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Department of Economics

This dissertation studies the problem of uniform inference when model parameters are sub-
ject to linear inequality constraints. Linear inequality constraints such as non-negativity
and monotonicity are often implied by nature of the parameters or imposed by economic
theory. Chapter 1 seeks to develop Wald-type, QLR, and score-type tests for testing linear
equality constraints against two-sided alternative hypotheses in a general class of extremum
estimation problems. The null asymptotic distributions of Wald and QLR statistics are
discontinuous in model parameters demanding for uniform inference, and the one of score
statistic depends on a polytope projection. For each test, we provide steps on obtaining the
critical value and conditions under which the asymptotic size is controlled and the test is
consistent. Linear inequality constraints are particularly common in models for random inter-
vals. Chapter 2 develops asymptotically uniformly valid tests for linear equality constraints
on the parameters in the interval data model. Moreover, based on interval arithmetic, we
introduce a new interval data model to extend and generalize the commonly used one, and
propose a coefficient of determination.

More specifically, the first chapter develops Wald-type, QLR, and score-type tests for
linear equality constraints against two-sided alternative hypotheses in a general class of ex-
tremum estimation problems, where the parameter space is characterized by a finite number

of linear equality and inequality constraints. It shows that the null asymptotic distribu-



tions of the Wald and QLR statistics are discontinuous in an implicit nuisance parameter
and proposes an algorithm to identify it. In contrast, the null asymptotic distribution of
the score statistic is not discontinuous in any model parameter but depends on a polytope
projection. The chapter presents an algorithm based on the Fourier-Motzkin elimination to
compute such projection. It studies consistency and local power properties of the three tests,
and finds that the score test may be inconsistent due to the use of partial information in
the parameter space through projection. Numerical results from a Monte Carlo study of the
finite sample performance of our tests are presented. An empirical illustration on Mincer
earnings regression is conducted.

Via generalized interval arithmetic, the second chapter proposes a Generalized Interval
Arithmetic Center and Range (GIA-CR) model for random intervals in which parameters in
the model satisfy linear inequality constraints. It extends the commonly used Center and
Range (CR) model in several directions. For the GIA-CR model, this chapter constructs a
constrained estimator of the parameter vector and proposes a coefficient of determination. It
develops asymptotically uniformly valid tests for linear equality constraints on the parameters
in the model. At last, this chapter conducts a simulation study to examine the finite sample
performance of the estimator and test for the correct specification of the CR model against
the Interval Arithmetic Center and Range (IA-CR) model in which the parameters in the

range regression satisfy non-negativity constraints.
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Chapter 1

WALD, QLR, AND SCORE TESTS WHEN PARAMETERS
ARE SUBJECT TO LINEAR INEQUALITY CONSTRAINTS !

1.1 Introduction

Motivation and Main Contributions This paper develops Wald-type (Wald hereafter),
Quasi-Likelihood Ratio (QLR), and score-type (score hereafter) tests for linear equality con-
straints against the two-sided alternative hypotheses in a general class of extremum esti-
mation problems, where the parameter space is characterized by a finite number of linear
equality and inequality constraints. Equality and inequality constraints are often imposed
by economic theory like non-negativity or monotonicity (Mincer (1974)); or implied by the
nature of the parameters such as weights which are non-negative and add up to one (Fox
et al. (2011) and Fox et al. (2016)). It has long been recognized that incorporating equal-
ity /inequality constraints in parameter estimation can yield an efficiency gain, e.g., Liew
(1976), Judge et al. (1984), Chernozhukov and Hong (2004), and Moon and Schorfheide
(2009). Furthermore, as noted in Andrews (2001), “in cases where the restrictions on the
parameter space arise from prior information, tests that utilize this information have a con-
siderable power advantage over tests that do not.”

Asymptotic theory for extremum estimation subject to such linear equality and inequality
constraints follow from Andrews (1997, 1999). Specifically, Andrews (1997, 1999) show that
the asymptotic distribution of an extremum estimator depends on how many and which
inequalities bind in the parameter space. This paper complements Andrews (1997, 1999) by
developing asymptotically uniformly valid Wald, QLR, and score tests in such an extremum

estimation set-up.

!This Chapter is a joint work with Yangin Fan from the University of Washington.



The null asymptotic distributions of test statistics using full information in the parameter
space such as the Wald and QLR statistic depend critically on the undetermined inequalities
in the null parameter space. The first contribution of this paper is to identify and charac-
terize the set of undetermined inequalities in the null parameter space for testing a general
linear hypothesis against the two-sided alternative hypothesis in the presence of general lin-
ear inequality constraints in the parameter space. Specifically, we introduce the important
concept of an implicit nuisance parameter to characterize undetermined inequalities in the
null parameter space. An implicit nuisance parameter is defined as a subvector of the linear
function evaluated at the pseudo-true value of the parameter in the undetermined inequalities
that corresponds to a row basis of the coefficient matrix (see Definition 1.3.2). We propose
a generic algorithm for identifying the undetermined inequalities and the implicit nuisance
parameter. The algorithm involves two steps: (i) we identify the implicit equalities and
strictly redundant inequalities in the null parameter space by applying algorithms in Telgen
(1983), leaving the rest as undetermined inequalities; (ii) we apply Gauss-Jordan elimination
to identify an implicit nuisance parameter, which typically consists of linear combinations
of the original parameters. We note that the implicit nuisance parameter only depends on
the null hypothesis and the parameter space; it does not depend on any specific model,

estimator, or test statistic.

The second contribution of this paper is to establish the null asymptotic distributions of
three test statistics: the Wald and QLR statistics which take the same forms as the classi-
cal ones respectively, and the score statistic which extends the one introduced in Andrews
(2001) for testing subvector hypotheses.? For the Wald and QLR statistics, we show that
when there are undetermined inequalities in the null parameter space, their null asymptotic
distributions depend on which inequality constraints in the set of undetermined inequali-

ties bind. More concisely, we show that the null asymptotic distributions of the Wald and

2In Fan and Shi (2019), we develop another Wald test and two additional score tests, and establish some
equivalence results among them.



QLR statistics are discontinuous in the implicit nuisance parameter.® In contrast, we show
that the null asymptotic distribution of the score statistic does not depend on the implicit
nuisance parameter (even when there are undetermined inequalities in the null parameter
space).

Based on the null asymptotic distributions, we develop asymptotically uniformly valid
Wald, QLR, and score tests. This constitutes the third contribution of this paper. For the
Wald and QLR tests, their critical values are constructed via a two-step procedure based
on a confidence set for the implicit nuisance parameter in the first step and a Bonferroni-
type correction in the second step. Such two-step procedures have been widely adopted in
the subvector inference in broad contexts for which there is an explicit nuisance parameter
characterizing the undetermined inequalities in the null parameter space;* see the works
cited in the literature review below. For general (non-subvector) hypotheses considered in
this paper, the implicit nuisance parameter we introduce plays the same role as the explicit
nuisance parameter in the subvector inference. This makes identifying the former essential.
It is worthwhile emphasizing that for any given null hypothesis and parameter space, the
implicit nuisance parameter only needs to be identified once. The two-step procedure can be
used to construct asymptotically uniformly valid tests in any parametric or semiparametric
model using any test statistic. Although the null asymptotic distribution of the score statis-
tic does not depend on the implicit nuisance parameter, implementing the score test requires
computing the projection of a polytope, an important problem that has been studied exten-
sively in diverse fields such as constraint logic programming (Huynh et al. (1992)), marginal
problems (Fritz and Chaves (2012)), and robotics research (Ponce et al. (1997)). We present
an algorithm based on Fourier-Motzkin elimination to compute such projection. Fourth, we

investigate consistency and local power properties of all three tests. The Wald and QLR tests

3 A probability measure P, is said to be continuous in the model parameter @ if d (Py,, Pw,) — 0 when
|1 — wa| — 0, where d (-, -) is some metric on the probability measures, such as the Kolmogorov, bounded
Lipschitz, or total variation metric and |-| is the absolute value.

4To simplify the exposition, we refer to an parameter in which the asymptotic distribution of an estimator
or the null asymptotic distribution of a test statistic is discontinuous as the nuisance parameter.



fully exploit information in the parameter space, and are shown to be consistent. On the
other hand, since the score test only employs part of the information in the parameter space
through projection, it may be inconsistent. Fifth, we provide a complete study of the Wald,
QLR, and score tests for two running examples: a random coefficients model in Fox et al.
(2011) and the Mincer earnings regression in Autor and Handel (2013). Lastly, we conduct a
simulation study using a linear regression model to investigate the finite sample performance
of the tests developed in this paper. Results demonstrate that Wald and QLR tests dominate
the score test. An empirical illustration on Mincer earnings regression following Autor and

Handel (2013) is also presented.

Related Literatures Asymptotic theory for the classical Wald, QLR, and score tests rely
on the assumption that the true value of the parameter is in the interior of its parameter
space. Under this assumption and mild regularity conditions, the Wald, QLR, and score
statistics for testing the null hypothesis of equality constraints against the two-sided alter-
native hypotheses have the same asymptotic X? distribution under the null hypothesis, and
the three tests are asymptotically equivalent (see e.g., Engle (1984)). This paper shows that
neither property holds in general when the parameter space is characterized by linear in-
equality constraints and it is unknown a priori how many and which inequality constraints
bind under the null hypothesis.

Existing works have also studied Wald, QLR, and score tests for testing equality con-
straints against one-sided alternatives (see Gourieroux et al. (1982), Kodde and Palm (1986),
and Silvapulle and Sen (2005)). The hypotheses in these works can be reformulated as spe-
cial cases of the general hypotheses considered in this paper with inequality constraints in
the parameter space. Under the reformulation, the weak inequalities in the parameter space
are known to bind under the null hypothesis for all the cases in Gourieroux et al. (1982)
and Kodde and Palm (1986). As a result, there is no implicit nuisance parameter and the
null asymptotic distributions of the test statistics are continuous in model parameters. The

standard plug-in approach can be used to obtain critical values.



Andrews (2001) and Ketz (2018) develop asymptotically uniformly valid tests for sub-
vector hypotheses when it is unknown a priori whether some parameters are in the interior
or on the boundary of a general parameter space.” Assumptions in Andrews (2001) and
Ketz (2018) ensure that the null asymptotic distributions of the test statistics considered are
continuous in all model parameters. This is achieved in Andrews (2001) by assuming that
(i) the normalized “information” matrix is block diagonal between the parameters that are
known to lie on the boundary or in the interior of the parameter space and the ones whose
locations are completely unknown, and (ii) the approximating cone of the parameter space
is a product set. Ketz (2018) introduces a Conditional Likelihood Ratio statistic. Under
the assumption that (i) some inequality constraints are empirically irrelevant, and (ii) the
parameter space is a product set of the space for the parameter under testing and the one
for the nuisance parameter, Ketz (2018) shows that the null asymptotic distribution of the
Conditional Likelihood Ratio statistic is nuisance parameter free.

Methods for constructing asymptotically uniformly valid subvector inference in the pres-
ence of discontinuity have been proposed in different contexts. They include Bounds tests,
the least favorable approach, and tests based on confidence sets for nuisance parameters.
See Section 4.3.2 in Silvapulle and Sen (2005) for a brief discussion of all three approaches.’
Among these proposals, the two-step approach based on confidence sets for nuisance param-
eters and a Bonferroni-type correction has proven to perform well. There are several works
that adopt this approach. Berger and Boos (1994) and Silvapulle (1996) study some specific
parametric testing problems. In a single-equation instrumental variables regression with pos-
sibly “weak” instrumental variables, Staiger and Stock (1997) construct a confidence region
for the parameters based on such method. Romano and Wolf (2000) construct a confidence

interval for a univariate mean that has finite sample validity. For moment equality mod-

°In Andrews (2001), the presence of an unidentified nuisance parameter under the null hypothesis is also
allowed.

6Wolak (1987, 1989, 1991) develop tests for the null hypothesis of inequality constraints based on the
least favorable approach. Silvapulle and Sen (2005) provide a comprehensive and systematic treatment of
constrained inference via the least favorable approach.



els with overidentifying inequality moment conditions, Moon and Schorfheide (2009) propose
asymptotically uniformly valid tests and confidence sets for the parameters of interest. Cher-
nozhukov et al. (2013) construct confidence intervals for marginal effects in non-linear panel
data models. For testing a finite number of moment inequalities, Romano et al. (2014)
construct asymptotically uniformly valid confidence sets for parameters characterized by the
moment inequalities. Finally, McCloskey (2017) considers general non-standard testing prob-
lems in which the asymptotic distribution of a test statistic is discontinuous in a nuisance
parameter under the null hypothesis. We refer interested readers to Romano et al. (2014)

and McCloskey (2017) for other related works using similar two-step approaches.

Organization of the Rest of This Paper The rest of this paper is organized as follows.
In Section 1.2, we introduce the extremum estimation set-up, hypotheses, test statistics,
and two running examples. In Section 1.3, we introduce the concept of an implicit nuisance
parameter and our algorithm for identifying undetermined inequalities in the null parameter
space and the implicit nuisance parameter. The algorithm is illustrated on the two running
examples. In Section 1.4, we first provide a detailed construction and technical treatment
of asymptotically uniformly valid Wald tests for subvector hypotheses and then extend our
results to testing null hypotheses of general linear equality constraints. Sections 1.5 and
1.6 develop QLR and score tests respectively. Section 1.7 studies the local power of all
three tests. Section 1.8 reports results from a simulation study. An empirical illustration
is presented in Section 1.9. The last section offers some concluding remarks and possible
extensions. The technical proofs and primitive conditions for the assumptions discussed in

the paper for the linear regression model are provided in an online appendix of the paper.

Notation All limits are taken as n — oo. For two vectors v,u € R!, v > u means that
v; > w; for j =1,....1; and |[v| denotes the Euclidean norm of v. The sets RL, and R,
denote {v eER v > 0} and {v cR :v > 0} respectively. We use “=” to denote “equals

by definition”. For A being any subset of a Euclidean space or some metric space, we use



A to denote its closure. For any two subsets A and B of a Euclidean space, the Hausdorff

distance is defined as

dy (A, B) = inf ||la — b inf [la — b|| ) .
(4, B) maX(iggggBHa ”’jgg;&”a H)

1.2 Extremum Estimation, Test Statistics, and Two Running Examples

Let [,, (#) denote the estimator objective function that depends on the data, wheren = 1,2, ...
denotes the sample size, and # € © C R!. The parameter space O is of the form of a convex

polytope defined as
e= {QeRl : H#.0 =1, and %wQer}, (1.1)

where #, and %#,, are known matrices of dimensions [, x [ and [,, x [, and r. and r, are
known vectors of dimensions [/, and [,, respectively. The matrix Z,, is allowed to be row rank

deficient to incorporate constraints like 0 < 6 < 1.

1.2.1 An Extremum FEstimator and Asymptotic Distribution

In this section, we present a brief review of the asymptotic distribution of the extremum

estimator in Andrews (1999) denoted as 0, i.e.,0c 0 and

ln (é\) =supl, (0) +o0,(1). (1.2)

0cO

Let 6* € © denote the pseudo-true value of the parameter 6. The estimator objective function

I, (0) has a quadratic expansion in 6 around 6*:
1 /
In(0) =1,(0")+ DI, (6") (0 — 0") + 5 (0 — 6% D1, (6°) (0 — 6*) + R, (), (1.3)
where R, (0), DI, (6*), and D?l, (6*) satisfy the following assumptions:

Assumption 1.2.1. For all 0 < k < 00, SUDpee: (b, (9—0)|<x | Fon (0)| = 0, (1) for some scalar

constants {b, : n > 1} satisfying b, — oc.



Assumption 1.2.2. (b,'DI, (6*),.9,) KA (G, T) for some random variables G € R' and
T € R where 9, = —b,2D?l,, (6*) and T is symmetric and non-singular with probability

one.
We further impose an assumption on the convergence rate of 0.
Assumption 1.2.3. b, (5— 0*) =0, (1).

The above assumptions do not rule out the case where [, (-) is non-differentiable at 6*.
When 6* is on the boundary of © and the estimator objective function is not defined outside
the parameter space, DI, (6*) could contain left or right partial derivatives. Andrews (1997,
1999) offer detailed discussions on the assumptions and provide sufficient conditions for
them to hold. Note that instead of a general normalizing matrix denoted as B,, in Andrews
(1997, 1999), we adopt the special form that B, = b,[;»; as in Assumption 5* in Andrews
(1999), where I}, denotes the identify matrix of dimension [ x I. This simplifies asymptotic
distribution of the extremum estimator under drifting sequences essential to the construction
of asymptotically uniformly valid tests. As stated in Andrews (1999), such form of the
normalizing matrix is applicable to most cases with non-trending data for which b, = /n,
although it is not applicable in dynamic models with deterministic and/or stochastic trends
such as the Dickey-Fuller Regression in Andrews (1999) or the GARCH (1,q*) example in
Andrews (1997). A sequel to this paper will explore the applicability of this approach to
trending data.

Let Z, = 9, ', DI, (6*). The quadratic expansion can be alternatively expressed as

1 1
l,(0)=1,(0")+ §Z7’1%Zn — §qn (b (0 —07)) + R, (0), where

N =\N—2,) T (\—Z,) for A e R.

Under Assumptions 1.2.1-1.2.3, the lemma below follows from Theorem 3 (a) in Andrews

(1999).



Lemma 1.2.1. Suppose Assumptions 1.2.1-1.2.3 hold. Then
by (8- 07) % argmin[g (V) + 6 ()],
where q(A\) = (AN —=2) T (A= 2), Z = 77'G, and

0, tf ZA=0 and Zyp\ >0
¢9 (>\) = )

oo, otherwise

for %1, being the submatriz of %, composed of rows corresponding to the binding inequalities

n B0 > ry,.

For the parameter space © defined by linear equalities and inequalities in (2.3), it is
straightforward to show that the expression in Lemma 1.2.1 is the same as that in Theorem
3 (a) in Andrews (1999). The asymptotic distribution of 0 depends on the binding inequalities

in Z,0° > r,, and thus is discontinuous in %Z,,0* at r,,."

1.2.2 Hypotheses and Test Statistics

Under the maintained hypothesis that 6* € ©, the null and alternative hypotheses we con-

sider in this paper are expressed as
HO:Q*E@OandH1:9*E@1,
where Oy = {# € © : R = r} or equivalently,®

Oy = {GERZ RO =r, %0 =r., and %’wezrw}, (1.4)

"Different descriptions of © may result in different matrices %, and Ry p. However, the set where ¢y ()
equals zero is independent of the description; see Lemma S.1.6 in the online appendix.

8For the testing problem to be non-trivial, the set ©q is assumed to be non-empty. Methods such as the
Fourier-Motzkin elimination discussed in Section 1.6.2 of this paper can be used to determine whether ©g
is empty or not.
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in which R is a known matrix of dimension J x [ and is of full row rank, r is a known vector
of dimension .J, and

0,=0\0p={0€O:RIF#r}.
The Wald and QLR test statistics take the standard forms:
W, =1 (R - r)' (RSB~ (R~ )
for some positive definite weighting matrix Xy, and

OQLR, = —2 (ln (50) —1, (5)) ,

where 50 is a restricted (by Hy) estimator such that: 670 € Oy and

Ly (é\()) = sup [, (#) + 0, (1).
6cOg

To account for parameters on the boundary of the parameter space, we adopt the following
extension of the score test statistic introduced in Andrews (2001) for subvector hypotheses.
It is defined as a quadratic form in the directed score. For any 6 € O, we call DI, (0) the

score function such that
DI, (§) = DI, (6*) + DL, (0%) (6 — 0*) + R2 (9) (1.5)

where DI, (0*) and D?1,, (9*) are defined in (1.3), and R () is the remainder term satisfying
Assumption 6.3 (i) in Section 1.6. We do not require [, (¢) to have pointwise partial derivative
with respect to 0; when it does, DI, (6) equals the vector of pointwise partial derivative of

I, (0) with respect to 6. Define the directed score ds,, as

qr (dsn) = apenf, (Ar) +0, (1), (1.6)

where

Gn () = ( ~R7 W'D, (50))' <R§;‘1R’> B ( ~RZW-'Di, (50)) ,



11

in which the matrix é; is assumed to approximate 7;,. The score test statistic is defined as
Sp = ds), X, dsy, (1.7)

where the weighting matrix g, is positive definite.

Let T, denote any of the above test statistics. We now introduce the concept of the
asymptotic size of a test based upon 7, following Andrews and Guggenberger (2010). Sup-
pose the model of interest is fully characterized by the finite dimensional parameter 8* € ©
and the infinite dimensional parameter ¢)* € ¥ consistent with the value 6*. The space ¥
can be restricted to be some compact metric space with a metric that induces weak con-
vergence; see Andrews et al. (2011). Let w = (0*,¢*) € W; denote P, as the probability
model indexed by w and Pr,, as the probability computed with respect to P,,. Let W, be the
collection of elements w € W consistent with the null hypothesis and CV,, be a (possibly)
sample dependent critical value. The asymptotic size of the resulting test is defined by

AsySz(T,,CV,) = limsup sup Pr, (T,, > CV,).

n—oo  weWy
1.2.3 Two Running Examples

We now introduce two running examples for which we will offer a complete treatment of the

Wald, QLR, and score tests developed in the paper.

Random Coefficients Model

Fox et al. (2011) proposes an inequality-constrained least squares estimator in a random
coefficients model. It considers the classical setting of the discrete choice models. Agents
1 =1,...,n can choose between j = 1, ..., J mutually exclusive alternatives and one outside
good. The binary observable dependent variable Y; ; takes the value one if the choice j renders
the highest utility and zero otherwise. Denote g; (X;, 3) as the conditional probability of
observing Y; ; = 1 conditional on the random coefficient 3 € R' and characteristics X;. The

functional form of g; is known. Depending on the assumption, g; can take different forms.
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Following Fox et al. (2011), we assume that the random coefficient 5 has a finite number [
of known “support points” S with weights 0, for m = 1,...,[; see Section 3 in Fox et al.
(2011) for the discussion of the choice of 4. One can consider such an assumption as having
[ types of agents. The probability Y; ; = 1 conditional on X; denoted as Pr(Y;; =1 | ;) is
given by Pr(Yi; =1|xz;) =S _ 6%.g; (Xi, B™). Let 6* = (67,...,67) € ©. The parameter

space O can be expressed as © = {9 ceR': #.0 =1, and Z,,0 > rw}, where Z, = (1, ..., 1),
r, =1, Zy = I;xq, and 1, = (0,0, ...,0)".

The objective of the econometrician is to estimate #*, and more importantly, to con-
duct inference on the cumulative distribution function of the random coefficient S denoted
as Fj(-). Let I[] be the indicator function. It is straightforward to see that Fj(-) =
an:l 0r 1™ < ). Fox et al. (2011) proposes to estimate 6* by an inequality-constrained
least squares estimator. Define Z; ; = (Z; 1, ..., Zm-,l)' with Z; j », = g; (X;, ™). The sam-
ple objective function can be written as I, (/) = —2>°" | ijl (Vi — ZZ(J.Q)2 for 6 € ©.
Under mild conditions discussed in Section S.2 of the online appendix, we have b, = \/n,
DI, (0) =37, Z}]=1 Zij (Y;J - Zz(,je)’ and D, (0) = = >0, Z}']:1 ZijZi ;-

For any given b € R, confidence intervals for Fj (b) can be constructed by inverting
tests for the linear hypothesis Ho : Y20 _ 65 T[™ <b] = r for r € [0,1] against H; :

S 05 T[B™ < b # r, or equivalently for Hy : R#* = r against H; : RO* # r, where

m=1"m
R=(I[p*<Y],...I1[B"<b]).

As noted in Fox et al. (2011), many estimated weights are zero or close to zero calling for
inferential procedures that are asymptotically uniformly valid. However, Fox et al. (2011)
also notes that “the reality is that this recent literature has not developed general-enough
results that could allow us to estimate confidence intervals for our problem in a way that

gives asymptotically correct coverage as defined by Andrews and Guggenberger (2010).”

This paper develops Wald, QLR, and score tests that can be used to construct asymptot-
ically uniformly valid confidence intervals for the distribution of random coefficients at any

given value of the random coefficient.
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Mincer Earnings Regression

Using original and representative survey data, Autor and Handel (2013) conduct a compre-
hensive study on the interaction among human capital, job tasks, and wages. They first
introduce a conceptual framework on the causal links between human capital endowments,
occupational assignment, job tasks, and wages, and then conduct empirical estimation and
tests. Focusing on regressions on wage differentials related to job tasks and human capital,
we apply the tests developed in this paper to three regressions in Autor and Handel (2013),

and compare the results with the ¢-test in Section 1.9.

To illustrate, consider one of the regressions in Autor and Handel (2013) on the log hourly
wages:

logWage; = EIf* + X[p* +¢e;,i=1,...,n,

where X; € Rl is a vector of demographic variables and E; = (Evg,. .. 7E4,Z-)/. For 5 =
1,...,4, E;; indicates education level with E;; being “Less than high school”, Es; being
“Some college”, E5; being “College”, and E,; being “Postcollege”. The reference group for
the regression is that of high school graduates. This regression is further discussed in Section

1.9.

Let 8* = (Bf,...,53;). By interpreting the coefficients on education level as the com-
pensating differentials for income forgone while attending school (Mincer (1974)), we expect
B < 0 < B3 and a non-descending ordering of 35 to ; under the rationality assumption.
By incorporating the information from economic theory, the parameter space is expressed as

O ={0:%,0 >0}, where § = (8, 1t) and By, = (Zuw.3,04x1,) With

-1 0 0 0

0O 1 0 0
R p =

0 -1 1 O

0O 0 —-11

In addition to tests of significance of individual parameters, researchers may also be



14

interested in testing joint hypotheses on §*. As an example, consider testing Hy : 7 = 0
and 85+0.1 = ;. Under this null hypothesis, the monetary return of obtaining a high school
degree is zero, and the benefit of having a postcollege degree is a ten percentage increase
in wage comparing to having some college education. Under the matrix notation, the joint

hypothesis can be written as Hy : R6* = r, where R = (Rg, 02y, ),

1 0 00 0
Rg = ,and r =
0 -1 0 1 0.1

1.3 Undetermined Inequalities and Implicit Nuisance Parameter

Lemma 1.2.1 suggests that when there are undetermined inequalities in the null parameter
space O in (1.4), the null asymptotic distribution of a test statistic for Hy may take differ-
ent forms depending on which inequalities bind. To develop asymptotically uniformly valid
tests for Hy, the first and a critical step is to identify binding, non-binding, and undeter-
mined inequalities in %Z,,0* > r,, under Hy. Since the null parameter space ©y contains all
the available information on 6%, identifying different types of inequalities in Z,0* > r,, is
equivalent to identifying implicit equalities (those that are known to bind), strictly redundant
inequalities (those that are known not to bind), and undetermined inequalities in the null
parameter space Og in (1.4).

This section proposes an approach for accomplishing this task, and introduces the im-

portant concept of an implicit nuisance parameter to characterize undetermined inequalities

in the null parameter space ©y when they exist.

1.3.1 An Algorithm for Identifying Implicit Equalities, Strictly Redundant
Inequalities, and Undetermined Inequalities

We first incorporate information in equalities: #Z.0 = r. and Rf = r in #,0 > r,, to obtain

a new system of linear inequalities. Let I' and v be such that the full set of basic solutions
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to the system of linear equations:

%6 re
0 = (1.8)
R T

is expressed by ¢ = I'0 + «y, where 0y is a vector of [ free parameters, I' is a | X [; matrix,
and 7y is a [-vector. Then under Hy, the system of linear inequalities in 0: %,,0 > r,, becomes

the system of linear inequalities in 0:

%’wFQf Z Ty — %w”)/. (19)

Let n = %wfﬁ}. After incorporating the information in Hy and %.0 = r., some in-
equalities in (1.9) will be known to bind, some will be known not to bind, and some are
undetermined. To distinguish among these three types of inequalities, we decompose 7 into
n®, ™, and n* composed of rows of 77, such that the inequalities given by 1 in (1.9) are known
to bind, the inequalities given by ™ are known not to bind, and finally the inequalities given

by n* are undetermined.

For systems of weak linear inequalities, Telgen (1983) introduces implicit equalities and
strictly redundant inequalities, and develops efficient algorithms STREINQ and IMPLEQ
for finding them. For the system of weak inequalities (1.9), define its feasible set

W= {6;eRY: Z,00; >r,— %7}

Let J = {1,...,1,} and the subscript (j) denote the j-th row of a matrix or a vector. For
any j € J, let

W, = {Qf e RV : (Zwl) () Of = (Tw — L) 1y, YU # Jym € 3} :
Definition 1.3.1. In the system of inequalities (1.9), for a given j € J, the inequality:

(Zul) )0 = (tw — RuwY) ;) s an implicit equality if (Zuwl) ;) 0p = (vw — Zu) ;) for all
0y € W, and is strictly redundant if (ZwI') ;0 > (tw — Zw) ) for all 07 € W;.
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The following steps identify the collections of implicit equalities and strictly redundant

inequalities among (1.9). The detailed algorithms can be found in Telgen (1983). Denote
u; (0f) = (Zul) () 05 — (tw — Zu) ;)
Step a. Identify the implicit equalities in (1.9) as

Sub, = {j € J : max{u; (05) : 0y € W;} =0};
Step b. Identify the strictly redundant inequalities in (1.9) as
Subny, = {j € J\Suby : min {u; (0¢) : ; € W;} > 0}.

Let #° € Rl (" € RI=xX!) denote the submatrix of %, consisting of rows with
indices in Suby, (Subyp). Denote Z € R*! as the submatrix of %, consisting of rows that

are not in Sub, or Sub,; and let r¥ be the corresponding subvector of r,,. Then 7’ = 9?3,1“9;‘2,

N = ZT0%, Nt = Z T0%, and the undetermined inequalities are n* > 1% — Z%.
1.3.2 Implicit Nuisance Parameter

We now introduce the concept of an implicit nuisance parameter when there are undeter-

mined inequalities in (1.9).

Definition 1.3.2. An implicit nuisance parameter, denoted as n*, is defined as a subvector

of N corresponding to a row basis of ZpT.

We call ¥ an implicit nuisance parameter, because it is in general a linear combination
instead of a subvector of the original parameter 6*. By definition, an implicit nuisance
parameter is n* = Z40%, where Z is a submatrix of Z“I’ with rows forming a row basis
of ZuI'. When Z.T is of full row rank, #; = Z.1I" and the implicit nuisance parameter is
n* = n% When Z"I" is not of full row rank with rank denoted as I, we compute Z and
' € R«*% guch that ZLT" = %Y by Gauss-Jordan elimination on the transpose of Z*I.

In terms of the implicit nuisance parameter, the undetermined inequalities in (1.9) become:

gk >t — 7. (1.10)
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Remark 1.3.1. Given Oy and # € O, the undetermined inequalities among %,,0 > r,
are unique. However, the implicit nuisance parameter may not be unique. Although the
dimensions of §; and n* are uniquely determined by Oy, free parameters in (1.8) and row

bases of Z.I" are not unique.

We emphasize that for testing Hy against H;, the algorithm in this section needs to be
implemented only once regardless of the model, estimator and test statistic. Once implicit
equalities, strictly redundant inequalities, undetermined inequalities, and the implicit nui-
sance parameter in 6 are identified using our algorithm, one can adapt any existing two-step
approach for subvector inference to construct uniform tests for Hy in any model and via any
test statistic.

In the rest of this paper, we demonstrate this by constructing Wald, QLR, and score
tests for Hy in the model in Section 1.2. Since this paper focuses on studying the effect of
inequality constraints in © on inference, especially on the discontinuity of the null asymptotic
distribution of the chosen test statistic caused by the inequality constraints, we impose the

following assumption throughout the rest of this paper.

Assumption 1.3.1. The distribution of (G,.7) is not discontinuous in any unknown pa-

rameters.

Typically, G is a Gaussian distribution with zero mean, and .7 is a deterministic, sym-
metric and non-singular matrix. Furthermore, we assume throughout the rest of the paper
that there are undetermined inequalities in the null parameter space ©g. If there is no un-
determined inequality after applying Steps a and b in Section 1.3.1, the conventional plug-in
approach would be applicable to constructing asymptotically valid tests; see Gourieroux

et al. (1982), Kodde and Palm (1986), and Silvapulle and Sen (2005).

1.3.3 Running Examples (Continued)

Our approach for identifying an implicit nuisance parameter is applicable to any Z., Z.,

and R. We illustrate this by deriving implicit nuisance parameters for the running examples
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introduced in Sections 1.2.3 and 1.2.3 respectively.

Random Coefficients Model

To implement the Wald and QLR tests for Hy : R6* = r developed in Sections 1.4 and
1.5 of the paper, where R = (I B <], ..., 1 [Bl < b]) and r € [0,1], the key step is to
identify an implicit nuisance parameter. To simplify the exposition, we assume that [ is one
dimensional. The analysis can be directly extended to cases where [ is multidimensional.
For some b € R, Fz(b) = S0 _ 6% where [ is the largest value of m such that ™ < b.
Confidence intervals for the distribution of the random coefficient at any specific point can
be constructed by testing Hy : R#* = r, for some R = (1,...,1,0,...,0)" with I, number of
ones and r € [0, 1].

Decompose %, = (9?/

w,1

5?1’0,2)/, where #,,1 consists of the first {; rows of %, and Z,, 2

consists of the remaining rows. We solve the system of linear equations (1.8) to obtain that

1 -~ 0 0 - 0 0
th
0 1 0 0 0
-1 -+ =1 0 --- 0 01,1 r
r— 0 = ,and v = )
0O --- 0 1 -+ 0 01,41 0
0 0 0 1 011 0
o --- 0 =1 --- —1 L=

where I' € R*(=2 9, € R'=2 and v € R!. For r = 0, by applying Steps a and b in Section
1.3.1, we have that Sub, = {1,2,...,l1} and Sub,, = 0. Thus, Z°, = 1 and Z". = Ry .
The row basis of %, 2" consists of its first (I —; — 1) rows. The implicit nuisance parameter
is therefore obtained as n* = (6} ,,,... ,97_1),. For other values of r, the same procedure
would provide that #Z% = %, and n* = (6},...,0; 1,0/ .1, ... ,01*71)/ when r € (0,1), and
R = Rpoy B = R, and n* = (9}‘, e ,9;“1_1)/ when r = 1. The result shows that the

w
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implicit nuisance parameter depends on the value of 7 in the null hypothesis.

Mincer Earnings Regression

We focus the discussion on the joint hypothesis Hy : RO* = r discussed in Section 1.2.3,
where R = (Rg, 02><lz)7

1 0 00 0
Rg = ,and r =
0 -1 01 0.1

Because the inequality constraints and the joint hypothesis are both on 8*, we can ignore
1" when identifying an implicit nuisance parameter. Solving Rz = r, we get 8 = I'8¢ + v,

where .

0101 B !
= , By = ,and’y=<0000.1>-
0010 B3

Then %, 38 > 0 becomes Z,, sgI' B > 0 — Z,, gy for

!/
01 -1 1 /
Rl = andﬂ—%,mz(o 00 —0.1>.
00 1 -1

By definition, we have Sub, = {1} and Sub,; = 0.

Denote %, 4 as the submatrix of %, s excluding the first row. Applying the Gauss-Jordan

elimination on the transpose of %Z; ;I":

, 1 -1 1 1 0 0
(%0,5T) = —
01 -1 01 -1

we obtain Zp as the first and second row of %, sI',

/

1 0 0 >
= and n* = Zp8; = o
01 -1 —B3 + B3
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1.4 The Wald Test

In this section, we construct an asymptotically uniformly valid Wald test using the statistic
W,, introduced in Section 1.2.2 and provide a detailed procedure for implementing it. The

following assumption is imposed on the weighting matrix.
Assumption 1.4.1. Xy, 2 Sw for which REw R is positive definite with probability one.
The asymptotic distribution of W,, under Hj is given in the Lemma below.

Lemma 1.4.1. Under Hy and Assumptions 1.2.1-1.2.3 and 1.4.1, it holds that
W, -5 W = (RV) (REwR) ™ (RT),
where U = argminy [q (A) + ¢ (N)], in which ¢ (X\) is defined in Lemma 1.2.1 and

0, if BX=0, Z\>0 and Z4 A >0
¢(A) = ,

oo, otherwise
with %, being the submatriz of %, corresponding to the binding inequalities in (2.18).

Lemma 1.4.1 implies that the asymptotic distribution of W,, under H, depends on the
implicit nuisance parameter n* through the undetermined inequalities in Oy, i.e., (2.18), and
is discontinuous in n*.

For clarity and to be self-contained, we first provide a detailed treatment in Section 1.4.1

of the subvector hypothesis of the form:
Hyg : 0] = r against Hyg : 0] #r,

where 07 € R’ is a subvector of 6* such that 0* = (6, 63")’, under the maintained hypothesis

that © = {8 eER 9> 0}. Then we extend it to the general Hy in Section 1.4.2.

Remark 1.4.1. A more general class of subvector hypothesis takes the following form:

Hy : % 10° =1 against Hy : %, 10" # r for © = {9 eR: 2,0 > rw}, where
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(@w _ <%w,l _ %w,ll 0
i 0 R.22
and Z,, 22 has full row rank. For the first J inequalities in %,,0 > r,,, we can easily determine
whether they are binding or not by comparing values of elements in r with that of r,, ;, where
/ /

Ty = (rwJ, rw,2),' Since %22 has full row rank, the implicit nuisance parameter is simply

Ry 2205, where 0* = (6%, 05")" is decomposed conformably.

1.4.1 Subvector Hypothesis

For the subvector hypothesis Hyg, Remark 1.4.1 shows that the implicit nuisance parameter

is n* = 63. The Wald statistic is calculated by

Iys O

W, =1 (51 _ r)' (RSwnR) ™ (51 . 7«) with R=|

Without loss of generality, assume that » = (0’,17,)’, where 1, € ]Ria‘]”. Applying Lemma

) " nb

1.4.1 to this case with Z,, = I;; and r,, = 0, we obtain W, W with

0, XN >0forj=1,...,0pand A\; >0forjecJ
¢ (A) = :
oo, otherwise
where elements in J are the indices corresponding to zero elements in #5. The asymptotic

distribution of W, is discontinuous in n* = 6 at 0, unless .7 is block diagonal between 6,

and 0y; see Andrews (2001).

The Null Asymptotic Distribution Under Drifting Sequences

We decompose the model parameter w € W, into three groups: (77’“, ™w, f) based on their
effects on the asymptotic distribution of W,. my € Il contains parameters in G, .7,
and Yy; and £ € = consists of all other parameters and is infinite dimensional. From

the previous discussion, the null asymptotic distribution of W, is discontinuous in n*; my
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affects the limiting distribution of W, but not its continuity; £ does not affect the limiting
distribution of W,, given 7* and myy.

Following Andrews et al. (2011), Andrews and Cheng (2012), Andrews and Cheng (2014),
and Cheng (2015), we establish the asymptotic distribution of W, under drifting parameter
sequences w, € Wy — w € W,.? For brevity, throughout the paper the terminology “w, €
W, refers to “drifting parameter sequence w, € W, with limit w € W,”. Under the
null hypothesis, 6, = (7“/,9’2771)/ has the limit 6, = (7, é,w)/' Let Ryg = Rso U {+o0}.
In particular, we consider the parameter sequence {(77’”“, TWon,s §n) € ngoj Xy x=Z:n > 1}

and the localization parameter (¢, my,,) as the limit of b,n* and my.,:
——J —
bnnﬁ = anQ’n — Ccc RZO and TwWn — TWw € Iy .

Notice that this is a definition rather than an assumption, because elements in ¢ are not
required to be finite. As shown in the lemma below, the asymptotic distribution of W,
under the null hypothesis and the drifting parameter sequence (Uﬁ,ﬂ'w}n,fn) depends on ¢
and my,,; whereas &, (or the limiting value &, of &,) does not affect the limiting distribution
under any parameter sequence n¥ and my,,.

The estimator objective function [, (/) has a quadratic expansion in § around 6,:
1
I, (0) =1, (0,) + DI, (6,,) (0 — 6,,) + 5 (0 —0,) D1, (6,) (0 —0,) + R, (),
where R, (0), DI, (0,), and D?l, (6,) satisfy the following assumptions.

Assumption 1.4.2. For any P, with w € Wy, SuDgee.|o—,|<n, |1 (0)| = 0, (1) for all
kn =0 (1).

Assumption 1.4.3. For any w, € W, (b;'Dl, (6,),9,) A (Gw, T,) for some random
variables G, € R! and T, € R where F, = —b,?D?l, (0,)) and F, is symmetric and

non-singular with probability one.

9We focus our discussion on the sequence of w, in the main text, and later relate the result under the
full sequence to that under the subsequence in the proof using Lemma 2.1 in Andrews et al. (2011).
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The next assumption is on the convergence rate of f under the drifting parameter se-

quence.
Assumption 1.4.4. For any w, € Wy, b, <§— Qn) =0, (1).

Assumption 1.4.2 is slightly stronger than Assumption 1.2.1 by requiring the quadratic
approximation to be accurate in a small neighborhood of 6, for each model P,,. Nevertheless,
it is still an assumption on the local property of the objective function, because we do not
need the remainder term to be small uniformly over the parameter space of 6. Assumptions
1.4.3 and 1.4.4 are also stronger than their counterparts in Section 1.2.1. They require
the normalizing constants b, to be the same for all w, € W,. Tools like Lindeberg-Feller
Central Limit Theorem can be employed to verify these assumptions for which the existence
of bounded higher moments is often enough. In Section S.2 of the online appendix, we discuss
primitive conditions for Assumptions 1.4.2-1.4.4 to hold for the linear regression model.

The following assumption is on the weighting matrix. It is satisfied if Xy, is positive

definite with probability one.

Assumption 1.4.5. For any w, € Wy, Xw, LN Yww for which REw,,R' is positive definite
with probability one.

The asymptotic null distribution of W,, for any w,, € Wj is given in the following lemma.

Lemma 1.4.2. (i) If Assumptions 1.4.2-1.4.4 hold, then under Hys : 07 = r and any
Wn € WO;

b (0= 0.) % W, = argmin g, (V) + 6, (V)]
where q, (\) = (A — 2.) T, (N = 2,), Z, = TG, and

;

0, A =>0forj=1,...,J,

du (A) = and Nprg+c >0 fork=1,...;1—J-

o0, otherwise
\

(i) If further Assumption 1.4.5 holds, then W, LW, = (RV,) (REwR) " (RV,).
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The Testing Procedure

As shown in Lemma 2.4.1, the null asymptotic distribution of W,, under the drifting sequence
of distributions depends on the value of (¢, mw,,). Let CZ};WM (1 —7) denote the (1 —7)
quantile of the distribution of W, given ¢ and myy,,. It may not have a closed form expression
but can be simulated. Building on existing work, especially McCloskey (2017), we adopt the
two-step approach with Bonferroni-type correction to construct an asymptotically uniformly
valid test for subvector hypothesis Hyg.

The detailed process consists of the following steps.

Step 1. (i) Find the consistent estimator 7y, such that for any w,, € Wy, 7w RN Tww; (ii)
Construct the confidence set TT for ¢ such that for any w,, € Wy, lim,,_, Pr,,, <c € 77) > T.

Consistent estimator for my,, is easy to obtain in general, because myy,, consists of the
parameters in G, 7,, and Yy, which are usually variance covariance matrix and Hes-
sian matrix of the limit of the objective function. We provide one way of constructing the
confidence set i for c. Define the unrestricted extremum estimator for 6, ,, as 52 such that

ln (71, gZ) = =sup ln (T, 02) + Op (1) :

926Rl7‘]

Let ¢ = bngg. Tt can be shown that ¢ % ¢ + %;1G27w7 where Gq,, and 5, are the sub-
vector of G, and submatrix of .7, corresponding to 5. Denote ES (7) as the set such that
Pr (7, Gy € ES (7)) > 1— 7. Since the parameter space for ¢ is EIZ_OJ, we obtain a con-
fidence set I, as I* N ﬁlz_oj, where I* = @ — ES () and ES (7) is the set obtained using
estimators of the parameters in %;}GZW rather than true values. In cases where ff N R;OJ
is an empty set, let I, = {0}.

Step 2. We construct the « level Bonferroni critical value as

CVWi(a,7) = sup cvo (1-1), (1.11)

C,TW
CGI(X—T

for some 0 < 7 < qv.

The following two theorems show that the Wald test for Hys has the correct asymptotic
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size and is consistent.

Theorem 1.4.1. Under Assumptions 1.3.1 and 1.4.2-1.4.5, if W, is continuous atC). (1 —7)
for all (¢, mw,,) € RZZ_OJ x Iy, then it holds that AsySz (W,,CV,V (a, 7)) < av.

The continuity assumption in Theorem 1.4.1 may restrict the range of 7. In the case
that © = {(61,0,) € R*: 6; > 0 and 6, > 0} and Hy : 6; = 1, it is satisfied for all 7 € (0, 1).

With the same parameter space but Hy : §; = 0, this assumption is satisfied for 7 < 0.5.

Theorem 1.4.2. Under H, and Assumptions 1.2.3 and 1.4.1, Pr (Wn > CVW (oz,T)) — 1.

1.4.2 General Linear Hypothesis

We extend the subvector test developed in Section 1.4.1 to Hy for any %., #.,, and R.
By extracting linearly independent components of n*, we consider the model parameters
(nk,ww,f), where n* € H*¥ C R is the implicit nuisance parameter, my € Il consists
of parameters in G, 7, and Yy, and £ € = contains all other parameters and is infinite
dimensional. Similar to the discussion in Section 1.4.1, the asymptotic distribution of W,
is discontinuous in 7*; my affects the limiting distribution of W, but not its continuity;
¢ does not affect the limiting distribution of W,,. Let (nﬁ,ﬂmn,fn) be the drifting model
parameters. Since the implicit nuisance parameter n* satisfies inequalities in (2.18), we
consider localization parameter ¢ such that

¢ = lim b, (Iyk — (1% — Ziv)) € C C Elzuo, (1.12)

n—oo

where
C= {c € RZ;O : Inf € HF and ¢ = lim b, (Inf — (¥ — %}fﬁ))} :
= n— oo
The limits of my,, and &, are denoted as my,, and &, respectively.

Lemma 1.4.3. (i) If Assumptions 1.4.2-1.4.4 hold, then under Hy : RO* = r and any

parameter sequence (T]fl, WW’n,fn) e Hf x Iy x =,

b, (5— 9n> SN U, = arg m}%n (G (A) 4+ b0 (N)],
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where g, (\) = A — 2.) T, (N - Z,), Z, = TG, and

0, if BAN=0,Z%°\>0 and B\ +c>0
d)w ()\) = )

oo, otherwise

(i) If further Assumption 1.4.5 holds, then W, LW, = (RV,,) (RZW,WR’)_1 (RY,,).

The null asymptotic distribution of W,, stated in Lemma 1.4.3 suggests the following

procedure for computing the critical value of our test.

Step 1. (i) Find the consistent estimator 7y such that for any w,, € Wh, Tw —, mw..; (ii)

Construct the confidence set —77 for ¢ such that for any w,, € Wy, lim,,, Pr,, <c € E) >T.

Tw,w 1S composed of the parameters in G, 7, and Xyy,,. It is usually straightforward to
obtain the consistent estimator of my,,. The confidence set for ¢ can be constructed by the
following procedure. By definition, % = Z%6;,. Denote 5f as the unrestricted extremum

estimator for 0y ,:

L, (Fgf + fy) = sup L, T;+~)+o0,(1).
0;€R'

Applying Lemma 1.4.3, one can show that b, <5f — 9f7n> 4 ‘ZLIG fw, Where Gy, and J},,

are the subvector of G,, and submatrix of .7, corresponding to 6. Thus b, (%{15 i — 10 f7n> KA
%{iﬂf;}G fw- Denote ES () as set such that

Pr (%13%7161%&) €EES(r)>1-1

,w

We obtain I* as b, %0, fn — ES (1), where ES (7) is obtained by using estimators of param-

eters in <7f_w1 G, rather than true values. The confidence set TT for ¢ is calculated as

[T:{CER%OZC:FUL—Z)”(FZ—%Z’Y), LGE}. (1.13)

In cases where (1.13) is empty, let I = {0}.
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Step 2. Compute the a level Bonferroni critical value as

CVWVi(a,7) = sup e (1—1)

C, W
c€lo—r

w

C,\TW,w

for some 0 < 7 < a, where C (1 —7) is the (1 — 7) quantile of W, in Lemma 1.4.3 given
(¢, Twy). For any given (¢, mw,), the distribution W,, may not have a closed form expression
but can be simulated.

The following two theorems establish the asymptotic validity and consistency of the Wald

test.

Theorem 1.4.3. Assume that W, is continuous at CZ‘;WYW (1 —7) for all (¢,7,) € C x Iyy.

Under Assumptions 1.3.1 and 1.4.2-1.4.5, it holds that AsySz (Wn, cvw (a,r)) <a.

Theorem 1.4.4. Under H, and Assumptions 1.2.3 and 1.4.1, Pr (Wn > CvVW (04,7')) — 1.

1.5 The Quasi Likelihood Ratio Test

Recall that ©( denotes the parameter space under the null hypothesis Hy : R#* = r and
is given by (1.4). The algorithm in Section 1.3.1 generates %5, Z™°, and %", which are

submatrices of %, corresponding to implicit equalities, strictly redundant inequalities, and

b nb

undetermined inequalities. Partition r,, conformably into subvectors r,,, 177,

and ry. Since
inequalities defined by %7 are strictly redundant, the parameter space under Hy can be

rewritten as

©y={0€R :R0=r, B0 =r., Z,0 =15, and Z10 > 1%} .

w

We impose the following assumption on the convergence rate of the restricted estimator
é\o defined in Section 1.2.2. Primitive conditions for this assumption can be found in Andrews

(1997).

Assumption 1.5.1. b, (50 - 03) = 0, (1) for some 6 € O.
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We call ¢ the pseudo-true value of 6 in ©y. Under Hy, it holds that 05 = 6*; while
05 # 0" under H;.
The lemma below provides the asymptotic distribution of QLR,, under H,. Definitions

of ¢(-) and ¢ (-) are the same as in Lemma 1.4.1.

Lemma 1.5.1. Under Hy and Assumptions 1.2.1-1.2.3 and 1.5.1, it holds that
QLR, ~ QLR =min g () + do (A)] —min[q (\) +¢ (V)]

where
0, if (R, %, %) \=0 and Z:,\>0
$o (A) = ’ :
o0, otherwise

Note that ¢ (-) and ¢g () differ in two parts. First, ¢ (\) contains equalities R\ = 0,
because Oy is defined under the null hypothesis. Second, inequalities Z°X > 0 in ¢ (\)
become equalities Z5\ = 0 in ¢y (). The null hypothesis allows us to determine some
binding inequalities, which are represented by %2 . On the other hand, inequalities 226 > 1%
serve as equality constraints 9?39 = rfu when computing «/9\0 and [, (5()).

Comparing Lemmas 1.4.1 and 1.5.1, the asymptotic distributions of W,, and QL R,, share
the similarity that they both depend on the binding inequalities in Z;0* > r* and are
discontinuous in the implicit nuisance parameter n*. Because the idea for conducting uniform
inference for test based upon QLR, is analogous to that based upon W,,, certain details are
omitted in the following discussion.

With Assumption 1.5.2 on the convergence rate of 50 under w, € W, the following lemma
states the asymptotic distribution of QLR,, under drifting model parameters (77’”“, TOms fn),
where 7 € Il contains parameters in G and 7. The vector c is defined in (1.12). The
asymptotic distributions of W,, and ()L R,, under drifting model parameters depend on the

same localization parameter vector c.

Assumption 1.5.2. For any w, € W, b, <§0 — 9n> =0, (1).
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Lemma 1.5.2. If Assumptions 1.4.2-1.4.4 and 1.5.2 hold, then under Hy : RO* = r and any

parameter sequence (775, TQ.n fn) € HF x Iy x =,
QLR, < QLR, = min [q, (V) + do. (\)] = min [q, (V) + ¢, (V)]
where q,, (+) and ¢, (+) are defined in Lemma 1.4.3 (i) and

0, if (R, %, %) \=0 and Z:\+c>0
¢O,w (A) - .

00, otherwise

Let C2_ (1 —7) denote the (1 — 7) quantile of QLR,, given ¢ and mg,, for 0 < 7 < a.

CTQ,w

The «a level Bonferroni critical value CV? (a, 7) is defined as

CVQ(a,7) = sup CCQ%Q (1—1),
CET(X—T 7
where TQ,T and Tg are obtained by similar procedures presented by Step 1 in Section 1.4.2.
The following theorems show that C'V,? (a, 7) controls the asymptotic size of QLR test, and

that the test is consistent.

Theorem 1.5.1. Under Assumptions 1.5.1, 1.4.2-1.4.4, and 1.5.2, if QLR,, is continuous
at C¢. (1 —7) for all (¢,mq.) € C x g, then AsySz (QLR,,CV,? (a,7)) < o holds.

CTQ,w

Theorem 1.5.2. Under Hy, and Assumptions 1.2.1-1.2.3 and 1.5.1, if I, (+) is continuous at
05 and by,% (1, (0%) — 1, (63)) > < > 0, then Pr (QLR,, > CV,2 (o, 7)) — 1 holds.

The condition b2 (I, (6*) — 1, (65)) % ¢ > 0 in Theorem 1.5.2 is generally satisfied as the

identification assumption. We illustrate it by the following example.

Example 1.5.1. [Inequality-constrained generalized method of moments] Let ¢ (X, 0) be a
vector of known functions of the random variable X, which is allowed to be non-differentiable.

The moment equations E [g (X, 0)] = 0 hold if and only if § = 6* € ©. With the random

» 1, the sample moment functions are computed as = 3" | ¢ (X;,6). For some

sample (X;)
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positive definite weighting matrix X, [, () is defined as

1 (0) = —n (% nge)) 5, (%ng,e)) .

More discussion on the model can be found in Pakes and Pollard (1989) and Andrews (1997).
Suppose ¥, = ¥ for which ¥ is positive definite with probability one. Under some mild

assumptions, we then have

n (L (0%) — 1, (62)) = (%Zg(Xi,98)> (Z Xz,e>

1

( Zg Xz,9*> ( ; Xl,0>

25 FElg (Xe*

Assumption b2 (I, (6*) — 1,, (83)) & ¢ > 01in Theorem 1.5.2 is satisfied as long as F [g (X, 6%)] #
0 for 65 # 6*, which is assumed for the identification of 6*.

1.6 The Score Test

Let the following two assumptions hold for the score function, directed score, and score test
statistic defined in (1.5), (1.6), and (1.7). Discussion on the assumptions can be found in

Andrews (2001).

Assumption 1.6.1. (i) Assume that for all 0 < k < o0, SUPgcoy: b (005 )
0p (1); (ii) T = =0, 2Dl (65) + 0, (1).

<K |bT_LlR£ (9)‘ -

Assumption 1.6.2. Xg, 2 Sy for which Sg is positive definite with probability one.

By definition, R € R’*! and J < [. The polytope RO — r can be represented by

RO—r={\eR’/:30€©,\=RI—r}.
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Let the following be a halfspace description of RO — r:
RO —r = {)\ERJ :%R@)\ZTR@ and '%R,w)\er,w}- (114)

Such description always exists, because the affine map of a polytope is a polytope, and every
polytope can be represented by a halfspace description (Henk et al. (2004)). For any null
hypothesis consistent with the parameter space, there exists some 6 € © such that Rf = r.
Therefore, it holds that 0 € RO — r. Consequently, we have rp. = 0 and rr,, < 0. The

limit of b, (RO — r) in the sense of Hausdorff distance is given by
Ar={NeR’: Zr)\ =0 and Zprup) > 0}, (1.15)

where ZR 5 is the submatrix of #p,, composed of rows corresponding to the zero elements
IN IR -

As we show in Section 1.6.1 below, the null asymptotic distribution of .S,, depends on Ag.
When J = [, R is a square and invertible matrix. It is straightforward to find Ag. To see

this, we note that the halfspace description of the polytope RO — r is characterized by

‘%R,e - %ER_lu rR,e =T, — %@R_lr = 0 and
%R,w = %wRilu TRw = Tw — %walr < 0.

The set Ag such that dy (b, (RO —1r),Ar) — 0 is given by (1.15) with %Zg ., being the
submatrix of £, R~! composed of rows corresponding to the zero elements in r,, — Z, R~ !r.

When J < [, RO — r is an affine projection of the polytope © onto a lower dimensional
space. Its limit Ay is in general not straightforward to compute. In Section 1.6.2, we provide

an algorithm for obtaining the set Ag.

1.6.1 Asymptotic Theory

With description (1.15), the asymptotic distributions of ds and S,, are given in the following

lemma.
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Lemma 1.6.1. (i) Suppose the null hypothesis and Assumptions 1.2.2, 1.5.1, and 1.6.1 hold.
Then
ds, —25 ds = arg mAin lqr (A) + or (V)]

where qr (\) = (A — RZ)Y (RZ'R) "' (A= RZ), Z = 77'G, and

O, Z.fe%Rﬁ)\ =0 and %R,w,b)\ Z 0
¢r () = ;

oo, otherwise

(i) If further Assumption 1.6.2 holds, then S, A s= ds'Yg'ds.

The most significant difference between S in Lemma 1.6.1 and W in Lemma 1.4.1 or QLR
in Lemma 1.5.1 is that the distribution of S is not discontinuous in the implicit nuisance
parameter n*, because Zp ., is known under Hy. That is, whether 6* is on the boundary of
© is unknown under the null hypothesis, which leads to discontinuity of the distributions of
W and QLR in n*; but whether Rf* is on the boundary of RO is known, because R§* = r
under the null hypothesis. Therefore, under H, the limit of b, (© — *) is undetermined
in general, but the limit of b, (RO — RA*) = b, (RO — r) is determined. Since ds,, is the
projection of Ré;*lb; 'Dl, (5()) onto b, (RO — r), its asymptotic distribution depends on
the known limit of b, (R© — r). Thus, parameters in G, 7, and Xg are the only unknown
components in the distributions of ds and S. Since the distributions are continuous in those
parameters, inference procedure based on the conventional plug-in approach controls the
asymptotic size.

To study the asymptotic size of the score test, we impose the following assumption

extending Assumptions 1.6.1 and 1.6.2.

Assumption 1.6.3. Assume that for any w, € Wy, (i) subgee.|o—o.|<sn 6, ' RE (0)] = 0, (1)
for all K, = o(1); (i) i = I+ 0, (1); and (iii) Xg,, 2 Ys. for which g, is positive

definite with probability one.

Let C2_ (1 — «) denote the (1 — ) quantile of S, where g € IIg contains parameters in G,
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7 ,and ¥g. The critical value for the a level score test is computed as CV,° (o) = C;fs (1—a),
where g is some consistent estimator of g for any w, € W,. For the test based upon S,

with CV,® (), the following theorem shows that the asymptotic size is equal to a.

Theorem 1.6.1. Under Assumptions 1.3.1, 1.4.3, 1.5.2, and 1.6.3, if S is continuous at
C2. (1 — ) for all mg € I, then it holds that AsySz (S,, CV,? (@) = .

The consistency of the score test relies on the shape of [, (-). In the following theorem,

we provide sufficient conditions for the score test to be consistent.

Theorem 1.6.2. Under H, and Assumptions 1.5.1, 1.6.1, and 1.6.2, if F,'0,2Dl, (63) =
v (0*—0) + 0, (1), where 0 < v < 1 and RT 'R’ is positive definite, then it holds that
Pr (S, > CV? (a)) — 1.1°

Since the first order derivative of [, (-) evaluated at 6* approaches zero in the limit,
T,71b,2Dl,, (8%) is 0, (1). The condition in Theorem 1.6.2 requires that the difference between
F-10,2Dl,, (6) and 7,7 'b,2Dl,, (6*) be proportional to that between 6* and 6} up to a small
order term. When [, takes a quadratic form in 6, the condition is satisfied; see the first
example below. However, as shown in the second example, if [, (-) takes a different form,

the score test may not be consistent for certain deviations from the null hypothesis.

Example 1.6.1. [Inequality-constrained linear regression model] The model is expressed as
Y, = X[0* +¢;, for i = 1,...,n, where (X;,Y;);" | is the random sample and E (¢; | X;) = 0.
The objective function I, (+) is expressed as I, (0) = —3 >, (V; — X!0)*, 0 € ©. We have
b, = v/n, DI, (0) = >, (YViX; — X;X[0), and D?, (0) = —> 7, X;X]. Under some mild
assumptions, we can further obtain that .7, = —b,2D?l,, (05) = + > X; X/ and b, >Dl,, (0) =
LS XX (0F —603) + 23", X;. Since 23" e,X; 5 0, it holds that

-1
—17— * * 2 : 1 2 : * *
% 1bn2Dln (90) - - 9 < X X ) <E ngz) = 9 - 90 + Op (1) .

101f ds,, is defined as qr (dsn) = infy,enn Gr (AR) + 0p (1), then v can be allowed to take any positive
value.
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The assumption in the theorem is verified.

Example 1.6.2. For the Logit model, we have that

L (6) = 3" Vil F(X16) + (1— ¥) In(1— F (X8)].

i=1
n n

DL (0) = 32 VP (~X19) — (1 - Y)) F(X/6)] Xi, and D%, (6) = — > (X19) X, X0,
i=1 =1
where F (t) = == and f(t) = ﬁ Assume © = {(01,6:) € R? : 0, + 6, > 0}, 0 =
(1,0) and X = (X1, X,)" , where X, has equal probability of being 1 and —1; X5 has equal

probability of being 0 and 1; and they are independent. It can be shown that .S,, does not

14+-6ete?

Ry e) and r = e. The asymptotic power of the score test

diverge to infinity when R = <

is not one for testing Hy : RO* = r.

1.6.2 Implementation—Projection of Polytope

We describe one algorithm for the projection of a polytope based on the Fourier-Motzkin
algorithm. Specifically we are interested in obtaining Ag for the asymptotic distribution of
Spn. While the set RO — r is unique, there are infinite many different halfspace descriptions.
Thanks to Lemma S.1.6 in the online appendix, the result in Lemma 1.6.1 does not depend on
the description. Thus, any algorithm that returns a halfspace description of RO — r would
serve the purpose, even if the description contains many strictly redundant inequalities.
Moreover, if an inequality Zg ;)\ = Trw() among ZrwA > Tg, is strictly redundant,
then 15,y < 0, because 0 € RO — r. Thus, Zp ;) is automatically eliminated from the
submatrix #g ., when we consider Ag.

We adopt the Fourier-Motzkin algorithm to obtain the halfspace description of RO — r.

The Fourier-Motzkin algorithm consists of two main steps. Let the combined polytope be
P={(0,)): Bl = e, Rl > 10y, and X = RO — 1} .

First, use the equality constraints Z.0 = r. and R§ = A+r to eliminate as many coordinates
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in @ as possible: obtain the solution of the following system of linear equations

'%C re
0 —

R A7

as 0 =10y + I'\ + ~y by treating A as given. The definitions of I', 6, and 7 are the same as
the ones for (1.8) and I" is some [ x J matrix. This yields a reduced polytope:

Pr={(0p,\): 0 (DO +T'\) > 1y — BV} -

Second, apply Fourier-Motzkin elimination (FME) (Fourier (1824), Dines (1919) and Motzkin
(1936)) on Py to eliminate 6. The procedure of FME is standard and can be implemented
directly with Matlab™’s MPT2 or MPT3. We skip the details and refer interested readers
to Dantzig and Eaves (1973), Imbert (1993), and Bastrakov and Zolotykh (2015) for more
discussion on FME. Since FME usually generates many strictly redundant inequalities during
the elimination, methods like Chernikov rule (Chernikov (1965)) are introduced to reduce
the number of inequalities. As discussed earlier, such extra step is optional in our setting,
because strictly redundant inequalities are automatically eliminated when considering Ag.

We therefore obtain the halfspace descriptions of both RO — r and its limit Ag.

1.6.3 Running Examples (Continued)

We apply the algorithm discussed in the previous subsection to calculate RO — r and Ag in
the running examples.

Random Coefficients Model

Solving for the system of linear equations: (%Z., R')' 6 = (1., A+ 1), we obtain 6 = I'f; +
'\ + 7, with I and v being shown in Section 1.3.3 and I" = (0,...,0,,0,...,0,—))". The

reduced polytope Py can be expressed as

91207"'7811—1207_01_"'_911—1+>\+T207
' gll—i—l207"'a0l—1Zoy_gll-i-l_"'_el—1+1_)\_T20


http://people.ee.ethz.ch/~mpt/2/docs/refguide/mpt/@polytope/projection.html
https://www.mpt3.org
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We first eliminate #,. There are two inequalities containing #;: #; > 0 and —0; — --- —
0,1 + A+ r > 0. By rearranging the second inequality, we eliminate ¢; and obtain that
—0y — -+ — 0,1+ X+ 1r > 0. Together with #5 > 0, we can eliminate 6. Continue the
process, we can eliminate until ;, ; and obtain A > —r. The same procedure would eliminate
01,41, - ..,0,—1 and leave us with another inequality: A < 1—r. Combing the two inequalities
on A\, we obtain that RO —r = {\: —r < X< 1—r}. Thus, forr =0, Ag = {A: A >0};
for r € (0,1), Ag =R; and for r =1, Ag = {\ : A < 0}.

Mincer Earnings Regression

The first step of Fourier-Motzkin algorithm provides 8 = I'8y 4+ I'\ + v, with I', B¢, and ~

being calculated in Section 1.3.3 and

/

1000
0001

The reduced polytope is
Py = {(B2, B3, A1y A2) : R U B + R g I A > 0 — Ry gy}
where values of Z,, gI' and 0 — %, gy can be found in Section 1.3.3 and

-1 0 0 0
0 001

(*%w,ﬁp)l =

FME is then applied to the following linear inequalities: —A; > 0, B2 > 0, =85 + (3 > 0
and By + [3 + Ay > —0.1. By eliminating [, first and then f3, we obtain first —A; > 0,
B3 > 0, and B3 > B3 — Ay — 0.1, and then \; > 0 and \y > —0.1. Thus, RO —r =

{(/\17/\2) . )\1 Z 0 and )\2 Z —01} and AR = {()\1,)\2) : )\1 Z 0}
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1.7 Local Power

We investigate the asymptotic distributions of the test statistics under sequences of local
alternatives of the form

Hin: RO, =71+b,"0(140(1)),

where § € R7. Following Section 1.2.2, let w,, = (6,,%,) be the drifting parameter sequence
consistent with Hy, with limit w = (0,,%). Let ¢, = limy, 00 by, (Zuby, — 1) € El;o, and
denote ¢ and ¢, as the subvectors of ¢, corresponding to the submatrices Z,. and 9?2) of
K., respectively. Notice that the above definition of ¢ is consistent with that in (1.12).
Assumptions in Lemmas 1.4.3, 1.5.2, and 1.6.1 are modified in Assumption 1.7.1 below
for the drifting parameter sequence w,, consistent with H;,. Similar type of assumptions

have been introduced in Sections 1.4, 1.5, and 1.6 when the parameter sequence is consistent

with Hy.

Assumption 1.7.1. For the sequence w, consistent with Hi,, assume the followings: (i)
SUPgco: (10—, || <rn Ry (0)] = 0, (1) for all K, = o(1); (ii) (b, Dl (6n) . T) . (Goy To) for
some random variables G, € R! and 7, € RX, where F, = —b,2D?, (0,) and T, is
symmetric and non-singular with probability one; (iii) by, (5— Gn) = 0,(1); (iv) Zw, 2
Y for which REw R is positive definite with probability one; (v) by, ((9\0 — Qn) =0, (1);
(Vi) SUWPgeey9-0, |<n, |bn BE (0)] = 0, (1) for all k, = 0(1) and Tn= T+ op (1); and (vii)

Xsn 2 Ygw for which Xg,, is positive definite with probability one.

The following lemma provides the asymptotic distributions of W,,, QLR,,, and S,, under

the drifting parameter sequence consistent with the local alternative hypothesis.

Lemma 1.7.1. For the parameter sequence w, consistent with H,, if Assumption 1.7.1

holds, then
(i) Wy 5 Wi = (RU1, + 6) (REwwR) ™ (R, + 6), where

W1 = argmin fg, (V) + 61 (V)
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in which g, (\) = (A — Z.) T, (A\— Z.), Z, = T, 'G,,, and

0, if ZN\=0 and B,)\+c, >0
¢l,w ()\) = ;

o0, otherwise

(ii) QLR, % QLR ,,, where

QLR =min [, (V) + b1 (V)] — min g, () + 61 (V)]
i which

0, if (R.Z., %) N+ (5,0,¢,,) =0 and B\ +c >0

» “w,b

¢0,1,w ()\) = ;and

o0, otherwise

(i) Sy, A Siw = ds’lwagidst, where
dsl,w = arg m}%n [QR,W (A) + ¢R7w (A)} )
in which qr. (\) = (A — RZ, —6) (RZ;'R) ™ (A= RZ, —§), and

0, if%R,e)\ =0 and !%vavbA Z 0
Prw (A) = :

00, otherwise
The proof for Lemma 1.7.1 is similar to that for Lemmas 1.4.3, 1.5.2, and 1.6.1. For
wy, consistent H, ,, the asymptotic distributions of W,, and Q)LR,, depend on both ¢ and
Cw; while the asymptotic distribution of .S, relates only to . The local asymptotic powers

of tests based upon W,, QLR,, and S, with critical values CVV (a, 7), CV¥ (o, 7), and

CV5 (a) are given in the following corollary.

Corollary 1.7.1. Let Assumption 1.7.1 hold and w, € W be the parameter sequence con-

sistent with Hy .
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(i) If W, is continuous at CX[;WM (1 —7), then
Pr,, (W, >CV)" (a, 7)) — Pr (Wi, > CVY (a, 7)),

where CVW (o, 7) = sup.ey, CX‘;WM (1 —7), in which

Ior={ceRY:c=c+T" (% T )Gro+1), L€ ES(a—T1)}.

The random vector Gy, is the subvector of G, corresponding to 0f;

(ii) If QLR,, is continuous at C¥_ (1 —T), then

CTQ,w

Pr,, (QLR, > CV? (a,7)) — Pr(QLRi, > CV9(a,7)),

where CV (o, 7) = sup,e;,  CE. (1—7); and

—r Y emQuw

(i) If S is continuous at Cfs,w (1 —a), then
Pr,, (S, > CV,? (a)) — Pr (Si, > CVP (a)),
where CVS (o) = Cfs’w (1—a).

The limiting probabilities provide the local asymptotic powers. As can be seen from
the corollary, the local asymptotic powers of tests based upon W,, and QLR,, with critical
values CVW (o, 7) and CV? (o, 7) depend on § and c¢,; while the test based upon S, and
CV% (a) has the local asymptotic power only related to 6. This is the consequence of both
the test statistics and critical values. The asymptotic distributions of W,, and QQLR,, and
their corresponding critical values under w,, € W all depend on ¢ and ¢,,. On the other hand,
Lemma 1.7.1 shows that the asymptotic distribution of S, under w,, only depends on ¢ and

the critical value CV,® () is determined solely by the estimator of model parameters 7.
1.8 DMonte-Carlo Simulation

In this section, we conduct a small simulation study to examine and compare the finite

sample performance of the Wald, QLR, and score tests developed in this paper.
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1.8.1 The Data Generating Process and the Null Hypothesis

The DGPs that we design build on the linear regression model in Autor and Handel (2013);

see Section 1.2.3. It is of the following form:
Y = BiE + B3y + B3 Es + B1 By + pg + 1 Xy + ppXo +- ¢,
where the discrete random vector (Ey, Ey, B3, E,) follows the distribution below:

Pr E1

1,E2:0, E3:0andE4:0 :009,
Pr(E, =0,F =0, By =0 and B, = 0) = 0.33,

( )

( )

Pr(E =0,E =1, By = 0 and E4 = 0) = 0.26,

Pr(E;=0,E,=0, Es=1and E; =0) =0.21,
( )

Pr(B,=0,E,=0,Fs=0and E, = 1) = 0.11;

the two continuous random variables (X7, X5) are independent of (E;, Es, E3, E,) and follow
the joint normal distribution with zero mean, unit variance, and correlation coefficient 0.2;
and the error term ¢ is independent of the observable covariates.

Let 0* = (87, ') with 8* = (8}, ..., 8;) and p* = (u, i, p3)'. Following the discussion
and notation in Section 1.2.3, the parameter space is defined as © = {9 = (B, 1) : B > O},
and the joint null hypothesis is expressed as Hy : RO* = r. We construct two DGPs corre-
sponding to two distributions for the error e. For DGP A, ¢ follows the Gaussian distribution
with variance 1/2; and for DGP B, € ~ Gamma (2,2) — 1. The variance of ¢ is the same in
both DGPs. The distribution of € is symmetric under DGP A and has the skewness of /2
under DGP B.

There are four inequalities in the maintained hypothesis, among which the first inequal-
ity is binding under the null hypothesis. To see the effects of the number of binding and
undetermined inequalities in the null parameter space on the performance of the tests, we
consider five different sets of parameter values corresponding to different numbers of binding

inequalities; see Table 1.1. In Case 1, no inequality is binding except the first one, and there
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Case 1 Case 2 Case 3 Case 4 Case 5
(£1,0.2,0.25,0.3) (f1,0,0.05,0.1) (61,0,0.1,0.1) (B1,0.01,0.05,0.11) (f1,0.01,0.02,0.11)

Table 1.1: Different sets of parameters

is no close-to-binding inequality under H,. Case 2 has the second inequality binding, and
Case 3 has the second and fourth inequalities binding. There is no binding inequality in Cases
4 and 5 except the first inequality under the null hypothesis. However, the second inequality
is close-to-binding in Case 4, and the second and third inequalities are close-to-binding in
Case 5.

Under Hy, 87 = 0. We consider three other values of f; = —0.05, —0.1, and —0.15 to
examine the power performance of the tests. To implement the Wald and QLR tests, we need
to identify an implicit nuisance parameter which is done in Section 1.3.3; and for conducting
the score test, we need to compute the polytope projection which is done in Section 1.6.3.
The confidence set for ¢ is computed in the same way for Wald and QLR tests by first
constructing the confidence ellipsoid of Wald for n* and then applying (1.13). Following
Romano et al. (2014) and McCloskey (2017), we set the tuning parameter 7 = o — «//10.
The weighting matrix in W,, is set as the estimator of the variance covariance matrix of the
asymptotic distribution of the ordinary least square estimator of 6 calculated using 0. The

matrix Xg,, in S, is calculated as RZ, ' R'.

1.8.2 Results on Size and Power

The results in this section are based on the sample size n = 300 and 5000 Monte Carlo
replications. The nominal size is o = 5%.

Table 1.2 reports the finite sample size performance of all three tests. First, for DGP
A, the score test S, has the best performance having sizes closer to the nominal size than
Wald and QLR tests; for DGP B, the three tests perform similarly and all are slightly under
sized. Second, comparing results across the two DGPs, we see that the size performance of

the score test is more sensitive to different distributions of the error term ¢ than the size
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W, QLR, &S, W, QLR, &S,

Case 1 0.0412 0.0417 0.0498 Case 1 0.0408 0.0409 0.0404

Case 2 0.0424 0.0419 0.0513 Case 2 0.0411 0.0412 0.0406
DGP A Case3 0.0443 0.0436 0.0509 DCP B Case3 0.0423 0.0412 0.0410
Case 4 0.0428 0.0430 0.0521 Case 4 0.0398 0.0407 0.0405

Case 5 0.0430 0.0427 0.0502 Case 5 0.0405 0.0402 0.0403

Table 1.2: Rejection probability under H

B = —0.05 B =—01 B, = —0.15
W, QLR, S, W, QLR., S, W, QLR, S,
Case 1 0.1665 0.1640 0.1783 0.6167 0.6155 0.6273 0.9280 0.9200 0.9412
Case 2 0.1694 0.1657 0.1775 0.6195 0.6202 0.6300 0.9336 0.9342 0.9444
DGP A Case3 0.1852 0.1814 0.1762 0.6382 0.6361 0.6291 0.9494 0.9472 0.9425
Case 4 0.1690 0.1648 0.1776 0.6196 0.6189 0.6241 0.9276 0.9275 0.9383
Case 5 0.1698 0.1681 0.178% 0.6222 0.6216 0.6259 0.9343 0.9338 0.9427

Case 1 0.1476 0.1532 0.1519 0.5780 0.5824 0.5781 0.8630 0.8609 0.8681
Case 2 0.1647 0.1664 0.1511 0.5929 0.5956 0.5834 0.8836 0.8772 0.8759
DGP B Case 3 0.1715 0.1742 0.1528 0.5987 0.6014 0.5841 0.8971 0.8968 0.8767
Case 4 0.1633 0.1657 0.1476 0.5963 0.5976 0.5827 0.8928 0.8923 0.8618
Case 5 0.1641 0.1672 0.1487 0.5928 0.5982 0.5777 0.8710 0.8751 0.8553

Table 1.3: Finite sample size-corrected power

performance of Wald and QLR tests; Third, within each DGP, Wald and QLR tests perform
the best for Case 3 which has the most binding inequalities under the null hypothesis.

Table 1.3 presents the finite sample size-corrected powers of Wald, QLR, and score tests.
First, for both DGPs and different values of ;, there is no significant difference between
Wald and QLR tests. Second, for both DGPs, the power of all tests increases as the value of
[y deviates more from the null value. Third, when the error follows the Gaussian distribution,
all tests perform comparably with the score test having slightly higher power overall. Fourth,
for DGP B, the Wald and QLR tests have higher power than the score test except Case 1
for which only one inequality is binding and there is no close-to-binding inequalities under
the null hypothesis. This suggests that for skewed error distributions, it is important to take

into account prior information in the maintained hypothesis through the Bonferroni-type
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correction. Lastly, within each DGP, Wald and QLR tests perform the best for Case 3 which

has the most binding inequalities under the null hypothesis.

1.9 An Empirical Illustration on Mincer Earnings Regression

In this section, we apply our tests to Mincer earnings regression introduced in Section 1.2.3
and compare the results with the ¢-test. In addition to the regression in Section 1.2.3 denoted
as Model 1 below, we consider two more regressions in Autor and Handel (2013) on the log

hourly wages: for ¢ =1,...,n,

Model 1: log Wage; = E.* + X" + &,
Model 2: log Wage; = E.* + T/(* + X, u* + ¢;, and

Model 3: logWage; = Ef* + T,¢C* + X" + Z[9* + ¢4,

where E; , 8*, X;, and p* are introduced in Section 1.2.3, ¢* = (¢}, ¢, ), T = (11, T4, T37Z‘)/
which denotes different tasks performed in a job, with T} ; being “Abstract”, T5; being “Rou-
tine”, and T3, being “Manual”, and Z; includes 240 occupation dummy variables.

The data source is a module of Princeton Data Improvement Initiative survey (PDII)
that collects data on different types of tasks that workers regularly perform during their
work. The sample size is n = 1333. We follow the procedure in Autor and Handel (2013) to
combine items from the PDII to elicit information on the demand of three tasks: Abstract,
Routine, and Manual. For instance, the Abstract job demand is calculated by combing four
items in PDII into a standardized scale using the first component of a principal components
analysis. The four items are: the length of longest document typically read as part of the
job, frequency of mathematics tasks involving high school or higher mathematics, frequency
of problem-solving tasks requiring at least 30 minutes to find a good solution, and proportion
of workday managing or supervising other workers.

Recall that the parameter space for Model 1 is © = {9 = (B W) : BuwpB > 0} for
Ry p defined in 1.2.3. Similarly, © = {(9 =B, 1) BB > 0} for Model 2 and © =
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W, QLR, S, t-test W, QLR, S, t-test
Model 1 * * * *ok Model 1 # %%  sx%x  kkk %%
pr =0 Model 2  * * * * By =0 Model 2 %% k%  kk*k  kk
Model 3 * * * * Model 3 # %%  s%% % %% *
W, QLR, S, ttest W, QLR, S,
. Model 2 s %%  sx%  sx%k %k Model 1 %% %  s%% %%
=0 Model 3 %% % % * % Joint Hypo. Model 2 x Kok *
Model 3 * *

Table 1.4: Significance results

Notes: * * x denotes to reject at 1% level; ** denotes to reject at 5% level; * denotes to reject at 10%
level; and % denotes fail to reject at 10% level.

{Q = (B, 1, : R plB > O} for Model 3.
Section S.2 of the online appendix provides primitive conditions for these linear regression
models such that the proposed tests are valid. We first conduct tests on the point null

hypothesis to investigate the significance of 5, and Ss:
Hy : 87 = 0 against Hy : 37 # 0 for j =1, 2.

Under the maintained hypothesis, it holds that g7 < 0 and 85 > 0. Since the reference
group is high school graduates, i = 0 corresponds to the penalty of having education
levels less than high school being zero, and 55 = 0 means that the monetary return of
attending some college is zero. For Hy : fi = 0, the first inequality in %, g5* > 0 binds.
The remaining three inequalities are undetermined, and the implicit nuisance parameter is
simply (55, 53, B3)". Similarly, for Hy : 85 = 0, the second inequality is binding and the
implicit nuisance parameter is (8, 3%, ;). We compare the tests developed in the paper
with the standard t-test.

The results are summarized in Table 1.4. For the same hypothesis, the t-test suggests
different conclusions for different models. It rejects Hy : S5 = 0 at 5% in Model 1, but
fails to reject the null hypothesis at 10% in Models 2 and 3. The standard OLS estimate
of 8f is 0.1 in Model 1. Based on the model specification, 8; being positive indicates that

on average people who do not finish high school receive higher wages than people with high
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school degrees. This clearly violates the economic theory. The ¢-test rejects g = 0 in
Model 1, which indicates that g} should be positive considering that the estimat of J] is
positive. On the other hand, our tests take the economic theory into account, and fail to
reject Hy : 57 = 0 at 10% level in all models. When testing 85 = 0, the t-test also provides
different results for different models, while our tests suggest that 35 is significant no matter
which model is used. In fact, all three tests developed in the paper give the same testing
results for each hypothesis, and the results are consistent among models. We also test the
null hypothesis of 87 = 0 for j = 3,4. The tests developed in the paper and ¢-test give the
same results, which are the same as the ones in Autor and Handel (2013).

Under the maintained hypothesis on 3, researchers can test the significance of individual
parameter (5, i.e., Hy : (; = 0 against H; : (5 # 0. Because the null hypothesis is imposed
on the parameter different from 3, the implicit nuisance parameter is * and Az = R. The
results are presented in Table 1.4. The ¢-test rejects the null hypothesis at 1% level in Model
2, but fails to reject it at 10% level in Model 3. At the same time, the score test provides the
same results as the ones based on the ¢-test. Because the null hypothesis and maintained
hypothesis are imposed on different parameters, information in © is lost after the projection,
and the score test acts as if there is no maintained hypothesis. On the other hand, the
Wald and QLR tests fully exploit the information in the maintained hypothesis, and suggest
consistent results for both Model 2 and Model 3. All four tests provide the same conclusions
for Hy : ( =0 and Hp : (5 = 0, and the results are consistent for both Models 2 and 3.

We have also tested Hy : 7 = 0 and 85 + 0.1 = 8 introduced in Section 1.2.3. Table 1.4
collects the results of different tests. All three tests suggest the same for Models 1 and 3,
although the results differ between models. For Model 2, QLR test rejects the null hypothesis
at 5% level, while the Wald and score tests only reject it at 10% level.

1.10 Concluding Remarks

In this paper, we have developed asymptotically uniformly valid Wald, QLR, and score

tests for the null hypothesis of linear equality constraints against the two-sided alternative
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hypotheses in an extremum estimation set-up for non-trending data where the parameter
space is characterized by a finite number of linear equality and inequality constraints. In
contrast to the classical textbook theory on the Wald, QLR, and score tests, when there are
undetermined inequalities in the null parameter space, the null asymptotic distributions of
the Wald, QLR, and score statistics are very different posing different challenges in develop-
ing asymptotically uniformly valid tests based on them. To develop Wald and QLR tests,
we introduce the concept of an implicit nuisance parameter, and propose an algorithm for
identifying it. Since both the concept and the algorithm depend on the null hypothesis and
the parameter space only, once an implicit nuisance parameter is identified, asymptotically
uniformly valid tests can be constructed from any test statistic in a wide range of models. To
implement the score test, we propose an algorithm based on the Fourier-Motzkin elimination
to compute polytope projections. We use a random coefficients model and Mincer earnings
regression to illustrate our general results.

In a companion paper, we are working on asymptotically uniformly valid Wald, QLR,
and score tests for trending data models in Andrews (2001) under the maintained hypoth-
esis that parameters are subject to equality and inequality constraints. Our approach for
identifying implicit nuisance parameters can also be used for testing the null hypotheses of
linear inequality constraints of the form Hy: RO* > r against Hy: RO* < r like in Wolak
(1987, 1989, 1991) and of linear equality constraints against one-sided alternatives such as
Hy: RO* = r against Hy: RO* > r. It is also worth investigating the possibility of extending

our approach to allow for non-linear equality and inequality constraints.



47

Chapter 2

UNIFORM INFERENCE IN A GENERALIZED INTERVAL
ARITHMETIC CENTER AND RANGE LINEAR MODEL!

2.1 Introduction

Researchers often may have access to interval data only. For example, under the Health and
Retirement Study (HRS) questionnaire protocol, a respondent is asked to report her wealth.
If she does not comply, then the respondent is asked to report if her wealth falls within a
sequence of brackets. The HRS thus yields a wealth interval for each respondent, see Manski
and Tamer (2002) and references therein. Another example is the bid-ask price interval. In
markets with microstructural frictions, we observe two sets of prices for an asset at the same
time: the bid price at which an investor could sell and the ask price at which an investor
could buy.

Interval data may represent uncertainty in which case they are incomplete observations
on a random variable which may not always be observable; or variability in which case
they are observations on a random interval. To illustrate, consider the interval data given
by the bid and ask prices: they represent incomplete observations on the true price, i.e.,
lower and upper bounds on the true price but also represent precise observations on the
random interval defined by the bid and ask prices. When the model of interest is for random
variables, at least one of which is not always observable, interval data represent incomplete
observations on the latent random variable and parameters in the model for random variables
are typically only partially identified, see e.g., Manski and Tamer (2002), Beresteanu and
Molinari (2008), and Beresteanu et al. (2011), to name only a few. On the contrary, when

interval data represent variability and the model of interest is for random intervals, interval

!This Chapter is a joint work with Yangin Fan from the University of Washington.
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data represent precise observations on random intervals such as the bid-ask price interval and
parameters in the corresponding interval model are typically point identified under standard

regularity conditions.

This paper focuses on the case where interval data represent variability and the model of
interest is for random intervals. Broadly speaking, there are two approaches to modeling in-
terval data, i.e., the interval arithmetic approach and the bivariate regression approach. The
interval arithmetic approach adopts interval arithmetic to model directly relations between
random intervals. The most general model based on this approach in the current literature
is model Mg proposed in Blanco-Ferndndez et al. (2015) which makes use of the canonical
decomposition of an interval in terms of its center and range to model the dependent interval
directly via covariate intervals with an interval error term. To ensure that the interval error
is well defined, parameters in model My must satisfy an increasing number of random in-
equality constraints which are much stronger than the non-negativity constraints necessary
to ensure that the predicted interval at any covariate interval is always well defined. We
refer interested readers to Blanco-Fernandez et al. (2015) for the constrained estimation of

model Mg and a review of the interval arithmetic approach to modeling interval data.

The bivariate regression approach models jointly either the left and right end points
of the dependent interval or the center and range of the dependent interval. An important
example based on this approach is the Center and Range (CR) model in which one regression
relates the center of the dependent interval to the centers of the covariate intervals and the
other relates the range of the dependent interval to the ranges of the covariate intervals.
To ensure that the predicted range of the dependent interval at any covariate interval is
always non-negative, parameters in the range regression are restricted to be non-negative.
Neto and de Carvalho (2010) propose to estimate the range regression of the CR model
by a constrained OLS estimator restricting the coefficients in the range regression to be

non-negative.? Applications of the CR model and methods based on modeling the left and

2Golan and Ullah (2017) propose an information theoretic approach to estimating linear interval models.
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right end points of the dependent interval include Han et al. (2008), Han et al. (2012), and
Gonzélez-Rivera and Lin (2013).

The CR model and its constrained estimation have proven to be useful for forecasting
random intervals. However, formal statistical inference procedures and goodness-of-fit mea-
sures for the CR model are lacking in the current literature. All the existing measures of
goodness-of-fit for the CR model are based on ad hoc combinations of measures for multiple
regressions, see Neto and de Carvalho (2010) and references therein. In addition, the CR
model only allows the center (range) of the dependent interval to depend on the centers
(ranges) of the covariate intervals and could be restrictive in some applications. In contrast
to the CR model, model Mg allows the center/range of the dependent interval to depend
on both centers and ranges of the covariate intervals. However the additional random con-
straints on the parameters in model M substantially complicate the asymptotic distribution
of the estimators rendering inference extremely difficult if not impossible.

This paper makes three main contributions. First, we make use of generalized inter-
val arithmetic to construct a Generalized Interval Arithmetic Center and Range (GIA-CR)
model for random intervals which allows for general linear inequality constraints on its pa-
rameters, broadening the scope of applications of linear models for random intervals. When
the constraints are non-negative constraints to ensure valid forecasts, we refer the new model
simply as the Interval Arithmetic Center and Range (IA-CR) model. The IA-CR model ex-
tends and overcomes the drawbacks of both model M and the CR model. Non-negative
constraints in the CR model or the IA-CR model are motivated from forecasting purposes.
The GIA-CR model allows for general linear inequality constraints arising from economic the-
ory or prior knowledge. It has long been recognized that incorporating inequality constraints
in parameter estimation may yield efficiency gain, see e.g., Liew (1976), Judge et al. (1984),
and more recent works of Chernozhukov and Hong (2004) and Moon and Schortheide (2009).
Moreover, as noted in Andrews (2001): “in cases where the restrictions on the parameter
space arise from prior information, tests that utilize this information have a considerable

power advantage over tests that do not.” To accommodate general inequality constraints in
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the GIA-CR model, we make use of generalized interval arithmetic.?

The second main contribution of this paper is to propose a constrained estimator and
a coefficient of determination for the GIA-CR model, and to establish asymptotic distribu-
tions of both the constrained estimator of the GIA-CR model we propose and the constrained
estimator of model Mg in Blanco-Ferndndez et al. (2015). Although the asymptotic distri-
bution of the constrained estimator for the GIA-CR model can be derived from results in
Andrews (1999),* the approach in Andrews (1999) is not applicable to the constrained esti-
mator of model Mg because of the increasing number of random inequality constraints. In
this paper, we exploit the powerful tools developed in Knight (2001, 2006) for linear pro-
gramming estimators and M-estimators of boundaries, i.e., epi-convergence in distribution
and point process convergence for extreme values, to derive the asymptotic distribution of
the constrained estimator of model Mg proposed in Blanco-Fernandez et al. (2015). As a
by-product, we also obtain the asymptotic distribution of the constrained estimator for the
GIA-CR model via the same set of tools. We note that Chernozhukov and Hong (2004) have
employed the same techniques in likelihood-based estimation and inference for two-sided and
one-sided regression models and derived asymptotic properties of likelihood-based estimators
as well as Bayes and Wald inference.

The third main contribution of this paper is to construct asymptotically uniformly valid
tests for a class of linear constraints in the GIA-CR model, where the null hypothesis spec-
ifies the value of a subvector of RA* with #* denoting the true parameter vector satisfying
linear inequality constraints of the form: R#* > r for known R and r under the maintained
hypothesis. An important and motivating example for this inference set-up is that of testing
the correct specification of the CR model against the IA-CR model. Due to the presence

of undetermined inequalities in RO* > r under the null hypothesis of this type, the null

3In Han et al. (2008) and Han et al. (2012), generalized interval arithmetic is used to construct linear
time series models for generalized random intervals, i.e., the observations are generalized intervals and no
constraints are imposed on model parameters. Instead, this paper focuses on the case that the observations
are intervals and generalized interval arithmetic is used to handle general linear inequality constraints.

40Other related works can be found in Silvapulle and Sen (2005) and references therein.
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asymptotic distribution of the constrained estimator for the GIA-CR model is discontinu-
ous in some model parameters posing technical challenges in constructing asymptotically
uniformly valid tests. Testing the correct specification of the CR model against the IA-CR
model falls within the framework of subvector inference with nuisance parameters.® Existing
approaches such as Bounds tests, the least favorable approach, and tests based on confi-
dence sets for nuisance parameters may be applied, see Section 4.3.2 in Silvapulle and Sen
(2005) for a brief discussion of all three approaches. Among these proposals, the two-stage
approach based on confidence sets for nuisance parameters and a Bonferroni-type correction
has proven to perform well. We present a detailed application of this approach to testing

the CR model against the IA-CR model.”

For the GIA-CR model, although the null hypothesis specifies the value of a subvector
of RA*, the remaining components in R6* could be linearly dependent rendering direct ap-
plication of the two-stage approach with Bonferroni-type correction for standard subvector
inference problematic. To address this issue, we propose to use Gauss-Jordan elimination
to identify nuisance parameters defined as an appropriate subvector of the remaining com-
ponents in RO*. Given the nuisance parameters and the inequalities they satisfy, we apply

the two-stage method based on confidence sets for nuisance parameters with Bonferroni-type

5To simplify exposition, in this paper, we will use nuisance parameters to refer to parameters causing
discontinuity of the asymptotic distribution of the test statistic under the null hypothesis.

6Wolak (1987, 1989, 1991) develop tests for the null hypothesis of inequality constraints based on the
least favorable approach. Silvapulle and Sen (2005) provides a comprehensive and systematic treatment
of constrained inference via the least favorable approach.

"Work in different contexts that adopted this approach include: Berger and Boos (1994) and Silvapulle
(1996) who study some specific parametric testing problem; Staiger and Stock (1997) who construct a
confidence region for the parameters of a linear regression with possibly “weak” instrumental variables;
Romano and Wolf (2000) who construct a confidence interval for a univariate mean that has finite sample
validity; Moon and Schorfheide (2009) who propose asymptotically uniformly valid tests and confidence
sets for the parameters of interest in moment equality models with overidentifying inequality moment
conditions; Chernozhukov et al. (2013) who construct confidence intervals for marginal effects in nonlinear
panel data models; Romano et al. (2014) who construct asymptotically uniformly valid confidence sets for
parameters characterized by a finite number of moment inequalities and McCloskey (2017) who consider
general nonstandard testing problems in which the asymptotic distribution of a test statistic is discon-
tinuous in a nuisance parameter under the null hypothesis. We refer interested readers to Romano et al.
(2014) and McCloskey (2017) for other related works using similar two step approaches.
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correction to constructing asymptotically uniformly valid tests for linear hypotheses in the
GIA-CR model.?

To gauge the finite sample performance of the proposed estimator and test, we conduct
a simulation study, the results from which confirm the superior performance of the proposed
estimator and the asymptotically uniformly valid test for the correct specification of the CR
model against the IA-CR model in finite samples.

The rest of this paper is organized as follows. Section 2 introduces the GIA-CR model
and two constrained estimators: one for the GIA-CR model and one for model M¢. It also
constructs a goodness-of-fit measure for the GIA-CR model. Section 3 establishes asymptotic
theory for constrained estimators for the GIA-CR model and model M. In Section 4, we
first provide a detailed construction and technical treatment of asymptotically uniformly
valid tests for the correct specification of the CR model against the TA-CR model. The
theoretical analysis in this part builds on Romano et al. (2014) and McCloskey (2017). Then
we construct asymptotically uniformly valid tests in the GIA-CR model. Section 5 reports
results from a simulation study. The last section offers some concluding remarks. Technical

proofs are collected in Appendix A.

Notations Al limits are taken as n — oco. Let [v| = (Jvy],.. ., |v,|)’ for any p-dimensional
vector v = (vy,...,v,)"; v > w means that v; > u; for j = 1,...,p; and ||v|| denotes the
Euclidean norm of v. The notation a ~ b means that a/b — 1 as appropriate limits are
taken. The remaining notations concern operations on generalized intervals and generalized
random intervals, see Appendix B.2 for details. For a generalized interval A = [ay, as], where
ai, a are real numbers, let midA = (a; + a2) /2 and sprA = (az —ay) /2. A can also be
expressed as A = [midA + sprA]. A generalized interval A = [ay,as] is a proper or simply
an interval when a; < ay; otherwise it is an improper interval. For two intervals A and B,

A —py B is an interval denoting the Hukuhara difference between A and B. The Hukuhara

8For appropriate choices of linear inequality constraints, our tests extend those in Gourieroux et al. (1982)
and Silvapulle and Sen (2005) who develop tests for special null hypotheses under which the inequalities
in the parameter space are known to bind.
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difference exists if and only if sprA > sprB, and when it exists:
A —g B = [(midA — midB) £ (sprA — sprB)] .

For two generalized intervals A and B, A —gy B is a generalized interval denoting the

Generalized Hukuhara difference between A and B:
A —gp B = [(midA — midB) + (sprA — sprB)].

In contrast to the Hukuhara difference, the Generalized Hukuhara difference always exists.

Let dy (A, B) denote the Lo-type metric between intervals A and B defined as
dr (A, B) = ((midA — midB)® + X (sprA — sprB)Q)%
for some A € (0,00). For a generalized random interval X,
E4(X)=[F(midX) + F (sprX)],
whenever E (midX) and F (sprX) exist. Define variance as
Varp (X) = E (d; (X, Ea (X)))
and conditional expectation as
Ey(X|9)=[F(midX | )+ E(sprX | -)].
2.2 The Model, Estimation, and Coefficient of Determination

Let Y, X1,..., X} denote (k + 1) random intervals, where Y is the dependent interval and
Xq,..., X are covariate intervals some of which may be degenerate intervals. Let d > 0
denote the number of degenerate covariate intervals. Without loss of generality, let the last
d covariates be degenerate. Further let {Y;, Xy;,..., X}, denote a random sample on
(Y, X1,...,X;). Define the (2k — d) dimensional random vector as X; = (mid X/, sprX/)’,
where midX; = (mid X, ..., midX};)" and sprX; = (serli, . ,ser(k,d)i)/. We note that
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sprX; only contains the ranges of (k — d) non-degenerate covariate intervals.

2.2.1 Model M; and the GIA-CR Model

To motivate the generalized interval arithmetic representation of our model, we first introduce

model Mg proposed in Blanco-Fernandez et al. (2015). It takes the following form:
Y = [Xa" £ X, 8] + A, (2.1)

where a* € R%*~4 and B* € R%™ are the coefficient vectors and A; is the random interval
error defined as

satisfying E4 (A; | X;) = [y* £0*]. 0* = («¥,~v*,87,0*) € R¥ for [ = 2k —d + 1 is the
parameter vector of interest. Notice that model My does not include an intercept term as in
linear regression model. Conditioning on X, the expectations of the midpoint and spread
of A; are v* and 0*, which are both independent of X;. To ensure that A; is an interval, 3*

in model Mg must satisfy the additional random constraints that
sprY; — | X;|'B* >0, fori=1,...,n.

Blanco-Fernandez et al. (2015) proposes an inequality constrained estimator of (3*,46")
without establishing its asymptotic distribution. The difficulty lies in the presence of increas-
ing number of random inequality constraints. By exploiting tools used in Knight (2001, 2006)
for linear programming estimators and M-estimators of boundaries, we derive the asymptotic
distribution of the constrained estimator of model My in Section 2.3. However its complex
nature makes inference based on it extremely difficult if not impossible.

To facilitate inference and broaden the scope of applications of interval models, we propose
the GIA-CR model below. It generalizes model Mg by dispensing the random inequality
constraints and by allowing for general linear inequality constraints rather than 8* > 0 in

model Mg. We make use of generalized interval arithmetic and the concept of Generalized
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Hukuhara difference introduced in Section 2.1 and discussed in Appendix B.2.
Specifically, the GIA-CR model is composed of two parts: (i) the model in (2.1), where
the random generalized interval error A; is defined in terms of the Generalized Hukuhara

difference:

satisfying
Ea(A | Xi) = [v" £0%]; (2.2)

and (i) the parameter space © for §* defined as
©={0eR”:RO>r}, (2.3)

where R is a known matrix of dimension [r X 2] and r is a known vector of dimension [g.
Note that unlike model Mg, both [X/a* +|X;|'8*] and A; in the GIA-CR model can be

generalized intervals although our observations Y;, Xi;, ..., X}, are all intervals.”

Remark 2.2.1. In the GIA-CR model, we can replace X; and |X;| with any known trans-
formations of X;, but for model M and the important IA-CR model introduced in Example
2.2.1 below, it is convenient to use | X;| for the purpose of forecasting. To avoid introducing

too many notations, we use X; and | X;| in the GIA-CR model as well.

The GIA-CR model has an alternative bivariate regression representation:

midY; = X a* + midA; = mid X/, + sprX a’ + midA; and (2.4)
sprY; = | X;|' B + sprA; = [mid X;|' 87, + sprX|B: + sprA;, (2.5)
/
where o* = (o, o) with o, = (a;‘nvl,...,a;‘n’k)/ and af = (0421, . ,a:’(k_d)) ;B =

/
(B, 3" with g%, = (6;71,...,5;;17,6)/ and (¥ = (6;‘71, . ,ﬁ;‘v(k_d)) . The center and the
range of A; satisfy that E (midA; | X;) = ~v* and E (sprd; | X;) = §*.

9In fact, all the results in this paper remain valid when the observations are generalized intervals and
the same inequality constraints are imposed on the model.
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The bivariate regression representation of the GIA-CR model reveals its relation to the
CR model. Example 2.2.1 below presents the IA-CR model which is a direct extension of
the CR model.

Example 2.2.1. [The IA-CR Model| Let R = (0;;, I;) and 7 = 0;5;. Then the parameter
space © becomes

Op={#cR”:B>0andd >0}.

Model (2.1) with parameter space O is referred to as the IA-CR model. To ensure that
the predicted dependent interval at any covariate interval is an interval, the regressor in the
second term on the right hand side of (2.1) is | X;| and all elements in 5* and * are required
to be non-negative. When there is no degenerate covariate and of = 5%, = 0, (2.4) and (2.5)
reduce to the CR model. More general than the CR model, the IA-CR model allows both the
center and range of each covariate interval to affect the center and range of the dependent

interval Y;.

2.2.2 Constrained Estimation and the Coefficient of Determination

The constrained estimator of the parameters in model Mg in Blanco-Ferndndez et al. (2011)
is defined by minimizing the d) metric between Y; and [X/oo =+ |X;|' 8] 4+ [y £ ] via the

following constrained minimization problem:

§:argmemZd§ (Y, [Xia+ | X3 8] + [y £ 4)) (2.6)

= arg mein Z (midY; — X'a —~)* + )\Z (sprYi — | Xi|' B — 5)2

i=1 =1

s.t. sprY; — | X;|'83>0, fori=1,...,n, and 8 > 0.
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Similarly, in the GIA-CR model, we construct the constrained estimator of #* by minimizing

the d metric between Y; and ([X/o£|X;|' 8] + [y £ ]) in the parameter space ©:

§=argg££;d§ (Y, [Xja £ | X, 8] + [y +0)) (2.7)

n

= argmin [ > (midY; — X/ae —7)* + XD (sprY¥i — | X, B-0)"] .

0cO | 4 -
i=1 =1

The estimators 6 and 6 are solutions to quadratic minimization problems with linear inequal-
ity constraints and can be computed via built-in algorithms such as quadprog and lsqlin in

Matlab.

With the obtained estimators, the interval residual 31 for model Mg is computed as

-~ o~
I

and the generalized interval residual A; for the GIA-CR model is defined as

A=Y —an [X;a + ]XA’B] . (2.8)
For any 1, 31 is an interval because of the constraints that sprY; — | X;|'8 > 0fori=1,...,n

; whereas A; is a generalized interval.

Remark 2.2.2. In model M, the constraints are only imposed on 8. Therefore, the mini-
mization problem in (2.6) can be solved separately for the mid and range regressions. More-
over, the constant A in the definition of d) metric is irrelevant. In fact, & and 7 are OLS
estimators of the slope coefficient and intercept term in the linear regression of midY; on X;
and hence have closed-form expressions. In contrast, (3’ , g) solves the following constrained

optimization problem and does not have closed-form expressions in general:

(E’,g) = arg Hﬁnén; (sprY; — | X;|' B — )

st. sprY; — | X;|'B8>0, fori=1,...,n, and 3> 0.
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On the contrary, since the restrictions in the parameter space © for the GIA-CR model are
imposed on #, the minimization problem in (2.7) cannot be separately solved for the mid and
range regressions. Moreover the constant A matters and represents the relative importance

of the mid and range regressions.

Example 2.2.1 (continued). Similar to model Mg, in the TA-CR model, the constraints are
imposed on 3 and §. Therefore, the minimization problem can be done separately: a and 7

are OLS estimators; B and 4 solve the following constrained optimization problem:

(B’,g> = arg rgl(sn; (sprY¥; — | X5 B — 5)2

st. B>0andd>0.

The non-negative constraints imposed in ©p ensure valid forecasts. Equation (2.2) implies
that
Ea(Y; | Xi) = [X]o £ | X5 B7] + [y £67.

Using the constrained estimator, the predictor of Y, at covariate interval xq is given by
Yo = {mga + \woy’ﬁ} n hig] .

As pointed out in Neto and de Carvalho (2010), the conceptual difficulty in constructing
measures of goodness-of-fit for the CR model is due to the presence of two multiple linear
regressions. As a result, some ad hoc combinations of the coefficients of determination for
the center and range regressions are adopted, see Neto and de Carvalho (2010). Based on
the d) metric and the fact that E4 (A;|X;) = [v* £+ 6*], we now extend the coefficient of
determination for multiple linear regressions to the GIA-CR model for random intervals
avoiding the ad hoc nature of existing goodness-of-fit measures for the CR model. Define

the residual sum of squares for the GIA-CR model as

RSS = Zn:di (& [7+3]) = Zn:di (vi. 7).,
i=1 i=1
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where [5 + g] is the estimated mean of A;, A, is defined in (2.8), and
V=[x + x| 8] + [7+3].

Together with the analogous definition of the total sum of squares as T'SSg = > | d3 (YZ-, ?) ,
where Y = n~1 3" | Vi, we define the coefficient of determination for the GIA-CR model as

_nsse_, Za B (5 [r+)
TSSe YL B (YY)

R =1 (2.9)

It is worthwhile pointing out that (2.9) defines a family of goodness-of-fit measures in-
dexed by A. By choosing different values of A, different weights are given to the center and
range regressions. In the special case when Y is degenerate, i.e., a random variable, R%
reduces to the coefficient of determination for multiple regressions.

The coefficient of determination RZ inherits all the properties of that for multiple re-
gression which are summarized in the following proposition. The value of R% ranges from 0
to 1. Further, R2, = 0 indicates no linear relationship between the dependent interval and
covariates; R2 = 1 indicates that the fitted model explains all variation of the dependent

interval; and the value R% is non-decreasing with inclusion of more covariates.

Proposition 2.2.1. (i) 0 < R% < 1; and (ii) R% is non-deceasing in the number of covari-

ates.
2.3 Asymptotic Properties of the Constrained Estimators

The estimators 6 and 6 defined in (2.7) and (2.6) for the GIA-CR model and Model Mg
are both inequality constrained estimators and their asymptotic properties are more difficult
to establish than unconstrained estimators. This is particularly true for (B’ , 3) due to the
increasing number of random inequality constraints that it must satisfy, i.e., sprY; — |XZ-\/ B>
0, fori =1,...,n. For a special case of model Mg referred to as model M with one covariate,
<,§' , g) has a closed-form expression and its asymptotic properties are established in Blanco-

Fernandez et al. (2012). However, for general model Mg, there is no closed-form expression
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for (B’ , 8\) and the approach in Blanco-Ferndndez et al. (2012) breaks down.

Asymptotic properties of 0 can be established by applying the general results in Andrews
(1999). To handle the increasing number of inequality constraints imposed on é\, we exploit
the powerful techniques used in Knight (2001, 2006) for linear programming estimators
and M-estimators of boundaries, i.e., epi-convergence in distribution (Pflug (1994, 1995),
Geyer (1994, 1996), and Knight (1999)) and point process convergence for extreme values
(Kallenberg (1983), Resnick (1987), and Leadbetter et al. (1987)). Since the same techniques
apply to 0 as well, we establish asymptotic properties of both 9 and 5, including consistency
and asymptotic distributions in this section.

Throughout the rest of this paper, we make the following assumption.
Assumption 2.3.1. {Y;, Xy, ..., Xy}, denotes a random sample on (Y, X1, ..., Xg).

2.3.1 Consistency

Recall that § = (o, 7,3, 9)". Define Zy,, () as

n n

1 , A
2 (0) =~ ; (midY; — Xjoe — )"+ = ; (sprY; — | X[ B 68)° + 10 (0),
where
0, ifsprY;—|X;|'8>0, fori=1,...,n; and B3>0
1 (0) = :

oo, otherwise

Using Z1,, (+), we can reformulate the constrained estimator of model Mg as an unconstrained
estimator: 0 = arg mingepa Z1, (0) . Similarly, let

n

1 = . / )\ /
Zon (0) = - ; (midY; — X/a — ~)* + - ; (spr¥s — | Xu| B —0)° + @2 (6)
where

0, ifRO>r
P2 (0) =

oo, otherwise
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We obtain the alternative formulation for the estimator of the GIA-CR model as: 6 =
arg mingepar Zoy, (6)

Let X; = (X),1), P = E (XX/> and Q,, = E (‘X

)

X;

/
). We prove the con-
sistency result using the notion of epi-convergence under the following assumption. The

definition of Varpg (-) can be found in Section 2.1.
Assumption 2.3.2. (i) P,, and Q.. are non-singular; (ii) Varp (A;) < oo.

Assumption 2.3.2 imposes standard regularity conditions on the random intervals in the
model. Assumption 2.3.2 (i) is a rank condition ensuring that the true parameter 6* is point
identified. The following theorem states the consistency of § and 0 for the GIA-CR model
and Model Mg.

Theorem 2.3.1. Under Assumptions 2.5.1 and 2.3.2, 050" and 0 % 0~

2.3.2 Asymptotic Distribution

The asymptotic distribution of 0 in model Mg remains unknown and is more involved than

that of 8. We present it first.

Model M The behavior of the conditional distribution function of sprA; near zero is

the critical component determining the asymptotic distribution of the estimator 5, since the

constraints: sprY; — | X;|'8 > 0, for i = 1,...,n, are equivalent to the constraint that
min [sprY; — | X;|' 8] >0, (2.10)
1=1,....,n

where min;—; _, [Ser; — |Xi|' ,8} essentially describes the conditional distribution of sprA;
near the endpoint of its support.

The following assumption imposes restrictions on the conditional distribution of sprA;
commonly adopted in the extreme value literature. Let the conditional distribution function

of sprA; given | X;| = @ be F; (- | x).
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Assumption 2.3.3. Assume that
Fi(z|x) ~g(x) Fs(2) as z \ 0 uniformly in x,

where g (-) > 0 is a continuous function.

Assumption 2.3.3 requires that for any x; and @, the tail behaviors of spr4\; conditional
on | X;| = @ or | X;| = x5 are equivalent up to a constant. If | X;| and sprA; are independent,
this assumption is trivially satisfied with g (-) = 1. Knight (2001), Chernozhukov (2005),
and Chernozhukov and Ferndndez-Val (2011) also impose similar assumptions. However,
they require Fy(-) to have Pareto-type tail distribution due to their specific settings, while
we impose no such restriction. Let 1/k = limy_,o tF} (1/\/1_5) € [0, +00]. The value of &
characterizes the distribution of sprA; near its left endpoint and determines the effect of the
random constraints on the asymptotic distribution of 0: (i) If sprA; has a relatively high
probability of being close to zero, e.g., when Fy (0) > 0, then lim; ., tF} (1/\/%) = +o00 and
k = 0; (ii) If sprA,; is very ‘unlikely’ of being near zero, e.g., when Fj (z) = 0 for some z > 0,
then limy o tF, (1/vt) = 0 and £ = +oo; and (iii) when F} (z) behaves like h () 2? near

zero, where h(z) is a slowly-varying function at zero,'® then k € (0, +00).
Assumption 2.3.4. £ (\midAi|4) <oo, E (\sprAirl) < o0, and B (HX1H4) < 00.

Denote

o P. 0 5 o
M (p;A) =4 Y —2¢ w, (2.11)

where ¢ = (p/,q,u',v) with p € R?*4 g c R, u € R*4 v ¢ R, and W ~ N (0,A) in
which A = Var (X{midAi, .

Xi

sprAi) .

Theorem 2.3.2. Under Assumptions 2.53.1-2.3.4, we obtain:

vn (é\_ 9*) 4, arg Irgn [M (;1) + ¢1 ()],

Y0A function h (2) : (0, 4+00) — (0, +00) is said to be slowly-varying at zq if for any m > 0, it holds that
lma~ .z [h(2) /R (mz)] = 1.
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where M (1; 1) is defined in (2.11) and

(

0, f ﬁEZT{u, fori=1,2,...;

¢1 (¥) = and[(,@ij)ujZOforjzl,...,Qk’—d-

o0, otherwise
\

For eachi, I = (& + ...+ Si)% for unit mean i.i.d exponential random variables £1, &, . . .;
11,75, ... are independent and identically distributed with the same distribution as | X;|; the

I';’s are independent of 1;’s, and they are both independent of W .

Several observations surface from Theorem 2.3.2. First, the estimators of the center and
range regressions (a’,7) and (B’ ,3\) are asymptotically dependent through the variance-
covariance matrix A, unless midA; and sprA; are conditionally independent. Second, the
asymptotic distribution does not depend on A, which is consistent with the discussion in
Remark 2.2.2. Lastly, the asymptotic distribution of \/n (&' — a*,5 — +*) is normal, but
because of inequality constraints, the asymptotic distribution of \/n (3’ — 37, 5 — 6*) takes
a complicated form given by the distribution of the minimizer of an inequality-constrained
optimization problem. Although in general, there is no closed-form expression for the asymp-
totic distribution of (B’ , 25\), it is clear from the minimization problem that it is non-standard
and discontinuous in model parameters including parameters characterizing the tail behav-
ior of the conditional distribution of sprA; through ¢; (¢0). For example, the value of k
determines whether the constraint in (2.10) binds or not leading to different asymptotic

distributions of (,@’ , 3) :

The GIA-CR Model Employing the same techniques, we obtain the following asymptotic
distribution for the estimator #. Denote Ry as the [, x 2] submatrix composed of the [, rows
of R corresponding to binding inequalities in R6* > r. The asymptotic distribution depends

on the value of A\, because the constraints are imposed on 6 directly.



64

Theorem 2.3.3. Under Assumptions 2.3.1, 2.8.2, and 2.3./, it holds that
Vit (8- 6°) 5 argmin M (:3) + 6 ()]
where M (1; \) is defined in (2.11) and

0, f Rpytp >0
by () = =T

o0, otherwise

Alternatively one may apply the approach in Andrews (1999) to obtain the asymptotic
distribution of 6. Instead of studying the unconstrained minimization problem, Andrews
(1999) focuses on the constrained minimization problem and shows that the asymptotic
distribution of the estimator can be represented as the minimizer of a quadratic function

over a convex cone.

Theorem 2.3.3 shows that the asymptotic distribution of 0 is discontinuous in R6* at T,
because researchers do not known which inequalities among R6* > r are binding a priori.
For hypothesis testing, asymptotic distributions of test statistics based upon 0 are in general
also discontinuous. In Section 2.4, we provide asymptotically uniformly valid Wald-type test

for testing the linear hypothesis in the GIA-CR Model.

Example 2.2.1 (continued). The asymptotic distribution of the estimators for the IA-CR
model can be obtained directly from Theorem 2.3.3. The matrix R}, corresponds to elements

in (8%,06%) that are zeros. Specifically, if Assumptions 2.3.1, 2.3.2, and 2.3.4 hold, then

a—of
N L PIW,,
y=7"
where W, ~ N (0, A,,) with A,, being the covariance matrix of X{midA,-; and

= .
[i p LN argmin | (u',v) Qup — 2 (u,v) Wy + ¢ (u/,0) |
5 _ 5* w,v /U

Vvn
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Y
where W, ~ N (0, Ay) with A, being the covariance matrix of ‘XZ sprd\;, and

0, ifI(B;=0)u;>0forj=1,....,2k—dandI(6*=0)v>0
¢S(ulav):

o0, otherwise

Like v/n (,@’ — B, 5 — 5*), the asymptotic distribution of \/n <§’ — 8.5 — 5*) is discon-
tinuous in some model parameters.

For the special case of the IA-CR model, i.e., the CR model with only one covariate, we
can solve the minimization problem in Example 2.2.1 by following Andrews (1999). The CR

model with one covariate can be expressed as follows:

midY; = a; midX; + " + € and

sprY; = BisprX; + 0" + €,

where E(6f | X;) =0, E(ef | X;) =0, af, € R, v* € R, g >0, and 6* > 0. Let K =
diag"? (Q;)), Z = (71, Z,) = K'Q;!'W,, and p;; = [K~'Q, K1), for i,j = 1,2, where
diag (A) returns a diagonal matrix whose elements equal to the diagonal elements of matrix
A. Suppose Assumptions 2.3.1, 2.3.2, and 2.3.4 hold.

(i) When 8 > 0 and 6* >0,

ES_

LN (0,050,050
d—oF

Vvn

(ii) When g =0 and 6* > 0,

5 _pn .
B~ £ I (2> 0) QW+ 1(Z, <0) K ;
d—0" Zy — p1aZa

vn

(iii) When 8% > 0 and 6* =0,

B, — B 7y — pon 7
S L I(Zy > 0 QW+ I (Zy<O) K | 7T
J — o 0

Vvn
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(iv) When g =0 and 6* =0,

5~ B 71 — pnZ
6~ 0 iﬂ(zl>0,Zz>0)Q;£Ws+[(z1—ﬂzlzz>0722§0)K L e
5 o 0

Vvn

_'_[(Zl S O,Zg—p12Z1 > O)K
Zy — pr12Zh
The asymptotic distribution of (ES, g) takes a complicated form and is discontinuous in [}

and 0*: it is normal when ! and 6* are both positive; non-normal otherwise.

2.4 Wald-Type Tests for Linear Hypothesis in the GIA-CR Model

In this section, we construct asymptotically uniformly valid tests for the linear hypothesis in

the GIA-CR model of the following form:
HO : Roe* =To against H1 : Roe* 7é To (212)

under the maintained hypothesis that 0* € © = {6 : RO > r}, where Ry and 1y are known
matrices of dimensions J x 2] and J x 1 respectively. Furthermore, Ry = (R}, R);)" is of
full row rank and Rgq is a submatrix of R. Without loss of generality, let R = (R}, R}:)" and
accordingly r = (', T’F)/.

One important example which motivates our testing framework is that of testing the

correct specification of the CR model against the IA-CR model which corresponds to testing

HOCR : (a*/ */)/ =0 against chR : (Oé*/ *,)/ 7é 07

s M m s m

under the maintained hypothesis that 0* € ©p = {#:8>0and § > 0}. Testing H?
belongs to the standard subvector inference with (3%,*)" being the vector of nuisance pa-
rameters. As another example, consider testing equality constraints in linear regression
models. Let R = (0;,x;, R*) and Ry = (0, R§) for some known matrices R* and R;. Then

both the null hypothesis and linear inequality constraints in the maintained hypothesis are
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on parameters in the range regression of the GIA-CR model only. Our tests become tests
for linear equality constraints in linear regression models with linear inequality constraints
extending the Wald-type test in Gourieroux et al. (1982) for the special case that Ry = R*
and Silvapulle and Sen (2005) for the case that R* is a submatrix of Rj. In both cases
considered in Gourieroux et al. (1982) and Silvapulle and Sen (2005), the inequalities in the
parameter space are known to bind under Hy and as a result, the asymptotic distribution of
the inequality constrained estimator of 6* or the test statistic under the null hypothesis is
continuous in model parameters and is thus nuisance parameter free. When Ry is a proper
submatrix of R, the asymptotic distribution of inequality constrained estimators or the null
asymptotic distribution of the test statistic is typically discontinuous in nuisance parameters
and asymptotically uniformly valid tests for Hy are not available in the current literature.
In the following subsections, we first introduce our test statistic and its asymptotic size.
Then we apply the two-stage approach with Bonferroni-type correction in McCloskey (2017)
to construct asymptotically uniformly valid tests for H§T against HE. Lastly we construct

tests for Hy in the GIA-CR model.
2.4.1 The Test Statistic and Asymptotic Size
The test statistic we adopt is of Wald-type:
T, (Ro,ro) = n (Roff r0>/ (Ro%, 1) (Roll = 70) (2.13)

for some positive definite weighting matrix 3J,, —, ¥ with ¥ being a deterministic positive

definite matrix. X,, can be chosen as the identity matrix or a consistent estimator of

0 Q) 0 Q)

When Ry is a proper submatrix of R, the null asymptotic distribution of Roa or T, (Ro, o)

Pl 0 A Pl 0

is discontinuous in Rr6*.

We now introduce the test for Hy based on T, (R, ) and its asymptotic size. The GIA-
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CR model can be fully characterized by the finite dimensional parameter #* € © and the infi-
nite dimensional parameter p* € M characterizing the distribution of {(V;, X;) : 1 <i < n}.
The space M can be restricted to be some compact metric space with a metric that induces
weak convergence, see Andrews et al. (2011). Let w = (6%, u*) € W. Denote P, as the prob-
ability model indexed by w, E, as the expectation, and Pr, as the probability computed
with respect to P,. Let W, be the collection of elements w € W consistent with the null
hypothesis and C'V,, be a (possibly) sample dependent critical value (C'V') for the test based
on the test statistic T, (Ro,70). The asymptotic size of the resulting test is defined by

AsySz (T, (Ro,10) ,CV,) = limsup sup Pry, (T, (Ro,7m0) > CV,,). (2.14)

n—oo weWy

We aim to construct C'Vj, that controls the asymptotic size of the test based on T, (Ry, o).

We make the following assumptions.

. . . /
Assumption 2.4.1. For any w € Wy, (i) E, <XZ-X{> and E,, (’XZ ) are mon-

singular; (i) E, (|midA;|"™) < M, B, (]sprA]™) < M and E, (| X,||"™) < M for

some v >0 and M < co.

Assumption 2.4.2. For any probability model P,, with w € W,, ¥, = ., for a positive

definite matriz X,.

We finish this section by introducing notations that will be used in the subsequent anal-

. . . ./
ysis. Let P, .0 = E, (Xixg), Que = E., (‘X X, > and
/ Pw,:ca: 0 , I[ 0
M, (;A) =9 Y —2¢ W, (2.15)
0 AQuae 0 M,

where ¢ = (p/,q,u’,v) with p € R?*~4 ¢ e R, u € R*4 v € R, and W, ~ N(0,A,) in
. /
which A, = Var, <X{midAi, sprAi).

X
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2.4.2 Testing Correct Specification of the CR Model Against the IA-CR Model

To simplify notation, we denote the test statistic T, (Rg, 7o) in (2.13) for testing HST as T,,,
ie.,
/

T, =n (&, 8,) (Roz, Ro) ™ (&, 5,,) (2.16)

where &, and 3, are the estimators defined in (2.7) and

R Orxt  Orxz—a)  Orx1 I Ok (k—a) Orx1
0:

Ogk—ayxk  Ik—a)  Op—ayx1 O—a)xk Op—ayx(k—d) O—d)x1

The asymptotic distribution of T, is discontinuous in (3, 82, §*)’, because the asymptotic

m

any w € W, it holds that (¥, 8) = 0. Therefore, (8, 3",6*) = (0,*,6*)" under the

m’

distribution of \/n (5— 8*) is discontinuous in (3%, 8, 8*)’ by applying Theorem 2.3.3. For

null hypothesis.

We decompose the model parameter w € W into three groups: w = (n,7,§) based on
their roles in the asymptotic distribution of the test statistics, where n = (¥, 6*)" € R’;‘Odﬂ,
7 = (vec (Pyy) ,vec (Quz) , vec (A) ,vec (X)) € T1, and ¢ € = consists of all other parameters
and is infinite-dimensional. From the previous discussion, the null asymptotic distribution
of T), is discontinuous in n; 7 affects the limiting distribution of 7}, but not its continuity; &
does not affect the limiting distribution of 7,.

Let Rso = Ry U {+00}. Following Andrews et al. (2011), Andrews and Cheng (2012),
Andrews and Cheng (2014), and Cheng (2015), we establish the asymptotic distribution of
T, under drifting parameter sequences w,, € Wy. In particular, we consider the parameter
sequence {(nn, Tn, &n) € Ré‘od“ xIIx=:n> 1} and the localization parameter ¢ and 7, as

the limit of v/nn, and m,:

/ —k—d+1
\/ﬁnn — C= (Cla ooy Ck—d, Ck*dJrl) € RZO and

Tn — Ty = (Vec (Pyas) , vee (Quar) , vec (Ay) , vec (Zw))' e II.

As shown in the lemma below, the asymptotic distribution of 7}, under the null hypothesis
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and the drifting parameter sequence (1, 7,,&,) depends on ¢ and m,; whereas &, (or the
limiting value &, of &,,) does not affect the limiting distribution under any parameter sequence
N, and m,.
Let
W = (e m) = argmin M, (431) + 6 ()],

where M, (¢; A) is defined in (2.15) and

(

0, ifu;>0forj=1,....k ujip+c;>0forj=1,...,k—d
b, (V) = and v+ cx_gr1 >0

oo, otherwise

\

~ /
Then RyV characterizes the limiting distribution of \/n (62’8, ﬁjn> under H{'® and the drifting

parameter sequence (1, Ty, &,).

Lemma 2.4.1. Under HS® and the parameter sequence (0, T, &) € ]R’;Od*l x II X = such

that \/nn, — ¢, ™, — 7, and &, — &, if Assumptions 2.3.1, 2.4.1, and 2.4.2 hold, then the
asymptotic distribution of T, is given by (Ro¥) (RyS,Ry) ™" (RoW).

As shown in Lemma 2.4.1, the null asymptotic distribution of 7}, under the drifting se-
quences of distributions depends on the value of (¢, 7). Let C.r, (1 —¥) denote the (1 — )
quantile of the distribution of (RyW¥)’ (RyX,R,) ™ (RyW) given ¢ and 7, which can be sim-
ulated. Building on existing work, especially McCloskey (2017), we adopt the two-stage
approach with Bonferroni-type correction to construct an asymptotically uniformly valid
test for HS'R.

The detailed process consists of the following steps.

Step 1. (i) Construct the estimator 7. Consistent estimator 7 can be decomposed into
two parts: (vec (P, 4z),vec (Quaz)) is estimable from the sample {X;}" ; A, and X, can
be estimated by using the residuals computed with 5;

(ii) Construct confidence sets for \/nn,. Let Es,o s and ZS\OLS be the OLS estimators of
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B% and 0*. Simple calculation shows that

Vn (B;,OLSa gom) — Vi, -5 Z (Aows)

where Z (Aors) is a multivariate normal distribution with zero mean and variance-covariance
matrix Aprs. Denote ESy (1) as a set such that Pr(Z(A) € ESy (1)) = 1 — 7. The
confidence set I, for \/nn, is defined as

- . /
I, = {g € R;dﬂ ccevn (6;,OL57 50L5) — ESR. (T)} '

The value KO s can be computed using the standard approach in least squares estimation and
is a consistent estimator for Aprg. It should be pointed out that to ensure the non-emptiness

of I, ES\ (7) may not be equal-tailed.

Step 2. We construct the ¥ level Bonferroni critical value CV,? for some 0 < 7 < 9 as

CVP(W,7)= sup Cez (1 —7). (2.17)

cely_,

The following proposition establishes the asymptotic validity of the test.

Proposition 2.4.1. For some 9 € (0, 1), assume that (RyV)’ (RoEng)fl (Ro¥) is continu-
ous at C.r, (1 —0) for all (¢, m,) € @;dﬂ x II. Under Assumptions 2.3.1, 2.4.1, and 2.4.2,

it holds that AsySz (T,,CV} (9,7)) < 9.

Remark 2.4.1. Adjusted Bonferroni critical value or Minimum Bonferroni critical value
discussed in McCloskey (2017) are also applicable. The former considers the joint distribution
of T,, and <B§,o S 30L5>, and computes the optimal pair of significant levels for ¢ and T,;
while the latter combines Bonferroni critical value and Adjusted Bonferroni critical value.
The computational burden for the two critical values is significant when the dimension of
is large. Interested readers could refer to McCloskey (2017) for detailed implementation of

such methods.
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2.4.3 Testing Hy in the GIA-CR Model

In this subsection, we extend the test for the correct specification of the CR model against the
[A-CR model developed in the previous subsection to the problem of testing Hy in (2.12).
Since Ryo#* is a subvector of RO*, the null asymptotic distribution of the test statistic
defined in (2.13) is discontinuous in Rr#*, where 6* satisfies the inequalities: Rp6* > rr.
In contrast to the standard subvector inference such as that considered in the previous
subsection, components of Rr#* could be linearly dependent rendering direct application of
the first stage of the two-stage approach with Bonferroni-type correction in the previous
subsection problematic. To address this potential issue, we suggest a three-stage approach
for constructing asymptotically uniformly valid tests for Hj.

In the first stage, we identify binding and non-binding inequalities in Rgo6* > r_r;
and employ the Gauss-Jordan elimination to identify a row basis of Rp based on which we
define nuisance parameters and express the inequalities Rrf* > rr in terms of the nuisance
parameters. In the second stage, we construct confidence sets for the nuisance parameters.

Lastly we construct the C'V for our test using Bonferroni-type correction.

Identification of Nuisance Parameters

Under Hy, the inequalities in Ryo#* > r_r are known to bind or not to bind. Let Ry, denote
the submatrix of Ry, composed of rows corresponding to binding inequalities in Ryy0* > r_r.
Ry, can be identified directly from the null hypothesis.

Let n = Rpf* € RIr. The vector of nuisance parameters is defined in the following.

Definition 2.4.1. The vector of nuisance parameters, denoted asn®, is defined as a subvector

of m corresponding to a row basis of Rr.

By definition, the nuisance parameters are n* = R{0*, where R} is a submatrix of Rp
with rows forming a row basis of Rpr. When Ry is of full row rank, R = Rr and the nuisance

parameters are n* = 1. When Ry is not of full row rank, we compute Rft and I' such that
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Rr = I'R% by Gauss-Jordan elimination on the transpose of Rr. In terms of the nuisance
r PY P

parameters, the inequalities: 1 = Rpf* > rr become:
I'n“ > rp. (2.18)

Below we present two examples to illustrate this step. For notational compactness, we let

0 = (04, ...,0,) for an integer [*.

Example 2.4.1. Suppose [* = 4 and Hy : 0] = 0;. Then Ry = (1,—1,0,0).

(1) Let @:{9181—62 20,92—9320,03—94 20} Then

1 -1 0 0 0
R=10 1 -1 0 andr=1| 0
0O O 1 -1 0

Under Hy, the first inequality in © binds resulting in Ry, = (1, —1,0,0) and

01 -1 0
00 1 -1

Ry =

Since Ry is of full row rank, the nuisance parameters are given by

05 — 0
05 — 0i

n*=n=Rrt" =

(11) Let@:{e91—0220,1292—9320,93—9420} Then

o o O —_
|
—_
—_
(@)
|
—_



Under Hy, the first inequality in © binds resulting in Ry, = (1,—1,0,0) and

01 -1 0
Rb=10 -1 1 0
0 0 1 -1

In this case, Rr is not of full row rank. Applying Gauss-Jordan elimination to R} yields

1 0
01 -1 0

L= and I' = -1 0
00 1 -1

0 1

By definition, the nuisance parameters are given by

05 — 03
=Ry = "
05 —0;
and the inequalities are
05 — 03 0
=1 —(3-03) | >| -1
05 — 0; 0

Example 2.4.2. Let [* =8 and H : ] = 05 = 05 = 0. Then

1 0 0 0
Ry = 0 1 0 Osxs and ro= | 0
0 01 0

74
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Let © = {6 : RO > r}, where R' = (R}, R}-) and r = (0,—1,0,0,—1,0,0,0)" in which

1 0 0 0 O
-1 0 0 0 O
Rr=1]05«xs 0 1 0 1 -1
0 2 1 1 0
0O 1 -1 2 -3

Under Hy, the first and third inequalities in © bind and the second inequality does not bind

resulting in

1 00
Ry = 02x5
0 01

Since the rows of Rrp are linearly dependent, we apply the Gauss-Jordan elimination to the

transpose of Rr:

03><5
1 -1 0 0 0 1 -1 0 0 O
/ 0 0 1 2 1 Gauss-Jordan elimination 0 0 10 3
RF: — )
00 0 1 -1 00 01 -1
0 0 1 1 2 055
0O 0 -1 0 -3

and conclude that the first, third, and fourth rows of Rr constitute a row basis of Rr.

Further, we get that

1 0 0
-10 0 0;

I'= 0 1 0 Oss [.0"=] G:+6:-0; |,
0 0 1 205 + 0 + 03
0 3 -1
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and the inequalities below:

0 0

—0; —1

I'n® = 0: + 0: — 03 > o
205 + 0 + 0% 0

300 + 605 — 03) — (205 + 0% + 02) 0

The Null Asymptotic Distribution of T, (R, ro) Under Drifting Sequences and the Testing

Procedure

We consider the drifting model parameters (n%, m,,&,), where 7, and &, are defined in the
same way as in Section 2.4.2. Since the nuisance parameters n* satisfy inequalities in (2.18),
we consider local sequences 1 such that

c= lim /n(I'n* —rp) € Rgo-

n—oo

Let
U =V (c,m,) = arg mzpin [M,, (5 A) + b, (V)]

where M, (¢; \) is defined in (2.15) and

0, ifR0b¢20and Rp@/)—I—CZO
Pu (V) = :

00, otherwise
Lemma 2.4.2. Under Hy and (n%,m,, &) defined above, if Assumptions 2.5.1, 2.4.1, and
2.4.2 hold, then the asymptotic distribution of T,, (R, 7o) is given by (RoW) (RoSuRY) ™" (ReW).

The null asymptotic distribution of T, (R, 7o) stated in Lemma 2.4.2 suggests the fol-
lowing procedure for computing the critical value of our test.

Step 1. (i) Consistently estimate 7, using the constrained estimator 5, denoted as T;

(i) Construct confidence sets for y/n (I'n” — rr). By definition, n% = R%6,,. Denote fors
as the OLS estimator of 6,,. Since y/n (go,;g — 9n> % N(0,A) for some covariance matrix
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A, it holds that
Vit (Ritlovs — ;) = Z(A) ~ N (0, REARY).
The confidence set I (n¥) for n is obtained as R%@\OLS — \/LEES;X (7), where ESy (7) is the set

such that Pr(Z (A) € ES) (7)) =1—7 and A is a consistent estimator of A. The confidence
set I, for /n (I'n® — rr) is calculated as

I. = {gERgO:g:\/ﬁ(FL—TF), LG[T(W;‘)}.
To ensure that I is non-empty, E.Sy (1) may not be equal-tailed.
Step 2. Compute the ¥ level Bonferroni critical value CV,? for some 0 < 7 < ¥ as

C’Vé’ (W, 7)= sup Cez(l—1),

Ce[ﬁ—‘r

where C,r, (1 —7) is the (1 — 7)th quantile of (RoW) (RoX,R)) ™" (Re¥) given (c,m,,). For
any given (c,m,), the distribution (RoW) (ReXuR)) ™ (Ro¥) may not have a closed form
expression but can be simulated.

The following theorem shows that the test is asymptotic uniformly valid.

Theorem 2.4.1. For some 9 € (0,1), assume that (RyW)' (RyX,R}) ™ (RoW) is continuous
at Cen, (1 =) forall (c,m,) € Ego x II. Under Assumptions 2.3.1, 2.4.1, and 2.4.2, it holds
that AsySz (T, (Ro, o), CV2 (9,7)) < 0.

2.5 A Simulation Study

In this section, we report results from a simulation study designed to (i) compare the finite
sample performance of three estimators 6A’, 5, and 50 s measured by the mean squared error
(MSE), where fo1s denotes the OLS estimator:; (ii) examine the size performance of our test
referred to as the Uniform Test, and compare it with Wald test based on OLS referred to
as the OLS test and a hybrid test for which the test statistic is the same as our test but
the critical value is that of the OLS test. We note that the hybrid test is valid when all the

parameter values are in the interior; otherwise it may not be valid.



78

2.5.1 Simulation Design

We generate data from the following IA-CR model with one covariate:

midY = a;,midX + a;sprX + midA and

sprY = ¢ |midX| + BisprX + sprA,

where the random interval X is defined by midX ~ N(0,1), sprX ~ x? and midX is
independent of sprX; the random generalized interval error A is independent of X. We
consider four different DGPs: DGP1-DGP3 belong to model Mg, where A is a random
interval; and DGP4 does not belong to model Mg.

It follows from Theorems 2.3.2 and 2.3.3 that the asymptotic distributions of the scaled
and centered estimators § and @ are discontinuous with respect to the value of 3*. The
asymptotic distribution of 0 further depends on the tail behavior of the distribution of sprA
through the value of k. To cover all the possible situations displayed in the theorems, we
consider three different specifications of x in DGP1-DGP3. In DGP4, the support of sprA
includes negative values, so A and Y are random generalized intervals. In DGP1-DGP4

below, midA and sprA are independent of each other.

DGP1 midA ~ N(0,1) and sprA ~ T'(2,2) + 1. In this case, the distribution of sprA

corresponds to the case when x = +o00.

DGP1 A: (ag,.a%, B, 52) = (1,1,1,1); and DGPL B: (ag,, a2, 85, 57) = (1,0,0,1).

DGP2 midA ~ N(0,1) and sprA ~ I'(2,2). In this case, the distribution of sprA corre-

sponds to the case when k € (0, 400).

DGP2 A: (af,,aZ, 8, 57) = (1,1,1,1); and DGP2 B: (a},, a2, 5, 52) = (1,0,0,1),

m?

DGP3 midA ~ N(0,1) and sprA ~ T'(1,2). The distribution of sprA corresponds to the

case when xk = 0.

DGP3 A: (af,, a2, 8, 57) = (1,1,1,1); and DGP3 B: (af,, a2, 85, 5) = (1,0,0,1),
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no(Bo) (B) (B),,, o (Bo) (B) (Bo),,,

100 0.485  0.556 0.565 100 0.302  0.325 0.530
DGP1 A 500 0.087 0.091 0.091 DGP1 B 500 0.059 0.061 0.098
1000  0.057  0.057 0.057 1000 0.036  0.036 0.053
100 0.361  0.548 0.556 100 0.181  0.349 0.558
DGP2 A 500 0.082 0.116 0.116 DGP2B 500 0.034 0.071 0.108
1000  0.037  0.050 0.050 1000 0.016  0.034 0.053
100 0.189  0.277 0.277 100 0.068  0.170 0.259
DGP3 A 500 0.031  0.050 0.051 DGP3 B 500 0.010 0.044 0.066
1000 0.018  0.028 0.028 1000  0.005  0.019 0.030
100 N/A  0.257 0.261 100 N/A  0.169 0.280
DGP4 A 500 N/A  0.048 0.048 DGP4B 500 N/A  0.033 0.049
1000 N/A  0.026 0.026 1000 N/A  0.015 0.026

Table 2.1: MSE Comparison

DGP4 midA ~ N(0,1) and sprA ~ N (1,4).

DGP4 A: (ag,. a2, 8. 57) = (1,1,1,1); and DGP4 B: (ag,, a2, 85, 52) = (1,0,0,1).

Within each DGP, the two models differ in the value of 8* which is in the interior in model
A and at the boundary in model B. DGP1-DGP3 differ in the value of k. Moreover within
each DGP in DGP1-DGP3, model B belongs to model M, where DGP1 B and DGP3 B are
considered in Blanco-Fernandez et al. (2012), but the tail behavior of DGP2 B is not covered
in Blanco-Fernandez et al. (2012). In DGP4, sprA has positive probability of being negative.
For DGPs 1-4, 0 and 50 Ls are consistent estimators, whereas 8 is consistent only for DGPs

1-3.
2.5.2 MSE of the Estimators

We focus on the comparison between estimators for (8*,40*) in terms of MSE for the afore-
mentioned data set configurations, since the major difference between the three estimators
lies in the constraints imposed in the minimization problem and the estimator vector for the
parameter (a*,v*) is not affected by the constraints. The number of repetitions is 5000.

Table 2.1 compares the MSE between different models under different data configurations.
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For all cases considered, as the sample size increases, the MSE of each estimator decreases
and the most reduction in MSE occurs from n = 100 to n = 500. At any given sample size,
for model Mg, which corresponds to DGP1-DPG3, (3, g) is the most efficient estimator
among the three. More importantly, the fatter the tail distribution of sprA is, the more
efficient the estimator (,@, 5) is compared to <B, g) and (B\, 5) oL The distribution of
sprA verifies kK = +00 in DGP1, which corresponds to a thin tailed distribution; the value
x = 0 in DGP3 implies a fat tailed distribution. The tail distribution of sprA in DGP2 is in
the middle, such that x € (0, +00). For DGP1, the estimator vector (B\, 5) is slightly better
than (,5, g) when the sample size is small and the two are the same when the sample size
is large. On the other hand, the MSE for (3, g) is smaller than (E, g) in DGP2, especially
when 3 = 0. This phenomenon is more pronounced in DGP3 when the tail distribution of
sprA is fat. The MSE for (B, S) is almost half of that for (5, g) in DGP3 A, and is less
than a quarter in DGP3 B. The constraint that sprY; — | X;|'8 > 0 for i = 1,...,n provides
little information on the parameter 3 when sprA has a relatively small probability of being
close to zero. During the computation of the minimization problem, the constraint almost
never binds in this case. On the other hand, if sprA is close to zero with a relatively high
probability, the constraint binds for some ¢ € 1,...,n. This improves the accuracy of the
estimator vector (B, 3), because the true parameter vector satisfies the constraint. Section 3
provides more detailed discussion about the effect of the tail of the distribution of sprA on the
asymptotic property of <B, g) . For the same reason, the MSEs for estimator vectors (5, g)
and (,@, 3) oL in DGP1 A-DGP4 A are close to each other, whereas (,@, g) is significantly

more efficient than (B, g) when some of the parameters are at the boundary, as in DGP1
OLS
B-DGP4 B. When the correct constraint binds during the estimation, the accuracy of the

constrained estimator improves.

2.5.3 Size of the Tests

We aim to study the size of the test presented in Section 2.4 when the null hypothesis involves

range regression and the nuisance parameters are either at the discontinuity point or not.
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For each DGP, we consider testing model A against model B, i.e., testing Hy : (o, 55,) =0
against H; : (af, %) # 0 under the maintained hypothesis that (8*,6*) > 0 using one of the
three tests stated at the beginning of this section. They are the test in Section 2.4.1 denoted
as Uniform Test, the test based upon OLS estimators denoted as OLS Test, and Hybrid Test
which uses the statistic 7}, but the critical value of the OLS Test. The test statistic for the
OLS Test takes the same form as (2.16) with (&;, B;) replaced by (&’SOLS, B;n,OLS) . Because
the critical value in the Uniform Test is computationally costly, the Hybrid Test is included

in the study to examine finite sample properties of the test based upon 7}, and incorrect but

simple critical value. For the Uniform and Hybrid Test, 3, equals to an estimator of

Pl 0 Pl 0
A
0 Q) 0 Q)

using 5, while ¥,, for the OLS test is calculated with é\OLs- When implementing Uniform

Test, the confidence set I. for ¢ is based on the result that
~ > < "
cC—C= \/ﬁ (/BS,OLS - ﬁs,na 5OLS - 5n> — Z2a

where Z is a bivariate Normal distribution with a consistently estimable variance. The
Bonferroni CV? (9, 7) for some 0 < 7 < 9 is defined in (2.17). Following Romano et al.
(2014) and McCloskey (2017), the tuning parameter 7 is set as ¥ — 9/10. The number of
repetitions is 1000. We refer interested readers to Romano et al. (2014) and McCloskey

(2017) for a general discussion of the choice of 7.

In Table 2.2, we report size performance of each test. For DGP1-DGP3, Uniform Test has
more accurate size than OLS Test, whereas the Hybrid Test has the worst size performance.
The asymptotic distribution of the test statistic for the OLS Test does not approximate the
finite sample distribution well when the true distribution of the error is skewed. On the
contrary, the test statistic in Uniform Test makes use of the constrained estimator, whose
limiting distribution is truncated Gaussian. This alleviates the skewness issue and improves

the finite sample performance of the test. Even in DGP4, where the distributions are indeed
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n = 500 n = 1000 n = 5000
Size Uniform OLS Hybrid Uniform OLS Hybrid Uniform OLS Hybrid
10% 8.4 3.8 3.2 8.6 4 3.8 8.8 7.0 4.8
DGP1 5% 3.4 2.3 1.7 3.7 2.8 1.6 4.0 3.7 2.2
1% 0.3 0.3 0.1 0.8 0.4 0.1 0.9 0.6 0.3
n = 500 n = 1000 n = 5000
Size Uniform OLS Hybrid Uniform OLS Hybrid Uniform OLS Hybrid
10% 8.1 4.3 3.6 8.4 4.3 3.7 8.7 6.9 4.0
DGP 2 5% 3.4 2.8 1.2 3.7 2.9 1.5 4.3 3.6 2.1
1% 0.5 0.2 0.2 0.7 0.3 0.2 0.8 0.6 0.3
n = 500 n = 1000 n = 5000
Size Uniform OLS Hybrid Uniform OLS Hybrid Uniform OLS Hybrid
10% 7.9 5.3 3.1 8.2 5.7 3.7 8.7 7.4 4.9
DGP 3 5% 3.2 3.0 1.2 3.5 3.1 1.4 4.4 3.9 2.1
1% 0.5 0.4 0.1 0.7 0.5 0.2 0.8 0.7 0.3
n = 500 n = 1000 n = 5000
Size  Uniform OLS Hybrid Uniform OLS Hybrid Uniform OLS Hybrid
10% 8.9 9.0 3.8 8.9 9.1 4.7 9.0 9.2 8.1
DGP 4 5% 4.2 4.1 1.6 4.2 4.2 2.0 4.4 4.5 2.2
1% 0.7 0.8 0.2 0.8 0.8 0.2 0.9 0.9 0.4

Table 2.2: Size Performance-Reject Percentage

Gaussian, Uniform Test has comparable size performance to OLS test.

2.6 Concluding Remarks

We have made several contributions in this paper. First, we have proposed a flexible model,

i.e., the GIA-CR model for random intervals via the generalized interval arithmetic approach

and a constrained estimator of parameters in the GIA-CR model. As a special member of

the Generalized model, the TA-CR model extends and overcomes the drawbacks of both

model Mg and the CR model. Second, as a measure of goodness-of-fit, we have extended the

coefficient of determination for multiple linear regressions to our GIA-CR model for random

intervals. Third, we have developed asymptotically uniformly valid tests for linear hypotheses

in the GIA-CR model including a test for the correct specification of the CR model against

the TA-CR model.

Fourth, we have conducted a simulation study to examine the finite
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sample performance of our estimator and test. As a separate contribution to the current
literature on interval arithmetic approach to modeling interval data, we have established the

asymptotic distribution of the constrained estimator of model M.
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Appendix A

WALD, QLR, AND SCORE TESTS WHEN PARAMETERS
ARE SUBJECT TO LINEAR INEQUALITY CONSTRAINTS

A.1 Technical Proofs

We introduce several notations and definitions that will be used to prove Lemma 2.4.1.
Decompose 6 into three parts: 8 = (60},605) = (6},,0 .,,605)", where 0, € R%, 0, ,, € R’
and 6, € R/, Under Hy, we have 0; = r = (0',7],)". For © = {# €R':60 >0} and

s ''nb
0, = (r',05,) € RL,,
by (© —0,) = {0 €ER 014> 0, 01 + b7y > 0 and Oy + by, > 0}

With lim, o b,02, = ¢ € E;_OJ, let ¢cp € ]RZZFO be the subvector of ¢ such that
cp contains all the finite elements of ¢ and T € R¥*(=)) he the matrix such that
YTe¢ = cp. Define two sets: A, = {9 eR: 01p > 0 and YOy + Yb,05,, > O} and A =
{9 €R': 0, >0and Ty + Tc > 0}. Since the inequality a + (+00) > 0 holds for any
a € R, A can be alternatively rewritten as A = {9 eR: 015> 0and 0y +c > 0}. For
any set I’ C R! and 2 € R!, define dist(z,I") = infyer |z — |, and dist, (2, ") =
infacr (2= A Z (2 = \) 2.

Proof of Lemma 1.4.1: From Lemma 1.2.1, we have b, <§— 9*) A By the definition

of W,, and Assumption 1.4.1, the result of the lemma follows. O]

Lemma A.1.1. If Z, = O, (1) and Assumption 1.4.3 holds, then

)\Ebnl(n@f—9n) 4 (M) = /\1€nAfn an (X) +0p (1).

Proof: By definition, b, (© — 6,,) is contained in A,,. Since g, (-) takes a quadratic form and
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A, is closed, there exists A, € A,, such that arginfyca, ¢, (A) = ¢, (\n). For any give 9, we

of

Thus, it suffices to show that Pr (A, € A,\b, (© —6,)) — 0. Let ¢; € ]RZZIO be the subvector

have

. . - ' ‘
Aebnl(%f—ﬁn) (n O\) ,\lenAfn n ()\)' ~ 5) = b (x\ebnl(%f—en) I (A) 7 /\lenl\i n ()\)>

< Pr(h, € A\b. (©—06,)).

of ¢ such that ¢; contains all the infinite elements of ¢ and T; € RZ*(=7) he the matrix such

that Y;c = ¢;. By definition,

AN, (©—0,) = {0€R 60, >0, Y0+ Yb,0,, >0,
917,11, < _bnrnb and TIQQ < —T[bnegm},

where each element in —b,7,, and —Y;b,0s, goes to negative infinity when n — oo.
Since Z, = O, (1), for any ¢ > 0 there exists some M < oo and N, such that for
Vn > N, Pr(dist} (Z,,{0}) > M) < e. There exists Ng, such that for n > Ng, we have
dist? (X, {0}) > 2M for any A € A,\b, (© — 6,,). Therefore, for n > max (Ne, N),

Pr [dist? (Z,, {0}) > dist? (Z,, A, \b, (© — 6,,))] < Pr [dist? (Z,,{0}) > M| <e.
Since {0} € b, (© — 0,,), we have

Pr [\, € A\b, (© — 6,)] < Pr [dist? (Z,, {0}) > dist? (Z,, A\bs (© — 6,))] < ¢
for sufficiently large n. We conclude the lemma because ¢ is arbitrary. O

Lemma A.1.2. For any w, € Wy, if Assumptions 1.4.2-1.4.4 hold, then

n (b” (5_ 9”)) - )\ebni(%f—on) Gn (A) + 0 (1).

Proof: By the definition of the drifting sequence, #,, — 6, as n — oco. Assumption 1.4.4
implies that 6 — 6,, = (5— 6n> + (0, —6,) = 0, (1). Together with Assumption 1.4.2, we
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obtain that

L (5) =1, (6,) + %Z;%Zn - %qn (bn (5— en)> +o,(1). (A1)

Let gq € O be the approximate minimizer of ¢, (b, (6 — 6,,)), such that

" (bn (éq _ en)) —inf g (b (0= 0)) + 0, (1)

= inf 1). A2
ot 4N 0, (1) (A2

Since 6,, € ©, it holds that

nynl/an (é\q _ 9n> _ gz,

= ({n (bn <§q - en)) < @n (0> + 0p (1>
= 297 +0,(1)=0,(1).

By the triangle inequality and Assumption 1.4.3, we have

|27 (8 =01)

<[l (5 -0) - 7

+ 772 = 0, (1).

Together with .7 being non-singular with probability one, we obtain b, (@1 — Gn) =0,(1).

The same argument applies and we have

L (8,) =10 + %Z;ynzn _ %qn (50 (B = 0.)) + 0, (1) (A3)

Combing Equation (A.1) and (A.3), and the definitions of 0 and §p in Equation (1.2) and
(A.2), it holds that

0p (1) <1 (8) =1, (8,) = %qn (b0 (90— 00)) - %qn (b0 (0 60)) + 00 (1) < 0, (1).
The lemma holds by applying the definition of é\p, m

Lemma A.1.3. For any w, € W, if Assumption 1.4.3 hold, then

reanth-a O V) = el on () +op (1)

Proof: By the definition of the quadratic function, it holds that infye,(0-0,)qn (A) =



95

dist? (Z,, b, (© — 60,,)) and infyep g, (A) = dist? (Z,,A). Since Z, = O, (1) by Assump-
tion 1.2.2, Lemma A.1.1 provides that dist? (Z,,b, (© — 6,,)) = dist? (Z,, A,) +0, (1). There
exists some A, € A,, such that dist,, (Z,, A,,) = dist,, (Z,, {\n}) + 0, (1). Since A, is a trans-
lation of A: A, = A+ (Yc— Tb,0,,,), the Hausdorff distance between A, and A, denoted
as dg (A, A), satisfies the inequality dy (A, A) < || Tb,02,, — Yc||. By the definition of ¢,
| Tb,02, — Ye|| — 0 as n — oo. Therefore, we have dist (A,, A) = o(1). Further with As-
sumption 1.4.3 on .7, we have dist,, (A, A) = 0, (1). Define A\, analogously with A,, replaced
by A, it holds that dist,, (Ax, Ay) = 0, (1), following the same argument.

By the triangle inequality, we have

dist,, (Zn, A) — dist,, (Z,, Ap) < disty, (Z,, {\n}) + dist, (An, A) — dist, (Z,, Ay)
= dist, (A\y, A) +0, (1) =0, (1).

Similarly, we have dist,, (Z,,A,) — dist, (Z,,A) < o0,(1). Therefore, dist, (Z,,A,) —
dist,, (Z,, A) = 0, (1), and the lemma follows. O

A~

Lemma A.1.4. Let \ be the minimizer of qn (N) over A: g, ()\) = minyep ¢ (A). If As-
sumption 1.4.2-1.4.4 hold, then b, (5— Qn) X+o » (1).

., (5— en) x|l =4, (bn (é—en) ,A). Since A is a

convex cone, \* is unique by Perlman (1969). Moreover, the closeness of A and the quadratic

Proof: Let \* € A be such that

form of g, (-) provide that X is well defined. By the argument in the proof of Lemma A.1.3,
dyg (An, A) = o0(1). It holds that

. (5— en) o\

because b, (5— 6n> € b,(©—10, CA,. It remains to show that ‘

— dist (bn (5— en) ,A) ~0(1),

= 0, (1). The
rest follows from the analogous argument in the proof for Theorem 2 in Andrews (1997). All

the required conditions are provided in Assumptions 1.4.2-1.4.4, Lemma A.1.2 and A.1.3. [
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Proof of Lemma 2.4.1: Since A is convex and closed, we can write \ defined in
Lemma A.14 as A = minyes gn (A) = h(b;'Dl,(0,),7,). By Assumption A.1.4,
(b,'Dl,, (6,) , Tn) KN (G,,Z,) for any drifting parameter sequences w, € W, with limit

w € Wy. The continuity of h (-,-) with respect to the two arguments implies that
N o -1 d o . . -1 / . 1
A=h (bn Di, (0,), fn) — h(Gy, Z,) = arg min ()\ T, Gw) T, ()\ T, Gw) .
Applying Lemma A.1.4, we obtain that

b, <§— 9n) 4 arg min (A — 7,'G.) T (A= 7, 'G)

= argming, (A) = argmin g, (A) + ¢, (V)]

If further Assumption 1.4.5 holds, then W, % (RUy,,) (RELR) ™" (RV,) by the continuous
mapping theorem. O]

Proof of Theorem 1.4.1: We prove the theorem by verifying assumptions in McCloskey
(2017). Notice that the distribution (R¥,,)" (RXw,,R')~" (R¥,) is finite with probability 1

for all ¢ € EZZ_OJ and my,, € Iy,. Assumptions PS, Sel, and Inf in McCloskey (2017) is

w

e, (1 — @) is continuous in ¢ and

trivially satisfied. By the expression in Lemma 2.4.1, C
Tww- Together with the assumption in Theorem 1.4.1, Assumption Cont in McCloskey (2017)
is satisfied. Let Assumption DS in McCloskey (2017) hold for ¢ 4ot Ty Ga,. For any
w € W, the confidence set ES (1) satisfies that lim,,_,, Pr, <§2L1G27w € ES (7')) >1-—7.
This and the fact that ¢ € K;OJ imply that lim,, . Pr, (c € INT) > 1 — 7, which fulfills
Assumption CS in McCloskey (2017). It suffices to prove that Assumption DS in McCloskey
(2017) is satisfied.

Lemma 2.4.1 provides that the asymptotic distribution of the test statistic W, is
(RV,) (REw,R) " (RV,) under the full parameter sequence (7%, Ty, &,). Since 0, is an

unconstrained estimator by definition, its asymptotic distribution can be obtained by apply-

ing Lemma 2.4.1 with ¢, (A\) = (>\ — %:}GQ,M)/ T ()\ — ,%;JIGQM) and ¢, (A\) =0 for A €
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R=7. Therefore, b, (52 - HM) = ¢ — byl A %:}GQ,M and ¢ % ¢+ ,%Z}Gg,w for any
parameter sequences w, € Wy. We follow Lemma 2.1 in Andrews et al. (2011) to establish
the equivalence of results under full sequences and subsequences provided that Assumption
B2 in Andrews et al. (2011) holds. Therefore, the goal is to show that for any subsequence
there exists a full sequence that has the same limit (possibly infinity) and has its subse-

quence equal to the original one. Denote the subsequence as {n;‘n, TWp, @ T > 1} such that

U*
n

(w/pnn;jn,ﬂW’pn) — (¢, Tww). We aim to construct a full sequence {77 T (e 1} sat-
isfying that (vnn*, my.,) — (¢,mww) and (0, m,) = (12, Twp,), ¥n > 1. To clarify
the notation, let the full sequence be indexed by [: {nf*, Ty ol > 1}. For VI = p,,, define

(17,“*, 7717{/,[) = (U;)Ln77TW,pn>; and for VI € (pp, pny1), define

\/png' J,pn :
#7 it \/Pubisip, = ¢; € Ry

. Vi
JHaL T
9j+(]7pn, lf w/pn@j_u,pn — +00
for j=1,...,0—J and my,; = Tw,,. It is trivial that the constructed full sequence satisfies

the second requirement that (n;j:,ﬁﬁ/’pn) = (n;n,wwmn) for Vn > 1. To see that the first
requirement is also satisfied, please refer to page 225-226 in Cheng (2015) for a detailed

derivation. n

Proof of Theorem 1.4.2: It holds that 8; —r = 6, — 07 + 07 — r, with 6, — 07 =0, (1) by
Assumption 1.2.3 and 05 —r # 0 by H;. Since RXy R’ is positive definite with probability one
by Assumption 1.4.1, (RS R')™" is also positive definite with probability one. Therefore,
it holds that b;2W, 5 (0% —r)' (REwR) ™ (07 —r) > 0 and W, diverges to infinity when n
goes to infinity with probability one. It remains to show that CV,)V (o, 7) = O, (1). For any

¢ > 0 in Lemma 2.4.1 and any my,, € Iy, we have

| 7220, — T2 2, = o (9,) < 4. (0) = Z, 7.2, = O, (1).
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The triangular inequality implies that
1722w < | 70200 = 0P 20| + (|1 707220 = 0, (1)

Since .7, is symmetric and non-singular with probability one, it’s eigenvalue is not zero.
Therefore, it holds that | W, || = O, (1) and (R¥,) (REw.R) " (RY,) = O, (1). Assume
that the sup in Definition (2.17) is achieved at ¢ € ?Q_T, where }Na_T is the closure of .Ta_T,
and CVV (a,7) = CI% (1 —7). Since € > 0 for any n, we conclude that for 7 > 0,

CVY (a,7) = O, (1). O

Lemma A.1.5. For Z" defined in Section 1.5.1, there exists some € > 0, such that Z1°0 >

" + € for all 0 € O.

Proof: Assume the contrary. Then there must exist a sequence (%ﬁbﬁ)m € Z"0, such

that (%gbe)m < 1 + €y, for €,, = . By the definition of 2., it holds that (%gbe)m >
"> Therefore, the converging subsequence of (%gbﬁ)m, denoted as (9?;}}?0) o satisfies that
b < (,%’gbe) - <1 +¢;, with the lim,, o (%ﬁ)bﬁ) o = " because lim,, o0 €, = 0. Since
the set O is closed by definition, so is 2"°©,. Therefore, there exists some Zm°0* € Z"°0,
such that Zm°0* = r"*. However, this contradicts with the definition of Z"°. Therefore, the

€ in the lemma always exists.

Proof of Lemma 1.4.3: For ¢ defined in (1.12), let cp € ]RIZFO be the subvector of ¢ such
that cp contains all the finite elements of ¢ and ¥ € R»*! be the matrix such that Ye = cp.

Define A,, and A as

A,={0eR :%.0=0, %50 >0 and YZ.0+ T (Z40, — 1) >0} and
A={0eR :%.0=0,%.0>0and YZ.0+ Tc>0}
={0eR : %H=0, %50 >0and Z.0+c>0}.

It suffices to show that A,, A and b, (© — 6,,) satisfy Lemmas A.1.1-A.1.4.
Decompose Z,,0 > by, (r,, — Zwbr) based the procedure in Section 1.3.1; define ™ and

w
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r® as the corresponding subvector of r,,. We obtain that

b (©—0,) = {0eR 1 RZ.0=0, (.~ Rbr), RBub > by (v, — Bbn)}
= {0eR : 2.0 =b, (xrc. — Reby), %20 > b, (v} — Z0,)
R0 > by, (10 — B0,) , B0 > by, (v — R0,) )

By incorporating the information in ©g, b, (© — 6,,) can be further simplified. Since 6,, € O,
we have %Z.0,, = 1.; by the definition of the implicit equality, it holds that %°0, = 1t for
any 0, € ©g. By Lemma A.1.5, there exists some € > 0, such that Z"°0, > 1™ + ¢ for all
0, € ©g. Thus b, (r’u‘f’ — %gben) < —b,e, where —b, e goes to negative infinity when n — oc.
Since 0,, = I'0¢,, + v, we have

lim b, (%Z,,0, —1,,) = lim b, (Z,, L8, + ) —13)

n—oo n—oo

= lim b, (Z"Tb;, — (', — Z"Y))

n—oo

= lim b, (D"p} — (2% — Z%7))

n
n—oo

= C.

Thus, we have identified the equality constraints, binding inequality constraints, non-binding
inequality constraints and undetermined inequality constraints with the associated limits.
The same derivation in Lemmas A.1.1-A.1.4 applies to b, (© —6,,), A,, and A. The claimed

result follows. 0
Proof of Theorem 1.4.3: The proof is the same as the one of Theorem 1.4.1. ]

Proof of Theorem 1.4.4: The proof is similar to the one of Theorem 4.2. Since RO—1r B
RO*—r # 0 and RXy R’ is positive definite with probability one by Assumption 1.4.1, we have
b 2W, & (RO* —r) (REwR') ™" (R* — 1) > 0 and W, diverges to infinity with probability
one. Since CVV (a,7) = O, (1) by the same argument in the proof of Theorem 1.4.2, the
theorem holds. ]
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Proof of Lemma 1.5.1: The proof follows from Theorem 2 in Andrews (1999) and The-
orem 1 and Theorem 3 in Andrews (2001). By Assumptions 1.2.1, 1.2.3 and 1.5.1, and
Theorem 2 in Andrews (1999), we have

20 (@) 1) = 00 00)) G- )) a0

= Jof gu (b (0 —67)) — inf g (ba (6 = 07)) + 0, (1).

Assumption 1.2.2, Theorem 1 and Theorem 3 in Andrews (2001) provide that

-2 (ln (50) -1, <§>> % ming (A) —ming (A),

AEAQ AEA

where Ay and A correspond to the set where ¢ (A) and ¢ () are finite. The lemma then
follows. O

Proof of Lemma 1.5.2: By Assumptions refAssump::Quadratic Expansion 1-Local, 1.4.4
and 1.5.2, and Theorem 2 in Andrews (1999), it holds that

20 @) 1) = 000 (7)) 00

= Olengo Gn (bn (6 — 6r)) — ;g(g G (bn (6 = 6)) + 0, (1),

under any w, € Wy. Applying the same argument in proof of Lemma 1.4.3 to b, (© — 6,)

and similar argument to b, (09 — 6,,), we obtain that
A={0eR :%.0=0, %20 >0and Z.0+c>0}, and
Ao = {e ER': (R, %, %) 0=0and 20+ c > o} .
The rest of proof follows from Theorem 1 and Theorem 3 in Andrews (2001) and Assumption

1.4.3. We obtain that —2 (ln (50) -1, (5)) < minyep, ¢ (A) —minyey ¢ (A), and the lemma
follows. O
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Proof of Theorem 1.5.1: The proof is similar to the proofs of Theorems 1.4.1 and 1.4.3,
with the asymptotic distribution of Q LR, under w, € W, being provided in Lemma 1.4.3.
O

Proof of Theorem 1.5.2: Assumptions 1.2.3 and 1.5.1 imply that 9 % 0% and (/9\0 N 05
under H;. By Assumptions 1.2.1 and 1.2.2, we obtain that [, (+) is continuous at 6*. Together
with the assumption on the continuity of [, (+) at 6§, continuous mapping theorem provides
that b;Q (ln <§0> —1, <§)) Lo >0. Therefore, —2 (ln <§0> -1, (5)) diverges to positive
infinity as n — oo. We now prove that CV,¢ = O, (1) to conclude the theorem. For any

¢ > 0 in Lemma 1.5.2 and any 7o, € ﬁQ, we have

min g, () + o, (V)] = min g, (V) + 6, (V)]
= mAin (g (A) + dow (V)] — m}n g (A) + o (A)]
< min g, (A) +dow (V)] < 4. (0) = 0, (1),
where the first inequality is due to the quadratic form of ¢, (\), and the second inequality
holds because ¢, (0) = 0. Assume that the sup in the definition of CV,? («, 7) is achieved

atee I, .. When I, , is open, ¢ belongs to the closure of I, .. Since > 0 for any n, we

conclude that for 7 > 0, CV.@ (o, 7) = C%Q (1—-7)=0,(1). O

Proof of Lemma 1.6.1: Applying Equation (1.5), we obtain that
b1 DI, (50) = 07" DL, (6*) + b D, (67) (50 - 9*) 4 b IRD (50) .
Assumptions 1.2.2 and 1.5.1 imply that b,'Dl, (6*) = O, (1) and
b D21, (67) (50 - 9*) — 52D, (6%) b, ((30 - 0*) =0,(1).

Since b, <§0 — 0*) = O, (1) by Assumption 1.5.1, for any ¢; > 0, there exists some £ < 0o
such that Pr ( b, (50 - (9*)

(i), for any 6 > 0 and €2 > 0, Pr (sup%@:an(g_g*)”<,_i ‘b;lR,’? (0)‘ > 0) < g, for n sufficiently

‘ > I{) < €1 when n is sufficiently large. By Assumption 1.6.1



102

large. Thus, for any ¢ > 0, it holds that

Pr (|, RY (5())‘ > )

< pr(|o;RY (éoﬂ >0 and b, (8 —0) ‘ <n)+Pr(|on (o) ’ =
= b <eee:||bfgépe*)<n b B (0)] > 6) P < bn <§° - 0*> ‘ = K)
< &g +tey,

where &; and &, are both arbitrary. We obtain that b,'R? <§0> = 0,(1). Therefore,
b, ' DL, </9\0> =0, (1) and ﬁslbngln <§0> = 7', 1DI, <§0> +o0, (1) by Assumption 1.6.1
(b) and 7, L T for T being non-singular with probability one by Assumption 1.2.2. The
definition of 50 implies that R@\O = r. Therefore, it holds that

RZ:'Di, (50)
= RZ,70,'Dly (%) + 0, (1)
- R (z;lb,;lDzn (0*) + 7 D, (607) (50 - 9*) + 7R (50)) +o, (1)
= RZ7'0,'Dl(6) — bR (0 — 07) + 0, (1)
— RZW'DI, (0°) + 0, (1), (A.4)

where the second to last equality comes from the definition of .7,,. Since we have that
~ —1/2 ~

<R<77L’1R’> RZ ', DI, (9()) = O, (1) by Assumption 1.2.2 and 1.6.1, we obtain that

ds = O, (1) by the following result:

H (R?;lR’) s (Rf;lR’) R, (50)

_ (ds — RZW:'Di, (50))' (Ré}lR')_l (ds — RZ W'D, (%))
< RZ W-'DI, (50)' (RLZ*R’) T RZ DL, (50) +o,(1)
= Op (1) )
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where the inequality holds by the definition of ds. Let
gor () = (-— RZ0;' DL, (09) (RZ,'R) ™ (- — R0, Di,, (67)) .

As ds = O, (1), Equation (A.4) and Assumption 1.6.1 (ii) imply gg (ds) = g,.r (ds) + o0, (1).
Applying the same proof as for Theorem 1 (e) in Andrews (1997), we obtain that

qr (ds) = /\Ebnl(I}%%fr) Gnr(A) +0,(1). (A.5)

The set RO — r has the halfspace description (??), which is locally approximated by the
set Ap = {)\ ER': Zre) =0, Zruwp) > O}. AR is convex and closed by definition. The
remaining of the proof follows from Lemma 1 in Andrews (1997) which shows that

el nr (A) = min gur (A) +0, (1), (A.6)

Theorem 2 in Andrews (1997) which provides ds = arg minyea, gn.r () + 0, (1), and the
continuous mapping theorem which gives

min g, g (\) < min qr (A) = min (A — Rﬁ‘lG)' (Rf_lR’)_l (A—=RT7'G).

XeAR XeAR AeAR
Conditions required for Lemma 1 and Theorem 2 in Andrews (1997) are given in the as-
sumptions. The fact that .7 is non-singular with probability one provides the condition to
apply the continuous mapping theorem. Hence, we obtain that

ds % arg min (A — RZ) (RZ'R) ™' (A — RZ),

AEAR

where Z = 771G, which is equivalent to the result stated in the lemma.

Part (ii) follows immediately from part (i) and Assumption 1.6.2. O

Proof of Theorem 1.6.1: First, we show that the asymptotic distribution of S,, under

any w, € W, is given by S, A S, = ds;Ededsw, where

ds, = arg min (A= RZ;'G.) (RZ'R) ™ (A= RZ,'G.) .

AR,e =0 and Zp ., ,A>0
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By Assumption 1.5.2, b, (50 — 9n> = 0, (1). Together with the fact that 6, — 6, as
n — oo, we have 50 -0, = 50 — 6, + 6, — 0, =o0,(1). Assumption 1.6.3 (i) applies, and
b, 'RP (5()) = 0, (1) holds under any w,, € W, by the same argument in the proof of Lemma
1.6.1. Then, Equation A.4 becomes
RZ;6,' Dl (B0) = RZ,7'0,' Dl (6) = bkt (B0 — 00 ) + 0, (1)
= RZ'b,'Dl, (0,) — b, (r — RO,) + 0, (1)
= RZ,','Dl, (0,)+0,(1).

The rest of the proof is the same, with all the convergence results under w,, € W, provided
by Assumption 1.2.2.

Notice that the asymptotic distribution of S, under w, € W, has the exact same form
as the one given by Lemma 1.6.1. Therefore, C3 . (1 — a) is also the (1 — «) quantile of S,
with mg denoting the parameters in 7,, G, and Xg,. By the definition of the asymptotic
size, we have that AsySz (S,,CV7 (o)) = limy o Pro,, (S,, > CV2 (a)), where {p,} is
some subsequence of {n}. Since the following proof goes through with p, in place n and
the convergence of the full sequence guarantees the convergence of each subsequence with
same limit, we provide the following result for the full sequence {n}. The continuity of
C3. (1 —a)in 7 by Assumption 1.3.1 and g % ng imply that C2 (1—-a) RS C:. (1—a) for
any w, € Wy by the continuous mapping theorem. The convergence in distribution result
proved at the beginning and the asymptotic distribution being continuous at C2 (1 — )
provide that lim,, ., Pr,, (Sn > C%S ; (1-— a)) = «, for any w, € Wy. Therefore, the theorem
follows. O
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Proof of Theorem 1.6.2: By Assumptions 1.5.1 and 1.6.1, under H;, the same argument
in the proof of Lemma 1.6.1 implies that
RTW2DL, (80) = RZ702DL,(65) — R (90— 65) + 0, (57

= RJ,'b,°Dl, (0;) + o, (by")

= vR(0" —05) + 0, (1),
where the last equality follows from the assumption that 7, '0.2DIL, (6;) = v (6* — 6}) +
op(1). Let dss = b,v(RO* —r). Since 6 € O, b, (RI*—r) € b, (RO —7r); and
0 € b, (RO —r) because there exists some # € O such that R = r. The convexity of
b, (RO — r) provides that dss € b, (RO — r). Moreover, since

~ N\ /o~ -1 o~ ~
(b;ldss — RZ 2Dl (90)> (R@;W) (b;ldss — RZ 2Dl (90)>
_— -1
= (by'dss — vR (0" = 6;) + 0, (1)) <R,7TL’1R’> (b, 'dss — vR (0% — 65) + 0, (1))

= (040, (RZ'R) (0+0,(1) L0,
and R 'R’ is positive definite, it must hold that
b, 'ds, = b, ds, + 0, (1) =v (RO —71) +0,(1). (A7)
Assume the contrary. Then it holds that b 'ds, — v (R8* — ) 2 0 # 0, which implies that
(bgldsn — R7 DI, (50))' (R?}lR’) - (bgldsn — R7 DI, (50))

— -1
= (b'ds, — v (RE" — 1) + 0, (1))’ (Ryn—lR') (b ds, — v (RO — 1) + 0, (1))
L (RT'R) o>,

where the inequality follows from R.7 'R’ being positive definite. Thus, for n sufficiently

large, ds, is not the minimizer of (1.6), which contradicts its definition. Applying Equation
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(A.7) to the definition of S,, we have

n

b,%S, = b,%ds, S5} dsy,
= (v(RO" —1)+0,(1)) Zg,, (v (RO — 1)+ 0, (1))
L 0 (RO — 1) BT (RO* — 1) >0,

because Yg is positive definite. Therefore, S,, diverges and the claimed result hold by the

finiteness of C2, (1 — ). O

Proof of Lemma 1.7.1: (i) The asymptotic distribution of b, <§— Qn) can be obtained

using the same argument for the proof of Lemma 1.4.3, with

b, (©—0,) = {0€R: 20 =0, (.— %0, and Z.,0 > b, (v, — Bubn)},
A= {0eR:%0=0and Z,0+c, >0},
and ¢, = lim,, o0 —by, (1, — Zwby). By definition, R, = r+b,'6 (1 + o(1)). Thus, we have
b, (RO, — 1) — ¢ as n — oo, and
~ / ~
W, = 02 (RH - 7’) (RSw . R)™ (Re . 7“)
N / N
- <R9 — R, + RO, — r) (RSw R (Re — RO, + RY, — 7")
~ / ~
[bnR (9 - en) + b, (RO, — r)} (RSw R [bnR (9 - en) + b, (RO, — 7‘)]
& (R, +6) (RSwoR) ™ (R, + ).
(ii) The proof follows from the same argument for the proof of Lemma 1.5.2. Notice that
¢ =lim, o —b, (r" — 2"0,) by definition. We have
b (€0~ 0,) = {0 R : (R,2, %) 0 =b, ((xl0h) — (R, 2. %) 6,)
and Z.0 > b, (ry — Z.0,)}
Ay = {9 ER': (R, 2, %) A+ (5,0,d,,) =0 and "\ + ¢ > 0} .
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Applying the A and A( defined here to the proof of Lemma 1.5.2, we obtain the result.

(iii) The proof mainly follows the one of Lemma 1.6.1 with the following modification.
First, by Assumption 1.7.1 (v), b, <§0 — 9n> = O, (1). Together with the fact that 6,, — 6,
as n — oo, we have /9\0 -0, = é\o — 0, + 6, — 0, =0, (1). Assumption 1.7.1 (vi) applies, and
b, 'RP <§0> = 0, (1) holds under any w,, € W by the same argument in the proof of Lemma
1.6.1. Second, Equation (A.4) becomes

RZ-'DI, (50) — RZW'DI, (6,) — buR (90 y > +o,(1)

(6:)

= RZ7','Dl, (0,) — b, (r — RO,) + o, (1)

= RZ,'b,'Dl, (0,) + 6 (1+0(1))+o0,(1)
(6:)

= RZ','Dl, (6,) + 5+ o0, (1)

by the definition of H;,. The rest of the proof is the same, with all the convergence results
under w,, € W provided by Assumption 1.7.1 (ii), (vi) and (vii). O

Proof of Corollary 1.7.1: Part (i) of the corollary follows if we can show that
CVY (a,7) % CVW (a,7) and the convergence occurs jointly with W, -% Wi,. Since
ES (7) is the set obtained using the estimators of parameters in %LIG #w Which is continu-
ous in unknown parameters, it holds that dy (EVS (1),ES (7')) = 0, (1). By definition, we
have

bl Rkl — (1 — BEA) S e+ TURET VG, (A.8)

where the random vector Gy, is the subvector of G, corresponding to 6;. Therefore,

_ W d W . .
SUP7, . Comy,, (1 —T) = supeey,_ Cory, . (1 —7) for any my,, because W, is continuous at

C¥ (1 —r7) for all c € C. Moreover, C}V

CTW,w CTTW, 0w

It holds that CVV («,7) 2 ovW (c, 7). Since the convergence of (A.8) is jointly with

. . . ~ P
(1 — 7) is continuous in my,, and Tw — Ty,.

(b;1DL, (6%), T) 4 (G,.7), part (i) of the corollary follows. Similar arguments apply to
part (ii). Because C3. (1 — ) is continuous in 7g,, and g consistently estimates mg,,, we

have Cgs (1-a)b C;?SM (1 — «v). Part (iii) therefore holds. O
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Lemma A.1.6. Result in Lemmas 1.2.1, 1.4.1, 1.4.53, 1.5.1, 1.5.2 and 1.7.1 is independent

of the description of ©; result in Lemma 1.6.1 is independent of the description of RO — r.

Proof: Let © (1) and © (2) be two descriptions of ©. By Andrews (1997), result in
1.2.1 is obtained by finding the cone that locally approximates b, (© — 6*). Since O (1) and
© (2) are two descriptions of the same set O, the cone is the same. Thus, Lemma 1.2.1 is
independent of © (1) and © (2). For Lemma 1.4.3, the set A such that ¢, () equals zero
satisfies that dg (b, (© —6,),A) — 0. Let A; and Ay be two sets obtained from © (1) and
©(2) . Since dy (b, (0 —0,),A1) = 0 and dy (b, (O —0,,),Ay) — 0, triangular inequality
provides that dg (A1, A) = 0, which holds if and only if the closures of A; and Ay are the
same. Because both A; and A, are equivalent to their closures, A; and Ay are the same.
Thus, Lemma 1.4.3 doesn’t depend on the description of ©. Result in other lemmas follows

from the similar argument. O]
A.2 Verification of Assumptions for Linear Regression Model

We present primitive conditions for Assumptions 1.4.2-1.4.4, 1.5.2, and 1.6.3 to hold in the
linear regression model. Since the two running examples are both linear regression models,
the conditions discussed in this section can be directly applied. Let the model be indexed by
n: Yy = X),0% + e, with E (e, | X)) = 0. The sample (X,,;, Yy,;) | is row-wise 1.i.d. The

estimator objective function [, () is calculated as:

L(0) = _%i(ym—x’ 0)?
=1
=1 1=1

= 1,(0,)+ DL, (6,) (0 —0,) + % (0 —0,) D1, (0,) (0 —0,),

with 1, (6,) = —1% DL, (0,) = >0 eniX); and D%, (6,) = — >0 XX/, As-

2 11m?

sumption 1.4.2 is trivially satisfied by the quadratic form of [, (). Let E, (-) denote the
expectation respect to P,. Under the condition that for any w € W, E, (|]Xm||4+'/) <M
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and E,, (||5m~||4+'j) < M for some v > 0 and M < oo, we can obtain the weak convergence of
b 1Dl (6,) for any w, € Wy by the Lyapunov central limit theorem, where b, = y/n. Under
the same condition, —b, D?l, (§,) converges in probability to E, (X,,;X/.) by the weak law of
large numbers for triangular arrays. If further E,, (X,;X";) is non-singular for any w € W,
then Assumption 1.4.3 holds. Assumptions 1.4.4 and 1.5.2 can be verified by Theorem 1
in Andrews (1997), which extends to probability models indexed by w,, if Assumptions 1-4
in Andrews (1997) hold for any w, € Wy . Assumptions 1 and 4 in Andrews (1997) are
satisfied by the quadratic form of [, (6); and Assumptions 2 and 3 are guaranteed by the
above conditions on £, (HXm-H4+l') and F,, (HemH4+l’) being bounded and the non-singularity
on E, (X,;X!,;) for any w € Wy. Alternatively, one can use the epi-convergence argument
in Pflug (1994, 1995), Geyer (1994, 1996), and Knight (1999) to verify Assumptions 1.4.4
and 1.5.2. Such tool is powerful in dealing with estimators defined by constrained optimiza-
tions. At last Assumption 1.6.3 (i) holds by R” (-) = 0; and 1.6.3 (ii) is satisfied by letting
2 = Tn=2/n3 " XuiXy;.
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Appendix B

UNIFORM INFERENCE IN A GENERALIZED INTERVAL
ARITHMETIC CENTER AND RANGE LINEAR MODEL

B.1 Technical Proofs

Proof of Proposition 2.2.1: Using the alternative expression of RSSg, R% can be com-

puted as
Zﬁzl di (3/;7 2)
RL=1-—= v
S (YY)
Non-negativity of BT implies that RZ < 1; and for {Y;, Xy;,..., X} },—, and 0 such

i (YeY)
that Y; = }N/; for all 7, it holds that d3 (Y;, Y;) = 0 and thus RZ = 1. By (2.7) and the fact

that
SR T) = Y 0[] v
(%,9) = argna}nzczA NEET)))
it holds that
> (3,70) = Yo (v [xia £ 1 3] + [5£7))
s;di%hﬂ])
ST,

The inequality comes from property of the minimization operation: Z’s are obtained by a

constrained minimization problem over «, vy, 3 and ¢, with @ = 0 and B8 = 0 satisfying the
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constraint. Therefore, 31" | d3 (Y;,Y) > Y0 d3 (Y;,?i) and RZ > 0, with the equality
holds if & and 5 are zero vectors. The first part of the proposition holds. The second

part follows directly from the characteristics of the minimization problem that defines 0 in

(2.7). O

Proof of Theorem 2.3.1: We first show that (/9\—>p 6*. Define

*/ /A o' -« 2
Zl(e) = (a -, _V)le’ . +OmidA
Y=
W p -8
+)\(IB _/675 _5)Qxx 5 _ 8 +)\0—52prA+S01 (9)7

where 02,41 = Var (midA), 02, » = Var (sprA) and

0, if Pr(sprty —|X['"8>0)=1; and B3>0

o1 (0) = :

oo, otherwise

It holds that §* = argming Z; (f). First, notice that Pr (sprY —|X| 8*>0) = 1 and
B* > 0 by the model specification. Second, by Assumption 2.3.2, both 07,5 and o2, are
finite. Therefore, Z; (f) reaches its minimal value o745 + AoZ, A at 8% At last, since Py,
and )., are both non-singular by Assumption 2.3.2, they are positive definite and 6* is the
unique solution to the minimization problem. Therefore, 8* = argmingy Z; (6).

Next we aim to show that arg ming Zi,, (8) = argming Z; (). Zi,, (9) is a convex function
by the convexity of the domain for which ¢y, (f) is finite and the quadratic component
in Zy, (6). Moreover, since arg ming Z; (#) is unique, it suffices to show that Z3, (0) epi-
converges to Z; (6) by the Convexity Lemma of Geyer (1996) and Knight (1999).

The finite dimensional convergence and finiteness of Z; (f) on an open set provide the
epi-convergence, given that 7y, () is convex. For

SO;SUP{ max bjipr(SPrY—lXVbZO):1,beRi’“0‘d},

1<j<2k—d
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if sy is strictly positive, one can always find an open set O, C R?* such that
Pr (ser - ]X]/b > O) =1 for any b € Op. Then on the set O x Oy x Op x Oj, where
Oq CR?*74 0, C R and Os C R are any open sets, Z () is finite. We now show the finite
dimensional convergence to complete the proof.

By the weak law of large numbers and the model specification, we have that
1
L5 (midV; - Xla—7)* L (@ — a7 = 5) Pra (@ — 0,7 = 9) + 0%n and
n

1

U3 oY= X B 0)F 5 (87— 8.5~ 0) Qe (87— B.0° — ) +

for any pair (o, v, 3, d). Thus, according to Knight (2001), it suffices to show that for given
oL, ..., 0™,

Pr (i (01) =0,...,012 (0™) = 0) — Pr (1 (07) =0,...,¢:1 (6™) =0)
when n — oo. The former probability equals to

Pr(sprY; > | X,|' B, fori=1,...,nand j =1,...,m)

o 1, if Pr (ser > maxi<j<m |X|/ﬁ]) =1
=Pr" (serZ- > max | X ﬂj> — o
=J=m 0, if Pr (ser > max<j<m ]X],ﬁj) <1

=Pr (g1 (8') =0,...,01(8™) =0).

Therefore, we can conclude that Zy,, (0) epi-converges to Z; (#) and 0 % 0* when s > 0.

On the other hand, if sy = 0, then 87 = 0 for all j = 1,...,2k — d. The minimization
problem can be separated into two parts with one part contains only & and 5 and the other
contains only ,@ and 8. Since no constraints are imposed on (&@',7), the consistency of (a’,7)
follows from standard arguments in the least squares estimation. Because 7y, (&/,v,0,0)
is finite, to prove that (B’,;Sj 2 (B, 6%) = (0',6%), it suffices to show that for any b # 0,
Pr(Z, () < c0) — 0 when n — oo. This follows from the fact that for b # 0,

Pr (Seri > |X;'b, fori=1,... ,n) = Pr" (Ser} — | X;|'b> 0) =0,
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where the last equality is implied by sqg = 0. Therefore, ,[/3\ 2 0. The convergence of 5 follows
from the law of large numbers since 6* = F (sprY’) when 8* = 0.

The first part of the theorem then follows by combining the two cases of s; > 0 and
so = 0.

The proof for 050 is essentially the same. Define

200) = (@ —a'y = Pu | C T+ ot
7=
B —p

AT =0 Que | At (6)

where 074, = Var (midA) and o, 5 = Var (sprA). With Assumption 2.3.2, we have that
0* = argming Z, (#), because RO* > r and P,, and @Q),, are non-singular. The convexity of
Zoy (0) is implied by its quadratic component and the geometry of the feasible set. Since
2 (0) is not random, the epi-convergence of Zs, (0) to Zs (#) follows from the finite dimen-
sional convergence of the quadratic component. At last, since Z, () is finite on any open set

that is contained in R4 x R x Réko’d X R, we obtain the consistency of 0. O]

Proof of Theorem 2.3.2: We will prove the theorem for the different cases: (i) k €
(0,400); (ii) k = +oo; and (iii) £ = 0. Let M (¥;A) = M (¢; A) + ¢y (¥).
Note that v/n (é\ — 9*) is the solution to the minimization problem:

2
Tt (midd =" = Xl =)
e S B N e

— S (midAy — %) = A (sprA; — 6%)7 4 1 (¥)

where )

0, if /nsprA; > | X, u, fori=1,2,...n;
P1n (V) = 4 and u; ++/n@; >0, forj=1,...,2k —d-

oo, otherwise

\
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The goal is to show that argmin, My, (1;\) KN arg min, M, (¢; \).  Since the set
of ¢ for ¢1, (¢) being finite is convex, the convexity of My, (¢;A) is straightforward
due to its quadratic component. Recall that by the Convexity Lemma of Geyer (1996)
and Knight (1999), the following three conditions are sufficient for argming M, (¢; \) KA
arg miny M (1; A) provided that My, (¢; A) is convex: (i) My, (1; A) converges to My (¢; )
in the finite-dimensional sense (]Ef), (ii) My (v; \) is finite on an open set, and (iii) M; (¢; \)
is uniquely minimized with probability 1.

We now prove that these three conditions are satisfied when lim,_ . tF} (1/ \/f) S
(0, +00).

Define the point process (random measure): v, (D) := >, I {(y/nsprA;,|X;|) € D} for
any Borel subsets D of D := [0, +00) X X', where X is the support of | X;|. The point process
Un (+) tends in distribution with respect to the vague topology to a Poisson point process
(random measure) v (-) in the metric space of point measure M, (D). The limit Poisson
process has the mean measure: E [v(D)] = [, 2wg (&) du (x) dw and can be represented by
v(D) =37, I{(ﬁg_% (Y})Z},Y}) € D} for all Borel subsets D of D := [0, +00) x X,
where ¢ (+) is defined in Assumption 2.3.3, [; = (&, + ... + 51-)% for unit mean i.i.d exponen-
tial random variables &1, &, . .., and 17,75, . .. are i.i.d with distribution Pr (1; € A) = u (A),
where p(+) is the probability measure of | X;|. The I;’s are independent of 7;’s. By Assump-
tion 2.3.3 and the fact that limy o tF, (1/V1) = 1/k, lim, o0 E [, (D)] = E[v(D)] and
lim, o Pr{v, (D) =0} = e PlP] The claimed weak convergence result follows from
Kallenberg’s theorem (Resnick (1987)).

Using the above convergence result of the point process, we are now ready to show

the finite dimensional weak convergence of Mj, (1; \). The following convergence result is
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straightforward:

2
S (midA =y = EXIp — ) S (midd - )
2
AL (spr =0t = R IXil w = ) - A (b - 8)°

0
P — 2 w,

i>¢/

with W ~ AN (0,A) and A being the covariance matrix of (X{midAi, X,

/sprAi) . The
asymptotic independence between W and the point process follows from the standard proof
of asymptotic independence of sample average and sample minimal order statistics, see e.g.
Resnick (1987) and Lemma 21.19 in Van der Vaart (2000). A more detailed proof can be
found in Chernozhukov and Hong (2002). Thus, it remains to show that for given ¢!, ... ™,

Proy (0') =0,...,01, (™) =0] — Pr ¢y (¥') =0,...,¢1 (™) =0],

as n — oo. Since no randomness is involved in the constraint wu; 4+ /nB; > 0 for j =
1,...,2k — d, its limit is straightforward. Thus, we only need to focus on the constraint
Vnsprd; > | X;| w for i = 1,2,...n. Exploiting the convergence in distribution of v, (-) to
the Poisson random measure v (+), we have that

n

Prlgwm (V') =0,...,61, (¥™)=0] = Pr

I (\/ﬁsprAi < max |Xi]'uj> = 0]
- 1<j<m

1=

— exp (— max M (:B'uj) 2dpu (w)) = Pr [qbl (wl) =0,....,01 (¥™) = O] )

X 1<j<m K

Therefore, My, (1; \) 4 M (¥; \) as n — 0.

The other two conditions can be easily verified. On the set O, x O, x (—o0, 0)2k7d X Oy,
where O, C R*~4 O, C R and O, C R are any open sets, M; (1;\) is finite by its
definition. And, for any realization of W, {I3, i > 1} and {73, i > 1}, M; (¢;\) will be
uniquely minimized due to the quadratic form of M (¢; A) and the geometry of the constraint.

If the minimal of M (; A) is in the constraint set, the uniqueness is trivially satisfied. If the
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minimal of M (; A) lies outside the constraint set, the solution to the minimization problem
will be the intersect of the level set of M (¢; A\) with the boundary of the constraint set.
The level set of the quadratic component of M (¢; \) takes the shape of an ellipse in high
dimension, while the constraint set is convex with boundary consisting of high dimensional
planes. They can only intersect at one point. Thus, the latter two conditions in the Convexity
Lemma are satisfied. Hence, when lim;_,, tF} (1/\/1_5) € (0,+00), argming My, (¢¥; \) A
arg miny M (1; ) as n — oo.

The above result also holds when lim;_,. tF} (1 / \/f) = 0. Rewrite M (¢; \) by substi-
tuting k£ = +o0: My (; A) = M (3 A) + ¢y (¥), with

(

0, ifYu<+o0, fori=1,2,...;

¢1 () = and [ (B =0)u; >0forj=1,...,2k—d-

oo, otherwise
\

Since 71; follows a tight probability measure, we can further simplify

0, ifI(B;=0)u;>0forj=1,...,2k
¢1 (¢) = ’ ’ :

oo, otherwise

The finite dimensional convergence of the quadratic component of My, (¢; A) follows the

I

same argument. We now show that for any given ¢!,... ¢™, as n — oo,

Prlgwm (') =0,..., 61, (™) =0] — Pr o (¢') =0,...,¢1 (") =0] .

By writing the probability as an expectation of a conditional probability, we have that

, 'l ) =
ZI <\/ﬁsp1rAZ < Zax. | X u ) 0]

=1

Pr g1 (¢') =0,..., ¢1, (™) = 0] = Pr

o n rodl — mn I oyd
—Pr [\/ﬁsprA > 1rgnjzgfn|X| u] =F [Pr {sprA > 7 max | X| u \XH

n 1<j<m

— [1-g (XD £ (= s 1XTw) | = [1- 2o £ (2= max pxrw)] |
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where F (a) = lim,4, F; (2). The indeterminate form has the limit of

| (1 |
exp (= im0 [ g (1X1) B (2 e X[ )| )

For | X| € X such that max;<j<, | X| w/ < 0, we have that F, (\/Lﬁ max;<;<m ]X|'uj> =

0; if maxicjcn, | X[ w/ > 0, the inequality lim, . nF; <\/iﬁ max1§j§m|X|/uj> <
lim,, o nFs (\/Lﬁ Maxi <j<m | X \/uj) = 0 holds. By the dominated convergence theorem,

we obtain that

Prigwm (W) =0,...,01, (™) =0] »exp(0) =1=Pr[¢ (¢') =0,...,¢1 (™) =0].

Therefore, the finite dimensional convergence of Mj, (1; \) is verified. The finiteness of
M; (¢; \) on an open set and with probability one the uniqueness of its minimizer can be
verified using the same statement as in the first case when x € (0,+00). The Convexity
Lemma then provides that argming My, (1; A) % arg miny M (¢; ) when k = +o0.

The proof for the case when lim; o, tF} (1/\/f) = +o0 is essentially the same. Since the
part 1 (,8;‘ = O) u; > 0for j =1,...,2k — d does not contain any randomness, we focus the
proof on the constraint /nsprAd; > |X;|'u for i = 1,2,...n. For any given ¢, ..., ¢™, it
holds that

Prlowm, (¥') =0,...,01, (¥™) =0] = {1 —E {g(|X|)F; (i max |X|’uj)Hn

VN 1<jsm

with the limit
. (1 ;.
exp (—ggonE [Q(IX!)FS (% Dax | X|'u )D :

If max;<jc, | X| w/ < 0, F; (\/iﬁ max1§j§m|X|/uj) < F;7(0) = 0, because F, (0) =
0. If maxjcjcn, |X|'w/ > 0, we have that lim, ., nF; (\/iﬁ maxlgjgm\X]’uj) >
lim,,_,oo nF, (ﬁ Maxi<j<m |X]'uj> = oo by condition lim;_,, tF} (1/\/7?) = +400. There-

fore for the given w’s, when Pr (max;<j<, | X| u/ <0) =1,

| e » -
exp (_JEEO”E {9(|X|)FS (% 2, X )D o
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and when Pr (maxi<j<m | X| @/ <0) <1,
exp | — lim nE |g (| X]) F, = max |X| u’ — 0
P n—00 g s \/ﬁ 1<5<m '
Now consider Pr[¢; (v') =0,...,¢; (™) = 0]. The probability can be calculated as

Prigi(v')=0,....,¢: (v") =0] = Pr{max Ti’ujgo,:for:izl,Q,..}

1<j<m

1, if Pr(maxi<j<, | X[ w <0) =1

O, if Pr (maxlgjgm |X‘/’U,J < 0) <1

where the last equality follows from the fact that the distribution of 1; is the same as | X|

and i goes to infinity. Therefore, we have shown that for any given ¢!, ... ¥™,

Prlgwm (') =0,...,61, (¥™) =0] — Pr[¢: (¢') =0,...,¢1 (") =0],

as n — 0o0. The rest is the same as in case lim;_, tF, (1/\/1_5) =0.

Hence, we have shown that arg min, M, (1; \) converges in law to arg min, M; (¢; A)
for all different values of lim;_,, tF} (1 / \/Z) Moreover, it follows directly from the definition
that M (¢; ) = M (¢;1). The claimed theorem can be concluded. O

Proof of Theorem 2.3.3: The proof is similar to the proof for Theorem 2.3.2.
vn (5 — 0*) is the solution to the minimization problem:

2
. i1 (midAi -7 = \/LElep - %ﬁ) — iy (midA; — )
min 9
past | ARy (spra = 00— X w = ) =AY (sprAi — 6% 4 da (1)

Y

where

0, if Ry > — RO*
¢2n (¢) = 1 w \/ﬁ<r ) :

oo, otherwise

For the vector (r — R6*), some elements are zero and the rest are strictly negative. The zero

elements correspond to the submatrix R;, of R by definition. This implies that ¢o, (¢V) —
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¢ (¥) pointwise as n — co. The rest of the proof is the same for Theorem 2.3.2 by showing
finite-dimensional convergence, M (1); A) + ¢ (1) being finite on an open set, and M (i; A) +
¢2 (1) being uniquely minimized with probability 1. ]

Proof of Lemma 2.4.1: By Assumption 2.4.2, the claimed result follows if we show that
Ry W represents the asymptotic distribution of y/n (52;, E;)l under the null hypothesis and the
parameter sequence (7, T, &,). Under Hy, it holds that 5%, = 0. Simple manipulation of the
proof for Theorem 2.3.3 would provide that /n (5/8, E;n), KN RV, with the Lindeberg-Lévy
Central Limit Theorem replaced by Lyapunov Central Limit Theorem under Assumption

2.4.1, see Lemma A.3 in Cheng (2015). H

Proof of Proposition 2.4.1: We prove the proposition by verifying assumptions in Mc-
Closkey (2017). Notice that the distribution (RyW) (RS, Ry) ™" (RoW) is finite with prob-
ability 1 for all ¢ and 7, in the localization parameter space. Assumption PS in Mc-
Closkey (2017) is trivially satisfied. By the expression in Lemma 2.4.1, C.,, (1 — 1) is
continuous in ¢ and 7,. Together with the assumption in Proposition 2.4.1, Assumption
Cont in McCloskey (2017) is satisfied. The requirement for the confidence set I, that
lim,, o Pr(yv/nn, € I;) > 1 — 7 fulfills Assumption CS in McCloskey (2017). It suffices
to prove that Assumption DS in McCloskey (2017) is satisfied for the first claim of the
proposition.

Lemma 2.4.1 provides that the asymptotic distribution of the test statistic 7T, is
(RoW)' (RoX,R)) ™ (RoW) under the full parameter sequence (1, m,, &,); and the asymptotic
convergence of \/n <§;70 L) go LS>/— NS 4 7 (Aors) is straightforward. We follow Lemma
2.1 in Andrews et al. (2011) to establish the equivalence of results under full sequences and
subsequences provided that Assumption B2 in Andrews et al. (2011) holds. Therefore, the
goal is to show that for any subsequence there exists a full sequence that has the same limit
(possibly infinity) and has its subsequence equal to the original one. Denote the subsequence

as {np,, mp, : 1 > 1} such that (1 /P Tpn an) — (¢, m,). We aim to construct a full sequence
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{5 > 1} satistying that (yans, ) = (c,m,) and (15, 75) = (1, 7,,), ¥n > 1. To

clarify the notation, let the full sequence be indexed by m: {n},, 7x :m > 1}. For Vim = p,,

*

define (n},, 7)) = (Mp,, Tp, ); and for Vm € (pn, pni1), define
5 WnT:fn> if \/Dndp, = Ch—ar1 € Rxg

Opns if \/Dndp, — +00

and

nﬁs, i, Pn :
Soedn /DBy ip, = ¢ € R

*

s,J,m
537j7p’n7 if V pnﬂs7j7pn — —|—OO
forj=1,...,k—dand 7, = m,,. It is trivial that the constructed full sequence satisfies the

second requirement that (n;n, W;n) = (p,., Tp, ) for Vn > 1. To see that the first requirement

is also satisfied, please refer to page 225-226 in Cheng (2015) for a detailed derivation. [

Proof of Lemma 2.4.2: With Assumption 2.4.2, the lemma follows if we can show that
vn (5 — Hn) % ¥ under the model parameters (n%, m,,&,). The estimator is defined as
0 = arg mingega Zop (). Note that /1 <§— Qn) is the solution to the minimization problem:

2
| Sy (midA; — 5 — £ XIp— %) - T, (midA - ,)°
min 2
Pt | GAST (Spra = 6y — = Xl w = ) = A (prs = 6,)° + 0 (0)

Y

where

0, if R+ /n (RO, —r) >0
dom () = 1 V(=120

o0, otherwise

By Lyapunov Central Limit Theorem, we obtain that
2
Sy (midd =y = EXip— ) =S (midd - )],
- A L | =2 Mo (@),
+AD i, (sprAi =0 — o | X[ u — \/—ﬁ> — A, (sprA; —dy,)

Decompose R into three submatrices: Rr, Ro, and Ry,, where Ry, denotes the non binding

inequalities in Ryof > r_p. By the definition of ¢, it holds that I'n! — rp = Rpf,, —rp — ¢
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when n — o0o; under the null hypothesis, Ry, and Ry represent the binding and non binding
inequalities Rgof) > r_p. Therefore, we have ¢o, () — ¢, (1) pointwise as n — oco. We
obtain that \/n <§— 9n> % ¥ and the claimed lemma. O

Proof of Theorem 2.4.1: The theorem follows from the same proof for Proposition 2.4.1.

]

B.2 A Review of Generalized Interval Arithmetic and Random Generalized
Intervals

Interval Arithmetic Given ay,a0 € R and a; < ao, an interval A is defined by its left
and right end points: A = [a1,a2] = {x € R:a; <z < ay}, or by its center and range:
A = [midA + sprA], where midA = (a; + a2) /2 and sprd = (as — a1) /2 > 0. The set of all
intervals is denoted by I (R). For all A, B € I (R) and A € R, it holds that

(i) A+ B = [(midA + midB) £ (sprA + sprB)| and

(ii) AMA = [AmidA £ |\| sprA].

Combining (i) and (ii), we obtain that for all A, B € I (R) and X € R,

A+ AB = [(midA + AmidB) =+ (sprA + |A| sprB)] . (B.1)

It follows from (ii) that —A = (—1) A = [-midA =+ sprA] = [—ag, —a;]. Subtraction between

two intervals A and B is defined as
A—B=A+(—B) = [(midA — midB) %+ (sprA + sprB)] .
As a result, we have:

A—A=[0+ (2sprA)] # [0,0] and
A — B+ B = [midA + (sprA + 2sprB)| # A.

To partly remedy this situation, Hukuhara (1967) introduces an alternative difference op-

eration on intervals referred to as Hukuhara difference and denoted as (—p). Specifically,
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for any A,B € [ (R), A—p B = C if there exists C' € I (R) such that A = B+ C. It can
be shown that Hukuhara difference A —g B exists if and only if sprA > sprB and when it

exists,

A —g B = [(midA — midB) =+ (sprA — sprB)] .

In contrast to subtraction (—), Hukuhara difference satisfies: A —y A =1[0,0] and A—y B +
B = A. However, Hukuhara difference between two intervals may not exist which limits the

scope of applications of the interval arithmetic approach to modeling interval data.

Generalized Interval Arithmetic and an Lo-type Metric for Generalized Intervals
In the paper, we make use of generalized intervals studied in the mathematics literature,
see e.g., Kaucher (1980) and Markov (1996), to fully explore advantages of the interval
arithmetic approach to modeling interval data. Specifically, for a;,as € R, a generalized
interval is an ordered couple denoted as A = [ay, as]: it is a proper or simply an interval when
a1 < as; otherwise it is an improper interval. A generalized interval can also be represented
as A = [midA £ sprA]: it is proper if sprA > 0; improper if sprA < 0. Denote K (R) as the
space of generalized intervals. For A, B € K (R), it turns out that the operations: addition
and scalar product can be computed in the same way as in (B.1), see Kaucher (1980) and
Markov (1996) for details.

With generalized intervals, we can extend Hukuhara difference to any two intervals. Let

A and B be two intervals. Generalized Hukuhara difference! is defined as follows:
A—gy B=A+ (—B) = [(mid4 — midB) + (sprA — sprB)],

where B = [midB F sprB] is the conjugation or dual of B. In contrast to Hukuhara dif-
ference, the Generalized Hukuhara difference between two intervals A and B always exists:

when sprA > sprB, A —gy B is an interval and A —gy B = A —py B; otherwise it is an

Tt is sufficient for our purpose to define Generalized Hukuhara difference for intervals only. It turns out
that the Generalized Hukuhara difference for intervals is the —; operation defined in Markov (1996) for
generalized intervals when applied to intervals.
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improper interval. It is easy to see that A —gy A =1[0,0] and A —gyg B+ B = A.
Let A and B be two generalized intervals. We define an Lo-type metric d) between A
and B as
dr (A, B) = ((midA — midB)® + A (sprA — sprB)Q)%

for some A € (0,00) and the norm of A € K (R) as ||A|*> = (midA)* + X (sprd)®. It is
easy to verify that the d) metric satisfies non-negativity, identity of indiscernibles, symmetry
and triangle inequality. By choosing different values of A, one can assign different relative
importance for the squared distance between the ranges with respect to the square distance
between the midpoints. When A and B are both intervals, the d) metric generalizes the well-
known Bertoluzza metric denoted as dy, in Bertoluzza et al. (1995) if the metric is required
to be invariant to rigid motion (Trutschnig et al. (2009)). One common choice for A is 1/3,
as it corresponds to dy when W is chosen as the Lebesgue measure. For more discussions

on different metrics on I (R), see Bertoluzza et al. (1995) and Trutschnig et al. (2009).

Random Generalized Intervals Let (2, X, P) be an abstract probability space.

Definition B.2.1. (i) A random generalized interval X : Q@ — K (R) is a map from the
sample space ) to the space of generalized intervals such that midX : Q — R and sprX :

Q — R are random variables; (ii) The expected value of a random generalized interval X,

denoted as E4 (X) € K (R), is defined as
Es(X)=FE4(midX £sprX]) = [F (midX) £ E (sprX)], (B.2)
whenever E (midX) and E (sprX) exist.

When sprX > 0 with probability one, the random generalized interval X becomes a
random interval, which is a measurable map from  to I (R). When X is a random interval,
the expectation defined in (B.2) agrees with the well-known Aumann expectation (Aumann

(1965)). Let 2 be a sub-c-algebra of X, the conditional expectation of a generalized random
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interval X given 2l is defined accordingly as
Ei(X |A)=FEy (ImidX £sprX] |2) = [F (midX | A) £ E(sprX | A)].

We follow the approach of Fréchet (1948) to define the variance of a random generalized

interval as:

Varp (X) = Aei?(%R)E (d3 (X, A)) whenever E (||XH2) < 00.

Since the expectation defined in (B.2) agrees with Fréchet expectation with respect to the
metric dy (Korner (1997), Korner and Néther (2002)), Fréchet variance of a random generated
interval X in the metric space K (R) endowed with the d metric is simplified as Varg (X) =
E (& (X, E4 (X))
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