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Following rapidly and precisely a moving target has become the core functionality in robotic

systems for transportation, manufacturing, and surgery. Among existing target following

methods, vision-based tracking continues to thrive as one of the most popular and is the

closest method to human perception. However, the slow sampling speed of vision sensors, the

time delays of visual outputs, and the irregular processing time of image data fundamentally

hinder real-time applications. Such limitations from the visual sensing dynamics need special

attention when following fast-moving targets. Ignoring the visual sensing dynamics has

caused unstable and even unsafe robot behavior.

This dissertation provides fast robotic target following considering the sensing dynamics.

Starting from the fundamental problem in disturbance compensation where the sampling

rate of the feedback sensor is insufficient to capture the high-frequency dynamics of the dis-

turbance signal, we propose an information recovering algorithm to reconstruct fast-sampled

signals from slowly-sampled ones. The reconstruction is made possible by re-parameterizing

the dense autoregressive models of signals to a sparse structure. To reduce the recovering

error at lower signal-to-noise ratios, we improve from the new autoregressive model to a

framework using infinite impulse response (IIR) filter structures. Furthermore, the idea of

signal recovering is extended to a collaborative sensing system, where two sensors—each sam-



pling at a different rates—collaborate to provide fast signal recovering significantly beyond

the Nyquist frequency of individual sensors.

The information recovering algorithm has been engineered into an extended visual ser-

voing control system for a high-speed target following. The extended visual servoing com-

pensates for the following error caused by target motions by estimating the target velocities

online, while the recovering algorithm compensates for the slow-sampling and time delays.

Under a more challenging scenario where there are multiple feedback signal flows with irregu-

lar sampling intervals and variable delays, we propose a memory-enabled auto-restart Kalman

filter (M-ARKF) to compensate for the full sensing dynamics, and additionally handle any

jumping velocities of the tracked object. Simulation and experimentation on a dual-arm

robotic manipulator and a robotic air-hockey player validate the proposed algorithms.
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{A} A 3D coordinate system with origin at porint A.
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AvB The 3D velocity of frame {B} with respect to frame {A}.
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t{x[n]} The timestamp of signal x[n]. If x[n] is uniformly sampled with period T , then

t{x[n]} = nT .

x1[n]↔ x2[n] Two sequences x1[n] and x2[n] are equal and aligned in time (i.e.,x1[n] = x2[n],

x1[n] and x2[n] have the same timestamps for any n).

dxe The ceiling function that maps a real number x to the smallest following integer.

viii



mod(a, b) he remainder after division of a by b.

A† The Moore–Penrose inverse of matrix A
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Chapter 1

INTRODUCTION

1.1 Problem introduction

This dissertation considers robotic target following of a dynamic target based on visual

feedback. Figure 1.1 shows two basic configurations of vision-based target following problem.

Here, the goal is to control the relative 3D pose between the dynamic target and robot (noted

as EξT (t)) such that it can converge to a desired profile EξT
∗(t). This desired profile could be

as simple as a constant pose, or some designed motion trajectories to interact with the target

object. The robot could be static like a fixed manipulator, a mobile robot like drones of cars,

or the combination of both. The eye-in-hand configuration fixes cameras on the robot so

the camera movement is synced with the robot motion. This configuration is common in

mobile robots and manipulators where a dynamic view of the target is needed. The other

eye-to-hand configuration controls the robot motion based on feedback from a static camera.

Figure 1.1: Robotic target following problem. Left: eye-in-hand configuration. Right: eye-

to-hand configuration
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Different from the traditional look-then-move strategy, vision-based target following uses

real-time visual feedback to compute adaptive motion commands at every control steps.

Such an approach consists of an inner kinematic loop for low-level actuator control and an

outer visual servoing loop for calculating the goals (e.g., position, velocity and force) to be

reached by robot actuators. The major barriers for implementing visual servoing control for

following moving targets include the slow sampling speed, the time delays, and the irregular

sampling time of vision sensors. We refer to these three fundamental limitations as visual

sensing dynamics. The slow sampling speed is inherited from 1) the camera’s relatively low

image acquisition rate (e.g., 60 frames per second for a modern industrial camera) and 2) the

complex image processing pipeline (e.g., target localization, 3D pose estimation, etc.). The

time delays are mainly caused by hardware limitations of the data transmission bandwidth

and the time cost for image processing. The irregular sampling intervals come from the

variable image processing time (e.g, many iterative methods consume variable time depending

on the convergence rates), image drops during acquisition, and temporary target loss due

to image blur or objects moving out of the angle of view. These visual sensing dynamics, if

not properly compensated in the control loop, will downgrade the target following accuracy

or even cause control loop failures and unsafe robot behaviors when the target is moving

rapidly. In this dissertation, we will focus on the robotic target following under visual sensing

dynamics. The objective is to provide systematic methods of higher target following control

bandwidth by compensating the effect of slow sampling, time delays, and variable sampling

intervals.

1.2 Applications

The capability of following a moving target relates to high-impact robotic applications rang-

ing from autonomous ground or aerial vehicles that follow a leading target, to surgical robot

arms that track the motions of human organs, and to robotic manipulators that perform

pick-and-place tasks in a highly dynamic environment (e.g., above the sea or in a turbulence

airflow). A more detailed example is robotized surgery systems as shown in Figure 1.2. Here,
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Figure 1.2: System overview of a robotized surgery system[1].

the doctor teleoperates the robot for surgery. The robot needs to actively adjust its position

to compensate the physiological motion of the human’s organs, such that the doctor can feel

that he is operating on a scene that is almost still. The visual sensing dynamics is signif-

icant because the target (i.e., organs) movement is fast compared with the slow sampling

speed of camera. As a consequence, slowly updated visual feedback and sensor delays would

downgrade the target following accuracy and cause dangerous failures.

The proposed work of compensating visual sensing dynamics can be extended to border

applications beyond the robot target following. For example, a fundamental problem in

feedback control is when the system is subject to fast disturbances but can only get slowly

updated sensor feedback. A single-rate high-gain control [2] is incapable to compensate for

the error caused by such disturbance. Such difficulties occur to selective laser sintering, an

additive manufacturing process that employs galvo scanners to steer high-power laser beams

and relies on non-contact, slow sensing such as visual feedback to enhance the product quality.

Combined with exiting disturbance compensation algorithms, the visual sensing compensa-

tion extend the algorithm’s capability to disturbances beyond the Nyquist frequency of the

sensor.
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1.3 Related research

Visual servo control

In typical vision-based target following, image processing first extracts useful information

from raw pixel data, then visual servo control algorithms calculate the motion commands

of the robot. From a controls perspective, the goal of visual servoing is to minimize the

errors between the desired and measured visual features. Based on how the visual features

are defined, model-based visual servoing approaches can be classified into position-based and

image-based [3, 4]. The position-based visual servoing (PBVS) defines visual features in the

3D space while the image-based visual servoing (IBVS) defines visual features in the 2D image

space [3]. There are also extended approaches that use more sophisticated visual features

[5, 6], or deploy a hybrid system [7, 8, 9] that combines advantages of IBVS and PBVS while

trying to avoid their shortcomings. There are also recent learning-based approaches directly

train neural network models to predict the control commands [10, 11].

The above mentioned approaches are based on the assumption of a motionless target.

A moving target, however, demands additional and careful considerations in tracking. One

design is to add an integral term in the velocity control law to compensate the object-following

error [12]—effective only if the target moves at a constant velocity. A more commonly

used approach is to estimate the target velocity by Kalman filters [13, 14, 15, 16], extended

Kalman filters [17] or other filtering techniques [18]. Then one can compute the robot motion

commands, assuming the target is moving at the estimated velocity.

Hardware approaches to compensate the sensing dynamics

Many works for tackling the barriers of visual sensing dynamics have been focused on devel-

oping advanced imaging hardware or communication protocols [19, 20, 21] that can provide

fast and timely image data. There are expensive high-speed cameras in the market that

can acquire images at 1000 frames per seconds. Huang [22] developed a high-performance

robotic manipulation system based on high-speed visual feedback updated at 1KHz. The
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image from the camera is gray-scale with a low pixel resolution of 512× 512. The developed

image processing can obtain one-dimensional target positions at the same sampling rate.

The most recent work [23] has shown improved image resolution (1024 × 768) at the same

sampling speed. Note that both works only applied simple image processing such that the

existing hardware can process one image frame under a millisecond. Most state-of-the-art

computer vision algorithms (e.g., convolution neural networks), however, require much more

computation time. There are proposed frameworks [24] to skip part of the 1kHz updated

images prior to the convolution neural networks, so the sampling rate of the final data flows is

reduced. The main issue to consider when adopting a high-speed camera is the significantly

increased computation cost and budget cost. Another issue for the high-speed camera is the

requirement for a good lighting condition for the target object, due to the reduced exposure

time. As a consequence, a high-speed camera most likely need a larger aperture lens and

additional lighting equipment.

There are other fundamentally different cameras used in vision-based robot control. One

is called position sensitive detector (PSD camera) [25] that can convert an incident light

spot directly to analog signals. Reference [25] reported a target tracking system at 500 Hz

based on PSD camera. Another special type of camera is called dynamic vision sensors, or

event-based cameras [26]. This type of sensor is fundamentally different in the way that,

instead of giving the intensities for each pixel, it only measures the brightness change for

each pixel. The brightness change (either increase or decrease) for a pixel is called an event.

The event-based camera is getting increasingly popular in the robotics field, in view of its

feature of high temporal resolution, high dynamic range, and low latency. On the other

hand, an event-based camera is still very expensive and has limited resolutions. Besides, due

to the fundamental data format, the event-based camera is incapable of detecting a static or

nearly static scene.
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Software approaches to compensate the sensing dynamics

From an algorithm point of view, reconstruction of intersampling information is the key to

enable fast dynamic controls under slow sensing. Certainly, recovering an arbitrary random

signal is impossible. The pioneering work of Shannon and its extensions [27, 28] have shown

that in order for the original analog information to be fully recovered from its samples, (i)

the analog signal must be perfectly band-limited below the Nyquist frequency, and (ii) an

ideal lowpass filter (acausal and not interpretable using a transfer function) is availale in

the reconstruction process. Many reconstruction methods exist to approximate the original

information-rich signal based on different assumptions [28]. For example, [29] formulates the

problem to a maximum error minimization problem and utilizes sampled-data H∞ control

theory to find the best approximation under the H∞ norm. Assuming a fast system model

is given and the integrative sensor dynamics are available, [30] estimates intersample states

of motion from slow and blurred images. Most literature focus on signal reconstruction

under a feedforward design scheme. In a feedback closed-loop scenario, however, a greater

challenge arises, as approximation errors may be amplified after going through the closed-

loop dynamics, and major feedforward techniques are not applicable here.

In the track of vision-based robotics control research, visual sensing dynamics compensa-

tion (VSDC) [31, 32] was developed and tested to be successful in target tracking experiments

[33] under slow-sampled sensing with delays. It formulated a customized dual-rate Kalman

filter where the prediction runs at a faster rate and the correction step runs at a slower rate.

1.4 Contribution

In this dissertation, we propose a software and hardware solution to compensate sensing

dynamics and the integration to robotic target following and target tracking applications.

The contributions of the dissertation are:
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Real-time recovery of fast data flows from sparse measurements

We first approach to tackle the problem of slow-sampling speed by developing an information

recovery algorithm to reconstruct a fast-sampled data flow from the slow-sampled (sparse)

data [34]. The recovery of intersample data is based on a re-parameterized autoregressive

model of the fast signal. Furthermore, if the signal is narrow-band in the frequency domain,

we developed an improved design of information recovery that has the additional capability

to filter out the noise in the slow measurement [35]. In the case that there are two sensors, we

designed and modeled the collaborative sensing configurations. A more complicated version

of information recovery can recover the fast signal by combining data from both sensors and

predicting the missing intersample data [36]. All the above information recovery algorithms

have been embedded in the disturbance rejection control loop. The combined controller,

called multirate forward-model disturbance observer, can rejects system disturbance at the

fast sampling rate, even if the disturbances have beyond-Nyquist components.

Robotic target following under slow and delayed sensing

The conventional visual servo control [3] assumes a static target. If the target is moving,

significant following error grows as the target speed increases. We have proposed a modified

visual servo control algorithm [37] that can compensate for the following error caused by the

target motion. The compensation relies on the target position and velocity obtained from

Kalman filters. To additionally compensate for the slow and delayed sensing, We engineered

an information recovery to work with Kalman filter. The Kalman filter first estimates the

delayed target state at a slow sampling rate. The information recovery then reconstructs a

fast-sampled target state and compensates for the delay [37].
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Target state estimation considering full sensor dynamics and collaborative sen-

sor

The above state estimation is still under the assumption that all input data are regularly sam-

pled. To additionally handle the irregularly sampling time, the proposed memory-enabled

auto-restart Kalman filter (M-ARKF) considers each measurement to have variable time de-

lays. We developed this algorithm for the perception system of a robotic air-hockey player,

where the robot is designed to play air-hockey games with a human player, under both tra-

ditional frame-based cameras and an new event-based camera. M-ARKF can recover from

external disturbances quickly, by a designed triggering mechanism for filter re-initialization.

The remainder of the dissertation is organized as follows. Chapter 2 first introduces a

method to re-parameterize an autoregressive model to a different structure. This model re-

parameterization is the foundation for various versions of information recovery algorithms,

which are detailed in Chapter 3. Chapter 3 also includes the multirate forward-model distur-

bance observer for beyond-Nyqusit disturbance rejection. Then we come back to the robotic

target following problem in Chapter 4 and discuss how to integrate information recovering

and Kalman filters, such that the robot can still follow a fast moving target under slow and

delayed sensing. The perception system design for the robotic air-hockey player is included

in Chapter 5. Finally, Chapter 6 concludes the dissertation.
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Chapter 2

RE-PARAMETERIZATION OF AUTOREGRESSIVE MODEL

The key to compensate the controller performance loss due to sensor’s slow-sampling

speed is to reconstruct fast-sampled signals from the slow-sampled ones. This reconstruction

is possible only if we know some prior information of the fast-sampled signals to be recovered.

To see this, consider a random signal. If a reconstruction method exists without any prior

information, then a random signal can be recovered as well, which contradicts the definition

of random signal. In this dissertation, we design the reconstruction algorithms based on the

assumption of knowing the model structure of fast-sampled signals.

There are two models used in our discussion. One is the state space model where the

signal and its time-derivatives are put into a column vector which is called a state x. The

state space model is a linear transformation from a state x[k] to the next state x[k + 1].

x[k + 1] = Ax[k] (2.1)

In this chapter, however, we will focus on the other model, called autoregressive model.

2.1 Introduction to autoregressive model

For a discretized signal sequence d[n], the autoregressive model states the following linear

equation

d[k] = −a1d[k − 1]− a2d[k − 2]− · · · − and[k − n], an 6= 0 (2.2)

where a1, a2, . . . , an are the parameters of this autoregressive model, n is the order of this

autoregressive model. We use AR(n) to represent an autoregressive model of an order n.

Eq. (2.2) can be written in a more compact form:

(1 + a1z
−1 + a2z

−2 + · · ·+ anz
−n)d[k] = A(z−n)d[k] = 0 (2.3)
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where z−n is the delay operator such that z−nd[k] = d[k − n]. The n-order polynomial

A(z−1), referred as the autoregressive model of d[n], contains all parameters in the AR(n)

model. A(z−1) is also referred to as a polynomial model or internal signal model of d[n].

The autoregressive model can be obtained from the discrete transfer functions of d[n].

Lemma 2.1. If a discretized signal d[n] has a transfer function D(z−1) = B(z−1)/A(z−1).

Then the autoregressive model of d[n] is A(z−n).

Proof. By definition of a transfer function, d[n] is the response of its transfer function D(z−1)

with a delta impulse signal δ[n] as input.

d[n] =
B(z−1)

A(z−1)
δ[n] (2.4)

That is,

A(z−1)d[n] = B(z−1)δ[n] (2.5)

Let nb be the order of polynomial B(z−1), then B(z−1)δ[n] = 0 when n > nb. Then

A(z−1)d[n] = 0 at the steady state. Hence A(z−1) is an autoregressive model of d[n].

2.2 Change the order of an autoregressive model

One signal sequence could have multiple autoregressive models. Given an autoregressive

model AR(n1) of order n1, we can re-parameterize this model to a higher order n2.

Figure 2.1: Re-parameterize an AR(n1) model to AR(n2) model.

Theorem 2.1. If there exists an autoregressive model A(z−1) = 1 + a1z
−1 + a2z

−2 + · · · +

an1z
−n1 for a sequence d[n]. Then we can obtain another autoregressive model B(z−1) =
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1 + b1z
−1 + b2z

−2 + · · · + bn2z
−n2 (n2 > n1) for the same sequence d[n]. The parameters

{bi}i=1,2...,n2 can be solved from the following system of linear equations

[
M̃ k e1 e2 · · · en2

]


f1
...

fn2−n1

b1
...

bn2


=



−a1
−a2

...

−an1

0
...

0


, (2.6)

where

M̃ k ,



1 0 . . . 0

a1
. . . . . .

...
...

. . . . . . 0

am
. . . . . . 1

0
. . . . . . a1

...
. . . . . .

...

0 . . . 0 am


n2×(n2−n1),

(2.7)

and ej is the elemental column vector whose entries are all zero except for the j-th entry,

which equals 1.

Proof. Consider the polynomial equation

A(z−1)F (z−1) +B(z−1) = 0, (2.8)

where A(z−1), F (z−1) and B(z−1) are three polynomials with order n1, (n2 − n1) and n2,

respectively. If A(z−1) is the given autoregressive model (i.e., A(z−1)d[n] = 0), then

B(z−1)d[n] = −A(z−1)F (z−1)d[n] = 0. (2.9)

That is, B(z−1) is also an autoregressive model of d[n] (with a higher order of n2). Expanding

the Eq. (2.8) and collecting the coefficients of z−i (1, 2, · · · , n2), one can obtain n2 equations,

which can be written in matrix format Eq. (2.6).
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For example, an AR(4) model B(z−1) = 1+ b1z
−1 + b2z

−2 + b3z
−3 + b4z

−4 for a signal d[n]

can be obtained from its AR(2) model A(z−1) = 1 + a1z
−1 + a2z

−2 by solving the following

system of linear equations


1 0 1 0 0 0

a1 1 0 1 0 0

a2 a1 0 0 1 0

0 a2 0 0 0 1





f1

f2

b1

b2

b3

b4


=


−a1
−a2

0

0

 . (2.10)

2.3 Re-parameterize autoregressive model with constraints

The system of linear equations (2.6) is under-determined (there are n2 equations, 2n2 − n1

unknowns to solve). This enables a design freedom for the new autoregressive model. More

specifically, we can assign some of the parameters in the new autoregressive model, then

solve the remaining parameters such that the new model is still valid.

Theorem 2.2. If there exists an autoregressive model A(z−1) = 1 + a1z
−1 + a2z

−2 + · · · +

an1z
−n1 for a sequence d[n]. Then we can obtain a new autoregressive model B(z−1) =

1 + b1z
−1 + b2z

−2 + · · · + bn2z
−n2 for the same sequence d[n]. There can be s number of

parameters in the new model come with assigned values {bk1 , bk2 , . . . , bks}. The remaining

parameters {bu1 , bu2 , . . . , but} (s+ t = n2, t ≥ n1) can be solved from the following system of
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linear equations

[
M̃ k eu1 eu2 · · · eut

]


f1
...

fs+t−n1

bu1
...

but


=



−a1
−a2

...

−an1

0
...

0


−

s∑
i=0

ekibki (2.11)

where

M̃ k ,



1 0 . . . 0

a1
. . . . . .

...
...

. . . . . . 0

am
. . . . . . 1

0
. . . . . . a1

...
. . . . . .

...

0 . . . 0 am


(s+t)×(s+t−n1),

(2.12)

and ej is the elemental column vector whose entries are all zero except for the j-th entry,

which equals 1.

Proof. Similar to the proof of Theorem 2.1, we construct the polynomial equation

A(z−1)F (z−1) +B(z−1) = 0, (2.13)

where A(z−1) is the original model of d[n], F (z−1) is a polynomial with an order of (s+t−n1),

and B(z−1) is the new model with partially assigned parameters. Expanding the above

equation and collecting the coefficients of z−i (1, 2, · · · , s+ t), one can obtain s+ t equations,

which can be written in matrix format Eq. (2.12).

For example, one can re-parameterize an AR(2) model A(z−1) = 1 + a1z
−1 + a2z

−2 as an

AR(4) model with two assigned parameters B(z−1) = 1 + b2z
−2 + b4z

−4. Note that b1 and
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b3 in the new model have been assigned with the value of zero. The remaining parameters

(i.e., b2 and b4), according to Theorem 2.2, can be solved from the following system of linear

equations 
1 0 0 0

a1 1 1 0

a2 a1 0 0

0 a2 0 1




f1

f2

b2

b4

 =


−a1
−a2

0

0

 . (2.14)

Theorem 2.2 has enabled a lot of freedom when designing the new autoregressive model.

First, we can choose the order of the new model. Second, for each parameter in the new

model, we could make it either fixed (i.e., with an assigned value) or adaptive (i.e., solved

by system of linear equations). Assigning a fixed value of zero will cut off the connection

between d[n] and one of its delayed variant d[n − k]. We have used this design in our

information recovery algorithm to skip the missing data point due to slow-sampling. Third,

we have the freedom to design what value to be assigned to each fixed parameter. Special

designed values can add noise filtering capability to the information recovery algorithm. We

will discuss more in the next chapter.
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Chapter 3

INFORMATION RECOVERY AND BEYOND-NYQUIST
DISTURBANCE REJECTION

In this chapter, we discuss information recovery algorithms that can recover a fast-

sampled signal from slow-sampled one. We will first introduce the basic information recovery

algorithm and it’s application to disturbance compensation control in section 3.1. This basic

information recovery algorithm is based on a special structure design of the re-parameterized

autoregressive model. If the disturbance is a narrow-band signal, Section 3.2 proposes a more

complicated information recovery algorithm that has the additional noise filtering capability.

Section 3.3 will discuss information recovery from two slow-sampled signals collected from

two sensors with different sampling speeds.

3.1 Rejecting beyond-Nyquist disturbances with the information recovery al-
gorithm

Our initial idea of information recovery comes from the controller design for compensating

disturbances with high frequency components. A fundamental challenge arises in feedback

control if the sampling of the output is not fast enough to capture the major frequency

components of the disturbances—or more specifically, when significant disturbances occur

beyond Nyquist frequency. Consider the system in Fig. 3.1, where the solid and dashed

lines represent, respectively, continuous- and discrete-time signal flows. The main elements

here include the continuous-time plant Pc (s), the sampler S at a sampling time of Ts sec,

the discrete-time controller C (z), and the signal holder H . Given the common hardware

complication and the theoretical limitation [38] of generalized hold functions, we assume that

the DAC implements a ZOH throughout the discussion.

The control system is subject to external disturbance dc. An example of such disturbance
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Figure 3.1: Block diagram of a sampled-data control system.

is the external forces applied to the read/write head of a hard disk drive due to mechanical

vibration. Under the assumption that the sampling rate of feedback sensor is sufficiently

high, state-of-the-art single-rate high-gain control [2] has been shown successful. However,

when the feedback sensor’s sampling rate is limited due to, for example, hardware limitations

or time requirements for data processing, the performance of single-rate controls will be

downgraded. Research [39] has shown that if the disturbance is near or beyond the Nyquist

frequency (i.e., half of the sensor’s sampling frequency), the single-rate control is actually

amplifying the disturbance, instead of compensating it.

To overcome this fundamental challenge, we provide a mixed-rate feedback solution for

the missing piece of exact disturbance rejection at frequencies beyond the Nyquist limitation.

This is achieved by the introduction of a multirate forward-model disturbance observer (MR-

FMDOB) that enables full rejection of structured disturbances at both the sampling and any

uniformly spaced inter-sample instances. Built on top of a baseline controller at the regular

sampling time of Ts, such an exact compensation scheme constructs an internal feedback loop

implemented at a higher sampling rate, where the inter-sample signals are constructed with

model-based prediction using the slow Ts-sampled data. Integrating features of all-stabilizing

control parameterization [40, 41], the internal add-on loop guarantees the overall closed-

loop stability and offers the convenience of being decoupled from the design of the baseline

sub-Nyquist controller. Similar to [42], an internal model of the disturbance is implicitly
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integrated in the inner loop. The major differences here are the decoupled design of the

fast-rate MR-FMDOB from the slow-rate baseline feedback control, and the all-stabilizing

based observer structure that preserves features of the baseline servo. These properties

enable additional design features such as adaptive control in the baseline or the multirate

compensator, and are also useful for applications where the existing baseline servo has special

features that are required to be preserved.

This section provides a discrete-time regulation scheme for exact sampled-data rejection

of disturbances beyond Nyquist frequency. By introducing a model-based multirate predictor

and a forward-model disturbance observer, we show that the intersample disturbances can

be fully attenuated despite the limitations in sampling and sensing.

3.1.1 Multirate forward-model disturbance observer

Fig. 3.2 shows the proposed servo scheme for disturbance rejection beyond Nyquist frequency.

Two groups of discrete signals are present, with their different sampling rates indicated by

the dashed (slower) and dotted (faster) signal flows.

Figure 3.2: The proposed multirate disturbance rejection scheme.

In the block diagram, the upsampler (between uL[n] and u[n]) generates a fast signal u[n]
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at a sampling time of Ts/L. The upsampled signal then passes through a Ts/L-based ZOH,

with a transfer function HL(s) = (1− e−sTs/L)/s.

The beyond-Nyquist disturbance rejection consists of two fast-sampling transfer functions

Q(z) and P̂d(z), a downsampling operator, and a model-based information recovery block

(MR) inbetween the downsampler and Q(z). In the subsequent derivations, we show that

although yd[n] only contains information sampled at Ts, the inter-sample information in dc(t)

can be fully reconstructed with MR in Fig. 3.2, if dc(t) satisfies a disturbance model; and

in that case, c[n]—the output of Q(z)—can fully remove the effect of the beyond-Nyquist

sampled disturbance at a fast sampling period of Ts/L.

If the sampling time in Fig. 3.2 were Ts/L, the focused signal is the sampled output, and

the downsampler and the MR block were removed, then the top part of the block diagram

is equivalent to the structure in Fig. 3.3. Here, Pd(z) is the ZOH equivalent of Pc(s), with a

fast sampling time Ts/L; d[n](, dc(nTs/L)) and y[n] are the Ts/L–sampled disturbance and

the plant output, respectively.

Figure 3.3: The proposed forward-model disturbance observer

The disturbance compensation structure is branched from internal model control (IMC)

[43], a special case of Youla-Kucera/all-stabilizing parameterization [44]. Compared with a

standard IMC, the major difference here is that u[n]—the command external to the local

feedback loop—is injected before the plant instead of serving as a reference before Q(z). The
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resulting output satisfies, after some block-diagram algebra,

Y (z) = Pd(z)U(z) + (1− Pd(z)Q(z))D(z), (3.1)

where the relationship between u[n] and the output remains intact as if the local feedback

does not exist; and additional dynamics is introduced between d[n] and y[n]. The first

property allows the design of the local feedback to be separated from that of the baseline

control command uL[n]. In other words, the design of QL(z) is decoupled from that of C(z) in

Fig. 3.2. The second property enables a disturbance estimation and cancellation scheme. In

more details, with the forward plant model in the center of Fig. 3.3, block diagram analysis

gives that the input to Q(z) is

Y (z)− Pd(z)Ũ(z) =
(
���

���Pd(z)Ũ(z) +D(z)
)
���

���
�

−Pd(z)Ũ(z),

i.e. d[n] in time domain. This disturbance estimation is then processed by the cancellation

filter Q(z) to be discussed in the remainder of this subsection. Based on the above intuitions,

we will hereafter refer to the proposed scheme in Fig. 3.3 the forward-model disturbance

observer (FMDOB).

The FMDOB has the same characteristic equation as IMC, since changing the alloca-

tion of input signals does not alter closed-loop stability. Hence FMDOB shares the same

advantageous property of guaranteed stability as in IMC [43], if Q(z) and Pd(z) are stable.

With the stability property and the decoupled design principle, we now use the affine

Q parameterization 1 − Pd(z)Q(z) to design Q(z) for disturbance rejection. Observe the

structure of 1− Pd(z)Q(z). To achieve an exact rejection of the disturbance at a particular

frequency ωo in (3.1), it must be that

1− Pd(ejωo)Q(ejωo) = 0. (3.2)

Let ϕ be the phase of Pd(e
jωo) at ωo. (3.2) is equivalent to:

|Q(ejωo)| = 1

|Pd(ejωo)|
, phase(Q(ejωo)) = −ϕ. (3.3)

In other words, Q(ejωo) = Pd(e
jωo)−1 so that Q(z) inverts the dynamics of Pd(z) at ωo.

1

1We assume that the plant does not have a null gain at ωo.
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Recall that Q(z) must be stable. Certainly, unless for special minimum-phase plants with

a relative degree of zero, it is not feasible to always assign an exact full inversion Pd(z)−1

to Q(z) due to instability and non-properness. In addition, when ω 6= ωo, the magnitude

of 1 − Pd(ejω)Q(ejω) must be maintained small to avoid amplification of other components

in d[n]. The following proposition achieves a point-wise stable inversion while providing the

needed small gain to |1− Pd(ejω)Q(ejω)| for ω 6= ωo.

Let 1/(2Ts) < Ωo < L/(2Ts) (in Hz) and ωo = 2πΩoTs/L be the frequency of a major

disturbance component beyond the baseline Nyquist frequency, 1/(2Ts) Hz, in Fig. 3.2. Let

ϕ = phase(Pd(e
jωo)) be the phase response of the Ts/L–sampled discrete-time plant at ωo;

and assume that Pd(e
jωo) 6= 0 (otherwise no feedback design can achieve the disturbance

rejection). We design the structure of filter Q(z) to be

Q(z) = gQo(z)(b0 + b1z
−1), (3.4)

with g ∈ [0, 1], and

b0 =
cosϕ− sinϕ cotωo

|Pd(ejωo)|
, b1 =

1

|Pd(ejωo)|
sinϕ

sinωo
; (3.5)

Qo(z) =
1

2

(1− k2)(1 + z−1)(1− z−1)
1 + k1(1 + k2)z−1 + k2z−2

, k1 = − cosωo. (3.6)

It can be proven [34] that such Q(z) design satisfies the following three properties.

1. 1 − Pd(z)Q(z) in (3.1) equals 1 − g g=1
= 0 at ωo and can be controlled to have almost

unity gain at other frequencies—in other words, the feedback system in Fig. 3.3 fully

rejects all disturbances at ωo at the sampling instances when g = 1, while maintaining

the system dynamics at other frequencies.

2. Amplification at ω 6= ωo, if any, is controlled by choosing

k2 =
1− tan(πBwTs

L
)

1 + tan(πBwTs
L

)
(3.7)

and g, where Bw (in Hz) is the 3-dB disturbance-rejection bandwidth of Qo(z) centered

around ωo.
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3. The overall magnitude of 1− Pd(ejω)Q(ejω) satisfies∫ π

0

ln |1− Pd(ejω)Q(ejω)|dω = π

(
nγ∑
i=1

ln |γi| − ln |σ + 1|

)
, (3.8)

where {γi}nγi=1 (nγ ≥ 0) is the set of unstable zeros of 1 − Pd(z)Q(z) ({γi}nγi=1 , ∅ if

nγ = 0), and

σ = lim
z→∞

Pd(z)Q(z)/(1− Pd(z)Q(z)).

3.1.2 Model-based information recovery

In this subsection, design of the MR block in Fig. 3.2 is provided, to establish the equivalence

of the MR-FMDOB to the fast-rate FMDOB in Fig. 3.3.

Recall that the input toQ(z) in Fig. 3.3 is an estimate of d[n]; while the input to MR is the

slow Ts–sampled dL[n]. The next result shows that if d[n] satisfies an autoregressive model,

d[n] can be recovered from dL[n]. Intuitively, with such a signal model, inter-sample values

of the disturbance can be reconstructed by using the historical data. We first provide the

general case of the information recovery, then present an example that specifically addresses

prediction at a particular frequency.

Theorem 3.1. If there exists an autoregressive model A(z−1) for d[n], we show that d[n] can

be fully recovered from the slowly sampled dL[n] by

d[nL] = dL[n] (3.9)

and for k = 1, 2, ..., L− 1,

d[nL+ k] = Wk(z
−1)dL[n] (3.10)

= wk,0dL[n] + wk,1dL[n− 1] + · · ·+ wk,nwkdL[n− nwk ] (3.11)

where nwk is the order of Wk(z
−1). The minimum required order for Wk(z

−1) is n∗wk = m−1,

in which case the coefficients of Wk(z
−1) = wk,0 + wk,1z

−1 + · · · + wk,m−1z
−m+1 come from
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the unique solution of

Mk



fk,1
...

fk,L(m−1)−m+k

wk,0
...

wk,m−1


= −



a1

a2
...

am

0
...

0


, (3.12)

Mk ,
[
M̃k ek ek+L . . . ek+(m−1)L

]
(3.13)

∈ R[L(m−1)+k]×[L(m−1)+k], (3.14)

where ej is the elemental column vector whose entries are all zero except for the j-th entry,

which equals 1; and M̃k is

M̃k ,



1 0 . . . 0

a1
. . . . . .

...
...

. . . . . . 0

am
. . . . . . 1

0
. . . . . . a1

...
. . . . . .

...

0 . . . 0 am


[L(m−1)+k]×[L(m−1)−m+k].

(3.15)

Proof. See A.1.

Connection to autoregressive model re-parameterization: Note that Theorem 3.1 can

be viewed as a special form of Theorem 2.2, under the problem configuration of information

recovery. Eq. 3.11 defines the structure of the new autoregressive model.

Transient response: It is recognized that Wk(z
−1) is a finite-impulse-response filter. The

transient of the reconstruction process in (3.11) equals nwk discrete time steps, which is

usually very fast compared to the transient of the feedback servo control.
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Corollary 3.1. ∀φ ∈ R and 1/(2Ts) < Ωo < 1/Ts, let dc(t) = cos(2πΩot + φ). Let the

analog signal be sampled at Ts, i.e., Ωo is in between the Nyquist frequency and the sampling

frequency. The beyond-Nyquist information can be fully recovered by letting ωo = 2πΩoTs/L,

L = 2, and reconstructing the Ts/L-sampled dL[n] = cos(ωon+ φ) with

dL[2n] = d[n] = dc(nTs), (3.16)

dL[2n + 1] =

(
2 cosωo −

1

2 cosωo

)
d[n]− 1

2 cosωo
d[n− 1]. (3.17)

Proof. Ωo is below the new Nyquist frequency corresponding to the sampling time of Ts/2.

Based on Shannon’s sampling theory, L = 2 is sufficient for dL[n] to recover the analog

information. For dL[n] = cos(ωon+ φ), we have, from the table of Z transform,

dL[n] =
(1− z−1 cosωo) cosφ− z−1 sinωo sinφ

1− 2z−1 cosωo + z−2
δ[n];

and hence A(z−1) = 1 + a1z
−1 + a2z

−2 = 1 − 2 cosωoz
−1 + z−2, as A(z−1)dL[n] = (1 −

z−1 cosωo) cosφδ[n] − sinωo sinφδ[n − 1] = 0 ∀n ≥ 2. Apply Theorem 3.1 with m = 2 in

A(z−1) and L = 2. Only one intersample point needs to be reconstructed, i.e., k = 1 in

(3.11). The constrained Diophantine equation becomes

A(z−1)F (z−1) + z−1W (z−2) = 1, (3.18)

and (3.12) is 
1 1 0

a1 0 0

a2 0 1



f1

w0

w1

+


a1

a2

0

 =


0

0

0

 , (3.19)

which gives dL[2n+ 1] = w0d[n] + w1d[n− 1] in (3.17).

3.1.3 Numerical verification

Consider a plant Pc(s) = 3.74488×109e−0.01s/(s2 +565.5s+319775.2), which is the model of

a high-precision linear stage used in semiconductor manufacturing. Let the sampling time be
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limited at Ts = 1/2640 second, and the baseline discrete-time controller be a PID controller

C(z) = kp + ki/(z − 1) + kd(z − 1)/z with kp = 1/13320, ki = 1/33300, and kd = 1/2775.

Plotting the closed-loop discrete-time sensitivity function reveals that such a baseline design

provides a common discrete-time loop shape with sufficient gain and phase margins.

Continuous-time vibrations are applied to the plant, above Nyquist frequency. For con-

venience of illustration, we denote ΩN(=1320 Hz) as the Nyquist frequency. To see the

limitation (and danger) of sub-Nyquist design in this case, the narrow-band disturbance

observer [45] is applied on top of the PID controller, to enable infinite-gain control at se-

lective frequencies below ΩN . Such a design provides perfect compensation of sinusoidal

signals below Nyquist frequency, and is termed 1x compensation. Fig. 3.4 presents the cor-

responding plant output. When the disturbance occurs at 2376 Hz (i.e. 1.8ΩN), although

the sub-Nyquist servo enhancement enforces the Ts-sampled output to converge to zero in

Fig. 3.4a, the actual output is significantly amplified. The 3σ (σ is the standard deviation)

value of the Ts/2-sampled output increased from 15.71 to 20.96, yielding more than 130%

of error amplification. To reveal more details in the error amplification, Fig. 3.4c shows

the spectrum of the output sampled at Ts/2 sec. Two peaks are present in each spectral

plot: the second revealing the energy of the actual disturbance; while the first—symmetric

to the second peak with respect to ΩN—comes from the aliased disturbance component be-

low Nyquist frequency. After aliasing below Nyquist frequency, the two peaks with opposite

phase values are canceled to yield the deceiving zero steady state value in Fig. 3.4a. Yet, the

output energy in the top plot of Fig. 3.4c is actually increased, as the sub-Nyquist design

did not target at the true disturbance spectrum beyond ΩN .

In Table 3.1, a series of disturbances at frequencies between ΩN and 2ΩN are applied to

the plant. Based on the 3σ value of the output, the largest servo degradation under sub-

Nyquist high-gain control occurred when the disturbance frequency is closest to the Nyquist

frequency, where the tracking errors get amplified by 165.12% compared to the baseline

value.

Figure 3.5 shows an example of the time-domain signal recovery by the MR algorithm.



25

0 0.02 0.04 0.06 0.08 0.1
−10

−5

0

5

10

Time (sec)

N
or

m
al

iz
ed

 o
ut

pu
t

Sampled output (sampling time:  Ts)

 

 
1x compensation off: 3σ =  17.2544
1x compensation on: 3σ = 0.61329

(a) output sampled at Ts.

0.08 0.082 0.084 0.086 0.088 0.09 0.092 0.094 0.096 0.098 0.1
Time (sec)

-15

-10

-5

0

5

10

15

N
or

m
al

iz
ed

 o
ut

pu
t

1x compensation off: 3< =  15.7115
1x compensation on: 3< = 20.9562

(b) output sampled at Ts/2.

0 500 1000 1500 2000 2500
0

2

4

6

8

N
or

m
al

iz
ed

 a
m

pl
itu

de

1x compensation on

0 500 1000 1500 2000 2500
Frequency (Hz)

0

2

4

6

8

N
or

m
al

iz
ed

 a
m

pl
itu

de

1x compensation off

(c) Fast Fourier Transform (FFT) of yc(t) sampled at Ts/2.

Figure 3.4: Plant output for the case with disturbance at 1.8ΩN .

Here, the actual harmonic signal is plotted in ∗ at a fast sampling time of Ts/2; the measured

signal is plotted in the solid black line marked by circles. Under the limited sensing, the MR

successfully reconstructed the hidden fast data (marked in rectangular) at the intersample

instances.

3.2 Information recovery for narrow-band signals

In section, we focused on a more specific problem of recovering fast-sampled narrow-band

signals from slow sampled ones. The narrow-band signals are those that contains only

narrow spikes in its frequency domain. Mathematically, the extreme narrow-band signals
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Table 3.1: Servo degradation w.r.t. different disturbances: yc(t) sampled at Ts/20.

disturbance frequency

3σ value of y

amplification1x compensation

off on

1.3ΩN 14.76 24.37 165.12%

1.7ΩN 15.25 21.01 137.72%

1.8ΩN 15.71 20.96 133.38%

1.9ΩN 17.39 20.94 120.38%

are summations of sinusoidal signals. That is,

dc(t) =
m∑
i=1

λisin(2πfit+ φi) (3.20)

Signals in this formula are common in system where there are periodic movements or

physical vibrations. For example, in the beam steering system for selective laser sintering

process, a galvo scanner is placed before an optical focusing system (e.g., an F-theta Lens) so

that the laser bean maintains uniform energy density ans much as possible across the entire

material surface (see Figure 3.6). During the sintering process, vibration of the optical

system could greatly downgrade the accuracy of the beam positioning accuracy and thus

affect the quality of the sintered part [35]. To reject such disturbances, a camera is used to

provide real-time position feedback of the beam position. A special designed forward model

disturbance observer then separates the disturbance signal from the position measurements.

However, due to the slow sampling speed of the camera sensor, the sampling rate of the

observed disturbance is inadequate to ensure a good disturbance rejection outcome. With

the algorithms of recovering fast-sampled narrow-band signals, we have opened the control

system’s abilities to reject high-frequency disturbances under slow vision feedback.
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Figure 3.5: Time trace of MMP based data recovery.

3.2.1 Forward-model disturbance observer for narrow-band signals

Section 3.1 provided the block diagram of forward-model disturbance observer (FMDOB)

(see Fig. 3.3) and the design of Q(z) filter for disturbances with a single frequency. In this

section, we extend the filter design to include disturbances with multiple frequencies.

Theorem 3.2. Let Ts be the sampling time in Fig. 3.3 and {ωi = 2πfiTs}i=1,2,...,m be a set of

frequencies in rad/sec at which disturbance rejection is desired. Let Pd(ejωi) be the frequency

response of Pd(z) at ωi, and assume that |Pd(ejωi)| 6= 0, i = 1, 2, . . . ,m.2 Let p = 2m − 1,

and

Q(z) = Q0(z)(q0 + q1z
−1 + · · ·+ qpz

−p), (3.21)

2Otherwise the plant will not respond to input at the target frequencies. That is, input disturbance at
ωi will not impact the plant output (inherently rejected), and output disturbance at ωi will be immune to
feedback controls because the plant does not pass through any signal components at the target frequency.
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Figure 3.6: Galvo scanner system in selective laser sintering process.

with


q0
...

qp

 =



1 cosω1 · · · cospωp

0 sinω1 · · · sinpωp
...

...
. . .

...
...

...
. . .

...

1 cosωp · · · cospωp

0 sinωp · · · sinpωp



−1 

RPd(e
jω1 )

|Pd(ejω1 )|2

IPd(e
jω1 )

|Pd(ejω1 )|2
...
...

RPd(e
jωp )

|Pd(ejωp )|2

IPd(e
jωp )

|Pd(ejωp )|2


, (3.22)

Q0(z) = 1−
m∏
i=1

(
1

2

1 + 2k1,i(1 + k2,i)z
−1 + (1 + k2,i)z

−2

1 + k1,i(1 + k2,i)z−1 + k2,iz−2

)
, (3.23)

where RPd and IPd are the real part and imaginary part of Pd(ejωi), and

k1,i = −cos(ωi), (3.24)

k2,i =
1− tan(πΩiTs)

1 + tan(πΩiTs)
. (3.25)

Then Eq. (3.2) holds for each ωi, and the amplification at ω 6= ωi is controllable by choosing

Ωi, the 3-dB disturbance-rejection bandwidth of Q0(z) centered around ωi.

Proof. see A.2.
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3.2.2 Narrow-band signal recovery with the model-based predictor

Before we start discussing the model-based predictor, it is necessary to clarify that there

exist some special cases in theory where the fast-sampled signal is actually not recoverable.

Those signals all contains frequencies in the singular frequency set.

Singular frequency set. For narrow-band signals that has m frequency components, a

frequency distribution f = (f1, f2, . . . , fm) can be considered as a point in an m-dimension

space Rm. Let the slow sampling rate be fss, the singular set consists of a group of frequency

configurations defined as

σ =
{
f ∈ Rm ∃fi, fj, s.t. fi = nfss/2, or fi ± fj = nfss

}
, (3.26)

where n ∈ Z, i 6= j and i, j ∈ {1, 2, . . . ,m}.

For example, let the slow sampling rate be fss = 2kHz. Then a frequency distribution f =

(0.6kHz, 2kHz) belongs to the singular frequency set because it has a frequency component

(i.e f2 = 2kHz) at an integer multiple of fss/2. A frequency distribution f = (0.3kHz, 1.7kHz)

also belongs to the singular frequency set because f1 + f2 = fss. In general, two scenarios

contribute to a singular frequency case. The first case arises when the disturbance has one

or more frequency components at the Nyquist frequency of the slow sensor (i.e., fss/2), or

its integer multiplications. In this case, there is a DC component in the frequency domain,

and the intersample signal is not recoverable without its amplitude information. The second

case arises when f contains pairs of frequency components in which one frequency is the

alias of the other when sampled at the slow sensor speed. Thus their time-domain signals

are fused together, and amplitude information of individual components is also needed to

decouple them.

If the frequencies of the narrow-band signals are out of the singular frequency set, a fast

signal measurements can be reconstructed by the slowly sampled dL[n] using model-based

filtering, as is discussed next. Assume a multi-band signal dc(t) defined by Eq. (3.20) has m

frequency components f = ( f1 f2 . . . fm) /∈ σ . dL [n] = dc(nLTs) is the slow-sampled

signal with sampling time LTs, L ∈ Z+. This subsection provides the proposed approach to
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recover a fast-sampled signal d [n] = dc(nTs) with sampling time Ts.

Because the fast sampling time divides the slow sampling time, every L-th sample of d[n]

can be obtained from dL[n] directly, i.e.

d[nL] = dL[n] (3.27)

We show that the k-th intersample signal (k = 1, 2, . . . , L− 1) between d[nL] and d[(n+

1)L] (denoted as yk[n] , d[nL+ k]) can be recovered by

yk[n] = wT
k ·ϕd[n]− bT ·ϕy[n]. (3.28)

where ϕd[n] and ϕy[n] are data vectors defined as

ϕd[n] , [dL[n], dL[n− 1], · · · , dL[n− (2m− 1)]]T , (3.29)

ϕy[n] , [yk[n− 1], yk[n− 2], · · · , yk[n− 2m]]T . (3.30)

wk and b are predictor parameter vectors

wk ,
[
wk,0, wk,1, · · · , wk,(2m−1)

]T
, (3.31)

b , [b1, b2, · · · , b2m]T . (3.32)

The parameter vector b is composed of the coefficients of polynomial B(z−1) = 1 + b1z
−1 +

· · ·+ b2mz
−2m which is computed from expanding the product

B(z−1) =
m∏
i=1

(1− 2αcos(2πfiLTs)z
−1 + α2z−2), (3.33)

where α ∈ (0, 1) is a design parameter and z−1 is the one step delay operator.

The prediction formula (Eq. (3.28)) computes the k-th intersample yk by a linear com-

bination of 2m consecutive samples from dL[n], as well as by a linear combination of 2m

previous predictions about yk. The parameters b can be calculated by Eq. (3.33). The

algorithm of obtaining vector wk is provided in the following theorem.
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Theorem 3.3. Given the above definitions, d[n] can be fully recovered from dL[n] by Eqs.

(3.27) and (3.28), if f is not in the singular frequency set and wk is from the solution of

Mk



hk,1
...

hk,2m(L−1)

wk,0
...

wk,2m−1


= −



a1

a2
...

a2m

0
...

0


+ b̄, (3.34)

Mk
4
= [ M̃k | ek ek+L · · · ek+(2m−1)L] , (3.35)

where Mk is a square matrix with a dimension of 2mL × 2mL; ej is the elemental column

vector whose entries are all zero except for the j-th entry, which equals 1; and

M̃k
4
=



1 0 . . . 0

a1
. . . . . .

...
...

. . . . . . 0

a2m
. . . . . . 1

0
. . . . . . a1

...
. . . . . .

...

0 . . . 0 a2m


2mL×2m(L−1).

(3.36)

Parameters [a1, a2, · · · , a2m] in Eqs. (3.34) and (3.36) come from the autoregressive model

A(z−1) = 1 + a1z
−1 + a2z

−2 + · · ·+ a2mz
−2m, which is computed by expanding

A(z−1) =
m∏
i=1

(1− 2cos(2πfiTs)z
−1 + z−2). (3.37)

The column vector b̄ in the rightmost of Eq. (3.34) contains all zeros, except for the

L, 2L, · · · , 2mL-th entries, which equal b1, b2, · · · , b2m.
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Proof. See A.3.

Connection to autoregressive model re-parameterization: Note that Theorem 3.3

can also be viewed as a special form of Theorem 2.2. Equation (3.28) defines the structure

of the new autoregressive model. The fixed/assigned parameters are collected in vector bT .

The remaining parameters are in vector wT
k , which will be solved by the system of linear

equation (3.34).

3.2.3 Choosing of the design parameter

Note that the intersample signals yk[n] are computed from not only the weighted sum of

d[n], but also the historical prediction values. In Eq. (3.33), α determines the weighting of

input signals (sensor measurements) and historical prediction signals. As α gets closer to 1,

the predictor will be more dependent on the historical predictions rather than input signals,

thus less sensitive to the input noise (see Fig. 3.7a). As a trade-off, a predictor with larger

α has a slower converging speed (see Fig. 3.7b). In Fig. 3.7, the slow sensor sampling speed

is limited to Ts = 0.8ms, and L = 3. The disturbance has three bands at f1 = 187.5Hz,

f2 = 812.5Hz and f3 = 1125Hz, two of which (red dashed lines) are beyond the Nyquist

frequency (fN = 625Hz). The data vectors ϕd and ϕy are initialed as zero vectors.

In this subsection, we discuss the effect of varying the design parameter α in Eq. (3.33).

To get more insights in choosing α, one can derive the transfer function from dL[n] to yk[n]

based on Eq. (3.28):

W ∗
k (z) =

wk,0 + wk,1z
−1 + · · ·+ wk,(2m−1)z

−(2m−1)

1 + b1z−1 + · · ·+ b2mz−2m
, (3.38)

where the denominator is computed by Eq. (3.33), and the numerator can be solved by

Eq. (3.34). Because filter W ∗
k (z) have an infinite-input response (IIR) structure, we call this

design an IIR predictor. Without the denominator, W ∗
k (z) will be an finite-input response

(FIR) predictor. Fig. 3.8 shows the bode plot of W ∗
k (z) with respect to different α’s. Here,

the configuration is the same as Fig 3.7. As is shown in the figure, a smaller α leads to a larger
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Figure 3.7: Prediction error of IIR (α = 0.95) and FIR (α = 0) predictor.

magnitude response. In the extreme case, if α = 0, then the denominator of transfer function

W ∗
k (z) becomes 1. Consequently, the predictor reduces to an FIR structure with a magnitude

response above 0dB, and the predictions are purely dependent on input signals. Therefore,

an IIR predictor with a larger α is more robust to input noise; an FIR predictor is most

sensitive to input noise. In practice, in order to reduce the influence of measurement noise

and increase the prediction accuracy, α is recommended to be chosen closer to 1, e.g, starting

with α = 0.9. The value can be further increased when dealing with noisy applications.



34

200 400 600 800 1000 1200 1400
-40

-20

0

20
M

ag
ni

tu
de

 (
db

)
 = 0.95
 = 0.8
 = 0.5

FIR predictor

200 400 600 800 1000 1200 1400

Frequency (Hz)

-500

0

500

1000

P
ha

se
 (

de
g)

f
1
 = 187.5Hz

Nyquist
frequency 
=625Hz

f
3
 = 1125Hz

f
2
 = 812.5Hz

Increasing 

Figure 3.8: Bode plot of the IIR and FIR predictor.

3.2.4 Decoupled Solution Form and Computation Reduction

In Theorem 3.3, the dimension of M k is scaled by the number of frequency components m

and downsampling ratio L. When m and L are large, solving high-dimension linear system

equations could be computationally expensive. However, it turns out that instead of solving

Eq. (3.34), the predictor parameters can be solved from an equivalent form with reduced

computation cost.

Let the augmented matrix3 of system Eq. (3.34) be M̄ = [ M k b ], where b is the

summation of vectors on the right side of Eq. (3.34). Observing the sparse structure of the

elemental vectors {ek, · · · , ek+(2m−1)L} in M k in Eq. (3.35), we can swap rows of M̄ to

yield, without changing the solutions to the associated linear system,

M̄ =

 A2m×2m(L−1) I2m×2m b1

B2m(L−1)×2m(L−1) 02m(L−1)×2m b2

 , (3.39)

where I is an identity matrix, 0 is a zero matrix, b1 and b2 are column vectors with length

3Given a linear system equation Ax = b, the augmented matrix is defined as Ā = [A | b].
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2m and length 2m(L− 1). Let hk = [ hk,1 . . . hk,2m(L−1) ]T , wk = [ wk,0 . . . wk,2m−1 ]T ,

then an equivalent form of Eq. (3.34) is A I

B 0

 hk

wk

 =

 b1

b2

 , (3.40)

or,

Bhk = b2, (3.41)

wk = −Ahk + b1. (3.42)

This suggests that one can solve system Eq. (3.41) first, then the predictor parameters wk

can be computed by a direct matrix-vector multiplication and a vector addition in Eq. (3.42).

For a better understanding of procedures of designing the IIR predictor, we give a step-by-

step example. Consider the case where the disturbance contains one frequency component

(i.e. m = 1) at f = 1.2kHz, and the fast sampling rate is fsf = 3kHz. Without loss of

generality, let the feedback sensor’s sampling rate be fsmax = 1.2kHz, which is not fast enough

because the disturbance occurs beyond the Nyquist frequency fN = fsmax/2 = 0.6kHz. The

proposed procedure for designing the predictor is as follows:

Choose L. This relates to fss, the sampling rate of the slow sensor, by the relationship

L = fsf/fss. Also, fss must be smaller than fsmax. The minimum L is then given by

Lmin = dfsf/fsmaxe = 3. Here, we choose L = Lmin = 3 as an example.

Define predictor structure. The predictor is defined as (cf. Section 3.2.2)

d[3n] = dL[n], (3.43)

d[3n+ 1] = w1,0dL[n] + w1,1dL[n− 1]− b1y1[n− 1]− b2y1[n− 2], (3.44)

d[3n+ 2] = w2,0dL[n] + w2,1dL[n− 1]− b1y2[n− 1]− b2y2[n− 2]. (3.45)

where y1[n] = d[3n+ 1] and y2[n] = d[3n+ 2].

Compute parameters. Use Eq. (3.37) and Eq. (3.33) to obtain ai’s and bi’s: a1 =

−2cos(2πfTs), a2 = 1, b1 = −2αcos(6πfTs), b2 = α2.
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Obtain [w1,0, w1,1]. From Eqs. (3.34-3.36), construct

1 0 0 0 1 0

a1 1 0 0 0 0

a2 a1 1 0 0 0

0 a2 a1 1 0 1

0 0 a2 a1 0 0

0 0 0 a2 0 0





h1,1

h1,2

h1,3

h1,4

w1,0

w1,1


=



a1

a2

b1

0

0

b2


. (3.46)

Parameters w1,0 and w1,1 come from the unique solution of Eq. (3.46). Reorganizing the

rows of corresponding augmented matrix yields

M̃ =



1 0 0 0 1 0 a1

0 a2 a1 1 0 1 0

a1 1 0 0 0 0 a2

a2 a1 1 0 0 0 b1

0 0 a2 a1 0 0 0

0 0 0 a2 0 0 b2


. (3.47)

Then w1,0, w1,1 are given by

 w1,0

w1,1

 = −

 1 0 0 0

0 a2 a1 1



h1,1

h1,2

h1,3

h1,4

+

 a1

0

 , (3.48)

where 
h1,1

h1,2

h1,3

h1,4

 =


a1 1 0 0

a2 a1 1 0

0 0 a2 a1

0 0 0 a2



−1 
a2

b1

0

b2

 . (3.49)
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Obtain [w2,0, w2,1]. Following the same procedure as the last step, we have

 w2,0

w2,1

 = −

 a1 1 0 0

0 0 a2 a1



h2,1

h2,2

h2,3

h2,4

+

 a2

0

 , (3.50)

where 
h2,1

h2,2

h2,3

h2,4

 =


1 0 0 0

a2 a1 1 0

0 a2 a1 1

0 0 0 a2



−1 
a1

b1

0

b2

 . (3.51)

3.2.5 Numerical verification

Consider the slow sampling time to be 0.3 milliseconds. Then the Nyquist frequency fN =

1667 Hz. In simulation, the disturbance d has three frequency components at 0.8fN , 1.6fN

and 2.3fN , respectively. The fast and slow sampling rates are fsf = 10kHz and fss =

10/3kHz, respectively. Following the example procedure in section 3.2.4, we obtain parameter

b in (3.33):

b =
[
−0.1668 0.7440 0.7068 0.6715 −0.1359 0.7351

]
.

and parameters w1 and w2:

w1 =
[
−0.0365 −0.0877 0.1119 −0.1501 −0.0110 0.1043

]
,

w2 =
[
−0.0688 −0.0045 0.1522 −0.1023 0.0903 −0.0051

]
.

Fig. 3.9 shows the time-domain disturbance reconstruction results by the IIR predictor.

The dotted line represents the real-time disturbance signal. The slowly measured distur-

bance samples are marked with cross symbols, and the reconstructed disturbance samples

are marked with circle symbols. In the simulation, we added a white noise with a noise level

of 4% to the input of IIR predictor. The predictor successfully recovered the intersample

data from the noisy and slow-sampled signal.
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Figure 3.9: Disturbance reconstruction results by IIR predictor with α = 0.95.

3.3 Information recovery from collaborative sensors

This section considers the real-time recovery of a fast time series by using sparsely sam-

pled measurements from sensors whose sampling speeds are prohibitively slow originally.

Specifically, when the fast signal is an autoregressive process, we propose an online infor-

mation recovery algorithm that reconstructs the dense underlying temporal dynamics fully

by systematically modulating two slow sensors, and by exploiting a model-based fusion of

the sparsely collected data. More precisely speaking, we consider the case when d[n] is a

known autoregressive process and propose to obtain the sparsely sampled measurements

from two sensors S1 and S2 with slow sampling periods MT and NT . The integers M and

N are greater than one and M 6= N . This signal-reconstruction method is made possible by

elaborately designing and re-parameterizing the autoregressive model of d[n]

3.3.1 Collaborative sensing modeling

Let d[n] be a discrete time sequence with sampling time T , dM [n] and dN [n] be the discrete

measurements from two sensors S1 and S2 with sampling times MT and NT , respectively.
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The following direct connections hold:

dX [n]↔ d[Xn], X = M or N. (3.52)

In order to better describe the collaborative sampling process, we divide d[n] into a list

of subsequences {bi}i=1,2,3,..., where bi is referred to as the i-th batch in d[n]. Each batch

contains L consecutive data points in d[n], that is,

bi[k]↔ d[iL+ k], k = 1, 2, . . . , L, (3.53)

where bi[k] denotes the k-th data point in the i-th batch.

As a first result, when the batch size L is properly set, it can be shown that if the k-th

data point in a batch is equal and aligned to a data point in dM [n] (or dN [n]), then the k-th

data point in the next batch will be equal and aligned to another data point in dM [n] (or

dN [n]):

Lemma 3.1. Let the batch size L = LCM(M,N), if bi[k]↔ dX [n], then bi+1[k]↔ dX [n+k1],

where k1 = L/X and X = M or N .

Proof. If bi[k] ↔ dM [n], then combining (3.52) and (3.53), one can get d[iL + k] ↔ bi[k] ↔

dM [n] ↔ d[Mn], hence their time stamps are equal: t{d[iL + k]}/T = iL + k = Mn =

t{d[MN ]}/T. Then it can be shown that the time stamps of bi+1[k] and dM [n + L/M ] are

equal: t{bi+1[k]}/T = (i+ 1)L+ k = M(n+ L/M) = t{dM [n+ L/M ]}/T , where L/M is an

integer. In addition, bi+1[k] = d[iL + k + L] = d[M(n + L/M)] = dM [n + L/M ]. Thus we

have bi+1[k]↔ dM [n+ L/M ]. Analogously, bi+1[k]↔ dN [n+ L/N ] if bi[k]↔ dN [n].

Lemma 3.1 suggests that the connections between dM [n], dN [n] and d[n] are repeated

over batches (see Fig. 3.10), if the batch size L is chosen as LCM(M,N). This property of

repeated connections makes it possible to design a procedure to recover one batch of signal

points, then use the procedure repetitively to recover other batches. With this in mind, we

design our recovering algorithm under the following batch configurations.
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Figure 3.10: Connections between dM [n], dN [n] and d[n] when M = 2, N = 3 and L = 6.

Definition 3.1. A batch bi[k] (An example is shown in Fig. 3.10) is defined based on the

following rules:

1. The first data points in d[n], dM [n] and dN [n] are aligned in time, i.e., d[0]↔ dM [0]↔

dN [0].

2. The batch size L = LCM(M,N).

3. The last data point in a batch is aligned to both dM [n] and dN [n], i.e., bi[L]↔ dM [n1]↔

dN [n2].

With the definition above, a signal batch bi has the following properties:

1. There are L/M data points in a batch that are aligned to dM [n], with index k ∈ KM =

{M, 2M, 3M, . . . , L}.

2. There are L/N data points in a batch that are aligned to dN [n], with index k ∈ KN =

{N, 2N, 3N, . . . , L}.

3. There are L − L/M − L/N + 1 data points in a batch that are not aligned to either

dM [n] or dN [n]. This index set is denoted as

KU =
{
k ∈ Z+ | k < L,mod(k,M) 6= 0,mod(k,N) 6= 0

}
(3.54)
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For example, for M = 3 and N = 2, the batch size L = 6, KM = {3, 6}, KN = {2, 4, 6} and

KU = {1, 5}. In the case with M = 8 and N = 7, we have KM = {8, 16, 24, 32, 40, 48, 56},

KN = {7, 14, 21, 28, 35, 42, 49, 56} and 42 unmeasured data points exist in KU .

3.3.2 Signal recovery algorithm

If the time index of the fast underlying signal bi[k] is aligned to any of the sensor measure-

ments, i.e. k ∈ KM or KN , a direct measurement is available and no data recovery is needed.

However, if k ∈ KU , bi[k] is lost in the sampling process. The following theorem shows that

if d[n] satisfies an autoregressive model, the lost information can be recovered by combining

historical measurements form S1 and S2.

Theorem 3.4. Let dM [n], dN [n], d[n], and bi[k] be defined as described in section 3.3.1. If

there exists a polynomial A(z−1) = 1 +
∑m

i=1 aiz
−i (am 6= 0) such that A(z−1)d[n] = 0 at the

steady state, then the k-th data point in the i-th batch can be recovered by

bi[k] =

t1∑
i=0

wk,idM [n1 − i] +

t2∑
j=0

vk,jdN [n2 − j], (3.55)

where t1 and t2 are finite integers, n1 and n2 denote indices of dM and dN such that dM [n1]↔

dN [n2] ↔ bi−1[k] (such relationship is ensured by the third rule of Definition 3.1). The

unknown parameters wk,i’s and vk,j’s come from the solution to the following system of linear

equations

M k



fk,1
...

fk,l

wk,0
...

wk,t1

vk,0
...

vk,t2



=



−a1
−a2

...

−am
0

0
...

0



. (3.56)
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Here, l = max {t1M, t2N}+ k−m; M k is a matrix of dimension (l+m)× (l+ t1 + t2 + 2),

and is defined as

M k = [M̃ k ek ek+M . . . ek+t1M ek ek+N . . . ek+t2N ], (3.57)

where

M̃ k =



1 · · · 0

a1
. . .

...
...

. . . 0

am
. . . 1

0
. . . a1

...
. . .

...

0 · · · am


(l+m)×l

, (3.58)

and ei is the elemental column vector whose entries are all zeros except for the i-th entry,

which equals 1.

Proof. See A.4.

Consider an example with M = 3, N = 2 and A(z−1) = 1 + a1z
−1 + a2z

−2. The

model A(z−1) has an order of m = 2. Based on Definition 3.1, the batch size is chosen as

L = LCM(3, 2) = 6, then KU = {1, 5}. In the recovering process, data points with index

k ∈ KU in batches of d[n] will be recovered from (3.55). Here we choose t1 = t2 = 1 (there

are more discussions about choosing t1 and t2 in the following section), then the recovering

equations become:

bi[k] = wk,0d3[n1] + wk,1d3[n1 − 1]

+ vk,0d2[n2] + vk,1d2[n2 − 1], k = 1, 5. (3.59)

When k = 1, we have l = max {t1M, t2N} + k −m = 2. Then parameters w1,0, w1,1, v1,0,
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v1,1 can be obtained from the solution of


1 0 1 0 1 0

a1 1 0 0 0 0

a2 a1 0 0 0 1

0 a2 0 1 0 0





f1,1

f1,2

w1,0

w1,1

v1,0

v1,1


=


−a1
−a2

0

0

 . (3.60)

When k = 5 and l = max {t1M, t2N} + k −m = 6, parameters w5,0, w5,1, v5,0, v5,1 can be

obtained from the solution of



1 0 0 0 0 0 0 0 0 0

a1 1 0 0 0 0 0 0 0 0

a2 a1 1 0 0 0 0 0 0 0

0 a2 a1 1 0 0 0 0 0 0

0 0 a2 a1 1 0 1 0 1 0

0 0 0 a2 a1 1 0 0 0 0

0 0 0 0 a2 a1 0 0 0 1

0 0 0 0 0 a2 0 1 0 0





f5,1

f5,2

f5,3

f5,4

f5,5

f5,6

w5,0

w5,1

v5,0

v5,1



=



−a1
−a2

0

0

0

0

0

0



. (3.61)

3.3.3 Discussion

Minimal Historical Data Used in Recovery

In Theorem 3.4, (t1 + 1) data points from dM [n] and (t2 + 1) data points from dN [n] are

used in the recovery equation (3.55). In fact, the number of historical data points used in

the recovery process is flexible, as we discuss next.

Corollary 3.2. A necessary condition for the system of equations (3.56) to have a solution
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is

t1 + t2 ≥ m+ nd − 2 (3.62)

where

nd = min

{⌈
t1 + 1

L/M

⌉
,

⌈
t2 + 1

L/N

⌉}
. (3.63)

Proof. Recall that a solvable system of linear equations must not be overdetermined, so an

obvious necessary condition for (3.56) to have solutions is

l + t1 + t2 + 2 ≥ l +m (3.64)

In addition, when iM = jN holds for some i ∈ [0, t1] and j ∈ [0, t2], the corresponding

columns ek+iM and ek+jN in matrix M k are identical (see, e.g., the 7th and 9th columns

of M k in (3.61)), yielding redundant pairs of variables in (3.56) (say there are nd number

of them). Then, the number of independent variables becomes l + t1 + t2 + 2 − nd and the

necessary condition (3.64) reduces to (3.62).

To more quantitatively define nd, we recall that a signal batch could provide at most L/M

measurements from sensor S1 and L/N measurements from sensor S2, hence the number of

prior batches used in the recovery that contain measurements from S1 (denoted as nd,M) or

S2 (denoted as nd,N) are

nd,M =

⌈
t1 + 1

L/M

⌉
, nd,N =

⌈
t2 + 1

L/N

⌉
. (3.65)

It can be seen from Definition 3.1 that the condition iM = jN holds only once in a sin-

gle batch, then the number of redundant variable pairs nd is the number of prior batches

where measurements from both sensors are involved in the recovery process. That is,

nd = min{nd,M , nd,N}.

Method to Reduce Computation Complexity

Taking the pseudoinverse inverse of M †
k gives a particular solution of (3.56): fk

qk

 = M †
k

 a

0

 , (3.66)
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where fk = [fk,1, · · · , fk,l]T , qk = [wk,0, · · · , wk,t1 , vk,0, · · · , vk,t2 ]
T , and a = − [a1, · · · , am]T .

It is worth noting that the computing time of taking pseudoinverse is sensitive with the

matrix size. We discuss next an reduced-order procedure to solve (3.56) that will drastically

reduce the computation load for real-time applications.

The system of linear equations (3.56) can be rewritten into the following form, where

M k is segmented into four smaller matrices with dimensions defined below. Em×l Dm×(t1+t2+2)

Bl×l C l×(t1+t2+2)

 fk

qk

 =

 a

0

 . (3.67)

Then the following reduced-order solution can be obtained by expanding the above the matrix

equation:

qk =
(
D −EB−1C

)†
a. (3.68)

Instead of directly computing the pseudoinverse of the large matrix Mk, the reduced-

order method saves computation cost by reducing the matrix dimension by l in height and

width before taking the pseudoinverse. Furthermore, efficient algorithms exist for inverting

the upper triangular matrix B [46].

Figure 3.11 shows the changes of the computing cost as k increases when computing the

prediction parameters in a batch. Here, the signal model has an order of 6 and M = 8, N = 7,

t1 = t2 = 3. The tests were performed on a computer (with Intel Core™ i7-6800K CPU and

64GB memory) running MATLAB 2017b. The test results shows that the proposed method

reduces the computation costs to a significantly lower level under different configurations;

furthermore, the computation cost remains largely invariant when k increases.

Remark 3.1. The computational complexity of the prediction step (i.e., equation (3.55))

is O(t1 + t2 + 2), that is, linear with respect to the total number of historical data used in

the prediction. The computational complexity of calculating the prediction parameters (i.e.,

equation (3.68)) depends mainly on the complexity of inverting the m× (t1 + t2 + 2) matrix

(D − EB−1C). The prediction parameters can be computed off-line and only need to be

recalculated when the signal model changes.
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Figure 3.11: The average time for computing the system solution using the direct method

and the reduced-order method.

Prediction Robustness and Model Singularity

Let xm = [dM [n1], . . . , dN [n2], . . . ]
T be the measurement vector and ∆x be the measurement

noise vector. Then the prediction equation (3.55) can be formulated as d[n] = qk(x
T
m +

∆xT ) = qkx
T +

(
D −EB−1C

)†
∆xT where qkx

T is the true value. The prediction error

cased by the measurement noise is thus

e =
(
D −EB−1C

)†
∆xT . (3.69)

It is well understood that if the matrix
(
D −EB−1C

)
is ill-conditioned (i.e., close to be-

coming singular), then its inversion will contain larger numbers, and consequently, the mea-

surement noise will be amplified.

In this section, we discuss the extreme case and provide solutions to mitigate the model

singularity. To see this, we first note that the signal model A(z−1) = 1+a1z
−1 + · · ·+amz

−m

defines a linear function between a data point d[n] and its m consecutive prior data points:
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d[n] = −
∑m

i=1 amd[n − m]. An essential part of our proposed recovery algorithm is to re-

parameterize the signal model and build a new connection between d[n] and prior data points

available from sparse sensor measurements (recall Eqns. (3.55), (A.23), (A.26) and (A.27)).

Figure 3.12 illustrates the model re-parameterizing process when recovering the first point in

Or ignal model:

Re-parameter ized 
model:

Recovered 
data point

Figure 3.12: Illustration of model re-parameterizing for sparse information recovery.

a batch, under the configuration of M = 3, N = 2, A(z−1) = 1 + a1z
−1 + a2z

−2 + a3z
−3, and

t1 = t2 = 1. If the signal model A(z−1) contains scarce connections between d[n] and its prior

data points, the new connection would be difficult or even impossible. For example, consider

A(z−1) = 1 + a6z
−6, that is, d[n] = −a6d[n − 6]. As shown in Figure 3.13, when M = 3,

N = 2, or M = 4, N = 3, there exist missing data points in a batch that are unrelated to

any other measurements. Thus it becomes impossible to find the re-parameterized model

that can recover the missing data point.

Figure 3.13: An example when a missing data point is unrelated to any measurements.
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More generally, consider a signal model:

AQ(z−1) = 1 +
t∑
i=1

aiQz
−iQ, (3.70)

where Q ∈ Z+, and at least one aiQ is nonzero. Then d[n] are only connected to its iQ-th

prior data points:

d[n] = −
t∑
i=1

aiQd[n− iQ]. (3.71)

Suppose d[n]↔ bi[k] is the missing point in a batch that needs to be recovered (i.e. k ∈ KU).

If d[n− iQ] is not picked up by the sensors for all i = 1, 2, 3, · · · , then d[n] is impossible to

recover. Mathematically, given the batch configuration with M , N and L = LCM(M,N), if

Q satisfies the condition:

Exist k ∈ KU , such that for any i ∈ Z, mod(k + iQ, L) ∈ KU (3.72)

then a signal with model AQ(z−1) will not be fully recoverable.

Remark 3.2. If both (Q,M) and (Q,N) are not coprime pairs4, then condition (3.72) is

satisfied.

Proof. Because (Q,M) is not coprime, they have a common divisor (denoted as p) that is

greater than 1. For any integers i, j,

Mj −Qi = p

(
Mj

p
− Qi

p

)
6= 1 (3.73)

or equivalently,

mod(1 + iQ,M) 6= 0. (3.74)

Let c = mod(k+ iQ, L), then we have c = k+ iQ−nL, where n ∈ Z. Because L is a multiple

of M , mod(c,M) = mod(k + iQ− nL,M) = mod(k + iQ,M). Therefore, for k = 1 ∈ KU ,

mod(mod(k + iQ, L),M) = mod(k + iQ,M) 6= 0. (3.75)

4(A,B) is a coprime pair if and only if their greatest common divisor is 1.
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Similarly, since (Q,N) is not coprime,

mod(mod(k + iQ, L), N) = mod(k + iQ,N) 6= 0. (3.76)

Combining (3.75) and (3.76), we conclude that mod(k + iQ, L) ∈ KU for any integer i and

for k = 1, so condition (3.72) is satisfied.

In practice, the discussed model singularities are uncommon and can be overcome by

designing the sensor pair. For example, given M = 3 and N = 2, the smallest Q such

that both (Q,M) and (Q,N) are not coprime pairs is 6, then (3.70) becomes AQ(z−1) =

1 +
∑t

i=1 a6iz
−6i. All signal models other than AQ(z−1) will be sufficient for the proposed

recovering algorithm with M = 3 and N = 2. Selecting M = 5 and N = 2, on the other

hand, provides a feasible solution.

Signal Pre-filtering

To improve the recovery accuracy in presence of measurement noise, we propose in this

subsection a filter design to pass through signals dM [n] and dN [n] without modifying their

amplitude and phase, while rejecting noise signals in a board frequency range. Given the

autoregressive model A(z−1) for d[n], we could find the corresponding autoregressive model

AM(z−1) and AN(z−1) for downsampled signals dM [n] and dN [n], respectively.

AK(z−1) =
K−1∏
p=0

A(z−
1
K ei

2π
K
p), K = M orN. (3.77)

These results are based on the transfer functions of the downsampled signals, and obtained

according to Lemma 2.1. Then the AR model for the downsampled signals can be used in

the filter design for model-based noise compensation.

The proposed noise attenuation is to pre-filter dK [n] (K = M or N) by

GK(z) =
Aα(z−1)− AK(z−1)

Aα(z−1)
(3.78)

and feed the filtered results to the collaborative sensor fusion. Here, AK(z−1) is the internal

model of dK [n] = d[Kn] and Aα(z−1) is to be designed. Such a GK(z−1) can pass a signal
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dK [n] with an internal model AK(z−1) as long as the roots of Aα(z−1) are in the unit circle.

To be more specific, we calculate

GK(z)dK [n] =
Aα(z−1)dK [n]−(((((

(((AK(z−1)dK [n]

Aα(z−1)
= dK [n] (3.79)

at the steady state. Let the polynomial AK(z−1) have an order of m, then it can be decom-

posed to the product of m first-order polynomials

AK(z−1) =
m∏
i=1

(z−1 − λiejθi), (3.80)

where {λiejθi}i=1,...,m are the roots of AK(z−1). For the purpose of reducing the measurement

noise energy, it is important to maintain a small value to |GK(ejω)| (i.e., the magnitude of

the frequency response of GK(z)) at the noise frequencies. To that end, we design Aα(z−1)

as

Aα(z−1) =
m∏
i=1

(z−1 − αλiejθi), (3.81)

where α ∈ (0, 1) and is close to 1. Figure 3.14 shows the difference of |GK(ejω)|under different
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Figure 3.14: Magnitude of G(ejω) when choosing different values of α in (3.81).

α selections. Here A(z−1) has 6 roots located at {e±jπ/5, e±j2π/5, 0.9e±j3π/5}. It is shown that

|GK(ejω)| is maintained under 0dB at frequencies other than the desired signal frequencies
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(0.2π and 0.4π), so the noise energy can be reduced. When α is closer to 1, |GK(ejω)| will be

smaller in a wide frequency range, which yields a better noise reduction rate. As a trade-off,

GK(z) with α closer to 1 has a slower converging speed (see Fig. 3.15).
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Figure 3.15: Measurement noise before and after filtering by G(z) when choosing a different

α.

3.3.4 Numerical verification

Figure 3.16 shows an numerical simulation of the signal recovering process. The recovered

measurement d[n] is sampled at 1kHz, and the two slow measurements dM [n] and dN [n] are

sampled at 1/8kHz and 1/7kHz, respectively. In the simulation, the original signal dc(t)

is narrow-banded and contains four frequency components at 120Hz, 167Hz, 240Hz, and

300Hz. Such frequency components are much higher than the Nyquist sampling frequencies

of slow measurements, that is, 62.5Hz for dM [n] and 71.4Hz for dN [n]. Hence the discretized

measurements will lose the original shape of the trajectory (see the upper plot of Fig. 3.16)

due to aliasing in the sampling process.

Based on the autoregressive model of a narrow-band signal d[n] with n frequency com-
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Figure 3.16: Collaborative sensor measurements and the recovered signal for optical beam

scanning in additive manufacturing.

ponents fi, i = 1, . . . , n, we have A(z−1)d[n] = 0 at the steady state, where

A(z−1) =
n∏
i=1

(1− 2cos(2πfiT )z−1 + z−2) (3.82)

and T is the sampling time of d[n]. Substituting in the frequency values yields the polynomial

model of d[n]: A(z−1) = 1− 1.9619z−1 + 4.1664z−2 − 4.9797z−3 + 6.2201z−4 − 4.9797z−5 +

4.1664z−6 − 1.9619z−7 + z−8. Figure 3.16 shows the slow measurements dM [n] and dN [n] as

well as the reconstructed signal d[n]. As shown in the bottom plot in Fig. 3.16, the recovered

data in d[n] matches with its true value.
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Chapter 4

ROBOTIC TARGET FOLLOWING UNDER SLOW AND
DELAYED SENSING

This chapter considers the problem of controlling a robot to follow and track a moving

target based on only visual feedback. We aim to compensate the effect of slow-sampling and

time delays in vision feedback. This compensation is made possible by multi-rate model-

based prediction (MMP), an information recovery algorithm based on autoregressive model

re-parameterization.

4.1 Formulation of the target following problem

Coordinate system definition. The target following system includes a moving target T ,

a follower robot R, and a vision system C statically attached to the robot. We define a static

world coordinate system {W} and attach moving coordinate systems {T} and {C} to the

target and to the vision system, respectively. Figure 4.1 shows the relationship between the

coordinate systems, where {C∗} represents the desired position and orientation of the vision

system.

We now discuss the major elements in Figure 4.1:

• The observed target pose in the camera frame CξT : There are many approaches to

estimate the target pose from images. For example, with a calibrated camera and a

known 3D model of the target, CξT can be obtained from the solution of Perspective-

n-Point (PnP) problem based on n 3D-to-2D point correspondences [47, 48]. With a

stereo camera or an RGB-D camera, it is possiable to estimated the 3D pose of the

target without using the 3D model of the target as a prior [49, 50]. There are also

learning-based pose estimation proposed recently [51]. In this work, we use the PnP
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Figure 4.1: Coordinate systems of target following problem

algorithm for simplicity and will assume an estimation
C
ξ̂T is available hereafter.

• The camera pose in the world coordinate system W ξC : Because the camera is rigidly

attached to the robot, W ξC can be calculated by the forward kinematics of the robot.

• The target pose in the world frame W ξT : This is unknown and is estimated by the

vision system. Most important, we consider the case when the target is moving with

unknown velocity WvT (t).

Data acquisition and time delay. We consider the case when the image-based pose

estimation
C
ξ̂T has a time delay of τ seconds, and is updated every Tss seconds. However,

the controller of the robot is running with a much shorter period of Tsf seconds. We assume

that the sampling rate of the imaging system can be adjusted such that

Tss = LTsf , (4.1)

where L is an integer greater than one.

Control goal. Similar to the standard PBVS [3], the vision-based target tracking prob-

lem can be formulated as minimizing the visual feature error e(t) given by

e(t) = s(t)− s∗(t), (4.2)
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where s represents a set of visual features and s∗ is the desired value of s. For the target

following problem, we define the visual featuer as the pose difference between the desired

and the actual camera pose s , C∗
ξC . An estimation of the visual feature is calculated from

the target pose estimation

C∗

ξ̂C = C∗
ξT ⊕

T
ξ̂C , (4.3)

where C∗
ξT is a user-defined value and

T
ξ̂C is the reverse of the pose estimation

C
ξ̂T . The

goal of target following is to control the camera velocity CvC such that CξT will converge to

C∗
ξT , that is, s converges to s∗ = 0.

4.2 Position-based visual servo with a moving target

We parameterize the feature error as e = C∗
ξC = (C

∗
tC , θu), where C∗

tC and θ are the

translation vector and the rotation angles from {C∗} to {C}, respectively. u is a unit vector

representing the corresponding rotation axis. Let the relative instantaneous velocity of the

camera with respect to the target be TvC ∈ R6×1, then the relationship between the time

derivative of visual feature error ė and the relative velocity TvC is

ė = Le
TvC =

 C∗
RT 0

0 Lθu
CRT

 TvC , (4.4)

where Le is the feature Jacobian and Lθu is given by

Lθu = I3 −
θ

2
[u]× +

(
1− sincθ

sinc2 θ
2

)
[u]2×. (4.5)

Here, sinc(x) is the sinus cardinal such that xsinc(x) = sin(x) and sinc(0)=1. [u]× is a

skew-symmetric matrix defined as

[u]× =


0 -uz uy

uz 0 -ux

-uy ux 0

 . (4.6)
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To ensure a decreasing feature error, we design a velocity controller

TvC = -λL−1e e = -λ

 TRC∗ 0

0 TRCL
−1
θu

 C∗
tC

θu

 , (4.7)

where λ > 0. Then from Eq. (4.7) and Eq. (4.4):

ė = -λe. (4.8)

That is to say, the visual feature error will exponentially decrease to zero. Note that L−1θuθu =

θu. Eq. (4.7) can then be simplified as
TvC,l = -λ · TRC∗ C

∗
tC

TvC,a = -λθ · TRCu

(4.9)

where TvC,l and TvC,a are the linear and the angular parts of the velocity vector TvC ,

respectively.

Note that in the standard PBVS, the feature Jacobian is defined with respect to the

camera’s velocity in the camera frame CvC [3], i.e., ė = Le
CvC . Such a relationship is valid

only if the target is motionless. In this work, the feature Jacobian is defined with respect

to the relative velocity TvC between two moving frames, such that Eq. (4.4) is still valid

when the target is maneuvering. To compute the velocity command CvC , we use a velocity

transformation formula

CvC =

 CRT 0

0 CRT

 TvC +

 CRT - CRT

[
T tC

]
×

0 CRT

 TvT . (4.10)

Here, the target velocity TvT is obtained from Kalman filters, as is described in the following

section.

4.3 Pose and velocity estimation

While we can estimate the target pose from the perception system, the visual measurements

are usually noisy. To reduce the measurement noise and to estimate the unknown target

velocity, we build a set of Kalman filters that can fit to common robotic target motions.
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4.3.1 Dynamic models of the moving target

We list first the widely used constant velocity model and constant acceleration model for a

moving target, then derive a constant frequency model and a compound constant frequency

model.

Constant velocity model. When the acceleration is relatively small, we can assume

a constant speed in the state update equation and model the acceleration as white noise,

which formulates to the discrete white noise acceleration (DWNA) model [52]. Define the

system state as x = (η, η̇). Then the system state-space model is given by

x(k + 1) =

 1 Tss

0 1

x(k) +

 1
2
T 2
ss

Tss

 v(k), (4.11)

z(k + 1) =
[

1 0
]
x(k + 1) + ω(k + 1), (4.12)

where v(k) is the process noise and ω(k + 1) is the measurement noise.

Constant acceleration model. When the acceleration is nearly constant, we use

discrete Wiener process acceleration (DWPA) model that assumes a constant acceleration

within each update period. Defining the system state as x = (η, η̇, η̈), the system model is

given as

x(k + 1) =


1 Tss

1
2
T 2
ss

0 1 Tss

0 0 1

x(k) +


1
2
T 2
ss

Tss

1

 v(k), (4.13)

z(k + 1) =
[

1 0 0
]
x(k + 1) + ω(k + 1). (4.14)

Constant frequency (CF) model. When the movement is approximately periodic,

both constant velocity model and constant acceleration model will fail to timely capture

the velocity and acceleration changes. This model mismatch is significant when the moving

frequency is fast. The vast amount of periodic tasks can be decomposed to sinusodial motions

from the Fourier theory. Consider η(t) = a sin(Ωt+ϕ) and its derivative η̇(t) = aΩ cos(Ωt+
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ϕ). Let the system state be x = (η, η̇). Note that the second derivative η̈(t) = −aΩ2sin(Ωt+

ϕ) = −Ω2η(t). Then we can write the continuous-time state-space model as

d

dt
x(t) =

 0 1

-Ω2 0

x(t) , Acx(t). (4.15)

Discretizing Eq. (4.15) at a sampling time Tss , we have

x(k + 1) = eAcTssx(k) =

 cos(ΩTss) sin(ΩTss)/Ω

-Ω sin(ΩTss) cos(ΩTss)

x(k). (4.16)

When the sinusoidal signal has a bias term, i.e., η(t) = a sin(Ωt + ϕ) + b, we can augment

the system to include the bias: x = (η, η̇, b). The corresponding extended model with noise

is

x(k + 1) =


cos(ΩTss) sin(ΩTss)/Ω 0

-Ω sin(ΩTss) cos(ΩTss) 0

0 0 1

x(k) +


1
2
T 2
ss

Tss

Tss

 v(k), (4.17)

z(k + 1) =
[

1 0 1
]
x(k + 1) + ω(k + 1). (4.18)

Compound constant frequency (CCF) model. We consider here the case when the

core movement is a mixture of multiple sinusoids, i.e.,

η(t) =
N∑
i=1

ai sin(Ωit+ ϕi) + b, Ωi 6= Ωj 6= 0;∀i 6= j (4.19)

In order to model the kinematics of the above, let x = (η1, η̇1, . . . , ηN , η̇N , b). The state is

defined such that the i-th pair (ηi, η̇i) corresponds to the i-th frequency component, and has

the same discrete model as in Eq. (4.16). Each (ηi, η̇i) is independent from other pairs, thus
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we have the following state-space model:

x(k + 1) =



A1

A2

. . .

AN

1


x(k) +



1
2
T 2
ss

Tss
...
...

Tss


v(k) (4.20)

z(k + 1) =
[

1 0 1 0 · · · 0 1
]
x(k + 1) + ω(k + 1) (4.21)

where Ai is a 2× 2 matrix defined as

Ai =

 cos(ΩiTss) sin(ΩiTss)/Ωi

-Ωi sin(ΩiTss) cos(ΩiTss)

 , i = 1, · · · , N. (4.22)

4.3.2 Linear position and velocity estimation

We decouple the 3D target motions to x, y and z axes and estimate the components inde-

pendently. As a result, the system order can be reduced, and we only need to consider the

problem of estimating the position and velocity in one generic axis. Recall that a relative

pose measurement
C
ξ̂T sampled at 1/Tss Hz is available from the vision system. Combined

with the known camera pose W ξC , the target pose measurements in the world coordinate sys-

tem can be obtained as W ξT = W ξC⊕
C
ξ̂T . Then the position measurement W tT = (tx, ty, tz)

can be extracted from W ξT . For the motion in each axis, we choose the appropriate dynamic

model based on an assessment of the motion type.

x(k + 1) = Fx(x) + v(k) (4.23)

z(k + 1) = Hx(k + 1) + w(k) (4.24)

Denote the process noise covariance as Q and the measurement noise covariance as R.

Kalman filter prediction and update steps, Eqs. (4.25-4.31), are applied to filter the noisy

measurement and estimate the position and velocity for each axis. In the prediction step,
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we first compute the estimated state x(k + 1|k) and state covariance P (k + 1|k).

x̂(k + 1|k) = Fx̂(k|k) (4.25)

P (k + 1|k) = FP (k|k)F ′ +Q (4.26)

Here, •(k+1|k) indicates estimated variables given measurements up to and includeing z(k).

Similarly, •(k + 1|k + 1) indicates estimates given measurement includeing z(k + 1). The

measurement prediction ẑ(k+ 1|k) and the corresponding prediction covariance S(k+ 1) are

ẑ(k + 1|k) = Hx̂(k + 1|k) (4.27)

S(k + 1) = R +HP (k + 1|k)H ′ (4.28)

In the correction step, we compute the Kalman filter gain K(k + 1) and the updated state

estimation and covairance using latest measurement z(k + 1).

W (k + 1) = P (k + 1|k)H ′S(k + 1)−1 (4.29)

x̂(k + 1|k + 1) = x̂(k + 1|k) +W (k + 1)(z(k + 1)− ẑ(k + 1|k)) (4.30)

P (k + 1|k + 1) = P (k + 1|k)−W (k + 1)S(k + 1)W (k + 1)′ (4.31)

4.3.3 Angular position and velocity estimation

In order to build Kalman filters for estimating the rotation angles and velocities, we first ex-

tract the measured rotation matrix WRT from W ξT , then convert it to Euler angles (α, β, γ).

Note that there are twelve different representations of the Euler angles and any one of them

can be used. Here we use the roll-pitch-yaw representation (i.e., with the rotation order

“ZYX”) that is popular for ships, aircraft and vehicles. Similar to the linear position esti-

mation, we view each Euler angle as an individual component and apply Eqs. (4.25-4.31)

with the appropriate dynamic model. Note that the physical meanings of the angular ve-

locity estimates (α̇, β̇, γ̇) depend on the choice of Euler representation. For example, in the

roll-pitch-yaw representation, β̇ and γ̇ are the angular velocities about the rotated y and
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Dynamic model Position Velocity

DWNA (1− z−1)2 1− z−1

DWPA (1− z−1)3 (1− z−1)2

CF 1− 2 cos(ΩTsf )z
−1 + z−2

CCF
∏N

i=1 (1− 2 cos(ΩiTsf )z
−1 + z−2)

Table 4.1: Polynomial models of the position and velocity profiles for different dynamic

models

x-axes instead of the original ones. We obtain the angular velocity with respect to the world

coordinate system WvT,a = (ωx, ωy, ωz) by coordinate conversion:

WvT,a = α̇−→z +Rz(α)
(
β̇−→y +Ry(β)γ̇−→x

)
. (4.32)

Expanding Eq. (4.32), we have
ωx = γ̇ cos(α) cos(β)− β̇ sin(α)

ωy = β̇ cos(α) + γ̇ cos(β) sin(α)

ωz = α̇− γ̇ sin(β)

(4.33)

4.4 Interpolation and delay compensation

The target position and velocity estimated from the Kalman filter are only sampled at

fss = 1/Tss Hz. They also inherit the time delays from the visual measurements. With

MMP (see section 2), we can construct new data points from the slow sampled Kalman filter

outputs and also compensates the time delays.

Table 4.1 summarizes the polynomial models of the position and velocity profiles for each

dynamic model mentioned in section 4.3.1. These can be derived from Lemma 2.1.
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4.4.1 Interpolation and delay compensation algorithm

As is shown before, the model-based information recovery can construct a connection between

the historical slow-sampled data set (i.e., ds[n], ds[n− 1] and so on) and a future data point

df [nL + k] in the fast-sampled sequence. This connection allows to predict the position

and velocity sampled at 1/Tsf Hz using Kalman filter outputs. Furthermore, by properly

adjusting the k value, the measurement delay time τ can be compensated. In more details, at

each discrete step, we first calculate the index kc such that nL+kc corresponds to the current

time tc (see Figure 4.2). Then we calculate the length of prediction steps kp = round(τ/Tsf )

needed to compensate the delay time τ. Finally we use k = kc+kp and apply Eq. (3.11). The

algorithm to compute the fast-sampled data d̂f with delay compensated, namely model-based

prediction (MMP), is summarized in Algorithm 1.

Algorithm 1: Interpolation and delay compensation (one circle)

input : most recent ds[n], delay time τ and current time tc

output: d̂f [n]

1 if ds[n] has a new value then

2 update the data storage that keeps the most m recent ds[n] values

{ds[n], · · · , ds[n−m+ 1]};

3 tlast ← tc;

4 end if

5 kc ← (tc − tlast)/Tsf ;

6 kp ← round(τ/Tsf );

7 k ← kc + kp;

8 From Eq. (3.12), solve wk,0, · · · , wk,m−1;

9 From Eq.(3.11), compute d̂f [n] ;

A simulated interpolation and delay compensation result is shown in Figure 4.3. In the

simulation, the fast and slow sampling times are Tsf = 8ms and Tss = 48ms, respectively.
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Figure 4.2: Illustration of the interpolation and delay compensation procedure. Here, L =

Tss/Tsf = 3.
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Figure 4.3: Simulated interpolation and delay compensation result.

Thus L = Tss/Tsf = 6. The polynomial model used here corresponds to the CCF dynamic

model with two frequencies Ω1 = 2π × 1.2 rad/s and Ω2 = 2π × 3.1 rad/s. Based on Table

4.1, A(z−1) can be derived as 1− 3.97z−1 + 5.94z−2 − 3.97z−3 + z−4. The results show that

MMP can accurately predict the intersample data and compensate the measurement delay

(56ms in this case).
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4.5 Numerical simulation

In this subsection, we simulate the performances of the proposed target following algorithm

under various scenarios. The simulated algorithm combines the PBVS considering a moving

target (see Section 4.2), Kalman filters (see Section 4.3) and the interpolation and delay

compensation using MMP (see Section 4.4). An overview of the system structure is shown

in Figure 4.4. In the simulation, the target moves following a fixed 2D track as is showing

in the Figure 4.5. The target started from position (0, 0) and then went through the full

circle multiple times. Here, the target pose measurement from the pose estimation block

is simulated by adding a zero-mean Gaussian noise to the true target pose. The noises are

independently distributed across each axis and have a standard deviation of 0.01 meters. To

exclude the randomness in each simulation runs, we did 50 independent simulation runs for

each scenario and use the averaged following error for comparison.

In the first scenario, the robot controller loop is running at 125Hz (i.e., Tsf = 8 millisec-

onds). However, the pose estimation from the vision system is running eight times slower

and is delayed by 64 milliseconds. Figure 4.6 shows the tracking error statistics for the first

four laps. Here, we also provide simulation results when using the basic PBVS (see [3]) or our

modified PBVS (see Section 4.2) but without interpolation and delay compensation. In the

first lap, we observed that the following error reduced from its initial value to a significant

lower level. This can be seen in the error bars where the maximum errors in the first lap all

start with around 3 meters and the minimum errors are below 0.1 meters. In the following

laps, the simulation all transient to a steady-state where the following errors are constrained

in a fixed range. The average tracking errors using the basic PBVS is 87 millimeters in the

steady-state, which is significant considering that the track dimension is only 320 millimeters

by 160 millimeters. Implementing our improved PBVS which considered a moving target

could reduce the following error. However, the error is still large due to the slow-sampling

and delays in visual feedback. Finally, using our proposed approach could reduce the errors

to a small range around 3 millimeters, yielding a 95% error reduction compared to the basic
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Figure 4.4: The overview of the proposed target following algorithm. The dashed lines

represent signals that are updated every Tss seconds while the solid lines represent fast-

sampled signals that will update every Tsf seconds.

PBVS.

In order to analyze the impact of slow-sampling and time delay, we designed two sets of

scenarios where the target all follow the same track as is shown in Figure 4.5. In the first set

of scenarios, we fixed the system’s sampling speed and the time delays but varied the target

moving speed. The steady-state following errors for the first set of scenarios are shown in

Figure 4.7. Not surprisingly, we observe that the object following performance downgrades

as the target speed increases. When the target moves 12 times faster than the base level, we

see that our improved PBVS actually induced more error compared with the baseline, while

MMP techniques can still achieve a 80% error reduction rate.

In the second set of scenarios, we fixed the system’s sampling speed and the target

moving speed but varied the time delays of the vision system. As is shown in Figure 4.8,

the following performance will downgrade as the delay time increase when we applied no

delay compensation. With Kalman filters and MMP, the approached algorithm could still

constrain the following error to a small level when delay increases.



66

0 0.05 0.1 0.15 0.2 0.25 0.3

x (meters)

-0.1

-0.05

0

0.05

0.1

y 
(m

et
er

s)

Figure 4.5: The target moving trajectory used in the simulation.
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Figure 4.9: (a)Dual-arm robot used to test the target following algorithm. (b)Moving tra-

jectories of the target and robot in 2D.

4.6 Experiment results

The proposed target following algorithm was tested on a dual-arm robot, as is shown in

Figure 4.9a. The left arm in the figure holds a target and the right arm has a camera

mounted to the end-effector. The world coordinate system {W} is attached to the base of

the right robot arm. In the experiment, we moved the target with a 2-D circle trajectory

that is parallel to the W -x-y plane. Specifically, the linear x and y velocities of the target is

controlled to be sinusoidal with π/2 phase difference. During the target following experiment,

the end-effector’s position and velocity of the left robot are assumed to be in the 3D space

and are unknown to the right robot, but is used to calculate the following errors at a high

sampling speed for analysis purposes. Note that the visual following errors are represented

respected to the table coordinate system (see Figure 4.9a), which has a 45 degree orientation

difference from the robot arm base.

Sampling speed and measurement delay. The camera used is Mako G192C from

Allied Vision Technology which has 60fps at a full resolution of 1600 × 1200 pixels. ArUco
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markers [53] are used for estimating the target pose in the camera frame. Due to the

heavy computation cost of the marker detecting and pose estimation process, the target

pose measurements can only be updated at a maximum rate of about 20Hz. On the other

hand, the robot servo loop is running at a high sampling rate of 125Hz. To make the fast and

slow sampling rate almost integer multiples, we triggered the camera to acquire images at a

fixed rate of 17.85fps, then L = Tss/Tsf = 7. The measurement delays can be monitored by

adding time stamps to the images when captured. In our experiment setup, the measurement

delays were about 50ms.

Two scenarios were tested using the proposed target following algorithm. In the first

scenario the target moved at 0.5Hz, while in the second scenario, the target moved at a

higher frequency of 1Hz. In both scenarios, the CF model was used for linear x and y

axes for the Kalman filtering; DWNA model was used for other axes. Then the appropriate

polynomial models were chosen from Table 4.1 and MMPs were applied for all axes. Note

that if a time-invariant polynomial model is assumed, then the MMP parameters w′k,is can

be calculated off-line to save the on-line computation cost. Figure 4.10a shows the target

following errors of the linear x, y and z axes in the first scenario. Here, we tested four

levels of target following algorithms. The first level only uses the basic PBVS algorithm

which is designed based on a static target assumption [3]. The second level considered a

moving target, and the estimated target positions and velocities from the Kalman filters are

directly used. The third level not only considered a moving target but also compensated the

delays using MMP. In order to show the importance of fast sampling rate of measurement,

we down-sampled the MMP outputs in the third level to the slow sampling rate 1/Tss Hz.

Finally, in the fourth level, both Kalman filters and MMP are used without down-sampling.

Statistic result of the target following error are shown in Figure 4.10b, where the 3σ value

plus the absolute mean of the errors are computed for comparison. The same performance

improvements can also be observed by comparing the moving trajectories of the target and

robot (see Figure 4.9b). One can clearly observe the performance improvement when the

target velocity estimation, delay compensation, and interpolation techniques are added to



70

(a)

no tracking level 1 level 2 level 3 level 4

level of the tracking algorithm

0

0.05

0.1

0.15

F
o

llo
w

in
g

 e
rr

o
r 

(m
e

te
rs

)

error in x axis

error in y axis

error in z axis

(Proposed

Approach)

(b)

(c)

no tracking level 1 level 2 level 3 level 4

level of the tracking algorithm

0

0.02

0.04

0.06

0.08

0.1

F
o

llo
w

in
g

 e
rr

o
r 

(m
e

te
rs

)

error in x axis

error in y axis

error in z axis

(Proposed

Approach)

(d)

Figure 4.10: (a)Following error when target moves at 0.5Hz. (b)Following error statistics

when target moves at 0.5Hz. (c)Following error when target moves at 1Hz. (d)Following

error statistics when target moves at 1Hz.

the algorithm.

For the second scenario, the following error of linear x, y and z-axes are shown in Fig-

ure 4.10c and Figure 4.10d. The same four levels of target following algorithm are tested.

Different from the first scenario, the first three levels actually failed to reduce the following

error. This is because when the target moves at a higher frequency, the consequences of

measurement delay and slow measurement sampling become more significant. As a result,

it requires both delay compensation and interpolation to reduce the following error.



71

Chapter 5

TARGET TRACKING UNDER DELAYED AND
IRREGULAR-SAMPLED SENSING

In this chapter, we present a target tracking system for a robotic air-hockey player,

where the state of the puck is optimally estimated by fusing measurements from frame- and

event-based vision sensors. In addition to the delay and slow-sampling of vision sensors,

we additionally consider the irregular sampling interval of the measurements. The technical

challenge of the problem is also amplified by the jumping velocity of the tracked object

during the game. An auto-restart Kalman filter is first proposed for compensating sudden

jumps in the puck state. Then a memory-enabled auto-restart Kalman filter is derived to

additionally accommodate delays and sensing irregularities.

The motivation for this work is to build a robotic air-hockey player that can play with

a human player. In a standard air-hockey game, a plastic puck slides on a rectangular air-

hockey table; two players compete to crash their pushers (strikers) across the table to throw

the puck into the opponent’s goal. Constant air flows from densely spaced holes on the

tabletop to suspend the puck from the table surface, so that the puck can fly from one side

of the table to the other within half a second. As such, fast and accurate target tracking

becomes crucial.

Our robotic air-hockey system (Fig. 5.1) consists of (1) a 6-DOF industrial manipulator

with a striker mounted at its end-effector to play against a human player, and (2) a vision

system to locate the puck. The vision system includes a common frame-based camera and

an event-based camera. The frame-based camera comes with a 1600 by 1200 image size and

a maximum image acquisition rate of 60 frame per seconds. The event-based camera has

only 640 by 480 image size but can acquire data at a much faster rate. The frame-based
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Figure 5.1: The robotic air-hockey system.

camera provides a higher spatial resolution, and thus more accurate information of the target

location. However, the slow sampling speed challenges the tracking of high-speed targets.

Furthermore, due to motion blurs, performance of localization degrades as the speed of the

target increases. On the contrary, the event-based camera independently and asynchronously

report pixels that undergo large changes of brightness. The pixel location here, combined

the timestamp when the brightness changes at this pixel, constitute an event. Because the

timestamp is sampled at a much higher temporal resolution (usually in microseconds), the

event-based camera can localize fast-moving targets at a much faster speed. However, such

a mechanism cannot detect robustly slow or static targets by design. Fig. 5.2 visualizes the

data generated by both sensors when the puck moves at different speeds. By fusing data

from both frame-based and event-based cameras, a new and fundamentally more robust

target tracking becomes possible.
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Figure 5.2: Comparison of raw data from the event-based and the frame-based cameras

when the target is moving at slow and high speeds. The frames from the event-based camera

are obtained by accumulating events in a fixed interval. The images are cropped for better

visualization.

5.1 Problem formulation

We model the motion of the puck on the air-hockey table as a state-space dynamic system.

The state of the puck consists of its position ξx/y(t) and velocity ξ̇x/y(t) in 2D:

x(t) =
[
ξx(t) ξ̇x(t) ξy(t) ξ̇y(t)

]T
(5.1)

The rotational dynamics of the puck has limited impact on the sliding trajectory, thus

omitted for simplicity. The goal is to obtain the estimated state p(x(t)|Zt) at time t = iT

given all available measurements Zt from both sensors at time t. As is shown in Fig. 5.3, the

measurements are sampled irregularly. Each measurement is delayed by a variable period
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Figure 5.3: Illustration of the delayed and irregularly-sampled measurements.

before it becomes available, with the amount of delays traceable from timestamps of the

sensors. Mathematically, the measurements are modeled as

z(tk) = Hx(tk − τk) + ω(tk) (5.2)

where H =
[
1 0 1 0

]
, tk is the time when the measurement becomes available, τk is

the delay duration and ω(k) is a zero-mean white Gaussian measurement noise with known

covariance.

E[ω(tk)ω(tk)
T ] = R(tk) (5.3)

5.2 System modeling

As the velocity of the target undergoes only small changes when the puck floats on air inside

the air-hockey table, the acceleration of the puck can be modeled as a continuous time

zero-mean white noise νc(t) =
[
νx(t) νy(t)

]T
, with

E(νc(t)) =
[
0 0

]T
(5.4)

E(νc(t)νc(τ)T ) =

qx 0

0 qy

 δ(t− τ) (5.5)
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where qx and qy are the intensities of the noises on x and y axes and δ(·) is the Dirac delta

function. The continuous-time motion dynamics then become

ẋ(t) = Acx(t) +Dcνc(t) (5.6)

where

A =


0 1 0 0

0 0 0 0

0 0 0 1

0 0 0 0

 , D =


0 0

1 0

0 0

0 1

 (5.7)

The discretized state equation after a time interval T is

x(tk + T ) = Ad(T )x(tk) + νd(tk, T ) (5.8)

where

Ad(T ) = eAcT =


1 T 0 0

0 1 0 0

0 0 1 T

0 0 0 1

 (5.9)

vd(tk, T ) =

∫ T

0

eAc(T−τ)Dcνc(tk + τ)dτ (5.10)

From (5.5), (5.9) and (5.10), it can be shown that the covariance of the discrete-time process

noise, assuming qx and qy to be constant from t to t+ T , is,

Q(tk, T ) = Q(T ) = E[vd(tk, T )vd(tk, T )T ] =


1
3
T 3qx

1
2
T 2qx 0 0

1
2
T 2qx Tqx 0 0

0 0 1
3
T 3qy

1
2
T 2qy

0 0 1
2
T 2qy Tqy

 (5.11)

Note that qx and qy are the designing parameters and should be adjusted based on the

interval length T . From (5.11), the changes in velocity over interval T are in the order of[√
Tqx

√
Tqy

]T
, which can be used as a guideline for adjusting qx and qy.
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5.3 Filtering under irregular sampling with auto-restarting

In this section, we propose optimal state estimation for the motion tracking by using the

primitives of Kalman filters. Different from the standard scenarios where the prediction and

correction steps are called at a fixed interval, we consider the case when the time interval T is

a variable – the case in our dual-sensor design and common in visual sensing. Given the state-

space model (5.8-5.11) and the measurements equation (5.2-5.3) with zero delay (i.e., τk = 0),

the minimum mean square error estimates of the state can be obtained as follows. In the

prediction step, the predicted state x̂(tk +T |tk) and state prediction covariance P (tk +T |tk)

are calculated as

x̂(tk + T |tk) = Ad(T )x̂(tk|tk) (5.12)

P (tk + T |tk) = Ad(T )P (tk|tk)Ad(T )T +Q(T ) (5.13)

Similarly, the predicted measurement ẑ(tk + T |tk) and measurement prediction covariance

S(tk + T ) are

ẑ(tk + T |tk) = Hx(tk + T |tk) (5.14)

S(tk + T ) = HP (tk + T |tk)HT +R(tk + T ) (5.15)

In the correction step, we first compute the Kalman filter gain K(tk + T )

W (tk + T ) = P (tk + T |tk)HTS(tk + T )−1 (5.16)

Then the updated state estimation x̂(tk +T |tk +T ) and updated covariance P (tk +T |tk +T )

can be computed as

x̂(tk + T |tk + T ) = x̂(tk + T |tk) +W (tk + T )(z(tk + T )− ẑ(tk + T |tk)) (5.17)

P (tk + T |tk + T ) = P (tk + T |tk)−W (tk + T )S(tk + T )W (tk + T )T (5.18)

5.3.1 Initialization

We initialize the state and the state covariance using a single measurement

z(t0) =
[
zx(t0) zy(t0)

]T
, (5.19)
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with zero as the initial estimate for velocity with associate standard deviation equal to half

of known maximum speed vm [52]. That is,

x̂(t0|t0) =
[
zx(t0) 0 zy(t0) 0

]T
(5.20)

P (t0|t0) =


σ(t0)

2 0 0 0

0 0.25v2m 0 0

0 0 σ(t0)
2 0

0 0 0 0.25v2m

 (5.21)

where σ(t0) is the standard deviation of the measurement noise associated with measurement

z(t0).

5.3.2 Bounce off the table boundary

Edges of the air-hockey table limit the range of motion and thus ξx and ξy in the state vector.

When the puck bounces off the table edges, the velocity jumps. We propose to handle such

disturbances by adding an additional correction step triggered by an estimated state off the

edge limits. For a single axis i = x or y, the correction step is

ξ∗i =

2ξi,max − ξi, if ξ > ξi,max

2ξi,min − ξi, if ξ < ξi,min

(5.22)

ξ̇∗i = −ξ̇i, if ξ > ξi,max or ξ < ξi,min (5.23)

where ξi,max and ξi,min are the upper and lower position limits for axis i, ξ∗i and ξ̇∗i are the

corrected position and velocity. This triggered correction step, as is illustrated in Fig 5.4,

models the physics of puck bouncing off the table edge, assuming an elastic collisions model.

5.3.3 Bounce off the pusher

Disturbances also occur when the puck is struck by the pusher. However, a triggered cor-

rection is not applicable here since the pusher’s location is unknown. Such disturbances, if
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Figure 5.4: Illustration of the correction step triggered by state position violating limits.

not handled, will immediately cause large tracking errors (see the orange line in Fig. 5.5).

To let the Kalman filter quickly correct the tracking error induced by the disturbances, one

can choose a large process noise covariance Q(T ), with the sacrifice of tracking performance

at other times (see the green line in Fig. 5.5). In this dissertation, we developed a method

to continuously monitor the model mismatch and re-initialize the filter after detecting a

mismatch. The proposed algorithm lets the Kalman filter compensate the disturbance much

quicker, while maintaining a good tracking performance when there are no disturbances.

The Kalman filter innovation z̃(tk +T ) , z(tk +T )− ẑ(tk +T ), under the model assump-

tion, is zero-mean and Gaussian distributed

z̃(tk + T ) ∼ N (0, S(tk + T )) (5.24)

For each axis i, we test if the following hypothesis is true

Hi0 : z̃i(tk + T ) ∼ N (0, Sii(tk + T )) (5.25)
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The hypothesis Hi0 is rejected if ‖z̃i(tk + T )‖ is greater than a threshold λi. Then the false

alarm probability is

αi , P (‖z̃(tk + T )‖ > λi | Hi0) (5.26)

which gives

λi =
√
Sii(tk + T )Φ−1(1− αi

2
) (5.27)

where Φ−1(x) is the inverse cumulative distribution function under the assumption of stan-

dard Gaussian distribution of the noises. In summary, with the desired false alarm proba-

bility αx and αy, (5.27) gives the threshold λx and λy. If any of the innovation components

‖z̃x(tk+T )‖ and ‖z̃y(tk+T )‖ is greater than the threshold, the filter will be re-initialized us-

ing the latest measurement. The false alarm probability is a designing parameter. The larger

its value, the sooner the re-initialization will be triggered after the pusher strikes the puck.

However, re-initialization will also be likely to be triggered by random measurement noises

if αi is larger. Fig. 5.5 shows the tracking performances of two Kalman filters with different

αi, one with αx = αy = 0.0005 (shown in green line) and the other with αx = αy = 0.01

(shown in purple line). The mean square error was based on 500 independent simulations

of the same scenario. Here , the puck is sliding with constant velocity but was kicked by

a player at t = 2.5 seconds. The Kalman filter with a larger αi can detect the disturbance

slightly faster, however, the tracking performance at other times is significantly lower than

Kalman filters, due to frequent unnecessary re-initializations.

5.3.4 Variable-step Kalman filter with auto-reinitialization

Combining the above, we have the algorithm for estimating puck state under irregularly-

sampled measurements but without delays. The algorithm, called auto-restart Kalman filter

(ARKF) for short, is summarized below.
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Figure 5.5: Comparison of the tracking performance under unpredictable disturbances for

Kalman filters and auto-restart Kalman filters.

Algorithm 2: Auto-restart Kalman Filter (ARKF)

input : x̂(tk|tk), P (tk|tk), z(tk + T ), and step size T

output: x̂(tk + T |tk + T ), P (tk + T |tk + T )

1 compute x̂(tk + T |tk) and P (tk + T |tk), using (5.12-5.13);

2 if x̂(tk + T |tk) off the table boundary then

3 correct x̂(tk + T |tk), using (5.22-5.23);

4 end if

5 compute ẑ(tk + T |tk) and S(tk + T ), using (5.14-5.15);

6 compute threshold λx and λy, using (5.27);

7 if ‖z(tk + T )− ẑ(tk + T |tk)‖ pass the threshold then

8 compute x̂(tk + T |tk + T ), P (tk + T |tk + T ), using (5.20-5.21);

9 else

10 compute x̂(tk + T |tk + T ), P (tk + T |tk + T ), using (5.16-5.18);

11 end if
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5.4 Filtering under delayed and irregularly sampled measurements

In this section, we discuss the important accommodation of measurement delays that are

common in visual sensing. Consider the continuous-time model (5.6) with delayed and irreg-

ularly sampled measurements from both sensors. Although the measurements are delayed

and not regularly updated, we still want to obtain an estimate of the state every T seconds.

We propose a memory-enabled Kalman filter that consists of an update step and a prediction

step. The filter stores a limited number of past filter states in its memory. The update step

is called every T seconds to update the memory based on all measurements arrived in the

past T seconds. The prediction step is called to obtain an estimated state in current or

future time, based on current memory data.

5.4.1 Update step

Fig. 5.6 showed the update circle for our proposed memory-enabled Kalman filter. Here,

there are 4 filter states in memory and three measurements arrived in the update circle. The

combined Z∗ include four measurements, where z̃(t∗1) are fused from z(t3) and z(t∗1). A filter

state s(tk) in the memory includes the measurement z(tk), the state estimation x̂(tk|tk) and

the covariance P (tk|tk) at a past time tk. The memory will store all filter states in a fixed

time window [tn−tw, tn], where tn is the current time and tw is the length of the time window.

The length of the time window should be chosen to be greater than the maximum known

sensor delay time. Assuming there are l numbers of filter states in the memory, compactly

noted as

{s(ti)}li=1, tn − tw < t1 < t2 < · · · < tl < tn (5.28)

where

s(ti) , {z(ti), x̂(ti|ti), P (ti|ti)} (5.29)

The new measurements since the last update step, assuming there are p of them, are

{z(t∗i )}
p
i=1. Here, t∗i is the timestamp when the original measurement data is taken, rather

than the timestamp when the processed measurement data is received.
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<latexit sha1_base64="kOK+NRSw6LbQBk2pj6qw75nfzAs=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBCih7AbFT0GvHiMYB6QrGF2MpsMmX040yvEJT/hxYMiXv0db/6Nk2QPmljQUFR1093lxVJotO1va2l5ZXVtPbeR39za3tkt7O03dJQoxusskpFqeVRzKUJeR4GSt2LFaeBJ3vSG1xO/+ciVFlF4h6OYuwHth8IXjKKRWk8l7J7dn550C0W7bE9BFomTkSJkqHULX51exJKAh8gk1brt2DG6KVUomOTjfCfRPKZsSPu8bWhIA67ddHrvmBwbpUf8SJkKkUzV3xMpDbQeBZ7pDCgO9Lw3Ef/z2gn6V24qwjhBHrLZIj+RBCMyeZ70hOIM5cgQypQwtxI2oIoyNBHlTQjO/MuLpFEpOxdl+/a8WK1kceTgEI6gBA5cQhVuoAZ1YCDhGV7hzXqwXqx362PWumRlMwfwB9bnD8fmjxc=</latexit>

z(t⇤3)

<latexit sha1_base64="kOK+NRSw6LbQBk2pj6qw75nfzAs=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBCih7AbFT0GvHiMYB6QrGF2MpsMmX040yvEJT/hxYMiXv0db/6Nk2QPmljQUFR1093lxVJotO1va2l5ZXVtPbeR39za3tkt7O03dJQoxusskpFqeVRzKUJeR4GSt2LFaeBJ3vSG1xO/+ciVFlF4h6OYuwHth8IXjKKRWk8l7J7dn550C0W7bE9BFomTkSJkqHULX51exJKAh8gk1brt2DG6KVUomOTjfCfRPKZsSPu8bWhIA67ddHrvmBwbpUf8SJkKkUzV3xMpDbQeBZ7pDCgO9Lw3Ef/z2gn6V24qwjhBHrLZIj+RBCMyeZ70hOIM5cgQypQwtxI2oIoyNBHlTQjO/MuLpFEpOxdl+/a8WK1kceTgEI6gBA5cQhVuoAZ1YCDhGV7hzXqwXqx362PWumRlMwfwB9bnD8fmjxc=</latexit>

z(t⇤3)

<latexit sha1_base64="gpkuwIn6g+2wJt4Q1sQBgl5QuAc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkYo8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKDzioDcoVt+ouQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/FsO5nQiUpcsWWi8JUEozJ/G8yFJozlFNLKNPC3krYmGrK0KZTsiF4qy+vk/ZV1buuuve1SqOex1GEMziHS/DgBhpwB01oAYMRPMMrvDnSeXHenY9la8HJZ07hD5zPHwh0jZk=</latexit>

t4

<latexit sha1_base64="RWDhma1ncIM/ZYLmP9l9j4+fkGE=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBDiJeyGiB4DXjxGMA9IljA7mU3GzM4uM71CDPkHLx4U8er/ePNvnCR70MSChqKqm+6uIJHCoOt+O2vrG5tb27md/O7e/sFh4ei4aeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3cz81iPXRsTqHscJ9yM6UCIUjKKVmk8l7FUveoWiW3bnIKvEy0gRMtR7ha9uP2ZpxBUySY3peG6C/oRqFEzyab6bGp5QNqID3rFU0YgbfzK/dkrOrdInYaxtKSRz9ffEhEbGjKPAdkYUh2bZm4n/eZ0Uw2t/IlSSIldssShMJcGYzF4nfaE5Qzm2hDIt7K2EDammDG1AeRuCt/zyKmlWyt5l2b2rFmuVLI4cnMIZlMCDK6jBLdShAQwe4Ble4c2JnRfn3flYtK452cwJ/IHz+QOtKI58</latexit>

z(t4)

<latexit sha1_base64="RWDhma1ncIM/ZYLmP9l9j4+fkGE=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBDiJeyGiB4DXjxGMA9IljA7mU3GzM4uM71CDPkHLx4U8er/ePNvnCR70MSChqKqm+6uIJHCoOt+O2vrG5tb27md/O7e/sFh4ei4aeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3cz81iPXRsTqHscJ9yM6UCIUjKKVmk8l7FUveoWiW3bnIKvEy0gRMtR7ha9uP2ZpxBUySY3peG6C/oRqFEzyab6bGp5QNqID3rFU0YgbfzK/dkrOrdInYaxtKSRz9ffEhEbGjKPAdkYUh2bZm4n/eZ0Uw2t/IlSSIldssShMJcGYzF4nfaE5Qzm2hDIt7K2EDammDG1AeRuCt/zyKmlWyt5l2b2rFmuVLI4cnMIZlMCDK6jBLdShAQwe4Ble4c2JnRfn3flYtK452cwJ/IHz+QOtKI58</latexit>

z(t4)

<latexit sha1_base64="Q3jYfkWdNjT487GOEE59MHdezc8=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2HXB3oMePEYwTwgWcLsZDYZMzu7zPQKMeQfvHhQxKv/482/cZLsQRMLGoqqbrq7gkQKg6777eRWVtfWN/Kbha3tnd294v5Bw8SpZrzOYhnrVkANl0LxOgqUvJVoTqNA8mYwvJn6zUeujYjVPY4S7ke0r0QoGEUrNZ7K2D0/7RZLbsWdgSwTLyMlyFDrFr86vZilEVfIJDWm7bkJ+mOqUTDJJ4VOanhC2ZD2edtSRSNu/PHs2gk5sUqPhLG2pZDM1N8TYxoZM4oC2xlRHJhFbyr+57VTDK/9sVBJilyx+aIwlQRjMn2d9ITmDOXIEsq0sLcSNqCaMrQBFWwI3uLLy6RxVvEuK+7dRal6lsWRhyM4hjJ4cAVVuIUa1IHBAzzDK7w5sfPivDsf89ack80cwh84nz+ro457</latexit>

z(t3)

<latexit sha1_base64="84+zhyik5FHTvdiAhj76D3m9s1E=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBaheihJUfRY8OKxgv2ANobNZtsu3WzC7qRQQ/+JFw+KePWfePPfuG1z0NYHA4/3ZpiZFySCa3Ccb6uwtr6xuVXcLu3s7u0f2IdHLR2nirImjUWsOgHRTHDJmsBBsE6iGIkCwdrB6Hbmt8dMaR7LB5gkzIvIQPI+pwSM5Nt2D7gIWfY0rYDvPl6c+3bZqTpz4FXi5qSMcjR8+6sXxjSNmAQqiNZd10nAy4gCTgWblnqpZgmhIzJgXUMliZj2svnlU3xmlBD3Y2VKAp6rvycyEmk9iQLTGREY6mVvJv7ndVPo33gZl0kKTNLFon4qMMR4FgMOuWIUxMQQQhU3t2I6JIpQMGGVTAju8surpFWruldV5/6yXK/lcRTRCTpFFeSia1RHd6iBmoiiMXpGr+jNyqwX6936WLQWrHzmGP2B9fkDsgyS/A==</latexit>

z̃(t⇤1)

<latexit sha1_base64="/RzmtVjXmS6F64tsA355QJqFX0w=">AAAB8HicbVDLSgNBEJz1GeMr6tHLYBDEQ9j1gV6EoBePEcxDknWZncwmQ2Zml5leISz5Ci8eFPHq53jzb5wke9DEgoaiqpvurjAR3IDrfjsLi0vLK6uFteL6xubWdmlnt2HiVFNWp7GIdSskhgmuWB04CNZKNCMyFKwZDm7GfvOJacNjdQ/DhPmS9BSPOCVgpQcITq/g8TjwglLZrbgT4Hni5aSMctSC0lenG9NUMgVUEGPanpuAnxENnAo2KnZSwxJCB6TH2pYqIpnxs8nBI3xolS6OYm1LAZ6ovycyIo0ZytB2SgJ9M+uNxf+8dgrRpZ9xlaTAFJ0uilKBIcbj73GXa0ZBDC0hVHN7K6Z9ogkFm1HRhuDNvjxPGicV77zi3p2Vq9d5HAW0jw7QEfLQBaqiW1RDdUSRRM/oFb052nlx3p2PaeuCk8/soT9wPn8Ap0OPpw==</latexit>

t3 = t⇤1

fusing

time

<latexit sha1_base64="lt48mYD8O3MvcPUzxrVz6JW8fIE=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5CRahuihJUXRZcOOygn1AG8NkOmmHTiZh5kassfgrblwo4tb/cOffOE2z0OqBezmccy9z5/gxZwps+8soLCwuLa8UV0tr6xubW+b2TktFiSS0SSIeyY6PFeVM0CYw4LQTS4pDn9O2P7qY+u1bKhWLxDWMY+qGeCBYwAgGLXnmXm+IIb2bVODm2Ks9ZP3IM8t21c5g/SVOTsooR8MzP3v9iCQhFUA4Vqrr2DG4KZbACKeTUi9RNMZkhAe0q6nAIVVuml0/sQ610reCSOoSYGXqz40Uh0qNQ19PhhiGat6biv953QSCczdlIk6ACjJ7KEi4BZE1jcLqM0kJ8LEmmEimb7XIEEtMQAdW0iE481/+S1q1qnNata9OyvVKHkcR7aMDVEEOOkN1dIkaqIkIukdP6AW9Go/Gs/FmvM9GC0a+s4t+wfj4Bi1alE0=</latexit>

x̂(t⇤2|t⇤2)
<latexit sha1_base64="rt2Dsw23o2Os4czj+ulJQRxX6ak=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5CRahuiiJKLosuHFZwT6gjWEynbRDJ5MwcyPWWPwVNy4Ucet/uPNvnKZZaOuBezmccy9z5/gxZwps+9soLCwuLa8UV0tr6xubW+b2TlNFiSS0QSIeybaPFeVM0AYw4LQdS4pDn9OWP7yc+K07KhWLxA2MYuqGuC9YwAgGLXnmXneAIb0fV+D22HMes37kmWW7amew5omTkzLKUffMr24vIklIBRCOleo4dgxuiiUwwum41E0UjTEZ4j7taCpwSJWbZtePrUOt9KwgkroEWJn6eyPFoVKj0NeTIYaBmvUm4n9eJ4Hgwk2ZiBOggkwfChJuQWRNorB6TFICfKQJJpLpWy0ywBIT0IGVdAjO7JfnSfOk6pxV7evTcq2Sx1FE++gAVZCDzlENXaE6aiCCHtAzekVvxpPxYrwbH9PRgpHv7KI/MD5/ACpKlEs=</latexit>

x̂(t⇤1|t⇤1)
<latexit sha1_base64="jPLcGtt4TcaeWizOyXdlVvVrHz0=">AAAB/XicbVDJTsMwEHVYS9nCcuNiUSEVDlXCIjhW4sKxSHSR2hA5rtNadRbZE0QJFb/ChQMIceU/uPE3uGkO0PKkGT29NyOPnxcLrsCyvo25+YXFpeXCSnF1bX1j09zabqgokZTVaSQi2fKIYoKHrA4cBGvFkpHAE6zpDS7HfvOOScWj8AaGMXMC0gu5zykBLbnmbqdPIL0fleH2yD15zPqha5asipUBzxI7JyWUo+aaX51uRJOAhUAFUaptWzE4KZHAqWCjYidRLCZ0QHqsrWlIAqacNLt+hA+00sV+JHWFgDP190ZKAqWGgacnAwJ9Ne2Nxf+8dgL+hZPyME6AhXTykJ8IDBEeR4G7XDIKYqgJoZLrWzHtE0ko6MCKOgR7+suzpHFcsc8q1vVpqVrO4yigPbSPyshG56iKrlAN1RFFD+gZvaI348l4Md6Nj8nonJHv7KA/MD5/ADBqlE8=</latexit>

x̂(t⇤3|t⇤3)
<latexit sha1_base64="Kkr6XejfXOxQJT57t9azEV++gqM=">AAAB+XicbVBNS8NAEJ34WetX1KOXYBHqpSRS0WPBi8cK9gPaEDbbbbt0swm7k2KJ/SdePCji1X/izX/jts1BWx8MPN6bYWZemAiu0XW/rbX1jc2t7cJOcXdv/+DQPjpu6jhVlDVoLGLVDolmgkvWQI6CtRPFSBQK1gpHtzO/NWZK81g+4CRhfkQGkvc5JWikwLa7Q4LZ47SMQfXJ1EVgl9yKO4ezSryclCBHPbC/ur2YphGTSAXRuuO5CfoZUcipYNNiN9UsIXREBqxjqCQR0342v3zqnBul5/RjZUqiM1d/T2Qk0noShaYzIjjUy95M/M/rpNi/8TMukxSZpItF/VQ4GDuzGJweV4yimBhCqOLmVocOiSIUTVhFE4K3/PIqaV5WvKuKe18t1cp5HAU4hTMogwfXUIM7qEMDKIzhGV7hzcqsF+vd+li0rln5zAn8gfX5A+nHkxk=</latexit>

x̂(t4|t4)
<latexit sha1_base64="AJJqE7YQlXfZG7xCgFK/Eo7UmeU=">AAAB+XicbVDLTgJBEOzFF+Jr1aOXicQEL2SXaPRI4sUjJgImsNnMDgNMmH1kppdIVv7EiweN8eqfePNvHGAPClbSSaWqO91dQSKFRsf5tgpr6xubW8Xt0s7u3v6BfXjU0nGqGG+yWMbqIaCaSxHxJgqU/CFRnIaB5O1gdDPz22OutIije5wk3AvpIBJ9wSgaybft7pBi9jitoF97MnXu22Wn6sxBVombkzLkaPj2V7cXszTkETJJte64ToJeRhUKJvm01E01Tygb0QHvGBrRkGsvm18+JWdG6ZF+rExFSObq74mMhlpPwsB0hhSHetmbif95nRT7114moiRFHrHFon4qCcZkFgPpCcUZyokhlClhbiVsSBVlaMIqmRDc5ZdXSatWdS+rzt1FuV7J4yjCCZxCBVy4gjrcQgOawGAMz/AKb1ZmvVjv1seitWDlM8fwB9bnD+OrkxU=</latexit>

x̂(t2|t2)
<latexit sha1_base64="j5631PJ22Uon7dlFBjFub4OHg0o=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoMQL2E3KHoMePEYwTwwWcLsZDYZMju7zPQKIeYvvHhQxKt/482/cZLsQRMLGoqqbrq7gkQKg6777eTW1jc2t/LbhZ3dvf2D4uFR08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwupn5rUeujYjVPY4T7kd0oEQoGEUrPdTL2Ks+2TrvFUtuxZ2DrBIvIyXIUO8Vv7r9mKURV8gkNabjuQn6E6pRMMmnhW5qeELZiA54x1JFI278yfziKTmzSp+EsbalkMzV3xMTGhkzjgLbGVEcmmVvJv7ndVIMr/2JUEmKXLHFojCVBGMye5/0heYM5dgSyrSwtxI2pJoytCEVbAje8surpFmteJcV9+6iVCtnceThBE6hDB5cQQ1uoQ4NYKDgGV7hzTHOi/PufCxac042cwx/4Hz+AExHj+8=</latexit>

P (t2|t2)
<latexit sha1_base64="vXfRVkiRoBZNtCoe6j+1A3bpK0Q=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69BItQPZREFD0WvHisYD+gTctmu2mXbjZhd6KU2v/hxYMiXv0v3vw3btMctPXBDI/3ZtjZ58eCa3Scbyu3srq2vpHfLGxt7+zuFfcPGjpKFGV1GolItXyimeCS1ZGjYK1YMRL6gjX90c3Mbz4wpXkk73EcMy8kA8kDTgkaqVsrY8/tnj2l/bRXLDkVJ4W9TNyMlCBDrVf86vQjmoRMIhVE67brxOhNiEJOBZsWOolmMaEjMmBtQyUJmfYm6dVT+8QofTuIlCmJdqr+3piQUOtx6JvJkOBQL3oz8T+vnWBw7U24jBNkks4fChJhY2TPIrD7XDGKYmwIoYqbW206JIpQNEEVTAju4peXSeO84l5WnLuLUrWcxZGHIziGMrhwBVW4hRrUgYKCZ3iFN+vRerHerY/5aM7Kdg7hD6zPH4dnkSU=</latexit>

P (t⇤1|t⇤1)
<latexit sha1_base64="+vLgdEa2vmsHNYJSt1woCO77+I0=">AAAB9XicbVBNS8NAEJ34WetX1aOXYBGqh5IURY8FLx4r2A9o07LZbtqlm03YnSil9n948aCIV/+LN/+N2zQHbX0ww+O9GXb2+bHgGh3n21pZXVvf2Mxt5bd3dvf2CweHDR0lirI6jUSkWj7RTHDJ6shRsFasGAl9wZr+6GbmNx+Y0jyS9ziOmReSgeQBpwSN1K2VsFfpnj+l/axXKDplJ4W9TNyMFCFDrVf46vQjmoRMIhVE67brxOhNiEJOBZvmO4lmMaEjMmBtQyUJmfYm6dVT+9QofTuIlCmJdqr+3piQUOtx6JvJkOBQL3oz8T+vnWBw7U24jBNkks4fChJhY2TPIrD7XDGKYmwIoYqbW206JIpQNEHlTQju4peXSaNSdi/Lzt1FsVrK4sjBMZxACVy4gircQg3qQEHBM7zCm/VovVjv1sd8dMXKdo7gD6zPH4p7kSc=</latexit>

P (t⇤2|t⇤2)
<latexit sha1_base64="hobTRjMlVPIU0yn1dKLQORE0iIA=">AAAB9XicbVDLTsJAFL31ifhCXbppJCbogrQ+oksSNy4xkUcChUyHKUyYTpuZWw1B/sONC41x67+4828cShcKnuTenJxzb+bO8WPBNTrOt7W0vLK6tp7byG9ube/sFvb26zpKFGU1GolINX2imeCS1ZCjYM1YMRL6gjX84c3UbzwwpXkk73EUMy8kfckDTgkaqVMtYfe8c/qU9pNuoeiUnRT2InEzUoQM1W7hq92LaBIyiVQQrVuuE6M3Jgo5FWySbyeaxYQOSZ+1DJUkZNobp1dP7GOj9OwgUqYk2qn6e2NMQq1HoW8mQ4IDPe9Nxf+8VoLBtTfmMk6QSTp7KEiEjZE9jcDuccUoipEhhCpubrXpgChC0QSVNyG4819eJPWzsntZdu4uipVSFkcODuEISuDCFVTgFqpQAwoKnuEV3qxH68V6tz5mo0tWtnMAf2B9/gCNj5Ep</latexit>

P (t⇤3|t⇤3)
<latexit sha1_base64="MAo7gQgpywTN6F5z7cSRTwwnp/8=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXInoMePEYwTwwWcLsZJIMmZ1dZnqFsOYvvHhQxKt/482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFR00SJZrzBIhnpdkANl0LxBgqUvB1rTsNA8lYwvpn5rUeujYjUPU5i7od0qMRAMIpWeqiXsVd9snXeK5bcijsHWSVeRkqQod4rfnX7EUtCrpBJakzHc2P0U6pRMMmnhW5ieEzZmA55x1JFQ278dH7xlJxZpU8GkbalkMzV3xMpDY2ZhIHtDCmOzLI3E//zOgkOrv1UqDhBrthi0SCRBCMye5/0heYM5cQSyrSwtxI2opoytCEVbAje8surpHlR8S4r7l21VCtnceThBE6hDB5cQQ1uoQ4NYKDgGV7hzTHOi/PufCxac042cwx/4Hz+AFJjj/M=</latexit>

P (t4|t4)
Initial 
state

New filter states to be stored in memory

<latexit sha1_base64="GKGcygmjmx70ejHF9ve1GmYFC4U=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BItQPZSkKHosePFYwX5AG8tmu2mXbjZxdyLU0D/hxYMiXv073vw3btsctPXBwOO9GWbm+bHgGh3n28qtrK6tb+Q3C1vbO7t7xf2Dpo4SRVmDRiJSbZ9oJrhkDeQoWDtWjIS+YC1/dD31W49MaR7JOxzHzAvJQPKAU4JGaj+Vsefen532iiWn4sxgLxM3IyXIUO8Vv7r9iCYhk0gF0brjOjF6KVHIqWCTQjfRLCZ0RAasY6gkIdNeOrt3Yp8YpW8HkTIl0Z6pvydSEmo9Dn3TGRIc6kVvKv7ndRIMrryUyzhBJul8UZAIGyN7+rzd54pRFGNDCFXc3GrTIVGEoomoYEJwF19eJs1qxb2oOLfnpVo1iyMPR3AMZXDhEmpwA3VoAAUBz/AKb9aD9WK9Wx/z1pyVzRzCH1ifP8TYjxU=</latexit>

z(t⇤1)

Figure 5.6: Illustration of the memory-enabled Kalman filter update circle.

In the update step, we first combine new measurements with old measurements stored in

the memory, and sort them based on timestamp to get a new measurement list

{z(t1), · · · , z(tn), z(t∗1), · · · z(ti), z(t
∗
j), · · · z(t∗p)} (5.30)

Then we crop the combined measurements list to get Z∗, whose first element is the first new

measurement z(t∗1)

Z∗ = {z(t∗1), · · · z(ti), z(t
∗
j), · · · z(t∗p)} (5.31)

Note that it is possible that two measurements have the same timestamp, each from a

different sensor. In this case, measurement fusion must be carry out to fuse two measurements

into one. Denoting two measurements as z1 and z2 with the corresponding measurement error

covariances R1 and R2, we have the fused measurement and covariance [54]

z = z1 +R1(R1 +R2)−1(z2 − z1) (5.32)

R = ((R1)−1 + (R2)−1)−1 (5.33)
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Now, we have obtained a list of measurement ordered by time. Then Kalman filters can be

applied to process these measurements one by one, creating new filter states to be stored in

memory. The initial state estimation and covariance would be x̂(tn|tn) and P (tn|tn), where

tn is the first timestamp before t∗1 in (5.30). Finally, with the updated current time tn, we

discard filter states older than time tn − tw to save memory space.

5.4.2 Prediction step

The predicted state at time tp based on the current filter memory can be obtained from the

latest filter state s(tl) = {z(tl), x̂(tl|tl), P (tl|tl)}.

x̂(tp|tl) = Ad(tp − tl)x̂(tl|tl) (5.34)

P (tp|tl) = Ad(tp − tl)P (tl|tl)Ad(tp − tl)T +Q(tp − tl) (5.35)

5.4.3 Memory-enabled Variable-step Kalman Filter with Auto-reinitialization

Combining the memory-based structure with the auto-restart Kalman filter, we finally get

the filtering algorithm that can estimate puck state under delayed and irregularly-sampled

measurements from both sensors. The algorithm, referred below as the memory-enabled

auto-restart Kalman filter (M-ARKF), is summarized in Algorithm 2.

5.5 Numerical simulation

We test the tracking performance of M-ARKF in a simulated air-hockey environment. In

the tested scenario, the puck slides at a constant velocity of (ξ̇x, ξ̇y) = (0.6, 0.4) meters per

seconds starting at t = 0. After the puck was bounced back from table edge, it got struck

by the player at t = 1.25 seconds. The puck’s moving trajectory is visualized in Fig. 5.7.

Fig. 5.8 shows the position measurements from both sensors, which are generated by

adding Gaussian noise to the true position. In this simulation, there are 134 measurements

received from the event-based camera and 58 measurements received from the frame-based

camera. Each measurement is delayed by a random time sampled from a fixed range (see
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Algorithm 3: Memory-enabled Auto-restart Kalman Filter (M-ARKF)

input : {z(t∗i )}
p
i=1, tp

output : x̂(tp|tl), P (tp|tl)

memory: {z(ti)}li=1

1 combine {z(t∗i )}
p
i=1 with {z(ti)}li=1 and reorder by timestamp to obtain Z;

2 Extract Z∗ (5.31) from Z and find the timestamp tn right before t∗1;

3 Fuse measurements in Z∗ that has the same timestamp, using (5.32-5.33);

4 x̂(t0|t0)← x̂(tn|tn), P (t0|t0)← P (tn|tn), t0 ← tn;

5 foreach z(t) ∈ Z∗ do

6 x̂(t|t), P (t|t)← ARKF (x̂(t0|t0), P (t0|t0), z(t), t− t0);

7 add {x̂(t|t), P (t|t), z(t)} to filter memory ;

8 x̂(t0|t0)← x̂(t|t), P (t0|t0)← P (t|t), t0 ← t;

9 end foreach

10 discard filter state with timestamp old than tn − tw calculate x̂(tp|tl), P (tp|tl), using

(5.34-5.35)
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(0.99, 0.48)

Figure 5.7: The moving trajectory of puck in the simulation. The puck was struck by pusher

(visualized in blue) at t = 1.25 seconds.
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Figure 5.8: The position measurements from event-based camera and frame-based camera.

Fig. 5.9). The measurements from frame-based cameras are simulated to have more delays,

mimicking the fact that the original data from fame-based cameras are bigger than those

from event-based cameras and will take longer to process.

The M-ARKF was called every T = 0.1 seconds to process the measurements data and

to predict the state at the update time. Fig. 5.10 shows the averaged position and velocity

prediction error squared over 500 independent tests. The measurement noise level is also

shown in the figure. The results show that M-ARKF is able to track the puck state and

maintains small position and velocity errors when there is no disturbance. There are error

spikes at t = 1.25 seconds, due to the unpredictable disturbance caused by the player striking

the puck. Compared with Fig. 5.5 where the same ARKF was used to correct disturbances,

the error spike is larger in M-ARKF results. This is expected because the measurements in

M-ARKF tests comes with time delays, which will also delay the re-initialization process for

disturbance correction.

Fig. 5.11 shows the comparison of tracking error between M-ARKF and the KF. Here, the
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Figure 5.9: The delay time distribution for event-based camera and frame-based camera

measurements.

Figure 5.10: Tracking performance of M-ARKF. The mean square error was based on 500

independent runs of the simulation.
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Figure 5.11: Comparison of tracking error between M-ARKF and KF.

KF have applied variable time steps during prediction and correction. However, due to the

variable time-delays of both measurements, the Kalman filter have shown very poor track-

ing accuracy. The proposed memory-enabled auto-restart Kalman filter, however, achieved

significantly better state estimation error converging. It also inherited the ability to handle

the disturbance at t = 1.25 seconds from the design in auto-restart Kalman filter.
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Chapter 6

CONCLUSIONS AND FUTURE WORKS

In this dissertation, we developed a basic model-based recovery (MR) algorithm and

its two extensions. The basic MR utilized the autoregressive model of fast signals and

re-parameterized it into a sparse structure. One extension of MR has an infinite-input

response filter structure to reduce the measurement noise. The other extension of MR applies

to collaborative sensors where two sensors sample the same signal with different sampling

intervals. All of the above MR algorithms have been verified in the disturbance rejection

control system. The problem of beyond-Nyquist disturbance rejection is addressed with the

proposed multirate model-based disturbance observer (MR-FMDOB) design. Under this

direction, the future work is to study the autoregressive model identification algorithm, such

that MR can be adaptive to model variations and uncertainties.

We showed in Chapter 4 that the model-based prediction (MMP) together with Kalman

filter can obtain target position and velocity estimates with slow-sampling and delay com-

pensated. Here, MMP uses an autoregressive model of the target but the Kalman filter uses

a state-space model. As is shown in Chapter 5, the Kalman filter can actually be extended to

do the same task as MR. The future work is to apply a dual-rate Kalman filter to the robotic

target following algorithm and compare the performance with our current approach. We also

discussed a general method for robots to follow the 3D target movement with known target

velocity—an extension to basic position-based visual servoing control. There are interests

and values to study the corresponding extension to image-based visual servoing. The prob-

lem is estimated to be much more complicated due to the nonlinear relationship in image

projection.

This dissertation also presented M-ARKF for tracking puck state in a robotic air-hockey
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system. The algorithm was tested successful in simulation and experimentation to reduce the

negative effect of visual sensing dynamics. This method is designed to be sufficiently general,

so it can be applied to other tracking systems. M-ARKF uses the state space mode of the

target to compensate the sensing dynamics. Compared with MR where autoregressive model

is used, M-ARKF is more flexible for nonlinear or even statistical system models, using the

same techniques in the extended Kalman filter and particle filter. However, M-ARKF has

more computation cost than the MR algorithm.



90

BIBLIOGRAPHY

[1] R. Ginhoux, J. Gangloff, M. de Mathelin, L. Soler, M. M. A. Sanchez, and J. Marescaux,

“Active filtering of physiological motion in robotized surgery using predictive control,”

IEEE Transactions on Robotics, vol. 21, no. 1, pp. 67–79, 2005.

[2] X. Chen and M. Tomizuka, “A minimum parameter adaptive approach for rejecting

multiple narrow-band disturbances with application to hard disk drives,” IEEE Trans-

actions on Control Systems Technology, vol. 20, no. 2, pp. 408–415, 2012.

[3] F. Chaumette and S. Hutchinson, “Visual servo control. I. basic approaches,” IEEE

Robotics & Automation Magazine, vol. 13, no. 4, pp. 82–90, 2006.

[4] F. Chaumette and S. Hutchinson, “Visual servo control. ii. advanced approaches [tuto-

rial],” IEEE Robotics & Automation Magazine, vol. 14, no. 1, pp. 109–118, 2007.

[5] F. Chaumette, P. Rives, and B. Espiau, “Classification and realization of the different

vision-based tasks,” in Visual Servoing: Real-Time Control of Robot Manipulators Based

on Visual Sensory Feedback, pp. 199–228, World Scientific, 1993.

[6] A. Castaño and S. Hutchinson, “Visual compliance: Task-directed visual servo control,”

IEEE transactions on Robotics and Automation, vol. 10, no. 3, pp. 334–342, 1994.

[7] E. Malis, F. Chaumette, and S. Boudet, “2 1/2 d visual servoing,” IEEE Transactions

on Robotics and Automation, vol. 15, no. 2, pp. 238–250, 1999.

[8] J. Chen, D. M. Dawson, W. E. Dixon, and A. Behal, “Adaptive homography-based

visual servo tracking for a fixed camera configuration with a camera-in-hand extension,”

IEEE Transactions on Control Systems Technology, vol. 13, no. 5, pp. 814–825, 2005.



91

[9] G. Morel, T. Liebezeit, J. Szewczyk, S. Boudet, and J. Pot, “Explicit incorporation of

2d constraints in vision based control of robot manipulators,” in Experimental Robotics

VI, pp. 99–108, Springer, 2000.

[10] Q. Bateux, E. Marchand, J. Leitner, F. Chaumette, and P. Corke, “Training deep neural

networks for visual servoing,” in 2018 IEEE International Conference on Robotics and

Automation (ICRA), pp. 3307–3314, 2018.

[11] F. Sadeghi, “Divis: Domain invariant visual servoing for collision-free goal reaching,”

in Robotics: Science and Systems (RSS), 2019.

[12] M. Zhang, X. Liu, D. Xu, Z. Cao, and J. Yu, “Vision-based target-following guider for

mobile robot,” IEEE Transactions on Industrial Electronics, 2019.

[13] H. Firouzi and H. Najjaran, “Real-time monocular vision-based object tracking with

object distance and motion estimation,” in 2010 IEEE/ASME International Conference

on Advanced Intelligent Mechatronics, pp. 987–992, IEEE, 2010.

[14] R. C. Luo, S.-C. Chou, X.-Y. Yang, and N. Peng, “Hybrid eye-to-hand and eye-in-hand

visual servo system for parallel robot conveyor object tracking and fetching,” in IECON

2014-40th Annual Conference of the IEEE Industrial Electronics Society, pp. 2558–2563,

IEEE, 2014.

[15] F. Janabi-Sharifi and M. Marey, “A kalman-filter-based method for pose estimation in

visual servoing,” IEEE transactions on Robotics, vol. 26, no. 5, pp. 939–947, 2010.

[16] I. Siradjuddin, L. Behera, T. M. McGinnity, and S. Coleman, “A position based visual

tracking system for a 7 dof robot manipulator using a kinect camera,” in The 2012

international joint conference on neural networks (IJCNN), pp. 1–7, IEEE, 2012.

[17] A. Mohebbi, M. Keshmiri, and W. F. Xie, “An eye-in-hand stereo visual servoing for

tracking and catching moving objects,” in Proceedings of the 33rd Chinese Control Con-

ference, pp. 8570–8577, IEEE, 2014.



92

[18] F. Bensalah and F. Chaumette, “Compensation of abrupt motion changes in target

tracking by visual servoing,” in Proceedings 1995 IEEE/RSJ International Conference

on Intelligent Robots and Systems. Human Robot Interaction and Cooperative Robots,

vol. 1, pp. 181–187, IEEE, 1995.

[19] Y. Nakabo, M. Ishikawa, H. Toyoda, and S. Mizuno, “1 ms column parallel vision

system and its application of high speed target tracking,” in Proceedings 2000 ICRA.

Millennium Conference. IEEE International Conference on Robotics and Automation.

Symposia Proceedings (Cat. No. 00CH37065), vol. 1, pp. 650–655, IEEE, 2000.

[20] P. Chalimbaud and F. Berry, “Embedded active vision system based on an fpga archi-

tecture,” EURASIP Journal on Embedded Systems, vol. 2007, no. 1, pp. 26–26, 2007.

[21] T. Delbrück, B. Linares-Barranco, E. Culurciello, and C. Posch, “Activity-driven, event-

based vision sensors,” in Proceedings of 2010 IEEE International Symposium on Circuits

and Systems, pp. 2426–2429, IEEE, 2010.

[22] S. Huang, N. Bergström, Y. Yamakawa, T. Senoo, and M. Ishikawa, “High-speed vi-

sual feedback for realizing high-performance robotic manipulation,” in Selected Papers

from the 31st International Congress on High-Speed Imaging and Photonics, vol. 10328,

p. 103280V, International Society for Optics and Photonics, 2017.

[23] Y. Yamakawa, Y. Matsui, and M. Ishikawa, “Development of a real-time human-robot

collaborative system based on 1 khz visual feedback control and its application to a

peg-in-hole task,” Sensors, vol. 21, no. 2, p. 663, 2021.

[24] S. Namiki, K. Yokoyama, S. Yachida, T. Shibata, H. Miyano, and M. Ishikawa, “Online

object recognition using cnn-based algorithm on high-speed camera imaging: Frame-

work for fast and robust high-speed camera object recognition based on population

data cleansing and data ensemble,” in 2020 25th International Conference on Pattern

Recognition (ICPR), pp. 2025–2032, IEEE, 2021.



93

[25] I. A. Ivan, M. Ardeleanu, and G. J. Laurent, “High dynamics and precision optical

measurement using a position sensitive detector (psd) in reflection-mode: application

to 2d object tracking over a smart surface,” Sensors, vol. 12, no. 12, pp. 16771–16784,

2012.

[26] G. Gallego, T. Delbruck, G. M. Orchard, C. Bartolozzi, B. Taba, A. Censi, S. Leuteneg-

ger, A. Davison, J. Conradt, K. Daniilidis, et al., “Event-based vision: A survey,” IEEE

Transactions on Pattern Analysis and Machine Intelligence, 2020.

[27] A. J. Jerri, “The shannon sampling theorem—its various extensions and applications:

A tutorial review,” Proceedings of the IEEE, vol. 65, no. 11, pp. 1565–1596, 1977.

[28] M. Unser, “Sampling-50 years after shannon,” Proceedings of the IEEE, vol. 88, no. 4,

pp. 569–587, 2000.

[29] Y. Yamamoto, M. Nagahara, and P. P. Khargonekar, “Signal reconstruction via h-

infinity sampled-data control theory—beyond the shannon paradigm,” IEEE Transac-

tions on Signal Processing, vol. 60, no. 2, pp. 613–625, 2012.

[30] J. Tani, S. Mishra, and J. T. Wen, “Motion blur-based state estimation,” IEEE Trans-

actions on Control Systems Technology, vol. 24, pp. 1012–1019, May 2016.

[31] C. Wang, C.-Y. Lin, and M. Tomizuka, “Visual servoing considering sensing dynamics

and robot dynamics,” IFAC Proceedings Volumes, vol. 46, no. 5, pp. 45–52, 2013. 6th

IFAC Symposium on Mechatronic Systems.

[32] C.-Y. Lin, C. Wang, and M. Tomizuka, “Pose estimation in industrial machine vision

systems under sensing dynamics: A statistical learning approach,” in 2014 IEEE Inter-

national Conference on Robotics and Automation (ICRA), pp. 4436–4442, IEEE, 2014.

[33] C. Wang, C.-Y. Lin, and M. Tomizuka, “Design of kinematic controller for real-time

vision guided robot manipulators,” in 2014 IEEE International Conference on Robotics

and Automation (ICRA), pp. 4141–4146, IEEE, 2014.



94

[34] X. Chen and H. Xiao, “Multirate forward-model disturbance observer for feedback reg-

ulation beyond nyquist frequency,” Systems & Control Letters, vol. 94, pp. 181–188,

2016.

[35] H. Xiao, T. Jiang, and X. Chen, “Rejecting fast narrow-band disturbances with slow

sensor feedback for quality beam steering in selective laser sintering,” Mechatronics,

vol. 56, pp. 166–174, 2018.

[36] H. Xiao, Y. Bar-Shalom, and X. Chen, “A collaborative sensing and model-based real-

time recovery of fast data flows from sparse measurements,” IEEE Transactions on

Industrial Electronics, vol. 67, no. 8, pp. 6806–6814, 2019.

[37] H. Xiao and X. Chen, “Following fast-dynamic targets with only slow and delayed visual

feedback: A kalman filter and model-based prediction approach,” in Dynamic Systems

and Control Conference, 10 2019.

[38] A. Feuer and G. Goodwin, “Generalized sample hold functions-frequency domain analy-

sis of robustness, sensitivity, and intersample difficulties,” IEEE Trans. Autom. Control,

vol. 39, pp. 1042–1047, May 1994. 00107.

[39] D. Wang and X. Chen, “A spectral analysis of feedback regulation near and beyond

nyquist frequency,” IEEE/ASME Transactions on Mechatronics, vol. 23, no. 2, pp. 916–

926, 2018.

[40] D. Youla, J. J. Bongiorno, and H. Jabr, “Modern wiener–hopf design of optimal con-

trollers part i: The single-input-output case,” vol. 21, no. 1, pp. 3–13, 1976.

[41] V. Kucera, “Stability of discrete linear feedback systems,” in Proc. 6th IFAC World

Congress, paper 44.1, vol. 1, 1975.

[42] H. Fujioka and S. Hara, “Output regulation for sampled-data feedback systems: Internal

model principle and H∞ servo controller synthesis,” Proc. IEEE Conf. Decision and

Control, pp. 4867–4872, 2006.



95

[43] C. E. Garcia and M. Morari, “Internal model control. A unifying review and some new

results,” Ind. & Eng. Chemistry Process Design and Develop., vol. 21, pp. 308–323, Apr.

1982.

[44] B. D. Anderson, “From youla kucera to identification, adaptive and nonlinear control,”

Automatica, vol. 34, no. 12, pp. 1485 – 1506, 1998.

[45] X. Chen and M. Tomizuka, “A minimum parameter adaptive approach for rejecting mul-

tiple narrow-band disturbances with application to hard disk drives,” vol. 20, pp. 408–

415, March 2012.

[46] L. N. Trefethen and D. Bau III, Numerical linear algebra, vol. 50. Siam, 1997.

[47] V. Lepetit, F. Moreno-Noguer, and P. Fua, “Epnp: An accurate O(n) solution to the

PnP problem,” International journal of computer vision, vol. 81, no. 2, p. 155, 2009.

[48] Y. Zheng, Y. Kuang, S. Sugimoto, K. Astrom, and M. Okutomi, “Revisiting the PnP

problem: A fast, general and optimal solution,” in Proceedings of the IEEE International

Conference on Computer Vision, pp. 2344–2351, 2013.
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Appendix A

A.1 Proof of Theorem 3.1

Proof. By definition, d[nL] = dc(nTs) = dL[n]. Hence (3.9) holds. To establish (3.11),

construct

Fk(z
−1)A(z−1) + z−kWk(z

−L) = 1, (A.1)

Wk(z
−L) , wk,0 + wk,1z

−L + wk,2z
−2L + · · ·+ wk,nwkz

−nwkL,

Fk(z
−1) , 1 + fk,1z

−1 + fk,2z
−2 + · · ·+ fk,nfkz

−nfk ,

where wk,nwk 6= 0, fk,nfk 6= 0, and Wk(z
−L) is obtained by replacing each z−1 in Wk(z

−1)

with z−L. As A(z−1)d[n] = 0 at steady state, it must be that Fk(z
−1)A(z−1)d[n]→ 0, which

gives, after substituting in (A.1),

(1− z−kWk(z
−L))d[n]→ 0. (A.2)

For n = ñL+ k (k ∈ Z+, k < L), this implies that, at steady state,

d[ñL+ k] = z−kWk(z
−L)d[ñL+ k]

= wk,0d[ñL] + wk,1d[(ñ− 1)L] + wk,2d[(ñ− 2)L]+

· · ·+ wk,nwkd[(ñ− nwk)L]. (A.3)

But by definition d[(ñ − i)L] = dL[ñ − i]. Hence, with a change of notations, the result

simplifies to the asserted (3.11).

Consider solving (A.1), which is a special constrained Diophantine equation. Matching

the coefficients of z−i’s (i = 1, 2,..., m + nf ), one can obtain m + nfk linear equations with

the nfk + nwk + 1 parameters of Fk(z
−1) and Wk(z

−L) as the unknowns. A solution thus
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exists if

nfk + nwk + 1 ≥ m+ nfk . (A.4)

Additionally in (A.1), the highest order of z−1 must be the same in Fk(z
−1)A(z−1) and

z−kWk(z
−1), namely,

m+ nfk = k + Lnwk . (A.5)

Hence the minimum-order solution is achieved with

n∗wk = m− 1, n∗fk = L(m− 1)−m+ k. (A.6)

Under (A.6), the coefficients of z−l’s, l ∈ {1, 2, . . . , L(m − 1) + k}, in A(z−1)Fk(z
−1) +

z−kW (z−L) are given by

wk,p +

i+j=pL+k∑
i,j=0,1,...

aifk,j : for z−pL−k, p = 0, 1, . . . ,m− 1

i+j=l∑
i,j=0,1,...

aifk,j : for z−l, l 6= pL+ k ∀p ∈ {0, 1, . . . ,m− 1},

where fk,0 = 1 and a0 = 1. All the above coefficients must be zero for (A.1) to hold.

Confining so yields, after some matrix algebra, yields Eq. (3.12).

A.2 Proof of Theorem 3.2

Proof. For each ωi, Eq. (3.2) has the solution

Q(ejωi) =
1

Pd(ejωi)
=

Pd(ejωi)

|Pd(ejωi)|2
, (A.7)

i.e.  RQ(ejωi) = RPd(e
jωi )

|Pd(ejωi )|2

IQ(ejωi) = − IPd(e
jωi )

|Pd(ejωi )|2

, i = 1, 2, . . . ,m. (A.8)

Define first

Q∗(z) = q0 + q1z
−1 + qpz

−p (A.9)
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such that Pd(e
jωi)Q∗(ejωi) = 1, then by Eq. (A.8), we must have, for i = 1, 2, . . . ,m, q0 + q1cosωi + · · ·+ qpcospωi = RPd(e

jωi )

|Pd(ejωi )|2
,

q1sinωi + · · ·+ qpsinpωi = − IPd(e
jωi )

|Pd(ejωi )|2
.

(A.10)

There are m such equation sets, or 2m linear equations. Since ωi ∈ (0, π), and ωi 6= ωj if

∀i 6= j, those linear equations are independent from each other. Then we have 2m linearly

independent equations and p+ 1 = 2m unknowns, and qi’s can be uniquely solved from Eq.

(3.22).

The first element in the Q filter in Eq. (3.21), or Q0(z) in Eq. (3.23), is a multi-band

bandpass filter that has m narrow passbands centered at ωi. It is produced by 1 − Q1(z),

where Q1(z) is constructed by m cascaded lattice-based band-stop filters [55, 56] whose

bandwidths are related to k2,i’s defined by Eq. (3.25). One can show that Q0(e
jωi) = 1 at

each center frequency ωi. Combining Eq. (3.23) and Eq. (A.9) then results in the proposed

structure of Q(z) in Eq. (3.2).

Because Q0(e
jωi) = 1 and Pd(e

jωi)Q∗(ejωi) = 1, the disturbance rejection requirement

(Eq. (3.2)) is satisfied. In addition, when ω 6= ωi, |Q0(e
jω)| can be made arbitrarily small by

reducing the bandwidth Bw,i. Thus |1−Pd(ejω)Q(ejω)| can be controlled to be approximately

1 if ω 6= ωi, avoiding large noise amplification.

A.3 Proof of Theorem 3.3

Proof. In order to establish and validate Eq. (3.28), we construct a polynomial equation

Hk(z
−1)A(z−1) + z−kWk(z

−L)−B∗(z−L) = 1, (A.11)

where A(z−1) is defined by Eq. (3.37), and

Hk(z
−1) = 1 + hk,1z

−1 + · · ·+ hk,2m(L−1)z
−2m(L−1), (A.12)

Wk(z
−L) = wk,0 + wk,1z

−L + · · ·+ wk,2m−1z
−(2m−1)L, (A.13)
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B∗(z−L) = b1z
−L + b2z

−2L + · · ·+ b2mz
−2mL. (A.14)

The coefficients of B∗(z−L) are the same as those in B(z−1) (computed by Eq. (3.33)).

Based on the internal signal model [57] of d[n], A(z−1)d[n] = 0 at the steady state.

Combining this with Eq. (A.11) yields(
1− z−kWk(z

−L) +B∗(z−L)
)
d[n] = Hk(z

−1)A(z−1)d[n] = 0, (A.15)

which gives

d[n] = z−kWk(z
−L)d[n]−B∗(z−L)d[n]

= wk,0d[n− k] + wk,1d[n− k − L] · · ·+ wk,2m−1d[n− k − (2m− 1)L]

−b1d[n− L]− b2d[n− 2L]− · · · − b2md[n− 2mL].

(A.16)

Replacing n with nL+ k, we have

d[nL+ k] = wk,0d[nL] + · · ·+ wk,2m−1d[(n− (2m− 1))L]

−b1d[(n− 1)L+ k]− · · · − b2md[(n− 2m)L+ k].
(A.17)

Recalling dL[n] = d[nL] and yk[n] , d[nL + k], it follows that Eq. (A.17) can be written as

Eq. (3.28).

Now consider solving Eq. (A.11). Expanding the equation and collecting the coefficients

of z−i’s (i = 1, 2, . . . , 2mL), one can get 2mL linear equations with 2mL unknowns, which

can be written in matrix form as Eq. (3.34).

A.4 Proof of Theorem 3.4

Proof. To see first (3.55), we construct

Fk(z
−1)A(z−1) + z−kWk(z

−M) + z−kVk(z
−N) = 1, (A.18)

where

Fk(z
−1) = 1 + f1z

−1 + · · ·+ flz
−l, (A.19)

Wk(z
−M) = wk,0 + wk,1z

−M + · · ·+ wk,t1z
−t1M , (A.20)

Vk(z
−N) = vk,0 + vk,1z

−N + · · ·+ vk,t2z
−t2N . (A.21)
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Multiplying both sides of (A.18) with d[n] and dropping the trivial term Fk(z
−1)A(z−1)d[n],

we have

d[n] = z−kWk(z
−M)d[n] + z−kVk(z

−N)d[n], (A.22)

namely,

d[n] =

t1∑
i=0

wk,id[n− k − iM ] +

t2∑
j=0

vk,jd[n− k − jN ]. (A.23)

Let d[n] be the k-th data point of the i-th batch, i.e. d[n]↔ bi[k], then based on the batch

definition (see (3.53)), we have d[n− k]↔ d[iL]↔ bi−1[k]. Recall that the indices n1 and n2

are chosen such that dM [n1]↔ dN [n2]↔ bi−1[L]. Thus we get d[n− k]↔ dM [n1]↔ dN [n2],

or (n− k)T = n1MT = n2NT based on their time-stamp equivalence. Now the time stamps

of the summation terms in (A.23) are

t {d[n− k − iM ]} = (n− k − iM)T

= (n1 − i)MT = t {dM [n1 − i]} , (A.24)

t {d[n− k − jN ]} = (n− k − jN)T

= (n2 − j)NT = t {dN [n2 − j]} . (A.25)

Thus we get

d[n− k − iM ]↔ dM [n1 − i], (A.26)

d[n− k − jN ]↔ dN [n2 − j]. (A.27)

In other words, (3.55) will be satisfied as long as (A.23), or its equivalent from (A.18) is

satisfied.

Now consider solving (A.18). Expanding the equation and collecting the coefficients of

z−i’s (i = 1, 2, . . . , l+m), one can get (l+m) linear equations with (l+ t1+ t2+2) unknowns,

which can be written in the matrix form as (3.56).
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