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Abstract

Impact of solid-liquid interfacial thermodynamics on the phase change memory RESET process

Matthew J Lewis

Chair of the Supervisory Committee:

Lucien Brush

Department of Materials Science and Engineering

A model of the RESET melting process in conventional phase-change memory (PCM) devices

is constructed in which the Gibbs-Thomson effect, representing local equilibrium at the solid-

liquid interface, is included as an interfacial condition for the electro-thermal model of the PCM

device. A comparison is made between the Gibbs-Thomson model and a commonly used model

in which the interfacial temperature is fixed at the bulk melting temperature of the PCM material.

The model is applied to conventional PCM designs in which a dome-shaped liquid/amorphous

region is formed. Two families of solutions are computed representing steady state liquid re-

gions, distinguished by their thermodynamic aspects. There is a family of solutions representing

a liquid nucleation process, and a family of larger steady-state liquid solutions representing the

limit of the melting process. A linear stability analysis is performed on the steady states, show-

ing that the nucleus state is the threshold for further growth of the liquid phase which proceeds

towards the melting limit state, which is the final stable state in the system. A comparison with

a spherical symmetric model shows that in the isothermal limit the system is identical with the

case of classical nucleation theory. The melting limits enable calculation of minima in voltage

and corresponding current required for the RESET process. In this PCM configuration, the Gibbs-



Thomson effect constrains the equilibrium solid-liquid interface temperature to remain above the

bulk melting temperature during melting. The magnitude of this temperature difference increases

with decreasing device size scale, thus requiring an increase in the required voltage and current

needed for RESET compared to the case in which the interface temperature is approximated by the

bulk melting temperature. This increase becomes substantial for active device dimensions in the

<20nm range. The impact of this phenomena on PCM device design is discussed, emphasizing

the increased motivation to explore alternative designs that avoid or reverse the cost penalty due

to solid-liquid interfacial thermodynamics. By reducing the required RESET power, such design

decisions have the potential to improve the performance of PCM for a multitude of applications,

including storage class memory, neuromorphic computing, and in-memory computing for machine

learning applications.
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1.1 Introduction to phase change memory

Phase change memory (PCM) is a form of computer memory in which information is stored by

switching a region of electrically conductive material between different phases, usually a higher-

conductivity crystalline phase and a lower-conductivity amorphous phase [1][2]. The most com-

monly used phase change material is Ge2Sb2Te5 (GST), an example of a type of material known

as a chalcogenide glass. Phases are switched by applying a voltage/current causing crystallization

of the amorphous phase (during the SET process), or melt-quenching of the crystalline phase into

amorphous phase (during the RESET process). The phase is measured (read) via the conductivity

(or resistivity) difference between the phases.

The reversible switching effect used in phase-change memory was first discovered by S. Ovshin-

sky of Energy Conversion Devices in 1968 [3]. During the next three decades progress on devel-

oping this phenomena into a viable commercial memory was relatively slow due to challenges

related to degradation of memory cells and instability of operation [4]. However, as the tech-

nology improved, interest in PCM once again increased in the early 2000s, with multiple com-

panies (Intel, Samsung, STMicroelectronics, SKHynix) investing in research [4]. This renewed

interest in phase-change memory continues to this day due to its promising characteristics as a

next-generation memory type. Two recent reviews [1][2] (Kim et. al. 2020, Fong et.al. 2017)

describe how PCM is currently promising as a potential storage-class memory, a term referring

to specific market segment for memory which has cost and performance trade-offs between that

of other memory types DRAM and NAND (flash). NAND memory has the advantage of being

non-volatile, i.e. the memory remains when the power is switched off, which is why it is used, for

example, in flash drives. However, NAND is relatively slow compared to DRAM which is used for

random access memory in computer applications. DRAM, however, is volatile meaning it is erased

when the power is switched off, so it cannot be used for storage. Phase change memory has the po-

tential to bridge the advantages of these two types of memory by being both non-volatile and thus

usable for storage, while also having faster speeds than NAND, speeds closer to being competitive
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with DRAM. As a storage class memory PCM could be positioned to be a faster but more expen-

sive replacement for NAND or a more cost-effective and non-volatile replacement for DRAM [2].

In general, the effectiveness of PCM is a result of a combination of nonvolatility, long endurance,

fast write and access times and low cost per unit of memory. PCM has also attracted interest in the

field of neuromorphic computing hardware, in which individual neurons are implemented using

PCM devices [5] [6]. Another emerging area of application for PCM is in-memory computing,

[7] [8] in which computational operations are performed directly in the memory unit rather than

the CPU, with potential uses in improving machine learning and deep learning, including reducing

energy consumption.

Figure 1.1: Schematic of a conventional ”mushroom” PCM design in SET and RESET states, with
arrows denoting the SET and RESET processes. Device visuals are taken from [2], ©2017 IEEE.

A schematic diagram of the two different states of a conventional phase change memory device,

also called a ”mushroom” or ”thin film” design, [1][2] is shown in Figure 1.1. The device is

structured as follows. The phase change material cell, most commonly GST, is positioned on top

of a ”heater” element electrode, and these two elements are sandwiched between two conventional

electrodes. (Figure 1.1) This setup is then surrounded by a thermally and electrically insulating

cladding material (dielectric). The heater element is typically made of a doped form of the material

5



used for the conventional electrodes, increasing its resistivity and therefore increasing the Joule

heating occurring when current is run through it. The ”SET-RESET” cycle, i.e. the process of

switching a memory bit within the device, is performed as follows: The device begins in the ”SET”

Figure 1.2: Schematic diagram of applied current pulses during the phase change memory SET-
RESET cycle, taken from [2].

state in which the GST cell is entirely in a crystalline phase. A large current pulse (Figure 1.2) is

then run through the device, concentrating heating at the junction between the heater element and

the GST cell. With sufficient Joule heating, the GST melting temperature (873K) is exceeded and

a dome-shaped region of the GST cell adjacent to the heater melts into the liquid phase. Then, the

current pulse is switched off and the device rapidly cools down to room temperature as conductive

heat flows out the electrodes. The cooling is rapid enough that the dome-shaped liquid region

is quenched into an amorphous region of approximately the same size and shape as the melted

liquid region. This amorphous GST phase has orders of magnitude higher electrical resistance than

the crystalline phase, resulting in a difference in total device resistance which can be read as the

memory bit. The bit is read by applying a much lower voltage and measuring the current difference

due to the resistivity difference, and no phase change activity occurs as a result of the voltage

being much lower. An important condition is that the amorphous region must completely cover the
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heater-GST junction in order to ensure that all current paths must travel through the amorphous

region, in order to obtain the desired jump in total device resistance. The step of applying the

current pulse which forms the amorphous region is called the RESET step or RESET process. The

state of the device with the amorphous region included is referred to as the RESET state. After the

RESET step is applied, the next time the memory bit is switched the SET process is applied which

returns the device to a pure crystalline state. During the SET process, a smaller current pulse is

applied which is enough the heat the amorphous dome to the crystallization temperature of GST

(around 400K). The amorphous dome recrystallizes completely, returning the device to a lower

resistance SET state due to the lower resistivity of the crystalline GST phase.

Figure 1.3: RESET current as a function of contact area (heater-GST junction) in conventional
phase change memory devices, taken from [9].

One of the inherent challenges of PCM is that the high GST melting temperature must be

exceeded every time the RESET step occurs, resulting in high required Joule heating and therefore

high power costs for operation [2] [10]. However, offsetting this disadvantage is the fact that one

of the most enticing aspects of PCM is its extreme scalability. A landmark study in 2003 (Pirovano

et. al.) [9] showed a significant decrease in required RESET current as contact area (heater-
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GST junction) is downscaled, due to the decreasing volume of the amorphized region resulting

in less heating required for the melting process. Further research over the past two decades has

Figure 1.4: Partially crystallized SET state in a CNT-based PCM, from [11], ©2011 AAAS. The
crystallized GST region between the CNT tips is shown in the 3x magnification. The surrounding
material is amorphous GST.

shown that the active (phase-switching) region in PCM can be scaled to sizes of single nanometer

dimensions [11][12], using carbon nanotubes (CNTs) as electrodes, where the active region is

located between two carbon nanotube tips. (Figure 1.4) Given the success of the carbon nanotube-

based experiments, it is natural to consider whether or not the same sub-10nm scaling can be

achieved using conventional PCM designs, which are more manufacturable due to their geometry

and material suitability. Simulations by Hayat et al.[13] of conventional PCM devices at sub-10nm

scales indicate that with design improvement in thermal efficiency, usage at such small scales

would be feasible, based on favorable scaling trends for RESET current/voltage. If this modeling

is correct, downscaling would be greatly advantageous for reducing the power consumption of the

devices.
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1.2 Phase change mechanisms and interfacial effects during

RESET process

However, the assumptions of favorable scaling for PCM devices at sub-10nm scales have used

RESET models that are incomplete. In addition to heat transfer throughout the device, phase

change mechanisms and material interfaces also play a role in the success of the device operation.

For the RESET melting process, understanding of many of these details is lacking. Here we give an

overview of the state of knowledge of various of these mechanisms. This overview is split into two

sections, one about the state of knowledge of phase change mechanisms and interfacial effects that

impact the initial appearance of liquid phase, followed by a section about solid-liquid interfacial

thermodynamics as expressed in the Gibbs-Thomson condition. The latter of the two sections

introduces the main focus of the research in this dissertation, but the first section is necessary

as background to explain why models in this research are constructed the way they are, due to

limitations in knowledge about the initial formation of the liquid phase.

1.2.1 Initial appearance of the liquid phase

Often, in general systems melting initiates via the mechanism of interfacial premelting, [14][15]

in which the solid begins to exhibit a thin film of liquid at a heterogeneous or exposed interface at a

temperature below the bulk melting temperature. However, it has not been previously investigated

whether premelting is exhibited in the case of PCM devices. Interfacial premelting can be modeled

by considering the total energetic contribution due to nonretarded Van der Waals forces. A deriva-

tion given in [15] leads to the result that the energetic favorability of premelting is determined by

the sign of the three-part Hamaker constant corresponding to the total interaction of the three part

system of the thin premelted liquid layer surrounded by whatever two media are surrounding it.

For conventional PCM devices, it is assumed that the premelted liquid layer would be favored to

form near the heater where the temperature is greatest, so this 3-part system would by the config-

uration of the solid GST, the heater electrode, and the liquid GST layer in between. (Figure 1.5)
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This Hamaker constant can be estimated by Lifshitz theory, an approximation scheme in which

computations of Van der Waals forces between particles incorporate the effects of macroscopic

properties of the continuous media, in this case the dielectric properties.

Figure 1.5: Zoomed-in section of a PCM device in which a thin premelted layer of liquid GST
exists between the TiN heater element and solid GST regions. The three part Hamaker constant is
computed based on this arrangement, and it is found that premelting is not favored for this system.

Lifshitz theory can be used [16] to estimate the Hamaker constant as depending on the dielectric

functions of each of the three layers: 1. The TiN heater (TiN as the material for the heater is detailed

in chapter 2) and 2. The solid GST region 3. The liquid GST layer:

A ≈ 3

4
kBT (

ε1 − ε3
ε1 + ε3

)(
ε2 − ε3
ε2 + ε3

) +
3h

4π

� ∞
ν1

(
ε1(iν)− ε3(iν)

ε1(iν) + ε3(iν)
)(
ε2(iν)− ε3(iν)

ε2(iν) + ε3(iν)
)dν (1.1)

Where kB is Boltzmann’s constant, T is the bulk melting temperature of GST, 873K, h is Planck’s

constant, εi(iν) in the integral are the complex dielectric functions of layers i = 1,2,3 calculated at

imaginary frequencies, and εi in the left term are the dielectric functions evaluated at ν = 0.

Data for the complex dielectric functions of crystalline GST, amorphous GST (amorphous GST

is use to approximate the liquid phase for which data is not available) and TiN have been measured

[17] [18] in the form of real and imaginary dielectric functions ε(ν) = ε′(ν) + iε′′(ν), each a

function of frequency. The dielectric function at imaginary frequencies is computed by first fitting
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the ε′ and ε′′ functions to a parametrized model, and then substituting an imaginary frequency,

resulting in real functions that can be integrated in (1.1). Using a freely available Matlab script

[19], dielectric functions ε′(ν) and ε′′(ν) of GST and TiN were fitted to models of the form

ε(ω) = ε0 +
∑
p

∆ε

1− 2iωγp
+
∑
p

∆εω2
p

−2iωγp − ω2
+
∑
p

∆εω2
p

ω2
p − 2iωγp − ω2

+
∑
p

∆ε(ω2
p − iωγ′p)

ω2
p − 2iωγp − ω2

(1.2)

where ω = 2πν and ε0, ∆ε, γp, and ωp are fitting constants. From left ot right, the terms in the sums

are known as Debye, Drude, Lorentz, and ”modified Lorentz” terms. An appropriate number of

each of these terms is chosen for each material in order to fit the data reasonably well to the degree

that any remaining error does not make a difference to the integral for the Hamaker constant.

Before computing the Hamaker constant integral, iω is plugged in in place of ω, resulting in

ε(iω) which are real, positive, monotonically decreasing functions of the form

ε(iω) = ε0+
∑
p

∆ε

1 + 2ωγp
+
∑
p

∆εω2
p

2ωγp + ω2
+
∑
p

∆εω2
p

ω2
p + 2ωγp + ω2

+
∑
p

∆ε(ω2
p + ωγ′p)

ω2
p + 2ωγp + ω2

(1.3)

and so the integral converges. (Also, a factor of 2π is included in the integral to convert from ω to

ν). The result of numerically integrating (1.1) gives a value of A = +1.5 · 10−20J . The positive

sign therefore implies that interfacial premelting is not energetically favored at this interface. (Both

the first and second term in (1.1) are well on the positive side.)

Since interfacial premelting has been ruled out as a likely mechanism for the initial formation

of the liquid phase, we may also look at a variety of other interior solid-state heterogeneities and

defects to see how they may influence the initial appearance of the liquid in the melting process.

One experimental study [20] found that in GST, near the melting temperature, vacancies arrange

in planar configurations. Molecular dynamics simulations[20] show that during melting at 1300K

the crystal first becomes disordered (liquid) around these planes. Further work would be needed

to confirm if vacancies reduce or eliminate the barrier for initial formation of the liquid phase. An

experimental study, in which GST vacancies are ”filled” with gold atoms, shows a large increase
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in the threshold voltage for melting/amorphization[21], although it is unclear what is the effect of

the gold in this case. Another experimental study[22] of GST melting suggests that dislocations

can cluster and initiate amorphization, although the interpretation of the result was not compared

to a traditional thermodynamic model. Recent simulation research [23] has modeled barrier-free

heterogeneous melting at grain boundaries which may be applicable to the PCM device provided

that a small grain size is maintained over multiple switching cycles, but this is not certain especially

for smaller scaled devices. The conclusion drawn from these studies is that the influence of pre-

existing defects may lower but does not necessarily remove the energy barrier to the formation of

the liquid, implying a nucleation and growth mechanism from metastable superheated solid may

also be considered. In a comprehensive 2006 review of the superheating of solids by Mei and

Lucite[24], many examples are provided of experiments in which metastable superheating occurs.

Various metal nanoparticles coated with a different, higher-melting point metal have sustained

metastable superheating on the order of 10-100K above the bulk melting temperature. This is

notable because the GST region in a scaled-down PCM device is similar to a nanoparticle ”coated”

by a higher-melting point surrounding. Time-dependent discrete cellular PCM models [13] [2]

[25] [26] [27] [28] [29] that include nucleation assign an ad-hoc probability for phase change to

occur in each cell based on bulk parameters and classical nucleation theory. However, these models

assume perfectly spherical, classical nuclei small enough to fit inside each model cell (a very small

fraction of the total device size), which is not an appropriate assumption at small scales as shown

in results below. Instead, nuclei would be large on the scale of the temperature variations in the

range of several hundred degrees K.

In summary, the information presented in this section has shown that significant additional

research would be required to understand the time-dependent initial formation of the liquid phase

via the assistance of defects and/or a time-dependent nucleation process.
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1.2.2 Solid-liquid interfacial thermodynamics

Another aspect of the RESET melting process which merits further investigation, and is the

main focus of this dissertation, is the effect of solid-liquid surface energy in which the equilibrium

melting point of any solid is shifted from its bulk value by an amount proportional to interface

curvature and can be significant at very small scales. The effect is manifest in the Gibbs-Thomson

condition:

Teq = Tm(1 +
γ

L
H), (1.4)

where Teq is the equilibrium solid melting temperature, Tm is the bulk or planar interfacial melting

temperature, L is the latent heat of fusion per unit volume of solid, H is the mean curvature of the

solid-liquid interface and γ is the interfacial energy of the solid-liquid interface, assumed isotropic.

The mean curvature is a signed quantity, defined in this research with positive value H = +2/R

for a spherical melt of radius R surrounded by solid, and a negative value H = −2/R for a solid

sphere of radius R surrounded by liquid. For conventional PCM designs, a liquid dome is formed

during RESET and H is positive, implying Teq > Tm. As devices are scaled down, the magnitude

of H , and thus Teq − Tm, increases, possibly impacting the device performance. Compared to the

above description, some previous PCM models have included surface energy effects only in ad-

hoc treatments of the nucleation process [13] [25] [26] [27] [28] [29], without also including the

general condition (1.4) with interface curvature. Other RESET models have not included surface

energy effects at all because they assume that the material automatically melts for T > Tm. [30]

[31] [32][33] [34] [35] [36].

In this research a new numerical model for the formation of the liquid phase during the melt-

quench RESET process in GST PCM devices is presented in which the solid-liquid interface tem-

perature is equal to the Gibbs-Thomson temperature (1.4). A complete time-dependent RESET

model which includes the defect and/or stochastic nucleation assisted initial formation of the liq-

uid is not informative at this time, because of the many ambiguities in the mechanism of the initial

formation of the liquid phase, as listed above. Therefore, in this research the melting system is
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modeled as a deterministic, time-dependent, moving boundary problem in which liquid evolution

takes place in a regime beyond the initial formation of the liquid phase. The numerical model al-

lows for arbitrarily shaped (albeit axisymmetric) GST solid-liquid interfaces. In addition to basic

coupled electrical and thermal field simulation, thermoelectric effects [37] and thermal boundary

resistance (TBR) [38][39] have a substantial impact in PCM devices and are therefore included in

this model.

In this work, steady states of the time-dependent model are computed which illuminate the

dynamics of the melting system. From these steady states minimum required voltage and corre-

sponding current values in the RESET process are derived. Computation of these data across a

wide range of scales illustrates for the first time the impact of solid-liquid interfacial thermody-

namics on device efficiency in conventional PCM designs as a function of device size. A scaling

law for this impact is derived illustrating how a conventional design may have deleterious effects

on the device efficiency.

The remainder of this dissertation is structured as follows: In Chapter 2 the deterministic time-

dependent RESET melting model for a conventional PCM device is presented and the methods for

computing steady states from this model are described. The results of the steady state computa-

tions are introduced and general descriptions of the states are given. Models with and without the

Gibbs-Thomson effect are compared and methods for computing the required voltage for RESET

are shown. It is shown that these results depend heavily on assumptions made about the time-

dependent properties of the steady states. A comparison is made with classical nucleation theory,

showing how that theory is insufficient to model or understand the phenomenon in PCM devices.

In order to have a more thorough understanding of the time-dependent properties of steady states

and their significance, in Chapter 3 a linear stability analysis is performed on the steady states. It is

shown that the time-dependent properties of the states justify the descriptions of the states given in

Chapter 2. A comparison is also made with a spherically symmetric model device to further show

the connection between classical nucleation theory and the steady states given here. An analysis of

RESET melting in a cylindrically symmetric PCM model device is also presented for further com-
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parison. With the time-dependent aspects of the steady states more fully understood, in Chapter 4,

information about PCM device performance is computed as a function of device size/scale. These

results show the influence of solid-liquid interfacial thermodynamics on the RESET process in

terms of impact on device performance. Implications for device design are discussed, emphasizing

the increased motivation to explore alternative designs that avoid or reverse the cost penalty due to

solid-liquid interfacial thermodynamics. In Chapter 5 a conclusion is given summarizing all of the

results from chapters 2-4.
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Chapter 2

RESET melting models and steady states
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2.1 Methods for computing steady states of the RESET process

As stated in the Introduction, in this research information about the impact of solid-liquid inter-

facial thermodynamics on the phase change memory RESET process is gleaned from computing

steady states of a model which includes the Gibbs-Thomson effect. In this chapter, it is shown

how steady states are computed in a model with the Gibbs-Thomson effect as well as model with-

out it for comparison. Here it is also shown what information can be gathered from the steady

state computations, and what limitations exist in analyzing the steady states alone without further

time-dependent analysis.

2.1.1 The models

Figure 2.1: Proportionately accurate cross-sectional diagram of the axially symmetric 3D device
geometry used for numerical simulations in this research. Also depicted are cylindrical coordinate
ρ and z axes. The z axis is the axis of rotation.

Numerical simulations of full phase change memory devices presented in this research use a

PCM device design emulating the one used in the work of Hayat et al.[13]. A cross-section of

the device is shown in Figure (2.1). The device is axially symmetric about a vertical axis and

is encased within a cylindrical volume. Denoting the radius of the GST cell by CR, the device
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domains have the following proportions: total radius = 1.5 · CR, total height = 3.0 · CR, heater

radius = 0.4 · CR, heater height = CR, GST cell height = CR, height of top and bottom electrodes

= 0.5 · CR. The remainder of the cylindrical volume is SiO2. It is noted that the axisymmetric

shape is not necessarily realistic for mass manufactured PCM devices, but greatly simplifies the

modeling process while offering a good approximation of non-axisymmetric conventional PCM

device designs.

Using spherical coordinates centered about the GST-heater interface, at any fixed time t the

liquid region shape is defined by a function r = R(θ, t) in the range 0 ≤ θ ≤ π/2 as shown

in Figure (2.1), where r and θ are radial distance and polar angle, respectively. The solid-liquid

interface is constructed by fully rotating R(θ, t) about the longitudinal axis of the cylinder. The

mean curvature of the crystal-liquid interface is H = ∇ · n̂, where n̂ is the unit normal vector

to the interface. The unit normal vector is computed using the gradient of a contour function

corresponding to the solid-liquid interface:

F ≡ r −R(θ) (2.1)

∇F = êr −
1

r
Rθêθ (2.2)

|∇F | =
√

1 +
1

r2
R2
θ (2.3)

n̂ =
∇F
|∇F |

(2.4)

=

[
êr −

(
Rθ

r

)
êθ

]
(1 + (Rθ)

2/(r)2)−1/2 (2.5)

where êr and êθ are orthogonal unit vectors for the r and θ spherical coordinates and subscripts

refer to partial derivatives. H = ∇·n̂ is computed using the formula for the divergence in spherical

coordinates:

H = ∇ · n̂ =
1

r2
∂

∂r
(r2n̂r) +

1

r sin(θ)

∂

∂θ
(sin(θ)n̂θ) (2.6)
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Evaluation at r = R(θ, t) gives H(θ, t) = (R2 + R2
θ)
−1/2(2− Rθ

R
cot(θ)) + (−RRθθ + R2

θ)(R
2 +

R2
θ)
−3/2. The local normal growth speed is given by vn = Rt/(1+R2

θ/R
2)1/2. Boundary conditions

for the solid-liquid interface shape function are as follows: At θ = 0, Rθ = 0, meaning there is no

cusp (which would be a point with infinite curvature). At θ = π/2 (GST cell-bottom face contact

location), Rθ is also set to zero, meaning that the solid-wall and liquid-wall interfacial energies

have been set equal resulting in a 90 degree contact angle.

Electrical potential φi(~x, t) and temperature Ti(~x, t) in the ′i′th material/phase obey coupled

charge and energy balance equations which include thermoelectric effects and Joule heating. Charge

conservation gives

∇ · (σi(−∇φi − Si∇Ti)) = 0 (2.7)

where σi and Si are the spatially varying electrical conductivity and Seebeck coefficients of the ′i′th

material and the electric current density is ~Ji = σi(−∇φi−Si∇Ti). Simulating a constant voltage

pulse, φ = V at the top device face and 0 at the bottom face. The device walls are insulating,

~Ji · n̂ = 0, with n̂ being the outward pointing unit normal vector.

The temperature obeys the heat equation with Joule and Thomson heating:

∇ · (ki∇Ti) +
~Ji · ~Ji
σi

= ρicp,i
∂Ti
∂t
− Ti ~Ji · ∇Si (2.8)

ki is the thermal conductivity, ρi is the density, cp,i is the specific heat capacity. At all the de-

vice outer boundaries T = 273K, simulating near-room temperature conditions maintained during

device operation. Internal interfaces between materials/phases i and j obey charge and energy

conservation, with Peltier heat T ~J · n̂(Si − Sj) included, n̂ pointing from i to j. In addition to

obeying (1.4), the mobile solid liquid interface evolves heat Lvn. At interfaces which have thermal

boundary resistance (TBR), (ki∇Ti) · n̂ = (Tj − Ti)/α, where α is the TBR coefficient. At inter-

faces Tavg = 1
2
(Ti + Tj) is used for Peltier heat and α temperature dependence (detailed below)

calculations.

The model described above is defined as the Gibbs-Thomson (GT) model. Throughout this
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research the GT model is compared to a model with the solid-liquid interface position coinciding

with the bulk melting T = Tm isotherm, rather than the GT condition. Additionally, with the

interface given by the Tm isotherm, there is no contact angle condition at the lower GST interface.

This model is denoted as the bulk melting (BM) model.

The impact of TBR increases in importance with downscaling, shown in past literature [40]

(as well as in results below), so it is useful to isolate its impact when comparing with the GT and

BM models. Therefore we present two variations of the models, one with α = 0 for all interfaces,

denoted ”TBR-absent”, and one with non-zero α values denoted ”TBR-present”.

2.1.2 Numerical procedures and material properties

In this chapter steady state solutions are sought satisfying ∂T/∂t = 0 and Rt = 0 everywhere.

(Subscripts have been omitted.) The model is vertically axisymmetric, so φ, T , and R are solved

in the right half of the cross-section shown in Figure 2.1. The shape function R(θ) is discretized

evenly over 0 ≤ θ ≤ π/2 with n = 30 points, defining the GST solid and liquid regions. Second

order differencing in θ is used to compute H at each node.

In cylindrical coordinates (ρ, z,Φ), steady state solutions φ(ρ, z) and T (ρ, z) of (2.7) and (3.21)

are found using the software package FiPy[41], which implements a finite volume method (FVM).

The 2D domain is discretized into a grid of 3n×6n square cells (n being the number of discretized

points of R(θ)). TBR is implemented by decreasing volume thermal conductivity in a region of

a thickness of 2 nodes at the boundary by an amount causing the equivalent thermal resistance.

Peltier heat at the top and bottom GST-TiN interfaces is applied through volume heating in the

thin region causing an equivalent amount of boundary heating. The values of k and σ in liquid

GST, TiN, TiN (doped, heater), W and SiO2, are 5.0, 19, 17, 175, and 1.4 W/(m·K),[13] and

2.5× 105, [42] 5.0× 105, 5.0×104, 1.8×106,[43] and 0.01 Ω−1m−1, respectively. (The Wiedmann-

Franz law for metals [43] is used to estimate liquid GST k.) Crystalline GST is assumed to be

in the fcc crystal structure as this phase forms during SET [44]. Temperature dependence of fcc

electrical conductivity [42] is fit as σ = σ0e
−T0/T , σ0 = 1.81·106 Ω−1m−1, T0 = 2.77 ·103K, using
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σ = σ0e
−T0/Tm for T > Tm. Fitting data [45] for variation of fcc GST thermal conductivity, k =

0.45 W/(m·K) for T < 403K, k = 0.95 W/(m·K) for T > 583K, and varies linearly between. In the

multiphase GST region, σ and k are interpolated smoothly through the interfacial region across a

length of 1-2 cells.

Values of the TBR coefficient α have been measured for the GST-TiN interfaces for tempera-

tures 298-598K [46] and the GST-SiO2 interface for 463-533K [47] (fcc phase). No measurements

yet exist for the liquid-GST TiN α value. The study [46] suggests a 1/T temperature dependence

model to extrapolate to higher temperatures, which we use here. Using GST-TiN data from [46]

and the GST-SiO2 data from [47], the resulting temperature dependence gives for GST-TiN α =

36.6 m2 · K / GW at T = 300K, α = 12.6 m2 · K / GW at Tm = 873K and for GST-SiO2 α = 16.4

m2 · K / GW at T = 300K, α = 5.6 m2 · K / GW at Tm = 873K. Solid-GST-TiN values are used for

the liquid-GST-TiN case.

Seebeck coefficient data for GST and TiN in the range 300K< T< 1000K are taken from [37],

and for W in the range 300K < T < 550K taken from [48]. Data is extrapolated outside of these

ranges using endpoint values. Current direction is chosen to produce positive Peltier heating at the

GST-TiN heater boundary and negative Peltier (cooling) heating at the upper GST-TiN boundary.

The latent heat L is 4.19 × 108 J/m3[49]. Obtaining a precise experimental measurement of

the solid-liquid interfacial energy γ is difficult, however theoretical estimates may be used. Pre-

vious ab initio simulations of nucleation during the SET process[50] calculated the GeTe solid-

amorphous/liquid interfacial energy, the main component of the GST alloy (GeTe-Sb2Te3), over

the temperature range 300-800K. Extrapolation to the melting temperature gives γ = 25 meV/A2 =

0.4 J/m2, the value used here. A study by Orava and Greer[51] provides a temperature-dependent

theoretical formula for γ based on bulk properties of GST. For the temperature ranges under con-

sideration here, their γ value is approximately 1.5-2 times smaller than the value used here. Scaling

analysis later in Chapter 4 shows how variance in γ factors into the interpretation of the results.

An iterative method is used to find the steady state shapesR(θ), using the nonlinear solver func-

tion scipy.root() from the SciPy python package which implements a modified Powell’s method.
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Each iteration, R(θ) is specified, then coupled equations (2.7) and (3.21) are solved to find φ and

T . A residual (error) vector is computed as the difference between the solid-liquid interface tem-

perature and the GT or BM equilibrium temperature. The solid-liquid interfacial temperature is

computed for each of the n = 30 solid-liquid interface discretized nodes by linearly interpolating

the spatial temperature function, sampling the temperature values in each of the four adjacent dis-

cretized volume cells. Iterations are repeated until R(θ) is modified such that the magnitude of the

residual is below a tolerance of 0.001K.

Overall device current I is computed by integrating current density ~J numerically over the bot-

tom face of the device I =
�
~J · n̂dA =

�
σ(∇φ+ S∇T ) · n̂dA, where n̂ is the outward-pointing

unit normal vector. The quenched (RESET state) device resistance Σ is calculated as follows.

Ohmic, near-room temperature conditions are assumed. Crystalline and amorphous electrical con-

ductivities are set to their room temperature values 177 and 0.830 Ω−1m−1[42]. Σ is calculated by

applying 1.0 V, solving (2.7) (with∇T = 0) for φ(ρ, z), computing device current Ir then dividing

1.0 V by Ir.

2.2 Results of steady state computations

2.2.1 Steady state solutions: Melting limit and nucleus

In Figure (2.2), steady state solutions for a device with a GST cell radius = 10 nm and subject

to an applied voltage of 1.10V are shown for the BM model (left hand graph) and the GT model

(center and right hand graphs) in the TBR-absent case.

The labels ”melting limit” and ”nucleus” in Figure (2.2) provide physical interpretation of the

states. These physical interpretations are elaborated upon much more thoroughly in Chapter 3. For

now, the following descriptions are given: The melting limit contains the maximum-sized liquid

region reachable under the given voltage, and is the state approached as the voltage is held for an

arbitrarily long time. This example shows that for a given voltage the size of melting limit liquid

pool is smaller in the GT model than in the BM model, as the higher equilibrium temperature
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Figure 2.2: Steady states computed by the bulk model (BM) and the Gibbs-Thomson model (GT)
for an applied voltage of 1.10V and a cell radius of 10nm for the TBR-absent case. Black lines
are boundaries between materials/phase identified in Figure 2.1. The curved line is the GST solid-
liquid interface with liquid GST inside the dome and solid GST surrounding. x and y axes denote
ρ and z coordinates with origin at the center of the bottom device face.

of the GT effect is satisfied by an interface closer to the hotter center. The GT model also gives

rise to a second steady state with a smaller liquid region, defined as the nucleus. An approximate

thermodynamic description of the nucleus solution is that it contains the minimum volume that

must be achieved for the local driving force of superheating to overcome the interfacial energy cost

at each point on the surface and sustain a stable and growing liquid pool. Once the liquid region

grows beyond the nucleus solution, melting is favored to continue towards the melting limit, at

which point temperature is low enough (due to distance away from center) that heat flux balances

cause a steady state and further growth is not favored. The liquid region sizes between the nucleus

and melting limit therefore define a space for which melting is favored.

2.2.2 RESET behavior as a function of voltage

For a conventional PCM device, the goal of the RESET process is for the amorphous region to

completely cover the heater electrode such that after the RESET current pulse is over and quench-

ing due to cooling has occurred, the total device resistance increases by multiple orders of mag-

nitude due to all the current paths having to travel through the high-resistance amorphous dome.
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Figure 2.3: (Center) RESET state resistance of the quenched device at the melting limit plotted
logarithmically as a function of applied voltage for a 10 nm cell radius. The bulk model is in green
and the Gibbs-Thomson model is in black. Examples of steady states computed by the GT model
at 1.1V and 1.07V and the bulk model at 0.95V and 0.884V are also shown.

If we assume that the melting limit is the final state of the RESET process as described above,

then the quenched resistance of the device with an amorphous dome identical to the melting limit

liquid dome is of interest for device performance considerations. The RESET (quenched) resis-

tance of melting limit liquid shapes over the range 0.85V - 1.18V for a 10 nm GST cell radius

in the TBR-absent case are shown in Figure 2.3. In both the BM and GT models, melting limit

size increases with voltage resulting in greater amorphized volume and greater RESET resistance

as voltage increases. In the BM model, at ∼0.887V the melting limit liquid width just begins

to completely cover the heater, forcing all current paths in the RESET state to cross through the

high-resistance amorphous region and causing a sharp transition of approximately two orders of

magnitude change in resistance. In the GT model, the voltage at which the BM model’s melting

limit RESET resistance values are achieved is ∼0.18V greater than the corresponding voltage in

the BM model at the transition values and decreases to ∼0.13V at larger voltages. This difference

is due to the smaller melting limit liquid pool in the GT model.

24



In the GT model, no steady state solutions (melting limit or nucleus ) are found below∼1.0695V,

where the melting limit still has a substantial sized liquid pool. This voltage, referred to as the cut-

off voltage, appears to be primarily defined by solid-liquid interfacial thermodynamics. This is

evidenced by the fact that the cutoff voltage coincides with the GT nucleus liquid region matching

the exact size of the melting limit liquid region. An example of similar-sized melting limit and

nucleus states for a voltage of 1.07V, just above ∼1.0695V, is shown in Figure 2.3. A thermo-

dynamic description of this situation would be as follows. The nucleus liquid pool size increases

with decreasing voltage due to superheating decreasing, leading to greater liquid volume needed to

overcome the interfacial energy cost. Since the melting limit and nucleus approach each other in

size at the cutoff, the above-described melting-favored space between the nucleus and melting limit

reaches zero size at the cutoff. We may conclude that melting becomes less and less thermody-

namically favored as the cutoff is approached, and melting is not favored at all for voltages below

the cutoff in the GT model, justifying the use of the SET-resistance (completely crystalline GST)

on the V-R curve for these voltages. We note that because the PCM system is non-equilibrium

and non-isothermal, thermodynamic descriptions of hypothetical time-dependent system behavior

and properties given in this chapter are incomplete and not necessarily accurate, as described in

more detail below. However, as approximations they are useful for introducing the properties of

the melting limit and nucleus states.

A non-physical (i.e., numerical artifact) discontinuous cutoff also occurs in the BM VR-curve

at∼0.884V due to solutions no longer being attached to the bottom surface and therefore unreach-

able in the 0 < θ < π/2 R(θ) parametrization. Simulations vertically raising the origin position

and using 0 < θ < π (not shown) show the BM melting limits continuing to shrink for voltages

<∼0.884V. This cutoff is smaller than the heater size for all simulations in this research and there-

fore does not impact the calculation of required voltage for creating an amorphous dome which

covers the heater.

The qualitative patterns of melting limit increasing in size with increasing voltage, nucleus

decreasing in size, and GT model cutoff described above for the TBR-absent model are also found
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Figure 2.4: Steady states computed in the TBR-present case at 0.67V for the bulk melting model
(BM) and Gibbs-Thomson model (GT), and for the GT model at V = 0.638V, at a scale of GST
cell radius = 10nm.

in the TBR-present model. BM and GT steady states at 0.67V and GT steady states for 0.638V near

the cutoff of ∼0.6349V are shown in Figure 2.4. Due to increased thermal resistance from TBR,

lower voltage/heating is needed to reach equivalent points in the TBR-absent model. For example,

the TBR-present GT cutoff voltage of ∼0.6349V is substantially lower than the TBR-absent GT

cutoff of ∼1.0695V.

Results of steady state computations for the 10nm cell radius sized PCM device given in this

chapter demonstrate how performance-relevant information can be derived from the melting limit

and nucleus steady states. This example has shown substantial differences between the BM and

GT models in terms of required voltage for RESET, as well as between the TBR-absent and TBR-

present models, and also the voltage at which the above-described cutoff effect occurs. However,

this chapter has also shown that these conclusions depend on the description of the time-dependent

properties of the steady states being correct. Specifically, the claims that the melting limit is the

final state of the melting process and that the nucleus state is a threshold for further growth of the
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liquid to occur together justify the use of the melting limit for plotting V-R curves and deriving the

required voltage for RESET, and also the cutoff being interpreted as a cutoff for melting to occur.

As described above, the lack of rigorous thermodynamic arguments available to describe the time-

dependent nature of the steady states means that more investigation is needed to fully confirm

these properties of the steady states. We begin this process of investigation by first reviewing the

comparisons between nucleation and growth in classical nucleation theory with the above RESET

model.

2.3 Comparison of RESET model with classical thermodynam-

ics

As stated in the Introduction section, the RESET model presented in this chapter does not

include any assumptions about the potential stochastic or random nucleation of the initial liquid

phase. This raises the question of how it is that a nucleus-like solution is appearing in the collection

of steady states in the GT model, and how this state can be interpreted. This question is linked

to a host of other issues related to this RESET model which make it unique in comparison with

conventional thermodynamic models. In order to address all of these issues, we begin by reviewing

classical nucleation theory and comparing with case of this RESET model.

Classical nucleation theory studies phase transformations occurring in a uniform background

which is at equilibrium. Given the specific equilibrium conditions, an appropriate thermodynamic

potential is identified which governs the phase transitions occurring in the system. For example,

if the transformation is occurring at constant temperature and pressure, then the Gibbs free energy

is the relevant thermodynamic potential. Processes which decrease the Gibbs free energy of the

system are thermodynamically favored to occur, and processes which increase the Gibbs free en-

ergy are not favored. Take the case of a solid melting at a uniform temperature T > Tm, using

the approximation of isotropic material properties. The Gibbs free energy of formation ∆G for

a liquid sphere of radius r has two components, one negative contribution from the volume/bulk
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phase transformation and one positive contribution from the cost of formation of the solid-liquid

interfacial surface:

∆G = L
Tm − T
Tm

V (r) + γA(r) (2.9)

where L is the latent heat of transformation, and V (r) and A(r) are the volume and area of the

sphere respectively. As a function of r, starting from r = 0, ∆G first increases then reaches a

maximum before decreasing with further increase in r. The maximum point in ∆G occurs at:

d

dr
∆G = 0 (2.10)

L
Tm − T
Tm

d

dr
V (r) + γ

d

dr
A(r) = 0 (2.11)

This radius at which ∆G is maximized is called the classical nucleus radius. It is the barrier in free

energy which must be overcome for the formation of the liquid to occur, before further increase in

r will decrease the free energy and further growth will be favored. Rearranging (2.11) we obtain

1 =
γ

L

Tm
Tm − T

dA/dr

dV/dr
=
γ

L

Tm
Tm − T

dA

dV
(2.12)

The expression dA
dV

, which represents how much the area of the solid-liquid interface surface is

incremented (dA) when the liquid volume is locally increased by dV , is actually identical with the

negative of the mean curvature H (using the sign convention in this research) of the solid-liquid

interface, giving:

1 =
γ

L

Tm
T − Tm

H (2.13)

T = Tm(1 +
γ

L
H) (2.14)

This is the Gibbs-Thomson equilibrium criterion for a solid-liquid interface. This result occurs

because the classical critical nucleus is naturally a state of equilibrium with respect to variations

in r, because it is at the maximum point in the Gibbs energy and is therefore neither favored to

grow nor shrink. However, it is an unstable equilibrium because small fluctuations in r would lead

28



the sphere to be favored to shrink for negative fluctuations and grow for positive fluctuations. We

see here the immediate connection to the case of the RESET model used in this chapter. In that

model, we begin with the Gibbs-Thomson equilibrium criterion and end up with a solution that is

identified as having nucleus-like properties. In classical nucleation theory, we begin with Gibbs

free energy of the total system and end up with the same Gibbs-Thomson criterion for the classical

critical nucleus. In both cases, the nucleus solution is a reflection of the influence of solid-liquid

interfacial energy, as reflected in either the Gibbs-Thomson criterion or the term in the total Gibbs

free energy.

However, when we attempt to interpret the ”nucleus” state in the RESET model in terms that

are similar to classical nucleation theory, a major point of conflict emerges. The system in the

RESET model is highly nonuniform in temperature and not in a state of global equilibrium, being

constantly driven out of equilibrium by the applied current and resulting Joule heating. There-

fore, we cannot describe the RESET model nucleus as being in a state of ”unstable equilibrium”

or even just ”equilibrium”. For systems with inhomogeneous intensive variables, there have been

treatments in which the critical nucleus is assumed to be an extremum of a global free energy

functional [52][53] [54] [55] [56] [57] [58] [59]. In other treatments, gradients of inhomogeneous

intensive variables are allowed to contribute to the free energy or thermodynamic potential of the

system used to identify a critical nucleus [60][61]. However, these thermodynamic approaches

may not be feasible for PCM systems in which multiple intensive variables are inhomogeneous,

and in which the system is evolving so as not to be in a state of equilibrium, even though there is

the appearance of new phase. Moreover, there will always remain questions about how to identify

nucleation in a system of such complexity that is consistent with the tenets of equilibrium thermo-

dynamics. It is also not clear whether there is justification for the use of a global thermodynamic

potential in describing the thermodynamics of the system, again due to the system being out of

equilibrium. Therefore, we cannot use a global thermodynamic potential to derive the property of

unstable equilibrium.

Furthermore, another point of comparison is, in the RESET model, the existence of the melting
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limit and its relationship with the nucleus. In the classical nucleation theory case of homogeneous

nucleation, the melting limit would simply be the entire container/mold undergoing phase change

as the limit of the growth process of the new phase. However, in the highly non-uniform temper-

ature as seen in the RESET model, the melting limit occurs before the entire container (the GST

cell) is transformed. Significantly, the melting limit still has the Gibbs-Thomson effect applied

to its interface, implying a thermodynamic connection or interpretation would be appropriate for

it. It would tempting to use the interpretation that the melting limit corresponds approximately to

a minimum in the Gibbs free energy as a function of (approximate) radius, and therefore would

correspond to a state of stable equilibrium, where small increases or decreases in size would die

out and the liquid shape would return to the melting limit shape. This would also help explain the

”cutoff” phenomena where no steady state solutions are found below a certain voltage, as the min-

imum (melting limit) and maximum (nucleus) in the Gibbs free energy would approach each other

in size and then both vanish below the cutoff voltage. However, as stated previously we cannot

justify the use of a global thermodynamic potential for this system and the melting limit is clearly

still not in a state of equilibrium either, being driven out of equilibrium by the applied current.

Fundamentally, these problems can be addressed by noting the fact that the RESET model

used in this research is completely deterministic and does not involve any global thermodynamic

variables governing the time dependent dynamics. Therefore, the desired information about the

time-dependent dynamics of the system can be derived purely from the kinetic properties of the

model and there does not need to be any ambiguity in the interpretations that arise when dealing

with global thermodynamic potentials in a non-equilibrium system. In the next chapter, this fact

is used to derive information about the time dependent properties of the RESET melting model

system.
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Chapter 3

Time-dependent analysis of RESET melting

process
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3.1 Introduction

The research in this chapter further explores the phase change memory RESET melting process

via time-dependent analysis of the classes of steady states computed in chapter 2. As explained in

chapter 2, descriptions there of the time dependent properties of the steady states were made in a

non-rigorous thermodynamic context.

In this chapter it is shown for the first time in phase change memory applications that it is not

necessary to employ global classical thermodynamic arguments to model the states of the initial

formation of liquid phase GST from solid GST in the RESET process that exhibit characteristics

similar to the classical models of nucleation (or to model the formation of new phases in other

nonequilibrium systems subject to large external field gradients, such as [52][53] [54] [55] [56]

[57] [58] [59]). Instead, a linear stability analysis of steady state solutions using the governing set

of kinetic equations is used to provide an accurate description of the time-dependent features of the

evolution of the liquid that exhibits characteristics similar to the classical models of nucleation. In

this chapter techniques are developed for characterizing solution branch behavior in both a realistic

device model and in an imaginary spherically symmetric PCM model that allows the confirmation

of the analogy of the much more complex nucleus and melting limit solutions found here with clas-

sical nucleation theory. In addition, in the spherically symmetric model time-dependent modeling

of the melting process is performed, showing liquid evolution between the nucleus and melting

limit states and confirming the correspondence with the features indicated by the stability analysis.

A linear stability analysis, based on perturbation theory, is a useful tool for analyzing the dy-

namical (time-dependent) tendencies of a system from a known calculated solution. The features of

the analysis are summarized as follows. In general, the known steady state solutions, for example

in this work, the liquid shape, the temperature and the electrical potential fields are referred to as

the base state solutions. These general functions are expanded in asymptotic series about the base

state in terms of a small parameter ε. The expanded functions are substituted into the fully time-

dependent governing equations of the system, in this case those given in Chapter 2. The expanded
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governing system of equations forms an ordered set of linear systems of equations proportional to

increasing powers of the expansion parameter ε and denoted as the order 1 (O(1)) system (i.e. no

factors of ε present), the O(ε) system, and on to the O(εn) systems, for n = 2, 3,. . . corresponding

to increasingly higher powers of ε. A general procedure is to solve these sequence of systems in

order of increasing power of ε, since the solutions at O(εn) will depend on the solutions at lower

orders O(εp), p = n-1, n-2, . . . . The steady state solutions found with the O(1) equations are the

base state solutions. The O(ε) system is called the linear problem and is a homogeneous system

of equations which takes the form of an eigenvalue problem. The eigenvalues are the growth rates

of infinitesimal perturbations. Note, however, the homogeneous O(ε) system will not provide an

estimate of the magnitude of the eigenfunctions and so the size of the perturbations is not uniquely

determined as a solution to the O(ε) problem. Finite amplitude solutions may be found by pro-

ceeding to higher orders in ε. Here we are only interested in the stability of the base state solutions

to infinitesimal perturbations that are always present in the system. Although the perturbations

are infinitesimal, so that the magnitudes are indeterminant as part of the problem O(ε) solution,

estimated, ad-hoc initial perturbations can be tracked in time using the growth rates (eigenvalues)

found at O(ε), thereby approximating the time-dependent shape behavior. The linear approxima-

tion is reasonably accurate for systems sufficiently close to the base state and may provide a fairly

robust prediction of time-dependent behavior for a limited range of system evolution away from

the base state until nonlinear effects become important. The work required to solve higher order

systems will not provide helpful information at this point.

The goal of the linear stability analysis is to obtain the growth rate of any perturbation mode

to which the steady state shapes may be subject. The system is stable or unstable with respect a

perturbation mode, based on whether or not the growth rate is positive or negative. Symbolically,

the linearized system can be written:

d

dt
R1(t) = MR1(t) (3.1)
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whereR1(t) is a vector of the perturbed functions, andM is a linear operator, that is a combination

of many factors. Equation (3.1) can be written

MRi
1 = λiR

i
1 (3.2)

Where the λi are the eigenvalues of the system that provide the perturbation growth rate. Solutions

of (3.1) then exist in the form

Ri
1(t) = eλitRi

1 (3.3)

Physically, this corresponds to exponential growth or decay of the perturbation with respect to

time. In a real physical system, an actual perturbation could be an arbitrary function of position

but the linear O(ε) system has the property that the sum of any number of solutions to the differen-

tial equations is also a solution. Therefore, a ”general” perturbation, may be decomposed as a sum

of the eigenfunctions of M , and each eigenfunction component may be viewed as evolving inde-

pendently of the other eigenfunction components. Thus, we speak of perturbation ”eigenmodes”,

or just ”modes”, corresponding to the eigenfunctions of M and analyze their behavior separately.

Equation (3.3) tells us how different perturbation modes grow, shrink, or oscillate based on the

eigenvalue λi and eigenfunction Ri
1 . In general λi may be complex. The real part of λi pro-

vides the perturbation growth rate, the imaginary part denotes oscillation in time that may denote

an onset of instability with standing or traveling waves. In this work all eigenvalues are real. If

the real part of λi is positive (negative), equation (3.3) shows that the perturbation mode R1(t)

will grow (decay), corresponding to an unstable (stable) mode. The different shape modes of the

Ri
1 eigenfunctions show how the unstable form varies spatially. We may choose either a positive

sign or negative sign perturbation in cases in which symmetry is not preserved. If all perturbation

modes are stable, then no perturbation will cause the system to move away from steady state and

we say that the steady state as a whole is stable. If any of the perturbation modes are unstable,

then the steady state is unstable. A linear stability analysis may be performed either analytically

or numerically. In the analytical case all perturbation functions as well as the linear operator M
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have closed form expressions. In the numerical case, the perturbation functions are discretized

numerically, and the linear operator M is discretized as a matrix. The eigenfunctions of M are

approximated by the eigenvectors of the discretized matrix form of M , and the eigenvalues of M

by the eigenvalues of the matrix form of M .

In this chapter, not only is a linear stability analysis performed on the steady states of the

RESET process, but in the section titled ”Saddle-node bifurcation”, a direct solution of the time-

dependent evolution is also performed for a spherically symmetric approximate model. The spher-

ical model exhibits similar stability characteristics compared to the non-spherical device analysis,

but can be integrated to provide full dynamical behavior and so is additionally helpful in case well

away from the base states for example in the ”cutoff” region described in Chapter 2.

3.1.1 Simplifications for linear stability analysis

The equations governing transport and phase change in PCM materials used for the stability

analysis of the full (non-spherical) device model are identical to the model used in Chapter 2,

except for several simplifications. In this chapter we approximate temperature independent con-

ductivity values for the fcc crystalline GST phase by sampling the temperature-dependent values

given in Chapter 2 at a temperature 573K, halfway between room temperature and GST melting

temperature. We obtain the values k = 0.95 W/(m·K) and σ = 1.44× 105 Ω−1m−1. Another differ-

ence from Chapter 2 is that we set the liquid phase GST conductivities as equal to the solid phase

values. We also leave out thermoelectric effects and thermal boundary resistance, detailed in Chap-

ter 2, in this chapter. The stability characteristics of the solution are not qualitatively dependent on

these additional properties, and setting these simplifications makes the interpretation of the phys-

ical effects governing system behavior more transparent, meanwhile facilitating the quantitative

evaluation.
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3.2 Expansion

We seek to determine the stability threshold of the steady state nucleus and steady state melting

limit solution branches of the governing equations presented in Chapter 2 using linear perturbation

theory. To test the linear stability of the steady solutions the unknown functions R(θ, t), φi(r, θ, t)

and T i(r, θ, t) are expanded in asymptotic series in powers of a small parameter ε:

R(θ, t) = R(0)(θ) + εR(1)(θ, t) +O(ε2) (3.4)

φi(r, θ, t) = φ
(0)
i (r, θ) + εφ

(1)
i (r, θ, t) +O(ε2) (3.5)

Ti(r, θ, t) = T
(0)
i (r, θ) + εT

(1)
i (r, θ, t) +O(ε2). (3.6)

where the superscript ’0’ refers to the steady state or base-state solutions and the superscript

’1’ refers to the perturbed solutions. The subscript ’i’ distinguishes between the material re-

gions/phases. Expanded functions (3.4), (3.5), and (3.6) are substituted into the governing bulk

equations and into the conditions at all boundaries and interfaces. At the GST solid-liquid phase

change boundary, expressions for the the normal vector, mean curvature and the normal growth

speed become expanded about the base state shape:,

n̂[R(θ, t)] = n̂[R(0)(θ) + εR(1)(θ, t)] = n̂(0)(θ) + εn̂(1)(θ, t) +O(ε2) (3.7)

H[R(θ, t)] = H[R(0)(θ) + εR(1)(θ, t)] = H(0)(θ) + εH(1)(θ, t) +O(ε2) (3.8)

vn[R(θ, t)] = vn[R(0)(θ) + εR(1)(θ, t)] = 0 + εv(1)n (θ, t) +O(ε2) (3.9)

where:

n̂0 =

[
êr −

(
R

(0)
θ

R(0)

)
êθ

]
(1 + (R

(0)
θ )2/(R(0))2)−1/2, (3.10)

=
[
R(0)êr −R(0)

θ êθ

]
((R(0))2 + (R

(0)
θ )2)−1/2, (3.11)
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n̂(1) = R(1)

[
∂n̂(0)

∂R(0)(θ)

]
+R

(1)
θ

[
∂n̂(0)

∂R
(0)
θ (θ)

]
(3.12)

=
[
R(1)((R(0))2 + (R

(0)
θ )2)−1/2 − (R(1)(R(0))2 +R

(1)
θ R

(0)
θ R(0))((R(0))2 + (R

(0)
θ )2)−3/2

]
êr

(3.13)

+
[
−R(1)

θ ((R(0))2 + (R
(0)
θ )2)−1/2 + (R

(1)
θ (R

(0)
θ )2 +R(1)R

(0)
θ R(0))((R(0))2 + (R

(0)
θ )2)−3/2

]
êθ

(3.14)

H(0) = H(R(0)) = ((R(0))2+(R
(0)
θ )2)−1/2(2−R

(0)
θ

R(0)
cot(θ))+(−R(0)R

(0)
θθ +(R

(0)
θ )2)((R(0))2+(R

(0)
θ )2)−3/2

(3.15)

and

H(1) = −(R(0)R(1) +R
(0)
θ R

(1)
θ )((R(0))2 + (R

(0)
θ )2)−3/2(2− R

(0)
θ

R(0)
cot(θ)) (3.16)

+((R(0))2 + (R
(0)
θ )2)−1/2(

R
(0)
θ R(1)

(R(0))2
− R

(1)
θ

R(0)
) cot(θ) (3.17)

+(−R(1)R
(0)
θθ −R

(0)R
(1)
θθ + 2R

(0)
θ R

(1)
θ )((R(0))2 + (R

(0)
θ )2)−3/2 (3.18)

−3(−R(0)R
(0)
θθ + (R

(0)
θ )2)(R(0)R(1) +R

(0)
θ R

(1)
θ )((R(0))2 + (R

(0)
θ )2)−5/2 (3.19)

and v(1)n is defined below. After all of the substitutions are made and the expansions are carried

out, the result is a sequence of equations at O(1) and O(ε).

3.2.1 O(1) base state problem

Throughout the bulk phases the leading order electrical potential obeys:

0 = ∇2φ
(0)
i . (3.20)

The voltage is set to the constant value V at the top electrode and to 0 at the bottom electrode. The

device walls are insulating,∇φ(i)
0 · n̂0 = 0. In all phases, the base state temperature obeys the heat
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equation with Joule heating:

0 = ∇ · (ki∇T (0)
i ) + σi∇φ(0)

i · ∇φ
(0)
i . (3.21)

At the crystal-melt GST interface, the Gibbs-Thomson condition is obeyed:

T = Tm(1 +
γ

L
H(0)) (3.22)

and there is the conservation of energy:

0 = kL∇T (0)
L · n̂

(0) − kS∇T (0)
S · n̂

(0). (3.23)

At all internal immobile interfaces within the device, the normal components of the heat flux

and current density are continuous and all other boundary conditions given in the model remain

unchanged. The leading order problem is the steady state version of the model equations presented

in the introductory section. TheO(1) set of governing equations provide the base state nucleus and

melting limit solution branches.

The steady state base state solution branches are calculated using the iterative numerical solu-

tion method described in detail in Chapter 2.

3.2.2 O(ε) linear stability problem

The O(ε) perturbed governing bulk transport equations are:

∇2φ
(1)
i = 0 and (3.24)

∇2T
(1)
i = 2

σi
ki
∇φ(0)

i · ∇φ
(1)
i . (3.25)

Typically the thermal fields obey fully time-transient heat equations. However, near the onset of

instability, the time scale associated with the diffusion of heat may be assumed rapid relative to

38



the time scale associated with the growth or decay of interface perturbations. Therefore, we can

assume that the O(ε) thermal equations obey a quasi-static approximation, meaning that at any

fixed time they satisfy steady state heat equations (Eq. (3.25)).

The boundary conditions are φ(1) = 0 at the top and bottom of the device, ∇φ(1)
i · n̂ = 0 and

T
(1)
i = 0 at the outer device side boundaries, σi∇φ(1)

i · n̂= σj∇φ(1)
j · n̂ and ki∇T (1)

i · n̂= kj∇T (1)
j

· n̂ at all interior immobile interfaces between material regions where n̂ represents the normal to

the particular boundary considered. At the solid-liquid GST interface, the O(ε) energy balance is:

L

kL
v(1)n +(∇T (1)

L +R1(θ)
∂(∇T (0)

L )

∂r
)·n̂(0)+∇T (0)

L ·n̂
(1) =

kS
kL

((∇T (1)
S +R1(θ)

∂(∇T (0)
S )

∂r
)·n̂(0)+∇T (0)

S ·n̂
(1))

(3.26)

where the S and L superscripts refer to the solid and liquid GST phases, respectively. The continu-

ity of the normal component of the current (charge conservation) at the GST solid-liquid interface

is:

σL((∇φ(1)
L +R(1)(θ)

∂(∇φ(0)
L )

∂r
)·n̂0+∇φ(0)

L ·n̂
(1)) = σS((∇φ(1)

S +R(1)(θ)
∂(∇φ(0)

S )

∂r
)·n̂(0)+∇φ(0)

S ·n̂
(1))

(3.27)

and the continuity of temperature is:

R(1)(θ)
∂T

(0)
L

∂r
+ T

(1)
L = R(1)(θ)

∂T
(0)
S

∂r
+ T

(1)
S =

Tmγ

L
H(1). (3.28)

All perturbed temperatures and temperature gradients written in these perturbed equations are eval-

uated at the location of the unperturbed interface shape, R(0)(θ). The right hand side of Eqn.

(3.28) in the leading order temperature continuity equation is theO(ε) contribution from the Gibbs-

Thomson equation. Finally, continuity of the solid-liquid interface gives:

v(1)n =

[
dR(1)/dt

(1 + (R
(0)
θ /R(0))2)1/2

]
. (3.29)
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3.2.3 The boundary element method

Given a shape perturbation, characterized by R(1)(θ), the first order thermal and electrical po-

tentials T (1)
i and φ(1)

i may be uniquely determined throughout the entire domain as the solution of a

boundary value problem. The gradients of the perturbed thermal fields are substituted into the per-

turbed solid-liquid GST interfacial energy condition, to give the growth rates of the perturbations,

v
(1)
n . Since the solution procedure is carried out numerically, discretization of the GST interfacial

energy condition leads to a homogeneous linear system, the eigenvalues of which are the growth

rates of the perturbations. If any eigenvalues are positive the base state solution is unstable, if all

are negative, the base solution is stable.

Because the device geometry is characterized by rotational symmetry about the longitudinal

coordinate axis, if there are non-uniform electric and thermal fields throughout the domain, the

steady-state liquid GST base state region will not conform to any grid contour used to numerically

solve the perturbed problem. In addition, numerical evaluation of the GST interfacial conditions

(3.26) and (3.27) occurs at the arbitrarily shaped solid-liquid GST interface. Thus, we use a bound-

ary integral formulation to more accurately solve the perturbed quasi-static heat equation (3.25).

The boundary integral method maps the problem entirely to the 2D boundaries between PCM

material regions/phases, reducing its spatial dimensionality. Numerical implementation is with a

boundary element method (BEM), in which the Laplace equation for the temperature is expressed

through boundary integral equations involving a Green’s functions for each discrete boundary el-

ement. The result of the discretization is a stability matrix that is used to predict conditions for

liquid pool stability.

The boundary integral equations used in this stability analysis are derived by following a

method described in [62], valid for axisymmetric problems. Boundary integral equations are ap-

plied separately to each of the seven bounded material/phase regions in the PCM device (shown in

Figure 2.1), with the boundary elements defined as follows. The 1D cross section of all rectangular

boundaries, including boundaries between adjacent regions, are divided into discrete line segments

with lengths equal to a constant factor, 2.0 or 4.0, times the FiPy cell spacing. Meanwhile, the GST
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L-S boundary retains the previously-described discretization of R(0)(θ). For each material/phase

region there is a set of boundary integral equations of the form:

1

2
T (1)
α = Σβ

�
β

(T
(1)
β

∂Gα

∂n
−
∂T

(1)
β

∂n
Gα)dA (3.30)

applied to each boundary element α in that region. The index β sums over each boundary element,

the integral denoting surface integration over the rotated surface of the individual boundary element

segment of area dA. ∂
∂n

denotes differentiation along the normal to the interface. Gα is a Green’s

function for the Laplacian:

Gα(x, y, z, xα0 , y
α
0 , z

α
0 ) = − 1

4π
√

(x− xα0 )2 + (y − yα0 )2 + (z − zα0 )2
(3.31)

where xα0 , y
α
0 , z

α
0 is the center point of boundary element α in the x − z cross-section and y0 = 0.

The factor of 1/2 on the LHS of equation (3.30) is correct because the Green’s function is centered

directly on the boundary element surface.

The temperature is discretized by approximating T (1) and its spatial derivatives as uniform

across each boundary element surface segment. Following [62], 2D boundary surface integrals are

reduced to 1D integrals over the cross sections of the boundary segments, where the integrals of

the Green’s functions over the spherical azimuthal coordinate become complete elliptic integrals

of the first and second kinds. Specifically, for given boundary segments α and β,

�
β

(T
(1)
β

∂Gα

∂n
−
∂T

(1)
β

∂n
Gα)dA =

�
β

(T
(1)
β Ψ(r, z, r0, z0;nr, nz)−

∂T
(1)
β

∂n
Φ(r, z, r0, z0))dL (3.32)

where r and z are the cylindrical coordinates along the 1D cross-sections of the boundary element

β, and dL indicates 1D integration over the cross section line segment, r0 and z0 are the cylindrical

coordinates of the Green’s function center x0, y0, z0., and

Ψ(r, z, r0, z0;nr, nz) ≡
−1

π
√
a

(
nr
2r

[
a− 2rr0
a− 4rr0

E(
4rr0
a

)−K(
4rr0
a

)] + nz
z0 − z
a− 4rr0

E(
4rr0
a

)) (3.33)
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Φ(r, z, r0, z0) ≡
−1

π
√
a
K(

4rr0
a

) (3.34)

a ≡ r2 + r20 + (z − z0)2 + 2rr0 (3.35)

where the functions K and E are elliptic integrals of the first and second kind, respectively. Here,

elliptic integrals of the first and second kind are computed using implementations ”ellipe” and

”ellipk” available in the Python package ”scipy”. The resulting 1D integrals on the RHS of (3.32)

are computed using the ”quad” function in the scipy package. Green’s functions have singularities

at x0, 0, z0 for cases where the Green’s function is centered around the boundary element being

integrated over. The singularities are treated by first removing 0.1% of the total boundary segment,

centered around the singularity, from the integrated domain. The Taylor expansion of the complete

elliptic integral of the first kind is carried out around the standard elliptic integral parameter value

m = 1 using the scipy function ”ellipkm1” whenever m > 0.99, which occurs near the singularity.

After factoring out the constant values of T (1)
α and ∂T

(1)
α

∂n
for each boundary element α from the

boundary integrals and then computing the integrals, the equations become a set of linear equations

for the values of T (1)
α and ∂T

(1)
α

∂n
. A complete system of linear equations is formed by combining

all of these equations for all five of the PCM regions, with all of the interior energy conservation

boundary conditions of the form

ki(
∂T

(1)
α

∂n
)i = kj(

∂T
(1)
α

∂n
)j (3.36)

where i and j are neighboring material regions, and α denotes each boundary element shared

between the two regions. For the outer boundaries and solid-liquid interface, Dirichlet boundary

conditions are operative, and so the T (1)
α at these boundaries act as fixed values in the system of

equations rather than variables. For the device outer boundaries, with the outer boundary condition

T (1) = 0, all terms containing these T (1)
α vanish. For the solid-liquid interface, the Dirichlet

boundary values for each boundary element are governed by (3.28) and are described by the vector

of values
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T
(1)
α(SL) = A

(1)
αβR

(1)
β (3.37)

where A(1)
αβ is the discretized matrix form of the linear operation derived from (3.28), which takes

a perturbation R(1)(θ) and produces Tmγ
L
H(1)(θ)− R(1)(θ)

∂T
(0)
S

∂r
, and R(1)

β is the vector discretized

form of the perturbation R(1)(θ). This matrix is constructed by using second-order finite differ-

ence matrices for the derivatives R(1)
θ (θ), R(1)

θθ (θ) in (3.16)-(3.19) and (3.28). The (SL) subscript

denotes that only solid-liquid interface T (1) values are being ranged over.

Another matrix Bαβ is then constructed which converts the Dirichlet T (1)
β(SL) data into the solid-

liquid interface normal velocity:

vnα = BαβT
(1)
β(SL) (3.38)

This is done by arranging the complete system of equations into the form Ax = b, and considering

that x = A−1b and calculating the inverse of A, then constructing the new matrix by keeping track

of where the data corresponding to the solid-liquid interface T (1)
α values are located, and computing

the matrix that would correspond to implementing the expression for the normal velocity in (3.26).

We then convert to a final matrix expression for ∂
∂t
R(1)(θ, t) values by combining (3.37) and (3.38)

and adding a factor of ((R(0)(θ))2 + (R
(0)
θ (θ))2)1/2/R(0)(θ) derived from (3.29):

dR
(1)
α

dt
=
∑
β=1,n

MαβR
(1)
β (3.39)

allowing the relationship between the growth rate of the perturbation R(1)
β and the original pertur-

bation to be expressed directly by the linear stability matrix Mαβ .

For perturbation vectors R(1)
α which are eigenvectors of Mαβ with eigenvalue σ, solving the

differential equation produced by (3.39) gives:

R(1)
α (θ, t) = eσtR(1)

α (θ, 0) (3.40)

43



For real σ, eigenvectors with σ > 0 grow exponentially and are linearly unstable modes, and eigen-

vectors with σ < 0 shrink exponentially and are linearly stable modes. The imaginary component

of σ adds time oscillation to this growth pattern.

For each simulated case, the complete set of eigenvectors and eigenvalues ofMαβ are computed

using the ”eig()” function from the ”NumPy” Python package. (s−1)
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3.3 Results of time-dependent analysis

3.3.1 Stability of base states: Eigenvectors, growth patterns, and interpret-

ing the nucleus and melting limit states

Figure 3.1: (a)-(b) Melting limit and nucleus steady states computed for a cell radius of 10nm
and applied voltage of 1.2V. Black lines separate phase/material regions, corresponding to those
in Figure 2.1. (c)-(d) Eigenvectors of matrix Mαβ for melting limit (left) and nucleus (right)
solutions. Shown as functions R1(θ) in the range 0 ≤ θ ≤ π/2. For each solution the eigenvector
colors green, blue, yellow, red and purple are ordered in decreasing magnitude of eigenvalue. For
comparison the base state shapes R0(θ) are also included as the black line. The only positive
eigenvalue (unstable) mode is the green line in (d) (nucleus).
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With the conventional device geometry, for both the melting limit and the nucleus solutions,

all eigenvalues σ of Mαβ are found to be real. When ordered, the eigenvalues form a sequence,

decreasing in value, the maximum value of which is positive for the nucleus solution and negative

for the melting limit solution. The positive eigenvalue mode is the sole unstable mode appearing in

either the melting limit or nucleus solutions. As an example, we show the case of a device with a

cell radius of 10 nm and with an applied voltage of 1.2V. The steady states for this case are shown

in Figure 3.1. The melting limit solution has as its maximum five eigenvalues (-0.158, -472, -1910,

-5100, -10800)1013 s−1 and the nucleus solution has maximum eigenvalues (1.12, -1300, -9880,

-31000, -69900)1013 s−1. Given the signs of the eigenvalues, we see that the net result is that the

melting limit solution is stable and the nucleus solution is unstable with respect to the growth of a

perturbation.

Eigenvectors corresponding to the five maximum eigenvalues for the melting limit and nucleus

solutions in the 10 nm, 1.2V case described above, are plotted in Figure 3.1. These are interpolated

plots of the discretizations of the functions defined as R(1)(θ) in Eqn. (9) and are plotted over the

θ nodes in the range 0 ≤ θ ≤ π/2. The eigenvectors corresponding to the maximum eigenvalues

of the two solutions are shown in green in Figure (3.1). For both solutions the eigenvector is

comparatively flat, and is shown as a contraction of the liquid pool for the melting limit and an

expansion in the nucleus pool depending on the sign assigned to the multiplicative factor associated

with the eigenvector. Growth of the mode in these cases would correspond, within the linear

approximation, to either outward growth of the liquid region (for a positive-sign perturbation) or

inward shrinkage of the liquid region (for a negative sign perturbation).

In order of decreasing eigenvalue, the next eigenvector R(1)(θ) (blue) changes sign once over

the domain range shown, the next smaller eigenvalue (lime green) has an eigenvector that changes

sign twice over the domain range and so on as shown in Figure (3.1). It is observed that the more

times the eigenvector changes sign over the domain, corresponding to shorter effective wavelengths

of the perturbation, the more negative is the eigenvalue. The more oscillating eigenvectors have

more total surface area, and therefore surface energy, associated with the particular perturbation.
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Considering that the negativity of the eigenvalue corresponds to the rate of exponential shrinkage

of the perturbation, it is likely that the increasingly negative eigenvalues reflect the increasing in-

terfacial energy cost for forming area-increasing oscillations. In addition, the increasing curvature

of the oscillations modulates the local temperature via the Gibbs-Thomson effect, modifying the

interfacial temperature gradients and therefore the heat flux at the solid-liquid interface resulting

in further stabilization.

The nucleus maximum eigenvalue being positive (1.12·1013s−1) in addition to the relatively flat

unstable eigenvector shows that within the linear approximation the unstable nucleus steady state

is nearly identical to an unstable classical critical nucleus in terms of its kinetic evolution: a small

increase in size results in further growth, roughly evenly across 0 < θ < π/2, and a small decrease

in size results in further shrinkage of the pool. The unstable perturbation (green) indicates a net

increase in liquid pool size in addition to an increase in total surface area. In order for the pool to be

unstable, the energy benefit from the amount of solid that has transformed to liquid outweighs the

energy penalty arising from the added surface area. This is analogous to the argument of classical

nucleation theory. This connection with classical nucleation theory is further confirmed by taking

the hypothetical limit as cell size approaches infinity. The size of the nucleus solution relative to

the spatial variation in temperature approaches zero, and therefore the entire volume covering the

nucleus is isothermal. Local interfacial equilibrium as expressed by the Gibbs-Thomson equation

would cause it to be a sphere of radius Rnuc = 2γTm/L(TC − Tm), the value found in classical

nucleation theory (CNT).

On the other hand, the melting limit solution is linearly stable, shown by having entirely nega-

tive eigenvalues, including the maximum eigenvalue. This means that at steady state, infinitesimal

perturbations do not result in growth or decay of the pool size or of a change in pool shape. The

melting limit liquid pool is a stable fixed point in the melting system. At the melting limit the con-

tinuous generation of Joule heat in the device is balanced by the conductive flow of heat out of the

device leading to the steady state. The melting solution represents the maximum size that the liquid

pool can attain given the inhomogeneous, steady-state thermal profile. In this manner it represents
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the final state of the system in which liquid and solid GST coexist. Steady state is not equilibrium,

but the melting limit is nonetheless analogous to the stable final state of equilibrium coexistence

of solid-liquid phases at the isothermal transition temperature. Thus, the kinetic behavior of both

melting limit and nucleus has an analog in classical thermodynamics.

The overall dynamical system behavior may be summarized as follows: If a liquid region forms

which is smaller than the nucleus, it will shrink back down to zero size. If the region is larger than

the nucleus, it will continue growing until settling into the melting limit. So, the nucleus represents

the barrier which must be overcome for melting to occur until reaching the stable melting limit

state.

3.3.2 Non-spherical (device) melting behavior as a function of voltage

Figure 3.2: (a) Vertical sizes of melting limit (black) and nucleus (blue) solutions as measured
from the center of the GST-heater interface to the center-top of the liquid dome. (b) Maximum
eigenvalues of the linear stability matrix Mαβ , defined in the above section, for the melting limit
(black dots) and nucleus (blue dots) steady states. The cell radius is 10nm and the voltage range is
taken near the cutoff voltage, approximately 1.129V.

Varying the applied voltage, trajectories of the nucleus and melting solution branches are

traced. In Figure (3.2) the vertical size, measured from the center of the GST-heater interface

to the top of the liquid dome, and maximum eigenvalues of Mαβ for the nucleus and melting limit

solutions are plotted as a function of the applied voltage. As the critical value ∼1.129V is ap-
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proached in the direction of decreasing voltage, the vertical size of the nucleus and melting limit

approach each other and the full shapes (not shown) also converge at all points in θ. No steady

state solutions are found numerically for voltages below ∼1.129V, denoted the cutoff voltage. For

voltages above the cutoff voltage, the above analysis of the nucleus and melting limit predicts that

the set of states for which growth is favored are those states whose size is in between the nucleus

and melting limit states. As the cutoff voltage is approached, the space between the nucleus and

melting limit becomes smaller and smaller, approaching zero until finally the collection of states

for which growth is favored vanishes. The eigenvalue data as a function of voltage implies that

the magnitude of the kinetic rate for melting to proceed from the nucleus to the melting limit, rep-

resented by the magnitude of the unstable nucleus eigenvalue (blue dots), approaches zero as the

cutoff is approached. Below the cutoff voltage, we may conclude that melting is not favored and

the liquid region does not appear.

3.4 Time-dependent analysis in the spherically symmetric ap-

proximation

For illustrative purposes we consider a simplified, spherically-symmetric approximation of the

model of transport and interfacial dynamics in a PCM device given by Equations (2) through (8).

The phase change material is a sphere of radius rC . The cladding surrounding the PCM is a

thermal reservoir at fixed temperature TC . It is assumed that the electrical properties do not play

a significant role in the dynamics, other than to allow Joule heating. The Joule heating per unit

volume is uniform everywhere and denoted q̇. The solid and liquid thermal conductivities are

assumed equal, kS . Since the temperature T (r) = TC at the spherical outer solid boundary r =

rC the interface between the solid and liquid PCM material is assumed to be spherical in the base

state. Here we investigate the stability of this spherical base state to only spherically-symmetric

perturbations. This constraint on the perturbation eigenmode is justified by the numerical stability

analysis of non-spherically symmetric base-state shapes shown in the next section in which the
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unstable eigenmode is either a dilation or compression of the base state (by accretion, not strain).

The dimensional model is scaled according to:

r = R
[γ
L

]
, t = τ

[
γ2

LTmkS

]
, q̇ = Q̇

[
kSTmL

2

γ2

]
, T = U [Tm] + Tm, (3.41)

TC = UC [Tm] + Tm, rL = RL

[γ
L

]
, h = H

[
L

γ

]
, k = KkS and vn = VN

[
TmkS
γ

]
, (3.42)

where the unscaled, dimensional variables are on the left hand sides of the equal signs, and UC

and RL are the dimensionless outer boundary temperature and the dimensionless interface radius,

respectively. The steady state spherically symmetric equations are solved to determine the base

state. The result is a cubic equation for determination of the phase change material solid-liquid

interface radius:

−R3
L +

(
R2
C +

6UC

Q̇

)
RL −

12

Q̇
= 0. (3.43)

The temperature field and the coefficient in the cubic equation above are written in terms of the

control parameter UC . Since the choice of UC also fixes the temperature UH at the center of the

liquid PCM via the relationship,

UC = −Q̇
6
R2
C + UH (3.44)

then, an equivalent cubic equation for the interface position may be written,

−R3
L +

(
6UH

Q̇

)
RL −

12

Q̇
= 0. (3.45)

Further scaling R̃L = RLUH and α = Q̇/(6U3
H) leads to a one parameter base-state equation

governing spherically symmetric solutions,

−αR̃3
L + R̃L − 2 = 0. (3.46)

The discriminant of the LHS of (3.46) is 4( 1
α3 − 27

α2 ), and is positive for α < 1/27 and negative

50



for α > 1/27. No allowable solutions R̃L exist for α > 1/27, showing that there are no liquid

spheres of any radius which satisfy steady state in this range. For α < 1/27, two real roots R̃L of

(3.46) are found that represent physical liquid pools. These two roots are plotted as a function of

α in Figure 3.3.

Figure 3.3: Scaled dimensionless radius R̃L (defined above) of nucleus and melting limit steady
states in spherically symmetric PCM system as a function of dimensionless parameter α (defined
above). The decimal value of 1/27 is 0.037.

As α → 0 the system becomes isothermal at the temperature UH . In this limit the smaller

radial solution approaches the radius R̃ = 2 whereas the larger solution approaches infinity. At

α = 0 the smaller solution appears to be that of a classical critical liquid nucleus forming in a

superheated solid at scaled isothermal temperature UH , since the Gibbs-Thomson condition (1.4)

at the solid-liquid interface shows that the liquid radius is (unscaled) Rnuc = 2γ/L(TH −Tm)/Tm,

the value found in classical nucleation theory. As α increases, the system becomes increasingly

non-isothermal due to the effect of the −αR̃2 term in the thermal field. For fixed α greater than

zero the larger radial solution is finite and presumably corresponds to a larger melting limit pool.

The nucleus and melting limit solutions approach each other and merge at α = 1/27.

The two steady state solution branches are tested for stability. For both branches, the following

procedure is applied. For a given α the temperature and the shape functions are expanded in series
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about the base state,

Ũ(R̃, τ̃) = 1− αR̃2 + εŨ (1)(R̃, τ̃) +O(ε2) (3.47)

R̃L(τ̃) = R̃
(0)
L + εR̃1

L(τ̃), (3.48)

where ε is a small parameter and the perturbed states are also spherically symmetric.

The expansion of the system of equations to first order in ε leads to the following solutions.

The boundary condition at R̃(0)
L (solid-liquid base state interface) is

Ũ (1)(R̃
(0)
L , τ̃) = βR̃

(1)
L (τ̃), where β ≡ 2αR̃

(0)
L −

2

(R̃
(0)
L )2

. (3.49)

The heat equation is solved to give the O(ε) liquid temperature,

Ũ
(1)
L (R̃, τ̃) = βR̃

(1)
L (τ̃) (3.50)

and solid temperature,

Ũ
(1)
S (R̃, τ̃) =

(R̃− R̃C)R̃
(0)
L

(R̃
(0)
L − R̃C)R̃

βR̃
(1)
L (τ̃) (3.51)

Finally, the energy balance at the solid-liquid interface has perturbed normal velocity Ṽ (1)
n (τ̃)

= R̃
(1)′

L (τ̃) leading to the definition,

R̃
(1)′

L (τ̃) = σR̃
(1)
L (τ̃) (3.52)

where the eigenvalues σ are the growth rates. Since Ṽn = R̃′L(τ̃), Ṽ (1)
n = R̃

(1)′

L (τ̃) then the energy

balance at the interface gives:

(
1

(R̃
(0)
L − R̃C)

− 1

R̃
(0)
L

)βR̃
(1)
L (τ̃) = σR̃

(1)
L (τ̃) (3.53)
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leading to an expression for the eigenvalues:

σ = (
1

(R̃
(0)
L − R̃C)

− 1

R̃
(0)
L

)β. (3.54)

The parenthetical factor in (3.54) always evaluates to a negative value because the outer cladding

radius R̃C must be greater than the base state radius R̃(0)
L . Therefore, the sign of σ is opposite

the sign of β. Values of β as a function of α are plotted in Figure 3.4. It is seen that the nucleus

Figure 3.4: Value of β (defined above) as a function of α for melting limit and nucleus states
in spherically symmetric PCM system. β has opposite sign to the eigenvalue σ determining the
stability of the melting limit and nucleus states.

state values are less than zero and the melting limit values are greater than zero, corresponding to

unstable and stable states, respectively, given that the sign of β is opposite the sign of the eigenvalue

σ. This means that for the smaller nucleus solution, a small spherically symmetric increase in the

liquid region size would result in further growth of the liquid sphere, whereas a small decrease

in size would result in shrinkage and disappearance of the liquid pool. This behavior is similar

to that of a classical critical nucleus. Spherically symmetric perturbations to the larger melting

limit solution would disappear whether applied in either direction, returning back to the original

steady state. Therefore the melting limit would act as a stable fixed point in a spherically symmetric
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melting process. A liquid sphere larger than the nucleus size would be favored to continue growing

until settling upon the melting limit. At the cutoff (α = 1/27 = 0.0370...) the β values of the nucleus

and melting limit solutions approach each other as the radii approach each other (seen in Figure

3.3) and the solutions merge becoming identical at the cutoff.

Summing together previous results, we see that the spherically symmetric analysis reveals that

the unstable states may be identified as nuclei because these (smaller) liquid pool solutions are

continuously connected on a single solution branch, starting from the α = 0 case of an isothermal

superheated system that represents a classical liquid nucleus, and maintaining the same stability

characteristics as α is increased, until, but not including, the cutoff value α = 1/27 . Therefore,

all such unstable states will be denoted as nucleus states even in the systems having non-uniform

thermal fields.

3.4.1 Saddle-node bifurcation

For the spherically symmetric case, in addition to the linear stability analysis, we may also

perform a time-dependent growth analysis to see how the spherical liquid region evolves as a

function of time. The governing equations, given in the ”tilde” scaling, are as follows. First, the

heat equation in both phases:
1

R̃2

d

dR̃
(R̃2dŨ(R̃)

dR̃
) = −6α (3.55)

where the quasi-static approximation is being used. The energy balance at the interface:

Ṽn =
d

dR̃
ŨS −

d

dR̃
ŨL (3.56)

Denoting the radius of the spherical liquid region as R̃∗, for a given value of R̃∗ the temperature

distributions in the liquid and solid phases are:

ŨL(R̃) = −αR̃2 + (
2

R̃∗
+ α(R̃∗)2) (3.57)
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ŨS(R̃) = −αR̃2 − C

R̃
+ (

2

R̃∗
+ α(R̃∗)2 +

C

R̃∗
) (3.58)

C ≡ −α(R̃∗)3 + R̃∗ − 2

1− R̃∗

R̃C

(3.59)

We obtain for the time derivative of the spherical liquid region radius:

Ṽn = R̃∗
′
(τ̃) =

−α(R̃∗)3 + R̃∗ − 2

(R̃∗)2 − (R̃∗)3

R̃C

(3.60)

It is noted that in the numerator of the RHS of (3.60) there is the same polynomial encountered

earlier whose roots are the steady state nucleus and melting limit radii. The denominator is always

positive for 0 < R̃∗ < R̃C . Therefore the nucleus and melting limit are the fixed points in the

system of the time evolution of R̃∗.

Figure 3.5: Time dependence of spherical liquid region scaled radius R̃∗ as a function of scaled
time τ̃ for α = 0.020. Nucleus and melting limit radii are plotted as horizontal dotted lines. For
the trajectories which reach zero radius, the remainder of the trajectory is plotted as a constant
horizontal line at zero radius corresponding to the physical case in which the liquid has completely
re-solidified.

The time evolution of R̃∗ for multiple different initial radii is plotted in Figure 3.5 for the case

of α = 0.020, integrated using the Python Scipy package function odeint(). The nucleus and melt-
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ing limit radii are plotted as horizontal dotted lines. It is seen that initial radii above and below the

nucleus radius are repelled away from the nucleus radius. For radii less than the nucleus, the liquid

radius shrinks rapidly down to zero, corresponding to the disappearance of the liquid phase. For

radii greater than the nucleus, growth proceeds towards the melting limit, approaching it asymp-

totically. These results are consistent with the findings of the stability analysis, the nucleus being

an unstable fixed point and the melting limit being a stable fixed point in the system dynamics.

Figure 3.6: Time dependence of spherical liquid region scaled radius R̃∗ as a function of scaled
time τ̃ for α = 1.2/27. For the trajectories which reach zero radius, the remainder of the trajectory
is plotted as a constant horizontal line at zero radius corresponding to the physical case in which
the liquid has completely re-solidified.

Using the same procedure, we may also investigate the behavior of the system in the regime

beyond the cutoff, α > 1/27. Results for α = 1.2/27 are shown in Figure 3.6. It is seen that the

time evolution of the liquid radius is uniformly in the negative direction for any starting point. This

corresponds with the observation of melting not being favored for α beyond the cutoff.

Combining the results for α less than the cutoff value and α greater than the cutoff value, we

see that the system as a whole may be described as a saddle-node bifurcation with respect to the

parameter α. In bifurcation theory, a saddle node bifurcation is a type of local bifurcation in a

continuous dynamical system in which for a given parameter, two solutions for some values of that

56



parameter and then at a certain critical parameter value the two solutions approach each other and

merge, and there are no solutions beyond that critical parameter value. In a saddle node bifurcation,

one of the solution branches is stable, referred to as the ”node”, and the other solution is unstable,

referred to as the ”saddle-point”. In the case of the spherical PCM system studied here, the system

dynamics are captured by the differential equation (3.60), which is what produces the saddle-node

bifurcation. For α > 1/27, there are no steady state solutions, and then at α = 1/27 there is

the sudden appearance of two steady state solution branches. One of these branches is unstable

(”saddle point”), and the other is stable (”node”). The two branches merge at exactly α = 1/27

which is the saddle-node bifurcation point.

Figure 3.7: Equilibrium radii as a function of α, nucleus radii shown as dotted line and melting
limit radii shown as solid line. Arrows indicate direction of dynamical evolution of the melting
system. A saddle-node bifurcation occurs at α = 1/27 = 0.037.

We may plot a bifurcation diagram showing the dynamics of the system (Figure 3.7). Review-

ing, this diagram has been generated by numerically integrating equation (3.60) to find the direction

of the system dynamics with respect to the parameter α and the liquid radius, shown in Figures 3.5

and 3.6, and then schematically combining the results shown in those two figures. Arrows pointing

away from nucleus indicate that it is unstable, arrows pointing towards melting limit indicate it is
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stable. For α greater than the saddle-node bifurcation point 1/27, the dynamics of the system favor

completely negative growth (disappearance) of the liquid region. As α decreases below the saddle

node bifurcation value, the melting limit and nucleus solution branches appear and a new region

begins to develop in between the nucleus and melting limit in which positive growth is favored.

At the saddle-node bifurcation point itself, the melting limit and nucleus solutions merge with a

radius R̃ = 3.

Comparing with the non-spherical device model, the linear stability characteristics of the max-

imum eigenvalue modes in the non-spherical model correspond to the characteristics seen in the

spherical case for both the melting limit and nucleus. Given this comparison, the knowledge that

in the spherical model the termination of the nucleus solution branch in the isothermal limit is the

classical nucleation theory solution further confirms the direct connection to the classical nucleus

in the non-spherical device model. The cutoff of the melting limit and nucleus states at a particular

control parameter value also occurs in both models, with respect to voltage in the non-spherical de-

vice model and the dimensionless α parameter in the spherical model. In the non-spherical model

the cutoff is approached via a decrease in voltage whereas in the spherical model it is approached

with an increasing value of the parameter α. This is because voltage is the parameter which cor-

responds with the non-isothermal nature of the system caused by the Joule heating, which is what

the α factor also represents, but with a different sign for directional variation of system outcomes.

Given that we concluded that the system dynamics in the spherical model feature a saddle-node

bifurcation at the cutoff point, we may also observe that the system dynamics in the non-spherical

device model likely feature a saddle-node bifurcation as well. For voltages below the cutoff voltage

1.129V, it is likely that the system dynamics mirror the case of the spherically symmetric model for

α > 1/27, with liquid region evolution in the negative (shrinkage) direction. Then, at the saddle

node bifurcation (cutoff point), the nucleus and melting limit branches emerge and positive liquid

growth is favored for sizes between the nucleus and melting limit.

At this point it is useful to summarize and compare with the previously mentioned past litera-

ture dealing with phase transitions occurring in inhomogeneous driving force backgrounds [52][53]
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[54] [55] [56] [57] [58] [59]. One thing that all of these studies have in common is that there is no

mention of the equivalent of the melting limit in this research, i.e. the stable state of final evolution

of the phase transition system. Instead, they only model a nucleus solution. Additionally, as men-

tioned previously, these studies all use the assumption of a global thermodynamic potential which

is extremized to find the nucleus in the inhomogeneous background. This is in sharp contrast to the

analysis performed here, in which results have been present as simply a time-dependent analysis

of the dynamics of the systems, with no assumption made about a global thermodynamic potential.

This combination of inclusion of the melting limit solution and using a kinetic analysis has allowed

the fact of the saddle-node bifurcation emerging at the cutoff to be clarified and examined. It is

conceivable that many of those systems studied in the past literature with inhomogeneous driving

force backgrounds could have the equivalent of a ”melting limit” solution, and that a saddle-node

bifurcation would be found with the melting limit-equivalent solution merging with the nucleus

solution at the bifurcation point.

3.5 Analysis of cylindrically symmetric PCM Model

In addition to the non-spherical conventional PCM device model and the spherically symmetric

model presented above, similar research and analysis has also been performed on a cylindrically

symmetric PCM model. This analysis is presented below. The cylindrical model is notable for the

way that new phenomena appear in the different symmetry conditions. The nucleus state becomes

elongated under certain conditions, leading to the question of whether or not a Rayleigh-type

instability occurs in the nucleus state for those conditions. These questions are investigated in

the analysis below.

3.5.1 Description of model system and problem

In this model system, a voltage is applied across electrodes at the top and bottom of a GST

cylindrical cell, causing a uniform current density of magnitude J = σSV/lc to flow lengthwise
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through the cell, where σS is the electrical conductivity of material S, V is the applied voltage, and

lc is the length of the cell. This current results in uniform Joule heating q̇V = J2/σS = σSV
2/l2c

throughout the volume of the cell.

Surrounding the GST cell is a reservoir maintaining a temperature T0. After the voltage is

applied for a sufficient amount of time, the Joule heating will elevate the temperature distribution

to some maximum steady state ∂T
∂t

= 0 at which point the total Joule heating in the cell is equal

to the heat flux outward into the reservoir. Suppose the cell is long enough and the electrode

Joule heating small enough that the temperature distribution away from the ends of the cell may

be approximated as varying only in the radial direction. This is what is meant by ”cylindrically

symmetric” in this context. The steady heat equation in cylindrical coordinates (r, z, φ) inside the

cell then has no z or φ derivatives, and has the form:

kS
1

r

∂

∂r
(r
∂T

∂r
) + q̇V = 0 (3.61)

Where kS is the thermal conductivity of the solid phase of GST. Solving (3.61) with the boundary

condition T (r = rc) = T0, where rc is the radius of the cylinder, gives the steady state temperature

distribution (away from the ends of the cylinder):

T (r) = T0 +
q̇V
4kS

(r2c − r2) (3.62)

The above solution shows that the temperature is maximal at the center line r = 0, and falls off

radially. This can be expressed as:

T (r) = Th − ar2 (3.63)

Where a ≡ q̇V /4kS = σSV
2/4kSl

2
c , and Th ≡ T0 + ar2c is the maximal, center line temperature.

If Th exceeds the melting temperature Tm of material M, i.e. Th > Tm, then a driving force

for melting is introduced. Suppose that the temperature near the top and bottom of the cell, where

the approximation of no z-dependence does not hold, is much lower, due to heat flux outward into
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the electrodes. It is natural to hypothesize that the liquid phase would nucleate homogeneously at

the center, since superheating is at a maximum there, and not heterogeneously at the electrodes.

Then, the Joule heating would drive the liquid region to grow outward radially and vertically,

possibly reaching some limiting shape due to the temperature decreasing radially (and vertically at

the ends).

3.5.2 Steady states

The state variables are the temperature distribution Ti(~x) throughout each phase and the con-

figuration of the 2D solid-liquid interface. The conditions for steady state are then given by three

conditions: steady state temperature distribution in the bulk, steady state interfacial configuration

(zero interfacial motion), and local equilibrium at the interface.

The two conditions in the bulk are encapsulated in the the steady state heat equation, satisfied

throughout the bulk of both the solid and liquid phases:

∇2Ti = − q̇V
ki

(3.64)

where the subscript i denotes application to both the solid and liquid phases, which are individually

specified throughout this analysis with subscripts S for solid and L for liquid, and ki is the thermal

conductivity of each phase. Equation (3.64) ensures steady state temperature in the bulk. The

Joule heating term q̇V appearing in (3.64) is a potentially nonuniform function of space that is

solved for using the Laplace equation for the electric potential throughout both phases: ∇2φi = 0,

Ji = σi∇φi, q̇V =
J2
i

σi
, Here, we approximate that the electrical conductivities of the two phases

are equal, σL = σS . Then, the electric potential is not affected by the configuration of the liquid

region, and the current density throughout both phases has the same uniform axial value that it

does in the previously derived case of a pure solid cell, J = σSV/lc, resulting in the same uniform

Joule heating q̇V = J2/σS = σSV
2/l2c throughout both phases. This approximation is useful for

the purposes of this analysis because it decouples electrical effects from the thermal effects which
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are the focus of this analysis.

The condition for a steady state interfacial configuration is simply that there is zero interfacial

velocity. This means no latent heat is absorbed/emitted, so energy balance then requires that heat

fluxes must balance:

kL∇TL · n̂ = kS∇TS · n̂ (3.65)

Finally, the condition for local equilibrium at the interface is given by the Gibbs-Thomson condi-

tion:

T − Tm = Tm
γh

L
(3.66)

Where γ is the solid-liquid interfacial energy, h is the mean curvature of the solid-liquid inter-

face, and L is the latent heat of fusion, i.e. the change in enthalpy per volume from solid to liquid.

In the case of the nonuniform temperature system investigated in this analysis, a consequence of

(3.66) is that the curvature of a steady-state solid-liquid interface must vary continuously with the

temperature variance, introducing the possibility of non-spherical shapes in the cylindrical device.

The equations for the interface conditions (3.65) and (3.66) are simplified with the following

dimensionless variable definitions and scalings.

The temperature T is replaced with the dimensionless superheating U :

U ≡ T − Tm
Tm

(3.67)

Using the length scale x0 ≡ γ/L, the dimensionless length is:

X ≡ L

γ
x =

x

x0
(3.68)

The dimensionless mean curvature is then:

H ≡ x0h (3.69)
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The dimensionless thermal conductivity is defined in terms of the thermal conductivity of the solid

phase, kS:

K ≡ k

kS
(3.70)

With these definitions, the zero interface velocity condition (3.65) and the local interfacial equilib-

rium condition (3.66) have the following dimensionless forms, respectively:

KL∇UL · n̂ = ∇US · n̂ (3.71)

U = H (3.72)

The steady state heat equation becomes:

∇2Ui = −Q̇V

Ki

(3.73)

Where the dimensionless Joule heating is:

Q̇V ≡
x20

kSTm
q̇V (3.74)

The above equations can be used to solve for steady states, but more analysis is needed to char-

acterize the behavior of a steady state within the melting process, i.e. whether it behaves more like

a nucleus state or a melting limit. To answer this question, time-dependent linear stability anal-

ysis of the liquid region shape/size is done on steady states to obtain information about stability.

Stability with respect to perturbations in the size of the liquid region, i.e. wave number = 0, is

characteristic of a melting limit whereas instability is characteristic of a nucleus state. Testing sta-

bility under shape perturbations with wave number > 0 can reveal Rayleigh-like or other unknown

instabilities of steady state liquid regions unique to nonisothermal cases.

In the next sections, steady states are calculated using the approximation that the thermal con-

ductivities of the solid and liquid phases are equal. While differences in these thermal conductiv-
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ities are significant in real systems, this approximation is useful for this analysis because, as with

the other approximations used, it allows the effect of non-thermal equilibrium to be made most

clear.

It follows that KL = 1 and the zero interface velocity condition (3.71) has the simplified form:

∇UL = ∇US (3.75)

Due to the simple nature of (3.75), the process of calculating steady states can now be done using

a procedure where the temperature distribution is fixed and known, while different liquid region

configurations are considered. The first step is to find the initial, pure solid steady state. This

is simply the pure solid state with the previously calculated steady state temperature distribution

T (r) = Th − ar2. (The interface conditions (3.71) and (3.72) are automatically satisfied because

there is no solid-liquid interface). Now suppose there is some liquid region, but the temperature

distributions remains the same in space, just split between the two phases. The simplified zero

interfacial velocity condition (3.75) is automatically satisfied for any possible configuration of the

liquid region, since the temperature gradient∇U is continuous everywhere, including the interface.

Therefore, the problem of finding a steady state is reduced to the problem of finding a liquid

region configuration such that the local interfacial equilibrium condition U = H is satisfied for the

temperature distribution T (ρ) = Th − ar2. There is then a single dimensionless equation for the

steady state that must be obeyed at every point on the interface:

Uh − AR2 = H (3.76)

where A ≡ x20a/Tm = Q̇V /4, R ≡ ρ/x0, and Uh = U0 + Aρ2c . As written above, the steady

states would need to be solved across the space of all possible values of the two parameters, Uh

and A for a complete analysis. However, as was the case in the spherically symmetric model, one

parameter-dependence can be achieved with a second length scaling by the dimensionless factor
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Uh:

R̃ ≡ UhR (3.77)

H̃ ≡ H

Uh
(3.78)

Uh −
A

U2
h

R̃2 = UhH̃ (3.79)

1− A

U3
h

R̃2 = H̃ (3.80)

1− αR̃2 = H̃ (3.81)

α ≡ A

U3
h

(3.82)

Where the tilde sign above the variables indicates that the scaling in terms of Uh is in use. In this

scaling, analysis is much more compact due to there being only a single parameter α. However,

note that the actual size of the steady state solutions is unknown unless the values Uh and A are

specified. For a given value of α, an infinite number of combinations of Uh and A are possible, and

the steady state solutions in these cases all have the same shape but different size, differing by the

scaling factor Uh.

3.5.3 Liquid cylinder steady states

The temperature distribution has radial symmetry, so it is natural to first consider cylindrical

liquid regions with some radius R̃L as candidates for steady states. These are regions for which

the phase is liquid for R̃ < R̃L and solid for R̃ > R̃L. The solid-liquid interface has uniform mean

curvature 1/R̃L. The interfacial equilibrium condition (3.81) then becomes a cubic polynomial

equation in R̃L:

1− αR̃2
L = 1/R̃L (3.83)

αR̃3
L − R̃L + 1 = 0 (3.84)

Real, positive solutions of (3.84) are the radii of liquid cylinder steady states. The discriminant
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Figure 3.8: Radii R̃L of inner (upper portion of the curve) and outer (lower portion) steady state
liquid cylinders as a function of α

of the LHS of (3.84) is negative for α > 4/27, so positive real solutions for RL only exist for

0 ≤ α ≤ 4/27. In this range, there are two positive real solutions for RL. The smaller of the two

solutions is equal to 1 at α = 0 and monotonically increases with α, reaching the value 3/2 at

α = 4/27. This solution is referred to as the ”inner cylinder” throughout this analysis. The larger

of the two solutions approaches infinity as α approaches zero, and decreases monotonically with

α, reaching the same value 3/2 at α = 4/27. This solution is referred to as the ”outer cylinder”.

The radii of the inner and outer cylinders as a function of α are plotted in Figure 3.8.

The stabilities of these liquid cylinder steady state solutions are tested by calculating the growth

rate of a small axial perturbation:

F̃L(Z̃, t) = R̃L + εF̃1(Z̃, t) +O(ε2) (3.85)

where ε is a small constant and the 1 subscript stands for first order in ε (The zeroth order function

is simply F̃0(Z̃, t) = R̃L). For calculating the perturbed temperature distribution, the quasistatic

approximation is used, where the temperature distribution is approximated to relax to steady state

on a time scale much faster than the variation of the liquid solid interface. The time-dependent

temperature distribution is then given by the steady state heat equation, and its variation is a direct
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function of the variation in the solid-liquid interface shape, which alters the boundary condition

used in the heat equation. The perturbed temperature distribution is written as:

Ũ(R̃, Z̃) = 1− αR̃2 + εŨ1(R̃, Z̃) +O(ε2) (3.86)

Expanding the steady state equations gives the linear equations for the first order terms of the

perturbed temperature and liquid region shape. The first order steady state heat equation is just the

Laplace equation:

∇2Ũ1 = 0 (3.87)

With the boundary conditions being the first-order interfacial equilibrium condition at the solid-

liquid interface:

Ũ1(R̃L, Z̃) = (2αR̃L −
1

R2
L

)F̃1 − F̃ ′′1 (3.88)

and the first order T = T0 condition at the cell wall radius R̃c:

Ũ1(R̃c, Z̃) = 0 (3.89)

Finally, the non-zero normal velocity appearing in the energy balance of the interface must be

considered to analyze the growth rate. To first order, the normal velocity is just the radial outward

velocity, and the first order energy balance at the interface becomes:

∂Ũ1L

∂R̃
− ∂Ũ1S

∂R̃
=
∂F̃1

∂t
(3.90)

Because these equation are linear, each perturbation mode F̃1(Z̃) = eσteiK̃Z̃ can be tested sepa-

rately to solve for the unknown growth rate σ.

F̃L(Z̃) = F̃0(Z̃) + εF̃1(Z̃) +O(ε2) (3.91)
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F̃L(Z̃) = R̃L + εF̃1(Z̃) +O(ε2) (3.92)

Ũ(R̃, Z̃) = Ũ0(R̃, Z̃) + εŨ1(R̃, Z̃) +O(ε2) (3.93)

Ũ(R̃, Z̃) = 1− αR̃2 + εŨ1(R̃, Z̃) +O(ε2) (3.94)

The normal vector of the solid-liquid interface is:

G̃(R̃, Z̃) ≡ R̃− F̃L(Z̃) (3.95)

∇G̃ ≡< 1,−εF̃ ′1, 0 > (3.96)

n̂ =
∇G̃
|∇G̃|

=
< 1,−εF̃ ′1, 0 >√

1 + ε2F̃ ′21

(3.97)

n̂ =< 1,−εF̃ ′1(Z̃), 0 > (3.98)

(The ε2 term is dropped). The mean curvature of the interface is then

H̃(Z̃) = ∇ · n̂ =
1

F̃L
− εF̃ ′′1 (3.99)

H̃(Z̃) =
1

R̃L

− ε( F̃1

R̃2
L

+ F̃ ′′1 ) (3.100)

The temperature at the interface is:

Ũ(F̃L(Z̃), Z̃) = 1− αF̃L(Z̃)2 + εŨ1(F̃L(Z̃), Z̃) (3.101)

Ũ(F̃L(Z̃), Z̃) = 1− αR̃2
L + ε(−2R̃LF̃1 + Ũ1(R̃L, Z̃)) (3.102)

The local interfacial equilibrium equation is then:

Ũ(F̃L(Z̃), Z̃) = H̃(Z̃) (3.103)
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1− αR̃2
L + ε(−2αR̃LF̃1 + Ũ1(R̃L, Z̃)) =

1

R̃L

− ε( F̃1

R̃2
L

+ F̃ ′′1 ) (3.104)

The first-order local equilibrium condition is then:

−2αR̃LF̃1 + Ũ1(R̃L, Z̃) = − F̃1

R̃2
L

− F̃ ′′1 (3.105)

Ũ1(R̃L, Z̃) = (2αR̃L −
1

R2
L

)F̃1 − F̃ ′′1 (3.106)

As the perturbation evolves, the quasistatic approximation is used that the temperature relaxes to a

steady state at each time instant. The expanded steady state heat equation is:

1

R̃
ŨR̃ + ŨR̃R̃ + ŨZ̃Z̃ = −Q (3.107)

1

R̃
Ũ0R̃ + Ũ0R̃R̃ + Ũ0Z̃Z̃ + ε(

1

R̃
Ũ1R̃ + Ũ1R̃R̃ + Ũ1Z̃Z̃) = −Q (3.108)

The first order equation is:
1

R̃
Ũ1R̃ + Ũ1R̃R̃ + Ũ1Z̃Z̃ = 0 (3.109)

∇2Ũ1(R̃, Z̃) = 0 (3.110)

Suppose an axial perturbation has wavelength K̃: F̃1(Z̃) = eσteiK̃Z̃ . Then the interfacial equilib-

rium condition becomes:

Ũ1(R̃L, Z̃) = (2αR̃L −
1

R̃2
L

+ K̃2)eσteiK̃Z̃ (3.111)

Ũ1(R̃L, Z̃) = ˆ̃UeiK̃Z̃ (3.112)

The solutions to the Laplace equation in the liquid and solid regions are cylindrical harmonics:

Ũ1L(R̃L, Z̃) = (c0I0(K̃R̃)) ˆ̃UeiK̃Z̃ (3.113)
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Ũ1S(R̃L, Z̃) = (c1I0(K̃R̃) + c2K0(K̃R̃)) ˆ̃UeiK̃Z̃ (3.114)

Where I0 andK0 are the zeroth modified Bessel functions of the first and second kind, respectively.

The liquid region temperature has no K0 term because that would diverge R̃ = 0. The interfacial

equilibrium condition applied to the liquid region temperature is:

c0I0(K̃R̃L) = 1 (3.115)

c0 =
1

I0(K̃R̃L)
(3.116)

For the solid region, there is the boundary condition at R̃c along with the interfacial equilibrium

condition:

c1I0(K̃R̃c) + c2K0(K̃R̃c) = 0 (3.117)

c2 = −c1
I0(K̃R̃c)

K0(K̃R̃c)
(3.118)

c1I0(K̃R̃L) + c2K0(K̃R̃L) = 1 (3.119)

c1 =
1

I0(K̃R̃L)− I0(K̃R̃c)
K0(K̃R̃L)

K0(K̃R̃c)

(3.120)

The zeroth order term (base state) of the expanded normal growth velocity Ṽn(Z̃) = Ṽn0(Z̃) +

εṼn1(Z̃) is zero. The first order term is:

−Ṽn1 = ∇Ũ1L · n̂−∇Ũ1S · n̂ = (∇Ũ1L −∇Ũ1S) · n̂ (3.121)

=< K̃(c0I
′
0(K̃R̃L)− c1I ′0(K̃R̃L)− c2K ′0(K̃R̃L)) ˆ̃UeiK̃Z̃ , ..., 0 > · < 1,−εF̃ ′1(Z̃), 0 > (3.122)

= K̃((c0 − c1)I ′0(K̃R̃L)− c2K ′0(K̃R̃L)) ˆ̃UeiK̃Z̃ (3.123)

The normal velocity is also related to the perturbation:

−Ṽn1 = −F̃1t(Z̃, t̃) (3.124)
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Then, the perturbed temperature distribution Ũ1 is calculated, and the result is plugged into the

energy balance equation. The growth rate is found to be:

σ = K̃((c0 − c1)I ′0(K̃R̃L)− c2K ′0(K̃R̃L))(
1

R̃2
L

− 2αR̃L − K̃2) (3.125)

c0 =
1

I0(K̃R̃L)
(3.126)

c1 =
1

I0(K̃R̃L)− I0(K̃R̃c)
K0(K̃R̃L)

K0(K̃R̃c)

(3.127)

c2 = −c1
I0(K̃R̃c)

K0(K̃R̃c)
(3.128)

To physically exist, a liquid cylinder must satisfy R̃L < R̃c because the material does not extend

beyond R̃c. Also, for K̃ > 0, modified Bessel functions are all positive, with I0 monotonically

increasing and K0 monotonically decreasing. Therefore, c0 is positive, c1 is negative, and I ′0 is

positive, so the first term is positive. c2 is positive and K ′0 is negative, so the second term is also

positive. The condition for stability is then:

K̃2 ≥ 1

R̃2
L

− 2αR̃L (3.129)

The expression 1
R̃2
L

−2αR̃L is calculated numerically for both the outer and inner cylinder solution

branches for 0 < α < 2/27. It is found that for the outer cylinder solution branch, the expression

is always negative, meaning the outer cylinder is stable for K > 0. For the inner cylinder, the

expression is always positive, meaning that the inner cylinder is unstable for long wavelengths

K <
√

1
R̃2
L

− 2αR̃L.

The above analysis is valid for K > 0, but must be modified for K = 0, because for K = 0

the radial dependence of the cylindrical harmonic instead has the form:

Ũ1L(R̃L, Z̃) = c0
ˆ̃UeiK̃Z̃ (3.130)
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Ũ1S(R̃L, Z̃) = (c1 + c2 ln(R̃)) ˆ̃UeiK̃Z̃ (3.131)

The boundary conditions give:

c0 = 1 (3.132)

c1 + c2 ln(R̃L) = 1 (3.133)

c1 + c2 ln(R̃c) = 0 (3.134)

c2 = − c1

ln(R̃c)
(3.135)

c1 =
1

1− ln(R̃L)

ln(R̃c)

(3.136)

c2 =
1

ln(R̃L)− ln(R̃c)
(3.137)

−σ = K̃(−c2
1

R̃
)(2αR̃L −

1

R̃2
L

) (3.138)

It is seen that c2 is again negative and also the final condition K̃2 ≥ 1
R̃2
L

− 2αR̃L still holds with

K̃ = 0 because the right hand side is negative for all α > 0. Therefore, the outer cylinder is again

stable for K = 0 and the inner cylinder is unstable.

The outer cylinder is interpreted as the final stable state in which melting is complete. However,

this is only for cases in which the outer cylinder has a radius smaller than the cell. Otherwise,

complete melting of the cell is the melting limit. Physically, the outer cylinder melting limit is

explained as a combination of decreasing temperature with increasing radius, i.e. melting cannot

occur beyond the radius at which T = Tm, and the negative driving force of the solid-liquid

interfacial energy which increases with radius. Also, in the limit of zero Joule heating/uniform

temperature, the interpretation of the outer cylinder as the melting limit is consistent with the

isothermal model of melting in which the entire cell is melted. As α approaches zero, the outer

cylinder radius approaches infinity, so it is always larger than the cell radius no matter how large

the cell radius is, and the melting limit is complete melting of the cell.
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Unlike the outer cylinder, the inner cylinder is unstable in a similar manner to a critical nucleus

state, and can be interpreted as the critical nucleus state if there were the constraint that the liquid

region must be cylindrical. However, the inner cylinder is not interpreted as an effective nucleus

state, because it is infinitely large and a finite sized nucleus would be much less of a nucleation

barrier.

These stability analysis results suggest that the inner and outer liquid cylinder solutions together

may be two solution branches in a saddle-node bifurcation, analogous to the case of the spherically

symmetric PCM system which had an inner and an outer spherical solution that together formed a

saddle-node bifurcation. This is supported by the fact that the inner cylinder is unstable while the

outer cylinder is stable. Both solutions disappear at the saddle-node bifurcation point at α = 4/27.

It is noted that the top and bottom ends of the PCM cell, where the approximation that the

temperature distribution is independent of z no longer holds, have not been included in the above

analysis. However, in order to be steady state solutions, the liquid cylinders must have end caps

with some shape which satisfies U = H . Intuitively, since the temperature distribution is smooth,

one would expect rounded ends, giving a ”hot dog” shaped steady state. Because the temperature

decreases axially near the ends of the cell, the curvature of these rounded ends is less than the

curvature of a round-shape steady state solution, i.e. a critical nucleus, in the middle of the cell.

Only a cylinder which is wider than the critical nucleus could have end caps with roughly larger

radii of curvature, i.e. smaller curvature, than the critical nucleus. Therefore, only the outer

cylinder, not the inner cylinder, can have valid end caps. This suggests that the inner cylinder

is not a physical steady state and is instead a mathematical artifact of ignoring the finite length of

the cell.

3.5.4 Closed liquid region steady states

In this section, finite-sized liquid regions are considered as candidates for steady states. Apply-

ing the assumption that steady states have radial symmetry, a finite-sized liquid region candidate

for a steady state can be described by a one-dimensional function in spherical coordinates S̃, θ, φ

73



giving the solid-liquid interface:

S̃ = G̃(θ) (3.139)

0 ≤ θ ≤ π/2 (3.140)

The complete liquid region boundary is generated by rotating this curve around the z-axis and

mirroring it across the xy plane. In order to ensure finite mean curvature at the points of symmetry,

e.g. no cusps, the curve must satisfy G̃′(0) = 0 and G̃′(π/2) = 0. The expression for the mean

curvature is:

H̃ = ∇ · n̂ = (G̃2 + G̃′2)−1/2(2− G̃′

G̃
cot(θ)) + (−G̃G̃′′ + G̃′2)(G̃2 + G̃′2)−3/2 (3.141)

The temperature at the interface in spherical coordinates is:

Ũ = 1− αR̃2 = 1− αG̃2sin2(θ) (3.142)

The local interfacial equilibrium condition is:

1− αG̃2sin2(θ) = (G̃2 + G̃′2)−1/2(2− G̃′

G̃
cot(θ)) + (−G̃G̃′′ + G̃′2)(G̃2 + G̃′2)−3/2 (3.143)

The nonlinear ordinary differential equation (3.143) is solved numerically using a shooting method,

with the boundary conditions G̃′(0) = 0 and G̃′(π/2) = 0. 10000 nodes are used, spaced evenly

between θ = 0 and θ = π/2 and the relative error tolerance is 10−6. These values allow accurate

results across a certain range of α values, which will explained below. A minor problem with this

formulation in spherical coordinates is that the expression G̃′ cot(θ) evaluates to the indeterminate

0/0 at θ = 0. This issue is resolved by using the fact that the limit of this expression as θ approaches

zero is G̃′′(θ), and using that value for the θ = 0 node.

The axisymmetric cross sections of the resulting liquid region shapes, for increasing values of

α, are plotted in Figure 3.10 . The cross section of the outer cylinder is also plotted for comparison.
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Figure 3.9: Axisymmetric cross sections of steady state finite, closed liquid regions (ellipsoidal
shape), along with the outer cylinder (vertical lines), for α = 0, 0.030, 0.044, 0.059, 0.071. Hori-
zontal and vertical axes are the scaled, dimensionless R̃ and Z̃ directions, respectively.

For α = 0, the uniform temperature case, the solution is the sphere G̃(θ) = 2. Redimensionalizing,

this radius is 2γ
L

Tm
T0−Tm which is the critical nucleus radius predicted by classical nucleation theory

at temperature T0. As α increases, the liquid region shape begins to elongate in the Z̃ direction.

This is because the condition Ũ = H̃ demands that the mean curvature must be maximum at the

poles (θ = 0, R̃ = 0) where superheating is greatest, and must decrease with increasing θ and R̃

and reach a a minimum at the equator (θ = π/2, R̃ > 0) where superheating is lowest. These

solutions are interpreted as nucleus states, since they are a smooth continuation of the classical

critical nucleus state as α becomes greater than zero.

Starting from α = 0, the elongation of the nucleus becomes greater with increasing α, at

an accelerating rate. Eventually, a critical value of α is reached beyond which no solutions are

found. The numerical value of this critical cut-off is found to a precision of several decimal values

by systematically solving (3.143) near the cut off, and incrementing α by decreasing amounts.

This method reveals that the critical value is α = 0.07407 = 2/27. Examining solutions barely
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below α = 2/27 shows that degree of elongation rapidly approaches infinity as α approaches

2/27. The nucleus length approaches infinity, while the nucleus width approaches the finite value

3. Of course, the cell is finite sized and the approximation that the temperature distribution is

independent of z would break down with enough length. However, this cut-off value is not an

artifact of neglecting the finite size of the cell. In the next section, this cut-off effect is examined

and a physical explanation is given.

3.5.5 Melting cut-off

This critical cut-off effect occurring at α = 2/27 is distinct from the disappearance of the

cylinders at α = 4/27, and can in this case be explained in terms of Gibbs free energy. While

the definition of steady state used here does not refer to Gibbs free energy or any thermodynamic

potential, it happens to be the case that when the thermal conductivities of the two phases are

equal, the Gibbs free energy of liquid regions with zero interfacial velocity is extremized by those

which satisfy the local interfacial equilibrium condition. Consider a growing region of liquid which

grows with the path of least Gibbs free energy. The elongated critical nucleus is the maximum of

that path, after which further growth will continue until the liquid region has stretched out to fill

the outer liquid cylinder melting limit, which is a minimum in Gibbs free energy. In order for

this melting limit to be a minimum that exists beyond the nucleus maximum, the change in Gibbs

free energy per unit length of the outer cylinder must be negative as the liquid region continues to

increase in length as it fills the outer cylinder. However, as α increases, the Gibbs free energy per

unit length of the outer cylinder increases, eventually reaching zero at the critical value α = 2/27.

This is calculated as follows. First, the total change in Gibbs free energy of the outer cylinder

is expressed as the sum of the volume and surface terms (the previous scaling has simplified the

expression), and set to zero:

∆G̃ =

� R̃L

0

� 2π

0

(−1 + αR̃2
L)R̃dφdR̃ + 2πR̃L = 0 (3.144)
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∆G̃

2π
=

� R̃L

0

(−R̃ + αR̃3
L)dR̃ + R̃L = 0 (3.145)

−R̃
2
L

2
+ α

R̃4
L

4
+ R̃L = 0 (3.146)

−R̃L

2
+ α

R̃3
L

4
+ 1 = 0 (3.147)

We already know that in order to be a steady state liquid cylinder, R̃L is a solution of αR̃3
L− R̃L +

1 = 0. Subtracting this expression from (3.146) gives:

R̃L

2
− α3R̃3

L

4
= 0 (3.148)

2 = 3αR2
L (3.149)

R̃L =

√
2

3α
(3.150)

Plugging (3.150) into (3.145) gives:

1

9α
+

√
2

3α
= 0 (3.151)

α = 2/27 (3.152)

R̃L = 3 (3.153)

Not only does the above derivation explain why there is no closed liquid region nucleus state for

α > 2/27, it also indicates that transitioning from the initial pure solid state to the final melted

state is not favored for α > 2/27. For 2/27 < α < 4/27, the change in Gibbs free energy suggests

that the outer cylinder state is metastable and the pure solid state is stable. It is easily shown

using the above equations that the change in Gibbs Free energy of formation the outer cylinder is

negative for α < 2/27, but positive for α > 2/27. This suggests that the interpretation of the outer

cylinder as the ”melting limit” may not be valid for α > 2/27. Instead, it may be that not only is

there no longer a critical nucleus state, but that the entire melting process is simply not favored for
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α > 2/27. This interpretation makes sense if the assumption is made that the more elongated the

nuclei get as they approach 2/27, the higher the nucleation barrier becomes, and the less likelihood

that the final melted state will be reached. At α = 2/27, the nucleation energy barrier becomes

infinite, so there is ”zero” chance of melting. It would then be a natural continuation to assume

that there continues to be ”zero” chance of melting for α > 2/27. The existence of a melting cut

off follows naturally from the definition α: it increases with a greater radial temperature fall-off

A and increases with lower central superheating Uh, both of which are changes which decrease

the total amount of superheating in the cell, which is the driving force for melting. At the critical

α = 2/27 value, the superheating is low enough that the cost of formation of the interface is too

high for melting to be favorable.

It is noted, however, that this analysis above is not perfectly rigorous, because it does not

include the effect of fluctuations, and only ideal steady states are being considered for physical

interpretation. Therefore, more precise statements about melting probability or nucleation barriers

cannot be made here, and the above remarks are only approximate in that sense.

3.5.6 Linear stability analysis of closed liquid region nucleus states

Even without stability analysis, the above results strongly support interpretation of the finite

liquid regions as nucleus states. However, linear stability analysis of these states nonetheless pro-

vides additional important information, for two main reasons. First, the stability of these states

under change in size can be compared to the classical nucleus behavior, which is to be unstable

to small increases or decreases in size. Second, for values of α approaching the critical 2/27, the

highly elongated nucleus states have the potential to have a Rayleigh instability appear for pertur-

bations leading to break up of the nucleus into smaller pieces. This instability is present for the

inner cylinder, but not the outer cylinder, so it is not immediately obvious whether it occurs for

elongated nuclei. Linear stability analysis is needed to resolve this question.
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A first order perturbation to the critical nucleus state is written as:

G̃(θ) = G̃0(θ) + εG̃1(θ) +O(ε2) (3.154)

Using the quasistatic approximation, the new temperature distribution which satisfies the steady

heat equation has the form of the original temperature distribution with an additional perturbation

term

Ũ(S̃, θ) = Ũ0(S̃, θ) + εŨ1(S̃, θ) +O(ε2) (3.155)

Ũ(S̃, θ) = 1− αS̃2 sin2(θ) + εŨ1(S̃, θ) +O(ε2) (3.156)

Just the same as in the cylindrical case, the first order steady state heat equation is simply the

Laplace equation

∇2Ũ1 = 0 (3.157)

With two boundary conditions: The condition Ũ1 = 0 at the cell wall R̃ = R̃c, and the first order

expansion of the local interfacial equilibrium condition. The local interfacial equilibrium condition

is expanded:

Ũ(G̃(θ), θ) = H̃(G̃(θ)) (3.158)

Ũ0(G̃0(θ) + εG̃1(θ), θ) + εŨ1(G̃0(θ) + εG̃1(θ), θ) = H̃(G̃0(θ) + εG̃1(θ)) (3.159)

1− αG̃2
0sin

2(θ) + ε(−2αG̃0G̃1sin
2(θ) + Ũ1(G̃0(θ), θ)) = H̃0 + εH̃1 (3.160)

where the terms in

H̃0 = (G̃2
0 + G̃′20 )−1/2(2− G̃′0

G̃0

cot(θ)) + (−G̃0G̃
′′
0 + G̃′20 )(G̃2

0 + G̃′20 )−3/2 (3.161)

are expanded to give the expression for H̃1:

(G̃2 + G̃′2)−3/2 = (G̃2
0 + G̃′20 )−3/2 − ε3(G̃0G̃1 + G̃′0G̃

′
1)(G̃

2
0 + G̃′20 )−5/2 (3.162)
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H̃1 = −(G̃0G̃1 + G̃′0G̃
′
1)(G̃

2
0 + G̃′20 )−3/2(2− G̃′0

G̃0

cot(θ)) (3.163)

+(G̃2
0 + G̃′20 )−1/2(

G̃′0G̃1

G̃2
0

− G̃′1
G̃0

) cot(θ) (3.164)

+(−G̃1G̃
′′
0 − G̃0G̃

′′
1 + 2G̃′0G̃

′
1)(G̃

2
0 + G̃′20 )−3/2 (3.165)

−3(−G̃0G̃
′′
0 + G̃′20 )(G̃0G̃1 + G̃′0G̃

′
1)(G̃

2
0 + G̃′20 )−5/2 (3.166)

The first order Dirichlet boundary condition at the interface is then:

Ũ1(G̃0(θ), θ) = 2αG̃0G̃1sin
2(θ) + H̃1 (3.167)

In solving the Laplace equation to find the first order perturbed temperature distribution, the inter-

face across which the boundary condition is applied is the zeroth order nucleus surface. Because

this surface has an unusual shape, fully solving for the temperature throughout the bulk volume of

the liquid phase and throughout the solid phase out to infinity would require a complex numeri-

cal scheme. However, only knowledge of the temperature gradient at the solid-liquid interface is

required for stability analysis. It is natural in this case to instead to write the Laplace equation in

the form a boundary integral equation, and reduce the problem to that of solving for the unknown

temperature normal gradients on the solid-liquid interface using a boundary element method.

The boundary integral equations are derived for both the liquid region and surrounding solid

region. Only the top half of the nucleus/surrounding solid is used in this analysis, since the bottom

half can be obtained by symmetry. The liquid region for which the boundary integral equation is

applied, denoted L, is given by the top half of the nucleus. The boundary of this region, denoted

∂L, is given by the combination of 1.The curve S̃ = G̃0(θ) rotated around the z axis by 2π.

This is the solid-liquid interface denoted I . 2. The bottom circle at z = 0 resulting from cutting

the nucleus in half, denoted C. The surrounding solid region is given by all of the solid which

lies above z = 0. The boundary of this region, denoted ∂S, is given by the combination of the
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solid-liquid interface I , and the upper half of the cell wall, denoted W .

The 3D fundamental solution to the Laplace equation is

Φ(X̃, Ỹ , Z̃, X̃0, Ỹ0, Z̃0) = − 1

4π

1√
(X̃ − X̃0)2 + (Ỹ − Ỹ0)2 + (Z̃ − Z̃0)2

(3.168)

After converting to spherical coordinates, it is written as Φ(S̃, θ, φ, S̃0, θ0, φ0) . For a fundamental

solution centered at a point < S̃0 = G̃0(θ0), θ0, φ0 > on the solid liquid interface, the boundary

integral equations become:

1

2
Ũ1I(S̃0, θ0) =

�
∂L

Ũ1L(S̃, θ)
∂

∂n
Φ(S̃, θ, φ, S̃0, θ0, φ0)−

∂

∂n
Ũ1L(S̃, θ)Φ(S̃, θ, φ, S̃0, θ0, φ0)

(3.169)
1

2
Ũ1I(S̃0, θ0) =

�
∂S

−Ũ1S(S̃, θ)
∂

∂n
Φ(S̃, θ, φ, S̃0, θ0, φ0) +

∂

∂n
Ũ1S(S̃, θ)Φ(S̃, θ, φ, S̃0, θ0, φ0)

(3.170)

Ũ1I(S̃0, θ0) = Ũ1L(S̃0, θ0) = Ũ1S(S̃0, θ0) (3.171)

Where the normal derivative direction is defined as outward from the liquid region to the solid

region. It is desired to eliminate all surface integrals except for those over the solid-liquid interface

I . The approximation is made that the fundamental solutions and perturbed temperature functions

approach zero at infinity, so if the cell wall is far enough away from the nucleus the approximation

is made that the integral over the cell wall is zero. While there may be cases in which the cell wall

is in fact closer, the goal of this analysis is to focus on how the nucleus elongation affects stability.

Then, the boundary of the solid region, ∂S, is effectively just I , the interface. However, the bottom

circle of the liquid region cannot be eliminated with this approximation, since it is always close.

Instead, it is first noted that due to smoothness and symmetry the normal derivative of the perturbed

temperature ∂
∂n
Ũ1 on the circle is zero, eliminating one of the two terms in the integral. The other

term is eliminated by modifying the fundamental solution such that its normal derivative ∂
∂n

Φ is

zero at z = 0. This is done by adding on another fundamental solution term with its source point
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mirrored across the z = 0 plane (method of images).

Φ∗(X̃, Ỹ , Z̃, X̃0, Ỹ0, Z̃0) = Φ(X̃, Ỹ , Z̃, X̃0, Ỹ0, Z̃0) + Φ(X̃, Ỹ , Z̃, X̃0, Ỹ0,−Z̃0) (3.172)

The boundary integral equations now become:

1

2
Ũ1I(S̃0, θ0) =

�
I

Ũ1I(G̃(θ), θ)
∂

∂n
Φ∗(G̃(θ), θ, φ, S̃0, θ0, φ0)−

∂

∂n
Ũ1L(G̃(θ), θ)Φ∗(G̃(θ), θ, φ, S̃0, θ0, φ0)

(3.173)
1

2
Ũ1I(S̃0, θ0) =

�
I

−Ũ1I(G̃(θ), θ)
∂

∂n
Φ∗(G̃(θ), θ, φ, S̃0, θ0, φ0)+

∂

∂n
Ũ1S(G̃(θ), θ)Φ∗(G̃(θ), θ, φ, S̃0, θ0, φ0)

(3.174)

Adding them together gives:

Ũ1I(S̃0, θ0) =

�
I

vn(θ)Φ∗(G̃(θ), θ, φ, S̃0, θ0, φ0) (3.175)

where

vn(θ) ≡ ∂

∂n
Ũ1S(G̃(θ), θ)− ∂

∂n
Ũ1L(G̃(θ), θ) (3.176)

is a quantity proportional to the normal velocity of the solid-liquid interface, according the energy

balance condition. A boundary element method is implemented as follows. The solid-liquid inter-

face curve is divided into n discrete sections, each being a linear function S̃i(θ) in the spherical

radial coordinate which interpolates between the numerical values at the nodes. Each section is

centered at each node, with the two ends points lying halfway between the adjacent nodes. For the

first and last nodes at θ = 0 and θ = π/2, the sections are half the size, terminating at the end

points. For each section, an equation is generated by placing the source point for the fundamental

solution at the center point of that section’s curve and taking φ = 0 (a point on the y = 0 plane).

It is approximated that the value of ∂
∂n
Ũ1 is constant across each section as θ varies slightly (as φ

varies in each section, these values are exactly constant due to axisymmetry). Then, the value of

vn is also constant across each section. Then, there is a vector of n unknown values vin which must
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be solved for with the n equations generated from each placement of the fundamental solution

source point. The perturbation G̃1(θ) is represented as a vector of n values g1. The n values of

the interface temperature Ũ1(θ) are obtained by applying a discretized matrix form of the linear

operator that is the RHS of (3.167). This matrix is here denoted Ũ1. For a section with index i, the

discretized boundary integral equation (3.175) then becomes:

Ũ1ijg1j =
∑
j=1,n

vnj

� θjmax

θjmin

� 2π

0

Φ∗(S̃j(θ), θ, φ, S̃i0, θ
i
0, 0)S̃j(θ) sin(θ)

√
(S̃j(θ))2 + (S̃j′(θ))2dφdθ

(3.177)

Ũ1ijg1j =
∑
j=1,n

Bijvnj (3.178)

where B is the matrix containing the values of each integration for fundamental source location i

and integrated boundary section j. The integrations are performed numerically. For sections where

the integrand has a singularity due to the source point lying on the integrated region, the numerical

integration still gives the correct result, since the singularities are weak and convergence of the

integral exists regardless of the manner in which the limit is taken. The normal velocity is then

solved for as:

vni =
∑
j=1,n

∑
k=1,n

(B−1)ijŨ1jkg1k (3.179)

vni =
∑
j=1,n

Mijg1j (3.180)

where B−1 is the inverse matrix of B and M is the matrix multiplication B−1U1. The normal

velocity is related to the time dependence of the perturbation as (taking φ = 0, which is arbitrary

since vn is axisymmetric):

vn = (
∂

∂t
G1(θ, t))

G̃0(θ)

((G̃0(θ))2 + (G̃′0(θ))
2)−1/2

(3.181)

After the inverse of the additional factor in the RHS of (3.181) is factored in the matrix M , the

relationship between the growth rate of the perturbation and the perturbation itself can be expressed
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directly:
∂

∂t
g1i =

∑
j=1,n

Mijg1j (3.182)

For perturbations which are eigenvectors of M , the growth rate of that perturbation is proportional

to the perturbation function by a factor of the eigenvalue σ and will grow exponentially as

G̃1(θ, t) = eσtG̃1(θ, 0) (3.183)

Therefore, eigenvectors with positive eigenvalues represent unstable modes, and eigenvectors with

negative eigenvalues represent stable modes. For the results presented here, 100 nodes are used for

computing both the base nucleus shape G̃0(θ) and the perturbation function M .

The eigenvalues and eigenvectors are computed across values of α ranging from 0 to the critical

α = 2/27. 100 nodes are spaced evenly between θ = 0 and θ = π/2 used for the discretization

(less than the number used for solving for the nucleus shape, because of the increase in compu-

tational complexity). The values of the base nucleus shape g0 are obtained by interpolating the

previously solved nucleus shape values.

Figure 3.10: (Left) The magnitude of the only positive eigenvalue of M as a function of α. (Right)
Least negative eigenvalue of M as a function of nucleus aspect ratio (AR) for highly elongated
critical nucleus states.

For α = 0, the case of uniform temperature, the expected result is found: There is only one

eigenvector with a positive eigenvalue, and that eigenvector is a uniform function, corresponding to
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an increase or decrease in the spherical nucleus radius. This matches the expected behavior of the

critical nucleus being unstable to changes in size. All other eigenvectors are nonuniform wave-like

perturbations, and have negative eigenvalues of magnitude which increases with increasing wave

number. These modes are stable because of the resistance to the increase in interfacial surface

area, and therefore interfacial energy, caused by the oscillations. For all values of α tested here

in the range 0 < α < 2/27, the eigenvectors and eigenvalues follow a similar pattern to the

uniform temperature case, even when the nucleus is highly elongated. There continues to be only

one unstable mode, corresponding to further growth or shrinkage of the liquid region. Unlike

the uniform temperature case, the unstable mode is greater in magnitude at θ = 0 then at θ =

π/2, because it is favored for the nucleus to increase its elongation when it grows, or decrease

its elongation when it shrinks, rather than have uniform scaling. The magnitude of the unstable

eigenvalue approaches zero as α approaches 2/27, as is shown in Figure 3.10. This is consistent

with the fact that the nucleus shape is in a rough sense (although not at the end caps) approaching

the outer cylinder, and the outer cylinder is completely stable. The other stable eigenmodes again

correspond to oscillations of higher wavenumber. The least negative eigenvalue, the one most

likely to correspond to an instability, does not appear to become positive with high aspect ratios.

Instead, the magnitude of the eigenvalue gradually approaches zero at a decreasing rate as aspect

ratio increases. This trend is shown in Figure 3.10. Also, the second to least negative eigenvalue

(not shown) follows the same trend.

The fact that none of these negative eigenvalues become positive at higher aspect ratios shows

that there is no evidence from this linear stability analysis of a Rayleigh-like instability of the

elongated nuclei. A Rayleigh instability is when a cylindrical region of material is favored to

decay into a series of spheres, due to the collection of spheres having lower total surface area than

the initial cylinder. When a stability analysis is performed on the cylinder, perturbation modes

with wavelengths which correspond to the radius of the spheres are found to be unstable, and it is

these modes which drive the process of the initial decay of the cylinder. In the case of the linear

stability analysis performed here, despite the fact that some of the eigenvectors have wavelengths
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which could correspond to break up of the elongated nucleus into spheres, these eigenvectors have

negative eigenvalues and are therefore stable. However, it is noted that a higher order stability

analysis could possibly reveal other nonlinear effects not seen here, so the possibility of a Rayleigh-

like instability is not fully ruled out. If it is the case that there is no instability, a likely explanation

is that these highly elongated nuclei are protected from the Rayleigh instability for the same reason

as the outer cylinder: the effect of the nonuniform temperature distribution outweighs the decreases

in surface energy that would result from the elongated nucleus breaking into spheres.

Finally, it is noted that it is interesting to compare whether or not the closed liquid region

solutions exist as part of a saddle-node bifurcation, as was the case in the spherically symmetric

PCM model. Earlier, we noted that the inner and outer liquid cylinder solutions together seem

to behave in a manner similar to a saddle-node bifurcation. Is it the case that pairing the closed

liquid region solutions with the outer cylinder solution could also be viewed as a saddle-node bi-

furcation? At the critical value α = 2/27, the inner closed liquid region solution elongates and

approximately ”merges” with the outer cylinder solution class. Additionally, the closed liquid re-

gion solution is unstable whereas the outer cylinder solution is stable, another feature in common

with a saddle-node bifurcation solution branch pair. However, although the closed liquid region

solutions disappear at the critical point α = 2/27, the outer liquid region solution does not disap-

pear, instead disappearing at α = 4/27. In a true saddle-node bifurcation, both solution branches

should merge and then disappear at the same time. Therefore, we can conclude that the closed

liquid region solution does not form part of a saddle-node bifurcation.
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Chapter 4

Impact of solid-liquid interfacial

thermodynamics on RESET scaling
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4.1 Comparisons of device scaling behavior

In this chapter, RESET performance is explored as a function of device scale. The models

used in this analysis are the complete GT (Gibbs-Thomson) and BM (bulk-melting) models from

Chapter 2, each with TBR-absent and TBR-present (thermal boundary resistance included) ver-

sions for further comparison. As was the case in Chapter 2, thermoelectric effects and temperature

and phase dependent GST thermal and electrical conductivities are included for all model versions

in this chapter. For the scaling analysis we scale the device isotropically (equally in all directions).

We estimate a condition for a successful RESET step that the quenched amorphous region com-

pletely covers the heater. Given that it has been shown in previous chapters that the melting limit

liquid region size is the maximum for any given voltage, and its size increases monotonically with

increasing voltage, the minimum voltage required for RESET is the minimum voltage at which

the melting limit liquid region completely covers the heater. This voltage is computed numerically

by iteratively approaching the voltage at which the melting limit covers the heater. The iterative

approach is as follows: first, a large voltage is guessed and the melting limit is computed. Then,

if the melting limit extends farther than the heater width by at least 0.2 discretized FiPy cell units

(described in Chapter 2), the voltage is incremented down by a certain large factor. Then, the

melting limit is recomputed. If the melting limit width is less than the heater width, the voltage in-

crement factor is decreased in half and the voltage is incremented downward from the last voltage

by the new increment factor. If the melting limit width is between the heater width and the heater

width plus 0.2 * the cell spacing, then the iterative procedure is successful and the given voltage

is the minimum required RESET voltage. In the GT model, there is additionally the condition

that the cutoff voltage is found to be the minimum required RESET voltage if the cutoff melting

limit width ≥ the heater width. This is using the fact, shown in Chapter 3, that the cutoff voltage

in the GT model is the cutoff for melting to occur, so the point at which the cutoff occurs is the

minimum voltage at which melting will be favored in the system. The cutoff voltage is computed

with a similar iterative procedure, replacing the condition of the melting limit width being greater
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Figure 4.1: Minimum required RESET voltage and corresponding RESET current in TBR-absent
and TBR-present cases as a function of device size specified by GST cell radius (CR) (lower x
axis) and the dimensionless parameter Γ (defined below) (upper x axis), determined by computing
melting limits in the Gibbs-Thomson (GT) model (blue) and in the bulk melting (BM) model
(yellow). a. TBR-absent voltage. b. TBR-absent current. c. TBR-present voltage. d. TBR-present
current.

than the heater width with the condition of whether or not a melting limit solution is found. As

the cutoff voltage is iteratively approached and the voltage increment decreases, the cutoff voltage

is found when the voltage increment becomes smaller than 0.003 * the voltage. We also give a

RESET current comparison by computing the current present at the minimum voltage state.

The minimum required RESET voltage and corresponding current in the BM and GT models

are plotted as functions of GST cell radius (CR) in Figure 4.1, for both the TBR-present and

TBR-absent cases. Dimensionless ratios of values in both the GT and BM models to those in the

BM model are plotted in Figure 4.2. Minimum RESET voltage in the TBR-absent bulk model

is independent of size, a consequence of the lack of length scale present in the model. In the
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Figure 4.2: Dimensionless ratios of minimum required RESET voltages and corresponding cur-
rents of Gibbs-Thomson (GT) (blue) and bulk (BM) (yellow) models to those in the BM model.
(BM model ratio values are naturally 1.0). a. TBR-absent voltage. b. TBR-absent current. c.
TBR-present voltage. d. TBR-present current.

TBR-absent GT model, minimum required RESET voltage begins to increase significantly (>10%)

relative to the BM model as the cell radius decreases below ≈ 20 nm. Divergence accelerates

with decreasing size and the voltage tends to ∞ as the cell size approaches zero. This result

can be understood using geometric analysis. The average radius of the approximately spherical

amorphous region needed for RESET is AR (amorphous radius) = 0.40·CR. The Gibbs-Thomson

condition becomes: T ≈ Tm(1 + 2(γ/L)AR−1) = Tm(1 + 2κ) where κ ≡ (γ/L)/AR, i.e. the

ratio of the capillary length scale (γ/L) = 0.96nm to the amorphous radius. For the BM model

(and the large scale limit κ = 0) T = TBM ≡ Tm. Volumetric Joule heating density is proportional

to V 2, causing temperature in the TBR-absent case to be roughly proportional to V 2, implying

T/TBM ≈ V 2/V 2
BM . Combining gives V 2/V 2

BM ≈ 1 + 2κ, V/VBM ≈ (1 + 2κ)1/2 ≡ Γ. In Figure
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4.2 (a), Γ = (1 + 2κ)1/2 is plotted (blue dashed line) in the TBR-absent V/VBM plot and shown to

be a close predictor of the ratio. It is seen that the unbounded RESET voltage is a consequence of

unbounded κ and Γ.

In Figure 4.1 the TBR-absent BM model RESET current is shown to scale linearly with cell

radius, a consequence of the fact that device resistance Σ scales as ∼1/CR, while in Figure 4.2

the ratio of GT current to BM current is shown to obey a similar diverging trend as with voltage.

Assuming the device electrical resistance Σ is approximately the same between the BM and GT

models, inserting V = IΣ into the expression V/VBM gives V/VBM = I/IBM = Γ. Γ is plotted

(blue dashed line) in the TBR-absent I/IBM plot and again shown to be a close predictor of the

ratios.

TBR-present results show the added effect of relative reduction of voltage/current increasing

with downscaling, seen isolated in the BM TBR-present model. This trend is counteracted in

the GT model resulting in increasing voltage required for CR <= 10nm. Dimensionless voltage

and current GT/BM ratios are greater in the TBR-present case than the TBR-absent case, so Γ

under-predicts for the TBR-present case. This may be due to the geometric impact of TBR on the

temperature distribution, as well as 1/T temperature dependence of TBR coefficient values. (Other

effects not included in the Γ simplification include temperature dependence of bulk properties and

thermoelectric effects.)

4.1.1 The limits of superheating

The trends predicted by the Gibbs-Thomson model in this research have used magnitudes of

GST temperature that are arbitrarily high, going up to 100% of the bulk melting temperature or

higher. However, it was noted in the previously mentioned review of superheating in crystals

[24] that there are theoretical temperature limits beyond which the stability of the superheated

crystal is expected to become broken. In a paper by Tallon [63] multiple of these ”catastrophic

limits” are described in a theoretical model of aluminum. (Figure 4.3) First, raising temperature

beyond the point of equal entropies of the liquid and crystal phase would create a ”paradox” in

91



Figure 4.3: Theoretical temperatures of instabilities of crystalline aluminum, taken from [63]. The
’S’ superscript refers to the point of equal entropies of the liquid and crystalline phases, the ’V’
superscript the point of equal volumes, and the ’r’ superscript the point of vanishing shear modulus
(rigidity).

which the entropy of the disordered liquid phase is less than the crystalline phase. At a lower

temperature, the point of equal volumes of the phases has also been predicted as an instability.

And additionally, there is the temperature of vanishing shear modulus of the crystalline phase

which causes a mechanical instability. If equivalent limits for the GST crystal are anything similar

to this case, then the additional temperature due to the Gibbs-Thomson condition would possibly

be limited to around 35% of the bulk melting temperature or lower.

At first glance, this would seem to imply that the Gibbs-Thomson model scaling trends seen in

Figure 4.1 would be ”cut off” at a certain point once ”automatic melting at the catastrophic limits”

is factored into the model. However, there are uncertain factors here which require more research.

First, time-dependence: how long would these instabilities take to actually initiate, propagate, and
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destroy the crystalline order? This is relevant given that the voltage pulses in PCM devices have

durations on the scale of nanoseconds, so the melting must occur fast enough to be within that

time frame. Also, a solid-liquid interface would nonetheless be present in the inhomogeneous-

temperature PCM device even if the central region was melted via these instabilities. What role

would it play then, and would a Gibbs-Thomson criterion still apply?

4.2 Impact on device design

For the conventional PCM design, the mathematical trend of linear required current as a func-

tion of size predicted by the TBR-absent BM model, and by all models in the large-scale limit, is

consistent with existing trends at larger size scales (>20 nm), as described in the reviews of Fong

et al.[2] and Kim et. al. [1]. TBR-absent and TBR-present current/voltage GT/BM ratios show a

scaling impact due to the GT effect which becomes highly unfavorable at sufficiently small sizes.

RESET energy cost (not computed here) is the time-integral of current · voltage. Multiplying cur-

rent and voltage GT/BM ratios gives 51% and 20% increases in the TBR-absent case and 81% and

26% increases in the TBR-present case at CR = 10nm and CR = 20nm, respectively, showing a

substantial potential impact on RESET energy at small scales.

From a design standpoint, GT/BM ratios give the multiplicative impact on performance which

could be made from optimizations which reduce or reverse the GT effect. The use of wider heaters

to generate regions of nearly one-dimensional temperature profiles and nearly flat solid-liquid in-

terfaces could reduce the relative impact of the GT effect. However, wider heaters are less energy-

efficient, which is why conventional designs limit the heater size to a small fraction of the total

width of the device. Another potential design would melt the entire GST region during RESET,

the final melted state having no solid-liquid interface at all. In ”confined” designs [2] the entire

GST is melted, typically with a thin heater the same width as the GST region. However, an inter-

face would still be present during the intermediate melting process. And, this class of design is also

less energy efficient when the entire GST region is melted. For both of these design classes, ideal-
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ized designs would balance the higher energy requirement for the melting of a larger sized liquid

pool against the expense of an increased interface curvature and thus higher melting temperature

associated with a smaller liquid pool.

Possibly the most effective design for reducing the performance impact due to the GT effect

would invert the target configurations of the crystalline and amorphous regions, as is the case in the

CNT-electrode design in [11] by Xiong et. al. (shown in Fig. 1 and 2 in [11]), where the RESET

state is fully amorphized and the SET state is partially crystallized, resulting in a melting process

in which a roughly-cylindrical region of crystal GST is melted from the outside in, and the solid-

liquid interface has negative curvature. Then the solid-liquid interfacial equilibrium temperature

would be lower than the bulk melting point. While this type of design has not been simulated here,

it is reasonable to guess that this design avoids the negative performance impact, and possibly

creates a positive impact by reducing the required RESET current and voltage increasingly as the

size scale diminishes.
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Chapter 5

Conclusion

95



A model of phase change memory (PCM) RESET melting in a conventional PCM design is

developed in which local interfacial equilibrium is imposed at the solid-liquid GST interface by

application of the Gibbs-Thomson equation. The model with the Gibbs-Thomson effect (”GT”) is

compared to a ”bulk” model (”BM”) in which the bulk equilibrium melting temperature Tm defines

the solid-melt interface and no capillary effects included.

At constant voltage, with the Gibbs-Thomson effect included, two classes of steady state so-

lutions are discovered. The steady states having largest liquid volume are denoted the ”melting

limit” solutions and represent final liquid regions achieved after the voltage has been turned on

and held indefinitely. The steady state solutions having smaller liquid volumes represent a mini-

mum threshold size for the stable co-existence of solid and liquid GST phases and are called the

”nucleus” solutions. There is also a critical voltage at which the size of the nucleus liquid region

coincides with the size of the melting limit solution. Below this voltage all steady state solutions

cease to exist.

A linear stability analysis is performed on the steady state solution branches calculated from the

nonlinear model of a PCM device valid during the RESET operation melting process. The analysis

is carried out under the assumption that the thermal and the electrical conductivities of the solid

and liquid phases are equal and uniform, and ignoring thermoelectric effects and thermal boundary

resistance. The analysis shows that the melting limit state is linearly stable under all conditions.

The nucleus solution branch is unstable for any set of conditions in which the liquid pool forms.

The unstable eigenmode corresponds to the mode that is approximately evenly shaped along the

surface of the liquid pool and therefore has relatively less liquid-solid interface area than the other

eigenmodes. The least stable (but still stable) eigenmode in the melting limit solution is also the

one with the minimum surface area. Other eigenmodes in both solution branches have increas-

ingly more oscillations and hence increasingly more negative eigenvalues reflecting an increasing

amount of surface energy effect associated with the perturbation. The unstable eigenfunction rep-

resents a liquid region dilated to a size slightly larger or smaller than the nucleus steady state shape

and which will then continue to grow larger for a positive signed eigenfunction or shrink for a

96



negative eigenfunction. Since the numerical results show that the melting limit is the only other

steady state solution, the unstable liquid pool will continue to grow until the shape of the liquid

pool reaches the melting limit. Thus, the melting limit is a local stable fixed point. On the other

hand, the shrinking pool of the nucleus solution branch will continue to shrink until it disappears.

In this way the unstable nucleus branch exhibits dynamics entirely similarly to an unstable critical

nucleus as given by classical nucleation theory. This conclusion is supported by the fact that in a

spherically symmetric approximation model of the PCM device, the termination point of the nu-

cleus solution branch as the system becomes isothermal is the actual classical nucleation solution

of a spherical liquid pool in an isothermal superheated solid. A stability analysis is also performed

in this spherically symmetric model, showing that the stability characteristics of the nucleus and

melting limit states are identical to the numerical device model for the maximum eigenvalue mode.

A time-dependent numerical solution of the melting process in the spherically symmetric model is

also computed, showing the radius of the liquid region evolving from the nucleus to the melting

limit, confirming the dynamical properties implied by the stability analysis. Finally, for the linear

stability analysis in both the non-spherical device model and the spherically symmetric model the

cutoff voltage is calculated, below which there are no steady state solution branches. At the critical

voltage the maximum eigenvalues of the melting solution and the nucleus solution converge to zero

and the sizes and shapes of the two solution branches meet at the cutoff point. In the quasi-static

regime, we can conclude that the cutoff voltage is a cutoff for melting to occur in the system. The

cutoff point is concluded to be an example of a saddle-node bifurcation for both the spherically

symmetric model and the non-spherical device model. A similar analysis is also performed on a

cylindrically symmetrical PCM model system, showing a nucleus state which becomes increas-

ingly elongated with increasing non-isothermality as the cutoff point is approached. However, the

nucleus state does not exhibit a Rayleigh-like instability, likely due to the stabilizing influence of

the non-uniform temperature field.

Returning to the realistic device model case, the melting limit solution class is the only steady

state exhibited by the BM model. For both BM and GT models, the melting limit solution is used to
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compute the minimum required RESET voltage and corresponding current as a function of device

size, scaled isotropically. Numerical results show that for the conventional device configuration,

the impact of the Gibbs-Thomson effect is to increase minimum voltage and current requirements

by an amount that increases significantly as device size decreases, accelerating as device size ap-

proaches zero. This behavior is represented by the scaling relation VGT/VBM ≈ (1 + 2κ)1/2 ≡ Γ,

where VGT and VBM are the required RESET voltages (or currents) and κ is the ratio of the capil-

lary length to the required amorphous radius. Both the cases with and without thermal boundary

resistance (TBR) have been investigated and it was observed that the ratios of the reset currents

and voltages in the two models have similar scaling behaviors.

These results show that the Gibbs-Thomson model has negative consequences for the down-

scaling of a conventional PCM design. However, a modified design in which the SET state is

partially crystallized and surrounded by amorphous GST may result in a lower, rather than higher,

interfacial melting point and thus could avoid or even reverse the above trend. As this model

correctly includes interfacial conditions existing at a crystal-melt (phase-change) interface, results

gained from this approach are a baseline for comparison with future modeling efforts of the time-

dependent liquid phase formation that include influences of defects and/or the time-dependent

nucleation process.
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