
 

 

 

 

© Copyright 2023 

 

Varodom Theplertboon 

  



 

 

-Completeness for Classifying Stacks 
 

 

 

Varodom Theplertboon 

 

 

 

 

A dissertation 

 

submitted in partial fulfillment of the 

 

requirements for the degree of 

 

 

 

Doctor of Philosophy 

 

 

 

 

University of Washington 

 

2023 

 

 

 

 

Reading Committee: 

 

Jarod Alper, Chair 

 

Max Lieblich 

 

Farbod Shokrieh 

 

 

 

 

 

Program Authorized to Offer Degree:  

 

Mathematics 

  



 

 

University of Washington 

 

 

 

Abstract 

 

 

 

-Completeness for Classifying Stacks 

  

 

 

 

Varodom Theplertboon 

 

 

 

Chair of the Supervisory Committee: 

Jarod Alper 

Department of Mathematics 

 

 

We provide a criterion for the classifying stack BG to be Θ-complete over an algebraically 

closed field of characteristic 0. It is known that the classifying stack BG is Θ-complete when G is 

a unipotent algebraic group or reductive group (hence the product of a unipotent group and a 

reductive group). We prove that this is in fact a necessary condition. That is the Θ-completeness 

of the classifying stack BG implies that G must be the trivial product of a unipotent group and a 

reductive group.  

 



 

 

 

 

DEDICATION 

 

to my family 



Θ-Completeness for Classifying Stacks

Varodom Theplertboon

Abstract

We provide a criterion for the classifying stack BG to be Θ-complete
over an algebraically closed field of characteristic 0. It is known that
the classifying stack BG is Θ-complete when G is a unipotent algebraic
group or reductive group (hence the product of a unipotent group and
a reductive group). We prove that this is in fact a necessary condition.
That is the Θ-completeness of the classifying stack BG implies that G
must be the trivial product of a unipotent group and a reductive group.

Contents

1 Introduction 3

2 Algebraic Groups 5
2.1 Group Schemes and Algebraic Groups . . . . . . . . . . . . . . . . . 5
2.2 Group Actions and Representations . . . . . . . . . . . . . . . . . . . 8

3 Gm-actions and One-parameter Subgroups 17
3.1 The Multiplicative Group Gm . . . . . . . . . . . . . . . . . . . . . . 17
3.2 Gm-actions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
3.3 Bia llynicki-Birula Decomposition . . . . . . . . . . . . . . . . . . . . 26
3.4 One-parameter subgroups . . . . . . . . . . . . . . . . . . . . . . . . 33

4 Unipotent and Reductive Groups 35
4.1 Unipotent Representations . . . . . . . . . . . . . . . . . . . . . . . . 35
4.2 One-parameter Subgroups of Unipotent Groups . . . . . . . . . . . . 36
4.3 Unipotent Radical . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37
4.4 Reductive Groups . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

5 Classifying Stacks 40
5.1 Algebraic Spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40
5.2 Groupoids . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42
5.3 Prestacks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44
5.4 Stacks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

1



6 Θ-completeness 49
6.1 Θ-complete morphisms . . . . . . . . . . . . . . . . . . . . . . . . . . 49
6.2 Examples of Θ-complete stacks . . . . . . . . . . . . . . . . . . . . . 53

7 Main Result 57

2



1 Introduction

Moduli problems are a fundamental concept in algebraic geometry, which is
a branch of mathematics that studies geometric objects defined by polynomial
equations. Moduli problems are concerned with the classification and parame-
terization of geometric objects.

Given a moduli problem described by an algebraic stack X, it is known that
if automorphism groups are trivial, then X is representable by an algebraic space
(or a scheme.) Hence, X admits a fine moduli space. The assumption that the
automorphism groups are trivial is important because without it X will never
be representable by an algebraic space. However, it is shown in [KM97] that
an algebraic stack X with finite inertia and in particular finite automorphism
groups admits a coarse moduli space.

In [Alp13], the notion of good moduli spaces is introduced. By definition,
a quasi-compact morphism ϕ : X → X from an algebraic stack to an alge-
braic space is a good moduli space if the push-forward functor on quasi-coherent
sheaves is exact and the induced morphism on sheaves OX → ϕ∗OX is an iso-
morphism.

In [AHLH22], the notion of S-complete and Θ-complete morphisms of alge-
braic stacks is introduced as a part of a general criterion for the existence of good
moduli space. A special case of [AHLH22, Theorem A] is that for an algebraic
group G over a field k of characteristic 0, the classifying stack BG admits a
separated good moduli space if and only if BG is Θ-complete and S-complete.
With our result (Theorem A) and [Alp22, Proposition 6.7.48], we can conclude
that the classifying stack BG admits a good moduli space if and only if G is a
reductive group.

It is also known that for an algebraic group G over a field, the classify-
ing stack BG is S-complete if and only if G is reductive (see [Alp22, Proposi-
tion 6.7.48].) There is an application of this fact in the proof of [ABHLX20,
Theorem 1.3], which states that if (X,D) is a K-polystable log Fano pair, then
Aut (X,D) is reductive.

Our main result gives a necessary and sufficient condition under which the
classifying stack BG is Θ-complete.

Theorem A (Theorem 7.1). Let G be a connected affine algebraic group over
an algebraically closed field k of characteristic 0. Then the classifying stack BG
is Θ-complete if and only if G ∼= U×R for some unipotent group U and reductive
group R.

We sketch the main ideas in the proof of Theorem A. By Mostow’s Theorem,
any connected algebraic group G is isomorphic to a semi-direct product of a
unipotent group U and a reductive group R defined by an action morphism
σ : R × U → U. This implies that Theorem A is equivalent to the statement
that for any semi-direct product G = U ⋊σ R of a unipotent group U and a
reductive group R, the classifying stack BG is Θ-complete if and only if the
product is trivial, i.e., σ is the trivial action.
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If the product is trivial, then it suffices to show that BU and BR are Θ-
complete. As the product of Θ-complete stacks is Θ-complete and BU× BR ∼=
BG, Θ-completeness of BU and BR implies that of BG. Proposition 6.14 (resp.
Proposition 6.11) shows that if an algebraic group H is unipotent (resp. reduc-
tive), then the classifying stack BH is Θ-complete.

The proof of the other direction consists of two parts. We start by assuming
that the reductive group R is Gm. If the product is not trivial, we show that
there exists a one-parameter subgroup λ : Gm → Gm such that G+

λ ⊆ G and the
quotient G/G+

λ is not projective. By Proposition 6.13, BG is not Θ-complete.
To prove the case when R is any reductive group, we realize that there

exists a one-parameter subgroup λ : Gm → R such that the restricted action

τ : Gm×U λ×idU−−−−→ R×U σ
−→ U is not trivial. Such λ exists because the R-action

on U is not trivial. With G ′ := U ⋊τ Gm, the classifying stack BG ′ is not
Θ-reductive. In fact, the induced morphism BG ′ → BG of classifying stacks
is affine. Since the pullback of a Θ-complete stack via an affine morphism is a
Θ-complete stack (Proposition 6.6), the classifying stack BG is not Θ-complete.

Acknowledgements. I would like to express my deep gratitude to my advisor,
Professor Jarod Alper, for providing invaluable guidance, support, constructive
criticism and his patience for guiding me throughout this academic journey. I
am thankful to Professor Max Lieblich for a number of insightful conversations
throughout my research. I also would like to extend my heartfelt thanks to my
family and friends who have supported me through this challenging journey.
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2 Algebraic Groups

The field k is always assumed to be algebraically closed and of characteristic
0.

2.1 Group Schemes and Algebraic Groups

Definition 2.1. A group scheme (G,µ) over a scheme S is a morphism π :
G→ S of schemes and a multiplication morphism µ : G×SG→ G of S-schemes
such that there exist an identity morphism e : S→ G and an inverse morphism
ι : G→ G of S-schemes such that the following diagrams commute:

G×S G×S G G×S G

G×S G G

idG×µ

µ×idG µ

µ

Associativity

G G×S G

G×S G G

(e◦π,idG)

(idG,e◦π) idG µ

µ

Law of identity

G G×S G

G×S G G.

(idG,ι)

(ι,idG)
e◦π

µ

µ

Law of inverse

For any g1, g2 ∈ G, we often write g1 · g2 (or even g1g2) to denote µ(g1, g2)
and g−11 to denote ι(g1).
For group schemes (H,µH) and (G,µG), a morphism of group schemes is a
morphism ϕ : H→ G of S-schemes such that the following diagram commutes:

H×S H H

G×S G G.

µH

ϕ×ϕ ϕ

µG

Remark 2.2. Let G be a scheme over a scheme S. There exists a morphism
µ : G ×S G → G of S-schemes such that (G,µ) is a group scheme over S if
and only if the functor hG : (Sch/S)

op → Sets factors through the forgetful
functor Grps ↪→ Sets. To see this, suppose µ : G ×S G → G is a morphism
of S-schemes such that (G,µ) is a group scheme over S. Let e : S → G and
ι : G→ G be an identity morphism and an inverse morphism. These morphisms
induce morphisms he : hS → hG, hι : hG → hG, and hµ : hG × hG → hG
of functors. (Note that hG × hG is canonically isomorphic to hG×SG.) The
associativity, µ induces a morphism of functors hG×SG → hG. As hG × hG is
canonically isomorphic to hG×SG, we have a morphism hµ : hG × hG → hG
of functors. The commutativity of the three diagrams in Definition 2.1 implies
that hG : (Sch/S)

op → Sets is a group-valued functor, i.e., it factors through
the forgetful functor Grps ↪→ Sets.

On the other hand, suppose hG : (Sch/S)
op → Sets factors through the

forgetful functor Grps ↪→ Sets. This implies that there is a multiplication mor-
phism F : hG × hG → hG of functors. Consider morphisms ē : hS → hG and
ῑ : hG → hG such that ēX(∗) is the identity of hG(X) and ῑX(g) = g

−1 for any
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S-scheme X and g ∈ hG(X). (Here ∗ denotes the only element in hS(X) = {∗}.)
Hence, the following diagrams of functors commute:

hG × hG × hG hG × hG

hG × hG hG

id×F

F×id F

F

Associativity

hG hG × hG

hG × hG hG

(ē◦hπ,id)

(id,ē◦hπ)
id

F

F

Law of identity

hG hG × hG

hG × hG hG

(id,̄ι)

(ῑ,id)
ē◦hπ

F

F

Law of inverse

As hG × hG is canonically isomorphic to hG×SG, we have a morphism F̄ :
hG×SG → hG of functors (the composition of the canonical isomorphism and
F). By Yoneda Lemma, the functors F̄, ē, and ῑ correspond to morphisms
µ : G ×S G → G, e : S → G, and ι : G → G of S-schemes. In particular,
the commutativity of the three diagrams above implies that (G,µ) is a group
scheme over S with e and ι as an identity morphism and an inverse morphism
respectively.

Remark 2.3. To define a group scheme structure on G, it is equivalent to define
a functor F : (Sch/S)

op → Grps such that the following diagram of categories
commutes:

(Sch/S)
op

Grps

Sets

F

hG

(See Remark 2.2)

Remark 2.4. Let (G,µ) be a group scheme over S. An identity morphism
e : S → G and an inverse morphism ι : G → G are unique. The morphisms
e and ι are in one-to-one correspondence with ē : hS → hG and ῑ : hG → hG
defining the identity of an abstract group and the inverse of an element in an
abstract group (Remark 2.2). As the identity and the inverse of an abstract
group are unique, so are e and ι.

Definition 2.5. An algebraic group over a field k is an affine group scheme
(G,µ) of finite type over k. A morphism ϕ : (H,µH) → (G,µG) of k-schemes
is a morphism of algebraic groups if it is a morphism of group schemes. An
algebraic group is connected if it is connected as a scheme.

Remark 2.6. Let (π : G→ Spec (k) , µ) be an algebraic group over a field k. Let
A = Γ(G,OG). The multiplication morphism µ, the identity morphism e and the
inverse morphism ι induce the co-multiplication morphism µ∗ : A→ A⊗RA, the
co-identity morphism e∗ : A→ R and the co-inverse morphism ι∗ : A→ A of k-
algebras. In particular, the commutative diagrams defining the group structure
of (G,µ) translate to the following commutative diagrams of k-algebras:

A⊗k A⊗k A A⊗k A

A⊗k A A

idA⊗µ∗

µ∗⊗idA

µ∗
µ∗

A A⊗k A

A⊗k A A

(π∗◦e∗)·(idA)

(idA)·(π∗◦e∗) idA
µ∗

µ∗

A A⊗k A

A⊗k A A

(idA)·(ι∗)

(ι∗)·(idA) µ∗

µ∗

π∗◦e∗
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In fact, any morphisms µ∗, e∗, and ι∗ of k-algebras making the above three
diagrams commute induce the group structure on π : G→ Spec (k).

Definition 2.7. A Hopf algebra over a field k is a k-algebra A together with
a morphism µ∗ : A → A ⊗k A such that the following diagrams of k-algebras
commute:

A⊗k A⊗k A A⊗k A

A⊗k A A

idA⊗µ∗

µ∗⊗idA

Co-associativity

µ∗
µ∗

A A⊗k A

A⊗k A A

(π∗◦e∗)·(idA)

(idA)·(π∗◦e∗)

Law of co-identity

idA
µ∗

µ∗

A A⊗k A

A⊗k A A.

(idA)·(ι∗)

(ι∗)·(idA)

Law of co-inverse

µ∗

µ∗

π∗◦e∗

For Hopf algebras (A,µ∗A) and (B, µ∗B) over k, a morphism of Hopf algebras is a
morphism ϕ : A→ B of k-algebras such that the following diagram of k-algebras
commutes:

A B

A⊗A B⊗ B.

ϕ

µ∗
A µ∗

B

ϕ⊗ϕ

Example 2.8. Let k be a field.

• The multiplicative group over k is Gm = Spec (k[t]t) with the multipli-
cation morphism µ : Gm × Gm → Gm sending (a, b) 7→ ab. The co-
multiplication morphism µ∗ : k[t]t → k[t]t ⊗ k[t ′]t ′ sends t 7→ t ⊗ t ′.
Gm can also be thought of functorially. For any k-scheme X, hGm

(X) =
Γ(X,OX)

× and the multiplication morphism Γ(X,OX)
× × Γ(X,OX)

× →
Γ(X,OX)

× sends (r, s) 7→ rs.

• The additive group over k is Ga = Spec (k[t]) with the multiplication
morphism µ : Ga×Ga → Ga sending (a, b) 7→ a+b. The co-multiplication
morphism is µ∗ : k[t] → k[t] ⊗ k[t ′] sends t 7→ t ⊗ 1 + 1 ⊗ 1 ′. Ga can
also be thought of functorially. For any k-scheme X, hGa

(X) = Γ(X,OX)
and the multiplication morphism Γ(X,OX) × Γ(X,OX) → Γ(X,OX) sends
(r, s) 7→ r+ s.

• The general linear group is GLn = Spec
(
k[xij]det(xij)

)
with the multipli-

cation morphism µ : GLn × GLn → GLn sending (A,B) 7→ AB. The co-
multiplication morphism µ∗ : k[xij]det(xij) → k[xij]det(xij) ⊗ k[x ′ij]det(x ′

ij
)

sends xij 7→ ∑
k xik⊗x ′kj. GLn can also be thought of functorially. For any

k-scheme X, GLn(X) = Γ(X,OX)[xij]det(xij) and the multiplication mor-
phism Γ(X,OX)[xij]det(xij) × Γ(X,OX)[xij]det(xij) → Γ(X,OX)[xij]det(xij)
sends (R, S) 7→ RS.

Remark 2.9. In Definition 2.5 of algebraic groups, they are assumed to be
affine. Hence, an algebraic group is separated as a scheme.
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Proposition 2.10. Every algebraic group is smooth.

Proof. See [Mil17, Theorem 3.23]. Note that char(k) = 0.

Remark 2.11. If char(k) > 0, then an algebraic group is not necessarily
smooth, e.g., G = Spec (k[x]/(xp)) for char(k) = p.

2.2 Group Actions and Representations

Definition 2.12. Let (π : G→ Spec (k) , µ) be an algebraic group over a field k
and e : Spec (k) → G be the identity morphism. An action of G on a k-scheme
p : X → Spec (k) is a morphism σ : G ×k X → X of k-schemes such that the
following diagrams commute:

G×k G×k X G×k X

G×k X X

idG×σ

µ×idG σ

σ

Compatibility

X G×k X

X

(e◦p,idX)

idX

Law of identity

σ

For any g ∈ G, x ∈ X, we often write g · x (or even gx) to denote σ(g, x).
The morphism σ is often called the action morphism. The action is trivial if σ
is simply the projection onto X.
Suppose G acts on k-schems X and Y via the action morphisms σX and σY
respectively. A morphism f : X→ Y of k-schemes is G-equivalent if the following
diagram commutes:

G×k X X

G×k Y Y

σX

idG×f f

σY

In addition, if G acts trivially on Y, then f is G-invariant.

Example 2.13. Let (G,µ) be an algebraic group over a field k.

• G acts on itself by multiplication, i.e., µ is the action morphism.

• G acts on itself by conjugation. Precisely, σ : G × G → G sends (g, x) 7→
gxg−1.

Remark 2.14. Let σ : G× X→ X be a group action on algebraic group G on
a scheme X. A homomorphism λ : H → G of algebraic groups induces a group
action of H on X. Explicitly, the action morphism H× X→ X is

H× X λ×idX−−−−→ G× X σ
−→ X.

Example 2.15. Let (H,µH) ⊆ (G,µG) be a subgroup of an algebraic group G.
From Example 2.13 and Remark 2.14,there are group actions of H on G.

8



(a) For any h ∈ H and g ∈ G, h ·g = hg. The action morphism of this action
is

H×G i×idG−−−−→ G×G µG
−−→ G,

where i : H ↪→ G is an inclusion and µG : G×G→ G is the multiplication
morphism.

(b) For any h ∈ H and g ∈ G, h · g = hgh−1.

Remark 2.16. Let G be an algebraic group over a field k and X be a k-scheme.
A similar statement to Remark 2.2 can also be made about group actions. To
define an action of G on X, it is equivalent to define an action of the functor
hG on the functor hX. By Yoneda lemma, there is a one-to-one correspondence
between morphisms σ : G×k X→ X of k-schemes and morphisms hG×kX → hX
of functors. By universal property of the fiber product, the functor hG×kX is
canonically isomorphic to the functor hG × hX. Lastly, the commutativity of
the two diagrams in Definition 2.12 defining the action of G on X make the
morphism hG × hX → hX of functors an action morphism associated to an
action of hG on hX. Hence, there is a natural bijection from the set of actions
of G on X to the set of actions of the functor hG on the functor hX:

{actions of G on X}
∼
−→ {actions of the functor hG on the functor hX}

Remark 2.17. Let k be a field. Suppose an algebraic group (G = Spec (A) , µ)
acts on an affine scheme X = Spec (R). The action morphism σ induces the co-
action morphism ρ : R → R ⊗ A of k-algebras. In particular, the commutative
diagrams defining the action of G on X translate to the following commutative
diagrams of k-algebras:

R⊗k A⊗k A R⊗k A

R⊗k A R

ρ⊗idA

idR⊗µ∗

Compatibility

ρ

ρ

R R⊗k A

R

Law of identity

idR⊗(p∗◦e∗)

ρ
idR

,

where e∗ : A → k is the co-identity morphism and p∗ : k → R is the structure
morphism. In fact, any morphisms ρ : R → R ⊗ A of k-algebras making the
above diagrams commute induces a group action of G on X.

Example 2.18 (The standard action of Gm on A1). Consider a morphism
ρ : k[x] → k[x] ⊗ k[t]t sending x 7→ x ⊗ t. This is a co-action map of the
action of Gm = Spec (k[t]t) on A1 = Spec (k[x]). We say that Gm acts on A1 by
multiplication.

Remark 2.19. A Gm-action on an affine k-scheme X gives a Z-grading on
O(X). Let Gm act on X = Spec (A) with the coaction morphism ρ : A →
A ⊗R O(Gm) = A ⊗ k[t]t. Consider Ai :=

{
a ∈ A : ρ(a) = a⊗ ti

}
for i ∈ Z.

This gives a morphism Ai ↪→ A of vector spaces over k. Hence, there is an
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induced morphism ϕ :
⊕
i∈ZAi → A of vector spaces over k. As ∩i∈ZAi = 0,

ϕ is injective. The surjectivity of ϕ can be shown in two steps. Firstly, for
a ∈ A, we can write ρ(a) =

∑
i∈Z ai⊗ti (finite sum). By Law of identity of the

Gm-action, we can show that a =
∑
i∈Z ai. Secondly, we show that ai ∈ Ai.

This follows immediately from the compatibility of the Gm-action. Therefore,
A ∼=

⊕
ZAi as vector spaces over k, where Ai :=

{
a ∈ A : ρ(a) = a⊗ ti

}
.

Definition 2.20. Let G and H be algebraic groups over a field k such that G
acts on H by the action morphism σ : G×H→ H. The semi-direct product of G
and H defined by σ is the functor G⋊σ H : (Sch/k)

op → Grps sending Spec (R)
to the semi-direct product G(R)⋊σR

H(R) as abstract groups.

Remark 2.21. The semi-direct product of abstract groups has a natural group
structure. Thus, the functor G ⋊σ H defined in 2.20 is a group functor. In
particular, as G and H are affine schemes, the underlying scheme G⋊σH is also
affine. Hence, G⋊σ H is an algebraic group.

Remark 2.22. Suppose that an algebraic group R acts on an algebraic group U
and σ : R×U→ U is the action morphism. Let G := U⋊σ R be the semi-direct
product. Consider the action of R on G by conjugation. Namely, for s ∈ R and
(u, r) ∈ G,

s · (u, r) = (1, s)(u, r)(1, s)−1 = (σ(s, u), srs−1).

If r = 1, then
s · (u, 1) = (σ(s, u), 1).

This means that the data of the group action σ : R×U→ U is the same as that
of the conjugation action of R on G restricted to U.

Definition 2.23. Let k be a field and V be a vector space over k. The functor
GLV : (Sch/k)

op → Grps is defined as

X 7→ AutΓ(X,OX)−linear (V ⊗R Γ(X,OX)) .

Remark 2.24. Let k be a field and V be a finite-dimensional vector space over
k. The functor GLV is isomorphic to GLn, where n = dimV. (Note that GLn
is thought as the functor represented by Spec

(
k[xij]det(xij)

)
.) To see this, let

(ei) be a basis for V. We consider a morphism Φ : GLn → GLV as follows: for
any k-scheme X,

ΦX : GLn(X) → GLV(X) (f 7→ (ei ⊗ 1 7→ ∑
j

ej ⊗ f∗(xji))).

We will see that this morphism is an isomorphism. First, we note that

GLV(X) := Aut (V ⊗ Γ(X,OX)) ⊆ End (V ⊗ Γ(X,OX))

which is the set of Γ(X,OX)-linear endomorphisms of V ⊗ Γ(X,OX). Such en-
domorphism is determined by the image of ei ⊗ 1 for i = 1, . . . , n. Also note
that a morphism f ∈ GLn(X) := Homk

(
X, Spec

(
k[xij]det(xij)

))
is in one-to-one
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correspondence with a morphism f∗ : k[xij]det(xij) → Γ(X,OX) of k-algebras.
Thus, det(f∗(xij)) = f∗(det(xij)) ∈ Γ(X,OX)

×. Hence, the image of f via
ΦX is an automorphism of V ⊗ Γ(X,OX). In fact, ΦX is injective because
ΦX(f1) = ΦX(f2) if and only if f∗1(xij) = f

∗
2(xij) for all i, j = 1, . . . , n, which is

true if and only if f1 = f2. Lastly, ΦX is surjective. Indeed, any automorphism
of V⊗Γ(X,OX) sending ei 7→ ∑

j ej⊗aji is the image under ΦX of the morphism
f∗ : k[xij]det(xij) → Γ(X,OX) sending xij 7→ aij. Thus, Φ is an isomorphism of
functors.

It is also worth to note that if V is finite-dimensional, the isomorphism
Φ : GLn → GLV of functors also preserves the algebraic group structure. In
particular, GLV is an algebraic group.

Definition 2.25. Let (G,µ) be an algebraic group over a field k. A repre-
sentation (V, r) of G is a vector space V over k together with a morphism
r : hG → GLV of group functors.

We say that a subspace W ⊆ V is stable under G if rX(g)(W ⊗ Γ(X,OX)) ⊆
W ⊗ Γ(X,OX) for every k-scheme X and g ∈ hG(X). Thus, r induces a group
homomorphism r|W : hG → GLW of functors. In particular, (W, r|W) is a
representation of G. We then say that W is a subrepresentation of (V, r).

Example 2.26. Let k be a field and V be a vector space over k. Write Gm =
Spec (k[t]t). Consider a k[t]t-linear automorphism of V ⊗ k[t]t sending v⊗ 1 7→
v ⊗ t. By Yoneda Lemma, this gives a morphism r : Gm → GLV of group
functors. Hence, (V, r) is a representation of G.

Example 2.27. Let (G = Spec (A) , µ) be an algebraic group over a field k.
Considering A as a k-vector space, a morphism ϕ : A⊗k A→ A⊗k A sending
a ⊗ b 7→ bµ∗(a) is an A-linear automorphism of A ⊗ A. In particular, ϕ ∈
GLA(G). By Yoneda lemma, let r : hG → GLA be a morphism of functors
corresponding to ϕ. As µ∗ is the co-multiplication morphism, r is a group
homomorphism. In fact, (A, r) is a representation of G. This representation
(A, r) is called the regular representation.

Definition 2.28. Let k be a field and V be a vector space over k. We define
the functor Va : (Sch/k)

op → Sets as

X 7→ V ⊗k Γ(X,OX)

Remark 2.29. Let (G,µ) be an algebraic group over a field k. For a vector
space over k, there is a bijection between representations (V, r) of G and actions
of the functor hG on the functor Va. Suppose (V, r) is a representation of
G. For a k-scheme X, we have a morphism hG(X) × Va(X) → Va(X) sending
(g, v) 7→ rX(g)(v) for g ∈ hG(X) and v ∈ Va(X). This gives an action of hG on
Va.

On the other hand, let σ : hG×Va → Va be an action morphism of functors.
We define a morphism r : hG → GLV of functors as follows: for any k-scheme
X, the morphism rX : hG(X) → GLV(X) sends

g 7→ (v 7→ σ(g, v))

11



As σ is an action morphism, one can check that r is a group homomorphism.
Thus, there is a bijection between representations (V, r) of G and actions of the
functor hG on the functor Va:

{representations (V, r) of G}
∼
−→ {actions of the functor hG on the functor Va}

Definition 2.30. Let (V, r) be a representation of an algebraic group G. For
an algebraic subgroup H of G, we define the subspace fixed by H, denoted VH,
to be {v ∈ V : h · v = v for h ∈ H}.

Remark 2.31. Let G be an algebraic group over k and N be its normal sub-
group, i.e., hN(X) is a normal subgroup of hG(X) for every k-scheme X. For
any representation (V, r) of G, the subspace VN is stable under G. To see this,
consider a k-scheme X, a vector v ∈ VN ⊗k Γ(X,OX), and g ∈ hG(X). For any
h ∈ hN(X), we know that

g−1hg ∈ hN(X).

Hence,
(g−1hg) · v = v ⇒ h · (g · v) = (g · v).

Therefore, g · v ∈ VN ⊗k Γ(X,OX).

Remark 2.32. Let k be a field and V be a finite-dimensional vector space
over k. The functor Va is representable by the k-scheme Spec

(
Sym∗

k

(
V∨
))

.
From Remark 2.16 and 2.29, we can conclude that there is a bijection between
representations (V, r) of G and actions of G on Spec

(
Sym∗

k

(
V∨
))

:

{representations (V, r) of G}
∼
−→ {

actions of G on Spec
(
Sym∗

k

(
V∨
))}

Definition 2.33. Let (G = Spec (A) , µ) be an algebraic group over a field k. An
A-comodule (V, ρ) is a k-vector space V together with a morphism ρ : V → V⊗A
of k-vector spaces such that the following diagrams of k-vector spaces commute:

V ⊗k A⊗k A V ⊗k A

V ⊗k A V

ρ⊗idA

idR⊗µ∗

ρ

ρ

V V ⊗k A

V

idV⊗e∗

ρ
idV

,

where e∗ : A→ k is the co-identity morphism.
The morphism ρ is often called the co-action morphism.

A subspace W ⊆ V is an A-subcomodule of V if ρ(W) ⊆W ⊗k A.

Remark 2.34. Let k be a field and V be a vector space over k. For an algebraic
group (G = Spec (A) , µ), there is a ono-to-one correspondence between repre-
sentations (V, r) and A-comodules (V, ρ). Suppose r : G → GLV is a morphism
of functors. By Yoneda lemma, let ϕ ∈ GLV(G) be an element corresponding
to r. Since GLV(G) = AutA−linear (V ⊗A), the morphism ϕ is an A-linear au-
tomorphism of V ⊗A. In particular, ϕ is uniquely determined by its restriction
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to a k-linear morphism ρ : V → V ⊗A which sends v 7→ ϕ(v⊗ 1). Reality check
shows that r is a group homomorphism if and only if ρ makes the diagrams
in Definition 2.33 commute (See [Mil17, Chapter 4a].) Therefore, there is a
bijection between representations (V, r) of G and A-comdules (V, ρ):

{representations (V, r) of G}
∼
−→ {A-comodules(V, ρ)}

Example 2.35. Let (G = Spec (A) , µ) be an algebraic group over a field k.
The regular representation (Example 2.27) corresponds in the sense of Remark
2.34 to the A-comodule (A,µ∗).

Proposition 2.36. Let (V, r) be a representation of an algebraic group (G =
Spec (A) , µ) over a field k. Suppose ρ : V → V ⊗ A be the corresponding co-
action morphism. A subspace W ⊆ V is an A-subcomodule if and only if W is
stable under G.

Proof. Let W be a subspace of V.
(⇒) Assume thatW is anA-subcomodule of V. Hence, we have the commutative
diagram of k-vector spaces:

V V ⊗k A

W W ⊗k A

ρ

ρ|W

This implies that the following diagram of A-modules commute:

V ⊗k A V ⊗k A

W ⊗k A W ⊗k A

rG(idG)

rG(idG)|(W⊗kA)

In particular, for any k-scheme X, g ∈ hG(X), we have the following commuta-
tive diagram:

V ⊗k A V ⊗k A

V ⊗k Γ(X,OX) V ⊗k Γ(X,OX)

W ⊗k A W ⊗k A

W ⊗k Γ(X,OX) W ⊗k Γ(X,OX)

idV⊗g∗

rG(idG)

idV⊗g∗

rX(g)

idW⊗g∗ rG(idG)|(W⊗kA)

idW⊗g∗

rX(g)|(W⊗kΓ(X,OX))
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Hence, W is stable under G.
(⇐) Assume that W is stable under G. This implies that for any k-scheme X
and g ∈ hG(X), the following diagram of Γ(X,OX)-modules commutes:

V ⊗k Γ(X,OX) V ⊗k Γ(X,OX)

W ⊗k Γ(X,OX) W ⊗k Γ(X,OX)

rX(g)

rX(g)|(W⊗kΓ(X,OX))

By letting X = G and g = idG, we obtain the commutative diagram of A-
modules

V ⊗k A V ⊗k A

W ⊗k A W ⊗k A

rG(idG)

rG(idG)|(W⊗kA)

.

This means that ρ(W) ⊆W ⊗k A. Hence, W is an A-subcomodule.

Proposition 2.37. Let (G = Spec (A) , µ) be an algebraic group over a field k.
Every A-comodule (V, ρ) is a union of its finite-dimensional A-subcomodules.

Proof. It suffices to show that for v ∈ V, v is in a finite-dimensionalA-subcomodule.
Let {ei}i∈I be a basis for A as a k-vector space. Write

ρ(v) =
∑
i

vi ⊗ ei

for some vi ∈ V. Note that the sum is finite. Write µ∗(ei) =
∑
j,k aijk(ej⊗ ek)

for some aijk ∈ k. Since (V, ρ) is an A-comodule, there is a commutative
diagram

V ⊗k A⊗k A V ⊗k A

V ⊗k A V

ρ⊗idA

idR⊗µ∗

ρ

ρ
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Thus, ∑
k

ρ(vk)⊗ ek = (ρ⊗ idA)(
∑
k

vk ⊗ ek)

= (ρ⊗ idA)(ρ(v))

= (idV ⊗ µ∗)(ρ(v)) (commutativity of the diagram)

= (idV ⊗ µ∗)

(∑
i

vi ⊗ ei

)

=
∑
i

vi ⊗

∑
j,k

aijk(ej ⊗ ek)


=

∑
i,j,k

ai,j,k(vi ⊗ ej ⊗ ek)

=
∑
k

∑
i,j

ai,j,kvi ⊗ ej

⊗ ek.

Comparing coefficients of 1⊗ 1⊗ ek, we have

ρ(vk) =
∑
i,j

ai,j,k(vi ⊗ ej)

LetW be a subspace spanned by v and vk. Hence, ρ(W) ⊆W⊗A. In particular,
W is an A-subcomodule containing v.

Corollary 2.38. Let (G = Spec (A) , µ) be an algebraic group over a field k.
Every representation of G is a union of its finite-dimensional subrepresentations.

Proof. Let (V, r) be a representation of G and ρ : V → V⊗A be the correspond-
ing co-action morphism. By Proposition 2.37, V is a union of finite-dimensional
A-subcomodules. By Proposition 2.36, V is a union of finite-dimensional sub-
representations.

Proposition 2.39. Every algebraic group is isomorphic to a closed algebraic
subgroup of GLn for some n.

Proof. Let (G = Spec (A) , µ) be an algebraic group over a field k. Consider
the regular representation (Example 2.27). Since A is finitely generated as k-
algebras, there is a finite set of generators for A. By Proposition 2.37, there
is a finite-dimensional A-subcomodule V containing the generators of A. Let
(ei) be a basis of V as a vector space over k. By Remark 2.24, there is a
group homomorphism GLV ∼= GLn. Thus, there exists a group homomorphism
r : hG → GLV ∼= GLn of functors, where hG → GLV corresponds to the
comodule (V, µ∗). Write µ∗(ei) =

∑
j ej ⊗ aji for aji ∈ A. By Yoneda Lemma,

r : hG → GLn corresponds to a morphism f : G → Spec
(
k[xij]det(xij)

)
of

algebraic groups such that f∗(xij) = aij. To show that G is isomorphic to a
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closed algebraic subgroup ofGLn, it suffices to show that f∗ is surjective. Indeed,
let e∗ : A → k be the co-identiy morphism of G. As µ∗ is a co-multiplication
morphism, we have

ei = ((e∗ ⊗ idA) ◦ µ∗)(ei) = (e∗ ⊗ idA)

∑
j

ej ⊗ aji

 =
∑
j

e∗(ej)aji.

This means that V is contained in the image of f∗ and so is A. In particular, f∗

is a surjective morphism of k-algebras and G is isomorphic to a closed algebraic
subgroup of GLn.

Corollary 2.40. Let G be an algebraic group. There exists a faithful finite-
dimensional representation (V, r) of G.

Proof. By Proposition 2.39, G is isomorphic to a closed algebraic subgroup of
GLn. Let r : G→ GLn be the isomorphism and V be the vector space generated
by vectors vi ∈ kn, where vi = [0 · · · 1 · · · 0]T (1 in the ith-entry.) Hence, (V, r)
is a faithful finite-dimensional representation.

Definition 2.41. A representation (V, r) of an algebraic group G is called simple
if only subrepersentations of V are 0 and itself.

Proposition 2.42. Let (V, r) be a representation of an algebraic group G. If
V =

∑
i Vi, where each Vi is a simple subrepresentation, then the sum is direct,

i.e,

V =
⊕
i

Vi.

Proof. Assume that V =
∑
i Vi, where each Vi is a simple subrepresentation.

Let Vi and Vj be any simple subrepresentations. If there exists nonzero v ∈
Vi ∩ Vj, then Gv is a nonzero subrepresentation of both Vi and Vj. Since Vi
and Vj are simple, Vi = Vj. Thus, Vi ∩ Vj = 0 or Vi = Vj. In particular,

V =
⊕
i

Vi.

Remark 2.43. Every one-dimensional representation of an algebraic group is
simple.
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3 Gm-actions and One-parameter Subgroups

3.1 The Multiplicative Group Gm
Let k be an algebraically closed field of characteristic 0. Recall that the

multiplicative group, (Gm, µ), is Spec (k[t]t) with the multiplication morphism
µ : Gm × Gm → Gm sending (a, b) 7→ ab for a, b ∈ Gm(k). If (k[t]t,m) is the
corresponding Hopf algebra, then m : k[t]t → k[t]t ⊗ k[s]s sends t 7→ t⊗ s.

For an integer n ∈ Z, there is a group homomorphism ϕ : Gm → Gm sending
a 7→ an for a ∈ Gm(k). In fact, every group endomorphism of Gm arises from
some integer.

Proposition 3.1. If ϕ : Gm → Gm is a group homomorphism, then there exists
an integer n ∈ Z such that ϕ(a) = an for every a ∈ Gm(k).

Proof. Let (k[t]t,m) be the corresponding Hopf algebra of Gm. Hence, there is
a commutative diagram of k-algebras

k[t]t k[t]t

k[t]t ⊗ k[s]s k[t]t ⊗ k[s]s

ϕ∗

m m

ϕ∗⊗ϕ∗

If ϕ∗(t) =
∑
i∈Z ait

i (finite sum) for ai ∈ k, then the above diagram implies
that ∑

i,j∈Z

aiaj(t
i ⊗ sj) =

∑
i,j∈Z

a2i (t
i ⊗ si).

Hence,
a2i = ai and aiaj = 0 for i ̸= j.

As ϕ∗(t) must be a unit, there exists an integer n such that an ̸= 0. In
particular, an = 1 and aj = 0 for j ̸= n. This shows that ϕ∗(t) = tn. Hence,
ϕ(a) = an for every a ∈ Gm(k).

For any integer n ∈ Z, we let ϕn : Gm → Gm be a group homomorphism
such that ϕ(a) = an for a ∈ Gm(k). If n1, n2 ∈ Z, then we see that the
group homomorphism ϕn1+n2

: Gm → Gm is the same as the composition
µ ◦ (ϕn1

, ϕn2
), i.e., there is a commutative diagram of algebraic groups

Gm Gm × Gm

Gm

(ϕn1
,ϕn2

)

ϕn1+n2

µ

Thus, there is a natural group structure on Homk (Gm,Gm). Explicitly, for
ϕ,ψ ∈ Homk (Gm,Gm), the group operation of Homk (Gm,Gm) is defined as
ϕ · ψ := µ ◦ (ϕ,ψ). This suggests that Homk (Gm,Gm) is isomorphic to (Z,+)
as groups.
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Proposition 3.2. Homk (Gm,Gm) is isomorphic to (Z,+) as groups.

Proof. For any integer n ∈ Z, let ϕn : Gm → Gm be a group homomorphism
sending a 7→ an for a ∈ Gm(k). Consider a morphism Φ : Z → Homk (Gm,Gm)
sending n 7→ ϕn. Reality check shows that Φ is a group homomorphism. The
surjectivity of Φ follows from Proposition 3.1. To see the injectivity of Φ,
suppose ϕn1

= ϕn2
for some integers n1, n2. This means an1−n2 = 1 for all

a ∈ Gm(k). Thus, n1 = n2. In particular, Φ is a group isomorphism.

The identity element of Homk (Gm,Gm) is the trivial morphism, ϕ0. The
inverse element of ϕn is ϕ−n.

Definition 3.3. Let (V, r) be a representation of Gm and ρ : V → V ⊗ k[t]t be
the corresponding coaction morphism. For i ∈ Z,

Vi := {v ∈ V : ρ(v) = v⊗ ti}.

It is easy to see that Vi is a subspace of V. Indeed, for v,w ∈ Vi and a ∈ k,
we have

ρ(v+w) = ρ(v) + ρ(w) = v⊗ ti +w⊗ ti = (v+w)⊗ ti,

and
ρ(av) = aρ(v) = a(v⊗ ti) = av⊗ ti.

Lastly, 0 ∈ Vi. Thus, Vi is a subspace of V.

Proposition 3.4. Let (V, r) be a representation of Gm and ρ : V → V ⊗ k[t]t
be the corresponding coaction morphism. Then,

V =
⊕
i∈Z

Vi.

Proof. Let v ∈ V. Write ρ(v) =
∑
i vi ⊗ ti. As (V, ρ) is a k[t]t-module, we have

(idV ⊗ ∆) ◦ ρ = (ρ⊗ idO(Gm)) ◦ ρ and idV = (idV ⊗ ϵ) ◦ ρ,

where δ is the co-multiplication morphism and ϵ is the co-identity morphism.
The first equation implies that∑

vi ⊗ ti ⊗ ti =
∑

ρ(vi)⊗ ti.

Hence, ρ(vi) = vi ⊗ ti and so vi ∈ Vi. The other equation implies that

v = (idV ⊗ ϵ)

(∑
i

vi ⊗ ti
)

=
∑
i

vi.

Thus, V =
∑
i Vi. To see that the sum is direct, let w ∈ Vi ∩ Vj, where i and j

are different integers. Hence,

w⊗ ti = ρ(w) = w⊗ tj.
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This is not true unless w = 0. Thus,

V =
⊕
i

Vi.

3.2 Gm-actions

Definition 3.5. Let X be a scheme of finite type over k equipped with an
action of Gm defined by an action morphism σ : Gm × X → X. Define functors
X0σ, X

+
σ : (Sch/k)

op → Sets:

X0σ := HomGm

k (Spec (k) , X)

X+
σ := HomGm

k

(
A1, X

)
Note that Gm acts on A1 by multiplication (weight 1.) If there is no confusion
on the Gm-action of X, we write X0 and X+ instead.

Remark 3.6. Let X be a separated k-scheme of finite type equipped with a Gm-
action σ : Gm×X→ X. Consider the Gm-action on A1 \0 by left multiplication,
i.e., t · a = ta, where t ∈ Gm(k) and a ∈ A1 \ 0.

For any point x ∈ X(k), there is a unique Gm-equivalent morphism fx :
A1 \ 0→ X, where 1 7→ x. We say that limt→0 t · x (or limt→0 σ(t, x)) exists if
the morphism fx can be extended to a Gm-equivalent morphism f : A1 → X, i.e,
the following diagram of k-schemes commutes:

A1 X

A1 \ 0

∃f

fx

Since X is separated, the extended morphism is unique if exists.
Consider another Gm-action on X where t · x := σ(t−1, x) for t ∈ Gm and

x ∈ X. Let τ : Gm × X → X be the corresponding action morphism. We say
that limt→∞ t · x (or limt→∞ σ(t, x)) exists if limt→0 τ(t, x) exists. We will also
define the functor X−

σ := X+
τ .

Definition 3.7. An action of a group scheme G on a scheme X over a field k
is locally affine if X admits a covering by G-invariant open affine subschemes.

Remark 3.8. Not every group action is locally affine. Consider P1 with a non-
trivial action of Gm. Let Y be the nodal cubic, i.e., the scheme obtained by gluing
the origin and the point at infinity of P1 together. Any open neighborhood U
of the glued point contains a nonzero point. Hence, for U to be Gm-invariant, it
must contain the whole scheme Y. However, Y is not affine. Thus, this Gm-action
on Y is not locally affine. By Sumihiro’s theorem [Sum74], every normal scheme
of finite type equipped with an action of Gm admits a covering by Gm-invariant
open affine subschemes.
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Remark 3.9. Recall that X ∼= Homk (Spec (k) , X) as functors. Hence, there is
a morphism of functors X0 → X, where the action of Gm is forgotten.

Remark 3.10. Consider the morphism of schemes Spec (k) → Spec (k[x]) = A1,
where x 7→ 1 on the algebras. Precomposing any Gm-morphism from A1 to X
with this morphism gives a morphism of functors i1 : X

+ → X.

Remark 3.11. Consider that the morphism of schemes Spec (k) → Spec (k[x]) =
A1, where x 7→ 0 on the algebras. This morphism is Gm-equivalent. In particu-
lar, (pre)composing any Gm-morphism from A1 to X with this morphism gives
a morphism of functors i0 : X

+ → X0.

Example 3.12. Consider X = A1 equipped with the standard action of Gm.
Then, X0 = Spec (k) and X+ = A1. The morphism X0 → X is the inclusion
of the origin. The morphism i1 : X+ → X is the identity and i0 : X+ → X0 is
trivial.

Example 3.13. Consider X = A2 equipped with the action of Gm defined by
t · (x, y) := (tx, t−1y). Then, X0 = Spec (k) and X+ = A1 (the x-axis). The
morphism X0 → X is the inclusion of the origin. The morphism i1 : X

+ → X is
the inclusion of the x-axis and i0 : X

+ → X0 is trivial.

Example 3.14. Consider X = P1 equipped with the action of Gm defined by
t · [x : y] := [tx : y]. Then, X0 = Spec (k) ⊔ Spec (k) and X+ = A1 ⊔ Spec (k).
The morphism X0 → X is the inclusion of the origin and the point at infinity.
The morphism i1 : X+ → X is the inclusion of A1 into P1 and Spec (k) to the
point at infinity. The morphism i0 : X

+ → X0 is trivial on each component.

We now show that the functors X0 and X+ are represented by schemes.

Proposition 3.15. Let X be an affine scheme of finite type over k equipped
with an action of Gm. Then, the functor X0 is represented by an affine scheme.
In particular, if X = Spec (A) and ρ : A → A ⊗ O(Gm) = A ⊗ k[t]t is the

coaction morphism, then X0 is represented by Spec
(
A/(

∑
i ̸=0Ai)

)
, where Ai ={

a ∈ A : ρ(a) = a⊗ ti
}
.

Proof. Let X = Spec (A) be an affine scheme of finite type over k equipped with
an action of Gm and ρ : A→ A⊗O(Gm) = A⊗k[t]t be the coaction morphism.
For a k-algebra R, let idR ⊗ 1 : R → R⊗ k[t]t be the coaction morphism of Gm
corresponding to the trivial action on Spec (R). We have

X0(Spec (R)) = HomGm

k (Spec (R) , Spec (A))

=

ϕ : A→ R k-algebra map

∣∣∣∣∣∣∣∣∣
A R

A⊗ k[t]t R⊗ k[t]t

ϕ

ρ idR⊗1

ϕ⊗id

 .
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Next, we show thatϕ : A→ R k-algebra map

∣∣∣∣∣∣∣∣∣
A R

A⊗ k[t]t R⊗ k[t]t

ϕ

ρ idR⊗1

ϕ⊗id

 = Homk

A/(∑
i ̸=0

Ai), R

 .
Indeed, given ϕ : A→ R such that the diagram commutes and a ∈ Ai, we have

ϕ(a)⊗ ti = ϕ(a⊗ ti) = ϕ(ρ(a)) = (idR ⊗ 1)(ϕ(a)) = ϕ(a)⊗ 1.

Thus, either i = 0 or ϕ(a) = 0. In particular, ϕ factors as A→ A/(
∑
i ̸=0Ai) →

R. For the same reason, any morphism A/(
∑
i ̸=0) → R obtained by precompos-

ing with the quotient A→ A/(
∑
i̸=0Ai) makes the diagram commute. Then,

X0(Spec (R)) = Homk

A/(∑
i ̸=0

Ai), R

 = Homk

Spec (R) ,Spec

A/(∑
i̸=0

Ai)

 .
For any k-scheme T of finite type, we can write T = colimjSpec (Rj). In partic-
ular,

X0(T) = HomGm

k (colimjSpec (Rj) , Spec (A))

= lim
j

HomGm

k (Spec (Rj) ,Spec (A))

= lim
j

Homk

A/(∑
i̸=0

Ai), Rj


= Homk

A/(∑
i ̸=0

Ai), lim
j
Rj


= Homk

A/(∑
i ̸=0

Ai), Γ(T,OT )


= Homk

T,Spec

A/(∑
i ̸=0

Ai)

 .
Thus, X0 is represented by an affine scheme Spec

(
A/(

∑
i ̸=0Ai)

)
.

We extend this result to a more general case, i.e. when X is any finite type
scheme over k. To do so, we need the following lemma.

Lemma 3.16. Let X be a scheme of finite type over k equipped with an action
of Gm. If U is a Gm-invariant open subscheme of X, then U0 = X0×XU as the
fiber product of functors. In particular, the projection U0 → X0 realizes U0 as
an open subfuctor of X0.
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Proof. Let R be a k-algebra. We have

X0(R)×X(R) U(R) =

(f, g)

∣∣∣∣∣∣∣∣∣
Spec (R) X

U

f (Gm-morphism)

g


= HomGm

k (Spec (R) , U)
= U0(R).

Next, we show that U0 is an open subfunctor of X0. Let Spec (T) be an affine
scheme and Spec (T) → X0 be a morphism of functors. Hence, we have the
following diagram of functors.

Spec (T)×X0 U0 U0 U

Spec (T) X0 X

Since the second square is a cartesian diagram of functors, Spec (T) ×X0 U0 ∼=
Spec (T)×X U. Moreover, Spec (T) , X and U are representable by schemes and
so is Spec (T) ×X U. Lastly, Spec (T) ×X U → Spec (T) is an open embedding
because U ↪→ X is.

We now prove that the functor X0 is represented by a scheme.

Proposition 3.17. Let X be a scheme of finite type over k equipped with a
locally affine action of Gm. Then, the functor X0 is represented by a closed
subscheme of X.

Proof. Let {Ui} be a Gm-invariant open affine covering of X. By Lemma 3.16,
we have the following cartesian diagram of functors

U0i Ui

X0 X

.

By Proposition 3.15, U0i is represented by a closed subscheme of Ui. Thus, X0

admits a representable open covering of functors. Hence, X0 is representable
by a scheme. In particular, each U0i is a closed subscheme of U and so X0 is a
closed subscheme of X.

A similar conclusion is true for the functor X+. We begin with the affine
case.
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Proposition 3.18. Let X be an affine scheme of finite type over k equipped
with an action of Gm. Then, the functor X+ is represented by an affine scheme.
In particular, if X = Spec (A) and ρ : A → A ⊗ O(Gm) = A ⊗ k[t]t is the
coaction morphism, then X+ is represented by Spec

(
A/(

∑
i<0Ai)

)
, where Ai ={

a ∈ A : ρ(a) = a⊗ ti
}
.

Proof. Let X = Spec (A) be an affine scheme of finite type over k equipped with
an action of Gm and ρ : A→ A⊗O(Gm) = A⊗k[t]t be the coaction morphism.
For a k-algebra R, let idR ⊗ t : R[x] → R[x] ⊗ k[t]t (x 7→ x ⊗ t) be the coaction
morphism of Gm corresponding to the standard action on Spec (R[x]). We have

X+(R) = HomGm

k (Spec (R[x]) ,Spec (A))

=

ϕ : A→ R[x] k-algebra map

∣∣∣∣∣∣∣∣∣
A R[x]

A⊗ k[t]t R[x]⊗ k[t]t

ϕ

ρ idR⊗t

ϕ⊗id

 .
Next, we show thatϕ : A→ R[x] k-algebra map

∣∣∣∣∣∣∣∣∣
A R[x]

A⊗ k[t]t R[x]⊗ k[t]t

ϕ

ρ idR⊗t

ϕ⊗id

 ∼= Homk

(
A/(

∑
i<0

Ai), R

)

as sets. Given ϕ : A→ R[x] such that the diagram commutes, consider a ∈ Ai
and write ϕ(a) =

∑
j≥0 rjx

j. The commutativity of the diagram implies that∑
j≥0

rjx
j ⊗ ti =

∑
j≥0

rjx
j ⊗ tj.

If i < 0, then ϕ(a) = 0. Otherwise, ϕ(a) = rxi for some r ∈ R. Hence, ϕ factors
as A→ A/(

∑
i<0Ai) → R[x]. By composing A/(

∑
i<0Ai) → R[x] with R[x] →

R sending x→ 1, we have a morphism of k-algebras ϕ̄ : A/(
∑
i<0Ai) → R.

On the other hand, given a morphism of k-algebras ψ : A/(
∑
i<0Ai) → R,

we define ψ̂ : A→ R[x] by sending a ∈ Ai to ψ(a+
∑
i<0Ai)x

i. This morphism

is a well-defined morphism of k-algebras. In particular, ψ̂ is compatible with
the coaction of Gm.

Reality check shows that the operations ·̂ and ·̄ are the inverses of each
other. Thus,

X+(R) = Homk

(
A/(

∑
i<0

Ai), R

)
= Homk

(
Spec (R) , Spec

(
A/(

∑
i<0

Ai)

))
.

23



For any k-scheme T of finite type, we can write T = colimjSpec (Rj). In partic-
ular,

X+(T) = HomGm

k

(
A1 × colimjSpec (Rj) , Spec (A)

)
= HomGm

k

(
colimj

(
A1 × Spec (Rj)

)
, Spec (A)

)
= lim

j
HomGm

k (Spec (Rj[x]) ,Spec (A))

= lim
j

Homk

(
A/(

∑
i<0

Ai), Rj

)

= Homk

(
A/(

∑
i<o

Ai), lim
j
Rj

)

= Homk

(
A/(

∑
i<0

Ai), Γ(T,OT )

)

= Homk

(
T,Spec

(
A/(

∑
i<0

Ai)

))
.

Thus, X+ is represented by an affine scheme Spec
(
A/(

∑
i<0Ai)

)
.

Remark 3.19. Under the same assumption as in Proposition 3.18, X− is rep-
resented by Spec

(
A/(

∑
i>0Ai)

)
. (The proof is essentially the same as that in

Proposition 3.18.)

Example 3.20. Consider X = Spec (A), where A = k[x1, . . . , xn]. Let Gm =
Spec (k[t]t) act on X by a weight w = (w1, . . . , wn) ∈ Zn that is ρ(xi) =
twi ⊗ xi, where ρ : A → A ⊗ k[t]t is the coaction morphism. Hence, X+ =
Spec

(
A/(

∑
i<0Ai)

)
, where Ai =

{
a ∈ A : ρ(a) = ti ⊗ a

}
. We then see that

X+ = X if and only if
∑
i<0Ai = 0. Note that

∑
i<0Ai = 0 if and only if wi ≥ 0

for every i. Indeed, if wi ≥ 0 for every i, then for any monomial xα1

1 · · · xαn
n ,

ρ(xα1

1 · xαn
n ) = xα1

1 · · · xαn
n ⊗ t

∑n
i=1 αiwi ,

Then, xα1

1 · · · xαn
n ∈ As for s =

∑n
i=1 αiwi ≥ 0. In particular, Ai = 0 for all

i < 0. On the other hand, if
∑
i<0Ai = 0, then Ai = 0 for every i < 0. Since

ρ(xi) = t
wi ⊗ xi ∈ Awi

, wi ≥ 0 for every i.

Similar to X0, we extend this result to a more general case by using the
following lemma.

Lemma 3.21. Let X be a scheme of finite type over k equipped with an action
of Gm. If U is a Gm-invariant open subscheme of X, then U+ = X+ ×X0 U0 as
the cartesian product of functors;

U+ U0

X+ X0
i0
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In particular, the projection U+ → X+ realizes U+ as an open subfunctor of
X+.

Proof. Consider the following diagram of functors:

X+ ×X0 U0 U0 U

X+ X0 X
i0

By Lemma 3.16, the second square is a cartesian diagram. Hence, X+×X0U0 ∼=
X+ ×X U and so X+ ×X U will be computed instead. Let R be a k-algebra. We
have

X+(R)×X(R) U(R) =

(f, g)

∣∣∣∣∣∣∣∣∣
Spec (R) U

Spec (R[x]) X

g

x=0

f (Gm-morphism)


For any (f, g) ∈ X+(R) ×X(R) U(R), since U is Gm-invariant and f is a Gm-

morphism, f−1(U) is a Gm-invariant open subscheme of A1R. The commutativ-
ity of the diagram implies that f−1(U) must contain the origin of A1R. Hence,
f−1(U) = A1R and so f factors through U. Thus, f ∈ U+(R) and g = f|x=0.
Hence, the map ϕ : X+(R) ×X(R) U(R) → U+(R) defined by (f, g) 7→ f is
well-defined. In particular, if (f ′, g ′), (f, g) ∈ X+(R) ×X(R) U(R) are such that
ϕ(f, g) = ϕ(f ′, g ′), then f = f ′ and g = f|x=0 = f ′|x=0 = g ′. Thus, ϕ is
injective.

On the other hand, if f ∈ U+(R), then (Spec (R[x])
f
−→ U ↪→ X, f|x=0) ∈

X+(R)×X(R) U(R) is mapped to f as shown in the following diagram

Spec (R) U

Spec (R[x]) X

f|x=0

x=0
f

.

Thus, ϕ is also surjective and hence bijective.
Next, we show that U+ is an open subfunctor of X+. Let Spec (T) be an affine
scheme and Spec (T) → X+ be a morphism of functors. Hence, we have the
following diagram of functors.

Spec (T)×X+ U+ U+ U0

Spec (T) X+ X0
i0

Since the second square is a cartesian diagram of functors, Spec (T)×X+ U+ ∼=
Spec (T)×X0 U0. Moreover, Spec (T) , X0 and U0 are representable by schemes
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and so is Spec (T) ×X0 U0. Lastly, Spec (T) ×X0 U0 → Spec (T) is an open
embedding because U ↪→ X is. Thus, U+ is an open subfunctor of X+.

We now prove that the functor X+ is representable by a scheme.

Proposition 3.22. Let X be a scheme of finite type over k equipped with a
locally affine action of Gm. Then, the functor X+ is represented by a scheme.
In particular, i0 : X

+ → X0 is an affine morphism of schemes.

Proof. Let {Ui} be a Gm-invariant open affine covering of X. By Lemma 3.21,
we have the following cartesian diagram of functors

U+
i U0i

X+ X0
i0

.

By Proposition 3.18, U+
i is represented by an affine scheme. Thus, X+ admits a

representable open covering of functors. Hence, X+ is representable by a scheme.
In particular, i0 : X

+ → X is an affine morphism.

3.3 Bia llynicki-Birula Decomposition

The goal of this section is to give a functorial proof to the Bia llynicki-Birula
decomposition.

Proposition 3.23 (Bia lynicki-Birula). Let X be a scheme of finite type over k
equipped with a locally affine action of Gm. Then, the functors X0 and X+ are
represented by schemes. Moreover,

(1) X0 → X is a closed embedding of schemes.

(2) If X is separated, then i1 : X
+ → X is a monomorphism of schemes.

(3) If X is proper, then i1 : X
+ → X is a surjective morphism of schemes.

Write X0 =
⊔
Fi, where each Fi ⊂ X0 is a connected component and Xi :=

i−11 (Fi). Then,

(4) If X is smooth, then X0 is smooth and X+ → X is an affine fibration.

(5) Assume further with one of the followings:

(a) X is affine,

(b) X is separated and smooth,

(c) There exists a Gm-morphism locally closed embedding X ↪→ P(V).

Then, Xi ↪→ X is a locally closed embedding.

Remark 3.24. The classical proof of Theorem 3.23 is given in [BB73].
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Proof of (1). This is done in Proposition 3.17.

Proof of (2). Assume that X is separated. To show that i1 : X+ → X is a
monomorphism of schemes, it is equivalent to showing that the corresponding
morphism of functors X+ → X is injective. Let R be a k-algebra and f, g ∈ X+(R)
be such that i1(f) = i1(g). Then, f(1) = g(1). Let x be the coordinate of A1R.
Since f and g are Gm-morphisms, f|Spec(R[x]x) = g|Spec(R[x]x). Next, we consider
the following cartesian diagram of schemes

V X

A1R X×k X

δ

(f,g)

Since X is separated, the diagonal morphism δ : X→ X×k X is a closed embed-
ding. Thus, V is a closed subscheme of A1R, where f and g agree. In particular,
Spec (R[x]x) is an open subscheme of V. Hence, IR[x]x = 0, where I ⊆ R[x] is the
ideal corresponding to V. Since x is not a zero-divisor, I = 0. Thus, V = A1R,
and f = g. In particular, X+(R) → X(R) is injective.

To see that separation hypothesis is necessary, consider the affine line with
double origin. The scheme X+ will be the disjoint union of two copies of A1 and
the morphism i1 : X

+ → X is collapsing on the nonzero points.

Proof of (3). Assume that X is proper. Denote the action map of Gm on A1

(resp. X) by σA1 (resp. σX). To show that i1 : X+ → X is a surjective
morphism of schemes, it is equivalent to showing that the corresponding map of
sets X+(K) → X(K) is surjective for any field extension K over k. Let K be a field
extension of k and p ∈ X(K). The goal is to show that there exists f ∈ X+(K)
such that i1(f) = p. Note that Spec (K[x]x) is a Gm-invariant subscheme of A1K.

Consider the morphism g : Spec (K[x]x) ∼= Gm × Spec (K)
(id,p)
−−−−→ Gm ×X σX−−→ X.

The morphism g is a Gm-morphism. Indeed, consider the following diagram:

Gm × Spec (K[x]x) Gm × Gm × Spec (K) Gm × Gm × X Gm × X

Spec (K[x]x) Gm × Spec (K) Gm × X X

(idGm ,
∼=)

σA1

∣∣∣
x̸=0

(m, idSpec(K))

(idGm , idGm , p)

(m, idX)

(idGm , σX)

σX

∼ (idGm , p) σX

Reality check on the algebras shows that the first square commutes. The second
square clearly commutes. The commutativity of the last square follows directly
from the axiom of group action on X. Hence, g : Spec (K[x]x) → X is a Gm-
morphism. Next, we are going to use the properness of X via the valuative
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criterion of properness. Consider the following commutative diagram

Spec (K(x)) Spec (K[x]x) X

Spec
(
K[x](x)

)
Spec (k)

g

∃ h

By valuative criterion of properness, there exists h : Spec (K[x]x) → X. Let U be
a Gm-invariant affine open subscheme of X containing the image of the closed
point via h. Hence, g−1(U) is a non-empty Gm-invariant open subscheme of
Spec (K[x]x). Thus, g−1(U) = Spec (K[x]x). In particular, we have the following
commutative diagram

U

Spec (K[x]x) A1K

Spec (K(x)) Spec
(
K[x](x)

)

g

∃ f

h

Since A1K is the pushout of this diagram in the category of affine schemes, there
exists f : A1K → U. By reality check on the algebras, f is a Gm-morphism. By
composing with the inclusion of U into X. We have a Gm-morphism from A1K to
X as desired.

Recall Example 3.14 of X = P1 with the action t · [x : y] = [tx : y] of Gm.
X+ = A1 ⊔ Spec (k).

To prove (4) of the proposition, we need the following lemmas

Lemma 3.25. Let Gm act on An linearly. Then, (An)0 ↪→ An is smooth and
(An)+ → (An)0 is an affine fibration.

Proof of Lemma 3.25. The result follows directly from Proposition 3.15 and
Proposition 3.18.

Lemma 3.26. Let X and Y be schemes of finite type over k equipped with an
action of Gm and f : X → Y be an étale Gm-morphism of schemes. Then, each
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square of the diagram

X+ Y+

X0 Y0

X Y
f

is a fibered square.

Proof of Lemma 3.26. We begin with the bottom square. Let R be a k-algebra.
Thinking of them as functors, we define X0(R) → X(R) ×Y(R) Y0(R) by g 7→
(g, f ◦ g). This map is well-defined and injective. Thus, surjectivity is left to
show. Let (g, f ◦ g) ∈ X(R) ×Y(R) Y0(R). We want to show that g is a Gm-
morphism, i.e., the diagram

Gm × Spec (R) Gm × X

Spec (R) X

id×g

pr2 σx

g

commutes. Consider the cartesian diagram

Z Gm × Spec (R)

X X×Y X

(g◦pr2,σX◦(id×g))

δ

Since f : X→ Y is étale, δ : X→ X×Y X is an open embedding [Sta20, Tag 02G3]
and so is Z → Gm × Spec (R). Thus, we may assume that R is a field. In fact,
it is equivalent to show that for any x ∈ X, if f(x) ∈ Y0, then x ∈ X0. Étaleness
of f implies that the closed embedding Gm,x ↪→ Gm,f(x) is such that the index
Gm,f(x)/Gm,x is finite. By assumption, Gm,f(x) = Gm and so Gm,x = Gm. Thus,

x ∈ X0. This shows surjectivity. Thus, X0 = X×Y Y0.
We show the top square is cartesian. Let R be a k-algebra. Thinking of them
as functors, we define X+(R) → X0(R) ×Y0(R) Y

+(R) by g 7→ (g|x=0, f ◦ g),
where x is the coordinate of Spec (R[x]). This map is well-defined and injective.
Again, surjectivity is left to show. It is then equivalent to show the following:
for any Gm-morphism p : Spec (R) → X and h : Spec (R) × A1k → Y such that

Spec (R)
p
−→ X

f
−→ Y = Spec (R)

x=0
↪−−→ Spec (R) × A1k

h
−→ Y, there exists a Gm-

morphism h̃ : Spec (R)× A1k → X such that the diagram

Spec (R) X

Spec (R)× A1k Y

p

x=0 f

h

∃h̃
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commutes. We will use Tannaka Duality [HR19] which states that for any
k-algebra R and a scheme X equipped with an action of Gm, the canonical
morphism

Φ : HomGm

k

(
Spec (R)× A1k, X

)→ lim
n

HomGm

k (Spec (R)× Spec (k[x]/(xn)) , X)

is an isomorphism. First, we denote hn for Spec (R[x]/(xn)) ↪→ Spec (R)×A1k
h
−→

Y. Consider the diagram

Spec (R) X

Spec
(
R[x]/(x2)

)
Y

p

f

h2

∃p2

By étaleness of f, there exists p2 : Spec
(
R[x]/(x2)

)→ Y. With this fashion, we
construct morphisms pn : Spec (R[x]/(xn)) → X.

Spec (R) X

Spec
(
R[x]/(x2)

)
Y

Spec
(
R[x]/(x3)

)

Spec
(
R[x]/(x4)

)

p

f

h2

p2

h3

p3 h4

p4

...

Hence, (pi) ∈ limnHomGm

k (Spec (R)× Spec (k[x]/(xn)) , X) and h̃ := Φ−1((pi))
is our desired Gm-morphism. This shows surjectivity. Thus, X+ = X0 ×Y0

Y+.

Proof of (4). Assume that X is smooth. Smoothness is local and so we may
assume that X is affine. Suppose X = Spec (A) and let x ∈ X0 ⊆ X. We will show
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that X0 is smooth at x. Let m ⊆ A be the maximal ideal of x. Thus, m ↠ m/m2

is a surjection of Gm-representations. Since Gm is linearly reductive, there exists
a section m/m2 → m. In particular, we have the morphism m/m2 → m → A of
k-vector spaces. This induces Sym∗

k

(
m/m2

) → A and so gives the morphism
ϕ : Spec (A) → TgtX,x of k-schemes. By construction, ϕ is a Gm-morphism and
is étale at x. Let U be an open neighborhood of x such that ϕ|U is étale. By
Lemma 3.26, we have the cartesian diagram

U0 Tgt0X,x

U TgtX,x
ϕ|U

By Lemma 3.25, Tgt0X,x ↪→ TgtX,x is smooth and so is U0 ↪→ U.
Next, we show that i0 : U+ → U0 is an affine fibration. By lemma 3.25,

i0 : Tgt+X,x → Tgt0X,x is an affine fibration, i.e., there exists an open subscheme
x ∈W ⊆ Tgt0X,x such that

An ×W i−10 (W) Tgt+X,x

W Tgt0X,x

∼=

pr2
i0 .

By Lemma 3.26, we have the cartesian diagram

U+ Tgt+X,x

U0 Tgt0X,x
ϕ|

U0

Hence, we have

An ×W i−10 (W) Tgt+X,x

An × ϕ−1(W) i−10 (ϕ−1(W)) U+

W Tgt0X,x

ϕ−1(W) U0

∼=

pr2

i0
∼=

ϕ|
U0

i0

Therefore, i0 : U
+ → U0 is an affine fibration.
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Proof of (5)(a). Suppose X = Spec (A) is affine. By Proposition 3.18, X+ is a
closed subscheme of X. If Fi is a connected component of X0, then Xi := i

−1
1 (Fi)

is a closed subscheme of X+. In particular, Xi is a (locally) closed subscheme of
X.

To show (5)(b), we need the following lemma.

Lemma 3.27. Let X be a separated scheme of finite type over k equipped with
a locally affine action of Gm. Then, for any point x ∈ X+, there exists a Gm-
invariant open subscheme U of X such that x ∈ U+ and the induced morphism
U+ → i−11 (U) is an open and closed embedding.

U+ i−11 (U) U

X+ X
i1

Moreover, if Z ⊆ X+ is an irreducible component, then Z ↪→ X+ i1−→ X is a
locally closed embedding.

Proof of Lemma 3.27. Assume that X is separated. Let U be a Gm-invariant
affine open subscheme U of X containing i0(x). By Proposition 3.18, U+ →
U is a closed embedding. By (2), i1 : X+ → X is a monomorphism and so
is i−11 (U) → U. Thus, U+ → i−11 (U) is a closed embedding. By Lemma
3.21, U+ = U0 ×X0 X+ and so x ∈ U+. Thus, U+ → i−11 (U) is also an open
embedding. If x ∈ Z ⊆ X+ is an irreducible component. Then, Z ∩ U+ is
a nonempty open and closed subscheme of the irreducible scheme Z ∩ i−11 (U).
Thus, Z ∩ U+ = Z ∩ i−11 (U) and Z ∩ i−11 (U) ↪→ U is a closed embedding. This

is true for any point x ∈ Z. Therefore, Z ↪→ X+ i1−→ X is a locally closed
embedding.

Remark 3.28. A proof of Lemma 3.27 is also in [AHR20].

Proof of (5)(b). Suppose X is separated and smooth. By (4), Xi is smooth and
connected and so irreducible. By Lemma 3.27, Xi ↪→ X is a locally closed
embedding.

Proof of (5)(c). First, we reduce to the case X = P(V). Consider the following
diagram

X+ i−11 (X) X

X0 P(V)+ P(V)

P(V)0

i0
i1

i0
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By (2), i1 : P(V)+ → P(V) is a monomorphism. Note also that X is separated.
Therefore, i1;X

+ → X is a monomorphism. Then, X+ → i−11 (X) is a closed
embedding. Hence, if P(V)+ → P(V) is a locally closed embedding on connected
components, then Xi → X is a locally closed embedding. For X = P(V), a direct
computation shows that each Xi is of the form P(W) \ P(W ′) for some linear
subspaces W ′ ⊆W ⊆ V [AHR20].

3.4 One-parameter subgroups

Definition 3.29. A one-parameter subgroup of an algebraic group G is an
algebraic group homomorphism λ : Gm → G.

Definition 3.30. Let λ : Gm → G be a one-parameter subgroup of G. For any
g ∈ G, there is a morphism λg : A1 \0→ G of schemes sending t 7→ λ(t)gλ(t)−1.
We say that limt→0 λ(t)gλ(t)−1 exists if λg can be uniquely extended to a
morphism A1 → G, i.e., there exists a unique morphism λ̄g : A1 → G such that
the following diagram commutes:

A1 \ 0 G

A1.

λ̄g

λg

Definition 3.31. For any one-parameter subgroup λ : Gm → G, define the
subgroup

G+
λ := {g ∈ G : lim

t→0 λ(t)gλ(t)−1 exists }

Proposition 3.32. Let U be an algebraic group equipped with a Gm-action
σ : Gm × U → U. Suppose G := U ⋊σ Gm is the semi-direct product of U and
Gm corresponding to σ. If λ1 : Gm → G be a one-parameter subgroup such that
λ1(t) = (1, t), then

G+
λ1

= U+ ⋊σ Gm.

Similarly, if λ−1 : Gm → G be a one-parameter subgroup such that λ1(t) =
(1, t−1), then

G+
λ−1

= U− ⋊σ Gm.

Proof. Suppose (u, r) ∈ G+
λ1

. For t ∈ Gm, we have

λ1(t)(u, r)λ1(t)
−1 = (1, t)(u, r)(1, t)−1 = (σ(t, u), trt−1) = (σ(t, u), r).

Hence, limt→0 λ1(t)(u, r)λ1(t)−1 exists if and only if limt→0 σ(t, u) exists. In
particular,

G+
λ1

= U+ ⋊σ Gm.

Similarly, suppose (u, r) ∈ G+
λ−1

. For t ∈ Gm, we have

λ−1(t)(u, r)λ−1(t)
−1 = (1, t−1)(u, r)(1, t) = (σ(t−1, u), t−1rt) = (σ(t−1, u), r).
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Hence, limt→0 λ−1(t)(u, r)λ−1(t)−1 exists if and only if limt→∞ σ(t, u) exists.
In particular,

G+
λ−1

= U− ⋊σ Gm.

34



4 Unipotent and Reductive Groups

4.1 Unipotent Representations

Definition 4.1. An algebraic group U is unipotent if every nonzero represen-
tation of U has a nonzero fixed vector.

Remark 4.2. If every nonzero finite-dimensional representation (V, r) of an
algebraic group G has a nonzero fixed vector, then G is unipotent. This is true
because every representation is a union of its finite-dimensional representations.

Remark 4.3. A quotient of a unipotent group is unipotent. Indeed, let Q be a
quotient of a unipotent algebraic group G. If (V, r) is a nonzero representation
of Q, then (V, r ◦ π) is a nonzero representation of G, where π : G → Q is the
quotient morphism. Thus, V has a nonzero fixed vector and Q is unipotent.

Definition 4.4. We define the upper triangular matrix group, denoted Un, to be
Spec (k[xij]) /I, where I = (xii − 1, xij; i > j), with the multiplication morphism
µ : Un × Un → Un sending (A,B) 7→ AB for A,B ∈ Un(k).

Remark 4.5. The upper triangular matrix group Un is an algebraic subgroup
of GLn. The comultiplication morphism ∆ : k[xij]/I→ k[xij]/I⊗ k[yij]/J sends
xij 7→ ∑

k xik ⊗ ykj, where the ideal J = (yii − 1, yij; i > j).

Definition 4.6. A finite-dimensional representation (V, r) of an algebraic group
G is unipotent if there is a basis of V such that r(G) ⊆ Un for some n.

Proposition 4.7. An algebraic group G is unipotent if and only if every finite-
dimensional representation (V, r) of G is unipotent.

Proof. Let (V, r) be a finite-dimensional representation of an algebraic group G.
(⇒) Suppose that G is unipotent. We first show that there exists an ascending
sequence

0 = V0 ⊂ V1 ⊂ · · · ⊂ Vn−1 ⊂ Vn = V

of vector spaces such that Vi+1/Vi is one-dimensional and G acts trivially on
Vi+1/Vi for i = 0, . . . , n − 1. As G is unipotent, there exists a nonzero vector
v1 ∈ V such that r(g) · v1 = v1 for all g ∈ G. If V1 :=< v1 > is the subspace
spanned by v1, the vector space V/V1 is stable under the G-action. In particular,
V/V1 is a representation of G whose dimension is dimV − 1. If V/V1 = 0, we
have the desire sequence

0 = V0 ⊂ V1 = V
If V/V1 ̸= 0, then there exist a nonzero vector w2 ∈ V/V1 such that r(g) ·w2 =
w2 in V/V1. Let v2 ∈ V be a vector whose image in V/V1 is w2. Thus, v2 ̸∈ V1
and V2/V1 is a one-dimensional representation of G. In particular, the vector
space V/V2 is stable under the G-action. This implies that V/V2 is once again a
representation of G whose dimension is dimV − 2. If we continue this process,
we will have an ascending sequence

0 = V0 ⊂ V1 ⊂ · · · ⊂ Vn−1 ⊂ Vn = V
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of subspaces of V such that Vi+1/Vi is one-dimensional and G acts trivially on
Vi+1/Vi for i = 0, . . . , n− 1. (The process will terminate as dimV <∞.) Most
importantly, the set {v1, . . . , vn} forms a basis of V such that r(G) ⊆ Un.
(⇐) Suppose (V, r) is unipotent. Hence, there exists a basis {v1, . . . , vn} of V
such that r(G) ⊆ Un. This implies that v1 is a nonzero vector fixed by G.
Hence, G is unipotent.

Remark 4.8. An algebraic group G is unipotent if and only if for every finite-
dimensional representation r : G → GLV of G, there exists an ascending se-
quence

0 = V0 ⊂ V1 ⊂ · · · ⊂ Vn−1 ⊂ Vn = V

of subspaces of V such that Vi+1/Vi is one-dimensional and G acts trivially on
Vi+1/Vi for i = 0, . . . , n−1. The forward direction of this statement is shown in
Proposition 4.7. To see the other direction, suppose there exists such ascending
sequence. Hence, G acts on V1 trivially. Thus, there exists a nonzero vector
v ∈ V1 fixed by G. In particular, G is unipotent.

Proposition 4.9. A unipotent algebraic group G is isomorphic to an algebraic
subgroup of Un for some n.

Proof. Let G be a unipotent algebraic group. By Corollary 2.40, there exists a
faithful finite-dimensional representation (V, r) of G. By Proposition 4.7, (V, r)
is unipotent. Hence, there exists a basis of V such that r(G) ⊆ Un for some n.
In particular, G is isomorphic to an algebraic subgroup of Un.

Remark 4.10. The converse of Proposition 4.9 is also true, i.e., an algebraic
subgroup of Un is unipotent. See [Mil17, Theorem 14.5].

4.2 One-parameter Subgroups of Unipotent Groups

Recall that a one-parameter subgroup of an algebraic group G is a group
homomorphism λ : Gm → G. The goal of this section is to show that any one-
parameter subgroup of a unipotent group is trivial. We begin with a lemma.

Proposition 4.11. Any group homomorphism λ : Gm → Un is trivial.

Proof. Let λ : Gm → Un be a group homomorphism. Write Gm = Spec (k[t]t)
and Un = Spec (k[xij]/I), where I = (xii − 1, xij; i > j). The data of λ is equiv-
alent to a morphism ϕ : k[xij]/I → k[t]t of k-algebras such that the following
diagram of k-algebras commute:

k[xij]/I k[t]t

k[xij]/I⊗ k[yij]/J k[t]t ⊗ k[s]s,

ϕ

∆Un ∆Gm

ϕ⊗ϕ

where J = (yii, yij − 1; i > j). (Explicitly, the morphism ∆Un
denotes the

comultiplication morphism of Un sending xij 7→ ∑
k xik ⊗ ykj. The morphism
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∆Gm
denotes the comultiplication morphism of Gm sending t 7→ t ⊗ s.) For

i, j ∈ {1, 2, . . . , n}, write
ϕ(xij) = fij(t).

Hence, fii = 1 and fij = 0 for i > j. More importantly, by the commutativity
of the diagram above, we have the equation

fij(t⊗ s) =
∑
k

fik(t)⊗ fkj(s) =
n∑
k=i

fik(t)⊗ fkj(s) =
j−i∑
k=0

fi,i+k(t)⊗ fi+k,j(s),

for any j > i. In particular,

fi,i+l(t⊗ s) =
l∑
k=0

fi,i+k(t)⊗ fi+k,i+l(s)

We show by induction that for a fixed i, fi,i+l = 0 for any l > 0. For l = 1, we
see that

fi,i+1(t⊗ s) = 1⊗ fi,i+1(s) + fi,i+1(t)⊗ 1.

Comparing coefficients, we see that fi,i+1 = 0. Next, suppose that fi,i+1 =
· · · = fi,i+l−1 = 0. Hence,

fi,i+l(t⊗ s) =
l∑
k=0

fi,i+k(t)⊗ fi+k,i+l(s) = 1⊗ fi,i+l(s) + fi,i+l(t)⊗ 1

Comparing coefficients, we see that fi,i+l = 0. Thus, we conclude that ϕ(xij) =
1 if i = j and 0 otherwise. In particular, λ : Gm → Un is the trivial group
homomorphism.

Corollary 4.12. If G is a unipotent group, then any one-parameter subgroup
λ : Gm → U is trivial.

Proof. Let U be a unipotent group. By Proposition 4.9, U is isomorphic to a
subgroup of Un for some n, i.e., there is an injective group homomorphism i :
U ↪→ Un. If λ : Gm → G is a one-parameter subgroup of U, then i◦λ : Gm → Un
is a one-parameter subgroup of Un. By Proposition 4.11, i ◦ λ is trivial. Hence,
λ is trivial.

4.3 Unipotent Radical

Proposition 4.13. Let N be a normal subgroup of an algebraic group G. If the
subgroup N and the quotient G/N are unipotent then G is unipotent

Proof. Let G be an algebraic group and N be its normal subgroup such that
both N and G/N are unipotent. Let (V, r) be a nonzero finite-dimensional
representation ofG. By Remark 2.31, the subspace VN is stable underG. Hence,
VN can be regarded as a representation of G. Let s : G→ GLVN be the group
homomorphism associated to the representation VN of G. As N acts on VN
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trivially, the homomorphism s factors through G/Nmaking VN a representation
of G/N also. Since V is nonzero and N is unipotent, VN is nonzero. Since G/N
is unipotent, (VN)G/N is nonzero. Therefore, VG = (VN)G/N is nonzero and G
is unipotent.

Corollary 4.14. If H and N are unipotent algebraic subgroups of an algebraic
group G with N normal, then HN is also unipotent.

Proof. Let H and N be unipotent algebraic subgroups of an algebraic group
G with N normal. Hence, the quotient H/H ∩ N is unipotent (Remark 4.3.)
By [Mil17, Theorem 5.52], H/H ∩N ∼= HN/N and so HN/N is unipotent. By
Proposition 4.13, HN is unipotent.

Proposition 4.15. Every algebraic group G contains a unique largest connected
normal unipotent subgroup H. In particular, any connected normal unipotent
subgroup of the quotient G/H is trivial.

Proof. Let G be an algebraic group. Since the trivial group is connected normal
and unipotent, G contains a connected normal unipotent subgroup. Hence,
there is a maximal connected normal unipotent subgroup of G. Suppose H and
N are maximal connected normal unipotent subgroups of G. By Corollary 4.14,
HN is also maximal connected normal unipotent. Thus, H = HN = N. Let H
be the largest connected normal unipotent subgroup of G. If the quotient G/H
had a nontrivial connected normal unipotent subgroup, then its inverse image
in G would properly contain H. That is a contradiction. Thus, any connected
normal unipotent subgroup of the quotient G/H is trivial.

Definition 4.16. Let G be a connected algebraic group. We define the unipo-
tent radical, denoted Ru(G), to be the largest connected normal unipotent sub-
group of G.

Remark 4.17. Let G be a connected algebraic group. By Proposition 4.15,
the unipotent radical Ru(G) exists. In fact, a connected algebraic group G is
unipotent if and only if G = Ru(G).

4.4 Reductive Groups

Definition 4.18. An algebraic group G is a torus if it is isomorphic to Gnm for
some n. A subtorus of an algebraic group H is an algebraic subgroup of H that
is a torus. A maximal torus of an algebraic group H is a subtorus of H that is
not properly contained in another subtorus.

Remark 4.19. This definition of tori is not standard. However, it agrees with
the standard definition over an algebraically closed field.

Definition 4.20. A connected algebraic group G is reductive if its unipotent
Ru(G) is trivial.

Example 4.21. Let G be a connected algebraic group. The quotient G/Ru(G)
is reductive.
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Proposition 4.22. Any two maximal tori of an algebraic group G are conju-
gate.

Proof. See [Bor91, Theorem 6.4.1]

Proposition 4.23 (Matsushima’s Theorem). Let G be a reductive algebraic
group and H be its subgroup. The quotient G/H is affine if and only if H is
reductive.

Proof. See [Arz08, Theorem 2.1] or [BB63, Theorem 1].

Proposition 4.24. A connected algebraic group G over k is reductive if and
only if every finite-dimensional representation of G is semisimple.

Proof. See [Mil17, Theorem 22.42]. Recall that char k = 0 as the forward
direction of this proposition is not true over a field of a positive characteristic.

Remark 4.25. Let G be a reductive group. Regarding G as a subgroup of GLn
for some n, we can consider elements of G as matrices. Proposition 4.24 implies
that any element g ∈ G(k), when considered as a matrix, is diagonalizable.
In particular, any element g ∈ G(k) is contained in a subtorus of G that is
isomorphic to Gm.

Proposition 4.26. Let G be a connected algebraic group over k. There exists
a unipotent algebraic group U equipped with a group action σ : R×U→ U by a
reductive algebraic group R such that

G ∼= U⋊σ R.

Proof. See [Con14, Proposition 5.4.1] or [McN10, Section 3]. (Recall that char
k = 0.)
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5 Classifying Stacks

5.1 Algebraic Spaces

In this section, we give a review on algebraic spaces and algebraic stacks.
We mainly follow [Ols16] and [Alp22].

Definition 5.1. A morphism f : X → Y of k-schemes is étale if for every
commutative diagram of k-schemes

Spec (R/I) X

Spec (R) Y,

f

where I2 = 0, there exists a unique morphism ϕ : Spec (R) → X such the
following diagram of k-scheme commutes:

Spec (R/I) X

Spec (R) Y.

f∃!ϕ

Proposition 5.2. Let f : X→ Y be an étale morphism of k-schemes.

(a) If g : Y → Z is an étale morphism of k-schemes, then g ◦ f : X → Z is
étale.

(b) If g ′ : Y ′ → Y is a morphism of k-schemes, then f ′ : X×Y Y ′ → Y ′ is étale.

Proof. Let f : X→ Y be an étale morphism of k-schemes.

(a) Let g : Y → Z be an étale morphism of k-schemes. Consider a commutative
diagram of k-schemes

Spec (R/I) X

Y

Spec (R) Z,

f

g

where I2 = 0. Since g is étale, there exists a unique morphism h1 :
Spec (R) → Y of k-schemes such that the following diagram of k-schemes

40



commutes:
Spec (R/I) X

Y

Spec (R) Z.

f

g
∃!h1

Since f is étale, there exists a unique morphism h2 : Spec (R) → X of
k-schemes such that the following diagram of k-schemes commutes:

Spec (R/I) X

Y

Spec (R) Z.

f

g
∃!h1

∃!h2

Thus, g ◦ f is étale.

(b) Let g ′ : Y ′ → Y be a morphism of k-schemes. Consider the following
diagram of k-schemes

Spec (R/I) X×Y Y ′ X

Spec (R) Y ′ Y

f ′ f

g ′

Since f is étale, there exists a unique morphism h1 : Spec (R) → X of
k-schemes such that the following diagram of k-schemes commutes:

Spec (R/I) X×Y Y ′ X

Spec (R) Y ′ Y

f ′
f

∃!h1

g ′

By the universal property of the fiber product X ×Y Y ′, there exists a
unique morphism h2 : Spec (R) → X of k-schemes such that the following
diagram of k-schemes commutes:

Spec (R/I) X×Y Y ′ X

Spec (R) Y ′ Y

f ′
f

∃!h2

∃!h1

g ′

Thus, f ′ : X×Y Y ′ → Y ′ is étale.
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Definition 5.3. Let k be a field and f : F → G be a morphism of sheaves on
Sch/k with the étale topology.

(i) f is representable by schemes if for every k-scheme T and a morphism
T → G the fiber product F×G T is a scheme.

(ii) Suppose P is a property of morphisms of schemes stable under base change
and f is representable by schemes. We say that f has property P if for every
k-scheme T the induced morphism of schemes F ×G T → T has property
P.

Definition 5.4. An algebraic space over a field k is a functor X : (Sch/k)
op →

Sets such that the following hold:

(i) X is a sheaf with respect to the big étale topology,

(ii) the diagonal morphism ∆ : X→ X× X is representable by schemes, and

(iii) there exists a k-scheme U and a surjective étale morphism U→ X.

Morphism of algebraic spaces are morphisms of functors.

Remark 5.5. Given the condition (ii) in Definition 5.4, the condition (iii) makes
sense. To see this, it suffices to show that assuming (ii), a morphism f : U→ X
from a k-scheme U to a sheaf X is representable by schemes. Let g : T → X be
a morphism from a k-scheme T . Hence, we have the cartesian diagram

U×X T U×k T

X X× X

f×g

∆

Since ∆ : X→ X× X is representable (by (ii)), the product U×X T is a scheme.
In particular, f : U→ X is representable by schemes.

5.2 Groupoids

Definition 5.6. A groupoid is a category with every morphism is an isomor-
phism. For groupoids C, D, a morphism of groupoids f : C → D is a functor
f : C → D.

Example 5.7. The trivial category ∗.

Example 5.8. Let G be an abstract group. Consider a category BG, where
there is only one object ∗ and Mor (∗, ∗) = G. Hence, BG is a groupoid.

Example 5.9. Let X be a set equipped with a group action by an abstract
group G. Consider a category [X/G], where the objects are x ∈ X and for any
x, x ′ ∈ X, Mor (x, x ′) = {g ∈ G : x ′ = g · x}. Hence, [X/G] is a groupoid. In
particular, if X is trivial, then [{∗} /G] ∼= BG as groupoids.
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Remark 5.10. Let H and G be abstract groups acting on sets Y and X respec-
tively. Suppose ϕ : H → G and f : Y → X are respectively a group homomor-
phism and a map of sets such that the following diagram commutes:

H× Y Y

G× X X

σY

ϕ×f f

σX

where σX and σY are the corresponding action morphisms. Then, there is a
natural morphism F : [Y/H] → [X/G] sending y 7→ f(y). In particular, if X and
Y are trivial, then ϕ induces a morphism of groupoids Φ : BH → BG. If there
is no confusion, we will also write ϕ : BH→ BG.

Proposition 5.11. Let ϕ : H → G be a homomorphism of abstract groups.
Then the following 2-diagram of groupoids is cartesian:

[G/H] ∗

BH BG,

p1

p2 i

ϕ

⇐=α
where αg := g for any g ∈ G/H.

Proof. Suppose p : T → ∗ and q : T → BH are morphisms of groupoids and
κ : f ◦ p → g ◦ q is a natural transformation such that the following 2-diagram
commutes:

T

∗

BH BG.

p

q
i

ϕ

⇐=κ

For any morphism f : t→ t ′ in T , we have the following commutative diagram
in BG:

∗ ∗

∗ ∗.

κt

ϕ(q(f))

κt ′

Define a natural transformation r : T → [G/H] as follows:

(i) for each object t ∈ T , define r(t) := κt, and

(ii) for each morphism f : t→ t ′ ∈ T , define r(f) := q(f).
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Hence, the following 2-diagram commutes:

T

[G/H] ∗

BH BG.

p

q

r

p1

p2 i

ϕ

⇐=α
It is also straightforward to check that r is essentially unique (see Remark 5.12).

Remark 5.12. This remark contains the meaning of the universal property of
fiber products of groupoids in the general settings. However, when interpreted
in the settings in Proposition 5.11, most of it becomes straightforward.
Let f : C → D and g : D ′ → D be morphisms of groupoids. Suppose p : T → C
and q : T → D ′ are morphisms of groupoids and κ : f ◦ p → g ◦ q is a natural
transformation such that the following 2-diagram commutes:

T

C

D ′ D

p

q
f

g

⇐=κ

Then, there exist a morphism of groupoids r : T → C ×D D ′ and natural
transformations α : p→ p1 ◦ r, β : q→ p2 ◦ r such that the following 2-diagram
commutes:

T

C ×D D ′ C

D ′ D

p

q

∃r

p1

⇐=α
p2

⇐
=
β

f

g

⇐=δ
Moreover, the morphism of groupoids r : T → C ×D D ′ is essentially unique,
i.e., if there are a morphism of groupoids r ′ : T → C ×D D ′, and natural
transformations µ : p1r→ p1r

′, ν : p2r→ p2r
′ such that (δr ′)(fµ) = (gν)(δr),

there exists a unique natural transformation γ : r → r ′ such that p1γ = µ and
p2γ = ν.

5.3 Prestacks

Definition 5.13. Let k be a field. A functor p : X → Sch/k is a prestack over
k such that the followings hold.
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(1) For every diagram

a b

S T

∃ϕ

f

of solid arrows, there exists a morphism ϕ : a→ b such that p(ϕ) = f.

(2) For every diagram

a b c

p(a) p(b) p(c)

ψ

∃!λ ϕ

h p(ϕ)

of solid arrows, there exists a unique morphism λ : a → b such that
p(λ) = h and ψ = ϕ ◦ λ.

Definition 5.14. Let k be a field and p : X → Sch/k be a prestack over k.
For any k-scheme T , the fiber category X(T) is the category whose objects are
a ∈ X such that p(a) = T and whose morphisms are a → b ∈ X such that
p(a→ b) = idT .

Lemma 5.15. Let p : X → Sch/k be a prestack. For every k-scheme T , the
fiber category X(T) is a groupoid.

Proof. Let p : X → Sch/k be a prestack and T be a k-scheme. For a morphism
ϕ : a→ b in X(T), consider the following diagram

b a b

T T T

∃!λ ϕ

of solid arrows. There exists a unique morphism λ : b→ a such that idb = ϕ◦λ.
Similarly, consider the following diagram

a b a

T T T

∃!ϕ ′ λ

of solid arrows. There exists a unique morphism ϕ ′ : a → b such that ida =
λ ◦ ϕ ′. Note that

ϕ ′ = idb ◦ ϕ ′ = ϕ ◦ λ ◦ ϕ ′ = ϕ ◦ ida = ϕ.

In particular, ϕ is an isomorphism and so X(T) is a groupoid.
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Definition 5.16. Let pX : X → Sch/k and pY : Y → Sch/k be prestacks.

(i) A morphism of prestacks f : X → Y is a functor f : X → Y such that
pX(a) = pY(f(a)) for every object a ∈ X.

(ii) If f, g : X → Y are morphisms of prestacks, a 2-morphism α : f → g is a
natural transformation α : f → g such that for every object a ∈ X, the
morphism αa : f(a) → g(a) is in X(pX(a)). (This makes sense as αa is in
fact an isomorphism.)

(iii) We define MOR (X,Y) to be the category whose objects are morphisms of
prestacks from X to Y and arrows are 2-morphisms.

Example 5.17. Schemes are prestacks. Let X be a scheme over a field k.
Consider a functor p : XX → Sch/k such that for each k-scheme T , the objects
over T are elements of X(T). A morphism from x ′ ∈ X(T ′) to x ∈ X(T) is a
morphism f : T ′ → T such that x ′ = x ◦ f.

Definition 5.18. Let G be an algebraic group acting on a k-scheme X. We
define the quotient prestack, denoted [X/G]pre, as p : [X/G]pre → Sch/k such
that for each k-scheme T , the objects over T are those in the groupoid X(T). A
morphism from x ′ ∈ X(T ′) to x ∈ X(T) is the data of a morphism f : T ′ → T
and an element g ∈ G(T ′) such that x ′ = g · (x ◦ f).

If X = Spec (k), then we call [Spec (k) /G]pre the classifying prestack BGpre.

Remark 5.19. Let ϕ : H → G be a morphism of algebraic groups. For a
k-scheme T , ϕ induces a morphism of groupoids ΦT : [(Spec (k))(T)/H(T)] →
[(Spec (k))(T)/G(T)]. Hence, there is an induced morphism of prestacks Φ :
BHpre → BGpre.

Proposition 5.20. Let ϕ : H → G be a homomorphism of algebraic groups.
Then the following diagram of prestacks is cartesian:

[G/H]
pre

Spec (k)

BHpre BGpre.

p1

p2 i

ϕ

Proof. It suffices to show that for each k-scheme T the following 2-diagram of
groupoids commutes:

[G(T)/H(T)] ∗

BH(T) BG(T),

p1

p2 i

ΦT

⇐=α
where αg := g for any g ∈ G(T)/H(T). By Proposition 5.11, this is true.
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5.4 Stacks

Definition 5.21. A prestack p : X → Sch/k over a site C is a stack if for all
coverings {Si → S} of a k-scheme S the followings hold.

(i) For objects a, b ∈ X(S) and morphisms ϕi : a|Si
→ b such that ϕi|Sij

=
ϕj|Sij

as displayed in the diagram

a|Si
a b

a|Sij
a|Sj

Si S S,

Sij Sj

ϕi

ϕj

there exists a unique morphism ϕ : a→ b in X(S) such that ϕ|Si
= ϕi.

(ii) For objects ai ∈ X(Si) and isomorphisms αij : ai|Sij
→ aj|Sij

in X(Sij) as
displayed in the diagram

ai a

ai|Sij
ai|Sij

aj

Si S

Sij Sij Sj

αij

satisfying the cocycle condition αik|Sijk
◦ αij|Sijk

= αik|Sijk
in X(Sijk),

then there exists an object a ∈ X(S) and isomorphisms ϕi : a|Si
→ ai in

X(Si) such that αij ◦ ϕi|Sij
= ϕj|Sij

in X(Sij).

Morphisms of stacks are morphism of prestacks.

Proposition 5.22 (Stackification). Let X be a prestack over a site C. There
exists a stack Xst and a morphism X → Xst of prestacks such that for every
stack Y over C, the induced functor

MOR
(
Xst,Y

)→ MOR (X,Y)

is an equivalence of categories.
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Proof. See [Alp22, Theorem 2.4.13] or [Ols16, Theorem 4.6.5]

Remark 5.23. The stack Xst in Proposition 5.22 is called the stackification of
X. In fact, the usual universal property argument gives us that the stackification
commutes with taking fiber product, i.e., (X×Z Y)st ∼= Xst ×Zst Yst.

Definition 5.24. Let G be an algebraic group acting on a k-scheme X. We
define the quotient stack, denoted [X/G], as the stackification of the quotient
prestack [X/G]pre.

If X = Spec (k), then we call [Spec (k) /G] the classifying stack BG.

Proposition 5.25. Let ϕ : H → G be a homomorphism of algebraic groups.
Then the following diagram of stacks is cartesian:

[G/H] Spec (k)

BH BG.

i

ϕ

Proof. This follows from Proposition 5.20 and Remark 5.23.

Definition 5.26. A morphism of stacks f : X → Y is representable if for every
scheme U and morphism U→ Y, the fiber product

X×Y U

is an algebraic space.

Definition 5.27. Let k be a field. A stack X/k is an algebraic stack if the
following hold:

(i) the diagonal morphism ∆ : X → X× X is representable, and

(ii) there exists a k-scheme X and a surjective smooth morphism X→ X.

Morphism of algebraic stacks are morphisms of stacks.

Remark 5.28. Given the condition (i) in Definition 5.27, the condition (ii)
makes sense. To see this, it suffices to show that assuming (i), a morphism
f : X→ X from a k-scheme T to a stack X is representable. Let g : T → X be a
morphism from a k-scheme T . Hence, we have the cartesian diagram

X×X T X×k T

X X× X

f×g

∆

Since ∆ : X → X×X is representable (by (i)), the product X×X T is an algebraic
space. In particular, f : X→ X is representable.

Proposition 5.29. For an algebraic group G, the classifying stack BG is an
algebraic stack.

Proof. See [Alp22, Theorem 3.1.11].
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6 Θ-completeness

6.1 Θ-complete morphisms

Definition 6.1. Consider the standard Gm-action on A1. We define the quotient
stack theta, denoted Θ, to be the quotient stack [A1/Gm].

For any discrete valuation k-algebra R, we define

ΘR := Θ× Spec (R) .

Remark 6.2. There are two orbits in the standard Gm-action on A1. Hence,
the quotient stack Θ has two points. In fact, there is a morphism of stacks

BGm
0
↪−→ Θ, where the image of BGm is the zero orbit. There is also an open

morphism of stacks Spec (k)
1
−→ Θ, where the image of Spec (k) is the non-zero

orbit. To see that the morphism Spec (k)
1
−→ Θ is open, consider the following

cartesian diagram of algebraic stacks

A1 \ 0 A1

Spec (k) Θ.
1

By descent, the morphism Spec (k)
1
−→ Θ is open.

Remark 6.3. Let R be a discrete valuation k-algebra and K be its fraction field.
If 0 ∈ ΘR is the unique closed point, then

ΘR \ 0 = Spec (R)
⋃

Spec(K)

ΘK.

Definition 6.4. Let Θ denote the stack [A1/Gm] over Spec (k) and ΘR :=
Θ × Spec (R) for every k-algebra R. A morphism f : X → Y of noetherian
algebraic stacks is Θ-complete if for every discrete valuative k-algebra R and
every commutative diagram of algebraic stacks:

ΘR \ 0 X

ΘR Y,

f

there exists a unique morphism of algebraic stacks h : ΘR → X such that the
following diagram of algebraic stacks commutes:

ΘR \ 0 X

ΘR Y.

f
∃h

An algebraic stack X is Θ-complete if the morphism X → Spec (k) is Θ-complete.
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Proposition 6.5. Let f : X → Y be a Θ-complete morphism of noetherian
algebraic stacks.

(a) If g : Y → Z is a Θ-complete morphism, then g ◦ f : X → Z is Θ-complete.

(b) If g ′ : Y ′ → Y is a morphism of noetherian algebraic stacks over Spec (k),
then f ′ : X×Y Y ′ → Y ′ is Θ-complete.

Proof.

(a) Let R be a discrete valuative k-algebra. Consider a commutative diagram

ΘR \ 0 X

Y

ΘR Z

f

g

Since g : Y → Z is Θ-complete, there exists a unique morphism h1 : ΘR →
Y that makes the diagram commute, i.e., the following diagram commutes.

ΘR \ 0 X

Y

ΘR Z

f

g
∃!h1

⇒
ΘR \ 0 X

Y

ΘR Z

f

g
∃!h1

∃!h2

Similarly, since f : X → Y is Θ-complete, there exists a unique morphism
h2 : ΘR → X that makes the diagram commute. Thus, g ◦ f : X → Z is
Θ-complete.

(b) Let R be a discrete valuative k-algebra. Consider a commutative diagram

ΘR \ 0 X×Y Y ′ X

ΘR Y ′ Y

f

g ′

Since f : X → Y is Θ-complete, there exists h1 : ΘR → X that makes the
diagram commute, i.e., the following diagram commutes.

ΘR \ 0 X×Y Y ′ X

ΘR Y ′ Y

f∃!h1

g ′
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Because of the universal property of the fiber product X×YY
′, there exists

a unique morphism h2 : θR → X×Y Y ′ that makes the diagram commute,
i.e., the following diagram commutes.

ΘR \ 0 X×Y Y ′ X

ΘR Y ′ Y

f∃!h1
∃!h2

g ′

Now, we give a nice lemma regarding the pullback of Θ-completeness via an
affine morphism.

Lemma 6.6. Let f : X → Y is an affine morphism of noetherian algebraic
stacks. If Y is Θ-complete, then X is Θ-complete.

Proof. Let R be a discrete valuative k-algebra. Consider the following commu-
tative diagram of algebraic stacks:

ΘR \ 0 X

Y

ΘR Spec (k)

f

Since Y is Θ-complete, there exists a morphism h : ΘR → Y of stacks such that
the following diagram of algebraic stacks commutes:

ΘR \ 0 X

Y

ΘR Spec (k) .

f

∃h1

Note that ΘR is regular and 0 ∈ ΘR is codim 2 so pushforward of structure sheaf
along ΘR \ 0→ ΘR is the structure sheaf. Hence,

MORY (ΘR \ 0,X) ∼= MOROY−alg

(
f∗OX, (OR \ 0→ Y)∗OΘR\0

)
∼= MOROY−alg (f∗OX, (OR → Y)∗OΘR

)

∼= MORY (ΘR,X)
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In particular, there exists a morphism h2 : ΘR → X of algebraic stacks such
that the following diagram of algebraic stacks commutes:

ΘR \ 0 X

Y

ΘR Spec (k) .

f

h1

∃h2

Therefore, X is Θ-complete.

There is another way to think about Θ-complete stacks. Let X be an alge-
braic stack. Consider the stack Mor (Θ,X) and the morphism

ev1 : Mor (Θ,X) → X sending f 7→ f(1)

of stacks. The stack X is Θ-complete if and only if ev1 satisfies the valuative
criterion for properness.

Proposition 6.7. A noetherian algebraic stack X is Θ-complete if and only if
the natural morphism ev1 : Mork (Θ,X) → X satisfies the valuative criterion of
properness.

Proof. Let X be a noetherian stack over k.
(⇒) Assume that X is Θ-complete. Let R be a discrete valuation k-algebra and
K be its fraction field. Suppose there is a commutative diagram

Spec (K) Mork (Θ,X)

Spec (R) X.

ev1

g

Let f : ΘK → X be a morphism of stacks corresponding to the morphism
Spec (K) → Mork (Θ,X). In fact, we have the morphism of stacks

ΘR \ 0 = Spec (R)
⋃

Spec(K)

ΘK → X.

As X is Θ-complete, this morphism can be extended uniquely to h : ΘR → X.
This morphism h is in one-to-one correspondence to a morphism h̃ : Spec (R) →
Mork (Θ,X). Hence, there exists a unique morphism h̃ : Spec (R) → Mork (Θ,X)
making the following diagram commute:

Spec (K) Mork (Θ,X)

Spec (R) X.

ev1

g

∃!h̃

52



Thus, the morphism ev1 : Mork (Θ,X) → X satisfies the valuative criterion for
properness.
(⇐) Assume that the natural morphism ev1 : Mork (Θ,X) → X satisfies the
valuative criterion for properness. Let s : ΘR \ 0→ X be a morphism of stacks.
As ΘR \ 0 = Spec (R)

⋃
Spec(K)ΘK, this gives us two morphisms

g : Spec (R) ↪→ ΘR \ 0
s
−→ X and f : ΘK ↪→ ΘR \ 0

s
−→ X.

Let f̃ : Spec (K) → Mork (Θ,X) be a morphism of stacks corresponding to f.
The following diagram of stacks commutes:

Spec (K) Mork (Θ,X)

Spec (R) X.

f̃

ev1

g

By the assumption, there exists a unique morphism h : Spec (R) → Mork (Θ,X)
making the diagram commute:

Spec (K) Mork (Θ,X)

Spec (R) X.

f̃

ev1

g

∃!h

Let ĥ : ΘR → X be a morphism of stacks corresponding to h : Spec (R) →
Mork (Θ,X). Thus, this morphism serves as the unique extension of s : ΘR\0→
X, i.e., the following diagram of stacks commutes:

ΘR \ 0 X

ΘR.

s

ĥ

Hence, X is Θ-complete.

6.2 Examples of Θ-complete stacks

Recall that a noetherian stack X over k is Θ-complete if the morphism X →
Spec (k) is Θ-complete. We now begin with small examples.

Example 6.8. The stack Θ is Θ-complete.

Example 6.9. Schemes are Θ-complete. Let X be a scheme over k. Consider
a discrete valuation k-algebra and its field of fractions K. Suppose there is a
morphism of stacks ϕ : ΘR \ 0 → X. Since ΘR \ 0 = Spec (R)

⋃
Spec(K)ΘK.,

the data of ϕ is equivalent to the data of morphisms f : Spec (R) → X and
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g : ΘK → X such that they agree on Spec (K). Since there is a good moduli
space Spec (K) → Spec (K), there exists a unique morphism h : Spec (K) → X
such that the following diagram of stacks commutes:

ΘK X

Spec (K) .

g

g.m.s
∃!h

In particular, the morphism ϕ : Spec (R)
⋃

Spec(K)ΘK → X factors through f :

Spec (R) → X. Lastly, precomposing f with the projection ΘR → Spec (R), we
have the following commutative diagram of stacks:

ΘR \ 0 Spec (R)
⋃

Spec(K)ΘK X

ΘR Spec (R) .

ϕ

f

In particular, X is Θ-complete.

Example 6.10. The classifying stack BGLn is Θ-complete. Let R be a discrete
valuation k-algebra. A morphism ΘR \ 0 → BGLn corresponds to a vector
bundle E on ΘR \0. Since ΘR is regular and 0 ∈ ΘR is codim 2, the pushforward
of a vector bundle E along ΘR \ 0 → ΘR is a vector bundle. This gives the
desired extension ΘR → BGLn.

Example 6.10 above gives the question: is BR Θ-complete if R is a reductive
group. The answer to this question is positive.

Proposition 6.11. If R is a reductive algebraic group over a field k, then the
classifying stack BR is Θ-complete.

Proof. Let R be a reductive group over a field k. By Proposition 2.39, there
exists n and a homomorphism R ↪→ GLn realizing R as a closed algebraic sub-
group of GLn. By Matsushima’s Theorem (Proposition 4.23), GLn/R is affine.
Consider the cartesian diagram of algebraic stacks:

GLn/R Spec (k)

BR BGLn

By descent, BR → BGLn is an affine morphism of algebraic stacks. Recall
that BGLn is Θ-complete (see Example 6.10.) By Proposition 6.6, BR is Θ-
complete.

We now can ask the same question for unipotent groups. It turns out that
this question has the positive answer, i.e., if U is a unipotent algebraic group,
then the classifying stack BU Θ-complete. However, we need to state the fol-
lowing two propositions first.
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Proposition 6.12. Let G be an algebraic group over a field k. Then

Mor (Θ,BG) ∼=
⊔
λ

BG+
λ ,

where λ is a representative of each conjugacy class of one-parameter subgroups
of G.

Proof. This is a special case of [HL22, Theorem 1.4.7].

Proposition 6.13. Let G be an algebraic group over a field k. Then the clas-
sifying stack BG is Θ-complete if and only if for every one-parameter subgroup
λ : Gm → G, the quotient G/G+

λ is projective.

Proof. Let G be an algebraic group over a field k. By Remark 6.7, BG is Θ-
complete if and only if the morphism Mor (Θ,BG) → BG satisfies the valuative
criterion for properness. By Proposition 6.12, the morphism Mor (Θ,BG) →
BG satisfies the valuative criterion for properness if and only if for every one-
parameter subgroup λ : Gm → G, the morphism BG+

λ → BG satisfies the
valuative criterion for properness. Since for every one-parameter subgroup λ :
Gm → G, the morphism BG+

λ → BG is quasi-compact, the morphism BG+
λ →

BG satisfies the valuative criterion for properness if and only if the morphism
BG+

λ → BG is proper. Consider the following cartesian diagram

G/G+
λ Spec (k)

BG+
λ BG.

We see that BG+
λ → BG is proper if and only if G/G+

λ is proper. By [Mil17,
Theorem 8.43], the quotient G/G+

λ is always quasi-projective. Hence, BG+
λ →

BG is proper if and only if G/G+
λ is projective.

With Proposition 6.13, we can now prove the following proposition regarding
Θ-completeness of unipotent groups.

Proposition 6.14. If U is a unipotent algebraic group over a field k, then the
classifying stack BU is Θ-complete.

Proof. Let U be a unipotent group over a field k. By Proposition 6.13, BU
is Θ-complete if and only if for every one parameter group λ : Gm → U, the
quotient U/U+

λ is projective. Hence, it suffices to show that U/U+
λ is projective

for any one-parameter subgroup λ : Gm → U. By Proposition 4.11, every
one parameter subgroup of a unipotent group is trivial. If λ : Gm → U is a
one parameter subgroup, then U+

λ = U. In particular, U/U+
λ is trivial and

projective. Thus, BU is Θ-complete.

We end this section with the following proposition combining Θ-completeness
of unipotent algebraic groups and linearly reductive algebraic groups.
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Proposition 6.15. If G ∼= U × R is the direct product of a unipotent group U
and a reductive group R, then the classifying stack BG is Θ-complete.

Proof. Suppose G ∼= U× R is the direct product of a unipotent group U and a
reductive group R. By Proposition 6.14 and 6.11, BU and BR are Θ-complete.
Hence, consider the cartesian diagram of algebraic stacks:

BG ∼= BU× BR BR

BU Spec (k)

By Proposition 6.5, Θ-reducitve morphisms of algebraic stacks are preserved
under base change and composition. In particular, the morphism BG → BR
is Θ-complete and so is the composition BG → BR → Spec (k). Thus, BG is
Θ-complete.
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7 Main Result

The goal of this section is to prove our main theorem (Theorem 7.1.) Recall
that k denotes an algebraically closed field of characteristic 0.

Theorem 7.1. Let G be a connected algebraic group over k. The classifying
stack BG is Θ-complete if and only if G ∼= U×R for a unipotent algebraic group
U and a reductive algebraic group R.

Remark 7.1. Recall that char k = 0. By Proposition 4.26, any connected
algebraic group G is the semi-direct product of a unipotent group U and a
reductive group R corresponding to a group action σ : R × U → U, i.e, G ∼=
U ⋊σ R. To prove Theorem 7.1, it is equivalent to show that the classifying
stack BG is Θ-complete if and only if σ is trivial.

For now, we assume that the reductive component of G is Gm. In fact, the
following examples provide insights on how to prove this case of the reductive
component being Gm.

Example 7.2. Consider G = Ga ⋊ Gm, where σ : Gm × Ga → Ga sends
(a, b) 7→ ab (weight 1.) We can view G as a closed subgroup of GL2 as

G ∼=

{[
a b
0 1

]
|a ̸= 0, b ∈ k

}
.

Consider λ−1 : Gm → G sending t 7→ (1, t−1). Hence,

G+
λ−1

∼=

{[
a b
0 1

] ∣∣∣∣ limt→0
[
a t−1b
0 1

]}
∼=

{[
a 0
0 1

]
|a ̸= 0,

}
∼= Gm.

In particular, G/G+
λ−1

∼= A1 is not projective. By Proposition 6.13, the classi-
fying stack BG is not Θ-complete.

Example 7.3. Consider G = Ga ⋊ Gm, where σ : Gm × Ga → Ga sends
(a, b) 7→ a−1b (weight -1.) We can view G as a closed subgroup of GL2 as

G ∼=

{[
a−1 b
0 1

]
|a ̸= 0, b ∈ k

}
.

Consider λ1 : Gm → G sending t 7→ (1, t). Hence,

G+
λ1

∼=

{[
a−1 b
0 1

] ∣∣∣∣ limt→0
[
a−1 t−1b
0 1

]}
∼=

{[
a−1 0
0 1

]
|a ̸= 0,

}
∼= Gm.

In particular, G/G+
λ1

∼= A1 is not projective. By Proposition 6.13, the classifying
stack BG is not Θ-complete.

Remark 7.4. In Example 7.3, if we were to compute Gλ−1
, where λ−1 : Gm →

G sending t 7→ (1, t−1), we would obtain the trivial quotient, i.e., G = Gλ−1
.
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The following lemma is needed to prove the general case (Proposition 7.6.)

Lemma 7.5. Let U be a unipotent algebraic group equipped with an R-action
σ : R × U → U and G := U ⋊σ R denotes the semi-direct product. Suppose
i : U ′ ↪→ U is an algebraic subgroup stable under the R-action, i.e., there is a
commutative diagram

R×U ′ R×U

U ′ U.

idR×i

∃!τ σ

i

If G ′ := U ′ ⋊τ R, then the quotients G/G ′ and U/U ′ are isomorphic as k-
schemes.

Proof. It suffices to show that G/G ′ and R/R ′ are isomorphic as functors. For
each k-scheme X, consider a morphism U(X) → G(X) sending u 7→ (u, 1).
The image of U ′(X) via this map is contained in G ′(X). Hence, there is an
induced morphism ϕ : U/U ′ → G/G ′ of functors such that ϕX : U(X)/U ′(X) →
G(X)/G ′(X) sending uU ′(X) 7→ (u, 1)G ′(X). The morphism ϕX is surjective.
Indeed, for any (u, r) ∈ G(X),

(u, r)G ′(X) = (u, 1)(1, r)G ′(X) = (u, 1)G ′(X) = ϕ(uU ′(X)).

ϕX is also injective. Consider u1U
′(X), u2U

′(X) ∈ U(X)/U ′(X). We have

ϕ(u1U
′(X)) = ϕ(u2U

′(X)) ⇔ (u1, 1)G
′(X) = (u2, 1)G

′(X)⇔ (u1, 1)
−1(u2, 1) ∈ G ′(X)⇔ (u−1

1 u2, 1) ∈ G
′(X)⇔ u−1

1 u2 ∈ U
′(X)⇔ u1U

′(X) = u2U
′(X)

Thus, ϕX is a bijection. In particular, the quotient G/G ′ and U/U ′ are isomor-
phic as k-schemes.

Proposition 7.6. Let U be a unipotent algebraic group equipped with a Gm-
action σ : Gm × U → U and G := U ⋊σ Gm denote the semi-direct product. If
the classifying stack BG is Θ-complete, then σ is trivial.

Proof. For i = ±1, consider one-parameter subgroups λi : Gm → G sending
t 7→ ti for t ∈ Gm(k). By Proposition 3.32, we have

G+
λ1

= U+ ⋊σ Gm and G+
λ−1

= U− ⋊σ Gm.

By Lemma 7.5, we have

G/G+
λ1

∼= U/U+ and G/G+
λ−1

∼= U/U−.
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Suppose that the classifying stacks BG is Θ-complete. By Proposition 6.13, the
connected affine schemes U/U+ and U/U− are projective. Hence, U = U+ =
U−. In particular,

U = U+ ∩U− = U0.

Therefore, σ is trivial.

The stronger version of Proposition 7.6 is also true. We begin with an
example where the reductive component of G is not Gm.

Example 7.7. Consider the GLn-action on Ga defined by

A · b = det(A) · b

for any A ∈ GLn and b ∈ Ga.
Let G := Ga ⋊ GLn be the semi-direct product of Ga and GLn defined by this
action. We can view G as a closed algebraic subgroup of GLn+2, i.e.,

G =




detA b 0 · · · 0
0 1 0 · · · 0
0 0
...

... A
0 0

 |b ̸= 0,A ∈ GLn


.

Consider a one-parameter subgroup λ : Gm → G defined by

λ(t) =


t−n 0 0 · · · 0
0 1 0 · · · 0

0 0 t−1 · · · 0
...

...
...

. . .
...

0 0 0 · · · t−1


for any t ∈ Gm. Hence, we have the induced GLn-action

t ·


detA b 0 · · · 0
0 1 0 · · · 0
0 0
...

... A
0 0

 =


detA t−nb 0 · · · 0
0 1 0 · · · 0
0 0
...

... A
0 0

 ,

for any t ∈ Gm and (b,A) ∈ G. In particular,

G+
λ =




detA 0 0 · · · 0
0 1 0 · · · 0
0 0
...

... A
0 0

 |A ∈ GLn


∼= GLn

Thus, G/G+
λ

∼= A1 is not projective. By Proposition 6.13, BG is not Θ-complete.
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The following lemma is needed to prove the general case (Proposition 7.9.)

Lemma 7.8. Let U be a unipotent algebraic group equipped with an R-action
σ : R × U → U and G := U ⋊σ R denotes the semi-direct product. Suppose
i : R ′ ↪→ R is an algebraic subgroup and τ : R ′×U→ U denotes the group action

R ′ ×U i×idU−−−−→ R×U σ
−→ U.

If G ′ := U⋊τR ′, then the quotients G/G ′ and R/R ′ are isomorphic as k-schemes.

Proof. It suffices to show that G/G ′ and R/R ′ are isomorphic as functors. For
each k-scheme X, consider a morphism R(X) → G(X) mapping r 7→ (1, r). The
image of R ′(X) via this map is contained in G ′(X). Hence, there is an induced
map ϕ : R/R ′ → G/G ′ of functors such that ϕX : R(X)/R ′(X) → G(X)/G ′(X)
mapping rR ′(X) 7→ (1, r)G ′(X) for each k-scheme X. ϕX is surjective. Indeed,
for any (u, r) ∈ G(X),

(u, r)G ′(X) = (1, r)(σ(r−1, u), 1)G ′(X) = (1, r)G ′(X) = ϕ(rR ′(X)).

ϕX is also injective. Consider r1R
′(X), r2R

′(X) ∈ R(X)/R ′(X). We have

ϕ(r1R
′(X)) = ϕ(r2R

′(X)) ⇔ (1, r1)G
′(X) = (1, r2)G

′(X)⇔ (1, r1)
−1(1, r2)G

′(X)⇔ (1, r−11 r2) ∈ G
′(X)⇔ r−11 r2 ∈ R

′(X)⇔ r1R
′(X) = r2R

′(X)

Thus, ϕX is a bijection. In particular, the quotients G/G ′ and R/R ′ are isomor-
phic as k-schemes.

Proposition 7.9. Let U be a unipotent algebraic group equipped with an R-
action σ : R × U → U and G := U ⋊σ R denote the semi-direct product. If the
classifying stack BG is Θ-complete, then σ is trivial.

Proof. Assume that σ is not trivial. There exists an injective group homomor-

phism i : Gm → R such that the restricted action τ : Gm → U
i×idG−−−−→ R×U→ U

is also non-trivial (Remark 4.25.) Let G ′ denote the subgroup U ⋊τ Gm. By
Proposition 7.6, the classifying stack BG ′ is not Θ-complete. By Lemma 7.8,

G/G ′ ∼= R/Gm.

As R and Gm are reductive, by Matsushima’s Theorem (Proposition 4.23), the
quotient R/Gm is affine. Hence, the quotient G/G ′ is affine. Consider the
following cartesian diagram of stacks

G/G ′ Spec (k)

BG ′ BG.
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By descent, the morphism BG ′ → BG is affine. By Proposition 6.6, the classi-
fying stack BG is not Θ-complete.

We end this section with the proof of Theorem 7.1.

Proof of Theorem 7.1. Let G be a connected algebraic group. We can write G
as the semi-direct product U ⋊σ R, where U is unipotent, R is reductive and
σ : R×U→ U is a group action. To prove the theorem, it is equivalent to show
that the classifying stack BG is Θ-complete if and only if σ is trivial. (Remark
7.1).
(⇒) Proposition 7.9
(⇐) Proposition 6.15

References

[ABHLX20] Jarod Alper, Harold Blum, Daniel Halpern-Leistner, and Chenyang
Xu. Reductivity of the automorphism group of K-polystable Fano
varieties. Invent. Math., 222(3):995–1032, 2020.

[AHLH22] Jarod Alper, Daniel Halpern-Leistner, and Jochen Heinloth. Exis-
tence of moduli spaces for algebraic stacks, 2022.

[AHR20] Jarod Alper, Jack Hall, and David Rydh. A Luna étale slice theo-
rem for algebraic stacks. Ann. of Math. (2), 191(3):675–738, 2020.

[Alp13] Jarod Alper. Good moduli spaces for Artin stacks. Ann. Inst.
Fourier (Grenoble), 63(6):2349–2402, 2013.

[Alp22] Jarod Alper. Stacks and moduli, 2022.

[Arz08] Ivan V. Arzhantsev. Invariant ideals and Matsushima’s criterion.
Comm. Algebra, 36(12):4368–4374, 2008.

[BB63] A. Bialynicki-Birula. On homogeneous affine spaces of linear al-
gebraic groups. American Journal of Mathematics, 85(4):577–582,
1963.

[BB73] A. Bialynicki-Birula. Some theorems on actions of algebraic groups.
Annals of Mathematics, 98(3):480–497, 1973.

[Bor91] Armand Borel. Linear algebraic groups, volume 126 of Graduate
Texts in Mathematics. Springer-Verlag, New York, second edition,
1991.

[Con14] Brian Conrad. Reductive group schemes, 2014.

[HL22] Daniel Halpern-Leistner. On the structure of instability in moduli
theory, 2022.

61



[HR19] Jack Hall and David Rydh. Coherent Tannaka duality and alge-
braicity of Hom-stacks. Algebra Number Theory, 13(7):1633–1675,
2019.

[KM97] Seán Keel and Shigefumi Mori. Quotients by groupoids. Ann. of
Math. (2), 145(1):193–213, 1997.

[McN10] George J. McNinch. Levi decompositions of a linear algebraic
group, 2010.

[Mil17] J. S. Milne. Algebraic groups, volume 170 of Cambridge Studies in
Advanced Mathematics. Cambridge University Press, Cambridge,
2017. The theory of group schemes of finite type over a field.

[Ols16] Martin Olsson. Algebraic spaces and stacks, volume 62 of American
Mathematical Society Colloquium Publications. American Mathe-
matical Society, Providence, RI, 2016.

[Sta20] The Stacks project authors. The stacks project. https://stacks.
math.columbia.edu, 2020.

[Sum74] Hideyasu Sumihiro. Equivariant completion. J. Math. Kyoto Univ.,
14:1–28, 1974.

62

https://stacks.math.columbia.edu
https://stacks.math.columbia.edu

	Introduction
	Algebraic Groups
	Group Schemes and Algebraic Groups
	Group Actions and Representations

	Gm-actions and One-parameter Subgroups
	The Multiplicative Group Gm
	Gm-actions
	Białlynicki-Birula Decomposition
	One-parameter subgroups

	Unipotent and Reductive Groups
	Unipotent Representations
	One-parameter Subgroups of Unipotent Groups
	Unipotent Radical
	Reductive Groups

	Classifying Stacks
	Algebraic Spaces
	Groupoids
	Prestacks
	Stacks

	-completeness
	-complete morphisms
	Examples of -complete stacks

	Main Result

