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Transforming materials are a class of multi-functional materials that couples multiple physical

couplings, such as, mechanical and thermal in shape memory alloy (SMA), mechanical and electri-

cal in ferroelectrics, mechanical and magnetic in ferromagnetic shape memory (FSMA), mechanical

and chemical with electrical as in ion battery. These materials exhibit their characteristic proper-

ties because of their underlying microstructures. In this thesis, we would like to address to the

fundamental question: Why do materials form microstructures, and how do microstructures evolve?

The thesis starts with an introduction to phase field simulation for modeling and simulating

microstructures in material systems with multiple phases or variants, as a literature review. In order

to simulate Austenite-Marteniste interfaces in shape memory alloys that appears in different physical

length scales and temperature range, a two-level phase fieldapproach is developed, which enables us

to further simulate special two dimensional structures such as tunnels and tents, as well as possible

interfaces in shape memory alloys. The new approach also allows us to study thermal hysteresis and

to numerically verify the critical dependence of the hysteresis length on the crystal symmetry of the

participating Austenite and Martensitic phases. Rigorousanalysis in one dimension is also carried

out to study domain formation and switching, which serves asfoundation for the methodology of

phase field simulation and the choices of parameters.

Conventional phase field simulation assumes strong periodicity in all physical dimensions, which

makes it inconvenient to study the simulations related to experiments such as functional materials

being probed in various atomic force microcopy (AFM). To extend the possibilities for simulations,





we release the periodicity, first along the out-of-plane direction and then along all directions. Nu-

merical schemes for solving Maxwell equations (for electrical and magnetic orderings), elasticity

equations (for mechanical ordering) and phase field equations (as a diffusion-type PDE) are formu-

lated in these geometric configuration, utilizing eigen-expansion, finite difference and Chebyshev

spectral method. These approaches are then used to simulateelectromechanical responses in piezo-

electric and ferroelectric materials, as well as domain formations in multi-functional materials, for

instance, shape memory alloys and ferroelectrics. As a remark, Chebyshev spectral method for

general geometry without any periodicity also works for inhomogeneous materials and arbitrary

boundary conditions, which becomes an ideal candidate for investigating problems in the most gen-

eral contexts and configurations.

Modeling, numerical solution and quantitative analysis inlithium ion electrode are also consid-

ered. A simplified model (as differential equation) for the dynamics of lithium ions due to externally

applied voltage is set up and solved. Method of line (MOL) is adopted to solve the solution numer-

ically to maintain conservative system, resulting in simulation of ion dynamics and corresponding

deformation as deflection as detected by Electrochemical Strain Microscopy (ESM). Harmonic anal-

ysis is carried out semi-analytically to the system subjected to sinusoidal voltage (AC). Ion dynam-

ics and deformation due to combined DC-AC bias are simulatedand further compared with existing

experimental data to estimate diffusivity and local concentration of ions in the electrode.
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Chapter 1

INTRODUCTION AND OVERVIEW

Transforming materials with evolving microstructures is one of the most important classes of

smart materials that have many potential technological applications in sensing, actuation, transduc-

tion, data storage, and energy harvesting. They include shape memory alloys (SMAs) [2, 3, 4],

ferroelectrics [5], ferromagnetic shape memory alloys (FSMAs) [6, 7, 8, 9, 10], and multiferroic

magnetoelectric materials [11, 12, 13, 14, 15, 16, 17], among others, which have been extensively

investigated for a variety of structure and device applications. One of the key characteristics of these

materials is the phase transformation from a higher temperature phase to a lower temperature one at

a critical transition temperature, upon which the materialsymmetry is often reduced, resulting in co-

existence of multiple transforming variants that are symmetry-related and energetically equivalent

in lower temperature phase. In order to minimize the overallenergy of the materials, fascinat-

ing yet characteristic microstructures involving multiple transforming variants are often observed

[2, 18, 19, 20, 21], and the configurations and evolutions of such microstructures have profound in-

fluences on the macroscopic behaviors of transforming materials under external loading, especially

in the nonlinear regime. Understanding the formation and evolution of such microstructures thus is

actively pursued in materials science, solid mechanics, aswell as applied mathematics.

It is generally understood that the formation and evolutionof microstructures in transforming

materials are driven by minimization of potential energy ofthe system, and rigorous energy min-

imization theories based on relaxation or homogenization have been developed to analyze such

phenomena [19, 22, 23, 24, 25]. Various computational techniques have also been developed to

simulate the configuration and evolution of the microstructures, including first-principles modeling

[26] and sharp interface model by level set method [27, 28, 29], among others. In the past decade

or so, phase field simulations have become increasingly popular [30], wherein the microstructures

are represented by a set of continuous field variables, eliminating the need to track the interfaces

explicitly. While the conventional phase field simulationsare based on phenomenological theory
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of phase transformation and use order parameters as field variables [30], unconventional phase field

approaches based on characteristic functions of transforming variants have recently been developed,

and have been applied successfully to simulate a wide range of microstructures in SMAs [31, 32, 33],

ferroelectrics [34], FSMAs [35, 36, 37], and multiferroic magnetoelectric materials [38, 39, 40, 41]

with varying degrees of couplings.

Practically the microstructures of materials are imaged and characterized by scanning probe

microscopy (SPM) and its variants, piezoelectric force microscopy (PFM) (for piezoelectric and

ferroelectric) and electrochemical strain microscopy (ESM) (for lithium ion battery) [42, 43, 44].

They have been applied to study a wide range of phenomena, such as static and dynamic imaging

[45], domain switching and fatigue [46, 47], and domain-defect interactions [48]. The development

of SPM has promoted the investigation of elctromechanical response at nanoscale. However, the

quantitative interpretations of the SPM are difficult. For example, while ferroelectric domain struc-

tures can be inferred from the PFM scanning, the correlationbetween PFM mappings and the un-

derlying ferroelectric structure is nontrivial, which requires careful analysis and interpretation. This

technical difficulty comes from the fact that the tip induceddisplacement is influenced by the three-

dimensional polarization in the full specimen, which results from the long-range electro-elastic

interactions. Overcoming these difficulties, our goal is toaccurately reconstruct the underlying do-

main structure from SPM measurements. As a first step, simulations thus serve as an alternative tool

to predict the SPM response from any given domain.

The first half of this thesis is devoted to unconventional phase field simulation of shape mem-

ory alloys. In chapter one, unconventional phase field simulations are introduced and are applied

to shape memory alloys in thin film configurations. Microstructures generated from various me-

chanical conditions are also studied. In chapter two, we carry out one-dimensional analyses of the

phase field models. This study gives us some insight on the choices of parameters in the phase field

models that yield reasonable patterns. In chapter three, the unconventional phase field is extended

to a two-scale version for the simulation of Austenite-Martensite interfaces, where two different

length scales are involved. In chapter four, special thin film structures, called tunnels and tents, are

simulated.

The second half of this thesis starts with the numerical solutions of the Maxwell’s and the elas-

ticity equations in a more realistic physical configurationfor simulations in experiments, where
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the samples possess no periodicity in thex3 direction. Boundary conditions can be imposed to the

top and the bottom surfaces, which resembles experimental set-ups. As a remark, unlike other re-

searchers who adopted sophisticated level of mechanics like the Stroh’s formulation, our approaches

are simply based on eigen-expansion and finite difference, which make it easier to understand and

implement. In the chapters that follow, we utilize the solutions of the Maxwell’s and the elasticity

equations to study electromechanical responses in piezoelectric and ferroelectric materials during

SPM, and electrochemical response of lithium ion cell during ESM.

Ongoing and future works are presented at the end.
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Chapter 2

UNCONVENTIONAL PHASE FIELD SIMULATION IN SHAPE MEMORY
ALLOYS

Shape memory alloys (SMAs) exhibit a first-order, diffusion-less, solid-to-solid phase transfor-

mation during which there is a sudden change in the crystal structure at a certain temperature [32].

The microstructure undergoes phase transformation and evolves as the temperature changes. Above

the transformation temperatureTc, the crystal structure is cubic and is referred as the Austenite

phase. Below the transformation temperatureTc, the crystal structure loses cubic symmetry which

gives rises to several equivalent Martensite phases. The Martensite phases are symmetry-related

variants that are identical crystal lattices with different orientations. At the transformation temper-

atureTc, both the Austenite phase and the various Martensite phasesmay co-exist. As an example,

the variants in the cubic-to-tetragonal crystal system is illustrated in figure (2.1) [1].

The microstructure can take a specific shape (and resulting pattern) by forming a fine-scaled

mixture of different variants, which can be controlled by applying external mechanical condition.

The proportions of these variants and how they mix in the overall structure are not arbitrary. Between

any two variants is an interface that is well orientated. Thevariants thus form highly intricate and

very characteristic patterns at a length scale much smallerthan the size of the sample.

The evolution of microstructure in SMA can be described by the time-dependent Ginburg-

Landau (TDGL) model [30], where a suitable set of order parameters and special polynomial ex-

pansions of these parameters. In the conventional models [30, 49], the order parameters are usually

the physical characteristics of the materials. In SMA, transformation strains or eigenstrains of the

participating variants are chosen as parameters, whereas in ferroelectric materials, spontaneous po-

larizations are chosen as the order parameters.

In the unconventional modal, a new set of field variables is introduced to represent each partic-

ipating variants. This approach is motivated by the hierarchical structure of multi-rank laminates

structure by Bhattacharya for establishing the rule of mixtures. Under this circumstance, the poly-
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Figure 2.1: The crystal lattices of variants in the cubic-to-tetragonal system. The high-temperature
Austenite phase is cubic, while the low-temperature may appear in three possible lattice structures,
due to loss of symmetry. [1]
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nomial describing the energy-well structure appears to be simpler, which require less parameters to

fix.

This chapter is devoted to unconventional phase field modal for microstructure in shape memory

alloy below transformation temperature (Tc) where the Martensitic variants are participating. The

framework of the unconventional phase field model is briefly introduced, followed by numerical

simulation for cubic-to-tetragonal crystal system. One-dimensional analysis is then studied which

provides information on the relationship between the modelparameters and the resulting patterns.

We also propose a way to modify the mathematical expression of the order parameters and the

characteristic functions so as to speed up the simulation and enhance the effects on texture and

visualization.

2.1 The Phase Field Model

In this section we give a brief introduction to the phase fieldmodel for micro-structures.

The high-temperature phase, Austenite, induces no deformation in the lattice crystal structure,

due to cubic symmetry. It is considered as the reference configuration. As the temperature drops

below the transformation temperatureTc, the crystal structure transforms to Martensites. The lattice

crystal structure is of lower symmetry. The common ones are tetragonal, trigonal, orthorhombic or

monoclinic symmetry. Thus there exists several symmetry-related martesitic variants. All variants

can be described mathematically by the transformation (Bian) strainsε(i) as the way their crystal

lattices deform with respect to the reference configuration. The number of Austeniteic variants

and their transformation strains in each crystal systems are different. Notice that the Austenite has

stress-free strainε(0) = 0.

Assume the domainΩ of the sample is occupied byN variants. Each variant occupies a sub-

domainΩi ∈ Ω for i = 1,2, ...,N. Since each point of the sample can only be occupied by only

one variant, no two variants can overlap, that is,Ωi
⋂

Ω j , i 6= j. The existences of Martensitic

variants induce a locally inhomogeneous transformation strain field, that is,ε∗(x) = ε(i) if x ∈ Ωi .

With the uses of the characteristic functionsγi(x) over each sub-domainΩi , the inhomogeneous
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transformation strain can be re-expressed as:

ε∗(x) =
N

∑
i=1

γi(x)ε (i), (2.1)

whereγi(x) = 1 if x∈ Ωi andγi(x) = 0 otherwise. Furthermore the constraint∑N
i=1 γi(x) = 1∀x ∈

Ω motivates us to propose another set of field variablesµ1,µ2, ...,µN−1 to describe the laminated

structures of the variants.

γ1 = µ1

γ2 = (1−µ1)µ2

γ3 = (1−µ1)(1−µ2)µ3

...

γN−1 = (1−µ1)(1−µ2) · · · (1−µN−2)µN−1

γN = (1−µ1)(1−µ2) · · · (1−µN−2)(1−µN−1) (2.2)

From the construction ofµi from γi , the values ofµi also take 0 or 1. Two advantages of this

setting are: First, theN original characteristic functions are reduced toN−1 laminated character-

istic functions. Secondly, the introduction of the laminated characteristic functions have inherited

the constraint that the sum of all characteristic functionsto be one. These two aspects will speed

up the simulation and eliminate the use of the energy functional for the sum of the characteristic

functions. As a remark, the new laminated characteristic functions are motivated by the rule of

mixtures proposed by Bhattacharya [50] and have been implemented successfully in the theories for

ferroelectrics by Shu and Li [34, 19].

Between two variants is an interface whose normal directioncan be predicted by the twinning

equation or the strain compatibility. Suppose two variants, i-th and j-th, are twinned, the following

equation must hold:

ε(i)− ε( j) =
1
2
(a⊗nn⊗a) , (2.3)

wheren is the normal to the interface anda is the shear vector of the interface. This condition
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implies that a laminate microstructure can be constructed by alternating layers of these two variants

with an overall strain:

λε(i)+(1−λ )ε( j), (2.4)

where 0≤ λ ≤ 1 is the volume fraction of thei-th variant.

The twining equation (2.3) seems to be hard to verify in practice. An alternative way to verify

is outlined as follow. Assume that the eigenvalues and eigenvectors ofε(i)− ε( j) are respectively

{e1≤ e2≤ e3} and{v1,v2,v3}. The following (general) conditions ensure the existence of inter-

faces:

e1≤ 0,e2 = 0,e3 ≥ 0 (2.5)

Furthermore, the normal of the interface can be evaluated by:

n =
1√

e3−e1

(
−κ
√
−e1v1+

√
e3v3

)
, (2.6)

whereκ =±1. Thus there are at most two possible interfaces and associated normals.

As a remark, if the crystal system is restricted to two dimensions, where the transformation

strains are two-by-two matrices, with two eigenvalues{e1≤ e3} and eigenvectors{v1,v3}, the

above condition can be relaxed to:

e1≤ 0,e3 ≥ 0, (2.7)

where the formula to evaluate the normaln remains the same. The middle eigenvaluee2 does not

need to be zero for forming patterns.

We are now in a position to set up the evolution equation for the microstructure by considering

several free energies.

Elastic energy
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With the inhomogeneous transformation strainε∗, the elastic energy density is:

Welas(µ) =
1
2
[ε− ε∗(µ)] ·C [ε− ε∗(µ)] , (2.8)

whereC is the (isotropic) elastic modulus,µ = {µ1,µ2, ...,µN−1} andε is the compatible strain,

which depends implicitly onµ and can be solved from the mechanical equilibrium equation:





∇ ·σ = 0

σ = C(ε− ε∗(µ))
, (2.9)

subjected to suitable boundary conditions.

Anisotropy energy

The laminated characteristic functionsµi are supposed to take on either 0 or 1 such that the

eigen-strainε∗(µ) represents the transformation strain of the variant occupying the sample. Anisotropy

energy is introduced to enforce the supposed values:

Wani(µ) =
N−1

∑
i=1

Kiµ2
i (1−µi)

2, (2.10)

whereKi > 0 are the anisotropy constants. This energy serves as the energetic cost (as penalty)

when the field variableµ deviates from 0 or 1. Since all the Martensitic variants are equivalent up to

a rotation in the symmetry group in the specific crystal system, we may assume that the anisotropy

constants to be identical, that is,Ki = K∀i.

Interfacial energy

Interfacial energy is introduced for the sharp interface separating different variants:

Wint(µ) = A|∇µ |2 , (2.11)

whereA> 0 is the exchange or gradient coefficient. This constant should be small. This energetic

term ensures the field variablesµi to vary continuously across the boundaries of the variants and

serves as the energy for forming interfaces.

Total energy
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The pattern of microstructure at fixed temperature below thecritical transformation temperature

Tc is obtained by minimizing the functional:

I (µ) =
∫

Ω

{
Wint(µ)+Wani(µ)+Welas(µ)−σ · ε

}
dx, (2.12)

subjected to the mechanical equilibrium equation (2.9).

Evolution of microstructure under driving force

Taking the variational derivatives of (2.12) with respect to the field variablesµ leads to the

evolution equation:

∂ µ
∂ t

=−M
δI

δ µ
= MF, (2.13)

whereM > 0 is the mobility constant,F is the total thermodynamic driving force defined by the

negative of the variational derivative of the free energy with respect to the field variablesµ :

F(µ) =−δI

δ µ
= Fint +Fani+Felas. (2.14)

Physically,Fint is the driving force for coarsening the microstructure,Fani is the driving force for

selecting the variants andFelas is the driving force for refining the microstructure to accommodate

the specified boundary condition and applied mechanical loadings. These driving forces are obtained

by taking the variational derivatives of the component energies with respect to the field variableµ :

Fint =−δWint(µ)
δ µ

= 2A∇2µ

Fani =−δWani(µ)
δ µ

Felas=−δWelas(µ)
δ µ

= σ · ∂ε∗(µ)
∂ µ

(2.15)



11

2.2 Numerical Implementation

The evolution equation for the microstructure is re-organized into the form:

∂ µ
∂ t

= M
(

2A∇2µ +Fani+Felas
)
,x = (x1,x2) ∈ (0, l0)

2. (2.16)

The length and time scales can be normalized by setting:

x̃1 =
x1

l0
, x̃2 =

x2

l0
, t̃ = 2MKt. (2.17)

The normalized equation becomes:

∂ µ
∂ t̃

= D∇̃2µ +
1

2K

[
Fani+Felas

]
, x̃ = (x̃1, x̃2) ∈ (0,1)2, (2.18)

where∇̃2 = ∂ 2

∂ x̃1
+ ∂ 2

∂ x̃1
andD = A/K

l20
.

Following the semi-implicit method proposed by Chen and Shen [51], let ∆t̃ be the time step,

µn = µ(x̃1, x̃2,n∆t̃) andµn+1 = µ(x̃1, x̃2,(n+1)∆t̃). Under the periodic boundary condition, Fourier

transform is applied in both directions. The resulting numerical scheme is obtained as:

µn+1 =
µn+ ∆t̃

2K

[
Fani(µn)+Felas(µn)

]

1+D(ξ 2
1 +ξ 2

2 )∆t̃
, (2.19)

whereξ1 andxi2 are the Fourier coordinates,µn+1 = F[µn+1], µn = F[µn], Fani(µ) = F[Fani(µ)],

Felas(µ) = F[Felas(µ)] andF[·] represents the Fourier transform. The formulation in threedimen-

sions is straight forward.

2.3 Simulations and Results

As an example to illustrate the numerical scheme for the microstrcuture, we choose Ti-Ni at the

trigonal R-phase, as the material to be simulated. The number of equivalent Austeniteic variants is
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N = 4. Their transformation strains are given by:

ε(1) =




α δ δ

δ α δ

δ δ α


 ,ε (2) =




α −δ −δ

−δ α δ

−δ δ α


 ,

ε(3) =




α −δ δ

−δ α −δ

δ −δ α


 ,ε (4) =




α δ −δ

δ α −δ

−δ −δ α


 , (2.20)

whereα = 0 andδ = 0.0047.

To simulate the patterns in two dimensions, the above transformation strains have to be re-

orientiated and projected into two dimensions (as in the thin film). For the simplest configuration,

we consider the thin film in the (001) direction. The transformation strainsε (i) are rotated through

the rotation matrix:

R(001) =




1√
2

1√
2

0

− 1√
2

1√
2

0

0 0 1


 . (2.21)

The in-plane components of the resulting transformation strains are then given by:

ε (1) = ε(4) =


 α +δ 0

0 α−δ


=


 0.0047 0

0 −0.0047




ε (2) = ε(3) =


 α−δ 0

0 α +δ


=


 −0.0047 0

0 0.0047


 . (2.22)

Notice that there are only two distinct variants in the (001)film. The resulting simulated patterns

are controlled by applying different mechanical loadings (stresses or strains), as illustrated and

discussed in the following subsections.
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Throughout the simulations, without otherwise stated, we assume the following parameters:

t̃ = 0.005

K = Ki = 2650800

D = Di = 0.00001

C =




c1 c3 0

c3 c1 0

0 0 c2


 , (2.23)

wherec1 = 80 GPa,c2 = 20 GPa andc3 = 30 GPa. The simulations are taken over a 128× 128

grid.

2.3.1 Clamped boundary condition

Suppose the film is unstressed as deposited and then attachedto the substrate, the film is subjected

to the clamped boundary condition, that is, zero strain, or〈ε〉 = ε0 = 0. The simulation is shown

in figure (2.2) (a), where the microstructure is self-accommodating to the laminated pattern with

overall zero strain. Different variants, denoted by (1), (2), (3) and (4), are represented in different

colors. But since (1) and (4) actually represent the same variant, while (2) and (3) represent the

other variant. The pattern can be re-visualized with variant 1 (which is composed of the region

occupied by (1) and (4)) and variant 2 (which is composed of the region occupied by (2) and (3))

as shown in figure (2.2) (b). The normal to the interface in thesimulated pattern is exactly what

we can predict from the geometric compatibility condition.More specifically,n1 =
1√
2


 1

1


 and

n2 =
1√
2


 1

−1


. It can be seen in the figure that the volume fractions of thesetwo distinct variants

are approximately one-half, when the applied strain or the average strain is zero. This is expected

from theory, since the average of the transformation strainis zero, or,12
〈
ε (1)
〉
+ 1

2

〈
ε (2)
〉
= 0=

〈
ε0
〉
.

The simulated patterns are not unique. They depend on the random initial patterns and the

parameters chosen. If we increase the anisotropy constant and employ a different random initial

condition, we obtain a different pattern, as shown in figure (2.3).
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(b)

Figure 2.2: (Clamped boundary condition) (a) The simulatedpattern is shown in (a) with 4 variants
denoted by (1), (2), (3) and (4). (b) Since (1) and (4) are considered as equal, as well as (2) and (3),
the simulated pattern is re-visualized with two distinct variants.

2.3.2 Imposed strains and self-accommodating structures

We have seen that, if we impose zero strain to the sample, equal volume fractions of both variants

are generated. A question arises if different volume fractions of variants can form. In fact, this can

be achieved by applying a suitable external strain. If the desired volume fractions between the two

distinct variants arer and 1− r, then setting the imposed strain as the linear combination of the

transformation strains of these variants in the same ratio will do the work.

ε0 = rε (1)+(1− r)ε(2) (2.24)

Two examples of simulations withr = 0.5 andr = 0.7 are illustrated respectively in figure (2.4)

and figure (2.5). The volume fractions of variants in the simulated patterns are expected for both

cases.
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(1)

(4)
(2)

(3)

(a)

Variant 1

Variant 2

(b)

Figure 2.3: (Clamped boundary condition) With a different parameter: (a) The simulated pattern is
shown in (a) with 4 variants denoted by (1), (2), (3) and (4). (b) Since (1) and (4) are considered as
equal, as well as (2) and (3), the simulated pattern is re-visualized with two distinct variants.

2.3.3 Imposed stress and domain switching

We may also apply external stress in the formσ0 =


 a 0

0 0


 ,a 6= 0 to the sample. Ifa> 0, only

one variant is generated. On the other hand, ifa < 0, another variant is generated. This is due to

the part of the total energy functional attributable to the external stress in the minimization problem,

that is,−σ0 · ε .

If the stressσ0 is such that−σ0 · ε (1) < −σ0 · ε (2), then variant 1, whose transformation strain

is ε(1), possesses lower work done than variant 2 does. It turns out that variant 1 is more preferable

to form than variant 2 and the whole domain will be occupied byvariant 1 eventually.

To illustrate this, two simulations are run. In the first case, a= 1000000000, this stress favours

variant 1 as the work done with its transformation strain is lower, thus the whole domain is occupied

by variant 1, as shown in figure (2.6). In the second case,a=−1000000000, this stress will induce

variant 2 to occupy the whole domain, as shown in figure (2.7).

The effect of external mechanical stresses on the domain microstructure provides the mechanism
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(1)
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(3)

(a)

Variant 1

Variant 2

(b)

Figure 2.4: (External strain withr = 0.5) (a) The simulated pattern is shown in (a) with 4 variants
denoted by (1), (2), (3) and (4). (b) Since (1) and (4) are considered as equal, as well as (2) and (3),
the simulated pattern is re-visualized with two distinct variants. Equal volume fractions of variant 1
and variant 2 are observed.

of domain switching in shape memory alloys.

Assume that initially the domain is almost occupied by variant 1 with a small layer of variant 2

as nucleation. A stress that is favorable to variant 2 is applied to the sample. It is seen that the island

of variant 2 is growing to the whole domain. The snapshots showing the evolution of variant 2 are

shown in figure 2.8.
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(1)

(4)

(2)

(3)

(a)

Variant 1

Variant 2

(b)

Figure 2.5: (External strain withr = 0.7) (a) The simulated pattern is shown in (a) with 4 variants
denoted by (1), (2), (3) and (4). (b) Since (1) and (4) are considered as equal, as well as (2) and (3),
the simulated pattern is re-visualized with two distinct variants. The ratio of the volume fractions
between variant 1 and variant 2 is 70% to 30%.

(a)

(1)
(4)

(b)

Variant 1

Figure 2.6: (External stress witha= 1000000000) (a) The simulated pattern is shown in (a) with 4
variants denoted by (1), (2), (3) and (4). (b) Since (1) and (4) are considered as equal, as well as (2)
and (3), the simulated pattern is re-visualized. This stress favours variant 1. The whole domain is
occupied by variant 1 only.
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(2)

(3)

(a) (b)

Variant 2

Figure 2.7: (External stress witha=−1000000000) (a) The simulated pattern is shown in (a) with
4 variants denoted by (1), (2), (3) and (4). (b) Since (1) and (4) are considered as equal, as well as
(2) and (3), the simulated pattern is re-visualized. This stress favours variant 2. The whole domain
is occupied by variant 2 only.
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Figure 2.8: Effect of external stress in domain switching. The snapshots (a) to (f) show how variant
1 is evolving to variant 2.
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2.4 Discussion and conclusion

In this preliminary chapter, we introduce the method of unconventional phase field model and imple-

ment this approach to simulate micro-structures in shape memory alloys. Various micro-structures

can form depending on the applied mechanical conditions. External strain can be used to control

the volume ratios of the participating variants. External stress is used for domain switching. So far

this method is restricted to micro-structures that involveMartensitic variants only. If Austenite is

included, the current phase field modal has to be ungraded to atwo-scale version. We also found

that the parameters (anisotropy constants) play a criticalrole in the formation of microstructure. In

the simulations in two dimensions, if the parameters are badly chosen, no expected patterns will

form.

We also carry out one dimensional analyses of the model wherewe study how these parameters

affect the micro-strictures that can be formed. The detail is found in appendix (A).
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Chapter 3

AUSTENITE-MARTENSITE INTERFACES IN SHAPE MEMORY ALLOYS

Unconventional phase field was successfully employed to simulate microstructure of variants of

Martensitic phases below the transformation temperature,where Martensitic variants twinning with

interfaces are observed. One natural and possible direction on research is potentially an attempt to

simulate microstructure that involves also the Austenite phrase and that works with a wider range

of temperature. However, it turns out that the original formulation and numerical scheme by con-

sidering trivial addition of the Austenite phase does not generate any desired pattern, due to the fact

that the length scales are no longer comparable and that the formulation did not take into account

the effect of temperature above and below transformation temperature.

From the experimental observation of microstructure that involves both Austenite and Martenites

by James and Chu [52, 53] as shown in figure (3.1), at approximately the transformation temperature

where all phases can co-exist, two Martenitic variants are twinned together before the resulting

twinned Martensites generate pattern with the Austenite phase with an see-saw shaped interface,

which we refer as the Austenite-Martensite interface. It can also be seen that the length scale for the

Austenite-Martenite twinning is larger than that for the Martenite-Martenite twinning. This serves

as an evidence of why the current formulation does not work since it assumes all variants to be in

the same scale for twinning.

Another issue for including Austenite phase in the simulation arises in the possibility of form-

ing the Austenite-Martensite twin with interfaces based onthe theory of crystallography, or more

specifically, the crystalline symmetry and the geometric compatibilities of the Austenite and the

Martensite phases [54]. Several outcomes can happen for thetwinning between the Austenite and

the Martensite phases: no interface, sharp AM interface, see-saw shaped AM interface or inter-

face in any other possible configurations. Interfaces in various shapes possess different levels of

energies. The energy inherited in the interfaces is proposed to be related to the hysteresis, or the

switching between phases due to cycling temperature change, as a characteristic of the reversibility
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Figure 3.1: Experimental observation of microstructure that involves a Austenite-Martensite inter-
face (Chu and James).

of structural phase transformations. On the other hand, this energy is considered as a barrier for the

initiation of hysteresis and switching between phases, on which many applications and designs are

based, ranging from fatigue life of shape memory alloys to magnetoelectric coupling in multiferroic

oxides.

Thus understanding how the underlying crystal symmetry of the variants determine the type of

Austenite-Martensite interface and the associated energycontent will give us insights on the syn-

theses of alloys that require minimal energy and minimal temperature range for domain switching,

inferring narrower hysteresis loops and faster structuralphase transformation [55].

To resolve the difficulty that deals with the two different length scales between the Austenite-

Martensite twinning and Martinsite-Martensite twinning,a two-scale phase field simulation is de-

veloped for Austenite-Martensite interface to understandthe effects of crystalline symmetry and

geometric compatibilities on the reversibility of structural phase transformations in shape memory

alloys [33, 56].

We will briefly outline the theory of Austenite-Martensite interfaces based on the crystallog-

raphy and the associated linear geometric compatibility. Simulations of microstructure involving

Austenite-Martensite interfaces are illustrated for Cubic-to-Trigonal crystals in thin film configura-

tion. It will be shown that in thin film, individual Martensitic variants are twinned with Austenite

but these Martensitic variants do not generally twin with each others. In other words, all variants
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are the in the same length scale and the original algorithm ofphase field simulation suffices for

thin film configuration. However in three dimensions (plane strain and general configurations),

Austenite and Martensitic variants are not in the same length scales, the original algorithm can no

longer result the expected microstructure. Thus separation of length scales is the key. A two-scale

phase field approach is developed and adopted to simulate Austenite-Martensite interfaces. Exam-

ples are illustrated with the the Cubic-to-Orthorhombic crystal system, which associates with more

lattice parameters, to explore the Austenite-Martensite interfaces. Several related problems are also

discussed, such as the relation between the energy content and the middle eigenvalues of the par-

ticipating Martensites, and thermal hysteresis. Simulations will also be extended to general three

dimensions.

3.1 Background and Theory

Recall from previous chapter that the crystalline lattice structures in shape memory alloys are de-

scribed by their transformation strains or transformationmatrices. The transformation strain of

Austenite is zero while those of the Martensites are equivalent up to rotation matrices related to the

symmetry of the participating crystal system. For example,in Cubic-to-Trigonal system, the trans-

formation strain of Austenite isε (0) = 0 while there are three equivalent Martensitic variants whose

transformation strains are:

ε(1) =




β 0 0

0 α 0

0 0 α


 ,ε (2) =




α 0 0

0 β 0

0 0 α


 ,ε (3) =




α 0 0

0 α 0

0 0 β


 , (3.1)

whereα andβ are the lattice parameters. It should be pointed out that allMartensitic variants are

of the same rank. They exhibit the same level of symmetry as a geometric characteristic of crystal

system they belong to. The transformation strains of any twoMartenitic variants are related through

a rotation in the symmetry group of the crystal system. They have the same set of eigenvalues [2].

The eigenvalues of the these transformation strains play animportant role in the formation of

interfaces [54, 57]. When the (common) middle eigenvalue ofthe transformation matrix of the

Martensite lattice with respect to the Austenite structureequals 0, a compatible interface between
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these two phases can be formed, and it was suggested that the corresponding thermal hysteresis

of shape memory alloys will be minimized. This principle hasbeen used to guide the search for

shape memory alloys with extremely low hysteresis, and a clear relationship between the thermal

hysteresis and the middle eigenvalue as expected from the theory has been observed.

When the middle eigenvalue of the transformation matrix is different from 0, a compatible

Austenite-Martensite interface is no longer possible. Instead, interfaces between Austenite phase

and twined Martensites are observed, which satisfy the compatibility condition on average. This

leads to increased elastic energy due to the incompatibility between the Austenite and the Marten-

site phases, resulting in higher energy barrier for phase transformation and thus higher thermal

hysteresis. Indeed, an analytic model based on an inexact interface with an assumed transition layer

between Austenite and twined Martensites yield a relationship between thermal hysteresis and mid-

dle eigenvalue that resembles experimental observations [54]. The analysis, however, depends on

the transition layer assumed. To understand the detailed structure of Austenite-Martensite inter-

face and its implication on thermal hysteresis of shape memory alloys, especially when the middle

eigenvalue of transformation matrix deviates from 0, direct numerical simulation without making

any prior assumption on the underlying microstructure is highly desirable, which we seek to develop

using phase field approach.

We consider two Martensitic variants with transformation strains ε (i) and ε ( j), which are as-

sumed to be compatible with each other, satisfying

ε (i)− ε( j) =
1
2
(a⊗n+n⊗a), (3.2)

making it possible to form a Martensitic twin with these two variants, wheren is the normal of twin

interface, anda is related to the shear of the twin structure.

Equivalently, the above condition can be interpreted in terms of eigenvalues. The normal to the

interface between the two Martensitic variants can also be found using the eigenvalues and eigen-

vectors. For instance, let the eigenvalues (in ascending order) and the corresponding eigenvectors

of ε(i)− ε( j) be {ε1 ≤ ε2 ≤ ε3} and{v1,v2,v3}. If the middle eigenvalueε2 is zero, an interface

between the two Martensitic variants can be formed. Moreover, the normaln to the interface is



25

given by:

n =−κv1+v3, (3.3)

whereκ = ±1. Notice that the above condition and formula imply that thesmallest eigenvalueε1

must be nagnative or zero, while the largest eigenvalueε3 must be positive or zero.

Twinned Martensites can further form an interface with the Austenite phase, where the two

Martensitic variants have to be in certain ratior. Assume that the effective transformation strains of

the twinned Martensites is expressed asrε (i)+(1− r)ε ( j). The transformation strain of Austenite

is 0. For the twinned Martensite and the Austenite to be compatible with each other by forming an

interface, the following geometric compatibility condition has to be satisfied:

rε (i)+(1− r)ε( j)−0=
1
2
(b⊗m+m⊗b), (3.4)

wherem is the normal to the Austenite-Martensite interface andb is the shear vector for the inter-

face.

Equivalently the condition can also be checked using eigenvalues. Briefly, let the eigenvalues

(in ascending order) and the corresponding eigenvectors ofrε (i)+(1− r)ε ( j)−0 be{Σ1≤ Σ2≤ Σ3}
and{V1,V2,V3}. If the middle eigenvalueΣ2 is zero, the Austenite-Martensite interface between

Austenite and twinned Martensites can be formed. The normalm to the interface is given by:

m =−κV1+V3, (3.5)

whereκ = ±1. Notice that the above condition and formula imply that thesmallest eigenvalueΣ1

must be negative or zero, while the largest eigenvalueΣ3 must be positive or zero.

As a remark to the theory applied to thin film configurations, all quantities are expressed in two

dimensions. Thus the transformation strains taken for simulations are 2-tensors. The original 3×
3-matrices have to be re-oriented and projected onto two dimensions as thin film. The geometric

compatibility condition in terms of eigenvalues for forming interfaces are also weakened so that

the requirement of the middle eigenvalue being zero is removed. We only require that the smallest

eigenvalues be negative or zero while the largest eigenvalues be positive or zero. The formulae for
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finding the normals remain unchanged since they originally involve no middle eigenvalues.

3.2 Austenite-Martesite interfaces in Thin Films

We implement the above theory to simulate the micro-structures in thin films that involve Austenite

and Martensites, in the Cubic-to-Trigonal systems. The first two variants in the system are adopted:

ε(1) =




β 0 0

0 α 0

0 0 α


 ,ε (2) =




α 0 0

0 β 0

0 0 α


 , (3.6)

whereα andβ are the lattice parameters. Without loss of generality, we further assume thatβ > α .

For the twinned Martensites, the eigenvalues and eigenvetors of ε(1) − ε (2) are {ε1 ≤ ε2 ≤

ε3} = {α − β ≤ 0≤ β − α} and





v1 =




0

1

0


 ,v2 =




0

0

1


 ,v3 =




1

0

0








. The normal to

the Martensite-Martensite interface is:

n =−κ




0

1

0


+




1

0

0


=




1

±1

0


 , (3.7)

whereκ =±1.

For the twinned Martensites and Austenite to a further twin,the ratior of the Martensitic variants

can not be arbitrary. We consider the effective transformation strains of the microstructure:

rε (1)+(1− r)ε(2)−0=




rβ +(1− r)α 0 0

0 rα +(1− r)β 0

0 0 α


 . (3.8)

A further assumption is made on the signs of the lattice parametersα andβ to ensure geomet-

rical compatibility condition:β > 0> α . The eigenvalues are{rβ +(1− r)α , rα +(1− r)β ,α}.
Sinceα < 0, the other two eigenvalues must be positive and zero. Without loss of generality, as-
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sumerα +(1− r)β = 0, which impliesr = β
β−α or β =− r

1−r α . One may check that the remained

eigenvalue (β +α) is positive. Thus the geometric compatibility condition is valid.

To summarize, the eigenvalues and eigenvectors are{ε1 ≤ ε2 ≤ ε3} = {α < 0 < β +α} and



v1 =




0

0

1


 ,v2 =




0

1

0


 ,v3 =




1

0

0








.

The normal to the Austenite-Martensite interface is thus

m =−κ
√
−α




0

0

1


+
√

α +α




1

0

0


=




√
β +α

0

±
√
−α


 . (3.9)

Given the desired ratior of the Martensitic variants, one may relate the the lattice parameters

α andβ for the compatible eigenstrains that will yield a microstricture with Austenite-Martensite

interface. Three examples of simulation in thin film (two dimensions) will be shown withr = 0.6

andr = 0.7 with two possible outcomes. The plots are shown in figures (3.2), (3.3) and (3.4).

As an example, ifr = 0.6, the lattice parametersα andβ are related byβ =− r
1−r α = −1.5α .

The transformation strains now become

ε(1) = α




1.5 0 0

0 1 0

0 0 1


 ,ε (2) = α




1 0 0

0 1.5 0

0 0 1


 , (3.10)

whereα can be adjusted.

We briefly outline the procedures to re-orientate the transformation strains of the Martensitic

variants. For the sake of simplicity, we assume thatα =−0.04, then withr = 0.6, β = 0.06. By the

formulae derived for the normals to the two interfaces, we have:

n =




1

1

0


 ,m =




√
β +α

0
√
−α


=




√
−0.5α

0
√
−α


 (3.11)

We are interested in the direction of these normal. We may normalize these vectors by dividing
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by some suitable constants. In fact, we may take:

m =




1

0
√

2


 (3.12)

We want to project the three dimensional transformation strains to the two-dimensional plane

spanned by these two normal vectors, that is,n andm. Let the normal to that plane beN. It is

clearly the cross product ofn andm:

N = n×m =




√
2

−
√

2

−1


 (3.13)

However one may check that these three vectors(n,m,N) are not mutually orthogonal, due to

the fact thatn andm are not orthogonal.n andN are orthogonal. We may resolve this problem by

replacingm by the cross product ofN andn. Denote the resulting vector bym′.

m′ = N×n =




1

−1

2
√

2


 (3.14)

Notice that by now the vectors(n,m′,N) are orthogonal to each others. However these vectors are

not of unit length. They have to be normalized to form an orthogonal basis analogue toi, j andk.

We denote the normalized vectors by the same symbols.

n =




1√
2

1√
2

0


 ,m′ =




1√
10

− 1√
10

2√
5


 ,N =




√
2
5

−
√

2
5

− 1√
5


 . (3.15)

The transformation matrix from the canonical orthogonal Cartesian bases (coordinates){i, j ,k}
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to the orthogonal bases{n,m′,N} is:

S=
(

n m′ N
)
=




1√
2

1√
10

√
2
5

1√
2
− 1√

10
−
√

2
5

0 2√
5

− 1√
5


 . (3.16)

One may check that det(S) = 1 from orthogonality. Its inverse matrixT then implies the transforma-

tion from orthonormal bases{n,m′,N} back to the canonical orthogonal Cartesian bases{i, j ,k}.

T = S−1 = ST =




1√
2

1√
2

0

1√
10
− 1√

10
2√
5√

2
5 −

√
2
5 − 1√

5


 . (3.17)

Now we will transform the transformation strains of the two Martensites to the canonical bases

{i, j ,k} and then project to the two-dimensional plane spanned by{i, j}. This enables us to stimulate

the microstructure in two dimensions. After the transformation, the transformation strainε (1) and

ε(2) become respectively,

ε(1)
′
= Tε(1)TT =




0.001 0.002236 ?

0.002236 −0.003 ?

? ? ?


 ,

ε(2)
′
= Tε(2)TT =




0.001 −0.002236 ?

−0.002236 −0.003 ?

? ? ?


 , (3.18)

where the elements marked as ? are not important as they will be dropped out in the next step.

We can further project the transformation strains onto an equivalent{i, j}-plane by pre-multiplying
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and post-multiplying by the projection matrixP=


 1 0 0

0 1 0


 and its transpose, that is,

ε(1)
′′
= Pε(1)

′
PT =


 0.001 0.002236

0.002236 −0.003




ε(2)
′′
= Pε(2)

′
PT =


 0.001 −0.002236

−0.002236 −0.003


 (3.19)

Similarly, for the caser = 0.7, by the same procedure, the transformation strains of the partici-

pating Martensitic variants become:

ε (1)′′ =


 0.002 0.00316227766017

0.00316227766017 −0.001




ε (2)′′ =


 0.002 −0.00316227766017

−0.00316227766017 −0.001


 (3.20)

For the mechanical condition, we apply strain as a linear combination of eigen-strains in certain

proportions that correspond to the volume ratios of each such variant in the simulated pattern. For

instance, if the desired ratio of Austenite and twinned Martensites is 50 % to 50 %, and the volume

ratio between the Martensitic variants isr to 1− r, with r = 0.5, which is assigned at the beginning,

then the external strain is expressed as:

ε0 = 0.5ε0+0.5εMartensites

= ε0
︸︷︷︸
=0

+0.5
(

rε (1)+(1− r)ε(2)
)

(3.21)

In two dimensional thin films, since the transformation strains are reduced to 2× 2-matrices and

the requirement of middle eigenvalues being zero are removed, Austenite and individual Martensitic

variants twin as a physical outcome. Sharp interfaces are observed and are expected to carry low

levels of energies. They are not of great interest. We can notverify the relation between the energy

and the magnitude of the (common) middle eigenvalues of the participating Martensitic variants. In
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(b)

M1

M2 A

(a)

(1)

(2)
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(4)

(c)

M1

A M2

Figure 3.2: Simulation of microstructure in thin film configuration for Cubic-to-Trigonal system.
The Martensitic ratio is 60% to 40%. (a) The simulated pattern is shown in (a) with 4 variants
denoted by (1), (2), (3) and (4). (b) Since (3) and (4) represent the Austenite phase, the simulated
pattern is re-visualized with three distinct variants. (c)Four identical patterns in (b) are packed
together to obtain a better image.
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(b)

M1

M2 A

(a)

(1)

(2) (3)

(4)

(c)

M1 A

M2

Figure 3.3: Simulation of microstructure in thin film configuration for Cubic-to-Trigonal system.
The Martensitic ratio is 70% to 30%. (a) The simulated pattern is shown in (a) with 4 variants
denoted by (1), (2), (3) and (4). (b) Since (3) and (4) represent the Austenite phase, the simulated
pattern is re-visualized with three distinct variants. (c)Four identical patterns in (b) are packed
together to obtain a better image.
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(b)
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(a)
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(3)
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(c)

M1

A

M2

Figure 3.4: Another Simulation of microstructure in thin film configuration for Cubic-to-Trigonal
system. The Martensitc ratio is 70% to 30%. (a) The simulatedpattern is shown in (a) with 4
variants denoted by (1), (2), (3) and (4). (b) Since (3) and (4) represent the Austenite phase, the
simulated pattern is re-visualized with three distinct variants. (c) Four identical patterns in (b) are
packed together to obtain a better image.
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two dimensions, there is no concept related to the middle eigenvalue.

Starting from the next section, we will extend our approach to three dimensions, where the par-

ticipating Martensitic variants twin before the resultingtwinned martesites twin with the Austenite.

Separation of length scales are critical here and two scale simulations are developed.

3.3 The Two-Scale Phase Field Simulation

By definition, the transformation strain of the Austenite phase is 0, and in order for a compatible

Austenite-Martensite interface to form, the middle eigenvalue of the transformation strainε(i) or

ε( j) of Martensitic variant has to be 0. This turns out to be a very restrictive condition, and is not

satisfied in general. Instead, the averaging transformation strainµ2ε (i)+(1−µ2)ε( j) of a Martensitic

twin structure can have zero middle eigenvalue when appropriate volume fractionµ2 is chosen,

suggesting an inexact interface between Austenite and Martensitic twin, such that

µ2ε(i)+(1−µ2)ε ( j) =
1
2
(b⊗m+m⊗b), (3.22)

wherem is the normal of the inexact interface, andb is the corresponding shear, as schematically

shown in figure (3.5). In general, two sets of solutions for Eq. (3.22) exist, corresponding to two

possible interfaces with specific normal and volume fractions of the Martensitic twins.

To confirm that an inexact interface between Austenite and twined Martensite can indeed be

formed as schematically shown in figure (3.5), an unconventional phase field approach is developed.

Two characteristic functionsµ1 andµ2 are introduced as the field variables to define the structure,

such thatµ1 takes value of 1 ifx is occupied by Austenite phase and 0 if it is occupied by either of

the Martensitic variants, whose specification is governed by µ1, which takes the value of 1 ifx is

occupied by variant 1 and 0 if it is occupied by variant 2. As a result, the transformation strain atx

is given by

ε∗ [µ ] = µ1ε(0)+(1−µ1)µ2ε(i)+(1−µ1)(1−µ2)ε ( j)

= (1−µ1)µ2ε (i)+(1−µ1)(1−µ2)ε ( j), (3.23)

whereµ = [µ1,µ2]. Note that whileµ2 is governed by Eq. 3.22,µ1 is generally determined by
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Figure 3.5: The schematics of an inexact interface between Austenite (A) and Martensitic twinM1

andM2.

the mechanical boundary condition. For an arbitrary distribution ofµ(x), this transformation strain

might not be compatible, and an elastic field will be induced,resulting in elastic energy in the

structure,

Welas(µ) =
1
2
(ε− ε∗[µ ]) ·C(ε− ε∗[µ ]) , (3.24)

whereε is the total strain that can be solved from mechanical equilibrium equation, consisting of

elastic strain and transformation strain, andC is the elastic stiffness tensor.

To ensure thatµ1 andµ2 take either 1 or 0, an anisotropy energy is introduced,

Wani(µ) = K1µ2
1(1−µ1)

2+K2µ2
2(1−µ2)

2, (3.25)

whereK1 andK2 are the anisotropy constants. Since the length scales inµ1 andµ2 are not equal,K1

andK2 do not need to be identical.

In addition, interfacial energy is introduced to penalize gradients in the characteristic functions,
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such that

Wint(µ) = A1 |∇µ1|2+A2 |∇µ2|2 , (3.26)

whereA1 andA2 are the penalty constants for the interfaces.

The potential energy of the system is then given by:

I (µ) =
∫

Ω

[
Welas(µ)+Wani(µ)+Wint(µ)−σ0 · ε

]
dx, (3.27)

whereΩ is the domain occupied by the shape memory alloy, andσ0 is the stress arising from the

traction applied at the boundary. The variation in potential energy with respect toµ results in the

driving force for the evolution ofµ ,

F(µ) =−δI (µ)
δ (µ)

= Felas(µ)+Fani(µ)+Fint(µ) (3.28)

and under a linear kinetic approximation, the evolution equation forµ is derived as

∂ µ
∂ t

= M
[
Felas(µ)+Fani(µ)+Fint(µ)

]
, (3.29)

whereM is the linear evolution coefficient.

In fact, all the governing equations are the same as those explained in the previous chapter.

3.4 Implementation of Two-Scale Phase Field Simulation

The theory is implemented into a numerical simulation on ax1-x2 plane whose normal is defined

by m×n, and all the field variables are assumed to be independent ofx3. Thus a two-dimensional

simulation will be sufficient, though all the tensorial variables are three-dimensional in nature. From

the definition ofµ1 and µ2, it is clear thatµ1 represents Austenite-Martensite structure, whileµ2

represents Martensitic twin within the Austenite-Martensite structure. As a result, the length scales

involved inµ1 andµ2 are clearly different. A two-scale simulation scheme is adopted to reflect such

difference, whereµ1 and µ2 are simulated at two distinct length scales, yet are coupledtogether

through boundary condition and distribution of transformation strain, as schematically shown in
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figure (3.6).

Figure 3.6: The schematics of the two scale algorithm. In theupper level where the Austenite twins
with the twinned Martensities, onlyµ1 evolves. The upper level passes the average total strain to
the lower level, which serves as the external strain for the mechanical equilibrium in the lower level.
In the lower level where the Martensitic variants twin, onlyµ2 evolves whileµ1 is fixed. After both
µ1 andµ2 converge, the two levels are then superposed to give the microstructure.

At upper scale whereµ1 is evolved,µ2 is assumed to be fixed, and it specifies the transformation

strain of the Martensite through Eq. 3.23. On the other hand,at lower scale whereµ2 is evolved,µ1

is assumed to be fixed, and the boundary condition on the lowerscale simulation cell is specified by
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the average strain in the Martensite calculated at upper scale:

ε link =

∫
Ω χM(x)εupper(x)dx∫

Ω χM(x)dx

=

∫
Ω (1−µ1(x))εupper(x)dx∫

Ω (1−µ1(x))dx
, (3.30)

whereεupper(x) is the strain computed at the upper scale (Eq. 3.23) andε link will serve as the

external strain in the lower scale. As a remark, at the lower scale where the Austenite is not involved,

the transformation strain is:

ε∗ [µ ] = µ2ε(i)+(1−µ2)ε ( j). (3.31)

The simulation starts with random initial conditions forµ1 andµ2 at both scales, and iterations

between these two scales continue until a stable configuration emerges, as schematically illustrated

in figure (3.7). To solve for Eq. 3.29 at either scale, fast Fourier transform is adopted on spatial scale

with 128× 128 cell size, and semi-implicit finite difference scheme isadopted on temporal scale

with a time step of 0.005. The elastic constants of the material are assumed to beC11= 80×109 Pa,

C12= 20×109 Pa, andC66= 30×109 Pa. The procedures of the two-scale approach is schematically

outlined in figure (3.7).
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Figure 3.7: Procedures of two scale algorithm. Starting from random initialµ0
1 andµ0

2 , subprogram
1 is used to iterateµ1

1 in the upper level. Average total strain is obtained at this level and is passed
into the lower level. Subprogram 2 usesµ1

1 andµ0
2 to generateµ1

2 . This completes one iteration.
The procedures continue until bothµ i

1 andµ i
2 meet the convergence criteria.
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3.5 Simulation in two dimensions (Plane-Strain Configurations)

The phase field simulation is applied to study Austenite-Martensite interface for a cubic-to-orthorhombic

transformation. Two variants of this system (out of a total of 6) are employed in the simulations,

which have transformation strains given byε(1) andε(2):

ε(1) =




α 0 γ

0 β 0

γ 0 α


 ,ε (2) =




α 0 −γ

0 β 0

−γ 0 α




We focus on the volume-preserving transformation, which isa necessary condition for self-accommodating

structure. As a result, we havetr(ε (i)) = 2α +β = 0, which impliesβ = −2α . This constraint re-

duces the lattice parameters from{α ,β ,γ} to {α ,γ}. The parametersα andγ can be adjusted to

simulate a variety of microstructure that involve Austenite-Martensite interfaces.

With these, the three eigenvalues are given by{−2α ,α− γ ,α + γ}.

Whenγ = α is set, the middle eigenvalue is 0. A sharp Austenite-Martensite interface emerges

from the simulation, as shown in figure (3.8)(a), and the normal of the interface is indeed what we

expect from the geometric linear theory.

Whenγ = 5α is set, the middle eigenvalue is different from 0. Such an exact interface is no

longer possible, and a typical Austenite-Martensite structure obtained in the simulation is shown in

figure (3.8)(b), where a rough interface between Austenite and Martensitic twin is observed. The

Martensitic twin has interface normal and volume fraction expected from Eqs. (3.2) and (3.22),

while the Austenite-Martensite interface, though rugged,has an average interface normal that is

consistent with Eq. (3.22).

So the simulation we developed can indeed capture the Austenite-Martensite interface, and can

reveal the detailed interfacial structure without any prior assumption. There is indeed a transition

layer between Austenite and Martensitic twin, as suggestedbefore, due to the incompatibility be-

tween Austenite and Martensite phases. The zig-zag type of interface in the transition layer is also

consistent with certain experimental observations, and weare working on to capture the fine-scaled

branching Martensite twins often observed near the interface.

The incompatible interface is expected to result in higher internal stress, and thus higher elas-
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tic energy, and the necessity of Martensitic twin for an averaging compatible interface should also

result in higher interfacial energy. This is indeed what we observe in the simulation. The distribu-

tions of elastic energy corresponding to the Austenite-Martensite structures in figures (3.8)(a) and

(3.8)(b) are shown in figures (3.8)(c) and (3.8)(d). Negligible elastic energy is observed for the exact

Austenite-Martensite interface, as expected. On the otherhand, stress concentration is observed near

the inexact Austenite-Martensite interface due to the incompatibility of the Austenite and Marten-

site phases, resulting in much higher elastic energy, as shown in figure (3.8)(d). Such stress concen-

tration and higher elastic energy will result in higher energy barrier for AustniteMartensite phase

transformation, and consequently higher thermal hysteresis.
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(a)

(c)

(b)

(d)

Figure 3.8: AusteniteMartensite interfaces by phase field simulation; (a) compatible interface when
the middle eigenvalue of the transformation strain is 0 and (b) inexact interface when the middle
eigenvalue of the transformation strain is not 0; (c) and (d)the corresponding distribution of elastic
energy in the structure, with the scale bar indicating the elastic energy density.

To appreciate this, we simulate the Austenite-Martensite interfaces for a range of middle eigen-
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values of the transformation strains, and calculate the corresponding total elastic energy in the struc-

tures, as shown in figure (3.9). Two types of Martensitic twinare considered, one with volume

fraction of 60% (whenγ = 5α), and the other 65% (whenγ = 3α). Notice that different volume

fractions of Martensitic variants under a fixed middle eigenvalue is possible, since the volume pre-

serving orthorhombic transformation strain has two independent variablesα andγ . It is observed

that in both structures the elastic energy increases as the middle eigenvalues deviate from 0, suggest-

ing an increased energy barrier and thus higher thermal hysteresis, as observed in recent experiments

[54]. The simulation thus is able to explain the thermal hysteresis in shape memory alloys as related

to the crystalline symmetry of Austenite and Martensite phases.
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Figure 3.9: The elastic energy as function of middle eigenvalue of the transformation strain for
volume-preserving transformation.

3.6 Further exposures to the Austenite-Martensite interfaces in Cubic-to-Orthorhombic sys-
tem

Motivated by the previous section, in Cubic-to-Orthorhombic system, the relationship betweenα

andγ can possibly be adjusted to generate microstructure with any desired Martensite-Martensite
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ratio. It is proposed that as the volume ratio between Martensitic variants is varying, the (zig-

zag) pattern of the Austenite-Martensite is also varying. This section is devoted to give a more

comprehensive study of the formation of these patterns withrespect to the lattice parameter and the

resulting Martensitic ratio.

As in previous section, consider two Martensitic variants represented byε (1) andε (2) given in

Eq. ??and the Austenite represented byε (0) = 0 are involved in the microstructure. The three eigen-

values ofε (1)− ε (2) are{−2γ ,0,2γ}. The condition of forming Martensite-Martensite interfaces is

automatically satisfied, since the middle eigenvalue is always zero regardless of the values of the

lattice parameters. When Austenite is absent, the ratio of the Martensitic variants can be arbitrarily

governed by applying suitable external mechanical condition. However, when Austenite is involved,

the lattice parameters and the volume ratio in the twinned Martensite are related through Eq. (3.22).

Denote the volume ratio of the Martensitic variant (1) in thetwinned martensite byr and that

of the Martensitic variant (2) by 1− r. The twinned Martensite has an effective transformation

strain, given byrε (1)+(1− r)ε (2), whose eigenvalues are{α + γ−2rγ ,α − γ +2rγ ,−2α}. Non-

trivially, we assume thatα > 0, so that the third eigenvalue (−2α) is always negative. For Austenite-

Martensite interface to emerge, one of these eigenvalues must be zero, while the remained one must

be positive. There are two possible choices:





α + γ−2rγ = 0

α− γ +2rγ > 0
OR





α + γ−2rγ > 0

α− γ +2rγ = 0

These two sets of conditions are actually symmetric to each other and are supposed to give the same

interpretation. We may focus on either one of them. Without loss of generality, we solve the first set

of conditions, which gives:

γ =
α

2r−1
(3.32)

This establishes a relation between the parametersα andγ with the volume ratior in the twinned

Martensite. Notice that 0≤ r ≤ 1 by its definition as volume ratio. Howeverr can not be 0.5 because

of the denominator of Eq. (3.32), which means that forming anAustenite-Martenite interface is

impossible between Austenite and twinned Martensite with a50%-50% Martensitic ratio.



44

Case volume ratio in γ
α eigenvalue ofε (i) remark on shape

twinned Martensiter as multiple ofα of interface
I 0.6 5 −4.0<−2.0< 6.0 incompatible
II 0.66 3 −2.0<−2.0< 4.0 incompatible
II 0.7 2.5 −2.0<−1.5< 3.5 incompatible
IV 0.75 2 −2.0<−1.0< 3.0 incompatible
V 0.8 1.6667 −2.0<−0.6667< 2.6667 incompatible
VI 1 1 −2.0< 0.0< 2.0 compatible

Table 3.1: (Cubic-to-Orthorhombic system) In order to obtain Austenite-Martensite interface be-
tween Austenite and twinned Martensites in predicted volume ratio r of Martensitic variantsε (1)

andε (2), the lattice parametersα andγ have to be in certain derived ratio. Recall thatβ = −2α .
The three (common) eigenvalues of the participating Martensitic variants are given. The middle
eigenvalue (printed in bold face) is critically related to the appropriate shape of the interface (stereo-
type). If the middle eigenavlue is 0, a compatible sharp interface is expected. On the other hand,
non-zero eigenvalues induce incompatible (rough) interfaces.

We will simulate, in Cubic-to-Orthorhombic system, microstructure involving Austenite-Martensite

interfaces for various Martensitic ratios, fromr = 0.6 to r = 1.0, into six cases. The linear relation

between the two lattice parametersα andγ will also vary accordingly, as shown in Table 3.1. For

each case, the three eigenvalues of the Martensitic variants are listed. We will see that the middle

eigenvalue is critically related to the pattern of the Austenite-Martensite interface formed. If the

middle eigenavlue is 0, a compatible sharp interface is expected. On the other hand, non-zero eigen-

values induce incompatible (rough) interfaces. We will also explore if there is any other factor for

the shape of the rough interface thus generated. While the Martensitic ratios are ”fixed” by the the

geometric compatibility on the crystal parameters and Martensitc volume fraction as discussed, the

volume ratio of autenite to twinned Martensite can be arbitrary. The simulated patterns are shown

in figures (3.10), (3.11), (3.12), (3.13), (3.14) and (3.15). For each case (specific Martensitic ratios),

simulations are run for increasing Austenite-twinned-Martensite ratio from (a) 0%, (b) 20%, (c)

40%, (d) 50% and (e) 70%. In all the figures that follow, red regions are occupied by Martensitic

variant 1, blue regions are occupied by Martensitic variant2, while green regions are occupied by

Austenite. As a remark, for the sake of standardized visualizations and easy convergence, we have

re-oriented the transformation strains of the participating Martensitic variants so that the normal of

the Austenite-Martensite interface is always parallel to they-axis the by a suitable rotation (which
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we have the procedures outlined in previous section).

Figure 3.10: Simulation of Austenite-Martensite interface in plane strain configuration when the
Martensitic ratior is 0.6 = 60%. The volume fraction of Austenite in (a), (b), (c), (d) and (e) are
respectively 0%, 20%, 40%, 50% and 70%.



46

Figure 3.11: Simulation of Austenite-Martensite interface in plane strain configuration when the
Martensitic ratior is 0.66 = 66%. The volume fraction of Austenite in (a), (b), (c), (d) and (e) are
respectively 0%, 20%, 40%, 50% and 70%.



47

Figure 3.12: Simulation of Austenite-Martensite interface in plane strain configuration when the
Martensitic ratior is 0.7 = 70%. The volume fraction of Austenite in (a), (b), (c), (d) and (e) are
respectively 0%, 20%, 40%, 50% and 70%.
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Figure 3.13: Simulation of Austenite-Martensite interface in plane strain configuration when the
Martensitic ratior is 0.75 = 75%. The volume fraction of Austenite in (a), (b), (c), (d) and (e) are
respectively 0%, 20%, 40%, 50% and 70%.
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Figure 3.14: Simulation of Austenite-Martensite interface in plane strain configuration when the
Martensitic ratior is 0.8 = 80%. The volume fraction of Austenite in (a), (b), (c), (d) and (e) are
respectively 0%, 20%, 40%, 50% and 70%.
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Figure 3.15: Simulation of Austenite-Martensite interface in plane strain configuration when the
Martensitic ratior is 1 = 100%. The volume fraction of Austenite in (a), (b), (c),(d) and (e) are
respectively 0%, 20%, 40%, 50% and 70%. Only one martebsiticvariant is present and sharp
compatible interface is observed. The (common) middle eigenvalue of the Martensitic variant is
zero.
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3.7 Simulation in three dimensions

We may further extend the phase field simulations in three dimensions. This allows us to explore

the more realistic structures of the Austenite-Martensiteinterfaces. In two dimensions, we did

rotate the transformation strains so as to orientate the normal of the Austenite-Martensite interfaces.

Simulations without such orientations may not always give the desired patterns due to geometric

constraint from requiring that the patterns are periodic inboth directions. Extending the simulations

in three dimensions may release the strict geometric constraint to make it possible to generate more

fanny patterns.

In the following we show the simulated patterns with Martensitic ratios r from 0.6 to 0.8. For

each case, we orientate the patterns in four different normal directions of the autenite-Martensite

interface through some suitable rotations. The volume ratio of Austenite to twinned Martensites is

equal (50%). Of course other ratios can be considered in the simulations.

The simulated patterns are shown in figures (3.16), (3.17), (3.18), (3.19) and (3.20). The ori-

entiated directions of normals to the Austenite-Martensite interfaces being shown on each of these

figures are (a)m =




0

1

0


, (b) m =




0

1

0


, (c) m =




0

1

0


, and (d)m =




1

1

1


. Without

otherwise stated, red regions are occupied by Martensitic variant 1, blue regions are occupied by

Martensitic variant 2 and green regions occupied by Austenite.
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Figure 3.16: Simulation of Austenite-Martensite interface in three dimensions when the Martensitic
ratio r is 0.6 = 60%, with various orientations of the Austenite-Martensite interfaces.
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Figure 3.17: Simulation of Austenite-Martensite interface in three dimensions when the Martensitic
ratio r is 0.66 = 66%, with various orientations of the Austenite-Martensite interfaces.
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Figure 3.18: Simulation of Austenite-Martensite interface in three dimensions when the Martensitic
ratio r is 0.7 = 70%, with various orientations of the Austenite-Martensite interfaces.
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Figure 3.19: Simulation of Austenite-Martensite interface in three dimensions when the Martensitic
ratio r is 0.75 = 75%, with various orientations of the Austenite-Martensite interfaces.
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Figure 3.20: Simulation of Austenite-Martensite interface in three dimensions when the Martensitic
ratio r is 0.8 = 80%, with various orientations of the Austenite-Martensite interfaces. Unfortunately,
simulations with some direction of interface are not successful.

3.8 Hysteresis

Now that the phase field model can work for simulating microstructure below transformation tem-

peratureTc (when Austenite is absent in the simulation) and at the transformation temperatureTc

(when Austenite participates in the simulation), we are interested to extend the model to work be-

yond the current temperature range. For this, we can modify the anisotropy energy, by adding a

function that changes with the temperature.

Due to the following facts:

• Above transformation temperatureTc, Austenite becomes more preferable than Martensite.

The higher the temperature is overTc, Austenite gets even more tendency to form.

• Below transformation temperatureTc, Martensite becomes more preferable than Austenite.

The lower the temperature is belowTc, Martensite gets even more tendency to form.

• At transformation temperatureTc, both Austenite and Martensite have equal priorities to exist.
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They tend to co-exist.

These facts and observations suggest the following form of thermal functional in the upper level

where the Austenite is separating from the twinned Martensites:

Wthermal(µ) =





|∆T|µ2
1 T < Tc

0 T = Tc

|∆T|(1−µ1)
2 T > Tc

, (3.33)

where∆T = T−Tc is the change of temperature from the transformation temperature.

The effect of this thermal functional on the anisotropy energy can be examined by considering

the sum of anisotropy energy and thermal energy due to phase change by temperature in Fig. (3.21).

At transformation temperatureT = Tc, the energy is minimized and stable at either Austenite or

Martensite, thus both phases have equal priorities to exist. Below transformation temperatureT <

Tc, the energy is minimized at field variable corresponding to Martensites, thus Martensite is more

likely to form. Above transformation temperatureT < Tc, the energy is minimized at field variable

corresponding to Austenite, thus Austenite is more likely to form.

With the introduction of thermal energy that modifies the anisotropy energy over a wider temper-

ature range, hysteresis of microstructure in shape memory alloys can be implemented and simulated.

The process of hysteresis consists of two stages. In the firststage, the initial pattern consisting en-

tirely Austenite but a layer of Martensites as nucleation iscooled to (twinned) Martensites. In the

second stage, the then-formed (twinned) Martensites, now added with a layer of Austenite as nucle-

ation, is heated to Austenite. The temperature applied is sinusoidal, which is explicitly expressed

as:

∆T = sin

(
t

ttotal
2π
)
, (3.34)

wheret is the iteration or time measure andttotal is the total number of iterations for one complete

cycle (nucleated Austenite first cooled to Martensites thenheated back to Martensite). The resulting

hysteresis loop and the snapshots showing simulated patterns are shown in figure (3.22) forr = 0.6

and figure (3.23) forr = 0.7.
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Figure 3.21: Sum of anisotropy energy and thermal energy. (a) At transformation temperature
T = Tc, the energy is minimized and stable at either Austenite or Martensite, thus both phases have
equal priorities to exist. (b) Below transformation temperatureT < Tc, the energy is minimized at
field variable corresponding to Martensites, thus Martensite is more likely to form. (c) Above trans-
formation temperatureT < Tc, the energy is minimized at field variable corresponding to Austenite,
thus Austenite is more likely to form.
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As a remark, during the first stage of hysteresis where Austenite is cooled to Martensites, the

ratio of the two Martensitic variants are fixed due to constraint from Austenite, based on the geo-

metric compatibility condition. After all Austenite has disappeared, the ratio of these Martensitic

variants is longer fixed. In the absence of Austenite, the ratio of Martensites can be arbitrary. Given

enough time, the patterns will evolve to one Martensitic variant for stable pattern with minimized

total free energy. During the second stage where Martensiteis heated to Austenite, whence a layer

of Austenite is added. As the content of Austenite is growing, the ratio of Martensitic variants is

adjusting to the ratio governed by the geometric compatibility condition with Austenite. These can

be observed in the snapshots of figure (3.22) forr = 0.6 and figure (3.23) forr = 0.7.

Figure 3.22: Hysteresis loop and snapshots showing the evolution of the microstructure forr = 0.6
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Figure 3.23: Hysteresis loop and snapshots showing the evolution of the microstructure forr = 0.7



61

3.9 Austenite-Martensite interfaces in real crystal systems

We have developed a two-level phase-field simulation to model micro-structures with Auetensite-

Martensite interfaces. In this section, we make an attempt to simulate micro-structures in com-

mon crystal systems, which include the cubic-to-tetragonal system, cubic-to-orthogonal system and

cubic-to-monoclinic-I system. Twinning of different variants in one system can give rise to different

micro-structures, of which some can form further Austenite-Martensite interface but some can not

[2]. We first outline the criteria to determine if various interface can be generated. These criteria are

then applied to different representative pairs in each of the mentioned crystal systems to explore the

possible twinned micro-structures, possibly with or without Austenite-Martensite interfaces. These

micro-structures are also simulated.

The background theory of Martensite-Martensite and Austenite-Martensite interfaces in shape

memory alloys is discussed using the general finite strains.We may identify if these two variants

can form interfaces. Consider two variants (which can be twoMartensites or one Martensite with

one Austenite) quantified by eigen-strainsF andG in finite strain matrix representation. For an

interface is formed, the two strains have to satisfy:

QF−G = a⊗n (3.35)

for some rotation matrixQ. a andn are the shear and normal of the interface.

Occasionally the above criterion can not be verified directly. To re-phrase the criterion in a

more accessible way, we defineC ≡ G−TFTFG−1. Also define the three eigenvalues ofC as

{λ1≤ λ2≤ λ3} and the corresponding eigenvectors as{n1,n2,n3}.

The following criterion is formulated:

• If C = I , no interface can form.

• If C 6= I but if the middle eigenvalueλ2 6= 1, no interface can form.

• If C 6= I and the middle eigenvalueλ2 = 1, an interface will form.

In case an interface is verified to exist between two variants, the directions of normalsn and
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shearsa can be computed as:

a=

√
λ3(1−λ1)

λ3−λ1
e1+κn

√
λ1(λ3−1)

λ3−λ1
e3

n =

√
λ3−

√
λ1√

λ3−λ1

(
−
√

1−λ1GTe1+κn

√
λ3−1GTe3

)
, (3.36)

whereκn =±1. Thus there are two sets of solutions, denoted by{a+,n+} and{a−,n−}.

Notice that if the two variants are Martensite, their ratiosin the interfaced microstructure can be

arbitrary, which can be practically manipulated by imposing compatible external strains.

For an interface between Austenite and twinned Martensitesto form, the transformation strain

of the participating Martensite has to satisfy the following equations:

δ ≡ aG
(
G2− I

)−1
n≤ 2

η ≡ tr
(
G2)−det

(
G2)−2+

1
δ
|a|2≥ 0 (3.37)

The existence of autenite-Martensite interface, the participating Martensite variants have to be

in fixed ratios (λ :1−λ ) or (1−λ :λ ), where:

λ =
1
2

(
1−
√

1+
2
δ

)
(3.38)

With λ , one may further defineD ≡ (G+λn⊗a)(G+λa⊗n). Denote the eigenvalues ofD

be{µ1≤ µ2 = 1≤ µ3} and and the corresponding eigenvectors as{f1, f2, f3}. Then the shear (b)

and normal (m) to the interfaces can be computed as:

b =

√
µ3(1−µ1)

µ3−µ1
f1+κm

√
µ1(µ3−1)

µ3−µ1
f3

m =

√µ3−
√µ1√

µ3−µ1

(
−
√

1−µ1f1+κm

√
µ3−1f3

)
, (3.39)

whereκm = ±1. Thus there are two sets of solutions for each of (λ ) and (1− λ ), denoted by

{b+,m+} and{b−,m−}.

As schematically shown in figure (3.24), for any two variantsof the same crystal system, there
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can be as many as eight possible configurations of micro-structures.
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Figure 3.24: Schematic showing how the eight possible of micro-structures are generated.

The occurrences of interfaces in three common crystal systems, namely, Cubic-to-Tetragonal,

Cubic-to-Orthorhombic and Cubic-to-Monoclinic-I systems will be presented in appendix (B).

3.10 Discussion and Conclusion

The introductions of the two-scale formulation and the thermal energy functional allow us to sim-

ulate patterns over a wide range of temperature that involves twining of Austenite and variants

of Martensites based on the geometric compatibility condition for forming interfaces among these

variants. These are implemented for thin-film (plane stress) and bulk configuration (plane strain and

general three dimension). Hysteresis is also studied.

More efforts are needed to explore the relationship of the length of the hysteresis loops and the

(common) middle eigenvalues of the Martensitic phases, which will give us insights on the search

of materials that possess quick change of shape and that consume less energy.

There are several directions to extend the current works. One direction is the simulation of the

Austenite-Martensite interfaces in other functional materials, such as ferromagnetic shape memory
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alloy, ferroelectric materials, which involve coupling ofseveral physical orderings. In the phase field

models and simulations, periodicity is assumed so as to facilitate the uses of Fourier transforms. This

assumption is valid for nanoscale where the microstructureof the sample (in a unit cell) is simulated.

When phase field simulations are applied to real physical system, such as, when the whole sample

is adhered to substrate and subjected to various microscopies over the top surface, the condition of

periodicity has to be dropped out, thus complicating the analysis and simulation. In a later chapter

we are going to resolve this issue.
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Chapter 4

MARTENSITIC TENTS AND TUNNELS IN SHAPE MEMORY ALLOY THIN
FILMS BY PHASE FIELD SIMULATION

Martensitic tunnels and tents, two common thin film structures grown on substrate, enable ex-

tensive studies due to their excellent mechanical performance, efficiency and size. Crystallograph-

ical conditions on crystal lattices, using infinitesimal transformation strains, for the formation are

derived. A modified phase field simulation with additional energy functional due to substrate con-

straint was then adopted to investigate pattern formationsof tunnels and tents, which corroborate

existing experimental results. Thermal hysteresis was also studied to illustrate the evolving patterns

under a sinusoidal profile of temperature. This shows that tunnels consume less energy to evolve

then tents do. The simulation serves as a guide for the designof thin film structures in various

applications.

Micro-actuators capable of delivering a large work output from small volume are highly desir-

able for microelectromechanical systems (MEMS) [2, 58, 3].Shape memory alloys (SMAs) whose

work outputs per unit volume is largest amongst a variety of active materials are attractive for micro-

actuation [2, 58, 3]. Nevertheless, SMA-based actuators usually have poor bandwidth, limited by

the rate of heating and cooling, has motivated development of SMA thin films wherein heat transfer

is accelerated for their small size [2, 58, 3]. However, conventional SMA thin films are constrained

by substrate clamping, which severely reduces their actuation strain and work output [2, 58, 3]. It

has been proposed that parts of SMA thin films can be released from the substrate constraint by

backing etching, as schematically shown in figure (4.1), making it possible to transform the released

portion into Martensite, while keeping the constrained region in austenite [2, 58, 3]. This leads to

the formation of Martensite tents and tunnels shown in figure(4.1) that increase the actuation strain

and thus the work output in SMA thin films, with the austenite-Martensite (AM) interface func-

tioning as a hinge [2, 58, 3]. Such tent and tunnel structureshave indeed been realized in previous

experiments, though the transformation is rather difficult[2, 58, 3]. In this letter, we seek to simulate
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Martensitic tent and tunnel structures in SMA thin films using our modified phase field method in

order to understand the transformation process.

Two types of interfaces are involved in Martensitic tent andtunnel structures shown in figure

(4.1). One is the AM interface, and the other is the interfacebetween Martenstic twins. As a result,

the following compatibility conditions have to be satisfied[2, 59, 60, 61, 62]:

f ·co f(ε (i))f = 0

tr(ε (i))− f · ε(i)f > 0, (4.1)

It is well known that in bulk SMAs, a coherent AM interface is difficult to form, requiring sat-

isfaction of rather restrictive conditions on lattice parameters of austenite and Martensite [2, 59,

60, 61, 62]. In thin films, however, such conditions are relaxed substantially, as compatibility be-

tween austenite and Martensite only needs to be satisfied in two-dimensions (2D) instead of three-

dimensions (3D) [2, 59, 60, 61, 62, 63]. As a result, only in-plane components of transformation

strains need to be considered in compatibility, and out-of-plane components become inconsequen-

tial. For cubic-to-orthorhombic transformations we are considering, this implies that:

wheref is the pre-assigned normal to the thin film,ε(i) is the infinitesimal strain of the Marten-

sitic variant involved in the system, andco f andtr are, respectively, the cofactor and trace operators

for 2-tensors.

It is well known that in bulk SMAs, a coherent AM interface is difficult to form, requiring sat-

isfaction of rather restrictive conditions on lattice parameters of austenite and Martensite [2, 59,

60, 61, 62]. In thin films, however, such conditions are relaxed substantially, as compatibility be-

tween austenite and Martensite only needs to be satisfied in two-dimensions (2D) instead of three-

dimensions (3D) [2, 59, 60, 61, 62, 63]. As a result, only in-plane components of transformation

strains need to be considered in compatibility, and out-of-plane components become inconsequen-

tial. For cubic-to-orthorhombic transformations we are considering, this implies that:
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Figure 4.1: Schematic showing (a) shape-memory alloy deposited on a substrate; (b) shape-memory
alloy released in a suitable region and remains at in the austenite; (c) bulges out in Martensite below
transformation temperature; (d) various interfaces in tent; (e) various interfaces in tunnel. In fig. (d)
and (e), the notions (0), (1) and (2) represent the regions occupied by the austenite phase and the
two Martensitic phase respectively. Alson01 denotes the interface between austenite and Martensitic
variant 1,n02 denotes the interface between austenite and Martensitic variant 2, andn12 denotes the
interface between austenite and Martensitic variant 2.

ε(0) =


 0 0

0 0


 ,ε(1) =


 α α

α α


 , ε(2) =


 α −α

−α α


 , (4.2)

which give the AM interfaces for tentsn01 = ±
(

1√
2

1√
2

)T
, n02 = ±

(
− 1√

2
1√
2

)T
and

the AM interfaces for tunnelsn01 =±
(

1 0
)T

, n02 =±
(

0 1
)T

. Within the released region

of the tent, the MM-interfaces aren12 = ±
(

1 0
)T

, ±
(

0 1
)T

. Recall that there is no MM-

interface for tunnels due to the existence of only one Martensite [2, 59, 60, 61, 62].

Two Martensite variants and one austenite variant are involved, which are represented by two

characteristic functionsµ1(x) andµ2(x) [64, 65, 66, 67, 68, 69]. The austenite region is indicated by

µ1(x), which takes a value of 1 ifx is occupied by the austenite phase and 0 otherwise, while thepar-

ticular Martensite variant is indicated byµ2(x) in a similar manner. As a result, the transformation



68

strain atx is expressed as:

ε∗[µ ] = (1−µ1)µ2ε(1)+(1−µ1)(1−µ2)ε(2), (4.3)

whereε (i) is the transformation strain of Martensite variant, andµ = [µ1,µ2]. Note that austenite is

used as a reference and thus has zero transformation strain.The distribution of transformation strain

ε∗ may induce elastic strain in the structure, resulting in elastic energy as follows:

Wela(µ) =
1
2
(ε− ε∗[µ ]) ·C(ε− ε∗[µ ]), (4.4)

whereε is the total strain that can be solved from mechanical equilibrium equation, consisting of

both the elastic strain and the transformation strain, andC is the elastic stiffness tensor. This allows

us to useµ as field variable to simulate the structure. However to ensure thatµ1 andµ2 take either

1 or 0, an anisotropy energy is introduced that is minimized whenµi takes either 0 or 1,

Wani(µ) = K1[µ2
1(1−µ1)

2+µ2
2(1−µ2)

2], (4.5)

whereK is the anisotropy constant. In addition, interfacial energy is introduced to penalize gradients

in the characteristic functions, such that

Wgra(µ) = A|∇µ |2. (4.6)

Finally, the constraint on the unrelaxed portion of the film by the substrate is achieved by including

an additional penalty for deformation,

Wpenalty(µ) = B|ε|2χs, (4.7)

whereB is the penalty constant andχs is the characteristic function of the region constrained bythe

substrate. The potential energy of the system is then given by

I (µ) =
∫

Ω
[Wgra(µ)+Wani(µ)+Wela(µ)+Wpenalty(µ)−σ0 · ε]dx, (4.8)
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whereΩ is the domain occupied by the shape memory alloy, andσ0 is the stress arising from the

traction applied at the boundary. The variation of potential energy with respect toµ results in the

driving force for the structure evolution,

F(µ) =−δI (µ)
δ µ

= Fgra(µ)+Fani(µ)+Fela(µ)+Fpenalty(µ), (4.9)

and under a linear kinetic approximation, the evolution equation forµ is derived as

∂ µ
∂ t

= M[Fgra(µ)+Fani(µ)+Fela(µ)+Fpenalty(µ)], (4.10)

whereM is the linear evolution coefficient, andFani(µ) =− ∂Wani(µ)
∂ µ , Fgra(µ) = 2A∇2µ , Fela(µ) =

σ · ∂ε∗[µ ]
∂ µ , Fpenalty(µ) = ∂Wpenalty(µ)

∂ µ .

This theory is implemented into a numerical simulation on ax1-x2 plane, with all the field

variables assumed to be independent ofx3 and the normal of the plane set to bef =
(

0 0 1
)T

.

Thus a two-dimensional simulation will be sufficient, though all the tensorial variables are three-

dimensional in nature. To solve Eq. (4.10), fast Fourier transform [70] is adopted on a spatial

scale with a 64× 64 lattice, and semi-implicit finite difference scheme [71,72] is adopted on a

temporal scale with a time step of 0.001. The elastic constants of the material are assumed to be

C11 = 40× 109Pa,C12 = 10× 109Pa andC33 = 30× 109Pa, withα = 0.045, K1 = 6× 107 and

B= 107. Unless otherwise noted, the simulation starts with randominitial conditions forµ1 andµ2,

and iterations continue until a stable configuration emerges.

Phase field simulation is applied to study the pattern formations of the tunnel and the tent for a

cubic-to-orthorhombic transformation, which has transformation matrices given by (4.2).

With regard to the mechanical condition, the substrate is subjected to strain-free conditions while

the to-be-released region is subjected to the stress-free condition.

In forming the desired structures, AM interfaces are important. The released region should have

the correct orientation, and the film should have the correctnormal [2]. We seek to arrange the

substrate and the to-be-released region in such a way that the Martensite will bulge up like a tunnel

or a tent. In particular, we aim to choose the crystallography and the region to be released carefully

so that each ridge in the figure is a material interface and thedeformations are energy minimizing.
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Figure 4.2: Simulation of patterns of tunnel and tent and thecorresponding three-dimensional
views; (a) Pattern of tunnel; (b) Three-Dimensional view oftunnel; (c) Pattern of tent; (d) Three-
Dimensional view of tent; (e) experimentally observed formation of tent (Bhattacharya and James)
for comparison.

If this is possible, the films can be exploited to make micro-pumps, micro-valves and other micro-

actuators [3, 73, 74].

If the to-be-released region is the middle strip while the remaining region is adhered to the

substrate, the middle-released region in the simulated pattern will become Martensite upon cooling

and bulge up as a circular arc, as shown in figure (4.2)(a) and (4.2)(b). The two Austenite-Martensite

interfaces act as hinges and the resulting structure is the tunnel. The rotation matrixQ = Q(θ) is a

one-parameter function.

On the other hand, the to-be-released region is the middle square island, which will become

Martensite upon cooling as in figure (4.2)(c) and bulge up as atent made of four triangular surfaces

joined at the center of the film, as in figure (4.2)(d). The rotation matrixQ is constant over each of
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Figure 4.3: Thermal hysteresis of tunnel; (a)∼ (i): patterns of intermediate structures; Patterns
along cooling on the curve are marked by circles, patterns along heating are marked by square
diamonds.

the four patches.

In all figures showing various patterns, green is designatedto Austenite, while red and blue are

designated for the two variants of Martensites involved.

We then consider the thermal hysteresis of tunnel and tent [75, 54], subjected to a sinusoidal

profile of temperature. Thermal energy is adopted in the form:

Wthermal(µ) =




|∆T|(1−µ1)

2 : T > Tc

|∆T|µ2
1 : T < Tc

, (4.11)

whereTc is the transformation temperature above which austenite becomes more likely to form

and below which Martensite becomes more likely,∆T = T−Tc is the change of temperature from

the transformation temperature. In the simulation, due to the sinusoidal nature of the temperature

change, the thermal energy∆T is a function of time and is expressed explicitly as:

∆T = sin
( t

L
2π
)
, (4.12)

wheret is the iteration or time measure andL is the total number of iterations for one complete cycle
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Figure 4.4: Thermal hysteresis of tent; (a)∼ (i): patterns of intermediate structures; Patterns along
cooling on the curve are marked by circles, patterns along heating are marked by square diamonds.

(nucleated austenite first cooled to form special thin film structures then heated back to flat sheet of

austenite).

Austenite is used as initial condition, with less than 1 percent of Martensite added for nucleation.

The resulting curves relating the content of Austenite versus the applied temperature are shown in

figure (4.3) for tunnel and figure (4.4) for tent. The releasedregion in the films emerges to Martensite

with the formation of tunnel and tent upon cooling, which then degenerates back to Austenite upon

re-heating, and a complete thermal cycle is finished.

In summary, for materials whose transformation strains satisfy the crystallography conditions,

tunnels and tents may be formed. We have developed an unconventional phase field simulation for

these thin film SMA, which is used to simulate the formation oftunnels and tents, and the evolution

of the domains under the influence of temperature, using thermal hysteresis loops. The theory and

stimulation thus provide a guide to the choice of materials in the design of micro-machines.
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Chapter 5

ELECTROMECHANICAL FIELDS IN THIN FILMS (3D-CONFIGURATION )

In our previous work on phase field simulations with periodicities along all directions, we solved

the mechanical equilibrium equation (similar for Maxwell’s equation) using Fast Fourier Transform

(FFT) in all directions [32, 33, 56]. For more realistic configurations, at least one periodicity along

the out-of-plane direction is released [76]. We need to resolve the mechanical equilibrium equa-

tion (as well as the Maxwell’s equation) in this scenario. This chapter is devoted to the numerical

solutions of these equations.

5.1 Introduction and Background

So far phase field simulation has been successfully adopted to modal domain patterns in microstruc-

ture where periodicity is assumed in all physical dimensions. However, practically, experimental

configurations of sample being investigated, such as multi-functional materials under the actions

of Scanning Probe Microscopy (SPM), Piezo-response Force Microscopy (PFM), Electrochemical

Strain Microscopy (ESM), etc, do not necessarily assume thestrong constraint from periodicity.

Modified numerical simulations are developed.

From this chapter onwards, we utilize the phase field modal tosimulate multi-functional ma-

terials in more realistic configurations and with coupling of more than one physical ordering, such

as, mechanical with electrical, mechanical with magnetic,etc. As a real physical modal, we release

the periodicity condition in thex3-direction. We outline the numerical schemes to solve the me-

chanical equilibrium equation (or called elasticity equation) and the Maxwell’s equation for three-

dimensional samples with periodicities overx1- andx2- coordinates only. Two methods for each

are derived, which we refer as thestate equationapproach (or”eigen-expansion”) and thefinite

difference approach. We apply the simulation to study the electro-mechanical response of a piezo-

electric material and the mechanical response of ferroelectric materials under SPM probing.

The configurations for the Maxwell’s equation and the mechanical equilibrium equation are
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shown in figure (5.1). For the Maxwell’s equation, assume that the bottom surface is subjected to

some potential through grounding or electrode, while the top surface is subjected to some known

potential or electric field. Instantaneous polarization isalso pre-assigned. We solve for the electric

potential and fields over the entire sample. For the mechanical equilibrium equation, assume that

the bottom surface is adhered to a substrate while the top surface is subjected to a traction force. We

solve for the displacements (and thus strains and stresses)over the entire sample.

Figure 5.1: Configurations for solving (a) the Maxwell’s equation and (b) the mechanical equilib-
rium equation.

Elasticity and Maxwell’s equations in three dimensions aresolved numerically and easily by

finite element using black-box commercial softwares like ANSYS, Abaqus, COMSOL, etc. It is in-

convenient to extract their results and integrate into our phase field simulations that follow. Bound-

ary element method is also used to solve Maxwell’s equation,especially for potential and fields

outside the sample [67]. For the special case, where periodicity is assumed in all directions, so-

lution using repeated Fourier transforms are developed [22, 66]. If the periodicity inx3-direction

is released, special approach like the Stroh’s formulationis adopted and implemented [77, 78, 79],

where a lot of mathematical results in linear algebra and complex variables are also quoted. To avoid

all these technical difficulties, two approaches for solving these equations are developed, which only

use simple mathematics and minimal assumptions based on thephysics of the problem. This chapter
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serves as a computational prerequisite for all subsequent works.

We will outline the solutions of the Maxwell and elasticity equations using two approaches,

namely, eigen-expansions and finite difference. Their central methodologies will be presented

briefly. The detailed developments are lengthy and are placed in appendices, for the sake of charity.

We are solving the Maxwell’s equation:




−κ∇E = ∇ ·P

E =−∇φ
(5.1)

whereP= (P1,P2,P3) is the spontaneous polarization of the sample,E = (E1,E2,E3) is the electric

field andφ is the resulting electric potential, and the elasticity equation:





σ = C(ε− ε∗)

∇ ·σ = 0

ε = ∇u

(5.2)

whereε∗ are the stress-free eigen-strains,ε are the total elastic strains,σ are the stresses andu

represent the resulting displacements that describe the deformation of the elastic system.

Since the geometry is imposed with periodic boundary conditions along all in-plane directions,

that is,x1 andx2, FFT is applied to these equations along these directions subjected to periodic-

ities. These operations will convert the original coupled partial differential equations into system

of ordinary differential equations alongx3. In the eigen-expansion method, we decompose and

solve each ordinary differential equation into homogeneous part and particular part (also known as

the perturbed part). The perturbed part is further solved from two contributions, one due to non-

homogeneous eigen-strains with zero out-of-plane boundary conditions and the other one due to

out-of-plane boundary conditions only. This is also referred as the semi-classical method.

On the other hand, we may also discretize and solve each ordinary differential equation with

finite difference numerical scheme. This approach is known as the finite difference.

The details of how these two methods are adopted to solve the Maxwell’s and the elasticity equa-

tion are presented in appendices (D.1), (D.2), (D.3) and (D.4). Conventions on quantities (vectors

and matrices) related to elasticity equations are outlinedin appendix (D.5).
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5.2 Simulation in piezoelectric materials and SPM of ferroelectric materials

In this section, we apply the developed numerical methodologies for the Maxwell’s equation and the

mechanical equilibrium equation to two practical problems, namely, simulation of deformation in

piezoelectric material due to applied electric field, and simulation of SPM response of ferroelectric

materials.

5.2.1 Deformation in piezoelectric material

Due to the existence of electric dipole moments, piezoelectric materials demonstrate the converse

piezoelectric effect, where the application of an electrical field creates mechanical deformation.

Figure 5.2: Configurations for solving electromechanical responses of piezoelectric materials.

Simulation of piezoelectric response couples two physicalorderings: electrical and mechanical.

We consider the physical configuration and the associated boundary condition, as demonstrated in

figure (5.2). An electric potentialV0 =V0(x1,x2) is applied to the top surface of a slab of piezoelec-

tric material. A force, as tractionT = T(x1,x2), may be applied to the top surface. The base surface

is adhered and grounded to an electrode, so that the potential is maintained to be zero and there is

no deformation, resulting in zero displacement.
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Assume that the applied potential and traction are acted locally on the top surface so that the

region far away from the site of application of these loadingexperience almost no effect from these

loadings. We may assume the equations and all physical quantities are periodic inx1 andx2 direc-

tions. This periodicity is also satisfied if the applied potential and traction are periodic inx1 andx2,

including the trivial case where these loadings are constant over the top surface.

The simulation consists of three steps: Maxwell’s equation, piezoelectric constitutive relation

and the mechanical equilibrium equation, with the boundaryconditions, as listed as follow:

Step 1: Maxwell’s equation:

The distribution of electric potentialφ = φ(x1,x2) is computed from the Maxwell’s equation:

κ∇2φ = ∇ ·P, (5.3)

subjected to the boundary conditions:

φ(x1,x2,H) =V0

φ(x1,x2,0) = 0 (5.4)

Step 2: Piezoelectric constitutive relation:

Electric fieldE = E(x1,x2,x3) is then obtained from the electric potential:

E =−∇φ (5.5)

This electric field induces an eigen-strain through the piezoelectric matrix:

εs = dE (5.6)
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This can be expressed in component form:




εs
11

εs
22

εs
33

εs
23

εs
13

εs
12




=




0 0 d31

0 0 d32

0 0 d33

0 d24 0

d15 0 0

0 0 0







E1

E2

E3


 (5.7)

Step 3: Mechanical equilibrium equation:

With the eigen-strains identified, deformation strains andstresses can be obtained by the Me-

chanical equilibrium equation:

σ = C(ε− εs)

∇σ = 0, (5.8)

subjected to the boundary conditions:

u(x1,x2,0) = 0

σ(x1,x2,H)n(x1,x2,H) = T(x1,x2,H) (5.9)

To demonstrate the simulation, assume that the rectangularsample of piezo-electric material,

with dimensions 4×10−6 (m)× 4×10−6 (m)× 4×10−6 (m), is adhered and grounded, so that the

displacement and voltage on the bottom surface are zero. Thetop surface is subjected to a profile of

voltage described by:

φ(x1,x2,H) = φtop(x1,x2)

=





V0

((x1−x10
R

)2
+
(x2−x20

R

)2)
(x1−x10)

2+(x2−x20)
2 < R

0 otherwise
,

where the magnitude of the voltage is decreasing from its peak valueV0 parabolically to zero, away
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from the center of the circle of radiusR centered at(x10,x20) on the top surface. Also assume that

the top surface is subjected to no mechanical loading.

The simulation is implemented in a 100× 100× 200 grid. The material parameters are:c1 =

80×109, c2 = 30×109, c3 = 20×109, d13 =−5.43×10−12, d23 =−5.43×10−12, d33 = 11.37×
10−12, d42=−11.34×10−12, d51=−11.34×10−12. In the first trial, assume that there is no internal

polarization. The distribution of the resulting physical quantities, including potential, electric fields,

displacement (deformation), strains and stresses, are shown in figures (5.3), (5.4), (5.5) and (5.6).

Figure 5.3: (Electromechanical responses of piezoelectric materials) Electric potential and fields:
(a) electric potentialφ , (b) field componentE1, (c) field componentE2 and (d) field componentE3.

We may discuss the effect of instantaneous polarization to the electromechanical responses of
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Figure 5.4: (Electromechanical responses of piezoelectric materials) displacement components or
deformation: (a)u1, (b) u2 and (c)u3.
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Figure 5.5: (Electromechanical responses of piezoelectric materials) strains: (a)ε11, (b) ε22, (c) ε33,
(d) ε23, (e)ε13 and (f)ε12.
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Figure 5.6: (Electromechanical responses of piezoelectric materials) stresses: (a)σ11, (b) σ22, (c)
σ33, (d) σ23, (e)σ13 and (f)σ12.
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piezoelectric materials. Assume that the instantaneous polarization is in a quadratic profile, that is,

P(x1,x2,x3) = P0x
2
3k (5.10)

Numerical simulations are carried out forP0= 102, P0= 104 andP0= 106. For the sake of simplicity,

only the resulting distributions of displacements (deformations) for these cases are illustrated in

figures (5.7), (5.8) and (5.9).

Figure 5.7: (Electromechanical responses of piezoelectric materials) displacement for non-zero po-
larization withP0 = 102: (a) u1, (b) u2 and (c)u3.

It can be seen from the illustrations that as the strength of the polarization increases, its influence

on thex3-displacement is getting more dominant over the influence from the applied electric poten-
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Figure 5.8: (Electromechanical responses of piezoelectric materials) displacement for non-zero po-
larization withP0 = 104: (a)u1, (b) u2 and (c)u3.
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Figure 5.9: (Electromechanical responses of piezoelectric materials) displacement for non-zero po-
larization withP0 = 106: (a) u1, (b) u2 and (c)u3.
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tial over the top surface. In Fig. 5.7, the polarization is still weak, thus the displacement inx3 is

similar to the simulated pattern using zero polarization inFig. 5.4. As the polarization is increasing

to P0 = 104, its influence is getting significant, the distribution of displacement inx3 is disturbed,

as seen in 5.8. A more delicate examination shows that the magnitude of the displacement inx3 is

decreased, due to the partial compensation of polarizationto the applied electric potential. Finally

as the polarization is increased toP0 = 106, as seen in Fig. 5.9, the influence becomes the greatest

of all the cases being studied. The influence of the applied electric potential become negligible,

compared to polarization. Thus the displacement inx3 is mainly due to polarization. Physically

speaking, the sample is pulled up by the polarization.

5.2.2 SPM of ferroelectric materials

Ferroelectric materials possess spontaneous electric polarizations that can be reversed by the appli-

cation of external electric fields. Ferroelectric materials are considered as a sub-class of piezoelectric

materials. They can be characterized by their domain at nanoscale using the Piezo-response force

microscopy (PFM).

Piezo-response force microscopy (PFM) is a variant of atomic force microscopy (AFM) that al-

lows imaging and manipulation of ferroelectric domains. The mechanism of PFM is similar to that

of AFM. A sharp conductive scanning probe is brought into contact with the surface of a ferroelec-

tric (or piezoelectric) material. A voltageV0 is applied to the specimen through the tip contacting

the surface. This voltage will induce or excite a local out-of-plane deformationu3 and out of plane

deformationsu1 andu2 through the converse piezoelectric effect (CPE). These resulting deflections

of the probe cantilever is detected by a split photodiode detector. By scanning the SPM tip over

the surface of the probed specimen, distributions of displacement fields can be obtained. The to-

pography and ferroelectric domains can be imaged simultaneously with high resolution. Notice that

if the specimen is piezoelectric or ferroelectric, the magnitudes of the displacements can be corre-

lated with the piezoelectic coefficients, while the phase can be correlated with the polarity of the

polarization.

While the ferroelectric domain structures can be inferred from the SPM scanning, the correlation

between PFM mappings and the underlying ferroelctric structure is often nontrivial. Due to the
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fact that the tip induced displacements are governed by long-range electro-elastic interactions, the

response is not only affected by the two-dimensional (2D) polarization on the surface, but also

influenced by the three-dimensional (3D) polarization distribution.

In this section we aim to simulate the SPM response of a ferroelectric material and further

investigate if the domain pattern of the surface can give anyinsight into the real 3D ferroelectric

domain pattern.

Figure 5.10: Configuration of SPM experiment

We consider a typical SPM experiment, as shown in figure (5.10), where a charged SPM tip is

used to induce and probe the piezo-electric vibration of a homogeneous ferroelectric. The potential

distribution induced by the charged SPM tip can be determined using the method of image charge.

The resulting electric fieldE(x) and potentialφ(x) distributions are evaluated as:

Ei =−
∂φ
∂xi

φ =
Q

2πε0(κ +1)

√
ρ2+

(
x3
γ +d

) , (5.11)

whereQ = 2πε0rV0
κ+1

κ is the equivalent point charge, withV0 and r being the potential applied

and the radius of the SPM tip,ε0 the permittivity of vacuum, andκ =
√

ε11ε33 the effective permit-

tivity of the specimen;γ =
√

ε33
ε11

measures the dielectric anisotropy of the specimen,d = r
k is the



88

spacing between the effective point chargeQ and the probed surface andρ =
√

x2
1+x2

2 is the polar

coordinate of the point of interests.

This electric field induced by the SPM tip will in turn inducesa piezoelectic strain field (eigen-

strain) denoted by:

εs(x) = dpiezo(x)E(x), (5.12)

whered is the piezoelectric tensor. With this eigenstrain, the elasticity problem can be solved for

displacements (as deformation), strains and stresses.

The simulation is implemented for BFO in a 100× 100× 200 grid. The material parameters

are:c1 = 80×109, c2 = 30×109, c3 = 20×109, d13 =−79.0×10−12, d23 =−79.0×10−12, d33 =

191.0× 10−12, d42 = 270.0× 10−12, d51 = 270.0× 10−12. The simulated pattern of the resulting

SPM response of the top surface of the sample, is shown in figure (5.11).

In fact, our approach also generate the distribution of displacements over the entire domain, as

shown in figure (5.12). Since the deformations are localized, the distributions are zoomed near the

location of action of the SMP tip to give better and clearer images. The distributions of strains and

stresses in principle can also be evaluated but since they are not of particular interest in this study

and we skip their graphs.
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Figure 5.11: (SPM) distribution of displacements on probedsurface. (a)u1; (b) u2; (c) u3; (d)
magnitude ofu3 as 3D plot
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Figure 5.12: (SPM) Distribution of displacements on probedspecimen in three-dimensions. (a)u1;
(b) u2; (c) u3;
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Figure 5.13: (SPM) Distribution of displacements on probedspecimen in three-dimensions, zoomed
near the SPM tip, to explore the local responses. (a)u1; (b) u2; (c) u3;
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5.3 Discussions and Conclusions

In this chapter, we proposed two methods (eigen-expansion and finite-difference) for solving the

Maxwell’s equation and the mechanical equilibrium equation numerically. We then apply these

numerical schemes to solve two problems, namely, the electromechanical response of piezoelectric

materials and SPM response of ferroelctric domain.

By incorporating these numerical solution to phase field model, we may develop phase field

simulation for macro-scale application, where periodicity is partial released. Some possible projects

include: (1) Phase field simulation of shape memory alloys inmacroscopic scale. (2) Phase field

simulation of polarization switching in piezoelectric materials by probing. (3) SPM scanning for

3D reconstruction of ferroelectric domains. (4) Phase fieldsimulation of electochemical dynamics

in Lithion Ion Batterys, and many more unlisted here.
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Chapter 6

PHASE FIELD SIMULATION IN FINITE GEOMETRIES

Previous works on phase field simulation have assumed periodic boundary conditions in all

directions which makes it hard to simulate domain patterns and capture various physical behaviours

in realistic configurations, such as thin film being tested under piezo-response force microscopy. In

order to extend the scopes of simulation, phase field simulation for finite geometry will be developed

where periodicity along the out-of-plane direction is released [76]. Thus more realistic physical

boundary conditions can be considered, which are critical in the role of domain switching. For

instance, the variants in the domain may switch to some othervariants upon applying force or

electric potential or field on the boundaries.

6.1 Unconventional Phase Field Simulation of Shape Memory Alloys in Finite Geometry

Recall that the domain patterns and domain dynamics (evolution) of the participating variants in

shape memory alloys (SMA) as well as other multi-functionalmaterials are governed by phase

field simulation. IfN variants are considered, a set of(N− 1) characteristic functions, denoted

by {γi ,1≤ i ≤N}, are needed in the formulation. Each variant is associated with a transformation

strain,ε (i). Since each point of the domain can only be occupied by 0 or 1 todenote occurrence

of some variant so that∑N
i=1 γi(x) = 1, theseN characteristic functions can be reduced to another

set of(N−1) laminated characteristic functions{µi ,0≤ i ≤ N−1}. The effective inhomogeneous

transformation strain field (eigen-strain) is given by:

εs(x) =
N

∑
i=1

γi(x)ε (i), (6.1)
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where

γ1 = µ1

γ2 = (1−µ1)µ2

γ3 = (1−µ1)(1−µ2)µ3

· · ·

γN−1 = (1−µ1)(1−µ2) · (1−µN−2)µN−1

γN = (1−µ1)(1−µ2) · (1−µN−2)(1−µN−1) (6.2)

The set of laminated characteristic functions can be shorthanded as a vector spatial functions:

µ(x) =





µ1(x1,x2)

µ2(x1,x2)
...

µN−2(x1,x2)

µN−1(x1,x2)





(6.3)

The domain pattern is obtained by minimizing the energy functional:

I (µ) =
∫

Ω

{
Wint(µ)+Wani(µ)+Welas(µ)

}
dx, (6.4)

whereWint(µ) = A|∇µ |2 is the interfacial energy that separates different variants, Wani(µ) =

∑N−1
i=1 Kiµ2

i (1− µi)
2 is the anisotropic energy to make sure that numerical valuesof the charac-

teristic functions can only be 0 or 1, andWelas= 1
2 [ε− εs] ·C [ε− εs] is the elastic energy. Recall

thatA> 0 is the gradient coefficient andKi > 0 is the anisotropy coefficients. In most simulations,

Ki is of the similar order of magnitude asCε(i) · ε(i).

The evolution equations for the laminated characteristic functionsµ = µ(x1,x2, t) are governed

by the evolution equations that results from taking variational derivatives of the total energy func-
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tions with respect toµ :

∂ µ
∂ t

= M
δI

δ µ
= MF(µ)

∂ µ
∂ t

= M
(

Fint(µ)+Fani(µ)+Felas(µ)
)
, (6.5)

whereFint = 2A∇2µ is the interfacial driving force,Fani = − ∂Wani

∂ µ is the anisotropy driving force,

Felas= σ · ∂εs(µ)
∂ µ is the elastic driving force, andM > 0 is the mobility constant.

Assume that the domain of computation is originally:

{0≤ x1≤ L1,0≤ x2≤ L2,0≤ x3≤ L3} (6.6)

Upon normalization with the following variables:

x1
∗ =

x1

L3

x2
∗ =

x2

L3

x2
∗ =

x3

L3

t∗ = 2MKt (6.7)

the evolution equation becomes:

∂ µ
∂ t∗

= D

(
∂ 2µ

∂x1
∗2 +

∂ 2µ
∂x2

∗2 +
∂ 2µ

∂x3
∗2

)
+

1
2K

[
Fani(µ)+Felas(µ)

]
, (6.8)

whereD =
A
K
L2

2
and the normalized computational domain normalizes to:

{
0≤ x∗ ≤ α1≡

L1

L3
,0≤ x∗ ≤ α2≡

L2

L3
,0≤ y∗ ≤ 1

}
(6.9)

From now on, without loss of generality, we will drop the superscript (∗) in our proceeding

development. To solve the equation numerically, discretization in time domain is implemented as

previous works. Recall that periodicity is assumed along in-plane directions(x1,x2). FFT is applied

alongx1 andx2, while finite difference is taken along the out-of-plane directionx3. Also denote for
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simplification:

F≡ 1
2K

[
Fani(µ)+Felas(µ)

]
(6.10)

With these, in successive steps, the equation becomes:

µk+1−µk

∆t
= D

(
∂ 2µk

∂x1
2 +

∂ 2µk

∂x2
2 +

∂ 2µk

∂x3
2

)
+F(µk)

µk+1−µk

∆t
= D

(
−k2

1µk−k2
2µk+

∂ 2µk

∂x3
2

)
+F(µk) (6.11)

wherek1 andk2 are the Fourier coordinates reciprocal to the original coordinatesx1 andx2, f =

f (k1,k2,x3 denotes the FFT off = f (x1,x2,x3) along the out-of-plane directions.

Along the out-of-plane direction,x3, the derivative is translated into a matrix of finite difference

for second order, denoted by:

∂ 2

∂x3
2 =

1
(∆L)2




d1 d2

1 −2 1
...

1 −2 1
...

1 −2 1

d3 d4




, (6.12)

where∆L is the size of the subdivision inx3. The elements,d1, ..., d4, in the first and last rows of

this matrix depends on the boundary conditions being considered. There are two possible sets of

elements, as listed in the following table.
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choice 1 choice 2

d1 −2 −2
3

d2 2 2
3

d3 2 2
3

d4 −2 −2
3

Table 6.1: Two choices of elements on top and bottom rows of the second order differentiation
matrix with Neumann boundary conditions at end points

In addition, implicit scheme converges faster and is more stable. This is archived by replacing

theµk to µk+1. With these, the current numerical scheme is re-casted intomatrix form:

Iµk+1− Iµk

∆t
= D

(
−k2

1Iµk+1−k2
2Iµk+1+

∂ 2

∂x3
2 µk+1

)
+F(µk)

Iµk+1− Iµk =−D
(
k2

1I +k2
2I
)

µk+1∆t +
∂ 2

∂x3
2 µk+1∆t +F(µk)∆t

[
I +D∆t

(
k2

1I +k2
2I
)
− ∂ 2

∂x3
2

]
µk+1 = Iµk+F(µk)∆t

Aµk+1 = Iµk+b (6.13)

In the implementation, the termF need some manipulations with the boundary conditions. Re-

call that:

F≡ 1
2K

(
Fani+Felas

)

(6.14)

In component form, we have:

Fi =
1

2K

(
Fani

i +Felas
i

)

=
1

2K

(
−µi(1−µi)(1−2µi)+σ · ∂εs

∂ µi

)
(6.15)

All ingredients can be computed directly fromµi except forσ for which some physical consideration
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should be taken into account.

For domain pattern of Shape Memory Alloys in a realistic configuration to form, we may apply

traction on top surface and strain constraint from substrate on bottom surface. In addition, thickness

of substrate will also affect the domain near the bottom boundary. They are considered when the

stress fieldσ is computed. For instance, according to figure (6.1), the domain is physically subjected

to the mentioned boundary conditions (traction on top surface and substrate on bottom surface).

Substrate

Traction

Domain

P
e
r
io
d
ic

P
e
r
io
d
ic

3
L

Figure 6.1: Configuration of computational domain for elasticity.

According to the development of non-periodic solution of the elasticity equation in finite ge-

ometry discussed in previous chapter, the stress fieldσ consists of two parts: homogeneous and

perturbed solutions, denoted by〈σ〉 andσ ′. The stress field has the decomposition:

σ = 〈σ〉+σ ′ (6.16)

The homogeneous stress is the macroscopic or average stresswhich is determined by the misfit

strain imposed by the substrate underneath the domain, quantified by 〈ε11〉 ≡ ε0
11, 〈ε12〉 ≡ ε0

22 and

〈ε12〉 ≡ ε0
12. Assume no homogenous traction is applied to the sample, so that, 〈σ13〉 = 〈σ5〉 = 0,

〈σ23〉= 〈σ4〉= 0 and〈σ33〉= 〈σ3〉= 0. The homogeneous stress components are computed via the
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constitutive equations without eigen-strain:

〈σ〉= C〈ε〉




〈σ1〉
〈σ2〉
〈σ3〉= 0

〈σ4〉= 0

〈σ5〉= 0

〈σ6〉





=




c1 c3 c3 0 0 0

c3 c1 c3 0 0 0

c3 c3 c1 0 0 0

0 0 0 c2 0 0

0 0 0 0 c2 0

0 0 0 0 0 c2








〈ε1〉= ε0
11

〈ε2〉= ε0
22

〈ε3〉
〈ε4〉
〈ε5〉

〈ε6〉= ε0
12





(6.17)

The six unknowns of the equation are solved as:

〈ε3〉=−
c3ε0

11+c3ε0
22

c1

〈ε4〉= 0

〈ε5〉= 0

〈σ6〉= c2ε0
12

〈σ1〉=
c2

1−c2
3

c1
ε0

11+
c1c3−c2

3

c1
ε0

22

〈σ2〉=
c1c3−c2

3

c1
ε0

11+
c2

1−c2
3

c1
ε0

22 (6.18)

Thus the homogeneous stress field is:

〈σ〉=





〈σ1〉
〈σ2〉
〈σ3〉
〈σ4〉
〈σ5〉
〈σ6〉





=





c2
1−c2

3
c1

ε0
11+

c1c3−c2
3

c1
ε0

22

c1c3−c2
3

c1
ε0

11+
c2

1−c2
3

c1
ε0

22

0

0

0

c2ε0
12





(6.19)

The second part of the stress field, known as the perturbed stress, is affected by the effective

inhomogeneous strains of the participating variants in thedomain,εs(x). This stress field is com-
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puted by solving a set of partial differential equations that are periodic along the in-plane directions.

Along the out-of-plane direction, traction is applied on top surface. The bottom surface is adhered

to substrate that impose a misfit strain so that the displacement components may not necessarily be

zero. Also, for a differential equation to yield a physically unique solution, a displacement boundary

condition is essential. To resolve this issue, we assume that the displacements far away below the

bottom surface of the domain are zero. And to implement this numerically, we extend the com-

putational domain below the original domain with a buffer domain that allows the displacement to

degenerate to zero. The schematic is shown in figure (6.2).

Substrate

Traction

Domain

3
L

Domain

Cσ ε
3

L

3 , su b
L

Zero displacements

)'
s

Cσ ε ε

)' 0Cσ ε

Figure 6.2: Schematic showing how the elasticity equation is solved by decomposing into two parts.
The first part represents a macroscopic / homogeneous solution. The second part is a perturbed
solution that considers realistic boundary conditions

Recall that the height of the original domain isL3. We define the imagined substrate has a

thicknessL3,sub. The total height of the computational domain for the perturbed portion of stress is

L3,all = L3+ L3,sub. If the computational size associated with the height of theoriginal domain is

N3, the computational size of the added imagined substrate will be approximatelyN3,sub=
L3,sub

L3
N3.



101

We solve the perturbed stressσ ′ from the elasticity equation:





σ ′ = C
(
ε− ε̂s

)

∇σ ′ = 0
,

x ∈ {0≤ x1≤ L1,0≤ x2≤ L2,−L3,sub≤ x3≤ L3,} (6.20)

whereε̂s is the modified eigen-strain field of the extended domain (original domain plus added sub-

strate domain). This modified eigen-strain is identical to the same eigen-strain field in the original

domain and is zero in the extended substrate domain.

ε̂s =





εs : 0≤ x3≤ L3

0 :−L3,sub≤ x3≤ 0
(6.21)

In the first set of simulations, we will consider shape memoryalloys with two variants whose

transformation strains are given by:

ε(1) = α




0 0 0

0 1 0

0 0 −1


 ,ε

(2) = α




0 0 0

0 −1 0

0 0 1


 . (6.22)

We will first simulate the domain pattern and analyze the effects of various thicknesses of added

substrate,L3,sub. We will also study the domain pattern that results from imposing different misfit

strains. We will also study the domain dynamics of the domainstructure by applying traction over

the top surface of the domain.

6.1.1 Simulation 1: Domain pattern formation of SMA and effects of varying substrate thickness

We study the pattern formation of shape memory alloy in finitegeometry where the top surface is

traction-free and the bottom surface is subjected to substrate with no misfit strain. All four lateral

faces are periodic. We investigate the effects of the thickness of the substrate as percentage of the

original thickness of the domain. The results are shown in figure (6.3). As we can see from the

figure, if there is no substrate, the domain pattern close to the bottom surface is not clear. As the
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substrate becomes thicker, the pattern of the two variants become more obvious.

6.1.2 Simulation 2: Domain pattern formation of SMA and effects of misfit strain of substrate

Next we study the effect of the mis-fit strains imposed by the substrate underneath the sample. For

all simulations, we assume the thickness to be 50 % of the original thickness of the sample. The

magnitude of the mis-fit strain〈ε11〉 is varying linearly from 0.05×0.1 to 0.05×0.6. The resulting

domain patterns are shown in figure (6.4). It is seen that as this strain increases, more variant 2

forms.
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Figure 6.3: Shape memory alloys with varying thickness of substrate underneath.
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Figure 6.4: Shape memory alloys with varying misfit strain ofsubstrate underneath.
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6.2 Unconventional Phase Field Simulation of Ferroelectric in Finite Geometry

In this section, we will extend the phase field simulation to include electrostatic components for

domains in ferro-electric materials. In brief, the ferroelectricity is a property of certain materials

that have a spontaneous electric polarization that can be reversed by the application of an exter-

nal electric field. This characteristic open a lot of industrial applications as in Varactors for RF /

Microwave Circuits, Electro-Optic Modulators, Ferroelectric RAM (FeRAM), Ferroelectric Tunnel

Junctions, etc. The formulation of phase field model in ferroelectric will be presented followed by

simulations of domain patterns and domain dynamics (or domain switching) by mechanical loading

and electrical loading [80, 81, 82].

The unconventional phase field model for ferroelectric materials is simply an extension of that

for Shape Memory Alloys in that an addition contribution is invoked to electrostatic effect via spon-

taneous polarization is considered. The occurrences ofN participating variants are quantified by a

set ofN characteristic functions, denoted by{λi ,1≤ i ≤ N}, or equivalently, a set of(N−1) lam-

inated characteristic functions, denoted by{µi ,1≤ i ≤ N−1}. The conversion between these two

sets of characteristic functions have been discussed in previous section and is skipped here.

A ferroelectric domain pattern is a mixture of these variants with inhomogeneous distribution

of transformation strain and spontaneous polarization given in terms of the characteristic functions

and transformation strains, denoted by
{

ε(i),1≤ i ≤N
}

, and instantaneous polarizations, denoted

by
{

P(i),1≤ i ≤ N
}

, of the participating variants (in the ratios as indicated by their ratios in the

mixture):

εs =
N

∑
i=1

λiε(i)

Ps =
N

∑
i=1

λiP(i) (6.23)

In other words, these equations establish connection between transformation strain and spontaneous

polarization and the set of(N− 1) field variableµi , and thus it is possible to use{µi} as field

variables, whose distribution leads to a distribution of transformation strain and spontaneous polar-

ization.

Similar to the unconventional phase field model for Shape Memory Alloys (SMA), anisotropy,
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interfacial and elastic energy are included:

Wani =
N−1

∑
i=1

Kiµ2
i (1−µi)

2

Wint =
N−1

∑
i=1

Ai |∇µi |2

Welas=
1
2
[ε− εs] ·C [ε− εs] , (6.24)

where the elasticity equation is solved for the strain and stress fields:





σ = C(ε− εs)

∇σ = 0
(6.25)

Recall that in the implementation, the stress field consistsof the homogeneous part and the perturbed

part. Traction applied over top surfaceT = {Tx,Ty}T , the thicknessL3,suband the misfit strains
〈
ε0

11

〉
,

〈
ε0

22

〉
,
〈
ε0

12

〉
of substrate are also considered during the computations.

For ferroelectric with additional electrostatic contribution, we consider the following energy

functional:

I (µ) =
∫

Ω

(
Wani (µ)+Wint (µ)+Welas(µ)−E0 ·Ps−σ0 · ε

)
dx+

1
2

∫

R3
|∇φ |2dx (6.26)

Terms that have not been explained are outlined below:

• E0 is the external applied electric field, thus−∫Ω
(
E0 ·Ps

)
dx refers to the electric loading.

• 1
2

∫
R3 |∇φ |2 dx is the electrostatic energy over the whole spaceR3.

Taking variational derivatives of the energy functional with respect to the field variablesµ will

yield the evolution equation ofµ that governs the domain dynamics of the ferroelectric domain:

∂ µ
∂ t

= M
(

Fint +Fani+Felas+Fele
)
, (6.27)

whereM is the mobility constant of the material. Notice that this constant will be absorbed upon

normalization with respect to timet.
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The four driving forces are outlined:

Fani =−Wani (µ)
∂ µ

Fint = A∇2µ

Felas= σ · ∂εs

∂ µ

Fele=
(

E0+Ed
)
· ∂Ps(µ)

∂ µ
, (6.28)

whereE0 is the externally applied electric field over the domain andEd is the depolarization field

that theoretically results from the Maxwell’s equation with spontaneous polarization:

κ∇2φ = ∇ ·Ps

Ed =−∇φ (6.29)

For boundary conditions of the electrostatic contribution, potential is usually applied over the

bottom surface, while either potential or electric flux (that is, y-derivative of electric field) can be

applied on the top surface.

In the following we will consider a simulation of ferroelectrics in two dimension. The simulation

adopt a material system with the following transformation strains and instantaneous polarizations:

ε (1,2) =


 α 0

0 −α


 P(1,2) =± Ps√

2





1

1





ε (3,4) =


 −α 0

0 α


 P(3,4) =± Ps√

2





1

−1



 (6.30)

The computational domain has a normalized height as 1.0 and normalized width as 0.5. The

resulting domain pattern is shown in figure (6.5). The arrowsin the figure indicate the directions of

polarization of the variants. The elastic energy is not strong enough to stretch the variants to more

uniformly distributed ratio.

In the simulation, further effort is needed to balance elastic energy and electric energy so as to

give rise to desirable micro-structures for ferroelectrics.
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Figure 6.5: Simulated domain pattern of ferroelectric withfour variants. Arrows indicate the polar-
izations.
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Chapter 7

LITHIUM ION BATTERY AND ELECTRO-CHEMICAL STRAIN MICROSCOP Y

Figure 7.1: Schematic of working principle of lithium ion battery

Lithium ion battery is a family of rechargeable battery types in which lithium ions move from

the negative electrode to the positive electrode during discharge, and back when charging, as shown

in figure (7.1). It has the advantages of good energy densities (250 - 730 W h /L), light weight, and

no memory effect, low self-discharge rate, and is environment-friendly. Nowadays it is extensively

employed in portable electronics.

However, repeated charging and discharging induce internal cycling stress that will eventually

strain the battery that lead to fatigue of battery material with the build-up of internal resistance.

These processes diminish and degrade the ion transport. Moreover, the performance of the cell
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also depends on a range of temperature due to the chemical reactions involved. The battery cell

irreversibly loses approximately 20% capacity per year.

Researchers have been investigating how these unfavourable mechanisms can be reduced so as

to improve overall performance [83, 84, 85, 86, 87, 88, 89].

Failure due to material fatigue from cycling strains is the key to characterize the mechanical

property of the battery. Conventional measurement of battery capacity (as ability of ion transport)

include AC Impedance Spectroscopy and (other methods). While these methods are indirect, they

do not give us information on the local mechanical change at the level of microstructure during the

charging / discharge processes and how they affect the performance.

Electrochemical strain microscopy (ESM) is a novel scanning probe microscopy (SPM) that

can not only probe Li-ion concentration and diffusivity with nanometer resolution (electrochem-

ical reactivity and ionic flows in solids), but also map localenergy dissipation associated with

electro-migration of Li-ions. With this technique, the local mechanical characteristics, such as,

local crystalline morphologies and defects, can be analyzed experimentally [90]. ESM enables the

understanding of the interaction between mechanics and electrochemistry in lithium ion battery and

related materials. In this chapter, we study the theoretic foundation of ESM of ion battery, which

parallels the experiments.

This chapter is devoted to the analysis and simulation of a simplified model of lithium ion battery

with its ESM studies. First we will introduce the simplified model where electrochemical aspect is

not considered. We focus on the transport of lithium ion in the sample under the effect to applied

electric field (or potential). Second, we will simulate the ESM experiments of the sample which

parallels with the experiments carried by [90]. Thirdly, the model is extended to two dimensions

that reflects the more realistic physical configuration. Simulation is carried out to study how the

distribution of ion will influence the stress / strain distribution in the sample, which evidences the

straining of the battery cell that will eventually lead to fatigue over time.

7.1 Model of Lithium Ion Battery

The operating principle of ESM is to probe the tested sample with an electric potentialφ . The initial

uniform concentration of ion will be re-distributed. The deviation of local concentration from the
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initial uniform state induces strain in the sample. The resulting deflection (displacement of the top

surface) is detected via the tip of the PFM. Various mechanical properties are then analyzed.

As a preliminary study, the system is simplified to consist ofonly one type of ion. Electrochem-

istry is not considered. Thus no ion is created or destroyed throughout all processes. We model the

ion transport in the solid in one dimension, which consists of diffusion and electro-migration by the

applied electric potential.

Denotec= c(x, t) by the concentration of ion at pointx of the sample at timet. The time evo-

lution (motion) of the ion distribution is driven by diffusive flux Jdi f f due to concentration gradient

and advective fluxJadv due to electro-migration under the effect of the electric potentialφ = φ(x, t).

The total flux of ion is thus given as:

J = Jdi f f +Jadv

=−D∇c−Dβc∇φ , (7.1)

whereD is the diffusivity constant,β = Fn
RT, with F as the Faraday’s constant,n as the electric

valency,R is the universal gas constant andT as temperature, and∇ is the gradient operator.

The relation can also be expressed in terms of electric fieldE, sinceE(x) =−∇φ .

J =−D∇c+DβcE (7.2)

Ion is locally conserved and is driven by flux only. Thus:

∂c
∂ t

=−∇ ·J (7.3)

Combining Eq.(7.1) and Eq.(7.3) (as to eliminateJ) gives the governing equation of the ion

distribution over time by the effect of electric potential.

∂c
∂ t

= D∇2c+Dβ∇ · (c∇φ) , (7.4)

This equation is usually referred as the Nernst-Poisson equation. This equation has no analytic

solution. Numerical treatment is needed to explore how the distribution of ion is evolved and any
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subsequent change in the mechanical properties, such as deformation (as deflection), strains and

stresses.

Simulations are carried for static and dynamic (sinusoidal) electric potentials. Steady state (ion

in equilibrium) is simulated using static potentials. By simulation with dynamic potentials, effect

of various parameters in the system are discussed. Finally,simulation with a DC/AC bias that re-

sembles the charging / discharging processes is studied andcompared with the experimental results

[90].

7.2 One-dimensional study

The equation is studied for one-dimensional sample whose length isL, which is valid for nanowire

and solid whose lateral lengths are much longer than the height. All quantities are functions of the

spatial coordinatex. The governing equation becomes:

∂c
∂ t

= D
∂ 2c
∂x2 −Dβ

∂
∂x

(cE) ,x∈ [0,L] , (7.5)

whereE = E(x) =−dφ
dx is the effective electric field corresponding to the appliedelectric potential.

Initial and boundary conditions have to be considered for solution.

The initial condition is obviously the initial distribution of ion, given byc(x,0) = c0(x).

Various kinds of boundary conditions can be proposed: specified ion concentration as in the

Dirichlet BC, specified rate of change of ion concentration as in the Neumann BC. However, they

are not of practical interest. Indeed, a Robin-type BC is adopted, where the fluxJ at the two end

points are specified asJa andJb. In other words,

−J(0) = D
∂c
∂x

(0)−Dβc(0)E(0) =−Ja

−J(L) = D
∂c
∂x

(L)−Dβc(L)E(L) =−Jb (7.6)

It is interesting to examine what kind of (Ribin-type) boundary conditions can ensure (global)

conservation of ion over time. For this, we compute the rate of change of the total amount of ion
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over time.

d
dt ∑ ion=

d
dt

(∫ L

0
c(x, t)dx

)

=

∫ L

0
ct(x, t)dx

=
∫ L

0

(
D

∂ 2c
∂x2 −Dβ

∂
∂x

(cE)

)
dx

=

[
D

∂c
∂x
−Dβ (cE)

]L

0

= [−J(x)]L0

= J(0)−J(L)

= Jb−Ja (7.7)

Thus for the conservation of ion over time, one should haveJb = Ja, which physically means

that the flux of ion going into system at one end must be balanced or compensated by the same flux

of ion leaving the system at the other end, or vice versa. For our practical viewpoint, we consider

the case when the system is ”insulated” at both ends, that is,Jb = Ja = 0, prohibiting ion to flow

into and out of the system. It is intuitive that when the system is closed, the quantity of ion inside

remain the same over time.

The one-dimensional models are used to study two typical configurations: The first configuration

is the three dimensional rectangular box whose length and width are much longer than its height, as

shown in figure (7.2)(a). The second configuration is the nanotube or nanewire, as shown in figure

(7.2)(b). In both configurations, all physical quantities depends on the vertical coordinate.

7.2.1 Deformation due to change of ion distribution

For some materials, as the ones used in lithium ion battery, change of ion distribution can induce

an eigen-strain which further implies deformation (as localized change of shape) and stresses. Re-

peated applications of oscillating external electrical potential, as in the processes of charging and

discharging a battery cell, will induce oscillating strains. If this oscillating strain gets too large and

too rapid, the material will undergo inelastic deformationand defeats develop due to fracture, thus

de-functioning the battery. Understanding how such material deforms as the internal ion evolves
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Figure 7.2: Physical configurations for one-dimensional PNP equation: (a) Three dimensional box
whose length and width are longer than height. (b) Nanowire or nanotube.
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does help to develop materials that can withstand oscillating deformation and avoid fracture.

For the simplest case, the change in ion distribution is related to the induced eigen-strain via:

εs(x, t) = s(c(x, t)−c(x,0)) , (7.8)

wheres is the proportionality constant for the conversion from electro-diffusion to elasticity that

depends on individual material.

Knowing the eigen-strain, we are now in a position to solve the elasticity problem for displace-

ment (deformation), strain and stress.

σ =C(ε− εs)

∇σ =
dσ
dx

= 0 (7.9)

Assume the base surface of the sample is adhered and the top surface is traction-free. The

boundary conditions are specified as:c(x= 0) = 0 andσ(x= L) = 0.

Combining the above pair of elasticity equations, we can findthe general expression for dis-

placementu= u(x, t):

0=
dσ
dx

=C

(
dε
dx
− dεs

dx

)

dε
dx

=
dεs

dx
d2u
dx2 =

dεs

dx
du
dx

= εs+a= s(c(x, t)−c(x,0))+a

u(x, t) = s
∫ x

0
(c(ξ , t)−c(ξ ,0))dξ +ax+b, (7.10)

wherea andb are unknown constants to be determined from boundary conditions.
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Zero displacement at bottom surface forcesb= 0. To finda, we calculate the stress:

u(x, t) = s
∫ x

0
(c(x, t)−c(x,0)) +ax

ε(x, t) =
du(x, t)

dx
= s(c(x, t)−c(x,0))+a

σ(x, t) =C(ε(x, t)− εs(x, t))

=C[s(c(x, t)−c(x,0))+a−s(c(x, t)−c(x,0))]

=Ca (7.11)

The stress is constant all along the length of the sample. Thus traction-free top surface impliesa= 0.

7.2.2 Steady State Solution

One way to check if the numerical solution for the evolution equation is accurate is to compare its

steady state (ast becomes large) and the steady state derived theoretically from the Nernst Poisson

equation. Again we are going to derive the closed form in one-dimensional case, subjected to the

same set of boundary conditions.

Steady state solutioncss(x) is obtained from the original evolution equation by letting∂c
∂ t = 0.

The resulting second order differential equation can be solved with an integration factor.

D
d2css

dx2 −Dβ
d
dx

(cssE(x)) = 0

d
dx

[
dcss

dx
−βcssE(x)

]
= 0

dcss

dx
−βcssE(x) = a

eβφ(x) dcss

dx
−eβφ(x)βcssE(x) = aeβφ(x)

d
dx

(
eβφ(x)css(x)

)
= aeβφ(x)

eβφ(x)css(x) = a
∫ x

0

(
eβφ(ξ )

)
dξ +b

css(x) =
a
∫ x

0

(
eβφ(ξ )

)
dξ +b

eβφ(x) , (7.12)

where the integration factor isµ(x) = e
∫
−βE(x)dx = e

∫
βφ ′(x)dx = eβφ(x), a andb are two unknown
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coefficients to be determined from boundary conditions.

To work with the boundary conditions, we need to finddcss
dx .

dcss

dx
= aβφ ′(x)−

aβφ ′(x)
∫ x

0

(
eβφ(ξ )

)
dξ +bβφ ′(x)

eβφ(x) (7.13)

We may now find the constantsa andb from the two flux boundary conditions at both ends of

the interval.

D
dc
dx

(0)−Dβu(0)E(0) = 0
[
aβφ ′(0)− aβφ ′(0)

eβφ(0)

]
−β

[ a

eβφ(0)

]
E(0) = 0

φ ′(0)=E(0)−−−−−−→
[
−aβE(0)+

bβE(0)

eβφ(0)

]
−β

[
b

eβφ(0)

]
E(0) = 0

last 2 terms cancel−−−−−−−−−→

a= 0 (7.14)

D
dc
dx

(L)−Dβu(L)E(L) = 0
[
−bβφ ′(L)

eβφ(L)

]
−β

b

eβφ(L) E(L) = 0
φ ′(L)=E(L)−−−−−−→

b

eβφ(L) E(L)−β
b

eβφ(L) E(L) = 0

0= 0 (7.15)

This implies thatb can be any real number for the found analytic solution to satisfy the differential

equation in steady state and boundary conditions. The steady state solutioncss(x) = be−βφ(x) is not

unique.

However, since we know that the system is closed and the quantity of ion is conserved at any

time, we may findD by equating the quantity of ion in steady state to that at timet = 0 (that is, the
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initial quantity).

∫ L

0
css(x)dx=

∫ L

0
c(x,0)dx

∫ L

0
be−βφ(x)dx=

∫ L

0
c(x,0)dx

b=

∫ L
0 c(x,0)dx
∫ L

0 e−βφ(x)dx
, (7.16)

Thus the steady state solution is:

css(x) =

∫ L
0 c(x,0)dx
∫ L

0 e−βφ(x)dx
e−βφ(x), (7.17)

which depends on the initial ion distributionc(x,0), the electric potentialφ(x), the electro-diffusion

coefficients(D,β ) and the length of the sampleL.

In the following subsections, we will first outline the numerical algorithm to the evolution equa-

tion and apply the approach to solve two simplified problems that originate from experiments.

Steady state solution solved analytically is used to compare with the numerical solution when the

evolving solution approaches steady state.

7.2.3 Numerical solution

Various numerical methods were proposed, including finite volume, finite element, among others.

Highly accurate scheme is enquired due to the conservative nature of the ion distribution. Canon-

ical finite difference methods may not work.

Here we follow the numerical scheme developed by Perron and Stiles [91, 92], as a tricky modi-

fied finite difference method. The one dimensional interval is divided into K sub-intervals of length

∆x = 1
K . Denote theK + 1 subdivision points, as the boundary points of these sub-intervals, by

(xi)
K+1
i=1 . Discretized values of the electric field (or potential) andflux are commutated at these

points. On the other hand, the discretized values of ion concentration are computed at the mid-

points(yi)
K
i=1 of these sub-intervals. This configuration suggests two sets of grid points related by

yk =
1
2 (xk+xk+1) ,k= 1,2, ..,K. The sub-division with the two grid points are shown schematically

in figure (7.3).
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More specifically, at then-th time stept ≈ tn = n∆t,

E j ≈ E(x j), j = 1,2, ..,K +1

Jn
j ≈ J(x j , tn), j = 1,2, ..,K +1

cn
i ≈ c(yi , tn), i = 1,2, ..,K (7.18)

Figure 7.3: Grid for one-dimensional simulation. The length of the sample is divided intoN cells
with N+ 1 subdivision points denoted byxi , at which electric fields or potentials are discretized.
The midpoints of the cells are denoted byx j , at which the ion concentrations are discretized.

Under this circumstance, the discretized values of the fluxes at the boundary points(xi)
K+1
i=1 of

sub-intervals in the next time stept = tn+1 = tn+∆t are computed from the discretized values of ion

concentration at mid-points(yi)
K
i=1 of sub-intervals in the current time stept = tn and the preassigned

boundary conditions (for instance, zero fluxes at end pointsx1 andxK+1).

Jn+1
k =−D

{
cn

k−cn
k−1

∆x
−βEn

cn
k +cn

k−1

2

}
,k= 2,3, ...,K

Jn+1
1 = Ja = 0

Jn+1
K+1 = Jb = 0 (7.19)

The ion concentration in the next time steptn+1 = tn+∆t are then computed from these fluxes
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just obtained via the (local) conversation equation.

cn+1
k −cn

k

∆t
=−

Jn+1
k+1 −Jn+1

k

∆x
,k= 1,2, ...,K (7.20)

Practically we do not need to know the fluxes explicitly and employ the above two-fold proce-

dures to iteratively compute the ion concentration at successive time steps. Therefore, parallel to

the derivation of the Nernst-Poisson equation, we may as well eliminate fluxes to obtain a direct

iteration scheme for the evolution of ion concentration. Furthermore, the numerical scheme can be

re-casted by the ”method of line” (MOL) to a system of ODEs, which are then easily solved by

commercialized software like Matlab (using ode solver) [93].

Abusing notations, the ion concentration at the points(xi)
K
i=1 are represented byK functions of

time:

ci = ci(t) = c(xi , t), i = 1,2, ...,K. (7.21)

Adopting the ”method of line” (MOL) to the above two-fold numerical scheme generates the

following system of ODE for the ion concentration at grid points.

∂c1

∂ t
=

1
∆x

{
D

c2−c1

∆x
−βE2

c2+c1

2

}

∂ci

∂ t
=

1
∆x

{
D

ci+1−ci

∆x
−βEi+1

ci+1+ci

2

}

− 1
∆x

{
D

ci−ui−1

∆x
−βEi

ci +ci−1

2

}
, i = 2,3, ...,K−1

∂cK

∂ t
=− 1

∆x

{
D

cK−cK−1

∆x
−βEK

cK +cK+1

2

}
(7.22)

The initial conditions become:

ci(0) = c(xi , t = 0) = c0(xi),∀1≤ i ≤ K (7.23)

After the ion distribution is obtained at any timet, the corresponding deformation, strain and

stress can be computed. The simulation further results in the steady state solution, which can be

checked with the theoretical one.
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In the following, we employ the numerical solution of the NP equation for ion distribution and

the related elasticity problem to study several experiments, including the ESM study of the lithium

ion battery.

7.2.4 Simulation 1 - Block subjected to linear potential

The bottom surface of a three-dimensional sample block initially full of ion (uniformly distributed)

is grounded and adhered. A PFM tip with assigned potential isbrought to touch the top surface so

that the potential over top surface is constant. The potential over the sample is a linear function ofz

for the simplest case. The potential and field are given by:

φ(x1,x2,x3) = φ(x3) =
x3

H
V0

E(x1,x2,x3) =−
(

dφ
dx1

,
dφ
dx2

,
dφ
dx3

)
=−

(
0,0,

1
H

V0

)
, (7.24)

whereH is the height of the block andV0 is the strength of electric potential.

With this field and initial distribution, we may simulate thetemporal evolution of the distribution

of ion as well as the steady state, from which we solve the elasticity equation and explore how the

structure reacts to the applied potential of the tip touching the sample. We may further discuss

what happens when we adjust parameters to see their effects.Discussed are the heightH of the

sample, the strength of the potential on the top surface (V0), initial distribution of ion concentration

c0(x1,x2,x3), the diffusive and the electro-diffusion coefficientsD andβ . Since the field produced

inside the sample is uniformly pointing, we assume all the associated physical quantities depend on

zonly. The problem can be solved as if it is one-dimensional.

Figures (7.4) (a) and (b) show the spatial variations of the potential and the associated electric

field produced by the ESM tip. Figure (7.4) (c) shows the evolution of total ion in the sample over

the whole process. The ion is conserved as predicted and verified by the simulation. Figure (7.4) (d)

shows the initial uniform distribution of ion and its distribution in steady state. Figures (7.4) (e) and

(f) show the distribution of strain and displacement experienced by the sample. The displacement at

the top surface is known to the deflection of the sample which can be measured directly by the ESM

tip.
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Experimentally, we can not measure the displacement (as deformation) of the sample at any

interior points but the deflection of the top surface. From there, the concentration of ion near the

top surface can also be predicted. The ion concentration andthe deflection of the surface surface,

now referred also as the deflection of the ESM tip, from the initial state to the final steady state are

temporally illustrated in figures (7.5) (a) and (b).

7.2.5 The normalized equation

The modal has a couple of parameters and variables that may complicate the analysis and parameter

study. Normalization can help reducing the number of parameters. With the normalized equation,

only several simulations are needed to give the essential insight to the properties of the model. These

results are also easily compared with the corresponding experimental data.

Let c0 be the initial uniform concentration andL be the reference dimension. We may normalize

the ion concentration, length and time scale as follow:

c∗ =
c
c0

x∗ =
x
L

t∗ =
t

L2/D

φ∗ =
φ

RT/zF
=

φ
β

(7.25)

The time and spatial derivatives in the normalized scales are expressed as:

∂
∂ t∗

=
∂ t
∂ t∗

∂
∂ t

=
D
L2

∂
∂ t

∇x∗ = ∇x∗x∇x =
1
L

∇x (7.26)

With these normalized quantities, the transport equation is recasted as:

∂c∗

∂ t∗
= ∇x∗ · (∇x∗c

∗)+∇x∗ · (c∗∇x∗φ∗) (7.27)

This equation applies to arbitraryc0 andD, and in normalized form, the solution is identical,
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Figure 7.4: Simulation results for linear applied potential: (a) spatial distribution of electric poten-
tial. (b) spatial distribution of electric field. (c) spatial distribution of ion at initial and steady state.
(d) spatial distribution of strain at initial and steady state. (e) spatial distribution of displacement at
initial and steady state.
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regardless ofc0 andD.

The eigenstrain in normalized scale is given by:

εsεs∗(x∗, t∗) = s(c0c∗(x∗, t∗)−c01)

εs∗(x∗, t∗) = c∗(x∗, t∗)−1, (7.28)

with εs = sc0.

From now on, unless otherwise stated, normalized equation is adopted in the simulations and

analysis.

7.2.6 Simulation 2 - Nanowire subjected to ESM tip

Assume an ESM tip with an applied positive voltage (V0) is brought to the top surface of the sample

with initially uniform ion concentration. The configuration of the ESM is illustrated in figure 7.2.

This voltage (V0) induces a spatial distribution of potential (φ = φ(x)) over the sample. This

potential is stronger towards the top of the sample, while its magnitude is decreasing rapidly away

from the top. Notice that the applied voltage does not changewith time, so does the induced potential

and field. Lithium ions are positive charges. The potential induced by the ESM tip is positive,

whence the electric field is positive. As a result, ions are attracted towards the top. The evolution of

the distribution of ion concentration from uniform state tosteady state is simulated.

To relate the effective potential over the sample from the voltage of the ESM tip, we follow the

idea of Y.Y. Liu. The tip of the PFM can be imagined as an equivalent chargeQ whose distance

from the top of the nanowire ish. We have the following expressions to find the potentialφ [Y.Y.

Liu]:

h=
2R0

κ +1
ln

1+κ
2

+d

Q= 2πε0 (κ)φ0
h2−d2

h+dκ

φ(r,x3) =
Q

2πε0 (κ +1)
1√

r2+
(

x3
γ +h

)2
, (7.29)

whereR0 is the radius of the tip end,κ =
√

ε11ε33, d is the distance between the PFM tip and the
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top of the nanowire,ε0 is the permittivity in vacuum,γ = ε33
ε11

. z=
√

x2
1+x2

2 is measured downwards

from the top of the nanowire sample andr is the radial distance measured from the location of the

applied potential.

The following assumptions are made:

1. Since the nanoware is narrow, we may assume thatr = 0.

2. To simplify the problem, we assume that the tip is touchingthe nanowire. So we haved = 0.

With these, the potential is simplified as:

φ(r,x3) = φ(x3) = φ0h(x3+h)−1 (7.30)

The electric field is thus:

E3 =−
dφ
dx3

=−φ0h(x3+h)−2 (7.31)

With the normalized equation, assume that the applied voltage of the ESM isV0 = 1, while the

distance between the equivalent chargeQ and the top surface ish= 0.01. The reference length scale

L is taken to be the tip radius of the ESM which is typically 50 (nm). The length of the sample being

studied is 100 micron, which is equivalent to 20L. The simulation is started with initial uniform

concentrationc0 = 1. We want to investigate the influence of the applied voltageof the ESM to

the distribution of the ion and any consequence on mechanical properties. As a remark, due to the

coordinate system inhered from the equation for the potential induced by the ESM tip, in all the

related simulations,z= 0 corresponds to top surface.

Figures 7.6(a) and (b) show the spatial variations of the potential and the associated electric field

produced by the ESM tip. Figure 7.6(c) shows the evolution oftotal ion in the sample over the whole

process. The ion is conserved as predicted and verified by thesimulation. Figure 7.6(d) shows the

initial uniform distribution of ion and its distribution insteady state. Figures 7.6(e) and (f) show

the distribution of strain and displacement experienced bythe sample. The displacement at the top

surface is known to the deflection of the sample which can be measured directly by the ESM tip.
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Figure 7.6: Simulation results for ESM: (a) spatial distribution of electric potential. (b) spatial dis-
tribution of electric field. (c) variation of total ion over time, showing that the system is conserved.
(d) spatial distribution of ion at initial and steady state.(e) spatial distribution of strain at initial and
steady state. (f) spatial distribution of displacement at initial and steady state.
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The displacement and the ion concentration of the top surface can be measured by the ESM tip.

Their temporal variations from the initial state to the steady state are displayed in figures (7.7) (a)

and (b).
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Figure 7.7: Simulation results for ESM: Ion concentration and deflection at the top surface measured
from initial to steady states.

7.2.7 Simulation 3 - Nanowire subjected to sinusoidal ESM tip

Assume that that the ESM tip is initiating a sinusoidal profile of voltageV(t) =V0 sin(ωt), where

ω is the working frequency of the ESM. In other words, the magnitude of the voltage is oscillating

with respect to time. This sinusoidal applied voltage induces a sinusoidal profile of potential over

time, expressed asΦ(x, t) = φ(x)sin(ωt), which is oscillating and switching between positive and

negative values. This models the ESM of the sample under an ACbias. Notice that the spatial

variation of the potential and fields are identical to the ones employed in the previous simulation.
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Lithium ions are alternatively attracted to and repelled from the top surface by the sinusoidal

voltage of the ESM tip. The distribution of ion concentration, strain and displacements are similarly

changing in a periodic manner over time. As expected in experimental observation, the probed

sample undergoes oscillation under the same frequency, which can be seen as the vibrating deflection

at the top surface, as detected by the ESM tip.

Simulation is carried for five complete cycles, that is, 0≤ t ≤ 5T = 5× 2π
ω , whereT denotes the

period of the sinusoidal profile. We setV0 = 1. We study the patterns showing the deflection and

ion concentration at the top surface that can be measured andprobed by the ESM tip in turn.

Figure (7.8)(a) shows the the sinusoidal electric potential. Figures (7.8)(b) and (c) show the

resulting oscillating ion concentration and deflection at the top surface of the sample, as detected by

the ESM. Snapshots of the displacements at various times arealso displayed in figure (7.9). Sim-

ulations show that the any point in the sample does experience repeated extension and contraction

(indicated as positive and negative displacement) of various magnitude over time, which have not

been measured quantitatively in experiments. Moreover, maximum displacement and strain occurs

in the interior points.

Deflection VS frequency

We may further study the effect of the operating frequency ofthe oscillatory applied voltage on

the maximum deflection of the top surface, which is measurable by the ESM tip. Notice that the

normalized equation has absorbed all the parameters. We do not need to study the effects of these

parameters includingD andβ . Several simulations are run with different operating frequenciesω .

The resulting maximum deflections of the tip are recorded. The plot is illustrated in Figure 7.10.

It can be seen that increasing frequencies induce decreasing maximum deflections. Lithium ions

are attracted and repelled alternatively. They are drifting towards and away from the top surface,

thus resulting in alternating upwards and downwards deflections, which are observed as vibration.

Also, the deflection is related to the deviation of ion from the initial uniform state. The more

concentrated the ion is, the larger the displacement and deflection. Higher frequency refers to shorter

time duration for this alteration. In other words, with higher frequency, we do not allow enough time

for all lithium ions to concentrate in the top surface, nor toconcentrate in the bottom surface, thus

decreasing the magnitude of the deflection.
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Figure 7.8: Simulation results for ESM due to sinusoidal voltage: (a) Temporal profile of applied
voltage of ESM tip. (b) Resulting sinusoidal profile of ion concentration at top surface. (c) Resulting
sinusoidal profile of deflection at top surface.
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Figure 7.9: Simulation results for ESM due to sinusoidal voltage: Snapshots of displacement of
the probed sample over one cycle. x-axis presents the lengthand y-axis shows the value of the
displacement. Notice that x = 0 corresponds to the top surface.
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7.3 Harmonic Analysis in ESM

Recall that the working principle of the Electrochemical strain microcopy (ESM) to probe local

concentration: An AC voltage as stimulus applied to the sample surface through the SPM tip re-

distributes ions in the vicinity near the tip, which in turn induces instantaneous deformation of the

electrode (sample). The deflection is then detected by the SPM tip through laser beam and various

digital diagnostics. Understanding quantitatively how the applied AC voltage perturbs the instanta-

neous ion concentration is thus necessary.

This section serves as preparation. We will derive differential equations for first and second

harmonics. We will also discuss factors that affect these harmonics. These harmonic responses,

together with long-range manipulation of DC voltage, will allow us to track back the diffusivity

D and local equilibrium ion concentrationn from fitted data in experiments. The methodology to

combine simulation and experiment will be presented in nextsection.

We start with the normalized ESM equation in one dimension:

ct = cxx+(cφx)x

−J(0) = 0= cx(0)+c(0)φx(0) = 0

−J(H) = 0= cx(H)+c(H)φx(H) = 0 (7.32)

wherec = c(x, t) is the normalized concentration andφ = φ(x, t) is the applied potential. Notice

that all variables have been normalized.

Assume that the sample electrode is subjected to an AC modulation given in complex exponen-

tial form:

V(t) =V0ejωt , (7.33)

whereω is the working frequency of the applied AC voltage.

A distribution of potential over the entire sample is generated, with the same complex exponen-
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tial form:

φ(x, t) = φ(x)ejωt , (7.34)

This potential field perturbs ion concentration. The ion concentration has the distributions with:

c(x, t) = c0(x)+c1(x)e
jωt +c2(x)e

j2ωt , (7.35)

where the first and second exponential terms in the expression are known as the first and second

harmonics. We will set up and solve differential equations for these two harmonics and make an

attempt to figure their relationships with other variables.

Notice that all the coefficients,c0, c1 andc2 are complex-valued functions of the spatial variable

x. Differential equations of these coefficients are complex-valued which make it inconvenient to

analyze. To overcome this difficulty, we decompose these complex-valued coefficients into real and

purely imaginary parts:

c0(x)≡ a0(x)+ jb0(x)

c1(x)≡ a1(x)+ jb1(x)

c2(x)≡ a2(x)+ jb2(x) (7.36)

We substitute the above expressions for induced potential and ion concentration in complex

exponential forms into the ESM equations, which eventuallyyields:

( jω)c1(x)e
jωt +(2 jω)c1(x)e

2 jωt = c′′0(x)+c′′1(x)e
jωt +c′′2(x)e

2 jωt

+
{[

c0(x)+c1(x)e
jωt +c2(x)e

2 jωt]φ(x)ejωt}
x

( jω)c1(x)e
jωt +(2 jω)c1(x)e

2 jωt = c′′0(x)+c′′1(x)e
jωt +c′′2(x)e

2 jωt

+c′0φejωt +c′1φe2 jωt +c′2φe3 jωt

+c0φ ′ejωt +c1φ ′e2 jωt +c2φ ′e3 jωt (7.37)

Our strategy is to balance terms without any exponential factor, then with the factorsejωt and
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e2 jωt respectively, in order to generate differential equationsfor first and second harmonics. Before

we move on, we formulate the boundary conditions in terms of firstly complex-valued coefficients

ci(x) and secondly the real and imaginary componentsai(x) andbi(x).

Recall the boundary conditions are zero fluxes at the two boundary points:x= 0 andx= H.

−J = cx(x, t)+c(x, t)φx(x, t),x= 0,H

0= c′0(x)+c′1(x)e
jωt +c′2(x)e

2 jωt

+c0(x)φ ′(x)ejωt +c1(x)φ ′(x)e2 jωt +c2(x)φ ′(x)e3 jωt (7.38)

Balancing various exponential factors yield the followingboundary conditions:

c′0(x) = 0, x= 0,H

c′1(x)+c0(x)φ ′(x) = 0, x= 0,H

c′2(x)+c1(x)φ ′(x) = 0, x= 0,H

(7.39)

Balancing terms without any exponential factor:

c′′0(x) = 0

c0(x) = αx+β , (7.40)

whereα andβ are two unknown coefficients to be computed from boundary conditions. Recall that

the boundary conditions arec′0(x) = 0 atx= 0 andx=H. Comparing the solution and the boundary

conditions results inα = 0 where no restriction is imposed yet toβ . Physical insight suggests that

the term without complex exponential factor is the constantoffset of the concentration. Thus it

suffices to assume thatβ takes the values of the constant initial concentration, or

c0(x) = β = n0 (7.41)

As a remark, the explicit expression of this first term of the solution will be included in the equations

for the first and second harmonics of the solutions. This solution is separated into real and imaginary
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parts:

a0(x) = β = n0

b0(x) = 0 (7.42)

7.3.1 First Harmonic

We move on to the deviation of the differential equation for the first harmonicc1(x).

Balancing terms without exponential factorejωt :

Comparing the terms with factorejωt yields the following complex-valued equation:

( jω)c1(x)e
jωt = c′′1(x)e

jωt +ejωt (c′0(x)φ(x)+c0(x)φ ′(x)
)

( jω)c1(x) = c′′1(x)+
(
c′0(x)φ(x)+c0(x)φ ′(x)

)

( jω)c1(x) = c′′1(x)+
(
0φ(x)+βφ ′(x)

)

( jω)c1(x) = c′′1(x)+βφ ′(x) (7.43)

The differential equations can be separated into two equations for the real and imaginary parts

by usingc1(x) = a1(x)+b1(x):

( jω)(a1(x)+ jb1(x)) = (a1(x)+ jb1(x))
′′+βφ ′(x)

−b1(x)+ jωa1(x) = a′′1(x)+βφ ′(x)+ jb′′1(x)



a′′1(x)+ωb1(x)+βφ ′(x) = 0

b′′1(x)−ωa1(x) = 0
(7.44)

These coupled real-valued differential equations thus generated are not convenient to solve.

They can be combined to give rise to one equation, yet of higher order. Inspecting the form of the

second equation suggests that the terma1(x) = 1
ω b′′1(x) can be substituted into the first equation,
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yielding:

a′′1(x)+ωb1(x)+βφ ′(x) = 0
(

1
ω

b′′1(x)

)′′
+ωb1(x)+βφ ′(x) = 0

b′′′′1 (x)+ω2b1(x)+βωφ ′(x) = 0 (7.45)

Onceb1(x) is solved,a1(x) as well as the first harmonic can then be computed.

What remains is to set up four conditions forb1(x), since its differential equation is of fourth

order. The process is to replace the complex-valued function in the boundary conditions with real

and imaginary parts before separating them into two sets of coupled boundary conditions. They are

then re-casted as four boundary conditions, two at each end point, as one of the real-valued functions

is eliminated, as previously done.

c′1(x)+c0(x)φ ′(x) = 0

(a1(x)+ jb1(x))
′+n0φ ′(x) = 0

a′1(x)+ jb′1(x)+n0φ ′(x) = 0




a′1(x) =−n0φ ′(x), x= 0,H

b′1(x) = 0, x= 0,H




a′1(0) =−n0φ ′(0)

a′1(H) =−n0φ ′(H)

b′1(0) = 0

b′1(H) = 0

(7.46)

Using the relationshipa1(x) = 1
ω b′′1(x), we further recast two additional boundary conditions for

b1(x):

b′′′1 (0) = ωa′1(0) =−ωn0φ ′(0)

b′′′1 (H) = ωa′1(H) =−ωn0φ ′(H) (7.47)
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In summary, we have set up a fourth order differential equation for the imaginary part of the first

harmonic:

b′′′′1 (x)+ω2b1(x)+βωφ ′(x) = 0

BC :





b′1(0) = 0

b′1(H) = 0

b′′′1 (0) =−ωn0φ ′(0)

b′′′1 (H) =−ωn0φ ′(H)

(7.48)

The real part is computed by the relation:a1(x) = 1
ω b′′1(x). The first harmonic isc1(x) = a1(x)+

jb1(x). Recall thatφ = φ(x) is the applied potential over the sample. If SPM tip is used, we adopt

φ(x) = hV0
x+h, whereV0 is the applied voltage andh is the distance between effective chargeQ due to

SPM and the top surface of the sample.

Redistribution of ion away from initial condition induces eigen-strain:

εs(x, t,ω) = s(c(x, t,ω)−c0(x))

= s(c1(x,ω)ejωt +higher order terms)

≈ sc1(x,ω)ejωt

= (a1(x,ω)+ jb1(x,ω))ejωt , (7.49)

wheres is the expansion constant taken as 6 % for lithium ions.

The deformation of the sample can be computed by integratingeigen-strain:

u(x, t,ω) =
∫ x

0
εs(x, t,ω)dx−

∫ H

0
εs(x, t,ω)dx (7.50)

Recall that because of the choice of the coordinates, the topsurface corresponds tox= 0.

Once we obtained the ion concentration, we may evaluate the deflection of the sample as the
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displacement of the top surface.

utop(t,ω) = u(0, t,ω)

=
∫ x=0

0
εs(x, t,ω)dx−

∫ H

0
εs(x, t,ω)dx

=−
∫ H

0
εs(x, t,ω)dx

=−s
∫ H

0
[a1(x,ω)+ jb1(x,ω)]dxejωt

=−s
∫ H

0
a1(x,ω)dx

︸ ︷︷ ︸
≈0

ejωt − js
∫ H

0
b1(x,ω)dxejωt

= ej900
s
∫ H

0
b1(x,ω)dxejωt

= s
∫ H

0
b1(x,ω)dx

[
ej(ωt−900)

]
, (7.51)

where the integral of the real componenta1 is much smaller than that of the imaginary component

a1, as evidenced from numerical simulations that follow, and can thus neglected for simplicity.

For the sake of convenience in data fitting with experiments in proceeding section, we may

normalize the governing equation, boundary conditions anddeflection.

The differential equations with boundary conditions are linearly with initial concentrationc0 and

applied voltageV0. For instance, the following equations are satisfied:

(
b1(x)
n0V0

)′′′′
+ω2

(
b1(x)
n0V0

)
+ω

φ ′(x)
V0

= 0

BC :





(
b1(x)
n0V0

)′
(0) = 0

(
b1(x)
n0V0

)′
(H) = 0

(
b1(x)
n0V0

)′′′
(0) =−ω φ ′

V0
(0)

(
b1(x)
n0V0

)′′′
(0) =−ω φ ′

V0
(H)

(7.52)

This motivates us to define a further normalized quantity of the imaginary portion of first har-

monic:

b∗1≡
b1

n0βV0
(7.53)
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With the potential supplied by SPM tip, the differential equation and boundary conditions for

the normalized first harmonic are given by:

b∗′′′′1 (x)+ω2b∗1(x) = ω
h

(x+h)2

BC :





b∗′1 (0) = 0

b∗′1 (H) = 0

b∗′′′1 (0) = 1
ω

1
h

b∗′′′1 (H) = 1
ω

h
(h+H)2

(7.54)

Thus in the simulations, we may assume the initial concentration asc(0) = 1 and applied voltage as

V0 = 1.

The normalized deflection on top surface (with respect to theradius tip) is expressed as follow:

utop(t,ω) = s
∫ H

0
b1(x,ω)dx

[
ej(ωt−900)

]

= s
∫ H

0
b∗1(x,ω)V0n0βdx

[
ej(ωt−900)

]

utop(t,ω)

sV0n0β
=
∫ H

0
b∗1(x,ω)dx

[
ej(ωt−900)

]
, (7.55)

whereutop(t,ω) is the normalized deflection with respect to the length comparable to the tip radius

Rof the SPM tip, or

utop(t,ω) =
utop,real(t,ω)

R
, (7.56)

whereutop,real(t,ω) denotes the deflection in real scale.

In addition, since we are interested in the magnitude of the deflection but not the phase delay,

we may drop the exponential factor,ej(ωt−900), whose magnitude is one. Thus, the deflection in real

scale can be simplified to:

utop,real(t,ω)

sV0n0βR
=
∫ H

0
b∗1(x,ω)dx

︸ ︷︷ ︸
R=1,n0=1,β=1,V0=1

, (7.57)
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Quantities on the left hand side can be obtained via experiments, while the right hand side is

computed using simulation with normalized variablesR= 1, n0 = 1, β = 1 andV0 = 1. Thus,

this equation links experimental data and simulation data,based on which we predict the local ion

concentration. More details will be presented in next section.

Several simulations will be presented to explore various properties.

7.3.2 Numerical Solution of First Harmonic and Effect of Domain Thickness

The first harmonic is believed to redistribute ion locally. To verify this, the system of differential

equations for first harmonic (c1(x)≡ a1(x)+ jbi(x) ) is solved for two domains with different thick-

nessesH. For instance,H = 20R andH = 200R are chosen, whereR is the radius of the SPM tip.

The sample is subjected to a sinusoidal input, with magnitudeVAC = 0.025(Volts), and normalized

frequencyω∗ = 1. The real and imaginary parts, as well as the magnitude
√

a1(x)+b1(x) of the

first harmonic are shown graphically in figure (7.11). It can be seen from figure that the effect of

the SPM is localized. Activities of ions appear within approximately 5R from the site of the SPM

tip for both thicknesses. Thus without loss of generosity, we may adopt domain of shorter thickness

since less data points are needed for computation.

We may further verify the localized redistribution of ions by studying the effects of domain

thickness on the concentration of ions and the deformation (measured as deflection, as a multiple of

radiusRof the SPM tip) on the top surface of the domain. In particular, the deflection on top surface

is the quantity measurable in ESM experiments. In these two simulations, the thickness ranges from

R to 200R. The results are shown in figure (7.12). It cam be seen that these quantities tend to settle

for thickness of the domain is greater than 10R, as a conservative estimate.

7.3.3 Effect of Operating Frequency on Deflection

Next we consider the effect of operating frequency (ω) on deflection of top surface. An attempt

will be made to fit the deflection on top surface (magnitude with respected to the tip radiusR) and

the operating frequency of the applied AC voltage. Based on previous discussions on the effects

of domain thicknessH, we simply adoptH = 20R in the simulation. The range of normalized

frequencies (ω∗) is from 250 to 15000. The magnitude of the applied voltageV0 is 0.025 (Volt). The
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Figure 7.11: Real and imaginary parts, and magnitude, of first harmonic of ion due to SPM with
sinusoidal input voltage.
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Figure 7.12: Effect of domain thickness on first harmonic of (a) ion concentration and (b) deflection
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drifting coefficientβ takes 1. The initial ion concentrationn0 is 1. The distance between effective

chargeQ and top surface is take as 0.3788R. The simulated result is shown in figure (7.13). The

fitted equation for normalized deflection and normalized operating frequency is:

utop,real

sV0n0βR
=

0.36032
ω∗

(7.58)

This equation will be used, in conjunction with experimental data on ESM, to track back local ion

concentration.
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Figure 7.13: Contour showing ion concentration at steady state for domain subjected to SPM tip
with positive voltage. Notice that lithium ion are attracted towards the site of SPM tip.

Following the same approach, one may explore the second harmonics by setting and studying

the corresponding coupled differential equations. The detail can be found in appendix (E.5)
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7.4 Resolving Diffusivity and Local Concentration by Relaxation of ESM

The mechanisms and performance of lithium ion storage are poorly understood, partly due to the

lack of reliable tools to measure lithium ion activities at the nanoscale, especially in a quantitative

manner. The emergence of electrochemical strain microscopy (ESM) has greatly advanced our capa-

bility in probing electrochemistry at nanoscale, enablingimaging of ion diffusion and reaction with

nanometer solution. The technique, however, remains largely qualitative in nature, and measuring

local ionic diffusivity and concentration at the nanoscaleremain to be elusive.

It is possible to measure local ionic diffusivity quantitatively at the nanoscae through ESM

relaxation study, enabled by close combination of numerical simulations and SPM experiments.

This is accomplished by recognizing a universal time constant in ionic relaxation behaviour driven

by the ESM, and further analysis shows that local ionic concentration can also be measured, after the

local diffusivity is mapped quantitatively. To this end, weconsider an electrode materials probed by

a charged SPM tip with radiusR and potentialV. The potential distribution induced by the charged

tip can be approximated by the effective point charge model:In all of our discussion, we assume

that the SPM tip is touching the top surface of the sample. In other words, the SPM tip is in contact

mode. Thus the distance between the SPM tip and the sample surface is taken asdreal = 0. The

SPM tip is virtually imagined as a point chargeQ located at a distanced above the sample surface

where:

Q= 2ε0(1+κ)V0d

d =
2R

κ−1
ln

1+κ
2

φ(x) =
Q

2πε0(1+κ)
1√

x2
1+x2

2+
(

x3
γ +d

)2
(7.59)

whereε0 is the absolute permittivity of vacuum,κ is the effective permittivity of the specimen,γ

measures the dielectric anisotropy of the sample.

The potential distribution would drive perturbation of local lithium ion concentrationc in the
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electrode underneath the probe, as governed by the classical diffusion and electro-migration:

∂c
∂ t

= ∇ · (D∇c)+∇ ·
(

D
zF
RT

c∇φ
)
, (7.60)

whereD andz are the diffusivity and charge number of the considered ion,T is the absolute tem-

perature, andF andRare the Faraday constant and universal time constant, respectively.

For further analysis with numerical analysis, it is revealing to recast the ion transport equation

in a normalized or dimensionless version,

∂c∗

∂ t∗
= ∇ · (∇c∗)+∇ · (c∗∇φ∗) , (7.61)

where the length scale is normalized with respect to the tip radiusR, t ≡ R2

D measures the time

constant involved.

Next we study the kinetic and kinematic of Lithium ions in electrodes. Insights from the ESM

equation on balancing diffusion and electro-migration will be explained. Based on these underlying

facts, an ESM experiment is designed to probe the deflection of the SPM tip that is in contact with

the top surface of the sample during charging / discharging processes, being manipulating by DC-Ac

bias. Simulations are then conducted to produce numerical results that exhibits the same pattern of

data. After suitable curve fitting and comparison between experiments and simulations, we are able

to predict the diffusivityD and local ion concentration (n).

If an AC voltage is applied with relatively high frequencieswhich are shorter than the typical

diffusion time scale, electro-migration dominates over diffusion in the role of redistributing ion

concentration through the induced electric potential. Themodel for this act is simplified as:

∂c
∂ t

= c0Dβ∇2φ . (7.62)

As a remark, in the simulation, we deal with its normalized form:

∂c∗

∂ t∗
= ∇2

x∗φ∗, (7.63)

where the parameter and variable being discussed,D andc0, are hidden or integrated into the equa-
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tion.

Equation (7.62) infers that changes in Li-ion concentration induced by the SPM tip is propor-

tional to the local equilibrium concentrationc0 as well as the diffusion coefficientD. Since this

change is directly proportional to molar volume change and thus the ESM response probed, we

conclude that ESM amplitude also correlates with the local concentration as well as the diffusion

coefficient of Li-ion.

To verify this, a sequence of DC step voltages with AC bias is applied through the SPM tip

to the probed sample, as shown in figure (7.14). The profile is basically made up of five regimes.

Scenarios from these regimes will be explained. The corresponding ESM responses will also be

simulated and compared with experimental data, to predict useful information.

The profile of the applied voltage in the SPM tip is described by:

V(t) =VACsin(ωt)+





0 : 0≤ t ≤ T0

V0 : T0≤ t ≤ 2T0

0 : 2T0≤ t ≤ 4T0

−V0 : 4T0≤ t ≤ 5T0

0 : 5T0≤ t ≤ 6T0

,

where the first term represents the AC bias withω being the operating frequency much shorter than

the relaxation time scale andVAC as the magnitude of the voltage.

The DC voltage is used to manipulate charging so as to redistribute ions towards or away from

the site of SPM tip. The AC voltage is used to activate the probing of the deflection locally. The

operating frequency of the AC can be as high as 1000 (kHz), which induces small vibrational de-

flection (known as the AC-deflection). Due to high frequency and small magnitude, this AC voltage

does not redistribute ions in the sense of global time scale where relaxation of ions takes place

from previously resulted steady state due to DC voltage. Theaction of the bias voltage and the

corresponding response will be outlined with explanation.

Regime➀: Ground State

In this regime, no DC voltage is applied. The AC voltage of high frequency is thus used to probe

the ground state of ions, without redistributing these ionsmuch away from the original configuration.
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Figure 7.14: Profile of applied voltageV(t) during a charging / relaxation process to probe diffusiv-
ity and local ion concentration.

The governing equation of ions in the instantaneous (shorter) time scale for local measurement is:

∂c
∂ t

= D∇2c︸ ︷︷ ︸
dominate

+Dβc∇2φ︸ ︷︷ ︸
frustrate

cinit (x) = c0(x) = c0︸︷︷︸
uniform

, (7.64)

while the governing equation of ions in the global (longer) time scale of relaxation:

∂c
∂ t

= D∇2c

cinit (x) = c0(x) = c0︸︷︷︸
uniform

, (7.65)

The vibrational deflection will be linked to the simulated AC-deflection with the first harmonic to

compute the local ion concentrationc, if diffusivity (D) is known.

Regime➁: Charging with Positive Voltage

In this regime, a positive DC voltage is applied so that ions in the vicinity of the SPM tip move

away, resulting in deformation. The response is dominated by electrostatic interactions, which leads
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to ultrahigh amplitudes, when compared with the responses purely from AC voltage. Thus we do

not examine any ESM response during this regime, though simulated deflection can be obtained.

∂c
∂ t

= Dβc∇2φ

cinit (x) = c0(x) = c0, (7.66)

The time range is so chosen to allow ions to move to the steady state at the end of this regime. This

eventual distribution can be predicted by our previous theoretical calculation.

c(x, tend)≡ css,p(x) =

∫ H
0 c0(x)dx

∫ H
0 e−βφ(x)dx

eβφ(x) (7.67)

Regime➂: Relaxation from steady state due to previous positive DC charging

In this regime, a large drop in ESM response is observed immediately after the removal of the

positive DC voltage, which then gradually increases back tothe ground level by the end of this

regime. The ions in previous steady state returns to the uniform distribution, up to small frustration

due to the high frequency AC. The governing ESM equation in global time scale is:

∂c
∂ t

= D∇2c

cinit (x) = css,p(x), (7.68)

The distribution of ions by the end of this regime is:

c(x, tend) = c0(x), (7.69)

Regime➃: Charging with Negative Voltage

In this regime, a negative DC voltage is applied so that ions in the vicinity of the SPM tip are

attracted towards the tip, resulting in deformation. The governing ESM equation in global time scale
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is:

∂c
∂ t

= Dβc∇2φ

cinit (x) = c0(x) = c0, (7.70)

The time range is so chosen to allow ions to move to the steady state at the end of this regime. This

eventual distribution can be predicted by our previous theoretical calculation.

c(x, tend)≡ css,n(x) =

∫ H
0 c0(x)dx

∫ H
0 e−βφ(x)dx

eβφ(x) (7.71)

Regime➄: Relaxation from steady state due to previous negative DC charging

In this regime, a large increase in ESM response is observed immediately after the removal of

the positive DC voltage, which then gradually decreases back to the ground level by the end of this

regime. The ions in previous steady state returns to the uniform distribution, up to small frustration

due to the high frequency AC. The governing ESM equation in global time scale is:

∂c
∂ t

= D∇2c

cinit (x) = css,n(x), (7.72)

The distribution of ions by the end of this regime is:

c(x, tend) = c0(x), (7.73)

The different relaxation characteristics under differentDC polarities can be clearly understood

from our interpretation of ESM responses - a positive DC voltage by SPM tip reduces the Li-ion con-

centration underneath the SPM tip, resulting in a smaller response than in the ground state, while a

negative DC voltage increases the Li-ion concentration underneath the SPM tip, resulting in a larger

ESM response. The relaxation of ESM response to ground stateafter removal of either positive

or negative voltage corresponds to the redistribution of Li-ions to the equilibrium concentration at

ground state.
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Profile of applied DC voltages and the resulting ion concentration and deformation (referred as

deflection) are shown in figure (7.15). Notice that in the figure, ion concentration is normalized to a

reference uniform concentrationc0, while the deflection is normalized with respect to the radius of

the SPM tipR.
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Figure 7.15: Simulation results of relaxation study of lithium ion. The top graph shows the profile
of applied voltageV(t). The middle graph shows the resulting ion concentration at the top surface
of the electrode,c(x= H, t). The bottom graph shows the deformation,u(x= H, t).

Notice that it is not possible to get direct access of the ion concentration and actual deformation

of the electrode, even on the top surface of the electrode that is in direct contact with the SPM tip. As

discussed, AC voltage of small magnitude and high frequency, that is biased with the DC voltage,

is adopted to obtain vibrational deflection whose magnitudeis known as the AC-deflection. Useful
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information on diffusivity and local concentrations can betracked from AC-deflection, together with

simulation results. The AC-deflection experimentally obtained in the regime of ground state and the

two regions of relaxation are shown in figure (7.16) [90].

0 5 10 15 20 25 30
0

50

100

150

200

250

300

A
m

pl
itu

de
 (

pm
)

Time (s)
0 5 10 15 20 25 30

−15

−10

−5

0

5

10

15

A
pp

lie
d 

B
ia

s 
(V

)

Figure 7.16: Experimental results of relaxation study of lithium ion. Deflection detected by the
SPM tip is shown. Profile of DC voltage for manipulating ions is also shown.

The AC-deflection is also numerically simulated. The data onthe two regimes of relaxation are

also fitted with functions in exponential form:

u∗ = a
(
1−e−bt

)
= a

(
1−e−

t
τ

)
: first relaxation regime

u∗ = a
(
1+e−bt

)
= a

(
1+e−

t
τ

)
: second relaxation regime,

(7.74)

whereτ represents the time constant anda is the value of the function at the end of the regime. The

result is shown on figure (7.17).

Next we will link experimental data and simulated data over the two regimes of relaxation to
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Figure 7.17: Simulation results of relaxation study of lithium ion. Deflection detected by the SPM
tip is shown. The data is also fitted with functions in exponential form. The magnitude of the
deflection is normalized with respect to the radius of SPM tip.
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predict diffusivity (D) and then over the first regime (ground state) to predict local ion concentration

(n). During relaxation, without the effect of electro-migration from DC voltage, ions return to the

original uniform configuration. The trend is believed to behave exponentially. Our strategy is to

estimate the the time constants from experimental data and simulation data. Comparing the time

constants with respect to the time scale will enable us to obtain the diffusivity.

Over the first relaxation regime (where the positive voltagewas removed), the simulated data is

fitted with exponential function:

usimu(t) = 0.00001926
[
1−e−1.7696t]

= 0.00001926
[
1−e−

t
0.5651

]
, (7.75)

where the time constant is approximatelyτsimu= 0.5651.

In the simulation, we have assumed that the diffusivity isDsimu= 5× 10−14(m2/s). We have

also normalized the length scale with respect to the radius of the SPM tip. Thus in the normalized

time scale is:

tsimu=
R2

Dsimu
=

(
10×10−8

)2

5×10−14 = 0.002(s). (7.76)

On the other hand, the experimental data is fitted with the exponential function:

uexp(t) = 103−115e−0.2632t

= 103−115e−
t

0.38 , (7.77)

where the time constant is approximatelyτexp= 3.8.

The normalized time scale for experiment is:

texp=
R2

D
=

(
10×10−8

)2

D
, (7.78)

whereD is the actual diffusivity of the ion to be determined.

The dynamic behaviours in experiments and simulations mustbe consistent. Thus by balancing
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the ratio of time constant over the normalized time scale will yield the diffusivity of ions.

τexp

texp
=

τsimu

tsimu

0.38
(10×10−8)2

D

=
0.5651
0.02

D≈ 7.4474×10−15(m2/s) (7.79)

Similar procedures can be applied to experimental and simulation data on the second relaxation

regime (where the negative voltage was removed) to predict another possible value of diffusivity.

Simulation data: Fitting, time constant and normalized time scale

usimu(t) = 0.00001923
[
1+e−1.9127t]

= 0.00001923
[
1+e−

t
0.5228

]

τsimu= 0.5228(s)

tsimu=
R2

Dsimu
=

(
10×10−8

)2

5×10−14 = 0.002(s). (7.80)

Experimental data: Fitting, time constant and normalized time scale

uexp(t) = 142+58.48e−1.359t

= 142+58.48e−
t

0.7358

τexp= 0.7358

texp=
R2

D
=

(
10×10−8

)2

D
(7.81)

Balancing the ratio of time constant over the normalized time scale for both experiment and
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simulation will yield the diffusivity of ions.

τexp

texp
=

τsimu

tsimu

0.7358
(10×10−8)2

D

=
0.5228
0.02

D≈ 3.5526×10−14(m2/s) (7.82)

Since the experimental data on the second relaxation regimeappear to be scattering, the curve fit-

ting of the data suffers inaccuracy and thus the diffusivitypredicted may not be fully reliable. From

now on, we may assume that the experimental value of diffusivity to beD≈ 7.4474×10−15(m2/s),

which was obtained on experimental and simulation data on first relaxation regime.

With the estimated value of diffusivity, we may further predict the ion concentration from exper-

imental and simulation data on the regime of ground state where only AC-voltage is applied. Under

AC voltageV(t) =V0ejωt , the resulting local ion concentration has the form:

c(t) = c0+c1(ω)ejωt +c2(ω)ej2ωt + · · · , (7.83)

wherec1 andc2 are the first and second harmonics that depends on the operating frequency (ω) of

the input voltage. This ion distribution that is oscillating around the initial distribution results in a

displacement (which is determined by solving mechanical equilibrium equation accordingly). The

deflection at the top surface of the electrode,utop,exp, is related to first harmonic:

utop,exp

sV0n0βR
=

0.36032
ω∗

(7.84)

This formula can be re-casted with variables in real scales:

utop,exp= sV0n0βR×0.36032
1

ω∗

= sV0n0βR×0.36032
D
R2

1
ω

= 0.36032sV0n0β
D
R

1
ω

(7.85)
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The deflection as detected by the SPM tip during ESM experiment is 2 (pm) after integrating with

the quality Q-factor. In the simulation, we have assumed electro-chemical constants= 1, applied

AC-voltageβV0 =
3
40, operating frequencyω = 1000k, diffusivity D = 7.4474× 10−15, radius of

SPM tip R= 10−8. Substituting these parameters into the formula will yieldan estimate value of

the ion concentration:

2×10−12 = 0.36032×1× 3
40

n0
7.4474×10−15

10−8

1
1000×1000

n0 = 9.9375(mol/m3) (7.86)

7.4.1 Summary

We have developed an approach to combine experimental data and simulation for an ESM experi-

ments on relaxation with DC-AC bias to track back useful information on diffusivity (D) and local

ion concentration (n). By having experimentally the (AC-)deflection detected bythe SPM tip on the

top surface, we are able to probe physical quantities of the electrode. On the other hand, we have

not yet considered the effect of the second harmonic, which we will focus in future work.

7.5 Formulation in higher dimensions

The preceding one-dimensional simulation and analysis of ion concentration in ESM can be gener-

alized to higher dimensions. For simplicity, most of the effort is placed on two-dimensions. Three-

dimensional analogy follows naturally.

We begin our discussion with the general form of the governing equation for ion concentration.

∂c
∂ t

= D∇2c−βD∇ · (cE) , (7.87)

wherec= c(x,y) is the ion concentration at the spatial coordinates(x,y), E = E(x,y) is the applied

electric field to the sample,D is the diffusion coefficient andβ is the electro-drifting constant.

Following the numerical scheme applied to one-dimensionalcase, we decompose the equation
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into several component equations, which we then discretize.

∂c
∂ t

= D∇2c−βD∇ · (cE)

=−∇ · (−D∇c+βDcE)

=−∇ · (U,V) , (7.88)

whereU =U(x,y) andV =V(x,y) represent the x- and y- components of the flux of ions.

More specifically, the fluxes are expressed as:


 U

V


=−D∇c+βDcE


 U

V


=−D




∂c
∂x

∂c
∂y


+βDc


 Ex

Ey


 , (7.89)

whereEx = Ex(x,y) andEy = Ey(x,y) are the x- and y- components of the applied electric field.

With these notations, the set of decomposed equations in twodimensions are thus:

∂c
∂ t

=−∂U
∂x
− ∂V

∂y

U(x,y) =−D

(
∂c
∂x
−βEx(x,y)c(x,y)

)

V(x,y) =−D

(
∂c
∂y
−βEy(x,y)c(x,y)

)
(7.90)

The two-dimensional space occupied by the ESM sample is discretized intoN×N cells as the

computational grids. These cells have boundaries denoted by the pointsXI andYJ, where 1≤ I ,J≤
N+ 1. Fluxes and electric fields are defined at these points(XI ,YJ). The centers of the cells are

specified by the coordinates(xi ,y j), 1≤ i, j ≤ N, where the ion concentration is defined. More
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specifically,

c≡ c(t)≡ c(x,y, t) ≈ c(xi ,y j , t)≡ ci j (t)

U≡ U(t)≡U(x,y, t) ≈U(XI ,YJ, t)≡UIJ(t)

V ≡ V(t)≡V(x,y, t) ≈V(XI ,YJ, t)≡VIJ(t) (7.91)

These variables may be dependent on timet. Without loss of generality, we will drop this

symbol. We also rewrite the components of the applied electrical field as:

E ≡ Ex

F ≡ Ey (7.92)

The boundary conditions for the problem are the given fluxes along the four boundary lines of

the two dimensional sample. Thus:

UIJ = ÛIJ

VIJ = V̂IJ (7.93)

wheneverI = 1,N+1 and / orJ= 1,N+1, which corresponds to the points lying on the boundaries.

The set of governing equations for ion transport subjected to zero flux across all boundaries are

discretized as:

Numerical scheme for flux components at interior points,(2≤ I ,J≤ N):

UIJ =−D

(
ci, j −ci−1, j

h
−EIJ

ci, j +ci−1, j

2

)

VIJ =−D

(
ci, j −ci, j−1

h
−FIJ

ci, j +ci, j−1

2

)
(7.94)

Numerical scheme for flux components at boundary points,I = 0 or I = N+ 1 or J = 0 or
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Figure 7.18: Grid for one-dimensional simulation. The length of the sample is divided intoN cells
with N+ 1 subdivision points denoted byxi , at which electric fields or potentials are discretized.
The midpoints of the cells are denoted byx j , at which the ion concentrations are discretized.
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J = N+1:

UIJ = 0

VIJ = 0 (7.95)

Numerical scheme for concentration at all discretized points, (1≤ i, j ≤ N):

∂ci j

∂ t
=−UI+1,J−UI ,J

h
−VI ,J+1−VI ,J

h
(7.96)

Combining these three sets of numerical schemes results in anumerical scheme for concentra-

tion only. This scheme is formulated at various sections of the grid as outlined in appendix (E.6)

and figure (7.19).

1 2

3

Figure 7.19: The explicit forms of the differential equations for concentration at(xi ,y j), that is the
differential equation forci j (t), depends on which section of the two-dimensional domain within
which (xi ,y j) lies. There are nine possible cases that refer to interior points (denoted byA), four
boundaries (denoted byB1,B2,B3,B4) and four corners (denoted byC1,C2,C3,C4).

By the method of lines (MOL), these equations are assembled into a nonlinear time-dependent
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coefficient ODE system for the concentrationc at the grid points(xi ,y j) as functions of timet:

∂c(t)
∂ t

= M (c(t),U(t),V(t))c(t), (7.97)

where the dimension ofc is (N2×1) and the dimension of the matrixM is (N2×N2). The initial

conditions of this ODE system is the initial concentrationc(0) = c0 = c0
i j . Recall that this approach

ensures that numerically the total amount concentration atall time t is conserved for zero flux across

all boundaries.

In the following, we illustrate two simulations for domain with lithium ions subjected to a SPM

tip with positive and negative voltages respectively. The domain, whose thickness is 20 times the tip

radius of the tip, is quantified numerically by a (200×200)-grid, so that 40000 differential equations

are generated to solve for the ion concentration at
{
(xi ,y j),1≤ i ≤ 200,1≤ j ≤ 200

}
. Assume that

the initial ion distribution is unform with the normalized value of one, that is,c(xi ,y j)(t = 0) = 1.

The magnitude of both voltages is 0.25 (Volts), small enoughso that the distribution of potential

from both voltages are moderately symmetric. The distance between the effective chargeQ of the

SPM tip and the surface of the domain is 0.5R, whereR is the radius of the SPM tip. For simplicity,

we take the diffusivity to beD = 1. The ESM equation, now expressed as a first order evolution

equation, is iterated until steady state is reached. Ion distributions and resulting deformations in

steady state will be shown.

As a remark, the first order evolution equation is numerically solved using implicit scheme, as

briefly shown below:

ck+1−ck

∆t
= M

(
Ck,Uk,Vk

)
ck+1

[
I −M

(
Ck,Uk,Vk

)
∆t
]

ck+1 = ck (7.98)

The iterative scheme starts with unit initial condition (concentration), or,c0 = c(0) = 1. With prop-

erly arrangement of entries, theM can be effectively stored as a banded matrix, so as to accelerate

the computation and to allow simulation of large domains that requires more data points for dis-

cretization.

After the ion concentrationc(t) ≈ c(tk) = ck has been computed, one may compute the eigen-
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strain that results from derivation from the preceding ion concentrationc(0)≈ c(t0) = c0, as follow:

εs = s∆c= s
(

c(tk)−c(t0)
)
, (7.99)

heres is the expansion coefficient that relates ion redistribution and deformation. With mechanical

boundary conditions, elasticity equation is used to solve for the displacements, strains and stresses

of the domain when influenced by external voltage. The boundary conditions being considered for

both ESM and mechanical equilibrium are shown in figure (7.20).
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Figure 7.20: Boundary conditions for (a) ESM equation and (b) Elasticity equation. For ESM
equation, all four boundaries assume zero flux so as not to allow ion to flow out. For elasticity
equation, the top surface is traction-free while the bottomis displacement-free. The left and right
boundaries are periodic.

7.5.1 Simulation of Lithium Ions in Two Dimensional Domain Due to SPM tip with Positive Voltage

Using the numerical just developed, assume that a SPM tip with positive voltage (V0 > 0) is brought

to the center on the top surface of the domain. Since lithium ions are positive charges, they are

attracted by the positive voltage of the SPM tip in the vicinity of the site of the SPM tip, as schemat-

ically shown in figure (7.23) (a). Ions are moving away from where the SPM is applied, where the

density (or concentration) of ions decreases, eventually resulting in () of the sample, since lithium

ions are heavier. In steady state, the ion concentration is shown in figure (7.21). Displacement com-

ponents due to ion redistribution are shown in figure (7.22).The deformation of the domain is also



163

exaggeratedly visualized in figure (7.23) (b).
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Figure 7.21: Contour showing ion concentration at steady state for domain subjected to SPM tip
with positive voltage. Notice that lithium ion are attracted towards the site of SPM tip.

7.5.2 Simulation of Lithium Ions in Two Dimensional Domain Due to SPM tip with Negative Volt-

age

On the other hand, assume that a SPM tip with positive voltage(V0 < 0) is brought to the center

on the top surface of the domain. Since lithium ions are positive charges, they are attracted by

the negative voltage of the SPM tip in the vicinity of the siteof the SPM tip, as schematically

shown in figure (7.26) (a). Ions are moving towards from wherethe SPM is applied, where the

density (or concentration) of ions increases, eventually resulting in () of the sample, since lithium

ions are heavier. In steady state, the ion concentration is shown in figure (7.24). Displacement

components due to ion redistribution are shown in figure (7.25). The deformation of the domain is

also exaggeratedly visualized in figure (7.26) (b).
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Figure 7.22: Displacement components of domain of Lithium ions in steady state due to SPM tip
with positive voltage.
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(a) Ions are attracted. (b) Deformation visualized.

Figure 7.23: Schematic showing positive voltage induces attraction of ion towards SPM tip and the
resulting deformation.
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Figure 7.24: Contour showing ion concentration at steady state for domain subjected to SPM tip
with negative voltage. Notice that lithium ion are attracted towards the site of SPM tip.
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(a) x-displacementu (b) y-displacementv

Figure 7.25: Displacement components of domain of Lithium ions in steady state due to SPM tip
with negative voltage.
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(a) Ions are attracted. (b) Deformation visualized.

Figure 7.26: Schematic showing negative voltage induces attraction of ion towards SPM tip and the
resulting deformation.

7.5.3 Region of Influence

From the 2D simulation of ion redistribution, we may identify the region in the vicinity of the SPM

tip, which we refer as the region of influence. The trend of ionconcentration and deformation (as de-

flection) over the center line are shown in figure (7.27). Notice that the size of the region of influence

is about 7 times of the radiusR of the SPM tip, which is consistent with the corresponding results

predicted by one-dimensional model. Notice in two dimensions, displacement has two components

denoted byu andv. For the sake of convenience, we plot the vector sum of the displacement, that

is,
√

u2+v2.

7.5.4 Fitting first harmonic deflection for two-dimensionalmodel

With two dimensional model, we may also study the first harmonic deflection that results from

applying AC voltage in the SPM tip on the electrode. The simulation data are then curve-fitted to

relate normalized deflection and normalized operating frequency:

δ ∗AC≈
0.008732

ω∗
(7.100)

This formula can be adopted to predict the local concentration with ESM experiments. Simulation

data and the fitting curve are shown in figure (7.28).
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Figure 7.27: Region of influence of ion distribution and displacement on top surface as detected
by SPM tip in 2D model. The top graph shows the initial and steady state ion distribution over the
center line of the two-dimensional domain. The bottom graphshows the displacements.
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Figure 7.28: First harmonic deflection in two dimensional model.

7.5.5 Sensitivity of SPM tip in probing local concentrationin inhomogeneous electrode

In previous one-dimensional model, with known diffusivity(D) (which can be predicted via ion

relaxation from manipulating DC voltage), it is possible toprobe local ion concentration (n) by

linking experimental data of ESM experiments with simulation data for first harmonic deflection on

top surface that is due to applied AC voltage with small magnitude and high frequency.

In order to further verify the sensitivity of the SPM tip in the capability to probe local ion

concentration at various points over the sample surface, weconsider a two dimensional domain with

laminating distribution of known ion concentration (1 and 1.5 repeating) across the x-coordinate,

as shown in figure (7.29) (a). The ratio of the ion concentration in different layers is 1.5. Two-

dimensional model allows us to simulate AC-deflection over each portion, as shown in figure (7.29)

(b). The ratio of the magnitude is approximately 1.539. It proves that ESM experiments with

simulation based on two-dimensional model allows us to probe local ion concentration using AC

voltage.



169

1

age

(a) distribution of laminated ion concentration

0 20 40 60 80 100 120 140 160 180 200
1

1.1

1.2

1.3

1.4

1.5

x (in normalized scale)

io
n 

co
nc

en
tr

at
io

n 
(n

or
m

al
iz

ed
)

 

 

0 20 40 60 80 100 120 140 160 180 200
0.12

0.14

0.16

0.18

0.2

0.22

A
C

−
de

fle
ct

io
n 

(n
or

m
al

iz
ed

)

ion concentration
AC deflection

0.126

0.197

0.197

0.126
= 1.539

(b) AC-deflection.

Figure 7.29



170

Chapter 8

SPECTRAL METHODS IN ELECTRO-MECHANICS AND PHASE FIELD
SIMULATIONS

In our previous works on solving Maxwell’s equations, elasticity equations and phase field sim-

ulations, we have assumed periodicity along all directionsand then released periodicity along the

out-of-plane direction for more realistic configurations.There are three potential reasons for im-

provement and generalization:

(1) Non-periodicity along out-of-plane direction associates with finite difference whose accu-

racy is of second order, compared with spectral accuracy of FFT along the two in-plane directions.

Effectively the accuracy of the whole numerical scheme is downgraded to second order.

(2) In addition to (1), imposing periodicity along in-planedirections do not take into account the

physical boundaries along the four lateral faces of the three-dimensional domain. For mechanical

boundary conditions, traction on top surface and displacement constraint on bottom surface are

involved, while for electrical boundary conditions, electric fields, charges or potentials on either

surfaces are involved.

(3) The constitutive material properties (as in Hooke’s lawand dielectric equation) being adopted

are homogeneous and of isotropic, which do not suffice to study more general configuration, such

as non-homogeneous materials.

We would like to extend our current numerical tools to include more general and realistic phys-

ical configurations, such as nonhomogeneous and anisotropic materials and physical boundary con-

ditions over lateral surfaces instead of periodicity. For this, we utilize a powerful numerical method

known as the spectral method that will enable us to resolve these three issues. We will develop the

spectral method to solve Maxwell’s equation and elasticityequation for nonhomogeneous materials

subjected to arbitrary physical boundary conditions on boundaries without imposing any periodic-

ity, as well as phase field simulation under general configuration. This numerical formulation is of

spectral accuracy.
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References of spectral methods can be found in works of Trefethen [94, 95, 96]. Application

and implementation of the spectral method in heat transfer and related problems can be founded in

Guo, Labrosse and Narayanann [97].

8.1 Preparation

Before solving these equations in the general context, we outline the essential building blocks of the

spectral method.

We work with simulation in at least micro-scales. As a custom, we normalize the length scale.

The in-plane dimensions are scaled to one,[0,1], while the out-of-plane dimension is scaled accord-

ingly, with the same scale factor.

For spectral method, due to various issues with the theory ofapproximation, we normalize the

major dimensions to length of two. For instance, these dimension are scaled to symmetric intervals

[−1,1].

Over the normalized intervals, we introduced the coordinate system as the projection of(n+1)

points on the upper half of the unit circle in the complex plane. These projected points are known

as the Chebyshev points, which can also be mathematically characterized as:

x j =−cos
(

j
π
n

)
,0≤ j ≤ n (8.1)

The distribution of these Chebyshev points are illustratedin figure (8.1).

All physical quantities are designated at these points. In other words, all physical quantities

(such as displacements and potential) are approximated at the Chebyshev points
{

x j
}

, through the

Chebyshev polynomials
{

Tj
}

, where:

f (x)≈
n

∑
k=0

akTk(x)

ak =
2
π

∫ 1

−1

f (x)Tk(x)√
1−x2

dx

Tk(x) = cos
(
kcos−1(x)

)
(8.2)

Over the unevenly distributed Chebyshev points
{

x j
}

, we may introduce the numerical differ-
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Figure 8.1: Chebyshev points (n = 16)

entiation matrixD with high accuracy. The inverse of this matrix,D−1, corresponds to integration.

The elements of the Chebyshev differentiator matrixD= [Di j ] are characterized by the following

formula:

D00 =
2N2+1

6

DNN =−2N2+1
6

D j j =−
x j

2
(

1−x2
j

) , j = 1, ...,N−1

Di j =
ci

c j

(−1)i+ j

xi −x j
, i 6= j (8.3)

where we define

ci j =





2 f or i = 0,N

1 f or1≤ i ≤ N−1
(8.4)
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Alternatively, the differentiator matrix has the following structure:

D =




2N2+1
6 2(−1)i+ j

1−xj

1
2 (−1)N

(−1)i+ j

xi−xj

−1
2
(−1)i

1−xi
− xj

2(1−x2
j )

1
2
(−1)N+i

1+xi

2(−1)i+ j

1−xj

−1
2 (−1)N −2(−1)N+ j

1−xj
−2N2+1

6




(8.5)

Matrix corresponding to second derivativesE is computed by squaring the differentiator matrix

D. For instance,

E = D2 (8.6)

If the values of some functionu(x) at Chebyshev points
{

x j
}

are approximated asui = u(xi),

then the approximations of the first and second derivatives,u′(x) andu′′(x), at the Chebyshev points
{

x j
}

, denoted byvi = u′ (xi) andwi = u′′ (xi) respectively, can be approximated via multiplications

with matricesD andE. Mathematically,

{
u′(xi)

}
≈D{u(xi)}





v0

...

vi

...

vN





≈




D








u0

...

ui

...

uN





(8.7)
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and

{
u′′(xi)

}
≈ E{u(xi)}





w0

...

wi

...

wN





≈




E








u0

...

ui

...

uN





(8.8)

Without loss of generality, we focus on solving the mentioned problems in two dimensions. We

will revisit Maxwell’s equation with periodic conditions across x-direction and physical boundary

conditions over top and bottom surfaces, for validation against the previous methods using FFT and

finite difference. We will then propose a generalization of the spectral method to deal with non-

periodicity along both x- and y-directions. Spectral method for elasticity equation and phase field

simulation are finally outlined.

8.2 Solving Maxwell’s Equation with x-periodicity using Spectral Method

Recall that we are solving the following Maxwell’s equationwhere periodicity is assumed along

x-direction:

κ∇2φ = ∇ ·P, (8.9)

whereφ = φ(x,y) is the potential over the sample,κ is the permittivity andP represents the vector

for the spontaneous polarization. Various boundary conditions can be considered over the top and

bottom boundaries. For Maxwell’s equation, potential or electric flux or charge are adopted. (Figure

8.2)
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Figure 8.2: Schematic of computational domain for Maxwell’s equation with boundary condition.
Periodicity is assumed in x-direction.

As what was done before, we take FFT along x-direction:

κ∇2φ = ∇ ·P

κ
d2φ
dx2 +κ

d2φ
dy2 =

dPx

dx
+

dPy

dy
FFT in x−−−−→

−κk2
xφ +κ

d2φ
dy2 = (ikx)Px+

dPy

dy
, (8.10)

wherekx are the Fourier coordinates andf = f (kx,y) denotes the FFT off (x,y) in x-direction. This

also converts the Maxwell’s equation to a decoupled system of ordinary differential equations along

y-direction, each of which associates a differentkx.

For the y-direction, we replace the derivative by Chebyshevdifferentiation matrixD, yielding

the following matrix equation for the numerical values of the potential at Chebyshev points{yi}:

−κk2
xIφ +κD2φ = (ikx)Px+DPy

(
−κk2

xI +κD2)φ = (ikx)Px+DPy (8.11)
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For each Fourier Coordinate{kx}, we solve the matrix equation in the form:

AΦ = b



A(0,0) A(0,1 : n−1) A(0,n)

A(1 : n−1,0) A(1 : n−1,1 : n−1) A(1 : n−1,n)

A(n,0) A(n,1 : n−1) A(n,n)








φ0

φ i

φn





=





b0

bi

bn





(8.12)

If both surfaces are subjected to given potentials, namely,φtop(x) andφbot(x), we take FFT to

obtain:

φtop(x)
FFT in x−−−−→ φ top(kx)

φbot(x)
FFT in x−−−−→ φ bot(kx) (8.13)

The first and last rows of the matrix equations are then replaced by the FFT of the boundary

conditions, which yields:




1 0 0

A(1 : n−1,0) A(1 : n−1,1 : n−1) A(1 : n−1,n)

0 0 1








φ 0

φ i

φ n





=





φ top(kx)

bi

φ bot(kx)





(8.14)

The modified matrix equation is inverted to give the numerical values ofφ (kx,y), which further

yield the potential in real spaceφ(x,y) upon taking inverse FFT.

Neumann boundary condition such as given electric field on top surface,Ey =−dφ
dy = f (x), can

be implemented with the first row of the Chebyshev differentiation matrix and numerical values of
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potentials:

−D0φ = f (x)

[
D(0,0) D(0,1 : n−1) D(0,n)

]





φ0

φi

φn





=− f (x) (8.15)

The first row of the matrix equation can then be replaced by this portion of the Chebyshev

differentiation matrix:




D(0,0) D(0,1 : n−1) D(0,n)

A(1 : n−1,0) A(1 : n−1,1 : n−1) A(1 : n−1,n)

0 0 1








φ0

φ i

φn





=





− f (kx)

bi

φ bot(kx)





(8.16)

The updated matrix equation is then inverted for solution, as previously done.

As a remark, we usually normalize the Maxwell’s equation to avoid truncation errors from big

and small numbers.

ε∇2φ = ∇P

1
L2ε∇∗2φ =

1
L

∇∗PsP∗

∇∗2φ =
LPs

ε
∇∗P∗

∇∗2φ∗ = ∇∗P∗, (8.17)

where the normalized potential has been defined byφ∗ = φ
LPs

ε
.

Some simulations will be run for validation of the spectral method.
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8.2.1 Simulation 1: Periodic Maxwell’s equation solved by Spectral Method

For computational convenience, we may choose the domain forsimulation to beΩ= {−1≤ x≤ 1,−1≤ y≤ 1},
the permittivity is unform with valueε = 1. The left and right boundaries are subjected to periodic

boundary condition. The bottom surface is grounded (zero potential) while the top surface is sub-

jected to an artificial potential given byφtop(x) = cos(2πx). This periodic potential is so chosen

to make it consistent with the periodicity of the problem. Recall that the simulation results from

adopting FFT in x-direction and spectral method in y-direction. The resulting potential is shown in

figure (8.3).
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Figure 8.3: Periodic Maxwell’s equation; grounded on bottom surface, potential on top surface
cos(2πx). (a) Schematic, (b) Simulation: potential.

8.2.2 Simulation 2: Periodic Maxwell’s equation solved by Spectral Method

All settings remain unchanged except on the top surface, electric field is applied:

Ey =−
∂φ
∂y

= sin(πx) (8.18)

The resulting potential is shown in figure (8.4).
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Figure 8.4: Periodic Maxwell’s equation; grounded on bottom surface, electric field (y-component)
on top surfaceEy = sin(πx). (a) Schematic, (b) Simulation: potential.

8.2.3 Simulation 3: Periodic Maxwell’s equation solved by Spectral Method

The domain is periodic in x-direction. The bottom surface isgrounded while the top surface is

subjected to zero electric flux such that∂φ
∂y (x,y = 1) = 0. Spontaneous polarization exists and are

given by:

P=





Px

Py



=





sin(2πx)

sin(2πx) (y+1)2



 (8.19)

Relative permittivity is needed in the simulation, which istaken asκ = 500. The resulting potential

is shown in figure (8.5).
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Figure 8.5: Periodic Maxwell’s equation; grounded on bottom surface, zero electric flux on top
surface. Spontaneous polarization exists. (a) Schematic,(b) Simulation: potential.

8.3 Solving General Maxwell’s Equation using Spectral Method

We extend the spectral method to solve the non-periodic Maxwell’s equation with general material

properties subjected to arbitrary conditions:

−∇ · (κ(x,y)∇φ(x,y)) = ∇ ·P

− ∂
∂x

(
κ(x,y)

∂φ
∂x

)
− ∂

∂y

(
κ(x,y)

∂φ
∂y

)
=

∂Px

∂x
+

∂Py

∂y
, (8.20)

whereκ = κ(x,y) is the permittivity,P=





Px

Py



=





Px(x,y)

Py(x,y)



 is the spontaneous polarization,

andφ = φ(x,y) is the potential.

We release periodicity in all directions, so that we may now apply realistic boundary conditions,

such as potentials on bottom and top boundaries, and electric fields on left and right boundaries.

The schematic is shown in figure (8.6).

The normalized domain{−1≤ x,y≤ 1} is characterized by two set of Chebyshev points de-
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Figure 8.6: Schematic of computational domain for Maxwell’s equation with boundary condition.
Physical boundary condition can be imposed on each boundary.

noted by(xi ,y j), where:

xi =−cos

(
i

π
nx

)
,0≤ i ≤ nx

y j =−cos

(
j

π
ny

)
,0≤ j ≤ ny. (8.21)

While FFT decouples the complex equation being studied intoa system of independent differen-

tial equation whose variables are the FFT of the electric potentialsφ (kx,y), so that a set of(nx+1)

matrix equations, each of size(ny+1)× (ny +1) is generated, spectral method does not. Instead,

a single large and dense matrix equation is generated for theelectrical potentials at all Chebyshev

points(xi ,y j). For this, we re-express the potentials, which is originally a two-dimensional array, as

a one-dimensional vector:

φ(xi ,y j)≡ φi j
equivalent←−−−−→ φk (8.22)

The schematic is also shown in figure (8.7).
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Figure 8.7: Schematic illustrating equivalence between two dimensional data and one dimensional
vector

Before we move on to the matrix generated to solve for the electric potentials, we need to modify

the Chebyshev differentiators inx and iny so that they can be adopted in two-dimensions. The one-

dimensional Chebyshev differentiators, denoted byDx andDy, can be applied repeatedly along all

rows and columns of the two-dimensional data to approximatethe derivatives inx and iny. If we

want to do any derivative utilizing all data points in one single operation, we simply embed the

original Chebyshev differentiators to a large matrix whichcan do numerical differentiation from all

data. This can be done by introducing the Kronecker product with the following identity matrices:

Ix =




1
...

1
...

1



(nx+1)×(nx+1)

(8.23)
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and

Iy =




1
...

1
...

1



(ny+1)×(ny+1)

(8.24)

Differentiators in two-dimension can be obtained by embedding the original differentiators in

one-dimension via Kronecker product withIx andIy as shown below:

d f
dx
≈ Dx

embed−−−→ Iy⊗Dx f ≡ L x

d f
dy
≈ Dy

embed−−−→ Dx⊗ Ix f ≡ L y

d2 f
dx2 ≈ Ex = D2

x
embed−−−→ Iy⊗Ex f ≡ L xx

d2 f
dy2 ≈ Ey = D2

y
embed−−−→ Ex⊗ Ix f ≡ L yy (8.25)

Mixed derivatives can be obtained by multiplying the individual embedded derivatives:

d2 f
dxdy

= L xL y≡ L xy (8.26)

For example, ifnx = 4 andny = 3, the differentiator matrices for one-dimension and identity
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matrices will have the forms:





fx(x0,y j)

fx(x1,y j)

fx(x2,y j)

fx(x3,y j)





= Dx





f (x0,y j)

f (x1,y j)

f (x2,y j)

f (x3,y j)





=




X00 X01 X02 X03

X10 X11 X12 X13

X20 X21 X22 X23

X30 X31 X32 X33








f (x0,y j)

f (x1,y j)

f (x2,y j)

f (x3,y j)









fy(xi ,y0)

fy(xi ,y1)

fy(xi ,y2)





= Dy





f (xi ,y0)

f (xi ,y1)

f (xi ,y2)





=




Y00 Y01 Y02

Y10 Y11 Y12

Y20 Y21 Y22








f (xi ,y0)

f (xi ,y1)

f (xi ,y2)





Ix =




1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1




Iy =




1 0 0

0 1 0

0 0 1


 (8.27)

The Kronecker product of each differentiator and the identity matrix yields the following differ-

entiators for two-dimension:
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∂ f
∂x

= Iy⊗Dx f ≡ L x f




fx(x0,y0)

fx(x1,y0)

fx(x2,y0)

fx(x3,y0)

fx(x0,y1)

fx(x1,y1)

fx(x2,y1)

fx(x3,y1)

fx(x0,y2)

fx(x1,y2)

fx(x2,y2)

fx(x3,y2)





=




X00 X01 X02 X03

X10 X11 X12 X13

X20 X21 X22 X23

X30 X31 X32 X33

X00 X01 X02 X03

X10 X11 X12 X13

X20 X21 X22 X23

X30 X31 X32 X33

X00 X01 X02 X03

X10 X11 X12 X13

X20 X21 X22 X23

X30 X31 X32 X33








f (x0,y0)

f (x1,y0)

f (x2,y0)

f (x3,y0)

f (x0,y1)

f (x1,y1)

f (x2,y1)

f (x3,y1)

f (x0,y2)

f (x1,y2)

f (x2,y2)

f (x3,y2)





(8.28)
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∂ f
∂y

= Dy⊗ Ix f ≡ L y f




fy(x0,y0)

fy(x1,y0)

fy(x2,y0)

fy(x3,y0)

fy(x0,y1)

fy(x1,y1)

fy(x2,y1)

fy(x3,y1)

fy(x0,y2)

fy(x1,y2)

fy(x2,y2)

fy(x3,y2)





=




Y00

Y00

Y00

Y00

Y01

Y01

Y01

Y01

Y02

Y02

Y02

Y02

Y10

Y10

Y10

Y10

Y11

Y11

Y11

Y11

Y12

Y12

Y12

Y12

Y20

Y20

Y20

Y20

Y21

Y21

Y21

Y21

Y22

Y22

Y22

Y22








f (x0,y0)

f (x1,y0)

f (x2,y0)

f (x3,y0)

f (x0,y1)

f (x1,y1)

f (x2,y1)

f (x3,y1)

f (x0,y2)

f (x1,y2)

f (x2,y2)

f (x3,y2)





(8.29)

As a remark, second derivatives∂ 2 f
∂x2 , ∂ 2 f

∂y2 and ∂ 2 f
∂x∂y = ∂ 2 f

∂y∂x have the same structures, and are not

shown here.

Furthermore, variable coefficient, such as spatial permittivity κ = κ(x,y) or other material prop-

erties can be treated in the following steps:

(1) Computeκ = κ(x,y) at Chebyshev points(xi ,y j) as 2D arrayκ = κi j .

(2) Re-arrange the 2D arrayκ = κi j to 1D vectorκ = κk. The length of the vector is(nx +

1)(ny+1).

(3) Set up a diagonal matrix whose diagonal elements are the element of the vectorκ = κk, in

the same order. The size of this diagonal matrix is the same asthe differentiator matrices for two

dimensions, or,(nx+1)(ny+1)× (nx+1)(ny+1).

The resulting matrix can then be pre-multiplied to the differentiator matrices, in the same order,

as what the coefficients appear in the original equations.
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In summary, we have:

κ = κ(x,y) evaluate−−−−→ κi j = κ(xi,y j)
re−arrange−−−−−−→ {κk}

re−arrange−−−−−−→ [κ ] = diag(κk) (8.30)

The termκ(x,y)∂ f
∂x corresponds to the matrix[κ ]L x f in the formulation of spectral method.

The powerfulness of the spectral method enables us to solve the general Maxwell’s equation

with variable coefficients (permittivity) by directly translating the given equation into embedded

Chebyshev differentiator matrices in the same order, as shown below:

−∇ · (κ(x,y)∇φ(x,y)) = ∇ ·P

− ∂
∂x

(
κ(x,y)

∂φ
∂x

)
− ∂

∂y

(
κ(x,y)

∂φ
∂y

)
=

∂Px

∂x
+

∂Py

∂y

−κ
∂ 2φ
∂x2 −

∂κ
∂x

∂φ
∂x
−κ

∂ 2φ
∂y2 −

∂κ
∂y

∂φ
∂y

=
∂Px

∂x
+

∂Py

∂y(
− [κ ]L xx−

[
∂κ
∂x

]
L x− [κ ]L yy−

[
∂κ
∂y

]
L y

)
{φ}= L x{Px}+L y{Py}

AΦ = b (8.31)

Rows of the matrix equation are then replaced by boundary conditions.

If the top surface is subjected to Dirichlet boundary condition, such as given potential,

φi,0 = g(xi),∀i = 0, ...,nx, (8.32)

which can also be re-labeled as in one-dimensional vector:

φk = φnx×i+ j = g(xi),∀i = 0, ...,nx, (8.33)

then each row of the matrix equation, withk= nx× i+ j,∀i = 0, ...,nx, is replaced by the following:

A(k,k) = 1

A(k,m 6= k) = 0

b(k) = g(xi) (8.34)
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On the other hand, if the top surface is subjected to Neumann boundary condition, such as

electric field,

Ey(xi ,y0) =−
∂φ
∂x

(xi ,y0) = g(xi),∀i = 0, ...,nx, (8.35)

which can also be re-labeled as in one-dimensional vector:

−∂φk=nx×i+ j

∂x
= g(xi),∀i = 0, ...,nx, (8.36)

which can further be expressed in terms of embedded Chebyshev differentiator for two dimensions:

(Iy⊗Dx)|k=nx×i+ j =−g(xi),∀i = 0, ...,nx, (8.37)

then each row of the matrix equation, withk= nx× i+ j,∀i = 0, ...,nx, is replaced by the following:

A(k, :) = (Iy⊗Dx)|k=nx×i+ j

b(k) =−g(xi) (8.38)

The updated matrix equation is finally solved for the resulting electric potential. Boundary

conditions on other boundaries can be implemented familiarly.

In what follow, we illustrate some simulation for solving general Maxwell’s equation using full

spectral method.

8.3.1 Simulation 1: General Maxwell’s equation solved by Spectral Method

We solve the non-periodic Maxwell’s equation with uniform permittivity. The bottom surface is

grounded. The left surface is subjected to electrical insulation. The right surface is subjected to the

potentialφright(y) = sin(2πy). The top surface is subjected to the electric field acting in y-direction

asEtop,y(x) = (x+1)2. The resulting potential is shown in figure (8.8).
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Figure 8.8: Non-periodic Maxwell’s equation; four different conditions on four boundaries. (a)
Schematic, (b) Simulation: potential.

8.3.2 Simulation 2: General Maxwell’s equation with nonhomogeneous permittivity solved by

Spectral Method

We illustrate how the spectral method can solve general Maxwell’s equation with nonhomogeneous

permittivity, which makes it distinguishing from the previous method using FFT.

As a control set, we first solve the general Maxwell’s equation with homogeneous permittivity,

where:

κ(x,y) = 6 (8.39)

For the boundary conditions, we have zero potential on both top and bottom surfaces, while both

left and right surfaces are electrically insulated.

Spontaneous polarization exists as:

P=





Px(x,y)

Py(x,y)



=





0

(y+1)2



 (8.40)

The mentioned schematic is shown in figure (8.9).
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Figure 8.9: Schematic of computational domain for Maxwell’s equation with boundary condition.
Periodicity is assumed in x-direction.

The spital distribution of permittivity and the resulting potentials are shown in figure (8.10).

We consider the same Maxwell’s equation again, now with laminated permittivity, where:

κ(x,y) =





10 :x< 0

2 : x> 0

All other conditions (boundary conditions, instantaneouspolarization) remain unchanged. The

spital distribution of permittivity and the resulting potentials are shown in figure (8.11). Notice that

in the latter simulation, different region of permittivityinduce different pattern of potential.

8.3.3 Simulation 3: General Maxwell’s equation with nonhomogeneous polarization solved by

Spectral Method

We may also consider the potential distribution of a sample with alternating instantaneous polariza-

tion, such as:

Py(x,y) =





1 : x< 0

−1 : x> 0

The polarization is pointing upwards and downwards as shownin the schematic (8.12).
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Figure 8.10: Spital distribution of permittivityκ (homogeneous) and resulting potentialφ . It is used
as a control set.
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Figure 8.11: Spital distribution of permittivityκ (non-homogeneous) and resulting potentialφ .
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For the boundary conditions, the top and bottom surfaces aregrounded while the left and right

surfaces are electrically insulated. With constant permittivity, the resulting potential is shown in

figure (8.12).

omain

κ φ∇ ∇ =∇( P

φ =( 0
bot

x

φ =( 0
top

x

=

�

(
0

x
le
ft

E
y

=

�

(
0

x
rig

h
t

E
y

=1
y
P = 1

y
P

 

 

−3

−2

−1

0

1

2

3

x 10
−17

Figure 8.12: Schematic of instantaneous polarization and resulting potentialφ .

8.4 Solving Elasticity Equation using Spectral Method

Spectral method can be used to solve the general elasticity equation stated as:

σi j =Ci jkl (εkl− ε∗kl)

σi j , j = 0 (8.41)

As a preliminary study, we assume the material stiffness to be isotropic yet functions ofx and

y, so that, with the Vigot notation, the stiffness matrix reduces to the following 3× 3-matrix for

two-dimension:

C(x,y) =
[
Ci jkl (x,y)

]
=




c11(x,y) c12(x,y)

c21(x,y) c22(x,y)

c66(x,y)


 (8.42)
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On each boundary, either displacement constraint or traction can be imposed as boundary con-

ditions. The schematic is shown in figure (8.13).
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Figure 8.13: Schematic of computational domain for Maxwell’s equation with boundary condition.
Periodicity is assumed in x-direction.

For two dimension, the elasticity is expressed as a coupled system for the two components of

displacement components denoted byu andv:

c11
∂ 2u
∂x2 +c12

∂ 2v
∂x∂y

+c66
∂ 2v

∂x∂y
+c66

∂ 2u
∂y2 +

∂c11

∂x
∂u
∂x

+
∂c12

∂x
∂v
∂y

+
∂c66

∂y
∂u
∂y

+
∂c66

∂y
∂v
∂x

= c11
ε∗11

∂x
+c12

ε∗22

∂x
+c66

ε∗12

∂y
+c66

ε∗21

∂y
+

∂c11

∂x
ε∗11+

∂c12

∂x
ε∗22+

∂c66

∂y
ε∗12+

∂c66

∂y
ε∗21 (8.43)

c66
∂ 2u

∂x∂y
+c66

∂ 2v
∂x2 +c21

∂ 2u
∂x∂y

+c22
∂ 2v
∂y2 +

∂c66

∂x
∂u
∂y

+
∂c66

∂x
∂v
∂x

+
∂c21

∂y
∂u
∂x

+
∂c22

∂y
∂v
∂y

= c66
ε∗11

∂x
+c66

ε∗22

∂x
+c21

ε∗12

∂y
+c22

ε∗21

∂y
+

∂c66

∂x
ε∗12+

∂c66

∂x
ε∗21+

∂c21

∂y
ε∗11+

∂c22

∂y
ε∗22 (8.44)

Assume that we have re-labeled all the two-dimensional variables (as matrices) into equivalent
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one-dimensional vectors, such as:

ui j = u(xi ,y j)
re−label−−−−−→ uk

vi j = v(xi ,y j)
re−label−−−−−→ vk

ε∗11|i j = ε∗11(xi ,y j)
re−label−−−−−→ ε∗11|k (8.45)

Stiffness coefficientsc11, c22, c12, c21 andc66 as well as their derivatives, which can be generally

functions of x and y, thus expressed numerically as two-dimensional arrays, can be repressed and

relabeled as one-dimensional vectors and further as the diagonal elements of diagonal matrices. For

example:

c11|i j = c11(xi ,y j)
re−label−−−−−→ c11|k

embed−−−→ [c11] = diag(c11|k) (8.46)

With this setting, we may translate the coupled elasticity equations into embedded Chebyshev

differentiator matrix and variables expressed as one-dimensional vector, in order to generate a matrix

equations for the displacement components:

[c11]L xx{u}+[c12]L xy{v}+[c66]L xy{v}+[c66]L yy{u}

+

[
∂c11

∂x

]
L x{u}+

[
∂c12

∂x

]
L y{v}+

[
∂c66

∂y

]
L y{u}+

[
∂c66

∂y

]
L x{v}

=[c11]L x{ε∗11}+[c12]L x{ε∗22}+[c66]L y{ε∗12}+[c66]L y{ε∗21}

+

[
∂c11

∂x

]
{ε∗11}+

[
∂c12

∂x

]
{ε∗22}+

[
∂c66

∂y

]
{ε∗12}+

[
∂c66

∂y

]
{ε∗21} (8.47)

[c66]L xy{u}+[c66]L xx{v}+[c21]L xy{u}+[c22]L yy{v}

+

[
∂c66

∂x

]
L y{u}+

[
∂c66

∂x

]
L x{v}+

[
∂c21

∂y

]
L x{u}+

[
∂c22

∂y

]
L y{v}

=[c66]L x{ε∗11}+[c66]L x{ε∗22}+[c21]L y{ε∗12}+[c22]L y{ε∗21}

+

[
∂c66

∂x

]
{ε∗12}+

[
∂c66

∂x

]
{ε∗21}+

[
∂c21

∂y

]
{ε∗11}+

[
∂c22

∂y

]
{ε∗22} (8.48)
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These two equations are then assembled to yield a large matrix equation in{u} and{v}:

A(nx+1)(ny+1)×(nx+1)(ny+1)Φ(nx+1)(ny+1)×1 = b(nx+1)(ny+1)×1, (8.49)

where

A =


 [c11]L xx+[c66]L yy+

[
∂c11
∂x

]
L x+

[
∂c66
∂y

]
L y [c12]L xy+[c66]L xy+

[
∂c12
∂x

]
L y+

[
∂c66
∂y

]
L x

[c66]L xy+[c21]L xy+
[

∂c66
∂x

]
L y+

[
∂c21
∂y

]
L x [c66]L xx+[c22]L yy+

[
∂c66
∂x

]
L x+

[
∂c22
∂y

]
L y




(8.50)

and

Φ =




{u}

{v}



 (8.51)

and

b =





[c11]L x{ε∗11}+[c12]L x{ε∗22}+[c66]L y{ε∗12}+[c66]L y{ε∗21}
+
[

∂c11
∂x

]
{ε∗11}+

[
∂c12
∂x

]
{ε∗22}+

[
∂c66
∂y

]
{ε∗12}+

[
∂c66
∂y

]
{ε∗21}

[c66]L x{ε∗11}+[c66]L x{ε∗22}+[c21]L y{ε∗12}+[c22]L y{ε∗21}
+
[

∂c66
∂x

]
{ε∗12}+

[
∂c66
∂x

]
{ε∗21}+

[
∂c21
∂y

]
{ε∗11}+

[
∂c22
∂y

]
{ε∗22}





(8.52)

The assembled matrix equation is then updated for various boundary conditions.

If the top surface, designated by the points with coordinates (xi ,y0)∀i = 0, ...,nx, is subjected to

displacement constraint,u= v= 0, or equivalently expressed as one-dimensional vectors,

uk = ui,0 = u(xi ,y0) = 0∀i = 0, ..,nx

vk = vi,0 = v(xi ,y0) = 0∀i = 0, ..,nx

k= i×nx+ j, (8.53)
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for each of these running indicesk, thek-th row and(k+N)-th row are replaced by the following:

A(k,k) = 1

A(k,m 6= k) = 0

A(k+N,k+N) = 1

A(k+N,m 6= k+N) = 0

b(k) = 0

b(k+N) = 0, (8.54)

where we denoteN = (nx+1)(ny+1).

On the other hand, if the top surface,(xi ,y0)∀i = 0, ...,nx ,is subjected to a given traction such

that

T = σn




Tx(x)

Ty(x)



=


 σ11 σ12

σ21 σ22







0

1



=





σ12

σ22





=





c66(ε12− ε∗12)+c66(ε21− ε∗21)

c21(ε11− ε∗11)+c22(ε22− ε∗22)





=





c66
∂u
∂y +c66

∂v
∂x−c66ε∗12−c66ε∗21

c21
∂u
∂x +c22

∂v
∂y−c21ε∗11−c22ε∗22









c66
∂u
∂y +c66

∂v
∂x

c21
∂u
∂x +c22

∂v
∂y



=





Tx(x)+c66ε∗12+c66ε∗21

Ty(x)+c21ε∗11+c22ε∗22



 (8.55)

These equations are first re-expressed in terms of the embedded Chebyshev differentiators as:





c66Dy,0⊗ Ix{u}+c66Iy⊗Dx,i {v}
c21Iy⊗Dx,i {u}+c22Dy,0⊗ Ix{v}



=





Tx(xi)+c66ε∗12(xi ,y0)+c66ε∗21(xi ,y0)

Ty(xi)+c21ε∗11(xi ,y0)+c22ε∗22(xi ,y0)



 (8.56)

where the second lower indices following the Chebyshev differentiators refer to their row indices

being considered.
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To implement these boundary conditions, for each 0≤ i ≤ nx with j = 0, which corresponds

to the coordinates(xi ,y0) of the points on the top surface and which corresponds to the equivalent

one-dimensional indexk= inx+ j, we replace allk-th rows and all(k+N)-th rows of the matrix by

the left hand side of the above expressions and:

b(k) = Tx(xi)+c66ε∗12(xi ,y0)+c66ε∗21(xi ,y0)

b(k+N) = Ty(xi)+c21ε∗11(xi ,y0)+c22ε∗22(xi ,y0) (8.57)

If traction is applied over the right boundary, whose coordinates are designated by(x0,y j),∀ j =

0, ...,ny, we may similarly express the traction components into Chebyshev differentiators and re-

place rows and columns of the assembled matrixA, as shown below:

T = σn




Tx(y)

Ty(y)



=


 σ11 σ12

σ21 σ22







1

0



=





σ11

σ21





=





c11(ε11− ε∗11)+c12(ε22− ε∗22)

c66(ε21− ε∗21)+c66(ε12− ε∗12)





=





c11
∂u
∂x +c12

∂v
∂y−c11ε∗11−c12ε∗22

c66
∂v
∂x +c66

∂u
∂y−c66ε∗21−c66ε∗12









c11
∂u
∂x +c12

∂v
∂y

c66
∂v
∂x +c66

∂u
∂y



=





Tx(y)+c11ε∗11+c12ε∗22

Ty(y)+c66ε∗21+c66ε∗12



 (8.58)

These two equations are re-written using embedded Chebyshev differentiators:





c11Iy⊗Dx,0{u}+c12Dy, j ⊗ Iy{v}
c66Iy⊗Dx,i {v}+c66Dy,0⊗ Ix{u}



=





Tx(y j)+c11ε∗11(x0,y j)+c12ε∗22(x0,y j)

Ty(y j)+c66ε∗21(x0,y j)+c66ε∗12(x0,y j)



 (8.59)

For implementation, for each 0≤ j ≤ ny with fixed j = 0, which corresponds to the coordinates

(x0,y j) of the points on the top surface and which corresponds to the equivalent one-dimensional

indexk= inx+ j, we replace allk-th rows and all(k+N)-th rows of the matrix by the left hand side
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of the above expressions and:

b(k) = Tx(y j)+c11ε∗11(x0,y j)+c12ε∗22(x0,y j)

b(k+N) = Ty(y j)+c66ε∗21(x0,y j)+c66ε∗12(x0,y j) (8.60)

Other cases of boundary conditions can be treated similarlyand are skipped here.

Some example simulations will be shown.

8.4.1 simulation 1: Elasticity solved by Spectral Method

Consider a two-dimensional solid domain that is subjected to zero displacement constraintu= v= 0

on bottom, left and right surfaces and a traction over the topsurface,

T =





Tx(x)

Ty(x)



=





0

5



 (8.61)

Elements of the normalized stiffness stiffness arec11 = c22 = 80, c12 = c21 = 30 andc66 = 20

respectively. No eigenstrain is included. The schematic and the resulting x- and y-displacements

are shown in figure (8.14).

This result is different from the simulation that assumes periodicity along x-direction, which

is shown in figure (8.15) for comparison. Recall that the bottom is displacement-free and top is

subjected by the same traction. Also the same stiffness matrix is used.

An attempt is also made for the case where the left and right surfaces are traction-free. These

surfaces are free to move. The schematic and the corresponding simulation results are shown in

figure (8.16).

8.4.2 simulation 2: Elasticity with non-homogeneous eigen-strains solved by Spectral Method

The spectral method can be used to solve for elasticity equation for solid with non-homogeneous

eigen-strains such as inclusion in composite materials andmicro-mechanics. For instance, we con-
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Figure 8.14: Displacement componentsu andv of solid subjected to traction on top surface and zero
displacement on bottom, left and right surface. No periodicity is assumed.

sider the simplest form of laminated eigenstrains with:

ε∗12(x,y) =




−1 : x< 0

1 : x> 0
(8.62)

We adopt the most natural configuration for boundary conditions: top, left and right surfaces are

traction-free while the bottom surface is adhered with zerodisplacements. Stiffness matrix remains

unchanged. The resulting displacement components are shown in figure (8.17).
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203

8.5 Fully Coupled Model for Piezoelectric Materials and Solution using Spectral Method

Electromechanical behaviours for piezoelectric materialare governed by the matrix equation:

σ = Cε−eTE

D = eε +kTE (8.63)

whereσ is the stress,ε is the strain,E is the electric field,D is the electric displacement,C is the

elastic stiffness matrix,k is the permittivity matrix ande is the piezoelectric matrix for coupling

electrical and elastic contributions for stress-charge form. Notice that Vigot notation is adopted

here. The following equations regarding Maxwell’s and elasticity equations are also needed:

∇σ = 0

ε =
1
2

(
∇u+∇uT)

∇D = ρ = 0

E =−∇φ (8.64)

whereu is the displacement vector,ρ is the electrical charge, which we assume to be zero in our

discussion. We will set up three coupled differential equations in displacement components and

electrical potentials.

Expanding these matrix equations for two dimensions, we have:





σ11

σ22

σ12





=




c11 c12

c12 c22

c66








ε11

ε22

ε12




−




e11 = 0 e31

e13 = 0 e33

e15 e35 = 0








E1

E2









D1

D2



=


e11 = 0 e13 = 0 e15

e31 e33 e35 = 0








ε11

ε22

ε12





+


 k11 k12 = 0

k21 = 0 k22







E1

E2



 (8.65)
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and the following equations:

∂σ11

∂x
+

∂σ12

∂y
= 0

∂σ12

∂x
+

∂σ22

∂y
= 0

∂D1

∂x
+

∂D2

∂y
= 0

ε11 =
∂u
∂x

ε22 =
∂v
∂y

ε12 =
∂u
∂y

+
∂v
∂x

E1 =−
∂φ
∂x

E2 =−
∂φ
∂y

(8.66)

For convenience, we simplify the piezoelectric constants as e31 = e32 = ea, e33 = eb ande42 =

e51 = ec.

These equations can be combined to obtain three coupled differential equations inu, v andφ as:

First equation:

∂σ11

∂x
+

∂σ12

∂y
= 0

∂
∂x

(c11ε11+c12ε22−eaE2)+
∂
∂y

(c66ε12−ecE1) = 0

∂
∂x

(
c11

∂u
∂x

+c12
∂v
∂y

+ea
∂φ
∂y

)
+

∂
∂y

(
c66

∂u
∂y

+c66
∂v
∂x

+ec
∂φ
∂x

)
= 0





c11
∂ 2u
∂x2 +c12

∂ 2v
∂x∂y +ea

∂ 2φ
∂x∂y +

∂c11
∂x

∂u
∂x +

∂c12
∂x

∂v
∂y +

∂ea
∂x

∂φ
∂y

+c66
∂ 2u
∂y2 +c66

∂ 2v
∂x∂y +ec

∂ 2φ
∂x∂y +

∂c66
∂y

∂u
∂y +

∂c66
∂y

∂v
∂x +

∂ec
∂y

∂φ
∂x



= 0 (8.67)
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Second equation:

∂σ21

∂x
+

∂σ22

∂y
= 0

∂
∂x

(c66ε12−ecE1)+
∂
∂y

(c21ε11+c22ε22−ebE2) = 0

∂
∂x

(
c66

∂u
∂y

+c66
∂v
∂x

+ec
∂φ
∂x

)
+

∂
∂y

(
c21

∂u
∂x

+c22
∂v
∂y

+eb
∂φ
∂y

)
= 0





c66
∂ 2u

∂x∂y +c66
∂ 2v
∂x2 +ec

∂ 2φ
∂x2 +

∂c66
∂x

∂u
∂y +

∂c66
∂x

∂v
∂x +

∂ec
∂x

∂φ
∂x

+c21
∂ 2u

∂x∂y +c22
∂ 2v
∂y2 +eb

∂ 2φ
∂y2 +

∂c21
∂y

∂u
∂x +

∂c22
∂y

∂v
∂y +

∂eb
∂y

∂φ
∂y



= 0 (8.68)

Third equation:

∂D1

∂x
+

∂D2

∂y
= 0

∂
∂x

(ecε12+k1E1)+
∂
∂y

(eaε11+ebε22+k2E2) = 0

∂
∂x

(
ec

∂u
∂y

+ec
∂v
∂x
−k1

∂φ
∂x

)
+

∂
∂y

(
ea

∂u
∂x

+eb
∂v
∂y
−k2

∂φ
∂y

)
= 0





ec
∂ 2u

∂x∂y +ec
∂ 2v
∂x2 −k1

∂ 2φ
∂x2 +

∂ec
∂x

∂u
∂y +

∂ec
∂x

∂v
∂x−

∂k1
∂x

∂φ
∂x

+ea
∂ 2u

∂x∂y +eb
∂ 2v
∂y2 −k2

∂ 2φ
∂y2 +

∂ea
∂y

∂u
∂x +

∂eb
∂y

∂v
∂y−

∂k2
∂y

∂φ
∂y



= 0 (8.69)

These equations are expressed using Chebyshev differentiator matrices and assembled into a

single matrix equation as follow.




A11 A12 A13

A21 A22 A23

A31 A32 A33








u

v

φ





=





0

0

0





(8.70)
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where the blocks of matrix are given below:

A11 = c11L xx+
∂c11

∂x
L x+c66L yy+

∂c66

∂y
L y

A12 = c12L xy+
∂c12

∂x
L y+c66L xy+

∂c66

∂y
L x

A13 = eaL xy+
∂ea

∂x
L y+ecL xy+

∂ec

∂y
L x

A21 = c66L xy+
∂c66

∂x
L y+c21L xy+

∂c21

∂y
L x

A22 = c66L xx+
∂c66

∂x
L x+c22L yy+

∂c22

∂y
L y

A23 = ecL xx+
∂ec

∂x
L x+ebL yy+

∂eb

∂y
L y

A31 = ecL xy+
∂ec

∂x
L y+eaL xy+

∂ea

∂y
L x

A32 = ecL xx+
∂ec

∂x
L x+ebL yy+

∂eb

∂y
L y

A33 =−k1L xx−
∂k1

∂x
L x−k2L yy−

∂k2

∂y
L y (8.71)

where each ofA i j is a (nx + 1)(ny + 1)× (nx + 1)(ny + 1)-matrix, u, v, φ are one-dimensional

equivalent vector for the two-dimensional data representing displacement components and potential.

On each of the four boundaries, three boundary conditions are needed where two are associated

with mechanical conditions and the remained one with electrical condition. Examples include two

traction components and electric potential on top surface.The schematic is shown in figure (8.18).

Boundary conditions are implemented in the same way we treated for the decoupled Maxwell’s and

elasticity equations. The detail is not presented here.
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Figure 8.18: Boundary conditions for coupled piezo-electric model.

In each of the following illustrations, PZT-5H is used with the following material properties:

elastic piezo-electric dielectric

Pa C/m2 ε0

c11 = 1.27205×1011 e13 =−6.62281 k1 = 1704.4

c22 = 1.17436×1011 e23 =−6.62281 k2 = 1433.6

c66 = 2.29885×1010 e33 = 23.2403

c12 = 8.46702×1010 e42 = 17.0345

c21 = c12 e51 = 17.0345

(8.72)

8.5.1 Simulation 1: Piezo-electric solved by Spectral Method

The domain of simulation has the length-height ratio as 5:1.An artificial potential,φtop(x) =

sin(2πx) , is applied on the top surface. Both left and right boundaries are subjected to natural

conditions, that is, traction-free and charge-free. The bottom surface is fixed with no displacement

and grounded with zero potential. The schematic and the simulated quantities (potentialφ , displace-

mentsu andv) are shown in figure (8.19).
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Figure 8.19: Simulation of electromechanical response in piezoelectric material with artificial ap-
plied potential on top surface and natural boundary conditions on other boundaries. (a) Potential,
(b) x-displacement, (c) y-displacement. Notice that due tonormalization, the displacements are in
the unit of 1010 (m), while the unit of the potential is Volt (V).
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8.5.2 Simulation 2: Piezo-electric solved by Spectral Method

The domain of simulation has the length-height ratio as 5:1.An uniform traction acting in the y-

direction is exerted on the top surface,Ty(x) = 5. The top surface is charge-free, that is,∂φ
∂y = 0. Both

left and right boundaries are subjected to natural conditions, that is, traction-free and charge-free.

The bottom surface is fixed with no displacement and groundedwith zero potential. The schematic

and the simulated quantities (potentialφ , displacementsu andv) are shown in figure (8.20).

8.5.3 Simulation 3: PFM of Piezo-electric simulated by Spectral Method

The domain of simulation has the length-height ratio as 5:1.We may study the electromechani-

cal response of piezoelectric sample in an experimental setup of piezo-response force microscopy

(PFM). The PFM tip is producing a potential over the top surface,

φPFM(x) =V0
γ2

γ2+(x−x0)2 , (8.73)

whereV0 is the applied voltage andγ represents the half width of the PFM tip. In this simulation,

the dimension of the sample domain is 500 (nm)× 100 (nm) while the radius of the PFM tip is

10 (nm). Based on normalization, we take the domain as 10 (unit) by 2 (unit), while the radius

of the topγ is 0.1. Assume the PFM tip is located at the center of the top boundary, sox0 = 0.

For the boundary conditions, the top surface is fraction-free. Both left and right boundaries are

subjected to natural conditions, that is, traction-free and charge-free. The bottom surface is fixed

with no displacement and grounded with zero potential. The schematic and the simulated quantities

(potentialφ , displacementsu andv) are shown in figure (8.21).
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Figure 8.20: Simulation of electromechanical response in piezoelectric material with artificial ap-
plied potential on top surface and natural boundary conditions on other boundaries. (a) Potential,
(b) x-displacement, (c) y-displacement. Notice that due tonormalization, the displacements are in
the unit of 1010 (m), while the unit of the potential is Volt (V).
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Figure 8.21: Simulation of electromechanical response of piezoelectric material as in PFM. The top
surface is subjected to a potential induced by PFM tip. All other boundaries are natural. (a) Potential,
(b) x-displacement, (c) y-displacement. Notice that due tonormalization, the displacements are in
the unit of 1010 (m), while the unit of the potential is Volt (V).
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8.6 Piezoelectric Response of Ferroelectric with SpectralMethod

We use spectral method to study the electromechanical response of ferroelectric material consisting

of various instantaneous polarization. Different configurations of polarization induce different vi-

bration amplitudes, thus different readings as detected from the SPM (Scanning Probe Microcopy)

tip. Previous works by Pan [98, 99] studied the PFM response of sample of isotropic material with

complicated three-dimensional heterogeneity in polarization using green function integrated over

semi-infinite half-plane. Yet no boundary condition is considered over lateral and bottom surfaces

and the domain is not finite, even though the electrical potential induced by the SPM tip is localized

at the site of the tip. Integration over semi-infinite domainalso overestimates the resulting displace-

ment field and thus deflection. With the spectral method, we may consider material composed of

spatially inhomogeneous material properties (elastic, dielectric, piezo-electric), which gives more

realistic analysis of a PFM experiment.

According to the Disk-plane model, during the operation of the PFM, the SPM tip effectively

resembles a point chargeQ= 4ε0(κ +1)R0V0, whereε0 is the permittivity of free space,R0 is the

radius of the tip,κ =
√

ε11ε33 is the effective permittivity of the probed sample,γ =
√

ε33
ε11

is the

dielectric anisotropy of the sample andd = 2R0
π is the distance between the effective point charge

and the probed sample.

The potentialφ = φ(x,y) and the resulting electric field acting over the sample generated by the

effective chargeQ from the SPM (Scanning Probe Microcopy) tip are given by:

φ(x,y) =
Q

2πε0(κ +1)

√
(x−x0)2+

(
y
γ +d

)2

E =−∇φ (8.74)

wherex0 is the x-coordinate of the tip over the top surface of the sample. The schematic is shown

in figure (8.22).

If the size of the sample is 5000 (nm)× 2000 (nm), the voltage is 1 (Volt) and the radius of

the tip is 25 (nm), the resulting potential and electric fieldcomponents are shown in figures (8.23)

(a)(b)(c).
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214

 

 

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

 

 

−5

0

5

x 10
5

 

 

−6

−5

−4

−3

−2

−1

0
x 10

5

Figure 8.23: Distribution of (a) potential, (b) electric field componentE1 and (c) electric field com-
ponentE2 induced by PFM tip whose tip radius is 25 (nm) and applied voltage is 1 (Volt).



215

This electric field will in turn induces a piezo-electric eigen-strain:





εs
11

εs
22

εs
12





=




0 d31

0 d33

d51 0








E1

E2



 (8.75)

With this piezo-electric eigen-strain, deflection can be computed by solving the mechanical

equilibrium equation as in:

σ = C(ε− εs)

∇σ = 0 (8.76)

We consider natural boundary conditions: the top, left and right boundaries are traction-free and

the bottom surface is displacement-free. Figure (8.23) shows the deflections (u andv) over the entire

sample. Notice that the deflections on the top surfaces are those being detected by the PFM tip.
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Next we consider the domain structure with two domains with adomain wall parallel to the

y-axis, as schematically shown in figure (8.25).

The domain wall is assumed to be sharp with no thickness. The polarization orientations are

determined by piezoelectric matrix and tensor transformation:

di jk(x,y) = Tir (x,y)Tjs(x,y)Tkt(x,y)d
0
rst(x,y), (8.77)

whered0
rst(x,y) is the piezoelectric tensor of c-domain in the global coordinate system,Tir (x,y) is

the transformation matrix that rotates c-domain to some particular domain at location(x,y), and

di jk(x,y) is the piezoelectric tensor of the rotated domain. For 180 domains, the spontaneous po-

larization are pointing upward and downward, denoted byc+ andc− phases. While thec+ phase

is quantified by the original piezoelectric matrix, thec− phase is described by the piezo-electric
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Figure 8.25: SPM of ferroelectric with single domain.

matrix via a 180 degree transformation:

dc− =




−d31

−d33

−d51


 (8.78)

Scanning and imaging electromechanical response, that is,deflection on surface as detected by

PFM tip, of ferroelectric domain with inhomogeneous polarization can be simulated by moving the

operating PFM tip over the top surface. The snapshots of the vertical displacementv as the top

moves from the left to the right (across the domain wall in thecenter line) are shown on figure

(8.26). The relationship between the vertical deflection versus the distance from the domain wall at

the center line is shown on figure (8.27).



218

 

 

0

5

10

15

x 10
−11

 

 

0

5

10

15

x 10
−11

 

 

0

5

10

15

x 10
−11

 

 

0

5

10

15
x 10

−11

 

 

−5

0

5

10

15
x 10

−11

 

 

−5

0

5

10

x 10
−11

 

 

−5

0

5

x 10
−11

 

 

−10

−5

0

5

x 10
−11

 

 

−15

−10

−5

0

5
x 10

−11

 

 

−15

−10

−5

0

x 10
−11

 

 

−15

−10

−5

0

x 10
−11

 

 

−15

−10

−5

0

x 10
−11

Figure 8.26: Snapshots of vertical displacements for PFM scanning of ferroelectric with two do-
mains



219

−4 −2 0 2 4 6

x 10
−8

−200

−100

0

100

200

distance from center x = 0 (m)

ou
t−

of
−

pl
an

e 
di

sp
la

ce
m

en
t (

v)
 (

pm
)

Figure 8.27: Relation between the PFM response as vertical displacement versus distance from the
domain wall at center line

8.7 Phase Field Simulations of Multi-variant Multi-functi onal Materials using Spectral Method

Spectral method can be implemented with phase field simulation. Together with what we have done

for Maxwell’s equation and elasticity equation with general configuration and conditions, we are

able to simulate multi-variant microstructures subjectedto general configuration and conditions,

such as, inhomogeneity and arbitrary boundary conditions with no restriction from imposing peri-

odicity.

Recall that the microstructural configuration and evolution of multi-functional materials such as

shape memory alloys, ferro-electric and ferro-magnetics are mathematically quantified by charac-

teristic functionsµi = µi(x,y, t) with a laminating setting. We recall also the evolution equation of

characteristic functions with N variants are derived as:

∂ µi

∂ t
= 2M

(
F int

i +Fani
i +Felas

i +Fele
i

)
,∀i = 1,2, ...,N−1 (8.79)

Each term in these equations have been discussed in previouschapters and are not explained for

chastity. Since all equations fori = 1,2, ...,N have the same form, we restrict our discussion to one

such equation. We also drop the subscripti.
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After normalization, the above equation becomes:

∂ µ
∂ t

=
A
K

F int +
1

2K
Fani+

1
2K

Felas+
1

2K
Fele

∂ µ
∂ t

=−D∇2µ +µ(1−µ)(1−2µ)+
1

2K

(
σ

∂ε∗

∂ µ
+E

∂P
∂ µ

)

∂ µ
∂ t

=−D

(
∂ 2µ
∂x2 +

∂ 2µ
∂y2

)
+µ(1−µ)(1−2µ)+

1
2K

(
σ

∂ε∗

∂ µ
+E

∂P
∂ µ

)

∂ µ
∂ t

=−D

(
∂ 2µ
∂x2 +

∂ 2µ
∂y2

)
+F (µ) , (8.80)

whereε∗ andP are the effective eigenstrain and the instantaneous polarization respectively of the

system, computed as the linear combination of the eigenstrains and polarization of all constituent

variants in their volume ratios.σ andE are the overall stress field and electric field of the system,

which are solved from the elasticity (equilibrium) and Maxwell’s equations:

σ = C(ε− ε∗)

∇σ = 0

κ∇2φ = ∇ ·P

E =−∇φ (8.81)

Maxwell’s equation and elasticity equation are solved using spectral method with Chebyshev

approach, which have been outlined in previous sections. Toimplement spectral method in phase

field equation, we re-label or re-arrange all the two-dimensional data such asµi j = µ(xi ,y j) to

equivalent one-dimensional vectorµk, with the conversion of indices beingk= ini + j.

The evolution is also discredited along rime domaint. Denotingµm = µ(tm) = µ(xi ,y j , tm), we

have the following numerical scheme with Chebyshev differentiator matrices:

∂ µ
∂ t

=−D

(
∂ 2µ
∂x2 +

∂ 2µ
∂y2

)
+F (µ)

µm+1−µm

∆t
=−D(L xx+L yy)(µm)+F (µm) , (8.82)

whereL xx andL yy are the embedded Chebyshev differentiators in two-dimension for second deriva-
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tives.

In the prospective of numerical analysis, one may want to separateµm into two portions as:

µm≈ αµm+(1−α)µm+1, (8.83)

where 0≤ α ≤ 1 is adjusted to generate various semi-implicit and implicit numerical schemes.

Previous experience has suggested the choiceα = 0, or a fully implicit scheme. The discredited

evolution equation becomes:

Iµm+1− Iµm = D(L xx+L yy)µm+1∆t +F (µm)∆t

[I −D(L xx+L yy)∆t]µm+1 = µm+F (µm)∆t

Aµm+1 = Bµm+F (µm) = b (8.84)

Neumann boundary conditions are adopted over all boundaries of the domain, that is,

∂ µ
∂y

(−1≤ x≤ 1,y= 1) = 0

∂ µ
∂y

(−1≤ x≤ 1,y=−1) = 0

∂ µ
∂x

(x= 1,−1≤ y≤ 1) = 0

∂ µ
∂x

(x=−1,−1≤ y≤ 1) = 0, (8.85)

which will be translated in Chebsyhev structures as:

Dyµ (xi ,y0) = 0,0≤ i ≤ nx

Dyµ
(
xi ,yny

)
= 0,0≤ i ≤ nx

Dxµ (x0,y j) = 0,0≤ j ≤ ny

Dxµ (xnx,y j) = 0,0≤ j ≤ ny (8.86)

These boundary conditions are incorporated to update the matrix equation as previously done

before in general non-periodic Maxwell’s equation. For example, for the boundary condition on top
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surface, we replace the row of the matrix equation whose indices arek= inx+0 by thei-th row of

the Chebyshev differentiation matrix:

A(k, :) = Dy,0⊗ Ix,i

b(k) = 0, (8.87)

whereDy,0 represents the 0-th row ofDy while Ix,i represents the i-th column ofIx.

After updating the rows of the matrix equations with Chebyshev differentiation matrices due to

boundary conditions, these equations are solve to yield thecharacteristic functionµ at a new time

stept = tm+1. The iteration continues until the convergence criteria are met.

This approach, in practice, does induce computational errors due to its incompleteness to take

into account the both derivatives at the four corner points.For instance, at the upper right corner,

wherex= x0 andy= y0, there associates derivatives with respect tox andy, ∂ µ
∂x = 0 and ∂ µ

∂y = 0.

And the approach can only include one of these two derivatives. The schematic is show in figure.

To resolve this issue, we introduce the Alternating Directional Implicit (ADI) method, a special

case of the time splitting or fractional step methods. For the sake of simplicity in the explanation,

assume that we solve the heat equation:

ut = D

(
∂ 2u
∂x2 +

∂ 2u
∂y2

)
+ f (x,y, t) (8.88)

The idea is to use split the original partial differential equation into two equations. Technical in the

first equation, we use explicit scheme in one direction and implicit scheme in the other direction

to solve for an intermediate solution, denoted byu∗ , between the current sub-stepum and the next

sub-stepum+1. In the second equation, we reverse the explicit and implicit schemes to obtain the

solution in the next-stepum+1, starting with the intermediate solutionu∗. Denote the approximated

values of the dependent variableu asUm
i j ≈ u(xi ,y j , tm). Similarly we denoteFm

i j ≈ f (xi ,y j , tm).

These steps are formulated in the numerical schemes for one complete sub-step, fromum to um+1:

U∗i j =Um
i j +

1
2

∆tDxxU
∗
i j +

1
2

∆tDyyU
m
i j +

1
2

∆tFm
i j

Um+1
i j =U∗i j +

1
2

∆tDxxU
∗
i j +

1
2

∆tDyyU
m+1
i j +

1
2

∆tF∗i j (8.89)
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Figure 8.28: Schematic showing how Neumann boundaries are treated in the conventional methods
when solving heat equation. Problems occur at the four corners.

This formulation allows us to further corporate spectral method by agreeing the differentiators,Dxx

andDyy, to be implemented with the embedded Chebyshev differentiator matrix,L xx andL yy. With

these settings, we may re-construct the ADI schemes into matrix-vector form:

(
I − 1

2
∆tL xx

)
U∗ =

(
I +

1
2

∆tL yy

)
Um+

1
2

∆tFm

(
I − 1

2
∆tL yy

)
Um+1 =

(
I +

1
2

∆tL xx

)
U∗+

1
2

∆tF∗ (8.90)

To deal with the boundary conditions, in the first halve of theADI, the implicit scheme is taken

with respect tox, so that it is treated as a partial differential equation with respect tox only, with y
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being fixed, the boundary conditions thus can be taken as Neumann boundary conditions on the left

and right boundaries, or,

∂u∗

∂x
= 0 (8.91)

In the second halve of the ADI, the implicit scheme is taken with respect toy, so that it is treated

as a partial differential equation with respect toy only, with x being fixed, the boundary conditions

thus can be taken as Neumann boundary conditions on the top and bottom boundaries, or,

∂um+1

∂y
= 0 (8.92)

The schematic is illustrated in figure (8.29).
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Figure 8.29: Schematic showing how Neumann boundaries are treated during the two stages of the
ADI scheme.

As a preliminary study, we make an attempt to simulate the microstructure (domain patterns) in

several popular classes of shape memory alloys. We will focus on systems with two martensitic vari-

ants, so that one characteristic function suffices to simulate the domain structures. Various physical

boundary conditions are considered to generate different domain structures. Since no periodicity
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is not involved anymore, we may also consider domain patternthat results from re-orientating the

eigen-strains by some angles. This also allows us to keep theoriginal eigen-strains for simulation

without previously re-orientating them so as to ensure the interface to be along in certain special

angles.
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Chapter 9

SUMMARY AND CONCLUSIONS

In summary, we have studied the multi-functional materialssuch as shape memory alloys, ferro-

electric material and piezoelectric materials as well as energy materials such as electrode of lithium

ions, in various geometrical configurations which include micro-structures and experimental finite

geometry. In the following the main contributions and future works will be outlined.

9.1 Phase Field Simulations in Periodic Geometry

We started from phase field simulation applied to shape memory alloy composing of martensitic

variants. One dimensional study shows that the resulting domain patterns do depend on the param-

eters (anisotropy and interface constants) being chosen inthe simulations. The conventional phase

field simulation can only model micro-structure below transformation temperature, where there is

no autensite phase. We have developed a two-scale methodology that allow us to extend the simu-

lation to include both low-temperature martensites and high-temperature austenite. This helps us to

study the formation of the austenite-martensite interface, a special micro-structure found in shape

memory alloy, where a twinned martensite (in some special ratio) forms an see-saw shaped inter-

face with austenite, as to minimize the system energy. A further study is focused to explore all

possible configurations of micro-structures for any pair ofmartensitic variants in common crystal

systems such as tetragonal, orthorhombic and monoclinic systems. These simulations are adopted

to periodic two-dimensional and three-dimensional domains.

There are many cases of configurations and the strict periodic boundary conditions. We are not

able to simulate all of them. In this thesis, we mainly concentrate on the methodology and algorithms

based on which the simulations are implemented. Future works include to refine the classification

of microstructure in other material systems, including ferro-electrics and ferro-magnetics.
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9.2 Phase Field Simulation in Thin Film

We also modified the two-scale simulation to study two special micro-structures of shape memory

alloys, tunnels and tents. The mechanisms through which these two structures operate are also

simulated. They act as a temperature sensor and actuator. Wealso simulate their thermal hysteresis.

On possible future work will be to simulate these special two-dimensional micro-structures made

of other material systems such as ferro-electrics and ferro-magnetics and to explore their possibili-

ties to mechanically behave as electric or magnetic sensor or actuator.

9.3 Phase Field Simulations in Finite Geometry

Requiring periodicity along all directions of the computational domain may restrict the formation

of domain pattern. It appears also not a realistic condition. To resolve this issue, we release pe-

riodicity along the out-of-plane direction, so that we may study microstates / domain pattern in

various material system with a geometric configurations that resemble experimental setups, such

as the samples being characterized under piezoelectric-force microscopy (PFM) or electrochemical

strain microscopy (ESM).

In these two chapters, we redo Maxwell’s equation, elasticity equation and phase field evolution

equation without periodicity along the out-of-plane direction. While LQ Chen solved the elasticity

by utilizing the Stroh’s formulation based on the theory of anisotropic materials. We developed nu-

merical solutions to Maxwell’s equation and elasticity equation using two independent approaches.

In the first method, the equations are re-structured as a system of state equations which is then

solved using eigen-expansion. In the second method, we apply FFT along out-of-plane directions to

decompose these equations, which are originally coupled PDE, to systems of coupled ODE, which

are then solved numerically using finite difference along the out-of-plane direction. We verify the

methods by studying the electro-mechanical response in a piezoelectric material that is being tested

in a PFM.

Phase field evolution equation without periodicity along out-of-plane direction is developed

to study shape memory alloys and ferroelectric in an experimental setup. We have considered

more physical boundary conditions such as applied tractionforce on top surface, displacement-free

boundary, and mis-fit strain imposed by substrate underneath the sample being simulated.
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9.4 Lithium Ion Battery and Electrochemical Strain Microscopy

Electrode made of lithium ions is an example of energy materials where ions transported by the

effect of external electric potential induces mechanical deformation. This system of ions is conser-

vative since it is is closed system, not allowing ions to passthrough the boundaries. We develop

numerical solution to solve the model in one dimension and two dimension. We simulated the defor-

mation of the electrode when a SPM tip inducing electrical potential is brought towards the domain.

We study the outcomes when different profiles of voltages areapplied, such as DC, AC and DC-AC

bias. With these simulation results and corresponding experiment data, we are able to predict the

diffusivity and local ion concentration of the electrode inthe vicinity of the SPM tip.

Future works may consider chemical reactions involving formation and dynamics of lithium

ions, and the corresponding probing of the respective electrode behaviours.

9.5 Spectral method

All previous simulations assume periodicity along some directions of the domain, which makes it

less practical to model realistic system. Also, these simulations can only work with homogenous

material properties. Thus we are motivated to develop spectral method by which we may release

all periodicity and include material inhomogeneities. With the spectral method, we may apply any

boundary conditions on any boundary. This serves possibly as the universal tool to study simulation

of real materials in realistic physical configurations. In this chapter, we discussed spectral method in

solving Maxwell’s equation, elasticity and phase field equations under general conditions. We also

demonstrated how the spectral method can predict the electromechanical responses for materials

with alternating internal polarizations as seen in PFM.

The contents in this chapter are preliminary. A lot of works need to be done, especially in the

phase field simulations in functional materials.
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Appendix A

THEORETICAL DEVELOPMENT IN ONE-DIMENSION

The evolution equation for the volume fraction derived fromthe previous chapter is highly non-

linear and can not be solved analytically. Simulations seemto be the only approach to explore

the pattern formation and various related problems, for example, hysteresis. However, in one-

dimension, we may carry out several theoretical analyses ofthe evolution equation to certain extent.

A.1 Microstructure under the effect of External Strain - One dimensional study

In this section, we analyze the modal for the evolution of themicrostructure under the effect of

external strain in one-dimension. Whether the reasonable simulated patterns can be found depends

critically on the anisotropy constantK = λε(1) ·ε (1) = λε (2) ·ε (2). We investigate how this constant

affects the pattern. It is found that ifK is too small, no twining of Martensitic variants can be seen.

On the other hand, ifK is too large, twinning structure can be seen. However the twining patterns

appear to repeat too many times that they do not reflect the reality.

Motivated by the two-dimensional simulation shown in Fig.(2.4), we may examine the diagram

at a 45o-view, which resembles an one-dimensional problem. For this, we rotate the transformation

strains of the participating Martensitic variants as below:

ε (1) =




ε (1)
11

ε (1)
22

ε (1)
12


=




δ

−δ

0


−→ ε(1)′ =




ε (1)
11

ε (1)
22

ε (1)
12


=




0

0

−2δ




ε (2) =




ε (2)
11

ε (2)
22

ε (2)
12


=




−δ

δ

0


−→ ε(2)′ =




ε (2)
11

ε (2)
22

ε (2)
12


=




0

0

2δ




(A.1)
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Without loss of generality, from now on, we may simply drop the prime for the transformation

strains.

Now in the new reference frame (by rotation of 45o anticlockwise),

ε∗(µ) = µ(x)ε (1)+(1−µ(x))ε(2)

∂ε∗(µ)
∂ µ

= ε (1)− ε(2) =




0

0

−4δ


 (A.2)

Recall that the external strain is a linear combination of transformation strains of the participat-

ing Martensitic variants in the ratioγ :

ε0 = γε (1)+(1− γ)ε(2) (A.3)

The stiffness matrix is given as:

C =




C11 C12 C16

C21 C22 C26

C61 C61 C66


 (A.4)

We also need the constitutive equation or the stress-strainrelationship: σ = C
(
ε− ε0

)
. In

components,

σ11(x) =C11[ε11(x)− ε∗11(x)]+C12[ε22(x)− ε∗22(x)]+C16[ε12(x)− ε∗12(x)]

σ22(x) =C21[ε11(x)− ε∗11(x)]+C22[ε22(x)− ε∗22(x)]+C26[ε12(x)− ε∗12(x)]

σ12(x) =C61[ε11(x)− ε∗11(x)]+C62[ε22(x)− ε∗22(x)]+C66[ε12(x)− ε∗12(x)] ,

whereσ12 is the shear stress,ε12 is the shear strain andε∗12 is the shear component of the eigen-strain.

We are going to solve the mechanical equilibrium equations (A.5): ∂σi j

∂xj
= 0 for the stress com-

ponents. Since we are restricting on one dimension, we assume all physical quantities depend onx1

only.
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∂σ11

∂x1
+

∂σ12

∂x2︸ ︷︷ ︸
0

+
∂σ13

∂x3︸ ︷︷ ︸
0

= 0−→ σ11(x1) = constant

∂σ21

∂x1
+

∂σ22

∂x2︸ ︷︷ ︸
0

+
∂σ23

∂x3︸ ︷︷ ︸
0

= 0−→ σ21(x1) = constant

∂σ31

∂x1
+

∂σ32

∂x2︸ ︷︷ ︸
0

+
∂σ33

∂x3︸ ︷︷ ︸
0

= 0−→ σ31(x1) = constant (A.5)

Taking the average overx1 ∈ [0,L] of the first constitutive equation (A.5),

σ11 = 〈σ11〉= constant

=C11[〈ε11(x)〉− 〈ε∗11(x)〉]+C12[〈ε22(x)〉− 〈ε∗22(x)〉]+C16[〈ε12(x)〉− 〈ε∗12(x)〉]

=C11

[
γε (1)

11 +(1− γ)ε (2)
11 − (〈µ〉ε (1)

11 +(1−〈µ〉)ε (2)
11 )
]

+C12

[
γε (1)

22 +(1− γ)ε (2)
22 − (〈µ〉ε (1)

22 +(1−〈µ〉)ε (2)
22 )
]

+C16

[
γε (1)

12 +(1− γ)ε (2)
12 − (〈µ〉ε (1)

12 +(1−〈µ〉)ε (2)
12 )
]

= (γ−〈µ〉)C11

(
ε (1)

11 − ε (2)
11

)

︸ ︷︷ ︸
=0

+(γ−〈µ〉)C12

(
ε (1)

22 − ε (2)
22

)

︸ ︷︷ ︸
=0

+(γ−〈µ〉)C16

(
ε (1)

12 − ε (2)
12

)

= (γ−〈µ〉)C16 ·−4δ

= 4C16δ (〈µ〉− γ)

= 4·0·δ (〈µ〉− γ)

= 0



240

Next we take the average of the second constitutive equation(A.5),

σ21 = 〈σ21〉= constant

=C61[〈ε11(x)〉− 〈ε∗11(x)〉]+C62[〈ε22(x)〉− 〈ε∗22(x)〉]+C66[〈ε12(x)〉− 〈ε∗12(x)〉]

=C61

[
γε (1)

11 +(1− γ)ε (2)
11 −

(
〈µ〉ε (1)

11 +(1−〈µ〉)ε (2)
11

)]

+C62

[
γε (1)

22 +(1− γ)ε (2)
22 −

(
〈µ〉ε (1)

22 +(1−〈µ〉)ε (2)
22

)]

+C66

[
γε (1)

12 +(1− γ)ε (2)
12 −

(
〈µ〉ε (1)

12 +(1−〈µ〉)ε (2)
12

)]

= (γ−〈µ〉)C61

(
ε (1)

11 − ε (2)
12

)

︸ ︷︷ ︸
=0

+(γ−〈µ〉)C62

(
ε (1)

22 − ε (2)
22

)

︸ ︷︷ ︸
=0

+(γ−〈µ〉)C66

(
ε (1)

12 − ε (2)
12

)

= (γ−〈µ〉)C66 ·−4δ

= 4C66δ (〈µ〉− γ) (A.6)

How aboutσ22 ? σ22 is not necessarily a constant. We need to go the other way around by taking

into consideration the (geometric) compatibility condition thatε2(x) = ε2(x1) = 0:

ε22(x1)≡ 0= 〈ε22(x1)〉= ε0
22︸︷︷︸

preassigned
external strain

= 0

σ22(x1) =C21[ε11(x1)− ε∗11(x1)]︸ ︷︷ ︸
0

+C22[ε22(x1)− ε∗22(x1)]︸ ︷︷ ︸
0

+ C26︸︷︷︸
0

[ε12(x1)− ε∗12(x1)]

= 0

As a remark, we may extend the above deviation to compute the compatible strain, namely,εi j .

But since this result is not useful in our problem, we will leave them in appendix.

Before we form the governing equation, we study the individual energies and the associated

driving forces:

Anisotropy Energy and and its driving Force

Wani(µ) = Kµ2(1−µ)2

Fani(µ) =−∂Wani

∂ µ
=−2K(µ−3µ2+2µ3) (A.7)
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Elastic Energy and and its driving Force

Welas(µ) =
1
2
(ε− ε∗) ·C(ε− ε∗)

Felas(µ) =
∂Welas

∂ µ
= σ · ∂ε∗

∂ µ

=




0

0

4C66δ (〈µ〉− γ)


 ·




0

0

−4δ




=−16C66δ 2(〈µ〉− γ) (A.8)

Interfacial Energy and and its driving Force

Wint(µ) = A|∇µ |2

Fani(µ) =−∂Wint

∂ µ
= 2A∇2µ (A.9)

The evolution equation for the evolution of microstructureis given as:

dµ
dt

= M
(

F int +Fani+Felas
)

(A.10)

= M
(
2A∇2µ−2K(µ−3µ2+2µ3)−16C66δ 2 (〈µ〉− γ)

)

= M

(
2A

d2µ
dx2 −2K(µ−3µ2+2µ3)−16C66δ 2(〈µ〉− γ)

)
(A.11)

In the following subsections, we will devote to thesteady state solutionand thetime evolution

solution respectively.

A.1.1 Steady State Solution

Steady state is achieved whendµ
dt = 0. The governing equation is simplified as follow:
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dµ
dt︸︷︷︸
=0

= M

(
2A

d2µ
dx2 −2K(µ−3µ2+2µ3)−16C66δ 2 (〈µ〉− γ)

)

2A
d2µ
dx2 = 2K

(
µ−3µ2+2µ3)+16C66δ 2(〈µ〉− γ)

d2µ
dx2 =

K
A

(
µ−3µ2+2µ3)+8

C66

A
δ 2(〈µ〉− γ)

d2µ
dx2 = α

(
µ−3µ2+2µ3)+8β (〈µ〉− γ) , (A.12)

where two parameters are defined for easier book-keeping:

α ≡ K
A

β ≡ C66

A
δ 2

This second order nonlinear ODE has no exact solution. We maysolve it by numerical method.

Notice that we impose periodic boundary conditions toµ at both ends.

Numerical Method - Finite Difference Scheme

Let the values ofµ on thex-axis at iteration level ’t’ be µk
n = µ(xn, tk). The above equation is
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discredited as follow:

d2µk

dx2 = α
(

µk−3(µk)2+2(µk)3
)
+8β

(〈
µk
〉
− γ
)

µk
n+1−2µk

n +µk
n−1

(∆x)2 = α
(

µk
n−3(µk

n)
2+2(µk

n)
3
)
+8β

(〈
µk
〉
− γ
)

µk
n+1−2µk+1

n +µk
n−1

(∆x)2 = α
(

µk+1
n −3(µk

n)
2+2(µk

n)
3
)
+8β

(〈
µk
〉
− γ
)

(
2

(∆x)2 +α
)

µk+1
n =

µk
n+1+µk

n−1

(∆x)2 +α
(

3(µk
n)

2−2(µk
n)

3
)
−8β

(〈
µk
〉
− γ
)

µk+1
n =

µk
n+1+µk

n−1
(∆x)2 +α

(
3(µk

n)
2−2(µk

n)
3
)
−8β

(〈
µk
〉
− γ
)

2
(∆x)2 +α

µk+1
n =

1
α

µk
n+1+µk

n−1
(∆x)2 +

(
3(µk

n)
2−2(µk

n)
3
)
−8β

α
(〈

µk
〉
− γ
)

2
α(∆x)2 +1

(A.13)

Solving the steady state equation with this numerical scheme is not interesting, since we can

not predict the intermediate microstructure. We turn our attention to the corresponding evolution

equation.

A.1.2 Time Evolution Problem

Recall the governing equation is given by:

dµ
dt

= M

(
2A

d2µ
dx2 −2K(µ−3µ2+2µ3)−16C66δ 2(〈µ〉− γ)

)

We may want to get rid of the ill-defined parameterM by a change of variable in timet.

t̃ = 2MKt
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The equation can now be rewritten with no explicitM:

2MK
dµ
dt̃

= M

(
2A

d2µ
dx2 −2K

(
µ−3µ2+2µ3)−16C44δ 2 (〈µ〉− γ)

)

dµ
dt̃

=
A
K

d2µ
dx2 −

(
µ−3µ2+2µ3)−8

C44δ 2

K
(〈µ〉− γ)

dµ
dt̃

=
1
α

d2µ
dx2 −

(
µ−3µ2+2µ3)−8

β
α
(〈µ〉− γ) (A.14)

Numerical Method - Finite Difference Scheme

Again let the values ofµ on the x-axis at iteration level′t ′ beµk
n = µ(xn, tk). The above equation is

discretized as:

µk+1
n −µk

n

∆t
=

1
α

µk
n+1−2µk

n +µk
n−1

(∆x)2 −
(

µk
n−3(µk

n)
2+2(µk

n)
3
)
−8

β
α
(〈µ〉− γ)

µk+1
n −µk

n

∆t
=

1
α

µk
n+1−2µk+1

n +µk
n−1

(∆x)2 −
(

µk+1
n −3(µk

n)
2+2(µk

n)
3
)
−8

β
α
(〈µ〉− γ)

µk+1
n

∆t
+

1
α

2
(∆x)2 µk+1

n +µk+1
n =

µk
n

∆t
+

1
α

µk
n+1+µk

n−1

(∆x)2 +
(

3(µk
n)

2−2(µk
n)

3
)
−8

β
α
(〈µ〉− γ)

µk+1
n =

µk
n

∆t +
1
α

µk
n+1+µk

n−1
(∆x)2 +

(
3(µk

n)
2−2(µk

n)
3
)
−8β

α (〈µ〉− γ)

1+ 1
∆t +

1
α

2
(∆x)2

(A.15)
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A.1.3 Energy

For both the steady state and the time-dependent solutions,we are interested in the energy contents

of the microstructure:

Wint = A|∇|2 (A.16)

Wani = Kµ2(1−µ)2 (A.17)

Welas=
1
2
[ε− ε∗] ·C[ε− ε∗]

=
1
2

C−1σ ·CC−1
︸ ︷︷ ︸

I

σ

=
1
2

C−1σ ·σ

=
1
2

C−1




0

0

4C66δ (〈µ〉− γ)


 ·




0

0

4C66δ (〈µ〉− γ)




= 8C66δ 2(〈µ〉− γ)2 (A.18)

Thus the total energy is:

W =Wint +Wani+Welas

= A|∇µ |2+Kµ2(1−µ)2+8C66δ 2 (〈µ〉− γ)2

= A

[
|∇µ |2+ K

A
µ2(1−µ)2+8

C66δ 2

A
(〈µ〉− γ)2

]
(A.19)

W
A

= |∇µ |2+αµ2(1−µ)2+8β (〈µ〉− γ)2 , (A.20)

where the total energyW is normalized with respect to the interfacial parameter.

A.1.4 Simulations and Discussion

We solve the one dimensional phase field model using the two numerical schemes for the steady

state and the evolution. We start with initial random configuration µ0(x), x∈ [0,1]. Several cases

are run with various ratiosγ of the transformation strains of the participating Martensitic variants
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in the external strain,ε0 = γε(1)+(1− γ)ε (2). The plots are shown on Fig. (A.1) forγ = 0.3, Fig.

(A.2) for γ = 0.5, Fig. (A.3) forγ = 0.8, Fig. (A.4) forγ = 0 and Fig. (A.5) forγ = 1.

As expected, both numerical schemes give consistent patterns in steady states. We see that

the forms of the resulting patterns depend onK. If K is too small, the patterns become uniform

and homogeneous or the interfaces are not stiff enough. On the other hand, ifK is too large, the

alternating patterns become too rapid with increased interfacial energy, which are not realistic. Thus

there is a range ofK over which the simulations give rise to reasonable laminated patterns. Forγ = 0

andγ = 1, uniform patterns are obtained over the ranges ofK.

In conclusion, the one dimensional analysis provides an insight on the range of parameters that

can yield reasonable patterns, thus enhancing efficiency for simulation in higher dimensions in the

choices of parameters.

A.1.5 Appendix

We make the assumption that in the rotated reference frame(450), all quantities depend onx1 only.

Deviation of displacements and strains are outlined for completeness, though not all of them are

used in the main work.

Displacement fields

u = (u1,u2) = (u1(x1),u2(x1))

Strains

ε11 =
∂u1(x1)

∂x1
(A.21)

ε22 =
∂u2(x1)

∂x2
= 0 (A.22)

ε12 =
1
2




∂u1(x1)

∂x2︸ ︷︷ ︸
=0

+
∂u2(x1)

∂x1


=

1
2

∂u2(x1)

∂x1
(A.23)

Now we are going to find the exact values ofε11 andε12. Using the stress-strain relation with
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the previous result thatσ12 = 4C66δ (〈µ〉− γ), we obtainε12:

σ12 =C16(ε11− ε∗11)︸ ︷︷ ︸
0

+C26(ε22− ε∗22)︸ ︷︷ ︸
0

+C66(ε12− ε∗12)

4C66δ (〈µ〉− γ) =C44(ε12− ε∗12)

ε12 = 4δ (〈µ〉− γ)+ ε∗12 (A.24)

Next, with the previous result thatσ22 = 0, we have:

σ22 =C21(ε11− ε∗11)+C22( ε22︸︷︷︸
0

−ε∗22)+ C24︸︷︷︸
0

(ε12− ε∗12)

0=C21(ε11− ε∗11)−C22ε∗22

ε11 =
C22

C21
ε∗22︸︷︷︸

0

+ ε∗11︸︷︷︸
0

= 0 (A.25)

Notice that the stress-strain relation forσ11 gives us no new information.
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Figure A.1: One-dimensional simulated patterns forγ = 0.3. The value ofµ is plotted along thex-
axis. µ = 1 presents that the domain is occupied by variant 1, whileµ = 0 presents that the domain
is occupied by variant 2. IfK is too small, the pattern is uniform and homogeneous. AsK increases,
the patterns become laminated. But ifK gets too large, the alternating patterns become too rapid
and do not reflect the reality. There is a range ofK on which the desired patterns can be generated.
Notice that the average values ofµ is equal toγ = 0.3.
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Figure A.2: One-dimensional simulated patterns forγ = 0.5. The value ofµ is plotted along thex-
axis. µ = 1 presents that the domain is occupied by variant 1, whileµ = 0 presents that the domain
is occupied by variant 2. IfK is too small, the pattern is uniform and homogeneous. AsK increases,
the patterns become laminated. But ifK gets too large, the alternating patterns become too rapid
and do not reflect the reality. There is a range ofK on which the desired patterns can be generated.
Notice that the average values ofµ is equal toγ = 0.5.
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Figure A.3: One-dimensional simulated patterns forγ = 0.8. The value ofµ is plotted along thex-
axis. µ = 1 presents that the domain is occupied by variant 1, whileµ = 0 presents that the domain
is occupied by variant 2. IfK is too small, the pattern is uniform and homogeneous. AsK increases,
the patterns become laminated. But ifK gets too large, the alternating patterns become too rapid
and do not reflect the reality. There is a range ofK on which the desired patterns can be generated.
Notice that the average values ofµ is equal toγ = 0.8.
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Figure A.4: One-dimensional simulated patterns forγ = 0. The value ofµ is plotted along thex-
axis. µ = 1 presents that the domain is occupied by variant 1, whileµ = 0 presents that the domain
is occupied by variant 2. Over a wide range ofK, the patterns remain uniform as 0.
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Figure A.5: One-dimensional simulated patterns forγ = 1. The value ofµ is plotted along thex-
axis. µ = 1 presents that the domain is occupied by variant 1, whileµ = 0 presents that the domain
is occupied by variant 2. Over a wide range ofK, the patterns remain uniform as 1. But ifK gets too
large, at some points of the patterns, there are rapid switching between 0 and 1. The average value
of µ is approximately 1.
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A.2 Microstructure under the effect of External Stress - Onedimensional study

We now consider the outcome if we are given external stress instead of external strain. The theory

also lays out the mechanism of Domain Switching under stress.

The same transformation strains as in the previous section are used. Under the effect of me-

chanical loading as stressσ0, we solve the mechanical equilibrium equation. We decompose the

strain, the eigenstarin (as effective transformation strain) and stress into its average and perturbed

(or inhomogeneous) portions.

ε = 〈ε〉+ ε ′

ε∗ = 〈ε∗〉+ ε∗′

σ = 〈σ〉+σ ′ = σo
︸︷︷︸
given

+σ ′ (A.26)

It is straight-forwards to check that these perturbed quantities also satisfy the mechanical equi-

librium equation:





∇ ·σ ′ = 0

σ ′ = C [ε ′− ε∗′]
, (A.27)

while the homogeneous or average quantities satisfy the equation:

〈σ〉= σo = C [〈ε〉− 〈ε∗〉] (A.28)

A.2.1 Stress that favours specific Martensitic variants

As motivated by the previous simulations in two dimensions that deal with applied stress, if the

external stress favours variant one, then variant 1 is likely to form, and vice versa. To simulate a

pattern that prefers variant 1, we can find the external stress σ0 so that the work done by this variant

in the total free energy is lower than the other variant, in other words,−σo · ε (1) < −σo · ε (2).

The system is more stable in the state with lower free energy.Given that all transformation strains

are equivalent, the anisotropy energy, interfacial energyand elastic energy are equivalent over all
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Martensitic variants. Lower work done by one variant corresponds to lower total free energy by that

variant, thus the system tends to form pattern with this variant.

−σ0 · ε (1) <−σ0 · ε (2)

σ0 · ε (1) > σ0 · ε (2)

σ0 ·




0

0

−2δ


> σ0 ·




0

0

2δ


 (A.29)

From here, we may simply takeσo =




0

0

s1


, wheres1 < 0 is the stress that favors the existence

of Martensitic variant 1. Notice that first two components are not effective in the above inequality.

On the other hand, if we want to have variant 2 to appear in the simulated pattern, we set up the

inequality−σo · ε (2) < −σo · ε (1), we should chooseσ0 =




0

0

s2


, wheres2 > 0 is the stress that

favors the existence of Martensitic variant 2.

As a final remark, it is important to notice that the preassigned external stress is equivalent to

the average stress, that is,σ0 = 〈σ〉.

A.2.2 Perturbed Portions of Stresses

Knowing that the homogeneous stress is equal to the given external stress (so we do not need to

calculate it with any effort). We may then go straight to dealwith the nonhomogeneous stress. We

start from the equilibrium equation∇ ·σ ′ = 0 to derive the components ofσ ′ which only depends

on possiblyx1.
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∂σ ′11

∂x1
+

∂σ ′12

∂x2
+

∂σ ′13

∂x3
= 0−→ σ ′11 = constant

∂σ ′21

∂x1
+

∂σ ′22

∂x2
+

∂σ ′23

∂x3
= 0−→ σ ′21 = constant

∂σ ′31

∂x1
+

∂σ ′32

∂x2
+

∂σ ′33

∂x3
= 0−→ σ ′31 = constant (A.30)

On the other hand, these components of stresses are perturbed quantities, that is, their averages

over the length of domain are 0. These force their constant values to be zero:

constant=< σ ′i1 >= 0,∀i = 1,2,3. (A.31)

Thus,σ ′i1 = 0∀i = 1,2,3.

For the componentσ ′22 , we need to go back to displacement. Displacements are functions ofx1

only. So by definition, the strain componentε22 is:

ε22 =
∂u2

∂x2
= 0 (A.32)

Its perturbed portion is 0, sinceε ′22 = ε22−〈ε22〉= 0.

With the stress-strain relation in the perturbed quantities in component forms,

σ ′11︸︷︷︸
=0

=C11(ε ′11− ε∗′11︸︷︷︸
=0

)+C12( ε ′22︸︷︷︸
=0

− ε∗′22︸︷︷︸
=0

)+ C16︸︷︷︸
=0

(ε ′12− ε∗′12)

σ ′22 =C21(ε ′11− ε∗′11︸︷︷︸
=0

)+C22( ε ′22︸︷︷︸
=0

− ε∗′22︸︷︷︸
=0

)+ C26︸︷︷︸
=0

(ε ′12− ε∗′12)

σ ′12︸︷︷︸
=0

= C61︸︷︷︸
=0

(ε ′11− ε∗′11︸︷︷︸
=0

)+ C62︸︷︷︸
=0

( ε ′22︸︷︷︸
=0

− ε∗′22︸︷︷︸
=0

)+C66(ε ′12− ε∗′12), (A.33)

where we have used the facts thatC is the stiffness matrix for isotropic materials, the first two

components of transformation strains are zero, andσ ′11 = σ ′12 = 0 from the mechanical equilibrium

equation in the perturbed quantities. Alsoε ′22 = 0 was derived from displacement.
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Solving the above reduced equations yield:

ε ′11 = 0

σ ′22 = 0

ε ′12 = ε∗′12 = 2µ ′δ , (A.34)

whereµ ′ is the perturbed portion ofµ andδ is the lattice parameters in the transformation strains.

Summing up, we have the following:

σ ′ =




σ ′11

σ ′22

σ ′12


=




0

0

0


 (A.35)

σ = 〈σ〉+σ ′ = σ0+ σ ′︸︷︷︸
0

= σ0 (A.36)

Summary

−σ0 · ε (1) <−σ0 · ε (2) if s1 > 0

−σ0 · ε (2) <−σ0 · ε (1) if s2 < 0

A.2.3 Governing Equation

Following the same approach as outlined in previous section, we seek the governing equations

(evolution equation) forµ . First we give the three driving forces.

Interfacial Force

F int = 2A∇2µ = 2A
d2µ
dx2 (A.37)

Anisotropic Force

Fani =−2K(µ−3µ2+2µ3) (A.38)
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Elastic Force

Felas= σ · ∂ε∗

∂ µ

=




0

0

S


 ·




0

0

−4δ




=−4δS, (A.39)

whereS= s1 < 0 if variant 1 is preferred, whileS= s2 > 0 if variant 2 is preferred.

With these, the governing equation is then given by:

dµ
dt

= M
(

F int +Fani+Felas
)

dµ
dt

= M

(
2A

d2µ
dx2 −2K

(
µ−3µ2+2µ3)−4δS

)
(A.40)

The following sub-sections will be devoted to the steady state problem and the time evolution

problem of this equation.

A.2.4 Steady State Problem

Recall that the steady state is achieved whendµ
dt = 0. The governing equation is simplified as follow:

dµ
dt︸︷︷︸
0

= M

(
2A

d2µ
dx2 −2K

(
µ−3µ2+2µ3)−4δS

)

2A
d2µ
dx2 = 2K

(
µ−3µ2+2µ3)+4δS

d2µ
dx2 =

K
A

(
µ−3µ2+2µ3)+2

δS
A

d2µ
dx2 = α

(
µ−3µ2+2µ3)+2η , (A.41)
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where two grouped parameters are defined for easier book-keeping:

α ≡ K
A

η ≡ δS
A

This second order nonlinear ODE has no exact solution. We maysolve it by numerical method.

Notice that we are imposing periodic boundary conditions toµ at both ends.

Numerical Method - Finite Difference Scheme

Let the values ofµ on the x-axis at iteration level ’t = tk’ be µk
n = µ(xn, tk). Then the above equation

can be discretized as:

d2µk

dx2 = α
(

µk−3(µk)2+2(µk)3
)
+2η

µk
n+1−2µk

n +µk
n−1

(∆x)2 = α
(

µk
n−3(µk

n)
2+2(µk

n)
3
)
+2η

µk
n+1−2µk+1

n +µk
n−1

(∆x)2 = α
(

µk+1
n −3(µk

n)
2+2(µk

n)
3
)
+2η

(
2

(∆x)2 +α
)

µk+1
n =

µk
n+1+µk

n−1

(∆x)2 +α
(

3(µk
n)

2−2(µk
n)

3
)
−2η

µk+1
n =

µk
n+1+µk

n−1
(∆x)2 +α

(
3(µk

n)
2−2(µk

n)
3
)
−2η

2
(∆x)2 +α

=

µk
n+1+µk

n−1
α(∆x)2 +

(
3(µk

n)
2−2(µk

n)
3
)
−2η

α
2

α(∆x)2 +1
(A.42)

A.2.5 Time Evolution Problem

Recall the governing equation is given by:

dµ
dt

= M

(
2A

d2µ
dx2 −2K(µ−3µ2+2µ3)−4δS

)
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We may want to get rid of the ill-defined parameterM by a change of variable in timet.

t̃ = 2MKt

With this, the equation can be rewritten with no explicitM:

dµ
dt

= M

(
2A

d2µ
dx2 −2K

(
µ−3µ2+2µ3)−4δS

)

2MK
dµ
dt̃

= M

(
2A

d2µ
dx2 −2K

(
µ−3µ2+2µ3)−4δS

)

dµ
dt̃

=
A
K

d2µ
dx2 −

(
µ−3µ2+2µ3)−2

δS
K

(A.43)

dµ
dt̃

=
1
α

d2µ
dx2 −

(
µ−3µ2+2µ3)−2

η
α
, (A.44)

where the same grouped parameters are introduced.

Numerical Method - Finite Difference Scheme

Again let the values ofµ on the x-axis at iteration level′t ′ = tk be µk
n = µ(xn, tk). The evolution

equation can be discretized as:

µk+1
n −µk

n

∆t
=

1
α

µk
n+1−2µk

n +µk
n−1

(∆x)2 −
(

µk
n−3(µk

n)
2+2(µk

n)
3
)
−2

η
α

µk+1
n −µk

n

∆t
=

1
α

µk
n+1−2µk+1

n +µk
n−1

(∆x)2 −
(

µk+1
n −3(µk

n)
2+2(µk

n)
3
)
−2

η
α

µk+1
n

∆t
+

1
α

2
(∆x)2 µk+1

n +µk+1
n =

µk
n

∆t
+

1
α

µk
n+1+µk

n−1

(∆x)2 +
(

3(µk
n)

2−2(µk
n)

3
)
−2

η
α

µk+1
n =

µk
n

∆t +
1
α

µk
n+1+µk

n−1
(∆x)2 +

(
3(µk

n)
2−2(µk

n)
3
)
−2η

α

1+ 1
∆t +

1
α

2
(∆x)2

(A.45)

A.2.6 Energy Density and Energy

In both steady state and time-dependent equations, we may also calculate the energy content of the

material as outlined below. Recall the three types of energyconstituting the total energy:
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The three components of total free energy are:

Wint = A|∇|2 (A.46)

Wani = Kµ2(1−µ)2 (A.47)

Welas=
1
2
[ε− ε∗] ·C[ε− ε∗]

=
1
2

C−1σ ·C ·C−1
︸ ︷︷ ︸

I

σ

=
1
2

C−1σ ·σ

=
1
2

C−1




0

0

S


 ·




0

0

S




=
1
2




0

0

s
C66


 ·




0

0

S




=
1

2C66
S2 (A.48)

Thus the total energy (as a fraction of the interfacial constantA) is:

W =Wint +Wani+Welas

= A|∇µ |2+Kµ2(1−µ)2+
1

2C66
S2

= A

[
|∇µ |2+ K

A
µ2(1−µ)2+

1
2AC66

S2
]

(A.49)

W
A

= |∇µ |2+αµ2(1−µ)2+
1

2AC66
S2 (A.50)

A.2.7 Simulations and Discussion

Some simulations are run to investigate the effect of applying external stress to the evolution of

microstructure. We start from random initial configurationµ0(x), as shown on Fig. (A.6) (a),
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assume the external stress beσ0 =




0

0

S


, whereS= s1 < 0. The resulting entire pattern will

evolve to favor variant 1 (µ(x) = 1), as shown on Fig. (A.6) (d). Two intermediate patterns are

shown on Figs. (A.6) (b) and (A.6) (c).
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Figure A.6: One-dimensional simulated patterns by external stress that favours variant 1 withS=
s1 < 0. The value ofµ is plotted along thex-axis. µ = 1 presents that the domain is occupied by
variant 1, whileµ = 0 presents that the domain is occupied by variant 2. (a) Initial random pattern.
(b) and (c) Intermediate patterns. (d) Final pattern. The microstructure evolves to variant 1 with
µ = 1.

Domain switching by stress is also simulated. The microstructure starts with variant 1 with a

nucleation of variant 2, as shown in Fig. (A.8) (a) . Externalstress that favours variant 2 is applied.
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Figure A.7: One-dimensional simulated patterns by external stress that favours variant 2 withS=
s2 > 0. The value ofµ is plotted along thex-axis. µ = 1 presents that the domain is occupied by
variant 1, whileµ = 0 presents that the domain is occupied by variant 2. (a) Initial random pattern.
(b) and (c) Intermediate patterns. (d) Final pattern. The microstructure evolves to variant 2 with
µ = 0.

It will be seen that the variant 2 will grow from the location of nucleation until the whole domain

is occupied by variant 2, as shown in Fig. (A.8) (f). Intermediate patterns showing the snapshots

are shown from Figs. (A.8) (b) and (e). Similar result can be shown for the domain switching from

variant 2 to variant 1 using stress acting in opposite direction.
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A.2.8 Domain switching by Variational analysis

If the stress is not strong enough, domain switching from onevariant to another will not take place.

We want to find the critical stress to induce this phenomenon,if external effects are accounted. The

variational approach thus provides us with more information on how the magnitudes of stresses

affect domain switching.

Recall that the total energy of the sample is given by the integral form:

I (µ) =
∫

Ω

[
Wint +Wani+Welas−σo · ε

]
dx (A.51)

Given the external stress in the formσ0=




0

0

S


. We are going to express the energy functional

in terms ofSand the field variableµ .

The inhomogeneous strain is given by:

ε∗ = µε1+(1−µ)ε2 =




0

0

2δ (1−2µ)


 (A.52)

Using the stress-strain relation, we obtain the total stress:

σ = (ε− ε∗)

ε = ε∗+C−1σ

=




0

0

2δ (1−2µ)+ s
C66


 (A.53)
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Thus the work done attributed from external stress is given by:

σo · ε =




0

0

s


 ·




0

0

2δ (1−2µ)+ s
C66




= 2δ (1−2µ)s+
s2

C66
(A.54)

With these, the energy functional can be expressed in terms of Sandµ ,

I (µ) =
∫

Ω

[
Wint +Wani+Welas−σo · ε

]
dx

=
∫

Ω

[
A

(
dµ
dx

)2

+Kµ2(1−µ)2+
S2

2C66
−2δ (1−2µ)S+

S2

C66

]
dx

=
∫

Ω

[
A

(
dµ
dx

)2

+Kµ2(1−µ)2− S2

2C66
−2δ (1−2µ)S

]
dx

(A.55)

We carry out the variational analysis to this energy functional. Denoteµ = f + εg. Hereg ∈
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C ∞
0 (0,1) is a smooth perturbed terms with zero boundary conditions atall orders. Thus,

I ( f + εg) =
∫ 1

0

[
A( f ′+ εg′)2+K( f + εg)2(1− ( f + εg))2− S2

2C66
−2δ (1−2( f + εg))S

]
dx

=

∫ 1

0

[
A( f ′2+2ε f ′g′+ ε2g′2)

+K f 2(1− f )2+2Kε [ f (1− f )2g− f 2(1− f )g]+Kε2[(1− f )2g2−4 f (1− f )g2+ f 2g2]

+ − S2

2C66
−2δ (1−2 f −2εg)S

]
dx

=

∫ 1

0

(
A f ′2+K f 2(1− f )2− S2

2C66
−2δ (1−2 f )S

)
dx

+ ε
∫ 1

0

(
2A f ′g′+2K[ f (1− f )2g− f 2(1− f )2g]−2δ (−2g)S

)
dx

+ ε2
∫ 1

0

(
Ag′2+K[(1− f )2g2−4 f (1− f )g2+ f 2g2]

)
dx

= I ( f )+ ε
∫ 1

0


2A f ′g′︸︷︷︸

trick(1)

+2K [ f (1− f )2− f 2(1− f )]︸ ︷︷ ︸
f−3 f 2+2 f 3

g+4δSg


dx

+ ε2
∫ 1

0


A g′2︸︷︷︸

trick(2)

+K[(1− f )2g2−4 f (1− f )g2+ f 2g2]


dx, (A.56)

where we have employed several tricks.

Trick (1): Integration by parts:

∫ 1

0
f ′g′dx=

∫ 1

0
f ′dg

=
[

f ′g
]1

0−
∫ 1

0
g f ′′dx

= f ′(1)g(1)︸︷︷︸
0

− f ′(0)g(0)︸︷︷︸
0

−
∫ 1

0
g f ′′dx

=−
∫ 1

0
g f ′′dx
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Trick (2): Inequality with periodic BC:

0≤
∫ 1

0
g′2dx

= max
0≤x≤1

g′ ·
∫ 1

0
g′dx

= max
0≤x≤1

g′ · g|10

= max
0≤x≤1

g′ · [g(1)−g(0)]︸ ︷︷ ︸
0

= 0

⇒
∫ 1

0
g′2dx= 0

Eventually the energy functional becomes:

I ( f + εg) = I ( f )+ ε
∫ 1

0

(
−2A f ′′g+2K( f −3 f 2+2 f 3)g+4δSg

)
dx

+ ε2
∫ 1

0

(
K[(1− f )2−4 f (1− f )+ f 2]g2)dx

= I ( f )+δI +δ 2
I , (A.57)

whereδI andδ 2I are respectively the first and the second variations.

The first variation, as the driving force of the system, should be zero so as to stabilize the

microstructure. A second-order differential equation inf is formed.

0= δI

= ε
∫ 1

0

(
−2A f ′′g+2K( f −3 f 2+2 f 3)g+4δSg

)
dx

= ε
∫ 1

0
2
(
−A f ′′+K( f −3 f 2+2 f 3)+2δS

)
gdx

⇒−A f ′′+K( f −3 f 2+2 f 3)+2δS= 0

A f ′′ = K( f −3 f 2+2 f 3)+2δS (A.58)

The Second Variation is an indicator of whether the total energy of the microstructure is at
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maximum or minimum.

δ 2
I = ε2

∫ 1

0

(
K[(1− f )2−4 f (1− f )+ f 2]g2)dx

= ε2
∫ 1

0
K[1−6 f +6 f 2]g2dx (A.59)

It can be seen that the first variation is exactly the evolution equation under the effect of external

stress. Based on the simulation, the field variablef will converge to either 0 or 1, depending on

the direction (or sign) ofS. These are the possible critical values. The second variation is used to

check if these critical values induce maximum or minimum energy of the system, as to whether it is

positive or negative. It is easy to check that, by direct substitution, the second variation is positive

at f = 0 and f = 1, which verifies that the energy is minimized and the system is stable under the

effect of external stress, with the outcome that the patternwill either evolve to only one variant.



267

0 0.2 0.4 0.6 0.8 1

0

0.2

0.4

0.6

0.8

1

x

vo
lu

m
e 

fr
ac

tio
n 

of
 v

ar
ia

nt
 1

 (µ
)

number = 1 force = −150000000

0 0.2 0.4 0.6 0.8 1

0

0.2

0.4

0.6

0.8

1

x

vo
lu

m
e 

fr
ac

tio
n 

of
 v

ar
ia

nt
 1

 (µ
)

number = 801 force = −150000000

(a) time step = 1 (b) time step = 700

0 0.2 0.4 0.6 0.8 1

0

0.2

0.4

0.6

0.8

1

x

vo
lu

m
e 

fr
ac

tio
n 

of
 v

ar
ia

nt
 1

 (µ
)

number = 1301 force = −150000000

0 0.2 0.4 0.6 0.8 1

0

0.2

0.4

0.6

0.8

1

x

vo
lu

m
e 

fr
ac

tio
n 

of
 v

ar
ia

nt
 1

 (µ
)

number = 1501 force = −150000000

(a) time step = 1300 (b) time step = 1500

0 0.2 0.4 0.6 0.8 1

0

0.2

0.4

0.6

0.8

1

x

vo
lu

m
e 

fr
ac

tio
n 

of
 v

ar
ia

nt
 1

 (µ
)

number = 1901 force = −150000000

0 0.2 0.4 0.6 0.8 1

0

0.2

0.4

0.6

0.8

1

x

vo
lu

m
e 

fr
ac

tio
n 

of
 v

ar
ia

nt
 1

 (µ
)

number = 2701 force = −150000000

(a) time step = 1900 (b) time step = 2700

Figure A.8: (One dimensional) Illustration of domain switching by stress from variant 1 to variant 2.
The value ofµ is plotted along thex-axis. µ = 1 presents that the domain is occupied by variant 1,
while µ = 0 presents that the domain is occupied by variant 2. (a) Initial pattern: Domain occupied
by variant 1 but a narrow nucleation of variant 2. (b) (c) (d) (e) Intermediate patterns. (d) Final
pattern. The microstructure evolves to variant 2 withµ = 0, growing from the nucleation.
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A.3 Effect of External Strain on ’Uniform’ Volume Fraction

Assume we want to analyze the outcomes of microstructure that involves two Martensitic variants

given by the transformation strainε(1) andε(2). The imposed mechanical condition is the external

strain which is a linear combination of these two transformation strains, that is,ε(0) = γε(1)+(1−
γ)ε(2), where 0≤ γ ≤ 1 is the ratio of contribution from each Martensitic variant. Our goal is to

examine the relationship between the external strains (in terms of parameterγ) and the expected

stable pattern of microstructure, expressed as volume fraction of the variant one,µ = µ(x),0≤ x≤
L. Note that the final or stable pattern of the microstructure is evolved as a result of minimization of

the sum of interfacial, anisotropy and elastic driving forces,F = Fint +Fani+Felas, where for stable

pattern, the interfacial force is approximated as zero.

The anisotropic energy and its corresponding driving forceare:

Wani = Kµ2(1−µ)2 (A.60)

Fani =−K
∂Wani

∂ µ

=−2K(µ−3µ2+2µ3) (A.61)

For the elastic driving force, we need to find the stressσ and the derivative of the eigen-strain

with respect to the volume fraction. Assume that the eigenstrain is given byε∗ = µ(x)ε (1)+(1−
µ(x))ε (2), whereµ(x) represents the volume fraction of the first variant as a function of x. Its

derivative with respect toµ is:

∂ε∗

∂ µ
= ε (1)− ε(2) (A.62)
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The stress is evaluated from the stress-strain relationship:

σ = C(ε− ε∗)

= C [〈ε〉− 〈ε∗〉]+C
(
ε ′− ε∗′

)

= C
[
ε0−〈ε∗〉

]
+ σ ′︸︷︷︸
→0

= C[(γε(1)+(1− γ)ε(2))− (〈µ〉ε (1)+(1−〈µ〉)ε (2))]

= C[(γε(1)+(1− γ)ε(2))− (µε(1)+(1−µ)ε(2))]

= C[(γ−µ)ε(1)− (γ−µ)ε(2))]

= (γ−µ)C(ε (1)− ε(2)) (A.63)

The elastic driving is thus:

Felas= σ · ∂ε∗

∂ µ

= (γ−µ)C(ε (1)− ε (2)) · (ε (1)− ε (2)) (A.64)

To relate the order of magnitude between the anisotropy and the elastic driving force, based on

[32], we consider the anisotropy constant as:

K = λCε (1) · ε (1)1= λCε (2) · ε (2)

We will see that the value ofλ will affect the possible pattern of microstructure thus generated.

We are now in a position to derive an algebraic equation for the resulting volume fractionµ =

µ(x) that depends on the parametersγ andλ . Minimization of the system energy occurs when the
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total driving force is zero, that is,

F = Fint +Fani+Felas

0=−2K
(
µ−3µ2+2µ3)+(γ−µ)C(ε (1)− ε (2)) · (ε (1)− ε (2))

0=−2K
(
µ−3µ2+2µ3)+(γ−µ)4

K
λ

λ
(
2µ3−3µ2+µ

)
+2µ−2γ = 0 (A.65)

Notice thatγ andλ are given at the beginning, thereforeµ is the unknown to be determined from

the above equation. We solve this equation numerically by using Matlab with the results visualized

graphically.

If we consider the special caseλ = 0, where there is no anisotropic contribution. The equation

reduces to 2µ − 2γ = 0, giving us the linear solutionµ = γ . The resulting constant value of the

volume fraction is identical to the ratio of the transformation strains of the martesbitic variants

contributing to the external strain. Say ifε0 = 0.6ε (1)+0.4ε (2), the resulting volume fraction will

be 0.6 uniformly over the domain. For this, we will reject this case and assume thatλ 6= 0.

We may also study the energy content of the system:

W =Wani+Welas

= Kµ2(1−µ)2+
1
2
[ε− ε∗(µ)] ·C[ε− ε∗(µ)]

= Kµ2(1−µ)2+
1
2
(µ− γ)

(
ε (1)− ε(2)

)
·C(µ− γ)

(
ε (1)− ε(2)

)

= Kµ2(1−µ)2+
1
2
(µ− γ)2(ε (1)− ε(2)) ·C(ε(1)− ε(2))︸ ︷︷ ︸

4K
λ

= Kµ2(1−µ)2+2
K
λ
(µ− γ)2

= K

[
µ2(1−µ)2+

2
λ
(µ− γ)2

]

W
K

= µ2(1−µ)2+
2
λ
(µ− γ)2, (A.66)

whereµ = µ(γ).

Assume that external strain ratio 0≤ γ ≤ 1 is preassigned, as the ratio of contribution of transfor-
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mation strains in external strain, we solve from Eq. A.65 forthe so-called optimal volume fraction

0≤ µ ≤ 1. The result is then graphed in Fig. (A.9). Here the y-axis stands for the optimal volume

fractionµ while the x-axis stands for the preassigned vales of external strainγ .
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Figure A.9: Relation between the imposed external strains in terms of transformation strains of
Martensitc variants in the ratioγ and the resulting volume fraction between the two variantsµ . Here
λ = 1

The energy content at each resulting volume fractionµ is plotted in Fig.(A.10)(a). Energy

components in anisotropy and elasticity are shown in Fig.(A.10)(b).

Since we do not expect to see uniform (or homogeneous) pattern when twining Martensite is

involved, These graphs will help us to filter those badly-simulated patterns, by simply checking the

numerical value of the average, maximum and minimum of the volume fraction:〈µ(x)〉, maxx µ(x)

and minx µ(x), without consuming time and effect to examine the patterns graphically.
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Figure A.10: Relation between the imposed external strainsin terms of transformation strains of
Martensitc variants in the ratioγ and the resulting volume fraction between the two variantsµ . Here
λ = 1

A.4 Summary and Conclusion

The phase field model is analyzed semi-analytically in one-dimensional case, which parallels with

the numerical simulations. The analysis is carried out for the system under external strains and

external stresses. Phase field simulations depend heavily on the parameters chosen. For this, we

also purpose an easy way to filter those parameters that will yield unwanted simulated results.
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Appendix B

AUSTENITE-MARTENSITE INTERFACES OF SHAPE MEMORY ALLOYS IN
REAL CRYSTAL SYSTEMS

Following the deviations outlined in section (3.9), we willstudy the occurrences of interfaces in

three common crystal systems, namely, Cubic-to-Tetragonal, Cubic-to-Orthorhombic and Cubic-to-

Monoclinic-I systems.

B.1 Cubic-to-Tetragonal System

There are three Martensitic variants in this crystal system:

U1 =




β

α

α


 ,U2 =




α

β

α


 ,U3 =




α

α

β


 , (B.1)

Due to geometric symmetric, we need to consider the pairs consisting of the two variants:F≡U1

andG≡U2.

These two variants can form twinned Martensites with two possible sets of shears and normals

that describe the interfaces:

a+ =

√
2(β 2−α2)

β 2+α2




−β

α

0


 ,n+ =

1√
2





1

1

0





(B.2)

a− =

√
2(β 2−α2)

β 2+α2




−β

α

0


 ,n− =

1√
2





1

1

0





(B.3)

So far the ratio of each variant in the twinned structure can be arbitrary.

For the twinned Martensites make an interface with Austenite, the parametersα andβ have to
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satisfy one of the following sets of conditions:

A :

{
α < 1< β ,

1
α2 +

1
β 2 ≤ 2

}
(B.4)

B :
{

β < 1< α ,α2+β 2≤ 2
}

(B.5)

Also, the volume ratio of the two Martensitic variants in thetwinned Martensite is restricted by the

choices of lattice parametersα andβ :

λ =
1
2

(
1−
√

1+
2(α2−1)(β 2−1)(α2+β 2)

(β 2−α2)2

)
(B.6)

Due to symmetry, the ratio can also be 1−λ . More explicitly,

1−λ =
1
2

(
1+

√
1+

2(α2−1)(β 2−1)(α2+β 2)

(β 2−α2)2

)
(B.7)

Before we determine the Autenite-Martensite interface, two expressions are defined for the sake

of simplicity,

δ ≡

√
α2+β 2−2

1−α2 (B.8)

τ ≡

√
2α2β 2−α2−β 2

1−α2

The eight possible configuration for the AM-interfaces are outline below:

Cases (1) and (2):

MM-interface ={a+,n+}
ratio of martensitic variants =(λ : 1−λ )

AM-interface ={b±,n±}, where:
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b± =
1−α2

1+β 2




∓ δ+τ
2

± δ−τ
2

β


 ,m± =




∓ δ+τ
2

± δ−τ
2

1


 , (B.9)

Cases (3) and (4):

MM-interface ={a+,n+}
ratio of martensitic variants =(1−λ : λ )

AM-interface ={b±,n±}, where:

b± =
1−α2

1+β 2




± δ+τ
2

∓ δ−τ
2

β


 ,m± =




± δ+τ
2

∓ δ−τ
2

1


 , (B.10)

Cases (5) and (6):

MM-interface ={a−,n−}
ratio of martensitic variants =(1−λ : λ )

AM-interface ={b±,n±}, where:

b± =
1−α2

1+β 2




∓ δ+τ
2

± δ−τ
2

β


 ,m± =




∓ δ+τ
2

± δ−τ
2

1


 , (B.11)

Cases (7) and (8):

MM-interface ={a−,n−}
ratio of martensitic variants =(1−λ : λ )

AM-interface ={b±,n±}, where:
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b± =
1−α2

1+β 2




± δ+τ
2

∓ δ−τ
2

β


 ,m± =




± δ+τ
2

∓ δ−τ
2

1


 , (B.12)

For simulation, we consider (In−23at.%T l), where the lattice parameters areα = 0.9889 and

β = 1.0212. Twinned Martensite always forms without any restriction. The two possible interfaces

are:

a+ = 0.0454




−1.0212

0.9889

0


 ,n+ =

1√
2




1

1

0


 , (B.13)

a− = 0.0454




−1.0212

−0.9889

0


 ,n− =

1√
2




1

−1

0


 , (B.14)

For AM interface to form, these parameters satisfy condition (B). The volume ratio of the

martensitic variants isλ = 0.3475, or by symmetry, 1− λ = 0.6525. The eight possible config-

uration of AM-interfaces are outlined below:

case MM-interface λ b m

(1) a+,n+ 0.3475
(
−0.0102,2.4439×10−4,−0.0110

)T
(−0.9474,0.0226,1)T

(2) a+,n+ 0.3475
(
0.0102,−2.4439×10−4,−0.0110

)T
(0.9474,−0.0226,1)T

(3) a+,n+ 0.6525
(
2.4439×10−4,−0.0102,−0.0110

)T
(0.0226,−0.9474,1)T

(4) a+,n+ 0.6525
(
−2.4439×10−4,0.0102,−0.0110

)T
(−0.0226,0.9474,1)T

(5) a−,n− 0.3475
(
−0.0102,2.4439×10−4,−0.0110

)T
(−0.9474,0.0226,1)T

(6) a−,n− 0.3475
(
0.0102,−2.4439×10−4,−0.0110

)T
(0.9474,−0.0226,1)T

(7) a−,n− 0.6525
(
2.4439×10−4,−0.0102,−0.0110

)T
(0.0226,−0.9474,1)T

(8) a−,n− 0.6525
(
−2.4439×10−4,0.0102,−0.0110

)T
(−0.0226,0.9474,1)T
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Since we impose strong periodic boundary conditions in all three directions, in order to avoid

geometry incompatibility on the boundaries of the simulated domain, the transformation strains

have to be re-orientated so that the pre-calculated AM-interface is pointing either in the direction

(0,1,0)T or (1,1,1)T . We adopt the convention, if the transformation strains of the martensitic

variants areF andG respectively, then the transformation strains becomeF010 andG010 which give

rises to AM-interface whose normal is pointing in(0,1,0)T , while they becomeF111 andG111 which

give rises to AM-interface whose normal is pointing in(1,1,1)T .

The transformation strains adopted in the simulations for each case are outlined.

Case (1):

F010=




1.0102 0.0004 −0.0153

0.0004 0.9889 −0.0003

−0.0153 −0.0003 −0.9999


 ,G010=




0.9949 −0.0096 0.0081

−0.0096 1.0042 −0.0130

0.0081 −0.0130 0.9999


 ,

(B.15)

F111=




1.0035 0.0020 −0.0160

0.0020 0.9892 −0.0021

−0.0160 −0.0021 −1.0063


 ,G111=




0.9890 0.0014 0.0002

0.0014 1.0203 0.0051

0.0002 0.0051 0.9897


 , (B.16)

Case (2):

F010=




1.0102 −0.0004 −0.0153

−0.0004 0.9889 0.0003

−0.0153 0.0003 −0.9999


 ,G010=




0.9949 0.0096 0.0081

0.0096 1.0042 0.0130

0.0081 0.0130 0.9999


 , (B.17)

F111=




1.0027 0.0015 −0.0159

0.0015 0.9891 −0.0017

−0.0159 −0.0017 1.0072


 ,G111=




1.0071 −0.0046 0.0153

−0.0046 0.9901 −0.0039

0.0153 −0.0039 1.0018


 ,

(B.18)
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Case (3):

F010=




0.9949 −0.0096 0.0081

−0.0096 1.0042 −0.0130

0.0081 −0.0130 0.9999


 ,G010=




1.0102 0.0004 −0.0153

0.0004 0.9889 −0.0003

−1.0153 −0.0003 0.9999


 ,

(B.19)

F111=




0.9890 0.0014 0.0002

0.0014 1.0203 0.0051

0.0002 0.0051 0.9897


 ,G111=




1.0035 0.0020 −0.0160

0.0020 0.9892 −0.0021

−0.0160 −0.0021 1.0063


 , (B.20)

Case (4):

F010=




0.9949 0.0096 0.0081

0.0096 1.0042 0.0130

0.0081 0.0130 0.9999


 ,G010=




1.0102 −0.0004 −0.0153

−0.0004 0.9889 0.0003

−1.0153 0.0003 0.9999


 , (B.21)

F111=




1.0071 −0.0046 0.0153

−0.0046 0.9901 −0.0039

0.0153 −0.0039 1.0018


 ,G111=




1.0027 0.0015 −0.0159

0.0015 0.9891 −0.0017

−0.0159 −0.0017 1.0072


 ,

(B.22)

Case (5):

F010=




1.0102 −0.0004 −0.0153

−0.0004 0.9889 0.0003

−0.0153 0.0003 0.9999


 ,G010=




0.9949 0.0096 0.0081

0.0096 1.0042 0.0130

0.0081 0.0130 0.9999


 , (B.23)

F111=




1.0027 0.0015 −0.0159

0.0015 0.9891 −0.0017

−0.0159 −0.0017 1.0072


 ,G111=




1.0071 −0.0046 0.0153

−0.0046 0.9901 −0.0039

0.0153 −0.0039 1.0018


 ,

(B.24)
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Case (6):

F010=




1.0102 0.0004 −0.0153

0.0004 0.9889 −0.0003

−0.0153 −0.0003 0.9999


 ,G010=




0.9949 −0.0096 0.0081

−0.0096 1.0042 −0.0130

0.0081 −0.0130 0.9999


 ,

(B.25)

F111=




1.0035 0.0020 −0.0160

0.0020 0.9892 −0.0021

−0.0160 −0.0021 1.0063


 ,G111=




0.9890 0.0014 0.0002

0.0014 1.0203 0.0051

0.0002 0.0051 0.9897


 , (B.26)

Case (7):

F010=




0.9949 0.0096 −0.0081

0.0096 1.0042 −0.0130

−0.0081 −0.0130 0.9999


 ,G010=




1.0102 −0.0004 0.0153

−0.0004 0.9889 −0.0003

0.0153 −0.0003 0.9999


 ,

(B.27)

F111=




1.0071 0.0153 −0.0046

0.0153 1.0018 −0.0039

−0.0046 −0.0039 0.9901


 ,G111=




1.0027 −0.0159 0.0015

−0.0159 1.0072 −0.0017

0.0015 −0.0017 0.9891


 ,

(B.28)

Case (8):

F010=




0.9949 −0.0096 −0.0081

−0.0096 1.0042 0.0130

−0.0081 0.0130 0.9999


 ,G010=




1.0102 0.0004 0.0153

0.0004 0.9889 0.0003

0.0153 0.0003 0.9999


 , (B.29)

F111=




0.9890 0.0002 0.0014

0.0002 0.9897 0.0051

0.0014 0.0051 1.0203


 ,G111=




1.0035 −0.0160 0.0020

−0.0160 1.0063 −0.0021

0.0020 −0.0021 0.9892


 , (B.30)

Furthermore, these outlined transformation strains are expressed in finite strain representation.
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In the simulation, these transformation strains are expressed in linearized infinitesimal strain repre-

sentation. This can be done easily by substraction of 3-by-3identity matrix. More explicitly,

ε i = Ui− I (B.31)

B.1.1 Simulation

We attempt to simulate micro-structures of autenite-Martensite and martenite-Martensite interfaces

in each of the eight cases. As previously implemented, all simulations start from random pattern and

the iteration continues until convergence is reached. The visualizations are shown in figures (B.1)

and (B.1).
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(c) Case (3) (d) Case (4)

Figure B.1: Simulated micro-structures in tetragonal system: Cases (1) - (4).
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(c) Case (7) (d) Case (8)

Figure B.2: Simulated micro-structures in tetragonal system: Cases (5) - (8).
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B.2 Cubic-to-Orthorhombic System

There are six variants of Martensites for this system:

U1 =




α+γ
2 0 α−γ

2

0 β 0
α−γ

2 0 α+γ
2


 ,U2 =




α+γ
2 0 −α−γ

2

0 β 0

−α−γ
2 0 α+γ

2


 ,U3 =




α+γ
2

α−γ
2 0

α−γ
2

α+γ
2 0

0 0 β


 ,

U4 =




α+γ
2 −α−γ

2 0

−α−γ
2

α+γ
2 0

0 0 β


 ,U5 =




β 0 0

0 α+γ
2

α−γ
2

0 α−γ
2

α+γ
2


 ,U6 =




β 0 0

0 α+γ
2 −α−γ

2

0 −α−γ
2

α+γ
2


 .

(B.32)

Since there can be many possible pairings of these variants to form interfaces with auteniste.As

expected from the symmetry in the matrix representation of these variants, all the pairings of Marten-

sites exhibits similar patterns in interfaces. In the following, we demonstrate two representative

pairings, namely compound twin and type-I-type-II twin. The table below shows a summary all

possible pairing with type of interfaces they are forming.

U1 U2 U3 U4 U5 U6

U1 C I/II I/II I/II I/II

U2 C I/II I/II I/II I/II

U3 I/II I/II C I/II I/II

U4 I/II I/II C I/II I/II

U5 I/II I/II I/II I/II C

U6 I/II I/II I/II I/II C

(B.33)
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B.2.1 Compound Twin of Variant 1 and Variant 2

Using equation(3.36), variant 1 and variant 2 form a compound twin with two possible interfaces:

a+ =
γ2−α2

γ2+α2




α− γ

0

α + γ


 ,n+ =




1

0

0




a− =−γ2−α2

γ2+α2




α + γ

0

α− γ


 ,n− =




0

0

1




(B.34)

Austenite-Martensite interface exists if equation (3.37)is satisfied. The resulting equation is

almost impossible to solve for the lattice parameters that yield compatible interfaces. For instance,

the first inequality in (3.37) generate the following inequality with high order of polynomials in

numerator and denominator.

δ ≡ δ1,num

δ1,den
≤ 2, (B.35)

whereδ1,num andδ1,den are the numerator and denominator ofδ1:

δ1,num= 3α4β 4−4α4β 2γ2−α4β 2+4α4γ4−2α4γ2

−2α2β 4γ2−2α2β 4−4α2β 2γ4+10α2β 2γ2−2α2γ4

+3β 4γ4−2β 4γ2−β 2γ4

δ1,den= 4(α2−1)(β 2−1)(γ2−1)(α2β 2+2α2γ2+β 2γ2) (B.36)

In fact, according to Bhattacharya [2], no real material will satisfy these conditions. We may

still study the interfaces with an artificial sets of parameters that satisfy the conditions (3.37) for
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Austenite-Martensite interface.

α = 0.99

β = 0.98

γ = 1.02 (B.37)

Using (3.36), two possible Martensite-Martensite interfaces exist:

n1 =




0

0

1


 ,a1 =




0.06

0

−0.0009




n2 =




−1

0

0


 ,a2 =




0.0009

0

−0.06


 (B.38)

For twinned Martensites consisting of these variants to form further interface with Austenite, the

martensitic variants have to be in the ratio specified byλ or 1−λ , whereλ = 0.3368 orλ = 0.6632.

As discussed in previous subsection, there are eight possible sets of Austenite-Martensite inter-

faces. The combinations of shear and normal vectors of the interfaces will be summarized in the

following:
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case MM-interface λ b m

(1) a+,n+ 0.3368 (−0.0121,0.0246,0.0117)T (−0.4158,−0.8172,0.3991)T

(2) a+,n+ 0.3368 (0.0121,0.0246,−0.0117)T (0.4158,−0.8172,−0.3991)T

(3) a+,n+ 0.6632 (0.0121,−0.0246,0.0117)T (0.4158,0.8172,0.3991)T

(4) a+,n+ 0.6632 (−0.0121,−0.0246,−0.0117)T (−0.4158,0.8172,−0.3991)T

(5) a−,n− 0.3368 (−0.0117,0.0246,0.0121)T (−0.3991,−0.8172,0.4158)T

(6) a−,n− 0.3368 (0.0117,0.0246,−0.0121)T (0.3991,−0.8172,−0.4158)T

(7) a−,n− 0.6632 (0.0117,−0.0246,0.0121)T (0.3991,0.8172,0.4158)T

(8) a−,n− 0.6632 (−0.0117,−0.0246,−0.0121)T (−0.3991,0.8172,−0.4158)T

Before the transformation strains of the martensitic variants are put to simulation, because of

imposed periodic conditions and the resulting geometric compatibility, the matrices representing

these transformation strains are re-orientated so that there-orientated normal vector of the Austenite-

Martensite interface is pointing either in(0,1,0)T or (1,1,1)T . The transformation strains adopted

in the simulations for each case are outlined:

Case (1):

F010=




1.0307 0.0307 0.0446

0.0307 0.9739 −0.0426

0.0446 −0.0426 0.9981


 ,G010=




1.0100 0.0411 0.0180

0.0411 0.9946 −0.0590

0.0180 −0.0590 0.9981


 , (B.39)

F111=




1.0407 −0.0201 −0.0033

−0.0201 1.0416 −0.0171

−0.0033 −0.0171 0.9205


 ,G111=




1.0436 0.0182 −0.0091

0.0182 1.0381 −0.0185

−0.0091 −0.0185 0.9210


 ,

(B.40)
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Case (2):

F010=




1.0307 −0.0307 0.0446

−0.0307 0.9739 0.0426

0.0446 0.0426 0.9981


 ,G010=




1.0100 −0.0411 0.0180

−0.0411 0.9946 0.0590

0.0180 0.0590 0.9981


 , (B.41)

F111=




0.9829 −0.0693 0.0170

−0.0693 1.0009 0.0118

0.0170 0.0118 1.0190


 ,G111=




0.9661 −0.0493 0.0197

−0.0493 0.9805 0.0202

0.0197 0.0202 1.0560


 , (B.42)

Case (3):

F010=




1.0100 0.0411 0.0180

0.0411 0.9946 −0.0590

0.0180 −0.0590 0.9981


 ,G010=




1.0307 0.0307 0.0446

0.0307 0.9739 −0.0426

0.0446 −0.0426 0.9981


 , (B.43)

F111=




1.0436 0.0182 −0.0091

0.0182 1.0381 −0.0185

−0.0091 −0.0185 0.9210


 ,G111=




1.0407 −0.0201 −0.0033

−0.0201 1.0416 −0.0171

−0.0033 −0.0171 0.9205


 ,

(B.44)

Case (4):

F010=




1.0100 −0.0411 0.0180

−0.0411 0.9946 0.0590

0.0180 0.0590 0.9981


 ,G010=




1.0307 −0.0307 0.0446

−0.0307 0.9739 0.0426

0.0446 0.0426 0.9981


 , (B.45)

F111=




0.9661 −0.0493 0.0197

−0.0493 0.9805 0.0202

0.0197 0.0202 1.0560


 ,G111=




0.9829 −0.0693 0.0170

−0.0693 1.0009 0.0118

0.0170 0.0118 1.0190


 , (B.46)
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Case (5):

F010=




1.0307 0.0307 −0.0446

0.0307 0.9739 0.0426

−0.0446 0.0426 0.9981


 ,G010=




1.0100 0.0411 −0.0180

0.0411 0.9946 0.0590

−0.0180 0.0590 0.9981


 , (B.47)

F111=




1.0407 −0.0033 −0.0201

−0.0033 0.9205 −0.0171

−0.0201 −0.0171 1.0416


 ,G111=




1.0436 −0.0091 0.0182

−0.0091 0.9210 −0.0185

0.0182 −0.0185 1.0381


 ,

(B.48)

Case (6):

F010=




1.0307 −0.0307 −0.0446

−0.0307 0.9739 −0.0426

−0.0446 −0.0426 0.9981


 ,G010=




1.0100 −0.0411 −0.0180

−0.0411 0.9946 −0.0590

−0.0180 −0.0590 0.9981


 ,

(B.49)

F111=




0.9829 0.0170 −0.0693

0.0170 1.0190 0.0118

−0.0693 0.0118 1.0009


 ,G111=




0.9661 0.0197 −0.0493

0.0197 1.0560 0.0202

−0.0493 0.0202 0.9805


 , (B.50)

Case (7):

F010=




1.0100 −0.0411 −0.0180

−0.0411 0.9946 −0.0590

−0.0180 −0.0590 0.9981


 ,G010=




1.0307 −0.0307 −0.0446

−0.0307 0.9739 −0.0426

−0.0446 −0.0426 0.9981


 ,

(B.51)

F111=




0.9661 0.0197 −0.0493

0.0197 1.0560 0.0202

−0.0493 0.0202 0.9805


 ,G111=




0.9829 0.0170 −0.0693

0.0170 1.0190 0.0118

−0.0693 0.0118 1.0009


 , (B.52)
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Case (8):

F010=




1.0100 0.0411 −0.0180

0.0411 0.9946 0.0590

−0.0180 0.0590 0.9981


 ,G010=




1.0307 0.0307 −0.0446

0.0307 0.9739 0.0426

−0.0446 0.0426 0.9981


 , (B.53)

F111=




1.0436 −0.0091 0.0182

−0.0091 0.9210 −0.0185

0.0182 −0.0185 1.0381


 ,G111=




1.0407 −0.0033 −0.0201

−0.0033 0.9205 −0.0171

−0.0201 −0.0171 1.0416


 ,

(B.54)

The simulated micro-structures are shown in figures. (B.3) and (B.4). Unfortunately no desirable

micro-structure for case (1) can be simulated.

B.2.2 Type-I / Type-II Twin of Variant 1 and Variant 3

This result is due to Mallard [2]. Variant 1 (denoted byF = U1) and variant 3 (denoted byG = U3)

are related crystallographically by a 1800-rotation about the axiŝe= 1√
2




0

1

1


, or equivalently,

FTF = RTGTGR andFTF = GTG, whereR is the rotation matrix about the axiŝe about 1800.

These variants form one type-I twin and one type-II twin. Theinterfaces are computed by:

a+ = 2

(
G−T ê

|G−Tê|2
−Gê

)
,n+ = ê (B.55)

a− = ρGê,n− =
2
ρ

(
ê− GTGê

|Gê|2

)
, (B.56)

whereρ 6= 0 is so chosen to make|n|= 1.

More explicitly, these vectors expressed in crystal lattice parameters are:
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No result
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(a) Case (1) (b) Case (2)

X
Y

Z
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Z

(c) Case (3) (d) Case (4)

Figure B.3: Simulated micro-structures in orthorhombic system involving variants 1 and 2: Cases
(1) - (4).
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(c) Case (7) (d) Case (8)

Figure B.4: Simulated micro-structures in orthorhombic system involving variants 1 and 2: Cases
(5) - (8).
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a+ =




−(α−γ)(
√

2αγ(α+γ)2β2+8
√

2α2β2 γ2+4
√

2αγα2γ2+
√

2αγβ2(α−γ)2)
4αγ((α+γ)2β2+4α2γ2+β2(α−γ)2)

−(α+γ)(
√

2αγ(α+γ)2β2−8
√

2α2β2γ2+4
√

2αγα2γ2+
√

2αγβ2(α−γ)2)
4αγ((α+γ)2β2+4α2γ2+β2(α−γ)2)

−(
√

2β4(α+γ)2+
√

2β4(α−γ)2−4
√

2α2β2γ2)
2β((α+γ)2β2+4α2γ2+β2(α−γ)2)




a− = ρ




√
2

4 (α− γ)

√
2

4 (α + γ)

√
2

2 β




n− =
2
ρ




−
√

2(α2−γ2)
α2+γ2+2β2

−
√

2
2

α2+γ2−2β2

α2+γ2+2β2

√
2

2
α2+γ2−2β2

α2+γ2+2β2




, (B.57)

where we chooseρ so that|n−|= 1, or,

2
ρ

√
2(α2− γ2)2+2× 1

2(α2+ γ2−2β 2)2

α2+ γ2+2β 2 = 1

2
ρ

√
3α4−4α2β 2−2α2γ2+4β 4−4β 2γ2+3γ4

α2+ γ2+2β 2 = 1

2

√
3α4−4α2β 2−2α2γ2+4β 4−4β 2γ2+3γ4

α2+ γ2+2β 2 = ρ (B.58)

The two Martensite variants will form interface with Austenite if (3.37) holds. For instance,

CuAlNi, whereα = 1.0619,β = 0.9178 andγ = 1.0230, satisfies the condition. With these numer-
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ical crystal parameters, the two possible sets of shear and normal vectors are:

a+ =




0.0515

0.1637

0.1869


 ,n+ =

1√
2




0

1

−1


 ,

a− =




0.0036

−0.1691

0.1921


 ,n− =




−0.2282

−0.6885

−0.6885


 , (B.59)

where{a+,n+} is a Type-I twin and{a−,n−} is a Type-II twin.

Equation (3.38) applied to each of these twins further confirm the volume ratio of martenitic

variants in the twinned structure. For type-I twin,λ = 0.2902, while for type-II twin,λ = 0.3008.

With equation (3.39), we may compute the shear and normal vectors of the Austenite-Martensite

interface. The eight possible cases are summarized as follow:

case MM-interface λ b m

(1) a+,n+ 0.2902 (0.0656,−0.0657,0.0239)T (0.6350,0.7486,0.1908)T

(2) a+,n+ 0.2902 (−0.0576,−0.0748,−0.0171)T (−0.7151,0.6497,−0.2579)T

(3) a+,n+ 0.7098 (0.0576,0.0171,0.0748)T (0.7151,0.2579,−0.6497)T

(4) a+,n+ 0.7098 (−0.0656,−0.0239,0.0657)T (−0.6350,−0.1908,−0.7486)T

(5) a−,n− 0.3008 (0.0559,0.0707,0.0237)T (0.7304,−0.6679,0.1430)T

(6) a−,n− 0.3008 (−0.0653,0.0654,−0.0122)T (−0.6345,−0.7276,−0.2607)T

(7) a−,n− 0.6992 (0.0559,0.0237,0.0707)T (0.7304,0.1430,−0.6679)T

(8) a−,n− 0.6992 (−0.0653,−0.0122,0.0654)T (−0.6345,−0.2607,−0.7276)T

Before the transformation strains of the martensitic variants are put to simulation, because of

imposed periodic conditions and the resulting geometric compatibility, the matrices representing

these transformation strains are re-orientated so that there-orientated normal vector of the Austenite-

Martensite interface is pointing either in(0,1,0)T or (1,1,1)T . The transformation strains adopted

in the simulations for each case are outlined:
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Case (1):

F010=




0.9473 0.0218 −0.0430

0.0218 1.0564 0.0161

−0.0430 0.0161 0.9989


 ,G010=




1.0264 −0.0533 0.0179

−0.0533 0.9773 0.0422

0.0179 0.0422 0.9989


 , (B.60)

F111=




1.0043 0.0597 0.0233

0.0597 0.9613 0.0003

0.0233 0.0003 1.0372


 ,G111=




0.9598 −0.0565 −0.0014

−0.0565 0.9973 0.0225

−0.0014 0.0225 1.0456


 , (B.61)

Case (2):

F010=




0.9891 −0.0204 0.0684

−0.0204 1.0161 0.0166

0.0684 0.0166 0.9975


 ,G010=




1.0082 −0.0238 −0.0284

−0.0238 0.9970 −0.0644

−0.0284 −0.0644 0.9975


 ,

(B.62)

F111=




0.9789 −0.0421 0.0504

−0.0421 1.0379 0.0144

0.0504 0.0144 0.9860


 ,G111=




0.9820 0.0333 −0.0520

0.0333 1.0465 0.0128

−0.0520 0.0128 0.9742


 , (B.63)

Case (3):

F010=




1.0082 −0.0238 −0.0284

−0.0238 0.9970 −0.0644

−0.0284 −0.0644 0.9975


 ,G010=




0.9891 −0.0204 0.0684

−0.0204 1.0161 0.0166

0.0684 0.0166 0.9975


 ,

(B.64)

F111=




0.9820 0.0333 −0.0520

0.0333 1.0465 0.0128

−0.0520 0.0128 0.9742


 ,G111=




0.9789 −0.0421 0.0504

−0.0421 1.0379 0.0144

0.0504 0.0144 0.9860


 , (B.65)
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Case (4):

F010=




1.0264 −0.0533 0.0179

−0.0533 0.9773 0.0422

0.0179 0.0422 0.9989


 ,G010=




0.9473 0.0218 −0.0430

0.0218 1.0564 0.0161

−0.0430 0.0161 0.9989


 , (B.66)

F111=




0.9598 −0.0565 −0.0014

−0.0565 0.9973 0.0225

−0.0014 0.0225 1.0456


 ,G111=




1.0043 0.0597 0.0233

0.0597 0.9613 0.0003

0.0233 0.0003 1.0372


 , (B.67)

Case (5):

F010=




0.9517 0.0327 0.0416

0.0327 1.0519 −0.0158

0.0416 −0.0158 0.9990


 ,G010=




1.0224 0.0064 −0.0174

0.0064 0.9829 0.0694

−0.0174 0.0694 0.9974


 , (B.68)

F111=




1.0160 0.0235 0.0587

0.0235 1.0302 −0.0057

0.0587 −0.0057 0.9565


 ,G111=




1.0153 −0.0299 0.0067

−0.0299 0.9270 −0.0037

0.0067 −0.0037 1.0604


 ,

(B.69)

Case (6):

F010=




0.9843 −0.0098 −0.0706

−0.0098 1.0209 −0.0113

−0.0706 −0.0113 0.9974


 ,G010=




1.0128 0.0588 0.0308

0.0588 0.9909 −0.0320

0.0308 −0.0320 0.9990


 ,

(B.70)

F111=




0.9873 0.0553 −0.0355

0.0553 0.9762 0.0103

−0.0355 0.0103 1.0393


 ,G111=




1.0609 0.0018 0.0113

0.0018 1.0148 −0.0281

0.0113 −0.0281 0.9269


 , (B.71)
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Case (7):

F010=




1.0128 −0.0588 0.0308

−0.0588 0.9909 0.0320

0.0308 0.0320 0.9990


 ,G010=




0.9843 0.0098 −0.0706

0.0098 1.0209 0.0113

−0.0706 0.0113 0.9974


 , (B.72)

F111=




0.9500 −0.0520 0.0097

−0.0520 1.0180 0.0273

0.0097 0.0273 1.0347


 ,G111=




1.0058 0.0507 −0.0216

0.0507 0.9484 0.0010

−0.0216 0.0010 1.0485


 , (B.73)

Case (8):

F010=




1.0224 −0.0064 −0.0174

−0.0064 0.9829 −0.0694

−0.0174 −0.0694 0.9974


 ,G010=




0.9517 −0.0327 0.0416

−0.0327 1.0519 0.0158

0.0416 0.0158 0.9990


 ,

(B.74)

F111=




1.0031 0.0237 −0.0530

0.0237 1.0464 0.0023

−0.0530 0.0023 0.9532


 ,G111=




0.9543 −0.0047 0.0561

−0.0047 1.0353 0.0252

0.0561 0.0252 1.0131


 , (B.75)

The simulated micro-structures are shown in figures. (B.5) and (B.6). Unfortunately no desirable

micro-structure for case (2) can be simulated.
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X
Y

Z

No result

(a) Case (1) (b) Case (2)

X
Y

Z

X
Y

Z

(c) Case (3) (d) Case (4)

Figure B.5: Simulated micro-structures in orthorhombic system involving variants 1 an 3: Cases (1)
- (4).
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X
Y

Z

X
Y

Z

(a) Case (5) (b) Case (6)

X
Y

Z

X
Y

Z

(c) Case (7) (d) Case (8)

Figure B.6: Simulated micro-structures in orthorhombic system involving variants 1 an 3: Cases (5)
- (8).



299

B.3 Cubic-to-Monoclinic-I System

The twelve Martensite variants are quantified by their transformation strains:

U1 =




γ ε ε

ε α δ

ε δ α


 ,U2 =




γ −ε −ε

−ε α δ

−ε δ α


 ,

U3 =




γ −ε ε

−ε α −δ

ε −δ α


 ,U4 =




γ −ε −ε

ε α −δ

−ε −δ α


 ,

U5 =




α ε δ

ε γ ε

δ ε α


 ,U6 =




α −ε δ

−ε γ −ε

δ −ε α


 ,

U7 =




α −ε −δ

−ε γ ε

−δ ε α


 ,U8 =




α ε −δ

ε γ −ε

−δ −ε α


 ,

U9 =




α δ ε

δ α ε

ε ε γ


 ,U10 =




α δ −ε

δ α −ε

−ε −ε γ


 ,

U11 =




α −δ ε

−δ α −ε

ε −ε γ


 ,U12 =




α −δ −ε

−δ α ε

−ε ε γ


 ,

Two examples of materials in this crystals areTiNi andCuZr. Their lattice parameters are:

α γ δ ε

NiTi 1.0243 0.9563 0.058 -0.0427

CuZr 1.0348 1.0229 0.1067 -0.0929

(B.76)

Four classes (referred as modes) of micro-structures can begenerated by pairing two of the
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martensitic variants. They are named as modes A, B, C and D. Not all of them can form Austenite-

Martensite interfaces. Each of these four classes will be studied in the following subsections.

B.3.1 Mode A: Variant 1 and Variant 2

These two variants can twin with two possible martenite-Martensite interfaces. Their shear and

normal vectors are computed by (3.36):

a1 =




0.2564

−0.0115

−0.0115


 ,n1 =




0

1√
2

1√
2


 ,

a2 =




0.0127

−0.1604

−0.1604


 ,n2 =




−1

0

0


 , (B.77)

No (numerical) solution can be found in solving (3.37). Thusno Austenite-Martensite interface

can be formed with variants 1 and 2. The transformation strains of these variants can be specified

by any volume ratio.

For simulation, we do not need to re-orientate the transformation strains to adjust the normal to

point in good direction, as the expected micro-stricture appears to be simpler.

B.3.2 Mode B: Variant 1 and Variant 3

According to equation (3.36), these two martensitic variants form one type-I twin and one type-II

twin. The interfaces are quantified by the shear and normal vectors:

a1 =




−0.1710

0.0197

0.2273


 ,n1 =




0

−1

0


 ,

a2 =




−0.0120

0.2890

0.0164


 ,n2 =




0.5851

0

−0.8109


 , (B.78)



301

Conditions (3.37) are satisfied. So an Austenite-Martensite interface exists. Equation (3.38)

gives the ratio of martensitic variants and equation (3.39), the normal and shear vectors of the

Austenite-Martensite interfaces are computed. The eight possible sets of micro-structure are sum-

marized below:

case MM-interface λ b m

(1) a+,n+ 0.2918 (−0.1211,0.0397,0.0256)T (0.3462,0.4335,0.8320)T

(2) a+,n+ 0.2918 (−0.0527,−0.0536,−0.1061)T (0.9088,−0.3332,−0.2512)T

(3) a+,n+ 0.7082 (0.0527,−0.0536,0.1061)T (−0.9088,−0.3332,0.2512)T

(4) a+,n+ 0.7082 (0.1211,0.0397,−0.0256)T (−0.3462,0.4335,−0.8320)T

(5) a−,n− 0.2708 (−0.1196,0.0485,0.0216)T (0.3759,0.5137,0.7712)T

(6) a−,n− 0.2708 (−0.0568,−0.0638,−0.0991)T (0.8890,−0.4012,−0.2152)T

(7) a−,n− 0.7292 (0.0568,−0.0638,0.0991)T (−0.8890,−0.4012,0.2152)T

(8) a−,n− 0.7292 (0.1196,0.0485,−0.0216)T (−0.3759,0.5137,−0.7712)T

Before simulation, the transformation strains of the martensitic variants are re-orientated so as to

give rise to Austenite-Martensite interface pointing in computationally compatible directions. They

are outlined below:

Case (1):

F010=




1.0457 0.0074 0.0791

0.0074 0.9625 0.0221

0.0791 0.0221 0.9966


 ,G010=




0.9877 −0.0389 −0.0321

−0.0389 1.0206 0.0756

−0.0321 0.0756 0.9966


 , (B.79)

F111=




1.0250 −0.0807 0.0287

−0.0807 1.0176 −0.0067

0.0287 −0.0067 0.9623


 ,G111=




0.9619 −0.0105 0.0141

−0.0105 0.9412 0.0249

0.0141 0.0249 1.1017


 ,

(B.80)
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Case (2):

F010=




1.0553 −0.0311 0.0600

−0.0311 0.9521 −0.0362

0.0600 −0.0362 0.9975


 ,G010=




0.9842 0.0570 −0.0240

0.0570 1.0232 −0.0658

−0.0240 −0.0658 0.9975


 ,

(B.81)

F111=




0.9916 −0.0616 −0.0219

−0.0616 1.0708 0.0091

−0.0219 0.0091 0.9425


 ,G111=




1.0509 0.0672 −0.0143

0.0672 1.0169 −0.0205

−0.0143 −0.0205 0.9371


 ,

(B.82)

Case (3):

F010=




0.9842 0.0570 −0.0240

0.0570 1.0232 −0.0658

−0.0240 −0.0658 0.9975


 ,G010=




1.0553 −0.0311 0.0600

−0.0311 0.9521 −0.0362

0.0600 −0.0362 0.9975


 ,

(B.83)

F111=




1.0509 0.0672 −0.0143

0.0672 1.0169 −0.0205

−0.0143 −0.0205 0.9371


 ,G111=




0.9916 −0.0616 −0.0219

−0.0616 1.0708 0.0091

−0.0219 0.0091 0.9425


 ,

(B.84)
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Case (4):

F010=




0.9877 −0.0389 −0.0321

−0.0389 1.0206 0.0756

−0.0321 0.0756 0.9966


 ,G010=




1.0457 0.0074 0.0791

0.0074 0.9625 0.0221

0.0791 0.0221 0.9966


 , (B.85)

F111=




0.9619 −0.0105 0.0141

−0.0105 0.9412 0.0249

0.0141 0.0249 1.1017


 ,G111=




1.0250 −0.0807 0.0287

−0.0807 1.0176 −0.0067

0.0287 −0.0067 0.9623


 ,

(B.86)

Case (5):

F010=




1.0477 −0.0110 −0.0803

−0.0110 0.9605 −0.0080

−0.0803 −0.0080 0.9967


 ,G010=




0.9875 −0.0658 0.0288

−0.0658 1.0194 −0.0559

0.0288 −0.0559 0.9980


 ,

(B.87)

F111=




1.0082 0.0179 −0.0813

0.0179 0.9585 0.0016

−0.0813 0.0016 1.0382


 ,G111=




0.9360 0.0013 −0.0110

0.0013 1.0967 0.0364

−0.0110 0.0364 0.9722


 , (B.88)

Case (6):

F010=




1.0608 0.0361 −0.0626

0.0361 0.9461 −0.0057

−0.0626 −0.0057 0.9980


 ,G010=




0.9805 0.0383 0.0227

0.0383 1.0277 0.0774

0.0227 0.0774 0.9967


 , (B.89)

F111=




1.0566 0.0088 −0.0682

0.0088 0.9427 −0.0239

−0.0682 −0.0239 1.0056


 ,G111=




1.0323 −0.0200 0.0695

−0.0200 0.9362 −0.0105

0.0695 −0.0105 1.0364


 ,

(B.90)
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Case (7):

F010=




0.9805 −0.0383 0.0227

−0.0383 1.0277 −0.0774

0.0227 −0.0774 0.9967


 ,G010=




1.0608 −0.0361 −0.0626

−0.0361 0.9461 0.0057

−0.0626 0.0057 0.9980


 ,

(B.91)

F111=




0.9601 0.0252 −0.0118

0.0252 1.0987 0.0257

−0.0118 0.0257 0.9461


 ,G111=




0.9885 −0.0129 −0.0805

−0.0129 0.9674 0.0102

−0.0805 0.0102 1.0490


 ,

(B.92)

Case (8):

F010=




0.9875 0.0658 0.0288

0.0658 1.0194 0.0559

0.0288 0.0559 0.9980


 ,G010=




1.0477 0.0110 −0.0803

0.0110 0.9605 0.0080

−0.0803 0.0080 0.9967


 , (B.93)

F111=




1.0602 −0.0133 0.0656

−0.0133 0.9434 −0.0257

0.0656 −0.0257 1.0013


 ,G111=




1.0290 0.0166 −0.0696

0.0166 0.9350 −0.0088

−0.0696 −0.0088 1.0408


 ,

(B.94)

The simulated micro-structures are shown in figure. (B.7). Unfortunately the simulated patterns

are desirable. Only three of them are shown.
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Figure B.7: Simulated micro-structures in monoclinic-I system involving variants 1 an 2: Cases (3)
(6) (8).
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B.3.3 Mode C: Variant 1 and Variant 5

According to equation (3.36), these two martensitic variants form one type-I twin and one type-II

twin. The interfaces are quantified by the shear and normal vectors:

a1 =




−0.2131

0.2276

0.0215


 ,n1 =




−0.2975

−0.2975

−0.9072


 ,

a2 =




0.0814

0.1161

0.2836


 ,n2 =




0.7071

−0.7071

0


 , (B.95)

No (numerical) solution can be found in solving (3.37). Thusno Austenite-Martensite interface

can be formed with variants 1 and 2. The transformation strains of these variants can be specified

by any volume ratio.

For simulation, we do not need to re-orientate the transformation strains to adjust the normal to

point in good direction, as the expected micro-stricture appears to be simpler.

Conditions (3.37) are satisfied. So an Austenite-Martensite interface exists. Equation (3.38)

gives the ratio of martensitic variants and equation (3.39), the normal and shear vectors of the

Austenite-Martensite interfaces are computed. The eight possible sets of micro-structure are sum-

marized below:
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case MM-interface λ b m

(1) a+,n+ 0.3231 (0.0278,0.1008,0.0375)T (−0.8891,0.0419,0.4558)T

(2) a+,n+ 0.3231 (0.1000,0.0010,−0.0484)T (−0.2010,−0.9097,−0.3633)T

(3) a+,n+ 0.6769 (0.0010,0.1000,−0.0484)T (−0.9097,−0.2010,−0.3633)T

(4) a+,n+ 0.6769 (0.1088,0.0278,0.0375)T (0.0419,−0.8891,0.4558)T

(5) a−,n− 0.3199 (0.0350,0.0934,0.0434)T (−0.8143,−0.0007,0.5804)T

(6) a−,n− 0.3199 (0.0902,0.0052,−0.0606)T (−0.2777,−0.8588,−0.4305)T

(7) a−,n− 0.6801 (0.0052,0.0902,−0.0606)T (0.8588,−0.2777,−0.4305)T

(8) a−,n− 0.6801 (0.0934,0.0350,0.0434)T (−0.0007,−0.8143,0.5804)T

Before simulation, the transformation strains of the martensitic variants are re-orientated so as to

give rise to Austenite-Martensite interface pointing in computationally compatible directions. They

are outlined below:

Case (1):

F010=




1.0297 0.0294 0.0791

0.0294 0.9787 0.0275

0.0791 0.0275 0.9965


 ,G010=




0.9961 −0.0706 −0.0369

−0.0706 1.0106 0.0463

−0.0369 0.0463 0.9982


 , (B.96)

F111=




1.0405 −0.0670 0.0468

−0.0670 1.0055 −0.0143

0.0468 −0.0143 0.9590


 ,G111=




0.9343 −0.0094 −0.0143

−0.0094 0.9762 0.0370

−0.0143 0.0370 1.0944


 ,

(B.97)
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Case (2):

F010=




1.0740 0.0066 0.0592

0.0066 0.9327 −0.0008

0.0592 −0.0008 0.9982


 ,G010=




0.9704 0.0193 −0.0290

0.0193 1.0380 −0.0786

−0.0290 −0.0786 0.9965


 ,

(B.98)

F111=




1.0331 −0.0794 −0.0117

−0.0794 1.0208 −0.0124

−0.0117 −0.0124 0.9510


 ,G111=




1.0111 0.0759 −0.0217

0.0759 1.0443 0.0004

−0.0217 0.0004 0.9495


 ,

(B.99)

Case (3):

F010=




0.9704 0.0193 0.0290

0.0193 1.0380 0.0786

0.0290 0.0786 0.9965


 ,G010=




1.0740 0.0066 −0.0592

0.0066 0.9327 0.0008

−0.0592 0.0008 0.9982


 , (B.100)

F111=




1.0111 −0.0217 0.0759

−0.0217 0.9495 0.0004

0.0759 0.0004 1.0443


 ,G111=




1.0331 −0.0117 −0.0794

−0.0117 0.9510 −0.0124

−0.0794 −0.0124 1.0208


 ,

(B.101)
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Case (4):

F010=




0.9961 −0.0706 0.0369

−0.0706 1.0106 −0.0463

0.0369 −0.0463 0.9982


 ,G010=




1.0297 0.0294 −0.0791

0.0294 0.9787 −0.0275

−0.0791 −0.0275 0.9965


 ,

(B.102)

F111=




0.9343 −0.0143 −0.0094

−0.0143 1.0944 0.0370

−0.0094 0.0370 0.9762


 ,G111=




1.0405 0.0468 −0.0670

0.0468 0.9590 −0.0143

−0.0670 −0.0143 1.0055


 ,

(B.103)

Case (5):

F010=




1.0389 −0.0181 −0.0829

−0.0181 0.9695 0.0113

−0.0829 0.0113 0.9965


 ,G010=




0.9889 −0.0361 0.0387

−0.0361 1.0195 −0.0742

0.0387 −0.0742 0.9965


 ,

(B.104)

F111=




0.9987 0.0158 −0.0707

0.0158 0.9460 0.0066

−0.0707 0.0066 1.0602


 ,G111=




0.9651 0.0096 −0.0063

0.0096 1.1028 0.0234

−0.0063 0.0234 0.9370


 ,

(B.105)
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Case (6):

F010=




1.0706 −0.0199 −0.0582

−0.0199 0.9361 0.0154

−0.0582 0.0154 0.9982


 ,G010=




0.9753 0.0643 0.0270

0.0643 1.0314 0.0538

0.0270 0.0538 0.9982


 , (B.106)

F111=




1.0070 −0.0222 −0.0769

−0.0222 0.9528 0.0008

−0.0769 0.0008 1.0451


 ,G111=




1.0547 −0.0037 0.0714

−0.0037 0.9468 −0.0231

0.0714 −0.0231 1.0034


 ,

(B.107)

Case (7):

F010=




0.9753 −0.0643 −0.0270

−0.0643 1.0314 0.0538

−0.0270 0.0538 0.9982


 ,G010=




1.0706 0.0199 0.0582

0.0199 0.9361 0.0154

0.0582 0.0154 0.9982


 , (B.108)

F111=




0.9334 −0.0028 0.0099

−0.0028 0.9763 0.0376

0.0099 0.0376 1.0953


 ,G111=




1.0445 −0.0800 −0.0003

−0.0800 1.0012 −0.0180

−0.0003 −0.0180 0.9591


 ,

(B.109)

Case (8):

F010=




0.9889 0.0361 −0.0387

0.0361 1.0195 −0.0742

−0.0387 −0.0742 0.9965


 ,G010=




1.0389 0.0181 0.0829

0.0181 0.9695 0.0113

0.0829 0.0113 0.9965


 , (B.110)

F111=




1.0331 0.0713 −0.0339

0.0713 1.0241 −0.0106

−0.0339 −0.0106 0.9476


 ,G111=




1.0329 −0.0714 0.0336

−0.0714 1.0246 −0.0105

0.0336 −0.0105 0.9474


 ,

(B.111)

The simulated micro-structures are shown in figure. (??). Notice that micro-structures in case
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(5) and case (8) can not be simulated.

B.3.4 Mode D: Variant 1 and Variant 8

These two variants can twin with two possible Martensite-Martensite interfaces. Their shear and

normal vectors are computed by (3.36):

a1 =




0.1036

0.0114

0.0017


 ,n1 =




0.6677

−0.6677

−0.3293


 ,

a2 =




−0.0881

0.0945

0.0374


 ,n2 =




−0.7071

0.7071

0


 , (B.112)

No (numerical) solution can be found in solving equation (3.37). Thus no Austenite-Martensite

interface can be formed with variants 1 and 2. The transformation strains of these variants can be

specified by any volume ratio.

For simulation, we do not need to re-orientate the transformation strains to adjust the normal to

point in good direction, as the expected micro-stricture appears to be simpler.
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Figure B.8: Simulated micro-structures in monoclinic-I system involving variants 1 an 5: Cases (1)
- (4).
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Figure B.9: Simulated micro-structures in monoclinic-I system involving variants 1 an 5: Cases (6)
and (7).

B.4 Summary and Conclusion

We have studied the micro-structures that result from twinning Martensites and Austenite in com-

mon crystal systems. We also simulate many of these micro-structures. The simulations of micro-

structure depends on many factors, such as the choices of parameters and the geometrical compati-

bility with the strongly imposed periodicity over all boundary surfaces.
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Appendix C

OTHER FORMS OF CHARACTERISTIC FUNCTIONS IN PHASE FIELD
SIMULATION

In phase field simulation, other forms of characteristic functions can be adopted. Conventionally,

the numerical values of the characteristic functions are between 0 and 1, where the extreme values (

0 and 1 ) represents the existence or non-existence of the variant. This appendix outlined one other

possible set of characteristic functions using trigonometric functions:

µ1 = sin2(θ1)

µ2 = sin2(θ2)

µ3 = sin2(θ3) (C.1)

The eigen-strain and spontaneous polarization are given by:

εs =
4

∑
i=1

λiε (i)

Ps =
4

∑
i=1

λiP(i), (C.2)

where:

λ1 = µ1 = sin2(θ1)

λ2 = (1−µ1)µ2 = cos2(θ1)sin2(θ2)

λ3 = (1−µ1)(1−µ2)µ3 = cos2(θ1)cos2(θ2)sin2(θ3)

λ4 = (1−µ1)(1−µ2)(1−µ3) = cos2(θ1)cos2(θ2)cos2(θ3) (C.3)

In the numerical formulation, the following derivatives with respect to laminated characteristic
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functions are computed:

∂εs

∂θ
=

4

∑
i=1

∂λi

∂θ
ε (i)

∂Ps

∂θ
=

4

∑
i=1

∂λi

∂θ
P(i), (C.4)

where each term in the derivatives are:

∂λ1

∂θ1
= sin(2θ1)

∂λ1

∂θ2
= 0

∂λ1

∂θ3
= 0

∂λ2

∂θ1
=−sin(2θ1)sin2(θ2)

∂λ2

∂θ2
= cos2(θ1)sin(2θ2)

∂λ2

∂θ3
= 0

∂λ3

∂θ1
=−sin(2θ1)cos2(θ2)sin2(θ3)

∂λ3

∂θ2
=−cos2(θ1)sin(2θ2)sin2(θ3)

∂λ3

∂θ3
= cos2(θ1)cos2(θ2)sin(2θ3)

∂λ4

∂θ1
=−sin(2θ1)cos2(θ2)cos2(θ3)

∂λ4

∂θ2
=−cos2(θ1)sin(2θ2)cos2(θ3)

∂λ4

∂θ3
=−cos2(θ1)cos2(θ2)sin(2θ3) (C.5)
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The anisotropic energy in terms of trigonometric form is given by:

Wani =
4

∑
i=1

µ2
i (1−µ2

i )

=
4

∑
i=1

sin2 θi cos2 θi

=
4

∑
i=1

1
4

sin2(2θi) (C.6)

Upon differentiation, the anisotropic driving force is:

Fani
i =

∂Wani

∂θi

=
1
4

2sin(2θi)cos(2θi)2

=
1
4

sin(4θi) (C.7)

Both sets of characteristic functions have the same form of interfacial energy as it only concerns

with transition across the interface:

Wint = A|∇θ |2 (C.8)

Using these characteristic functions in phase field simulation with periodicity over all direction

gives almost the same domain pattern. However, for simulating domain pattern in sample which

have released periodicity along the out-of-plane direction, the effects of substrate thickness appear

to be negligible as shown in figure. (C.1). Even though there is no substrate underneath the sample,

the domain pattern that separates the martensitic variantsis obvious. Thus characteristic functions

using trigonometric functionsθi may not be a prefect choice.
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Figure C.1: Shape memory alloys with varying misfit strain ofsubstrate underneath, usingθ as
characteristic functions.
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Appendix D

NUMERICAL SOLUTIONS OF MAXWELL’S AND ELASTICITY EQUATIONS
IN THIN FILMS (3D-CONFIGURATION)

In this appendix the numerical solutions of the Maxwell’s and elasticity equations using two

approaches are presented in detail. They are:

• Maxwell’s equation by eigen-expansion. (D.1)

• Maxwell’s equation by finite difference. (D.2)

• Elasticity equation by eigen-expansion. (D.3)

• Elasticity equation by eigen-expansion. (D.4)

D.1 Maxwell’s equation by eigen-expansion

Recall the Maxwell equation that relates the electric potential and instantaneous polarization:

κ∇2φ = ∇ ·P, (D.1)

whereP= (P1,P2,P3) is the spontaneous polarization of the sample andφ is the resulting electric

potential.

Assume we can also decompose the electric field into the homogeneous part and two perturbed

parts (defined as perturbed part A and perturbed part B) such that:

E = 〈E〉+E′

= 〈E〉+EA+EB. (D.2)
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We also decompose the spontaneous polarization into the homogeneous part and two perturbed part.

P= 〈P〉+P′ (D.3)

The homogeneous part can be obtained from the average value of the instantaneous polarization

through the depolarization factor:

〈E〉= NΩ

κ0
〈P〉 , (D.4)

whereNΩ is the standard shape factor for the polarization.

The perturbed parts are to be found indirectly. We need to express the equation in terms of

electric potential and set up a differential equation in this variable. Before we move on, we express

the total electric field as:

E = 〈E〉+E′

= 〈E〉+EA+EB

= 〈E〉−∇φA−∇φB

= 〈E〉−∇φ . (D.5)

Here we have, by definition,φ = φA + φB as the portion of potential that contributes to the

perturbed parts of the electric field.φ = φA+φB satisfies the following equation:

−κ∇2φ = ∇ ·P′

−κ∇2(φA+φB)= ∇ ·P′

−κ∇2φA−κ∇2φB = ∇ ·P′. (D.6)

We solve the above with the following strategy.

• φA solves the equations:−κ∇2φA = ∇ ·P′ subjected to zero boundary conditions.
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• φB solves the equations:−κ∇2φB = 0 subjected to boundary conditions inhered from the

boundary conditions corresponding to the perturbed portion.

We solve each portion of the perturbed electric potential inthe following subsections.

D.1.1 Perturbed potential A

Now for (perturbed) potential A, we simply apply 3D FFT to theequation and straight forwards

simplification will give the answer.

κ∇2φA = ∇ ·P′

κ∇2φA = ∇ ·P′1,1+P′2,2+P′3,3
3D-FFT−−−−→

κ
(
−ξ 2

1 −ξ 2
2 −ξ 2

3

)
φ̃A = iξ1P̃′1+ iξ2P̃′2+ iξ3P̃′3

φ̃A =− iξ1P̃′1+ iξ2P̃′2+ ikzP̃′3
κ
(
ξ 2

1 +ξ 2
2 +ξ 2

3

) , (D.7)

where(ξ1,ξ2,ξ3) are the three Fourier coordinates andf̃ (ξ1,ξ2,ξ3) is the 3D FFT of the function

f (x1,x2,x3). For the special case whereξ1 = ξ2 = ξ3 = 0, we simply takẽf (0,0,0) = 0 because of

the fact that the average of the perturbed quantity is zero.

From there we take the 1D inverse FFT of̃φA (ξ1,ξ2,ξ3) to obtain the 2D FFT ofφA, which will

then be used to match the boundary conditions with the perturbed potential B. Here we denote the

2D FFT of a functionf (x1,x2,x3) to be f (ξ1,ξ2,x3). The schematic relating the original function

and its Fourier transforms is shown below.

f (x1,x2,x3)
3D-FFT−−−−→ f̃ (ξ1,ξ2,ξ3)

inverse 1D-FFT−−−−−−−−→ f (ξ1,ξ2,x3)

f (x1,x2,x3)
2D-FFT−−−−→ f (ξ1,ξ2,x3)

1D-FFT−−−−→ f̃ (ξ1,ξ2,ξ3) (D.8)
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D.1.2 Perturbed potential B

The (perturbed) potential B is assumed to possess periodicities in x- and y- directions. We may take

2D FFT of the associated equation:

κ∇2φB = 0

∇2φB = 0

∂ 2φB

∂x2
1

+
∂ 2φB

∂x2
2

+
∂ 2φB

∂x2
3

= 0
2D-FFT−−−−→

−ξ 2
1 φB−ξ 2

2 φB+
∂ 2φB

∂x2
3

= 0

∂ 2φB

∂x2
3

=
(
ξ 2

1 +ξ 2
2

)
φB solve ODE−−−−−−→

φB (ξ1,ξ2,x3) = q1 (ξ1,ξ2)ex3

√
ξ 2

1+ξ 2
2 +q2 (ξ1,ξ2)e−x3

√
ξ 2

1+ξ 2
2 . (D.9)

Here at each Fourier coordinate pair(ξ1,ξ2), q1 (ξ1,ξ2) andq2 (ξ1,ξ2) are two unknown con-

stants to be determined, by matching with the boundary conditions.

A special case arises whenξ1 = ξ2 = 0 , where we solve the FFT-transformed equation as:

∂ 2φB

∂x2
3

=
(
ξ 2

1 +ξ 2
2

)
φB ξ1=ξ2=0−−−−−→

∂ 2φB

∂x2
3

= 0

φB (0,0,x3) = q1 (0,0)x3+q2(0,0) , (D.10)

where the solution is a linear function instead of the sum of two exponential functions.q1 (0,0) and

q2 (0,0) are two unknown constants to be determined from matching with the boundary conditions.

Next we discuss how to find the unknown constantsq1 (ξ1,ξ2) andq2 (ξ1,ξ2) at each Fourier

coordinate pair(ξ1,ξ2), from the boundary conditions and the previously found perturbed potential

A.
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D.1.3 Boundary conditions

We match potential A and potential B with the boundary conditions on the top and the bottom

surfaces. Denote the height of the 3D sample is assigned to the x3-coordinates, so that,x3 ∈ [0,L],

whereL denotes the height of the sample.

In the following we consider two boundary value problems:

• Prescribed electric potentials at the top and the bottom surfaces.

• Prescribed electric field over the top surface and prescribed potential at the bottom surface.

D.1.4 Boundary value problem 1: Prescribed electric potentials at the top and the bottom surfaces

Assume the boundary conditions are given as follow:

• Top surface: an applied potential distribution:

φ (x1,x2,x3 = L) =Vtop(x1,x2).

• Bottom surface: another applied potential distribution:

φ (x1,x2,x3 = 0) =Vbot(x1,x2).

As a remark, for most of our simulations that follow, we usually have the potential distribution

on the top surface as a point potential which is described in the form of a delta function:

φ(x1,x2,x3 = L) =Vtop(x1,x2) =V0δ(x1,0,x2,0)(x1,x2), (D.11)

whereV0 is the value of the point potential,(x1,0,x2,0) are the coordinates of the applied point charge

andδ(x0,y0)(x,y) is the delta or distribution function:

δ(x0,y0)(x,y) =





1 if (x,y) = (x0,y0)

0 if (x,y) 6= (x0,y0)

,
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while the bottom surface is grounded so that the potential over the bottom surface is zero, with the

expression:

φ(x1,x2,x3 = 0) =Vbot(x1,x2) = 0. (D.12)

Thus we have, through the proposed decomposition,

On the top surface,

φ (x1,x2,x3 = L) =Vtop(x1,x2)

φA (x1,x2,x3 = L)+φB(x1,x2,x3 = L) =Vtop(x1,x2)

φB (x1,x2,x3 = L) =−φA (x1,x2,x3 = L)+Vtop(x1,x2)
2D FFT−−−−→

φB (ξ1,ξ2,x3 = L) =−φA (ξ1,ξ2,x3 = L)+Vtop(ξ1,ξ2), (D.13)

On the bottom surface,

φ (x1,x2,x3 = 0) =Vbot(x1,x2)

φA (x1,x2,x3 = 0)+φB (x1,x2,x3 = 0) =Vbot(x1,x2)

φB (x1,x2,x3 = 0) =−φA (x1,x2,x3 = 0)+Vbot(x1,x2)
2D FFT−−−−→

φB (ξ1,ξ2,x3 = 0) =−φA (ξ1,ξ2,x3 = 0)+Vbot(ξ1,ξ2). (D.14)

With the empirical expressions that we have found forφB in the casesξ 2
1 +ξ 2

2 6= 0 andξ1 = ξ2 = 0,

we solve the following matrix equations for the unknownsq1(ξ1,ξ2) andq2(ξ1,ξ2).

Case I:ξ 2
1 +ξ 2

2 6= 0

Equating the quantities for the top surface,

φB (ξ1,ξ2,x3 = L) =−φA (ξ1,ξ2,x3 = L)+Vtop(ξ1,ξ2)

q1(ξ1,ξ2)e
L
√

ξ 2
1+ξ 2

2 +q2(ξ1,ξ2)e
−L
√

ξ 2
1+ξ 2

2 =−φA (ξ1,ξ2,L)+Vtop(ξ1,ξ2) (D.15)
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Equating the quantities for the bottom surface,

φB (ξ1,ξ2,x3 = 0) =−φA (ξ1,ξ2,x3 = 0)+Vbot(ξ1,ξ2)

q1(ξ1,ξ2)+q2(ξ1,ξ2) =−φA (ξ1,ξ2,0)+Vbot(ξ1,ξ2) (D.16)

Combining the above two equations in matrix form, we arrive:


 eL

√
ξ 2

1+ξ 2
2 e−L

√
ξ 2

1+ξ 2
2

1 1




 q1(ξ1,ξ2)

q2(ξ1,ξ2)


=


 −φA (ξ1,ξ2,L)+Vtop(ξ1,ξ2)

−φA (ξ1,ξ2,0)+Vbot(ξ1,ξ2)


 (D.17)

Case II:ξ1 = ξ2 = 0

Equating the quantities for the top surface,

φB (0,0,x3 = L) =−φA (0,0,L)+Vtop(0,0)

q1(0,0)L+q2(0,0) =−φA (0,0,L)+Vtop(0,0) (D.18)

Equating the quantities for the bottom surface,

φB (0,0,x3 = 0) =−φA (0,0,x3 = 0)+Vbot(0,0)

q1(0,0)0+q2(0,0) =−φA (0,0,0)+Vbot(0,0)

q2(0,0) =−φA (0,0,0)+Vbot(0,0) (D.19)

Combining the above two equations in matrix form, we arrive:


 h 1

0 1




 q1(0,0)

q2(0,0)


=


 −φA (0,0,L)+Vtop(0,0)

−φA (0,0,0)+Vbot(0,0)


 (D.20)

D.1.5 Boundary value problem 2: Prescribed electric field atthe top surface and electric potential

at the bottom surfaces.

Assume the boundary conditions are given as follow:

• Top surface is subjected to thex3-component of electric field, or,
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E3(x1,x2,x3 = L) = Etop(x1,x2)∀(x1,x2).

• Bottom surface is given a prescribed a distribution of potential, or,

φ(x1,x2,x3 = 0) = φbot(x1,x2)∀(x1,x2) .

Again through the proposed decomposition,

On the top surface,

E′3(x1,x2,x3 = L) = Etop(x1,x2)

EA
3 (x1,x2,x3 = L)+EB

3 (x1,x2,x3 = L) = Etop(x1,x2)

EB
3 (x1,x2,x3 = L) =−EA

3 (x1,x2,x3 = L)+Etop(x1,x2)
2D FFT−−−−→

EB
3 (ξ1,ξ2,x3 = L) =−EA

3 (ξ1,ξ2,x3 = L)+Etop(ξ1,ξ2) (D.21)

As a remark,EA
3 is obtained fromφ̃A using inverse FFT inx1-coordinate, as shown in the

schematic:

φ̃A(ξ1,ξ2,ξ3)
EA

3=−
∂ φ
∂x3−−−−−→ ẼA

3 (ξ1,ξ2,ξ3) =−iξ3φ̃A(ξ1,ξ2,ξ3)
inverse 1D FFT−−−−−−−−→ EA

3 (ξ1,ξ2,ξ3) (D.22)

On the bottom surface,

φ (x1,x2,x3 = 0) = φbot(x1,x2)

φA (x1,x2,x3 = 0)+φB (x1,x2,x3 = 0) = φbot(x1,x2)

φB (x1,x2,x3 = 0) =−φA (x1,x2,x3 = 0)+φbot(x1,x2)
2D FFT−−−−→

φB (ξ1,ξ2,x3 = 0) =−φA (ξ1,ξ2,x3 = 0)+φbot(ξ1,ξ2) (D.23)

With the empirical expressions that we have found forφB in the casesξ 2
1 +ξ 2

2 6= 0 andξ1 = ξ2 = 0,

we solve the following matrix equations for the unknownsq1(ξ1,ξ2) andq2(ξ1,ξ2).
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Case I:ξ 2
1 +ξ 2

2 6= 0

Before we deal with the boundary condition on the top surface, we need to derive thex3-component

of the electric field analytically,

φB (ξ1,ξ2,x3) = q1(ξ1,ξ2)e
x3

√
ξ 2

1+ξ 2
2 +q2(ξ1,ξ2)e

−x3

√
ξ 2

1+ξ 2
2

EB
3 (ξ1,ξ2,x3) =−

∂φB (ξ1,ξ2,x3)

∂x3

=−q1(ξ1,ξ2)
√

ξ 2
1 +ξ 2

2 ex3

√
ξ 2

1+ξ 2
2 +q2(ξ1,ξ2)

√
ξ 2

1 +ξ 2
2 e−x3

√
ξ 2

1+ξ 2
2 (D.24)

Equating the quantities for the top surface,

EB
3 (ξ1,ξ2,L) =−EA

3 (ξ1,ξ2,L)+Etop(ξ1,ξ2)

−q1(ξ1,ξ2)
√

ξ 2
1 +ξ 2

2 eL
√

ξ 2
1+ξ 2

2 +q2(ξ1,ξ2)
√

ξ 2
1 +ξ 2

2 e−L
√

ξ 2
1+ξ 2

2 =−EA
3 +Etop(ξ1,ξ2)(ξ1,ξ2)

(D.25)

Equating the quantities for the bottom surface,

φB (ξ1,ξ2,0) =−φA (ξ1,ξ2,0)+φbot(x1,x2)(ξ1,ξ2)

q1(ξ1,ξ2)+q2(ξ1,ξ2) =−φA (ξ1,ξ2,0)+φbot(x1,x2)(ξ1,ξ2) (D.26)

Combining the above two equations in matrix form, we arrive:


 −

√
ξ 2

1 +ξ 2
2 eL
√

ξ 2
1+ξ 2

2

√
ξ 2

1 +ξ 2
2 e−L
√

ξ 2
1+ξ 2

2

1 1




 q1(ξ1,ξ2)

q2(ξ1,ξ2)


=


 −EA

3 (ξ1,ξ2,L)+Etop(ξ1,ξ2)

−φA (ξ1,ξ2,0)+φbot(ξ1,ξ2)




(D.27)
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Case II:ξ1 = ξ2 = 0

Before we deal with the boundary condition on the top surface, we need to derivex3-component of

the electric field analytically,

φB(0,0,x3) = q1(0,0)x3+q2(0,0)

EB
z (0,0,x3) =−

∂φB(0,0,x3)

∂x3
=−q1(0,0) (D.28)

Equating the quantities for the top surface,

EB
3 (0,0,L) =−EA

3 (0,0,L)+Etop(0,0)

−q1(0,0) =−EA
3 (0,0,L)+Etop(0,0) (D.29)

Equating the quantities for the bottom surface,

φB (0,0,0) =−φA (0,0,0)+φbot(0,0)

q2(0,0) =−φA (0,0,0)+φbot(0,0) (D.30)

Combining the above two equations in matrix form, we arrive:


 −1 0

0 1




 q1(0,0)

q2(0,0)


=


 −EA

3 (0,0,L)+Etop(0,0)

−φA (0,0,0)+φbot(0,0)


 (D.31)

More specifically, the 2D FFT of the perturbed potential B at the Fourier coordinates(ξ1,ξ2) =

(0,0) is:

φA(0,0,x3) = q1(0,0)x3+q2(0,0)

=
[
EA

3 (0,0,L)−Etop(0,0)
]

x3+
[
−φA(0,0,0)+φbot(0,0)

]
(D.32)
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D.1.6 Post-Processing

After we have obtainedφA andφB, we may find the perturbed potential of the entire sample:

φ = φA+φB inverse 2D FFT−−−−−−−−→ φ (D.33)

On the other hand, from the 3D FFT of potential A, we first find the 3D FFT of the (perturbed)

electric field A by multiplying the Fourier coordinates. Then we take an inverse FFT to find the 2D

FFT of the (perturbed) electric field A.

φ̃A EA=−∇φA

−−−−−−→





ẼA
1 =−iξ1φ̃A

ẼA
2 =−iξ2φ̃A

ẼA
3 =−iξ3φ̃A

inverse 1D FFT−−−−−−−−→





EA
1

EA
2

EA
3

(D.34)

For the (perturbed) electric field B, we start from the (perturbed) potential B:

φB (ξ1,ξ2,x3) =





q1(ξ1,ξ2)ex3

√
ξ 2

1+ξ 2
2 +q2(ξ1,ξ2)e−x3

√
ξ 2

1+ξ 2
2 (ξ1,ξ2) 6= (0,0)

q1(0,0)x3+q2(0,0) (ξ1,ξ2) = (0,0)
(D.35)

Since this part of potential is assumed to be periodic inx1- andx2- coordinate, its derivatives

in x1- and x2- directions can be computed by a similar technique by multiplying by the Fourier

coordinates:

EB
1 =−iξ1φB

EB
2 =−iξ2φB (D.36)

Thex3-derivative of the potential B is obtained simply by direct derivative from the expression
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of φB(ξ1,ξ2,x3):

EB
3 (ξ1,ξ2,x3) =−

∂φB (ξ1,ξ2,x3)

∂x3

=




−q1(ξ1,ξ2)

√
ξ 2

1 +ξ 2
2 ez
√

ξ 2
1+ξ 2

2 +q2(ξ1,ξ2)
√

ξ 2
1 +ξ 2

2 e−x3

√
ξ 2

1+ξ 2
2 (ξ1,ξ2) 6= (0,0)

−q1(0,0) (ξ1,ξ2) = (0,0)

(D.37)

Finally we combine the 2D-FFT of both (perturbed) electric field and then transform the result

to real-space,

E
′
(ξ1,ξ2,z) = E

A
(ξ1,ξ2,x3)+E

B
(ξ1,ξ2,x3)

inverse 2D FFT−−−−−−−−→ E′(x1,x2,x3) (D.38)

The total field is found by adding the homogeneous (average) field and the perturbed field:

E(x1,x2,x3) = 〈E〉+E′(x1,x2,x3) (D.39)

D.1.7 Remark

Despite the fact that the eigen-expansion method is fast dueto its semi-analytic formulation, accu-

rate approximation of the potential is questionable. We have adopted FFT in thex3-direction when

we were dealing with the (perturbed) potential A, which somehow violates the beginning assump-

tion that there is nox3-periodicity of the sample. The ’Runge’ phenomenon inducesinaccuracy

towards the ends of the interval when we are attempting to approximate a non-periodic function

with Fourier Transform. Luckily, the resulting electric field, as the derivatives of the potential, are

comparably accurate. The derivative suppresses and reduces the discrepancy between the actual and

the approximations, to some extent. These are tested and verified by comparing the analytic and

simulated results for several spacial cases, such as, uniform external fields, homogeneous material

with zero polarization. However, there is no conclusion forgeneral cases. We are not yet certain if

the simulated electric fields are correct even though FFT is applied in thex3-direction.

To this end, we also develope a new approach by considering finite difference along thex3-

directions and FFT in thex1- andx2- directions. This method is obviously slower but does give



330

more reliable results.

D.2 Maxwell’s equation by finite differences

Again we are solving the 3D Maxwell’s equation given by:

κ∇2φ = ∇ ·P, (D.40)

whereφ = φ(x1,x2,x3) is unknown electric potential to be determined andP = P(x1,x2,x3) is a

known field of spontaneous polarization.

Two kinds of boundary conditions are studied. They are:

1. Prescribed electric potentials at the top and the bottom surfaces.

2. Prescribed electric field over the top surface and prescribed potential at the bottom surface.

Assume periodicity inx1- andx2- directions are imposed, we may apply 2D FFT in(x1,x2)-

coordinates so that:

κ∇2φ = ∇ ·P

κ∇2φ =
∂P1

∂x1
+

∂P2

∂x2
+

∂P3

∂x3

2D FFT−−−−→

κ
[
−
(
ξ 2

1 +ξ 2
2

)
φ +

∂ 2φ
∂x2

3

]
= iξ1P1+ iξ2P2+

∂P3

∂x3

∂ 2φ
∂x2

3

− (ξ 2
1 +ξ 2

2 )φ =
1
κ

[
iξ1P1+ iξ2P2+

∂P3

∂x3

]

∂ 2φ
∂x2

3

− (ξ 2
1 +ξ 2

2 )φ ≡ r(ξ1,ξ2,x3), (D.41)

where we have in notations,r(x3)≡ r(ξ1,ξ2,x3)≡ 1
κ

[
iξ1p∗1+ iξ2p∗2+

∂ p∗3
∂x3

]
.

Since we are working on a general 3D problem where all fields are functions of(x1,x2,x3) , we

cannot obtain the solution (electric potential) in closed form, as outlined in [39]. The problem can

only be solved numerically.

Let’s set up the formulation. We are in fact solving the 2D FFTof the potentialφ = φ(ξ1,ξ2,x3)

as a function ofx3, at fixed Fourier coordinates(ξ1,ξ2). After that, we may inverse the 2D FFT to
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recover the potentialφ = φ(ξ1,ξ2,x3) in real space.

More specifically, at fixed(ξ1,ξ2), the equation ofφ(ξ1,ξ2,x3) is rewritten as:

∂ 2φ
∂x2

3

= (ξ 2
1 +ξ 2

2 )φ + r(ξ1,ξ2,x3)

∂ 2φ
∂x2

3

= (ξ 2
1 +ξ 2

2 )φ + r(x3) (D.42)

We consider discretization of the above differential equation. The height of the sample,x3 ∈
[a,b] = [0,H], is divided into(N− 1) segments byN points. The size of the subdivision is then

h= b−a
N−1 = H

N−1 and the coordinates of the subdivision are:

x3,i = a+ jh = jh,∀ j = 0,1,2, ...,N−2,N−1 (D.43)

With these, the equation at each of these pointszi is:

∂ 2φ(ξ1,ξ2,x3)

∂x2
3

= (ξ 2
1 +ξ 2

2 )φ (ξ1,ξ2,x3)+ r(ξ1,ξ2,x3) (D.44)

In the following subsections, two boundary value problems are considered as in discussed using

the method of eigen-expansion.

D.2.1 Boundary Value Problem 1: Prescribed electric potentials at the top and the bottom surfaces

Assume that the boundary conditions are the prescribed potentials on the top and bottom surfaces,

as distribution of spatial coordinates:





φ(x1,x2,x3 = a) = φbot(x1,x2)

φ(x1,x2,x3 = b) = φtop(x1,x2)
(D.45)

Taking 2D FFT of the above boundary condition yields the following:





φ (ξ1,ξ2,x3 = a) = φbot(ξ1,ξ2)

φ (ξ1,ξ2,x3 = b) = φtop(ξ1,ξ2)
(D.46)

These will be incorporated into the matrix equation in the context of finite differences.
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Adopting the moral of finite difference as the approximationof derivative, we obtain the follow-

ing approximation of the equation atx3,i :

φ(ξ1,ξ2,x3,i+1)−2φ(ξ1,ξ2,x3,i)+φ(ξ1,ξ2,x3,i−1)

h2 = (ξ 2
1 +ξ 2

2 )φ (ξ1,ξ2,x3,i)+ r(ξ1,ξ2,x3,i),∀i = 1,2, ...,N−2

φ (ξ1,ξ2,x3,0 = a) = φbot(ξ1,ξ2)

φ(ξ1,ξ2,x3,N−1 = b) = φtop(ξ1,ξ2) (D.47)

The above finite difference scheme is carried out at each(ξ1,ξ2). We may further define the

following variables for the sake of convenience and simplicity.

ωi ≈ φ(ξ1,ξ2,x3,i),∀i = 0,1,2, ...,N−1 (D.48)

Assembly all the equations into matrix equation, we arrive:

A(N−2)×(N−2)w(N−2)×1 = b(N−2)×1, (D.49)

where

A =




2+h2ξ −1 0 0 . . . 0

−1 2+h2ξ −1 0 . . . 0

0 −1 2+h2ξ −1 . . . 0
...

.. . .. . . .. . . .
...

0 · · · 0 −1 2+h2ξ −1

0 · · · 0 0 −1 2+h2ξ




, (D.50)
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w =




ω1

ω2

ω3

...

ωN−3

ωN−2




, (D.51)

and

b =




−h2r(x3,1)+ω0

−h2r(x3,2)

−h2r(x3,3)
...

−h2r(x3,N−3)

−h2r(x3,N−2)+ωN−1




=




−h2r(x3,1)+φbot(ξ1,ξ2)

−h2r(x3,2)

−h2r(x3,3)
...

−h2r(x3,N−3)

−h2r(x3,N−2)+φtop(ξ1,ξ2)




(D.52)

with ξ ≡ ξ 2
1 +ξ 2

2 .

In the implementation, matrixA is fixed for all iterations, that is, it is independent of the current

distribution of instantaneous polarization. Another goodthing is that matrixA is a banded matrix

with three simple constant bands. We may storeA in a compact form by just two entries. The

numerical techniques of LU-decomposition for tri-diagonal matrices can be adopted, for the sakes

of speed and storage.

Recall, at each pair(ξ1,ξ2), the above matrix equation is solved to obtain theωi ≈ φ(ξ1,ξ2,x3,i)

as an approximation ofφ (ξ1,ξ2,x3,i). Inverse 2D FFT is then applied to recover the potential in real

space.

φ(ξ1,ξ2,x3)
inverse 2D FFT−−−−−−−−→ φ(x1,x2,x3) (D.53)

As a remark, the electric fieldE can be obtained fromφ by finite differences as approximations

of derivatives. Alternatively, FFT can also be used to find the x- and y- components of the electric
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field, which is similarly treated in the approach eigen-expansion.

φ(ξ1,ξ2,x3)
E=−∇φ−−−−→





Ex(ξ1,ξ2,x3) = iξ1φ(ξ1,ξ2,x3)

Ey(ξ1,ξ2,x3) = iξ2φ(ξ1,ξ2,x3)

inverse 2D FFT−−−−−−−−→





Ex(x1,x2,x3)

Ey(x1,x2,x3)
(D.54)

D.2.2 Boundary Value Problem 2: Prescribed electric field atthe top surface and electric potential

at the bottom surfaces

The numerical scheme can be modified to solve another set boundary conditions. Here the bottom

surface is imposed a fixed electric potentialφ(x1,x2,x3 = a) = φbot(x1,x2) and the top surface is

subjected to thex3-component of the electric fieldE3(x1,x2,x3 = b) = Etop(x1,x2). In 2D FFT,

these conditions are expressed as:

E3(ξ1,ξ2,x3 = b) = Ez,top(ξ1,ξ2)

φ(ξ1,ξ2,x3 = a) = φz,top(ξ1,ξ2) (D.55)

At each Fourier coordinate pair(ξ1,ξ2), we are solving for the electric potentialφ(ξ1,ξ2,x3) as

a function ofx3.

First we express thex3-component of the electric field in terms of potential at the top surface.

Then we we discretize it the quantity at the top end point inx3-direction, as shown below.

E =−∇φ

E3 =−
∂φ
∂x3

at right end point:x3,N−1−−−−−−−−−−−−−→

E3,N−1 =−
φN−φN−2

2h

−φN−2+φN =−2hE3,N−1
2D FFT−−−−→

−φN−2+φN =−2hE3,N−1︸ ︷︷ ︸
given BC

, (D.56)

where we have introduced an additional ghost pointx3,N.
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By incorporating the above expression, we modify the associated matric equation as:

AN×NwN×1 = bN×1, (D.57)

where

A =




2+h2ξ −1 0 0 . . . . . . 0

−1 2+h2ξ −1 0 . . . . . . 0

0 −1 2+h2ξ −1 . . . . . . 0
...

.. . . .. . . . . . . . . .
...

0 · · · 0 −1 2+h2ξ −1 0

0 · · · 0 0 −1 2+h2ξ −1

0 · · · 0 0 −1 0 1




, (D.58)

w =




ω1

ω2

ω3

...

ωN−3

ωN−2

ωN−1




, (D.59)
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and

b =




−h2r(x3,1)+φbot(ξ1,ξ2)

−h2r(x3,2)

−h2r(x3,3)
...

−h2r(x3,N−3)

−h2r(x3,N−2)

−2hEtop(ξ1,ξ2)




(D.60)

with ξ = ξ 2
1 +ξ 2

2 .

Again at each(ξ1,ξ2), after the matrix equation is solved for the approximation of φ(ξ1,ξ2,x3),

inverse 2D FFT is applied to recover the electric potentialφ(x1,x2,x3) in real space. Electric fieldE

can also be found, as described in the previous sub-section.

D.2.3 Remark

The method of using finite difference along thex3-direction gives more reliable results at the cost of

longer computation times. But due to the structure of the formulation and the associated algorithm,

the computer program can be effectively parallelized to achieve high speed. In most of our works

that follow, unless otherwise stated, finite difference along thex3-direction is preferably used.

D.3 Elasticity equation by eigen-expansion

D.3.1 Background

The mechanical equilibrium equation involving eigen-strain is given by the equation:





σ = C(ε− ε∗)

∇ ·σ = 0,
(D.61)

whereε∗ is the eigen-strain,ε is the total strain,σ is the stress, and(ε− ε∗) is the effective elastic

strain of the 3D sample. All the physical quantities in the equation are function of the spatial space

(x1,x2,x3).
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In indicial notation, the equation is rephrased as:





σi j = Ci jkl (εkl − ε∗kl)

σi j , j = 0,
(D.62)

In the former chapters, we have successfully solved the above equation with the strong con-

ditions of imposing periodicity in all spatial coordinates. The simulation is useful in the scale of

micro-structures; however it might not be useful and meaningful to modal practical phenomena,

such as in an experimental set-up. Thus we develop the solution (semi-classical and numerical)

to the context of realistic situation, where we drop the periodicity in the vertical / lateral direction

(x3). Periodicities inx1- andx2- directions are still imposed. This assumption is valid forthe three-

dimensional configuration of a thin film, where the vertical dimension (height) is much smaller than

the scales over the plane(x1,x2).

As in most experiments for small scale thin film, the base surface of the sample is adhered to

a substrate such that the displacement of the base surface iszero. The top surface of the sample is

subjected by a stress distribution. It is usually the case when we apply a point load (or force) by

’pressing’ a cantilever tip on the surface. The lateral sides are free to deform. As long as the location

of applying the point load is far away from the boundaries of the top surfaces, the deformations in the

x1-boundaries are equal while the deformations in thex2-boundaries are equal. Thus periodicities

in the x1- andx2- directions are valid here. In fact, any stress distribution periodic inx1- andx2-

directions over the top surface is also workable.

D.3.2 Methodology - Decomposition of strains and stresses

Our goal is to calculate the stress and strain field (or distribution) over the whole body. We separate

these quantities into homogeneous and heterogeneous portions based on the following equations

proposed by L.Q. Chen [76]:

εi j (x) =
〈
εi j
〉
+ ε ′i j (x)

σi j (x) =
〈
σi j
〉
+σ ′i j (x) (D.63)
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The resulting homogeneous and perturbed constitutive equations read:

〈
σi j
〉
= Ci jkl

〈
εi j
〉

σ ′i j (x) = Ci jkl
[
ε ′i j (x)− ε∗i j (x)

]
(D.64)

In the following sub-sections, we are going to find the homogeneous or macroscopic portions

and the perturbed portions of the strains and the stresses.

D.3.3 Homogeneous Strains and Stresses

Assume that the bottom of the 3D sample is constrained by the substrate so that the macroscopic

strains of the thin film are:

〈ε11〉= 〈ε1〉= a

〈ε22〉= 〈ε2〉= b

2〈ε12〉= 〈ε6〉= c, (D.65)

where〈 f 〉 denotes the homogeneous portion off (as the average off over the 3D sample), and

a, b andc are given constants. In most cases of our works,a, b andc are particularly chosen to zeros,

to resemble the case where the base surface is adhered to the substrate, though a general argument

is outlined here.

The unknown homogeneous strains are then:

〈ε33〉= 〈ε3〉

2〈ε23〉= 〈ε4〉

2〈ε13〉= 〈ε5〉 (D.66)

On the top surface with normal directed byn =




n1

n2

n3


 =




0

0

1


, assume we apply the uni-
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form tractionT =




T1

T2

T3


, so that:

T = σn



T1

T2

T3


=




σ11 σ12 σ13

σ21 σ22 σ23

σ31 σ32 σ33







n1

n2

n3




=




σ11 σ12 σ13

σ21 σ22 σ23

σ31 σ32 σ33







0

0

1




=




σ13

σ23

σ33


=




〈σ5〉
〈σ4〉
〈σ3〉


 (D.67)

From the equation, we know that the components〈σ5〉, 〈σ4〉 and 〈σ3〉 of the homogeneous

stresses are in fact the components of the tractions acted onthe top surface, while the other three

components〈σ1〉, 〈σ2〉 and〈σ6〉 are still unknowns.

With the constitutive equation between the homogeneous strains and stresses, we may evaluate
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the unknown components, as follow:




〈σ1〉
〈σ2〉
〈σ3〉
〈σ4〉
〈σ5〉
〈σ6〉




=




c1 c3 c3

c3 c1 c3

c3 c3 c1

c2

c2

c2







〈ε1〉
〈ε2〉
〈ε3〉
〈ε4〉
〈ε5〉
〈ε6〉







〈σ1〉
〈σ2〉
T3

T2

T1

〈σ6〉




=




c1 c3 c3

c3 c1 c3

c3 c3 c1

c2

c2

c2







a

b

〈ε3〉
〈ε4〉
〈ε5〉

c




(D.68)

The equations are solved, yielding the following solution:

〈σ6〉= c2c= c2 〈ε6〉

〈ε5〉=
T1

c2

〈ε4〉=
T2

c2

〈ε3〉=
1
c1

T3−
c3

c1
(a+b)

=
1
c1

T3−
c3

c1
(〈ε1〉+ 〈ε2〉)

〈σ2〉=
c3

c1
T3+c3a+c1b− c2

3

c1
(a+b)

=
c3

c1
T3+c3〈ε1〉+c1〈ε2〉−

c2
3

c1
(〈ε1〉+ 〈ε2〉)

〈σ1〉=
c3

c1
T3+c1a+c3b− c2

3

c1
(a+b)

=
c3

c1
T3+c1〈ε1〉+c3〈ε2〉−

c2
3

c1
(〈ε1〉+ 〈ε2〉) (D.69)
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Remark: As motivated by most experiments on thin film subjected to an AFM-type and a PFM-

type tips, the uniform traction is zero and the in-plane strains over the base surface are zeros. Thus

in this configuration, the homogeneous strains and stressesare identically zeros.

D.3.4 Perturbed Strains and Stresses

Recall the governing equation for the perturbed part of the problem:

σ ′i j (x) = Ci jkl
[
ε ′kl(x)− ε∗kl(x)

]
(D.70)

Since all quantities are not constants, we cannot solve for stresses and strains directly. We rewrite

the strainsε ′i j (x) in terms of displacementsui(x) (and their derivatives).

σ ′i j (x) = Ci jkl
[
uk,l (x)− ε∗i j (x)

]
(D.71)

Our goal is to find the displacements as the sum of two solutions, u(x) = uA(x) + uB(x). The

decomposition is shown below.

By incorporating the equilibrium equations,

σi j , j = 0
take perturbed portion−−−−−−−−−−−→

σ ′i j , j = 0

Ci jkl (ε ′kl, j − ε∗kl, j) = 0

Ci jkl (uk,l j − ε∗kl, j) = 0

Ci jkl (u
A
k,l j +uB

k,l j − ε∗kl, j) = 0

Ci jkl (u
A
k,l j − ε∗kl, j )+Ci jkl u

B
k,l j = 0

→





Ci jkl (uA
k,l j − ε∗kl, j ) = 0

Ci jkl uB
k,l j = 0

(D.72)

Thus we have formulated two sub-problems, namely A and B, with solutions denoted by dis-

placement A and displacement B,uA(x) anduB(x).

Actually the equation, before the decomposition,Ci jkl uk,l j =Ci jkl ε0
kl, j can be thought of to be a
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nonhomogeneous second order differential equation. Corresponding to the nonhomogeneous term

Ci jkl ε0
kl, j , we find the particular solution. Secondly, we solve the general solutionCi jkl uk,l j = 0. We

add the general solution and the particular solution which then require the boundary conditions for

the undetermined coefficients. This serves as another reason for the decomposition into solutions A

and B.

This is also commonly used in computational mechanics: We solve for the field concerning

inclusion (in this case, transformation strains) which usually does not involve any boundary condi-

tion. Then we solve the elasticity problem without inclusion which satisfies the boundary conditions

of the overall (original) problem. The two solutions are then added whose sum solves the overall

(original) elasticity problem with inclusion (described as eigen-strains) and satisfies all the BC.

Before we deal with these two solutions in detail, we visualize the decomposition of the elasticity

equation in the following schematic.

Figure D.1: Configurations for solving (a) the Maxwell’s equation and (b) the mechanical equilib-
rium equation.

D.3.5 Perturbed Displacement A

Solution for displacement A is solved by adopting 3-dimensional FFT. No boundary conditions are

needed due to periodicities.
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Recall in Vigot’s notation, displacements, strains and stresses are expressed as:

u =




u1

u2

u3


 ,ε =




ε1

ε2

ε3

ε4

ε5

ε6




=




ε11

ε22

ε33

ε23+ ε32

ε13+ ε31

ε12+ ε21




,σ =




σ1

σ2

σ3

σ4

σ5

σ6




=




σ11

σ22

σ33

σ23

σ13

σ12




. (D.73)

Define the differentiator matrix for 3D elasticity,

B = 2πI




ξ1 0 0

0 ξ2 0

0 0 ξ3

0 ξ3 ξ2

ξ3 0 ξ1

ξ2 ξ1 0




, (D.74)

so that the FFTs of displacements and strains are related via:

ε̃ = Bũ (D.75)

With this context, upon applying 3D FFT, the equilibrium equations become:

σ̃ = C(ε̃− ε̃∗)

Bσ̃ = 0 (D.76)

It is straight forwards to combine the two expressions above(so as to eliminateσ ) and to express
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the FFT of displacement in terms of other quantities, as shown below.

BC(ε̃− ε̃∗) = 0

BC(BũA− ε̃∗) = 0

BCBũA = BCε̃∗

ũA = (BCB)−1 BCε̃∗ (D.77)

Inverse FFT can then be applied to recover the displacement in real space. Thus, without any

specified boundary conditions, displacement A is obtained from the eigen-strains.

D.3.6 Perturbed Displacement B

For solution B, we solve the following (second order) homogeneous differential equation,

Ci jkl u
B
k,l j = 0, (D.78)

subjected to the boundary conditions:

σi3|top = T ′i (x1,x2)

ui |bot = 0, (D.79)

Recall that from the physical configuration that the three components of perturbed stresses on the

top surface are equal to the perturbed portion of the traction, T ′i = Ti −〈Ti〉 , i = 1,2,3, while the

three components of displacements on the base are zero.

By our proposed decomposition into displacements A and B, wemay rewrite the boundary

conditions as:

Ci3klu
B
k,l

∣∣
top

=−Ci3kl
(
uA

k,l − ε∗kl

)∣∣
top

+T′i (x1,x2)

uB
i

∣∣
bot =− uA

i

∣∣
bot , i = 1,2,3. (D.80)

These BC come from the BC imposed to the whole problem (homogeneous and perturbed portions).
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Thus in order to find the displacement B, we need to incorporate displacement A and the uniform

perturbed stress distribution on the top surface as the boundary conditions. Thus we need to compute

solution A before we can find solution B.

We apply 2D FFT inx1- and x2- directions (where the indices are 1 or 2) to the governing

equation, that is,Ci jkl uB
k,l j = 0. We group terms so thatl =(1,2,3) = (α ,3) and j =(1,2,3) = (β ,3).

Ciαkβ uB
k,αβ +Ciαk3uB

k,3α +Ci3kβ uB
k,β3+Ci3k3uB

k,33 = 0
2D FFT−−−−→

Ciαkβ (Iξα)(Iξβ )ũB
k +(Ciαk3+Ci3kα) ũB

k,3+Ci3k3ũB
k,33 = 0 (D.81)

This defines a set of second order differential equations whose derivatives are in the third coordinate

at each Fourier coordinate pair(ξ1,ξ2). Due to the complexity of system of equation in relation to

the Fourier coordinate pair(ξ1,ξ2), we need to separately discuss four cases, as illustrated inthe

following schematic.

Case 1:ξ1 6= 0,ξ2 6= 0

For the general case where both Fourier coordinates are non-zero, we take the 2D FFT on the these

equilibrium equations,

Ciαkβ (Iξα)(Iξβ )ũB
k +(Ciαk3+Ci3kα) ũB

k,3+Ci3k3ũB
k,33 = 0,∀i = 1,2,3. (D.82)

A coupled system of three second order differential equations in the three components of displace-

ments will result.

Without loss of generality, we simplify the notations by setting Ui ≡ ũB
i , U ′i ≡ ũB

i ,3 andU ′′i ≡
ũB

i ,33, ∀i = 1,2,3. Thus:

Ciαkβ (Iξα)(Iξβ )Uk+(Ciαk3+Ci3kα)U
′
k+Ci3k3U

′′
k = 0,∀i = 1,2,3. (D.83)

We will express the three equations explicitly by writing down all the terms as follow. Recall

that we are working with isotropic materials so that all components of the material stiffness matrix

degenerate toc1, c2 andc3.
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Figure D.2: Configurations for solving (a) the Maxwell’s equation and (b) the mechanical equilib-
rium equation.
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i = 1

C1αkβ (Iξα)(Iξβ )Uk+(C1αk3+C13kα )U
′
k+C13k3U

′′
k = 0

c11k1(Iξ1)(Iξ1)Uk

c11k2(Iξ1)(Iξ2)Uk

c12k1(Iξ2)(Iξ1)Uk

c12k2(Iξ2)(Iξ2)Uk

+
(c11k3+c13k1)(Iξ1)U ′k

(c12k3+c13k2)(Iξ2)U ′k
+ c13k3U ′′k = 0

c1111(Iξ1)(Iξ1)U1+c1121(Iξ1)(Iξ1)U2+c1131(Iξ1)(Iξ1)U3

c1112(Iξ1)(Iξ2)U1+c1122(Iξ1)(Iξ2)U2+c1132(Iξ1)(Iξ2)U3

c1211(Iξ2)(Iξ1)U1+c1221(Iξ2)(Iξ1)U2+c1231(Iξ2)(Iξ1)U3

c1212(Iξ2)(Iξ2)U1+c1222(Iξ2)(Iξ2)U2+c1232(Iξ2)(Iξ2)U3

+

(c1113+c1311)(Iξ1)U ′1

(c1123+c1321)(Iξ1)U ′2

(c1133+c1331)(Iξ1)U ′3

(c1213+c1312)(Iξ2)U ′1

(c1223+c1322)(Iξ2)U ′2

(c1233+c1332)(Iξ2)U ′3

+

c1313U ′′1

c1323U ′′2

c1333U ′′3

= 0

c11(Iξ1)(Iξ1)U1+c16(Iξ1)(Iξ1)U2+c15(Iξ1)(Iξ1)U3

c16(Iξ1)(Iξ2)U1+c12(Iξ1)(Iξ2)U2+c14(Iξ1)(Iξ2)U3

c61(Iξ2)(Iξ1)U1+c66(Iξ2)(Iξ1)U2+c65(Iξ2)(Iξ1)U3

c66(Iξ2)(Iξ2)U1+c62(Iξ2)(Iξ2)U2+c64(Iξ2)(Iξ2)U3

+

(c15+c51)(Iξ1)U ′1

(c14+c41)(Iξ1)U ′2

(c13+c55)(Iξ1)U ′3

(c65+c56)(Iξ2)U ′1

(c64+c52)(Iξ2)U ′2

(c63+c54)(Iξ2)U ′3

+

c55U ′′1

c54U ′′2

c53U ′′3

= 0

c11(Iξ1)(Iξ1)U1

c12(Iξ1)(Iξ2)U2

c66(Iξ2)(Iξ1)U2

c66(Iξ2)(Iξ2)U1

+ (c13+c55)(Iξ1)U ′3 + c55U ′′1 = 0

−c1ξ 2
1U1−c3ξ1ξ2U2−c2ξ2ξ1U2−c2ξ 2

2U1+(c3+c2)(Iξ1)U
′
3+c2U

′′
1 = 0

(D.84)
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i = 2

C2αkβ (Iξα )(Iξβ )Uk+(C2αk3+C23kα )U
′
k+C23k3U

′′
k = 0

c21k1(Iξ1)(Iξ1)Uk

c21k2(Iξ1)(Iξ2)Uk

c22k1(Iξ2)(Iξ1)Uk

c22k2(Iξ2)(Iξ2)Uk

+
(c21k3+c23k1)(Iξ1)U ′k

(c22k3+c23k2)(Iξ2)U ′k
+ c23k3U ′′k = 0

c2111(Iξ1)(Iξ1)U1+c2121(Iξ1)(Iξ1)U2+c2131(Iξ1)(Iξ1)U3

c2112(Iξ1)(Iξ2)U1+c2122(Iξ1)(Iξ2)U2+c2132(Iξ1)(Iξ2)U3

c2211(Iξ2)(Iξ1)U1+c2221(Iξ2)(Iξ1)U2+c2231(Iξ2)(Iξ1)U3

c2212(Iξ2)(Iξ2)U1+c2222(Iξ2)(Iξ2)U2+c2232(Iξ2)(Iξ2)U3

+

(c2113+c2311)(Iξ1)U ′1

(c2123+c2321)(Iξ1)U ′2

(c2133+c2331)(Iξ1)U ′3

(c2213+c2312)(Iξ2)U ′1

(c2223+c2322)(Iξ2)U ′2

(c2233+c2332)(Iξ2)U ′3

+

c2313U ′′1

c2323U ′′2

c2333U ′′3

= 0

c61(Iξ1)(Iξ1)U1+c66(Iξ1)(Iξ1)U2+c65(Iξ1)(Iξ1)U3

c66(Iξ1)(Iξ2)U1+c62(Iξ1)(Iξ2)U2+c64(Iξ1)(Iξ2)U3

c21(Iξ2)(Iξ1)U1+c26(Iξ2)(Iξ1)U2+c25(Iξ2)(Iξ1)U3

c26(Iξ2)(Iξ2)U1+c22(Iξ2)(Iξ2)U2+c24(Iξ2)(Iξ2)U3

+

(c65+c41)(Iξ1)U ′1

(c64+c41)(Iξ1)U ′2

(c63+c45)(Iξ1)U ′3

(c25+c46)(Iξ2)U ′1

(c24+c42)(Iξ2)U ′2

(c23+c44)(Iξ2)U ′3

+

c45U ′′1

c44U ′′2

c43U ′′3

= 0

c66(Iξ1)(Iξ1)U2

c66(Iξ1)(Iξ2)U1

c21(Iξ2)(Iξ1)U1

c22(Iξ2)(Iξ2)U2

+ (c23+c44)(Iξ2)U ′3 + c44U ′′2 = 0

−c2ξ 2
1U2−c2ξ1ξ2U1−c3ξ2ξ1U1−c1ξ 2

2U2+(c3+c2)(Iξ2)U
′
3+c2U

′′
2 = 0

(D.85)
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i = 3

C3αkβ (Iξα)(Iξβ )Uk+(C3αk3+C33kα )U
′
k+C33k3U

′′
k = 0

c31k1(Iξ1)(Iξ1)Uk

c31k2(Iξ1)(Iξ2)Uk

c32k1(Iξ2)(Iξ1)Uk

c32k2(Iξ2)(Iξ2)Uk

+
(c31k3+c33k1)(Iξ1)U ′k

(c32k3+c33k2)(Iξ2)U ′k
+ c33k3u′′k = 0

c3111(Iξ1)(Iξ1)U1+c3121(Iξ1)(Iξ1)U2+c3131(Iξ1)(Iξ1)U3

c3112(Iξ1)(Iξ2)U1+c3122(Iξ1)(Iξ2)U2+c3132(Iξ1)(Iξ2)U3

c3211(Iξ2)(Iξ1)U1+c3221(Iξ2)(Iξ1)U2+c3231(Iξ2)(Iξ1)U3

c3212(Iξ2)(Iξ2)U1+c3222(Iξ2)(Iξ2)U2+c3232(Iξ2)(Iξ2)U3

+

(c3113+c3311)(Iξ1)U ′1

(c3123+c3321)(Iξ1)U ′2

(c3133+c3331)(Iξ1)U ′3

(c3213+c3312)(Iξ2)U ′1

(c3223+c3322)(Iξ2)U ′2

(c3233+c3332)(Iξ2)U ′3

+

c3313U ′′1

c3323U ′′2

c3333U ′′3

= 0

c51(Iξ1)(Iξ1)U1+c56(Iξ1)(Iξ1)U2+c55(Iξ1)(Iξ1)U3

c56(Iξ1)(Iξ2)U1+c52(Iξ1)(Iξ2)U2+c54(Iξ1)(Iξ2)U3

c41(Iξ2)(Iξ1)U1+c46(Iξ2)(Iξ1)U2+c45(Iξ2)(Iξ1)U3

c46(Iξ2)(Iξ2)U1+c42(Iξ2)(Iξ2)U2+c44(Iξ2)(Iξ2)U3

+

(c55+c31)(Iξ1)U ′1

(c54+c36)(Iξ1)U ′2

(c53+c35)(Iξ1)U ′3

(c45+c36)(Iξ2)U ′1

(c44+c32)(Iξ2)U ′2

(c43+c34)(Iξ2)U ′3

+

c35U ′′1

c34U ′′2

c33U ′′3

= 0

c55(Iξ1)(Iξ1)U3

c44(Iξ2)(Iξ2)U3

+
(c55+c31)(Iξ1)U ′1

(c44+c32)(Iξ2)U ′2
+ c33U ′′3 = 0

−c2ξ 2
1U3−c2ξ 2

2U3+(c2+c3)(Iξ1)U
′
1+(c2+c3)(Iξ2)U

′
2+c1U

′′
3 = 0

(D.86)

In summary, the coupled system of three DE’s are:

−c1ξ 2
1U1−c3ξ1ξ2U2−c2ξ2ξ1U2−c2ξ 2

2U1+(c3+c2)(Iξ1)U
′
3+c2U

′′
1 = 0

−c2ξ 2
1U2−c2ξ1ξ2U1−c3ξ2ξ1U1−c1ξ 2

2U2+(c3+c2)(Iξ2)U
′
3+c2U

′′
2 = 0

−c2ξ 2
1U3−c2ξ 2

2U3+(c2+c3)(Iξ1)U
′
1+(c2+c3)(Iξ2)U

′
2+c1U

′′
3 = 0

(D.87)

Motivated by the formulation of the state equations, we define three new variables (as the deriva-
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tives of the three variablesUi) so as to generate a larger system of first order, which can then be

solved by the method in linear algebra.

V1≡U ′1 = ũB
i ,3,

V2≡U ′2 = ũB
i ,3,

V3≡U ′3 = ũB
i ,3. (D.88)

With this setting, the three second order differential equations are re-casted into a first order

system of six differential equations. First, we rewrite thethree second order differential equations

in terms ofUi andVi and their first derivatives only.

−c1ξ 2
1U1−c3ξ1ξ2U2−c2ξ2ξ1U2−c2ξ 2

2U1+(c3+c2)(Iξ1)U
′
3+c2U

′′
1 = 0

−c1ξ 2
1U1−c3ξ1ξ2U2−c2ξ2ξ1U2−c2ξ 2

2U1+(c3+c2)(Iξ1)V3+c2V
′
1 = 0

c1ξ 2
1U1+c3ξ1ξ2U2+c2ξ2ξ1U2+c2ξ 2

2U1− (c3+c2)(Iξ1)V3 = c2V
′
1(

c1

c2
ξ 2

1 +ξ 2
)

U1+

(
c3

c2
+1

)
ξ1ξ2U2−

c3+c2

c2
(Iξ1)V3 =V ′1 (D.89)

−c2ξ 2
1U2−c2ξ1ξ2U1−c3ξ2ξ1U1−c1ξ 2

2U2+(c3+c2)(Iξ2)U
′
3+c2U

′′
2 = 0

−c2ξ 2
1U2−c2ξ1ξ2U1−c3ξ2ξ1U1−c1ξ 2

2U2+(c3+c2)(Iξ2)V3+c2V
′
2 = 0

c2ξ 2
1U2+c2ξ1ξ2U1+c3ξ2ξ1U1+c1ξ 2

2U2− (c3+c2)(Iξ2)V3 = c2V
′
2(

1+
c3

c2

)
ξ1ξ2U1+

(
ξ 2

1 +
c1

c2
ξ 2

2

)
U2−

c3+c2

c2
(Iξ2)V3 =V ′2 (D.90)
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−c2ξ 2
1U3−c2ξ 2

2U3+(c2+c3)(Iξ1)U
′
1+(c2+c3)(Iξ2)U

′
2+c1U

′′
3 = 0

−c2ξ 2
1U3−c2ξ 2

2U3+(c2+c3)(Iξ1)V1+(c2+c3)(Iξ2)V2+c1V
′
3 = 0

c2ξ 2
1U3+c2ξ 2

2U3− (c2+c3)(Iξ1)V1− (c2+c3)(Iξ2)V2 = c1V
′
3

c2

c1
ξ 2

1U3+
c2

c1
ξ 2

2U3−
c2+c3

c1
(Iξ1)V1−

c2+c3

c1
(Iξ2)V2 =V ′3 (D.91)

We may then assembly all the six equations (whose highest order of derivative ia one) above to

matrix form:

d
dx3




U1

U2

U3

V1

V2

V3




=




0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1

c1
c2

ξ 2
1 +ξ 2

2
c3+c2

c2
ξ1ξ2 0 0 0 − c3+c2

c2
(Iξ1)

c3+c2
c2

ξ1ξ2 ξ 2
1 + c1

c2
ξ 2

2 0 0 0 − c3+c2
c2

(Iξ2)

0 0 c2
c1
(ξ 2

1 +ξ 2
2 ) − c2+c3

c1
(Iξ1) − c2+c3

c1
(Iξ2) 0







U1

U2

U3

V1

V2

V3




(D.92)

Symbolically, we have:

W′ = AW (D.93)

Since the material is isotropic, we may simplify all material constants further to the Young

modulus (E) and the Poisson ratio (ν).

A =




0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1
2(1−ν)
1−2ν ξ 2

1 +ξ 2
2

1
1−2ν ξ1ξ2 0 0 0 − 1

1−2ν (Iξ1)

1
1−2ν ξ1ξ2 ξ 2

1 + 2(1−ν)
1−2ν ξ 2

2 0 0 0 − 1
1−2ν (Iξ2)

0 0 1−2ν
2(1−ν) (ξ

2
1 +ξ 2

2 ) − 1
2(1−ν) (Iξ1) − 1

2(1−ν) (Iξ2) 0




(D.94)

In fact, only Poisson ratio (ν) suffices to describe the matrix.

We need to find the eigenvalues and eigenvectors of matrixW. The results are a Jordan Form

and the modal matrix consisting of eigenvectors and generalized eignevectors.The decomposition
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takes the form:

WV = VJ, (D.95)

where

J =




√
ξ 2

1 +ξ 2
2 0 0 0 0 0

0
√

ξ 2
1 +ξ 2

2 1 0 0 0

0 0
√

ξ 2
1 +ξ 2

2 0 0 0

0 0 0 −
√

ξ 2
1 +ξ 2

2 0 0

0 0 0 0 −
√

ξ 2
1 +ξ 2

2 1

0 0 0 0 0 −
√

ξ 2
1 +ξ 2

2




,

(D.96)

and

=
(

ψ1 ψ2 ψ3 ψ4 ψ5 ψ6

)
, (D.97)
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with

ψ1 =




− ξ 3
2−2ξ2(ξ 2

1+ξ 2
2 )+2ξ 2

2 ν(ξ 2
1+ξ 2

2 )

ξ1(4ν−1)(ξ 2
1+ξ 2

2 )
3
2

−2ξ 2
1−2ν(ξ 2

1+ξ 2
2 )+ξ 2

2

(4ν−1)(ξ 2
1+ξ 2

2 )
3
2

0

− ξ 2
1(

1
2ξ2− 1

2ξ2ν)− 1
2ξ 3

2 ν+ 1
4ξ 3

2

ξ1ξ 2
2−ξ 3

1 ν+ξ 3
1−ξ1ξ 2

2 ν
2ξ 2

1 ν+2ξ 2
2 ν−2ξ 2

1−ξ 2
2

4(ν−1)(ξ 2
1+ξ 2

2 )

0




,ψ2 =




− ξ 2
1

(8ν−4)
√

ξ 2
1+ξ 2

2

− ξ1ξ2

(8ν−4)
√

ξ 2
1+ξ 2

2

I ξ1
8ν−4
ξ 2

1
8ν−4

− ξ1ξ2
8ν−4

I ξ1(ξ 2
1+ξ 2

2 )

(8ν−4)
√

ξ 2
1+ξ 2

2




,ψ3 =




1
2

0

−I ξ1

(8ν−4)
√

ξ 2
1+ξ 2

2

−3ξ 2
1−4ν(ξ 2

1+ξ 2
2 )+2ξ 2

2

4(2ν−1)
√

ξ 2
1+ξ 2

2

− ξ1ξ2

4(2ν−1)
√

ξ 2
1+ξ 2

2

0




,

ψ4 =




ξ 3
2−2ξ2(ξ 2

1+ξ 2
2 )+2ξ 2

2 ν(ξ 2
1+ξ 2

2 )

ξ1(4ν−1)(ξ 2
1+ξ 2

2 )
3
2

2ξ 2
1−2ν(ξ 2

1+ξ 2
2 )+ξ 2

2

(4ν−1)(ξ 2
1+ξ 2

2 )
3
2

0

− ξ 2
1(

1
2ξ2− 1

2ξ2ν)− 1
2ξ 3

2 ν+ 1
4ξ 3

2

ξ1ξ 2
2−ξ 3

1 ν+ξ 3
1−ξ1ξ 2

2 ν
2ξ 2

1 ν+2ξ 2
2 ν−2ξ 2

1−ξ 2
2

4(ν−1)(ξ 2
1+ξ 2

2 )

0




,ψ5 =




ξ 2
1

(8ν−4)
√

ξ 2
1+ξ 2

2

ξ1ξ2

(8ν−4)
√

ξ 2
1+ξ 2

2

I ξ1
8ν−4

− ξ 2
1

8ν−4

− ξ1ξ2
8ν−4

−I ξ1(ξ 2
1+ξ 2

2 )

(8ν−4)
√

ξ 2
1+ξ 2

2




,ψ6 =




1
2

0

I ξ1

(8ν−4)
√

ξ 2
1+ξ 2

2

3ξ 2
1−4ν(ξ 2

1+ξ 2
2 )+2ξ 2

2

4(2ν−1)
√

ξ 2
1+ξ 2

2

ξ1ξ2

4(2ν−1)
√

ξ 2
1+ξ 2

2

0




.

(D.98)

From the Jordan FormJ, we denote the eigenvalues of the system asλ1 = λ2 = λ3 =
√

ξ 2
1 +ξ 2

2 ≡
ξ andλ4 = λ5 = λ6 =−

√
ξ 2

1 +ξ 2
2 ≡−ξ .

For the sake of convenience, we express the structures of thesix eigenvectors asψi =


 ai

bi




, whereai contains the first three components of the original eigenvector ψi , which corresponds

to the three components of the displacement. Being the solution to a second-order system, each

component of the displacement is of the form
{

aieλix3
}

i=1..6. Notice that the last three entries ofψi ,

that is,ai , are not counted towards the solution. They were generated mathematically for finding

and they are discarded and unused.
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Thus the general solution takes the form:




ũB
1(ξ1,ξ2,x3)

ũB
2(ξ1,ξ2,x3)

ũB
3(ξ1,ξ2,x3)


= q1(ξ1,ξ2)a1eλ1x3 +q2(ξ1,ξ2)a2eλ2x3 +q3(ξ1,ξ2) [a3+x3a2]e

λ3x3

+q4(ξ1,ξ2)a4eλ4x3 +q5(ξ1,ξ2)a5e−λ5x3 +q6(ξ1,ξ2) [a6+x3a5]e
λ6x3

= q1(ξ1,ξ2)a1eξx3 +q2(ξ1,ξ2)a2eξx3 +q3(ξ1,ξ2) [a3+x3a2]e
ξx3

+q4(ξ1,ξ2)a4e−ξx3 +q5(ξ1,ξ2)a5e−ξx3 +q6(ξ1,ξ2) [a6+x3a5]e
−ξx3,

(D.99)

where{qi(ξ1,ξ2)}i=1..6 are unknown constants to be evaluated from the six boundary conditions

(three from BC on the top surface while the other three from BCon the bottom surface).

Case 2:ξ1 = 0,ξ2 6= 0

The conditionξ1 = 0 simplifies the above second order ODE system into:

ξ1=0−−−→Ciαkβ (Iξα)(Iξβ )ũB
k +(Ciαk3+Ci3kα) ũB

k ,3+Ci3k3ũB
k ,33 = 0,∀i = 1,2,3





ũB
1 ,33−ξ 2ũB

1 = 0

c22(Iξ2)
2ũB

2 +(c23+c44)(Iξ2)ũB
3 ,3+c44ũB

2 ,33 = 0

c44(Iξ2)
2ũB

3 +(c44+c32)(Iξ2)ũB
2 ,3+c33ũB

3 ,33 = 0

(D.100)

Here contracted notation for the stiffness matrix is adopted.

The first equation is a second order differential equation inũB
1 , whose solution is straight for-

wards:

ũB
1(ξ1,ξ2,x3) = ũB

1(0,ξ2,x3) = q1(0,ξ2)e
ξx3 +q2(0,ξ2)e

−ξx3, (D.101)

whereξ =
√

ξ 2
1 +ξ 2

2 =
√

ξ 2
2 = |ξ2|.

The second and third equations are two coupled differentialequations ofũB
2 and ũB

3 . Similar

to the state-space formulation, we introduce new variablesto replace the first-order derivatives to
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ensure that the resulting systems of equations are of first-order, despite the fact that the system gets

larger.

Without loss of generality, we simplify the notations:

U2≡ ũB
2

U3≡ ũB
3 , (D.102)

so that the derivative of these variables in the third coordinatex3 are:

V2 =U ′2 = ũB
2 ,3

V3 =U ′3 = ũB
3 ,3 (D.103)

and the second derivatives of̃uB
2 andũB

3 are expressed as:

ũB
2 ,33 =U ′′2 =V ′2

ũB
3 ,33 =U ′′3 =V ′3 (D.104)

Under this circumstance, the two equations above can be re-casted as:

c22(Iξ2)
2ũB

2 +(c23+c44)(Iξ2)ũB
3 ,3+c44ũB

2 ,33 = 0
contracted indices−−−−−−−−−→

c1(Iξ2)
2U2+(c3+c2)(Iξ2)V3+c2U

′′
2 = 0

−c1ξ 2
2U2+(c3+c2)(Iξ2)V3+c2V

′
2 = 0

V ′2 =
c1

c2
ξ 2

2U2−
c3+c2

c2
(Iξ2)V3 (D.105)

c44(Iξ2)
2ũB

3 +(c44+c32)(Iξ2)ũB
2 ,3+c44ũB

3 ,33 = 0
contracted indices−−−−−−−−−→

c2(Iξ2)
2U3+(c2+c3)(Iξ2)V2+c2U

′′
3 = 0

−c2ξ 2
2U2+(c2+c3)(Iξ2)V2+c2V

′
3 = 0

V ′3 =
c2

c1
ξ 2

2U3−
c3+c2

c2
(Iξ2)V2 (D.106)
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Reassembly into a system of differential equations, a matrix differential equation is formed.

d
dx3




U2

U3

V2

V3




=




0 0 1 0

0 0 0 1

c1
c2

ξ 2
2 0 0 − c2+c3

c2
Iξ2

0 c2
c1

ξ 2
2 − c2+c3

c1
Iξ2 0







U2

U3

V2

V3




(D.107)

For isotropic material, we may further express the contacted stiffness constants in terms of the

Young modulus (E) and the Poisson ratio (ν). Thus, we have:

d
dx3




U2

U3

V2

V3




=




0 0 1 0

0 0 0 1
2(1−ν)
1−2ν ξ 2

2 0 0 − 1
1−2ν Iξ2

0 1−2ν
2(1−ν)ξ

2
2 − 1

2(1−ν) Iξ2 0







U2

U3

V2

V3




(D.108)

Symbolically and compactly, the matrix equation is presented by:

W′ = AW (D.109)

In order to solve this matrix differential equation, we find the eigenvalues and eigenvectors of

W:

W = J, (D.110)

where Jordan FormJ is utilized due to the existence of repeated eigenvalues andis the modal

matrix consisting of all the eigenvectors and the generalized eigenvectors:
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J =




ξ2 1

ξ2

−ξ2 1

−ξ2



, =

(
ψ1 ψ2 ψ3 ψ4

)
=




− ξ2
8ν−4

1
2

ξ2
8ν−4

1
2

I ξ2
8ν−4 −I 1

8ν−4 I ξ2
8ν−4 I 1

8ν−4

− ξ 2
2

8ν−4 − (3−4ν)ξ2
8ν−4

ξ 2
2

8ν−4
(3−4ν)ξ2

8ν−4

I ξ 2
2

8ν−4 0 −I ξ 2
2

8ν−4 0




(D.111)

Following the methodology developed in the general case, the expressions for the displacements:

ũB
1(0,ξ2,x3) = q1(0,ξ2)e

ξ2x3 +q4(0,ξ2)e
−ξ2x3


 ũB

2(0,ξ2,x3)

ũB
3(0,ξ2,x3)


= q2(0,ξ2)a1eξ2x3 +q3(0,ξ2) [a2+x3a1]e

ξ2x3

+q5(0,ξ2)a3e−ξ2x3 +q6(0,ξ2) [a4+x3a3]e
−ξ2x3

= q2(0,ξ2)


 −

ξ2
8ν−4

I ξ2
8ν−4


eξ2x3 +q3(0,ξ2)






1
2

−I 1
8ν−4


+x3


 −

ξ2
8ν−4

I ξ2
8ν−4




eξ2x3

+q5(0,ξ2)




ξ2
8ν−4

I ξ2
8ν−4


e−ξ2x3 +q6(0,ξ2)






1
2

I 1
8ν−4


+x3




ξ2
8ν−4

I ξ2
8ν−4




e−ξ2x3,

(D.112)

whereai consists of the first two components of



ψi =


 ai

bi







i=1..4

.

Now we have six unknown constants to be determined,{qi}i=1..6, at each Fourier coordinate

pair (0,ξ2). We may further combine the above solutions in a single matrix expression for the sake

of computation:



358




ũB
1(0,ξ2,x3)

ũB
2(0,ξ2,x3)

ũB
3(0,ξ2,x3)


= q1(0,ξ2)




1

0

0


eξ2x3 +q2(0,ξ2)




0

− ξ2
8ν−4

I ξ2
8ν−4


eξ2x3

+q3(0,ξ2)







0

1
2

−I 1
8ν−4


+x3




0

− ξ2
8ν−4

I ξ2
8ν−4





eξ2x3

+q4(0,ξ2)




1

0

0


e−ξ2x3 +q5(0,ξ2)




0
ξ2

8ν−4

I ξ2
8ν−4


e−ξ2x3

+q6(0,ξ2)







0

1
2

I 1
8ν−4


+x3




0

ξ2
8ν−4

I ξ2
8ν−4





e−ξ2x3 (D.113)

Case 3:ξ1 6= 0,ξ2 = 0

The conditionξ2 = 0 simplifies the above second order ODE system into:

Ciαkβ (Iξα)(Iξβ )ũB
k +(Ciαk3+Ci3kα) ũB

k ,3+Ci3k3ũB
k ,33 = 0,∀i = 1,2,3

ξ2=0−−−→





c1(Iξ1)
2ũB

1+(c3+c2)(Iξ1)ũB
3 ,3+c2ũB

1 ,33 = 0

ũB
2 ,33−ξ 2ũB

2 = 0

c2(Iξ1)
2ũB

3+(c2+c3)(Iξ1)ũB
1 ,3+c1ũB

3 ,33 = 0

(D.114)

Here contracted notation for the stiffness matrix is adopted.

The second equation is a second order differential equationin ũB
2 , whose solution is straight

forwards:

ũB
2(ξ1,ξ2,x3) = ũB

2(ξ1,0,x3) = q2(ξ1,0)e
ξ1x3 +q5(ξ1,0)e

−ξ1x3. (D.115)

The first and third equations are two coupled differential equations ofũB
1 andũB

3 . Similar to the
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state-space formulation, we introduce new variables to replace the first-order derivatives to ensure

that the resulting systems of equations are of first-order, despite the fact that the system gets larger.

Without loss of generality, we simplify the notations:

U1≡ ũB
1

U3≡ ũB
3 , (D.116)

so that the derivative of these variables in the third coordinatex3 are:

V1 =U ′1 = ũB
1 ,3

V3 =U ′3 = ũB
3 ,3 (D.117)

and the second derivatives of̃uB
2 andũB

3 are expressed as:

ũB
1 ,33 =U ′′1 =V ′1

ũB
3 ,33 =U ′′3 =V ′3 (D.118)

Under this circumstance, the two equations above can be re-casted as:

c1(Iξ1)
2ũB

1 +(c3+c2)(Iξ1)ũB
3 ,3+c2ũB

1 ,33 = 0
contracted indices−−−−−−−−−→

c1(Iξ1)
2U1+(c3+c2)(Iξ1)V3+c2U

′′
1 = 0

−c1ξ 2
1U1+(c3+c2)(Iξ1)V3+c2V

′
1 = 0

V ′1 =
c1

c2
ξ 2

1U1−
c3+c2

c2
(Iξ1)V3 (D.119)

c2(Iξ1)
2ũB

3 +(c2+c3)(Iξ1)ũB
2 ,3+c1ũB

3 ,33 = 0
contracted indices−−−−−−−−−→

c2(Iξ1)
2U3+(c2+c3)(Iξ1)V1+c1U

′′
3 = 0

−c2ξ 2
1U3+(c2+c3)(Iξ1)V1+c1V

′
3 = 0

V ′3 =
c2

c1
ξ 2

1U3−
c3+c2

c1
(Iξ1)V1 (D.120)
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Reassembly into a system of differential equations, a matrix differential equation is formed.

d
dx3




U1

U3

V1

V3




=




0 0 1 0

0 0 0 1

c1
c2

ξ 2
1 0 0 − c2+c3

c2
Iξ1

0 c2
c1

ξ 2
1 − c2+c3

c1
Iξ1 0







U1

U3

V1

V3




(D.121)

For isotropic material, we may further express the contacted stiffness constants in terms of the

Young modulus (E) and the Poisson ratio (ν). Thus, we have:

d
dx3




U1

U3

V1

V3




=




0 0 1 0

0 0 0 1
2(1−ν)
1−2ν ξ 2

1 0 0 − 1
1−2ν Iξ1

0 1−2ν
2(1−ν)ξ

2
1 − 1

2(1−ν) Iξ1 0







U1

U3

V1

V3




(D.122)

Symbolically and compactly, the matrix equation is presented by:

W′ = AW (D.123)

In order to solve this matrix differential equation, we find the eigenvalues and eigenvectors of

W:

W = J, (D.124)

where Jordan FormJ is utilized due to the existence of repeated eigenvalues andis the modal

matrix consisting of all the eigenvectors and the generalized eigenvectors:
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J =




ξ1 1

ξ1

−ξ1 1

−ξ1



, =

(
ψ1 ψ2 ψ3 ψ4

)
=




− ξ1
8ν−4

1
2

ξ1
8ν−4

1
2

I ξ1
8ν−4 −I 1

8ν−4 I ξ1
8ν−4 I 1

8ν−4

− ξ 2
1

8ν−4 − (3−4ν)ξ1
8ν−4

ξ 2
1

8ν−4
(3−4ν)ξ1

8ν−4

I ξ 2
1

8ν−4 0 −I ξ 2
1

8ν−4 0




(D.125)

Following the methodology developed in the general case, the expressions for the displacements:

ũB
2(ξ1,0,x3) = q2(ξ1,0)e

ξ1x3 +q5(ξ1,0)e
−ξ1x3


 ũB

1(ξ1,0,x3)

ũB
3(ξ1,0,x3)


= q1(ξ1,0)a1eξ1x3 +q3(ξ1,0) [a2+x3a1]e

ξ1x3

+q4(ξ1,0)a3e−ξ1x3 +q6(ξ1,0) [a4+x3a3]e
−ξ1x3

= q1(ξ1,0)


 −

ξ1
8ν−4

I ξ1
8ν−4


eξ1x3 +q3(ξ1,0)






1
2

−I 1
8ν−4


+x3


 −

ξ1
8ν−4

I ξ1
8ν−4




eξ1x3

+q4(ξ1,0)




ξ1
8ν−4

I ξ1
8ν−4


e−ξ1x3 +q6(ξ1,0)






1
2

I 1
8ν−4


+x3




ξ1
8ν−4

I ξ1
8ν−4




e−ξ1x3,

(D.126)

whereai consists of the first two components of



ψi =


 ai

bi







i=1..4

.

Here we have six unknown constants to be determined,qi = {qi(ξ1,0)}i=1..6, at each Fourier

coordinate pair(ξ1,0). We may further combine the above solutions in a single matrix expression

for the sake of computation:
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


ũB
1(ξ1,0,x3)

ũB
2(ξ1,0,x3)

ũB
3(ξ1,0,x3)


= q1(ξ1,0)




− ξ1
8ν−4

0

I ξ1
8ν−4


eξ1x3 +q2(ξ2,0)




0

1

0


eξ1x3

+q3(ξ2,0)







1
2

0

−I 1
8ν−4


+x3




− ξ1
8ν−4

0

I ξ1
8ν−4





eξ1x3

+q4(ξ1,0)




ξ2
8ν−4

0

I ξ2
8ν−4


e−ξ1x3 +q5(ξ1,0)




0

1

0


e−ξ1x3

+q6(ξ1,0)







1
2

0

I 1
8ν−4


+x3




ξ1
8ν−4

0

I ξ1
8ν−4





e−ξ1x3 (D.127)

Case 4:ξ1 = ξ2 = 0

The conditionξ1 = ξ2 = 0 simplify the above second order ODE system into:

Ciαkβ (Iξα)(Iξβ )ũB
k +(Ciαk3+Ci3kα) ũB

k,3+Ci3k3ũB
k,33 = 0,∀i = 1,2,3

Ci3k3ũB
k,33 = 0,∀i = 1,2,3

Ci3k3ũB
k ,33 = 0,∀i = 1,2,3 (D.128)

Writing out all the equations, we have:





ũB
1 ,33 = 0

ũB
2 ,33 = 0

ũB
3 ,33 = 0

(D.129)
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The solutions of these equations are straight forwards, that is,





ũB
1(ξ1,ξ2,x3) = ũB

1(0,0,x3) = q1(0,0)x3+q4(0,0)

ũB
2(ξ1,ξ2,x3) = ũB

2(0,0,x3) = q2(0,0)x3+q5(0,0)

ũB
3(ξ1,ξ2,x3) = ũB

3(0,0,x3) = q3(0,0)x3+q6(0,0)

, (D.130)

where{qi = qi(0,0)}|i=1..6 are the unknown coefficients to be determined from BC.

D.3.7 Solving the Boundary Value Problems from qi(ξ1,ξ2)

Regardless of the differences in the technical details in the four cases above, we end up with the

procedure to evaluate the six unknown coefficients{qi(ξ1,ξ2)}i=1..6 using the six boundary condi-

tions imposed on the top and bottom surface of the sample. Solving for qi is the same as solving the

system of algebraic equations at each Fourier coordinate(ξ1,ξ2):

A6×6q6×1 = b6×1, (D.131)

whereA = A(ξ1,ξ2) is the same for all iterations and is computed at the beginning of the program.

The vectorb comes from the boundary conditions that are also related to the displacement A, as

in the BC equations:

ci3klu
B
k,l

∣∣
top

=− ci3kl
(
uA

k,l − ε∗kl

)∣∣
top

+T ′i ,∀i = 1,2,3

uB
i

∣∣
bot =− uA

i

∣∣
bot ,∀i = 1,2,3 (D.132)

This vector should be generated and renewed in every iteration.



364

More specifically, the six boundary conditions are explicitly given:

uB
1,3(:, :,L)+uB

3,1(:, :,L) =−
(
uA

1,3(:, :,h)+uA
3,1(:, :,L)

)
+ ε∗13(:, :,L)+

T ′1(:, :)
c3

uB
2,3(:, :,L)+uB

3,2(:, :,L) =−
(
uA

2,3(:, :,h)+uA
3,2(:, :,L)

)
+ ε∗23(:, :,L)+

T ′2(:, :)
c3

c3uB
1,1(:, :,L)+c3uB

2,2(:, :,L)+c1uB
3,3(:, :,L) =−c3

(
uB

1,1(:, :,L)− ε∗11(:, :,L)
)

−c3
(
uB

2,2(:, :,L)− ε∗22(:, :,L)
)

−c1
(
uB

3,3(:, :,L)− ε∗33(:, :,L)
)
+T ′3(:, :)

uB
1(:, :,0) =−uA

1(:, :,0)

uB
2(:, :,0) =−uA

2(:, :,0)

uB
3(:, :,0) =−uA

3(:, :,0)

(D.133)

Transforming these boundary conditions in their 2D FFT, andsubstituting the general solutions

A and B and comparing with coefficients will yield the unknownconstants{qi = qi(ξ1,ξ2)}i=1..6 at

each Fourier coordinate pair(ξ1,ξ2).

After we have foundqi(ξ1,ξ2), displacements B in 2D FFT are also known. We may then

assembly the displacements A and B for perturbed portion of strains and stresses. Homogeneous

and heterogeneous fields give the total fields.

D.4 Elasticity equation by finite differences

The ”state equation” approach is elegant in the sense of theoretic development and fast in the cor-

responding numerical algorithm. However call that in the process of finding the perturbed dis-

placement A, we adopted FFT in thex3-direction, which violates our first physical assumption that

the sample may not be necessarily periodic in thex3-direction. This is related to the ”Runge’s

phenomenon” in the field of numerical analysis, where numerical approximation of functions by

polynomials near the edges of the interval induces oscillation from the expected values.

In our simulation using the state space approach, the displacements computed commit the men-

tioned oscillating behaviors towards the very ends of the interval along thex3-direction. To give a
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feeling on how bad the numerical approximation is to the solution (displacement), say, if the number

of subdivision points is 64, then probably the first 4 and the last 4 data are oscillating away from the

expected valves.

Luckily, the strains, which we compute from the displacements, are accurate numerically. This

might be due to the fact that taking derivatives of the displacements kill the oscillation towards

the two ends of the interval. Thus if the simulations do not require the explicit processing of the

displacement fields, the ”state equation” approach is workable. In most cases, the more important

physical quantities are the strains and the stresses. However if the simulations do require the ex-

plicit uses of the displacements, as in the case of displaying the surface tomography (the shape of

deformation), we may want to develop a more accurate numerical method. A good alternative is the

finite difference approach along thex3-direction, despite the fact that it is slower than the former

numerical scheme.

D.4.1 Discretization of differential equations

We start with the three mechanical equilibrium equations after taking 2D FFT (Recall that we have

obtained these in last subsection):

Ci jkl
(
uk,l j − ε∗kl, j

)
= 0, i = 1,2,3

Ci jkl uk,l j =Ci jkl ε∗kl, j , i = 1,2,3 (D.134)

For the sake of simplifying the expressions, we assume that the non-homogeneous terms of the

three differential equations to bef , g andh. They are computed as follow:
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Non-homogeneous term of the first equation (i = 1):

i = 1

f (x1,x2,x3) =C1 jkl ε∗kl, j

=C11klε∗kl,1+C12klε∗kl,2+C13klε∗kl,3

=C1111ε∗11,1+C1122ε∗22,1+C1133ε∗33,1

+C1212ε∗12,2+C1221ε∗21,2+C1313ε∗13,3+C1331ε∗31,3

=C11ε∗11,1+C12ε∗22,1+C13ε∗33,1

+C66ε∗12,2+C66ε∗21,2+C55ε∗13,3+C55ε∗31,3

= c1ε∗11,1+c3ε∗22,1+c3ε∗33,1

+c2ε∗12,2+c2ε∗21,2+c2ε∗13,3+c2ε∗31,3

= c1ε∗1,1+c3ε∗2,1+c3ε∗3,1+c2ε∗6,2+c2ε∗5,3 (D.135)
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Non-homogeneous term of the second equation (i = 2):

i = 2

g(x1,x2,x3) =C2 jkl ε∗kl, j

=C21klε∗kl,1+C22klε∗kl,2+C23klε∗kl,3

=C2121ε∗21,1+C2112ε∗12,1

+C2211ε∗11,2+C2222ε∗22,2+C2233ε∗33,2

+C2323ε∗23,3+C2332ε∗32,3

=C66ε∗21,1+C66ε∗12,1

+C21ε∗11,2+C22ε∗22,2+C23ε∗33,2

+C44ε∗23,3+C44ε∗32,3

= c2ε∗21,1+c2ε∗12,1

+c3ε∗11,2+c1ε∗22,2+c3ε∗33,2

+c2ε∗23,3+c2ε∗32,3

= c2ε∗6,1+c3ε∗1,2+c1ε∗2,2+c3ε∗3,2+c2ε∗4,3 (D.136)
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Non-homogeneous term of the third equation (i = 3):

i = 3

k(x1,x2,x3) =C3 jkl ε∗kl, j

=C31klε∗kl,1+C32klε∗kl,2+C33klε∗kl,3

=C3131ε∗31,1+C3113ε∗13,1

+C3232ε∗32,2+C3223ε∗23,2

+C3311ε∗11,3+C3322ε∗22,3+C3333ε∗33,3

=C55ε∗31,1+C55ε∗13,1

+C44ε∗32,2+C44ε∗23,2

+C31ε∗11,3+C32ε∗22,3+C33ε∗33,3

= c2ε∗31,1+c2ε∗13,1

+c2ε∗32,2+c2ε∗23,2

+c3ε∗11,3+c3ε∗22,3+c1ε∗33,3

= c2ε∗5,1+c2ε∗4,2+c3ε∗1,3+c3ε∗2,3+c1ε∗3,3 (D.137)

The left hand sides (Ci jkl uk,l j ) of the three differential equations are in fact identical to those

derived in the last section and are listed below.

−c1ξ 2
1 u1−c3ξ1ξ2u2−c2ξ2ξ1u2−c2ξ 2

1 u1+(c2+c3)(Iξ1)u1
′+c2u1

′′ = f

−c2ξ 2
1 u2−c2ξ1ξ2u1−c3ξ2ξ1u1−c1ξ 2

2 u2+(c2+c3)(Iξ2)u3
′+c2u3

′′ = g

−c2ξ 2
1 u3−c2ξ 2

2 u3+(c2+c3)(Iξ1)u1
′+(c2+c3)(Iξ2)u2

′+c1u3
′′ = k, (D.138)
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where we have adopted the notation:

ui ≡ ui(x1,x2,x3), i = 1,2,3

ui ≡ ui(ξ1,ξ2,x3), i = 1,2,3

ui
′ ≡ ∂ui(ξ1,ξ2,x3)

∂x3
, i = 1,2,3

ui
′′ ≡ ∂ 2ui(ξ1,ξ2,x3)

∂x2
3

, i = 1,2,3

(D.139)

In the following we discretize each of these three equationsusing finite differences at each

interior points. At each Fourier pair(ξ1,ξ2), we denote the following variables to approximate the

2D FFT of the displacements along the z-coordinate.

Ui ≈ u1(ξ1,ξ2,x3,i), i = 1,2, ...,N

Vi ≈ u2(ξ1,ξ2,x3,i), i = 1,2, ...,N

Wi ≈ u3(ξ1,ξ2,x3,i), i = 1,2, ...,N

Fi ≈ f (ξ1,ξ2,x3,i), i = 1,2, ...,N

Gi ≈ g(ξ1,ξ2,x3,i), i = 1,2, ...,N

Hi ≈ h(ξ1,ξ2,x3,i), i = 1,2, ...,N (D.140)
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Discretization of the first equation at atx3,i , i = 1,2, ..,N:

−c1ξ 2
1 u1−c3ξ1ξ2u2−c2ξ2ξ1u2−c2ξ 2

1 u1+(c2+c3)(Iξ1)u3
′+c2u1

′′ = f
discretize atx3,i−−−−−−−−→

−c1ξ 2
1Ui−c3ξ1ξ2Vi −c2ξ2ξ1Vi −c2ξ 2

1Ui +(c2+c3)(Iξ1)W
′
i +c2U

′′
i = Fi

−c1ξ 2
1Ui −c3ξ1ξ2Vi −c2ξ2ξ1Vi −c2ξ 2

1Ui

+(c2+c3)(Iξ1)
Wi+1−Wi−1

2h +c2
Ui+1−2Ui+Ui−1

h2

= Fi

2c2Ui−1−h(c2+c3)(Iξ1)Wi−1

−4c2Ui−2h2(c1ξ 2
1 +c2ξ 2

2 )Ui−2h2(c2+c3)ξ1ξ2Vi

+2c2Ui+1+h(c2+c3)(Iξ1)Wi+1

= 2h2Fi

A1Ui−1+A3Wi−1+A4Ui +A5Vi +A7Ui+1+A9Wi+1 = 2h2Fi, (D.141)

whereA j = A j(ξ1,ξ2) are the coefficients introduced for the set-up of the matrices in the finite

difference scheme.

Discretization of the second equation atzi , i = 1,2, ..,N:

−c2ξ 2
1 u2−c2ξ1ξ2u1−c3ξ2ξ1u1−c1ξ 2

2 u2+(c2+c3)(Iξ2)u3
′+c2u2

′′ = g
discretize atx3,i−−−−−−−−→

−c2ξ 2
1Vi −c2ξ1ξ2Ui−c3ξ2ξ1Ui−c1ξ 2

2Vi +(c2+c3)(Iξ2)W
′
i +c2V

′′
i = Gi

−c2ξ 2
1Vi −c2ξ1ξ2Ui−c3ξ2ξ1Ui−c1ξ 2

2Vi

+(c2+c3)(Iξ2)
Wi+1−Wi−1

2h +c2
Vi+1−2Vi+Vi−1

h2

= Gi

2c2Vi−1−h(c2+c3)(Iξ2)Wi−1

−2h2(c2+c3)ξ1ξ2Ui−2h2(c2ξ 2
1 +c1ξ 2

2 )Vi −4c2Vi

+2c2Vi+1+h(c2+c3)(Iξ2)Wi+1

= 2h2Gi

B2Vi−1+B3Wi−1+B4Ui +B5Vi +B8Vi+1+B9Wi+1 = 2h2Gi, (D.142)

whereB j =B j(ξ1,ξ2) are the coefficients introduced for the set-up of matrices inthe finite difference

scheme.
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Discretization of the third equation atzi , i = 1,2, ..,N:

−c2ξ 2
1 u3−c2ξ 2

2 u3+(c2+c3)(Iξ1)u1
′+(c2+c3)(Iξ2)u2

′+c1u3
′′ = k

discretize atx3,i−−−−−−−−→

−c2ξ 2
1Wi−c2ξ 2

2Wi +(c2+c3)(Iξ1)U
′
i +(c2+c3)(Iξ2)V

′
i +c1W

′′
i = Ki

−c2ξ 2
1Wi −c2ξ 2

2Wi +(c2+c3)(Iξ1)
Ui+1−Ui−1

2h

+(c2+c3)(Iξ2)
Vi+1−Vi−1

2h +c1
Wi+1−2Wi+Wi−1

h2

= Ki

−h(c2+c3)(Iξ1)Ui−1−h(c2+c3)(Iξ2)Vi−1+2c1Wi−1

−2h2c2(ξ 2
1 +ξ 2

2 )Wi −4c1Wi

+h(c2+c3)(Iξ1)Ui+1+h(c2+c3)(Iξ2)Vi+1+2c1Wi+1

= 2h2Ki

C1Ui−1+C2Vi−1+C3Wi−1+C6Wi +C7Ui+1+C8Vi+1+C9Wi+1 = 2h2Ki, (D.143)

whereCj =Cj(ξ1,ξ2) are the coefficients introduced for the set-up of matrices inthe finite difference

scheme.

These pairs of three equations will be assembled into the matrix for i = 2 to i = n−1, that is, all

rows except the top three and the bottom three rows, which we will deal with using the the boundary

conditions imposed over the top and bottom surfaces, as willbe discussed in the next section.

D.4.2 Boundary conditions

Recall that the boundary conditions are:

1. Tractions on the top surface.

2. Displacements on the bottom surface.

Assume that the heightx3 ∈ [0,L] of the sample is discretized intoN subdivision points such

that the size of subdivision ish= dz= L
N−1. Since the boundary conditions on the top surface are

expressed in terms of displacements, we introduce a ghost-point beyond the right end point in the

x3-coordinate (x3,n+1 = x3,n + h) and incorporate the resulting discretizated equations into the last

three rows of the matrix.
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BC: x1-component of traction on top surface

σ31(x1,x2,x3) = σ5(x1,x2,x3)

= c2 [ε5(x1,x2,x3)− ε∗5(x1,x2,x3)]

= c2 [u1,3(x1,x2,x3)+u3,1(x1,x2,x3)− ε∗5(x1,x2,x3)]
2D FFT−−−−→

σ31(ξ1,ξ2,x3) = c2

[
∂u1

∂x3
(ξ1,ξ2,x3)+u3(ξ1,ξ2,x3)Iξ1− ε∗5(ξ1,ξ2,x3)

]
discretization @x3,n−−−−−−−−−−−→

σ31(ξ1,ξ2,x3,n) = c2

[
∂u1

∂x3
(ξ1,ξ2,x3,n)+u3(ξ1,ξ2,x3,n)Iξ1− ε∗5(ξ1,ξ2,x3,n)

]

σ31(ξ1,ξ2,x3,n)

c2
=

∂Un

∂x3
+WnIξ1− ε∗5(ξ1,ξ2,x3,n)

T ′1(ξ1,ξ2)

c2
=

Un+1−Un−1

2h
+WnIξ1− ε∗5(ξ1,ξ2,x3,n)

−Un−1+2hIξ1Wn+Un+1 =
2h
c2

T ′1(ξ1,ξ2)+2hε∗5(ξ1,ξ2,zn)≡ F̃

−Un−1+D1Wn+Un+1 = F̃ (D.144)

BC: x2-component of traction on top surface

σ32(x1,x2,x3) = σ4(x1,x2,x3)

= c2 [ε4(x1,x2,x3)− ε∗4(x1,x2,x3)]

= c2 [u2,3(x1,x2,x3)+u3,2(x1,x2,x3)− ε∗4(x1,x2,x3)]
2D FFT−−−−→

σ32(ξ1,ξ2,x3) = c2

[
∂u2

∂x3
(ξ1,ξ2,x3)+u3(ξ1,ξ2,x3)Iξ2− ε∗4(ξ1,ξ2,x3)

]
discretization @x3,n−−−−−−−−−−−→

σ32(ξ1,ξ2,x3,n) = c2

[
∂u2

∂x3
(ξ1,ξ2,x3,n)+u3(ξ1,ξ2,x3,n)Iξ2− ε∗4(ξ1,ξ2,x3,n)

]

σ32(ξ1,ξ2,x3,n)

c2
=

∂Vn

∂x3
+WnIξ2− ε∗4(ξ1,ξ2,x3,n)

T ′2(ξ1,ξ2)

c2
=

Vn+1−Vn−1

2h
+WnIξ2− ε∗4(ξ1,ξ2,x3,n)

−Vn−1+2hIξ1Wn+Vn+1 =
2h
c2

T ′2(ξ1,ξ2)+2hε∗4(ξ1,ξ2,x3,n)≡ G̃

−Vn−1+D2Wn+Vn+1 = G̃ (D.145)
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BC: x3-component of traction on top surface

σ33(x1,x2,x3) = σ3(x1,x2,x3)

= c3 [ε1(x1,x2,x3)− ε∗1(x1,x2,x3)]

+c3 [ε2(x1,x2,x3)− ε∗2(x1,x2,x3)]

+c1 [ε3(x1,x2,x3)− ε∗3(x1,x2,x3)]

= c3 [u1,1(x1,x2,x3)− ε∗1(x1,x2,x3)]

+c3 [u2,2(x1,x2,x3)− ε∗2(x1,x2,x3)]

+c1 [u2,3(x1,x2,x3)− ε∗3(x1,x2,x3)]
2D FFT−−−−→

σ33(ξ1,ξ2,x3) = c3
[
u1(ξ1,ξ2,x3)Iξ1− ε∗1(ξ1,ξ2,x3)

]

+c3
[
u2(ξ1,ξ2,x3)Iξ2− ε∗2(ξ1,ξ2,x3)

]

+c1

[
u3

∂z
(ξ1,ξ2,x3)− ε∗3(ξ1,ξ2,x3)

]
discretization @x3,n−−−−−−−−−−−→

σ33(ξ1,ξ2,x3,n) = c3
[
u1(ξ1,ξ2,x3,n)Iξ1− ε∗1(ξ1,ξ2,x3,n)

]

+c3
[
u2(ξ1,ξ2,x3,n)Iξ2− ε∗2(ξ1,ξ2,x3,n)

]

+c1

[
u3

∂x3
(ξ1,ξ2,x3,n)− ε∗3(ξ1,ξ2,x3,n)

]

σ33(ξ1,ξ2,x3,n)

c3
=UnIξ1− ε∗1(ξ1,ξ2,x3,n)+VnIξ2− ε∗2(ξ1,ξ2,x3,n)

+
c1

c3

[
∂Wn

∂x3
− ε∗3(ξ1,ξ2,x3,n)

]

T ′3(ξ1,ξ2)

c3
=UnIξ1+VnIξ2+

c1

c3

Wn+1−Wn−1

2h

− ε∗1(ξ1,ξ2,x3,n)− ε∗2(ξ1,ξ2,x3,n)−
c1

c3
ε∗3(ξ1,ξ2,x3,n)

−Wn−1+2h
c3

c1
Iξ1Un+2h

c3

c1
Iξ2Vn+Wn+1 =

2h
c1

T ′3 +2h
c3

c1
ε∗1(x3,n)+2h

c3

c1
ε∗2(x3,n)+2hε∗3(x3,n)

−Wn−1+D3Un+D4Vn+Wn+1 = H̃ (D.146)

The resulting expressions corresponding to the three boundary conditions on the top surface will

be meshed to the top three rows of the matrix for finite difference.
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BC: displacements on bottom surface

Assume that the three components of the displacements are given asui(x,y,x3 = 0), i = 1,2,3,

whose 2D FFTs are computed asU1(ξ1,ξ2)≈ u1(ξ1,ξ2,x3 = 0), V1(ξ1,ξ2)≈ u2(ξ1,ξ2,x3 = 0) and

W1(ξ1,ξ2)≈ u3(ξ1,ξ2,x3 = 0).

As a remark, for practical consideration, the 3D sample is adhered to a substrate so that the three

components are zero, so thatU1(ξ1,ξ2) =V1(ξ1,ξ2) =W1(ξ1,ξ2) = 0. But here we give the BC in

the general scenario.

In the context of discretization, at each Fourier pair(ξ1,ξ2),





A1U1+A3W1+A4U2+A5V2+A7U3+A9W3 = 2h2F2

B2V1+B3W1+B4U2+B5V2+B8V3+B9W3 = 2h2G2

C1U1+C2V1+C3W1+C6W2+C7U3+C8V3+C9W3 = 2h2K2

(D.147)

SinceU1, V1 andW1 are give numerical values, we rearrange the expressions above:





A4U2+A5V2+A7U3+A9W3 = 2h2F2−A1U1−A3W1

B4U2+B5V2+B8V3+B9W3 = 2h2G2−B2V1−B3W1

C6W2+C7U3+C8V3+C9W3 = 2h2K2−C1U1−C2V1−C3W1

(D.148)

These three expressions will then be meshed into the matrix for finite difference.

D.4.3 Assembly of matrices for the finite difference scheme

With the numerical schemes developed in the interior pointsand the boundary points, we end up with

the following matrix equation for solving for the 2D FFTs of the three components of displacements,

at each Fourier pair(ξ1,ξ2).
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


A4 A5 A7 A9

B4 B5 B8 B9

C6 C7 C8 C9

A1 A3 A4 A5 A7 A9

B2 B3 B4 B5 B8 B9

C1 C2 C3 C6 C7 C8 C9

A1 A3 A4 A5 A7 A9

B2 B3 B4 B5 B8 B9

C1 C2 C3 C6 C7 C8 C9

. . .
. . .

. . .
. . .

. . .
. . .

. . .

. . .
. . .

. . .
. . .

. . .
. . .

. . .

. . .
. . .

. . .
. . .

. . .
. . .

. . .

A1 A3 A4 A5 A7 A9

B2 B3 B4 B5 B8 B9

C1 C2 C3 C6 C7 C8 C9

−1 D1 1

−1 D2 1

−1 D3 D4 1







U2

V2

W2

U3

V3

W3

U4

V4

W4

...

...

...

Un

Vn

Wn

Un+1

Vn+1

Wn+1




=




F2−A1U1−A2V1−A3W1

G2−B1U1−B2V1−B3W1

H2−C1U1−C2V1−C3W1

F3

G3

H3

F4

G4

H4

...

...

...

Fn

Gn

Hn

F̃

G̃

H̃




(D.149)
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We notice that the matrix is a basically block tri-diagonal matrix except for the last three rows.

We need to modify the block LU decomposition for tri-diagonal matrix for the inverse matrix.

D.4.4 Modified block LU decomposition

We now decompose the ”modified” block tri-diagonal square matrix A by the approach similar to

the LU-decomposition. For the purpose of illustration and for the sake of simplified formulation,

assume we are working with a system with 7 blocks. Generalization can then be carried out.

The method is as follow: With the proposed structures of the two decomposed matricesL and

U, we multiply them and compare the original matrixA. Comparison with the appropriate entries

give the formulae for the decomposition.

A = LU



b c

a b c

a b c

a b c

a b c

d e f




=




I

L2 I

M3 L3 I

M4 L4 I

M5 L5 I

M6 L6 I







U1 N1

U2 N2

U3 N3

U4 U4

U5 U5

U6




=




U1 N1

L2U1 L2N1+U2 N2

M3U1 M3N1+L3U2 L3N2+U3 N3

M4U2 M4N2+L4U3 L4N3+U4 N4

M5U3 M5N3+L5U4 L5N4+U5 U5

M6U4 M6N4+L6U5 L6N5+U6




(D.150)

In the above, all the entries involved,a, b, c, d, e, f , Li, Mi, Ui, Ni, are all 3×3-matrices.I is the

3×3 identity matrix.

Comparison along the upper diagonal entries givesNi = c. Comparison in all other entries

generate the formula, as summarized in the following table.
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i Mi Li Ui U−1
i

1 U1 = b U−1
1

2 L2 = aU−1
1 U2 = b−L2c U−1

2

3 0 L3 = aU−1
2 U3 = b−L3c U−1

3

4 0 L4 = aU−1
3 U4 = b−L4c U−1

4

5 0 L5 = aU−1
4 U5 = b−L5c U−1

5

6 M6 = dU4 L6 = (e−M6c)U−1
5 U6 = f −L6c U−1

6

Our goal is to solve the algebraic equations with this kind ofmatrices,Au = f. This involves

two processes, namely, the forwards substitution and the backwards substitution.

Au = f

LUu = f

Lv = f (D.151)

The LU decomposition suggests us to solve the following sub-systems.

Forwards substitution




I

L2 I

M3 L3 I

M4 L4 I

M5 L5 I

M6 L6 I







v1

v2

v3

v4

v5

v6




=




f1

f2

f3

f4

f5

f6








v1 = f1 → v1 = f1

L2v1+v2 = f2 → v2 = f2−L2v1

L3v2+v3 = f2 → v3 = f3−L3v2

L4v3+v4 = f2 → v4 = f4−L4v3

L5v4+v5 = f2 → v5 = f5−L5v4

M6v4+L6v5+v6 = f2 → v6 = f6−L6v5−M6v4

(D.152)
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Backwards substitution




U1 N1

U2 N2

U3 N3

U4 U4

U5 U5

U6







u1

u2

u3

u4

u5

u6




=




v1

v2

v3

v4

v5

v6







U1 c

U2 c

U3 c

U4 c

U5 c

U6







u1

u2

u3

u4

u5

u6




=




v1

v2

v3

v4

v5

v6








U6u6 = v6 → u6 =U−1
6 v6

U5u5+cu6 = v5 → u5 =U−1
5 (v5−cu6)

U4u4+cu5 = v4 → u4 =U−1
4 (v4−cu5)

U3u3+cu4 = v3 → u3 =U−1
3 (v3−cu4)

U2u2+cu3 = v2 → u2 =U−1
2 (v2−cu3)

U1u1+cu2 = v1 → u1 =U−1
1 (v1−cu2)

(D.153)

The general algorithm for the decomposition and the linear equation solvers are summarized:
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A = LU Inputs: component blocksa,b,c,d,e, f of matrix A

i = 1 L1 = 0

U1 = b

i = 2...n−1 Ni = c

Li = aU−1
i−1

Ui = b−Lic

i = n Mn = dU−1
n−2

Ln = (e−Mnc)U−1
n−1

Un = f −Lnc

forwards Lv = f

i = 1 v1 = f1

i = 2...n−1 vi = fi −Livi−1

i = n vn = fn−Lnvn−1−Mnvn−2

backwards Uu = v

i = n un =U−1
n vn

i = n−1...1 ui =U−1
i (vi −cui+1)

D.4.5 Remark on alterative approach to deal with BC with derivative

Following the method of introducing ’ghost point’ beyond the right end point in the z-coordinate, we

may express the displacements at these ghost points by otherexisting quantities so as to eliminate

them, by considering solving the following six equations:

finite

difference

at i = n
−−−−−−−→





A1Un−1+A3Wn−1+A4Un+A5Vn+A7Un+1+A9Wn+1 = 2h2Fn

B2Vn−1+B3Wn−1+B4Un+B5Vn+B8Vn+1+B9Wn+1 = 2h2Gn

C1Un−1+C2Vn−1+C3Wn−1+C6Wn+C7Un+1+C8Vn+1+C9Wn+1 = 2h2Kn

(D.154)
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boundary

condition

at i = n
−−−−−−−→





−Un−1+D1Wn+Un+1 = F̃

−Vn−1+D2Wn+Vn+1 = G̃

−Wn−1+D3Un+D4Vn+Wn+1 = H̃

(D.155)

From the six equations listed above, we may expressUn, Vn, Wn, Un+1, Vn+1 andWn+1 in terms

of other quantities, which is equivalent to eliminating theuses of the quantities at ghost points.

This act also reduces the size of the matrix for finite difference fromN blocks down toN− 2

blocks. However the drawback is that the calculations are tough and the resulting expressions of the

variables are complicated.

D.5 Convention of elastic stiffness

C =




C11 C12 C13 C14 C15 C16

C21 C22 C23 C24 C25 C26

C31 C32 C33 C34 C35 C36

C41 C42 C43 C44 C45 C46

C51 C52 C53 C54 C55 C56

C61 C62 C63 C64 C65 C66




=




c1 c3 c3

c3 c1 c3

c3 c3 c1

c2

c2

c2




(D.156)

D.5.1 Hooke’s Law

In Vigot’s notation,




ε1

ε2

ε3

ε4

ε5

ε6




=




ε11

ε22

ε33

2ε23

2ε13

2ε12




=




u1,1

u2,2

u3,3

u2,3+u3,2

u1,3+u3,1

u1,2+u2,1




(D.157)
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The stress-strain relation is:




σ11

σ22

σ33

σ23

σ13

σ12




=
E

(1+ν)(1−2ν)




1−ν ν ν

ν 1−ν ν

ν ν 1−ν

1−2ν

1−2ν

1−2ν







ε11

ε22

ε33

ε23

ε13

ε12







σ1

σ2

σ3

σ4

σ5

σ6




=
E

(1+ν)(1−2ν)




1−ν ν ν

ν 1−ν ν

ν ν 1−ν
1−2ν

2

1−2ν
2

1−2ν
2







ε1

ε2

ε3

ε4

ε5

ε6




(D.158)

D.5.2 Matlab code to find the eigenvalue decomposition of thematrix

% general case

% v = 0.2;

k1 = 0;

syms v k2

% syms v k1 k2

G = [ 0, 0, 0, 1, 0, 0;

0, 0, 0, 0, 1, 0;

0, 0, 0, 0, 0, 1;

2* (1 −v)/(1 −2* v) * k1ˆ2+k2ˆ2, k1 * k2/(1 −2* v), 0, 0, 0, −I * k1/(1 −2* v);

k1 * k2/(1 −2* v), k1ˆ2 + 2 * (1 −v)/(1 −2* v) * k2ˆ2, 0, 0, 0, −I * k2/(1 −2* v);

0, 0, (1 −2* v)/2/(1 −v) * (k1ˆ2+k2ˆ2), −I * k1/2/(1 −v), −I * k2/2/(1 −v), 0 ];
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[V,J] = jordan(G)

V = simplify(factor(expand(V)))

check3 = simplify( G * V − V* J )
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Appendix E

SOME BACKGROUND OF ESM

This appendix outlines some background on the models related to the evolution equation for

lithium ions and the electrochemical strain microscopy.

E.1 Normalization of the ESM equation

Since we study sample of lithium ions and associated dynamics under SPM tip in small scale, it is

reasonable to normal the equation in both length scale (withrespect to the radius of the SPm tipR)

and time scale (with respect to dynamics of ions). The original governing evolution equations for

ions, also known as the PNP equation, is given by:

∂c
∂ t

= D
∂ 2c
∂x2 +Dβ

∂
∂x

(
c

∂φ
∂x

)
, (E.1)

wherec is the concentration of ions in the unit of mole of number of particles,D is the diffusivity

of the ion in the unit ofm2/s, φ is the induced potential over the entire sample due to SPM in the

unit of J/C, β is the drifting coefficient of the ion in the unit ofC/J. It is noted that the units ofφ

andβ are reciprocal to each other, which will suggest a possible normalized quantity for potential.

The length scale is normalized with respect to the tip radiusR:

x∗ ≡ x
R

(E.2)

The partial derivatives in spatial coordinate can be written as:

∂
∂x

=
∂x∗

∂x
∂

∂x∗
=

1
R

∂
∂x∗

∂ 2

∂x2 =
1
R2

∂ 2

∂x∗2
(E.3)
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The equation is rewritten as:

∂c
∂ t

= D
1
R2

∂ 2c
∂x∗2

+D
1
R2

∂
∂x∗

(
c

∂ (βφ)
∂x∗

)
(E.4)

The common factorDR2 on the right hand side suggests us to introduce the followingnormalization

in time scale:

t∗ ≡ t
R2

D

(E.5)

Also the product ofβ andφ is a unit-less quantity, which suggests us to define:

φ∗ ≡ βφ (E.6)

With these, the ESM is normalized as:

∂c
∂ t∗

=
∂ 2c
∂x∗2

+
∂

∂x∗

(
c

∂φ∗

∂x∗

)
(E.7)

E.2 SPM tip

The following is the list of variables involved in the study of SPM tip for ESM of ion:
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variables names units

R tip radius Meters (m)

V0 applied voltage Volts (V)

εii permittivity Farad/meter (F/m)

κ =
√

ε33ε11 effective permittivity NA

γ =
√

ε33
ε11

dielectric anisotropy NA

Q effective charge of the SPM tip Coulomb (C)

dreal distance between tip and sample surface Meters (m)

d distance between effective chargeQ

due to SPM tip and sample surface

Meters (m)

φ potential developed in sample Volt (V)

E electric field developed in sample Volt/meters (V/m)

E.3 Plane-Sphere Model

In all of our discussion, we assume that the SPM tip is touching the top surface of the sample. In

other words, the SPM tip is in contact mode. Thus the distancebetween the SPM tip and the sample

surface is taken asdreal = 0. The SPM tip is virtually imagined as a point chargeQ located at a

distanced above the sample surface where:

Q= 2ε0(1+κ)V0
d2−d2

real

d+dreal
= 2ε0(1+κ)V0d

d =
2R

κ−1
ln

1+κ
2

+dreal =
2R

κ−1
ln

1+κ
2

, (E.8)

whereε0 is the absolute permittivity of vacuum. This chargeQ induces a potentialφ over the domain

of the sample:

φ(x) =
Q

2πε0(1+κ)
1

x
γ +d

=V0d

(
x
γ
+d

)−1

(E.9)
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Equivalently, an electric fieldE, acting in x-direction, is generated over the sample:

E(x) =−∂φ
∂x

=
V0d

γ

(
x
γ
+d

)−2

(E.10)

For Lithium Iron Phosphate (LiFeO4), we assume the permittivities in all directions to be iden-

tically. Under this assumption, we have the following simplified expressions of various quantities

being discussed:

ε11 = ε33 = ε

κ = ε

γ = 1

d =
2R

ε−1
ln

1+ ε
2

φ =V0d(x+d)−1

E =V0d(x+d)−2 (E.11)

In some analyses and simulations, we also need to normalize these quantities. For instance,

x∗ ≡ x
R

d∗ ≡ d
R

H∗ ≡ H
R

φ∗(x∗) = βV0︸︷︷︸
dimension-less

d∗(x∗+d∗)−1

E∗(x∗) = βV0︸︷︷︸
dimension-less

d∗(x∗+d∗)−2 (E.12)

E.4 Parameters used in simulations

The parameters used in the simulation depends on the real system and experimental data. The radius

of the SPM tip is usually 10 (nm), or, 10× 10−9 (m). The thickness of the sample is 1 (micron),
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or, 10−6 (m). According to literatures, the diffusivityD is in the range of 10−22 to 10−14 (m2/s).

Experience suggests that we may normalize it withD = 10−18. For study in relaxation with bias

DC-AC voltage, the experiment takes about 30 (s). The AC voltage is operating at a frequency of

1000 (kHz), or, 1000×1000 (Hz). The voltages of DC and AC are respectively 10 Volts and 3 Volts.

The time and spatial scales are normalized with respect to:

x= R= 10×10−9(m)

t =
R2

D
=

(10×10−9)

10−14 = 0.01(s)

ω =
1
t
= 100(Hz) (E.13)

Thus the quantities in real and normalized scales are summarized in the table:

Quantities in real scale in normalized scale

Radius of SPM tip R= 10(nm) = 10×10−9(m) R∗ = 1

Distance between Q

and sample surface

d = 0.3788R d∗ = 0.3788

Thickness of sample H = 2×10−6(m) H∗ = 200

time range t = 30(s) t∗ = 3000

frequency range ω = 1000×1000(Hz) ω∗ = 10000

DC Voltage VDC = 10(V) V∗DC = 10×40

AC Voltage VAC = 3(V) V∗AC = 3×40

E.5 Second Harmonic

Following the same methodology that we developed the first harmonic, we may derive further a set

of differential equations with boundary conditions for thesecond harmonicc2(x). We balance terms

with the exponential factore2 jωt and substitute the resulting expression into real and imaginary parts

usingci(x) = ai(x)+ jbi(x):
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(2 jω)c2(x) = c′′2(x)+c′1(x)φ(x)+c1(x)φ ′(x)

(2 jω)(a2(x)+ jb2(x)) = (a2(x)+ jb2(x))
′′+(a1(x)+ jb1(x))

′φ(x)+ (a1(x)+ jb1(x))φ ′(x)

−2ωb2(x)+ j2ωa2(x) = a′′2(x)+ jb′′2(x)+a′1(x)φ(x)+ jb′1(x)φ(x)+a1(x)φ ′(x)+ jb1(x)φ ′(x)



−2ωb2(x) = a′′2(x)+a′1(x)φ(x)+a1(x)φ ′(x)

2ωa2(x) = b′′2(x)+b′1(x)φ(x)+b1(x)φ ′(x)




a′′2(x)+2ωb2(x) =−a′1(x)φ(x)−a1(x)φ ′(x)

b′′2(x)−2ωa2(x) =−b′1(x)φ(x)−b1(x)φ ′(x)
(E.14)

These two equations can be combined into a single equation ofhigher order. The second equa-

tion is rewritten as:

a2(x) = b′′2(x)+b′1(x)φ(x)+b1(x)φ ′(x)

=
1

2ω
b′′2(x)+

1
2ω

(b1(x)φ(x))′ (E.15)

This is then substituted into the first equation:

a′′2(x)+2ωb2(x) =−a′1(x)φ(x)−a1(x)φ ′(x)
(

1
2ω

b′′2(x)+
1

2ω
(b1(x)φ(x))′

)′′
+2ωb2(x) =−(a1(x)φ(x))′

b′′′′2 (x)+ (b1(x)φ(x))′′′+4ω2b2(x) =−2ω(a1(x)φ(x))′

b′′′′2 (x)+4ω2b2(x) =−2ω(a1(x)φ(x))′− (b1(x)φ(x))′′′ (E.16)

We also separate the boundary conditions into two sets of boundary conditions for the real and
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imaginary parts.

c′2(x)+c1(x)φ ′(x) = 0

(a2(x)+ jb2(x))
′+(a1(x)+ jb1(x))φ ′(x) = 0

a′2(x)+ jb′2(x)+a1(x)φ ′(x)+ jb1(x)φ ′(x) = 0




a′2(x) =−a1(x)φ ′(x), x= 0,H

b′2(x) =−b1(x)φ ′(x), x= 0,H




a′2(0) =−a1(0)φ ′(0)

a′2(H) =−a1(H)φ ′(H)

b′2(0) =−b1(0)φ ′(0)

b′2(H) =−b1(H)φ ′(H)

(E.17)

From the second differential equation, we expressb2(x) in terms ofa2(x):

b′′2(x) = 2ωa2(x)−2ω(b1(x)φ(x))′ (E.18)

The additional boundary conditions forb2(x) are obtained by differentiating the above expres-

sion and substitutingx by the coordinates of the boundary:

b′′′2 (0) = 2ωa′2(0)−2ω(b1φ)′′(0)

=−2ωa1(0)φ ′(0)−2ω(b1φ)′′(0)

b′′′2 (H) = 2ωa′2(H)−2ω(b1φ)′′(H)

=−2ωa1(H)φ ′(H)−2ω(b1φ)′′(H) (E.19)
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In summary, the differential equation of the imaginary partof the second harmonic is:

b′′′′2 (x)+4ω2b2(x) =−2ω(a1(x)φ(x))′− (b1(x)φ(x))′′′

BC :





b′2(0) =−b1(0)φ ′(0)

b′2(H) =−b1(H)φ ′(H)

b′′′2 (0) =−2ωa1(0)φ ′(0)−2ω(b1φ)′′(0)

b′′′2 (H) =−2ωa1(H)φ ′(H)−2ω(b1φ)′′(H)

(E.20)

With b2, one may computea2 by the relation: a2(x) = 1
2ω b′′2(x) + (b1(x)φ(x))′ and the second

harmonic isc2(x) = a2(x)+ jb2(x).

E.6 Numerical scheme for ESM equation in 2D

(A) Interior points:i, j ∈ {2,3, ...,N−2,N−1}

∂ci j

∂ t
=−UI+1,J−UI ,J

h
−VI ,J+1−VI ,J

h

=
D
h

[(
ci+1, j −ci, j

h
−Ei+1, j

ci+1, j +ci, j

2

)
−
(

ci, j −ci−1, j

h
−Ei, j

ci, j +ci−1, j

2

)]

+
D
h

[(
ci, j+1−ci, j

h
−Fi, j+1

ci, j+1+ci, j

2

)
−
(

ci, j −ci, j−1

h
−Fi, j

ci, j +ci, j−1

2

)]
(E.21)

(B1): Left boundary:i = 1, j ∈ {2,3, ...,N−2,N−1}

∂c1 j

∂ t
=−U2,J−U1,J

h
− V1,J+1−V1,J

h

=−U2,J−0
h

− 0−0
h

=
D
h

(
c2, j −c1, j

h
−E2, j

c2, j +c1, j−1

2

)
(E.22)
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(B2): Right boundary:i = N, j ∈ {2,3, ...,N−2,N−1}

∂cN j

∂ t
=−UN+1,J−UN,J

h
−VN,J+1−VN,J

h

=−0−UN,J

h
−VN,J+1−VN,J

h

=
D
h

[
−
(

cN, j −cN−1, j

h
−Ei, j

cN, j +cN−1, j

2

)]

+
D
h

[(
cN, j+1−ci, j

h
−FN, j+1

cN, j+1+cN, j

2

)
−
(

cN, j −cN, j−1

h
−FN, j

cN, j +cN, j−1

2

)]

(E.23)

(B3): Lower boundary:i ∈ {2,3, ...,N−2,N−1} , j = 1

∂ci1

∂ t
=−Ui+1,1−Ui,1

h
−Vi,2−Vi,1

h

=−0−0
h
−Vi,2−0

h

=
D
h

(
ci,2−ci,1

h
−Fi,2

ci,2+ci,1

2

)
(E.24)

(B4): Upper boundary:i ∈ {2,3, ...,N−2,N−1} , j = N

∂ciN

∂ t
=−Ui+1,N−Ui,N

h
−Vi,N+1−Vi,N

h

=−Ui+1,N−Ui,N

h
− 0−Vi,N

h

=
D
h

[(
ci+1,N−ci,N

h
−Ei+1,N

ci+1,N +ci,N

2

)
−
(

ci,N−ci−1,N

h
−Ei,N

ci,N +ci−1,N

2

)]

+
D
h

[
−
(

ci,N−ci,N−1

h
−Fi,N

ci,N +ci,N−1

2

)]
(E.25)

(C1): At lower left corner:i = 1, j = 1

∂c11

∂ t
=−U2,1−U1,1

h
−V1,2−V1,1

h

=−0−0
h
− 0−0

h

= 0 (E.26)
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(C2): At lower right corner:i = N, j = 1

∂cN1

∂ t
=−UN+1,1−UN,1

h
−VN,2−VN,1

h

=−0−0
h
−VN,2−0

h

=
D
h

(
c1,2−c1,1

h
−F1,2

c1,2+c1,1

2

)
(E.27)

(C3): At upper left corner:i = 1, j = N

∂c1N

∂ t
=−U2,N−U1,N

h
−V1,N+1−V1,N

h

=−U2,N−0
h

− 0−0
h

=
D
h

(
c2,N−c1,N

h
−E2,N

c2,N +c1,N

2

)
(E.28)

(C4): At upper right corner:i = N, j = N

∂cNN

∂ t
=−UN+1,N−UN,N

h
−VN,N+1−VN,N

h

=−0−UN,N

h
− 0−VN,N

h

=−D
h

(
cN,N−cN−1,N

h
−EN,N

cN,N +cN−1,N

2

)
− D

h

(
cN,N−cN,N−1

h
−FN,N

cN,N +cN,N−1

2

)

(E.29)
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