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Following rapidly and precisely a moving target has become the core functionality in robotic
systems for transportation, manufacturing, and surgery. Among existing target following
methods, vision-based tracking continues to thrive as one of the most popular and is the
closest method to human perception. However, the slow sampling speed of vision sensors, the
time delays of visual outputs, and the irregular processing time of image data fundamentally
hinder real-time applications. Such limitations from the visual sensing dynamics need special
attention when following fast-moving targets. Ignoring the visual sensing dynamics has
caused unstable and even unsafe robot behavior.

This dissertation provides fast robotic target following considering the sensing dynamics.
Starting from the fundamental problem in disturbance compensation where the sampling
rate of the feedback sensor is insufficient to capture the high-frequency dynamics of the dis-
turbance signal, we propose an information recovering algorithm to reconstruct fast-sampled
signals from slowly-sampled ones. The reconstruction is made possible by re-parameterizing
the dense autoregressive models of signals to a sparse structure. To reduce the recovering
error at lower signal-to-noise ratios, we improve from the new autoregressive model to a
framework using infinite impulse response (IIR) filter structures. Furthermore, the idea of

signal recovering is extended to a collaborative sensing system, where two sensors—each sam-



pling at a different rates—collaborate to provide fast signal recovering significantly beyond
the Nyquist frequency of individual sensors.

The information recovering algorithm has been engineered into an extended visual ser-
voing control system for a high-speed target following. The extended visual servoing com-
pensates for the following error caused by target motions by estimating the target velocities
online, while the recovering algorithm compensates for the slow-sampling and time delays.
Under a more challenging scenario where there are multiple feedback signal flows with irregu-
lar sampling intervals and variable delays, we propose a memory-enabled auto-restart Kalman
filter (M-ARKF) to compensate for the full sensing dynamics, and additionally handle any
jumping velocities of the tracked object. Simulation and experimentation on a dual-arm

robotic manipulator and a robotic air-hockey player validate the proposed algorithms.
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NOMENCLATURE

{A} A 3D coordinate system with origin at porint A.

AR(n) An autoregressive model with an order of n.

A¢p  The 3D pose of frame {B} with respect to frame {A}.

Avp  The 3D velocity of frame { B} with respect to frame {A}.

&) The composition operator of relative poses, e.g., ‘& = 4¢5 @ Péc.
ARp The rotation matrix corresponding to the relative pose “¢5.

Atp  The translation vector corresponding to the relative pose 4¢5.

R, (0) The rotation matrix that corresponds to the 3D rotating of § degrees about z axis.
A’ The transpose of matrix A.

LCM(M, N) The least common multiple of integers M and N.

t{x[n]} The timestamp of signal x[n]. If z[n| is uniformly sampled with period T', then
t{x[n]} = nT.

x1[n] <> z2[n] Two sequences x1[n| and z5[n| are equal and aligned in time (i.e.,z1[n| = z3[n],

x1[n] and z5[n] have the same timestamps for any n).

[x]  The ceiling function that maps a real number = to the smallest following integer.
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mod(a, b) he remainder after division of a by b.

Af The Moore—Penrose inverse of matrix A
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Chapter 1

INTRODUCTION

1.1 Problem introduction

This dissertation considers robotic target following of a dynamic target based on visual
feedback. Figure 1.1 shows two basic configurations of vision-based target following problem.
Here, the goal is to control the relative 3D pose between the dynamic target and robot (noted
as ¥&p(t)) such that it can converge to a desired profile “¢,*(t). This desired profile could be
as simple as a constant pose, or some designed motion trajectories to interact with the target
object. The robot could be static like a fixed manipulator, a mobile robot like drones of cars,
or the combination of both. The eye-in-hand configuration fixes cameras on the robot so
the camera movement is synced with the robot motion. This configuration is common in
mobile robots and manipulators where a dynamic view of the target is needed. The other

eye-to-hand configuration controls the robot motion based on feedback from a static camera.

Camera End-effector

Target

{R}

Figure 1.1: Robotic target following problem. Left: eye-in-hand configuration. Right: eye-

to-hand configuration



Different from the traditional look-then-move strategy, vision-based target following uses
real-time visual feedback to compute adaptive motion commands at every control steps.
Such an approach consists of an inner kinematic loop for low-level actuator control and an
outer visual servoing loop for calculating the goals (e.g., position, velocity and force) to be
reached by robot actuators. The major barriers for implementing visual servoing control for
following moving targets include the slow sampling speed, the time delays, and the irregular
sampling time of vision sensors. We refer to these three fundamental limitations as visual
sensing dynamics. The slow sampling speed is inherited from 1) the camera’s relatively low
image acquisition rate (e.g., 60 frames per second for a modern industrial camera) and 2) the
complex image processing pipeline (e.g., target localization, 3D pose estimation, etc.). The
time delays are mainly caused by hardware limitations of the data transmission bandwidth
and the time cost for image processing. The irregular sampling intervals come from the
variable image processing time (e.g, many iterative methods consume variable time depending
on the convergence rates), image drops during acquisition, and temporary target loss due
to image blur or objects moving out of the angle of view. These visual sensing dynamics, if
not properly compensated in the control loop, will downgrade the target following accuracy
or even cause control loop failures and unsafe robot behaviors when the target is moving
rapidly. In this dissertation, we will focus on the robotic target following under visual sensing
dynamics. The objective is to provide systematic methods of higher target following control
bandwidth by compensating the effect of slow sampling, time delays, and variable sampling

intervals.
1.2 Applications

The capability of following a moving target relates to high-impact robotic applications rang-
ing from autonomous ground or aerial vehicles that follow a leading target, to surgical robot
arms that track the motions of human organs, and to robotic manipulators that perform
pick-and-place tasks in a highly dynamic environment (e.g., above the sea or in a turbulence

airflow). A more detailed example is robotized surgery systems as shown in Figure 1.2. Here,
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Figure 1.2: System overview of a robotized surgery system/[1].

the doctor teleoperates the robot for surgery. The robot needs to actively adjust its position
to compensate the physiological motion of the human’s organs, such that the doctor can feel
that he is operating on a scene that is almost still. The visual sensing dynamics is signif-
icant because the target (i.e., organs) movement is fast compared with the slow sampling
speed of camera. As a consequence, slowly updated visual feedback and sensor delays would
downgrade the target following accuracy and cause dangerous failures.

The proposed work of compensating visual sensing dynamics can be extended to border
applications beyond the robot target following. For example, a fundamental problem in
feedback control is when the system is subject to fast disturbances but can only get slowly
updated sensor feedback. A single-rate high-gain control [2] is incapable to compensate for
the error caused by such disturbance. Such difficulties occur to selective laser sintering, an
additive manufacturing process that employs galvo scanners to steer high-power laser beams
and relies on non-contact, slow sensing such as visual feedback to enhance the product quality.
Combined with exiting disturbance compensation algorithms, the visual sensing compensa-
tion extend the algorithm’s capability to disturbances beyond the Nyquist frequency of the

Sensor.



1.3 Related research

Visual servo control

In typical vision-based target following, image processing first extracts useful information
from raw pixel data, then visual servo control algorithms calculate the motion commands
of the robot. From a controls perspective, the goal of visual servoing is to minimize the
errors between the desired and measured visual features. Based on how the visual features
are defined, model-based visual servoing approaches can be classified into position-based and
image-based [3, 4]. The position-based visual servoing (PBVS) defines visual features in the
3D space while the image-based visual servoing (IBVS) defines visual features in the 2D image
space [3]. There are also extended approaches that use more sophisticated visual features
5, 6], or deploy a hybrid system [7, 8, 9] that combines advantages of IBVS and PBVS while
trying to avoid their shortcomings. There are also recent learning-based approaches directly
train neural network models to predict the control commands [10, 11].

The above mentioned approaches are based on the assumption of a motionless target.
A moving target, however, demands additional and careful considerations in tracking. One
design is to add an integral term in the velocity control law to compensate the object-following
error [12]—effective only if the target moves at a constant velocity. A more commonly
used approach is to estimate the target velocity by Kalman filters [13, 14, 15, 16|, extended
Kalman filters [17] or other filtering techniques [18]. Then one can compute the robot motion

commands, assuming the target is moving at the estimated velocity.

Hardware approaches to compensate the sensing dynamics

Many works for tackling the barriers of visual sensing dynamics have been focused on devel-
oping advanced imaging hardware or communication protocols [19, 20, 21] that can provide
fast and timely image data. There are expensive high-speed cameras in the market that
can acquire images at 1000 frames per seconds. Huang [22] developed a high-performance

robotic manipulation system based on high-speed visual feedback updated at 1KHz. The



image from the camera is gray-scale with a low pixel resolution of 512 x 512. The developed
image processing can obtain one-dimensional target positions at the same sampling rate.
The most recent work [23] has shown improved image resolution (1024 x 768) at the same
sampling speed. Note that both works only applied simple image processing such that the
existing hardware can process one image frame under a millisecond. Most state-of-the-art
computer vision algorithms (e.g., convolution neural networks), however, require much more
computation time. There are proposed frameworks [24] to skip part of the 1kHz updated
images prior to the convolution neural networks, so the sampling rate of the final data flows is
reduced. The main issue to consider when adopting a high-speed camera is the significantly
increased computation cost and budget cost. Another issue for the high-speed camera is the
requirement for a good lighting condition for the target object, due to the reduced exposure
time. As a consequence, a high-speed camera most likely need a larger aperture lens and

additional lighting equipment.

There are other fundamentally different cameras used in vision-based robot control. One
is called position sensitive detector (PSD camera) [25] that can convert an incident light
spot directly to analog signals. Reference [25] reported a target tracking system at 500 Hz
based on PSD camera. Another special type of camera is called dynamic vision sensors, or
event-based cameras [26]. This type of sensor is fundamentally different in the way that,
instead of giving the intensities for each pixel, it only measures the brightness change for
each pixel. The brightness change (either increase or decrease) for a pixel is called an event.
The event-based camera is getting increasingly popular in the robotics field, in view of its
feature of high temporal resolution, high dynamic range, and low latency. On the other
hand, an event-based camera is still very expensive and has limited resolutions. Besides, due
to the fundamental data format, the event-based camera is incapable of detecting a static or

nearly static scene.



Software approaches to compensate the sensing dynamics

From an algorithm point of view, reconstruction of intersampling information is the key to
enable fast dynamic controls under slow sensing. Certainly, recovering an arbitrary random
signal is impossible. The pioneering work of Shannon and its extensions [27, 28] have shown
that in order for the original analog information to be fully recovered from its samples, (i)
the analog signal must be perfectly band-limited below the Nyquist frequency, and (ii) an
ideal lowpass filter (acausal and not interpretable using a transfer function) is availale in
the reconstruction process. Many reconstruction methods exist to approximate the original
information-rich signal based on different assumptions [28]. For example, [29] formulates the
problem to a maximum error minimization problem and utilizes sampled-data H, control
theory to find the best approximation under the H.,, norm. Assuming a fast system model
is given and the integrative sensor dynamics are available, [30] estimates intersample states
of motion from slow and blurred images. Most literature focus on signal reconstruction
under a feedforward design scheme. In a feedback closed-loop scenario, however, a greater
challenge arises, as approximation errors may be amplified after going through the closed-

loop dynamics, and major feedforward techniques are not applicable here.

In the track of vision-based robotics control research, visual sensing dynamics compensa-
tion (VSDC) [31, 32] was developed and tested to be successful in target tracking experiments
[33] under slow-sampled sensing with delays. It formulated a customized dual-rate Kalman

filter where the prediction runs at a faster rate and the correction step runs at a slower rate.

1.4 Contribution

In this dissertation, we propose a software and hardware solution to compensate sensing
dynamics and the integration to robotic target following and target tracking applications.

The contributions of the dissertation are:



Real-time recovery of fast data flows from sparse measurements

We first approach to tackle the problem of slow-sampling speed by developing an information
recovery algorithm to reconstruct a fast-sampled data flow from the slow-sampled (sparse)
data [34]. The recovery of intersample data is based on a re-parameterized autoregressive
model of the fast signal. Furthermore, if the signal is narrow-band in the frequency domain,
we developed an improved design of information recovery that has the additional capability
to filter out the noise in the slow measurement [35]. In the case that there are two sensors, we
designed and modeled the collaborative sensing configurations. A more complicated version
of information recovery can recover the fast signal by combining data from both sensors and
predicting the missing intersample data [36]. All the above information recovery algorithms
have been embedded in the disturbance rejection control loop. The combined controller,
called multirate forward-model disturbance observer, can rejects system disturbance at the

fast sampling rate, even if the disturbances have beyond-Nyquist components.

Robotic target following under slow and delayed sensing

The conventional visual servo control [3] assumes a static target. If the target is moving,
significant following error grows as the target speed increases. We have proposed a modified
visual servo control algorithm [37] that can compensate for the following error caused by the
target motion. The compensation relies on the target position and velocity obtained from
Kalman filters. To additionally compensate for the slow and delayed sensing, We engineered
an information recovery to work with Kalman filter. The Kalman filter first estimates the
delayed target state at a slow sampling rate. The information recovery then reconstructs a

fast-sampled target state and compensates for the delay [37].



Target state estimation considering full sensor dynamsics and collaborative sen-

sor

The above state estimation is still under the assumption that all input data are regularly sam-
pled. To additionally handle the irregularly sampling time, the proposed memory-enabled
auto-restart Kalman filter (M-ARKF) considers each measurement to have variable time de-
lays. We developed this algorithm for the perception system of a robotic air-hockey player,
where the robot is designed to play air-hockey games with a human player, under both tra-
ditional frame-based cameras and an new event-based camera. M-ARKF can recover from
external disturbances quickly, by a designed triggering mechanism for filter re-initialization.

The remainder of the dissertation is organized as follows. Chapter 2 first introduces a
method to re-parameterize an autoregressive model to a different structure. This model re-
parameterization is the foundation for various versions of information recovery algorithms,
which are detailed in Chapter 3. Chapter 3 also includes the multirate forward-model distur-
bance observer for beyond-Nyqusit disturbance rejection. Then we come back to the robotic
target following problem in Chapter 4 and discuss how to integrate information recovering
and Kalman filters, such that the robot can still follow a fast moving target under slow and
delayed sensing. The perception system design for the robotic air-hockey player is included

in Chapter 5. Finally, Chapter 6 concludes the dissertation.



Chapter 2
RE-PARAMETERIZATION OF AUTOREGRESSIVE MODEL

The key to compensate the controller performance loss due to sensor’s slow-sampling
speed is to reconstruct fast-sampled signals from the slow-sampled ones. This reconstruction
is possible only if we know some prior information of the fast-sampled signals to be recovered.
To see this, consider a random signal. If a reconstruction method exists without any prior
information, then a random signal can be recovered as well, which contradicts the definition
of random signal. In this dissertation, we design the reconstruction algorithms based on the
assumption of knowing the model structure of fast-sampled signals.

There are two models used in our discussion. One is the state space model where the
signal and its time-derivatives are put into a column vector which is called a state . The

state space model is a linear transformation from a state x[k| to the next state x[k + 1].
xlk + 1) = Ax[k] (2.1)
In this chapter, however, we will focus on the other model, called autoregressive model.

2.1 Introduction to autoregressive model

For a discretized signal sequence d[n], the autoregressive model states the following linear
equation

dk] = —ardlk — 1] — axdlk — 2] — -+ - — apd[k — n], a, # 0 (2.2)

where aq, a9, ..., a, are the parameters of this autoregressive model, n is the order of this
autoregressive model. We use AR(n) to represent an autoregressive model of an order n.

Eq. (2.2) can be written in a more compact form:

(1+az ' 4 agz 2+ -+ a2z ")d[k] = A(z")d[k] =0 (2.3)
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where 27" is the delay operator such that z7"d[k] = d[k — n]. The n-order polynomial
A(z7Y), referred as the autoregressive model of d[n], contains all parameters in the AR(n)
model. A(z7!) is also referred to as a polynomial model or internal signal model of d[n].

The autoregressive model can be obtained from the discrete transfer functions of d[n].

Lemma 2.1. If a discretized signal d[n] has a transfer function D(z7') = B(z71)/A(z71).

Then the autoregressive model of d[n] is A(z™").

Proof. By definition of a transfer function, d[n] is the response of its transfer function D(z7)

with a delta impulse signal d[n] as input.

i) = 5 =3l (2.4
That is,
Az Hd[n] = B(z71)d[n) (2.5)

Let ny be the order of polynomial B(z7!), then B(z7!)d[n] = 0 when n > n;. Then
A(z7Yd[n] = 0 at the steady state. Hence A(z7') is an autoregressive model of d[n]. O

2.2 Change the order of an autoregressive model

One signal sequence could have multiple autoregressive models. Given an autoregressive

model AR(n;) of order n;, we can re-parameterize this model to a higher order na.

Figure 2.1: Re-parameterize an AR(n;) model to AR(ng) model.

Theorem 2.1. If there exists an autoregressive model A(z7') =1+ a1z +apz™2 + -+ +

an,2~™ for a sequence d[n|. Then we can obtain another autoregressive model B(z7') =
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T+ bzt + bz 2+ -+ + b,,27 " (ny > ny) for the same sequence dn]. The parameters

{bi}ic12..my can be solved from the following system of linear equations

_ _ —ay
fi
) — a2
~ fn —ni
Mk: e () . enz 2 = _anl s (26)
by
0
L an - 0
where ~ _
1 0 0
a1
0
M2 | q, . - 1 (2.7)
0 ay
0O ... 0 ap
L 4 nox(na—mn1),

and e; is the elemental column vector whose entries are all zero except for the j-th entry,

which equals 1.
Proof. Consider the polynomial equation
A(zYF(z"Y) 4+ B(z"") =0, (2.8)

where A(z7'), F(271) and B(z7!) are three polynomials with order ny, (ny — ny) and ne,

respectively. If A(z71) is the given autoregressive model (i.e., A(z7')d[n] = 0), then
B(z Yd[n] = —A(z"Y)F(z1)d[n] = 0. (2.9)
That is, B(27!) is also an autoregressive model of d[n] (with a higher order of n,). Expanding

the Eq. (2.8) and collecting the coefficients of 2% (1,2, -+ ,ny), one can obtain ny equations,

which can be written in matrix format Eq. (2.6). O
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For example, an AR(4) model B(271) = 1+by27  +by2 2+ b3z=3 + by2~* for a signal d[n]

can be obtained from its AR(2) model A(z7!) =1+ a;27" + a»272 by solving the following

system of linear equations

a1

a2

2.3 Re-parameterize autoregressive model with constraints

a1

a2

o o o =

o O = O

S = O O

- o O O

(2.10)

The system of linear equations (2.6) is under-determined (there are ny equations, 2ny — ny

unknowns to solve). This enables a design freedom for the new autoregressive model. More

specifically, we can assign some of the parameters in the new autoregressive model, then

solve the remaining parameters such that the new model is still valid.

Theorem 2.2. If there exists an autoregressive model A(z7') =1+ a;27' + agz2 + - - -

ap, 2~ " for a sequence d[n].

L+ biz7t + bez ™2 + -+ + by,27™ for the same sequence d[n).

parameters in the new model come with assigned values {bg,, by, - -

parameters {by,, by,, . .

Then we can obtain a new autoregressive model B(z™') =
There can be s number of
S bi.}. The remaining

b} (s+t=ng, t >mny) can be solved from the following system of
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linear equations

_ - —aq
S
~ fertfnl :
Mk: €up €uy " €y - —Qpy | Zekzb/ﬂ (211)
bu1 0 =0
- bUt - 0
where 3 )
1 0 0
ay
0
M2 qa, . . 1 (2.12)
0 aq
0 ... 0 ap
L Jd (s+t)x (s+t—n1),

and e; is the elemental column vector whose entries are all zero except for the j-th entry,

which equals 1.

Proof. Similar to the proof of Theorem 2.1, we construct the polynomial equation
ADFEY+ B =0, (2.13)

where A(z71) is the original model of d[n], F'(27!) is a polynomial with an order of (s+t—mn;),
and B(z7') is the new model with partially assigned parameters. Expanding the above
equation and collecting the coefficients of 27 (1,2, -+, s+1), one can obtain s+t equations,

which can be written in matrix format Eq. (2.12). O

For example, one can re-parameterize an AR(2) model A(z7!) =1+ a;27 '+ ap27% as an

AR(4) model with two assigned parameters B(z71) = 1 + byz=2 + byz—*. Note that b; and
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bs in the new model have been assigned with the value of zero. The remaining parameters

(i.e., by and by), according to Theorem 2.2, can be solved from the following system of linear

equations ) o -
1 0 0 0f |f1 —ay
aa 1 1 0 —a
' Jo| 2| (2.14)
Ao a1 00 b2 0
0 (05} 0 1 b4 0

Theorem 2.2 has enabled a lot of freedom when designing the new autoregressive model.
First, we can choose the order of the new model. Second, for each parameter in the new
model, we could make it either fixed (i.e., with an assigned value) or adaptive (i.e., solved
by system of linear equations). Assigning a fixed value of zero will cut off the connection
between d[n] and one of its delayed variant d[n — k]. We have used this design in our
information recovery algorithm to skip the missing data point due to slow-sampling. Third,
we have the freedom to design what value to be assigned to each fixed parameter. Special
designed values can add noise filtering capability to the information recovery algorithm. We

will discuss more in the next chapter.
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Chapter 3

INFORMATION RECOVERY AND BEYOND-NYQUIST
DISTURBANCE REJECTION

In this chapter, we discuss information recovery algorithms that can recover a fast-
sampled signal from slow-sampled one. We will first introduce the basic information recovery
algorithm and it’s application to disturbance compensation control in section 3.1. This basic
information recovery algorithm is based on a special structure design of the re-parameterized
autoregressive model. If the disturbance is a narrow-band signal, Section 3.2 proposes a more
complicated information recovery algorithm that has the additional noise filtering capability.
Section 3.3 will discuss information recovery from two slow-sampled signals collected from

two sensors with different sampling speeds.

3.1 Rejecting beyond-Nyquist disturbances with the information recovery al-
gorithm

Our initial idea of information recovery comes from the controller design for compensating
disturbances with high frequency components. A fundamental challenge arises in feedback
control if the sampling of the output is not fast enough to capture the major frequency
components of the disturbances—or more specifically, when significant disturbances occur
beyond Nyquist frequency. Consider the system in Fig. 3.1, where the solid and dashed
lines represent, respectively, continuous- and discrete-time signal flows. The main elements
here include the continuous-time plant P, (s), the sampler . at a sampling time of T} sec,
the discrete-time controller C'(z), and the signal holder 7. Given the common hardware
complication and the theoretical limitation [38] of generalized hold functions, we assume that
the DAC implements a ZOH throughout the discussion.

The control system is subject to external disturbance d.. An example of such disturbance
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Figure 3.1: Block diagram of a sampled-data control system.

is the external forces applied to the read/write head of a hard disk drive due to mechanical
vibration. Under the assumption that the sampling rate of feedback sensor is sufficiently
high, state-of-the-art single-rate high-gain control [2] has been shown successful. However,
when the feedback sensor’s sampling rate is limited due to, for example, hardware limitations
or time requirements for data processing, the performance of single-rate controls will be
downgraded. Research [39] has shown that if the disturbance is near or beyond the Nyquist
frequency (i.e., half of the sensor’s sampling frequency), the single-rate control is actually
amplifying the disturbance, instead of compensating it.

To overcome this fundamental challenge, we provide a mixed-rate feedback solution for
the missing piece of exact disturbance rejection at frequencies beyond the Nyquist limitation.
This is achieved by the introduction of a multirate forward-model disturbance observer (MR-
FMDOB) that enables full rejection of structured disturbances at both the sampling and any
uniformly spaced inter-sample instances. Built on top of a baseline controller at the regular
sampling time of T}, such an exact compensation scheme constructs an internal feedback loop
implemented at a higher sampling rate, where the inter-sample signals are constructed with
model-based prediction using the slow Ti-sampled data. Integrating features of all-stabilizing
control parameterization [40, 41], the internal add-on loop guarantees the overall closed-
loop stability and offers the convenience of being decoupled from the design of the baseline

sub-Nyquist controller. Similar to [42], an internal model of the disturbance is implicitly
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integrated in the inner loop. The major differences here are the decoupled design of the
fast-rate MR-FMDOB from the slow-rate baseline feedback control, and the all-stabilizing
based observer structure that preserves features of the baseline servo. These properties
enable additional design features such as adaptive control in the baseline or the multirate
compensator, and are also useful for applications where the existing baseline servo has special
features that are required to be preserved.

This section provides a discrete-time regulation scheme for exact sampled-data rejection
of disturbances beyond Nyquist frequency. By introducing a model-based multirate predictor
and a forward-model disturbance observer, we show that the intersample disturbances can

be fully attenuated despite the limitations in sampling and sensing.

3.1.1  Multirate forward-model disturbance observer

Fig. 3.2 shows the proposed servo scheme for disturbance rejection beyond Nyquist frequency.
Two groups of discrete signals are present, with their different sampling rates indicated by

the dashed (slower) and dotted (faster) signal flows.

ceemeenaes >ZzOH—>| P,.(s) ‘—+>o—>o/—-|-—>

Figure 3.2: The proposed multirate disturbance rejection scheme.

In the block diagram, the upsampler (between uy[n] and u[n]) generates a fast signal u[n]
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at a sampling time of T,/L. The upsampled signal then passes through a T;/L-based ZOH,
with a transfer function Hp(s) = (1 —e™%:/1)/s.

The beyond-Nyquist disturbance rejection consists of two fast-sampling transfer functions
Q(z) and Pd(z), a downsampling operator, and a model-based information recovery block
(MR) inbetween the downsampler and @(z). In the subsequent derivations, we show that
although y4[n| only contains information sampled at T, the inter-sample information in d.(t)
can be fully reconstructed with MR in Fig. 3.2, if d.(t) satisfies a disturbance model; and
in that case, c[n]—the output of Qz)—can fully remove the effect of the beyond-Nyquist
sampled disturbance at a fast sampling period of T/ L.

If the sampling time in Fig. 3.2 were T/ L, the focused signal is the sampled output, and
the downsampler and the MR block were removed, then the top part of the block diagram
is equivalent to the structure in Fig. 3.3. Here, P;(z) is the ZOH equivalent of P.(s), with a
fast sampling time T, /L; d[n](= d.(nT,/L)) and y[n] are the T,/ L-sampled disturbance and

the plant output, respectively.

Figure 3.3: The proposed forward-model disturbance observer

The disturbance compensation structure is branched from internal model control (IMC)
[43], a special case of Youla-Kucera/all-stabilizing parameterization [44]. Compared with a
standard IMC, the major difference here is that u[n]—the command external to the local

feedback loop—is injected before the plant instead of serving as a reference before Q(z). The
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resulting output satisfies, after some block-diagram algebra,
Y(2) = Fa(2)U(2) + (1 = Pa(2)Q(2)) D(2), (3.1)

where the relationship between u[n] and the output remains intact as if the local feedback
does not exist; and additional dynamics is introduced between d[n] and y[n]. The first
property allows the design of the local feedback to be separated from that of the baseline
control command uy,[n]. In other words, the design of Q1 (z) is decoupled from that of C'(2) in
Fig. 3.2. The second property enables a disturbance estimation and cancellation scheme. In
more details, with the forward plant model in the center of Fig. 3.3, block diagram analysis

gives that the input to Q(z) is

Y (2) — Pa(2)U(2) = (B£)TE) + D(2)) = 2),
i.e. d[n] in time domain. This disturbance estimation is then processed by the cancellation
filter Q(z) to be discussed in the remainder of this subsection. Based on the above intuitions,
we will hereafter refer to the proposed scheme in Fig. 3.3 the forward-model disturbance
observer (FMDOB).

The FMDOB has the same characteristic equation as IMC, since changing the alloca-
tion of input signals does not alter closed-loop stability. Hence FMDOB shares the same
advantageous property of guaranteed stability as in IMC [43], if Q(z) and P,(z) are stable.

With the stability property and the decoupled design principle, we now use the affine
Q parameterization 1 — Py(2z)Q(z) to design @Q(z) for disturbance rejection. Observe the
structure of 1 — Py(2)Q(z). To achieve an exact rejection of the disturbance at a particular

frequency w, in (3.1), it must be that
1 — Py(e’)Q(e’) = 0. (3.2)

Let ¢ be the phase of Py(e/*?) at w,. (3.2) is equivalent to:
e’“?)| = ———, phase(Q(e’“?)) = —o. 3.3
|Q(e”™)] o)) P (Q(e™)) = —¢ (3.3)

In other words, Q(e/*°) = Py(e’*)~! so that Q(z) inverts the dynamics of Py(2) at w,.!

'We assume that the plant does not have a null gain at w,.
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Recall that Q(z) must be stable. Certainly, unless for special minimum-phase plants with
a relative degree of zero, it is not feasible to always assign an exact full inversion Py(z)~*
to Q(z) due to instability and non-properness. In addition, when w # w,, the magnitude
of 1 — Py(e’*)Q(e’*) must be maintained small to avoid amplification of other components
in d[n]. The following proposition achieves a point-wise stable inversion while providing the
needed small gain to |1 — Py(e’*)Q(e’)] for w # w,.

Let 1/(2Ts) < Q, < L/(2Ts) (in Hz) and w, = 27Q,T5/L be the frequency of a major
disturbance component beyond the baseline Nyquist frequency, 1/(27%) Hz, in Fig. 3.2. Let
¢ = phase(P;(e’**)) be the phase response of the T,/L-sampled discrete-time plant at w,;

and assume that Py(e’“*) # 0 (otherwise no feedback design can achieve the disturbance

rejection). We design the structure of filter Q(z) to be

Q(2) = gQo(2)(bo + brz™1), (3.4)
with ¢ € [0, 1], and
€os (p — sin p cot w, 1 sin
by = . by = , : 3.5
’ | Pa(e?+°)| P T | Py(edwe) | sinw,’ (3.5)
1(1—ko)(1 (1 =2zt
Qo(2) = ( 2L+ 27 ) ) ki = — cosw,. (3.6)

N 5 1+ k'l(l -+ ]{72)2_1 -+ /{?22_2 ’

It can be proven [34] that such Q(z) design satisfies the following three properties.

1. 1 — Py(2)Q(2) in (3.1) equals 1 — ¢ =" 0 at w, and can be controlled to have almost
unity gain at other frequencies—in other words, the feedback system in Fig. 3.3 fully
rejects all disturbances at w, at the sampling instances when g = 1, while maintaining

the system dynamics at other frequencies.

2. Amplification at w # w,, if any, is controlled by choosing

1— tan(—”BgTs)

= 3.7
1+ tan(luls) (3.7)

2

and g, where B,, (in Hz) is the 3-dB disturbance-rejection bandwidth of @,(z) centered

around w,.
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3. The overall magnitude of 1 — Py(e/*)Q(e’*) satisfies

/7r In|1 — Py(e™)Q(e/)|dw = (i In|y;| — In|o + 1\) , (3.8)
0

i=1
where {y;}:7; (n, > 0) is the set of unstable zeros of 1 — Py(2)Q(2) ({yi}i2y = 0 if
n, = 0), and

o = lim Py(2)Q(2)/(1 — Pa(2)Q()).

Z—00

3.1.2  Model-based information recovery

In this subsection, design of the MR block in Fig. 3.2 is provided, to establish the equivalence
of the MR-FMDOB to the fast-rate FMDOB in Fig. 3.3.

Recall that the input to Q(z) in Fig. 3.3 is an estimate of d[n]; while the input to MR is the
slow Ts—sampled dy[n]. The next result shows that if d[n] satisfies an autoregressive model,
d[n] can be recovered from dy[n]. Intuitively, with such a signal model, inter-sample values
of the disturbance can be reconstructed by using the historical data. We first provide the
general case of the information recovery, then present an example that specifically addresses

prediction at a particular frequency.

Theorem 3.1. If there exists an autoregressive model A(z™1) for d[n], we show that d[n] can

be fully recovered from the slowly sampled dr[n| by

dnL] = di[n] (3.9)

and fork=1,2,.... L — 1,
dnL + k| = Wi (2~ 1)dL[n] (3.10)
= wk,OdL[n] + wk,ldL[n — 1] + -+ Wk,nwde[n — nwk} (311)

where ny, is the order of Wi(z~"). The minimum required order for Wy,(2z") isn}, =m—1,

m+1

in which case the coefficients of Wi(271) = W0 + wmz_l + o W12 come from
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the unique solution of

_ _ ay
fra
. a2
M, Jr,Lm—1)—m+k —al (3.12)
W0
0
Wk, m—1
- - 0
Mk £ [ Mk €k €k+L -+ CEk+(m—1)L (313)
c R[L(m—l)—l—k]X[L(m—l)—‘rk], (314)

where e; is the elemental column vector whose entries are all zero except for the j-th entry,

which equals 1; and M, is

1 0 0
ay
0
M, 2| a, - . 1 (3.15)
0 aq
s 0 o 0 am d[L(m—1)+k]x[L(m—1)—m~+k].
Proof. See A.1. m

Connection to autoregressive model re-parameterization: Note that Theorem 3.1 can
be viewed as a special form of Theorem 2.2, under the problem configuration of information
recovery. Eq. 3.11 defines the structure of the new autoregressive model.

Transient response: It is recognized that W, (z7!) is a finite-impulse-response filter. The
transient of the reconstruction process in (3.11) equals n,, discrete time steps, which is

usually very fast compared to the transient of the feedback servo control.
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Corollary 3.1. V¢ € R and 1/(2T;) < Q, < 1/Ty, let d.(t) = cos(2nQ,t + ¢). Let the
analog signal be sampled at Ty, i.e., €2, 1s in between the Nyquist frequency and the sampling
frequency. The beyond-Nyquist information can be fully recovered by letting w, = 2mQ,Ts/ L,
L =2, and reconstructing the T,/ L-sampled dp[n| = cos(w,n + ¢) with

dr[2n] = d[n] = d.(nTs), (3.16)

d2n+1] = <2 coswo — 5 ! ) dn] — din — 1]. (3.17)

COS W, 2 cos w,

Proof. Q, is below the new Nyquist frequency corresponding to the sampling time of T /2.
Based on Shannon’s sampling theory, L = 2 is sufficient for di[n] to recover the analog
information. For dy[n] = cos(w,n + ¢), we have, from the table of Z transform,

1

(1 — 271 cosw,)cos ¢ — 271 sinw, sin ¢6

dp[n] = [n];

1—2z"1cosw, + 272

and hence A(z7') = 1+ a127' +apz72 = 1 — 2cosw,z ! + 272, as A(z7Y)dr[n] = (1 —
27t cosw,) cos pd[n| — sinw, sin @pd[n — 1] = 0 ¥n > 2. Apply Theorem 3.1 with m = 2 in
A(z71) and L = 2. Only one intersample point needs to be reconstructed, i.e., & = 1 in

(3.11). The constrained Diophantine equation becomes

A DWF( Y +27'W (%) =1, (3.18)
and (3.12) is

1 1 0 fl ay 0

a; [0 0 wo |+ a | =101, (3.19)

az |0 1 wy 0 0

which gives d,[2n + 1] = wod[n] + wid[n — 1] in (3.17).

3.1.3  Numerical verification

Consider a plant P.(s) = 3.74488 x 10% 291 /(s? + 565.5s + 319775.2), which is the model of

a high-precision linear stage used in semiconductor manufacturing. Let the sampling time be
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limited at T = 1/2640 second, and the baseline discrete-time controller be a PID controller
C(z) = ky + kif(z — 1) + ka(2 — 1) /2 with k, = 1/13320, k; = 1/33300, and k4 = 1/2775.
Plotting the closed-loop discrete-time sensitivity function reveals that such a baseline design
provides a common discrete-time loop shape with sufficient gain and phase margins.

Continuous-time vibrations are applied to the plant, above Nyquist frequency. For con-
venience of illustration, we denote Qy(=1320 Hz) as the Nyquist frequency. To see the
limitation (and danger) of sub-Nyquist design in this case, the narrow-band disturbance
observer [45] is applied on top of the PID controller, to enable infinite-gain control at se-
lective frequencies below 2y. Such a design provides perfect compensation of sinusoidal
signals below Nyquist frequency, and is termed 1x compensation. Fig. 3.4 presents the cor-
responding plant output. When the disturbance occurs at 2376 Hz (i.e. 1.8Qy), although
the sub-Nyquist servo enhancement enforces the Ti-sampled output to converge to zero in
Fig. 3.4a, the actual output is significantly amplified. The 30 (o is the standard deviation)
value of the T,/2-sampled output increased from 15.71 to 20.96, yielding more than 130%
of error amplification. To reveal more details in the error amplification, Fig. 3.4c shows
the spectrum of the output sampled at T,/2 sec. Two peaks are present in each spectral
plot: the second revealing the energy of the actual disturbance; while the first—symmetric
to the second peak with respect to {2y——comes from the aliased disturbance component be-
low Nyquist frequency. After aliasing below Nyquist frequency, the two peaks with opposite
phase values are canceled to yield the deceiving zero steady state value in Fig. 3.4a. Yet, the
output energy in the top plot of Fig. 3.4c is actually increased, as the sub-Nyquist design
did not target at the true disturbance spectrum beyond .

In Table 3.1, a series of disturbances at frequencies between €2y and 2Q2y are applied to
the plant. Based on the 30 value of the output, the largest servo degradation under sub-
Nyquist high-gain control occurred when the disturbance frequency is closest to the Nyquist
frequency, where the tracking errors get amplified by 165.12% compared to the baseline
value.

Figure 3.5 shows an example of the time-domain signal recovery by the MR algorithm.
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Figure 3.4: Plant output for the case with disturbance at 1.8Q2y.

Here, the actual harmonic signal is plotted in * at a fast sampling time of T;/2; the measured
signal is plotted in the solid black line marked by circles. Under the limited sensing, the MR
successfully reconstructed the hidden fast data (marked in rectangular) at the intersample

instances.

3.2 Information recovery for narrow-band signals

In section, we focused on a more specific problem of recovering fast-sampled narrow-band
signals from slow sampled ones. The narrow-band signals are those that contains only

narrow spikes in its frequency domain. Mathematically, the extreme narrow-band signals
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Table 3.1: Servo degradation w.r.t. different disturbances: y.(¢) sampled at 7 /20.

3o value of y
disturbance frequency | 1x compensation | amplification
off on
1.3Qy 14.76 24.37 165.12%
1.7Qy 15.25 21.01 137.72%
1.8Qy 15.71 20.96 133.38%
1.9Qy 17.39 20.94 120.38%

are summations of sinusoidal signals. That is,

i=1

Signals in this formula are common in system where there are periodic movements or
physical vibrations. For example, in the beam steering system for selective laser sintering
process, a galvo scanner is placed before an optical focusing system (e.g., an F-theta Lens) so
that the laser bean maintains uniform energy density ans much as possible across the entire
material surface (see Figure 3.6). During the sintering process, vibration of the optical
system could greatly downgrade the accuracy of the beam positioning accuracy and thus
affect the quality of the sintered part [35]. To reject such disturbances, a camera is used to
provide real-time position feedback of the beam position. A special designed forward model
disturbance observer then separates the disturbance signal from the position measurements.
However, due to the slow sampling speed of the camera sensor, the sampling rate of the
observed disturbance is inadequate to ensure a good disturbance rejection outcome. With
the algorithms of recovering fast-sampled narrow-band signals, we have opened the control

system’s abilities to reject high-frequency disturbances under slow vision feedback.
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Figure 3.5: Time trace of MMP based data recovery.

3.2.1 Forward-model disturbance observer for narrow-band signals

Section 3.1 provided the block diagram of forward-model disturbance observer (FMDOB)
(see Fig. 3.3) and the design of Q(z) filter for disturbances with a single frequency. In this

section, we extend the filter design to include disturbances with multiple frequencies.

Theorem 3.2. Let T be the sampling time in Fig. 3.3 and {w; = 27 fiTs}iz12,..m be a set of
frequencies in rad/sec at which disturbance rejection is desired. Let Py(e™?) be the frequency

response of Py(z) at w;, and assume that |Py(¢)| # 0,1 =1,2,...,m.%> Let p = 2m — 1,

and

Q(2) = Qo(2)(qo + @z~ + -+ + gpzP), (3.21)

2Qtherwise the plant will not respond to input at the target frequencies. That is, input disturbance at
w; will not impact the plant output (inherently rejected), and output disturbance at w; will be immune to
feedback controls because the plant does not pass through any signal components at the target frequency.
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28

(3.22)

(3.23)

(3.24)

(3.25)

Then Eq. (3.2) holds for each w;, and the amplification at w # w; is controllable by choosing

Q;, the 3-dB disturbance-rejection bandwidth of Qo(z) centered around w.

Proof. see A.2.
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3.2.2  Narrow-band signal recovery with the model-based predictor

Before we start discussing the model-based predictor, it is necessary to clarify that there
exist some special cases in theory where the fast-sampled signal is actually not recoverable.
Those signals all contains frequencies in the singular frequency set.

Singular frequency set. For narrow-band signals that has m frequency components, a
frequency distribution f = (f1, f2, ..., fm) can be considered as a point in an m-dimension
space R™. Let the slow sampling rate be f,,, the singular set consists of a group of frequency

configurations defined as

o= { feRrm \ 3fis fs 5.8 fi = nfesf2, o fik fi = nfs } ) (3.26)

where n € Z, i # j and 1,5 € {1,2,...,m}.

For example, let the slow sampling rate be f; = 2kHz. Then a frequency distribution f =
(0.6kHz, 2kHz) belongs to the singular frequency set because it has a frequency component
(i.e fo = 2kHz) at an integer multiple of fss/2. A frequency distribution f = (0.3kHz, 1.7kHz)
also belongs to the singular frequency set because f; + fo = fs. In general, two scenarios
contribute to a singular frequency case. The first case arises when the disturbance has one
or more frequency components at the Nyquist frequency of the slow sensor (i.e., fss/2), or
its integer multiplications. In this case, there is a DC component in the frequency domain,
and the intersample signal is not recoverable without its amplitude information. The second
case arises when f contains pairs of frequency components in which one frequency is the
alias of the other when sampled at the slow sensor speed. Thus their time-domain signals
are fused together, and amplitude information of individual components is also needed to
decouple them.

If the frequencies of the narrow-band signals are out of the singular frequency set, a fast
signal measurements can be reconstructed by the slowly sampled d;[n| using model-based
filtering, as is discussed next. Assume a multi-band signal d.(t) defined by Eq. (3.20) has m
frequency components f = ( f, fo ... f.) & o . do[n] = dc(nLTy) is the slow-sampled
signal with sampling time LT,, L € Z". This subsection provides the proposed approach to
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recover a fast-sampled signal d [n] = d.(nTs) with sampling time 7.
Because the fast sampling time divides the slow sampling time, every L-th sample of d[n]

can be obtained from d[n] directly, i.e.
d[nL] = d[n] (3.27)

We show that the k-th intersample signal (k =1,2,..., L — 1) between d[nL] and d[(n +
1)L] (denoted as yx[n] = d[nL + k]) can be recovered by

yeln] = wi - @y[n] = b" -, [n]. (3.28)
where ¢ [n] and ¢, [n] are data vectors defined as

paln] & [defn],drfn — 1], di[n — 2m = 1)]]", (3.29)

wy, and b are predictor parameter vectors

T
Wi £ [Weo, Wht, 5 Wey2m-1)] (3.31)

b2 [by,by, -, bam]” . (3.32)

The parameter vector b is composed of the coefficients of polynomial B(z7!) = 1+ b1z~ +
<+« + by z72™ which is computed from expanding the product

m

B(z") =[] - 2acos(2n f;,LT,) =" + az7?), (3.33)

i=1
where a € (0,1) is a design parameter and 27! is the one step delay operator.

The prediction formula (Eq. (3.28)) computes the k-th intersample y, by a linear com-
bination of 2m consecutive samples from dy[n|, as well as by a linear combination of 2m

previous predictions about yx. The parameters b can be calculated by Eq. (3.33). The

algorithm of obtaining vector wy, is provided in the following theorem.
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Theorem 3.3. Given the above definitions, dn| can be fully recovered from dp[n] by Egs.
(3.27) and (3.28), if f is not in the singular frequency set and wy, is from the solution of

P
a2
Pe2m(L— ' _
M, | EEY L |, | 4D, (3.34)
WEg,0
0
Wk,2m—1
- - 0
A -
My=[M; | e ewr - €remrl (3.35)

where My, is a square matriz with a dimension of 2mL x 2mL; e; is the elemental column

vector whose entries are all zero except for the j-th entry, which equals 1; and

1 0 0
3]
0
My = | ay, . . 1 (3.36)
0 aq
| 0 ... 0 am domLxom(L-1).
Parameters [ay,ay, - -+ ,asm] in Egqs. (3.34) and (3.36) come from the autoregressive model

Az YY) =14 a1z27 +agz™2 + -+ + agmz 2™, which is computed by expanding

m

Azh = H(l — 2cos(2m fiTy) 2" + 272). (3.37)

i=1

The column vector b in the rightmost of Eq. (8.34) contains all zeros, except for the
L,2L,--- ,2mL-th entries, which equal by, by, - -+ | bay,.
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Proof. See A.3. O

Connection to autoregressive model re-parameterization: Note that Theorem 3.3
can also be viewed as a special form of Theorem 2.2. Equation (3.28) defines the structure
of the new autoregressive model. The fixed/assigned parameters are collected in vector b’ .
The remaining parameters are in vector wy, which will be solved by the system of linear

equation (3.34).

3.2.8  Choosing of the design parameter

Note that the intersample signals yx[n| are computed from not only the weighted sum of
d[n], but also the historical prediction values. In Eq. (3.33), o determines the weighting of
input signals (sensor measurements) and historical prediction signals. As a gets closer to 1,
the predictor will be more dependent on the historical predictions rather than input signals,
thus less sensitive to the input noise (see Fig. 3.7a). As a trade-off, a predictor with larger
a has a slower converging speed (see Fig. 3.7b). In Fig. 3.7, the slow sensor sampling speed
is limited to T, = 0.8ms, and L = 3. The disturbance has three bands at f; = 187.5Hz,
fo = 812.5Hz and f3 = 1125Hz, two of which (red dashed lines) are beyond the Nyquist
frequency (fy = 625Hz). The data vectors ¢, and ¢, are initialed as zero vectors.

In this subsection, we discuss the effect of varying the design parameter a in Eq. (3.33).
To get more insights in choosing «, one can derive the transfer function from dy[n| to yx[n]

based on Eq. (3.28):

Wg.o + Wy 12’_1 + -t wy (mel)z_@m_l)
Wi(z) = — : : 3.38
k (Z) 1 + blz_l + . + b2m2_2m Y ( )

where the denominator is computed by Eq. (3.33), and the numerator can be solved by
Eq. (3.34). Because filter Wj(z) have an infinite-input response (IIR) structure, we call this
design an IIR predictor. Without the denominator, W} (z) will be an finite-input response
(FIR) predictor. Fig. 3.8 shows the bode plot of W} (z) with respect to different a’s. Here,

the configuration is the same as Fig 3.7. Asis shown in the figure, a smaller « leads to a larger
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(a) the input has a random noise with maximum amplitude

of 0.05. The IIR predictor shows better robustness to noise.
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(b) the input is noise-free, both the IIR and FIR predictors

can make accurate predictions in steady state.

Figure 3.7: Prediction error of IIR (o = 0.95) and FIR (a = 0) predictor.

magnitude response. In the extreme case, if a = 0, then the denominator of transfer function
Wi (z) becomes 1. Consequently, the predictor reduces to an FIR structure with a magnitude
response above 0dB, and the predictions are purely dependent on input signals. Therefore,
an IR predictor with a larger a is more robust to input noise; an FIR predictor is most
sensitive to input noise. In practice, in order to reduce the influence of measurement noise
and increase the prediction accuracy, « is recommended to be chosen closer to 1, e.g, starting

with a = 0.9. The value can be further increased when dealing with noisy applications.
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Figure 3.8: Bode plot of the IIR and FIR predictor.

3.2.4  Decoupled Solution Form and Computation Reduction

In Theorem 3.3, the dimension of M is scaled by the number of frequency components m
and downsampling ratio L. When m and L are large, solving high-dimension linear system
equations could be computationally expensive. However, it turns out that instead of solving
Eq. (3.34), the predictor parameters can be solved from an equivalent form with reduced
computation cost.

Let the augmented matrix® of system Eq. (3.34) be M = [ M, | b ], where b is the
summation of vectors on the right side of Eq. (3.34). Observing the sparse structure of the
elemental vectors {ey, -+, epp@m-1)r} in M} in Eq. (3.35), we can swap rows of M to

yield, without changing the solutions to the associated linear system,

— Aomxom(L-1) Iyom b,

M = , (3.39)

By (n-1)x2m(L-1) O2m(L—1)x2m | b2

where I is an identity matrix, 0 is a zero matrix, by and by are column vectors with length

3Given a linear system equation Ax = b, the augmented matrix is defined as A = [A | b].
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2m and length 2m(L —1). Let hy = [ Ry, ... P 2m(L—1) 7, wy = | Wko - Wgam—1 17,
then an equivalent form of Eq. (3.34) is

AT hy b,
= : (3.40)
B 0 Wi bg
or,
Bhy, = b, (3.41)

This suggests that one can solve system Eq. (3.41) first, then the predictor parameters wy
can be computed by a direct matrix-vector multiplication and a vector addition in Eq. (3.42).

For a better understanding of procedures of designing the IIR predictor, we give a step-by-
step example. Consider the case where the disturbance contains one frequency component
(ie. m = 1) at f = 1.2kHz, and the fast sampling rate is f;; = 3kHz. Without loss of
generality, let the feedback sensor’s sampling rate be fg,.. = 1.2kHz, which is not fast enough
because the disturbance occurs beyond the Nyquist frequency fy = fsmaz/2 = 0.6kHz. The
proposed procedure for designing the predictor is as follows:

Choose L. This relates to f,s, the sampling rate of the slow sensor, by the relationship
L = fs/fss. Also, fss must be smaller than fsne,. The minimum L is then given by
Lopin = [ fsf/ fsmaz | = 3. Here, we choose L = L,,;, = 3 as an example.

Define predictor structure. The predictor is defined as (cf. Section 3.2.2)

d[3n] = di[n], (3.43)
d[3n + 1] = wyodrn] +wi1dpn — 1] — byyi[n — 1] — bays[n — 2], (3.44)
d[3n + 2] . ’LU270dL[7’L} + w271dL[’fL — 1} — blyz [n — 1] — bgyg[n — 2] (345)

where y;[n] = d[3n + 1] and ys[n] = d[3n + 2].
Compute parameters. Use Eq. (3.37) and Eq. (3.33) to obtain a;’s and b;’s: a; =
—2cos(2m fTy), as = 1, by = —2acos(67fTy), by = a?.



Obtain [w g, w1 ,]. From Egs. (3.34-3.36), construct

1 0
a; 1
as ap

0 ay

0 0 as aq

0 0

0 O
0 O
1 0
aq 1
0 a9

o o o o o =

o o O

36

(3.46)

Parameters w; o and w;; come from the unique solution of Eq. (3.46). Reorganizing the

rows of corresponding augmented matrix yields

Then w; o, wy, are given by

W1,0

W11

where

1 0 0 0/10]|a,
0O ay ag 1|0 1] O
ai 1 0 01]0 0] as
a a1 00 0 n
0O 0 a a0 0| O
0 0 0 ay|0 O] by |
h11
1 0 0 0 hio N
0 a; a; 1 his
L hia i
_ o1
apa 1 0 O Qo
a2 e 100 by
o0 aoa 0
I 0 0 0 as | I by

ai

(3.47)

(3.48)

(3.49)
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Obtain [wsp, ws,]. Following the same procedure as the last step, we have

ha
W20 _ aq 1 0 0 hg,g n (05} ’ (350)
W21 0 0 o QA1 h2’3 0
L h2’4 -
where ) ) ) -
ha 1 1 0 0 O ax
h272 _ o A1 1 0 bl ‘ (351)
h273 0 Ao a1 1 O
h2’4 0 0 0 a9 bQ

3.2.5 Numerical verification

Consider the slow sampling time to be 0.3 milliseconds. Then the Nyquist frequency fy =
1667 Hz. In simulation, the disturbance d has three frequency components at 0.8 fy , 1.6 fnx
and 2.3fyn , respectively. The fast and slow sampling rates are fiy = 10kHz and f,; =
10/3kHz, respectively. Following the example procedure in section 3.2.4, we obtain parameter

b in (3.33):
b= [ —0.1668 0.7440 0.7068 0.6715 —0.1359 0.7351 ]
and parameters w; and ws:
w; = [ —0.0365 —0.0877 0.1119 —0.1501 —0.0110 0.1043 ],

wQZ[—O.O688 —0.0045 0.1522 —0.1023 0.0903 —0.0051]-

Fig. 3.9 shows the time-domain disturbance reconstruction results by the IIR predictor.
The dotted line represents the real-time disturbance signal. The slowly measured distur-
bance samples are marked with cross symbols, and the reconstructed disturbance samples
are marked with circle symbols. In the simulation, we added a white noise with a noise level
of 4% to the input of IIR predictor. The predictor successfully recovered the intersample

data from the noisy and slow-sampled signal.
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Figure 3.9: Disturbance reconstruction results by IIR predictor with o = 0.95.

3.3 Information recovery from collaborative sensors

This section considers the real-time recovery of a fast time series by using sparsely sam-
pled measurements from sensors whose sampling speeds are prohibitively slow originally.
Specifically, when the fast signal is an autoregressive process, we propose an online infor-
mation recovery algorithm that reconstructs the dense underlying temporal dynamics fully
by systematically modulating two slow sensors, and by exploiting a model-based fusion of
the sparsely collected data. More precisely speaking, we consider the case when d[n] is a
known autoregressive process and propose to obtain the sparsely sampled measurements
from two sensors S; and Sy with slow sampling periods MT and NT. The integers M and
N are greater than one and M # N. This signal-reconstruction method is made possible by

elaborately designing and re-parameterizing the autoregressive model of d[n]

3.3.1 Collaborative sensing modeling

Let d[n] be a discrete time sequence with sampling time 7', dy;[n| and dy[n] be the discrete

measurements from two sensors S; and Sy with sampling times MT and NT', respectively.
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The following direct connections hold:
dx[n] <> d[Xn], X =M or N. (3.52)

In order to better describe the collaborative sampling process, we divide d[n| into a list
of subsequences {b;};—123 .., where b; is referred to as the i-th batch in d[n]. Each batch

contains L consecutive data points in d[n], that is,
bi[k] <> dliL + k], k=1,2,...,L, (3.53)

where b;[k] denotes the k-th data point in the i-th batch.
As a first result, when the batch size L is properly set, it can be shown that if the k-th
data point in a batch is equal and aligned to a data point in dys[n] (or dy[n]), then the k-th

data point in the next batch will be equal and aligned to another data point in dy;[n] (or

dN[n]):

Lemma 3.1. Let the batch size L = LCM(M, N), if b;[k] <> dx[n], then bi11]k] <> dx[n+ki],
where ky = L/X and X = M or N.

Proof. If b;[k] <+ dp[n], then combining (3.52) and (3.53), one can get d[iL + k| <> b;[k] <>
dy[n] <> d[Mn], hence their time stamps are equal: t{d[iL + k|}/T = iL +k = Mn =
t{d[M N]}/T. Then it can be shown that the time stamps of b;y1[k] and dy/[n + L/M] are
equal: t{b;11[k]}/T =(+1)L+k=M(n+ L/M)=t{dy[n+ L/M]}/T, where L/M is an
integer. In addition, b;41[k] = d[iL + k + L] = d[M(n + L/M)] = dy[n + L/M]. Thus we
have b;1[k] <> dp[n + L/M]. Analogously, b;1[k] <> dy[n + L/N] if b;[k] <> dn[n]. O

Lemma 3.1 suggests that the connections between dy[n], dy[n| and d[n] are repeated
over batches (see Fig. 3.10), if the batch size L is chosen as LCM(M, N). This property of
repeated connections makes it possible to design a procedure to recover one batch of signal
points, then use the procedure repetitively to recover other batches. With this in mind, we

design our recovering algorithm under the following batch configurations.
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Figure 3.10: Connections between dys[n], dy[n] and d[n| when M =2, N =3 and L = 6.

Definition 3.1. A batch b;[k] (An example is shown in Fig. 3.10) is defined based on the

following rules:

1. The first data points in d[n], dp[n] and dx[n| are aligned in time, i.e., d[0] <> dps[0] <>
dn]0].

2. The batch size L = LCM(M, N).

3. The last data point in a batch is aligned to both dys[n] and dy[n], i.e., b;[L] <> dp[ny] <>

dN [TLQ] .
With the definition above, a signal batch b; has the following properties:

1. There are L/M data points in a batch that are aligned to dy[n], with index k € Ky, =
(M, 2M, 3M,...,L}.

2. There are L/N data points in a batch that are aligned to dy|[n|, with index k € Ky =
(N, 2N, 3N,...,L}.

3. There are L — L/M — L/N + 1 data points in a batch that are not aligned to either

dpr[n] or dy[n]. This index set is denoted as

Ky ={ke Z" |k < L,mod(k, M) # 0,mod(k,N) # 0} (3.54)
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For example, for M = 3 and N = 2, the batch size L =6, Ky = {3,6}, Ky = {2,4,6} and
Ky = {1,5}. In the case with M = 8 and N = 7, we have K, = {8, 16,24, 32,40,48,56},
Ky ={7,14,21,28,35,42,49,56} and 42 unmeasured data points exist in K.

3.3.2  Signal recovery algorithm

If the time index of the fast underlying signal b;[k] is aligned to any of the sensor measure-
ments, i.e. k € Ky, or Ky, a direct measurement is available and no data recovery is needed.
However, if k € Ky, b;[k] is lost in the sampling process. The following theorem shows that
if d[n] satisfies an autoregressive model, the lost information can be recovered by combining

historical measurements form S; and S,.
Theorem 3.4. Let dys[nl, dy[n|, dn], and b;[k] be defined as described in section 3.3.1. If
there exists a polynomial A(z7') =1+ 37" a;z™" (ay, # 0) such that A(z"')d[n] =0 at the

steady state, then the k-th data point in the i-th batch can be recovered by
t1 to
bz[k?] = ZwadM[nl — Z] + Z'Uk’jd]\[[ng — j], (355)
=0 =0

where t; and ty are finite integers, ny and ny denote indices of dy; and dy such that dy[ni] <>
dn[ns] < bi_1lk] (such relationship is ensured by the third rule of Definition 3.1). The

unknown parameters wy;’s and vy ;’s come from the solution to the following system of linear

equations
Jra rq
. —ax
Jri
WE,0
. —0m
M, : = . (3.56)
0
Wit
' 0
Uk,0
0
_Uk,tz i - -
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Here, | = maz {t; M, tsN} +k—m; My is a matriz of dimension (I+m) X (I 4+t +1ts+2),

and is defined as

Mk = [Mk €r €M - €kyt; M €k €y N ... ek—‘rtQN]J (357)
where
1 0
3]
0
M= |a, . 1 : (3.58)
0 aq
0 R
| 4 (I+m)xi

and e; is the elemental column vector whose entries are all zeros except for the i-th entry,

which equals 1.

Proof. See A 4. ]

Consider an example with M = 3, N = 2 and A(z7') = 1 + aj27' + apz%. The
model A(z') has an order of m = 2. Based on Definition 3.1, the batch size is chosen as
L = LCM(3,2) = 6, then Ky = {1,5}. In the recovering process, data points with index
k € Ky in batches of d[n] will be recovered from (3.55). Here we choose t; = t5 = 1 (there
are more discussions about choosing t; and t; in the following section), then the recovering

equations become:

bilk] = wy,ods[ni] 4+ w1 ds[ng — 1]

+ Uk70d2 [ng] —I— ’U]C’ldg[ng — 1], k’ = 1, 5 (359)

When k = 1, we have | = max {t; M, toN} + k —m = 2. Then parameters w; o, wy 1, V1,0,
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v1,1 can be obtained from the solution of

fia
(1 0 101 0 fi2 -—al-
ap 1 0 0 0 Of |wio _ —ao . (3.60)
az a; 0 0 0 1| |wig 0
_O a 0 1 0 O_ V10 I 0 |
| VL1

When k =5 and | = max {t; M, t2N} + k —m = 6, parameters ws o, Ws 1, V50, Us1 can be

obtained from the solution of

fsa
(1 0 0 0 0 0000 0||fsa] [-a
ag 1 0 0 0 0 0 0 0 Of |/fs3 —a9
az a1 0 0 0 0 0 0 Of | fs4 0
0 ag a4 1 0 0 O 0 O O f55 _ 0 (3.61)
0 0 a az 1 0 1 0 1 0| |fss 0
0 0 0 a aiz 1 0 0 0 Of [wsp 0
0 0 0 0 a a 0 0 0 1] [ws: 0
_0 0 0 0 0 a 0 1 O 0_ Us.0 i 0 |
L V5.1

3.3.8 Discussion
Minimal Historical Data Used in Recovery

In Theorem 3.4, (t; + 1) data points from dy[n] and (o + 1) data points from dy[n] are
used in the recovery equation (3.55). In fact, the number of historical data points used in

the recovery process is flexible, as we discuss next.

Corollary 3.2. A necessary condition for the system of equations (3.56) to have a solution
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18

el 3521, 51}

Proof. Recall that a solvable system of linear equations must not be overdetermined, so an

where

obvious necessary condition for (3.56) to have solutions is
I+t +ta+2>1+m (3.64)

In addition, when iM = jN holds for some i € [0, #;] and j € [0, t3], the corresponding
columns ey and ey jy in matrix M, are identical (see, e.g., the 7th and 9th columns
of My in (3.61)), yielding redundant pairs of variables in (3.56) (say there are n; number
of them). Then, the number of independent variables becomes | + t; + t5 + 2 — ng and the
necessary condition (3.64) reduces to (3.62).

To more quantitatively define ny, we recall that a signal batch could provide at most L/M
measurements from sensor S; and L/N measurements from sensor Sy, hence the number of
prior batches used in the recovery that contain measurements from S; (denoted as ng ) or

S (denoted as ng ) are

1 +1 1o+ 1
Naym = ’V;;/—M—‘ , NgN = ’712;/—]\]—‘ . (365)

It can be seen from Definition 3.1 that the condition ¢M = jN holds only once in a sin-
gle batch, then the number of redundant variable pairs ng is the number of prior batches
where measurements from both sensors are involved in the recovery process. That is,

Ng = min{nd’M, nd7N}. ]

Method to Reduce Computation Complezity

Taking the pseudoinverse inverse of M J,L gives a particular solution of (3.56):

Fr

il a
=M, , (3.66)
dx 0
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where fk = [fk:,la e 7fk,l]T7 q, = [wk,Oa crt Wity Vo) 7vk‘,t2]T7 and a = — [ah T 7am]T-

It is worth noting that the computing time of taking pseudoinverse is sensitive with the
matrix size. We discuss next an reduced-order procedure to solve (3.56) that will drastically
reduce the computation load for real-time applications.

The system of linear equations (3.56) can be rewritten into the following form, where

M, is segmented into four smaller matrices with dimensions defined below.

E, i D, a
x1 X (t1+t2+2) fk _ . (367)
0

Ble ClX(t1+t2+2) qk
Then the following reduced-order solution can be obtained by expanding the above the matrix

equation:

g.= (D-EB'C) a. (3.68)

Instead of directly computing the pseudoinverse of the large matrix My, the reduced-
order method saves computation cost by reducing the matrix dimension by [ in height and
width before taking the pseudoinverse. Furthermore, efficient algorithms exist for inverting
the upper triangular matrix B [46].

Figure 3.11 shows the changes of the computing cost as k increases when computing the
prediction parameters in a batch. Here, the signal model has an order of 6 and M =8, N =7,
t; = to = 3. The tests were performed on a computer (with Intel Core™ i7-6800K CPU and
64GB memory) running MATLAB 2017b. The test results shows that the proposed method
reduces the computation costs to a significantly lower level under different configurations;

furthermore, the computation cost remains largely invariant when k increases.

Remark 3.1. The computational complezity of the prediction step (i.e., equation (3.55))
is O(ty + ta + 2), that is, linear with respect to the total number of historical data used in
the prediction. The computational complexity of calculating the prediction parameters (i.e.,
equation (3.68)) depends mainly on the complezity of inverting the m X (t; + ta + 2) matriz
(D — EB'C). The prediction parameters can be computed off-line and only need to be

recalculated when the signal model changes.
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Figure 3.11: The average time for computing the system solution using the direct method

and the reduced-order method.

Prediction Robustness and Model Singularity

Let @, = [dy[n1],...,dn[na],...]T be the measurement vector and Az be the measurement
noise vector. Then the prediction equation (3.55) can be formulated as d[n] = q,(x +
Az") = qx” + (D — EB_IC’)T AzT where q,xT is the true value. The prediction error

cased by the measurement noise is thus
e=(D—-EB'C) AaT. (3.69)

It is well understood that if the matrix (D — EB_IC) is ill-conditioned (i.e., close to be-
coming singular), then its inversion will contain larger numbers, and consequently, the mea-
surement noise will be amplified.

In this section, we discuss the extreme case and provide solutions to mitigate the model
singularity. To see this, we first note that the signal model A(z7!) = 1+az7  +- - +a, 2™

defines a linear function between a data point d[n| and its m consecutive prior data points:
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dn] = =3, and[n — m]. An essential part of our proposed recovery algorithm is to re-

parameterize the signal model and build a new connection between d[n] and prior data points
available from sparse sensor measurements (recall Eqns. (3.55), (A.23), (A.26) and (A.27)).

Figure 3.12 illustrates the model re-parameterizing process when recovering the first point in

+ Orignal model: H
1 o L P< ; ; : N e) x o, 1
\J x N4 . \J %

: Re-parameterized '
model:
® 1 o 1
\J \J

0,
E dln] | O dyln]

Recovered

&/

i i dataxpointe : @ I . >< dM [ ”l]
!4— 1 batch >;< 1 batch ——= d[n]

Figure 3.12: Tllustration of model re-parameterizing for sparse information recovery.

a batch, under the configuration of M =3, N =2, A(z™') = 1+ a;27 + asz7% + azz~3, and
t; =ty = 1. If the signal model A(z7') contains scarce connections between d[n] and its prior
data points, the new connection would be difficult or even impossible. For example, consider
A(z7Y) = 1+ agz~°, that is, d[n] = —agd[n — 6]. As shown in Figure 3.13, when M = 3,
N =2,or M =4, N = 3, there exist missing data points in a batch that are unrelated to
any other measurements. Thus it becomes impossible to find the re-parameterized model

that can recover the missing data point.

.-
.t ' ' -

@ ! C x C 1 1 C 1 @ - M=3, N=2
i<— 1 batch —>i<— 1 batch —>i dln] | O dyln]

. . - X dM[n]

S I
- 1 batch > d[n]

Figure 3.13: An example when a missing data point is unrelated to any measurements.
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More generally, consider a signal model:
t
Ag(z™) =1+ aiz @, (3.70)
i=1

where ) € Z*, and at least one a;g is nonzero. Then d[n] are only connected to its iQ-th

prior data points:
t

dln] = = aipd[n — iQ). (3.71)

i=1
Suppose d[n] <> b;[k] is the missing point in a batch that needs to be recovered (i.e. k € Ky).
If d[n —iQ)] is not picked up by the sensors for all ¢ = 1,2,3,---, then d[n] is impossible to
recover. Mathematically, given the batch configuration with M, N and L = LCM(M, N), if

() satisfies the condition:
Exist k € Ky, such that for any i € Z, mod(k +iQ, L) € Ky (3.72)

then a signal with model Ag(z~') will not be fully recoverable.

Remark 3.2. If both (Q, M) and (Q,N) are not coprime pairs', then condition (3.72) is
satisfied.

Proof. Because (), M) is not coprime, they have a common divisor (denoted as p) that is

greater than 1. For any integers i, 7,

M .
Mj-Qi:p(—]—@>7é1 (3.73)
p p
or equivalently,
mod(1 +1iQ, M) # 0. (3.74)

Let ¢ = mod(k+iQ, L), then we have ¢ = k+1iQ) —nL, where n € Z. Because L is a multiple
of M, mod(¢, M) = mod(k + iQ — nL, M) = mod(k + i@, M). Therefore, for k =1 € Ky,

mod(mod(k 4 iQ, L), M) = mod(k + iQ, M) # 0. (3.75)

4(A, B) is a coprime pair if and only if their greatest common divisor is 1.
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Similarly, since (@), N) is not coprime,
mod(mod(k + iQ, L), N) = mod(k +iQ, N) # 0. (3.76)

Combining (3.75) and (3.76), we conclude that mod(k + iQ, L) € Ky for any integer i and
for k =1, so condition (3.72) is satisfied. O

In practice, the discussed model singularities are uncommon and can be overcome by
designing the sensor pair. For example, given M = 3 and N = 2, the smallest () such
that both (Q, M) and (Q, N) are not coprime pairs is 6, then (3.70) becomes Ag(z™1) =
14+ 3 agiz=%. All signal models other than Ag(2~") will be sufficient for the proposed
recovering algorithm with M = 3 and N = 2. Selecting M = 5 and N = 2, on the other

hand, provides a feasible solution.

Signal Pre-filtering

To improve the recovery accuracy in presence of measurement noise, we propose in this
subsection a filter design to pass through signals dys[n| and dy[n] without modifying their
amplitude and phase, while rejecting noise signals in a board frequency range. Given the
autoregressive model A(z71) for d[n], we could find the corresponding autoregressive model

Apr(z71) and An(271) for downsampled signals dys[n] and dy[n], respectively.

K-1
Ag(z™h = H A(z"®e'%P), K = Mor N. (3.77)

p=0
These results are based on the transfer functions of the downsampled signals, and obtained
according to Lemma 2.1. Then the AR model for the downsampled signals can be used in
the filter design for model-based noise compensation.

The proposed noise attenuation is to pre-filter di[n| (K = M or N) by

Aa(z™h) = Ag(z7h)
Ay(z71)

Gr(z) = (3.78)

and feed the filtered results to the collaborative sensor fusion. Here, Ag(27') is the internal

model of di[n] = d[Kn] and A,(z7!) is to be designed. Such a Gx(27') can pass a signal
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dx[n] with an internal model Ax(z7!) as long as the roots of A,(27!) are in the unit circle.

To be more specific, we calculate

Ao(z7Ydg [n] — Ag(z=Hdxn
An(z7h)

G (2)dgn] = = dg|n] (3.79)

at the steady state. Let the polynomial Ax(271) have an order of m, then it can be decom-

posed to the product of m first-order polynomials

m

A(z) =[] = xe™), (3.80)

i=1

where {\;e%},_; _,, are the roots of A (z71). For the purpose of reducing the measurement
noise energy, it is important to maintain a small value to |Gk (e*)| (i.e., the magnitude of
the frequency response of G (z)) at the noise frequencies. To that end, we design A,(z71)

as
m

Aaz ) =] = are™), (3.81)

i=1
where o € (0,1) and is close to 1. Figure 3.14 shows the difference of |Gk (e’*)|under different

Mangnitude (dB)

P
0.375

o5 ooz
Frequency (rad/m)

|

. L
0.75

0.875 1

gl v v

Figure 3.14: Magnitude of G(e¢/*) when choosing different values of v in (3.81).

a selections. Here A(z7!) has 6 roots located at {e*7™/5 e727/5 (.9e%737/51 Tt is shown that

|Gk (e/*)] is maintained under 0dB at frequencies other than the desired signal frequencies
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(0.27 and 0.47), so the noise energy can be reduced. When « is closer to 1, |Gx(e/*)| will be
smaller in a wide frequency range, which yields a better noise reduction rate. As a trade-off,

Gk (z) with « closer to 1 has a slower converging speed (see Fig. 3.15).

0.14

————— Unfiltered noise
0.12 + —— Filtered noise «=0.8
— — —Filtered noise «=0.95

o
N
T

"|
g
[
0.08 ," .
|
0.06 I:

0.04

Average noise in
500 Monte Carlo runs

0.02

Figure 3.15: Measurement noise before and after filtering by G(z) when choosing a different

Q.

3.3.4  Numerical verification

Figure 3.16 shows an numerical simulation of the signal recovering process. The recovered
measurement d[n| is sampled at 1kHz, and the two slow measurements dy;[n] and dy[n| are
sampled at 1/8kHz and 1/7kHz, respectively. In the simulation, the original signal d.(t)
is narrow-banded and contains four frequency components at 120Hz, 167Hz, 240Hz, and
300Hz. Such frequency components are much higher than the Nyquist sampling frequencies
of slow measurements, that is, 62.5Hz for dys[n] and 71.4Hz for dy[n]. Hence the discretized
measurements will lose the original shape of the trajectory (see the upper plot of Fig. 3.16)

due to aliasing in the sampling process.

Based on the autoregressive model of a narrow-band signal d[n] with n frequency com-
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Figure 3.16: Collaborative sensor measurements and the recovered signal for optical beam

scanning in additive manufacturing.

ponents f;, i =1,...,n, we have A(z71)d[n] = 0 at the steady state, where

Az =] = 2cos(2n fiT)27" + 272) (3.82)

i=1
and T is the sampling time of d[n]. Substituting in the frequency values yields the polynomial
model of d[n]: A(z71) =1—1.96192"" + 4.166422 — 4.9797273 + 6.22012~* — 4.979727° +
4.166427% — 1.961927 + 278, Figure 3.16 shows the slow measurements dy;[n] and dy[n] as
well as the reconstructed signal d[n]. As shown in the bottom plot in Fig. 3.16, the recovered

data in d[n] matches with its true value.
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Chapter 4

ROBOTIC TARGET FOLLOWING UNDER SLOW AND
DELAYED SENSING

This chapter considers the problem of controlling a robot to follow and track a moving
target based on only visual feedback. We aim to compensate the effect of slow-sampling and
time delays in vision feedback. This compensation is made possible by multi-rate model-
based prediction (MMP), an information recovery algorithm based on autoregressive model

re-parameterization.
4.1 Formulation of the target following problem

Coordinate system definition. The target following system includes a moving target T,
a follower robot R, and a vision system C' statically attached to the robot. We define a static
world coordinate system {IW'} and attach moving coordinate systems {7} and {C'} to the
target and to the vision system, respectively. Figure 4.1 shows the relationship between the
coordinate systems, where {C*} represents the desired position and orientation of the vision
system.

We now discuss the major elements in Figure 4.1:

e The observed target pose in the camera frame “&p: There are many approaches to
estimate the target pose from images. For example, with a calibrated camera and a
known 3D model of the target, “&€7 can be obtained from the solution of Perspective-
n-Point (PnP) problem based on n 3D-to-2D point correspondences [47, 48]. With a
stereo camera or an RGB-D camera, it is possiable to estimated the 3D pose of the
target without using the 3D model of the target as a prior [49, 50]. There are also

learning-based pose estimation proposed recently [51]. In this work, we use the PnP
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{T}

{c}

{W)

Figure 4.1: Coordinate systems of target following problem

C ~
algorithm for simplicity and will assume an estimation & is available hereafter.

e The camera pose in the world coordinate system " ¢o: Because the camera is rigidly

attached to the robot, W&o can be calculated by the forward kinematics of the robot.

e The target pose in the world frame " &p: This is unknown and is estimated by the
vision system. Most important, we consider the case when the target is moving with

unknown velocity Worp(t).

Data acquisition and time delay. We consider the case when the image-based pose

C ~
estimation &7 has a time delay of 7 seconds, and is updated every Ty, seconds. However,
the controller of the robot is running with a much shorter period of 7 seconds. We assume

that the sampling rate of the imaging system can be adjusted such that
Tss = LTy, (4.1)

where L is an integer greater than one.
Control goal. Similar to the standard PBVS [3], the vision-based target tracking prob-

lem can be formulated as minimizing the visual feature error e(t) given by

e(t) = s(t) — s*(t), (4.2)
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where s represents a set of visual features and s* is the desired value of s. For the target
following problem, we define the visual featuer as the pose difference between the desired
and the actual camera pose s £  ¢4. An estimation of the visual feature is calculated from

the target pose estimation
C* 2 . T »
e="r® &o (4.3)

* T o C o
where ©"¢7 is a user-defined value and ~ ¢ is the reverse of the pose estimation &p. The
goal of target following is to control the camera velocity v such that ©&7 will converge to

"¢, that is, s converges to s* = 0.

4.2 Position-based visual servo with a moving target

We parameterize the feature error as e = ¢ &¢ = (““to, Ou), where “to and 6 are the
translation vector and the rotation angles from {C*} to {C'}, respectively. w is a unit vector
representing the corresponding rotation axis. Let the relative instantaneous velocity of the
camera with respect to the target be Tvs € R®*!, then the relationship between the time
derivative of visual feature error & and the relative velocity v is

“Rr 0

e=1L, T’UC = 0 I CR T'Uca (4.4)
Ou T

where L, is the feature Jacobian and Ly, is given by

2 sinc”3

Ly, =1I;— Q[U]x + (1 - %) [u]?. (4.5)

Here, sinc(z) is the sinus cardinal such that zsinc(xz) = sin(z) and sinc(0)=1. [u]x is a

skew-symmetric matrix defined as

[ulx = | u, 0 -u, |- (4.6)
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To ensure a decreasing feature error, we design a velocity controller

T o
-R * 0 t
Tyo =-AL'e = -\ ¢ “1, (4.7)
0 T"RqL,! Ou
where A > 0. Then from Eq. (4.7) and Eq. (4.4):
e=-)\e. (4.8)

That is to say, the visual feature error will exponentially decrease to zero. Note that Ly, fu =
fu. Eq. (4.7) can then be simplified as

T’Uc,l =-A-TRe-“tc (4.9)

Tvea =-M-T"Reu
where T'vcyl and Tvc,a are the linear and the angular parts of the velocity vector Tvc,
respectively.

Note that in the standard PBVS, the feature Jacobian is defined with respect to the
camera’s velocity in the camera frame “ve [3],i.e., &=L, Cve. Such a relationship is valid
only if the target is motionless. In this work, the feature Jacobian is defined with respect
to the relative velocity Tve between two moving frames, such that Eq. (4.4) is still valid
when the target is maneuvering. To compute the velocity command “v¢, we use a velocity

transformation formula

c c T
R - R t
ve = v + g r [t Tyr. (4.10)
0 CRT 0 CRT
Here, the target velocity Zvy is obtained from Kalman filters, as is described in the following

section.
4.3 Pose and velocity estimation

While we can estimate the target pose from the perception system, the visual measurements
are usually noisy. To reduce the measurement noise and to estimate the unknown target

velocity, we build a set of Kalman filters that can fit to common robotic target motions.
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4.3.1 Dynamic models of the moving target

We list first the widely used constant velocity model and constant acceleration model for a
moving target, then derive a constant frequency model and a compound constant frequency
model.

Constant velocity model. When the acceleration is relatively small, we can assume
a constant speed in the state update equation and model the acceleration as white noise,
which formulates to the discrete white noise acceleration (DWNA) model [52]. Define the

system state as © = (1,7). Then the system state-space model is given by

1 T 172

w(k+1) = w(k)+ | 2% [ v(k), (4.11)
O 1 TSS

2k 1) = [1 0]x(l€+1)+w(k+1), (4.12)

where v(k) is the process noise and w(k + 1) is the measurement noise.
Constant acceleration model. When the acceleration is nearly constant, we use
discrete Wiener process acceleration (DWPA) model that assumes a constant acceleration

within each update period. Defining the system state as x = (1,7, 7j), the system model is

given as
1 T %Tfs %Tfs
zk+1)=10 1 Ty |xk)+ | Ty |vk), (4.13)
0 0 1 1
Ak +1) = [ 1 0 0]x(k+1)+w(k+1). (4.14)

Constant frequency (CF) model. When the movement is approximately periodic,
both constant velocity model and constant acceleration model will fail to timely capture
the velocity and acceleration changes. This model mismatch is significant when the moving
frequency is fast. The vast amount of periodic tasks can be decomposed to sinusodial motions

from the Fourier theory. Consider n(t) = asin(2t + ¢) and its derivative 7(t) = a2 cos(Qt +
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¢). Let the system state be z = (1, 7). Note that the second derivative 7j(t) = —aQ?sin(Qt +

©) = —Q?n(t). Then we can write the continuous-time state-space model as
d 0 1 .
—ux(t) = x(t) = Acx(t). (4.15)
dt _QQ 0

Discretizing Eq. (4.15) at a sampling time Tys , we have

ok + 1) = AT (k) = Cof(QTSS) s(@L)/ ) (4.16)
-Qsin(QTs)  cos(QT%s)

When the sinusoidal signal has a bias term, i.e., n(t) = asin(Q2t + ¢) + b, we can augment
the system to include the bias: x = (n,7n,b). The corresponding extended model with noise

18

cos(NTys)  sin(Q74) /2 0 ir?

v(k+1)= | -Qsin(QTy,)  cos(QTy,) 0 |z(k)+ | Ty | v(k), (4.17)
0 0 1 Ty
2(k+1) = [ 1 0 1 ]x(k;+1)+w(k+1). (4.18)

Compound constant frequency (CCF) model. We consider here the case when the

core movement is a mixture of multiple sinusoids, i.e.,

N

n(t) = a;sin(Qt + ;) + b, Q£ Qy # OVi # j (4.19)

=1

In order to model the kinematics of the above, let © = (n1,7,...,9n,7n,b). The state is
defined such that the i-th pair (7;,7;) corresponds to the i-th frequency component, and has
the same discrete model as in Eq. (4.16). Each (n;,7;) is independent from other pairs, thus
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we have the following state-space model:

A, _ B
A, T
x(k+1)= z(k) + : v(k) (4.20)
Ay
I 1 | I Tss |
2k+D)=11 0 10 --- 0 1 |ak+1)+wk+1) (4.21)

where A; is a 2 X 2 matrix defined as

cos(£2;Tss) sin(€; 1) /€2 .
A, = . i=1,--- N (4.22)
'Qi Sin(QiTss> COS<QiTss)

4.3.2  Linear position and velocity estimation

We decouple the 3D target motions to x, y and z axes and estimate the components inde-
pendently. As a result, the system order can be reduced, and we only need to consider the
problem of estimating the position and velocity in one generic axis. Recall that a relative
pose measurement CéT sampled at 1/T, Hz is available from the vision system. Combined
with the known camera pose " ¢, the target pose measurements in the world coordinate sys-
tem can be obtained as Vér = Vée @CfT. Then the position measurement Wty = (t,,1,,t.)
can be extracted from V&7, For the motion in each axis, we choose the appropriate dynamic

model based on an assessment of the motion type.

z(k+1) = Fx(z) + v(k) (4.23)
2(k+1)=Hz(k+1)+w(k) (4.24)
Denote the process noise covariance as () and the measurement noise covariance as R.

Kalman filter prediction and update steps, Eqgs. (4.25-4.31), are applied to filter the noisy

measurement and estimate the position and velocity for each axis. In the prediction step,
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we first compute the estimated state z(k + 1|k) and state covariance P(k + 1|k).

(k + 1)k) = Fi(k|k) (4.25)
Pk + 1|k) = FP(k|K)F + Q (4.26)

Here, o(k+ 1|k) indicates estimated variables given measurements up to and includeing z(k).
Similarly, e(k + 1|k + 1) indicates estimates given measurement includeing z(k + 1). The

measurement prediction Z(k+ 1|k) and the corresponding prediction covariance S(k+ 1) are

Z(k+1|k) = Hz(k + 1|k) (4.27)
S(k+1)=R+HP(k+1|k)H’ (4.28)

In the correction step, we compute the Kalman filter gain K (k 4 1) and the updated state

estimation and covairance using latest measurement z(k + 1).

W(k+1)=Pk+1k)H S(k+1)"" (4.29)
g+ 1k+1) =2k +1k) + Wk + 1)(2(k +1) — 2(k + 1|k)) (4.30)
Plk+1lk+1)=Pk+1k) —W(k+1DSk+1)W(k+1) (4.31)

4.3.83  Angular position and velocity estimation

In order to build Kalman filters for estimating the rotation angles and velocities, we first ex-
tract the measured rotation matrix v Ry from " ¢&p, then convert it to Euler angles (a, 5, 7).
Note that there are twelve different representations of the Euler angles and any one of them
can be used. Here we use the roll-pitch-yaw representation (i.e., with the rotation order
“ZYX”) that is popular for ships, aircraft and vehicles. Similar to the linear position esti-
mation, we view each Euler angle as an individual component and apply Eqgs. (4.25-4.31)
with the appropriate dynamic model. Note that the physical meanings of the angular ve-
locity estimates (¢, A, %) depend on the choice of Euler representation. For example, in the

roll-pitch-yaw representation, § and 4 are the angular velocities about the rotated y and
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Dynamic model | Position Velocity
DWNA (1—271)2 1 o
DWPA (1—271)3 (1— 1)

CF 1 —2cos(QTsp)zt + 272
OCr 1Y, (1 = 2cos(UThp) 2t + 272)

Table 4.1: Polynomial models of the position and velocity profiles for different dynamic

models

x-axes instead of the original ones. We obtain the angular velocity with respect to the world

coordinate system W’UT@ = (W, Wy, w;) by coordinate conversion:
Warr, = a7 + Ra(a) (ﬁ'? + Ry(ﬁ)ﬁ?) . (4.32)

Expanding Eq. (4.32), we have

wy =4 cos(a)cos(B) — Bsin(a)

wy, = fcos(a) + 4 cos(B) sin(a) (4.33)

(w: = & — Asin(f)

4.4 Interpolation and delay compensation

The target position and velocity estimated from the Kalman filter are only sampled at
fss = 1/Tss Hz. They also inherit the time delays from the visual measurements. With
MMP (see section 2), we can construct new data points from the slow sampled Kalman filter
outputs and also compensates the time delays.

Table 4.1 summarizes the polynomial models of the position and velocity profiles for each

dynamic model mentioned in section 4.3.1. These can be derived from Lemma 2.1.
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4.4.1 Interpolation and delay compensation algorithm

As is shown before, the model-based information recovery can construct a connection between
the historical slow-sampled data set (i.e., ds[n], ds[n — 1] and so on) and a future data point
d¢nL + k| in the fast-sampled sequence. This connection allows to predict the position
and velocity sampled at 1/7;; Hz using Kalman filter outputs. Furthermore, by properly
adjusting the k£ value, the measurement delay time 7 can be compensated. In more details, at
each discrete step, we first calculate the index k. such that nL+ k. corresponds to the current
time ¢. (see Figure 4.2). Then we calculate the length of prediction steps k, = round(7/T%y)
needed to compensate the delay time 7. Finally we use k = k.+k, and apply Eq. (3.11). The
algorithm to compute the fast-sampled data d ¢ with delay compensated, namely model-based

prediction (MMP), is summarized in Algorithm 1.

Algorithm 1: Interpolation and delay compensation (one circle)

input : most recent dg[n|, delay time 7 and current time ¢,
output: d[n]

1 if dg[n] has a new value then

2 update the data storage that keeps the most m recent ds[n| values

{ds[n], -+ ,ds[n — m+ 1]}

3 | st < L

4 end if

5 ke < (te — tiast) [ Tsy;

6 k, < round(7/Tss);

7 k< ke + kp;

8 From Eq. (3.12), solve wg o, , Wgm—1;

9 From Eq.(3.11), compute dg[n] ;

A simulated interpolation and delay compensation result is shown in Figure 4.3. In the

simulation, the fast and slow sampling times are Ty = 8ms and Ts; = 48ms, respectively.
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ds [I’l - 2] ds [I’l - 1] ds [I’l] t. t.+7

Figure 4.2: Illustration of the interpolation and delay compensation procedure. Here, L =

T, /Ty = 3.

Data
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Figure 4.3: Simulated interpolation and delay compensation result.

Thus L = Ty,/Tsy = 6. The polynomial model used here corresponds to the CCF dynamic
model with two frequencies € = 27 x 1.2 rad/s and s = 27 x 3.1 rad/s. Based on Table
4.1, A(z7") can be derived as 1 — 3.9727! + 5.94272 — 3.97273 + 2%, The results show that
MMP can accurately predict the intersample data and compensate the measurement delay

(56ms in this case).
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4.5 Numerical simulation

In this subsection, we simulate the performances of the proposed target following algorithm
under various scenarios. The simulated algorithm combines the PBVS considering a moving
target (see Section 4.2), Kalman filters (see Section 4.3) and the interpolation and delay
compensation using MMP (see Section 4.4). An overview of the system structure is shown
in Figure 4.4. In the simulation, the target moves following a fixed 2D track as is showing
in the Figure 4.5. The target started from position (0,0) and then went through the full
circle multiple times. Here, the target pose measurement from the pose estimation block
is simulated by adding a zero-mean Gaussian noise to the true target pose. The noises are
independently distributed across each axis and have a standard deviation of 0.01 meters. To
exclude the randomness in each simulation runs, we did 50 independent simulation runs for

each scenario and use the averaged following error for comparison.

In the first scenario, the robot controller loop is running at 125Hz (i.e., Ty = 8 millisec-
onds). However, the pose estimation from the vision system is running eight times slower
and is delayed by 64 milliseconds. Figure 4.6 shows the tracking error statistics for the first
four laps. Here, we also provide simulation results when using the basic PBVS (see [3]) or our
modified PBVS (see Section 4.2) but without interpolation and delay compensation. In the
first lap, we observed that the following error reduced from its initial value to a significant
lower level. This can be seen in the error bars where the maximum errors in the first lap all
start with around 3 meters and the minimum errors are below 0.1 meters. In the following
laps, the simulation all transient to a steady-state where the following errors are constrained
in a fixed range. The average tracking errors using the basic PBVS is 87 millimeters in the
steady-state, which is significant considering that the track dimension is only 320 millimeters
by 160 millimeters. Implementing our improved PBVS which considered a moving target
could reduce the following error. However, the error is still large due to the slow-sampling
and delays in visual feedback. Finally, using our proposed approach could reduce the errors

to a small range around 3 millimeters, yielding a 95% error reduction compared to the basic
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Figure 4.4: The overview of the proposed target following algorithm. The dashed lines
represent signals that are updated every Ty, seconds while the solid lines represent fast-

sampled signals that will update every T seconds.

PBVS.

In order to analyze the impact of slow-sampling and time delay, we designed two sets of
scenarios where the target all follow the same track as is shown in Figure 4.5. In the first set
of scenarios, we fixed the system’s sampling speed and the time delays but varied the target
moving speed. The steady-state following errors for the first set of scenarios are shown in
Figure 4.7. Not surprisingly, we observe that the object following performance downgrades
as the target speed increases. When the target moves 12 times faster than the base level, we
see that our improved PBVS actually induced more error compared with the baseline, while

MMP techniques can still achieve a 80% error reduction rate.

In the second set of scenarios, we fixed the system’s sampling speed and the target
moving speed but varied the time delays of the vision system. As is shown in Figure 4.8,
the following performance will downgrade as the delay time increase when we applied no
delay compensation. With Kalman filters and MMP, the approached algorithm could still

constrain the following error to a small level when delay increases.
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Figure 4.9: (a)Dual-arm robot used to test the target following algorithm. (b)Moving tra-
jectories of the target and robot in 2D.

4.6 Experiment results

The proposed target following algorithm was tested on a dual-arm robot, as is shown in
Figure 4.9a. The left arm in the figure holds a target and the right arm has a camera
mounted to the end-effector. The world coordinate system {W} is attached to the base of
the right robot arm. In the experiment, we moved the target with a 2-D circle trajectory
that is parallel to the W-z-y plane. Specifically, the linear x and y velocities of the target is
controlled to be sinusoidal with 7 /2 phase difference. During the target following experiment,
the end-effector’s position and velocity of the left robot are assumed to be in the 3D space
and are unknown to the right robot, but is used to calculate the following errors at a high
sampling speed for analysis purposes. Note that the visual following errors are represented
respected to the table coordinate system (see Figure 4.9a), which has a 45 degree orientation
difference from the robot arm base.

Sampling speed and measurement delay. The camera used is Mako G192C from

Allied Vision Technology which has 60fps at a full resolution of 1600 x 1200 pixels. ArUco
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markers [53] are used for estimating the target pose in the camera frame. Due to the
heavy computation cost of the marker detecting and pose estimation process, the target
pose measurements can only be updated at a maximum rate of about 20Hz. On the other
hand, the robot servo loop is running at a high sampling rate of 125Hz. To make the fast and
slow sampling rate almost integer multiples, we triggered the camera to acquire images at a
fixed rate of 17.85fps, then L = Ty, /Ty = 7. The measurement delays can be monitored by
adding time stamps to the images when captured. In our experiment setup, the measurement

delays were about 50ms.

Two scenarios were tested using the proposed target following algorithm. In the first
scenario the target moved at 0.5Hz, while in the second scenario, the target moved at a
higher frequency of 1Hz. In both scenarios, the CF model was used for linear x and y
axes for the Kalman filtering; DWNA model was used for other axes. Then the appropriate
polynomial models were chosen from Table 4.1 and MMPs were applied for all axes. Note
that if a time-invariant polynomial model is assumed, then the MMP parameters wy, ;s can
be calculated off-line to save the on-line computation cost. Figure 4.10a shows the target
following errors of the linear x, y and z axes in the first scenario. Here, we tested four
levels of target following algorithms. The first level only uses the basic PBVS algorithm
which is designed based on a static target assumption [3]. The second level considered a
moving target, and the estimated target positions and velocities from the Kalman filters are
directly used. The third level not only considered a moving target but also compensated the
delays using MMP. In order to show the importance of fast sampling rate of measurement,
we down-sampled the MMP outputs in the third level to the slow sampling rate 1/T; Hz.
Finally, in the fourth level, both Kalman filters and MMP are used without down-sampling.
Statistic result of the target following error are shown in Figure 4.10b, where the 30 value
plus the absolute mean of the errors are computed for comparison. The same performance
improvements can also be observed by comparing the moving trajectories of the target and
robot (see Figure 4.9b). One can clearly observe the performance improvement when the

target velocity estimation, delay compensation, and interpolation techniques are added to
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error statistics when target moves at 1Hz.

the algorithm.

For the second scenario, the following error of linear x, y and z-axes are shown in Fig-
ure 4.10c and Figure 4.10d. The same four levels of target following algorithm are tested.
Different from the first scenario, the first three levels actually failed to reduce the following
error. This is because when the target moves at a higher frequency, the consequences of
measurement delay and slow measurement sampling become more significant. As a result,

it requires both delay compensation and interpolation to reduce the following error.
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Chapter 5

TARGET TRACKING UNDER DELAYED AND
IRREGULAR-SAMPLED SENSING

In this chapter, we present a target tracking system for a robotic air-hockey player,
where the state of the puck is optimally estimated by fusing measurements from frame- and
event-based vision sensors. In addition to the delay and slow-sampling of vision sensors,
we additionally consider the irregular sampling interval of the measurements. The technical
challenge of the problem is also amplified by the jumping velocity of the tracked object
during the game. An auto-restart Kalman filter is first proposed for compensating sudden
jumps in the puck state. Then a memory-enabled auto-restart Kalman filter is derived to

additionally accommodate delays and sensing irregularities.

The motivation for this work is to build a robotic air-hockey player that can play with
a human player. In a standard air-hockey game, a plastic puck slides on a rectangular air-
hockey table; two players compete to crash their pushers (strikers) across the table to throw
the puck into the opponent’s goal. Constant air flows from densely spaced holes on the
tabletop to suspend the puck from the table surface, so that the puck can fly from one side
of the table to the other within half a second. As such, fast and accurate target tracking

becomes crucial.

Our robotic air-hockey system (Fig. 5.1) consists of (1) a 6-DOF industrial manipulator
with a striker mounted at its end-effector to play against a human player, and (2) a vision
system to locate the puck. The vision system includes a common frame-based camera and
an event-based camera. The frame-based camera comes with a 1600 by 1200 image size and
a maximum image acquisition rate of 60 frame per seconds. The event-based camera has

only 640 by 480 image size but can acquire data at a much faster rate. The frame-based
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Figure 5.1: The robotic air-hockey system.

camera provides a higher spatial resolution, and thus more accurate information of the target
location. However, the slow sampling speed challenges the tracking of high-speed targets.
Furthermore, due to motion blurs, performance of localization degrades as the speed of the
target increases. On the contrary, the event-based camera independently and asynchronously
report pixels that undergo large changes of brightness. The pixel location here, combined
the timestamp when the brightness changes at this pixel, constitute an event. Because the
timestamp is sampled at a much higher temporal resolution (usually in microseconds), the
event-based camera can localize fast-moving targets at a much faster speed. However, such
a mechanism cannot detect robustly slow or static targets by design. Fig. 5.2 visualizes the
data generated by both sensors when the puck moves at different speeds. By fusing data
from both frame-based and event-based cameras, a new and fundamentally more robust

target tracking becomes possible.
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Figure 5.2: Comparison of raw data from the event-based and the frame-based cameras
when the target is moving at slow and high speeds. The frames from the event-based camera

are obtained by accumulating events in a fixed interval. The images are cropped for better

visualization.

5.1 Problem formulation

We model the motion of the puck on the air-hockey table as a state-space dynamic system.

The state of the puck consists of its position &, ,(t) and velocity Expy(t) in 2D:

o0 =[e) &0 60 &n] 5.1)

The rotational dynamics of the puck has limited impact on the sliding trajectory, thus
omitted for simplicity. The goal is to obtain the estimated state p(x(t)|Z") at time t = iT
given all available measurements Z' from both sensors at time ¢. As is shown in Fig. 5.3, the

measurements are sampled irregularly. Each measurement is delayed by a variable period
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Figure 5.3: Illustration of the delayed and irregularly-sampled measurements.

before it becomes available, with the amount of delays traceable from timestamps of the

sensors. Mathematically, the measurements are modeled as
Z(tk) = Hx(tk — Tk) + w(tk) (52)

where H = [1 0 1 ()], ty is the time when the measurement becomes available, 7, is
the delay duration and w(k) is a zero-mean white Gaussian measurement noise with known

covariance.

Elw(ty)w(ty)’] = R(ty) (5.3)
5.2 System modeling

As the velocity of the target undergoes only small changes when the puck floats on air inside
the air-hockey table, the acceleration of the puck can be modeled as a continuous time

zero-mean white noise v.(t) = [yz(t) yy(t)]T, with
E(v.(t)) = |0 or (5.4)

E(ve(t)ve(r)") = o(t —7) (5.5)
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where ¢, and g, are the intensities of the noises on x and y axes and §(-) is the Dirac delta

function. The continuous-time motion dynamics then become

(t) = Acx(t) + Deve(t)

where

= o O

o o o O
o o o o

o o O

0

o o = O

The discretized state equation after a time interval T' is

- o O O

l’(tk + T) = Ad(T)x<tk) + Vd(tk, T)

where

T
va(ty, T) = / eAC(T_T)DCVC(tk + 7)dr
0

T
1
0
0

o o o =
[ = )

0
0
T
1

(5.6)

(5.7)

(5.9)

(5.10)

From (5.5), (5.9) and (5.10), it can be shown that the covariance of the discrete-time process

noise, assuming ¢, and g, to be constant from ¢ to ¢t + T, is,

Q(te, T) = Q(T) = Elva(ty, T)va(ty, T)"] =

179,
CEAE
0
0

sT?q,
Tq,
0
0

(5.11)

Note that ¢, and g, are the designing parameters and should be adjusted based on the

interval length 7. From (5.11), the changes in velocity over interval 7" are in the order of

T
[« /Tq, /Tqy} , which can be used as a guideline for adjusting ¢, and g,.
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5.3 Filtering under irregular sampling with auto-restarting

In this section, we propose optimal state estimation for the motion tracking by using the
primitives of Kalman filters. Different from the standard scenarios where the prediction and
correction steps are called at a fixed interval, we consider the case when the time interval T is
a variable — the case in our dual-sensor design and common in visual sensing. Given the state-
space model (5.8-5.11) and the measurements equation (5.2-5.3) with zero delay (i.e., 7, = 0),
the minimum mean square error estimates of the state can be obtained as follows. In the
prediction step, the predicted state &(tx + T'|tx) and state prediction covariance P(ty + T'|ty)
are calculated as
T(te + Tlte) = Aa(T)2(tkltr) (5.12)
P(ty + Ttr) = Aa(T)P(te|tr) Aa(T)" + Q(T) (5.13)
Similarly, the predicted measurement Z(t; + T'|t;) and measurement prediction covariance
S(ty +T) are
S(tp+T)=HP(t; +T|ty) H + R(t), + T) (5.15)
In the correction step, we first compute the Kalman filter gain K (¢, + T)
Wity +T) = Pty + T|tp) H S(t) + T) " (5.16)
Then the updated state estimation Z(tx + T'|tx +7') and updated covariance P(ty + T'|tx, +T')
can be computed as
i“(tk + T|tk + T) = :i“(tk + T|tk) + W(tk + T)(Z(tk + T) - é(tk + T|tk)) (517)

Pty + Tty +T) = Pty + Tltg) — Wty + T)S(tp + T)W (t, +T)" (5.18)

5.5.1 Initialization

We initialize the state and the state covariance using a single measurement

2(t0) = [a(ts) 2y(to)] - (5.19)
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with zero as the initial estimate for velocity with associate standard deviation equal to half

of known maximum speed vy, [52]. That is,

T
T(tolto) = |2.(t0) 0 z,(to) O (5.20)
o(te)> 0 0 0
0 0252 0 0
P(to|to) = (5.21)
0 0 O'(to)2 0
0 0 0  0.2502

where o(t) is the standard deviation of the measurement noise associated with measurement

z(to).

5.3.2  Bounce off the table boundary

Edges of the air-hockey table limit the range of motion and thus &, and &, in the state vector.
When the puck bounces off the table edges, the velocity jumps. We propose to handle such
disturbances by adding an additional correction step triggered by an estimated state off the

edge limits. For a single axis ¢ = x or y, the correction step is

2£i,max - 62’7 1f£ > gi,mam

& = (5.22)
2£i,min - gi? lfg < gi,min

5: = _éia 1f£ > gi,maa: or 6 < gi,min (523)

where &; ;42 and & pmin are the upper and lower position limits for axis ¢, £ and fj are the
corrected position and velocity. This triggered correction step, as is illustrated in Fig 5.4,

models the physics of puck bouncing off the table edge, assuming an elastic collisions model.

5.3.3 Bounce off the pusher

Disturbances also occur when the puck is struck by the pusher. However, a triggered cor-

rection is not applicable here since the pusher’s location is unknown. Such disturbances, if
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Figure 5.4: Hlustration of the correction step triggered by state position violating limits.

not handled, will immediately cause large tracking errors (see the orange line in Fig. 5.5).
To let the Kalman filter quickly correct the tracking error induced by the disturbances, one
can choose a large process noise covariance Q(7"), with the sacrifice of tracking performance
at other times (see the green line in Fig. 5.5). In this dissertation, we developed a method
to continuously monitor the model mismatch and re-initialize the filter after detecting a
mismatch. The proposed algorithm lets the Kalman filter compensate the disturbance much
quicker, while maintaining a good tracking performance when there are no disturbances.
The Kalman filter innovation Z(t, +T) = z(t; +T) — 2(t; +T), under the model assump-

tion, is zero-mean and Gaussian distributed
§<tk +T) NN(O,S(tk +T)) (5.24)
For each axis ¢, we test if the following hypothesis is true

Hi: Zi(te +T) ~ N(0, Su(ty + 1)) (5.25)
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The hypothesis H; is rejected if ||Z;(tx, + T')|| is greater than a threshold A;. Then the false

alarm probability is

which gives

D) (5.27)

where ®~!(z) is the inverse cumulative distribution function under the assumption of stan-
dard Gaussian distribution of the noises. In summary, with the desired false alarm proba-
bility cv, and «, (5.27) gives the threshold A\, and A,. If any of the innovation components
|2 (tk +T)|| and ||2,(tx +T')| is greater than the threshold, the filter will be re-initialized us-
ing the latest measurement. The false alarm probability is a designing parameter. The larger
its value, the sooner the re-initialization will be triggered after the pusher strikes the puck.
However, re-initialization will also be likely to be triggered by random measurement noises
if a; is larger. Fig. 5.5 shows the tracking performances of two Kalman filters with different
a;, one with a, = a, = 0.0005 (shown in green line) and the other with a, = o, = 0.01
(shown in purple line). The mean square error was based on 500 independent simulations
of the same scenario. Here , the puck is sliding with constant velocity but was kicked by
a player at t = 2.5 seconds. The Kalman filter with a larger «; can detect the disturbance
slightly faster, however, the tracking performance at other times is significantly lower than

Kalman filters, due to frequent unnecessary re-initializations.

5.3.4  Variable-step Kalman filter with auto-reinitialization

Combining the above, we have the algorithm for estimating puck state under irregularly-
sampled measurements but without delays. The algorithm, called auto-restart Kalman filter

(ARKF) for short, is summarized below.
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Figure 5.5: Comparison of the tracking performance under unpredictable disturbances for

Kalman filters and auto-restart Kalman filters.

Algorithm 2: Auto-restart Kalman Filter (ARKF)
input : z(tg|tr), P(teltr), 2(tx +T'), and step size T'

output: &(ty + T|ty +T), P(ty, + Tty +T)

1 compute Z(tgy + T|tx) and P(tx + T|tx), using (5.12-5.13);

2 if Z(ty + T'|tx) off the table boundary then

3 | correct &(ty + T'|tx), using (5.22-5.23);

4 end if

5 compute Z(t; + T'|t;) and S(ty + T'), using (5.14-5.15);

6 compute threshold A, and \,, using (5.27);

7 if ||2(tx + 1) — 2(tx + T'|tr)|| pass the threshold then

8 ‘ compute Z(ty + Tty +T), P(ty + T|tx, +T), using (5.20-5.21);
9 else

10 ‘ compute &(ty + Tty +T), P(ty + T|tx, + T), using (5.16-5.18);

11 end if
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5.4 Filtering under delayed and irregularly sampled measurements

In this section, we discuss the important accommodation of measurement delays that are
common in visual sensing. Consider the continuous-time model (5.6) with delayed and irreg-
ularly sampled measurements from both sensors. Although the measurements are delayed
and not regularly updated, we still want to obtain an estimate of the state every T" seconds.
We propose a memory-enabled Kalman filter that consists of an update step and a prediction
step. The filter stores a limited number of past filter states in its memory. The update step
is called every T seconds to update the memory based on all measurements arrived in the
past T" seconds. The prediction step is called to obtain an estimated state in current or

future time, based on current memory data.

5.4.1 Update step

Fig. 5.6 showed the update circle for our proposed memory-enabled Kalman filter. Here,
there are 4 filter states in memory and three measurements arrived in the update circle. The
combined Z* include four measurements, where Z(7) are fused from z(t3) and z(¢7). A filter
state s(t) in the memory includes the measurement z(t;), the state estimation Z(ty|t;) and
the covariance P(tx|tx) at a past time tz. The memory will store all filter states in a fixed
time window [t, —t,,, t,,], where ¢, is the current time and ¢,, is the length of the time window.
The length of the time window should be chosen to be greater than the maximum known
sensor delay time. Assuming there are [ numbers of filter states in the memory, compactly
noted as

{s(t)M_|, th—ty <ty <ty <--- <t <1, (5.28)
where
s(t:) = {z(t:), 2(t:lt:), P(tilt:)} (5.29)

The new measurements since the last update step, assuming there are p of them, are
{z(t5)}r_,. Here, t is the timestamp when the original measurement data is taken, rather

than the timestamp when the processed measurement data is received.
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Figure 5.6: Illustration of the memory-enabled Kalman filter update circle.

In the update step, we first combine new measurements with old measurements stored in

the memory, and sort them based on timestamp to get a new measurement list

{Z(tl)v o 7Z(tn)’ Z(ﬁ)’ e Z(ti)v z(t;)v to Z(t;)} (530)

Then we crop the combined measurements list to get Z*, whose first element is the first new

measurement z(t})
Z" =A{z(t), - 2(ts), 2(5), - - 2(8)} (5.31)

Note that it is possible that two measurements have the same timestamp, each from a
different sensor. In this case, measurement fusion must be carry out to fuse two measurements
into one. Denoting two measurements as z!' and z? with the corresponding measurement error

covariances R' and R?, we have the fused measurement and covariance [54]

z=2'+ RYR'+ RH)71(2* - 21 (5.32)

R=((R)"+ ()" (5.33)
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Now, we have obtained a list of measurement ordered by time. Then Kalman filters can be
applied to process these measurements one by one, creating new filter states to be stored in
memory. The initial state estimation and covariance would be Z(t,|t,) and P(t,|t,), where
t, is the first timestamp before ¢} in (5.30). Finally, with the updated current time ¢,, we

discard filter states older than time ¢, — t,, to save memory space.

5.4.2  Prediction step

The predicted state at time ¢, based on the current filter memory can be obtained from the

latest filter state s(t;) = {z(t;), Z(ti|t:), P(t:|t))}-

z(ty|t) = Aa(t, — t)z(t|t) (5.34)

P(t,|t) = Aa(t, — t) P(ti|t) Aa(t, — t)" + Q(t, — 1)) (5.35)

5.4.3 Memory-enabled Variable-step Kalman Filter with Auto-reinitialization

Combining the memory-based structure with the auto-restart Kalman filter, we finally get
the filtering algorithm that can estimate puck state under delayed and irregularly-sampled
measurements from both sensors. The algorithm, referred below as the memory-enabled

auto-restart Kalman filter (M-ARKF), is summarized in Algorithm 2.
5.5 Numerical simulation

We test the tracking performance of M-ARKF in a simulated air-hockey environment. In
the tested scenario, the puck slides at a constant velocity of (&, fy) = (0.6,0.4) meters per
seconds starting at ¢ = 0. After the puck was bounced back from table edge, it got struck
by the player at ¢t = 1.25 seconds. The puck’s moving trajectory is visualized in Fig. 5.7.
Fig. 5.8 shows the position measurements from both sensors, which are generated by
adding Gaussian noise to the true position. In this simulation, there are 134 measurements
received from the event-based camera and 58 measurements received from the frame-based

camera. Each measurement is delayed by a random time sampled from a fixed range (see
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Algorithm 3: Memory-enabled Auto-restart Kalman Filter (M-ARKF)
input : {z(¢)}_,, ¢,

output : z(t,|t;), P(t,|t)
memory: {z(t;)}i_
1 combine {z(¢)}Y_, with {z(#;)}'_, and reorder by timestamp to obtain Z;
2 Extract Z* (5.31) from Z and find the timestamp ¢,, right before ¢7;
3 Fuse measurements in Z* that has the same timestamp, using (5.32-5.33);
4 Z(tolto) <= Z(tnltn), P(tolto) < P(tnltn), to < tn;
5 foreach z(t) € Z* do
6 | Z(t[t), P(t]t) < ARKF(&(tolto), P(tolto), 2(t),t — to);
7 | add {&(t|t), P(t|t), z(t)} to filter memory ;
8 | (tolto) < z(t|t), P(tolto) < P(t|t), to + t;
9 end foreach
10 discard filter state with timestamp old than ¢, — t,, calculate z(¢,|t;), P(t,|t;), using
(5.34-5.35)

(0.99,0.48)

Figure 5.7: The moving trajectory of puck in the simulation. The puck was struck by pusher

(visualized in blue) at t = 1.25 seconds.
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Figure 5.8: The position measurements from event-based camera and frame-based camera.

Fig. 5.9). The measurements from frame-based cameras are simulated to have more delays,
mimicking the fact that the original data from fame-based cameras are bigger than those

from event-based cameras and will take longer to process.

The M-ARKF was called every T' = 0.1 seconds to process the measurements data and
to predict the state at the update time. Fig. 5.10 shows the averaged position and velocity
prediction error squared over 500 independent tests. The measurement noise level is also
shown in the figure. The results show that M-ARKF is able to track the puck state and
maintains small position and velocity errors when there is no disturbance. There are error
spikes at ¢ = 1.25 seconds, due to the unpredictable disturbance caused by the player striking
the puck. Compared with Fig. 5.5 where the same ARKF was used to correct disturbances,
the error spike is larger in M-ARKF results. This is expected because the measurements in
M-ARKF tests comes with time delays, which will also delay the re-initialization process for

disturbance correction.

Fig. 5.11 shows the comparison of tracking error between M-ARKF and the KF. Here, the
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Figure 5.9: The delay time distribution for event-based camera and frame-based camera

measurements.
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independent runs of the simulation.
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KF have applied variable time steps during prediction and correction. However, due to the

variable time-delays of both measurements, the Kalman filter have shown very poor track-

ing accuracy. The proposed memory-enabled auto-restart Kalman filter, however, achieved

significantly better state estimation error converging. It also inherited the ability to handle

the disturbance at t = 1.25 seconds from the design in auto-restart Kalman filter.
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Chapter 6

CONCLUSIONS AND FUTURE WORKS

In this dissertation, we developed a basic model-based recovery (MR) algorithm and
its two extensions. The basic MR utilized the autoregressive model of fast signals and
re-parameterized it into a sparse structure. One extension of MR has an infinite-input
response filter structure to reduce the measurement noise. The other extension of MR applies
to collaborative sensors where two sensors sample the same signal with different sampling
intervals. All of the above MR algorithms have been verified in the disturbance rejection
control system. The problem of beyond-Nyquist disturbance rejection is addressed with the
proposed multirate model-based disturbance observer (MR-FMDOB) design. Under this
direction, the future work is to study the autoregressive model identification algorithm, such

that MR can be adaptive to model variations and uncertainties.

We showed in Chapter 4 that the model-based prediction (MMP) together with Kalman
filter can obtain target position and velocity estimates with slow-sampling and delay com-
pensated. Here, MMP uses an autoregressive model of the target but the Kalman filter uses
a state-space model. As is shown in Chapter 5, the Kalman filter can actually be extended to
do the same task as MR. The future work is to apply a dual-rate Kalman filter to the robotic
target following algorithm and compare the performance with our current approach. We also
discussed a general method for robots to follow the 3D target movement with known target
velocity—an extension to basic position-based visual servoing control. There are interests
and values to study the corresponding extension to image-based visual servoing. The prob-
lem is estimated to be much more complicated due to the nonlinear relationship in image

projection.

This dissertation also presented M-ARKF for tracking puck state in a robotic air-hockey
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system. The algorithm was tested successful in simulation and experimentation to reduce the
negative effect of visual sensing dynamics. This method is designed to be sufficiently general,
so it can be applied to other tracking systems. M-ARKF uses the state space mode of the
target to compensate the sensing dynamics. Compared with MR where autoregressive model
is used, M-ARKF is more flexible for nonlinear or even statistical system models, using the
same techniques in the extended Kalman filter and particle filter. However, M-ARKF has

more computation cost than the MR algorithm.
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Appendix A

A.1 Proof of Theorem 3.1

Proof. By definition, d[nL] = d.(nTs) = dr[n]. Hence (3.9) holds. To establish (3.11),

construct

Fu(z YA + 2 W (7)) =1, (A1)

2L ~nwy, L
Y

—I\ A L _
Wi(z2™) S wo +wp12™ " +wiez "+ -+ Wk 1, 2

Fo(z ) 214 fonz '+ froz 24 frmg, 2,

where wyp,, # 0, fin, # 0, and Wy(27%) is obtained by replacing each z=% in W (271)
with 27L. As A(z71)d[n] = 0 at steady state, it must be that Fy(271)A(271)d[n] — 0, which

gives, after substituting in (A.1),
(1 —z7*Wi(z71))d[n] — 0. (A.2)
Forn=nL+k (k€ Z*, k < L), this implies that, at steady state,

diL + k] = 2 "Wy (z 5 d[nL + k]
= wyod[AL] + wy1d[(7 — 1) L] + wy2d[(7 — 2) L]+

cee wk,nwkd[(ﬁ —ny, )L]. (A.3)

But by definition d[(n — i)L] = dp[n — i]. Hence, with a change of notations, the result
simplifies to the asserted (3.11).

Consider solving (A.1), which is a special constrained Diophantine equation. Matching
the coefficients of z=’s (i = 1, 2,..., m + ny), one can obtain m + ny, linear equations with

the nj, + ny, + 1 parameters of Fi(z7!) and Wy(27%) as the unknowns. A solution thus
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exists if

N + Ny, +12>m+ny,. (A4)

Additionally in (A.1), the highest order of z=! must be the same in Fj(z7!)A(z7!) and
27 *Wy(271), namely,

m+nyg =k+ Ln,,. (A.5)

Hence the minimum-order solution is achieved with

n,, =m-—1,n} =Lm—1)—m+k. (A.6)

W
Under (A.6), the coefficients of z7s, | € {1,2,...,L(m — 1) + k}, in A(z"Y)Fp(z71) +
27 *W (27F) are given by

i+j=pL+k

Wip + Z aifpy:for 27 P27F p=01,...,m—1
i,j=0,1,...
i+j=l
S© aifegifor 2 I#pL+kpe{0,1,...,m—1},
,j=0,1,...

where fro = 1 and qp = 1. All the above coefficients must be zero for (A.1) to hold.

Confining so yields, after some matrix algebra, yields Eq. (3.12). O

A.2 Proof of Theorem 3.2

Proof. For each w;, Eq. (3.2) has the solution

1 Pd(ejwi)

Q(e¥) = — = — AT
&) = Be=) = (oo (A1)
1.e. A

RQ(erw1) = Bluler)

Q(. ) 'Zd]ge( ?>|,) d=1,2,...,m. (A.8)

~ wi) — (e’

IQ™) = — R
Define first

Q(2)=q+qz"+ Q@2 ? (A.9)
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such that Py(e’)Q*(e/*') = 1, then by Eq. (A.8), we must have, for i = 1,2,...,m,

RPy(eIWi
qo + q1€Co8w; + -+ - + @pCOSpw; = W, (A.10)
q18inw; + - -+ + @pSinpw; = —%.

There are m such equation sets, or 2m linear equations. Since w; € (0,7), and w; # w; if
Vi # j, those linear equations are independent from each other. Then we have 2m linearly
independent equations and p + 1 = 2m unknowns, and ¢;’s can be uniquely solved from Eq.
(3.22).

The first element in the @ filter in Eq. (3.21), or Qp(z) in Eq. (3.23), is a multi-band
bandpass filter that has m narrow passbands centered at w;. It is produced by 1 — Q1(2),
where (1(z) is constructed by m cascaded lattice-based band-stop filters [55, 56] whose
bandwidths are related to ks,’s defined by Eq. (3.25). One can show that Qq(e’*') =1 at
each center frequency w;. Combining Eq. (3.23) and Eq. (A.9) then results in the proposed
structure of Q(z) in Eq. (3.2).

Because Qo(e/*') = 1 and Py(e/)Q*(e’') = 1, the disturbance rejection requirement
(Eq. (3.2)) is satisfied. In addition, when w # w;, |Qo(e*)| can be made arbitrarily small by
reducing the bandwidth B, ;. Thus |1—P,(e/*)Q(e’*)| can be controlled to be approximately

1 if w # w;, avoiding large noise amplification. O

A.3 Proof of Theorem 3.3

Proof. In order to establish and validate Eq. (3.28), we construct a polynomial equation
Hy(z DAY 4+ 2 W (75 — B (271) =1, (A.11)

where A(z7!) is defined by Eq. (3.37), and

Hk(z_l) =1+ hk,lz_l + -4 hk72m(L,1)2_2m(L_l), (A12)

Wk(ziL) = wk’o -+ wmz*L + -+ wk,zm_lziwmil)L, (AlS)
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B*(z7) = bz bz by PR (A.14)
The coefficients of B*(z7%) are the same as those in B(z2™!) (computed by Eq. (3.33)).

Based on the internal signal model [57] of d[n|, A(z7')d[n] = 0 at the steady state.
Combining this with Eq. (A.11) yields
(1—2""Wi(z7") + B*(=7")) d[n] = Hp(z7")A(z"")d[n] = 0, (A.15)
which gives
d[n] = 27 "W (27 L)d[n] — B*(2~%)d[n]
= wyodln — k] + wg dn —k — L] -+ + wyom_1d[n — k — (2m — 1) L] (A.16)
—bid[n — L] — bed[n — 2L] — - -+ — boyud[n — 2mL)].
Replacing n with nL + k, we have
dinL + k] = wgod[nL] + - - - + wiom—1d[(n — (2m — 1)) L]
—byd[(n — 1)L+ k] — -+ — bapd[(n — 2m) L + k.

(A.17)

Recalling dp[n] = d[nL] and yi[n] £ d[nL + k], it follows that Eq. (A.17) can be written as
Eq. (3.28).

Now consider solving Eq. (A.11). Expanding the equation and collecting the coefficients
of 27"s (i = 1,2,...,2mL), one can get 2mL linear equations with 2mL unknowns, which

can be written in matrix form as Eq. (3.34). O

A.4 Proof of Theorem 3.4

Proof. To see first (3.55), we construct

Fo(z DA™ + 27 W (™) + 27" V(7Y = 1, (A.18)

where
Fe(z =14+ fiz -+ fiz (A.19)
Wi(z™M) = Weo + wkylz’M 4+t wk,tlz’th, (A.20)

Vk(Z_N) = Upo + U]alZ_N + -+ Ukjtzz_tzN. (A.Ql)
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Multiplying both sides of (A.18) with d[n] and dropping the trivial term Fj(z"')A(z7")d[n],

we have
dn] = "Wy (z7")d[n] + 27V (27 N)d[n], (A.22)
namely,
t1 to
dln] = wydln — k —iM]+ Y v dn — k — jN]. (A.23)
i=0 Jj=0

Let d[n| be the k-th data point of the i-th batch, i.e. d[n] <> b;[k], then based on the batch
definition (see (3.53)), we have d[n — k| <> d[iL] <> b;_1[k]. Recall that the indices n; and nq
are chosen such that dys[n;] <> dy[ns] <> b;_1[L]. Thus we get d[n — k] <> dy[n1] > dn[ns],
or (n—k)T =niMT = nyNT based on their time-stamp equivalence. Now the time stamps

of the summation terms in (A.23) are

t{dn —k —iM]} = (n—k—iM)T
t{dln—k—jN]|} =(n—k—jN)T
— (ny — J)NT =t {dyns - ]} (A.25)
Thus we get
dln —k —iM] < dp[ny — 1, (A.26)
dln — k — jN] < dy[ng — j]. (A.27)

In other words, (3.55) will be satisfied as long as (A.23), or its equivalent from (A.18) is
satisfied.

Now consider solving (A.18). Expanding the equation and collecting the coefficients of
27Vs (i=1,2,...,14+m), one can get (I+m) linear equations with (I+¢; +t,+2) unknowns,

which can be written in the matrix form as (3.56). O
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