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Professor Shuai Huang

Industrial & Systems Engineering

In recent years, the rapid technological innovations of smart personal technologies have given

rise to the growth of smart apps that can interact with users and implement personalized

incentives to coordinate and change user behaviors in various realms such as e-commerce,

patient-centered health system, and individual level transportation demand management

(TDM) systems. Understanding user behaviors is crucial for further intervention strategy

development and user experience optimization, hence the key to the success of the emerging

applications.

However, the existing statistical models encounter challenges when facing the unique

characteristics of the systems, e.g., the user-system interactions make the apps more than

data collection tools, but they also interfere with the user and change the user’s behavior;

the users are heterogeneous in their preferences but data of a single user is limited and frag-

mented; the massive user base and its complicated structure will affect personalized learning

and recommending. This dissertation develops novel models to address the aforementioned

challenges based on collaborative learning framework, graphical models, and deep matrix

factorization.
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Chapter 1

INTRODUCTION

1.1 Motivation

In recent years, the rapid technological innovations of smart personal technologies have given

rise to many smart apps that could interact with users and implement personalized incen-

tives to change and coordinate user behaviors in various realms such as online retailers with

targeted advertising [129, 70], patient-centered health system that aim to provide personal-

ized services [63, 130, 93], and individual level transportation demand management (TDM)

systems [6, 4, 132]. Such apps show unprecedented potentials. For example, traditionally,

TDM strategies will work generically on a population or a large group of people, by providing

incentives or issuing costs to certain travel behavior in order to modify people’s travel be-

havior, examples including offering low-cost public transportation, increasing parking costs

in peak hours, and monetary rewards, etc [13, 14, 100, 124]. On the contrary, the app-based

TDM systems developed recently are able to achieve real-time and personalized management

and optimization [6, 132]. Therefore, unlike traditional generic TDM systems which gained

limited success [110, 88], the personalized systems have shown the capability in system-wide

energy-saving and congestion mitigation in previous research [6, 132].

To fully unleash the potential of such personalized interactive reward systems, it is crucial

to understand user decision-making behavior and estimate user preferences. It is an enabling

factor to further intervention strategy development and optimization for user experience.

However, as new technologies and new communication tools, the data collected and generated

by these apps have several unique characteristics and will lead to corresponding statistical

challenges in modeling.
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First, as the systems provide personalized services and real-time services, it is important

to model the intra- and inter-individual heterogeneity. To be specific, for each user, his/her

preferences may evolve over time and will lead to influences on future behaviors. Such intra-

individual heterogeneity, also known as preference shift or preference reversal phenomena,

often requires dynamic models to explain [50, 29, 9]. Inter-individual heterogeneity refers

to the different preferences among different users. Much research has studied this issue

by employing users’ diverse demographic or socio-economic characteristics [49, 31, 66], or

latent psychological factors such as attitudes, perception and attention [11, 10, 115]. Fur-

ther, in these emerging apps, building individualized models of heterogeneous populations

is even more challenging. For one reason, the personal behavior data is usually limited and

fragmented. This involves a long-standing problem in statistics and machine learning, con-

sidering the huge heterogeneity of the population and the prohibiting cost to collect high

quality and sufficient data for each individual [35, 27]. On the other hand, for a mass popu-

lation with a large number of individuals, the heterogeneity in preferences or characteristics

is complicated, such as online shopping preferences and patient documents [18, 105, 39, 3].

Another aspect of the modeling challenge stems from the interactive nature of the system.

When users use the app, new data is generated as the system collects data, and the new data

is tied to or based on the interaction history. In other words, the data collection procedure

is not irrelevant to user behaviors anymore, but will interfere with user behaviors. In online

shopping, for example, a particular user will always browse for specific item categories,

and the system will need to remember such features so that it can show the user more

relevant products in the future [62, 107]. In the personalized TDM system, user preferences

will affect the designation of alternative plans and the price of those as well [6, 132]. All

these interactions will create problems such as data endogeneity [47, 46] or multicollinearity

[58, 103, 32] between the data collection and the user behaviors. It is a unique challenge

aroused by interactive systems, and very few existing works can be applied directly to this

situation. It may lead to inconsistent estimations and cause difficulties in understanding and

explaining behaviors, and special treatment or correction in analyzing is needed.
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This dissertation develops novel models to address the aforementioned challenges based

on collaborative learning framework [77, 78], graphical models [69], and deep matrix factor-

ization [128, 117]. The proposed models are applied on a real-world dataset collected from a

personalized TDM system [132]. They are capable of learning distinct individual-level behav-

ior models, discovering typical or special behavior patterns, and revealing the complicated

user heterogeneity structure.

1.2 State-of-the-Art

Corresponding to the different aspects of statistical challenges, several existing research areas

are related to the topic and shed light on this work.

1.2.1 Discrete Choice Models

Discrete choice models have been extensively used in modeling user behaviors over the

decades, such as the theory of Random Utility Maximization (RUM) [82, 12] and Random

Regret Minimization (RRM) [24, 57]. Recently, Hybrid Choice Model (HCM) framework

has gained increasing attention to account for latent effects within the discrete choices, such

as latent psychological variables like attitudes and perception or latent classes [11, 115], to

approximate complicated choice behaviors in reality. There are also works focusing on data

endogeneity where the error term is correlated with the choice, using latent variable methods

[47, 48]. However, discrete choice models are traditionally developed on a population base

and estimate the average effects of groups of people. Individual-level data is often limited

and fragmented in personalized apps, which may cause difficulties for discrete choice models.

Besides, few works in this realm are specifically designed to characterize the user interaction

with the app-based reward systems.

1.2.2 Collaborative Learning

The Mixed Effect Model (MEM) has been a long-standing method to handle heterogeneity

of individual models [113, 120, 114, 38, 108]. Although the primary motivation of MEM is
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not for personalized modeling, it provides an approach to estimate different models for each

individual as it incorporates a level-two distribution model to characterize the variations of

the level-one individuals. However, it encapsulates the heterogeneity into random effects.

The collaborative learning framework overcomes such issue and is the state-of-art person-

alized modeling idea [77, 78]. It portrays the heterogeneous population by learning a shared

set of canonical models among all users and a unique membership vector for each user. One

canonical model can be considered one behavior pattern or decision mechanism, and mem-

bership vectors represent the different degrees of the resemblance of the individual models to

the canonical models. By combining the canonical models using membership vector as the

weights, the individual models can provide an adequate characterization of the individuals.

In Chapter 2, we integrate the collaborative learning framework with random utility

maximization (RUM) and propose Personalized RUM models (Logistic Collaborative Model,

LogCM), to learn personal preferences. We formulate the model as an optimization problem,

and propose extensions of the LogCM framework in Chapter 3, the Pairwise-fusion LogCM

(LogPCM) and the LogCM with Time-varying preferences (LogCM-T), for more complex

data structures. LogPCM provides a data-driven technique to discover the canonical model

structure in the heterogeneous population, and LogCM-T can cope with the intra-individual

heterogeneity of preference shifts.

1.2.3 Deep Matrix Factorization

Matrix factorization is useful when there is a low-rank structure in data. Multi-layer matrix

factorization is popular lately for its capability of discovering different levels of hidden at-

tribute representations and the corresponding hierarchical structure [127, 128, 118, 117]. As

collaborative models also have a delicate low-rank structure similar to matrix factorization,

for a large population with a complex heterogeneity structure, it would also be beneficial to

extend the one-layer canonical structure into multi-layers.

In Chapter 4, Hierarchical Collaborative Model (HCM) is proposed. As an extension of

collaborative learning, the HCM model preserves the advantage of the ordinary collabora-
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tive model that it can efficiently learn individual models when individual data is limited, and

discover commonality in the heterogeneous population. Furthermore, the hierarchical struc-

ture in HCM makes it suitable for large complex populations, and enables it to understand

user behavior under different levels of detail and granularity. We also introduce Contextual

HCM (CHCM) to employ useful characteristic information of the individuals in the large

heterogeneous population.

1.2.4 Graphical Models

Graphical model refers to a family of multivariate statistical models that specifically model

the interactions among variables and derive their data-generating process [69]. Using the

graph, the model can represent the conditional dependencies among variables, enabling the

graphical model to reveal the relationship between variables. It overcomes the shortcomings

of discrete choice models which lack useful tools to characterize the interactions.

In Chapter 5, we propose an innovative graphical model to model the user-app interaction

mechanism. The model is called the Latent Decision Threshold (LDT) model that shows

promising results in understanding and discovering user behaviors with better interpretability

compared with discrete choice models. In addition, we integrated the LDT model with

max-margin learning, so that we resorted to a very computationally efficient algorithm for

parameter estimation, unlike many costly algorithms for graphical models [73, 123].

1.3 Organization of the Dissertation

This dissertation is organized according to the following structure. Chapter 2 proposes the

Logistic Collaborative Model (LogCM) framework, based on the random utility maximiza-

tion theory (RUM) and collaborative learning framework. LogCM framework addresses the

challenge of learning distinct individual models with limited data size. In Chapter 3, we in-

troduce two extensions of the basic LogCM to fit better specific real-world applications, the

Pairwise-fusion LogCM (LogPCM) and the LogCM with Time-varying preferences (LogCM-

T). Next, we develop a multi-layer collaborative model, named Hierarchical Collaborative
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Figure 1.1: The organization of the dissertation.

Model (HCM) in Chapter 4. It has multiple layers of the canonical structure, thus allows for

the interpretation of heterogeneous populations at different levels. We also provide Contex-

tual HCM (CHCM) in Chapter 4 which could match the model structure and the population

composition structure so that is suitable for a large population with complex composition.

The challenge of system interfering with user behaviors will be studied in Chapter 5. The

proposed Latent Decision Threshold (LDT) model combines the idea of graphical model and

the max-margin learning, and provides a better characterization of the data collection, user-

system interactions in these emerging systems. The conclusion and possible future works

are briefly discussed in Chapter 6. The relationships among these works and chapters are

depicted in Figure 1.1
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Chapter 2

LOGCM: LOGISTIC COLLABORATIVE MODEL FOR
PERSONALIZED RANDOM UTILITY MAXIMIZATION

(RUM) MODELING OF USER BEHAVIOR

In this chapter, we address the challenge of understanding user behavior at the individual

level and propose the Logistic Collaborative Model (LogCM) [34]. It builds on the concepts

such as canonical structure and membership vectors invented in recent works on collaborative

learning [76, 77, 78] and is suitable for modeling a heterogeneous population with insufficient

data from each individual. A computationally competent algorithm is developed to solve

the corresponding optimization formulation. Extensive simulation studies and a real-world

application in a smart Transportation Demand Management (TDM) system [132] show the

effectiveness of our proposed methods.

2.1 Introduction

The heterogeneous population has been observed in many applications such as modeling

in many engineering systems and healthcare problems [77]. In the emerging applications

that provide personalized services for target users, it is crucial to take into account the het-

erogeneity of the crowd, and understand user behavior at the individual level, i.e., learn a

distinct behavior model for each user and understand his/her own preferences. For example,

recently there has been much research attention on smart Transportation Demand Manage-

ment (TDM) due to the rising high demand in driving which is closely related to a number

of urban issues, such as congestion, air pollution, and public health [65]. TDM strategies are

designed to modify travel behaviors by providing travelers incentives (or costs) to certain

travel behaviors, for instance, promoting transit use by offering low-cost passes. Personalized
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incentive holds great promise to solve many challenges in TDM [41, 110, 88], leveraging on

the rapid proliferation of smart personal technologies that make it possible to offer incentives

individually [132, 22] rather than an average generic incentive.

The key to the success of any personalized service-providing system is a statistically

accurate and efficient personalized model that can estimate individuals’ preferences from

their behavior data. It has been found that the random utility maximization (RUM) model

is an effective tool to learn preferences from data [83, 12, 121, 91, 48, 25, 72, 55]. The

challenge is that the personal behavior data is usually limited and fragmented. This actually

involves a long-standing problem in statistics and machine learning, considering the vast

heterogeneity of the population and the prohibiting cost to collect high-quality and sufficient

data from each individual. Most prediction models are learned by pooling the individuals’

data together and creating a population model, thus ignoring individuals’ variations by only

characterizing the average effect. To address this problem, our framework builds on the

concepts such as canonical structure and membership vectors invented in recent works on

collaborative learning [76, 77, 78] and is suitable for modeling heterogeneous population with

insufficient data from each individual.

The personal behavior data itself can be challenging to model. For example, as described

in [132], the personal behavior data is collected from each individual who is asked to choose

between a promoted sustainable plan and his/her original travel plan. The RUM-based

models assume that the probability of choosing among multiple alternatives depends only on

the differences in their respective utilities, and an individual will select the alternative that

provides the maximum utility. Here, the utility is a concept quantifying the attractiveness of

an alternative in a choice scenario, and it is assumed to be indirectly related to the various

characteristics of the alternative, the individual and the surrounding environment [12, 53].

In reality, the utilities of alternatives are usually unobservable. To see that, for example,

given two alternatives A and B, the only information we can observe is the final choice which

only indicates that the probability Pr(UA ≥ UB) ≥ 0.5 when the individual chooses A (UA

is the utility of alternative A), otherwise, Pr(UA ≥ UB) ≤ 0.5. Neither the true probability
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nor utilities can be directly observed. Thus, learning preferences for each individual from

sparse and fragmented behavior data adds another level of complexity.

To learn user behavior at the individual level, we utilize the theory of RUM and propose

a novel logistic collaborative model (LogCM) to address the aforementioned issues. Collab-

orative learning framework [76, 77, 78] is one of the state-of-the-art personalized modeling

methods which can learn distinct personalized models for each individual, even when each

individual’s data is limited. Random Utility Maximization (RUM theory) has a solid behav-

ior basis and could provide the proposed models with good interpretability to understand

user behavior. A set of canonical models will be learned to represent the heterogeneity of

the population. Each canonical model can be considered as a representation of one behavior

pattern or decision mechanism. It is usually unknown that which mechanism an individual

may follow, and some individuals may exhibit a mix of those patterns. Thus, mathematically

these canonical models span the modeling space for the individuals and provide a basis to

characterize the individuals’ variations. We then learn a membership vector for each indi-

vidual, which represents the degrees of resemblance between the model of an individual and

the canonical models. With the knowledge of the canonical models and membership vectors,

common patterns are found, and individual models can be derived. The collaborative learn-

ing framework is easy to explain and suitable for heterogeneous populations with insufficient

data from each individual since it considers both the commonalities among individuals and

the characteristics of each individual by learning canonical models and membership vectors,

respectively. This novel collaborative learning model leads to a non-linear and non-convex

constrained optimization problem, which could be solved by our proposed two-step iterative

algorithm.

The proposed work is different from some ongoing works in the literature that aim to

provide remedy for RUM for various types of complications in real applications. Most of

these models are not designed for learning behavior models at the individual level. For

example, Azari et al. [5] aimed to learn utilities of a set of alternatives with rank data

and did not estimate personal preferences for each individual. Guevara and Ben-Akiva [47]
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dealt with the endogeneity caused by model misspecification (i.e., omission of the attributes).

Ben-Akiva et al. [10] incorporated contexts like social network as the decision being made

may also be affected by family, friends, and other choices being given. Hancock et al. [50]

used a dynamic model from decision field theory to characterize the changing preferences

with sequential choices and decisions. However, few literature has systematically tackled

the problem of personalized modeling in the framework of RUM theory. One exception is

the mixed logit model (MLM) [90, 9] that can deal with heterogeneous population where

parameters are assumed to vary across individuals. It is also known as mixed effects logistic

models (logistic MEM) where the distinct part of parameters (i.e., random effects) across

different individuals are sampled from a distribution. An extensive comparison between

MLM with our proposed model will be found in the numerical studies.

The work of LogCM is organized as follows. Section 2.2 presents the details of the

proposed logistic collaborative model (LogCM) and an intuitive extension of it, the similarity-

regularized LogCM (LogSCM). Related methods like RUM and mixed effect models (MEM),

and the relationships between them and the proposed model are discussed. Section 2.3

provides a two-step iterative algorithm for learning the parameters in the proposed models.

Implementation guidelines in practice are also discussed around issues such as initializing

and hyperparameter tuning. Section 2.4 evaluates the proposed methods on comprehensive

simulation studies. A real-world case study is shown in Section 2.5, followed with a detailed

discussion of the meanings of canonical models and the collaborative structure. To better fit

different application scenarios, we can further extend the LogCM framework with additional

structural designs, and we provide two innovative models in detail in the next chapter,

Chapter 3. Some supplementary materials are provided in Appendix A.

2.2 The Logistic Collaborative Model (LogCM)

In this section, we present the logistic collaborative model (LogCM) for personalized model-

ing in a heterogeneous population. Here, we develop the LogCM with the assumption that

the decisions made by users are binary, since this is the most common decision scenario in
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practice and multiple choice outcomes could always be converted into binary outcomes, e.g.,

if multiple products are presented to an user, we may use binary outcome variables to indi-

cate the “buy” or “not buy” for each product by the user. We first show that the RUM-based

logit model, used in [132] can be reformulated as a logistic regression (LR), which links the

characteristics of the alternative and the outcome using the logistic function (also known as

sigmoid function in deep learning). We then develop the mathematical formulation of the

LogCM. We also derive its connection with the mixed effects logistic model (logistic MEM)

[113, 52], i.e., MLM. [90] .

2.2.1 Relationship between Logistic Regression and RUM

As mentioned in Section 2.1, RUM assumes that the probability of selecting among alter-

natives depends only on the differences in their utilities. In other words, an individual will

assign the highest probability to select the alternative which provides the maximum utility

[12, 53, 55], where the utility is defined to be indirectly related to the various character-

istics of the alternative. For instance, for a scenario with two alternatives, A and B, the

decision-making problem is like a binary classification where the concept of utility for any

alternative is a function of some variables that characterize the alternative. Specifically,

based on the theory of RUM, for two alternatives, the probability of choosing alternative B

can be written as Pr(UB ≥ UA), where UA = VA + εA, UB = VB + εB are utilities associated

with alternative A and B, respectively, with V representing the “systematic utility” and ε

representing the “random utility” [12]. Then, we can analytically use the utility ratio [132] to

represent the probability that an individual will choose alternative B rather than alternative

A as RB = (eUB/(eUB + eUA). If RB ≥ 0.5, the individual has a higher probability to choose

alternative B, otherwise, RA ≥ 0.5, the individual will be more likely to choose alternative

A.

To characterize the difference between two alternatives, assume that there are p variables

and we can define the difference of the two alternatives on these p variables as x1, x2, ...,

xp. As only the difference matters to decide which alternative is more favorable, we could
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arbitrary appoint one alternative as baseline, i.e., we could set VA = 0 if alternative A is

the baseline. Then, we can define the utility of alternative B as VB =
∑

p βpxp. Since it is

assumed that the systematic utilities represent the predictable part in decision-making, which

are characterized by some variables that define the alternatives, and the random utilities are

not observable, the utility ratio can be simplified by eliminating the random utilities as:

RB =
eVB

eVA + eVB
=

exp(x>β)

1 + exp(x>β)
. (2.1)

Eq.(2.1) is mathematically the same as the logistic function in logistic regressions (LR).

Thus, using the definition of utility ratio under binary decision-making cases, the logit model

based on RUM is identical to the LR. As here we focus on binary decision-making outcomes,

RUM and LR models could be used interchangeably.

2.2.2 The Framework of Collaborative Learning

As personalized modeling often encounters the problem of lack of data, now we present how

the collaborative learning model is created for learning personalized models in our target

application. Usually, a multivariate statistical model requires a considerable amount of

samples for reliable estimation. For instance, it is a commonly held belief that the proportion

of sample size over number of parameters should be at least 30 in linear regression models

with continuous outcomes [92]. It is therefore expected to be more demanding on the sample

size if the outcomes are binary [59]. The high demand in sample size results in a challenge

for robust estimation for personalized modeling given limited data size.

To overcome the problem of limited data, we adopt the collaborative learning framework

that has been shown as an effective model in a range of engineering and healthcare appli-

cations [77, 76, 78]. The general idea of collaborative learning is to exploit the canonical

structure that is embedded beneath the heterogeneity of a given population. An exemplary

illustration is shown in Figure 2.1. Denote the canonical models as fk(x), k = 1, . . . , K, which

can represent some common patterns or typical types from the heterogeneous N individuals.
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The number of canonical models, which could be determined by data-driven approaches as

we will show later, is usually much smaller than the number of individuals (i.e., K � N),

granting the advantage of collaborative learning to reduce the burden of estimating a large

amount of free parameters.

With the knowledge of the canonical models, each individual model could be charac-

terized as an integration of the canonical models. Here, we assign a membership vector

ci = [ci1, . . . , ciK ]>, i = 1, . . . , N to each individual i to represent the degrees of resemblance

of the individual model to the canonical models. In other words, we assume that the model of

each individual is a combination of the canonical models, and the weights are the elements

of the corresponding membership vector. Since each canonical model describes one kind

of mechanism patterns in the population, by integrating this set of canonical models, the

individual models, denoted as gi(x) =
∑

k cikfk(x), i = 1, . . . , N , can provide an adequate

characterization of the individuals. Specifically, in the models with individual parameters

βi = [βi1, ..., βip]
>, i = 1, . . . , N , note that each canonical model is a model of the same form

with a parameter vector, i.e., qk = [qk1, ..., qkp]
>, k = 1, ..., K. Under the collaborative learn-

ing framework, we can assume that βi of the model of individual i is a linear combination

of the canonical parameters, i.e., βi =
∑

k cikqk.

For example, in our work, the forms of canonical models and the personalized models are

both logistic models, i.e., for k-th canonical model, fk(x) = log(Pr(y = 1))/(1−Pr(y = 1)) =

x>qk, where qk is the parameter vector of this canonical model. Thus, under the collaborative

learning framework, the model of individual i is gi(x) =
∑

k cikx
>qk = x>

∑
k cikqk, and

βi =
∑

k cikqk is the personalized parameter vector for the individual.

Next, we will present the formulation of our proposed LogCM in detail and an intuitive

extension, the similarity-regularized logistic collaborative model (LogSCM).

2.2.3 Model Formulation of LogCM and LogSCM

To derive the analytical formulation of LogCM, we first tidy up the parameters of the K

canonical models as a matrix: Q := [q1, ..., qK ] ∈ Rp×K . Then, we can rewrite βi as βi = Qci.
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Figure 2.1: Schematic of the collaborative learning framework.

LR is a widely used statistical model for binary-outcome problems. It assumes that the

probability of being in a certain category depends on a set of variables (x’s), with the link

of logit function. Under the collaborative learning framework, the logistic function can be

expressed as:

πi(xij) = Pr(yij = 1) =
exp(x>ijβi)

1 + exp(x>ijβi)
=

exp(x>ijQci)

1 + exp(x>ijQci)
. (2.2)

πi is the logistic regression model for individual i, where yij is the j-th binary observation

of this individual and xij is the p-length characteristic variables vector. LR is always learned

by maximizing the log-likelihood, which can be written as:

l = log(1 + exp(x>ijβi))− yij(x>ijβi). (2.3)

Note that it is also the logistic loss function in machine learning. We can see from Eq.(2.3)

that we can learn the parameters without knowing the latent variable given by x>β (the

systematic utility in the context of RUM). It is straightforward to write up the log-likelihood

function under collaborative learning framework for parameter estimation:

min
C,Q

N∑
i=1

1

ni

ni∑
j=1

{
log(1 + exp(x>ijQci))− yij(x>ijQci)

}
,

s.t. ci ≥ 0, c>i 1 = 1 i = 1, ..., N.

(2.4)
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Here, in our Logistic Collaborative Model (LogCM), note that the objective function is a

weighted sum of the logistic loss of all individual models to gauge the goodness-of-fit of the

models. ni is the number of observations of individual i. The goal of applying the weight

1/ni is to account for the different sample sizes of different individuals. The two constraints,

cik ≥ 0 and c>i 1 = 1, are imposed on ci due to its definition as a membership vector. By

solving this optimization problem, the parameter matrix of the canonical models Q and the

membership vectors ci, i = 1, . . . , N can be estimated. Then the individual models can be

obtained by βi = Qci.

An obvious advantage of formulating the parameter estimation problem as an integrated

optimization framework is that it is flexible to incorporate other kinds of data, prior knowl-

edge or any structural constraints that we may want to impose on the models. For instance,

in many other applications the similarity information among individuals could be very helpful

to learn individual models by allowing similar individuals to have similar models [77]. Denote

wlm as the similarity between individuals l and m, i.e., the larger wlm is, the more similar is

the pair. To incorporate the similarity knowledge in the model formulation of LogCM, we

could add a regularization term,
∑

l,m ‖cl − cm‖2wlm, into the objective function of Eq.(2.4)

and extend it to the similarity-regularized logistic collaborative model (LogSCM). Similar as

in [17], we can reformulate this regularization term as a trace term which can facilitate the

development of our optimization solution in Section 2.3:

1

2

∑
l,m

‖cl − cm‖2wlm =
N∑
l=1

c>l cldll −
∑
l,m

c>l cmwlm

= Tr(CLC>).

(2.5)

Here, C is the matrix containing all membership vectors C = [c1, . . . , cN ] ∈ RK×N . L is

defined as D−W, where W = (wlm) ∈ RN×N is the similarity matrix and D is a diagonal
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matrix with entries dll =
∑

mwlm. Thus, it leads to the following formulation of LogSCM:

min
C,Q

N∑
i=1

1

ni

ni∑
j=1

{
log(1 + exp(x>ijQci))− yij(x>ijQci)

}
+ λTr(CLC>),

s.t. ci ≥ 0, c>i 1 = 1 i = 1, ..., N,

(2.6)

where λ ≥ 0 is a hyperparameter that can be tuned to control the effect of the regularization

term on parameter estimation. The larger λ is, the greater influence will be imposed on the

estimation by the regularization term.

It is not hard to see that when λ = 0, the LogSCM formulation in Eq.(2.6) will degenerate

to the LogCM formulation in Eq.(2.4). By solving the optimization problem in Eq.(2.6), we

can estimate the canonical parameters matrix Q and the membership matrix C. As the

formulation is not jointly convex on both parameter matrices, we will propose an iterative

two-step approach to solve them alternatively in Section 2.3.

2.2.4 Relationship between LogSCM and Mixed Effects Logistic Model

The mixed effect model (MEM) has been a long-standing method to handle heterogeneity of

individual models [114, 38, 108]. MEM provides an approach for personalized modeling as

it incorporates a level-two distribution model to characterize the interrelations of the level-

one individuals. Specifically, for logistic regression, mixed effects logistic regression model

(logistic MEM) [113, 120] assumes that the random parts of the individual parameters βi’s

are independently identically distributed, sampled from a multivariate normal distribution,

i.e., βi ∼ N(0,Σ), where Σ denotes a covariance matrix. Logistic MEM is mathematically

equivalent to the Mixed Logit Model (MLM) under RUM theory, where the individual-level

parameters are random samples drew from a multivariate normal distribution [116, 54, 85].

Thus, it is of our interest to study the relationship between our proposed LogSCM and the

logistic MEM. We can prove that the objective function of LogSCM is equivalent to the

logistic MEM under certain conditions where wlm = 1/λN for all pairs of individuals and
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Σ = QQ>.

Theorem 2.2. The objective function of the LogSCM is equivalent to the objective

function of logistic MEM when W is a matrix with all entries being 1/λN and Σ = QQ>.

The proof of the theorem is provided in Appendix A.1. Theorem 1 shows a useful insight

of our proposed collaborative learning approach’s unique capability of studying heterogeneous

models compared to logistic MEM. Firstly, LogSCM provides greater flexibility of incorpo-

rating information sources as the similarity matrix could be freely formed. For MEM, it

essentially assumes that W is a matrix with all entries being 1/λN . It is not a surprise

because the fundamental assumption of mixed effects logistic model is that βi ∼ N(0,Σ),

which treats all individuals equally as independent samples from the same distribution. Fur-

ther, our model explicitly shows the commonalities and differences in population by providing

explicit forms of the canonical models and the membership vectors, while the logistic MEM

encapsulates the heterogeneity into random effects. On the other hand, although Theorem 1

reveals the hidden relationship between LogSCM and logistic MEM, it does not indicate that

logtistic MEM is simply a special case of the LogSCM. The logistic MEM can apply different

forms of covariance matrix, which will lead to a different model from LogSCM. As such,

LogSCM can be considered as a knowledge-driven logistic MEM with an extra capability to

incorporate the canonical structure and flexible similarity information.

2.3 Parameter Estimation Algorithm

The formulation of LogSCM shown in Eq.(2.6) has a structure that could be utilized to

develop a computational algorithm. Specifically, we notice that if we iteratively optimize

for Q and C in alternation, the optimization problem could be decomposed into two easier

subproblems. This strategy has been exploited in [77, 76, 78] for linear regression models

and has shown promising performances.
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2.3.1 Estimation Step for Canonical Models (Q Step)

In this step, we focus on solving Q with a given C∗, i.e., C∗ could be the latest estimation

of C. Given C∗, the regularization term Tr(CLC>) in Eq.(2.6) is a constant. Therefore, the

original problem degenerates to the subproblem:

min
Q

N∑
i=1

1

ni

ni∑
j=1

{
log(1 + exp(x>ijQc

∗
i ))− yij(x>ijQc∗i )

}
. (2.7)

To further reveal its structure for the benefit of showing how to solve this optimization

problem, we can define

x̃ij = X̃>ijc
∗
i ∈ RpK×1,

where

X̃ij =


x>ij 0 · · · 0

0 x>ij · · · 0
...

...
. . .

...

0 0 · · · x>ij


K×pK

.

Furthermore, denote q ∈ RpK×1 as the vectorized Q, and it is not hard to see that:

x>ijQc
∗
i = x̃>ijq. Thus, Eq.(2.7) can be simplified to:

min
Q

N∑
i=1

1

ni

ni∑
j=1

{
log(1 + exp(x̃>ijq))− yij(x̃>ijq)

}
. (2.8)

This is a weighted sum of logistic loss, and the logistic loss has been proved convex in

literature [86]. Therefore, Eq.(2.8) could be solved by many off-the-shelf algorithms. Here

we use an R package called CVXR for specifying and solving convex programs [37] to solve

the problem in Eq.(2.8).

2.3.2 Estimation Step for Membership Vectors (C Step)

In this step, we focus on solving C with a given Q∗. We briefly show how to solve C using

a closed-form updating rule here and the detailed derivation can be found in Appendix A.2.
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Given Q∗, the Lagrangian function of the original formulation as shown in Eq.(2.6) could be

derived as:

L =
N∑
i=1

1

ni

ni∑
j=1

{
log(1 + exp(x>ijQ

∗ci))− yij(x>ijQ∗ci)
}

+ λTr(CLC>) +
N∑
i=1

ηi(c
>
i 1− 1),

by introducing the Lagrangian multiplier ηi for constraint c>i 1 = 1. Optimal C must follow

the complementary condition, i.e., (∂L/∂cik)cik = 0:

1

ni

ni∑
j=1

[
exp(x>ijQ

∗ci)

1 + exp(x>ijQ
∗ci)
− yij

] (
Q∗>xij

)
k
cik + 2λ ((CL)i)k cik + ηicik = 0. (2.9)

Then, with L = D−W, and the constraint that c>i 1 = 1, the closed-form of ηi is:

ηi =
1

ni

ni∑
j=1

{
yij(x

>
ijQ

∗ci)−
exp(x>ijQ

∗ci)

1 + exp(x>ijQ
∗ci)

(x>ijQ
∗ci)

}
− 2λ(CD)>i ci + 2λ(CW)>i ci.

(2.10)

Plug in the above expression of multiplier ηi into the complementary condition in Eq.(2.9),

we can generate the following updating rule similar as in [77, 76, 78]:

c
(m+1)
ik = c

(m)
ik ×

{
1

ni

ni∑
j=1

[
− δ−

(
exp(x>ijQ

∗c
(m)
i )

1 + exp(x>ijQ
∗c

(m)
i )

(
Q∗>xij

)
k

)
+ δ+

(
yij
(
Q∗>xij

)
k

) ]

+
1

ni

ni∑
j=1

[
− δ−

(
yij(x

>
ijQ

∗c
(m)
i )

)
+ δ+

(
exp(x>ijQ

∗c
(m)
i )

1 + exp(x>ijQ
∗c

(m)
i )

(x>ijQ
∗c

(m)
i )

)]
+ 2λ

(
(C(m)W)i

)
k

+ 2λ(C(m)D)>i c
(m)
i

}/
{

1

ni

ni∑
j=1

[
δ+

(
exp(x>ijQ

∗c
(m)
i )

1 + exp(x>ijQ
∗c

(m)
i )

(
Q∗>xij

)
k

)
− δ−

(
yij
(
Q∗>xij

)
k

)]

+
1

ni

ni∑
j=1

[
δ+

(
yij(x

>
ijQ

∗c
(m)
i )

)
− δ−

(
exp(x>ijQ

∗c
(m)
i )

1 + exp(x>ijQ
∗c

(m)
i )

(x>ijQ
∗c

(m)
i )

)]

+ 2λ
(
(C(m)D)i

)
k

+ 2λ(C(m)W)>i c
(m)
i

}
.

(2.11)

Here, δ+(·) is a function defined as δ+(x) := max(x, 0) and δ−(·) is defined as δ−(x) :=

min(x, 0). Eq.(2.11) is derived from Eq.(2.9) and Eq.(2.10) which are the complementary
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condition and the original constraint for the normalization of the membership vector. There-

fore, Eq.(2.11) is a necessary condition to solve Eq.(2.6) and it is a stationary point. In

addition, by introducing the δ-functions, we ensure that the numerator and the denominator

are both non-negative. Therefore, given any positive initial C(0), the non-negativity of C(m)

is guaranteed.

Thus, we derive an algorithm that iteratively optimizes for C and Q. The procedure of

the proposed algorithm for learning LogCM and LogSCM is shown in Algorithm 1.

Algorithm 1 The Learning Algorithm for LogCM and LogSCM
Input:

Data Xi and yi for all i = 1, . . . , N ;

Initial values Q(0) and C(0);

Maximum iteration number MaxIter;

Similarity matrix W; Tuning parameter λ;

Output:

Q(MaxIter+1), C(MaxIter+1).

1: for each m ∈ [0,MaxIter] do

2: convert xij to x̃ij with current C(m);

3: solve Eq.(2.8) and get q(m+1);

4: transform q(m+1) to Q(m+1) by partitioning the pK × 1 vector to the p×K matrix;

5: calculate C(m+1) by applying Eq.(2.11).

6: end for

2.3.3 Empirical Guidelines for Implementing the Algorithm

In concluding this section, we introduce a few important empirical guidelines for implement-

ing the algorithm.
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Initialization of the parameters

One important issue is the initialization of our two-step computational algorithm shown in

Algorithm 1, i.e., to determine the initial values of canonical matrix Q and membership ma-

trix C. Suppose there are sufficient data from each individual to obtain a reliable estimation

of the regression coefficients of the individuals. In that case, we can first construct indi-

vidual models independently, with his/her own data. Then, with the estimated regression

coefficients for every individual, we can employ clustering techniques such as the k-means

method on the estimated regression coefficient vectors. The clustering algorithm will identify

K vectors as centers of the K clusters, which will be our initial values of Q. On the other

hand, if data is limited, which is more likely in practice, we recommend using the mixed

effects logistic regression model to obtain estimations of the regression coefficients of the

individuals.

Next, the resemblances between the regression coefficient vector of an individual i and the

center vectors of the clusters can be calculated and further normalized to obtain the initial

values of ci. In our work, inspired by the assumption of canonical structure, i.e., individual

models are combinations of the canonical models, we will gain the initial membership matrix

C by solving an optimization problem as following:

min
ci

∑
i

‖βi −Q(0)ci‖2,

s.t. ci ≥ 0, c>i 1 = 1, i = 1, ..., N,

(2.12)

where Q(0) is the initial value of Q, and βi is the regression coefficient vector of individual i.

Determination of K

In some applications [77], we have prior knowledge to help us determine the number of

canonical models, i.e., K. Without reliable prior knowledge, we could obtain the optimal

K using model selection methods such as AIC/BIC criteria along with the cross-validation

technique. For instance, in our numerical studies which will be shown later in Section 2.4
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and Section 2.5, we use 5-fold cross-validation to evaluate a range of K (for instance, from

2 to 10) in terms of prediction accuracy using metrics such as error rate and the area under

the Receiver Operating Characteristic (ROC) curve, i.e., the AUC value. Specifically, the

training set will be randomly divided into 5 sets. At each fold, 1 of them will serve as the

validation set. We learn models based on the other 4 sets and report the prediction accuracy

on the validation set. By comparing the average accuracy for each candidate K, we can

determine which fits the training data best, in terms of prediction accuracy, i.e., lowest error

rate or largest AUC.

Acquisition of the similarity matrix W

In some applications, the similarity matrix W is already known through expert opinion or

previous studies. We could also quantify the similarities between individuals using some

personal characteristics such as demographic and social-economic factors, and other factors

depending on the application contexts etc [122, 111]. To define similarity, existing approaches

including 0-1 weighting, heat kernel weighting and dot-product weighting could be used. For

instance, denote the personal characteristics of individual i as zi, the heat kernel is defined

as wlm = exp(−‖zl − zm‖2/σ2) and the dot-product is wlm = z>l zm. The 0-1 weighting

is calculated in a way that for each individual, we treat its k nearest neighbor as equally

similar and assign the similarities as 1 for these nearest neighbors; for others, the similarities

are 0. We recommend to use the heat kernel weighting in practice when W is not available

because it creates a continuous similarity metric and has a tuning parameter σ2 which can

adapt to the data. On the other hand, even if personal characteristics are not available, we

can obtain the similarities using a data-driven approach developed in [77]. The idea is to

treat the estimated regression coefficients of the individuals as personal characteristics and

calculate the similarities accordingly. In numerical studies, we will use mixed effects logistic

model to obtain initial estimations of the regression coefficients of the individuals, and use

heat kernel weighting to calculate the similarity matrix W.
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2.4 Simulation Studies

To evaluate the model performance, we conduct extensive simulation studies in this section,

and will show the performance in a real-world case of learning personal travel preferences,

in the next section. We compare our proposed LogCM and LogSCM models with several

benchmark methods including: 1) the one-size-fits-all logistic regression model (LR) that

treats all individuals homogeneously, pooling all the individuals’ data together to learn one

population model; 2) the mixed effects logistic regression model (logistic MEM) which con-

siders that the coefficients of individuals are sampled from a certain distribution; and 3) the

independent logistic regression model (ILM) that learns the regression coefficients of each

individual solely based on his/her own data.

In the simulation where the true parameters are known, we can evaluate the model

performance by looking at the differences between the learned coefficients and the real ones.

We can use the average Absolute Error defined as 1
N

∑N
i=1 |βi − β̂i|, and also the average

correlations as 1
N

∑N
i=1 ρ(βi, β̂i). A better model will lead to a smaller average absolute error

value and a higher average correlation which reflect smaller gaps between the estimated and

real values.

Besides, there are also several prediction accuracy metrics which can also reflect the model

performance. As the outcomes are binary, we can evaluate the models using the Error Rate

and the Receiver Operating Characteristics (ROC) curve. The ROC curve is a probability

curve plotted with true positive rate (TPR, also known as sensitivity) against the false

positive rate (FPR, equals to 1-specificity). We can further extract the area under the curve

(AUC) from the ROC curve for each model. The larger the AUC value is, the better the

model is in terms of prediction accuracy. Since the evaluations for prediction accuracy (error

rate and AUC value) do not require knowing the true parameters, they can also be used

in evaluating model performances in real-world cases. The experiments are conducted on R

(version 3.4.2) on an Intel Core i5, 8 GB 2.40GHz PC, and the running times are reported

in the results as well.
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2.4.1 Design of the Simulation Experiments

We conduct a comprehensive set of experiments to evaluate the performance of our pro-

posed methods with benchmark methods in a variety of scenarios. We design the following

guidelines to generate data. A detailed note for data generation is given in Appendix A.3.

With any given number of canonical models, for example K = 3, we manually set

the parameters of the canonical models encoded in Q to make sure that they are differ-

ent enough, as the canonical models are assumed to represent different preferences, behav-

iors or mechanism patterns. Then, for generating C, the Dirichlet distribution is utilized

to meet the constraints for membership vectors that c>i 1 = 1 and ci ≥ 0. To ensure

the heterogeneity among individuals, we design three distinct Dirichlet distributions as:

F1(c) ∼ Dir(ν, 1, 1), F2(c) ∼ Dir(1, ν, 1), and F3(c) ∼ Dir(1, 1, ν) for K = 3, with a large

tuning parameter ν = 20. Each individual is first assigned randomly to one of the designed

Dirichlet distributions, then the parameter vector can be obtained by βi = Qci. With this

generation procedure, it is guaranteed that we can see the canonical structure in individual

models. xij’s are generated from multivariate normal distributions and yij’s are calculated

accordingly with a small normal distributed noise. We consider one more layer of complexity,

which is the balance of the two classes in the binary outcomes. For balanced data, the two

labels are of similar sizes (50% for each), and for imbalanced data, the percentage of one

label is designed to be around 80%.

We generate 40 data points for each individual and randomly pick 10 for testing. For the

remaining 30 data points, two realistic scenarios are considered, i.e., dense sampling where

data size M ∼ Unif(21, 30), and sparse sampling where M ∼ Unif(6, 12). Sparse sampling

scenario is designed to refer to the application contexts in which there are only a few data

points for each individual.
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Table 2.1: Model performance comparison on testing set of the simulated balanced data

Known Similarity Unknown Similarity

LR MEM ILM LogCM LogSCM uLogCMuLogSCM

Dense Sampling

Time(sec) 0.026 72.29 0.238 52.38 55.73 49.05 60.37

Absolute Error 4.769 5.578 4.311 1.684 1.589 1.684 1.707

Correlation 0.413 0.465 0.580 0.921 0.925 0.921 0.925

Error Rate 0.253 0.453 0.200 0.137 0.137 0.137 0.137

AUC 0.832 0.555 0.855 0.955 0.958 0.955 0.951

Sparse Sampling

Time (sec) 0.025 32.12 0.213 82.57 43.72 79.42 37.39

Absolute Error 4.745 4.257 5.398 3.973 2.606 3.973 2.906

Correlation 0.411 0.506 0.434 0.557 0.758 0.557 0.721

Error Rate 0.240 0.257 0.213 0.130 0.110 0.130 0.117

AUC 0.749 0.624 0.865 0.947 0.949 0.947 0.954

2.4.2 Simulation Results

In applying our methods on the simulated data, we test our methods under two scenar-

ios: one scenario assumes that we have known the number of canonical models K and the

similarity matrix W by prior knowledge, and the other scenario assumes that we have no

such knowledge so we have to use a data-driven approach to obtain both. As discussed

in previous section, we use cross-validation to determine the K for LogCM and LogSCM

models, choosing the one has the highest average accuracy on validation sets, and derive the

similarities between individuals based on the estimated coefficients by logistic MEM using

heat kernel function. The cross-validation technique is also used in determining the tuning

hyperparameter λ for LogSCM.
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Table 2.2: Model performance comparison on testing set of the imbalanced data

Known Similarity Unknown Similarity

LR MEM ILM LogCM LogSCM uLogCMuLogSCM

Dense Sampling

Time (sec) 0.026 53.72 0.272 46.93 40.98 45.34 134.9

Absolute Error 6.835 4.004 4.120 1.969 1.626 1.969 2.853

Correlation 0.354 0.649 0.628 0.876 0.934 0.876 0.772

Error Rate 0.227 0.210 0.150 0.100 0.113 0.100 0.093

AUC 0.723 0.839 0.859 0.930 0.939 0.930 0.924

Sparse Sampling

Time (sec) 0.022 24.28 0.208 4.208 44.75 4.032 20.55

Absolute Error 6.860 5.676 6.280 4.614 2.834 4.614 4.415

Correlation 0.355 0.414 0.455 0.656 0.764 0.656 0.679

Error Rate 0.233 0.210 0.243 0.143 0.113 0.143 0.140

AUC 0.763 0.784 0.780 0.866 0.914 0.866 0.900

Table 2.1 summarizes the results for balanced data with K = 3 and p = 5. We also

conducted simulation experiments for other values such as K = 5, 10 and p = 10, 50, 100

and similar results could be observed. In Table 2.1, our LogCM and LogSCM model learned

with estimated similarities are labeled as uLogCM and uLogSCM, respectively. While not

shown in the table, by applying cross-validation technique based on average AUC, we can

successfully identify K = 3 which is the ground truth number of canonical models. The

results for imbalanced data of the same setting shown in Table 2.2. K = 3 can also be

automatically learned.

We can observe from Table 2.1 and Table 2.2 as follows.

1) Overall, the LogSCM model outperforms the others, since it can exploit the canonical
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structure of the individual models and the similarity information between individuals

to enhance model estimation.

2) When data is more imbalanced and sparser, the advantage of LogSCM generally be-

comes larger, showing that a knowledge-driven model can overcome the lack of obser-

vations.

3) When the canonical structure is significant, i.e., ν is large, the proposed LogCM and

LogSCM are better than other benchmark models in terms of both prediction accuracy

and parameter learning, showing their efficacy in exploiting the canonical structure for

better modeling.

4) The learned similarity matrix (in uLogSCM) can also help enhance the model estima-

tion to some degrees, especially in sparse cases although may not as good as the real

known information.

Furthermore, while it is not shown in the tables, it comes to us as a frequent observation

that in some sparse sampling or imbalanced scenarios, the ILM and logistic MEM may not

even be applied as the lack of data points result in highly ill-conditioned matrix operations

that lead to immature breakdown of their computational algorithms.

2.5 Real-World Case Study

In this section, we apply our proposed methods on a real-world data set collected from an

innovative personalized transportation demand management (TDM) system introduced in

[132]. This smart TDM system is a good example of the emerging smart apps that can

interact with users and implement personalized incentives, showing promising capacity in

coordinating and changing user behaviors.
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2.5.1 Personalized TDM System

TDM strategies are designed and widely deployed in most metropolitan regions to modify

travel behavior patterns by providing incentives or costs to certain travel behaviors [4, 132, 84,

81, 65]. Examples include increasing parking costs in peak periods, offering low-cost public

transportation, and monetary rewards, etc [14, 13, 89, 100, 99, 102, 7]. Traditionally, these

TDM strategies are developed based on population level, and literature shows that those

generic strategies have limited success [41, 110, 88]. Individuals will respond differently to

these TDM strategies [49], given their diverse demographic and socio-economic characteristics

[31]. Such diversity makes generic incentive ineffective, and thus, personalized incentive

strategies are potentially more promising.

In recent years, the rapid proliferation of smart personal technologies makes it possible

to interact with commuters and offer incentives individually [4, 132, 22]. For example, [132]

proposed a new personalized TDM system which could offer personalized promotions to each

commuter to change his/her behaviors. Ideally, the promotions with tailored rewards would

be designed based on statistically accurate modeling of the user behavior, by learning from

the interaction history between the commuter and the system. It has been reported in [132]

that the personalized TDM system is quite effective in changing users’ behaviors, i.e., the

acceptance rate of the promoted suggestions reaches 68%, which leads to a significant travel

time saving and congestion mitigation on the transportation system.

The smart TDM system works as follows. When a commuter is about to depart, he/she

can request a trip in the app. Then a promoted alternative travel plan will be generated based

on the app’s knowledge of this commuter, i.e., based on the decision choice model that can

be learned from previous interactions between the user and the app system. The alternative

may differ from the user’s original travel plan in some attributes, such as departure time

and total travel time. To encourage the user to accept the promotion, a certain amount of

reward points is assigned and the commuter will be awarded if he/she accepts the promotion

and changes the travel plan accordingly.
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Figure 2.2: An example of the alternatives and the choice question.

Figure 2.2 shows an example of user scenario of this smart TDM system. Before the trip,

the user will be asked to choose between Choice A (which is the original travel plan) and

Choice B (a promotion). In this case, the attributes that characterize the choices include

Schedule Delay Early (SDE), Schedule Delay Late (SDL), and Travel Time Saving (TTS).

Besides, a certain amount of Reward Points (Reward) is given as well to encourage the

commuter to change plan. The use of SDE and SDL as two variables is needed because it

has been found that people have different preferences on departing earlier or later if they are

asked to change their travel plan [13, 14].

The study investigated 1956 individuals about their preferences in daily commuting. Each

respondent is interviewed for up to 13 rounds of the choice scenario like in Figure 2.2, where

two alternatives were compared each time. Table 2.3 shows several rows of the data. The

primary goal of this study is to learn personalized models of individuals’ decisions in selecting

among alternatives.

2.5.2 Results

After a proper data cleaning, 828 individual’s data [132] will be investigated in our study,

and all of them answered all 13 questions. We assign the first ten rounds as training data

and leave the last 3 as testing.

As the number of canonical models is unknown, we apply the same cross-validation
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Table 2.3: Examples of the smart TDM system data

Schedule

Delay

Early

(min)

Schedule

Delay

Late

(min)

Travel

Time

Saving

(min)

Reward

Points

Choice Respondent

ID

Question

Number

30 0 5 40 B 1 1

0 30 5 40 A 1 2

10 0 5 40 B 1 3

. . . . . . . . . . . . . . . . . . . . .

procedure used in simulation studies to determine K for LogCM and LogSCM. The left

panel of Figure 2.3 shows the results of 5-fold cross-validation for determining K for LogCM,

ranging from 2 to 12. The black dot indicates the average AUC on validation sets across

all 5 folds and the error bar indicates the maximum and minimum. It can be observed

from the left panel that when K = 8, the average AUC on validation sets reaches the

maximum and the variation across 5 folds is also smaller than the others. The similarities

between individuals are derived based on the estimated coefficients given by logistic MEM

as recommended. Then we also use the same cross-validation procedure to determine the

tuning hyperparameter λ. The right panel of Figure 2.3 shows the results of LogSCM with

λ ranging from 0.018 (e−4) to 7.389 (e2). We can observe that when λ = e−0.21 = 0.811 the

average AUC reaches the maximum, although the differences are not significant compared

with other values of λ.

The algorithms for both LogCM and LogSCM converge quickly. Figure 2.4 shows the evo-

lutions of the values of the objective functions of LogCM (Eq.( 2.4)) and LogSCM (Eq.( 2.6))

over the iterations, on training set of the travel behavior preferences data. The left panel

shows the convergence performance of LogCM, and the right panel shows it of LogSCM. The

algorithms for both models converge quickly, in only 5 rounds (10 steps).
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Figure 2.3: Determining the value for K and λ based on average AUC on validation sets
using 5-fold cross-validation technique, on the smart TDM system data.

Figure 2.4: Convergence performances of the computational algorithms for LogCM and
LogSCM, on the smart TDM system data.

We compare our proposed models with the benchmark models mentioned before: one-

size-fits-all logistic regression (LR), mixed effects logistic regression (logistic MEM), and

independent logistic regression (ILR). Unlike in simulation studies where we know the true

values of the parameters of the individual models, here, as a real-world application, we do

not have such knowledge. Thus, we focus only on prediction accuracy on the testing data.

The error rate and AUC value are adopted, as well as the Mean Squared Error (MSE).

MSE is quite popular in judging the goodness-of-fit of a model. Lower MSE will indicate

higher prediction accuracy of the model. When applied in logistic regression, it is calculated
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Table 2.4: Model performance comparison on testing set of the smart TDM system data

LR MEM ILM LogCM LogSCM

Time (sec) 0.034 900.5 1.658 75.67 762.7

MSE 0.195 0.269 0.151 0.126 0.125

Error Rate 0.289 0.268 0.157 0.154 0.150

AUC 0.672 0.742 0.836 0.852 0.851

based on the probabilities given by the learned model, i.e.,

MSE =
1

N

N∑
i=1

1

ni

ni∑
j=1

(yij − πi(xij))2.

Table 2.4 summarizes the results. We can observe that the one-size-fits-all model (LR),

has the worst prediction performance. It can also be observed that LogCM and LogSCM

outperform others in terms of all three metrics. However, no significant difference between

LogCM and LogSCM is observed here. It may come from the fact that the similarity infor-

mation is learned from the data and the data for each individual is not large enough (only

10 questions). It is also consistent with what we observed in cross-validation procedure for

λ, that the similarity information here may not improve the model performance a lot since

different λ’s show quite similar performances on validation sets.

We further conduct another experiment to evaluate the effectiveness of the models, us-

ing different sample sizes. Although in this complete training set only 10 questions were

collected from each individual, it is likely that in real-world implementation of the travel

behavior intervention system, the number of observations of an individual may be even more

insufficient, and sometimes may be imbalanced. To account for these complexities, we further

randomly eliminate 30% (dense sampling, 70% remained) and 50% (sparse sampling,

50% remained) of the data from the training set. Less than 5 questions for each individual

will make it impossible to run individual logistic regression with 4 variables and to run 5-

fold cross-validation as well. We repeat the whole learning procedure (with cross-validation
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Table 2.5: Model performance comparison on testing set of the sampled smart TDM system
data

LR MEM ILM LogCM LogSCM

Dense Sampling

MSE 0.195 0.306 0.187 0.135 0.134

Error Rate 0.290 0.306 0.192 0.159 0.158

AUC 0.671 0.706 0.780 0.844 0.840

Sparse Sampling

MSE 0.196 0.220 0.224 0.164 0.159

Error Rate 0.291 0.317 0.228 0.191 0.182

AUC 0.670 0.681 0.733 0.822 0.823

Figure 2.5: The change of AUC of the models on testing set of the smart TDM system data,
at different levels of missing rate of training set.

technique for determining K and λ) on those new sparse data. Table 2.5 summarizes the

results of these models, and the tendency can be seen in Fig 2.5.

It can be observed that:
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1) The prediction performances of all models become worse when the training data be-

comes more sparse.

2) Our proposed models outperform the others in all three cases.

3) Figure 2.5 shows that the accuracy of ILM and MEM drops very fast, while the accuracy

of LR remains stable but low. It is because LR uses all individuals’ data so that it

does not have the problem of limited data size, but it cannot capture heterogeneity.

Meanwhile, our models show a high and stable capacity of learning under insufficient

data.

4) LogSCM overall is slightly better than LogCM since it incorporates additional infor-

mation in the data. This advantage is more noticeable when the data is very scarce,

consistent with what we have observed in simulation studies.

As the similarity matrix is also learned from the data, we can expect an even better perfor-

mance of LogSCM if valuable prior knowledge allows us to derive the similarity information.

In all, the study shows that our proposed models are more powerful in personalized modeling

and prediction. The advantage is even more obvious when learning with limited data.

2.5.3 Learning Behavior Patterns

As the collaborative learning has a particular structure where all users share the same set of

canonical models, the LogCM and LogSCM can provide explicit insight into some common

behavioral preferences in the population by the explicit modeling of the canonical models.

For example, Figure 2.6 shows 3 examples of the canonical models (out of 8) learned by

LogCM from the smart TDM dataset. The first canonical model (q1 = [−0.246, 0.045, 0.320,

0.026]>) shows one kind of pattern that the user does not want to depart home earlier while

departing later is acceptable, and saving time on-road is very appealing. However, the second

canonical model (q2 = [−0.195,−0.499, 0.226, 0.005]>) represents the pattern where the user
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Figure 2.6: Three examples of the canonical models learned by LogCM, on the smart TDM
system data.

does not want to change the departure time either way, but still wants to save time on-road.

The third example (q3 = [0.116,−0.003, 0.315, 0.018]>) refers to another kind of user who

may be willing to depart earlier.

These canonical models can refer to the different typical patterns in the heterogeneous

population, or more precisely, the most representative or extreme ones among the behavior

and preferences patterns, as each individual’s model is a convex combination of the canoni-

cals, making it a mixture of different typical patterns.

We can investigate the membership vectors to further understand the mixture of types for

every user, and to grasp the canonical structure in the population. For instance, for User ID

596, the membership vector c = [0.981, 0.004, 0.003, 0.002, 0.002, 0.002, 0.002, 0.004]>. The

element for q1 being 0.981 indicates that this individual’s behavior basically follows the first

example shown in Figure 2.6, representing this typical pattern. Similarly, we can also find

users whose behavior can be mostly explained by other canonical models as well, such as

User ID 2364, whose element for q2 in membership vector is 0.964. However, these users are

not the majority of the population, as the canonical models are the most “representative”

or “extreme” patterns of user behaviors and user preferences. There are only 10 users out of

the 828 investigated users have more than 0.95 for q1 in their membership vectors, meaning

they have minimal influence from the other patterns.

Most individuals’ preferences are more like in between of several canonicals, mixing mul-
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Figure 2.7: An example of the mixture of canonical models, User ID 1501.

tiple typical patterns. For example, User ID 1501, whose membership vector has 0.747 for

q2, 0.245 for q3, and only 0.08 for other canonical models. His/Her preferences for departure

earlier, later, time saving, and reward points are shown in Figure 2.7, where the black line

represents this user’s preferences β = 0.747q2 + 0.245q3 + . . .. We can tell that User 1501

is not as resistant to postponing departure as canonical model 2 (q2), but also does not like

to departure earlier like canonical model 3 (q3). This user’s preferences are somewhere in

between, and closer to q2, based on the membership vector.

With this understanding of canonical models and membership vectors, we can further get

insights into the heterogeneous structure of the population. We can define a q1-dominated

group, whose behavioral patterns can be mostly explained by q1, and can also be influenced

by the other canonical models, by filtering out the membership vectors with the first element

being larger than 0.5. For example, in smart TDM data, we can find 130 users out of 828

investigated individuals as q1-dominated.

Such partition of the individuals can be further analyzed with other information of the

users to help us understand the different patterns. For example, in the q1-dominated group,

most individuals have flexible (33.85%) or very flexible (43.08%) arrival time requirements

in the company, and only 10.77% users in this group have strict arrival time requirements.
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In the whole population, those percentages for users with flexible and very flexible arrival

times are 31.59% and 35.07%, while about 33.33% are having strict requirements. This may

partially contribute to the reason that in typical pattern q1, departing later is acceptable.

In conclusion, we can see that the LogCM framework not only can provide better pre-

diction accuracy for personalized modeling with limited data, but also has the potential for

knowledge discovery and behavioral learning, in explaining personalized models, understand-

ing typical patterns, and revealing the heterogeneous structure of the population.

2.6 Conclusion

This chapter proposed a collaborative learning framework in learning user behavior (with

binary outcomes) at the individual level, called LogCM. The LogCM framework addresses

the challenge of the lack of observations for personalized modeling. It allows us to learn

individual models from both individual’s own data and the relationships with other individ-

uals’ data. Besides, LogCM does not assume a central tendency of the population, which is

usually required in many other competing methods such as the mixed effects model. Thus,

it has greater flexibility and can capture individual preferences better when considerable

heterogeneity exists. We also provide a competent method for the LogCM framework, which

achieves less computation time than mixed effects model. Extensive simulation studies and

application on a new smart TDM system [132] show that the new method works well in

learning individual-level models, even when data is very limited.

With its optimization formulation, LogCM can be easily extended with more information

provided, and an intuitive example, LogSCM is presented. More delicate extensions for

various circumstances will be provided in later chapters.
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Chapter 3

EXTENSIONS OF LOGCM FOR SPECIAL CASES: UNEVEN
CANONICAL STRUCTURE AND TIME-VARYING

PREFERENCES

The Logistic Collaborative Model (LogCM) provides a framework for learning distinct

individual classification models in a heterogeneous population. On top of its basic optimiza-

tion formulation, additional information or structural design can be incorporated so that it

can better fit in different, more complicated circumstances. For example, LogSCM in Chap-

ter 2 utilizes the similarity information between individuals, and can further improve the

prediction accuracy, especially when data is quite scarce.

In this chapter, we will propose two new models with the LogCM framework. The

Pairwise-fusion LogCM (LogPCM) provides a comprehensive tool to discover uneven canon-

ical structures. The LogCM with Time-varying preferences (LogCM-T) provides a time-

relevant formulation to handle the challenges of preference shifting [50, 29, 9].

3.1 LogPCM: A Pairwise-Fusion Technique for Uneven Canonical Structure

The LogCM and LogSCM models use cross-validation to select the number of canonical

models, i.e., K. This implicitly assumes that the canonical structure is balanced and even.

In other words, the subpopulations that correspond to the canonical models are of similar

sizes. If this is not the case, there would be minority canonical models which only represent

patterns in minor subpopulations, and they could be hard to be identified by cross-validation

technique, since the increased model complexity (i.e., more canonical models) would not be

justified by the minor gain in model performance.

To address such problem, our strategy is to reveal the whole structure of the population
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heterogeneity, rather than identifying one best choice of K. This is inspired by the idea of

path solution trajectory that has been used in sparse learning literature. We begin with

a large K and incorporate pairwise-fusion regularization [94, 80] to penalize the pairwise

differences of candidate canonical models. Similar to LASSO or group LASSO [106] methods,

with a proper penalty, small differences can be shrunk to zero, i.e., the canonical models

with small differences will be fused into one. Thus, we name this method the Pairwise-

fusion Logistic Collaborative Model (LogPCM). A visual tool will be introduced to show

how LogPCM can help researchers get insights into the canonical structures.

3.1.1 Formulation of LogPCM

Eq.(3.1) shows the formulation of LogPCM.

min
C,Q

N∑
i=1

1

ni

ni∑
j=1

{
log(1 + exp(x>ijQci))− yij(x>ijQci)

}
+
µ

2

K∑
k1,k2

‖qk1 − qk2‖2,

s.t. ci ≥ 0, c>i 1 = 1 i = 1, ..., N.

(3.1)

Here, qk1 , qk2 are two candidate canonical models, i.e., two columns in matrix Q, and µ ≥

0 is the tuning parameter controlling the trade-off between prediction loss and the pairwise

differences of the canonical models. The L2-norm penalty exploits the non-differentiability

at qk1 − qk2 = 0, setting the difference to be exactly 0 when it is small enough.

To implement LogPCM, we start at a large K and a small µ. Then gradually increase µ

to see how the canonical models evolve, i.e., with the shrinkage effect of the L2-norm, similar

candidate canonical models will be fused into one. Eventually when µ is large enough, all

canonical models will merge into one. Note the definition of K here is slightly different from

the K in the original LogCM, that it is not the number of final canonical models, but rather

an estimated upper bound.
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3.1.2 Parameter Estimation Algorithm for LogPCM

As Chapter 2 suggests, the Q step in original LogCM vectorizes the matrix Q and therefore

simplifies the problem into a weighted logistic regression formulation which is convex opti-

mization. Clearly, the additional L2-norm is also convex with regard to canonical models

qk (k = 1, . . . , K). Thus, it is still convex with the vectorized q. To see that, we define

auxiliary matrices as:

A(ij) = [0p, . . . ,0p, Ip,0p, . . . ,0p,−Ip,0p, . . . ,0p]p×Kp, (3.2)

where each 0p is a p× p square matrix with all entries being 0, and Ip is a p× p unit matrix.

In total there are K square matrices that make up an auxiliary matrix A(ij), where the i-th

square matrix is a unit matrix Ip, the j-th is a negative unit matrix −Ip, and all the others

are zero matrices 0p. We can see that for vectorized q = [q>1 , . . . , q
>
K ]>:

A(ij)q = qi − qj. (3.3)

With Eq.(2.8) for non-regularized q estimation, the modified Q step for LogPCM is also

simplified to a non-constrained convex optimization as follows, and can also be solved by

CVXR [37] package as well.

min
q

N∑
i=1

1

ni

ni∑
j=1

{
log(1 + exp(x̃>ijq))− yij(x̃>ijq)

}
+ µ

K∑
k1,k2

‖A(k1k2)q‖2.

(3.4)

The C step for LogPCM remains the same, with the updating rule shown in Eq.(2.11),

as there are no additional changes are made to the membership vectors.

3.1.3 Simulation Studies

We run a simulation study similar as in Section 2.4, also based on K = 3 and p = 5. However,

unlike the simulation studies in Section 2.4 where individuals are randomly assigned to 3
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Figure 3.1: Determining the value for K based on average AUC on validation sets using
5-fold cross-validation technique, on the simulated data with one minority canonical model.

groups (each group mainly represents one of the canonical models), here, only about 10% of

the generated individuals correspond to the canonical model #3, i.e., P (F3(c)) = 0.1, which

is called a minority canonical model.

First, we investigate the performance of the cross-validation technique for determining

K in this uneven canonical structure. Figure 3.1 shows that K = 5 is chosen based on the

average AUC, which is not the ground truth. As a data-driven method, the cross-validation

technique is designed to choose parameters which lead to highest prediction accuracy, but it

may not reveal the real canonical structure.

If the primary goal is prediction, cross-valuation technique can lead to a reasonably

good result, as indicated in Chapter 2. But it is less advantageous in knowledge discovery.

Figure 3.2 shows the evolving plot of the candidate canonical models in LogPCM, when

we tune the hyperparameter µ from small to large. It shows the relationships between the

candidate canonical models during the fusing progress, such as which ones are fused together.

Starting with K0 = 15 (the initial K), when µ grows lager, more candidate canonical models

will be fused together, and when µ is large enough, they will all merge together and become

an one-size-fit-all model, i.e., K = 1. Here, we can see that K = 3 represents a distinct

geometrical pattern that indicates the possibility that there are 3 unique canonical models.
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Figure 3.2: The fusion progress the canonical models with increasing µ, on the simulated
data, K0 = 15.

Table 3.1: Parameter estimation comparison of the simulated data with one minority canon-
ical model

LR MEM ILM LogCM-5 LogCM-3

Absolute Error 4.080 7.243 188.8 3.164 2.715

Correlation 0.849 0.747 0.612 0.928 0.960

Using K = 3 would lead to better model estimation, as shown in Table 3.1. Thus, the

pairwise-fusion regularization could give us more insight into the dataset beyond what is

provided by cross-validation technique. It does not mean that K = 3 is the only best

answer. Actually, it is rather a flexible suggestion to determine K and can be combined with

domain knowledge. This revelation of the structure is important knowledge the LogPCM

could provide for practitioners to make informed decisions.
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Figure 3.3: The fusion progress of the canonical models with increasing µ, on the smart
TDM system data, K0 = 20.

Table 3.2: Model performance comparison on testing set of the smart TDM system data
using LogCM with different K

K = 8 5 7 9

MSE 0.126 0.118 0.123 0.121

Error Rate 0.154 0.149 0.156 0.147

AUC 0.852 0.871 0.856 0.858

3.1.4 Real-World Case Study

We also implement the LogPCM on the real-world travel behavior preferences dataset from

the smart TDM system [132] that we used in Section 2.5. Remember that in Section 2.5,

the cross-validation technique identified K = 8. Here, the evolving plot shown in Figure 3.3

reveals that it is quite likely that K = 5(4.5 < log(µ) < 6). If we seek further refinement

of the canonical structure, K = 7 (3 < log(µ) < 4.5), K = 9 (2 < log(µ) < 3) are also

reasonable choices. As in this real-world case study, we don’t know the ground truth of the

dataset, we test all these choices of K on testing set. Results are shown in Table 3.2.
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From Table 3.2 we can observe that K = 5 outperforms K = 8 in terms of AUC and

MSE. K = 9 reaches the best result in error rate. The results indicate that the new LogPCM

method provides a powerful tool in selecting K, which is flexible in practice because it shows

the whole view of the canonical structure. Unlike the cross-validation technique which is

entirely data-driven and determines one value of K based on a given validation criteria

(which is its strength, while is also its limitation), LogPCM reveals more information about

the canonical structure and gives practitioners a good reference and the flexibility to make

informed decisions.

3.1.5 Conclusion

As an extension of the LogCM framework, the pairwise-fusion LogCM (LogPCM) holds

the ability to learn distinct individual models when data is limited. Furthermore, it is a

specialized approach to address the challenge of uneven canonical structure, where some

minor subpopulations may not be adequately represented in the data and thereby could not

be effectively discovered by automatic methods such as cross-validation. Numerical studies

demonstrated the effectiveness of this model.

In addition, LogPCM provides an innovative knowledge discovery tool for better under-

standing or revealing the canonical structure, by incorporating pairwise difference regular-

ization on the candidate canonical models. Inspired by the path solution trajectory which is

commonly used in sparse learning, a graphical tool (canonical model evolving plot) is derived

to show the full view of the structure, and grants LogPCM the flexibility for researchers to

look for a proper K meeting their needs.

3.2 LogCM-T: An Online Updating Method for Time-Varying Preference
Learning

Despite inter-individual heterogeneity, i.e., preferences between different individuals are dif-

ferent, intra-individual heterogeneity is sometimes noteworthy as well, for example, time-

varying preferences. Many works have found that an individual’s preferences may not be
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constants but change along over time or evolve in the choice-making process [15, 67, 56, 71].

This will make the lack of personal data even more challenging.

LogCM handles well the challenge of limited data. However, in basic LogCM framework,

each individual’s model is a combination of the canonical models, which are stable logistic

models, i.e., irrelevant to time. Therefore, unlike LogSCM or LogPCM where additional

information is added directly into the objective function, we will need to extend the form of

canonical models to incorporate time information. In this section, we will briefly introduce

a co-authored work presented in [131], the Logistic Collaborative Model with Time-varying

preferences (LogCM-T).

3.2.1 Formulation of LogCM-T

Recall that in LogCM, the individual model can be expressed as:

πi(xij) = Pr(yij = 1) =
exp(x>ijβi)

1 + exp(x>ijβi)
=

exp(x>ijQci)

1 + exp(x>ijQci)
. (3.5)

πi is the logistic regression model for individual i, where yij is the j-th binary observation

of this individual and xij is the p-length characteristic variables vector. Here, we assume

that the parameter vector βi and canonical model parameter matrix Q are both static over

time. In LogCM-T, we will relax the assumption and have βi = βi(t) as a function of time t

to express time-dependent variations, for every individual i = 1, . . . , N . Note that here, the

observations xij, yij will correspond to time, i.e. xij(t), yij(t), due to the time-dependency of

βi(t), so in this work, we will use subscript t instead of the subscript j to denote a specific

observation of individual i, i.e., xit, yit, in sake of notation simplicity. To be concrete, the

individual models in LogCM-T can be expressed as:

πi(xit) = Pr(yit = 1) =
exp(x>itβi(t))

1 + exp(x>itβi(t))
. (3.6)

There are various parametric approaches to describe the time-varying preferences, for

example, we use cubic polynomial functions with regard to time, to approximate every
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element of βi, denote as βip, p = 1, . . . , P . In other words, we consider the case that the

preferences of every attributes can change over time. To be specific, for p-th attribute,

βip(t) = bip,0 + bip,1t+ bip,2t
2 + bip,3t

3 = b>ipvt,

where vt = [1, t, t2, t3]> for cubic polynomial function, and bip = [bip,0, bip,1, bip,2, bip,3]
> is the

parameter vector to be estimated to approximate the change of preference βip over time.

We then can apply collaborative modeling framework to the changing patterns of the

preferences, i.e, βi(t). For p-th attribute’s preferences, we suppose there are Kp canonical

models, i.e., Kp common changing patterns, whose parameter vectors can form a canonical

matrix Qp = [qp,1, . . . , qp,Kp ] ∈ R4×Kp for the aforementioned cubic function. And for this

attribute, each individual will have a membership vector cip ∈ RKp which follows the same

membership constraints as in LogCM (Eq.(2.4)), and we have bip =
∑Kp

k=1 cip,kqp,k = Qpcip.

Hence the canonical structure for time-varying preferences can be expressed as βip(t) =

(Qpcip)
>vt, and the LogCM-T model is shown as follows,

min
cip,Qp,∀i,p

N∑
i=1

1

ni

ni∑
t=1

{
log

(
1 + exp

(
P∑
p=1

(xit,p(Qpcip)
>vt)

))
− yit

(
P∑
p=1

(xit,p(Qpcip)
>vt))

)}
,

s.t. cip ≥ 0, c>ip1 = 1 i = 1, . . . , N ; p = 1, . . . , P.

(3.7)

Further, if we assume that all the attributes share the same set of changing patterns, in

other words, the time-varying preferences βip of all attributes (p = 1, . . . , P ) share the same

set of canonical models (Q1 = . . . = QP = Q), we can simplify Eq.(3.7) into a similar matrix

format as in LogCM (Eq.(2.4)) as follows,

min
Q,Ci,∀i

N∑
i=1

1

ni

ni∑
t=1

{
log
(
1 + exp(x>it((QCi)

>vt))
)
− yit(x>it((QCi)

>vt))
}
,

s.t. cip ≥ 0, c>ip1 = 1 i = 1, . . . , N ; p = 1, . . . , P.

(3.8)

where Q is the shared canonical model set, and Ci = [ci1, . . . , ciP ] is the membership matrix

for individual i whose columns are membership vectors for every attribute. Note that other
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forms of time-dependency can also be used as well in Eqs.(3.7) and (3.8) by defining different

vt’s. For example, in linear case, we can let vt = [1, t]> and Qp ∈ R2×Kp .

3.2.2 Parameter Estimation Algorithm for LogCM-T

With the optimization problem shown in Eqs.(3.7) and (3.8), we can estimate the canonical

parameters matrix Q/matrices Qp and the membership matrices Ci in alternation in the

same algorithm framework as in Section 2.3. However, the computation process may take

time. Thus, this wholesome update of all parameters of all individuals based on only a few

observations from one individual is not efficient, and is not suitable for a time-sensitive model

like LogCM-T. To update an individual’s preferences when a new observation is available,

we separate the process of canonical model updating and membership vector updating of the

LogCM-T into two stages – “offline updating” which can be applied periodically to update

the wholesome model and “online updating” which can perform real-time calculations to

update the membership vector of an individual with new observations. We will propose the

Online LogCM-T (OLCM) in this section, which focuses on the online stage of updating the

membership vector only.

In the online updating stage, an individual’s membership vectors will be updated given

his/her own data, while the canonical models are not updated. The online updating can also

be utilized to learn the membership vector when a new user comes to the system. Assume

that for individual i, there are ni observations (xit, yit), t = 1, . . . , ni available now with new

observations. In online updating process, we fix the canonical models and the optimization

problem in Eq.(3.7) will become,

min
cip,∀p

ni∑
t=1

{
log

(
1 + exp

(
P∑
p=1

(xit,p(Qpcip)
>vt)

))
− yit

(
P∑
p=1

(xit,p(Qpcip)
>vt))

)}
,

s.t. cip ≥ 0, c>ip1 = 1 p = 1, . . . , P.

(3.9)

Here the decision variables are individual i’s P membership vectors towards each dimen-

sion of the pareferences, i.e., each attributes. Similar as in Section 2.3, an updating rule for
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every element can be derived on the basis of Karush-Kuhn-Tucker (KKT) conditions The

detailed derivation process can be found in Appendix B.1. The final updating rule is shown

as follows,

c
(m+1)
ip,k = c

(m)
ip,k×

{ ni∑
t=1

[
δ+

(
exp(

∑P
p=1 xit,p(Qpc

(m)
ip )>vt)

1 + exp(
∑P

p=1 xit,p(Qpc
(m)
ip )>vt)

× xit,p(Q>p vt)>c
(m)
ip

)

− δ−
(

exp(
∑P

p=1 xit,p(Qpc
(m)
ip )>vt)

1 + exp(
∑P

p=1 xit,p(Qpc
(m)
ip )>vt)

× xit,p(Q>p vt)k
)

+ δ+

(
yit × xit,p(Q>p vt)k

)
− δ−

(
yit × xit,p(Q>p vt)>c

(m)
ip

)]}/
{ ni∑

t=1

[
δ+

(
exp(

∑P
p=1 xit,p(Qpc

(m)
ip )>vt)

1 + exp(
∑P

p=1 xit,p(Qpc
(m)
ip )>vt)

× xit,p(Q>p vt)k
)

− δ−
(

exp(
∑P

p=1 xit,p(Qpc
(m)
ip )>vt)

1 + exp(
∑P

p=1 xit,p(Qpc
(m)
ip )>vt)

× xit,p(Q>p vt)>c
(m)
ip

)
+ δ+

(
yit × xit,p(Q>p vt)>c

(m)
ip

)
− δ−

(
yit × xit,p(Q>p vt)k

)]}

(3.10)

where the superscript m refers to the order of iteration.

In summary, the membership vectors could be learned and updated iteratively with the

following steps:

1. Input: Qp for all p = 1, . . . , P , vt = [1, t, t2, t3]>, (xit, yit) for all t = 1, . . . , ni, initial

value c
(0)
ip , for all p;

2. For m = 1, 2, ..., iteratively update each dimension of each membership vector c
(m+1)
ip,k

with Eq.(3.10), given c
(m)
ip calculated in the previous iteration step;

3. Give a pre-determined criteria ε. When γ =
∑P

p=1 ‖c
(m+1)
ip − c(p)ip ‖22 ≤ ε, stop the

iteration.

We could apply the proposed online updating method to the new data obtained by an

individual and only update his/her membership vectors with much shorter computational
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time. Since the canonical models are vital in the preferences learning process but they are not

updated in the online updating stage, it is beneficial to apply the offline updating stage after

once after a time. With such combination of the online and offline updating, we can achieve a

balance between the requirements of real-time computing and accuracy of changing patterns.

In the following sections, we will only consider the online updating stage, i.e., OLCM-T, as

offline updating has been studies extensively in previous works (Chapter 2,[76, 77, 78]).

3.2.3 Simulation Studies

We then conduct simulations to test the performance of the proposed model. The benchmark

methods includes LR, ILM, MEM, same as in Section 2.4, and the original LogCM, where

individual preferences are constant values β rather than time-varying variables β(t). Note

that in LogCM, the canonical models represent different utility models in a format of V =

x>β, while in LogCM-T, the canonical models represent the changing patterns of preferences

β(t).

To mimic the online updating process over time, we assume that at each time step, one

data point could be obtained from each individual. For a given time step, the data that

could be used to learn the preferences of the individual is the set of data points obtained

from all previous time steps, and the new data point collected at the current time step. In

addition, we generate another 10 data points for the testing purpose only.

We start from a basic setting where (1) the total number of individual N = 120, (2) the

number of attributes (i.e., preference dimension, preference parameters in utility function)

P = 4, and (3) the number of canonical models for each preference dimension K = 2. With

this basic setting, each individual has 4 membership vectors towards the 4 dimensions of

his/her preferences, and each dimension could be described by the two canonical models of

that preference dimension and his/her membership vector towards that dimension. We then

generate simulated data sets in a similar way as described in Section 2.4.

The results of the prediction accuracy of each model at each time step are presented in

Figure 3.4. Each curve in the figure is the average of 100 independent runs so that we can
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Figure 3.4: The prediction accuracy of each model over time in online updating process, on
the simulated data.

report the 95% confidence interval (CI) as well. At time t = 1, each individual has 1 data

point available for estimation. As time goes from t = 1 to t = 15, the data points collected

from each individual increase from 1 to 15. In general, the prediction accuracy of all five

models increases over time when more data are available. Among five models, OLCM-T

considers time-varying preferences and has better performances at every time step.

Other settings of the simulation are also tested, such as different dimensions of preferences

and different number of canonical models. Similar results can be observed as shown in

Figure 3.5. The left panel shows the prediction accuracy of OLCM-T with different numbers

of canonical models for each preference dimension, and the right panel presents the accuracy

with different numbers of dimensions. Each curve is the average of 20 independent runs for

more stable results.

3.2.4 Real-World Case Study

Similarly, we implement the LogCM-T method and the online updating algorithm OLCM on

the real-world travel behavior preferences dataset from the smart TDM system [132] that we

used in Section 2.5. As we are testing the online updating, we separate the 828 respondents
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Figure 3.5: The prediction accuracy of OLCM-T on different settings of the simulated data.

Figure 3.6: Illustration of the data points used for model training and testing with real-world
dataset at each time step.

into two subsets. One subset contains randomly selected 80% of respondent, as the data set

to learn the canonical models for the whole population, assuming that the canonicals are

also applicable for the rest 20% respondents, which will be used to apply online updating

algorithm.

Figure 3.6 illustrates the usage of data points in analysis. Similar as in simulation studies,

at each time step, the data points obtained from all previous time steps and the new data

point collected at this time step are used as training data. The following three scenarios and

choices are used as the test data to evaluate the prediction accuracy, given the preferences

learned at the current time step.

For OLCM-T, the membership vectors are updated at each time step with new data
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Figure 3.7: The prediction accuracy of different models, on the smart TDM system data.

points. The canonical models will not be updated, which are pre-trained based on the 80%

subset of respondents. For other baseline models (LR,ILM,MEM,LogCM), the whole model

will be updated with new data points at each time step.

From Figure 3.7, we could see that the proposed OLCM-T has higher prediction accuracy

than other models from the first time step until the 10th time step, at which the predic-

tion accuracy of LogCM and ILM exceeds that of OLCM-T. This might because while the

canonical models of OLCM-T are fixed in the whole process, the original LogCM updates

both canonical models and membership vectors at each time step, which may impact the

performance of the model in later time steps. Furthermore, as time goes, more data are

available so that LogCM and ILM may performance better than earlier time steps.

3.2.5 Conclusion

We propose a time-varying extension of LogCM framework (LogCM-T) in the section, and

investigate performance of the online updating strategy of the LogCM-T. We use polynomial

functions to model the changing preferences, and in both simulation and real-case studies, the

proposed method shows promising outcomes in individual preference learning and behavior

prediction.



53

This work again shows that the LogCM framework can be easily extended to fit various

real-world circumstances. Such flexibility not only lies in the ability to add regularization

terms to the objective, it also lies in the fact that we can specify a more complex structure

in base functions on top of logistic regression.
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Chapter 4

CHCM: CONTEXTUAL HIERARCHICAL COLLABORATIVE
MODELING FRAMEWORK FOR HETEROGENEOUS

POPULATION WITH COMPLEX COMPOSITION

We propose Hierarchical Collaborative Model (HCM) in this chapter. It extends the

collaborative structure into multiple layers and can learn different levels of canonical models,

so that the commonalities under various degrees of details can be learned simultaneously.

HCM has a flexible hierarchical structure, making it a better fit for the complex nature of

large heterogeneity populations.

4.1 Introduction

Collaborative models (CM) [75, 77] has been found very useful for individualized modeling

where each individual has a distinct regression model. They can capture both the com-

monalities and inter-individual differences, even when individual data are limited due to its

innovative low-rank representation of the individual models. As stated in previous chapters,

collaborative learning framework postulates that in a heterogeneous population, the models

of individuals are not independent, instead, they share one common set of canonical models

which can represent some common patterns or typical types, and for each individual there is

a unique membership vector representing the different degrees of resemblance of the individ-

ual model to the canonical models. In other words, an individual model can be represented

as a combination of canonical models, and the weights are elements of the corresponding

membership vector. Hence, population knowledge can help learn individual models and

the common mechanism pattern in the population can be portrayed by the shared set of

canonical models.
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For a population with a large number of individuals and maybe a complex composition,

however, the population heterogeneity is much more complicated, such as online shopping

preferences and patient documents [18, 105, 39, 3]. The LogPCM in Chapter 3 also observed

that in a real world case, there are multiple choices of canonical structure which lead to

reasonable prediction accuracy and therefore can be seen as various depth of the canonical

structure. Therefore, typical collaborative models are not ideal for such circumstances.

For the first, it could be difficult to determine the number of canonical models. Too few

canonical models will not be able to represent different kinds of common patterns, and

results in information loss. On the other hand, too many canonical models will make each

canonical model is not very common, and it will also increase the number of parameters-

to-be-estimate and make the model less stable. Moreover, CMs’ two-layer structure (one

level of canonical models) could be an over-simplification of the population with complex

heterogeneity. It may not be sufficient in depicting such complicated heterogeneity. In

many real-world studies, population characteristics could be uneven, multi-level, and may

also under different granularity for various circumstances. Thus, the single-level canonical

models will lack such flexibility.

Like the extension of deep matrix factorization which can benefit from the deep structure

to learn hierarchical attributes representations of a given dataset [127, 128, 118, 117], in

this work, we develop the Hierarchical Collaborative Models (HCM) to effectively estimate

distinct models for a large complex heterogeneous population. With HCM, the differences

and the commonness of individuals may be captured by a hierarchical structure, and it can

give us a potential to echo the complex composition in population and discover intrinsic

heterogeneity structure.

The rest of the chapter is organized as follows. Section 4.2 formulates the proposed Hier-

archical Collaborative Model (HCM) and explains the different constraint settings. Contex-

tual HCM (CHCM) is also presented in this section to illustrate how population structure

and model structure can be linked. Section 4.3 provides an alternating iterative algorithm

to estimate the parameters. Numerical studies is given in Section 4.4 to demonstrate the
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effectiveness of the new model. Conclusion and discussion are presented in Section 4.5.

4.2 The Contextual Hierarchical Collaborative Model (CHCM)

We propose the innovative Hierarchical Collaborative Model (HCM) framework with the form

of linear regression. To be concrete, for each individual i, i = 1, . . . , N , we let the regression

model of this individual i be gi(x) = x>βi, where x represents P predictor variables, and

βi represents the corresponding regression parameters distinctly for this individual i. Later,

we will also illustrate how individual characteristic variables can be utilized to construct the

hierarchical canonical structure and present the Contextual HCM (CHCM).

4.2.1 Formulation of Hierarchical Collaborative Model

Typical collaborative models assume that there is one set of canonical models in a hetero-

geneous population, denoted as fk(x) = x>qk, k = 1, . . . , K, where qk is the corresponding

regression parameter vector. The number of canonical models is usually much smaller than

the number of individuals (i.e., K � N), granting the advantage of collaborative learning

to reduce the burden of estimating a large number of free parameters so that it can learn

distinct individual models when data is limited.

With the the canonical models, each individual’s model could be characterized as an inte-

gration of them, and we assign a membership vector ci to each individual i, i = 1, . . . , N , to

represent the degrees of resemblance of the individual model to the canonical models. Since

each canonical model describes one kind of mechanism pattern in the population, by integrat-

ing this set of canonical models, the individual models gi(x) =
∑

k cikfk(x), i = 1, . . . , N ,

can provide an adequate characterization of the individuals. Specifically, in the models

with individual parameters βi, i = 1, . . . , N , the collaborative structure can be expressed as

βi =
∑

k cikqk = Qci, or in matrix format:

B = QC, (4.1)

where B = [β1, . . . ,βN ] ∈ RP×N contains the parameter vectors of all individual models, Q =
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Figure 4.1: Schematic of the hierarchical collaborative model.

[q1, . . . , qK ] ∈ RP×K contains all the canonical model parameters, and C = [c1, . . . , cN ] ∈

RK×N is the matrix with all membership vectors. An exemplary illustration of typical

collaborative models can be found in Figure 2.1 in Chapter 2.

We notice in CM formulation, one set of canonical models will be found in a data-

driven manner, and every canonical model is of a similar status level. Therefore, for a

large population with complex composition, we may want to extend the framework of CM

to a multi-layer structure so that canonical models of different granularity can be learned.

For example, in the smart TDM system data described in Section 2.5, users with different

commute times may have distinct common patterns, which can be modeled as one level

of canonical models. Furthermore, even within those with similar commute times, user

preferences will vary because of their different departure time or company requirements. It

may lead to another set of canonical models, which are more detailed than the previous set.

Figure 4.1 illustrates the structure of the Hierarchical Collaborative Model (HCM).

In HCM, we assume there exists multiple layers of the collaborative structure, i.e., there

are in total L levels of canonical models instead of one. Between every two consecutive layers,
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we assign “membership vectors” for lower-level canonical models (or individual models) so

that they are combinations of the canonical models of the higher level. To be concrete, the

canonical-membership structure similar to Eq.(4.1) is embedded in every consecutive layers

in HCM, i.e.,

Ql = Ql+1Cl+1, (4.2)

where Ql and Ql+1 are two different levels of canonical models, and Ql+1 is one level higher

than Ql. As defined, Eq.(4.2) has the exact same structure as in Eq.(4.1). It means that be-

tween these two layers, Ql+1 are the canonical models for Ql, and Cl+1 are the corresponding

membership vectors. Higher level canonical models represent higher-level common patterns.

They are more “rough” expressions of the the most common patterns, e.g., the common

patterns for respondents with different commute times. While lower level canonical models

are more “detailed” expressions of the subdivision of common patterns for individuals, and

can be considered as the details of higher level canonical models, such as further breakdown

the commute time canonical models based on departure time.

With Eq.(4.2) for all l = 1, . . . , L − 1, we can develop the chain rule for factorizing the

individual model parameter matrix as,

B = QLCL · · ·C2C1, (4.3)

and derive the optimization formulation for HCM with L levels of canonical models as fol-

lowing:

min
QL,Cl,∀l

N∑
i=1

‖yi −XiQLCL · · ·C2C1,·i‖2

s.t. (A) C1,·i ≥ 0,

K1∑
k=1

C1,ki = 1, ∀i,

(B) Cl,·i ≥ 0,

Kl∑
k=1

Cl,ki = 1, ∀i, l,

(C) Cl · · ·C2C1,·i ≥ 0,

Kl∑
k=1

(Cl · · ·C2C1,·i)k = 1, ∀i, l.

(4.4)
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Table 4.1: Notation system in Hierarchical Collaborative Model (HCM)

Category Notation Meaning Dimension

Data
yi outcome of individual i ni × 1

Xi predictor variables of individual i ni × P

Parameter

QL
top level (level L) canonical matrix,

each column is one cononical
P ×KL

CL link matrix between level L and L− 1 canonicals KL ×KL−1
...

...
...

Cl link matrix between level l and l − 1 canonicals Kl ×Kl−1
...

...
...

C1
membership matrix between 1st level canonicals

and individual models
K1 ×N

Hyper-

parameter

N number of individuals, i = 1, . . . , N scale

ni number of data points of individual i scale

P number of predictor variables, p = 1, . . . , P scale

L number of levels, l = 1, . . . , L scale

K
number of canonical models of every level,

K = [K1, · · · ,KL]
>, N > K1 > . . . > KL

L× 1

Derived

natation

Q̃l
= Ql = QLCL · · ·Cl+1 = Ql+1Cl+1,

level l canonical matrix
P ×Kl

C̃l
= ClCl−1 · · ·C1, the membership matrix from

level l canonicals to individual models; note C̃1 = C1
Kl ×N

B
= QLCL · · ·C1 = Q̃lC̃l for any l = 1, . . . , L,

individual model matrix, each column is βi
P ×N

X̃l,i
= XiQ̃l, can be considered as the predictions using

level l canonical models for data of individual i
ni ×Kl

c̃l,i
= C̃l,·i, i-th column of C̃l,

the membership vector at level l for individual i
Kl × 1

For future clarity, we summarize the notation system for HCM in Table 4.1. A detailed

explanation of the HCM formulation as shown in Eq.(4.4) is in the next subsection.

4.2.2 Explanation of HCM Formulation

The hierarchical collaborative model has a very elegant structure which makes it easy to

interpret and also very versatile to respond to different needs. The flexibility of HCM is
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entitled by its chain structure in Eq.(4.3), and the different constraints.

For HCM with L levels, the objective of the Eq.(4.4) is the total sum of least square loss

of all the individual-level regression models, where:

βi = QLCL · · ·C2C1,·i. (4.5)

We know that level l canonical models can be calculated as Q̃l = QLCL . . .Cl+1 by

definition, and we can denote C̃l = ClCl−1 · · ·C1 and c̃l,i = ClCl−1 · · ·C2C1,·i as the i-th

column of C̃l. Therefore, individual model βi can be expressed by canonical models at any

level l as:

βi = Q̃lc̃l,i, (4.6)

where Q̃l is the canonical model matrix at level l. This form will be the same as canonical

structure, if c̃l,i follows certain constraints.

Similar to collaborative models, Constraint (A) in Eq.(4.4) is called the “membership

constraints” which comes from the definition of membership vectors. It works on C1 in HCM,

which connects the lowest level canonical models and the individualized models. Specifically,

we have βi = Q̃1c̃1,i, where c̃1,i is non-negative and the sum of the elements is 1. It indicates

that at level 1 (the lowest level), HCM can be interpreted as a single-level CM, where each

individual is a combination of the canonical models. This constraint is required for all

collaborative modeling framework and can assure the model identifiability.

Besides the membership constraints, unlike CMs, HCM has more than one level of canon-

ical models; hence it has more than one level of membership vectors as well. Constraint (B)

and constraint (C) offer two different strategies in extending membership constraints. Con-

straint (B) has the same requirements as constraint (A) except that it works on all other C

matrices (C2, . . . ,CL). It focuses on the collaborative structure between consecutive layers.

It requires every level to strictly follow membership constraints, meaning that for two con-

secutive levels, the higher level canonical models are canonical models for the lower level. As

these C matrices (l ≥ 2) links different levels of the canonical models, we will name them

“link matrices” to distinguish from membership matrix C1. Therefore, constraint (B) can
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also be called “link constraint”, which is exactly the same as membership constraint, but

applied on link matrices.

Constraint (C) works on derived membership matrices C̃l. It emphasizes more on the

connections between different levels of canonical models (Q̃l) and individual models. In

other words, it ensures that any c̃l,i in Eq (4.6) will follow the membership constraints,

i.e., βi = Q̃lc̃l,i now can represent the collaborative structure on every level l. We name

it as “general membership constraint”. Hence, with constraints (A) and (C), HCM can be

considered as a single-level CM for any given level l, so that it has the flexibility to interpret

the individual models and common patterns under different granularity.

Moreover, the following Lemma 4.2 reveals the relation between link constraints (con-

straint (B)) and general membership constraints (constraint (C)), and will add another

aspect of versatility of HCM.

Lemma 4.2: For two non-negative matrices A1 ∈ Rp×q and A2 ∈ Rq×r, whose column

sums are all 1, the product A1A2 is also a non-negative matrix with all column sums being

1.

The proof is provided in Appendix C.1. Lemma 4.2 indicates that constraint (B) is

stricter than constraint (C), i.e., when link constraints and membership constraints are

satisfied, the general membership constraints are always satisfied. In addition, when con-

straint (B) is applied in HCM, Lemma 4.2 will assure that there is collaborative struc-

ture between any two levels of canonical models. That is, for any two levels of canonical

models, Ql1 ,Ql2 , (l1 > l2), Ql1 can be formulated as canonical models for Ql2 , because

Ql2 = Ql1

∏
l1≥l>l2 Cl, and

∏
l1≥l>l2 Cl meets the requirements of link constraint, i.e., mem-

bership constraint. Equivalently, by multiplying any number of consecutive link matrices, the

product matrix will also satisfy the membership constraint, and can be served as a new link

matrix with hierarchical structure preserved in the collapsed new model. This add another

aspect of flexibility to HCM models.

Finally, we briefly discuss the relationship between HCM and semi-nonnegative matrix

factorization algorithms (Semi-NMF). On the surface, the multi-layer structure in HCM looks
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very alike matrix factorization works, especially Semi-NMF [117, 2, 79, 30], as we constrain

the membership matrix as a non-negative matrix. However, there are several key differences.

Most importantly, the MF algorithms focus on the decomposition of a known multivariate

data matrix. The optimization objective is usually the differences between the actual matrix

and the estimated low-rank representation, using matrix norms such as the Frobenius norm.

However, in our model, although the collaborative structure of the individual model matrix

B is a multi-layer matrix factorization, we do not have the knowledge of B. On the contrary,

the individual models are what the HCM seeks to estimate. Therefore, the MF algorithms

cannot be readily applied to HCM since they all utilize the information in the matrix B.

The loss function of HCM is also different from the MF algorithms due to the same reason.

It applies the least square error of the predictions, which is more similar to the regression

models.

Other than that, the deep semi-NMF [117] and HCM are slightly different in the con-

straints of the factor matrices. Deep semi-NMF factorizes the data matrix into a series of

mixed-signed matrices and a soft membership right matrix which is non-negative, while in

our model, the non-negative constraints are often applied to all the link matrices as well as

the membership matrix. It will lead to slightly different understanding of the model, that

in our model, the different level of canonical models are also linked by membership vectors

which enable the model to explain the preferences heterogeneity in population with various

depths of details.

4.2.3 Characteristic Information and Contextual HCM

In the HCM framework, we construct a hierarchical structure to learn various levels of canoni-

cal models, i.e., common patterns under different granularities in heterogeneous populations,

and ultimately obtain distinct individual models for each individual. Such a hierarchical

structure can echo the complex composition of the population, so that the model learning

may be further enhanced with some characteristic information of individuals, such as de-

mographics like gender and age, or the different commuting routines in the example of the
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smart TDM system [132]. Note that characteristic variables are different from the predictor

variables x we use in HCM.

To reflect the composition of population, we introduce Contextual Hierarchical Collabo-

rative Model (CHCM), where we specify the hierarchical structure for HCM based on char-

acteristic variables in the data. For instance, we consider a dataset with 3 characteristic

variables, and the characteristic variables have 4,3,2 labels, respectively. In other words, the

population can be divided into 4 groups based on the first characteristic, into 3 groups based

on the second characteristic, and into 2 groups based on the third. Therefore, we can specify

a hierarchical collaborative model with 3 levels of canonical models, where in each level, we

specify the number of canonical models as 4, 4× 3, 4× 3× 2, respectively. We can use K to

represent the structure of HCM, e.g. here K = [24, 12, 4]>.

The Contextual HCM (CHCM) provides an intuitive approach to specify the model struc-

ture of HCM. Besides, as the model structure given by CHCM matches the population com-

position (in terms of those characteristics), CHCM has a good interpretation, where each

canonical model could correspond to a common pattern in a specific subgroup, defined by

characteristic variables. For example, in the previous example, the first characteristic vari-

able can divide the population into four different groups, and the top level of CHCM will

also have four canonical models. Each canonical model at the top level can represent the

most typical pattern in one group. Each individual model is a combination of such different

typical patterns, while the weights would possibly be related to his/her characteristic labels.

In summary, HCM and CHCM benefit heterogeneous population learning in multiple

ways:

• HCM preserves the advantages of CMs, comparing with population-level model (one-

size-fits-all), independent individual-level models (independent regression) or mixed-

effect models, as HCM covers the basic structure of CM, as shown in Eq.(4.6). It

can learn distinct individual models by exploiting both individual’s own data and the

relationships with other individuals’ data, just as single-level CMs.
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• The hierarchical structure can reveal the heterogeneity in population with different

levels of details by deploying multiple level of canonical models. Especially in CHCM,

where the hierarchical structure echos the population composition, the canonical mod-

els have a good interpretation which matches the subpopulations with different char-

acteristics.

• The utilization of characteristic information in CHCM grants the possibility to have a

good guess for the individual model for a brand new individual, as we can always find

the canonical model of the smallest group he/she belongs to by his/her characteristic

variables.

• There are collaborative structures between two levels of canonical models as well in

HCM. Thus, the collaborative structure not only can embed the heterogeneity of the

population, but also can reveal a hidden structure between subpopulations or in the

entire population.

4.3 Parameter Estimation Algorithm

The formulation of HCM shown in Eq.(4.4) is not easy to solve directly. In this section,

we present an alternating algorithm with “back propagation” [20, 51] fashion to solve this

model with several easier sub-problems. Similar strategy has been exploited in collaborative

learning framework [76, 77, 78] where Q and C are learnt alternatively and iteratively until

model converges.

At each round of iteration for solving HCM with L levels, we will update the estimations

starting from level 1 membership matrix C1, through all the link matrices (from C2 to CL)

and to the level L canonical matrix (highest level QL). In total, there are L+1 steps in each

round.



65

4.3.1 Estimation Step for Membership Matrix C1 (C Step)

In this step, we focus on solving C1 with a given Q̃1 = QLCL · · ·C2, i.e., Q̃1 could be the

latest estimation of all other parameters. The main optimization in Eq.(4.4) can be reduced

to the following sub-problem,

min
C

N∑
i=1

‖yi −XiQ̃1C1,·i‖2

s.t. (A) C1,·i ≥ 0,

K1∑
k=1

C1,ki = 1, ∀i.

(4.7)

The constraints for link matrices are eliminated and will be investigated in later steps,

due to the back propaganda nature. Here we can see that the membership vector for each in-

dividual are mutually independent in the optimization problem. Thus they can be optimized

separately, i.e., for individual i:

min
c1,i

‖yi −XiQ̃1c1,i‖2

s.t. (A) c1,i ≥ 0, 1>c1,i = 1.

(4.8)

This is a constrained regression, and can be efficiently solved as a convex optimization

problem. In [77], a closed form updating rule is derived from KKT conditions. We will use

the following formulation as our C1 Step.

C
(new)
1,ki = C1,ki ×

[
X̃>1,iyi

]
k

+
[
X̃>1,iX̃1,iC1,·i

]>
C1,·i[

X̃>1,iX̃1,iC1,·i

]
k

+
[
X̃>1,iyi

]>
C1,·i

(4.9)

In this closed-form updating rule, the Q,C matrices used in the right-hand side are

current estimations, and X̃1,i is defined as XiQ̃1 = X1QLCL . . .C2 as shown in Table 4.1 in

sake of the simplicity in showing the formulation. Further, we can prove that the updating

rule showing in Eq.(4.9) has the stationary property.
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4.3.2 Estimation Steps for Link Matrices (Link Steps)

This part contains L − 1 steps from C2 to CL. All these steps will have a same form of

sub-problem as shown in follows (e.g., at Cl step),

min
Cl

N∑
i=1

‖yi −XiQ̃lClc̃l−1,i‖2 =
N∑
i=1

‖yi − X̃l,iClc̃l−1,i‖2

s.t. (B) Cl,·i ≥ 0,

Kl∑
k=1

Cl,ki = 1, ∀i,

(C) Clc̃l−1,i ≥ 0,

Kl∑
k=1

(Clc̃l−1,i)k = 1, ∀i.

(4.10)

We will take a gradient step at this stage,

l(Cl) =
N∑
i=1

‖yi − X̃l,iClc̃l−1,i‖2

dl

dCl

= 2
N∑
i=1

X̃>l,i(X̃l,iClc̃l−1,i − yi)c̃>l−1,i

(4.11)

Here, we only consider the objective function. A widely used approach is to take a small

gradient step each time and then project the new estimation to the feasible area given by the

constraints. The computational cost of computing gradients is relatively low, so each step is

very fast. However empirically, a projection operation is very likely needed, especially when

Cl matrix is large, so that the objective value may not be monotonically decreasing in each

iteration.

Alternatively, we also provide an optimization solution for link matrices as well. Note

that the objective function in Eq.(4.10) has the similar format as in Q step in collaborative

learning framework [76, 77]. Hence, we will apply the strategy of vectorization. Denote

l = Vec(Cl) and also define X∗i = (c̃l−1,i)
> ⊗ X̃l,i, then we will have the reformulated

objective:

min
l

N∑
i=1

‖yi −X∗i l‖2. (4.12)



67

The constraints can also be reformulated using the vectorized l. To see that, we define

the following Constraint Matrix D for constraint (C):

D =


c11 c11 · · · ck1 · · · cKl−11

c12 c12 · · · ck2 · · · cKl−12

...
...

. . .
...

c1N c1N · · · ckN · · · cKl−1N

 ∈ RN×KlKl−1 , (4.13)

where cki are the entries in C̃l−1 ∈ RKl−1×N , and each entry is repeated Kl times. The

constraint (C) is now

Dl = d, (4.14)

where d is a N -length vector with all elements being 1. Lemma 4.2 shows that constraint

(B) can be considered as a special case of constraint (C), where C̃m−1 is replaced by unit

matrix I ∈ RKl−1×Kl−1 , thus the D matrix and d can be adjusted accordingly, i.e.,

D =


1> 0> · · · 0>

0> 1> · · · 0>

...
...

. . .
...

0> 0> · · · 1>

 ∈ RKl−1×KlKl−1 , d =


1

1
...

1

 ∈ RKl−1 . (4.15)

In summary, each Link Step can be reformulated as the following sub-problem:

min
l

N∑
i=1

‖yi −X∗i l‖2

s.t. Dl = d, l ≥ 0.

(4.16)

It is now a simple quadratic programming which can be solved in polynomial time [36, 87],

and there are off-the-shelf solvers available [42, 37].

4.3.3 Estimation Step for Canonical Models (Q Step)

In this step, we focus on solving the highest level canonical matrix QL with all C matrices

fixed. As the constraints are all with regard to C matrices, this sub-problem is an uncon-
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strained optimization problem.

min
QL

N∑
i=1

‖yi −XiQLc̃L,i‖2 (4.17)

Similar as in Link Step, there are two approaches for updating QL. First, we can take

one step of gradient descent where the gradient is as follows,

dl

dQL

= 2
N∑
i=1

X>i (XiQLc̃L,i − yi)c̃>L,i. (4.18)

We can also apply the strategy of vectorization as well. Denote q = Vec(QL) and define

X∗i = (c̃L,i)
> ⊗Xi, we will have Eq.(4.17) simplified as:

min
q

N∑
i=1

‖yi −X∗iq‖2 (4.19)

Stack the outcome vectors y∗ =


y1
...

yN

 and design matrices X∗ =


X∗1
...

X∗N

 . It will be

identical to multivariate regression, in other words:

q̂ = (X∗>X∗)−1X∗>y∗ (4.20)

Notice that by the definition of HCM, the number of top level canonical models KM is usually

a small number, which won’t lead to dimensional curse for the inverse operation of X∗>X∗).

However, as population (N) can be very large in the application of HCM, the computational

cost for tidying auxiliary matrix X∗ and the additional storage cost may still be high.

In summary, the procedure of the proposed “back propagation” algorithm for HCM is

shown in Algorithm 2.

In Algorithm 2, the Link steps and Q step can also apply gradient method as discussed

in this section, which will lead to less computational time in each iteration but take more

iteration rounds to converge.
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Algorithm 2 The Learning Algorithm for HCM
Input:

Data Xi and yi for all i = 1, . . . , N ;

Initial values Q
(0)
L and C

(0)
l for all l = 1, . . . , L;

Maximum iteration number MaxIter;

Output:

Q
(MaxIter+1)
L , C

(MaxIter+1)
l for all l = 1, . . . , L.

1: for each m ∈ [0,MaxIter] do

2: calculate C(m+1) by applying Eq.(4.9).

3: for each l ∈ [2, L] do

4: solve quadratic optimization of Eq.(4.16) and get l;

5: transform l to C
(m+1)
l by partitioning the vector to the Kl ×Kl−1 matrix;

6: end for

7: solve Eq.(4.19) or Eq.(4.20) and get q;

8: transform q to Q
(m+1)
L by partitioning the vector to the P ×KL matrix;

9: end for

4.3.4 Empirical Guidelines for Initializing CHCM

In concluding this section, we introduce some empirical guidelines to initialize the CHCM

before the Algorithm 2 can be applied.

Contextual HCM utilizes the characteristic information to specify the hierarchical struc-

ture of HCM, hence echos the complex composition of the heterogeneous population. The

CHCM structure implicitly assumes that the canonical models correspond to the subpopu-

lations divided by those characteristic variables. Therefore, we can initialize the canonical

models for every level first, by estimating the average model for each group, defined by those

characteristic. To be specific, if characteristic A defines 4 groups, and the top level canonical

models can be initialized by modeling these 4 group-level models, each representing the com-
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monality within this group. Further, if the next level corresponds to characteristic A and

B together, defining 12 groups, then the 12 canonical models in this level can be initialized

these 12 group-level models.

After having Q
(0)
l for all l = 1, . . . , L levels, we can gain the initial link matrices by

solving an optimization problem similar to Eq.(2.12). Because in HCM, the two consecutive

levels of the canonical models have the same collaborative structure as in single-layer CM,

i.e., Eq.(4.2).

Finally, for the last membership matrix C
(0)
1 , we can assign them based on the char-

acteristics of the individuals. Since Q
(0)
1 corresponds to the subpopulation defined by the

characteristics, for each individual, we can find the corresponding canonical model based on

his/her characteristic, and set it as the dominant, by assigning a large weight, e.g. 0.8. All

the other initial canonical models at level 1, which correspond to other groups of individual,

can be assigned randomly with the remaining weight.

4.4 Simulation Studies

To evaluate the model performance, we will compare the hierarchical collaborative model

(HCM) with single-level collaborative models. As HCM provides multiple levels of canonical

models, it can explain the individualized models under various granularity. Meanwhile, given

K, single-level CM has only one set of canonical models on the same level, so it only represent

one certain degree of canonical details. Therefore, we compare single-level CM with different

K choices to see whether it can reveal similar heterogeneity structure of the population as

the HCM does. To be specific, we preset K = 4, 20, 100, 500 respectively for 4 different

single-level CMs. In addition, to show the heterogeneity in population, we will also report

the one-size-fits-all linear regression (LR) as well.

Several metrics will be used to compare the performances. For each individual, a regres-

sion model is fit for all methods. Therefore, prediction error, in terms of total squared loss

on testing set is reported, and the overall loss (Mean Squared Loss, MSE) will be calculated
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by taking average across all individuals, i.e.,

MSE =
1

N

N∑
i=1

‖ŷi − yi‖2

We also report the Mean Absolute Error (MAE) and their relative version, i.e., Mean

Mean Absolute Percentage Error (MAPE) and Mean Squared Percentage Error (MSPE)

to filter out the magnitude effects.

MAE =
1

N

N∑
i=1

|ŷi − yi|

MAPE =
1

N

N∑
i=1

|ŷi − yi|
|yi|

MSPE =
1

N

N∑
i=1

‖ŷi − yi‖2

‖yi‖2

R-squared (R2), known as the coefficient of determination, is another common way in

evaluating the prediction performance of a regression model, it is defined as how much of

sum of the squares is explained by the prediction model. A better model should have a

higher R2. We also take the average of R2 across all the individualized models to see how

well each method predicts.

In addition, as a simulation study, real parameters for each individual (B) are known.

We will also compute the estimation error as well, using the absolute (MAE,MAPE) and

squared error (MSE,MSPE) between real and estimated individual model coefficients. All

the metrics are reported using average across all individuals.

Finally, the total loss (objective value) averaged by individuals on training data is also

reported, as an indicator of final result of optimization problem.

Table 4.2 shows the result comparing the proposed HCM and single-level CM models

with different K choices. First of all, from the realut of LR, we can confirm that there is

significant heterogeneity in the population so that the one-size-fits-all model does not work

well. HCM and single-level CM’s all worked well in learning indivdiual models with limited
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Table 4.2: Model performance comparison based on average prediction and estimation errors
on the simulated data

Model LR CM-4 CM-20 CM-100 CM-500 HCM

Average R2 0.2885 0.8919 0.8917 0.8691 0.8181 0.8946

Prediction MSE 709.41 99.907 100.67 119.56 166.78 98.693

Prediction MSPE 0.6242 0.0942 0.0958 0.1148 0.1574 0.0926

Prediction MAE 45.806 17.818 17.878 19.514 22.909 17.718

Prediction MAPE 0.6836 0.2716 0.2728 0.2981 0.3489 0.2698

Estimation MSE 125.86 2.2045 2.3538 6.0015 15.753 2.0100

Estimation MSPE 0.3927 0.0064 0.0071 0.0180 0.0460 0.0061

Estimation MAE 114.83 14.020 14.527 23.471 38.147 13.175

Estimation MAPE 0.5912 0.0706 0.0737 0.1189 0.1920 0.0669

Average Loss 2868.4 374.93 361.00 362.75 391.91 358.79

data. Based on both prediction accuracy and estimation accuracy, we can observe that the

proposed HCM method outperforms all the single-level collaborative models. Figure 4.2 also

compares the MAPE and MSPE of these models. HCM performs slightly better than CM

with K = 4 and CM with K = 20. A trend that the accuracy is getting worse when K is

larger can be observed. It is understandable as more canonical models will have more free

parameters to estimate, which could be a hazard when data is limited.

Besides the better performance than all single-level CM, HCM shows its strength in other

two aspects. First, HCM learns all 4 levels of canonical models at once, which covers all the

single-level collaborative models. However, in order to achieve similar information about

canonical models, i.e., different degrees of details, single-level collaborative model has to be

applied 4 times with different K’s each time. Plus, to learn a single-level CM, we always have

to start from scratch, as they do not borrow or transfer information from other CM models.

Second, due to its hierarchical structure and chain rule, interpreting HCM at different levels is
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Figure 4.2: Model performance comparison based on average prediction and estimation
errors, on the simulated testing data.

equally accurate. However, as single-level collaborative models with different K’s are learned

independently, the performance with varying degrees of details will be different. And as we

observed in Figure 4.2, when K is large, both prediction and estimation performance in CM

is worse. It indicates that when we try to investigate more detailed common patterns, CM

may not work well.

Furthermore, unlike Contextual HCM, single-level collaborative modeling does not have

a hierarchical structure to reflect the composition of population. Therefore, it is usually the

case that the number of canonical models (K) for collaborative model has to be decided in a

data-driven manner such as cross-validation. As we have discussed in Chapters 2 and 3, the

ground-truth K, if there is one, is not guaranteed to be found by such techniques. In addition,

there might not be a “real” K in complex populations such as the case for HCM, where K

may be a series of value instead of one. Therefore, we further tested single-level collaborative

model with more K choices (K = 2, 3, 5, 10, 30, 50, 200 along with K = 4, 20, 100, 500), and

compare our proposed HCM to them. Figure 4.3 present the result. The horizontal line is the
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Figure 4.3: Model performance comparison with more K selections for single-level CMs based
on average prediction and estimation errors, on the simulated testing data.

performance of HCM. It can be seen that HCM outperforms all the single-level CM models.

The trend of worse performance when K is larger can be observed again. In addition, when

K is very small, the performance will also drop. This is also understandable, since too few

canonical models may cause some information lost for the data.

4.5 Conclusion

This chapter proposes the Hierarchical Collaborative Model, where multiple levels of canoni-

cal models will be learned simultaneously. HCM has an elegant hierarchical structure so that

the collaborative structure is embedded between different levels, and between various levels

of canonical models and individual models. We formulate HCM with linear regression as an

optimization problem, and propose Contextual HCM, showing how characteristic informa-

tion can be connected with the HCM structure. Such connection of the data structure and

model structure makes CHCM a suitable model for populations with complex composition,

and grants CHCM good interpretability with all those levels of canonical models. In the
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future, the HCM framework can be combined with non-linear base models so that it will

have more potential to fit in various circumstances.
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Chapter 5

LDT: LATENT DECISION THRESHOLD MODEL FOR
MODELING USER-SYSTEM INTERACTIONS BY

GRAPHICAL MODEL APPROACH AND MAX-MARGIN
LEARNING

In personalized interactive systems, the personalized recommendations or tailored incen-

tives which give to the users are designed based on previous user behaviors, and are designed

to coordinate or change user future behaviors. The new interaction will also becomes new

data point of the history, which will then affect future recommendation and incentive designs.

Thus, these smart systems not merely are data collection tools but also change users’ behav-

iors. In this chapter, We propose a graphical model to better characterize this unprecedented

connection, named Latent Decision Threshold Model (LDT) [33]. In addition, an efficient

computational strategy is developed based on a max-margin formulation, to overcome the

learning challenge of the non-linearity of graphical models.

5.1 Introduction

Many emerging applications that provide personalized services for target users [129, 70, 63,

130, 93, 6, 4, 132], aim to coordinate and change user behaviors by implementing personalized

incentives or rewards. For example, the smart TDM system proposed in [132] could offer

personalized promotions with tailored rewards, to each commuter to change his/her travel

behaviors. As mentioned before, traditional TDM strategies are usually developed based on

the population level, but the new smart TDM system will design the promotions and the

tailored incentives based on the individual level, to be specific, modeling from each user’s

interaction history with the system. It has been reported in [132] that the personalized

TDM system is quite effective in changing users’ behaviors, i.e., the acceptance rate of
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the promoted suggestions reaches 68%, which leads to a significant travel time saving and

congestion mitigation on the transportation system.

To fully unleash the potential of such personalized interactive systems, understanding

user behavior at the individual level is very important, which is the main focus of previ-

ous chapters. Equally important is to understand user behavior through such user-system

interactions. It is an enabling factor in further intervention strategy development and opti-

mization of user experience. The application of user models can improve the personalized

recommendations [19, 64] and it is essential for assigning proper personalized incentives such

as monetary rewards in order to encourage behavioral changes. Discrete choice models based

on the theory of Random Utility Maximization (RUM) [25, 82, 12, 55] such as logit model

are widely used in learning and understanding behavioral preferences for their good inter-

pretability. However, they commonly assume that the data collection is independent with

the human behavior, in other words, the technology for data collection is usually considered

as irrelevant and will not interfere with the object to be observed and modeled.

The connection between the data collection and user behavior in the new system needs

a more advanced statistical model to characterize. While not exactly concerning the same

problem as ours, there have been some studies in the literature on the endogeneity between

choices and the decisions, or choices and the travel behaviors. In [47], it deals with the

endogeneity caused by model misspecification (i.e., omission of the attributes) using control

function and latent variable. It does not relate the data collection procedure with the change

of user behavior caused by a reward mechanism typical in nowadays smart TDM systems.

In [46], it corrects the endogeneity which comes from the stated preferences and revealed

preferences. Ben-Akiva et al. (2012) [10] describes a framework of incorporating contexts

like social network as the decision being made may also be affected by family, friends, and

other choices being given. Both works do not concern personalized reward systems. In [50],

a dynamic model is used from decision field theory to characterize the changing preferences

with sequential choices and decisions, which concerns a different problem from ours.

Thus, none of the above approaches are fully applicable to the unique challenge posed
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by the personalized interactive system where rewards are influenced by the alternative’s

attributes and personal preferences. To fill in this gap, we propose a graphical model to

depict the user-system interaction and to model the user behavior. Graphical model is a

generic term referring to a family of multivariate statistical models that specifically model the

interactions among variables and derive their data-generating process [69]. Using the graph,

the model can represent the conditional dependencies among the variables, which enables

graphical model to reveal the relationship between variables and makes it easy to interpret.

Some existing hybrid choice models could also be potentially cast into the framework of

graphical model, e.g., similar efforts have been undertaken in the literature for a range

of linear models that show in the framework of graphical models many existing models

find a unifying framework [101]. A distinct concept that separates our proposed method

with the existing works is the concept of “decision threshold”, which is the tipping point

where a user may change his/her decision between alternatives under a combined influence

of the alternative’s attributes and personal preferences. To model this new mechanism we

develop the graphical model named the Latent Decision Threshold (LDT) model. It can

characterize a user’s decision behavior considering the attributes of the alternatives, the

user’s preferences, and the user’s decision threshold between the alternatives. As the tipping

point encodes a nonlinear relationship among variables, our proposed LDT model is a new

type of graphical model that tailors the user-system interaction mechanism and provides

a more delicate understanding of how a user makes a decision in a particular situation

influenced by rewards.

Many graphical models and algorithms are very computational costly [73, 123], particu-

larly when the interactions among variables are not all linear, as in our proposed LDT model.

Therefore, another important contribution of this work is that we further reveal an interesting

connection between the parameter estimation problem of the LDT model and max-margin

learning. Using this connection, we resort to the computationally efficient solutions of max-

margin formulation as a better approach than algorithms such as Expectation-Maximization

algorithm (EM) which is usually used when a graphical model has latent variables.
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The work of LDT is organized as follows. In Section 5.2, we review the example of smart

TDM system [132], and develop a characterization of the user-system interaction process

using existing models for user behavior such as logit model and mixed logit model (MLM).

It will illustrate the importance of noticing the interactive nature of such personalized sys-

tem. In Section 5.3, we develop the formulation of the proposed LDT model and construct

an efficient parameter estimation algorithm based on the max-margin learning principle in

Section 5.4. Comprehensive simulation studies are conducted in Section 5.5. Real case study

on the smart TDM system is presented in Section 5.6. Section 5.7 includes a brief conclusion

and discussion.

5.2 Background and Motivation

5.2.1 Personalized TDM System

To better introduce the proposed LDT model and demonstrate its performance, we use

a specific example of such reward systems, which we have used in Section 2.5. When a

commuter is about to depart, one can request a trip in the app and a promoted alternative

travel plan will be generated and offered by the system. The promoted plan is designed

based on the system’s knowledge of this commuter, i.e., based on the decision choice model

that can be learned from previous interactions between the user and the app system.

The alternative will differ from the original travel plan in departure time and total travel

time, which means the attributes that characterize the choices are Schedule Delay Early

(SDE), Schedule Delay Late (SDL), and Travel Time Saving (TTS) [132, 13, 14]. The

system will also determine the amount of reward points (Reward) needed for the potential

acceptance of the promoted alternative [132]. In other words, a personalized incentive should

be derived based on the alternatives’ attributes and the user’s preferences to encourage the

user to switch to the new alternative. An example of user scenario is shown in Figure 2.2

where SDE = 10, SDL = 0, TTS = 20, Reward = 10, and several rows of the user-system

interaction history data is shown in Table 2.3.



80

5.2.2 Limitations of the Logit Models

The discrete choice models based on Random Utility Maximization (RUM) theory are found

effective in learning behaviors or preferences. Here, we concentrate on a class of RUM

known as logit models, similar as in previous chapters. The RUM theory assumes that the

probability of selecting among alternatives depends only on the differences in their utilities,

and a user will select the alternative with the highest utility, where utility is a concept

quantifying the attractiveness of an alternative [12, 55, 53] which is defined to be related to

attributes, for example, in our example,

UA = VA + εA = β0 + β>xA + εA = β0 +
P∑
p=1

βpxAp + εA,

UB = VB + εB = β0 + β>xB + εB = β0 +
P∑
p=1

βpxBp + εB,

where V = β0+β>x is the measurable systematic utility and ε is the random utility [12]. The

parameter β shows the preferences of the user, i.e., a positive βp indicates that this attribute

xp of the alternative is attractive to the user, granting higher utility to the alternative

and making it more likely to be chosen. With the multinomial logit (MNL) formulation

[82], the logit model can be expressed as the probability of choosing among alternatives.

Furthermore, x could be the differences between the attributes of the two alternatives [55,

83] for applications with two choices. Specifically, to apply the logit model on the new

personalized TDM system as shown in Figure 2.2, where four attributes are xSDE = 10,

xSDL = 0, xTTS = 20, and the monetary reward points r = 10, we use y = −1 to denote that

the user chooses Choice A, and use y = 1 to denote that the user chooses Choice B, the logit

model will lead to the following expression of the probability of accepting the promotion

(y = 1):

Pr(y = 1) =
exp(VB)

1 + exp(VB)
, where VB = β0+βSDExSDE+βSDLxSDL+βTTSxTTS+βrr. (5.1)
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As the RUM theory is used for population-level modeling, a more related model in our

context is the mixed logit model (MLM) (also called the random parameters logit model)

that allows the parameters of the individuals vary. It can model the heterogeneity of the

population [45, 54, 8] by modeling the individual-level parameters β(i)’s as random samples

drew from a multivariate normal distribution. For example, the probability that individual

i will accept the alternative can be expressed in the form [116, 54, 85]:

Pr(y = 1) =

∫
β(i)

exp(VB)

1 + exp(VB)
f(β(i))dβ(i), (5.2)

where f(β(i)) is the density function for all the individual-level parameters β(i), and it can

be specified as a multivariate normal distribution with unknown mean and covariance. We

can treat all the preference parameters as random parameters and the systematic utilities VB

in Eq.(5.2) are based on such personal preferences, i.e.,VB = β
(i)
0 + β

(i)
SDExSDE + β

(i)
SDLxSDL +

β
(i)
TTSxTTS + β

(i)
r r. MLM will be a baseline in our study to be compared with our proposed

LDT model, and results are shown in Sections 5.5 and 5.6.

However, after applying the logit model and MLM to analyze the data collected in the

smart TDM system, we observe some counter-intuitive results. Table 5.1 shows the estimated

coefficients of the logit model for the population. The fact that β̂r in this logit model is

negative literally implies the higher the rewards, the lower the probability the user could

accept the promotion. If this were true, it will lead to a consequence that we cannot change

user’s travel behavior by providing more rewards. On top of this conceptual difficulty to

understand the model, we also observe an unusual statistical phenomenon: the estimated

coefficients are close to zero. Later in-depth analysis in Section 5.6 will reveal that this may

be due to the large heterogeneity of the users. Hence we also apply mixed logit model (MLM)

as shown in Eq.(5.2) to learn personalized models. The results of MLM are shown in Table

5.2.

MLM did not alleviate the difficulty in interpretation; rather, more counter-intuitive signs

of β̂(i) are observed. For instance, a considerable portion of β̂
(i)
r is negative. This paradox

leads us to hypothesize that we could not take it at its face value, i.e., β̂
(i)
r not only estimates
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Table 5.1: Estimated coefficients using population-level logit model on the smart TDM
system data

β̂0 β̂SDE β̂SDL β̂TTS β̂r

Estimated Coefficients 1.9161 -0.0210 -0.0290 0.0504 -0.0202

p-value 0.000∗∗∗ 0.000∗∗∗ 0.000∗∗∗ 0.327 0.000∗∗∗

Table 5.2: Results of the Mixed Logit Model (MLM) on the smart TDM system data

β̂0 β̂SDE β̂SDL β̂TTS β̂r

% of Counter-Intuitive Sign – 15.81% 1.76% 21.25% 38.84%

β
(i)
r but also something else. This indicates that the data-generating mechanism is different

from the one assumed by the logit model and MLM. The same observation could be made

on β̂
(i)
TTS, as time saving should also be an encouraging factor for users and is supposed to

have positive sign [13, 14].

5.2.3 Analysis of the Paradox

The counter-intuitive results shown in Tables 5.1 and 5.2 imply a mismatch of the modeling

framework as illustrated in Eq.(5.1) with the underlying mechanism of the users’ decision-

making process when using such reward systems. To illustrate this, Figure 5.1 shows a

conceptual understanding of the data-generating mechanism assumed by the logit models.

It takes all the attributes including the reward as a set of variables with additive effects to

predict the final decision. This “flattened” treatment of all attributes in the decision-making

behavior as a set of variables with interchangeable positions in the same layer, while each

variable’s effect is additive, is probably an oversimplification of the problem that caused the

counter-intuitive results.

To provide a remedy for this problem, first, it is worthy of pointing out that in existing

app-based TDM systems it is a common strategy that the rewards assigned to the promo-
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Figure 5.1: An illustration of the logit model based on RUM.

tions are usually related to the attributes, e.g., in [132], when an alternative travel plan is

generated, the reward points for this alternative are derived based on the attributes and the

estimated user preferences. In other words, r is often correlated with other attributes x.

This correlation or multicollinearity has been known to be a hazard to models that have

linear forms where the logit models are no exception. Lemma 5.2 articulates the danger

of applying those models with one-layer flattened structure to model the user behavior in

interactive apps and offers an explanation of the unstable and counter-intuitive estimations.

Lemma 5.2: In logit models, when the reward r is linearly related to the attributes x,

there will be an infinite set of estimated coefficients β̂ that can lead to same utilities, and

therefore, all maximize the log-likelihood of the model. In some of these solutions, β̂r may be

negative.

The proof is provided in the Appendix D.1. Lemma 5.2 indicates that the parameter

estimations of the logit model will be unstable and misleading when the attributes are cor-

related with rewards r. It is then of interest to see if this is true in the personalized TDM

system data we have used in this study. Table 5.3 shows the population-level correlations

between rewards r and the other three attributes, i.e., xSDE, xSDL and xTTS, by pooling

all users’ data together. The result shows that r is significantly correlated with other three

attributes. We also check the individual-level correlations (i.e., using each user’s own data).

The average correlations and the average of absolute values of correlations over all users are
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Table 5.3: Correlations between rewards r and other attributes x in the smart TDM system
data

xSDE and r xSDL and r xTTS and r

Correlation 0.0296 -0.0733 -0.1890

p-value 0.006∗∗∗ 0.000∗∗∗ 0.000∗∗∗

Average of personal correlations 0.1036 -0.0141 -0.0526

Average of absolute personal correlations 0.3299 0.2993 0.2058

Table 5.4: Estimated coefficients using linear regression model for r on x on the smart TDM
system data

γ̂0 γ̂SDE γ̂SDL γ̂TTS

Estimated Coefficients 39.558 0.0106 -0.0793 -0.7485

p-value 0.000∗∗∗ 0.481 0.000∗∗∗ 0.000∗∗∗

reported in Table 5.3 as well. We can observe that there are users whose individual-level

correlations between rewards and other attributes are high. Note that here we report the

absolute values because the magnitude reflects the strength of correlation.

To further examine if the condition in Lemma 5.2 exists in this data, we build a population-

level linear regression model for r using x as predictors, i.e., r = γ0 + γ>x + ε. Table 5.4

shows the result, clearly suggesting that there is significant correlation between the reward

and other attributes. While this analysis is done on the population level, i.e., we pooled all

users’ data and build one regression model, we also built personalized regression models, i.e.,

we built a regression model for each individual, using only his/her own data, and a similar

observation could be obtained.

Although a common way to deal with multicollinearity among the variables is to apply

variable selection techniques before modeling, i.e., to remove the highly correlated variables,

it is not suitable in our case because all the variables are important and contextually mean-
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ingful although statistically correlated, and the reward r, which is the highly correlated

variable, is a key component for the success of personalized reward system and should be

included in the model. Principal Component Analysis (PCA) [125] is another common prac-

tice in dealing with multicollinearity as it projects related variables into a new coordinate

system such that the new features are not linearly correlated. However, it will lead to a

loss of interpretability as the variables are transformed into new features. Putting all to-

gether, we conclude that there is a significant gap between the existing literature with the

personalized TDM systems we aim to study. To fill in this gap, we propose a graphical

model to characterize the data-generating mechanism in these user-system interactions in

the following sections.

5.3 The Latent Decision Threshold (LDT) Model

Motivated by the limitations of the RUM-based models discussed in Section 5.2, we propose

Latent Decision Threshold (LDT) model in this section, aiming to provide a fair characteri-

zation of the data-generating mechanism underlying users’ decision-making, which is shown

in Figure 5.2. Squares indicate observed variables and the ellipse indicates the latent vari-

able. Unlike the logit models shown in Figure 5.1 that flatten the multi-layered mechanism,

the LDT model uses a middle layer of latent variable to model the decision threshold and its

interaction with the reward r. Thus, LDT model consists of two parts: the latent variable

model, and the decision model.

LDT model postulates that each alternative the user faces has a certain cost or difficulty,

which is related to the explanatory attributes. For example, in transportation demand

management, the user might risk being late for work if asked to depart 10 minutes later

than he/she usually does. It might cost an individual more time or more fuel on the road if

he/she has to change the route. And it may be hard for some users to change their schedules

[13, 14]. Therefore, TDM strategies either design regulations like toll [89, 100] or increase

parking costs [99, 102] to reduce the traffic demand, or offer incentives like monetary rewards

[13, 14] or free public transport [7] to compensate such cost and encourage people to switch
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Figure 5.2: An illustration of the Latent Decision Threshold (LDT) model.

to a desirable travel plan.

The second part of the LDT model, the decision model, characterizes the comparison

mechanism. For a user to accept a choice, the given incentive should be strong enough to

offset the cost or difficulty. The tipping point cost or difficulty which is comparable with

the reward, is called the Decision Threshold (denote as D), and any amount larger than

D would change the user’s decision. In other words, if the incentive exceeds the threshold,

the user will accept the promotion, otherwise, he/she will reject it. Hence, this decision

threshold can be considered as the minimum reward the system needs to provide to the user

for a given alternative. Eq.(5.3) shows the decision-making part of the LDT model:

y =

 1, r > D;

−1, r ≤ D.

(5.3)

This design will lead to the following consolidated formulation for the decision model:

y(r −D) ≥ 0, (5.4)

which can facilitate the development of our optimization solution in Section 5.4.

The first part of the LDT model, the latent variable model, characterizes user preferences

on the attributes and captures the relation between the attributes and the latent variable,
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the decision threshold D. In this work, we use the linear model as shown in Eq.(5.5).

D(x) = α0 + α1x1 + . . .+ αMxM + ε = α0 +α>x+ ε, (5.5)

where parameter α reflects user preferences on the attributes. Here we use α to represent

the user preferences instead of β which has been used in logit models, to distinguish the two

because of their different meanings. Their signs imply different interpretations. As discussed

in Section 5.2, a positive βp indicates that attribute xp is attractive to the user, granting

higher utility to the alternative and makes it more likely to be chosen. However, a positive

αp means that the decision threshold will be increased, and makes it harder for a user to

accept the promoted alternative. The magnitude of α and β also differs, because αp indicates

the “cost” of change for attribute xp in terms of the reward, but βp is not comparable with

reward unless normalized by βr, i.e., βp/βr.

5.4 Parameter Estimation Algorithm

As shown in Figure 5.2, there are two types of unknown parameters: the preferences on the

attributes, α, and the latent variable, the decision threshold D. It is important to recognize

that if we know α, we could readily derive D based on Eq.(5.5). Hence, D is an intermediate

parameter.

As LDT is a graphical model, we could use the Expectation-Maximization (EM) algo-

rithm to estimate the latent variable and the other parameters in iterative steps, i.e., the

Expectation step estimates the sufficient statistics of the unobserved variable, given the ob-

served data and current estimates of the coefficients, while the Maximization step takes the

estimated complete data and estimates the coefficients [28]. However, EM algorithm is not

ideal here. First, to use the EM algorithm, a joint likelihood function is needed which re-

quires additional probabilistic assumptions for all the variables including the latent variable.

Construction of likelihood function also asks for conditional probability distribution of the

observed variables conditional on the latent variable. Also, when the distribution for the la-

tent variable is continuous as here in our case, the computation of integral is usually needed.
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However, not like in some other graphical models, here we have no closed-form for the E-

step due to the unique mechanism outlined in Eq.(5.3). It will lead to extra computational

difficulty since an approximation method is often needed [73, 123].

Thus, we propose a computational method that is based on the max-margin learning, as

LDT model bears such an interesting structure that could be utilized. We then no need to

estimate the intermediate latent variable D. To see that, we can consolidate Eqs.(5.4) and

(5.5) as one inequality for each binary choice scenario:

y(r − α0 −α>x) ≥ 0. (5.6)

Here x, r and y are the observed attributes, reward, and the final decision, respectively for

each binary choice scenario. α0 and α are individual-specified parameters to be estimated.

This reformulation removes the need to involve D, and Eq (5.6) encodes all the constraints

that we need the estimated LDT model to satisfy.

To enforce regularization to overcome the risk of overfitting, we adopt the principle of

max-margin and develop the following formulation (for each individual with all his/her data

points):

min
α0,α,ξ

1

2
α>α+ λ

∑
j

ξj

s.t. yj(rj − α0 −α>xj) ≥ 1− ξj, for all j,

ξj ≥ 0, for all j,

(5.7)

by introducing small violations ξj’s. This follows the idea of non-separable Support Vector

Machine (SVM) to tolerate violations on a certain level [26, 23]. The objective of this learning

formulation is similar as in SVM, to balance the margin of classifying hyperplane and the

small violations, controlled by the tuning parameter of λ. This algorithm naturally fits into

the LDT model and the comparison nature in decision-making when there are incentives as

shown in Figure 5.2. In addition to that, it can also help us incorporate robustness into the

model learning to be resilient against noise, i.e., with the max-margin objective [21] and the

introduction of the violation parameters (ξ) to prevent overfitting of the model, especially
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when data is limited [35]. The max-margin learning also has very good interpretability, which

is very important for understanding user behavior. There are multiple solvers available for

this convex optimization problem. In our work, we use CVXR for estimating the model [44, 43].

The constraint structure in Eq.(5.7) is almost the same as that in the SVM formulations

[26]. The difference between the two here lies on the fact that, if we rewrite the LDT

formulation in the standard form of SVM, we will have a varying offset in the constraints,

i.e., here, because rj varies from case to case. In summary, the max-margin formulation

in Eq.(5.7) effectively addresses the computational issues in our graphic model that have

a unique mechanism of the latent variable. It does not demand additional assumptions in

variable distribution or conditional probabilities. Furthermore, the maximized soft margin is

capable of obtaining stable estimations with the existence of errors in data. The combination

of the advantages from both the graphical model and the computationally efficient max-

margin algorithm makes LDT model suitable and effective for modeling the interactions.

5.5 Simulation Studies

We then evaluate the performances of the proposed LDT model, and examine our hypothesis

about the data-generating mechanism that is beyond the user behavior data to explain the

counter-intuitive results as mentioned in Section 5.2. Our approach is to design an experiment

that generates data by the data-generating mechanism as shown in Figure 5.2 and compare

the performances of LDT with the logit models.

5.5.1 Data Generation

The simulation design follows the data-generating mechanism described in Section 5.3 where

each alternative consists of a set of explanatory attributes x and a certain amount of reward

r, and the users will make the decision based on his/her own preferences α towards the

attributes. To account for the various complexities that can be encountered in real world,

our simulation experiments include several different aspects.

First, in real-world decision behaviors, some attributes are usually disliked (or always
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welcomed) by the users, e.g., in transportation, changing of scheduled time and extra toll

cost can be regard as barrier attributes (commuters usually do not like it), while time or

fuel saving can be encouraging attributes which most people would prefer [13, 14]. This

characteristic can be reflected in the parameters α as always being positive or negative. For

example, we design three attributes in the following study where two of them are barriers

(x1, x2) and another is an encouraging attribute x3, and the corresponding parameters will

follow:

α = [α1 ≥ 0, α2 ≥ 0, α3 ≤ 0]>. (5.8)

This constraint also provides a perspective for evaluating the interpretability of the model,

which is further discussed in performance metrics.

Another layer of complexity is the heterogeneity or diverse cohorts in user preferences,

i.e., diverse personal preferences for N different users ({α(i)
0 ,α

(i}, n = 1, . . . , N). Multiple

methods can achieve this setting. In our work, we utilize the Gaussian Mixture Distribution

to generate α(i). To be specific, α ∼ N(µα,Σα) where µα has multiple choices, for example:

µ(1)
α = [1, 2,−2]>, µ(2)

α = [2, 1,−2]>, µ(3)
α = [2, 2,−1]>.

Other choices will also work as well. After we have obtained all the {α(i)
0 ,α

(i)} from these

distributions, we truncate the α that does not fit the condition outlined in Eq.(5.8) to be 0.

With the simulated personal preferences for a user, we further generate the alternatives for

the user to choose. An alternative is defined by the attributes (x1, x2, x3), which we generate

from uniform distributions, i.e., xp ∼ Unif(0, 30), p = 1, 2, 3.

The reward mechanism, i.e., the strategy to assign r for the promotions may differ in

different apps or systems, or with different levels of knowledge about the users. To determine

the rewards for the alternatives, we design three different reward approaches as follows.

• Random Reward approach It randomly gives out rewards regardless of the at-

tributes of the choices. This may represent the situations where very few knowledge

about user preferences are known so that the rewards are determined randomly. We
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generate it using normal distribution where the mean is equal to the average of all

generated decision thresholds. The variance of the normal distribution is the same as

that of all generated decision thresholds. In this way the overall acceptance rate for the

promotions would be close to 0.5, which will ensure we have a balanced dataset, i.e.,

about half of the promotions would be accepted by users. Based on the aforementioned

approach in generating the data, the random rewards are generated via r ∼ N(35, 452).

• Contribution Reward approach Although users preferences vary and are unknown,

the “contribution” of any alternative to the transportation system can be determined.

For example, we can generate more reward points to those who leave home 20 minutes

earlier than those who leave home 2 minutes earlier. Specifically, here we can define

r = 10 + 1.67x1 + 1.67x2− 1.67x3 + εc with εc ∼ N(0, 52) to ensure we have a balanced

dataset (for the same reason explained in the random reward approach).

• Predictive Reward approach This reward mechanism builds on the assumption that

the app system has obtained adequate knowledge about every user’s preferences and can

assign rewards that equal the decision threshold. Here, we design rP = α
(i)
0 +α(i)>x+εP

for any user i. The random term εP ∼ N(0, 52) is used here for the same reason

mentioned in the contribution reward approach.

5.5.2 Performance metrics

We will compare the proposed LDT model with MLM, since both build models at the indi-

vidual level. A population-level logit model is also estimated to provide another baseline for

the potential interest of readers. As all the parameters involved in our models are numerical,

we use the root of mean squared error (RMSE) to evaluate estimation performances of the

models. For example, to evaluate how well LDT estimates the latent decision threshold (D),

the RMSE is defined as:

RMSE =

√
1

N × T
∑
i,j

(D
(i)
j − D̂

(i)
j )2, (5.9)
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where i refers to the i-th user and j refers to the j-th decision made by this user. Smaller

RMSE indicates that the model can retrieve the latent variable (decision thershold, D)

better, in other words, the model performs better. For logit models, we estimate the reward

where a user will accept the promotion (decision threshold, D), i.e., by solving r for equation

Pr(y = 1) = Pr(y = −1) = 0.5 with estimated coefficients. This seems similar to the

concept “tipping point” used in the LDT model, but it is worthy of pointing out that the

hypothesized data-generating mechanisms of the two models are quite different as shown in

Figure 5.1 and Figure 5.2. Besides RMSE, we also use the mean absolute error (MAE) and

mean absolute percentage error (MAPE) to evaluate how well the models can estimate the

latent variables and user preferences. For example, for a parameter α, MAE and MAPE

are defined as follows:

MAE =
1

N

∑
n

|α(i) − α̂(i)|, MAPE =
1

N

∑
n

|α(i) − α̂(i)|
|α(i)|

. (5.10)

In order to have a fair comparison between LDT and the logit models, we normalize β̂’s by

β̂r so that it also represents the “cost” of change in terms of reward.

On the other hand, as shown in Table 5.2, for this personalized TDM system where users

interact with the system, the logit models meet difficulties in interpreting the estimated

coefficients, i.e., a large proportion of them are counter-intuitive. We also evaluate this

aspect of interpretability in our study using the sign of the estimated coefficients, i.e., as

outlined in Eq.(5.8). If α̂ shows different signs as in Eq.(5.8), it is a sign error. For each

element in α̂, we calculate the fraction of sign errors (sign error rate, SER). Note that logit

models also have a parameter for the reward, βr, which should be positive [13, 14]. Thus,

we also calculate the SER for the reward coefficient for the logit models.

Finally, since the decision-making behavior is cast as a binary classification form, for each

learned model, we also report the classification accuracy, recall, and precision on the testing

set. Classification accuracy is an overall evaluation, which is defined as the rate of correct

classifications. Recall and precision represent two different aspects of the accuracy. Recall,

also known as sensitivity, indicates how well the model can detect the positive. It is defined
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as the fraction of true positives (actually positive and also classified as positive) among all

those cases which are actually positive. Precision represents the accuracy within positive

classifications. It is defined as the fraction of true positives among those cases which are

classified as positive.

All the experiments are conducted on R (version 4.0.2) on the platform of x86 64-

apple-darwin17.0 (64-bit) under macOS 10.15.6 (2.2 GHz 6-Core Intel Core i7, 6 GB 2400

MHz DDR4). The run times for the simulation experiments are reported in the results

as well, i.e., in Tables 5.5 to 5.7. Our code is publicly available on Github repository

(https://github.com/feng-jings/LDTmodel).

5.5.3 Results

For each reward approach, we run the simulation experiment including the data generation

and model fitting for 100 replicates. The overall performance over the 100 replicates is

reported using the average of the aforementioned performance metrics. Simulation results

on N = 1000 users are shown in Tables 5.5 to 5.7 that correspond to the three reward

approaches, respectively.

An overall observation is that the proposed LDT model outperforms MLM in parame-

ter estimation (reflected by RMSE, MAE and MAPE) and interpretability (reflected by

SER). Both models have similar classification performances (reflected by classification ac-

curacy, recall and precision), and are superior than the population-level logit model. Specif-

ically, from the perspective of coefficient estimation, the estimation errors of LDT model is

smaller than that of MLM. The SER also shows MLM often lead to more counter-intuitive

results. Among the three reward approaches, the mixed logit model performs worse under

the predictive reward approach case than the other two in terms of the coefficient estimation

and interpretability.

It is worthy of pointing out that, when normalizing the parameters and calculating the

tipping points (decision threshold) for MLM, it could suffer from numerical instability be-

cause of very low β̂r, so that in deriving the statistics reported in Tables 5.5 to 5.7 we have
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Table 5.5: Model performances of Logit, MLM, and LDT models, over 100 replicates of
simulation using random reward approach

Logit MLM LDT

Time (secs) 0.8754 191.5911 602.3220

Testing Classification Accuracy 0.7908 0.8862 0.8909

Recall 0.8044 0.8820 0.8918

Precision 0.8068 0.8811 0.8942

RMSE: Decision Threshold 41.7415 38.4610 16.1519

RMSE: Coefficient #1 1.6482 1.3611 0.9928

RMSE: Coefficient #2 1.6436 1.3572 0.9930

RMSE: Coefficient #3 1.6448 1.3573 1.0669

MAE: Decision Threshold 34.8529 31.8577 12.9827

MAE: Coefficient #1 1.4157 1.1649 0.8230

MAE: Coefficient #2 1.4154 1.1647 0.8264

MAE: Coefficient #3 1.4197 1.1590 0.8720

MAPE: Decision Threshold 0.9307 0.8277 0.4509

MAPE: Coefficient #1 0.9086 0.7341 0.5533

MAPE: Coefficient #2 0.9086 0.7351 0.5561

MAPE: Coefficient #3 0.9078 0.7325 0.5699

SER: Coefficient #1 - 0.1188 0.1090

SER: Coefficient #2 - 0.1193 0.1070

SER: Coefficient #3 - 0.1210 0.1100

SER: Coefficient Reward - 0.0260 -

to drop some experiments that have enormously large metrics. In other words, the RMSE,

MAE and MAPE values of the logit models shown in Tables 5.5 to 5.7 are actually under-

estimated (some will be over 104).
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Table 5.6: Model performances of Logit, MLM, and LDT models, over 100 replicates of
simulation using contribution reward approach

Logit MLM LDT

Time (secs) 0.8014 167.1454 621.2343

Testing Classification Accuracy 0.5699 0.8797 0.8869

Recall 0.6472 0.8858 0.8924

Precision 0.5831 0.8833 0.8945

RMSE: Decision Threshold 41.7543 38.1875 15.5102

RMSE: Coefficient #1 1.6493 1.3339 0.8838

RMSE: Coefficient #2 1.6444 1.3248 0.8895

RMSE: Coefficient #3 1.6480 1.3238 0.9383

MAE: Decision Threshold 34.8650 31.6239 11.9106

MAE: Coefficient #1 1.4168 1.1471 0.6950

MAE: Coefficient #2 1.4162 1.1464 0.6993

MAE: Coefficient #3 1.4161 1.1345 0.7034

MAPE: Decision Threshold 0.9313 0.8236 0.4230

MAPE: Coefficient #1 0.9097 0.7215 0.5100

MAPE: Coefficient #2 0.9093 0.7256 0.5110

MAPE: Coefficient #3 0.9110 0.7250 0.4989

SER: Coefficient #1 - 0.0817 0.0615

SER: Coefficient #2 - 0.0753 0.0613

SER: Coefficient #3 - 0.0806 0.0614

SER: Coefficient Reward - 0.0401 -

The observations aforementioned are consistent with the analysis presented in Section 5.2.

According to Lemma 5.2, when variables are correlated, i.e., the reward is related to other

attributes, the estimated coefficients by the logit and mixed logit models may not accurately
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Table 5.7: Model performances of Logit, MLM, and LDT models, over 100 replicates of
simulation using predictive reward approach

Logit MLM LDT

Time (secs) 0.8084 176.4998 610.6803

Testing Classification Accuracy 0.6296 0.6581 0.7566

Recall 0.7846 0.7639 0.7927

Precision 0.6558 0.6905 0.7947

RMSE: Decision Threshold 43.6269 42.9456 4.3299

RMSE: Coefficient #1 1.7137 1.6719 0.2380

RMSE: Coefficient #2 1.7086 1.6667 0.2387

RMSE: Coefficient #3 1.6988 1.6521 0.2948

MAE: Decision Threshold 36.6210 35.9834 3.3852

MAE: Coefficient #1 1.4790 1.4397 0.1918

MAE: Coefficient #2 1.4787 1.4396 0.1929

MAE: Coefficient #3 1.4655 1.4213 0.2290

MAPE: Decision Threshold 0.9968 0.9736 0.1441

MAPE: Coefficient #1 0.9795 0.9424 0.1367

MAPE: Coefficient #2 0.9790 0.9424 0.1382

MAPE: Coefficient #3 0.9661 0.9373 0.1638

SER: Coefficient #1 - 0.0635 0.0556

SER: Coefficient #2 - 0.0576 0.0537

SER: Coefficient #3 - 0.0621 0.0451

SER: Coefficient Reward - 0.3327 -

report the true preference parameters as shown by the high estimation errors measured by

RMSE, MAE, MAPE, and suffer from an interpretability problem presented by SER.

However, although its estimated parameters may be inaccurate individually, the estimated
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Figure 5.3: Coefficient estimation performances of MLM and LDT model, on the simulated
dataset using random reward approach.

model itself may still lead to the same utility so that the classification performances are still

comparable. This observation is further reinforced by the experiment using the predictive

reward approach (i.e., that computes the reward based on each user’s own preferences, so

it holds the highest correlation of the three reward approaches) which shows the model

performances of MLM under this approach is the worst according to Tables 5.5 to 5.7.

A closer look at the coefficients estimated by MLM and LDT models provide an addi-

tional explanation of the model performances. Figure 5.3 illustrates the details of coefficient

estimations of MLM and LDT model using random reward approach (in one simulation repli-

cate). The extreme values from unstable estimates of the MLM model have been eliminated

for better presentation. Note that, for reason that has been explained in Section 5.3 (i.e.,

the paragraph below Eq.(5.5)), in order to be comparable with the coefficients of the LDT

model, the coefficients in MLM need to be flipped and normalized (by β̂
(i)
r ). The red lines

refer to zero. Compared with the real values on the top, it can be observed that besides the

higher fraction of sign violation, the estimations from MLM are more dispersed.

Figure 5.4 further shows how well the two models perform on the estimation of the latent

decision threshold (D) using predictive reward approach. The first two panels correspond

to MLM, where the middle panel zooms in the shadowed area of the left panel to give a
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Figure 5.4: Latent variable (the decision threshold) estimation performances of MLM and
LDT model, on the simulated dataset using predictive reward approach.

better view of how the majority of the results of the MLM estimation deviates from the true

model. The right panel corresponds to the LDT model. It can be seen that the proposed LDT

method could yield a nice estimation of the latent decision thresholds (D) of the alternatives.

It implies that the LDT model is a better choice in explaining user decision behavior and

has promising potential to be used as the analytic foundation where personalized promotion

algorithms could be developed.

5.6 Real-World Case Study

In this section, we apply our new LDT model on the real-world dataset depicted in Section 2.5

and Section 5.2. After proper cleaning of the data, it consists of 828 respondents and each of

them was asked to make 13 rounds of decisions between two alternatives, i.e., whether accept

a promotion or stick to the original travel plan [132]. There were 387 female respondents

and 441 male respondents. Commuters with different daily commuting times are investigated

(range from 10 to 60 minutes) and their average daily commuting time was 31.58 minutes

[132]. Promotions for a user are designed based on the user’s self-reported background. The

attributes that characterize the alternatives include departure time change, i.e., either several

minutes earlier (xSDE) or several minutes later (xSDL), and travel time saving (xTTS). The

system will determine the amount of reward points r needed for the potential acceptance of

the promoted alternative to encourage the user to accept the choice. For each user, we use

the first 10 rounds as the training data and the last 3 as the testing data. Among the 828
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individuals, there are 174 of them who accepted all the first 10 promotions or rejected all.

These users are also excluded from our analysis.

5.6.1 Results of the logit and LDT Models

Table 5.8 shows the results of the population-level logit model, MLM, and the LDT model.

From the perspective of classification accuracy, MLM and the LDT model are similar. The

LDT model slightly outperforms MLM. But in terms of interpretability, our LDT method

is much better. For example, based on MLM there were 38.84% of the users who do not

want or even dislike rewards (i.e., β̂r < 0). This is counter-intuitive and implies that more

rewards only discourage users in accepting promotions. Equally puzzled is that based on

MLM there were 21.25% of the users who do not like travel time saving (i.e., β̂TTS < 0). The

LDT model also shows that some users had this counter-intuitive signs, but the percentage is

much smaller, later, we will dive in this paradox and identify the peculiar data characteristics

of this dataset that is probably responsible for why even LDT also shows a slight percentage

of counter-intuitive result. Last but not least, the result shows that the standard deviations

of the estimated parameters based on the LDT model are much smaller than those of MLM.

This is consistent with our observation in Figure 5.3 that the coefficients estimated by MLM

are more dispersed.

Note here that the metric SER (sign error rate) does not necessarily mean that the sign of

the estimated coefficient is wrong, because the underlying true preferences are unknown. It

indicates results that are counter-intuitive, and points out directions for more investigations.

5.6.2 Discover Behavior Patterns

To show why for some users even the LDT model shows counter-intuitive signs, it is worthy

of examining their raw data. Tables 5.9 and 5.10 are data from two users.

For User 625, we notice that α̂SDE < 0, indicating that the user preferred departing

earlier. It is easy to see why the LDT model learned a negative value of α̂SDE, i.e., this

user only rejected promotion No.2 and accepted all the others. By comparing this rejected
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Table 5.8: Model performances of Logit, MLM, and LDT models, on the smart TDM system
data.

Logit MLM LDT

Testing Classification Accuracy 0.6677 0.7834 0.7920

Recall 0.8152 0.8389 0.8640

Precision 0.7329 0.8300 0.8392

SER: Coefficient SDE - 0.1581 0.1422

SER: Coefficient SDL - 0.0176 0.1314

SER: Coefficient TTS - 0.2125 0.1315

SER: Coefficient Reward - 0.3884 –

Standard Deviation: Intercept - 98.9605 24.3670

Standard Deviation: Coefficient SDE - 7.6052 1.0097

Standard Deviation: Coefficient SDL - 7.9815 1.7143

Standard Deviation: Coefficient TTS - 17.6733 2.0290

Table 5.9: The answers of User ID 625 (negative α̂SDE)

Question No. 1 2 3 4 5 6 7 8 9 10 11 12 13

Delay early (min) 30 0 10 0 0 0 0 60 0 30 60 30 10

Delay late (min) 0 30 0 30 10 30 10 0 30 0 0 0 0

Time save (min) 2 2 2 5 2 2 5 2 5 2 5 5 2

Reward (points) 20 20 20 20 20 40 20 20 40 10 20 20 20

Decision 1 -1 1 1 1 1 1 1 1 1 1 1 1

promotion with choices No.1 and No.8, we can see that they all offered the same time saving

and reward points, and the only difference was the change of departure time. The respon-

dent rejected No.2 that asked to departure later but accepted the other two which required

departing earlier. Therefore, it is reasonable that α̂SDE is negative in the estimated LDT
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Table 5.10: The answers of User ID 2078 (negative α̂SDL and positive α̂TTS)

Question No. 1 2 3 4 5 6 7 8 9 10 11 12 13

Delay early (min) 30 0 30 10 10 10 30 30 0 0 0 10 30

Delay late (min) 0 30 0 0 0 0 0 0 30 10 10 0 0

Time save (min) 5 5 5 5 5 10 10 10 10 5 5 5 2

Reward (points) 20 20 30 20 30 70 20 30 20 20 20 80 30

Decision -1 1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1

model, although it is unknown if the user behaved rationally when making these decisions.

This is one of the obstacles of small sample size that the estimation may largely dependent

on only one or few observations.

Similarly, User 2078 accepted only one promotion which is No.2. It is interesting to notice

that the same user rejected No.9 which was the same as No.2 except that No.9 had more

time saving. This is the cause of the counter-intuitive value of α̂TTS, i.e., which turned out

to be negative. Further, if we compare No.2 with No.10, we can see that the user rejected

the one requiring less schedule delay late and this might be the cause of a negative α̂SDL.

Having seen these patterns, we conclude that these unexpected signs were largely caused by

the irrational behavior of the users.

Among all the 654 investigated users, User 2361 is the only one whose coefficients are

all counter-intuitive based on the LDT model. Table 5.11 shows the data of this user. It

can be seen that this user clearly followed a pattern, that was to accept the choice when

the given reward is higher than the choice before, i.e., for No.3 and No.4, he/she accepted

them because they offered higher reward points than the first two rounds. Then for No.5,

however, even though it was the same as the second promotion except for less departure time

change, he/she rejected it because he/she had seen higher reward points (20 and 30). Similar

behavior can be observed in later decisions. The user accepted the ones offering 40, 50 and

60 reward points sequentially and rejected those with only 10 points. Thus, the learned LDT
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Table 5.11: The answers of User ID 2361 (the only user with all three coefficients counter-
intuitive))

Question No. 1 2 3 4 5 6 7 8 9 10 11 12 13

Depart early (min) 30 0 30 30 0 30 30 30 0 30 60 60 30

Depart late (min) 0 30 0 0 10 0 0 0 10 0 0 0 0

Time save (min) 10 10 10 10 10 10 20 10 20 10 10 10 10

Reward (points) 10 10 20 30 10 40 10 50 10 60 40 50 20

Decision 1 1 1 1 -1 1 -1 1 -1 1 -1 1 1

model, while showing counter-intuitive results, captured what was in the data.

5.7 Conclusion

In this chapter, we propose the Latent Decision Threshold (LDT) model to provide a fair

characterization of the user-system interaction process and the decision-making behavior by

the user in the new environment of personalized interactive systems. The LDT model is a

novel graphical model, which depicts the fact that the system is designed to interfere with

user behaviors. We develop an efficient learning algorithm based on an interesting connection

between the graphical model with max-margin learning. Extensive simulation studies and a

real-world application show that the LDT model outperforms the logit models in both model

estimation and interpretability.
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Chapter 6

CONCLUSIONS AND FUTURE WORKS

This dissertation focus on two major data analytic challenges faced by emerging person-

alized apps in learning user behaviors. Innovative statistical and optimization models are

proposed for each aspects.

6.1 Personalized Modeling

A learning framework is proposed for modeling user behaviors at the individual-level, called

Logistic Collaborative Model (LogCM), based on the Random Utility Maximization (RUM)

theory and the Collaborative Learning Framework. LogCM is capable of learning distinct

individual behavioral models from data, even when each individual’s data is limited. Fur-

ther, on the basis of LogCM framework, we extend it in several different ways to better fit

specific real-world applications. We develop LogSCM for incorporating similarity informa-

tion and enhancing the model performance. We propose LogPCM as a knowledge discov-

ery tool to reveal possible hidden canonical structures in heterogeneous populations. For

time-varying preferences, LogCM-T is capable of modeling preference changes. Extensive

numerical studies on simulation and real-world application show promising performances of

all these proposed models.

Another strand of personalized modeling in our research is handling the complex com-

position of a large heterogeneous population. Due to the complex heterogeneity, a single

canonical model layer may not sufficiently express the population’s collaborative structure.

Therefore, we extend the collaborative learning into a multi-layer model and propose the

Hierarchical Collaborative Model (HCM), where multiple levels of canonical models with

different degrees of detail can be learned simultaneously. The proposed Contextual HCM
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can reflect the population’s compositional structure so that characteristic information can

help enhance personalized modeling.

6.2 User Behavior Modeling

The interactive nature of personalized systems/apps raises an unprecedented challenge in

user behavior modeling, which is that the data collection procedure also interfere with the

user behavior. We propose a graphical model called Latent Decision Threshold (LDT) model

to characterize the user-system interaction process and the decision-making behavior of the

users in this new environment. The graphical model deconstructs the entanglement with a

carefully designed model structure to mimic such interaction mechanism. Further analysis

of its structure leads to an efficient learning algorithm with max-margin learning. Extensive

simulation studies and a real-world application with a new reward-based smart TDM system

illustrate the effectiveness and good interpretability of the LDT model.

6.3 Future Research: Collaborative Latent Decision Threshold Model (C-
LDT)

The developed models in this thesis have separately addressed the challenges in personalized

modeling and user behavior modeling. In reality, it could be the case that both challenges

are present. In other words, we will need to learn users’ decision-making behaviors in an

interactive system, with limited individual data and the system intervention as well.

In facing such a challenge, we can add collaborative structures to the LDT model, so that

individual models are not learned independently but related to each other with a shared set

of canonical models. To be concrete, with the notation defined in Chapters 2 and 5,

Latent Decision Threshold: y(r −D) ≥ 0,

D(x) = α>x+ ε;

Collaborative Structure: αi = Qci.

(6.1)

Consolidating these, and we can have the following aggregated inequality of Collaborative
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Latent Decision Threshold (C-LDT).

yij(rij − x>ijQci) ≥ 0. (6.2)

Here, xij, rij, yij are attribute vector, reward, and the outcome of the j-th decision of

individual i respectively, same as in LDT model. Q is the shared canonical matrix and ci is

the membership vector of individual i, same as in collaborative models. Due to the structure

of collaborative learning, the max-margin formulation is not an efficient way to estimate

the parameters anymore with the existence of quadruple items. To develop formulation and

learning algorithm for C-LDT, we recommend that future studies apply loss functions to

Eq.(6.2) such as huber loss and exponential loss [61, 98, 104] can derive the objectives to

optimize.

The C-LDT model can learn LDT model for every individual in a heterogeneous popu-

lation, even when each individual’s data is limited. With the good interpretability granted

by LDT model, the C-LDT would be an essential block for such interactive personalized

systems or apps [132, 6] to coordinate and change user behavior.

6.4 Future research: Recommendation System with Preference Updater

Recommendation systems are usually developed to deal with information overload and pro-

vide personalized recommendations, content and services to users in e-commerce domain.

They have proven to be valuable means for online users because they can identify a subset of

items from a much larger set, i.e., item pool, that best matches a user’s interest. Typically,

a recommendeation system employs relevancy or similarity based (similarity among users or

items) techniques such as collaborative filtering and content-based filtering [1, 96]. These ap-

proaches are successful but suffer from a lack of theoretical understanding of the behavioral

process that led to a particular choice. With more individual data becoming available, the

ability of discrete choice models to predict individual choices has attracted interest in rec-

ommendation systems [109, 19, 64, 95]. The application of choice models that can account

well for consumer heterogeneity enables the recommendation systems to utilize predicted
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choice probability or utility to generate recommending list. Unlike the relevancy metrics,

it directly measures the quality or result of the recommendation and is easier to interpret.

On the other hand, it provides a unified approach to achieve both relevancy and diversity

in recommendation which is also important for good recommendation system [97]. Widely

used discrete choice models include multinomial logit, nest logit, and logit mixture models,

and the problem of recommendation is formulated as a integer optimization or assortment

optimization problem within the item list [64, 109, 68].

With our collaborative learning framework and latent decision threshold model, the het-

erogeneity in user preferences is explicitly presented and modeled so that it suits for recom-

mendation systems. With the well-studied individual models, it could be easier to find the

“best” next recommendation in terms of most revenue gain, or highest acceptance possibility

[60, 74, 109, 112].

On the other hand, as the user-system interaction is a dynamic progress, determining

the next recommendation aiming to improve the accuracy of individual models may also be

beneficial. The model accuracy may be limited by the available data size, especially when

a user is new, whose preference is shifting. Recommendations based on inaccurate model

may lead to inefficiency. Recommendation systems built on user preferences should have the

ability to update their user preference model as more data becomes available [109]. Bayesian

sequential experimental design could be useful to solve this problem that is the state-of-

art method to measure the parameter estimation uncertainties and can generate next-step

experiment to reduce the uncertainty under some criteria such as D-optimality [9, 119, 126].

Finally, the two targets of the next recommendation intrinsically raise a trade-off: whether

to exploit the existing estimated model to maximize revenue gain, or to explore more about

the user preference to update the individual model. A multi-armed bandit approach can be

used to deal with such trade-offs [40, 16].
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Appendix A

A.1 Proof to Theorem 2.2

In the following, we will show the equivalence between the objective function of logistic MEM

and the objective function of proposed LogSCM, given the number of latent classes K, and

the penalty hyperparameter λ.

Theorem 2.2. The objective function of the LogSCM is equivalent to the objective

function of logistic MEM when W is a matrix with all entries being 1/λN and Σ = QQ>.

Proof Logistic MEM assumes that for individual i, fixed effect βf and random effect

βri will together influence the probability of being in a certain category, where the random

effect βri follows a multivariate normal distribution N(0,Σ).

yij ∼ Ber(P (y = 1|βf ,βri,xij));

P (y = 1|βf ,βri,xij) = πij = logit−1(x>ijβf + x>ijβri);

βri ∼ N(0,Σ).

where Ber refers to the Bernoulli distribution and logit refers to the logit function.

Based on the conditional distribution of yij, we can derive the likelihood function for

logistic MEM as:

L(β,Σ) =
N∏
i=1

ni∏
j=1

{
[πij]

yij [1− πij]1−yijP (βri|Σ)
}

=
N∏
i=1

ni∏
j=1

{
[πij]

yij [1− πij]1−yij[
1√

(2π)p|Σ|
exp(−1

2
β>riΣ

−1βri)

]}
,
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where

πij =
exp(x>ijβf + x>ijβri)

1 + exp(x>ijβf + x>ijβri)
.

Use βi = βf + βri to replace βri and the log-likelihood can be derived as:

l(β,Σ) =
N∑
i=1

ni∑
j=1

{yij log πij + (1− yij) log(1− πij)}

− 1

2

N∑
i=1

ni∑
j=1

(βi − βf )>Σ−1(βi − βf )

=
N∑
i=1

ni∑
j=1

{
yij(x

>
ijβi)− log(1 + exp(x>ijβi))

}
− 1

2

N∑
i=1

ni(βi − βf )>Σ−1(βi − βf ).

If all ni’s are same or we simply weight the log-likelihood with respect to ni, and then

flip it to a loss function, we will have:

ObjMEM =
N∑
i=1

1

ni

ni∑
j=1

{
log(1 + exp(x>ijβi))− yij(x>ijβi)

}
+

1

2

N∑
i=1

(βi − βf )>Σ−1(βi − βf ).

Given K and λ, the objective function we have for LogSCM is

ObjSCM =
N∑
i=1

1

ni

ni∑
j=1

{
log(1 + exp(x>ijQci))− yij(x>ijQci)

}
+
λ

2

∑
l,m

‖cl − cm‖2wlm.

By denoting βi = Qci as the parameters for LogSCM, we can tell that the first term of

two objective functions are equivalent. If we let ci = (Q>Q)−1Q>βi = Q†βi and assume

Σ−1 = (Q†)>Q†, βf = β̄ = (
∑

i βi)/N , the similarity regularization term for LogSCM can

be derived starting from the second term of logistic MEM objective function:

SMEM =
N∑
i=1

(βi − βf )>Σ−1(βi − βf )
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=
N∑
i=1

(ci − c̄)>Q>(Q†)>Q†Q(ci − c̄)

=
N∑
i=1

(ci − c̄)>(ci − c̄) =
N∑
i=1

c>i ci −N c̄>c̄

=
N∑
i=1

c>i ci −
∑
i,j

1

N
c>i cj

=λ
∑
i

(ci)
>cidii − λ

∑
i,j

(ci)
>cjwij

if wij =
1

λN
and dii =

∑
j

wij =
1

λ
,

=λ
∑
i,j

‖ci − cj‖2wij = SSCM .

Then we can see that when wij = 1/λN for all entries in similarity matrix W, the

objective functions are equivalent, with the constraint that rank(Σ) ≤ rank(Q) = K.

Hence, our model shows more flexibility in terms of utilizing the similarity information and

low-rank structure.

A.2 Derivation of Updating Rule in C Step

Following we provide a detailed derivation of the updating rule in C Step. The formulation

of LogSCM is as following:

min
C,Q

N∑
i=1

1

ni

ni∑
j=1

{
log(1 + exp(x>ijQci))− yij(x>ijQci)

}
+ λTr(CLC>),

s.t. ci ≥ 0, c>i 1 = 1 i = 1, ..., N.

(A.1)

In C step, we focus on solving C with a given Q∗, i.e., Q∗ could be the latest estimation

of Q or from prior knowledge. Given Q∗, the Lagrangian function could be derived as:

L =
N∑
i=1

1

ni

ni∑
j=1

{
log(1 + exp(x>ijQ

∗ci))− yij(x>ijQ∗ci)
}

+ λTr(CLC>) +
N∑
i=1

ηi(c
>
i 1− 1),

by introducing the Lagrangian multiplier ηi for normalization constraint c>i 1 = 1. To solve

for the optimal C, we derive the gradient of the objective function regarding ci, as shown in
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below:

∂L

∂ci
=

1

ni

ni∑
j=1

[
exp(x>ijQ

∗ci)

1 + exp(x>ijQ
∗ci)
− yij

]
Q∗>xij + 2λ(CL)i + ηi1 = 0.

We use the complementary condition, i.e., (∂L/∂cik)cik = 0, and get the following equa-

tion for cik:

1

ni

ni∑
j=1

[
exp(x>ijQ

∗ci)

1 + exp(x>ijQ
∗ci)
− yij

] (
Q∗>xij

)
k
cik + 2λ ((CL)i)k cik + ηicik = 0. (A.2)

Then, with the normalization constraint
∑

k cik = 1, we can sum up the equations in

Eq.(A.2) shown immediately above over k and it will lead to:

1

ni

ni∑
j=1

[
exp(x>ijQ

∗ci)

1 + exp(x>ijQ
∗ci)
− yij

]
x>ijQ

∗ci + 2λ(CL)>i ci + ηi = 0.

Thus, with L = D−W:

ηi =
1

ni

ni∑
j=1

yij(x
>
ijQ

∗ci)−
1

ni

ni∑
j=1

exp(x>ijQ
∗ci)

1 + exp(x>ijQ
∗ci)

(x>ijQ
∗ci)− 2λ(CD)>i ci + 2λ(CW)>i ci.

(A.3)

Using the expression of multiplier ηi in Eq.(A.3), the complementary condition in Eq.(A.2)

can be rewritten as:

cik×

{
1

ni

ni∑
j=1

[
exp(x>ijQ

∗ci)

1 + exp(x>ijQ
∗ci)
− yij

] (
Q∗>xij

)
k

+ 2λ ((CD)i)k − 2λ ((CW)i)k

+
1

ni

ni∑
j=1

[
yij −

exp(x>ijQ
∗ci)

1 + exp(x>ijQ
∗ci)

]
(x>ijQ

∗ci)− 2λ(CD)>i ci + 2λ(CW)>i ci

}
= 0.
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Then separate this equation into positive part and negative part:{
1

ni

ni∑
j=1

[
δ+

(
exp(x>ijQ

∗ci)

1 + exp(x>ijQ
∗ci)

(
Q∗>xij

)
k

)
− δ−

(
yij
(
Q∗>xij

)
k

)]

+
1

ni

ni∑
j=1

[
δ+
(
yij(x

>
ijQ

∗ci)
)
− δ−

(
exp(x>ijQ

∗ci)

1 + exp(x>ijQ
∗ci)

(x>ijQ
∗ci)

)]

+ 2λ ((CD)i)k + 2λ(CW)>i ci

}
cik

−
{

1

ni

ni∑
j=1

[
−δ−

(
exp(x>ijQ

∗ci)

1 + exp(x>ijQ
∗ci)

(
Q∗>xij

)
k

)
+ δ+

(
yij
(
Q∗>xij

)
k

)]

+
1

ni

ni∑
j=1

[
−δ−

(
yij(x

>
ijQ

∗ci)
)

+ δ+

(
exp(x>ijQ

∗ci)

1 + exp(x>ijQ
∗ci)

(x>ijQ
∗ci)

)]

+ 2λ ((CW)i)k + 2λ(CD)>i ci

}
cik

=0.

Here, δ+(·) is a function defined as δ+(x) := max(x, 0) and δ−(·) is defined as δ−(x) :=

min(x, 0). The equation above can leads to our updating rule:

c
(m+1)
ik = c

(m)
ik ×

{
1

ni

ni∑
j=1

[
− δ−

(
exp(x>ijQ

∗c
(m)
i )

1 + exp(x>ijQ
∗c

(m)
i )

(
Q∗>xij

)
k

)
+ δ+

(
yij
(
Q∗>xij

)
k

) ]

+
1

ni

ni∑
j=1

[
− δ−

(
yij(x

>
ijQ

∗c
(m)
i )

)
+ δ+

(
exp(x>ijQ

∗c
(m)
i )

1 + exp(x>ijQ
∗c

(m)
i )

(x>ijQ
∗c

(m)
i )

)]
+ 2λ

(
(C(m)W)i

)
k

+ 2λ(C(m)D)>i c
(m)
i

}/
{

1

ni

ni∑
j=1

[
δ+

(
exp(x>ijQ

∗c
(m)
i )

1 + exp(x>ijQ
∗c

(m)
i )

(
Q∗>xij

)
k

)
− δ−

(
yij
(
Q∗>xij

)
k

)]

+
1

ni

ni∑
j=1

[
δ+

(
yij(x

>
ijQ

∗c
(m)
i )

)
− δ−

(
exp(x>ijQ

∗c
(m)
i )

1 + exp(x>ijQ
∗c

(m)
i )

(x>ijQ
∗c

(m)
i )

)]

+ 2λ
(
(C(m)D)i

)
k

+ 2λ(C(m)W)>i c
(m)
i

}
.

(A.4)
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Eq.(A.4) is derived from the complementary condition and the original constraint for

the normalization of the membership vector. Therefore, it is a necessary condition to solve

Eq.(A.1) and is a stationary point. In addition, the introducing of the δ-functions ensures

that the numerator and the denominator are both non-negative. Thus, given any positive

initial membership matrix C(0), the non-negativity of C(m) is guaranteed.

Eq.(A.4) is the updating rule for every cik entry in C, given Q∗. This completes our

two-step iterative algorithm for LogCM and LogSCM.

A.3 Note for Data Generation in Simulation Studies

The data generation note in this section is used in our simulation studies for LogCM (Sec-

tion 2.4).

A.3.1 Parameters

We first generate heterogeneous individual models (βi’s). Under collaborative learning frame-

work, the parameters required are the canonical matrix Q which contains K canonical mod-

els, and the membership matrix C, which includes membership vectors ci’s for every indi-

vidual.

With any given K, we manually set the parameters of the canonical models encoded

in Q to make sure that they are different enough. It is because the canonical models, by

assumption, represent different preferences, different behavior or mechanism patterns. For

instance, in our study with p = 5 predicting factors, we randomly pick one factor parameter

to be 0 for each canonical model (and they are not the same element) while the absolute

values of other parameters are all generated to be at least 1. In this way, we will generate a

matrix Q without homogeneous canonical structure.

Other generating procedures may also be suitable, for example, different canonical models

have different direction on the same factors.

Then, for generating C, we notice that ci’s are membership vectors with constraints

c>i 1 = 1 and ci ≥ 0 for all i. The Dirichlet distribution is designed to model this type of data.
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The Dirichlet distribution is a family of continuous multivariate probability distributions

parameterized by a p-length vectorα of positive real values. It is a multivariate generalization

of the Beta distribution and will generate p probabilities which add up to 1. With larger

element in the parameter vector α, the corresponding probability generated tends to be

larger.

In our study, for K = 3, we design three distinct Dirichlet distributions as: F1(c) ∼

Dir(ν, 1, 1), F2(c) ∼ Dir(1, ν, 1), and F3(c) ∼ Dir(1, 1, ν). For each individual, we first

randomly assign him/her into one group, i.e., select one of the three Dirichlet distributions.

Then, generate a random vector following this specified Dirichlet distribution. The tuning

parameter element ν controls the the degree of heterogeneous in model structure. For F1(c),

large ν (like 20) indicates that canonical model #1 will domain the individual model with a

high probability because the first element of the membership vector is quite likely to be much

larger than the other two. The larger ν is, the more dominant the corresponding canonical

model is. On the contrary, if ν is close to 1, the difference between canonical models will

probably vanish in final individual models, which indicating homogeneity in the population.

Therefore, we set our ν = 20 and this makes sure that we can see a canonical structure in

individual models.

With Q and C, we can obtain the parameter vectors of all the individuals by βi = Qci.

A.3.2 Samples

After having individual models, we can generate our training and testing samples with βi’s.

We generate xij’s for individual i from a normal distribution. Since we consider the indi-

viduals in population are heterogeneous, for individuals generated from different Dirichlet

distributions, we use different normal distributions to generate xij. And yij’s are calculated

accordingly with a small normal distributed noise.

Here, we consider one more layer of complexity, which is the balance of the two classes

in the binary outcomes. In practice, it is known that imbalanced labels could result in great

difficulty for many methods to effectively learn the model from the data, as the dominant
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class would overwhelm the parameter estimation in its own favor. Thus, we also would like to

generate imbalanced data in our simulation experiments. There are various ways to achieve

this. For instance, it could be done by changing the mean vectors that is used in generating

xij, i.e., for balanced data, we design xij to make the two labels of similar sizes (50% for

each); for imbalanced data, we make the percentage of one label to be around 80%.

A.3.3 Division of the Simulated Data

Finally, for the data points generated for each individual, we divide them into different usages

to further incorporate sparsity in our simulation studies.

For each individual, using the process mentioned above, we generate 40 data points and

randomly pick 10 data points for testing. As we have the option to use the remaining 30

data points for training, we further consider two realistic scenarios that we call them as dense

sampling and sparse sampling. For dense sampling we set the data size M ∼ Unif(21, 30)

to mimic the scenario that personal data is sufficient, while for sparse sampling we set

M ∼ Unif(6, 12). In other words, sparse sampling refers to the application contexts in

which there are only a few data points for each individual.
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Appendix B

B.1 Derivation of Updating Rule in C Step of LogCM-T

Following, we provide a detailed derivation of the updating rule in Online LogCM-T. The

formulation of the subproblem of updating membership vectors given Q is as following:

min
cip,∀p

ni∑
t=1

{
log

(
1 + exp

(
P∑
p=1

(xit,p(Qpcip)
>vt)

))
− yit

(
P∑
p=1

(xit,p(Qpcip)
>vt))

)}
,

s.t. cip ≥ 0, c>ip1 = 1 p = 1, . . . , P.

(B.1)

The decision variables are the membership vectors for individual i, and the Lagrangian

function could be written as:

L =

ni∑
t=1

{
log

(
1 + exp

( P∑
p=1

xit,p(Qpcip)
>vt
))
− yit

( P∑
p=1

xit,p(Qpcip)
>vt
)}

+
P∑
p=1

ηp(c
>
ip1− 1).

(B.2)

In Eq.(B.2), we introduce the Lagrangian multiplier ηp for constraint c>ip1 = 1. To get the

optimal cip, p = 1, 2, ..., P , we could derive the gradient of the objective function regarding

cip,

∂L

∂cip
=

ni∑
t=1

{(
exp(

∑P
p=1 xit,p(Qpcip)

>vt)

1 + exp(
∑P

p=1 xit,p(Qpcip)>vt)
− yit

)
× xit,pQ>pvt

}
+ ηp1 = 0. (B.3)

According to complementary condition, we also have (∂L/∂cip,k)cip,k = 0 (k = 1, 2, . . . , Kp;

p = 1, 2, . . . , P ), which could lead to the following equation,

∂L

∂cip,k
cip,k =

ni∑
t=1

{(
exp(

∑P
p=1 xit,p(Qpcip)

>vt)

1 + exp(
∑P

p=1 xit,p(Qpcip)>vt)
− yit

)
× xit,p(Qp

>vt)kcip,k

}
+ ηpcip,k

= 0.

(B.4)
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Given c>ip1 = 1, i.e.,
∑Kp

k=1 cip,k = 1, it could be further modified as,

ni∑
t=1

{(
exp(

∑P
p=1 xit,p(Qpcip)

>vt)

1 + exp(
∑P

p=1 xit,p(Qpcip)>vt)
− yit

)
× xit,p(Qp

>vt)
>cip

}
+ ηp = 0. (B.5)

With Eq.(B.5), we could write ηp in the following way:

ηp =

ni∑
t=1

yit × xit,p(Qp
>vt)

>cip

−
ni∑
t=1

exp(
∑P

p=1 xit,p(Qpcip)
>vt)

1 + exp(
∑P

p=1 xit,p(Qpcip)>vt)
× xit,p(Qp

>vt)
>cip.

(B.6)

Replace ηp in Eq.(B.5) with Eq.(B.6), and we will get,

cip,k×
{ ni∑

t=1

(
exp(

∑P
p=1 xit,p(Qpcip)

>vt)

1 + exp(
∑P

p=1 xit,p(Qpcip)>vt)
− yit

)
× xit,p(Qp

>vt)k

+

ni∑
t=1

(
yit −

exp(
∑P

p=1 xit,p(Qpcip)
>vt)

1 + exp(
∑P

p=1 xit,p(Qpcip)>vt)

)
× xit,p(Qp

>vt)
>cip

}
= 0

(B.7)

Since cip,k should be non-negative, we define δ+(x) := max(x, 0) and δ−(x) := min(x, 0),

with which the equation above could be separated into a positive part and a negative part:

cip,k ×
{ ni∑

t=1

[
δ+

(
exp(

∑P
p=1 xit,p(Qpcip)

>vt)

1 + exp(
∑P

p=1 xit,p(Qpcip)>vt)
× xit,p(Q>p vt)k

)

− δ−
(

exp(
∑P

p=1 xit,p(Qpcip)
>vt)

1 + exp(
∑P

p=1 xit,p(Qpcip)>vt)
× xit,p(Q>p vt)>cip

)
+ δ+

(
yit × xit,p(Q>p vt)>cip

)
− δ−

(
yit × xit,p(Q>p vt)k

)]}
−cip,k ×

{ ni∑
t=1

[
δ+

(
exp(

∑P
p=1 xit,p(Qpcip)

>vt)

1 + exp(
∑P

p=1 xit,p(Qpcip)>vt)
× xit,p(Q>p vt)>cip

)

− δ−
(

exp(
∑P

p=1 xit,p(Qpcip)
>vt)

1 + exp(
∑P

p=1 xit,p(Qpcip)>vt)
× xit,p(Q>p vt)k

)
+ δ+

(
yit × xit,p(Q>p vt)k

)
− δ−

(
yit × xit,p(Q>p vt)>cip

)]}
= 0.

(B.8)
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Thus, we could derive an iteratively updating rule for cip similarly as in Chapter 2:

c
(m+1)
ip,k = c

(m)
ip,k×

{ ni∑
t=1

[
δ+

(
exp(

∑P
p=1 xit,p(Qpc

(m)
ip )>vt)

1 + exp(
∑P

p=1 xit,p(Qpc
(m)
ip )>vt)

× xit,p(Q>p vt)>c
(m)
ip

)

− δ−
(

exp(
∑P

p=1 xit,p(Qpc
(m)
ip )>vt)

1 + exp(
∑P

p=1 xit,p(Qpc
(m)
ip )>vt)

× xit,p(Q>p vt)k
)

+ δ+

(
yit × xit,p(Q>p vt)k

)
− δ−

(
yit × xit,p(Q>p vt)>c

(m)
ip

)]}/
{ ni∑

t=1

[
δ+

(
exp(

∑P
p=1 xit,p(Qpc

(m)
ip )>vt)

1 + exp(
∑P

p=1 xit,p(Qpc
(m)
ip )>vt)

× xit,p(Q>p vt)k
)

− δ−
(

exp(
∑P

p=1 xit,p(Qpc
(m)
ip )>vt)

1 + exp(
∑P

p=1 xit,p(Qpc
(m)
ip )>vt)

× xit,p(Q>p vt)>c
(m)
ip

)
+ δ+

(
yit × xit,p(Q>p vt)>c

(m)
ip

)
− δ−

(
yit × xit,p(Q>p vt)k

)]}

(B.9)

In Eq.(B.9), the superscript m refers to the order of iteration. By introducing δ-functions,

we ensure that the numerator and the denominator are both non-negative. Therefore, given

any non-negative initial membership vectors cip, p = 1, 2, ..., P , the non-negativity require-

ment of the membership vectors is guaranteed.
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Appendix C

C.1 Proof to Lemma 4.2

Lemma 4.2: For two non-negative matrices A1 ∈ Rp×q and A2 ∈ Rq×r, whose column

sums are all 1, the product A1A2 is also a non-negative matrix with all column sums being

1.

Proof For matrices A1 = {a1,ij} and A2 = {a2,ij}, we have:

a1,ij ≥ 0, a2,ij ≥ 0, ∀i, j;

p∑
i=1

a1,ij = 1, ∀j = 1, . . . , q;

q∑
i=1

a2,ij = 1, ∀j = 1, . . . , r.

For the product matrix A1A2 ∈ Rp×r = {xij}, each entry xij satisfies:

xij =

q∑
k=1

a1,ika2,kj ≥ 0.

p∑
i=1

xij =

p∑
i=1

q∑
k=1

a1,ika2,kj =

q∑
k=1

( p∑
i=1

a1,ik
)
a2,kj =

q∑
k=1

1 · a2,kj = 1

Hence, the product matrix A1A2 is non-negative, and all column sums are 1.
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Appendix D

D.1 Proof to Lemma 5.2

We provide the proof of Lemma 5.2 here.

Lemma 5.2: In logit models, when the reward r is linearly related to the attributes x,

there will be an infinite set of estimated coefficients β̂ that can lead to same utilities, and

therefore, all maximize the log-likelihood of the model. In some of these solutions, β̂r may be

negative.

Proof To prove this, we first rewrite the coefficient β as β = [β>x , βr]
>, so the systematic

utility V = β0 + β>xx+ βrr. For the logit models like the one in Eq.(5.1), the log-likelihood

to be maximized is:

max
βx,βr

∑
j

log
[
1 + exp(β0 + β>xxj + βrrj)

]
− yi(β0 + β>xxj + βrrj), (D.1)

where t indicates the data points. Suppose that {β∗0 ,β∗x, β∗r} is one optimal solution of the log-

likelihood function. When rt is linearly related to xt, which we can denote as rt = γ0+γ>xt,

for any real number δ 6= 1, we will have:

rj =
γ0

1− δ
+

γ>

1− δ
xj −

δ

1− δ
rj. (D.2)

Thus, we can define an infinite set of optimal solutions by noticing that

β∗0 + β∗>x xj + β∗rrj = (β∗0 +
β∗rγ0
1− δ

) + (β∗x +
β∗rγ

1− δ
)>xj +

−β∗r δ
1− δ

rj, (D.3)

i.e., here, {β∗∗0 = (β∗0 + β∗
rγ0
1−δ ),β∗∗x = (β∗x + β∗

rγ
1−δ )

>, β∗∗r = −β∗
r δ

1−δ } is a different optimal solution

that achieves the same optimality as {β∗0 ,β∗x, β∗r}.

Because of the arbitrariness of the optimal solutions, it is possible that β̂r = −β∗
r δ

1−δ < 0

(e.g., when 0 < δ < 1 and β∗r > 0). The estimated coefficients for other attributes β̂x will

also be shifted by the amount of β∗
rγ

1−δ , and cause some unexpected sign errors. �


