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We provide a criterion for the classifying stack BG to be ®-complete
over an algebraically closed field of characteristic 0. It is known that
the classifying stack BG is ©@-complete when G is a unipotent algebraic
group or reductive group (hence the product of a unipotent group and
a reductive group). We prove that this is in fact a necessary condition.
That is the ©®-completeness of the classifying stack BG implies that G
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1 Introduction

Moduli problems are a fundamental concept in algebraic geometry, which is
a branch of mathematics that studies geometric objects defined by polynomial
equations. Moduli problems are concerned with the classification and parame-
terization of geometric objects.

Given a moduli problem described by an algebraic stack X, it is known that
if automorphism groups are trivial, then X is representable by an algebraic space
(or a scheme.) Hence, X admits a fine moduli space. The assumption that the
automorphism groups are trivial is important because without it X will never
be representable by an algebraic space. However, it is shown in [KM97] that
an algebraic stack X with finite inertia and in particular finite automorphism
groups admits a coarse moduli space.

In [Alp13], the notion of good moduli spaces is introduced. By definition,
a quasi-compact morphism ¢ : X — X from an algebraic stack to an alge-
braic space is a good moduli space if the push-forward functor on quasi-coherent
sheaves is exact and the induced morphism on sheaves Ox — ¢.O« is an iso-
morphism.

In [AHLH22], the notion of S-complete and @-complete morphisms of alge-
braic stacks is introduced as a part of a general criterion for the existence of good
moduli space. A special case of [AHLH22, Theorem A] is that for an algebraic
group G over a field k of characteristic 0, the classifying stack BG admits a
separated good moduli space if and only if BG is ®-complete and S-complete.
With our result (Theorem [A]) and [Alp22] Proposition 6.7.48], we can conclude
that the classifying stack BG admits a good moduli space if and only if G is a
reductive group.

It is also known that for an algebraic group G over a field, the classify-
ing stack BG is S-complete if and only if G is reductive (see [Alp22], Proposi-
tion 6.7.48].) There is an application of this fact in the proof of [ABHLX20|
Theorem 1.3], which states that if (X, D) is a K-polystable log Fano pair, then
Aut (X, D) is reductive.

Our main result gives a necessary and sufficient condition under which the
classifying stack BG is @-complete.

Theorem A (Theorem . Let G be a connected affine algebraic group over
an algebraically closed field k of characteristic 0. Then the classifying stack BG
18 @-complete if and only if G = U X R for some unipotent group U and reductive
group R.

We sketch the main ideas in the proof of Theorem [A] By Mostow’s Theorem,
any connected algebraic group G is isomorphic to a semi-direct product of a
unipotent group U and a reductive group R defined by an action morphism
0 :Rx U — U. This implies that Theorem [A] is equivalent to the statement
that for any semi-direct product G = U X4 R of a unipotent group U and a
reductive group R, the classifying stack BG is ©-complete if and only if the
product is trivial, i.e., o is the trivial action.



If the product is trivial, then it suffices to show that BU and BR are ©-
complete. As the product of @-complete stacks is @-complete and BU x BR =
BG, ©-completeness of BU and BR implies that of BG. Proposition (resp.
Proposition shows that if an algebraic group H is unipotent (resp. reduc-
tive), then the classifying stack BH is ©-complete.

The proof of the other direction consists of two parts. We start by assuming
that the reductive group R is Gy,. If the product is not trivial, we show that
there exists a one-parameter subgroup A : G, — G, such that G ;\“ C G and the
quotient G/ G;{ is not projective. By Proposition BG is not ©-complete.

To prove the case when R is any reductive group, we realize that there
exists a one-parameter subgroup A : G;; — R such that the restricted action

T:GLxU Axidu, oo U 5 U is not trivial. Such A exists because the R-action
on U is not trivial. With G’ := U x. Gy, the classifying stack BG’ is not
O-reductive. In fact, the induced morphism BG’ — BG of classifying stacks
is affine. Since the pullback of a ©-complete stack via an affine morphism is a
©-complete stack (Proposition , the classifying stack BG is not @-complete.

Acknowledgements. 1 would like to express my deep gratitude to my advisor,
Professor Jarod Alper, for providing invaluable guidance, support, constructive
criticism and his patience for guiding me throughout this academic journey. I
am thankful to Professor Max Lieblich for a number of insightful conversations
throughout my research. I also would like to extend my heartfelt thanks to my
family and friends who have supported me through this challenging journey.



2 Algebraic Groups

The field k is always assumed to be algebraically closed and of characteristic

0.

2.1 Group Schemes and Algebraic Groups

Definition 2.1. A group scheme (G, W) over a scheme S is a morphism 7t :
G — S of schemes and a multiplication morphism p: G xs G — G of S-schemes
such that there exist an identity morphism e : S — G and an inverse morphism
L: G — G of S-schemes such that the following diagrams commute:

G xs G xs G 99U G g G G lomdel oG G MY, Gxs G
uxidGJ( J{u (ide,eoml ide J{u (t,idG)J( com J{u
GxsG—" G GxsG—"3aG GxsG 23 G.
Associativity Law of identity Law of inverse

For any g1,92 € G, we often write g7 - g2 (or even g1gz2) to denote n(gi,gz)
and g; ' to denote L(g7).

For group schemes (H,py) and (G, wg), a morphism of group schemes is a
morphism ¢ : H — G of S-schemes such that the following diagram commutes:

HxsH %5 H

wof

GxsG %5 G.

Remark 2.2. Let G be a scheme over a scheme S. There exists a morphism
n: G xs G — G of S-schemes such that (G, u) is a group scheme over S if
and only if the functor hg : (Sch/S)°® — Sets factors through the forgetful
functor Grps — Sets. To see this, suppose w : G xs G — G is a morphism
of S-schemes such that (G, ) is a group scheme over S. Let e : S — G and
L: G — G be an identity morphism and an inverse morphism. These morphisms
induce morphisms he : hs — hg, hy : hg = hg, and h, : hg x hg — hg
of functors. (Note that hg X hg is canonically isomorphic to hgx,g.) The
associativity, p induces a morphism of functors hgx;c — hg. As hg x hg is
canonically isomorphic to hgxsg, we have a morphism h,, : hg X hg — hg
of functors. The commutativity of the three diagrams in Definition implies
that hg : (Sch/S)® — Sets is a group-valued functor, i.e., it factors through
the forgetful functor Grps < Sets.

On the other hand, suppose hg : (Sch/S)°® — Sets factors through the
forgetful functor Grps — Sets. This implies that there is a multiplication mor-
phism F: hg x hg — hg of functors. Consider morphisms € : hg — hg and
T:hg — hg such that ex(*) is the identity of hg(X) and tx(g) = g~ for any



S-scheme X and g € hg(X). (Here * denotes the only element in hg(X) = {x}.)
Hence, the following diagrams of functors commute:

idxF (eoh,id)

hg X hg Xx hg —— hg X hg hg ———— hg X hg hg—>thhG
indJ{ J{F (id,éohn)J{ \ J{F leJ( Kh") l
hg x hg ———— hg he x hg —— hg hg x hg —— hg
Associativity Law of identity Law of inverse

As hg x hg is canonically isomorphic to hgxsg, we have a morphism F :
hgxsc — hg of functors (the composition of the canonical isomorphism and
F). By Yoneda Lemma, the functors F,&, and U correspond to morphisms
pH: GxsG — G,e:S — G,and t: G —» G of S-schemes. In particular,
the commutativity of the three diagrams above implies that (G, ) is a group
scheme over S with e and t as an identity morphism and an inverse morphism
respectively.

Remark 2.3. To define a group scheme structure on G, it is equivalent to define
a functor F : (Sch/S)°® — Grps such that the following diagram of categories
commutes:

(Sch/S)? —— Grps

|

Sets
(See Remark

Remark 2.4. Let (G,u) be a group scheme over S. An identity morphism
e: S — G and an inverse morphism t : G — G are unique. The morphisms
e and L are in one-to-one correspondence with € : hg — hg and 1: hg — hg
defining the identity of an abstract group and the inverse of an element in an
abstract group (Remark . As the identity and the inverse of an abstract
group are unique, so are e and (.

Definition 2.5. An algebraic group over a field k is an affine group scheme
(G, ) of finite type over k. A morphism ¢ : (H,un) — (G, ng) of k-schemes
is a morphism of algebraic groups if it is a morphism of group schemes. An
algebraic group is connected if it is connected as a scheme.

Remark 2.6. Let (71: G — Spec (k) , 1) be an algebraic group over a field k. Let
A =T(G,Og). The multiplication morphism p, the identity morphism e and the
inverse morphism t induce the co-multiplication morphism p* : A - A®grA, the
co-identity morphism e* : A — R and the co-inverse morphism t* : A — A of k-
algebras. In particular, the commutative diagrams defining the group structure
of (G, ) translate to the following commutative diagrams of k-algebras:

A® AR AL A g A AT A o A AL Ao A
H*®idAT Tu* (idA)'(’?T*Oe*]T ida Tp* ldAT \ T
A A " A A A A Ao A < A



In fact, any morphisms p*, e*, and * of k-algebras making the above three
diagrams commute induce the group structure on 7w: G — Spec (k).

Definition 2.7. A Hopf algebra over a field k is a k-algebra A together with
a morphism p* : A — A ® A such that the following diagrams of k-algebras
commute:

A @A @ AL A g A AT o A A L) A A
woidn | T )-(n*oeﬂ N I (L*)~(id/\ﬂ W I
ASKA A ASKA A Aok A <A
Co-associativity Law of co-identity Law of co-inverse

For Hopf algebras (A, wh ) and (B, uj) over k, a morphism of Hopf algebras is a
morphism ¢ : A — B of k-algebras such that the following diagram of k-algebras

commutes:

A—2 B

o ]s

A®AW B ® B.

Example 2.8. Let k be a field.

e The multiplicative group over k is G, = Spec (k[t]ly) with the multipli-
cation morphism pu : G, X G, — G, sending (a,b) — ab. The co-
multiplication morphism p* : k[tly — k[t]l ® k[t'];s sends t — t® t'.
Gm can also be thought of functorially. For any k-scheme X, hg, (X) =
I'X,0x)* and the multiplication morphism T'(X,Ox)* x I'(X,0x)* —
I'(X, O0x)* sends (r,s) + Ts.

e The additive group over k is G, = Spec (k[t]) with the multiplication
morphism pu: Gy xG, — G sending (a,b) — a+b. The co-multiplication
morphism is p* : k[t] — k[t] @ k[t'] sends t = t®1+1® 1. G4 can
also be thought of functorially. For any k-scheme X, hg, (X) = I'(X, Ox)
and the multiplication morphism T'(X, Ox) x I'(X, Ox) — T'(X, Ox) sends
(rys) — 1 +s.

e The general linear group is GL,, = Spec (k[xij]det(xi].)) with the multipli-
cation morphism p : GL, x GL, — GL,, sending (A,B) — AB. The co-
multiplication morphism p* : k[xijlaet(xi;) — KXijlaet(xi;) @ k[x{j]det(x{j]
sends Xij — ), Xik ®x{q.. GL, can also be thought of functorially. For any
k-scheme X, GLn(X) = T'(X, Ox)[Xijlet(x;;) and the multiplication mor-
phism T(X, Ox)[Xijldet(xi;) X TX, Ox)Xijlder(xi;) — T Ox)Xijlaet(xi;)
sends (R,S) — RS.

Remark 2.9. In Definition 2.5 of algebraic groups, they are assumed to be
affine. Hence, an algebraic group is separated as a scheme.



Proposition 2.10. Every algebraic group is smooth.
Proof. See [Mill7, Theorem 3.23]. Note that char(k) = 0. O

Remark 2.11. If char(k) > 0, then an algebraic group is not necessarily
smooth, e.g., G = Spec (k[x]/(xP)) for char(k) = p.

2.2 Group Actions and Representations

Definition 2.12. Let (t: G — Spec (k) , 1) be an algebraic group over a field k
and e : Spec (k) — G be the identity morphism. An action of G on a k-scheme
p : X = Spec (k) is a morphism o : G xx X — X of k-schemes such that the
following diagrams commute:

idg Xo

G x G xp X 9628 6wy X XEPIIG X

uxidel ) la \ l

Gx X ——— X

Compatibility Law of identity

For any g € G, x € X, we often write g - x (or even gx) to denote o(g,x).

The morphism o is often called the action morphism. The action is trivial if o
is simply the projection onto X.

Suppose G acts on k-schems X and Y via the action morphisms ox and oy
respectively. A morphism f : X — Y of k-schemes is G-equivalent if the following
diagram commutes:

G xp X -5 X

idg x fl lf

GxxY —5Y
In addition, if G acts trivially on Y, then f is G-invariant.
Example 2.13. Let (G, 1) be an algebraic group over a field k.
e G acts on itself by multiplication, i.e., i is the action morphism.

e G acts on itself by conjugation. Precisely, 0: G x G — G sends (g,x) —
—1
gxg .

Remark 2.14. Let 0: G x X — X be a group action on algebraic group G on
a scheme X. A homomorphism A : H — G of algebraic groups induces a group
action of H on X. Explicitly, the action morphism H x X — X is

Hx X 29 5w x & X,

Example 2.15. Let (H, uy) C (G, ug) be a subgroup of an algebraic group G.
From Example and Remark [2.14] there are group actions of H on G.



(a) For any h € Hand g € G, h- g = hg. The action morphism of this action
is .
Hx G298, 6 x g 2% G,

where i : H < G is an inclusion and pug : G X G — G is the multiplication
morphism.

(b) Foranyh€ Hand g€ G, h-g="hgh™'.

Remark 2.16. Let G be an algebraic group over a field k and X be a k-scheme.
A similar statement to Remark can also be made about group actions. To
define an action of G on X, it is equivalent to define an action of the functor
hg on the functor hx. By Yoneda lemma, there is a one-to-one correspondence
between morphisms o : G Xy X — X of k-schemes and morphisms hgx,x — hx
of functors. By universal property of the fiber product, the functor hgx, x is
canonically isomorphic to the functor hg x hx. Lastly, the commutativity of
the two diagrams in Definition defining the action of G on X make the
morphism hg X hx — hx of functors an action morphism associated to an
action of hg on hx. Hence, there is a natural bijection from the set of actions
of G on X to the set of actions of the functor hg on the functor hx:

{actions of G on X} = {actions of the functor hg on the functor hx}

Remark 2.17. Let k be a field. Suppose an algebraic group (G = Spec (A), 1)
acts on an affine scheme X = Spec (R). The action morphism o induces the co-
action morphism p : R — R® A of k-algebras. In particular, the commutative
diagrams defining the action of G on X translate to the following commutative
diagrams of k-algebras:

o@ida idr®(p*oe™)

RO ARk A ¢—— Rk A R+—R®A
seo] N
ROKA «—F— R R

Compatibility Law of identity

where e* : A — k is the co-identity morphism and p* : k — R is the structure
morphism. In fact, any morphisms p : R = R ® A of k-algebras making the
above diagrams commute induces a group action of G on X.

Example 2.18 (The standard action of G, on A'). Consider a morphism
p : k[x] — klx] ® k[tly sending x — x ® t. This is a co-action map of the
action of Gy, = Spec (k[t]y) on A" = Spec (k[x]). We say that G,, acts on A! by
multiplication.

Remark 2.19. A G,;-action on an affine k-scheme X gives a Z-grading on
O(X). Let Gy, act on X = Spec(A) with the coaction morphism p : A —
A @r O(Gp) = A ®K[tly. Consider A; := {a€A:pla)=a®t'} forie Z
This gives a morphism A; — A of vector spaces over k. Hence, there is an



induced morphism ¢ : ®i€Z A; — A of vector spaces over k. As NiczA; =0,
¢ is injective. The surjectivity of ¢ can be shown in two steps. Firstly, for
ac A, we can write p(a) = ) ;. ai ®t! (finite sum). By Law of identity of the
Gm-action, we can show that a = } ;. a;. Secondly, we show that a; € A;.
This follows immediately from the compatibility of the G,,-action. Therefore,
A = @, A; as vector spaces over k, where Aj := {a ceA:pla)=a® ti}.

Definition 2.20. Let G and H be algebraic groups over a field k such that G
acts on H by the action morphism o : G x H — H. The semi-direct product of G
and H defined by o is the functor G x4 H : (Sch/k)°” — Grps sending Spec (R)
to the semi-direct product G(R) %, H(R) as abstract groups.

Remark 2.21. The semi-direct product of abstract groups has a natural group
structure. Thus, the functor G Xs H defined in [2:20] is a group functor. In
particular, as G and H are affine schemes, the underlying scheme G x4 H is also
affine. Hence, G X, H is an algebraic group.

Remark 2.22. Suppose that an algebraic group R acts on an algebraic group U
and o: R x U — U is the action morphism. Let G := U x4 R be the semi-direct
product. Consider the action of R on G by conjugation. Namely, for s € R and
(w,1) €G,
S (LL, T’) = “ ) S)(u) T)“) 3)7] = (O'(S,'LL), Srsil )
If r =1, then
S (LL, ]) = (G(S)u)a 1)

This means that the data of the group action o : R x U — U is the same as that
of the conjugation action of R on G restricted to U.

Definition 2.23. Let k be a field and V be a vector space over k. The functor
GLv : (Sch/k)°® — Grps is defined as

X'-)Autr(x‘ox) V®R F(X)OX))'

—linear (

Remark 2.24. Let k be a field and V be a finite-dimensional vector space over
k. The functor GLy is isomorphic to GLy, where n = dim V. (Note that GL,
is thought as the functor represented by Spec (k[xij]det(x.lj)).) To see this, let
(ei) be a basis for V. We consider a morphism ® : GL,, — GLy as follows: for
any k-scheme X,

Dx : GLa(X) = GLy(X) (= (e @1 ) ¢ @ f*(x51))).
j

We will see that this morphism is an isomorphism. First, we note that
GLy(X) :=Aut (V®T(X,0x)) CEnd (V& T(X,0x))

which is the set of I'(X, Ox)-linear endomorphisms of V ® I'(X, Ox). Such en-
domorphism is determined by the image of e; ® 1 for i = 1,...,n. Also note
that a morphism f € GLy(X) := Homy (X, Spec (k[Xijlaet(x,;))) i in one-to-one

10



correspondence with a morphism f* : kK[Xijlqet(x;;) — T(X,Ox) of k-algebras.
Thus, det(f*(xy)) = f*(det(xy;)) € T(X,0x)*. Hence, the image of f via
Ox is an automorphism of V ® I'(X,0x). In fact, ®x is injective because
@X(f]) = q)x(fz) if and only if fT(Xij) = f}(xij) for all i,j = ], ceay M which is
true if and only if f; = f,. Lastly, ®x is surjective. Indeed, any automorphism
of VRT' (X, Ox) sending e; +— Zj ej ®ayi is the image under @x of the morphism
£ klxijlaes (xi;) — T(X, Ox) sending xij — aij. Thus, @ is an isomorphism of
functors.

It is also worth to note that if V is finite-dimensional, the isomorphism
@ : GL,, — GLy of functors also preserves the algebraic group structure. In
particular, GLy is an algebraic group.

Definition 2.25. Let (G, u) be an algebraic group over a field k. A repre-
sentation (V,r) of G is a vector space V over k together with a morphism
T:hg — GLy of group functors.

We say that a subspace W C V is stable under G if rx(g)(W @ I'(X, Ox)) C
W ® T'(X,0x) for every k-scheme X and g € hg(X). Thus, r induces a group
homomorphism 1|y : hg — GLw of functors. In particular, (W,rlyw) is a
representation of G. We then say that W is a subrepresentation of (V,r).

Example 2.26. Let k be a field and V be a vector space over k. Write G, =
Spec (k[t]y). Consider a k[t]{-linear automorphism of V ® k[t]; sending v® 1 —
v ® t. By Yoneda Lemma, this gives a morphism r : G, — GLy of group
functors. Hence, (V,1) is a representation of G.

Example 2.27. Let (G = Spec(A), ) be an algebraic group over a field k.
Considering A as a k-vector space, a morphism ¢ : A @ A — A ®y¢ A sending
a®b — bu*(a) is an A-linear automorphism of A ® A. In particular, ¢ €
GLA(G). By Yoneda lemma, let v : hg — GLa be a morphism of functors
corresponding to ¢. As p* is the co-multiplication morphism, r is a group
homomorphism. In fact, (A,r) is a representation of G. This representation
(A, 1) is called the regular representation.

Definition 2.28. Let k be a field and V be a vector space over k. We define
the functor Vg : (Sch/k)°? — Sets as

X = Ve (X, 0x)

Remark 2.29. Let (G, u) be an algebraic group over a field k. For a vector
space over k, there is a bijection between representations (V,r) of G and actions
of the functor hg on the functor V4. Suppose (V,r) is a representation of
G. For a k-scheme X, we have a morphism hg(X) x Vq(X) — Vo (X) sending
(g,v) = rx(g)(v) for g € hg(X) and v € V4(X). This gives an action of hg on
V.

On the other hand, let 0 : hg X Vo — V be an action morphism of functors.
We define a morphism r: hg — GLy of functors as follows: for any k-scheme
X, the morphism rx : hg(X) — GLy(X) sends

g— (v—ol(g,v))

11



As o0 is an action morphism, one can check that r is a group homomorphism.
Thus, there is a bijection between representations (V,r) of G and actions of the
functor hg on the functor Vg:

{representations (V,r) of G} — {actions of the functor hg on the functor Vq}

Definition 2.30. Let (V,r) be a representation of an algebraic group G. For
an algebraic subgroup H of G, we define the subspace fized by H, denoted VH,
tobe{veV:h-v=vfor heH}

Remark 2.31. Let G be an algebraic group over k and N be its normal sub-
group, i.e., hn(X) is a normal subgroup of hg(X) for every k-scheme X. For
any representation (V1) of G, the subspace VN is stable under G. To see this,
consider a k-scheme X, a vector v € VN @y I'(X,0x), and g € hg(X). For any
h € hn(X), we know that

g 'hg € hn(X).

Hence,
(g"'hg)-v=v = h-(g-v)=(g-V).
Therefore, g-v € VN @ T(X, Ox).
Remark 2.32. Let k be a field and V be a finite-dimensional vector space
over k. The functor V, is representable by the k-scheme Spec (Symi (Vv)).

From Remark and we can conclude that there is a bijection between
representations (V,r) of G and actions of G on Spec (Sym’{( (Vv)):

{representations (V,r) of G} — {actions of G on Spec (Symi (VV))}

Definition 2.33. Let (G = Spec (A), i) be an algebraic group over a field k. An
A-comodule (V, p) is a k-vector space V together with a morphism p: V — V®A
of k-vector spaces such that the following diagrams of k-vector spaces commute:

p@ida idv@e’
VorAr A +—— VR A V— VA
idR®u*T TP \ TP )
idy
VerA — Vv \%

where e* : A — k is the co-identity morphism.
The morphism p is often called the co-action morphism.
A subspace W C V is an A-subcomodule of V if p(W) C W @y A.

Remark 2.34. Let k be a field and V be a vector space over k. For an algebraic
group (G = Spec (A), u), there is a ono-to-one correspondence between repre-
sentations (V,r) and A-comodules (V, p). Suppose r: G — GLy is a morphism
of functors. By Yoneda lemma, let ¢ € GLy(G) be an element corresponding
to . Since GLv(G) = Aut s _jjpear (V ® A), the morphism ¢ is an A-linear au-
tomorphism of V® A. In particular, ¢ is uniquely determined by its restriction

12



to a k-linear morphism p : V — V ® A which sends v — &(v® 1). Reality check
shows that r is a group homomorphism if and only if p makes the diagrams
in Definition commute (See [Mill7, Chapter 4a].) Therefore, there is a
bijection between representations (V1) of G and A-comdules (V, p):

{representations (V,t) of G} — {A-comodules(V, p)}

Example 2.35. Let (G = Spec(A), ) be an algebraic group over a field k.
The regular representation (Example [2.27)) corresponds in the sense of Remark
to the A-comodule (A, u*).

Proposition 2.36. Let (V,r) be a representation of an algebraic group (G =
Spec (A), 1) over a field k. Suppose p : V — V @ A be the corresponding co-
action morphism. A subspace W C 'V is an A-subcomodule if and only if W is
stable under G.

Proof. Let W be a subspace of V.
(=) Assume that W is an A-subcomodule of V. Hence, we have the commutative
diagram of k-vector spaces:

V—L5 VerA

J J

This implies that the following diagram of A-modules commute:

Var A W) vg A

J J

WA — WRKA

e (ide)j(weya)

In particular, for any k-scheme X, g € hg(X), we have the following commuta-
tive diagram:

T (idg)

V®rA VoA
id‘V T /
idv®g
V @y T(X, 0x) J ™) Vg F(X, 0x)
W ®x A T Wk A
idwy c(idg) (w®k/\)J
1dw®g
W @y I'(X, Ox) W @y I'(X, Ox)

x (9w rix,0x))
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Hence, W is stable under G.
(&) Assume that W is stable under G. This implies that for any k-scheme X
and g € hg(X), the following diagram of T'(X, Ox)-modules commutes:

Ve T(X,0x) 2X9% Vo T(X, 0x)

J J

W ®x F(X, Ox) — W Ry F(X, Ox)

™x(9) | (wer(x,0x))

By letting X = G and g = idg, we obtain the commutative diagram of A-

modules
rg(idg)

VorA —= VKA

J J

WA — WRA

TG (idg )|(W®kA)
This means that p(W) C W ® A. Hence, W is an A-subcomodule. O

Proposition 2.37. Let (G = Spec(A), 1) be an algebraic group over a field k.
Every A-comodule (V,p) is a union of its finite-dimensional A-subcomodules.

Proof. Tt suffices to show that for v € V, vis in a finite-dimensional A-subcomodule.
Let {ei};c; be a basis for A as a k-vector space. Write

p(v) = Z\’i @ e

for some v; € V. Note that the sum is finite. Write pu*(e;) = ijk aijx(e; @ ex)
for some ajjx € k. Since (V,;p) is an A-comodule, there is a commutative
diagram

V®kA®kA<%v®kA

idR®H*T Tp

V@A sV

14



Thus,

D pvi) ®ex = (p@ida) Zw@ ex)
k

= (p®ida)(
= (idy ® u*)

p
= (idy ® p* <Z Vi ® el>

1

_E Vi ® E al]ke]®ek
i j,k

= Z ayjk(vi ®e; ® ex)
i,j,k

= Z Z ai,jkVi ® € | ® ex.
k i,
Comparing coefficients of 1 ® 1 ® ey, we have
k) = Z agjk(vi ® ej)
i?j

Let W be a subspace spanned by v and vi.. Hence, p(W) C W®A. In particular,
W is an A-subcomodule containing v. O

p(V))
(

(v)) (commutativity of the diagram)

Corollary 2.38. Let (G = Spec (A),u) be an algebraic group over a field k.
Every representation of G is a union of its finite-dimensional subrepresentations.

Proof. Let (V,1) be a representation of G and p: V — V® A be the correspond-
ing co-action morphism. By Proposition V is a union of finite-dimensional
A-subcomodules. By Proposition V is a union of finite-dimensional sub-
representations. ]

Proposition 2.39. FEvery algebraic group is isomorphic to a closed algebraic
subgroup of GL,, for some n.

Proof. Let (G = Spec (A), ) be an algebraic group over a field k. Consider
the regular representation (Example [2.27). Since A is finitely generated as k-
algebras, there is a finite set of generators for A. By Proposition there
is a finite-dimensional A-subcomodule V containing the generators of A. Let
(ei) be a basis of V as a vector space over k. By Remark there is a
group homomorphism GLy = GL;. Thus, there exists a group homomorphism
r: hg —» GLy = GL, of functors where hg — GLy corresponds to the
comodule (V,pu*). Write p*( Z e; ® a;i for aj; € A. By Yoneda Lemma,
r:hg — GL, corresponds to a morphlsm f:G — Spec( (Xij)det (i) ) of
algebraic groups such that f*(xi;) = ayj. To show that G is isomorphic to a
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closed algebraic subgroup of GL;,, it suffices to show that f* is surjective. Indeed,
let e* : A — k be the co-identiy morphism of G. As p* is a co-multiplication
morphism, we have

ei = ((e*®ida) o n*)(ey) = (e* ®ida) Zej ®aj | = Ze*(ej)aﬁ.
j j

This means that V is contained in the image of f* and so is A. In particular, f*
is a surjective morphism of k-algebras and G is isomorphic to a closed algebraic
subgroup of GL;. O

Corollary 2.40. Let G be an algebraic group. There exists a faithful finite-
dimensional representation (V,r) of G.

Proof. By Proposition G is isomorphic to a closed algebraic subgroup of
GL,. Let r: G — GL,, be the isomorphism and V be the vector space generated
by vectors v; € k™, where vi = [0---1---0]T (1 in the i"-entry.) Hence, (V1)
is a faithful finite-dimensional representation. O

Definition 2.41. A representation (V, 1) of an algebraic group G is called simple
if only subrepersentations of V are 0 and itself.

Proposition 2.42. Let (V,r) be a representation of an algebraic group G. If
V =3, Vi, where each Vi is a simple subrepresentation, then the sum is direct,

i.e,
V=P

Proof. Assume that V = Y . Vi, where each V; is a simple subrepresentation.
Let Vi and V;j be any simple subrepresentations. If there exists nonzero v €
Vi N'Vj, then Gv is a nonzero subrepresentation of both Vi and Vj. Since V;
and Vj are simple, V; = Vj. Thus, ViN'V; =0 or Vi =V;. In particular,

V=PV

O

Remark 2.43. Every one-dimensional representation of an algebraic group is
simple.
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3 Gp-actions and One-parameter Subgroups

3.1 The Multiplicative Group G,,

Let k be an algebraically closed field of characteristic 0. Recall that the
multiplicative group, (Gm, ), is Spec (k[t]¢) with the multiplication morphism
w:Gm X G, — Gy sending (a,b) — ab for a,b € G (k). If (k[t]l¢, m) is the
corresponding Hopf algebra, then m : k[t]y — k[t]; ® k[s]s sends t — t® s.

For an integer n € Z, there is a group homomorphism ¢ : G, — Gy, sending
a+— a™ for a € G (k). In fact, every group endomorphism of G,, arises from
some integer.

Proposition 3.1. If ¢ : G, — Gy, is a group homomorphism, then there exists
an integer n € Z such that (a) = a™ for every a € G (k).

Proof. Let (k[t]y, m) be the corresponding Hopf algebra of G,,. Hence, there is
a commutative diagram of k-algebras

Kty — s Kt

[ [

klt]e @ kls]s —— klt]e @ kls]s

¢ RP"
If *(t) = X iz ait' (finite sum) for a; € k, then the above diagram implies
that _ _ _ _
Z aiqj(t' ®s)) = Z a?(t' @ st).
i,j€Z ,jez
Hence,

a?=a; and ajaj =0 fori#j.

As ¢*(t) must be a unit, there exists an integer n such that a, # 0. In
particular, a, = 1 and aj = 0 for j # n. This shows that ¢*(t) = t™. Hence,
d(a) = a™ for every a € Gy, (k). O

For any integer n € Z, we let ¢, : G;,, = Gy, be a group homomorphism
such that ¢(a) = a™ for a € G (k). If ny,ny € Z, then we see that the
group homomorphism ¢n,4n, : Gm — G is the same as the composition
o (Pn,yPn,), i-e., there is a commutative diagram of algebraic groups

Thus, there is a natural group structure on Hom, (G, Gm). Explicitly, for
¢, € Homy (G, Gy), the group operation of Hom, (G, Gm) is defined as
¢ P = po(p,P). This suggests that Hom, (G, Gy ) is isomorphic to (Z,+)
as groups.
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Proposition 3.2. Hom, (G, Gm) is isomorphic to (Z,+) as groups.

Proof. For any integer n € Z, let ¢y, : Gy — Gy, be a group homomorphism
sending a — a™ for a € Gy, (k). Consider a morphism @ : Z — Hom, (G, Gm)
sending n — ¢,. Reality check shows that @ is a group homomorphism. The
surjectivity of @ follows from Proposition To see the injectivity of @,
suppose ¢n, = ¢n, for some integers ni,n,. This means a™ ™2 =1 for all
a € Gy (k). Thus, n; =ny. In particular, ® is a group isomorphism. O

The identity element of Hom, (G, Gm) is the trivial morphism, ¢o. The
inverse element of ¢, is ¢_,.

Definition 3.3. Let (V,1) be a representation of G, and p:V — V ® k[t]; be
the corresponding coaction morphism. For i € Z,

Vii={veV:plv)=vat)

It is easy to see that V; is a subspace of V. Indeed, for viw € V; and a € k,
we have

pv+w)=pW) +pw) =veat +wat = (v+w) @t

and . .
plav) = ap(v) =alvat) =av®t'.

Lastly, 0 € V;. Thus, V; is a subspace of V.

Proposition 3.4. Let (V,1) be a representation of Gy, and p: V — V ® k[t];
be the corresponding coaction morphism. Then,

V=PV

iez
Proof. Let v € V. Write p(v) = Y ; vi ® t'. As (V,p) is a k[t];-module, we have
(idv ® AJop = (p®ido(s,))op and idy =(idv ®e€)op,

where § is the co-multiplication morphism and € is the co-identity morphism.
The first equation implies that

Zvi @ttt = Z p(vi) ® tt.
Hence, p(vi) =v; ® t' and so v; € V;i. The other equation implies that
v=(idy ® €) (Zvi ®ti> = Zvi.
i i

Thus, V =}, Vi. To see that the sum is direct, let w € Vi N'Vj, where i and j
are different integers. Hence,

watl=pw) =wat.
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This is not true unless w = 0. Thus,

vV=_FPv.
i

3.2 G,,-actions

Definition 3.5. Let X be a scheme of finite type over k equipped with an
action of G;, defined by an action morphism o : G;, x X — X. Define functors
X9, XE 1 (Sch/k)P — Sets:

X% = Homgm (Spec (k) , X)
Xt = Hom™ (A1, X)

Note that Gy, acts on A! by multiplication (weight 1.) If there is no confusion
on the G, -action of X, we write X° and X* instead.

Remark 3.6. Let X be a separated k-scheme of finite type equipped with a G-
action 0 : G, x X — X. Consider the G -action on A' \ 0 by left multiplication,
ie., t-a=ta, where t € Gn(k) and a € A’ \ 0.

For any point x € X(k), there is a unique Gy,-equivalent morphism f, :
AT\ 0 — X, where 1+ x. We say that lim_,ot-x (or limy_, o(t,x)) exists if
the morphism fy can be extended to a G -equivalent morphism f: Al — X, i.e,
the following diagram of k-schemes commutes:

Al -3 X
(e
AT\ 0

Since X is separated, the extended morphism is unique if exists.

Consider another G,-action on X where t - x := o(t~',x) for t € G,,, and
x € X. Let 1: Gy, x X = X be the corresponding action morphism. We say
that limy 00 t-x (or limy_,00 0(t, %)) exists if lim_,o T(t, x) exists. We will also
define the functor X := X.

Definition 3.7. An action of a group scheme G on a scheme X over a field k
is locally affine if X admits a covering by G-invariant open affine subschemes.

Remark 3.8. Not every group action is locally affine. Consider P! with a non-
trivial action of Gy,. Let Y be the nodal cubic, i.e., the scheme obtained by gluing
the origin and the point at infinity of P! together. Any open neighborhood U
of the glued point contains a nonzero point. Hence, for U to be G,-invariant, it
must contain the whole scheme Y. However, Y is not affine. Thus, this G,,-action
on Y is not locally affine. By Sumihiro’s theorem [Sum74], every normal scheme
of finite type equipped with an action of G;;, admits a covering by G,-invariant
open affine subschemes.

19



Remark 3.9. Recall that X = Hom, (Spec (k), X) as functors. Hence, there is
a morphism of functors X° — X, where the action of G, is forgotten.

Remark 3.10. Consider the morphism of schemes Spec (k) — Spec (k[x]) = A,
where x — 1 on the algebras. Precomposing any G,-morphism from A' to X
with this morphism gives a morphism of functors i; : X* — X.

Remark 3.11. Consider that the morphism of schemes Spec (k) — Spec (k[x]) =
A', where x — 0 on the algebras. This morphism is G,-equivalent. In particu-
lar, (pre)composing any G,,-morphism from A! to X with this morphism gives
a morphism of functors i : X+ — X°.

Example 3.12. Consider X = A! equipped with the standard action of G,.
Then, X° = Spec (k) and X* = A'. The morphism X° — X is the inclusion
of the origin. The morphism i; : X* — X is the identity and iy : XT — XO is
trivial.

Example 3.13. Consider X = A? equipped with the action of G, defined by
t-(x,y) = (tx,t7"y). Then, X° = Spec (k) and X* = A! (the x-axis). The
morphism X® — X is the inclusion of the origin. The morphism i; : Xt — X is
the inclusion of the x-axis and iy : Xt — X© is trivial.

Example 3.14. Consider X = P! equipped with the action of G, defined by
t-[x:y] = [tx : y]l. Then, X® = Spec (k) U Spec (k) and X* = A! U Spec (k).
The morphism X° — X is the inclusion of the origin and the point at infinity.
The morphism i; : X* — X is the inclusion of A! into P! and Spec (k) to the
point at infinity. The morphism 1o : X* — X° is trivial on each component.

We now show that the functors X® and X* are represented by schemes.

Proposition 3.15. Let X be an affine scheme of finite type over k equipped
with an action of Gy. Then, the functor X° is represented by an affine scheme.
In particular, if X = Spec(A) and p : A — A ® O(G) = A ® klt]y is the

coaction morphism, then X° is represented by Spec (A/(Z#o Ai)) , where Ay =
{acA:pla) =aat}.

Proof. Let X = Spec (A) be an affine scheme of finite type over k equipped with
an action of Gy, and p: A - A®O(Gn) = AQK[tl; be the coaction morphism.

For a k-algebra R, let idg ® 1: R — R ® k[t]; be the coaction morphism of G,
corresponding to the trivial action on Spec (R). We have

X°(Spec (R)) = HomE“‘ (Spec (R), Spec (A))

A—® R

= ¢ : A — R k-algebra map lp lidk®1

A @ k[tl, 229 R @K,
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Next, we show that

A—® R

¢ : A — R k-algebra map lp lﬁdk®1 = Hom, A/(Z Ai),R

A @kt 224 Re Kt 70

Indeed, given ¢ : A — R such that the diagram commutes and a € A;, we have

dla) @t =dla@t) = d(pla)) = (idr @ 1)(b(a)) = dp(a) @ 1.

Thus, either i = 0 or ¢(a) = 0. In particular, ¢ factors as A — A/(Zi?éo Ai) —
R. For the same reason, any morphism A/(} ; 7,éo) — R obtained by precompos-
ing with the quotient A — A/(Z#o A;) makes the diagram commute. Then,

X°(Spec (R)) = Homy, | A/(D_Ai),R | =Hom, | Spec(R),Spec | A/(D Aj)
i#£0 1£0

For any k-scheme T of finite type, we can write T = colim;Spec (R;). In partic-
ular,

XO(T) = Homg“‘ (colim;Spec (Rj), Spec (A))
= lim Homg‘“ (Spec (R;), Spec (A))
j

= lim Hom, A/(Z Ai), R;
) 1£0

= Hom, | A/(D_Ad), ulm R;
1£0

= Hom, A/(Z A, T(T,071)
i£0

= Hom, | T, Spec A/(Z Ai)
i£0

Thus, X° is represented by an affine scheme Spec (A/(Z#o Ai)). O

We extend this result to a more general case, i.e. when X is any finite type
scheme over k. To do so, we need the following lemma.

Lemma 3.16. Let X be a scheme of finite type over k equipped with an action
of G If U is a Gy -invariant open subscheme of X, then U° = X® xx U as the
fiber product of functors. In particular, the projection U® — XO realizes U° as
an open subfuctor of X°.
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Proof. Let R be a k-algebra. We have

G- hi
SpeC (R) f ( morphism) X

X°(R) xx(r) UR) = < (f,g) 9 /
\u

= Hom{™ (Spec (R),U)
= U°(R).

Next, we show that U° is an open subfunctor of X°. Let Spec (T) be an affine
scheme and Spec (T) — X° be a morphism of functors. Hence, we have the
following diagram of functors.

! |

Spec (T) X°

Spec (T) xxo U® —— U° —— U
X

Since the second square is a cartesian diagram of functors, Spec (T) xyo U° =
Spec (T) xx U. Moreover, Spec (T),X and U are representable by schemes and
so is Spec (T) xx U. Lastly, Spec(T) xx U — Spec(T) is an open embedding
because U — X is. O

We now prove that the functor X° is represented by a scheme.

Proposition 3.17. Let X be a scheme of finite type over k equipped with a
locally affine action of Gm. Then, the functor X° is represented by a closed
subscheme of X.

Proof. Let {U;} be a Gy, -invariant open affine covering of X. By Lemma [3.16}

we have the following cartesian diagram of functors

U?%Ui

X0 —— X
By Proposition U? is represented by a closed subscheme of U;. Thus, X°
admits a representable open covering of functors. Hence, X° is representable

by a scheme. In particular, each U? is a closed subscheme of U and so X° is a
closed subscheme of X. O

A similar conclusion is true for the functor X*. We begin with the affine
case.
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Proposition 3.18. Let X be an affine scheme of finite type over k equipped
with an action of Gn,. Then, the functor X' is represented by an affine scheme.
In particular, if X = Spec(A) and p : A - A® O(Gy,) = A ® klt]y is the
coaction morphism, then X* is represented by Spec (A/ > ), where Ay =
{aeA:pla) =awt'}.

1<O

Proof. Let X = Spec (A) be an affine scheme of finite type over k equipped with
an action of Gy, and p: A - A®O(Gn) = ARK[tl; be the coaction morphism.
For a k-algebra R, let idg ® t : R[x] — R[x] ® k[t]; (x — x ® t) be the coaction
morphism of G, corresponding to the standard action on Spec (R[x]). We have

X*(R) = Hom§™ (Spec(R[x]),Spec(A))
A—2 R
= ¢ : A — R[x] k-algebra map Jp lidR@)t
A @ kit 225 RO @ kit
Next, we show that
A—2 RN
¢ : A — R[x] k-algebra map J{p J{idR@)t = Hom,, (A/(Z Ay), R)
d®id i<0

A @ kltly —— R[x] ® kltl¢

as sets. Given ¢ : A — R[x ] such that the diagram commutes, consider a € Aj
and write ¢(a) = Z)>o 1;%). The commutativity of the diagram implies that

Y pdet=) mpdet.

j20 j=0

If i < 0, then ¢p(a) = 0. Otherwise, ¢p(a) = rx for some r 6 R. Hence, ¢ factors
as A = A/(3__oAi) = R[x]. By composing A/( Z‘L<O ) — R[x] With R[x] —
R sending x — 1, we have a morphism of k-algebras ¢ : A/ 2 ic0Ai) =R

On the other hand, given a morphism of k-algebras 1 : A/ (Zl -0Ai) =R,
we define { : A — R[x] by sending a € A; to ( a+) ;_oAi)x". This morphism
is a well-defined morphism of k-algebras. In particular, 1|) is compatible with
the coaction of G,

Reality check shows that the operations = and - are the inverses of each
other. Thus,

X" (R) = Hom,, (A/(Z Ai),R> = Hom,, (Spec (R), Spec (A/(Z Ai)>> .

i<0 i<0
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For any k-scheme T of finite type, we can write T = colim;Spec (R;). In partic-
ular,
X*(T) = Hom®™ (A1 x colim;jSpec (R;) , Spec (A))
= Homg"‘ (colimj (A1 X Spec (R]-)) , Spec (/—\))
= lim Hom_™ (Spec (R;[x]) , Spec (A))
j

= h)m Homk (A/(Z Ai), Rj)

i<0

= Homy, (A/(Z Ai), lijm Rj>

i<o

= Homy, <A/(Z A, (T, OT))

i<0

= Hom,, <T, Spec (A/(Z /-\i))) .

i<0
Thus, X* is represented by an affine scheme Spec (A/(Zi<0 Ai)). O

Remark 3.19. Under the same assumption as in Proposition [3.18] X~ is rep-
resented by Spec (A/(Zi>o Ai)). (The proof is essentially the same as that in

Proposition )

Example 3.20. Consider X = Spec (A), where A = Kk[x1,...,xn]. Let Gy, =
Spec (k[t]y) act on X by a weight w = (wq,...,w,) € Z"™ that is p(xi) =
tWt @ xq, where p : A — A ® kl[t]; is the coaction morphism. Hence, X* =
Spec (A/(Zi<0 Ai))7 where A; = {a cA:pla)=t'® a}. We then see that
Xt =Xifand onlyif }_; _,A; =0. Note that 3, _,A; = 0ifand only if w; >0

for every i. Indeed, if w; > 0 for every i, then for any monomial x7" - - - x5,

p(x‘]xl . XS“L“) = X?ﬂ .. .Xg“ X tZ?:1 ‘xiwi)
Then, x§' - x%» € Ag for s = Y ' ; ayw; > 0. In particular, A; = 0 for all

i < 0. On the other hand, if } ;_;A; =0, then Ay = 0 for every i < 0. Since
p(xi) =t"t ®x; € Aw,, Wi > 0 for every i.

Similar to X°, we extend this result to a more general case by using the
following lemma.

Lemma 3.21. Let X be a scheme of finite type over k equipped with an action
of Gm. If U is a G -invariant open subscheme of X, then UT = XT xxo U° as
the cartesian product of functors;

ut —— u°

L

X+ to X0

24



In particular, the projection UT — XT realizes UT as an open subfunctor of
Xt.

Proof. Consider the following diagram of functors:

L

X+ to X0

Xt xxo U0 —— U® —— U
X

By Lemma the second square is a cartesian diagram. Hence, X xyo U° =
X xx U and so Xt xx U will be computed instead. Let R be a k-algebra. We
have

Spec (R) 9 u
X*(R) xxq UR) =3 (F9) | Jxco |
SpeC (R[X]) f (Gm-morphism) X

For any (f,g) € XT(R) xx(r) U(R), since U is Gy-invariant and f is a G-
morphism, f~'(U) is a Gy-invariant open subscheme of Ak. The commutativ-
ity of the diagram implies that f~'(U) must contain the origin of Ay. Hence,
f~1(U) = A}, and so f factors through U. Thus, f € U*(R) and g = flx—o.
Hence, the map ¢ : X" (R) xxr) W(R) — U*(R) defined by (f,g) — f is
well-defined. In particular, if (f',g’), (f,g) € X*(R) xx(r) U(R) are such that
o(f,g) = d(f',g’), then f = f/ and g = flx=o = f'lx=0 = g’. Thus, ¢ is
injective.

On the other hand, if f € U*(R), then (Spec (RX]) = U — X, flx_o) €
X*(R) xx(r) W(R) is mapped to f as shown in the following diagram

Spec (R) flemo u
o |
Spec (R[x]) X

Thus, ¢ is also surjective and hence bijective.

Next, we show that U" is an open subfunctor of X*. Let Spec (T) be an affine
scheme and Spec (T) — Xt be a morphism of functors. Hence, we have the
following diagram of functors.

Spec (T) xx+ Ut —— Ut —— U°

l |

Spec (T) Xt —5 X0

Since the second square is a cartesian diagram of functors, Spec (T) xx+ Ut =
Spec (T) xxo U°. Moreover, Spec (T),X® and U° are representable by schemes
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and so is Spec (T) xxo U°. Lastly, Spec(T) xxo U® — Spec(T) is an open
embedding because U — X is. Thus, U™ is an open subfunctor of X™*. O

We now prove that the functor X* is representable by a scheme.

Proposition 3.22. Let X be a scheme of finite type over k equipped with a
locally affine action of Gy,. Then, the functor X* is represented by a scheme.
In particular, io : XT — X is an affine morphism of schemes.

Proof. Let {U;} be a Gy-invariant open affine covering of X. By Lemma [3.21}
we have the following cartesian diagram of functors

ur —— u?
X+ io s XO

By Proposition U;" is represented by an affine scheme. Thus, X* admits a
representable open covering of functors. Hence, X is representable by a scheme.
In particular, ip : X — X is an affine morphism. O
3.3 Biallynicki-Birula Decomposition

The goal of this section is to give a functorial proof to the Biallynicki-Birula
decomposition.

Proposition 3.23 (Bialynicki-Birula). Let X be a scheme of finite type over k
equipped with a locally affine action of Gy. Then, the functors X° and X* are
represented by schemes. Moreover,

(1) X° — X is a closed embedding of schemes.
(2) If X is separated, then i1 : Xt — X is a monomorphism of schemes.
(3) If X is proper, then i1 : X — X is a surjective morphism of schemes.

Write X0 = | |Fi, where each Fy C X is a connected component and Xi =
iy (Fi). Then,

(4) If X is smooth, then X° is smooth and X* — X is an affine fibration.

(5) Assume further with one of the followings:

(a) X is affine,
(b) X is separated and smooth,
(¢) There exists a Gy -morphism locally closed embedding X — P(V).

Then, X; — X is a locally closed embedding.
Remark 3.24. The classical proof of Theorem is given in [BB73].
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Proof of. This is done in Proposition m O

Proof of. Assume that X is separated. To show that i; : XT — X is a
monomorphism of schemes, it is equivalent to showing that the corresponding
morphism of functors X* — X is injective. Let R be a k-algebra and f, g € X (R)
be such that iy (f) = i(g). Then, f(1) = g(1). Let x be the coordinate of Al,.
Since f and g are Gy,-morphisms, flspec(rixl,) = lspec(rRixl,)- Next, we consider
the following cartesian diagram of schemes

V—X

It

f‘
B9 x e X

Ak
Since X is separated, the diagonal morphism 6 : X — X Xy X is a closed embed-
ding. Thus, V is a closed subscheme of A,L, where f and g agree. In particular,
Spec (R[x]x) is an open subscheme of V. Hence, IR[x], = 0, where I C R[x] is the
ideal corresponding to V. Since x is not a zero-divisor, I = 0. Thus, V = A},
and f = g. In particular, X*(R) — X(R) is injective. O

To see that separation hypothesis is necessary, consider the affine line with
double origin. The scheme X* will be the disjoint union of two copies of A" and
the morphism i; : X* — X is collapsing on the nonzero points.

Proof of. Assume that X is proper. Denote the action map of G, on A’
(resp. X) by oa1 (resp. 0x). To show that i; : XT — X is a surjective
morphism of schemes, it is equivalent to showing that the corresponding map of
sets X (K) — X(K) is surjective for any field extension K over k. Let K be a field
extension of k and p € X(K). The goal is to show that there exists f € X*(K)
such that iy (f) = p. Note that Spec (K[x]y) is a G -invariant subscheme of A}.

Consider the morphism g : Spec (K[x]x) = G X Spec (K) M Gm X X 225 X.

The morphism g is a G;,-morphism. Indeed, consider the following diagram:

‘d ) = ‘d m ‘d m) .d m)
Grm x Spec (Kixl) ——=m=0 Gy x Gy x Spec (KJ miem Plg g X L2om 2 6 X
N r0 (m, idspec(k)) (m, idx) ox
~ idg,, »
Spec (K[x]y) Gm X Spec (K) (idom, P) Gm x X ox X

Reality check on the algebras shows that the first square commutes. The second
square clearly commutes. The commutativity of the last square follows directly
from the axiom of group action on X. Hence, g : Spec (K[x]x) — X is a G-
morphism. Next, we are going to use the properness of X via the valuative
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criterion of properness. Consider the following commutative diagram

Spec (K(x)) —— Spec (K[x]) % X

Spec (K[x] (X)) Spec (k)

By valuative criterion of properness, there exists h : Spec (K[x]x) — X. Let U be
a G -invariant affine open subscheme of X containing the image of the closed
point via h. Hence, g—'(U) is a non-empty G -invariant open subscheme of
Spec (K[x]y). Thus, g~' (U) = Spec (K[x],). In particular, we have the following
commutative diagram

Spec (K(x)) — Spec (K[x](x))

Since A,L is the pushout of this diagram in the category of affine schemes, there
exists f : AJ( — U. By reality check on the algebras, f is a Gy,-morphism. By
composing with the inclusion of U into X. We have a G,,-morphism from A} to
X as desired. O

Recall Example of X = P! with the action t - [x : y] = [tx : y] of Gp,.
X+ = A' LU Spec (k).
To prove of the proposition, we need the following lemmas

Lemma 3.25. Let G, act on A™ linearly. Then, (A™)° — A™ is smooth and
(AM)* — (AM)° is an affine fibration.

Proof of Lemma[3.25 The result follows directly from Proposition [3.15] and
Proposition [3.18 O

Lemma 3.26. Let X and Y be schemes of finite type over k equipped with an
action of Gy and f: X = Y be an étale Gy, -morphism of schemes. Then, each
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square of the diagram

s a fibered square.

Proof of Lemma[3.26, We begin with the bottom square. Let R be a k-algebra.
Thinking of them as functors, we define X°(R) — X(R) Xy (R) YO(R) by g —
(g,f o g). This map is well-defined and injective. Thus, surjectivity is left to
show. Let (g,fog) € X(R) xy(g) YO(R). We want to show that g is a Gy,-
morphism, i.e., the diagram

Gm X Spec (R) Jdxo, Gm x X

Jr: e

Spec (R) —— 22— X

commutes. Consider the cartesian diagram

Z —— G, x Spec (R)
J i(gomz?rrxo(idxg))
X —2% 4 XxyX

Since f: X — Y is étale, b : X — X xy X is an open embedding [Sta20l, Tag 02G3]
and so is Z — Gy x Spec (R). Thus, we may assume that R is a field. In fact,
it is equivalent to show that for any x € X, if f(x) € Y°, then x € X°. Etaleness
of f implies that the closed embedding G x < G ¢(x) is such that the index
G, (x)/Gm,x is finite. By assumption, Gy, ¢(x) = Gm and so Gy x = G Thus,
x € X°. This shows surjectivity. Thus, X® = X xy Y°.

We show the top square is cartesian. Let R be a k-algebra. Thinking of them
as functors, we define X*(R) — X°(R) xyo(g) YT(R) by g — (glx—o,f o g),
where x is the coordinate of Spec (R[x]). This map is well-defined and injective.
Again, surjectivity is left to show. It is then equivalent to show the following:
for any G,-morphism p : Spec (R) — X and h : Spec (R) x Al — Y such that

Spec (R) & X Ly = Spec (R) i:—0> Spec (R) x AL LN Y, there exists a G-

morphism h : Spec (R) x Al — X such that the diagram
Spec (R) %, X
El e
X:O\[ /,/ lf
Spec (R) x Al —— v
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commutes. We will use Tannaka Duality [HRI9] which states that for any
k-algebra R and a scheme X equipped with an action of Gy, the canonical
morphism

D Hom%m (Spec (R) x AL,X) — lim Hom%m (Spec (R) x Spec (k[x]/(x™)), X)

is an isomorphism. First, we denote h, for Spec (R[x]/(x™)) < Spec (R) x Al LN

Y. Consider the diagram

Spec (R) % X

\[ Ip2 -

Spec (RIx]/(x2)) —"25 Y

-

By étaleness of f, there exists pz : Spec (R[x]/(xz)) — Y. With this fashion, we
construct morphisms py, : Spec (R[x]/(x™)) — X.

Spec (R) P : X

-

Spec (RIx]/(x*))

Hence, (pi) € lim, Hom_™ (Spec (R) x Spec (k[x]/(x™)), X) and h:i=0"" ((pi))
is our desired G,-morphism. This shows surjectivity. Thus, X* = X° xyo
Y+, O

Proof of. Assume that X is smooth. Smoothness is local and so we may
assume that X is affine. Suppose X = Spec (A) and let x € X° C X. We will show
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that X© is smooth at x. Let m C A be the maximal ideal of x. Thus, m — m/m?
is a surjection of G -representations. Since G, is linearly reductive, there exists
a section m/m? — m. In particular, we have the morphism m/m? — m — A of
k-vector spaces. This induces Symj, (m/mz) — A and so gives the morphism
¢ : Spec(A) — Tgtx x of k-schemes. By construction, ¢ is a Gyy-morphism and
is étale at x. Let U be an open neighborhood of x such that ¢y is étale. By
Lemma we have the cartesian diagram

ue —— Tg‘tg)()X

L]

u d)*‘u> Tg;txX

By Lemma Tgtx x < Tgtx , is smooth and so is ul — u.
Next, we show that 1o : U™ — U° is an affine fibration. By lemma
io: Tgtx <= Tgtx . is an affine fibration, i.e., there exists an open bubbcheme

xeWC Tgtx X such that

AM x W —— i —— Tgty

BN l Je

We———— Tgtx X
By Lemma we have the cartesian diagram

Ut —— Tgty .

blyo

uo —4- Tth X

Hence, we have

A" x W ig' (W) —— Tetx
g \ o o

\—> We— —|—— Tgtg)(,X

7 S

o' (W) ue

Therefore, ip : UT — U° is an affine fibration. O
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Proof of|(5)(a) Suppose X = Spec (A) is affine. By Proposition X" is a
closed subscheme of X. If F; is a connected component of X°, then X; := iﬂ (Fi)
is a closed subscheme of X*. In particular, X; is a (locally) closed subscheme of
X. O

To show [(5)(b), we need the following lemma.

Lemma 3.27. Let X be a separated scheme of finite type over k equipped with
a locally affine action of Gy. Then, for any point x € X, there exists a G-
invariant open subscheme W of X such that x € U" and the induced morphism
ut — if1 (U) is an open and closed embedding.

ut — iU —
+

i1

Xt ——

u

X
Moreover, if Z C X is an irreducible component, then Z — X* Y X s a
locally closed embedding.

Proof of Lemma[3.27 Assume that X is separated. Let U be a Gu,-invariant
affine open subscheme U of X containing ip(x). By Proposition ut —
U is a closed embedding. By iy : Xt — X is a monomorphism and so
is i7'(U) — U. Thus, Ut — 11_1(U) is a closed embedding. By Lemma
Ut = U° xxo X* and so x € U*. Thus, U™ — i;"(U) is also an open
embedding. If x € Z C X* is an irreducible component. Then, Z N U™ is
a nonempty open and closed subscheme of the irreducible scheme Z N 1171 (u.
Thus, ZNU* =ZN1i; ' (W) and ZNi;'(U) < U is a closed embedding. This

is true for any point x € Z. Therefore, Z — X+ =5 X is a locally closed

embedding. O
Remark 3.28. A proof of Lemma is also in [AHR20].

Proof of |(5)(b). Suppose X is separated and smooth. By Xj is smooth and
connected and so irreducible. By Lemma Xi — X is a locally closed

embedding. O

Proof of (5)(c). First, we reduce to the case X = P(V). Consider the following
diagram

D G > iy H(X) —— X
X0 P(V)T —— P(V)
NS oA



By 17 : P(V)™ — P(V) is a monomorphism. Note also that X is separated.
Therefore, 11; X" — X is a monomorphism. Then, XT — if1 (X) is a closed
embedding. Hence, if P(V)" — P(V) is a locally closed embedding on connected
components, then X; — X is a locally closed embedding. For X = P(V), a direct
computation shows that each X; is of the form P(W)\ P(W’) for some linear
subspaces W/ C W C V [AHR20]. O

3.4 One-parameter subgroups

Definition 3.29. A one-parameter subgroup of an algebraic group G is an
algebraic group homomorphism A : G, — G.

Definition 3.30. Let A : G, — G be a one-parameter subgroup of G. For any
g € G, there is a morphism A9 : A\ 0 — G of schemes sending t — A(t)gA(t)~".
We say that lim¢_,oA(t)gA(t)™' ezists if A9 can be uniquely extended to a
morphism A" — G, i.e., there exists a unique morphism A9 : A" — G such that
the following diagram commutes:

AT\O0-225 G
[ <
Al

Definition 3.31. For any one-parameter subgroup A : G, — G, define the
subgroup
Gy ={geG: lin% A(t)gA(t) ! exists }
—

Proposition 3.32. Let U be an algebraic group equipped with a Gy, -action
0:Gmn x U — U. Suppose G := U x4 Gy is the semi-direct product of U and
G corresponding to o. If Ay : Gy — G be a one-parameter subgroup such that
A (1) = (1,t), then

Gy, =U" %5 G

Similarly, if A1 : G — G be a one-parameter subgroup such that Aj(t) =
(1,t71), then

Gy , =U x5 Gpm.
Proof. Suppose (u,1) € G;\L]. For t € Gy, we have

A (D) mA ) = (1,1, (1L,1) 7 = (o(t,u), trt™ 1) = (o(t,u), 7).

Hence, lim¢_,o A1(t)(w, 7)A7 (1) exists if and only if lim¢_,o o(t,u) exists. In
particular,

Gy, =U" %G

Similarly, suppose (u,r) € GXH. For t € G;, we have

A (), mA ()7 = (Lt ) )(1,t) = (ot w),t'rt) = (ot u), 7).

33



Hence, lim¢_,o A_7(t)(u, 1)A_7 (1)~ exists if and only if lim_. o(t,u) exists.
In particular,
Gy , =U x5 Gnm.
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4 Unipotent and Reductive Groups

4.1 Unipotent Representations

Definition 4.1. An algebraic group U is unipotent if every nonzero represen-
tation of U has a nonzero fixed vector.

Remark 4.2. If every nonzero finite-dimensional representation (V,r) of an
algebraic group G has a nonzero fixed vector, then G is unipotent. This is true
because every representation is a union of its finite-dimensional representations.

Remark 4.3. A quotient of a unipotent group is unipotent. Indeed, let Q be a
quotient of a unipotent algebraic group G. If (V1) is a nonzero representation
of Q, then (V,r o) is a nonzero representation of G, where w: G — Q is the
quotient morphism. Thus, V has a nonzero fixed vector and Q is unipotent.

Definition 4.4. We define the upper triangular matriz group, denoted Uy, to be
Spec (klx3]) /1, where I = (xi1 — 1, x45;1 > j), with the multiplication morphism
p: Uy x Uy — Uy, sending (A,B) — AB for A, B € Uy (k).

Remark 4.5. The upper triangular matrix group U, is an algebraic subgroup
of GL,,. The comultiplication morphism A : k[xi;]/I — k[xijl/I ® k[yi;]/] sends
Xij — Zk Xik ®ykj, where the ideal ] = (yii — 1,yij;i > ])

Definition 4.6. A finite-dimensional representation (V, ) of an algebraic group
G is unipotent if there is a basis of V such that r(G) C U,, for some n.

Proposition 4.7. An algebraic group G is unipotent if and only if every finite-
dimensional representation (V,7) of G is unipotent.

Proof. Let (V,1) be a finite-dimensional representation of an algebraic group G.
(=) Suppose that G is unipotent. We first show that there exists an ascending
sequence

0=VoCcViC---CVh1CVa=V

of vector spaces such that Vi,.1/V; is one-dimensional and G acts trivially on
Vig1/Vifori=0,...,mn—1. As G is unipotent, there exists a nonzero vector
vy € V such that v(g) -vi = vy for all g € G. If V; :=< v; > is the subspace
spanned by v1, the vector space V/V7 is stable under the G-action. In particular,
V/Vj is a representation of G whose dimension is dimV — 1. If V/V; = 0, we
have the desire sequence

0=VoCcVi=V

If V/V; # 0, then there exist a nonzero vector w, € V/V; such that r(g) -wy =
wy in V/V;. Let v, € V be a vector whose image in V/V; is wy. Thus, v, € V;
and V,/V7 is a one-dimensional representation of G. In particular, the vector
space V/V> is stable under the G-action. This implies that V/V5 is once again a
representation of G whose dimension is dim V — 2. If we continue this process,
we will have an ascending sequence

0=VoCcVi;C---CVh1CVa=V
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of subspaces of V such that Vi, 1/V; is one-dimensional and G acts trivially on
Vit1/Vifori=0,...,n—1. (The process will terminate as dim V < co0.) Most
importantly, the set {vq,...,v,} forms a basis of V such that r(G) C U,,.

(&) Suppose (V1) is unipotent. Hence, there exists a basis {vi,...,vn} of V
such that r(G) € U,. This implies that v; is a nonzero vector fixed by G.
Hence, G is unipotent. O

Remark 4.8. An algebraic group G is unipotent if and only if for every finite-
dimensional representation v : G — GLy of G, there exists an ascending se-
quence

0=VoCViC:---CVn1CVp=V

of subspaces of V such that Vi, 1/V; is one-dimensional and G acts trivially on
Vig1/Vifori=0,...,n—1. The forward direction of this statement is shown in
Proposition 4.7l To see the other direction, suppose there exists such ascending
sequence. Hence, G acts on V; trivially. Thus, there exists a nonzero vector
v € Vi fixed by G. In particular, G is unipotent.

Proposition 4.9. A unipotent algebraic group G is isomorphic to an algebraic
subgroup of Uy, for some n.

Proof. Let G be a unipotent algebraic group. By Corollary [2.40} there exists a
faithful finite-dimensional representation (V,r) of G. By Proposition (V,r)
is unipotent. Hence, there exists a basis of V such that r(G) C U,, for some n.
In particular, G is isomorphic to an algebraic subgroup of U,,. O

Remark 4.10. The converse of Proposition is also true, i.e., an algebraic
subgroup of Uy, is unipotent. See [Mill7, Theorem 14.5].

4.2 One-parameter Subgroups of Unipotent Groups

Recall that a one-parameter subgroup of an algebraic group G is a group
homomorphism A : G, — G. The goal of this section is to show that any one-
parameter subgroup of a unipotent group is trivial. We begin with a lemma.

Proposition 4.11. Any group homomorphism A : Gy, — Uy is trivial.

Proof. Let A : Gy, — Uy, be a group homomorphism. Write G, = Spec (k[t]{)
and Un, = Spec (k[xy;]/1), where I = (xi; — 1,x45;1 > j). The data of A is equiv-
alent to a morphism ¢ : k[xi;]/1 — k[t]¢ of k-algebras such that the following
diagram of k-algebras commute:

Klxij) /T ——2 s Kty

Aunl lAGm

klxy]/I @ klyyl/] Yy k[t]s ® kls]s,

where | = (yii,yyy — 1;1 > j). (Explicitly, the morphism Ay, denotes the
comultiplication morphism of U, sending xij — )y Xix ® Yij. The morphism
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Ag,, denotes the comultiplication morphism of Gy, sending t — t ® s.) For
i,j €{1,2,...,n}, write

b (xi5) = fy(t).
Hence, fi; = 1 and fi; = 0 for i > j. More importantly, by the commutativity
of the diagram above, we have the equation

1] t ® 5 Z flk ® fk) Z flk ® fk) Z fi 1+k ® f1+k,)( )

for any j > i. In particular,

fy, it1(t®s Z fi, itk(t) ® fitk, ir1(s)

We show by induction that for a fixed i, fj i1 =0 for any 1 > 0. For L =1, we
see that

fiit1(t®s) =1 f ipi(s) +frii(t) ® 1.

Comparing coefficients, we see that fi i1 = 0. Next, suppose that fiiy1 =
- = fi,i+1-1 = 0. Hence,

fiiti(t®s) Z fiivi(t) ® figiivi(s) = 1@ fiipa(s) + fi i (t) @1

Comparing coefficients, we see that f; ;1 = 0. Thus, we conclude that ¢(xij) =
1if i = j and O otherwise. In particular, A : G, — U, is the trivial group
homomorphism. O

Corollary 4.12. If G is a unipotent group, then any one-parameter subgroup
A:Gn — U s trivial.

Proof. Let U be a unipotent group. By Proposition U is isomorphic to a
subgroup of U, for some n, i.e., there is an injective group homomorphism 1 :
U — Uy,. If A: G, — G is a one-parameter subgroup of U, then ioA : Gy, — Uy
is a one-parameter subgroup of U,,. By Proposition 10 is trivial. Hence,
A is trivial. O

4.3 Unipotent Radical

Proposition 4.13. Let N be a normal subgroup of an algebraic group G. If the
subgroup N and the quotient G/N are unipotent then G is unipotent

Proof. Let G be an algebraic group and N be its normal subgroup such that
both N and G/N are unipotent. Let (V,r) be a nonzero finite-dimensional
representation of G. By Remark the subspace VN is stable under G. Hence,
VN can be regarded as a representation of G. Let s : G — GLy~ be the group
homomorphism associated to the representation VN of G. As N acts on VN
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trivially, the homomorphism s factors through G/N making VN a representation
of G/N also. Since V is nonzero and N is unipotent, VN is nonzero. Since G/N
is unipotent, (VN)G/N is nonzero. Therefore, V& = (VN)G/N is nonzero and G
is unipotent. O

Corollary 4.14. If H and N are unipotent algebraic subgroups of an algebraic
group G with N normal, then HN is also unipotent.

Proof. Let H and N be unipotent algebraic subgroups of an algebraic group
G with N normal. Hence, the quotient H/H N N is unipotent (Remark )
By [Mil17, Theorem 5.52], H/HN N = HN/N and so HN/N is unipotent. By
Proposition HN is unipotent. O

Proposition 4.15. Fvery algebraic group G contains a unique largest connected
normal unipotent subgroup H. In particular, any connected normal unipotent
subgroup of the quotient G/H 1is trivial.

Proof. Let G be an algebraic group. Since the trivial group is connected normal
and unipotent, G contains a connected normal unipotent subgroup. Hence,
there is a maximal connected normal unipotent subgroup of G. Suppose H and
N are maximal connected normal unipotent subgroups of G. By Corollary
HN is also maximal connected normal unipotent. Thus, H =HN = N. Let H
be the largest connected normal unipotent subgroup of G. If the quotient G/H
had a nontrivial connected normal unipotent subgroup, then its inverse image
in G would properly contain H. That is a contradiction. Thus, any connected
normal unipotent subgroup of the quotient G/H is trivial. O

Definition 4.16. Let G be a connected algebraic group. We define the unipo-
tent radical, denoted Ry, (G), to be the largest connected normal unipotent sub-
group of G.

Remark 4.17. Let G be a connected algebraic group. By Proposition [4.15]
the unipotent radical Ry (G) exists. In fact, a connected algebraic group G is
unipotent if and only if G = R (G).

4.4 Reductive Groups

Definition 4.18. An algebraic group G is a torus if it is isomorphic to G}, for
some .. A subtorus of an algebraic group H is an algebraic subgroup of H that
is a torus. A mazimal torus of an algebraic group H is a subtorus of H that is
not properly contained in another subtorus.

Remark 4.19. This definition of tori is not standard. However, it agrees with
the standard definition over an algebraically closed field.

Definition 4.20. A connected algebraic group G is reductive if its unipotent
Ry (G) is trivial.

Example 4.21. Let G be a connected algebraic group. The quotient G/Ry (G)
is reductive.
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Proposition 4.22. Any two mazximal tori of an algebraic group G are conju-
gate.

Proof. See [Bor91l, Theorem 6.4.1] O

Proposition 4.23 (Matsushima’s Theorem). Let G be a reductive algebraic
group and H be its subgroup. The quotient G/H is affine if and only if H is
reductive.

Proof. See [Arz08, Theorem 2.1] or [BB63| Theorem 1]. O

Proposition 4.24. A connected algebraic group G over k is reductive if and
only if every finite-dimensional representation of G is semisimple.

Proof. See [Mill7, Theorem 22.42]. Recall that char k = 0 as the forward
direction of this proposition is not true over a field of a positive characteristic.
O

Remark 4.25. Let G be a reductive group. Regarding G as a subgroup of GL,,
for some n, we can consider elements of G as matrices. Proposition [£:24] implies
that any element g € G(k), when considered as a matrix, is diagonalizable.
In particular, any element g € G(k) is contained in a subtorus of G that is
isomorphic to Gy,.

Proposition 4.26. Let G be a connected algebraic group over k. There exists
a unipotent algebraic group U equipped with a group action 0 : R x U — U by a
reductive algebraic group R such that

G=UxgR.

Proof. See [Conldl Proposition 5.4.1] or [McNI0, Section 3]. (Recall that char
k=0.) 0
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5 Classifying Stacks

5.1 Algebraic Spaces

In this section, we give a review on algebraic spaces and algebraic stacks.
We mainly follow [OIs16] and [Alp22].

Definition 5.1. A morphism f : X — Y of k-schemes is étale if for every
commutative diagram of k-schemes

Spec (R/I) —— X

I

Spec (R) —— Y,

where I? = 0, there exists a unique morphism ¢ : Spec(R) — X such the
following diagram of k-scheme commutes:

Proposition 5.2. Let f: X =Y be an étale morphism of k-schemes.

(a) If g : Y — Z is an étale morphism of K-schemes, then gof : X — Z is
étale.

(b) If g’ : Y = Y is a morphism of k-schemes, then f' : X xyY' = Y’ is étale.
Proof. Let f: X — Y be an étale morphism of k-schemes.

(a) Let g: Y — Zbe an étale morphism of k-schemes. Consider a commutative
diagram of k-schemes
Spec (R/I) —— X
f

Y

9

Spec (R) —— Z,

where 12 = 0. Since g is étale, there exists a unique morphism hy :
Spec (R) — Y of k-schemes such that the following diagram of k-schemes
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commutes:
Spec (R/I) —— X

Spec (R) —— Z.

Since f is étale, there exists a unique morphism h; : Spec(R) — X of
k-schemes such that the following diagram of k-schemes commutes:

Spec (R/I) —— X

/7\
J
Jlh, /

% Y

7/

’// G, |9

Spec (R) —— Z.

Thus, g o f is étale.

(b) Let g’ : Y/ — Y be a morphism of k-schemes. Consider the following
diagram of k-schemes

Spec (R/I) —— X xyv Y —— X

l I

Spec (R) Y’ - Y

<]

Since f is étale, there exists a unique morphism h; : Spec(R) — X of
k-schemes such that the following diagram of k-schemes commutes:

Spec (R/I) —— Xxy Y —= X

j a.hlL J{f

Spec (R) —Y’ Y

By the universal property of the fiber product X xy Y’, there exists a
unique morphism h; : Spec (R) — X of k-schemes such that the following
diagram of k-schemes commutes:

Spec (R/I) —— X xy Y’ —— X

h, -1 T
e e !
- am,

Spec (R) Y’ Y

Thus, ' : X xy Y — Y’ is étale.
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Definition 5.3. Let k be a field and f : F — G be a morphism of sheaves on
Sch/k with the étale topology.

(i) f is representable by schemes if for every k-scheme T and a morphism
T — G the fiber product F xg T is a scheme.

(ii) Suppose P is a property of morphisms of schemes stable under base change
and f is representable by schemes. We say that f has property P if for every
k-scheme T the induced morphism of schemes F xg T — T has property
P.

Definition 5.4. An algebraic space over a field k is a functor X : (Sch/k)? —
Sets such that the following hold:

(i) X is a sheaf with respect to the big étale topology,
(ii) the diagonal morphism A : X — X x X is representable by schemes, and
(iii) there exists a k-scheme U and a surjective étale morphism U — X.

Morphism of algebraic spaces are morphisms of functors.

Remark 5.5. Given the condition (ii) in Definition[5.4] the condition (iii) makes
sense. To see this, it suffices to show that assuming (ii), a morphism f: U — X
from a k-scheme U to a sheaf X is representable by schemes. Let g: T — X be
a morphism from a k-scheme T. Hence, we have the cartesian diagram

UxxT —— Uxy T

[ g

X —24 s XxX

Since A : X — X x X is representable (by (ii)), the product U xx T is a scheme.
In particular, f : U — X is representable by schemes.

5.2 Groupoids

Definition 5.6. A groupoid is a category with every morphism is an isomor-
phism. For groupoids C, D, a morphism of groupoids f : C — D is a functor
f:C—D.

Example 5.7. The trivial category .

Example 5.8. Let G be an abstract group. Consider a category BG, where
there is only one object * and Mor (x,*) = G. Hence, BG is a groupoid.

Example 5.9. Let X be a set equipped with a group action by an abstract
group G. Consider a category [X/G], where the objects are x € X and for any
x,x" € X, Mor (x,x’) = {g€ G:x’ =g-x}. Hence, [X/G] is a groupoid. In
particular, if X is trivial, then [{*} /G] = BG as groupoids.
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Remark 5.10. Let H and G be abstract groups acting on sets Y and X respec-
tively. Suppose ¢ : H — G and f: Y — X are respectively a group homomor-
phism and a map of sets such that the following diagram commutes:

HxY -2 Y

el

Gx X 25X

where ox and oy are the corresponding action morphisms. Then, there is a
natural morphism F: [Y/H] — [X/G] sending y — f(y). In particular, if X and
Y are trivial, then ¢ induces a morphism of groupoids @ : BH — BG. If there
is no confusion, we will also write ¢ : BH — BG.

Proposition 5.11. Let ¢ : H — G be a homomorphism of abstract groups.
Then the following 2-diagram of groupoids is cartesian:

[G/H] —2— «

[ % |

BH —— BG,

where og := g for any g € G/H.

Proof. Suppose p: 7 — *x and q : 7 — BH are morphisms of groupoids and
k:fop — goq is a natural transformation such that the following 2-diagram
commutes:

BH - BG.

For any morphism f:t — t’ in 7, we have the following commutative diagram
in BG:
* —Ly
id)(q(f ))
VRS

t

Define a natural transformation r: 7 — [G/H] as follows:
(i) for each object t € T, define r(t) := k¢, and

(ii) for each morphism f:t — t’ € T, define r(f) := q(f).
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Hence, the following 2-diagram commutes:

[G/H] —"— «

q )
I & |
BH — BG.
It is also straightforward to check that v is essentially unique (see Remark[5.12)).

O

Remark 5.12. This remark contains the meaning of the universal property of
fiber products of groupoids in the general settings. However, when interpreted
in the settings in Proposition [5.11] most of it becomes straightforward.

Let f:C — D and g: D’ — D be morphisms of groupoids. Suppose p: T — C
and q: 7T — D’ are morphisms of groupoids and k : fop — go q is a natural
transformation such that the following 2-diagram commutes:

T/K/\p
C
q b

D’T>D

Then, there exist a morphism of groupoids r : T — C xp D’ and natural
transformations o : p — pyror, B : q — pz2or such that the following 2-diagram
commutes:

Moreover, the morphism of groupoids r: T — C xp D’ is essentially unique,
i.e., if there are a morphism of groupoids v’ : T — C xp D’, and natural
transformations p: piT — p11’, v:par — par’ such that (&r)(fu) = (gv)(8r),
there exists a unique natural transformation y : v — r’ such that p;y = p and
P2y = V.

5.3 Prestacks

Definition 5.13. Let k be a field. A functor p : X — Sch/k is a prestack over
k such that the followings hold.



(1) For every diagram

of solid arrows, there exists a morphism ¢ : a — b such that p(¢d) = f.

(2) For every diagram

a ---=-=-- »b—— ¢
[ 1 ]
pla) — pb) 2% pe)

of solid arrows, there exists a unique morphism A : a — b such that
pA)=handp=¢oA.

Definition 5.14. Let k be a field and p : X — Sch/k be a prestack over k.
For any k-scheme T, the fiber category X(T) is the category whose objects are
a € X such that p(a) = T and whose morphisms are a — b € X such that
p(a — b) =idy.

Lemma 5.15. Let p : X — Sch/k be a prestack. For every k-scheme T, the
fiber category X(T) is a groupoid.

Proof. Let p: X — Sch/k be a prestack and T be a k-scheme. For a morphism
¢ :a— bin X(T), consider the following diagram

Z N
b 773715\7> (1 T b
1]
T—T—

of solid arrows. There exists a unique morphism A : b — a such that idy = poA.
Similarly, consider the following diagram

]
T T

of solid arrows. There exists a unique morphism ¢’ : a — b such that idq =
Ao ¢d’. Note that
d)’:idbod)’:d)o?\oq)’:q)oida:d).

In particular, ¢ is an isomorphism and so X(T) is a groupoid. O
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Definition 5.16. Let py : X — Sch/k and py : Y — Sch/k be prestacks.

(i) A morphism of prestacks f : X — Y is a functor f : X — Y such that
px(a) = py(f(a)) for every object a € X.

(ii) If f,g : X — Y are morphisms of prestacks, a 2-morphism o:f — g is a
natural transformation o« : f — g such that for every object a € X, the
morphism «q : f(a) — g(a) is in X(px(a)). (This makes sense as aq is in
fact an isomorphism.)

(iii) We define MOR (X, Y) to be the category whose objects are morphisms of
prestacks from X to Y and arrows are 2-morphisms.

Example 5.17. Schemes are prestacks. Let X be a scheme over a field k.
Consider a functor p : Xx — Sch/k such that for each k-scheme T, the objects
over T are elements of X(T). A morphism from x’ € X(T’) to x € X(T) is a
morphism f: T — T such that x’ =x o f.

Definition 5.18. Let G be an algebraic group acting on a k-scheme X. We
define the quotient prestack, denoted [X/GIPT¢, as p : [X/G]P™® — Sch/k such
that for each k-scheme T, the objects over T are those in the groupoid X(T). A
morphism from x’ € X(T’) to x € X(T) is the data of a morphism f: T" — T
and an element g € G(T’) such that x’ =g - (x o f).

If X = Spec (k), then we call [Spec (k) /G]P"¢ the classifying prestack BGPT€.

Remark 5.19. Let ¢ : H — G be a morphism of algebraic groups. For a
k-scheme T, ¢ induces a morphism of groupoids @+ : [(Spec (k))(T)/H(T)] —
[(Spec (k))(T)/G(T)]. Hence, there is an induced morphism of prestacks @ :
BHPT® — BGP™e.

Proposition 5.20. Let ¢ : H — G be a homomorphism of algebraic groups.
Then the following diagram of prestacks is cartesian:

[G/HIP™® —21 Spec (k)

|2 i

BHP™® —— BG™.

Proof. It suffices to show that for each k-scheme T the following 2-diagram of
groupoids commutes:

[G(T)/H(T)] —2— «

= %

BH(T) —5— BG(T),

where a4 := g for any g € G(T)/H(T). By Proposition this is true. O
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5.4 Stacks

Definition 5.21. A prestack p : X — Sch/k over a site C is a stack if for all
coverings {S; — S} of a k-scheme S the followings hold.

(i) For objects a,b € X(S) and morphisms ¢ : als; — b such that dils,; =
d)j\ Sy; as displayed in the diagram

]
L
~ S

there exists a unique morphism ¢ : a — b in X(S) such that ¢|s, = ;.

(ii) For objects a; € X(Si) and isomorphisms a; : ails,; — ajls,; in X(Si;) as
displayed in the diagram

ai|S~”~

Sij Sij _— Sj

satisfying the cocycle condition aikls;;, © &ijls;;, = iklsy;, in X(Sij),
then there exists an object a € X(S) and isomorphisms ¢; : als, — a; in
X(Si) such that Xij © d)i‘Sij = ¢)j|sij in :X:(SU)

Morphisms of stacks are morphism of prestacks.

Proposition 5.22 (Stackification). Let X be a prestack over a site C. There
exists a stack Xt and a morphism X — X5t of prestacks such that for every
stack Y over C, the induced functor

MOR (X*,Y) — MOR (X, Y)

s an equivalence of categories.
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Proof. See [Alp22] Theorem 2.4.13] or [OIs16, Theorem 4.6.5] O

Remark 5.23. The stack X*t in Proposition is called the stackification of
X. In fact, the usual universal property argument gives us that the stackification
commutes with taking fiber product, i.e., (X xg Y)5t = X5t x5t YSt,

Definition 5.24. Let G be an algebraic group acting on a k-scheme X. We
define the quotient stack, denoted [X/G], as the stackification of the quotient
prestack [X/G]PTe.

If X = Spec (k), then we call [Spec (k) /G] the classifying stack BG.

Proposition 5.25. Let ¢ : H — G be a homomorphism of algebraic groups.
Then the following diagram of stacks is cartesian:

[G/H] —— Spec (k)

| L

BH —% BG.

Proof. This follows from Proposition and Remark O

Definition 5.26. A morphism of stacks f: X — Y is representable if for every
scheme U and morphism U — Y, the fiber product

X Xy u
is an algebraic space.

Definition 5.27. Let k be a field. A stack X/k is an algebraic stack if the
following hold:

(i) the diagonal morphism A: X — X x X is representable, and
(ii) there exists a k-scheme X and a surjective smooth morphism X — X.

Morphism of algebraic stacks are morphisms of stacks.

Remark 5.28. Given the condition (i) in Definition the condition (ii)
makes sense. To see this, it suffices to show that assuming (i), a morphism
f: X — X from a k-scheme T to a stack X is representable. Let g: T — X be a
morphism from a k-scheme T. Hence, we have the cartesian diagram

XXoeT —— Xx T

[

X —2 5 XxX

Since A : X — X x X is representable (by (i)), the product X x T is an algebraic
space. In particular, f: X — X is representable.

Proposition 5.29. For an algebraic group G, the classifying stack BG is an
algebraic stack.

Proof. See [Alp22] Theorem 3.1.11]. O
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6 ©O-completeness

6.1 O-complete morphisms

Definition 6.1. Consider the standard Gm-action on A'. We define the quotient
stack theta, denoted ©, to be the quotient stack [A' /G].
For any discrete valuation k-algebra R, we define

Or := 0O x Spec (R).

Remark 6.2. There are two orbits in the standard G,-action on A'. Hence,

the quotient stack © has two points. In fact, there is a morphism of stacks
0

BG,, — O, where the image of BG,, is the zero orbit. There is also an open

morphism of stacks Spec (k) 5 ©, where the image of Spec (k) is the non-zero

orbit. To see that the morphism Spec (k) Lois open, consider the following
cartesian diagram of algebraic stacks

ATNO — A

Lo

Spec (k) 1. e.

By descent, the morphism Spec (k) Lois open.

Remark 6.3. Let R be a discrete valuation k-algebra and K be its fraction field.
If 0 € Og is the unique closed point, then

®r \0=Spec(R) |J 6.
Spec(K)

Definition 6.4. Let © denote the stack [A'/G,,] over Spec(k) and Oy :=
© x Spec (R) for every k-algebra R. A morphism f : X — Y of noetherian
algebraic stacks is ©-complete if for every discrete valuative k-algebra R and
every commutative diagram of algebraic stacks:

Or\0 — X

[

Or — Y,

there exists a unique morphism of algebraic stacks h : ®g — X such that the
following diagram of algebraic stacks commutes:

Or\N0 — X

]
\[ e J{
e f

Or — Y.

An algebraic stack X is @-complete if the morphism X — Spec (k) is @-complete.
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Proposition 6.5. Let f : X — Y be a O-complete morphism of noetherian
algebraic stacks.

(a) If g:Y = Z is a ©-complete morphism, then gof:X — Z is ©-complete.

(b) If g’ :' YY" — Y is a morphism of noetherian algebraic stacks over Spec (k),
then ' : X xy Y — Y’ is ©-complete.

Proof.

(a) Let R be a discrete valuative k-algebra. Consider a commutative diagram

Or\0 — X

-

Y
Is
Z

Since g : Y — Z is O-complete, there exists a unique morphism hy : Ogr —
Y that makes the diagram commute, i.e., the following diagram commutes.

@R—)

Or\0 — X Or\0 — X
A
Jf / Jf
3th,
y = Y
o S~
e lg /7 am, lg
®R — Z ®R — Z

Similarly, since f : X — Y is ©-complete, there exists a unique morphism
hy : Og — X that makes the diagram commute. Thus, gof: X — Z is
©-complete.

(b) Let R be a discrete valuative k-algebra. Consider a commutative diagram

Or\0 — A xyY —— X

/ I

Ok y 2 5y

Since f : X — Y is ©-complete, there exists h; : Og — X that makes the
diagram commute, i.e., the following diagram commutes.

@R\o%xwy'ﬁx

[ g

Or y —2 5y
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Because of the universal property of the fiber product X xyY’, there exists
a unique morphism h; : Og — X xy Y’ that makes the diagram commute,
i.e., the following diagram commutes.

@R\O—>3C><y‘j’ﬂx

> -
\[ dlh, ///’ ’j:/’ Ih, J{f
///,f”’// /

Or — y —2 Ly

O

Now, we give a nice lemma regarding the pullback of @-completeness via an
affine morphism.

Lemma 6.6. Let f : X — Y is an affine morphism of noetherian algebraic
stacks. If Y is ©-complete, then X is ©-complete.

Proof. Let R be a discrete valuative k-algebra. Consider the following commu-
tative diagram of algebraic stacks:

Or\0 — X

gf

l

Or —— Spec (k)

Since Y is ©@-complete, there exists a morphism h: @r — Y of stacks such that
the following diagram of algebraic stacks commutes:

Or\0 — X

Jh, //’/ J/

Or — Spec (k).

Note that Ox is regular and 0 € Qg is codim 2 so pushforward of structure sheaf
along O \ 0 — Og is the structure sheaf. Hence,

MORy, (€ \ 0,X) = MORg, _, (f.0x, (Or \ 0 = ¥).06,0)
= MOROy—alg (f*OX) (OR — 9)*O®R)
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In particular, there exists a morphism h, : ®g — X of algebraic stacks such
that the following diagram of algebraic stacks commutes:

@R\O—>:X:

/7(
y
th

@R E— Spec

Therefore, X is @-complete. O

There is another way to think about @-complete stacks. Let X be an alge-
braic stack. Consider the stack Mor (©,X) and the morphism

vi : Mor (©,X) =5 X sending f+— f(1)

of stacks. The stack X is @-complete if and only if ev; satisfies the valuative
criterion for properness.

Proposition 6.7. A noetherian algebraic stack X is @-complete if and only if
the natural morphism evy : Mor, (©,X) — X satisfies the valuative criterion of
properness.

Proof. Let X be a noetherian stack over k.
(=) Assume that X is ©-complete. Let R be a discrete valuation k-algebra and
K be its fraction field. Suppose there is a commutative diagram

Spec (K) —— Mor, (©,X)
Spec (R) f X.

Let f : ®x — X be a morphism of stacks corresponding to the morphism
Spec (K) — Mor, (0, X). In fact, we have the morphism of stacks

®r \0=Spec(R) |J Ok —X.
Spec(K)

As X is ©-complete, this morphism can be extended uniquely to h : g — X.
This morphism h is in one-to-one correspondence to a morphism h: Spec (R) —
Mor, (0, X). Hence, there exists a unique morphism h: Spec (R) — Mor, (6,X)
making the following diagram commute:

Spec (K) —— Mor, (©,X)

[ Ik e
/ X.

Spec (R) —
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Thus, the morphism ev; : Mor, (©,X) — X satisfies the valuative criterion for
properness.

(&) Assume that the natural morphism ev; : Mor, (0,X) — X satisfies the
valuative criterion for properness. Let s : ©g \ 0 — X be a morphism of stacks.
As Or \ 0 = Spec (R) UspeC(K) Oy, this gives us two morphisms

g:Spec(R) = O \0 X and f:0g — Or\0>X.

Let f : Spec (K) — Mor, (©,X) be a morphism of stacks corresponding to f.
The following diagram of stacks commutes:

Spec (K) N Mor, (6, X)
\[ J{eV]
Spec (R) — X

By the assumption, there exists a unique morphism h : Spec (R) — Mor, (©,X)
making the diagram commute:

Spec (K) —— Mor, (©,X)

| jjta/” [ev
X.

Spec (R) —

Let h : Ok — X be a morphism of stacks corresponding to h : Spec(R) —
Mor, (©,X). Thus, this morphism serves as the unique extension of s : g \0 —
X, i.e., the following diagram of stacks commutes:

Or\0 —— X

| A

Or.

Hence, X is ©-complete. O

6.2 Examples of O-complete stacks

Recall that a noetherian stack X over k is ®@-complete if the morphism X —
Spec (k) is ©-complete. We now begin with small examples.

Example 6.8. The stack © is @-complete.

Example 6.9. Schemes are @-complete. Let X be a scheme over k. Consider
a discrete valuation k-algebra and its field of fractions K. Suppose there is a
morphism of stacks ¢ : @g \ 0 — X. Since Or \ 0 = Spec (R) Uspec(K) Ok.,
the data of & is equivalent to the data of morphisms f : Spec(R) — X and
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g : ®x — X such that they agree on Spec (K). Since there is a good moduli
space Spec (K) — Spec (K), there exists a unique morphism h : Spec (K) — X
such that the following diagram of stacks commutes:

o —2— X

In particular, the morphism ¢ : Spec (R) Uspec(K) Ok — X factors through f :
Spec (R) — X. Lastly, precomposing f with the projection ®gr — Spec (R), we
have the following commutative diagram of stacks:

¢

Or \ 0 == Spec (R) Usgec(k) Ok X

/ |

Or ——— Spec(R).

In particular, X is ®-complete.

Example 6.10. The classifying stack BGL,, is @-complete. Let R be a discrete
valuation k-algebra. A morphism Or \ 0 — BGL,, corresponds to a vector
bundle E on Og \ 0. Since O is regular and 0 € Ok is codim 2, the pushforward
of a vector bundle E along ©r \ 0 — Oy is a vector bundle. This gives the
desired extension ®r — BGL,,.

Example [6.10] above gives the question: is BR ©-complete if R is a reductive
group. The answer to this question is positive.

Proposition 6.11. If R is a reductive algebraic group over a field k, then the
classifying stack BR is @-complete.

Proof. Let R be a reductive group over a field k. By Proposition [2:39] there
exists n and a homomorphism R — GL,, realizing R as a closed algebraic sub-
group of GL,. By Matsushima’s Theorem (Proposition 7 GL,./R is affine.
Consider the cartesian diagram of algebraic stacks:

GL./R —— Spec (k)

| |

BR —— BGL,

By descent, BR — BGL,, is an affine morphism of algebraic stacks. Recall
that BGL,, is ®-complete (see Example [6.10) By Proposition BR is ©-
complete. O

We now can ask the same question for unipotent groups. It turns out that
this question has the positive answer, i.e., if U is a unipotent algebraic group,
then the classifying stack BU ®@-complete. However, we need to state the fol-
lowing two propositions first.
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Proposition 6.12. Let G be an algebraic group over a field k. Then

Mor (8,BG) =| |BGy,
A

where A is a representative of each conjugacy class of one-parameter subgroups

of G.
Proof. This is a special case of [HL22| Theorem 1.4.7]. O

Proposition 6.13. Let G be an algebraic group over a field k. Then the clas-
sifying stack BG is ©-complete if and only if for every one-parameter subgroup
A: Gy — G, the quotient G/GY is projective.

Proof. Let G be an algebraic group over a field k. By Remark [6.7, BG is ©-
complete if and only if the morphism Mor (0, BG) — BG satisfies the valuative
criterion for properness. By Proposition the morphism Mor (©,BG) —
BG satisfies the valuative criterion for properness if and only if for every one-
parameter subgroup A : G, — G, the morphism BG)} — BG satisfies the
valuative criterion for properness. Since for every one-parameter subgroup A :
Gm — G, the morphism BG; — BG is quasi-compact, the morphism BG} —
BG satisfies the valuative criterion for properness if and only if the morphism
BG, — BG is proper. Consider the following cartesian diagram

G/Gy —— Spec (k)

| l

BG, —— BG.

We see that BGY — BG is proper if and only if G/Gy is proper. By [Mill7,
Theorem 8.43], the quotient G/G; is always quasi-projective. Hence, BGY —
BG is proper if and only if G/GJ is projective. O

With Proposition we can now prove the following proposition regarding
©-completeness of unipotent groups.

Proposition 6.14. If U is a unipotent algebraic group over a field k, then the
classifying stack BU is @-complete.

Proof. Let U be a unipotent group over a field k. By Proposition BU
is ©®-complete if and only if for every one parameter group A : G,, — U, the
quotient U/Uj is projective. Hence, it suffices to show that U/U; is projective
for any one-parameter subgroup A : G, — U. By Proposition every
one parameter subgroup of a unipotent group is trivial. If A : G;, —» U is a
one parameter subgroup, then Uy = U. In particular, U/U} is trivial and
projective. Thus, BU is ®-complete. O

We end this section with the following proposition combining ®-completeness
of unipotent algebraic groups and linearly reductive algebraic groups.
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Proposition 6.15. If G = U x R is the direct product of a unipotent group U
and a reductive group R, then the classifying stack BG is ©@-complete.

Proof. Suppose G = U x R is the direct product of a unipotent group U and a
reductive group R. By Proposition and BU and BR are ©-complete.
Hence, consider the cartesian diagram of algebraic stacks:

BG =BU x BR — BR

| !

BU ———— Spec (k)

By Proposition [6.5] ©@-reducitve morphisms of algebraic stacks are preserved
under base change and composition. In particular, the morphism BG — BR
is ©-complete and so is the composition BG — BR — Spec (k). Thus, BG is
©-complete. O
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7 Main Result

The goal of this section is to prove our main theorem (Theorem n) Recall
that k denotes an algebraically closed field of characteristic 0.

Theorem 7.1. Let G be a connected algebraic group over k. The classifying
stack BG is ®-complete if and only if G = U X R for a unipotent algebraic group
U and a reductive algebraic group R.

Remark 7.1. Recall that char k = 0. By Proposition [£.26] any connected
algebraic group G is the semi-direct product of a unipotent group U and a
reductive group R corresponding to a group action 0 : Rx U — U, ie, G =
U xs R. To prove Theorem it is equivalent to show that the classifying
stack BG is ©-complete if and only if o is trivial.

For now, we assume that the reductive component of G is G,,. In fact, the
following examples provide insights on how to prove this case of the reductive
component being G,,.

Example 7.2. Consider G = G4 % Gy,, where ¢ : G, X Go — G4 sends
(a,b) — ab (weight 1.) We can view G as a closed subgroup of GL, as

G:{[g ‘1’] |a7é0,b€k}.

Consider A_; : Gy — G sending t — (1,t~ ). Hence,

bl .. ~Tb 0
=5 Ymls T Yoro e

In particular, G/ GXﬁ1 = A is not projective. By Proposition the classi-
fying stack BG is not ©-complete.

Example 7.3. Consider G = G, x G, where 0 : G, X Gg — G, sends
(a,b) — a~'b (weight -1.) We can view G as a closed subgroup of GL, as

G:{[“()] ﬂ |a7£0,b€k}.

Consider A7 : Gy, — G sending t — (1,t). Hence,

1 141 1
+ ~ J|a bl].. |a t7'b| | . J|a 0 ~
GMHO 1] tli%[o ] ]} Ho | la 70 p=Cm.

In particular, G/G ;\“1 = Al is not projective. By Proposition the classifying
stack BG is not ®-complete.

Remark 7.4. In Example 7.3} if we were to compute Gx_,, where A_1 : Gy, —
G sending t +— (1,t™'), we would obtain the trivial quotient, i.e., G = Gy_,.
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The following lemma is needed to prove the general case (Proposition )

Lemma 7.5. Let U be a unipotent algebraic group equipped with an R-action
0:RxU — U and G := U x4 R denotes the semi-direct product. Suppose
i: U <= U is an algebraic subgroup stable under the R-action, i.e., there is a

commutative diagram

Rx U 42Xt pou

3!1% ld
U’ % u.
If G’ := U x. R, then the quotients G/G’ and U/U’ are isomorphic as k-

schemes.

Proof. Tt suffices to show that G/G’ and R/R’ are isomorphic as functors. For
each k-scheme X, consider a morphism U(X) — G(X) sending u — (u,1).
The image of U/(X) via this map is contained in G’(X). Hence, there is an
induced morphism ¢ : U/U’ — G/G’ of functors such that ¢x : U(X)/U/(X) —
G(X)/G’(X) sending ull’(X) — (u,1)G’(X). The morphism ¢x is surjective.
Indeed, for any (u,r) € G(X),

(1, 1)G'(X) = (1, 1)(1,7)G"(X) = (u, 1)G'(X) = d(ull’(X)).
¢x is also injective. Consider wqU’(X), uU’(X) € U(X)/U/(X). We have
d(u U (X)) = p(uU' (X)) & (ug,1)G"(X) = (uz,1)G'(X)
& (ur,1) Muz, 1) € G'(X)
& (W 'u, 1) € G'(X)

&uy'u e U(X)
& u U (X) =uwU'(X)

Thus, ¢x is a bijection. In particular, the quotient G/G’ and U/U’ are isomor-
phic as k-schemes. O

Proposition 7.6. Let U be a unipotent algebraic group equipped with a G, -
action 0: G X U — U and G := U x4 Gy, denote the semi-direct product. If
the classifying stack BG is @-complete, then o is trivial.

Proof. For i = 41, consider one-parameter subgroups A; : G;n — G sending
t— t* for t € Gy (k). By Proposition [3.32) we have

G;] =U" x4 Gy and G;\l1 =U" %gGm.
By Lemma [7.5 we have

G/Gf, =U/U* and G/G} , =U/U .
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Suppose that the classifying stacks BG is @-complete. By Proposition the
connected affine schemes U/U" and U/U™ are projective. Hence, U = U"T =
U~. In particular,

u=urnu =u.
Therefore, o is trivial. O

The stronger version of Proposition [7.6] is also true. We begin with an
example where the reductive component of G is not G,y.

Example 7.7. Consider the GL,,-action on G, defined by
A-b=det(A)-b

for any A € GL,; and b € Gg.
Let G := G4 x GL,, be the semi-direct product of G, and GL,, defined by this
action. We can view G as a closed algebraic subgroup of GL, 2, i.e.,

detA b 0 - 0
0 10 - 0

G= U Ib+#£0,A € GLy,
: : A
0 0

Consider a one-parameter subgroup A : G, — G defined by

t 0 0 -~ 0

o 1 0 0

At) = 0 0 t! 0
0 0 0 t!

for any t € Gy,,. Hence, we have the induced GL,-action

detA b 0 --- 0] [detA t™b 0 --- 0

0 10 - 0 0 10 - 0
P _| o 0 ’

- A : ; A

0o o0 0 0

for any t € Gy, and (b, A) € G. In particular,

detA 0 0 --- 0
0 10 - 0

Gy = 0 0 A € GL, ¢ = GL,
Do A
o 0

Thus, G/G; = Al is not projective. By Proposition BG is not ©-complete.
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The following lemma is needed to prove the general case (Proposition )

Lemma 7.8. Let U be a unipotent algebraic group equipped with an R-action
0:RxU — U and G := U x5 R denotes the semi-direct product. Suppose
1:R’ <= R is an algebraic subgroup and T: R’ x U — U denotes the group action

R/ x U284 R you 5.

If G’ :== UxR’, then the quotients G/G’ and R/R’ are isomorphic as k-schemes.

Proof. Tt suffices to show that G/G’ and R/R’ are isomorphic as functors. For
each k-scheme X, consider a morphism R(X) — G(X) mapping r +— (1,71). The
image of R’(X) via this map is contained in G’(X). Hence, there is an induced
map ¢ : R/R’ — G/G’ of functors such that ¢px : R(X)/R/(X) — G(X)/G'(X)
mapping TR’(X) — (1,1)G’(X) for each k-scheme X. ¢x is surjective. Indeed,
for any (u,r) € G(X),

(u,7)G'(X) = (1,7)(a(r 1, u), NG’ (X) = (1,7)G’(X) = $(rR'(X)).
¢bx is also injective. Consider r1R’(X), r2R’(X) € R(X)/R’(X). We have

d(mR'(X)) = d(r2R'(X)) & (1,11)G"(X) = (1,712)G"(X)
& (1,m) 71 (1,12)G'(X)

&1 eRI(X)
& 1R(X) =12R'(X)

Thus, ¢x is a bijection. In particular, the quotients G/G’ and R/R’ are isomor-
phic as k-schemes. O

Proposition 7.9. Let U be a unipotent algebraic group equipped with an R-
action 0 : R x U — W and G := U x4 R denote the semi-direct product. If the
classifying stack BG is @-complete, then o is trivial.

Proof. Assume that o is not trivial. There exists an injective group homomor-
phism i: G;;, — R such that the restricted action t: G, — U ds peu U
is also non-trivial (Remark [4.25]) Let G’ denote the subgroup U x; Gn,. By
Proposition the classifying stack BG’ is not @-complete. By Lemma (7.8

G/G' =R/Gn.

As R and Gy, are reductive, by Matsushima’s Theorem (Proposition [4.23)), the
quotient R/G,, is affine. Hence, the quotient G/G’ is affine. Consider the
following cartesian diagram of stacks

G/G’" —— Spec (k)

| J

BG' —— BG.
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By descent, the morphism BG’ — BG is affine. By Proposition the classi-
fying stack BG is not ©-complete. O

We end this section with the proof of Theorem

Proof of Theorem[7.1 Let G be a connected algebraic group. We can write G
as the semi-direct product U x4 R, where U is unipotent, R is reductive and
0:Rx U — Uis a group action. To prove the theorem, it is equivalent to show
that the classifying stack BG is ®-complete if and only if ¢ is trivial. (Remark
7).

(=) Proposition [7.9

(&) Proposition [6.15 O
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