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In this dissertation, we make methodological contributions to three statistical inference prob-
lems. We first consider two challenges that can arise when assessing for interactions, and we
then discuss inference for complex estimands in semiparametric and nonparametric models.
In Chapter 2, we propose an inferential procedure for identifying when an effect is substan-
tially stronger in some sub-populations than in others. In Chapter 3, we propose a method
for differential network analysis in the setting where the dependencies shared among the
nodes are associated with covariates. In Chapter 4, we introduce an approach to inference
on infinite-dimensional estimands that does not require the estimand of interest to take a
parametric form. We conclude with a summary and a discussion of potential future research

directions in Chapter 5.
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Chapter 1

INTRODUCTION

This dissertation consists of three projects with two major themes. The first two projects,
discussed in Chapters 2 and 3, address problems that arise when performing statistical in-
ference for interactions, that is, assessing how the associations shared among variables differ
by sub-population. This work has been largely motivated by applications in differential net-
work biology, where the objective is to identify perturbations in biological systems that are
associated with disease conditions. Our work can also be applied to assess treatment effect
heterogeneity in clinical trials and to assess sub-population level differences in the perfor-
mance of clinical prediction models. In the final project, discussed in Chapter 4, we proprose
a general framework for inference on infinite-dimensional estimands in nonparametric and
semiparametric models. This work can be applied to reduce the risk of model misspecifica-
tion in a wide variety of inference problems. In this chapter, we briefly describe the central

problem each chapter addresses and summarize our proposed solutions.

Chapter 2 concerns statistical inference for qualitative interactions. Qualitative interac-
tions occur when a treatment effect or measure of association varies in sign by sub-population.
Of particular interest in many biomedical settings are absence/presence qualitative interac-
tions, which occur when an effect is present in one sub-population but absent in another.
Absence/presence interactions arise in emerging applications in precision medicine, where the
objective is to identify a set of predictive biomarkers that have prognostic value for clinical
outcomes in some sub-populations but not others. They also arise naturally in gene regula-
tory network inference, where the goal is to identify differences in networks corresponding to
diseased and healthy individuals, or to different subtypes of disease; such differences lead to

identification of network-based biomarkers for diseases. While the absence/presence hypoth-



esis can be of interest in many applications, we show that developing a statistical test for
this hypothesis is an intractable problem. Concluding that an absence/presence interaction
occurs requires evidence that in at least one sub-population, the effect is exactly null. One
can only obtain such evidence under untenable assumptions To overcome this challenge, we
relax the problem in a novel inference framework. We argue that as an alternative to identi-
fying absence/presence interactions, it is reasonable to instead study the relative difference
in effect size, reasoning that when the relative difference is large, an absence/presence inter-
action occurs. We propose an inferential framework for studying the relative difference in

absolute effect size and show that our new approach only requires mild assumptions.

In Chapter 3, we present an approach to differential network analysis with covariate
adjustment. Identifying differences between biological networks that correspond to disease
conditions is important for understanding the underlying disease mechanisms. When the de-
pendencies among nodes in the network depends on covariates, methods that do not adjust
for covariates can detect spurious differential connections, which are induced by the effect of
the covariates on both the disease condition and the genetic network. While some methods
for covariate-adjusted estimation of networks have been proposed (e.g., Zhou et al., [2010;
Wang and Kolar, 2014; |Ha et al., [2018; N1 et al., [2019), these approaches do not empha-
size hypothesis testing for assessment of statistical significance of observed differences in the
network. To address this issue, we propose a covariate-adjusted hypothesis test for differ-
ential network analysis. Our proposed method assesses differential network connectivity by
testing the null hypothesis that the network is the same in individuals with different disease
conditions whose covariates have equal value. We introduce a general framework for estima-
tion and inference in exponential family pairwise interaction models in the high-dimensional
setting, wherein large networks are inferred using a relatively small number of observations.
We show that the covariate-adjusted test exhibits improved type-1 error control compared
with naive hypothesis testing procedures that do not account for covariates. We additionally
show that there are settings in which our proposed methodology provides improved power

to detect differential connections.



In Chapter 4, we introduce a general approach to hypothesis testing and confidence band
construction for infinite-dimensional estimands in nonparametric and semiparametric mod-
els. It is often of interest to make inference on an unknown function that is a local parameter
of the data-generating mechanism, such as a density or regression function. Such estimands
can typically only be estimated at a slower-than-parametric rate in nonparametric and semi-
parametric models, and performing calibrated inference can be challenging. In many cases,
these estimands can be expressed as the minimizer of a population risk functional. We
propose a general framework that leverages such representation and provides a nonparamet-
ric extension of the score test for inference on an infinite-dimensional risk minimizer. We
demonstrate that our framework is applicable in a wide variety of problems. We describe
how to use our approach for inference on a mean regression function under a nonparametric

model and a partially additive model.



Chapter 2

STATISTICAL INFERENCE FOR QUALITATIVE
INTERACTIONS

2.1 Introduction

An objective of many biomedical studies is to identify and test for interactions, which arise
when a measure of effect or association between variables differs by sub-population. Precision
medicine and genetic network inference provide examples of areas in which interactions are of
interest. For instance, researchers in precision medicine seek to understand how response to
treatment differs with patient characteristics. In genetics studies, it is of interest to determine
how gene co-expression networks, which summarize the associations between genes, differ

with phenotype.

Interactions may lack clinical or scientific significance when differences in effect are small.
In addition to detecting interactions, it is important to identify which are meaningful. For
example, in precision medicine, the most important differences in treatment effect may be
those in which some sub-populations of patients benefit from the treatment, while other sub-
populations are harmed or unaffected. Additionally, one may want to identify differences
among sub-populations in the set of biomarkers that have prognostic value for a health
outcome — that is, to determine whether some biomarkers are predictive of the outcome in
only a subset of the full population. Genetic network inference provides another example:
When comparing sub-population level gene co-expression networks, it may be of primary
interest to identify pairs of genes that share an association in some sub-populations but
share no association in others, or to identify pairs that have a positive association in one
sub-population and a negative association another. This is known as differential network

biology (Ideker and Krogan, 2012).



Such qualitative interactions are the focus of this chapter. Qualitative interactions oc-
cur when a measure of effect differs in sign by sub-population. We consider two types of
qualitative interactions: positive/negative interactions — also known in the literature as
cross-over interactions, nonremovable interactions, and disordinal interactions (de Gonzalez
et al., 2007) — and absence/presence interactions — sometimes referred to as pure interac-
tions (VanderWeele, [2019)). Positive/negative interactions occur when an effect is positive in
one sub-population and negative in another, and absence/presence interactions occur when

the effect is present in one population but absent in another.

Our objective is to formally test for qualitative interactions, given independent samples
from each sub-population. Testing for positive/negative interactions is well-studied (Gail
and Simonl, |1985} Piantadosi and Gail, [1993; [Pan and Wolte, 1997 Silvapulle, 2001; [Li and
Chan, 2006), while testing for absence/presence interactions has received substantially less
attention. Naive approaches, to be discussed in the sequel, require an untenable minimum
signal strength condition — that if an effect is present in any sub-population, it is large
enough to be detected with absolute certainty. No approaches exist, to the best of our

knowledge, that avoid this assumption.

In this chapter, we propose a novel framework for inference about absence/presence in-
teractions. Our proposed methodology allows for well-calibrated hypothesis testing under
mild assumptions. We also introduce a numerical summary that measures the strength of
absence/presence interactions, while accounting for the uncertainty associated with param-
eter estimation. Additionally, we describe methods for simultaneous inference about ab-
sence/presence and positive/negative interactions. The methodology we introduce provides
an effective and flexible inference tool in precision medicine and genetic network analysis, as

we illustrate in simulations and an analysis of breast cancer data from The Cancer Genome

Atlas (TCGA).



2.2 Background

2.2.1 Notation

As we begin to formalize the problem, we first introduce some notation. We consider two
sub-populations, labeled by g € {1,2}. Let 6, € R denote a measure of association in sub-
population g. When convenient, we write § = (61,6,). We can consider various measures
of association, such as: correlation coefficients, indicating the strength of linear relation-
ship between two variables of interest; log odds ratios, describing the relationship between
predictors and a binary outcome; and log hazard ratios, describing the association between
predictors and a time-to-event outcome.

We assume that given i.i.d. samples of size n; and ny from each sub-population, n;/ 2

consistent and asymptotically normal estimates ég of 0, are available, i.e.,

nl/2 (ég _ 99> —a N (0,03) ;

g

. 2 . . . oy . o .
with oy > 0 denoting the asymptotic variance. For expositional simplicity, we assume

balanced sample sizes n; = ny = n (key results are stated more generally in Appendix A).
We also assume 03 is known, though we can instead use a consistent estimate, as is commonly
done in practice.

We now formally state the null hypotheses of no positive/negative interactions and no

absence/presence interaction, labeled H(I)D N and H(‘)A / P respectively:
H§/N :0,>0for all g € {1,2} or 6, <O for all g € {1,2}
HY" 6, =0 for all g € {1,2} or 6, # 0 for all g € {1,2}.

We let @OP/ N, @S/ P and @f/ N,@f‘/ " denote the corresponding null and alternative regions
of the parameter space, depicted in Figure . (Recall that the null region is the set of
parameters such that the null hypothesis holds, and the alternative region is the complement
of the null region.) The positive/negative null region is the union of the the non-negative and
non-positive orthants, and the absence/presence null region is the union of all open orthants

and the origin.



Positive/Negative Hypothesis Absence/Presence Hypothesis Relative Difference Hypothesis
0 0 — n -
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91 el 91

O Null Region O Alt. Region

Figure 2.1: Null and alternative regions of parameter space for positive/negative, ab-

sence/presence, and relative difference hypotheses.

2.2.2  Testing composite null hypotheses

Our goal is to use the estimate 6 to perform tests of H(I]D/N and H(?/P such that the size is
controlled asymptotically under mild assumptions. Recall that for a null hypothesis Hy with

accompanying null region ©g, the size of a test is defined as

sup P(“Reject the null hypothesis” |0 = 6y).
906@0

In words, the size is the largest possible type-1 error rate that could be achieved under any
probability distribution given that € belongs to the null region.

Here, we describe our general approach for controlling the size at a pre-specified level
a € (0,1). We first define a test statistic 7', a map from observable data to a real-valued
number, with larger values of T" corresponding to more evidence against the null hypothesis.
We then calculate the test statistic on the observed data, which we denote by ¢. We write

P(T > t|@ = 6y) as the probability of observing a random test statistic at least as large as



the observed value ¢, assuming 6 = 6,. We reject the null hypothesis if
p(t) = sup P(T > t|0 = 0y) < .
0p€Og
One can think of P(T" > t|@ = 6y) as the p-value under a specific null distribution 6§ = 6y;
p(t) is then the largest of all such p-values. We reject Hy when there is sufficient evidence
to reject all hypotheses 6 = 6. We can view p(t) as a generalization of the usual p-value for
simple null hypotheses to tests with composite null hypotheses, and will simply refer to p(t)
as “p-value”. Tests of the above form are guaranteed to control the type-1 error rate at or

below the pre-specified level a (Casella and Berger, |2002).

2.2.3 Existing methodology

We now review existing approaches to test for qualitative interactions. We first discuss
testing positive/negative interactions before moving to absence/presence interactions.

Gail and Simon (1985) developed the most widely used procedure to test for posi-
tive /negative interactions. Though Gail and Simon proposed a general K-sample test, we
focus on the two-sample problem in this chapter. We note that various K-sample tests for
positive/negative interactions have been proposed (Piantadosi and Gail, [1993; Silvapulle,
2001; |Li and Chan| 2006)), but these procedures are essentially equivalent to the Gail-Simon
test in the two-sample setting.

Gail and Simon’s approach is to perform a likelihood ratio test based on the asymptotic

sampling distribution of 6. The likelihood ratio test rejects Hg N for large values of

Sup(alra'?)eeoP/N HQE{LQ} U.g_1¢ {\/ﬁag_l(eg - ag)}
SUD (b, pyer? [ ger 2y 770 {\/ﬁa;1<99 - bg)}

where ¢(+) is the standard normal density. By performing algebraic manipulations, one can

show that the likelihood ratio test equivalently rejects the null for large values of

TP/N — min Z n {0;1 <ég — ag) }2.

P/N
(ar.a2)€0”™ (£



The test statistic TP/N can be interpreted as the shortest distance between 6 and the null
region, where the distance is inversely weighted by the asymptotic variances of the estimates,

as illustrated in Figure

Positive/Negative Hypothesis Relative Difference Hypothesis

0,
L7

O Null Region O Alt. Region

Figure 2.2: Geometric interpretation of likelihood ratio statistic for positive/negative and

absence/presence hypotheses in setting where 6, and 0, have equal variance.

Gail and Simon show that the test statistic 7F/N can be calculated as

TP/N = min {n (ég/ag>2}]l<é€@lf/N>,

g€{1,2}

where 1() denotes the indicator function. Gail and Simon also show that for 6 € ©, the
asymptotic tail probability lim, . P(T"/N > t) is maximized when 6, is infinite, and 6,
is zero. In this case, 0, is strictly greater than zero with probability tending to one, and
because 0y is asymptotically normal with mean zero, 0y is positive with probability tending
to 1/2. Therefore with probability tending to 1/2, 0 is in the interior of the null region, and

TP/N = (0. When 60, is negative, the weighted distance between 6 and the null region is é% / 03.
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Thus, the p-value can be calculated as

1
PNt = sup lim P(T"/N > ¢)0 =6y) = =P (x] > t).
QOEGE/N n—oo 2

The likelihood ratio test is quite intuitive and rejects the null when a positive estimate
of association is observed in one population, a negative estimate is observed in another
population, and both associations are statistically significant.

Now, we discuss approaches to test for absence/presence interactions. While one might
be tempted to perform a likelihood ratio test for absence/presence interactions, the likelihood
ratio test fails in the sense that it never can reject the null. To see this, we first recognize
that, similar to the positive/negative interaction test, the absence/presence likelihood ratio
test would reject for large values of

TAP = min Z n {O'g_l <ég — ag)}2.

A/P
(ar,02)€05”" (£

Again, the test statistic 7%/ is the shortest distance between 6 and the null region @g/ P
Because the alternative region @f/ " has zero area, 0 lies in the null region with probability
one. Therefore, the test statistic is always 0, and the likelihood ratio test has no power.
One might alternatively attempt to test the absence/presence null by separately testing
the null hypotheses Hf : 6, = 0 for g € {1,2} and rejecting the absence/presence null when
HY is rejected for one g and not rejected for the other. To control the size of a test of this
form, we need to simultaneously control the type-1 error under two scenarios: (1) there is
an association in both sub-populations, and (2) there is no association in either population.
When there is an association in both populations, a type-1 error occurs when we incorrectly
fail to reject one of Hj. When there is no association in either population, we make a type-1
error when we incorrectly reject one of H§. Thus, controlling the size of the test for Héx /P
using this approach requires simultaneous control of the type-1 error rate and type-11 error
rate of tests for HY. If the tests for HJ are consistent — that is, the type-1I error rates
tend to zero with sufficiently large samples — this approach is asymptotically valid, as only

the type-1 error rates for tests of HS need to be controlled. However, with even moderately
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large samples, we will not be able to correctly reject false H§ with absolute certainty unless
the true association is strong and hence easy to detect. This would make the test of Hﬁ /®
unreliable in the presence of weak signal.

Specifically, we require 6,6, > o(n~'/?). To see this, we construct a more formal argu-

ment. For simplicity, suppose o1 = 02 = 1. We consider tests of H{ of the form

Reject; if n'/2|f,] > a
¢g - 9

Accept; if n'/2|6,| < a

where a is a constant that would be selected to control the size. The probability of rejecting

the absence/presence null is
P <Reject Hévp) = P (¢ = Reject) P (2 = Accept) + P (1p; = Accept) P ()2 = Reject) .

Suppose 0, and 6 are guaranteed to be greater than o(n~'/2) if they are both nonzero. Then,
for 6y,0, # 0, n'/?|6,| — oo, and P <Reject H(?/P> — 0. Therefore, to control the size, we
are only required to select « so that the type-1 error is controlled when 6, = 6y = 0; this can
be done by taking a as the (1 — a/4) quantile of the standard normal distribution. However,
it we allow 6, < o(n'/?), we can see a drastically inflated type-1 error rate. For instance, for
asmall € > 0, let 0; = n~Y/2%¢, g, = n~1/27¢ Then n'/2|f;| — oo > a while n'/2|0,| — 0 < a,
so P (Reject H§ / P) — 1. Thus, when small signal is permitted, tests of this form will be
asymptotically anti-conservative.

Both approaches discussed above for testing absence/presence interactions fail for a sim-
ilar reason: it is difficult to gather evidence supporting that a measure of association is
exactly equal to zero. This is captured by the alternative region having zero area, causing
the failure of the first approach. In the second approach, to obtain evidence supporting that
an association is zero, we require that Hy, is only accepted when 6, = 0; for this, we rely
upon a minimum signal strength condition to guarantee that any non-zero association is

detected.



12

2.3 Proposed methodology

2.3.1 Refinement of absence/presence hypothesis

To mitigate the challenges described in Section 2.2, we consider a refinement of the ab-
sence/presence null hypothesis. The key idea is that in practice, absence/presence inter-
actions can be approximated by considering the settings where an association is at least
moderately large in one population and negligible or near zero in the other; or when one
association is substantially stronger than the other. This means that we can expand the
alternative region to include neighborhoods of zero in a way that the absence/presence in-
terpretation is preserved.

Recall that when there exists an absence/presence interaction, the ratio of the maximum
of the absolute value of the ¢, to the minimum is infinite. We cannot test that the ratio
is infinite because we will never have evidence to support that the denominator is exactly
zero. However, we can test that the ratio is large because we may have evidence to support
that the denominator is very small. Motivated by this intuition, we propose to test whether
the relative difference between sub-population measures of association is greater than a large
pre-specified constant x > 1. Formally, let 6,,.x = maxg |6,| and 6,,;, = min, |6,|. We define

the new relative difference null hypothesis Hj as
HE 2 Omax/Omin < K OF Opay = Opin = 0.
Equivalently,
HE : Omax — KOmin < 0. (2.1)

The null region O, illustrated in Figure [2.] is the union of four linear subspaces — each
residing in a separate orthant of R?; the boundary of each subspace is the union of the spans
of vectors with absolute direction (x,1)" and (1,x)".

The relative difference null region can be viewed as a relaxation of the absence/presence

null. For a large choice of k, both our original and refined null hypotheses have the same
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interpretation: the greater measure of association is substantially larger than the lesser.
However, we find it appealing that H| has a reasonable interpretation for any choice of x;
that is, the multiplicative difference in strength of association is no larger than .

To motivate defining the refined null hypothesis in terms of relative differences rather than
absolute differences, we argue that testing for relative differences has at least the following
benefits. First, relative differences are unitless, so the relative difference null is compatible
with unitless measures of association such as the Pearson correlation coefficient, which are
often preferred in the analysis of biological data. Second, a reasonable x can be selected
without prior knowledge of ranges of strength of association.

Of course, the relative difference null hypothesis depends on the choice of . For small
values of k, the relative difference null may be too dissimilar from the absence/presence null
to retain its interpretation; for large x, the alternative region becomes very small, and it may
be difficult to detect absence/presence interactions (i.e., we may require a large sample size
or a strong signal in the sub-population where an association is present). In the following
subsections, we first construct a test of the relative difference null hypothesis for a pre-
specified k and then describe an approach to identify the set of x such that the test rejects

the null hypothesis, so as to circumvent tuning parameter selection.

2.3.2  Likelihood ratio test for relative difference hypothesis

We now develop a testing procedure for the new relative difference null hypothesis. The
relative difference null region, unlike the absence/presence null region, has non-zero area,
so a likelihood ratio test will not fail in the same manner as the likelihood ratio test for
absence/presence interactions. Similar to the previously discussed examples, the likelihood
ratio test statistic is
T" = min Z n{a’l@ —a>}2
(a1,a2)€05 e g g g ’
and can be interpreted as the shortest (weighted) distance between 6 and the null region

Q. Clearly, the test statistic is zero whenever 0 lies in the null region. Otherwise, T" is the
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shortest distance between § and the closest of the four linear subspaces that define ©f. The
test statistic can be calculated as the distance between (émax, émin)T and its projection onto
the span of the vector (k,1)". The test statistic’s geometric interpretation is illustrated in
Figure

The likelihood ratio test statistic is straightforward to calculate. Let Gpay = max, |0,
and émin = min \99] be the strongest and weakest estimated absolute association. In the
following lemma, we state that 7" is equal to the difference between émax and mémin divided
by a normalizing constant. Thus, the test statistic can be viewed as a plug-in of 0 into (2.1)
with an additional normalizing constant and closely resembles the test statistic proposed by

Fieller| (1940) to conduct inference about ratios of means.

Lemma 2.1. The likelihood ratio test statistic T* can be written as

% emax - /{emin
= A~ 4 2~ 0
Tmax + kK Tmin
A _ -1 _2 N1 N —-1_2 V| N A 1.2 )
where Tmax = n" 071 <|01| = Qmax> +n" o5l <|02| = Qmax), and Tmin = n~ 071 <|91| = 0m1n>+
—-1_2 )
n 0'2]1 <\92| = Hmin>.

We now discuss how to obtain a p-value for the relative difference hypothesis. First, we
obtain an observed test statistic ¢, a realization of T" calculated from the data. Following
the approach described in Section 2.2, we define the p-value as

p"(t) = sup lim P(T" > t|0 = 6,),

90 e@g n—oo

the largest of all asymptotic tail probabilities such that 6 belongs to the null region. To
determine the maximum tail probability, we characterize the limiting distribution of T"
assuming 6 = 6, for all 6, in the null region.

Though the null region contains an infinite number of values, 7" can only attain one of

three limiting distributions corresponding to the following three cases:

1. The true association is in the interior of the null region, i.e., 0. — KOmin < 0.
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2. The true association is on the boundary of the null region, but both associations are

non-zero, i.e., Opax — K0min = 0, Omax > 0, and 6,5, > 0.
3. The true association is zero in both sub-populations, i.e., 8; = 6, = 0.

In Proposition 2.1, we describe the asymptotic behavior of T" for cases 1 and 2 above.
We provide here some intuition for the result and reserve a formal argument for Appendix
A. In case 1, because 0 is consistent, T tends to minus infinity and therefore never provides
evidence against the null. In case 2, T" asymptotically follows a standard normal distri-
bution. To see this, we note that because both associations are non-zero, consistency and
asymptotic normality of 0 imply that, for large n, the sign and order of the estimates are de-
terministic. That the signs are asymptotically deterministic implies that ]é[ is asymptotically
normal (speaking loosely, |6,| — sign(6,)d,), and that order is asymptotically deterministic
implies that émax and émm are asymptotically independent. Therefore, taking the difference
between Oy and émin, suitably standardized, is asymptotically equivalent to taking a dif-
ference between two independent normal random variables with equal means. Dividing by

the asymptotic variances gives the claimed result.

Proposition 2.1. In the interior of the null region, i.e., when Opax — KOpin < 0, T"
converges in distribution to —oo. At all nonzero boundary points of the null region, i.e.,

when Opay = Kbmin > 0, T" converges in distribution to a standard normal random variable.

In case 3, when both associations are zero, the asymptotic distribution of the test statistic
is more complicated. More specifically, 6, = 0 implies that, asymptotically, |ég] follows a
half-normal distribution instead of a normal distribution. Moreover, the order of |6] remains
random in the limit. This gives rise to a non-standard limiting distribution. In particular,
unlike cases 1 and 2, the limiting distribution depends on the asymptotic variances of the
sub-population estimates (and also the ratio of the sample sizes in the unbalanced case). We
are nonetheless able to derive an analytic expression for the distribution function, stated in

Proposition A.2 (we reserve this statement for Appendix A, as the expression is cumbersome).
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By Propositions 2.1 and A.2, we can calculate the p-value as the maximum of the tail

probabilities in cases 2 and 3. That is,
p() = max {1 — B(t), 1 — F*(1)}, (2.2)

where ®(-) denotes the standard normal distribution function and F*(-) = lim,, . P(T" <
t|0 = 6y) is the limiting distribution function for the test statistic when § = 0. Though the
limiting distribution under # = 0 is non-standard, tail probabilities can be calculated easily,
as we show in Appendix A (Remark A.1). The p-value is therefore simple to calculate.
We have derived an analytic approximation for the power of the likelihood ratio test. In
Proposition A.2, we more generally characterize the limiting distribution of the test statistic
under hypotheses of the form (6, 6,) = n=/2(c1, ¢3). The local asymptotic power of the pro-
0 =n"12(c1,c2)),

posed test at the level o is available by considering 3% (c1, ¢2) = limy, oo P (T > t5_,|

where we define t]__, as the maximum of the 1 — a quantiles of the limiting distribution of
T* under scenarios 2 and 3 described above. An analytic finite-sample approximation of the
power can be calculated as 8% (n'/26;,n'/%6,).

A contour plot of the local asymptotic power is given in Figure 2.3 We consider both
cases of equal and unequal variance of the estimators. We observe that the likelihood ratio
test has low power when the strongest effect max {|c1|, |c2|} is small, and power improves
considerably when the strongest effect grows. Additionally, we find that in the presence of
unequal variance, the test has greater power when the weakest effect is estimated with higher

precision than the strongest effect.

2.3.8  Quantifying relative difference in effect by inverting likelihood ratio test

Rather than perform a the likelihood ratio test for a pre-specified x, one may prefer to
directly estimate the relative difference in effect. Naively, one might consider estimating the
relative difference in effect as émax / émm However, this estimate will behave poorly when
01 = 65 = 0 and should therefore not be reported in practice.

To overcome this issue, we propose to quantify the relative difference in effect size by
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Figure 2.3: Contour plot of local asymptotic power of relative difference likelihood ratio test
with kK = 2 and a = .05. Bold lines represent the boundary of the null region. Settings of

equal and unequal asymptotic variance of estimators are represented.

inverting the likelihood ratio test, similar to |Fieller| (1940). We define

Koo =SUp{r : k > 1,p%(t) < a}

max

as the largest x > 1 such that the likelihood ratio test rejects the null hypothesis at the «

level. When the likelihood ratio test fails to reject for all x > 1, we will use the convention

«

@« converges to 1 if 0.y = Opmin, and Kpmax should

kS = 1. We find it appealing that s

max

«
max

approach but not exceed Opax/0min Otherwise. We discuss calculation of k in Appendix

A.

2.3.4  Simultaneous test of qualitative interactions

When it is of interest to identify both absence/presence and positive/negative qualitative
interactions, it may be desirable to test for both simultaneously. In this section, we construct

an omnibus test that controls the size asymptotically.
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We define the omnibus qualitative interaction null hypothesis as
HE™* . Both HY'™ and Hf hold.
The null region @OP/ N5 is the intersection of the positive/negative and relative difference

null regions, as depicted in Figure 2.4, We observe that as k — oo, the omnibus null and

alternative regions tend to the positive/negative null and alternative regions.

©
0
<
s © Y
N
ITe) o

O Null Region O Alt. Region

Figure 2.4: (Left) Null and alternative region for omnibus qualitative interaction hypoth-
esis. (Right) Geometric interpretation of likelihood ratio statistic for omnibus qualitative

interaction hypothesis.

To construct the likelihood ratio test, we proceed using similar arguments to those pre-
sented in Section 2.3.2. The likelihood ratio statistic 7°/N* is the distance between the
estimate 6 and its projection onto the null region GOP/ N’H, inversely weighted by the asymp-

totic variance of 6. A simple expression for TP/N* is given in Lemma 2.2.
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Lemma 2.2. The likelihood ratio statistic TY/N* can be written as

TP/N" — min <é1 _ Ré2>2 <Ré1 _ é2>2 1 (é € @f/Nyn) .

n=1(0? + k202)’ n~Y(k20? + 03)

Unsurprisingly, the likelihood ratio statistic for the omnibus test approaches the likelihood
ratio statistic for the Gail-Simon likelihood ratio statistic for positive/negative interactions
in the limit of large x. The tests will, therefore, be nearly identical for sufficiently large x.

To characterize the asymptotic behavior of the omnibus test statistic at each location
under the null, we use similar arguments to those in Section 2.3.2. If  belongs to the interior
of the null region, TF/N* converges in probability to zero. If § belongs to the boundary of
the null region and is non-zero, T¥/N* converges weakly to a uniform mixture of zero and
the chi-squared distribution with one degree of freedom. If 6 is zero, the limiting distribution
of TP?/N* is non-standard, though it can be characterized nonetheless. Formal statements of
asymptotic properties of TF/N* are given in Propositions 2.2 and Remark A.2 (reserved for

Appendix A).

Proposition 2.2. If 0 belongs to the interior of the null region @éj/N’”, TP/NE converges in
distribution to zero. If 6 is on the boundary of the null region, but 6 # 0, P(TP/N+* > t) —

sP(xi>t) asn — oo.

Calculating the p-value for the omnibus test is no more difficult than calculating the
p-value for the absence/presence test. Defining FP/N*(t) = lim,,_,o P(TT/N < t|§ = 0), the

p-value can be calculated as
pn,P/N(t) — max {]P) (X% > t) 11— FP/N"{(t)} ’ (23)

where ¢ is the value of the test statistic 77/N* calculated on the observed data. We charac-
terize the local asymptotic power of the omnibus likelihood ratio test in Proposition A.4 in

Appendix A.
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2.4 Simulation study

In a Monte Carlo simulation study, we examine how type-1 error rates and power of the

likelihood ratio tests for qualitative interactions are affected by signal strength, sample size,

[0
max

and selection of k. Additionally, we examine how k%, depends on the true sub-population
effects and the sample size.

We generate random observations (Y,, X,) in sub-population g under the linear model:
Y, = 0,X, + & X, ~ N(0,1); e ~ N(0,1).

Here, X, is the predictor of interest, Y, is the response, and ¢ is white noise. The measure
of association in which we are interested is the regression coefficient ,. We fix 6; = 1 and
consider 0 € {—1,—-.9,....,.9,1}. A total of 5000 synthetic data sets are randomly generated
for each 0y and n € {50,100}.

For each synthetic data set, we perform both the relative difference likelihood ratio test
and the omnibus qualitative interaction likelihood ratio test with x = 2 and k = 4 using a
significance level of a = .05. We compare with a test for quantitative interactions based on
the test statistic

_ (6, — 6,)?
TRGET)

e}
max

We additionally calculate x with @ = .05. Parameter estimation is performed with
ordinary least squares, and model-based estimates of the standard error are used.

In Figure 2.5, we plot the Monte Carlo estimate of the rejection probability of the relative
difference likelihood ratio test over the range of ;. We see that the test achieves control
of size for both choices of k and both sample sizes. We observe that power is largest when
|05| is near zero, as we would expect. Power is moderately strong when k£ = 2 but fairly
poor when x = 4. With k = 4, the likelihood ratio test has almost zero power when the
sample size is small, though we see modest improvement when the sample size is larger. The

test for quantitative interactions is well-powered when 65 is nearly zero, but the rejection

probability greatly exceeds a when 6y is even moderately large and reasonably close to
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0,. This illustrates that while tests for quantitative interactions may be more powerful than
tests for qualitative interactions, tests for quantitative interactions are unsuitable when small
between-group differences in strength of association are not of scientific interest.

Figure [2.5] also shows the estimated rejection probabilities of the omnibus test over 6s.
Control of size is achieved in both large and small samples, as expected. We note that for
the omnibus test, power increases as #, tends to —1, and power is uniformly larger when

k = 2 than when k = 4.

Relative Difference Test

n=>50
2 z 2
T o T o
& s 3
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<< <<
g ©° g ©°
° °
2 2
x © x¥ ©
-1.0 -0.5 0.0 0.5 1.0
6>
Omnibus Test
n=>50
2 2
T o 3 o
S S
[<] [<]
<< <<
g ©° g ©°
° °
2 2
x © x¥ ©
—_— K=2 e K=4 = Quant.

Figure 2.5: Monte Carlo estimate of rejection probability of the relative difference and om-
nibus likelihood ratio tests. The shaded light grey and dark grey areas correspond to sets of
0y such that the null hypothesis holds with k = 2 and k = 4, respectively. The dashed red

line denotes the specified size a = .05.

In Figure [2.6] we plot the quantiles of the %, values from 5000 synthetic data sets for

max
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[e%
max

each f;. We expect that for a fixed 05, most & should approach but not exceed 6 /|65
as sample size increases; our simulations are consistent with this expectation. We note that

when the sample size is small, s . tends to underestimate the relative difference in effect

size.
n=50 n =100
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Figure 2.6: Distribution of k% _  calculated on synthetic data. The median is represented by

black line, and the .1 and .9 quantiles are represented by the dotted blue lines. The grey

o
max

curve represents |01]/]62], the value k2 is expected to approach for a given 6.

2.5 Data example

In this example, we investigate genetic differences in breast cancer sub-types. Classification
of breast cancer based on expression of estrogen receptor (ER) is known to be associated
with clinical outcomes. Approximately 70% of breast cancers are estrogen receptor positive
(ER+) cancers, meaning that estrogen causes cancer cells to grow (Lumachi et al., [2013]);

breast cancers are otherwise estrogen receptor negative (ER-). Patients with ER+ breast
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cancer tend to experience better clinical outcomes than ER- patients (Carey et al., 2006)).

We conduct an analysis using publicly available data from The Cancer Genome Atlas
(TCGA) (Weinstein et al., 2013). We use clinical data and gene expression data from a total
of 806 ER+ patients and 237 ER- patients.

We first investigate the differences between the genetic networks in ER+ and ER- breast
cancer. Both ER+ and ER- breast cancer are expected to have similar pathways, but iden-
tifying differences between them may be key to understanding the underlying disease mech-
anism. We then conduct an analysis to assess whether any genes in a set known to be
associated with breast cancer are strongly prognostic of disease outcomes in only one of the

estrogen receptor groups.

2.5.1 Differential network analysis

Our objective is to determine whether there are any pairs of genes that are much more
strongly associated in one estrogen receptor group than the other. We consider the set of
p = 145 genes in the Kyoto Encyclopedia of Genes and Genomes (KEGG) (Kanehisa and
Goto, [2000) breast cancer pathway and measure the association between gene expression

levels using the Pearson correlation.

We test the relative difference null hypothesis for each pair of genes with k = 2. In
Figure [2.7, we display the pairs of genes that are statistically significant at the o = .10 level
after a Bonferroni adjustment. We find that each of the genes progesterone (PGR), insulin-
like growth factor 1 (IGF1R), and estrogen receptor 1 (ESR1) have multiple differential
connections; each belongs to at least two pairs such that the association is twice as strong
in the ER+ population than in the ER- population. These genes have been shown in the
literature to be associated with sub-type and prognosis (Farabaugh et al., |2015; Reinert
et al., [2019; Kurozumi et al., 2017).
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2.5.2  Prognostic value of biomarkers

The goal of this analysis is to assess whether any of the KEGG genes have a stronger
association with time to death in one estrogen receptor group than in the other. For each
gene, we fit a univariate Cox proportional-hazards model with time to death as the outcome
in both of the estrogen receptor groups separately; we measure association using the log
hazard ratio. A total of 64 deaths occurred in the ER+ group, and 33 deaths occurred the
ER- group. We calculate <. with a = .10 for each gene.

In Figure 2.7, we compare the log hazard ratios of the ER+ and ER- groups in a scat-

terplot. Though the log hazard ratios for most genes are similar between subgroups, there

(63
max

are twelve genes with k% __ larger than one. A complete list is available in Table 1. The two
genes with the strongest interactions are Growth Factor Receptor-bound Protein 2 (GRB2;
k2. = 2.04), which has a stronger association in the ER~ group, and Adenomatous Polyposis

max

Coli (APC; k%, = 1.91), which has a stronger association in the ER+ group. Both genes

have been hypothesized to be associated with breast cancer carcinogenesis (Daly et al., |1994;

Jin et al. 2001)).

2.6 Discussion

We have proposed a general framework for inference about absence/presence qualitative
interactions. We argued that naive procedures rely upon untenable conditions because the
absence /presence hypothesis is ill-posed. We thus proposed to relax the problem in order
to conduct well-calibrated inference that maintains the absence/presence interpretation and
only requires mild assumptions.

In simulations, we found that our methodology has low power when signal is weak or
sample sizes are small. To an extent, this is just a feature of the problem; naturally, one
would require even more information to detect qualitative interactions than what is required
to detect quantitative interactions. However, we provide no guarantee that our methodol-

ogy is optimal, as tests for composite hypotheses based upon supremum p-values can be
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Gene ER+ Log HR (SE) ER- Log HR (SE) k2.,
GRB2 20.06 (0.31) 11.66 (0.68) 2.04
APC 1.34 (0.32) 20.09 (0.33) 1.91
BAX 11.05 (0.24) 0.04 (0.36) 1.53
PIK3CA  1.13 (0.28) 0.14 (0.32) 1.51
SOS2 1.13 (0.36) -0.1 (0.37) 1.33
MAP2K2  -0.87 (0.27) 0.03 (0.35) 1.22
GADD45G  -0.52 (0.13) -0.07 (0.19) 1.21
HES5H 0.02 (0.2) 0.51 (0.18) 1.19
WNT2 -0.36 (0.0) 0 (0.17) 1.14
DLL4 0.09 (0.2) 0.68 (0.27) 1.10
FRAT2  -1.22 (0.31) -0.45 (0.29) 1.08
SOS1 1.19 (0.3) 10.34 (0.42) 1.01

25

Table 2.1: KEGG genes that are more strongly associated with time to death in one ER
group than the other, i.e.; k2. > 1 with a = .10.

max

conservative in practice (Bayarri and Berger, [2000)).

Nonetheless, our framework is interpretable and provides a natural approach for quanti-
fying differences in strength of association by sub-population in general settings. Though we
only considered measures of marginal association in our examples, our method can be used
with conditional measures of association as well; we only require that asymptotically normal
estimates are available. In particular, our approach remains valid in the high-dimensional
setting, where asymptotically normal estimates can be obtained using the techniques of, e.g.,
van de Geer et al.| (2014) and [Zhang and Zhang| (2014)). Finally, our method can be useful

in the analysis of genomics data, as we demonstrated in our example.
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Figure 2.7: (Left) Pairs of genes in the KEGG breast cancer pathway for which we reject the

relative difference hypothesis with x = 2. Blue edges indicate associations that are stronger

in the ER+ group, and red edges indicate associations that are stronger in the ER- group.

(Right) Log hazard ratios for KEGG genes in ER+ and ER- groups. The gray dashed line

represents the 45-degree line. Blue diamonds and red triangles indicate genes for which

kS > 1 with a = .10, where the largest log hazard ratio is in the ER+ group and ER-

max

group, respectively.
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Chapter 3

COVARIATE-ADJUSTED INFERENCE FOR DIFFERENTIAL
ANALYSIS OF HIGH-DIMENSIONAL NETWORKS

3.1 Introduction

Complex diseases are often associated with aberrations in biological networks, such as gene
regulatory networks and brain functional or structural connectivity networks (Barabdsi et al.|
2011). Performing differential network analysis, or identifying connections in biological net-
works that affect disease condition, can provide insights into the disease mechanisms and lead
to the identification of network-based biomarkers (Ideker and Krogan| [2012; de la Fuente,
2010).

Probabilistic graphical models are commonly used to summarize the conditional indepen-
dence structure of a set of nodes in a biological network. A common approach to differential
network analysis is to first estimate the graph corresponding to each disease condition and
then assess between-condition differences in the graph. For instance, when using Gaussian
graphical models, one can learn the network by estimating the inverse covariance matrix
using the graphical LASSO (Friedman et al., 2008)); one can then identify changes in the
inverse covariance matrix associated with disease condition (Zhao et all 2014; |Xia et al.,
2015 He et al., [2019). Alternatively, the condition-specific networks can be estimated using
neighborhood selection (Meinshausen and Biithlmann|, 2006)); in this approach, partial corre-
lations among nodes are estimated by fitting a series of linear regressions in which one node
is treated as the outcome, and the remaining nodes are treated as regressors. Changes in
the network can then be delineated from differences in the regression coefficients by disease
condition (Belilovsky et al., 2016; Xia et al. [2018). More generally, the condition-specific

networks are often modeled using exponential family models with pairwise interaction terms
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(Lin et al.l 2016; |Yang et al} 2015; [Yu et al., 2019, |2020).

In some instances, these approaches to differential network analysis may lead to the
detection of between-group differences in biological networks that do not have a causal in-
terpretation. For example, this can occur when the condition-specific networks depend on
covariates (e.g., age and sex) because between-group network differences can be induced by
confounding variables, i.e., variables that are associated with both the within-group net-
works, and the disease condition. In such cases, the network differences by disease condition
may only reflect the association between the confounding variable and the disease. It is
therefore important to account for the relationship between covariates and biological net-
works when performing differential network analysis. Adjustment for confounding variables
in observational studies has been studied extensively in many contexts, e.g., in univariate
outcome regression (McNamee, 2005). In this chapter, we use similar ideas to develop an
approach for confounder adjustment in differential network analysis.

In this chapter, we propose a two-sample test for differential network analysis that ac-
counts for differing covariate effects on the networks, within each group. More specifically, we
propose to perform covariate-adjusted inference using a class of pairwise interaction models
for the within-group networks. Our approach treats each group-specific network as a function
of the covariates. It then performs a hypothesis test for differences between these functions.
To accommodate the high-dimensional setting, in which the number of nodes in the network
is large relative to the number of samples collected, we propose to estimate the networks us-
ing a regularized estimator and to perform hypothesis testing using a bias-corrected version
of the regularized estimate (van de Geer| 2016)).

Our proposal is related to existing literature on modeling networks as functions of a
small number of variables. For example, there are various proposals for estimating high-
dimensional inverse covariance matrices, conditional upon continuous low-dimensional fea-
tures (Zhou et al.| [2010; Wang and Kolar, 2014). Also related are methods for regularized
estimation of high-dimensional varying coefficient models, wherein the regression coefficients

are functions of a small number of covariates (Wang and Xiaj, 2009). Our method is similar
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but places a particular emphasis on hypothesis testing in order to assess the statistical sig-
nificance of observed differences in the networks. Our approach is the first, to the best of our
knowledge, to perform covariate-adjusted hypothesis tests for differential network analysis.

The rest of the chapter is organized as follows. In Section 3.2, we begin with a broad
overview of our proposed framework for covariate-adjusted differential network analysis in
pairwise interaction exponential family models and introduce some working examples. In
the following sections, we specialize our framework by considering two different approaches
for estimation and inference: In Section 3.3, we describe a method that uses neighborhood
selection (Meinshausen and Bithlmann| 2006; Chen et all [2015; Yang et al., 2015), and in
Section 3.4, we discuss an alternative estimation approach that utilizes the score matching
framework of [Hyvarinen| (2005, [2007). We assess the performance of our proposed method-
ology on synthetic data in Section 3.5 and apply it to a breast cancer data set from The
Cancer Genome Atlas (TCGA) (Weinstein et al 2013) in Section 3.6. We conclude with a

brief discussion in Section 3.7.

3.2 Overview of the Proposed Framework

3.2.1 Differential network analysis without covariate adjustment

To formalize our problem, we begin by introducing some notation. We compare networks
between two groups, labeled by g € {I,II}. We obtain measurements of p variables X9 =
(x1,... ,Xg)T, corresponding to nodes in a graphical model (Maathuis et al., 2018), on n!
subjects in group I and n'! subjects in group II. We define X C RP as the sample space of X9.
Let X7, denote the data for node j for subject i in group g, and let X¥ = (X7, ... ,)(flgd)T
be an n?-dimensional vector of measurements on node j for group g.

Our objective is to determine whether the association between variables X; and Xy,
conditional upon all other variables, differs by group. Our approach is to specify a model for

XY in which the conditional dependence between any two nodes X 5‘7 and X7 is represented by

a single scalar parameter Bﬁ . If the association between nodes j and k is the same in both
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groups I and II, BJIZ = ﬁH *. Conversely, if ,8 +# B;,I;:, we say nodes j and k are differentially

connected. We assess for differential connectivity by performing a test of the null hypothesis

HY\ : B =B (3.1)

s

We consider a general class of exponential family pairwise interaction models. For x =

T we assume the density function for X9 takes the form

f9%(z) = exp (Z () + Zzﬁfk¢]k Tj, Tp) — (:Bg*)) , (3.2)

7=1 k=1

(1,...,1p)

where 9, and p; are fixed and known functions, 87" is a p x p matrix with elements k,
and U(B") is the log-partition function. The dependence between X 3‘7 and X} is measured
by 37y, and nodes j and k are conditionally independent in group g if and only if 57, = 0.
This class of exponential family distributions is rich and includes several models that
have been studied previously in the graphical modeling literature. One such example is the
Gaussian graphical model, perhaps the most widely-used graphical model for continuous
data. For x € RP the density function for mean-centered Gaussian random vectors can be
expressed as
P

j
Z ,6}?’,2‘@@) , (3.3)

JP () ocexp (
j=1 k=1
and is thus a special case of with ¢, = —z;x, and p; = 0. The non-negative Gaussian
density, which takes the form of with the constraint that x takes values in R%, also
belongs to the exponential family class. Another canonical example is the Ising model,

commonly used for studying conditional dependencies among binary random variables. For

x € {0,1}7, the density function for the Ising model can be expressed as

f9%(x) o< exp <ZZB]gkx]xk> :

=1 k=1
Additional examples include the Poisson model, the exponential graphical model, and conditionally-

specified mixed graphical models (Yang et al., [2015; |Chen et al., 2015]).
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When asymptotically normal estimates of ,BJIZ and ﬁjﬂk* are available, one can perform a
well-calibrated test of Hg’k based on the difference between the estimates. In many cases,
asymptotically normal estimates can be obtained using well-established methodology. For
instance, when the log-partition function U(3%") is available in closed form and is tractable,
one can obtain estimates via (penalized) maximum likelihood. This is a standard approach
in the Gaussian setting, in which case the log-partition function is easy to compute. How-
ever, this is not the case for other exponential family models. Likelihood-based estimation
strategies are thus generally difficult to implement. In this chapter, we consider two alter-
native strategies that have been proposed to overcome these computational challenges and
are more broadly applicable.

The first approach we discuss is neighborhood selection (Chen et al., [2015; Meinshausen
and Bithlmann|, 2006} |Yang et al., [2015)). Consider a sub-class of exponential family graphical
models for which the conditional density function for any node X7 given the remaining
nodes belongs to a univariate exponential family model. Because the log-partition function
in univariate exponential family models is available in closed form, it is computationally
feasible to estimate each conditional density function. By estimating the conditional density
functions, one can identify the neighbors of nodes j, that is, the nodes upon which the
conditional distribution depends. This approach was first proposed as an alternative to
maximum likelihood estimation for estimating Gaussian graphical models (Meinshausen and
Biithlmann|, 2006). To describe our approach, we focus on the Gaussian case, though this
approach is more widely applicable and can be used for modeling dependencies among, e.g.,
Poisson, binomial, and exponential random variables as well (Chen et al., [2015; Yang et al.
2015).

In Gaussian graphical models, the dependency of node j on all other nodes can be deter-
mined based on the linear model

E[XJIXY, . X)) = B + D Bli X (3.4)
k#j

The regression coefficients 5;7’,: measure the strength of linear association between nodes j
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and k conditional upon all other nodes and are zero if and only if nodes ;7 and k are con-
ditionally independent; ﬂ;’g is an intercept term and is zero if all nodes are mean-centered.
(We acknowledge a slight abuse of notation here, as the regression coefficients in are not
equivalent to parameters in . However, either estimand fully characterizes conditional
independence.) The network can thus be estimated by fitting a series of p linear regression
models where one node is treated as the response, and all remaining nodes are treated as
predictors. In the low-dimensional setting (i.e., p < n9), statistically efficient and asymp-
totically normal estimates of the regression coefficients can be readily obtained via ordinary
least squares. In high-dimensions (i.e., p > n9), the ordinary least squares estimates are not
well-defined, so to obtain consistent estimates we typically rely upon regularized estimators
such as the LASSO and the elastic net (Tibshirani, |1996; Zou and Hastie, [2005). While reg-
ularized estimators are generally biased and have intractable sampling distributions, several
methods have recently emerged for obtaining asymptotically normal estimates by correcting
the bias of regularized estimators (Javanmard and Montanari, 2014; van de Geer et al., 2014;

Zhang and Zhang, [2014]).

The second computationally efficient approach we consider is to estimate the density func-
tion using the score matching framework of Hyvérinen (Hyvérinen, 2005, 2007). Hyvérinen
derives a loss function for estimation of density functions for continuous random variables
that is based on the gradient of the log-density with respect to the observations. As such,
the score matching loss does not depend on the log-partition function in exponential fam-
ily models. Moreover, when the joint distribution for X9 belongs to an exponential family
model, the loss is quadratic in the unknown parameters, allowing for efficient computation.
In low dimensions, the minimizer of the score matching loss is consistent and asymptotically
normal. In high dimensions, one can obtain asymptotically normal estimates by minimizing
a regularized version of the score matching loss to obtain an initial estimate (Lin et al., 2016;
Yu et al.;|2019) and subsequently correcting for the bias induced by regularization (Yu et al.,
2020).
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3.2.2  Covariate-adjusted differential network analysis

We now consider settings in which the within-group networks depend on covariates. We
denote by W9 a g-dimensional random vector of covariate measurements for group g, and we
define VW as the sample space of W9. Let I/Vfr refer to the value of covariate r for subject 7 in
group g, and let W7 = (W7}, ..., I/qu)T be a g-dimensional vector containing all covariates
for subject ¢ in group g. We assume the number of covariates is small relative to the sample
size (i.e., g < n9).

To study the dependence of the within-group networks on the covariates, we specify a
model for the nodes X9 given the covariates W9 that allows the inter-node dependencies to
vary as a function of W9. The model defines a function n]g-,k : W — R that takes as input a
vector of covariates and returns a measure of association between nodes j and k for a subject
in group g with identical covariates. One can interpret 77?”;: as a conditional version of ﬁif
in , given the covariates.

We assume that njg.”,: can be written as a low-dimensional linear basis expansion in W9 of

dimension d — that is,
e (W) = (¢ (W), afy

where ¢ : R? — R? is a map from a set of covariates to its expansion, ai’z is a d-dimensional
vector, and (-, -) denotes the vector inner product. Let ¢.(w) refer to the c-th element of ¢(w).
One can take the simple approach of specifying ¢ as a linear basis, ¢(w) = (1, wy, ..., w,)
for w € RY, though more flexible choices such as polynomial or B-spline bases can also
be considered. It may be preferable to specify ¢ so that n;(.”’,: is an additive function of
the covariates, as this allows one to easily assess the effect of any specific covariate on the
network, by estimating the sub-vector of a?”; that is relevant to the covariate of interest.

When the association between nodes j and k does not depend on group membership,
nj,:(w) = n;},;*(w) for all w, and O‘ﬁ = oz?,’:. In other words, if one subject from group
I and another subject from group II have identically-valued covariates, the corresponding

measure of association between nodes j and k is also the same. In the covariate-adjusted
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setting, we say that nodes 7 and k are differentially connected if there exists w such that
njl,t(w) + n;},;* (w), or equivalently, if Oé;: + 042;:. We can thus assess differential connectivity

between nodes 7 and k by testing the null hypothesis
I* 11,
Gy : gy = o (3.5)

Similar to the unadjusted setting, when asymptotically normal estimates of ab Tk » and a * are
available, a calibrated test can be constructed based on the difference between the estimates.

We now specify a form for the conditional distribution of X9 given W9 as a generalization
of the exponential family pairwise interaction model . We assume the conditional density

for X9 given W9 can be expressed as

P d
Fo* (@|w) o< exp (Zu] ) +ZZW W)k, wk) + > > 095G (x5, delw ))),

7=1 k=1 j=1 c=1

(3.6)

where w = (wy, ..., w,)", and the proportionality is up to a normalizing constant that does
not depend on z. Above, (;. is a fixed and known function, and the main effects of the
covariates on X9 are represented by the scalar parameters 9?7’; . The conditional dependence
between nodes j and k, given all other nodes and given that W9 = w is quantified by 7]]97 (w),
and 77y (w) = 0 if and only if nodes j and k are conditionally independent at w. One can
thus view 77} as a conditional version of 37;" in (3.6)).

Either of the estimation strategies introduced in Section 3.2.1 can be used to perform
covariate-adjusted inference. When the conditional distribution of each node given the re-
maining nodes and the covariates belongs to a univariate exponential family model, the
covariate-dependent network can be estimated using neighborhood selection because the
node conditional distributions can be estimated efficiently with likelihood-based methods.
Alternatively, we can estimate the conditional density function using score matching.

As a working example, we again consider estimation of covariate-dependent Gaussian

networks using neighborhood selection. Suppose the conditional distribution of X9 given
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W9 takes the form
J
9 (x|w) o exp ( an (W) xy, — Z Z 07 xjde(w > : (3.7)
j 1 k=1 ] 1 c=1
Then the dependencies of node j on all other nodes can be determined based on the following
varying coefficient model (Hastie and Tibshirani, 1993)):
E[XI|XY,... X3, W) = nfy (W) + > nly (W) X{. (3.8)
k#j

The varying coefficient model is a generalization of the linear model that treats the regression
coefficients as functions of the covariates. In (3.8)), njg.”,: (w) returns a regression coefficient
that quantifies the linear relationship between nodes j and k for subjects in group g with
covariates equal to w. Then X 57 and X7 are conditionally independent given all other nodes
and given W9 = w if and only if 77]‘.77’,: (w) = 0. The varying coefficients 77?,’1: can thus be viewed
as a conditional version of the regression coefficients in (3.4). (We have again abused the
notation, as the varying coefficient functions in are not equal to the parameters in ,
though both functions are zero for the same values of w). The intercept term 77?5 accounts
for the main effect of W9 on X j‘?. We can remove this main effect term by first centering the
nodes X f’ about their conditional mean given W9 (which can be estimated by performing a
linear regression of X7 on ¢(W7)).

In Sections 3.3 and 3.4, we discuss construction of asymptotically normal estimators
of ai’z in the low- and high-dimensional settings using neighborhood selection and score

matching. Before proceeding, we first examine the connection between the null hypotheses

0 0
H) and G

3.2.83  The relationship between hypotheses Hj({k and G?,k

As there is generally no equivalence between marginal and conditional associations, it is
possible that 47 in (3.2) differs with group while 7]9’* in (3.6) does not, and vice versa.
However, while hypotheses H; 0 ', in (3.1)) and GO & in (3.5)) are not equivalent, they are still re-

lated. We illustrate this by providing an example below. Suppose we are using neighborhood



36

selection to perform differential network analysis in the Gaussian setting, so we are making
a comparison of linear regression coefficients between the two groups. Suppose further that
the within-group networks depend on single scalar covariate W9, and the nodes are centered
about their conditional mean given W¥. One can show that the regression coefficients /5 o
are equal to the average of their conditional versions n?; (W9). That is, 87" = E[n7; (W9)].
Now, suppose GY; holds. If W' and W' do not share the same distribution (e.g., the co-
variate tends to take higher values in group I than in group II), the average conditional
inter-node association may differ, and HJ(-]’/,c may not hold. Although the conditional associ-
ation between nodes, given the covariate, does not differ by group, the average conditional
association does differ, as illustrated in Figure [3.1p. In such a scenario, the difference in
the average conditional association is induced by the dependence of the covariate on group
membership and the dependence of the inter-node association on the covariate. Thus, in-
equality of ﬁ x and ﬁI.I’* does not necessarily capture a meaningful association between the
network and group membership. Similarly when HJO  holds, it is possible that 7] T nH*
For instance, suppose that the distribution of the covariate is the same in both groups, and
E[n?(W¥)] = 0 in both groups. If the between-node association depends more strongly upon
the covariates in one group than the other, G  will be false. This example is depicted in
Figure [3.1p. In this scenario, adjusting for covariates should provide improved power to
detect differential connections. We note that for other distributions, it does not necessar-
ily hold that 87 = E[n?;(W?)], but regardless, there is generally no equivalence between
hypotheses HY; and GY,.

3.3 Covariate-adjusted differential network analysis using neighborhood se-
lection

In this section, we describe in detail an approach for covariate-adjusted differential network
analysis using neighborhood selection. To simplify our presentation, we focus on Gaussian
graphical models, though this strategy is generally applicable to graphical models for which

the node conditional distributions belong to univariate exponential family models.
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Figure 3.1: Displayed are the association between nodes j and &, 773‘.” . (+), as a function of co-
variate W9 and the distribution of W9 in groups I and II. The average inter-node association
is represented by the dashed colored lines. In (a), the average inter-node association depends
on group membership, though the inter-node association given the covariate does not. In
(b), the average inter-node association does not depend on group membership, though the

conditional association between nodes given the covariate does depend on group membership.

3.83.1 Covariate adjustment via neighborhood selection in low dimensions

We first discuss testing the unadjusted null hypothesis Hgk in (3.1)), where the 5;{;: are the
regression coefficients in (3.4]). Suppose, for now, that we are in the low-dimensional setting,

so the number of nodes p is smaller than the sample sizes n9, g € {I,11}.

It is well-known that the regression coefficients can be characterized as the minimizers of

the expected least squares loss — that is,

2
B = (B, B30T = argmin B (Xf—ZXﬁﬂk)

BpER ,
ﬂl» 7/3176 k‘;éj
: : 37 _ (9 39 9% __ (g% g% T
One can obtain an estimate 3; = (87,,...,57,) of 87" = (87, ...., 5],) by minimizing the
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empirical average of the least squares, taking

9
B; = argmin n_
B1,--,BpER

9

- "XiB

k#j

2

where || - [|2 denotes the ¢; norm. The ordinary least squares estimate Bf is available in closed
form and is easy to compute. The estimates Bf ,, are unbiased, and, under mild assumptions,

are approximately normally distributed for sufficiently large n9 — that is,

NN( Jk’ Jk)

with 77, > 0 (though 7/, can be calculated in closed form, we omit the expression for
brevity).

We construct a test of HY, based on the difference between the estimates of the group-
specific regression coefficients, B} T J ! . When H3,, holds, BJI x — B is normally distributed
with mean zero and variance 7' + T . Given a consistent estimate T;f . of the variance, we

can use the test statistic

which follows a chi-square distribution with one degree of freedom under the null for n' and

n'! sufficiently large. A p-value for HY; can be calculated as
pik =P (x1 > Tjx) -

In the low-dimensional setting, performing a covariate-adjusted test is similar to per-

forming the unadjusted test. We can obtain an estimate &f = ((a9,)",..., (dgvp)T)T of
al = ()7, (ag,’;)T)T by minimizing the empirical average of the least squares loss

&f = argmin —Z( Z(QS(W") oz]k>Xg> . (3.9)

a1, ,a“,e]Rdn i—1 kAj
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To simplify the presentation, we introduce additional notation that allows us to rewrite ((3.9)

in a condensed form. Let V} be the nf x d matrix
Xiq,k x ¢ (W)
Vi = : . (3.10)
ng,k x ¢ (W)

We can now equivalently express (3.9) as

. 1

Q= argmin —
J g

Rd TV

Qj,15-5Q5,p €

2
‘X? = Viaj| - (3.11)
2

Kt

Again, ol?k is an unbiased and approximately normal for sufficiently large n?, satisfying

where Qi ., is a positive definite matrix of dimension d x d (though a closed form expression
is available, we omit it here for brevity).

We construct a test of G, based on &, — &}, Under the null hypothesis, &;, — &'y
follows a normal distribution with mean zero and variance Qik + Q;Ik Given a consistent

estimate 7, of Q7 we can test GY, using the test statistic
1 ALY T (AL A\ Al A1
Sik = (45, — agy) (Qj,k T Qm) (A5 = Ag)

Under the null, the test statistic follows a chi-squared distribution with d degrees of freedom,

and a p-value can therefore be calculated as
P (Xz > Sng) .

3.3.2  Cowvariate adjustment via neighborhood selection in high dimensions

The methods described in Section 3.3.1 are only appropriate when the number of nodes p is
small relative to the sample size. Model (3.8) has (p — 1)d parameters, so the least squares

estimator of Section 3.3.1 provides stable estimates as long as n! and n!' are larger than
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(p — 1)d. However, in the high-dimensional setting, where the the number of parameters
exceeds the sample size, the ordinary least squares estimates are not well-defined.

To fit the varying coefficient model in the high-dimensional setting, we use a regu-
larized estimator that relies upon an assumption of sparsity in the networks. The sparsity
assumption requires that within each group only a small number of nodes are partially cor-
related, meaning that in , only a few of the vectors ai’: are nonzero. To leverage the

sparsity assumption, we propose to use the group LASSO estimator (Yuan and Lin, |2006):

y o
o = argmin  —
J n9
aj’l,...,aj,pERd

2
A el (3.12)

e

XJ =Y Viaj
oy

where A > 0 is a tuning parameter. The group LASSO provides a sparse estimate and sets
some &; to be exactly zero, resulting in networks with few edges. The level of sparsity of
d? is determined by A, with higher A values forcing more &; 5, to zero. We discuss selection
of the tuning parameter in Section 3.5.1.

Though the group LASSO provides a consistent estimate of a?’*, the estimate is not
approximately normally distributed. The group LASSO estimate of ai’,: retains a bias that
diminishes at the same rate as the standard error. As a result, the group LASSO estimator
has a non-standard sampling distribution that cannot be derived analytically. However, we
can obtain approximately normal estimates of ai’z by correcting the bias of &?’k, as was
first proposed to obtain normal estimates for the classical ¢;-penalized version of the LASSO
(van de Geer et al., 2014; Zhang and Zhang), 2014)). These “de-biased” or “de-sparsified”
estimators can been shown to be approximately normal with moderately large samples even
in the high-dimensional setting; they are therefore suitable for hypothesis testing. Our
approach is to use a de-biased version of the group LASSO. Bias correction in group LASSO
problems is well-studied (van de Geer, 2016; [Hondaj, 2019; Mitra and Zhang, 2016), so we
are able to perform covariate-adjusted inference by applying previously-developed methods.

The bias of the group LASSO estimate can be written as

6, =E [@ﬁ,k] - O‘?,’; )
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ok

where 5? . 1s a nonzero d-dimensional vector (recall d is the dimension of ozjg. . ). Our approach

is to obtain an estimate of the bias Sj,k and to use a de-biased estimator, defined as

g _ ~9 K9
Ajp = QG = O

For a suitable choice of SM, the bias-corrected estimator is approximately normal for a

sufficiently large sample size n? under mild conditions, i.e.,
<9 9% ()9
&g ~ N (a9,

where the variance €2, is a positive definite matrix, for which we obtain an estimate Q?k
We provide a derivation for the bias-correction and the form of our variance estimate in
Appendix B.1.

Similar to Section 3.3.1, we test the null hypothesis G, in using the test statistic

S = (aly —all) " (Qh, + Q) (ah —ally).

The test statistic asymptotically follows a chi-squared distribution with d degrees of freedom

under the null hypothesis.

3.4 Covariate-adjusted differential network analysis using score matching

In this section, we discuss covariate-adjustment using the score matching framework intro-
duced in Section 3.2. We first describe the score matching estimator in greater detail and then
specialize the framework to estimation of pairwise exponential family graphical models in
the low- and high dimensional settings. As shown later in this section, for exponential family
distributions with continuous support, the score matching loss function is a quadratic func-
tion of parameters, providing a computationally-efficient framework for estimating graphical

models.

3.4.1 The score matching framework

We begin by providing a brief summary of the score matching framework (Hyvarinen| 2005,

2007). Let Z € Z C RP be a random vector generated from a distribution with density
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function h*. For any candidate density h, we denote the gradient and Laplician of the

log-density by
0 " 02
Vlogh(z) = {8_z log h(z)} € R?; Alogh(z) = Z 9.2 log h(z;).
J j=1 "3

The score matching loss L is defined as a measure of divergence between a candidate density

function h and the true density h*:

= / IV log h(z) — Vlog h*(2)||2 h*(2)dz = E [|Vlog h(Z) — Vlog h*(Z)||§] . (3.13)

It is apparent that the score matching loss is minimized when h = h*. A natural approach
to constructing an estimator for A* would then be to minimize the empirical score matching

loss given observations 71, ..., Z,, defined as

ZHVlogh — Vlogh* (Z)|3-

Because the score matching loss function takes as input the gradient of the log density
function, the loss does not depend on the normalizing constant. This makes score matching
appealing when the normalizing constant is intractable.

The empirical loss seemingly depends on prior knowledge of h*. However, if h(z) and
IIh(2)||2 both tend to zero as z approaches the boundary of Z, a partial integration argument

can be used to show that the score matching loss can be expressed as

L(h) = / {Alog h(z) + % |V log h(z)Hg} h*(z)dz + const., (3.14)

where ‘const.” is a term that does not depend on h. We can therefore estimate h* by
minimizing an empirical version of the score matching loss that does not depend on A*. We

can express the empirical loss as
Zmogh 5 IV log h(Z).

The score matching loss is particularly appealing for exponential family distributions

with continuous support, as it leads to a quadratic optimization function (Lin et al., 2016)).
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However, when Z is non-negative, the arguments used to express as fail because
h(z) and ||[Vh(2)||2 do not approach zero at the boundary. We can overcome this problem by
instead considering the generalized score matching framework (Yu et al.; 2019; Hyvarinen,
2007) as an extension that is suitable for non-negative data. Let vy,...,v, : Rt — R*
be positive and differentiable functions, let v(z) = (vi(z1),...,v,(2,)) ", let ©; denote the
derivative of v;, and let o denote the element-wise product operator. The generalized score

matching loss is defined as
L(h) = / [{Vlog h(z) — Vlegh*(z)} o 111/2(7;)“; h*(z)dz, (3.15)

and is also minimized when h = h*. As for the original score matching loss , the
generalized score matching loss seemingly depends on prior knowledge of h*. However, under
mild technical conditions on h and v (see Appendix B.2.1), the loss in (3.15]) can be rewritten
as
p 9 2
L(h) = / [;@j(%‘) {al%zhj(zj)} +v;(2;) {al(;LZ;(Z)} + %Uj(zj) {8105—;;(7;)} } h*(z)dz.
(3.16)
The generalized score matching loss thus no longer depends on h*, and an estimator can be
constructed by minimizing the empirical version of with respect to h. To this end, the
original generalized score matching estimator considered v;(z;) = 232 (Hyvarinen, [2007). In
this case, it becomes necessary to estimate high moments of h*, leading to poor performance
of the estimator. It has been shown that by instead taking v as a slowly increasing function,
such as v;(z;) = log(1 + v;), one obtains improved theoretical results and better empirical

performance (Yu et al.| [2019).

3.4.2  Covariate adjustment in high-dimensional exponential family models via score match-
mg

In this sub-section, we discuss construction of asymptotically normal estimators for the

parameters of the exponential family pairwise interaction model (3.6)) using the generalized
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score matching framework. To simplify our presentation, we consider the setting in which
we are only interested in studying the connectedness between one node X j*‘-’ and all other
neighboring nodes in the network. To this end, it suffices to estimate the conditional density
of X ]g given all other nodes and the covariates W9. A similar approach to the one we describe
below can also be used to estimate the entire joint density . For simplicity, we assume
that in (3.6), there exist functions ¢ and ¢ such that ¢ = 1;, for all (j, k) and ¢ = (;,. for all
(j,¢), and that p; = 0. For z = (z1,...,7,)" and w = (wy,...,w,)" the conditional density

can thus be expressed as

[ (jla, . 2y, w) o< exp (Z <ozjk, Y(xj, ) +Z‘9g’ C (), pe(w ))>7 (3.17)

where the proportionality is up to a normalizing constant that does not depend on z;.

We first explicitly define the score matching loss for the conditional density function
B17). Let a2 = ((2))7, ..., (aﬁ-”’;)T)T, and similarly let 69" = (697,...,097)7. Let Y
and w denote the first and second derivatives of 1) with respect to x;, and similarly, let C and
¢ denote the first and second derivatives of ¢ with respect to xj. We define a non-negative
function v; : Ry — Ry, and let v; denote the first derivative of v;. Then for candidate
parameters o; = (oz;-fl, e p) and 0; = (0;1,...,0;4)", the empirical generalized score

matching loss for the conditional density of X 5‘7 given all other nodes and the covariates can

be expressed as

n9

L9 (e, 0) = ngZvj (Xf,j){mew»w()ffﬁfk +Z(’ac€ Xl de (W)
=1

_|_
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(3.18)

The true parameters ?’ and 99 can characterized as the minimizers of the population

score matching loss £ [wa» (o, Oj)}, as discussed in Section 3.4.1.
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The loss function in (3.18)) is quadratic in parameters ajg-’* and 0?’* and can thus be solved

efficiently. When the sample size n9 is much larger than the number of unknown parameters

g
n7j

(p 4 1)d, one can estimate af” and 67" by simply minimizing L ; with respect to the
unknown parameters. The empirical loss function is quadratic in (a;, €;), so the minimizer of
the loss is available in closed form and can be computed efficiently. Moreover, we can readily
establish asymptotic normality of the parameter estimates using results from classical M-

estimation theory van der Vaart| (2000, Chapter 5). To avoid including cumbersome notation,

we reserve the details for Appendix B.2.2.

When the sample size is smaller than the number of parameters, the minimizer of L% ;18
no longer well-defined. Similar to Section 3.3.2, we use regularization to obtain a consistent
estimator in the high-dimensional setting. We define the /5-regularized generalized score

matching estimator as

p
(69.67) = argmin L, ;(@;,0;) + A llaull,. (3.19)
j=1

aj,Hj

where A > 0 is a tuning parameter. Similar to the group LASSO estimator (3.12)), the regu-
larization term in (3.19)) induces sparsity in the estimate d? and sets some o?i i to be exactly
zero. The tuning parameter controls the level of sparsity, where more vectors dg  are zero
for higher A. In Appendix B.2.3, we establish consistency of the regularized score matching
estimator assuming sparsity of d? and some additional regularity conditions. The conver-
gence rate and conditions on the tuning parameter A depend on the probability distribution.
We show that for some distributions, the rate > 7_, & — a]"|s = Op({nlog(p)}'/?) can
be achieved with A o< {log(p)/n}'/2.

As is the case for the group LASSO estimator, the regularized score matching estimator
has an intractable limiting distribution because its bias and standard error diminish at the
same rate. We can obtain an asymptotically normal estimate by subtracting from the initial

estimate an estimate of the bias. In Appendix B.2.4, we construct such a bias-corrected
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estimate éz? . that, for sufficiently large n9, satisfies
ad, ~ N (afy,Q9,),

for a positive definite matrix Q;’ x- Given bias-corrected estimates and a consistent estimate

Q?,k: of Q7,, we can test the null hypothesis (3.5)) using the test statistic

Sik = (dj, — O‘?k)T (e + Q?k)_l (@ — i) -

Under the null hypothesis, the test statistic follows a chi-squared distribution with d degrees

of freedom.
3.5 Numerical studies

In this section, we examine the performance of our proposed test in a simulation study.
We consider the neighborhood selection approach described in Section 3.3. Our simulation
study has three objectives: (1) to assess the stability of our estimators for the covariate-
dependent networks, (2) to examine the effect of sample size on statistical power and type-1
error control, and (3) to illustrate that failing to adjust for covariates can in some settings

result in poor type-1 error control or reduced statistical power.

3.5.1 Implementation

We first discuss implementation of the neighborhood selection approach. The group LASSO
estimate does not exist in closed form, in contrast to the ordinary least squares estimate
. To solve (3.12)), we use the efficient algorithm implemented in the publicly available
R package gglasso (Yang and Zou, 2015).

The group LASSO estimator requires selection of a tuning parameter A, which controls
the sparsity of the estimate. We select the tuning parameter by performing K-fold cross-
validation, using K = 10 folds. While cross-validation is the gold standard for tuning
parameter selection and typically leads to good empirical performance, we note that the

group LASSO estimator estimator may converge slightly slower than the oracle rate when A
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is selected via cross-validation (Homrighausen and McDonald} [2017)). Since the selection of A
is sensitive to the scale of the columns of V{ in , we scale the columns by their standard
deviations prior to cross-validating. After fitting the group LASSO with the selected tuning
parameter, we convert the estimates back to their original scale by dividing the estimates by

the standard deviations of the columns of V,‘Z )

3.5.2  Simulation setting

In what follows, we describe our simulation setting. In short, we generate data from the
varying coefficient model , where we treat nodes 1 through (p — 1) as predictors, and
treat node p as the response. We first randomly generate data for nodes 1 through (p — 1)
in groups I and II from the same multivariate normal distribution. We then construct 7];77’,:
and generate data for two covariates W/ = (W7, VV{‘”Q)T so that one covariate acts as a
confounding variable, and the other covariate should improve statistical power to detect
differential associations after adjustment.

To simulate data for nodes 1 through (p — 1), we first generate a random graph with
(p—1) nodes and an edge density of .05 from a power law distribution with power parameter

5 (Newman, 2003)). Denoting the edge set of the graph by E, we generate the (p—1) x (p—1)

matrix © as
(

0 Gk ¢E

Ok =19.5 (j,k) € E with 50% probability

—.5 (j,k) € E with 50% probability

with O, = Oy ;. Defining by a* the smallest eigenvalue of ©, we set ¥ = (0 — (a* —.1)I) !,

where [ is the identity matrix. We then draw (X7,,..., X7

J,_1)" from a multivariate normal

distribution with mean zero and covariance % for ¢+ = 1,...,nY for each group g.
We generate W/, from a Beta(3/2,1) distribution and W} from a Beta(1,3/2) distribu-
tion. We center and scale both Wi{l and VV,JH1 to the (—1,1) interval. We generate Wil,2 and

W}, each from a Uniform(—1,1) distribution.
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We consider two different choices for the varying coefficient functions ng’; :

e Linear Polynomial:

77110’3(101, wy) = .5 + Dw; 77;’1*(11)1, wy) = .5 + 5w,
Nz (Wi, ws) = .5 + 25w; My (Wi, wa) = .5 + 75w,
s (wn, ws) = 0; ey (w1, ws) = .5,

and 77 = 0 for k > 4.

e Cubic Polynomial:

n;’j(wl, we) =.5+.5 (w1 +w? + wi’) : 77]3’1*(1111, wy) =.5+.5 (w1 +wi + w‘;’)

1,05 (Wi, wa) = .5 + .25 (we + w}) ; My (w1, ws) = .5+ .75 (wy + w§)
5w, ws) = 0; n (wi,ws) = .5,

and 77 = 0 for k > 4.

The first covariate W}, confounds the association between nodes p and 1. The distribution
of W/ depends on group membership, and W, affects the association between genes p and
1. However, 0t (w) = )1 (w) for all w. Thus, GY; in holds while H) | in fails, as
depicted in Figure . Failing to adjust for W} should therefore result in an inflated type-1
error rate for the hypothesis G%l. Adjusting for the second covariate Wf”z should improve
the power to detect the differential connection between nodes p and 2. We have constructed
nY5 so that E [p (W] = E [p™ (W™)], though the association between nodes p and 2
depends more strongly on W9 in group II than in group I. Thus, ng2 holds while G’g’2 fails,
as depicted in Figure|3.1p. The association between nodes p and 3 does not depend on either
covariate, though the association differs by group. Thus, one should be able to identify a
differential connection using either the adjusted or unadjusted test. Node p is conditionally

independent of all other nodes in both groups.
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For:=1,...,n9 we generate szp as

X7, =l (W) XY, + €,
k#p

where €] follows a normal distribution with zero mean and unit variance. We use balanced
sample sizes n! = n!' = n and consider n € {80,160,240}. We set the number of nodes
p = 40. The graph for nodes 1 through (p — 1) contains 15 edges. Leaving ¥ fixed, we
generate 400 random data sets following the above approach.

We consider two choices of the basis expansion ¢:

-
1. Linear basis: ¢(wq,wy) = (1 wy w2> ;

-
2. Cubic polynomial basis: qﬁ(wl,wQ):(l wy wi wd owy w? wg) :

Using a linear basis, d = 3, and model has 117 parameters. With the cubic polynomial
basis, d = 7, and there are 273 parameters.

We compare our proposed methodology with the approach for differential network anal-
ysis without covariate adjustment described in Section 3.3.1. In the unadjusted analysis,
ordinary least squares estimation is justified because although (p — 1)d is large with respect

to n, (p — 1) is smaller than n.

3.5.3  Simulation results

Figure shows the Monte Carlo estimates of the expected /5 error for the de-biased group
LASSO estimates a3 ,, £ [Hd_l (dgg;,k — aZ:Z) Hz}, for k=1,...,(p—1). We only report the
{5 error when the basis ¢ is correctly specified for the varying coefficient function n]i’z — that
is, when ¢ is linear basis, and 77;7,7; is a linear function or when ¢ is a cubic basis, and 77;’; is a
cubic function. In both the linear and cubic polynomial settings, the average ¢, estimation
error for alg:}: decreases with the sample size for all k, as expected. We also find that in small

samples, the estimation error is substantially lower in the linear setting than in the cubic

setting. This suggests that estimates are less stable in more complex models.
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Figure 3.2: Monte Carlo estimates of expected /5 error, E [”d_1 (d;gp,k - ocij,j)”z] , for k =
1,...,39. The linear polynomial plots display the ¢y error when 773‘.7”,: is a linear function,
and ¢ is a linear basis. The cubic polynomial plots display the ¢5 error when 77;.’7’,: is a cubic

polynomial, and ¢ is a cubic basis.

In Table , we report Monte Carlo estimates of the probability of rejecting Gg’k, the

null hypothesis that nodes p and k are not differentially connected given W9, for k = 1,
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k=2 k=3, and k > 4, using both the adjusted and unadjusted tests at the significance
level a = .05. As the purpose of the simulation study is to examine the behavior of the
edge-wise test, we do not perform a multiple testing correction.

For k =1 (i.e., when H;?,k fails, but Gg’k holds), the unadjusted test is anti-conservative,
and the probability of falsely rejecting ng increases with the sample size. When an ad-
justed test is performed using a linear basis, and when nﬁ:f is linear, the type-1 error rate
is slightly inflated but appears to approach the nominal level of .05 as the sample size in-
creases. However, when 77% is a cubic function, and the linear basis is mis-specified, the
type-1 error rate is inflated, though it is still slightly lower than that of unadjusted test. For
both specifications of ng:f, the covariate-adjusted test controls the type-1 error rate near the
nominal level when a cubic polynomial basis is used. For k = 2, (i.e., when H;(;),k holds, but
Gg}k fails), the unadjusted test exhibits low power to detect differential associations. The
adjusted test provides greatly improved power when either a linear or cubic basis is used.
For k = 3, (i.e., when both Hg’k and ng fail), the unadjusted test and both adjusted tests
are well-powered against the null. For & > 4 (i.e., when genes p and k are conditionally
independent in both groups), the unadjusted test and the adjusted test with a linear basis
both control the type-1 error near the nominal level. However, the covariate-adjusted test is
conservative when a cubic basis is used.

The simulation results corroborate our expectations and suggest that there are potential
benefits to covariate adjustment. We find that when the sample size is large, the covariate-
adjusted test behaves reasonably well with either choice of basis function. However, in small
samples, the covariate-adjusted test is somewhat imprecise, and the type-1 error rate can
be slightly above or below the nominal level. Practitioners should therefore exercise caution

when using our proposed methodology in small samples.
3.6 Data example

Breast cancer classification based on expression of estrogen receptor hormone (ER) is prog-

nostic of clinical outcomes. Breast cancers can be classified as estrogen receptor positive
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Unadjusted Linear Adjustment Cubic Adjustment
n=80 n=160 n=240 n=80 n=160 n=240 n=80 n=160 n =240
Linear ni:; k=1 0.15 0.278 0.385 0.13 0.09 0.072 0.04 0.062 0.05
k=2 0.042 0.078 0.045 0.27 0.532 0.73 0.08 0.27 0.52

k=3 048 0.912 0.988 0.605 0.922 0.965 0.218 0.738 0.902
k>4 0.052 0.054 0.053 0.045 0.048 0.048 0.009 0.017 0.025
Cubic 17197:; k=1 021 0.505 0.668 0.358 0.315 0.342 0.07 0.055 0.07

k=2 0.052 0.068 0.082 0.6 0.882 0.975 0.195 0.73 0.93
k=3 0408 0.84 0.978 0.55 0.898 0.982 0.202 0.772 0.945
k>4 0.056 0.05 0.054 0.053 0.054 0.052 0.009 0.02 0.027

Table 3.1: Monte Carlo estimates of probability of rejecting Ggﬂk, the null hypothesis that
nodes p and k are not differentially connected, given W9. All tests are performed at the

significance level a = .05, and no multiple testing correction is performed.

(ER+) and estrogen receptor negative (ER-), with approximately 70% of breast cancers be-
ing ER+ (Lumachi et al.; 2013). In ER+ breast cancer, the cancer cells require estrogen
to grow; this has been shown to be associated with positive clinical outcomes, compared
with ER- breast cancer (Carey et al. [2006). Identifying differences between the biological
pathways of ER+ and ER- breast cancers can be helpful for understanding the underlying

disease mechanisms.

It is has been shown that age is associated with ER status and that age can be associated
with gene expression (Khan et al., |1998; [Yang et al., [2015). This warrants consideration of
age as an adjustment variable in a comparison of gene co-expression networks between ER
groups, as.

We perform an age-adjusted differential analysis of the ER+ and ER- breast cancer
networks, using publicly available data from The Cancer Genome Atlas (TCGA) (Weinstein
et al., 2013)). We obtain clinical measurements and gene expression data from a total of 806

ER+ patients and 237 ER- patients. We consider the set of p = 145 genes in the Kyoto
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Encyclopedia of Genes and Genomes (KEGG) breast cancer pathway (Kanehisa and Goto,
2000), and adjust for age as our only covariate. The average age in the ER+ plus group is
59.3 years (SD = 13.3), and the average age in the ER- group is 55.9 years (SD = 12.4). We
use a linear basis for covariate adjustment. In the ER+ group, the sample size is considerably
larger than the number of the parameters, so we can fit the varying coefficient model
using ordinary least squares. We use the de-biased group LASSO to estimate the network
for the ER- group because the sample size is smaller than the number of model parameters.
We compare the results from the covariate-adjusted analysis with the unadjusted approach

described in Section 3.3.1.

To assess for differential connectivity between any two nodes j and k, we can either
treat node j or node k as the response in the varying coefficient model . We can then
test either of the hypotheses G2, : a7} = o’ or GY; : o)y = ay;/. We use a Bonferroni
adjustment and set our p-value for the test for differential connectivity between nodes j and
k as two times the minimum of the p-values for the tests of GY, and G}, ;. While we use this
conservative approach due to its simplicity, we could alternatively construct a simultaneous

test of G, and GY ; by characterizing the joint limiting distribution of ((aJ,)", (dijj)T)T.

Our objective is to identify all pairs of differentially connected genes, so we need to adjust
for the fact that we perform a separate hypothesis test for each gene pair. We account for
multiplicity by controlling the false discovery rate at the level a = .05 using the Benjamini-

Yekutieli method (Benjamini and Yekutieli, [2001)).

The differential networks obtained from the unadjusted and adjusted analyses are sub-
stantially different. We report 79 differentially connected edges from the adjusted analysis
(shown in Figure , compared to two edges from the unadjusted analysis. This suggests

it is possible that relationship between the gene co-expression network and age differs by ER

group.
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Figure 3.3: Differential breast cancer network by estrogen receptor status from covariate-
adjusted analysis. Nodes with at least five differentially connected neighbors are colored

blue. The false discovery rate is controlled at .05.

3.7 Discussion

In this chapter, we have addressed challenges that arise when performing differential network

analysis (Shojaie, 2020)) in the setting where the network depends on covariates. Using both
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synthetic and real data, we showed that accounting for covariates can result in better control
of type-1 error and improved power.

We propose a parsimonious approach for covariate adjustment in differential network
analysis. A number of improvements and extensions can be made to our current work. First,
while this chapter focuses on differential network analysis in exponential family models, our
framework can be applied to other models where conditional dependence between any pair of
nodes can be represented by a single scalar parameter. This includes semi-parametric models
such as the nonparanormal model (Liu et all 2009), as well as distributions defined over
complex domains, which can be modeled using the generalized score matching framework
(Yu et al., 2021)). Additionally, we only discuss testing edge-wise differences between the
networks, though testing differences between sub-networks may also be of interest. When
the sub-networks are low-dimensional, one can construct a chi-squared test using similar test
statistics as presented in Section 3.3 and Section 3.4 because joint asymptotic normality of
a low-dimensional set of the estimators é‘?,k can be readily established. Such an approach
is not applicable to high-dimensional sub-networks, but it may be possible to construct a
calibrated test using recent results on simultaneous inference in high-dimensional models
(Zhang and Cheng} 2017} Yu et al.| 2020). We can also improve the statistical efficiency of
the network estimates by considering joint estimation procedures that borrow information
across groups (Guo et al) 2011} |[Danaher et al., 2014; Saegusa and Shojaie, 2016). Finally,
we assume that the relationship between the network and the covariates can be represented
by a low-dimensional basis expansion. Investigating nonparametric approaches that relax

this assumption can be a fruitful area of research.
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Chapter 4

INFERENCE ON FUNCTION-VALUED PARAMETERS
USING A RESTRICTED SCORE TEST

4.1 Introduction

It is often the case that the estimand of scientific interest in a given application is an unknown
function, either in its entirety or through its evaluation at one or several points in its domain.
As a parameter of the underlying data-generating mechanism, such function is either global
— such as a distribution or quantile function — or local — such as a density, conditional mean
or hazard function. When sufficiently strong parametric assumptions are made, inference on
such an estimand, be it local or global, is usually straightforward, and parametric rates of
estimation are achievable. For instance, it is common to assume that a regression function
is linear or polynomial of a fixed degree, and inference then only involves a finite set of
unknown regression coefficients, which can be readily estimated at the parametric rate under
weak conditions. However, such restrictive modeling assumptions bring the risk of invalid
inference due to model misspecification. This fact has motivated investigators to instead rely
on nonparametric or semiparametric models, for which the risk of model misspecification is

reduced.

In nonparametric and semiparametric models, whether the parameter is local or global
determines whether regular parametric-rate estimators exist for the unknown function, and
therefore, how challenging calibrated inference is to achieve. When the unknown function is
a global parameter of the data-generating mechanism, parametric-rate inference is possible,
and there is a well-established efficiency theory that characterizes the large-sample behav-
ior of optimal estimators (see, e.g., the text by (Bickel et al., [1998) for a comprehensive

exposition). There also exist several constructive approaches for obtaining such estimators,
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including one-step debiasing procedures (Pfanzagl,|1982), estimating equations (van der Laan
and Robins, 2003; Chernozhukov et al., [2018]), and targeted minimum loss-based estimation

(van der Laan and Rose, [2011]).

In contrast, when the unknown function is a local parameter of the data-generating mech-
anism, there usually does not exist any regular parametric-rate estimator. While estimation
strategies abound for this setting, there are few formal approaches for inference (e.g., con-
struction of confidence sets and hypothesis tests) based on these strategies since studying the
limiting distribution of such estimators is usually challenging. For example, it is often the
case that the bias of an estimator obtained by minimizing an empirical risk criterion tends
to zero at the same rate as its standard error. To address this bias and facilitate inference,
several approaches have been proposed, many in the context of kernel smoothing. One com-
mon approach consists of constructing a data-driven bias correction (see, e.g., [Hardle and
Marron|, [1991; [Eubank and Speckman) 1993} Sun et al.l [1994; Calonico et al., 2018; |Lu et al.|
2020)). Another approach consists of undersmoothing, that is, selecting tuning parameter
values that deliberately inflate the variance in order to deflate the bias of the estimator, even
though such choice results in a suboptimal risk value (see, e.g., Hall, 1991} 1992; Neumann
et al. 1995). Both approaches typically require a characterization of the bias of the con-
sidered estimator, which often has a complex form and is difficult to estimate. They can
also be sensitive to tuning parameter selection and difficult to implement in practice. As an
alternative, |Hall et al.| (2013]) suggests a bootstrap-based algorithm for pointwise inference,
whereas van der Laan et al. (2018]) proposes to use targeted minimum loss-based estimation
on a sequence of decreasingly-regularized modifications of the original estimand. However,
neither approach appears to be directly applicable when uniform coverage or simultaneous
testing is of interest.

In many settings, the estimand of interest can be represented as the minimizer of a popu-
lation risk functional. Here, we use this representation to develop a novel general framework
for inference for function-valued parameters in nonparametric and semiparametric models.

We propose a test based on assessing the feasibility of the null parameter value by evaluating
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how greatly the derivative of the risk functional at this value differs from zero. Our test is an
infinite-dimensional extension of the classical Rao score test Rao| (1948), and in fact, reduces
to this test when the model considered is finite-dimensional. By inverting the proposed test,
we obtain uniform confidence bands for the unknown function of interest or its evaluation
on a set. In contrast to existing approaches applicable in infinite-dimensional models, our
proposal does not require estimation of the unknown function itself, thereby circumventing
the difficulties usually caused by the bias of existing estimators. The framework we propose
is quite general, and applies equally to classical parameters, such as density and conditional
mean functions and to more complicated parameters, so long as the parameter of interest is
a population risk minimizer. Our proposal is also flexible, requiring few assumptions about
the data-generating mechanism.

The rest of the chapter is organized as follows. In Section [4.2] we present a high-level
sketch of our proposed framework for inference. In Section 4.3 we discuss estimation of risk
functional derivatives, which play a critical role in our proposed approach. We present the
theoretical results supporting our approach in Section [4.4] and discuss practical considera-
tions arising in its implementation in Section [4.5] We evaluate the operating characteristics
of the proposed method in Section and apply it to data from the 1987 National Medical
Expenditures Survey in Section We provide concluding remarks in Section [4.8]

4.2 Overview of the proposed framework

4.2.1 Preliminaries

We begin by introducing some definitions and the notation used throughout. Let Z1, Z5, ..., Z,
represent independent random vectors drawn from a distribution Py known only to reside
in a potentially rich statistical model M, and denote by Z the sample space corresponding
to Py. Suppose that © is a given function class and P — f0p € © is a function-valued
parameter mapping defined over M. We are interested in making inference on 6y := 0p,.

Suppose that for each P € M there exists a P-risk functional Rp : ® — R such that
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0p = argming o Rp(#). In particular, defining the shorthand notation Ry := Rp,, this allows
us to write the representation 6y = argming g Ro(#). In many cases, the risk functional has

the simpler form
Rp(0) = Ep[lp(0,2)] (4.1)

for some loss function /p : © x Z — R indexed by P, though this is never required below.

4.2.2  Working examples

Minimizers of risk functionals arise naturally in many problems. Before describing our pro-
posed approach, we describe the two working examples we will refer to throughout the
manuscript. Both examples pertain to conditional mean functions. Let Z := (X, W,Y),
where Y € R is the response variable and (X, W) € R x R? represents a covariate vec-
tor. In the first example, we will consider inference on the conditional mean function
0y : x — Eo (Y | X = z) under a nonparametric model, where here and below E, denotes
expectation under FP,. Because we can express 6y as the minimizer of the least-squares risk,
that is,

0o = aragergin Eo [{Y — 6(X)}] (4.2)

with © taken to be the space Ly(Fy) of Py-square-integrable real-valued functions defined on
the support of X, this corresponds to using the P-risk functional Rp(0) := Ep [{Y —60(X)}?].
We readily see that P — Rp(6) is a linear functional. In fact, this risk functional has the
form (4.1)) with £p : (0, 2) — {y — 6(x)}?, where £p does not depend on P at all.

In the second example, we will consider inference on 6y under a partially additive mean
model that enforces the structure Eo (Y | X = 2, W = w) = 0y(z) + fo(w) for unknown func-
tions 6y and fy with condition Eq [6p(X)] = 0 imposed for identifiability. The partially linear
model is a special case of the partially additive model under which 6y must also be lin-

ear (Robinson, |1988]). The parameter value 6, facilitates a quantification of the association
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between an exposure X and outcome Y after adjustment for a vector W of potential con-
founders: specifically, 0y(z1) — 0o(xo) represents the difference in mean outcome between two
subpopulations of individuals with exposure levels x; and zy but same level of confounding
factors. Similarly as before, 8y can be expressed as a minimizer of a population least-squares
risk, that is,

0o = aregergin Eo [{Y — fo(W) — 0(X)}?] (4.3)
with © now taken to be the subset L3(P) of elements of Ly(Py) with Py-mean zero. This
corresponds to using the P-risk functional Rp(6) := Ep [{Y — fp(W) — 6(X)}?], where the
nuisance function fp is such that Ep (Y | X =2, W = w) = 0p(z) + fp(w) for each z and w.
In this case, the risk functional also has the form with £p : (0,2) — {y— fp(w)—0(x)}?,
a loss function that depends on P through fp. As such, in this case, § — Rp(f) is not a

linear functional.

4.2.3  General inferential strategy

Our objective is to conduct formal inference for an arbitrary population risk minimizer as

defined above. We begin by constructing a level a € (0, 1) test of the hypothesis
HO : 90 = 0, )

where 0, € © is a pre-specified null parameter value, against the complement hypothesis
Hy : 0y # 0.. Then, by inverting this test, we derive a confidence region C, for 6,, that
is, we obtain a random set C, = C,(Z1, Zs,...,Z,) C © that contains the population risk

minimizer with probability at least 1 — « as sample size n tends to infinity:

liminfPy(p€C,) > 1 — .

n—o0

Our proposal is closely related to the classical (parametric) score test of Rao| (1948]), which
we briefly review. Suppose that O is the collection of linear functions {05 2z 2 B¢ ]Rp},

a set indexed by the vector [ of finite dimension p. In the finite-dimensional setting, for
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any null value 8, € R? of the index parameter, the classical score test assesses whether the
null function 6g, is a population risk minimizer by determining whether there is empirical
evidence to suggest that the derivative of the risk function § +— Ry(0s) evaluated at f, is
zero. If the derivative is nonzero, 65, cannot be a population risk minimizer. This approach
is based on studying local perturbations of Ry in a neighborhood of the null value 6, along
a finite-dimensional collection of directions. As such, it does not rely upon estimation of
the population risk minimizer 6,. We find this approach appealing because it allows one to
conduct inference even when it is difficult to construct an estimator of 6, with a tractable

limiting distribution.

Our proposal generalizes the classical score test to the infinite-dimensional setting. For
this generalization, we will require a proper notion of differentiability of R, over the infinite-
dimensional space ©. For simplicity, suppose that © is a convex space. We will say that the
population risk functional Ry : © — R is Gateaux differentiable at # = 6, provided that, for
each direction h € H(0,) := {0 — 0, : 6 € O}, the Gateaux derivative

- 0.+ ch) — 0. d
R, (h) := lim Ro(6. + ch) ~ Rol6) _ —Ry(0. + ch)

c—0 C de

c=0

exists and is finite, and furthermore, the functional R079* : H(0,) — Ris linear. The Gateaux
derivative describes the rate at which the risk functional Ry changes in value when making
an infinitesimal shift away from 6, in the direction h. The key observation we use is that,
since 6, is an optimizer of Ry, the Gateaux derivative Roygo(h) of Ry at 8y must be zero in
any direction h, that is, Rog,(h) = 0 for each h € H(6). Thus, under Hy : 6y = 6., it must
also be that Ry, (h) = 0 for each h € H(6,). Conversely, if H; is instead true, there must
exist some function h, € H(6,) such that Rgg, (h.) # 0. To test Hy against H;, we assess

the existence of such a direction h..

Formally, our objective can be restated as determining whether the Gateaux derivative

of Ry at 6, in the steepest direction is zero, that is, we note that the null hypothesis Hy can
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be reframed as

Hy: sup |Rog.(h)] =0
heH(0+)

If the function class © — and therefore H(6,) as well — is rich, it may not be feasible to
determine if Ry, (h) # 0 for any direction h € H(6,). We may instead consider a subclass
H C H(b.) of directions to investigate, and then assess whether there is empirical evidence
to reject the restricted null hypothesis
Hy,p < sup|Rog, (h)] =0 .
heH

Of course, if Hy, is not true, then neither is Hy, but the converse statement does not hold.
Thus, a calibrated test of Hy, against its complement will generally constitute a conservative
test of Hy against its complement. We refer to our method as the restricted score test because
we aim assess Hy, against its complement H; ,, that is, to determine if the Gateaux derivative
of greatest magnitude over the restricted space H is zero or not.

Our approach to assessing Hy, consists of measuring the aggregate ‘size’ of the collection
of Gateaux derivatives evaluated at 6, in each direction h € H. To do so, we may select any
norm {2 defined on the vector space ¢*°(H) of bounded real-valued functionals on #, and
then use Q(Roﬂ*) as a measure of departure from Hy,. Such an approach is valid because
if Hy, holds, Q(R079*) = 0. We later show that, under appropriate conditions on H, we can
construct an estimator ang* of Rovg* such that, as a random element in *°(H), the normalized
process {n'/?[R,q.(h) — Rog.(h)] : h € H} converges weakly to a tight mean-zero Gaussian
process G := {G(h) : h € H} relative to the supremum norm. Because Rgg, is the zero
element whenever 6 = 6., we may then test Hy, using the test statistic Q(n'/2R,,.), which
has a tractable limiting distribution that can be approximated using resampling techniques,
as we demonstrate later.

We propose to construct confidence regions for 6, by inverting our restricted score test.
Let U := {1, : u € U} denote a collection of real-valued functionals on © indexed by some set

U. We define C,, :== {0 € © : we fail to reject 6y = 0 against 6y # 0 based on Zy, Zs, ..., Z,}
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as the set of functions in © compatible with the available data and set W, (u) := {¢.(0) :

0 € C,}. Later, we show that a simultaneous confidence region for any smooth functional

1y (o) is given by
(inf W, (u), sup ¥, (u)) .

In particular, we can set U to be some subset O of the domain of 6y and take 1, : 6 — 6(u)

to be the evaluation functional at u to obtain a simultaneous confidence set for 6, over O.
4.3 Estimation of the risk functional derivative

4.3.1  Uniform asymptotic linearity of the derivative estimator

Having outlined a sketch of the proposed framework for inference, we now scrutinize esti-
mation of the Gateaux derivative of Ry, which serves as a primary building block of our
procedure. To begin, we require that we have at our disposal, for each h € H, an asymptot-

ically linear estimator R, g, (h) of Rog, (h), in the sense that
. ) 1 <&
R, (h) = Rop.(h) = — Zl Opro0.(Zi 1) + g, (h) (4.4)

where Eg[pp, 0.(Z;h)] = 0, Eo[pp,0.(Z; h)?] < 0o, and 7,4, (h) = op(n~?). The function
2 bpya.(2;h) is referred to as the influence function of R, 4, (h). In many settings, such
an estimator is readily available. For instance, if the model space M includes the empirical
distribution P, and the functional P RRQ*(h) is Hadamard differentiable with respect to
the supremum norm (see, e.g., Chapter 20 of van der Vaart, 2000)), the plug-in estimator
Rnyg* (h) :== Rpmg* (h) will be asymptotically linear with influence function defined pointwise

as

d

Opop. (2 h) = $RP6,6*(h) )

where P, := (1—¢€)Py+¢€d, and ¢, is a degenerate distribution on {z}. Hadamard differentia-
bility typically holds in simple examples, such as when the risk functional has the form (4.1)

with loss £p not depending on P. In other problems, the plug-in estimator Rpmg* (h) may fail
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to even be defined — this often occurs when the Gateaux derivative functional depends on
local features of the underlying distribution (e.g., a density or conditional mean function).
Provided P +— Rpg, (h) is pathwise differentiable relative to the model M (see, e.g., Bickel
et al., |1998), more broadly applicable strategies for estimating Royg*(h) exist. For example,
if ]3n € M is a consistent estimator of F,, possibly obtained via flexible learning strategies

(e.g., machine learning), then the one-step debiased estimator

Rn,b’* (h) := Pnﬁ* Z ¢Pn (Zi; h)

satisfies under certain regularity conditions, provided z — ¢pg,(2;h) is taken to be
any gradient of the pathwise derivative of P~ Rpg, (h) (Pfanzagl, [1982). Alternative
constructions, such as targeted minimum loss-based estimation (see, e.g., van der Laan and
Rose, [2011)), also exist.

By the central limit theorem, the asymptotic representation suffices to establish that,
for any finite subset Ho C H, {n'/?[Rn9.(h) — Rog,(h)] : h € Ho} converges in distribution
to a mean-zero Gaussian random vector. This does not readily extend to an infinite set H,
— or indeed, H itself — without imposing stronger requirements on ng*, as is needed in
our proposal. The following lemma provides additional conditions on Rnﬂ* under which joint

asymptotic normality of n'/?[R,, g, (h) — R 4. ()] holds over an infinite set H,.

Lemma 4.1. If (i) {z — ¢op.(2;h) : h € H} is a Py-Donsker class, and (i) supycq, [1n(h)| =
op(n='2), then, as an element of {=(H), {n"/?[Rng.(h) — Rog.(h)] : h € H} converges
weakly to a tight mean-zero Gaussian process G with covariance function ¥ : (hy, he)

Eo [¢p,0.(Z; h1)dp,0.(Z: he)] relative to the supremum norm.

Both conditions constrain the complexity of . Condition (i) often holds, for example,
if H is itself a FPy-Donsker class, as implied by Theorem 2.10.6 of [van der Vaart and Wellner
(1996). Condition (ii) requires that the asymptotic linearity of R, 4. (k) hold uniformly for
h € H. It is trivially satisfied irrespective of H if, for example, P, € M, P vag*(h) is a

linear functional, and the plug-in estimator Rp, g, (h) is used.
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4.3.2  Working examples
Example 1: nonparametric mean regression

We first consider the setting of nonparametric mean regression, in which 6y is the conditional
mean function x — Eq (Y | X = z), which is also expressed as a population risk minimizer
in (4.2). For a fixed direction h, the Gateaux derivative of § — Rp(0) at 6 = 0, takes the
form Rpg.(h) = Ep {[Y — 6,(X)]h(X)}. In particular, this suggests that, in this problem,
the score test can be interpreted as examining the orthogonality of the residual calculated
under the null hypothesis Hy : 6, = 0y to all functions h € H.

The fact that P Rp,g* (h) is a linear functional defined at the empirical distribution P,

suggests the use of the plug-in estimator

n

R () 1= 37 [V = 0.(X)] (X))

of Rog, (h). This plug-in estimator is in fact unbiased and asymptotically linear with influence

function

2= (2,y) = dp0.(2:h) = [y — 0u(2)]h(x) — Rog. () -

Since this influence function is the efficient influence function of P — Rpﬂ*(h) relative to a
nonparametric model, R, g, (h) is also nonparametric efficient. The remainder term r,(h) in
is exactly zero, so the conditions of Lemma are often satisfied as long as ‘H satisfies a
Donsker condition. Uniform convergence of R, (0, h) is thus achieved under relatively weak

conditions.

Example 2: partially additive mean regression

We now consider the setting of a partially additive mean model. This example is more
involved than the previous example because the risk functional P — Rp is nonlinear and
depends on P via an unknown function-valued nuisance parameter fp. It is possible to verify

that this nuisance parameter can be expressed as fp : w +— Ep [Y —0p(X) |W = w]. Coupled
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with (4.3), this fact implies that §p minimizes the population P-risk functional Rpg, (h) :=
Ep [Y — pyp(W) —{0.(X) —Ep [0.(X) | W]}]?, where we define py p : w+— Ep (Y |W = w).

The Gateaux derivative of this risk functional takes the form
Rpg.(h) =Ep{[Y — py,p(W) = 0.(X) + po, p(W)][(X) — i p(W)]} (4.5)

where we define p, p : w — Ep [g(X) | W = w] for each function g : R — R for which this
moment exists.

Obtaining an estimator of Roﬂ* (h) is more challenging than in the previous example, as
we need to estimate the nuisance parameters py p,, fn,p, and fig, p,. Suppose that we have
constructed consistent estimators ji,, y.p,, fin,h,p, a0d Ly 0, p, Of these nuisance functions using
a nonparametric estimation procedure, such as artificial neural networks (Barron, 1989, the
highly adaptive lasso (Benkeser and van der Laan, |2016), or the Super Learner (van der Laan

et al., 2007). In Result C.1 in Appendix C.1, we show that the resulting plug-in estimator,

n

Ruo.(h) := % D Y=ty (Wo) + ttng,my(Wi) = 0 (X)][A(X) = pinpy (W2)], - (4.6)

i=1

is asymptotically linear with influence function

2= (w,2,y) = dpo.(2:h) = {y — py.p (w) + po, p, () — () H{(x) = pn.p, (W)} — Rog, (h)
(4.7)

under rate and complexity conditions on nuisance estimators fi,y.p,, fnnp, a0d fing, P -
Again, since this influence function is the efficient influence function P +— Rpg, (h) relative
to a nonparametric model, R, g, (h) is also nonparametric efficient.

While the asymptotic linearity of Rn,a*(h) at a fixed h can be readily established, uni-
form asymptotic linearity over H is more difficult to achieve and requires stronger conditions,
stated explicitly in Appendix C.1. In particular, uniform control of the remainder from the
linear representation of R, g, (h) (condition ii of Lemma 1) requires consistent estimation of
the nuisance function py, p, uniformly over H. For large H, this may be a difficult feat. Addi-

tionally, computational difficulties may arise since computing an estimate of p, p, separately
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for each h € H can be unfeasible unless a convenient parametrization of H is available. We

provide such a construction in Section [4.5|
4.4 Properties of the restricted score test

4.4.1  Limiting distribution of the test statistic

We now describe the construction of our restricted score test based on an estimator Rnﬂ*
satisfying the conditions outlined in Section and establish its large-sample properties.

Whenever 6y = 6,, the test statistic T}, := Q(n'/?R,, ,) converges in distribution to Q (G)
for any norm € on ¢*(#). We wish to compute the distribution function of Q(G) in order
to obtain an approximate p-value p(t) based on an arbitrary realization ¢ of T,,. However,
since the limiting distribution of 7;, is generally not available in closed form, we will use
resampling techniques.

We propose a multiplier bootstrap procedure that leverages the asymptotic linearity of
Rnyg* to approximate the p-value p(t). For each m = 1,2,.... M, let &,1,6m2s -5 &mn
be a random sample of independent and identically distributed random variables (also
independent of 7y, Z,,...,Z,) with mean zero, unit variance and finite moment of or-
der 2 + w for some w > 0. For instance, these could be taken as a random sample of
Rademacher or standard normal random variables. Defining the bootstrapped mapping
Rm’n,g* ch %Z?:l Onp.(Ziy h)Em.i, where ¢, 9, a consistent estimator of ¢p,4,, we con-

struct the bootstrapped test statistic
T = ) <n1/2Rm,n,9*) . (4.8)

Under suitable regularity conditions, this statistic converges weakly to 2(G), and so,

M

paaalt) = 22 S0 (T > 1

j=1
serves as an approximation to p(t) for n and M large. This result is stated formally below,

in Theorem 4.1. Below, we suppose that the influence function ¢p, ¢, depends on F, only
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through some nuisance parameter f, € F, where F is a vector space endowed with some
norm || - ||z With some abuse of notation, for any candidate nuisance f € F, we denote by
¢y, the influence function corresponding to nuisance value f. We note then, in particular,
that ¢, 0. = ¢®p,0.. We consider this representation of ¢p, 9, show that implementing our
procedure may not require estimating the entire distribution Fy but only some summary of
Py (e.g., a mean value or conditional mean function under Fy). There are no restrictions on
this summary, as we may also take fy to be the density function of Fy, if appropriate. We

suppose that we have access to an estimator f, of fy based on 2, Z,, ..., Z,.

Theorem 4.1. Let &,&s,...,&, be independent and identically distributed random vari-
ables with mean zero, variance one and finite raw moment of order 2+ w for some w > 0,
and also independent of Zy,Zs, ..., Z,. Suppose that, for some & > 0, the class 5 :=
{z = dro.(z:h) — Ppoo.(z;h) cheH, feF,|f— follr <} is Po-Donsker and has a finite
envelope function. Then, provided that || f, — fol|z = op(1) and that

sup / (610, (23h) — Do, (2 W)2dPo(z) — 0
heH

as || f = follr = 0, {n V2320 &0, (Zish) - h € H} converges weakly to G relative to the
supremum norm as an element of £°(H) conditional upon the sample paths Zy, Za, ..., Zp,

in outer probability.

We recall that the Gaussian process G was explicitly defined in Lemma 4.1. In view of
this result, the resampling-based strategy described above can be used to approximate the
limiting distribution of the test statistic under Hy : 8y = 6.. However, given that the limiting
distributions of Q(n*/?R,..) and Q(n'/?R,,4,) coincide under the null hypothesis, we could
instead obtain and use an approximation to the latter. This strategy has the key advantage
that the same bootstrap samples can be used to test Hy : 0y = 60, for any value of 6,. This
can lead to large gains in computational efficiency when constructing confidence bands, as
we discuss in Section[4.4.4l Using the tools used to prove Theorem 4.1, it is possible to derive

a slight modification of the result in which 6, is replaced by a consistent estimator 6,,.



69

4.4.2 Selection of the class of directions and norm

While our proposed test of Hy, — and thus of Hy, — achieves nominal type I error control
with any norm {2 and any sufficiently small class H, statistical power is influenced by these
selections. The optimal norm and class of directions as well as the sensitivity of power to
their selection depend on properties of the underlying data-generating mechanism F.

We first discuss selection of H. To do so, we examine the local asymptotic power of the
restricted score test when H is a singleton set containing a fixed direction h. Suppose that
Z1,Za, . .., Zy are generated from a distribution £, such that the Gateaux derivative under

B is n~12t, for t, € R. Suppose also that Rn’g*(h) is locally regular in the sense that
: 1 —
Rop.(h) —n ', = — Zish) + (b
79*< ) n h nizlqboﬂo( ) )—f-?"( )7

where the influence function ¢q g, does not depend on n, and nt/ 27’,L(h) converges to zero in
probability under sampling from /) ,,. It can be shown through an application of the Neyman-
Pearson lemma that the most powerful test based on anthew*(h} of the null hypothesis that
Rog.(h) = 0 rejects the null when the statistic T := Ri’e*(h)/Eo [05.6,(Z; h)] is larger
than the (1 — a)-quantile of the x? distribution, and that T* approximately follows a non-
central chi-squared distribution with one degree of freedom and non-centrality parameter
t2 /B [gf)g,eo(Z ; h)] for large n. Hence, the local asymptotic power is determined by the ratio
of the Gateaux derivative to the asymptotic variance of /2[R, g,(h) — Rog,(h)],
13y, (h)
Eo [ng,eo(z; h)] .

Thus, if we perform a test by taking H to be a set containing only a single fixed direction,

(4.9)

an optimal direction would be any maximizer hq of over h € H(6.). It is therefore
reasonable to seek to select H as a small set of functions that contains a good approximation
of hy. Because hq is unknown and will typically depend on F,, compelling approach consists
of characterizing h( analytically and then taking H to be a class of smooth functions that
contains an estimate of hy. We provide explicit details regarding the construction of H in

Section 4.5.
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We now provide natural examples of the norm Q. Let V : H — [0, 00) be a non-negative

weight functional. We first consider the weighted supremum norm

a— Q(a) = 21615 V(h)|a(h)|

leading to the test statistic Qu(n'/2R,4.) = n/?sup,cqy V(h)|Rug, (h)|. With the choice
V = 1, this simply evaluates n'/ 2Rn79* at the direction of greatest estimated change. Under
the alternative hypothesis, the largest estimated Gateaux derivative value does not neces-
sarily provide the greatest evidence in favor of the alternative because of the variability of
the derivative estimator. This motivates us to instead weight the Gateaux derivative by
the reciprocal of the standard deviation implied by the influence function of the derivative
estimator, thus setting V' = V; with Vi (h) := {Eq [¢p,.0,(Z; h)?]} /2. We note that, when ©
is finite-dimensional and H = #H(6.), the statistic resulting from use of the variance-weighted
supremum norm is precisely equivalent to the original score statistic proposed in |Rao| (1948)).
The variance-weighted supremum norm can thus be viewed as a natural generalization of
the standard parametric score test to the infinite-dimensional setting. We note that our
suggested choice of weight V) depends on Fy, and so, in practice, we must use an estimator
V,, of V. It can be seen through an application of Slutsky’s theorem that, as long as V,
is uniformly consistent, in the sense that supjcq [Vi.(h) — Vo(h)| = op(1), our theoretical
results remain valid.

As an alternative norm, we also consider a weighted Ly norm over H. Let ) be a measure

on the Borel o-algebra generated by H. We define the weighted L, norm as

1/2
o ) = { [ vimaimraom )’
and consider the test statistic Q2 (n'/ 2Rn’g*). This statistic involves weighted averaging of the
Gateaux derivative corresponding to each direction h € H. Similarly as with the supremum
norm, we may wish to set V' = V; in order to place more weight on directions for which we
can estimate the Gateaux derivative with greater precision.
To understand the influence of the choice of €2 on power, we draw intuition from literature

on simultaneous testing in the high-dimensional setting (e.g., |Cai et all [2014). In settings
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where the signal is dense, in the sense that the Gateaux derivative is small but nonzero
in many directions in H, good performance is expected from the L, norm but not from
the supremum norm. Conversely, when the signal is sparse, in the sense that the Gateaux
derivative is large in relatively few directions and zero elsewhere, the supremum norm is

expected to yield better performance than the L, norm.

4.4.3 FExtension to data-dependent classes of directions

So far, we have considered H to be a fixed class. In practice, it can be difficult to select H
a priori, and we may want to instead select the class of directions in a data-driven manner.
To be applicable in such cases, our theoretical results must allow the fixed class H to be
replaced by a stochastic (data-dependent) sequence of classes H,, = H,(Z1, Zs, ..., Z,). The
following theorem indicates that if H,, converges to a fixed class H in an appropriate sense,
then for the two choices of norm we have considered, Q(n!/ 2Rn,9*) also converges weakly to
Q(G), where G is the same Gaussian process defined in Lemma 4.1, Below, to simplify the

notation, we fix 6, and denote by ¢, the function z — ¢p, 4, (2; h).

Theorem 4.2. Suppose that there exists a function class H such that {¢n : h € H} is a
Py-Donsker class with a finite and square-integrable envelope, and that H, UH C H with
Py-probability one. Suppose also that Hy : 0, = 0y holds.

(a) If {¢pn : h € H,} converges to {¢y : h € H} in the Hausdorff sense, that is,

max{sup it [ lon(2) = on (PR, sup int [ whl(z)—c%(z)]?dpo(z)}:0p<1>,

hieH h2€Hn ho€H, €M

(4.10)
then supp,ey, 1'% [ ¢p(2)d(P, — Py)(2) converges in distribution to supjey G(én).
(b) Let B(H) denote the Borel o-algebra, and let Q be a measure on B(H). If
QU{HUHI\{HNH,Y}) =o0p(1), (4.11)

then f;, n{[ O (2)d(Py—Py)(2)}?dQ(h) converges in distribution to [, [{G(¢y)}2dQ(h).
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Theorem 4.2 can be applied to conclude that (nl/ 2Rn,9*> converges weakly to 2 (G) if
Rn,e*(h) is uniformly asymptotically linear for h € H, with H defined in the theorem state-
ment. For convergence of the supremum norm, Theorem requires that for any direction
hy € H, there exists a direction hy € H,, such that the expected squared difference between
the influence functions for the Gateaux derivative estimator corresponding to directions hy
and ho converges in probability to zero, and similarly for any direction hy € H,,. For conver-
gence of the Ly, norm, we require that the measure of the difference between the union and
intersection of H and H,, converges in probability to zero. While we have not shown that the
multiplier bootstrap scheme described in Section also provides a valid approximation
of the sampling distribution of Q(n'/ ZRW*) when the class of directions is data-dependent,

we expect that the multiplier bootstrap remains valid under suitable regularity conditions.

4.4.4  Construction of confidence regions

By taking advantage of the relationship between hypothesis tests and confidence regions,
we can invert the proposed score test to obtain simultaneous confidence sets for summaries
of Oy. Let U := {¢, : v € U} denote a collection of real-valued functionals defined on ©
indexed by some set &/. We wish to construct simultaneous confidence intervals for elements

of U(0y) :={1u(6p) : u e U}.

As before, we take C,, := {0 € © : we fail to reject 6y = 0 against 6y # 0 based on Zy, Zs, . ..

to denote the set of null parameter values that the restricted score test fails to reject. If the
test achieves the nominal type I error rate a, 8y belongs to C,, with probability tending to

1 — « in the sense that
P, ((90 € C,) = Py (we fail to reject 6y = 0 against 6y # 0 based on Zy, Zs, .. ., Zn) — 11—«

as sample size n tends to infinity whenever Hy : 6y = 6 is true. Thus, C, is a 100(1 — o)%
confidence region for #y. The random region C, can be interpreted as the collection of
parameter values 6 that are consistent with the observed data. To obtain a confidence region

for W(6y), for each u € U, we find the largest and smallest value of 1, (#) that can be obtained

) ZTL}
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for 6 € C,,; setting ¥, ,, := {¢,(0) : 0 € C,,}, we construct the set
Cn(u) := (inf W, ,,, sup¥,,) .

To see that {C,(u) : w € U} is in fact a simultaneous confidence region, we note that if
Uy (0y) ¢ Cp(u') for some v’ € U, then it is necessarily the case that 6y ¢ C,,. Thus, we have
that

liminf Py {¢,(6p) € Cp(u) for all w e U} > liminfPy (6 €C,) = 1 —a.

In some instances, if © is unrestricted, an interval C,(u) can be infinitely wide. This can
occur when it is possible to construct several non-smooth functions 6 such that ang(h) =0
for all h. For instance, in Example 1, this can be achieved by fixing 6(X;) = Y; for i =
1,2,...,n, and letting 0 take any value elsewhere. Thus, one can select 6 € C, such that the
evaluation 6(zg) of 6 at a point zq where no data are observed is arbitrarily large or small.
This difficulty is avoided if © is a class of smooth functions, although determining such a
class a priori may be difficult in practice. If we could obtain a consistent estimator of a
measure of the smoothness of 6y, we could construct a confidence band for a class containing
functions no smoother than the smoothness level prescribed by our estimate. However, it
can be challenging to consistently estimate the smoothness of an unknown function. In
our implementation, we use a simple plug-in estimator of the smoothness and leave the
development of a more rigorous approach as future work.

Our proposal is particularly useful for obtaining simultaneous confidence intervals for
the evaluation functional 6 — 6(z) for arbitrary z, as we are able to immediately obtain
a 100(1 — «)% confidence band for €,. When only a finite collection of functionals is of
interest, however, our proposed intervals may be conservative. If the functionals of interest
are pathwise differentiable, we recommend instead estimating each quantity using an efficient
estimator (as described in, e.g., Pfanzagl, 1982 and |van der Laan and Rose, [2011) to obtain

asymptotically calibrated intervals.
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4.5 Implementation and practical considerations

We now describe our implementation of the restricted score test and discuss its use in the

partially additive mean regression example.

4.5.1 Construction of H

For a positive semidefinite kernel function K, let Sk denote its unique reproducing kernel
Hilbert space (RKHS), endowed with the inner product (-,-)s,. We construct H to be a
subspace of Sk.

We consider the eigen-decomposition of K given by
(z1,22) = K(z1, 22) ZFLJT]] 21)n;(22)

with eigenfunctions {7, 72, ...} orthogonal with respect to (-, -)s, and eigenvalues 0 < K; <
k2 < .... Each function g € Sk can be expressed as a linear combination z — > 7%, a;n;(2)
of eigenfunctions, where ay, as, ... are real-valued coefficients. The smoothness of g can be

measured by the RKHS norm as

SLN

J(g) == => -

Jj=1

k)El@

with higher values of J(g) corresponding to lesser smoothness. The test statistics we consider
are based on the ratio of the Gateaux derivative estimates to their standard errors and do
not depend on the scale of the direction function h. Rather, the performance of our test is
determined by the shape of the direction function. We therefore require a scale-free measure
of smoothness, for which we use a scaled version of the RKHS norm J(h)VZ(h), where
we recall that Vo(h) := {Eq [¢p,0,(Z; h)?]} /2 is the reciprocal of the asymptotic standard
deviation of n'/2[R,,g,(h) — Rog(h)]. While other scale-free measurements of smoothness
could alternatively be used, we will see that this particular choice leads to computational

benefits. We consider as H a subset of functions in S with bounded smoothness, namely

H, = {h =) 01a5m; 1 a1,a,. .. €R, J(R)Vg(h) < 7}
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for some tuning value v > 0. For computational ease, we truncate the eigenbasis at some
large level d.
In some instances, the kernel for an RKHS has eigenfunctions that are known and avail-
able in closed form (Wahba, [1990). For instance, consider the second-order Sobolev space
n [0,1], which can be defined as an RKHS endowed with the inner product (hy,hs)
(h1,ha)s, = fo h1 z)dz, where h denotes the second derivative of any given function h.

The elgenfunctlons and elgenvalues for the kernel are
Moj1: 2+ V2cos (2mj2), Myt 2+ V2sin(2mjz),  koj1 = Koy = (2m5) Y,

for j = 1,2,.... When the eigenfunctions are not available in closed form, we can instead use
a numerical approximation. For instance, letting K be an nxn matrix with K;; := K(Z;, Z;),
we could take 7,7, ...,7; € R™ as the leading eigenvectors of K.

For the partially additive mean model, estimation of the Gateaux derivative requires
estimation of the conditional mean py, p, of h(X) given W under Fy. We proceed by first
obtaining an estimate i, p, of the eigenfunction regression function w +— p,, p(w) =
Eo [n;(X) | W = w] and then setting fi,, p, = Z;l:l Qjfny;, - The estimate i, p, may
be unreliable for a non-smooth eigenfunction 7; and hence lead to a poor estimate of y p, .
However, by requiring that h is smooth, and thus forcing a; to be small for non-smooth
eigenfunctions, estimates of the non-smooth eigenfunctions should make a relatively small
contribution to fi, 4 p,-

We conclude by discussing selection of the tuning parameter v. We choose 7 so that H.,
contains an approximation of a maximizer hg of . As hg may depend on Py, we instead
obtain an estimate h,, of hy and take v = v, := J (h,) V,?(h,), where V,,(h) is an estimate
of Vo(h). It can be shown, by an application of the Cauchy-Schwarz inequality, that for the
partially additive mean model, if the residual Y — fo(W) — 0o(X) depends neither on X nor
W, any maximizer of is proportional to 6y — 6,. We then set hy = 6y — 6,. We use
a simple penalization approach to estimate #y and consider candidate estimates of the form

0=>"¢ i=1 a;m;. Let R, be an estimate of the population risk function Ry. We estimate the
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risk for the mean regression function in the partially additive model as

2

1 n d

R, (0) = - > Y= pnyn (Vi) = a; {n;(X;) — Mn,nj,Po(Wi)}] :
i=1 j=1

We then estimate 6, as 6,, := ijl a;n;, where

d 92
a“

(G1,a9,...,44) := argmin R, (Z?Zl ajnj> + A Z . (4.12)
j=1 "7

(a1,a2,...,a9)ER

The penalty term in (4.12)) modulates the smoothness the estimator 6,, where smoothness
is measured by the RKHS norm, and a larger value of the tuning parameter A > 0 results
in a smoother estimate. We select A using cross-validation, where the performance on the
validation set is measured using the empirical risk, and the nuisance parameters upon which

the risk depends are still estimated using the full data set. We finally take h,, := 6,, — 0,.

4.5.2  Calculation of the test statistic

We now discuss strategies for computing the test statistic. As calculation of the test statistic
depends on the form of Rn’g* (h), we focus specifically on the partially additive mean model.

The estimate R, 4, (k) of the Gateaux derivative (&.35) can be expressed as
Roo.(h) =n7'S(h,) Ta

for each h € H.,, where S(6,) is an n-dimensional vector with " component S(6,); :=
Y = pnype(Wi) — [0.(X;) — ping. p(Xi)], T is an n x d matrix with (i, 7)™ entry T;; :=
10;(Xs) = finy,,p(Wi), and a is a d-dimensional vector of coefficients for the eigenbasis. We

estimate the variance of the efficient influence function ¢p, ¢,(Z; h) as
—2 1 - 2
Voo (h) = — > A =ty (Wi) 4t 5 (W2) = On( X [R(X:) = pim iy (W2)]
i=1

For h € H.,, we can rewrite the estimate as V,,%(h) = a’ Va, where V. = n~'T'"[diag (S(6,,))]*T
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The inverse variance-weighted supremum norm test statistic weg  := Qoo(nl/ Qang*) then

takes the form

-1 Tra12  aTdine (1
9 n~'[S(h,) Ta]?> a'diag(i)a
Woon = SUP { a’Va alva [’ (4.13)
where Kk := (Ki,Ka,...,Kq). A maximizer of the optimization problem in (4.13) can be

obtained by solving

1
sup {nl/QS(H*)TFa ;a'Va=1,a'diag (—) a< Py} : (4.14)
a K

The Karush-Kuhn-Tucker (KKT) conditions for the constrained optimzation problem (|4.14])
imply that the maximizer of (4.14) is the solution to

A 1
argmax {nl/QS(H*)TFa - ?2 (aTVa + A\ a' diag (E) a) } : (4.15)

a

where Aj, Ay > 0 are chosen so that the constraints in (4.14]) are satisfied, and the inequalities
are tight. With some algebra, we find that the solution a,, ,, to (4.15] is available in closed

form as

1 —1
éh,)@ = n_1/2>‘2_1 { V + /\1 diag (E) } FTS(Q*) .

Thus, the supremum norm test statistic can be expressed as

W = 105 1S(0,)T { V + A, diag (%) } s(,) (4.16)
If we fix A\; and Ay, we obtain a test statistic that can be expressed as a quadratic form in
S(0,). Fixing A\; and Ay is appealing due to computational difficulties with confidence band
construction arising when the test statistic is not available in closed form, as discussed in
Section 4.5.4.

One can see in that Ay affects the scale of w., but has no other effect on its
sampling distribution. Thus, there is only a single relevant tuning parameter \;, which gov-
erns the trade-off between the RKHS norm J(h) and the variance of the Gateaux derivative
estimator V; 2(h). In fact, with \; fixed, the test statistic is proportional to

Sgp{ n~'S(6.) (Ta))? }

a'Va+ \a'diag (1) a
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and can thus be viewed as a penalized version of the original supremum norm test statistic
in (4.13). In our implementation, we use this penalized supremum norm test statistic and

take \; as the solution to

a/\1 A2d1ag ( ) ay,

a/\h/\QVa,\l,A2
Though this choice is data-adaptive, it is theoretically justified as long as this data-adaptive
choice of \; converges in probability to a constant.
To approximate the L, norm test statistic Qg (n'/ Qane*), we use a Monte Carlo sampling

algorithm. Let A be a N(0,{V + Az diag (+)}~!) random variable, where A3 > 0 is a tuning
Tdiag( L

AZT—gV(z)A, and let aj,...,ap be a sample of

agdiag(%)ab
a;Vab

parameter that modulates the distribution of
independent draws from the distribution of A. For large A3, will be small for a
large proportion of the sample. We select A3 so that a large portion of the vectors a,, say
half, belongs to the set A, = {a :a'diag (%) a< ’yaTVa}. Let 7 be an approximation of the

ATdiag(Lt)A T diag( . )
L(”), and let m, =7 <31’L(”)ab> We consider the approximated

density function of —=<4 2TVar

Lo norm test statistic

(4.17)

Won,B ‘=

i 0.)Ta,)* 1 (a, € A,)
a] Va, e ’
The Ly norm wsy, p is an average of squared Gateaux derivative estimates for a random
sample of directions h € H,, inversely weighted by the variance of the estimates and the
density of J(h)V?(h). Inversely weighting by the density of J(h)V?(h) results in directions
with equal smoothness receiving equal weight and reduces the impact of A3 on the sampling
distribution of the test statistic. The approximated L, norm test statistic is also available in
quadratic form in S(6,) as wy, p =n"" (FTS(H*))T ATU'A (I'TS(0.)), where A isa B x d
matrix with (b, 7)™ element a; ; and U is a B-dimensional diagonal matrix with b diagonal
entry U, := ﬂbabTVab.
The distribution of a, can influence the statistical power of the test, and alternative
approaches for generating the Monte Carlo sample can be considered. For example, if we have

prior knowledge about which directions provide strong evidence in favor of the alternative
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hypothesis, we may choose to generate Monte Carlo samples from a distribution that places
more weight on such directions. When relevant prior knowledge is not available, one may

prefer to use the supremum norm.

4.5.8  Calculation of the multiplier bootstrap test statistics

The bootstrap test statistic (4.8)) can be computed using a similar strategy as in Section(4.5.2
Let &1,&,...,&, be a sample of independent draws from the standard normal distribution.

The multiplier bootstrap derivative estimate is

) 1 <& i

P, () = = 2 & { Vi = by O02) + st (W) = O (XDIACXG) = ptn(W2)] = P, (1)}
i=1

For h € H.,, we can re-write R, .4, (h) as S(6,)" diag (€ — &) Ta, where € := (£1,&,...,&),
€ = %Z?:l &, and S, ' and a are as defined in Section m Thus, the bootstrap test

statistics can be computed using the same routines as discussed in Section[4.5.2] but replacing
S(6.) with diag (& — &) S(6,,).

4.5.4  Confidence band construction

As discussed in Section 4.3, to construct confidence bands, the class © must be assumed to
have sufficient structure. We first discuss the construction of a data-driven approximation
to ©. Similarly as with our construction of the class of directions H, we define our function
class using a basis expansion with an additional smoothness constraint,

Oci= {0 =i am : i 2 < ¢}

J

where ¢ > 0 is a bound on the allowable roughness. As noted in Section 4.3, we require that
the smoothness parameter ¢ be larger than J(6y) to guarantee that the nominal coverage rate
is achieved asymptotically; in practice, we set ( = ¢, = J(6,,). Coverage can be compromised
since J(#,,) may be a biased estimator of J(6y) when the tuning parameter A for 6, in (4.12)

is selected so that 6, is optimal with respect to the mean squared error — van de Geer| (2000))
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provides a comprehensive discussion of key issues in penalized least squares regression. In
simulations, we will see that in the oracle setting, where ¢ = J(fp), nominal coverage is
achieved. We also examine the effect of data-adaptive selection on coverage.

We now discuss the computation of confidence bands. For a norm (2, let t, be the
(1 — a)-quantile of the limiting distribution of Q(n'/?R,,,), which can be approximated via
the multiplier bootstrap. The upper limit of a confidence interval for the evaluation y(x¢)
of 0y at a fixed point zy can be taken to be

sup {ijl a;n;(xo) : Z?Zl g <( 0 (nl/QRmzd > < t*} : (4.18)

j=1957;
a1,a2,...,04 J

that is, the largest value of 6(z) for § € O, such that the test statistic is not sufficiently
large to reject the hypothesis 6y = 6 against its complement 6, # 6. The lower confidence
limit takes a similar form but replacing supremum with infimum.

The optimization problem can be challenging if the test statistic Q(n!/ ZRnEj a;n;) 18 1Ot
available as a closed-form function of coefficients (a1, as, ..., aq). We consider the penalized
version of the supremum norm test statistic in (with Ay and )y fixed) and the L
norm test statistic in ; both are available as a quadratic form and can be written as
S ( Z;‘l=1 ajnj)THS( ijl ajnj), where II is a matrix that does not depend on the coefficients
ai,as,...,aq. For S(Z?:1 ajnj) to be available as a closed-form function of ay, as, ..., aq, an
estimate of the conditional mean of §(X) = Z?Zl a;n;(X) given W must also be available in
closed form. Similarly as in our construction of estimators of ju;, p, described in Section 4.5.1,
We USe [lng.p, = Z}i:l Ajfinm;,py- With this construction, S is linear in ay, as, . .., aq, and so,
the optimization problem is a quadratically constrained quadratic program that can
be solved using interior point methods. Many software packages include implementations for
this type of problem — see, for example, R’s CVXR package (Fu et al.| |2017)).

The last main challenge concerns selection of the class H of directions. To construct
confidence bands of optimal width, we must have optimal power to reject each false hypothesis
H : 6y = 6. The class of directions that provides the optimal test, however, depends on the

null hypothesis — when the distance between 6 and 6, is larger, the class of directions
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should also be larger. While the norm € in (4.18)) should therefore depend on 6, allowing
this dependence can create computational difficulties. We instead take the simple approach
of using the same class ., to perform all tests. We set v = v, = J(0,)V,2(6,) so that the

power of the restricted score test is preserved when the null is flat and 6, is non-smooth.

4.6 Results from simulation studies

In this section, we examine the behavior of our proposed methodology in a simulation study.
The objectives of this simulation study are to demonstrate that our proposed test provides
nominal coverage and type I error rate and, and to examine how the selection of the norm

Q) influences statistical power and the width of confidence bands.

4.6.1 Ezample 1: nonparametric mean regression

We first consider the nonparametric regression setting. We generate synthetic data from the

model Y = 6y(X) + ¢, where we set the regression function 6y to be
0o(x) = sin[rz’sign(z)] (4.19)

and we draw independently X from a uniform distribution on (—1,1) and € from a
N(0,9) distribution. Under these settings, we generate 800 synthetic data sets for n €
{100, 200, 300, 400, 500, 1000, 2000}. An example data set, with reduced noise, is shown in
Figure (4.1)).

We compare the restricted score test using the Ly norm and the quadratic form approxi-
mation of the supremum norm described in Section 4.5.2. For confidence band construction,
we also consider both known and estimated smoothness of 6,. We construct H from a
Sobolev basis with d = 50 basis functions. For each application of the multiplier bootstrap,
we generate 1000 bootstrap samples.

To assess the statistical power, we test the null hypothesis Hy : 8y = 0, and to assess type
I error rate control, we test the null at the true value of 6. In both cases, we use significance

level a = 0.05. To assess coverage, we select 100 evenly spaced points on the interval [—1, 1]
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and determine if the evaluation of the true regression function at each point lies within the
confidence band. We summarize the width of the band by calculating the average width at
these 50 points.

We compare our restricted score test with the debiased local polynomial regression esti-
mator of |Calonico et al.|(2018]), implemented in the publicly available R package nprobust
(Calonico et al., 2019). The nprobust package is designed for pointwise inference, so we
repurposed the method for hypothesis testing and uniform interval construction as we now
describe. For a fixed sequence of points i, xs,...,x;, the nprobust package outputs an
estimate @ = (0(x1),0(x3)...,0(x;)) of Oy := (Op(x1),00(x2),...,00(x)) that approxi-
mately satisfies @ ~ N (8o, C,CyC,), where C) := diag{sd(f(x)),sd(0(x2)),...,sd(0(xx))}

and Cy := corr(6(z1),6(xs),...,0(xy)), for sufficiently large n. We use a confidence band of

the form
(é(l']) — Mi_qn Sd(é(l'])), é($]) + Mi_q Sd(é([ﬁj))) y j = 17 2, R ,]{?,

where m;_, is the (1 — a)-quantile of the distribution for the maximum absolute value of a
Gaussian random vector with mean zero and variance Cy. We test Hy : 0y = 0, by verifying
whether 6, resides within the interior of the confidence band, and reject the null hypothesis

whenever

0(z5) — 0s(z))] e

max
je{t.2.k}  sd(f(zx;))
We summarize results in Figures .2 and [£.4] The restricted score test provides

nominal type I error control in moderate sample sizes when using the Ly norm and is slightly
anti-conservative when using the penalized supremum norm. The restricted score test is also
well-powered against the null hypothesis Hy : 6y = 0; the power is comparable for the Ly and
penalized supremum norms, and both choices offer a modest improvement over the debiasing
approach. The confidence bands constructed via the restricted score test exceed the nominal
coverage rate when the oracle choice smoothness ¢ = J(6p) is supplied. This is unsurprising,
as our construction in Section 4.5.2 only guarantees that the coverage rate will be no smaller

than (1 — «). A confidence set for the collection of all functionals of §, should achieve the
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nominal coverage rate, but we only consider the subset of evaluation functionals. When
using the smoothness of the estimate ¢ = (, = J(#,), the coverage rate remains close to
the nominal level when the supremum norm is used, and exceeds the nominal rate when the
L, norm is used. The debiasing approach provides the narrowest confidence bands, followed
closely by the penalized supremum norm with adaptively-selected smoothness (,, and the
penalized supremum norm with oracle smoothness. The median upper and lower confidence
limits for all methods with n = 2000 are provided in Figure 4.4, We find that the confidence
bands are able to best capture the shape of the true risk minimizer 6, when the supremum

norm is used.

We suspect that the width of the confidence bands and their ability to capture the
shape of 6y depends on the power of the restricted score test to reject null hypotheses in
a neighborhood of 6. If for any # sufficiently close to 6, there are few directions h such
that the Gateaux derivative evaluated at @, RQ@(h), is large, one might expect the restricted
score test to have more power to reject the hypothesis Hy : 6y = 6 when the supremum
norm is used instead of the L, norm, as discussed in Section 4.4.2. This may explain why
the confidence bands obtained using the restricted score test seem to perform best when the

supremum norm is used.

4.6.2  Ezxample 2: partially additive mean regression

Our simulation design for the partially additive mean model is similar to the design used in
the nonparametric regression setting. We let W := (W;, W) be a vector of two independent

uniform random variables on (—1,1) and subsequently generate X = sW; + ¢ sin(7Ws) + A,

where A follows a uniform distribution on (—%, %) By construction, X has support (—1,1).

We then generate Y = fo(W)+6y(X)+e€, where the nuisance function fy is defined pointwise

as

exp(bwy ) 1 ) 5
fo(wy, wsy) T+ exp(Buy) 2 sign(wq)ws |
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the parameter 6y of interest is defined as in (4.19)), and € is a N(0,9) random variable
independent of (W, X). In Figure (4.5)), we show scatter plots of Y against X and Y — fo(W)
against X for an example data set with reduced noise.

We compare our restricted score test under the same settings as in the nonparametric
regression example, with the exception that we construct H using a smaller set of d = 10
basis functions. We use the highly adaptive lasso (Benkeser and van der Laan, 2016|) to
estimate the conditional mean functions py. p,, e, p, and gy, p,- To the best of our knowledge,
construction of uniform confidence bands in partially additive models has not been studied,
so we do not compare with a competing method.

Simulation results are presented in Figures [4.6] 4.7 and Similarly as in the nonpara-
metric regression setting, we find that the restricted score test achieves nominal control of
the type I error rate in large sample sizes, and the statistical power is comparable for the
both L, and penalized supremum norms. For all methods considered, the confidence bands
exceed the nominal coverage rate, suggesting that estimating the smoothness of 6, does not
seriously compromise coverage guarantees. The average width of the confidence bands ob-
tained using the penalized supremum norm and the L; norm are similar, and the bands are
generally able to capture the shape of 6. The width is larger in the tails because X is not

uniformly distributed — its distribution is more tightly concentrated around zero.
4.7 Results from the 1987 National Medical Expenditure Survey

We apply our method to data from the 1987 National Medical Expenditure Survey, extracted
by |Johnson et al. (2003)). These data include information about smoking behaviors and
medical expenditures in a sample of 9,708 US citizens. The objective of this analysis is to
assess the association between tobacco exposure, measured in pack-years (the number of
cigarette packs an individual smoked per day times the number of years they smoked), and
medical expenditure.

We fit a partially additive mean model in which where the outcome Y is the total med-

ical expenditure, the exposure X is the natural log of the number of pack-years, and the
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adjustment covariate vector W includes: participant age at the time of the survey, age at ini-
tiation of smoking, gender, marital status, education level, census region, and socioeconomic
status. We are interested in testing the null hypothesis that there is no association between
pack-years smoked and medical expenditures (6y = 0) and in constructing a confidence band
for 6y. We apply the restricted score test using the approximate supremum norm for testing
and confidence band construction. As in the simulation study, we construct the class of
directions H using a Sobolev basis with d = 10 basis functions.

Results from the analysis are summarized in Figures 4.9 and |4.10, Figure 4.9 shows a
scatter plot of log-pack-years against medical expenditure, and suggests that the two variables
share a positive marginal association. In Figure [£.10, we present our estimate of the mean
regression function from the partially additive model and a 95% confidence band. We find
a strongly significant association between pack-years and medical expenditure, with p-value
p = 0.001 based on 10,000 bootstrap samples. The resulting estimate of the regression
function suggests that a small amount of smoking (less than 2 log-pack-years, i.e., 7.5 pack-
years) is not strongly associated with an increased average medical expenditure, though there
is an increase in average medical expenditure associated with a moderate or large amount of

exposure to smoking.
4.8 Discussion

We have introduced a general approach for hypothesis testing and constructing confidence
bands for infinite-dimensional parameters in nonparametric and semiparametric statistical
models. Our framework is applicable to any function-valued parameter that can be expressed
as a risk minimizer. While we consider the nonparametric and semiparametric partially
additive mean regression models as examples in this chapter, the framework can be useful
in other widely relevant applications. For example, in causal inference, both the conditional
average treatment effect curve and the causal dose-response function are parameters tat can
be expressed expressed as risk minimizers, so that inference can be conducted using the

restricted score test.
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There remain several important issues that must be clarified through additional research.
In order to guarantee adequate coverage for resulting confidence bands, our approach re-
quires an upper bound for the smoothness of the true risk minimizer, and this requirement
can be seen as a limitation of the method. However, we found in simulations that using a
naive plug-in estimator may work well in practice, even if such estimators are not necessarily
consistent. Regardless, our confidence band with estimated smoothness retains a meaning-
ful interpretation as an envelope containing a set of smooth functions consistent with the
observed data. Additional work is also required to provide further guidance on the selection
of the class of directions H and the choice of norm €2. Though these choices do not affect
type I error rate, they can influence statistical power and the width of resulting confidence
bands. For the purposes of this chapter, we have only provided some heuristic guidance for
selecting a class of directions, and leave more extensive and rigorous studies of this question

to future work.
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Figure 4.1: Scatter plot of example data set generated under simulation settings described

in Section 4.6.1, but with a reduction in noise. The pink curve represents 6.
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Figure 4.2: Monte Carlo estimates of type-1 error rate (left) and statistical power (right)
in the regression setting with the significance level o = .05. The dashed gray line indicates
the significance level, and the dotted gray lines are placed two Monte Carlo standard errors

above and below.
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Figure 4.3: Monte Carlo estimates of the coverage probability (left) and average width of
confidence band (right) in the regression setting. The dashed gray line indicates the nominal
coverage rate .95, and the dotted gray lines are placed two Monte Carlo standard errors

above and below.
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Figure 4.5: Scatter plots of example data set generated under simulation settings described

in Section 4.6.2, but with a reduction in noise. The pink curve represents 6.
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for the partially additive model with the significance level @ = .05. The dashed gray line
indicates the significance level, and the dotted gray lines are placed two Monte Carlo standard

errors above and below.
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Chapter 5
DISCUSSION

5.1 Summary

In this dissertation, we proposed solutions to three statistical inference problems. We first
considered two challenges that arise when studying heterogeneous effects. In Chapter 2, we
discussed approaches for evaluating the hypothesis that an effect is zero in one sub-population
and non-zero in another. We argued that this hypothesis is only testable under untenable
assumptions and proposed a method for approximating the problem by making inference on
the relative difference in effect size. In Chapter 3, we illustrated how differential network
analysis can be impacted when the inter-node associations depend on covariates. We showed
that failing to adjust for covariates can in some settings result in an inflated type-1 rate
or reduced power to detect differential connections. We also developed a covariate-adjusted
hypothesis test for differential network connectivity that can be applied to a broad class of
parametric probabilistic graphical models in the low- and high-dimensional settings.

We then in Chapter 4 proposed an approach to inference on complex infinite-dimensional
estimands in nonparametric and semiparametric models. When the target estimand is non-
pathwise differentiable, i.e., it cannot be characterized as a smooth functional of the under-
lying probability distribution, it is challenging to conduct formal inference because efficient
estimators generally do not attain tractable limiting distributions. We developed an inferen-
tial procedure that does not require characterizing the sampling distribution of the estimator,
thereby circumventing this problem. In many instances, the target estimand can be char-
acterized as the minimizer of a population risk functional. This representation can be used
to derive a set of estimating equations that any minimizer of the risk must satisfy. One can

therefore test the null hypothesis that a candidate function is the true risk minimizer by
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verifying whether the estimating equations are satisfied by the null parameter. Furthermore,
one can construct a confidence band for the risk minimizer by characterizing the set of func-
tions that the hypothesis test does not reject. Our novel strategy has wide application in a
variety of inference problems and requires very few assumptions about the data-generating

mechanism.
5.2 Future Work

Several potential research directions can be explored based on the work presented in this
dissertation. The inferential framework we present in Chapter 2 is only suitable when the
objective is to study effect heterogeneity with two sub-populations. It may be of interest
to extend this framework to be applicable when there are more than two groups, or when
sub-populations are defined by a continuous variable. In Chapter 3, we assume a parametric
form for the probabilistic graphical models, and there is potential for model misspecification
as such parametric assumptions often fail in practice. I am interested in relaxing these
assumptions and considering a richer class of semiparametric or nonparametric graphical
models. We also assume that the dependency of the inter-node associations on the covariates
can be modeled parametrically. We could alternatively use a more flexible model and explore
how one could perform nonparametric inference, perhaps using the restricted score test
described in Chapter 4.

There several avenues of research stemming from our work in Chapter 4 that I am inter-
ested in pursuing. While our inferential framework is widely-applicable, we only considered
some pedagogical examples in Chapter 4 and have not yet fully demonstrated the framework’s
utility. I would like to implement the restricted score test to treat additional examples, such
as the conditional average treatment effect and the causal dose-resposne function, that are
of greater practical interest. In addition, I plan to develop an open-access software package
to make our proposed methodology accessible to a wide audience. I also would like to ex-
tend the framework to address more challenging methodologic problems such as testing with

composite null hypotheses and inference for risk minimizers when the risk functional is not
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differentiable.

There are also several theoretical questions about the restricted score test that are worth
exploring. I would like to analytically characterize the power of the restricted score test so
that it can be better understood how tuning parameter selection influences statistical power.
It would also be interesting to determine if there are settings in which the restricted score test
is the most powerful test and if the confidence bands obtained via the restricted score test are
rate optimal. Additionally, I would like to investigate how the restricted score test relates
to more classical parametric inference. In parametric models, there are three commonly-
used approaches for likelihood-based inference: the Wald test, the likelihood ratio test, and
the score test. All three tests have been shown to be asymptotically equivalent. As the
restricted score test is a generalization of the parametric score test, it would be unsurprising
if the restricted score test could be related to generalized versions of the Wald and likelihood
ratio tests. I am interested in further exploring these connections to gain insight into the

behavior of the restricted score test.
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Appendix A

SUPPLEMENTARY MATERIALS FOR CHAPTER 2

A.1 Theoretical Results for Relative Difference Likelihood Ratio Test

Below, we generalize Lemma 2.1 and Proposition 2.1 to the setting of unbalanced sample

sizes Ny # ns.

Lemma A.1. The likelihood ratio test statistic T" can be written as

~

emax - K'emm

R J—
T - \/ﬁ7
Tmax + K Tmin

where Tmax = nl_laf]l(|01| = Omax) + nglag]l(|92| = Omax), and Tmin = nl_laf]l(|01| = Omin) +

n2_10—§]1(|62‘ = emin)-

Proof of Lemma A.1. We define éord and f]ord as

Now, we define 6%, as the projection of foq onto the null region. If 6 is in the null region
O, the projection is equal to Oora. Otherwise, 07, is the projection of forq onto the space

spanned by (k,1)7, with distance inversely weighted by X..q. We proceed by finding an
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expression for 07 ,

* —_—
Qord
-1 )
KR Tmax 0 R Tmax 0 emax
k1 Kk 1 . =
1 0 Tmin 1 0 Tmin emin
K'Tmaxemax + Tminemin Kk
2 A A
R Tmax + Tmin 1
Now, the weighted distance between 0,4 and 07, is
2 x* \Tyv—1/) * o
(901“01 - ord) Eord(QOTd - ord) -
9 A R ~ 2 . ~ R ~ 2
~A—1 é K 7-maxemax + HTminemin ~A—1 é HTmaxemax + 7—minemin o
Tmax max ~ KZ ~ I ~ + Tmin min — 2~ < -
Tmax Tmin R*Tmax + Tmin
2 2
A_1 -1 -1 -1
~—1 mlnemaX B rnlnemin ~A—1 max‘gmax + K Tmaxemin
7—max + T =
27-1 4 71 i K2l 4+ 7
Kk max min max min
22 ~—1 A—1 ~—2
K 7—ma,x min + 7—mamem é é 2
2~_1 2 ( max — R min) -
(/f Tmax + Tmln)

(émax - /{'emin)

A 2 A
Tmax + K Tmin

Hence, the likelihood ratio test rejects the null for large values of

(émax - "iémin ) 2

< 2~
Tmax + K Tmin

1 <émax - /ﬁ?émin > 0) )
or equivalently, for large positive values of T, where

emax - /{Qmin

TF =
A 2 A N
V Tmax + K Tmin

Proposition A.1. Let ny +ns = N, and assume ni /N — X\ > 0 as ny,ny — oo. Then,
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1 In the interior of the null region, i.e., when 0. — KOmin < 0, T" converges in distribution

to —o0.

1 At all nonzero boundary points of the null region, i.e., when 0. = KOpim > 0, TF

converges in distribution to a standard normal random variable.

Proof of Proposition A.1. First we prove (i). Suppose Opax — K0min = b < 0. Then

~

consistency of 6 and the continuous mapping theorem imply that émax — KOmin —p b. Now,

because ny 'o? and n, ‘o2 both tend to zero, \/%2 —, 00. Therefore, T" —, —o0.
Tmax+K*Tmin

Now we prove (i1). Suppose Oyax = K0min > 0. By applying the delta method,

n}z;Q <émax - Kémin) -

2 [ (ma {16, 1621} — smin {160, 1651} ) — (naax {1611, 621} — min {J64], 1621})] =

nlngM 01 - 61

N 0 — 0

+0,(1),

where the matrix M is

(=) 1= sign 6,) 0
0 (_/{)1(|02|:9min) Slgn(02)

M=

Now, Slutsky’s theorem implies that

nlngM 91 - ‘91

N ) + Op(l) —q N (O, (1 _ )\) (H2)1(|¢91\=9min) J% 4\ (H2)1(|92|=6’min) Ug) .
0y — 0

The test statistic 7" can be written as

~

emax - /iemin
V Tmax + "iQTmin
nin N N
vV §V2 (emax - "iemin>

)
ning ;2 ning 2,2
\/ N TmaX_'_ N ot 7—min

T =
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with 7. and Ty, as defined in Proposition A.1. By the continuous mapping theorem, the

denominator converges in probability to

V2 () 1100 g =00 3
Thus, Slutsky’s theorem implies that
T" —4 N(0,1).
O

In Proposition A.2, we characterize the local asymptotic behavior of the relative difference
likelihood ratio test.

Proposition A.2. Let ny +ny = N, and assume ny/N — X > 0 as ny,ny — 00. Suppose

6, = nl_l/ch, and 0 = n2_1/202. Further, assume that 0 is locally regular in the sense that
\ /ngég —4q N(cg,ag) for g € {1,2}. Then as ny,ngy — oo, for allt >0, P(T" > t) converges

to
]P)(Wn > t, W12 > t) + P(WH < —t, W12 < —t) + P(ng > t, W22 > t) + ]P(ng < —t, W22 < —t),

where (Wi, Wia) follows a bivariate normal distribution with mean (¢11,¢12), unit vari-
ance and correlation vy, and (Wi, Was) follows a bivariate normal distribution with mean

(Co1, Co2), unit variance and correlation vy, with €11, €12, Co1, Coz, V1, Vo are defined as

(1= X)ep — KA

C _=
! V(1= XN)o? + Kk2\a3
_ (1 =Ny + kAo
12 = — 52 & 22
V(1= XN)o? + Kk2)\a3
_ Acg — K(1 = Ny
N Y E R Ay 2
VE2(L = N)o? + Ao
. Acs + k(1 — Ny
2 T N2 2
VE2(L = N)o? + Ao
o (1 —N)o? — k*\o3
YT (1= No? + k2Aa2
Ao — k(1= )N)o3
Vo =

kK2(1 = N)o? + Mo’
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Remark A.1. Setting c; = co = 0, we obtain the limiting distribution of T when 6, = 0y =
0, which is critical for calculating the p-value p*(t).

Proof of Proposition A.2. We first re-write the tail probability as

P Aernax - K;HAmin >t _
Tmax + K Tmin

6, — Kb 0, + K0
P - ! 2 - ! 2 — >t ]+
N R a% \/n1 2+ Kk?ny ol
6, — Kb 0, + K0
P - ! 2 — < — ! 2 — < —t |+
Vnite? + k2nytod \/n1 2+ Kk?ny o2
[/—T 0 + K0
P 21 ! - 2 ! — >t ]+
Ve o? +ng 0% \/m2n1 2+ nylo2
[/—T 0y + K0
P 2z 1 < < —t].
Vot 4 ny o3 \/ K2y lof +ny o3
Thus,
nin 1—X)c 1—A 0
112 Al —~, N ( ) 1 7 ( ) 1
N 62 )\02 0 )\0'%
And,
nng (1 —k 0, N (1 =Xy — kAeo (1—=Xo?+rk*Xo2 (1 —N)oi — k%\o2
~ d )
N \1 & 0 (1 = N)ey + kAes (1 —N)o? — k*Xo2 k%1 —N)o? + \oj
Now,
by by V2 (01— rb2) N
\/nfliT%—HfAQn;lag _ \/n2n2i\7;10firn1{\f_1cr§ iy N C11 7 1 141
01+rK02 vV 11\72 (kB1—02) 512 " 1
\/nl_laf-‘rl-c?nz_lag \/HQngN*10%+n1—1Na§
Similarly,
G2 —rb1 - 1
2y to24n; o2 Sy N C21 ’ V2
02+'{91 - C2 ve 1

2 2
\/"C nylottny od
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A.2 Theoretical Results for Simultaneous Test for Qualitative Interactions

In what follows, we generalize Lemma 2.2 and Proposition 2.2 to the case of unbalanced

sample sizes.

Lemma A.2. The likelihood ratio statistic TX/N* can be written as

~ A\ 2 R A\ 2
(91 — 592) (/191 — 92)
TP —min { s o (D e o).
ny 01 + KNy 05 KNy 07 + Ny 05

Proof of Lemma A.2. 1f § belongs to the null region, @OP/ N’”, the likelihood ratio statistic
is clearly zero. If él > Iiég > 0 or él < Iiég < 0, the likelihood ratio statistic is minimum
of the distances between 6 and its projections onto the span of (1,x)" and the span of
(—r,—1)T. Algebra (similar to the proof of Lemma A.1) gives the desired result, and similarly

ifé1>—m§2>00ré1<—fié2<0. O
Proposition A.3. Let ny +ny = N, and assume ny/N — X\ > 0. Then,

1 If 0 belongs to the interior of the null region @OP/N’”, TP/NE converges in distribution to

ZEero.

i If 0 is on the boundary of the null region, but 6 # 0, P(TP/N" > ¢) — 1P (x3 > t) as

ni, ng — OQ.

Proof of Proposition A.3. We first prove (7). If 6 belongs to the interior of the null
region, consistency of 6 and the continuous mapping theorem imply that 1 (é € @1;/ N’”)
converges in probability to zero. Then, by Slutsky’s theorem, T7/N* converges in distribu-

tion to zero.
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To prove (i), recall that we can write the null and alternative regions as

OF/N" {0 < K710y < By < K} U {Kfh < 0y < k710, < 0}
O™ = ({61 > w62} N {61 > 0}} U{{~01 > —rf:} N {61 < 0}} U
{{02 > K,el} N {92 > 0}} U {{—02 > —/{91} N {(92 < O}} .

Now, we write

01-%62
—-1_2 2
\/nl o1 + K n2

|
(7
< 6, — rf,
|
|

]1

\/
H.
=

Kél — ég (

’ - N >
Vgt 4+ nyto3

Kél — ég (

;g
\/
H~
=)

’ ) =)
\/nl +"‘f2”2 02 \/52”1 U%+”2 U%

Y
=)
Vnito? 4+ k2ny o Ve to? +nylod
01 — lieg

]l
Vnitod + Ky tod

1(0e0r) > Vi
(e0:)> Vi

0 — b 1<@e@1>< Vi w1 — b, 1(ée®1)>\/%
(6ce)

< =Vt b — b, 2]1(@691)<—\/¥

? —
VKM o? 4 ny o3

The second and third summands above are exactly equal to 0. To see this, note that in

P/N,x

the second term 6, > kfy and 0, < k=10, implies that 0 € ©," ", and similarly for the

third term. In the first and last summands, we can ignore the term 1 (é € 9P/ N’”). To see

P/N,x

this, note that in the first term 91 > 502 and 91 > K 192 imply that 0 € CH ; a similar
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argument holds for the fourth term. Thus,

2
o? + K2n, o3 \//inl o +ny

91 — 5(92 Kfel - 92
(\/Th — < - - 2<—\/¥>. (A1)

2 2
o2 + Kk*ny o3 \//fnla—FnQ lop

P (TP/N5 > 1) = 1 — wbs >V, by — b, — >Vt +
Vnito o3

Suppose, for the moment, 6; = k6, > 0. Then

6, — 0 1—No2 0
ning Al 1 N | o, ( )1
N Oy — 65 0 A\o?
Therefore,
n1N9 é1 - Fdéz B [n1ng 91 - lié2
N /ﬁél — ég N él — 91 — (ég — 92) + (/4391 — 92)
No? + k2Acs k(1 — N)oi + kAos 0
%d +
No? + kXoz k21— N)oi + \oi 00
Thus,
1
P(IPN > 1) 11— (Vi) = 5P (i > 1).
A similar argument follows if #; = kb < 0, 5 = K, > 0, or 05 = kb, < 0. O

In Proposition A.4, we characterize the local asymptotic behavior of the omnibus test for

qualitative interactions.

Proposition A.4. Let ny +ny = N, and assume ny/N — X\ > 0 as ny,ny — 00. Suppose
0, = nl_l/ch, Oan~12¢y with ¢y, co > 0. Further, assume 0 is locally regular in the sense that
N - N(cg,02) for g € {1,2}. Then as ny,ny — oo, for all t > 0, P (TP/N" > ¢)

converges to

IP’(%>\/Z,V2>\/¥)+P(V1<—\/¥,V2<—\/5),
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where (V1,Va) follows a bivariate normal distribution with mean (&1, ¢2), unit variance, and

correlation v, where

. (=X —KAe

“- V(1= XN)o? + Kk2\a3
k(I = X)er = A
a VE2(L = N)o? + Ao3
B k(1= N)o? + ko3
Y VI = N2+ k202 /k2(1 = Mo 4 Ao2
Remark A.2. Setting ¢; = ¢y = 0, we obtain the limiting distribution of T*/N* when

0, = 0y = 0, which is critical for calculating the p-value p*/N*(t).

Proof of Proposition A.4. First,

s [ 6 1=Ne\ [Q=XNo? 0
~ —d N )
N 92 )\C2 0 )\O'%
Also
mng [1 —k\ (6 N (1 =Ny — kAey (1 —XNo?+k*Xo3 k(1= N)o? + kAo?
~ —d )
N \k -1 6y (1 =N — Aeg k(1= X)oi + kA o: kK2(1— N)oi + \o3
Thus
61— by V2 (01 —r05) _ 1
\/n +/§2n2 a% _ \/ngN—laerninN—lo'% N 1 v
k1 —62 AV nlj\}w (k01 —02) d (~32 ! vo1
\/n2n1 01+7L2 U% \/K2n2N 101+n1 1N02
Application of (A.1) completes the argument. ]

A.3 Calculation of k¢,

Define t* as a realization of the likelihood ratio statistic 7% for the relative difference
hypothesis, calculated on the observed data. For a pre-specified o < 1, recall that
K% =sup{k : k > 1,p"(t") < a} is defined as the largest x > 1 such that the likelihood



116

ratio test rejects the relative difference null. Defining F*(t) = lim,,, »,—00 P (1" > t]0 = 0),

[0}
we can evaluate k0. as

ko =min{sup{x: k> 1,1 - (t") < a},sup{s: k> 1,1 — F*(t") < a}}

max

= min{m, m}.

Therefore, we are only required to calculate m; and .
Both 7 and 75 can be calculated with root-finding algorithms. To see this, we first
émaxfﬁé

min_ Jecreases

Tmax‘i"‘fz'rmin

observe that t* is monotone in k, recalling that the numerator of 7" =
in x while the denominator increases. Monotonicity of ®(-) implies that 1 —®(¢*) is monotone

in k. Now, applying Proposition A.2,
1-— Fﬂ(t) = Q{P(Wn > t,ng > t) +]P)(W21 > t,WQQ > t)},

where (W71, Wis) and (Wyy, Wag) follow bivariate normal distributions with mean zero, unit
variance, and correlations v; and 14, as defined in Proposition A.2, respectively. Both v; and
Vo are monotone decreasing in x, so Theorem 8 in |Miller| (2001)) implies that 1 — F*(¢) is
monotone in ¢. Thus 1 — F*(¢*) is monotone in k.

Monotonicity of 1 — ®(¢*) and 1 — F*(¢") implies that if the likelihood ratio test rejects

the null hypothesis for some x > 1, m; and 7y are the unique roots of

filk) =1—=d(t") — «
fo(k) =1 = F*(t") — q,

respectively. These roots can be easily calculated via, e.g., the bisection method, which is

implemented in the uniroot function in R.
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Appendix B
SUPPLEMENTARY MATERIALS FOR CHAPTER 3

B.1 De-biased Group LASSO Estimator

In this subsection, we derive a de-biased group LASSO estimator. Our construction is
essentially the same as the one presented in van de Geer| (2016]).

With V; as defined in (B.10), let V5 = (V,--- V9, VY, --- V) be an n X (p —
let P; (o) =

T

1)d dimensional matrix. For aj,...,q;, € R% let a; = (aﬂ, e ]p)

> rzi laklly, and let VP; denote the sub-gradient of P;. We can express the sub-gradient as
T .

VPj(eg) = ((Vliagall) "+ (Vllagpll2)T) - where Viiajilla = ajr/llazillz if lagxll2 # 0,

and V| a; ||z is otherwise a vector with ¢, norm less than one. The KKT conditions for the

group LASSO imply that the estimate d? satisfies
—1 T ~ ~
(n?)" (V%) (X9 =V,a)) = -AVP; (&) .
With some algebra, we can rewrite this as

()™ (V) V5 (8 — o) = -AVP; (&) + (V7)) (X5~ V2 e

_J]

Let 3; be defined as the matrix
=B |07 () V]
and let Mj be an estimate of Zj_l. We can write (d

(& — ™) ==AM;VP; (&) + ()7 M (V7)) (X = V2 a")+

® (i)

L= 70 () V2 (@) - ), (B.1)
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The first term (i) in (B.1]) is an approximation for the bias of the group LASSO estimate.
This term is a function only of the observed data and not of any unknown quantities. This
term can therefore be directly added to the initial estimate d? CIf Mj is a consistent estimate

of Ej_l, the second term (ii) is asymptotically equivalent to
-1 T 7*
Bt (V5) (XT =V ag).

Thus, (ii) is asymptotically equivalent to a sample average of mean zero i.i.d. random vari-
ables. The central limit theorem can then be applied to establish convergence in distribution
to the multivariate normal distribution at an n'/? rate for any low-dimensional sub-vector.
The third term will also be asymptotically negligible if Mj is an approximate inverse of

(n?)=t (V¢ j)T V7. This would suggest that an estimator of the form
af = &l + \M;VP; (&)

will be asymptotically normal for an appropriate choice of Mj.
Before describing our construction of Mj, we find it helpful to consider an alternative

expression for Ej_l. We define the d X d matrices I}, ; as
-
ikt g, = argmin E |trace (n9)~"! (V;j - Z VlgFl) (V;? - Z V{’I‘l>
Iy,...,[pERIxd I#k,j I#k,j
We also define the d x d matrix C;, as

-
j*,k =E (”g)_l (Vlg - Z Vzgr;,k,z> Vlg

#k,j

It can be shown that 2;1 can be expressed as

* *
I =Thae

cx )b oL 0 b
X (C5) ri,, I .. T,
o R &
0 - (C )~
" _F;p,l _F;}pﬂ I
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We can thus estimate Ej_l by performing a series of regressions to estimate each matrix I'] ;.

Following the approach of van de Geer et al. (2014]), we use a group LASSO variant of
the nodewise LASSO to construct Mj. To proceed, we require some additional notation. For
any d x d matrix I' = (v, ,74) for d—dimensional vectors 7., let |||z = 327, |[7e]l2- Let
VIl llze = (M /lmll2s -+ s va/l|l7allz) be the subgradient of ||T'[|2... We use the group LASSO

. . = * .
to obtain estimates I'; 5, of I}, ;:

Fj’k’17 e 7Fj7k7p =

-
arg min trace{ (n9) " (vg — Z VlgFl> <V,f — Z VlgFl> +w Z ITi||2.  (B.2)

L Tp el I#k.j y I#h,j
We then estimate C7, as
.
5 . 5
Cjr = (n9) (V;f - >V Fj,k,l) (Vi)
I£k,j

Our estimate Mj takes the form

W=l oo —Ljen L Ly
o --- (7! ' ‘
J?p s -
_Fj,p,l _Fj,p,Z R I

With this construction of Mj, we can establish a bound on the remainder term (iii) in
(B.1). To show this, we make use of the following lemma, which states a special case of the
dual norm inequality for the group LASSO norm P; (see, e.g., Chapter 6 of van de Geer,

2016).
Lemma B.1. Let ai,...,a, and bi,...,b, be d-dimensional vectors, and let a =
(alT, e ,a;)T and b = (blT, e ,b;)T be pd-dimensional vectors. Then

P
(a,b) < (Z ||aj||2> max [|bl .
j=1



120

The KKT conditions for (B.2) imply that for all [ # j, k

(ng)_l (Vlg)T (V}? - Z foj,k,r> = —wV ‘ f

r#k,j

(B.3)

j kel ‘
P

%

Lemma B.1 and (B.3|) imply that

Cip -+ 0
‘ 1= )00, (7)) TV} (89— o) | < wPy (@ —af).
o --- ijjp
where || - ||oo is the £y norm. With w o« {log(p)/n}"?, M; can be shown to be consis-

tent under sparsity of I';,, (i.e., only a few matrices I'j, ;, have some nonzero columns)
and some additional regularity conditions. Additionally, it can be shown under sparsity of
a?* (i.e., very few vectors o k are nonzero) and some additional regularity conditions that
P (& —al") = Op ({log(p)/n} /2>. Thus, a scaled version of the remainder term (iii) is
op(n~Y2) if n=Y2log(p) — 0. We refer readers to Chapter 8 of Biihlmann and van de Geer,
(2011)) for a more comprehensive discussion of assumptions required for consistency of the
group LASSO.

We now express the de-biased group LASSO estimator for o k as

.
&l =al, +(n?) " Ct (vg — Z fj,k,mf) (X9 -V7.a9).

I#5,k

We have established that & Gk can be written as

-

Cia (a5, — afi) = (nf ( -y ,w) X9 =V al") +op(n~'/?).
l#35,k

As stated above, the central limit theorem implies asymptotic normality of djg’ k-

We now construct an estimate for the variance of @f,. Suppose the residual X§ -V’ a?*

is independent of V9, and let Tf denote the residual variance

2
7 =E (X?—Z@?’ai’@?fi)

k#j
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We can approximate the variance of dg ;s
! T
. o oA - N .
0, = (n9) > 79C) (vz - rj,k,zvlg) (vz - rj,k,lv;’) (C)
1#5,k I#35.k

As Tf is typically unknown, we instead us the estimate

~g112
9 _yI. 9.”
=0 _ ||XJ V2051,

J n—df

I

where (;lj\c is an estimate of the degrees of freedom for the group LASSO estimate &? . In our
implementation, we use the estimate proposed by Breheny and Huang (2009). Let djg',k,l be

the [-th element of &f,, and let V{; denote the I-th column of V. We then define

99 ~9 9 ~g g
—g (X7 = V400 +Viad,,, Vi)

o =
P <Vl€,l= Vlg,l> 7

and estimate the degrees of freedom as

d ~g
A~ (0%
_ Jik,l
df =% 5=
k#j 1=1 = J:kl

B.2 Generalized Score Matching Estimator
In this section, we establish consistency of the regularized score matching estimator and

derive a bias-corrected estimator.

B.2.1  Form of Generalized Score Matching Loss

Below, we restate Theorem 3 of [Yu et al.| (2019)), which provides conditions under which the

score matching loss (3.15)) can be expressed as (3.16]).
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Theorem B.1. Assume the following conditions hold:

Zj —00

0
lim A* ( )( ){a—zh(2j>} =0 vzl,...,z‘jfl,z‘jJ’,l,...,Zp€R+7 Vh e H
J

hmh*(Z)( ){ 0 ( )}—O Vzl,...,zj,l,sz,...,zpER+, Vh e H

2;—0 0z;

Sup/ |VIogh(z) o vl/z(z)”z h*(z)dz < o0
heH

SUP/ H{Vlog h(z) o v¥?(z) / (2)dz < o0,
heH

where the prime symbol denotes the element-wise derivative. Then and - are

equivalent up to an additive constant that does not depend on h.

B.2.2  Generalized Score Matching Estimator in Low Dimensions

In this section, we provide an explicit form for the generalized score matching estimator
in the low-dimensional setting and state its limiting distribution. We first introduce some
additional notation below that allows for the generalized score matching loss to be written
in a condensed form. Recall the form of the conditional density for the pairwise interaction

model in (3.17). We define

o (X1) & (X, XT,) x & (W)
VI = :
Jsk,1 : ,

0/ (X80 ;) 0 (X0 X0 ) X & (W)

o (X7,) % {C (KT W9) - . C (X 0u(WD)) }
Vi, = : ;
1/2 (XZH g) {C (ng,ﬁ qbl(ng)) )t 7é (X}Zydy ¢d(ng))}
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{i’j (Xf,j> ¢ (Xf,ijf,k> +j (Xlg,j) (0 (Xf,jaXiq,k)} x ¢ (WY)

ujg,k,1 - 5 y
iy (X0,) 0 (X2 X000 + 0y (X0,) 6 (X, X0 ) } 0 (02)
o (XT,) C(XT 5o (W) - oy (XT) C (XY, 0a(WT))
Uul, = : : +
Uj (Xg,g,j) C (ng,ja (bl(ng)) Y (ng,j) C (Xrgzg,jv ‘bd(Wrgg))
0 (XE,) C(XT W) oy (XT) C(XT S, da(WH))
07 (X7 3) € (X0 01 (Wi)) - 05 (X ) € (Xs 5o 0a(Wi))
Vi Ui,
V;ﬁ = : ; ujg,l = :
ng,p,l uyg,p&
Let o = (o), ,aij)T for aj, € R* and 0; = (0;1,--+ ,0;4)" for 6;. € R. We can

express the empirical score matching loss (3.18) as
_ T _
L%J(aj, 0]) = (272,9) ! (ngJOij + ngjOj) (Vﬁlaj + VQgJ«Oj) -+ (ng) ! 1T (ulg’jaj +U297j0j) .
We write the gradient of the risk function as
VIV Y9 (Y9 )T e o U1
VLZ,j(aja 9]') — (ng)—l ( 371)_'_ Ji1 ( J,l)T J,2 J + (ng)—l ( J,I)T ‘
Vis) Vi (V) Via) \6; (Uf,) 1

Thus, the minimizer (&4 99) of the empirical loss takes the form

Jr 7
Y
J
~g
ej

-1
_ Vi) Vi (Vi) v @)1
(Vi) Vi (Vi) Vi @)1
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By applying Theorem 5.23 of van der Vaart| (2000)),

é g ] Y (0. (4B4)).

where the matrices A and B are defined as

-1

A=E @)™ 020) Vi () %
(V) Vi (V)Y
7* T
B =Cov | (n9)" (ng’l)_rng’l (Vﬁl)_l_vﬂ% a?* + (n9) 7! (uyg,l)_rl
(Vi2) Vi (Vi2) Via) \67 (Uf2) 1
We estimate the variance of (&7, éf) as Q}C’ = (n9) " ABA, where
-1
(T e
(Vi2) Vi (V) Vi

diag (v;jlag. + vmej) Ve, U,
B.2.3  Consistency of Regularized Generalized Score Matching Estimator

In this subsection, we argue that the regularized generalized score matching estimators d?
and éf from (3.19) are consistent. Let Pj(a;) = > 7_, [lajkll2. We establish convergence

rates of P; (64? — a?’*)

R Our approach is based on proof techniques de-
scribed in Chapter 6 of |Bithlmann and van de Geer (2011]).

Our result requires a notion of compatibility between the penalty function P; and the
loss Lfﬂh ;- Such notions are commonly assumed in the high-dimensional literature. Below, we

define the compatibility condition.

Definition B.1 (Compatibility Condition). Let S be a set containing indices of the nonzero
elements ofa , and let S denote the complement of S. Let 15 be a (p — 1)d-dimensional

vector where the r-th element is one if r € S, and zero otherwise. The group LASSO
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compatibility condition holds for the index set S C {1,...,p} and for constant C > 0 if for
all (aj o) ]15) S 30 (aj o ]15*) + HHJ‘HQ,

1/2
(Vgl)T Vﬁl (Vg,l)T Vgg,z «;

s

Ve,) v (ve,) Ve, )\ e,

s

J

G|1/2
oy ots) +0,0/2< 25 (a7 6])

where o is the element-wise product operator.

Theorem B.2. Let £ be the set
T . * T
£ = {r?gc{H (Vi) (Viaad™ +v1,097) + (@) "1 | < n%} n
{H "+ V9,077 + (UL,) 1” n%}

for some A\g < A\/2. Suppose the compatibility condition also holds. Then on the set &,

A9

~ * Y e
P (&) —ad") + 1167 — 05 < 2o

Proof of Theorem B.2. The regularized score matching estimator 64? necessarily satisfies

the following basic inequality:

Iy ( 0’ ) +AP; (&9) < L9, (a7, 6%7) + \P; (o).

&5, ;Y
With some algebra, this inequality can be rewritten as

T ~ ¥
J J J J g g g T g g g% J
(V 2) Vi (V‘ ) Vi) \6; 67

Js

* * T
— ) (&2 — a2 (8% — g9 ™\ (O (el +V1657) + (Uf)) 1 + AP (o
J J J J T J
(Vagz) v g*+Vg299*)+(u92) 1

By Lemma B.1, on the set £ and using A > \g/2 we get

T ~ Sk
) (a2 — atr)T (87— 097 (Vi) Vi (%) Vi ?‘g_ag +2)\P; (&¢
J J J J g g\ T v9 9 - T
V) v (V) Ve, )\ 65— 6

N *
J_Oj

2P (@) +AP; (&) —af”).
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On the left hand side, we apply the triangle inequality to get

Pi (&) =P (&f o ls) +P; (&] o Ls) = Pj (e o Ls) = P; ((&] — &) o Ls) +P; (@] o L)

J

On the right hand side, we observe that

We then have

. VI NIy (pa )T ye 37 — o
<ng>‘1<<a§—a§’*f (8 —e?”‘)T) <( RO ) (aﬂ o )HPj (a0 15) <

(Vi) Vi (V) Vi

X 6] — 6 L3P (&) —af7) ols)
Now,
N YINTpo (e )T ye 57 — o
(ng)—l ((d?—a?’*)T (9;;_0?,*>T> (]g,l)T ]g,l (J;)T 22 ?é; agj* .
Via) Vi (V2) Vi) \6;—67
AP; (& — ) + A ||6] — 097 =
. aT (29 AT (ng,l)Tng,l (Vfl)TVf2 aj — of”
07 ((@-ag)” (o-o) ) {2 e T )
Via) Vi (Vis) Vi) \6;—67
Py (@] 1) + 4P, (@] — ) = 1) + 2 [0 - 037 <
A2|S|1/? o1 (- T (=g AT (Vﬁl)TVﬁl (ngJ)TVﬁ2 &f —af” v
oA (@ eyt (@-e) )| 2 (S
Vi) Vii (Vi) Vi) \0;—67

T T ~ *
>\24‘S| +( g)—l ~ g g%\ T ég 097* T (ngal) Vﬁl (Vil) V]g72 ag_a?
02 " (O‘j_aj) (j‘j) 9\ T 1y 9\ T vog ~g g |
(Vaﬂ) Vj,l (V'z) Vj,z Oj - 0]
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where we use the compatiblility condition for the first inequality, and for the second inequality

use the fact that
ab < b + a?
for any a,b € R. The conclusion follows immediately. m
If the event £ occurs with probability tending to one, Theorem B.2 implies
P (&) —af?) + 65 — 6572 = O0p (V).

We select A so that the event £ occurs with high probability. For instance, suppose the

elements of the matrix

diag (V;{l ol + V7,07 ") VI +ul,
diag (Vﬁlag’* + ij20§’*) Vi, + U,

are sub-Gaussian, and consider the event

1 <n9)\0
Lt Vo) @) 1) | T

oo

) H ) (V" +VE03) + W)
- T

where || - ||« is the £o, norm. Observing that £ C &, it is only necessary to show that & holds
with high probability. It is shown in Corollary 2 of [Negahban et al.| (2012)) that there exist
constants uy, uy > 0 such that with Ay oc {log(p)/n}/2, € holds with probability at least
1 — uyp™™2. Thus, £ occurs with probability tending to one as p — oco. For distributions

with heavier tails, a larger choice of A may be required (Yu et all 2019).

B.2.4 De-biased Score Matching Estimator

The KKT conditions for the regularized score matching loss imply that the estimator a?

satisfies



128

With some algebra, we can rewrite the KKT conditions as

T - .
(n9)"! Vi) Vie V) Ve (&) a7 _
(VJ%)T Vi (ng,z)T Vi 6] — 67"
TP @)\ e (V) Ol Vo) )
0 (V%)T (Viia)™ +V/,007) + (UJ‘CIJ)T 1

Now, let ¥, ,, be the matrix

Vi) Vi (V) Vi

E‘,n — (ng)fl
’ (V5) Ve, (V)T VY,

let ¥; = E[X;,], and let Mj be an estimate of E;l. We can now rewrite the KK'T conditions

as
&= ai™\ o (VP ey () e v+ ) 1 |
6! — 07" "\ o N (v a1 v,y + (ue) 1
J J . PN ( 1,2) ( 5,15 + 3,277 )+( 1,2)
Sg g
(n?) 1{I—Ej,nMj} ij % (B.4)
0, — 69"

(iif)
As is the case for the de-biased group LASSO in Appendix A, the first term (i) in (B.4)

depends only on the observed data and can be directly subtracted from the initial estimate.

The second term (ii) is asymptotically equivalent to

- 7
J

(V%)T (Viia)™ +V/,077) + (qu)T

7

T * S¥ T
oyt [() (aeg” +V0,677) & (U3) 1 7 (B.5)

if M; is a consistent estimate of E;l. Using the fact that E [VL*ZJ- (a?’*, 9?’*)] = 0, it can
be seen that (B.5)) is an average of i.i.d. random quantities with mean zero. The central
limit theorem then implies that any low-dimensional sub-vector is asymptotically normal.

The last term (iii) is asymptotically negligible if Mj is an approximate inverse of ¥, , and
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if (&, é?) is consistent for (af”,69"). Thus, for an appropriate choice of M;, we expect

asymptotic normality of an estimator of the form

=9 =9
J J
9 79
j 0; 0
Before constructing M ;, we first provide an alternative expression for Zj’l. We define the

d X d matrices I';; , and A}, as

*

* * _
ko D B =

-
argmin E [trace{ (n?)~" (ng,k,l - Z VI — Vi2A> < Z Tl — ng,zA)

F17~-'vFP7A€RdXd l;ﬁk,j l#ku]
We also define the d x d matrices A7, as
-
Ay, A;, = argmin E [traceq (n’ 2 Z R Z 1\
At Ap, ERIXA oy oy
Additionally, we define the d x d matrices C7; and D7

-1 T
() (V4).1) (v;ik,l—zv;l,l o — Vs k>

I#k.j

o (5]

It can be shown that Ej_l can be expressed as

* —_
ik =B

D:=E

J

_1 I _F‘;k7172 e F-;: ’p A;k71
( ;’1) 0 0 * * *
. : Lan 1 15, =4
2‘,1 _ . . . . .
j BN
0 (i) 0 ST =T, e T —AY
0 o 0 (D;‘)_l Jip)1 Jipy2 JP
A Ay e A, T

We can thus estimate Zj_l by estimating each of the matrices I'} , ;, Aj, and A7,
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Similar to our discussion of the de-biased group LASSO in Appendix A, we use a group-
penalized variant of the nodewise LASSO to construct Mj. We estimate I, and A7,

as

Fj7k917 e 7Fj7k7p7 Ajvk =

.
arg min  trace { (n?) " (v;{k,l — Z VYT — v;jQA> (v;,k,l — Z VeI — v;ﬁ) +

dxd
Flr“»FPaAER x l;ﬁk,] l7£k’.7

w1 Z T2+ + wil]Afl2,,
I#£k,j

where wy,ws > 0 are tuning parameters, and || - ||2.« is as defined in Appendix A. We estimate
A%y as

Aj’l, . e 7Aj’p -

.
arg min trace { (n?)”" <Vﬁ2 — Z VikJAk) (Vﬁg — Z Vﬁklek> + wy Z [ Akl[2,-

k#j k#j I#j
Additionally, we define the d x d matrices C’M and Dj
Cj,k: = (”g) (Vik,l) (ng,k,l - Z ng,l,lrjakl - VizAJ}k>
I£k,j
~ _ T ~
Dj = (n?) ' (Vggz) (ng,z - Zvik,lAjyk> :
poy
We then take Mj as
i I =T iy —Aja
C]Tll 0 0 ) J L ~
: —Ljon 1 —Ljop —4j2
Mj _ i . .
0 C.y O - - , .
- —Lljp1 D2 ,
0 0 Dfl ~JJD ~Jp i Jp
—Ajn —Ajo - —Aj, I

When T';, ;, A%,, and A}, satisfy appropriate sparsity conditions and some additional

regularity assumptions, M is a consistent estimate of Zj_l for w; o {log(p)/n}"/? and
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wy o< {log(p)/n}'/? (see, e.g., Chapter 8 of Biihlmann and van de Geer, 2011) for a more
comprehensive discussion). Using the same argument presented in Appendix A, we are able

to obtain the following bound on a scaled version of the remainder term (iii):

Cip -+ 0 0
T T - %
: : . e V9 vi (V9 Ve v af —af _
N e | <
0 - Cj O (Vi) Vi (Vi) Vi, 6 - 67"
0 0 D,

max{w;,ws } {P (@) —ad™) + Héj - 9?’*”2} :
The remainder is op(n~/?) and hence asymptotically negligible if n'/2 max{w;,ws}\ — 0,
where A is the tuning parameter for the regularized score matching estimator (see Theorem
B.2).

The de-biased estimate &’ G of a? k can be expressed as

-
dik = dik — (n9)~ Lo ( Z e M,) <V] 1a9 + V920 + (ung)T 1) )

14,k
The difference between the de-biased estimator 64]9.7,C and the true parameter a?”,: can be

expressed as
-
i) =~ 01 (v~ Vot (e s+ )" )
14,k
()t (V2,45 (Vj{l 95 4 V9,09 + (UL,) 1) } +op (n71?).
As discussed above, the central limit theorem implies asymptotic normality of d?’ p- We can
estimate the asymptotic variance of d?,k as
(%) 2 C AT, ETENT (C52)
where we define
diag (V4,64 +V1,07) Vi, + U,
diag (vgldg + v;{Qéjf) VI, 4+ U,

o
I

Mjak:<—Fj,k,1 R I T A B N i 3 —Aj,p>'
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Appendix C
SUPPLEMENTARY MATERIALS FOR CHAPTER 4

C.1 Additional technical details

Estimation of Gateaux derivative in Example 2

Recall the form of the Gateaux derivative of the risk functional for the partially additive
mean regression model in . The next result provides conditions under which the plug-
in estimator in is uniformly asymptotically linear with the efficient influence function
defined in (4.7). Below, we denote by ¢, (-; h) the estimated influence function

2= (0,2,9) = bno. (2:h) = {y — fny,p, (W) + fng. o (w) — O.(x)HA(x) — ptnppy (W)} — Ry, (R)

Result C.1. Suppose that there exists a Py-Donsker class ® such that ¢p,e.(;h) and
Gnp.(-sh) are both in ® for all h € H with probability tending to one.  Further-
more, suppose that the rate conditions [ {jny.p(w) — py.p,(w)}> dPy(w) = op(n=?),

J Lt p..po (w) = pio, py (W)} dPy(w) = op(n=172), and

sup [ {iinnn(0) = i ()Y dPyfw) = op(n™17)

are satisfied. Then, it follows that sup,cy |rn(h)| = op(n™Y2), where r,(h) is the remainder

term in (4.4]).

Proof of Result C.1. The remainder term can be written as r,(h) = A,(h) + B.(h),

where we define
fmm:/wmmm—w@@mma—m@

By(h) := /{%,9*(2; h) — ¢pya. (2 R)} dPo(2) + Rog, (R) — Ry, (h).



133

For the first term, it is shown in the proof of Lemma 19.26 of van der Vaart| (2000) that
supsey | An(h)| = op(n~Y/?) in view of the Donsker class condition and uniform consistency

of the nuisance parameter estimator. The second term can be expressed as

By (h) = /{MY,Po(w) — fn,y, Py (W) + pn .2y (W) — pro, Py (W)} { im0, 2y (W) — pin,py (W)} dPo(2).

By an application of the Cauchy-Schwarz inequality, and in view of the rate conditions, it
follows that supycq |Bn(h)| = op(n~'/2). This completes the proof in view of the triangle
inequality. O]

C.2 Proof of lemma and theorems

Proof of Lemma 4.1. The result follows immediately from Slutsky’s theorem (see, e.g.,

Theorem 7.15 of |[Kosorok), 2008)). O

Proof of Theorem 4.1. Below, denote by B the collection containing each bounded Lip-
schitz functionals g : ¢*°(H) — [—1,1] with Lipschitz constant 1, that is, satisfying that
lg(a1) — g(az2)| < |lay — as|| for all ay, ay € £°(H). Define the real-valued random function-
als G, : h = n7 V23" &by 0. (Zish) and Gt h = n V23" &0, (Zi; h) defined on
H. We will show that

sup |[Ee [9(Gn)] — Eo [9(G)]] (C.1)
converges to zero in outer probability, where E¢ denotes expectation over the distribution of
&1, &, ..., &, which implies the desired result since convergence of the expectation of bounded
Lipschitz functions of a stochastic process is equivalent to weak convergence in view of the
Portmanteau lemma (see, e.g., Lemma 18.9 of van der Vaart|, 2000)).

First, by the triangle inequality, we note that

sup |E¢ [9(Gn)] — Eo [9(G)]] < sup [E¢ [9(Gno)] — Eo [9(G)]] + sup e [9(Gn) — 9(Gno)ll -

geB geB
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We define the function g : ¢*°(H) — R pointwise as g(u) := min (1, ||u||3). Since |g(ui) —

g(ug)| < min(2, ||ug — uszll%) for any g € B and uy,us € (*°(H), we get that

sup [Ee [9(Gn) = 9(Gno)ll < 2[Ee[9(Gn — Gno)]l-

geB

Defining for each z € Z the random functionals ¢,(z) : h — ¢y, 0.(2;h) — ¢p0.(2; h) and
Pn(2) = pn(2) = [ @n(2)dPy(z), we use the triangle inequality again to establish that

sup [Ee [9(Gn)] = Eo [9(G)]| < sup |Ee [9(Gno)] = Eo [9(G)]| + 2(An + Bn) ,

geB geB

where we have defined

An = |Be [g (n 200 Gipn(Z0)) —g (02300 &,(2)) ]|
B, = |E¢[g (n XL, &%.(2))]] -
The first summand above converges to zero in outer probability by Theorem 2.9.6 of van der

Vaart and Wellner| (1996). We find that A,, > 0 tends to zero in probability by observing
that

An < sup [Ee [g (02300 Gipn(Z0) — g (n 2300 6, (Z0) ]|

geB
< sup /son(Z)(h)dPo )| Ee [n 23500 &
< Egl/¢m@ﬂhydﬂwﬁEgOflzj15%]U2: Egi/¢m@ﬂhfdﬂx@}w2= op(1) ,

where the first inequality holds because g resides in B, the second inequality holds in view
of the Lipschitz property, the third inequality follows from the Cauchy-Schwarz inequality
and the fact that &,&,, ..., &, are independent and have mean zero, the first equality holds
because &1, &, . . ., &, have unit second moment, and the last statement follows by assumption.
Finally, we focus on the term B,, > 0. By the triangle inequality and the fact that g € B,
we have that B, < Bj, + Bs,, where

Bin = sup|Ee [g (720, 65,(Z:))] = Eo [9 (02 [ @u(2)d(P, — Ry)(2))]]

geB

By, = [Eo [g(n'? [ a(2)d(P0 — Po)(2))]] -
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We define v(z2) : (h, f) = ¢ro.(2;h) — ¢pp0. (25 h) and D(2) = (h, ) = v(2) — [v(2)dPy(z) as
real-valued functionals over H x F. Define Fs := {f € F : ||f — follr < 0}, and let D be
the collection containing each bounded Lipschitz functional ¢ : ¢>° (H x F5) — [—1, 1] with
Lipschitz constant 1. For any § > 0, since ¢y, g.(-;h) — ¢, 0.(-; 1) is in @; for each h € H
with probability tending to one, we have that
Bin < sup|Ee g (n* 1L, 67(20)] ~ Bo g (v [ v(:)a(P, ~ P ()]

with probability tending to one. Since ®; is Fy-Donsker for small enough 6 > 0, we
find that this upper bound for B, tends to zero in outer probability in view of Theo-
rem 2.9.6 of van der Vaart and Wellner| (1996). Finally, we argue that B,, tends to zero
(deterministically). Defining the random variable G, := g (n'/? [ p,(2)d(P, — Py)(2)), we
note that the sequence {Gy,Go,...} is uniformly bounded by one. Furthermore, because
0 < Gy < suppey InY? [ on(2)(R)d(P, — Py)(2)|, G, tends to zero in probability provided

sup
heH

nm/%@wwa—%w>qmn,

in which case it follows that Bs, = |Eo(G},)| tends to zero as well. This condition is shown

in the proof of Lemma 19.26 of van der Vaart (2000), thereby completing the proof. m

Proof of Theorem 4.2. For conciseness, for any given probability P and P-integrable
function f, we denote [ f(z)dP(z) by the shorthand notation Pf below, and we write
G, := n'’?(P, — Py). We begin by proving (a). By application of the continuous mapping
theorem and Slutsky’s theorem, the result follows if we can show that

sup G,¢n, = sup G, ¢, + op(1) . (C.2)

heHn heH
By , there exists a deterministic sequence ¢, | 0 such that

Py (hsllg){ hzig[" Po(¢n, — bn,)? > en) — 0.

By the definition of the supremum and infimum, for each n, there exist random functions

th € H and h27n € H, such that Gn¢h1,n > SUDpen Gn¢h — €, and PO(¢h1,n - ¢h2,n)2 <
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infpez, Po(én,,, — ¢n)* + €,. Now, with probability tending to one,

inf Py(én,, —¢n)” < sup inf Po(dn, — ¢n,)” < €0,
hEH hlEH hQGHTL

and so, Pg(gbhl’n—@mm)z = op(1). We can write sup,cy; Grndn—suppey, Gnon = Apn+B,+C,
with A, := sup,cy Gn(dn — bn,..), Br = infren, Gn(on,,, — ¢n) and Gy, := Gy, (dn,,, — Pny.)-
By construction, we have that 0 < A, <¢,, and so, A, = op(1). Additionally, we have that
B,, < 0 because hy,, € H,. Finally, since PO(QSth—thQ’n)z = op(1) and ¢y, ,, —n, ,, belongs to
the Donsker class {¢n, —¢n, : h1, ho € H}, we have that C,, = op(1) by application of Lemma
19.24 of van der Vaart| (2000). Thus, we have established that sup,cy; Gnon —suppcy, Gnon
is bounded above by an op(1) term. A similar argument can be used to conclude the same

of supyey,, Gnoon — supyey Grnon, thus establishing (C.2).
We now prove part (b). We note that

| ra = ryspaqm - |

[, - Pomm@(h)] <

/ (P, — Py)énl?dQ(h) <
(HnUH)\(HnNH)
O ((HUM\ (HAH,)) [225 (P - Po>¢h|] .

Since H is a Donsker class and (4.11]) holds by assumption, this implies that
[ 1P~ R)eidQ() = [ (P, = PojondQ(n) + el
n H
and the result follows by an application of Slutsky’s theorem and the continuous mapping

theorem. O
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