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This dissertation proposal is concerned with the use of fast and broadband full-wave 

electromagnetic methods for modeling high speed interconnects (e.g, vertical vias and horizontal 

traces) and passive components (e.g, decoupling capacitors) for structures of PCB and packages, 

in 3D IC, Die-level packaging and SIW based devices, to effectively modeling the designs signal 

integrity (SI) and power integrity (PI) aspects. The main contributions finished in this thesis is to 

create a novel methodology, which hybridizes the Foldy-Lax multiple scattering equations based 

fast full wave method, method of moment (MoM) based 1D technology, modes decoupling 

based geometry decomposition and cavity modes expansions, to model and simulate the 

electromagnetic scattering effects for the irregular power/ground planes, multiple vias and traces, 

for fast and accurate analysis of link level simulation on multilayer electronic structures. For the 



 

 

 

modeling details, the interior massively-coupled multiple vias problem is modeled most-

analytically by using the Foldy-Lax multiple scattering equations. The dyadic Green’s functions 

of the magnetic field are expressed in terms of waveguide modes in the vertical direction and 

vector cylindrical wave expansions or cavity modes expansions in the horizontal direction, 

combined with 2D MoM realized by 1D technology. For the incident field of the case of vias in 

the arbitrarily shaped antipad in finite large cavity/waveguide, the exciting and scattering field 

coefficients are calculated based on the transformation which converts surface integration of 

magnetic surface currents in antipad into 1D line integration of surface charges on the vias and 

on the ground plane. Geometry decomposition method is applied to model and integrate both the 

vertical and horizontal interconnects/traces in arbitrarily shaped power/ground planes. Moreover, 

a new form of multiple scattering equations is derived for solving coupling effects among mixed 

metallic/dielectric vias. The advantage of this kind of form has much better property for making 

inverse operation to obtain accurate results. All the proposed methods developed in this thesis 

have been verified by comparing the S parameters with the results from Ansoft’s HFSS, for 

various via configurations and via array sizes in high density layout in benchmark simulations. It 

is shown that the hybrid method is accurate mostly within 5% difference from results of HFSS 

and is about tens to hundreds of times faster than running HFSS up to 100GHz. 
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Chapter 1. INTRODUCTION 

1.1 RESEARCH BACKGROUND 

For modern microelectronics, in order to integrate dissimilar technologies (digital, analog, RF 

circuits, etc) on different layers and to reduce problems such as signal propagation delay, thermal 

heating, power consumption and electromagnetic interference and compatibility (EMI/EMC) 

issues, vertical interconnects are widely used vehicles for 3D integration system.  Today, with 

increasing multifunctional components combined in compact packages, these vertical vias are 

critical enablers for wafer, die and package stacking for which low-inductance, high-bandwidth 

vertical interconnects are needed for the design in multicore architectures in silicon.  Technology 

scaling will soon enable high-performance processors with hundreds of cores integrated onto a 

single die, but the success of such systems could be limited by the corresponding massive 

interconnection networks. To consider the electrical behavior of the 3D interconnects, high density 

vertical vias are structures that have been difficult to model.  Since the density of vias 

interconnections is dense (~105 – 108/cm2), this presents tremendous design challenges on 3D 

integration and packaging requirements.  

On the other hand, as demand for information bandwidth increases, information photonics are 

becoming more instrumental and photonic-based communication systems are playing a crucial role 

to overcome the inherently limited-speed barriers of electronics for millimeter-wave and terahertz 

application.  As an emerging technology which can satisfy the demand of commercial 

communication systems of higher data rate links and smaller and lighter devices, SIW technology 

is a new platform for implementing all components with a high performance, low-cost and reliable 

technology for high-frequency electronics, and thus has attracted attention in recent years.  These 

SIW waveguide-like structures are fabricated in planar form and are built by periodically arranged 

metallic via-holes and via-slots.  Thus the structures take advantage of the well-known 

characteristics of conventional rectangular waveguides, namely, its high Q-factor, excellent 

crosstalk and electromagnetic interference immunity, high power capacity and low losses.  A 

variety of  devices have been realized based on SIW structures, including wireless network, 

automotive radars, imaging sensors and biomedical devices, which allow sophisticated packaging 
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and the integration of complex beam-forming networks and antennas on the same board.  These 

highly integrated circuits result in challenges to modern electronic sub-system package modeling 

and optimization for real engineering solutions.   

The high speed 3D integrated (3DI) system and SIW based structures are the key technologies 

to satisfy current and future high-frequency electronics and photonics.  It is expected that high-

density integration techniques, combined with a low-cost fabrication process, should be able to 

offer widespread solutions.  High performance computing systems for 3DI in which the electrical 

I/O bandwidth and density have been the bottleneck at different packaging levels (PCB, package, 

interposer, 3D chip stack, etc).   

Vias structures can cause serious concerns on signal integrity (SI), power integrity (PI) as well 

as electromagnetic interference (EMI).  As a discontinuity, it can cause mismatch in a signal trace.  

Furthermore, a high-speed vertical current flowing on a via excites propagating parallel plate 

modes of a power/ground pair.  As a result, strong cross-talk or voltage fluctuation may occur in 

adjacent signal vias or power distribution network (PDN).  In addition, the propagating modes may 

excite the resonant modes of the power/ground pair and cause strong radiation from the edges. 

Therefore, simulation and modeling of vias in a plate pair are crucial for practical designs of high-

speed PCBs or packages.  Global optimization and detailed trade-off analysis require fast and 

accurate simulation tools of massively coupled vertical interconnects for both 3D heterogeneous 

high speed chip-package-board system and SIW based devices.  

1.2 RELATED RESEARCH METHODOLOGY AND LITERATURE 

The vias structures are essential elements for parallel–plate waveguide and are used 

extensively in high–speed electronic system.  In order to efficiently model the coupling among 

vias and waveguide or cavity, classes of methods have been developed such as building up 

equivalent circuits model through hybrid field-circuit method [15, 26-29], semi-analytical full 

wave methods [14, 30, 31] and numerical full wave methods [32, 33].  

For numerical full wave methods, electromagnetic field solvers can be used for simulations 

frequency response.  These solvers are generally based on two kinds of numerical full wave 

methods: integral equation (IE) methods and partial differential equation (PDE) methods.  The IE 

methods include method of moment (MoM) and partial element equivalent circuit (PEEC) method.  

The PDE methods include finite element method (FEM) and finite difference method (FDM).  
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These general purpose electromagnetic solvers can be used to make the simulations for simple 

interconnect system.  However, as modern high-speed electronic systems often include hundreds 

or even thousands of off-chip interconnects to interface heterogeneous components, the task then 

is challenging for complicated structures.  More accurate modeling requires full wave numerical 

methods, which induces large computational cost. 

For the circuit model method in [15, 26-28], lumped elements circuit method is used to express 

equivalent RLGC network for via-trace transitions and parallel plate impedance for 

rectangular/circular cavity based on cavity model theory.  All the RLGC parameters need to be pre 

studied or extracted analytically or numerically.  For example for a lossless substrate and planes 

with perfect electric conductor (PEC), these RLGC parameters include C (capacitance) and 

inductance (L), they are via-plane capacitance, via self-inductance, plane-plane impedance and 

via-via mutual inductances and capacitances.  If the substrate is with lossy material and the planes 

are good conductors instead of PEC, then the R (resistance) and G (conductance) parameters have 

to be also extracted and included.  Generally speaking, there is no analytical solution for their 

extraction, hence the numerical methods are needed to extract the corresponding values.  One of 

the drawback of the RLGC lumped model is that most of the calculation methods are based on the 

assumption of TEM mode, since the concept of RLGC is within the region of TEM mode.  Then 

for high frequency modeling and simulation, the RLGC lumped model sometimes is not accurate, 

since higher order mode effects are necessary to be considered.  Another drawback of the RLGC 

lumped model is that when the elements which need to be modeled are too many, for example, if 

there are 103 vias inside a PDN, then the number of RLGC units are huge, that can lead to cost a 

lot of computation resources.  Some paper, for example in [29], RLGC parameters are extracted 

for irregular shape plane effects and they are investigated and incorporated into circuit model by 

applying boundary integral equations method.  However, the circuit parameters are still extracted 

based on rigorous electromagnetic analysis, but not with TEM mode assumption any more.   

For semi-analytical method, for example in [14, 30], a hybrid method is used for rigorous 

electromagnetic analysis of multiple scattering among vias and irregular shape cavity.  It is 

worthwhile to note that the multiple scattering equations method used in [14, 30] are actually forms 

of generalized Foldy-Lax equations.  In [31], a hybrid method is used to model the case of large 

number of vias.  For full wave numerical methods, a combination of 2D integral equation method 

and 2D finite element method [32] is used to model vias and traces in arbitrarily shaped cavity 
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with multivias of arbitrary shapes and inhomogeneous media in substrate, up to 2GHz.  However, 

all these investigations focus on common via case in which only one via goes through one circular 

antipad, or relative low frequency range (compared with 50GHz in this paper).  The irregular shape 

antipads are common in practical PCB and packaging designs, e.g.  cases of eccentric vias and 

multiple vias sharing one antipad.  A differential vias structure in rectangular cavity is investigated 

for local vias region in [33] based on full wave method by using 3D rectangular Green’s function.  

For other semi-analytical methods, Frequency-dependent cylinder layer (FDCL) method [24] is 

hard to exactly be modeled as Neumann boundary condition, hence failed to efficiently modeling 

the coupling between vias and cavity which has PMC walls.  Contour integral method (CIM) [48] 

assumes that no higher order waveguide modes can be excited, which leads to inaccuracy when 

vias are closely placed and the thickness of the cavity is not electrically small compared with 

wavelength in high frequency range. 

1.3 PREVIOUS RESEARCH ON FOLDY-LAX MULTIPLE SCATTERING EQUATIONS 

FOR VIAS MODELING 

In our previous research, we used a mostly analytical technique of Foldy-Lax equations to 

compute the full wave solution of Maxwell equations that includes multiple scattering among 

cylindrical vias in both infinite large planar waveguides and finite circular cavity [4, 16].   

The vias structure problem can be decomposed into exterior problem and interior problem 

[42], as shown in Fig. 1.1.  The exterior problem is antenna problem and short circuit problem, the 

interior problem is problem of multiple vias scattering inside waveguide. 

For interior problem, Foldy-Lax scattering equations was adopted to model multiple cylinders 

in planar waveguides [4].  The Foldy-Lax multiple scattering equations state that the final exciting 

field of certain cylinder is equal to the incident field plus the scattering fields from all the other 

cylinders.  The Foldy-Lax equations were initially used to model multiple scattering by particles 

in volume scattering by discrete random media [50] and have been extensively used in microwave 

remote sensing [34].  It has been successfully adapted to model multiple scattering among vias in 

waveguide environment by using dyadic green’s function, waveguide modal expansions [37] and 

cylindrical wave expansions [4]. 
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Figure 1.1. Via structure and its interior and exterior problems decomposition. 

 

Based upon the magnetic Green’s functions, this parallel waveguide structure is excited by 

using a voltage source at the port, which is equivalent to a magnetic current ring source at antipad.  

The surface currents on the cylinders are then calculated from the magnetic field. 

The Foldy-Lax approach has been validated with measurements [5].  The efficiency 

comparisons with commercial software ANSYS HFSS were made for a BGA application [19].  It 

is worth noting that HFSS cannot handle vias size >256 in conventional computer.  Foldy-Lax 

method take seconds per frequency point and provide accurate results. 

The sparse-matrix canonical-grid (SMCG) method was invented based on wave translations 

and fast Fourier transforms to solve rough surface problems [34].  The pre-conditioned SMCG 

method was incorporated into Foldy Lax equations for problems with large number of vias [9].   
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The Foldy-Lax approach was extended to model the case of vias with irregular antipad [23] 

by using FDM to calculate the equivalent magnetic surface current, and the case of vias in substrate 

of layered dielectrics, and compared with HFSS.  The fast all mode method (FAM) and numerical 

modified steepest descent path method (NMSP) were used to calculate the layered medium 

Green’s function [11] and TSV structure [6].  The combination of these methods reduce the O(N2) 

memory and time requirement to O(rN logN). The layered medium Green’s function reduces the 

number of unknowns by avoiding intensive discretization on reference planes and planar 

boundaries. 

However, all above extensions are for infinite large waveguide.  For finite large cavity, Foldy-

Lax equations method was applied for a circular cavity in [35]. 

The exterior layer problem is solved by using the method of moments (MoM) with the layered 

media Green’s functions [42].  The exterior layer and interior layer problems are combined to 

obtain the S-parameters of the trace and through-hole via. A fast approach for the layered-medium 

Green’s functions using the numerical modified steepest descent path method is utilized [52].  The 

Green’s functions require milliseconds to compute per point. Schemes for efficiently computing 

image contributions for the static portion of the mixed potential Green’s function are also 

implemented to solve neighboring or self-RWG (basis function) interaction.   

1.4 TABLES AND FIGURES NEW CONTRIBUTIONS IN THIS THESIS 

In this dissertation, I continuously apply and extend this mostly analytical approach of Foldy-

Lax multiple scattering equation method with recent major improvements, such as 1D technology, 

group T matrix and geometry decomposition method, to fast and efficiently model and solve 

physical/electromagnetics properties of a variety of complicated 3D structures, for current 

millimeter wave, submillimeter wave and terahertz wave application.  The structures include chip-

package-board system (figure 1.2) [1], and SIW based devices (figure 1.3) [2] [3].  These structures 

have massive coupled vertical interconnects with heterogeneous substrate.  The 

physical/electromagnetics properties to be solved are network parameters, current and voltage 

distributions, field patterns, signal integrity, power integrity and electromagnetic emissions of 

sensitive electronic devices of the structures. 

My contributions are: 
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1. Implement new approach of making 1D MoM and group T matrix for modeling structures 

with multiple vias sharing same antipad and different groups of vias in different antipad. 

2. Propose and develop method to model multiple vias scattering in arbitrarily shaped cavity 

for vias sharing one antipad, by using 1D MoM and generalized Foldy-Lax equations method. 

3. Propose and develop method to model structure of horizontal striplines connecting with 

vertical vias in irregular cavity by applying geometry decomposition method and generalized 

Foldy-Lax equations method.   

4. Propose rigorous TE/TM modes coupling effects for multiple scattering among mixed 

PEC/dielectric cylinders in parallel plates waveguide, develop T matrix for dielectric cylinder and 

new form of Foldy-Lax equations using scattered field coefficients. 

1.5 ORGANIZATION OF THE DISSERTATION 

In chapter 2, the full-wave mostly-analytical approach, based on Foldy–Lax multiple 

scattering equations and modal expansions, is extended for modeling of vias sharing the same 

antipad in infinite large planar waveguide with boundary integral equation and group T matrix 

method.  In order to accurately calculate all the effects of high order waveguide modes and 

azimuthal modes for complete signal integrity analysis of multiple closely spaced vias, we make 

use of transformation that converts the surface integration of magnetic surface currents into 1-

dimensional line integration of surface charges on the vias and on the ground plane.  We also use 

group T matrix to represent a group of vias to account for the scattering among different groups of 

vias, to accelerate the computation process.  The new method has great accuracy and efficiency 

for modeling multiple closely spaced vertical vias.   

In chapter 3, modeling method for multiple vias with irregular antipad in arbitrarily shaped 

3D IC and packaging system is proposed, based on hybrid generalized Foldy-Lax equations 

method, boundary integral equation method and generalized T matrix.  In modeling detail, the 

impedance matrix for finite cavity is first obtained, which includes the reflection features of the 

cavity boundaries.  Then the scattered field from a single via and a generalized T matrix including 

the wall effects are derived.  The Foldy-Lax multiple scattering equations are generalized to 

include the wall effects by using impedance matrix and the generalized T matrix. To obtain the 

incident field for the case of vias in the arbitrarily shaped antipad, the exciting and scattering field 

coefficients are calculated, based on the transformation which converts surface integration of 
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magnetic surface currents in antipad into 1D line integration of surface charges on the vias and on 

the ground plane, as discussed in chapter 2. The coupling among vertical vias are solved by 

applying Foldy-Lax multiple scattering equations. 

In chapter 4, a novel hybridization of full wave method based on Foldy-Lax multiple scattering 

equations, 1D technology and modal decomposition are used to model the electromagnetic 

scattering effects for the irregular power/ground planes, multiple vias and striplines, for analysis 

of link level simulation on multilayer electronic structures.  For the modeling details, instead of 

being analyzed separately, vias and irregular power/ground planes are treated as a whole which is 

solved by Foldy-Lax multiple scattering equations method, to obtain the coupling effects among 

vias and cavities.  Then the modal effects of striplines can be decoupled and recombined with the 

modal solution of vias and cavities effects. 

In chapter 5, T matrix for dielectric cylinders in infinite parallel plates waveguide is derived 

under consideration of TE/TM modes coupling effects.  The new form of Foldy-Lax multiple 

scattering equations method which applies scattered field coefficients as unknowns are also 

derived and be further used to solve SIW structures and 3D IC signal/power integrity analysis.  

The results agree well with HFSS simulation benchmark results up to 50GHz.   

 
Figure 1.2. Cross-sections of C4 bumps on package (left) and via escape area on printed 

circuit board (right). [1] 
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Figure 1.3. Synthetic waveguides: putting vias connecting upper and lower metal plates of 

substrate (left) [2] and a monopulse antenna for 94+GHz (right) [3]. 

 

For all chapters, numerical results and comparisons are made with HFSSv12 for various test 

scenarios.  In all cases of illustrations, unless given special explanation, all single-ended S-

parameters provided are referenced to 50 Ω, and all mixed-mode S-parameters are referenced to 

100 Ω for differential mode and 25 Ω for common mode.  The configurations of PC used in the 

simulations are: Intel(R) Core(TM)2 Duo E7300 2.66GHz processor, 3GB RAM and Windows 

Vista 32-bit operating system. 
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Chapter 2. NEW APPROACH OF MAKING 1D MOM AND GROUP 

T-MATRIX FOR MODELING VIAS SHARING 

SAME ANTIPAD 

2.1 SUMMARY 

    This chapter considers multiple scattering among different groups of vias with each group 

of vias sharing one antipad in planar waveguide.  A transformation is used  that converts the 2D 

discretization and 2D surface integration of the product of Green’s functions and magnetic surface 

currents into 1-dimensional discretization and 1D integration of surface charges on the vias and on 

the ground plane.  This is used to calculate the incident fields onto the vias.  Based on the incident 

fields, the Foldy-Lax equations can be solved to calculate the circuit parameters for the problem.  

We show that the results are superior to the previously used finite difference method.  In addition, 

the group T matrix method is used to represent a group of vias to account for the scattering among 

different groups of vias.  Results are illustrated for various cases of multiple vias up to 20 GHz.  

Results show the accuracy of the method even to very closely spaced vias when they are separated 

by merely 1 mil.  Numerical results are in excellent agreements with ANSOFT HFSS. 

2.2 INTRODUCTION 

    The switching noise of currents on the power/ground plane can interfere with other 

components and give rise to serious edge radiation.  In order to significantly improve the 

performance of the signal transition, the structure of “differential via pair” is used, in current high-

speed circuit designs.  Similarly, the structures of multiple vias in one antipad can also be present.  

Due to its advantage and wide usage in current microelectronic system, an accurate, fast and 

efficient method of modeling scattering among multiple vias sharing one antipad is useful. 

A number of classes of methods have been developed to model the crosstalk or coupling 

mechanism, such as methods developed in references [12] to [15].  Most of these models make 

simplifying assumptions such as assuming circularly shaped antipads, considering only the TEM 

mode and neglecting the axially-anisotropic modes etc.  In the structure of multiple vias sharing 

the same anipad, vias can be placed very close to each other.  Hence, the simplifying assumptions 
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are not valid for modeling the coupling among vias.  Full wave numerical techniques such as finite 

element method (FEM) and finite difference time domain (FDTD) method require large 

computational time and memory overheads.  To model multiple cylinders in planar waveguides, 

in my research, I have developed and have been using a mostly-analytic 3D full-wave approach, 

based on Foldy-Lax multiple scattering equations and cylindrical wave mode expansions [5, 11, 

16-20].  The results were also validated using experimental data from hardware measurements [11] 

and ANSOFT HFSS [8]. 

In the initial work on the Foldy Lax approach, the antipad is assumed to be circular and the 

via is concentric with the antipad [16-19].  For the case of antipad of arbitrary shape, and arbitrary 

number of vias sharing the same antipad, we previously used the finite difference approach with 

nonuniform grids [11, 20] to calculate the magnetic surface currents on the antipad.  After the 

magnetic surface currents are calculated, the incident fields on the vias are calculated by 2D surface 

integrations of the product of Green’s functions and the magnetic surface currents.  

The approach of finite difference of 2D antipad discretization [11, 20, 21] is inconvenient 

when there are two or more vias in the same antipad.  The results also become inaccurate when 

the vias in the same antipad are close to each other.  For such cases, one needs fine discretization 

of the finite difference grid, 2D interpolation of magnetic surface current and 2D surface 

integration of the product of Green’s functions and magnetic surface currents.  In this chapter, I 

made two improvements in the problem of groups of vias sharing the same antipad.  The first 

improvement is that I show that the incident fields on the vias can be calculated by 1-dimensional 

line integrals of the product of surface charges on the vias and the Green’s functions, that replaces 

the previous 2-dimensional surface integrations of the product of magnetic surface currents and 

Green’s functions.  This avoids the complication of 2D surface integration that needs to be accurate 

particularly for closely spaced vias.  Furthermore, the surface charges on the line contours on the 

surfaces are derived readily by a 1-dimensional surface integral equation of the method of moments 

(MoM).  Thus the previous 2D problems of 2D discretization and 2D integration were reduced to 

1D discretization and 1D integrals.  The second improvement is for the case of a group of vias 

sharing the same antipad, in which I use the Foldy-Lax equations to derive the group T-matrix to 

characterize the scattering by the group of vias.  The group T matrix methodology follows that of 

reference [22] but is adapted to waveguide modes and cylindrical wave expansions in Foldy-Lax 
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method.  This facilitates the calculations of multiple scattering of groups of vias belonging to 

different antipads. 

I illustrate results for various numbers of vias sharing the same antipad.  They show that the 

present approach is superior to the previous approach of finite difference solution of the antipad in 

terms of both accuracy and computational efficiency.  They also show that results of this present 

approach are in good agreement with HFSS even for the case of closely spaced vias of as small as 

1 mil in spacing between adjacent vias.  The computational efficiency of the group T matrix is also 

shown.  Besides comparing with HFSS, I also made independent checks by comparing the results 

with those based entirely on the 2D MoM approach [24].  Brief summary of 2DMoM for these 

problems are given in the Appendix A.1. The results are in good agreement with HFSS simulations. 

2.3 INCIDENT FIELDS FROM MAGNETIC SURFACE CURRENTS TRANSFORMED TO 

1D INTEGRAL 

Consider the problem of N number of vias sharing the same antipad (Fig. 2.1).  In equivalence 

principle, the 2D magnetic currents 𝑀̅𝑠(𝜌̅
′) in the antipad are the excitations for the waveguide 

structure.  Let the via line boundaries be 𝑆1, 𝑆2, …… 𝑆𝑁 and the ground plane line boundary be 𝑆𝑔.  

The “aperture” area is the antipad.  Consider via 𝑞 centered at 𝜌𝑞̅̅ ̅.  In the Foldy-Lax integral 

equations, the incident field coefficients 𝑎𝑙𝑛
𝑇𝑀(𝑞)

 for via 𝑞  are given by the 2D surface integral 

                𝑎𝑙𝑛
𝑇𝑀(𝑞)

=
𝑗𝑘

2𝑑

(−1)𝑛+𝑙

𝑘𝜌𝑙
2 𝑓𝑙 ∬ 𝑑𝑥′𝑑𝑦′ 𝑚̅−𝑛(𝑘𝜌𝑙, 𝑘𝑧𝑙, 𝜌̅

′ − 𝜌𝑞̅̅ ̅) ∙ 𝑀̅𝑠(𝜌̅
′)

𝐴
                    (2.1) 

where 𝐴 is the area of antipad, and the integration is a 2D surface integration over the antipad 

where 𝑀̅𝑠(𝜌̅
′) is nonzero. 

In [4], the Green’s function, 𝑚̅−𝑛(𝑘𝜌𝑙, 𝑘𝑧𝑙, 𝜌̅) is in terms of 𝑛𝑡ℎ order Hankel function with 

the argument that of waveguide mode 𝑘𝜌𝑙 

                     𝑚̅−𝑛(𝑘𝜌𝑙 , 𝑘𝑧𝑙, 𝜌̅) = [𝜌̂
𝑗𝑛

𝜌
𝐻−𝑛

(2)
(𝑘𝜌𝑙𝜌) − 𝜙̂𝑘𝜌𝑙𝐻−𝑛

(2)
′(𝑘𝜌𝑙𝜌)] 𝑒𝑗𝑛𝜙                    (2.2) 

Other notations are as defined in reference [4].  For the case of arbitrary number of vias and 

arbitrary shape of vias and antipad, 𝑀̅𝑠(𝜌̅
′) is derived from solution of the Laplace equation.  Let 

the voltage on the via 𝑖 be 𝑉𝑖, 𝑖 = 1,2, …𝑁 and the voltage on the ground plane be  zero.  Then the 

2D Laplace equation in the antipad is ∇t
2𝜓𝐿(𝑥, 𝑦) = 0, where ∇t is the 2D Laplace operator.  After 
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the Laplace equation is solved, then 𝑀̅𝑠(𝑥, 𝑦) = 𝑧̂ × ∇t𝜓𝐿(𝑥, 𝑦).  In our previous work, we solved 

the 2D Laplace equation using finite difference method [23]. 

 

Figure 2.1.  𝑁 number of vias sharing the same antipad. 

 

Next the incident field is calculated by a 2D surface integral of 𝑚̅−𝑛(𝑘𝜌𝑙, 𝑘𝑧𝑙, 𝜌̅
′ − 𝜌𝑞̅̅ ̅)𝑀̅𝑠(𝜌̅

′).  

The approach is computationally intensive; as the nonzero 𝑀̅𝑠(𝜌̅
′) region is irregular and the 2D 

surface integration is inconvenient when the vias are closely spaced as fine discretizations are 

required. 

Let the 𝑛𝑡ℎ order Green’s function be in terms of  𝑛𝑡ℎ order Hankel function 

                                                     𝑔𝑙𝑛(𝜌̅) = 𝐻𝑛
(2)

(𝑘𝜌𝑙𝜌)𝑒−𝑗𝑛𝜙                                            (2.3) 

Then 

                                  𝑚̅−𝑛(𝑘𝜌𝑙, 𝑘𝑧𝑙, 𝜌̅′ − 𝜌𝑞̅̅ ̅) = −𝑧̂ × ∇t′𝑔𝑙(−𝑛)(𝜌̅′ − 𝜌𝑞̅̅ ̅)                          (2.4) 

The Foldy-Lax incident field coefficients become 

                     𝑎𝑙𝑛
𝑇𝑀(𝑞)

=
−𝑗𝑘

2𝑑

(−1)𝑛+𝑙

𝑘𝜌𝑙
2 𝑓𝑙 ∬ 𝑑𝑥′𝑑𝑦′ ∇t′𝑔𝑙(−𝑛)(𝜌̅′ − 𝜌𝑞̅̅ ̅) ∙ ∇t′𝜓𝐿(𝜌̅′)

𝐴
                (2.5) 

Using the 2D Green’s theorem, I then have 

𝑎𝑙𝑛
𝑇𝑀(𝑞)

=
−𝑗𝑘

2𝑑

(−1)𝑛+𝑙

𝑘𝜌𝑙
2 𝑓𝑙 [−∬𝑑𝑥′𝑑𝑦′[𝑔𝑙(−𝑛)(𝜌̅

′ − 𝜌𝑞̅̅ ̅)∇t
′2𝜓𝐿]

𝐴

− ∮ 𝑑𝑙′𝑔𝑙(−𝑛)(𝜌̅′ − 𝜌𝑞̅̅ ̅)𝑛̂′ ∙ ∇t′𝜓𝐿
S

] 

                                                                                                                                             (2.6) 
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where 𝑛̂′ points into the antipad on the via and ground plane line boundaries, and 𝑆 = ∑ 𝑆𝑖
𝑁
𝑖=1 + 𝑆𝑔 

are the line boundaries of vias and the ground plane.  Since ∇t
2𝜓𝐿 = 0, we have 

                            𝑎𝑙𝑛
𝑇𝑀(𝑞)

=
𝑗𝑘

2𝑑

(−1)𝑛+𝑙

𝑘𝜌𝑙
2 𝑓𝑙 [∮ 𝑑𝑙′𝑔𝑙(−𝑛)(𝜌̅′ − 𝜌𝑞̅̅ ̅)𝑛̂′ ∙ ∇t′𝜓𝐿𝑆

]                        (2.7) 

Note that −𝜀𝑛̂ ∙ ∇t𝜓𝐿 = 𝜎𝑠(𝜌̅) is the surface charge density on the via and the ground plane.  

Thus  

                               𝑎𝑙𝑛
𝑇𝑀(𝑞)

= −
𝜂𝑗𝜔

2𝑑

(−1)𝑛+𝑙

𝑘𝜌𝑙
2 𝑓𝑙 ∮ 𝑑𝑙′𝑔𝑙(−𝑛)(𝜌̅′ − 𝜌𝑞̅̅ ̅)𝜎𝑠(𝜌̅′)

𝑆
                       (2.8) 

where 𝜂 =
𝜇

𝜀
 is the wave impedance.  Equation (2.8) is the new result as the previous 2D 

integration in (1) becomes a 1D integration in (2.8).  We note that 𝜎𝑠(𝜌̅) obey the 1D surface (line) 

integral equation 

                                          ∮ 𝑑𝑙′𝑔𝐿(𝜌̅, 𝜌̅′)
𝜎𝑠(𝜌̅′)

𝜀𝑆
= {

𝑉𝑖 𝜌̅ 𝑖𝑠 𝑜𝑛 𝑆𝑖

0 𝜌̅ 𝑖𝑠 𝑜𝑛 𝑆𝑔
                                   (2.9) 

where 𝑔𝐿 is Green’s function for Laplace equation and is 

                                         𝑔𝐿(𝜌̅, 𝜌̅′) = −
1

2𝜋
𝑙𝑛√(𝑥 − 𝑥′)2 + (𝑦 − 𝑦′)2                           (2.10) 

Thus I have converted the incident wave problem to 1) first solve the surface charge on the 

via boundaries in the line integral equation of Laplace Green’s function of equation (2.9) by using 

MoM.  2) Next the incident field coefficients in Foldy-Lax equations are obtained by line integrals 

of the product of surface charge and nth order Green’s function of 𝑔𝑙(−𝑛)(𝜌̅′ − 𝜌𝑞̅̅ ̅). 

2.4 GROUP T-MATRIX 

Next I introduce Group T matrix to accelerate the calculation of multiple scattering among 

different groups of vias.  Each group of vias share the same antipad as shown in figure 2.2. 

I can treat the group of vias as a single object and calculate the group T matrix. In structures 

such as in Fig. 2.2, often we are only interested in the final 𝑆 parameters for certain vias or ports, 

and not the entire network.  Then the other groups of vias can be treated as single objects with one 

object for each group of vias.  Simplified network can be obtained and the speed of computation 

can be greatly improved. 

Next I derive the group T matrix of multiple vias through Foldy-Lax equations.  Let there be 

𝑁𝑔 vias in one antipad.  Then these vias are of the same group.  Let the group of 𝑁𝑔 vias sharing 
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the antipad be centered at 𝜌̅1, 𝜌̅2, … , 𝜌̅𝑁𝑔
.  The center of the antipad be at 𝑂̅𝑔.  Then for each via in 

this group, Foldy-Lax equations can be written as 

 

 

Figure 2.2. 𝐺 groups of vias with each group of vias sharing the same antipad. 

 

𝑤𝑙𝑛
𝑇𝑀(𝑞)

= 𝑎𝑙𝑛
𝑇𝑀(𝑞)

+ ∑ ∑ 𝐻𝑛−𝑚
(2)

(𝑘𝜌𝑙|𝜌𝑝̅̅ ̅ − 𝜌𝑞̅̅ ̅|)𝑒𝑗(𝑛−𝑚)∅𝜌𝑝̅̅ ̅̅ 𝜌𝑞̅̅ ̅̅ 𝑇𝑚
(𝑝)

𝑤𝑙𝑚
𝑇𝑀(𝑝)

∞

𝑚=−∞

𝑁𝑔

𝑝=1
𝑝≠𝑞

 

𝑞 = 1,2, … ,𝑁𝑔 

                                                                                                                                           (2.11) 

where  

                                                            𝑇𝑚
(𝑝)

= −
𝐽𝑚(𝑘𝜌𝑙𝑎)

𝐻𝑚
(2)

(𝑘𝜌𝑙𝑎)
                                                 (2.12) 

The scattered field coefficient is  

                                                         𝑎𝑙𝑛
𝑠𝑇𝑀(𝑞)

= 𝑇𝑛
(𝑞)

𝑤𝑙𝑛
𝑇𝑀(𝑞)

                                              (2.13) 

Let the incident wave on the group from other antipads and from other sources, for the 𝑙𝑡ℎ 

mode, be 

𝐻̅𝑖𝑛𝑐(𝜌̅, 𝑧) = ∑ 𝑤𝑙𝑛
𝑇𝑀𝑅𝑔𝐻̅𝑛

𝑇𝑀 (𝑘𝜌𝑙, 𝑘𝑧𝑙 , 𝜌̅ − 𝑂̅𝑔, 𝑧 ±
𝑑

2
)

∞

𝑛=−∞

= 𝑅𝑔𝜓̅𝑡(𝜌̅ − 𝑂̅𝑔) ∙ 𝑤̅𝑇𝑀 

                                                                                                                                           (2.14) 
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where 𝜓̅𝑡(𝜌̅)  is the row matrix representing 𝐻̅𝑛
𝑇𝑀 (𝑘𝜌𝑙, 𝑘𝑧𝑙, 𝜌̅, 𝑧 ±

𝑑

2
) , and 𝑤̅𝑇𝑀  is the column 

vector representing 𝑤𝑙𝑛
𝑇𝑀. 

Let the scattered wave from via 𝑝, centered at 𝜌̅𝑝, in the group be 𝐻̅𝑠
(𝑝)(𝜌̅, 𝑧) 

𝐻̅𝑠
(𝑝)(𝜌̅, 𝑧) = ∑ 𝑎𝑙𝑛

𝑠𝑇𝑀(𝑝)
𝐻̅𝑛

𝑇𝑀 (𝑘𝜌𝑙, 𝑘𝑧𝑙 , 𝜌̅ − 𝜌̅𝑝, 𝑧 ±
𝑑

2
)

∞

𝑛=−∞

 = 𝜓̅𝑡(𝜌̅ − 𝜌̅𝑝) ∙ 𝑎̅𝑠
(𝑝)

 

                                                                                                                                           (2.15) 

Then, the total magnetic field is 

𝐻̅ = 𝐻̅𝑖𝑛𝑐(𝜌̅, 𝑧) + ∑ 𝐻̅𝑠
(𝑝)(𝜌̅, 𝑧)

𝑁𝑔

𝑝=1

= 𝑅𝑔𝜓̅𝑡(𝜌̅ − 𝑂̅𝑔) ∙ 𝑤̅𝑇𝑀 + ∑ 𝜓̅𝑡(𝜌̅ − 𝜌̅𝑝) ∙ 𝑎̅𝑠
(𝑝)

𝑁𝑔

𝑝=1

 

                                                                                                                                           (2.16) 

where 𝜓̅𝑡(𝜌̅ − 𝜌̅𝑝) is the row vector matrix representing 𝐻̅𝑛
𝑇𝑀 (𝑘𝜌𝑙, 𝑘𝑧𝑙, 𝜌̅ − 𝜌̅𝑝, 𝑧 ±

𝑑

2
) and 

𝑎̅𝑠
(𝑝)

 is the column vector that represents 𝑎𝑙𝑛
𝑠𝑇𝑀(𝑝)

.  Then the exciting field on via 𝑞 is, summing 

scattered fields from the other vias except 𝑞,  

                  𝐻̅𝑒𝑥
(𝑞)(𝜌̅, 𝑧) = 𝑅𝑔𝜓̅𝑡(𝜌̅ − 𝑂̅𝑔) ∙ 𝑤̅𝑇𝑀 + ∑ 𝜓̅𝑡(𝜌̅ − 𝜌̅𝑝) ∙ 𝑎̅𝑠

(𝑝)𝑁𝑔

𝑝=1
𝑝≠𝑞

                      (2.17) 

From the vector addition theorem 

                                          𝜓̅𝑡(𝜌̅ − 𝜌̅𝑝) = 𝑅𝑔𝜓̅𝑡(𝜌̅ − 𝜌̅𝑞) ∙ 𝛼̿𝑞𝑝                                        (2.18) 

                                        𝑅𝑔𝜓̅𝑡(𝜌̅ − 𝜌̅𝑝) = 𝑅𝑔𝜓̅𝑡(𝜌̅ − 𝜌̅𝑞) ∙ 𝛽̿𝑞𝑝                                     (2.19) 

where 𝛼̿𝑞𝑝 and 𝛽̿𝑞𝑝 are matrices with 

                                  [𝛼̿𝑞𝑝]𝑛𝑚
= 𝐻𝑛−𝑚

(2)
(𝑘𝜌𝑙|𝜌̅𝑝 − 𝜌̅𝑞|)𝑒

𝑗(𝑛−𝑚)∅𝜌𝑝̅̅ ̅̅ 𝜌𝑞̅̅ ̅̅                                 (2.20) 

                                   [𝛽̿𝑞𝑝]𝑛𝑚
= 𝐽𝑛−𝑚

(2)
(𝑘𝜌𝑙|𝜌̅𝑝 − 𝜌̅𝑞|)𝑒

𝑗(𝑛−𝑚)∅𝜌𝑝̅̅ ̅̅ 𝜌𝑞̅̅ ̅̅                                 (2.21) 

Then the exciting field in equation (2.17) becomes 

                    𝐻̅𝑒𝑥
(𝑞)(𝜌̅, 𝑧) = 𝑅𝑔𝜓̅𝑡(𝜌̅ − 𝜌̅𝑞) ∙ [𝛽̿𝑞𝑂𝑔

∙ 𝑤̅𝑇𝑀 + ∑ 𝛼̿𝑞𝑝 ∙ 𝑎̅𝑠
(𝑝)𝑁𝑔

𝑝=1
𝑝≠𝑞

]                    (2.22) 

The scattered field from via 𝑞 is, using the T matrix 𝑇̿(𝑞) 

                  𝐻̅𝑠
(𝑞)(𝜌̅, 𝑧) = 𝜓̅𝑡(𝜌̅ − 𝜌̅𝑞)𝑇̿

(𝑞) ∙ [𝛽̿𝑞𝑂𝑔
∙ 𝑤̅𝑇𝑀 + ∑ 𝛼̿𝑞𝑝 ∙ 𝑎̅𝑠

(𝑝)𝑁𝑔

𝑝=1
𝑝≠𝑞

]                    (2.23) 

The Foldy Lax equation becomes, on equating (2.23) to (2.15), 
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                               𝑎̅𝑠
(𝑞)

= 𝑇̿(𝑞) ∙ [𝛽̿𝑞𝑂𝑔
∙ 𝑤̅𝑇𝑀 + ∑ 𝛼̿𝑞𝑝 ∙ 𝑎̅𝑠

(𝑝)𝑁𝑔

𝑝=1
𝑝≠𝑞

]                                    (2.24) 

In matrix form, equation (2.24) becomes,  

[
 
 
 
 𝐼 ̿ −𝑇̿(1) ∙ 𝛼̿12

−𝑇̿(2) ∙ 𝛼̿21 𝐼 ̿

… −𝑇̿(1) ∙ 𝛼̿1𝑁𝑔

… −𝑇̿(2) ∙ 𝛼̿2𝑁𝑔
… …

−𝑇̿(𝑁𝑔) ∙ 𝛼̿𝑁𝑔1 −𝑇̿(𝑁𝑔) ∙ 𝛼̿𝑁𝑔2

… …
… 𝐼̿ ]

 
 
 
 

[
 
 
 
 𝑎̅𝑠

(1)

𝑎̅𝑠
(2)

…

𝑎̅𝑠

(𝑁𝑔)
]
 
 
 
 

 

=

[
 
 
 
 𝑇̿(1) ∙ 𝛽̿1𝑂𝑔

∙ 𝑤̅𝑇𝑀

𝑇̿(2) ∙ 𝛽̿2𝑂𝑔
∙ 𝑤̅𝑇𝑀

…

𝑇̿(𝑁𝑔) ∙ 𝛽̿𝑁𝑔𝑂𝑔
∙ 𝑤̅𝑇𝑀

]
 
 
 
 

 

                                                                                                                                           (2.25) 

Let 𝑄̿  be the inverse of the matrix of the left hand side of equation (2.25), and let it be 

decomposed as follows 

𝑄̿ =

[
 
 
 
 𝑄̿11 𝑄̿12

𝑄̿21 𝑄̿22

… 𝑄̿1𝑁𝑔

… 𝑄̿2𝑁𝑔
… …

𝑄̿𝑁𝑔1 𝑄̿𝑁𝑔2

… …

… 𝑄̿𝑁𝑔𝑁𝑔]
 
 
 
 

=

[
 
 
 
 𝐼 ̿ −𝑇̿(1) ∙ 𝛼̿12

−𝑇̿(2) ∙ 𝛼̿21 𝐼 ̿

… −𝑇̿(1) ∙ 𝛼̿1𝑁𝑔

… −𝑇̿(2) ∙ 𝛼̿2𝑁𝑔
… …

−𝑇̿(𝑁𝑔) ∙ 𝛼̿𝑁𝑔1 −𝑇̿(𝑁𝑔) ∙ 𝛼̿𝑁𝑔2

… …
… 𝐼̿ ]

 
 
 
 
−1

 

                                                                                                                                           (2.26) 

Then 

                                                 𝑎̅𝑠
(𝑞)

= ∑ 𝑄̿𝑞𝑝 ∙ 𝑇̿(𝑝) ∙ 𝛽̿𝑝𝑂𝑔
∙ 𝑤̅𝑇𝑀𝑁𝑔

𝑝=1                                 (2.27) 

The total field, from equations (2.16) and (2.27), is  

𝐻̅(𝜌̅, 𝑧) = 𝑅𝑔𝜓̅𝑡(𝜌̅ − 𝑂̅𝑔) ∙ 𝑤̅𝑇𝑀 + ∑ 𝜓̅𝑡(𝜌̅ − 𝜌̅𝑞) ∙ ∑ 𝑄̿𝑞𝑝 ∙ 𝑇̿(𝑝) ∙ 𝛽̿𝑝𝑂𝑔
∙ 𝑤̅𝑇𝑀

𝑁𝑔

𝑝=1

𝑁𝑔

𝑞=1

 

                                                                                                                                           (2.28) 

Using vector addition theorem 

                                                 𝜓̅𝑡(𝜌̅ − 𝜌̅𝑞) = 𝜓̅𝑡(𝜌̅ − 𝑂̅𝑔) ∙ 𝛽̿𝑂𝑔𝑞                           (2.29) 

then the field in the group of 𝑁𝑔 vias become 

                       𝐻̅(𝜌̅, 𝑧) = 𝑅𝑔𝜓̅𝑡(𝜌̅ − 𝑂̅𝑔) ∙ 𝑤̅𝑇𝑀 + ∑ 𝜓̅𝑡(𝜌̅ − 𝜌̅𝑞) ∙ 𝜏𝑁̿𝑔 ∙ 𝑤̅𝑇𝑀𝑁𝑔

𝑞=1             (3.30) 

In equation (3.30), 𝜏𝑁̿𝑔 is the group T matrix of 𝑁𝑔 vias, and is  
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                                         𝜏𝑁̿𝑔 = ∑ ∑ 𝛽̿𝑂𝑔𝑞 ∙ 𝑄̿𝑞𝑝 ∙ 𝑇̿(𝑝) ∙ 𝛽̿𝑝𝑂𝑔

𝑁𝑔

𝑝=1

𝑁𝑔

𝑞=1                                 (3.31) 

The solution of the problem consists of calculating the inverse in (2.26) to get 𝑄̿𝑞𝑝, and then 

use (2.31) to obtain group T matrix 𝜏𝑁̿𝑔.   

2.5 SOLVING FOLDY-LAX EQUATIONS WITH GROUP T-MATRIX  

Let there be 𝑁𝐴 antipads. The antipads are labeled as 𝑖 = 1,2, …𝑁𝐴 and their centers are at 

𝑂1, 𝑂2, ……𝑂𝑁𝐴
.  For each antipad, the vias are labeled as 𝑞𝑖 = 1,2, …𝑁𝑖  vias. Thus the total 

number of vias is 𝑁 = ∑ 𝑁𝑖
𝑁𝐴
𝑖=1 . 

Let the magnetic current source be at antipad 𝑖, as shown  in Fig. 2.3. The shadow antipad 

means that antipad is excited, while the other antipads, 𝑗 ≠ 𝑖, have idle vias.  Then I use 𝜏̿(𝑗) to 

represent the group T-matrix of the vias in antipad 𝑗.  For the source antipad 𝑖, I do not  use the 𝜏̿ 

matrix as the source arises from the space in between the vias at the antipad 𝑖. 

 

Figure 2.3.  𝑁 vias distributed in 𝑁𝐴 antipad with only antipad 𝑖 excited. 

 

For Foldy-Lax equation in such case, the exciting field coefficients at antipad 𝑗 will then be 

at 𝑂𝑗 and not at individual via. Thus I use 𝑤𝑙𝑛

𝑇𝑀(𝑂𝑗)
.  The incident filed coefficients are denoted as 

𝑎𝑙𝑛

𝑇𝑀(𝑂𝑗)
. Then in matrix notation, for the exciting field of via  𝑞𝑖 in the source antipad 𝑖, 
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                       𝑤̅𝑞𝑖 = 𝑎̅𝑞𝑖 + ∑ 𝛼̿𝑞𝑖𝑝𝑖

𝑁𝑖
𝑝𝑖=1,𝑝𝑖≠𝑞𝑖

𝑇̿(𝑝𝑖)𝑤̅𝑝𝑖 + ∑ 𝛼̿𝑞𝑖𝑂𝑗

𝑁𝐴
𝑗=1,𝑗≠𝑖 𝜏̿(𝑗)𝑤̅𝑂𝑗              (2.32) 

Then for the group of vias in antipad 𝑗 

                   𝑤̅𝑂𝑗 = 𝑎̅𝑂𝑗 + ∑ 𝛼̿𝑂𝑗𝑝𝑖

𝑁𝑖
𝑝𝑖=1,𝑝𝑖≠𝑞𝑖

𝑇̿(𝑝𝑖)𝑤̅𝑝𝑖 + ∑ 𝛼̿𝑂𝑗𝑂𝑗′

𝑁𝐴
𝑗′=1,𝑗′≠𝑗 𝜏̿(𝑗′)𝑤̅𝑂𝑗′           (2.33) 

In equations (2.32) and (2.33), I can see there are a total of (𝑁𝐴 − 1 + 𝑁𝑖) × 𝑀 equations, 

where 𝑀 = 2𝑁𝑚𝑎𝑥 + 1, and 𝑁𝑚𝑎𝑥 is the truncation number of the axially anisotropic modes. 

After solving the exciting field coefficients, I next only post process the port parameters that 

we are interested in. 

Hence I only need 𝐽(𝑞𝑖), the surface current coefficients on the via in the source antipad.  The 

relation between the surface current coefficients and the exciting field coefficients 𝑤𝑙𝑛
𝑇𝑀 is [4] 

                                                           𝑤𝑙𝑛
𝑇𝑀 =

1

𝐵𝑙𝑛
𝑇𝑀 𝐽𝑙𝑛

𝑇𝑀                                                       (2.34) 

where  𝐵𝑙𝑛
𝑇𝑀 =

2/(𝜂𝜋𝑎)

𝐻𝑛
(2)

(𝑘𝜌𝑙𝑎)
. 

For the magnetic surface current source at 𝑧′ =
𝑑

2
, the surface current density on the via 𝑝 is 

                                   𝐽𝑠̅
𝑇𝑀(𝑝)

= ∑ 𝐽𝑙𝑚
𝑇𝑀(𝑝)

𝑧̂𝑚,𝑙 𝑐𝑜𝑠 (𝑘𝑧𝑙 (𝑧 +
𝑑

2
)) 𝑒−𝑗𝑚𝜙                            (2.35) 

The currents are obtained by the integration 

                                                    𝐼(̅𝑝) = ∫ 𝑎𝑑
2𝜋

0
𝜙𝐽𝑠̅

𝑇𝑀(𝑝)
∙ 𝑧̂                                              (2.36) 

In the integration, only the zeroth harmonic of 𝑚 = 0 contributes. 

𝐼(̅𝑝) = 2𝜋𝑎 ∑𝑤𝑙0
𝑇𝑀(𝑝) 2/(𝜂𝜋𝑎)

𝐻𝑚
(2)

(𝑘𝜌𝑙𝑎)
𝑙

𝑐𝑜𝑠 (𝑘𝑧𝑙 (𝑧 ±
𝑑

2
)) = 2𝜋𝑎 ∑𝐽𝑙0

𝑇𝑀(𝑝)

𝑙

𝑐𝑜𝑠 (𝑘𝑧𝑙 (𝑧 ±
𝑑

2
)) 

                                                                                                                                           (2.37) 

where the + sign corresponds to the magnetic current source at 
𝑑

2
 and the − sign corresponds to 

the magnetic current source at −
𝑑

2
.   The 𝑌 parameters of single-ended case for 𝑁 vias sharing 

same antipad can be obtained according to section 5 and 6 in [4].  One can also get 𝑆 parameters 

for interior problem by transforming  𝑌 parameters. 
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2.6 COMBINED INTERIOR AND EXTERIOR PROBLEM  

2.6.1 The Combined Interior and Exterior Problem and Scattering Matrix for Single-Ended 

Case 

The exterior problem for 𝑁 vias sharing same antipad is a transmission line with 𝑁 conductors 

in which only TEM mode is excited.  The TEM modal solution is computed by solving the same 

Laplace equation as (2.3).  As stated in section 6 in [4], the exterior problem has magnetic current 

opposite to that of interior problem, but with the same voltage enforced and the same electric field 

in the aperture.  

Following the same notations in [4], for single-ended case, a matrix equation is used to 

characterize the exterior structure as follows: 

                                                          [𝐵̅
𝐼 ̅
] = [

𝛤𝑠𝑐 𝑇̿𝑎𝑛𝑡

𝐼𝑠̿𝑐 𝑌̿𝑎𝑛𝑡

] [𝐴̅
𝑉̅
]                                             (2.38) 

where 𝐵̅ , 𝐼 ̅, 𝐴̅  and 𝑉̅  are 𝑁 × 1  vectors, 𝛤𝑠𝑐 , 𝑇̿𝑎𝑛𝑡 , 𝐼𝑠̿𝑐  and 𝑌̿𝑎𝑛𝑡 are 𝑁 × 𝑁  matrices.  The 

surface current for the 𝑖𝑡ℎ via can be obtained by performing the line integral on the 𝑖𝑡ℎ via 

                                                     𝐼𝑖 = −∮ 𝑑𝑙
1

𝜂𝑆𝑖
𝑛̂ ∙ ∇𝜓                                                    (2.39) 

where 𝜂 is wave impedance. 

After solving both the exterior and interior problems, I relate the admittance matrix 𝑌̿ found 

in the interior problem and the parameters of the exterior-problem, 𝛤𝑠𝑐, 𝑇̿𝑎𝑛𝑡, 𝐼𝑠̿𝑐 and 𝑌̿𝑎𝑛𝑡.  Then 

the 2𝑁 × 2𝑁 scattering matrix is: 

𝑆𝑠̿𝑖𝑛𝑔𝑙𝑒−𝑒𝑛𝑒𝑑𝑒𝑑 = [
𝛤𝑠𝑐

𝑢 0̿𝑁

0̿𝑁 𝛤𝑠𝑐
𝑏
] + [

−𝑇̿𝑎𝑛𝑡
𝑢 0̿𝑁

0̿𝑁 𝑇̿𝑎𝑛𝑡
𝑏

] × [
𝑌̿𝑢𝑢 + 𝑌̿𝑎𝑛𝑡

𝑢 𝑌̿𝑢𝑏

−𝑌̿𝑏𝑢 −𝑌̿𝑏𝑏 − 𝑌̿𝑎𝑛𝑡
𝑏

]

−1

[
𝐼𝑠̿𝑐
𝑢 0̿𝑁

0̿𝑁 𝐼𝑠̿𝑐
𝑏
] 

                                                                                                                                           (2.40)     

2.6.2 References Generalized Mixed-Mode S-Parameters for 𝑵 vias sharing same antipad 

Consider the general 𝑛 -ports network.  In order to get 𝑛 -ports mixed-mode scattering 

matrices, the overall number of 𝑛-ports is split into two different sets: the mixed-mode port set 

composed by the even number of 𝑝-ports requiring the differential and common mode description, 
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and the one given by the remaining single-ended (𝑛 − 𝑝) ports.  One can transform the 

conventional single-ended scattering matrix to generalized mixed-mode scattering matrix by using 

                                                   𝑀̿ =
1

√2
[

1 −1
0 0

0 0
1 −1

1 1
0 0

0 0
1 1

]                                             (2.41) 

                                               𝑆𝑚̿𝑖𝑥𝑒𝑑_𝑚𝑜𝑑𝑒 = 𝑀̿𝑆𝑠̿𝑖𝑛𝑔𝑙𝑒−𝑒𝑛𝑑𝑒𝑑𝑀̿
−1                                   (2.42) 

2.7 NUMERICAL RESULTS AND DISCUSSIONS  

The Foldy-Lax multiple scattering equation method is a mostly analytical method based on 

modal expansion of the scattering of cylindrical waves.  The truncation of the numbers of modes 

and the truncation of the number of harmonics are large enough to guarantee good accuracy.  On 

the other hand, it is advisable not to overestimate these truncations indices as it leads to an 

unnecessary increase in the computational cost of the method.  The convergence studies and the 

rules of choosing the truncation were discussed in references [8] and [14]. 

I first illustrate the case of a single antipad with multiple vias, in order to verify the accuracy 

and efficiency of the proposed method.  I compare the results with the previous Foldy-Lax finite 

difference method with non-uniform grid (Foldy-Lax/nuFDM2D).  I then discuss the high order 

modes effects for three cases. Next I illustrate results when the group T matrix is incorporated.  I 

illustrate the cases of multiple antipads with multiple vias in each antipad by applying Foldy-

Lax/GT/MoM1D and the group T matrix (GT) for the group of vias sharing the same antipad.  By 

MoM 1D, I refer to the results of reducing to 1D discretization of MoM solution of Laplace 

equation and 1D integration of the product of the charge and the Green’s functions. 

For discussion of modes effects, the indices 𝑙 and 𝑛 stand for the mode order for waveguide 

modes and azimuthal modes for vertical vias respectively.  𝐿𝑚𝑎𝑥  and 𝑁𝑚𝑎𝑥  are the truncation 

mode order numbers of 𝑙 and 𝑛 respectively.  For excitation in the antipad, only 𝑇𝐸𝑀 or 𝑇𝑀𝑧00 

mode is considered, hence only 𝑇𝑀𝑧 modes are excited in the waveguide.  Then the modes can be 

classified as 

𝑇𝐸𝑀 or 𝑇𝑀𝑧00 mode, with 𝑙 = 𝑛 = 0, it is propagating and isotropic. 

𝑇𝑀𝑧𝑛0 modes, with 𝑙 = 0 and 𝑛 ≠ 0, they are propagating and anisotropic. 

𝑇𝑀𝑧0𝑙 modes, with 𝑙 > 0 and 𝑛 = 0, they are nonpropagating and isotropic. 
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𝑇𝑀𝑧𝑛𝑙 modes, with 𝑙 > 0 and 𝑛 ≠ 0, they are nonpropagating and anisotropic. 

In the setup of HFSS, the boundary condition is set as radiation boundary.  In order to keep 

enough distance between the port and boundary (at least one wavelength of the lowest interested 

frequency point), we set the plane size at 1 𝑖𝑛𝑐ℎ × 1 𝑖𝑛𝑐ℎ.  

I calculate the single-ended case first and then transform the conventional S parameters into 

mixed-mode form using (2.41) and (2.42). 

2.7.1 A. Case of Single Antipad with Two Vias (Fig. 2.4) and Comparison with Finite 

Difference Approach (FDM) 

I first compare the present method with the previous method that uses finite difference.  In 

using finite difference, the method is fast if non uniform grid is used.  I label this as Foldy-

Lax/nuFDM2D.  On the other hand, when the vias are closely spaced, fine uniform grids need to 

be used.  I label this approach as Foldy-Lax/FDM2D.  It then has the accuracy with significant 

increase of CPU as shown later.   

Fig. 2.4(a) and (b) show the top view and the cross-sectional view of structure about 2 vias 

sharing one antipad which is called differential vias.  In the specifications, ℎ stands for waveguide 

thickness, 𝑡 stands for the plane thickness and 𝜀𝑟 is the relative dielectric constant. The antipad 

shape is oval.  The pitch between the two centers of the vias varies from 80 𝑚𝑖𝑙 to 31 𝑚𝑖𝑙, or the 

closest spacing between the two vias varies from 50 𝑚𝑖𝑙 to only 1 𝑚𝑖𝑙.  

The average CPU times per frequency for simulation of single-ended S parameters by using 

the method of Foldy-Lax/MoM1D, Foldy-Lax/nuFDM2D, Foldy-Lax/FDM2D and HFSS for 

cases 1 to 4 are compared in Table 2.1. 

 

Figure 2.4. Geometry under investigation for cases 1, 2 and 3. (a) (left) top view of 2 vias 

sharing one antipad, and (b) (right) cross-sectional view of 2 vias sharing one antipad. 

 



23 

 

 

Specifications for case 1 are: 𝜀𝑟 = 4.4, 𝑅𝑣𝑖𝑎 = 15 𝑚𝑖𝑙, 𝑅𝑎𝑛𝑡𝑖𝑝𝑎𝑑 = 30 𝑚𝑖𝑙, 𝑝𝑖𝑡𝑐ℎ = 80 𝑚𝑖𝑙, 

ℎ =  50 𝑚𝑖𝑙, 𝑡 = 1.3 𝑚𝑖𝑙. 

In this case, the pitch between the two centers of the vias is quite far apart at 80 mil, so that  

the closest spacing between the two vias is 50 mil.  Fig. 2.5 shows the comparisons of the three 

methods of both insertion loss and return loss for differential mode.  There are greater losses in 

general at high frequencies because of radiation losses.  Good agreements are found for the three 

methods.  We can see that for differential signaling, since the signal propagating along the vias are 

equal and opposite, the radiated EMI is reduced.  The insertion loss is less than  3dB even up to 

20 GHz.  

 

Figure 2.5. Insertion loss (top) and return loss (bottom) of differential mode for case 1. 

 

This comparison shows that the method of Foldy Lax/MoM1D is slightly faster than Foldy-

Lax/nuFDM2D for this case of via separation.  However, if the two vias are much closer, Foldy-

Lax/nuFDM2D is not accurate and finer uniform gridding for FDM need to be used.  These are 

illustrated in cases 2 to 4.  

Specifications for case 2 are: 𝜀𝑟 = 4.4, 𝑅𝑣𝑖𝑎 = 15 𝑚𝑖𝑙, 𝑅𝑎𝑛𝑡𝑖𝑝𝑎𝑑 = 30 𝑚𝑖𝑙, 𝑝𝑖𝑡𝑐ℎ = 50 𝑚𝑖𝑙, 

ℎ =  50 𝑚𝑖𝑙, 𝑡 = 1.3 𝑚𝑖𝑙. 
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In this case, the pitch between the two centers of the vias is 50 mil so that the closest spacing 

between the two vias is 20 mil.  Fig. 6 shows both insertion loss and return loss for differential 

mode.   

Table 2.1. CPU Time per Frequency for The Simulation Case 1-3 On Ansoft HFSS and The 

Foldy-Lax Approach 

Case 

No./vias 

No. 

CPU Run Time per Frequency 

Ansoft HFSS 

version 12 

Foldy-

Lax/MoM1D 

Foldy-

Lax/nuFDM2D 

Foldy-

Lax/FDM2D 

1/2 19.4 s 0.18 s 0.25 s - 

2/2 21.2 s 0.30 s 0.43 s 131 s 

3/2 24.7 s 0.35 s - 246 s 

4/5 100.3 s 5.36 s - 375 s 

 

Fig. 2.6 shows that the results of Foldy-Lax/nuFDM 2D are different from the results of all 

the other three methods which agree well with each other.  This is due to the application of non-

uniform meshing mechanism built in cylindrical coordinates.  The non-uniform meshing 

mechanism is shown in the left figure in Fig. 2.7, in which we consider an example of an oval 

antipad with a differential via pair going through it.   

 

Figure 2.6. Insertion loss (top) and return loss (bottom) of differential mode for case 2 
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We can see that for this non-uniform grid, as the aperture size becomes large or irregular for 

the shared antipad, the artificial boundaries created by the meshing element edges will be 

impractical for describing the domain of the object [23]. This is caused by the adopted fixed 

cylindrical coordinate system. 

In order to improve accuracy of FDM, we then apply Foldy-Lax/FDM2D method in which 

very fine and uniform discretization of grid and 2D interpolation of magnetic surface currents are 

used to obtain the incident wave.  The meshing mechanism is shown in the right figure in Fig. 2.7.  

The uniform meshing can exactly describe the whole domain of the object, but with significant 

increases in CPU as shown in Table 2.1.  I used 10000 uniform meshes for case 2. 

 

Figure 2.7. Meshing mechanism of non-uniform cylindrical coordinate system (left) and 

rectangular coordinate system (right) applying to an oval antipad with 2 vias sharing the same 

antipad. 

 

Because the Foldy-Lax method is a mostly analytical method based on modal expansion, the 

number of unknowns is small and matrix inversion is used to solve the system of matrix equations.  

However, the number of unknowns does not depend merely on the number of vias especially when 

the vias are very close to each other.  In such a case, the number of unknowns in the Foldy-Lax 

equations depends also on the modes truncation number and the truncation of azimuthal 

harmonics. 

For example, in table 2.1, consider the case when the number of vias increases from 2 to 5, 

and the antipad structure has changed.  For Foldy-Lax/1D MoM, the total number of unknowns 

increases from 270 for case 3 to 675 for case 4 in Foldy-Lax equation part and 150 for case 3 to 

400 for case 4 in 1D MoM part.  Because the total number of unknowns for Foldy-Lax/1D MoM 
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is much less than HFSS, the CPU of   Foldy-Lax/1D MoM is much less than HFSS.  For Foldy-

Lax/FDM2D, in order to obtain accurate results, 10000 uniform meshes are used to calculate 

surface magnetic current and incident field for case 3.  Because most CPU are used to calculate 

2D surface integrals, the CPU  of Foldy-Lax/FDM2D does not  change significantly though the 

vias number increases  from 2 for case 3 to 5 for case 4.  This shows that Foldy-Lax/1D MoM is 

more convenient and efficient than Foldy-Lax/FDM2D. 

For the case of large number of vias, we previously have used fast matrix solvers that can be 

applied to more general dense matrices such as matrices that result from Foldy-Lax equations.  

These include the SMCG method [9] and the multilevel UV method [25].   

 The CPU run time per frequency of the method of Foldy-Lax/MoM 1D is just 0.3 second.  

This comparison shows that the method of Foldy Lax/MoM1D is accurate and greatly improves 

the computational speed.   

In the rest of cases, I only show comparisons of simulation results generated by this improved 

method of Foldy Lax/MoM1D and HFSS. 

2.7.2 B. Cases of Differential Mode and Common Mode for Very Closely Spaced Vias 

 

Figure 2.8.  Insertion loss (top) and return loss (bottom) of differential mode for case 3. 
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I next compare differential mode and common mode for very closely spaced vias.  The 

specifications for case 3 are: 𝜀𝑟 = 4.4, 𝑅𝑣𝑖𝑎 = 15 𝑚𝑖𝑙, 𝑅𝑎𝑛𝑡𝑖𝑝𝑎𝑑 = 30 𝑚𝑖𝑙, 𝑝𝑖𝑡𝑐ℎ = 31 𝑚𝑖𝑙, ℎ =

 50 𝑚𝑖𝑙, 𝑡 = 1.3 𝑚𝑖𝑙. 

Note that the closest spacing between the 2 vias is merely 1 mil.  In order to calculate the 

strong coupling between the two vias, we truncate the waveguide mode up to 𝑙𝑚𝑎𝑥 = 8  and 

azimuthal harmonics up to 𝑁𝑚𝑎𝑥 = 7.   

Fig. 2.8 and 2.9 show the insertion loss and return loss for both differential mode and common 

mode.  Good agreements are obtained between the simulation results and HFSS for differential 

mode.  For common mode, the simulation results of HFSS fluctuate at high frequencies.  This is 

due to the fact that common mode waves radiate along the waveguide.  I used HFSS version 12 

and we set in HFSS the cross sectional plane size of the computation region as 10000 mil by 10000 

mil.  If I increase the distance of the radiation boundary of HFSS, then results of HFSS improve, 

but with much higher CPU resources.  On the other hand, the results given by Foldy-Lax/MoM1D 

method are stable.  

 

Figure 2.9.  Insertion loss (top) and return loss (bottom) of common mode for case 3. 
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I also note that the insertion loss of the differential mode has more loss than the common mode 

for frequency above 3.5GHz. This is due to the port impedance mismatching (as we treat all mixed-

mode S-parameters referenced to 100 Ω for differential mode and 25 Ω for common mode).  It 

does not mean that the electrical performance for common mode is better than the differential 

mode.  

2.7.3 C. Case of Losses and Cross Talk of 5 Vias Sharing 1 Antipad 

Case 4 Fig. 2.10 shows a top view of symmetric structure about 5 vias sharing one antipad.  

The specifications are: 𝜀𝑟 = 4, 𝑅𝑣𝑖𝑎 = 7 𝑚𝑖𝑙 , 𝑅𝑎𝑛𝑡𝑖𝑝𝑎𝑑 = 30 𝑚𝑖𝑙 , 𝑝𝑖𝑡𝑐ℎ1 = 15 𝑚𝑖𝑙 ,  𝑝𝑖𝑡𝑐ℎ2 =

20 𝑚𝑖𝑙, ℎ =  40 𝑚𝑖𝑙 , 𝑡 = 1 𝑚𝑖𝑙 . The orders of the vias in figure 11 are via 1 (center), via 2 

(above), via 3 (right), via 4 (below) and via 5 (left).  

In this case, four side signal vias are placed around one center signal.   I calculate the couplings 

among the five vias and study the electrical performance of each via. 

 

Figure 2.10.  Case 4: top view of 5 vias sharing one antipad. 

 

Fig. 2.11-2.14 show the S parameters of these 5 vias, respectively for insertion loss, return 

loss, near end cross talk (NEXT) and far end cross talk (FEXT), all for single-ended case.  Good 

agreements are obtained with simulation results of HFSS. 
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Figure 2.11.  Insertion loss for 5 vias sharing one antipad for case 4. 

 

Figure 2.12.  Return loss for 5 vias sharing one antipad for case 4. 
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Figure 2.13.  Near end cross talk among 5 vias sharing one antipad for case 4. 
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the two horizontal side signal vias have good electrical performance for insertion loss, while the 
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are the closest to ground plane.  Thus they can find current return path better than the other 3 vias.  

But via 1 is surrounded by four idle signal vias and is furthest from the ground plane.  Thus, the 

electrical performance is worse than the other vias. 

Fig. 2.13 and 2.14 show the cross talk among signal via 1 and other idle signal vias when via 

1 is excited with unit sinusoidal voltage.  Due to the coupling between via 1 and via 2 is the same 

as coupling between via 1 and via 4, and coupling between via 1 and via 3 is the same as coupling 

between via 1 and via 5.  For NEXT, which is capacitance dominated, coupling between via 1 and 

via 2 is stronger than the coupling between via 1 and via 3 (5dB difference at 20GHz), due to the 

smaller impedance.  But for FEXT, which is inductively dominated, there is an interesting 

phenomenon for frequency larger than about 7.5GHz.  The coupling between via 1 and via 2 is 
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at 20GHz for coupling between via 1 and via 3 (also via 1 and via 5).  However, note that the 

magnitude of the cross talk is below −22dB. Thus, the 1dB difference for such small magnitudes 

is negligible. 

 

Figure 2.14.  Far end cross talk among 5 vias sharing one antipad for case 4. 

 

2.7.4 D. Modes Effects of Near Field Interactions for Closely Spaced Vias 

    Case 5 Eight close vias for each via going through one antipad.  Figure 2.15 shows top view 
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0.02 , 𝑝𝑖𝑡𝑐ℎ = 31 𝑚𝑖𝑙 , ℎ =  50 𝑚𝑖𝑙 , 𝑡 = 1.3 𝑚𝑖𝑙 . The 6 signal vias locate at (−6,10) 𝑚𝑖𝑙 , 

 (−6,60) 𝑚𝑖𝑙,  (12,35) 𝑚𝑖𝑙,  (12,130) 𝑚𝑖𝑙 ,  (35, −10) 𝑚𝑖𝑙  and (51,73)𝑚𝑖𝑙; the 2 ground vias 

are at (12,85) 𝑚𝑖𝑙 and (51,25) 𝑚𝑖𝑙. 

 

0 2 4 6 8 10 12 14 16 18 20
-34

-32

-30

-28

-26

-24

-22

-20

Frequency (GHz)

F
E

X
T

 (
d

B
)

Sigle-ended Case for 5 Vias

 

 

Via 1&2 - Foldy Lax/MoM 1D

Via 1&2 - HFSSv12

Via 1&3 - Foldy Lax/MoM 1D

Via 1&3 - HFSSv12

Via 1&4 - Foldy Lax/MoM 1D

Via 1&4 - HFSSv12

Via 1&5 - Foldy Lax/MoM 1D

Via 1&5 - HFSSv12



32 

 

 

 

Figure 2.15. Top view of 8 close vias layout for case 5. 

 

Figure 2.16. Insertion loss comparisons of via 1 for case 5. 
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Note that the remaining of the antipads for via 1 and via 3 is just 1 mil. From figure 2.16 and 

2.17, for insertion loss and NEXT, the high order nonpropagating isotropic mode are very 

important to the accuracy of the model. The insertion loss is more sensitive than the NEXT is for 

the effect of high order nonpropagating anisotropic modes. 

 

 

Figure 2.17. NEXT comparisons of via 1 and via 3 for case 5. 

 

    Case 6 Close Vias Sharing Same Antipad (Differential Case). Top view of structure for this 
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1 𝑚𝑖𝑙.  In order to correctly calculate the strong coupling between the 2 vias, I truncate the 𝐿𝑚𝑎𝑥 =

8 and 𝑁𝑚𝑎𝑥 = 7.   

 

0 5 10 15 20
-35

-30

-25

-20

-15

-10
Single Ended Case for 8 Close Vias

Frequency (GHz)

N
E

X
T

 (
d
B

)

 

 

S13 - Foldy-Lax Lmax=0 Nmax=0

S13 - Foldy-Lax Lmax=1 Nmax=0

S13 - Foldy-Lax Lmax=0 Nmax=1

S13 - Foldy-Lax Lmax=1 Nmax=1

S13 - Foldy-Lax Lmax=8 Nmax=3

S13 - HFSSv12



34 

 

 

 

Figure 2.18. Insertion loss of differential mode for case 6. 
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nonpropagating modes scattered from one via to another via are still strong, and secondly the final 

actual current distribution on each via is not uniform around the vertical cylinder. These two 

reasons lead to the necessity of including the high order modes effects for differential signaling. 
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of vias sharing the same antipad.  I compare the method of Foldy-Lax/GT/MoM1D with the 

method of Foldy Lax/MoM 1D.  The average CPU run times per frequency for the simulation of 

single-ended S parameters by using the method of Foldy-Lax scattering equations and HFSS for 

case 7-9 are shown in Table 2.2. 
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Table 2.2. CPU Time per Frequency For The Simulation Case 7-9 On Ansoft HFSS and The 

Foldy-Lax Approach 

Case 

No./vias 

No. 

CPU Run Time per Frequency 

Ansoft HFSS version 12 Foldy-Lax/MoM 1D Foldy-Lax/GT/MoM 1D 

7/4 75.2 s 1.10 s 1.07 s 

8/6 126.4 s 5.41 s 5.23 s 

9/20 368.7 s 14.45 s 6.75 s 

 

Case 7 Fig. 2.19 shows a top view of symmetric structure about 2 vias sharing one antipad.  

The specifications are: 𝜀𝑟 = 4.4, 𝑅𝑣𝑖𝑎 = 15 𝑚𝑖𝑙, 𝑅𝑎𝑛𝑡𝑖𝑝𝑎𝑑 = 30 𝑚𝑖𝑙, 𝑝𝑖𝑡𝑐ℎ1 = 31 𝑚𝑖𝑙, 𝑝𝑖𝑡𝑐ℎ2 =

80 𝑚𝑖𝑙, ℎ =  50 𝑚𝑖𝑙, 𝑡 = 1.3 𝑚𝑖𝑙. 

For this case, 4 vias are distributed in 2 antipads.  Due to the symmetric geometry, I only 

calculate the differential signaling parameters of the left pair.  I then treat the right pair of vias as 

one object, and then the 4 vias are treated as 3 objects.   

 

Figure 2.19. Geometry under investigation for case 7: top view of 2 groups of vias with each 

2 vias sharing one antipad. 



36 

 

 

 

Figure 2.20. Insertion loss of differential mode for one differential via pair for case 7. 

 

Fig. 2.20 shows both insertion loss and return loss for the differential mode case of one of the 

differential via pair.  Good agreements are obtained with simulation results of HFSS.  The result 

shows the electrical performance for this differential pair is good as the results are not much 

affected by the other pair which is only 80 mil away.  This shows differential signaling is not 

sensitive to SSO noise and is tolerant of its multiple “local ground” moving around.  For this case, 

the method of Foldy-Lax/GT/MoM1D is not much faster than the method of Foldy-Lax/MoM1D, 

because it needs one more time of Foldy Lax scattering equation to obtain the group T matrix of 

each group of vias.  Thus the CPU is nearly the same as that of method of Foldy-Lax/MoM1D.  

Nevertheless, the results validate the group T matrix method.   

Case 8 Fig. 2.21 shows the top view of an asymmetrical structure about 5 vias sharing one 

antipad and 1 via in another antipad.  The specifications are: 𝜀𝑟 = 4, 𝑅𝑣𝑖𝑎 = 7 𝑚𝑖𝑙, 𝑅𝑎𝑛𝑡𝑖𝑝𝑎𝑑1 =

30 𝑚𝑖𝑙 ,  𝑅𝑎𝑛𝑡𝑖𝑝𝑎𝑑2 = 15 𝑚𝑖𝑙 , 𝑝𝑖𝑡𝑐ℎ1 = 15 𝑚𝑖𝑙 ,  𝑝𝑖𝑡𝑐ℎ2 = 20 𝑚𝑖𝑙 , 𝑝𝑖𝑡𝑐ℎ3 = 50 𝑚𝑖𝑙 , ℎ =

 40 𝑚𝑖𝑙, 𝑡 = 1 𝑚𝑖𝑙. The orders of the vias in figure 2.21 are: in the right antipad, via 1 (center), 

via 2 (above), via 3 (right), via 4 (below) and via 5 (left); in the left antipad, via 6.  
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In this case, I treat all the 5 vias in one antipad as one object.  Then there are 2 objects in the 

structure.  I use Foldy-Lax scattering equation to obtain the group T matrix for the 5 vias sharing 

one antipad, and then apply Foldy-Lax scattering equation method again to solve for the multiple 

scattering between the 2 objects.   

Fig. 2.22 shows both insertion loss and return loss for single-ended mode of via 1.  Good 

agreements are obtained with simulation results of HFSS.  The simulation results of case 5 and 6 

show that the method of Fold-Lax/GT/MoM1D is accurate.  Thus, I only show comparisons 

between method of Foldy-Lax/GT/MoM1D and HFSS in the next case. 

 

Figure 2.21. Geometry under investigation for case 8: top view of 2 groups of vias with 5 

vias sharing one antipad and 1 via in another antipad. 
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Figure 2.22. Insertion loss (top) and return loss (bottom) of single-ended mode for via 1 for 

case 8. 

 

Case 9 Fig. 2.23 shows the top view of a symmetric structure about each 5 vias sharing one 

antipad.  The specifications are: 𝜀𝑟 = 4, 𝑅𝑣𝑖𝑎 = 7 𝑚𝑖𝑙, 𝑅𝑎𝑛𝑡𝑖𝑝𝑎𝑑1 = 30 𝑚𝑖𝑙, 𝑅𝑎𝑛𝑡𝑖𝑝𝑎𝑑2 = 15 𝑚𝑖𝑙, 

𝑝𝑖𝑡𝑐ℎ1 = 15 𝑚𝑖𝑙,  𝑝𝑖𝑡𝑐ℎ2 = 20 𝑚𝑖𝑙, 𝑝𝑖𝑡𝑐ℎ3 = 80 𝑚𝑖𝑙,ℎ =  40 𝑚𝑖𝑙, 𝑡 = 1 𝑚𝑖𝑙. The orders of the 

vias in figure 13 that we are interested in are: in the left above antipad, via 1 (center), via 2 (above), 

via 3 (right), via 4 (below), via 5 (left), via 6 (right above antipad center), via 11 (left below antipad 

center) and via 16 (right below antipad center).  

In this case, I treat each 5 vias in one antipad as one object.  If we are only interested in the 

vias in one antipad, there are a total of 8 objects in the structure.  Hence the problem of multiple 

scattering among 20 vias becomes a problem of multiple scattering among only 8 objects.  
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Figure 2.23. Geometry under investigation for case 9:  top view of 4 groups of vias with each 

5 vias sharing one antipad. 

 

Fig. 2.24 and 2.25 respectively show the insertion loss and the return loss for single-ended 

mode of all the centered vias in each antipad.  The figures show that, the centered via in each 

antipad has nearly the same insertion loss and return loss, due to the same local symmetric structure 

of 4 surrounding vias.  The crosstalk among these 4 centered vias, whether near end cross talk or 

far end cross talk, are weak due to the same reason.  Note that for the crosstalk between via 1 and 

via 11, there is about 7dB difference between the results and HFSS.  The maximum difference of 

7dB happens at 20GHz.  However, the disagreement starts to happen below the magnitude of 

−38dB which is just 0.0125.  Thus, the 7dB difference can be negligible.  Also, in the HFSS 

simulation, the maximum magnitude of ∆𝑆  calculated is 0.0143 after 6 iterations.  The accuracy 

of the simulation results of HFSS are comparable. 
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Figure 2.24. Insertion loss of single-ended mode for four center vias for case 9. 

 

Fig. 2.26 and 2.27 show respectively the near end and far end crosstalk among vias sharing 

one antipad.  The figures show that all the near end crosstalk among the 5 vias sharing the same 

antipad preserve the same performances as in Fig. 2.13. However, the far end crosstalk between 

via 1 and via 5 is impacted due to the effects from other antipads. 

The use of Group T matrix is not an approximation.  It makes use of the fact that one object 

can be composed of many or several other objects.  Thus the T matrix of a group can be derived 

from the T matrices of objects in the group.  For the group of vias in the source antipad, the vias 

cannot be treated as a single object because the excitation arises from sources among the vias. 
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Figure 2.25. Return loss of single-ended mode for four center vias for case 9. 

 

Figure 2.26. Near end cross talk of single-ended mode for four center vias for case 9. 
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Figure 2.27. Far end cross talk of single-ended mode for four center vias for case 9. 

 

2.8 CONCLUSIONS 

For the problem of vias sharing one antipad in planar waveguide, the finite difference method, 

which was previously used to calculate magnetic surface current with non-uniform grid, are 

restricted in accuracy and efficiency.  By converting the surface integration of magnetic surface 

currents into 1-dimensional line integration of surface charges, and applying group T matrix to 

speed up the calculation of multiple scattering among different groups of vias, one can accurately 

make simulations of complicated designs with multiple vias sharing antipad.  The two 

improvements in this paper enable early design, optimization and practical modeling of PCBs or 

packaged systems.   
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Chapter 3. MODELING VIAS WITH ARBITRARILY SHAPED 

POWER/GROUND PLANES 

3.1 SUMMARY 

In this chapter, I model multiple vias with irregular antipad in arbitrarily shaped 3D IC and 

packaging system based on generalized Foldy-Lax equations method, boundary integral equation 

method and generalized T matrix. I first obtain the impedance matrix for finite cavity, which 

includes the reflection features of the cavity boundaries. Then the scattered field from a single via 

and a generalized T matrix including the wall effects are derived. The Foldy-Lax multiple 

scattering equations are generalized to include the wall effects by using impedance matrix and the 

generalized T matrix. To obtain the incident field for the case of vias in the arbitrarily shaped 

antipad, I calculate the exciting and scattering field coefficients based on the transformation which 

converts surface integration of magnetic surface currents in antipad into 1D line integration of 

surface charges on the vias and on the ground plane. The coupling among vertical vias are solved 

by applying Foldy-Lax multiple scattering equations. The scattering matrix of coupling among 

vias is calculated to make corresponding signal/power integrity analysis. Numerical results for the 

method are in good agreement with a commercial full wave numerical tool up to 50 GHz. 

3.2 INTRODUCTION 

In chapter 2, I discussed the modeling method for multiple vias scattering in infinite large 

waveguide.  In this chapter, I model multiple vias with irregular antipad in arbitrarily shaped 3D 

IC and packaging system based on generalized Foldy-Lax equations method, boundary integral 

equation method and generalized T matrix. 

The three-dimensional integrated circuit (3D IC) in electronics is a chip in which two or more 

layers of active electronic components are integrated both vertically and horizontally into a single 

circuit.  With the increasing of the clock rate, complex interconnects system result in that timings 

now are interconnects driven.  Also, with the increase of high density 3D integrations, via size is 

decreasing while the number of vias is increasing, which leads to strong interactions among vias 

http://en.wikipedia.org/wiki/Integrated_circuit
http://en.wikipedia.org/wiki/Electronic_component
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for high speed circuit usage.  Higher order modes effects and wave harmonics effects have to be 

considered for accurate modeling and practical design.  

The results of this present approach are shown to be in good agreement with HFSS even for 

the case of closely spaced vias of as small as 1 mil in spacing between adjacent vias.  In the 

Appendix A.2, I use a simplified derivation, based on operator formalism of the T matrix in the 

presence of cavity wall, i.e. the  𝜏 matrix. I then derive the Foldy Lax multiple scattering equations 

using the  𝜏 matrices of the vias.   

The main contributions of this chapter are as follows. 

1) Unlike reference [30] which uses the single via T in the absence of the cavity wall, the T-

matrix of the via in the presence of the cavity wall, 𝜏, is derived in this thesis.  Then the generalized 

Foldy-Lax equations are derived based on this 𝜏 matrix. 

2) The combination of generalized Foldy-Lax equations method and boundary integral 

equations method are used to solve eccentric vias structures and multiple vias sharing same antipad 

structures in arbitrarily shaped cavity.  The proposed method is fast and can be used for broadband 

simulations.   

3) The TM modes excitations for irregular shaped antipad in the presence of arbitrary cavity 

shapes are derived.  Convergence of results are also shown for closely spaced vias. 

3.3 MOM IMPEDANCE MATRIX 𝒁̿ FOR FINITE CAVITY PROBLEM 

In this section, I briefly describe the boundary integral equation method for the problem of 

finite cavity of irregular shape.  The walls of the cavity will be treated as perfect magnetic 

conductors and will cause reflections.  In the multiple scattering using Foldy-Lax equations, we 

treat the TM modes with 

                                            𝑘𝑧𝑙 =
𝑙𝜋

𝑑
; 𝑘𝜌𝑙

2 = 𝑘2 − 𝑘𝑧𝑙
2                                                 (3.1) 

where 𝑙 = 0,1,2. . . .. ,  𝑑  is the separation between the two plates, and 𝑘  is the wavenumber.  

Consider an irregular shape cavity as shown in figure 3.1.  Different from [30], since 𝑘𝑑 ≪ 1, 

where the modes with 𝑙 ≥ 1 are evanescent and will not propagate to the wall and have little 

reflection from the boundary walls.  To treat the finite boundary effect, we consider only the 𝑙 = 0 

mode so that 𝑘𝑧𝑙 = 0.  Higher order waveguide modes 𝑙 ≥ 1 are evanescent and decay within short 

distance of the order of the thickness of the waveguide.  Unless the vias are placed within such 
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short distance from the cavity walls, the reflections of these waveguides form the cavity walls are 

negligible.  I assume that distances of vias from the walls are more than 50 mils which are the 

thicknesses of the waveguide used in the simulations. 

Extensions of the formalism to 𝑙 ≥ 1 do not present conceptual difficulty and can be done if 

needed.  The modes with 𝑙 ≥ 1 follow the same treatment as that of infinite ground plane.  They 

contribute to the near field interactions among the vias and between the antipad source and the 

vias.  Such effects are included in this chatper.  On the other hand, the 𝑙 = 0 mode solutions are 

modified by including the wall effects.  For 𝑇𝑀0  mode, the electric field only has the 𝐸𝑧 

component to represent the interactions.  The "𝑧" subscript will be suppressed.  For the 𝑙 = 0 

mode, 𝑘𝑧𝑙 = 0 and 𝑘𝜌𝑙 = 𝑘.  Since there is no variation withz, we use only the 2-dimensional 𝛻𝑡 

operator and the two dimensional position vector 𝜌̅.  I next define the MoM impedance matrix 𝑍̿ 

and the inverse 𝑍̿⁻¹.   

 

Figure 3.1. Boundary integral equation method for the problem of finite cavity of irregular 

shape. The electric field in the z direction is governed by the 2D Helmholtz equation.  Neumann 

boundary conditions are used for the cavity wall. 
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Consider an incident electric field 𝐸𝑖𝑛𝑐(𝜌̅)  incident on the boundary wall.  I use perfect 

magnetic wall boundary condition, so that the normal derivative of the electric field is equal to 

zero.  Let 𝐸(𝜌̅) be the electric field on the boundary.  I use the 𝑡 coordinate to describe the line 

contour of the boundary.  I assume the boundary is that of magnetic wall.  In the MoM formulation, 

1-dimensional discretization of the boundary wall is used.  Let there be 𝑁𝑡 segments.  I use pulse 

basis functions and point matching for the 𝑡𝑣  coordinates with 𝑣 = 1,2. . . 𝑁𝑡  and the length of 

segment 𝑣 is ∆𝑡𝑣.   

I use the 2D scalar Helmholtz equation for the z component of the electric field.  The electric 

field satisfies Neumann boundary conditions on the cavity wall.  By using boundary integral 

equations method and MoM, I obtain the impedance matrix.  I use 1D discretization, pulse basis 

functions and point matching.  The MoM 1D discretization formulated matrix equations are given 

below.   

                                     ∑ 𝑍𝜇𝑣 𝐸(𝜌̅(𝑡𝑣))
𝑁𝑡
𝑣=1 = 𝐸𝑖𝑛𝑐 (𝜌̅(𝑡𝜇)) , 𝜇 = 1,2. . . 𝑁𝑡                        (3.2) 

where 𝜌̅(𝑡𝜇) is the position of the 𝜇𝑡ℎ  point on the boundary.  The impedance matrix 𝑍̿  is of 

dimension 𝑁𝑡 × 𝑁𝑡.  The impedance matrix elements are 

                                 𝑍𝜇𝑣 = {
[𝑛̂′ ∙ 𝛻𝑡

′𝑔(𝜌̅, 𝜌̅′)∆𝑡𝑣]𝜌̅=𝜌̅(𝑡𝜇),𝜌̅′=𝜌̅(𝑡𝑣)
𝜇 ≠ 𝑣

1

2
𝜇 = 𝑣

                       (3.3) 

for 𝜇, 𝑣 = 1,2. . . 𝑁𝑡, and 𝑔(𝜌̅) =
1

4𝑗
𝐻0

(2)(𝑘𝜌).  In matrix notations, 

                                                            𝐸̅𝑀 = 𝑍̿⁻¹𝐸̅𝑖𝑛𝑐
𝑀                                                    (3.4) 

where 𝐸̅𝑖𝑛𝑐
𝑀  and 𝐸̅𝑀 are 𝑁𝑡 × 1 column vectors and 𝑍̿⁻¹ are the inverse of the impedance matrix.  

The "M" supercript denotes MoM discretization so that the dimension of the column is  𝑁𝑡.  It is 

used to distinguish harmonic discretization later on.  Thus, with [𝐸̅𝑖𝑛𝑐
𝑀 ]𝜇 = 𝐸𝑖𝑛𝑐 (𝜌̅(𝑡𝜇)), [𝐸̅𝑀]𝜇 =

𝐸 (𝜌̅(𝑡𝜇)).   

Using the discretized surface field, the scattered field from the wall 𝐸𝑠
𝑊(𝜌̅) is 

                               𝐸𝑠
𝑊(𝜌̅) = −∑ [𝑛̂′ ∙ 𝛻𝑡

′𝑔(𝜌̅ − 𝜌̅′)∆𝑡𝑣]𝜌̅′=𝜌̅(𝑡𝑣)
(𝑍̿⁻¹𝐸̅𝑖𝑛𝑐

𝑀 )
𝑣
 

𝑁𝑡
𝑣=1               (3.5) 
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3.4 SCATTERED FIELD FROM A SINGLE VIA AND T-MATRIX, INCLUDING WALL 

REFLECTIONS 

In this section, I reformulate the Foldy-Lax equations for solving the multiple scattering 

among cylinders with the presence of the cavity walls.  As stated in section 3.3, only the 

longitudinal components of exciting and scattering electric field 𝐸𝑧(𝑙,𝑛)
𝑒  and 𝐸𝑧(𝑙,𝑛)

𝑠  are considered. 

The difference of scattering from a via for finite cavity is the additional reflection from the 

wall.  In this section, we derive the reflection and also derive the T matrix of the via including this 

reflection.  The derivation is parallel to that of the circular ground plane case in [35] but using the 

MoM inverse impedance matrix to include the arbitrary shape boundary effect.   

Consider the 𝑞𝑡ℎ via centered at 𝜌̅𝑞, and consider outgoing 𝑚𝑡ℎ wave harmonic from via 𝑞.  

In general, we include harmonics of 𝑚 = 0,±1, . . . . . . . ±𝑀.  Harmonics of 𝑚 ≠ 0 give rise to 

anisotropic effects.  The outgoing cylindrical wave of the 𝑚𝑡ℎ harmonic of the electric field is 

                                           𝐸𝑚(𝜌̅ − 𝜌̅𝑞) = 𝑘𝐻𝑚
(2)

(𝑘|𝜌̅ − 𝜌̅𝑞|)𝑒
−𝑗𝑚𝜙𝜌̅𝜌̅𝑞                             (3.6) 

Let 𝐸̅𝑞𝑀 be of dimension 𝑁𝑡 × 1, so that   

                                             [𝐸̅𝑚
𝑞𝑀]

𝜇
= 𝐸𝑚(𝜌̅(𝑡𝜇) − 𝜌̅𝑞), 𝜇 = 1,2. . . 𝑁𝑡                             (3.7) 

The electric field is incident on the wall, and the scattered field from the wall is, using the 

inverse MoM impedance matrix  

                            𝐸𝑠
𝑊𝑞𝑚(𝜌̅) = −∑ [𝑛̂′ ∙ 𝛻𝑡

′𝑔(𝜌̅ − 𝜌̅′)∆𝑡𝑣]𝜌̅′=𝜌̅(𝑡𝑣)
(𝑍̿⁻¹𝐸̅𝑚

𝑞𝑀)
𝑣
 

𝑁𝑡
𝜈=1               (3.8) 

Next I use vector addition theorem to expand 𝐸𝑠(𝜌̅) about via 𝑞.  In the addition theorem as I 

followed notations in reference [36], with wave functions 𝐸̅(𝜌̅) where the column vector 𝜓̅ stands 

for harmonics 𝑚 = 0,±1, . . . . . . . ±𝑀.  It is of dimension 2𝑀 + 1 

                                             [𝐸̅(𝜌̅)]𝑚 = 𝐸𝑚(𝜌̅);𝑚 = 0, ±1, . . . . . . . ±𝑀                             (3.9) 

Then the field on via 𝑝 can be expressed as 

                                                     𝐸̅𝑡(𝜌̅ − 𝜌̅𝑝) = 𝑅𝑔𝐸̅𝑡(𝜌̅ − 𝜌̅𝑞) ∙ 𝛼̿𝑞𝑝
+                               (3.10) 

where superscript t stands for transpose giving a row vector, 𝑅𝑔 stands for regular, with Bessel 

functions being used. 

In the above equation, 𝛼̿𝑞𝑝
+  matrix is the translation matrix for cylindrical waves and is of 

dimension (2𝑀 + 1) × (2𝑀 + 1) 
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                                            [𝛼̿𝑞𝑝
+ ]

𝑛𝑚
= 𝐻𝑛−𝑚

(2)
(𝑘|𝜌𝑝̅̅ ̅ − 𝜌𝑞̅̅ ̅|)𝑒

𝑗(𝑛−𝑚)∅𝜌𝑝̅̅ ̅̅ 𝜌𝑞̅̅ ̅̅                         (3.11) 

I use "+" to distinguish from 

                                           [𝛼̿𝑞𝑝
− ]

𝑛𝑚
= 𝐻𝑛−𝑚

(2)
(𝑘|𝜌𝑝̅̅ ̅ − 𝜌𝑞̅̅ ̅|)𝑒𝑗(−𝑛+𝑚)∅𝜌𝑝̅̅ ̅̅ 𝜌𝑞̅̅ ̅̅                        (3.12) 

with the difference of sign in the exponent between [𝛼̿𝑞𝑝
+ ]

𝑛𝑚
 and [𝛼̿𝑞𝑝

− ]
𝑛𝑚

. 

Then 

                                            𝑔(𝜌̅ − 𝜌̅′) =
1

4𝑗𝑘
∑ 𝑅𝑔𝐸𝑛′(𝜌̅ − 𝜌̅𝑞)[𝛼̿𝑞𝜌̅′

+ ]
𝑛′0𝑛′                       (3.13) 

Then the wave from via 𝑞 to via 𝑞 through wall reflection for the 𝑚𝑡ℎ harmonic is 𝐸𝑠
𝑊𝑞𝑞𝑚(𝜌̅) 

and 

𝐸𝑠
𝑊𝑞𝑞𝑚(𝜌̅) = −∑

1

4𝑗𝑘
∑ 𝑅𝑔𝐸𝑛′(𝜌̅ − 𝜌̅𝑞)

𝑛′
[𝑛̂′ ∙ 𝛻𝑡

′[𝛼̿𝑞𝜌̅′
+ ]

𝑛′0
∆𝑡𝑣]

𝜌̅′=𝜌̅(𝑡𝑣)
(𝑍̿⁻¹𝐸̅𝑚

𝑞 )
𝑣

𝑁𝑡

𝑣=1

 

                                                                                                                                           (3.14) 

I define the 𝛾̿(𝑞𝑊) matrix which has dimension (2𝑀 + 1) × 𝑁𝑡 where 𝑊 stands for wall.  The 

elements of 𝛾̿(𝑞𝑊) are 

                                       [𝛾̿(𝑞𝑊)]
𝑛𝑣

= −
1

4𝑗𝑘
[𝑛̂′ ∙ 𝛻𝑡

′[𝛼̿𝑞𝜌̅′
+ ]

𝑛0
∆𝑡𝑣]

𝜌̅′=𝜌̅(𝑡𝑣)
                         (3.15) 

The 𝛾̿(𝑞𝑊) matrix is of mixed dimension as it represents discretized MoM points coupled to 

wave harmonics, 𝑚 = 0,±1, . . . . . . . ±𝑀.  Then 

                                        𝐸𝑠
𝑊𝑞𝑞𝑚(𝜌̅) = 𝑅𝑔𝐸̅𝑡(𝜌̅ − 𝜌̅𝑞)𝛾̿

(𝑞𝑊)𝑍̿⁻¹𝐸̅𝑚
𝑞𝑀

                               (3.16) 

where 𝑅𝑔𝐸̅𝑡(𝜌̅ − 𝜌̅𝑞) is of dimension 1 × (2𝑀 + 1), and 𝐸̅𝑚
𝑞𝑀

 of dimension 𝑁𝑡 × 1. 

To further put above in matrix form to account for the m index of harmonics, we let 𝐸̅𝑠
𝑊𝑞𝑞(𝜌̅) 

be of dimension of (2𝑀 + 1) × 1, so that 

                                                     [𝐸̅𝑠
𝑊𝑞𝑞(𝜌̅)]

𝑚
= 𝐸𝑠

𝑊𝑞𝑞𝑚(𝜌̅)                                           (3.17) 

Next, I define a mixed dimension electric field 𝑄̿(𝑊𝑞) with dimension 𝑁𝑡 × (2𝑀 + 1).  It 

represents coupling from harmonic to discretized point on the boundary.  The elements of 𝑄̿(𝑊𝑞) 

are 

                           [𝑄̿(𝑊𝑞)]
𝜇𝑚

= [𝐸̅𝑚
𝑞𝑀]

𝜇
= 𝑘𝐻𝑚

(2)
(𝑘|𝜌̅(𝑡𝜇) − 𝜌̅𝑞|)𝑒

−𝑗𝑚𝜙𝜌̅(𝑡𝜇)𝜌̅𝑞                 (3.18) 

Then the scattered field from via 𝑞 to via 𝑞 through wall reflection, is, in matrix form, 

                                         [𝐸̅𝑠
𝑊𝑞𝑞(𝜌̅)]

𝑡
= 𝑅𝑔𝐸̅𝑡(𝜌̅ − 𝜌̅𝑞)𝛾̿

(𝑞𝑊)𝑍̿⁻¹𝑄̿(𝑊𝑞)                         (3.19) 
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The complete scattered field from via 𝑞 , 𝐸̅𝑠
𝑞𝑞(𝜌̅) , of dimension (2𝑀 + 1) × 1  needs to 

include 𝐸̅𝑠
𝑊𝑞𝑞(𝜌̅) as well as 𝐸̅(𝜌̅ − 𝜌̅𝑞) 

                                                       𝐸̅𝑠
𝑞𝑞 = 𝐸̅(𝜌̅ − 𝜌̅𝑞) + 𝐸̅𝑠

𝑊𝑞𝑞(𝜌̅)                                    (3.20) 

Next I determine the T-matrix of via 𝑞 in the presence of the wall. 

Let the exciting field on via 𝑞 be 𝐸𝑒𝑥
𝑞 (𝜌̅) and the scattered field be 𝐸𝑠

𝑞𝑞(𝜌̅) 

                                                           𝐸𝑒𝑥
𝑞 = 𝑅𝑔𝐸̅𝑡(𝜌̅ − 𝜌̅𝑞)𝑤̅

𝑞                                        (3.21) 

and  

                                                                𝐸𝑠
𝑞𝑞 = [𝐸̅𝑠

𝑞𝑞(𝜌̅)]
𝑡
𝐴̅𝑞                                           (3.22) 

where 𝑤̅𝑞  and 𝐴̅𝑞 , are of dimensions (2𝑀 + 1) × 1 , and contain exciting field coefficients, 

[𝑤̅𝑞]𝑚 = 𝑤𝑚
𝑞

 and scattered field coefficients [𝐴̅𝑞]𝑚 = 𝐴𝑚
𝑞

, 𝑚 = 0,±1, . . . . . . . ±𝑀.   

Then the total field is, 

𝐸𝑒𝑥
𝑞 (𝜌̅) + 𝐸̅𝑠

𝑞𝑞(𝜌̅) = 𝑅𝑔𝐸̅𝑡(𝜌̅ − 𝜌̅𝑞)𝑤̅
𝑞 + [𝐸̅𝑡(𝜌̅ − 𝜌̅𝑞) + 𝑅𝑔𝐸̅𝑡(𝜌̅ − 𝜌̅𝑞)𝛾̿

(𝑞𝑊)𝑍̿⁻¹𝑄̿(𝑊𝑞)]𝐴̅𝑞 

                                                                                                                                           (3.23) 

Let the via be circular and with radius 𝑎.  The electric field is zero at |𝜌̅ − 𝜌̅𝑞| = 𝑎. 

Thus 

                         𝑤𝑚
𝑞 𝐽𝑚(𝑘𝑎) + 𝐴𝑚

𝑞 𝐻𝑚
(2)(𝑘𝑎) + 𝐽𝑚(𝑘𝑎)[𝛾̿(𝑞𝑊)𝑍̿⁻¹𝑄̿(𝑊𝑞)𝐴̅𝑞]

𝑚
= 0             (3.24)  

The form of the above equation is analogous to equation (9) of the case of circular cavity of 

[34]. 

The T-matrix coefficient is 

                                            𝑇𝑚 = −
𝐽𝑚(𝑘𝑎)

𝐻𝑚
(2)

(𝑘𝑎)
; 𝑚 = 0,±1,… . . , ±𝑀                                  (3.25) 

The T matrix 𝑇̿𝑞, is a (2𝑀 + 1) × (2𝑀 + 1) diagonal matrix, with diagonal element equal 

𝑇𝑚.  Then 

                                              𝐴̅𝑞 − 𝑇̿𝑞𝛾̿(𝑞𝑊)𝑍̿−1𝑄̿(𝑊𝑞)𝐴̅𝑞 = 𝑇̿𝑞𝑤̅𝑞                                   (3.26) 

Thus 

                                                                  𝐴̅𝑞 = 𝜏̿(𝑞)𝑤̅𝑞                                                    (3.27) 

where 𝜏̿(𝑞) is the T-matrix in the presence of the wall and is 

                                                𝜏̿(𝑞) = [𝐼 ̿ − 𝑇̿𝑞𝛾̿(𝑞𝑊)𝑍̿−1𝑄̿(𝑊𝑞)]
−1

𝑇̿𝑞                                (3.28) 
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The form of the equations above are analogous to equations (9) and (10) of the case of circular 

cavity of [34]. 

3.5 FOLDY-LAX MULTIPLE SCATTERING EQUATIONS 

Using the scattered field coefficients 𝐴̅𝑞 of the scattered field that includes wall reflection, and 

the 𝜏̿(𝑞), T matrix including the wall effects, I derive Foldy-Lax multiple scattering equations in 

this section. 

Consider multiple vias, 𝑞 = 1,2,3, . . . . 𝑁 (Figure 3.2 a).  The derivations are as follows.  The 

exciting field on via 𝑞 has three contributions: (i) incident field from source via, (ii) incident field 

from source via that is reflected from the wall, and (iii) field from other vias 𝑝 ≠ 𝑞 which is the 

sum of the direct and the reflection from the wall. 

Then the field from via 𝑝 to via 𝑞 is 

                                                   𝐸̅𝑠
𝑞𝑝 = 𝐸̅(𝜌̅ − 𝜌̅𝑝) + 𝐸̅𝑠

𝑊𝑞𝑝(𝜌̅)                                        (3.29) 

𝐸̅𝑠
𝑞𝑝

 is analogous to the previous section with the field originating from via 𝑝, reflected by the 

wall and then onto via 𝑞 

                                             𝐸̅𝑠
𝑞𝑝 = 𝑅𝑔𝐸̅𝑡(𝜌̅ − 𝜌̅𝑞)𝛾̿

(𝑞𝑊)𝑍̿⁻¹𝑄̿(𝑊𝑝)                                  (3.30) 

where 𝐸𝑠
𝑊𝑞𝑝𝑚(𝜌̅) is via 𝑝 to via 𝑞 by reflection from the wall. 

Then I expand 𝐸𝑚(𝜌̅ − 𝜌̅𝑝) about 𝑞 

                                               𝐸̅𝑡(𝜌̅ − 𝜌̅𝑝) = 𝑅𝑔𝐸̅𝑡(𝜌̅ − 𝜌̅𝑞) ∙ 𝛼̿𝑞𝑝
+                                     (3.31) 

Then 

                               [𝐸𝑠
𝑞𝑝]

𝑡
= 𝑅𝑔𝐸̅𝑡(𝜌̅ − 𝜌̅𝑞) ∙ 𝛼̿𝑞𝑝

+ + 𝑅𝑔𝐸̅𝑡(𝜌̅ − 𝜌̅𝑞) ∙ 𝑋̿𝑊𝑞𝑝                   (3.32) 

where  

                                                        𝑋̿𝑊𝑞𝑝 = 𝛾̿(𝑞𝑊)𝑍̿⁻¹𝑄̿(𝑊𝑝)                                            (3.33) 
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 (a) Top view of N vias structures with arbitrarily shaped power/ground planes. 

 

Figure 3.2 (b) Top view of N vias sharing the same antipad with arbitrarily shaped 

power/ground planes. 
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Let the incident field onto via 𝑞  be 𝑅𝑔𝐸̅𝑡(𝜌̅ − 𝜌̅𝑞)𝑎̅
𝑞,𝑖𝑛𝑐 , I shall derive 𝑎̅𝑞,𝑖𝑛𝑐  in the next 

section.  Then the exciting field is  

                                                    𝐸𝑒𝑥
𝑞 (𝜌̅) = 𝑅𝑔𝐸̅𝑡(𝜌̅ − 𝜌̅𝑞)𝑤̅

𝑞                                          (3.34) 

Based on Foldy-Lax equations, it is the sum of incident field and scattered field from all other 

vias 

                              𝑅𝑔𝐸̅𝑡(𝜌̅ − 𝜌̅𝑞)𝑤̅
𝑞 = 𝑅𝑔𝐸̅𝑡(𝜌̅ − 𝜌̅𝑞)𝑎̅

𝑞,𝑖𝑛𝑐 + ∑ 𝐸𝑠
𝑞𝑝(𝜌̅)𝑁

𝑝=1
𝑝≠𝑞

                (3.35) 

Thus, substituting in, I obtain the Foldy-Lax equations  

                                               𝑤̅𝑞 = 𝑎̅𝑞,𝑖𝑛𝑐 + ∑ [𝛼̿𝑞𝑝
+ + 𝑋̿𝑊𝑞𝑝]𝐴̅𝑝𝑁

𝑝=1
𝑝≠𝑞

                                (3.36) 

Using the 𝜏̿(𝑝), the T-matrix including wall effects, I have 

                                            𝑤̅𝑞 = 𝑎̅𝑞,𝑖𝑛𝑐 + ∑ [𝛼̿𝑞𝑝
+ + 𝑋̿𝑊𝑞𝑝]𝜏̿(𝑝)𝑤̅𝑝 𝑁

𝑝=1
𝑝≠𝑞

                           (3.37) 

where 

                                                        𝜏̿(𝑝) = [𝐼 ̿ − 𝑇̿𝑝𝑋̿𝑊𝑝𝑝]
−1

𝑇̿𝑝                                        (3.38) 

3.6 INCIDENT FIELD FROM THE SOURCE 𝒂̅𝒒𝒋,𝒊𝒏𝒄, INCLUDING REFLECTION FROM 

THE WALL 

3.6.1 A. Single Via in An Antipad for Eccentric Case  

Suppose the source magnetic current is at the antipad of via 𝑗.  The shape of the antipad can 

be irregular.  Then, given the voltage at the via 𝑗, I solve the Laplace equation using 1D MoM for 

antipad 𝑗, to determine 𝜎𝑠𝑗(𝜌̅′) which is the 1D charge density on the boundary of the via 𝑆𝑗 and 

the outer boundary 𝑆𝑔𝑗 of the antipad.  Then the incident wave from source 𝑗 can be calculated by 

a 1D integration over the surface of 𝑆𝑗 and 𝑆𝑔𝑗 

                                              𝐸𝑖𝑛𝑐(𝜌̅) =
1

𝑑𝜀
∫ 𝑑𝑙′𝑔(𝜌̅, 𝜌̅′)𝜎𝑠𝑗(𝜌̅′)
𝑆𝑗+𝑆𝑔𝑗

                               (3.39) 

The incident field coefficients on the via 𝑞 are 

                                                                          [𝑎̅𝑞𝑗,𝑖𝑛𝑐]
𝑚

= 𝑎𝑚
𝑞𝑗𝑑

+ 𝑎𝑚
𝑞𝑗𝑊

                                       (3.40) 

where, 𝑎𝑚
𝑞𝑗𝑑

 is the direct from antipad j to via 𝑞, and 𝑎𝑚
𝑞𝑗𝑊

 is the antipad 𝑗 to via 𝑞 by reflection 

from the wall. 
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The expression for 𝑎𝑚
𝑞𝑗𝑑

 is obtained by expansion of 𝑔(𝜌̅, 𝜌̅′) around via 𝑞. 

The expression for 𝑎𝑚
𝑞𝑗𝑊

 is by expansion of 𝑔0(𝜌̅, 𝜌̅′) to find incident field on the wall from 

source 𝑗, and calculate reflection from the wall incident onto via 𝑞. 

Then 

                                          𝑎𝑚
𝑞𝑗𝑑

=
1

4𝑗𝑘𝑑𝜀
∫ 𝑑𝑙′𝐻𝑚

(2)
(𝑘|𝜌̅′ − 𝜌̅𝑞|)𝑒

𝑗𝑚𝜙𝜌̅′𝜌̅𝑞𝜎𝑠𝑗(𝜌̅′)
𝑆𝑗+𝑆𝑔𝑗

               (3.41) 

and 

                   𝑎𝑚
𝑞𝑗𝑊

= ∑ [𝑋̿(𝑞𝑗)]
𝑚𝑛′

[
1

4𝑗𝑘𝑑𝜀
∫ 𝑑𝑙′𝐽𝑛′(𝑘|𝜌̅′ − 𝜌̅𝑗|)𝑒

𝑗𝑛′𝜙𝜌̅′𝜌̅𝑗𝜎𝑠𝑗(𝜌̅′)
𝑆𝑗+𝑆𝑔𝑗

]𝑛′      (3.42)  

The form of the equations above are analogous to equations (13) and (14) of the case of 

circular cavity of [35]. 

For the special case that the antipad is a concentric cylinder with outer radius 𝑏 and inner 

radius 𝑎, and voltage 𝑉𝑗, the incident field coefficients as shown in [30], simplify to 

                                       𝑎𝑚
𝑞𝑗𝑊

=
𝑗𝜋

2𝑘𝑑

𝑉𝑗

𝑙𝑛(
𝑏

𝑎
)
(𝐽0(𝑘𝑏) − 𝐽0(𝑘𝑎))[𝑋̿(𝑊𝑞𝑗)]

𝑚0
                        (3.43) 

                                         𝑎𝑚
𝑗𝑗𝑊

=
𝑗𝜋

2𝑘𝑑

𝑉𝑗

𝑙𝑛(
𝑏

𝑎
)
(𝐻0

(2)(𝑘𝑏) − 𝐻0
(2)(𝑘𝑎)) 𝛿𝑚0                         (3.44) 

          𝑎𝑚
𝑞𝑗𝑑

=
𝑗𝜋

2𝑘𝑑

𝑉𝑗

𝑙𝑛(
𝑏

𝑎
)
(𝐽0(𝑘𝑏) − 𝐽0(𝑘𝑎))(−1)𝑚𝐻𝑚

(2)
(𝑘|𝜌̅𝑞 − 𝜌̅𝑗|)𝑒

𝑗𝑚𝜙𝜌̅𝑞𝜌̅𝑗 , 𝑞 ≠ 𝑗        (3.45)                      

3.6.2 B. Multiple Vias Sharing Same Antipad 

Consider an antipad with multiple circular vias, 𝑞 = 1,2. . . 𝑁 sharing the same antipad.  The 

vias are centered at 𝜌̅𝑞 𝑞 = 1,2. . . 𝑁, (Figure 2b).  The outer boundary of the antipad is 𝑆𝑔.  Let 𝜌̅𝑔 

be a convenient center of the antipad.  I solve the Laplace equation subject to the boundary 

conditions 𝜓𝐿 = 𝑉𝑗  on 𝑆𝑗  which is the 𝑗𝑡ℎ  via’s boundary, 𝑗 = 1,2, . . . 𝑁 and 𝜓𝐿 = 0 on 𝑆𝑔 .  Let 

𝑆 = ∑ 𝑆𝑖
𝑁
𝑖=1 , the surface charge density 𝜎𝑠𝑗(𝜌̅′) obey the 1D surface integral equation 

                                          ∮ 𝑑𝑙′𝑔𝐿(𝜌̅, 𝜌̅′)
𝜎𝑠(𝜌̅′)

𝜀𝑆+𝑆𝑔
= {

𝑉𝑗 𝜌̅ 𝑖𝑠 𝑜𝑛 𝑆𝑗
0 𝜌̅ 𝑖𝑠 𝑜𝑛 𝑆𝑔

                              (3.46) 

where 𝑔𝐿 is Green’s function for Laplace equation and is 

                                         𝑔𝐿(𝜌̅, 𝜌̅′) = −
1

2𝜋
𝑙𝑛√(𝑥 − 𝑥′)2 + (𝑦 − 𝑦′)2                             (3.47) 

After the 1D MoM equations, the 𝜎𝑠𝑗
(𝜌̅′), 𝑗 = 1, . . . . 𝑁 and 𝜎𝑠𝑔

(𝜌̅′) on the outerboundary of 

the antipad are obtained.  Then the incident field coefficients on via  𝑞 = 1,2. . . . 𝑁 are 
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                                                  [𝑎̅𝑞,𝑖𝑛𝑐]
𝑚

= 𝑎𝑚
𝑞𝑑

+ 𝑎𝑚
𝑞𝑊

                                           (3.48) 

where 𝑎𝑚
𝑞𝑑

 is the direct from the surface charges in the antipad vias and outer boundary, and 𝑎𝑚
𝑞𝑊

 

is due to wall reflections.   

𝑎𝑚
𝑞𝑑 =

1

4𝑗𝑘𝑑𝜀
(∑ ∫ 𝑑𝑙′𝐻𝑚

(2)
(𝑘|𝜌̅′ − 𝜌̅𝑞|)𝑒

𝑗𝑚𝜙𝜌̅′𝜌̅𝑞𝜎𝑠𝑗(𝜌̅′)
𝑆𝑗

𝑗=1 + ∫ 𝑑𝑙′𝐻𝑚
(2)

(𝑘|𝜌̅′ −
𝑆𝑔

𝜌̅𝑞|)𝑒
𝑗𝑚𝜙𝜌̅′𝜌̅𝑞𝜎𝑠𝑔(𝜌̅′))                                                                                                               (3.49) 

In the case of small antipad, according to previous paper [36], the above can be approximated 

by 𝐸𝑖𝑛𝑐,𝑑 =
𝑉𝑞

𝑑
 on the surface of via 𝑞.  Then 𝑎𝑚

𝑞𝑑
 simplifies to 

                                                                                𝑎𝑚
𝑞𝑑 = 𝛿𝑚0

𝑉𝑞

𝑘𝑑𝐽0(𝑘𝑎)
                                             (3.50) 

Next consider the wall reflection term 𝑎𝑚
𝑞𝑊

.  The total wall reflection is, including fields from 

surface 𝜎𝑠𝑗(𝜌̅′), 𝑗 = 1,2. . 𝑁 and the surface charge 𝜎𝑠𝑔(𝜌̅′) 

𝑎𝑚
𝑞𝑊 =

1

4𝑗𝑘𝑑𝜀
{∑ ∑ [𝑋̿𝑊𝑞𝑗]

𝑚𝑛′𝑛′ ∫ 𝑑𝑙′𝐽𝑛′(𝑘|𝜌̅′ − 𝜌̅𝑗|)𝑒
𝑗𝑛′𝜙𝜌̅′𝜌̅𝑗𝜎𝑠𝑗(𝜌̅′)

𝑆𝑗
𝑗=1 +

∑ [𝑋̿(𝑊𝑞𝑔)]
𝑚𝑛′𝑛′ ∫ 𝑑𝑙′𝐽𝑛′(𝑘|𝜌̅′ − 𝜌̅𝑔|)𝑒

𝑗𝑛′𝜙𝜌̅′𝜌̅𝑔𝜎𝑠𝑔(𝜌̅′)
𝑆𝑔

}                                                        (3.51) 

3.7 VIA CURRENTS 

After the Foldy-Lax equations are solved, 𝑤̅(𝑞), 𝑞 = 1,2. . . 𝑁 are obained.  The total field at 

via 𝑞 is the sum of the excited field 𝐸𝑒𝑥
𝑞

 and the scattered field 𝐸𝑠
𝑞
 

𝐸𝑒𝑥
𝑞 (𝜌̅) + 𝐸𝑠

𝑞(𝜌̅) = 𝑅𝑔𝐸̅𝑡(𝜌̅ − 𝜌̅𝑞)𝑤̅
𝑞 + [𝐸̅𝑡(𝜌̅ − 𝜌̅𝑞) + 𝑅𝑔𝐸̅𝑡(𝜌̅ − 𝜌̅𝑞)𝑋̿

𝑊𝑞𝑞]𝐴̅𝑞 

                                                                                                                                           (3.52) 

Then the magnetic field in the 𝜙̂ direction can be obtained.  The surface currents 𝐽𝑠
𝑞
 is in the 

𝑧 direction and is calculated from the magnetic field on the surface of the via 

𝐽𝑠
𝑞 =

𝑘2

𝑗𝜔𝜇
(∑𝑤𝑚

𝑞 𝐽𝑚′(𝑘𝑎)𝑒−𝑗𝑚𝜙𝜌̅𝜌̅𝑞

𝑚

+ ∑[𝐻𝑚
(2)′(𝑘𝑎)𝐴𝑚

𝑞 + 𝐽𝑚′(𝑘𝑎)(𝑋̿𝑊𝑞𝑞𝐴̅𝑞)
𝑚
] 𝑒−𝑗𝑚𝜙𝜌̅𝜌̅𝑞

𝑚

) 

                                                                                                                                           (3.53) 

Current 𝐼𝑠
𝑞

 is integration over the surface of the via, so that only the 𝑚 = 0 in the above 

contributes.  Using also 𝐴̅𝑞 = 𝜏̿𝑞𝑤̅𝑞 
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𝐼𝑠
𝑞 = 𝑎 ∫ 𝑑𝜙𝜌̅𝜌̅𝑞

𝐽𝑠
𝑞

2𝜋

0

=
−𝑗2𝜋𝑎𝑘

𝜂
{(𝐻0

(2)
′(𝑘𝑎)𝜏̿(𝑞) + 𝐽0′(𝑘𝑎)(𝐼 ̿ + 𝑋̿𝑊𝑞𝑞𝜏̿(𝑞))) 𝑤̅𝑞}

0
 

                                                                                                                                           (3.54) 

where 𝐼 ̿  is (2𝑀 + 1) × (2𝑀 + 1)  unit matrix and { }0  represents the 0𝑡ℎ  harmonic of the 

column vector.  Note that in the above, I calculate the current of the 𝑙 = 0 mode.  The 𝑙 ≥ 1 modes 

are also calculated but without considering the wall effects.  The total current is the sum of currents 

of all 𝑙.  Once the currents are determined, the calculation of the scattering matrix proceed in 

manners as described in previous papers [4, 35, 36].  

3.8 NUMERICAL RESULTS AND DISCUSSIONS 

In this section I illustrate the results and make comparisons with Ansoft’s HFSS version 12.  

All single-ended S-parameters provided here are referenced to 50 Ω, and all mixed-mode S-

parameters are referenced to 100 Ω for differential mode.  In the case specifications, ℎ stands for 

waveguide thickness, and 𝑡 stands for the plane thickness in the specifications of both cases. 

3.8.1 A. 10 Vias Array for Each Via Going Through One Antipad Eccentrically (Single-

Ended Signaling Case) in A Rectangular Cavity  

Figure 3.3 shows top view of structure about 10 vias.  The figure on the right is the zoom in 

showing the detail of via-antipad region.  Each signal via goes through one antipad and the via 

location is eccentric.  The specifications are: 𝜀𝑟 = 4.0 (silicon dioxide), 𝑅𝑣𝑖𝑎 = 5 𝑚𝑖𝑙,𝑅𝑎𝑛𝑡𝑖𝑝𝑎𝑑 =

10 𝑚𝑖𝑙 , eccentric pitch 𝑒 = 2 𝑚𝑖𝑙 , via pitch 𝑝𝑥 = 150 𝑚𝑖𝑙 , 𝑝𝑦 = 100 𝑚𝑖𝑙 ,ℎ =  50 𝑚𝑖𝑙 , 𝑡 =

1.3 𝑚𝑖𝑙, plane width  𝑊 = 500 𝑚𝑖𝑙, plane length 𝐿 = 800 𝑚𝑖𝑙.  The 10 signal vias locate at 

(102,200) 𝑚𝑖𝑙 ,  (252,200) 𝑚𝑖𝑙 ,  (402,200) 𝑚𝑖𝑙 ,  (552,200) 𝑚𝑖𝑙 ,  (702,200) 𝑚𝑖𝑙 , 

(102,300) 𝑚𝑖𝑙,  (252,300) 𝑚𝑖𝑙,  (402,300) 𝑚𝑖𝑙,  (552,300) 𝑚𝑖𝑙, and  (702,300) 𝑚𝑖𝑙. 

In figure 3.4 and 3.5, I compared the insertion loss and return loss between bottom corner via 

and bottom center via, up to 20GHz.  The simulation results obtained from the Foldy-Lax agreed 

well with HFSS.  From the figures, we can see that the first resonance for the left bottom corner 

via happen at lower frequency than the bottom center via.  This can be explained by the physical 

layout of the vias.   
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The resonances are due to the reflections of the multiple scattering among vias and the cavity 

walls.  The bottom center via locates at a wider local region than the corner one, which leads to 

first resonance at lower frequency in frequency domain. 

 

Figure 3.3. (Left) Top view of 10 eccentric vias layout for case A. (right) Zoom in for one 

eccentric via in anitpad. 

 

Figure 3.4. Insertion loss comparisons of left corner bottom via and center bottom via for 

case A. 
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Figure 3.5. Return loss comparisons of left corner bottom via and center bottom via for case 

A 

 

3.8.2 B. 2 Vias Sharing Same Antipad (Differential Signaling Case) in A Square Cavity 

Figure 3.6 shows top view of structure about 2 vias sharing one antipad in a differential pair 

configuration. The differential pair of vias can be in common mode or differential mode.  The 

specifications are: 𝜀𝑟 = 4.4 ,  𝑡𝑎𝑛𝛿 = 0.02  (FR4_eproxy), 𝑅𝑣𝑖𝑎 = 15 𝑚𝑖𝑙 , 𝑅𝑎𝑛𝑡𝑖𝑝𝑎𝑑 = 30 𝑚𝑖𝑙 , 

ℎ =  50 𝑚𝑖𝑙, 𝑡 = 1.3 𝑚𝑖𝑙.  The cavity is square and the length is 𝐿 = 𝑊 = 500 𝑚𝑖𝑙.  

In order to test the convergence of the proposed method, we let 𝑝𝑖𝑡𝑐ℎ = 40 𝑚𝑖𝑙 for the one 

case (case B1) and 𝑝𝑖𝑡𝑐ℎ = 31 𝑚𝑖𝑙 for another case (case B2).  Note that in case B2, the spacing 

between the two vias is just 1 𝑚𝑖𝑙, as the spacing is the difference between the pitch and the sum 

of the radii of the two vias.  For case B1, two vias are at (200,300) 𝑚𝑖𝑙 and (240,300) 𝑚𝑖𝑙.  For 

case B2, two vias are at (200,300) 𝑚𝑖𝑙 and (231,300) 𝑚𝑖𝑙.  

0 5 10 15 20
-25

-20

-15

-10

-5
Left Bottom Corner Via

 

 

S1u1u - Foldy-Lax/1D

S1u1u - HFSSv12

0 5 10 15 20
-30

-20

-10

0
Bottom Center Via

Frequency (GHz)

R
e
tu

rn
 L

o
s
s
 f

o
r 

S
E

 M
o
d
e
(d

B
)

 

 

S3u3u - Foldy-Lax/1D

S3u3u - HFSSv12



58 

 

 

 

Figure 3.6. Top view of 2 vias sharing one antipad in a square cavity for case B. 

 

Figure 3.7-3.10 show the insertion loss and return loss for both differential mode and common 

mode respectively for the 2 cases, up to 50GHz.  The resonances are seen in both cases with the 

resonances of differential mode at much higher frequencies than common mode.  Good agreements 

are in the Foldy-Lax results with HFSS simulations.  One can see that the differential mode usually 

has less loss than the common mode for the insertion loss, due to its high immunity to the noise 

and high tolerance to link path discontinuities. 

It is to be noted that the insertion loss for differential mode in case B1 is better than case B2.  

This is due to the port impedance mismatching (as we treat all mixed-mode S -parameters 

referenced to 100 Ω for differential mode and 25 Ω for common mode).  It does not mean that the 

electrical performance for 2 vias farther apart is better than 2 vias closer together in the layout.  
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Figure 3.7. Insertion/Return loss of differential mode for case B1.  

 

Figure 3.8. Insertion/Return loss of common mode for case B1.  
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Figure 3.9. Insertion/Return loss of differential mode for case B2.  

 

Figure 3.10. Insertion/Return loss of common mode for case B2.  
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3.8.3 C. 4 Vias Sharing Same Antipad in A L-Shaped Cavity 

This case is for 4 vias sharing one antipad in a L-shaped cavity.  The top view is shown in 

Figure 3.11. The specifications are: 𝑅𝑣𝑖𝑎 = 15 𝑚𝑖𝑙 , 𝑅𝑎𝑛𝑡𝑖𝑝𝑎𝑑 = 60 𝑚𝑖𝑙 , 𝑊 = 500 𝑚𝑖𝑙 , 𝐿1 =

250 𝑚𝑖𝑙, 𝑊1 =  100 𝑚𝑖𝑙 , 𝑡 = 1 𝑚𝑖𝑙, ℎ = 20 𝑚𝑖𝑙, 𝜀𝑟 = 4.4, 𝑡𝑎𝑛𝛿 = 0.02, 𝑝𝑖𝑡𝑐ℎ = 40 𝑚𝑖𝑙. 

Figure 3.12 shows the comparisons of the insertion loss and return loss for signal via 1.  Figure 

3.13 shows the near-end cross talk (NEXT) between signal via 1 and via 2 (top figure), between 

via 1 and via3 (bottom figure).  Good agreements are obtained between the results obtained from 

Foldy-Lax and HFSS simulations.  

From the results in the figures, the resonances shown in the insertion loss, return loss and 

NEXT are due to the cavity resonances.  One can see that such resonances effects are reduced at 

high frequencies, particularly for NEXT.  This is due to the fact that closely placed vias provide 

relative lower impedance for the current return path than it provided by the cavity for signal via 1. 

 

Figure 3.11. Top view of 4 vias sharing one antipad in a L-shaped cavity for case C.  
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Figure 3.12. Insertion/Return loss of signal via 1 for case C.  

 

Figure 3.13. NEXT between signal via 1, via 2 and via 3 for case C.  
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3.8.4 D. 36 Vias in A L-shaped Cavity Embedded with A SIW Structure  

I consider using coaxial ports as the excitation means. Fig. 3.14 shows a top view of a L-

shaped cavity embedded with a SIW structure which includes 36 vias, including 2 signal vias and 

34 ground vias. The frequency range is broadened up to 100GHz. In this case, 𝑅𝑣𝑖𝑎 = 5 𝑚𝑖𝑙, 

𝑅𝑎𝑛𝑡𝑖𝑝𝑎𝑑 = 15 𝑚𝑖𝑙, 𝑊 = 500 𝑚𝑖𝑙 , 𝐿1 = 250 𝑚𝑖𝑙 , 𝑊1 =  150 𝑚𝑖𝑙 , 𝑡 = 1 𝑚𝑖𝑙(plane thickness), 

𝑑 = 50 𝑚𝑖𝑙(substrate thickness), for substrate material, 𝜀𝑟 = 4.4, 𝑡𝑎𝑛𝛿 = 0.02, gap between vias 

fencing the SIW is 𝑝 = 20 𝑚𝑖𝑙.  

Fig. 3.15 shows the insertion loss and return loss for signal via 1, the near end cross talk 

(NEXT) and far end cross talk (FEXT) between two signal vias, which stand for the leakage from 

signal via 1 to signal via 2 through the via gap of the SIW. In the modeling, 𝑀 = 2, 𝐿 = 5, for 

enough high order modes effects. From the comparisons, we can see the results of proposed 

method are in good agreement with the results of HFSS simulation.  The average CPU times per 

frequency for simulation of single-ended S parameters by using Foldy-Lax method is about 20 

seconds, compared with HFSS using around 200 seconds.  

 

Figure 3.14. Top view of a L-shaped cavity embedded with a SIW structure. 
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Figure 3.15. Comparisons of insertion and return loss for signal via 1, NEXT and FEXT 

btween signal via 1 and 2. 

 

3.8.5 E. 5 X 10 Dense Vias Array for Each Via Going through One Antipad 

Fig. 3.16 shows top view of structure about 5x10 dense vias geometry. Each signal via goes 

through one antiapd. The specifications are: 𝜀𝑟 = 3.84 , 𝑅𝑣𝑖𝑎 = 7 𝑚𝑖𝑙 , 𝑅𝑎𝑛𝑡𝑖𝑝𝑎𝑑 = 15 𝑚𝑖𝑙 , 

𝑡𝑎𝑛𝛿 = 0.033, 𝑝 = 40 𝑚𝑖𝑙, 𝑑 =  30 𝑚𝑖𝑙, 𝑡 = 1 𝑚𝑖𝑙. The cavity length is 300 𝑚𝑖𝑙 in x (vertical) 

direction and 500 𝑚𝑖𝑙 in y (horizontal) direction. The first via which is the left top comer signal 

via locate at (70,70) 𝑚𝑖𝑙. The via order increases along y (horizontal) direction first and then 

increases along x (vertical) direction. Port 1-50 are top ports for via 1-50 and ports 51-100 are 

bottom ports for via 1-50. 
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Figure 3.16. Top view of 5x8 dense via array for case E. 

 

Figure 3.17. Insertion loss for corner via for case E. 
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Figure 3.18. Return loss for corner via for case E. 

 

Figure 3.19. NEXT for corner via for case E. 

0 10 20 30 40 50 60 70 80 90 100
-35

-30

-25

-20

-15

-10

-5

0

Frequency (GHz)

R
e

tu
rn

 L
o

s
s
 (

d
B

)

Single Ended Case for 50 Vias - Corner Via

 

 

S11 - Foldy-Lax Lmax=0 Nmax=0

S11 - Foldy-Lax Lmax=0 Nmax=1

S11 - Foldy-Lax Lmax=1 Nmax=0

S11 - Foldy-Lax Lmax=1 Nmax=1

S11 - Foldy-Lax Lmax=6 Nmax=3

S11 - HFSSv12

0 10 20 30 40 50 60 70 80 90 100
-55

-50

-45

-40

-35

-30

-25

-20

-15

-10

Frequency (GHz)

N
E

X
T

 (
d

B
)

Single Ended Case for 50 Vias - Corner Via

 

 

S21 - Foldy-Lax Lmax=0 Nmax=0

S21 - Foldy-Lax Lmax=0 Nmax=1

S21 - Foldy-Lax Lmax=1 Nmax=0

S21 - Foldy-Lax Lmax=1 Nmax=1

S21 - Foldy-Lax Lmax=6 Nmax=3

S21 - HFSSv12



67 

 

 

 

Figure 3.20. FEXT for corner via for case E. 

 

Figure 3.21. Insertion loss for center via for case E. 
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Figure 3.22. Return loss for center via for case E. 

 

Figure 3.23. NEXT for center via for case E. 
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Figure 3.24. FEXT for corner via for case E. 

 

Figure 3.25. NEXT for center via for case E. 
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Figure 3.26. FEXT for corner via for case E. 
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3.8.6 F. 3 X 10 Dense Vias Array for Differential Singling Pairs 

Fig. 3.27 shows top view of structure about 3x10 dense vias geometry. Each two signal via 

sharing same antipad. The specifications are: 𝜀𝑟 = 4.4 , 𝑅𝑣𝑖𝑎 = 10 𝑚𝑖𝑙 , 𝑅𝑎𝑛𝑡𝑖𝑝𝑎𝑑 = 20 𝑚𝑖𝑙 , 

𝑡𝑎𝑛𝛿 = 0.02, 𝑝 = 35 𝑚𝑖𝑙, 𝑝𝑥 = 𝑝𝑦 = 50 𝑚𝑖𝑙, 𝑑 =  50 𝑚𝑖𝑙, 𝑡 = 1 𝑚𝑖𝑙.  The cavity is square with 

length of 350 𝑚𝑖𝑙 in both x (vertical) direction and y (horizontal) direction. The first via which is 

the left top comer signal via locate at (75,75) 𝑚𝑖𝑙. The differential signaling pair order increases 

along y (horizontal) direction first and then increases by along x (vertical) direction. For the S 

parameters, u means upper port and b stands for bottom port for a via pair. 

 

Figure 3.27. Top view of 3x10 dense via array for case F. 
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Figure 3.28. Insertion loss of differential mode for corner pair for case F. 

 

Figure 3.29. Return loss of differential mode for corner pair for case F. 
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Figure 3.30. Insertion loss of common mode for corner pair for case F. 

 

Figure 3.31. Return loss of common mode for corner pair for case F. 
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Figure 3.32. Insertion loss of differential mode for center pair for case F. 

 

Figure 3.33. Return loss of differential mode for center pair for case F. 
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Figure 3.34. Insertion loss of common mode for center pair for case F. 

 

Figure 3.35. Return loss of common mode for center pair for case F. 
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Figure 3.36. NEXT differential mode for center/corner pairs for case F. 

 

Figure 3.37. NEXT common mode for center/corner pairs for case F. 
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Figure 3.38. FEXT differential mode for center/corner pairs for case F. 

 

Figure 3.39. FEXT common mode for center/corner pairs for case F. 
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Fig. 3.28-3.31 show the insertion loss and return loss, for differential mode and common mode 

respectively, for corner pair which is the left top via pair. Fig. 3.32-3.35 show the insertion loss 

and return loss, for differential mode and common mode respectively, for center pair which is the 

middle pair. Fig. 3.36-3.39 show the NEXT and FEXT, for differential mode and common mode 

respectively, between the corner and center vias, 

From the Fig 3.28-3.39, we can see that for dense via array for differential singling in small 

cavity, for both insertion loss and return loss, the higher order modes effects make stronger 

contributions for the corner pair than the center pair, for both differential mode and common mode. 

This is due to the physical closer locations to the cavity side walls for the corner pair than the 

center pair is. Also, without considering higher order modes effects may make the simulation show 

the resonances at lower frequency than they should be, which then limit the real design 

requirements.  

For NEXT and FEXT between the corner pair and center pair, unlike the single through hole 

via case as shown in case A, the higher order mode effects show up in lower frequency as 10GHz. 

This means their effects are more important for the differential signaling vias than the case of 

single through hole via case, due to two vias sharing same antipad and strong near field coupling 

in high frequency.   

Based on the simulations shown above, we suggest that the vias should be placed not close to 

the cavity side walls in order to avoid the reflections from the walls. These modes reflections may 

lead to resonances at undesired frequency. More vias placement also help shift the cavity modes 

to higher frequency.   

3.9 CPU REQUIREMENT AND DISCUSSIONS 

In this section, I discuss the CPU requirement and discussions between the Foldy-Lax 

approach and HFSS v12.  The PC configurations used are: Intel(R) Core(TM)2 Duo E7300 

2.66GHz processor, 3GB RAM and Windows Vista 32-bit operating system.  

The Foldy-Lax approach is implemented using MATLAB.  In the Foldy-Lax approach, 

several parameters make main contributions for the CPU resources as listed in Table 3.1. There 

are two MoM parts both with 1D discretization.  The two parts are not coupled with each other.  

The first part is to solve Laplace equation, of equations (3.46) and (3.47), in the antipad to find the 

charge distributions on the boundaries of the vias and the antipad.  The number of unknowns for 
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this part is denoted as 𝑁𝑐 .  Since Laplace equation is used, this part is independent of frequency 

and needs to be solved only once for all frequencies.  With the charges distribution on boundaries 

of vias and antipad, I then do 1D integration to get incident field coefficients of Foldy-Lax 

equations for each frequency as shown in equations (3.49) and (3.51).  The second MoM 

discretization part is for obtaining 𝑍̿ of the cavity as shown in equation (3.3).  I need to do the 

matrix filling and the matrix inversion for the cavity problem at each frequency in order to calculate 

𝑋̿𝑊𝑞𝑝 = 𝛾̿(𝑞𝑊)𝑍̿⁻¹𝑄̿(𝑊𝑝).  The number of unknowns for this part is denoted as 𝑁𝑡 .  The boundary 

of the cavity is discretized using eight points per wavelength.  The construction of the impedance 

matrix and the inverse needs to be performed for each frequency.   For the Foldy-Lax equations, 

the highest harmonic 𝑀  and highest waveguide mode 𝐿  also impact the unknown’s numbers.  

However, they are small because the vias and antipad are small.  When comparing with HFSS, 𝑁𝑡 , 

𝑀 and 𝐿 vary with frequency and cases.  The cavity boundary wall effects are only performed for 

𝑙 = 0  mode and are not included for the higher order modes which are evanescent. 

In HFSS setup, for all the cases, in the adaptive solutions, the maximum number of passes is 

10 and maximum delta S is 0.02.  All the boundaries of the cavity walls are set as PMC boundaries.  

Since HFSS is based on FEM, which solve every frequency as static field after one time meshing, 

the total CPU time for every frequency treatment in HFSS is nearly same, as can be seen from 

Table 3.2, 3.4 and 3.5.  Table 3.6 shows the comparisons for case E and F. 

Table 3.1. Case A: Foldy-Lax Approach 

Parameters 5GHz (λ =
0.03m) 

20GHz (λ =
0.0075m) 

MoM unknowns Nc  100 100 

MoM unknowns Nt  20 72 

Highest harmonic M 1 2 

Highest mode L 4 5 

Incident Field Integration for each l (average) 0.06 sec 0.06 sec 

Matrix filling for Z̿ for l=0 only 0.06 sec 0.37 sec 

Matrix filling for X̿ for each l (average) 0.12 sec 0.39 sec 

Assembly and Solve Matrix of Foldy-Lax for each l 

(average) 
0.06 sec 0.20 sec 

Total CPU 1.46 sec 4.29 sec 

 

I compare the main CPU consumption time between Foldy-Lax approach and HFSS v12 for 

case A in Table 3.1 and 3.2 at 5GHz and 20 GHz, and for case C in Table 3.3 and 3.4 at 5GHz and 
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50GHz, respectively.  In Table 3.5, we compared all the cases at 5GHz and 20GHz for the two 

simulation methods.  For the MoM setup, we use rule of 8 segments per wavelength at each 

operation frequency point for numerical discretization.  The circumferences of the three cavities 

are 0.066 m, 0.0508 m and 0.0508 m.  The number of unknowns 𝑁𝑡  are shown in the tables.  Note 

that 𝑁𝑐 does not change with frequency.  I choose an enough number for the all the frequency 

operations.  From these tables, the proposed method is generally faster than HFSS, especially for 

the structure which includes more vias like case A.  The proposed method can be furthermore 

speeded up for at least 2-3 times if programmed with C++ as the language used by HFSS, but not 

Matlab, based on the authors’ experiences.  

Table 3.2. Case A: HFSS v12 

Parameters 5GHz  20GHz 

Tetrahedra Number 33910 33910 

Simulation Setup Time 2 sec 2 sec 

Matrix Assembly Time 17 sec 17 sec 

Solver MRS1 27 sec 27 sec 

Total CPU 46 sec 46 sec 
 

Table 3.3. Case C: Foldy-Lax Approach 

Parameters 5GHz(λ =
0.028m) 

50 GHz(λ =
0.003m) 

MoM unknowns Nc  300 300 

MoM unknowns Nt  15 144 

Highest harmonic M 4 5 

Highest mode L 0 1 

Incident Field Integration for each l (average) 0.09 sec 0.10 sec 

Matrix filling for Z̿ for l=0 only 0.05 sec 1.36 sec 

Matrix filling for X̿ for each l (average) 0.05 sec 0.25 sec 

Assembly and Solve Matrix of Foldy-Lax for each l 

(average) 
0.03 sec 0.11 sec 

Total CPU 0.33 sec 2.35 sec 
 

Table 3.4. Case C: HFSS v12 

Parameters 5GHz 50 GHz 

Tetrahedra Number 3194 3194 

Simulation Setup Time 0.2 sec 0.2 sec 

Matrix Assembly Time 1.2 sec 1.2 sec 

Solver MRS1 2.4 sec 2.4 sec 

Total CPU 3.8 sec 3.8 sec 
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Table 3.5. CPU Run Time at Frequency 5Ghz and 20ghz Comparisons For Case A-C 

Case Foldy-Lax: 

5GHz 

Foldy-Lax: 

20 GHz 

HFSS v12: 

5 GHz 

HFSS v12: 

20 GHz 

A 1.46 sec 4.29 sec 46 sec 46 sec 

B1 0.24 sec 0.77 sec 3.2 sec 3.2 sec 

B2 0.30 sec 0.9 sec 7 sec 7 sec 

C 0.33 sec 0.92 sec 3.8 sec 3.8 sec 

 

Table 3.6. CPU Run Time per Frequency Comparisons For Case E-F 

Case/Method Foldy-Lax/1D MoM HFSS v12 

A 25 sec 720 sec 

B 10 sec 196 sec 

 

3.10 CONCLUSIONS 

In this chapter, I proposed a new fast and broadband modeling method for signal/power 

integrity analysis for vias structures in electronic packages and printed circuit boards.  The major 

advantage of the proposed method resides in the decomposition of the complex 3-D problem into 

simple mostly analytical method, at most 1D meshing and generalized T-matrix.  With the 

generalized Foldy-Lax multiple scattering equations method, the computation resources are 

reduced for the complete signal/power integrity analysis of high speed vertical interconnects 

modeling in 3D IC, with good accuracy. 
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Chapter 4. MODELING TRACES IN POWER/GROUND PLANES 

WITH VIAS FOR LINK LEVEL SIMULATION 

ON MULTILAYER ELECTRONIC STRUCTURES 

4.1 SUMMARY 

In this chapter, geometry decomposition are proposed to efficiently solve the problem of 

power/ground (P/G) planes with vias and traces, for analysis of link level simulation on multilayer 

electronic structures.  The geometry decomposition is based on the modes decoupling method and 

boundary value problem definitions for cavity with vias and striplines. For the modeling details, 

striplines structure can be solved according to multi-conductor transmission line (MTL) theory, 

and vias and irregular power/ground planes are treated as a whole which is solved by Foldy-Lax 

multiple scattering equations method, to obtain the coupling effects among vias and cavities.  Then 

the modal effects of striplines can be recombined with the modal solution of vias and cavities 

effects. Different scenarios are analyzed to show that the proposed method can be applied to 

efficiently make link level simulations. Numerical results for the method are in good agreement 

with a commercial full wave numerical tool up to 40 GHz.  

4.2 INTRODUCTION 

In current microelectronic circuit structures, high-speed interconnects play key role for all 

levels of microelectronic system, including chip, packaging, and printed circuit boards (PCB), 

although the boundaries among these levels are more and more blurring.  Due to the ever-rising 

clock rate and edge rate of chip-package-board systems, dimensions of interconnect structures 

become electrically larger as frequencies increase.  The interconnects have impacts on the signal 

integrity (SI) and power integrity (PI) in a power distribution network (PDN).  High speed 

interconnects are then increasingly becoming the major bottlenecks in the design of high 

performance electronic circuits.  The passive interconnects include two main types, the first is the 

vertical interconnect or via, and the other is horizontal interconnect or trace.  For traces, microstrip 

line and stripline are two main types.  Inside the cavity between different layers, striplines are the 

most commonly used transmission-line structures in the microelectronic system because of its 
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advantage of radiation reduction, since the power/ground (P/G) planes that shields the signal trace.  

Then for a high speed interconnects system, P/G planes, vias and striplines are the three most 

essential elements.  Therefore, the investigation of efficient modeling and simulation method, 

which can provide the coupling effects among all of elements, becomes important. 

Different modeling methods have been developed to address the problem or parts of the whole 

problem [14, 15, 26, 27, 29-31, 38, 39].  For example, for horizontal interconnects or traces part, 

an efficient stripline model was investigated and proposed in [38], which includes the coupling 

effects among traces and P/G planes.  For vertical interconnects or vias part, the modeling problem 

is complicated, since the modes effects of through hole via structures usually couple tightly with 

P/G planes and other vias.  In [26, 27], for lumped circuit model, cavity model theory has been 

applied to extract parasitic captaincies and inductances due to the rectangular cavity effects with 

sparse vias, to model the coupling among vias and planes.  Meanwhile, a rigorous electromagnetic 

full wave method is investigated for modeling the scattering effects of multiple vias and P/G planes 

for circuit model extractions [29] and full wave simulations [14, 30, 39].  It is worthwhile to note 

that the multiple scattering equations method used in [14, 30, 39] are actually forms of generalized 

Foldy-Lax equations [35-37].  In [31], a hybrid method is used to model the case of large number 

of vias.  For the whole problem modeling strategies, extracted RLGC parameters for transmission 

lines and through hole vias and cavity model method are used to model vias-traces-planes for 

rectangular shape cavity [15, 28].  For full wave method, a combination of 2D integral equation 

method and 2D finite element method in [32] is used to model vias and traces in arbitrarily shaped 

cavity with multivias of arbitrary shapes and inhomogeneous media in substrate, up to 2GHz.  In 

[40], a modeling method of PCB and packages was proposed through a way of extended five-port 

circuit model for via-stripline transition based on [39].  However, these methods have limitations 

for their modeling strategies.  The circuit models proposed in [15, 28, 40] depend on parasitic 

elements very much.  The parasitic elements include capacitance between via and P/G planes, the 

parallel plate impedance 𝑍𝑝𝑝, mutual capacitance and inductance among vias, transmission line 

model for traces, etc..  These parasitic elements are geometry dependent and must be pre-studied 

before being used for building up the models.  For irregular geometries, e.g., for the cases of 

irregular cavity, eccentric vias and multiple vias sharing one antipad, complete parasitic elements 

are difficult to be extracted with good accuracy over a broadband frequency use [28], and the 

elements number can be huge if the geometry includes large number of vias and traces.  The hybrid 
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full wave method used in [24, 32] showed examples only in relatively low frequency range 

(compared with 40GHz in this chapter). 

In our previous work, we decomposed the via-trace transition problem as exterior problem 

and interior problem [4].  The microstrip line to via transition structure solved in [42] is exterior 

problem, and the problem of multiple scattering among vias inside the cavity or waveguide solved 

in [4, 19, 34-37, 42] is interior problem.  For interior problem, we use a mostly analytical technique 

of Foldy-Lax equations to compute the full wave solution of Maxwell equations that includes 

multiple scattering among cylindrical vias in both infinite large waveguide [4, 19, 34, 42] and finite 

size cavity [35-37], with arbitrarily shaped antipad for single through hole via case and multiple 

vias sharing same antipad case.  The methodology has good comparisons with HFSS [19, 35, 36, 

42, 43] and with experiments [5].  In the recent work on the Foldy-Lax approach [36, 43], as 

described in chapter 2 and 3, for the case of multiple vias in antipad of arbitrary shape in infinite 

and finite planar waveguide, I utilize generalized T matrix that includes wall effects and 1D 

numerical technology [37] to model the coupling effects among vertical vias and P/G planes.  I 

showed that the incident fields on the vias can be calculated by 1-dimensional line integrals of the 

surface charges on the vias and on the ground planes [36].  In this chapter, I proposed an efficient, 

fast and broadband full wave method to model the chip-package-board system for interior problem, 

which includes effects of irregular P/G planes with arbitrarily shaped antipad, multiple vias 

scattering and signal vias-traces transitions for multilayered electronic structures, based on the 

Foldy-Lax equations method.  Compared with other circuit model method in [15, 24, 28, 32, 40], 

the proposed full wave method provides fast and broadband simulation results for general 

geometries.  It is shown that the proposed hybrid methodology is validated by full wave 

commercial tool up to 40GHz.  The approach shown in this paper can be considered as an extension 

of chapter 3, for complete link level simulation. 

For the paper organization, we first discuss modes of P/G planes and stripline, and modes 

conversation at the location of via-stripline structure.  We then discuss cavity, via, stripline 

boundary value problem.  We show that the whole structure can be decomposed into problem for 

P/G planes with vias and problem for stripline structure.  Then two equivalent microwave networks 

for two these two problems are then parallel.  The parameters of problem for stripline can be 

extracted by using multi-conductor transmission line (MTL) theory. The parameters of problem 

for P/G planes with vias can be calculated by using Foldy-Lax equations method.  We then 
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combine these two microwave parameters to calculate the parameters for the whole structure.  We 

also use cascaded Y-parameters method to obtain the parameters of multilayer electronic 

structures. 

In the numerical results, we show that the proposed full wave method can be applied to a wide 

range of complicated structures, including the eccentric via structures, differential signaling 

structures and dense via array structures, for the first time.  Unlike all the other circuit methods in 

[15, 24, 28, 32, 40], for modeling of irregular geometries, no parasitic parameters need to be 

extracted.  All the numerical discretizations and integrals are based on only one-dimensional 

techniques if needed, which saves many computation resources. 

Also, higher order cavity modes effects are thoroughly discussed for their impacts on the 

modeling accuracy, for the first time.  It is shown that these modes effects need to be included in 

high frequency (above 20GHz in this paper) simulation for the accuracy issue of via-trace 

modeling.  

4.3 FORMULATION OF THE METHODOLOGY 

4.3.1 A. Mode Coupling between P/G Planes and Stripline at Via-Stripline Connection  

Since the structure of cavity is a close one, its modal spectrum is comprised of a infinite 

number of discrete modes, and they can be classified into TE modes and TM modes.  As stated in 

chapter 2, for P/G planes with via-hole structure, only TM modes can be excited.  These TM modes 

include the TEM mode which is the fundamental propagating mode and higher order modes.  For 

the microstrip line, it is an open structure, its modal spectrum is comprised of a discrete number 

of surface waves which correspond to a finite number of propagating modes, a continuous 

spectrum of evanescent waves, and a continuous leaky modes due to eigenvalue field which 

represent radiation losses.  For simplicity, we only take into account the surface-wave type modes 

[45].  For these surface-wave type modes, they can also be classified into TE and TM modes.  As 

the frequency of operation is increasing, the existence of these higher order modes is undesirable 

and the use of the microstrip line is restricted to be below the lowest order TE1 mode frequency 

𝑓𝑇𝐸1 is [45]   

                                                           𝑓𝑇𝐸1 =
𝑐

4ℎ√𝜀𝑟−1
                                                          (4.1) 
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where 𝑐 is the light speed in vacuum, ℎ is the substrate thickness for the microstrip line and 𝜀𝑟 is 

the relative dielectric constant.  Below this cut off frequency, the quasi-TEM mode can be assumed 

as the dominant propagating mode.  Since a stripline sandwiched by the P/G planes can be split 

into two microstrip lines, its cut off frequency of TE1 can also be estimated with (4.1).  

An efficient model of stripline between P/G planes based on modal decomposition method 

was proposed in [38], under the assumption of quasi-TEM mode.  As the frequency gets higher, 

the quasi-TEM assumption need to be carefully considered for the model effectiveness.  For the 

structures investigated in this chapter, e.g., ℎ = 20 𝑚𝑖𝑙, 𝜀𝑟 = 3.84, then the 𝑓𝑇𝐸1 is about 87GHz. 

Consider the design margin, in this chapter, I make model simulation up to nearly half of the first 

higher order mode cutoff frequency, which is 40GHz.    

For cavity structure with vias and traces, the modes of P/G planes excited by the via signal 

and the modes propagating on the stripline can be coupled at the via-trace transition location.  We 

next discuss the modes coupling and their decoupling based on electromagnetic analysis. 

4.3.2 B. Boundary Value Problem Definition of P/G Planes with Vias Connecting with 

Stripline 

Fig. 4.1 shows the top and cross section of the considered elementary structure, comprising 

P/G planes and two vias connecting with a stripline.  Since only TM mode for P/G planes cane be 

excited, then let  

                                                     𝑘𝑧𝑙 =
𝑙𝜋

𝑑
; 𝑘2 − 𝑘𝑧𝑙

2 = 𝑘𝜌𝑙
2                                                  (4.2) 

where 𝑙 = 0,1,2. . . .. ,  𝑑 = 𝑑1 + 𝑑2  is the separation between the two plates, and 𝑘  is the 

wavenumber.  Let 𝐸𝑧 be the electric field on the 𝑧 direction, then the wave equation in the whole 

region is  

                                                          (∇𝑡
2 + 𝑘𝜌𝑙

2 )𝐸𝑧 = 0                                                      (4.3) 
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Figure 4.1. Top and side view of two vias inside a parallel waveguide connected with a trace. 

 

Note that the trace we considered here is for zero thickness.  All the conductors are PEC.  As 

the antipad radius 𝑟𝑎𝑛𝑡𝑖 is electrically small, the via hole region can be treated as PMC, since the 

𝐸𝑧 ≈ 0 in the antipad region.  The cavity side walls can also be treated as PMC, as its thickness 

being electrically small.  Let 𝐸̅ be the electric field, 𝑛̂ be the normal direction, then the boundary 

conditions for the problem are 

                                                                  𝑛̂ × 𝐸̅ = 0, 𝑎𝑡 𝑃𝐸𝐶                                             (4.4) 

and  

                                                              𝑛̂ × ∇ × 𝐸̅ = 0, 𝑎𝑡 𝑃𝑀𝐶                                         (4.5) 

According to the geometry of the problem, if we make approximation that we ignore the 

fringing field at the via-trace connection due to its being short, then the whole problem can be 
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decomposed into two kinds of problems, the P/G planes with vias problem which is for geometry 

I and the stripline problem which is for geometry II as shown in Fig. 4.2.   

 

Figure 4.2. Geometry decomposition. 

 

The problem of geometry I can be solved by the Foldy-Lax equations method as described in 

chapter 3, for P/G planes with multiple vias.  The problem of geometry II can be solved analytically 

or numerically, depending on the case, for stripline solution.  Hence the geometry decomposition 

is also the mode decomposition between P/G planes with vias and stripline. 

Since both the vias and trace are referenced to the P/G planes, their equivalent microwave 

networks are then parallel.  Let 𝑌̿𝑃/𝐺  be the admittance matrix for problem of geometry I and 𝑌̿𝑠 be 

the admittance matrix for geometry II.  Then, a generalized model can be formulated for one cavity 

and the total admittance matrix of the original problem 𝑌̿ is  

                                                              𝑌̿ = 𝑌̿𝑃/𝐺 + 𝑌̿𝑠                                                        (4.6) 

Note that for problem shown in Fig. 4.2, both 𝑌̿𝑃/𝐺 and 𝑌̿𝑠 are four ports network. We will then 

discuss how to obtain them in the next sections. 
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4.3.3 C. 4-Ports Admittance Matrix 𝒀̿𝒔 for Stripline 

We first show how to obtain admittance matrix 𝑌̿𝑠  for geometry II for stripline problem.  

Usually, a transmission line including stripline is a 2 ports network, assume we can obtain the 

admittance matrix for stripline with 2 ports is 𝑌̿𝑡𝑙, analytically or numerically.  In this section, we 

first show how to obtain 𝑌̿𝑡𝑙.  We then show how to transfer the 2 ports parameter 𝑌̿𝑡𝑙 to 4 ports 

parameter 𝑌̿𝑠 for a stripline at every via-trace location where the modes of P/G planes with vias 

and modes of stripline couple. 

For a general transmission line, its 2 ports admittance matrix 𝑌̿𝑡𝑙 is [53] 

                                         𝑌̿𝑡𝑙 = [

1

𝑗𝑍0𝑡𝑎𝑛ℎ(𝛾𝐿𝑡𝑟𝑎𝑐𝑒)

𝑗

𝑍0𝑠𝑖𝑛ℎ(𝛾𝐿𝑡𝑟𝑎𝑐𝑒)

𝑗

𝑍0𝑠𝑖𝑛ℎ(𝛾𝐿𝑡𝑟𝑎𝑐𝑒)

1

𝑗𝑍0𝑡𝑎𝑛ℎ(𝛾𝐿𝑡𝑟𝑎𝑐𝑒)

]                                     (4.7) 

where 𝑍0 is the characteristic impedance of the transmission line, 𝛾 is complex propagation 

constant and 𝐿𝑡𝑟𝑎𝑐𝑒 is the length of the transmission line. 

A side view of typical stripline structure is shown in Fig. 4.3, assume its width is 𝑊𝑡𝑟𝑎𝑐𝑒, its 

length is 𝐿𝑡𝑟𝑎𝑐𝑒 and the length for P/G planes is 𝐿𝑃/𝐺.  The 𝑍0 of the stripline structure can be 

calculated analytically according to the experience formula shown in [53] or calculated by solving 

Laplace equation to obtain the charge distributions on the trace and the per unit length (p.u.l.) 

capacitance 𝐶𝑝.𝑢.𝑙.with numerical method, for example, by using the moment method [54].  The 𝑌̿𝑡𝑙 

then can be obtained. 
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Figure 4.3. Side view of a general stripline structure. 

 

Next, by using the skin effect approximation and modal decomposition method [38, 24, 28, 

32, 40], the 4 ports admittance matrix 𝑌̿𝑠, which is related with 2 ports admittance matrix 𝑌̿𝑡𝑙 for 

geometry II, can be extracted by applying MTL theory for the three conductor problem.  

Note that the MTL theory applied here is under assumption of TEM mode for both parallel 

plate and stripline.  As we stated in part A in this section, for stripline modes, the mode TE1 for 

our interested geometry size is about 80GHz, which is above our interested frequency 40GHz.  

However, for parallel plate modes, the cutoff frequency of its lowest higher order TM mode (TMz01 

or TMz10) can be from any frequency, depending on its geometry size.  Typically for a large PCB 

with size of 10 inch, the cutoff frequency of its first lowest higher order mode can be in the level 

of 100MHz.  Above this cutoff frequency, the higher order modes can be excited and the MTL 

theory with the assumption of TEM mode is not accurate for parallel plate structure, but such 

assumption is still good for stripline structure.  Hence we only use MTL theory to extract 𝑌̿𝑠 for 

geometry II.  The 𝑌̿𝑝𝑝𝑇𝐸𝑀 for parallel plate structure without vias here is just auxiliary.   

A general problem of geometry II are shown in Fig. 4.4.  In Fig. 4.4, subscript 𝑙 indicates left 

side, subscript 𝑟  indicates right side, subscript 𝑝  indicates power plane, subscript 𝑔  indicates 
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ground plane, subscript 𝑠 indicates stripline, subscript 𝑝𝑝 indicates parallel plate mode, subscript 

𝑡𝑙 indicates transmission line mode.  For both left and right side ports, with the ground plane as 

the reference plane, by using MTL theory, following transformation matrices can be used to 

decouple the parallel plate mode and stripline mode coupling for this problem [46] 

                                            [
𝑉𝑙/𝑟𝑝 − 𝑉𝑙/𝑟𝑔

𝑉𝑙/𝑟𝑠 − 𝑉𝑙/𝑟𝑔
] = [

1 0
−𝑘𝑖 1

] [
𝑉𝑙/𝑟𝑝𝑝

𝑉𝑙/𝑟𝑡𝑙
]                                       (4.8) 

                                                     [
𝐼𝑙/𝑟𝑝
𝐼𝑙/𝑟𝑠

] = [
1 𝑘𝑖

0 1
] [

𝐼𝑙/𝑟𝑝𝑝

𝐼𝑙/𝑟𝑡𝑙
]                                                (4.9) 

The above equations show that the current through power plane is equal to the sum of the 

currents from the parallel-plate mode, and those from the transmission line mode multiplied by the 

factor 𝑘𝑖 [28], which is a dielectric height ratio, is 

                                                                 𝑘𝑖 = −
𝑑1

𝑑1+𝑑2
                                                     (4.10) 

where 𝑑1 and 𝑑2 are the distances between the trace and bottom plane and between the top plane 

and the trace, respectively. Similarly, the voltage between the trace and the lower plane is equal to 

the voltage drop due to the transmission line mode subtract the drop between the planes due to the 

parallel-plate mode, multiplied also by the factor 𝑘𝑖.   
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Figure 4.4. Three conductor transmission line problem and its equivalent circuit for 2 ports. 

 

For both left and right side, define the voltages and currents of 4 ports for stripline model as 

𝑉𝑙/𝑟𝑠𝑔 = 𝑉𝑙/𝑟𝑠 − 𝑉𝑙/𝑟𝑔 , 𝑉𝑙/𝑟𝑠𝑝 = 𝑉𝑙/𝑟𝑠 − 𝑉𝑙/𝑟𝑝  and 𝐼𝑙/𝑟𝑠 = 𝐼𝑙/𝑟𝑡𝑙 .  For 4 ports striplne, both the 

power and ground plane should be references, then 𝐼𝑙/𝑟𝑠 = 𝐼𝑙/𝑟𝑝 + 𝐼𝑙/𝑟𝑔 .  Since we also have 

𝐼𝑙/𝑟𝑡𝑙 = 𝑉𝑙/𝑟𝑡𝑙𝑌𝑙/𝑟𝑡𝑙, 𝐼𝑙/𝑟𝑝𝑝 = 𝑉𝑙/𝑟𝑝𝑝𝑌𝑙/𝑟𝑝𝑝, after some derivations, at every via-trace location where 

the modes of P/G planes with vias and modes of stripline couple, we can obtain [46] 

                 [𝐼
𝑝̅

𝐼𝑔̅] = [
𝑘𝑖

2𝑌̿𝑡𝑙 + 𝑌̿𝑝𝑝𝑇𝐸𝑀 (−𝑘𝑖
2 − 𝑘𝑖)𝑌̿𝑡𝑙 − 𝑌̿𝑝𝑝𝑇𝐸𝑀

(−𝑘𝑖
2 − 𝑘𝑖)𝑌̿𝑡𝑙 − 𝑌̿𝑝𝑝𝑇𝐸𝑀 (𝑘𝑖

2 + 2𝑘𝑖 + 1)𝑌̿𝑡𝑙 + 𝑌̿𝑝𝑝𝑇𝐸𝑀

] [𝑉̅
𝑠𝑝

𝑉̅𝑠𝑔]      (4.11) 

where 𝐼𝑝̅, 𝐼𝑔̅, 𝑉̅𝑠𝑝 and 𝑉̅𝑠𝑔 are vectors include both left and right side ports, for example, 𝐼𝑝̅ =

[𝐼
𝑙𝑝

𝐼𝑟𝑝
].   

Eliminating parallel plate mode effects which relate with 𝑌̿𝑝𝑝 , then for a “pure” 4 ports 

stripline model, the admittance matrix 𝑌̿𝑠 can be extracted as 
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                                       𝑌̿𝑠 = [
𝑘𝑖

2𝑌̿𝑡𝑙 (−𝑘𝑖
2 − 𝑘𝑖)𝑌̿𝑡𝑙

(−𝑘𝑖
2 − 𝑘𝑖)𝑌̿𝑡𝑙 (𝑘𝑖

2 + 2𝑘𝑖 + 1)𝑌̿𝑡𝑙

]                             (4.12) 

Note that the above method for 2 ports/4 ports stripline model can be used also for 2N-

ports/4N ports stripline model.  

4.3.4 D. Admittance Matrix 𝒀̿𝑷/𝑮 for P/G Planes with Vias 

The admittance matrix 𝑌̿𝑃/𝐺  for problem of geometry I can be calculated with hybrid Foldy-

Lax equations method and 1D MoM, as we described in chapter 3.  

 

In this section, I briefly describe the 1D MoM for the problem of finite cavity of irregular 

shape.  All the notations are same as shown in chapter 3. 

I use the 𝑡  coordinate to describe the line contour of the caivty boundary.  In the MoM 

formulation, 1-dimensional discretization of the boundary wall is used.  Let there be 𝑁𝑡 segments.  

We use pulse basis functions and point matching for the 𝑡𝑣 coordinates with 𝜈 = 1,2. . . 𝑁𝑡 and the 

length of segment 𝑣  is ∆𝑡𝑣 .  Then the impedance matrix 𝑍̿  is of dimension 𝑁𝑡 × 𝑁𝑡 .  The 

impedance matrix elements are 

                     𝑍𝜇𝑣 = {
[𝑛̂′ ∙ 𝛻𝑡

′𝑔(𝜌̅, 𝜌̅′)∆𝑡𝑣]𝜌̅′=𝜌̅(𝑡𝜇),𝜌̅′=𝜌̅(𝑡𝑣)
𝜇 ≠ 𝑣

1

2
𝜇 = 𝑣

                             (3.3) 

for 𝜇, 𝑣 = 1,2. . . 𝑁𝑡, and 𝑔(𝜌̅) =
1

4𝑗
𝐻0

(2)(𝑘𝜌). 

Consider multiple vias, 𝑞 = 1,2,3, . . . . 𝑁, the Foldy-Lax equations are 

                                           𝑤̅𝑞 = 𝑎̅𝑞,𝑖𝑛𝑐 + ∑ [𝛼̿𝑞𝑝
+ + 𝑋̿𝑊𝑞𝑝]𝐴̅𝑝𝑁

𝑝=1
𝑝≠𝑞

                                    (3.36) 

In general, we include harmonics of 𝑚 = 0,±1, . . . . . . . ±𝑀.  Harmonics of 𝑚 ≠ 0 give rise to 

anisotropic effects. 

In the above equation, 𝑤̅𝑞  and 𝐴̅𝑞  are of dimemsions (2𝑀 + 1) × 1, and contain exciting 

field coefficients [𝑤̅𝑞]𝑚 = 𝑤𝑚
𝑞

 and scattered field coefficients [𝐴̅𝑞]𝑚 = 𝐴𝑚
𝑞

, 𝑚 =

0,±1, . . . . . . . ±𝑀; 𝑎̅𝑖𝑛𝑐 is the incident field coefficients, 𝛼̿𝑞𝑝
+  matrix is the translation matrix for 

cylindrical waves and is of dimension (2𝑀 + 1) × (2𝑀 + 1) 

                                       [𝛼̿𝑞𝑝
+ ]

𝑛𝑚
= 𝐻𝑛−𝑚

(2)
(𝑘|𝜌𝑝̅̅ ̅ − 𝜌𝑞̅̅ ̅|)𝑒𝑗(𝑛−𝑚)∅𝜌𝑝̅̅ ̅̅ 𝜌𝑞̅̅ ̅̅                              (3.11) 
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and 

                                                         𝑋̿𝑊𝑞𝑝 = 𝛾̿(𝑞𝑊)𝑍̿⁻¹𝑄̿(𝑊𝑝)                                           (3.33) 

In equation (3.33), the 𝛾̿(𝑞𝑊) matrix which has dimension (2𝑀 + 1) × 𝑁𝑡 where 𝑊 stands for 

wall.  It is of mixed dimension as it represents discretized MoM points coupled to wave harmonics, 

𝑚 = 0,±1, . . . . . . . ±𝑀.  𝑄̿(𝑊𝑞)  is with dimension 𝑁𝑡 × (2𝑀 + 1).  It represents coupling from 

harmonic to discretized point on the boundary.  𝑍̿⁻¹ is the inverse of the MoM impedance matrix.  

Their expressions can be found in chapter 3. 

Using the 𝜏̿(𝑝), the T-matrix of single via including wall effects, we have 

                                            𝑤̅𝑞 = 𝑎̅𝑞,𝑖𝑛𝑐 + ∑ [𝛼̿𝑞𝑝
+ + 𝑋̿𝑊𝑞𝑝]𝜏̿(𝑝)𝑤̅𝑝 𝑁

𝑝=1
𝑝≠𝑞

                           (3.37) 

where 

                                                         𝜏̿(𝑝) = [𝐼 ̿ − 𝑇̿𝑝𝑋̿𝑊𝑝𝑝]
−1

𝑇̿𝑝                                       (3.38) 

After the Foldy-Lax equations are solved, 𝑤̅𝑞 , 𝑞 = 1,2. . . 𝑁 are obained.  Then the magnetic 

field in the 𝜙̂ direction can be obtained.  The surface currents 𝐽𝑠
𝑞
 as shown in equation (3.53) is in 

the 𝑧 direction and is calculated from the magnetic field on the surface of the via. 

    Once the currents are determined, the calculation of the admittance parameter matrix of 

multiple vias inside finite P/G planes 𝑌̿𝑃/𝐺 can be obtained as 

                                                                  [𝐼
𝑝̅

𝐼𝑔̅] = 𝑌̿𝑃/𝐺 [𝑉̅
𝑝

𝑉̅𝑔]                                              (4.13) 

where 𝐼𝑝̅, 𝐼𝑔̅, 𝑉̅𝑝, 𝑉̅𝑔 are current and voltage vector on power and ground apertures, and 

                                                            𝑌̿𝑃/𝐺 = [ 𝑌̿𝑝𝑝 −𝑌̿𝑝𝑔

−𝑌̿𝑔𝑝 𝑌̿𝑔𝑔
]                                         (4.14) 

Note that if the stripline is in the center of cavity, due to the reflection symmetry of the 

waveguide, we have the symmetry relation of the admittance matrix elements 𝑌̿𝑝𝑝 = 𝑌̿𝑔𝑔  and 

𝑌̿𝑔𝑝 = 𝑌̿𝑝𝑔.  Anyway, if the stripline is not at the middle of the cavity, the symmetry relation will 

be destroyed.  Then the Foldy-Lax equations method need to be used twice to obtain four element 

matrices in 𝑌̿𝑃/𝐺 .  

In this chapter, we only consider 𝑘𝑖 = −0.5  or centered trace case, for the modeling 

simplicity. 
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It is valuable to point out that, the 𝑌̿𝑃/𝐺  obtained from the proposed method is not 𝑌̿𝑐 used in 

[15, 28] or 𝑌̿𝑎 used in [32].  The difference between the two is that 𝑌̿𝑐 (obtained from cavity model 

theory) or 𝑌̿𝑎 (obtained from contour integral equation method) only reflects modes effects of P/G 

planes without vias, while 𝑌̿𝑃/𝐺 reflects modes coupling effects of P/G planes with multiple vias.  

In [15, 28, 32], via barrel to plane capacitance need to be extracted to express the coupling between 

single via and cavity, but scattering effects among vias are not considered.  The proposed Foldy-

Lax equations method include and integrate all the coupling and scattering effects among vias and 

planes.  For complicated geometries, the methods in [15, 24, 28, 32, 40] can’t handle cases such 

as irregular single through hole via, multiple vias sharing same antipad and dense via array, while 

the proposed method use only one-dimensional discretization and integral.  I will show more 

simulation details in the numerical example section. 

The 𝑌̿𝑃/𝐺 is not exactly same as 𝑌̿𝑃𝑃 defined in [14, 39] neither.  Although both of them include 

scattering effects among multiple vias and planes, 𝑌̿𝑃𝑃 defined in [14, 39] does not include higher 

order waveguide modes effects, while 𝑌̿𝑃/𝐺  includes these effects.  When the source via gets 

excited, parallel plate waveguide modes will be excited.  In high frequency, higher order 

waveguide modes may not decay rapidly along the radial direction, and they do contribute to the 

interactions among closely spaced vias [44].  In other words, modes conversion not only occur at 

the transition between the signal trace and through hole via, but also through the way of wave 

propagation and scattering among vias from fundamental mode to some higher order modes.  From 

simulations in section 4.4, I observe that these higher order modes effects need to be considered 

for the accuracy issue of modeling above 20GHz. 

4.3.5 E. Model Recombination 

We now combine (4.6), (4.11) and (4.14), then a generalized model can be formulated for one 

cavity and the total admittance matrix of the system is finally derived as 

                                                                [𝐼
𝑝̅

𝐼𝑔̅] = 𝑌̿ [𝑉̅
𝑝

𝑉̅𝑔]                                                     (4.15) 

where 

                     𝑌̿ = 𝑌̿𝑃/𝐺 + 𝑌̿𝑠 = [
𝑘𝑖

2𝑌̿𝑡𝑙 + 𝑌̿𝑢𝑢 (−𝑘𝑖
2 − 𝑘𝑖)𝑌̿𝑡𝑙 − 𝑌̿𝑢𝑏

(−𝑘𝑖
2 − 𝑘𝑖)𝑌̿𝑡𝑙−𝑌̿𝑏𝑢 (𝑘𝑖

2 + 2𝑘𝑖 + 1)𝑌̿𝑡𝑙𝑌̿
𝑏𝑏

]             (4.16) 
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The proposed method can be conveniently expanded to multiple vias and multiple striplines 

case.  For vias not connected with traces, the related 𝑌̿𝑠 is zero. 

After obtaining the admittance parameter matrix, the calculation of the scattering matrix 

proceed in manners as described in previous papers [4, 19, 35, 36, 42]. 

4.3.6 F. Model for Multilayer Electronic Structures with Different Loads 

For the multilayered structures with different types of ports, e.g., the open, shorting and load, 

cascaded Y parameters technique derived in [39] is used for the combination of individual network 

in this paper.  More details for derivation and definitions of through ports and generic load ports 

can be found in [39, 40], I show the conclusions only for the paper self-consistent. 

The admittance matrix of the 𝑖 parallel plate pair 𝑌̿𝑖 is defined as  

                                                      [
𝐼𝑢̅
𝑖

𝐼𝑏̅
𝑖 ] = [

𝑌̿𝑢𝑢
𝑖 𝑌̿𝑢𝑏

𝑖

𝑌̿𝑏𝑢
𝑖 𝑌̿𝑏𝑏

𝑖
] [

𝑉̅𝑢
𝑖

𝑉̅𝑏
𝑖]                                                (4.17) 

Then the cascaded admittance matrix for two consecutive plate-pair networks with admittance 

matrices of 𝑌̿𝑖 And 𝑌̿𝑖+1 Is finally given as 

                                 𝑌̿𝑖,𝑖+1 = [
𝑌̿𝑢𝑢

𝑖 − 𝑌̿𝑢𝑏
𝑖 𝑄̿𝑌̿𝑏𝑢

𝑖 −𝑌̿𝑢𝑏
𝑖 𝑄̿𝑌̿𝑢𝑏

𝑖+1

−𝑌̿𝑏𝑢
𝑖+1𝑄̿𝑌̿𝑏𝑢

𝑖 𝑌̿𝑏𝑏
𝑖+1 − 𝑌̿𝑏𝑢

𝑖+1𝑄̿𝑌̿𝑢𝑏
𝑖+1

]                               (4.18) 

where the auxiliary matrix 𝑄̿ is 

                                                            𝑄̿ = [𝑌̿𝑏𝑏
𝑖 + 𝑌̿𝑢𝑢

𝑖+1]
−1

                                               (4.19) 

4.4 NUMERICAL RESULTS AND DISCUSSIONS 

In this section I illustrate the results and make comparisons with Ansoft’s HFSS version 12.  

I mainly discuss the effectiveness of the proposed method. 

The proposed method are based on Foldy-Lax multiple scattering equations method. The CPU 

requirement and discussions between the Foldy-Lax approach and HFSS v12 has been thoroughly 

reported and discussed in chapter 2 and 3 or in [36, 43] section VIII.  The CPU requirement of 

cascaded microwave Y parameters network approach has also been discussed in [40], for 

multilayer structures.  The proposed method use much less memory requirement and CPU 

computation resources.  
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4.4.1 A. 2 Common Vias Connected with 1 Trace in A Square Cavity for Higher Order 

Waveguide Modes Effects Investigation  

Figure 4.5 shows top and side view of structure about 2 vias connected with 1 trace.  I test two 

cases for very short vertical vias and long vertical vias, to investigate the higher order waveguide 

modes effects. The specifications are: 𝑅𝑣𝑖𝑎 = 5 𝑚𝑖𝑙 , 𝑅𝑎𝑛𝑡𝑖𝑝𝑎𝑑 = 15 𝑚𝑖𝑙 ,𝑊 = 1200 𝑚𝑖𝑙 , 𝑡 =

1 𝑚𝑖𝑙, transmission line length 𝐿𝑡𝑙 =  600 𝑚𝑖𝑙, ℎ = 12 𝑚𝑖𝑙 for case A1 which is for short via and 

ℎ = 61 𝑚𝑖𝑙 for case A2 which is for long via; for substrate material, 𝜀𝑟 = 3.84, 𝑡𝑎𝑛𝛿 = 0.033.  

The two signal vias locate at (200, 600) 𝑚𝑖𝑙 and (800, 600) 𝑚𝑖𝑙. 

 

Figure 4.5. Top and side view of 2 vias connected with 1 trace in a square cavity. 
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Figure 4.6. Y parameters for upper and upper ports comparisons for case A1. 

 

Figure 4.7. Y parameters for upper and bottom ports comparisons for case A1. 
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Figure 4.8. Y parameters for upper and upper ports comparisons for case A2. 

 

Figure 4.9. Y parameters for upper and upper ports comparisons for case A2. 
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As stated in section 4.3 part A, I compared the 𝑌̿𝑃/𝐺  with and without considering higher order 

modes effects for short and long interconnects, respectively.  Figure 4.6 and 4.7 show Y parameters 

between upper and bottom ports comparisons for case A1, which is short via case.  Figure 4.8 and 

4.9 show Y parameters between upper and bottom ports comparisons for case A2, which is long 

via case.  Good agreements can be obtained between the proposed method and HFSSv12.   

As we can see, for short via case, the high order modes effects are not so important, but for 

long via case, in order to accurately model the self-admittance Y1u1u and through admittance 

Y1u1b, higher order modes effects are necessary for simulation above 20GHz.  Cross-admittance 

Y1u2u and Y1u2b are not impacted by higher order modes effects very much, due to the 

transmission line length being 600 mil. 

4.4.2 B. 2 Eccentric Vias Connected with 1 Trace in A Square Cavity for Irregular Antipad 

Effects 

The proposed method can be conveniently expanded to modeling cases of vias with irregular 

antipad or eccentric vias.  We show an example about eccentric via structure.  Figure 4.10 shows 

top view of structure about 2 eccentric vias connected with 1 trace.  The specifications are same 

as the case A2, also with the eccentric pitch 𝑒 = 2 𝑚𝑖𝑙. 

Figure 4.11 shows the comparisons of S parameters about the two signal vias.  We can observe 

that the insertion loss and return loss for signal via 1 to some degree behave like a transmission 

line.  This is reasonable since single vertical via can be treated as a coaxial cable with virtual 

boundaries.  The through transmission S parameters between signal via 1 and via 2 also behave as 

transmission line performance.  The resonances shown in the curves are due to the cavity modes 

effects.      

 

Figure 4.10. Top view for eccentric via in case B. 
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Figure 4.11. S parameters comparisons for case B. 
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and via 2 are impacted a lot, since the cavity modes between case B and case C are very different.  

From the results, it can be seen that the curves for through transmission S parameters between 

signal via 1 and via 2 in case C are much smoother than case B.  

4.4.4 D. 48 Vias in A L-Shaped Cavity for Multiple Vias Scattering Effects 

The proposed method can accurately reflects the multiple scattering effects among vias and 

P/G planes, as we also stated in the section II part A.  Figure 4.14 shows a top view of a L-shaped 

cavity embedded with a SIW structure which includes 48 vias, including 6 signal vias and 42 

ground vias, in order to test the structure of dense vias array. The specifications are same as the 

case C, except that there are extra 4 signal vias and 42 ground vias are located in the P/G planes.  

The signal via 3 is locating at (900, 540) 𝑚𝑖𝑙. 

 

Figure 4.12. Top view for 2 vias connected with 1 trace in L shaped cavity for case C. 
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Figure 4.13. S parameters comparisons for case C. 

 

Figure 4.14. Top view of a L-shaped cavity embedded with a SIW structure for case D. 
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Figure 4.15. S parameters comparisons for case D. 

 

Figure 4.16. NEXT and FEXT between signal via 1 and 3 for case D. 
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Figure 4.15 shows the the comparisons of S parameters between signal via 1 and via 2.  Figure 

4.16 shows the the near end cross talk (NEXT) and far end cross talk (FEXT) between signal via 

1 and via 3.  From the simulation results, we can see that the insertion loss and return loss for 

signal via 1 and the through transmission S parameters between signal via 1 and via 2 are impacted 

by the embedded SIW structure.  These impacts occur above 15GHz.  The P/G planes effects are 

“hidden” by the SIW structure.   

The resonances shown in the curve of through transmission S1u2u is due to the modes effects 

of SIW structures.  There is discrepancy of the resonance between the proposed method and 

HFSSv12, this may be due to the neglect of the coupling among vias and trace in the proposed 

method.  The NEXT and FEXT between signal via 1 and 3 are very small (below -40dB) and 

nearly same, since the via cage guard any radiation from the inside of it.  But these crosstalk 

increase with frequency also.  

4.4.5 E. 3 Common Vias Connected with 2 Traces in 2 Layered L-Shaped Cavities for 

Multilayered Structures 

 

Figure 4.17. 3D view for 2 layered L shape cavities with 3 vias and 2 traces for case E. 
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Figure 4.17 shows 3D view for 2 layered L shape cavities with 3 vias and 2 traces. The 

specifications of each cavity are same as case C, except that the signal via 3 is locating at (800, 

400) 𝑚𝑖𝑙, 𝐿𝑡𝑙1 =  600 𝑚𝑖𝑙 and 𝐿𝑡𝑙2 =  300 𝑚𝑖𝑙. 

Figure 4.18 shows the comparisons of S parameters between signal via 1 and via 3.  Good 

agreement can be obtained up to 40GHz.  We want to point that the proposed method can be 

conveniently expanded to model the ports with different loads, although we do not show the related 

case.  These loads can be for open, short and decoupling capacitor.  These loads can be integrated 

with the models in the post-processing phase [39]. 

 

Figure 4.18. S parameters comparisons for case E. 
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extractions for any parasitic parameters.  Figure 4.19 shows top view for 2 differential signaling 

pairs with coupled striplines.  The differential pair of vias can be in common mode or differential 

mode.  The specifications are: 𝜀𝑟 = 4.4 ,  𝑡𝑎𝑛𝛿 = 0.02  (FR4_eproxy), 𝐿 = 2000 𝑚𝑖𝑙 , 𝑊 =

1500 𝑚𝑖𝑙 , 𝑅𝑣𝑖𝑎 = 15 𝑚𝑖𝑙 , 𝑅𝑎𝑛𝑡𝑖𝑝𝑎𝑑 = 30 𝑚𝑖𝑙 , 𝑝𝑖𝑡𝑐ℎ = 40 𝑚𝑖𝑙 , ℎ =  51 𝑚𝑖𝑙 , 𝑡 = 1 𝑚𝑖𝑙 , 

transmission line length 𝐿𝑡𝑙 =  400 𝑚𝑖𝑙. 

 

Figure 4.19. Top view for 2 differential signaling pairs with coupled striplines for case F. 
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Figure 4.20. Differential mode S parameters comparisons for case F. 

 

Figure 4.21. Common mode S parameters comparisons for case F. 
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Figure 4.20 and Figure 4.21 show the insertion loss and return loss for both differential mode 

and common mode respectively, also up to 40GHz.  For the modeling detail, the coupled striplines 

model is obtained from HFSSv12.  Note that the spacing between the two coupled striplines is 

only 10mil.    

From the comparisons, I observe that the proposed method match well with the simulation 

results obtained from HFSSv12 below 10GHz.  The model shows some discrepancies (mainly are 

for resonances shifts) above 10GHz.  This may be due to the near filed interaction occurring 

between striplines and vias at the location of via-trace transitions, or higher order transmission line 

modes being excited.  In such case, more accurate modeling methods need to be investigated for 

high frequency simulation.    

4.5 CONCLUSIONS 

In this chapter, I proposed a fast and broadband modeling method for signal/power integrity 

analysis for vias traces transition structures in electronic packages and printed circuit boards, for 

link level and channel simulations.  The major advantage of the proposed method resides in the 

decomposition of the complex 3-D problem into simple analytical solution, 1D meshing and 2D 

problem if necessary.  With the hybridization of generalized Foldy-Lax multiple scattering 

equations method and modal decomposition method, the computation resources are reduced for 

the complete signal/power integrity analysis of high-speed vertical and horizontal interconnects 

modeling in 3D IC, with good accuracy, up to 40GHz. 
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Chapter 5. EXTEND FOLDY-LAX EQUATION METHOD TO 

MODEL MIXED METAL/DIELECTRIC 

CYLINDERS IN PARALLEL PLATE 

WAVEGUIDE STRUCTURE   

5.1 INTRODUCTION 

In the recent antenna designs, many compact, high performance antenna are working at high 

millimeter-wave (mm-wave) frequencies [55-56], with a high degree of repeatability and 

reliability in antenna constructions. They are implemented by integrating a waveguide antenna 

within multilayer structures, or a new technology named as substrate integrated waveguide (SIW). 

For another side, in order to make PCB and package design be more reliable from the point 

of view of power integrity (PI), the power deliver networks (PDN) becomes more and more 

complicated. A typical way to suppress the simultaneous switching noise (SSN) is to add a 

photonic crystal power/ground layers. The structures are also though SIW like technology. 

Unwanted noise then can be eliminated/significantly suppressed in the designed stopbands. The 

signal integrity aspect won’t be impacted by doing so [57].  

In this chapter, I derived a new form of Foldy-Lax equations to provide an efficient solution 

for modeling SIW structures, which applied scattering coefficients as unknowns, for multiple 

scattering among metallic and dielectric cylinders in parallel plate waveguide structure. The 

modeling techniques are based on rigorous electromagnetic analysis with consideration of TE/TM 

coupling and T matrix for dielectric cylinder in parallel plate waveguide.  The modeling techniques 

provide fast and broadband simulation method for 3D IC and SIW based device.  

5.2 T MATRIX OF DIELECTRIC CYLINDER IN PARALLEL PLATE WAVEGUIDE 

I first derive the T matrix for a single dielectric cylinder in parallel plate structure. Consider a 

dielectric cylinder of radius 𝑎.  All the notations are same as previous chapters. 
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5.2.1 TM case: 

Let the exciting magnetic field of cylinder be consisting of TM modes.  The parallel plates are 

at 𝑧′ =
𝑑

2
 and 𝑧′ = −

𝑑

2
. Then first let the exciting field is 

                                 𝐻⃑⃑ 𝑒𝑥 = ∑ ∑ [𝑤𝑙,𝑛
𝑇𝑀𝑅𝑔𝐻⃑⃑ 𝑛

𝑇𝑀(𝑘𝑧𝑙, 𝑘𝜌𝑙, 𝜌⃗, 𝑧 ± 𝑧′)]∞
𝑛=−∞

∞
𝑙=0                         (5.1) 

𝑤𝑙,𝑛
𝑇𝑀 and 𝑤𝑙,𝑛

𝑇𝐸 are TM and TE exciting coefficient respectively, and note that for TM modes, 

𝑙 = 0,1,2, ……. For TE modes, 𝑙 = 1,2,3, ……. 

The magnetic vector wave functions in the parallel plate waveguide are [4]  

𝑅𝑔𝐻⃑⃑ 𝑛
𝑇𝐸(𝑘𝜌𝑙, 𝑘𝑧𝑙, 𝜌 , 𝑧)

=
𝑒−𝑗𝑛𝜙

𝜂
{−𝜌̂

𝑗𝑘𝜌𝑙𝑘𝑧𝑙

𝑘
𝐽′𝑛(𝑘𝜌𝑙𝜌)𝑐𝑜𝑠(𝑘𝑧𝑙(𝑧 ± 𝑧′)) − 𝜙̂

𝑛𝑘𝑧𝑙

𝑘𝜌
𝐽𝑛(𝑘𝜌𝑙𝜌)𝑐𝑜𝑠(𝑘𝑧𝑧)

− 𝑧̂
𝑘𝜌𝑙

2

𝑘
𝐽𝑛(𝑘𝜌𝑙𝜌)𝑗𝑠𝑖𝑛(𝑘𝑧𝑙(𝑧 ± 𝑧′))} 

                                                                                                                                             (5.2) 

𝑅𝑔𝐻⃑⃑ 𝑛
𝑇𝑀(𝑘𝜌𝑙, 𝑘𝑧𝑙, 𝜌 , 𝑧) =

𝑗𝑒−𝑗𝑛𝜙

𝜂
{−𝜌̂

𝑗𝑛

𝜌
𝐽𝑛(𝑘𝜌𝑙𝜌) − 𝜙̂𝑘𝜌𝑙𝐽

′
𝑛(𝑘𝜌𝑙𝜌)} 𝑐𝑜𝑠(𝑘𝑧𝑙(𝑧 ± 𝑧′)) 

                                                                                                                                             (5.3) 

Then 

𝜌̂ × 𝑅𝑔𝐻⃑⃑ 𝑛
𝑇𝐸(𝑘𝜌𝑙, 𝑘𝑧𝑙, 𝜌 , 𝑧)

=
𝑒−𝑗𝑛𝜙

𝜂
{−𝑧̂

𝑛𝑘𝑧𝑙

𝑘𝜌
𝐽𝑛(𝑘𝜌𝑙𝜌)𝑐𝑜𝑠(𝑘𝑧𝑙(𝑧 ± 𝑧′)) + 𝜙̂

𝑘𝜌
2

𝑘
𝐽𝑛(𝑘𝜌𝑙𝜌)𝑗𝑠𝑖𝑛(𝑘𝑧𝑙(𝑧 ± 𝑧′))} 

                                                                                                                                             (5.4) 

                       𝜌̂ × 𝑅𝑔𝐻⃑⃑ 𝑛
𝑇𝑀(𝑘𝜌𝑙, 𝑘𝑧𝑙, 𝜌 , 𝑧) =

𝑗𝑒−𝑗𝑛𝜙

𝜂
{−𝑧̂𝑘𝜌𝐽

′
𝑛(𝑘𝜌𝑙𝜌)}𝑐𝑜𝑠(𝑘𝑧𝑙(𝑧 ± 𝑧′)) 

                                                                                                                                             (5.5) 

Then the electric field is 

                                    𝐸⃑ 𝑒𝑥 = ∑ ∑ [𝑤𝑙,𝑛
𝑇𝑀𝑅𝑔𝐸⃑ 𝑛

𝑇𝑀(𝑘𝑧𝑙, 𝑘𝜌𝑙, 𝜌⃗, 𝑧 ± 𝑧′)]∞
𝑛=−∞

∞
𝑙=0                       (5.6) 

where the electric field wave functions are  
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𝑅𝑔𝐸⃑ 𝑛
𝑇𝐸(𝑘𝜌𝑙, 𝑘𝑧𝑙 , 𝜌 , 𝑧) =

1

𝑗𝜔𝜀
∇ × 𝑅𝑔𝐻⃑⃑ 𝑛

𝑇𝐸(𝑘𝜌𝑙, 𝑘𝑧𝑙 , 𝜌 , 𝑧)

= −𝑒−𝑗𝑛𝜙 {−𝜌̂
𝑗𝑛

𝜌
𝐽𝑛(𝑘𝜌𝑙𝜌) − 𝜙̂𝑘𝜌𝑙𝐽

′
𝑛(𝑘𝜌𝑙𝜌)} 𝑠𝑖𝑛(𝑘𝑧𝑙(𝑧 ± 𝑧′)) 

                                                                                                                                             (5.7) 

𝑅𝑔𝐸⃑ 𝑛
𝑇𝑀(𝑘𝜌𝑙, 𝑘𝑧𝑙, 𝜌 , 𝑧)

= 𝑒−𝑗𝑛𝜙 {𝜌̂
𝑗𝑘𝜌𝑙𝑘𝑧𝑙

𝑘
𝐽′𝑛(𝑘𝜌𝑙𝜌)𝑗𝑠𝑖𝑛(𝑘𝑧𝑙(𝑧 ± 𝑧′))

+ 𝜙̂
𝑛𝑘𝑧𝑙

𝑘𝜌
𝐽𝑛(𝑘𝜌𝑙𝜌)𝑗𝑠𝑖𝑛(𝑘𝑧𝑙(𝑧 ± 𝑧′)) + 𝑧̂

𝑘𝜌𝑙
2

𝑘
𝐽𝑛(𝑘𝜌𝑙𝜌)𝑐𝑜𝑠(𝑘𝑧𝑙(𝑧 ± 𝑧′))} 

                                                                                                                                             (5.8) 

                                  𝜌̂ × 𝑅𝑔𝐸⃑ 𝑛
𝑇𝐸(𝑘𝜌𝑙, 𝑘𝑧𝑙 , 𝜌 , 𝑧) = 𝑒−𝑗𝑛𝜙{𝑧̂𝑘𝜌𝑙𝐽

′
𝑛(𝑘𝜌𝑙𝜌)}𝑠𝑖𝑛(𝑘𝑧𝑙𝑧) 

                                                                                                                                             (5.9) 

𝜌̂ × 𝑅𝑔𝐸⃑ 𝑛
𝑇𝑀(𝑘𝜌𝑙, 𝑘𝑧𝑙 , 𝜌 , 𝑧)

= 𝑒−𝑗𝑛𝜙 {𝑧̂
𝑛𝑘𝑧𝑙

𝑘𝜌
𝐽𝑛(𝑘𝜌𝑙𝜌)𝑗𝑠𝑖𝑛(𝑘𝑧𝑙(𝑧 ± 𝑧′)) − 𝜙̂

𝑘𝜌𝑙
2

𝑘
𝐽𝑛(𝑘𝜌𝑙𝜌)𝑐𝑜𝑠(𝑘𝑧𝑙(𝑧 ± 𝑧′))} 

                                                                                                                                           (5.10) 

Then the magnetic scattered field of the dielectric cylinder can be expressed as 

𝐻⃑⃑ 𝑠 = ∑ ∑ 𝑤𝑙,𝑛
𝑇𝑀[𝑇𝑙,𝑛

𝑇𝑀𝑇𝑀𝐻⃑⃑ 𝑛
𝑇𝑀(𝑘𝑧𝑙, 𝑘𝜌𝑙, 𝜌⃗, 𝑧 ± 𝑧′) + 𝑇𝑙,𝑛

𝑇𝐸𝑇𝑀𝐻⃑⃑ 𝑛
𝑇𝐸(𝑘𝑧𝑙, 𝑘𝜌𝑙 , 𝜌⃗, 𝑧 ± 𝑧′)]

∞

𝑛=−∞

∞

𝑙=0

 

                                                                                                                                           (5.11) 

where 𝐻⃑⃑ 𝑛
𝑇𝑀 is the same as 𝑅𝑔𝐻⃑⃑ 𝑛

𝑇𝑀 with Bessel function replaced by Hankel function of the second 

kind. In the above equations, 𝑇𝑙,𝑛
𝑇𝑀𝑇𝑀 and 𝑇𝑙,𝑛

𝑇𝐸𝑇𝑀 are T matrix coefficients. Note that because of 

dielectric posts there are coupling between TE and TM modes with the coupling coefficient 𝑇𝑙,𝑛
𝑇𝐸𝑇𝑀 

for 𝑙 > 0 modes, or non TEM modes. TE modes and TM modes are decoupled for TEM mode in 

which case 𝑙 = 0. 

Similarly, the electric scattered field of the dielectric cylinder can be expressed as 

𝐸⃑ 𝑠 = ∑ ∑ 𝑤𝑙,𝑛
𝑇𝑀[𝑇𝑙,𝑛

𝑇𝑀𝑇𝑀𝐸⃑ 𝑛
𝑇𝑀(𝑘𝑧𝑙, 𝑘𝜌𝑙, 𝜌⃗, 𝑧 ± 𝑧′) + 𝑇𝑙,𝑛

𝑇𝐸𝑇𝑀𝐸⃑ 𝑛
𝑇𝐸(𝑘𝑧𝑙, 𝑘𝜌𝑙, 𝜌⃗, 𝑧 ± 𝑧′)]

∞

𝑛=−∞

∞

𝑙=0

 

                                                                                                                                           (5.12) 
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Let the dielectric cylinder be with permittivity of 𝜀𝑝 and permeability of 𝜇, then let 𝑘𝑝 =

𝜔√𝜇𝜀𝑝, 𝜂𝑝 = √
𝜇

𝜀𝑝
.  Note that due to the phase matching in the 𝑧 direction, the 𝑘𝑧𝑙 are same for 

inside and outside of the dielectric cylinder. 

For dielectric cylinder, the internal magnetic field vector wave functions are obtained from 

equations 5.2 and 5.3, which are 

𝑅𝑔𝐻⃑⃑ 𝑛
𝑝𝑇𝐸(𝑘𝑝𝜌𝑙, 𝑘𝑧𝑙, 𝜌 , 𝑧)

=
𝑒−𝑗𝑛𝜙

𝜂𝑝
{−𝜌̂

𝑗𝑘𝑝𝜌𝑙𝑘𝑧𝑙

𝑘𝑝
𝐽′𝑛(𝑘𝑝𝜌𝑙𝜌)𝑐𝑜𝑠(𝑘𝑧𝑙(𝑧 ± 𝑧′)) − 𝜙̂

𝑛𝑘𝑧𝑙

𝑘𝑝𝜌
𝐽𝑛(𝑘𝑝𝜌𝑙𝜌)𝑐𝑜𝑠(𝑘𝑧𝑧)

− 𝑧̂
𝑘𝑝𝜌𝑙

2

𝑘𝑝
𝐽𝑛(𝑘𝑝𝜌𝑙𝜌)𝑗𝑠𝑖𝑛(𝑘𝑧𝑙(𝑧 ± 𝑧′))} 

                                                                                                                                           (5.13) 

𝑅𝑔𝐻⃑⃑ 𝑛
𝑝𝑇𝑀(𝑘𝑝𝜌𝑙, 𝑘𝑧𝑙, 𝜌 , 𝑧) =

𝑗𝑒−𝑗𝑛𝜙

𝜂𝑝
{−𝜌̂

𝑗𝑛

𝜌
𝐽𝑛(𝑘𝑝𝜌𝑙𝜌) − 𝜙̂𝑘𝑝𝜌𝑙𝐽

′
𝑛(𝑘𝑝𝜌𝑙𝜌)} 𝑐𝑜𝑠(𝑘𝑧𝑙(𝑧 ± 𝑧′)) 

                                                                                                                                           (5.14) 

   To determine the T matrix coefficients, let the internal field be 

𝐻⃑⃑ 𝑖𝑛𝑡 = ∑ ∑ 𝑤𝑙,𝑛
𝑇𝑀[𝐶𝑙,𝑛

𝑇𝑀𝑇𝑀𝑅𝑔𝐻⃑⃑ 𝑛
𝑝𝑇𝑀(𝑘𝑧𝑙, 𝑘𝑝𝜌𝑙, 𝜌⃗, 𝑧 ± 𝑧′)

∞

𝑛=−∞

∞

𝑙=0

+ 𝐶𝑙,𝑛
𝑇𝐸𝑇𝑀𝑅𝑔𝐻⃑⃑ 𝑛

𝑝𝑇𝐸(𝑘𝑧𝑙, 𝑘𝑝𝜌𝑙, 𝜌⃗, 𝑧 ± 𝑧′)] 

                                                                                                                                           (5.15) 

    Then the internal electric field is  

𝐸⃑ 𝑖𝑛𝑡 = ∑ ∑ 𝑤𝑙,𝑛
𝑇𝑀[𝐶𝑙,𝑛

𝑇𝑀𝑇𝑀𝑅𝑔𝐸⃑ 𝑛
𝑝𝑇𝑀(𝑘𝑧𝑙, 𝑘𝑝𝜌𝑙, 𝜌⃗, 𝑧 ± 𝑧′) + 𝐶𝑙,𝑛

𝑇𝐸𝑇𝑀𝑅𝑔𝐸⃑ 𝑛
𝑝𝑇𝐸(𝑘𝑧𝑙, 𝑘𝑝𝜌𝑙, 𝜌⃗, 𝑧 ± 𝑧′)]

∞

𝑛=−∞

∞

𝑙=0

 

                                                                                                                                           (5.16) 

where 𝑅𝑔𝐸⃑ 𝑛
𝑝𝑇𝑀

 and 𝑅𝑔𝐸⃑ 𝑛
𝑝𝑇𝐸

 can be obtained from equations 5.8 and 5.9. 

Now I match boundary condition for dielectric cylinder.  The tangential field which includes 

both electric field and magnetic field are equal, hence, at surface of cylinder 𝜌 = 𝑎, for each 

waveguide mode 𝑙, we have 

                                                     𝜌̂ × (𝐻̅𝑠 + 𝐻̅𝑒𝑥) = 𝜌̂ × 𝐻̅𝑖𝑛𝑡                                         (5.17) 

                                                      𝜌̂ × (𝐸̅𝑠 + 𝐸̅𝑒𝑥) = 𝜌̂ × 𝐸̅𝑖𝑛𝑡                                          (5.18) 
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From 5.17, we obtain 

𝜌̂ × 𝑅𝑔𝐻⃑⃑ 𝑛
𝑇𝑀(𝑘𝜌𝑙, 𝑘𝑧𝑙, 𝜌 , 𝑧 ± 𝑧′)

+ [𝑇𝑙,𝑛
𝑇𝑀𝑇𝑀𝜌̂ × 𝐻⃑⃑ 𝑛

𝑇𝑀(𝑘𝜌𝑙, 𝑘𝑧𝑙, 𝜌 , 𝑧 ± 𝑧′) + 𝑇𝑙,𝑛
𝑇𝐸𝑇𝑀𝜌̂ × 𝐻⃑⃑ 𝑛

𝑇𝐸(𝑘𝜌𝑙, 𝑘𝑧𝑙 , 𝜌 , 𝑧 ± 𝑧′)]

= 𝐶𝑙,𝑛
𝑇𝑀𝑇𝑀𝜌̂ × 𝑅𝑔𝐻⃑⃑ 𝑛

𝑝𝑇𝑀(𝑘𝑝𝜌𝑙, 𝑘𝑧𝑙 , 𝜌 , 𝑧 ± 𝑧′) + 𝐶𝑙,𝑛
𝑇𝐸𝑇𝑀𝜌̂

× 𝑅𝑔𝐻⃑⃑ 𝑛
𝑝𝑇𝐸(𝑘𝑝𝜌𝑙, 𝑘𝑧𝑙, 𝜌 , 𝑧 ± 𝑧′) 

                                                                                                                                           (5.19) 

Then 

𝑗𝑒−𝑗𝑛𝜙

𝜂
{−𝑧̂𝑘𝜌𝑙𝐽

′
𝑛(𝑘𝜌𝑙𝑎)}𝑐𝑜𝑠(𝑘𝑧𝑙(𝑧 ± 𝑧′))

+ [𝑇𝑙,𝑛
𝑇𝑀𝑇𝑀

𝑗𝑒−𝑗𝑛𝜙

𝜂
{−𝑧̂𝑘𝜌𝑙𝐻𝑛

(2)
′(𝑘𝜌𝑙𝑎)}𝑐𝑜𝑠(𝑘𝑧𝑙(𝑧 ± 𝑧′))

+ 𝑇𝑙,𝑛
𝑇𝐸𝑇𝑀

𝑒−𝑗𝑛𝜙

𝜂
{−𝑧̂

𝑛𝑘𝑧𝑙

𝑘𝑎
𝐻𝑛

(2)
(𝑘𝜌𝑙𝑎)𝑐𝑜𝑠(𝑘𝑧𝑙(𝑧 ± 𝑧′))

+ 𝜙̂
𝑘𝜌𝑙

2

𝑘
𝐻𝑛

(2)
(𝑘𝜌𝑙𝑎)𝑗𝑠𝑖𝑛(𝑘𝑧𝑙(𝑧 ± 𝑧′))}]

= 𝐶𝑙,𝑛
𝑇𝑀𝑇𝑀

𝑗𝑒−𝑗𝑛𝜙

𝜂𝑝
{−𝑧̂𝑘𝑝𝜌𝑙𝐽

′
𝑛(𝑘𝑝𝜌𝑙𝑎)}𝑐𝑜𝑠(𝑘𝑧𝑙(𝑧 ± 𝑧′))

+ 𝐶𝑙,𝑛
𝑇𝐸𝑇𝑀

𝑗𝑒−𝑗𝑛𝜙

𝜂𝑝
{−𝑧̂

𝑛𝑘𝑧𝑙

𝑘𝑝𝑎
𝐽𝑛(𝑘𝑝𝜌𝑙𝑎)𝑐𝑜𝑠(𝑘𝑧𝑙(𝑧 ± 𝑧′))

+ 𝜙̂
𝑘𝑝𝜌𝑙

2

𝑘𝑝
𝐽𝑛(𝑘𝑝𝜌𝑙𝑎)𝑗𝑠𝑖𝑛(𝑘𝑧𝑙(𝑧 ± 𝑧′))} 

                                                                                                                                           (5.20) 

Then, by matching 𝑧̂ and 𝜙̂ components, we obtain 

𝑗

𝜂
{𝑘𝜌𝑙𝐽

′
𝑛(𝑘𝜌𝑙𝑎)} + [𝑇𝑙,𝑛

𝑇𝑀𝑇𝑀
𝑗

𝜂
{𝑘𝜌𝑙𝐻𝑛

(2)
′(𝑘𝜌𝑙𝑎)} + 𝑇𝑙,𝑛

𝑇𝐸𝑇𝑀
1

𝜂
{
𝑛𝑘𝑧𝑙

𝑘𝑎
𝐻𝑛

(2)
(𝑘𝜌𝑙𝑎)}]

= 𝐶𝑙,𝑛
𝑇𝑀𝑇𝑀

𝑗

𝜂𝑝
{𝑘𝑝𝜌𝑙𝐽

′
𝑛(𝑘𝑝𝜌𝑙𝑎)} + 𝐶𝑙,𝑛

𝑇𝐸𝑇𝑀
1

𝜂𝑝
{
𝑛𝑘𝑧𝑙

𝑘𝑝𝑎
𝐽𝑛(𝑘𝑝𝜌𝑙𝑎)} 

                                                                                                                                           (5.21) 

 

[𝑇𝑙,𝑛
𝑇𝐸𝑇𝑀

1

𝜂
{
𝑘𝜌𝑙

2

𝑘
𝐻𝑛

(2)
(𝑘𝜌𝑙𝑎)}] = 𝐶𝑙,𝑛

𝑇𝐸𝑇𝑀
1

𝜂𝑝
{
𝑘𝑝𝜌𝑙

2

𝑘𝑝
𝐽𝑛(𝑘𝑝𝜌𝑙𝑎)} 
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                                                                                                                                           (5.22) 

From 5.18 which is tangential E continuous at the dielectric post surface 𝜌 = 𝑎, we obtain 

𝜌̂ × 𝑅𝑔𝐸⃑ 𝑙,𝑛
𝑇𝑀(𝑘𝜌𝑙, 𝑘𝑧𝑙, 𝜌 , 𝑧 ± 𝑧′)

+ [𝑇𝑙,𝑛
𝑇𝑀𝑇𝑀𝜌̂ × 𝐸⃑ 𝑙,𝑛

𝑇𝑀(𝑘𝜌𝑙, 𝑘𝑧𝑙, 𝜌 , 𝑧 ± 𝑧′) + 𝑇𝑙,𝑛
𝑇𝐸𝑇𝑀𝜌̂ × 𝐸⃑ 𝑙,𝑛

𝑇𝐸(𝑘𝜌𝑙, 𝑘𝑧𝑙 , 𝜌 , 𝑧 ± 𝑧′)]

= 𝐶𝑙,𝑛
𝑇𝑀𝑇𝑀𝜌̂ × 𝑅𝑔𝐸⃑ 𝑙,𝑛

𝑝𝑇𝑀(𝑘𝑝𝜌𝑙, 𝑘𝑧𝑙 , 𝜌 , 𝑧 ± 𝑧′) + 𝐶𝑙,𝑛
𝑇𝐸𝑇𝑀𝜌̂

× 𝑅𝑔𝐸⃑ 𝑛
𝑝𝑇𝐸(𝑘𝑝𝜌𝑙, 𝑘𝑧𝑙, 𝜌 , 𝑧 ± 𝑧′) 

                                                                                                                                           (5.23) 

Then 

𝑒−𝑗𝑛𝜙 {𝑧̂
𝑛𝑘𝑧𝑙

𝑘𝑎
𝐽𝑛(𝑘𝜌𝑙𝑎)𝑗𝑠𝑖𝑛(𝑘𝑧𝑙(𝑧 ± 𝑧′)) − 𝜙̂

𝑘𝜌𝑙
2

𝑘
𝐽𝑛(𝑘𝜌𝑙𝑎)𝑐𝑜𝑠(𝑘𝑧𝑙(𝑧 ± 𝑧′))}

+ [𝑇𝑙,𝑛
𝑇𝑀𝑇𝑀𝑒−𝑗𝑛𝜙 {𝑧̂

𝑛𝑘𝑧𝑙

𝑘𝑎
𝐻𝑛

(2)
(𝑘𝜌𝑙𝑎)𝑗𝑠𝑖𝑛(𝑘𝑧𝑙(𝑧 ± 𝑧′))

− 𝜙̂
𝑘𝜌𝑙

2

𝑘
𝐻𝑛

(2)
(𝑘𝜌𝑙𝑎)𝑐𝑜𝑠(𝑘𝑧𝑙(𝑧 ± 𝑧′))}

+ 𝑇𝑙,𝑛
𝑇𝐸𝑇𝑀𝑒−𝑗𝑛𝜙{𝑧̂𝑘𝜌𝑙𝐻𝑛

(2)
′(𝑘𝜌𝑙𝑎)}𝑠𝑖𝑛(𝑘𝑧𝑙(𝑧 ± 𝑧′))]

= 𝐶𝑙,𝑛
𝑇𝑀𝑇𝑀𝑒−𝑗𝑛𝜙 {𝑧̂

𝑛𝑘𝑧𝑙

𝑘𝑝𝑎
𝐽𝑛(𝑘𝑝𝜌𝑙𝑎)𝑗𝑠𝑖𝑛(𝑘𝑧𝑙(𝑧 ± 𝑧′))

− 𝜙̂
𝑘𝑝𝜌𝑙

2

𝑘𝑝
𝐽𝑛(𝑘𝑝𝜌𝑙𝑎)𝑐𝑜𝑠(𝑘𝑧𝑙(𝑧 ± 𝑧′))}

+ 𝑒−𝑗𝑛𝜙{𝑧̂𝑘𝜌𝑙𝐽𝑛′(𝑘𝑝𝜌𝑙𝑎)}𝑠𝑖𝑛(𝑘𝑧𝑙(𝑧 ± 𝑧′)) 

                                                                                                                                           (5.24) 

Then by matching 𝑧̂ and 𝜙̂ components, we obtain 

{
𝑛𝑘𝑧𝑙

𝑘𝑎
𝐽𝑛(𝑘𝜌𝑙𝑎)𝑗} + [𝑇𝑙,𝑛

𝑇𝑀𝑇𝑀 {
𝑛𝑘𝑧𝑙

𝑘𝑎
𝐻𝑛

(2)
(𝑘𝜌𝑙𝑎)𝑗} + 𝑇𝑙,𝑛

𝑇𝐸𝑇𝑀{𝑘𝜌𝑙𝐻𝑛
(2)

′(𝑘𝜌𝑙𝑎)}]

= 𝐶𝑙,𝑛
𝑇𝑀𝑇𝑀 {

𝑛𝑘𝑧𝑙

𝑘𝑝𝑎
𝐽𝑛(𝑘𝑝𝜌𝑙𝑎)𝑗} + 𝐶𝑙,𝑛

𝑇𝐸𝑇𝑀{𝑘𝑝𝜌𝑙𝐽𝑛′(𝑘𝑝𝜌𝑙𝑎)} 

                                                                                                                                           (5.25) 

{
𝑘𝜌𝑙

2

𝑘
𝐽𝑛(𝑘𝜌𝑙𝑎)} + [𝑇𝑙,𝑛

𝑇𝑀𝑇𝑀 {
𝑘𝜌𝑙

2

𝑘
𝐻𝑛

(2)
(𝑘𝜌𝑙𝑎)}] = 𝐶𝑙,𝑛

𝑇𝑀𝑇𝑀 {
𝑘𝑝𝜌𝑙

2

𝑘𝑝
𝐽𝑛(𝑘𝑝𝜌𝑙𝑎)} 

                                                                                                                                           (5.26) 
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Sort them as matrix form, we have 

[
 
 
 
 
 
 
 
 𝑗𝑘{𝑘𝜌𝑙𝐻𝑛

(2)
′(𝑘𝜌𝑙𝑎)} {

𝑛𝑘𝑧𝑙

𝑎
𝐻𝑛

(2)
(𝑘𝜌𝑙𝑎)}

0 {𝑘𝜌𝑙
2 𝐻𝑛

(2)
(𝑘𝜌𝑙𝑎)}

−𝑗𝑘𝑝{𝑘𝑝𝜌𝑙𝐽
′
𝑛(𝑘𝑝𝜌𝑙𝑎)} − {

𝑛𝑘𝑧𝑙

𝑎
𝐽𝑛(𝑘𝑝𝜌𝑙𝑎)}

0 −{𝑘𝑝𝜌𝑙
2𝐽𝑛(𝑘𝑝𝜌𝑙𝑎)}

{
𝑛𝑘𝑧𝑙

𝑘𝑎
𝐻𝑛

(2)
(𝑘𝜌𝑙𝑎)𝑗} {𝑘𝜌𝑙𝐻𝑛

(2)
′(𝑘𝜌𝑙𝑎)}

{
𝑘𝜌𝑙

2

𝑘
𝐻𝑛

(2)
(𝑘𝜌𝑙𝑎)} 0

−{
𝑛𝑘𝑧𝑙

𝑘𝑝𝑎
𝐽𝑛(𝑘𝑝𝜌𝑙𝑎)𝑗} −{𝑘𝑝𝜌𝑙𝐽𝑛′(𝑘𝑝𝜌𝑙𝑎)}

−{
𝑘𝑝𝜌𝑙

2

𝑘𝑝
𝐽𝑛(𝑘𝑝𝜌𝑙𝑎)} 0

]
 
 
 
 
 
 
 
 

×

[
 
 
 
 
𝑇𝑙,𝑛

𝑇𝑀𝑇𝑀

𝑇𝑙,𝑛
𝑇𝐸𝑇𝑀

𝐶𝑙,𝑛
𝑇𝑀𝑇𝑀

𝐶𝑙,𝑛
𝑇𝐸𝑇𝑀

]
 
 
 
 

=

[
 
 
 
 
 
 
−𝑗𝑘{𝑘𝜌𝑙𝐽

′
𝑛(𝑘𝜌𝑙𝑎)}

0

− {
𝑛𝑘𝑧𝑙

𝑘𝑎
𝐽𝑛(𝑘𝜌𝑙𝑎)𝑗}

− {
𝑘𝜌𝑙

2

𝑘
𝐽𝑛(𝑘𝜌𝑙𝑎)}

]
 
 
 
 
 
 

 

                                                                                                                                           (5.27) 

We can then solve the T matrix coefficients of dielectric cylinder for TM modes.  

5.2.2 TE case 

Now let the exciting field be TE modes excitation.  When matching tangential magnetic and 

electric filed continuously at the dielectric post surface 𝜌 = 𝑎, we have 

𝜌̂ × 𝑅𝑔𝐻⃑⃑ 𝑛
𝑇𝐸(𝑘𝜌𝑙, 𝑘𝑧𝑙, 𝜌 , 𝑧 ± 𝑧′)

+ [𝑇𝑙,𝑛
𝑇𝑀𝑇𝐸𝜌̂ × 𝐻⃑⃑ 𝑛

𝑇𝑀(𝑘𝜌𝑙, 𝑘𝑧𝑙, 𝜌 , 𝑧 ± 𝑧′) + 𝑇𝑙,𝑛
𝑇𝐸𝑇𝐸𝜌̂ × 𝐻⃑⃑ 𝑛

𝑇𝐸(𝑘𝜌𝑙, 𝑘𝑧𝑙 , 𝜌 , 𝑧 ± 𝑧′)]

= 𝐶𝑙,𝑛
𝑇𝑀𝑇𝐸𝜌̂ × 𝑅𝑔𝐻⃑⃑ 𝑛

𝑝𝑇𝑀(𝑘𝑝𝜌𝑙, 𝑘𝑧𝑙 , 𝜌 , 𝑧 ± 𝑧′) + 𝐶𝑙,𝑛
𝑇𝐸𝑇𝐸𝜌̂

× 𝑅𝑔𝐻⃑⃑ 𝑛
𝑝𝑇𝐸(𝑘𝑝𝜌𝑙, 𝑘𝑧𝑙, 𝜌 , 𝑧 ± 𝑧′) 

                                                                                                                                           (5.28) 

𝜌̂ × 𝑅𝑔𝐸⃑ 𝑛
𝑇𝐸(𝑘𝜌𝑙, 𝑘𝑧𝑙, 𝜌 , 𝑧 ± 𝑧′)

+ [𝑇𝑙,𝑛
𝑇𝑀𝑇𝐸𝜌̂ × 𝐸⃑ 𝑛

𝑇𝑀(𝑘𝜌𝑙, 𝑘𝑧𝑙, 𝜌 , 𝑧 ± 𝑧′) + 𝑇𝑙,𝑛
𝑇𝐸𝑇𝐸𝜌̂ × 𝐸⃑ 𝑛

𝑇𝐸(𝑘𝜌𝑙, 𝑘𝑧𝑙 , 𝜌 , 𝑧 ± 𝑧′)]

= 𝐶𝑙,𝑛
𝑇𝑀𝑇𝐸𝜌̂ × 𝑅𝑔𝐸⃑ 𝑛

𝑝𝑇𝑀(𝑘𝑝𝜌𝑙, 𝑘𝑧𝑙 , 𝜌 , 𝑧 ± 𝑧′) + 𝐶𝑙,𝑛
𝑇𝐸𝑇𝐸𝜌̂

× 𝑅𝑔𝐸⃑ 𝑛
𝑝𝑇𝐸(𝑘𝑝𝜌𝑙, 𝑘𝑧𝑙, 𝜌 , 𝑧 ± 𝑧′) 

                                                                                                                                           (5.29) 

Then, by matching 𝑧̂ and 𝜙̂ components, we have 
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𝑇𝑙,𝑛
𝑇𝐸𝑇𝐸

𝑛𝑘𝑧𝑙

𝑘𝑎
𝐻𝑛

(2)
(𝑘𝜌𝑙𝑎) + 𝑇𝑙,𝑛

𝑇𝑀𝑇𝐸𝑗𝑘𝜌𝑙𝐻𝑛
(2)

′(𝑘𝜌𝑙𝑎) − 𝐶𝑙,𝑛
𝑇𝐸𝑇𝐸

𝑛𝑘𝑧𝑙

𝑘𝑎
𝐽𝑛(𝑘𝑝𝜌𝑙𝑎)

− 𝐶𝑙,𝑛
𝑇𝑀𝑇𝐸𝑗

𝑘𝑝

𝑘
𝑘𝑝𝜌𝑙𝐽

′
𝑛(𝑘𝑝𝜌𝑙𝑎) = −

𝑛𝑘𝑧𝑙

𝑘𝑎
𝐽𝑛(𝑘𝜌𝑙𝑎) 

                                                                                                                                           (5.30) 

 

𝑇𝑙,𝑛
𝑇𝐸𝑇𝐸𝑘𝜌𝑙

2 𝐻𝑛
(2)

(𝑘𝜌𝑙𝑎) − 𝐶𝑙,𝑛
𝑇𝐸𝑇𝐸𝑘𝑝𝜌𝑙

2𝐽𝑛(𝑘𝑝𝜌𝑙𝑎) = −𝑘𝜌𝑙
2 𝐽𝑛(𝑘𝜌𝑙𝑎) 

                                                                                                                                           (5.31) 

and 

𝑇𝑙,𝑛
𝑇𝐸𝑇𝐸𝑘𝜌𝑙𝐻𝑛

(2)
′(𝑘𝜌𝑙𝑎) + 𝑇𝑙,𝑛

𝑇𝑀𝑇𝐸𝑗
𝑛𝑘𝑧𝑙

𝑘𝑎
𝐻𝑛

(2)
(𝑘𝜌𝑙𝑎) − 𝐶𝑙,𝑛

𝑇𝐸𝑇𝐸𝑘𝑝𝜌𝑙𝐽
′
𝑛(𝑘𝜌𝑙𝑎)

− 𝐶𝑙,𝑛
𝑇𝑀𝑇𝐸𝑗

𝑛𝑘𝑧𝑙

𝑘𝑎
𝐽𝑛(𝑘𝑝𝜌𝑙𝑎) = −𝑘𝜌𝑙𝐽

′
𝑛(𝑘𝜌𝑙𝑎) 

                                                                                                                                           (5.32) 

𝑇𝑙,𝑛
𝑇𝑀𝑇𝐸

𝑘𝜌𝑙
2

𝑘
𝐻𝑛

(2)
(𝑘𝜌𝑙𝑎) − 𝐶𝑙,𝑛

𝑇𝑀𝑇𝐸
𝑘𝑝𝜌𝑙

2

𝑘𝑝
𝐽𝑛(𝑘𝑝𝜌𝑙𝑎) = 0 

                                                                                                                                           (5.33) 

Then 

[
 
 
 
 
 
 
 
 
𝑛𝑘𝑧𝑙

𝑘𝑎
𝐻𝑛

(2)
(𝑘𝜌𝑙𝜌) 𝑗𝑘𝜌𝑙𝐻𝑛

(2)
′(𝑘𝜌𝑙𝜌)

𝑘𝜌𝑙
2 𝐻𝑛

(2)
(𝑘𝜌𝑙𝜌) 0

−
𝑛𝑘𝑧𝑙

𝑘𝑎
𝐽𝑛(𝑘𝑝𝜌𝑙𝜌) −𝑗

𝑘𝑝

𝑘
𝑘𝑝𝜌𝑙𝐽

′
𝑛(𝑘𝑝𝜌𝑙𝜌)

−𝑘𝑝𝜌𝑙
2𝐽𝑛(𝑘𝑝𝜌𝑙𝜌) 0

𝑘𝜌𝑙𝐻𝑛
(2)

′(𝑘𝜌𝑙𝜌) 𝑗
𝑛𝑘𝑧𝑙

𝑘𝑎
𝐻𝑛

(2)
(𝑘𝜌𝑙𝜌)

0
𝑘𝜌𝑙

2

𝑘
𝐻𝑛

(2)
(𝑘𝜌𝑙𝜌)

−𝑘𝑝𝜌𝑙𝐽
′
𝑛(𝑘𝜌𝑙𝜌) −𝑗

𝑛𝑘𝑧𝑙

𝑘𝑎
𝐽𝑛(𝑘𝑝𝜌𝑙𝜌)

0
𝑘𝜌𝑙

𝑑 2

𝑘𝑝
𝐽𝑛(𝑘𝑝𝜌𝑙𝜌)

]
 
 
 
 
 
 
 
 

×

[
 
 
 
 
𝑇𝑙,𝑛

𝑇𝐸𝑇𝐸

𝑇𝑙,𝑛
𝑇𝑀𝑇𝐸

𝐶𝑙,𝑛
𝑇𝐸𝑇𝐸

𝐶𝑙,𝑛
𝑇𝑀𝑇𝐸

]
 
 
 
 

=

[
 
 
 
 
 −

𝑛𝑘𝑧𝑙

𝑘𝑎
𝐽𝑛(𝑘𝜌𝑙𝜌)

−
𝑛𝑘𝑧𝑙

𝑘𝑎
𝐽𝑛(𝑘𝜌𝑙𝜌)

−𝑘𝜌𝑙𝐽
′
𝑛(𝑘𝜌𝑙𝜌)

0 ]
 
 
 
 
 

 

                                                                                                                                           (5.34) 

We can then solve the T matrix coefficients of dielectric cylinder for TE modes.  
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Note that, for 𝑙 = 0 which is TEM mode for waveguide, only TM modes are excited, and the 

analytical solution for T matrix for dielectric cylinder is [34] 

𝑇0,𝑛
𝑇𝑀𝑇𝑀 = −

𝑘𝑝𝐽𝑛(𝑘𝑎)𝐽𝑛′(𝑘𝑝𝑎) − 𝑘𝐽𝑛′(𝑘𝑎)𝐽𝑛(𝑘𝑝𝑎)

𝑘𝑝𝐻𝑛
(2)(𝑘𝑎)𝐽𝑛′(𝑘𝑝𝑎) − 𝑘𝐻𝑛

(2)
′(𝑘𝑎)𝐽𝑛(𝑘𝑝𝑎)

 

                                                                                                                                           (5.35) 

which can also be obtained from equation 5.27.  

 

5.3 FOLDY-LAX EQUATIONS FOR MULTIPLE SCATTERING AMONG DIELECTRIC 

CYLINDERS IN PARALLEL PLATE WAVEGUIDE 

I now derive the Foldy-Lax equations with multiple scattering among dielectric cylinders in 

parallel plate waveguide.   

The Foldy-Lax equations state that the final exciting field of particle 𝑞 is equal to the incident 

wave plus the scattered waves to particle 𝑞 from all other particles 𝑝 except 𝑞 itself.  For multiple 

scattering problem of dielectric cylinders, there are three forms of Foldy-Lax equations as shown 

in [34].  The first form is for listing final exciting field as unknowns, as we used in chapter 2-4. 

However, the Foldy-Lax equations with this form cannot be solved accurately, as the matrix is 

very badly conditioned for its inverse operation, as shown in chapter 2, we need to rescaled the 

equations and obtain accurate results.  Instead of using equations for the exciting field coefficients, 

the scattered field coefficients and internal field coefficients can also be used for listing Foldy-Lax 

equations.  I found that the form which uses the scattered field coefficients showed more accurate 

inverse operation due to its matrix having lower condition number.  I adopt this form in this chapter 

to solve problem. 

For multiple scattering problem of dielectric cylinders with TE and TM modes decoupling 

case, all the three forms have been shown in the [34].  In this chapter, I derive Foldy-Lax equations 

for mixed metal/dielectric cylinders with TE and TM modes coupling case in parallel plates 

waveguide structures. 

I first derive form of Foldy-Lax equations that use the final exciting field coefficients as 

unknowns for TE/TM modes coupling case, then I derive form of Foldy-Lax equations that use 

the scattered field coefficients as unknowns for TE/TM modes coupling case.   
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Consider N cylinders between the two parallel plats centered at 𝜌⃗1, 𝜌⃗2, …… , 𝜌⃗𝑁, the cylinders 

can be PEC or dielectric cylinders.  Within the Foldy-Lax formulation, the final exciting field on 

cylinder 𝑝 is    

𝐻⃑⃑ 𝑒𝑥
(𝑝)

= ∑ ∑ [𝑤𝑙,𝑛
𝑇𝑀(𝑝)

𝑅𝑔𝐻⃑⃑ 𝑛
𝑇𝑀(𝑘𝑧𝑙, 𝑘𝜌𝑙, 𝜌⃗ − 𝜌⃗𝑝, 𝑧 ± 𝑧′)

∞

𝑛=−∞

∞

𝑙=0

+ 𝑤𝑙,𝑛
𝑇𝐸(𝑝)

𝑅𝑔𝐻⃑⃑ 𝑛
𝑇𝐸(𝑘𝑧𝑙, 𝑘𝜌𝑙, 𝜌⃗ − 𝜌⃗𝑝, 𝑧 ± 𝑧′)] 

                                                                                                                                           (5.36) 

The final scattered field from cylinder 𝑝 is    

𝐻⃑⃑ 𝑠
(𝑝)

= ∑ ∑ {[𝑇𝑙,𝑛
𝑇𝑀𝑇𝑀(𝑝)

𝐻⃑⃑ 𝑛
𝑇𝑀(𝑘𝑧𝑙, 𝑘𝜌𝑙, 𝜌⃗ − 𝜌⃗𝑝, 𝑧 ± 𝑧′)

∞

𝑛=−∞

∞

𝑙=0

+ 𝑇𝑙,𝑛
𝑇𝐸𝑇𝑀(𝑝)

𝐻⃑⃑ 𝑛
𝑇𝐸(𝑘𝑧𝑙, 𝑘𝜌𝑙, 𝜌⃗ − 𝜌⃗𝑝, 𝑧 ± 𝑧′)]𝑤𝑙,𝑛

𝑇𝑀(𝑝)

+ [𝑇𝑙,𝑛
𝑇𝑀𝑇𝐸(𝑝)

𝐻⃑⃑ 𝑛
𝑇𝑀(𝑘𝑧𝑙, 𝑘𝜌𝑙, 𝜌⃗ − 𝜌⃗𝑝, 𝑧 ± 𝑧′)

+ 𝑇𝑙,𝑛
𝑇𝐸𝑇𝐸(𝑝)

𝐻⃑⃑ 𝑛
𝑇𝐸(𝑘𝑧𝑙, 𝑘𝜌𝑙, 𝜌⃗ − 𝜌⃗𝑝, 𝑧 ± 𝑧′)]𝑤𝑙,𝑛

𝑇𝐸(𝑝)
} 

                                                                                                                                           (5.37) 

The scattered field will be incident on cylinder 𝑞, the propagator is same as we used in chapter 

2 and 3 for infinite large parallel plates waveguide, which is equation (3.11).  Then the scattered 

field form 𝑝 onto cylinder 𝑞 is  

𝐻⃑⃑ 𝑠
(𝑝)

= ∑ ∑ ∑ {[𝑇𝑙,𝑛
𝑇𝑀𝑇𝑀(𝑝)

𝑅𝑔𝐻⃑⃑ 𝑚
𝑇𝑀(𝑘𝑧𝑙, 𝑘𝜌𝑙, 𝜌⃗ − 𝜌⃗𝑞 , 𝑧 ± 𝑧′)

∞

𝑚=−∞

∞

𝑛=−∞

∞

𝑙=0

+ 𝑇𝑙,𝑛
𝑇𝐸𝑇𝑀(𝑝)

𝑅𝑔𝐻⃑⃑ 𝑚
𝑇𝐸(𝑘𝑧𝑙, 𝑘𝜌𝑙, 𝜌⃗ − 𝜌⃗𝑞 , 𝑧 ± 𝑧′)] 𝑤𝑙,𝑛

𝑇𝑀(𝑝)

+ [𝑇𝑙,𝑛
𝑇𝑀𝑇𝐸(𝑝)

𝑅𝑔𝐻⃑⃑ 𝑚
𝑇𝑀(𝑘𝑧𝑙, 𝑘𝜌𝑙, 𝜌⃗ − 𝜌⃗𝑞 , 𝑧 ± 𝑧′)

+ 𝑇𝑙,𝑛
𝑇𝐸𝑇𝐸(𝑝)

𝑅𝑔𝐻⃑⃑ 𝑚
𝑇𝐸(𝑘𝑧𝑙, 𝑘𝜌𝑙, 𝜌⃗ − 𝜌⃗𝑞 , 𝑧 ± 𝑧′)] 𝑤𝑙,𝑛

𝑇𝐸(𝑝)
} [𝛼̿𝑞𝑝

+ ]
𝑛𝑚

 

                                                                                                                                           (5.38) 

or 

𝐻⃑⃑ 𝑠
(𝑝)

= ∑ ∑ ∑ {[𝑇𝑙,𝑛
𝑇𝑀𝑇𝑀(𝑝)

𝑤𝑙,𝑛
𝑇𝑀(𝑝)

+ 𝑇𝑙,𝑛
𝑇𝑀𝑇𝐸(𝑝)

𝑤𝑙,𝑛
𝑇𝐸(𝑝)

] 𝑅𝑔𝐻⃑⃑ 𝑚
𝑇𝑀(𝑘𝑧𝑙, 𝑘𝜌𝑙, 𝜌⃗ − 𝜌⃗𝑞 , 𝑧 ± 𝑧′)

∞

𝑚=−∞

∞

𝑛=−∞

∞

𝑙=0

+ [𝑇𝑙,𝑛
𝑇𝐸𝑇𝑀(𝑝)

𝑤𝑙,𝑛
𝑇𝑀(𝑝)

+ 𝑇𝑙,𝑛
𝑇𝐸𝑇𝐸(𝑝)

𝑤𝑙,𝑛
𝑇𝐸(𝑝)

] 𝑅𝑔𝐻⃑⃑ 𝑚
𝑇𝐸(𝑘𝑧𝑙, 𝑘𝜌𝑙, 𝜌⃗ − 𝜌⃗𝑞 , 𝑧 ± 𝑧′)} [𝛼̿𝑞𝑝

+ ]
𝑛𝑚
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                                                                                                                                           (5.39) 

Thus we get the Foldy-Lax multiple scattering equations by balancing every coefficient for 

each mode,  

𝑤𝑙,𝑛
𝑇𝑀(𝑞)

= 𝑎𝑙,𝑛
𝑇𝑀(𝑞)

+ ∑ ∑ [𝑇𝑙,𝑛
𝑇𝑀𝑇𝑀(𝑝)

𝑤𝑙,𝑛
𝑇𝑀(𝑝)

+ 𝑇𝑙,𝑛
𝑇𝑀𝑇𝐸(𝑝)

𝑤𝑙,𝑛
𝑇𝐸(𝑝)

] 𝑅𝑔𝐻⃑⃑ 𝑚
𝑇𝑀(𝑘𝑧𝑙, 𝑘𝜌𝑙, 𝜌⃗ − 𝜌⃗𝑞 , 𝑧

∞

𝑚=−∞

𝑁

𝑝=1,
𝑝≠𝑞

± 𝑧′)𝐻𝑛−𝑚
(2)

(𝑘𝜌𝑙|𝜌𝑝̅̅ ̅ − 𝜌𝑞̅̅ ̅|)𝑒𝑗(𝑛−𝑚)∅𝜌𝑝̅̅ ̅̅ 𝜌𝑞̅̅ ̅̅  

                                                                                                                                           (5.40) 

𝑤𝑙,𝑛
𝑇𝐸(𝑞)

= 𝑎𝑙,𝑛
𝑇𝐸(𝑞)

+ ∑ ∑ [𝑇𝑙,𝑛
𝑇𝐸𝑇𝑀(𝑝)

𝑤𝑙,𝑛
𝑇𝑀(𝑝)

+ 𝑇𝑙,𝑛
𝑇𝐸𝑇𝐸(𝑝)

𝑤𝑙,𝑛
𝑇𝐸(𝑝)

] 𝑅𝑔𝐻⃑⃑ 𝑚
𝑇𝐸(𝑘𝑧𝑙, 𝑘𝜌𝑙, 𝜌⃗ − 𝜌⃗𝑞 , 𝑧

∞

𝑚=−∞

𝑁

𝑝=1,
𝑝≠𝑞

± 𝑧′)𝐻𝑛−𝑚
(2)

(𝑘𝜌𝑙|𝜌𝑝̅̅ ̅ − 𝜌𝑞̅̅ ̅|)𝑒𝑗(𝑛−𝑚)∅𝜌𝑝̅̅ ̅̅ 𝜌𝑞̅̅ ̅̅  

                                                                                                                                           (5.41) 

where 𝑎𝑙,𝑛
𝑇𝑀(𝑞)

 and 𝑎𝑙,𝑛
𝑇𝐸(𝑞)

 are the incident field coefficients for TM and TE modes on cylinder 𝑞, 

which will be discussed later in this chapter. 

The above two equations are Foldy-Lax equations by using the final exciting field coefficients 

as unknowns for TE/TM modes coupling case.  I then derive Foldy-Lax equations by using the 

scattered field coefficients as unknowns for TE/TM modes coupling case. 

Let scattered field coefficients of TE and TM modes for cylinder 𝑝 are 𝑣𝑙,𝑛
𝑇𝐸(𝑝)

 and 𝑣𝑙,𝑛
𝑇𝑀(𝑝)

, and 

𝑣𝑙,𝑛
𝑇𝑀𝑇𝑀(𝑝)

= 𝑇𝑙,𝑛
𝑇𝑀𝑇𝑀(𝑝)

𝑤𝑙,𝑛
𝑇𝑀(𝑝)

, 𝑣𝑙,𝑛
𝑇𝐸𝑇𝐸(𝑝)

= 𝑇𝑙,𝑛
𝑇𝐸𝑇𝐸(𝑝)

𝑤𝑙,𝑛
𝑇𝐸(𝑝)

, 𝑣𝑙,𝑛
𝑇𝑀𝑇𝐸(𝑝)

= 𝑇𝑙,𝑛
𝑇𝑀𝑇𝐸(𝑝)

𝑤𝑙,𝑛
𝑇𝐸(𝑝)

, and 

𝑣𝑙,𝑛
𝑇𝑀𝑇𝐸(𝑝)

= 𝑇𝑙,𝑛
𝑇𝑀𝑇𝐸(𝑝)

𝑤𝑙,𝑛
𝑇𝐸(𝑝)

.  Then we can obtain 

𝑣𝑙,𝑛
𝑇𝑀(𝑝)

= 𝑇𝑙,𝑛
𝑇𝑀𝑇𝑀(𝑝)

𝑤𝑙,𝑛
𝑇𝑀(𝑝)

+ 𝑇𝑙,𝑛
𝑇𝑀𝑇𝐸(𝑝)

𝑤𝑙,𝑛
𝑇𝐸(𝑝)

= 𝑣𝑙,𝑛
𝑇𝑀𝑇𝑀(𝑝)

+ 𝑣𝑙,𝑛
𝑇𝑀𝑇𝐸(𝑝)

 

                                                                                                                                           (5.42) 

𝑣𝑙,𝑛
𝑇𝐸(𝑝)

= 𝑇𝑙,𝑛
𝑇𝐸𝑇𝑀(𝑝)

𝑤𝑙,𝑛
𝑇𝑀(𝑝)

+ 𝑇𝑙,𝑛
𝑇𝐸𝑇𝐸(𝑝)

𝑤𝑙,𝑛
𝑇𝐸(𝑝)

= 𝑣𝑙,𝑛
𝑇𝐸𝑇𝑀(𝑝)

+ 𝑣𝑙,𝑛
𝑇𝐸𝑇𝐸(𝑝)

 

                                                                                                                                           (5.43) 

Then equations (5.40) and (5.41) become 
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𝑤𝑙,𝑛
𝑇𝑀(𝑞)

= 𝑎𝑙,𝑛
𝑇𝑀(𝑞)

+ ∑ ∑ 𝑣𝑙,𝑛
𝑇𝑀(𝑝)

𝑅𝑔𝐻⃑⃑ 𝑚
𝑇𝑀(𝑘𝑧𝑙, 𝑘𝜌𝑙, 𝜌⃗ − 𝜌⃗𝑞 , 𝑧

∞

𝑚=−∞

𝑁

𝑝=1,
𝑝≠𝑞

± 𝑧′)𝐻𝑛−𝑚
(2)

(𝑘𝜌𝑙|𝜌𝑝̅̅ ̅ − 𝜌𝑞̅̅ ̅|)𝑒𝑗(𝑛−𝑚)∅𝜌𝑝̅̅ ̅̅ 𝜌𝑞̅̅ ̅̅  

                                                                                                                                           (5.44) 

𝑤𝑙,𝑛
𝑇𝐸(𝑞)

= 𝑎𝑙,𝑛
𝑇𝐸(𝑞)

+ ∑ ∑ 𝑣𝑙,𝑛
𝑇𝐸(𝑝)

𝑅𝑔𝐻⃑⃑ 𝑚
𝑇𝐸(𝑘𝑧𝑙, 𝑘𝜌𝑙, 𝜌⃗ − 𝜌⃗𝑞 , 𝑧

∞

𝑚=−∞

𝑁

𝑝=1,
𝑝≠𝑞

± 𝑧′)𝐻𝑛−𝑚
(2)

(𝑘𝜌𝑙|𝜌𝑝̅̅ ̅ − 𝜌𝑞̅̅ ̅|)𝑒𝑗(𝑛−𝑚)∅𝜌𝑝̅̅ ̅̅ 𝜌𝑞̅̅ ̅̅  

                                                                                                                                           (5.45) 

    Let (5.44) multiplies 𝑇𝑙,𝑛
𝑇𝑀𝑇𝑀(𝑞)

 and (5.45) multiplies 𝑇𝑙,𝑛
𝑇𝑀𝑇𝐸(𝑞)

, we get  

𝑣𝑙,𝑛
𝑇𝑀𝑇𝑀(𝑞)

= 𝑇𝑙,𝑛
𝑇𝑀𝑇𝑀(𝑞)

𝑎𝑙,𝑛
𝑇𝑀(𝑞)

+ 𝑇𝑙,𝑛
𝑇𝑀𝑇𝑀(𝑞)

∑ ∑ 𝑣𝑙,𝑛
𝑇𝑀(𝑝)

𝑅𝑔𝐻⃑⃑ 𝑚
𝑇𝑀(𝑘𝑧𝑙, 𝑘𝜌𝑙, 𝜌⃗ − 𝜌⃗𝑞 , 𝑧

∞

𝑚=−∞

𝑁

𝑝=1,
𝑝≠𝑞

± 𝑧′)𝐻𝑛−𝑚
(2)

(𝑘𝜌𝑙|𝜌𝑝̅̅ ̅ − 𝜌𝑞̅̅ ̅|)𝑒𝑗(𝑛−𝑚)∅𝜌𝑝̅̅ ̅̅ 𝜌𝑞̅̅ ̅̅  

                                                                                                                                           (5.46) 

𝑣𝑙,𝑛
𝑇𝑀𝑇𝐸(𝑞)

= 𝑇𝑙,𝑛
𝑇𝑀𝑇𝐸(𝑞)

𝑎𝑙,𝑛
𝑇𝐸(𝑞)

+ 𝑇𝑙,𝑛
𝑇𝑀𝑇𝐸(𝑞)

∑ ∑ 𝑣𝑙,𝑛
𝑇𝐸(𝑝)

𝑅𝑔𝐻⃑⃑ 𝑚
𝑇𝐸(𝑘𝑧𝑙, 𝑘𝜌𝑙, 𝜌⃗ − 𝜌⃗𝑞 , 𝑧

∞

𝑚=−∞

𝑁

𝑝=1,
𝑝≠𝑞

± 𝑧′)𝐻𝑛−𝑚
(2)

(𝑘𝜌𝑙|𝜌𝑝̅̅ ̅ − 𝜌𝑞̅̅ ̅|)𝑒𝑗(𝑛−𝑚)∅𝜌𝑝̅̅ ̅̅ 𝜌𝑞̅̅ ̅̅  

                                                                                                                                           (5.47) 

Add (5.46) and (5.47), by using (5.42), we obtain 
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𝑣𝑙,𝑛
𝑇𝑀(𝑞)

= (𝑇𝑙,𝑛
𝑇𝑀𝑇𝑀(𝑞)

𝑎𝑙,𝑛
𝑇𝑀(𝑞)

+ 𝑇𝑙,𝑛
𝑇𝑀𝑇𝐸(𝑞)

𝑎𝑙,𝑛
𝑇𝐸(𝑞)

)

+ ∑ ∑ [𝑇𝑙,𝑛
𝑇𝑀𝑇𝑀(𝑞)

𝑣𝑙,𝑛
𝑇𝑀(𝑝)

𝑅𝑔𝐻⃑⃑ 𝑚
𝑇𝑀(𝑘𝑧𝑙, 𝑘𝜌𝑙, 𝜌⃗ − 𝜌⃗𝑞 , 𝑧 ± 𝑧′)

∞

𝑚=−∞

𝑁

𝑝=1,
𝑝≠𝑞

+ 𝑇𝑙,𝑛
𝑇𝑀𝑇𝐸(𝑞)

𝑣𝑙,𝑛
𝑇𝐸(𝑝)

𝑅𝑔𝐻⃑⃑ 𝑚
𝑇𝐸(𝑘𝑧𝑙, 𝑘𝜌𝑙, 𝜌⃗ − 𝜌⃗𝑞 , 𝑧 ± 𝑧′)] 𝐻𝑛−𝑚

(2)
(𝑘𝜌𝑙|𝜌𝑝̅̅ ̅

− 𝜌𝑞̅̅ ̅|)𝑒𝑗(𝑛−𝑚)∅𝜌𝑝̅̅ ̅̅ 𝜌𝑞̅̅ ̅̅  

                                                                                                                                           (5.48) 

Similarly, we can also obtain  

𝑣𝑙,𝑛
𝑇𝐸(𝑞)

= (𝑇𝑙,𝑛
𝑇𝐸𝑇𝑀(𝑞)

𝑎𝑙,𝑛
𝑇𝑀(𝑞)

+ 𝑇𝑙,𝑛
𝑇𝐸𝑇𝐸(𝑞)

𝑎𝑙,𝑛
𝑇𝐸(𝑞)

)

+ ∑ ∑ [𝑇𝑙,𝑛
𝑇𝐸𝑇𝑀(𝑞)

𝑣𝑙,𝑛
𝑇𝑀(𝑝)

𝑅𝑔𝐻⃑⃑ 𝑚
𝑇𝑀(𝑘𝑧𝑙, 𝑘𝜌𝑙 , 𝜌⃗ − 𝜌⃗𝑞 , 𝑧 ± 𝑧′)

∞

𝑚=−∞

𝑁

𝑝=1,
𝑝≠𝑞

+ 𝑇𝑙,𝑛
𝑇𝐸𝑇𝐸(𝑞)

𝑣𝑙,𝑛
𝑇𝐸(𝑝)

𝑅𝑔𝐻⃑⃑ 𝑚
𝑇𝐸(𝑘𝑧𝑙, 𝑘𝜌𝑙, 𝜌⃗ − 𝜌⃗𝑞 , 𝑧 ± 𝑧′)]𝐻𝑛−𝑚

(2)
(𝑘𝜌𝑙|𝜌𝑝̅̅ ̅

− 𝜌𝑞̅̅ ̅|)𝑒𝑗(𝑛−𝑚)∅𝜌𝑝̅̅ ̅̅ 𝜌𝑞̅̅ ̅̅  

                                                                                                                                           (5.49) 

The above two equations are Foldy-Lax equations by using the scattered field coefficients as 

unknowns for TE/TM modes coupling case. 

5.4 INCIDENT FIELD AND POST PROCESSING 

I only consider case of coaxial ports excitation in this chapter, and the ports are on antipads 

which only are gone through by PEC cylinders.  Then the incident field coefficients 𝑎𝑙,𝑛
𝑇𝑀(𝑞)

 then 

are same as shown in equation (2.8).  Since the TE modes are not excited directly by coaxial ports 

excitation, then 𝑎𝑙,𝑛
𝑇𝐸(𝑞)

= 0.  But note that the TE modes can be excited due to TM/TE modes 

coupling effects for 𝑙 > 0 waveguide modes. 

Once we solve the Foldy-Lax equations, the currents for each via can be obtained as described 

in chapter 2 and 3.   
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5.5 NUMERICAL RESULTS AND SUMMARY 

In this chapter, I make different SIW based structures for verifying my derivations. I first start 

investigation of multiple PEC vias caged SIW in parallel plate waveguide; then I add one dielectric 

post close to PEC signal vias, to see what is impact of the addition of the dielectric post; at last, I 

added two more dielectric posts (3 total) around the signal via to observe the difference among S 

parameters of three configurations. To verify the proposed method, I compare my modeling results 

obtained from Foldy-Lax equations with them from HFSS simulations, up to 50GHz. 

Note that since the SIWs are caged by multiple closely spaced PEC vias, which means the 

boundary reflection effects of the cavity or waveguide that the SIWs are embedded in can be 

ignored, due to narrow gap between two close vias. Then both in the Foldy-Lax simulation and 

HFSS simulation, the targeted SIWs are embedded in an infinite large parallel plates.     

In each configuration figure, purple color stands for PEC vias, orange color stands for air (I 

use vacuum in HFSS) cylinder.  𝜀𝑟 = 4.4 , 𝛿 = 0.02 , 𝑅𝑣𝑖𝑎 = 5 𝑚𝑖𝑙 , 𝑅𝑎𝑛𝑡𝑖𝑝𝑎𝑑 = 15 𝑚𝑖𝑙 , ℎ =

 50 𝑚𝑖𝑙, 𝑡 = 1.3 𝑚𝑖𝑙, air cylinder radius is 𝑎 = 20 𝑚𝑖𝑙. 

5.5.1 A. SIW structure with one signal via inside and without any dielectric cylinders. The 

first resonance happens at about 36GHz. 

 

Figure 5.1. Geometry for case A 
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Figure 5.2. Insertion loss comparisons between Foldy-Lax and HFSS for case A.   

 

Figure 5.3. Return loss comparisons between Foldy-Lax and HFSS for case A.  
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5.5.2 B. SIW structure with one signal via inside and 1 closely placed dielectric cylinder. The 

first resonance happens at about 37GHz. 

 

Figure 5.4. Geometry for case B 

 

Figure 5.5. Insertion loss comparisons between Foldy-Lax and HFSS for case B.   

0 5 10 15 20 25 30 35 40 45 50
-30

-25

-20

-15

-10

-5

0

Frequency (GHz)

In
s
e
rt

io
n
 L

o
s
s
 (

d
B

)

 

 

S1U1P - Foldy Lax

S1U1P - HFSSv12



126 

 

 

 

Figure 5.6. Return loss comparisons between Foldy-Lax and HFSS for case B.   

 

5.5.3 C. SIW structure with one signal via inside and 3 closely placed dielectric cylinders. 

The first resonance happened at about 41GHz. 

 

Figure 5.7. Geometry for case C. 
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Figure 5.8. Insertion loss comparisons between Foldy-Lax and HFSS for case C.   

 

Figure 5.9. Return loss comparisons between Foldy-Lax and HFSS for case C.   
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From the comparisons from these benchmarks, we can observe that the results obtained from 

Foldy-Lax equations method match well with results from HFSS simulations up to 50GHz.  Also, 

the resonance frequency is increasing with more and more dielectric cylinders being placed closely 

to signal via in SIW structures. The resonance/bandwidth of a SIW based device actually can be 

changed by locating different metallic and dielectric cylinders. And the proposed method provides 

a fast and accurate way to predict such change in pre-design phase for SIW based devices. 
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APPENDIX A 

 

A.1 2D METHOD OF MOMENT WITH 1D DISCRETIZATION AND INTEGRATION 

I also solve the entire problem using 2D MoM based on 1D discretization and 1D integration.  

In this Appendix, I briefly describe this alternative method.  We have also compared the results of 

this alternative method with the Foldy-Lax/MoM1D.  The two results are in excellent agreement.  

A.1.1 Incident Electric Field and Surfaces Currents 

Consider a distribution of magnetic surface currents 𝑀̅𝑠(𝜌̅
′) in the antipad at 𝑧 =

𝑑

2
.  Then the 

z component of incident electric field 𝐸𝑧
𝑖(𝜌̅, 𝑧) of the TM mode onto the via is equal to sum of the 

TMl modes, 𝑙 = 0,1,2, …. 

                                        𝐸𝑧
𝑖(𝜌̅, 𝑧) = ∑ 𝐸𝑧,𝑙

𝑖 (𝜌̅)∞
𝑙=0 𝑐𝑜𝑠 (𝑘𝑧𝑙 (𝑧 +

𝑑

2
))                              (A.1.1) 

where 

𝐸𝑧,𝑙
𝑖 (𝜌̅) =

(−1)𝑙

𝑑
𝑓𝑙 ∬𝑑𝑥′𝑑𝑦′ (

𝑗

2
) 𝑘𝜌𝑙 𝐻1

(2)
(𝑘𝜌𝑙𝜌𝜌𝜌′̅̅ ̅̅ ̅) × (𝑥̂𝑠𝑖𝑛𝜙𝜌𝜌′̅̅ ̅̅ ̅ − 𝑦̂𝑐𝑜𝑠𝜙𝜌𝜌′̅̅ ̅̅ ̅) ∙ 𝑀̅𝑠(𝜌̅

′) 

                                                                                                                                         (A.1.2) 

(𝜌̅, 𝑧) is on the surface of via, ρ̅ is the 2-dimensional position vector in the x-y plane, 𝑘𝜌𝑙 =

√𝑘2 − (
𝑙𝜋

𝑑
)
2

, 𝜌𝜌′̅̅ ̅̅  is the vector pointing from 𝜌̅′ to 𝜌̅.  The weighting factors are 𝑓𝑙 =
1

2
 for 𝑙 = 0 

and 𝑓𝑙 = 1 for 𝑙 = 1,2, …. 

For 𝑙 = 0 (TEM) mode, the incident field becomes 

𝐸𝑧,0
𝑖 (𝜌̅) = −

1

𝑑
∬𝑑𝑥′𝑑𝑦′𝑧̂ × 𝛻𝑡′𝑔0 ∙ 𝑧̂ × 𝛻𝑡′𝜓𝐿(𝑥

′, 𝑦′) =
1

𝑑
∬𝑑𝑥′𝑑𝑦′𝛻𝑡′𝑔0 ∙ 𝛻𝑡′𝜓𝐿 

                                                                                                                                         (A.1.3) 

where 𝑔0(𝜌̅, 𝜌̅′) = −
𝑗

4
𝐻0

(2)
(𝑘𝜌𝜌𝜌′̅̅ ̅̅ ̅).  Using Green’s theorem and using the fact that,  𝜓𝐿obeys 

Laplace equation we then have  

                                                𝐸𝑧,0
𝑖 (𝜌̅) =

1

𝑑𝜀
∮ 𝑑𝑙′𝑔0(𝜌̅, 𝜌̅′)𝜎𝑠(𝜌̅′)
𝑆

                                 (A.1.4) 
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I use equation (A.1.4) to calculate the incident field for the case that the via surface is in the 

same antipad of the magnetic current source.  A simplification can be made for the antipad which 

is much smaller than a wavelength because we solved the Laplace equation for the magnetic 

surface current.  I further simplify the expression for 𝐸𝑧,0
𝑖 , 𝑔0(𝜌̅, 𝜌̅′) ≈ 𝑔𝐿(𝜌̅, 𝜌̅′) + 𝐶, where gL is 

the Laplace Green’s function and 𝐶 is the constant and  𝐶 = −
1

2𝜋
𝑙𝑛(𝑘).  Substituting in (A.1.4), 

it can be shown that the C term does not contribute, since ∮ 𝑑𝑙′𝜎𝑠(𝜌̅′)
𝑆

= 0.  Then 𝐸𝑧,0
𝑖 (𝜌̅) =

1

𝑑𝜀
∮ 𝑑𝑙′𝑔𝐿(𝜌̅, 𝜌̅′)𝜎𝑠(𝜌̅′)
𝑆

 for 𝜌̅ on the surface 𝑆𝑖. 

From the surface integral equation of Laplace equation, we then have, for 𝜌̅ on the surface 𝑆𝑖 

                                                                 𝐸𝑧,0
𝑖 (𝜌̅) =

𝑉𝑖

𝑑
                                                     (A.1.5) 

where 𝑉𝑖 is the voltage on the 𝑖𝑡ℎ via.  Equation (A.1.5) is a simple result for the incident field of 

the TEM mode on the 𝑖𝑡ℎ via.  Previously, the result was shown to be true for the case of a circular 

via centered at the antipad [4].  In the above derivations, we show that the simple relation is true 

for general situations of arbitrary shapes of vias and also for an arbitrary number of vias sharing 

the antipad.  

For 𝑙 = 1,2, … mode, similar derivations apply and lead to 

                                           𝐸𝑧,𝑙
𝑖 (𝜌̅) = (−1)𝑙 2

𝑑𝜀
∮ 𝑑𝑙′𝑔𝑙(𝜌̅, 𝜌̅′)𝜎𝑠(𝜌̅′)
𝑆

                             (A.1.6) 

where 𝑔𝑙(𝜌̅, 𝜌̅′) = −
𝑗

4
𝐻0

(2)
(𝑘𝜌𝑙𝜌𝜌𝜌′̅̅ ̅̅ ̅).  Note that in (A.1.6), in the line integral ∮ 𝑑𝑙′

𝑆
, 𝑆 is the 

summation over all line boundaries for the 𝜌̅′ coordinates.  This means 𝑆 = ∑ 𝑆𝑖
𝑁
𝑖=1 + 𝑆𝑔, over all 

the vias as well as the  ground plane.  However, the field coordinate 𝜌̅ for 𝐸𝑧,𝑙
𝑖 (𝜌̅) is only over the 

via boundaries 𝑆𝑣𝑖𝑎𝑠 = ∑ 𝑆𝑖
𝑁
𝑖=1 . 

Then, the surface current for the 𝑙 mode obeys the equation 

                                           −
𝑗𝜔𝜀

𝑘𝜌𝑙
2 𝐸𝑧,𝑙

𝑖 (𝜌̅) = ∮ 𝑑𝑙′𝑔𝑙(𝜌̅, 𝜌̅′) 𝐽𝑠𝑙(𝜌̅′)
𝑆𝑣𝑖𝑎𝑠

                              (A.1.7) 

for 𝜌̅ on the surface 𝑆𝑞 of the via 𝑞., and 𝑙 = 0,1,2….  

Thus the distinctions from the line integral equation of Laplace equation are that (i) the line 

integrals are only over the vias, and (ii) the Green’s function is 𝑔𝑙(𝜌̅, 𝜌̅′) =
𝑗

4
𝐻0

(2)
(𝑘𝜌𝑙𝜌𝜌𝜌′̅̅ ̅̅ ̅), 𝑙 =

0,1,2….  
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After the 1D integral equations are solved, we obtain 𝐽𝑠̅𝑙
(𝑞)

(𝜌̅′), the surface current unknowns 

for the 𝑙𝑡ℎ mode on the via.  Then 

                                                 𝐽𝑠̅
(𝑞)

= ∑ 𝑧̂𝐽𝑠𝑙
(𝑞)(𝜌̅)𝑐𝑜𝑠 (𝑘𝑧𝑙 (𝑧 +

𝑑

2
))𝑙                               (A.1.8) 

and the current on the 𝑞𝑡ℎ via is 

                                            𝐼(̅𝑞) = ∑ ∮ 𝑑𝑙
𝑆𝑞

𝐽𝑠𝑙
(𝑞)(𝜌̅)𝑐𝑜𝑠 (𝑘𝑧𝑙 (𝑧 +

𝑑

2
))𝑙                            (A.1.9) 

For vias in the same antipad, equation (A.1.6) and (A.1.7) have the same impedance matrices.  

Thus it is convenient to store the impedance matrix when we get incident field from (A.1.6) and 

then apply it directly to solve (A.1.7) without the need of re-calculations. 

A.1.2 Group T-Matrix 

The 2D MoM method has been proposed in [24].  We can also calculate the group T matrix 

using MoM.  Let 𝑁𝑝 be the segments number of via p after the discretization, and  ∆𝑡𝑗𝑝 be the 

length of segment 𝑗𝑝 of via  .  After some derivations, we get the T matrix of the 𝑁𝑔 vias as 

𝜏̿(𝑁𝑔) = [𝑊̿(1) 𝑊̿(2) … 𝑊̿(𝑁𝑔)] [

𝑍̿(11) 𝑍̿(12)

𝑍̿(21) 𝑍̿(22)
… 𝑍̿(1𝑁𝑔)

… 𝑍̿(2𝑁𝑔)
… …

𝑍̿(𝑁𝑔1) 𝑍̿(𝑁𝑔2)

… …

… 𝑍̿( 𝑁𝑔 𝑁𝑔)

]

−1

[

𝐵̿(1)

𝐵̿(2)
…

𝐵̿(𝑁𝑔)

] 

                                                                                                                                       (A.1.10) 

where the impedance matrix of MoM  𝑍̿𝑖𝑞𝑗𝑝

𝑞𝑝
 is 𝑁𝑞 × 𝑁𝑝, and 

𝑍̿𝑖𝑞𝑗𝑝

𝑞𝑝 =

{
  
 

  
 

∆𝑡𝑗𝑝
4𝑗

𝐻0
(2)

(𝑘𝜌𝑙 |𝜌𝑖𝑞̅̅ ̅̅ − 𝜌𝑗𝑝̅̅ ̅̅ |) 𝑖𝑞 ≠ 𝑗𝑝

∆𝑡𝑗𝑝
4𝑗

[1 − 𝑗
2

𝜋
𝑙𝑛 (

𝛾𝑘𝜌𝑙

4𝑒
∆𝑡𝑗𝑝)] 𝑖𝑞 = 𝑗𝑝, 𝑙 = 0

−
∆𝑡𝑗𝑝
2𝜋

𝑙𝑛 (
𝛾𝛼𝜌𝑙

4𝑒
∆𝑡𝑗𝑝) 𝑖𝑞 = 𝑗𝑝, 𝑙 ≠ 0

 

                                                                                                                                       (A.1.11) 

where 𝛼𝜌𝑙 = √(
𝑙𝜋

𝑑
)
2

− 𝑘2, and 𝛾 = 1.78107. 

In (A.1.11),  𝑊̿(𝑞) is a (2𝑁𝑚𝑎𝑥 + 1) × 𝑁𝑞 matrix, and 𝑁𝑞 is the segments number of via 𝑞 

after the discretization, and  ∆𝑡𝑖𝑞 is the length of segment 𝑖𝑞 of via 𝑞.  Then 
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𝑊̿𝑛𝑖𝑞

(𝑞)
=

𝑗

4
∆𝑡𝑖𝑞𝐽𝑛 (𝑘𝜌𝑙 |𝜌𝑖𝑞̅̅ ̅̅ − 𝑂̅𝑔|) 𝑒

𝑗𝑛∅𝜌𝑖𝑞̅̅ ̅̅ ̅̅
 

𝑛 = −𝑁𝑚𝑎𝑥, … ,0, … ,𝑁𝑚𝑎𝑥, 𝑖𝑞 = 1,2, … ,𝑁𝑞 

                                                                                                                                       (A.1.12) 

𝐵̿(𝑞) is 𝑁𝑝 × (2𝑁𝑚𝑎𝑥 + 1) matrix, and 

𝐵̿𝑗𝑝𝑚
(𝑝)

= 𝐽𝑚 (𝑘𝜌𝑙 |𝜌𝑗𝑝̅̅ ̅̅ − 𝑂̅𝑔|) 𝑒
−𝑗𝑚∅𝜌𝑗𝑝̅̅ ̅̅ ̅̅

 

𝑚 = −𝑁𝑚𝑎𝑥, … ,0, … ,𝑁𝑚𝑎𝑥 , 𝑗𝑝 = 1,2, … ,𝑁𝑝 

                                                                                                                                       (A.1.13) 

Good agreements are obtained when comparing the group T matrix calculated from Foldy-

Lax multiple scattering equation and from 2D MoM. 
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A.2  𝝉 MATRIX AND FOLDY LAX MULTIPLE SCATTERING EQUATIONS IN THE 

PRESENCE OF THE CAVITY WALL 

I show simplified derivations, using operator formalism, of the 𝜏  matrix and Foldy-Lax 

multiple scattering equations in the presence of cavity wall. 

Consider a single via scatterer in an infinite waveguide.  Let 𝑈 be the scattering potential, and 

𝐺0  be the Green’s function for infinite waveguide.  The Green’s function for the single via 

scatterer, 𝐺𝑠, obeys the Lippman Schwinger equation [37] 

                                                            𝐺𝑠 = 𝐺0 + 𝐺0𝑈𝐺𝑠                                                  (A2.1) 

The T matrix of the via for infinite power/ground plane is 𝑇 such that 𝑇𝐺0 = 𝑈𝐺𝑠 .  The 

Lippman Schwinger equation for the T matrix is [37] 

                                               𝑇 = 𝑈 + 𝑈𝐺0𝑇 = (1 − 𝑈𝐺0)
−1𝑈                                      (A2.2) 

The 𝑇 matrix is assumed to be known for a single via.   

Next I derive the T matrix in the presence of the wall.  For the case of finite ground plane, the 

Green's function, 𝐺00,is the sum of 𝐺0 and 𝐺𝑊 

                                                             𝐺00 = 𝐺0 + 𝐺𝑊                                                    (A2.3) 

where 𝐺𝑊 is Green’s function corresponding to the reflection from the wall. 

The Green’s function for a single via 𝐺𝑠  in finite ground plane then obeys the Lippman 

Schwinger equation with 𝐺00 

                                                         𝐺𝑠 = 𝐺00 + 𝐺00𝑈𝐺𝑠                                                 (A2.4) 

If we define the 𝜏 matrix to be 

                                                               𝑈𝐺𝑠 = 𝜏𝐺00                                                        (A2.5) 

then 

                                                            𝜏 = 𝑈 + 𝑈𝐺00𝜏                                                     (A2.6) 

Substitute in 𝐺00, and rearranging terms gives 

                                     𝜏 = (1 − 𝑈𝐺0)
−1(𝑈 + 𝑈𝐺𝑊𝜏) = 𝑇 + 𝑇𝐺𝑊𝜏                              (A2.7) 

Hence  

                                                        𝜏 = (1 − 𝑇𝐺𝑊)−1𝑇                                                   (A2.8) 

Thus 𝜏 is the T matrix in the presence of the wall with the reflection included.  In matrix 

notations, equation (3.28) corresponds to the operator equation of (A2.8). 
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For 𝑁 vias in finite power/ground plane, let 𝑈𝑗 be the scattering potential of the 𝑗𝑡ℎ via, 𝑗 =

1,2, …… ,𝑁.  Then  

                                                               𝜏𝑗 = 𝑈𝑗 + 𝑈𝑗𝐺00𝜏𝑗                                              (A2.9) 

is the 𝑇 matrix of via 𝑗 , , 𝑗 = 1,2, …… ,𝑁 , in the presence of the wall.  The Green’s function 𝐺 

for the entire problem of multiple vias in finite ground/power plane, is  

                                                          𝐺 = 𝐺00 + ∑ 𝐺00𝑈𝑗𝐺
𝑁
𝑗=1                                        (A2.10) 

Let 𝐺𝑗 be the exciting Green’s function of via 𝑗, such that  

                                                          𝐺𝑗 = 𝐺00 + ∑ 𝐺00𝑈𝑙𝐺
𝑁
𝑙≠𝑗                                        (A2.11) 

Then 

                                                                𝐺 = 𝐺𝑗 + 𝐺00𝑈𝑗𝐺                                            (A2.12) 

It follows from (A2.12) and (A2.9) that  

                                                  𝑈𝑗𝐺 = (1 − 𝑈𝑗𝐺00)
−1

𝑈𝑗𝐺𝑗 = 𝜏𝑗𝐺𝑗                                (A2.13) 

Substituting (A2.13) in (A2.10) gives the Foldy-Lax equation for the exciting Green’s 

function 

                                                          𝐺𝑗 = 𝐺00 + ∑ 𝐺00𝜏𝑙𝐺𝑙
𝑁
𝑙≠𝑗                                        (A2.14) 

The total Green’s function is  

                                                          𝐺 = 𝐺00 + ∑ 𝐺00𝜏𝑗𝐺𝑗
𝑁
𝑗=1                                        (A2.15) 

For the electric field, let 𝐸𝑗
𝑒𝑥𝑡 be the exciting field of the 𝑗 𝑡ℎvia.   Then the Foldy-Lax equation 

for the exciting field is  

                                                     𝐸𝑗
𝑒𝑥𝑡 = 𝐸𝑖𝑛𝑐 + ∑ 𝐺00𝜏𝑙𝐸𝑙

𝑒𝑥𝑡𝑁
𝑙≠𝑗                                    (A2.16) 

and the total field 𝐸 is  

                                                       𝐸 = 𝐸𝑖𝑛𝑐 + ∑ 𝐺00𝜏𝑗𝐸𝑗
𝑒𝑥𝑡𝑁

𝑗=1                                      (A2.17) 

where the incident field 𝐸𝑖𝑛𝑐 is the sum of direct, 𝐸𝑑, from the source and reflection 𝐸𝑊 of the 

direct from the wall.  Thus 𝐸𝑖𝑛𝑐 = 𝐸𝑑 + 𝐸𝑊 .  In matrix form, equation (3.37) corresponds to 

(A2.16). 
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