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This dissertation studies the problem of uniform inference when model parameters are sub-

ject to linear inequality constraints. Linear inequality constraints such as non-negativity

and monotonicity are often implied by nature of the parameters or imposed by economic

theory. Chapter 1 seeks to develop Wald-type, QLR, and score-type tests for testing linear

equality constraints against two-sided alternative hypotheses in a general class of extremum

estimation problems. The null asymptotic distributions of Wald and QLR statistics are

discontinuous in model parameters demanding for uniform inference, and the one of score

statistic depends on a polytope projection. For each test, we provide steps on obtaining the

critical value and conditions under which the asymptotic size is controlled and the test is

consistent. Linear inequality constraints are particularly common in models for random inter-

vals. Chapter 2 develops asymptotically uniformly valid tests for linear equality constraints

on the parameters in the interval data model. Moreover, based on interval arithmetic, we

introduce a new interval data model to extend and generalize the commonly used one, and

propose a coefficient of determination.

More specifically, the first chapter develops Wald-type, QLR, and score-type tests for

linear equality constraints against two-sided alternative hypotheses in a general class of ex-

tremum estimation problems, where the parameter space is characterized by a finite number

of linear equality and inequality constraints. It shows that the null asymptotic distribu-



tions of the Wald and QLR statistics are discontinuous in an implicit nuisance parameter

and proposes an algorithm to identify it. In contrast, the null asymptotic distribution of

the score statistic is not discontinuous in any model parameter but depends on a polytope

projection. The chapter presents an algorithm based on the Fourier-Motzkin elimination to

compute such projection. It studies consistency and local power properties of the three tests,

and finds that the score test may be inconsistent due to the use of partial information in

the parameter space through projection. Numerical results from a Monte Carlo study of the

finite sample performance of our tests are presented. An empirical illustration on Mincer

earnings regression is conducted.

Via generalized interval arithmetic, the second chapter proposes a Generalized Interval

Arithmetic Center and Range (GIA-CR) model for random intervals in which parameters in

the model satisfy linear inequality constraints. It extends the commonly used Center and

Range (CR) model in several directions. For the GIA-CR model, this chapter constructs a

constrained estimator of the parameter vector and proposes a coefficient of determination. It

develops asymptotically uniformly valid tests for linear equality constraints on the parameters

in the model. At last, this chapter conducts a simulation study to examine the finite sample

performance of the estimator and test for the correct specification of the CR model against

the Interval Arithmetic Center and Range (IA-CR) model in which the parameters in the

range regression satisfy non-negativity constraints.
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Chapter 1

WALD, QLR, AND SCORE TESTS WHEN PARAMETERS
ARE SUBJECT TO LINEAR INEQUALITY CONSTRAINTS 1

1.1 Introduction

Motivation and Main Contributions This paper develops Wald-type (Wald hereafter),

Quasi-Likelihood Ratio (QLR), and score-type (score hereafter) tests for linear equality con-

straints against the two-sided alternative hypotheses in a general class of extremum esti-

mation problems, where the parameter space is characterized by a finite number of linear

equality and inequality constraints. Equality and inequality constraints are often imposed

by economic theory like non-negativity or monotonicity (Mincer (1974)); or implied by the

nature of the parameters such as weights which are non-negative and add up to one (Fox

et al. (2011) and Fox et al. (2016)). It has long been recognized that incorporating equal-

ity/inequality constraints in parameter estimation can yield an efficiency gain, e.g., Liew

(1976), Judge et al. (1984), Chernozhukov and Hong (2004), and Moon and Schorfheide

(2009). Furthermore, as noted in Andrews (2001), “in cases where the restrictions on the

parameter space arise from prior information, tests that utilize this information have a con-

siderable power advantage over tests that do not.”

Asymptotic theory for extremum estimation subject to such linear equality and inequality

constraints follow from Andrews (1997, 1999). Specifically, Andrews (1997, 1999) show that

the asymptotic distribution of an extremum estimator depends on how many and which

inequalities bind in the parameter space. This paper complements Andrews (1997, 1999) by

developing asymptotically uniformly valid Wald, QLR, and score tests in such an extremum

estimation set-up.

1This Chapter is a joint work with Yanqin Fan from the University of Washington.
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The null asymptotic distributions of test statistics using full information in the parameter

space such as the Wald and QLR statistic depend critically on the undetermined inequalities

in the null parameter space. The first contribution of this paper is to identify and charac-

terize the set of undetermined inequalities in the null parameter space for testing a general

linear hypothesis against the two-sided alternative hypothesis in the presence of general lin-

ear inequality constraints in the parameter space. Specifically, we introduce the important

concept of an implicit nuisance parameter to characterize undetermined inequalities in the

null parameter space. An implicit nuisance parameter is defined as a subvector of the linear

function evaluated at the pseudo-true value of the parameter in the undetermined inequalities

that corresponds to a row basis of the coefficient matrix (see Definition 1.3.2). We propose

a generic algorithm for identifying the undetermined inequalities and the implicit nuisance

parameter. The algorithm involves two steps: (i) we identify the implicit equalities and

strictly redundant inequalities in the null parameter space by applying algorithms in Telgen

(1983), leaving the rest as undetermined inequalities; (ii) we apply Gauss-Jordan elimination

to identify an implicit nuisance parameter, which typically consists of linear combinations

of the original parameters. We note that the implicit nuisance parameter only depends on

the null hypothesis and the parameter space; it does not depend on any specific model,

estimator, or test statistic.

The second contribution of this paper is to establish the null asymptotic distributions of

three test statistics: the Wald and QLR statistics which take the same forms as the classi-

cal ones respectively, and the score statistic which extends the one introduced in Andrews

(2001) for testing subvector hypotheses.2 For the Wald and QLR statistics, we show that

when there are undetermined inequalities in the null parameter space, their null asymptotic

distributions depend on which inequality constraints in the set of undetermined inequali-

ties bind. More concisely, we show that the null asymptotic distributions of the Wald and

2In Fan and Shi (2019), we develop another Wald test and two additional score tests, and establish some
equivalence results among them.
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QLR statistics are discontinuous in the implicit nuisance parameter.3 In contrast, we show

that the null asymptotic distribution of the score statistic does not depend on the implicit

nuisance parameter (even when there are undetermined inequalities in the null parameter

space).

Based on the null asymptotic distributions, we develop asymptotically uniformly valid

Wald, QLR, and score tests. This constitutes the third contribution of this paper. For the

Wald and QLR tests, their critical values are constructed via a two-step procedure based

on a confidence set for the implicit nuisance parameter in the first step and a Bonferroni-

type correction in the second step. Such two-step procedures have been widely adopted in

the subvector inference in broad contexts for which there is an explicit nuisance parameter

characterizing the undetermined inequalities in the null parameter space;4 see the works

cited in the literature review below. For general (non-subvector) hypotheses considered in

this paper, the implicit nuisance parameter we introduce plays the same role as the explicit

nuisance parameter in the subvector inference. This makes identifying the former essential.

It is worthwhile emphasizing that for any given null hypothesis and parameter space, the

implicit nuisance parameter only needs to be identified once. The two-step procedure can be

used to construct asymptotically uniformly valid tests in any parametric or semiparametric

model using any test statistic. Although the null asymptotic distribution of the score statis-

tic does not depend on the implicit nuisance parameter, implementing the score test requires

computing the projection of a polytope, an important problem that has been studied exten-

sively in diverse fields such as constraint logic programming (Huynh et al. (1992)), marginal

problems (Fritz and Chaves (2012)), and robotics research (Ponce et al. (1997)). We present

an algorithm based on Fourier-Motzkin elimination to compute such projection. Fourth, we

investigate consistency and local power properties of all three tests. The Wald and QLR tests

3A probability measure P$ is said to be continuous in the model parameter $ if d (P$1
, P$2

)→ 0 when
|$1 −$2| → 0, where d (·, ·) is some metric on the probability measures, such as the Kolmogorov, bounded
Lipschitz, or total variation metric and |·| is the absolute value.

4To simplify the exposition, we refer to an parameter in which the asymptotic distribution of an estimator
or the null asymptotic distribution of a test statistic is discontinuous as the nuisance parameter.
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fully exploit information in the parameter space, and are shown to be consistent. On the

other hand, since the score test only employs part of the information in the parameter space

through projection, it may be inconsistent. Fifth, we provide a complete study of the Wald,

QLR, and score tests for two running examples: a random coefficients model in Fox et al.

(2011) and the Mincer earnings regression in Autor and Handel (2013). Lastly, we conduct a

simulation study using a linear regression model to investigate the finite sample performance

of the tests developed in this paper. Results demonstrate that Wald and QLR tests dominate

the score test. An empirical illustration on Mincer earnings regression following Autor and

Handel (2013) is also presented.

Related Literatures Asymptotic theory for the classical Wald, QLR, and score tests rely

on the assumption that the true value of the parameter is in the interior of its parameter

space. Under this assumption and mild regularity conditions, the Wald, QLR, and score

statistics for testing the null hypothesis of equality constraints against the two-sided alter-

native hypotheses have the same asymptotic X 2 distribution under the null hypothesis, and

the three tests are asymptotically equivalent (see e.g., Engle (1984)). This paper shows that

neither property holds in general when the parameter space is characterized by linear in-

equality constraints and it is unknown a priori how many and which inequality constraints

bind under the null hypothesis.

Existing works have also studied Wald, QLR, and score tests for testing equality con-

straints against one-sided alternatives (see Gourieroux et al. (1982), Kodde and Palm (1986),

and Silvapulle and Sen (2005)). The hypotheses in these works can be reformulated as spe-

cial cases of the general hypotheses considered in this paper with inequality constraints in

the parameter space. Under the reformulation, the weak inequalities in the parameter space

are known to bind under the null hypothesis for all the cases in Gourieroux et al. (1982)

and Kodde and Palm (1986). As a result, there is no implicit nuisance parameter and the

null asymptotic distributions of the test statistics are continuous in model parameters. The

standard plug-in approach can be used to obtain critical values.
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Andrews (2001) and Ketz (2018) develop asymptotically uniformly valid tests for sub-

vector hypotheses when it is unknown a priori whether some parameters are in the interior

or on the boundary of a general parameter space.5 Assumptions in Andrews (2001) and

Ketz (2018) ensure that the null asymptotic distributions of the test statistics considered are

continuous in all model parameters. This is achieved in Andrews (2001) by assuming that

(i) the normalized “information” matrix is block diagonal between the parameters that are

known to lie on the boundary or in the interior of the parameter space and the ones whose

locations are completely unknown, and (ii) the approximating cone of the parameter space

is a product set. Ketz (2018) introduces a Conditional Likelihood Ratio statistic. Under

the assumption that (i) some inequality constraints are empirically irrelevant, and (ii) the

parameter space is a product set of the space for the parameter under testing and the one

for the nuisance parameter, Ketz (2018) shows that the null asymptotic distribution of the

Conditional Likelihood Ratio statistic is nuisance parameter free.

Methods for constructing asymptotically uniformly valid subvector inference in the pres-

ence of discontinuity have been proposed in different contexts. They include Bounds tests,

the least favorable approach, and tests based on confidence sets for nuisance parameters.

See Section 4.3.2 in Silvapulle and Sen (2005) for a brief discussion of all three approaches.6

Among these proposals, the two-step approach based on confidence sets for nuisance param-

eters and a Bonferroni-type correction has proven to perform well. There are several works

that adopt this approach. Berger and Boos (1994) and Silvapulle (1996) study some specific

parametric testing problems. In a single-equation instrumental variables regression with pos-

sibly “weak” instrumental variables, Staiger and Stock (1997) construct a confidence region

for the parameters based on such method. Romano and Wolf (2000) construct a confidence

interval for a univariate mean that has finite sample validity. For moment equality mod-

5In Andrews (2001), the presence of an unidentified nuisance parameter under the null hypothesis is also
allowed.

6Wolak (1987, 1989, 1991) develop tests for the null hypothesis of inequality constraints based on the
least favorable approach. Silvapulle and Sen (2005) provide a comprehensive and systematic treatment of
constrained inference via the least favorable approach.
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els with overidentifying inequality moment conditions, Moon and Schorfheide (2009) propose

asymptotically uniformly valid tests and confidence sets for the parameters of interest. Cher-

nozhukov et al. (2013) construct confidence intervals for marginal effects in non-linear panel

data models. For testing a finite number of moment inequalities, Romano et al. (2014)

construct asymptotically uniformly valid confidence sets for parameters characterized by the

moment inequalities. Finally, McCloskey (2017) considers general non-standard testing prob-

lems in which the asymptotic distribution of a test statistic is discontinuous in a nuisance

parameter under the null hypothesis. We refer interested readers to Romano et al. (2014)

and McCloskey (2017) for other related works using similar two-step approaches.

Organization of the Rest of This Paper The rest of this paper is organized as follows.

In Section 1.2, we introduce the extremum estimation set-up, hypotheses, test statistics,

and two running examples. In Section 1.3, we introduce the concept of an implicit nuisance

parameter and our algorithm for identifying undetermined inequalities in the null parameter

space and the implicit nuisance parameter. The algorithm is illustrated on the two running

examples. In Section 1.4, we first provide a detailed construction and technical treatment

of asymptotically uniformly valid Wald tests for subvector hypotheses and then extend our

results to testing null hypotheses of general linear equality constraints. Sections 1.5 and

1.6 develop QLR and score tests respectively. Section 1.7 studies the local power of all

three tests. Section 1.8 reports results from a simulation study. An empirical illustration

is presented in Section 1.9. The last section offers some concluding remarks and possible

extensions. The technical proofs and primitive conditions for the assumptions discussed in

the paper for the linear regression model are provided in an online appendix of the paper.

Notation All limits are taken as n → ∞. For two vectors v, u ∈ Rl, v ≥ u means that

vj ≥ uj for j = 1, . . . , l; and ‖v‖ denotes the Euclidean norm of v. The sets Rl
>0 and Rl

≥0

denote
{
v ∈ Rl : v > 0

}
and

{
v ∈ Rl : v ≥ 0

}
respectively. We use “≡” to denote “equals

by definition”. For A being any subset of a Euclidean space or some metric space, we use
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A to denote its closure. For any two subsets A and B of a Euclidean space, the Hausdorff

distance is defined as

dH (A,B) ≡ max

(
sup
a∈A

inf
b∈B
‖a− b‖ , sup

b∈B
inf
a∈A
‖a− b‖

)
.

1.2 Extremum Estimation, Test Statistics, and Two Running Examples

Let ln (θ) denote the estimator objective function that depends on the data, where n = 1, 2, ...

denotes the sample size, and θ ∈ Θ ⊂ Rl. The parameter space Θ is of the form of a convex

polytope defined as

Θ ≡
{
θ ∈ Rl : Reθ = re and Rwθ ≥ rw

}
, (1.1)

where Re and Rw are known matrices of dimensions le × l and lw × l, and re and rw are

known vectors of dimensions le and lw respectively. The matrix Rw is allowed to be row rank

deficient to incorporate constraints like 0 ≤ θ ≤ 1.

1.2.1 An Extremum Estimator and Asymptotic Distribution

In this section, we present a brief review of the asymptotic distribution of the extremum

estimator in Andrews (1999) denoted as θ̂, i.e., θ̂ ∈ Θ and

ln

(
θ̂
)

= sup
θ∈Θ

ln (θ) + op (1) . (1.2)

Let θ∗ ∈ Θ denote the pseudo-true value of the parameter θ. The estimator objective function

ln (θ) has a quadratic expansion in θ around θ∗:

ln (θ) = ln (θ∗) +Dln (θ∗) (θ − θ∗) +
1

2
(θ − θ∗)′D2ln (θ∗) (θ − θ∗) +Rn (θ) , (1.3)

where Rn (θ), Dln (θ∗), and D2ln (θ∗) satisfy the following assumptions:

Assumption 1.2.1. For all 0 < κ <∞, supθ∈Θ:‖bn(θ−θ∗)‖<κ |Rn (θ)| = op (1) for some scalar

constants {bn : n ≥ 1} satisfying bn →∞.
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Assumption 1.2.2. (b−1
n Dln (θ∗) ,Tn)

d→ (G,T ) for some random variables G ∈ Rl and

T ∈ Rl×l, where Tn ≡ −b−2
n D2ln (θ∗) and T is symmetric and non-singular with probability

one.

We further impose an assumption on the convergence rate of θ̂.

Assumption 1.2.3. bn

(
θ̂ − θ∗

)
= Op (1).

The above assumptions do not rule out the case where ln (·) is non-differentiable at θ∗.

When θ∗ is on the boundary of Θ and the estimator objective function is not defined outside

the parameter space, Dln (θ∗) could contain left or right partial derivatives. Andrews (1997,

1999) offer detailed discussions on the assumptions and provide sufficient conditions for

them to hold. Note that instead of a general normalizing matrix denoted as Bn in Andrews

(1997, 1999), we adopt the special form that Bn = bnIl×l as in Assumption 5∗ in Andrews

(1999), where Il×l denotes the identify matrix of dimension l× l. This simplifies asymptotic

distribution of the extremum estimator under drifting sequences essential to the construction

of asymptotically uniformly valid tests. As stated in Andrews (1999), such form of the

normalizing matrix is applicable to most cases with non-trending data for which bn =
√
n,

although it is not applicable in dynamic models with deterministic and/or stochastic trends

such as the Dickey-Fuller Regression in Andrews (1999) or the GARCH (1,q∗) example in

Andrews (1997). A sequel to this paper will explore the applicability of this approach to

trending data.

Let Zn ≡ T −1
n b−1

n Dln (θ∗). The quadratic expansion can be alternatively expressed as

ln (θ) = ln (θ∗) +
1

2
Z ′nTnZn −

1

2
qn (bn (θ − θ∗)) +Rn (θ) , where

qn (λ) ≡ (λ− Zn)′Tn (λ− Zn) for λ ∈ Rl.

Under Assumptions 1.2.1-1.2.3, the lemma below follows from Theorem 3 (a) in Andrews

(1999).
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Lemma 1.2.1. Suppose Assumptions 1.2.1-1.2.3 hold. Then

bn

(
θ̂ − θ∗

)
d−→ arg min

λ
[q (λ) + φθ (λ)] ,

where q (λ) = (λ− Z)′T (λ− Z), Z = T −1G, and

φθ (λ) =

0, if Reλ = 0 and Rw,bλ ≥ 0

∞, otherwise

,

for Rw,b being the submatrix of Rw composed of rows corresponding to the binding inequalities

in Rwθ
∗ ≥ rw.

For the parameter space Θ defined by linear equalities and inequalities in (2.3), it is

straightforward to show that the expression in Lemma 1.2.1 is the same as that in Theorem

3 (a) in Andrews (1999). The asymptotic distribution of θ̂ depends on the binding inequalities

in Rwθ
∗ ≥ rw, and thus is discontinuous in Rwθ

∗ at rw.7

1.2.2 Hypotheses and Test Statistics

Under the maintained hypothesis that θ∗ ∈ Θ, the null and alternative hypotheses we con-

sider in this paper are expressed as

H0 : θ∗ ∈ Θ0 and H1 : θ∗ ∈ Θ1,

where Θ0 ≡ {θ ∈ Θ : Rθ = r} or equivalently,8

Θ0 =
{
θ ∈ Rl : Rθ = r, Reθ = re, and Rwθ ≥ rw

}
, (1.4)

7Different descriptions of Θ may result in different matrices Re and Rw,b. However, the set where φθ (·)
equals zero is independent of the description; see Lemma S.1.6 in the online appendix.

8For the testing problem to be non-trivial, the set Θ0 is assumed to be non-empty. Methods such as the
Fourier-Motzkin elimination discussed in Section 1.6.2 of this paper can be used to determine whether Θ0

is empty or not.
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in which R is a known matrix of dimension J × l and is of full row rank, r is a known vector

of dimension J , and

Θ1 ≡ Θ\Θ0 = {θ ∈ Θ : Rθ 6= r} .

The Wald and QLR test statistics take the standard forms:

Wn ≡ b2
n

(
Rθ̂ − r

)′
(RΣW,nR

′)
−1
(
Rθ̂ − r

)
for some positive definite weighting matrix ΣW,n and

QLRn ≡ −2
(
ln

(
θ̂0

)
− ln

(
θ̂
))

,

where θ̂0 is a restricted (by H0) estimator such that: θ̂0 ∈ Θ0 and

ln

(
θ̂0

)
= sup

θ∈Θ0

ln (θ) + op (1) .

To account for parameters on the boundary of the parameter space, we adopt the following

extension of the score test statistic introduced in Andrews (2001) for subvector hypotheses.

It is defined as a quadratic form in the directed score. For any θ ∈ Θ, we call Dln (θ) the

score function such that

Dln (θ) = Dln (θ∗) +D2ln (θ∗) (θ − θ∗) +RD
n (θ) , (1.5)

where Dln (θ∗) and D2ln (θ∗) are defined in (1.3), and RD
n (θ) is the remainder term satisfying

Assumption 6.3 (i) in Section 1.6. We do not require ln (θ) to have pointwise partial derivative

with respect to θ; when it does, Dln (θ) equals the vector of pointwise partial derivative of

ln (θ) with respect to θ. Define the directed score dsn as

q̂R (dsn) = inf
λR∈bn(RΘ−r)

q̂R (λR) + op (1) , (1.6)

where

q̂R (·) ≡
(
· −RT̂ −1

n b−1
n Dln

(
θ̂0

))′ (
RT̂ −1

n R′
)−1 (

· −RT̂ −1
n b−1

n Dln

(
θ̂0

))
,
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in which the matrix T̂n is assumed to approximate Tn. The score test statistic is defined as

Sn ≡ ds′nΣ−1
S,ndsn, (1.7)

where the weighting matrix ΣS,n is positive definite.

Let Tn denote any of the above test statistics. We now introduce the concept of the

asymptotic size of a test based upon Tn following Andrews and Guggenberger (2010). Sup-

pose the model of interest is fully characterized by the finite dimensional parameter θ∗ ∈ Θ

and the infinite dimensional parameter ψ∗ ∈ Ψ consistent with the value θ∗. The space Ψ

can be restricted to be some compact metric space with a metric that induces weak con-

vergence; see Andrews et al. (2011). Let ω ≡ (θ∗, ψ∗) ∈ W ; denote Pω as the probability

model indexed by ω and Prω as the probability computed with respect to Pω. LetW0 be the

collection of elements ω ∈ W consistent with the null hypothesis and CVn be a (possibly)

sample dependent critical value. The asymptotic size of the resulting test is defined by

AsySz (Tn, CVn) ≡ lim sup
n→∞

sup
ω∈W0

Prω (Tn > CVn) .

1.2.3 Two Running Examples

We now introduce two running examples for which we will offer a complete treatment of the

Wald, QLR, and score tests developed in the paper.

Random Coefficients Model

Fox et al. (2011) proposes an inequality-constrained least squares estimator in a random

coefficients model. It considers the classical setting of the discrete choice models. Agents

i = 1, . . . , n can choose between j = 1, . . . , J mutually exclusive alternatives and one outside

good. The binary observable dependent variable Yi,j takes the value one if the choice j renders

the highest utility and zero otherwise. Denote gj (Xi, β) as the conditional probability of

observing Yi,j = 1 conditional on the random coefficient β ∈ Rlβ and characteristics Xi. The

functional form of gj is known. Depending on the assumption, gj can take different forms.
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Following Fox et al. (2011), we assume that the random coefficient β has a finite number l

of known “support points” βm with weights θ∗m, for m = 1, . . . , l; see Section 3 in Fox et al.

(2011) for the discussion of the choice of βm. One can consider such an assumption as having

l types of agents. The probability Yi,j = 1 conditional on Xi denoted as Pr (Yi,j = 1 | xi) is

given by Pr (Yi,j = 1 | xi) =
∑l

m=1 θ
∗
mgj (Xi, β

m). Let θ∗ ≡ (θ∗1, . . . , θ
∗
l )
′ ∈ Θ. The parameter

space Θ can be expressed as Θ =
{
θ ∈ Rl : Reθ = re and Rwθ ≥ rw

}
, where Re = (1, ..., 1),

re = 1, Rw = Il×l, and rw = (0, 0, ..., 0)′.

The objective of the econometrician is to estimate θ∗, and more importantly, to con-

duct inference on the cumulative distribution function of the random coefficient β denoted

as Fβ (·). Let I [·] be the indicator function. It is straightforward to see that Fβ (·) =∑l
m=1 θ

∗
mI [βm ≤ ·]. Fox et al. (2011) proposes to estimate θ∗ by an inequality-constrained

least squares estimator. Define Zi,j ≡ (Zi,j,1, . . . , Zi,j,l)
′ with Zi,j,m = gj (Xi, β

m). The sam-

ple objective function can be written as ln (θ) = −1
2

∑n
i=1

∑J
j=1

(
Yi,j − Z ′i,jθ

)2
for θ ∈ Θ.

Under mild conditions discussed in Section S.2 of the online appendix, we have bn =
√
n,

Dln (θ) =
∑n

i=1

∑J
j=1 Zi,j

(
Yi,j − Z ′i,jθ

)
, and D2ln (θ) = −

∑n
i=1

∑J
j=1 Zi,jZ

′
i,j.

For any given b ∈ Rlβ , confidence intervals for Fβ (b) can be constructed by inverting

tests for the linear hypothesis H0 :
∑l

m=1 θ
∗
mI [βm ≤ b] = r for r ∈ [0, 1] against H1 :∑l

m=1 θ
∗
mI [βm ≤ b] 6= r, or equivalently for H0 : Rθ∗ = r against H1 : Rθ∗ 6= r, where

R =
(
I [β1 ≤ b] , ..., I

[
βl ≤ b

])
.

As noted in Fox et al. (2011), many estimated weights are zero or close to zero calling for

inferential procedures that are asymptotically uniformly valid. However, Fox et al. (2011)

also notes that “the reality is that this recent literature has not developed general-enough

results that could allow us to estimate confidence intervals for our problem in a way that

gives asymptotically correct coverage as defined by Andrews and Guggenberger (2010).”

This paper develops Wald, QLR, and score tests that can be used to construct asymptot-

ically uniformly valid confidence intervals for the distribution of random coefficients at any

given value of the random coefficient.
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Mincer Earnings Regression

Using original and representative survey data, Autor and Handel (2013) conduct a compre-

hensive study on the interaction among human capital, job tasks, and wages. They first

introduce a conceptual framework on the causal links between human capital endowments,

occupational assignment, job tasks, and wages, and then conduct empirical estimation and

tests. Focusing on regressions on wage differentials related to job tasks and human capital,

we apply the tests developed in this paper to three regressions in Autor and Handel (2013),

and compare the results with the t-test in Section 1.9.

To illustrate, consider one of the regressions in Autor and Handel (2013) on the log hourly

wages:

logWagei = E ′iβ
∗ +X ′iµ

∗ + εi, i = 1, ..., n,

where Xi ∈ Rlx is a vector of demographic variables and Ei ≡ (E1,i, . . . , E4,i)
′. For j =

1, . . . , 4, Ej,i indicates education level with E1,i being “Less than high school”, E2,i being

“Some college”, E3,i being “College”, and E4,i being “Postcollege”. The reference group for

the regression is that of high school graduates. This regression is further discussed in Section

1.9.

Let β∗ ≡ (β∗1 , . . . , β
∗
4)′. By interpreting the coefficients on education level as the com-

pensating differentials for income forgone while attending school (Mincer (1974)), we expect

β∗1 ≤ 0 ≤ β∗2 and a non-descending ordering of β∗2 to β∗4 under the rationality assumption.

By incorporating the information from economic theory, the parameter space is expressed as

Θ = {θ : Rwθ ≥ 0}, where θ = (β′, µ′)′ and Rw = (Rw,β,04×lx) with

Rw,β =


−1 0 0 0

0 1 0 0

0 −1 1 0

0 0 −1 1

 .

In addition to tests of significance of individual parameters, researchers may also be
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interested in testing joint hypotheses on β∗. As an example, consider testing H0 : β∗1 = 0

and β∗2 +0.1 = β∗4 . Under this null hypothesis, the monetary return of obtaining a high school

degree is zero, and the benefit of having a postcollege degree is a ten percentage increase

in wage comparing to having some college education. Under the matrix notation, the joint

hypothesis can be written as H0 : Rθ∗ = r, where R = (Rβ,02×lx),

Rβ =

 1 0 0 0

0 −1 0 1

 , and r =

 0

0.1

 .

1.3 Undetermined Inequalities and Implicit Nuisance Parameter

Lemma 1.2.1 suggests that when there are undetermined inequalities in the null parameter

space Θ0 in (1.4), the null asymptotic distribution of a test statistic for H0 may take differ-

ent forms depending on which inequalities bind. To develop asymptotically uniformly valid

tests for H0, the first and a critical step is to identify binding, non-binding, and undeter-

mined inequalities in Rwθ
∗ ≥ rw under H0. Since the null parameter space Θ0 contains all

the available information on θ∗, identifying different types of inequalities in Rwθ
∗ ≥ rw is

equivalent to identifying implicit equalities (those that are known to bind), strictly redundant

inequalities (those that are known not to bind), and undetermined inequalities in the null

parameter space Θ0 in (1.4).

This section proposes an approach for accomplishing this task, and introduces the im-

portant concept of an implicit nuisance parameter to characterize undetermined inequalities

in the null parameter space Θ0 when they exist.

1.3.1 An Algorithm for Identifying Implicit Equalities, Strictly Redundant
Inequalities, and Undetermined Inequalities

We first incorporate information in equalities: Reθ = re and Rθ = r in Rwθ ≥ rw to obtain

a new system of linear inequalities. Let Γ and γ be such that the full set of basic solutions
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to the system of linear equations:  Re

R

 θ =

 re

r

 (1.8)

is expressed by θ = Γθf + γ, where θf is a vector of lf free parameters, Γ is a l × lf matrix,

and γ is a l-vector. Then under H0, the system of linear inequalities in θ: Rwθ ≥ rw becomes

the system of linear inequalities in θf :

RwΓθf ≥ rw −Rwγ. (1.9)

Let η ≡ RwΓθ∗f . After incorporating the information in H0 and Reθ = re, some in-

equalities in (1.9) will be known to bind, some will be known not to bind, and some are

undetermined. To distinguish among these three types of inequalities, we decompose η into

ηb, ηnb, and ηu composed of rows of η, such that the inequalities given by ηb in (1.9) are known

to bind, the inequalities given by ηnb are known not to bind, and finally the inequalities given

by ηu are undetermined.

For systems of weak linear inequalities, Telgen (1983) introduces implicit equalities and

strictly redundant inequalities, and develops efficient algorithms STREINQ and IMPLEQ

for finding them. For the system of weak inequalities (1.9), define its feasible set

W ≡
{
θf ∈ Rlf : RwΓθf ≥ rw −Rwγ

}
.

Let J ≡ {1, ..., lw} and the subscript (j) denote the j-th row of a matrix or a vector. For

any j ∈ J, let

Wj ≡
{
θf ∈ Rlf : (RwΓ)(m) θf ≥ (rw −Rwγ)(m) ,∀m 6= j,m ∈ J

}
.

Definition 1.3.1. In the system of inequalities (1.9), for a given j ∈ J, the inequality:

(RwΓ)(j) θf ≥ (rw −Rwγ)(j) is an implicit equality if (RwΓ)(j) θf = (rw −Rwγ)(j) for all

θf ∈ W , and is strictly redundant if (RwΓ)(j) θf > (rw −Rwγ)(j) for all θf ∈ Wj.
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The following steps identify the collections of implicit equalities and strictly redundant

inequalities among (1.9). The detailed algorithms can be found in Telgen (1983). Denote

uj (θf ) ≡ (RwΓ)(j) θf − (rw −Rwγ)(j).

Step a. Identify the implicit equalities in (1.9) as

Subb ≡ {j ∈ J : max {uj (θf ) : θf ∈ Wj} = 0} ;

Step b. Identify the strictly redundant inequalities in (1.9) as

Subnb ≡ {j ∈ J\Subb : min {uj (θf ) : θf ∈ Wj} > 0} .

Let Rb
w ∈ Rlb×l (Rnb

w ∈ Rlnb×l) denote the submatrix of Rw consisting of rows with

indices in Subb (Subnb). Denote Ru
w ∈ Rlu×l as the submatrix of Rw consisting of rows that

are not in Subb or Subnb; and let ruw be the corresponding subvector of rw. Then ηb = Rb
wΓθ∗f ,

ηnb = Rnb
w Γθ∗f , η

u = Ru
wΓθ∗f , and the undetermined inequalities are ηu ≥ ruw −Ru

wγ.

1.3.2 Implicit Nuisance Parameter

We now introduce the concept of an implicit nuisance parameter when there are undeter-

mined inequalities in (1.9).

Definition 1.3.2. An implicit nuisance parameter, denoted as ηk, is defined as a subvector

of ηu corresponding to a row basis of Ru
wΓ.

We call ηk an implicit nuisance parameter, because it is in general a linear combination

instead of a subvector of the original parameter θ∗. By definition, an implicit nuisance

parameter is ηk = Ru
Γθ
∗
f , where Ru

Γ is a submatrix of Ru
wΓ with rows forming a row basis

of Ru
wΓ. When Ru

wΓ is of full row rank, Ru
Γ = Ru

wΓ and the implicit nuisance parameter is

ηk = ηu. When Ru
wΓ is not of full row rank with rank denoted as lk, we compute Ru

Γ and

Γu ∈ Rlu×lk such that Ru
wΓ = ΓuRu

Γ by Gauss-Jordan elimination on the transpose of Ru
wΓ.

In terms of the implicit nuisance parameter, the undetermined inequalities in (1.9) become:

Γuηk ≥ ruw −Ru
wγ. (1.10)
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Remark 1.3.1. Given Θ0 and θ ∈ Θ0, the undetermined inequalities among Rwθ ≥ rw

are unique. However, the implicit nuisance parameter may not be unique. Although the

dimensions of θf and ηk are uniquely determined by Θ0, free parameters in (1.8) and row

bases of Ru
wΓ are not unique.

We emphasize that for testing H0 against H1, the algorithm in this section needs to be

implemented only once regardless of the model, estimator and test statistic. Once implicit

equalities, strictly redundant inequalities, undetermined inequalities, and the implicit nui-

sance parameter in Θ0 are identified using our algorithm, one can adapt any existing two-step

approach for subvector inference to construct uniform tests for H0 in any model and via any

test statistic.

In the rest of this paper, we demonstrate this by constructing Wald, QLR, and score

tests for H0 in the model in Section 1.2. Since this paper focuses on studying the effect of

inequality constraints in Θ on inference, especially on the discontinuity of the null asymptotic

distribution of the chosen test statistic caused by the inequality constraints, we impose the

following assumption throughout the rest of this paper.

Assumption 1.3.1. The distribution of (G,T ) is not discontinuous in any unknown pa-

rameters.

Typically, G is a Gaussian distribution with zero mean, and T is a deterministic, sym-

metric and non-singular matrix. Furthermore, we assume throughout the rest of the paper

that there are undetermined inequalities in the null parameter space Θ0. If there is no un-

determined inequality after applying Steps a and b in Section 1.3.1, the conventional plug-in

approach would be applicable to constructing asymptotically valid tests; see Gourieroux

et al. (1982), Kodde and Palm (1986), and Silvapulle and Sen (2005).

1.3.3 Running Examples (Continued)

Our approach for identifying an implicit nuisance parameter is applicable to any Re, Rw,

and R. We illustrate this by deriving implicit nuisance parameters for the running examples
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introduced in Sections 1.2.3 and 1.2.3 respectively.

Random Coefficients Model

To implement the Wald and QLR tests for H0 : Rθ∗ = r developed in Sections 1.4 and

1.5 of the paper, where R =
(
I [β1 ≤ b] , ..., I

[
βl ≤ b

])
and r ∈ [0, 1], the key step is to

identify an implicit nuisance parameter. To simplify the exposition, we assume that β is one

dimensional. The analysis can be directly extended to cases where β is multidimensional.

For some b ∈ R, Fβ (b) =
∑l1

m=1 θ
∗
m, where l1 is the largest value of m such that βm ≤ b.

Confidence intervals for the distribution of the random coefficient at any specific point can

be constructed by testing H0 : Rθ∗ = r, for some R = (1, . . . , 1, 0, . . . , 0)′ with l1 number of

ones and r ∈ [0, 1].

Decompose Rw =
(
R ′w,1,R

′
w,2

)′
, where Rw,1 consists of the first l1 rows of Rw and Rw,2

consists of the remaining rows. We solve the system of linear equations (1.8) to obtain that

Γ =



1 · · · 0 0 · · · 0
...

. . .
...

...
. . .

...

0 · · · 1 0 · · · 0

−1 · · · −1 0 · · · 0

0 · · · 0 1 · · · 0
...

. . .
...

...
. . .

...

0 · · · 0 0 · · · 1

0 · · · 0 −1 · · · −1



, θf =



θ1

...

θl1−1

θl1+1

...

θl−1


, and γ =



0
...

0

r

0
...

0

1− r



,

where Γ ∈ Rl×(l−2), θf ∈ Rl−2, and γ ∈ Rl. For r = 0, by applying Steps a and b in Section

1.3.1, we have that Subb = {1, 2, . . . , l1} and Subnb = ∅. Thus, Rb
w = Rw,1 and Ru

w = Rw,2.

The row basis of Rw,2Γ consists of its first (l − l1 − 1) rows. The implicit nuisance parameter

is therefore obtained as ηk =
(
θ∗l1+1, . . . , θ

∗
l−1

)′
. For other values of r, the same procedure

would provide that Ru
w = Rw and ηk =

(
θ∗1, . . . , θ

∗
l1−1, θ

∗
l1+1, . . . , θ

∗
l−1

)′
when r ∈ (0, 1), and

Rb
w = Rw,2, Ru

w = Rw,1, and ηk =
(
θ∗1, . . . , θ

∗
l1−1

)′
when r = 1. The result shows that the
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implicit nuisance parameter depends on the value of r in the null hypothesis.

Mincer Earnings Regression

We focus the discussion on the joint hypothesis H0 : Rθ∗ = r discussed in Section 1.2.3,

where R = (Rβ,02×lx),

Rβ =

 1 0 0 0

0 −1 0 1

 , and r =

 0

0.1

 .

Because the inequality constraints and the joint hypothesis are both on β∗, we can ignore

µ∗ when identifying an implicit nuisance parameter. Solving Rββ = r, we get β = Γβf + γ,

where

Γ =

 0 1 0 1

0 0 1 0

′ , βf =

 β2

β3

 , and γ =
(

0 0 0 0.1
)′
.

Then Rw,ββ ≥ 0 becomes Rw,βΓβf ≥ 0−Rw,βγ for

Rw,βΓ =

 0 1 −1 1

0 0 1 −1

′ and 0−Rw,βγ =
(

0 0 0 −0.1
)′
.

By definition, we have Subb = {1} and Subnb = ∅.

Denote Ru
w,β as the submatrix of Rw,β excluding the first row. Applying the Gauss-Jordan

elimination on the transpose of Ru
w,βΓ:

(
Ru
w,βΓ

)′
=

 1 −1 1

0 1 −1

 −→
 1 0 0

0 1 −1

 ,

we obtain Ru
Γ as the first and second row of Ru

w,βΓ,

Γu =

 1 0 0

0 1 −1

′ and ηk = Ru
Γβ
∗
f =

 β∗2

−β∗2 + β∗3

 .
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1.4 The Wald Test

In this section, we construct an asymptotically uniformly valid Wald test using the statistic

Wn introduced in Section 1.2.2 and provide a detailed procedure for implementing it. The

following assumption is imposed on the weighting matrix.

Assumption 1.4.1. ΣW,n
p→ ΣW for which RΣWR

′ is positive definite with probability one.

The asymptotic distribution of Wn under H0 is given in the Lemma below.

Lemma 1.4.1. Under H0 and Assumptions 1.2.1-1.2.3 and 1.4.1, it holds that

Wn
d−→ W ≡ (RΨ)′ (RΣWR

′)
−1

(RΨ) ,

where Ψ ≡ arg minλ [q (λ) + φ (λ)], in which q (λ) is defined in Lemma 1.2.1 and

φ (λ) =

0, if Reλ = 0, Rb
wλ ≥ 0 and Ru

w,bλ ≥ 0

∞, otherwise

,

with Ru
w,b being the submatrix of Ru

w corresponding to the binding inequalities in (2.18).

Lemma 1.4.1 implies that the asymptotic distribution of Wn under H0 depends on the

implicit nuisance parameter ηk through the undetermined inequalities in Θ0, i.e., (2.18), and

is discontinuous in ηk.

For clarity and to be self-contained, we first provide a detailed treatment in Section 1.4.1

of the subvector hypothesis of the form:

H0S : θ∗1 = r against H1S : θ∗1 6= r,

where θ∗1 ∈ RJ is a subvector of θ∗ such that θ∗ = (θ∗′1 , θ
∗′
2 )′, under the maintained hypothesis

that Θ =
{
θ ∈ Rl : θ ≥ 0

}
. Then we extend it to the general H0 in Section 1.4.2.

Remark 1.4.1. A more general class of subvector hypothesis takes the following form:

H0 : Rw,1θ
∗ = r against H1 : Rw,1θ

∗ 6= r for Θ =
{
θ ∈ Rl : Rwθ ≥ rw

}
, where
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Rw =

 Rw,1

Rw,2

 =

 Rw,11 0

0 Rw,22


and Rw,22 has full row rank. For the first J inequalities in Rwθ ≥ rw, we can easily determine

whether they are binding or not by comparing values of elements in r with that of rw,1, where

rw =
(
r′w,1, r

′
w,2

)′
. Since Rw,22 has full row rank, the implicit nuisance parameter is simply

Rw,22θ
∗
2, where θ∗ = (θ∗′1 , θ

∗′
2 )′ is decomposed conformably.

1.4.1 Subvector Hypothesis

For the subvector hypothesis H0S, Remark 1.4.1 shows that the implicit nuisance parameter

is ηk = θ∗2. The Wald statistic is calculated by

Wn = b2
n

(
θ̂1 − r

)′
(RΣW,nR

′)
−1
(
θ̂1 − r

)
, with R =

 IJ×J 0

0 0

 .

Without loss of generality, assume that r = (0′, r′nb)
′, where rnb ∈ RJ−Jb

>0 . Applying Lemma

1.4.1 to this case with Rw = Il×l and rw = 0, we obtain Wn
d→ W with

φ (λ) =

0, if λj ≥ 0 for j = 1, . . . , Jb and λj ≥ 0 for j ∈ J

∞, otherwise

,

where elements in J are the indices corresponding to zero elements in θ∗2. The asymptotic

distribution of Wn is discontinuous in ηk = θ∗2 at 0, unless T is block diagonal between θ1

and θ2; see Andrews (2001).

The Null Asymptotic Distribution Under Drifting Sequences

We decompose the model parameter ω ∈ W0 into three groups:
(
ηk, πW , ξ

)
based on their

effects on the asymptotic distribution of Wn. πW ∈ ΠW contains parameters in G, T ,

and ΣW ; and ξ ∈ Ξ consists of all other parameters and is infinite dimensional. From

the previous discussion, the null asymptotic distribution of Wn is discontinuous in ηk; πW
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affects the limiting distribution of Wn but not its continuity; ξ does not affect the limiting

distribution of Wn given ηk and πW .

Following Andrews et al. (2011), Andrews and Cheng (2012), Andrews and Cheng (2014),

and Cheng (2015), we establish the asymptotic distribution of Wn under drifting parameter

sequences ωn ∈ W0 → ω ∈ W0.9 For brevity, throughout the paper the terminology “ωn ∈

W0” refers to “drifting parameter sequence ωn ∈ W0 with limit ω ∈ W0”. Under the

null hypothesis, θn =
(
r′, θ′2,n

)′
has the limit θω =

(
r′, θ′2,ω

)′
. Let R≥0 ≡ R≥0 ∪ {+∞}.

In particular, we consider the parameter sequence
{(
ηkn, πW,n, ξn

)
∈ Rl−J

≥0 × ΠW × Ξ : n ≥ 1
}

and the localization parameter (c, πW,ω) as the limit of bnη
k
n and πW,n:

bnη
k
n = bnθ2,n → c ∈ Rl−J

≥0 and πW,n → πW,ω ∈ ΠW .

Notice that this is a definition rather than an assumption, because elements in c are not

required to be finite. As shown in the lemma below, the asymptotic distribution of Wn

under the null hypothesis and the drifting parameter sequence
(
ηkn, πW,n, ξn

)
depends on c

and πW,ω; whereas ξn (or the limiting value ξω of ξn) does not affect the limiting distribution

under any parameter sequence ηkn and πW,n.

The estimator objective function ln (θ) has a quadratic expansion in θ around θn:

ln (θ) = ln (θn) +Dln (θn) (θ − θn) +
1

2
(θ − θn)′D2ln (θn) (θ − θn) +Rn (θ) ,

where Rn (θ), Dln (θn), and D2ln (θn) satisfy the following assumptions.

Assumption 1.4.2. For any Pω with ω ∈ W0, supθ∈Θ:‖θ−θω‖<κn |Rn (θ)| = op (1) for all

κn = o (1).

Assumption 1.4.3. For any ωn ∈ W0, (b−1
n Dln (θn) ,Tn)

d→ (Gω,Tω) for some random

variables Gω ∈ Rl and Tω ∈ Rl×l, where Tn ≡ −b−2
n D2ln (θn) and Tω is symmetric and

non-singular with probability one.

9We focus our discussion on the sequence of ωn in the main text, and later relate the result under the
full sequence to that under the subsequence in the proof using Lemma 2.1 in Andrews et al. (2011).
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The next assumption is on the convergence rate of θ̂ under the drifting parameter se-

quence.

Assumption 1.4.4. For any ωn ∈ W0, bn

(
θ̂ − θn

)
= Op (1).

Assumption 1.4.2 is slightly stronger than Assumption 1.2.1 by requiring the quadratic

approximation to be accurate in a small neighborhood of θω for each model Pω. Nevertheless,

it is still an assumption on the local property of the objective function, because we do not

need the remainder term to be small uniformly over the parameter space of θ. Assumptions

1.4.3 and 1.4.4 are also stronger than their counterparts in Section 1.2.1. They require

the normalizing constants bn to be the same for all ωn ∈ W0. Tools like Lindeberg-Feller

Central Limit Theorem can be employed to verify these assumptions for which the existence

of bounded higher moments is often enough. In Section S.2 of the online appendix, we discuss

primitive conditions for Assumptions 1.4.2-1.4.4 to hold for the linear regression model.

The following assumption is on the weighting matrix. It is satisfied if ΣW,ω is positive

definite with probability one.

Assumption 1.4.5. For any ωn ∈ W0, ΣW,n
p→ ΣW,ω for which RΣW,ωR

′ is positive definite

with probability one.

The asymptotic null distribution of Wn for any ωn ∈ W0 is given in the following lemma.

Lemma 1.4.2. (i) If Assumptions 1.4.2-1.4.4 hold, then under H0S : θ∗1 = r and any

ωn ∈ W0,

bn

(
θ̂ − θn

)
d−→ Ψω ≡ arg min

λ
[qω (λ) + φω (λ)] ,

where qω (λ) = (λ− Zω)′Tω (λ− Zω), Zω = T −1
ω Gω, and

φω (λ) =


0, if λj ≥ 0 for j = 1, . . . , Jb

and λk+J + ck ≥ 0 for k = 1, . . . , l − J

∞, otherwise

.

(ii) If further Assumption 1.4.5 holds, then Wn
d→ Wω ≡ (RΨω)′ (RΣW,ωR

′)−1 (RΨω).
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The Testing Procedure

As shown in Lemma 2.4.1, the null asymptotic distribution of Wn under the drifting sequence

of distributions depends on the value of (c, πW,ω). Let CWc,πW,ω (1− τ) denote the (1− τ)

quantile of the distribution of Wω given c and πW,ω. It may not have a closed form expression

but can be simulated. Building on existing work, especially McCloskey (2017), we adopt the

two-step approach with Bonferroni-type correction to construct an asymptotically uniformly

valid test for subvector hypothesis H0S.

The detailed process consists of the following steps.

Step 1. (i) Find the consistent estimator π̂W such that for any ωn ∈ W0, π̂W
p→ πW,ω; (ii)

Construct the confidence set Ĩτ for c such that for any ωn ∈ W0, limn→∞ Prωn

(
c ∈ Ĩτ

)
≥ τ .

Consistent estimator for πW,ω is easy to obtain in general, because πW,ω consists of the

parameters in Gω, Tω, and ΣW,ω, which are usually variance covariance matrix and Hes-

sian matrix of the limit of the objective function. We provide one way of constructing the

confidence set Ĩτ for c. Define the unrestricted extremum estimator for θ2,n as θ̃2 such that

ln

(
r, θ̃2

)
= sup

θ2∈Rl−J
ln (r, θ2) + op (1) .

Let c̃ = bnθ̃2. It can be shown that c̃
d→ c + T −1

2,ω G2,ω, where G2,ω and T2,ω are the sub-

vector of Gω and submatrix of Tω corresponding to θ2. Denote ES (τ) as the set such that

Pr
(
T −1

2,ω G2,ω ∈ ES (τ)
)
≥ 1 − τ . Since the parameter space for c is Rl−J

≥0 , we obtain a con-

fidence set Ĩτ as Ĩkτ ∩ Rl−J
≥0 , where Ĩkτ ≡ c̃ − ẼS (τ) and ẼS (τ) is the set obtained using

estimators of the parameters in T −1
2,ω G2,ω rather than true values. In cases where Ĩkτ ∩ Rl−J

≥0

is an empty set, let Ĩτ = {0}.

Step 2. We construct the α level Bonferroni critical value as

CV W
n (α, τ) ≡ sup

c∈Ĩα−τ
CWc,π̂W (1− τ) , (1.11)

for some 0 ≤ τ ≤ α.

The following two theorems show that the Wald test for H0S has the correct asymptotic
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size and is consistent.

Theorem 1.4.1. Under Assumptions 1.3.1 and 1.4.2-1.4.5, if Wω is continuous at CWc,πW,ω (1− τ)

for all (c, πW,ω) ∈ Rl−J
≥0 × ΠW , then it holds that AsySz

(
Wn, CV

W
n (α, τ)

)
≤ α.

The continuity assumption in Theorem 1.4.1 may restrict the range of τ . In the case

that Θ = {(θ1, θ2) ∈ R2 : θ1 ≥ 0 and θ2 ≥ 0} and H0 : θ1 = 1, it is satisfied for all τ ∈ (0, 1).

With the same parameter space but H0 : θ1 = 0, this assumption is satisfied for τ < 0.5.

Theorem 1.4.2. Under H1 and Assumptions 1.2.3 and 1.4.1, Pr
(
Wn > CV W

n (α, τ)
)
→ 1.

1.4.2 General Linear Hypothesis

We extend the subvector test developed in Section 1.4.1 to H0 for any Re, Rw, and R.

By extracting linearly independent components of ηu, we consider the model parameters(
ηk, πW , ξ

)
, where ηk ∈ Hk ⊆ Rlk is the implicit nuisance parameter, πW ∈ ΠW consists

of parameters in G, T , and ΣW , and ξ ∈ Ξ contains all other parameters and is infinite

dimensional. Similar to the discussion in Section 1.4.1, the asymptotic distribution of Wn

is discontinuous in ηk; πW affects the limiting distribution of Wn but not its continuity;

ξ does not affect the limiting distribution of Wn. Let
(
ηkn, πW,n, ξn

)
be the drifting model

parameters. Since the implicit nuisance parameter ηkn satisfies inequalities in (2.18), we

consider localization parameter c such that

c ≡ lim
n→∞

bn
(
Γuηkn − (ruw −Ru

wγ)
)
∈ C ⊆ Rlu

≥0, (1.12)

where

C ≡
{
c ∈ Rlu

≥0 : ∃ηkn ∈ Hk and c = lim
n→∞

bn
(
Γuηkn − (ruw −Ru

wγ)
)}

.

The limits of πW,n and ξn are denoted as πW,ω and ξω respectively.

Lemma 1.4.3. (i) If Assumptions 1.4.2-1.4.4 hold, then under H0 : Rθ∗ = r and any

parameter sequence
(
ηkn, πW,n, ξn

)
∈ Hk × ΠW × Ξ,

bn

(
θ̂ − θn

)
d−→ Ψω ≡ arg min

λ
[qω (λ) + φω (λ)] ,
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where qω (λ) = (λ− Zω)′Tω (λ− Zω), Zω = T −1
ω Gω, and

φω (λ) =

0, if Reλ = 0, Rb
wλ ≥ 0 and Ru

wλ+ c ≥ 0

∞, otherwise

;

(ii) If further Assumption 1.4.5 holds, then Wn
d→ Wω ≡ (RΨω)′ (RΣW,ωR

′)−1 (RΨω).

The null asymptotic distribution of Wn stated in Lemma 1.4.3 suggests the following

procedure for computing the critical value of our test.

Step 1. (i) Find the consistent estimator π̂W such that for any ωn ∈ W0, π̂W →p πW,ω; (ii)

Construct the confidence set Ĩτ for c such that for any ωn ∈ W0, limn→∞ Prωn

(
c ∈ Ĩτ

)
≥ τ .

πW,ω is composed of the parameters in Gω, Tω, and ΣW,ω. It is usually straightforward to

obtain the consistent estimator of πW,ω. The confidence set for c can be constructed by the

following procedure. By definition, ηkn = Ru
Γθf,n. Denote θ̃f as the unrestricted extremum

estimator for θf,n:

ln

(
Γθ̃f + γ

)
= sup

θf∈R
lf

ln (Γθf + γ) + op (1) .

Applying Lemma 1.4.3, one can show that bn

(
θ̃f − θf,n

)
d→ T −1

f,ωGf,ω, where Gf,ω and Tf,ω

are the subvector ofGω and submatrix of Tω corresponding to θf . Thus bn

(
Ru

Γ θ̃f,n −Ru
Γθf,n

)
d→

Ru
ΓT −1

f,ωGf,ω. Denote ES (τ) as set such that

Pr
(
Ru

ΓT −1
f,ωGf,ω ∈ ES (τ)

)
≥ 1− τ.

We obtain Ĩkτ as bnRu
Γ θ̃f,n− ẼS (τ), where ẼS (τ) is obtained by using estimators of param-

eters in T −1
f,ωGf,ω rather than true values. The confidence set Ĩτ for c is calculated as

Ĩτ =
{

c ∈ Rlu
≥0 : c = Γuι− bn (ruw −Ru

wγ) , ι ∈ Ĩkτ
}
. (1.13)

In cases where (1.13) is empty, let Ĩτ = {0}.
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Step 2. Compute the α level Bonferroni critical value as

CV W
n (α, τ) ≡ sup

c∈Ĩα−τ
CWc,π̂W (1− τ)

for some 0 ≤ τ ≤ α, where CWc,πW,ω (1− τ) is the (1− τ) quantile of Wω in Lemma 1.4.3 given

(c, πW,ω). For any given (c, πW,ω), the distribution Wω may not have a closed form expression

but can be simulated.

The following two theorems establish the asymptotic validity and consistency of the Wald

test.

Theorem 1.4.3. Assume that Wω is continuous at CWc,πW,ω (1− τ) for all (c, πω) ∈ C ×ΠW .

Under Assumptions 1.3.1 and 1.4.2-1.4.5, it holds that AsySz
(
Wn, CV

W
n (α, τ)

)
≤ α.

Theorem 1.4.4. Under H1 and Assumptions 1.2.3 and 1.4.1, Pr
(
Wn > CV W

n (α, τ)
)
→ 1.

1.5 The Quasi Likelihood Ratio Test

Recall that Θ0 denotes the parameter space under the null hypothesis H0 : Rθ∗ = r and

is given by (1.4). The algorithm in Section 1.3.1 generates Rb
w, Rnb

w , and Ru
w, which are

submatrices of Rw corresponding to implicit equalities, strictly redundant inequalities, and

undetermined inequalities. Partition rw conformably into subvectors rbw, rnbw , and ruw. Since

inequalities defined by Rnb
w are strictly redundant, the parameter space under H0 can be

rewritten as

Θ0 =
{
θ ∈ Rl : Rθ = r, Reθ = re, Rb

wθ = rbw, and Ru
wθ ≥ ruw

}
.

We impose the following assumption on the convergence rate of the restricted estimator

θ̂0 defined in Section 1.2.2. Primitive conditions for this assumption can be found in Andrews

(1997).

Assumption 1.5.1. bn

(
θ̂0 − θ∗0

)
= Op (1) for some θ∗0 ∈ Θ0.
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We call θ∗0 the pseudo-true value of θ in Θ0. Under H0, it holds that θ∗0 = θ∗; while

θ∗0 6= θ∗ under H1.

The lemma below provides the asymptotic distribution of QLRn under H0. Definitions

of q (·) and φ (·) are the same as in Lemma 1.4.1.

Lemma 1.5.1. Under H0 and Assumptions 1.2.1-1.2.3 and 1.5.1, it holds that

QLRn
d−→ QLR ≡ min

λ
[q (λ) + φ0 (λ)]−min

λ
[q (λ) + φ (λ)] ,

where

φ0 (λ) =

0, if
(
R′,R ′e,R

b′
w

)′
λ = 0 and Ru

w,bλ ≥ 0

∞, otherwise

.

Note that φ (·) and φ0 (·) differ in two parts. First, φ0 (λ) contains equalities Rλ = 0,

because Θ0 is defined under the null hypothesis. Second, inequalities Rb
wλ ≥ 0 in φ (λ)

become equalities Rb
wλ = 0 in φ0 (λ). The null hypothesis allows us to determine some

binding inequalities, which are represented by Rb
w. On the other hand, inequalities Rb

wθ ≥ rbw

serve as equality constraints Rb
wθ = rbw when computing θ̂0 and ln

(
θ̂0

)
.

Comparing Lemmas 1.4.1 and 1.5.1, the asymptotic distributions of Wn and QLRn share

the similarity that they both depend on the binding inequalities in Ru
wθ
∗ ≥ ruw and are

discontinuous in the implicit nuisance parameter ηk. Because the idea for conducting uniform

inference for test based upon QLRn is analogous to that based upon Wn, certain details are

omitted in the following discussion.

With Assumption 1.5.2 on the convergence rate of θ̂0 under ωn ∈ W0, the following lemma

states the asymptotic distribution of QLRn under drifting model parameters
(
ηkn, πQ,n, ξn

)
,

where πQ ∈ ΠQ contains parameters in G and T . The vector c is defined in (1.12). The

asymptotic distributions of Wn and QLRn under drifting model parameters depend on the

same localization parameter vector c.

Assumption 1.5.2. For any ωn ∈ W0, bn

(
θ̂0 − θn

)
= Op (1).
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Lemma 1.5.2. If Assumptions 1.4.2-1.4.4 and 1.5.2 hold, then under H0 : Rθ∗ = r and any

parameter sequence
(
ηkn, πQ,n, ξn

)
∈ Hk × ΠQ × Ξ,

QLRn
d−→ QLRω ≡ min

λ
[qω (λ) + φ0,ω (λ)]−min

λ
[qω (λ) + φω (λ)] ,

where qω (·) and φω (·) are defined in Lemma 1.4.3 (i) and

φ0,ω (λ) =

0, if
(
R′,R ′e,R

b′
w

)′
λ = 0 and Ru

wλ+ c ≥ 0

∞, otherwise

.

Let CQc,πQ,ω (1− τ) denote the (1− τ) quantile of QLRω given c and πQ,ω for 0 ≤ τ ≤ α.

The α level Bonferroni critical value CV Q
n (α, τ) is defined as

CV Q
n (α, τ) ≡ sup

c∈Ĩα−τ
CQc,π̂Q (1− τ) ,

where Ĩα−τ and π̂Q are obtained by similar procedures presented by Step 1 in Section 1.4.2.

The following theorems show that CV Q
n (α, τ) controls the asymptotic size of QLR test, and

that the test is consistent.

Theorem 1.5.1. Under Assumptions 1.3.1, 1.4.2-1.4.4, and 1.5.2, if QLRω is continuous

at CQc,πQ,ω (1− τ) for all (c, πQ,ω) ∈ C × ΠQ, then AsySz
(
QLRn, CV

Q
n (α, τ)

)
≤ α holds.

Theorem 1.5.2. Under H1 and Assumptions 1.2.1-1.2.3 and 1.5.1, if ln (·) is continuous at

θ∗0 and b−2
n (ln (θ∗)− ln (θ∗0))

p→ ς > 0, then Pr
(
QLRn > CV Q

n (α, τ)
)
→ 1 holds.

The condition b−2
n (ln (θ∗)− ln (θ∗0))

p→ ς > 0 in Theorem 1.5.2 is generally satisfied as the

identification assumption. We illustrate it by the following example.

Example 1.5.1. [Inequality-constrained generalized method of moments] Let g (X, θ) be a

vector of known functions of the random variable X, which is allowed to be non-differentiable.

The moment equations E [g (X, θ)] = 0 hold if and only if θ = θ∗ ∈ Θ. With the random

sample (Xi)
n
i=1, the sample moment functions are computed as 1

n

∑n
i=1 g (Xi, θ). For some
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positive definite weighting matrix Σn, ln (·) is defined as

ln (θ) = −n

(
1

n

n∑
i=1

g (Xi, θ)

)′
Σn

(
1

n

n∑
i=1

g (Xi, θ)

)
.

More discussion on the model can be found in Pakes and Pollard (1989) and Andrews (1997).

Suppose Σn
p→ Σ for which Σ is positive definite with probability one. Under some mild

assumptions, we then have

n−1 (ln (θ∗)− ln (θ∗0)) =

(
1

n

n∑
i=1

g (Xi, θ
∗
0)

)′
Σn

(
1

n

n∑
i=1

g (Xi, θ
∗
0)

)

−

(
1

n

n∑
i=1

g (Xi, θ
∗)

)′
Σn

(
1

n

n∑
i=1

g (Xi, θ
∗)

)
p−→ E [g (X, θ∗0)]′ΣE [g (X, θ∗0)] .

Assumption b−2
n (ln (θ∗)− ln (θ∗0))

p→ ς > 0 in Theorem 1.5.2 is satisfied as long as E [g (X, θ∗0)] 6=

0 for θ∗0 6= θ∗, which is assumed for the identification of θ∗.

1.6 The Score Test

Let the following two assumptions hold for the score function, directed score, and score test

statistic defined in (1.5), (1.6), and (1.7). Discussion on the assumptions can be found in

Andrews (2001).

Assumption 1.6.1. (i) Assume that for all 0 < κ <∞, supθ∈Θ0:‖bn(θ−θ∗0)‖<κ
∣∣b−1
n RD

n (θ)
∣∣ =

op (1); (ii) T̂n = −b−2
n D2ln (θ∗0) + op (1).

Assumption 1.6.2. ΣS,n
p→ ΣS for which ΣS is positive definite with probability one.

By definition, R ∈ RJ×l and J ≤ l. The polytope RΘ− r can be represented by

RΘ− r =
{
λ ∈ RJ : ∃θ ∈ Θ, λ = Rθ − r

}
.
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Let the following be a halfspace description of RΘ− r:

RΘ− r =
{
λ ∈ RJ : RR,eλ = rR,e and RR,wλ ≥ rR,w

}
. (1.14)

Such description always exists, because the affine map of a polytope is a polytope, and every

polytope can be represented by a halfspace description (Henk et al. (2004)). For any null

hypothesis consistent with the parameter space, there exists some θ ∈ Θ such that Rθ = r.

Therefore, it holds that 0 ∈ RΘ − r. Consequently, we have rR,e = 0 and rR,w ≤ 0. The

limit of bn (RΘ− r) in the sense of Hausdorff distance is given by

ΛR ≡
{
λ ∈ RJ : RR,eλ = 0 and RR,w,bλ ≥ 0

}
, (1.15)

where RR,w,b is the submatrix of RR,w composed of rows corresponding to the zero elements

in rR,w.

As we show in Section 1.6.1 below, the null asymptotic distribution of Sn depends on ΛR.

When J = l, R is a square and invertible matrix. It is straightforward to find ΛR. To see

this, we note that the halfspace description of the polytope RΘ− r is characterized by

RR,e = ReR
−1, rR,e = re −ReR

−1r = 0 and

RR,w = RwR
−1, rR,w = rw −RwR

−1r ≤ 0.

The set ΛR such that dH (bn (RΘ− r) ,ΛR) → 0 is given by (1.15) with RR,w,b being the

submatrix of RwR
−1 composed of rows corresponding to the zero elements in rw −RwR

−1r.

When J < l, RΘ− r is an affine projection of the polytope Θ onto a lower dimensional

space. Its limit ΛR is in general not straightforward to compute. In Section 1.6.2, we provide

an algorithm for obtaining the set ΛR.

1.6.1 Asymptotic Theory

With description (1.15), the asymptotic distributions of ds and Sn are given in the following

lemma.
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Lemma 1.6.1. (i) Suppose the null hypothesis and Assumptions 1.2.2, 1.5.1, and 1.6.1 hold.

Then

dsn
d−→ ds ≡ arg min

λ
[qR (λ) + φR (λ)] ,

where qR (λ) = (λ−RZ)′ (RT −1R′)
−1

(λ−RZ), Z = T −1G, and

φR (λ) =

0, if RR,eλ = 0 and RR,w,bλ ≥ 0

∞, otherwise

;

(ii) If further Assumption 1.6.2 holds, then Sn
d→ S ≡ ds′Σ−1

S ds.

The most significant difference between S in Lemma 1.6.1 and W in Lemma 1.4.1 or QLR

in Lemma 1.5.1 is that the distribution of S is not discontinuous in the implicit nuisance

parameter ηk, because RR,w,b is known under H0. That is, whether θ∗ is on the boundary of

Θ is unknown under the null hypothesis, which leads to discontinuity of the distributions of

W and QLR in ηk; but whether Rθ∗ is on the boundary of RΘ is known, because Rθ∗ = r

under the null hypothesis. Therefore, under H0 the limit of bn (Θ− θ∗) is undetermined

in general, but the limit of bn (RΘ−Rθ∗) = bn (RΘ− r) is determined. Since dsn is the

projection of RT̂ −1
n b−1

n Dln

(
θ̂0

)
onto bn (RΘ− r), its asymptotic distribution depends on

the known limit of bn (RΘ− r). Thus, parameters in G, T , and ΣS are the only unknown

components in the distributions of ds and S. Since the distributions are continuous in those

parameters, inference procedure based on the conventional plug-in approach controls the

asymptotic size.

To study the asymptotic size of the score test, we impose the following assumption

extending Assumptions 1.6.1 and 1.6.2.

Assumption 1.6.3. Assume that for any ωn ∈ W0, (i) supθ∈Θ:‖θ−θω‖<κn

∣∣b−1
n RD

n (θ)
∣∣ = op (1)

for all κn = o (1); (ii) T̂n = Tn + op (1); and (iii) ΣS,n
p→ ΣS,ω for which ΣS,ω is positive

definite with probability one.

Let CSπS (1− α) denote the (1− α) quantile of S, where πS ∈ ΠS contains parameters in G,
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T , and ΣS. The critical value for the α level score test is computed as CV S
n (α) ≡ CSπ̂S (1− α),

where π̂S is some consistent estimator of πS for any ωn ∈ W0. For the test based upon Sn

with CV S
n (α), the following theorem shows that the asymptotic size is equal to α.

Theorem 1.6.1. Under Assumptions 1.3.1, 1.4.3, 1.5.2, and 1.6.3, if S is continuous at

CSπS (1− α) for all πS ∈ ΠS, then it holds that AsySz
(
Sn, CV

S
n (α)

)
= α.

The consistency of the score test relies on the shape of ln (·). In the following theorem,

we provide sufficient conditions for the score test to be consistent.

Theorem 1.6.2. Under H1 and Assumptions 1.5.1, 1.6.1, and 1.6.2, if T −1
n b−2

n Dln (θ∗0) =

υ (θ∗ − θ∗0) + op (1), where 0 < υ ≤ 1 and RT −1R′ is positive definite, then it holds that

Pr
(
Sn > CV S

n (α)
)
→ 1.10

Since the first order derivative of ln (·) evaluated at θ∗ approaches zero in the limit,

T −1
n b−2

n Dln (θ∗) is op (1). The condition in Theorem 1.6.2 requires that the difference between

T −1
n b−2

n Dln (θ∗0) and T −1
n b−2

n Dln (θ∗) be proportional to that between θ∗ and θ∗0 up to a small

order term. When ln takes a quadratic form in θ, the condition is satisfied; see the first

example below. However, as shown in the second example, if ln (·) takes a different form,

the score test may not be consistent for certain deviations from the null hypothesis.

Example 1.6.1. [Inequality-constrained linear regression model] The model is expressed as

Yi = X ′iθ
∗ + εi, for i = 1, ..., n, where (Xi, Yi)

n
i=1 is the random sample and E (εi | Xi) = 0.

The objective function ln (·) is expressed as ln (θ) = −1
2

∑n
i=1 (Yi −X ′iθ)

2, θ ∈ Θ. We have

bn =
√
n, Dln (θ) =

∑n
i=1 (YiXi −XiX

′
iθ), and D2ln (θ) = −

∑n
i=1XiX

′
i. Under some mild

assumptions, we can further obtain that Tn = −b−2
n D2ln (θ∗0) = 1

n

∑
XiX

′
i and b−2

n Dln (θ∗0) =

1
n

∑
XiX

′
i (θ∗ − θ∗0) + 1

n

∑
εiXi. Since 1

n

∑
εiXi

p→ 0, it holds that

T −1
n b−2

n Dln (θ∗0) = θ∗ − θ∗0 +

(
1

n

∑
XiX

′
i

)−1(
1

n

∑
εiXi

)
= θ∗ − θ∗0 + op (1) .

10If dsn is defined as q̂R (dsn) = infλR∈ΛR
q̂R (λR) + op (1), then υ can be allowed to take any positive

value.
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The assumption in the theorem is verified.

Example 1.6.2. For the Logit model, we have that

ln (θ) =
n∑
i=1

[Yi lnF (X ′iθ) + (1− Yi) ln (1− F (X ′iθ))] ,

Dln (θ) =
n∑
i=1

[YiF (−X ′iθ)− (1− Yi)F (X ′iθ)]Xi, and D2ln (θ) = −
n∑
i=1

f (X ′iθ)XiX
′
i,

where F (t) = 1
1+e−t

and f (t) = e−t

(1+e−t)2 . Assume Θ = {(θ1, θ2) ∈ R2 : θ1 + θ2 ≥ 0}, θ∗ =

(1, 0) and X = (X1, X2)′ , where X1 has equal probability of being 1 and −1; X2 has equal

probability of being 0 and 1; and they are independent. It can be shown that Sn does not

diverge to infinity when R =
(

1+6e+e2

8
, e
)

and r = e. The asymptotic power of the score test

is not one for testing H0 : Rθ∗ = r.

1.6.2 Implementation—Projection of Polytope

We describe one algorithm for the projection of a polytope based on the Fourier-Motzkin

algorithm. Specifically we are interested in obtaining ΛR for the asymptotic distribution of

Sn. While the set RΘ− r is unique, there are infinite many different halfspace descriptions.

Thanks to Lemma S.1.6 in the online appendix, the result in Lemma 1.6.1 does not depend on

the description. Thus, any algorithm that returns a halfspace description of RΘ − r would

serve the purpose, even if the description contains many strictly redundant inequalities.

Moreover, if an inequality RR,w(j)λ ≥ rR,w(j) among RR,wλ ≥ rR,w is strictly redundant,

then rR,w(j) < 0, because 0 ∈ RΘ − r. Thus, RR,w(j) is automatically eliminated from the

submatrix RR,w,b when we consider ΛR.

We adopt the Fourier-Motzkin algorithm to obtain the halfspace description of RΘ− r.

The Fourier-Motzkin algorithm consists of two main steps. Let the combined polytope be

P ≡ {(θ, λ) : Reθ = re, Rwθ ≥ rw, and λ = Rθ − r} .

First, use the equality constraints Reθ = re and Rθ = λ+r to eliminate as many coordinates
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in θ as possible: obtain the solution of the following system of linear equations Re

R

 θ =

 re

λ+ r


as θ = Γθf + Γλ+ γ by treating λ as given. The definitions of Γ, θf , and γ are the same as

the ones for (1.8) and Γ is some l × J matrix. This yields a reduced polytope:

Pf ≡ {(θf , λ) : Rw (Γθf + Γλ) ≥ rw −Rwγ} .

Second, apply Fourier-Motzkin elimination (FME) (Fourier (1824), Dines (1919) and Motzkin

(1936)) on Pf to eliminate θf . The procedure of FME is standard and can be implemented

directly with MatlabTM ’s MPT2 or MPT3. We skip the details and refer interested readers

to Dantzig and Eaves (1973), Imbert (1993), and Bastrakov and Zolotykh (2015) for more

discussion on FME. Since FME usually generates many strictly redundant inequalities during

the elimination, methods like Chernikov rule (Chernikov (1965)) are introduced to reduce

the number of inequalities. As discussed earlier, such extra step is optional in our setting,

because strictly redundant inequalities are automatically eliminated when considering ΛR.

We therefore obtain the halfspace descriptions of both RΘ− r and its limit ΛR.

1.6.3 Running Examples (Continued)

We apply the algorithm discussed in the previous subsection to calculate RΘ− r and ΛR in

the running examples.

Random Coefficients Model

Solving for the system of linear equations: (R ′e, R
′)′ θ = (re, λ+ r), we obtain θ = Γθf +

Γλ+ γ, with Γ and γ being shown in Section 1.3.3 and Γ = (0, . . . , 0, λ, 0, . . . , 0,−λ)′. The

reduced polytope Pf can be expressed as

Pf =

(θf , λ) :
θ1 ≥ 0, . . . , θl1−1 ≥ 0,−θ1 − · · · − θl1−1 + λ+ r ≥ 0,

θl1+1 ≥ 0, . . . , θl−1 ≥ 0,−θl1+1 − · · · − θl−1 + 1− λ− r ≥ 0

 .

http://people.ee.ethz.ch/~mpt/2/docs/refguide/mpt/@polytope/projection.html
https://www.mpt3.org
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We first eliminate θ1. There are two inequalities containing θ1: θ1 ≥ 0 and −θ1 − · · · −

θl1−1 + λ + r ≥ 0. By rearranging the second inequality, we eliminate θ1 and obtain that

−θ2 − · · · − θl1−1 + λ + r ≥ 0. Together with θ2 ≥ 0, we can eliminate θ2. Continue the

process, we can eliminate until θl1−1 and obtain λ ≥ −r. The same procedure would eliminate

θl1+1, . . . , θl−1 and leave us with another inequality: λ ≤ 1− r. Combing the two inequalities

on λ, we obtain that RΘ − r = {λ : −r ≤ λ ≤ 1− r}. Thus, for r = 0, ΛR = {λ : λ ≥ 0};

for r ∈ (0, 1), ΛR = R; and for r = 1, ΛR = {λ : λ ≤ 0}.

Mincer Earnings Regression

The first step of Fourier-Motzkin algorithm provides β = Γβf + Γλ + γ, with Γ, βf , and γ

being calculated in Section 1.3.3 and

Γ =

 1 0 0 0

0 0 0 1

′ .
The reduced polytope is

Pf = {(β2, β3, λ1, λ2) : Rw,βΓβf + Rw,βΓλ ≥ 0−Rw,βγ} ,

where values of Rw,βΓ and 0−Rw,βγ can be found in Section 1.3.3 and

(Rw,βΓ )′ =

 −1 0 0 0

0 0 0 1

 .

FME is then applied to the following linear inequalities: −λ1 ≥ 0, β2 ≥ 0, −β2 + β3 ≥ 0,

and β2 + β3 + λ2 ≥ −0.1. By eliminating β2 first and then β3, we obtain first −λ1 ≥ 0,

β3 ≥ 0, and β3 ≥ β3 − λ2 − 0.1, and then λ1 ≥ 0 and λ2 ≥ −0.1. Thus, RΘ − r =

{(λ1, λ2) : λ1 ≥ 0 and λ2 ≥ −0.1} and ΛR = {(λ1, λ2) : λ1 ≥ 0}.
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1.7 Local Power

We investigate the asymptotic distributions of the test statistics under sequences of local

alternatives of the form

H1,n : Rθn = r + b−1
n δ (1 + o (1)) ,

where δ ∈ RJ . Following Section 1.2.2, let ωn ≡ (θn, ψn) be the drifting parameter sequence

consistent with H1,n with limit ω ≡ (θω, ψω). Let cw ≡ limn→∞ bn (Rwθn − rw) ∈ Rlw
≥0, and

denote c and cw,b as the subvectors of cw corresponding to the submatrices Ru
w and Rb

w of

Rw respectively. Notice that the above definition of c is consistent with that in (1.12).

Assumptions in Lemmas 1.4.3, 1.5.2, and 1.6.1 are modified in Assumption 1.7.1 below

for the drifting parameter sequence ωn consistent with H1,n. Similar type of assumptions

have been introduced in Sections 1.4, 1.5, and 1.6 when the parameter sequence is consistent

with H0.

Assumption 1.7.1. For the sequence ωn consistent with H1,n, assume the followings: (i)

supθ∈Θ:‖θ−θω‖<κn |Rn (θ)| = op (1) for all κn = o (1); (ii) (b−1
n Dln (θn) ,Tn)

d→ (Gω,Tω) for

some random variables Gω ∈ Rl and Tω ∈ Rl×l, where Tn ≡ −b−2
n D2ln (θn) and Tω is

symmetric and non-singular with probability one; (iii) bn

(
θ̂ − θn

)
= Op (1); (iv) ΣW,n

p→

ΣW,ω for which RΣW,ωR
′ is positive definite with probability one; (v) bn

(
θ̂0 − θn

)
= Op (1);

(vi) supθ∈Θ:‖θ−θω‖<κn

∣∣b−1
n RD

n (θ)
∣∣ = op (1) for all κn = o (1) and T̂n = Tn + op (1); and (vii)

ΣS,n
p→ ΣS,ω for which ΣS,ω is positive definite with probability one.

The following lemma provides the asymptotic distributions of Wn, QLRn, and Sn under

the drifting parameter sequence consistent with the local alternative hypothesis.

Lemma 1.7.1. For the parameter sequence ωn consistent with H1,n, if Assumption 1.7.1

holds, then

(i) Wn
d→ W1,ω ≡ (RΨ1,ω + δ)′ (RΣW,ωR

′)−1 (RΨ1,ω + δ), where

Ψ1,ω ≡ arg min
λ

[qω (λ) + φ1,ω (λ)]
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in which qω (λ) = (λ− Zω)′Tω (λ− Zω), Zω = T −1
ω Gω, and

φ1,ω (λ) =

0, if Reλ = 0 and Rwλ+ cw ≥ 0

∞, otherwise

;

(ii) QLRn
d→ QLR1,ω, where

QLR1,ω ≡ min
λ

[qω (λ) + φ0,1,ω (λ)]−min
λ

[qω (λ) + φ1,ω (λ)] ,

in which

φ0,1,ω (λ) =

0, if
(
R′,R ′e,R

b′
w

)′
λ+

(
δ′,0, c′w,b

)′
= 0 and Ru

wλ+ c ≥ 0

∞, otherwise

; and

(iii) Sn
d→ S1,ω ≡ ds′1,ωΣ−1

S,ωds1,ω, where

ds1,ω ≡ arg min
λ

[qR,ω (λ) + φR,ω (λ)] ,

in which qR,ω (λ) = (λ−RZω − δ)′ (RT −1
ω R′)

−1
(λ−RZω − δ), and

φR,ω (λ) =

0, if RR,eλ = 0 and RR,w,bλ ≥ 0

∞, otherwise

.

The proof for Lemma 1.7.1 is similar to that for Lemmas 1.4.3, 1.5.2, and 1.6.1. For

ωn consistent H1,n, the asymptotic distributions of Wn and QLRn depend on both δ and

cw; while the asymptotic distribution of Sn relates only to δ. The local asymptotic powers

of tests based upon Wn, QLRn, and Sn with critical values CV W
n (α, τ), CV Q

n (α, τ), and

CV S
n (α) are given in the following corollary.

Corollary 1.7.1. Let Assumption 1.7.1 hold and ωn ∈ W be the parameter sequence con-

sistent with H1,n.
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(i) If Wω is continuous at CWc,πW,ω (1− τ), then

Prωn
(
Wn > CV W

n (α, τ)
)
−→ Pr

(
W1,ω > CV W (α, τ)

)
,

where CV W (α, τ) ≡ supc∈Iα−τ C
W
c,πW,ω

(1− τ), in which

Iα−τ ≡
{

c ∈ Rlu
≥0 : c = c+ Γu

(
Ru

ΓT −1
f,ωGf,ω + ι

)
, ι ∈ ES (α− τ)

}
.

The random vector Gf,ω is the subvector of Gω corresponding to θf ;

(ii) If QLRω is continuous at CQc,πQ,ω (1− τ), then

Prωn
(
QLRn > CV Q

n (α, τ)
)
−→ Pr

(
QLR1,ω > CV Q (α, τ)

)
,

where CV Q (α, τ) ≡ supc∈Iα−τ C
Q
c,πQ,ω

(1− τ); and

(iii) If S is continuous at CSπS,ω (1− α), then

Prωn
(
Sn > CV S

n (α)
)
−→ Pr

(
S1,ω > CV S (α)

)
,

where CV S (α) ≡ CSπS,ω (1− α).

The limiting probabilities provide the local asymptotic powers. As can be seen from

the corollary, the local asymptotic powers of tests based upon Wn and QLRn with critical

values CV W
n (α, τ) and CV Q

n (α, τ) depend on δ and cw; while the test based upon Sn and

CV S
n (α) has the local asymptotic power only related to δ. This is the consequence of both

the test statistics and critical values. The asymptotic distributions of Wn and QLRn and

their corresponding critical values under ωn ∈ W all depend on δ and cw. On the other hand,

Lemma 1.7.1 shows that the asymptotic distribution of Sn under ωn only depends on δ and

the critical value CV S
n (α) is determined solely by the estimator of model parameters πS.

1.8 Monte-Carlo Simulation

In this section, we conduct a small simulation study to examine and compare the finite

sample performance of the Wald, QLR, and score tests developed in this paper.
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1.8.1 The Data Generating Process and the Null Hypothesis

The DGPs that we design build on the linear regression model in Autor and Handel (2013);

see Section 1.2.3. It is of the following form:

Y = β∗1E1 + β∗2E2 + β∗3E3 + β∗4E4 + µ∗0 + µ∗1X1 + µ∗2X2 + ε,

where the discrete random vector (E1, E2, E3, E4) follows the distribution below:

Pr (E1 = 1, E2 = 0, E3 = 0 and E4 = 0) = 0.09,

Pr (E1 = 0, E2 = 0, E3 = 0 and E4 = 0) = 0.33,

Pr (E1 = 0, E2 = 1, E3 = 0 and E4 = 0) = 0.26,

Pr (E1 = 0, E2 = 0, E3 = 1 and E4 = 0) = 0.21,

Pr (E1 = 0, E2 = 0, E3 = 0 and E4 = 1) = 0.11;

the two continuous random variables (X1, X2) are independent of (E1, E2, E3, E4) and follow

the joint normal distribution with zero mean, unit variance, and correlation coefficient 0.2;

and the error term ε is independent of the observable covariates.

Let θ∗ ≡ (β∗′, µ∗′)′ with β∗ ≡ (β∗1 , . . . , β
∗
4)′ and µ∗ ≡ (µ∗0, µ

∗
1, µ

∗
2)′. Following the discussion

and notation in Section 1.2.3, the parameter space is defined as Θ =
{
θ = (β′, µ′)′ : Rwθ ≥ 0

}
,

and the joint null hypothesis is expressed as H0 : Rθ∗ = r. We construct two DGPs corre-

sponding to two distributions for the error ε. For DGP A, ε follows the Gaussian distribution

with variance 1/2; and for DGP B, ε ∼ Gamma (2, 2)− 1. The variance of ε is the same in

both DGPs. The distribution of ε is symmetric under DGP A and has the skewness of
√

2

under DGP B.

There are four inequalities in the maintained hypothesis, among which the first inequal-

ity is binding under the null hypothesis. To see the effects of the number of binding and

undetermined inequalities in the null parameter space on the performance of the tests, we

consider five different sets of parameter values corresponding to different numbers of binding

inequalities; see Table 1.1. In Case 1, no inequality is binding except the first one, and there
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Case 1 Case 2 Case 3 Case 4 Case 5
(β1, 0.2, 0.25, 0.3) (β1, 0, 0.05, 0.1) (β1, 0, 0.1, 0.1) (β1, 0.01, 0.05, 0.11) (β1, 0.01, 0.02, 0.11)

Table 1.1: Different sets of parameters

is no close-to-binding inequality under H0. Case 2 has the second inequality binding, and

Case 3 has the second and fourth inequalities binding. There is no binding inequality in Cases

4 and 5 except the first inequality under the null hypothesis. However, the second inequality

is close-to-binding in Case 4, and the second and third inequalities are close-to-binding in

Case 5.

Under H0, β∗1 = 0. We consider three other values of β∗1 = −0.05, −0.1, and −0.15 to

examine the power performance of the tests. To implement the Wald and QLR tests, we need

to identify an implicit nuisance parameter which is done in Section 1.3.3; and for conducting

the score test, we need to compute the polytope projection which is done in Section 1.6.3.

The confidence set for c is computed in the same way for Wald and QLR tests by first

constructing the confidence ellipsoid of Wald for ηkn and then applying (1.13). Following

Romano et al. (2014) and McCloskey (2017), we set the tuning parameter τ = α − α/10.

The weighting matrix in Wn is set as the estimator of the variance covariance matrix of the

asymptotic distribution of the ordinary least square estimator of θ calculated using θ̂. The

matrix ΣS,n in Sn is calculated as RT −1
n R′.

1.8.2 Results on Size and Power

The results in this section are based on the sample size n = 300 and 5000 Monte Carlo

replications. The nominal size is α = 5%.

Table 1.2 reports the finite sample size performance of all three tests. First, for DGP

A, the score test Sn has the best performance having sizes closer to the nominal size than

Wald and QLR tests; for DGP B, the three tests perform similarly and all are slightly under

sized. Second, comparing results across the two DGPs, we see that the size performance of

the score test is more sensitive to different distributions of the error term ε than the size
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Wn QLRn Sn Wn QLRn Sn

DGP A

Case 1 0.0412 0.0417 0.0498

DGP B

Case 1 0.0408 0.0409 0.0404
Case 2 0.0424 0.0419 0.0513 Case 2 0.0411 0.0412 0.0406
Case 3 0.0443 0.0436 0.0509 Case 3 0.0423 0.0412 0.0410
Case 4 0.0428 0.0430 0.0521 Case 4 0.0398 0.0407 0.0405
Case 5 0.0430 0.0427 0.0502 Case 5 0.0405 0.0402 0.0403

Table 1.2: Rejection probability under H0

β1 = −0.05 β1 = −0.1 β1 = −0.15
Wn QLRn Sn Wn QLRn Sn Wn QLRn Sn

DGP A

Case 1 0.1665 0.1640 0.1783 0.6167 0.6155 0.6273 0.9280 0.9290 0.9412
Case 2 0.1694 0.1657 0.1775 0.6195 0.6202 0.6300 0.9336 0.9342 0.9444
Case 3 0.1852 0.1814 0.1762 0.6382 0.6361 0.6291 0.9494 0.9472 0.9425
Case 4 0.1690 0.1648 0.1776 0.6196 0.6189 0.6241 0.9276 0.9275 0.9383
Case 5 0.1698 0.1681 0.1788 0.6222 0.6216 0.6259 0.9343 0.9338 0.9427

DGP B

Case 1 0.1476 0.1532 0.1519 0.5780 0.5824 0.5781 0.8630 0.8609 0.8681
Case 2 0.1647 0.1664 0.1511 0.5929 0.5956 0.5834 0.8836 0.8772 0.8759
Case 3 0.1715 0.1742 0.1528 0.5987 0.6014 0.5841 0.8971 0.8968 0.8767
Case 4 0.1633 0.1657 0.1476 0.5963 0.5976 0.5827 0.8928 0.8923 0.8618
Case 5 0.1641 0.1672 0.1487 0.5928 0.5982 0.5777 0.8710 0.8751 0.8553

Table 1.3: Finite sample size-corrected power

performance of Wald and QLR tests; Third, within each DGP, Wald and QLR tests perform

the best for Case 3 which has the most binding inequalities under the null hypothesis.

Table 1.3 presents the finite sample size-corrected powers of Wald, QLR, and score tests.

First, for both DGPs and different values of β1, there is no significant difference between

Wald and QLR tests. Second, for both DGPs, the power of all tests increases as the value of

β1 deviates more from the null value. Third, when the error follows the Gaussian distribution,

all tests perform comparably with the score test having slightly higher power overall. Fourth,

for DGP B, the Wald and QLR tests have higher power than the score test except Case 1

for which only one inequality is binding and there is no close-to-binding inequalities under

the null hypothesis. This suggests that for skewed error distributions, it is important to take

into account prior information in the maintained hypothesis through the Bonferroni-type
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correction. Lastly, within each DGP, Wald and QLR tests perform the best for Case 3 which

has the most binding inequalities under the null hypothesis.

1.9 An Empirical Illustration on Mincer Earnings Regression

In this section, we apply our tests to Mincer earnings regression introduced in Section 1.2.3

and compare the results with the t-test. In addition to the regression in Section 1.2.3 denoted

as Model 1 below, we consider two more regressions in Autor and Handel (2013) on the log

hourly wages: for i = 1, ..., n,

Model 1: logWagei = E ′iβ
∗ +X ′iµ

∗ + εi,

Model 2: logWagei = E ′iβ
∗ + T ′i ζ

∗ +X ′iµ
∗ + εi, and

Model 3: logWagei = E ′iβ
∗ + T ′i ζ

∗ +X ′iµ
∗ + Z ′iϑ

∗ + εi,

whereEi , β∗, Xi, and µ∗ are introduced in Section 1.2.3, ζ∗ ≡ (ζ∗1 , ζ
∗
2 , ζ
∗
3 )′, Ti ≡ (T1,i, T2,i, T3,i)

′

which denotes different tasks performed in a job, with T1,i being “Abstract”, T2,i being “Rou-

tine”, and T3,i being “Manual”, and Zi includes 240 occupation dummy variables.

The data source is a module of Princeton Data Improvement Initiative survey (PDII)

that collects data on different types of tasks that workers regularly perform during their

work. The sample size is n = 1333. We follow the procedure in Autor and Handel (2013) to

combine items from the PDII to elicit information on the demand of three tasks: Abstract,

Routine, and Manual. For instance, the Abstract job demand is calculated by combing four

items in PDII into a standardized scale using the first component of a principal components

analysis. The four items are: the length of longest document typically read as part of the

job, frequency of mathematics tasks involving high school or higher mathematics, frequency

of problem-solving tasks requiring at least 30 minutes to find a good solution, and proportion

of workday managing or supervising other workers.

Recall that the parameter space for Model 1 is Θ =
{
θ = (β′, µ′)′ : Rw,ββ ≥ 0

}
for

Rw,β defined in 1.2.3. Similarly, Θ =
{
θ = (β′, ζ ′, µ′)′ : Rw,ββ ≥ 0

}
for Model 2 and Θ =



44

Wn QLRn Sn t-test Wn QLRn Sn t-test

β∗1 = 0
Model 1 ? ? ? ∗∗

β∗2 = 0
Model 1 ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗

Model 2 ? ? ? ? Model 2 ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗∗
Model 3 ? ? ? ? Model 3 ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ?

Wn QLRn Sn t-test Wn QLRn Sn

ζ∗2 = 0
Model 2 ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗

Joint Hypo.
Model 1 ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗

Model 3 ∗ ∗ ∗ ∗ ∗ ∗ ? ? Model 2 ∗ ∗∗ ∗
Model 3 ∗ ∗ ∗

Table 1.4: Significance results

Notes: ∗ ∗ ∗ denotes to reject at 1% level; ∗∗ denotes to reject at 5% level; ∗ denotes to reject at 10%
level; and ? denotes fail to reject at 10% level.

{
θ = (β′, ζ ′, µ′, ϑ′)′ : Rw,ββ ≥ 0

}
for Model 3.

Section S.2 of the online appendix provides primitive conditions for these linear regression

models such that the proposed tests are valid. We first conduct tests on the point null

hypothesis to investigate the significance of β1 and β2:

H0 : β∗j = 0 against H1 : β∗j 6= 0 for j = 1, 2.

Under the maintained hypothesis, it holds that β∗1 ≤ 0 and β∗2 ≥ 0. Since the reference

group is high school graduates, β∗1 = 0 corresponds to the penalty of having education

levels less than high school being zero, and β∗2 = 0 means that the monetary return of

attending some college is zero. For H0 : β∗1 = 0, the first inequality in Rw,ββ
∗ ≥ 0 binds.

The remaining three inequalities are undetermined, and the implicit nuisance parameter is

simply (β∗2 , β
∗
3 , β

∗
4)′. Similarly, for H0 : β∗2 = 0, the second inequality is binding and the

implicit nuisance parameter is (β∗1 , β
∗
3 , β

∗
4)′. We compare the tests developed in the paper

with the standard t-test.

The results are summarized in Table 1.4. For the same hypothesis, the t-test suggests

different conclusions for different models. It rejects H0 : β∗1 = 0 at 5% in Model 1, but

fails to reject the null hypothesis at 10% in Models 2 and 3. The standard OLS estimate

of β∗1 is 0.1 in Model 1. Based on the model specification, β∗1 being positive indicates that

on average people who do not finish high school receive higher wages than people with high
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school degrees. This clearly violates the economic theory. The t-test rejects β∗1 = 0 in

Model 1, which indicates that β∗1 should be positive considering that the estimat of β∗1 is

positive. On the other hand, our tests take the economic theory into account, and fail to

reject H0 : β∗1 = 0 at 10% level in all models. When testing β∗2 = 0, the t-test also provides

different results for different models, while our tests suggest that β∗2 is significant no matter

which model is used. In fact, all three tests developed in the paper give the same testing

results for each hypothesis, and the results are consistent among models. We also test the

null hypothesis of β∗j = 0 for j = 3, 4. The tests developed in the paper and t-test give the

same results, which are the same as the ones in Autor and Handel (2013).

Under the maintained hypothesis on β, researchers can test the significance of individual

parameter ζ∗2 , i.e., H0 : ζ∗2 = 0 against H1 : ζ∗2 6= 0. Because the null hypothesis is imposed

on the parameter different from β, the implicit nuisance parameter is β∗ and ΛR = R. The

results are presented in Table 1.4. The t-test rejects the null hypothesis at 1% level in Model

2, but fails to reject it at 10% level in Model 3. At the same time, the score test provides the

same results as the ones based on the t-test. Because the null hypothesis and maintained

hypothesis are imposed on different parameters, information in Θ is lost after the projection,

and the score test acts as if there is no maintained hypothesis. On the other hand, the

Wald and QLR tests fully exploit the information in the maintained hypothesis, and suggest

consistent results for both Model 2 and Model 3. All four tests provide the same conclusions

for H0 : ζ∗1 = 0 and H0 : ζ∗3 = 0, and the results are consistent for both Models 2 and 3.

We have also tested H0 : β∗1 = 0 and β∗2 + 0.1 = β∗4 introduced in Section 1.2.3. Table 1.4

collects the results of different tests. All three tests suggest the same for Models 1 and 3,

although the results differ between models. For Model 2, QLR test rejects the null hypothesis

at 5% level, while the Wald and score tests only reject it at 10% level.

1.10 Concluding Remarks

In this paper, we have developed asymptotically uniformly valid Wald, QLR, and score

tests for the null hypothesis of linear equality constraints against the two-sided alternative
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hypotheses in an extremum estimation set-up for non-trending data where the parameter

space is characterized by a finite number of linear equality and inequality constraints. In

contrast to the classical textbook theory on the Wald, QLR, and score tests, when there are

undetermined inequalities in the null parameter space, the null asymptotic distributions of

the Wald, QLR, and score statistics are very different posing different challenges in develop-

ing asymptotically uniformly valid tests based on them. To develop Wald and QLR tests,

we introduce the concept of an implicit nuisance parameter, and propose an algorithm for

identifying it. Since both the concept and the algorithm depend on the null hypothesis and

the parameter space only, once an implicit nuisance parameter is identified, asymptotically

uniformly valid tests can be constructed from any test statistic in a wide range of models. To

implement the score test, we propose an algorithm based on the Fourier-Motzkin elimination

to compute polytope projections. We use a random coefficients model and Mincer earnings

regression to illustrate our general results.

In a companion paper, we are working on asymptotically uniformly valid Wald, QLR,

and score tests for trending data models in Andrews (2001) under the maintained hypoth-

esis that parameters are subject to equality and inequality constraints. Our approach for

identifying implicit nuisance parameters can also be used for testing the null hypotheses of

linear inequality constraints of the form H0: Rθ∗ ≥ r against H1: Rθ∗ < r like in Wolak

(1987, 1989, 1991) and of linear equality constraints against one-sided alternatives such as

H0: Rθ∗ = r against H1: Rθ∗ > r. It is also worth investigating the possibility of extending

our approach to allow for non-linear equality and inequality constraints.
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Chapter 2

UNIFORM INFERENCE IN A GENERALIZED INTERVAL
ARITHMETIC CENTER AND RANGE LINEAR MODEL1

2.1 Introduction

Researchers often may have access to interval data only. For example, under the Health and

Retirement Study (HRS) questionnaire protocol, a respondent is asked to report her wealth.

If she does not comply, then the respondent is asked to report if her wealth falls within a

sequence of brackets. The HRS thus yields a wealth interval for each respondent, see Manski

and Tamer (2002) and references therein. Another example is the bid-ask price interval. In

markets with microstructural frictions, we observe two sets of prices for an asset at the same

time: the bid price at which an investor could sell and the ask price at which an investor

could buy.

Interval data may represent uncertainty in which case they are incomplete observations

on a random variable which may not always be observable; or variability in which case

they are observations on a random interval. To illustrate, consider the interval data given

by the bid and ask prices: they represent incomplete observations on the true price, i.e.,

lower and upper bounds on the true price but also represent precise observations on the

random interval defined by the bid and ask prices. When the model of interest is for random

variables, at least one of which is not always observable, interval data represent incomplete

observations on the latent random variable and parameters in the model for random variables

are typically only partially identified, see e.g., Manski and Tamer (2002), Beresteanu and

Molinari (2008), and Beresteanu et al. (2011), to name only a few. On the contrary, when

interval data represent variability and the model of interest is for random intervals, interval

1This Chapter is a joint work with Yanqin Fan from the University of Washington.
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data represent precise observations on random intervals such as the bid-ask price interval and

parameters in the corresponding interval model are typically point identified under standard

regularity conditions.

This paper focuses on the case where interval data represent variability and the model of

interest is for random intervals. Broadly speaking, there are two approaches to modeling in-

terval data, i.e., the interval arithmetic approach and the bivariate regression approach. The

interval arithmetic approach adopts interval arithmetic to model directly relations between

random intervals. The most general model based on this approach in the current literature

is model MG proposed in Blanco-Fernández et al. (2015) which makes use of the canonical

decomposition of an interval in terms of its center and range to model the dependent interval

directly via covariate intervals with an interval error term. To ensure that the interval error

is well defined, parameters in model MG must satisfy an increasing number of random in-

equality constraints which are much stronger than the non-negativity constraints necessary

to ensure that the predicted interval at any covariate interval is always well defined. We

refer interested readers to Blanco-Fernández et al. (2015) for the constrained estimation of

model MG and a review of the interval arithmetic approach to modeling interval data.

The bivariate regression approach models jointly either the left and right end points

of the dependent interval or the center and range of the dependent interval. An important

example based on this approach is the Center and Range (CR) model in which one regression

relates the center of the dependent interval to the centers of the covariate intervals and the

other relates the range of the dependent interval to the ranges of the covariate intervals.

To ensure that the predicted range of the dependent interval at any covariate interval is

always non-negative, parameters in the range regression are restricted to be non-negative.

Neto and de Carvalho (2010) propose to estimate the range regression of the CR model

by a constrained OLS estimator restricting the coefficients in the range regression to be

non-negative.2 Applications of the CR model and methods based on modeling the left and

2Golan and Ullah (2017) propose an information theoretic approach to estimating linear interval models.
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right end points of the dependent interval include Han et al. (2008), Han et al. (2012), and

González-Rivera and Lin (2013).

The CR model and its constrained estimation have proven to be useful for forecasting

random intervals. However, formal statistical inference procedures and goodness-of-fit mea-

sures for the CR model are lacking in the current literature. All the existing measures of

goodness-of-fit for the CR model are based on ad hoc combinations of measures for multiple

regressions, see Neto and de Carvalho (2010) and references therein. In addition, the CR

model only allows the center (range) of the dependent interval to depend on the centers

(ranges) of the covariate intervals and could be restrictive in some applications. In contrast

to the CR model, model MG allows the center/range of the dependent interval to depend

on both centers and ranges of the covariate intervals. However the additional random con-

straints on the parameters in model MG substantially complicate the asymptotic distribution

of the estimators rendering inference extremely difficult if not impossible.

This paper makes three main contributions. First, we make use of generalized inter-

val arithmetic to construct a Generalized Interval Arithmetic Center and Range (GIA-CR)

model for random intervals which allows for general linear inequality constraints on its pa-

rameters, broadening the scope of applications of linear models for random intervals. When

the constraints are non-negative constraints to ensure valid forecasts, we refer the new model

simply as the Interval Arithmetic Center and Range (IA-CR) model. The IA-CR model ex-

tends and overcomes the drawbacks of both model MG and the CR model. Non-negative

constraints in the CR model or the IA-CR model are motivated from forecasting purposes.

The GIA-CR model allows for general linear inequality constraints arising from economic the-

ory or prior knowledge. It has long been recognized that incorporating inequality constraints

in parameter estimation may yield efficiency gain, see e.g., Liew (1976), Judge et al. (1984),

and more recent works of Chernozhukov and Hong (2004) and Moon and Schorfheide (2009).

Moreover, as noted in Andrews (2001): “in cases where the restrictions on the parameter

space arise from prior information, tests that utilize this information have a considerable

power advantage over tests that do not.” To accommodate general inequality constraints in
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the GIA-CR model, we make use of generalized interval arithmetic.3

The second main contribution of this paper is to propose a constrained estimator and

a coefficient of determination for the GIA-CR model, and to establish asymptotic distribu-

tions of both the constrained estimator of the GIA-CR model we propose and the constrained

estimator of model MG in Blanco-Fernández et al. (2015). Although the asymptotic distri-

bution of the constrained estimator for the GIA-CR model can be derived from results in

Andrews (1999),4 the approach in Andrews (1999) is not applicable to the constrained esti-

mator of model MG because of the increasing number of random inequality constraints. In

this paper, we exploit the powerful tools developed in Knight (2001, 2006) for linear pro-

gramming estimators and M-estimators of boundaries, i.e., epi-convergence in distribution

and point process convergence for extreme values, to derive the asymptotic distribution of

the constrained estimator of model MG proposed in Blanco-Fernández et al. (2015). As a

by-product, we also obtain the asymptotic distribution of the constrained estimator for the

GIA-CR model via the same set of tools. We note that Chernozhukov and Hong (2004) have

employed the same techniques in likelihood-based estimation and inference for two-sided and

one-sided regression models and derived asymptotic properties of likelihood-based estimators

as well as Bayes and Wald inference.

The third main contribution of this paper is to construct asymptotically uniformly valid

tests for a class of linear constraints in the GIA-CR model, where the null hypothesis spec-

ifies the value of a subvector of Rθ∗ with θ∗ denoting the true parameter vector satisfying

linear inequality constraints of the form: Rθ∗ ≥ r for known R and r under the maintained

hypothesis. An important and motivating example for this inference set-up is that of testing

the correct specification of the CR model against the IA-CR model. Due to the presence

of undetermined inequalities in Rθ∗ ≥ r under the null hypothesis of this type, the null

3In Han et al. (2008) and Han et al. (2012), generalized interval arithmetic is used to construct linear
time series models for generalized random intervals, i.e., the observations are generalized intervals and no
constraints are imposed on model parameters. Instead, this paper focuses on the case that the observations
are intervals and generalized interval arithmetic is used to handle general linear inequality constraints.

4Other related works can be found in Silvapulle and Sen (2005) and references therein.
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asymptotic distribution of the constrained estimator for the GIA-CR model is discontinu-

ous in some model parameters posing technical challenges in constructing asymptotically

uniformly valid tests. Testing the correct specification of the CR model against the IA-CR

model falls within the framework of subvector inference with nuisance parameters.5 Existing

approaches such as Bounds tests, the least favorable approach, and tests based on confi-

dence sets for nuisance parameters may be applied, see Section 4.3.2 in Silvapulle and Sen

(2005) for a brief discussion of all three approaches.6 Among these proposals, the two-stage

approach based on confidence sets for nuisance parameters and a Bonferroni-type correction

has proven to perform well. We present a detailed application of this approach to testing

the CR model against the IA-CR model.7

For the GIA-CR model, although the null hypothesis specifies the value of a subvector

of Rθ∗, the remaining components in Rθ∗ could be linearly dependent rendering direct ap-

plication of the two-stage approach with Bonferroni-type correction for standard subvector

inference problematic. To address this issue, we propose to use Gauss-Jordan elimination

to identify nuisance parameters defined as an appropriate subvector of the remaining com-

ponents in Rθ∗. Given the nuisance parameters and the inequalities they satisfy, we apply

the two-stage method based on confidence sets for nuisance parameters with Bonferroni-type

5To simplify exposition, in this paper, we will use nuisance parameters to refer to parameters causing
discontinuity of the asymptotic distribution of the test statistic under the null hypothesis.

6Wolak (1987, 1989, 1991) develop tests for the null hypothesis of inequality constraints based on the
least favorable approach. Silvapulle and Sen (2005) provides a comprehensive and systematic treatment
of constrained inference via the least favorable approach.

7Work in different contexts that adopted this approach include: Berger and Boos (1994) and Silvapulle
(1996) who study some specific parametric testing problem; Staiger and Stock (1997) who construct a
confidence region for the parameters of a linear regression with possibly “weak” instrumental variables;
Romano and Wolf (2000) who construct a confidence interval for a univariate mean that has finite sample
validity; Moon and Schorfheide (2009) who propose asymptotically uniformly valid tests and confidence
sets for the parameters of interest in moment equality models with overidentifying inequality moment
conditions; Chernozhukov et al. (2013) who construct confidence intervals for marginal effects in nonlinear
panel data models; Romano et al. (2014) who construct asymptotically uniformly valid confidence sets for
parameters characterized by a finite number of moment inequalities and McCloskey (2017) who consider
general nonstandard testing problems in which the asymptotic distribution of a test statistic is discon-
tinuous in a nuisance parameter under the null hypothesis. We refer interested readers to Romano et al.
(2014) and McCloskey (2017) for other related works using similar two step approaches.
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correction to constructing asymptotically uniformly valid tests for linear hypotheses in the

GIA-CR model.8

To gauge the finite sample performance of the proposed estimator and test, we conduct

a simulation study, the results from which confirm the superior performance of the proposed

estimator and the asymptotically uniformly valid test for the correct specification of the CR

model against the IA-CR model in finite samples.

The rest of this paper is organized as follows. Section 2 introduces the GIA-CR model

and two constrained estimators: one for the GIA-CR model and one for model MG. It also

constructs a goodness-of-fit measure for the GIA-CR model. Section 3 establishes asymptotic

theory for constrained estimators for the GIA-CR model and model MG. In Section 4, we

first provide a detailed construction and technical treatment of asymptotically uniformly

valid tests for the correct specification of the CR model against the IA-CR model. The

theoretical analysis in this part builds on Romano et al. (2014) and McCloskey (2017). Then

we construct asymptotically uniformly valid tests in the GIA-CR model. Section 5 reports

results from a simulation study. The last section offers some concluding remarks. Technical

proofs are collected in Appendix A.

Notations All limits are taken as n −→∞. Let |v| ≡ (|v1| , . . . , |vp|)′ for any p-dimensional

vector v = (v1, . . . ,vp)
′; v ≥ u means that vj ≥ uj for j = 1, . . . , p; and ‖v‖ denotes the

Euclidean norm of v. The notation a ∼ b means that a/b → 1 as appropriate limits are

taken. The remaining notations concern operations on generalized intervals and generalized

random intervals, see Appendix B.2 for details. For a generalized interval A = [a1, a2], where

a1, a2 are real numbers, let midA = (a1 + a2) /2 and sprA = (a2 − a1) /2. A can also be

expressed as A = [midA± sprA]. A generalized interval A = [a1, a2] is a proper or simply

an interval when a1 ≤ a2; otherwise it is an improper interval. For two intervals A and B,

A −H B is an interval denoting the Hukuhara difference between A and B. The Hukuhara

8For appropriate choices of linear inequality constraints, our tests extend those in Gourieroux et al. (1982)
and Silvapulle and Sen (2005) who develop tests for special null hypotheses under which the inequalities
in the parameter space are known to bind.
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difference exists if and only if sprA ≥ sprB, and when it exists:

A−H B ≡ [(midA−midB)± (sprA− sprB)] .

For two generalized intervals A and B, A −GH B is a generalized interval denoting the

Generalized Hukuhara difference between A and B:

A−GH B ≡ [(midA−midB)± (sprA− sprB)] .

In contrast to the Hukuhara difference, the Generalized Hukuhara difference always exists.

Let dλ (A,B) denote the L2-type metric between intervals A and B defined as

dλ (A,B) ≡
(
(midA−midB)2 + λ (sprA− sprB)2) 1

2

for some λ ∈ (0,∞). For a generalized random interval X,

EA (X) ≡ [E (midX)± E (sprX)] ,

whenever E (midX) and E (sprX) exist. Define variance as

V arF (X) ≡ E
(
d2
λ (X,EA (X))

)
and conditional expectation as

EA (X | ·) ≡ [E (midX | ·)± E (sprX | ·)] .

2.2 The Model, Estimation, and Coefficient of Determination

Let Y,X1, . . . , Xk denote (k + 1) random intervals, where Y is the dependent interval and

X1, . . . , Xk are covariate intervals some of which may be degenerate intervals. Let d ≥ 0

denote the number of degenerate covariate intervals. Without loss of generality, let the last

d covariates be degenerate. Further let {Yi, X1i, . . . , Xki}ni=1 denote a random sample on

(Y,X1, . . . , Xk). Define the (2k − d) dimensional random vector as Xi ≡ (midX ′i, sprX ′i)
′,

where midXi ≡ (midX1i, . . . ,midXki)
′ and sprXi ≡

(
sprX1i, . . . , sprX(k−d)i

)′
. We note that
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sprXi only contains the ranges of (k − d) non-degenerate covariate intervals.

2.2.1 Model MG and the GIA-CR Model

To motivate the generalized interval arithmetic representation of our model, we first introduce

model MG proposed in Blanco-Fernández et al. (2015). It takes the following form:

Yi =
[
X ′iα

∗ ± |Xi|′ β∗
]

+ ∆i, (2.1)

where α∗ ∈ R2k−d and β∗ ∈ R2k−d
≥0 are the coefficient vectors and ∆i is the random interval

error defined as

∆i ≡ Yi −H
[
X ′iα

∗ ± |Xi|′ β∗
]

satisfying EA (∆i |Xi) = [γ∗ ± δ∗]. θ∗ ≡ (α∗′, γ∗,β∗′, δ∗)′ ∈ R2l for l = 2k − d + 1 is the

parameter vector of interest. Notice that model MG does not include an intercept term as in

linear regression model. Conditioning on Xi, the expectations of the midpoint and spread

of ∆i are γ∗ and δ∗, which are both independent of Xi. To ensure that ∆i is an interval, β∗

in model MG must satisfy the additional random constraints that

sprYi − |Xi|′ β∗ ≥ 0, for i = 1, . . . , n.

Blanco-Fernández et al. (2015) proposes an inequality constrained estimator of (β∗, δ∗)

without establishing its asymptotic distribution. The difficulty lies in the presence of increas-

ing number of random inequality constraints. By exploiting tools used in Knight (2001, 2006)

for linear programming estimators and M-estimators of boundaries, we derive the asymptotic

distribution of the constrained estimator of model MG in Section 2.3. However its complex

nature makes inference based on it extremely difficult if not impossible.

To facilitate inference and broaden the scope of applications of interval models, we propose

the GIA-CR model below. It generalizes model MG by dispensing the random inequality

constraints and by allowing for general linear inequality constraints rather than β∗ ≥ 0 in

model MG. We make use of generalized interval arithmetic and the concept of Generalized
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Hukuhara difference introduced in Section 2.1 and discussed in Appendix B.2.

Specifically, the GIA-CR model is composed of two parts: (i) the model in (2.1), where

the random generalized interval error ∆i is defined in terms of the Generalized Hukuhara

difference:

∆i ≡ Yi −GH
[
X ′iα

∗ ± |Xi|′ β∗
]

satisfying

EA (∆i |Xi) = [γ∗ ± δ∗] ; (2.2)

and (ii) the parameter space Θ for θ∗ defined as

Θ =
{
θ ∈ R2l : Rθ ≥ r

}
, (2.3)

where R is a known matrix of dimension lR × 2l and r is a known vector of dimension lR.

Note that unlike model MG, both
[
X ′iα

∗ ± |Xi|′ β∗
]

and ∆i in the GIA-CR model can be

generalized intervals although our observations Yi, X1i, . . . , Xki are all intervals.9

Remark 2.2.1. In the GIA-CR model, we can replace Xi and |Xi| with any known trans-

formations of Xi, but for model MG and the important IA-CR model introduced in Example

2.2.1 below, it is convenient to use |Xi| for the purpose of forecasting. To avoid introducing

too many notations, we use Xi and |Xi| in the GIA-CR model as well.

The GIA-CR model has an alternative bivariate regression representation:

midYi = X ′iα
∗ + mid∆i = midX ′iα

∗
m + sprX ′iα

∗
s + mid∆i and (2.4)

sprYi = |Xi|′ β∗ + spr∆i = |midXi|′ β∗m + sprX ′iβ
∗
s + spr∆i, (2.5)

where α∗ ≡ (α∗′m, α
∗′
s )′ with α∗m ≡

(
α∗m,1, . . . , α

∗
m,k

)′
and α∗s ≡

(
α∗s,1, . . . , α

∗
s,(k−d)

)′
; β∗ ≡

(β∗′m, β
∗′
s )′ with β∗m ≡

(
β∗m,1, . . . , β

∗
m,k

)′
and β∗s ≡

(
β∗s,1, . . . , β

∗
s,(k−d)

)′
. The center and the

range of ∆i satisfy that E (mid∆i |Xi) = γ∗ and E (spr∆i |Xi) = δ∗.

9In fact, all the results in this paper remain valid when the observations are generalized intervals and
the same inequality constraints are imposed on the model.
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The bivariate regression representation of the GIA-CR model reveals its relation to the

CR model. Example 2.2.1 below presents the IA-CR model which is a direct extension of

the CR model.

Example 2.2.1. [The IA-CR Model] Let R = (0l×l, Il) and r = 0l×1. Then the parameter

space Θ becomes

ΘF =
{
θ ∈ R2l : β ≥ 0 and δ ≥ 0

}
.

Model (2.1) with parameter space ΘF is referred to as the IA-CR model. To ensure that

the predicted dependent interval at any covariate interval is an interval, the regressor in the

second term on the right hand side of (2.1) is |Xi| and all elements in β∗ and δ∗ are required

to be non-negative. When there is no degenerate covariate and α∗s = β∗m = 0, (2.4) and (2.5)

reduce to the CR model. More general than the CR model, the IA-CR model allows both the

center and range of each covariate interval to affect the center and range of the dependent

interval Yi.

2.2.2 Constrained Estimation and the Coefficient of Determination

The constrained estimator of the parameters in model MG in Blanco-Fernández et al. (2011)

is defined by minimizing the dλ metric between Yi and
[
X ′iα± |Xi|′ β

]
+ [γ ± δ] via the

following constrained minimization problem:

θ̂ = arg min
θ

n∑
i=1

d2
λ

(
Yi,
[
X ′iα± |Xi|′ β

]
+ [γ ± δ]

)
(2.6)

= arg min
θ

[
n∑
i=1

(midYi −X ′iα− γ)
2

+ λ

n∑
i=1

(
sprYi − |Xi|′ β − δ

)2

]
s.t. sprYi − |Xi|′ β ≥ 0, for i = 1, . . . , n, and β ≥ 0.



57

Similarly, in the GIA-CR model, we construct the constrained estimator of θ∗ by minimizing

the dλ metric between Yi and
([
X ′iα± |Xi|′ β

]
+ [γ ± δ]

)
in the parameter space Θ:

θ̃ = arg min
θ∈Θ

n∑
i=1

d2
λ

(
Yi,
[
X ′iα± |Xi|′ β

]
+ [γ ± δ]

)
(2.7)

= arg min
θ∈Θ

[
n∑
i=1

(midYi −X ′iα− γ)
2

+ λ

n∑
i=1

(
sprYi − |Xi|′ β − δ

)2

]
.

The estimators θ̂ and θ̃ are solutions to quadratic minimization problems with linear inequal-

ity constraints and can be computed via built-in algorithms such as quadprog and lsqlin in

Matlab.

With the obtained estimators, the interval residual ∆̂i for model MG is computed as

∆̂i ≡ Yi −H
[
X ′iα̂± |Xi|′ β̂

]
;

and the generalized interval residual ∆̃i for the GIA-CR model is defined as

∆̃i ≡ Yi −GH
[
X ′iα̃± |Xi|′ β̃

]
. (2.8)

For any i, ∆̂i is an interval because of the constraints that sprYi−|Xi|′ β ≥ 0 for i = 1, . . . , n

; whereas ∆̃i is a generalized interval.

Remark 2.2.2. In model MG, the constraints are only imposed on β. Therefore, the mini-

mization problem in (2.6) can be solved separately for the mid and range regressions. More-

over, the constant λ in the definition of dλ metric is irrelevant. In fact, α̂ and γ̂ are OLS

estimators of the slope coefficient and intercept term in the linear regression of midYi on Xi

and hence have closed-form expressions. In contrast,
(
β̂′, δ̂

)
solves the following constrained

optimization problem and does not have closed-form expressions in general:(
β̂′, δ̂

)
= arg min

β,δ

n∑
i=1

(
sprYi − |Xi|′ β − δ

)2

s.t. sprYi − |Xi|′ β ≥ 0, for i = 1, . . . , n, and β ≥ 0.
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On the contrary, since the restrictions in the parameter space Θ for the GIA-CR model are

imposed on θ, the minimization problem in (2.7) cannot be separately solved for the mid and

range regressions. Moreover the constant λ matters and represents the relative importance

of the mid and range regressions.

Example 2.2.1 (continued). Similar to model MG, in the IA-CR model, the constraints are

imposed on β and δ. Therefore, the minimization problem can be done separately: α̃ and γ̃

are OLS estimators; β̃ and δ̃ solve the following constrained optimization problem:(
β̃′, δ̃

)
= arg min

β,δ

n∑
i=1

(
sprYi − |Xi|′ β − δ

)2

s.t. β ≥ 0 and δ ≥ 0.

The non-negative constraints imposed in ΘF ensure valid forecasts. Equation (2.2) implies

that

EA (Yi | Xi) =
[
X ′iα

∗ ± |Xi|′ β∗
]

+ [γ∗ ± δ∗] .

Using the constrained estimator, the predictor of Y0 at covariate interval x0 is given by

Ỹ0 =
[
x′0α̃± |x0|′ β̃

]
+
[
γ̃ ± δ̃

]
.

As pointed out in Neto and de Carvalho (2010), the conceptual difficulty in constructing

measures of goodness-of-fit for the CR model is due to the presence of two multiple linear

regressions. As a result, some ad hoc combinations of the coefficients of determination for

the center and range regressions are adopted, see Neto and de Carvalho (2010). Based on

the dλ metric and the fact that EA (∆i|Xi) = [γ∗ ± δ∗], we now extend the coefficient of

determination for multiple linear regressions to the GIA-CR model for random intervals

avoiding the ad hoc nature of existing goodness-of-fit measures for the CR model. Define

the residual sum of squares for the GIA-CR model as

RSSG ≡
n∑
i=1

d2
λ

(
∆̃i,
[
γ̃ ± δ̃

])
=

n∑
i=1

d2
λ

(
Yi, Ỹi

)
,
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where
[
γ̃ ± δ̃

]
is the estimated mean of ∆i, ∆̃i is defined in (2.8), and

Ỹi =
[
X ′iα̃± |Xi|′ β̃

]
+
[
γ̃ ± δ̃

]
.

Together with the analogous definition of the total sum of squares as TSSG ≡
∑n

i=1 d
2
λ

(
Yi, Y

)
,

where Y = n−1
∑n

i=1 Yi, we define the coefficient of determination for the GIA-CR model as

R2
G ≡ 1− RSSG

TSSG
= 1−

∑n
i=1 d

2
λ

(
∆̃i,
[
γ̃ ± δ̃

])
∑n

i=1 d
2
λ

(
Yi, Y

) . (2.9)

It is worthwhile pointing out that (2.9) defines a family of goodness-of-fit measures in-

dexed by λ. By choosing different values of λ, different weights are given to the center and

range regressions. In the special case when Y is degenerate, i.e., a random variable, R2
G

reduces to the coefficient of determination for multiple regressions.

The coefficient of determination R2
G inherits all the properties of that for multiple re-

gression which are summarized in the following proposition. The value of R2
G ranges from 0

to 1. Further, R2
G = 0 indicates no linear relationship between the dependent interval and

covariates; R2
G = 1 indicates that the fitted model explains all variation of the dependent

interval; and the value R2
G is non-decreasing with inclusion of more covariates.

Proposition 2.2.1. (i) 0 ≤ R2
G ≤ 1; and (ii) R2

G is non-deceasing in the number of covari-

ates.

2.3 Asymptotic Properties of the Constrained Estimators

The estimators θ̃ and θ̂ defined in (2.7) and (2.6) for the GIA-CR model and Model MG

are both inequality constrained estimators and their asymptotic properties are more difficult

to establish than unconstrained estimators. This is particularly true for
(
β̂′, δ̂

)
due to the

increasing number of random inequality constraints that it must satisfy, i.e., sprYi−|Xi|′ β ≥

0, for i = 1, . . . , n. For a special case of model MG referred to as model M with one covariate,(
β̂′, δ̂

)
has a closed-form expression and its asymptotic properties are established in Blanco-

Fernández et al. (2012). However, for general model MG, there is no closed-form expression
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for
(
β̂′, δ̂

)
and the approach in Blanco-Fernández et al. (2012) breaks down.

Asymptotic properties of θ̃ can be established by applying the general results in Andrews

(1999). To handle the increasing number of inequality constraints imposed on θ̂, we exploit

the powerful techniques used in Knight (2001, 2006) for linear programming estimators

and M-estimators of boundaries, i.e., epi-convergence in distribution (Pflug (1994, 1995),

Geyer (1994, 1996), and Knight (1999)) and point process convergence for extreme values

(Kallenberg (1983), Resnick (1987), and Leadbetter et al. (1987)). Since the same techniques

apply to θ̃ as well, we establish asymptotic properties of both θ̂ and θ̃, including consistency

and asymptotic distributions in this section.

Throughout the rest of this paper, we make the following assumption.

Assumption 2.3.1. {Yi, X1i, . . . , Xki}ni=1 denotes a random sample on (Y,X1, . . . , Xk).

2.3.1 Consistency

Recall that θ ≡ (α′, γ,β′, δ)′. Define Z1n (·) as

Z1n (θ) =
1

n

n∑
i=1

(midYi −X ′iα− γ)
2

+
λ

n

n∑
i=1

(
sprYi − |Xi|′ β − δ

)2
+ ϕ1n (θ) ,

where

ϕ1n (θ) =

0, if sprYi − |Xi|′ β ≥ 0, for i = 1, . . . , n; and β ≥ 0

∞, otherwise

.

Using Z1n (·), we can reformulate the constrained estimator of model MG as an unconstrained

estimator: θ̂ = arg minθ∈R2l Z1n (θ) . Similarly, let

Z2n (θ) =
1

n

n∑
i=1

(midYi −X ′iα− γ)
2

+
λ

n

n∑
i=1

(
sprYi − |Xi|′ β − δ

)2
+ ϕ2 (θ) ,

where

ϕ2 (θ) =

0, if Rθ ≥ r

∞, otherwise

.
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We obtain the alternative formulation for the estimator of the GIA-CR model as: θ̃ =

arg minθ∈R2l Z2n (θ) .

Let Ẋi ≡ (X ′i, 1)′, Pxx ≡ E
(
ẊiẊ

′
i

)
, and Qxx ≡ E

(∣∣∣Ẋi

∣∣∣ ∣∣∣Ẋi

∣∣∣′). We prove the con-

sistency result using the notion of epi-convergence under the following assumption. The

definition of V arF (·) can be found in Section 2.1.

Assumption 2.3.2. (i) Pxx and Qxx are non-singular; (ii) V arF (∆i) <∞.

Assumption 2.3.2 imposes standard regularity conditions on the random intervals in the

model. Assumption 2.3.2 (i) is a rank condition ensuring that the true parameter θ∗ is point

identified. The following theorem states the consistency of θ̂ and θ̃ for the GIA-CR model

and Model MG.

Theorem 2.3.1. Under Assumptions 2.3.1 and 2.3.2, θ̂
p→ θ∗ and θ̃

p→ θ∗.

2.3.2 Asymptotic Distribution

The asymptotic distribution of θ̂ in model MG remains unknown and is more involved than

that of θ̃. We present it first.

Model MG The behavior of the conditional distribution function of spr∆i near zero is

the critical component determining the asymptotic distribution of the estimator θ̂, since the

constraints: sprYi − |Xi|′ β ≥ 0, for i = 1, . . . , n, are equivalent to the constraint that

min
i=1,...,n

[
sprYi − |Xi|′ β

]
≥ 0, (2.10)

where mini=1,...,n

[
sprYi − |Xi|′ β

]
essentially describes the conditional distribution of spr∆i

near the endpoint of its support.

The following assumption imposes restrictions on the conditional distribution of spr∆i

commonly adopted in the extreme value literature. Let the conditional distribution function

of spr∆i given |Xi| = x be Fs (· | x).
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Assumption 2.3.3. Assume that

Fs (z | x) ∼ g (x)Fs (z) as z ↘ 0 uniformly in x,

where g (·) > 0 is a continuous function.

Assumption 2.3.3 requires that for any x1 and x2, the tail behaviors of spr∆i conditional

on |Xi| = x1 or |Xi| = x2 are equivalent up to a constant. If |Xi| and spr∆i are independent,

this assumption is trivially satisfied with g (·) ≡ 1. Knight (2001), Chernozhukov (2005),

and Chernozhukov and Fernández-Val (2011) also impose similar assumptions. However,

they require Fs(·) to have Pareto-type tail distribution due to their specific settings, while

we impose no such restriction. Let 1/κ ≡ limt→∞ tFs
(
1/
√
t
)
∈ [0,+∞]. The value of κ

characterizes the distribution of spr∆i near its left endpoint and determines the effect of the

random constraints on the asymptotic distribution of θ̂: (i) If spr∆i has a relatively high

probability of being close to zero, e.g., when Fs (0) > 0, then limt→∞ tFs
(
1/
√
t
)

= +∞ and

κ = 0; (ii) If spr∆i is very ‘unlikely’ of being near zero, e.g., when Fs (z) = 0 for some z > 0,

then limt→∞ tFs
(
1/
√
t
)

= 0 and κ = +∞; and (iii) when Fs (z) behaves like h (z) z2 near

zero, where h(z) is a slowly-varying function at zero,10 then κ ∈ (0,+∞).

Assumption 2.3.4. E
(
|mid∆i|4

)
<∞, E

(
|spr∆i|4

)
<∞, and E

(
‖Xi‖4) <∞.

Denote

M (ψ;λ) ≡ ψ′

 Pxx 0

0 λQxx

ψ − 2ψ′

 Il 0

0 λIl

W, (2.11)

where ψ ≡ (p′, q,u′, v)′ with p ∈ R2k−d, q ∈ R, u ∈ R2k−d, v ∈ R, and W ∼ N (0,Λ) in

which Λ = V ar

(
Ẋ ′imid∆i,

∣∣∣Ẋi

∣∣∣′ spr∆i

)
.

Theorem 2.3.2. Under Assumptions 2.3.1-2.3.4, we obtain:

√
n
(
θ̂ − θ∗

)
d−→ arg min

ψ
[M (ψ; 1) + φ1 (ψ)] ,

10A function h (z) : (0,+∞) 7−→ (0,+∞) is said to be slowly-varying at z0 if for any m > 0, it holds that
limz↘z0 [h (z) /h (mz)] = 1.
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where M (ψ; 1) is defined in (2.11) and

φ1 (ψ) =


0, if

√
κ

g(Υi)
Γi ≥ Υ ′iu, for i = 1, 2, . . . ;

and I
(
β∗j = 0

)
uj ≥ 0 for j = 1, . . . , 2k − d

∞, otherwise

.

For each i, Γi ≡ (E1 + . . .+ Ei)
1
2 for unit mean i.i.d exponential random variables E1, E2, . . .;

Υ1, Υ2, . . . are independent and identically distributed with the same distribution as |Xi|; the

Γi’s are independent of Υi’s, and they are both independent of W .

Several observations surface from Theorem 2.3.2. First, the estimators of the center and

range regressions (α̂′, γ̂) and
(
β̂′, δ̂

)
are asymptotically dependent through the variance-

covariance matrix Λ, unless mid∆i and spr∆i are conditionally independent. Second, the

asymptotic distribution does not depend on λ, which is consistent with the discussion in

Remark 2.2.2. Lastly, the asymptotic distribution of
√
n (α̂′ −α∗′, γ̂ − γ∗) is normal, but

because of inequality constraints, the asymptotic distribution of
√
n
(
β̂′ − β∗′, δ̂ − δ∗

)
takes

a complicated form given by the distribution of the minimizer of an inequality-constrained

optimization problem. Although in general, there is no closed-form expression for the asymp-

totic distribution of
(
β̂′, δ̂

)
, it is clear from the minimization problem that it is non-standard

and discontinuous in model parameters including parameters characterizing the tail behav-

ior of the conditional distribution of spr∆i through φ1 (ψ). For example, the value of κ

determines whether the constraint in (2.10) binds or not leading to different asymptotic

distributions of
(
β̂′, δ̂

)
.

The GIA-CR Model Employing the same techniques, we obtain the following asymptotic

distribution for the estimator θ̃. Denote Rb as the lb× 2l submatrix composed of the lb rows

of R corresponding to binding inequalities in Rθ∗ ≥ r. The asymptotic distribution depends

on the value of λ, because the constraints are imposed on θ directly.
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Theorem 2.3.3. Under Assumptions 2.3.1, 2.3.2, and 2.3.4, it holds that

√
n
(
θ̃ − θ∗

)
d−→ arg min

ψ
[M (ψ;λ) + φ2 (ψ)] ,

where M (ψ;λ) is defined in (2.11) and

φ2 (ψ) =

0, if Rbψ ≥ 0

∞, otherwise

.

Alternatively one may apply the approach in Andrews (1999) to obtain the asymptotic

distribution of θ̃. Instead of studying the unconstrained minimization problem, Andrews

(1999) focuses on the constrained minimization problem and shows that the asymptotic

distribution of the estimator can be represented as the minimizer of a quadratic function

over a convex cone.

Theorem 2.3.3 shows that the asymptotic distribution of θ̃ is discontinuous in Rθ∗ at r,

because researchers do not known which inequalities among Rθ∗ ≥ r are binding a priori.

For hypothesis testing, asymptotic distributions of test statistics based upon θ̃ are in general

also discontinuous. In Section 2.4, we provide asymptotically uniformly valid Wald-type test

for testing the linear hypothesis in the GIA-CR Model.

Example 2.2.1 (continued). The asymptotic distribution of the estimators for the IA-CR

model can be obtained directly from Theorem 2.3.3. The matrix Rb corresponds to elements

in (β∗′, δ∗) that are zeros. Specifically, if Assumptions 2.3.1, 2.3.2, and 2.3.4 hold, then

√
n

 α̃−α∗

γ̃ − γ∗

 d−→ P−1
xx Wm,

where Wm ∼ N (0,Λm) with Λm being the covariance matrix of Ẋ ′imid∆i; and

√
n

 β̃ − β∗

δ̃ − δ∗

 d−→ arg min
u,v

(u′, v)Qxx

 u

v

− 2 (u′, v)Ws + φs (u′, v)

 ,
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where Ws ∼ N (0,Λs) with Λs being the covariance matrix of
∣∣∣Ẋi

∣∣∣′ spr∆i, and

φs (u′, v) =

0, if I
(
β∗j = 0

)
uj ≥ 0 for j = 1, . . . , 2k − d and I (δ∗ = 0) v ≥ 0

∞, otherwise

.

Like
√
n
(
β̂′ − β∗′, δ̂ − δ∗

)
, the asymptotic distribution of

√
n
(
β̃′ − β∗′, δ̃ − δ∗

)
is discon-

tinuous in some model parameters.

For the special case of the IA-CR model, i.e., the CR model with only one covariate, we

can solve the minimization problem in Example 2.2.1 by following Andrews (1999). The CR

model with one covariate can be expressed as follows:

midYi = α∗mmidXi + γ∗ + εci and

sprYi = β∗s sprXi + δ∗ + εri ,

where E (εci | Xi) = 0, E (εri | Xi) = 0, α∗m ∈ R, γ∗ ∈ R, β∗s ≥ 0, and δ∗ ≥ 0. Let K =

diag1/2 (Q−1
xx ) , Z = (Z1, Z2)′ = K−1Q−1

xxWs, and ρij = [K−1Q−1
xxK

−1]ij for i, j = 1, 2, where

diag (A) returns a diagonal matrix whose elements equal to the diagonal elements of matrix

A. Suppose Assumptions 2.3.1, 2.3.2, and 2.3.4 hold.

(i) When β∗s > 0 and δ∗ > 0 ,

√
n

 β̃s − β∗s
δ̃ − δ∗

 d−→ N
(
0, Q−1

xxΛsQ
−1
xx

)
;

(ii) When β∗s = 0 and δ∗ > 0 ,

√
n

 β̃s − β∗s
δ̃ − δ∗

 d−→ I (Z1 ≥ 0)Q−1
xxWs + I (Z1 < 0)K

 0

Z2 − ρ12Z1

 ;

(iii) When β∗s > 0 and δ∗ = 0 ,

√
n

 β̃s − β∗s
δ̃ − δ∗

 d−→ I (Z2 ≥ 0)Q−1
xxWs + I (Z2 < 0)K

 Z1 − ρ21Z2

0

 ;
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(iv) When β∗s = 0 and δ∗ = 0 ,

√
n

 β̃s − β∗s
δ̃ − δ∗

 d−→I (Z1 > 0, Z2 > 0)Q−1
xxWs + I (Z1 − ρ21Z2 > 0, Z2 ≤ 0)K

 Z1 − ρ21Z2

0


+ I (Z1 ≤ 0, Z2 − ρ12Z1 > 0)K

 0

Z2 − ρ12Z1

 .

The asymptotic distribution of
(
β̃s, δ̃

)
takes a complicated form and is discontinuous in β∗s

and δ∗: it is normal when β∗s and δ∗ are both positive; non-normal otherwise.

2.4 Wald-Type Tests for Linear Hypothesis in the GIA-CR Model

In this section, we construct asymptotically uniformly valid tests for the linear hypothesis in

the GIA-CR model of the following form:

H0 : R0θ
∗ = r0 against H1 : R0θ

∗ 6= r0 (2.12)

under the maintained hypothesis that θ∗ ∈ Θ = {θ : Rθ ≥ r}, where R0 and r0 are known

matrices of dimensions J × 2l and J × 1 respectively. Furthermore, R0 ≡ (R′00, R
′
01)′ is of

full row rank and R00 is a submatrix of R. Without loss of generality, let R = (R′00, R
′
Γ)′ and

accordingly r =
(
r′−Γ, r

′
Γ

)′
.

One important example which motivates our testing framework is that of testing the

correct specification of the CR model against the IA-CR model which corresponds to testing

HCR
0 : (α∗′s , β

∗′
m)
′
= 0 against HCR

1 : (α∗′s , β
∗′
m)
′ 6= 0,

under the maintained hypothesis that θ∗ ∈ ΘF = {θ : β ≥ 0 and δ ≥ 0}. Testing HCR
0

belongs to the standard subvector inference with (β∗′s , δ
∗)′ being the vector of nuisance pa-

rameters. As another example, consider testing equality constraints in linear regression

models. Let R = (0lR×l, R
∗) and R0 = (0J×l, R

∗
0) for some known matrices R∗ and R∗0. Then

both the null hypothesis and linear inequality constraints in the maintained hypothesis are
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on parameters in the range regression of the GIA-CR model only. Our tests become tests

for linear equality constraints in linear regression models with linear inequality constraints

extending the Wald-type test in Gourieroux et al. (1982) for the special case that R∗0 = R∗

and Silvapulle and Sen (2005) for the case that R∗ is a submatrix of R∗0. In both cases

considered in Gourieroux et al. (1982) and Silvapulle and Sen (2005), the inequalities in the

parameter space are known to bind under H0 and as a result, the asymptotic distribution of

the inequality constrained estimator of θ∗ or the test statistic under the null hypothesis is

continuous in model parameters and is thus nuisance parameter free. When R00 is a proper

submatrix of R, the asymptotic distribution of inequality constrained estimators or the null

asymptotic distribution of the test statistic is typically discontinuous in nuisance parameters

and asymptotically uniformly valid tests for H0 are not available in the current literature.

In the following subsections, we first introduce our test statistic and its asymptotic size.

Then we apply the two-stage approach with Bonferroni-type correction in McCloskey (2017)

to construct asymptotically uniformly valid tests for HCR
0 against HCR

1 . Lastly we construct

tests for H0 in the GIA-CR model.

2.4.1 The Test Statistic and Asymptotic Size

The test statistic we adopt is of Wald-type:

Tn (R0, r0) = n
(
R0θ̃ − r0

)′
(R0ΣnR

′
0)
−1
(
R0θ̃ − r0

)
, (2.13)

for some positive definite weighting matrix Σn →p Σ with Σ being a deterministic positive

definite matrix. Σn can be chosen as the identity matrix or a consistent estimator of

 P−1
xx 0

0 Q−1
xx

Λ

 P−1
xx 0

0 Q−1
xx

 .

When R00 is a proper submatrix of R, the null asymptotic distribution of R0θ̃ or Tn (R0, r0)

is discontinuous in RΓθ
∗.

We now introduce the test for H0 based on Tn (R0, r0) and its asymptotic size. The GIA-
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CR model can be fully characterized by the finite dimensional parameter θ∗ ∈ Θ and the infi-

nite dimensional parameter µ∗ ∈ M characterizing the distribution of {(Yi,Xi) : 1 ≤ i ≤ n}.

The space M can be restricted to be some compact metric space with a metric that induces

weak convergence, see Andrews et al. (2011). Let ω ≡ (θ∗, µ∗) ∈ W . Denote Pω as the prob-

ability model indexed by ω, Eω as the expectation, and Prω as the probability computed

with respect to Pω. Let W0 be the collection of elements ω ∈ W consistent with the null

hypothesis and CVn be a (possibly) sample dependent critical value (CV ) for the test based

on the test statistic Tn (R0, r0). The asymptotic size of the resulting test is defined by

AsySz (Tn (R0, r0) , CVn) ≡ lim sup
n→∞

sup
ω∈W0

Prω (Tn (R0, r0) > CVn) . (2.14)

We aim to construct CVn that controls the asymptotic size of the test based on Tn (R0, r0).

We make the following assumptions.

Assumption 2.4.1. For any ω ∈ W0, (i) Eω

(
ẊiẊ

′
i

)
and Eω

(∣∣∣Ẋi

∣∣∣ ∣∣∣Ẋi

∣∣∣′) are non-

singular; (ii) Eω
(
|mid∆i|4+ν) < M , Eω

(
|spr∆i|4+ν) < M and Eω

(
‖Xi‖4+ν) < M for

some ν > 0 and M <∞.

Assumption 2.4.2. For any probability model Pw with ω ∈ W0, Σn
p→ Σω for a positive

definite matrix Σω.

We finish this section by introducing notations that will be used in the subsequent anal-

ysis. Let Pω,xx ≡ Eω

(
ẊiẊ

′
i

)
, Qω,xx ≡ Eω

(∣∣∣Ẋi

∣∣∣ ∣∣∣Ẋi

∣∣∣′), and

Mω (ψ;λ) ≡ ψ′

 Pω,xx 0

0 λQω,xx

ψ − 2ψ′

 Il 0

0 λIl

Wω, (2.15)

where ψ = (p′, q,u′, v) with p ∈ R2k−d, q ∈ R, u ∈ R2k−d, v ∈ R, and Wω ∼ N (0,Λω) in

which Λω = V arω

(
Ẋ ′imid∆i,

∣∣∣Ẋi

∣∣∣′ spr∆i

)
.
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2.4.2 Testing Correct Specification of the CR Model Against the IA-CR Model

To simplify notation, we denote the test statistic Tn (R0, r0) in (2.13) for testing HCR
0 as Tn,

i.e.,

Tn = n
(
α̃′s, β̃

′
m

)
(R0ΣnR

′
0)
−1
(
α̃′s, β̃

′
m

)′
, (2.16)

where α̃s and β̃m are the estimators defined in (2.7) and

R0 =

 0k×k 0k×(k−d) 0k×1 Ik 0k×(k−d) 0k×1

0(k−d)×k I(k−d) 0(k−d)×1 0(k−d)×k 0(k−d)×(k−d) 0(k−d)×1

 .

The asymptotic distribution of Tn is discontinuous in (β∗′m, β
∗′
s , δ

∗)′, because the asymptotic

distribution of
√
n
(
θ̃ − θ∗

)
is discontinuous in (β∗′m, β

∗′
s , δ

∗)′ by applying Theorem 2.3.3. For

any ω ∈ W0, it holds that (α∗′s , β
∗′
m)′ = 0. Therefore, (β∗′m, β

∗′
s , δ

∗)′ = (0, β∗′s , δ
∗)′ under the

null hypothesis.

We decompose the model parameter ω ∈ W into three groups: ω ≡ (η, π, ξ) based on

their roles in the asymptotic distribution of the test statistics, where η ≡ (β∗′s , δ
∗)′ ∈ Rk−d+1

≥0 ,

π ≡ (vec (Pxx) , vec (Qxx) , vec (Λ) , vec (Σ))′ ∈ Π, and ξ ∈ Ξ consists of all other parameters

and is infinite-dimensional. From the previous discussion, the null asymptotic distribution

of Tn is discontinuous in η; π affects the limiting distribution of Tn but not its continuity; ξ

does not affect the limiting distribution of Tn.

Let R≥0 ≡ R≥0 ∪ {+∞}. Following Andrews et al. (2011), Andrews and Cheng (2012),

Andrews and Cheng (2014), and Cheng (2015), we establish the asymptotic distribution of

Tn under drifting parameter sequences ωn ∈ W0. In particular, we consider the parameter

sequence
{

(ηn, πn, ξn) ∈ Rk−d+1
≥0 × Π× Ξ : n ≥ 1

}
and the localization parameter c and πω as

the limit of
√
nηn and πn:

√
nηn → c = (c1, . . . , ck−d, ck−d+1)′ ∈ Rk−d+1

≥0 and

πn → πω = (vec (Pω,xx) , vec (Qω,xx) , vec (Λω) , vec (Σω))′ ∈ Π.

As shown in the lemma below, the asymptotic distribution of Tn under the null hypothesis



70

and the drifting parameter sequence (ηn, πn, ξn) depends on c and πω; whereas ξn (or the

limiting value ξω of ξn) does not affect the limiting distribution under any parameter sequence

ηn and πn.

Let

Ψ = Ψ (c, πω) ≡ arg min
ψ

[Mω (ψ; 1) + φω (ψ)] ,

where Mω (ψ;λ) is defined in (2.15) and

φω (ψ) =


0, if uj ≥ 0 for j = 1, . . . , k, uj+k + cj ≥ 0 for j = 1, . . . , k − d

and v + ck−d+1 ≥ 0

∞, otherwise

.

Then R0Ψ characterizes the limiting distribution of
√
n
(
α̃′s, β̃

′
m

)′
under HCR

0 and the drifting

parameter sequence (ηn, πn, ξn).

Lemma 2.4.1. Under HCR
0 and the parameter sequence (ηn, πn, ξn) ∈ Rk−d+1

≥0 ×Π× Ξ such

that
√
nηn → c, πn → πω and ξn → ξω, if Assumptions 2.3.1, 2.4.1, and 2.4.2 hold, then the

asymptotic distribution of Tn is given by (R0Ψ)′ (R0ΣωR
′
0)−1 (R0Ψ).

As shown in Lemma 2.4.1, the null asymptotic distribution of Tn under the drifting se-

quences of distributions depends on the value of (c, πω). Let Cc,πω (1− ϑ) denote the (1− ϑ)

quantile of the distribution of (R0Ψ)′ (R0ΣωR
′
0)−1 (R0Ψ) given c and πω which can be sim-

ulated. Building on existing work, especially McCloskey (2017), we adopt the two-stage

approach with Bonferroni-type correction to construct an asymptotically uniformly valid

test for HCR
0 .

The detailed process consists of the following steps.

Step 1. (i) Construct the estimator π̂. Consistent estimator π̂ can be decomposed into

two parts: (vec (Pω,xx) , vec (Qω,xx)) is estimable from the sample {Xi}ni=1; Λω and Σω can

be estimated by using the residuals computed with θ̃;

(ii) Construct confidence sets for
√
nηn. Let β̂s,OLS and δ̂OLS be the OLS estimators of
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β∗s and δ∗. Simple calculation shows that

√
n
(
β̂′s,OLS, δ̂OLS

)′
−
√
nηn

d−→ Z (ΛOLS) ,

where Z (ΛOLS) is a multivariate normal distribution with zero mean and variance-covariance

matrix ΛOLS. Denote ESΛ (τ) as a set such that Pr (Z (Λ) ∈ ESΛ (τ)) = 1 − τ . The

confidence set Iτ for
√
nηn is defined as

Iτ ≡
{
ς ∈ Rk−d+1

≥0 : ς ∈
√
n
(
β̂′s,OLS, δ̂OLS

)′
− ESΛ̂OLS

(τ)

}
.

The value Λ̂OLS can be computed using the standard approach in least squares estimation and

is a consistent estimator for ΛOLS. It should be pointed out that to ensure the non-emptiness

of Iτ , ESΛ (τ) may not be equal-tailed.

Step 2. We construct the ϑ level Bonferroni critical value CV b
n for some 0 < τ < ϑ as

CV b
n (ϑ, τ) ≡ sup

c∈Iϑ−τ
Cc,π̂ (1− τ) . (2.17)

The following proposition establishes the asymptotic validity of the test.

Proposition 2.4.1. For some ϑ ∈ (0, 1), assume that (R0Ψ)′ (R0ΣωR
′
0)−1 (R0Ψ) is continu-

ous at Cc,πω (1− ϑ) for all (c, πω) ∈ Rk−d+1

≥0 × Π. Under Assumptions 2.3.1, 2.4.1, and 2.4.2,

it holds that AsySz
(
Tn, CV

b
n (ϑ, τ)

)
≤ ϑ.

Remark 2.4.1. Adjusted Bonferroni critical value or Minimum Bonferroni critical value

discussed in McCloskey (2017) are also applicable. The former considers the joint distribution

of Tn and
(
β̂′s,OLS, δ̂OLS

)
, and computes the optimal pair of significant levels for c and Tn;

while the latter combines Bonferroni critical value and Adjusted Bonferroni critical value.

The computational burden for the two critical values is significant when the dimension of βs

is large. Interested readers could refer to McCloskey (2017) for detailed implementation of

such methods.
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2.4.3 Testing H0 in the GIA-CR Model

In this subsection, we extend the test for the correct specification of the CR model against the

IA-CR model developed in the previous subsection to the problem of testing H0 in (2.12).

Since R00θ
∗ is a subvector of Rθ∗, the null asymptotic distribution of the test statistic

defined in (2.13) is discontinuous in RΓθ
∗, where θ∗ satisfies the inequalities: RΓθ

∗ ≥ rΓ.

In contrast to the standard subvector inference such as that considered in the previous

subsection, components of RΓθ
∗ could be linearly dependent rendering direct application of

the first stage of the two-stage approach with Bonferroni-type correction in the previous

subsection problematic. To address this potential issue, we suggest a three-stage approach

for constructing asymptotically uniformly valid tests for H0.

In the first stage, we identify binding and non-binding inequalities in R00θ
∗ ≥ r−Γ;

and employ the Gauss-Jordan elimination to identify a row basis of RΓ based on which we

define nuisance parameters and express the inequalities RΓθ
∗ ≥ rΓ in terms of the nuisance

parameters. In the second stage, we construct confidence sets for the nuisance parameters.

Lastly we construct the CV for our test using Bonferroni-type correction.

Identification of Nuisance Parameters

Under H0, the inequalities in R00θ
∗ ≥ r−Γ are known to bind or not to bind. Let R0b denote

the submatrix of R00 composed of rows corresponding to binding inequalities in R00θ
∗ ≥ r−Γ.

R0b can be identified directly from the null hypothesis.

Let η = RΓθ
∗ ∈ RlΓ . The vector of nuisance parameters is defined in the following.

Definition 2.4.1. The vector of nuisance parameters, denoted as ηu, is defined as a subvector

of η corresponding to a row basis of RΓ.

By definition, the nuisance parameters are ηu = Ru
Γθ
∗, where Ru

Γ is a submatrix of RΓ

with rows forming a row basis of RΓ. When RΓ is of full row rank, Ru
Γ = RΓ and the nuisance

parameters are ηu = η. When RΓ is not of full row rank, we compute Ru
Γ and Γ such that
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RΓ = ΓRu
Γ by Gauss-Jordan elimination on the transpose of RΓ. In terms of the nuisance

parameters, the inequalities: η = RΓθ
∗ ≥ rΓ become:

Γηu ≥ rΓ. (2.18)

Below we present two examples to illustrate this step. For notational compactness, we let

θ = (θ1, ..., θl∗) for an integer l∗.

Example 2.4.1. Suppose l∗ = 4 and H0 : θ∗1 = θ∗2. Then R0 = (1,−1, 0, 0).

(i) Let Θ = {θ : θ1 − θ2 ≥ 0, θ2 − θ3 ≥ 0, θ3 − θ4 ≥ 0}. Then

R =


1 −1 0 0

0 1 −1 0

0 0 1 −1

 and r =


0

0

0

 .

Under H0, the first inequality in Θ binds resulting in R0b = (1,−1, 0, 0) and

RΓ =

 0 1 −1 0

0 0 1 −1

 .

Since RΓ is of full row rank, the nuisance parameters are given by

ηu = η = RΓθ
∗ =

 θ∗2 − θ∗3
θ∗3 − θ∗4

 .

(ii) Let Θ = {θ : θ1 − θ2 ≥ 0, 1 ≥ θ2 − θ3 ≥ 0, θ3 − θ4 ≥ 0}. Then

R =


1 −1 0 0

0 1 −1 0

0 −1 1 0

0 0 1 −1

 and r =


0

0

−1

0

 .
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Under H0, the first inequality in Θ binds resulting in R0b = (1,−1, 0, 0) and

RΓ =


0 1 −1 0

0 −1 1 0

0 0 1 −1

 .

In this case, RΓ is not of full row rank. Applying Gauss-Jordan elimination to R′Γ yields

Ru
Γ =

 0 1 −1 0

0 0 1 −1

 and Γ =


1 0

−1 0

0 1

 .

By definition, the nuisance parameters are given by

ηu = Ru
Γθ
∗ =

 θ∗2 − θ∗3
θ∗3 − θ∗4


and the inequalities are

Γηu =


θ∗2 − θ∗3
− (θ∗2 − θ∗3)

θ∗3 − θ∗4

 ≥


0

−1

0

 .

Example 2.4.2. Let l∗ = 8 and H0 : θ∗1 = θ∗2 = θ∗3 = 0. Then

R0 =


1 0 0

0 1 0

0 0 1

03×5

 and r0 =


0

0

0

 .
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Let Θ = {θ : Rθ ≥ r}, where R′ = (R′0, R
′
Γ) and r = (0,−1, 0, 0,−1, 0, 0, 0)′ in which

RΓ =


05×3

1 0 0 0 0

−1 0 0 0 0

0 1 0 1 −1

0 2 1 1 0

0 1 −1 2 −3


.

Under H0, the first and third inequalities in Θ bind and the second inequality does not bind

resulting in

R0b =

 1 0 0

0 0 1
02×5

 .

Since the rows of RΓ are linearly dependent, we apply the Gauss-Jordan elimination to the

transpose of RΓ:

R′Γ =



03×5

1 −1 0 0 0

0 0 1 2 1

0 0 0 1 −1

0 0 1 1 2

0 0 −1 0 −3


Gauss-Jordan elimination−→


1 −1 0 0 0

0 0 1 0 3

0 0 0 1 −1

05×5

 ,

and conclude that the first, third, and fourth rows of RΓ constitute a row basis of RΓ.

Further, we get that

Γ =



1 0 0

−1 0 0

0 1 0

0 0 1

0 3 −1

05×5


, ηu =


θ∗4

θ∗5 + θ∗7 − θ∗8
2θ∗5 + θ∗6 + θ∗7

 ,
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and the inequalities below:

Γηu =



θ∗4

−θ∗4
θ∗5 + θ∗7 − θ∗8
2θ∗5 + θ∗6 + θ∗7

3 (θ∗5 + θ∗7 − θ∗8)− (2θ∗5 + θ∗6 + θ∗7)


≥



0

−1

0

0

0


.

The Null Asymptotic Distribution of Tn (R0, r0) Under Drifting Sequences and the Testing

Procedure

We consider the drifting model parameters (ηun, πn, ξn), where πn and ξn are defined in the

same way as in Section 2.4.2. Since the nuisance parameters ηu satisfy inequalities in (2.18),

we consider local sequences ηun such that

c = lim
n→∞

√
n (Γηun − rΓ) ∈ RlΓ

≥0.

Let

Ψ = Ψ (c, πω) ≡ arg min
ψ

[Mω (ψ;λ) + φω (ψ)] ,

where Mω (ψ;λ) is defined in (2.15) and

φω (ψ) =

0, if R0bψ ≥ 0 and RΓψ + c ≥ 0

∞, otherwise

.

Lemma 2.4.2. Under H0 and (ηun, πn, ξn) defined above, if Assumptions 2.3.1, 2.4.1, and

2.4.2 hold, then the asymptotic distribution of Tn (R0, r0) is given by (R0Ψ)′ (R0ΣωR
′
0)−1 (R0Ψ).

The null asymptotic distribution of Tn (R0, r0) stated in Lemma 2.4.2 suggests the fol-

lowing procedure for computing the critical value of our test.

Step 1. (i) Consistently estimate πω using the constrained estimator θ̃, denoted as π̂;

(ii) Construct confidence sets for
√
n (Γηun − rΓ). By definition, ηun = Ru

Γθn. Denote θ̂OLS

as the OLS estimator of θn. Since
√
n
(
θ̂OLS − θn

)
d→ N (0,Λ) for some covariance matrix
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Λ, it holds that
√
n
(
Ru

Γθ̂OLS − ηun
)

d−→ Z (Λ) ∼ N (0, Ru
ΓΛRu′

Γ ) .

The confidence set Iτ (ηun) for ηun is obtained as Ru
Γθ̂OLS− 1√

n
ESΛ̂ (τ), where ESΛ (τ) is the set

such that Pr (Z (Λ) ∈ ESΛ (τ)) = 1− τ and Λ̂ is a consistent estimator of Λ. The confidence

set Iτ for
√
n (Γηun − rΓ) is calculated as

Iτ =
{
ς ∈ RlΓ

≥0 : ς =
√
n (Γι− rΓ) , ι ∈ Iτ (ηun)

}
.

To ensure that Iτ is non-empty, ESΛ (τ) may not be equal-tailed.

Step 2. Compute the ϑ level Bonferroni critical value CV b
n for some 0 < τ < ϑ as

CV b
n (ϑ, τ) ≡ sup

c∈Iϑ−τ
Cc,π̂ (1− τ) ,

where Cc,πω (1− τ) is the (1− τ)th quantile of (R0Ψ)′ (R0ΣωR
′
0)−1 (R0Ψ) given (c, πω). For

any given (c, πω), the distribution (R0Ψ)′ (R0ΣωR
′
0)−1 (R0Ψ) may not have a closed form

expression but can be simulated.

The following theorem shows that the test is asymptotic uniformly valid.

Theorem 2.4.1. For some ϑ ∈ (0, 1), assume that (R0Ψ)′ (R0ΣωR
′
0)−1 (R0Ψ) is continuous

at Cc,πω (1− ϑ) for all (c, πω) ∈ RlΓ
≥0×Π. Under Assumptions 2.3.1, 2.4.1, and 2.4.2, it holds

that AsySz
(
Tn (R0, r0) , CV b

n (ϑ, τ)
)
≤ ϑ.

2.5 A Simulation Study

In this section, we report results from a simulation study designed to (i) compare the finite

sample performance of three estimators θ̂, θ̃, and θ̂OLS measured by the mean squared error

(MSE), where θ̂OLS denotes the OLS estimator; (ii) examine the size performance of our test

referred to as the Uniform Test, and compare it with Wald test based on OLS referred to

as the OLS test and a hybrid test for which the test statistic is the same as our test but

the critical value is that of the OLS test. We note that the hybrid test is valid when all the

parameter values are in the interior; otherwise it may not be valid.
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2.5.1 Simulation Design

We generate data from the following IA-CR model with one covariate:

midY = α∗mmidX + α∗ssprX + mid∆ and

sprY = β∗m |midX|+ β∗s sprX + spr∆,

where the random interval X is defined by midX ∼ N (0, 1), sprX ∼ χ2
1, and midX is

independent of sprX; the random generalized interval error ∆ is independent of X. We

consider four different DGPs: DGP1-DGP3 belong to model MG, where ∆ is a random

interval; and DGP4 does not belong to model MG.

It follows from Theorems 2.3.2 and 2.3.3 that the asymptotic distributions of the scaled

and centered estimators θ̂ and θ̃ are discontinuous with respect to the value of β∗. The

asymptotic distribution of θ̂ further depends on the tail behavior of the distribution of spr∆

through the value of κ. To cover all the possible situations displayed in the theorems, we

consider three different specifications of κ in DGP1-DGP3. In DGP4, the support of spr∆

includes negative values, so ∆ and Y are random generalized intervals. In DGP1-DGP4

below, mid∆ and spr∆ are independent of each other.

DGP1 mid∆ ∼ N (0, 1) and spr∆ ∼ Γ (2, 2) + 1. In this case, the distribution of spr∆

corresponds to the case when κ = +∞.

DGP1 A: (α∗m, α
∗
s, β

∗
m, β

∗
s ) = (1, 1, 1, 1); and DGP1 B: (α∗m, α

∗
s, β

∗
m, β

∗
s ) = (1, 0, 0, 1).

DGP2 mid∆ ∼ N (0, 1) and spr∆ ∼ Γ (2, 2). In this case, the distribution of spr∆ corre-

sponds to the case when κ ∈ (0,+∞).

DGP2 A: (α∗m, α
∗
s, β

∗
m, β

∗
s ) = (1, 1, 1, 1); and DGP2 B: (α∗m, α

∗
s, β

∗
m, β

∗
s ) = (1, 0, 0, 1).

DGP3 mid∆ ∼ N (0, 1) and spr∆ ∼ Γ (1, 2). The distribution of spr∆ corresponds to the

case when κ = 0.

DGP3 A: (α∗m, α
∗
s, β

∗
m, β

∗
s ) = (1, 1, 1, 1); and DGP3 B: (α∗m, α

∗
s, β

∗
m, β

∗
s ) = (1, 0, 0, 1).
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n
(
β̂, δ̂

) (
β̃, δ̃

) (
β̂, δ̂

)
OLS

n
(
β̂, δ̂

) (
β̃, δ̃

) (
β̂, δ̂

)
OLS

DGP1 A
100 0.485 0.556 0.565

DGP1 B
100 0.302 0.325 0.530

500 0.087 0.091 0.091 500 0.059 0.061 0.098
1000 0.057 0.057 0.057 1000 0.036 0.036 0.053

DGP2 A
100 0.361 0.548 0.556

DGP2 B
100 0.181 0.349 0.558

500 0.082 0.116 0.116 500 0.034 0.071 0.108
1000 0.037 0.050 0.050 1000 0.016 0.034 0.053

DGP3 A
100 0.189 0.277 0.277

DGP3 B
100 0.068 0.170 0.259

500 0.031 0.050 0.051 500 0.010 0.044 0.066
1000 0.018 0.028 0.028 1000 0.005 0.019 0.030

DGP4 A
100 N/A 0.257 0.261

DGP4 B
100 N/A 0.169 0.280

500 N/A 0.048 0.048 500 N/A 0.033 0.049
1000 N/A 0.026 0.026 1000 N/A 0.015 0.026

Table 2.1: MSE Comparison

DGP4 mid∆ ∼ N (0, 1) and spr∆ ∼ N (1, 4).

DGP4 A: (α∗m, α
∗
s, β

∗
m, β

∗
s ) = (1, 1, 1, 1); and DGP4 B: (α∗m, α

∗
s, β

∗
m, β

∗
s ) = (1, 0, 0, 1).

Within each DGP, the two models differ in the value of β∗ which is in the interior in model

A and at the boundary in model B. DGP1-DGP3 differ in the value of κ. Moreover within

each DGP in DGP1-DGP3, model B belongs to model M, where DGP1 B and DGP3 B are

considered in Blanco-Fernández et al. (2012), but the tail behavior of DGP2 B is not covered

in Blanco-Fernández et al. (2012). In DGP4, spr∆ has positive probability of being negative.

For DGPs 1-4, θ̃ and θ̂OLS are consistent estimators, whereas θ̂ is consistent only for DGPs

1-3.

2.5.2 MSE of the Estimators

We focus on the comparison between estimators for (β∗, δ∗) in terms of MSE for the afore-

mentioned data set configurations, since the major difference between the three estimators

lies in the constraints imposed in the minimization problem and the estimator vector for the

parameter (α∗, γ∗) is not affected by the constraints. The number of repetitions is 5000.

Table 2.1 compares the MSE between different models under different data configurations.
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For all cases considered, as the sample size increases, the MSE of each estimator decreases

and the most reduction in MSE occurs from n = 100 to n = 500. At any given sample size,

for model MG, which corresponds to DGP1-DPG3,
(
β̂, δ̂

)
is the most efficient estimator

among the three. More importantly, the fatter the tail distribution of spr∆ is, the more

efficient the estimator
(
β̂, δ̂

)
is compared to

(
β̃, δ̃

)
and

(
β̂, δ̂

)
OLS

. The distribution of

spr∆ verifies κ = +∞ in DGP1, which corresponds to a thin tailed distribution; the value

κ = 0 in DGP3 implies a fat tailed distribution. The tail distribution of spr∆ in DGP2 is in

the middle, such that κ ∈ (0,+∞). For DGP1, the estimator vector
(
β̂, δ̂

)
is slightly better

than
(
β̃, δ̃

)
when the sample size is small and the two are the same when the sample size

is large. On the other hand, the MSE for
(
β̂, δ̂

)
is smaller than

(
β̃, δ̃

)
in DGP2, especially

when β∗m = 0. This phenomenon is more pronounced in DGP3 when the tail distribution of

spr∆ is fat. The MSE for
(
β̂, δ̂

)
is almost half of that for

(
β̃, δ̃

)
in DGP3 A, and is less

than a quarter in DGP3 B. The constraint that sprYi − |Xi|′ β ≥ 0 for i = 1, . . . , n provides

little information on the parameter β when spr∆ has a relatively small probability of being

close to zero. During the computation of the minimization problem, the constraint almost

never binds in this case. On the other hand, if spr∆ is close to zero with a relatively high

probability, the constraint binds for some i ∈ 1, . . . , n. This improves the accuracy of the

estimator vector
(
β̂, δ̂

)
, because the true parameter vector satisfies the constraint. Section 3

provides more detailed discussion about the effect of the tail of the distribution of spr∆ on the

asymptotic property of
(
β̂, δ̂

)
. For the same reason, the MSEs for estimator vectors

(
β̃, δ̃

)
and

(
β̂, δ̂

)
OLS

in DGP1 A-DGP4 A are close to each other, whereas
(
β̃, δ̃

)
is significantly

more efficient than
(
β̂, δ̂

)
OLS

when some of the parameters are at the boundary, as in DGP1

B-DGP4 B. When the correct constraint binds during the estimation, the accuracy of the

constrained estimator improves.

2.5.3 Size of the Tests

We aim to study the size of the test presented in Section 2.4 when the null hypothesis involves

range regression and the nuisance parameters are either at the discontinuity point or not.
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For each DGP, we consider testing model A against model B, i.e., testing H0 : (α∗s, β
∗
m) = 0

against H1 : (α∗s, β
∗
m) 6= 0 under the maintained hypothesis that (β∗′, δ∗) ≥ 0 using one of the

three tests stated at the beginning of this section. They are the test in Section 2.4.1 denoted

as Uniform Test, the test based upon OLS estimators denoted as OLS Test, and Hybrid Test

which uses the statistic Tn but the critical value of the OLS Test. The test statistic for the

OLS Test takes the same form as (2.16) with
(
α̃′s, β̃

′
m

)
replaced by

(
α̂′s,OLS, β̂

′
m,OLS

)
. Because

the critical value in the Uniform Test is computationally costly, the Hybrid Test is included

in the study to examine finite sample properties of the test based upon Tn and incorrect but

simple critical value. For the Uniform and Hybrid Test, Σn equals to an estimator of P−1
xx 0

0 Q−1
xx

Λ

 P−1
xx 0

0 Q−1
xx


using θ̃, while Σn for the OLS test is calculated with θ̂OLS. When implementing Uniform

Test, the confidence set Iτ for c is based on the result that

ĉ− c =
√
n
(
β̂s,OLS − βs,n, δ̂OLS − δn

)′ d−→ Z2,

where Z2 is a bivariate Normal distribution with a consistently estimable variance. The

Bonferroni CV b
n (ϑ, τ) for some 0 < τ < ϑ is defined in (2.17). Following Romano et al.

(2014) and McCloskey (2017), the tuning parameter τ is set as ϑ − ϑ/10. The number of

repetitions is 1000. We refer interested readers to Romano et al. (2014) and McCloskey

(2017) for a general discussion of the choice of τ .

In Table 2.2, we report size performance of each test. For DGP1-DGP3, Uniform Test has

more accurate size than OLS Test, whereas the Hybrid Test has the worst size performance.

The asymptotic distribution of the test statistic for the OLS Test does not approximate the

finite sample distribution well when the true distribution of the error is skewed. On the

contrary, the test statistic in Uniform Test makes use of the constrained estimator, whose

limiting distribution is truncated Gaussian. This alleviates the skewness issue and improves

the finite sample performance of the test. Even in DGP4, where the distributions are indeed
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n = 500 n = 1000 n = 5000
Size Uniform OLS Hybrid Uniform OLS Hybrid Uniform OLS Hybrid

DGP 1
10% 8.4 3.8 3.2 8.6 4 3.8 8.8 7.0 4.8
5% 3.4 2.3 1.7 3.7 2.8 1.6 4.0 3.7 2.2
1% 0.3 0.3 0.1 0.8 0.4 0.1 0.9 0.6 0.3

n = 500 n = 1000 n = 5000
Size Uniform OLS Hybrid Uniform OLS Hybrid Uniform OLS Hybrid

DGP 2
10% 8.1 4.3 3.6 8.4 4.3 3.7 8.7 6.9 4.0
5% 3.4 2.8 1.2 3.7 2.9 1.5 4.3 3.6 2.1
1% 0.5 0.2 0.2 0.7 0.3 0.2 0.8 0.6 0.3

n = 500 n = 1000 n = 5000
Size Uniform OLS Hybrid Uniform OLS Hybrid Uniform OLS Hybrid

DGP 3
10% 7.9 5.3 3.1 8.2 5.7 3.7 8.7 7.4 4.9
5% 3.2 3.0 1.2 3.5 3.1 1.4 4.4 3.9 2.1
1% 0.5 0.4 0.1 0.7 0.5 0.2 0.8 0.7 0.3

n = 500 n = 1000 n = 5000
Size Uniform OLS Hybrid Uniform OLS Hybrid Uniform OLS Hybrid

DGP 4
10% 8.9 9.0 3.8 8.9 9.1 4.7 9.0 9.2 8.1
5% 4.2 4.1 1.6 4.2 4.2 2.0 4.4 4.5 2.2
1% 0.7 0.8 0.2 0.8 0.8 0.2 0.9 0.9 0.4

Table 2.2: Size Performance-Reject Percentage

Gaussian, Uniform Test has comparable size performance to OLS test.

2.6 Concluding Remarks

We have made several contributions in this paper. First, we have proposed a flexible model,

i.e., the GIA-CR model for random intervals via the generalized interval arithmetic approach

and a constrained estimator of parameters in the GIA-CR model. As a special member of

the Generalized model, the IA-CR model extends and overcomes the drawbacks of both

model MG and the CR model. Second, as a measure of goodness-of-fit, we have extended the

coefficient of determination for multiple linear regressions to our GIA-CR model for random

intervals. Third, we have developed asymptotically uniformly valid tests for linear hypotheses

in the GIA-CR model including a test for the correct specification of the CR model against

the IA-CR model. Fourth, we have conducted a simulation study to examine the finite
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sample performance of our estimator and test. As a separate contribution to the current

literature on interval arithmetic approach to modeling interval data, we have established the

asymptotic distribution of the constrained estimator of model MG.
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Ann. Inst. H. Poincaré, 10, 215–310.
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Körner, R. and W. Näther (2002): “On the Variance of Random Fuzzy Variables,” in
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Appendix A

WALD, QLR, AND SCORE TESTS WHEN PARAMETERS
ARE SUBJECT TO LINEAR INEQUALITY CONSTRAINTS

A.1 Technical Proofs

We introduce several notations and definitions that will be used to prove Lemma 2.4.1.

Decompose θ into three parts: θ ≡ (θ′1, θ
′
2)′ ≡

(
θ′1,b, θ

′
1,nb, θ

′
2

)′
, where θ1,b ∈ RJb , θ1,nb ∈ RJ−Jb

and θ2 ∈ Rl−J . Under H0, we have θ∗1 = r ≡ (0′, r′nb)
′. For Θ =

{
θ ∈ Rl : θ ≥ 0

}
and

θn =
(
r′, θ′2,n

)′ ∈ Rl
≥0,

bn (Θ− θn) =
{
θ ∈ Rl : θ1,b ≥ 0, θ1,nb + bnrnb ≥ 0 and θ2 + bnθ2,n ≥ 0

}
.

With limn→∞ bnθ2,n = c ∈ Rl−J
≥0 , let cF ∈ RlF

≥0 be the subvector of c such that

cF contains all the finite elements of c and Υ ∈ RlF×(l−J) be the matrix such that

Υc = cF . Define two sets: Λn ≡
{
θ ∈ Rl : θ1,b ≥ 0 and Υθ2 + Υbnθ2,n ≥ 0

}
and Λ ≡{

θ ∈ Rl : θ1,b ≥ 0 and Υθ2 + Υc ≥ 0
}

. Since the inequality a + (+∞) ≥ 0 holds for any

a ∈ R, Λ can be alternatively rewritten as Λ =
{
θ ∈ Rl : θ1,b ≥ 0 and θ2 + c ≥ 0

}
. For

any set Γ ⊂ Rl and z ∈ Rl, define dist (z, Γ ) ≡ infλ∈Γ ‖z − λ‖, and distn (z, Γ ) ≡

infλ∈Γ
(
(z − λ)′Tn (z − λ)

)1/2
.

Proof of Lemma 1.4.1: From Lemma 1.2.1, we have bn

(
θ̂ − θ∗

)
d→ Ψ. By the definition

of Wn and Assumption 1.4.1, the result of the lemma follows.

Lemma A.1.1. If Zn = Op (1) and Assumption 1.4.3 holds, then

inf
λ∈bn(Θ−θn)

qn (λ) = inf
λ∈Λn

qn (λ) + op (1) .

Proof: By definition, bn (Θ− θn) is contained in Λn. Since qn (·) takes a quadratic form and
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Λn is closed, there exists λn ∈ Λn such that arg infλ∈Λn qn (λ) = qn (λn). For any give δ, we

have

Pr

(∣∣∣∣ inf
λ∈bn(Θ−θn)

qn (λ)− inf
λ∈Λn

qn (λ)

∣∣∣∣ > δ

)
≤ Pr

(
inf

λ∈bn(Θ−θn)
qn (λ) 6= inf

λ∈Λn
qn (λ)

)
≤ Pr (λn ∈ Λn\bn (Θ− θn)) .

Thus, it suffices to show that Pr (λn ∈ Λn\bn (Θ− θn))→ 0. Let cI ∈ RlI
≥0 be the subvector

of c such that cI contains all the infinite elements of c and ΥI ∈ RlI×(l−J) be the matrix such

that ΥIc = cI . By definition,

Λn\bn (Θ− θn) =
{
θ ∈ Rl : θ1,b ≥ 0, Υθ2 + Υbnθ2,n ≥ 0,

θ1,nb < −bnrnb and ΥIθ2 < −ΥIbnθ2,n} ,

where each element in −bnrnb and −ΥIbnθ2,n goes to negative infinity when n → ∞.

Since Zn = Op (1), for any ε > 0 there exists some M < ∞ and N , such that for

∀n > N , Pr
(
dist2

n (Zn, {0}) > M
)
< ε. There exists NΘ, such that for n > NΘ, we have

dist2
n (λ, {0}) > 2M for any λ ∈ Λn\bn (Θ− θn). Therefore, for n > max (NΘ, N),

Pr
[
dist2

n (Zn, {0}) > dist2
n (Zn,Λn\bn (Θ− θn))

]
≤ Pr

[
dist2

n (Zn, {0}) > M
]
< ε.

Since {0} ∈ bn (Θ− θn), we have

Pr [λn ∈ Λn\bn (Θ− θn)] ≤ Pr
[
dist2

n (Zn, {0}) > dist2
n (Zn,Λn\bn (Θ− θn))

]
< ε

for sufficiently large n. We conclude the lemma because ε is arbitrary.

Lemma A.1.2. For any ωn ∈ W0, if Assumptions 1.4.2-1.4.4 hold, then

qn

(
bn

(
θ̂ − θn

))
= inf

λ∈bn(Θ−θn)
qn (λ) + op (1) .

Proof: By the definition of the drifting sequence, θn → θω as n → ∞. Assumption 1.4.4

implies that θ̂ − θω =
(
θ̂ − θn

)
+ (θn − θω) = op (1). Together with Assumption 1.4.2, we
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obtain that

ln

(
θ̂
)

= ln (θn) +
1

2
Z ′nTnZn −

1

2
qn

(
bn

(
θ̂ − θn

))
+ op (1) . (A.1)

Let θ̂q ∈ Θ be the approximate minimizer of qn (bn (θ − θn)), such that

qn

(
bn

(
θ̂q − θn

))
= inf

θ∈Θ
qn (bn (θ − θn)) + op (1)

= inf
λ∈bn(Θ−θn)

qn (λ) + op (1) . (A.2)

Since θn ∈ Θ, it holds that∥∥∥T 1/2
n bn

(
θ̂q − θn

)
−T 1/2

n Zn

∥∥∥ = qn

(
bn

(
θ̂q − θn

))
≤ qn (0) + op (1)

= Z ′nTnZn + op (1) = Op (1) .

By the triangle inequality and Assumption 1.4.3, we have∥∥∥T 1/2
n bn

(
θ̂q − θn

)∥∥∥ ≤ ∥∥∥T 1/2
n bn

(
θ̂q − θn

)
−T 1/2

n Zn

∥∥∥+
∥∥T 1/2

n Zn
∥∥ = Op (1) .

Together with T being non-singular with probability one, we obtain bn

(
θ̂q − θn

)
= Op (1).

The same argument applies and we have

ln

(
θ̂q

)
= ln (θn) +

1

2
Z ′nTnZn −

1

2
qn

(
bn

(
θ̂q − θn

))
+ op (1) . (A.3)

Combing Equation (A.1) and (A.3), and the definitions of θ̂ and θ̂p in Equation (1.2) and

(A.2), it holds that

op (1) ≤ ln

(
θ̂
)
− ln

(
θ̂q

)
=

1

2
qn

(
bn

(
θ̂q − θn

))
− 1

2
qn

(
bn

(
θ̂ − θn

))
+ op (1) ≤ op (1) .

The lemma holds by applying the definition of θ̂p.

Lemma A.1.3. For any ωn ∈ W0, if Assumption 1.4.3 hold, then

inf
λ∈bn(Θ−θn)

qn (λ) = inf
λ∈Λ

qn (λ) + op (1) .

Proof: By the definition of the quadratic function, it holds that infλ∈bn(Θ−θn) qn (λ) =
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dist2
n (Zn, bn (Θ− θn)) and infλ∈Λ qn (λ) = dist2

n (Zn,Λ). Since Zn = Op (1) by Assump-

tion 1.2.2, Lemma A.1.1 provides that dist2
n (Zn, bn (Θ− θn)) = dist2

n (Zn,Λn)+op (1). There

exists some λn ∈ Λn such that distn (Zn,Λn) = distn (Zn, {λn}) + op (1). Since Λn is a trans-

lation of Λ: Λn = Λ + (Υc−Υbnθ2,n), the Hausdorff distance between Λn and Λ, denoted

as dH (Λn,Λ), satisfies the inequality dH (Λn,Λ) ≤ ‖Υbnθ2,n −Υc‖. By the definition of c,

‖Υbnθ2,n −Υc‖ → 0 as n → ∞. Therefore, we have dist (λn,Λ) = o (1). Further with As-

sumption 1.4.3 on Tn, we have distn (λn,Λ) = op (1). Define λΛ analogously with Λn replaced

by Λ, it holds that distn (λΛ,Λn) = op (1), following the same argument.

By the triangle inequality, we have

distn (Zn,Λ)− distn (Zn,Λn) ≤ distn (Zn, {λn}) + distn (λn,Λ)− distn (Zn,Λn)

= distn (λn,Λ) + op (1) = op (1) .

Similarly, we have distn (Zn,Λn) − distn (Zn,Λ) ≤ op (1). Therefore, distn (Zn,Λn) −

distn (Zn,Λ) = op (1), and the lemma follows.

Lemma A.1.4. Let λ̂ be the minimizer of qn (λ) over Λ: qn

(
λ̂
)

= minλ∈Λ qn (λ). If As-

sumption 1.4.2-1.4.4 hold, then bn

(
θ̂ − θn

)
= λ̂+ op (1).

Proof: Let λ∗ ∈ Λ be such that
∥∥∥bn (θ̂ − θn)− λ∗∥∥∥ =

−→
d H

(
bn

(
θ̂ − θn

)
,Λ
)

. Since Λ is a

convex cone, λ∗ is unique by Perlman (1969). Moreover, the closeness of Λ and the quadratic

form of qn (·) provide that λ̂ is well defined. By the argument in the proof of Lemma A.1.3,

dH (Λn,Λ) = o (1). It holds that∥∥∥bn (θ̂ − θn)− λ∗∥∥∥ = dist
(
bn

(
θ̂ − θn

)
,Λ
)

= o (1) ,

because bn

(
θ̂ − θn

)
∈ bn (Θ− θn) ⊆ Λn. It remains to show that

∥∥∥λ∗ − λ̂∥∥∥ = op (1). The

rest follows from the analogous argument in the proof for Theorem 2 in Andrews (1997). All

the required conditions are provided in Assumptions 1.4.2-1.4.4, Lemma A.1.2 and A.1.3.
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Proof of Lemma 2.4.1: Since Λ is convex and closed, we can write λ̂ defined in

Lemma A.1.4 as λ̂ = minλ∈Λ qn (λ) ≡ h (b−1
n Dln (θn) ,Tn). By Assumption A.1.4,

(b−1
n Dln (θn) ,Tn)

d→ (Gω,Tω) for any drifting parameter sequences ωn ∈ W0 with limit

ω ∈ W0. The continuity of h (·, ·) with respect to the two arguments implies that

λ̂ = h
(
b−1
n Dln (θn) ,Tn

) d→ h (Gω,Tω) = arg min
λ∈Λ

(
λ−T −1

ω Gω

)′
Tω

(
λ−T −1

ω Gω

)
.

Applying Lemma A.1.4, we obtain that

bn

(
θ̂ − θn

)
d→ arg min

λ∈Λ

(
λ−T −1

ω Gω

)′
Tω

(
λ−T −1

ω Gω

)
= arg min

λ∈Λ
qω (λ) = arg min

λ
[qω (λ) + φω (λ)] .

If further Assumption 1.4.5 holds, then Wn
d→ (RΨW,ω)′ (RΣωR

′)−1 (RΨω) by the continuous

mapping theorem.

Proof of Theorem 1.4.1: We prove the theorem by verifying assumptions in McCloskey

(2017). Notice that the distribution (RΨω)′ (RΣW,ωR
′)−1 (RΨω) is finite with probability 1

for all c ∈ Rl−J
≥0 and πW,ω ∈ ΠW . Assumptions PS, Sel, and Inf in McCloskey (2017) is

trivially satisfied. By the expression in Lemma 2.4.1, CWc,πW,ω (1− α) is continuous in c and

πW,ω. Together with the assumption in Theorem 1.4.1, Assumption Cont in McCloskey (2017)

is satisfied. Let Assumption DS in McCloskey (2017) hold for c̃
d→ c + T −1

2,ω G2,ω. For any

ω ∈ W0, the confidence set ẼS (τ) satisfies that limn→∞ Prω

(
T −1

2,ω G2,ω ∈ ẼS (τ)
)
≥ 1 − τ .

This and the fact that c ∈ Rl−J
≥0 imply that limn→∞ Prω

(
c ∈ Ĩτ

)
≥ 1 − τ , which fulfills

Assumption CS in McCloskey (2017). It suffices to prove that Assumption DS in McCloskey

(2017) is satisfied.

Lemma 2.4.1 provides that the asymptotic distribution of the test statistic Wn is

(RΨω)′ (RΣW,ωR
′)−1 (RΨω) under the full parameter sequence (ηun, πW,n, ξn). Since θ̃2 is an

unconstrained estimator by definition, its asymptotic distribution can be obtained by apply-

ing Lemma 2.4.1 with qω (λ) =
(
λ−T −1

2,ω G2,ω

)′
T2,ω

(
λ−T −1

2,ω G2,ω

)
and φω (λ) = 0 for λ ∈
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Rl−J . Therefore, bn

(
θ̃2 − θ2,n

)
= c̃ − bnθ2,n

d→ T −1
2,ω G2,ω and c̃

d→ c + T −1
2,ω G2,ω for any

parameter sequences ωn ∈ W0. We follow Lemma 2.1 in Andrews et al. (2011) to establish

the equivalence of results under full sequences and subsequences provided that Assumption

B2 in Andrews et al. (2011) holds. Therefore, the goal is to show that for any subsequence

there exists a full sequence that has the same limit (possibly infinity) and has its subse-

quence equal to the original one. Denote the subsequence as
{
ηupn , πW,pn : n ≥ 1

}
such that(√

pnη
u
pn , πW,pn

)
→ (c, πW,ω). We aim to construct a full sequence

{
ηu?n , π

?
W,n : n ≥ 1

}
sat-

isfying that
(√

nηu?n , π
?
W,n

)
→ (c, πW,ω) and

(
ηu?n , π

?
W,n

)
=
(
ηupn , πW,pn

)
, ∀n ≥ 1. To clarify

the notation, let the full sequence be indexed by l:
{
ηu?l , π

?
W,l : l ≥ 1

}
. For ∀l = pn, define(

ηu?l , π
?
W,l

)
=
(
ηupn , πW,pn

)
; and for ∀l ∈ (pn, pn+1), define

θ?j+J,l =


√
pnθj+J,pn√

l
, if

√
pnθj+J,pn → cj ∈ R≥0

θj+J,pn , if
√
pnθj+J,pn → +∞

for j = 1, . . . , l− J and π?W,l = πW,pn . It is trivial that the constructed full sequence satisfies

the second requirement that
(
ηu?pn , π

?
W,pn

)
=
(
ηupn , πW,pn

)
for ∀n ≥ 1. To see that the first

requirement is also satisfied, please refer to page 225-226 in Cheng (2015) for a detailed

derivation.

Proof of Theorem 1.4.2: It holds that θ̂1− r = θ̂1− θ∗1 + θ∗1 − r, with θ̂1− θ∗1 = op (1) by

Assumption 1.2.3 and θ∗1−r 6= 0 by H1. Since RΣWR
′ is positive definite with probability one

by Assumption 1.4.1, (RΣWR
′)−1 is also positive definite with probability one. Therefore,

it holds that b−2
n Wn

p→ (θ∗1 − r)
′ (RΣWR

′)−1 (θ∗1 − r) > 0 and Wn diverges to infinity when n

goes to infinity with probability one. It remains to show that CV W
n (α, τ) = Op (1). For any

c ≥ 0 in Lemma 2.4.1 and any πW,ω ∈ ΠW , we have

∥∥T 1/2
ω Ψω −T 1/2

ω Zω
∥∥ = qω (Ψω) ≤ qn (0) = Z ′ωTωZω = Op (1) .
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The triangular inequality implies that

∥∥T 1/2
ω Ψω

∥∥ ≤ ∥∥T 1/2
ω Ψω −T 1/2

ω Zω
∥∥+

∥∥T 1/2
ω Zω

∥∥ = Op (1) .

Since Tω is symmetric and non-singular with probability one, it’s eigenvalue is not zero.

Therefore, it holds that ‖Ψω‖ = Op (1) and (RΨω)′ (RΣW,ωR
′)−1 (RΨω) = Op (1). Assume

that the sup in Definition (2.17) is achieved at ĉ ∈ Ĩα−τ , where Ĩα−τ is the closure of Ĩα−τ ,

and CV W
n (α, τ) = CWĉ,π̂W (1− τ). Since ĉ ≥ 0 for any n, we conclude that for τ > 0,

CV W
n (α, τ) = Op (1).

Lemma A.1.5. For Rnb
w defined in Section 1.3.1, there exists some ε > 0, such that Rnb

w θ >

rnbw + ε for all θ ∈ Θ0.

Proof: Assume the contrary. Then there must exist a sequence
(
Rnb
w θ
)
m
∈ Rnb

w Θ0 such

that
(
Rnb
w θ
)
m
≤ rnbw + εm for εm ≡ 1

m
. By the definition of Rnb

w , it holds that
(
Rnb
w θ
)
m
>

rnbw . Therefore, the converging subsequence of
(
Rnb
w θ
)
m

, denoted as
(
Rnb
w θ
)
km

, satisfies that

rnbw <
(
Rnb
w θ
)
km
≤ rnbw +εkm with the limm→∞

(
Rnb
w θ
)
km

= rnbw , because limm→∞ εm = 0. Since

the set Θ0 is closed by definition, so is Rnb
w Θ0. Therefore, there exists some Rnb

w θ
? ∈ Rnb

w Θ0

such that Rnb
w θ

? = rnbw . However, this contradicts with the definition of Rnb
w . Therefore, the

ε in the lemma always exists.

Proof of Lemma 1.4.3: For c defined in (1.12), let cF ∈ RlF
≥0 be the subvector of c such

that cF contains all the finite elements of c and Υ ∈ RlF×lu be the matrix such that Υc = cF .

Define Λn and Λ as

Λn ≡
{
θ ∈ Rl : Reθ = 0, Rb

wθ ≥ 0 and ΥRu
wθ + Υ (Ru

wθn − ruw) ≥ 0
}

and

Λ ≡
{
θ ∈ Rl : Reθ = 0, Rb

wθ ≥ 0 and ΥRu
wθ + Υc ≥ 0

}
=
{
θ ∈ Rl : Reθ = 0, Rb

wθ ≥ 0 and Ru
wθ + c ≥ 0

}
.

It suffices to show that Λn, Λ and bn (Θ− θn) satisfy Lemmas A.1.1-A.1.4.

Decompose Rwθ ≥ bn (rw −Rwθn) based the procedure in Section 1.3.1; define rnbw and
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rbw as the corresponding subvector of rw. We obtain that

bn (Θ− θn) =
{
θ ∈ Rl : Reθ = bn (re −Reθn) ,Rwθ ≥ bn (rw −Rwθn)

}
=

{
θ ∈ Rl : Reθ = bn (re −Reθn) ,Rnb

w θ ≥ bn
(
rnbw −Rnb

w θn
)
,

Rb
wθ ≥ bn

(
rbw −Rb

wθn
)
,Ru

wθ ≥ bn (ruw −Ru
wθn)

}
.

By incorporating the information in Θ0, bn (Θ− θn) can be further simplified. Since θn ∈ Θ,

we have Reθn = re; by the definition of the implicit equality, it holds that Rb
wθn = rbw for

any θn ∈ Θ0. By Lemma A.1.5, there exists some ε > 0, such that Rnb
w θn > rnbw + ε for all

θn ∈ Θ0. Thus bn
(
rnbw −Rnb

w θn
)
< −bnε, where −bnε goes to negative infinity when n→∞.

Since θn = Γθf,n + γ, we have

lim
n→∞

bn (Ru
wθn − ruw) = lim

n→∞
bn (Ru

w (Γθf,n + γ)− ruw)

= lim
n→∞

bn (Ru
wΓθf,n − (ruw −Ru

wγ))

= lim
n→∞

bn
(
Γuηkn − (ruw −Ru

wγ)
)

= c.

Thus, we have identified the equality constraints, binding inequality constraints, non-binding

inequality constraints and undetermined inequality constraints with the associated limits.

The same derivation in Lemmas A.1.1-A.1.4 applies to bn (Θ− θn), Λn and Λ. The claimed

result follows.

Proof of Theorem 1.4.3: The proof is the same as the one of Theorem 1.4.1.

Proof of Theorem 1.4.4: The proof is similar to the one of Theorem 4.2. Since Rθ̂−r p→

Rθ∗−r 6= 0 and RΣWR
′ is positive definite with probability one by Assumption 1.4.1, we have

b−2
n Wn

p→ (Rθ∗ − r)′ (RΣWR
′)−1 (Rθ∗ − r) > 0 and Wn diverges to infinity with probability

one. Since CV W
n (α, τ) = Op (1) by the same argument in the proof of Theorem 1.4.2, the

theorem holds.
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Proof of Lemma 1.5.1: The proof follows from Theorem 2 in Andrews (1999) and The-

orem 1 and Theorem 3 in Andrews (2001). By Assumptions 1.2.1, 1.2.3 and 1.5.1, and

Theorem 2 in Andrews (1999), we have

−2
(
ln

(
θ̂0

)
− ln

(
θ̂
))

= qn

(
bn

(
θ̂0 − θ∗

))
− qn

(
bn

(
θ̂ − θ∗

))
+ op (1)

= inf
θ∈Θ0

qn (bn (θ − θ∗))− inf
θ∈Θ

qn (bn (θ − θ∗)) + op (1) .

Assumption 1.2.2, Theorem 1 and Theorem 3 in Andrews (2001) provide that

−2
(
ln

(
θ̂0

)
− ln

(
θ̂
))

d→ min
λ∈Λ0

q (λ)−min
λ∈Λ

q (λ) ,

where Λ0 and Λ correspond to the set where φ0 (λ) and φ (λ) are finite. The lemma then

follows.

Proof of Lemma 1.5.2: By Assumptions refAssump::Quadratic Expansion 1-Local, 1.4.4

and 1.5.2, and Theorem 2 in Andrews (1999), it holds that

−2
(
ln

(
θ̂0

)
− ln

(
θ̂
))

= qn

(
bn

(
θ̂0 − θn

))
− qn

(
bn

(
θ̂ − θn

))
+ op (1)

= inf
θ∈Θ0

qn (bn (θ − θn))− inf
θ∈Θ

qn (bn (θ − θn)) + op (1) ,

under any ωn ∈ W0. Applying the same argument in proof of Lemma 1.4.3 to bn (Θ− θn)

and similar argument to bn (Θ0 − θn), we obtain that

Λ =
{
θ ∈ Rl : Reθ = 0, Rb

wθ ≥ 0 and Ru
wθ + c ≥ 0

}
, and

Λ0 =
{
θ ∈ Rl :

(
R′,R ′e,R

b′
w

)′
θ = 0 and Ru

wθ + c ≥ 0
}
.

The rest of proof follows from Theorem 1 and Theorem 3 in Andrews (2001) and Assumption

1.4.3. We obtain that −2
(
ln

(
θ̂0

)
− ln

(
θ̂
))

d→ minλ∈Λ0 q (λ)−minλ∈Λ q (λ), and the lemma

follows.
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Proof of Theorem 1.5.1: The proof is similar to the proofs of Theorems 1.4.1 and 1.4.3,

with the asymptotic distribution of QLRn under ωn ∈ W0 being provided in Lemma 1.4.3.

Proof of Theorem 1.5.2: Assumptions 1.2.3 and 1.5.1 imply that θ̂
p→ θ∗ and θ̂0

p→ θ∗0

under H1. By Assumptions 1.2.1 and 1.2.2, we obtain that ln (·) is continuous at θ∗. Together

with the assumption on the continuity of ln (·) at θ∗0, continuous mapping theorem provides

that b−2
n

(
ln

(
θ̂0

)
− ln

(
θ̂
))

p→ ς > 0. Therefore, −2
(
ln

(
θ̂0

)
− ln

(
θ̂
))

diverges to positive

infinity as n → ∞. We now prove that CV Q
n = Op (1) to conclude the theorem. For any

c ≥ 0 in Lemma 1.5.2 and any πQ,ω ∈ ΠQ, we have∣∣∣min
λ

[qω (λ) + φ0,ω (λ)]−min
λ

[qω (λ) + φω (λ)]
∣∣∣

= min
λ

[qω (λ) + φ0,ω (λ)]−min
λ

[qω (λ) + φω (λ)]

≤ min
λ

[qω (λ) + φ0,ω (λ)] ≤ qω (0) = Op (1) ,

where the first inequality is due to the quadratic form of qω (λ), and the second inequality

holds because φ0,ω (0) = 0. Assume that the sup in the definition of CV Q
n (α, τ) is achieved

at ĉ ∈ Ĩα−τ . When Ĩα−τ is open, ĉ belongs to the closure of Ĩα−τ . Since ĉ ≥ 0 for any n, we

conclude that for τ > 0, CV Q
n (α, τ) = CQĉ,π̂Q (1− τ) = Op (1).

Proof of Lemma 1.6.1: Applying Equation (1.5), we obtain that

b−1
n Dln

(
θ̂0

)
= b−1

n Dln (θ∗) + b−1
n D2ln (θ∗)

(
θ̂0 − θ∗

)
+ b−1

n RD
n

(
θ̂0

)
.

Assumptions 1.2.2 and 1.5.1 imply that b−1
n Dln (θ∗) = Op (1) and

b−1
n D2ln (θ∗)

(
θ̂0 − θ∗

)
= b−2

n D2ln (θ∗) bn

(
θ̂0 − θ∗

)
= Op (1) .

Since bn

(
θ̂0 − θ∗

)
= Op (1) by Assumption 1.5.1, for any ε1 > 0, there exists some κ < ∞

such that Pr
(∥∥∥bn (θ̂0 − θ∗

)∥∥∥ ≥ κ
)
< ε1 when n is sufficiently large. By Assumption 1.6.1

(i), for any δ > 0 and ε2 > 0, Pr
(
supθ∈Θ:‖bn(θ−θ∗)‖<κ

∣∣b−1
n RD

n (θ)
∣∣ > δ

)
< ε2 for n sufficiently
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large. Thus, for any δ > 0, it holds that

Pr
(∣∣∣b−1

n RD
n

(
θ̂0

)∣∣∣ > δ
)

≤ Pr
(∣∣∣b−1

n RD
n

(
θ̂0

)∣∣∣ > δ and
∥∥∥bn (θ̂0 − θ∗

)∥∥∥ < κ
)

+ Pr
(∥∥∥bn (θ̂0 − θ∗

)∥∥∥ ≥ κ
)

≤ Pr

(
sup

θ∈Θ:‖bn(θ−θ∗)‖<κ

∣∣b−1
n RD

n (θ)
∣∣ > δ

)
+ Pr

(∥∥∥bn (θ̂0 − θ∗
)∥∥∥ ≥ κ

)
≤ ε2 + ε1,

where ε1 and ε2 are both arbitrary. We obtain that b−1
n RD

n

(
θ̂0

)
= op (1). Therefore,

b−1
n Dln

(
θ̂0

)
= Op (1) and T̂ −1

n b−1
n Dln

(
θ̂0

)
= T −1

n b−1
n Dln

(
θ̂0

)
+op (1) by Assumption 1.6.1

(b) and Tn
d→ T for T being non-singular with probability one by Assumption 1.2.2. The

definition of θ̂0 implies that Rθ̂0 = r. Therefore, it holds that

RT̂ −1
n b−1

n Dln

(
θ̂0

)
= RT −1

n b−1
n Dln

(
θ̂0

)
+ op (1)

= R
(
T −1
n b−1

n Dln (θ∗) + T −1
n b−1

n D2ln (θ∗)
(
θ̂0 − θ∗

)
+ T −1

n b−1
n RD

n

(
θ̂0

))
+ op (1)

= RT −1
n b−1

n Dln (θ∗)− bnR
(
θ̂0 − θ∗

)
+ op (1)

= RT −1
n b−1

n Dln (θ∗) + op (1) , (A.4)

where the second to last equality comes from the definition of Tn. Since we have that(
RT̂ −1

n R′
)−1/2

RT̂ −1
n b−1

n Dln

(
θ̂0

)
= Op (1) by Assumption 1.2.2 and 1.6.1, we obtain that

ds = Op (1) by the following result:∥∥∥∥(RT̂ −1
n R′

)−1/2

ds−
(
RT̂ −1

n R′
)−1/2

RT̂ −1
n b−1

n Dln

(
θ̂0

)∥∥∥∥
=

(
ds−RT̂ −1

n b−1
n Dln

(
θ̂0

))′ (
RT̂ −1

n R′
)−1 (

ds−RT̂ −1
n b−1

n Dln

(
θ̂0

))
≤ RT̂ −1

n b−1
n Dln

(
θ̂0

)′ (
RT̂ −1

n R′
)−1

RT̂ −1
n b−1

n Dln

(
θ̂0

)
+ op (1)

= Op (1) ,
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where the inequality holds by the definition of ds. Let

qn,R (·) ≡
(
· −RT −1

n b−1
n Dln (θ∗)

)′ (
RT −1

n R′
)−1 (· −RT −1

n b−1
n Dln (θ∗)

)
.

As ds = Op (1), Equation (A.4) and Assumption 1.6.1 (ii) imply q̂R (ds) = qn,R (ds) + op (1).

Applying the same proof as for Theorem 1 (e) in Andrews (1997), we obtain that

q̂R (ds) = inf
λ∈bn(RΘ−r)

qn,R (λ) + op (1) . (A.5)

The set RΘ − r has the halfspace description (??), which is locally approximated by the

set ΛR ≡
{
λ ∈ Rl : RR,eλ = 0,RR,w,bλ ≥ 0

}
. ΛR is convex and closed by definition. The

remaining of the proof follows from Lemma 1 in Andrews (1997) which shows that

inf
λ∈bn(RΘ−r)

qn,R (λ) = min
λ∈ΛR

qn,R (λ) + op (1) , (A.6)

Theorem 2 in Andrews (1997) which provides ds = arg minλ∈ΛR qn,R (λ) + op (1), and the

continuous mapping theorem which gives

min
λ∈ΛR

qn,R (λ)
d→ min

λ∈ΛR
qR (λ) ≡ min

λ∈ΛR

(
λ−RT −1G

)′ (
RT −1R′

)−1 (
λ−RT −1G

)
.

Conditions required for Lemma 1 and Theorem 2 in Andrews (1997) are given in the as-

sumptions. The fact that T is non-singular with probability one provides the condition to

apply the continuous mapping theorem. Hence, we obtain that

ds
d→ arg min

λ∈ΛR
(λ−RZ)′

(
RT −1R′

)−1
(λ−RZ) ,

where Z = T −1G, which is equivalent to the result stated in the lemma.

Part (ii) follows immediately from part (i) and Assumption 1.6.2.

Proof of Theorem 1.6.1: First, we show that the asymptotic distribution of Sn under

any ωn ∈ W0 is given by Sn
d→ Sω ≡ ds′ωΣ−1

S,ωdsω, where

dsω ≡ arg min
RR,eλ=0 and RR,w,bλ≥0

(
λ−RT −1

ω Gω

)′ (
RT −1

ω R′
)−1 (

λ−RT −1
ω Gω

)
.
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By Assumption 1.5.2, bn

(
θ̂0 − θn

)
= Op (1). Together with the fact that θn → θω as

n → ∞, we have θ̂0 − θω = θ̂0 − θn + θn − θω = op (1). Assumption 1.6.3 (i) applies, and

b−1
n RD

n

(
θ̂0

)
= op (1) holds under any ωn ∈ W0 by the same argument in the proof of Lemma

1.6.1. Then, Equation A.4 becomes

RT̂ −1
n b−1

n Dln

(
θ̂0

)
= RT −1

n b−1
n Dln (θn)− bnR

(
θ̂0 − θn

)
+ op (1)

= RT −1
n b−1

n Dln (θn)− bn (r −Rθn) + op (1)

= RT −1
n b−1

n Dln (θn) + op (1) .

The rest of the proof is the same, with all the convergence results under ωn ∈ W0 provided

by Assumption 1.2.2.

Notice that the asymptotic distribution of Sn under ωn ∈ W0 has the exact same form

as the one given by Lemma 1.6.1. Therefore, CSS,π (1− α) is also the (1− α) quantile of Sω

with πS denoting the parameters in Tω, Gω and ΣS,ω. By the definition of the asymptotic

size, we have that AsySz
(
Sn, CV

S
n (α)

)
= limn→∞ Prωpn

(
Spn > CV S

pn (α)
)
, where {pn} is

some subsequence of {n}. Since the following proof goes through with pn in place n and

the convergence of the full sequence guarantees the convergence of each subsequence with

same limit, we provide the following result for the full sequence {n}. The continuity of

CSπS (1− α) in π by Assumption 1.3.1 and π̂S
p→ πS imply that CSπ̂S (1− α)

p→ CSπS (1− α) for

any ωn ∈ W0 by the continuous mapping theorem. The convergence in distribution result

proved at the beginning and the asymptotic distribution being continuous at CSπ (1− α)

provide that limn→∞ Prωn
(
Sn > CSπ̂S (1− α)

)
= α, for any ωn ∈ W0. Therefore, the theorem

follows.
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Proof of Theorem 1.6.2: By Assumptions 1.5.1 and 1.6.1, under H1, the same argument

in the proof of Lemma 1.6.1 implies that

RT̂ −1
n b−2

n Dln

(
θ̂0

)
= RT −1

n b−2
n Dln (θ∗0)−R

(
θ̂0 − θ∗0

)
+ op

(
b−1
n

)
= RT −1

n b−2
n Dln (θ∗0) + op

(
b−1
n

)
= υR (θ∗ − θ∗0) + op (1) ,

where the last equality follows from the assumption that T −1
n b−2

n Dln (θ∗0) = υ (θ∗ − θ∗0) +

op (1). Let dss ≡ bnυ (Rθ∗ − r). Since θ∗ ∈ Θ, bn (Rθ∗ − r) ∈ bn (RΘ− r); and

0 ∈ bn (RΘ− r) because there exists some θ ∈ Θ such that Rθ = r. The convexity of

bn (RΘ− r) provides that dss ∈ bn (RΘ− r). Moreover, since(
b−1
n dss −RT̂ −1

n b−2
n Dln

(
θ̂0

))′ (
RT̂ −1

n R′
)−1 (

b−1
n dss −RT̂ −1

n b−2
n Dln

(
θ̂0

))
=

(
b−1
n dss − υR (θ∗ − θ∗0) + op (1)

)′ (
RT̂ −1

n R′
)−1 (

b−1
n dss − υR (θ∗ − θ∗0) + op (1)

)
= (0 + op (1))′

(
RT̂ −1

n R′
)−1

(0 + op (1))
p→ 0,

and RT −1R′ is positive definite, it must hold that

b−1
n dsn = b−1

n dss + op (1) = υ (Rθ∗ − r) + op (1) . (A.7)

Assume the contrary. Then it holds that b−1
n dsn − υ (Rθ∗ − r) p→ % 6= 0, which implies that(

b−1
n dsn −RT̂ −1

n b−2
n Dln

(
θ̂0

))′ (
RT̂ −1

n R′
)−1 (

b−1
n dsn −RT̂ −1

n b−2
n Dln

(
θ̂0

))
=

(
b−1
n dsn − υ (Rθ∗ − r) + op (1)

)′ (
RT̂ −1

n R′
)−1 (

b−1
n dsn − υ (Rθ∗ − r) + op (1)

)
p→ %′

(
RT −1R′

)−1
% > 0,

where the inequality follows from RT −1R′ being positive definite. Thus, for n sufficiently

large, dsn is not the minimizer of (1.6), which contradicts its definition. Applying Equation
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(A.7) to the definition of Sn, we have

b−2
n Sn = b−2

n ds′nΣ−1
S,ndsn

= (υ (Rθ∗ − r) + op (1))′Σ−1
S,n (υ (Rθ∗ − r) + op (1))

p→ υ2 (Rθ∗ − r)′Σ−1
S (Rθ∗ − r) > 0,

because ΣS is positive definite. Therefore, Sn diverges and the claimed result hold by the

finiteness of CSπS (1− α).

Proof of Lemma 1.7.1: (i) The asymptotic distribution of bn

(
θ̂ − θn

)
can be obtained

using the same argument for the proof of Lemma 1.4.3, with

bn (Θ− θn) =
{
θ ∈ Rl : Reθ = bn (re −Reθn) and Rwθ ≥ bn (rw −Rwθn)

}
,

Λ ≡
{
θ ∈ Rl : Reθ = 0 and Rwθ + cw ≥ 0

}
,

and cw = limn→∞−bn (rw −Rwθn). By definition, Rθn = r+ b−1
n δ (1 + o (1)). Thus, we have

bn (Rθn − r)→ δ as n→∞, and

Wn = b2
n

(
Rθ̂ − r

)′
(RΣW,nR

′)
−1
(
Rθ̂ − r

)
= b2

n

(
Rθ̂ −Rθn +Rθn − r

)′
(RΣW,nR

′)
−1
(
Rθ̂ −Rθn +Rθn − r

)
=

[
bnR

(
θ̂ − θn

)
+ bn (Rθn − r)

]′
(RΣW,nR

′)
−1
[
bnR

(
θ̂ − θn

)
+ bn (Rθn − r)

]
d→ (RΨ1,ω + δ)′ (RΣW,ωR

′)
−1

(RΨ1,ω + δ) .

(ii) The proof follows from the same argument for the proof of Lemma 1.5.2. Notice that

c = limn→∞−bn (ruw −Ru
wθn) by definition. We have

bn (Θ0 − θn) =
{
θ ∈ Rl :

(
R′,R ′e,R

b′
w

)′
θ = bn

((
r′, r′e, r

b′
w

)′ − (R′,R ′e,Rb′
w

)′
θn

)
and Ru

wθ ≥ bn (ruw −Ru
wθn)}

Λ0 =
{
θ ∈ Rl :

(
R′,R ′e,R

b′
w

)′
λ+

(
δ′,0, c′w,b

)′
= 0 and Ru

wλ+ c ≥ 0
}
.
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Applying the Λ and Λ0 defined here to the proof of Lemma 1.5.2, we obtain the result.

(iii) The proof mainly follows the one of Lemma 1.6.1 with the following modification.

First, by Assumption 1.7.1 (v), bn

(
θ̂0 − θn

)
= Op (1). Together with the fact that θn → θω

as n→∞, we have θ̂0 − θω = θ̂0 − θn + θn − θω = op (1). Assumption 1.7.1 (vi) applies, and

b−1
n RD

n

(
θ̂0

)
= op (1) holds under any ωn ∈ W by the same argument in the proof of Lemma

1.6.1. Second, Equation (A.4) becomes

RT̂ −1
n b−1

n Dln

(
θ̂0

)
= RT −1

n b−1
n Dln (θn)− bnR

(
θ̂0 − θn

)
+ op (1)

= RT −1
n b−1

n Dln (θn)− bn (r −Rθn) + op (1)

= RT −1
n b−1

n Dln (θn) + δ (1 + o (1)) + op (1)

= RT −1
n b−1

n Dln (θn) + δ + op (1)

by the definition of H1,n. The rest of the proof is the same, with all the convergence results

under ωn ∈ W provided by Assumption 1.7.1 (ii), (vi) and (vii).

Proof of Corollary 1.7.1: Part (i) of the corollary follows if we can show that

CV W
n (α, τ)

d→ CV W (α, τ) and the convergence occurs jointly with Wn
d→ W1,ω. Since

ẼS (τ) is the set obtained using the estimators of parameters in T −1
f,ωGf,ω which is continu-

ous in unknown parameters, it holds that dH

(
ẼS (τ) , ES (τ)

)
= op (1). By definition, we

have

bnΓuRu
Γ θ̃f,n − (ruw −Ru

wγ)
d→ c+ ΓuRu

ΓT −1
f,ωGf,ω, (A.8)

where the random vector Gf,ω is the subvector of Gω corresponding to θf . Therefore,

supc∈Ĩα−τ C
W
c,πW,ω

(1− τ)
d→ supc∈Iα−τ C

W
c,πW,ω

(1− τ) for any πW,ω, because Wω is continuous at

CWc,πW,ω (1− τ) for all c ∈ C. Moreover, CWc,πW,ω (1− τ) is continuous in πW,ω and π̂W
p→ πW,ω.

It holds that CV W
n (α, τ)

d→ CV W (α, τ). Since the convergence of (A.8) is jointly with

(b−1
n Dln (θ∗) ,Tn)

d→ (G,T ), part (i) of the corollary follows. Similar arguments apply to

part (ii). Because CSπS,ω (1− α) is continuous in πS,ω and π̂S consistently estimates πS,ω, we

have CSπ̂S (1− α)
p→ CSπS,ω (1− α). Part (iii) therefore holds.
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Lemma A.1.6. Result in Lemmas 1.2.1, 1.4.1, 1.4.3, 1.5.1, 1.5.2 and 1.7.1 is independent

of the description of Θ; result in Lemma 1.6.1 is independent of the description of RΘ− r.

Proof : Let Θ (1) and Θ (2) be two descriptions of Θ. By Andrews (1997), result in

1.2.1 is obtained by finding the cone that locally approximates bn (Θ− θ∗). Since Θ (1) and

Θ (2) are two descriptions of the same set Θ, the cone is the same. Thus, Lemma 1.2.1 is

independent of Θ (1) and Θ (2). For Lemma 1.4.3, the set Λ such that φω (·) equals zero

satisfies that dH (bn (Θ− θn) ,Λ) → 0. Let Λ1 and Λ2 be two sets obtained from Θ (1) and

Θ (2) . Since dH (bn (Θ− θn) ,Λ1) → 0 and dH (bn (Θ− θn) ,Λ2) → 0, triangular inequality

provides that dH (Λ1,Λ2) = 0, which holds if and only if the closures of Λ1 and Λ2 are the

same. Because both Λ1 and Λ2 are equivalent to their closures, Λ1 and Λ2 are the same.

Thus, Lemma 1.4.3 doesn’t depend on the description of Θ. Result in other lemmas follows

from the similar argument.

A.2 Verification of Assumptions for Linear Regression Model

We present primitive conditions for Assumptions 1.4.2-1.4.4, 1.5.2, and 1.6.3 to hold in the

linear regression model. Since the two running examples are both linear regression models,

the conditions discussed in this section can be directly applied. Let the model be indexed by

n: Yni = X ′niθ
∗ + εni with E (εni | Xni) = 0. The sample (Xni, Yni)

n
i=1 is row-wise i.i.d. The

estimator objective function ln (θ) is calculated as:

ln (θ) = −1

2

n∑
i=1

(Yni −X ′niθ)
2

= −1

2

n∑
i=1

ε2
ni +

(
n∑
i=1

εniX
′
ni

)
(θ − θn) +

1

2
(θ − θn)′

(
−

n∑
i=1

XniX
′
ni

)
(θ − θn)

= ln (θn) +Dln (θn) (θ − θn) +
1

2
(θ − θn)′D2ln (θn) (θ − θn) ,

with ln (θn) = −1
2

∑n
i=1 ε

2
ni, Dln (θn) =

∑n
i=1 εniX

′
ni and D2ln (θn) = −

∑n
i=1XniX

′
ni. As-

sumption 1.4.2 is trivially satisfied by the quadratic form of ln (θ). Let Eω (·) denote the

expectation respect to Pω. Under the condition that for any ω ∈ W0, Eω
(
‖Xni‖4+ν) < M
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and Eω
(
‖εni‖4+ν) < M for some ν > 0 and M <∞, we can obtain the weak convergence of

b−1
n Dln (θn) for any ωn ∈ W0 by the Lyapunov central limit theorem, where bn =

√
n. Under

the same condition, −bnD2ln (θn) converges in probability to Eω (XniX
′
ni) by the weak law of

large numbers for triangular arrays. If further Eω (XniX
′
ni) is non-singular for any ω ∈ W0,

then Assumption 1.4.3 holds. Assumptions 1.4.4 and 1.5.2 can be verified by Theorem 1

in Andrews (1997), which extends to probability models indexed by ωn, if Assumptions 1-4

in Andrews (1997) hold for any ωn ∈ W0 . Assumptions 1 and 4 in Andrews (1997) are

satisfied by the quadratic form of ln (θ); and Assumptions 2 and 3 are guaranteed by the

above conditions on Eω
(
‖Xni‖4+ν) and Eω

(
‖εni‖4+ν) being bounded and the non-singularity

on Eω (XniX
′
ni) for any ω ∈ W0. Alternatively, one can use the epi-convergence argument

in Pflug (1994, 1995), Geyer (1994, 1996), and Knight (1999) to verify Assumptions 1.4.4

and 1.5.2. Such tool is powerful in dealing with estimators defined by constrained optimiza-

tions. At last Assumption 1.6.3 (i) holds by RD
n (·) = 0; and 1.6.3 (ii) is satisfied by letting

T̂n = Tn = 2/n
∑n

i=1XniX
′
ni.
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Appendix B

UNIFORM INFERENCE IN A GENERALIZED INTERVAL
ARITHMETIC CENTER AND RANGE LINEAR MODEL

B.1 Technical Proofs

Proof of Proposition 2.2.1: Using the alternative expression of RSSG, R2
G can be com-

puted as

R2
G = 1−

∑n
i=1 d

2
λ

(
Yi, Ỹi

)
∑n

i=1 d
2
λ

(
Yi, Y

) .
Non-negativity of

∑
i d

2
λ(Yi,Ỹi)∑

i d
2
λ(Yi,Y )

implies that R2
G ≤ 1; and for {Yi, X1i, . . . , Xki}ni=1 and θ̃ such

that Yi = Ỹi for all i, it holds that d2
λ

(
Yi, Ỹi

)
= 0 and thus R2

G = 1. By (2.7) and the fact

that

n∑
i=1

d2
λ

(
Yi, Y

)
=

n∑
i=1

d2
λ

(
Yi,
[
γ̌ ± δ̌

])
, where

(
γ̌, δ̌
)′

= arg min
γ,δ

n∑
i=1

d2
λ (Yi, [γ ± δ]) ,

it holds that

n∑
i=1

d2
λ

(
Yi, Ỹi

)
=

n∑
i=1

d2
λ

(
Yi,
[
X ′iα̃± |Xi|′ β̃

]
+
[
γ̃ ± δ̃

])
≤

n∑
i=1

d2
λ

(
Yi,
[
γ̌ ± δ̌

])
=

n∑
i=1

d2
λ

(
Yi, Y

)
.

The inequality comes from property of the minimization operation: Ỹi’s are obtained by a

constrained minimization problem over α, γ,β and δ, with α = 0 and β = 0 satisfying the
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constraint. Therefore,
∑n

i=1 d
2
λ

(
Yi, Y

)
≥
∑n

i=1 d
2
λ

(
Yi, Ỹi

)
and R2

G ≥ 0, with the equality

holds if α̃ and β̃ are zero vectors. The first part of the proposition holds. The second

part follows directly from the characteristics of the minimization problem that defines θ̃ in

(2.7).

Proof of Theorem 2.3.1: We first show that θ̂ →p θ
∗. Define

Z1 (θ) = (α∗′ −α′, γ∗ − γ)Pxx

 α∗ −α

γ∗ − γ

+ σ2
mid∆

+λ (β∗′ − β′, δ∗ − δ)Qxx

 β∗ − β

δ∗ − δ

+ λσ2
spr∆ + ϕ1 (θ) ,

where σ2
mid∆ = V ar (mid∆), σ2

spr∆ = V ar (spr∆) and

ϕ1 (θ) =

0, if Pr
(
sprY − |X|′ β ≥ 0

)
= 1; and β ≥ 0

∞, otherwise

.

It holds that θ∗ = arg minθ Z1 (θ). First, notice that Pr
(
sprY − |X|′ β∗ ≥ 0

)
= 1 and

β∗ ≥ 0 by the model specification. Second, by Assumption 2.3.2, both σ2
mid∆ and σ2

spr∆ are

finite. Therefore, Z1 (θ) reaches its minimal value σ2
mid∆ + λσ2

spr∆ at θ∗. At last, since Pxx

and Qxx are both non-singular by Assumption 2.3.2, they are positive definite and θ∗ is the

unique solution to the minimization problem. Therefore, θ∗ = arg minθ Z1 (θ).

Next we aim to show that arg minθ Z1n (θ)
p→ arg minθ Z1 (θ). Z1n (θ) is a convex function

by the convexity of the domain for which ϕ1n (θ) is finite and the quadratic component

in Z1n (θ). Moreover, since arg minθ Z1 (θ) is unique, it suffices to show that Z1n (θ) epi-

converges to Z1 (θ) by the Convexity Lemma of Geyer (1996) and Knight (1999).

The finite dimensional convergence and finiteness of Z1 (θ) on an open set provide the

epi-convergence, given that Z1n (θ) is convex. For

s0 ≡ sup

{
max

1≤j≤2k−d
bj : Pr

(
sprY − |X|′ b ≥ 0

)
= 1, b ∈ R2k−d

≥0

}
,
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if s0 is strictly positive, one can always find an open set Ob ⊂ R2k such that

Pr
(
sprY − |X|′ b ≥ 0

)
= 1 for any b ∈ Ob. Then on the set Oα × Oγ × Ob × Oδ, where

Oα ⊂ R2k−d, Oγ ⊂ R and Oδ ⊂ R are any open sets, Z (θ) is finite. We now show the finite

dimensional convergence to complete the proof.

By the weak law of large numbers and the model specification, we have that

1

n

∑
(midYi −X ′iα− γ)

2 p−→ (α∗′ −α′, γ∗ − γ)Pxx (α∗′ −α′, γ∗ − γ)
′
+ σ2

mid∆ and

1

n

∑(
sprYi − |Xi|′ β − δ

)2 p−→ (β∗′ − β, δ∗ − δ)Qxx (β∗′ − β′, δ∗ − δ)′ + σ2
spr∆,

for any pair (α′, γ,β′, δ) . Thus, according to Knight (2001), it suffices to show that for given

θ1, . . . , θm,

Pr
(
ϕ1n

(
θ1
)

= 0, . . . , ϕ1n (θm) = 0
)
−→ Pr

(
ϕ1

(
θ1
)

= 0, . . . , ϕ1 (θm) = 0
)

when n→∞. The former probability equals to

Pr
(
sprYi ≥ |Xi|′ βj, for i = 1, . . . , n and j = 1, . . . ,m

)
=Prn

(
sprYi ≥ max

1≤j≤m
|Xi|′ βj

)
−→

1, if Pr
(
sprY ≥ max1≤j≤m |X|′ βj

)
= 1

0, if Pr
(
sprY ≥ max1≤j≤m |X|′ βj

)
< 1

=Pr
(
ϕ1

(
θ1
)

= 0, . . . , ϕ1 (θm) = 0
)
.

Therefore, we can conclude that Z1n (θ) epi-converges to Z1 (θ) and θ̂
p→ θ∗ when s0 > 0.

On the other hand, if s0 = 0, then β∗j = 0 for all j = 1, . . . , 2k − d. The minimization

problem can be separated into two parts with one part contains only α̂ and γ̂ and the other

contains only β̂ and δ̂. Since no constraints are imposed on (α̂′, γ̂), the consistency of (α̂′, γ̂)

follows from standard arguments in the least squares estimation. Because Z1n (α′, γ,0′, δ)

is finite, to prove that
(
β̂′, δ̂

)
p→ (β∗′, δ∗) = (0′, δ∗), it suffices to show that for any b 6= 0,

Pr (Z1n (θ) <∞)→ 0 when n→∞. This follows from the fact that for b 6= 0,

Pr
(
sprYi ≥ |Xi|′ b, for i = 1, . . . , n

)
= Prn

(
sprYi − |Xi|′ b ≥ 0

)
= 0,
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where the last equality is implied by s0 = 0. Therefore, β̂
p→ 0. The convergence of δ̂ follows

from the law of large numbers since δ∗ = E (sprY ) when β∗ = 0.

The first part of the theorem then follows by combining the two cases of s0 > 0 and

s0 = 0.

The proof for θ̃
p→ θ∗ is essentially the same. Define

Z2 (θ) = (α∗′ −α′, γ∗ − γ)Pxx

 α∗ −α

γ∗ − γ

+ σ2
mid∆

+λ (β∗′ − β′, δ∗ − δ)Qxx

 β∗ − β

δ∗ − δ

+ λσ2
spr∆ + ϕ2 (θ) ,

where σ2
mid∆ = V ar (mid∆) and σ2

spr∆ = V ar (spr∆). With Assumption 2.3.2, we have that

θ∗ = arg minθ Z2 (θ), because Rθ∗ ≥ r and Pxx and Qxx are non-singular. The convexity of

Z2n (θ) is implied by its quadratic component and the geometry of the feasible set. Since

ϕ2 (θ) is not random, the epi-convergence of Z2n (θ) to Z2 (θ) follows from the finite dimen-

sional convergence of the quadratic component. At last, since Z2 (θ) is finite on any open set

that is contained in R2k−d × R× R2k−d
≥0 × R≥0, we obtain the consistency of θ̃.

Proof of Theorem 2.3.2: We will prove the theorem for the different cases: (i) κ ∈

(0,+∞); (ii) κ = +∞; and (iii) κ = 0. Let M1 (ψ;λ) = M (ψ;λ) + φ1 (ψ).

Note that
√
n
(
θ̂ − θ∗

)
is the solution to the minimization problem:

min
ψ
M1n (ψ;λ) ≡ min

p,q,u,v


∑n

i=1

(
mid∆i − γ∗ − 1√

n
X ′ip−

q√
n

)2

+λ
∑n

i=1

(
spr∆i − δ∗ − 1√

n
|Xi|′ u− v√

n

)2

−
∑n

i=1 (mid∆i − γ∗)2 − λ
∑n

i=1 (spr∆i − δ∗)2 + φ1n (ψ)

 ,
where

φ1n (ψ) =


0, if

√
nspr∆i ≥ |Xi|′ u, for i = 1, 2, . . . n;

and uj +
√
nβ∗j ≥ 0, for j = 1, . . . , 2k − d

∞, otherwise

.
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The goal is to show that arg minψM1n (ψ;λ)
d→ arg minψM1 (ψ;λ). Since the set

of ψ for φ1n (ψ) being finite is convex, the convexity of M1n (ψ;λ) is straightforward

due to its quadratic component. Recall that by the Convexity Lemma of Geyer (1996)

and Knight (1999), the following three conditions are sufficient for arg minψM1n (ψ;λ)
d→

arg minψM1 (ψ;λ) provided that M1n (ψ;λ) is convex: (i) M1n (ψ;λ) converges to M1 (ψ;λ)

in the finite-dimensional sense (
f.d.→), (ii) M1 (ψ;λ) is finite on an open set, and (iii) M1 (ψ;λ)

is uniquely minimized with probability 1.

We now prove that these three conditions are satisfied when limt→∞ tFs
(
1/
√
t
)
∈

(0,+∞).

Define the point process (random measure): υn (D) :=
∑n

i=1 I {(
√
nspr∆i, |Xi|) ∈ D} for

any Borel subsets D of D := [0,+∞)×X , where X is the support of |Xi|. The point process

υn (·) tends in distribution with respect to the vague topology to a Poisson point process

(random measure) υ (·) in the metric space of point measure Mp (D). The limit Poisson

process has the mean measure: E [υ (D)] =
´
D

2
κ
wg (x) dµ (x) dw and can be represented by

υ (D) :=
∑∞

i=1 I
{(√

κg−
1
2 (Υi)Γi, Υi

)
∈ D

}
for all Borel subsets D of D := [0,+∞) × X ,

where g (·) is defined in Assumption 2.3.3, Γi = (E1 + . . .+ Ei)
1
2 for unit mean i.i.d exponen-

tial random variables E1, E2, . . ., and Υ1, Υ2, . . . are i.i.d with distribution Pr (Υi ∈ A) = µ (A),

where µ(·) is the probability measure of |Xi|. The Γi’s are independent of Υi’s. By Assump-

tion 2.3.3 and the fact that limt→∞ tFs
(
1/
√
t
)

= 1/κ, limn→∞E [υn (D)] = E [υ (D)] and

limn→∞ Pr {υn (D) = 0} = e−E[υ(D)]. The claimed weak convergence result follows from

Kallenberg’s theorem (Resnick (1987)).

Using the above convergence result of the point process, we are now ready to show

the finite dimensional weak convergence of M1n (ψ;λ). The following convergence result is



115

straightforward: ∑n
i=1

(
mid∆i − γ∗ − 1√

n
X ′ip−

q√
n

)2

−
∑n

i=1 (mid∆i − γ∗)2

+λ
∑(

spr∆i − δ∗ − 1√
n
|Xi|′ u− v√

n

)2

− λ
∑n

i=1 (spr∆i − δ∗)2


d−→ ψ′

 Pxx 0

0 λQxx

ψ − 2ψ′

 Il 0

0 λIl

W,

with W ∼ N (0,Λ) and Λ being the covariance matrix of

(
Ẋ ′imid∆i,

∣∣∣Ẋi

∣∣∣′ spr∆i

)
. The

asymptotic independence between W and the point process follows from the standard proof

of asymptotic independence of sample average and sample minimal order statistics, see e.g.

Resnick (1987) and Lemma 21.19 in Van der Vaart (2000). A more detailed proof can be

found in Chernozhukov and Hong (2002). Thus, it remains to show that for given ψ1, . . . , ψm,

Pr
[
φ1n

(
ψ1
)

= 0, . . . , φ1n (ψm) = 0
]
−→ Pr

[
φ1

(
ψ1
)

= 0, . . . , φ1 (ψm) = 0
]
,

as n → ∞. Since no randomness is involved in the constraint uj +
√
nβ∗j ≥ 0 for j =

1, . . . , 2k − d, its limit is straightforward. Thus, we only need to focus on the constraint
√
nspr∆i ≥ |Xi|′ u for i = 1, 2, . . . n. Exploiting the convergence in distribution of υn (·) to

the Poisson random measure υ (·), we have that

Pr
[
φ1n

(
ψ1
)

= 0, . . . , φ1n (ψm) = 0
]

= Pr

[
n∑
i=1

I

(√
nspr∆i < max

1≤j≤m
|Xi|′ uj

)
= 0

]

→ exp

(
−
ˆ
X

max
1≤j≤m

g (x)

κ

(
x′uj

)
2dµ (x)

)
= Pr

[
φ1

(
ψ1
)

= 0, . . . , φ1 (ψm) = 0
]
.

Therefore, M1n (ψ;λ)
f.d.→ M1 (ψ;λ) as n→∞.

The other two conditions can be easily verified. On the set Op×Oq × (−∞, 0)2k−d×Ov,

where Op ⊂ R2k−d, Oq ⊂ R and Ov ⊂ R are any open sets, M1 (ψ;λ) is finite by its

definition. And, for any realization of W , {Γi, i ≥ 1} and {Υi, i ≥ 1}, M1 (ψ;λ) will be

uniquely minimized due to the quadratic form of M (ψ;λ) and the geometry of the constraint.

If the minimal of M (ψ;λ) is in the constraint set, the uniqueness is trivially satisfied. If the
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minimal of M (ψ;λ) lies outside the constraint set, the solution to the minimization problem

will be the intersect of the level set of M (ψ;λ) with the boundary of the constraint set.

The level set of the quadratic component of M (ψ;λ) takes the shape of an ellipse in high

dimension, while the constraint set is convex with boundary consisting of high dimensional

planes. They can only intersect at one point. Thus, the latter two conditions in the Convexity

Lemma are satisfied. Hence, when limt→∞ tFs
(
1/
√
t
)
∈ (0,+∞), arg minψM1n (ψ;λ)

d→

arg minψM1 (ψ;λ) as n→∞.

The above result also holds when limt→∞ tFs
(
1/
√
t
)

= 0. Rewrite M1 (ψ;λ) by substi-

tuting κ = +∞: M1 (ψ;λ) = M (ψ;λ) + φ1 (ψ), with

φ1 (ψ) =


0, if Υ ′iu ≤ +∞, for i = 1, 2, . . . ;

and I
(
β∗j = 0

)
uj ≥ 0 for j = 1, . . . , 2k − d

∞, otherwise

.

Since Υi follows a tight probability measure, we can further simplify

φ1 (ψ) =

0, if I
(
β∗j = 0

)
uj ≥ 0 for j = 1, . . . , 2k

∞, otherwise

.

The finite dimensional convergence of the quadratic component of M1n (ψ;λ) follows the

same argument. We now show that for any given ψ1, . . . , ψm, as n→∞,

P r
[
φ1n

(
ψ1
)

= 0, . . . , φ1n (ψm) = 0
]
−→ Pr

[
φ1

(
ψ1
)

= 0, . . . , φ1 (ψm) = 0
]
.

By writing the probability as an expectation of a conditional probability, we have that

Pr
[
φ1n

(
ψ1
)

= 0, . . . , φ1n (ψm) = 0
]

= Pr

[
n∑
i=1

I

(√
nspr∆i < max

1≤j≤m
|Xi|′ uj

)
= 0

]

=Prn
[√

nspr∆ ≥ max
1≤j≤m

|X|′ uj
]

= En

[
Pr

[
spr∆ ≥ 1√

n
max

1≤j≤m
|X|′ uj |X

]]
=En

[
1− g (|X|)F−s

(
1√
n

max
1≤j≤m

|X|′ uj
)]

=

[
1− E

[
g (|X|)F−s

(
1√
n

max
1≤j≤m

|X|′ uj
)]]n

,
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where F−s (a) ≡ limz↑a Fs (z). The indeterminate form has the limit of

exp

(
− lim

n→∞
nE

[
g (|X|)F−s

(
1√
n

max
1≤j≤m

|X|′ uj
)])

.

For |X| ∈ X such that max1≤j≤m |X|′ uj ≤ 0, we have that F−s

(
1√
n

max1≤j≤m |X|′ uj
)

=

0; if max1≤j≤m |X|′ uj > 0, the inequality limn→∞ nF
−
s

(
1√
n

max1≤j≤m |X|′ uj
)
≤

limn→∞ nFs

(
1√
n

max1≤j≤m |X|′ uj
)

= 0 holds. By the dominated convergence theorem,

we obtain that

Pr
[
φ1n

(
ψ1
)

= 0, . . . , φ1n (ψm) = 0
]
→ exp (0) = 1 = Pr

[
φ1

(
ψ1
)

= 0, . . . , φ1 (ψm) = 0
]
.

Therefore, the finite dimensional convergence of M1n (ψ;λ) is verified. The finiteness of

M1 (ψ;λ) on an open set and with probability one the uniqueness of its minimizer can be

verified using the same statement as in the first case when κ ∈ (0,+∞). The Convexity

Lemma then provides that arg minψM1n (ψ;λ)
d→ arg minψM1 (ψ;λ) when κ = +∞.

The proof for the case when limt→∞ tFs
(
1/
√
t
)

= +∞ is essentially the same. Since the

part I
(
β∗j = 0

)
uj ≥ 0 for j = 1, . . . , 2k − d does not contain any randomness, we focus the

proof on the constraint
√
nspr∆i ≥ |Xi|′ u for i = 1, 2, . . . n. For any given ψ1, . . . , ψm, it

holds that

Pr
[
φ1n

(
ψ1
)

= 0, . . . , φ1n (ψm) = 0
]

=

[
1− E

[
g (|X|)F−s

(
1√
n

max
1≤j≤m

|X|′ uj
)]]n

with the limit

exp

(
− lim

n→∞
nE

[
g (|X|)F−s

(
1√
n

max
1≤j≤m

|X|′ uj
)])

.

If max1≤j≤m |X|′ uj ≤ 0, F−s

(
1√
n

max1≤j≤m |X|′ uj
)
≤ F−s (0) = 0, because F−s (0) =

0. If max1≤j≤m |X|′ uj > 0, we have that limn→∞ nF
−
s

(
1√
n

max1≤j≤m |X|′ uj
)
≥

limn→∞ nFs

(
1

2
√
n

max1≤j≤m |X|′ uj
)

= ∞ by condition limt→∞ tFs
(
1/
√
t
)

= +∞. There-

fore for the given u’s, when Pr
(
max1≤j≤m |X|′ uj ≤ 0

)
= 1,

exp

(
− lim

n→∞
nE

[
g (|X|)F−s

(
1√
n

max
1≤j≤m

|X|′ uj
)])

→ 1;
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and when Pr
(
max1≤j≤m |X|′ uj ≤ 0

)
< 1,

exp

(
− lim

n→∞
nE

[
g (|X|)F−s

(
1√
n

max
1≤j≤m

|X|′ uj
)])

→ 0.

Now consider Pr [φ1 (ψ1) = 0, . . . , φ1 (ψm) = 0]. The probability can be calculated as

Pr
[
φ1

(
ψ1
)

= 0, . . . , φ1 (ψm) = 0
]

= Pr

[
max

1≤j≤m
Υ ′iu

j ≤ 0, : for : i = 1, 2, . . .

]

=

1, if Pr
(
max1≤j≤m |X|′ uj ≤ 0

)
= 1

0, if Pr
(
max1≤j≤m |X|′ uj ≤ 0

)
< 1

,

where the last equality follows from the fact that the distribution of Υi is the same as |X|

and i goes to infinity. Therefore, we have shown that for any given ψ1, . . . , ψm,

Pr
[
φ1n

(
ψ1
)

= 0, . . . , φ1n (ψm) = 0
]
−→ Pr

[
φ1

(
ψ1
)

= 0, . . . , φ1 (ψm) = 0
]
,

as n→∞. The rest is the same as in case limt→∞ tFs
(
1/
√
t
)

= 0.

Hence, we have shown that arg minψM1n (ψ;λ) converges in law to arg minψM1 (ψ;λ)

for all different values of limt→∞ tFs
(
1/
√
t
)
. Moreover, it follows directly from the definition

that M1 (ψ;λ) = M1 (ψ; 1). The claimed theorem can be concluded.

Proof of Theorem 2.3.3: The proof is similar to the proof for Theorem 2.3.2.
√
n
(
θ̃ − θ∗

)
is the solution to the minimization problem:

min
p,q,u,v

 ∑n
i=1

(
mid∆i − γ∗ − 1√

n
X ′ip−

q√
n

)2

−
∑n

i=1 (mid∆i − γ∗)2

+λ
∑n

i=1

(
spr∆i − δ∗ − 1√

n
|Xi|′ u− v√

n

)2

− λ
∑n

i=1 (spr∆i − δ∗)2 + φ2n (ψ)

 ,
where

φ2n (ψ) =

0, if Rψ ≥
√
n (r −Rθ∗)

∞, otherwise

.

For the vector (r −Rθ∗), some elements are zero and the rest are strictly negative. The zero

elements correspond to the submatrix Rb of R by definition. This implies that φ2n (ψ) →
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φ2 (ψ) pointwise as n→∞. The rest of the proof is the same for Theorem 2.3.2 by showing

finite-dimensional convergence, M (ψ;λ)+φ2 (ψ) being finite on an open set, and M (ψ;λ)+

φ2 (ψ) being uniquely minimized with probability 1.

Proof of Lemma 2.4.1: By Assumption 2.4.2, the claimed result follows if we show that

R0Ψ represents the asymptotic distribution of
√
n
(
α̃′s, β̃

′
m

)′
under the null hypothesis and the

parameter sequence (ηn, πn, ξn). Under H0, it holds that β∗m = 0. Simple manipulation of the

proof for Theorem 2.3.3 would provide that
√
n
(
α̃′s, β̃

′
m

)′ d→ R0Ψ, with the Lindeberg-Lévy

Central Limit Theorem replaced by Lyapunov Central Limit Theorem under Assumption

2.4.1, see Lemma A.3 in Cheng (2015). �

Proof of Proposition 2.4.1: We prove the proposition by verifying assumptions in Mc-

Closkey (2017). Notice that the distribution (R0Ψ)′ (R0ΣωR
′
0)−1 (R0Ψ) is finite with prob-

ability 1 for all c and πω in the localization parameter space. Assumption PS in Mc-

Closkey (2017) is trivially satisfied. By the expression in Lemma 2.4.1, Cc,πω (1− ϑ) is

continuous in c and πω. Together with the assumption in Proposition 2.4.1, Assumption

Cont in McCloskey (2017) is satisfied. The requirement for the confidence set Iτ that

limn→∞ Pr (
√
nηn ∈ Iτ ) ≥ 1 − τ fulfills Assumption CS in McCloskey (2017). It suffices

to prove that Assumption DS in McCloskey (2017) is satisfied for the first claim of the

proposition.

Lemma 2.4.1 provides that the asymptotic distribution of the test statistic Tn is

(R0Ψ)′ (R0ΣωR
′
0)−1 (R0Ψ) under the full parameter sequence (ηn, πn, ξn); and the asymptotic

convergence of
√
n
(
β̂′s,OLS, δ̂OLS

)′
−
√
nηn

d→ Z (ΛOLS) is straightforward. We follow Lemma

2.1 in Andrews et al. (2011) to establish the equivalence of results under full sequences and

subsequences provided that Assumption B2 in Andrews et al. (2011) holds. Therefore, the

goal is to show that for any subsequence there exists a full sequence that has the same limit

(possibly infinity) and has its subsequence equal to the original one. Denote the subsequence

as {ηpn , πpn : n ≥ 1} such that
(√

pnηpn , πpn
)
→ (c, πω). We aim to construct a full sequence
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{η?n, π?n : n ≥ 1} satisfying that (
√
nη?n, π

?
n) → (c, πω) and (η?n, π

?
n) = (ηpn , πpn), ∀n ≥ 1. To

clarify the notation, let the full sequence be indexed by m: {η?m, π?m : m ≥ 1}. For ∀m = pn,

define (η?m, π
?
m) = (ηpn , πpn); and for ∀m ∈ (pn, pn+1), define

δ?m =


√
pnδpn√
m

, if
√
pnδpn → ck−d+1 ∈ R≥0

δpn , if
√
pnδpn → +∞

and

β?s,j,m =


√
pnβs,j,pn√

m
, if

√
pnβs,j,pn → cj ∈ R≥0

βs,j,pn , if
√
pnβs,j,pn → +∞

for j = 1, . . . , k−d and π?m = πpn . It is trivial that the constructed full sequence satisfies the

second requirement that
(
η?pn , π

?
pn

)
= (ηpn , πpn) for ∀n ≥ 1. To see that the first requirement

is also satisfied, please refer to page 225-226 in Cheng (2015) for a detailed derivation.

Proof of Lemma 2.4.2: With Assumption 2.4.2, the lemma follows if we can show that
√
n
(
θ̃ − θn

)
d→ Ψ under the model parameters (ηun, πn, ξn). The estimator is defined as

θ̃ = arg minθ∈R2l Z2n (θ). Note that
√
n
(
θ̃ − θn

)
is the solution to the minimization problem:

min
p,q,u,v

 ∑n
i=1

(
mid∆i − γn − 1√

n
X ′ip−

q√
n

)2

−
∑n

i=1 (mid∆i − γn)2

+λ
∑n

i=1

(
spr∆i − δn − 1√

n
|Xi|′ u− v√

n

)2

− λ
∑n

i=1 (spr∆i − δn)2 + φn (ψ)

 ,
where

φ2n (ψ) =

0, if Rψ +
√
n (Rθn − r) ≥ 0

∞, otherwise

.

By Lyapunov Central Limit Theorem, we obtain that ∑n
i=1

(
mid∆i − γn − 1√

n
X ′ip−

q√
n

)2

−
∑n

i=1 (mid∆i − γn)2

+λ
∑n

i=1

(
spr∆i − δn − 1√

n
|Xi|′ u− v√

n

)2

− λ
∑n

i=1 (spr∆i − δn)2

 d−→Mω (ψ;λ) .

Decompose R into three submatrices: RΓ, R0b and R0s, where R0s denotes the non binding

inequalities in R00θ ≥ r−Γ. By the definition of c, it holds that Γηun − rΓ = RΓθn − rΓ → c
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when n→∞; under the null hypothesis, R0b and R0s represent the binding and non binding

inequalities R00θ ≥ r−Γ. Therefore, we have φ2n (ψ) → φω (ψ) pointwise as n → ∞. We

obtain that
√
n
(
θ̃ − θn

)
d→ Ψ and the claimed lemma.

Proof of Theorem 2.4.1: The theorem follows from the same proof for Proposition 2.4.1.

B.2 A Review of Generalized Interval Arithmetic and Random Generalized
Intervals

Interval Arithmetic Given a1, a2 ∈ R and a1 ≤ a2, an interval A is defined by its left

and right end points: A = [a1, a2] = {x ∈ R : a1 ≤ x ≤ a2}, or by its center and range:

A = [midA± sprA], where midA = (a1 + a2) /2 and sprA = (a2 − a1) /2 ≥ 0. The set of all

intervals is denoted by I (R). For all A,B ∈ I (R) and λ ∈ R, it holds that

(i) A+B ≡ [(midA+ midB)± (sprA+ sprB)] and

(ii) λA ≡ [λmidA± |λ| sprA].

Combining (i) and (ii), we obtain that for all A,B ∈ I (R) and λ ∈ R,

A+ λB = [(midA+ λmidB)± (sprA+ |λ| sprB)] . (B.1)

It follows from (ii) that −A ≡ (−1)A = [−midA± sprA] = [−a2,−a1]. Subtraction between

two intervals A and B is defined as

A−B = A+ (−B) = [(midA−midB)± (sprA+ sprB)] .

As a result, we have:

A− A = [0± (2sprA)] 6= [0, 0] and

A−B +B = [midA± (sprA+ 2sprB)] 6= A.

To partly remedy this situation, Hukuhara (1967) introduces an alternative difference op-

eration on intervals referred to as Hukuhara difference and denoted as (−H). Specifically,
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for any A,B ∈ I (R), A −H B = C if there exists C ∈ I (R) such that A = B + C. It can

be shown that Hukuhara difference A −H B exists if and only if sprA ≥ sprB and when it

exists,

A−H B ≡ [(midA−midB)± (sprA− sprB)] .

In contrast to subtraction (−), Hukuhara difference satisfies: A−H A = [0, 0] and A−H B+

B = A. However, Hukuhara difference between two intervals may not exist which limits the

scope of applications of the interval arithmetic approach to modeling interval data.

Generalized Interval Arithmetic and an L2-type Metric for Generalized Intervals

In the paper, we make use of generalized intervals studied in the mathematics literature,

see e.g., Kaucher (1980) and Markov (1996), to fully explore advantages of the interval

arithmetic approach to modeling interval data. Specifically, for a1, a2 ∈ R, a generalized

interval is an ordered couple denoted as A = [a1, a2]: it is a proper or simply an interval when

a1 ≤ a2; otherwise it is an improper interval. A generalized interval can also be represented

as A = [midA± sprA]: it is proper if sprA ≥ 0; improper if sprA < 0. Denote K (R) as the

space of generalized intervals. For A,B ∈ K (R), it turns out that the operations: addition

and scalar product can be computed in the same way as in (B.1), see Kaucher (1980) and

Markov (1996) for details.

With generalized intervals, we can extend Hukuhara difference to any two intervals. Let

A and B be two intervals. Generalized Hukuhara difference1 is defined as follows:

A−GH B ≡ A+
(
−B
)

= [(midA−midB)± (sprA− sprB)] ,

where B = [midB ∓ sprB] is the conjugation or dual of B. In contrast to Hukuhara dif-

ference, the Generalized Hukuhara difference between two intervals A and B always exists:

when sprA ≥ sprB, A −GH B is an interval and A −GH B = A −H B; otherwise it is an

1It is sufficient for our purpose to define Generalized Hukuhara difference for intervals only. It turns out
that the Generalized Hukuhara difference for intervals is the −h operation defined in Markov (1996) for
generalized intervals when applied to intervals.
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improper interval. It is easy to see that A−GH A = [0, 0] and A−GH B +B = A.

Let A and B be two generalized intervals. We define an L2-type metric dλ between A

and B as

dλ (A,B) ≡
(
(midA−midB)2 + λ (sprA− sprB)2) 1

2

for some λ ∈ (0,∞) and the norm of A ∈ K (R) as ‖A‖2 = (midA)2 + λ (sprA)2. It is

easy to verify that the dλ metric satisfies non-negativity, identity of indiscernibles, symmetry

and triangle inequality. By choosing different values of λ, one can assign different relative

importance for the squared distance between the ranges with respect to the square distance

between the midpoints. When A and B are both intervals, the dλ metric generalizes the well-

known Bertoluzza metric denoted as dW in Bertoluzza et al. (1995) if the metric is required

to be invariant to rigid motion (Trutschnig et al. (2009)). One common choice for λ is 1/3,

as it corresponds to dW when W is chosen as the Lebesgue measure. For more discussions

on different metrics on I (R), see Bertoluzza et al. (1995) and Trutschnig et al. (2009).

Random Generalized Intervals Let (Ω, Σ, P ) be an abstract probability space.

Definition B.2.1. (i) A random generalized interval X : Ω → K (R) is a map from the

sample space Ω to the space of generalized intervals such that midX : Ω → R and sprX :

Ω → R are random variables; (ii) The expected value of a random generalized interval X,

denoted as EA (X) ∈ K (R), is defined as

EA (X) = EA ([midX ± sprX]) ≡ [E (midX)± E (sprX)] , (B.2)

whenever E (midX) and E (sprX) exist.

When sprX ≥ 0 with probability one, the random generalized interval X becomes a

random interval, which is a measurable map from Ω to I (R). When X is a random interval,

the expectation defined in (B.2) agrees with the well-known Aumann expectation (Aumann

(1965)). Let A be a sub-σ-algebra of Σ, the conditional expectation of a generalized random
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interval X given A is defined accordingly as

EA (X | A) = EA ([midX ± sprX] | A) ≡ [E (midX | A)± E (sprX | A)] .

We follow the approach of Fréchet (1948) to define the variance of a random generalized

interval as:

V arF (X) ≡ inf
A∈K(R)

E
(
d2
λ (X,A)

)
whenever E

(
‖X‖2) <∞.

Since the expectation defined in (B.2) agrees with Fréchet expectation with respect to the

metric dλ (Körner (1997), Körner and Näther (2002)), Fréchet variance of a random generated

interval X in the metric space K (R) endowed with the dλ metric is simplified as V arF (X) =

E (d2
λ (X,EA (X))).
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