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Efficiently solving complex decision making tasks typically arises from the use of schemas, abstract
structures that organize experience and guide integration of novel information. There is a wealth of
knowledge related to how the hippocampus, the prefrontal cortex, and communication between the two
areas relate to schema formation, decision making, memory encoding, reward representations and be-
havioral planning. Less focus, however, has been placed on tasks involving ambiguous credit assignment,
where feedback cannot be uniquely attributed to a single feature. In this case, information associating
rewards with multiple stimulus features needs to be integrated across choice history to identify which
features give rise to specific rewards. How does neural circuitry support a learned schema in complex
credit assignment problems?

To understand the neural dynamics, I focus on data from non-human primates solving a multi-
variate bandit task involving ambiguous feedback of stimulus features, recorded in the Buffalo lab at
UW. Through behavioral modeling, I find that non-human primates solve the problem with a reinforce-
ment learning framework, suggesting schema-like learning by biasing choices towards recently rewarded
features. Behavioral modeling allows us to fit an estimate of the belief state of the non-human primate,
which we leverage to seek encoding of abstract feature variables in the hippocampus, prefrontal cortex,
and basal ganglia. Particularly, decoding of abstract feature variables during the feedback period, along

with multiple timescales of feedback specific modes, suggest that the neural circuitry updates belief states



by integrating feedback information with working memory. Further, bidirectional information flow be-
tween the hippocampus and prefrontal cortex provides evidence for the hypothesis that the hippocampus
guides neocortical plasticity while the prefrontal cortex stores and retrieves memories. Altogether, these
findings suggest possible dynamical representations for computations following a reinforcement learn-
ing framework, and these findings lay the groundwork for understanding the underlying circuitry that

supports schema representations.
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Chapter 1

Introduction

Decision making is a critical paradigm for success in the natural world. Individuals learn from the
success or failure of previous actions to improve their chances of future rewards. Difficulty increases
when the number of features and ambiguity increases. For example, many features of berries, such as
color, texture, or environmental conditions could correlate with its ripeness. Any animal interested in
identifying ripe berries needs to navigate the feedback received from all previously consumed berries
to uncover the underlying features that best correlate with ripeness. Not only is this problem difficult
due to the sheer number of features and samples, but also individuals encounter the credit assignment
problem [1], where they need to assign credit to only the subset of features that they believe is correlated
to the ripeness.

One framework for understanding the beliefs of individuals is through the concept of schemas [2],
high level structure that helps to organize information. Schemas allow one to place new information
within a context, which leads to efficient processing of difficult tasks. For example, the hippocampus
contains cells that encode space, known as place cells; this can create a schema-like representation [3],
where place cells are typically used to encode spatial information [1, 4, 5]. Schemas are expected to be
useful in high dimensional credit assignment problems, where generalization across features can be used
to efficiently organize incoming information.

While schemas are thought to form in the hippocampus [6], growing evidence has shown an inter-
action between the hippocampus and prefrontal cortex in difficult tasks [2]. One hypothesis is that the
hippocampus is responsible for forming ”declarative” memories [7], or memories that require specific ac-
tions by the brain. Motor skills or habits are not considered declarative. In this sense, the hippocampus
may be responsible for how information is encoded, while the prefrontal cortex may be responsible for
holding and manipulating that information [8]. The communication between the two areas is critical in
difficult decision making tasks, where interactions are necessary for efficient memory encoding.

With the importance of the hippocampus and PFC in mind, the overarching goal of this thesis is to



understand the neural representations necessary for individuals that are solving the naturalistic problem
of high dimensional credit assignment. With experimental data collected from the Buffalo lab, there
are numerous difficulties in uncovering neural representations. While it’s believed that a schema guides
the decision-making process, the schema itself is not known to the experimenter. The first aim is to
behaviorally model subjects’ choices such that there is an understanding of the subjects’ behavior and
their internal beliefs. The second aim is to find neural evidence for these behavioral models, which would
provide evidence toward the use of a schema while solving credit assignment problems. Finally, the third
aim is to uncover the representations necessary in solving these tasks. With the behavioral models, one
can uncover the neurons and brain areas responsible for computations and schema representations. The

brain-wide computations and communication then help explain the individuals’ choices.

1.1 Schemas

The terms ”schema,” ”learning set,” ”cognitive map,” and "mental model” have somewhat similar mean-
ings. Cognitive maps [9] are typically used in spatial tasks to describe how a subject maps relative
locations of objects in an environment [10]. They have also been used in non-spatial organizations [11],
such as the cognitive mapping of frequencies [12]. Schemas are more general than cognitive maps, as
they are frameworks that provide default beliefs or assumptions when new information is provided [13].
A spatial schema can be thought of as a framework to view and store information about similar environ-
ments without focusing on any specific location [10]. As an example, a cognitive map is created when
moving to a new city to understand the relative locations of important areas. A schema is used to quickly
interpret, identify, and categorize locations; e.g. cities typically include a downtown area, neighborhoods,
sometimes a central highway to transport one self large distances quickly, and/or rivers/waterways that
naturally divide areas. However, schemas apply to more general situations than just spatial maps, such
as in memory formation and decision making situations [2, 14]. For example, schemas could be used
when forming associations of main and side characters in movies or tv shows [15]. On a side note, this
may be one reason why experts in one area (e.g. science) can quickly learn adjacent areas (e.g. math).
Generally speaking, schemas are useful for taking advantage of common structures in the environment,
which can be useful for parsing novel information.

Mental models, sometimes referred to as internal models, are similar in concept to schemas. Mental
models are specific models of the world that the individuals create to guide processes [16], and they can
be updated upon performing actions and receiving feedback. This underpins the concept of predicative
coding, where individuals anticipate future feedback based on prior knowledge [17]. These models are
explicit views of the state of the world as opposed to the implicit assumptions of the world formed by

schemas. A cognitive map, for example, could be thought of as a mental model, and a schema could



give rise to the formation of specific mental models. One natural case of mental models occurs in motor
control and trajectory planning [18], where an internal model guides body parts to the desired location.
Quantitative cognitive models, models of subjects behavior that can be used to correlate to neural data
[19], can be used as hypotheses for individuals mental models [20]. This approach leads to interpretations
of the individuals choices along with a hypothesis of the underlying mental model.

Lastly, schemas share similarities with learning sets [21], where subjects "learn to learn” associations
very quickly after multiple problems. E.g. monkeys, when given multiple pairwise discrimination prob-
lems, eventually learn to one-shot discriminate pairs of objects and rewards [21]. In developing both
schemas and learning sets, subjects improve their ability to learn new problems. However, learning sets

are less generalizable to new situations.

How Have Schemas Been Applied?

There has been growing research into the form of schemas when rapidly forming connections in contexts of
decision making, paired associations, and spatial organization [3, 22, 23]. In one example, Tse et al. [22]
found that rats form paired associations more quickly after many learned paired associations, a memory
consolidation process made possible by developing a schema based on statistical regularities. In their
case, rats formed a spatial memory of the arena, which could be then used to rapidly assign locations to
novel stimuli. They found that the hippocampus was important in this process, as hippocampal-lesioned
rats failed to form these associations. However, expert rats, trained for an extraordinary amount of time,
did not perform worse when the hippocampus was lesioned. This indicates that the hippocampus was
important for the development of the schema.

In a similar example, Morris et al. [24] found that rats learn a spatial map of different food locations
in an arena across the course of a day. After training, rats are able to one-shot learn new locations of
food. They argue that a schema is learned such that the rats can efficiently integrate new knowledge
and prevent rapid forgetting. The schema also likely plays a role in memory consolidation. They argue
that a learning set hypothesis is less likely, since expert animals learn the new set of food locations much
slower when a different arena is introduced.

Zhou et al. [23] hypothesize that learning tasks with schema lead to similar neural representations
across different problems. They find that after rats learn multiple odor sequence problems, the neu-
ral representations in the orbital frontal cortex are similar across problems with the same underlying
structure. They believed that generalization occurred across problems with the use of a schema.

In relation to cognitive maps, Baraduc et al. [3] found cells in the monkey hippocampus that generalize
across spatial environments with similar structures and different visual features. This shows the ability
for these cells to find abstract information about the spatial structure. This may provide evidence for

schema-like learning, where the reuse of the spatial structure leads to efficient learning of new arenas.



There is also interest from the machine learning side in how schemas efficiently generalize previous
knowledge to quickly learn new tasks [25]. With recurrent neural networks trained on learning tasks,
Goudar et al. [26] found low dimensional manifolds that are representative of shared task variables. The
low dimensional manifold could be considered as a neural substrate of the schema, which then limits

connection weight changes when reused across problems.

Where do Schemas Live?

Many brain areas are involved with use of abstraction and decision making, such as the hippocampus,
anterior cingulate, and prefrontal cortex. Particularly, the hippocampus is important for schema repre-
sentations and the building of cognitive maps [27]. Tse et al. [22] also found that the hippocampus was
important for the development of a schema. Zhou et al. [23] found neural representations in the orbital
frontal cortex, a sub-region of the prefrontal cortex and important for learning associations to primary
reinforcers (e.g. taste) and correcting reward related behavior [28]. The entorhinal cortex, which serves
as a gateway of representations to and from the hippocampus [29, 30], has been shown to generalize
across abstract tasks with similar statistical structures [31].

In decision making, there are often evaluations, where individuals judge their confidence and update
their internal belief based on positive or negative feedback. Sarafyazd et al. [32] found that the anterior
cingulate and dorsomedial frontal cortex were extremely important for switching behavior in an decision
making task with uncertainty in the sensory information. With all of these areas in mind, it’s important

to understand the richness of each brain area and how they support cognition during difficult tasks.

1.2 The Role of the Hippocampus

The hippocampus [2] is an important brain region for schema formation and representation and it has
been shown to be involved in numerous important cognitive traits: place cells [4], memory formations
[7], theta oscillations [33], and abstract variables [34]. I now review some of the important features of
the hippocampus in this section.

A good starting point is the finding of place cells in the Hippocampus [35], which are cells that
encode the physical location in space. They have since been found in more general cases, such as
mapping particular frequencies in a frequency spectrum [12]. As such, one could think of place cells as
building blocks for cognitive maps [1]. Some hypothesize that place cells are more generally based on a
formation of memory [4], where the hippocampus takes advantage of correlations to compress memory.
This naturally expands to the idea that place cells, and more generally cognitive maps, apply to more

than spatial mappings [11].



Place cells have also been hypothesized to be related to phase coding [36] in rodents, where cells fire in
relation to the prominent theta (6-12 Hz) local field potential oscillation [33]. Importantly, the precession
of firing relative to phase is independent of running speed [37] and direction [38]. It may be possible that
the theta phase coupling is related to top-down mechanism for attention through rhythm coherence [39].
One critique is that non-rodents typically don’t have large theta oscillations in hippocampus. However,
Bush et al. [36] argue that this can be overcome with phase precession at arbitrary frequencies [40, 41],
which was demonstrated in the bat hippocampus [42]. Further, theta reset occurs in both monkeys and
humans [43, 44], which may be important for stimulus processing and memory formation.

In the processing of memory, abstract representations are extremely important for the generalization
of variables [34] and cognitive flexibility. Abstract representations are related to the schema representa-
tions found in the hippocampus [3, 22, 23]. With this in mind, schemas may be important in memory
consolidation in terms of finding efficient abstraction mechanisms.

From these results, there have been many hypotheses as to the role of the hippocampus [45-47]. Some
believe in a declarative memory hypothesis [7], where it’s believed that the hippocampus is important
for consciously accessible memories but not memories that have been consolidated to neocortical sites.
Others believe in a multiple trace theory [48], where episodic memories depend on the hippocampus with
resilience due to repetition while some memories are stored elsewhere. While many different ideas exist,
there isn’t a precise definition of the functional role of the hippocampus [45].

No matter what the precise role is, the hippocampus is likely important in solving high dimensional
credit assignment problems. Individuals likely need to form a memory representation to solve these tasks,

and the hippocampus may play a role in finding abstract representations for efficient computations.

1.3  The Role of the Prefrontal Cortex

The prefrontal cortex (PFC) is a high-order area important for cognitive control and executive functions
[49]. It can be broken down into many sub-regions with more specific cognitive functions [50]. Par-
ticularly, the motor cortex is involved in body movements and muscle activity [3]. The lateral PFC is
involved with executive behavioral control, retention of information, selective attention, and behavioral
planning [51]. The medial PFC, including the anterior cingulate, is involved in decision making, retrieval
of long-term memory, learning associations, emotional response, and memory consolidation [52]. The
orbito-frontal cortex is involved with representations of taste/odor reward values, learning stimulus re-
ward associations, and reward related behavior [28]. From these regions, it is clear that the PFC has a
high importance in the learning of complex decision-making tasks.

One of difficulties in solving decision making tasks is the evaluation of feedback related responses.

In a reversal learning task, dorso-lateral PFC neurons predict choice preference switches [53], a result



consistent with the idea the the lateral PFC area represents a belief of the world. Further evidence
for representing belief states is found in the WCST [54], where many dorso-lateral PFC neurons either
encode success/failure or beliefs about the task. Belief states are represented in low dimensional spaces
in the lateral PFC when learning spatial associations [55]. The lateral PFC also plays a role in working
memory tasks [56, 57], where neurons are able to maintain activity for a short while after visual stimuli
turn off. Lastly, the lateral PFC has been shown to be important in executive control of attention, where
monkeys with lesions lost the ability to change top-down attention [58].

The medial PFC has been found to be extremely important in decision making tasks [59]. The
anterior cingulate, a sub-region of the medial PFC, has been found to signal conflicting information [60,
61], a process useful for signaling changes in behavior. The anterior cingulate has also been found to be
important in regards to remote memory [62]. The ventro-medial PFC has also been found to be important
for consolidating declaritive memories [63]. Hoy et al. [64] found reward prediction error (RPE) neurons
in the dorso-medial PFC along with the insula, which was found to communicate this RPE information
to the dorso-medial PFC. The dorso-medial PFC has been shown to affect RPE signaling [65], which
may be important in learning belief states. Domenech et al. showed the importance of the medial PFC
during an exploitation vs exploration task [66]: they found that the ventro-medial PFC tracks reliability
and predicts upcoming action outcomes while the dorso-medial PFC that guides behavior after responses
to previous action outcomes.

The orbito-frontal cortex (OFC) plays a role in sensory integration and representation of rewards [67].
The reward value of odors, related to the satiation of the subject, has been represented in the OFC [68].
E.g., devaluing odors in an visual/odor association task leads to the result that the OFC and amygdala
encode reward values associated with odors [69]. Zhou et al. found representations of schemas in the
OFC [23], which may occur due the dependence of presented odors. Others have found dependence on
many stimuli, including taste [70], somatosensory [71], and abstract representations of money [72].

From the associations of PFC in many tasks, The PFC likely is extremely important in solving high
dimensional credit assignment problems. The OFC may be responsible for encoding sensory reward
values. The medial PFC may integrate reward prediction errors, a process needed to consolidate beliefs
during difficult tasks. The medial PFC could further be important for decision making and retrieval of
belief states. The lateral PFC could be important for holding a working memory of stimuli as well as
providing executive control of attention. With the link between the PFC and hippocampus [73], the PFC
is clearly an important region when it comes to understanding neural mechanisms in solving complex

decision making tasks.



1.4 Communication between Hippocampus and PFC

Both the hippocampus and PFC are important for understanding decision making and consolidation of
memory [74] during high dimensional credit assignment problems. Communication between the two areas
may be an important mode for memory consolidation [73]. Particularly, there has been evidence showing
that the PFC and hippocampus couple via oscillatory synchrony, allowing bidirectional information flow
[75]. While there are direct neural pathways between the two areas [76, 77], the PFC has also been
shown to phase lock to the theta rhythm in the hippocampus [78]. Differences in synchrony between the
hippocampus and PFC have been used to motivate the idea that associative learning may occur in the
PFC while the hippocampus guides neocortical plasticity [8].

Connections between the hippocampus and PFC, particularly the medial PFC, appear during many
aspects of tasks. Schlichting et al. [79] showed connectivity during rest periods, a process that enables
the updating of memory. Minxha et al. [80] found an increase in synchrony during memory retrieval.
Das et al. [81] found communication during memory encoding and recall; they found information flow
from the hippocampus to the PFC from 0.5-8 Hz and the reverse direction from 12-30 Hz. Brincat et
al. [8] found communication after feedback, particularly from the PFC to the hippocampus from 2-6
Hz after errors and from the hippocampus to the PFC from 9-16 Hz after correct trials. Bidirectional
information flow may be important in decision making tasks, where information may signal updates to

the memory.

1.5 High Dimensional Credit Assignment Problems

So how can high dimensional credit assignment problems help with the understanding, development, and
use of schemas? Thus far, many studies focus on relatively straightforward tasks for abstractness, such
as relating spatial locations to rewards [22, 24], sequences [23], or paired associations [82]. Others seek
to generalize to more complicated tasks [83]. More complicated tasks, where credit assignment is needed
and there are large numbers of objects, may reveal deeper characteristics of learning.

Consider the task of finding the underlying features that represent the ripeness of berries. Any
feature, such as size, shape, amount of sun or water received, may be important. Every sample, or
berry tasted, returns a single value that needs to be assigned to the collection of features and the
assignment of credit to a single feature is difficult. This also involves efficiently storing information
from all previous samples. There are two important ideas explored in these kind of tasks. First, how
are schemas utilized to efficiently assign credit? Second, how are schemas utilized to efficiently store
information? One can imagine non-schema like learning, where credit is assigned to every previous

sample and all previous samples are remembered. This is inefficient and requires a tremendous amount



of memory and computations. It’s likely that individuals will quickly forget previous samples, especially
due to memory limitations [84, 85]. Then, individuals will learn extremely slowly or not at all.

To study this problem, a common framework is to switch the underlying "rule” after learning a task.
In the berry foraging example, this would be akin to learning multiple berry species while developing a
schema to efficiently identify important features. The question remains as to what schemas are utilized
by individuals. If no schema is learned, then the individual will never efficiently solve the task.

One interesting question is the difference in schemas applied by different species. Direct comparisons
have shown worse performance in monkeys than in humans in a variety of decision-making and memory-
based tasks [54, 86-90]. With this in mind, one may assume that different schemas are found in different
species, resulting in varying learning rates.

So what would a schema look like for high dimensional credit assignment problems? A schema
should incorporate the knowledge that only one (or a few) feature(s) are important while incorporating
a learning method that efficiently finds the primary features. While memory is not technically needed,
as something like a win-stay lose-shift strategy (WSLS) [91] could solve these problems, memory of
previous samples may converge on learned rules much faster. Efficient strategies have similar frameworks
to partially observable Markov decision processes [92, 93] and in some cases a reinforcement learning

[94]. Understanding the learned strategy can uncover the underlying schema.

1.6 Behavioral Task

To study schemas during high dimensional credit assignment tasks, I focus on data from monkeys and
humans solving a variation of the Wisconsin Card Sorting Task [95]. This variant focuses on multi-
dimensional aspects, and complex strategies are needed to solve the task effectively. The majority of this
thesis is focused on subjects performing this task, and more details can be found in Sec. 2.1.

In this task, subjects see four images (”cards”) on a screen, where each image contains a unique
color, shape, and pattern (Fig. 2.1). In total, there are 12 features, and there are 64 combinations of
three features. The subject is rewarded if they choose the card with the ”correct” rule, a feature that
is unknown to the subject. After a threshold number of correct trials in a row, the rule spontaneously
switches without any cue. To maximize reward, the subject needs to learn a strategy that converges to
the correct rule.

This task highlights the complexity of high dimensional credit assignment problems. The task requires
generalization and understanding of feature importance rather than stimulus importance. That is, a naive
strategy related to exact stimulus seen will not efficiently learn the rule. Further, this task highlights the
problem of ambiguous credit assignment, where the subject needs to integrate information from multiple

trials. That is, it is impossible for an ideal observer to figure out the rule from a single trial. At best



with a perfect strategy, one could find the rule after two trials. At worst with a perfect strategy, one
could continually choose incorrectly and have to exhaust all 11 other features over the course of many
trials. This highlights the need for cognitive flexibility, where the memory may constantly update based
on the subjects behavioral state. One can imagine different internal beliefs when the subject initially
searches, searches late in the rule block, tests features, or knows the rule.

One of the major difficulties is the large number of features. Given that both monkeys [96] and
humans [84, 85] are memory-limited to about 3-5 objects, they may not be able to hold the 64 stimuli
in memory. Assuming that the subjects strategy holds one value per feature, it is unlikely for subjects to
remember values for all 12 features. To solve this, efficient coding and memory consolidation is needed.

Lastly, and possibly most importantly, rule switches demand cognitive flexibility and schema forma-
tion. It may take many trials to gradually learn the rule on the first block. After developing a schema,
rules in future blocks will be learned faster, leading to more reward overall. In a sense, the subject needs
to ”learn to learn,” where they need to learn an efficient learning strategy for learning the rule.

To receive large amounts of reward, the subject must form a schema representation. E.g. a subject
could bias their choices towards features that were recently rewarded. Memories could be consolidated
by removing information about non-chosen features or features that are likely unrewarded. The schema
could be the reason for generalization across features, cognitive flexibility, and consolidating memories

to a small set of possibilities.

1.7 Conclusions

To study the neural representations necessary for individuals solving high dimensional credit assignment
problems, I focus on the WCST dataset from the Buffalo lab. This task exemplifies cognitive flexibility,
generalization, schema formation, ambiguous credit assignment, and memory consolidation. Behavioral
modeling is needed to understand how the subjects learn to solve this task. Only then can one find
neural correlates to the underlying belief state. And finally, one can learn about the representations and
use of schemas in these complex tasks.

There are many hurdles to overcome when focusing on this dataset. E.g., the subject is allowed
naturalistic free viewing behavior during the choice period, where neural activity may not be trial-
aligned. To compensate, neural data can be directly aligned to the eye movements. Another major
difficulty is understanding the subjects’ beliefs. If, for example, the subject chose a cyan striped triangle,
did the subject choose the card because it was cyan, striped, a triangle, or some combination of the three
features? The experimenters may have true knowledge of the world, but the subject has a limited view
of the world. To find neural correlates, one first needs to understand the belief of the subject.

To solve the belief state problem, one may assume a ”"simple” behavioral model where the subject
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focuses on the rule towards the end of a rule block. However, not only does this remove many interesting
trials, it also assumes a belief state of the subject that may not be true. As shown in chapter 3, the
subject can be distracted by other features during the criteria trials, which means that the subject does
not always focus on the rule. This provides rational for behavioral modeling, where all trials can be used.

The problem is confounded further by the sheer number of features compared to the number of trials
in each session. Given that the subject takes 30-40 trials to find the rule per rule block and there are on
average around 1000 trials per session, each rule may only occur a few times. In some sessions, due to
randomness of the rule switch, only 11 out of 12 features are dictated as the rule. In most sessions, there
is at least one feature where the rule is that feature once. With this in mind, validating the subjects
belief is extremely difficult, since validation requires that the feature should be the rule multiple times
throughout the session. Behavioral modeling can remedy this problem, since beliefs of all features occur
sporadically throughout all trials.

There are also difficulties related to the neural data. The data involves multi-area, simultaneous
recordings across months of sessions. With this in mind, one needs to aggregate statistics across all
sessions to find simple but meaningful results. Further, precise locations of electrodes and spikes are not
known. While there has been a great deal of effort! in localizing the placements, one cannot precisely
know the locations until an autopsy is performed. For example, the implanted electrodes may bend
depending on scar tissue. Throughout this thesis, I use general approximations courtesy of Mike Jutras.

With these difficulties in mind, I now highlight the main findings within this thesis. First and
foremost, from the behavioral modeling (Chapter 4), monkeys perform this task with a reinforcement
learning framework while humans perform like a memory limited ideal observer. Monkeys also pay
particular attention to the previous card, where they preferentially choose or avoid the previous card
if it was correct or incorrect. These strategies highlight potential schemas of the subjects, where they
take advantage of the task structure by biasing their choices towards recently correct features. More
details on the relation to schemas can be found in the discussion (Chapter 9). Second, there is evidence
for the behavioral models within the neural data. That is, there are neural correlates related to when
the subject focuses on particular features. There is a particular prevalence of feature belief during the
feedback period in the PFC, hippocampus, and basal ganglia, showing the importance of the feedback
period in computing belief updates.

In a related analysis, there are differences in the LFP amplitudes and timings during the feedback
period in the hippocampus and PFC; differences occur depending on the feedback and/or previous
feedback. There is also evidence for communication between the hippocampus and PFC in the LFP,
similar to results found by Brincat et al. [8]. In the 4-5 Hz band, information flows towards the HPC, an

effect that is stronger during incorrect trials. In the 20-24 Hz band, information flows towards the PFC,

1Special thanks to Mike Jutras for all of the hard work in electrode localization
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an effect that is stronger during correct trials. Interestingly, there is a reversal of flow during incorrect
trials in the 4-5 Hz band, where information flows towards the PFC after a few hundred milliseconds.
Throughout both the behavioral modeling and feedback analysis, the activities timing shows interest-
ing behavior. There are different processes that occur before and after ~ 400 ms after feedback begins.
The early feedback signal may be important for quick belief evaluations while the late feedback may be
related to further computations in belief updates. See Chapter 9 for more details and interpretations.
The research here also involved the development of the Non-Stationary Dynamical Mode Decomposi-
tion (NS-DMD) method, which generalizes DMD methods to work on non-stationary data. This allows
for further comparisons during the feedback period, where NS-DMD results agree with results found from
simpler methods. The benefit is that the NS-DMD approach is a dynamical systems approach, where
models approximate the full dataset. Its preliminary use during the feedback period shows promise for
further analysis. Further, collaborators have already begun using the method in other areas, such as in
spiking data, finding general phases of modes, and theoretical coupling between multiple oscillators.
The layout of the thesis is as follows. Chapter 2 focuses on the methods, diving into task details,
details related to the origins of spiking and LFP data, typical time-frequency analysis, and general
processing of the data. Methods specific to each analysis are included in subsequent sections. Chapter 3
focuses on introductory data analysis, beginning with an analysis of near-ideal simulated behavior. Then,
general subject behavior is explored, including a visual search strategy during the selection period. This
also includes an initial search of neural data using spectrograms, slow timescale power fluctuations, and
demixed principal component analysis. In Chapter 4, the subjects choices are modeled with various
behavioral models. The neural data is then correlated to the behavioral models in Chapter 5, finding
belief specific computations. Feedback related analyses are presented in Chapter 6, where there are
different responses and information flow depending on if the trials were correct or incorrect. Chapter
7 focuses on additional analyses, beginning with an attempt at rule decoding assuming a rule belief
during criterion trials. This chapter then analyzes phase reset, eye movement correlates, and decoding
when the subject is fixating on their final choice compared to initial card viewings. Chapter 8 introduces
the NS-DMD method. Finally, the discussion (Chapter 9) wraps up the thesis, highlighting results and

interpretations of the roles of each area and the use of schemas during these tasks.



Chapter 2

Materials and Methods

This section includes a broad overview of the main materials and methods included in the bulk of
the thesis. This includes the datasets, how they were collected, pre-processing, and general processing
required before more in depth analyses. Specific methods involved in particular analyses are introduced

in their respective chapters.

2.1  Wisconsin Card Sorting Test (WCST)

Subjects perform a variation of the Wisconsin Card Sorting Test (WCST) [95], a task typically used
in the clinical setting to measure frontal lobe dysfunction [97]. This is a complex decision making task
requiring the subjects to perform abstract reasoning and problem solving; it also requires the use of visual
processing, attention, and working memory. It also holds the potential to understand the dynamics of
learning. In the beginning, the subjects may have an inefficient representation of the task, but over
time their representation is more abstract, can generalize better, and ultimately solve the task to receive
reward faster. Thus, this task is a perfect candidate of analyzing how the brain learns, makes decisions,
forms abstract representations, and holds information in memory.

The WCST was performed by many subjects across the Buffalo, Knight, and Lin labs with varying
amount of neural data recorded. Generally, I focus on data from monkey S, that has a plethora of both
neural and behavioral data. For the behavioral analysis, I focus on all behavioral data from 4 monkeys

and 10 10 humans.

Task Structure

This variation of the WCST is designed as follows: the subject fixates on a cross in the middle of the
screen to initiate each trial. After fixating for a fixed time, the cross disappears, and four objects appear

on the screen. Each object consists of a different color, shape, and pattern. The subject must choose
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Figure 2.1: Schematic of the Wisconsin Card Sorting Test for the NHPs. There are different stimuli, timings,
and trials to criteria for the humans (see text). The task structure is the same for both species. (A) shows two
sample images of what the subjects sees on consecutive trials. The subject chooses one of the four objects and
either receives a reward or timeout depending on if they were correct or incorrect. The red and green boxes
indicate sample choices corresponding to an incorrect and correct choice. In this case, the correct choice is object
with the Escher pattern. The timeline of the task is shown in (B). (C) shows the a depiction of the underlying
rule for consecutive trials. Once the subject chooses 8 out of 8 or 16 out of 20 correct trials in a row, the rule
switches from (in this case) Escher to cyan.

one of the four objects based on an individual feature, known as the rule, which is unknown to the
subjects. For example, the subject may receive positive feedback when choosing the purple card and
receive negative feedback when choosing a non-purple card. After reaching a threshold of trials correct,
the governing rule will spontaneously change to something else. The rule change is not cued. If the rule
switches dimensions, i.e. from color to shape, the switch is termed extra-dimensional. If the rule stays
in the same dimension, i.e. from purple to green, the rule switch is intra-dimensional. See Fig. 2.1 for a

schematic of the task.

Minor Differences in Species

There are numerous differences in the task design. Some design choices were intentional and are necessary
for completion of the task by different species. Others are more dramatic and may cause differences in
strategies.

First, the NHPs are required to fixate on the fixation cross for 350 ms before the trial begins, and
the cross is shown for an extra 150 ms. The objects appear on the screen 98 ms after this. Humans are
required to fixate for 300 ms, and the objects appear immediately afterwards. Second, NHPs have 4000
ms to make a choice, which is done via eye-tracking: a choice is defined when the subject’s gaze lies
within a bounding box around an object for 800 ms. Humans have 4000 ms to make a choice, done via
an arrow key button press. After 98 ms for NHPs, the objects disappear from the screen, and feedback

begins. Feedback begins instantly for humans. Lastly, NHPs receive a juice/chow mixture and hears a
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Figure 2.2: Timeline of events for non-human primates. Diagonal lines indicate variable lengths of time

beep 8 times every 200 ms for a total of 1400 ms when correct, and they receive a timeout where nothing
appears on the screen when incorrect. The fixation cross on the next trial appears 1900 ms or 5500
ms after the end of object fixation on correct and incorrect trials respectively. Humans, receive visual
feedback, with a label saying either ”correct” or ”incorrect.” The next trial for humans begins after 1000
ms. Specific times for NHPs are indicated in Fig. 2.2.

A quick note on the values 798,” 71900,” and ”5500” above: these were analyzed after the recordings
were done. The inter-trial intervals 1900 and 5500 were found by averaging the inter-trial difference.
The 98 ms delay has a subtle origin. From the design of the task, object appear/disappear when the
command GFLUSH occurs. Unfortunately, this command was not documented. By taking trials where
the trial timed out (i.e. the monkey did not choose an object in time), one can look at the time difference
between the nearest recorded commands. The average time is 98 ms.

For three out of four NHPs, the rule switches after either 8 correct trials in a row or 16 out of 20
correct trials in a row on the current rule. For one of the NHPs, Monkey C, there was a glitch in the
programming, which was attempted to be fixed by modifying the trial switch criterion. Ultimately,
this ended with the majority of rules switching after either 8 correct trials in a row or 15 out of 20
correct trials in a row on the current rule. After further inspection, there are numerous rules that switch
anywhere from 7 to 16 correct trials. For humans recorded by the Knight lab, the rule switches after
either 5 correct trials in a row or 8 out of 10 correct trials in a row on the current rule. In the Lin lab,
there was an error in programming, and the rule could switch by reaching the trials to criterion without
regard to the current rule. E.g., if the subject was correct for 6 trials in a row, the rule would switch
both after 5 trials and on the trial afterward. This may impact the strategies of these subjects.

Lastly, for NHPs, every now and then the experimenter will introduce a short break of about 12

minutes where nothing is shown on screen. This can lead to a resetting of internal beliefs, although this
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only occurs a few times throughout each session.

Major Differences in Species

There are a couple of major differences in the task design. First, the proportion of intra- vs extra-
dimensional shifts are different. In the human version, the rule changes to any of the 11 other features
randomly. The monkey version was designed such that there is an equal probability of intra vs extra
dimensional shifts. This, in principle, could lead to different strategies since an ideal agent would bias
their strategy towards choosing intra-dimensional features after a rule switch. However, we don’t believe
that NHPs take advantage of this fact, as shown in Sec. 4.7.2.

The second difference is the randomness of the cards that appear. Every card is randomly chosen on
every trial for NHPs. However, there is a set sequence of cards that the humans see. The rules and rule
changes are still completely random. This, in principle, could be memorized by human subjects. This
seems unlikely as remembering 4 x 300 cards would be hard and not productive given that the relevant
rules are still random. At best, it could help the first few trials, but it would be unlikely to change any
result after a few trials.

Lastly, the most important difference is the instruction. NHPs learn solely by trial and error. Humans
receive instructions on the screen before the task begins. There are two groups of humans that receive
different instructions. The first group reads: ”In this experiment, you will see 4 cards on each trial. Each
card has 3 unique features (color, shape and texture). The card containing the correct feature will be
the correct choice. The correct feature might change during the task. Press any key to continue. The
answer is given by pressing one of the four arrow keys that corresponds with the selected card position
on the screen (up, down, left or right). You have 4 sec to provide the answer, or the trial times out.
Good luck and thank you!” The second group reads: ”In this experiment, you will use one of the four
arrow keys on each trial as a response. The ’correct’ or ’incorrect’ feedback will be provided following
each choice. Your task is to maximize the number of correct responses.” The key difference in the two
groups is the amount of instruction. The first group is told how the task is done. The second group has

a minimal amount of instruction, which is much more similar to the NHPs.

Modifications to Task For Monkey S

For Monkey S, the main subject for analysis, there are a couple modifications and bugs. Some sessions
have a bug whereby rule blocks can last for a single trial, which can lead to a rule occurring effectively
twice in a row. Next, from 2018-10-15 to 2018-12-07 and 2019-01-30 to 2019-02-01, a bug occurred in
which the timeout period was significantly shortened. In these sessions, the timeout period was only 1480
ms. Lastly, between dates 2018-12-10 to 2019-01-25, different stimuli were shown to Monkey S. Instead

of the stimuli shown in Fig. 2.1, different colors, shapes, and patterns were shown. For the majority of
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analysis, I focus on sessions before the first timeout period shift.

Behavioral Pre-processing

The first and sometimes second rule is typically biased. For this reason, the first two rule blocks are
dropped for all subjects. The subjects, especially the NHPs, get tired by the end of the session, so the
last rule block is dropped. Naturally, any trial where the subject does not make a choice is dropped.

Sessions with bugs, such as single trial rule blocks, are dropped.

2.2 Experimental Details

The four adult female rhesus monkeys (Macaca Mulatta) are labeled as Monkeys S, C, B, and T. Their
age at the start of the recordings was 9.1, 10.8, 19.9, and 10.3 years respectively. Their weights at the
start of the recordings was 7.9, 7.6, 8.5, 5.9 kg respectively. The subjects completed 42, 29, 89, and 23
sessions respectively, with 959 + 269 trials per session. Evaluated by the experimenter, every 31 £+ 5
minutes, the subjects rested for 12 + 3 minutes while seeing a blank screen. Programming occurred with
NIMH Cortext or NIMH MonkeyLogic software. All subjects were equipped with eye tracking (EyeLink
1000 Plus, SR Research), and all subjects were head-fixed with a titanium rod. Monkeys S and C had
microdrives implanted for corresponding neural analysis. All procedures were carried out in accordance
with the National Institutes of Health guidelines and were approved by the University of Washington
Institutional Animal Care and Use Committee.

Each NHP was head-fixed in a dimly illuminated room, positioned 60 cm away from a 19-inch CRT
monitor with a resolution of 800 x 600 pixels, corresponding to 33 degrees by 25 degrees of subtended
visual angle.

There were no neural recordings for the humans. The studies involving these human participants
were reviewed and approved by the Institutional Review Boards of University of California, Berkeley.
All participants provided their written informed consent to participate in this study and received a small
compensation. While not studied here, data does exist from a group of human participants with neural

implants.

2.3 Origins of Neural Data

It’s important to understand the source of the the data. Ultimately, one hopes to discover the connec-
tion between firing of neurons and the thoughts and behaviors of the subject. This section highlights

characteristics and origins of the local field potential (LFP).
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Figure 2.3: (A) Depiction of a typical cortical pyramidal neuron cell (Dayan & Abbot Fig. 1.1 [4]). Axons
typically travel a large distance: large fractions of the brain, or even the whole body. (B) Action potential (spike)
of intracellularly recorded cultured rat neocortical pyramidal cell (Dayan & Abbot Fig. 1.2 [4]). The fluctuation
in potential lasts for around 1ms, and typically there is a refractory period where the neuron is unable to spike
for a few ms.

An electric probe, or electrode, is placed inside the brain. The probe measures the electric potential V',
referenced to a ground that is typically placed outside the brain, on the ears, or somewhere respectively
far away from the electrode. Any fluctuations in potential are measured, which can range from brain
activity to artifacts such as wall noise. Even eye movements and muscle artifacts are known to influence
the measurement from the probe [98]. Removing artifacts, or activity not associated with the brain, will
be discussed in Sec. 2.4.

So what brain activity is measured? When a neuron fires (Fig. 2.3(A)), there are a plethora of
moving charges. Dendrites receive inputs from other neurons, which causes sodium ions to flow into the
neuron. If enough sodium enters, causing a depolarization from the resting potential, a positive feedback
process begins where more sodium ions enter. The potential of an example cell is shown in Fig. 2.3(B).
The ions "spread out” due to coulomb forces throughout the neuron, which leads to more sodium ions
entering, potassium ions leaving the neuron, and later positive calcium ions flowing into the neuron at
the axon terminals [4]. The influx of calcium is responsible for sending neurotransmitters to nearby
neural dendrites, restarting this cycle. There is a refractory period of a few ms, where the ions return
to balance out the potential. There is a large literature building on the seminal work by Hodgkin and
Huxley [99] modeling the ion currents. Since there are different places where ions flow in and out of the
cell, there is a formation of areas of relatively large and relatively small potential, known as potential
sources and potential sinks [100]. Then, there are return currents as the system is restored to rest.
From this, neuronal firing is typically characterized as collections of changing dipoles [100]. Given the
complicated charge distribution and ever evolving dipoles, one could in principle use Coulomb’s law to

find the potential everywhere else in the brain.
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A problem arises due to the sheer number of neurons. The potential at the electrode is a sum of
every potential contribution from every neuron. If the neurons fire randomly compared to each other,
the relative contributions at the electrode can cancel out or look like noise. Then how exactly can a
measurement reveal anything? The secret is that neurons fire somewhat synchronously [101]. Specifically,
post-synaptic transmembrane currents in the dendrites form an extracellular sink. An extracellular
source is needed elsewhere, which occurs downstream on the neuron. The extracellular currents, deemed
return currents, between sinks and sources are relatively synchronous between nearby neurons due to
the relatively slow timescale [100]. If a collection of neurons all fire at a similar time, there is a relatively
large contribution to the potential at the electrode compared to the random addition of all of potentials
from all other neurons. Also, the contribution from far away neurons, which may not be synchronous,
dies like 1/72.

Another important point is that neurons typically fire multiple times [4]. If a collection of neurons
all fire simultaneously, there is an associated increase in power in the LFP at the frequency at which the
neurons fire [102].

Hypothetically, if one knew every current from every neuron, one could accurately find the potential
at the electrode, but this impossible in practice. Also, what’s usually of interest is the inverse problem,
discovering information about the neurons from the LEP. This is practically impossible due to a plethora
of charge distributions that can all lead to the same potential.

Geometry also plays an important role in the potential measured. Since the neurons form dipoles,
there is an associated directionality in potential variation. In thalamocortical cells for example, dendrites
emerge relatively equally in all directions, leading to a field that naturally cancels itself out [103]. For-
tunately, the cortex is a layered structure, with a planar organization filled with pyramidal cells whose
processes are oriented orthogonal to the layers, naturally forming a linear like shape with a spatially
separated source and sink. In the cortex, pyramidal cells typically all face the same direction in a planar
manifold. However, the plane then folds on top of itself multiple times. This complicates things further
since the potential sinks and wells can now form dipoles between the folds of the plane [100].

To summarize, the potential is typically thought of as a measurement of synchronously firing neurons.
More specifically, measurements that are not noisy tend to arise from large collections of synchronously
firing neurons. With this in mind, it’s also important to think of what behavioral quantities are readily

measured.

Typical Behavioral Correlates

Typically, the frequency spectrum of the LFP ranges from 1 to 100 Hz [100] to sub-500 Hz [102]. Power
in the 100 to 500 Hz range could occur when neurons fire every 1 to 10 ms, which is on the order of the

refractory period mentioned in [4]. The LFP spectrum is typically divided into different ranges, although
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the exact ranges depends on species and by the experimenter. Shi [104] summarizes the ranges as follows
for non-human primates. The delta range is from 1 to 4 Hz. This typically is associated with slow
wave sleep [105]. Next, the theta range is from 5-8 Hz, and is commonly observed in studies of learning,
memory [106, 107], and spatial navigation [1]. This also seems to be an extremely important range in
the mouse brain, where different processes synchronize to the theta frequency in a frequency coupling
process [33]. The alpha range is from 9 to 14 Hz, which typically is thought of as underlying network
coordination [108] and attention [109]. The beta range is from 15 to 30 Hz, and is related to motor
processes [110] and working memory [111]. For example, [112] highlights that isometric contraction of
fingers, wrists, shoulders, feet, and tongues have been found to relate to a drop in beta power. The last
range, of particular importance, is the gamma range from 30 to 200 Hz. Literature sometimes divides
this into low gamma from 30 to 50 Hz, high gamma from 50 to 100 Hz, and very high gamma above
that. Low and high gamma are related to cognition [113] and in frequency coupling with slower bands
[114]. Very high gamma has been shown to correlate to spiking [115].

Given this association of different frequency ranges with different behavioral correlates, it’s important
to think about the frequencies of artifacts. For example, 60 Hz wall noise causes a problem when measur-
ing high gamma. Eye movements in non-human primates typically occur every 200 ms, corresponding
to 5 Hz. Thus, an increased power at 5 Hz could be due to synchronized firing of neurons or some
computation related to visual processing. This is complicated further by eye movements being reported
as causing artifacts in LFP [98] at 5 Hz.

Muscle artifacts have been shown to cause problems at a wide range of frequencies [98]. The peak
frequency of the masseter muscle (chewing related) occurs at 50-60 Hz. Frontalis (wrinkling of the brow)
occurs at 30-40 Hz. The lower band limit of the activity of these muscles is about 15 Hz while the
high end activity is well above 100 Hz. Muscles that control saccadic eye movements produce activity
that peaks at 65 Hz. Representation of sounds in the auditory and somatosensory cortices is observed
between 75-110 Hz. Clearly, there is a wide range of non-cognitive processes that are visible and need
to be removed.

It’s important to have pre-processing steps that take into account both artifacts and the large range
of possible frequency ranges reported. In Sec. 2.4, I discuss localizing the LFP signal in an effort to
remove artifacts, relying on the fact that artifacts typically spread much faster than cognitive processes.
In Sec. 2.7, I discuss a method for finding frequency ranges in a data driven way, without regard to

previous ranges.

Frequency Power Law

The spectrum of the LFP is known to decay like a power law [116]. This affects the pre-processing and

dimensionality techniques like principal component analysis, which will preferentially select components
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of the LFP at lower, and therefore higher power, frequencies. This section focuses on possible reasons
for this decay.

The first common reason for the power law decay occurs from dendritic low pass filtering ( [100,
102]. A filtering effect occurs around single neurons, which could be explained by a slight shift in timing
between potentials from the soma compared to the synapse [117]. This naturally impacts the summation
of potentials from different neurons, where power is larger at lower frequencies.

The other common reason occurs from the naturally large timescale of lower frequencies. At lower
frequencies, there is a larger window of time in which neurons can fire and impact the power in the
same fashion. For example, let’s imagine two neurons fire with a constant time delay of 5 ms. If the
frequency of interest corresponds to a wavelength of 30 ms, then the two neurons will both fire near
the peak/trough, which sums to increase the total power of the frequency. If, however, the frequency
of interest corresponds to a wavelength of 10 ms, then one neuron could fire at the peak and the other
could fire at the trough. This leads to a cancellation of the power at this frequency. This thought process
shows that more neurons can fire where the voltage constantly sums together without cancelling. At

larger frequencies, the potentials can cancel out, leading to a smaller power at higher frequencies [100].

LFP and its Connection to Spikes

If the LFP is measured at a high enough sampling rate, it is possible to find individual spikes in the data.
For example, Beth’s lab measures at 30 KHz, which is a high enough resolution to see individual spikes
if the electrode is close to neurons. The potential is known to spike with a fluctuation on the order of
~ 100 mV (Fig. 2.3) at a timescale of about 1 ms [4]. Spikes are typically found by hand or by taking
advantage of more recent unsupervised techniques [118]. After finding them, spikes are a great source
for finding correlates to behavior due to the very high spatial and temporal resolution.

As mentioned before, studies have shown that a correlation of the LFP signal with spikes can occur
for the very high gamma range of about 100 to 200 Hz. However, another important finding is the
influence of spiking artifacts in this range. That is, [119] has shown that spikes can easily affect the LFP
even down to 10 Hz. One needs to be careful to say that their correlation is truly due to a neurological

effect and not just an artifact of spiking.

Communication Through Coherence

There has been a lot of interesting discussion on whether the LFP is important to the brain; is the LFP
necessary to computations? One could argue that anything can be computed with the sheer number of
neurons and connections, much like a hypothetical large computer. On the other hand the LFP affects

the surrounding potential of every neuron; therefore it could affect when neurons fire. One may even
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Technique Source Temporal Resolution (s) | Spatial Resolution (mm)
Single Unit | Mitra [5] 1077 1072
LFP Dubey [121] - (3 to 30) x 10~
LFP Me - <4 x10°
EEG/MEG | Mitra [5] 1073 10!
EEG/MEG | Glover [122] 1073 (1 to 2) x 10!
MEG | Buzaki [100] 10-3 (2 to 3) x 10°
fMRI Mitra. [5] 10° 10°
fMRI Glover [122] (0.1 to 3) x 10 (0.5 to 4) x 10°

Table 2.1: Spatial and temporal resolution for different techniques. I approximated the spatial resolution in
Fig. 2.5, defined by when the coherence decays to 0; the majority of coherence is less than 1 mm. The relevant
neural scales are dendrites (10™% mm), neurons (10™2 mm), cortical layer (10~! mm), cortical column (1 mm),
and map (10 mm) [5].

argue an evolutionary approach; there are possible mechanisms of the LFP that could be beneficial, and
evolution tends to take advantage of mechanisms that can be taken advantage of. Specifically, mutations
can lead to different possibilities, and beneficial computations lead to more survival.

One possible computational mechanism that the LFP could support is communication through co-
herence [39]. Forward communication, e.g. visual information leading to more complex cognition further
in the brain, is easily explained with neural connections. Backward communication, such as attention to
visual vs auditory stimuli, could be explained by speeding up frequencies in combination with inhibition
[39]. There is low and high frequency coupling, such as from theta and gamma [114]; if the amplitude
of low frequencies increases slightly, then neural firing in one area of the brain could occur earlier than
others. If these neurons fire earlier, then the gamma power increases and other areas are inhibited. This
could serve as a mechanism to direct attention to different external stimuli. There is evidence for this
[39], for example, a finding that attention to specific stimuli in V1 always propagates to V4 [120], a

downstream area.

Relevant Scales and Real Numbers

The relevant scale of the LFP and the estimated number of neurons contributing to it can help inform
us on the likely observed information. There are pros and cons with each recording method, and some
information may be better tackled with spikes, EEG, MEG, or fMRI. Tab. 2.1 gives typical scales from
different sources. The ideal method is one with a very high temporal and spatial resolution. While
achieved with single unit activity or spikes, this requires invasive recordings and relatively few neurons
in the brain are recorded. More area coverage is desirable, which can be accomplished with EEG, MEG,
fMRI, and other imaging methods. However, one may also desire a finer resolution to discover population
trends, such as with LFP.

One question is how many neurons contribute to large effects in the LFP. Typical spatial resolutions

of the LFP are given in Tab. 2.1. Using a spatial resolution of 3 to 30 x 0~! mm and a average macaque
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Figure 2.4: Schematic of the impact of a hypothetical potential field from a ”close” source (A) and a "far away”
source (B) on two electrodes labeled ”1” and ”2”. The same electric field flux lines (solid) and equipotential
lines (dashed) are included in (A) and (B). In this schematic, the potential difference between electrodes ”1” and
72”7 is larger when the source is "close” vs "far away.” As the distance increases, the spatial gradient between
both electrodes approaches 0. (C) The groups of electrodes for Monkey S’s recording on date 2018-08-02, where
colors separate grounds and manufacturing company. Plots (A) and (B) are generated with code from https:
//github.com/tomduck/electrostatics/tree/master.

monkey brain size with approximately 1.4 billion neurons [123] and a 80 cm® volume [124] (averaged
between males and females), the number of neurons that regularly contribute to the LFP is around 500

to 500,000.

2.4 Localization of LFP

The local field potential is very widespread. One common question is, "how local is local?” If more
neurons are synchronous, the signal could propagate further. Different frequencies can also propagate
over different distances. If the extracellular medium is capacitive, low frequencies should travel farther
than high frequencies [121]. If the medium is resistive, all frequencies should travel the same amount.
Dubey et al. [121] found, however, a bandpassing effect where frequencies between 60 and 150 Hz traveled
approximately 1.2 to 1.5 times further than other frequencies.

Another issue with locality is the presence of noise. Noise from the ground signal or from muscle
artifacts can show up in measurements. It’s important to remove, as best as possible, artifacts and "non-
local” signals. There are two common ways to do so: with ICA and bipole subtraction. The underlying
assumption in both methods is that non-local signal typically has a somewhat equal weighting across
all electrodes. That is, an artifactual signal will propagate much faster than signal passed through
neural connections, and the artifactual signal will affect all electrodes simultaneously. Both methods are

discussed, and most of the analysis in this thesis uses the bipole subtraction method.

Bipole Subtraction

Bipole subtraction to localize the signal relies on subtraction of two nearby LFP signals, which finds
the local spatial derivative [125]. A schematic is shown in 2.4, where there are two sample sources: one

"close” (Fig. 2.4(A)) and one "far away” (2.4(B)). The goal with bipole subtraction is to keep the close


https://github.com/tomduck/electrostatics/tree/master
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signal while removing the far away signal. Both the close and far signals are present in each electrode.
When the signals are subtracted to form a ”bipole,” the "close” signal will have a larger amplitude than
the "far” signal due to the spatial derivative decreasing as a function of the distance from the source.

Mathematically, this can be seen from Coulomb’s Law by estimating a dipole source:

_qcos(0)

(r) (2.1)

dmegr?’

where ¢ is the charge and 6 is the angle between the dipole moment and the position vector. Computing
the difference in potentials at a point R and a point R + d reveals, up to a constant ¢, a difference that

decays with distance:

1 1]c{d22Rd}N 1 (2.2)

o+ o) = | s~ 7| = )~

Thus, subtracting two signals removes ”far” sources and maintains ”close.” A smaller electrode distance
(d) leads to a more local signal.

There are two considerations when subtracting signals. First, the grounds must be the same. Other-
wise, any artifactual signal that independently affects the grounds will remain in the subtracted signal.
Second, the intrinsic impedance of each electrode tip should be the same; otherwise, non-local signal will
not be subtracted away. In the Buffalo lab, the locations of each ground were recorded as well as the
manufacturers of each electrode. Unfortunately, measurements of the intrinsic impedance are difficult
in vivo, and the measurements were not recorded before placement into the brain.

With this in mind, I bipole subtract independently for every session with the following steps. Every
electrode was grouped by their respective manufacturer and ground source (e.g. Fig. 2.4(C)). Second,
for every group, the electrodes were paired into bipoles based on minimizing the distance between each
bipole in a greedy fashion. The closest two electrodes were paired, followed by the next two closest, etc.
until all electrodes were paired. I drop any bipole with an inter-electrode distance greater than 3 mm.
The location of each bipole is halway between each individual electrode. This process ensures that the
grounds are the same, the intrinsic impedance of each electrode is most likely similar, and the distance
between electrodes is relatively small. This leads to a relatively local signal for each bipole, as shown in

Fig. 2.5.

ICA Artifact Rejection

Like with bipole subtraction, this method assumes that non-local signal affects all electrodes. Then,
artifact rejection can be thought of as an Independent Component Analysis (ICA) like problem [126].

The classical example in ICA analysis is the cocktail party, where there are n conversations and m
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microphones. Every microphone picks up each conversation at some variable amplitude. ICA assumes
independence of each signal (signal x does not influence signal y in any way), and solves the inverse
problem of finding each conversation. A similar thought experiment can be performed with noise and
electrodes: there are n sources of noise and m electrodes measuring signal plus noise. Solving the inverse
problem leads to a number of independent components. If any component has a widespread influence, or
the weights across the brain are all non-zero, then this likely is a non-local component. These components
are subtracted from the signal for each electrode [127, 128], leaving only the local, non-noisy signal.

There are numerous difficulties with this method. In the standard example, there are a known number
of sources. In the real brain example, there are an unknown number of sources of signal and noise. How
many signals should one decompose the data into? 1 mode is clearly too few, but it’s unclear how many
more sources exist. One method of solving this is to run ICA independently with different numbers of
modes. If a sensible number is chosen, then the larger number iteration should contain the same modes
and weight matrices as the smaller number iteration plus extra modes. Due to random initialization,
the results should be consistent. One could increase the number of modes in ICA until the new modes
drastically differ than the previous iterations modes. This does not a guarantee the ”correct” number of
modes.

Another possible issue is that the amplitude of the signal decays with increasing frequency. Different
sources of noise and non-local signal could appear in different frequency bands. ICA may find sources at
lower frequencies without finding sources at higher frequencies due to the decaying amplitude. This is
complicated further considering that a standard trick to speeding up the computation of ICA is to first
reduce the number of dimensions with Principal Component Analysis. One solution is to bandpass the

data into different frequency bands before applying ICA.

Verification of Locality

After bipole subtraction or ICA artifact rejection, locality is verified with a method from Lachaux et
al. [125] for visualizing the spatial extent of the LFP. They suggest calculating the coherence between
all bipoles across minutes to hours. While electrodes are expected to be coherent on short time scales,
it is unlikely for two electrodes to be coherent for a long timescale unless they are measuring similar
quantities.

I compute the coherence between every pair of raw electrodes and pair of bipoles in Fig. 2.5. The
bipole coherence is smaller than the raw electrode coherence, indicating that the bipole subtraction
procedure localized the signal. The bipole subtracted signal has a cutoff range of about 4 mm depending
on the frequency of interest. Lower frequencies are more coherent than higher frequencies. Note that
the coherence in theory should be 1 at a distance of 0 mm. This means that the local signal likely is less

than 1mm away.
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Figure 2.5: Coherence for 300 randomly selected pairs of electrodes and bipoles in the anterior drive of Monkey
S on 2018-08-02. (A) Calculated coherence values for each pair at 31 Hz. (B) Binned average coherence plus or
minus the standard error of the mean at 31 Hz. In (A,B), the coherence is much higher for the raw electrodes
vs the bipole subtracted data. For all frequencies, the coherence is smaller for the bipole subtracted data (C)
compared to the raw electrode data (D). The color scale is from 0 to 1. The bipole subtracted data also notch
filters 60 Hz harmonics.

2.5 Time-Frequency Analysis

Due to the innate spectral properties of the LFP, it’s desirable to perform time-frequency analysis. At
any particular time in the task, one would want to know the power, and possibly phase, at all frequency
bands. Unfortunately, the uncertainty principle tells us that it is impossible to simultaneously have high
accuracy in both the frequency and temporal regime. If there is an increased accuracy in the timing, the
frequency content is blurred. If there is increased accuracy in frequency, the temporal content is blurred.

There are many spectral analysis methods. Multitaper methods introduce an orthogonal set of tapers,
typically Slepian sequences, for estimating power spectra [129] [130]. Empirical Mode Decomposition
[131] [132] has been introduced to decompose the data into intrinsic mode functions that have nice
properties for computing exact frequencies. Wavelets of different sizes can be geometrically combined
to form superlets [133], which show an increased resolution in both time and frequency. I focus on two
standard methods in the neuroscience community. The majority of analysis I perform use the Hilbert

transform. However, for spectrograms, I typically use the Morlet Wavelet Transform.

Hilbert Transform Method

Formally, the Hilbert transform [134] of a signal u(t) can be thought of as a convolution with the term

H)(t) = * Tim { / o t“(T) dr + /t = ) dT}, (2.3)
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where the limit is needed to avoid the singularity when ¢ = 7. This has the nice property of transforming

a signal with frequency w 90 degrees. That is, the Hilbert transform of e™? is
H(eiwt)(t) _ ei(o.:i&—sgn(ou)%)7 (24)

where sgn takes the sign of its input. This gives a systematic way to transform signals, since any signal
could, defined over a region, be expanded in a basis of exponentials.

The goal, however, is not the Hilbert transform of the signal. Instead, the goal is to find the power
and phase of a signal. This can be achieved with the analytic signal. The analytic form w,(t) of the
signal u(t) is given by:

ua (t) = u(t) + iH (u)(t). (2.5)

The power at any time is given by the absolute value of u,(t) squared, and the phase is given by the
angle of u,(t), or arctan(Im(u(t))/ Re(u(t))).

An example is helpful. Let’s say there is a signal given by u(t) = a(t)cos(wt), where w > 0. The
amplitude a(t) of the signal is variable, but slow compared to the frequency of the signal w. One could

rewrite u(t) in a basis of exponentials as

u(t) = Z ane™rt cos(wt), (2.6)

where w, < w. By expanding, computing the Hilbert transform for each term, and collapsing, one finds
the Hilbert transform as:

H(u)(t) = a(t) sin(wt). (2.7)

As expected, the power of u,(t) = u(t) +iH (u)(t) is then a?(t), and the angle of the signal is wt. Thus,
the Hilbert transform is useful for finding the power and phase of a signal.
Since the LFP has power in all frequencies up to 200 Hz, one first needs to bandpass the data. While

computable, the power and phase is ambiguous when every frequency is present.

Morlet Wavelet Transform Method

The key point of this wavelet transformation is to convolve a Morlet wavelet with the signal of interest
u(t) to gather desired information. The Morlet wavelet is typically defined [135] as the product between

a complex exponential and a Gaussian:

U(f,1) = Ae>™Fte5,7 (2.8)
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where o controls the width of the Gaussian and A normalizes the total energy to 1. By convolving u(t)
with the Morlet wavelet, one finds properties of u(t) at any time ¢ centered at any frequency f.

For example, let’s say that u(t) = a(t) cos(wt), where a(t) is slow compared to w. One could expand
this in terms of exponentials a(t) = >, a,e™"!, where w,, << w. The Morlet Wavelet Transform a(f,t)

is:

o0 ) . —(r—1)2
a(f,t) = A/ Zane“""t cos(wt)e? (T e =5z . (2.9)
With some tedious math, one finds this to be equal to
2 . 2, .
A 2’”0— Zanezwn’r [67%02(wn+w727rf)2+2w7' + 67%02(wn7w727rf)277,w'r:| ) (210)

n

As mentioned before, w,, << w. Also, one is usually interested in regimes that are close to 27f = w,

which means that one of the exponentials is much smaller than the other. This now simplifies to

V2mo _1 24, 2
e~ 39 (w=27f) et

a(f,t) = Aa(r) (2.11)

This new analytic signal decays as the frequency f moves away from the true frequency w/(27). Also,
one can examine the amplitude and phase.

The difficulty here is the trade off between frequency and temporal resolution. Larger o’s lead to
a better frequency resolution but worse temporal precision. Typically, precision is often referred to in

terms of the number of cycles n present in the Morlet wavelet [135]:
n=2nfo. (2.12)

This method keeps the number of cycles constant, usually around 7.

2.6 Information Flow

A common method used in this thesis is averaging phase vectors to indicate information flow. For some
time-locked point for each trial, one can take the Hilbert transform in a frequency band. The phase
of the Hilbert transform can be useful in explaining which electrodes, and therefore brain areas, lead
which other electrodes and brain areas. The thought experiment is as follows: Begin with an LFP signal
originating in area X with some frequency. If this signal propagates through the medium, the phase
will be approximately the same in area Y. If the signal passes through neurons, which takes significantly
longer, then the ”cycle” begins later and phase differs between areas X and Y.

One sample is not enough to indicate significance. I apply inter-trial phase clustering process [6] to
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Figure 2.6: Example schematic of averaging the phase vector. (A) Individual phases per trial, which can either
be the phase of an electrode or a phase difference between two vectors. (B) Overlaying multiple phases together.
If the phase vectors roughly point in the same direction (top), they have a consistent phase. This leads to a
large amplitude average phase vector (C, top). If pointing in random directions (bottom), the average amplitude
is small (C, bottom). (C) The average phase vector. The amplitude relates to significance. The phase of this
vector relates to the phase difference between the two channels. The phase difference may be random when the
amplitude is small. (D) Example relation of two signals if there is a consistent phase difference: the blue trace
”leads” the yellow trace.

phase differences. The idea is as follows: First, subtract the phases between two electrodes for every
single trial. This resulting phase can be plotted on the unit circle (Fig. 2.6(A)). If the phase vectors
consistently point in the same direction (Fig. 2.6(B, top)), the signal from one electrode consistently
leads the signal from the other electrode. If they point in random directions (Fig. 2.6(B, bottom)), then

the signals are unrelated between the two electrodes. All of the phases §; are averaged together with:

n 1 i0;
0= NZ@ : (2.13)

where there are N trials. If the amplitude || is large enough, then the signal is significant (Fig. 2.6(C,
top)). Otherwise, the amplitude is small and there is no significance (Fig. 2.6(C, bottom)). If significant,
one can look at the phase of the average vector Zf to see the amount that one electrode leads the other
(Fig. 2.6(D)).

Calculating significance in terms of the amplitude || has been solved by Kluyver [136, 137] in
response to a question posed by Pearson [138]. The probability or p-value that the amplitude || is larger

than some fractional threshold r is given by:
P(3 > rr,N) =1 —rN / (Jo(@)N J1 (rNa)da, (2.14)
0

where J; is a Bessel function of the first kind. The significance increases rapidly when N increases. For
example, for about 700 trials, a threshold of » = 0.125 corresponds to a p-value of ~ 107°.
Periodicity is a concern for finding information flow. If the propagation time is about one period,

it’s ambiguous as to which signal leads the other. Ideally, the propagation time is at minimum less than
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Figure 2.7: Method for calculating the frequency bands of interest. Panels (A) through (C) were calculated for
the bipole from example channels in Monkey S’s recording from 2018-08-17. (A) The power spectrum density
along with the linearly regressed fit in log space. (B) The decay subtracted signal. (C) The averaged decay
subtracted signal along with the peaks calculated from the peak fitting algorithm. (D) The histogram of peaks
for all sessions or all bipoles across frequencies. (E) The grand histogram across sessions along with the selected
frequency bands.

half a period. There are two ways to accomplish this. First, examining two electrodes that are close
together will minimize the propagation time. Second, lower frequencies have higher periods, and more
propagation time is needed before there are concerns.

What then, are the feasible limits of frequency ranges of concern? We can approximate the maximum
possible delay from neural conduction velocities, estimated in [81] to be of order 18 m/s. Approximating
the maximal distance between brain areas to be the size of the macaque brain or around 55mm [139],
the estimated maximal delay is about 3 ms. Since this delay should be less than half a period, this
corresponds to a frequency of 170 Hz. This limit is well above the frequency bands that are defined here,
so this metric for information flow shouldn’t run into periodicity concerns. That being said, one can be

less concerned with smaller frequencies.

2.7 Frequency Band Selection

As discussed briefly above, different literature sources define different frequency bands. A data-driven
approach is desirable, since different species and subjects may have slightly different natural frequency
ranges. One approach ! can be formed based on peaks in the LFP spectral content. Even though the
power decays in a power law fashion, there are areas in the frequency spectrum that are larger than this

baseline. By examining the power law for every electrode, one can find where there are peaks in the

IThanks to Steven Hoffman and Charlie Gray for introduction to this method
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power. Then, one can determine sensible frequency bands to analyze.

After the initial bipole subtraction, normalization, and notch filtering of the 60 Hz harmonics (sec.
2.8), the data from all bipoles and all sessions of interest is segmented into a 5 minute time region
starting on the first trial. These 5 minutes occur when the subject is solely performing the task, and
it includes cross fixations, feedback, object selection, etc. The power spectral density (PSD) is plotted
with the Welch algorithm with the "nperseg” equal to 4096. The PSD is then limited to less than 200
Hz and outside a +2 Hz range from the 60 Hz harmonics. An example PSD is shown in Fig. 2.7(A).
The 1/f power law is calculated with a least squares linear regression on the log-log PSD. That is, the
PSD is transformed by taking the natural log of both the frequency and power. This line is also shown
in Fig. 2.7(A). The power law decay is subtracted from the PSD (Fig. 2.7(B)). Then, a moving average
is applied with a variable window size. A larger window is needed for large frequencies such that the
averaged PSD has an equal sampling the log space. I set the windowing size to increase linearly with
frequency: the smallest window size is set to 5 points and the largest window size is set to 80 points.

This is done on both the x axis and y axis, where the 1/f decay has been subtracted via

Ynew = log(y) - (m IOg(SU) + b)a (215)

where m and b are the slope and intercept of the power law decay. The resulting average is shown in
Fig. 2.7(C). From here, SCIPY’s peak finding algorithm is used with a prominence of 0.03. The peaks
of the PSD are shown in Fig. 2.7(C).

The peaks are calculated for bipoles in all sessions. In some cases, the power spectrum is extremely
similar to a pure power decay. For this reason, I find bipoles where the difference between the maximum
and minimum values of the decay subtracted PSD is less than 1; the peaks are dropped from these
bipoles. I plot a histogram of the peak frequencies as function of session in Fig. 2.7(D). The peaks tend
to be stable across frequencies, and the grand histogram is shown in Fig. 2.7(E). From here, one can,
by eye, examine where frequency bands should be chosen. The vertical lines in Fig. 2.7(D, E) indicate
where I think the frequency bands should be defined: 4-5, 9-12, 13-17, 18-24, 26-34, 45-55, 65-87, and
120-148 Hz.

One may be concerned that there are better methods for finding the PSD, especially given that
different resolutions should be chosen for larger frequencies. However, I highlight that this method is
solely used for frequency band choice. There may be a large amount of noise in peak location. Due to
the large number of peaks, sessions, and bipoles included, a pattern emerges and sensible choices can be
used. The bands are similar, but not exactly the same as in the literature (Sec. 2.5).

Another concern is that the chosen bands exclude some frequency ranges. It’s entirely possible

that some information is excluded. However, the chosen frequency ranges capture the most amount of
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Figure 2.8: Examples of artifactual channels and methods for dropping channels. (A) The full LFP trace for
example channel in session 2018-08-06, where the LFP often reaches the 3 mV recording limit. (B) Example
artifact from (A). A relatively large (C) and normal amount (D) of 60 Hz noise present in example channels.
(E) Percentage of trials with artifacts in session 2018-08-06 for each channel, sorted by percentage. The blue
line indicates the threshold chosen for dropping channels; the threshold was chosen to drop a few dramatically
artifactual channels. (F) Ratio of power from 60 noise to background power by channel in session 2018-08-06,
sorted by the ratio. The blue line indicates the threshold to drop channels based on noise, chosen to occur at the
elbow. (G) Classification of all channels in all sessions. Black squares indicate non-dropped data. Red indicates
when the electrode was never lowered. Orange indicates channels that have too many artifacts. White indicates
channels dropped due to 60 Hz noise.

information in the data.

2.8 Pre-processing Pipeline

This section describes the pre-processing pipeline of the neural data. The LFP is recorded at 30 kHz in
the Buffalo lab. They lowpass filter the data at 500 Hz with a butter filter and then down-sample the
data to 1000 Hz.

The data is then checked for artifacts. Some sessions are dropped based on bugged behavioral data
or eye data. Channels that are not lowered into the brain/have unknown locations are dropped. Then,
channels must meet two benchmarks. Occasionally, the LFP reaches the limit at about 3 mV (Fig.
2.8(A,B)). The LFP is considered artifactual even before it reaches the limit. This is a huge problem
for frequency based analysis since oscillations cannot occur during flat regions. Further, there is a huge
spike in power at all frequencies when the LFP transitions to and from a flat line. For every channel
and trial, I flag when the LFP increases above + 1.5 mV. Trials are defined to start 500 ms before the
cross turns on and ends 500 ms after feedback. I.e. 500 ms after all reward has been given or 500 ms
after the timeout period in incorrect trials. The extra 500 ms before and after the trial compensate for
the artifactual behavior before and after the LFP increases past & 1.5 mV. Channels are dropped if they
have more than 5% artifactual trials. The 5% threshold is chosen due to an example session’s channel
artifact percentage: see Fig. 2.8(E) for details. The trials are flagged if they have at least one remaining

channel with an artifact present.
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Figure 2.9: Calibration of scaling. (A) For each bounding box labeled in visual degrees, the eye position (blue)
and average eye position (red points). The lines show the fit line. The slope of this line renormalizes the eye
data to units of visual degrees. (B) Example eye trace when the objects and object bounding boxes are on the
screen. The trace flows from blue to purple. Saccades, or eye movements, begin at the black dots.

2. Channels may be broken, which

Second, channels are dropped if there is too much 60 Hz noise
leads to large amounts of 60 Hz wall noise (Fig. 2.8(C,D)). To find the level of noise, the background
power at 60 Hz is found by averaging the power from 59 and 61 Hz. The power at 60 Hz is calculated.
The ratio of power to background power at 60 Hz is calculated, indicating the amount of noise injected
into the system. Channels are dropped if the ratio is greater than 1000. This threshold was chosen based
on all channels ratios; see Fig. 2.8(F) for details.

The plot of dropped channels/sessions is shown in Fig. 2.8(G). In some cases, sessions have a large
percentage of their channels dropped. If a session has more than 73 dropped channels, the session is
dropped. This removes 3 of monkey S’s sessions: 2018-08-29, 2018-11-20, and 2018-12-14.

Bipoles are formed by finding nearest neighbor pairs (Sec. 2.4) and subtracting the signal. They are
then normalized by z-scoring across the entire session. Then, notch filters are applied every 60 Hz up to
180 Hz.

Next, the power spectra densities of the bipoles are computed for all sessions. This leads to a definition
of the frequency bands of interest (Sec. 2.7). For each frequency band, the bipole data is bandpassed
with a high-pass and low-pass butter filter of order 5. For each bandpassed data, a Hilbert transform is

applied to find the power and angle of each bipole (Sec. 2.5).

2.9 Eye Movement Processing

While the eye data was simultaneously recorded with the neural and behavioral data, the calibration was
not recorded. The object placements and bounding box size wer recorded. The bounding boxes span 9
visual degrees and are centered at the object placements.

The center of the screen is determined via the cross fixation, where the eye location is within the

2Thanks to Jon Rueckemann for discussion regarding wall noise artifacts.
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cross bounding box for 350 ms. For each session, the average eye position is calculated across all 350 ms
for all trials. Subtracting the mean centers the eye data. For the final object fixation, the eye must be
within the objects bounding box. Since the bounding box position is known, a line can be fit across all
eye positions within the 800 ms fixation time for both x and y directions. The line is fit with no intercept
due to the earlier mean subtraction. The eye data is re-normalized by dividing by the slope of the line
(Fig.2.9(A)).

Next, the location of the eye compared to each stimulus is desired. While the bounding boxes are
recorded in visual degrees, the exact stimulus position is not recorded due to the odd shapes that occur.
Further, an image is portrayed to the screen that is approximately 200/24 times the size of the bounding
boxes in both cardinal directions 2. This scaling is needed for finding the exact stimulus locations on the
screen in comparison to eye locations.

By eye and by defining r as the distance from the center to every edge of the image, I estimated the
size of each shape. I estimated that the circle’s four cardinal directions touch the edge of the image. The
edges of the square occur at 0.76r in all four directions. The triangle touches the top center of the image,
the bottom edge occurs at 0.72r below the center, and the bottom corners touch the left and right sides
of the image. The star’s top point touches the top edge of the image in the center. The far left and right
points touch the sides of the image at 0.28r above the center. The bottom left and right points touch the
bottom of the image at about 0.67 to the left and right of the center. With these values, approximate
stimulus locations can be calculated in relation to the eye movement trace (Fig. 2.9(B)). The bounding
boxes and stimuli CAN overlap (e.g. Fig. 2.9(B)). For this reason, it may be more significant to look at
when the eye is within the stimulus instead of just the bounding box.

It’s useful to say when the eye is within the bounding box and when it’s within the stimulus. A
position is within a circle if within the radius. One can determine if a position is within a square by
checking the x and y positions relative to the edges. The triangle and star are more difficult, but can
be solved by defining the lines connecting each point/corner and checking if a point is to the left of the
line. For a line going from (A,, A,) to (B, By), a point (Cy, C,) is left of the line if the cross product
AB x AC > 0 or ((By — Az) x (Cy — Ay) — (By — Ay) * (Cy — A;)) > 0. One then needs to check the
logical statements for all lines to see if a point is within a triangle or star.

Lastly, one needs to know when the eye moved. A saccade, or eye movement, is quantified by the
distance traveled divided by length of time. To find this, I first smoothed the x and y eye traces by
averaging consecutive 10 ms eye trace values together. This leads to an average eye speed, calculated
from the distance traveled every point. Anytime the eye velocity is greater than 0.2 times the standard
deviation of the eye velocity, I counted this as a significantly large eye movement. Combining these times

into consecutive parts of eye movement define the complete saccade. E.g. one may see the sequence

3Thanks to Mike Jutras for measuring this scaling value.
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0,1,1,1,0 where 1 indicates movement and 0 indicates no movement, the middle three points define the
saccade. As long as there is less than 5 ms of time of no movement between two patches of movement,
the entire thing is counted as a saccade. This is done to reduce noise. The saccade times can be used
to define the start, end, direction, and distance of each times. If desired, one can look at the maximal
distance traveled for the peak movement of the saccade too. The saccades are shown in the example

trace in Fig. 2.9B. Note that the subject may saccade to the same object multiple times.

Stereotypical Saccades

After the subject finishes fixating on the fixation cross and before the objects turn on the screen, the
subject usually saccades downwards in a stereotypical fashion. This is problematic since future analyses
may deem this stereotypical movement as a saccade to a stimulus. These saccades are characterized to
avoid future inclusion. Stereotypical saccades are defined by their direction, distance, and timing in the
task. They may also be part of a multiple rapid saccade sequence, where the eye pauses for a very short
amount of time before resuming motion.

To dissociate between saccades that are influenced by visual information and ones that are stereo-
typical, the timing of consecutive saccades is needed. In Sec. 3.3.1, saccades occur about once every 200
ms. Faster saccades occur in about 100 ms. With this in mind, if the intersaccade time is less than 100
ms, it is most likely part of one long saccade. Also, it should take at least 100 ms after the visual stimuli
turn on before the subject can process the information. It takes roughly 100-130 ms for information to
reach the PFC for judgement and decision making [140].

Stereotypical saccades are then defined as the following. First, the initial saccade must begin after
the end of the cross fixation and before 50 ms after the objects appear on the screen. 50 ms is chosen
to be sufficiently earlier than a 100 ms minimum visual processing estimate. Then, consecutive saccades
with less than a 50 ms intersaccade time is combined with the initial saccade to form the ”stereotypical
saccade.” Lastly, the direction of each individual saccade must be downward, defined as between -70 and
-110 degrees. If, for example, the first saccade of two is downward and the second is not, only the first

saccade is counted as stereotypical.



Chapter 3

Introductory Data Analysis

This chapter focuses on introductory data analysis to broadly task behavior and basic neural data.
Starting with optimal task behavior, one can ask what expected results will occur when the subject
performs optimally. We then compute a plethora of basic behavioral statistics, such as learning speed
and errors during criterion trials. The visual search strategy is then examined, where unique strategies
occur after specific conditions. Finally, introductory neural analysis leads to a basic understanding of

the neural data.

3.1 Optimal Task Behavior

One topic of interest is understanding ideal task performance when memory limited or choosing features
with or without integrating all stimulus information. As will be shown in chapter 4, subjects are memory
limited. Is it necessary for subjects to remember more information? And is it necessary to integrate
all stimulus information, the three features on each card, into a choice? For example, in non-human
species, the motivation in solving the task is to receive an adequate amount of reward per effort spent.
At some point, expending more energy to remember more information may not efficiently return more
reward. This is complicated further by other correlates, such as arousal, that can lead to better or worse
performance. This topic is also relevant for future task implementations, where one may encourage more
or less engagement by tuning (e.g.) timeout penalties or reward amounts.

The discrete memory model, introduced in Sec. 4.3.2, is useful in understanding aspects of ideal
behavior. It naturally allows for any memory limit. Noise is easily manipulated to observe when the
subject is more or less focused on the task. By examining the total obtained reward and average block
length in simulations, in some cases it’s desirable to have less objects in memory, choose features without
integrating information from seeing the cards, and focus less without loss of reward.

The discrete memory model is defined with slight adjustments to Sec. 4.3.2 such that statistics from
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Figure 3.1: Schematic of choosing AFTER (A) or BEFORE (B) seeing the cards. In this example, the features
red, triangle, and escher were all previously rewarded. If a subject chooses AFTER, (A), they would choose the
red triangle card 100 percent of the time. If the subject made a choice before seeing the cards (B), there would
be an equal chance of choosing any of the three features; this leads to a 2/3 chance of choosing the red triangle
card.

ideal behavior are easier to interpret. This model uses a belief vector v € Z12, filled with zeros, up
to N¢ ones, and up to N; negative ones. The vector is initialized to zero. Features with v; = 1 are
preferentially chosen while features with v; = —1 are preferentially avoided. Features with v; = 0 are
considered to have unknown information. N¢ and Ny add memory limitations. These values highlight
the memory limited ideal behavior of the subject: the agent can perform perfectly based on the features
that are remembered.

To make a choice, the agent either chooses features "before” or ”after” seeing the cards. By choosing
before, the agent will choose a feature that maximizes the chance of getting rewarded. By choosing after,
the agent will integrate information from the cards, where it will choose the card that maximizes the
chance of getting rewarded. A schematic is shown in Fig. 3.1. Further, noise is added to each choice to
mimic a lack of focus. If the agent is "not focused,” it may choose randomly. Altogether, the probability

P of choosing a card k on a trial ¢ from a set of one hot encoded cards C € Z**!2 becomes:

0 .
(O3 +(1- 305w if 3vi>0
j=1"Y%
®) _ 3l v®
if choosing before seeing the cards and
® 1 i ® . ()
P = (6)§ +(1- gﬁ)&(kj — argmax(C' - v")) (3.2)

if choosing after seeing the cards. If "argmax” returns multiple cards, a random card is selected. If there

is a 100 percent chance of choosing a particular card without noise, than there is a 0 percent chance of
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choosing that card with 100 percent noise.

Ideal logic is used to update the hidden state v on every trial. The following definitions are used:
"rewarded features” (v; = 1) previously gave a positive reward. Non-rewarded features (v; = —1) pre-
viously gave a negative reward. Forgetting is setting v; to 0. The logical reasoning is the following: if
correct and the chosen card has 1-3 rewarded features, forget about any non-chosen feature. If correct
and the chosen card has 0-2 non-rewarded features, remember chosen features that were not previously
non-rewarded. If incorrect, choosing a card with rewarded features, and there exist non-chosen rewarded
features, remember the non-chosen rewarded features. If incorrect, choosing a card with rewarded fea-
tures, and there does not exist non-chosen rewarded features, forget everything and remember that the
chosen features are all non-rewarded; this typically occurs when the rule changes. Lastly, if incorrect, 0-3
non-rewarded chosen features, and the non-chosen features are all also either unknown or non-rewarded,
then add the chosen features to the list of non-rewarded features. If incorrect, 0-3 non-rewarded chosen
features, and there exists non-chosen rewarded features, then do nothing to the remembered features.
The memory limitation is added after the logic of computing v(**1): if the number of positive (negative)
ones is greater than N¢(Ny), the model randomly selects Ne(N7) positive (negative) ones and sets the
rest to 0.

Memory decay is also added to correct features when N¢ > 1, which is a natural way to simulate
“forgetting” of features. A memory decay is added by setting the probability to remember each feature
on every trial. A randomly selected remembered feature is retained. The probability of keeping any

other feature in memory is set to p. This leads to forgetting of all but one feature after enough trials.

Insights from Simulations and their Rewards

Statistics are aggregated for 20 simulations of 1000 trials, using the same task parameters as the monkeys.
A 7"reward” value of 1 is given on every correct trial. Incorrect trials receive a value of 0. The reward
value can be used to determine the percentage of correct trials.

For the first set of simulations, the agent chooses after seeing the cards and there is no memory
decay. The total reward received and average block size is shown in Fig. 3.2(a,f) for different amounts
of memory. Increasing memory capacity leads to more reward and smaller block sizes. Although, adding
memory capacity is more helpful when there is less memory capacity. E.g., one receives more reward
by increasing from 2 to 3 incorrect objects in memory compared to the increase from 8 to 9 incorrect
objects. The largest increases in reward occur by adding memory capacity to correct objects instead
of incorrect objects. Thus, if a subject was trying to save energy, focusing on correct objects is more
efficient. It’s worth noting that the average block size barely decreases when No = 3 from 14 to 12,
indicating only minor average improvements.

To compare rewards when choosing before or after seeing the cards, the agent uses a variable number
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Figure 3.2: Rewards and block sizes for variations of the discrete memory model. (a,f) Total reward and average
block size for perfect agents with varying amounts of correct (N¢) and incorrect (Ny) memory. (b,g) Total reward
and average block size for No = 3 and varying N; when the agent chooses before or after seeing the stimuli.
There is no benefit to choosing after seeing the cards when Ny < 1. (c,h) Total reward and average block size for
varying amounts of noise for N¢ = 3. For small Ny, the agent gains more reward with a small amount of noise.
(d,i) Total reward and average block size for a varying memory decay when N¢ = 3. (e) shows plot (a) if reward
per total time is used. (j) shows the N; = 0 case for plot (c) if reward per total time is used; the reward ratio
flatlines instead of peaking.

of incorrect features in memory and N¢ = 3, which is chosen due to the efficient performance in Fig.
3.2(a). The total reward and average block size is shown in Fig. 3.2(b,g). For N; < 1, there is no
difference in performance when choosing before or after seeing the cards. However, when N; > 1, it
is strictly better to choose after seeing the cards. Thus, if N; < 1, it’s more efficient to choose before
seeing the cards; it takes more effort to integrate the visual information with beliefs to make a choice.
However, if Ny > 1, it is better to choose after integrating visual information.

Noise, mimicking a lack of focus, is now added to the agent for No = 3 and a variable N;. The total
reward and average block size is shown in Fig. 3.2(c,h). The average block size is drastically affected
by the amount of noise while the total reward is affected less. When Ny is large, noise affects the total
reward more. When N; is small, it is surprisingly advantageous to have noise. This most likely is due
to the agent reaching the 16 out 20 criterion instead of the 8 out of 8 criterion for a rule switch. With
this threshold, one could hypothetically game the system by purposely failing the task to get more total
trials correct. This has a profound affect on efficiency. If a subject was only holding correct features and
0-1 incorrect features in memory, they are not affected with a small lack of focus.

Memory decay, where there is a probability 1 — p of forgetting a correct feature, is added to the agent
when No = 3. The total reward and average block length is shown in Fig. 3.2(d,i). Remembering all
correct features leads to strictly more reward. Although, decreasing p by a very small amount, such as
0.1, will not lead to a drastic decrease in total reward gained.

The question remains if there are differences based on the time-out period that the monkeys faced.
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Figure 3.3: Behavioral statistics showing a lack of improvement in the task over all sessions. Session number
is on the y-axis, where the white lines indicate task modification. Between sessions 42-69 and after session 95,
the timeout period was shortened. Between sessions 69-95, different stimuli were presented. (A) Histogram of
the trials to criterion with the average trials to criterion overlaid in red. The average is fairly consistent until
the timeout period was shortened. Afterwards, the subject performs slower. (B) Percentage of times the subject
chose a card with the previous rule feature as a function of the trials since the rule change. Chance (dark-blue)
is 25%. The red line indicates the average per session.

One needs to calculate the reward per total time, which accounts for both reward and the penalty. The
reward is still 1, which is equivalent to some arbitrary amount of chow received. The total time is the
average length of a trial, calculated as 2200 ms, plus 1400 ms for correct trials and 5500 ms for incorrect
trials.

Two figures are replotted with the reward per total time in Fig. 3.2(e,j). First, like in Fig. 3.2(a)
the total reward per total time still increases with memory capacity. Second, the total reward per total
time flatlines for the change in noise, compared to Fig. 3.2(c). For the case of No = 3 and Ny = 0,
with this penalty, one would receive the same amount of total reward when the noise is less than about
0.15. While it is no longer beneficial to have noise, it is still non-detrimental. In the current case, the
timeout period penalty doesn’t appear to change expected reward too much. Modifying the timeout

period further could lead to further changes in the subjects strategy.

3.2 Behavioral Traits

There are many behavioral statistics that explain the behavior of Monkey S. While some are included
in chapter 4 for their relevance in the behavioral strategy, others can help explain nuanced ideas of how

the subject behaves in the task.

3.2.1 Learning Speed by Session

One target of the U19 collaboration is to study the ability for the subjects to ”learn to learn.” The idea
is that the subject will gradually perform better at the task over a long time scale. However, the subject

was taught the task before any behavioral /neural recordings occurred, so the data likely does not capture
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this long timescale learning. To check if the subject, monkey S, learns on a long timescale, I examine
both the trials to criterion and the perseveration of the previous rule.

Better task performance leads to less trials to criterion. The trials to criterion for each session, in Fig.
3.3(A), show that the average performance does not improve over long timescales. In fact, after the task
is modified and the timeout period is shortened, the subject performs worse. After the timeout period
is lengthened and new stimuli are presented, the subject does not return to their original performance
level.

Better task performance should also lead to the ability to perseverate less. Perseveration is defined as
consistently choosing the previous rule feature, even when getting trials incorrect. For every trial after the
rule change, I find the number of times that the subject chose a card with the previous rule feature without
regards to correct or incorrect information. After enough trials, the percentage p of perseverations should
approach a chance value of 25%. In Fig. 3.3(B) the percentage of perseverations is consistent across
sessions, even when the task is modified. The average number of perseverations is approximately three,
calculated as E(n) = >_, P(n)n where P(n) is normalized as P(n) = (p(n) —0.25)/(3_;(p(j) — 0.25)).

Unfortunately, there is no improvement in performance in either the number of trials to criterion or
perseveration across sessions. With this in mind, one cannot look for signatures of "learning to learn”
within this dataset. One can still look at the learning of the rule during each block. One could also look
at the behavioral change when the task structure changes. It’s possible that this influenced the behavior
of the subject. It is interesting that task performance decreases when the timeout period is shortened
(Fig. 3.3(A)), which can be thought of as ”learning to learn.” It’s possible that, given that the negative

feedback decreases, the subject received more reward leading to a new kind of learning.

3.2.2 Errors During Criterion Trials

There’s an interesting behavior during seemingly random error trials at the end of rule blocks. When
the subject reaches the criteria of 16 out 20 correct trials in a row, there are 4 incorrect trials (labeled
"inc 1,” 7inc 2,” etc.). In these trials, the subject typically chooses features that were previously correct,
but not the rule feature. Statistically, is the subject ”distracted” by other features? If so, the subject
may use a strategy where all features are influenced regardless of time spent in the rule block.

Given that the trial before the error trial was correct, did the error trial include a feature that was
chosen on the previous trial ¢ — 17 The cases are as follows: After a correct trial, the two "distraction
features” could appear on the same card, different cards, on the rule feature card, or not on the rule
feature card (Fig. 3.4(A)). I focus on the two cases where there is one card with distraction features
(middle two rows in Fig. 3.4(A)). If a random choice occurs, the subject chooses a card with the
"distraction features” 1 out of 3 times. If the subject chooses this card more than 33% of the time, they

are likely distracted by the other features.
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Figure 3.4: (A) Example schematic of distractions during the error trials. On a correct trial towards the end
of the rule block, the subject chooses features A (the rule), B, and C. The subject should understand that the
rule is feature A. During the error trials, the features could appear in any of the four cases shown. Given that
the card with feature A is NOT chosen, the percentages show the likelihood of randomly selecting a card with
features B or C. Selecting cases from the middle two panels, (B) shows the percent of the time that the subject
chooses a card with a distraction feature, which is much higher than chance. (C) Number of times a feature is
chosen before it is chosen during each error trial, leading to an average of 1.3 trials.

Each error trial is analyzed separately since there may be a difference depending on learning a par-
ticular rule. Only the 42 sessions before the shortened timeout period are used. In Fig. 3.4(B), the
percentage of times (~ 75%) the distraction features are chosen is much higher than chance, convine-
ingly showing that the subject is distracted. There are little to no differences between each error trial,
indicating that this distraction mechanism can occur at any time while learning the rule.

Further, for every error trial, I look at the previous trials and find the feature that is chosen most often
in a row. For every error trial, the histogram of number of times a feature is chosen before distracted
(Fig. 3.4(C)) shows that, on average, the subject is distracted by choosing a feature 1.3 times. This
indicates that recent information distracts the subject from choosing the rule feature.

This analysis shows an important aspect of the subjects’ behavior. Given that they are readily
distracted by receiving reward for non-rule features, they integrate all information regardless of time
spent in the rule block. This opposes an ideal observer hypothesis, where the subject rejects information
about non-rule features when they know the rule. This analysis supports the reinforcement learning
strategy found in sec. 4.4.1, since the subject always integrates new information regardless of rule

knowledge.

3.2.3 Behavioral States

To fully understand the subjects’ strategy, one needs to ask specific questions related to their behavior.
For example, what happens when they were previously correct? Incorrect? What if there are immediate
trials that were incorrect? In this section, I ask a plethora of questions, one at a time, that help the
understanding of the subjects’ strategy. This leads to a depiction with a random state, hypothesis state,

and exploit state.
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Probabilty of Choosing Features

Figure 3.5: (A) Probability of choosing a card with previous correct features A, B, and/or C if they are split
between 1, 2, or 3 cards. (B) Probability of choosing a card with previous correct features A, B, and/or C with
N incorrect trials in between. (C) adds the constraint that, during every ”in between” trial, the subject chooses
a card with features A, B, and/or C. (D) is the same as (B) with the added constraint that, during the last ”in
between” trial, the subject does NOT choose a card with features A, B, and/or C. Dotted lines indicate chance.

For Monkey S, only the sessions before the shortened incorrect timeout period are used. For a specific
condition or sequence of trials, all trials across all sessions meeting this condition are concatenated. Then,
the mean and standard error of the mean are calculated based on the observed binomial distribution,
where the subject could have chosen or not chosen a particular feature. Chance levels, or the chance
that an observer who chooses randomly, are calculated via the observed conditions and trials and verified

with theoretical calculations.

Preferring Recent Correct Features

How often does the subject choose a card with a previously correct feature? The following constraint is
imposed: Trial ¢ — 2 was incorrect, trial ¢t — 1 was correct, and the subject chose features A, B, and C
on trial ¢ — 1. On trial ¢, how often did the subject choose a card with features A, B, or C? This can be
further divided on trial ¢: features A, B, and C could all be on 1 card, features A and B could be on 1
card while C is on a second card, or all three features could be on different cards. Chance is 25, 50 and
75% respectively. An example of feature splitting is shown in Fig. 4.5.

The likelihood of choosing the previously correct features is shown in Fig. 3.5(A). The subject chooses
the previously correct features most often when they all appear on a single card. As argued in Sec. 4.4.2,
this most likely occurs due to a preference towards the previous card if it was correct on trial ¢ — 1.

How long does this memory last? Specifically, if on trial ¢ the subject is correct and chooses a card
with features A, B, and C, does the subject choose a card with any of these features on trial t + N + 1
given that trials t + 1,t 4+ 2,...,t + N were incorrect? Again, the features on trial ¢ + N 4 1 can be split
between 1, 2, or 3 cards (Fig. 3.5(B)). After around 5 incorrect trials, the subject approaches chance
levels. This also occurs if an incorrect trial is added to trial ¢ — 1. However, it is rare for there to be
many incorrect trials after an incorrect and correct trial sequence.

To find the theoretical chance of features splitting between cards, one can calculate the probability
independently for each feature. On trial ¢ + N + 1, features A, B, and C appear on a single card 1/16

times:
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1. Find probability that A is on any card (100%)
2. Find probability that B is on the same card as A (25%)
3. Find probability that C is on the same card as A and B (25%)
4. Find probability of randomly choosing the card with A, B, and C (25%)
5. Calculate total probability from this case as P; = 1/64.
Features A, B, and C appear on two cards 9/16 times:
1. Find probability that A is on any card (100%)
2. Possibility 1: Find probability that B is on the same card as A (25%)
3. Find probability that C is NOT on the same card as A and B (75%)
4. Possibility 2: Find probability that B is Not on the same card as A (75%)
5. Find probability that C is on either card with feature A or B (50%)
6. Find probability of randomly choosing the card with A, B, and C (50%)
7. Calculate total probability as P, = (1/4 x 3/4+3/4 x 2/4) x 1/2 = 18/64.
Features A, B, and C appear on three different cards 6/16 times:
1. Find probability that A is on any card (100%)
2. Find probability that B is NOT on the same card as A (75%)
3. Find probability that C is NOT on the same card as A OR B (50%)
4. Find probability of randomly choosing the card with A, B, and C (75%)
5. Calculate total probability from this case as P; = 18/64.

The total probability of choosing a card with features A, B, and/or C is P, + P> + P35 = 37/64 ~ 58%.

The question remains, WHY does the probability decay? It’s possible that it decays due to the intrin-
sic memory of monkeys [96]. It’s also possible, however, that they simply switch states deterministically
and the average statistics look like a decay process. Imagine the following decision tree after a correct
trial: p percent of the time choose a card with features A, B and/or C and 1 — p percent of the time
choose randomly for all following trials. With this decision tree, the probability of choosing a card with
features A, B and/or C would decay like pop™, where n is the number of trials after trial .

One test is the following: redo the previous memory decay, but enforce either side of the branches in

the above decision tree. First, if the subject chose a card with features A, B, and/or C on every trial
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Figure 3.6: Probability of choosing a card with previously incorrect (trial ¢ + N) features A, B, and/or C on
trial ¢4+ N 41 when these features are split between 1 (left), 2 (middle), and 3 (right) cards. Dotted lines indicate
chance. The subject only avoids these features when the card repeats (left).

until trial ¢ + N + 1, the probability on trial ¢ + N + 1 of choosing a card with features A, B, and/or C
would remain constant. In Fig. 3.5(C), the probability decays. Second, if the subject did NOT choose
a card with features A, B, and/or C on trial ¢t + N, the subject should begin choosing randomly. In Fig.
3.5 (D), the probability decays. Thus, the decision tree hypothesis is ruled out.

From these analyses, Monkey S prefers to choose cards with previously correct features, and their
memory decays over ~5 incorrect trials. This aligns with the previously found timescales [96], where
monkeys tend to forget all prior knowledge after an inter-trial interval of about 20-30 seconds. In this
case, b incorrect trials, with an average of about 8 seconds, leads to a time delay of around 40 seconds.
While slightly longer, the delay occurs at roughly the same time. There may be differences in task

structure, such as repeatedly showing stimuli, that lead to differences in delay.

Avoiding Incorrect Card, NOT Features

Do subjects AVOID previously incorrect features? I examine a similar question to before, where the
subject is correct on trial ¢ and incorrect for trials t + 1,¢ + 2,...,t + N. On trial ¢ + N, the subject
chooses features A, B, and C, which are incorrect. On trial ¢+ IV 4+ 1, how often does the subject choose
one of these features? I check the cases between times where features A, B, and C are split between 1, 2,
or 3 cards: chance corresponds to 25, 50, and 75%. If the subject avoids these features, they will choose
cards with features A, B, and/or C less than chance.

In Fig. 3.6, the subject avoids these previous features only if they appear on a single card, or when
the card repeats. Otherwise, the subject chooses the incorrect features at a higher rate than chance for
1-2 trials. As I'll show later, this is a perseverative effect, where the subject focuses on the previous
CORRECT features for a few trials.

The subject tends to focus on correct features and the previously correct or incorrect card. This is a

plausibly efficient solution to this task. Only correct features give reward, so they are more important
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Figure 3.7: (A) Probability of choosing correct features A, B, and/or C after one or two features have been ruled
out (ignore) and the remaining features are split between one or two cards/objects. (B) Probability of choosing
last remaining feature after two other correct features have been ruled out over two trials. (C) Probability of
choosing the single consistently correct feature after N trials.

to memorize. However, a previous card’s feedback has the most reliable predictability of the next trials
feedback. That is, if the previous card was correct or incorrect, there is an extremely high chance it will
be correct/incorrect again. Thus, there should be at least two general behavioral states: a random state
and a state focused on the previous correct features. At the same time, there is likely memory of the

previous correct features.

Number of Features in Memory

How many correct features are held in memory? And is there a change of memory after an incorrect
trial? I focus on the trial after an incorrect trial. The subject chooses incorrectly on trial ¢ — 1, features
A, B, and C correctly on trial ¢, and then incorrectly on trial ¢ + 1. On trial ¢ + 1, at least 1 feature
should be ruled out. How often does the subject choose the other features on trial t 4+ 27 There are three
possibilities. The subject could rule out feature A on trial ¢ + 1, and features B and C appear on the
same card on trial ¢ + 2. There is a 25 percent chance the subject randomly chooses this leftover card.
Second, the subject could rule out feature A on trial ¢ 4+ 1, and features B and C appear on different
cards on trial ¢ +2. There is a 50 percent chance the subject chooses features B or C. Lastly, the subject
could have ruled out both features A and B on trial ¢ + 1. There is a 25 percent chance of randomly
choosing feature C on trial ¢ + 2.

The probabilities for all 3 cases are shown in Fig. 3.7(A). The probability is higher than chance for
all cases, and the relative probabilities are also as expected. If the average probability for choosing each
feature is P4 = Pg = Pc = P,, and the probability of choosing any of the nine other features is P,, then
the probability of choosing a card with features A, B, and/or C is 2P, + P, for the first case, 2P, + 4P,
for the second case, and p, + 2P, for the third case. This implies that the probability for the second
case should be larger than the first case, which should be larger than the third case. These relative
probabilities are found in Fig. 3.7(A).

Can the subject remember three correct features? The previous analysis is modified: the subject

chooses incorrectly on trial ¢ — 1, features A, B, and C correctly on trial ¢, feature A incorrectly on trial
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Figure 3.8: (A) Probability of choosing correct features A, B, and/or C after N incorrect trials. (B) Probability
of choosing feature A when chosen correctly twice in a row after N incorrect trials. (C) Probability of choosing
feature A after N incorrect trials; feature A was correctly chosen and then incorrectly chosen.

t 4+ 1, and feature B incorrectly on trial ¢ + 2. What then, is the probability of choosing feature C on
trial ¢ + 3? Chance is 25 percent for a random observer. The probability is shown in Fig. 3.7(B), which
is again much higher than chance and similar to the third case in Fig. 3.7(A). The subject is able to

remember up to all three correct features.

Learning the Rule

Based on the previous analysis, the subject likely rules out incorrect features to slowly converge on the
correct feature. How does the subject learn the correct feature? The analysis is as follows: on trial t — 1
the subject is incorrect. On trial ¢, the subject chooses a card correctly. For trials ¢t + 1,¢t +2,...,t + N,
the subject chooses only feature A consistently. That is, feature A is the only feature that is ALWAYS
chosen. Then, what is the chance that the subject chooses feature A again on trial t+ N +17 A randomly
selecting subject would choose feature A at 25 percent. The initial incorrect trial is used to initialize the
sequence of correct trials.

In Fig. 3.7(C), the probability of choosing feature A increases slowly throughout the trials. One may
expect that it converges to a constant eventually, which is not reached due to the 8 out of 8 trials to
criterion. This also implies that the subject is constantly learning the rule, inconsistent with an ideal
observer that reaches a plateau after only two correct trials.

These last few analyses lead us to the next piece of the puzzle. There are likely at least three
behavioral states: a random state, a hypothesis state or one where multiple correct features are known,

and a state of exploitation of a single feature.

Transitioning Out of Random State

The first transition to consider is one from the random state to the exploit state. While it’s difficult
to tell how many trials it takes to transition into the random state, one can examine the trend for

N incorrect trials. The analysis is as follows: on trial ¢ — N — 1, the subject is correct. On trials
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Figure 3.9: (A) Probability of selecting the consistently chosen correct feature when two correct trials are split
by N incorrect trials. If there are two consistently chosen features, and one is correctly (B) or incorrectly (C)
chosen again, (B,C) shows the probability of staying (choosing feature again) vs switching to the other feature.

t— N,t—N+1,...,t—1, the subject is incorrect. On trial ¢, the subject correctly chooses features A, B,
and C. What is the probability of choosing any of these features on the next trial? In Fig. 3.8(A), the
probability remains relatively constant. The same trend is observed when the features are split between
1, 2, and 3 cards (not shown). This implies that the subject will quickly transition, no matter where
they are in the random state transition process.

Next, I examine the case of multiple correct trials in a row, indicative of the exploit state. The same
framework is used again, except that the subject chooses only feature A on trial ¢t + 1. What then is
the probability of choosing feature A on trial ¢ + 27 As shown in Fig. 3.8(B), the probability is fairly
constant. This shows us that the subject will quickly transition towards the exploit state if possible.

Finally, I look at exploitation after a single trial. One of the trademarks of exploitation is perseveration
(Sec. 4.4.2). T check the first case of this section with the following constraint: on trial ¢ + 2 the subject
incorrectly chooses only feature A. How often does the subject choose feature A again? An ideal agent
should avoid this feature, while a perseverative agent would fixate on it. In Fig. 3.8(C), the subject
chooses feature A above chance, indicating that they perseverate after a single correct trial.

Transitioning towards the exploitation state may occur due to the subject perseverating after a single
correct trial. While it’s possible that they immediately transition from the random state to the hypothesis
state, they could also go towards the exploit state. With this in mind, I define a "minor exploit” state,
where the "major exploit” state occurs after multiple correct trials in a row. Then, the subject transitions

to the hypothesis state from the minor exploit state after a single incorrect trial.

Transitioning to the Exploit State

Is it possible to enter the exploit state if multiple incorrect trials occur between the multiple correct
trials? I initialize the sequence with an incorrect trial on trial ¢ — 1 and a correct trial on trial ¢. The
subject chooses features A, B, and C on trial £. Then, there are 0 < N incorrect trials. Finally, the
subject is correct on trial ¢t + N + 1, where they chose feature A. What is the chance they choose feature

A again? In Fig. 3.9(A), the probability is relatively constant from N = 0 to N = 3. Instead, the
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Figure 3.10: (A) Probability of choosing a feature from the most recent correct trial that was not the previous
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cards. (B) Perseveration after Num correct trials and M incorrect trials. (C) Perseveration after specific sequences
of trials: C refers to a correct trial and I refers to an incorrect trial. (D) Probability of choosing features from
the first correct trial after the rule changes and after one intermediate incorrect trial. In this case, the two
non-previous rule features are on the same card. If the two non-previous rule features are on different cards, then
the subject chooses them at chance levels.

subject can transition to the exploit state after the second correct trial when there is only one consistent
feature between the two correct trials.

Does the previous result depend on the fact that only a single feature is consistently chosen? Let’s
imagine the same situation but when two features are consistently chosen. E.g. features A and B are
chosen on trial £ + N + 1. Then, on trial ¢ + N + 2, they choose feature A. The subject can ”stay” and
choose feature A again, or they can "switch” to feature B on trial ¢+ N 4 3. If they are correct/incorrect
on trial t + N + 2, the best situation is to "stay”/”switch.” In Fig. 3.9(B) when trial t + N + 2 was
correct, the subject usually sticks to feature A, indicating that quickly achieve the exploit state. In Fig.
3.9(C) when trial ¢t + N + 2 was incorrect, the subject is able to switch to feature B only when N < 1.
When N > 2. There is an equal chance of staying vs switching, indicating that do not always transition
to the exploit state.

The subject typically transitions to the minor exploit state after the second correct trial, even if there
are incorrect trials in between. This is dependent on how many features were correctly chosen however.
If multiple features were consistently correct and the chosen feature is incorrect, they need at least one

more trial to identify the correct rule.

Transitioning From the Exploit State

The most likely transition out of the major exploit state is the random state. I analyze trials after N
correct trials in a row, initialized with an incorrect trial before hand. On the final correct trial, ¢, the
subject chooses features A, B, and C. Feature A is the previous rule feature. After the N correct trials,
when the subject incorrectly chooses the rule feature A on trial ¢ + 1. How likely are they to choose
features B and/or C on trial ¢ + 2?7 While the most common rule change situation is 8 out of 8 correct
trials, it’s possible for the rule to change after less correct trials due to the 16 out of 20 trials to criterion.

In Fig. 3.10(A), the probability of choosing features B and C is above chance when N is small. When N
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is large, they are likely perseverating on the previous rule feature. The same trend occurs if features B
and C are split between two cards (not shown) on trial ¢ 4+ 2. This indicates that the subject may switch
to the hypothesis testing state after a rule change only if the 16 out of 20 rule change criterion occurs.

It is interesting to observe the perseveration statistics when the subject perseverates and incorrectly
chooses the previous rule feature for M trials. With the same initialization as before, how often does
the subject to choose the previous rule feature? In Fig. 3.10(B), the probability decays with M. There
is distinct behavior beginning at N = 4, where the subject perseverates after a single incorrect trial.
After 3 incorrect trials, the subject usually converges to chance. This indicates that the subject likely
transitions from the minor to major exploit state after 4-5 total correct trials in a row.

Following the 8 out of 8 correct trial criterion, Fig. 3.10(C) shows the probability of perseverating
and choosing the previous rule feature after specific sequences of correct and incorrect trials given that
the rule feature is chosen for every trial. There are little differences between beginning or not beginning
with a correct trial, since this is the same adding a ninth correct trial into the criteria. However, there is
a difference when an incorrect trial occurs first. In general, if an incorrect trial occurs and then a correct
trial, the subject perseverates for longer.

Finally, can the subject transition to the hypothesis testing state at all from the major exploit state?
I analyze the situation when they reach the 8 out of 8 trial criterion, are incorrect on trial ¢, and correct
on trial £+ 1. Stimuli are NOT repeated, and the subject chose features B and C on trial ¢ + 1. I ignore
the previous rule feature. In Fig. 3.10(D), features B and C appear on the same card in trial ¢ + 2. In
this case, the subject focuses on features B and C slightly above chance. If two incorrect trials appear,
they do not switch to features B and C. Also, if features B and C appear on two separate cards, the
subject does not fixate on them. From this, the subject usually does not switch to the hypothesis testing
state, even when given a bit of time to end perseveration. Instead, they perseverate until they reach the

random state.

Conclusion of State Analysis

From the analyses in this section, one can form a ”state” like description of the subjects behavior (Fig.
3.11). The hypothesis is as follows: the subject begins in the random choice state. Once correct, they
transition towards the minor exploit state. If incorrect, they transition towards the hypothesis testing
state where they test multiple possible correct features. If two correct trials occur with a single consistent
feature, the subject transitions back to the minor exploit state. After about 4-5 total correct trials, they
transition towards the major exploit state. At this point, the rule usually changes, and the subject
perseverates until they return to the random choice state.

Another natural way to describe these results is one with a sliding scale between the hypothesis

testing and major exploit state. More correct trials lead the subject to the major exploit side while more
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Figure 3.11: Diagram of state description. *If first and second correct share 1 feature. If two features are
shared and there are < 1 incorrect intermediate trials, Sam needs 1 more trial (with 1 overlapping feature) to
tell which of the shared features is correct

incorrect trials lead to the hypothesis testing state. Either way Fig. 3.11 offers a convenient way to
describe the actions of the subject. However, any results should be compared to the actual statistics
instead of this description.

These statistics can naturally be explained by the reinforcement learning model in Sec. 4.3.2. When
the subject receives correct feedback, they tend to focus on these features more often. A single correct
trial when randomly selecting cards leads the subject to fixate on the chosen features. Multiple correct
trials leads the subject to begin fixating on a single feature: the rule feature is constantly rewarded and
thus the subject weighs this feature more. While exploiting, the subject focuses and perseverates on a
single feature. If incorrect, they likely do not transition to the hypothesis testing state, since the majority
of the reinforcement learned behavior is focusing on a single feature. Instead, after multiple incorrect
trials, all weights decay until the subject is choosing randomly. Altogether, the state-like description of

the monkeys behavior agrees with the reinforcement learning computational framework.

3.3 Visual Search Strategy

One topic of interest is how the subject searches the visual space for the target image. How do subjects
efficiently search targets, update their beliefs, and decide to continue or stop searching? This can be
affected by other correlates, such as motivation or focus on a particular feature. There are many further
questions related to the visual search. For example, does the search strategy change throughout the task?
Does the subject use peripheral vision to quickly hone into their choice? How does the pre-saccade, where
the subject moves their eyes before the objects appear on screen, affect their choice? Is there a bias in

choosing stimuli based on position on the screen? This section seeks to answer these broad visual based
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Figure 3.12: General eye movement statistics. (A) Timing of the first non-stereotypical saccade, typically
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of stereotypical saccades. (D) X and Y positions of the eye at the beginning and end of each saccade during
feedback, showing a bias in the negative Y direction. (E) The positions of each chosen card is compared to the
positions of each correct card, showing a downward bias and a horizontal inward bias. (F) The percentage of
times the subject looks at the closest objects after the objects appear on the screen.

questions.

3.3.1 General Saccade Statistics

General statistics are found for 42 of monkey S’s sessions between 2018-06-15 and 2018-10-15. The
first question is the timing of the first non-stereotypical saccade after the objects appear on the screen.
Stereotypical saccades are eye movements where the subject immediately looks downward, likely without
processing any visual information. The timing of the first saccade (Fig. 3.12(A)), divided based on the
type of saccade, occurs after around 150-200 ms, consistent with literature [140]. The subject is faster
if they look randomly to a blank part of the screen, which is explained by lack of screen processing.
There is also a slight decrease in time of about 20 ms when the subject saccades towards a bounding box
instead of inside the shape itself. Next, the inter-saccade time interval (Fig. 3.12(B)) is about 100-200
ms, which again aligns with litature [140]. The spike in counts at 0 ms is most likely due to an error
in saccade definitions, where a single saccade can be accidentally divided into two consecutive saccades.
Meanwhile, a quick investigation into the stereotypical saccades show that the majority (~ 87) of trials
have at least one stereotypical saccade (Fig. 3.12(C)). Altogether, these show that stereotypical saccades
occur in most trials, and non-stereotypical saccades take around 100-200 ms to process.

Is there a bias in the subjects’ choice and preference on the screen? Fig. 3.12(D) shows the position

on the screen for the start and end of every saccade during the feedback period, where there is no visual
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information. The subject prefers to have an eye position in the bottom half of the screen, as shown in
the orange, Y position histogram. There is no bias in the horizontal direction. The peaks at the far left
of the plot occur due to tracking the eyes outside the field of view or when the eyes are closed. There
is further evidence for a bias downwards in Fig. 3.12(E), which shows the position of all chosen cards
compared to all correct cards tends to be downward. There are a discrete number of positions, so every
bar on the plot includes a single discrete position as an angle from the center of the screen to the object.
There is also a relative horizontal bias inward. The downward bias in Fig. 3.12(D,E) aligns with the
downward stereotypical saccade. It’s possible that this bias is due to the experimental design, where the
subject’s head may be tilted higher than the desired position®.

Finally, one hypothesis is that the subject prefers to saccade towards close objects. For the first
non-stereotypical saccade after the objects appear on the screen, the objects can be sorted based on
distance from the current eye position. The percentage of times where the subject saccades to each
relative position, ignoring saccades to a blank screen, is shown in Fig. 3.12(F). 60 percent of the time,
the subject saccades to the closest object, and around 26 percent of the time the subject saccades to the
second closest object. This provides evidence against a strong use of peripheral vision, since peripheral
vision would lead to a more equal distribution across object distances. However, there is a non-zero
probability of saccading towards the furthest two object. Either the subject randomly wants to look
across the screen. Or the subject saw a far away object that matched their belief, and the subject

decided to saccade directly to that object.

3.3.2 Saccade Strategies Statistics

Different possibilities exist for the specific saccade strategies used searching the visual field, such as
examining all four objects before selecting a card, using peripheral vision to look at only one card right
away, or returning to a previously observed card. This section asks focuses on statistics of the preferred

strategies.

Strategy Labels

I define common ”saccade strategies” that the subject typically uses (Fig. 3.13). In the first group of
strategies, which I term ”ring around the rosie” or R1, R2, etc., the subject looks at N different objects
in a row. R1-R4 is defined as saccading to one, two, three, or four different objects. R5 is defined by
saccading to all four objects and then saccading to any of the objects. Other possible strategies occur in
an atypical order (Fig. 3.13(B)), and they are labeled in the pattern that they appear in. E.g. ABA is
when the subject looks at card A, then card B, and back to card A as their final choice. For completeness,

two other groups of strategies are listed. First, any strategy with at least 6 searched objects is listed as

IThis idea came from Patrick Zhang in discussions on the location bias of the subject.
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Figure 3.13: Depictions of key ”saccade strategies” (A) Ring around the rosie strategies, where the subject
looks at N number of different objects in a row, not necessarily in a circular fashion. R5 occurs by looking at four
different objects and returning to any object for the 5th saccade. (B) Other strategies, labeled by their atypical
object orders.

”>5” Any strategy where the subject looks to an empty part of the screen are listed as E2, E3, E4, or
E5. E is used to indicate an error, where this may occur due to a calibration error or an uncommon

strategy.

Preprocessing

The behavioral data from all of Monkey S’s sessions are used. The sessions are divided into 4 groups,
designated in Sec. 2.1. The first group is the normal task, and what is typically used in neural analysis.
The second group is when the timeout period was significantly shortened. The third group is when
alternative stimuli were presented. The fourth group is the original stimuli but with a shortened timeout
period.

The eye data is used, as is described in Sec. 2.9, to define when the subject is looking at particular
stimuli. Their eye must be in the area of the bounding box. Stereotypical saccades are NOT included.

Microsaccades, where the eye moves within the bounding box of a single object, are ignored.

Saccade Strategies for All Sessions

Across all sessions, the percentages of each strategy used are shown in Fig. 3.14(A). The most common
strategies involve low numbers of saccades. Particularly, 30 percent of the time the subject will saccade
to a single object. 26 percent of the time, the subject will look at two objects. 15 percent of the time,
the subject will look at three different objects. The most common group of strategies are the ring around
the rosie strategies ("R4” for example). It is common to look at all four objects (either R4 or R5),
indicating a preference for new information. It may also indicate that the subject stops abruptly if they
see a desired feature instead of looking further. This is consistent with the idea that the subject chooses
features to look for before seeing the visual information.

There is also a prevalence of strategies involving the return to an earlier object (Fig. 3.14(A)), such



o4

(A)

C)

& ©Fz T | |

°

Fraction of each strategy

% Qos 91 %5 92 925 9%
Fraction of each strategy

~
&
R2
&
Ry
Agy
&
Ay
4By
ABac
&
Rs
&
5

&

o

3

g

&

o

3

g

ABcy

Session Number. Session Number.

(E)y™

0.00015

0.00014
000013
000012

000011
0.00010

i
20 ! 0.00009

Reward / total time

40
session session
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There is a preference for strategies with less searching and more commonly without observing the same card
twice. For (B-E), black dotted lines separate groups of sessions; the second and fourth group of sessions have a
short timeout period and the third group of sessions have different stimuli. Sessions 2018-11-07 and 2018-12-04
were dropped due to major outliers in percentages. (B, C) Fraction of strategies across sessions. There is a shift
in strategies after the second group of sessions, where there is a high preference for R1 strategies. (D) Average
number of trials to criterion, verifying that the subject started solving the task slower. (E) Total reward per time
spent, showing an increase in reward when the timeout period was shortened.

as in ABA, ABCB, and ABCA. They typically only look at a single other card before returning to a
choice. Further, the low probability of the ABAC strategy indicates that the subject usually does not
double-check and avoid a card. Instead, if returning to a card, the subject is likely going to choose it.
There are relatively small likelihoods of error strategies (e.g. E2) in Fig. 3.14(A), which occur when
the subject looks to an empty region of the screen. This helps confirm the initial calibration of the eye
data, since a bad calibration would lead to higher percentages of these strategies. However, since the

percentage in E1, where the subject saccades to nothing, is non-zero, the calibration is not perfect.

Saccade Strategies at the Session Level

The percentages are analyzed further by separating based on session. The relative percentages of each
strategy per session (Fig. 3.14(B,C)) show that a change in strategy particularly when the timeout period
shortens. During this time, the subject searches less objects: the percentage of R1 and R2 increase while
ABCA, ABCB, and >5 all decrease. When the timeout period is lengthened in the third group, the
percentage of R1, R2, and >5 never return to the original percentages in the first group, implying that
the timeout period altered the main strategy of the subject.

The drastic change in saccade strategy percentage is likely due to the spontaneous decrease in time
out periods when incorrect. If there is a large timeout period, a subject is encouraged to perform better
than if there is a small timeout period. Given the increase in R1 and R2 strategies, the subject may be

rapidly choosing cards, leading to a worse performance. As seen in Fig. 3.14(D), the average trials to
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Figure 3.15: Percentage of common strategies per session groups (columns) and fraction in rule blocks (x-axis).
Rule blocks are partitioned into windows of 10 percent of the total block length. The increase of R1/R2 (A) and
decrease of >5/ABA/ABCA (E) indicate change of strategy throughout the rule block in first session group. R1
is used often in other session groups (B-D), likely indicating rapid card choice.

criterion increases after the short timeout period is introduced, leading to a worse performance. It may
be possible, however, that they still obtain a large amount of reward. The reward per total time spent
in the task is shown in Fig. 3.14(E), where a dramatic increase in reward rate occurs after the short
timeout period is introduced. Thus, it’s likely that the subject realized that worse performance still leads
to large rewards. Further, the subject doesn’t return to the original behavior when the timeout period

is restored, likely indicating a permanent strategy alteration.

Saccade Strategies at the Rule Block Level

Are there differences in saccade strategies based on the trial in the rule block? The data are binned in
terms of their fraction of total trials in each block; the bin size is 10 percent of trials, and the stride is 5
percent of trials. Due to perseveration, there may be similar behavior at the very beginning and end of
each rule block. The relative percentages of each strategy are shown in Fig. 3.15. There are noticeable
differences in saccade strategies for each group of sessions, which is expected based on the differences
throughout the sessions (Fig. 3.14). In the first group of sessions, there is a major difference between the
beginning and end of the rule block. R1 and R2 strategies occur more often throughout the rule block.
R4, R5, ABCA, and >5 strategies occur less often as a function of percentage in rule block. Towards the
beginning of the rule block, they are likely learning the rule and need to search more objects to make a
choice. Later, once they have an idea of the rule feature, they saccade to less objects and choose quickly.

There is a stark difference in behavior for the second group of sessions onward, when the timeout
period is shortened (Fig. 3.15(B,F)). There is less of an effect of changing the saccade strategy as a
function of percentage in rule block, with the exception of a minor increase in R2 and decrease in the

ABA and >5 strategies. Also, the percentage of R1 is consistently higher and stable throughout the rule
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Figure 3.16: For each session group (rows, increasing downwards), fraction of R1-R5 strategies used (columns)
depending previous trial feedback and whether the subject is in an ”explore” or "exploit” state. For the first
group of sessions, R1 typically is high when the subject is exploiting. For the rest of the sessions, R1 is high
when previously incorrect and exploring, indicating a permanent saccade strategy switch. For the 2nd through
4th session groups, R5 is typically large when previously correct and exploring, indicating a shift to searching for
features after the first correct trial in a sequence.

block. This provides evidence for the hypothesis that the subject permanently alters their strategy to

one that emphasizes fast choices.

Saccade Strategies at the Trial Level

Finally, one may be interested at the saccade strategies used depending on the current sequence of trials.
One may expect more exploratory behavior if the previous trial was incorrect for example. One can also
define an explore vs exploit state, when the subject is typically exploring or exploiting. This analysis
was completed before more recent behavioral work, which may be more applicable to finding specific
internal beliefs.

The explore and exploit state is defined based on the general idea that a subject typically explores
when receiving incorrect feedback and exploits when receiving correct feedback. The state switches from
explore to exploit after 2 correct trials in a row, and the state switches to explore after 2 incorrect trials
in a row. The intuition is as follows: if the subject is exploring and got a trial correct, they likely do not
understand the rule and continue to explore. After two correct trials in a row, they likely believe they
understand the rule and switch to an exploit state. If incorrect while in an exploit state, they tend to
perseverate and maintain an exploit state. After two incorrect trials, the subject may stop perseverating
and are now in an explore state. The state is initialized to explore if the first trial was incorrect and

exploit if the first trial was correct. As an example, if the feedback sequence is correct, incorrect, and
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Figure 3.17: Fraction of R1 strategy during last 8 out of 8 or 16 out of 20 trials for each feature for different
session groups. For the third session group, there is a mixture of different stimuli, so they are generically labeled.
In general, the fraction is high for color rules and some specific features, such as the escher pattern. The overall
scale of 0.3 to 0.4 indicates that peripheral vision is barely used to identify the card of choice.

incorrect, then the state sequence would be exploit, exploit, and explore. While simple, this model
provides an easy way to classify trials as explore or exploit.

Focusing on the R1-R5 strategies, the fraction of each strategy is computed depending on the previous
feedback and the current internal state in Fig. 3.16. In the first group of sessions, R1 is particularly
high when in an exploit state, which could be due to focus on a particular rule and directly saccading
to it. Afterwards, R1 is typically high when previously incorrect and exploring. In the second group
of sessions, R1 is also high when previously incorrect and exploiting. This highlights a major difference
between the first group of sessions and the rest: in the rest of the sessions, when the subject does not
have an idea of the rule, they saccade quickly. Intuitively, they do not waste time searching while the
rule is unknown. Similar behavior is found across all sessions in R2 and R3 when exploiting, and R2 and
R3 strategies are used more when previously correct. This is sensible when quickly searching for the rule
without one shot saccading.

In the first group of sessions, there is a relatively similar use of the R5 strategy when not exploiting
and previously correct. In all of the other sessions, the percentage is highest when previously correct and
exploring. Thus, the subject likely focuses on the previous correct information when it’s novel. When
this occurs, they may search for a long time to verify what they are searching for. One hypothesis is
that the subject, during the second group of sessions onward, rapidly saccades when they are unsure.
Once they are correct, they switch to a strategy where they search for a long time and remember what
was previously correct. This implies that the subject computes information and belief of the rule while
searching the visual space. If the subject computed belief of the rule earlier on, they most likely wouldn’t

look at 5 objects while deciding the card to choose.

Easier to Use Peripheral Vision for Color

Does the subject use peripheral vision to make choices? Vision science would predict that color may be

more discriminable in peripheral vision than pattern. To investigate this, only the last 8 out of 8 or 16
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out of 20 correct trials per block are analyzed. Then, the percentage of R1 strategies compared to all
strategies are computed. In this subset of trials and strategies, the subject may use peripheral vision to
quickly make a choice. The percentages are computed for each feature and session group in Fig. 3.17.
For all cases, there is a preferential bias toward the color rules, indicating that colors are easiest to find
with peripheral vision. Interestingly, it appears that the Escher pattern is consistently easier to find,
indicating that some features may be easier to find than others.

From Fig. 3.17, the scale of all percentages is around 0.3 to 0.4, nowhere near high enough for
consistent use of peripheral vision. However, it is higher than chance of 0.25, where lack of peripheral
vision will lead to a quarter of saccades directly to the rule. Overall, this shows that the subject can use

peripheral vision to make a selection quickly, but they do not often do so.

No Predictability in Neural Data

One minor question is whether there is predictability of the various saccade strategies in the neural data.
Given blockwise differences in saccade strategy, it is possible that the strategies themselves are indicative
of confidence. E.g. later in each block, the subject is more likely to saccade directly towards their target
with the "R1” strategy. If this is true, perhaps there is a difference in saccade strategy during the cross
fixation period, where they may plan out their action before the objects appear on the screen.

I focus on the difference between the "R1” strategy and strategies with 4 or more saccades for session
2018-08-02 (> 300 trials per condition). Pre-processing wise, the bipole data is normalized, notch-
filtered around the 60 Hz harmonics, bandpassed to different frequency ranges, Hilbert transformed.
The absolute value of the Hilbert transform shows the power in the chosen frequency band for each
trial. The power is averaged for 100 ms bins with a 50 ms stride during the cross fixation period. 20
independent linear decoders (C' = 1077, dual = False) for each time point are trained on balanced data
with a train/test split of 80/20. They are compared to the performance on shuffled labels. For the
raw LFP and chosen frequency bands, there is little to no decodability of the distinct saccade strategies
(not shown), suggesting that the LFP does not encode any preference towards the R1 or > 4 saccade
strategies. It’s possible that this information does not exist at this time as well. Instead, given the

decodability of various saccade statistics in Sec. 7.3.5, the subject may search more randomly.

3.4 \Visualization from Spectrograms

A useful first analyses is to examine the spectrograms of sample channels to obtain intuition about
possible frequency bands of interest. The frequency bands with interesting behavior should be similar to
those found in the bandpassing preprocessing step (Sec. 2.7) and to those defined in literature [104]. This

section will focus on a few interesting spectrograms and average spectrograms over relevant behavior.
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Figure 3.18: Example spectrograms for individual trials, starting from the cross fixation until 1500 ms after
feedback. Black dotted lines indicate major changes in the task. Orange dotted lines are saccades to new
objects. There is a burst in activity at 8 Hz in the claustrum after the objects turn on and before any saccades.
When fixating on the chosen object, there are bursts in power at 10 Hz in the lateral PFC and at 30 Hz in the
hippocampus.

Spectrograms are calculated with the Morlet Wavelet Transform (MWT), described in Sec. 2.5. The
spectrum is computed for 150 trials, z-scored for every frequency band, and separated into spectrograms
per trial. Spectrograms are found for selected bipoles in monkey S’s session 2018-08-02, after the pre-
processing (Sec. 2.8) and removal of 60 Hz noise. Different bipoles are shown for every figure. Fig. 3.18
shows three example channels spectrograms for random trials. There is a substantial amount of activity
or noise driving the system. Despite this, there are bursts of power in each channel. In the claustrum,
there is an increase in power at 8 Hz after the objects turn on but before the subject saccades to any
object. In the lateral PFC and Hippocampus, there is an increase in power while fixating on the choice.

There are several ways to increase the signal. Classically, averaging across trials can give task specific
variables. One could also look at bursts of activity in the LFP. During bursts, the LFP power jumps
above the normal level of activity, which can be useful for filtering out noise.

After aligning the trials to cross fixation and object fixation, the power is averaged across the first
150 trials to get a mean spectrogram. Example mean spectrograms are shown in Fig. 3.19, where task
specific variables are observed. In the amygdala, there is large power at all frequencies before fixating
on the cross. In the dorsolateral PFC and striatum, there are increases in power during the feedback
period. These indicate that activity patterns occur at specific times during the task. While only a few
shown here, many bipoles have interesting behavior.

One downside with mean spectrograms, however, is that information can be lost. If, for example,
there was a large response that occurs within a half second window, it would appear as a long/large
response. This may be misleading when the power only increases for short time periods, which appears
to be the case based on Fig. 3.18. Other information can be difficult to observe, such as the search period,

where saccades can occur at anytime. Although, in this case, one could align to individual saccades.
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Figure 3.19: Example mean spectrograms during both the cross fixation and during the feedback period.
Spectrograms are only averaged during correct or incorrect trials. Consistent activity is shown across trials. In
the amygdala, there is consistently high power immediately before the fixation on the cross. In the dorsolateral
PFC and striatum, there is consistent activity in different frequency bands at different times during the feedback

period.
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Figure 3.20: Example mean spectrograms for correct and incorrect trials for two signals. Black lines occur
when the subject receives correct (cor) or incorrect (inc) feedback (FB). In the anterior cingulate, there is a power
increase at 10 Hz only during correct trials. There is also a high frequency power increase only during correct
trials. There is an increase in power in incorrect trials at around 12 Hz. In the hippocampus, there are numerous
differences below 12 Hz between correct and incorrect trials. There is also a difference at around 30 Hz, where
there is a larger increase in power during incorrect trials.
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Spectrograms Show Feedback Discrepancy

There are many bipoles that show feedback differences. Example differences are shown in Fig. 3.20.
In the anterior cingulate, there are differences in power immediately after feedback is received. In the
hippocampus, there is an increase in power at 30 Hz for incorrect trials, among other differences. The
differences indicate that different neural processes occur during correct and incorrect feedback. There
are a large number of bipoles that have feedback differences in the spectrograms all across the brain.

Further analysis of feedback is explored in Chapter 6.
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Figure 3.21: Example Morlet Wavelet Transform power for frequencies between 3 (purple) and 25 (orange) Hz
for session 2018-09-25. Grey shaded regions indicate when the subject is performing the task. Outside the grey
region, the subject is resting. The majority of channels in this session have an increase in power, especially is lower
frequencies, when not performing the task. Some channels (C) have large amplitude fluctuations throughout the
session. There are sizable amplitude fluctuations during the task in (A, B, and D).

3.5 Power Throughout Sessions

One concern in time-series analysis is the stability of the signal across time. Ideally, fluctuations are
solely due to behavioral correlates. Otherwise, spurious, or nonsense correlations [141], can occur, such
as correlations between neural signals and crypto prices [142]. This can occur due to autocorrelation. In
typical statistical analyses, points are considered to be statistically independent. Due to autocorrelation,
the data are not independent from each other. This is especially concerning in this dataset, since there
are expected signal changes at the rule block scale, which is a scale that may include autocorrelation
effects. Without caution, one may find correlations where no such correlations exist.

There are several reasons why the signal may not be stable. The subject may undergo state changes
due to motivation, hunger, or arousal, which have been shown to correlate with broad changes in the
LFP [143]. Or, the electrodes may drift slightly across the sessions, leading to slight differences in the
overall power.

Example bipoles are checked for stability in monkey S’s session on 2018-09-25. For individual bipoles,
the data is normalized and notch filtered, and the Morlet Wavelet Transform (MWT) is computed for
frequencies between 3 and 25 Hz. The amplitude of the MWT is squared to get the power, which is
averaged over every 5 minutes with a stride of 1 minute. The resulting slow power drift (Fig. 3.21)
shows fluctuations in the power while performing the task. For example, in Fig. 3.21(D), the power is
noticeably different in the different shaded regions. Fig. 3.21(C) shows an even more problematic bipole,
where the power shifts at seemingly random times. Care is needed when correlating this LFP data to
behavior, especially at the rule block scale. Rules change about every 30 trials, or every few minutes,
which is consistent with fluctuations in Fig. 3.21.

Fig. 3.21 also shows an interesting phenomenon during rest periods. Many bipoles have a spike in
power, especially in low frequencies, during the rest periods of the task. Boosts in power may occur

during sleep periods, which are known to have high power in the LFP in low frequencies [144].
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3.6 Demixed Principal Component Analysis

One natural method for understanding behavioral correlates is to search for low dimensional represen-
tations that explain the neural data. Demixed Principal Component Analysis (APCA) [145] seeks to
explain the most amount of variance possible in the data while simultaneously separating out trial con-
ditions. dPCA works by first averaging across different marginalizations: e.g. across time, feedback,
choice, etc. It then finds low-dimensional representations in each marginalization.

Many trial-wise conditions can be applied. Unfortunately, if every possible condition is included,
there will few trials and poor statistics. For this reason, only a few marginalizations are considered. The
first marginalization is over feedback and previous feedback, providing a baseline feedback representation.
Trials are then divided based on chosen features, allowing for representations of working memory.

The pre-processing is as follows. For Session 2018-08-02, the spiking data (42 neurons) were binned
in 100 ms bins with a 50 ms stride around the choice and feedback period. Trials were limited to after
the second block, and only trials with ”clean” LFP signal are used. If an artifact occurs in the LFP data,
the relative spiking data is thrown out due to the fact that spiking is impossible if the LFP has reached
the limit of the electrodes measurement range. Trials are included only if both the current and previous
trial were correct or incorrect, eliminating any trial where the previous trial was not completed. The
data is concatenated across trials and time, z-scored across the concatenated dimension, and reshaped
back into the original shape. Finally, the data is averaged across trial conditions, and dPCA can be
implemented. Whenever plotted, I follow Kobak et al. [145] and combine the marginalization and the
interaction term between the marginalization and time component. In all cases, the explained variance

decays in the same manner between PCA and dPCA, validating dPCA.

Feedback Modes

I divide every trial into one of four conditions depending on the current and previous feedback. If both
trials were incorrect (347 trials), the subject likely does not know the rule. If both trials were correct
(551 trials), the subject likely does know the rule or just figured it out. These two cases can be thought
of as consistent or "unsurprising” trials, since the subject likely is not surprised by this feedback. If
the subject is correct followed by incorrect (250 trials), they are likely surprised that they got the trial
wrong. If they are incorrect followed by correct (250 trials), they are likely surprised that they got the
trial correct.

Running dPCA on the feedback and previous feedback conditions leads to some differences in the
spiking data (Fig. 3.22). There are distinct differences in timings, where some modes occur early while

others occur late after feedback. There is also one mode that switches direction at around 400-500 ms
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Figure 3.22: dPCA modes for the current and previous feedback. Red/blue indicates the current trial was
incorrect/correct. Dotted/solid indicates the previous trial was incorrect/correct. The legend indicates the order
of feedback for the two trials (I = incorrect, C = correct). Each row is a different marginalization. Each column is
a different mode number, where the first column has the highest explained variance. The top row are condition-
independent modes, where there is little difference between feedback. The middle top mode (current feedback
dependent) shows differences after feedback begins. The middle bottom mode (previous feedback dependent)
shows previous feedback differences during all time periods. The bottom mode (mixing between current and
previous feedback) shows differences at all time periods. However, there are only differences between consistent
(cor — cor or inc — inc) and inconsistent (cor — inc or inc — cor) trials.

after feedback. There are surprisingly differences in the previous feedback modes at all time periods.
For the modes during the choice and search period, the previous feedback differences may occur due to
a memory of the previous trial. During the current feedback period, perhaps the previous and current
feedback are integrated to update the internal model. The cross term between the current feedback and
previous feedback shows interesting differences. First, there is a difference in the cross terms during the
current trials feedback period. There is also a difference during the choice and pre-choice period. There
is a difference in the cross terms when the subject is ”"surprised” compared to "unsurprised.” While it’s
unclear whether this effect is limited to the previous trial or generally represents confidence, it shows
that metrics like reward prediction error (RPE) could lead to understanding of feedback differences.
While not shown, I perform the same dPCA analysis on LFP power in various frequency ranges.
Similar effects are seen in the 26-34, 65-87, and 120-148 Hz frequency bands, showing that both the LFP

and spiking data are influenced by feedback.

Single Feature Modes

The difference in signal for each feature can show representations of working memory. Each trial, the

subject simultaneously chooses three features, and the trial is assigned to each of the three features.
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Figure 3.23: dPCA modes for single feature modes. All trials with a particular feature (e.g. color 0) are averaged
together. This means that each trial is overcounted three times. The top row shows the condition independent
mode. The bottom mode, the feature dependent mode or choice of each feature mode, shows differences among
the different features. The modes separate during the the choice and feedback period.

While all trials are overcounted, dPCA uses the average trace for each feature. There are 349 + 28 trials
per feature.

In Fig. 3.23, the signal separates based on features. While expected, the signal doesn’t separate based
on rule dimension. Instead, random features are separated. Timing wise, the signal is most separable
during the choice period. However, there is an ability to separate the features during the feedback period.
This indicates that their are feature representations while choosing the card and while remembering the
card during feedback. Given that, this representation may be purely due to the choice without regard to
the belief of the rule. Since the explained variance is small, very little of the spiking activity is explained
by the features chosen.

The same analysis is rand for power in different LFP bands: 26-34, 65-87, and 120-148 Hz. There
was no separation between the different features (not shown). Instead, the LFP is dominated by noise.

It is likely that feature information is better represented in the spiking data than LFP data.

Single Feature Modes Per Card

While the previous section analyzed the dPCA modes by averaging across all trials for a particular
feature, this section considers all feature combinations: every trial belongs to one of 64 possible three
feature combinations. There are 22 4 6 trials per card, leading to worse statistics. In Fig. 3.24, the

dPCA modes separate based on feature dimension. That is, for the shape dependent modes, there are
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Figure 3.24: dPCA modes for each feature when considered a different dimension. The top row shows that all
conditions have similar condition independent modes. For each row below, corresponding to the shape, color, and
pattern, the colors are are grouped by the relevant dimension. E.g., for shapes, blue corresponds to shape 1, red
for shape 2, green for shape 3, and black for shape 4. The colors do not correlate across rows. Each trace is one
of the 64 possible combinations of three features. The different dimensions separate in the choice and feedback

period.
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Figure 3.25: Projection of every average trace into the low-dimensional dPCA space at 200 ms into the choice
period. The three axes are from the first mode of the color, shape, and pattern dimensions. Colors are distinct
for the different colors (left panel), shapes (middle panel), and patterns (right panel). While not perfect, the
features do separate in this space.

traces that separate for each shape. The strongest effect occurs in the pattern dependent modes, where
multiple patterns are able to be separated. Like in the previous section, the majority of separation
occurs during the choice period. Some separation occurs during the feedback period. These modes likely
explain the working memory of different features, while they may not explain the belief of any particular
rule. The explained variance is small, so the spiking activity is only marginally explained by the different
features.

The same analysis is ran with the frequency bands: 26-34, 65-87, and 120-148 Hz. While faint, there
is a little bit of separability of shape throughout the choice period in the 120-148 Hz band. This may
occur since the high gamma range is known to be correlated to spiking activity [146]. Despite this, the
representation is clearer in the spiking data.

I then project the data into a common space and check to see if all 64 traces occur in a common
framework in the low dimensional space. The largest separation occurs at 200 ms in Fig. 3.24. The data
at 200 ms is projected into the first mode for each dimension in Fig. 3.25, where the data separates.
Unfortunately, the representation is not uniform. The lack of separation most likely originates from
the lack of trials. It would be interesting to try a similar analysis by bootstrapping the data across
all sessions. Using an approach with more data may lead to better separation and more uniform low
dimensional representations of each card. Despite this, it’s interesting that there is a separation of the
different features, indicating that the features of each card may be represented in a low dimensional way

in the subjects mind.



Chapter 4

Behavioral Models & Species Strategies

To understand the underlying representations involved in solving this task, one needs behavioral model-
ing. In this task, it’s extremely difficult to understand why the subject made their particular choice. For
example, if the subject chose a cyan triangle with an escher pattern, did they choose the card because
it was cyan, a triangle, because it had the escher pattern, or because of a combination of these three
features? While difficult, one may assume a simple behavioral model where the subject focuses on the
rule feature during the last 8 out of 8 or 16 out of 20 correct trials, a problematic assumption. First,
this severely limits the number of trials that can be used. Second, it is unclear when the subject begins
to focus on the rule feature. Third, the representation may not have a consistent presence in the neural
data, where the representation may only be salient when the subject is exploring. Lastly, the subject
becomes distracted by alternative features to the rule during the 16 out of 20 trial criterion (Sec. 3.2.2),
implying that the rule representation is unreliable.

With these problems in mind, behavioral modeling can lead to more reliably predictions of the
subjects choices on EVERY trial. This work, and the remainder of this chapter, is in the process of
being published [2] with co-authors: Patrick Q. Zhang, Po-Chen Kuo, Michael J. Jutras, Bhargavi Ram,
Jack Lin, Robert Knight, Elizabeth A. Buffalo, Edgar Y. Walker, and Adrienne L. Fairhall. This work
focuses on both monkeys and humans, where different behavioral strategies are found across species. In
this chapter, the task is referred to as a multidimensional choice task to avoid any confusion with the

original implementation of the WCST [95].

4.1 Abstract

Identifying the features of complex observation spaces that are relevant to decisions is necessary to
successfully navigate intricate environments. Frequently, credit cannot be uniquely assigned to any one

particular action, and it may be computationally challenging to retain a memory of all possible action-
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observation pairs. Inter-species comparisons during high-dimensional credit assignment problems are
key in understanding species specific or common computational frameworks that lead to varying levels
of proficiency. Here, to reveal commonalities or differences in strategy, we analyze and compare the
performance of multiple generative behavioral models for humans and monkeys performing a multi-
dimensional choice task. In the task implemented, subjects are required to determine by trial and error
which of three features of a card is currently rewarded. We find and quantify differences in the strategies
of monkeys and humans. Monkeys tend to follow a reinforcement learning strategy while preferring or
avoiding stimuli that were previously rewarded /unrewarded, while humans tend to perform a memory-
limited ideal inference strategy, where reward is maximized. We conclude that humans and monkeys
have distinct but memory-efficient computational frameworks that explain the superior performance of

humans compared to monkeys.

4.2 Introduction

Imagine foraging for an unfamiliar berry; one would like to know the features of the berries that correlate
with a good taste. Many features could play a part: size, color, softness, access to the sun, etc. Every
sample serves as evidence for the positive and negative features that predict taste. However, the number
of possible features and feature combinations is challenging to memorize. Through experience, how would
one find the relevant features that predict a delicious berry? This question is an example of the credit
assignment problem [1], whereby it is difficult to assign credit to the specific features that lead to reward.
In these situations, the brain needs to learn through trial and error a subset of specific features that
lead to positive, negative, or null outcomes. Investigations of tasks with ambiguous credit assignment
problems in a large feature space have the potential to uncover insights into adaptive strategies and
computational frameworks necessary to navigate complex environments.

Direct comparisons of behavior across species have shown that monkeys generally perform worse than
humans in decision-making and memory-based tasks [54, 86-90, 147], suggesting that the two species may
have differing abilities to assign credit, hold features in working memory, and rapidly update memories.
Making inter-species comparisons of behavior benefits from the use of computational frameworks that
allow one to quantify and compare possible underlying strategies.

To understand species-differentiating decision-making behavior and the contributing computational
mechanisms, we need explicit model frameworks. There are many examples that highlight specific
strategies. In the ”win-stay lose-shift” (WSLS) model and related variants, subjects focus on a single
item, and shift choice after receiving negative feedback; this has been applied to model subject behavior
in multi-arm bandit tasks [91, 148-152]. In reinforcement learning strategies [153, 154] and related

variants [94, 155], the believed reward value of a choice is updated throughout experience based on



69

memory-limited feedback. Finally, subjects might employ an ”ideal observer” framework, where logical
actions are taken based on information held in memory; generally even ideal strategies should take into
account the possibility that memory capacity may be limited [84, 85, 96].

Here, we use these models to evaluate the behavioral data of humans and monkeys performing a multi-
dimensional choice task which serves as an exemplar of credit assignment problems with large feature
spaces. To compare inter-species differences, the task was designed to be as similar as possible across
species. We apply all models and evaluate them on an equal footing; each model probes different aspects
of behavior, such as learning rate, memory capacity, and the impact of positive and negative feedback.
We then ask: which models fit behavior best across humans and monkeys, and how does the structure
and parameters of the best-fitting models inform us about the species-differentiating frameworks used to
solve such problems? Fitting these models to data and using them generatively to compare with derived
quantities such as the degree of perseveration after a rule switch provides a window into strategy and
capability.

We find distinct inter-species strategy differences. Monkeys tend to follow a feature-based reinforce-
ment learning strategy, where they gradually converge to rewarded features and forget non-rewarded
features. They also preferentially choose a rewarded card if the same card is presented in the next
trial, requiring an amendment of classic reinforcement learning models [94, 155]. Humans, on the other
hand, follow an ”ideal observer” like strategy, where they maximally use information to gain reward.
By examining choices during critical points in the task, we find that humans are able to perform the
correct inference and quickly learn to assign credit to the correct feature. However, humans are unable
to remember all features of the task. The major difference between monkeys and humans is the speed
with which information is applied and discarded. Humans can quickly forget non-important features
while monkeys unnecessarily retain information that distracts their attention. We hypothesize that this
difference is in part due to the discrete outcomes of the task, where humans readily understand the
concept of features attached to rewards.

In this manuscript, we offer an inter-species generative model comparison of subjects performing
credit assignment problems with large feature spaces. We assess models via two metrics, choice-prediction
accuracy and reproduction of task behavior, a process necessary for properly describing the computational
frameworks of each subject. The differences in the species strategies lead to further understanding
of the improved performance of humans over monkeys. The computational frameworks involved may
be compared to in the machine learning literature, where research on memory limited algorithms are
being introduced to efficiently learn tasks. Lastly, this work is important for understanding the specific
computations performed inside the brain. In studies of this task with co-occurring neural recordings,
comparing the neural data to our reported computational frameworks can elucidate how the brain flexibly

stores, modifies, and accesses critical information upon learning the rewarded features through feedback
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Figure 4.1: Schematic of the multi-dimensional choice task for the monkeys. (A) shows two sample images
of what the subjects see on consecutive trials. The subject chooses one of the four displayed objects and either
receives a reward or timeout, depending on if they were correct or incorrect, respectively. The green and red boxes
indicate sample choices corresponding to a correct and incorrect choice. In this case, the correct choice is the
card with the Escher pattern. (B) The timecourse of the task. (C) Underlying rules for consecutive trials. Once
the subject chooses 8 out of 8 or 16 out of 20 correct trials in a row, the rule switches. The version performed by
humans varied in specifics of timing and trial structure (see main text). The task structure is the same for both
species.

and observations.

4.3 Methods

4.3.1 Multi-Dimensional Choice Task

Subjects perform a multi-dimensional choice task (Fig.2.1) in which subjects see four ”cards,” or images,
on a blank screen. Each card has three features: a color, shape, and overlaid pattern. Each of the three
features can take one of four values, so that there are 12 unique features. The subject is rewarded if
they choose the card with the "correct” feature. The rule is hidden, i.e. never explicitly conveyed to
the subject. On every trial, the features are randomly reassigned independently across the four cards.
The correct feature, or hidden rule, is held fixed until a criterion is reached. After criterion, the hidden
rule is changed to a new, randomly chosen feature in an uncued manner. This task is a variant of the
Wisconsin Card Sort Task [95] (WCST), which is used in psychological settings to probe behavioral
flexibility. However, the way in which the WCST is typically implemented has significant differences
from this framework, which is designed to probe inference of a changing rule.

Trials are initiated for monkeys with a 350 ms fixation onto a cross in the middle of a blank screen.
The cross is shown for an additional 150 ms, and then a blank screen appears for 98 ms. The four

cards then appear on the screen. Monkeys signal their choice by fixating on a card for 800 ms within
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4000 ms of the cards appearing. If the card with the currently rewarded feature is chosen, monkeys
are rewarded with a juice/chow mixture and a beeping noise every 200 ms for 1400 ms, after a 98 ms
delay. If incorrect, the monkeys receive a time out period of 5100 ms. There is then a 400 ms intertrial
interval until the next cross appears. Criterion for monkeys, at which the hidden rule is switched to a
new hidden rule, occurs when the subject gets 8 out of 8, or 16 out of 20 trials correct in a row. There
is a 50 percent chance of a intra vs extra-dimensional shift, where the correct feature either remains in
the same dimension or switches to a new dimension. Every session is initialized with the same rule. set
of possible correct features. Sessions end after about 3 hours.

Experiments were repeated in human subjects. For human subjects, trials are initiated by fixating for
300 ms on a cross in the middle of a blank screen. The stimuli appear immediately afterwards. Humans
choose a card via an arrow key press within 4000 ms and receive instant visual feedback with a label of
“correct” or "incorrect.” They then have a 1000 ms intertrial interval. Criterion for humans is 5 out of 5,
or 8 out of 10 correct trials in a row. The rule switches completely randomly after criterion is reached.
Every session is initialized with the same set of possible correct features. Sessions end after 300 trials
for humans.

To remove bias, the first two and last blocks were removed from analysis. Trials with no response
were discarded. Some sessions were removed due to bugged implementation. This left us with 29, 29,
86, and 23 sessions for Monkey S, C, B, and T respectively. On average, there were 881 + 268 trials per

session. There were 5 sessions per human subject, with 267 4 9 trials per session.

4.3.2 Computational Models

We summarize the applied computational models. From Niv et al. [94], we adapted a Feature Rein-
forcement Learning (RL) model, Feature RL with Decay model, Naive model, Serial Hypothesis model,
Bayesian Model, and Bayesian Hybrid with Feature RL model. These models were originally designed
with different numbers of features and probabilistic rewards. We also added a ”smart” serial hypothesis
model, an extension of Niv’s serial hypothesis model. We adapted a feature based model from Bishara
et al. [155], which was originally designed for the Wisconsin Card Sorting Task [95]. We adapted a
Win-Stay Lose-Shift model [91]. We also designed two extra models: a Discrete Memory model and a
Hybrid Memory model.

One difficulty is the different notation used by Niv [94], Bishara, [155], Nowak [91], and ourselves.
To highlight differences between the models, we rewrite every model in the same notation. We define
two vectors per trial t: a hidden state vector v(¥) € R and a decision vector d*) € Z'2 consisting of
9 zeros and 3 ones. The ones indicate the three chosen features. We define CY) € Z4%12 where each
row corresponds to a card and each card has 9 zeros and 3 ones. The ones indicate the three features on

each card. Additional parameters, hyperparameters, and adjustments are defined in each model. The
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framework for every model can be summarized as two general steps: finding the probability of choosing
any card in C®) based on the hidden state v(¥), and the update to the hidden state v®® — v(#+1) based
on the cards C® and the decision d*). We will use lowercase letters to denote rows/columns of matrices,
such that c\”) corresponds to the k™ card in C®).

In many models, we apply a softmax function to find probabilities of choosing each card k:

softmax(x), = — , (4.1)

where (3 is a free parameter that controls the bias towards large values. When 8 = 0, there is an equal
chance of choosing any card. As 8 grows towards infinity, the probability of choosing the entry with the

highest value steadily approaches one, following a mazimum a posteriori paradigm.

Naive Reinforcement Learning

The Naive RL model [94] is a baseline control model that does not generalize across features. Instead,
it uses reinforcement learning to update the belief of individual cards, or collections of three features.
This kind of strategy spends an extraordinary amount of time learning the task, and, aside from a purely
random strategy, is expected to have a lower bound on performance.

Each entry of the hidden state vector v(¥) € R% corresponds to a unique card and is initialized to 0.
d® e 264 is a one-hot vector, where the one corresponds to the chosen card. Each row of S() ¢ Z4x64
is a one-hot vector, where the one corresponds to a unique card. The probability of choosing a card k is
given by the softmax:

P]Et) = softmax(S®v®), (4.2)

The hidden state is updated via a reinforcement learning approach:

v 4+ dWp(1 —d® . v®) if correct
D) _ (4.3)

v +d®p0 —d® - v®) if incorrect,

where 7 is the step size of the update.

Win-Stay Lose-Shift

A traditional approach to modeling bandit tasks is the Win-Stay Lose-Shift (WSLS) model [91], where
the agent chooses a card based on one feature. If the feature is rewarded, the agent chooses that feature
again. Otherwise, the agent chooses one of the other 11 features.

The hidden state vector v € Z'? one-hot encodes the hypothesized feature. The probability of
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choosing a card is given by the dot product:
P]gt) _ Cl(ct:) vt (4.4)

The agent updates v from the set of twelve vectors

v ={[1,0,...,0],[0,1,0,...,0], ..., 0,0, ..., 1]}:

v(®) if correct
vt — , (4.5)

choose(V — v(®)  if incorrect

where the hidden state remains the same if correct. If incorrect, one of the vectors in V, not including

v(®) | is chosen as the new hidden state. When correct, the hidden state remains the same.

Serial Hypothesis Testing

The Serial Hypothesis model [94] is introduced as a more general WSLS model that allows for random
guesses. The one-hot hidden state v(®) € Z'2 encodes the hypothesized feature. The probability of
choosing a card k is

PO =1 ef) w04 G ofy v 49

The card with the feature of interest is chosen 1 — e percent of the time.

Defining a set of twelve vectors V = {[1,0,...,0], [0, 1,0, ...,0], ..., [0,0, ..., 1]}, the agent updates v:

v (v® . d®) 4+ choose(V — v®)(1 —v® .d®) if correct
vt — (4.7)

choose(V — v®)(v(®) . d®) + v (1 — v .d®) if incorrect.

If the feedback is consistent with the hypothesis that the chosen feature returns positive feedback, the
hidden state remains the same. Otherwise, the hidden state updates to one of the other 11 possible

hidden states.

Smart Serial Hypothesis

In the Serial Hypothesis model, if a card is randomly guessed and correct, the updated hypothesized
feature is randomly selected from 11 possible features. A ”smart” approach would instead switch the
hypothesized feature to one of the three chosen features. To address this possibility, we introduce a

”Smart” Serial Hypothesis model. The probability of choosing a card remains the same:

PO = (1= e v+ e ), (4
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We define a set of twelve vectors
v ={[1,0,...,0],[0,1,0,...,0],...,[0,0, ..., 1]} and the subset of three vectors D C V that form the decision
d: D, -d = 1. The hidden state updates as

v(®) if cor & v .d®) =1

choose(D) if cor & v .d® =0

vt — (4.9)
choose(V — v®)(v(®) . d®))

+v® (1 —v® . d®) if inc,

where ”cor” and "inc” refer to correct and incorrect. The hidden state now switches to a chosen feature

if a card, without the previous hypothesized feature, is correctly chosen.

Bayes Model

Bayes model derives from statistically optimal Bayesian inference [94] to find choices that are most likely
to return a reward. The hidden state v(¥) € R!? captures the probability that each associated feature
is the correct feature. Due to their non-deterministic nature of the rewards, Niv et al. [94] defines the
probability of receiving a reward given a correct or incorrect choice. We label the probabilities as p and

1 — p respectively. The probability of choosing a card k is given by the softmax over p X v:
P,Et) = softmax(pC®v®). (4.10)

Since the probability of receiving a reward in our task is 100 percent, p does not affect the probability. As
the softmax free parameter 5 grows towards infinity, the probability of a choice becomes deterministic.
When g = inf, the model is optimal Bayesian.

The vector v is initialized to 1/12 for all entries, and it is updated recursively based on the probability

of receiving a reward p:

pd® ©v® 4 (1 —p)(1 —dD) e v® if correct
VD o (4.11)

(1—=p)d® ov® 4 p(1 —d®) o v® if incorrect.

Since in our task p = 1, the above equation is simplified to

d(”@ (t) .
(t+1) W\:/(t) if correct
vt = (4.12)
1-dD)ov® ...
% if incorrect.

The update rule in Niv et al. [94] only works when the rule does NOT change. In our version, where
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the rule is able to switch, we modify the update equation: when the dot product is 0, we re-initialize v

to 1/12 and re-evaluate the update equation.

Discrete Memory Model

We introduce the Discrete Memory Model to model memory limited ”optimal” behavior, where it max-
imizes the chance of getting reward on every trial based on the remembered positively or negatively
rewarded features. We define the vector v € Z'2 as a vector of zeros, ones, and negative ones. Features
with v; = 1 are preferentially chosen. Features with v; = —1 are preferentially avoided. Features with
v; = 0 are chosen at the chance level. To enforce the memory limitations, there are at most N¢ positive
ones and N negative ones in v. Any entry equal to 0 is considered to be a feature with unknown
information. For statistically optimal behavior when N¢ = 3, v(¥) contains either ones and zeros OR
negative ones and zeros: once correct, remembering negative information is unhelpful. For example,
if card A has two positively rewarded features and one negatively rewarded feature and card B has
one positively rewarded feature and two unknown features, card A should be chosen due to the greater
amount of positively rewarded features. Negatively rewarded features do not give more information than
information gained from positively rewarded features. When N¢ < 3 and N; > 0, there are edge cases
when it’s best to include both positively and negatively rewarded features. We ignore these cases and
force v to include either positive or negative ones for each trial.

The subject may make a choice before or after seeing the cards. If choosing before, the subject can
only use information from previous trials: they would randomly choose a feature that was positively
rewarded or a feature that was not negatively rewarded. If choosing after, the subject can choose a card
with the largest number of positively rewarded features or least number of negatively rewarded features.

We can write this with a continuous parameter /3 as:

(C,(::)-v(t))ﬁ

a0 dg gy TR0
(t) _ (3+C<t,)-v(t))ﬁ .
Pk - 6%4’(17@% if Zivi <0 (413)
% if Zi v; = 0.

As (3 increases, there is a higher likelihood of choosing a card with the largest sum. There is € noise
dictating the choice.

The hidden state v(*) is updated based on ”optimal” logical reasoning. We define "rewarded features”
as features that previous gave a positive reward or v; = 1. We define non-rewarded features as features
that previous gave a negative reward or v; = —1. We define forgetting as setting v; to 0. The logical
reasoning is the following: if correct and the chosen card has 1-3 rewarded features, forget about any

non-chosen feature. If correct and the chosen card has 0-2 non-rewarded features, remember chosen
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features that were not previously non-rewarded. If incorrect, choosing a card with rewarded features,
and there exist non-chosen rewarded features, remember the non-chosen rewarded features. If incorrect,
choosing a card with rewarded features, and there does not exist non-chosen rewarded features, forget
everything and remember that the chosen features are all non-rewarded; this typically occurs when the
rule changes. Lastly, if incorrect, 0-3 non-rewarded chosen features, and the non-chosen features are all
also either unknown or non-rewarded, then add the chosen features to the list of non-rewarded features.
If incorrect, 0-3 non-rewarded chosen features, and there exists non-chosen rewarded features, then do

nothing to the remembered features. The logical reasoning is mathematically written as

v ©d® if cor & v® .d® >0
d® +v® o q® if cor & v(® . d® <0
vt —v® o d® if inc, v®¥ . d® >0

& (v v od®) >0

—d® if inc, v .d® >0

v+ — , (4.14)

& Z(V(t) —vihed®) =0
vl — (14 v®)ed® ifinc, v®Y .d® <0

& Y (v® —v® od®) <0
v(®) if inc, v®¥ . d® <0

& (v —vh od®) >0

where ”cor” and "inc” refer to correct and incorrect. The memory limitation is added after the logic of
computing v(**1): if the number of positive (negative) ones is greater than Ng(N;), the model randomly

selects No(Ny) positive (negative) ones and sets the rest to 0.

Hybrid Memory Model

We introduce the Hybrid Memory model as a multi-feature WSLS model, as postulated in Goudar
et al. [147]. Instead of holding multiple features in memory with equal probabilities, one feature is
focused on with win-stay lose-shift behavior while "backup” features are remembered in case of incorrect
feedback. At any point, the hypothesized feature or backup features may be focused on. We define a
one-hot "hypothesis” vector h € Z'2 and a "memory” vector m € Z'2. The memory vector m contains
2 < N¢ < 3 ones and 12 — N¢ zeros. Ones indicate the features held in memory. The hypothesis is a

subset of the memory: h-m = 1.
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For any trial ¢, the probability of choosing a feature v() is calculated as:

ah(t) + M(m(t) — h(t)) + M(I — m(t)) if correct
VB — Ne—1 12=Ne (4.15)

vh® + %(m(” —h®) + %(T —m®)  if incorrect

The first term is the probability of choosing the hypothesis. The second term is the probability of
choosing a feature in memory that isn’t the hypothesis. The third term is the probability of choosing a

feature not in memory. The probability of choosing any card is
P}Et) _ C;;) vt (4.16)

A single feature from the chosen card is selected to be the new hypothesis h(**1) with probability

given by v(¥):
v® o d®

~o 3o (4.17)

If correct, the memory is updated from the previous guess to include the previous decision and new
hypothsis:
m®) = h(+Y 4 choose(Ne — 1)[d® — h(t+Y) (4.18)

”choose” refers to choosing No — 1 samples without replacement from d(¥) — h(®+1  If incorrect, the
memory is updated to include the new hypothesis h(**1) and other features of differing dimension:

m®) = h(t+Y 4 choose(Ne — 1)[m® [m((fi)m! = h((fijnl)]]. (4.19)

This model has elements of the WSLS model and the Discrete Memory model. If correct, an ideal

agent would continue to choose the hypothesis (o = 1). If incorrect, the agent would test other things

in memory or switch to a random guess (7 = 0, v < 1). The main difference occurs when v is between 0

and 1: features are remembered from the previous correct trial and random features can be chosen.

Feature Reinforcement Learning

The Feature Reinforcement Learning (RL) model [94] is implemented to assess the ability to gradually
learn information about individual features. The hidden state v € R'? is initialized to zero. The

probability of choosing a card is given by:

P,it) = softmax(CHv ), (4.20)
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The vector v is updated towards the value r with a step-size of n depending on the result of the trial:
vD = v 4 opr — d® v ®)g® (4.21)
where r = 1 if the trial was correct and r = 0 if the trial was incorrect.

Feature Reinforcement Learning with Decay

To add memory limitations, the Feature RL with Decay model [94] expands on the Feature RL model

by gradually ”forgetting” non-chosen features. The probability of choosing a card is given by:
P,it) = softmax(CHv ). (4.22)
The hidden state v is updated with:
v = (1 —)v® o (1 =dD) +v® ©d® 4+ p(r —d® . vO)a®), (4.23)
where r = 1 if correct and r = 0 if incorrect. Now, non-chosen features decay towards zero when ~ > 0.

Extended Feature Reinforcement Learning

Motivated by behavior during critical regions of the task, we modify the Feature RL with Decay model
into the Extended Feature RL model. First, it’s plausible that there are different step-size and decay
rates for correct and incorrect features. In the Feature RL model, the step-size is used to update each
hidden value towards the arbitrary reward value of 1 or 0 depending on the feedback. Changing the
reward value necessarily changes the best fit step-size. Since both reward values were arbitrarily chosen,
one cannot guarantee that the step-size is equal valued for both correct and incorrect trials. We argue
that either independent step-sizes or fitted reward values are necessary for the best fit models of this
task. We allow for independent step-sizes and maintain the constant reward values. The decay rates
should also be independent between correct and incorrect feedback, since there is an interplay between
step-size and decay rates.

Second, we're motivated by Fig. 4.6, where previously chosen cards are chosen/avoided with high
likelihood in monkeys. Thus, we add a boost or decay to each softmax term if the card is the exact same,
or extremely similar, as the previously chosen card. Specifically, asc and as; are added/subtracted if
the previously chosen correct/incorrect card and card k are the same. Similarly, if the previously chosen
correct /incorrect card and card k have two of the same features, aac and oy are added/subtracted. To

simplify, we use a4 to refer to each of the previously defined values depending on if the previous trial



79

was correct (g = C') or incorrect (¢ = I). The probabilities of choosing each card become.

3
Plgt) = softmax(CHv® + Z ig6(CHAY —41)) (4.24)
i=2
The update of v is modified by allowing different step-sizes and decay rates for correct and incorrect
trials. Further, the additional a’s are added based on the previous and current feedback to account for
the adjustments in choice probabilities. To simplify, we use 1y and v to refer to the step-sizes and decay

rates for correct trials f = C' and incorrect trials f = I. The hidden values update as:

vt — (1- W’f)V(t) o1 - d(t)) +v® od®

3

+ 1y <r —d® . v® _ Z aigé(d(t) .41 z)) d®,
i=2

(4.25)

where r = 1 if correct and r = 0 if incorrect. Note that v updates differently depending both the current

feedback and previous feedback, leading to four different cases.

Bayesian Hybrid with Feature RL

The Bayesian Hybrid model [94] was introduced as a way to combine reinforcement learning with a
focus on particular dimensions. Niv et al. hypothesized that the subjects may Bayesian optimally learn
the feature dimension, which may impact the choice of each card. They use a vector v € R'? and
a dimensional attention vector ¢ € R'2. To aid in writing, we define the matrix G € Z3*12, where
each row has 4 ones corresponding to the four features in it’s respective dimension. The probability of

choosing each card is:

P,gt) = softmax(C® - (¢ © v(¥)). (4.26)
To update the dimensional attention, the model first finds the probability each feature is rewarding:

d®ep®

ORNO) if correct
pt = 94 I:t) ) .
% if incorrect.

The vector p updates in the same way as the Bayesian model. The probabilities are summed across a

dimension k to get dimension weights:

(t+1))a

3
(8- p
S =3 g, , (4.28)
kz:l Y (g - pUtH)e
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The hidden state v is updated with reinforcement learning, weighted by dimensional attention:

® —d® . v d® @ pt+D
v (1 —=dW - vEHdW © ¢ if correct
vt — (4.29)

v® 40 —d® . v®)d® © ¢+ if incorrect.

Sequential Learning Model

Lastly, we adapt the Sequential Learning model introduced in Bishara et al. [155]. This model allows
for unique updates to all individual features. This highlights a major difference from the reinforcement
learning models, where all chosen features are updated in the same way. They start with a normalized
attentional weight vector, which we refer to as the hidden state v € R'? for consistency in this manuscript.
The probability of choosing a card k is
(t) . (vit)yd . (vi)yd

P = = , (4.30)
il vyl 32 ()

where d is referred to as the decision-consistency parameter. If d = 0, the probability of choosing any
card goes to chance. If d = 1, the probability sums across the attention of each feature on each card. As
d increases above 1, the probabilities become deterministic.

In Bishara et al. [155], an intermediate vector s is used to update v. We omit this intermediate step

and directly write the update to v:

el o dVe
S _ (I—r)vl 4 7’2;2:1 FOImOEY if correct . (431)
(1,d(t))®(v(t))f

if incorrect
2 (1=d5) @)

(1—pv® +p

The parameters 0 < r <1 and 0 < p <1 indicate how much the hidden state v is maintained compared
to updated based on choice. The parameter f refers to how v updates from the decision. If f = 0,
attention is not considered. If f = 1, the current attention is weighted. As f approaches infinity, the

signal vector approaches zeros and ones.

4.3.3 Model Fitting

To find hyperparameters for each model, we follow the forward modeling [156] approach in Niv [94]. In
this approach, the likelihood of the model and subject selecting the same card on trial ¢ is calculated
based on the subjects trial history before trial {. Then, we find the hyperparameters that minimize the
negative log-likelihood of the model and subject selecting the same card on all trials. This method allows
for the computation of hyperparameters that leads to the best one-step prediction accuracy. Then,

we can compute the hidden state gathered at every trial based on the subjects trial history and the
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hyperparameters.

There are two sets of models that require marginally different approaches when fitting. The first
set include the Feature RL, Feature RL with Decay, Extended Feature RL, Bayes, Sequenctial Learning
Model, Naive, and Bayesian Hybrid model. In this set of models, the hidden state update is deterministic.
That is, the entries in the hidden state v(*) update based on the previous feedback, choice, cards seen,
and hyperparameters. The probability P,gt) of choosing a card c,(::), the card chosen by the subject on

trial ¢, can be expanded generally as:
Pét) — p(cgi) =d®|e,,,v"), (4.32)

where ©,, is a placeholder for model m’s hyperparameters and s refers to the subject. To fit these

models, the hidden state is updated based on the subjects decision and observations:
vt = £ (v, 0,,,dP, CY, feedback,), (4.33)

where f,, is a model specific update function. The entries in the hidden state v(1) are initialized to 0
or normalized to 1/12 depending on the model. The negative log-likelihood of the model choosing the

same card as the subject for every trial can then be calculated as:

~logy(L) = = Y logy(B"). (4.34)

The hyperparameters ©,, that minimize the negative log-likelihood are found with a non-gradient based
approach (Nelder-Mead [157]). Base 2 is used such that the average chance performance (25 percent) is
equivalent to a value of 2.

The second set of models includes the Discrete Memory, WSLS, Serial Hypothesis, Smart Serial
Hypothesis, and Hybrid Memory model. In this set of models, the hidden state updates in a probabilistic
way. There are a discrete set of hidden states vys. Every trial, the hidden state transitions to any of the
possible hidden states with a discrete probability distribution based on the previous feedback, choice,
cards seen, and hyperparameters. To fit these models, one needs to marginalize across all possible hidden
states (hs). The probability P,gt) of choosing a card c,(f:), the card chosen by the subject on trial ¢, is

expanded as:

Plgt) = Zp(cl(ct) - dgt)|®ma Vhs)p(t) (Vhs)' (435)

hs

The probability of being in any hidden state is updated based on the subjects decision and observations:

P(t+1) (V(hsinew)) = Z p(v(hsinew) |V(hs)7 ema dgt)v Cgt)a feEdbaCks)p(t) (V(hs) ) . (436)
hs
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The probabilities of each hidden state are normalized based on the number of hidden states. The negative
log-likelihood of the model choosing the same card as the subject for every trial is again with Eq. 4.34.
The hyperparameters ©,, that minimize the negative log-likelihood are again found with a non-gradient
based approach (Nelder-Mead [157]). For the Discrete Memory Model, the negative log-likelihood is

found independently for all combinations of No and Ny, and only the best combinations are reported.

4.3.4 Behavioral Statistics Comparison

To validate the models, we compare subjects behavioral statistics with the statistics generated from each
model. Statistics of interest are length of perseveration after a rule switch, speed of learning from correct
feedback, and integration of choices and feedback from the previous trial into the current trial. These
statistics are computed and averaged across all sessions for each subject.

Since these are generative models, once the hyperparameters are found, the models can be ran on
simulated sessions. We simulate sessions in the exact same way as performed by each subject. For the
independent hyperparameters found for every session, the model is ran on 100 times the number of trials

completed by the subject. Model statistics are then computed and averaged across sessions.

4.4 Results

To understand the inter-species differences in computational frameworks when solving ambiguous credit
assignment problems with large feature spaces, we train and test non-human primates and humans on
a multi-dimensional choice task. In this task, the subject needs to choose one of four cards, each with a
unique color, shape, and pattern. Only one of the twelve features rewards the subject. We begin by fitting
a plethora of behavioral models, including win-stay lose-shift like models, naive models, feature-based
models, and memory-limited ideal-observer models. Models are abbreviated according to Tab. 4.1. Per
subject, models are evaluated with the negative log likelihood of generating the same sequence of card
selections as the subject. To complement negative log-likelihood based model evaluation, we additionally
define a few critical behavioral statistics of the task. We validate models on their ability to reproduce
such statistics per subject. To help explain behavioral statistics, we find the need for a feature-based
model with flexible choice behavior based on the previous selected card. Model structure, along with
behavioral statistics, reveal stark differences in the computational frameworks of humans compared to

monkeys.
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Abbreviation Model Name

FRL Feature Reinforcement Learning
FD FRL with Decay
FE Extended FRL

DM Discrete Memory Model
Ba Bayes
SL Sequential Learning Model
N Naive

WSLS Win-Stay Lose-Shift
SH Serial Hypothesis
SSH Smart Serial Hypothesis
Hy Bayesian Hybrid Model
HyM Hybrid Memory Model

Table 4.1: Abbreviations of each model name.

Monkey S Monkey C Monkey T Monkey B

NLL (bits)
SN
o
S o

e
S
o

o
o
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E

NLL (bits)

NLL (bits)

Figure 4.2: Average negative log-likelihood (NLL) for models fit to non-human primates (row A), humans with
instruction (row B), and humans with minimal instruction (row C). NLL is calculated with Eq. 4.34, divided
by the number of trials. Models are sorted by Monkey S in (A), subject b0l in (B), and subject b06 in (C).
Abbreviations are labeled in Tab. 4.1. The best fit models are in green. We consistently see that the best
fitting models for monkeys is the extended feature reinforcement learning models, and the best fitting models
for humans is the discrete memory models with 2 to 3 correct and incorrect objects in memory or the hybrid
memory model. We see the same results with AIC and BIC (4.9 and 4.10), with the exception of Monkeys B.,
C., and T., where the BIC performance is approximately the same between the extended feature RL model and
the feature RL model with decay. The baseline is a random agent: with a 25 percent likelihood of choosing the
correct card, the NLL would be 2. With the exception of the WSLS model in the monkeys, all models are better
than chance. The bad performance of the WSLS in monkeys is due to the lack of noise and random choices in
the model.
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4.4.1 Best Fitting Models for Monkeys vs Humans

The model performance for all subjects is shown in Fig. 4.2. The best fitting model for monkeys is the
extended feature RL model (Sec. 4.3.2), followed by the feature RL with decay (Sec. 4.3.2). These two
models imply that monkeys typically follow a reinforcement learning strategy with a memory limitation.
This strategy tracks the hidden values of potential rule features, and values are gradually updated via a
temporal difference error. Non-chosen features gradually decay towards zero. The increased performance
of the extended feature RL model occurs based on two sets of additional parameters. First, the extended
version includes a increase/decrease in probability of choosing a card that matches the previously chosen
card. This implies a possible difference in frameworks when a card is repeated compared to a complete
mixture of 12 features. Second, the extended version includes differences in step and decay rate depending
on feedback, which imply that monkeys may update their beliefs differently depending on trial history.

To account for the differences in number of parameters between models, we also use the Akaike
information criterion (AIC) and Bayesian information criterion (BIC) to evaluate model performance.
We find consistent results with AIC (Fig. 4.9). We find that feature RL with decay and the extended
feature RL have similar BIC (Fig. 4.10) for three out of four monkeys. The extended feature RL model
performs better for Monkey S There is a trade off between negative log-likelihood performance and fitting
with the minimal number of parameters. Given the similar BIC performance, we focus on the extended
feature RL.

For humans, the best fitting models tend to either be the discrete memory model (DM) or the
hybrid memory model (HyM) (Fig. 4.2). The discrete memory model is an ideal-observer model with
limited memory. The hybrid memory model is a multiple feature win-stay lose-shift model. This model
remembers previously correct features and switch between features if the chosen one was incorrect. This
strategy can be characteristic of an ideal-observer model, since an ideal observer would continually test
previously chosen correct features. We find the same result with AIC and BIC (4.9, 4.10).

There is larger inter-subject variability than the difference between the best fitting models for humans
with instruction (Fig. 4.2(B)) compared to humans with minimal instruction (Fig. 4.2(C)). In both cases,
the best fitting models are either the discrete memory model or the hybrid memory model. These models
suggest that humans employ a memory-limited ideal-observer strategy. In both cases, the strategy keeps
track of a few candidate features and switches between these features upon feedback.

The structural differences in the best fit models (Fig. 4.2) point towards two distinct frameworks
for monkeys and humans: slow reinforcement learning for monkeys and fast ideal observer behavior for

humans.
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Figure 4.3: The perseveration, or choice of the previous rule feature, of non-human primates (row A), humans
with instruction (row B), and humans with minimal instruction (row C). After a rule switch, given a minimum of
one incorrect perseveration, the x-axis is the number of incorrect perseverations that occurred before choosing a
card without the previous rule feature on it. Monkeys perseverate for a few trials. Humans typically either avoid
the previous rule feature or switch to a random choice after receiving incorrect feedback. Each best fit model is
simulated on the task, and the statistics match the subjects behavior.

4.4.2 Behavioral Statistics Support Reinforcement Best Fit Models

To validate the identified computational frameworks, we run the best fit models on simulations of the
task. Comparisons of behavioral statistics between subjects and models provide further evidence of the

models ability to capture subjects strategies.

Evaluation of Rule Switches

When the rule switches and when the subject first receives negative feedback, there are three possible
behaviors. First, ideal behavior would begin only choosing cards without the previous rule feature
due to knowledge that the rule must have switched. A second behavior, where the subject begins to
choose randomly, can occur if the subject is knowledgeable of the rule switching but doesn’t follow ideal
behavior. If the subject "resets” all internal beliefs, they may begin choosing randomly without any
preference towards or away from the previous rule. The third behavior, which we refer to as continuous

perseveration, occurs when the subject continually chooses cards with the previous rule feature. Learning

is slower, and negative feedback is not quickly attributed to the previous rule feature.
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To compare the three possible behaviors, we observe the post rule switch statistics of individual trial
perseveration, or choosing a card with the previous rule feature. Specifically, we check the number of
times the subjects or best fitting models perseverate and receive incorrect feedback before selecting a card
without the previous rule feature (Fig. 4.3). In ideal behavior, all cases would have a single incorrect
perseveration. If the subject switched to random behavior, they would perseverate 25 percent of the
time. The density in Fig. 4.3 would decay geometrically, following (1/4)", where N is the number of
incorrect perseverations. Lastly, if the subject continuously perseverated, they would have a high number
of incorrect perseverations. In Fig. 4.3, the density would decay slower than (1/4)V.

The post rule-switch behavior shows drastic inter-species differences. Monkeys tend to perseverate
for an extended amount of time (Fig. 4.3(A), blue bars), which aligns with a slow reinforcement learning
strategy (Fig. 4.3(A), orange bars). A slow RL model would continually perseverate until the hidden
values associated with the previous rule decays enough that other features are more likely to be selected.
Humans, on the other hand, tend to perform ideal behavior and avoid the previous rule (Fig. 4.3(B,
C), blue bars). With the exception of subject b03 and b05, the subjects mainly avoid the previous rule
feature after a single incorrect perseveration. Subjects b03 and b05 seem to either minorly perseverate
or switch to a random behavior. Further, the statistics of all best fit models closely match the subjects
behavior (Fig. 4.3(B, C), orange bars). The best fitting models for monkeys are reinforcement learning
models, and the best fitting models for humans have ideal observer like behavior.

In the supplemental material, we explore the possibility of different statistics depending on the rule
switch type. Le., when the rule switches dimensions or remains in the same dimension. We find no

significant differences in the perseveration statistics (Fig. 4.11) depending on rule switch type.

Speed of Learning the Rule

Different computational frameworks can lead to different speeds of learning from correct trials. Imagine
a scenario when the subject is correct twice in a row, and only the rule feature appears on both cards
(Fig. 4.4(A)). An ideal observer would immediately learn the rule, and they would choose the correct
feature until the rule switches. A subject that randomly selects cards would choose the rule feature 25
percent of the time. It’s possible for a non-ideal observer to choose the rule feature more often than a
randomly selecting observer and less than an ideal observer. A non-ideal observer could take multiple
trials to correctly attribute feedback to the rule feature.

To analyze the speed of learning from correct feedback, we focus on the sequence of N > 2 correct
trials after an initial incorrect trial, used to identify the start of learning. We reject sequences of trials
where all NV chosen cards share two or three features. E.g., we do not include the case when a cyan
triangle is chosen twice in a row since an ideal observer cannot figure out the rule from these two trials.

After N trials, we check the percentage that the subject chooses the card containing the rule feature.
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Figure 4.4: Example schematic of behavioral statistic (A). After incorrectly selecting a card, feature A is
correctly chosen 3 times in a row. The question is how likely the subject then chooses feature A on the next trial.
This example corresponds to the dotted boxes in (B-D). The likelihood of choosing the rule feature if the rule
feature is the only consistently chosen feature among N > 2 correct trials in a row for monkeys (B), humans with
instruction (C), and humans with minimal instruction (D). The x-axis labels N. The count is initialized with an
incorrect trial before the N correct trials. A subject choosing randomly would choose the rule feature 25 percent
of the time. Monkeys tend to increase the percentage as a function of the number of correct trials, consistent
with a reinforcement learning architecture. Humans tend to stagnate at or close to 100 percent, consistent ideal
strategy architectures. The red dots show the best fit model behavior when simulated. The behavior of the
agents tend to match that of the subjects, with the exception of human subjects b01, b02, b06, and b07, where
the agent’s percentage is lower than the subjects behavior.
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Figure 4.5: Schematic of feature splitting. On the first trial (left), features A, B, and C are all chosen. On the
consecutive trial (right), the features can be split between 1, 2, or 3 cards.

An ideal observer, as above, only takes two trials to reach the 100 percent criterion. A subject choosing
randomly, would choose the rule feature at 25 percent. A subject that gradually attributes feedback
would choose the rule feature with an increasing percentage as a function of the number of trials.
Monkeys and humans have drastically different behavior in choosing the single feature (Fig. 4.4(B-
D)). Humans tend to choose the consistent feature nearly 100 percent of the time after N = 2 trials,
consistent with the discrete memory model, hybrid memory model, and an ideal observers behavior (Fig.
4.4(C-D)). Monkeys instead increasingly choose the rule feature as a function of the number of correct
trials (Fig. 4.4(B)), consistent with a reinforcement learning framework. In an RL framework, the belief
that the common feature is the correct rule increases at a speed dependent on the learning rate. Further,
behavior from the best fitting models match the subjects behavior in Fig. 4.4(B-D). With these statistics
in mind, we believe that monkeys slowly build their belief towards the rule while humans are able to

quickly perform correct inference.

Single Trial Inference

The ability to perform inference after a single trial is critical in learning this task. Differing computational
frameworks will perform different inferences depending on the information received from feedback. We
first analyze the probability of inference from correct feedback in the sequence of an initial incorrect trial
followed by a correct trial. During the correct trial, the subject chooses three features, labeled as A, B,
and C. On the trial following the correct trial, all three features could occur again on the same card. The
three features could split, with 2 features on one card and 1 feature on another card. Lastly, the three
features could split onto three separate cards. We label these cases 71 card,” ”2 cards,” or ”3 cards”
respectively, where the number refers to the number of cards features A, B, and C are split between. See
Fig. 4.5 for a schematic detailing the feature splitting. We are interested in how often the subjects choose
any card containing features A, B, and C depending on the three cases. An ideal observer would choose
a card with features A, B, or C a hundred percent of the time. An observer choosing cards randomly,

would choose a card containing one of the features at 25 percent chance for the one card case, 50 percent
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Figure 4.6: Plotting the likelihood of choosing any card with features A, B, and/or C on it when those features
are all on one card, two cards, or three cards in monkeys (A), humans with instruction (B), and humans without
instruction (C). After one incorrect trial, A, B, and C are the features from the correct trial, to be chosen on
the next trial. For monkeys, we see a very high likelihood of choosing a single card with all three features. This
occurs when the subject sees the same card after just choosing it. Human subjects tend to remain at 100 percent
or close to it, showing an ideal agent like strategy. Fitting models and simulating best fit agents with the same
parameters leads to similar behavior. We also simulate the Feature RL with Decay model (green), where it is
unable to capture monkey behavior.

chance for the two card case, and 75 percent chance for the three card case.

A more subtle behavior is one with a linear addition of probabilities of choosing each feature. In
this hypothesis, there is a length 12 hidden state vector p with probabilities of choosing each element:
the probabilities of choosing a card k is the sum of probabilities ¢ - p. To simplify, the probability of
choosing A, B, C, or a different feature is defined as pa, pg, pc, and po respectively; the same conclusion
is reached by allowing a different po per feature. If all three features are on one card, the chance of
choosing that card is pa + pp + pc. If the three features are split between two cards, the chance of
choosing either card is p4 + pp + pc +3po. If the three features are split between three cards, the chance
of choosing any card is pa + pg + pc + 6po. The probability of choosing a card with features A, B, or
C grows linearly with the number of cards that the features are split between.

The probability of choosing a card containing the correct features depending on the number of cards
is shown in Fig. 4.6. There are large differences between monkeys and humans. Humans typically follow
ideal observer behavior, where they are very likely to always choose a card containing the previous correct
features. The models, ran on simulated data and following ideal observer behavior, reasonably replicate
human behavior. Monkeys, however, choose cards containing the correct features with a produced
probability. Further, in monkeys S. and C., the probability is very high for the 1 card case. The

probability is relatively equal between the 1 and 2 card case for monkeys T. and B.
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Figure 4.7: The likelihood of choosing any card with features A, B, and/or C when those features are on
one card, two cards, or three cards in monkeys (A), humans with instruction (B), and humans with minimal
instruction (C). After a correct trial and one incorrect trial, A, B, and C are features from the following incorrect
trial; we are interested in the likelihood of choosing features A, B, or C after the second incorrect trial. Chance,
given by a random agent’s guess, is the horizontal dashed line. Monkeys avoid the three features if they appear
on a single card, or when they see the repeated card. Humans avoid the three features at varying amounts. Some
subjects avoid the three features at all times. Others avoid the three features only if they are split between one
or two cards. Others do not avoid the three features. Simulations of best fit models have similar behavior to
the majority of the subjects. We also simulate the Feature RL with Decay model (green), where it is unable to
capture monkey behavior.
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The monkey behavior is surprising and does not follow any of the standard hypothesized behaviors.
They choose cards with the previously correct features less than an ideal observer but much higher than
a randomly choosing observer. Further, the probabilities do not increase linearly with number of cards,
which would be expected if the subjects chose cards based on summing the probabilities of choosing each
feature. Instead, there must be a non-linear addition of probabilities of choosing each feature.

One possibility, motivated by the Feature RL with Decay model, is that the probabilities of choosing

cards follows a softmax. Using p and defining {237 = exp(B(pga,B,c} — Po)), we can rewrite the

T1XT2XT3
r1x2x3+3?

probability of choosing a single card with all three features as the probability of choosing one

T1XT2+T3

T, and the probability of choosing one of three cards with

of two cards with all three features as

T1+zotxz3

P —— There are values for x; that can lead to a larger probability of choosing

all three features as
the single card case than the other two. There are no possible real values of x; to exactly match the
probabilities of Monkey S. If po is allowed to be different for all of the other 9 features, it is possible to
find a vector p that replicates the monkeys behavior. However, the necessary vector p would need to
occur every time the sequence of incorrect to correct trials occur, which is unlikely. Further, we compare
the behavior of the Feature RL with Decay model on simulated data in Fig. 4.6(A) (green), and it is
unable to capture the high likelihood of choosing the repeated card.

The most likely hypothesis is that the Monkeys, mainly Monkeys S. and C., preferentially choose the
card with the exact same card if it was correct. This is modeled by the extended feature RL model,
where there is a boost in probability when seeing the exact same card that just received correct feedback.
As seen in Fig. 4.6(A), this model is able to replicate the subjects average statistics. There are many
individual sessions, in all NHP subjects, where the probability of choosing the same card when previously
rewarded is 100 percent.

Inference from trials with negative feedback also is useful for identifying computational frameworks.
Since negative trials are not technically needed to solve this task, it’s possible to showcase widely different
strategies when receiving negative feedback. We analyze the sequence of trials when the subject was
correct followed by two incorrect trials; the first correct and incorrect trial are used to initialize the
sequence since they most likely do not know the rule at this point. On the second incorrect trial, the
subject chooses features A, B, and C. Like before, these features may appear on one card, two cards, or
three cards. Ideal behavior is only fixed for the one card case, where the subject should avoid the card
with all three negatively rewarded features. When the features are mixed, there may still be a benefit
to choosing a card containing the previously incorrect feature due to the other features. However, on
average, the likelihood of choosing any card with features A, B, or C should be reduced. As before, an
observer choosing randomly would choose a single card containing the three features with 25 percent
chance, two cards containing the features at 50 percent, or 75 percent chance if they lie on all different

cards.
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The probability of choosing features A, B or C on the following trial is shown in Fig. 4.7. There
again is drastically different behavior for monkeys and humans. Monkeys choose these previous incorrect
features like a randomly choosing observer for the 2 and 3 card case. They only avoid a card when all
three previously incorrect features are on it. Further, we compare the Extended Feature RL model and
Feature RL with Decay model on the monkeys, and only the Extended Feature RL model is able to
capture the decrease in probability of choosing the repeated card. Humans instead are typically, with
a few exceptions, able to avoid cards with the previously incorrect features on it. Again this shows the
ability of humans to perform like an ideal observer.

From the behavioral statistics, we believe that the monkeys preferentially choose or avoid cards that
contain all three of the previous correct or incorrect features. By simulating the best fit models on this
task, the behavioral statistics of the models match the subjects (Figs. 4.6 and 4.7) for both correct and
incorrect stimuli. In supplementary figures, we also analyze by session and by number of incorrect trials
in the trial history. The amount of avoidance changes based on trial history. After only one incorrect

trial, the subjects barely avoid the incorrect card.

4.4.3 Humans Typically Remember 2 to 3 Features

From the modeling fits in Fig. 4.2, the best fit models have a substantial memory limitation, implying
that humans only remember a few features at a time. Focusing on subjects b01, b02, b04, b06, b07, b08,
and b09, the best fit models are when No = 1 (23% of the time), No = 2 (63% of the time), No = 3
(14% of the time), Ny = 0 (9% of the time), Ny = 1 (23% of the time), Ny = 2 (14% of the time), Ny = 3
(23% of the time), Ny =4 (17% of the time), Ny = 5 (9% of the time), Ny = 6 (3% of the time), and
N; =10 (3% of the time). When applying this strategy, humans tend to only remember 2 out of the 3
features from a correct trial. This is quite surprising given the humans have routinely shown the ability
to remember more than 2 things [84, 85]. However, it’s plausible since there is a lot of stimuli shown to
them that they could easily become distracted.

We further analyze the memory limitation by examining the ability for human subjects to remember
all three features after a correct trial. Through behavior, we check how often the human subjects
remember all three features when they are gradually ruled out through trial and error. We initialize
the trials with an incorrect trial followed by a correct trial with chosen features A, B and C. On the
following trial, we ask how likely the subjects are to choose any of the three features (top branch of Fig.
4.8(A)). In Fig. 4.8(B), the left column shows that all 10 subjects are extremely proficient at selecting
a card containing at least one of these features. Next, we check if one of the features is ruled out. After
the correct trial, and a following incorrect trial that ruled out feature A, we check how often the subject
chooses either feature B or feature C (middle branch of Fig. 4.8(A)). In Fig. 4.8(B), the middle column

shows that about half of the subjects perfectly remember at least two features. A few of the subjects
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Figure 4.8: The probability of choosing remaining features after ruling out features with intermediate incorrect
trials. (A) shows a schematic of the three possibilities. After an incorrect trial (not shown), there is a correct
trial (in blue), where the subject chooses features A, B, and C. The different branches represent the three cases of
interest, where single features are ruled out with incorrect trials (red). In the final trial (grey) of each branch, we
ask how often the subjects choose a card with the remaining number of features. The likelihood of choosing one of
the remaining features is plotted in (B), where each branch directly corresponds to the same labeled column. Dots
in black represent humans with instruction and dots in red represent humans without instruction. Horizontal
dashed lines indicate, for each subject, the average probability of choosing one of the remaining features given
a random choice. The dashed lines occur in their respective locations due to the number of times each of the
three features end up on one card, two cards, or three cards, as in Fig. 4.5. In many subjects, there is a distinct
drop off in performance after two incorrect trials, which indicates they don’t always remember all three features.
Other subjects have high performance, such as b04 or b08, and remember all three features.

choose features B or C with less than ideal behavior. Lastly, we check if two features are ruled out, how
often the subjects choose the third feature (bottom branch of Fig. 4.8(A)). In the right column of Fig.
4.8(B), we see that 8 out of 10 subjects do not choose the third feature with ideal accuracy. However,
all 8 subjects have accuracy above chance.

The main result from Fig. 4.8 is that the memory of all three features is typically much less than in
the ideal strategy but not quite as low as a random strategy. This implies that humans can remember all
three correct features, however they do not always do so. This may explain why the best fitting discrete

memory model does not typically have No = 3.

4.5 Discussion

Our results suggest vastly different strategies for solving high dimensional credit assignment problems
between monkeys and humans. By comparing the one step prediction accuracy and behavioral statistics
of a variety of models, we find that monkeys tend to follow a reinforcement learning strategy while
preferentially selecting or avoiding previously correct or incorrect cards. Monkeys tend to gradually
learn the correct rule while gradually forgetting non-chosen features. They are slow to ignore incorrect
features as they tend to incorrectly choose previous rule features for much longer than expected. Humans
on the other hand tend to showcase limited memory ideal-observer behavior, where they select cards that
maximize reward based on what is held in memory. While they have the ability to remember three correct

features, they sometimes forget 1-2 features. They are quick to learn the rule and quick to forget the
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previous rule. Thus, the strategies and computational frameworks are vastly different per species.

For monkeys, the best fitting model is one with reinforcement learning and an added naive component
that biases the choice towards/away from previously correct/incorrect cards. This further provides
evidence for the behavioral result of monkeys remembering the previous choice. The question remains
as to why the bias from the previous choice occurs in monkeys but not humans. It’s possible that the
humans do not need to bias their decisions due to high task performance. It would be interesting to
observe the bias in tasks with a spectrum of difficulties. When there is non-perfect task performance, it
may be most efficient to remember the previous trial as opposed to relying on evidence from incremental
learning. Further, the effect could depend on fraction of occurrence. Given four cards in this task, each
with 64 possible combinations of features, the previously chosen card repeats an average of 1 out of 16
times. If the fraction of occurrence increases/decreases, it may be more/less beneficial to remember the
previous trial.

Another remaining question is why monkeys, unlike humans, are unable to perform like an ideal
observer. One may assume that monkeys would Bayesian optimally solve the task if there were less
objects and features. For example, monkeys Bayesian optimally solve two arm bandit reversal tasks [53,
158]. However, even in a simpler but similar task, monkeys have shown hybrid Bayesian and incremental
behavior [83]. It would be interesting to test monkeys with varying number of objects and features to
see when monkeys switch behaviors from ideal to incremental learning. The same switch between ideal
and incremental may be present in humans as well. While memory-limited ideal in this task, when
adjusting the feedback to be non-deterministic [94], humans switch to a reinforcement learning strategy.
It’s possible that a spectrum of difficulties would reveal a change point in strategies from optimal to
sub-optimal performance.

One major difference between humans and monkeys is the instruction. There is no verbal instruction
for monkeys, and monkeys learn by trial and error. There are two sets of humans with differing instruc-
tion. In one group, the verbal instructions explain the task. In the other group, verbal instruction is
minimal to mimic the monkeys. This latter group is told that they will sometimes be correct or incorrect
and that the goal is to maximize the number of correct responses. While not exactly the same, it’s similar
in idea to how the monkeys learn. Despite the human instruction difference, the inter-subject difference
is much larger than the inter-instruction difference. We believe that the difference in strategies is more
likely to come from internal computational frameworks instead of purely instruction.

Lastly, this works allows for future work in comparing neural data with hidden values. It is exception-
ally difficult, without behavioral modeling, to understand what subjects are thinking when they choose
a card on any trial. E.g., if a subject chooses a red striped triangle, did they choose this card because
it was red, striped, triangle, or some combination of features? The models here provide a framework to

understand this question. One can look at the hidden values and choices for each trial to gain insight
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into the most likely feature of interest. Then, when comparing to neural data, one may be able to find
representations of hidden values or even beliefs of particular rules. One can also calculate quantities such
as reward prediction error [64, 159, 160] from the probabilities of choices. Thus, this work provides the

foundation for future work on neural representations during this task.

4.6 Appendices

4.6.1 Non-Human Primate Experimental Details

Four adult female rhesus monkeys (Macaca Mulatta) were used in this study, labeled as Monkeys S, C,
B, and T. Their age at the start of the recordings was 9.1, 10.8, 19.9, and 10.3 years respectively. Their
weights at the start of the recordings was 7.9, 7.6, 8.5, 5.9 kg respectively. was 12.5 + 2.5 years at the
time of the recordings, and they have a weight of 7.5 £ 0.6 kg. The subjects completed 42, 29, 89, and
23 sessions respectively, with 959 + 269 trials per session. Evaluated by the experimenter, every 31 + 5
minutes, the subjects rested for 12 + 3 minutes while seeing a blank screen. Programming occurred with
NIMH Cortext or NIMH MonkeyLogic software. All subjects were equipped with eye tracking (EyeLink
1000 Plus, SR Research), and all subjects were head-fixed with a titanium rod. Monkeys S and C had
microdrives implanted for corresponding neural analysis. All procedures were carried out in accordance
with the National Institutes of Health guidelines and were approved by the University of Washington
Institutional Animal Care and Use Committee.

Each NHP was head-fixed in a dimly illuminated room, positioned 60 cm away from a 19-inch CRT
monitor with a resolution of 800 x 600 pixels, corresponding to 33 degrees by 25 degrees of subtended
visual angle.

Several bugs occurred throughout the sessions. Some of Monkey S’s sessions had single-trial rule
blocks. Some of Monkey C’s sessions had rule switches for any number of correct trials between 7 and

16.

4.6.2 Human Experimental Details

There were a total of 10 subjects, referred to as b0l to bl0, recorded in the Knight lab. Each subject
performed 5 sessions in total, with 300 trials per session. Subjects b01 through b05 were given instruction
on the task, while the others were given minimal instruction to mimic the instruction given to the
monkeys. For subjects b01-b05 there were 4 adult males and 1 adult female with a mean age of 26.4 +
4.1 yrs. For subjects b06-b10 there were 2 adult males and 3 adult females with a mean age of 20.2 +

1.6 yrs.
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The instructions given to subjects b01-b05 is: ”in this experiment, you will see 4 cards on each trial.
Each card has 3 unique features (color, shape and texture). The card containing the correct feature will
be the correct choice. The correct feature might change during the task. Press any key to continue. The
answer is given by pressing one of the four arrow keys that corresponds with the selected card position on
the screen (up, down, left or right). You have 4 sec to provide the answer, or the trial times out. Good
luck and thank you!” Note that "texture” is the same as what we refer to as "pattern” in the manuscript.
The instructions given to subjects b06-b10 is: "In this experiment, you will use one of the four arrow
keys on each trial as a response. The ’correct’ or ’incorrect’ feedback will be provided following each
choice. Your task is to maximize the number of correct responses.”

The studies involving human participants were reviewed and approved by the Institutional Review
Boards of University of California, Berkeley. All participants provided their written informed consent to

participate in this study and received a small compensation.

4.7 Supplementary Material

4.7.1 Evaluating Models Based on Numbers of Parameters

In the main text, we found the models that best predicted the subjects choices via a negative log-
likelihood calculation. One may complain that models with extra parameters will naturally fit better.
To compensate, we turn to the Akaike Information Criterion (AIC) and Bayesian Information Criterion
(BIC), which penalize fits based on number of parameters.

Using the likelihood L from Eq. 4.34, the AIC is defined as:
AIC = 2k — 2log(L), (4.37)

where k is the number of parameters. However, given that the L is quite large due to the high number
of samples, the AIC is barely affected by the number of parameters. This is shown in Fig. 4.9, where
the same trends are seen as the main text.
The BIC is defined as:
BIC = klog(n) — 2log(L), (4.38)

where k is the number of parameters, and n is the number of samples. In this case, the BIC can be
affected highly from the number of parameters, since both terms are scaled with the number of samples.
In Fig. 4.10, we see the monkey fits minorly affected and no difference in the human fits. In two of the
monkeys, the Extended Feature RL model performs equivalently with the Feature RL model with Decay.

As shown in the main text, behavioral metrics lead to a better performance by the Extended Feature
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Figure 4.9: Average AIC performance (AIC/N) for models fit to non-human primates (row A), humans with
instruction (row B), and humans with minimal instruction (row C). Models are sorted by Sam in (A), subject
b01 in (B), and subject b06 in (C). The best fit models are in green. The best performing models are the same
as that in Fig. 4.2.
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Figure 4.10: Average BIC performance (BIC/N) for models fit to non-human primates (row A), humans with
instruction (row B), and humans with minimal instruction (row C). Models are sorted by Sam in (A), subject
b01 in (B), and subject b06 in (C). The best fit models are in green. The best performing models are nearly the
same as that in Fig. 4.2. However, the BIC performance is very similar between the extended feature RL and
feature RL with decay models.
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Figure 4.11: The perseveration, or choice of the previous rule feature, of non-human primates (row A), humans
with instruction (row B), and humans with minimal instruction (row C). After a rule switch, given a minimum of
one incorrect perseveration, the x-axis is the number of incorrect perseverations that occurred before choosing a
card without the previous rule feature on it. Monkeys perseverate for a few trials. Humans typically either avoid
the previous rule feature or switch to a random choice after receiving incorrect feedback. Each best fit model is
simulated on the task, and the statistics match the subjects behavior.

RL model.

4.7.2 Intra vs Extra Dimensional Shifts

Depending on if the rule switched feature dimensions (extra dimensional shift) or maintained the same
feature dimension (intra dimensional shift), the post rule-switch statistics are distinct. During an extra
dimensional shift, it’s possible to choose both the new and old rule feature during extra dimensional
shifts but not intra dimensional shifts. For this reason, we treat both shift types independently.

With the exception of subject b05, there is no major difference between intra and extra dimensional
shifts (Fig. 4.11). Subject b05 seems to learn faster from extra dimensional shifts. To analyze further,
we check the speed that each rule is learned depending on the shift type. We compute a two-sided
independent t-test with an alpha value of 0.05 for the number of trials to criterion across all shift blocks.
The p-values for each subject are 0.138 (Monkey S), 0.373 (Monkey T'), 0.003 (Monkey C), 0.048 (Monkey
B), and for subjects b01 through b10: 0.27, 0.464, 0.299, 0.361, 0.591, 0.47, 0.854, 0.006, 0.078, 0.08.

The null hypothesis is rejected for human subject b08, where they solved intra shift trials in 19.4 trials
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and extra shift trials in 14.8. The null hypothesis is rejected for Monkeys C. and B. The difference
(intra minus extra) in mean trials to criterion is 1.8 (Monkey S), 2.7 (Monkey T), 3.4 (Monkey C),
and 2.6 (Monkey B). The difference in trials to criterion most likely occurs due to accidental positive
rewards while perseverating during extra dimensional shifts, which cannot occur in intra dimensional
shifts. Overall, there is no drastic change in performance across 9 out of 10 human subjects, and the
differences in all monkeys and the 10th human most likely occurs due to chance during extra dimensional
perseverative effects. We don’t believe that humans or monkeys prefer focusing on dimensions as opposed

to individual features.



Chapter 5

Neural Correlates of Behavioral Models

The behavioral models in Chapter 4 help explain the subjects choices on every trial. These models have
a hidden value associated with every feature, which are used to calculate the probability of choosing any
particular card. The hidden values lead to an understanding of the subjects internal state, corresponding
to the subjects belief of the world.

For monkeys, the best fit models are reinforcement learning models with an additional memory of
the previous correct or incorrect card. They gradually build up evidence towards individual features
as they receive correct feedback. As an example, the hidden values increase for one particular feature
throughout the rule block (Fig. 5.1). The hidden value remains large for a few trials after the rule changes,
correlating to perseveration. During the middle of each block, multiple features can simultaneously have
large associated hidden values, allowing the subject to focus on multiple features simultaneously.

While there is behavioral evidence for the reinforcement learning model, neural evidence is needed
to validation. Are there representations of one or multiple features? Are there correlations to hidden
values? The hidden values are continuous, are the neural representations continuous? Is there a memory
of the previous stimulus, as implied by the best fit behavioral models?

There are multiple ways to tackle the above questions. While one can directly regress neural firing
rates to the hidden values, one can be more clever with the interpretation of the hidden values. During
every trial, the subject chooses three features. Assuming a non-random choice, the largest hidden value
of the three features is the most likely feature that the subject is "focusing” on, which can be thought of
as the subject ”belief.” Towards the end of the rule block, typically only one feature has a large hidden
value. Towards the beginning, all three features typically have small hidden values. This approach
allows the evaluation of belief even at the beginning of the block. However, this approach neglects the
possibility of multiple features simultaneously influencing the choice.

A more general approach is to aggregate the hidden values across features. Towards the beginning

of each block, the hidden values tend to be small. Towards the end of each block, there tends to be
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Figure 5.1: Example hidden values across trials for Monkey S. Yellow indicates large hidden values. Each row
is a different feature. Horizontal dotted lines separate feature dimensions. Vertical dotted lines separate blocks.
Red boxes indicate the true rule. The hidden values increases when the subject receives correct feedback for a
feature. The rule features associated hidden values increase and remain after the rule switches.

one feature with a large hidden value. These two extremes allow for a measure of ”confidence,” where
many small hidden values indicate low confidence and several large hidden values indicate high confident.
Aggregating across hidden values also allows for the use of reward prediction error (RPE), which has
been shown to correlate to activity from dopamine neurons [64, 159, 160]. RPE is calculated as the
probability of correct choice compared to the true reward value of 1 (correct) or 0 (incorrect), where the
probability is calculated from all cards '.

To find neural evidence for the best fit behavioral model for monkeys, the extended feature RL model
(Sec. 4.3.2), T perform several key analyses. Direct regressions to the hidden values shows that some
neurons have a small correlation to the hidden values. From direct observation of single features, the
neural firing rates show differences based on the amplitude of the associated hidden values. This result
is confounded by the observed card, which is then supplemented with a generalized linear model (GLM)
approach. GLMs improve the fitting of working memory when model hidden values are included. To
explore further, decoding approaches can directly find neural populations responsible for encoding the
"belief” of the monkey after receiving feedback, a necessary representation for updating the internal
state. Lastly, I focus on representations of previous correct cards, where there are differences between
choices of repeated and non-repeated cards.

This chapter focuses on neural spiking data, binned in 100 ms bins with a 50 ms stride around the

object fixation and feedback period.

5.1 Regressing to Behavioral Model

Is there a linear relationship between neural firing rates and the models hidden values? If so, this provides

the most obvious interpretation of a particular neurons role: there would be particular feature neurons

1Patrick Zhang has begun exploring the use of RPE and has found neural differences based on RPE
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Figure 5.2: (A) Maximum coefficient of determination (R?) across features, calculated independently for each
timepoint and neuron in session 2018-08-02. Trials must include the feature of interest, and at least 10 percent
of trials need to have a non-zero firing rate. Vertical dotted lines in all plots refer to the beginning/end of object
fixation and feedback onset (B/C) Example linear fits for particular neurons and timepoints (arrows from (A)),
showing the firing rates and hidden values for an example feature. (D) For the same session, R? between hidden
values and transformed neural data for particular timepoints when transforming the firing rates based on best
fit regressions from all timepoints. Color scale begins at five standard deviations above the control mean, which
is calculated for each timepoint with shuffled hidden value labels. (E) Example scatter-plot of hidden values for
the transformed data at a particular time point.

that focus on particular features. However, it’s possible that more complex relationships exist, such as
non-linearities or neural sub-spaces that encode hidden values. This section focuses on two analyses:
linear decoding of firing rate from hidden values and population encoding of hidden values.

To examine any possible linear relationships, a linear model is calculated to predict the firing rate
from the hidden values for each feature, timepoint, and neuron. Trials are included if the subject chose
the feature of interest, and at least 10 percent of trials must have a non-zero firing rate. Linear models
are fit and evaluated with the coefficient of determination (square of the Pearson coefficient R?). While
possible for neurons to be tuned to specific features, information is down-sampled by taking the maximum
R? across all 12 features. The coefficient of determination (Fig. 5.2(A)) shows that the best fit neurons
have a weak relationship. Across all sessions and times, including the cross fixation and object fixation,
best fit relationships have a value of R? = 0.2. That being said, the weak fits show some trends, where
the linear models sometimes fit better before object fixation, during object fixation, or during feedback.

Two neurons and timepoints are selected for further analysis, one during object fixation and another
immediately after feedback. The features with maximum R? are selected for the respective neurons. The
firing rates and hidden values for each trial (Figs. 5.2(B,C)) show the weak linear relationship. While
these neurons were negatively correlated, other neurons show positive correlations.

Does a population analysis lead to better correlations?Specifically, is there a population subspace that
linearly encodes hidden values? To examine this, linear models are found to predict the hidden values

from the population of neurons. Since there are many neurons and relatively few trials per feature,
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timepoints are concatenated. That is, a linear model for a particular feature is fit based on the firing
rates for all timepoints within all trials where the subject chose that feature. This linear model is used
to transform the neural data at every timepoint, and the transformed data is linearly regressed to the
hidden values.

The coefficient of determination is calculated for each feature and timepoint of the transformed data
in Fig. 5.2(D). As a control, the same analysis is done 10 times with shuffled hidden values. The color
scale in Fig. 5.2(D) begins at the five standard deviations above the controls mean R?. Many features
show an above chance linear relationship immediately after feedback. There are also features with an
above chance linear relationship before object fixation, during object fixation, and well after feedback.
One feature, immediately after feedback, is examined further in Fig. 5.2(E). The transformed data is
regressed against the hidden values. Compared to Figs. 5.2(B,C), the linear relationship is much more
clear, which is the case in all other fits. Despite relatively small correlations, peaking at R? ~ 0.15, these
plots are more convincing of a linear relationship.

From this section, there is a weak correlation between the hidden values and neural firing rates.
Using population methods, the neural firing rates can be transformed into a representation with a
more convincing linear relationship. While the weak correlation could be due to neural variance being
explained by other behavior, it’s possible that the exact neural representation of the behavioral model

may be non-linear. At present, it is unclear what the non-linear relationship may be.

5.2 Firing Rate Differences

The simplest question one can ask is whether units respond differently depending on the belief of the
subject. On every trial, three features are simultaneously chosen, and the feature with the largest
associated hidden value is the most likely to be the belief of the subject on that trial. Is there a difference
in firing rate when the hidden value is large or small? Trials are selected if feature A was chosen, and
the trials are divided into two categories: trials where feature A has a large associated hidden value and
the other two features have small associated hidden values, and trials where A has a small associated
hidden value and at least one of the other two features has a large associated hidden value. Large and
small are defined as either above or below the mean hidden value. The mean differenced firing rate is
found by subtracting the mean firing rate for both conditions (large minus small). The standard error
of the mean is calculated as (67/N; + 03/N2)'/2, where N is the number of samples. The process is
repeated across neurons for every feature. Differences for an example neuron are shown in Fig. 5.3.

To calculate significance, two controls are calculated independently for every timestep. Poisson
distributions are defined based on the mean firing rate. The Poisson distribution is sampled 50 times.

The second control is based on the problem of a slowly drifting firing rate: the same process is followed,
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Figure 5.3: A random units firing rate differences for each feature when that feature has the largest hidden
value compared to the smallest hidden value. Each row is a different dimension. The first dotted line indicates
fixation on the choice, and the last dotted line indicates when feedback begins. The orange control is based on
random firing rates from a Poisson distribution defined by the mean firing rate. The green control is based on
random firing rates calculated from a Poisson distribution defined by the running average firing rate (10 trials).

but the mean of the Poison distribution is calculated based on the average firing rate of 10 consecutive
timesteps. The mean for the first and last 5 trials are calculated by repeating the firing rate for the first
and last trial.

There are many example features that show significant differences during the object selection period
(Fig. 5.3), and many units show differences during all parts of the task (not shown). This indicates
that some neurons represent belief towards particular features. Specifically, there are differences in firing
rates when particular features have the highest chance of being selected.

With Fig. 5.3, features across dimensions are linked together. E.g. on some trial feature 0 may have
the largest associated hidden value but feature 10 has the lowest associated hidden value. This trial
will be included in the averages calculated for both features 0 and 10 in Fig. 5.3. It’s plausible that
as one features mean differenced firing rate increases, another features mean differenced firing rate may
decrease. While this is divided across multiple features, some information is over-represented. That being
said, the results here are indicative of feature information being present, regardless of which features are

represented by a neuron.
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Figure 5.4: (A) Example units GLM scores when including model beliefs (orange) compared to random model
beliefs (blue). GLM scores are calculated as the percentage of deviance explained. (B) Corresponding values for
B for each dimension in the GLM fits (blue in (A)). (C) Approximate locations of all neurons. (D) GLM Score
improvements (model beliefs - control) for threshold neurons (> 0.0015), sorted by maximum improvement per
brain area. Vertical dotted lines refer to the beginning/end of object fixation and feedback onset.
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5.3 Generalized Linear Model Representation

In the previous section, trials are used across features, making it difficult to understand how the firing
rate correlates with the model. In an approach similar to that used by Pillow et al. [161], generalized
linear models (GLMs) lead to feature information. In this approach for every trial, firing rates are
modeled by a combination of all chosen features, feedback, previous feedback, and belief of the rule. The
additional rule belief leads to better representations, as shown in the GLM fits, of the firing rates. GLM
model scores are calculated with the percentage of deviance explained, which compares the deviance [7]
of the calculated firing rates with the deviance from the average firing rate.

The firing rate r for a particular neuron at a particular time is modeled as
IOg(T) = 5stim N d + ﬁFB : FB + ﬂv *V, (51)

where ( refers to the parameters of the model, d refers to the decision of the subject, v refers to the
hidden values, FB refers to the current and previous feedback, and ® refers to the Hadamard or element-
wise product. Using a log function to convert the firing rate is standard practice [161] due to the Poisson
like nature of the firing rate. This also allows for the positive firing rate to match any values on the
right-hand side. If a linear model works better, the parameters 5 will implicitly scale to a linear regime.
A bias term is also included in the GLM. One can imagine more terms in the GLM, such as nonlinear
mixed terms 2. However, these three terms provides a decent beginning to the GLM analysis.

The first term in Eq. 5.1, Bstim - d, refers to the three features that are chosen on any given trial.
Since d is zero when a feature is not chosen and one when chosen, fBgti, models stimulus representations.
During the object fixation period, fstim primarily encodes neural firing rates that represent the visual
stimuli. During feedback, no visual stimuli exist, so non-zero SBstim would be related to some memory of
the seen features.

The second term in Eq. 5.1, Spp - FB, refers to the combination of current and previous feedback.
There are 2 x 2 cases that can occur: when the previous feedback is correct/incorrect and when the
current feedback is correct/incorrect. One may expect that previous feedback is prominent early and
current feedback is prominent later in the trial, but other effects may occur. Interaction terms can be
represented if both previous and current feedback occur simultaneously. It’s also possible for a neural
response to current feedback the subject receives feedback, which may indicate the confidence of their
choice.

The last term in Eq. 5.1, B, - v, refers to the belief of a particular rule. The hidden values v relate

to the probability of choosing any feature, so a non-zero 3 relates to the neural firings responsible for

2proposed by Patrick Zhang
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encoding the belief. There are other methods that one can use. In particular, using one-hot encodings
of belief, where v is set to one for the feature with the largest associated hidden value, works well in
explaining the firing rate (not shown). The approach taken here has the benefit that all information is
included from the behavioral model.

To evaluate whether the behavioral model helps model the firing rates, a control is needed with
no information from the behavioral model. To avoid overfitting, the control uses the same number of
parameters as the aforementioned GLM model. With this in mind, the control shuffles the hidden values
v across trials. The relative hidden values across features remain the same. This way, any bias towards
features will remain.

The GLM scores for two example neurons are shown in Fig. 5.4(A), where performance increases
during the object search period. There are neurons with an increase in performance during all regions of
the task. The small GLM score, compared to a best fit of 1, indicates that the overall ability to model
firing rates with GLMs is fairly poor. That being said, the GLM fits do improve when the belief of the
rule is included.

The corresponding GLM parameters 3 are shown for the hidden values in Fig. 5.4(B). The largest
weights correspond to one color and one pattern for the first neuron and two shapes and one color
for the second neuron, indicating that neurons may represent multiple features simultaneously. Many
neurons also have large parameters for the stimulus features and the feedback (not shown). For example,
the neurons (Fig. 5.4(B)) both have a large weighting when the previous trial was correct up until
the current feedback and large weighting for the correct trial after feedback occurs. The right neuron
also shows selectivity for one of the shape features at the same time as the belief of the shape feature.
One neuron (not shown) shows large feedback weighting for the correct trial and previous incorrect
trial simultaneously during the feedback period. There is a rich amount of selectivity for each feature,
feedback, and belief in most neurons.

To evaluate further, the GLM score differences (model minus control) are found for all neurons,
showing evidence for better predicted firing rates with the inclusion of the behavioral model. Locations
of the neurons are shown in Fig. 5.4(C). The score differences (Fig. 5.4(D)) are sorted and thresholded by
the maximum score difference > 0.0015. The most prominent area is the basal ganglia (blue), where there
are neurons that respond very clearly immediately after feedback and some neurons respond consistently
for the duration of the trial. There are also increases in GLM scores in the PFC and anterior cingulate
during the object fixation and feedback period. The Claustrum shows some general trends of GLM score
increases during the feedback period. Many areas show some sporadic score increases, such as the medial
temporal lobe and hippocampus. From this, the hidden values of the behavioral model play a key role

in predicting the firing rates of neurons.
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Figure 5.5: (A) Decoding the most likely belief feature (blue) across all sessions, neurons, and timepoints against
the control (orange) of a randomly selected feature. The horizontal dashed line indicates chance performance
of 1/12. (B) Cosine distance of the mean of the absolute value of the decoding coefficients compared between
all timepoints. The square like nature indicates that the coefficients are similar across time, with a few change
points. The color scale ranges from 1 to about 0.86. (C) All neurons are grouped into one of four time regions,
defined from the ”blocks” of (B), based on which time region has the largest mean coefficient. The values are
then sorted by maximum mean coefficient. A neuron may decode information across all regions, even though it’s
sorted into only one region. Brain areas are shown in Fig. 5.4(C). Neurons are thresholded such that at least
one value is greater than 0.001. Time regions are defined from -450 to 150 ms, 200 to 900 ms, 950 to 1000 ms,
and 1050 ms to 1750 ms. Dashed lines on the time axes indicate the start/end of object fixation as well as the
feedback onset.

5.4 Decoding Belief

To provide further evidence, linear decoding can be used to predict neural encoding of the rule belief
a decoding approach. Specifically, is the most likely belief feature decodable? In this section, I show
decodability during the feedback period, which comes from neurons prominent in hippocampus, basal
ganglia, and prefrontal cortex (PFC).

Every trial, three features are chosen by the subject. I assume that only one of these features
responsible for the subjects choice. While not necessarily true, it helps with the decoding since every
trial has only one associated feature. The chosen feature with the largest associated hidden value from
the behavioral model is the most likely feature to be the subjects rule belief. The decoding task is to
find a population of neurons that decodes the rule belief of the subject better than chance, which is one
out of twelve features.

This decoding method may find a trivial result based on the visual information of the chosen fea-
tures, where there may be a representation during object fixation or feedback. There is evidence for
a working memory representation in the dPCA analysis (Sec. 3.6)3. As a control, the same decoding

method is applied where randomly selected chosen features are used as the ”belief” of the subject. If

3Patrick Zhang has also shown decoding of card features during object fixation and feedback.
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the decoding accuracy is the same between the two approaches, the decoding must come from a trivial
visual representation or memory of all three features. If instead the decoding accuracy is larger for the
true rule beliefs, then the subject is likely focusing on the feature with the largest hidden value.

The pseudo-session approach from Bernardi et al. [34] is used to decode the data across many

4

2

sessions *. This method forms ”pseudo-trials,” where common underlying representations can emerge

from multiple sessions while disregarding noise correlations between simultaneous recordings:
1. Divide all trials for all neurons across all sessions by the most likely rule belief.
2. Divide all trials into a train and test set, designated first to avoid overfitting across pseudo-trials.

3. For each neuron and train or test trial out of the total number pseudo-trials, select the activity
from a random trial within the respective group of train or test trials. All neurons recorded will be
used in the analysis, and a pseudo-trial may consist of neurons from the same session with different

real trials.
4. Train the decoders with the train pseudo trials and test with the test pseudo trials.
5. Repeat all steps for total number of iterations.

I use 200 train trials, 50 test trials, 80/20 train/test split, and 10 iterations of train/test splits. This is
done independently for every timepoint.

A linear SVM is used to decode the data with regularization of C' = 1075, chosen based on the
train/test score for random samples with different regularizations. Decoding accuracy for the true belief
distribution and control two approaches are shown in Fig. 5.5(A), where there is a jump in decoding
accuracy for the true belief distribution during the feedback period. There is some small decoding
before the object is selected as well. Also, there is decoding for both approaches during the object
selection period and slightly after feedback begins. Given the jump in decoding above the control, the
additional behavioral model information helps decoding accuracy. The main contribution of the most
likely belief occurs during the feedback period, while decoding of the visual representation or working
memory lasts during the object choice and slightly into the feedback period, implying that the belief
feature is important for longer than working memory of the choice.

The same plot is found when only correct or only incorrect trials are used (not shown). During
correct trials, the increase of accuracy above the control occurs during feedback AND during the object
selection. Decoding decreases below the control during object fixation in incorrect trials. This implies
that the belief of the subject is more salient during correct trials compared to incorrect trials, which may

be especially evident since correct trials tend to occur late in the rule block compared to incorrect trials.

4Thanks to Patrick Zhang for figuring out how to adapt this method to the data.
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The associated coefficients may reflect where information is being held in the brain. Is the location of
the representation stable across time? For all questions related to coefficients, I take the absolute value
and mean across iterations to ensure that each neuron contributes, despite positive or negative weighting.
The cosine similarity between the mean coefficients at every time point (Fig. 5.5(B)) shows a block-like
structure, indicating that the distribution is consistent in a few time periods. Particularly, the biggest
change in block structure occurs immediately after feedback, indicating a fairly different representation
compared to all other time periods. The biggest difference is around a cosine similarity of 0.86, where a
similarity of 0 indicates complete orthogonality. This may be explained by the fact that the similarity is
calculated across ~ 700 neurons, where many of them might be similar across time.

The blocks in Fig. 5.5(B) define four time regions: before the object choice, during the object choice,
immediately after feedback, and late after feedback. All neurons are grouped into one of these four
time regions based on the timing of the largest mean coefficient; while grouped into only one region,
a neuron may provide salient information in other time regions. The mean coefficients are plotted for
each time region in Fig. 5.5(C). Before object fixation, the little decodability mainly occurs in PFC.
During object fixation, the representation occurs in many places, such as the hippocampus and medial
temporal lobe, PFC, claustrum, and anterior cingulate. Immediately after feedback, the representation
appears in the basal ganglia, hippocampus and medial temporal lobe, PFC, and the pre-motor region.
Late after feedback, the representation occurs in most brain areas, indicating that many brain areas may
be necessary for computations related to the feature of interest. This is similar to a computation from
Steinmetz et al. [162], where an abstract value was encoded in many brain areas.

The results from this section highlight that the most likely rule belief feature is encoded mainly after
feedback and during object fixation during correct trials. There are multiple representations, prominently
occurring immediately after and late after feedback. This aligns with the immediate feedback given, which
will be shown to have many differences depending on the timing (chapter 6). Overall, this provides further

evidence for the behavioral model encoding the subjects rule beliefs.

5.5 Representation of Previous Choice

From the behavioral modeling (Sec. 4.4.2), there is a unique behavior when the subject sees a repeated
card compared to when all three chosen features are randomly shuffled. Is there a different neural
representation when the card is correctly chosen and repeated?

Trials are divided into three classes: trials where all three features are chosen again, two features are
chosen again, or one feature is chosen again. These features are likely related to the reason that the
subject chose the card on the second trial. To focus on times when the subject "learned” from previous

feedback, both trials are required to be correct. There are three hypotheses: the same representation,
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Figure 5.6: (A) Example neural firing rates depending on if the correct card is repeated and chosen again
(blue), if two features are repeated (orange), or if one feature is repeated (red). (B) Pseudo-decoding accuracy of
a repeated card compared to a single repeated feature. (C) Mean of absolute value of decoder weights (thresholded
above 0.01), indicating that decoding ability occurs early in PFC and immediately after feedback in basal ganglia.
Brain areas (colors) are shown in Fig. 5.4(C). Dashed lines on the time axes indicate the start/end of object
fixation as well as the feedback onset.

regardless of number of repeated features, may occur whenever the subject chooses repeated features.
Second, there could be a unique distribution depending on the number of features. Third, and assumed
from Sec. 4.4.2, there could be a unique representation for the repeated card compared to choosing 1 or
2 repeated features.

The firing rates for two example neurons (Fig. 5.6(A)) separate based on the number of features
shared between the current and previous chosen card. The firing rates are similar when 1 or 2 features
are shared but different when the stimulus is repeated, an extremely common phenomenon across many
neurons (not shown). Also in these plots, one neuron increases its firing rate when the card is repeated
during object selection, which may indicate that the cell responds to repeat cards. The other neuron
shown decreases its firing rate for a repeat card after feedback, which may signify that a computation
may not be due to the lack of additional information. From these analyses, there are neurons that show
differences between a repeated card and non-repeated card, as expected from the behavioral modeling
(Sec. 4.3.2). There are also neurons that are different between all three cases (not shown), indicating
differences based on number of features.

To compare further, a pseudo-decoding approach (described in Sec. 5.4) is used to decode cases
where one feature is re-chosen compared to when the whole card is re-chosen. The decoding accuracy
(Fig. 5.6(B)) shows slightly above chance decoding throughout the entire time period, which likely
occurs due to many less trials occurring when the subject chooses a repeat card compared to choosing

a repeat feature. It’s a rare 1 out of 16 event when the previous card repeats. That being said, there
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is still evidence for a difference in firing rates, solidifying the idea that representations are unique when
choosing a repeated card.

The mean of the absolute value of the decoding coefficients are plotted in Fig. 5.6(C). While there
is decoding in many brain areas, prominent areas include the PFC both during object fixation and
the feedback period as well as the basal ganglia immediately after feedback. Decoding after feedback
may be reflective in computations occurring when only one or two features are chosen again. One
could hypothesize that less computations are needed if a whole card is chosen a second time, since no
new information occurs. Thus, the coefficients showing locations after feedback are likely reflective of
computations of non-repeated stimuli.

From this section, there are firing rate differences when a card is repeated compared to when one or
two repeat features are selected. While the decoding approach shows only a minor amount of decoding,
examining many neural firing rates show differences in various brain areas. There are neurons that are
different only when the card is repeated, and there are neurons that have separate firing rates depending

on the number of repeated features. This suggests that both computations may be useful in the brain.

5.6 Discussion

Throughout this chapter, behavioral models have been used to aid the understanding of the brains inter-
nal state. Neurons show differences when features with large and small associated hidden values. Using
both the GLM analysis and decoding analysis, firing rates are better explained by utilizing behavioral
model. Evidence points towards neural differences when the subject chooses a repeated card, as expected
from the behavioral model analysis (Sec. 4.4.2). Overall, the neural analysis provides further evidence
for the use of the behavioral model in predicting the subjects behavioral state.

That being said, the exact hidden values only weakly correlate to neural firing rates (Sec. 5.1). While
this may be due to minimal coding of rule beliefs in the neurons, there may also be a nonlinear population
coding of hidden values. As shown, it’s useful to explore more general values from the behavioral model,
such as the most likely features or small/large probabilities of choice.

While this chapters analyses focused on the object fixation and feedback periods, other time regions
may also include information. For example, there may be information related to the subjects belief
during the cross fixation. Also, one can be more careful during the feedback period. In the analysis
here, hidden values were used from trial ¢ and timed along with the feedback on trial ¢. However, it’s
possible that the hidden values update immediately, and neurons may encode hidden values from trial
t+ 1. This may be useful in the decoding analysis, where the belief of the rule may rapidly change. One
possible analysis is how the representation changes between trials; using the hidden values and choice

information may be key to this analysis.



114

One unanswered question from this chapter is the problem where the GLM analysis implies a belief
representation before feedback while the decoding analysis implies a belief representation after feedback.
It’s possible that this occurs due to differences in correct and incorrect trials, since there is decoding
of the belief feature in the correct trials during object fixation. Perhaps the GLM analysis is picking
up information from the correct trials. The GLM analysis has the advantage that chosen features and
belief features are encoded while the decoding analysis of belief features may be confounded with the
chosen features. With that in mind, the GLM analysis might be better at picking up non-stimulus based
information.

Another point of interest, the GLM and decoding analysis focused purely on the chosen object fixation.
There is also time resolution on when other stimuli are observed. It’s possible that similar information
can be obtained when focusing on all saccades to new objects. Similarly, perhaps there are differences
when the visual features are chosen or not chosen. While somewhat explored in Sec. 7.3.5, analysis on
specific features and belief states has not been explored.

Overall, this chapter highlights the use the best fit behavioral model to uncover insights into brain
area specific computations related to rule beliefs and choosing repeated cards. The belief of a particular
rule is important for many brain areas, but interestingly the neurons responsible for encoding the belief
change between object fixation and early/late feedback; there is a very different response immediately
after feedback is given. The timing is quick, where information on the belief state occurs for 200-500 ms.
With this in mind, the feedback period is a primary time region for understanding updates to the belief
state.

One possible view, refined in Chapter 9, is that there is general encoding of the stimulus along with a
representation of a belief during the object selection period of correct trials. The encoding likely occurs
during the end of the rule block, since that is where the majority of correct trials occur. Immediately
after feedback, a very fast computation occurs related related to the belief. While it’s unclear what
that computation is, the computation may be related to working memory and rule belief interactions
combined with feedback. This would explain the idea of the behavioral model, where information of the
belief, stimulus, and feedback are all integrated in one computation. Then, late after feedback, there
is lingering information about the belief feature. Perhaps the subject is keeping it in memory for the
next trial, or there could be further computations taking place. Either way, a primary future analysis
is to focus on the feedback period along with the belief state to understand what changes in the neural

representation when the belief state changes.



Chapter 6

Representation of Feedback in LFP

An important aspect of this task is the evaluation of feedback. Given that it’s impossible to efficiently
solve the WCST without integrating feedback and choice history to find the underlying rule, it’s expected
for there to be differing responses to positive and negative feedback. Trial history could also affect the
current feedback. If, for example, the previous few trials were correct, then negative feedback may be
surprising. This chapter focuses on understanding differences in feedback, distributed modes, differ-
ences in trial history, and ultimately when and where the integration of positive/negative information is
computed.

During correct feedback, the subject, monkey S, receives a food reward while simultaneously hearing
beeping noises every 200 ms for 1400 ms. If there is a continuous response for this amount of time or
if there is a response in 200 ms intervals, the response is likely directly attributed to the reward. This
may lead to a boost in 5 Hz power since neural spikes every 200 ms could result add to a population
level power increase. While interesting to observe, a more interesting effect is information regarding the
processing or integration of feedback; these responses should occur in a different fashion to the 200 ms
reward pulses. While this could occur at any time during feedback, the most efficient time to process
choice information is immediately after the first reward pulse since this requires the least amount of time
for information to be held in memory.

The timing of feedback has interesting implications, since only positive feedback is directly given to
the subject. To process negative feedback, or the absence of a positive feedback, the subject would need
to realize that no reward was given. It’s plausible that a response to negative feedback occurs after a
short delay, implying that the subject reliably tracks the timing of feedback. Any response to negative
feedback is of interest, since there is no sensory signal for the subject to react to.

There is a growing body of literature studying responses to feedback in various areas of the brain. In
a longitudinal study using fMRI on children from ages 8 to 25 [163], they find a plethora of positive and

negative feedback differences in the dorsolateral PFC, superior parietal cortex (SPC), supplementary
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motor area (SMA), caudate, and anterior cingulate (ACC). They also found that negative feedback is
harder to parse than positive feedback. Another longitudinal study also found feedback differences and
working memory differences in the dorsolateral PFC, SMA, ACC, and SPC [164]. Others have observed
coding of reward prediction error (RPE) as well as bidirectional communication in the dorsomedial PFC
and insula [64]. Another study [165], where the subject estimated an unknown target time, has found
many differences between correct and incorrect feedback in the medial frontal cortex and PFC. They also
show predictive feedback signals for future rewards, indicating adjustment to the task. Bouchacourt et
al. [83] found a functional dissociation between rule switching and rule learning based on feedback, both
of which may occur in the PFC. Another study explores Hippocampus (HPC) and Pre-Frontal Cortex
(PFC) connectivity while learning paired associations [8]. They find that the PFC correlates better with
behavioral performance, while HPC reflected feedback. Interestingly, during incorrect trials, they found
a causal influence from PFC to HPC from 2-6 Hz. During correct trials in the 9-16 Hz band, they found a
causal influence from HPC to PFC. They hypothesize that associative learning may occur in PFC while
HPC may guide neocortical plasticity.

While previous work has shown interesting feedback differences in various tasks across many different
areas of the brain, feedback is typically assessed in tasks where the feedback either updates the current
belief or can directly be used to find the best choice. In the abstract decision making task here, feedback
and previous history need to be integrated to isolate the best choice. In this chapter, I investigate
different responses to correct and incorrect feedback at various frequency bands in the LFP. There are
many, frequency dependent, low-dimensional modes that vary based on feedback and trial history. By
examining the timings, locations, and patterns, I observe how feedback is used to update beliefs of the

rule.

6.1 Differences in Feedback Responses

The simplest question is, are there response differences between correct and incorrect feedback? I examine
the power and channel phase differences in each frequency band. To examine the phase difference,
individual channels are used instead of bipoles since bipole subtracting naturally adds random additional
phases to every signal. That is, if two signals are subtracted with the same frequency, the resultant signal
will be phase shifted. For consistency, individual channels are used for the power analysis as well.

The LFP data from session 2018-08-02 are pre-processed by z-scoring, notch filtering the 60 Hz
harmonics, bandpassing to the desired frequency range, rejecting artifacts with ICA (Sec. 2.4), and
taking the Hilbert transform to get the amplitude and phase. The frequency bands are 4-5, 10-13, 20-
24, 27-37, 65-87, and 120-148 Hz, defined in Sec. 2.7. Raw data is also included. Trials are analyzed

around the choice fixation and feedback period. The data are normalized again by z-scoring to remove
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Figure 6.1: (A) Average feedback differences for each frequency band. The color is blue when the signal is
larger for correct trials and red for incorrect trials. The signal is concatenated for each channel across bands
and clustered into 8 clusters with k-means. Horizontal dashed lines separate the clusters. Vertical dashed line
indicates the first reward pulse during correct trials. (B) Locations of each channel. Cluster colors align between
(A) and (B).

any significant differences between the power in each band. This is necessary since the raw data is on
a different scale compared to the Hilbert power after pre-processing. After pre-processing, the signal is
averaged across correct and incorrect trials for each band. The average difference is calculated for each
channel and frequency band by subtracting the incorrect mean from the correct mean. To organize, the
average difference is concatenated across all frequency bands for each channel and clustered with k-means
with 8 clusters. Different numbers were explored, where 8 clusters sufficiently separates common trends
without over-dividing the data. This clustering is used for the remainder of this section.

The differences between correct and incorrect trials are shown in Fig. 6.1(A) for each frequency
band, and the locations are plotted in Fig. 6.1(B). There are many effects that occur immediately
after feedback. Particularly, in the prefrontal cortex (green/black), there is an increase in activity in
incorrect trials compared to correct trials in the 4-5 and 20-37 Hz bands. There is also a very quick
signal that occurs immediately after feedback during correct trials in both the prefrontal cortex and
the hippocampus. Interestingly, the increase in incorrect activity does not happen in the hippocampus.
This may indicate different processes that occur in the hippocampus and prefrontal cortex. There are
also interesting timing differences after feedback. Between 4 and 13 Hz, there is a switch in signal at
~ 500 ms. It is unclear why the signal spontaneously switches at this point, but it’s possible for some
computation to end and a new one to begin. Lastly, while small, in the 65-87 Hz band, there are minor
increases in activity in the prefrontal cortex every 200 ms or so. This most likely relates to the reward

pulses.
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Figure 6.2: Average phase vector differences (Sec. 2.6) between each pair of channels during correct (1st
and 3rd panels) and incorrect (2nd and 4th panels) trials within the 4-5 (1st and 2nd panels) and 20-24 (3rd
and 4th panels) Hz bands. Phase differences are set to 0 (white) if the average phase vector amplitude is
less than 0.11 (correct trials) or 0.125 (incorrect trials), corresponding to a p-value of ~ 107°. Locations are
color-coded according to Fig. 6.1(B). In particular, green/black are in the PFC, and red/yellow are near the
hippocampus/medial temporal lobe. Channels in the first column are LEADING channels in the second column
IF the color is blue.
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Overall, the trends in Fig. 6.1 highlight interesting characteristics of the feedback. There are dif-
ferences between correct and incorrect trials in the hippocampus and prefrontal cortex. Given that the
difference in activity occurs immediately after feedback, it is unlikely to be based purely on reward. Fur-
ther, activity increases for incorrect trials cannot trivially correlate to a simple reward response. Instead,
negative feedback responses likely originate based on computation occurring in the brain. Further, new
computations may begin after ~ 500 ms in the brain.

I now focus on the phase of the Hilbert transform, which can lead to measures of information flow
between brain areas. The data is pre-processed in the same way as before, where the angle of the Hilbert
transform is used instead of the absolute value. Channels are grouped into the same clusters as before,
indicated in Fig. 6.1(B). The phase is subtracted between every channel pair for each trial and snapshot
in time. The phase is averaged, and only average vector differences with a p-value smaller than ~ 10~°

are analyzed.
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The average phase vector difference (Sec. 2.6) is plotted in Fig. 6.2 for two frequency bands of interest.
There are numerous, statistically significant, phenomena of interest. First, the phase differences between
the Hippocampus (yellow/red) and PFC (green) during incorrect trials at 4-5 Hz show that, for the
first few hundred milliseconds after feedback, the PFC is leading the Hippocampus. Then, the direction
switches, and the Hippocampus is leading the PFC. This implies that information is flowing towards the
Hippocampus at the beginning of feedback and towards the PFC later on.

Some phase differences occur with stronger amplitudes during incorrect trials compared to correct
trials in the 4-5 Hz band immediately after feedback (Fig. 6.2). There is flow between pre-frontal areas,
particularly from the PFC (green) towards Frontal Eye Field (FEF, black) areas. There is flow from
FEF (black) towards the Hippocampus (red), between Hippocampal areas (red/yellow), and towards the
Hippocampus (yellow/red) from the PFC (dark-red). Like before in the amplitudes, there appears to be
a switch in activity at ~ 500 ms, indicating a switch in computations.

In the 20-24 Hz band (Fig. 6.2), there are numerous differences between the correct and incorrect
trials. Particularly, in some areas, there are two bumps in the phase difference during incorrect trials.
This occurs during flow towards the PFC (green) from FEF (black) and towards the PFC (green) from
the Hippocampus (red/yellow/blue). There are also single bump activity patterns that occur during
both correct and incorrect trials between the hippocampus and PFC (yellow/red/dark-red). The timing
is much shorter in this band compared to the 4-5 Hz band, likely due to the higher frequency.

The directions of flow are typically opposite in the 4-5 Hz and 20-24 Hz bands. While flow is towards
the Hippocampus (red/yellow) in the 4-5 Hz band, it is towards the PFC (green) in the 20-24 Hz band.
This may be indicative of communication through coherence [39], where lower frequencies from higher-
order areas may modulate information flow at higher frequencies.

Other frequency bands show similar effects. The 27-37 Hz band has similar effects to the 20-24 Hz
band. The 10-13 Hz band is noisier compared to the 4-5 Hz and gamma bands, and the information flow
is opposite compared to the 4-5 Hz band within the Hippocampus (red/yellow) and PFC (dark-red); the
phase indicates flow towards the PFC. This may also indicate communication through coherence [39].
Phase differences are only calculated up until 37 Hz. Afterwards, the timing is quicker and periodicity

effects, while unlikely, may occur.

6.2 Dimensionality Reduced Feedback Differences

Given that the previous section demonstrated large amounts of spatial consistency, it’s desirable to
reduce the dimensionality and look for common modes across brain areas. Here, I apply Independent
Component Analysis (ICA) [126], which finds statistically ”independent” modes in the data. Instead of

explaining variance like Principle Component Analysis, ICA seeks to separate signals that have unique
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Figure 6.3: Common ICA feedback modes for the 27-35 Hz band. The transformed data is grouped together
across sessions based on the average feedback activity. (A) Zoomed in examples from the four most prominent
groups, showing the mean and standard error of the mean. There are distinct amplitudes and timings for
correct and incorrect trials in the first three cases. The fourth case shows a pre-feedback oscillatory signal. (B)
Thresholded (greater than the mean plus standard deviation of all weights) weights for all sessions, typically
aligning in the Hippocampus (red) or PFC (green).

origins. During the feedback period, one may assume that feedback signals occur independently of all
other brain-wide signals. With ICA, there are better signal-to-noise estimates that showcase interesting
feedback related differences.

To pre-process the data, the LFP is bipole subtracted, normalized, notch-filtered around the 60 Hz
harmonics, bandpassed to each frequency band defined in Sec. 2.7, and the absolute value is taken. The
timing is shortened to -800 to 1900 ms around the end of the choice fixation, averaging over 5 ms bins.
The first 42 sessions before the shortened time-out period are used. This leaves the data in a shape of
bipoles by trials by time. To apply ICA, the trials and time dimensions are concatenated together. After
transforming the data with ICA, the data is un-concatenated back into trials and time, leaving the data
in the shape of number of modes by trials by time. Lastly, the dimensionality reduced data is averaged
across different feedback conditions. For each mode, I force the sign of the average ICA component to
be positive.

Choosing the best number of ICA modes is difficult, since the number of signal ”"sources” is unknown.
While increasing the number of ICA modes from 1 to 10 for a single session, I examined the average
feedback dependent modes. I settled on 8 modes as a consistent number to find a few feedback dependent
modes.

Common ICA modes occur across sessions, which are grouped together by eye. The most common
modes for the 27-35 Hz band (Fig. 6.3) showcase feedback differences in different brain areas. There
are two feedback dependent modes in the PFC and one feedback dependent mode in the Hippocampus.

There is also an oscillatory mode near the Hippocampus and parietal lobe during the object fixation
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period, aligning with the eye movement activity that typically occurs every 200 ms (Sec. 3.3.1). In both
PFC modes, there is a boost in power at about 100 ms after feedback begins, and there is a larger boost
during incorrect trials. In one of the PFC modes, there is a second boost in power shortly after incorrect
feedback. In the Hippocampus, correct feedback leads to a response in 20-30 ms while incorrect feedback
leads to a response in over 100 ms, which surround the first bump in activity in the PFC modes. The
timing difference may occur since rewards are only given during correct trials and the subject needs to
infer lack of reward during incorrect trials. The discrepancy in timing between the Hippocampal and
PFC modes may indicate possible feedback related computations that occur at different times.

I now summarize findings from the other bands (not shown), where timings are all approximated. In
the 4-5 Hz band, there is a widespread increase of activity in correct and sometimes incorrect trials at
500 ms. In the 9-12 Hz and 13-17 Hz bands, there is a widespread dip of activity in correct and incorrect
trials at 300-600 ms. There is also an increase of activity in correct trials at 600 ms and incorrect trials
(less often) at 700 ms. The 20-24 Hz band has the same effect as the 27-35 Hz band with less defined
features. In the 45-55 Hz band, it is common to see a peak in activity in the PFC at 150 ms for both
correct and incorrect trials. There is a second peak at 300 ms for incorrect trials. In the 65-87 band in
the PFC, there is activity at 100 ms during correct trials and 150-200 ms during incorrect trials. Groups
of bipoles, active for all trials at 150-200 ms, split into two groups where activity increases in either
correct or incorrect trials at 300 or 400 ms respectively. In the 120-148 band in the PFC, there is activity
at 100 ms after correct feedback and activity at 150-200 ms after incorrect feedback. Also in the PFC,
there are some bipoles with large peaks in activity at 400 ms. From 20-55 Hz, there are sometimes large
increases in activity during incorrect trials from 500 to 1500 ms. Lastly, from 9-35 Hz, there are modes
with activity every 400 ms (every other food pulse/beep). From 45-148, there are modes with activity
every 200 ms (every food pulse/beep).

Throughout all bands, there are activity patterns that differ between correct and incorrect feedback.
Responses typically occur immediately after feedback, but sometimes align with food pulses. Given the
spatial organization and timing differences, it’s possible to understand possible computations and brain

locations. I’ll explore possible interpretations later in this chapter.

6.3 Differences based on Previous Feedback

To put the feedback differences into context, I split the modes by the previous trials feedback. If the
previous and current trials are correct, which typically occurs during the end of each rule block, then
the subject likely has knowledge of the current rule. If the previous trial was incorrect and the current
trial is correct, then the subject likely gained new information. If the previous trial was correct and the

current trial is incorrect, depending on the number of previous correct trials, then the subject may be
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Figure 6.4: Separation of correct (A) and incorrect (B) feedback modes based on the previous feedback. Titles
and mode locations align with Fig. 6.3(A).

surprised that they are wrong. Lastly, if the previous and current trials are incorrect, the subject is likely
unsurprised and does know the rule.

Differences in amplitudes for previous correct and incorrect feedback (Fig. 6.4) occur in a similar
fashion across sessions. In the Hippocampus, the amplitude is increased when the previous trial’s feedback
is opposite to the current trial’s feedback. That is, when surprised, the amplitude increases. In the PFC,
the amplitude increases when the previous trial was correct in all cases. Also, when the previous trial
was incorrect and the current trial was correct, there is an increase in amplitude earlier than the activity
increase in the Hippocampus. This activity increase also occurs in the PFC in Fig. 6.3, and the previous
feedback amplifies the effect.

Here, I highlight findings from other frequency bands (not shown). In the 4-5 Hz band in the
Hippocampus, there is typically a large correct response after an incorrect trial around 800 ms after
feedback. In the 9-12 Hz and 13-17 Hz bands in the PFC, there is an immediate large correct response
that amplifies further when the previous trial was incorrect. From 9-12 Hz, there is a HPC mode that
increases it’s incorrect feedback power at 1000 ms onward when the previous trial was incorrect. In
the 20-24 Hz band, there is a Hippocampal mode that increases it’s power when the previous feedback
misaligns with the current feedback. This occurs immediately after feedback, and it occurs slightly earlier
for correct trials. There is a PFC mode at around 400 ms that increases it’s incorrect response power
further when the previous trial was incorrect. Also in the PFC, there is an immediate correct response
that occurs earlier by ~ 20 ms when the previous trial was incorrect. In bands from 45 Hz onward, there
is a correct response at 180 ms that heightens when the previous trial was also correct. In these bands,

there is a secondary bump, immediately after correct feedback, that occurs when the previous trial was
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incorrect. This bump is in general larger at higher frequency ranges. There is a 45-55 Hz band in the
HPC, immediately after correct feedback, that has a heightened response when previously incorrect. Also
in the HPC, there is a 65-87 Hz response to correct feedback with a long time-scale heightened response

when previously incorrect: the response is larger for about half a second after feedback occurs.

6.4 Discussion

The Hippocampus (HPC) and prefrontal cortex (PFC) show differences in feedback responses, which
may be necessary in performing this task. The first response occurs in the PFC after correct feedback
when the previous trial was incorrect. The second response typically occurs in the HPC, which typically
has a larger response when the previous trial was incorrect. Next, PFC modes begin for both correct and
incorrect trials, where the response is heightened when the feedback is opposite to the previous feedback.
Then, there is a feedback response in the incorrect trials in the HPC, where the response is amplified
when the previous trial was correct. All of these responses typically occur shortly after feedback. From
Fig. 6.2, there is communication between the HPC and PFC. In the 4-5 Hz band, information flows
towards the HPC; this effect is stronger during incorrect trials. In the 20-24 Hz band, information flows
towards the PFC; this effect is stronger during correct trials. These effects agree with Brincat et al. [8],
although Brincat et al. found the high frequency effect in the 9-16 Hz band. Also, Brincat et al. used
a red error screen to convey negative information, different to this task where negative information is
not directly conveyed; this suggests that negative information processing is more abstract than a pure
sensory representation. After 500 ms, there are responses in lower frequency ranges. Particularly, there
are amplified responses when the previous trials were incorrect from 4-12 Hz in the HPC. Further, there
is a flow of information at 4-5 Hz in incorrect trials towards the PFC.

Brincat et al. [8] hypothesize that associative learning may occur in the PFC while the HPC may
guide neocortical plasticity, a hypothesis relevant to this task. Given the timing related response in
the HPC, the HPC may be tuned directly towards feedback. The HPC response is also amplified when
"surprised,” or when the feedback is opposite to the previous trial. At the same time, there is information
flow towards the PFC from 20-24 Hz, which may be needed for the PFC to integrate feedback with current
knowledge to update the belief.

Several questions remain. First, why is there low frequency information flow from the PFC towards
the HPC immediately after feedback? This may be best explained with the communication via coherence
hypothesis [39], where low frequency communication may help the brain attend towards information
coming from the HPC. Second, like the HPC, the PFC has an early response to correct feedback when
the previous trial was incorrect. This effect may also be due to information flow from the HPC. Or, other

pathways to the PFC may exist. If the PFC is responsible for associative learning, then receiving correct
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feedback when uncertain is particularly important. Third, note the large response in the PFC when the
previous trial was correct and the current trial is correct (Fig. 6.4). The large response difference might
be enough to ”confirm” the currently held belief. In the same vain, ”surprising” incorrect feedback,
or when the previous trial was correct, may lead to different computations when updating the belief.
Finally, there is the secondary information flow after 500 ms towards the PFC in low frequencies (4-5
Hz), which may indicate further computations between the two areas.

Overall, the feedback responses agree with results from Brincat et al. [8]. There are feedback and
previous feedback specific computations, which occur immediately after feedback. While not explored
in this chapter, other information may also be found in this time period. Reward prediction error is
closely related to the previous feedback metric, and it may be better for understanding computations.
In general, the behavioral model (Chapter 4) may provide better metrics for surprise than previous

feedback.



Chapter 7

Additional Data Analysis

This chapter focuses on an early unsuccessful attempt at rule decoding, phase reset, and eye movement
correlates. While not quite fitting into previous chapters, the results here are useful in understanding

particular neural correlates.

7.1 Rule Decoding

To find the underlying mechanics of learning, it’s desirable to find a representation of the rule, or feature
that the subject is focusing on. While explored in the context of behavioral models in Chapter 5, this
section focuses on the unsuccessful initial rule representation search with decoding methods.

Before diving into the decoding analysis, it’s important to understand the scale and difficulty of the
problem. To find a rule representation, the subject needs to think in terms of features. Based on Chapters
3 and 4, a feature based representation is likely. Then, a simple idea is that rule representations occur
during the last few consecutively correct trials. Although, one doesn’t know when the rule representation
begins. Further, analyses from Chapter 3 show that the subject thinks of multiple features during the
last 16 out of 20 trials. However, one can argue that, subject to noise, these trials could still reveal a
representation of the current rule.

Focusing on single sessions has drawbacks. Due to the randomness of the rule generation, some
sessions use only 11 out of the 12 possible rules. Sometimes a single rule will occur once. On average,
after pre-processing, there are 28 blocks per session (14 for the shortest and 53 for the longest). For 28
blocks and 8 trials per block (assuming the last 8 trials are when the subject is thinking of the current
rule), there are on average 224 trials to use for decoding 12 rules. If the rules were equally represented,
then 18 trials can be used to distinguish each rule representation; there are less trials when the dataset
is balanced. This ratio may lead to overfitting. Although, one could improve this problem by focusing

on a subset of features. Further, overfitting is a problem when considering the number of channels. Per
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Figure 7.1: (A) Example LFP traces for different bipoles during session 2018-09-18. The LFP is high-pass
filtered above 0.5 Hz, normalized, and notch filtered around the 60 Hz harmonics. (B) The top 3 PCA mode
amplitudes. Each trace in (A) and (B) is the average activity/amplitude per rule during the correct criterion
trials.

session, there are ~ 200 LFP channels, ~ 70 LFP bipoles, and ~ 35 single units. At best, with units,
there would be 18 trials to distinguish 12 rules with a 35 dimensional vector. Extended measures, such
as bootstrapping, are needed to avoid overfitting.

Timing is also important. If focusing on the feedback period, then there are large overlapping
responses to reward. If focusing on the object search period, there is the overlapping visual information
of the stimuli; one needs to distinguish between belief representations and visual signals. Perhaps the
cross fixation period is best. However, to find a rule representation, the subject needs to be focusing on
the feature during this time.

Lastly, I focus on the LFP here, which may not easily find rule representations. While individual
spikes have shown selectivity to rule like features in other tasks [166], it’s questionable how likely a rule
representation would occur in LFP. One hypothesis is that some population of individual neurons fire
when thinking of a particular rule. The LFP, which measures 100’s to 100,000’s of neurons, may measure
multiple populations responsible for different rules. This could lead to indistinguishable signals for the

different rules.

No Rule Representation Separation

In the ideal case, there is a unique time-locked representation for every rule. To check, the signal is
averaged across all criterion trials per rule, where the criterion trials are the last 8 out of 8 or 16 out
of 20 correct trials (Fig. 7.1(A)). While there are minor differences, there are no large signal differences

between all 12 rules. To check if a population of bipoles show rule representations, the data is transformed
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Figure 7.2: Cartoon of the rule decoding problem. Imagine two rules that alternate based on the "Rule” line.
An ”ideal” signal would alternate between the rules when the subject is unsure, and the signal would converge
at the end of the rule block. A "bad signal,” which does not align with the rule, could still classify the rule with
above chance accuracy. With ”fake rules,” indicated by the red line, classification accuracy should decrease if the
signal is ”ideal” while accuracy would remain the same with a “bad signal.”

with Principal Component Analysis and then averaged across rules. The principal components (Fig.
7.1(B)) do not show any shifts in rule representation. The same phenomenon occurs for all other bands.

Another way to check for rule representation is to use classification methods to decode the rule from
activity. With the assumption that the LFP is constant for some time period in the task, the signal-to-
noise ratio is improved by using multiple samples per trial. Train and test sets are split by trials, and
consecutive timepoints are set to either the train or test set. To boost the signal-to-noise ratio, the data
is bootstrapped by shuffling the train/test data at each timepoint for a particular channel.

Since the rules have a temporal structure throughout each session, trials are not independent and
nonsense correlations [141] arise. The problem is highlighted in Fig. 7.2 for two rules. A ”bad signal,”
which slowly modulates across the session, would decode the rule with above chance accuracy. ”"Fake
rules,” where the structure of the sequence of rules is retained while shuffling exact timings, can be used
to address the slow modulation. An ideal signal’s decoding accuracy of the fake rule should decrease
while a ”bad signal” would retain above chance accuracy. Fake rules are defined based on real rule
statistics and occur when the subject is performing the task. Rules switch after a random number of
trials, determined by the mean and std of the subjects block length. There is a minimum of 8 trials before
the rule can switch. Trial lengths are randomly determined based on the mean and std of the subjects
trial length. Timepoints for classification begin at the "trial starts” of the fake rule dataset. Trial lengths
are adjusted so that the classification times avoid large responses during the feedback period.

To classify, the bipoles are first normalized and the 60 Hz harmonics are notch filtered. The bipoles
are bandpassed, hilbert transformed, and the absolute value is taken. The data is averaged for 100 ms

bins, overlapping every 50 ms. Data points are taken from -250 ms to 750 ms around the beginning of
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Figure 7.3: Rule classification for different frequency bands (columns) when bootstrapped (bottom) or not
bootstrapped (top). 50 iterations of subsampling lead to distributions and means (colored dashed lines) of
decoder accuracies for all trials (blue), the last 8 out of 8 or 16 out of 20 correct trials (light blue), and fake rules
(red). "Chance” is 1/12 (black dashed line). If rule decoding was present, decoding should be stronger for real
trials than the fake rule trials.

the cross fixation. The data is classified based on all trials, the last 8 out of 8 or 16 out of 20 correct
trials, non-bootstrapped data, bootstrapped data, on real rules, and on fake rules. The data is 80/20
split into train datasets and test datasets.

The decoding accuracy (Fig. 7.3) is similar between real and fake rule trials. The decoding accuracy
decreases for the last 8 out of 8 or 16 out of 20 correct trials. The same effect occurs for all observed
frequency bands and sessions. Overall, this method doesn’t recover rule representations, despite the
above chance decoder accuracies. Most likely, the above chance accuracies are due to slow drifts of the

signals across time, resulting in nonsense correlations.

7.2 Phase Reset

Evidence has shown that the phase of the LFP resets during critical times during tasks [167-169]
and saccades [43]. Modulation of the phase may be important for setting up plasticity and memory
formulation [170-172], particularly in the hippocampus. Here, I check if phase reset occurs in monkeys
during the WCST.

To maintain similarity with the 3-12 Hz theta band definition [43] and to ignore saccade related
artifacts (Sec. 3.3.1) in the 4-5 Hz band, I focus on the 9 to 12 Hz band. Many [173-175] have argued

that ”true” phase reset only occurs when the amplitude remains unchanged. Thus, both the amplitude
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Figure 7.4: Phase reset in the hippocampus during cross fixation (top row) and feedback (bottom row). (A,
F) Example bipoles and the theta phase for each trial, showing phase reset after ¢ = Oms. (B, G) Average phase
amplitude (Sec. 2.6), showing phase locking after ¢ = Oms. (C, H) Associated LFP average power, where there
are sometimes amplitude changes after ¢ = Oms. (D,I) Histogram across bipoles of subtracted pre and post
mean LFP amplitudes (gray bands in C and H). (E, J) Bipole locations that meet the LFP difference threshold
(|diff] < 0.01, black dotted lines in (D, I)); colors indicate the pre/post phase locked difference (gray bands in B
and G), showing differences in the medial temporal lobe and hippocampus.

and phase of the bipoles are examined. All bipoles from Monkey S’s session on 2018-09-18 are notch
filtered around 60 Hz, normalized, bandpassed from 9 to 12 Hz, and Hilbert transformed. Both the angle
and absolute value of the Hilbert transform are used. The angle of example bipoles for the cross fixation
and feedback periods (Fig. 7.4(A, F)) show consistent phase reset. To examine further, I use the phase
addition metric (Sec. 2.6) to find the average phase amplitude, where a value of 1 indicates perfect phase
locking and 0 indicates no phase locking. Per time point, Fig. 7.4(B, G) shows the resultant length,
which increases immediately after cross fixation and feedback. The associated mean LFP amplitude per
time point (Fig. 7.4(C, H)) shows that there are sometimes large LFP amplitudes during phase locking
events.

The pre-post difference (gray bands in Fig. 7.4(C, H)) is calculated for all bipoles Fig. 7.4(D, I),
where I arbitrarily set a threshold of £0.01 to ensure that the LFP amplitude doesn’t vary too much.
Finally, the locations of the bipoles that meet the criterion are plotted in Fig. 7.4(E, J), where the colors
show the resultant vector difference between the pre and post times (gray bands in Fig. 7.4(B, G)). The
largest differences, for both the cross fixation and feedback periods, occur approximately in the medial
temporal lobe and hippocampus. This verifies previous results [43, 167-169], where phase reset occurs

after critical task events in the hippocampus.
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Figure 7.5: (A, B) Example bipole raw LFP after the objects turn on (black dotted line), showing a saccade
response; trials are sorted by the first (A) or second (B) saccade. There is also a response after the objects turn
on. (C) Averaging the example bipole’s raw LFP around the saccade start time, where the raw LFP increases
after saccading. The pre-saccade activity is likely due to the previous saccade, typically occurring 200 ms earlier.
(D, E) The post saccade response, defined as the timing of the maximum or minimum LFP power, is found for
all bipoles in session 2018-08-02. The pre-saccade response is defined as 100 ms prior to this. (D) The amplitude
difference between the post and pre-saccade responses, indicating power increases (blue) and decreases (red). (E)
Timing of each response, thresholded with a post minus pre amplitude difference > 0.2. Colors range from 0 ms
(dark) to 150 ms (yellow). The amplitude (F) and phase (G), sorted by the second saccade, for the same bipole,
bandpassed between 9-12 Hz. The phase resets. The mean amplitude (H) and sum of phases on the unit circle (I)
for all saccades, indicating phase clustering (I). (J) Bipoles sum of phases (color) and locations, thresholded by
the LFP difference between post and pre-saccade LFP 9-12 Hz amplitude (> 0.005), indicating phase clustering
in the Hippocampus.

7.3 Eye Movement Correlates

LFP data may correlate with saccades, or eye movements, where there is evidence for LFP evoked
responses [176], theta reset [43], and even decoding of movement intention [177]. During the object
selection period, eye movements are the most reliable timings for when the subject first observes each

object, which may lead to evoked responses or even complicated ideas such as choice intention.

7.3.1 Evoked Responses and Phase Reset

I check for evoked responses in the raw LEFP for each bipole in session 2018-08-02, focusing on the object
search period. AN example bipoles signal is shown in Fig. 7.5(A,B), where there is an evoked response
shortly after each saccade. There is also a large response shortly after the objects appear on the screen,
likely a response to the visual stimuli. To analyze all bipoles simultaneously, the raw LFP is averaged
across all saccades (Fig. 7.5(C)), where there is an evoked response. There is also a sizeable response
approximately 200 ms earlier, which occurs since eye movements occur every 200 ms (Sec. 3.3.1).

To find the size and direction of the evoked response, the maximum absolute value of the average
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Figure 7.6: (A) Example mean bipole LFP signals (Monkey S’s session 2018-08-02) after the fixation cross
turns off (t=0 ms) and the objects turn on (black line). After running ICA with four components on all trials,
the mean transformed data (B) and absolute value of the ICA components (C) show different average activity
patterns with sparse representations. This is contrary to an artifactual hypothesis, where a single ICA mode
dominates the entire brain space. The largest component’s amplitude is selected per bipole (D), where the bipoles
are thresholded such that the difference between the largest and second largest ICA component is > 0.04. The
threshold is decided based on a histogram of differences between the first and second largest ICA component.
The signals are spatially clustered, with the exception of the red mode. Colors are aligned in (B-D).

signal is calculated for each bipole. In Fig. 7.5(C), this would be approximately 0.9 at a timing of 70-80
ms. I define this as the post saccade response. Then, since eye movements occur every 200 ms, the pre
saccade response is defined to occur exactly 100 ms before the post saccade response. Bipoles with no
evoked response are excluded. The difference between the post and pre saccade response are calculated
(Fig. 7.5(D)), where both positive and negative evoked responses occur at the tip of the medial temporal
lobe/hippocampus. The exact timing (Fig. 7.5(E)) fluctuates from 0 to 150 ms after the saccade.
Next, to investigate phase reset during saccades [43], the LFP is bandpassed from 9-12 Hz (theta
band). The amplitude (Fig. 7.5(F)) and phase (Fig. 7.5(G)) are shown for the example bipole, where
there is a minor increase in theta power and phase locking to each saccade. Similar to the raw data, the
average theta amplitude is found surrounding times to each saccade in the object search period. (Fig.
7.5(H)). Again, the power increases approximately every 200 ms, aligned with the 200 ms saccade rate. To
examine the phase clustering, the phase is placed on a unit circle and summed together 1/n| 3 exp(id;)|.
The larger this statistic, the more the phase is clustered. As shown in Fig. 7.5(I), the phase is locked
at the post saccade response time. Similar to the phase resetting analysis in Sec. 7.2, I threshold
bipoles according to the difference in mean LFP amplitude at the post and pre saccade response times
(|diff| > 0.005). The value of 0.005 is chosen based on a histogram of LFP amplitude differences (not
shown). Thresholded bipoles (Fig. 7.5(J)), similar to Sec. 7.2, show phase resetting in the medial

temporal lobe/hippocampus.

7.3.2 Response to Object Onset

In 7.5(A,B,F,G), there is a response in activity shortly after the objects appear on the screen. One
question is whether this is artifactual. If it truly was an artifact, this signal would be present in all
bipoles at the exact same time. In three example average bipole activities (Fig. 7.6(A)), there are

different patterns, indicating that this is not likely an artifact.
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Figure 7.7: Example raw LFP bipole activities from session 2018-08-02, alied to the beginning of each saccade
(t=0 ms) from the search period, fixation on the choice object, feedback period, and periods outside when the
task was run. The signal is averaged over all saccades. Activity differs between periods, likely due to background
activities. In (A,B), the traces follow trends between the search/choice period and the feedback/no task periods,
indicating different neural mechanisms when choices are made compared to purely saccade related activity. In
(C), there are similar activities across traces, indicating purely saccade related activity. In (D), there are mixtures
of similar activity right before the saccade and different traces after the saccade occurs.

To check further, Independent Component Analysis (ICA) can be used to find independent signals
in the data. If artifactual, one mode should capture signals in the entire brain. The data is first shaped
into a number of bipoles by a concatenated array of time (98 < ¢ < 298ms) for all trials. I used four
ICA components as a middle ground between over explaining the data and assuming enough modes to
explain the data well enough. The LFP data is transformed into the ICA subspace across the entire
time series, averaged across trials (Fig. 7.6(B)); there is unique activity for each mode. Further, the
ICA components (Fig. 7.6(C)), show sparse representations of each mode across the brain. If there was
an artifact, then there should be a mode that dominates the variance across all bipoles. Instead, modes
are dispersed.

Given the sparse representation in Fig. 7.6(C), one may ask if the activity patterns in Fig. 7.6(B) are
brain area specific. To check, the largest and second largest ICA component (Fig. 7.6(C)) are found per
bipole, thresholded by a difference of 0.04 between the largest and second largest ICA component. The
largest mode per location (Fig. 7.6(D)) shows spatial clustering, with the exception of the red mode,
which is spatially dispersed.

In conclusion, there are unique neural computation per brain area after the objects turn on. This
may initialize the timing for the brain to start searching for a card to select. Further, there may be
different responses based on which stimuli appear. This forms a testing ground for behavioral correlates

time locking to object appearance.

7.3.3 Responses By Task Interval

During the object search interval, there are many brain-wide computations and saccades typically occur
every 200 ms. There are other intervals with different characteristics. For example, when receiving

feedback, saccades do not occur every 200 ms, but there is still likely to be brain-wide computations.
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In this section, I focus on the structure of the LFP for different intervals to find unique properties. I
neglect the cross fixation period, which is subject to large preparatory background activity patterns.

I focus on four specific time intervals. First, the object search period can be divided into two intervals:
before and after a choice. Before the choice, there are large, inter-object saccades. Afterwards, there are
micro-saccades within the chosen object. Both have visual information and 200 ms inter-saccade times.
Then, in the feedback period, saccade timings are sporadic and there is no visual information. Also,
when the task is not performed, there are no computations and no visual information. With this in
mind, the feedback and no-task intervals are likely driven by pure saccade information while the search
period saccades are driven by visual information and interpretation.

Fig. 7.7 shows four example bipoles, where the raw LFP is averaged across all saccades for the four
aforementioned time intervals. In Fig. 7.7(A,B), activity patterns are similar between the search and
choice periods and similar between the feedback and no-task intervals. However, the activity is dissimilar
between the search/choice and feedback /no-task intervals. These bipoles are likely influenced by either
visual information or neural computations related to solving the task. In Fig. 7.7(C), the bipole has
similar activity between all four time intervals, indicating purely saccade driven activity. Fig. 7.7(D)
shows a mix of activity. There is similar activity between all four time intervals immediately before the
saccades occur, which is most likely activity that is driving the saccade. Afterwards, the activity differs
between the search/choice and feedback/no-task intervals. Across traces, the different means are likely
due to other, non-saccade related neural correlates. For example, there are different background activities
in the feedback period compared to choosing an object. This highlights the difficulty in systematically
comparing all traces for all bipoles.

Overall, there are examples of differences between the search/choice and feedback/no-task time in-
tervals, suggesting that there are interesting neural computations occurring when visual information
appears. For example, there could be information on the shape/color/pattern of the object, or even
information related to a continuance or stopping of the search. Otherwise, there are also examples of

purely saccade driven activity patterns.

7.3.4 Visual Information After Saccading

How does the activity depend on the visual features? I focus on saccades that occur during the search
period but before fixating on the final choice. I also ignore any saccade that may be deemed as "stereo-
typical” (Sec. 2.9), to ignore any possible noisy information. Then, T align all data to the end of the
saccade. Lastly, I enforce that all saccades have a minimum fixation of 100 ms on the object afterwards,
ensuring at least 100 ms of visual processing.

To begin, I define two types of saccades. The first one is when the gaze ends up within the object. For

the second one, the gaze must be outside the object but within the defined bounding box. The average
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Figure 7.8: Difference in visual information after saccading, relative to the end of the saccade. Only saccades
with a minimum 100 ms fixation (grey band) are included. (A) Example bipole’s average raw LFP after saccading
to an object. The blue trace is when the gaze is within the object. The orange trace is when the gaze is inside the
bounding box but outside the object. (B) All bipoles mean difference (within object minus outside object, blue is
positive), sorted by the maximum difference within the 100 ms band. There are many differences, indicating that
the subject may gather more information when gazing at an object compared to near it. (C) Raw LFP, averaged
based on individual features (color=red, shape=blue, pattern=green), for the bipole with the largest difference in
signal. Only saccades where the gaze lands within the object are included. This bipole shows significant differences
between the 12 features. To calculate the largest difference in signal per bipole, the maximum difference during
the fixation period (grey band) is calculated for every pair of features. The two features with the largest difference
is used for (D), showing the absolute value of the difference between signals. Only a handful of bipoles show
separation, indicating that separation is rare. Similar effects are seen in specific frequency bands (not shown)

LFP for an example bipole (Fig. 7.8(A)), shows a clear difference between the two types of saccades, a
result that occurs for all bipoles (Fig. 7.8(B)). There are many bipoles with signal differences between
the two types of saccades during the 100 ms fixation period. This indicates that the subject may be
receiving different information when actually gazing upon the object instead of being nearby. With this
in mind, only saccades of the first type (gaze within object) are analyzed further.

Next, does the LFP encode visual information when saccading to it? The raw LFP is averaged for
all saccades with each of the 12 features. Then, I find the maximum difference between the signal for
each pair of features during the 100 ms fixation period. Then, the pair of features with the maximum
difference is found per bipole. From this, the bipole with the maximum difference (Fig. 7.8(C)) shows
differences between each feature. Then, the differences for every bipole (mean subtracted for the pair of
features with the largest difference) are shown in Fig. 7.8(D). Only a handful of bipoles have a difference
in signal similar to Fig. 7.8(C). Otherwise, the LFP is extremely similar per feature. This indicates that

feature specific information is rare but can happen in the LFP.

7.3.5 Decoding the Search Period

This finally leads us to questions about the content of the saccade signal. One perspective is that there
is some internal model that is accessed every time the subject saccades. Or, more generally, there is a
computation after every saccade. If true, then there should be differences based on when the subject
decides to continue or stop searching. The timeline would be the following: saccade to a new object, see
the three features, perform a computation, then decide whether to search further or stop searching. One

counter-possibility is that the subject decided to saccade to a specific object based on peripheral vision.
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Figure 7.9: Train and test accuracy of decoders of differences in saccades. (A) Difference between the future
saccade heading towards a new or the same object, beginning at ¢ = 0 ms. (B) Difference in the past saccade
heading towards a new or same object, ending at ¢ = 0 ms. (C) Difference in when the previous saccade, to a
new object, was to the selected or non-selected object. (D) Difference in whether the previous saccade, without
leaving the object, remained on the selected or non-selected object. The associated coefficient weights are shown
with the same colorscale in (E-H). The largest differences, in (F,H), show that the main weights during fixation
(gray bands in (A-D)) occur close to the tip of the medial temporal lobe/hippocampus. Similar effects can be
seen in various frequency bands (not shown) up to the Gamma range.

I don’t believe this is the case, however, due to the lack of peripheral vision used (Fig. 3.17).

To answer the question of differences in accessing the internal model, I ask several questions. First,
given a saccade to either the same object or to a new object, is there a difference in the period leading
up to the saccade when deciding to stay on the object or leave the object? A follow up question can
be asked, is there a difference if the previous saccade was to a new object or to the same object? The
main difference is whether the time interval is before or after the saccade. Next, is there a difference
between saccading to a new object, if the new object is the chosen or non-chosen object? Perhaps there
is a difference when interpreting a selection or non-selection. Lastly, is there a difference when saccading
to the same object, if that object is the selected or non-selected card? This may indicate a difference in
signal when the subject knows to maintain fixation. Only non-stereotypical saccades (Sec. 2.9) are used.
To stop decoding from future or past saccades, a 100 ms fixation is used and the important decoding
accuracies should be within this region.

I use a linear support vector classifier ("dual=False” and C = 10~7) on every 10th timepoint, locked
to either the beginning or end of each saccade. Each ”"sample,” associated with either 0 or 1 depending
on the classification, is then a vector across all bipoles. The data is balanced by sub-selecting the same
number of samples for classification. For 20 random 80/20 train-test splits, each sample is normalized
based on the z-score calculated purely from the training split, unsuring no data-leakage. I also calculate
chance by shuffling the sample labels. To examine the weights of the decoders across bipoles, I take the
mean of the absolute value of coefficients across all splits and 100 ms fixation timings, ensuring only

fixation times and ignoring the sign of the coefficients.
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The first question of interest: given a 100 ms fixation on a non-selected card, is there a difference
between saccading to a new object vs remaining on the current object? Perhaps the subject accesses their
internal model, which dictates to keep observing the card or to switch to a new card. In Fig. 7.9(A),
there is some decoding during the 100 ms fixation. Similar trends occur in lower frequency bands (not
shown). Interestingly, if looking at the power between 65 and 87 Hz, there is decoding (65%) immediately
before the saccade. The 65-87 Hz decoding may be due to action planning. The associated weights (Fig.
7.9(E)) show that this effect mainly occurs in the medial temporal lobe/hippocampus. Overall, this
suggests that there are differences in the signal when planning on searching a new or same object.

A follow-up question is whether there is a difference based on the previous saccade. If the previous
saccade was to a new object or remained on the same one, is there a difference for the 100 ms after
saccading? In Fig. 7.9(B), there is a large amount of decoding accuracy, which happens in frequencies
up to the Gamma range (not shown). The associated weights (Fig. 7.9(F)) show that this effect mainly
occurs in the medial temporal lobe/hippocampus. Given this, there is likely visual processing of the new
card after saccading.

Similar questions can be asked depending on if the saccade is to the selected or non-selected card.
Given that the saccade was to a new object, is there a difference to saccading to the choice card or not?
There may be a difference in processing when the subject settles on their choice. In Fig. 7.9(C), there
is a very small amount of decoding, with small average coefficients (Fig. 7.9(G)), suggesting that there
may not be large differences when the new card appears.

Lastly, there is the question of difference in visual content of the selected vs non-selected card. Given
that the eye never left a card, is there a difference if the card was chosen or not? In Fig. 7.9(D), there
is a substantial decoding accuracy, and the large coefficients (Fig. 7.9(H)) occur in the medial temporal
lobe/hippocampus. Similar effects can be seen up into the Gamma frequency range. This suggests that
there are differences during the choice and search period, which may be due to processing the choice.

Overall, there are differences mainly after the saccades occur. One can decode if the saccade switched
objects or not, and one can decode if the card was the selected one or not. It’s possible that the former
case occurs due to processing of visual information, and its possible for the latter case to occur based on
processing the choice. Further, it may take slightly longer than 100 ms to process a choice, aligning with
the time it takes for visual signal to reach the PFC [140]. Computations are likely time-locked to the
saccade, which could allow for further studies related to the visual information and behavioral models

(Chapter 4).



Chapter 8

Non-Stationary Dynamical Mode Decomposi-

tion

A linear dynamical systems approach is useful in analyzing the LFP. In these approaches, one models
the data as

dx
— = Ax. 1
at (81)

With this, ideally a model is created that can probe characteristics of the data. For example, what
information is present and where is it in the brain? How does this information flow? How do networks
evolve in relation to behavioral events? What task variables are encoded? How do these representations
change across a session or sessions? While many methods seek answers to these questions, none are
completely satisfying. Latent Factor Analysis via Dynamical Systems (LFADS) [178], Generalized
Linear Models, and Switching Linear Dynamical Systems [93, 179-181] are generally used on spiking
data. Although, LFADS has recently been modified to apply to LFP [182]. Coherence [183], Granger
Causality [184, 185], and Hilbert analysis [66, 186] work on LFP, but they are not model driven. There
are also Dynamical Mode Decomposition methods [187, 188, 8, 189, 190], which provide a dynamical
systems approach. However, they do not typically deal with non-stationary systems, a prevalent problem
in LFP data.

Ideally, one would use a method that involves the frequency spectrum, is ideal for LFP, finds spa-
tial and temporal modes, and temporally evolves. With this in mind, I developed a novel method:
Non-Stationary Dynamic Mode Decomposition (NS-DMD), which generalizes standard stationary DMD
approaches to non-stationary systems.

This work led to the published paper [1], presented here. The following peer-reviewed text, until Sec.
8.8, was co-authored by Ariel Rokem, Elizabeth Buffalo, Nathan Kutz, and Adrienne Fairhall. In Sec.

8.8, I present text on approximating modes from known systems, not included in the manuscript.
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Figure 8.1: (A) The spatial distribution |¢x| and global amplitude fi(t) of a simulated dataset, originating
from the form x(t) = >, ¢x(t) exp (z f:o wk(t)dt) fx(t). The frequencies w(t) are 20 Hz (red mode) and 30 Hz
(green mode). The spatial modes mix together at the same time with varying amplitudes. The red modes
spatial distribution fluctuates while the green mode turns on and off with irregular amplitudes. OPT-DMD fails
to recover the original modes (B). NS-DMD samples the data with OPT-DMD during different time intervals,
where dynamics are combined to find a subset of modes with modulating amplitude to reconstruct the data.

NS-DMD recovers the original modes (C). Further exploration of NS-DMD and OPT-DMD on non-stationary
datasets is shown in Fig. 8.3.

8.1 Abstract

Many physical processes display complex high-dimensional time-varying behavior, from global weather
patterns to brain activity. An outstanding challenge is to express high dimensional data in terms of a
dynamical model that reveals their spatiotemporal structure. Dynamic Mode Decomposition is a means
to achieve this goal, allowing the identification of key spatiotemporal modes through the diagonalization
of a finite dimensional approximation of the Koopman operator. However, these methods apply best to
time-translationally invariant or stationary data, while in many typical cases, dynamics vary across time
and conditions. To capture this temporal evolution, we developed a method, Non-Stationary Dynamic
Mode Decomposition, that generalizes Dynamic Mode Decomposition by fitting global modulations of
drifting spatiotemporal modes. This method accurately predicts the temporal evolution of modes in sim-
ulations and recovers previously known results from simpler methods. To demonstrate its properties, the

method is applied to multi-channel recordings from an awake behaving non-human primate performing

a cognitive task.

8.2 Introduction

Data-driven models of spatio-temporal systems are critical to understanding the evolution dynamics
of natural systems and have become especially valuable given the increasing prevalence of large-scale
measurements across all scientific disciplines. Many methods have been introduced to derive approximate

dynamical models from data in domains such as fluid flows [191], climate systems [192, 193] and brain
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activity [194-196]. However, in many data-driven approaches and algorithms, the data are assumed
to be stationary when fitting the data. The stationarity assumption is violated in many datasets of
interest, thus limiting potential model accuracy and forecasting capabilities. Deriving non-stationary
generalizations of data-driven modeling is an area of active interest (e.g. [189, 190, 197]). We add
to this effort by proposing a new method, Non-Stationary Dynamic Mode Decomposition (NS-DMD),
which explicitly approximates the non-stationarity of the data while simultaneously constructing a low
dimensional linear DMD approximation of multi-variate time-series.

NS-DMD builds on Dynamic Mode Decomposition (DMD) [8, 198], a systematic and unbiased method
to reduce high-dimensional time-series data to a set of spatiotemporal modes. DMD approximates the
Koopman operator [199], a linear infinite dimensional operator whose eigendecomposition models the
observables that describe a finite dimensional, potentially non-linear, dynamical system [200-202]. In

short, DMD approximates the data x(t) as
x(t) ~ Zbk¢kewkta (8.2)
k

where the ¢; are the DMD modes, w are the DMD eigenvalues and b, determines the weight of each
mode. The modes are indexed by k up to a reduced rank r. The limitation of such an approach is the
assumption of stationarity of the data. Simulated datasets of particular interest (Fig. 8.1(A)) are poorly
reconstructed with stationary approaches (Fig. 8.1(B)) due to the spatial mixture of time-varying modes
with time-varying amplitudes in the data. NS-DMD improves upon DMD by including time-dependence

of the modes:

x(t) ~ Y bi(t)pr(t)es DL, (8.3)
k

The additional time dependence in NS-DMD allows for accurate reconstruction of the underlying data
(Fig. 8.1(C)). Further details on the NS-DMD method are found in Sec. 8.3.2.

Many approaches exist to fit non-stationary systems [93, 130, 179-181, 189, 190, 197, 203-209], but
the approaches do not find representations in the form of Eq. 8.3. Related work is discussed in Sec.
8.5.1.

As with many other methods, NS-DMD assumes that the data are stationary in small time win-
dows. We further assume that the data contain a low dimensional set of spectral components which may
vary slowly with respect to their frequency. However, in contrast to previous methods, NS-DMD sub-
sequently takes advantage of machine learning methods to associate modes across time windows, while
systematically eliminating overfit and redundant modes. This allows us to detect global modulations of
spatiotemporal modes that gradually drift across time.

We validate NS-DMD on synthetic data from several non-stationary systems. We then demon-

strate its practical utility by analyzing multi-channel neuroscience time-series data. NS-DMD is able to
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recapitulate results found using other more traditional time-series analysis methods, but also identifies
non-stationary modes in these time-series data. We further demonstrate the utility by applying NS-DMD
to sea surface temperature data, where NS-DMD recovers seasonal effects along with modes specific to
the El Nino phenomena. Taken together, the novel findings and the connection to previous methods

demonstrate the promise of NS-DMD for the analysis of non-stationary data.

8.3 Methods

Notation

We follow the notation in [210]. Scalars are denoted by lowercase letters (s), vectors by bold lowercase
letters (v), matrices by bold capital letters (M), and tensors of third order by calligraphic bold letters

(7). In summary:
e v; denotes the ith entry of v;
o m,;; denotes element (7,7) in M;
o t;j, denotes element (7,7, k) in T;
e m;. and m.; denote the ith row and jth column of M;
o More compactly, m; = m.;, denotes the jth column of M,
o t;., tix, and t.;; denote the vectors given by the corresponding free dimension of 7T
o T;., T, and T.; denote the matrices given by the corresponding free dimensions of T;
e More compactly, Ty = T.., denotes the kth frontal slice;

e The nth element in a sequence is denoted by a superscript in parenthesis; e.g. M is the nth

matrix M.

8.3.1 Dynamic Mode Decomposition

Dynamic Mode Decomposition (DMD) [8] forms the backbone of NS-DMD. DMD approximates a low-
dimensional representation of the data X in terms of linearly (exponential) evolving spatial modes (Eq.
8.2). That is, at fixed frequencies given by Im(wy), there are spatial modes ¢ with loadings by that
exponentially grow or decay. DMD is thought to combine the strengths of singular value decomposition

across space with Fourier transforms across time.
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There have been many improvements made to DMD since the original algorithm was introduced in
2008 [198], including a number of regression techniques for estimating the best fit linear dynamics [187,
188, 190, 211-213]. We build NS-DMD upon Optimized DMD (OPT-DMD) [187], which estimates the

DMD modes and eigenvalues by using a variable projection optimization scheme

X =) brdn exp(wyt)

k=1

(8.4)

Argimilly, . by,

where the data is estimated up to a desired rank r. Optimized DMD iterates to a solution of this
non-convex problem by using variable projection [214]. To improve convergence capabilities, often the
exact DMD algorithm can be used as a seed for the initialization of the DMD algorithm. The OPT-DMD
framework has been found to be the most robust algorithm to noise [187], providing an unbiased estimate

of the DMD modes and eigenvalues for real data.

8.3.2 Non-Stationary Dynamic Mode Decomposition

For a data matrix X € RVY*M DMD aims to accurately represent the data with a low dimensional
set of K spatiotemporal modes & € RVN*KXM a5 given by Eq. (8.4). When the governing processes
vary in time, the set of spatiotemporal modes that best describe the data at one point in time may
not describe the data well at another point in time. Furthermore, nonlinear dynamical systems may
be better described locally by different linear approximations in different regions of phase space. We
postulate that there are common dynamical modes that recur throughout an extended dataset. That is,
we assume only a few modes exist that either vary in structure or vary in amplitude throughout time.
The goal of NS-DMD is to find these recurring modes and weight their amplitude with time-dependent
functions F € RE*M that characterize the time-varying contribution of each mode to a reconstruction

of the data. Thus, NS-DMD seeks to approximate the data at any snapshot ¢; with
Xj ~ Zs:kjfkj. (85)
k

To approximate &, a common approach [190, 197, 206, 215] is to split the data X of length M into
W short overlapping windows of length P < M, X (@) ¢ RN*P defined by the corresponding set of
time points t(*) = {tgw),téw), ...tgjw)}. The processes governing the dynamical systems are assumed to
be approximately stationary in each window, an assumption that is valid depending on the size of the
window. If the size is too large, then the stationarity assumption is likely false. If the size is too small,
there is a lack of statistical sampling to find reasonable solutions that may not generalize well across
time. For example, in the limit of two snapshots, it is unlikely for modes to generalize to any another

snapshots.
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The data of each window are extracted with OPT-DMD [187], an iterative algorithm that finds r
modes per window, where r is a chosen hyperparameter. For the first sampled window X®, OPT-DMD
is executed without initial conditions or with educated guesses; OPT-DMD can automatically determine
an initial guess if needed [187, 8]. For sampling windows w > 1, OPT-DMD is initialized with the
normalized eigenvalues A=Y /|A®=1| from the previous window, a process that favors spatiotemporal
smoothness.

Having determined modes ®®) € CN*" A®) ¢ C™*" and b(®) € R", local to every window w, the
goal is to identify a set of modes that apply across the full M length dataset. A visual description of
this process is shown in Fig. 8.2 (a). Formally, similar spatiotemporal modes are grouped into K groups
across consecutive windows @ = {w,w + 1, ...w + ny — 1}, a process defined and explained in Sec. 8.3.2.
We write this as @®), where each ©*) contains a variable number nj, of modes {Q(w), glwt1) 9(“""”’“_1)},
and © is a placeholder for @, A, b, and t. To find time dependent quantities Hj(-k) = h((:)(k)) at time
t;, the function h averages eor during overlapping windows and extrapolates ©*) outside the range of
t(k);

i +ng—1
¥ Zieu”;:tjet(i) 0t tgw) <t < tgl” 1)

k
6\ = pw) t; <\ (8.6)

where N refers to the number of summed terms. We use a notation where i € @ : t; € t¥ indicates
all elements i € w such that t; € t(). A visualization of the function h is shown in Fig. 8.2 (b). The
application of h leads to |¢..;| = h(|@®)|) and wyr; = K(ZA®)). The angular part of &) defines the
phase of every channel at the start of the respective window. To find Z¢.;;, the phases are aligned to
the start of the full dataset. For a mode k£ and window w;, the phase is A(b;c(w) = Lgb,(cw) - 22;11 Whkj-
and the phase at any time is Z¢! kj = h(l(%c(w)). To gain greater temporal smoothness, one can apply
a moving average to the time dependent modes. The k time dependent spatiotemporal modes form the
matrices ®; € CN*K and ZA; € CHE*K for every time point t;. With the time dependent modes, the

spatiotemporal modes & € RV*KXM e
S; = Re(®;e! Zict 4A1), (8.7)

where the real part of each mode recovers the complex conjugate pairs in the definition of S;.
S is weighted with an unknown temporal modulation F € REXM A visualization of F is shown in

Fig. 8.2(C). The time-series is reconstructed with

X; =Y sukjfrg, (8.8)
k
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Figure 8.2: Flowchart of the NS-DMD algorithm. (A) A data matrix (first panel) is subdivided into windows.
The number, size, and stride of the windows are hyperparameters. For each window, OPT-DMD is computed
with » modes. The modes are visualized as squares in the second panel, where Oisa placeholder for the OPT-
DMD modes: ¢ and A. Modes are deemed similar to each other based on the procedure in Sec. 8.3.2; similar
modes are connected by dashed lines and have similar colors. Different shades indicate that the modes may not be
exactly the same. Groups of minimum 2 (another hyperparameter) similar modes (third panel) are transformed
into continuous modes across time in the fourth panel via the function h(@). The function k(@) is visualized in
(B). Similar, but slightly different modes, are indicated by slightly different colors. For example, the frequency
could be 10Hz in window 2, 10.2Hz in window 3, and 10.4Hz in window 4. For overlapping windows, modes
are averaged and extended outside the range of the windows. Following the example, the frequency would be
10.2H z before window 3 begins, 10.1H 2z during the overlap of windows 2 and 3, 10.3H z during the overlap of
windows 3 and 4, and 10.4Hz for the remainder. The modes H(k)(t) comprise the spatiotemporal modes S (see
text). Lastly, temporal modulations f(t) of each mode Sj are found with gradient descent. f(¢) is visualized
in (C), where the colored bars indicate when each mode well describes the data. fi(t) is flexible and can find
gradual changes to the modes (e.g. the green and light blue mode). Other times, the modes turn on/off rapidly
(e.g. the orange, purple, and pink modes). Lastly, the timing is flexible, indicated by the modes not necessarily
turning on/off exactly at the dashed lines.

where the vectors X; form the estimated data matrix X € RV*M  Tg solve for F, we use gradient descent
(Sec. 8.3.2). An alternate, ”exact” method is proposed in Sec. 8.7.1, which aims to directly solve Eq.

8.8. However, this method tends to be noisier than gradient descent.

Fitting Time-Varying Modes with Gradient Descent

Constraints are needed before applying gradient descent to find F. First, F is non-negative; assemblies
are either "on” with some variable amplitude, or they are ”off.” Second, a sparsity constraint is added
since & may contain redundant modes. Lastly, F' is continuous since we assume that modes turn on or
off on the timescale defined by the sampling rate 1/sr = At.

The following loss function satisfies these constraints on F:

1
L:f‘
2

N
X_XHiJraZU’”Hg Yo> frg = frge)” (8.9)
k,j l

=—N kj

The first term is a standard least-squares loss term on the reconstruction of the data given F. The «
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term enforces sparsity in the solutions of F. The absolute value will be dropped since F is forced to be
non-negative after every iteration of gradient descent. Lastly, the 8 term enforces continuity across time;
[ controls the degree of smoothing, and the smoothing timescale is controlled by N. For simplicity, 5 is
fixed for each [, although in principle 8 can fluctuate.

The gradient of F for each mode k and snapshot ¢; is

dL al
—— =& = xj)suj Fa+B D> (frj— frjti)- (8.10)
fr; I=—N

Finally, this allows us to compute the gradient descent for an iteration i > 1:

, ‘ dr, @ dr =1
(@) - pt-1) _ 22 ftd
F F VIR —I—W/dF , (8.11)

where 7 is the learning rate and v is the momentum [216].
The initial guess of fi; is found by setting % = 0 and solving for a = 0 and fj/ 45 ;.0 = O:
J

XjS:kj

Tri = sk 2+ BN +1)

(8.12)

To remove noise, the initial guess is lowpass filtered.

After each iteration, all negative values of F are set to 0, and 2N + 1 consecutive values are averaged
to further control the smoothness of F. F is reflected at the boundaries. It is possible for edge artifacts
to occur when F > 0, so a minimum of N values should be trimmed at the boundaries.

After running gradient descent, the average amplitude of each mode is typically smaller than the true
value due to «, 3, and the averaging step. The amplitude, defined as a € R¥, of each mode is adjusted

with the least squares algorithm: x; = Y, s.jar fr;. The amplitude a is absorbed into F.

Feature Selection

Typically, while estimating S, one finds a large number of redundant modes, even with the sparsity
constraint in gradient descent. We turn to feature selection to subselect modes.

To combine redundant spatiotemporal modes, the similarity of pairs S; and S;; is determined. The
frequencies, spatial amplitudes, and spatial phases are all needed to be similar for two modes to be defined
as similar. The difference in frequencies f = Z\/(2m) must be within a desired threshold: |f; — fjx| <
thresh;. The cosine similarity C(A,B) = % between spatial amplitudes |¢| must be above a desired
threshold: C(|¢;|,|¢;ji|) > threshs. The spatial phases Z¢ need to first be aligned since they are
referenced to their window’s initial ¢y. To align, we define AZ¢ = (L +2m f; At/2)—(dj—27 fj£: A8/ 2),
where At =ty j+; — to,;. Due to periodicity, all AZ¢ are shifted to within —7 to w. The spatial phase

is similar if £ 3" AZ¢; < threshs. The solutions S; and S;.; are considered similar (i.e., redundant) if



145

all three threshold checks are valid.

The first redundant set of modes are found from the parity of spatiotemporal modes. If the data is
sufficiently approximated by sines and cosines, then OPT-DMD returns pairs of solutions S with opposite
signs: |¢|e“?ei“AMi and |ple”1“Pe?4 i The real part of S is compared between pairs, where one mode
is removed per pair.

Next, the modes from consecutive windows are compared. Since OPT-DMD is computed on each
window using the eigenvalues of the previous window as an initial guess, the modes typically remain
similar across time unless the assembly drastically changes. In some cases, the frequency or spatial
distribution of modes may fluctuate over time. A method that is very sensitive to such changes would
generate additional new modes. Our modeling goal is to have a single mode describe the fluctuation,
so the method needs to be flexible when the frequency or spatial distribution drifts in time. This is
later tested with great success in Sec. 8.4.1. If modes are similar across time, we stitch them together
according to Eq. 8.7, as described in Sec. 8.3.2.

Next, if desired, one can retain only groups of modes that have more than a user-defined minimum
number of consecutive similar windows. This enforces that & is somewhat consistent across time. Then,
the reconstruction error is calculated for each mode independently, defined as the cosine distance between
X and the reconstruction X. The cosine distance is chosen since it does not depend on the amplitude
of each mode. A user-defined number of modes or any modes with a reconstruction error above a user-
defined threshold are retained. This drastically reduces the number of modes to ones that generally
reconstruct the data well.

After initially reducing the number of modes, standard feature selection methods [217] are used to find
the subset of the remaining modes that best reconstruct the data. The basic feature selection algorithms
of [218] have been implemented. These methods start with either none or the entire set of modes and
add/subtract one mode at a time while checking the reconstruction error. We first run gradient descent
(Sec. 8.3.2) while adding/removing each mode independently. Then, the mode that decreased the cosine
distance the least is removed. The process is repeated until a final, user selected number of modes have
been added/removed. The best sub-selection of modes can be chosen from an “elbow” curve of overall

cosine distance as a function of number of modes.

Sampling from a Broad Frequency Range

A dataset may contain a large number of modes at many different frequencies. Running OPT-DMD
with many modes can be slow and inaccurate if some frequency bands have smaller amplitudes. To
compensate, an additional step to NS-DMD is to bandpass over many different frequency ranges. Initial
guesses of frequencies should lie within the bandpass ranges, and OPT-DMD is computed for each window

in each band. Only solutions where the frequency is within the bandpassed range are included. All modes
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from all bandpassed ranges are combined in the feature selection step. Gradient descent is ran on the
original, non-bandpassed data.

Either a type I Chebyshev filter of order 5 and a pass-band gain of 1 or a Butterworth filter of order
5 is used to bandpass filter the data. Due to edge artifacts at the temporal extremes of the data, it is
recommended to bandpass for a longer time range than of interest and trim the excess timepoints.

To determine the accuracy of the reconstruction during sequential feature selection methods, it’s best

to calculate the reconstruction similarity for each frequency band:
1
v > C(BP;(X), BP;(X)), (8.13)
i=1

where BP;(A) is a function that bandpasses the data A to the ith frequency range. This method of
calculating the reconstruction similarity does not preferentially bias toward modes that occur with a

comparatively large amplitude.

Non-Stationary Dynamic Mode Decomposition Algorithm

Algorithm 1 NS-DMD

Input: (X, t,sampling rate, hyperparameters)
Procedure: NS-DMD(X, t, sampling rate)
1: Bandpass(X) into bands (Optional)
2: for band and window in bands and windows do
Compute @, A, b with OPT-DMD
end for
3: for mode i and window j in modes and windows do
Calculate fi(j), |¢,Ej)\, and Aéd)gj)
if j =0 or (
|fi(j) - fi(j71)| < thresh; and
C(\¢§j)| - \¢§j71)|) > threshy and
LS A/¢Y) < threshg
) then
make new group with mode j
else
mode j joins group with mode j — 1
end if
end for
: Reject groups where size < minimum size (optional)
: Stitch groups of modes to define &
: Reject modes with worst reconstruction error (optional)
: Run forward/backward algorithm to reject modes (optional)
: Run gradient descent to get F
: Trim edge artifacts
10: Find overall amplitude with least squares

© 00 N O Ut~

We conclude this section by summarizing the full method. An algorithmic version is given in Algo-

rithm 1.
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o Step 1 (optional): If the data has a large number of modes or includes modes with a much smaller
amplitude, we bandpass the data into many different small bands. To evaluate the necessity, we

suggest analyzing the power spectral density.
e Step 2: Run OPT-DMD for every window of interest and for every frequency band if applicable.

e Step 3: Find the similarity of consecutive modes. Group modes if they meet thresh;, thresh,, and

threshs requirements.
o Step 4 (optional): Keep only solutions that are similar for a user defined number of windows.

e Step 5: define 8 based on the similarity of consecutive modes. Optionally include temporal lags

for each recording location.

o Step 6 (optional): Initially reduce the number of modes by finding the reconstruction error of each

mode independently.
o Step 7 (optional): Run the forward/backward elimination algorithm.

e Step 8: Run gradient descent on the final subset of modes. Make sure that this is done on the

non-bandpassed data.
e Step 9: trim the data to remove edge artifacts.

e Step 10: use a least squares algorithm to find the final estimate of F.

8.4 Results

We tested NS-DMD on simulations, electrophysiological brain data from multichannel recordings of local
field potentials in the macaque brain, and from sea surface temperature (SST) data. NS-DMD recovers
the underlying dynamics in the simulations. In the electrophysiological brain data, we show a rich set
of modes that are active during different periods of performance of a cognitive task. In the SST data,
NS-DMD recovers seasonal modes along with El Nifio modes. Hyperparameters are described for all
applications in Appendix Sec. 8.6.2. Further simulations, which require optional steps of NS-DMD or

are of interest to specific communities, are included in the supplementary material (Sec. 8.7.3).

8.4.1 Simulations

Synthetic data is generated from the following generic equation:

X(ti) = Z fk(ti)¢A,k(ti) * cos(i wk(tj)At + ¢P,k(ti))7 (8.14)
3 =0
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where x(t) is the data consisting of a vector of channels, fi(¢) is the amplitude modulation of all channels,
w(t) is the time varying angular frequency, ¢ 4 j is the time varying normalized amplitude (|¢| = 1), ¢px
is the time varying phase, and At = 0.001 is the time delay between snapshots. This is the more explicit
form of the simplified form of the data in Eq. 8.5, which can be seen by expressing the cosine in terms

of exponentials and combining with ¢4, to form S.

Non-Stationarity in Multiple Assemblies

The simplest case of interest is when multiple assemblies switch on/off with non-constant amplitudes,

corresponding to the following simplification of Eq. 8.14:
X(ti) = Z fk(ti)¢A,k COS(wkti + ¢P7k)- (8.15)
k

We construct a group of modes that are active in the beginning, a group of modes that are active towards
the end, a switching period where multiple modes coexist, and a mode with non-constant amplitude.
The assemblies, labeled from A to D, construct the data shown in Fig. 8.3A. Assemblies A and B operate
with a constant amplitude for 1700 ms, assembly C turns on with a constant amplitude at ¢ =1300 ms,
and assembly D’s amplitude follows the shape of a Gaussian distribution starting at ¢ =1300 ms. All
assemblies initiate and decay with a fixed timescale. The exact shape of F is shown in Fig. 8.3D.

The frequency wy/(27) is 4 Hz, 30 Hz, 17 Hz, and 30 Hz for modes A-D respectively. Assemblies B and
D have the same frequency, but with different spatial distributions. For A and B, the spatial amplitude
is ¢114T{515: apy = 1 /N and ¢3{§,€1§%, By = 2/N, where the superscript labels the channel number and N
is a normalization such that |¢4 | = 1. The amplitudes of assemblies C and D are reversed such that
‘752?{51?:0@} = 2/N and (;51541){7]32%’[)} = 1/N. The exact amplitudes are shown in Fig. 8.3E. The spatial
phases ¢p . for every assembly form ten groups of ten channels. The phases are constant within each
group of channels. Assembly A has a temporal delay ¢p/wi from 0 ms to 30 ms across all groups;
Assembly B has a delay from -20 ms to 30 ms; Assembly C from 50 ms to 0 ms; and Assembly D from
30 ms to -10 ms. The phases are shown in Fig. 8.3F. Each channel receives independent white noise
with a standard deviation of 0.1.

For the majority of windows, there are two assemblies that follow a cosine function or two exponential
functions. Thus, the minimal complete number of OPT-DMD modes per window is 4. We run NS-DMD
with 4 modes per window, and the reconstruction of the data is shown in Fig. 8.3B. The reconstruction
error is VMSE ~ 0.1 (Fig. 8.3J), the same as the added noise. Comparing the true and fitted f in Fig.
8.3D, NS-DMD recovers the correct mode amplitudes, including the non-stationary amplitude in assembly

D. The spatial amplitudes and phases in Figs. 8.3E and 8.3F show recovery of the correct underlying

modes. The inaccuracy in the 30 Hz (green) mode in (F) occurs because the phase is compared at t = 0
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Figure 8.3: (A) The simulated data, generated from 4 assemblies with frequencies of 4 Hz, 30 Hz, 17 Hz,
and 30 Hz. The dotted lines in (D) show the modulation f(t) for each assembly, and the small solid circles
show the amplitude and phase of ® in (E) and (F). Gaussian noise with a standard deviation of 0.1 is added
independently to each channel and snapshot. (B) shows the reconstruction of the data with NS-DMD with 4
modes per window. (C) shows the best reconstruction with OPT-DMD (rank of 4). (D) compares the true
(dotted lines) and fit F (solid lines) for each mode/assembly. (E) and (F) compares the true (small, solid dots)
and fitted (large, transparent dots) ® amplitudes and phases for each channel. From this, we see the accuracy of
the underlying modes, f(t), and reconstruction of the data when using NS-DMD with an optimal number of 4
modes per window. We compare the the true (dotted lines) and fit F (solid lines) when running NS-DMD with
2 (G), 2 and an initial guess of £30 Hz (H), and 6 (I) modes per window. We find that 2 modes per window
fits lower frequency modes well. Forcing the initial guess to higher frequency modes, as in (H), leads to higher
deviations from the ground truth. Using 6 modes per window, as in (I), leads to overfitting at 2000 ms, which
may be expected due to the similarity of the constructed 30 Hz modes. The reconstructed error for each number
of modes per window is shown in (J), where the error is on the order of the Gaussian noise. NS-DMD obtains
the best performance with either 4 or 6 modes per window.
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ms; the phase is most accurate at ¢t &~ 2000 ms when the mode is active, and any small inaccuracy in
frequency will grow when analyzing the phase at a large time difference away. Overall, this simulation
shows that NS-DMD can capture the underlying modes and temporal variations of a non-stationary
linear dynamical system.

In practice one does not know the optimal number of modes per window. If instead we run NS-DMD
with a smaller number of modes than optimal, 2 per window, it will only be able to capture half of the
modes at any timestep. Due to the switching of assemblies, we expect NS-DMD to recover one early
assembly (A or B) and one late assembly (C or D). NS-DMD recovers the 4 Hz and 17 Hz mode, as
shown in Fig. 8.3G. This occurs due to the procedure; in the first window after the 4 Hz mode "turns
off,” the initial guess with OPT-DMD is still 4 Hz. OPT-DMD then converges to the closest solution,
which happens to be 17 Hz. The reconstruction error (Fig. 8.3J), is marginally worse, as expected since
only half of the modes are captured.

If the initial guess for the first window is forced to be 30 Hz, then NS-DMD finds the two 30 Hz
modes (Fig. 8.3H)). NS-DMD performs noticeably worse when finding F, but it still finds the correct
trend. The low amplitude bias of the 30 Hz mode occurs due to a lack of an estimated 4 Hz mode, which
can bias X to more positive or negative values for short (< 50 ms) windows. We verify this by rerunning
this model with only assemblies B and D, where F is found correctly. The reconstruction error in Fig.
8.3J indicates a preference for lower frequency modes.

If we run NS-DMD with 6 modes per window, NS-DMD recovers 4 modes that reconstruct the
data. The fitted and recovered amplitudes F in Fig. 8.31 show that NS-DMD performs well. Around
t=2000 ms, both 30 Hz modes have a non-zero f(t) which occurs due to their similar construction. The
reconstruction error is on par with the amount of noise (Fig. 8.3J).

Lastly, we run OPT-DMD with ranks ranging from 2 to 10 and find the best performance with a
rank of 4. The reconstruction is shown in Fig. 8.3C, where the original structure in the simulated data
is blurred. Despite this, the reconstruction error is fairly small (Fig. 8.3J). However, the reconstruction

error is worse than all NS-DMD models.

Smoothly Varying Time Dependent Modes

We now consider the case of smoothly varying time dependent modes (Fig. 8.4A). Allowing a time-

varying frequency corresponds to the following simplification of Eq. 8.14:
i—1
x(ti) = > fulti)darcos(Y  wilt;)At + ¢p). (8.16)
k j=0

We simulate three assemblies whose frequencies vary linearly in time around 17 Hz, 27 Hz and 33 Hz,

where the true frequency wy/(27) is shown in Fig. 8.4C. The 27 Hz assembly occurs early in time while
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Figure 8.4: (A) Synthetic data for the smoothly varying time dependent mode simulation. (B) A comparison
of the true (dotted lines) and fitted F (solid lines) for three assemblies with time dependent frequencies. (C)
Comparison of the true frequencies (dotted lines) with the fitted frequencies (solid lines) for each drifting assembly.
Note that the frequency is undefined when F = 0. NS-DMD recovers the true modulations and frequencies.
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Figure 8.5: (A,D) True spatial amplitude distribution for time dependent spatial modes at 17 Hz and 30 Hz,
where channels 1-50 and 51-100 are grouped and vary the same way. (B,E) Fitted spatial amplitude distribution
for the 17 Hz and 30 Hz assemblies. (C,F) Comparison of the true (dotted) and fitted (solid) mean ¢ amplitude
for channels 1-50 and 51-100. We find that NS-DMD recovers the correct spatial amplitudes ¢4 x, where the
staircase pattern occurs due to the 100 ms stride of NS-DMD.
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the 33 Hz assembly occurs late. The 27 Hz assembly appears with a linearly varying amplitude for the
duration of the dataset. The exact amplitudes f(¢) are shown in Fig. 8.4B.

NS-DMD recovers the correct F (Fig. 8.4A), and time dependent frequency (Fig. 8.4B). Note that
the frequency is undefined when f(¢) = 0, indicated in Fig. 8.4B by ending the dashed lines.

We next allow for the spatial amplitude to fluctuate instead, corresponding to the following simplifi-

cation of Eq. 8.14:
x(t:) = > fu(ti)dax(ti) cos(witi + dpi). (8.17)
k

The frequencies of two assemblies are fixed to 17 Hz and 30 Hz. The spatial amplitude is shown in Figs.
8.5A and 8.5D respectively, where channels 1-50 and 51-100 are grouped together with the same change
in ¢4 over time.

NS-DMD recovers the correct spatial amplitudes, shown in Figs. 8.5B and 8.5E with a step like
variation due to discrete windows. To aid visualization, we plot the average amplitude for each mode
and group of channels, 1-50 and 51-100 in Figs. 8.5C and 8.5F respectively.

We run OPT-DMD as well for both simulations of fluctuating frequency and spatial modes. The
reconstruction error for both cases is worse for OPT-DMD at about 0.12 compared to 0.1 for NS-DMD.
Like in the example in Fig. 8.3, the visual features are blurred with OPT-DMD (not shown), indicating

the need for NS-DMD to recover the correct underlying modes.

8.4.2 Application to Electrophysical Brain Data

We apply NS-DMD to local field potentials (LFP) [100], an invasive measurement technique in which
electrodes measure electric potentials deep inside the brain. In general, the LFP power decays approx-
imately as a power law, with an exponent between —1 and —2 [219]. A wealth of literature has found
correlations between behavioral parameters and time-varying power in various frequency bands of the
LFP [104, 9, 220]. Other research suggests the possibility of cross-frequency coupling [39, 221-223] as
a top-down mechanism of control.

The LFP is typically analyzed using standard time-series procedures, such as Hilbert or spectrogram
analysis [66, 186], coherence analysis [183], and Granger Causality [184, 185]. While these methods are
useful for understanding the structure of the data, they do not lead to a dynamical systems model of the
brain. Others have argued for the use of a Koopman operator approach [224]. A DMD approach has
been applied to sleep activity [215], revealing sleep spindle networks. Given its non-stationary spectral
properties and the potential for the application of DMD in analysis of brain activity, LFP data are a
perfect candidate for NS-DMD.

We demonstrate that NS-DMD can find consistent, repeatable spatial modes that co-activate inter-

mittently in correspondence with the task. Modes activate and deactivate in correspondence with task
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events, and they cluster in different areas of the brain. Further, some clusters show consistent phase
differences between brain areas, indicating information flow. NS-DMD is also able to recover results
from standard time-series analysis. We apply our methods to LFP data collected in the Buffalo lab from

a macaque monkey performing the variant of the Wisconsin Card Sorting Test [95].

Dataset

We apply our methods to LFP data collected in the Buffalo lab from a macaque monkey performing a
variant of the Wisconsin Card Sorting Test [95]. Out of 4 non-human primates performing the task, two
have electrodes (FHC and Alpha Omega) implanted for neural recordings. A single subject is chosen for
analysis and comparisons between methods. The subject is an adult female rhesus (Macaca Mulatta),
aged 9 with a weight of 9.1 kg. The subject was headfixed with a titanium rod in a dimly lit room. The
subject was positioned 60 cm away from a 19-inch CRT monitor, with 33 degrees by 25 degrees of visual
angle. Stimuli were presented on the screen with software (NIMH Cortex). All procedures were carried
out in accordance with the National Institutes of Health guidelines and were approved by the University
of Washington Institutional Animal Care and Use Committee.

Trials are initialized when the animal fixates on a cross in the middle of the screen. The monkey
must then choose one correct image out of four simultaneously presented images based on an uncued
rule. The rule is discovered by trial and error. Each image has one of four possible shapes, colors, and
patterns, and the rewarded rule is one of the 12 possible visual features. Animals are rewarded with a
juice/chow mixture for 1400 ms if correct, and given a 5000 ms timeout period if incorrect. The rule
remains fixed across consecutive trials while the monkey learns it; after 8/8 or 16/20 correct trials, the
rule spontaneously changes.

The LFP is recorded for ~ 3 hours per session across several months using 220 electrodes implanted
in multiple locations throughout the brain, including hippocampus and prefrontal cortex; we focus here
on data from a single day. We ignore 17 electrodes that are dominated by noise, determined based
on an unusually large amount of 60 Hz wall noise. We neglect trials where the remaining electrodes
experience random artifactual bursts, or LFP activity that reaches the maximum or minimum possible
recording limit of the electrode. This leaves us with 896 trials recorded on 203 electrodes to analyze.
NS-DMD is applied to the raw data, normalized by z-scoring each electrode’s signal in the 1-40 Hz range

independently for each trial.

NS-DMD on a Single Trial

We fit NS-DMD on a single trial of the LFP and analyze the resulting modes. There are non-zero modes
during every section of the task. The amplitude f(¢) of up to 10 modes within the 2-7, 12-17, 22-27, and

32-37 Hz modes are plotted in Fig. 8.6(A). Other modes exist, but are not shown for concision. Some
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Figure 8.6: Example NS-DMD modes for the LFP data. (A) shows the mode amplitudes f(t), separated by
frequency ranges: 2-7, 12-17, 22-27, and 32-37 Hz. Modes persist for varying lengths of time. (B) shows the
absolute value of the relevant spatial amplitudes |¢| for the red (top) and purple (bottom) modes. There are large
spatial spreads for each mode. (C) shows the relevant spatial phases Z¢ for the red (top) and purple (bottom)
modes on a circular color scale. There are clear divides between the phases of different brain areas, indicating
that some areas lead or lag behind others. Shaded regions are the hippocampus (red) and prefrontal cortex
(green), which are important for decision making and memory.

modes span very long stretches of the trial, while others turn on or off relative to task events. The red
mode of the top plot and the purple mode of the bottom plot of Fig. 8.6(A) are selected for further
analysis. In Fig. 8.6(B) and Fig. 8.6(C) the spatial amplitudes |¢| and phases Z¢ are shown for the
red mode (top) and purple mode (bottom). The spatial amplitude |@| is plotted. The spatial modes
showcase widespread patterns across the brain. In Fig. 8.6(C), the phases show significant differences
across various areas of the brain, indicating that some areas lead or lag behind other areas in these
particular modes. In particular, there is a consistent phased difference between the red and green shaded

regions in the purple mode, indicating information flow between the two areas.

Common NS-DMD Modes in All Trials

We then apply NS-DMD on all trials for 1500 ms after feedback begins, focusing on the differences
between correct and incorrect trials in the 19-21 Hz frequency band. We perform k-means clustering
[225] on the mean spatial amplitude |¢|, where each ”point” in the k-means algorithm is the average
|¢| when f(t) > mean(f(t)). We choose 3 clusters for both “correct” and “incorrect” modes. We
further separate the data by performing k-means clustering with 3 modes using the temporal amplitudes
F for each previously found group. This separates the modes into clusters that have distinct spatial

distributions and temporal distributions. We select three groups out of the nine for both correct and
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Figure 8.7: We group all modes corresponding to correct or incorrect trials into 3 clusters with K-means on the
spatial amplitude. We further separate each cluster into 3 additional clusters based on f(t) for a total of 9 groups
per correct and incorrect trials. 3 groups (consistent colors) are selected for plotting, emphasizing consistent
information flow during different periods after feedback. (A) and (B) show the average spatial amplitude of

each cluster for the correct and incorrect clusters. (C) and (D) show the mean global modulations f(t) for each

correct/incorrect cluster. Note that f(¢) is averaged over many modes with independent f(¢)’s. Thus, local
maximums indicate when some, but not necessarily all, modes are large. (E) and (F) show the average phase
difference between every pair of electrodes for correct/incorrect clusters. The phase difference is set to 0 for every
channel pair where the average phase amplitude is less than 0.4, corresponding to a p-value less than 3 x 1075,
The color limits are from —m/4 to w/4. Large amounts of widespread information flow occur immediately after
feedback and late after feedback during correct trials.

incorrect trials for plotting.

The average spatial amplitude for each cluster is shown in Figs. 8.7A and 8.7B. Different clusters are
associated with activity in different channels; some clusters have large amplitudes in single channels. The
average global modulation f(t) of each “correct”/“incorrect” cluster is shown in Figs. 8.7C (correct) and
8.7D (incorrect). In the correct trials, F separates into early and late modes. In the incorrect trials, there
is a cluster with a large amplitude 1s after feedback is given. The overall amplitude of the “incorrect”
modes is much larger than the “correct” modes.

We are interested in the phase difference between each channel pair, since this is indicative of in-
formation flow. The phase difference is averaged separately across correct and incorrect trials when

f(t) > f(t). We represent the phase difference 6 as a complex vector on the unit circle and average:

0=> e (8.18)

The amplitude of the average phase difference vector indicates how consistently the two channels are
related. We focus on pairs of electrodes with large amplitudes where |6] > 0.4. Significance is calculated
from the work of [137]. For 76 vectors, which is the minimum number of vectors averaged in Fig. 8.7, a
threshold of 0.4 corresponds to a p-value of 3x 1076, The average thresholded phase differences are shown

in Figs. 8.7E and 8.7F. The “correct” clusters have the largest phase differences, suggestive of information
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flow between two groups of channels after correct feedback is given. One incorrect cluster (red) has sparse
consistent phase differences, which occur during incorrect trials one second after feedback. There are
two clusters, green and dark-red, which have very similar average patterns: they are similar across space
and time, and the phase differences are shared. This shows that a common pattern emerges for both

correct and incorrect trials.

Comparison to Standard Analyses

To demonstrate the ability for NS-DMD to recover results from simpler methods, we compute analysis
based on the Power Spectral Density, Hilbert analysis, and coherence.

First, for each electrode, we calculate the Power Spectral Density (PSD) to find the standard power
law decay [100] using the Welch algorithm [226]. This results in the standard frequency power law in
Fig. 8.8A. For NS-DMD, we average f(t) across all trials and times within overlapping 3 Hz frequency
bands (Fig. 8.8B). The power law is recovered with a similar slope.

Second, we compare NS-DMD to a traditional Hilbert analysis, where one typically analyzes a fre-
quency band of interest. We bandpass the data to 27-37 Hz, Hilbert transform every channel, and take
the absolute value of the resulting signal.We concatenate the trial and time dimensions, and run Princi-
pal Component Analysis (PCA) to reduce the dimensionality. By averaging the projection of the data
onto the first mode for all correct/rewarded trials and all incorrect/unrewarded trials, we find separate
phenomena for each trial type (Fig. 8.8C).

For NS-DMD, we average f(t) across correct and incorrect trials for all modes that occur within 27
and 37 Hz. We find the same amplitude trends in Fig. 8.8D, where a large amplitude occurs in incorrect
trials one second after feedback. The scale is different in Figs. 8.8C and 8.8D due to normalization. The
similarity between overall trends indicates that NS-DMD recovers similar results to standard Hilbert
analyses.

Next, we compare NS-DMD to the phase of the Hilbert transform. Jutras et al. (2013) [43] showed
that eye movements are associated with phase resets. We explore whether feedback events also cause a
phase reset. We bandpass and Hilbert transform every channel between 2 and 4 Hz. The angle of the
Hilbert transform finds the instantaneous phase for every millisecond of every trial. We find a consistent
phase shortly after feedback begins. A phase histogram for an example channel is shown in Fig. 8.8E.
We compare the phase in the NS-DMD modes, Z¢, for the same example channel. The histogram of
phases of all modes between 2 and 4 Hz is shown in Fig. 8.8F. The same phase reset can be seen in the
NS-DMD phases.

Lastly, we compare NS-DMD to an example coherence analysis. We calculate the coherence between
every pair of electrodes with the Welch method at 3.5 Hz for 500 ms after feedback begins. We then

find the average phase difference between all pairs of channels across correct and incorrect trials, given
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Figure 8.8: Comparisons of NS-DMD results with traditional analyses. (A) shows the Power Spectral Density
plots for every electrode along with their mean power law decay. For the NS-DMD modes, (B) shows the average
f(t) for every 3 Hz band along with the slope. NS-DMD finds a similar, but mildly different, power law decay
to (A). After bandpassing and Hilbert transforming the data between 27 and 37 Hz, (C) shows the first PCA
mode after feedback begins at ¢ = 0 ms. For NS-DMD, (D) shows the mean f(¢) for all modes between 27 and 37
Hz, averaged across correct and incorrect trials, matching the trend in (C). The difference in scale is due to the
normalization in the Hilbert method. (E) shows the normalized histogram of phases, determined by the Hilbert
transform between 2-4 Hz, across all trials for each time point. The normalized histogram of the NS-DMD phases
between 2-4 Hz is computed across all trials for each time point in (F). To compare with standard coherence, we
take the average phase difference between every pair of channels for incorrect trials in (G). Coherence is calculated
at 3.5 Hz for a window of 0-500 ms between every pair of channels, and the phase difference is averaged with Eq.
8.18. All average phase values are set to 0 when the amplitude of the average phase vector is less than 0.1. (H)
shows the average phase difference between every pair of channels for incorrect trials, computed with NS-DMD.
Modes are averaged, where the modes are between 2-4 Hz and where f > f within 100-300 ms. NS-DMD finds a
similar answer to (G) with a mean squared error of 0.17. The difference is shown in (I).
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Figure 8.9: Application of NS-DMD on Sea Surface Temperature data ranging from 1990 to 2016. (A) shows
the power spectrum density for a random location in the Pacific Ocean. (B) shows the amplitudes of the 5
resulting NS-DMD modes F. The legend highlights the average frequencies for each mode in units of cycles per
year. The two stationary modes occur due to seasonal effects. The other three modes tile the duration of the
dataset and are most likely El Nifio and La Nifia modes. For (C) through (K), the horizontal bar showcases which
mode it comes from, in terms of the colors in (B). (C) shows the spatial amplitude |¢| for the once a year mode.
The relative phase Z¢ is shown in (H), where the Northern and Southern hemispheres are a 7 phase apart. The
spatial amplitude for the twice a year mode is shown in (D) and the relative phase is shown in (I). The phase is
m offset across the tropic of Cancer and Capricorn latitudes. (E-G) show the spatial amplitudes for the El Nifio
and La Nina modes, where the strength is particularly strong in the Pacific ocean. The data is reconstructed
from the orange mode for a week in January in 1998 (J) and 1999 (K), which reconstruct the very strong El Nifio
event in 1998 and the very strong La Nifia event in 1999.

by Eq. 8.18. We consider only phases for which the magnitude of the average phase vector § > 0.1. The
resulting spatial phase difference map for incorrect trials is shown in Fig. 8.8G. For NS-DMD. We find
the phase difference between all pairs of electrodes for modes between 2 and 4 Hz and when f(t) > f(t)
between 100 and 300 ms. We average the phase differences with Eq. 8.18. The resulting spatial map in
Fig. 8.8H matches the coherence analysis. The difference is shown in Fig. 8.8I, highlighting some small,

local differences. The mean squared error (MSE) is 0.17.

8.4.3 Application to Sea Surface Temperature

We apply NS-DMD to sea surface temperature (SST) data, where known global frequencies exist. SST
data (NOAA Optimum Interpolation (OI) Sea Surface Temperature (SST) V2 [227]) is collected via

satellite, and it is averaged weekly from 1990 to 2016 on a 180 by 360 grid across all longitudes and
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latitudes. After flattening and removing land locations, we end with a length 44219 vector for 1455
weeks. The data for each recording location are normalized by z-scoring across weeks.

The power spectrum density (PSD) of a sample location in the Pacific Ocean is shown in Fig. 8.9(A),
where there appears to be different frequencies: there is a high amount of power once per year, a smaller
amount of power twice per year, and a fluctuating amount of small power less than once per year.

From the PSD, we estimate that 6 modes per window are sufficient to reconstruct the data. We run
NS-DMD with 6 modes per window, a window size of 150 weeks, a stride of 25 weeks, and we guess
the 6 modes have frequencies of + 1, = 2, and + 0.12 per year. We compute for the first 1400 weeks.
Specific parameters are labeled in App. 8.6.2. We find that 5 modes, that span the entire 1400 weeks,
reconstructs the data well. The cosine distance between the reconstruction and original, z-scored data
is about 0.92.

The amplitudes F are shown in Fig. 8.9(B) for the 5 modes. There are two modes that exist with
a constant amplitude at once and twice per year. These modes correspond to seasonal changes in the
SST. The once a year mode is present across the entire ocean (Fig. 8.9(C)). Examining the phase in Fig.
8.9(H) shows a 7 offset in the phase from the Northern and Southern hemispheres, occurring due to the
tilt of the Earth. The twice a year mode occurs in equilateral locations with an emphasise in the Indian
Ocean (Fig. 8.9(D)). This also occurs due to the seasonal tilt of the Earth, where equilateral locations
undergo a twice a year heating event when the Sun shines most directly on it. The phase of the twice a
year mode is shown in Fig. 8.9(I), where we see a 7 offset between the equilateral and non-equilateral
locations around the Tropics of Cancer and Capricorn.

The other three modes in Fig. 8.9(B) are El Nino and La Nifia modes, and occur with frequencies of
0.12, 0.13, and 0.18 per year. El Nifio and La Nifia are typically referenced to occur about once every
6 years, or with a frequency of 0.167. These three modes span the 1400 weeks, where when one mode
turns off, another turns on. The spatial amplitude is shown in Figs. 8.9(E)-(G), where one can see the
characterizing large amplitude in the equilateral latitudes in the Pacific ocean. To confirm, we analyze
the orange, 0.18 times a year mode in 1998 and 1999, which were known as exceptionally strong El Nifio
year and La Nifia years. By looking at the orange mode during a week in January of 1998 and January
of 1999, we see a relative increase and decrease in the temperature near the equator in the Pacific Ocean
(Figs. 8.9)(J) and (K).

We highlight that NS-DMD is applicable to sea surface temperature data, and it can find modes of
particular interest. It is appropriate for this problem due to the combined stationary and non-stationary
modes. The seasonal changes in temperature are stationary, but the El Nino and La Nina effects are
non-stationary.

Other groups have approached SST data with DMD like methods: [190] uses multi-resolution DMD,

[197] uses Time-varying Autoregression with Low Rank Tensors (TVART), and [188] uses BOP-DMD to
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analyze SST data. They have all shown success in finding modes correlating with El Nifio and La Nifia in
the Pacific Ocean. Our approach, however, allows us to find differences in the spatial amplitude during
different years. The modes attributed with El Nifio and La Nina turn on and off during two specific

years, indicating that the structure may be changing slightly.

8.5 Discussion

We introduce a novel method for analyzing time-series data: Non-Stationary Dynamic Mode Decompo-
sition. NS-DMD builds on previous DMD methods by including global modulation and time dependent
modes. Thus, any improvement to standard DMD algorithms can be easily integrated into NS-DMD.
NS-DMD accurately discovers modes that well explain data across a range of simulated settings (Sec.
8.4.1). Naturally, this method is best suited for data that includes low-rank spectral features. It is
possible to run DMD on any time-series data, since any signal can be decomposed into a Fourier series
basis set of sines and cosines.

NS-DMD can be useful in many empirical settings. This is because many systems elicit non-stationary
behavior. For such systems, NS-DMD is better suited than previously proposed methods that assume
stationary properties. In the present work we demonstrated this in data from large-scale neural recordings
and from recordings of SST. In the neural data, NS-DMD recovers a plethora of modes that capture
both short and long time-scale dynamics. Further, it captures widespread activity and information flow
between different brain areas. In the SST data, NS-DMD is able to capture consistent global temperature
phenomena, as well as subtle differences in the El Nino effects across the years. For these empirical
data, NS-DMD extends and subsumes standard methods, such as spectrograms, wavelet transforms, or
coherence. However, while these methods work on individual recording locations or can be combined
with global dimensionality reduction techniques, the main benefit of NS-DMD is to simultaneously gather
spatial information, spectral information, and growth and decay of all modes.

NS-DMD can capture drifting components since it allows for modes to modulate slightly over time.
It is then useful to combine modes into one single drifting mode instead of defining multiple new pro-
cesses. Among its limitations is the fact that NS-DMD requires careful choice of the correct values
of hyperparameters. If the similarity threshold is too tight, a single mode will be parsed into many
chunks at different short intervals of time. If the similarity threshold is too broad, we lose the ability
to distinguish between mode switching and time dependent modes. Expert knowledge can help with
hyperparameter choice. Alternatively, to decide on hyperparameters, we recommend directly analyzing
modes from consecutive windows. E.g., if the modes gradually change, the similarity hyperparameters
should allow these modes to be defined as similar. Or if the modes turn on or off rapidly, a tighter

similarity hyperparameter can be used. To decide on the OPT-DMD rank per window, one can observe



161

the number of power spectral density (PSD) peaks, where each peak will likely be associated with two
OPT-DMD modes. The PSD can also be used to initialize the modes. See Sec. 8.4.3 for an example of

this approach.

8.5.1 Related Work

Many previous approaches exist to fit non-stationary systems that are closely related to NS-DMD. In this
section, we describe some of this previous related work, and draw distinctions between these previous
approaches and the NS-DMD approach developed in the present paper. These include hidden Markov
models [203, 207, 208], and time-varying autoregressive models [209]. Generally, these methods contrast
with our approach in assuming discrete state transitions and do not fully capture the dynamics in terms
of identifying spatiotemporal modes of the system. Piece-wise Locally Stationary Oscillation models [204]
and state-space multi-taper methods [130] focus on non-stationary estimates for univariate time-series
recordings. However, while these approaches independently model individual variables in a multi-variate
time-series, they do not find low dimensional spatial modes combining rows/variables.

Variations of DMD [8] seek to address the full spatiotemporal dynamics, including finding reduced
dimensionality spatial modes of oscillatory dynamics, across large, multi-variate systems [189, 190].
While powerful in principle, DMD is highly sensitive to noise [187, 205], thus generating biased and
inaccurate estimates of the dynamics. Optimized DMD provides the most stable and biased estimate of
a DMD model [187], with the bagging, optimized DMD (BOD-DMD) method [188] improving the method
even further by providing uncertainty estimates of the DMD fit. But these DMD methods still fail when
the generating dynamical system switches between different approximately linear regimes [206]. Within
the Koopman framework, Macesic et al. [189] introduce two methods for dealing with rapid switches
in the underlying system as well as continuously varying time-series. Although, expert knowledge of
the system is needed to introduce observables that linearize the dynamical system. One variation of
particular interest, Multi-Resolution DMD [190], specifically accounts for non-stationary time-frequency
data. In this approach, one seeks DMD modes at different frequency scales, and with smaller and smaller
windows, which increases the temporal resolution. The method successfully identifies non-stationarities,
e.g., the El Nino effect in ocean temperature data. One downside, however, is that expert knowledge of
the appropriate window size at different scales is required. This also assumes that lower frequency modes
are more stable in time. While this may be appropriate for some systems, such as ocean temperature,
this is not generally true for all non-stationary systems.

Switching Linear Dynamical Systems (SLDS) [93, 179-181], assumes a Markov process that switches
between discrete, linear systems. A recurrent version was developed for neuroscience applications in [181].
These types of models find discrete states and transitions between them. NS-DMD can improve on this

by allowing the states themselves to modulate over time, i.e. with a continuously variable amplitude or
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frequency. It also allows for independent transitions in individual modes or spatiotemporal components
of the dynamics, without requiring an entire state to transition.

Another recent addition to the toolbox of methods for time varying systems is Latent Factor Analysis
via Dynamical Systems (LFADS) [178, 182], in which smooth, low-dimensional dynamics are inferred
using deep learning based on initial conditions and inferred inputs. While LFADS was first developed
for neuronal spike counts, modeled as point processes driven by underlying latent dynamics, recent work
[228] has extended LFADS to continuously varying signals. This method does not assume linear dynamics
and instead uses recurrent neural networks to find low dimensional factors. Since NS-DMD uncovers
linear approximations, some representations may be easier to interpret, such as the leading and lagging
of individual spatial areas.

Lastly, a recent approach to non-stationary time-frequency data is Time-Varying Autoregression
with Low-Rank Tensors [197], which successfully identified low rank modes and crossover points for
constantly evolving data. This method is extremely similar to NS-DMD, even finding global modulations
of individual modes. However, instead of finding dynamics in the form of Eq. 8.3, they find the global
modulation of two spatial components; there is a lack of frequency and phase of each spatial mode. E.g.,
if one is interested in the global modulations of modes at a particular frequency or if one is interested in

the phases of the spatial distribution, NS-DMD can be more informative.

8.5.2 Future Directions

There are a number of potential additions for improving the effectiveness of NS-DMD. First, we imple-
mented Optimized Dynamic Mode Decomposition [187], which is known to be more robust to noise than
the standard DMD method. In the future, we plan on adding Bagging Optimized DMD (BOP-DMD)
[188] to NS-DMD. In BOP-DMD, one runs OPT-DMD many times for each window to find statistics of
each mode. BOP-DMD also can provide a metric to quantify uncertainty as it automatically produces
probability density estimates for the modes, eigenvalues and loadings of the DMD approximation. This
could aid with some cases where excess, poorly estimated modes are removed.

In the gradient descent method, we have imposed non-negativity and continuity by manually setting
negative values to zero and smoothing across time. Given advances in Non-Negative Matrix Factorization
(e.g. [229]), we believe it possible to further optimize the gradient descent method to implicitly restrict
the values. We also believe we can implicitly add averaging into the methods.

Another assumption of NS-DMD is that the data are real. If the data are instead complex, one
can easily transform it by squaring the magnitude. In the future, however, we plan on generalizing the
gradient descent method to allow for complex inputs.

In allowing modes to disappear for extended periods of time, one expects in general that they can

reappear with a phase unrelated to the previous appearance. However, NS-DMD retains phase informa-
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Simulation Freq. Diff. | |¢| Diff. «Q 8 | N
Two-Assemblies 0.2 0.92 0.1 | 0.1 ] 20
Two-Assemblies (small rank) 0.2 0.97 0.1 | 01120
Two-Assemblies (large rank) 0.2 0.92 0.1 | 0.1 20
Freq Coupling 0.2 0.98 0.1 |01 8
Coupling Lag 0.2 0.95 0.1 |01 3

Freq Power Law 0.2 0.90 0.0 | 0.0 | 30

Freq Drift 1.0 0.95 0.07 | 0.1 | 20

Spatial Drift 0.2 0.92 0.1 | 0.1 | 20

Mode Return 0.2 0.98 0.1 | 0.1 120

LFP Data 0.5 0.90 0.0 | 2.0 30

SST Data 2 0.90 0 0|5

Table 8.1: Table of similarity parameters (L), which describes the thresholds for different windows to be
considered ”similar”. Similar modes are grouped together. We omit the ¢ angle similarity threshold, which we
set to 10 for all cases. This threshold is compared to the mean squared error. (R) describes the hyperparameters
for gradient descent. For the 8 term and averaging between iterations, we use N consecutive time points.

tion about modes. As we explore in the supplementary simulations (Sec. 8.7.3), under these conditions
NS-DMD will either add an entirely new mode or mix modes. Ideally, phase should reset anytime that
F reaches 0. In the future, we plan on implementing this by checking similarity in non-consecutive
windows, allowing for merging of modes differing only by phase when delayed by large time intervals.
This should remove any mode mixing and help with interpretability.

Lastly, we have implemented relatively simple feature selection algorithms. Given the large body of
work in this area, we plan on adding other methods, as implemented and reviewed in [217] and [230].

These additions should help with both speed and accuracy of NS-DMD. In the meantime, the current
rendition of NS-DMD works very well in many simulations and on a range of different empirical data,

and the method already has the power to elucidate systems that were previously intractable.

8.6 Appendices

8.6.1 Code Availability

Python code implementing NS-DMD and worked examples can be found at https://github.com/

learning-2-learn/nsdmd. All simulations, including supplementary ones, are included here.

8.6.2 Hyper-Parameters

All hyperparameters are listed for the simulations, LFP data, and SST data. The parameters are listed

in the order they appear in NS-DMD, and we reference the steps listed in Sec. 8.3.2.

o Step 1 (optional) we bandpass the data for the frequency decay simulation (Sup. Sec. S2-A) and
trim 1500ms off the ends. We bandpass the LFP data (Sec. 8.4.2) and trim 500ms off the ends.


https://github.com/learning-2-learn/nsdmd
https://github.com/learning-2-learn/nsdmd
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e Step 2: all simulations use a window size of 500ms and a stride of 100ms except for the frequency
drift simulation (Sec. 8.4.1), where we use a window size of 200ms and a stride of 50ms. All
simulations use an OPT-DMD rank of 4 except for the four assembly simulation (Sec. 8.4.1),

where we use 2, 4, and 6.
e Step 3:, the similarity thresholds are listed in Table 8.1.

o Step 4 (optional): when using an OPT-DMD rank of 6 in the four assembly simulation, we require
two or more consecutive similar modes in a row. In the LFP and SST data, we require three or

more consecutive similar windows in a row.
e Step 5: for all simulations, we smooth the frequency in S with a moving average of size 51ms.

e Step 5 (optional): we include a channel specific temporal lag in for the simulation in Sup. Sec.

S2-B.

o Step 6 (optional): for the frequency decay simulation (Sup. Sec. S2-A), we remove all individual

modes where the reconstruction error is less than 0.2.

o Step 7 (optional): In all simulations except those listed below, we feature select using the exact
method (Sup. Sec. SA-1), and we use a variance threshold of 0.01. In the cases of using a large
rank in Sec. 8.4.1 or in the frequency die off simulation (Sup. Sec. S2-A), we use gradient descent
with a maximum number of iterations of 5. In all simulations, we run the SBS feature selection
algorithm and terminate at 1 mode. In the frequency decay simulation, (Sup. Sec. S2-A), we use

the SFS algorithm and terminate at 30 modes.

e Step 8: the parameters for gradient descent are described Table 8.1. In all simulations, we use a
maximum iteration of 100, a learning rate of 0.01, a momentum of 0.9, and a low pass filter of the

initial guess at 2H z.

8.7 Supplementary Material

In the supplemental materials, we add two extra approaches one can take with NS-DMD. These ap-
proaches aren’t recommended due to additional noise or lack of additional information, but they are

included for completion. We also add a variety of simulations for interesting edge cases.

8.7.1 Exact Method to Bypass Gradient Descent

By looking at NS-DMD, one could imagine directly solving for the modulation F instead of performing

gradient descent. This approach tends to include noise in the result, but it is included here for completion.
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It can speed up some computations, so it can be useful during feature selection.

A direct approximation of F begins with the following;:
xj = Y 85fiy = D swife +my, (8.19)
k k

where n; € RY is a new term representing the noise. Hats * indicate approximations of the true modes.
Any true mode k in 8 that we do not find in the modes k of S is included in n. For each snapshot t;

and mode k, we take the gradient of the L2 norm (Eq. 9 in the main text) and set fk,#% ; =0 to get:

st:l%j

EXEN

f kj = (8.20)
This effectively finds individual F's for each mode. Since our goal is to estimate F, not f‘, we substitute

the true solutions for X
A~ (ijj -|—Ilj)§:f€,

J
p =" 8.21
BT RE (820)
and define the following terms:
_ S:kjézkj ~ _ njé:fcg
Khj = EE and 7y, = EVER (8.22)
:kj :kj
Our equation reduces to

The next few steps serve to invert the above equation to find F.
For the inversion, we approximate 8 ~ & and remove n;. In other words, we assume that we have

captured all relevant modes in S, and we ignore any additional modes.
f; ~ Bf; (8.24)
where the rank of B; is less than its number of rows/columns. We use an SVD [10] approach here:
U,B,U'f; =1, (8.25)

where Bj is diagonal and Uj is a unitary matrix that diagonalizes B;. We reduce Bj to a low rank r
by only including large variance terms, since Bj is linearly dependent. We use a variance threshold of

0.01. We invert and find an estimate of F:
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The steps to find F are then to calculate fin Eq. 8.20, B in Eq. 8.22, and find the SVD of B.

8.7.2 Individual Global Modulation per Channel

It may also be possible that the time dependent functions f(t) are different for each recording channel.
Specifically, we analyze systems such that x;(t) ~ x;(¢t + At;;), where the time dependence of channels
i and j are offset by At;;. In these systems, both the phase of the spatiotemporal modes & and the
modulations F are related by the same temporal offset At;. We can define the time dependent function
gi(t) = f(t+ At;) to distinguish the time dependence of every channel from the global modulation f(¢).
The spatiotemporal modes are the same as before: S(t) = ®(t)e*“A1? where the phase of each channel

LP®; = LA(t)At;. We then have:
= ki (8.27)
k

To calculate the temporal lag, At;, one can use Z¢. However, this only works when the lag is less
than half of a period; when any larger, the total time delay is ambiguous due to periodicity. A more
general method is to instead check the reconstruction error for all possible temporal lags. Each lag can
be compared to knowledge of the system: e.g delays between measurements in fluid flow or expected
transit times between neurons in the brain. We expect the lag to be approximately a 27 multiple of the
phase of ¢. However, without knowledge of the system, we have not found a general way to automate
finding the exact temporal lag.

From simulations in Sec. 8.7.3, we find that this additional feature does not help improve the fit

enough to warrant its use. It is included as an optional step.

8.7.3 Additional Simulations

We now apply NS-DMD to more simulated data, in situations that either require optional steps in the
NS-DMD method or are specifically interesting to some communities. We simulate synthetic data with

the following generic equation:

ka gk (t: + Prk k(g))) ) * cos Zwk VAt + ¢p(ti)), (8.28)

Power Law Spectral Distribution

An important issue is having a system composed of many different frequencies at different magnitudes of
power. One example, that occurs in many communities, such as physics biology, economics, etc. [231],
are frequency power laws. It is common for signal to occur where the power fluctuates like 1/f“. This

case requires the optional step of bandpassing the data into smaller bands to find modes with smaller
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Figure 8.10: (A) shows the Power Spectral Density (PSD) of the first channel. The peaks indicate the frequencies
of each mode, which have a power law decay of —2. The frequencies occur at 2 4+ 5nHz. The background noise
is added at a slope of —2.5. All channels have a similar PSD. (B) shows f(t) for each mode, normalized by their
mean. NS-DMD approximately recovers the true, flat distribution equal to 1. However, there is an extra 67Hz
mode and no 87Hz mode. (C) shows the true power law decay (dotted line) compared to the mean of f(t) of
each mode. NS-DMD recovers the true power law.

amplitudes.
We simulate power law decay with random spatial modes ® that occur in 5H z increments from 2H z
to 100H z, where the amplitude occurs with an exponent of a = —2. For simplicity, we do not include

any non-stationarity in the amplitude, which corresponds to the following simplification of Eq. 8.28:

X(ti) = (ﬁA,kCOS(wkti + QI)P,k)- (8.29)

Random noise is added to each frequency with a standard deviation of 0.5. Fig. 8.10A shows the power
spectrum of an example channel. Due to pink noise, we find an exponent of —3.4 when fitting a line in
log space. Modes become blended together at higher frequencies. I.e. for a 1s increment, 2 and 3H z are
very different while 92 and 93H z are very similar. Thus, this simulation tests NS-DMD at the ability to
segregate small and large frequency differences.

The result of NS-DMD is a relatively flat spectrum of F (Fig. 8.10B), exactly under the simulation
parameters. Note that we normalize F for every mode for visualization. We show the mean of F for all
frequencies in Fig. 8.10C, where we see that the amplitude decays like the true power law.

NS-DMD doesn’t perform perfectly at higher frequencies, where in this example there is an extra
67H 2z mode and lack of 87Hz mode. NS-DMD tends to perform better at lower frequencies where the

modes are better segregated from each other.

Frequency Coupling and Independent Channel Modulation

We turn our attention to a neuroscience issue, where it’s believed that low frequencies modulate high
frequencies via frequency coupling [39, 221, 223, 232]. The lower frequency signal likely has a signal
with an unknown exact form. Thus, we simulate a square wave, where all possible frequencies are part

of the low frequency signal. The square wave switches between 0 and 1 with a periodic frequency of 5H z
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Figure 8.11: Comparison of the true (dotted lines) and fitted f(¢) (solid lines). NS-DMD is able to find the
dominate, 5H z Fourier mode of the this coupling. Depending on the amount of smoothing, one can be more or
less accurate during the steepest portions of the square wave. Success with NS-DMD on square wave coupling
demonstrates the ability to work on any periodic coupling. This is due to the Fourier series of a square wave
including all frequencies.
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Figure 8.12: We show the results of independent modulations for each channel at 17Hz. We compare the fit
f(¢) for each channel in (A) to the true f(¢) in (B), where we find that NS-DMD recovers the ground truth. Note
that this only works when the overall lag is less than a period at the modes frequency. We also show in (C) a
comparison of the true f(t) (dotted lines) and fitted f(¢) (solid lines) when we do not include a temporal lag
for F. NS-DMD still recovers the correct overall global modulation. The true 17H z modulation is trapezoidal,
which is due to averaging a square wave with different temporal lags.
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(Fig. 8.11). Using NS-DMD, we find the dominating 5H z frequency in Fig. 8.11. Since NS-DMD works
with a square wave, it likely works with any periodic function.

We modify this simulation to explore the case when individual channels are independently modulated,
as developed in Sec. 8.7.2. For this example, each channel has the same modulation, offset by a temporal

phase, which corresponds to the following simplification of Eq. 8.28:

Pk

Wk

x(t;) = gr(ti + o a,rcos(wit; + dpi). (8.30)

We generate the data with two assemblies. The first assembly has a constant amplitude at 30Hz. For
the second assembly, each channel is modulated by a square wave that stops around ¢ = 1000ms (Fig.
8.12B).

While running NS-DMD, we implement the optional step of including temporal lags for each channel
based on the angle of ®. In Figs. 8.12A and 8.12B, we show that NS-DMD recovers the correct global
modulation G for each individual channel. We also ran NS-DMD without the optional temporal lags,
where NS-DMD finds an approximation of G (Fig. 8.12C). With this in mind, along with the requirement
that the temporal delay is less than half a period, the optional inclusion of temporal lags in NS-DMD

may not be needed.

Modes Returning With New Phase

When F = 0, the phase is undefined, and it’s possible that an assembly will turn off and back on with
a different phase. If the phase difference is small, we expect NS-DMD to find one mode that explains
the assembly before and after F = 0. If the phase difference is large, up to m, we expect NS-DMD to
find two modes that explain the data. To analyze the behavior of NS-DMD on this effect, we generate
synthetic data from two assemblies. The first mode has a constant f(¢) for the duration of the dataset
at 12Hz with a randomly generated spatial mode ¢. The second assembly turns off at ~ 500ms and
back on at ~ 1000ms with a frequency of 5Hz. The shape of f(¢) is shown in Fig. 8.13. The spatial
mode ¢ is randomly generated, and the phase Z¢ of each channel is advanced 0, 7/2, and 7 radians for
Figs. 8.13A,D, Figs. 8.13B,E, and Figs. 8.13C,F respectively when the mode returns at ~ 1000ms.

To analyze the behavior of NS-DMD, we run NS-DMD on each case with a final subset of either two
Figs. 8.13A-C or three modes Figs. 8.13D-F. As expected, when the phase does not change, we find
two modes is sufficient to capture both assemblies Fig. 8.13A. If instead, we use three modes, we find a
mixture of two modes to explain the leaving and returning assembly Fig. 8.13D.

In the other simple case where the phase is advanced 7 radians, we find that two modes only recovers
the assembly at the beginning of the time-series (Fig. 8.13C). Three modes fully recovers the data (Fig.
8.13F).
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Figure 8.13: This figure shows the true f(¢) (dotted lines) and approximated f(t) (solid lines) for different cases
of the returning assembly simulation. There are two assemblies, one with a constant amplitude at 12Hz, and
one that turns off and back on at 5Hz. The spatial mode ¢ is random for each assembly, and the overall phase
of ¢ is advanced 0, 7/2, and 7 radians for (A)/(D), (B)/(E), and (C)/(F) respectively. In (A)-(C), we converge
to two modes with NS-DMD. In (D)-(F), we converge to three modes with NS-DMD. When the phase doesn’t
change, we find that two modes best fit the data (A). When the phase advances 7 radians, we find that three
modes best fit the data. Anywhere in between, we find that two modes underfits the data, and three modes can
show a mixing effect.

We see a mixture of effects in the case where we advance the phase 7/2 radians. When converging
to two modes, NS-DMD partially recovers the assembly when it returns. With three modes, NS-DMD

recovers F, and two of the modes mix a little bit.

8.8 Further Work

8.8.1 Approximation of Modes From Known Systems

I derive how one can connect the modes found with NS-DMD to a known time dependent dynamical
system. In the simple case, where one knows the matrices X in Eq. 8.5, it’s straightforward to expand
the k modes into the modes found with NS-DMD. The general case, where X is unknown, is much more
difficult. In this case, data is described at any snapshot ¢ = ¢; with x;11 = A;x;. In this case, only A(t)
is known, and the user is interested in connecting this to the data driven approximation of NS-DMD.

By finding the eigendecomposition at every snapshot, one can rewrite A; in a diagonalized basis:

A; = D,AP]. (8.31)
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Expanding with the diagonalized bases, the data is reconstructed at any snapshot ¢; as
X; = Aj_l...AlA()Xo = @j_lAj_li’;il...‘blAl@J{‘}voq)gXQ. (832)

In our construction of NS-DMD, we ensure that ® and Im(A) vary slowly in time. Formally, the former
assumption can be written as ‘Iﬁ 1P =I+€eA;, where Iis the identity matrix, A is a matrix describing
the change of ®, and € is a small number. With this, one can commute the matrices and truncate to a
small order O(e):

* Aj 1. Ag®lx + O(e?). (8.33)

X; =

j—1
B, | +ed; (Z Ajl...AZ-A“Ail...Aj_g)
i=1

The € term is a nontrivial correction term to the reconstruction of X, where every change A; is evolved
via the eigenvalues A and inverse of the eigenvalues A~! defined by AA~! = I. One is usually most
interested in the dominating modes where the variation in ® is small, so all €2 terms are dropped. One
can define the projection onto the initial eigenvector yo, = <I>$xo € RP and the bracketed term [] as <I>;~71
to get

x; =@ Aj ... A1 AgYo. (8.34)

One can now extract the absolute value of A; to define a purely real time dependent function f; =
1=, |Ailyo to obtain:
xj = ngleizz;é LA (8.35)

Finally, one can construct purely oscillatory S; = @;7162- 3120 44 to arrive at

X; =Y Sukj g, (8.36)
k

where k£ sums over the DMD modes up to some true number of modes. Using this, one can compare the

expected spatiotemporal modes 8 and modulations F with the their data driven estimates.



Chapter 9

Discussion

This thesis focuses on behavior and neural activity of subjects performing a variant of the Wisconsin Card
Sorting Task, a complex decision making task involving ambiguous credit assignment of a large number
of features. There are several key findings. First, through behavioral modeling, monkeys tend to follow a
reinforcement learning framework while simultaneously focusing on previously correct or incorrect stimuli.
Second, leveraging predictions from the behavioral model, one finds decoding of the subjects "belief”
during the feedback period, where the belief is the most likely feature to be chosen from a stimulus based
on the model. Third, primarily in low gamma, the hippocampus shows timing differences depending on
correct or incorrect feedback while the prefrontal cortex (PFC) shows amplitude differences, suggesting
different processes in both areas. Fourth, there are two timescales of interest, before and after ~ 400 ms
after feedback, where modes show major differences. These findings demonstrate the importance of the
feedback period in updating belief states related to solving this complicated task.

All the studies in this thesis play a role in describing how subjects perform this task. The eye
movement and phase reset analysis showcases decision making during the selection period. Demixed
principal component analysis showcases stimulus working memory that lasts early in the feedback period.
Pure behavioral analysis highlights possible motifs of the subject, providing further evidence for the
behavioral models. The remainder of this thesis is to highlight results, further interpretations, and some

of the many possible future analyses on this dataset.

9.1 Findings and Interpretations

Use of a Schema

From the behavioral modeling in Chapter 4, evidence points towards monkeys solving the task with a

reinforcement learning framework while humans solve the task like a memory limited ideal observer. The



173

behavioral statistics in Sec. 3.2.3 provide further support for a reinforcement learning framework. So
which are used: schemas, mental models, or learning sets?

There are multiple plausible scenarios when learning to solve the WCST. First, one could solve this
task with a mental model. That is, after enough time spent learning the structure of the task, one could
apply the model that is believed to generate the most amount of reward. This idea is plausible when
the model is discrete like the memory limited ideal observer model. E.g. the model would describe all
features of the task, where the model updates the "value” per feature to that correlating to positive
reward, negative reward, or no information.

Another possibility is that a schema is learned, which associates new information when observed.
E.g., a schema would learn that it’s better to choose features that were recently rewarded compared to
features that were not recently rewarded. This would lead to cognitive models that update values with
a preference towards or away from recently rewarded or unrewarded features; this is reminiscent of the
reinforcement learning model. One could imagine a strict schema where only recently rewarded features
are retained, which could converge to an ideal observer model.

One final possibility is the use of a learning set, where the subject learns to solve the task quickly
when new rules are introduced. One of the hallmarks of learning sets is the convergence towards fast
learning after many problems [21]. This may be possible for the ideal observer model, where features are
“one-shot learned.” This may not be appropriate for the reinforcement learning model though, since this
model predicts that learning is gradual.

I believe that schemas are the most plausible, since it naturally explains reinforcement learning
frameworks. The learned schema helps the individual gradually focus towards recently rewarded features.
The hypothesis is that no schema exists at the beginning of learning, and the schema is developed after
many problems. Although, it’s unclear as to whether the schema formation idea best explains the
ideal observer model in humans. In that case, a mental model may best explain human behavior.
However, when reward is probabilistic [94], humans follow a reinforcement learning framework; this is

more consistent with schema like learning.

Saccade Strategy Differences

One interesting point is how monkey S uses different saccade strategies to make choices. Particularly,
they choose quickly while exploiting and slowly while exploring. This provides a natural way to describe
confidence, where states of confidence can lead to different saccade strategies.

Further, the subject tends not to use peripheral vision; although, they may sometimes use peripheral
vision during color rules. Instead, during exploitation of criterion trials, the subject observes cards until
they find the rule card. This supports the idea that the subject chooses a feature ”before” seeing the

cards instead of integrating all possible information. Towards the beginning of the rule block when all 4
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cards are explored, the subject may instead integrate information.

Interestingly, there was a change in strategy when the timeout period was shortened for monkey S.
They switched to a strategy where they typically saccaded once when previously incorrect and exploring,
indicating a strategy with fast choices when uncertain. However, once correct while exploring, the subject
spends time to make a selection, indicating that they search for these correct features. Even when the
timeout period was restored, the subject continued with this fast choice strategy and they received the
same reward per time spent. This indicates that different strategies lead to similar rewards and that

initial task conditions can lead to different strategies.

Working Memory vs Belief State

In Sec. 5.4, one interesting point is the decoding of the belief state compared to a working memory
control. Interestingly the working memory representation lasted ~ 400 ms into the feedback period,
which is also shown in 3.6. There is an ability to decode the belief state for ~ 400 ms into the feedback
period as well; beliefs are decodable with a different representation after ~ 400 ms. Similarly, there is a
change point in the feedback representations at ~ 400 ms, particularly in the LFP (Sec. 6.1) amplitudes
and information flow at 4-5 and 10-13 Hz.

To update the belief within the reinforcement learning framework, one needs to assign feedback to
the chosen features. Given representations of feedback, stimulus working memory, and beliefs, belief
updates may occur during the early feedback period.

There are two general hypotheses for what happens after ~ 400 ms. First, a new representation (e.g.
in Fig. 5.5) may occur simply because the working memory dropped out. While plausible, it doesn’t
explain why there is still a somewhat high representational similarity during the selection period and late
feedback period. Instead, it’s possible that a new representation occurs with similarities to the selection
period for a new computation. While plausible, the role of the late feedback computation is unclear.

From these ideas, the hypothesis of working memory integration is the following. First, working
memory lasts into the feedback period. The representation may occur in the hippocampus, prefrontal
cortex, claustrum, and anterior cingulate. Immediately after the feedback begins, a computation occurs
to update the belief state in a reinforcement learning style. This computation occurs partly in the
prefrontal cortex, hippocampus, pre-motor region, and basal ganglia. The working memory drops off,
and the representation of belief remains. The belief may transmit to many areas of the brain for efficient
computation in future trials. The belief may be represented in the prefrontal cortex, hippocampus, basal

ganglia, claustrum, and parietal cortex.
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Feedback Integration

So how exactly is feedback integrated? From Chapter 6, the hippocampus and prefrontal cortex (PFC)
exhibit timing and amplitude differences after positive and negative feedback depending on the previous
trials feedback. This indicates that different computations may occur depending on the subjects confi-
dence. E.g., two correct trials in a row likely leads to high confidence in their belief. This idea naturally
falls out of the reinforcement learning framework, where (e.g.) multiple correct trials in a row increases
the probability of focusing on one feature and thereby increasing confidence towards that feature.

First note the timing difference in the hippocampus compared to the PFC. When the feedback is
correct vs incorrect, the PFC has different amplitude peaks at the same time while the hippocampus has
a different timing altogether. This is interesting since the subject receives correct feedback faster than
incorrect feedback. That is, it’s faster to hear a noise and receive a reward compared to realizing that no
noise or reward occurs. With this in mind, the hippocampus may provide a signal when it understands
the state of the feedback. One can imagine that, if the two areas are coupled, there is an integration of
information from the hippocampus into the PFC that affects the amplitude of the PFC mode.

There is also communication between the two areas. Specifically, there is flow towards the hippocam-
pus in the 4-5 Hz band, particularly in incorrect trials. There is flow towards the PFC in the 20-24 Hz
band, particularly during correct trials. The opposing directions align with the communication vs co-
herence hypothesis [39]. Also, the high frequency band flow coincides with the previous hypothesis of
the hippocampus coupling with the PFC primarily during correct trials. That is, the early hippocampal
signal may be communicated to the PFC, which drives the PFC amplitude. When the hippocampal
signal is late due to incorrect feedback, the signal is either inhibited or it arrives late to the PFC. Both
hypotheses may occur and drive the PFC to a different amplitude. One PFC mode has a secondary
bump in amplitude ONLY after incorrect feedback while a different PFC mode does not.

There is also a quick response in the PFC during correct trials WHEN the previous trial was incorrect.
This is an important time to update beliefs, since the subject is likely in a state of uncertainty. The
question remains as to why this signal can occur earlier than the hippocampal signal. While it’s possible
that the hippocampas still directly communicates with the PFC, it’s possible that there are different
neural pathways directly to the PFC. It’s difficult to unpack this result without further analyzing the
communication between the two areas while separating based on feedback/previous feedback conditions.

The amplitude effects of the feedback also vary based on the previous feedback. The hippocampal
correct feedback mode is boosted when the previous trial was incorrect while the PFC modes are shrunk
when the previous trial was incorrect. From a communication perspective, this would mean that there
is an inverse relationship between the two areas. This may follow from a belief update perspective: a

large amplitude PFC mode may indicate to maintain a belief while a small amplitude PFC mode may
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indicate that the belief should be updated. This would explain why two correct trials in a row, leading
to belief maintenance, produce a large amplitude mode in the PFC.

In a similar vain, all modes in the hippocampus and PFC increase their amplitude during incorrect
trials when the previous trial was correct. From a communication perspective, this would mean there is a
relationship between the hippocampus and PFC. However, the communication may be inhibited during
incorrect feedback due to the late timing in the hippocampus. Perhaps then these signals have different
roles. Differential circuit mechanisms in correct and incorrect trials may be plausible considering that
different belief updates are required.

So how is feedback integrated into the belief state update? The work in Chapter 6 aligns with work
from Brincat et al. [8], where they hypothesize that the hippocampus guides neocortical plasticity and
the PFC encodes associative learning. That is, if the PFC encodes the belief state, the communication
hypothesis from the hippocampus to the PFC helps to explain how the PFC updates the belief state
under different feedback conditions. Then, the different amplitudes, depending on previous feedback,
could help with different update mechanisms.

These kind of belief updates also align with the reinforcement learning schema. In the behavioral
models, there are clear differences when the feedback is correct compared to incorrect. The previous
feedback may be encoded in a more subtle way. Sequential feedback changes the probability of choosing
a feature less after many trials. E.g., one correct trial increases the probability of choosing feature X
a lot while many correct trials increase the probability of choosing feature X very little. With this in

mind, the results here naturally encode these probability differences.

Time Delay of Stimulus Encoding

There are time delays between saccading to a stimulus compared to understanding the content of the
stimulus. In Sec. 3.6, dPCA modes related to stimulus information typically begins after about a
hundred milliseconds. Decoding belief in Sec. 5.4, which is related to stimulus information, also occurs
after about a hundred milliseconds. From decoding whether the subject will remain or stay on a card
in Sec. 7.3.5, decoding occurs after a micro-saccade within the bounding box of a stimulus. This means
that decoding only occurs if the subject maintained fixation on a card for a minimum of one inter-saccade
interval: approximately 100 ms. There is even a 100 ms delayed response after the stimuli appear on the
screen (Sec. 7.3.2). Clearly, there is a delay in processing of visual information of ~ 100 ms. This aligns

with previous results [140], where information takes 100 — 130 ms to reach the PFC from the eye.
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Hippocampal Phase Reset

One consistent finding with [43] is the resetting of phase in the hippocampus. Specifically, in Sec. 7.2,
the hippocampus resets its theta phase (about 9-12 Hz) after both feedback and fixation to the fixation
cross. Further, the hippocampus is shown to reset phase after eye movements (Sec. 7.3.1), and there are
large amplitude responses after object onset in both the hippocampus and PFC (Sec. 7.3.2).

As suggested by [170-172], modulation of the phase may be important for memory formation and
setting up plasticity. Seeing the phase modulations here suggests similar mechanisms, where the hip-
pocampal reset may be useful for belief computations during feedback. Reset during the cross fixation
may help initialize the brain state before any actions are performed. Computations immediately after
object appearance are important for initial computations of selection. And lastly, phase reset during eye
movements is important for interpretation of incoming features relevant for selecting cards. The results
in this thesis support the idea that the phase reset in the hippocampus plays a critical role in the decision

making and memory formation during this task.

Bringing it all Together

So how do the neural computations and behavioral findings support a schema? As mentioned earlier,
the reinforcement learning model supports a schema representation, where the subject takes advantage
of the task structure by biasing choices towards multiple recently rewarded features. There is also
differential brain activity for repeated stimuli (Sec. 5.5), a result predicted by the best fit learning model
(Chapter 4). This also supports a schema, where the subject learns the importance of the previous card.
Specifically, the easiest way to obtain reward is to remember the previous card and choose/avoid this
card if it repeats.

Computations are necessary in integrating beliefs with incoming stimuli and feedback. Phase reset in
the hippocampus is a natural way to prepare the network for incoming processing of information, such
as feedback or novel stimuli after an eye movement. The processing of novel stimulus information after
an eye movement likely helps for schema-like computations.

The key aspect, however, is the integration of feedback, working memory, and previous knowledge
in updating the belief state. Utilizing a schema, the subject can quickly update the belief state after
receiving feedback. Integration of feedback, working memory, and previous knowledge gives rise to
updating internal beliefs for future trials. The decoding of belief state here and distinctions of feedback
support the reinforcement learning framework. While there is still work to be done in understanding
the updates to the neural circuitry, the work here supports the use of schemas in processing information

relevant for high dimensional credit assignment tasks.
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9.2 Future Work

While there are many results showcasing how subjects solve complex decision making tasks, there are
still a plethora of analyses that could be done on this task and dataset. E.g., what further estimates of
neural circuitry can be found? What about the representation change after feedback? What else can be
gathered from the behavioral models? This section suggests further analyses relevant to this task.

There are many further behavioral modeling analyses in this dataset. Particularly, focusing on
behavioral modeling incorporating the order of objects seen. Given the lack of peripheral vision (Sec.
3.3.2), the subject likely needs to integrate information while directly observing the cards. This may
lead to further predictions of choice depending on the random cards that are observed before others.
The behavioral modeling can also be incorporated into the other session groups for monkey S. The work
in Chapter 4 focuses on the first group of sessions. However, there are sessions afterwards with different
stimuli or shorter timeout periods. Given that the saccade strategy is different for these sessions (Sec.
3.3.2), there may be different models that explain the subject behavior. Combining analyses on these
sessions with observed cards may lead to further interesting behavioral insights.

One of the key questions is understanding how the neural circuitry updates upon receiving feedback.
To answer this, one method is to examine the neural activity for a trial based on BOTH the model
predictions before and after the current trial. In Chapter 5, the focus was on how the belief state of the
current trial integrated with the current trial’s feedback. An equally promising idea is to focus on how
the current trial’s feedback influenced the following trial’s choice. Other metrics could also be interesting,
such as whether the subject changes or maintains belief state between consecutive trials. These analyses
may be key in understanding how the current representation updates upon feedback.

In Chapter 4, behavioral models were fit to both monkeys and humans. However, the neural analysis
in this thesis focused on the monkey data. It’d be interesting to see the neural correlations to the
behavioral models fit to human data, similar to the analyses in Chapter 5. There are key differences in
the models. Namely, the best fit model to monkey behavior has values per trials while the best fit model
to human behavior has probabilities of discrete states. Still, similar metrics can be found, such as the
most likely belief feature on the chosen card or the probability of choosing particular cards. Comparative
analyses on the human data may play a key role in understanding inter-species neural differences.

One application of the behavioral modeling approach is the use of reward prediction errors (RPE),
which has been shown to be encoded in dopamine neurons [64, 65, 159, 160]. RPE is particularly
relevant in the WCST, since the subject may use RPE to update their belief state in conjunction with
the reinforcement learning framework. To calculate RPE, one could find the probability of choosing the
subjects choice and subtract this from a reward value of 0 (incorrect) or 1 (correct). This approach

naturally avoids all specific model values.
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Another application of the behavioral modeling is to rescale the model values. The model values
may not be the exact values encoded in the brain, as evidenced in Sec. 5.1. Perhaps the brain instead
encodes the probability of each feature. Or, one could look for a non-linear correlations between the
neurons with the model values. This may lead to an understanding of the encoded information.

As a thought experiment, I propose a few changes to the task design that may improve statistics
for future analyses. First and foremost, using three cards would maintain the same task structure while
limiting the number of possible rules to only nine instead of twelve. This increases the number of trials
per rule per session. However, it’s possible that the subjects strategy may change. In a similar vain,
it could be helpful to use pseudo-random rule transitions, where rules are guaranteed to occur at least
twice per session. It’s desirable to have neural representations of the rule multiple times in the session
such that long time scale statistics can be ruled out. One minor change is related to the bounding boxes.
Currently, to identify object fixation, square bounding boxes are used for all shapes. It may be beneficial
to use areas that barely surround each object, especially since neural representations are most present
when the subject is directly focusing on each object (Sec. 7.3.4). Further, objects should NOT overlap
at all, a bug that currently unfortunately happens. A more subtle change is to ensure that the chosen
card does NOT repeat. From the modeling in Chapter 4, monkeys tend to focus on the previously chosen
card. However, in removing the ability for the chosen card to repeat, more trials can be used for finding
abstract feature representations. These changes highlight the best improvements to the statistics that

can easily be incorporated.
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