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Addition to the conventional hemodialysis, a protein-bound uremic toxins process device is 

designed. To better understand the mechanism of this novel device, we build a fixed-bed 

adsorbent column model to simulate this process. Also, we build a compatible hemodialysis 

model with Python language. This hemodialysis model consists of a three-compartment patient 

model, a dialyzer model and toxin removal unit models where the PBUTs adsorption model can 

be plugged in. With these models, the effect of various parameters affecting adsorption process 

are discussed in detail. 
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Chapter 1. INTRODUCTION 
 

1.1 FIXED BED ADSORBENT COLUMN 
 

Conventional hemodialysis is a widely accepted therapy in kidney diseases. The massive 

difference between the concentration of uremic toxins in plasma and in dialysate leads to a large 

enough osmotic pressure and this will provide a rapid diffusion through the membrane. However, 

the conventional hemodialysis is less efficient in case of removing protein-bound uremic toxins 

(PBUTs). These toxins are bound to proteins in a high level, such as indoxyl sulfate (IS) and p-

cresyl sulfate (pCS) have 90-98% bind to albumin [1], thus few free molecules remain in plasma 

and decrease the concentration gradient. For healthy person, the combination of protein-bounding 

mechanism and tubular secretion can reduce the unbound concentration. However, the uremic 

syndrome leads to the accumulation of PBUTs, e.g. IS and pCS are 116-fold and 41-fold greater 

compared to normal subjects. As a comparison, the predialysis concentration of urea is only 5-fold 

[2].  

 Several methods have been applied to improve the clearance of middle molecular weight 

molecules and PBUTs. Hemodiafiltration (HDF) combines convection and diffusion and shows 

superior effect on removal of p-cresol [3]. Dilution, higher temperature and increasing ionic 

strength have positive influence on indoxyl sulfate clearance since equilibrium is shifted to 

unbinding [4]. Adsorption onto synthetic membranes and microporous adsorbents enhance the 

elimination at high adsorption level [5]. Competitive displacer such as ibuprofen, furosemide and 

tryptophan can compete with PBUTs when binding to albumins [6]. Center for dialysis innovation 

at University of Washington designed a portable dialysis device, including a plug-in PBUTs 

processing device. Thus, we adopt fixed bed adsorption column model as the PBUTs removal part 

of the new device. To better understand the clearance of toxins, we build a mathematical kinetic 

model to demonstrate breakthrough curves. 
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Figure 1. Schematic diagram showing plasma flow through fixed-bed adsorbent column 

 

1.2 MODULAR HEMODIALYSIS MODEL 
 

We are also interested in developing an expandable mathematical model simulating both patient 

and dialyzer. Maheshwari et al. reported a comprehensive hemodialysis model composed of a 

three-compartment patient model and a dialyzer model [7]. This proposed model is specially 

designed for protein-bound molecules. Compared to the conventional two-compartment patient 

model, it considers the unequal distribution of albumin in intracellular, interstitial and plasma 

compartment. This character of protein leads to the unique distribution of PBUTs. As for urea, this 

small molecular weight toxin does not bind to protein, so a two-compartment model can well 

describe the distribution of urea in physiological compartments [8]. We use Python language to 

build a modular hemodialysis model based on three-compartment patient model. This model has 

compatibility of two-compartment model when simulating urea clearance and expandability of 

various toxins processors. 
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Figure 2. Block diagram of the hemodialysis model. Including a three-compartment model, a 

dialyzer model and toxin removal unit models 

 

Chapter 2. MATHEMATICAL MODELING 
 

2.1 FIXED-BED ADSORBENT MODEL 
 

This packed bed adsorption model is described by three diffusion equations, and all of them are 

solved by numeric method. Based on this mathematical model, breakthrough curve and 

concentration versus length curve can be predicted. Also, we are interested in the change of curves 

regarding to different parameters. Finally, the most appropriate values of the parameters will be 

adopted and be used in further study. To solve these governing equations, there are some 

assumptions [9]: 

 

1. Axial dispersion is negligible in this system. 

2. Velocity of the flow remains constant. 

3. There is no concentration gradient in the radical direction in bulk fluid.  

4. The particles are spherical and identical in size and weight. 

5. The Linear Driving Force (LDF) model is adopted to express intrapellet diffusion rate with 

concentration in solid phase. 
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6. The optimal isotherm model is Langmuir model, but linear model can also be used in this 

dilute system. 

 

With the above assumptions, the governing equation of free toxin, unbinding protein and binding 

protein along with initial conditions can be written: 

 

Fluid phase mass balance 

δ𝑐𝑇

δ𝑡
+

(1 −  𝜀)

𝜀
ρ

𝑠

δ𝑞̅

δ𝑡

106

𝑀
+ 𝑢

δ𝑐𝑇

δ𝑧
= 𝑘𝑜𝑛𝑐𝑃𝑐𝑇 − 𝑘𝑜𝑓𝑓𝑐𝑃𝑇 (2.1.1) 

δ𝑐𝑃

δ𝑡
+ 𝑢

δ𝑐𝑃

δ𝑧
= 𝑘𝑜𝑛𝑐𝑃𝑐𝑇 − 𝑘𝑜𝑓𝑓𝑐𝑃𝑇 (2.1.2) 

δ𝑐𝑃𝑇

δ𝑡
+ 𝑢

δ𝑐𝑃𝑇

δ𝑧
= −𝑘𝑜𝑛𝑐𝑃𝑐𝑇 + 𝑘𝑜𝑓𝑓 𝑐𝑃𝑇 (2.1.3) 

 

Where 𝜀 is the void factor and ρ
𝑠
 is the density of adsorbent. 

In the equation (2.1.1), the first item represents the toxin concentration in fluid phase. The next 

item is the amount of toxin adsorbed by MIPs. Then the item containing velocity represents the 

convective mass transfer. And the right side of the equation is the reaction rate of toxin-protein 

bound.  

Initial and boundary conditions  

𝑐|𝑡=0,𝑧>0 = 0 (2.1.4) 

𝑐|𝑡≥0,𝑧=0 = 𝑐𝑖𝑛 (2.1.5) 

 

The rate of solid loading is represented by LDF model 

δ𝑞̅

δ𝑡
= 𝑘𝑒(𝑞𝑠 − 𝑞̅) (2.1.6) 

 

Where 𝑘𝑒 is the intrapellet diffusion kinetic coefficient, 𝑞𝑠 is the solid face concentration in the 

surface of adsorbent particle and 𝑞̅ is the average concentration of the toxin. In most case, the 

diffusion coefficient can be expressed by solid diffusion coefficient 𝐷𝑠 and the radius of particles 

𝑅. 

𝑘𝑒 =
15𝐷𝑠

𝑅2
(2.1.7) 
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The concentration gradient in the interface region between fluid phase and MIPs may not be 

neglected, so the external mass transfer is given by 

δ𝑞̅

δ𝑡
=

3𝑘𝑓

𝑅
(𝑐𝑏 − 𝑐𝑠) (2.1.8) 

 

Where 𝑘𝑓 is the mass transfer coefficient, 𝑐𝑏 is the bulk concentration and 𝑐𝑠 represents the 

concentration at the fluid-adsorbent interface. 

 

Figure 3. Adsorption process of an adsorbent particle [30] 

 

As far as the system is in equilibrium state, the 𝑐𝑠 and 𝑞𝑠 can be obtained by using isotherm models. 

There are two kinds of isotherm model suit for numerical method – linear isotherm  

𝜌𝑠𝑞𝑠 = 𝐻𝑐𝑠 (2.1.9) 

 

where 𝐻 is similar to Henry’s constant,  

and Langmuir isotherm (Figure 4) 

𝑞𝑠 = 𝑞𝑚𝑎𝑥 ∙
𝐾𝑐𝑠

1 + 𝐾𝑐𝑠

(2.1.10) 

 

where 𝑞𝑚𝑎𝑥 is the capacity of the adsorbent and 𝐾 is the Langmuir isotherm parameter.  

Differentiate 𝑞𝑠 with surface concentration 𝑐𝑠 

𝑑𝑞𝑠

𝑑𝑐𝑠
=

𝑞𝑚𝑎𝑥𝐾

(1 + 𝐾𝑐𝑠)2
(2.1.11) 
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When the dialysate is a dilute solution for free toxin, the equation (2.1.11) can be regarded as a 

constant 𝑞𝑚𝑎𝑥𝐾. Which means in a dilute solution, the linear isotherm and the Langmuir isotherm 

are equivalent, where 𝐻 = 𝜌𝑠 ∙ 𝑞𝑚𝑎𝑥 ∙ 𝐾. However, to obtain a better accuracy, the Langmuir 

isotherm outweighs the other one.  

 

Figure 4. Linear Isotherm and Langmuir Isotherm 

 

Combine equation (2.1.6), (2.1.7) and (2.1.8) to solve 𝑞𝑠 with measurable 𝑐𝑏 

𝑞𝑠 − 𝑞̅ =
𝐵𝑖

5𝜌
(𝑐𝑏 − 𝑐𝑠) (2.1.12) 

 

where 𝐵𝑖 =
𝑘𝑓

𝑅𝐷𝑠
 is Biot number. 

Then differentiate equation (2.1.12) with time for both sides [10] 

𝑑𝑞𝑠

𝑑𝑡
−

𝑑𝑞̅

𝑑𝑡
=

𝐵𝑖

5𝜌
(

𝜕𝑐𝑏

𝜕𝑡
−

𝑑𝑐𝑠

𝑑𝑞𝑠
∙

𝑑𝑞𝑠

𝑑𝑡
) (2.1.13) 

 

Rearrange equation (2.1.13) and substitute with equation (2.1.10) 

𝜕𝑞𝑠

𝜕𝑡
=

3𝑘𝑓

𝑅𝜌 (𝑐𝑏 −
𝑞𝑠

𝐾(𝑞𝑚𝑎𝑥 − 𝑞𝑠)
) +

𝐵𝑖
5𝜌

𝜕𝑐𝑏

𝜕𝑡

1 +
𝐵𝑖
5𝜌

∙
𝑞𝑚𝑎𝑥

𝐾(𝑞𝑚𝑎𝑥 − 𝑞𝑠)2

(2.1.14) 
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Equation (2.1.14) can also be solved by numerical method, and in this way, 𝑞𝑠 in each step will be 

obtained. 

 

Table 1. Nomenclature and parameters value for fixed-bed adsorbent column 

Symbol Description Default Value/ Unit 

𝜀 Void faction 0.58 

H Linear isotherm parameter 28 

𝐾 Langmuir isotherm parameter 1 ml/mg 

Q Dialysate flow rate 100 ml/min 

u Dialysate velocity cm/min 

d Column diameter 4 cm 

L Column length 7.6 cm 

𝜌𝑠 Adsorbent density 0.7 g/ml 

𝑞𝑚𝑎𝑥 Capacity 40 mg/g 

𝑅 Particle radius 0.01 cm 

𝑘𝑓 External film mass transfer coefficient 1.510-6 m/s 

𝐷𝑠 Micropore diffusivity 2.510-8 m2/s 

𝑐𝑏 Bulk concentration mg/ml 

𝑐𝑠 Surface concentration in fluid phase mg/ml 

𝑞𝑠 Surface concentration in solid phase mg/g 

𝑞̅ Average concentration in particle mg/g 

𝑐𝑡_𝑖𝑛 Free toxin inlet concentration M 

𝑐𝑝_𝑖𝑛 Unbinding protein inlet concentration M 

𝑐𝑝𝑡_𝑖𝑛 Binding protein inlet concentration M 

𝑘𝑜𝑛 Binding reaction rate 36 min-1・M-1 

𝑘𝑜𝑓𝑓  Decomposition reaction rate 2040 min-1 
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2.2 HEMODIALYSIS MODEL  
 

This three-compartment patient model is governed by a system of seven ordinary differential 

equations [7].  

For intracellular part, the pool volume is considered to be constant 

𝑑(𝑉𝑖𝑐𝐶𝑡,𝑖𝑐)

𝑑𝑡
= 𝐺 − 𝐾𝑖𝑐,𝑇(𝐶𝑡,𝑖𝑐 − 𝐶𝑡,𝑖𝑠) (2.2.1) 

 

Toxin generate in this compartment and transfer into interstitial pool. 

For Interstitial pool, a small amount of fluid will be removed during the dialysis. So, there is 

convective diffusion term in the equations and the volume decrease with time 

𝑑(𝑉𝑖𝑠𝐶𝑡,𝑖𝑠) 

𝑑𝑡
= 𝐾𝑖𝑐,𝑇(𝐶𝑡,𝑖𝑐 − 𝐶𝑡,𝑖𝑠) − 𝐾𝑖𝑝,𝑇(𝐶𝑡,𝑖𝑠 − 𝐶𝑡,𝑝𝑙) − 𝛼𝑄𝑢𝑓𝐶𝑡,𝑖𝑠

+(−𝑘1𝐶𝑝,𝑖𝑠𝐶𝑡,𝑖𝑠 + 𝑘2𝐶𝑝𝑡,𝑖𝑠)𝑉𝑖𝑠 (2.2.2)

 

𝑑(𝑉𝑖𝑠𝐶𝑝𝑡,𝑖𝑠) 

𝑑𝑡
= (𝑘1𝐶𝑝,𝑖𝑠𝐶𝑡,𝑖𝑠 − 𝑘2𝐶𝑝𝑡,𝑖𝑠)𝑉𝑖𝑠 (2.2.3) 

𝑑(𝑉𝑖𝑠𝐶𝑝,𝑖𝑠) 

𝑑𝑡
=  (−𝑘1𝐶𝑝,𝑖𝑠𝐶𝑡,𝑖𝑠 + 𝑘2𝐶𝑝𝑡,𝑖𝑠)𝑉𝑖𝑠 (2.2.4) 

 

Protein and toxin-protein complex will not transfer through membrane so that the concentration is 

only affected by bind-unbind reaction. 

For plasma pool, volume also varies with time. Here, the outlet concentrations are parameters 

governed by dialyzer model 

𝑑(𝑉𝑝𝑙𝐶𝑡,𝑝𝑙) 

𝑑𝑡
= −𝑄𝑝𝐶𝑡,𝑝𝑙 + (𝑄𝑝 − 𝑄𝑢𝑓)𝐶𝑡,𝑜𝑢𝑡 + 𝐾𝑖𝑝,𝑇(𝐶𝑡,𝑖𝑠 − 𝐶𝑡,𝑝𝑙) + 𝛼𝑄𝑢𝑓 𝐶𝑡,𝑖𝑠

+(−𝑘1𝐶𝑝,𝑝𝑙𝐶𝑡,𝑝𝑙 + 𝑘2𝐶𝑡,𝑝𝑙)𝑉𝑝𝑙 (2.2.5)

 

𝑑(𝑉𝑝𝑙𝐶𝑝𝑡,𝑝𝑙) 

𝑑𝑡
= −𝑄𝑝𝐶𝑝𝑡,𝑝𝑙 + (𝑄𝑝 − 𝑄𝑢𝑓 )𝐶𝑝𝑡,𝑜𝑢𝑡 + (𝑘1𝐶𝑝,𝑝𝑙𝐶𝑡,𝑝𝑙 − 𝑘2𝐶𝑡,𝑝𝑙)𝑉𝑝𝑙 (2.2.6) 

𝑑(𝑉𝑝𝑙𝐶𝑝,𝑝𝑙) 

𝑑𝑡
= −𝑄𝑝𝐶𝑝,𝑝𝑙 + (𝑄𝑝 − 𝑄𝑢𝑓)𝐶𝑝,𝑜𝑢𝑡 + (−𝑘1𝐶𝑝,𝑝𝑙𝐶𝑡,𝑝𝑙 + 𝑘2𝐶𝑡,𝑝𝑙)𝑉𝑝𝑙 (2.2.7) 

 

Volume decreases at a constant rate 
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𝑑𝑉𝑖𝑠

𝑑𝑡
= −𝛼𝑄𝑢𝑓 (2.2.8) 

𝑑𝑉𝑝𝑙

𝑑𝑡
= −(1 − 𝛼)𝑄𝑢𝑓 (2.2.9) 

α =
𝑉𝑖𝑠

𝑉𝑖𝑠 + 𝑉𝑝𝑙

(2.2.10) 

 

Although both 𝑉𝑖𝑠 and 𝑉𝑝𝑙 vary from time, it can be easily proved that α is a constant. 

Differentiate equation (2.2.10) with time 𝑡 

𝑑𝛼

𝑑𝑡
=

(𝑉𝑖𝑠 + 𝑉𝑝𝑙)
𝑑𝑉𝑖𝑠

𝑑𝑡
− 𝑉𝑖𝑠

𝑑(𝑉𝑖𝑠 + 𝑉𝑝𝑙)
𝑑𝑡

(𝑉𝑖𝑠 + 𝑉𝑝𝑙)
2  

=
𝑉𝑝𝑙

𝑑𝑉𝑖𝑠

𝑑𝑡
− 𝑉𝑖𝑠

𝑑𝑉𝑝𝑙

𝑑𝑡

(𝑉𝑖𝑠 + 𝑉𝑝𝑙)
2 (2.2.11) 

 

Substitute equation (2.2.8) and (2.2.9) into (2.2.11), we will find  

𝑑𝛼

𝑑𝑡
= 0 (2.2.12) 

 

To get the values of outlet concentrations, we need to solve the dialyzer model. This is a system 

of four partial differential equations 

Blood side 

𝜕𝐶𝑡

𝜕𝑡
= −

1

𝑁𝐴

𝜕

𝜕𝑥
(𝑄𝑝𝐶𝑡) −

1

𝑁𝐴𝐿
(𝛫0𝛢(𝐶𝑡 − 𝐶𝑡,𝑑) + 𝑄𝑢𝑓𝐶𝑡̅)

+(−𝑘1𝐶𝑡𝐶𝑝 + 𝑘2𝐶𝑝𝑡) (2.2.13)
 

𝜕𝐶𝑝𝑡

𝜕𝑡
= −

1

𝑁𝐴

𝜕

𝜕𝑥
(𝑄𝑝𝐶𝑝𝑡) + (𝑘1𝐶𝑡𝐶𝑝 − 𝑘2𝐶𝑝𝑡) (2.2.14) 

𝜕𝐶𝑝

𝜕𝑡
= −

1

𝑁𝐴

𝜕

𝜕𝑥
(𝑄𝑝𝐶𝑝) + (−𝑘1𝐶𝑡𝐶𝑝 + 𝑘2𝐶𝑝𝑡) (2.2.15) 

 

Dialysate side 

𝜕𝐶𝑡,𝑑

𝜕𝑡
=

1

𝑁𝐴𝑑

𝜕

𝜕𝑥
(𝑄𝑑𝐶𝑡,𝑑) +

1

𝑁𝐴𝑑𝐿𝑑
(𝛫0𝛢(𝐶𝑡 − 𝐶𝑡,𝑑) + 𝑄𝑢𝑓𝐶𝑡̅) (2.2.16) 
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Plasma flow through the fibers while dialysate flow through the surrounding area in the opposite 

direction. 𝐶𝑡̅ denotes the toxin concentration inside membranes where convective transfer happens.  

𝐶𝑡̅ = 𝐶𝑡(1 − 𝜑) + 𝐶𝑡,𝑑𝜑 (2.2.17) 

φ =
1

𝑃𝑒
−

1

𝑒𝑃𝑒 − 1
(2.2.18) 

 

where 𝑃𝑒 =
𝑄𝑢𝑓

𝛫0𝛢
 is Péclet number 

During the dialysis, the plasma flow rate decreases along the fiber due to ultrafiltration, while the 

dialysate flow rate increases 

𝑄𝑝(𝑥) = 𝑄𝑝𝑖 −
𝑥

𝐿𝑑
𝑄𝑢𝑓 (2.2.19) 

𝑄𝑑(𝑥) = 𝑄𝑑𝑖 +
𝐿𝑑 − 𝑥

𝐿𝑑
𝑄𝑢𝑓 (2.2.20) 

 

The boundary condition for the first three PDEs is dynamic. The value of inlet concentrations equal 

to the relevant plasma concentrations, which means they vary with time and governed by the 

patient model. 

 

Table 2. Nomenclature and parameters value for hemodialysis model [7].  

Symbol Description Default Value/ Unit 

𝐺 Toxin generation rate mg/min 

𝐾𝑖𝑐,𝑇  

Toxin mass transfer coefficient between intracellular and 

interstitial pool  
ml/min 

𝐾𝑖𝑝,𝑇 

Toxin mass transfer coefficient between interstitial and 

plasma pool 
ml/min 

𝑉𝑖𝑐  Volume of intracellular pool 25.9L 

𝑉𝑖𝑠  Volume of interstitial pool 10.5L 

𝑉𝑝𝑙  Volume of plasma pool 2.4L 
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𝛼 Fraction of interstitial compartment in extracellular fluid - 

𝑘1 Binding reaction rate 36 min-1・M-1 

𝑘2 Decomposition reaction rate 2040 min-1 

𝐶𝑡,𝑖𝑐 Toxin concentration in intracellular compartment M 

𝐶𝑡/𝑝/𝑝𝑡,𝑖𝑠 
Toxin/ protein/ toxin-protein complex concentration in 

interstitial compartment 
M 

𝐶𝑡/𝑝/𝑝𝑡,𝑝𝑙  
Toxin/ protein/ toxin-protein complex concentration in 

plasma compartment 
M 

𝐶𝑡/𝑝/𝑝𝑡,𝑜𝑢𝑡 
Toxin/ protein/ toxin-protein complex concentration flow 

out from dialyzer 
M 

𝑄𝑝/𝑑/𝑢𝑓 Flow rate in blood/ dialysate/ ultrafiltration ml/min 

𝑄𝑝𝑖/𝑑𝑖 Initial flow rate of blood/ dialysate in dialyzer ml/min 

𝐶𝑡/𝑝/𝑝𝑡 
Toxin/ protein/ toxin-protein complex concentration in 

dialyzer 
M 

𝐶𝑡,𝑑 Toxin concentration in dialysate M 

𝛫0𝛢 Dialyzer mass transfer-area coefficient  600 ml/min 

𝑁 Number of fibers 12300 

𝛢 Blood flow area of a single fiber 3.510-4 cm2 

𝐴𝑑 Dialysate flow area around a single fiber 4.0610-4 cm2 

𝐿𝑑 Length of fibers in dialyzer 23 cm 

 

 

Chapter 3. SIMULATION TECHNIQUE 
 

The set of partial differential equation (2.1.1 to 2.1.14) is solved by explicit finite difference 

method. Since the model is regarded as a one-dimensional mass transfer problem, we divide the 

column into several nodes and calculate the concentration on each node from step to step [11]. The 

mathematic algorithm is developed with Python 3.6.8.  
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Table 3. Toxin parameters value [31]. During the simulation, the concentration is normalized. 

So the most common used unit is adopted  

 

As for hemodialysis model, values of outlet concentration (these are parameters rather than 

unknowns) in three-compartment patient model and the boundary conditions for blood side of 

dialyzer model are both time-dependent and determined by each other. Thus, solution to the 

hemodialysis model is also under the concept of explicit finite difference to obtain the values of 

parameters and boundary conditions. However, during each time step, standard solutions are 

applied to these two sets of differential equations. Ordinary differential equations (2.2.1 to 2.2.12) 

are solved with open source Python module Scipy.integrate.solve_ivp [12-25]. Partial differential 

equations (2.2.13 to 2.2.20) are solved with standard PDE solver FEniCS Project [26-29]. This open-

source software provides finite element method programming in Python. In case of urea clearance, 

we do not simulate the removal process. So, we assume 95% urea are successfully removed. In 

case of PBUTs clearance, we adopt fixed-bed adsorbent column as the removal unit. However, 

since protein and toxin-protein complex do not transfer through dialyzer, only toxins flow through 

the column. In this way, the item of reaction rate in equation (2.2.1) is neglected. The solution of 

fixed-bed adsorbent column model provides the boundary condition for dialysate side of dialyzer 

model.  

Toxin Type 
𝐾𝑖𝑐,𝑇  

(ml/min) 

𝐾𝑖𝑝,𝑇 

(ml/min) 

𝑘1 

(min-1・M-1) 

G 

(mg/min) 
C* 

urea Non-PBUT 363 - - 0.0285 10 M 

Indoxyl 

sulfate 
PBUT 103 1210 36 8.17 

0.95 

mg/ml 
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Figure 5. Schematic diagram showing the calculation process in a single time step. Toxin 

removal units are not included. 

 

Chapter 4. RESULT AND DISCUSSION 
 

4.1 EFFECT OF ISOTHERM PARAMETER 

 

The effect of isotherm parameter is shown in Figure 6. During this simulation, we use linear 

equilibrium isotherm to simplify the calculation. Figure 6(a) shows the breakthrough curve is not 

affected by isotherm parameter. However, Figure 6(b) shows by increasing isotherm parameter, 

more toxin will be absorbed. As we discussed in chapter 2.1, linear isotherm is the approximation 

of Langmuir isotherm in dilute solution.  Langmuir isotherm is obtained under the assumption of 

second-order reaction and is defined by the equilibrium constant. So, it suggests that a stronger 

binding between adsorbent and toxin molecules will lead to a larger amount of adsorption. 
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Figure 6. (a) Breakthrough curve and (b) amount of clearance with various of isotherm 

parameters 

 

4.2 EFFECT OF FLOW RATE 

 

The effect of flow rate is shown in Figure 7. The flow rate is considered 50 ml/min, 100 ml/min 

and 200 ml/min respectively. It is shown in Figure 7(a) that breakthrough point appears earlier 

with larger flow rate. Although Figure 7(b) suggests larger flow rate may increase the uptake rate, 

Figure 7(c) shows the total amount of capture remain steady with various of flow rate. 

 

Figure 7. (a) Breakthrough curve and (b) (c) amount of clearance with various of flow rate 

 

4.3 EFFECT OF PARTICLE CAPACITY 

 

The effect of adsorbent capacity is shown in Figure 8. The upper panel of plots show that curves 

are independent with capacity. However, there is no physical meaning in keep H constant. As 

stated above, a constant K suggests the uniform strength of adsorbent binding. Thus, in the lower 

panel we simulate with the identical Langmuir isotherm. They show the particle capacity only 

affect the amount of toxin adsorption. 
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Figure 8. (a) Breakthrough curve and (b) amount of clearance with various of capacity and a 

constant H; (c) Breakthrough curve and (d) amount of clearance with various of capacity and a 

constant K 

 

4.4 EFFECT OF PARTICLE RADIUS 

 

The effect of adsorbent size is shown in Figure 9. There is no significant change in breakthrough 

curve with different radius. But in Figure 9(b), that uptake rate is affected by various radius and 

the final amount of adsorption seems to remain constant. It may be explained that the smaller the 

particle, the larger the specific surface area, which leads to a faster adsorption.  
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Figure 9. (a) Breakthrough curve and (b) amount of clearance with various of particle radius 

 

4.5 EFFECT OF COLUMN LENGTH 

 

The effect of column length is shown in Figure 10. Apparently, breakthrough point appears later 

in a longer column. Also, a longer column contains more adsorbent and will eventually adsorb 

more toxin molecules. 

 

Figure 10. (a) Breakthrough curve and (b) amount of clearance with various of column length 

 

4.6 EFFECT OF EXTERNAL FILM MASS TRANSFER COEFFICIENT 

 

The effect of external film mass transfer coefficient kf is shown in Figure 11. The result shows a 

similar influence as the effect of particle radius. The external mass transfer coefficient is estimated 

with the following correlation [32] 
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𝑆ℎ =  
2𝑘𝑓𝑅

𝐷𝑚
= 2 + 1.1𝑆𝑐

1
3𝑅𝑒0.6 (4.6.1) 

Where Sh is Sherwood number, Sc is Schmidt number and Re is Reynolds number. 

It suggests that external film mass transfer coefficient can be affected by adsorbent radius, toxin 

molecular diffusivity and fluid viscosity, which can be adjusted by developing different adsorbent 

materials. 

 

Figure 11. (a) Breakthrough curve and (b) amount of clearance with various of kf 

 

4.7 RESULT OF UREA AND INDOXYL SULFATE SIMULATION 

 

The unequal distribution of toxins in each compartment can be observed in Figure 12. For indoxyl 

sulfate, the concentration in plasma drops the most. For urea, concentration in plasma and 

interstitial pools are identical. These simulations are displayed with the same hemodialysis model 

but different toxin properties and toxin removal unit models. 

 

Figure 12. (a) free IS concentration in three compartments, (b) total IS concentration in 

plasma and interstitial compartment, (c) urea concentration in three compartments 
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Chapter 5. CONCLUSION 

 

A fixed-bed adsorbent column model is developed and solved with numeric method. This model 

can also be plugged into a compatible hemodialysis model. Furthermore, Effects of various 

parameters on breakthrough curve and adsorption curve are discussed. We observe that the flow 

rate and the length of column will affect the breakthrough curve. Also, Isotherm parameter, particle 

capacity and the length of column will affect the amount of adsorption. Flow rate as well as the 

radius of particle and external film mass transfer coefficient only affect the uptake rate. 
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