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Efficiently extracting information from data sets is at the core of modern scientific com-
puting and data-driven discovery. Modeling and algorithm design thus become crucial for
research in many scientific and engineering domains. We develop formulations that fuse
physics-based and data-driven models, use robust statistics to integrate information from
noisy sources, and enforce the solution structure to incorporate domain knowledge. These
formulations are mathematically challenging, as non-smooth structure and non-convex geom-
etry make algorithm design and analysis difficult. The technical thrust of the research targets
these non-convex, non-smooth problems to obtain provably convergent efficient methods.

To help solve fundamental problems in science and engineering, we develop and implement
methods in the context of specific applications, including phase retrieval, data decomposition,
dynamic inference, and brain imaging. We have developed open source software packages,
and shared them with our collaborators and the broader research community via GitHub.
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Chapter 1

INTRODUCTION

Efficiently extracting information from data sets is at the core of modern scientific com-
puting and data-driven discovery. Modeling and algorithm design thus become crucial for
research in many scientific and engineering domains. We develop formulations that fuse
physics-based and data-driven models, use robust statistics to integrate information from
noisy sources, and enforce the solution structure to incorporate domain knowledge. These
formulations are mathematically challenging, as non-smooth structure and non-convex geom-
etry make algorithm design and analysis difficult. The technical thrust of the research targets
these non-convex, non-smooth problems to obtain provably convergent efficient methods.

To help solve fundamental problems in science and engineering, we develop and implement
methods in the context of specific applications, including phase retrieval, data decomposition,
dynamic inference, and brain imaging. We have developed open source software packages,
and shared them with our collaborators and the broader research community via GitHub.

In the following, we give a brief introduction of the content and map main body of the
thesis. We separate the thesis into methodological contributions (optimization algorithms),
new robust models, and numerous applications that make use of the new models and fast
methods to fit them.

1.1 Optimization Algorithms

Two key methodological contributions are intertwined with all of the applications presented
in this thesis. First is the relax and split technique that we developed to solve non-smooth,
non-convex problems. This approach makes it possible to solve difficult problems efficiently
and elegantly. Second is variable projection, a general framework that we have extended
and adapted to develop fast algorithms for many problem classes. These contributions are
described in more details below.

Relax and split. Many penalties and regularizers used in formulation design are non-
smooth and non-convex functions. While they are essential to efficiently capture the struc-
ture of the problem and the model, their irregular behavior compared to smooth or convex
functions makes design and analysis of the optimization algorithms much more difficult.

We develop the ‘relax and split’ (RS) framework [383] to solve a general class of non-
smooth, nonconvex problems

min
x

h(Ax) + g(x)



2

where h can be any non-smooth non-convex function while g is smooth and convex. This
problem class covers many applications including phase retrieval, semi-supervised learning,
stochastic shortest path and protein structure design. The framework provides fast elegant
algorithms that simultaneously exploit simplicity of non-convex scalar optimization and effi-
ciency of large-scale linear and convex solvers, and as a result have both better convergence
rates and significant computational advantages.

Variable projection. Variable projection (VP), which is also called ‘partial minimization’,
was originally proposed for solving separable non-linear least-square problems. Early work
of [166] found success in applications for chemistry, mechanical systems, neural networks and
telecommunications [164, 267]. More recent developments extend the problem class to more
general settings [39, 17, 16].

VP solves structured optimization problems by partially minimizing over a subset of the
variables while iterating over the remaining variables. Consider the objective,

min
x,θ

f(x, θ) + r1(x) + r2(θ),

which covers many applications, including robust dynamical mode decomposition and sparse
principle component analysis. VP takes advantage of the fact that some of the variables
(θ) may be much easier to optimize compared to the remaining variables (x). Partially
minimizing over θ reduces the problem to

min
x

v(x) + r1(x), s.t. v(x) = min
θ

f(x, θ) + r2(θ),

which we show is better conditioned and converges much faster in practice compared to
alternative approaches.

1.2 Robust Models

Many applications struggle with contaminated and noisy data due to a range of causes,
including equipment malfunction, or intrinsically high noise in the data collecting mechanism
(e.g. survey or census data). Robust models allow high quality inference from these low-
fidelity real-world contaminated data sets. We present two types of approaches: development
of new robust penalties, and use of trimming to simultaneously detect the outliers as we learn
the model.

Robust penalties. In many machine learning and statistical models, we assume errors
are additive and follow a Gaussian distribution, largely due to the computational simplicity
of the resulting least squares problem. However, this assumption is often violated, as e.g. in
the presence of data contamination. Consider a simple regression problem,

yi = 〈ai, x〉+ εi
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where {yi, ai} is a training datum and εi is the measurement error. Rather than using the
Gaussian distribution, we can assume εi come from a heavy tail distribution, e.g. Huber
[195] or Student’s T [214]. The resulting problem will then take the form

min
x

m∑
i=1

fi(yi − 〈ai, x〉),

where fi is the negative log likelihood of the error distribution. Doing this reduces the
influence of outliers and improves the quality of the resulting solutions. The choice and
design of the robust penalties that correspond to heavy tail distributions has a strong impact
on the solution. In [384], we demonstrate how customizing the penalty can improve practical
performance.

Trimming. Robust penalties have several limitations. Penalty design as described above
corresponds to additive error models, in contrast to probabilistic learning models (e.g. SVM,
logistic regression, and neural nets); and even for simple regression the relationship between
the meta-parameters (e.g. degrees of freedom) and behavior of the corresponding solution
must be carefully worked out. These drawbacks are addressed by trimming, originally pro-
posed for the least squares model by [300]. Considering the same regression problem, instead
of applying robust penalties, we use auxiliary weights to inform whether each data point is
an inlier or outlier, thus controlling its contribution to the overall objective:

min
x,w

m∑
i=1

wifi(yi − 〈ai, x〉), s.t. wi ∈ [0, 1],
m∑
i=1

wi = h.

Solving the problem jointly over (x,w) is referred to as ‘trimming’. The trimming approach

• completely eliminates the influence of particular data pairs {yi, ai},

• preserves the original structure of the problem (here least-squares)

• easily extends to more complex models, such as general linear models and neural nets.

We use trimming to develop robust variants of multiple applications throughout the the-
sis, along with customized algorithms for such applications and more general trimmed for-
mulations. We also develop a new approach to sparse regression based on trimming the
regularizer [374].

1.3 Problems and Applications

The main applications in this thesis can be divided into two categories, domain science and
machine learning. In the following, we briefly describe each individual application within
these areas in more detail. A large part of this thesis was done by engaging closely with
domain scientists, learning about specific problems, and then generalizing the methods.
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Phase retrieval. Phase retrieval has many variations in crystallography [253, 252], and
the two key categories are coherent diffractive imaging [111] and ptychography [244, 112].
In these applications, we shoot coherent X-ray beams at the crystals or other materials,
and record the intensity of the diffraction pattern. From the pattern, we want to recover
the corresponding phase information which informs material properties. Phase retrieval is
formulated as the following optimization problem,

min
x

ρ(h(Ax)− b)

where ρ and h can be chosen as ‖ · ‖1 or ‖ · ‖2
2. Many algorithms have been studied by [145,

146, 160]. Recently, phase retrieval has gained some attention with the work of [78, 127, 133]
and [108]. Phase retrieval is challenging due to its non-convex structure, and complications
from real experiments, including unknown experimental parameters and noisy data. We
apply the relax and split algorithm to solve a simplified version of the problem and show its
superior performance compared to other existing algorithms in the field.

Robust dynamical mode decomposition. The dynamic mode decomposition (DMD) is
a broadly applicable dimensionality reduction technique that describes time-series dynamic
data. It has been used in a variety of fields where the nature of the data can lead to corrupt
and noisy measurements. This includes applications ranging from neuroscience to video
processing to fluid dynamics.

We propose a framework and a set of algorithms for incorporating robust features (robust
penalties and trimming) into the nonlinear ‘optimized DMD’ framework [21]:

min
α,B

n∑
j=1

wjρ(xj − Φ(α)bj), s.t. wj ∈ [0, 1],
n∑
j=1

wj = h.

We develop a scalable stochastic variable projection algorithm, which allows regularizers and
constraints on the objective.

Robust sparse principle component analysis. A wide range of phenomena in the phys-
ical, engineering, biological, and social sciences feature rich dynamics that give rise to multi-
scale structures in both space and time. Remarkably, many of the underlying dynamics of
such systems are inherently low-rank, and dimensionality reduction techniques are frequently
used to obtain interpretable characterizations of these dynamics. Sparse principal compo-
nent analysis (SPCA) [387] has emerged as a powerful technique for this purpose, providing
improved interpretation of low-rank structures by identifying localized spatial structures in
the data and disambiguating between distinct time scales.

We propose a robust and scalable variable projection SPCA algorithm, along with ran-
domized linear algebraic extensions for the large-scale (big data) setting. A new robust
SPCA formulation is also able to obtain meaningful sparse components in spite of grossly
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corrupted input data, and the approach can include various regularizers, including `0, `1,
`2 and their combinations to improve the quality and interpretability of the solution. We
provide the theoretical convergence guarantees and demonstrated the exceptional computa-
tional efficiency and diagnostic performance of the algorithm using both synthetic and real
world data. A open source R library is provided for the use of researchers.

Robust principle component analysis for computer vision. Background-foreground
separation is a classical application for robust principle component analysis (RPCA) in com-
puter vision. The idea is that the moving foreground of a still background can be modeled
as a sparse noise in a low rank matrix whose columns are the frames from the video. It can
be formulated as, [79]

min
U,V

1

2
‖UV > + S − Y ‖2

F + κ‖S‖1 ⇐⇒ min
U,V

ρH(UV > + S − Y )

By partially minimizing S, we obtain the Huber penalty. Equivalently, we can assume the
residual distribution is induced by the Huber penalty. This interpretation guides us to a
better design for this specific application, and we propose a new penalty we dub ‘Tiber’:

min
U,V

ρT (UV > − Y ).

Tiber is a huberized student’s T penalty that is better aligned with the empirical distribution
of the residuals we obtain in the background-foreground application.

Sparse regression. Sparse regression has been instrumental in scientific model discovery,
including compressed sensing applications, variable selection, and high-dimensional analy-
sis [329, 117]. Despite tremendous methodological progress over the last decade, many diffi-
culties remain, including (i) restrictive theoretical conditions for practical performance, (ii)
the lack of fast solvers for large scale and ill-conditioned problems, (iii) practical difficulties
with non-convex implementations, and (iv) high-fidelity requirements on data.

Here we present two methods, sparse relaxed regularized regression (SR3) [385] and
trimmed `1 method [374], that address many of these issues. Consider the classical sparse
regression problem,

min
x

1

2
‖Ax− b‖2 +R(x).

To derive SR3, we apply the relax and split philosophy, and introduce an auxiliary variable
w to help carry the burden of the sparsity,

min
x,w

1

2
‖Ax− b‖2 +R(w) +

1

2ν
‖x− w‖2 ⇐⇒ min

w

1

2
‖Fνw − gν‖2 +R(w).

By partially minimizing x, we switch the role of w, reframing the problem with w as the only
variable. This yields a better conditioned problem that also has better signal recover rate, is
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more robust to measurement noise, has better empirical and theoretical convergence rates,
and allows us to incorporate a wide class of non-convex sparsity promoting regularizers.

A second complementary line of work improves sparse signal recovery by trimming the
regularizer rather than the measurements:

min
x

1

2
‖Ax− b‖2 +

n∑
i=1

wi|xi|, s.t. wi ∈ [0, 1],
n∑
i=1

wi = h.

This approach is a new application of trimming and is particularly powerful when the true
sparsity level is known. It eliminates the bias introduced by the `1 norm and helps avoid false
positive basis element identifications. In [374], we develop a provable convergent algorithm
for this problem and demonstrate its flexibility and strength both theoretically and on several
applications, including neural nets.
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Chapter 2

RELAX AND SPLIT ALGORITHM

We develop and analyze a new ‘relax-and-split’ (RS) approach for compositions of sep-
arable nonconvex nonsmooth functions with linear maps. RS uses a relaxation technique
together with partial minimization, and brings classic techniques including direct factoriza-
tion, matrix decompositions, and fast iterative methods to bear on nonsmooth nonconvex
problems. We also extend the approach to trimmed nonconvex-composite formulations; the
resulting Trimmed RS (TRS) can fit models while detecting outliers in the data.

We then test RS and TRS on a diverse set of applications: (1) phase retrieval, (2)
stochastic shortest path problems, (3) semi-supervised classification, and (4) new clustering
approaches. RS/TRS can be applied to models with very weak functional assumptions, are
easy to implement, competitive with existing methods, and enable a new level of modeling
formulations to be put forward to address emerging challenges in the mathematical sciences.

2.1 Introduction

Extracting information from large-scale datasets is essential for modern scientific computing
and data-driven discovery. Classic techniques such as least squares and direct decomposi-
tions (such as the singular value decomposition) demand a prohibitively high degree of data
quality, regularity, and homogeneity. Inference in many settings requires robustness to error,
enforcement of solution structure, and control of model complexity. These features can be
effectively captured using nonsmooth and nonconvex optimization formulations.

In this paper, we consider nonconvex-composite problems:

min
x

f(x) := h(Ax) + g(x), (2.1)

where x ∈ Rn are decision variables, A = [a1, . . . , am]> ∈ Rm×n, h : Rm → R is nonsmooth,
nonconvex, and separable, so h(Ax) =

∑m
i=1 hi(〈ai, x〉); while g : Rn → R is convex. We also

consider trimmed extensions to robustify such models:

min
x,v

∑m
i=1 vihi(〈ai, x〉) + g(x), s.t. v ∈ 4τ , (2.2)

where 4τ := {v : v ∈ [0, 1]m,
∑m

i=1 vi = τ} is the so called capped simplex. The auxiliary
variables v detect m− τ outliers amongst the m observations as the optimization proceeds.
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2.1.1 Examples

We present motivating examples for (2.1) before reviewing the literature and explaining the
contributions. Each example is explained fully in Section 2.6. Examples 1-3 are not weakly
convex, that is, they cannot be convexified by adding a quadratic. Weak convexity is a
key property for the convergence theory of competitive methods covered in Section 2.1.3; RS
does not require weak convexity. All of these examples can be robustified against outliers
using trimming (2.2); trimming formulations are discussed at the end of Section 2.1.3 and
the TRS approach for (2.2) is developed in Section 2.4.

Example 1 (Sharp phase retrieval). Given a complex matrix A ∈ Cm×n, the phase retrieval
problem attempts to recover the full complex signal x using only moduli b:

min
x∈Cn

m∑
i=1

||〈ai, x〉| − bi|. (2.3)

Example 2 (Semi-Supervised Classification). Logistic regression is a common approach for
binary classification; training requires labeled examples. We solve an extended approach that
makes use of both labeled and unlabeled data:

min
x

λ

2
‖x‖2 +

l∑
i=1

log(1 + exp(−bi 〈ai, x〉)) + τ
m∑

i=l+1

log(1 + exp(−| 〈ai, x〉 |)), (2.4)

where ai are features, bi labels for the first s examples, and remaining (m− l) examples are
not labeled. The idea is to separate unlabeled examples as clearly as possible, regardless of
which class they fall into.

Example 3 (Stochastic Shortest Path). Given a weighted graph on n nodes, we look for a
policy that minimizes expected cost of path to target by selecting between one of two actions
at each node. Let Uk ∈ Rn×n and vk ∈ Rn be the connectivity graphs and average node costs
for k = 1, 2. Using the Bellman equation, the problem is formulated as

min
x∈Rn

n∑
i=1

∣∣min
{〈
u1
i , x
〉

+ v1
i − xi,

〈
u2
i , x
〉

+ v2
i − xi

}∣∣ , (2.5)

where uki is the i-th row vector of Uk and xi is the best expected cost starting from node i.

Example 4 (Convex and Nonconvex Clustering). While K-means is the most widely used
clustering method, an alternative is to solve the problem

min
X

1

2

m∑
i=1

‖xi − ui‖2 + λ

m−1∑
i=1

m∑
j=i+1

R([DX]ij)

s.t. [DX]ij = xi − xj
(2.6)
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Table 2.1: Mapping motivating applications into class (2.1)

Example h(z) Linear map g(x)

Phase retrieval ||z| − b| A 0

SS-LR log(1 + exp(−|z|)) A λ
2
‖x‖2

Stoch. path |min{z − a, z − b}| U1, U2 0
Clustering R(z) D 1

2

∑m
i=1 ‖xi − ui‖2

where ui is the reference data points and X = [x1, . . . , xm] are the decision variables, with R
a regularization functional that acts to ‘fuse’ columns X into cluster representatives, and λ a
regularization parameter that effectively controls the number of clusters. Classic approaches
use a convex R, but we find a nonconvex R has significant advantages.

Table 2.1 maps Examples 1-4 to the templated objective (2.1). While the only theoretical
requirement for g(x) is convexity, in practice we assign simple smooth terms to g, so that we
can implement fast subproblem solves. We can always take g(x) = 0 if necessary, rewriting
a problem with multiple terms into a simple composition h(Ax):

f1(Bx) + f2(x) = h

([
B
I

]
x

)
, with A =

[
B
I

]
, and h(z1, z2) = f1(z1) + f2(z2).

The choice g(x) = 0 is allowed by the theory and common in practice.

2.1.2 RS for Nonconvex Composite Models

The core innovation of this work is to relax (2.1) and (2.2) by introducing an auxiliary
variable w, and then use partial minimization over the original variables to develop efficient
algorithms. In particular, we take the following ‘relaxed’ version of (2.1):

min
w,x

fν(x,w) := h(w) +
1

2ν
‖Ax− w‖2 + g(x), (2.7)

where w approximates Ax, decoupling the linear map from the nonsmooth, nonconvex h.
The structure of (2.7) allows a partial minimization scheme. Define

gν(w) := min
x

1

2ν
‖Ax− w‖2 + g(x). (2.8)

Problem (2.7) is now equivalent to

min
w

pν(w) := h(w) + gν(w). (2.9)

Several observations can be made.
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• Since g is convex, (2.8) can be solved efficiently, especially when g is also smooth.

• Conditioning of (2.9) is independent of A (see Table 2.2).

• The prox operator of h is easy to apply whenever h is separable.

These points affect the theoretical convergence and practical implementation of RS, and are
made precisely in the analysis detailed in Section 2.3.

Contributions Our contributions are as follows.

• We develop relaxed models for (2.1) and (2.2), which are simple to optimize and very
effective across a diverse set of applications (measured by application-specific metrics).

• We derive provably convergent algorithms for these relaxations, obtaining rates under
different conditions on g and h. In contrast to recent work for nonsmooth nonconvex
optimization, we do not assume that h is weakly convex. The new methods thus apply
to a broader range of problems than prior art, and can handle e.g. exact phase retrieval
and semi-supervised learning.

• We apply the approach to get promising application-specific results:

– Exact phase retrieval, along with a trimmed robust extension;

– Semi-supervised classification;

– New direct approach for the stochastic shortest path problem;

– A new scalable approach for convex and nonconvex clustering.

2.1.3 Related Work

Well-known approaches for nonsmooth, nonconvex problems include nonsmooth BFGS [223],
Gradient Sampling [68], and derivative free methods (DFO), see e.g. [99]. These methods
can be applied to problems more general than those in class (2.1) and (2.2); but they as-
sume nothing about problem structure, and so there is little chance of scaling them to the
semi-supervised SVMs and phase retrieval problems in our numerical examples, which have
millions of variables. The lack of structure also limits the available convergence analysis: the-
oretical grounding for nonsmooth BFGS appears elusive; GS finds Clarke stationary points
with unknown speed, while rates for DFO are known and must scale linearly with dimension.

More closely related to this paper is convex-composite optimization, which captures prob-
lems in classic nonlinear programming and more recently in large-scale machine learning. The
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convex-composite class, see e.g. [66, 65]) generalizes both smooth and convex functions and
is given by

min
x∈Rn

m∑
i=1

hi(ci(x)) + g(x), (2.10)

where g is a closed convex function, hi are convex and Lipschitz, and ci are smooth maps.
The functions g and hi provide an inference structure, while the maps ci encode the data
generating mechanism. Examples include exact penalty formulations of nonlinear programs
[262, Section 17.2], robust phase retrieval (squared variant) [125], and matrix factorization
[161]. Convex-composite problems have been extensively studied over the years [83, 281, 69,
372, 359, 149, 282], and have seen significant recent interest [224, 120, 83, 259, 121, 126].

The problem classes (2.1) and (2.2) fall outside of the convex-composite class any time
h is both nonsmooth and nonconvex 1. On the other hand, the nonconvex-composite class
assumes that the data generating mechanism Ax is linear. An analysis of the natural super-
class that allows nonsmooth nonconvex h and nonlinear maps c is left to future work.

Smoothing techniques are closely related to our approach; Moreau-Yosida smoothing
(see Section 2.2) and related method of [258] are at the core of many well-known algorithms,
including those of [38], [368], and [362]. If we partially minimize (2.7) with respect to w
rather than with respect to x, we arrive at the problem

min
x
hν(Ax) + g(x), (2.11)

with hν analogous to the smoother discussed in [258]. However, since h is nonconvex, the
function hν may also be nonsmooth and nonconvex (see the right panel of Figure 2.1),
and (2.11) may be just as difficult to solve as the original problem. Minimizing over x
instead leads to analyzable algorithms in the nonconvex-composite setting.

Another line of recent work combines stochastic gradient techniques with nonsmooth
optimization [12, 107]. These approaches typically require stronger assumptions, such as
smoothness or weak convexity of h. A function h is ρ-weakly convex when h(·) + ρ

2
‖ · ‖2 is

convex. No function with ‘inward kinks’ can be weakly convex, which eliminates every one
of our motivating examples.

Finally, we discuss the prior literature on trimmed estimation. Trimmed M-estimators
were initially introduced by [301] in the context of least-squares regression. Recent work
developed statistical theory [5, 363, 364] for robust high-dimensional applications, including
lasso, graphical lasso, and sparse logistic regression. The Proximal Alternating Linearized
Minimization (PALM) method of [52] can be used to find trimmed estimators (2.2) so long as
the h functions are smooth and have Lipschitz continuous gradients. Better rates under the
same assumptions are achieved by the algorithm of [12], who study the general formulation

min
x,v

m∑
i=1

vihi(x) + g(x), s.t. v ∈ 4τ , (2.12)

1When h is smooth, h(Ax) is smooth also and hence trivially convex-composite.
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Figure 2.1: Moreau-Yosida smoothing for convex and nonconvex functions. The left figure
plots smoothers for the convex function h(x) = |x|, while the right figure plots smoothers
for the function h(x) = ||x| − 1|, which is not even weakly convex.

where τ < m is the estimated number of inliers, and the model h : Rm → R is smooth,
while g(x) is prox-bounded. Variables v separate inliers from outliers by finding elements
hi(x) that disagree with the consensus, even as the consensus evolves due to updates of x.
The set 4τ , called the capped simplex, as the intersection of the τ -simplex with the unit
box, see (2.2). We extend the RS method to the nonconvex-composite class (2.2), so that
we can trim nonsmooth nonconvex terms. This extension, called trimmed RS (TRS), allows
for outlier detection and removal for any of the motivating examples, and we illustrate the
power of the approach on the phase retrieval application in Section 2.6.1.

2.1.4 Road map

The paper proceeds as follows. RS is developed and analyzed in Section 2.3. The trim-
ming extension and TRS are presented in Section 2.4. Practical considerations, including
implementation, approximation and refinement, and discussed in Section 2.5, along with a
comparison to the frequently used Alternating Directions Method of Multipliers (ADMM)
problem in the convex setting. Detailed descriptions and results for the motivating applica-
tions are presented in Section 2.6. Proofs and technical details are collected in Appendix 2.8.

2.2 Notation and Preliminaries

In this section, we recall some basic notation that we will use throughout the manuscript.
We will follow closely the monographs of [254] [295].

Euclidean Space. Throughout, we consider a Euclidean space, denoted by Rn, with an
inner product 〈·, ·〉 and the induced norm ‖ · ‖. Given a linear map A : Rn → Rm, the adjoint
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A> : Rm → Rn is the unique linear map satisfying

〈Ax, y〉 = 〈x,A>y〉 for all x ∈ Rn, y ∈ Rm.

The operator norm of A, defined as ‖A‖ := max
‖u‖≤1

‖Au‖, coincides with the maximal singular

value of A and satisfies ‖A‖ = ‖A>‖.

Functions and Geometry. The extended-real-line is the set R := R∪{±∞}. The domain
and the epigraph of any function f : Rd → R are the sets

dom f := {x ∈ Rd : f(x) < +∞}, epi f := {(x, r) ∈ Rd × R : f(x) ≤ r}.

We say that f is closed if its epigraph, epi f , is a closed set. We assume that all functions
that we encounter are proper, meaning they have nonempty domains and never take on the
value −∞. All the functions we consider in this paper are closed and proper.

Lipschitz Continuity. For any map F : Rn → Rm, we set,

lip(F ) := sup
x 6=y

‖F (y)− F (x)‖
‖y − x‖ .

In particular, we say that F is L-Lipschitz continuous, for some L ≥ 0, if the inequality
lip(F ) ≤ L holds.

Fréchet and Limiting Subdifferentials. Consider an arbitrary function f : Rn → R and
a point x̄ with f(x̄) finite. The Fréchet subdifferential of f at x̄, denoted ∂̂f(x̄), is the set of
all vectors v satisfying

f(x) ≥ f(x̄) + 〈v, x− x̄〉+ o(‖x− x̄‖) as x→ x̄.

Thus the inclusion v ∈ ∂̂f(x̄) holds precisely when the affine function x 7→ f(x̄) + 〈v, x− x̄〉
underestimates f up to first-order near x̄.

In general, the limit of Fréchet subgradients vi ∈ ∂̂f(xi), along a sequence xi → x̄, may
not be a Fréchet subgradient at the limiting point x̄. We define the limiting subdifferential
of f at x̄, denoted ∂f(x̄), to comprise all vectors v for which there exist sequences xi and vi,
with vi ∈ ∂f(xi) and (xi, f(xi), vi)→ (x̄, f(x̄), v).

Moreau Envelope and Proximal Mapping. For any function f and real ν > 0, the
Moreau envelope and the proximal mapping are defined by

fν(x) := inf
z

{
f(z) +

1

2ν
‖z − x‖2

}
, (2.13)

proxνf (x) := argmin
z

{
f(z) +

1

2ν
‖z − x‖2

}
. (2.14)
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2.3 Convergence Analysis for RS

In this section, we develop and analyze a simple algorithm to find stationary points of the
relaxed objective (2.9).

2.3.1 Proximal Gradient Method for the Relaxed Objective

Proximal gradient descent method (PGD) is a simple and powerful algorithm in the nons-
mooth setting. It requires the objective to be a sum of smooth and ‘prox-friendly’ terms.
Problem (2.9) is naturally viewed this way, since

• gν is smooth and its gradient is Lipschitz continuous, and

• h is prox-friendly; in particular it is separable.

Theorem 1. Let g : Rn → R be a proper closed convex function that is bounded below, and
A : Rn → Rm be a linear map. Define function gν : Rm → R and solution set xν to be,

gν(w) = min
x

g(x) +
1

2ν
‖Ax− w‖2,

xν(w) = argmin
x

g(x) +
1

2ν
‖Ax− w‖2.

For all x1, x2 ∈ xν(w), x1 − x2 ∈ Null(A). Moreover, gν is convex and C1-smooth, with

∇gν(w) = 1
ν
(w − Ax), ∀x ∈ xν(w) and lip(∇gν) ≤ 1

ν
.

Proof. The proof is given in Appendix 2.8.

Theorem 1 establishes the smoothness of gν . By the separability of h, proxγh decouples into
a set of scalar optimization problems

proxγh(v) = argmin
w

1
2γ
‖w − v‖2 + h(w)

=

 argminw1

1
2γ

(w1 − v1)2 + h1(w1)
...

argminwm
1

2γ
(wm − vm)2 + hm(wm)

 .
Even though h is nonconvex and nonsmooth, scalar problems are typically easy to solve. To
implement the motivating examples, we found closed form solutions for the prox operators in
examples 1, 3, 4, and implemented a Newton method for semi-supervised logistic regression in
example 2. Some h require root-finding or bi-section techniques, but due to the separability
assumption, these methods need only be applied to scalar problems.

The PGD algorithm is detailed in Algorithm 1.
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Algorithm 1 Proximal Gradient Descent for h(w) + gν(w)

Input: w0

Initialize: k = 0
1: while not converge do
2: wk+1 ← proxνh(w

k − ν∇gν(wk))
3: k ← k + 1
4: end while

Output: wk

We can write the w-update in Algorithm 1 explicitly:

proxνh(w
k − ν∇gν(wk)) = proxνh(Ax

k), xk(wk) ∈ argmin
x

g(x) +
1

2ν
‖Ax− wk‖2. (2.15)

In the next section, we analyze the behavior of Algorithm 1 under different assumptions.

2.3.2 Convergence Analysis

The goal for Algorithm 1 is to find the stationary point for (2.9), defined as follows.

Definition 1 (Stationary Point). A point w̄ ∈ Rm is called a stationary point for (2.9) if

0 ∈ ∇gν(w) + ∂h(w).

Equivalently, we can write

0 ∈
{
∂h(w̄) + 1

ν

(
I − A

(
∂g +

1

ν
A>A

)−1

A>

)
w̄

}
:= S(w̄).

where
(
∂g + 1

ν
A>A

)−1
w̄ is a nonlinear (possibly multi-valued) operator that gives the set of

solutions x(w̄) to the problem in (2.15).

Motivated by this definition, we define the following quantity to measure optimality.

Definition 2 (Optimality Condition). We denote

Tν(w) = min
{
‖v‖2 : v ∈ S(w̄)

}
, (2.16)

as the optimality condition of (2.9).

Convergence rates of Algorithm 1 depends on additional assumptions on h and g, and
are summarized in Table 2.2. All proofs for this section are collected in Appendix 2.8.

We now analyze Algorithm 1 under different assumptions on h and g. We start the
analysis under the weakest assumptions (h prox-bounded and g closed convex), and continue
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Rate of Convergence

Assumption 1 T̄ kν ≤ 2
νk

[pν(w
0)− p∗ν ]

Assumption 2 pν(w
k)− p∗ν ≤ ‖w0−w∗‖2

2ν(k+1)

Assumption 3 ‖wk+1 − w∗‖2 ≤ 1
1+αν
‖wk − w∗‖2

Assumption 4 ‖wk+1 − w∗‖ ≤ 1
αν
‖wk − w∗‖2

Table 2.2: Summary of convergence rates for Algorithm 1. We denote T̄ kν as the average
of quantity (2.16) in k steps, namely 1

k

∑k
i=1 Tν(x

i, wi). p∗ν and w∗ are the optimal objective
value and optimal solution in the convex case.

to much stronger assumptions (h has a sharp minimum and g = 0). The latter results help
us understand the empirically observed local behavior of Algorithm 1.

In order for problem (2.9) to be well-defined, we assume that pν is bounded below, and
that the minimum can be attained, and define

p∗ν = min
w

pν(w), w∗ = argmin
w

pν(w).

General Case

Assumption 1. h is prox-bounded, so that there exists a ν with proxνh(x) nonempty for all
x and ν > ν; g is convex.

Theorem 2. If Assumption 1 holds, the iterates generated by Algorithm 1 satisfy,

1
ν
A(xk−1 − xk) ∈ ∂h(wk) + 1

ν
(wk − Axk), where 0 ∈ ∂g(xk) + 1

ν
A>(Axk − wk).

moreover,

T̄ kν :=
1

k

k∑
i=1

Tν(w
i) ≤ 1

k

k∑
i=1

∥∥ 1
ν
A(xi−1 − xi)

∥∥2 ≤ 2

νk
[pν(w

0)− p∗ν ].

We thus obtain a sublinear rate of convergence for the optimality condition. Note that
this rate is independent of linear map A.

Convex Case

Assumption 2. h and g are both proper closed convex functions.

In this case, h(w) + gν(w) is a sum of a convex nonsmooth and convex smooth functions.
This problem class has been exhaustively studied; see e.g. the survey of [275]. The FISTA
algorithm [35], detailed in Algorithm 2, can achieve faster convergence rates for this problem
than Algorithm 1.
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Theorem 3. If Assumption 2 holds, the iterates generated by Algorithm 1 satisfy,

p(wk)− p∗ν ≤
‖w0 − w∗‖2

2ν(k + 1)
.

Algorithm 2 FISTA for h(w) + gν(w)

Input: w0

Initialize: k = 0, a0 = 1, v0 = w0

1: while not converge do
2: wk+1 ← proxνh

(
vk − ν∇gν(vk)

)
3: ak+1 ← 1+

√
1+4(ak)2

2

4: vk+1 ← wk+1 + ak−1

ak+1 (wk+1 − wk)
5: k ← k + 1
6: end while

Output: wk

Theorem 4. If Assumption 2 holds, the iterates generated by Algorithm 2 satisfy [35]:

pν(w
k)− p∗ν ≤

2‖w0 − w∗‖2

ν(k + 1)2
.

Strongly Convex Case

In two of our motivating examples, we take g = 0. In this case, we have a closed form
solution for (2.8),

gν(w) =
1

2ν
‖(I − PA)w‖2, where PA = A(A>A)†A>,

and † denotes the pseudo inverse.

Assumption 3. h is α-strongly convex and g = 0.

Theorem 5. When Assumption 3 holds, the iterates generated by Algorithm 1 satisfy,

‖wk+1 − w∗‖2 ≤ 1

1 + αν
‖wk − w∗‖2.

That is, we obtain a linear convergence rate in this case.
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Figure 2.2: Local function values grow quickly away from a sharp minimum.

Sharp Minima Case

The final assumption concerns sharp minima, see [4, 101, 187, 280, 70] and Figure 2.2.

Definition 3. We say the minimizer w∗ of pν is a sharp minimum, if there exist δ, α > 0,
such that,

pν(w)− pν(w∗) ≥ α‖w − w∗‖, ∀w ∈ {w : ‖w − w∗‖ ≤ δ}.

Assumption 4. h is proper closed convex, g = 0 and w∗ is a sharp minimum of pν.

Theorem 6. If Assumption 4 holds, and there exists an iteration K with that,

‖wk − w∗‖ ≤ δ

then for all k ≥ K, iterates generated by Algorithm 1 satisfy

‖wk+1 − w∗‖ ≤ min

{
‖wk − w∗‖, 1

αν
‖wk − w∗‖2

}
.

A sharp minimum gives us a local quadratic convergence rate.

2.4 Trimmed Nonconvex-Composite Models

We apply an analogous relaxation technique to problem class (2.2), obtaining the extended
problem

min
v,x,w

f tν(x,w, v) :=
m∑
i=1

vihi(wi) + g(x) +
1

2ν
‖Ax− w‖2, s.t. v ∈ 4τ , (2.17)
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Algorithm 3 Block-Coordinate Descent for (2.17)

Input: w0, v0, γ
Initialize: k = 0

1: while not converged do
2: wk+1 ← proxν(〈v,H〉)

(
wk − ν∇gν(wk)

)
3: vk+1 ← proj4τ (v

k − γH(wk+1))
4: k ← k + 1
5: end while

Output: wk

where each function hi is nonsmooth and nonconvex.
We use the notation H(w) = [h1(w1), . . . , hm(wm)]>, so that

∑m
i=1 vihi(wi) = 〈v,H(w)〉.

Just as in Section 2.3, we partially minimize in x, reducing (2.17) to problem

min
v,w

ptν(w, v) :=
m∑
i=1

vihi(wi) + gν(w), s.t. v ∈ 4τ (2.18)

The structure of (2.17) suggests a coordinate-descent algorithm detailed in Algorithm 3.
The operator proxν(〈v,H〉) decouples across coordinates; for each nonzero vi, we have

proxν(〈v,H〉)(w̄) =

 argminw1

1
2v1ν

(w1 − w̄1)2 + h1(w1)
...

argminwm
1

2vmν
(wm − w̄m)2 + hm(wm)

 .
We now develop a convergence analysis for Algorithm 3. Our goal is to find the stationary

point of (2.18), defined as follows.

Definition 4. We call the pair (w̄, v̄) a stationary point of (2.18) when

0 ∈

 v̄1∂h1(w̄1)
...

v̄m∂hm(w̄m)

+∇gν(w̄) := Stw(w̄, v̄), 0 ∈ H(w̄) + ∂δ(v̄|4τ ) := Stv(w̄, v̄).

We define the following quantity to characterize stationarity:

T tν(w, v) = min
{
ν
2
‖s‖2 + α‖r‖2 : s ∈ Stw(w, v), r ∈ Stv(w, v)

}
.

The convergence result is detailed in Theorem 7.

Theorem 7. Denote by wk and vk the iterates generated by Algorithm 3. We have the
following inequality,

T tν(w
k+1, vk+1) ≤ ptν(w

k, vk)− ptν(wk+1, vk+1).
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Moreover, by manipulating this inequality we obtain

1

k

k∑
i=1

T tν(w
i, vi) ≤ 1

k
[ptν(w

0, v0)− ptν(wk, vk)],

which gives a sublinear rate of convergence for Algorithm 3.

Proof. The proof is given in Appendix 2.8.

2.5 Numerical Comparisons, Continuation, and Inexact Strategies

In this section we provide numerical experiments that help to better understand Algorithm 1.
In Section 2.5.1, we compare with the Alternating Directions Method of Multipliers (ADMM)
in the convex setting. The iterations of ADMM are similar to those of Algorithm 1, with
the augmented Lagrangian parameter ρ in ADMM analogous to the relaxation parameter 1

ν

for RS. However, ADMM performs worse than RS in a direct comparison: it needs a larger
number of iterations to achieve a specified error tolerance across choices of ρ and ν, and RS
can achieve better practical performance, depending on the application. In Section 2.5.2,
we discuss continuation strategies in ν, that become important when RS is used iteratively
to approximate the original problem (2.1). Finally, in Section 2.5.3 we consider large-scale
problems where problem (2.8) cannot be solved in closed form, and iterative methods are
required.

2.5.1 Comparison to ADMM in the Convex Setting

Although Algorithm 1 bears a strong resemblance to the ADMM algorithm (Algorithm 4,
see e.g. [55]), they are fundamentally different:

• ADMM is a primal-dual method solving (2.1) while Algorithm 1 is a primal-only ap-
proach for solving the relaxation (2.7).

• ADMM has convergence guarantees for convex objectives2, while Algorithm 1 is prov-
ably convergent both convex and nonconvex optimization problems.

We compare the two algorithms on a simple objective.

Example 5. Consider `1 linear regression,

min
x
‖Ax− b‖1. (2.19)

2Convergence for nonconvex problems requires additional assumptions, see e.g. [352]
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Algorithm 4 ADMM for convex h(Ax) + g(x)

Input: x0, ρ, α
Initialize: k = 0, w0, u0

1: while not converge do
2: xk+1 ← argminx g(x) +

〈
uk, Ax− wk

〉
+ ρ

2
‖Ax− wk‖2

3: wk+1 ← proxh/ρ(Ax
k+1 − uk/ρ)

4: uk+1 ← uk − α(Axk+1 − wk+1)
5: k ← k + 1
6: end while

Output: wk

The quadratic relaxation (2.1) is given by

min
x,w
‖w − b‖1 +

1

2ν
‖Ax− w‖2. (2.20)

Here A ∈ Rm×n and xt ∈ Rn are generated from standard Gaussian distribution, and b =
Axt + ε+ o with ε to be random Gaussian noise, and o to be sparse outliers. We denote the
solution to (2.19) as x`1 and the solution to (2.20) as xν.
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Figure 2.3: Comparison between Algorithm 1 and ADMM. Left: number of iterations re-
quired by ADMM (blue) and Algorithm 1 (orange) to converge to a fixed tolerance, as a
function of varying ρ = 1/ν. Right: relative error of the solution obtained from ADMM
(blue) and Algorithm 1 (orange) with respect to xt.

The numerical results are shown in Figure 2.3. In the experiments, we fix the augmented
Lagrangian coefficient ρ in ADMM to be equal to 1/ν, and this quantity from 1 to 100. We
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then plot the number of iterations required to hit a specified error tolerance, as well as the
relative error of the recovered solution with respect to xt.

As shown in the left plot of Figure 2.3, the number of iterations of Algorithm 1 grows
linearly as a function of 1/ν, but is always below the number required by ADMM. The right
figure of Figure 2.3 tells an interesting story. The relaxation may be more accurate than the
original problem, depending on the application. When ρ = 1/ν = 10, the solution of the
relaxed formulation (2.20) is closer to the true model that that of (2.19), and Algorithm 1 can
solve (2.20) much faster than ADMM can solve (2.19). Both the improvement in accuracy
and the computational advantage persist as ν ↓ 0. In this problem, ADMM and RS iterations
have exactly the same complexity, so the iterations comparison tells the full story.

2.5.2 Continuation

In the previous section, the solution obtained from the relaxed objective was closer to the
true model. In other cases, such as noiseless phase retrieval, (2.7) and (2.1) can share a
minimizer at a large value of ν. However, more generally we may want to use (2.7) as an
approximation to (2.1), in which case we want to explore continuation schemes with ν ↓ 0.

Theorem 8. If h is L-Lipschitz continuous and (x̄, w̄) is a stationary point of (2.7), we
have,

‖Ax̄− w̄‖ ≤ Lν.

Moreover, when Ax̄ = w̄, we know x̄ is also a stationary point of (2.1).

From Theorem 8 we know that, as ν goes to 0, solutions of (2.7) approach the solution
set of (2.1). This yields a simple continuation strategy. Using the setting of Example 5, we
take a decreasing positive sequence {νk}, and initialize xνk at the previous solution xνk−1 .

We generate A at different dimensions m ∈ {500, 1000, 2000, 5000, 10000} with n = 200,
and compare the results from the continuation strategy of Algorithm 1 continuation with
the Julia Convex Package (which uses the splitting cone solver (SCS)). We check the final
objective for (2.19), as well as the run times. Results are shown at Figure 2.4.

Algorithm 1 gets a slightly lower objective value than the SCS algorithm; it is also far
faster in terms of run-time, as shown in Figure 2.4. We emphasize that here SCS and
Algorithm 1 are solving the same objective (2.19), since we drive ν ↓ 0 using a continuation
strategy.

2.5.3 Inexact Solutions

Each iteration of Algorithm 1 requires solving a linear system. The potential drawback of Al-
gorithm 1 is the computational cost for problem (2.8), especially for large scale problems. In
many imaging applications, A is an orthogonal operator, like the Fourier transform, Wavelet
transform or Hadamard matrix; as a result, problem (2.8) in Algorithm 1 is tractable at
acale. In more general applications, when the matrix A is of moderate size, A>A+ 1

ν
I can be
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Figure 2.4: Comparison between Algorithm 1 continuation and the Julia Convex package
with SCS. Left: objective values for (2.19) Algorithm 1 (blue) and SCS (green) as a function
of m; the continuation approach finds the same or lower objective value as SCS. Right: run
times for Algorithm 1 (blue) with SCS (green) as a function of m. The total work of the
continuation approach is far less than required by SCS as m increases.

pre-factored, and the factors used to solve (2.8). However, for large-scale systems A may only
be accessible through matrix-vector multiplication, and inexact solves of (2.8) are required
to make Algorithm 1 practical.

Again using the setup in Example 5, we consider iterative methods, including pre-
conditioned CG [186] and LSQR [274] to solve the problem for large n.

CondNum Alg. 1 iters Total BFGS Alg. 1 time(s)

1 12 12 0.74
10 15 1099 18.28
20 20 1040 18.65
50 35 1054 22.87
100 60 1104 32.28

Table 2.3: Iterations and run times for Alg. 1 with BFGS solving (2.8). As the condition
number grows, the total number of BFGS iterations used by Alg. 1 stays bounded.

In this experiment, we choose m = 5000, d = 1000, ν = 1 and generate random matrices
A with different condition numbers. We use BFGS (see e.g. [150]) as the inner solver for
(2.8). As the condition number increases, Algorithm 1 behaves quite well in the large-scale
setting, as the total number of inner iterations stays bounded.
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2.6 Machine Learning Applications

In this section, we give more detailed explanations for the motivating examples, and present
numerical experiments and results. Phase Retrieval and its trimmed variant is presented
in Section 2.6.1. Semi-supervised classification is considered in Section 2.6.2. The stochas-
tic shortest path problem is developed in Section 2.6.3. New approaches for convex and
nonconvex clustering are discussed in Section 2.6.4.

2.6.1 Sharp Phase Retrieval

Phase retrieval was originally introduced in signal processing for the X-ray crystallography
problem [182, 253] and arises in such diverse fields as microscopy [252, 151, 118], holography
[147, 322], neutron radiography [6], optical design [143], adaptive optics, and astronomy. For
a detailed review of applications and algorithms, see the survey of [236].

Many algorithms has been studied by [145, 146, 160]. Recently, phase retrieval has gained
some attention with the work of [78, 127, 133] and [108].

We consider an exact formulation of phase retrieval problem,

min
x
‖|Ax| − b‖1 (2.21)

where x is the signal we want to recover, | · | is the modulus of a complex number, and b
are the observed moduli obtained from linear observations A of the true signal. We take
hi(z) = ||z| − bi|, g(x) = 0 and optimize

min
x,w
‖|w| − b‖1 +

1

2ν
‖Ax− w‖2. (2.22)

We assume there is no noise in the experiment, so that b = |Ax∗|. In this case, (2.22) and
(2.21) share the same solution.

We test Algorithm 1 on a large scale phase retrieval problem. We use a color image3 that
is 2048× 2048, with m = 9× 222 observations and n = 3× 222 unknowns. We define Hn to
be a normalized Walsh-Hadamard transform:

Hn ∈ {−1, 1}n×n/√n, Hn = H>n , H2
n = I.

The linear operator A is given by

A =

HnS1
...

HnSk

 ∈ Rkn×n,

with k = 4 and S1, . . . , Sk ∈ diag({−1, 1}n).

3http://getwallpapers.com/wallpaper/full/8/5/0/651422.jpg

http://getwallpapers.com/wallpaper/full/8/5/0/651422.jpg
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Figure 2.5: Convergence history for large-scale phase retrieval.

Figure 2.6: Large example (d = 3 × 222,m = 3 × 222). Original picture (left), initial point
(middle), and final result (right).

The results are shown in Figures 2.5 and 2.6. The initialization algorithm works well, and
Algorithm 1 converges within 30 iterations. Even though hypotheses of Theorem 6 do not
hold (h is nonconvex), we expect a local quadratic rate of convergence since the minimum is
sharp, and we observe this rate Figure 2.5.

Comparison to State-of-the-Art Phase Retrieval Algorithms. We compare Algo-
rithm 1 with other methods developed by [127] and by [108]. We summarize the results in
Table 2.4.

Algorithm 1 uses fewer matrix vector multiplications (fast Hadamard transforms) to
obtain the solution, compared to recently developed phase retrieval algorithms. The counts
include initialization, with Algorithm 1 using 10 power iterations to initialize, while [108]
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objective picture size dimension # meas # FHT

Algorithm 1 ‖|Ax| − b‖1 20482 n = 3× 222 m = 3n 518
[127] ‖(Ax)2 − b‖1 10242 n = 3× 220 m = 3n 15100
[108] ‖(Ax)2 − b‖1 20482 n = 3× 222 m = 3n 1530

Table 2.4: Comparison summary. FHT stands for fast Hadamard transfrom. The number
of FHTs include those used during initialization.

start at random point. For this problem, Algorithm 1 is minimizing a different objective
than the other methods, see Table 2.4. However, we can compare the Hadamard counts
directly since all methods recover the true phase.

Trimmed Phase Retrieval. The measurements of the magnitude can be corrupted due
to detector malfunction, heteroscedastic noise, or physical limitations. A robust extension
of phase retrieval is needed in these situations. We use the trimmed extension of (2.21):

min
v,x

m∑
i=1

vi|| 〈ai, x〉 | − bi|, s.t. v ∈ 4τ , (2.23)

where τ indicates the estimated number of good measurements. This is a nonsmooth trim-
ming problem, and we use TRS, see Section 2.4. The relaxed trimmed phase retrieval
objective is given by

min
w,v,x

1

2

m∑
i=1

vi||wi| − bi|2 +
1

2ν
‖Ax− w‖2, s.t. v ∈ 4τ . (2.24)

In the experiments, we use a small MNIST4 picture as the data source with dimension
n = 28× 28 = 784. We take m = 5n, measurements, and corrupt 30% of them by replacing
the measurements with large scalar 1000. We then solve both (2.22) and (2.24). Trimming
makes a significant difference in the quality of the recovered image, see Figure 2.7.

2.6.2 Semi-Supervised Classification

Classification is a fundamental problem in machine learning. Logistic Regression ([247]) and
Support Vector Machines (SVMs, see [100]) are used widely for binary classification; training
requires labeled examples. In many applications, labeling the data can a slow, costly and
error-prone process. Semi-supervised learning attempts to use both labeled and unlabeled
data to improve accuracy (relative to using only labeled data).

4http://yann.lecun.com/exdb/mnist/

http://yann.lecun.com/exdb/mnist/
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(a) (b) (c) (d)

Figure 2.7: The advantages of trimming phase retrieval: (a) is the true data source, (b) is
the initial starting point, (c) phase retrieval results using (2.22), (d) trimmed phase retrieval
results using (2.24).

Logistic regression for binary classification is both easily formulated and widely used. We
consider the semi-supervised logistic regression (SSLR).

Building on early work for semi-supervised classification in the pattern recognition com-
munity (see survey in [248]), [7] proposed a variant of SSLR, building a discriminant logistic
model and using a Classification Expectation Maximization (CEM) algorithm to solve the
resulting formulation. The work of [7] and follow-up papers (e.g. [238]) share a key theme:
they estimate posterior probabilities of class labels, which are then used in the maximization
step. The idea of taking expectations over class labels brings the Expectation-Maximization
(EM) algorithm to bear on the model.

Our approach to semi-supervised logistic regression is inspired by transductive SVMs,
introduced by [341]. The more modern variant of the problem is often called the semi-
supervised SVM (S3VM), see e.g. work of [87].

Following the intuition of transductive SVMs, we want to solve the logistic regression
problem while separating unlabeled data as well as possible, regardless of the label. This
leads to an intuitively simple nonsmooth, nonconvex problem

min
x

l∑
i=1

log(1 + exp(−bi 〈ai, x〉)) + γ
m∑

i=l+1

log(1 + exp(−| 〈ai, x〉 |)) +
λ

2
‖x‖2, (2.25)

where ai ∈ Rn is the data image, bi ∈ {−1, 1} is the label and γ controls the weight of the
semi supervise part. Without loss of generality, we assume only the first l images are labeled.
Geometrically, when data is labeled, the direction to push the classifier is determined; when
data is unlabeled, we tend to push the classifier in both ways depend on its current position.

Problem (2.25) is different from all previous SSLR formulations, and in particular does
not require an EM algorithm; it can be optimized directly. Problem (2.25) falls squarely into
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the framework we proposed in this paper, and the relaxed objective can be written as,

min
x,w

l∑
i=1

log(1 + exp(−biwi)) + γ

m∑
i=l+1

log(1 + exp(−|wi|)) +
1

2ν
‖Ax−w‖2 +

λ

2
‖x‖2. (2.26)

If we treat (2.26) as a specification of (2.7) we have,

g(x) =
λ

2
‖x‖2, hi(z) =

{
log(1 + exp(−biz)), i ≤ l

log(1 + exp(−|z|)), i > l
,

and when i > l we know that hi is nonconvex and nonsmooth.
To apply Algorithm 1, closed form solution of (2.8) can be obtained. We also need

to calculate the proximal operator of hi. For i ≤ l, the prox-subproblems is smooth and
convex. For i > l, i.e. for the unlabeled examples, the prox problem in each coordinate
requires solving the scalar problem,

min
wi

1

2ν
(wi − wi)2 + γ log(1 + exp(−|wi|)).

The optimal z will necessarily have the same sign as z, and so we can rewrite the problem

min
|wi|

1

2ν
(|wi| − |wi|))2 + γ log(1 + exp(−|wi|)).

This is again a smooth and convex problem in w, so we can apply Newton’s method to find
|ŵi|. The solution ŵi is then immediately obtained by ŵi = |ŵi| sign(wi).

Our goal in the experimental results is to illustrate the simplicity and flexibility of the
new SSLR concept. We leave a comprehensive comparison with prior art on semi-supervised
classification to future work.

Figure 2.8 shows the convergence result for run of the algorithm, with parameters m =
12665, l = 254 (2% of data labeled), λ = 0.1, γ = 0.1 and ν = 1. Consistently with
Theorem 3, when h is nonconvex, Algorithm 1 has a sublinear rate.

To evaluate the results, we focus on prediction accuracy as a function of the γ parameter
in (2.26), and fix λ = 0.1, ν = 1. We let γ range among 0, 0.1, . . . , 0.9, 1. We use two sets of
MNIST data, considering binary classification of digit pairs (0, 1) and (4, 9). For each choice
of γ, we conduct 20 random trails and record the mean and variance of the test accuracy.

Testing errors are shown in Figure 2.9. Several observation can be made.

• (4, 9) yields a harder classification problem compared with (0, 1). For each ratio of
labeled to unlabeled data, test accuracy for (4, 9) is lower than for (0, 1).

• Semi-supervised learning helps more for the MNIST dataset when we have very few
labeled datapoints.
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Figure 2.8: Convergence plot for semi-supervised Logistic Regression.

• The variance of accuracy results increases with γ (as we pay more attention to unlabeled
data), and decrease with ratio of labeled to unlabeled data.

We see the lowest test error for γ = 0.1 across all experiments.

The results show that some degree of improvement is readily obtained from the SSLR
strategy, and that the proposed approach can easily handle the new type of optimization
problem. We leave extensions to more powerful learning models and comparisons with the
robust literature on semi-supervised classification to future work.

2.6.3 Stochastic Shortest Path

In this experiment, we consider the stochastic shortest path problem described by [42]. For a
review of the history of shortest path problem, please check [308]. As shown in Figure 2.11,
the version we consider looks for the minimum expected cost path from from node A to node
B, given a certain graph structure. At each node, we select between two graphs, then take
a step by uniformly sampling available paths of the chosen graph to move to an adjacent
node, paying the specified cost.

The specific example we consider contains n = 25 nodes. Two graphs are generated
randomly, along with the cost matrices C1, C2 ∈ Rn×n for each graph, with Ck

ij defined as
the cost5 to move from node i to node j within graph k. We also let U1, U2 ∈ Rn×n denote
the connectivity matrices, with entry Uk

ij encoding the probability that node i moves to node
j within graph k.

5The cost matrices Ck are generated uniformly at random.
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Figure 2.9: Testing errors of semi-supervised logistic regression. Left: results of the (0,
1) classification experiment. Right: results of the (4, 9) classification experiment. Both
plots show the test errors as a function γ, with 2% labeled data (blue) and 5% labeled data
(orange) . The dotted lines and colored areas show the mean and range the results obtained
across 20 random trails.

If we set x∗ ∈ Rn as the optimal cost with the i-th entry representing best expected cost
starting from node i, we use the Bellman equation (see [40])

x∗i = min
{
E[C1

ij + x∗j ],E[C2
ij + x∗j ]

}
= min

{〈
u1
i , c

1
i + x∗

〉
,
〈
u2
i , c

2
i + x∗

〉}
and to formulate the stochastic shortest path as a deterministic optimization problem:

min
x

d∑
i=1

∣∣xi −min
{〈
u1
i , x
〉

+ v1
i ,
〈
u2
i , x
〉

+ v2
i

}∣∣ (2.27)

where uki is the i-th row of Uk and vki =
〈
uki , c

k
i

〉
with cki the ith row of Ck for k = 1, 2.

Problem (2.27) is nonsmooth and nonconvex; and using the method in the manuscript we
write the approximate problem

min
x,w1,w2

h(w1, w2) +
1

2ν

(
‖A1x− w1‖2 + ‖A2x− w2‖2

)
(2.28)

where Ak = Uk − I, and h(w1, w2) =
∑d

i=1 |min{w1
i + v1

i , w
2
i + v2

i }|.
The optimal value of (2.28) is 0 because there is a solution to the Bellman equation.

For the same reason, the solution of (2.27) and (2.28) coincide. The convergence results are
shown in Figure 2.10, where we see a linear convergence rate in Figure 2.10. The obtained
optimal policy is shown in Figure 2.11.
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Figure 2.10: Convergence plot of stochastic shortest path experiment.

2.6.4 Convex and Nonconvex Clustering Problem

Clustering is a fundamental unsupervised learning technique. Basic approaches including
k-means [183] and mixture models [110] are popular due to their simplicity and statistical
interpretation. These approaches are built on essentially combinatorial subproblems (e.g.
assigning members to clusters), making the approaches vulnerable to stalling at local minima.
More recently, convex clustering formulations were proposed by [226] and [188].

The recent clustering formulations take the form

min
X

1

2

m∑
i=1

‖xi − ui‖2 + λ
m−1∑
i=1

m∑
j=i+1

ρ(xi − xj), (2.29)

where U = [u1, . . . , um] are the data points, X = [x1, . . . , xm] are the decision variables
and ρ is the fusion regularizer. In the convex setting, ρ usually is chosen as the `2 norm,
to encourage xi = xj; the number of different elements is controlled by the penalty λ.
Problem (2.29) is then solved using splitting methods, including ADMM 4, or the alternating
minimization algorithm (AMA) as proposed by [93]. The proposed RS approach is a natural
competitor, especially given the results of Section 2.5.1.

Relaxing problem (2.29), we get the objective

min
x,w

1

2

m∑
i=1

‖xi − ui‖2 + λ

m−1∑
i=1

m∑
j=i+1

ρ(wij) +
1

2ν

m−1∑
i=1

m∑
j=i+1

‖xi − xj − wij‖2. (2.30)

Algorithm (1) requires only a regularized least squares solve, and the proximal operator for
ρ; it can be applied to both convex and nonconvex fusion penalties.
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Figure 2.11: We want to move from node A to node B; and at each node we may switch
between black and red graphs, shown in top left and top right panels, to minimize the
expected cost. The optimal policy graph is shown in the bottom panel.

Comparison with ADMM. In this experiment, we generate a synthetic data set, with
three clusters and 10 points per cluster. The hyper parameters are chosen as λ = 0.5 and
ν = 1. Results are shown in Figure 2.12, where we compare with ADMM and show the final
adjacency matrix obtained from wij.

From the right plot of Figure 2.12, we can see that convex clustering via (2.29) and (2.30)
cleanly identifies the clusters with these parameters. The left plot of Figure 2.12 shows
identical performance between Algorithms 1 for (2.30) (blue) and ADMM for (2.29) (beige).

De-Biased Clustering. One issue with (2.30) is that ρ = ‖ · ‖2 is very sensitive to λ,
because of the bias introduced by points from different clusters. For this specific reason, we
consider a nonconvex SCAD [142]-like regularizer,

ρ(d;κ) =

{
‖d‖, ‖d‖ ≤ κ

0, ‖d‖ > κ
.

This regularizer allows us to use prior knowledge on the radius of each cluster, encoded by κ.
This prior knowledge makes tuning λ easier, and also speeds up convergence of the clustering
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Figure 2.12: Clustering results. Left: convergence plots of Algorithm 1 with convex ρ (blue),
ADMM with convex ρ (orange), Algorithm 1 with nonconvex ρ (green) and ADMM with
nonconvex ρ (red). Right: adjacency matrix of the final results from Algorithm 1.

algoirthms. There is no convergence guarantee for ADMM when the SCAD penalty is used;
however it still converges, even faster than for the convex case. Algorithm (1) is guaranteed
to converge for (2.30), and has a significantly faster rate, see the left plot of Figure 2.12.

To test behavior with respect to the fusion penalty λ, we allow λ to vary in a grid from
0 to 1, and plot the path of the variables xi. We also compare the convergence results for
λ = 0.5 between convex and nonconvex ρ. These results are shown in Figure 2.13.

When we use clustering fusion penalties, all points affect one another; for larger values
of the penalty λ, all points are rapidly assigned to a single cluster with center given by the
center of mass of the point cloud. In contrast, using the nonconvex SCAD allows clusters
that are far enough away to not affect each other, allowing desirable clustering behavior
locally without the overall global effect.

2.7 Discussion

We have developed a new ‘relax and split’ approach for nonconvex-composite problems, and
extended it to trimmed robust formulations. The approach applies to highly nonconvex mod-
els (those that are not even weakly convex), and can be easily applied to difficult structured
nonsmooth nonconvex problems. The problem class is more general than those analyzed by
recent sub-gradient based methods for nonsmooth nonconvex optimization.

We have also shown how the model and associated algorithms can be used for a vari-
ety of applications, including exact phase retrieval, semi-supervised classification, stochastic
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Figure 2.13: Comparison of the clustering paths for convex vs. nonconvex ρ across penalty
parameters. Left: clustering path with convex ρ = ‖ · ‖2. Right: clustering path of the
variables using the nonconvex SCAD penalty ρ. Nonconvex fusion penalties give additional
modeling flexibility and interpretable results.

shortest path problems, and new approaches to clustering. Every such application can be
‘robustified’ with the trimming extension, as we showed using the outlier-contaminated phase
retrieval problem.

The paper opens several new avenues and raises important questions for future work,
including a comprehensive analysis of inexact ‘relax-and-split’ approaches, extensions to
compositions of nonconvex losses with nonlinear maps, and substantial detailed numerical
work to evaluate the approach across a range of application domains.

2.8 Appendix

Theorem 1. Observe that,

min
x
g(x) +

1

2ν
‖Ax− w‖2 = min

x,y

{
g(x) +

1

2ν
‖y − w‖2 : y = Ax

}
Define Ag(y) = minx{g(x) : Ax = y} which is the image of g under A. From [293] [Theorem
5.7] we know that Ag is a convex function. Moreover, since g is proper and bounded below,
we know that Ag is also proper.

We cannot show Ag is closed unless we know more information about g and A [293]
[Theorem 9.2]. Instead we show that for every w,

gν(w) = g̃ν(w) := min
x

(clAg)(y) +
1

2ν
‖y − w‖2,
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where cl denotes the closure of the function.
Since (clAg)(y) ≤ Ag(y) for all y, we know that,

gν(w) ≥ g̃ν(w).

Since (clAg)(y)+ 1
2ν
‖y−w‖2 is closed and strongly convex, we also know that there exist

a unique minimizer,

y∗ = argmin
y

(clAg)(y) +
1

2ν
‖y − w‖2.

From [293][Theorem 7.5], we know, for some z ∈ ri domAg,

clAg(y∗) = lim
λ↑1

Ag(λy∗ + (1− λ)z).

Define the sequence {yλ}, such that, yλ = λy∗+ (1−λ)z. Since y∗ ∈ dom clAg = cl domAg,
using [293][Theorem 6.1] we know that for every 0 ≤ λ < 1, yλ ∈ ri domAg. Therefore,

g̃ν(w) = Ag(y∗) +
1

2ν
‖y∗ − w‖2 = lim

λ↑1
Ag(yλ) +

1

2ν
‖yλ − w‖2 ≥ gν(w),

so gν(w) = g̃ν(w). From [295] [Theorem 2.26] we know that gν(w) is a closed convex function,
with a 1

ν
-Lipschitz continuous gradient,

∇gν(w) = ∇g̃ν(w) =
1

ν
(w − y∗).

Since y∗ ∈ dom clAg = cl domAg ⊂ Range(A), we define x∗ = {x : Ax = y∗}. Then we
have the desired result,

∇gν(w) =
1

ν
(w − Ax), ∀x ∈ x∗.

Theorem 2. Using the iteration of Algorithm 1, and introducing the sequence {xk}, we have,

0 ∈ 1

ν
A>(Axk − wk) + ∂g(xk), 0 ∈ 1

ν
(wk − Axk) + ∂h(wk).

From the definition of the objective, we have,

pν(w
k) =h(wk) +

1

2ν
‖Axk − wk‖2 + g(xk)

=h(wk) +
1

2ν
‖Axk−1 − wk + A(xk − xk−1)‖2 + g(xk)

=h(wk) +
1

2ν
‖Axk−1 − wk‖2 +

1

ν

〈
Axk−1 − wk, A(xk − xk−1)

〉
+

1

2ν
‖A(xk − xk−1)‖2 + g(xk)

≤h(wk−1) +
1

2ν
‖Axk−1 − wk−1‖2 + g(xk−1)

+
1

ν

〈
Axk−1 − wk, A(xk − xk−1)

〉
+

1

2ν
‖A(xk − xk−1)‖2 + g(xk)− g(xk−1).
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Since g is convex,

g(xk)− g(xk−1) ≤
〈
∂g(xk), xk − xk−1

〉
=

1

ν

〈
wk − Axk, A(xk − xk−1)

〉
Therefore we have,

pν(w
k)− pν(wk−1) ≤1

ν

〈
Axk−1 − wk, A(xk − xk−1)

〉
+

1

2ν
‖A(xk − xk−1)‖2

+
1

ν

〈
wk − Axk, A(xk − xk−1)

〉
=− 1

2ν
‖A(xk−1 − xk)‖2

Summing up, we get

1

k

k∑
i=1

Tν(w
k) ≤ 1

k

k∑
i=1

‖ 1
ν
A(xi−1 − xi)‖2 ≤ 2

νk
[pν(w

0)− p∗ν ],

as required.

Lemma 1. Define a sequence dk = 1
ν
(wk − wk+1) based on the iterates generated by Algo-

rithm 1. If Assumption 3 holds, then pν has a minimizer w∗, and〈
wk − w∗, dk

〉
≥ 1

2ν
‖(I −PA)(wk −w∗)‖2 +

1

ν
‖νdk‖2− 1

2ν
‖ν(I −PA)dk‖2 +

α

2
‖wk+1−w∗‖2.

Lemma 1.

pν(w
k+1) =

1

2ν
‖(I − PA)wk+1‖2 + h(wk+1)

=
1

2ν
‖(I − PA)(wk − νdk)‖2 + h(wk+1)

=
1

2ν
‖(I − PA)wk‖2 − 1

ν

〈
νdk, (I − PA)wk

〉
+

1

2ν
‖ν(1− PA)dk‖2 + h(wk+1)

Decompose the first term above as follows:

1

2ν
‖(I − PA)wk‖2 =

1

2ν
‖(I − PA)(wk − w∗ + w∗)‖2

=
1

2ν
‖(I − PA)(wk − w∗)‖2 +

1

ν

〈
w∗, (I − PA)(wk − w∗)

〉
+

1

2ν
‖(I − PA)w∗‖2

= − 1

2ν
‖(I − PA)(wk − w∗)‖2 +

1

ν

〈
wk − w∗, (I − PA)wk

〉
+

1

2ν
‖(I − PA)w∗‖2

Then we have,

pν(w
k+1) =− 1

2ν
‖(I − PA)(wk − w∗)‖2 +

1

ν

〈
wk+1 − w∗, (I − PA)wk

〉
+

1

2ν
‖(I − PA)w∗‖2 +

1

2ν
‖ν(1− PA)dk‖2 + h(wk+1)
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Since h is convex and we know dk − 1
ν
(wk − PAwk) ∈ ∂h(wk+1) we have,

h(wk+1) ≤ h(w∗) +
1

ν

〈
νdk − (I − PA)wk, wk+1 − w∗

〉
− α

2
‖wk+1 − w∗‖2

Combining these results, we get

pν(w
k+1) ≤− 1

2ν
‖(I − PA)(wk − w∗)‖2 +

1

ν

〈
wk+1 − w∗, νdk

〉
+

1

2ν
‖(I − PA)w∗‖2 +

1

2ν
‖ν(1− PA)dk‖2 + h(w∗)− α

2
‖wk+1 − w∗‖2

0 ≤ pν(w
k+1)− pν(w∗) ≤−

1

2ν
‖(I − PA)(wk − w∗)‖2 +

1

ν

〈
wk − w∗, νdk

〉
− 1

ν
‖νdk‖2 +

1

2ν
‖ν(1− PA)dk‖2 − α

2
‖wk+1 − w∗‖2

which show the result:〈
wk − w∗, dk

〉
≥ 1

2ν
‖(I −PA)(wk −w∗)‖2 +

1

ν
‖νdk‖2− 1

2ν
‖ν(1−PA)dk‖2 +

α

2
‖wk+1−w∗‖2.

Theorem 5. Using the same {dk} as in Lemma 1,

‖wk+1 − w∗‖2 = ‖wk − νdk − w∗‖2

‖wk+1 − w∗‖2 = ‖wk − w∗‖2 − 2
〈
wk − w∗, νdk

〉
+ ‖νdk‖2

(1 + αν)‖wk+1 − w∗‖2 ≤ ‖wk − w∗‖2 − ‖(I − PA)(wk − w∗)‖2 − ‖νdk‖2 + ‖ν(I − PA)dk‖2

(1 + αν)‖wk+1 − w∗‖2 ≤ ‖PA(wk − w∗)‖2 − ‖νPAdk‖2

‖wk+1 − w∗‖2 ≤ 1

1 + αν

(
‖PA(wk − w∗)‖2 − ‖PA(wk − wk+1)‖2

)
‖wk+1 − w∗‖2 ≤ 1

1 + αν
‖wk − w∗‖2

Lemma 2. If Assumption 4 holds, the iterates generated by the Algorithm 1 satisfy,

‖PA(wk − wk+1)‖ ≤ ‖PA(wk − w∗)‖ ∀k ∈ N+.

Lemma 2. Since wk+1 = argminw h(w) + 1
2ν
‖w − PAwk‖2, we know,

h(wk+1) +
1

2ν
‖wk+1 − PAwk‖2 ≤ h(w∗) +

1

2ν
‖w∗ − PAwk‖2.

By re-arranging terms, we get

‖wk+1−PAwk‖2−‖(I−PA)wk+1‖2−(‖w∗−PAwk‖2−‖(I−PA)w∗‖2) ≤ 2ν(gν(w
∗)−gν(wk+1)) ≤ 0.
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Since,
‖(I − PA)w‖2 + ‖PA(w − wk)‖2 = ‖w − PAwk‖2

we have,

‖wk+1 − PAwk‖2 − ‖(I − PA)wk+1‖2 = ‖PA(wk − wk+1)‖2

‖w∗ − PAwk‖2 − ‖(I − PA)w∗‖2 = ‖PA(wk − w∗)‖2

Therefore,
‖PA(wk − wk+1)‖ ≤ ‖PA(wk − w∗)‖ ∀k ∈ N+.

Lemma 3. Assume Assumption 4 holds, the iterates generated by the Algorithm 1 satisfy,

‖wk+1 − w∗‖2 ≤ ‖PA(wk − w∗)‖2 − ‖νPAdk‖2.

Moreover,
‖wk+1 − w∗‖ ≤ ‖PA(wk − w∗)‖.

Lemma 3. The proof uses the same technique as the proof of Theorem 5.

Theorem 6. Since wk+1 = argminw h(w) + 1
2ν
‖w − PAwk‖2, we know,

0 ∈ ∂h(wk+1) +
1

ν
(wk+1 − PAwk)

1

ν
PA(wk − wk+1) ∈ ∂h(wk+1) +

1

ν
(wk+1 − PAwk+1)

1

ν
PA(wk − wk+1) ∈ ∂pν(wk+1)

Because pν is convex and w∗ is a sharp minima,

α‖wk+1 − w∗‖ ≤ pν(w
k+1)− pν(w∗) ≤

1

ν

〈
PA(wk − wk+1), wk+1 − w∗

〉
Expanding the right inequality we obtain

pν(w
k+1)− pν(w∗) ≤

1

ν

〈
PA(wk − wk+1), wk+1 − wk + wk − w∗

〉
≤ −1

ν
‖PA(wk − wk+1)‖2 +

1

ν

〈
PA(wk − wk+1), wk − w∗

〉
≤ 1

ν
‖PA(wk − wk+1)‖‖wk − w∗‖

≤ 1

ν
‖PA(wk − w∗)‖‖wk − w∗‖

≤ 1

ν
‖wk − w∗‖2
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Therefore,

‖wk+1 − w∗‖ ≤ 1

αν
‖wk − w∗‖2.

Combined with Lemma 3 we have, for all k ≥ K,

‖wk+1 − w∗‖ ≤ min

{
‖wk − w∗‖, 1

αν
‖wk − w∗‖2

}
which gives the locally quadratic convergence rate.

Theorem 7. We introduce a sequence {xk} that statisfies,

xk = argmin
x

1

2ν
‖Ax− wk‖+ g(x), A>(wk − Axk) ∈ ν∂g(xk), ν∇gν(wk) = wk − Axk.

Then we know the iterates of Algorithm 3 satisfy,

1

ν
A(xk − xk+1) ∈ ∇gν(wk+1) +

m∑
i=1

vki ∂hi(w
k+1),

1

α
(vk − vk+1) ∈ H(wk+1) + ∂δ(vk+1|4τ ).

By definition we know,

ptν(w
k+1, vk) =

m∑
i=1

vki hi(w
k+1
i ) + gν(w

k+1)

=
m∑
i=1

vki hi(w
k+1
i ) +

1

2ν
‖Axk+1 − wk+1‖2 + g(xk+1)

=
m∑
i=1

vki hi(w
k+1
i ) +

1

2ν
‖Axk − wk+1 + A(xk+1 − xk)‖2 + g(xk+1)

=
m∑
i=1

vki hi(w
k+1
i ) +

1

2ν
‖Axk − wk+1‖2

+
1

ν

〈
Axk − wk+1, A(xk+1 − xk)

〉
+

1

2ν
‖A(xk+1 − xk)‖2 + g(xk+1)

≤
m∑
i=1

vki hi(w
k
i ) +

1

2ν
‖Axk − wk‖2

+
1

ν

〈
Axk − wk+1, A(xk+1 − xk)

〉
+

1

2ν
‖A(xk+1 − xk)‖2 + g(xk+1)
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Since g is convex, we have,

g(xk) ≥ g(xk+1) +
1

ν

〈
A>(wk − Axk), xk − xk+1

〉
= g(xk+1) +

1

ν

〈
wk − Axk, A(xk − xk+1)

〉
.

Plug this inequality into the result above, we get

ptν(w
k+1, vk) ≤

m∑
i=1

vki hi(w
k
i ) +

1

2ν
‖Axk − wk‖2 + g(xk)− 1

2ν
‖A(xk − xk+1)‖2,

ptν(w
k+1, vk)− ptν(wk, vk) ≤ −

1

2ν
‖A(xk − xk+1)‖2.

An analogous calculation for v gives us

ptν(w
k+1, vk+1)− ptν(wk+1, vk)

=
〈
H(wk+1), vk+1 − vk

〉
+ δ(vk+1|4τ )− δ(vk|4τ )

=− 1

α
‖vk+1 − vk‖2 −

[
δ(vk|4τ )−

(
δ(vk+1|4τ ) +

〈
∂δ(vk+1|4τ ), v

k − vk+1
〉)]

≤− 1

α
‖vk+1 − vk‖2

Therefore we can conclude that,

T tν(w
k+1, vk+1) ≤ 1

2ν
‖A(xk − xk+1)‖2 +

1

α
‖vk+1 − vk‖2

≤ ptν(w
k, vk)− ptν(wk+1, vk) + ptν(w

k+1, vk)− ptν(wk+1, vk+1)

= ptν(w
k, vk)− ptν(wk+1, vk+1)

Adding up the telescoping series, we get the final result:

1

k

k∑
i=1

T tν(w
i, vi) ≤ 1

k
[ptν(w

0, v0)− ptν(wk, vk)].
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Chapter 3

A UNIFIED FRAMEWORK FOR SPARSE RELAXED
REGULARIZED REGRESSION

Regularized regression problems are ubiquitous in statistical modeling, signal processing,
and machine learning. Sparse regression in particular has been instrumental in scientific
model discovery, including compressed sensing applications, variable selection, and high-
dimensional analysis. We propose a broad framework for sparse relaxed regularized regres-
sion, called SR3. The key idea is to solve a relaxation of the regularized problem, which has
three advantages over the state-of-the-art: (1) solutions of the relaxed problem are superior
with respect to errors, false positives, and conditioning, (2) relaxation allows extremely fast
algorithms for both convex and nonconvex formulations, and (3) the methods apply to com-
posite regularizers such as total variation (TV) and its nonconvex variants. We demonstrate
the advantages of SR3 (computational efficiency, higher accuracy, faster convergence rates,
greater flexibility) across a range of regularized regression problems with synthetic and real
data, including applications in compressed sensing, LASSO, matrix completion, TV regular-
ization, and group sparsity. To promote reproducible research, we also provide a companion
Matlab package that implements these examples.

3.1 Introduction

Regression is a cornerstone of data science. In the age of big data, optimization algorithms
are largely focused on regression problems in machine learning and AI. As data volumes
increase, algorithms must be fast, scalable, and robust to low-fidelity measurements (missing
data, outliers, etc). Regularization, which includes priors and constraints, is essential for
the recovery of interpretable solutions in high-dimensional and ill-posed settings. Sparsity-
promoting regression is one such fundamental technique, that enforces solution parsimony
by balancing model error with complexity. Despite tremendous methodological progress over
the last 80 years, many difficulties remain, including (i) restrictive theoretical conditions for
practical performance, (ii) the lack of fast solvers for large scale and ill-conditioned problems,
(iii) practical difficulties with nonconvex implementations, and (iv) high-fidelity requirements
on data. To overcome these difficulties, we propose a broadly applicable method, sparse
relaxed regularized regression (SR3), based on a relaxation reformulation of any regularized
regression problem. We demonstrate that SR3 is fast, scalable, robust to noisy and missing
data, and flexible enough to apply broadly to regularized regression problems, ranging from
the ubiquitous LASSO and compressed sensing (CS), to composite regularizers such as the
total variation (TV) regularization, and even to nonconvex regularizers, including `0 and
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rank. SR3 improves on the state-of-the-art on all of these applications, both in terms of
computational speed and performance. Moreover, SR3 is flexible and simple to implement.
A companion open source package implements a range of examples using SR3.

The origins of regression extend back more than two centuries to the pioneering mathe-
matical contributions of Legendre [220] and Gauss [157, 158], who were interested in deter-
mining the orbits of celestial bodies. The invention of the digital electronic computer in the
mid 20th century greatly increased interest in regression methods, as computations became
faster and larger problems from a variety of fields became tractable. It was recognized early
on that many regression problems are ill-posed in nature, either being under-determined,
resulting in an infinite set of candidate solutions, or otherwise sensitive to perturbations
in the observations, often due to some redundancy in the set of possible models. Andrey
Tikhonov [331] was the first to systematically study the use of regularizers to achieve sta-
ble and unique numerical solutions of such ill-posed problems. The regularized linear least
squares problem is given by

min
x

1

2
‖Ax− b‖2 + λR(Cx) , (3.1)

where x ∈ Rd is the unknown signal, A ∈ Rm×d is the linear data-generating mechanism
for the observations b ∈ Rm, C ∈ Rn×d is a linear map, R(·) is any regularizer, and λ
parametrizes the strength of the regularization. Tikhonov proposed a simple `2 penalty, i.e.
R(x) = ‖x‖2 =

∑
x2
i , which eventually led to the formal introduction of the ridge regression

strategy by Hoerl and Kennard 30 years later [189]. Other important regularizers include
the `0 penalty, R(x) = ‖x‖0, and the sparsity-promoting convex `1 relaxation R(x) = ‖x‖1,
introduced by Chen and Donoho in 1994 [310] as basis pursuit, and by Tibshirani in 1996 [329]
as the least absolute shrinkage and selection operator (LASSO). More generally, the `1 norm
was introduced much earlier: as a penalty in 1969 [279], with specialized algorithms in
1973 [98], and as a robust loss in geophysics in 1973 [94]. In modern optimization, nonsmooth
regularizers are widely used across a diverse set of applications, including in the training of
neural network architectures [168]. Figure 3.1(a) illustrates the classic sparse regression
iteration procedure for LASSO. Given the 1-norm of the solution, i.e. ‖x̂‖1 = τ , the solution
can be found by ‘inflating’ the level set of the data misfit until it intersects the ball B1 ≤ τ .
The geometry of the level sets influences both the robustness of the procedure with respect
to noise, and the convergence rate of iterative algorithms used to find x̂.

Contributions. In this paper, we propose a broad framework for sparse relaxed regular-
ized regression, called SR3. The key idea of SR3 is to solve a regularized problem that has
three advantages over the state-of-the-art: (1) solutions are superior with respect to errors,
false positives, and conditioning, (2) relaxation allows extremely fast algorithms for both
convex and nonconvex formulations, and (3) the methods apply to composite regularizers.
Rigorous theoretical results supporting these claims are presented in Section 3.2. We demon-
strate the advantages of SR3 (computational efficiency, higher accuracy, faster convergence
rates, greater flexibility) across a range of regularized regression problems with synthetic
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x1

x2

x3

original
coordinates(a)

‖Ax− b‖2

w1

w2

w3

relaxed
coordinates(b)

‖Fκw − gκ‖2

Figure 3.1: (a) Level sets (green ellipses) of the quadratic part of LASSO (3.1) and corre-
sponding path of prox-gradient to the solution (40 iterations) in x-coordinates. (b) Level
sets (green spheres) of the quadratic part of the SR3 value function (3.3) and corresponding
SR3 solution path (2 iterations) in relaxed coordinates w. Blue octahedra show the `1 ball
in each set of coordinates. SR3 decreases the singular values of Fκ relative to those of A
with a weaker effect on the small ones, ‘squashing’ the level sets into approximate spheres,
accelerating convergence, and improving performance.

and real data, including applications in compressed sensing, LASSO, matrix completion, TV
regularization, and group sparsity using a range of test problems in Section 3.3.

3.2 SR3 Method

Our goal is to improve the robustness, computational efficiency, and accuracy of sparse and
nonsmooth formulations. We relax (3.1) using an auxiliary variable w ∈ Rn that is forced to
be close to Cx. Relaxation was recently shown to be an efficient technique for dealing with
the class of nonconvex-composite problems [383]. The general SR3 formulation modifies (3.1)
to the following

min
x,w

1

2
‖Ax− b‖2 + λR(w) +

κ

2
‖Cx−w‖2, (3.2)

where κ is a relaxation parameter that controls the gap between Cx and w. Importantly,
κ controls both the strength of the improvements to the geometry/regularity of the relaxed
problem relative to the original and the fidelity of the relaxed problem to the original. To
recover a relaxed version of LASSO, for example, we take R(·) = ‖ · ‖1 and C = I. The
SR3 formulation allows non-convex `p “norms” with p < 1, as well as smoothly clipped
absolute deviation (SCAD) [142], and easily handles linear composite regularizers. Two
widely used examples that rely on compositions are compressed sensing formulations that
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use tight frames [117], and total variation (TV) regularization in image denoising [303].
In the convex setting, the formulation (3.2) fits into a class of problems studied by

Bauschke, Combettes, and Noll [33], who credit the natural alternating minimization algo-
rithm to Acker and Prestel in 1980 [2], and the original alternating projections method to
Cheney and Goldstein in 1959 [92] and Von Neumann in 1950 [347, Theorem 13.7]. The main
novelty of the SR3 approach is in using (3.2) to extract information from the w variable. We
also allow nonconvex regularizers R(·), using the structure of (3.2) to simplify the analysis.

The success of SR3 stems from two key ideas. First, sparsity and accuracy requirements
are split between w and x in the formulation (3.2), relieving the pressure these competing
goals put on x in (3.1). Second, we can partially minimize (3.2) in x to obtain a function
in w alone, with nearly spherical level sets, in contrast to the elongated elliptical level sets
of ‖Ax− b‖2. In w coordinates, it is much easier to find the correct support. Figure 3.1(b)
illustrates this advantage of SR3 on the LASSO problem.

3.2.1 SR3 and Value Function Optimization

Associated with (3.2) is a value function formulation that allows us to precisely characterize
the relaxed framework. Minimizing (3.2) in x, we obtain the value function

v(w) := min
x

1

2
‖Ax− b‖2 +

κ

2
‖Cx−w‖2. (3.3)

We assume that Hκ = A>A + κC>C is invertible. Under this assumption, x(w) =
H−1
κ

(
A>b+ κC>w

)
is unique. We now define

Fκ =

[
κAH−1

κ C>√
κ(I− κCH−1

κ C>)

]
, Fκ ∈ R(m+n)×n

Gκ =

[
I−AH−1

κ A>√
κCH−1

κ A>

]
, Gκ ∈ R(m+n)×m

gκ = Gκb, gκ ∈ Rm+n

(3.4)

which gives a closed form for (3.3):

v(w) =
1

2
‖Fκw − gκ‖2.

Problem (3.2) then reduces to

min
w

1

2
‖Fκw − gκ‖2 + λR(w) . (3.5)

The ellipsoid in Fig. 3.1(a) shows the level sets of ‖Ax−b‖2, while the spheroid in Fig. 3.1(b)
shows the level sets of ‖Fκw − gκ‖2. Partial minimization improves the conditioning of the
problem, as seen in Figure 3.1, and can be characterized by a simple theorem.
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Denote by σi(·) the function that returns the i-th largest singular value of the argument,
with σmax(A) denoting the largest singular value σ1(A), and σmin(A) denoting the smallest
(reduced) singular value σmin(m,d)(A). Let cond(A) := σmax(A)/σmin(A) denote the condition
number of A. The following result relates singular values of Fκ to those of A and C. Stronger
results apply to the special cases C = I, which covers the Lasso, and C>C = I, which covers
compressed sensing formulations with tight frames (C = Φ> with ΦΦ> = I) [91, 117, 132].

Theorem 9. When λ = 0, (3.5) and (3.1) share the same solution set. We also have the
following relations:

F>κFκ = κI− κ2CH−1
κ C> (3.6)

σi(F
>
κFκ) = κ− κ2σn−i+1(CH−1

κ C>). (3.7)

In addition, 0 � F>κFκ � κI always, and when n ≥ d and C has full rank (i.e. C>C is
invertible), we have

σmin(F>κFκ) ≥
σmin(A>A)/σmax(C>C)

1 + σmin(A>A)/(κσmax(C>C))
.

When C = I, we have

F>κFκ = A>(I + AA>/κ)−1A (3.8)

σi(F
>
κFκ) =

σi(A
>A)

1 + σi(A>A)/κ
, (3.9)

so that the condition numbers of Fκ and A are related by

cond(Fκ) = cond(A)

√
κ+ σmin(A)2

κ+ σmax(A)2
. (3.10)

Theorem 9 lets us interpret (3.5) as a re-weighted version of the original problem (3.1).
In the general case, the properties of F depend on the interplay between A and C. The
re-weighted linear map Fκ has superior properties to A in special cases. Theorem 9 gives
strong results for C = I, and we can derive analogous results when C has orthogonal columns
and full rank.

Corollary 1. Suppose that C ∈ Rn×d with n ≥ d and C>C = Id. Then,

σi(Fκ) =

{ √
κ

σi−(n−d)(A)√
κ+σi−(n−d)(A)2

i > n− d
√
κ i ≤ n− d

. (3.11)

For n > d, this implies

cond(Fκ) = cond(A)

√
κ+ σmin(A)2

σmax(A)2
. (3.12)
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When n = d, this implies

cond(Fκ) = cond(A)

√
κ+ σmin(A)2

κ+ σmax(A)2
. (3.13)

Proof. Let C̄ =
[
C C⊥

]
where the columns of C⊥ form an orthonormal basis for the

orthogonal complement of the range of C. Then, by Theorem 9,

C̄>F>κFκC̄ =

[
A>(I + AA>/κ)−1A

κIn−d

]
. (3.14)

The result follows from the second part of Theorem 9 .

When C is a square orthogonal matrix, partial minimization of (3.3) shrinks the singular
values of Fκ relative to A, with less shrinkage for smaller singular values, which gives a
smaller condition number as seen in Figure 3.1 for C = I. As a result, iterative methods
for (3.5) converge much faster than the same methods applied to (3.1), especially for ill-
conditioned A. The geometry of the level sets of (3.5) also encourages the discovery of
sparse solutions; see the path-to-solution for each formulation in Figure 3.1. The amount
of improvement depends on the size of κ, with smaller values of κ giving better conditioned
problems. For instance, consider setting κ = (σmax(A)2 − σmin(A)2)/µ2 for some µ > 1.
Then, by Corollary 1, cond(Fκ) ≤ 1 + cond(A)/µ.

3.2.2 Algorithms for the SR3 Problem

Problem (3.5) can be solved using a variety of algorithms, including the prox-gradient method
detailed in Algorithm 5. In the convex case, Algorithm 5 is equivalent to the alternating
method of [33]. The w update is given by

ŵk+1 = proxλ
κ
R

(
wk − 1

κ
F>κ (Fκw

k − gκ)
)
, (3.15)

where proxλ
κ
R is the proximity operator (prox) for R (see e.g. [96]) evaluated at Cx. The prox

in Algorithm 5 is easy to evaluate for many important convex and nonconvex functions, often
taking the form of a separable atomic operator, i.e. the prox requires a simple computation
for each individual entry of the input vector. For example, proxλ‖·‖1 is the soft-thresholding
(ST) operator:

proxλ‖·‖1(x)i = sign(xi) max(|xi| − λ, 0). (3.16)

Algorithm 5 is the proximal gradient algorithm applied to (3.5). It is useful to contrast it
with the proximal gradient algorithm for the original problem (3.1), detailed in Algorithm 6.
First, Algorithm 6 may be difficult to implement when C 6= I, as the prox operator may no
longer be separable or atomic. An iterative algorithm is required to evaluate

proxλ‖C·‖1(x) = arg min
y

1

2λ
‖x− y‖2 + ‖Cy‖1. (3.17)
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Algorithm 5 SR3 for (3.2)

1: Input: w0

2: Initialize: k = 0, η ≤ 1
κ

3: while not converged do
4: k ← k + 1
5: wk ← proxηλR(wk−1 − ηF>κ (Fκw

k−1 − gκ))
6: end while
7: Output: wk

Algorithm 6 Prox-gradient for (3.1)

1: Input: x0

2: Initialize: k = 0, η ≤ 1
σmax(A)2

3: while not converged do
4: k ← k + 1
5: xk ← proxηλR(C·)(x

k−1 − ηA>(Axk−1 − b))
6: end while
7: Output: xk

In contrast, Algorithm 1 always solves (3.5), which is regularized by R(w) rather than a
composition, with C affecting Fκ and gκ, see (3.4). This simple observation has important
consequences, since the prox-gradient method converges for a wide class of problems, in-
cluding non-convex regularizers [23]. For regularized least squares problems specifically, we
derive a self-contained convergence theorem with a sublinear convergence rate.

Theorem 10 (Proximal Gradient Descent for Regularized Least Squares). Consider the
linear regression objective,

min
x

p(x) :=
1

2
‖Ax− b‖2 + λR(x) ,

where p is bounded below, so that

−∞ < p∗ = inf
x
p(x),

and R may be nonsmooth and nonconvex. With step t = 1/σmax(A)2, the iterates generated
by Algorithm 6 satisfy

vk+1 := (‖A‖2
2I−A>A)(xk − xk+1) ∈ ∂p(xk+1),
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i.e. vk+1 is an element of the subdifferential of p(x) at the point xk+1
1, and

min
k=0,...N

‖vk+1‖2 ≤ 1

N

N−1∑
k=0

‖vk+1‖2 ≤ ‖A‖
2
2

N
(p(x0)− p∗) .

Therefore Algorithm 6 converges at a sublinear rate to a stationary point of p.

Theorem 10 always applies to the SR3 approach, which uses value function (3.5). When
C = I, we can also compare the convergence rate of Algorithm 5 for (3.5) to the rate for
Algorithm 6 for (6). In particular, the rates of Algorithm 5 are independent of A when A
does not have full rank, and depend only weakly on A when A has full rank, as detailed in
Theorem 11.

Theorem 11. Suppose that C = I. Let x∗ and w∗ denote the minimum values of px(x) :=
1
2
‖Ax − b‖2 + R(x) and pw(w) := 1

2
‖Fκw − gκ‖2 + R(w), respectively. Let xk denote the

iterates of Algorithm 6 applied to px, and wk denote the iterates of Algorithm 5 applied to
pw, with step sizes ηx = 1

σmax(A)2
and ηw = 1

σmax(Fκ)2
. The iterates always satisfy

vxk+1 = (‖A‖2
2I−A>A)(xk − xk+1) ∈ ∂px(xk+1)

vwk+1 = (κI− F>F)(wk −wk+1) ∈ ∂pw(wk+1).

For general R and any A we have the following rates:

1

N

N−1∑
k=0

‖vxk+1‖2 ≤ ‖A‖
2
2

N
(px(x0)− p∗x)

1

N

N−1∑
k=0

‖vwk+1‖2 ≤ κ

N
(pw(x0)− p∗w).

For convex R and any A we also have

px(x)− px(x∗)
‖x0 − x∗‖2

≤ σmax(A)2

2(k + 1)

pw(w)− pw(w∗)

‖w0 −w∗‖2
≤ σmax(Fκ)

2

2(k + 1)

≤
σmax(A)2

1+σmax(A)2/κ

2(k + 1)
≤ κ

2(k + 1)
.

1For nonconvex problems, the subdifferential must be carefully defined; see the preliminaries in the
Appendix.
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For convex R and A with full rank, we also have

‖xk − x∗‖2

‖x0 − x∗‖2
≤
(

1− σmin(A)2

σmax(A)2

)k
‖wk −w∗‖2

‖w0 −w∗‖2
≤
(

1− σmin(A)2

σmax(A)2

σmax(A)2 + κ

σmin(A)2 + κ

)k
When C>C = I, algorithm 6 may not be implementable. However, SR3 is implementable,

with rates equal to those for the C = I case when n = d and with rates as in the following
corollary when n > d.

Corollary 2. When C>C = I and n > d, let w∗ denote the minimum value of pw(w) :=
1
2
‖Fκw−gκ‖2 +R(w), and let wk denote the iterates of Algorithm 5 applied to pw, with step

size ηw = 1
κ

. The iterates always satisfy

vwk+1 = (κI− F>F)(wk −wk+1) ∈ ∂pw(wk+1).

For general R and any A we have the following rates:

1

N

N−1∑
k=0

‖vwk+1‖2 ≤ κ

N
(pw(x0)− p∗w).

For convex R and any A we also have

pw(w)− pw(w∗)

‖w0 −w∗‖2
≤ κ

2(k + 1)

For convex R and A with full rank, we also have

‖wk −w∗‖2

‖w0 −w∗‖2
≤
(

1− σmin(A>A)

κ+ σmin(A>A)

)k

Algorithm 5 can be used with both convex and nonconvex regularizers, as long as the
prox operator of the regularizer is available. A growing list of proximal operators is reviewed
by [96]. Notable nonconvex prox operators in the literature include (1) indicator of set of
rank r matrices, (2) spectral functions (with proximable outer functions) [124, 222], (3)
indicators of unions of convex sets (project onto each and then choose the closest point), (4)
MCP penalty [376], (5) firm-thresholding penalty [156], and (6) indicator functions of finite
sets (e.g., x ∈ {−1, 0, 1}d). Several nonconvex prox operators specifically used in sparse
regression are detailed in the next section.
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1(a) `0 norm. 1(b) Clipped absolute
deviation.

1(c) `p norm (p = 1
2). 1(d) `p norm (p = 1

4).

Figure 3.2: Nonconvex sparsity promoting regularizers.

3.2.3 Nonconvex Regularizers and Constraints

Nonconvex Regularizers: `0.

The 1-norm is often used as a convex alternative to `0, defined by ‖x‖0 = |{i : xi 6= 0}|, see
panel (a) of Figure 5.1. The nonconvex `0 has a simple prox — hard thresholding (HT) [50],
see Table 3.1. The SR3 formulation with the `0 regularizer uses HT instead of the ST
operator (3.16) in line 5 of Algorithm 5.

Nonconvex Regularizers: `pp for p ∈ (0, 1)

The `pp regularizer for p ∈ (0, 1) is often used for sparsity promotion, see e.g. [212] and the
references within. Two members of this family are shown in panels (c) and (d) of Figure 5.1.
The `pp prox subproblem is given by

min
x

fα,p(x; z) :=
1

2α
(x− z)2 + |x|p (3.18)

This problem is studied in detail by [89]. Closed form solutions are available for special
cases p ∈

{
1
2
, 2

3

}
; but a provably convergent Newton method is available for all p. Using a

simple method for each coordinate, we can globally solve the nonconvex problem (3.18) [89,
Proposition 8]. Our implementation is summarized in the Appendix. The `1/2 regularizer is
particularly important for CS, and is known to do better than either `0 or `1.
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R(x) r(x) proxαr(z) Solution

‖x‖1 |x|
{

sign(z)(|z| − α), |z| > α

0, |z| ≤ α
Analytic

‖x‖0

{
1, x 6= 0

0, x = 0

{
0, |z| ≤

√
2α

z, |z| >
√

2α
Analytic

‖x‖pp (p < 1) |x|p see Appendix Coordinate-wise Newton

CAD(x; ρ)

{
|x|, |x| ≤ ρ

ρ, |x| > ρ


z, |z| > ρ

sign(z)(|z| − α), α < |z| ≤ ρ

0, |z| ≤ α

Analytic

Table 3.1: Proximal operators of sparsity-promoting regularizers.

Nonconvex Regularizers: (S)CAD

The (Smoothly) Clipped Absolute Deviation (SCAD) [142] is a sparsity promoting regularizer
used to reduce bias in the computed solutions. A simple un-smoothed version (CAD) appears
in panel (b) of Figure 5.1, and the analytic prox is given in Table 3.1. This regularizer, when
combined with SR3, obtains the best results in the CS experiments in Section 3.3.

Composite Regularization: Total Variation (TV).

TV regularization can be written as TV(x) = R(Cx) = ‖Cx‖1, with C a (sparse) differ-
ence matrix (see (3.23)). The SR3 formulation is solved by Algorithm 5, a prox-gradient
(primal) method. In contrast, most TV algorithms use primal-dual methods because of the
composition ‖Cx‖1 [84].

Constraints as Infinite-Valued Regularizers.

The term R(·) does not need to be finite valued. In particular, for any set C that has a
projection, we can take R(·) to be the indicator function of C, given by

RC(x) =

{
0 x ∈ C
∞ x 6∈ C. ,

so that proxR(x) = projC(x). Simple examples of such regularizers include convex non-
negativity constraints (x ≥ 0) and nonconvex spherical constraints (‖x‖2 = r).
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Figure 3.3: Common optimization applications where the SR3 method improves performance.
For each method, the specific implementation of our general architecture (3.2) is given.

3.2.4 Optimality of SR3 Solutions

We now consider the relationship between the optimal solution ŵ to problem (3.5), and the
original problem (3.1).

Theorem 12 (Optimal Ratio). Assume C = I, and let λ1 for (3.1) and λ2 for (3.5) be
related by the ratio τ = λ2/λ1, and let ŵk be the optimal solution for (3.5) with parameter
λ2. If λ2 is set to be τλ1 where

τ̂ = argmin
τ>0

‖τI− κH−1
κ ‖2 =

κ

2
(σmax(H−1

κ ) + σmin(H−1
κ )) ,

then have that the distance to optimality of ŵ1 for (3.1) is bounded above by

σmax(A)2 − σmin(A)2

σmax(A)2 + σmin(A)2 + 2κ
‖A>Aŵ −A>b‖.
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Theorem 12 gives a way to choose λ2 given λ1 so that ŵ is as close as possible to the
stationary point of (3.1), and characterizes the distance of ŵ to optimality of the original
problem. The proof is given in the Appendix.

Theorem 12 shows that as κ increases, the solution ŵ moves closer to being optimal for
the original problem (3.1). On the other hand, Theorem 11 suggests that lower κ values
regularize the problem, making it easier to solve. In practice, we find that ŵ is useful and
informative in a range of applications with moderate values of κ, see Section 3.3.

3.3 Results

The formulation (3.1) covers many standard problems, including variable selection (LASSO),
compressed sensing, TV-based image de-noising, and matrix completion, shown in Fig. 3.3.
In this section, we demonstrate the general flexibility of the SR3 formulation and its ad-
vantages over other state-of-the-art techniques. In particular, SR3 is faster than competing
algorithms, and w is far more useful in identifying the support of sparse signals, particularly
when data are noisy and A is ill-conditioned.

3.3.1 SR3 vs. LASSO and Compressed Sensing

Using Eqs. (3.1) and (3.2), the LASSO and associated SR3 problems are

min
x

1

2
‖Ax− b‖2 + λ‖x‖1 (3.19)

min
x,w

1

2
‖Ax− b‖2 + λ‖w‖1 +

κ

2
‖x−w‖2 (3.20)

where A ∈ Rm×n with m ≥ n. LASSO is often used for variable selection, i.e. finding
a sparse set of coefficients x that correspond to variables (columns of A) most useful for
predicting the observation b. We compare the quality and numerical efficiency of Eqs. (3.19)
and (3.20). The formulation in (3.20) is related to an earlier sequentially thresholded least
square algorithm that was used for variable selection to identify nonlinear dynamical systems
from data [61].

In all LASSO experiments, observations are generated by b = Axt + σε, where xt is the
true signal, and ε is independent Gaussian noise.

LASSO Path

The LASSO path refers to the set of solutions obtained by sweeping over λ in (3.1) from a
maximum λ, which gives x = 0, down to λ = 0, which gives the least squares solution. In
[320], it was shown that (3.19) makes mistakes early along this path.
Problem setup. As in [320], the measurement matrix A is 1010×1000, with entries drawn
from N (0, 1). The first 200 elements of the true solution xt are set to be 4 and the rest to
be 0; σ = 1 is used to generate b. Performing a λ sweep, we track the fraction of incorrect
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Figure 3.4: Left: SR3 approach (red) is orders of magnitude faster than ADMM (green)
or other first-order methods such as prox-gradient (gray). While IRL (blue) requires a
comparable number of iterations, its cost per iteration is more expensive than SR3. Middle:
True Positives vs. False Positives along the LASSO path (blue) and along the SR3 path (red).
Right: F1 score of SR3 (red) and LASSO formulation (blue) with respect to different noise
levels.

nonzero elements in the last 800 entries vs. the fraction of nonzero elements in the first
200 entries of each solution, i.e. the false discovery proportion (FDP) and true positive
proportion (TPP).
Parameter selection. We fix κ = 100 for SR3. Results are presented across a λ-sweep for
both SR3 and LASSO.
Results. The results are shown in the top-right panel of Fig. 3.4. LASSO makes mistakes
early along the path [320]. In contrast, SR3 recovers the support without introducing any
false positives along the entire path until overfitting sets in with the 201st nonzero entry.

Robustness to Noise.

Observation noise makes signal recovery more difficult. We conduct a series of experiments
to compare the robustness with respect to noise of SR3 with LASSO.
Problem setup. We choose our sensing matrix with dimension 200 by 500 and elements
drawn independently from a standard Gaussian distribution. The true sparse signal has
20 non-zero entries, and we consider a range of noise levels σ ∈ {0.2i : i = 0, 1, . . . , 20}.
For each σ, we solve (3.19) and (3.20) for 200 different random trials. We record the F1-
score, F1 = 2(precision · recall)/(precision + recall), to compare reconstruction quality. In
the experiments, any entry in x which is greater than 0.01 is considered non-zero for the
purpose of defining the recovered support.
Parameter selection. We FIX κ = 100 and perform a λ-sweep for both (3.19) and (3.20)
to record the best F1-score achievable by each method.
Results. We plot the average normalized F1-score for different noise levels in the bottom
panel of Fig. 3.4. SR3 has a uniformly higher F1-score across all noise levels.
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Computational Efficiency.

We compare the computational efficiency of the Alternating Directions Method of Multipliers
(ADMM) (see e.g. [55, 162]), proximal gradient algorithms (see e.g. [96]) on (3.19) with
Algorithm 5, and a state-of-the-art Iteratively Reweighted Least-Squares (IRL) method,
specifically IRucLq-v as in [212].
Problem setup. We generate the observations with σ = 0.1. The dimension of A is
600 × 500, and we vary the condition number of the matrix A from 1 to 100. For each
condition number, we solve the problem 10 times and record the average number of iterations
required to reach a specified tolerance. We use the distance between the current and previous
iteration to detect convergence for all algorithms. When the measure is less than a tolerance
of 10−5 we terminate the algorithms.
Parameter selection. We choose κ = 1, λ in (3.19) to be ‖A>b‖∞/5, and λ in (3.20) to
be ‖F>κ gκ‖∞/5.

Table 3.2: Complexity Comparison for A ∈ Rm×n, m ≥ n.

Method One-time Overhead Cost of generic iteration
PG — O(mn)

ADMM O(mn2 + n3) O(n2)
IRucLq-v — O(mn2 + n3)

SR3 O(mn2 + n3) O(n2)

Results. The results (by number of iterations) are shown in the top left panel of Fig. 3.4.
The complexity of each iteration is given in Table 3.2. The generic iterations of PG, ADMM,
and SR3 have nearly identical complexity, with ADMM and SR3 requiring a one-time for-
mation and factorization of an n× n matrix. The IRucLq-v method requires the formation
and inversion of such a matrix at each iteration. From Fig. 3.4, SR3 requires far fewer
iterations than ADMM and the proximal gradient method, especially as cond(A) increases.
SR3And the IRucLq-v method require a comparable number of iterations. A key difference
is that ADMM requires dual variables, while SR3 is fundamentally a primal-only method.
When cond(A) = 50, ADMM needs almost 104 iterations to solve (3.19); proximal gradient
descent requires 102 iterations; and SR3 requires 10 to solve (3.20). Overall, the SR3 method
takes by far the least total compute time as the condition number increases. More detailed
experiments, including for larger systems where iterative methods are needed, are left to
future work.

SR3 for Compressed Sensing.

When m � n, the variable selection problem targeted by (3.19) is often called compressed
sensing (CS). Sparsity is required to make the problem well-posed, as (3.19) has infinitely
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many solutions with λ = 0. In CS, columns of A are basis functions, e.g. the Fourier modes
Aij = exp(iαjti), and b may be corrupted by noise [80]. In this case, compression occurs
when m is smaller than the number of samples required by the Shannon sampling theorem.

Finding the optimal sparse solution is inherently combinatorial, and brute force solutions
are only feasible for small-scale problems. In recent years, a series of powerful theoretical
tools have been developed in [82, 80, 81, 117, 116] to analyze and understand the behavior
of (3.1) with R(·) = ‖ · ‖1 as a sparsity-promoting penalty. The main theme of these works
is that if there is sufficient incoherence between the measurements and the basis, then exact
recovery is possible. One weakness of the approach is that the incoherence requirement —
for instance, having a small restricted isometry constant (RIC) [82] — may not be satisfied
by the given samples, leading to sub-optimal recovery.

Problem setup. We consider two synthetic CS problems. The sparse signal has dimension
d = 500 and k = 20 nonzero coefficients with uniformly distributed positions and values
randomly chosen as −2 or 2. In the first experiment, the entries of A ∈ Rm×n are drawn
independently from a normal distribution, which will generally have a small RIC [82] for
sufficiently large m. In the second experiment, entries of A ∈ Rm×n are drawn from a
uniform distribution on the interval [0, 1], which are generally more coherent than using
Gaussian entries.

In the classic CS context, recovering the support of the signal (indices of non-zero coef-
ficients) is the main goal, as the optimal coefficients can be computed in a post-processing
step. In the experiments, any entry in x which is greater than 0.01 is considered non-zero for
the purpose of defining the recovered support. To test the effect of the number of samples m
on recovery, we take measurements with additive Gaussian noise of the form N (0, 0.1), and
choose m ranging from k to 20k. For each choice of m we solve (3.1) and (3.2) 200 times.
We compare results from 10 different formulations and algorithms: sparse regression with
`0, `1/2, `1 and CAD regularizers using PG; SR3 reformulations of these four problems using
Algorithm 5, and sparse regression with `1/2 and `1 regularizers using IRucLq-v.

Parameter selection. For each instance, we perform a grid search on λ to identify the
correct non-zero support, if possible. The fraction of runs for which there is a λ with
successful support recovery is recorded. For all experiments we fix κ = 5, and we set ρ = 0.5
for the CAD regularizer.

Results. As shown in Figure 3.5, for relatively incoherent random Gaussian measurements,
both the standard formulation (3.1) and SR3 succeed, particularly with the nonconvex reg-
ularizers. CAD(·, ρ), which incorporates some knowledge of the noise level in the parameter
ρ, performs the best as a regularizer, followed by `1/2, `0, and `1. The SR3 formulation
obtains a better recovery rate for each m for most regularizers, with the notable exception
of `1/2. The IRucLq-v algorithm (which incorporates some knowledge of the sparsity level as
an internal parameter) is the most effective method for `1/2 regularization for such matrices.

For more coherent uniform measurements, SR3 obtains a recovery rate which is only
slightly degraded from that of the Gaussian problem, while the results using (3.1) degrade
drastically. In this case, SR3 is the most effective approach for each regularizer and provides
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Figure 3.5: Compressed sensing results: recovering a 20-sparse signal in R500 from a small
number of measurements. We plot the recovery rate as the number of measurements in-
creases. Line color and style are determined by the regularizer while marker shapes are
determined by the algorithm/formulation used. For readability, only the best performing al-
gorithm for each regularizer is plotted in bold, with the rest opaque. Left panel: the sensing
matrix A has Gaussian entries. Nonconvex regularizers are in general more effective than
convex regularizers. SR3 is the most effective formulation for each regularizer aside from `1/2

for which the standard formulation with the IRucLq-v algorithm is best. SR3 CAD achieves
a better final result compared to `1/2 with IRLucLq-v. Right panel: the sensing matrix
A has uniform entries. The traditional convex approaches fail dramatically as there is no
longer a RIP-like condition. Even for the nonconvex regularizers, IRucLq-v shows significant
performance degradation, while proximal gradient descent never succeeds. However, SR3 ap-
proaches still succeed, with only a minor efficiency gap (with respect to m/k) compared to
the easier conditions in the left panel.
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the only methods which have perfect recovery at a sparsity level of m/k ≤ 10, namely
SR3-CAD, SR3-`1/2, and SR3-`0.
Remark: Many algorithms focus on the noiseless setting in compressive sensing, where the

emphasis shifts to recovering signals that may have very small amplitudes [212]. SR3 is not
well suited to this setting, since the underlying assumption is that w is near to x in the least
squares sense.

Analysis vs. Synthesis

Compressive sensing formulations fall into two broad categories, analysis (3.21) and synthesis
(3.22) (see [91, 132]):

min
x

1

2
‖Ax− b‖2 +R(Cx), (3.21)

min
ξ

1

2
‖AC>ξ − b‖2 +R(ξ), (3.22)

where C is the analyzing operator, x ∈ Rd and ξ ∈ Rn, and we assume n � d. In this
section, we consider C>C = I, i.e. C> is a tight frame. Synthesis represents x using the
over-determined system C>, and recovers the coefficients ξ using sparse regression. Analysis
directly works over the domain of the underlying signal x with the prior that Cx is sparse.
The two methods are equivalent when n ≤ d, and very different when n > d [91]. Both
forms appear in a variety of inverse problems including denoising, interpolation and super-
resolution. The work of [132] presents a thorough comparison of (3.21) and (3.22) across a
range of signals, and finds that the effectiveness of each depends on problem type.

The SR3 formulation can easily solve both analysis and synthesis formulations. We have
focused on synthesis thus far, so in this section we briefly consider analysis (3.21), under the
assumption that Cx is almost sparse. When l� d, the analysis problem is formulated over a
lower dimensional space. However, since Cx is always in the range of C, it can never be truly
sparse. If a sparse set of coefficients is needed, analysis formulations use post-processing steps
such as thresholding. SR3, in contrast, can extract the sparse transform coefficients directly
from the w variable. We compare SR3 with the Iteratively Reweighted Least-Squares-type
algorithm IRL-D proposed by [194] for solving (3.21).
Problem setup. We choose our dimensions to be n = 1024, d = 512 and m = 128.
We generate the sensing matrix A with independent Gaussian entries and the true sparse
coefficient ξt with 15 non-zero elements randomly selected from the set {−1, 1}. The true
underlying signal is xt = C>ξ and the measurements are generated by b = Axt + σε, where
σ = 0.1 and ε has independent Gaussian entries. We use `1 as the regularizer, R(·) = λ‖·‖1.
Parameter selection. In this experiment, we set κ for SR3 to be 5, λ for SR3 to be
‖F>κ gκ‖∞/2, and ‖A>b‖∞/10 for IRL-D. The λs are chosen to achieve the clearest separation
between active and inactive signal coefficients for each method.
Results. The results are shown in Figure 3.6. The w in the SR3 analysis formulation is
able to capture the support of the true signal cleanly, while Cx from the (3.21) identifies the
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Figure 3.6: Comparison of standard analysis with SR3-analysis. Top panel: result using
SR3-analysis, plotting the final w (red) against the true signal (dark grey). Bottom panel:
result using standard analysis and the IRL-D algorithm, plotting final Cx (blue) against the
true signal (dark grey).

support but is not completely sparse, requiring post-processing steps such as thresholding to
get a support estimate.

3.3.2 SR3 for Total Variation Regularization

Natural images are effectively modeled as large, smooth features separated by a few sparse
edges. It is common to regularize ill-posed inverse problems in imaging by adding the so-
called total variation (TV) regularization [303, 85, 319, 268, 351, 36, 84]. Let Xij denote
the i, j pixel of an m × n image. For convenience, we treat the indices as doubly periodic,
i.e. Xi+pm,j+qn = Xi,j for p, q ∈ Z. Discrete x and y derivatives are defined by [DxX]ij =
Xi+1,j −Xij and [DyX]ij = Xi,j+1 −Xij, respectively. The (isotropic) total variation of the
image is then given by the sum of the length of the discrete gradient at each pixel, i.e.

RTV

(
DxX
DyX

)
:=

m∑
i=1

n∑
j=1

√
[DxX]2ij + [DyX]2ij . (3.23)

Adding the TV regularizer (3.23) to a regression problem corresponds to imposing a sparsity
prior on the discrete gradient.

Consider image deblurring (Fig. 3.7). The two-dimensional convolution Y = A ∗ X is
given by the sum Yij =

∑m
p=1

∑n
q=1ApqXi−p,j−q . Such convolutions are often used to model

photographic effects, like distortion or motion blur. Even when the kernel A is known, the
problem of recovering X given the blurred measurement is unstable because measurement
noise is sharpened by ‘inverting’ the blur. Suppose that B = A ∗ X + νG, where G is a
matrix with entries given by independent entries from a standard normal distribution and ν
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is shown in panel (c) and the crisper image resulting from the regularized SR3 problem (with
λ = .075) is shown in panel (d) (the image resulting from the ADMM type algorithm of [84]
is visually similar, with a similar SNR)

is the noise level. To regularize the problem of recovering X from the corrupted signal B,
we add the TV regularization:

X̂ = argmin
X

1

2
‖A ∗X−B‖2

F + λRTV

(
DxX
DyX

)
. (3.24)

The natural SR3 reformulation is given by

min
X,wx,wy

1

2
‖A∗X−B‖2

F

+λRTV

(
wx

wy

)
+
κ

2

∥∥∥∥wx−DxX
wy−DyX

∥∥∥∥2

F

. (3.25)



61

Problem setup. In this experiment, we use the standard Gaussian blur kernel of size k and
standard deviation σ, given by Aij = exp (−(i2 + j2)/(2σ2)) , when |i| < k and |j| < k, with
the rest of the entries of A determined by periodicity or equal to zero. The signal X is the
classic “cameraman” image of size 512×512. As a measure of the progress of a given method
toward the solution, we evaluate the current loss at each iteration (the value of either the
right hand side of (3.24) or (3.25)).
Parameter Selection. We set σ = 2, k = 4, ν = 2, and λ = 0.075. The value of λ was
chosen by hand to achieve reasonable image recovery. For SR3, we set κ = 0.25.
Results. Figure 3.7 demonstrates the stabilizing effect of TV regularization. Panels (a) and
(b) show a detail of the image, i.e. X, and the corrupted image, i.e. B, respectively. In
panel (c), we see that simply inverting the effect of the blur results in a meaningless image.
Adding TV regularization gives a more reasonable result in panel (d).

Algorithm 7 FISTA for SR3 TV

1: Input: w0

2: Initialize: k = 0, a0 = 1, v0 = w0, η ≤ 1
κ

3: while not converged do
4: k ← k + 1
5: vk ← proxηR(wk−1 − η(F>κ (Fκw

k−1 − gκ)))
6: ak ← (1 +

√
1 + 4a2

k−1)/2

7: wk ← vk + (ak−1 − 1)/ak(vk − vk−1)
8: end while
9: Output: wk

In the top plot of Fig. 3.7, we compare SR3 and a primal-dual algorithm [84] on the
objectives (3.25) and (3.24), respectively. Algorithm 5 converges as fast as the state-of-the-
art method of [84]; it is not significantly faster because for TV regularization, the equivalent of
the map C does not have orthogonal columns (so that the stronger guarantees of Section 3.2
do not apply) and the equivalent of Fκ, see (3.4), is still ill-conditioned. Nonetheless, since
SR3 gives a primal-only method, it is straightforward to accelerate using FISTA [37]. In
Fig. 3.7, we see that this accelerated method converges much more rapidly to the minimum
loss, giving a significantly better algorithm for TV deblurring. The FISTA algorithm for
SR3 TV is detailed in Algorithm 7.

We do not compare the support recovery of the two formulations, (3.24) and (3.25),
because the original signal does not have a truly sparse discrete gradient. The recovered
signals for either formulation have comparable signal-to-noise ratios (SNR), approximately
26.10 for SR3 and 26.03 for standard TV (these numbers vary quite a bit based on parameter
choice and maximum number of iterations).
Analysis. We can further analyze SR3 for the specific C used in the TV denoising problem
in order to understand the mediocre performance of unaccelerated SR3. Setting x = vec(X),
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we have
A ∗X = F−1 Diag(ĉ)Fx, DxX = F−1 Diag(d̂x)Fx,
DyX = F−1 Diag(d̂y)Fx

where Fx corresponds to taking a 2D Fourier transform, i.e. of Fx = vec(F (2d)X). Then,
Fκ can be written as

κF−1 Diag(ĉ)H−1
κ

[
Diag(d̂x) Diag(d̂y)

]
F

√
κF−1

(
I− κ

[
Diag(d̂x)

Diag(d̂y)

]
H−1
κ

[
Diag(d̂x) Diag(d̂y)

])
F

 ,

where
Hκ = F−1 Diag(ĉ� ĉ+ κd̂x � d̂x + κd̂y � d̂x)F ,

and � is element-wise multiplication. The SR3 formulation (3.25) reduces to

min
w

1

2
‖Fκw − gκ‖2 + λ‖w‖1,

with Fκ and gκ as above, and w = vec

(
◦
√

W©2
x + W©2

y

)
, where ◦

√
A and A©2 denote

element-wise square root and squaring operations, respectively.
Setting ĥ = ĉ� ĉ+ κd̂x � d̂x + κd̂y � d̂x, we have

F>κFκ = F−1AκF ,

with Aκ given by[
κI− κ2 Diag(d̂x � ĥ−1 � d̂x) −κ2 Diag(d̂x � ĥ−1 � d̂y)
−κ2 Diag(d̂y � ĥ−1 � d̂x) κI− κ2 Diag(d̂y � ĥ−1 � d̂y)

]
.

F>κFκ is a 2 × 2 block system of diagonal matrices, so we can efficiently compute its eigen-
values, thereby obtaining the singular values of Fκ. In Figure 3.8, we plot the spectrum of
Fκ. Half of the singular values are exactly

√
κ, and the other half drop rapidly to 0. This

spectral property is responsible for the slow sublinear convergence rate of SR3. Because of
the special structure of the C matrix, Fκ does not improve conditioning as in the LASSO
example, where C = I. The SR3 formulation still makes it simple to apply the FISTA
algorithm to the reduced problem (3.5), improving the convergence rates.

3.3.3 SR3 for Exact Derivatives

TV regularizers are often used in physical settings, where the position and the magnitude of
the non-zero values for the derivative matters. In this numerical example, we use synthetic
data to illustrate the efficacy of SR3 for such problems. In particular, we demonstrate that
the use of nonconvex regularizers can improve performance.
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Figure 3.8: Singular values (ordered by magnitude) of Fκ (left panel) and A (right panel) in
the TV example.

Problem setup. Consider a piecewise constant step function with dimension xt ∈ R500 and
values from −2 to 2, see the first row of Figure 3.9 for a sample plot. We take 100 random
measurements b = Axt +σε of the signal, where the elements of A and ε are i.i.d. standard
Gaussian, and we choose a noise level of σ = 1.

To recover the signal, we solve the SR3 formulation

min
x,w

1

2
‖Ax− b‖2 + λR(w) +

1

2
‖w −Cx‖2,

where R is chosen to be ‖ · ‖0 or ‖ · ‖1, and C is the appropriate forward difference matrix.
We want to both recover the signal xt and obtain an estimate of the discrete derivative using
w.
Parameter selection. We set κ = 1 and choose λ by cross-validation. We set λ = 0.07
when R = `1 and λ = 0.007 when R = `0.
Results. Results are shown in Figure 3.9, with the first row showing the recovered signals
(red dashed line and green dot-dashed line) vs. true signal (blue solid line) and the second
row showing the estimated signal derivative w.

If we explicitly use the fact that our signal is a step function, it is easy to recover an
accurate approximation of the signal using both x and w. We define groups of indices
corresponding to contiguous sequences for which wi = 0. For such contiguous groups, we set
the value of the recovered signal to be the mean of the xi values. Ideally, there should be
five such groups. In order to recover the signal, we need good group identification (positions
of nonzeros in w) and an unbiased estimation for signal x. From the red dash line in the
first row of Figure 3.9, we can see that both `0 and `1 reasonably achieve this goal using the
grouping procedure.

However, such an explicit assumption on the structure of the signal may not be appropri-
ate in more complicated applications. A more generic approach would “invert” C (discrete
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Figure 3.9: SR3 TV regularization result on synthetic data. The first row plots the averaging
recovery signal (dashed red line), integrating recovery signal (dot dashed green line) and the
true signal (solid blue line). Second row plots the discretized derivative (solid red line)
and true magnitude (dashed blue line). First column contain the results come from `0

regularization, second column is from `1.

integration in this example) to reconstruct the signal given w. From the second row of
Figure 3.9 we see that `0-TV obtains a better unbiased estimation of the magnitude of the
derivative compared to `1-TV; accordingly, the signal reconstructed by integration is more
faithful using the `0-style regularizatoin.

3.3.4 SR3 for Matrix Completion

Analogous to sparsity in compressed sensing, low-rank structure has been used to solve a
variety of matrix completion problems, including the famous Netflix Prize problem, as well as
in control, system identification, signal processing [367], combinatorial optimization [290, 73],
and seismic data interpolation/denoising [266, 14].

We compare classic rank penalty approaches using the nuclear norm (see e.g. [290]) to
the SR3 approach on a seismic interpolation example. Seismic data interpolation is crucial
for accurate inversion and imaging procedures such as full-waveform inversion [346], reverse-
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Figure 3.10: Interpolating a frequency slice from the Gulf of Suez dataset. Clockwise we see
subsampled data in the source-receiver domain; transformation of the data to the midpont-
offset domain, interpolation, and inverse transform back to the source/receiver domain.

time migration [34] and multiple removal methods [344]. Dense acquisition is prohibitively
expensive in these applications, motivating reduction in seismic measurements. On the
other hand, using subsampled sources and receivers without interpolation gives unwanted
imaging artifacts. The main goal is to simultaneously sample and compress a signal using
optimization to replace dense acquisition, thus enabling a range of applications in seismic
data processing at a fraction of the cost.
Problem setup. We use a real seismic line from the Gulf of Suez. The signal is stored in
a 401 × 401 complex matrix, arranged as a matrix by source/receiver, see the left plot of
Fig. 3.10. Fully sampled seismic data has a fast decay of singular values, while sub-sampling
breaks this decay [14]. A convex formulation for matrix completion with nuclear norm is
given by [290]

min
X

1

2
‖A(X)−D‖2

F + λR(σ(X)) (3.26)

where A maps X to data D, and R(·) = ‖ · ‖1 penalizes rank.
The SR3 model relaxes (3.28) to obtain the formulation

min
X,W

1

2
‖A(X)−D‖2

F + λR(σ(W)) +
κ

2
‖W −X‖2

F . (3.27)

To find X(W), the minimizer of (3.29) with respect to X, we solve a least squares problem.
The W update requires thresholding the singular values of X(W).
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(a) SR3 (3.29), R = ‖ · ‖0, SNR: 12.6489 (b) SR3 (3.29), R = ‖ · ‖1, SNR: 12.3508

(c) (3.28), R = ‖ · ‖0, SNR: 12.1929 (d) (3.28), R = ‖ · ‖1, 12.05720 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
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Figure 3.11: Result comparison SR3 vs. classic low rank regression. In each subplot, we
show the recovered signal matrix (left) and the difference between recovered the true signal
(right). The corresponding SNR is provided. (a), (b) plot the the results of SR3 with `0 and
`1 regularizers. (c), (d) plot the results of classic formulation with `0 and `1 regularizers.

We compare the results from four formulations, SR3 `0, SR3 `1, classic `0 and classic `1,
i.e. the equations

min
X

1

2
‖A(X)−D‖2

F + λR(σ(X)) (3.28)

and

min
X,W

1

2
‖A(X)−D‖2

F + λR(σ(W)) +
κ

2
‖W −X‖2

F , (3.29)

where R can be either `1 or `0. To generate figures from SR3 solutions, we look at the signal
matrix X rather than the auxiliary matrix W, since we want the interpolated result rather
a support estimate, as in the compressive sensing examples.

In Figure 3.10, 85% of the data is missing. We arrange the frequency slice into a 401×401
matrix, and then transform the data into the midpoint-offset domain following [14], with
m = 1

2
(s+ r) and h = 1

2
(s− r), increasing the dimension to 401× 801. We then solve (3.29)

to interpolate the slice, and compare with the original to get a signal-to-noise ratio (SNR)
of 9.7 (last panel in Fig. (3.10)). The SNR obtained by solving (3.28) is 9.2.
Parameter selection. We choose κ = 0.5 for all the experiments and do a cross validation
for λ. When R = `1, we range λ from 5 to 8 and when R = `0, we range λ from 200 to 400.
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Figure 3.12: Pareto frontiers (best fit achievable for each rank) for (3.28) withR = `1, R = `0,
and for corresponding SR3 formulations (3.29), describing the best fits of observed values
achievable for a given rank (obtained across regularizers for the four formulations). `0 formu-
lations are more efficient than those with `1, and SR3 formulations (3.29) are more efficient
classic formulations (3.28).

Results. Results are shown in Figures 3.11 and 3.12. The relative quality of the images is
hard to compare with the naked eye, so we compute the Signal to Noise Ratio (SNR) with
respect to the original (fully sampled) data to present a comparison. SR3 fits original data
better than the solution of (3.28), obtaining a maximum SNR of 12.6, see Figure 3.11.

We also generate Pareto curves for the four approaches, plotting achievable misfit on the
observed data against the ranks of the solutions. Pareto curves for `0 formulations lie below
those of `1 formulations, i.e. using the 0-norm allows better data fitting for a given rank,
and equivalently a lower rank at a particular error level, see Figure 3.12. The Pareto curves
obtained using the SR3 approach are lower still, through the relaxation.

3.3.5 SR3 for Group Sparsity

Group sparsity is a composite sparse regularizer used in multi-task learning to regularize
under-determined learning tasks by introducing redundancy in the solution vectors. Consider
a set of under-determined linear systems,

bi = Aixi + σεi, i = 1, . . . , k,

where Ai ∈ Rmi×n and mi < n. If we assume a priori that some of these systems might share
the same solution vector, we can formulate the problem of recovering the xi as

min
xi

1

2

k∑
i=1

‖Aixi − bi‖2
2 + λ

k−1∑
i=1

k∑
j=i+1

‖xi − xj‖2
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Figure 3.13: Pairwise distance between all decision variables of different tasks obtained by
SR3.

where the `2 norm promotes sparsity of the differences xi − xj (or, equivalently, encourages
redundancy in the xi). To write the objective in a compact way, set

x =

x1
...
xk

 , b =

b1
...
bk

 , A =

A1

. . .

Ak

 .
We can then re-write the optimization problem as

min
x

1

2
‖Ax− b‖2

2 + λ
k−1∑
i=1

k∑
j=i+1

‖Dijx‖2 ,

where Dijx gives the pairwise differences between xi and xj. There is no simple primal
algorithm for this objective, as ‖ · ‖2 is not smooth and there is no efficient prox operation
for the composition of ‖ · ‖2 with the mapping D.

Applying the SR3 approach, we introduce the variables wij to approximate Dijx and
obtain

min
x,w

1

2
‖Ax− b‖2

2 + λ

k−1∑
i=1

k∑
j=i+1

‖wij‖2

+
κ

2

k−1∑
i=1

k∑
j=i+1

‖wij −Dijx‖2
2 .

Problem setup. We set up a synthetic problem with n = 200, mi = 150, and k = 7. The
Ai are random Gaussian matrices and we group the true underlying signal as follows:

x1 = x2, x3 = x4, x5 = x6 = x7
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where the generators are sampled form a Gaussian distribution. We set the noise level to
σ = 0.1.

Parameter selection. We select optimization parameters to be λ = 10 and κ = 1.

Results. The pairwise distance of the result is shown in Figure 3.13. The groups have been
successfully recovered. If we directly use the x from the SR3 solution, we obtain 47% relative
error. However, using the pattern discovered by w to regroup the least square problems,
namely combine A1,A2 and b1, b2 to solve for the first group of variables, x1 = x2, and
so on, we improve the result significantly to 1% relative error (which is essentially optimal
given the noise).

3.4 Discussion and Outlook

Sparsity promoting regularization of regression problems continues to play a critical role in
obtaining actionable and interpretable models from data. Further, the robustness, compu-
tational efficiency, and generalizability of such algorithms is required for them to have the
potential for broad applicability across the data sciences. The SR3 algorithm developed here
satisfies all of these important criteria and provides a broadly applicable, simple architec-
ture that is better than state-of-the-art methods for compressed sensing, matrix completion,
LASSO, TV regularization, and group sparsity. Critical to its success is the relaxation that
splits sparsity and accuracy requirements.

The SR3 approach introduces an additional relaxation parameter. In the empirical results
presented here, we did not vary κ significantly, showing that for many problems, choosing
κ ≈ 1 can improve over the state of the art. The presence of κ affects the regularization
parameter λ, which must be tuned even if a good λ is known for the original formulation.
Significant improvements can be achieved by choices of the pair (κ, λ); we recommend using
cross-validation, and leave automatic strategies for parameter tuning to future work.

The success of the relaxed formulation also suggests broader applicability of SR3. Spe-
cially, we can also consider the general optimization problem associated with nonlinear func-
tions, such as the training of neural networks, optimizing over a set of supervised input-
output responses that are given by a nonlinear function f(·) with constraints. The relaxed
formulation of (3.2) generalizes to

min
x,w

f(A,x, b) + λR(w) +
κ

2
‖Cx−w‖2. (3.30)

Accurate and sparse solutions for such neural network architectures can be more readily
generalizable, analogous with how SR3 helps to achieve robust variable selection in sparse lin-
ear models. The application to neural networks is beyond the scope of the current manuscript,
but the architecture proposed has great potential for broader applicability.
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3.5 Appendix

We review necessary preliminaries from the optimization literature, and then present a series
of theoretical results that explain some of the properties of SR3 solutions and characterize
convergence of the proposed algorithms.

Mathematical Preliminaries

Before analyzing SR3, we give some basic results from the non-smooth optimization litera-
ture.

Subdifferential and Optimality

In this paper, we work with nonsmooth functions, both convex and nonconvex. Given a
convex nonsmooth function f : Rn → R and a point x̄ with f(x̄) finite, the subdifferential of
f at x̄, denoted ∂f(x̄), is the set of all vectors v satisfying

f(x) ≥ f(x̄) + 〈v, x− x̄〉 ∀ x.
The classic necessary stationarity condition 0 ∈ ∂f(x̄) implies f(x) ≥ f(x̄) for all x, i.e.
global optimality. The definition of subdifferential must be amended for the general noncon-
vex case. Given an arbitrary function f : Rn → R and a point x̄ with f(x̄) finite, the Fréchet
subdifferential of f at x̄, denoted ∂̂f(x̄), is the set of all vectors v satisfying

f(x) ≥ f(x̄) + 〈v, x− x̄〉+ o(‖x− x̄‖) as x→ x̄.

Thus the inclusion v ∈ ∂̂f(x̄) holds precisely when the affine function x 7→ f(x̄) + 〈v, x− x̄〉
underestimates f up to first-order near x̄. In general, the limit of Fréchet subgradients
vi ∈ ∂̂f(xi), along a sequence xi → x̄, may not be a Fréchet subgradient at the limiting
point x̄. Therefore, one formally enlarges the Fréchet subdifferential and defines the limiting
subdifferential of f at x̄, denoted ∂f(x̄), to consist of all vectors v for which there exist
sequences xi and vi, satisfying vi ∈ ∂f(xi) and (xi, f(xi), vi) → (x̄, f(x̄), v). In this general
setting, the condition 0 ∈ ∂f(x̄) is necessary but not sufficient. However, stationary points
are the best we can hope to find using iterative methods, and distance to stationarity serves
as a way to detect convergence and analyze algorithms. In particular, we design and analyze
algorithms that find the stationary points of (3.1) and (3.5), which are defined below, for
both convex and nonconvex regularizers R(·).
Definition 5 (Stationarity). We call x̂ the stationary point of (3.1) if,

0 ∈ A>(Ax̂− b) + λC>∂R(x̂).

And (x̂, ŵ) the stationary point of (3.5) if,

0 = A>(Ax̂− b) + κC>(Cx̂− ŵ),

0 ∈ λ∂R(ŵ) + κ(ŵ −Cx̂).
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Moreau Envolope and Prox Operators

For any function f and real η > 0, the Moreau envelope and the proximal mapping are defined
by

fη(x) := inf
z

{
f(z) + 1

2η
‖z − x‖2

}
, (3.31)

proxηf (x) := argmin
z

{
ηf(z) + 1

2
‖z − x‖2

}
, (3.32)

respectively.
The Moreau envelope has a smoothing effect on convex functions, characterized by the

following theorem. Note that a proper function f satisfies that f > −∞ and it takes on a
value other than +∞ for some x. A closed function satisfies that {x : f(x) ≤ α} is a closed
set for each α ∈ R.

Theorem 13 (Regularization properties of the envelope). Let f : Rn → R be a proper closed
convex function. Then fη is convex and C1-smooth with

∇fη(x) = 1
η
(x− proxηf (x)) and lip(∇fη) ≤ 1

η
.

If in addition f is L-Lipschitz, then the envelope fη(·) is L-Lipschitz and satisfies

0 ≤ f(x)− fη(x) ≤ L2η

2
for all x ∈ Rn. (3.33)

Proof. See Theorem 2.26 of [295].

However, when f is not convex, fη may no longer be smooth as we show in Figure 3.14
where we use `0 as an example.

Common Prox Operators

The prox operator is useful when designing algorithms that handle non-smooth and non-
convex functions. Its calculation is often straightforward when the function f decouples
element-wise. To illustrate the idea, we derive proximal mappings for `1, `0, `

2
2, and `2. Many

more operators can be found e.g. in [96].

• f(·) = ‖ · ‖1. The `1 norm is a convex nonsmooth penalty often used to promote sparse
solutions in regression problems. We include a derivation of the proximity operator for
this problem and the remaining operators have similar derivations.

Lemma 4 (`1). The prox operator of `1 is an element-wise soft-thresholding action on
the given vector.

x = proxηf (y) = argmin
x

1

2
‖x− y‖2 + η‖x‖1 ⇒

xi =


yi − η, yi > η

0, |yi| ≤ η

yi + η, yi < −η
.

(3.34)
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Figure 3.14: Envelope functions indexed by the parameter η, for f = ‖ · ‖0. In contrast to
the convex case, here all fη are nonsmooth and nonconvex.

Proof. Note that the optimization problem may be written as

argmin
x

1

2
‖x− y‖2 + η‖x‖1

= argmin
x

1

2

n∑
i=1

(xi − yi)2 + η|xi| ,
(3.35)

i.e. the problem decouples over the elements of y. For each i, the optimization problem
has the subdifferential

∂xi

(
1

2
(xi − yi)2 + η|xi|

)

=


xi − yi + η, xi > 0

xi − yi + {z : |z| ≤ η}, xi = 0

xi − yi − η, xi < 0

.

(3.36)

After checking the possible stationary points given this formula for the subdifferential,
it is simple to derive (3.34).
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• f(·) = ‖ · ‖0. The `0 penalty directly controls the number of non-zeros in the vector
instead of penalizing the magnitude of elements as `1 does. However, it is non-convex
and in practice regression formulations with `0 regularization can be trapped in local
minima instead of finding the true support.

Lemma 5 (`0). The prox operator of `0 is simple, element-wise hard-thresholding:

x = proxηf (y) = argmin
x

1

2
‖x− y‖2 + η‖x‖0 ⇒

xi =

{
yi, |yi| >

√
2η

0, |yi| ≤
√

2η
.

(3.37)

Proof. Analogous to the `1, the prox problem for `0 can be decoupled across coordi-
nates:

1

2
‖x− y‖2 + η‖x‖0 = argmin

x

1

2

n∑
i=1

(xi − yi)2 + η1{xi=0} .

From this formula, it is clear that the only possible solutions for each coordinate are
xi = 0 or xi = yi. The formula (3.37) follows from checking the conditions for these
cases.

• f(·) = 1
2
‖·‖2. The `2

2 penalty can be used as a smooth and convex penalty which biases
towards zero. When combined with linear regression, it is commonly known as ridge
regression.

Lemma 6 (`2
2). The prox of `2

2 is scaling.

x = proxηf (y) = argmin
x

1

2
‖x− y‖2 +

η

2
‖x‖2 =

1

1 + η
y.

Proof. The proof follows directly from calculus.

• f(·) = ‖ · ‖. The `2 norm adds a group sparsity prior, i.e. the vector x is biased toward
being the zero vector. Often, this penalty is applied to each column of a matrix of
variables. Unlike the prox operators above, ‖ · ‖ (by design) does not decouple into
scalar problems. Fortunately, a closed form solution is easy to obtain.

Lemma 7.

x = proxηf (y) = argmin
x

1

2
‖x− y‖2 + η‖x‖ ⇒

x =

{
‖y‖−η
‖y‖ y, ‖y‖ > η

0, ‖y‖ ≤ η
.
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Proof. Observe that for any fixed value of ‖x‖ the objective

1

2
‖x− y‖2 + η‖x‖ (3.38)

is minimized by taking x in the direction of y. This reduces the problem to finding
the optimal value of ‖x‖, for which the same reasoning as the `1 penalty applies.

Proximal Gradient Descent

Algorithm 8 Proximal gradient descent

1: Input: x0, η
2: Initialize: k = 0
3: while not converged do
4: k ← k + 1
5: xk ← proxηg(xk−1 − η∇f(xk−1))
6: end while
7: Output: xk

Consider an objective of the form p(x) = f(x) + g(x). Given a step size t, the proximal
gradient descent algorithm is as defined in Algorithm 6 [96]. This algorithm has been studied
extensively. Among other results, we have

Theorem 14 (Proximal Gradient Descent). Assume p = f + g and both p and g are closed
convex functions. Let p∗ denote the optimal function value and x∗ denote the optimal solu-
tion.

• If ∇f is β Lipschitz continuous, then, setting the step size as 1/β, the iterates generated
by proximal gradient descent satisfy

p(xk)− p∗ ≤ β‖x0 − x∗‖2

2(k + 1)
.

• Furthermore, if p is also α strongly convex, we have,

‖xk − x∗‖2 ≤
(

1− α

β

)k
‖x0 − x∗‖2.

These results are well known; see e.g. [37, 96, 275] and the tutorial section 4.4 of [11].
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Theoretical Results

In the main text, it is demonstrated that SR3 (3.5) outperforms the standard regression
problem (3.1), achieving faster convergence and obtaining higher quality solutions. Here, we
develop some theory to explain the performance of SR3 from the perspective of the relaxed
coordinates, w. We obtain an explicit formula for the SR3 problem in w alone and then
analyze the spectral properties of that new problem, demonstrating that the conditioning
of the w problem is greatly improved over that of the original problem. We also obtain a
quantitative measure of the distance between the solutions of the original problem and the
SR3 relaxation.

Spectral Properties of Fκ

Proof of Theorem 9 The first property can be verified by direct calculation. We have

F>κFκw − F>κ gκ =(κI− κ2CH−1
κ C>)w − κCH−1

κ A>b

=κH−1
κ [(Hκ − κI)w −A>b]

=κH−1
κ (A>Aw −A>b)

so that F>κFκw − F>κ gκ = 0 ⇐⇒ A>Aw + A>b = 0. By simple algebra, we have,

F>κFκ = κI− κ2CH−1
κ C>

σi(F
>
κFκ) = κ− κ2σn−i+1(CH−1

κ C>).
(3.39)

Since CH−1
κ C> and F>κFκ are positive semi-definite matrices, we have 0 � F>κFκ � κI.

Denote the SVD for C by C = UcΣcV
>
c . When n ≥ d and C is full rank, we know Σc is

invertible and Vc is orthogonal. Then

CH−1
κ C> = UcΣcV

>
c (A>A + κVcΣ

2
cV
>
c )−1VcΣcU

>
c

= Uc(Σ
−1
c V>c A>AVcΣ

−1
c + κI)−1U>c

This gives a lower bound of the spectrum of CH−1
κ C>,

σmin(Σ−1
c V>c A>AVcΣ

−1
c ) ≥ σmin(A>A)/σmax(C>C)

⇒ σmax(CH−1
κ C>) ≤ 1/(σmin(A>A)/σmax(C>C) + κ)

Then we obtain the conclusion,

σmin(F>κFκ) ≥ κ− κ2

σmin(A>A)/σmax(C>C) + κ

=
σmin(A>A)/σmax(C>C)

1 + σmin(A>A)/(κσmax(C>C))
.
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When C = I, we have that

F>κFκ = κ[I− κ(A>A + κI)−1]

= A>(I + AA>/κ)−1A

Assume A ∈ Rm×n has the singular value decomposition (SVD) A = UΣV>, where U ∈
Rm×m, Σ ∈ Rm×m, and V ∈ Rm×m. We have

F>κFκ = VΣ>(I + ΣΣ>/κ)−1ΣV>.

Let Σ̂ ∈ Rl×l denote the reduced diagonal part of Σ, i.e. the top-left l × l submatrix of Σ
with l = min(m,n). When m ≥ n, we have

Σ =

[
Σ̂
0

]
, F>κFκ = VΣ̂>(I + Σ̂2/κ)−1Σ̂V> (3.40)

And when m < n,

Σ =
[
Σ̂ 0

]
, F>κFκ = V

[
Σ̂>(I + Σ̂2/κ)−1Σ̂ 0

0 0

]
V> (3.41)

(3.8) and (3.9) follow immediately. Note that the function

x√
1 + x2/a

is an increasing function of x when x, a > 0. Therefore, by (3.9), we have

σmax(Fκ) =
σmax(A)√

1 + σmax(A)2/κ
and

σmin(Fκ) =
σmin(A)√

1 + σmin(A)2/κ
.

(3.13) follows by the definition of the condition number.

Proof of Theorem 10. For the iterates of the proximal gradient method, we have

xk+1 = argmin
x

1

2
‖x− (xk − η∇f(xk))‖2 + ηg(x)

and from the first order optimality condition we have

0 ∈ xk+1 − xk + η∇f(xk) + η∂g(xk+1)

⇒ 1

η
(xk − xk+1) +∇f(xk+1)−∇f(xk)

∈ ∇f(xk+1) + ∂g(xk+1)

⇒ (‖A‖2
2I−A>A)(xk − xk+1) ∈ ∂p(xk+1) ,



77

which establishes the first statement. Next, consider the following inequality

p(xk+1) =
1

2
‖Axk+1 − b‖2 + λR(xk+1)

=
1

2
‖Axk − b+ A(xk+1 − xk)‖2 + λR(xk+1)

=
1

2
‖Axk − b‖2 + λR(xk+1)

+
〈
A>(Axk − b),xk+1 − xk

〉
+

1

2
‖A(xk+1 − xk)‖2

≤ 1

2
‖Axk − b‖2 + λR(xk)−

‖A‖2
2

2
‖xk+1 − xk‖2

+
1

2
‖A(xk+1 − xk)‖2 ,

which implies the inequality〈
xk − xk+1, (‖A‖2

2I−A>A)(xk − xk+1)
〉

≤ p(xk)− p(xk+1)

⇒ ‖A‖2
2‖xk+1 − xk‖2 ≤ p(xk)− p(xk+1).

Setting vk+1 = (‖A‖2
2I−A>A)(xk − xk+1), we have

‖vk+1‖2 ≤ ‖A‖4
2‖xk+1 − xk‖2 ≤ ‖A‖2

2(p(xk)− p(xk+1)) .

After we add up and simplify, we obtain

1

N

N−1∑
k=0

‖vk+1‖2 ≤ ‖A‖
2
2

N
(p(x0)− p(xN))

≤ ‖A‖
2
2

N
(p(x0)− p∗) ,

which is the desired convergence result.

Proof of Theorem 11. The result is immediate from combining Theorem 10 and Theo-
rem 9.

Proof of Corollary 2. The result is immediate from combining Theorem 10 and Corol-
lary 1.
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Characterizing Optimal Solutions of SR3

In this section, we quantify the relation between the solution of (3.1) and (3.5) when C = I.
In this analysis, we fix κ as a constant and set C = I.

Lemma 8 (Optimality conditions for (3.1) and (3.5)). Define the sets

S1(x, λ1) = {A>Ax−A>b+ λ1v1 : v1 ∈ ∂R(x)}
S2(w, λ2) = {κH−1

κ (A>Aw −A>b) + λ2v2 : v2 ∈ ∂R(w)} ,
where Hκ = A>A + κI, as above. These sets contain the subgradients of (3.1) and (3.5). If
we assume x̂ and ŵ are the (stationary) solutions of (3.1) and (3.5), namely

0 ∈ S1(x̂, λ1), 0 ∈ S2(ŵ, λ2) ,

then

[I− (λ1/λ2)κH−1
κ ](A>Aŵ −A>b) ∈ S1(ŵ, λ1),

[κH−1
κ − (λ2/λ1)I](A>Ax̂−A>b) ∈ S2(x̂, λ2).

Proof. As x̂ and ŵ are the (stationary) solutions of (3.1) and (3.5), we have

∃v1 ∈ ∂R(x̂), λ1v1 = −(A>Ax̂−A>b),

∃v2 ∈ ∂R(ŵ), λ2v2 = −κH−1
κ (A>Aŵ −A>b).

Then,

A>Aŵ −A>b+ λ1v2 ∈ S1(ŵ, λ1)

⇒ [I− (λ1/λ2)κH−1
κ ](A>Aŵ −A>b) ∈ S1(ŵ, λ1),

κH−1
κ (A>Ax̂−A>b) + λ2v1 ∈ S2(x̂, λ2)

⇒ [κH−1
κ − (λ2/λ1)I](A>Ax̂−A>b) ∈ S2(x̂, λ2).

Proof of Theorem 12 Using the definitions of Lemma 8, we have

dist(0,S1(ŵ, λ1))

≤ 1

τ̂
‖(τ̂I− κH−1

κ )(A>Aŵ −A>b)‖

=
1

τ̂
‖τ̂I− κH−1

κ ‖2‖A>Aŵ −A>b‖

=
1

τ̂
‖τ̂1− κσ(H−1

κ )‖∞‖A>Aŵ −A>b‖

=
σmax(Hκ)− σmin(Hκ)

σmax(Hκ) + σmin(Hκ)
‖A>Aŵ −A>b‖

=
σmax(A)2 − σmin(A)2

σmax(A)2 + σmin(A)2 + 2κ
‖A>Aŵ −A>b‖ .



79

If x̂ = ŵ, then r = A>Aŵ −A>b = A>Ax̂ −A>b is in the null space of τI − κH−1
κ ,

where τ = λ2/λ1. This establishes a connection between λ1 and λ2. For instance, we have
the following result. In the case that A has orthogonal rows or columns, theorem 12 provides
some explicit bounds on the distance between these solutions.

Corollary 3. If A>A = I, then dist(0,S1(ŵ, λ1)) = 0, i.e. ŵ is the stationary point of
(3.1). If AA> = I, then dist(0,S1(ŵ, λ1)) ≤ 1/(1 + 2κ).

Proof. The formula for Hκ simplifies under these assumptions. When A>A = I, we have
Hκ = (1+κ)I and σmax(Hκ) = σmin(Hκ) = 1+κ. When AA> = I, we have σmax(Hκ) = 1+κ
and σmin(Hκ) = κ. Theorem 12 then implies the result.

Implementation of `q proximal operator.

Here we summarize our implementation. The first and second derivatives are given by

f ′α,p(x; z) =
1

α
(x− |z|) + pxp−1,

f ′′α,p(x; z) =
1

α
+ p(p− 1)xp−2.

(3.42)

The point x̃ = p−2
√
−1/(αp(p− 1)) is the only inflection point of fα,p, with f ′′α,p(x) < 0 for

0 ≤ x < x̃, and f ′′α,p(x; z) > 0 when x > x̃.

• If f ′α,p(x̃; z) ≥ 0, we have f ′α,p(x; z) ≥ 0, for all x ≥ 0. Then argminx≥0 fα,p(x; z) = 0.

• If f ′α,p(x̃; z) < 0, one local min x̄ ∈ (x̃, |z|) exists, and we can use Newton’s method to
find it. Then we compare the values at 0 and x̄, obtaining

argmin
x≥0

fα,p(x; z) =

{
0, fα,p(0; z) ≤ fα,p(x̄; z)

x̄, fα,p(0; z) > fα,p(x̄; z)
.
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Chapter 4

ROBUST AND SCALABLE METHODS FOR THE DYNAMIC
MODE DECOMPOSITION

The dynamic mode decomposition (DMD) is a broadly applicable dimensionality reduc-
tion algorithm that approximates a matrix containing time-series data by the outer product
of a matrix of exponentials, representing Fourier-like time dynamics, and a matrix of coef-
ficients, representing spatial structures. This interpretable spatio-temporal decomposition
is commonly computed using linear algebraic techniques in its simplest formulation or a
nonlinear optimization procedure within the variable projection framework. For data with
sparse outliers or data which are not well-represented by exponentials in time, the standard
Frobenius norm fit of the data creates significant biases in the recovered time dynamics.
As a result, practitioners are left to clean such defects from the data manually or to use a
black-box cleaning approach like robust PCA. As an alternative, we propose a framework
and a set of algorithms for incorporating robust features into the nonlinear optimization used
to compute the DMD itself. The algorithms presented are flexible, allowing for regularizers
and constraints on the optimization, and scalable, using a stochastic approach to decrease
the computational cost for data in high dimensional space. Both synthetic and real data
examples are provided.

4.1 Introduction

Dimensionality reduction is a critically enabling tool in machine learning applications. Specif-
ically, extracting the dominant low-rank features from a high-dimensional data matrix X ∈
Rm×n allows one to efficiently perform tasks associated with clustering, classification and
prediction. As defined by [103], linear dimensionality reduction methods solve an optimiza-
tion problem with objective fX(·) over a manifold M to produce a linear transformation P
which maps the columns of X to a lower dimensional space. Many popular methods can
be written in this framework by an appropriate definition of fX(·) and specification of the
manifold M. For instance, the principal component analysis (PCA) may be written as

M̂ = argmin
M∈M

‖X−MM>X‖F , M = Om×k , (4.1)

where Om×k is the manifold of m × k matrices with orthonormal columns, i.e. M is a
Stiefel manifold. The map P is then given by M̂>. One of the primary conclusions of the
survey [103], is that — aside from the PCA itself — many of the common methods for linear
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dimensionality reduction based on eigenvalue solvers are actually sub-optimal heuristics and
the direct solution of the optimization problem (4.1) should be preferred.

In this manuscript, we consider a particular linear dimensionality reduction technique:
the dynamic mode decomposition (DMD). In the past decade, the DMD has been applied
to the analysis of fluid flow experiments and simulations, machine learning enabled control
systems, and Koopman spectral analysis, among other data-intensive problems described by
dynamical systems. The success of the algorithm is largely due to the interpretability of the
low-rank spatio-temporal modes it generates in approximating the dominant features of the
data matrix X. The DMD was originally defined to be the output of an algorithm for char-
acterizing time-series measurements of fluid flow data [305, 306]. It was later reformulated
by [337] as a least-squares regression problem whereby the DMD could be stably computed
using a Moore-Penrose pseudo-inverse and an eigenvalue decomposition. An earlier though
less commonly used formulation, the optimized DMD [90], can be phrased as the optimization
problem

M̂ = argmin
M∈M

‖X−MM †X‖F , M = Φ(Ck) , (4.2)

where the map α 7→ Φ(α) defines a matrix with columns corresponding to exponential
time dynamics (see Section 4.2.1) and M † denotes the Moore-Penrose pseudo-inverse of M .
This can be thought of as a best-fit linear dynamical system approximation of the data. In
agreement with the conclusions of [103], the optimized DMD, while more costly to compute,
is more robust to additive noise than the exact DMD and its noise-corrected alternatives
[109, 20]. It is also more flexible than the exact DMD, allowing for non-equispaced snapshots.
While the optimized DMD does not fit directly into the optimization framework of [103],
which is defined for M either a Stiefel manifold or a Grassmannian manifold, it can be
computed efficiently using classical variable projection methods [163, 20].

The DMD has been used in a variety of fields where the nature of the data can lead to
corrupt and noisy measurements. This includes applications ranging from neuroscience [58]
to video processing [172, 137] to fluid dynamics [305, 306, 175, 109]. Although the Frobenius
norm used in the definition of the optimized DMD (4.2) is appealing due to its physical
interpretability in many applications (energy, mass, etc.), it has significant flaws that can
severely limit its applicability. Specifically, corrupt data or large noise fluctuations can lead
to significant deformation of the DMD approximation of the data because the Frobenius norm
implicitly assigns a very low probability to such outliers (see Section 4.2.2). In practice, these
outliers are often removed from the data manually or using a black-box filtering approach
like robust PCA [228, 358, 79]. However, such approaches ignore the structure of the DMD
approximation and may introduce biases of their own. Further, it is desirable that DMD
methods not only be robust to “noisy” outliers but also to non-exponential structure in the
data. We therefore develop an alternative approach to increase the robustness of the DMD.
In particular, we modify the optimized DMD definition (4.2) to incorporate ideas from the
field of robust statistics [245, 195] in order to produce a decomposition that is significantly
less sensitive to outliers in the data.

Because the new problem formulation incorporates robust norms, many of the efficient
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strategies used in variable projection algorithms for problems defined in the Frobenius norm
are no longer available. To remedy this, we develop a number of algorithms based on modern
variable projection methods [18, 15] which exploit the structure of the DMD for increased
performance. In particular, we can incorporate nonsmooth features, such as regularizers and
constraints, and scale to large problems using stochastic variance reduction techniques.

This flexible architecture allows us to impose physically relevant constraints on the op-
timization that are critical for tasks such as future-state prediction. For instance, we can
impose the constraint that the real parts of the DMD eigenvalues are non-positive, thus
ensuring that solutions do not grow to infinity when forecasting.

The effect of noise on the DMD is a well-studied area. Controlling for the bias of the
exact DMD in the presence of additive noise was treated by [185] and [109]. A Bayesian
formulation of the DMD was presented by [326]. This formulation is flexible enough to
incorporate robust statistics but this was not a focus of that work. [114] presented a robust
formulation of exact DMD type, which complements the current work.

The rest of this manuscript is organized as follows. In Section 4.2, we provide some
necessary preliminaries from the DMD, robust statistics, and variable projection literature
and we present our problem formulation. A detailed description of the algorithms we use
to solve the robust DMD formulation follows in Section 4.3. We apply these methods to
synthetic data in Section 4.4. Finally, we provide some concluding remarks and describe
possible future directions in Section 4.5.

4.2 Preliminaries

In this section, we outline some of the precursors of this work and present our problem
formulation.

4.2.1 Dynamic mode decomposition

As mentioned above, the dynamic mode decomposition (DMD) corresponds to a best-fit
linear dynamical model of the data. Because linear dynamics produce exponential functions
in time, the DMD may be written as an exponential fitting problem. Let X ∈ Cm×n be
a snapshot matrix whose rows xj are samples of an n dimensional dynamical system at a
set of m sample times tj. For a given rank k, let α ∈ Ck be a vector of complex numbers
specifying time dynamics. We then define the matrix Φ(α; t) by

Φij(α) = eαjti . (4.3)

When it is clear in context, we often drop the dependence of Φ on α and t.
Let B ∈ Ck×n be a matrix of coefficients for the exponential fit. The so-called optimized

DMD [90] is defined to be the solution of the following optimization problem:

min
α,B

1

2
‖X−Φ(α)B‖2

F . (4.4)
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The problem (4.4) is a large, nonlinear least squares problem; in particular it is highly
non-convex. The classical variable projection framework provides an efficient method for
computing a (local) solution.

Let

fopt(α,B) =
1

2
‖X−Φ(α)B‖2

F .

The classical variable projection framework is based on the observation that for a fixed α,
it is easy to optimize fopt in B. In fact, for the least squares case, we have a closed form
expression

B(α) := arg min
B
fopt(α,B) = Φ(α)†X, (4.5)

where Φ(α)† denotes the Moore-Penrose pseudo-inverse of Φ(α). Let

f̃opt(α) = min
B
fopt(α,B) :=

1

2
‖X−Φ(α)B(α)‖2

F .

The variable projection (VP) technique finds the minimizer of f̃opt(α) using an iterative

method. First and second derivatives of f̃ with respect to α are easily computed [39]:

∇αf̃opt(α) = ∂αfopt|α,B(α)

∇2
αf̃opt(α) =

[
∂2
αfopt − ∂α,Bfopt(∂2

Bfopt)−1∂B,αfopt

]∣∣∣
α,B(α)

.
(4.6)

These formulas allow first- and second-order methods to be directly applied to f̃opt, in-

cluding steepest descent, BFGS, and Newton’s method. The matrix B(α) is updated every
time α changes. Gauss-Newton and Levenberg-Marquardt (LM) have been classically used
for exponential fitting; these methods do not use the Hessian in (4.6), opting for simpler
approximations. The method was used for exponential fitting by [163]. While VP originally
referred to least-squares projection (using the closed-form solution B(α) in (4.5)), follow-up
work considered more general loss functions, using the term projection to refer to partial
minimization [18, 15].

For practitioners, the optimized DMD may be less familiar than exact DMD [337]. We
favor the optimized DMD for its performance on data with additive noise [20] and its flexibil-
ity. In particular, the optimized formulation enables the contributions of the current work.
For a review of the DMD and its applications, see [337] and [210].

4.2.2 Robust Formulations

The optimized DMD problem (4.4) is formulated using the least-squares error norm, which
is equivalent to assuming a Gaussian model on the errors between predicted and observed
data:

X = Φ(α)B + ε, ε ∼ N(0, σ2I).
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Figure 4.1: Gaussian (black dash) and Huber (red solid) Densities, Negative Log Likelihoods,
and Influence Functions.

This error model, and the corresponding formulation, are vulnerable to outliers in the data.
Both DMD and optimized DMD are known to be sensitive to outliers, so in practice data
are ‘pre-cleaned’ before applying these approaches.

In many domains, formulations based on robust statics have become the method of choice
for dealing with contaminated data. Two common approaches are

• to replace the LS penalty with one that penalizes deviations less harshly and

• to solve an extended problem that explicitly identifies outliers while fitting the model.

The first approach, often called M-estimation [195, 245], is illustrated in Figure 4.1. Replac-
ing the least squares penalty by the Huber penalty

ρ(z) =

{
1
2
|z|2 if |z| ≤ κ

κ|z| − 1
2
κ2 if |r| > κ

corresponds to choosing the solid red penalty rather than the dotted black least squares
penalty in the center panel of Figure 4.1. This corresponds to modeling errors ε using the
density exp(−ρ), which has heavier tails than the Gaussian (see left panel of Figure 4.1).
Heavier tails means deviations (i.e. larger residuals) are more likely than under the Gaussian
model, and so observations that deviate from the norm have less influence, i.e. effect on the
fitted parameters (α,B) than under the Gaussian model (see right panel of Figure 4.1). The
M-estimator-DMD problem can be written as

min
α,B

n∑
j=1

ρ(X·j −Φ(α)Bj) :=
n∑
j=1

ρj(α,B),

where the sum is run across columns.
Another approach, called trimmed estimation, builds on M-estimation by coupling ex-

plicit outlier identification/removal with model fitting. The trimmed DMD formulation for
any penalty ρ is given by

min
α,B

h∑
l=1

ρjl(α,B), (4.7)
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where ρj1(α,B) ≤ · · · ≤ ρjh(α,B) are the first h order statistics of the objective values and
{j1, . . . , jh} ⊆ {1, . . . , n}. Interpreting the loss ρj as the negative log likelihood of the jth
observed column, it is clear that trimming jointly fits a likelihood model while simultaneously
eliminating the influence of all low-likelihood observations. An equivalent formulation to (4.7)
replaces the order statistics with explicit weights

min
α,B,w

n∑
j=1

wjρj(α,B), 0 ≤ wj ≤ 1, 1>w = h. (4.8)

The reader should verify that (4.8) and (4.7) are equivalent.
Trimmed M-estimators were initially introduced by [301] in the context of least-squares

regression. The author’s original motivation was to develop linear regression estimators that
have a high breakdown point (in this case 50%) and good statistical efficiency (in this case
n−1/2)1. For a number of years, the difficulty of efficiently optimizing LTS problems limited
their application. However, recent work has made it possible to efficiently apply trimming
to general models [364, 12]. We show how to incorporate trimming into the robust DMD
framework.

4.2.3 Regularization

Optimized DMD allows prior knowledge to be incorporated into the optimization formu-
lation, either through constraints on variables, or regularization terms. In all exponential
fitting problems, the real parts of α coefficients play a major role in explaining the data
because of the exponential growth of Φ(α). A natural regularization is to restrict the mag-
nitudes of the real parts of α, imposing the constraint real(α) ≤ γ with γ chosen by the
user. We write the constraint as follows:

r(α) =

{
0 if real(α) ≤ γ

∞ if real(α) > γ.

This is a simple convex function that admits a trivial proximal operator (see [96]): the
projection onto the shifted left half-plane in Ck. The VP technique can be easily adapted to
incorporate such functions on α.

Constraints and penalties can also be imposed on the matrix B. We assume that only
smooth separable regularization penalties can be used; and in this case, the regularization is
added to the g function.

4.2.4 Problem formulation

Let h(B) and r(α) be convex regularization terms. We formulate the general robust DMD
problem as follows:

1Breakdown refers to the percentage of outlying points which can be added to a dataset before the
resulting M-estimator can change in an unbounded way.
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min
α,B,w

f(α,B,w) := g(α,B,w) + r(α) + s(w) , (4.9)

where r(α) encodes optional regularization functions (or constraints) for α (see Section 4.2.3)
and

g(α,B,w) =
n∑
j=1

wjρ (X·j −Φ(α)B·j) + q(B·j) (4.10)

with ρ any differentiable penalty, q(B·j) representing potential regularizer for columns of B,
and s(w) encoding the capped simplex constraints:

s(w) =

{
0 if 0 ≤ wj ≤ 1, 1>w = h

∞ else.
(4.11)

These constraints are explained in Section 4.2.2. Thew variables select the best-fit h columns
of the data, and only use those values to update α. Since each wj ∈ [0, 1] rather than {0,1},
the solutions do not have to be integral. However, for any fixed (B,α) there exists a vertex
solution, since the subproblem in w with the other variables fixed is a linear program. The
function s(w) admits a simple proximal operator, which is the projection onto the intersection
of the h-simplex with the unit cube2.

Setting h = n forces wj = 1 for each column, eliminating trimming completely, and
reducing (4.9) to a simpler regularized M-estimation form of DMD.

For notational convenience, we define a matrix-valued penalty function

ρ(A) :=

ρ(A1,1) · · · ρ(A1,n)
...

. . .
...

ρ(Am,1) · · · ρ(Am,n)

 .
In this notation, we can write

g(α,B,w) = 1>ρ(X−Φ(α)B)w + q(B),

which makes derivative computations straightforward.
Our numerical examples use constraints for α, but do not regularize B, that is, q(B) ≡ 0.

However, we consider separable penalties q in the algorithmic description to preserve the
generality of (4.9).

4.2.5 Gradient computations

We need to compute the gradient of the penalty function (4.10) with respect to the entries
of α and B. In all methods, we treat treat the real and imaginary components of αj and Bji

as independent, real-valued parameters.

2This set is called the capped simplex, and admits fast projections [12].
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Consider a complex number z = x + iy. We write derivative formulas in the Wirtinger
sense, computing partial derivatives with respect to the complex variables. The derivatives
for the real components can then be recovered from the formulas

∂

∂z
=

1

2

(
∂

∂x
− i ∂

∂y

)
. (4.12)

Let g(z) be a function of z which can be written as g(z) = G(z, z̄) where G is differentiable
with respect to both z and z̄. The Wirtinger derivative of g is then the partial derivative
of G with respect to z, treating z̄ as a constant. For example, the Huber penalty may be
written as

ρ(z) = H(z, z̄;κ) =

{
κ
√
zz̄ − 1

2
κ2, |z| ≥ κ

1
2
zz̄, |z| < κ

.

The Wirtinger derivative of the Huber penalty is then

ρ′(z) =
∂

∂z
H(z, z̄;κ) =


κz̄

2
√
zz̄
, |z| < κ

1
2
z̄, |z| ≥ κ

.

The gradients of f with respect to α and B can then be computed using the chain rule:

∇αg(α,B,w) = − diag
[
B Diag(w)ρ′(X−ΦB)>(Diag(t)Φ)

]
∇Bg(α,B,w) = −Φ>ρ′(X−ΦB) Diag(w) + B>∇q(B)

∇wg(α,B,w) = ρ(X−ΦB)>1,

(4.13)

where we define

diag(A) :=


a11
...
...
ann

 , Diag(a) :=


a1 0 . . . 0

0 a2
. . .

...
...

. . . . . . 0
0 · · · 0 an

 .

4.3 Methods

In this section, we develop numerical approaches for (4.9).

4.3.1 Variable projection framework

To compute the robust optimized DMD, we apply the variable projection (VP) technique to
the optimization problem (4.9). Define the reduced function f̃ and implicit solution B(α)
by

f̃(α,w) = min
B
f(α,B,w) ,

B(α,w) = argmin
B

f(α,B,w) ,
(4.14)
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where f is as defined in (4.9). The gradient formula (4.6) holds for a very broad problem
class. In particular, it holds as long as the following conditions are satisfied [294, Theorem
10.58]:

1. g(α,B,w) is level-bounded in B locally uniformly in α; in particular for any compact
subset of α, the union of sublevel sets {B : g(α,B,w) ≤ γ} is bounded.

2. The gradient of g(α,B,w) exists and is continuous for all (α,B,w).

3. B(α,w) is unique.

Several assumptions on g, Φ, and q can be made to ensure these conditions hold. For
example, if g is differentiable, convex, coercive3 in B, and Φ(α) has full rank, then the result
holds. If the same conditions hold for g, Φ(α) does not have full rank, but q is strictly
convex, the result holds as well. The derivative formulas are valid for all of the examples in
the paper, and we have

∇f̃(α,w) = ∂α,wf(α,B,w)|α,B(α),w . (4.15)

We refer to partially minimizing over f over B as the inner problem and minimizing f̃ as
the outer problem. When f is convex and smooth with respect to B, a lot of fast optimization
algorithms can be applied to the inner problem. The inner problem is also embarrassingly
parallelizable, and we make use of the problem structure in algorithm design. The general
VP strategy is to use an iterative method to compute a (local) minimizer of the reduced
function (4.14).

Solving (4.9) requires optimization procedures for both the inner and outer problems.
We discuss these algorithms in the next two subsections.

4.3.2 Batch methods

Consider the problem class where g in (4.9) is convex and continuously differentiable with
respect to B. In this case, the inner problem decouples into n independent subproblems:

bj(α,w) = argmin
b

wjρ (X·j −Φ(α)b) + q(b), j = 1, . . . , n. (4.16)

We use BFGS to solve each of these subproblems, since the dimension of each problem is
relatively small, and BFGS gives a superlinear convergence rate while using only gradient
information. When r in (4.9) is continuously differentiable, we can also use BFGS as our
solver, see Algorithm 9. When r is non-smooth but admits an efficient prox operator, a first
order method such as the proximal gradient method or its accelerations, such as FISTA [36],
can be used instead, see Algorithm 10. We let ν denote the iteration counter.

3A function g is coercive if it grows in every direction, i.e. lim
α↑∞

g(αx) =∞ for any x 6= 0.
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Algorithm 9 VP using BFGS for outer problem (smooth r).

Input: α0, B0, w0, H0
α = I, ν = 0.

1: while not converged do
2: for j = 1, . . . , n do
3: bν+1

j ← arg min
b
wνj ρ (X·j −Φ(αν)b) + q(b)

4: end for
5: wν+1 ← weights update
6: f να ← f(αν ,Bν+1,wν+1)
7: gνα ← ∇αf(αν ,Bν+1,wν+1)
8: if ν ≥ 1 then
9: sν ← f να − f ν−1

α

10: yν ← gνα − gν−1
α

11: βν ← (〈sν , yν〉)−1

12: Hν
α ←

[
I − βν(sν)(yν)>

]
Hν−1

[
I − βν(yν)(sν)>

]
+ β(sν)(sν)>

13: end if
14: αν+1 ← LineSearch(αν − ηαHν

αg
ν
α)

15: ν ← ν + 1
16: end while
Output: αν , Bν .

Algorithm 10 VP using prox-gradient for outer problem (prox-friendly r).

Input: α0, B0, w0, ν = 0.
1: while not converged do
2: for j = 1, . . . , n do
3: bν+1

j ← arg min
b
wνj ρ (X·j −Φ(αν)b) + q(b)

4: end for
5: wν+1 ← weights update
6: αν+1 ← proxηαr (αν − ηα∇αf(αν ,Bν+1,wν+1))
7: ν ← ν + 1
8: end while

Output: αν , Bν .

Updating bj can be done efficiently by exploiting the optimized DMD problem structure.
In particular, BFGS builds a Hessian approximation as it proceeds. All of the subproblems for
bj share the same Φ(α) and, since the columns of B contain spatial information, neighboring
columns are likely to be similar to each other. After solving subproblem j, we use the resulting
Hessian approximation to initialize the next subproblem j+ 1. Warm starts cut total BFGS
iterations in half, see Figure 4.2.
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Figure 4.2: Average BFGS iterations for each subproblem across the columns.

There are different ways to update the weights w, see line 4 in Algorithms 9 and 10.
Define

ρνj = ρ
(
X·j −Φ(αν)bν+1

j

)
.

The objective with respect to w is given by

min
w

n∑
j=1

wjρ
ν
j + s(w),

where s encodes the weight constraints (4.11). The simplest update rule is to set wj = 1 if
ρνj is one of the h smallest, and 0 otherwise [364]; this corresponds to partial minimization
in w at every step. A less aggressive strategy is to use proximal updates on w,

wν+1 = proxηws
(
wν − ηw∇wf(αν ,Bν+1,wν)

)
where any step size ηw > 0 can be used [12]. We use the former simple rule as the default
in the algorithm. When h = n, trimming is turned off, and all weights are identically equal
to 1.

4.3.3 A scalable stochastic method

In DMD applications, n represents the number of spatial variables, and is often much larger
than either m or k. Therefore, step 2 of Algorithms 9 and 10 is a computational bottleneck.
We use stochastic methods to scale the approach. The basic idea is to partially minimize
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Algorithm 11 SVRG for DMD

Input: α0, B0, w0

1: Initialize ν = 0, ζj = ∇fj (α0,w0) for j = 1, 2, . . . , n, and ζ = 1
n

∑n
j=1 ζj

2: while not converged do
3: Uniformly sample Iν ⊂ {1, 2, . . . , n}, such that |Iν | = τ
4: Sample Jν ∈ {0, 1}, such that P (J = 1)� P (J = 0).
5: for j ∈ Iν do
6: bν+1

j ← arg min
b
wνj ρ(X·,j −Φ(αν)b) + q(b)

7: ζ+
j ← ∇g̃j (αν ,w)

8: end for
9: if J = 1 then

10: wν+1 ← weights update
11: else
12: wν+1 ← wν

13: end if
14: αν+1 ← proxηαr

(
αν − ηα

[
1
τ

∑
j∈Iν

(
ζ+
j − ζj

)
+ ζ
])

15: ηα ← step size update
16: ζj ← ζ+

j for j ∈ Iν
17: ζ ← 1

n

∑n
j=1 ζj

18: ν ← ν + 1
19: end while
Output: αν , Bν

over a random sample of the columns of B; the resulting (scaled) gradient is an unbiased
estimate of ∇αf̃ . More precisely, define

bj(α,w) = argmin
b

wjρ (X·j −Φ(α)b) + q(b),

g̃j(α,w) = wjρ(X·j −Φ(α)bj(α,w)) + q(bj(α,w)).

Then we have

f̃(α,w) =
n∑
j=1

g̃j(α,w) + r(α) + s(w).

This is a classical setting for stochastic methods. In each iteration, we can use a subset
of g̃j to calculate the approximate gradient for the smooth part of f̃ in order to reduce
the computational burden. Here we use SVRG [198] as our stochastic solver for the outer
problem; the full details are given in Algorithm 11. Note that this stochastic approach is an
alternative to using a cost reduction based on projecting onto SVD modes [20] or using an
optimized but fixed subsampling of the columns [175]. With the method of Algorithm 11,
none of the data is discarded or filtered by the cost reduction procedure.
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In Figure 4.3, we solve a problem with dimension m = 512 and n = 1000. A diminishing
step size scheme is used, taking

ηνα =
η0
α

floor(ν/K) + 1
,

with η0
α = 10−7 and K = 500 for the result in Figure 4.3. Comparing the algorithms accord-

ing to total bj subproblems, we see that SVRG decreases faster and is less noisy than the
Stochastic Proximal Gradient (SPG) method4. Proximal Gradient (PG) decreases quickly
in the beginning, but is soon overtaken by stochastic methods. SVRG gives a significant
improvement over SPG.

0 50000 100000 150000 200000
number of solved subproblems

10−2

10−1

100

f
−
f
∗

SVRG

SPG

PG

Figure 4.3: Compare performance of SVRG, Stochastic Proximal Gradient (SPG) method
and Proximal Gradient (PG) method over the same data set.

The trimming weights w rely on global information; that is, the best h residuals are
easily selected after all of the residuals have been calculated. This is why the weights update
(lines 8-11 of Algorithm 11) is done rarely. For detailed analysis of stochastic algorithms
with trimming, see [12].

4It is important to note that SPG has no convergence theory, while SVRG is guaranteed to converge. In
practice SPG works well so we include it in the comparison.
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Figure 4.4: Sample time series of x1(t) and x2(t) for the simple periodic example, with
background noise of size σ = 10−2 and spikes of size µ = 1 added at p = 5% of the snapshots
for each channel.

4.4 Synthetic examples

In this section, we examine the performance of the robust DMD on a pair of synthetic test
cases with known solution. These examples are drawn from the additive noise study of [109].

4.4.1 A simple periodic example

Let x(t) be the solution of a two dimensional linear system with the following dynamics

ẋ =

(
1 −2
1 −1

)
x . (4.17)

We use the initial condition x(0) = (1, 0.1)> and take snapshots

xj = x(j∆t) + σgj + µsj ,

where ∆t = 0.1, σ and µ are prescribed noise levels, gj is a vector whose entries are drawn
from a standard normal distribution, and sj is a vector whose entries are the product of
a Bernoulli trial with small expectation p and a standard normal (corresponding to sparse
noise). The snapshots are therefore corrupted with a base level of noise σ and sparse “spikes”
of size µ with firing rate p. A sample time series for this example can be found in Figure 4.4.
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Figure 4.5: Median error in the computed eigenvalues over 200 runs. The background noise
σ varies while the size of the spikes is fixed at µ = 1 and the firing rate is fixed at p = 5%.

The k = 2 eigenvalues of the system matrix in (4.17) are ±i, corresponding to sinusoidal
dynamics in time. In Figure 4.5, we plot the median (over 200 random trials) of the l1-norm
error in the approximations of these eigenvalues using three different methods: the exact
DMD of [337]; the optimized DMD as defined in (4.4); and the robust DMD as defined in
(4.9), with ρ the Huber norm and h = n = 2 (no trimming). Each trial consists of the
first 128 snapshots with additive noise. The level of the background noise, σ, varies over
the experiments and the size and firing rate of the spikes are fixed at µ = 1 and p = 5%,
respectively. We set the Huber parameter using knowledge of the problem set-up, i.e. κ = 5σ,
but in a real-data setting this parameter would have to be estimated or chosen adaptively.
While the optimized DMD improves over the exact DMD, the error does not decrease as the
level of the background noise decreases. We therefore see the effect of the sparse outliers
using the optimized DMD. For the robust formulation, on the other hand, the accuracy of
the eigenvalues is determined by the level of the background noise, so that the outliers are
not biasing the computed eigenvalues.

4.4.2 An example with hidden dynamics

In the case that a signal contains some rapidly decaying components it can be more difficult
to identify the dynamics, particularly in the presence of sensor noise [109]. We consider a
signal composed of two sinusoidal forms which are translating, with one growing and one
decaying, i.e.
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x(y, t) = sin(k1y − ω1t)e
γ1t + sin(k2y − ω2t)e

γ2t , (4.18)

where k1 = 1, ω1 = 1, γ1 = 1, k2 = 0.4, ω2 = 3.7, and γ2 = −0.2 (following settings used
by [109]). This signal has k = 4 continuous time eigenvalues given by γ1 ± iω1 and γ2 ± iω2.
We set the domain of y to be [0, 15] and use 300 equispaced points, yj, to discretize. For
the time domain, we set ∆t = π/(28 − 2) so that the number of snapshots we use, m = 27,
covers [0, π/2]. We denote the vector of discrete values x(yj, t) by x(t). See Figure 4.6a for
a surface plot of this data.

We consider three different types of perturbations of the data. The first perturbation
adds background noise and spikes, as in the previous example, i.e. the snapshots are given
by

x
(1)
j = x(j∆t) + σgj + µsj ,

where σ and µ are prescribed noise levels, gj is a vector whose entries are drawn from a
standard normal distribution, and sj is a vector whose entries are the product of a Bernoulli
trial with small expectation p and a standard normal. See Figure 4.6b for a sample plot
of this “sparse noise” pattern. The second perturbation we consider adds background noise
and spikes which are confined to specific entries of xj, i.e.

x
(2)
j = x(j∆t) + σgj + µs̃j ,

where gj, σ, and µ are as above and the s̃j are sparse vectors which have the same sparsity
pattern for all j and nonzero entries drawn from a standard normal distribution (this corre-
sponds to having a few broken sensors recording the data). We plot a sample of this “broken
sensor” noise pattern in Figure 4.6c. The third perturbation we consider adds background
noise and a localized bump to the data, i.e.

[
x

(3)
j

]
i

= x(yi, j∆t) + σN (0, 1) + A exp

(
−
(
yb − yi
w∆y

)2

−
(
tb − j∆t
w∆t

)2
)
,

where σ is as above, N (0, 1) denotes a number drawn from the standard normal distribution,
A determines the maximum height of the bump, w determines the “width” of the bump,
and yb and tb determine the center of the bump in space and time (this corresponds to
having some non-exponential dynamics in the data). In Figure 4.6d, we plot a sample of this
“bump” noise pattern.

In Figure 4.7, we plot the median (over 200 random trials) of the l1-norm error in the
approximations of the eigenvalues using four different methods: the exact DMD of [337]; the
optimized DMD as defined in (4.4); the robust DMD as defined in (4.9), with ρ the Huber
norm and h = n = 300 (no trimming); and the robust DMD with ρ the standard Frobenius
norm and h = 0.8n = 240 (trimming). Each trial consists of the first 128 snapshots with
additive noise. The level of the background noise, σ, varies over the experiments. For the
“sparse noise” and “broken sensor” snapshots, the size of the spikes is fixed at µ = 1 and
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(a) clean data (b) “sparse noise”

(c) “broken sensor” (d) “bump”

Figure 4.6: A surface plot of the data for the hidden dynamics example and surface plots of
a sample of each type of noise we consider.
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(a) “sparse noise”
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(b) “broken sensor”
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(c) “bump”

Figure 4.7: Median error in the computed eigenvalues over 200 runs. The background noise
σ varies while the size of the spikes is fixed at µ = 1 and the firing rate is fixed at p = 5%
for the “sparse noise” and “broken sensor” examples and the height is fixed at A = 1 and
the width at w = 10 for the “bump” example.

the density is fixed at p = 5%, i.e. 5% of the entries are corrupted for the “sparse noise”
example and 5% of the sensors are corrupted for the “broken sensor” example. For the
“bump” snapshots, the height of the bump is fixed at A = 1 and the width at w = 10.
We set the Huber parameter using knowledge of the problem set-up, i.e. κ = 5σ, but in a
real-data setting this parameter would have to be estimated or chosen adaptively.

With sparse noise, as in Figure 4.7a, the results for the exact DMD, optimized DMD,
and Huber norm-based robust DMD are consistent with the simple periodic example. The
Huber norm formulation is the only one which is able to take advantage of the lower levels
of background noise. The trimming formulation provides very little advantage for this ex-
ample, as any sensor can be affected by the outliers. In contrast, we see that the trimming
formulation is able to perform as well as the Huber formulation for the broken sensor ex-
ample (see Figure 4.7b), as the algorithm is able to adaptively remove the broken sensors
from the data. In Figure 4.7c, we plot the results for the bump data, which display some
interesting behavior. The optimized DMD actually performs worse than the exact DMD,
which is attributable to over-fitting. For all but the highest background noise level, the Hu-
ber and trimming formulations show a significant advantage over the optimized DMD and
exact DMD, with the trimming formulation performing the best. The trimming formulation
therefore presents an attractive solution for data with unknown, localized deviations from
the exponential basis of the DMD, especially given that the inner problem for trimming with
the Frobenius penalty can be solved rapidly. Of course, trimming can be combined with a
Huber (or other robust) penalty for increased robustness to outliers.
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4.5 Conclusion and future directions

We have presented an optimization framework and a suite of numerical algorithms for com-
puting the dynamic mode decomposition with robust penalties and parameter constraints.
This framework allows for improved performance of the DMD in a number of settings, as
borne out by synthetic and real data experiments. In the presence of sparse noise or non-
exponential structure, the use of robust penalties significantly decreases the bias in the
computed eigenvalues. When using the DMD to perform future state prediction, adding the
constraint that the eigenvalues lie in the left half-plane increases the stability of the extrap-
olation. The algorithms presented are capable of solving small to medium-sized problems
in seconds on a laptop and scale well to higher-dimensional problems due to their intrinsic
parallelism and the efficiency of the SVRG approach. In contrast with previous approaches,
the SVRG increases efficiency without throwing out data or incidentally filtering it. We be-
lieve that the framework and algorithms presented here will enable practitioners of the DMD
to tackle larger, noisier, and more complex data sets than previously possible. The authors
commit to releasing the software used for these calculations as an open-source package in
the Julia language [44].

The present work can be extended in a number of ways. Because the inner solve com-
pletely decouples over the columns of X and B, the algorithms presented above immediately
generalize to data-sets with missing entries and even data which are collected asynchronously
across sensors. While the global nature of an optimized DMD fit has advantages in terms
of the quality of the recovered eigenvalues, it implicitly rules out process noise. However,
including process noise or a known forcing term would be useful in many applications. In-
corporating such terms into this optimization framework is ongoing work and results will
be reported at a later date. We also note that much of the above applies to dimensionality
reduction using any parameterized family of time dynamics, not just exponentials. For such
an application, many of the algorithms above could be easily adapted, so long as gradient
formulas are available.
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Chapter 5

ROBUST SPARSE PRINCIPLE COMPONENT ANALYSIS

Sparse principal component analysis (SPCA) has emerged as a powerful technique for
modern data analysis, providing improved interpretation of low-rank structures by identify-
ing localized spatial structures in the data and disambiguating between distinct time scales.
We demonstrate a robust and scalable SPCA algorithm by formulating it as a value-function
optimization problem. This viewpoint leads to a flexible and computationally efficient al-
gorithm. It can further leverage randomized methods from linear algebra to extend the
approach to the large-scale (big data) setting. Our proposed innovation also allows for a
robust SPCA formulation which can also obtain meaningful sparse principal components in
spite of grossly corrupted input data. The proposed algorithms are demonstrated using both
synthetic and real world data, showing exceptional computational efficiency and diagnostic
performance.

5.1 Introduction

A wide range of phenomena in the physical, engineering, biological, and social sciences fea-
ture rich dynamics that give rise to multiscale structures in both space and time, including
fluid dynamics, atmospheric-ocean interactions, climate modeling, epidemiology, and neu-
roscience. Remarkably, the underlying dynamics of such systems are typically inherently
low-rank in nature, generating data sets where dimensionality reduction techniques, such as
principal component analysis (PCA), can be used as a critically enabling diagnostic tool for
interpretable characterizations of the dynamics. PCA decompositions express time-varying
patterns as a linear combination of the dominant correlated spatial activity of the state of a
system as it evolves in time. Although commonly used, the PCA approach generates global
modes that often mix or blend various spatio-temporal scales, and cannot identify underlying
governing dynamics that act at separate scales. Moreover, classic PCA also tends to overfit
data where the number of observations is smaller than the number of variables [72].

Constrained or regularized matrix decompositions provide a more flexible approach for
modeling dynamic patterns. Specifically, prior information can be introduced through spar-
sity promoting regularizers to obtain a more parsimonious approximation of the data which
typically provides improved interpretability. Among others, sparse principal component anal-
ysis (SPCA) has emerged as a popular and powerful technique for modern data analysis.
SPCA promotes sparsity in the modes, i.e., the sparse modes have only a few active coef-
ficients, while the majority of coefficients are constrained to be zero. The resulting sparse
modes are often highly localized and more interpretable than the global PCA modes obtained
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from traditional PCA. As a consequence, sparse regularization of PCA allows for a decom-
position strategy that can specifically identify localized spatial structures in the data and
disambiguate between distinct time scales, both of which are ubiquitous in measurement data
of complex systems. As an example, one only needs to consider the physical phenomenon
of El Nino which is a mode characterized by a localized warm temperature profile which
traverses the southern Pacific ocean. This is a highly localized mode that, as will be shown,
is well characterized by SPCA, while standard PCA gives a global mode with nonzero values
across the entire globe.

While the idea of sparsifying the weight vectors is not new, simple ad-hoc techniques
such as naive thresholding can lead to misleading results. A formal approach to SPCA,
using `1 regularization, was first proposed by Jolliffe et al. [200]. This pioneering work
lead to a variety of sparsity promoting algorithms [387, 105, 128, 313, 311, 357, 201]. The
success of sparse PCA in obtaining interpretable modes motivates the general approach
developed in this paper. Specifically, our method offers three immediate improvements over
previously proposed SPCA algorithms: (1) a faster and scalable algorithm, (2) robustness
to outliers, and (3) straightforward extension to nonconvex regularizers, including the `0

norm. Scalability is essential for many applications — for example, dynamical systems
generate very large-scale datasets, such as the sea surface temperature data analyzed in this
paper. Robust formulations allow SPCA to be deployed in a broader setting, where data
contamination could otherwise hide sparse modes. Nonconvex regularizers are not currently
available in SPCA software — we show that the modes we get with these approaches are
better in synthetic examples, and more interpretable for real data.

Contributions of this work In this work, we develop a scalable and robust approach for
SPCA. A key feature of the approach is the use of variable projection to partially minimize
over the orthogonally constrained variables. This idea was used in the original alternat-
ing approach of [387], and we innovate on this idea by recasting the problem as a value-
function optimization. This viewpoint allows for significantly faster algorithms, scalability,
and broader applicability. We also allow nonconvex regularization on the loadings, which
further improves interpretability and sparsity. Not only does the method scale well, but it is
further accelerated using randomized methods for linear algebra [138]. Further, the proposed
approach extends to robust SPCA formulations, which can obtain meaningful principal com-
ponents even with grossly corrupted input data. The outliers are modeled as perturbations
to the data, as in the robust PCA model [79, 53, 9]. These innovations provide a flexible and
highly-efficient algorithm for modern data analysis and diagnostics that will enable a wide
range of critical applications at a scale not previously possible with other leading algorithms.

Organization The manuscript is organized as follows: Section 5.2 reviews PCA and the
variable projection framework. Section 5.3 provides a detailed problem formulation and
discusses the variable projection viewpoint which is advocated in this paper. Further, dif-
ferent loss functions and regularizes are discussed. We present the details of the proposed
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algorithms in Section 5.4. First, the standard case, using the least squares loss function, is
discussed. Then, a randomized accelerated and a robust algorithm is presented. The method
is applied to several examples in Section 5.6, where SPCA correctly identifies dynamics oc-
curring at different timescales in multiscale data. We draw conclusions about the method
and discuss its outlook in Section 5.7.

Notation Scalars are denoted by lower case letters x, and vectors in Rn are denoted as
bold lower case letters x = [x1, x2, ..., xn]>. Matrices are denoted by bold capital letters M.
The transpose of a real matrix is denoted as M>. The spectral or operator norm of a matrix
is denoted as ‖ · ‖ and the Frobenius norm is denoted as ‖ · ‖F .

5.2 Background

5.2.1 Principal Component Analysis

Principal component analysis (PCA) is an ubiquitous dimension reduction technique, tracing
back to Pearson [276] and Hotelling [192]. The aim of PCA is to find a set of new uncorrelated
variables, called principal components (PCs), such that the first PC accounts for the greatest
amount of variance in the data, the second PC for the second greatest variance, and so
on. More concretely, let X be a real data matrix of dimension n × p, with column-wise
zero empirical mean. The n rows represent observations and the p columns correspond
to measurements of variables. The principal components zi ∈ Rn are formed as a linear
weighted combination of the variables

zi = Xai, (5.1)

where ai ∈ Rp is a vector of weights. This can be expressed more concisely as

Z = XA, (5.2)

with Z = [z1, z2, ..., zp] ∈ Rn×p and A = [a1, a2, ..., ap] ∈ Rp×p. The orthonormal matrix W
rotates the data into a new space, where the principal components sequentially capture the
maximum variability in the input data. The columns of A are also often denoted as modes,
basis functions, principal direction or loadings.

Mathematically, a variance maximization problem can be formulated to find the weight
vectors ai. Alternatively, the problem can be formulated as a least-squares problem, i.e.,
minimizing the sum of squared residual errors between the input and the projected data

minimize
A

f(A) = ‖X−XAA>‖2
F

subject to A>A = I,
(5.3)

where PCA imposes orthogonality constraints on the weight matrix A. Given the singular
value decomposition (SVD) of the centered (standardized) input matrix X

X = UΣV>,
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the minimizer of (5.3) is given by the right singular vectors V, i.e., we can set A = V.
Further, the principal components are the scaled left singular vectors Z = UΣ, where the
entries of the diagonal matrix Σ are the singular values. In most applications, we are only
interested in the first k dominant PCs which account for most of the variability in the input
data. Thus, PCA allows one to reduce the dimensionality from p to k by simply truncating
the SVD. The dominant k PCs can be used to visualize the data in low-dimensional space,
and as features for clustering, classification and regression.

We refer the reader to [199] for an extensive treatment of PCA and its mechanics. Many
extensions such as Kernel PCA have been proposed to extend and overcome some of the
shortcomings of PCA, see [103] for a brief overview.

5.2.2 Variable Projection

Consider any objective of the form

min
A,B

g(A,B). (5.4)

A classic example is the nonlinear least squares problem

min
A,B

1

2
‖X−Φ(B)A‖2. (5.5)

The term ‘variable projection’ [165] originally arose from the fact that the least squares
projection of X onto the range of Φ(B) has a closed form solution, which is used explicitly in
iterative methods to optimize for B. More generally, the word ‘projection’ is now associated
with epigraphical projection [295], or partial minimization. We can rewrite (5.4) as a value
function optimization problem:

min
B

{
v(B) := min

A
g(A,B)

}
. (5.6)

In many cases, the function v(B) has an explicit form. In the classic problem (5.5), we have

v(B) =
1

2
‖X(I− PR(Φ(B)))‖2 = dist2(X|R(Φ(B))),

where PR(Φ(B)) is a projector on the range of Φ(B). Explicit expressions are not necessary
as long as we have an efficient routine to compute

A(B) = arg min
A

g(A,B).

For many problems, we can find first and second derivatives of v(B). For example, when g
is smooth and A(B) is unique, we have

∇v(B) = ∂Bg(·, ·)|(A(B),B).

Formulas for second derivatives are collected in [15]. Variable projection was recently used to
solve a range of large-scale structured problems in PDE-constrained optimization, nuisance
parameter estimation, exponential fitting, and optimized dynamic mode decomposition [8,
15, 191, 21].
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5.3 Problem Formulation for Sparse Principal Component Analysis (SPCA)

Sparse PCA aims to find a set of sparse weight vectors, i.e., weight vectors with only a
few ‘active’ (nonzero) values. In this manuscript, we build up on the seminal work by Zou,
Hastie and Tibshirani [387], who treat SPCA as an regularized regression-type problem.
More concretely, their formulation directly incorporates sparsity inducing regularizers into
the optimization problem:

minimize
A,B

f(A,B) = 1
2
‖X−XBA>‖2

F + ψ(B)

subject to A>A = I,
(5.7)

where B is a sparse weight matrix and A is an orthonormal matrix. ψ denotes a sparsity
inducing regularizer such as the LASSO (`1 norm) or the elastic net (a combination of
the `1 and squared `2 norm). The optimization problem is minimized using an alternating
algorithm:

• Update A. With B fixed, we find an orthonormal matrix A>A = I which minimizes

‖X−XBA>‖2
F .

This is the orthogonal Procrustes problem [171] (see Appendix 5.8.1), which has a
closed form solution A∗ = UV>, where X>XB = UΣV>.

• Update B. With A fixed, we solve the optimization problem

min
B

1
2
‖X−XBA>‖2

F + ψ(B).

The problem splits across the k columns of B, yielding a regularized regression problem
in each case:

b∗j = argmin
bj

1
2
‖XA(:, j)−Xbj‖2 + ψ(bj).

The principal components are then formed as a sparsely weighted linear combination of the
observed variables Z = XB. The data can be approximately rotated back as X̃ = ZA>.

Coordinate descent or least angle regression (LARS) are used to solve each of the k
subproblems [129]. The B update relies on solving a strongly convex problem, and in
particular the update is unique, and the algorithm as described converges to as stationary
point by the analysis of [336]. Replacing ψ with a nonconvex regularizer, such as ψ(B) =
α‖B‖0 + β‖B‖2, makes it difficult to guarantee anything about the B update. However,
as we show, using the value function (5.6) from the variable projection viewpoint yields an
efficient implementation and a straightforward convergence analysis.
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5.3.1 Variable Projection Viewpoint

The A update in the method of [387] is in closed form, while the B update requires an
iterative method. To exploit the efficiency of the A update, we think of projecting out A
and introduce the sparse PCA value function

v(B) := min
A

1
2
‖X−XBA>‖2

F subject to A>A = I,

viewing the original SPCA problem (5.7) as

min
B
v(B) + ψ(B). (5.8)

We show that v(B) is differentiable with a Lipschitz continuous gradient, and derive its
explicit form. This viewpoint lets us use any proximal algorithm we want to minimize (5.8),
including proximal gradient (see e.g. [275]) and FISTA [36], with the caveat that an A
update is computed every time v(B) is evaluated. For the original SPCA problem, this
approach rebalances the work between the A and B updates, using a single operator to
update B instead of an iterative routine. When combined with randomized techniques for
computing the A update, we get an order of magnitude acceleration compared to current
SPCA software.

The variable projection viewpoint (5.8) also allows a robust SPCA approach with the
Huber loss function. Simply replacing the quadratic penalty in (5.7) with a different loss
would destroy the efficient structure of the A update, requiring an iterative routine to solve
for it. Instead, we use a special characterization of the Huber function to obtain a formulation
with three rather than two variables, preserving the efficiency of each update. We extend
our analysis to this case, so the robust formulation can also be used with any prox-friendly
ψ regularizer, including the nonconvex example discussed above.

In summary, the value function viewpoint also makes it easy to extend to a broader
problem setting, and we consider the following objective:

min
A,B

f(A,B) := ρ(X−XBA>) + ψ(B) subject to A>A = I, (5.9)

where ρ is a separable loss, while ψ is a separable regularizer for B.

5.3.2 Regularizers for Sparsity

The SPCA framework incorporates a range of sparsity-inducing regularizers ψ. Sparsity is
achieved by introducing additional information into the model to find the most meaningful
‘active’ (non-zero) entries in B, while most of the loadings are constrained to be zero. Sparse
approaches work well when many variables are redundant, i.e., not required to capture the
underlying coherent model structure. Regularization also prevents overfitting, and provides
a path to solve ill-posed problems, frequently encountered in the analysis of high-dimensional
datasets.
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5.3.3 Unstructured Sparsity

The `0 ‘norm’, denoted `0(x) or ‖x‖0, counts the number of non-zero elements in a vector
x. When used as a regularizer ψ, it encourages models with small cardinality, i.e., a small
number of active loadings. Although `0 is non-smooth and non-convex, its proximal operator
is simply hard thresholding (see Table 5.1).

In many applications, the `1 norm is used to approximate `0. In the context of least
squares problems, using `1 is known as LASSO (least absolute shrinkage and selection oper-
ator). The proximal operator of the scaled `1 norm γ‖x‖1 is the soft-thresholding operator,
see Table 5.1.

One drawback of the `1 norm is that it tends to activate only one coefficient from any set
of highly correlated variables. The elastic net, introduced by Zou and Hastie [386], overcomes
this drawback, using a linear combination of the `1 and quadratic penalty:

ψ12(x) = α‖x‖1 + β‖x‖2
2.

The elastic net has an implicit grouping effect that is particularly useful for the analysis of
high-dimensional multiscale physical systems, where we want to find all the associated vari-
ables which correspond to an underlying mode, rather than selecting only one variable from
each underlying mode. The proximal operator of ψ12 combines scaling and soft thresholding,
see Table 5.1. Following the same idea, we can also combine `0 and the quadratic penalty:

ψ02(x) = α‖x‖0 + β‖x‖2
2.

The ψ02 regularizer detects correlated sets of very sparse predictors, and its proximal operator
of ψ02 combines scaling and hard thresholding, see Table 5.1. Figure 5.1 illustrates these
regularizers. Many other examples of proximal operators are collected in [96].

(a) `0 norm. (b) `1 norm. (c) `2 norm. (d) Elastic net.

Figure 5.1: Illustration of some norms which are used as regularizers. `0, `1 and elastic net
are sparsity-inducing.
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Regularizer ψ proxγψ(x)i

ψ0 ‖x‖0 Hard Thresholding :

{
xi, x2

i > 2γ

0, otherwise

ψ1 ‖x‖1 Soft Thresholding :


xi − γ, xi > γ

xi + γ, xi < −γ
0, otherwise

ψ02 α‖x‖0 + β‖x‖2
2 Scaled Hard Thresholding :

{
xi/(1 + 2γβ), x2

i > 2γα(1 + 2γβ)

0, otherwise

ψ12 α‖x‖1 + β‖x‖2
2 Scaled Soft Thresholding :


(xi − γα)/(1 + 2γβ), x > γα

(xi + γα)/(1 + 2γβ), x < −γα
0, otherwise

Table 5.1: Regularizers ψ and their proximal operators.

5.3.4 Structured Sparsity

A large number of separable structured regularizers ψ can be used in the proposed SPCA
framework. Separability ensures that the prox-operator can be computed either in closed
form or using a routine for both convex and nonconvex regularizers. Here we highlight two
examples.

In some applications, selection occurs between groups of variables known a priori. The
group lasso regularizer [371] enforces that all the variables corresponding to these predefined
group are either activated or set to 0. Its prox operator can be written as

proxγ‖·‖2(x) =

{
(1− γ/‖x‖2)x, ‖x‖2 > γ

0, ‖x‖2 ≤ γ
.

An extension is the sparse group lasso [314], which adds an additional `1 penalty for each
group. Another useful regularizer is the fused lasso [330], which gives a way to incorporate
information about spatial or temporal structure in the data.

5.4 Fast Algorithms for Sparse PCA

5.4.1 Sparse PCA via Variable Projection

As a standard problem, we discuss the variable projection algorithm for (5.9) using the least
squares loss function. We partially minimize in A to obtain the value function

v(B) := min
A

1

2
‖X−XBA>‖2

F subject to A>A = I. (5.10)
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Evaluating this value function given B reduces to solving the orthogonal Procrustes prob-
lem [171], with closed form solution

A(B) = UV> (5.11)

where U and V are the left and right singular vectors of X>XB = UΣV>, see Ap-
pendix 5.8.1. Variable projection takes advantage of this closed form solution. Partially
minimizing in A via the SVD has additional advantages over using an iterative algorithm
when A is ill-conditioned. This is an important consideration for robust penalties, where a
closed form solution for A is not immediately available, see Section 5.4.3.

The SPCA problem (5.9) is nonconvex, and so is the value function v(B). To better
understand v(B), we consider the following simple 2D example

f(a, b) =
1

2
‖X−Xba>‖2

F subject to a>a = 1,

where X ∈ R2×2, a, b ∈ R2. We write v(b) : R2 → R explicitly as

v(b) =
1

2
‖X−Xba(b)>‖2

F, a(b) =
X>Xb

‖X>Xb‖ .

Figure 5.2 shows the level sets of this function, which are clearly nonconvex. We also see
that v(b) is smooth except at b = 0.

We apply proximal gradient methods (see e.g. [275]) to find a stationary point of the
value function v(b) (5.10). It is easy to both evaluate v(b) and to compute the gradient.
We obtain a(b) using (5.11) and then use the formula

∇v(b) = ∇bf(a,b)|a=a(b) = X>(X−Xba(b)>)a(b).

This yields a simple and efficient algorithm detailed in Algorithm 12. The following theorem
provides a sublinear convergence guarantee for Algorithm 12.

4 2 0 2 410

5

0

5

10

Figure 5.2: Level set of simple 2D projected function.
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Theorem 15 (Convergence of 12). Assume ρ = ρF, then the optimality criterion satisfies

min
1≤k≤N

T (Ak,Bk) ≤
2(‖X‖2

2 + L)2

N‖X‖2
2

f(A1,B1),

where T is the stationarity of the objective (defined in Appendix 5.8.2) and L is the Lipchitz
constant for ∂ψ.

See Appendix 5.8.2 for the proof.

Algorithm 12 Variable projected proximal gradient method for (5.10)

Input: A0, B0, k = 0, ε > 0, γ = 1/‖X‖2
2

1: while T (Ak,Bk) ≥ ε do . See (5.29)
2: Bk+1 ← proxγr(Bk − γX>(XBk −XAk)) . See (5.28)
3: Ak+1 ← argminA

1
2
‖X−XBk+1A

>‖2
F subject to A>A = I . See (5.11)

4: k ← k + 1
5: end while

Output: Ak+1, Bk+1

5.4.2 Randomized Sparse PCA

Randomization allows efficient computation of low-rank approximations such as the SVD
and PCA [180, 239, 119, 138]. We form a low-dimensional sketch (representation) of the
data, which aims to capture the essential information of the original data. Using this idea,
we can reformulate (5.9) as

v(B) := min
A

1

2
‖X̃− X̃BA>‖2

F subject to A>A = I. (5.12)

where X̃ ∈ Rl×p denotes the sketch of X ∈ Rn×p. Here, the dimension l is chosen slightly
larger than the target-rank k. We proceed by forming a sample matrix Y ∈ Rn×l:

Y = XΩ, (5.13)

where Ω ∈ Rp×l is a randomly generated test matrix [180]. Next, an orthonormal basis
matrix is obtained by computing the QR-decomposition of the samples matrix Y = QR.
Finally, the sketch is formed by projecting the input matrix to the range of Y, which is
low-dimensional:

X̃ = Q>X. (5.14)

This approach is suitable for input matrices with low-rank structure. The computational
advantage becomes significant when the intrinsic rank of the data is relatively small compared
to the dimension of the ambient measurement space. The quality of the sketch can be
improved by computing additional power iterations [180, 138], especially if the singular value
spectrum of X is only slowly decaying. We suggest computing at least two power iterations
by default.
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5.4.3 Robust Sparse PCA via Variable Projection

Classically, SPCA is formulated as a least-squares problem, however, it is well-known that
the squared loss is sensitive to outliers. In many real world situations we face the challenge
that data are grossly corrupted due to measurement errors or other effects. This motivates
the need of robust methods which can more effectively account for corrupt or missing data.
Indeed, several authors have proposed a robust formulation of SPCA, using the `1 norm as
a robust loss function, to deal with grossly corrupted data [251, 102, 196].

For a robust formulation of SPCA, we use a closely related idea of separating a data
matrix into a low-rank model and a sparse model. The architecture is depicted in Figure 5.3.
This form of additive decomposition is well-known as robust principal component analysis
(RPCA), and its remarkable ability to separate high-dimensional matrices into low-rank and
sparse component makes RPCA an invaluable tool for data science [79, 53, 9]. Specifically,
we suggest to use the Huber loss function ρ = ρH rather than the `1 norm as the data misfit.
The Huber norm overcomes some of the shortcomings for the Frobenius norm and can be

external world low-rank model sparse model

observable
variables

sparse basis
functions

principal
components

outliers

x1

x2

xj

xp

...

...

z1

zj

zk

...

...

s1

s2

sj

sp

...

...

+

+

+

+

Figure 5.3: Robust SPCA combines a low-rank and sparse model to represent the observable
variables. The low-rank model forms the principal components as a sparsely weighted linear
combination of the observed variables. The sparse model captures outliers in the data.
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used as a more robust measure of fit [195, 245]. We define the Huber loss function as

ρH(x;κ) =

{
κ|x| − κ2/2, |x| > κ

x2/2, |x| ≤ κ
,

ρH(A;κ) =
∑
i,j

ρH(Aij;κ).

Figure 5.4 illustrates the least squares and the Huber loss functions. The Huber loss func-
tions grows at a linear rate for residuals outside the thresholding parameter κ, rather than
quadratically. Hence, the influence of large deviations on the parameters is reduced. This is
consistent with using a heavy tail distribution to model measurement errors.

The Huber penalty can be characterized as the (scaled) Moreau envelope of the `1 norm,
see Section 5.8.2:

ρH(x;κ) = min
s

1

2
‖s− x‖2 + κ‖s‖1. (5.15)

This characterization explicitly brings out outliers s as sparse perturbations to the data. It
also makes it possible to develop efficient algorithms for the robust case. In general, our
approach applies to any robust norm that can be characterized as the Moreau envelope of a
separable penalty.

A naive approach loses the closed form of A (5.11). To preserve the advantages of
partial minimization, we must place the Huber loss on the Procrustean bed of the orthogonal
Procrustes problem. We use the Moreau characterization (5.15) to explicitly model sparse
outliers using the variable S, and rewrite Eq. (5.9) as follows:

min
A,B,S

fH(A,B,S) :=
1

2
‖X−XBA> − S‖2

F + ψ(B) + κ‖S‖1 subject to A>A = I.

(5.16)

(a) Loss functions. (b) Influence functions (first derivatives).

Figure 5.4: Illustration of the least-squares loss (dashed blue) and Huber (solid red) loss
functions in (a); the first derivatives in (b) can be viewed as influence functions of the
residuals.
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Now we can again use the orthogonal Procrustes approach (5.11) and reduce (5.16) to min-
imizing the value function

min
B,S

vH(B,S) :=
1

2
‖X−XBA(B,S)> − S‖2

F + ψ(B) + κ‖S‖1, (5.17)

where A(B,S) is given by UV> with

(X− S)>XB = UΣV>. (5.18)

Problem (5.17) has the same structure as (5.10) in the variables (B,S), and we can easily
modify the algorithm to account for the additional block, as detailed in Algorithm 13. The
partial minimization of S is a prox evaluation of the 1-norm, which is the soft thresholding
operator, see Table 5.1.

Algorithm 13 Gauss-Seidel proximal gradient method for (5.16)

Input: A0,B0,S0, k = 0, γ = 1/‖X‖2
2

1: while not converged do
2: Bk+1 ← proxγr(Bk − γX>(XBk −XAk + SkAk)) . See (5.17)
3: Ak+1 ← argminA

1
2
‖X−XBk+1A

> − Sk‖2
F subject to A>A = I .

See (5.18)
4: Sk+1 ← argminS

1
2
‖X−XBk+1A

>
k+1 − S‖2

F + κ‖S‖1 . See (5.17)
5: k ← k + 1
6: end while

Output: Ak, Bk, Sk

5.5 Spatiotemporal SPCA

Sparse decompositions are becoming increasingly relevant for data-driven spatiotemporal
analysis of physical systems. The recent proliferation of machine learning and manifold
learning methods seek interpretable models using physically meaningful constraints [272,
304, 202, 325, 232]. However, standard orthogonal decompositions such as SVD or proper
orthogonal decomposition (POD) may suffer from overfitting and the resulting spatial modes
are spatially dense. By promoting sparsity in the modes, SPCA is able to yield modes that
may be more interpretable.

The goal of spatiotemporal modal analysis is a system decomposition that is separable
in space and time,

x(t) =
r∑
j=1

aj(t)φj, (5.19)
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where φj is a mode evaluated at a grid of spatial locations. Classical data-driven analysis
seeks a low-rank approximation given a data matrix of snapshots in time

X = [x(t1) x(t2) . . . x(tp)]. (5.20)

The proper orthogonal decomposition is a canonical data-driven decomposition in the anal-
ysis of high-dimensional flows, which seeks the optimal rank-r orthogonal projection of the
data that approximates the covariance of X. The optimal low-rank projection is given by the
dominant k scaled principal components Z = XV = UΣ, obtained from the singular value
decomposition X = UΣVT . We define the modes to be Φ = U, resulting in the separable
decomposition

X = ΦCT, (5.21)

where CT = ΣVT . While POD modes numerically approximate the data, they may not be
physically meaningful. POD modes do not generally correspond to coherent structures that
persist in time. Sparse PCA, on the other hand, imposes sparsity in the spatial modes while
maintaining time independence. In our framework, spatial modes are given by

Φ = XB =

 | | |
Xb1 Xb2 . . . Xbk
| | |

 , (5.22)

which represents a sparse linear combination of the snapshots and sparse modes Φ. Recall,
the columns of B are the sparse weight vectors. As we shall demonstrate, SPCA modes
display greater correspondence to coherent structures in various flows.

5.6 Results

We now apply our SPCA framework to a number of example systems of interest, ordered
by increasing complexity. These examples capture many challenges that motivate the new
algorithms. The first example is an artificial dataset with high-dimensional measurements
and low-dimensional structures across multiple scales. In this example, there is a ground
truth, providing a straightforward benchmark for SPCA and robust SPCA. The second
example applies SPCA to a highly structured fluid flow, characterized by laminar vortex
shedding behind a circular cylinder at low Reynolds number, which is a benchmark problem
in fluid dynamics [261]. Fluid flows are ideal for developing interpretable models of multi-
scale physics and deploying sparse sensors for estimation and control. This is because they
are high-dimensional systems that often exhibit low-dimensional coherent patterns that are
spatially localized [60, 323]. The third example involves high-dimensional satellite data of the
ocean surface temperature, a complex multiscale system that is intimately related to global
circulation and climate. In all of these examples, the data is dynamic, high-dimensional,
exhibits low-dimensional patterns at multiple scales, and has fewer snapshots in time than
measurements in space. The proposed SPCA framework allows efficient computations on
large systems, yields robust estimates from noisy data, and gives interpretable modes that
can be used for the downstream tasks in dynamical systems modeling and control.
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5.6.1 Multiscale Video Example

First, we consider a case where spatiotemporal dynamics are generated from three spatial
modes oscillating at different frequencies in overlapping time intervals:

x(t) =
3∑
j=1

ak(t)φj. (5.23)

The multiscale time dynamics switch on and off irregularly, i.e., the modes effectively appear
mixed in time as is common in other real-world phenomena such as weather, climate, etc.
Consequently, within a single frame, the three modes occasionally mix, rendering the dis-
ambiguation task more challenging. However, we see that SPCA is able to recover the three
modes in an unsupervised manner. Specifically, the data is generated on a 200× 200 spatial
grid for 150 seconds with timestep ∆t = .5s. We flatten the spatial dimensions to obtain a
data matrix with p = 40, 000 measurements for each of the n = 300 snapshots (observations
in time).

The results of PCA and SPCA on the raw frame data are compared and contrasted in
Fig. 5.6. Here the spatial coherent structures extracted by SPCA recover the generating spa-
tiotemporal modes, while PCA is unable to do so. By seeking a parsimonious representation,
SPCA is able to accurately correlate spatial structures with their individual time histories.
Because PCA has no such constraint, the different spatial structures remain mixed.

In many applications data exhibit grossly corrupted entries that typically arise from
process or measurement noise. The least-squares loss function is sensitive to outliers. Thus,
SPCA tends to be biased and the results can be misleading. To overcome this, our proposed
robust SPCA algorithm can be used. The Huber loss function allows one to separate the input
data into a low-rank component plus a sparse component. This is demonstrated in Fig. 5.7.
The robust implementation clearly separates the polluted data into a low-rank component,
while capturing the additive salt and pepper noise. However, the robust implementation is
computationally more demanding than the standard SPCA algorithm.
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Figure 5.5: Multiscale video model. Each frame of this multiscale video is high-dimensional
with 200× 200 pixels, however the system has only three degrees of freedom.

(a) SPCA. (b) PCA.

Figure 5.6: Multiscale video reconstruction. SPCA successfully decomposes the video into
the true dynamics, while PCA fails to disambiguate modes 2 and 3.

(a) Truth. (b) Corrupted. (c) Reconstruction. (d) Outliers.

Figure 5.7: Approximation of a grossly corrupted multiscale video using robust SPCA. Here
the low-rank approximation with robust PCA (c) successfully recovers the true frame and
filters out added salt and pepper noise (d).
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5.6.2 Fluid Flow

PCA has been extensively used in fluid dynamics for decades, where it is known as proper or-
thogonal decomposition, providing a data-driven generalization of the Fourier transform [41].
Here we apply SPCA to the flow behind a cylinder, a canonical example in fluid dynam-
ics [261]. The data consists of a time series of the vorticity field behind a solid cylinder at
Reynolds number 100, which induces laminar vortex shedding downstream. The flow is sim-
ulated using an immersed boundary projection method [324] on a 450× 200 spatial grid for
3 dimensionless time units with timestep ∆t = .02. Again, we flatten the spatial dimensions
and yield a data matrix with p = 90, 000 measurements for each of the n = 150 snapshots
(observations in time). The resulting principal components or spatial modes of the flow are

(a) PCA. (b) SPCA with `1 regularization (α = 10−5).

(c) SPCA with `1 regularization (α = 10−4). (d) SPCA with `0 regularization (α = 10−5).

Figure 5.8: Sparse PCA demonstrates superior separation of the spatial eigenmodes respon-
sible for vortex shedding. As a result, we can better differentiate their spatial influence on
different regions of the flow downstream of the cylinder.
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widely used for reduced-order modeling, prediction, and control.
The SPCA and PCA eigenmodes are compared in Fig. 5.8. Both decompositions suc-

cessfully identify the dominant mode pairs that occur at characteristic harmonic frequencies.
However, the mode structures extracted by SPCA are well-bounded and more interpretable,
resulting in visible weakening downstream and stronger influence upstream. This is typical
of the vortex shedding regime as vortices dissipate while advecting downstream and is not
observed in the PCA modes.

Standard PCA has beneficial orthonormality properties that are crucial for projection
based reduced-order modeling of high-dimensional systems. However, as experiments and
models simulate increasingly complex flows, the field is rapidly moving towards more in-
terpretable decompositions for learning and control. Recent directions in network analysis
of turbulence and mixing require robust tracking of sparse spatial structures and vortices.
The ability of SPCA to delineate boundaries of vortex dynamics are critical for the scalable
decomposition of such high-resolution flow data. Furthermore, SPCA is purely data-driven
and works equally well for modal decomposition of high-fidelity computational fluid dynam-
ics (CFD) simulation, as well as robust denoising of experimental data generated by particle
image velocimetry and other high-resolution imaging techniques.

5.6.3 NOAA Ocean Surface Temperature

We now apply SPCA to satellite ocean temperature data from 1990-2017 [292], and compare
SPCA results from PCA.1 The data consists of n = 1, 458 temporal snapshots which measure
the weekly temperature means at 360 × 180 = 64, 800 spatial grid points. Since we omit
data over continents and land, the ambient dimension reduces to p = 44, 219 observations in
our analysis. Our objective is the accurate identification of the intermittent El Niño and La
Niña warming events, which are famously implicated in global weather patterns and climate
change. The El Niño Southern Oscillation (ENSO) is defined as any sustained temperature
anomaly above running mean temperature with a duration of 9 to 24 months. In climate
sciences, principal components are also known as empirical orthogonal functions or EOFs;
however, traditional PCA struggles to find a low-rank representation of this complex, high-
dimensional system.

The canonical El Niño is associated with a narrow band of warm water off coastal Peru
that is commonly referred as NIÑO 1+2, 3, 3.4, or 4 to differentiate the types of bands.
Traditional PCA is unable to isolate this band, instead combining it with broader spatial
signatures across the Pacific and Atlantic in mode 4 (Fig. 5.9a). Nevertheless, this mode is
often used to compute the canonical Oceanic Niño Index (ONI). On the other hand, SPCA
obtains a dramatic and clean separation of NIÑO 1-4 within the 4th mode (Fig. 5.9b). This
is contextualized by the associated temporal mode, which yields sharper peaks during the
1997-1999 and 2014-2016 major El Niño events compared to PCA. The 12-month moving

1The data are provided by the NOAA/OAR/ESRL PSD, Boulder, Colorado, USA, and are accessible via
their Web site at https://www.esrl.noaa.gov/psd/.

https://www.esrl.noaa.gov/psd/
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(a) PCA. (b) SPCA with `1 regularization (α = 10−4).

(c) SPCA with `0 regularization (α = 10−5). (d) SPCA with `0 regularization (α = 10−4).

Figure 5.9: SPCA successfully identifies the band of warmer temperatures (4th mode) in the
South Pacific traditionally associated with El Niño. By contrast, the corresponding PCA
mode (4th mode) picks up spurious spatial correlations across the globe.

average of the temporal modes for both PCA and SPCA is shown in Fig. 5.10 and confirms
that SPCA differentiates major and minor ENSO events with greater clarity than PCA.

Previous study of this dataset has required a multiresolution time-frequency separation
of the data matrix in order to clearly identify the ENSO mode in an unsupervised man-
ner [211].Without the sparsity constraint, SVD-based methods struggle to obtain a low-rank
representation of these complex systems with nonlinear dynamics, coupled interactions and
multiple timescales of motion. Based on our findings, SPCA has the potential to yield
sparse modal representations of complex systems and coherent structures that may alter our
understanding of oceanic and atmospheric phenomena.
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(b) SPCA with `1 regularization (α = 10−4).

Figure 5.10: Oceanic Niño Index (ONI), a 12-month moving average of the ENSO mode, re-
veals greater distinction between major (1997-1999,2014-2016) and minor events with SPCA
modes.

5.6.4 Denoising with Sparse PCA

Cumulative variance plots reveal that sparse PCA behaves differently on the latter two
examples. This can be attributed to the level of stochasticity in each system. The cylinder
data has high temporal resolution and is therefore sufficiently well-resolved for sparse PCA to
capture nearly all the variance within the low-rank component (Fig. 5.11a). In this case the
decomposition is similar to PCA, although spatially more localized. On the other hand, the
ocean data has coarse weekly temporal resolution. Therefore, faster dynamics which are not
sufficiently resolved appear stochastic. Hence, slower timescales (annual, ENSO) are reflected
in the low-rank component of SPCA as indicated by cumulative variance (Fig. 5.11b). PCA,
however, overfits with ‘noisy’ components which are not physically meaningful.

5.6.5 Computational Performance

To demonstrate the computational performance of the proposed SPCA algorithms we com-
pute the leading k = 10 components for two data matrices. First, we consider the cases of
small p data. Figure 5.12 shows the time until the objective function converges within a
tolerance level of 10−5. For comparison we show the performance of the SPCA algorithm
using least angle regression (LARS) and coordinate descent (CD) as proposed by [387]. Our
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proposed algorithm based on variable projection outperforms both the LARS and CD algo-
rithm.

Further, the randomized accelerated SPCA algorithm outperforms the deterministic vari-
able projection algorithms. The desired accuracy is achieved about 5 times faster compared to
the deterministic algorithm. This is despite the fact that the randomized algorithms require
more iterations than the deterministic algorithm to converge. The computational advantage
is even greater for the high-dimensional data setting (i.e., big p) as shown in Figure 5.13 The
computational advantage of the randomized algorithm becomes pronounced with increasing
dimensions of the input matrix. Hence, the randomized algorithm allows exploring a large
space of tuning parameters and is well suited for performing cross-validation.

Implementations of our algorithms are provided in Python https://github.com/erichson/

ristretto and in R https://CRAN.R-project.org/package=sparsepca.
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(a) Although sparsity promotes spatially local-
ized structure, SPCA retains nearly all the vari-
ance of the fluid flow system.

2 4 6 8 10 12 14
Num ber of com ponents

0.825

0.850

0.875

0.900

0.925

(b) SPCA clearly isolates the fourth ENSO
mode as the last physically relevant component
to the system.

Figure 5.11: Cumulative variance of each component. SPCA approximates PCA to varying
degrees for the two fluid datasets. In contrast to PCA, SPCA separates the ENSO mode
from noisy contributions even though ENSO captures only 1% of the total variance.

https://github.com/erichson/ristretto
https://github.com/erichson/ristretto
https://CRAN.R-project.org/package=sparsepca
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Figure 5.12: Computational performance of different SPCA algorithm. The dominant 10
sparse weight vectors are computed for a 2000× 1344 data matrix.
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Figure 5.13: Computational performance of the randomized and deterministic SPCA algo-
rithm using variable projection. The dominant 10 sparse weight vectors are computed for a
2000× 16128 data matrix. The randomized algorithms is about 4 times faster.
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5.7 Discussion

We have presented a robust and scalable architecture for computing sparse principal compo-
nent analysis (SPCA). Specifically, we have modeled SPCA as a matrix factorization prob-
lem with orthogonality constraints, and developed specialized optimization algorithms that
partially minimize a subset of the variables (variable projection). Our SPCA algorithm is
scalable and robust, greatly improving computational efficiency over current state-of-the-art
methods while retaining comparable performance. More precisely, we have demonstrated
that: (i) The value function view approach provides an efficient and flexible framework for
SPCA; (ii) Robust SPCA can be formulated using the Huber loss; (iii) A wide variety of
sparsity-inducing regularizers can be incorporated into the framework; (iv) The proposed
algorithms are computationally efficient for high-dimensional data, i.e, large p; (v) Ran-
domized methods for linear algebra substantially eases the computational demands, while
obtaining a near-optimal approximation for low-rank data.

SPCA is a useful diagnostic tool for data featuring rich dynamics that give rise to mul-
tiscale structures in both space and time. Given that such phenomena are ubiquitous in
the physical, engineering, biological, and social sciences, this work provides a valuable tool
for improved interpretability, especially in the diagnostics of localized structures and disam-
biguation of distinct time scale physical processes. The work also opens a number of avenues
for future development:

Methodological Extensions This scalable approach for identifying spatially localized
spatial structures in high-dimensional and multiscale data may be directly applied to 1) ten-
sor decompositions [97, 57, 136], which represent data in a multi-dimensional array structure,
2) parsimonious dynamical systems models [61], which identify the fewest nonlinear inter-
actions required to capture the underlying physical mechanisms, and 3) in situ sensing and
control, where sensors and actuators are generally required to be spatially localized [242].

Applications in the Engineering and Physical Sciences. The methods developed
here will be broadly applicable to dynamical systems that are high-dimensional, multiscale,
and where there is a need for interpretable and parsimonious models for prediction, esti-
mation, and control. Specific applications where SPCA has already been applied include
genomics, and biological systems in general, and atmospheric chemistry. In addition, there
is tremendous opportunity for advances in diverse fields, such as improving climate science,
detecting and controlling structures in the brain, and closed loop control of turbulent fluid
systems [60].
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5.8 Appendix

5.8.1 The Orthogonal Procrustes Problem

We seek an orthonormal matrix A so that

A = argmin
A
‖X−XBA>‖2

F s.t. A>A = I. (5.24)

Indeed, a closed form solution is provided by the SVD. First,we expand the above objective
function as

argmin
A
‖X‖2

F + ‖XB‖2
F − 2 · trace(X>XBA>).

This problem is equivalent to find a orthonormal matrix A which maximizes trace(X>XBA>).
We proceed by substituting the SVD of X>XB so that we yield

argmax
A

trace(UΣV>A>) = trace(ΣV>A>U). (5.25)

Note that Σ is a diagonal matrix with non-negative entries and V>A>U is an orthonormal
matrix for any matrix A>. Because of this, the trace norm in Eq. (5.25) is maximized by
A> which turns V>A>U into an identity matrix I , so that we yield trace(ΣI). Hence, an
optimal solution is provided by A = UV>, i.e., the left and right singular vectors of X>XB.

5.8.2 Proof of Theorem

Technical Preliminaries

In the following we give a brief overview of notation and concepts used to develop and analyze
the algorithms in this paper. Further, we review briefly the elements of variational analysis
for the theoretical analysis of the algorithm [254, 295].

Matrix Spaces We consider the collection of all matrices with the same dimension Rd

(where d could be shorthand for p× p) as a Hilbert space equipped with the inner product.
More concretely, the inner product is defined by the trace and the norm induced by this
inner product is the Frobenius norm

〈M〉M := trace(M>M) = ‖M‖2
F.

For any map Φ : Rd → Rl, we set,

lip(Φ) := sup
M 6=N

‖Φ(M)−Φ(N)‖F

‖M−N‖F

We say that Φ is L-Lipschitz continuous, for some L ≥ 0, if the inequality lip(Φ) ≤ L holds.
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Functions and Geometry Constraints, such as those in (5.7), can be represented using
functions from a matrix space Rd to the extended real line defined by R := R∪{±∞}. The
domain and the epigraph of any function f : Rd → R are the defined sets

dom f := {M ∈ Rd : f(M) < +∞},
epi f := {(M, r) ∈ Rd ×R : f(M) ≤ r}.

For any set F ⊂ Rd, we define the distance, projection and indicator function for M ∈ Rd

by

dist(M;F) := inf
N∈F

‖N−M‖, proj(M;F) := argmin
N∈F

‖N−M‖,

δF(M) :=

{
0, M ∈ F
∞, M 6∈ F .

For O := {A ∈ Rd : ATA = I} in (5.7), and given M = UΣVT, we have

dist(M;O) := ‖I−Σ‖2, proj(M;O) := UVT, δO(M) :=

{
0, Σ = I

∞, Σ 6= I.
. (5.26)

Subgradients and Subdifferentials Characterizing stationarity (a necessary condition
for optimality) is a key step in analyzing the behavior of an algorithm and deriving practical
termination criteria. Problem (5.7) is nonsmooth, so gradients do not exist. Instead, we can
use more general concepts of subgradients, which exist for nonsmooth, nonconvex functions.

Consider an arbitrary function f : Rd → R and a point M with f(M) finite. When f is
convex, the subgradient of f at M is defined as the collection of tangent affine minorants:

∂f(M) := {V : f(M) ≥ f(M) + 〈V,M−M〉}. (5.27)

If f is differentiable at M, then ∂f(M) contains only one element, and it is a gradient. When
f is not differentiable, the subdifferential can contain multiple elements (see Figure 5.14).
From (5.27), it is clear that 0 ∈ ∂f(M) implies that f(M) ≥ f(M) for all M, i.e. M is a
global minimum.

When f is nonconvex, (5.27) may not hold globally for any V, and we need a localized
definition. The Fréchet subdifferential of f at M, denoted ∂̂f(M), is the set of all matrices
V that satisfy

f(M) ≥ f(M) + 〈V,M−M〉+ o(‖M−M‖)
as M→M. The inclusion V ∈ ∂̂f(M) holds precisely when the affine function M 7→ f(M)+
〈V,M −M〉 underestimates f up to first-order near M. The limit of Fréchet subgradients
vi ∈ ∂̂f(Mi) along a sequence Mi → M may not be a Fréchet subgradient at the limiting
point M. The limiting subdifferential ∂f(M) is the set of all matrices V for which there
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Figure 5.14: Subgradients are illustrated for the following three cases: (a) smooth function
f(x) = x2, (b) a nonsmooth function f(x) = |x|, (c) a nonsmooth and nonconvex function
f(x) = |x|. Subplots (d) to (f) show the corresponding subgradients.

exist sequences Mi and Vi that satisfy Vi ∈ ∂f(Mi) and (Mi, f(Mi),Vi)→ (M, f(M),V).
In the nonconvex case, the stationarity condition 0 ∈ ∂f(M) no longer implies global (or
local) optimality. However, it is still a necessary condition, and one that can be checked. We
characterize stationarity of (5.7) by the distance of 0 to the limiting subdifferential ∂f(M).

Moreau Envelope and Proximal Mapping For any function f and real γ > 0, the
Moreau envelope and the proximal mapping are defined by

fγ(M) := inf
L

{
f(L) +

1

2γ
‖L−M‖2

}
,

proxγf (M) := argmin
L

{
f(L) +

1

2γ
‖L−M‖2

}
.

(5.28)

Theorem 16 (Regularization properties of the envelope). Let f : Rd → R be a proper closed
convex function. Then fγ is convex and C1-smooth with

∇fγ(M) = 1
γ
(M− proxγf (M)) and lip(∇fγ) ≤ 1

γ
.

Proof. See Theorem 2.26 of [295].
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Optimality Condition

The objective function in Equation (5.9) is non-convex. Hence, we rely on iterative schemes
that can find the stationary points of the objective.

Definition 6 (Stationary Points). Assume that ρ is smooth, we call a pair (A,B) a station-
ary point when it satisfies

0 ∈ ∇ρ(AX>B> −X>)BX + ∂ϕ(A),

0 ∈ X>∇ρ(XBA> −X)A + ∂ψ(B),

where ∂ψ is the limiting subdifferential defined in Section 5.8.2. We also introduce a measure
of non-stationarity T :

T (A,B) = min{1
2
‖U‖2

F + 1
2
‖V‖2

F :

U ∈ ∇ρ(AX>B> −X>)BX + ∂ϕ(A),

V ∈ X>∇ρ(XBA> −X)A + ∂ψ(B).}
(5.29)

In the main text, we show some examples of prox operator corresponding to ∂ψ(B), but
for ∂ϕ(A) it might be hard to understand.

Here we give a simple instance of ∂ϕ(A) when φ(A) = δ0(A|A>A = I) = δ0(A|O2), the
space of orthonormal matrices. When consider orthogonal matrices in two dimension, we
could characterize them by a single angle variable θ,

A =

[
cos(θ) sin(θ)
− sin(θ) cos(θ)

]
, if det(A) = 1, A =

[
cos(θ) sin(θ)
sin(θ) − cos(θ)

]
, if det(A) = −1.

For every A described as above, we define the tangent direction in O2:

TA =

[
− sin(θ) cos(θ)
− cos(θ) − sin(θ)

]
, if det(A) = 1, TA =

[
− sin(θ) cos(θ)
cos(θ) sin(θ)

]
, if det(A) = −1.

We now have
∂ϕ(A) = {G : 〈G〉TA = 0}.

In particular, for det(A) = 1 every element in ∂ϕ(A) is a linear combination of the matrices[
− cos(θ) 0
sin(θ) 0

]
,

[
cos(θ) sin(θ)

0 0

]
,

[
0 0

sin(θ) − cos(θ)

]
.

Proof for Theorem 15

Proof. By definition, the iterates of Algorithm 12 satisfy

1
γ
(Bk −Bk+1) + ∂ψ(Bk)− ∂ψ(Bk+1) ∈X>(XBk −XAk) + ∂ψ(Bk)

0 ∈(Ak+1X
>B>k+1 −X>)Bk+1X + ∂ϕ(Ak+1).
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From the definition of the objective, we have,

f(Ak+1,Bk+1) =
1

2
‖X−XBk+1A

>
k+1‖2

F + ψ(Bk+1) + ϕ(Ak+1)

≤1

2
‖X−XBk+1A

>
k ‖2

F + ϕ(Ak) + ψ(Bk+1)

=
1

2
‖X−XBkA

>
k + XBkA

>
k −XBk+1A

>
k ‖2

F + ϕ(Ak) + ψ(Bk+1)

=
1

2
‖X−XBkA

>
k ‖2

F + 〈X(Ak −Bk)〉X(Bk −Bk+1)

+
1

2
‖X(Bk −Bk+1)‖2

F + ψ(Bk+1) + ϕ(Ak)

=f(Ak,Bk) + 〈X(Ak −Bk)〉X(Bk −Bk+1)

+
1

2
‖X(Bk −Bk+1)‖2

F + ψ(Bk+1)− ψ(Bk).

Since ψ is a convex function, we have,

ψ(Bk+1)− ψ(Bk) ≤ 〈∂ψ(Bk+1)〉Bk+1 −Bk.

Therefore,

f(Ak+1,Bk+1)− f(Ak,Bk) ≤
〈
X>X(Ak −Bk)

〉
Bk −Bk+1 +

1

2
‖X(Bk −Bk+1)‖2

F

+

〈
1

γ
(Bk −Bk+1) + X>X(Ak −Bk)

〉
Bk+1 −Bk

=− 1

γ
‖Bk −Bk+1‖2

F +
1

2
‖X(Bk −Bk+1)‖2

F

≤− 1

2
‖X‖2

2‖Bk −Bk+1‖2
F .

Using the definition of optimality condition T , we have

T (Ak,Bk) ≤
(

1

‖X‖2
2

+ L

)2

‖Bk −Bk+1‖2
F

≤ 2(‖X‖2
2 + L)2

‖X‖2
2

(f(Ak,Bk)− f(Ak+1,Bk+1))

Adding up the terms across k, we have a telescoping series on the right hand side, and
immediately obtain the result.
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Chapter 6

LEARNING ROBUST REPRESENTATIONS FOR COMPUTER
VISION

Unsupervised learning techniques in computer vision often require learning latent repre-
sentations, such as low-dimensional linear and non-linear subspaces. Noise and outliers in
the data can frustrate these approaches by obscuring the latent spaces.

Our main goal is deeper understanding and new development of robust approaches for
representation learning. We provide a new interpretation for existing robust approaches and
present two specific contributions: a new robust PCA approach, which can separate fore-
ground features from dynamic background, and a novel robust spectral clustering method,
that can cluster facial images with high accuracy. Both contributions show superior perfor-
mance to standard methods on real-world test sets.

6.1 Introduction

Supervised learning, and in particular deep learning [216, 307], have been very successful
in computer vision. Applications include autoencoders [345] that map between noisy and
clean images [361], convolutional networks for image/video analysis [204], and generative
adversarial networks that synthesize real world-like images [169].

In contrast, unsupervised learning still poses significant challenges. Broadly, unsupervised
learning seeks to discover hidden structure in the data without using ground truth labels,
thereby revealing features of interest. In this paper, we consider unsupervised representation
learning methods which can be used along with centroid-based clustering to summarize the
data distribution using a few characteristic samples. We are interested in spectral cluster-
ing [260] and subspace clustering [134]; the proposed ideas can also be generalized to deep
embedding-based clustering strategies [360]. Spectral clustering methods use neighborhood
graphs to learn the underlying representation [260]; this approach is used for image seg-
mentation [312, 375] and 3D mesh segmentation [227]. Subspace clustering methods model
the dataset as a union of low-dimensional linear subspaces and utilize sparse and low-rank
methods to obtain the representation; this model is used for facial clustering and recognition
[134, 309].

Learning effective latent representations hinges on accurately modeling noise and out-
liers. Further, in practice, the data satisfy the structural assumptions (union of subspaces,
low rank, etc.) only approximately. Adopting robust optimization strategies is a natural way
to combat these challenges. For example, consider principal component analysis (PCA), a
prototypical representation learning method based on matrix factorization. Given low-rank
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data contaminated by outliers, the classical PCA method will fail to find it. Consequently,
the robust PCA (rPCA) method [79], which decomposes data into low rank and sparse com-
ponents, is preferred in practice, e.g. background/foreground separation [79, 315]. Similarly,
when data assumed to be from a union of subspaces is contaminated by outliers, allowing
for sparse outliers during optimization leads to accurate recovery of the subspaces, e.g. face
classification [358].

Our goal is to develop effective robust formulations for unsupervised representation learn-
ing tasks in computer vision; we are interested in complex situations, when the data is
corrupted with a combination of sparse outliers and dense noise.

Contributions. We first review the relationship between outlier models and statistically
robust formulations. In particular, we show that the rPCA formulation is equivalent to solv-
ing a Huber regression problem for low-rank representation learning. Using this connection,
we develop a new nonconvex penalty, dubbed the Tiber, designed to aggressively penalize
mid-sized residuals. In Section 6.2, we show that this penalty is well suited for dynamic
background separation, outperforming classic rPCA methods.

Our second contribution is to use the design philosophy behind robust low-rank repre-
sentation learning to develop a new formulation for robust clustering. We formulate classic
spectral analysis as an optimization problem, and then modify this problem to be robust to
outliers. The advantages are shown using a synthetic clustering example. We then combine
robust spectral clustering with robust subspace clustering to achieve superior performance on
face recognition tasks, surpassing prior work without any data pre-processing; see Section 6.3,
Table 6.1.

6.2 New Penalties for Learning Robust Representations

Many tasks in computer vision depend on unsupervised representation learning. A well-
known example is background/foreground separation, often solved by robust principal com-
ponent analysis (rPCA). rPCA learns low-rank representations by decomposing a data ma-
trix into a sum of low-rank and sparse components. The low-rank component represents the
background and the sparse component represents the foreground [79].

In this section, we show that rPCA is equivalent to a robust regression problem, and solv-
ing a Huber-robust regression [195] for the background representation is completely equiv-
alent to the full rPCA solution. We use this equivalence to design a new robust penalty
(dubbed Tiber) based on statistical descriptions of the signals of interest. We illustrate the
benefits of using this new non-convex penalty for separating foreground from a dynamic
background, using real datasets.

6.2.1 Huber in rPCA

Background/foreground separation is widely used for detecting moving objects in videos
from stationary cameras. A broad range of techniques have been developed to tackle this
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Figure 6.1: Robust penalties: left: Huber, right: Tiber. Both grow linearly outside an
interval containing the origin. The Tiber penalizes ‘mid-sized’ errors within the region far
more aggressively than the Huber; such a penalty must necessarily be non-convex.

task, ranging from simple thresholding [343] to mixtures of Gaussian models[318, 139, 177].
In particular, rPCA has been widely adopted to solve this problem [176, 270].

Denote a given video stream by Y ∈ Rn×m, where each of m frames is reshaped to
be a vector of size n. There are many variants of rPCA [10]. We use the stable principal
component pursuit (SPCP) formulation:

min
L,S

1

2
‖L+ S − Y ‖2

F + κ‖S‖1 + λ‖L‖∗ (6.1)

where L represents the background, and S the foreground. The regularizations used by this
formulation ensure that L is chosen to be low rank, while S is designed to be sparse; using
a quadratic penalty on the residual fits of the data up to some error level.

We can minimize over the variables in any order. Minimizing the first two summands
of (6.1) in S gives a closed form function

min
S

1

2
‖L+ S − Y ‖2

F + κ‖S‖1 = ρ(L− Y ;κ),

with ρ(r;κ) the well-known Huber penalty [195]

ρ(r;κ) =

{
κ|r| − κ2/2, |r| > κ

r2/2, |r| ≤ κ
. (6.2)

We provide a simple statement of the following well-known result with a short self-contained
proof.

Claim 1.

ρ(r;κ) = min
s

1

2
(s− r)2 + κ|s|. (6.3)
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Proof. The solution to this optimization problem is the soft threshold function (see e.g. [96])

arg min
s

1

2
(s− r)2 + κ|s| = Sκ(r) =


r − κ, r > κ

0, |r| ≤ κ

r + κ, r < −κ
.

Plugging Sκ(r) back into (6.3), we have

1

2
[Sκ(r)− r]2 + κ|Sκ(r)| = ρ(r;κ).

The optimization problem is separable, so the result immediately extends to the vector
case. Upon minimization over S, problem (6.1) then reduces to

min
L
ρ(L− Y ;κ) + λ‖L‖∗. (6.4)

To simplify the problem further, we use a factorized representation of L [64], choosing the
rank to be k � min(n,m) to obtaining the non-convex formulation

min
U,V

ρ(U>V − Y ;κ) (6.5)

where U ∈ Rk×n and V ∈ Rk×m.

Comparing (6.5) to (6.1) we see two advantages:

1. The dimension of the decision variable has been reduced from 2nm to k(n+m).

2. (6.5) is smooth, and does not require computing SVDs.

Once we have U and V , we can easily recover L and S:

L = U>V, S = Sκ(U>V − Y ).

The approach is illustrated in the left panels of Figure 6.2. Although the residual UTV − Y
(shown in row 2) is noisy and not sparse, applying Sκ we get the sparse component (row 3),
just as we would by solving the original formulation (6.1).

From a statistical perspective, the equivalence of rPCA and Huber means that the residual
R = U>V − Y , which contains both S and random noise, can be modeled by a heavy tailed
error distribution.
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Claim 2. Suppose {ri(x)}li=1 are i.i.d. samples from a distribution with density

p(r; θ) =
1

nc(θ)
exp[−ρ(r; θ)]

where nc(θ) =
∫
R exp[−ρ(r; θ)] dr is the normalization constant. Then maximum likelihood

formulation for x is equivalent to the minimization problem

min
x

l∑
i=1

ρ(ri(x); θ).

The claim follows immediately by taking the negative log of the maximum likelihood.
Claim 2 means that solving (6.5) is equivalent to assuming that elements in R = U>V − Y
are i.i.d. samples from the Laplace density

p(r;κ) =
1

nc(κ)
exp[−ρ(r;κ)].

The function ρ has linear tails (See Figure 6.1), which means this distribution is much more
likely to produce large samples compared to the Gaussian.

6.2.2 Weaknesses of the Huber

Although the Huber distribution can detect sparse outliers, it does not model small errors
well. In many background/foreground separation problems, we must cope with a dynamic
background (e.g. motion of tree leaves or water waves). These small dynamic background
perturbations correspond to motion we do not care about — we are much more interested
in detecting cars, people, and animals moving through the scene.

We want to move these dynamics into the low-rank background term. However, the Huber
is quadratic near the origin (i.e. nearly flat), so small perturbations do not significantly affect
the objective value; and solving (6.5) leaves these terms in the residual R. Thresholding these
terms is either too aggressive (removing features we care about), or too lenient, leaving the
dynamics in the foreground (see first two columns of Figure 6.2). A better penalty would
rise steeply for small values of R, without significantly affecting tail behavior.

6.2.3 Tiber for rPCA

We propose a new penalty, which we call the Tiber. While the Huber is defined by partially
minimizing the sum of the 1-norm with a quadratic (6.2), the Tiber replaces the quadratic
with a nonconvex function. The resulting penalty can match the tail behavior of Huber, yet
have different properties around the origin (see Figure 6.1). Tiber is better suited for back-
ground/foreground separation problems with dynamic background. We define the penalty
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Figure 6.2: Left: Huber with κ = 0.15, middle: Huber with κ = 0.1, right: Tiber with
κ = 10, σ = 0.03. Row 1: low rank component L, row 2: residual |R| = |U>V − Y |, row 3:
binary plot for S. The Tiber recovers the van while avoiding the dynamic background.

as follows:
ρT(r; [κ, σ]) ={

2κ
σ(κ2+1)

(|r| − κσ) + log(1 + κ2), |r| > κσ

log(1 + r2/σ2), |r| ≤ κσ

(6.6)

The Tiber is parametrized by thresholding parameter κ and scale parameter σ. Just as the
Huber, it can be expressed as the value function of a minimization problem. We replace the
quadratic penalty in Claim 1 by the smooth nonconvex penalty log(1 + (·)2). For simplicity,
we use σ = 1 in the result below.

Claim 3.

ρT(r; [κ, 1]) = min
s

log(1 + (s− r)2) +
2κ

1 + κ2
|s|. (6.7)

Proof. Denote the objective function in (6.7) by f(s). It is easy to check that f is quasi-
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convex in s when κ ≥ 0. We look to local optimality conditions to understand the structure
of the minimizers.

• Suppose s∗ > 0. Then 0 = f ′(s∗) means

0 =
2(s∗ − r)

1 + (s∗ − r)2
+

2κ

1 + κ2
⇐⇒ s∗ = r − κ;

this requires r > κ.

• Suppose s∗ < 0. Then 0 = f ′(s∗) means

0 =
2(s∗ − r)

1 + (s∗ − r)2
+
−2κ

1 + κ2
⇐⇒ s∗ = r + κ;

this requires r < −κ.

• otherwise s∗ = 0.

Therefore s∗ = Sκ(r). Plugging this into (6.7), we have

ρT(r; [κ, 1]) = log(1 + (Sκ(r)− r)2) +
2κ

1 + κ2
|Sκ(r)|.

In Figure 6.1, we see that Tiber rises steeply near the origin. This behavior discourages
dynamic terms (leaves, waves) in R, forcing them to be fit by U>V . The new Tiber-robust
rPCA problem is given by:

min
U,V

ρT(U>V − Y ; [κ, σ]) (6.8)

which also has all of the advantages of (6.5). Moreover, because of the characterization from
Claim 3, once we solve (6.8), we immediately recover L and S:

L = U>V, S = Sκσ(U>V − Y ).

6.2.4 Experiment: Foreground Separation

We use a publicly available data set1 with a dynamic background (moving trees). We sam-
ple 102 data frames from this data set, convert them to grey scale, and reshape them as
column vectors of matrix Y ∈ R20480×102. We compare formulations (6.5) and (6.8). Proxi-
mal alternating linearized minimization algorithm (PALM) [52] was used to solve all of the
optimization problems.

1Downloaded from http://vis-www.cs.umass.edu/~narayana/castanza/I2Rdataset/

http://vis-www.cs.umass.edu/~narayana/castanza/I2Rdataset/


134

Rank of U and V was set to be k = 10 for all experiments. We manually tuned parameters
to achieve the best possible recovery in each formulation. For Huber, we selected two nearby
κ values, κ = 0.15 and κ = 0.1; for Tiber, we selected κ = 10 and σ = 0.03, resulting in the
threshold parameter κσ = 0.3.

The results are shown in Figure 6.2. The task is identifying the van while avoiding
interference from moving leaves. The Huber is unable to separate the van from the leaves
for any threshold values κ. When we choose κ = 0.15 (left panel in Figure 6.2), we cut out
too much information, giving an incomplete van in S. If we make a less conservative choice
κ = 0.1 (middle panel in Figure 6.2), we leave too much dynamic noise in S, which obscures
the van.

The Tiber Penalty obtains a cleaner picture of the moving vehicle (right panel in Fig-
ure 6.2). As expected, it forces more of the dynamic background to be fit by U>V , leaving
a fairly complete van in S without too much contamination.

6.3 Robust Representation Learning for Clustering

Centroid-based clustering, e.g. k-Means, is a standard tool to partition and summarize
datasets. Given the high dimensionality and complexity of data in computer vision applica-
tions, it is necessary to learn latent representations, such as the underlying metric, prior to
clustering. Clustering is then performed in the latent space.

We develop an approach for robust spectral clustering. We illustrate the advantages
using a synthetic dataset, and then combine the approach with robust subspace clustering
to achieve perfect performance on face recognition tasks.

6.3.1 Spectral Clustering

Spectral clustering [260] is formulated as follows. Given m datapoints yi ∈ Rn, we arrange
them in a matrix Y ∈ Rn×m. To partition the data into k groups, spectral clustering uses
the following steps:

1. Given a dataset of m samples, we construct the similarity matrix L ∈ Rm×m of the
data points.

2. Extract the eigenvectors X ∈ Rm×k of L corresponding to the k largest eigenvalues.

3. Project each row of X onto the unit ball, and apply distance-based clustering.

Finding a meaningful similarity matrix L is crucial to the success of spectral clustering.
Ideally, L will be a block diagonal matrix with k blocks. This rarely happens for real
applications; even when underlying structure in L is present, it can be obscured by noise and
a small number of points that don’t follow the general pattern.

To find a factorization of noisy L, we need a robust method for eigenvalue decomposition.
We first formulate eigenvalue decomposition as an optimization problem.
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Figure 6.3: Synthetic Data Clustering: Up: data without labels, Down: data with true
colors.

Claim 4. Assume L is a symmetric matrix with eigenvalues less than or equal to 1. Then
the solution to the problem

min
X

1

2
‖XX> − L‖2

F

s.t. X>X = Ik

(6.9)

is X = [v1, . . . , vk] with vi the eigenvector corresponding to the ith largest eigenvalue of L,
and Ik the k by k identity matrix.

Proof. Since L is a symmetric matrix, it has a eigenvalue decomposition,

L = Y ΛY >

where Y ∈ Rm×m is orthogonal and Λ is diagonal, with 1 ≥ λ1 ≥ λ2 ≥ . . . ≥ λm. Similarly,
we have

XX> = X̃DX̃>

where X̃ ∈ Rm×m is a orthogonal matrix whose first k columns agree with those of X, D is
a diagonal matrix with first k elements on the diagonal are 1 and the rest are 0. From the
Cauchy-Schwarz inequality, we have

trace(XX> · L) =
〈
XX>, L

〉
≤ ‖XX>‖F · ‖L‖F

where equality hold when XX> and L share the same singular vectors, i.e., X equals to the
first k columns of Y .
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Figure 6.4: Synthetic Data Clustering: Up: result from eigenvalue decomposition, Down:
result from (6.10).

Therefore

1

2
‖XX> − L‖2

F =
1

2
‖XX>‖2

F −
〈
XX>, L

〉
+

1

2
‖L‖2

F

≥ 1

2
‖D‖2

F − ‖D‖F‖Λ‖F +
1

2
‖Λ‖2

F

with equality hold when columns of X are eigenvectors corresponding to the largest k eigen-
values.

We robustify (6.9) by replacing the Frobenius norm in the optimization formulation by
the Huber function (or another robust penalty):

min
X

ρ(XX> − L;κ)

s.t. X>X = Ik
. (6.10)

This approach can be very effective. Consider the following clustering experiment with
n = 2, m = 500, and k = 5. We generate five clusters (sampling from four 2-D Gaussians,
one rectangular uniform distribution) with 100 points per group. To make the problem
challenging, we move the clusters close together so much that trying to tell them apart with
the naked eye is hard (Figure 6.3, top). True clusters appear in Figure 6.3, bottom.

Classic spectral clustering, which uses eigenvalue decomposition in step 2, fails to de-
tect the true relationships (Figure 6.4, top). Robust spectral clustering using the Huber
penalty (6.10) does a much better job (Figure 6.4, bottom).
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6.3.2 Subspace Clustering

Subspace clustering looks for low dimensional representation of high dimensional data, by
grouping the points along low-dimensional subspaces. Given a data matrix Y ∈ Rn×m as in
Section 6.3.1, the optimization for subspace clustering is given by [134]:

min
C

1

2
‖Y − Y C‖2

F + λ‖C‖1 s.t. diag(C) = 0. (6.11)

This formulation looks for a sparse representation of the dataset by its members: si = Sci.
To avoid the trivial solution, we require the diagonal of C to be identically 0. After obtaining
C, it is post-processed and a similarity matrix is constructed as W = |C| + |C>|. W will
be ideally close to block-diagonal, where each block represents a subspace, and spectral
clustering is performed it to identify cluster memberships.

Outliers in the dataset can break the performance of (6.11). To make the approach
robust, [134] uses the formulation

min
C

1

2
‖Y − Y C − S‖2

F + λ‖C‖1 + κ‖S‖1

s.t. diag(C) = 0.
(6.12)

Using Claim 1, we rewrite (6.12) using Huber:

min
C

ρ(Y − Y C;κ) + λ‖C‖1 s.t. diag(C) = 0. (6.13)

Formulation (6.13) has the same advantages with respect to (6.12) as (6.5) has with respect
to (6.1).

6.3.3 Face Clustering

Given multiple face images taken at different conditions, the goal of face clustering [134] is
to identify images that belong to the same person.

We use images from the publicly available Extended Yale B dataset [219] 2. Each image
has 32 × 32 pixels, and there are 2414 images in the dataset. These images belong to 38
people, with approximately 64 pictures per person.

Under the Lambertian assumption, pictures obtained from one person under different
illuminations should lie close to a 9 dimensional subspace [31]. In practice, these spaces are
hard to detect because of noise in the images, and a robust approach is required.
Robust subspace clustering for face images:

1. Obtain sparse representation C using (6.13).

2. Construct similarity matrix W from C.

2Downloaded from http://www.cad.zju.edu.cn/home/dengcai/Data/FaceData.html

http://www.cad.zju.edu.cn/home/dengcai/Data/FaceData.html
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Figure 6.5: Faces data: top: randomly chosen face images, bottom: faces after clustering;
each row belongs to a cluster.

• Normalize columns of C to have maximum absolute value no larger than 1.

• Form W = |C|+ |C>|
• Normalize W : W ← D−1/2WD−1/2, where D is a diagonal matrix with Dii =∑

jWij.

3. Apply spectral clustering using W .

• Apply robust symmetric factorization (6.10) to W , to obtain the latent represen-
tation X.

• Project each row of X onto the unit 2-norm ball.

• Apply K-means algorithm to the new rows of X.

The results are shown in Table 6.1. We implement the approach for different numbers of
subjects k = 2, 3, 5, 8. We show the parameters κ and λ in (6.13) used to achieve the high
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accuracies given in Table 6.13.

clusters κ in (6.13) λ in (6.13) error error in [134]

k = 2 0.5 1 0.00% 1.86%
k = 3 0.1 0.7 0.00% 3.10%
k = 5 0.05 0.7 0.00% 4.31%
k = 8 0.03 0.5 2.73% 5.85%

Table 6.1: Results for robust subspace clustering with face images.

To get better intuition of the method, we plot the similarity matrix corresponding to
k = 3 in Figure 6.6. We can clearly see three blocks along the diagonal that correspond to the
three face clusters. The resulting projected X obtained from the eigenvalue decomposition

Figure 6.6: Similarity matrix for face images clustering with k = 3; the matrix is nearly
block diagonal with 3 blocks.

of similarity matrix W are shown in Figure 6.7. The three clusters are clearly well separated.
The final algorithm has perfect accuracy in this example.

3In [134], the images used are of size 48× 42. The numbers shown are therefore indicative.
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Figure 6.7: Projections of the rows of X onto the eigenspace of the similarity matrix for
k = 3. Each color represent the face images of a single person.

6.4 Discussion

Robust approaches are essential for unsupervised learning, and can be designed using opti-
mization formulations. For example, in both rPCA and robust spectral learning, SVD and
eigenvalue decomposition are first characterized using optimization, then reformulated with
robust losses.

Several tasks in this approach are difficult. First, there is a need to tune parameters in
the optimization formulations. For example, the Tiber depends on two parameters, κ and
σ. Automatic ways to tune these parameters can make robust unsupervised learning a lot
more portable. Second, the optimization problems we have to solve are large-scale; time
required for robust subspace clustering for images scales non-linearly with both the number
and size of images. Designing non-smooth stochastic algorithms that take the structure of
these problems into account is essential.
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Chapter 7

TRIMMING THE `1 REGULARIZER

We study high-dimensional estimators with the trimmed `1 penalty, which leaves the h
largest parameter entries penalty-free. While optimization techniques for this nonconvex
penalty have been studied, the statistical properties have not yet been analyzed. We present
the first statistical analyses for M -estimation, and characterize support recovery, `∞ and `2

error of the trimmed `1 estimates as a function of the trimming parameter h. Our results
show different regimes based on how h compares to the true support size. Our second
contribution is a new algorithm for the trimmed regularization problem, which has the
same theoretical convergence rate as difference of convex (DC) algorithms, but in practice is
faster and finds lower objective values. Empirical evaluation of `1 trimming for sparse linear
regression and graphical model estimation indicate that trimmed `1 can outperform vanilla
`1 and non-convex alternatives. Our last contribution is to show that the trimmed penalty
is beneficial beyond M -estimation, and yields promising results for two deep learning tasks:
input structures recovery and network sparsification.

7.1 Introduction

We consider high-dimensional estimation problems, where the number of variables p can be
much larger that the number of observations n. In this regime, consistent estimation can be
achieved by imposing low-dimensional structural constraints on the estimation parameters.
Sparsity is a prototypical structural constraint, where at most a small set of parameters can be
non-zero. A key class of sparsity-constrained estimators is based on regularized M -estimators
using convex penalties, with the `1 penalty by far the most common. In the context of linear
regression, the Lasso estimator [328] solves an `1 regularized or constrained least squares
problem, and has strong statistical guarantees, including prediction error consistency [338],
consistency of the parameter estimates in some norm [338, 250, 76], and variable selection
consistency [249, 348, 382]. In the context of sparse Gaussian graphical model (GMRF)
estimation, the graphical Lasso estimator minimizes the Gaussian negative log-likelihood
regularized by the `1 norm of the off-diagonal entries of the concentration [370, 152, 29].
Strong statistical guarantees for this estimator have been established (see [287] and references
therein).

Recently, there has been significant interest in non-convex penalties to alleviate the bias
incurred by convex approaches, including SCAD and MCP penalties [140, 56, 376, 377]. In
particular, [377] established consistency for the global optima of least-squares problems with
certain non-convex penalties. [230] showed that under some regularity conditions on the
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penalty, any stationary point of the objective function will lie within statistical precision of
the underlying parameter vector and thus provide `2- and `1- error bounds for any stationary
point. [231] proved that for a class of amenable non-convex regularizers with vanishing
derivative away from the origin (including SCAD and MCP), any stationary point is able to
recover the parameter support without requiring the typical incoherence conditions needed
for convex penalties. All of these analyses apply to non-convex penalties that are coordinate-
wise separable.

Our starting point is a family of M -estimators with trimmed `1 regularization, which
leaves the largest h parameters unpenalized. This non-convex family includes the Trimmed
Lasso [170, 43] as a special case. Unlike SCAD and MCP, trimmed regularization exactly
solves constrained best subset selection for large enough values of the regularization param-
eter, and offers more direct control of sparsity via the parameter h. While Trimmed Lasso
has been studied from an optimization perspective and with respect to its connections to
existing penalties, it has not been analyzed from a statistical standpoint.

Contributions:

• We present the first statistical analysis of M -estimators with trimmed regularization,
including Trimmed Lasso. Existing results for non-convex regularizers [230, 231] can-
not be applied as trimmed regularization is neither coordinate-wise decomposable nor
“ameanable”. We provide support recovery guarantees, `∞ and `2 estimation error
bounds for general M -estimators, and derive specialized corollaries for linear regres-
sion and graphical model estimation. Our results show different regimes based on how
the trimming parameter h compares to the true support size.

• To optimize the trimmed regularized problem we develop and analyze a new algorithm,
which performs better than difference of convex (DC) functions optimization [205].

• Experiments on sparse linear regression and graphical model estimation show `1 trim-
ming is competitive with other non-convex penalties and vanilla `1 when h is selected
by cross-validation, and has consistent benefits for a wide range of values for h.

• Moving beyond M -estimation, we apply trimmed regularization to two deep learn-
ing tasks: (i) recovering input structures of deep models and (ii) network pruning
(a.k.a. sparsification, compression). Our experiments on input structure recovery are
motivated by [271], who quantify complexity of sparsity encouraging regularizers by
introducing the covering dimension, and demonstrates the benefits of regularization
for learning over-parameterized networks. We show trimmed regularization achieves
superior sparsity pattern recovery compared to competing approaches. For network
pruning, we illustrate the benefits of trimmed `1 over vanilla `1 on MNIST classification
using the LeNet-300-100 architecture. Next, motivated by recently developed pruning
methods based on variational Bayesian approaches [104, 233], we propose Bayesian
neural networks with trimmed `1 regularization. In our experiments, these achieve
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superior results compared to competing approaches with respect to both error and
sparsity level. Our work therefore indicates broad relevance of trimmed regularization
in multiple problem classes.

7.2 Trimmed Regularization

Trimming has been typically applied to the loss function L of M -estimators. We can handle
outliers by trimming observations with large residuals in terms of L: given a collection of n
samples, D = {Z1, . . . , Zn}, we solve

minimize
θ∈Ω,w∈{0,1}n

n∑
i=1

wiL(θ;Zi) s.t.
n∑
i=1

wi = n− h,

where Ω denotes the parameter space (e.g., Rp for linear regression). This amounts to
trimming h outliers as we learn θ (see [366] and references therein).

In contrast, we consider here a family of M -estimators with trimmed regularization for
general high-dimensional problems. We trim entries of θ that incur the largest penalty using
the following program:

minimize
θ∈Ω,w∈[0,1]p

L(θ;D) + λn

p∑
j=1

wj|θj|

s. t. 1>w ≥ p− h . (7.1)

Defining the order statistics of the parameter |θ(1)| > |θ(2)| > . . . > |θ(p)|, we can partially
minimize over w (setting wi to 0 or 1 based on the size of |θi|), and rewrite the reduced
version of problem (7.1) in θ alone:

minimize
θ∈Ω

L(θ;D) + λnR(θ;h) (7.2)

where the regularizer R(θ;h) is the smallest p−h absolute sum of θ :
∑p

j=h+1 |θ(j)|. The con-
strained version of (7.2) is equivalent to minimizing a loss subject to a sparsity penalty [170]:
minimizeθ∈Ω L(θ;D) s. t. ‖θ‖0 ≤ h. For statistical analysis, we focus on the reduced prob-
lem (7.2). When optimizing, we exploit the structure of (7.1), treating weightsw as auxiliary
optimization variables, and derive a new fast algorithm with a custom analysis that does not
use DC structure. We focus on two key examples: sparse linear models and sparse graphical
models. We also present empirical results for trimmed regularization of deep learning tasks
to show that the ideas and methods generalize well to these areas.

Example 1: Sparse linear models. In high-dimensional linear regression, we observe n
pairs of a real-valued target yi ∈ R and its covariates xi ∈ Rp in a linear relationship:

y = Xθ∗ + ε. (7.3)



144

Here, y ∈ Rn, X ∈ Rn×p and ε ∈ Rn is a vector of n independent observation errors. The
goal is to estimate the k-sparse vector θ∗ ∈ Rp. According to (7.2), we use the least squares
loss function with trimmed `1 regularizer (instead of the standard `1 norm in Lasso [328]):

minimize
θ∈Rp

1

n

∥∥Xθ − y∥∥2

2
+ λnR(θ;h). (7.4)

Example 2: Sparse graphical models. GGMs form a powerful class of statistical mod-
els for representing distributions over a set of variables [215], using undirected graphs to
encode conditional independence conditions among variables. In the high-dimensional set-
ting, graph sparsity constraints are particularly pertinent for estimating GGMs. The most
widely used estimator, the graphical Lasso minimizes the negative Gaussian log-likelihood
regularized by the `1 norm of the entries (or the off-diagonal entries) of the precision ma-
trix (see [370, 152, 29]). In our framework, we replace `1 norm with its trimmed version:

minimizeΘ∈Sp++
trace

(
Σ̂Θ
)
− log det

(
Θ
)

+λnR(Θoff;h) where Sp++ denotes the convex cone

of symmetric and strictly positive definite matrices, R(Θoff;h) does the smallest p(p−1)−h
absolute sum of off-diagonals.

Relationship with SLOPE (OWL) penalty. Trimmed regularization has an apparent
resemblance to the SLOPE (or OWL) penalty [51, 148], but the two are in fact distinct
and pursue different goals. Indeed, the SLOPE penalty can be written as

∑p
i=1 wi|β(i)| for

a fixed set of weights w1 ≥ w2 ≥ · · · ≥ wp ≥ 0 and where |β(1)| > |β(2)| > · · · > |β(p)| are
the sorted entries of β. SLOPE is convex and penalizes more those parameter entries with
largest amplitude, while trimmed regularization is generally non-convex, and only penalizes
entries with smallest amplitude; the weights are also optimization variables. While the goal
of trimmed regularization is to alleviate bias, SLOPE is akin to a significance test where top
ranked entries are subjected to a “tougher” threshold, and has been employed for clustering
strongly correlated variables [148]. Finally from a robust optimization standpoint, Trimmed
regularization can be viewed as using an optimistic (min-min) model of uncertainty and
SLOPE a pessimistic (min-max) counterpart. We refer the interested reader to [43] for an
in-depth exploration of these connections.

Relationship with `0 regularization. The `0 norm can be written as ‖θ‖0 =
∑p

j=1 zj

with reparameterization θj = zj θ̃j such that zj ∈ {0, 1} and θ̃j 6= 0. [233] suggest a smoothed
version via continuous relaxation on z in a variational inference framework. The variable z
plays a similar role to w in our formulation in that they both learn sparsity patterns. In
Section 7.4 we consider a Bayesian extension of the trimmed regularization problem where
θ only is be treated as Bayesian, since we can optimize w without any approximation, in
contrast to previous work which needs to relax the discrete nature of z.
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7.3 Statistical Guarantees of M-Estimators with Trimmed Regularization

Our goal is to estimate the true k-sparse parameter vector (or matrix) θ∗ that is the minimizer
of expected loss: θ∗ := argminθ∈Ω E[L(θ)]. We use S to denote the support set of θ∗, namely
the set of non-zero entries (i.e., k = |S|). In this section, we derive support recovery, `∞ and
`2 guarantees under the following standard assumptions:

(C-1) The loss function L is differentiable and convex.

(C-2) (Restricted strong convexity on θ) Let D be the possible set of error vector

on the parameter θ. Then, for all ∆ := θ − θ∗ ∈ D,
〈
∇L(θ∗ + ∆) − ∇L(θ∗), ∆

〉
≥

κl‖∆‖2
2−τ1

log p
n
‖∆‖2

1, where κl is a “curvature” parameter, and τ1 is a “tolerance” constant.

In the high-dimensional setting (p > n), the loss function L cannot be strongly convex in

general. (C-2) imposes strong curvature only in some limited directions where the ratio ‖∆‖1‖∆‖2
is small. This condition has been extensively studied and known to hold for several popular
high dimensional problems (see [286, 257, 230] for instance). The convexity condition of L
in (C-1) can be relaxed as shown in [231]. For clarity, however, we focus on convex loss
functions.

We begin with `∞ guarantees. We use a primal-dual witness (PDW) proof technique,
which we adapt to the trimmed regularizer R(θ;h). The PDW method has been used to
analyze the support set recovery of `1 regularization [349, 365] as well as decomposable and
amenable non-convex regularizers [231]. However, the trimmed regularizer R(θ;h) is neither
decomposable nor amenable, thus the results of [231] cannot be applied. The key step of
PDW is to build a restricted program: Let T be an arbitrary subset of {1, . . . , p} of size
h. Denoting U := S ∪ T and V := S − T , we consider the following restricted program:
θ̂ ∈ argminθ∈RU : θ∈Ω L(θ) + λnR(θ;h) where we fix θ̂j = 0 for all j ∈ U c. We further
construct the dual variable ẑ to satisfy the zero sub-gradient condition

∇L(θ̂) + λnẑ = 0 (7.5)

where ẑ = (0, ẑV , ẑUc) for θ̂ = (θ̂T , θ̂V , 0Uc) (after re-ordering indices properly) and ẑV ∈
∂‖θ̂V ‖1. We suppress the dependency on T in ẑ and θ̂ for clarity. In order to derive the
final statement, we will establish the strict dual feasibility of ẑUc , i.e., ‖ẑUc‖∞ < 1.

The following theorem describes our main theoretical result concerning any local opti-
mum of the non-convex program (7.2). The theorem guarantees under strict dual feasibility
that non-relevant parameters of local optimum have smaller absolute values than relevant
parameters; hence relevant parameters are not penalized (as long as h ≥ k).

Theorem 17. Consider the problem with trimmed regularizer (7.2) that satisfies (C-1) and

(C-2). Let θ̃ be an any local minimum of (7.2) with a sample size n ≥ 2τ1
κl

(k + h) log p and

λn ≥ 2‖∇L(θ∗)‖∞. Suppose that:
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(a) given any selection of T ⊆ {1, . . . , p} s.t. |T | = h, the dual vector ẑ from the PDW
construction (7.5) satisfies the strict dual feasibility with some δ ∈ (0, 1], ‖ẑUc‖∞ ≤ 1 − δ
where U is the union of true support S and T ,

(b) letting Q̂ :=
∫ 1

0
∇2L

(
θ∗ + t(θ̂ − θ∗)

)
dt, the minimum absolute value θ∗min := minj∈S |θ∗j |

is lower bounded by

1
2
θ∗min ≥ ‖(Q̂UU)−1∇L(θ∗)U‖∞+λn|||(Q̂UU)−1|||∞ where |||·|||∞ denotes the maximum absolute

row sum of the matrix.

Then, the following properties hold:

(1) For every pair j1 ∈ S, j2 ∈ Sc, we have |θ̃j1| > |θ̃j2 |,
(2) If h < k, all j ∈ Sc are successfully estimated as zero and ‖θ̃ − θ∗‖∞ is upper bounded

by ∥∥(Q̂SS

)−1∇L(θ∗)S
∥∥
∞ + λn

∣∣∣∣∣∣(Q̂SS

)−1∣∣∣∣∣∣
∞, (7.6)

(3) If h ≥ k, at least the smallest (in absolute value) p−h entries in Sc are estimated exactly
as zero and we have a simpler (possibly tighter) bound:

‖θ̃ − θ∗‖∞ ≤
∥∥(Q̂ÛÛ

)−1∇L(θ∗)Û
∥∥
∞ (7.7)

where Û is defined as the h largest absolute entries of θ̃ including S.

Remarks. The above theorem will be instantiated for the specific cases of sparse linear and
sparse graphical models in subsequent corollaries (for which we will bound terms involving

∇L(θ∗), ẑ and Q̂). Though conditions (a) and (b) in Theorem 17 seem apparently more
stringent than the case where h = 0 (vanilla Lasso), we will see in corollaries that they are
uniformly upper bounded for all selections, under the asymptotically same probability as
h = 0.

Note also that for h = 0, we recover the results for the vanilla `1 norm. Furthermore,
by the statement (1) in the theorem, if h < k, Û only contains relevant feature indices

and some relevant features are not penalized. If h ≥ k, Û includes all relevant indices
(and some non-relevant indices). In this case, the second term in (7.6) disappears, but

the term
∥∥(Q̂ÛÛ

)−1∇L(θ∗)Û
∥∥
∞ increases as |Û | gets larger. Moreover, the condition that

n � (k+h) log p will be violated as h approaches p. While we do not know the true sparsity
k a priori in many problems, we implicitly assume that we can set h � k (i.e., by cross-
validation).

Now we turn to `2 bound under the same conditions:
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Theorem 18. Consider the problem with trimmed regularizer (7.2) where all conditions in
Theorem 17 hold. Then, for any local minimum of (7.2), the parameter estimation error in
terms of `2 norm is upper bounded: for some constant C,

‖θ̃ − θ∗‖2 ≤

Cλn
(√

k/2 +
√
k − h

)
if h < k

Cλn
√
h/2 otherwise

Remarks. The benefit of using trimmed `1 over standard `1 can be clearly seen in Theorem
18. Even though both have the same asymptotic convergence rates (in fact, standard `1

is already information theoretically optimal in many cases such as high-dimensional least

squares), trimmed `1 has a smaller constant: 3Cλn
√
k

2
for standard `1 (h = 0) vs. Cλn

√
k

2

for trimmed `1 (h = k). Comparing with non-convex (µ, γ)-amenable regularizers SCAD or

MCP, we can also observe that the estimation bounds are asymptotically the same: ‖θ̃ −
θ∗‖∞ ≤ c‖(Q̂SS)−1∇L(θ∗)S‖∞ and ‖θ̃ − θ∗‖2 ≤ cλn

√
k. However, the constant c here for

those regularizers might be too large if µ is not small enough, since it involves 1
κl−µ

term (vs.
1
κl

for the trimmed `1.) Moreover amenable non-convex regularizers require the additional

constraint ‖θ‖1 ≤ R in their optimization problems for theoretical guarantees, along with
further assumptions on θ∗ and tuning parameter R, and the true parameter must be feasible
for their modified program (see [231]). The condition ‖θ∗‖1 ≤ R is stringent with respect
to the analysis: as p and k increase, in order for R to remain constant, ‖θ∗‖∞ must shrink
to get satisfactory theoretical bounds. In contrast, while choosing the trimming parameter
h requires cross-validation, it is possible to set h on a similar order as k.

We are now ready to apply our main theorem to the popular high-dimensional problems
introduced in Section 7.2: sparse linear regression and sparse graphical model estimation.
Due to space constraint, the results for sparse graphical models are provided in the supple-
mentary materials.

7.3.1 Sparse Linear Regression

Motivated by the information theoretic bound for arbitrary methods, all previous analyses
of sparse linear regression assume n ≥ c0k log p for sufficiently large constant c0. We also
assume n ≥ c0 max{k, h} log p, provided h � k.

Corollary 4. Consider the model (7.3) where ε is sub-Gaussian. Suppose we solve (7.4)
with the selection of:

(a) λn ≥ c`

√
log p
n

for some constant c` depending only on the sub-Gaussian parameters of X

and ε
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(b) h satisfying: for any selection of T ⊆ [p] s.t. |T | = h,∣∣∣∣∣∣∣∣∣(Γ̂−1
)
UU

∣∣∣∣∣∣∣∣∣
∞
≤ c∞,

∣∣∣∣∣∣∣∣∣Γ̂UcU(Γ̂UU

)−1∣∣∣∣∣∣∣∣∣
∞
≤ η,

max
{
λmax(Γ̂UcUc), λmax

(
(Γ̂UU)−1

)}
≤ cu (7.8)

where Γ̂ = X>X
n

is the sample covariance matrix and λmax is the maximum singular value
of a matrix.

Further suppose 1
2
θ∗min ≥ c1

√
log p
n

+ λnc∞ for some constant c1. Then with high probability

at least 1− c2 exp(−c3 log p), any local minimum θ̃ of (7.4) satisfies

(a) for every pair j1 ∈ S, j2 ∈ Sc, we have |θ̃j1| > |θ̃j2|,

(b) if h < k, all j ∈ Sc are successfully estimated as zero and we have

‖θ̃ − θ∗‖∞ ≤ c1

√
log p

n
+ λnc∞,

‖θ̃ − θ∗‖2 ≤ c4

√
log p

n

(√
k/2 +

√
k − h

)
.

(c) if h ≥ k, at least the smallest p− h entries in Sc have exactly zero and we have

‖θ̃ − θ∗‖∞ ≤ c1

√
log p

n
, ‖θ̃ − θ∗‖2 ≤

c4

2

√
h log p

n
.

Remarks. The conditions in Corollary 4 are also used in previous work and may be shown
to hold with high probability via standard concentration bounds for sub-Gaussian matrices.
In particular (7.8) is known as an incoherence condition for sparse least square estimators
[350]. In the case of vanilla Lasso, estimation will fail if the incoherence condition is violated
[350]. In contrast, we confirm by simulations in Section 7.4 that the trimmed `1 problem
(7.4) can succeed even when this condition is not met. Therefore we conjecture that the
incoherence condition could be relaxed in our case, similarly to the case of non-convex µ-
amenable regularizers such as SCAD or MCP [231]. Proving this conjecture is highly non-
trivial, since our penalty is based on a sum of absolute values, which is not µ-amenable; we
leave the proof for future work.

We develop and analyze a block coordinate descent algorithm for solving objective (7.1),
which is highly nonconvex problem because of the coupling of w and θ in the regularizer.
The block-coordinate descent algorithm uses simple nonlinear operators:

projS(z) := arg min
w∈S

1

2
‖z −w‖2

proxηλR(·,wk+1)(z) := arg min
θ

1

2ηλ
‖θ − z‖2 +

p∑
j=1

wk+1
j |θj|
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Algorithm 14 Block Coordinate Descent for (7.1)

Input: λ, η, and τ .
Initialize: θ0, w0, and k = 0.
while not converged do
wk+1 ← projS [wk − τr(θk)]
θk+1 ← proxηλR(·,wk+1)[θ

k − η∇L(θk)]
k ← k + 1

end while
Output: θk, wk.

Adding a block of weights w decouples the problem into simply computable pieces. Pro-
jection onto a polyhedral set is straightforward, while the prox operator is a weighted soft
thresholding step.

We analyze Algorithm 7.1 using the structure of (7.1) instead of relying on the DC
formulation for (7.2). The convergence analysis is summarized in Theorem 19 below. The
analysis centers on the general objective function

min
θ,w

F (θ,w) := L(θ) + λ

p∑
i=1

wiri(θ) + δ(w|S), (7.9)

where δ(w|S) enforces w ∈ S. We let

r(θ) =
[
r1(x) . . . rp(x)

]T
,R(θ,w) = 〈w, r(θ)〉.

In the case of trimmed `1, r is the `1 norm, ri(x) = |xi| and S encodes the constraints
0 ≤ wi ≤ 1, 1Tw = p− h.

We make the following assumptions.

Assumption 5. (a) L is a smooth closed convex function with an Lf -Lipchitz continuous
gradient; (b) ri are convex, and Lr-Lipchitz continuous and (c) S is a closed convex set and
F is bounded below.

In the non-convex setting, we do not have access to distances to optimal iterates or best
function values, as we do for strongly convex and convex problems. Instead, we use distance
to stationarity to analyze the algorithm. Objective (7.9) is highly non-convex, so we design
a stationarity criterion, which goes to 0 as we approach stationary points. The analysis then
shows Algorithm 7.1 drives this measure to 0, i.e. converges to stationarity. In our setting,
every stationary point of (7.1) corresponds to a local optimum in w with θ fixed, and a local
optimum in θ with w fixed.

Definition 7 (Stationarity). Define the stationarity condition T (θ,w) by

T (θ,w) = min{‖u‖2 + ‖v‖2 :u ∈ ∂θF (θ,w),

v ∈ ∂wF (θ,w)}. (7.10)
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The pair (θ,w) is a stationary point when T (θ,w) = 0.

Theorem 19. Suppose Assumptions 5 (a-c) hold, and define the quantity G as follows:

Gk :=
Lf
2
‖θk+1 − θk‖2 +

λ

τ
‖wk+1 −wk‖2.

With step size η = 1/Lf , we have,

min
k
Gk ≤

1

K

K∑
k=1

Gk ≤
1

K
(F (θ1)− F ∗)

T (θk+1,wk+1) ≤ (4 + 2λLr/Lf )Gk,

and therefore

min
k=1:K

{T (θk,wk)} ≤ 4 + 2λLr/Lf
K

(F (θ1)− F ∗).

The trimmed `1 problem satisfies Assumption 5 and hence Theorem 19 holds. Algo-
rithm 14 for (7.1) converges at a sublinear rate measured using the distance to stationarity
T (7.10), see Theorem 19. In the simulation experiments of Section 7.4, we will observe
that the iterates converge to very close points regardless of initializations. [205] use similar
concepts to analyze their DC-based algorithm, since it is also developed for a nonconvex
model.

We include a small numerical experiment, comparing Algorithm 1 with Algorithm 2
of [205]. The authors proposed multiple approaches for DC programs; the prox-type algo-
rithm (Algorithm 2) did particularly well for subset selection, see Figure 2 of [205]. We
generate Lasso simulation data with variables of dimension 500, and 100 samples. The num-
ber of nonzero elements in the true generating variable is 10. We take h = 25, and apply
both Algorithm 14 and Algorithm 2 of [205]. Initial progress of the methods is compara-
ble, but Algorithm 14 continues at a linear rate to a lower value of the objective, while
Algorithm 2 of [205] tapers off at a higher objective value. We consistently observe this
phenomenon for a broad range of settings, regardless of hyperparameters; see convergence
comparisons in Figure 7.1 for λ ∈ {0.5, 5, 20}. This comparison is very brief; we leave a de-
tailed study comparing Algorithm 14 with DC-based algorithms to future algorithmic work,
along with further analysis of Algorithm 14 and its variants under the Kurdyka-Lojasiewicz
assumption [24].

7.4 Experimental Results

Simulations for sparse linear regression. We design four experiments. For all exper-
iments except the third one where we investigate the effect of small regularization param-
eters, we choose the regularization parameters via cross-validation from the set: log10 λ ∈
{−3.0,−2.8, . . . , 1.0}. For non-convex penalties requiring additional parameter, we just fix
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Figure 7.1: Convergence of Algorithm 14 (blue solid) vs. Algorithm 2 of [205] (orange dot).
We see consistent results across parameter settings.

their values (2.5 for MCP and 3.0 for SCAD respectively) since they are not sensitive to
results. When we generate feature vectors, we consider two different covariance matrices
of normal distribution as introduced in [231] to see how regularizers are affected by the
incoherence condition.

In our first experiment, we generate i.i.d. observations from xi ∼ N(0,M2(θ)) where
M2(θ) = θ11T + (1 − θ)Ip with θ = 0.7.1 This choice of M2(θ) satisfies the incoherence
condition [231]. We give non-zero values β∗ with the magnitude sampled from N(0, 52),
at k random positions, and the response variables are generated by yi = xTi β

∗ + εi, where
εi ∼ N(0, 12). In Figure 7.2 (a) ∼ (c), we set (p, k) = (128, 8), (256, 16), (512, 32) and increase
the sample size n. The probability of correct support recovery for trimmed Lasso is higher
than baselines for all samples in all cases. Figure 7.2(d) corroborates Corollary 4: any local
optimum with trimmed `1 is close to points with correct support regardless of initialization;
see comparisons against baselines with same setting in Figure 7.2(e).

In the second experiment, we replace M2(θ) with M1(θ), which does not satisfy the
incoherence condition.2 Trimmed still outperforms comparison approaches (Figure 7.3).
Lasso is omitted from Figure 7.3(e) as it always fails in this setting.

Our next experiment compares Trimmed Lasso against vanilla Lasso where both λ and
true non-zeros are small: log λ ∈ {−3.0,−2.8, . . . ,−1.0} and β∗ ∼ N(0, 0.82). When the
magnitude of θ∗ is large, standard Lasso tends to choose a small value of λ to reduce the
bias of the estimate while Trimmed Lasso gives good performance even for large values of λ
as long as h is chosen suitably. Figure 7.4(a) also confirms the superiority of Trimmed Lasso
in a small regime of λ with a proper choice of h.

1M1 and M2 as defined in [231].

2M1(θ) is a matrix with 1’s on the diagonal, θ’s in the first k positions of the (k + 1)st row and column,
and 0’s elsewhere.
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Figure 7.2: Results for the incoherent case of the first experiments. (a)∼(c): Probability of
sucessful support recovery for Trimmed `1, SCAD, MCP, and standard `1 as sample size n
increases. For (d), (e), we adopt the high-dimensional setting with (n, p, k) = (160, 256, 16),
and use 50 random initializations.

In the last experiment, we investigate the effect of choosing the trimming parameter h.
Figure 7.4(b) and (c) show that Trimmed `1 outperforms if we set h = k (note (p− h)/p ≈
0.94). As h ↓ 0 (when (p − h)/p = 1), the performance approaches that of Lasso, as we
can see in Corollary 4. Additional experiments on sparse Gaussian Graphical Models are
provided as supplementary materials.

Input Structure Recovery of Compact Neural Networks. We apply the Trimmed
`1 regularizer to recover input structures of deep models. We follow [271] and consider the
regression model yi = 1Tσ(W ∗xi) with input dimension p = 80, hidden dimension z = 20,
and ReLU activation σ(·). We generate i.i.d. data xi ∼ N(0, Ip) and W ∗ ∈ Rz×p such that
ith row has exactly 4 non-zero entries from N(0, p

4z
) to ensure that E[‖W ∗x‖2

`2
] = ‖x‖2

`2
at

only 4(i−1)+1 ∼ 4i positions. For `0 and `1 regularizations, we optimizeW using a projected
gradient descent with prior knowledge of ‖W ∗‖0 and ‖W ∗‖1, and we use Algorithm 14 for
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Figure 7.3: Results for the non-incoherent case. (a)∼(e): same as Figure 7.2.

trimmed `1 regularization with h = 4z and (λ, τ) = (0.01, 0.1) obtained by cross-validation.
We set the step size η = 0.1 for all approaches. We consider two sets of simulations with
varying sample size n where the initial W0 is selected as (a) a small perturbation of W ∗ and
(b) at random, as in [271]. Figure 7.7 shows the results where black dots indicate nonzero
values in the weight matrix, and we can confirm that Trimmed `1 outperforms alternatives
in terms of support recovery for both cases.

Pruning Deep Neural Networks. Several recent studies have shown that neural net-
works are highly over-parameterized, and we can prune the weight parameters/neurons with
marginal effect on performance. Toward this, we consider trimmed regularization based net-
work pruning. Suppose we have deep neural networks with L hidden layers. Let ni be the
number of neurons in the layer hi. The parameters we are interested in areW := {θl, bl}L+1

l=1

for θl ∈ Rnl−1×nl and bl ∈ Rnl where h0 is the input feature x and hL+1 is the output y.
Then, for l = 1, . . . , L, hl = ReLU(hl−1θl + bl). Since the edge-wise pruning will not give
actual benefit in terms of computation, we prune unnecessary neurons through group-sparse
encouraging regularizers. Specifically, given the weight parameter θ := θl between hl−1 and
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Figure 7.4: Plots for third and last experiments. (a): Trimmed Lasso versus standard one
in a small regime. We set h = d0.05pe. (b), (c): Performance of the trimmed Lasso as the
value of h varies.

hl, we consider the group norm extension of trimmed `1:

Rl(θ,w) := λ

nl−1∑
j=1

wj

√
θ2
j,1 + · · ·+ θ2

j,nl

with the constraint of 1Tw = nl−1 − h. Moreover, we can naturally make an extension to a
convolutional layer with encouraging activation map sparsity as follows. If θ is a weight pa-
rameter for 2-dimensional convolutional layer (most generally used) with θ ∈ RCout×Cin×H×W ,
the trimmed regularization term that induces activation map-wise sparsity is given by

Rl(θ,w) := λ
Cout∑
j=1

wj

√∑
m,n,k

θ2
j,m,n,k

for all possible indices (m,n, k). Finally, we add all penalizing terms to a loss function to
have

L(W ;D) +
L+1∑
l=1

λlRl(θl,wl)

where we allow different hyperparameters λl and hl for each layer.
In Table 7.1, we compare trimmed group `1 regularization against vanilla group `1 on

MNIST dataset using LeNet-300-100 architecture [217]. Here, we set the trimming parameter
h to half sparsity level of the original model. For the vanilla group `1, we need larger λ values
to obtain sparser models, for which we pay a significant loss of accuracy. In contrast, we can
control the sparsity level using trimming parameters h with little or no drop of accuracy.
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Figure 7.5:

Figure 7.6:

Figure 7.7: Results for sparsity pattern recovery of deep models.

Table 7.1: Results on MNIST using LeNet-300-100.

Method Pruned Model Error (%)

No Regularization 784-300-100 1.6
grp `1 784-241-67 1.7
grp `1trim , h = half of original 392-150-50 1.6

Most algorithms for network pruning recently proposed are based on a variational Bayesian
approach [104, 233]. Motivated by learning sparse structures via smoothed version of `0 norm
[233], we propose a Bayesian neural network with trimmed regularization where we regard
only θ as Bayesian. Inspired by a relation between variational dropout and Bayesian neural
networks [206], we specifically choose a fully factorized Gaussian as a variational distribu-
tion, qφ,α(θi,j) = N (φi,j, αi,jφ

2
i,j), to approximate the true posterior and leave w to directly

learn sparsity patterns. Then the problem is cast to maximizing corresponding evidence
lower bound (ELBO),

Eqφ,α [L(W ;D)]−KL
(
qφ,α(W)‖p(W)

)
.
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Table 7.2: Results on MNIST classification for LeNet 300-100 with Bayesian approaches.
h = ◦ means that the trimming parameter h is set to the same sparsity level of ◦, and λ sep.
indicates that different λ values are employed on each layer.

Method Pruned Model Error (%)

`0 [233] 219-214-100 1.4
`0, λ sep. [233] 266-88-33 1.8
Bayes grp `1trim , h = `0 219-214-100 1.4
Bayes grp `1trim , h = `0, λ sep. 266-88-33 1.6
Bayes grp `1trim , h < `0, λ sep. 245-75-25 1.7

Table 7.3: Results on MNIST classification for LeNet-5-Caffe with Bayesian approaches.

Method Pruned Model Error (%)

`0 [233] 20-25-45-462 0.9
`0, λ sep. [233] 9-18-65-25 1.0
Bayes grp `1trim , h < `0 20-25-45-150 0.9
Bayes grp `1trim , h = `0, λ sep. 9-18-65-25 1.0
Bayes grp `1trim , h < `0, λ sep. 8-17-53-19 1.0

Combined with trimmed `1 regularization, the objective is

Eqφ,α(θ)

[
− L(W ;D) +

L+1∑
l=1

λlRl(θl,wl)
]

+ KL(qφ,α(W)‖p(W))

(7.11)

which can be interpreted as a sum of expected loss and expected trimmed group `1 penaliz-
ing term. [207] provide the efficient unbiased estimator of stochastic gradients for training
(φ,α), via the reparameterization trick to avoid computing gradient of sampling process. In
order to speed up our method, we approximate expected loss term in (7.11) using a local
reparameterization trick [206] while the standard reparameterization trick is used for the
penalty term.

Trimmed group `1 regularized Bayesian neural networks have smaller capacity with less
error than other baselines (Table 7.2). Our model has lower error rate and better sparsity
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even for convolutional network, LeNet-5-Caffe3 (Table 7.3).4

The code is available at https://github.com/abcdxyzpqrst/Trimmed_Penalty.

7.5 Concluding Remarks

In this work we studied statistical properties of high-dimensional M -estimators with the
trimmed `1 penalty, and demonstrated the value of trimmed regularization compared to
convex and non-convex alternatives. We developed a provably convergent algorithm for the
trimmed problem, based on specific problem structure rather than generic DC structure,
with promising numerical results. A detailed comparison to DC based approaches is left to
future work. Going beyond M -estimation, we showed that trimmed regularization can be
beneficial for two deep learning tasks: input structure recovery and network pruning. As
future work we plan to study trimming of general decomposable regularizers, including `1/`q
norms, and further investigate the use of trimmed regularization in deep models.

7.6 Appendix

7.6.1 Sparse graphical models

We derive a corollary for the trimmed Graphical lasso:

minimize
Θ∈Sp++

trace
(
Σ̂Θ
)
− log det

(
Θ
)

+ λnR(Θoff;h). (7.12)

Following the strategy of [231], we assume that the sample size scales with the row sparsity
d of true inverse covariance Θ∗ = (Cov(X))−1, which is a milder condition than other works
(n scaling with k, the number of non zero entries of Θ∗):

Corollary 5. Consider the program (7.12) where the xi’s are drawn from a sub-Gaussian
and sample size n > c0d

2 log p with the selection of

(a) λn ≥ c`

√
log p
n

for some constant c` depending only on Θ∗

(b) h satisfying: for any selection of T ⊆ {1, 2, . . . , p} × {1, 2, . . . , p} s.t. |T | = h,∣∣∣∣∣∣∣∣∣(Θ∗ ⊗Θ∗
)
UU

∣∣∣∣∣∣∣∣∣
∞
≤ c∞, (7.13)

max
{
|||Γ̂UcUc |||∞, |||(Γ̂UU)−1|||∞

}
≤ cu and∣∣∣∣∣∣∣∣∣(Θ∗−1 ⊗Θ∗−1

)
UcU

((
Θ∗−1 ⊗Θ∗−1

)
UU

)−1∣∣∣∣∣∣∣∣∣
∞
≤ η.

3https://github.com/BVLC/caffe/tree/master/examples/mnist

4We only consider methods based on sparsity encouraging regularizers. State-of-the-art VIBNet [104]
exploits the mutual information between each layer.

https://github.com/abcdxyzpqrst/Trimmed_Penalty
https://github.com/BVLC/caffe/tree/master/examples/mnist
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Further suppose that 1
2
Θ∗min is lower bounded by c1

√
log p
n

+2λnc∞ for some constant c1. Then

with high probability at least 1 − c2 exp(−c3 log p), any local minimum Θ̃ of (7.4) has the
following property:

(a) For every pair j1 ∈ S, j2 ∈ Sc, |Θ̃j1| > |Θ̃j2|,

(b) If h < k, all j ∈ Sc are successfully estimated as zero and we have

‖Θ̃−Θ∗‖∞ ≤ c1

√
log p

n
+ 2λnc∞ (7.14)

(c) If h ≥ k, at least the smallest p− h entries in Sc have exactly zero and we have

‖Θ̃−Θ∗‖∞ ≤ c1

√
log p

n
. (7.15)

Note that condition (7.13) is the incoherence condition studied in [287], and the same
remarks as those for sparse linear models (see Section 7.3.1) can be made.

7.6.2 Proofs

Proof of Theorem 17

We extend the standard PDW technique [349, 365, 231] for the trimmed regularizers. For
any fixed T , we construct a primal and dual witness pair with the strict dual feasibility.
Specifically, given the fixed T , consider the following program:

minimize
θ∈Ω

L(θ;D) + λn
∑
j∈T c
|θj|. (7.16)

Note that the program (7.16) is convex (under (C-1)) where the regularizer is only effective

over entries in (fixed) T c. We construct the primal and dual pair (θ̂, ẑ) by the following
restricted program

θ̂ ∈ argmin
θ∈RU : θ∈Ω

L(θ) + λnR(θ;h) (7.17)

and (7.5). The following lemma can guarantee under the strict dual feasibility that any

solution of (7.16) has the same sparsity structure on T c with θ̂. Moreover, since the restricted

program (7.5) is strictly convex as shown in the lemma below, we can conclude that θ̂ is the
unique minimum point of the restricted program (7.16) given T .

Lemma 9. Suppose that there exists a primal optimal solution θ̂ for (7.16) with associated

sub-gradient (or dual) ẑ such that ‖ẑUc‖∞ < 1. Then any optimal solution θ̃ of (7.16) will

satisfy θ̃j = 0 for all j ∈ U c.
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Proof. The lemma can be directly achieved by the basic property of convex optimization
problem, as developed in existing works using PDW [349, 365]. Note that even though
the original problem with the trimmed regularizer is not convex, (7.16) given T is convex.

Therefore, by complementary slackness, we have
∑

j∈T c |θ̃j| = 〈ẑT c , θ̃T c〉. Therefore, any

optimal solution of (7.16) will satisfy θ̃j = 0 for all j ∈ U c since the associated (absolute)
sub-gradient is strictly smaller than 1 by the assumption in the statement.

Lemma 10 (Section A.2 of [231]). Under (C-2), the loss function L(θ) is strictly convex on
θ ∈ RU and hence

(
∇2L(θ)

)
UU

is invertible if n ≥ 2τ1
κl

(k + h) log p.

Now from the definition of Q̂, we have

Q̂(θ̂ − θ∗) = ∇L(θ̂)−∇L(θ∗) (7.18)

where Q̂ is decomposed as

[
Q̂UU Q̂UUc

Q̂UcU Q̂UcUc

]
. Then by the invertibility of

(
∇2L(θ)

)
UU

in

Lemma 10 and the zero sub-gradient condition in (7.5) we have

θ̂U − θ∗U =
(
Q̂UU

)−1(
−∇L(θ∗)U − λnẑU

)
. (7.19)

Since both θ̂Uc and θ∗Uc are zero vectors, we obtain

‖θ̂ − θ∗‖∞ =
∥∥∥(Q̂UU

)−1(
−∇L(θ∗)U − λnẑU

)∥∥∥
∞

≤
∥∥∥(Q̂UU

)−1

∇L(θ∗)U

∥∥∥
∞

+ λn
∣∣∣∣∣∣(Q̂UU

)−1∣∣∣∣∣∣
∞. (7.20)

Therefore, under the assumption on θ∗min in the statement, the selection of T in which there
exists some (j, j′) s.t. j ∈ S, j ∈ T c, j′ ∈ Sc and j′ ∈ T , yields contradictory solution with
(7.2). Under the strict dual feasibility condition for this specific choice of T (along with
Lemma 10) can guarantee that there is no local minimum for that choice of T . Hence, (7.21)

can guarantee that for every pair (j1, j2) such that j1 ∈ S and j2 /∈ S, we have |θ̃j1 | > |θ̃j2|
(since θ̃ = θ̂). Note that for any valid selection of T , this statement holds. This immediately
implies that any local minimum of (7.2) satisfies this property as well, as in the statement.

Finally turning to the bound when h ≥ k, we have U = T since all entries in S are not
penalized as shown above. In this case, ẑU becomes zero vector (since V is empty in the
construction of ẑ), and the bound in (7.21) will be tighter as

‖θ̂ − θ∗‖∞ =
∥∥∥(Q̂UU

)−1(
−∇L(θ∗)U − λnẑU

)∥∥∥
∞

≤
∥∥∥(Q̂UU

)−1

∇L(θ∗)U

∥∥∥
∞
, (7.21)

as claimed.
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Proof of Theorem 18

Here we adopt the strategy developed in [366] for analyzing local optima of trimmed loss
function. Since our loss function L is convex, the story derived in this subsection can also be
applied to results of [257]. However, in order to simplify the procedure, we will not utilize
the convexity of L and instead place the side constraint ‖θ‖1 ≤ R and some additional
assumptions (see [229] for details). As in [366], we introduce the the shorthand to denote

local optimal error vector: ∆̃ := θ̃ − θ∗ given an arbitrary local minimum (θ̃, w̃) of (7.2).
We additionally define H to denote the set of indices not penalized by w̃ (that is, w̃j = 0 for

j ∈ H, w̃j = 1 for j ∈ Hc and |H| = h). Utilizing the fact that (θ̃, w̃) is a local minimum
of (7.2), we have an inequality〈

∇θL
(
θ∗ + ∆̃

)
, θ̃ − θ

〉
≤ −

〈
∂λR(θ∗ + ∆̃;h), θ̃ − θ

〉
for any feasible θ.

This inequality comes from the first order stationary condition (see [230] for details) in terms
of θ fixing w at w̃. Here, if we take θ = θ∗ above, we have〈

∇L
(
θ∗ + ∆̃

)
, ∆̃
〉
≤ −

〈
∂λR(θ∗ + ∆̃;h), ∆̃

〉 (i)

≤ λ(‖θ∗Hc‖1 − ‖θ̃Hc‖1)

where S is true support set of θ∗ and the inequality (i) holds due to the convexity of `1

norm.

i) h < k: By Theorem 17, we can guarantee with high probability that H ⊂ S. Then,
by triangular inequality (in inequality (ii) below) and the fact that θ∗ is S-sparse vector, we
have〈
∇L
(
θ∗ + ∆̃

)
, ∆̃
〉
≤ λ(‖θ∗Hc‖1 + ‖∆̃Sc‖1 − ‖∆̃Sc‖1 − ‖θ̃Hc‖1) = λ(‖θ∗Hc + ∆̃Sc‖1 − ‖∆̃Sc‖1 − ‖θ̃Hc‖1)

(ii)

≤ λ
(
‖θ∗Hc + ∆̃Sc + ∆̃S−H‖1 + ‖∆̃S−H‖1 − ‖∆̃Sc‖1 − ‖θ̃Hc‖1

)
= λ(‖∆̃S−H‖1 − ‖∆̃Sc‖1) .

(7.22)

Combining (7.22) and (C-2) yields

κl‖∆̃‖2
2 − τ1

log p

n
‖∆̃‖2

1 ≤
〈
∇L
(
θ∗ + ∆̃

)
−∇L

(
θ∗
)
, ∆̃
〉
≤ −

〈
∇L
(
θ∗
)
, ∆̃
〉

+ λ
(
‖∆̃S−H‖1 − ‖∆̃Sc‖1

)
.

If we assume max
{
‖∇L

(
θ∗
)
‖∞, 2ρτ1

log p
n

}
≤ λ

4
(which are slightly different to assumptions

in the statement, however they are purely for simplicity and can be relaxed if we use the
convexity of L, as we mentioned in the beginning of the proof), we can conclude that

0 ≤κl‖∆̃‖2
2 ≤

∥∥∇L(θ∗)∥∥∞‖∆̃‖1 + λ
(
‖∆̃S−H‖1 − ‖∆̃Sc‖1

)
+ 2ρτ1

log p

n
‖∆̃‖1

≤ λ
2
‖∆̃‖1 − λ‖∆̃Sc‖1 + λ‖∆̃S−H‖1 ≤

λ

2
‖∆̃S‖1 −

λ

2
‖∆̃Sc‖1 + λ‖∆̃S−H‖2 ≤

λ

2
‖∆̃S‖1 + λ‖∆̃S−H‖2.

(7.23)
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As a result, we can finally have an `2 error bound as follows:

κl‖∆̃‖2
2 ≤

λ
√
k

2
‖∆̃S‖2 + λ

√
k − h‖∆̃S−H‖2 ≤

(
λ
√
k

2
+ λ
√
k − h

)
‖∆̃‖2

implying that

‖∆̃‖2 ≤
1

κl

(
λ
√
k

2
+ λ
√
k − h

)
.

ii) h ≥ k: As in the previous case, Theorem 17 can guarantee S ⊆ H where equality holds
if h = k. Instead of (7.22), now we have〈

∇L
(
θ∗ + ∆̃

)
, ∆̃
〉
≤ λ(‖θ∗Hc‖1 + ‖∆̃Hc‖1 − ‖∆̃Hc‖1 − ‖θ̃Hc‖1)

= λ(‖θ∗Hc + ∆̃Hc‖1 − ‖∆̃Hc‖1 − ‖θ̃Hc‖1) = −‖∆̃Hc‖1. (7.24)

By similar reasoning in the case of i), we combine (7.24) and (C-2) to obtain

0 ≤κl‖∆̃‖2
2 ≤

λ

2
‖∆̃‖1 − λ‖∆̃Hc‖1 ≤

λ

2
‖∆̃H‖1 −

λ

2
‖∆̃Hc‖1 ≤

λ

2
‖∆̃H‖1 ≤

λ
√
h

2
‖∆̃‖2 (7.25)

implying that

‖∆̃‖2 ≤
1

κl

λ
√
h

2
.

Proof of Corollary 4

The proof our corollary is similar to that of Corollary 1 of [231], who derive the result for
(µ, γ)-amenable regularizers. Here we only describe the parts that need to be modified from
[231].

In order to utilize theorems in the main paper, we need to establish the RSC condition
(C-2) and the strict dual feasibility: ‖ẑUc‖∞ ≤ 1− δ

First, the RSC is known to hold w.h.p as shown in several previous works such as Lemma
11.

Lemma 11 (Corollary 1 of [230]). The RSC condition in (C-2) for linear models holds with
high probability with κl = 1

2
λmin(Σx) and τ1 � 1, under sub-Gaussian assumptions in the

statement.

In order to show the remaining strict dual feasibility condition of our PDW construction,
we consider (7.18) (by the zero-subgradient and the definition of Q̂) in the block form: Q̂TT Q̂TV Q̂TUc

Q̂V T Q̂V V Q̂V Uc

Q̂UcT Q̂UcV Q̂UcUc


θ̂T − θ∗Tθ̂V − θ∗V

0

+

∇L(θ∗)T
∇L(θ∗)V
∇L(θ∗)Uc

+ λn

 0
ẑV
ẑUc

 = 0. (7.26)
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By simple manipulation, we can obtain

ẑUc =
1

λn

{
−∇L(θ∗)Uc + Q̂UcU

(
Q̂UU

)−1(
−∇L(θ∗)U − λnẑV

)}
. (7.27)

Here note that our construction of PDW can guarantee the `∞ bound in (7.21). In case of

(7.4), since we have ∇L(θ) = Γ̂θ− γ̂ and ∇2L(θ) = Γ̂ where (Γ̂, γ̂) =
(
X>X
n
, X
>y
n

)
, we need

to show below that

ẑUc ≤
1

λn

{
−Γ̂UcUθ

∗
U + γ̂Uc + Γ̂UcUθ

∗
U − Γ̂UcU

(
Γ̂UU

)−1

γ̂U

}
+
∣∣∣∣∣∣∣∣∣Γ̂UcU(Γ̂UU

)−1∣∣∣∣∣∣∣∣∣
∞

≤ 1

λn

{
γ̂Uc − Γ̂UcU

(
Γ̂UU

)−1

γ̂U

}
+ η (7.28)

for the strict dual feasibility from (7.27). As derived in [231], we can write∥∥∥∥γ̂Uc − Γ̂UcU

(
Γ̂UU

)−1

γ̂U

∥∥∥∥
∞

=

∥∥∥∥X>UcΠεn

∥∥∥∥
∞

(7.29)

where Π is an orthogonal project matrix on XU : I −XU(X>UXU)−1X>U .

For any j, we define uj such that e>j
X>UcΠε

n
:= u>j ε. Then we have

‖uj‖2
2 =

∥∥∥∥ΠXUcej
n

∥∥∥∥2

2

≤
∥∥∥∥XUcej

n

∥∥∥∥2

2

≤ cu
n
. (7.30)

Hence by the sub-Gaussian tail bounds followed by a union bound, we can conclude that∥∥∥∥γ̂Uc − Γ̂UcU

(
Γ̂UU

)−1

γ̂U

∥∥∥∥
∞
≤ C

√
log p

n
(7.31)

with probability at least 1 − c exp(−c′ log p) for all selections of T . We can establish have

strict dual feasibility for any selection of T w.h.p, provided λn >
C

1−η

√
log p
n

, and now turn

to `∞ bounds. From (7.6), we have∥∥∥Γ̂UU

(
Γ̂UUθ

∗
U − γ̂U

)∥∥∥
∞

=

∥∥∥∥∥
(
X>UXU

n

)−1(
X>U ε

n

)∥∥∥∥∥
∞

. (7.32)

Then for j ∈ U , we define v such that e>j

(
X>UXU
n

)−1 (
X>U ε

n

)
:= v>j ε. Since for any selection

of T , ‖vj‖2
2 is bounded as follows:

‖vj‖2
2 =

1

n2

∥∥∥∥∥XU

(
X>UXU

n

)−1

ej

∥∥∥∥∥
2

2

=
1

n

∣∣∣∣∣e>j
(
X>UXU

n

)−1

ej

∣∣∣∣∣
2

2

≤ cu
n
. (7.33)

Similarly by the sub-Gaussian tail bound and a union bound over j, we can obtain∥∥∥Γ̂UU

(
Γ̂UUθ

∗
U − γ̂U

)∥∥∥
∞
≤ C

√
log p

n
(7.34)

with probability at least 1− c exp(−c′ log p).
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Proof of Corollary 5

As in the proof of Corollary 4, the proof procedure is quite similar to that of Corollary 4 of
[231]. Deriving upper bounds on S in [231] can be seamlessly extendable to upper bounds
on U for any selection of T ⊆ {1, 2, . . . , p} × {1, 2, . . . , p} s.t. |T | = h. mainly because
the required upper bounds are related to entry-wise maximum on the true support S but
entry-wise maximum in this case is uniformly upper bounded for all entries.

Specifically, it computes the upper bound of ‖vec(Σ̂S−Σ∗S)‖∞ from the fact that ‖vec(Σ̂−
Σ∗)‖∞ ≤ c

√
log p
n

. This actually holds for any selection of T . Similarly, it computes the upper

bound of max(j,k)∈S |e>j (Σ∗∆)`Σ∗ek| by Hölder’s inequality and the definition of matrix in-

duced norms: |e>j (Σ∗∆)`Σ∗ek| ≤ ‖e>j (Σ∗∆)`−1‖1‖∆Σ∗ek‖∞ ≤
∣∣∣∣∣∣(Σ∗∆)`−1

∣∣∣∣∣∣
∞‖∆‖max‖Σ∗ek‖1 ≤

|||Σ∗|||`+1
∞ |||∆|||`−1

1 ‖∆‖max, which clearly holds for any index (j, k) beyond S. Finally, |||Q̂SS −
∇2L(Θ∗)SS|||∞ is shown to be upper bounded by the fact that |||Q̂SS − ∇2L(Θ∗)SS|||∞ -

d
√

log p
n

.

The remaining proof of this result directly follows similar lines to the proof of Corollary
4 in [231].

Proof of Theorem 19

Proof. From Algorithm 14, we obtain the relation

1

τ
(wk −wk+1) + r(θk+1)− r(θk) ∈ r(θk+1) + ∂δ(wk+1|S)

1

η
(θk − θk+1) +∇L(θk+1)−∇L(θk) ∈ ∇L(θk+1) + λ

p∑
i=1

wk+1
i ∂ri(θ

k+1)

from the proximal gradient steps.
At k-th iteration, we have

L(θk+1) + λ〈wk+1, r(θk+1)〉

≤L(θk) + 〈∇L(θk), θk+1 − θk〉+
L

2
‖θk+1 − θk‖2 + λ〈wk+1, r(θk+1)〉

≤L(θk) + 〈∇L(θk) + λ

p∑
i=1

wk+1
i ∂ri(θ

k+1), θk+1 − θk〉+
L

2
‖θk+1 − θk‖2 + λ〈wk+1, r(θk)〉

=L(θk) + λ〈wk, r(θk)〉 − (
1

η
− L

2
)‖θk+1 − θk‖2 + λ〈wk+1 −wk, r(θk)〉

≤L(θk) + λ〈wk, r(θk)〉 − (
1

η
− L

2
)‖θk+1 − θk‖2 + λ〈wk+1 −wk,

1

τ
(wk −wk+1)− ∂δ(wk+1)〉

≤f(θk) + λ〈wk, r(θk)〉 − (
1

η
− L

2
)‖θk+1 − θk‖2 − λ

τ
‖wk+1 −wk‖2
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If we choose η = 1/Lf , we have,

Lf
2
‖θk+1 − θk‖2 +

λ

τ
‖wk+1 −wk‖2 ≤ F (θk)− F (θk+1)

By telescoping both sides we get,

1

K

K∑
k=1

(
Lf
2
‖θk+1 − θk‖2 +

λ

τ
‖wk+1 −wk‖2) ≤ 1

K
(F (θK)− F ∗).

Moreover we know that,

T (θk+1,wk+1) ≤ (4 + 2λLr/Lf )Gk.

7.6.3 Simulations for Gaussian Graphical Models.

We now illustrate the usefulness trimmed regularization for sparse Gaussian Graphical Model
estimation. We consider the “diamond” graph example described in [287] (section 3.1.1).
This graph G = (V,E) has vertex set V = {1, 2, 3, 4}, with all edges except (1, 4). We
consider a family of true covariance matrices with diagonal entries Σ∗ii = 1 for all i ∈ V ;
off-diagonal elements Σ∗ij = ρ for all edges (i, j) ∈ E \ {(2, 3)}; Σ∗23 = 0; and finally the
entry corresponding to the non-edge (1, 4) is set as Σ∗14 = 2ρ2. We analyze the performance
of Graphical Trimmed Lasso under two settings: ρ ∈ {0, 1, 0.3}. As discussed in [287],
if ρ = 0.1 the incoherence condition is satisfied ; if ρ = 0.3 it is violated. Under both
settings, we report the probability of successful support recovery based on 100 replicate
experiments for n = 100 and p2−h

p2
∈ {0.4, 0.5, ..., 1} and compare it with Graphical Lasso,

Graphical SCAD and Graphical MCP (The MCP and SCAD parameters were set to 2.5 and
3.0 as varying these did not affect the results significantly). For each method and replicate
experiment, success is declared if the true support is recovered for at least one value of
λn along the solution path. We can see that for a wide range of values for the trimming
parameter, Graphical Trimmed Lasso outperforms SCAD and MCP alternatives regardless
of whether the incoherence condition holds or not. In addition its probability of success is
always superior to that of vanilla Graphical Lasso, which fails to recover the true support
when the incoherence condition is violated.
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Figure 7.8: Probability of successful support recovery for Graphical Trimmed Lasso as h
vary, Graphical SCAD, Graphical MCP and Graphical Lasso. Left: incoherence condition
holds. Right: incoherence condition is violated.
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[32] Douglas Bates, Martin Mächler, Ben Bolker, and Steve Walker. Fitting linear mixed-
effects models using lme4. Journal of Statistical Software, 67(1):1–48, 2015.

[33] Heinz H Bauschke, Patrick L Combettes, and Dominikus Noll. Joint minimization with
alternating bregman proximity operators. Pacific Journal of Optimization, 2(3):401–
424, 2006.



169

[34] Edip Baysal, Dan D Kosloff, and John WC Sherwood. Reverse time migration. Geo-
physics, 48(11):1514–1524, 1983.

[35] A. Beck and M. Teboulle. A fast iterative shrinkage-thresholding algorithm for linear
inverse problems. SIAM J. Imaging Sci., 2(1):183–202, 2009.

[36] Amir Beck and Marc Teboulle. A fast iterative shrinkage-thresholding algorithm for
linear inverse problems. SIAM journal on imaging sciences, 2(1):183–202, 2009.

[37] Amir Beck and Marc Teboulle. A fast iterative shrinkage-thresholding algorithm for
linear inverse problems. SIAM journal on imaging sciences, 2(1):183–202, 2009.

[38] Stephen Becker, Jérôme Bobin, and Emmanuel J Candès. Nesta: A fast and accurate
first-order method for sparse recovery. SIAM Journal on Imaging Sciences, 4(1):1–39,
2011.

[39] Bradley M Bell and James V Burke. Algorithmic differentiation of implicit functions
and optimal values. In Advances in Automatic Differentiation, pages 67–77. Springer,
2008.

[40] Richard Bellman. On a routing problem. Quarterly of applied mathematics, 16(1):87–
90, 1958.

[41] Gal Berkooz, Philip Holmes, and John L Lumley. The proper orthogonal decomposition
in the analysis of turbulent flows. Annual review of fluid mechanics, 25(1):539–575,
1993.

[42] Dimitri P Bertsekas and John N Tsitsiklis. An analysis of stochastic shortest path
problems. Mathematics of Operations Research, 16(3):580–595, 1991.

[43] Dimitris Bertsimas, Martin S Copenhaver, and Rahul Mazumder. The trimmed lasso:
Sparsity and robustness. arXiv preprint arXiv:1708.04527, 2017.

[44] Jeff Bezanson, Stefan Karpinski, Viral B Shah, and Alan Edelman. Julia: A fast
dynamic language for technical computing. arXiv preprint arXiv:1209.5145, 2012.

[45] P. J. Bickel and E. Levina. Covariance regularization by thresholding. Annals of
Statistics, 36(6):2577–2604, 2008.

[46] P. J. Bickel and E. Levina. Covariance regularization by thresholding. Annals of
Statistics, 36:2577–2604, 2008.



170

[47] P. J. Bickel and E. Levina. Regularized estimation of large covariance matrices. Annals
of Statistics, 36:199–227, 2008.

[48] P. J. Bickel, Y. Ritov, and A. Tsybakov. Simultaneous analysis of lasso and dantzig
selector. Annals of Statistics, 37(4):1705–1732, 2009.

[49] P. J. Bickel, RitovY., and Tsybakov A. B. Simultaneous analysis of lasso and dantzig
selector. ANNALS OF STATISTICS, 37(4), 2009.

[50] Thomas Blumensath and Mike E Davies. Iterative hard thresholding for compressed
sensing. Applied and computational harmonic analysis, 27(3):265–274, 2009.

[51] Ma lgorzata Bogdan, Ewout Van Den Berg, Chiara Sabatti, Weijie Su, and Emmanuel J
Candès. Slope?adaptive variable selection via convex optimization. The annals of
applied statistics, 9(3):1103, 2015.
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[227] Rong Liu and Hao Zhang. Segmentation of 3d meshes through spectral clustering.
In Computer Graphics and Applications, 2004. PG 2004. Proceedings. 12th Pacific
Conference on, pages 298–305. IEEE, 2004.

[228] N Locantore, JS Marron, DG Simpson, N Tripoli, JT Zhang, KL Cohen, Graciela
Boente, Ricardo Fraiman, Babette Brumback, Christophe Croux, et al. Robust prin-
cipal component analysis for functional data. Test, 8(1):1–73, 1999.

[229] P. Loh and M. J. Wainwright. Regularized m-estimators with nonconvexity: Statistical
and algorithmic theory for local optima. In Advances in Neural Information Processing
Systems (NeurIPS), 26, 2013.

[230] P. Loh and M. J. Wainwright. Regularized m-estimators with nonconvexity: Statis-
tical and algorithmic theory for local optima. Journal of Machine Learning Research
(JMLR), 16:559–616, 2015.

[231] P. Loh and M. J. Wainwright. Support recovery without incoherence: A case for
nonconvex regularization. Annals of Statistics, 45(6):2455–2482, 2017.

[232] Jean-Christophe Loiseau and Steven L Brunton. Constrained sparse galerkin regres-
sion. Journal of Fluid Mechanics, 838:42–67, 2018.



185

[233] Christos Louizos, Max Welling, and Durk P Kingma. Learning sparse neural networks
through `0 regularization. In International Conference on Learning Representation
(ICLR), 2018.

[234] K. Lounici, M. Pontil, A. B. Tsybakov, and S. van de Geer. Taking advantage of
sparsity in multi-task learning. Technical Report arXiv:0903.1468, ETH Zurich, March
2009.

[235] A. C. Lozano, G. Swirszcz, and N. Abe. Group orthogonal matching pursuit for variable
selection and prediction. In Neur. Info. Proc. Sys (NIPS), 2009.

[236] D Russell Luke, James V Burke, and Richard G Lyon. Optical wavefront reconstruc-
tion: Theory and numerical methods. SIAM review, 44(2):169–224, 2002.

[237] Zhi-Quan Luo and Paul Tseng. Error bounds and convergence analysis of feasible
descent methods: a general approach. Annals of Operations Research, 46(1):157–178,
1993.

[238] Omid Madani, David M Pennock, and Gary W Flake. Co-validation: Using model
disagreement on unlabeled data to validate classification algorithms. In Advances in
neural information processing systems, pages 873–880, 2005.

[239] Michael W Mahoney. Randomized algorithms for matrices and data. Foundations and
Trends in Machine Learning, 3(2):123–224, 2011.

[240] J. Mairal, M. Elad, and G. Sapiro. Sparse representation for color image restoration.
IEEE Transactions on Image Processing, 17(1):53–69, Jan. 2008.

[241] Andrew J Majda and John Harlim. Filtering complex turbulent systems. Cambridge
University Press, 2012.

[242] Krithika Manohar, Bingni W. Brunton, J. Nathan Kutz, and Steven L. Brunton. Data-
driven sparse sensor placement for reconstruction. IEEE Control Systems Magazine,
38(3):63–86, 2018.

[243] Krithika Manohar, Eurika Kaiser, Steven L Brunton, and J Nathan Kutz. Optimized
sampling for multiscale dynamics. arXiv preprint arXiv:1712.05085, 2017.

[244] Stefano Marchesini, Yu-Chao Tu, and Hau-tieng Wu. Alternating projection, ptycho-
graphic imaging and phase synchronization. Applied and Computational Harmonic
Analysis, 41(3):815–851, 2016.



186

[245] RARD Maronna, R Douglas Martin, and Victor Yohai. Robust statistics, volume 1.
John Wiley & Sons, Chichester. ISBN, 2006.

[246] MATLAB Documentation. Sparse matrix operations.

[247] Peter McCullagh and John A Nelder. Generalized linear models, volume 37. CRC
press, 1989.

[248] Geoffrey McLachlan. Discriminant analysis and statistical pattern recognition, volume
544. John Wiley & Sons, 2004.
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