Ωi and Γi,±.

Lemma 8. If f satisfies Assumption 1, then singsupp(f) = ∪∂Ωi and singsupp(Rf) =

∪Γi,±. Moreover, ∂Ωi and Γi,± determine each other uniquely and one way to do that is as

follows.
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• From ∂Ωi to Γi,±: assume ∂Ωi is given by the parametric equation (x(t), y(t)), then

Γi,± is given by

Γi,+ : (arccos
−y′(t)√

(x′(t))2 + (y′(t))2
,
x
′
(t)y(t)− x(t)y

′
(t)√

(x′(t))2 + (y′(t))2
),

Γi,− : (arccos
−y′(t)√

(x′(t))2 + (y′(t))2
+ π, −x

′
(t)y(t)− x(t)y

′
(t)√

(x′(t))2 + (y′(t))2
)

(3.16)

with possible adjustment on the first angle variable to make it belongs [0, 2π).

• From Γi,± to ∂Ωi: assume Γi,± is given by (θ(t), s(t)), then ∂Ωi is given by

(cos θ(t)s(t)− s
′
(t) sin θ(t)

θ′(t)
, sin θ(t)s(t) +

s
′
(t) cos θ(t)

θ′(t)
) (3.17)

Proof of Lemma 8. The singular support argument has already been proved above and going

from ∂Ωi to Γi,± is pretty straightforward, just need to calculate the θ and s that representing

the tangent line at each point (x(t), y(t)).

For the other direction, from the above analysis, each point (θ(t), s(t)) ∈ Γi,± is related

to a point (x(t), y(t)) ∈ ∂Ωi by the tangent line correspondence, which implies (x(t), y(t)) is

on the line represented by (θ(t), s(t)) on the Radon domain, i.e.

x(t) cos(θ(t)) + y(t) sin(θ(t)) = s(t). (3.18)

Then if we differentiate (3.18), we get

x
′
(t) cos(θ(t)) + y

′
(t) sin(θ(t))− x(t) sin(θ(t))θ

′
(t) + y(t) cos(θ(t))θ

′
(t) = s

′
(t). (3.19)

Notice that (x
′
(t), y

′
(t)) is in tangent direction and is orthogonal to the normal vector, we

get

−x(t) sin(θ(t)) + y(t) cos(θ(t)) =
s
′
(t)

θ′(t)
. (3.20)

Combining (3.18) and (3.20), we can solve (x(t), y(t)) and get the result.

We use RC to denote the set consisting of Γi,±, i.e. the image of closed non-self-

intersecting smooth curves under the map (3.16). We know that any curve Γ in RC is
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a curve defined on the infinite cylinder S1 × R (if we identify (0, s) with (2π, s)) which is

not homotopic to a point path and has no vertical tangent lines. Moreover, though Γ is

the image of some smooth curve, it may have some singular points. Further analysis can

actually prove that those singular points correspond to the tangent lines at some inflection

points of the original curve where the curvature equal 0 and the curve goes from concave up

to concave down (or the other way around). Also on the two sides of those singular points,

the two pieces are tangent with each other.

Now we return to our original problem, trying to recover ∂Ωi and ∂Ω̃j from the PET

data Rfe−Rg. By Lemma 8, we know singsupp(Rf) = ∪Γi,±, singsupp(Rg) = ∪Γ̃j,±,

which means Rf and Rg are piecewise smooth functions separated by Γi,± and Γ̃j,±. Since

composition of smooth functions are still smooth, we have e−Rg is also a piecewise smooth

function separated by Γ̃j,±. Plus product of smooth functions is still smooth, so our PET

data Rfe−Rg is a piecewise smooth function separated by part of Γi,± and Γ̃j,±, i.e.

singsupp(Rfe−Rg) ⊂ (∪Γi,±) ∪ (∪Γ̃j,±). (3.21)

There are two reasons for (3.21) not being an equality.

• ∀(θ0, s0) ∈ Γ̃j,± such that Rf(θ0, s0) = 0, the singularity information about Γ̃j,± is

lost since the PET data is 0 near (θ0, s0). From the above analysis, any point on

Γ̃j,± corresponds to a point on Ω̃j. Assume the corresponding point for (θ0, s0) is

x0 ∈ ∂Ω̃j, then this information lost happens since the tangent line of ∂Ω̃j at x0,

which is parametrized by (θ0, s0) on the Radon domain, does not intersect with the

convex hull of supp(f).

• When part of Γi,± and Γ̃j,± overlap each other, which means ∂Ωi and ∂Ω̃j partially

overlap each other, the singularity information may be cancelled during multiplication.

We will give an example later in this section to illustrate these two situations. Based on

(3.21), we have the following algorithm to recover part of ∂Ωi and ∂Ω̃j.
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Algorithm 1 (Chang). 1. Find singsupp(Rfe−Rg), the singular support of the PET data,

and by (3.21) we have

singsupp(Rfe−Rg) ⊂ (∪Γi,±) ∪ (∪Γ̃j,±). (3.22)

2. By Lemma 8, we can calculate part of ∂Ωi, ∂Ω̃j from singsupp(Rfe−Rg) by using the

local inversion formula (3.17).

And all the above analysis have proved the following main result.

Theorem 7 (Chang). Given f and g satisfy Assumption 1 with PET data p(θ, s) = Rfe−Rg,

Algorithm 1 is able to reconstruct a subset of (∪∂Ωi) ∪ (∪∂Ω̃j) just from p(θ, s), where the

missing part is caused by either some tangent lines of ∂Ω̃j do not intersect with the convex

hull of supp(f), or part of ∂Ωi and ∂Ω̃j overlap each other and the singularity information

cancel each other out. Moreover, for any other valid pair (f
′
, g
′
) with the same PET data

p(θ, s), the boundaries recovered by Algorithm 1 are also a subset of (∪∂Ω
′
i) ∪ (∪∂Ω̃

′
j), in

other words, Algorithm 1 gives the boundaries shared by all pairs of (f, g) with PET data

p(θ, s).

We close this section by giving an example to illustrate the two reasons that cause infor-

mation lost: out of range or singularity cancellation. But before that, we need the following

result that characterizes the range of the 2D Radon transform restricted to functions satisfy

Assumption 1 without the non-zero jump condition. D. Ludwig [38] showed when restricted

to Schwartz functions, the range of the Radon transform was the space of all Schwartz func-

tions on the Radon domain (Schwartz in s variable for any θ ∈ Sn−1) that satisfied the

moments condition defined in Proposition 4. We can use similar ideas to show the following

result.

Theorem 8 (Chang). Let X be the space of functions satisfy Assumption 1 without the jump

condition, i.e. compactly supported, bounded, piecewise smooth functions separated by some

closed smooth non-self-intersecting curves, Y be the space of functions on the Radon domain

satisfy the following conditions,
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• ∀g(θ, s) ∈ Y , g is compactly supported (in s), bounded.

• (even) ∀g(θ, s) ∈ Y , g(θ, s) = g(θ + π,−s).

• (moments condition) ∀g(θ, s) ∈ Y ,

∀0 ≤ k < l, k, l ∈ Z,

∫ ∞
−∞
Rf(θ, s)ske−ilθ dsdθ = 0

• ∀g(θ, s) ∈ Y , g is piecewise smooth and its singular support consists of some curves

from RC which can be further divided into pairs within which either one is the image of

the other under the map r : (θ, s)→ (θ + π,−s). If several curves intersect at a point

(θ0, s0), then WF (g) at (θ0, s0) only contains directions that are orthogonal to one of

these curves at (θ0, s0).

• RTFg is well-defined and bounded.

Then Radon transform gives a one-to-one correspondence between X and Y .

Proof of Theorem 8. We already know Radon transform R is injective and by Property 4

and Theorem 6, it is easy to see that ∀f(x) ∈ X, Rf ∈ Y .

Then it is sufficient to show that ∀g(θ, s) ∈ Y , there exits f(x) ∈ X, such that Rf = g.

We prove this by construct f explicitly. Let f , 1
4π
RTFg, since the filter operator F is an

elliptic pseudodifferential operator which does not change WF (g), by similar result to The-

orem 6 for RT , or just apply Theorem 5, we know singsupp(f) is consisting of some smooth

curves, which means f is piecewise smooth. We remark here the wavefront set condition for

Y at intersection point is important since in general at such intersection point (θ0, s0), the

wavefront set contains all directions which makes the corresponding backprojection singular

along the whole line corresponding to (θ0, s0). Next by the same arguments from [38], which

made use of the moments condition and applied Paley-Wiener theorem, we can prove f is

compactly supported. In the end, we show Rf = g by calculating their Fourier transform

using Proposition 5. It is easy to see that a function h(θ, s) on the Radon domain is even if
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and only if ĥ(θ, ρ) (Fourier transform in s variable) is even and if h(θ, s) is even, Fh is also

even. Then we have

Rf(θ, s) = g(θ, s) ⇔ ĝ(θ, ρ) = R̂f(θ, ρ) = (2π)
1
2 f̂(ρθ), ∀ρ, θ ∈ R,

where the Fourier transform in the first two terms are once again in s variable. By the fact

that g is even, it is sufficient to prove

ĝ(θ, ρ) = (2π)
1
2 f̂(ρθ),∀ρ > 0, θ ∈ R.

For ρ > 0, by Proposition 5 and the fact Fg is even, we have

f̂(ρθ) =
1

4π
(2(2π)

1
2

1

ρ
F̂g(ρ, θ)) = (2π)−

1
2

1

ρ
(|ρ|ĝ(ρ, θ)) = (2π)−

1
2 ĝ(ρ, θ),

which finishes the proof.

Now consider g(x) = χB1(x) where Br is the ball centered at 0 with radius r and χ is

the standard characteristic function of a domain, then singsupp(g) = ∂B1 and Rg(θ, s) =

2
√

1− s2χ[−1,1](s) where multiply χ[−1,1](s) means set the function equal 0 for |s| > 1 (also
√

1− s2 is not defined for |s| > 1). Consider the function

h(θ, s) = 2
√

4− s2χ[−2,2](s)e
−2
√

9−s2χ[−3,3](s)+2
√

1−s2χ[−1,1](s),

where multiply characteristic function has the same meaning as above. We claim that h ∈ Y

where Y is the function space defined in Theorem 8. Most conditions are easy to check but the

last one needs some more careful calculation of the order and symbol of RTFg as a conormal

distribution. Then there exists f(x) ∈ X, such that Rf = h and singsupp(f) = ∂B2 ∪ ∂B1.

But the PET data of (f, g) is

p(θ, s) = Rfe−Rg = 2
√

4− s2χ[−2,2](s)e
−2
√

9−s2χ[−3,3](s).

Apply Algorithm 1 to p, we can recover ∂B2, but the singularities along ∂B1 are cancelled

out during the multiplication.
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Also let f
′
(x) = χB2(x), g

′
(x) = χB3(x), then

Rf ′e−Rg
′

= 2
√

4− s2χ[−2,2](s)e
−2
√

9−s2χ[−3,3](s) = p(θ, s),

i.e. (f, g) and (f
′
, g
′
) have the same PET data. Clearly singsupp(f

′
) = ∂B2, singsupp(g

′
) =

∂B3, and ∂B2 can be recovered by Algorithm 1 while ∂B3 is missing since all its tangent

lines do not intersect B2.

Remark 4. As we can see from the above analysis, the jump condition in Assumption 1 is

not really needed in this Section and can be replaced by other conditions like Ck continuous

across the boundaries. We add it in to make it more close to the realistic problem and it is

also necessary for Section 3.4. Also as we can see from the example, the cancellation only

happens when the values of Rf and e−Rg are properly chosen. We make the conjecture that

for generic (f, g) pairs, cancellations do not happen.

3.4 Lower regularities

The piecewise smooth assumption in Assumption 1 is too strong and we try to lower the

regularity requirement in this section. The main tool we are going to use is the Hs wavefront

set introduced in Section 3.2 and the following relation

∀k ∈ N, Hk+1+ε(R2) ⊂ Ck(R2) ⊂ Hk
loc(R

2),

where the first half is the Sobolev embedding and the second half is by the equivalent

definition of Hk(R2) for positive integer k. And we can improve Theorem 7 as follows.

Theorem 9 (Chang). Theorem 7 still holds if we make the following changes:

• In Assumption 1, instead of piecewise smooth, let f and g be piecewise C2.

• In Algorithm 1, instead of finding singular support of the PET data in the first step,

we find all the (θ, s) where the PET data is not locally C1 and (3.22) becomes

{(θ, s)|Rfe−Rg is not locally C1 at (θ, s)} ⊂ (∪Γi,±) ∪ (∪Γ̃j,±). (3.23)
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Proof of Theorem 9. All the analysis from Section 3.3 still holds as long as we can prove

(3.23) under the new regularity assumption. First, we characterize the jump along ∂Ωi and

∂Ω̃j using the Hs wavefront set. ∀x0 ∈ ∂Ω, given f is C2 ⊂ H2
loc away from ∂Ωi and the

non-zero jump condition, it is well known that f is microlocally in H2 near (x0, ξ0) as long

as ξ0 is not orthogonal to ∂Ωi and if ξ0 is in the normal direction, (x0, ξ0) ∈ WFs(f) for

s ≥ 1
2

which can be shown by straightening ∂Ωi locally near x0 together with an integration

by parts argument. Since f and g are C2 ⊂ H2
loc away from (∪Γi,±) ∪ (∪Γ̃j,±), we have

WF 1
2
(f) = {(x, ξ)|x ∈ ∂Ωi, ξ is the normal vector at x},

WF 1
2
(g) = {(x, ξ)|x ∈ ∂Ω̃j, ξ is the normal vector at x},

(3.24)

and by Theorem 6 they will be transferred to WF1(Rf) and WF1(Rg) whose base space

projection are ∪Γi,± and ∪Γ̃j,±. This implies Rf and Rg can not be locally C1 at any point

along ∪Γi,± and ∪Γ̃j,±, since C1 ⊂ H1
loc implies the H1 wavefront set should be empty at any

locally C1 point. Then since f is piecewise C2 away from ∪Γi,± and R smooth things up by

1
2

order, by Theorem 6 we have Rf ∈ H
5
2
loc and is locally C1 away from ∪Γi,±. Combining

the above results, Rf is at least piecewise C1 strictly separated by ∪Γi,± which means Rf

is not locally C1 at any point along ∪Γi,±. Same result holds for Rg and we can prove the

term e−Rg is also piecewise C1 strictly separated by ∪Γ̃j,± since if not, assume e−Rg is locally

C1 at some x0 ∈ Γ̃j,±, we have Rg = −ln(e−Rg) is locally C1, which contradicts with the

above analysis. Then the PET data Rfe−Rg is C1 away from (∪Γi,±) ∪ (∪Γ̃j,±). For points

in (∪Γi,±) ∪ (∪Γ̃j,±), the data is not locally C1 unless Rf = 0 or some Γi,± overlaps with

some Γ̃j,± and cancel the singularities during the multiplication.

3.5 Some numerical results

In this section, we show some numerical results based on the analysis above. For simplicity,

we assume f and g satisfy Assumption 1 through this section and we use p(θ, s) , Rfe−Rg

to represent the PET data of (f, g).

We first use an easy example to illustrate Lemma 8 which shows the correspondence
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between the singular curves of f and Rf . Figure 3.1 shows a very simple function f =

Figure 3.1: Function f (on the left) and its Radon transform (on the right)

χball + χellipsoid (with the origin at the center) and its Radon transform (with θ ∈ [0, 2π)

being the horizontal variable while s being the vertical variable). It is clear that singsupp(f)

consists of the circle and the ellipse while we can see four singular curves in its Radon

transform, just like Lemma 8 predicts. And the four curves are divided into two groups,

the top and bottom curves correspond to the circle while the middle two correspond to the

ellipse.

Next we move on to the PET data. Figure 3.1 shows the function g = χball + χellipsoid2 ,

its Radon transform and the PET data p(θ, s) generated by (f, g). The singular support of

g consists of the same circle and a bigger ellipse which together correspond to four singular

curves on the Radon domain. When we multiply Rf and e−Rg together, we get 6 singular

curves, divided into three groups and corresponding to the circle and two ellipses. Notice

that part of the second ellipse is outside the circle, which makes some of its tangent lines

not intersect with the convex hull of supp(f) (the ball) and the corresponding information

is lost in the PET data.

In order to apply Algorithm 1 numerically, we first need to extract the singular support
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Figure 3.2: Function g (on the left), Rg (in the middle) and the PET data p(θ, s) (on the
right)

of the PET data p(θ, s). But when given discrete data, how can we find its singular support,

what should we look for? Though f and g have jump discontinuities across (∪∂Ωi)∪ (∪∂Ω̃j),

their Radon transform may not have similar behaviour across (∪Γi,±) ∪ (∪Γ̃j,±). For ex-

ample consider f = χB1 which has jump discontinuities across ∂B1, then Rf(θ, s) =

2
√

1− s2χ[−1,1](s) and the corresponding singular curve Γ1,± on the Radon domain is s = ±1.

While Rf(θ, s) is not differentiable with respect to s at any point along s = ±1 and

∂sRf(θ, s) blows up near s = ±1, Rf is actually continuous across s = ±1. The fol-

lowing corollary, which has already been proved in Theorem 9, tells us what kind of singular

behaviour we could expect near the singular support of p(θ, s).

Corollary 1. ∀(θ0, s0) ∈ singsupp(p(θ, s)), p(θ, s) can not be locally C1 at (θ0, s0), i.e.

p(θ, s) either has a jump discontinuity at (θ0, s0), or is not differentiable with respect to θ

or s at (θ0, s0), which means the limit that defines the derivative might tend to infinite, or

does not match from different sides (which ends up to be a jump discontinuity in the partial

derivative), or simply does not exist.

Basically this means at any (θ0, s0) ∈ singsupp(p(θ, s)), either the function p itself has

some notable singular behaviour near (θ0, s0), or its first order partial derivative are guar-

anteed to have some notable singular behaviour near (θ0, s0). Then we may try to do some
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boundary detections to the discrete p, ∂sp and ∂θp to extract singsupp(p(θ, s)).

Next we discuss something called non-attenuation-correction (NAC) reconstruction which

is an old technique used to reconstruct f before the PET/CT combination came along. The

idea is simple, just ignore the attenuation factor in the PET data and apply Radon inversion

formula directly to it. Though we can’t get f back this way, the images it generated are not

Figure 3.3: A NAC reconstruction of f using the PET data generated by (f, g) defined above

that bad and usually show right structure of the body. The next result states that this is

actually not a coincident, the NAC reconstruction can actually give part of the boundaries

correctly, maybe plus some artifacts.

Theorem 10 (Chang). Let Rvisible be the set of points x0 ∈ ∪∂Ω̃j whose tangent line has

non-empty intersection with the convex hull of supp(f). Then singular support of the NAC

reconstruction 1
4π
RTF(p(θ, s)) satisfies

singsupp(
1

4π
RTF(p(θ, s))) ⊂ (∪Ωi) ∪Rvisible ∪ (∪Lij), (3.25)

where Lij stands for the set of lines that are tangent to both ∂Ωi and ∂Ω̃j (might be empty).
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Proof of Theorem 10. Let Svisible be the set of points (θ0, s0) ∈ ∪Γ̃j,± whose corresponding

line x · θ0 = s0 has non-empty intersection with the convex hull of supp(f), i.e. Svisible =

(∪Γ̃j,±) ∩ supp(Rf). By previous analysis, we know p(θ, s) is piecewise smooth separated

by (∪Γi,±) ∪ SNAC . So the wavefront set of p is just ∪Γi,±, SNAC together with their nor-

mal directions except at the intersection point Pij of Γi,± and Γ̃j,± where the wavefront set

usually contains all the directions. Then since the filter operator is an elliptic pseudodiffer-

ential operator that does not change the wavefront set and the singular support. RT is an

elliptic FIO with the same Schwartz kernel, canonical relation as R but X and Y switched.

Results similar to Theorem 6 can be proved for RT or simply apply Theorem 5, we have the

singularities along Γi,± will be transferred to ∂Ωi, the ones along Svisible will be transferred

to Rvisible and the ones at Pij will be transferred to Lij.

Figure 3.3 shows the NAC reconstruction using the PET data of (f, g) defined above.

We can see singsupp(f), i.e. the circle and the small ellipse inside, clearly and also part

of singsupp(g), i.e. the circle and part of the big ellipse whose tangent line has non-empty

intersection with the circle. Also notice we can see part of the two lines that are tangent to

both the circle and the big ellipse just like Theorem 10 predicts.

We also comment on another approach F. Natter and H. Herzog [45] proposed for the

attenuation correction. It is based on the moments condition defined in Proposition 4,

or sometimes called Helgason-Ludwig consistency condition. The idea is trying to find a

function g
′
(x) > 0 such that p(θ, s) · eRg

′
belongs to the range of Radon transform and

numerically it is done by making use of the moments condition. In the ideal case, we expect

g
′

= g and p · eRg
′

is just Rf , then we recover everything. As we have shown above, PET

does not have uniqueness, i.e. the above process may end up with some (f
′
, g
′
) 6= (f, g),

such that

p(θ, s) · eRg
′

= Rfe−Rg+Rg
′

= Rf ′ ⇔ Rfe−Rg = Rf ′e−Rg
′

,

then it seems the whole thing fails. But by Theorem 7, if all we want to recover are ∂Ωi and

∂Ω̃j, the problem caused by nonuniqueness can be well-controlled. Let A be the boundaries
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we recover from p(θ, s) alone using Algorithm 1, we have proved that A are shared by all

(f, g) pairs with PET data p(θ, s), i.e.

A ⊂ ((∪∂Ωi) ∪ (∪∂Ω̃j)), A ⊂ ((∪∂Ω
′

i) ∪ (∪∂Ω̃
′

j)),

so we have

A ∩ ((∪∂Ω
′

i) ∪ (∪∂Ω̃
′

j)) = A ⊂ ((∪∂Ωi) ∪ (∪∂Ω̃j)),

which means if we do a cross validation between the boundaries recovered by (f
′
, g
′
) and

the ones by Algorithm 1, the answers are guaranteed to be correct. We remark here then

it seems we can simply calculate A directly and do not need (f
′
, g
′
) at all. The reason is

that Algorithm 1 is still a theoretical algorithm without efficient numerical implementations,

while people have made progress on numerically searching for (f
′
, g
′
), see [45], [44], [72] for

more information.

Next we discuss Lamabda tomography, which is a technique for CT reconstruction that

focuses on recovering singularities. The idea is given the Radon transform of some function

f , consider the following function g = ∆RT (Rf), it can be proved that ∆RTR is an elliptic

pseudodifferential operator of order 1 which not only does not change the wavefront set, but

actually enhance singularities. We can actually apply the same idea to our PET data and

consider h = ∆RT (p(θ, s)). By the same arguments we used in the proof of Theorem 10, we

have the following result.

Corollary 2. The singular support of the Lambda tomography reconstruction satisfies

singsupp(∆RT (p(θ, s))) ⊂ (∪Ωi) ∪Rvisible ∪ (∪Lij), (3.26)

where Rvisible and Lij are the same as in Theorem 10.

Figure 3.4 shows the Lambda tomography reconstruction using the same PET data as

above. We can see ∪Ωi and Rvisible clearly but the common tangent lines to the circle and

big ellipse is not as clear as they are in the NAC reconstruction.
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Figure 3.4: A Lambda tomography reconstruction of f using the PET data generated by
(f, g) defined above

3.6 Summary

In this chapter, we use FIO and wavefront set theories to show that if f(x) and g(x) are piece-

wise C2 with jump discontinuities across some closed smooth non-self-intersecting curves,

then theoretically, we can use just the PET data p(θ, s) to recover the jump positions for

both f(x) and g(x) unless some of them are out of range or there are some cancellations. But

there are still some obstacles to fully implement Algorithm 1 numerically, like the unstable

boundary detection and implementing (3.17) efficiently. Also in PET scan, the exact values

of f(x) actually provide useful information, while our method only recovers singularities.

Future work includes stable numerical methods, consider more general domains with less

smooth boundaries, etc.
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[27] Lars Hörmander. Fourier integral operators. I. Acta Math., 127(1-2):79–183, 1971.
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