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Transforming materials are a class of multi-functional enats that couples multiple physical
couplings, such as, mechanical and thermal in shape mertayy8MA), mechanical and electri-
cal in ferroelectrics, mechanical and magnetic in ferronetig shape memory (FSMA), mechanical
and chemical with electrical as in ion battery. These maltexhibit their characteristic proper-
ties because of their underlying microstructures. In thissis, we would like to address to the
fundamental question: Why do materials form microstriesuand how do microstructures evolve?

The thesis starts with an introduction to phase field sinmrator modeling and simulating
microstructures in material systems with multiple phasegsdants, as a literature review. In order
to simulate Austenite-Marteniste interfaces in shape nmgiays that appears in different physical
length scales and temperature range, a two-level phasafiptdach is developed, which enables us
to further simulate special two dimensional structureqiaagtunnels and tents, as well as possible
interfaces in shape memory alloys. The new approach al®esls to study thermal hysteresis and
to numerically verify the critical dependence of the hyssis length on the crystal symmetry of the
participating Austenite and Martensitic phases. Rigomnalysis in one dimension is also carried
out to study domain formation and switching, which servefoasdation for the methodology of
phase field simulation and the choices of parameters.

Conventional phase field simulation assumes strong peiipdh all physical dimensions, which
makes it inconvenient to study the simulations related fmearents such as functional materials

being probed in various atomic force microcopy (AFM). Toesxd the possibilities for simulations,






we release the periodicity, first along the out-of-planection and then along all directions. Nu-
merical schemes for solving Maxwell equations (for eleelriand magnetic orderings), elasticity
equations (for mechanical ordering) and phase field equat@as a diffusion-type PDE) are formu-
lated in these geometric configuration, utilizing eigepamsion, finite difference and Chebyshev
spectral method. These approaches are then used to sireldeti®mechanical responses in piezo-
electric and ferroelectric materials, as well as domaimtions in multi-functional materials, for
instance, shape memory alloys and ferroelectrics. As anenthebyshev spectral method for
general geometry without any periodicity also works fordnmiogeneous materials and arbitrary
boundary conditions, which becomes an ideal candidatenestigating problems in the most gen-
eral contexts and configurations.

Modeling, numerical solution and quantitative analysiithium ion electrode are also consid-
ered. A simplified model (as differential equation) for tly@mdmics of lithium ions due to externally
applied voltage is set up and solved. Method of line (MOL)defated to solve the solution numer-
ically to maintain conservative system, resulting in siatioin of ion dynamics and corresponding
deformation as deflection as detected by ElectrochemicainrS¥licroscopy (ESM). Harmonic anal-
ysis is carried out semi-analytically to the system sul@dto sinusoidal voltage (AC). lon dynam-
ics and deformation due to combined DC-AC bias are simulatedfurther compared with existing

experimental data to estimate diffusivity and local coni@ion of ions in the electrode.
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Chapter 1

INTRODUCTION AND OVERVIEW

Transforming materials with evolving microstructures ieaf the most important classes of
smart materials that have many potential technologicaliedmns in sensing, actuation, transduc-
tion, data storage, and energy harvesting. They includpesh@&mory alloys (SMAS) [2, 3, 4],
ferroelectrics [5], ferromagnetic shape memory alloysNAS) [6, 7, 8, 9, 10], and multiferroic
magnetoelectric materials [11, 12, 13, 14, 15, 16, 17], ayrahers, which have been extensively
investigated for a variety of structure and device applcet One of the key characteristics of these
materials is the phase transformation from a higher tentperphase to a lower temperature one at
a critical transition temperature, upon which the matexyahmetry is often reduced, resulting in co-
existence of multiple transforming variants that are symnyaeelated and energetically equivalent
in lower temperature phase. In order to minimize the ovexa#rgy of the materials, fascinat-
ing yet characteristic microstructures involving mukigransforming variants are often observed
[2, 18, 19, 20, 21], and the configurations and evolutionsuohsmicrostructures have profound in-
fluences on the macroscopic behaviors of transforming matemder external loading, especially
in the nonlinear regime. Understanding the formation amadugion of such microstructures thus is

actively pursued in materials science, solid mechanicgjedisas applied mathematics.

It is generally understood that the formation and evolutdbmicrostructures in transforming
materials are driven by minimization of potential energytle# system, and rigorous energy min-
imization theories based on relaxation or homogenizatiave tbeen developed to analyze such
phenomena [19, 22, 23, 24, 25]. Various computational tecias have also been developed to
simulate the configuration and evolution of the microsuues, including first-principles modeling
[26] and sharp interface model by level set method [27, 28,&80ng others. In the past decade
or so, phase field simulations have become increasinglylaof0], wherein the microstructures
are represented by a set of continuous field variables, reditinig the need to track the interfaces

explicitly. While the conventional phase field simulaticar® based on phenomenological theory



of phase transformation and use order parameters as figdibhem [30], unconventional phase field
approaches based on characteristic functions of trangigrmariants have recently been developed,
and have been applied successfully to simulate a wide radngemstructures in SMAs [31, 32, 33],
ferroelectrics [34], FSMASs [35, 36, 37], and multiferroiagnetoelectric materials [38, 39, 40, 41]
with varying degrees of couplings.

Practically the microstructures of materials are imaged emaracterized by scanning probe
microscopy (SPM) and its variants, piezoelectric forcerogcopy (PFM) (for piezoelectric and
ferroelectric) and electrochemical strain microscopy NEBE$for lithium ion battery) [42, 43, 44].
They have been applied to study a wide range of phenomenla,asustatic and dynamic imaging
[45], domain switching and fatigue [46, 47], and domainedéinteractions [48]. The development
of SPM has promoted the investigation of elctromechaniesponse at nanoscale. However, the
guantitative interpretations of the SPM are difficult. Frample, while ferroelectric domain struc-
tures can be inferred from the PFM scanning, the correldigween PFM mappings and the un-
derlying ferroelectric structure is nontrivial, which tees careful analysis and interpretation. This
technical difficulty comes from the fact that the tip indueksblacement is influenced by the three-
dimensional polarization in the full specimen, which résdtom the long-range electro-elastic
interactions. Overcoming these difficulties, our goal is¢aurately reconstruct the underlying do-
main structure from SPM measurements. As a first step, siiongthus serve as an alternative tool
to predict the SPM response from any given domain.

The first half of this thesis is devoted to unconventionalgehizeld simulation of shape mem-
ory alloys. In chapter one, unconventional phase field stiaris are introduced and are applied
to shape memory alloys in thin film configurations. Microstures generated from various me-
chanical conditions are also studied. In chapter two, weyaaut one-dimensional analyses of the
phase field models. This study gives us some insight on theehof parameters in the phase field
models that yield reasonable patterns. In chapter threeyribonventional phase field is extended
to a two-scale version for the simulation of Austenite-Masite interfaces, where two different
length scales are involved. In chapter four, special thin §tructures, called tunnels and tents, are
simulated.

The second half of this thesis starts with the numericaltgwig of the Maxwell’s and the elas-

ticity equations in a more realistic physical configuration simulations in experiments, where



the samples possess no periodicity in xgelirection. Boundary conditions can be imposed to the
top and the bottom surfaces, which resembles experimesttalps. As a remark, unlike other re-
searchers who adopted sophisticated level of mechanethigStroh’s formulation, our approaches
are simply based on eigen-expansion and finite differenb&ghamake it easier to understand and
implement. In the chapters that follow, we utilize the siolng of the Maxwell's and the elasticity
equations to study electromechanical responses in pezoel and ferroelectric materials during
SPM, and electrochemical response of lithium ion cell dy&SM.

Ongoing and future works are presented at the end.



Chapter 2

UNCONVENTIONAL PHASE FIELD SIMULATION IN SHAPE MEMORY
ALLOYS

Shape memory alloys (SMAS) exhibit a first-order, diffusless, solid-to-solid phase transfor-
mation during which there is a sudden change in the crystattsire at a certain temperature [32].
The microstructure undergoes phase transformation ardesvas the temperature changes. Above
the transformation temperatuiig, the crystal structure is cubic and is referred as the Aitsten
phase. Below the transformation temperaflyethe crystal structure loses cubic symmetry which
gives rises to several equivalent Martensite phases. Théehsdte phases are symmetry-related
variants that are identical crystal lattices with diffearenentations. At the transformation temper-
atureT, both the Austenite phase and the various Martensite pmagggo-exist. As an example,

the variants in the cubic-to-tetragonal crystal systerfiustrated in figure (2.1) [1].

The microstructure can take a specific shape (and resultittgrp) by forming a fine-scaled
mixture of different variants, which can be controlled byljng external mechanical condition.
The proportions of these variants and how they mix in theal/structure are not arbitrary. Between
any two variants is an interface that is well orientated. Vaeants thus form highly intricate and

very characteristic patterns at a length scale much snthberthe size of the sample.

The evolution of microstructure in SMA can be described by time-dependent Ginburg-
Landau (TDGL) model [30], where a suitable set of order patans and special polynomial ex-
pansions of these parameters. In the conventional mode|<lf3, the order parameters are usually
the physical characteristics of the materials. In SMA, ¢farmation strains or eigenstrains of the
participating variants are chosen as parameters, wherdagoelectric materials, spontaneous po-

larizations are chosen as the order parameters.

In the unconventional modal, a new set of field variablesti®duced to represent each partic-
ipating variants. This approach is motivated by the hidriaad structure of multi-rank laminates

structure by Bhattacharya for establishing the rule of oreg. Under this circumstance, the poly-
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Figure 2.1: The crystal lattices of variants in the cubitdtvagonal system. The high-temperature

Austenite phase is cubic,

while the low-temperature mayapm three possible lattice structures,

due to loss of symmetry. [1]



nomial describing the energy-well structure appears tarhplsr, which require less parameters to

fix.

This chapter is devoted to unconventional phase field madahifcrostructure in shape memory
alloy below transformation temperatur&) where the Martensitic variants are participating. The
framework of the unconventional phase field model is brigflyoduced, followed by numerical
simulation for cubic-to-tetragonal crystal system. Oiraghsional analysis is then studied which
provides information on the relationship between the mpaehmeters and the resulting patterns.
We also propose a way to modify the mathematical expresdigheoorder parameters and the
characteristic functions so as to speed up the simulatiohemimance the effects on texture and

visualization.

2.1 The Phase Field Model

In this section we give a brief introduction to the phase fralatlel for micro-structures.

The high-temperature phase, Austenite, induces no defanmia the lattice crystal structure,
due to cubic symmetry. It is considered as the reference gqumafion. As the temperature drops
below the transformation temperatuiig the crystal structure transforms to Martensites. The#it
crystal structure is of lower symmetry. The common onesetragonal, trigonal, orthorhombic or
monoclinic symmetry. Thus there exists several symmetigted martesitic variants. All variants
can be described mathematically by the transformationn)Bs&rainse!) as the way their crystal
lattices deform with respect to the reference configuratidihe number of Austeniteic variants
and their transformation strains in each crystal systemglidfierent. Notice that the Austenite has

stress-free strain® = 0.

Assume the domai@ of the sample is occupied kY variants. Each variant occupies a sub-
domainQ; € Q fori =1,2,....,N. Since each point of the sample can only be occupied by only
one variant, no two variants can overlap, that®Qj,i # j. The existences of Martensitic
variants induce a locally inhomogeneous transformaticairsfield, that isg*(x) = €l if x € Q;.

With the uses of the characteristic functiopsx) over each sub-domaif;, the inhomogeneous



transformation strain can be re-expressed as:
N 0]
£(x) = > nx)e", (2.1)
2

wherey(x) = 1 if x € Q; andy(x) = 0 otherwise. Furthermore the constrajfjt.; yi(x) = 1vx €
Q motivates us to propose another set of field varialplggio, ..., un_1 to describe the laminated

structures of the variants.

Yi=HWm
Vo= (1— pa) 2
ys = (1—p1)(1— o) iz

Wo1=(1—p1)(1—p2) -~ (1— Un-2)IN-1
W= (1-p)(1—p2) - (1—pn-2)(1—pHn-1) (2.2)

From the construction of; from y, the values ofy; also take 0 or 1. Two advantages of this
setting are: First, thé&l original characteristic functions are reduced\te- 1 laminated character-
istic functions. Secondly, the introduction of the lametatharacteristic functions have inherited
the constraint that the sum of all characteristic functitmbe one. These two aspects will speed
up the simulation and eliminate the use of the energy funatiéor the sum of the characteristic
functions. As a remark, the new laminated characteristictions are motivated by the rule of
mixtures proposed by Bhattacharya [50] and have been ingyitesd successfully in the theories for

ferroelectrics by Shu and Li[34, 19].

Between two variants is an interface whose normal direatem be predicted by the twinning
equation or the strain compatibility. Suppose two variairts and j-th, are twinned, the following

equation must hold:

el —gl) = Z(agnnwa), (2.3)

NI =

wheren is the normal to the interface aradis the shear vector of the interface. This condition



implies that a laminate microstructure can be construcyealtbrnating layers of these two variants

with an overall strain:
Ae® 4 (1—2)el)] (2.4)
where 0< A < 1 is the volume fraction of thieth variant.

The twining equation (2.3) seems to be hard to verify in fpcactAn alternative way to verify
is outlined as follow. Assume that the eigenvalues and e&gars ofe() — () are respectively
{e1 <& <e3} and{vy,Vvz,v3}. The following (general) conditions ensure the existericmter-

faces:
e<0,e=0e>0 (2.5)

Furthermore, the normal of the interface can be evaluated by

o
Ve—er

n—=

—Kv/—ev1+/&V3), (2.6)
wherek = +1. Thus there are at most two possible interfaces and assdciarmals.

As a remark, if the crystal system is restricted to two dinmms where the transformation
strains are two-by-two matrices, with two eigenvalies < e3} and eigenvector§vi,vs}, the

above condition can be relaxed to:
e <0,e3>0, (2.7)

where the formula to evaluate the normmatemains the same. The middle eigenvadgeloes not

need to be zero for forming patterns.

We are now in a position to set up the evolution equation femtticrostructure by considering

several free energies.

Elastic energy



With the inhomogeneous transformation strainthe elastic energy density is:

WeRs(y1) = 2 e — €* ()] Cle — " (). (2.8)

whereC is the (isotropic) elastic modulug; = {1, to, ..., Un—1} @and € is the compatible strain,

which depends implicitly om and can be solved from the mechanical equilibrium equation:

O-0=0
og=C(e—¢"(n))

: (2.9)

subjected to suitable boundary conditions.
Anisotropy energy

The laminated characteristic functiops are supposed to take on either 0 or 1 such that the
eigen-straire*() represents the transformation strain of the variant odogpne sample. Anisotropy

energy is introduced to enforce the supposed values:

) N-1
WA () = 5 KL= ) (2.10)

whereK; > 0 are the anisotropy constants. This energy serves as tingeinecost (as penalty)
when the field variabl@l deviates from 0 or 1. Since all the Martensitic variants gugvalent up to
a rotation in the symmetry group in the specific crystal syst@e may assume that the anisotropy

constants to be identical, that l§, = KVi.
Interfacial energy

Interfacial energy is introduced for the sharp interfageasating different variants:
W™ (i) = AlOu|?, (2.11)

whereA > 0 is the exchange or gradient coefficient. This constantldHmeismall. This energetic
term ensures the field variables to vary continuously across the boundaries of the variants a

serves as the energy for forming interfaces.

Total energy
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The pattern of microstructure at fixed temperature belovethieal transformation temperature

Tc is obtained by minimizing the functional:

=

i {Wint(“) +Wani(“) +We|a5(“) _ O'-E} dx, (2.12)

subjected to the mechanical equilibrium equation (2.9).

Evolution of microstructure under driving force

Taking the variational derivatives of (2.12) with respettiie field variablegu leads to the
evolution equation:

ou M(Sﬂ

3= Mg =M (2.13)

whereM > 0 is the mobility constantk- is the total thermodynamic driving force defined by the

negative of the variational derivative of the free energghwespect to the field variables

F(IJ) _ _5_‘] _ Fint + Fani_|_ Felas‘ (214)
oH
Physically,F™ is the driving force for coarsening the microstructuf@? is the driving force for
selecting the variants arfef'®s is the driving force for refining the microstructure to acenodate
the specified boundary condition and applied mechanicdihga. These driving forces are obtained

by taking the variational derivatives of the component gigsrwith respect to the field variable

n__ OW™(u)
int _ — 2
Fnt — T 2A
i OW()
ou
elas *
Felas _ _5W (1) —g- o (1) (2.15)

ou ou
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2.2 Numerical Implementation

The evolution equation for the microstructure is re-orgadiinto the form:

ou _

=M <2AD2u PR FE'aS) X = (x1,%) € (0,10)2. (2.16)

The length and time scales can be normalized by setting:

ilz’l(—;,%zz)l(—s,?: IMKL. 2.17)

The normalized equation becomes:

0[.1 N2 1 ani elas| o _ /o < 2
=D+ o [F +F ],x_(xl,xz) € (0,12, (2.18)

M2 _ 0% | 92 _ AK
where[J” = £ + - andD = s
Following the semi-implicit method proposed by Chen andrS§B4], let At be the time step,

u" = (X, %2, nAt) andu™t = p(Xg, X2, (n+ 1)At). Under the periodic boundary condition, Fourier

transform is applied in both directions. The resulting ntioa scheme is obtained as:

g [P + PR i
S A - @29

whereé&; andxi, are the Fourier coordinategN*! = F[u"1], u™ = F[u"], Fani(u) = F[Fa"(u)],
Felas(u) = §[Fe1aS(u)] and§[-] represents the Fourier transform. The formulation in titiegen-

sions is straight forward.

2.3 Simulations and Results

As an example to illustrate the numerical scheme for the ostotuture, we choose Ti-Ni at the

trigonal R-phase, as the material to be simulated. The nupfleEguivalent Austeniteic variants is
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N = 4. Their transformation strains are given by:

a o0 O a -0 -0
V=16 a s |,e?=| -6 a 5 |,
0 0 «a -0 o0 «
a -0 0O a o0 9O
= 6 a -6 |.e¥%=| 6 a -5 |. (2.20)
0 -0 « -4 -0 «a

wherea = 0 andd = 0.0047.

To simulate the patterns in two dimensions, the above toamsftion strains have to be re-
orientiated and projected into two dimensions (as in the film). For the simplest configuration,
we consider the thin film in the (001) direction. The transfation straing(!) are rotated through

the rotation matrix:

1 1 9
VZ V2

Rooy=| ~% & 0 (2.21)
0 0 1

The in-plane components of the resulting transformatioairst are then given by:

a+é 0 00047 O
gD _ @ _ _
0 a-35 0  —0.0047

a-& 0 ~0.0047 0O
£@ _ g3 - . (2.22)
0 a+3d 0 00047

Notice that there are only two distinct variants in the (Ofilfr). The resulting simulated patterns
are controlled by applying different mechanical loadingsgsses or strains), as illustrated and

discussed in the following subsections.
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Throughout the simulations, without otherwise stated, sgime the following parameters:

t=0.005
K =K; =2650800

D =D; =0.00001

cp ¢ O
C=|c ¢ 0 [, (2.23)
0 0 ¢

wherec; = 80 GPac, = 20 GPa andz; = 30 GPa. The simulations are taken over a 32828

grid.

2.3.1 Clamped boundary condition

Suppose the film is unstressed as deposited and then attactiedsubstrate, the film is subjected
to the clamped boundary condition, that is, zero straingde= €% = 0. The simulation is shown

in figure (2.2) (a), where the microstructure is self-accadating to the laminated pattern with
overall zero strain. Different variants, denoted by (1), (3) and (4), are represented in different
colors. But since (1) and (4) actually represent the samiantarwhile (2) and (3) represent the
other variant. The pattern can be re-visualized with varfafwhich is composed of the region
occupied by (1) and (4)) and variant 2 (which is composed efrégion occupied by (2) and (3))

as shown in figure (2.2) (b). The normal to the interface indineulated pattern is exactly what
1

1

1

we can predict from the geometric compatibility conditidvhore specificallyn; = and

S

N, = % . It can be seen in the figure that the volume fractions of theselistinct variants
-1
are approximately one-half, when the applied strain or trezage strain is zero. This is expected
from theory, since the average of the transformation stsaiero, or.3 (eM) + 1 (¢@) = 0= (£0).
The simulated patterns are not unique. They depend on tlmarnitial patterns and the
parameters chosen. If we increase the anisotropy congtdneéraploy a different random initial

condition, we obtain a different pattern, as shown in fig@8)
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Figure 2.2: (Clamped boundary condition) (a) The simulgigiiern is shown in (a) with 4 variants
denoted by (1), (2), (3) and (4). (b) Since (1) and (4) are idened as equal, as well as (2) and (3),
the simulated pattern is re-visualized with two distinatiamats.

2.3.2 Imposed strains and self-accommodating structures

We have seen that, if we impose zero strain to the sample| ggluane fractions of both variants
are generated. A question arises if different volume foaiof variants can form. In fact, this can
be achieved by applying a suitable external strain. If trerdd volume fractions between the two
distinct variants are and 1—r, then setting the imposed strain as the linear combinatichen

transformation strains of these variants in the same ratiawthe work.

=reM 4 (1-r)e? (2.24)

Two examples of simulations with= 0.5 andr = 0.7 are illustrated respectively in figure (2.4)
and figure (2.5). The volume fractions of variants in the dated patterns are expected for both

cases.
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(b)

Figure 2.3: (Clamped boundary condition) With a differeatgmeter: (a) The simulated pattern is
shown in (a) with 4 variants denoted by (1), (2), (3) and (8).Since (1) and (4) are considered as
equal, as well as (2) and (3), the simulated pattern is ngalied with two distinct variants.

2.3.3 Imposed stress and domain switching

a o0
We may also apply external stress in the fasth= ,a## 0tothe sample. 1& > 0, only
00

one variant is generated. On the other hand, 4f O, another variant is generated. This is due to
the part of the total energy functional attributable to theemal stress in the minimization problem,
that is,— a9 ¢.

If the stresso? is such that-0?- e < —g®. (@ then variant 1, whose transformation strain
is e, possesses lower work done than variant 2 does. It turndiauvariant 1 is more preferable
to form than variant 2 and the whole domain will be occupiedidryant 1 eventually.

To illustrate this, two simulations are run. In the first gase- 1000000000, this stress favours
variant 1 as the work done with its transformation straimvedr, thus the whole domain is occupied
by variant 1, as shown in figure (2.6). In the second case—1000000000, this stress will induce

variant 2 to occupy the whole domain, as shown in figure (2.7).

The effect of external mechanical stresses on the domaistiacture provides the mechanism
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Figure 2.4: (External strain with= 0.5) (a) The simulated pattern is shown in (a) with 4 variants
denoted by (1), (2), (3) and (4). (b) Since (1) and (4) are idened as equal, as well as (2) and (3),
the simulated pattern is re-visualized with two distinatiaats. Equal volume fractions of variant 1
and variant 2 are observed.

of domain switching in shape memory alloys.

Assume that initially the domain is almost occupied by vartawith a small layer of variant 2
as nucleation. A stress that is favorable to variant 2 isiagpb the sample. It is seen that the island
of variant 2 is growing to the whole domain. The snapshotsvsipthe evolution of variant 2 are

shown in figure 2.8.
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(b)

Figure 2.5: (External strain with= 0.7) (a) The simulated pattern is shown in (a) with 4 variants
denoted by (1), (2), (3) and (4). (b) Since (1) and (4) areidened as equal, as well as (2) and (3),
the simulated pattern is re-visualized with two distinctiaats. The ratio of the volume fractions
between variant 1 and variant 2 is 70% to 30%.

(a) (b)

Variant 1

Figure 2.6: (External stress with= 1000000000) (a) The simulated pattern is shown in (a) with 4
variants denoted by (1), (2), (3) and (4). (b) Since (1) andhfé considered as equal, as well as (2)
and (3), the simulated pattern is re-visualized. This stfagours variant 1. The whole domain is

occupied by variant 1 only.
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(a) (b)

Variant 2

Figure 2.7: (External stress with= —1000000000) (a) The simulated pattern is shown in (a) with
4 variants denoted by (1), (2), (3) and (4). (b) Since (1) a&)dfe considered as equal, as well as
(2) and (3), the simulated pattern is re-visualized. Thissstfavours variant 2. The whole domain

is occupied by variant 2 only.



19

Variant 1

b
I
e

Variant 2

Figure 2.8: Effect of external stress in domain switchinge Enapshots (a) to (f) show how variant
1 is evolving to variant 2.
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2.4 Discussion and conclusion

In this preliminary chapter, we introduce the method of unvemtional phase field model and imple-
ment this approach to simulate micro-structures in shapaaonealloys. Various micro-structures
can form depending on the applied mechanical conditiongergal strain can be used to control
the volume ratios of the participating variants. Exterriegss is used for domain switching. So far
this method is restricted to micro-structures that invaWartensitic variants only. If Austenite is
included, the current phase field modal has to be ungradedwo-acale version. We also found
that the parameters (anisotropy constants) play a critidalin the formation of microstructure. In
the simulations in two dimensions, if the parameters ardybettbsen, no expected patterns will
form.

We also carry out one dimensional analyses of the model whertudy how these parameters

affect the micro-strictures that can be formed. The degdibund in appendix (A).
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Chapter 3

AUSTENITE-MARTENSITE INTERFACES IN SHAPE MEMORY ALLOYS

Unconventional phase field was successfully employed talat® microstructure of variants of
Martensitic phases below the transformation temperatwinere Martensitic variants twinning with
interfaces are observed. One natural and possible dinectiaesearch is potentially an attempt to
simulate microstructure that involves also the Austeniieape and that works with a wider range
of temperature. However, it turns out that the original folation and numerical scheme by con-
sidering trivial addition of the Austenite phase does naiggate any desired pattern, due to the fact
that the length scales are no longer comparable and thabtimeiffation did not take into account

the effect of temperature above and below transformatimpégature.

From the experimental observation of microstructure thailves both Austenite and Martenites
by James and Chu [52, 53] as shown in figure (3.1), at appraglyntoe transformation temperature
where all phases can co-exist, two Martenitic variants aianed together before the resulting
twinned Martensites generate pattern with the Austeniesetwith an see-saw shaped interface,
which we refer as the Austenite-Martensite interface. mt&@iso be seen that the length scale for the
Austenite-Martenite twinning is larger than that for theri¢aite-Martenite twinning. This serves
as an evidence of why the current formulation does not warkesit assumes all variants to be in

the same scale for twinning.

Another issue for including Austenite phase in the simatatrises in the possibility of form-
ing the Austenite-Martensite twin with interfaces basedtmntheory of crystallography, or more
specifically, the crystalline symmetry and the geometrimpatibilities of the Austenite and the
Martensite phases [54]. Several outcomes can happen fowiheing between the Austenite and
the Martensite phases: no interface, sharp AM interface;sa# shaped AM interface or inter-
face in any other possible configurations. Interfaces imouarshapes possess different levels of
energies. The energy inherited in the interfaces is praptsde related to the hysteresis, or the

switching between phases due to cycling temperature chasgecharacteristic of the reversibility
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Figure 3.1: Experimental observation of microstructura thvolves a Austenite-Martensite inter-
face (Chu and James).

of structural phase transformations. On the other hansl giinergy is considered as a barrier for the
initiation of hysteresis and switching between phases, bictwmany applications and designs are
based, ranging from fatigue life of shape memory alloys tgme#oelectric coupling in multiferroic

oxides.

Thus understanding how the underlying crystal symmetryhefariants determine the type of
Austenite-Martensite interface and the associated ermogtent will give us insights on the syn-
theses of alloys that require minimal energy and minimalperature range for domain switching,

inferring narrower hysteresis loops and faster structoinalse transformation [55].

To resolve the difficulty that deals with the two differenbdgh scales between the Austenite-
Martensite twinning and Martinsite-Martensite twinnirggtwo-scale phase field simulation is de-
veloped for Austenite-Martensite interface to understtred effects of crystalline symmetry and
geometric compatibilities on the reversibility of struetlphase transformations in shape memory
alloys [33, 56].

We will briefly outline the theory of Austenite-Martensitetérfaces based on the crystallog-
raphy and the associated linear geometric compatibilitynutations of microstructure involving
Austenite-Martensite interfaces are illustrated for @ttbi Trigonal crystals in thin film configura-
tion. It will be shown that in thin film, individual Martengit variants are twinned with Austenite

but these Martensitic variants do not generally twin witbheathers. In other words, all variants
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are the in the same length scale and the original algorithmphake field simulation suffices for
thin film configuration. However in three dimensions (plam&ia and general configurations),
Austenite and Martensitic variants are not in the same kesgales, the original algorithm can no
longer result the expected microstructure. Thus separafitength scales is the key. A two-scale
phase field approach is developed and adopted to simulaterfitgsMartensite interfaces. Exam-
ples are illustrated with the the Cubic-to-Orthorhombigstal system, which associates with more
lattice parameters, to explore the Austenite-Martensiierfaces. Several related problems are also
discussed, such as the relation between the energy comigribhe middle eigenvalues of the par-
ticipating Martensites, and thermal hysteresis. Simaoregtiwill also be extended to general three

dimensions.

3.1 Background and Theory

Recall from previous chapter that the crystalline lattitectures in shape memory alloys are de-
scribed by their transformation strains or transformatioatrices. The transformation strain of
Austenite is zero while those of the Martensites are egeitalp to rotation matrices related to the
symmetry of the participating crystal system. For examipl€;ubic-to-Trigonal system, the trans-
formation strain of Austenite is© = 0 while there are three equivalent Martensitic variants wehos

transformation strains are:

B 0 O a O a 0 O
eV=10a 0 |[,e?=| 08 0 [.e®=| 0 a 0 |, (3.1)
0 0 a 0 0 0 0p

wherea andf3 are the lattice parameters. It should be pointed out thdflattensitic variants are
of the same rank. They exhibit the same level of symmetry asoengtric characteristic of crystal
system they belong to. The transformation strains of anyM&denitic variants are related through
a rotation in the symmetry group of the crystal system. Thayehlthe same set of eigenvalues [2].
The eigenvalues of the these transformation strains playnportant role in the formation of
interfaces [54, 57]. When the (common) middle eigenvalu¢heftransformation matrix of the

Martensite lattice with respect to the Austenite structengeals 0, a compatible interface between



24

these two phases can be formed, and it was suggested thatrtiesponding thermal hysteresis
of shape memory alloys will be minimized. This principle heeen used to guide the search for
shape memory alloys with extremely low hysteresis, and ar clgationship between the thermal

hysteresis and the middle eigenvalue as expected from ¢oeytinas been observed.

When the middle eigenvalue of the transformation matrixiffebnt from 0, a compatible
Austenite-Martensite interface is no longer possible tead, interfaces between Austenite phase
and twined Martensites are observed, which satisfy the edibifity condition on average. This
leads to increased elastic energy due to the incompatilbiétween the Austenite and the Marten-
site phases, resulting in higher energy barrier for phaamestormation and thus higher thermal
hysteresis. Indeed, an analytic model based on an inexacfzdoe with an assumed transition layer
between Austenite and twined Martensites yield a relatigmsetween thermal hysteresis and mid-
dle eigenvalue that resembles experimental observattis The analysis, however, depends on
the transition layer assumed. To understand the detaitedtgte of Austenite-Martensite inter-
face and its implication on thermal hysteresis of shape memiltoys, especially when the middle
eigenvalue of transformation matrix deviates from 0, dimemerical simulation without making
any prior assumption on the underlying microstructureghly desirable, which we seek to develop

using phase field approach.

We consider two Martensitic variants with transformatigraisis € and (), which are as-

sumed to be compatible with each other, satisfying

e _el) =Z(agn+nwa), (3.2)

NI =

making it possible to form a Martensitic twin with these twariants, whera is the normal of twin

interface, and is related to the shear of the twin structure.

Equivalently, the above condition can be interpreted imgeof eigenvalues. The normal to the
interface between the two Martensitic variants can alscobed using the eigenvalues and eigen-
vectors. For instance, let the eigenvalues (in ascendidgrpand the corresponding eigenvectors
of el) — &) be {& < & < &3} and{vy,Vz,v3}. If the middle eigenvalue; is zero, an interface

between the two Martensitic variants can be formed. Monedbhe normaln to the interface is
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given by:
N = —KV1+Vs, (3.3)

wherek = +1. Notice that the above condition and formula imply thatshwllest eigenvalue;
must be nagnative or zero, while the largest eigenveduaust be positive or zero.

Twinned Martensites can further form an interface with thestenite phase, where the two
Martensitic variants have to be in certain raticAssume that the effective transformation strains of
the twinned Martensites is expressedrad + (1—r)e()). The transformation strain of Austenite
is 0. For the twinned Martensite and the Austenite to be caitvipavith each other by forming an

interface, the following geometric compatibility conditi has to be satisfied:

reV +(1-nel —0=Z(b@m+mxb), (3.4)

NI

wherem is the normal to the Austenite-Martensite interface bnsl the shear vector for the inter-
face.

Equivalently the condition can also be checked using eigelmg. Briefly, let the eigenvalues
(in ascending order) and the corresponding eigenvectarsdf- (1—r)el) —0be{Z; <5, < ¥3}
and{V1,V,,V3s}. If the middle eigenvalug; is zero, the Austenite-Martensite interface between

Austenite and twinned Martensites can be formed. The nommtalthe interface is given by:
m=—kV1+Vs, (35)

wherek = +1. Notice that the above condition and formula imply thatghellest eigenvalug;
must be negative or zero, while the largest eigenvalumust be positive or zero.

As a remark to the theory applied to thin film configuratiorisgaantities are expressed in two
dimensions. Thus the transformation strains taken for lsitimns are 2-tensors. The original3
3-matrices have to be re-oriented and projected onto tweiasions as thin film. The geometric
compatibility condition in terms of eigenvalues for forrgimterfaces are also weakened so that
the requirement of the middle eigenvalue being zero is remoWe only require that the smallest

eigenvalues be negative or zero while the largest eigeasde positive or zero. The formulae for
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finding the normals remain unchanged since they originailglive no middle eigenvalues.

3.2 Austenite-Martesite interfaces in Thin Films

We implement the above theory to simulate the micro-strestin thin films that involve Austenite

and Martensites, in the Cubic-to-Trigonal systems. Thetfive variants in the system are adopted:

B 0 0
0 0 «a 0 O

wherea andf are the lattice parameters. Without loss of generality, wihér assume th# > a.

For the twinned Martensites, the eigenvalues and eigersvetbs) — £(2) are {g; < & <

0 0 1
g}={a-B<0<B-atandqvi=| 1 |,v2=] 0 |[,va=| 0O . The normal to
0 1 0
the Martensite-Martensite interface is:
0 1 1
n=—k| 1 |+] 0 [|=] £1 |, (3.7)
0 0 0

wherek = £1.

For the twinned Martensites and Austenite to a further tiie ratior of the Martensitic variants

can not be arbitrary. We consider the effective transfoionagtrains of the microstructure:

rB+(1-r)a 0 0
re® 4+ (1-re@—-0= 0 ra+(1-rp 0 |. (3-8)
0 0 o

A further assumption is made on the signs of the lattice patarsa andf3 to ensure geomet-
rical compatibility condition:3 > 0> a. The eigenvalues arg + (1—r)a,ra+(1—r)B,a}.

Sincea < 0, the other two eigenvalues must be positive and zero. Wtloss of generality, as-
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sumera + (1—r)B = 0, which impliesr = ;£ or B = —1-a. One may check that the remained

eigenvalue 8 + a) is positive. Thus the geometric compatibility conditievalid.

To summarize, the eigenvalues and eigenvectord &rec &, < &3} ={a <0< B+a} and

0 0 1
vi=| 0 |,v2=1] 1 |,v3=| O
1 0 0]

The normal to the Austenite-Martensite interface is thus

0 1 B+a
m=—-kyv—al| 0 |+va+a] 0 | = 0 . (3.9
1 0 +v—a

Given the desired ratio of the Martensitic variants, one may relate the the lattiaemmeters
a andp for the compatible eigenstrains that will yield a micrasire with Austenite-Martensite
interface. Three examples of simulation in thin film (two éimsions) will be shown with = 0.6
andr = 0.7 with two possible outcomes. The plots are shown in figure® (83.3) and (3.4).

As an example, if = 0.6, the lattice parameters and 3 are related b3 = —'~a = —1.50.

The transformation strains now become

15 0 0 1 0 0
eV=al 0o 1 0/,6?=a| 0 15 o |, (3.10)
0 0 1 0 0 1

wherea can be adjusted.
We briefly outline the procedures to re-orientate the ti@mnsétion strains of the Martensitic
variants. For the sake of simplicity, we assume that —0.04, then withr = 0.6, 8 = 0.06. By the

formulae derived for the normals to the two interfaces, wesha

1 B+a v—0.5a
0 v—=a v —=a

We are interested in the direction of these normal. We magnatize these vectors by dividing
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by some suitable constants. In fact, we may take:

1
m= 0 (3.12)
V2

We want to project the three dimensional transformatioairsérto the two-dimensional plane
spanned by these two normal vectors, thanigndm. Let the normal to that plane b¢. It is

clearly the cross product efandm:

V2
N=nxm=| —/2 (3.13)

However one may check that these three vectorsn,N) are not mutually orthogonal, due to
the fact thain andm are not orthogonaln andN are orthogonal. We may resolve this problem by

replacingm by the cross product df andn. Denote the resulting vector lng'.

1
m=Nxn=| -1 (3.14)
2V2

Notice that by now the vector®,m’,N) are orthogonal to each others. However these vectors are
not of unit length. They have to be normalized to form an gythal basis analogue tpj andk.

We denote the normalized vectors by the same symbols.

1 1 2

V2 V10 5

_ 1 r_ 1 _ 2
n= % m=| - N=1 —/¢ |- (3.15)

0 2 _1

NG V5

The transformation matrix from the canonical orthogonait€aan bases (coordinate)j, k }
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to the orthogonal basgs,m’,N} is:

1 1 2

L AR

_ _ 1 1 2
s=(nm N)=| & —4 -\ (3.16)

0o = L

V5 V5

One may check that de&3) = 1 from orthogonality. Its inverse matrik then implies the transforma-

tion from orthonormal base, m’,N} back to the canonical orthogonal Cartesian bgsgsk}.

L L0
V2 V2
_ol_ ol _ 1 1 2
=S"=S=| 7% 7o v (3.17)
2 2 1
\/; _\/; NG

Now we will transform the transformation strains of the twafténsites to the canonical bases
{i,j,k} and then project to the two-dimensional plane spanned,py. This enables us to stimulate

the microstructure in two dimensions. After the transfaiorg the transformation straiel® and
€2 become respectively,

0.001 Q002236 7
e —Te®WTT = | 0002236 —0003 2

? ? ?

0.001 —0.002236 ?

£@ =Te@TT=| _0002236 -0003 2 (3.18)

? ? ?

where the elements marked as ? are not important as theyenditdpped out in the next step.

We can further project the transformation strains onto aivetent{i,j }-plane by pre-multiplying
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1 0
and post-multiplying by the projection matrix= ( ) and its transpose, that is,

010

0.002236 —0.003

0001  —0.002236
£@" _ pg@'pT _ (3.19)
~0.002236 —0.003

Similarly, for the case = 0.7, by the same procedure, the transformation strains ofdrecip

pating Martensitic variants become:

" 0.002 000316227766017
£ =
0.00316227766017 —0.001
v 0.002 —0.00316227766017
e@” = (3.20)
—0.00316227766017 —0.001

For the mechanical condition, we apply strain as a linearlipation of eigen-strains in certain
proportions that correspond to the volume ratios of each sadant in the simulated pattern. For
instance, if the desired ratio of Austenite and twinned klasites is 50 % to 50 %, and the volume
ratio between the Martensitic variants ito 1—r, with r = 0.5, which is assigned at the beginning,

then the external strain is expressed as:

80 _ 0.580 + 0'58Martensites

_ g0 @ _nNe®?
€ +0.5(r£ +(1-r)e ) (3.22)

In two dimensional thin films, since the transformationisisare reduced to 2 2-matrices and
the requirement of middle eigenvalues being zero are rethdugstenite and individual Martensitic
variants twin as a physical outcome. Sharp interfaces aserebed and are expected to carry low
levels of energies. They are not of great interest. We canerdy the relation between the energy

and the magnitude of the (common) middle eigenvalues ofdinigcpating Martensitic variants. In
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Figure 3.2: Simulation of microstructure in thin film configtion for Cubic-to-Trigonal system.
The Martensitic ratio is 60% to 40%. (@) The simulated patisrshown in (a) with 4 variants
denoted by (1), (2), (3) and (4). (b) Since (3) and (4) repreiee Austenite phase, the simulated
pattern is re-visualized with three distinct variants. Four identical patterns in (b) are packed
together to obtain a better image.
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Figure 3.3: Simulation of microstructure in thin film configtion for Cubic-to-Trigonal system.
The Martensitic ratio is 70% to 30%. (a) The simulated patisrshown in (a) with 4 variants
denoted by (1), (2), (3) and (4). (b) Since (3) and (4) repretiee Austenite phase, the simulated
pattern is re-visualized with three distinct variants. Four identical patterns in (b) are packed
together to obtain a better image.
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Figure 3.4: Another Simulation of microstructure in thimficonfiguration for Cubic-to-Trigonal
system. The Martensitc ratio is 70% to 30%. (a) The simulgiattiern is shown in (a) with 4
variants denoted by (1), (2), (3) and (4). (b) Since (3) arjdépresent the Austenite phase, the
simulated pattern is re-visualized with three distinctiasatis. (c) Four identical patterns in (b) are
packed together to obtain a better image.
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two dimensions, there is no concept related to the middiensajue.
Starting from the next section, we will extend our approacthtee dimensions, where the par-
ticipating Martensitic variants twin before the resultitmgnned martesites twin with the Austenite.

Separation of length scales are critical here and two s@al@ations are developed.

3.3 The Two-Scale Phase Field Simulation

By definition, the transformation strain of the Austeniteapd is 0, and in order for a compatible
Austenite-Martensite interface to form, the middle eiggne of the transformation strail!) or
£) of Martensitic variant has to be 0. This turns out to be a vesjrictive condition, and is not
satisfied in general. Instead, the averaging transformati@inp,e () + (1— u2)e')) of a Martensitic
twin structure can have zero middle eigenvalue when ap@tepvolume fractionu, is chosen,

suggesting an inexact interface between Austenite andeliitic twin, such that

(b@m+m®b), (3.22)

NI =

I-l2£(i) + (l_ HZ)E(J) —

wherem is the normal of the inexact interface, abds the corresponding shear, as schematically
shown in figure (3.5). In general, two sets of solutions for E2}22) exist, corresponding to two
possible interfaces with specific normal and volume fraxgtiof the Martensitic twins.

To confirm that an inexact interface between Austenite aridesvMartensite can indeed be
formed as schematically shown in figure (3.5), an unconweatiphase field approach is developed.
Two characteristic functiong; and i, are introduced as the field variables to define the structure,
such thatu; takes value of 1 ik is occupied by Austenite phase and O if it is occupied by eittie
the Martensitic variants, whose specification is governggify which takes the value of 1 K is
occupied by variant 1 and O if it is occupied by variant 2. Agsuit, the transformation strainat

is given by

£ (U] = pe@ + (1— ) e + (1 — py) (1— )€V
= (1— p)poe™ + (1— pn) (1— )€V, (3.23)

whereu = [u1, u2]. Note that whilep, is governed by Eq. 3.23y4; is generally determined by
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M1
A M3 My
1-u,
-
y2 1-u, A-M transition layer

Figure 3.5: The schematics of an inexact interface betwaesiehite (A) and Martensitic twil;
andMo.

the mechanical boundary condition. For an arbitrary distion of u(x), this transformation strain
might not be compatible, and an elastic field will be induceskulting in elastic energy in the

structure,

WES(p) = = (e —&*[u])-C (e — £"[u)), (3.24)

NI =

wheree is the total strain that can be solved from mechanical dguilin equation, consisting of

elastic strain and transformation strain, & the elastic stiffness tensor.

To ensure thafi; andu, take either 1 or 0, an anisotropy energy is introduced,
WA (1) = Ky (1— p)? + Kopd (1— p2)?, (3.25)

whereK; andK5 are the anisotropy constants. Since the length scalgsand i, are not equalk

andK, do not need to be identical.

In addition, interfacial energy is introduced to penalizadjents in the characteristic functions,
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such that
WM () = Aq|Opa? + Ao | Opa|?, (3.26)

whereA; andA; are the penalty constants for the interfaces.

The potential energy of the system is then given by:

W=

[ IWERS(00) W 0) + W () - 0- €] i, (3.27)

whereQ is the domain occupied by the shape memory alloy, @hdk the stress arising from the
traction applied at the boundary. The variation in potergrergy with respect tgr results in the

driving force for the evolution oft,

F(u) = _%ﬁ)’) = F() + F"(u) + F™ (u1) (3.28)

and under a linear kinetic approximation, the evolutionagiqun for 1 is derived as

dd_ls -M FeIaS(IJ)_H:ani(H)+Fint(u)] , (329)

whereM is the linear evolution coefficient.

In fact, all the governing equations are the same as thodaie&g in the previous chapter.

3.4 Implementation of Two-Scale Phase Field Simulation

The theory is implemented into a numerical simulation oq-a, plane whose normal is defined
by m x n, and all the field variables are assumed to be independeqt dhus a two-dimensional
simulation will be sufficient, though all the tensorial \adies are three-dimensional in nature. From
the definition ofuy and iy, it is clear thaty; represents Austenite-Martensite structure, wpile
represents Martensitic twin within the Austenite-Marienstructure. As a result, the length scales
involved inu; andus, are clearly different. A two-scale simulation scheme isped to reflect such
difference, whereu; and L, are simulated at two distinct length scales, yet are cougggdther

through boundary condition and distribution of transfotiora strain, as schematically shown in
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figure (3.6).
Pass the imposed
A M strain to lower level : M1 1,
A I Pass. the transformation M2 11— 1,
1 [ strain to upper level

Interface of Austenite

and Twinned Martensites Interface of 2 Martensites

Superposition

M1 (I=u)u,

M| M2 - (- )

Figure 3.6: The schematics of the two scale algorithm. Iruftyeer level where the Austenite twins
with the twinned Martensities, only, evolves. The upper level passes the average total strain to
the lower level, which serves as the external strain for teelranical equilibrium in the lower level.

In the lower level where the Martensitic variants twin, opfyevolves whileu; is fixed. After both

Ly andup converge, the two levels are then superposed to give thestiacture.

At upper scale wherg; is evolved,u; is assumed to be fixed, and it specifies the transformation
strain of the Martensite through Eq. 3.23. On the other hatldwer scale wherg, is evolved,p;

is assumed to be fixed, and the boundary condition on the Isgade simulation cell is specified by
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the average strain in the Martensite calculated at uppég:sca

glink _ Jo Xm(x)€"PPE(x)dx
Ja Xm(x)dx
_ Jo (1= p(x)) UPPE(x)dx
= A (3.30)

where eUPP'(x) is the strain computed at the upper scale (Eq. 3.23)&Mtwill serve as the
external strain in the lower scale. As aremark, at the lowaleswvhere the Austenite is not involved,

the transformation strain is:
£ (1] = e + (1— pp) eV (3.31)

The simulation starts with random initial conditions for and L, at both scales, and iterations
between these two scales continue until a stable configaratnerges, as schematically illustrated
in figure (3.7). To solve for Eqg. 3.29 at either scale, fastrigsuransform is adopted on spatial scale
with 128 x 128 cell size, and semi-implicit finite difference schemadspted on temporal scale
with a time step of 0.005. The elastic constants of the naitere assumed to I ; = 80x 10° Pa,
C12=20x 10° Pa, andCgs = 30x 10° Pa. The procedures of the two-scale approach is schenhatical
outlined in figure (3.7).
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H, Hy

Sub 1 strain | Sub 2

Sub 1 strain Sub 2

Figure 3.7: Procedures of two scale algorithm. Startingrfrandom initialuf andug, subprogram
1lis used to iteratq!etll in the upper level. Average total strain is obtained at tevel and is passed
into the lower level. Subprogram 2 usg$ and ug to generatgus. This completes one iteration.
The procedures continue until bath and i, meet the convergence criteria.
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3.5 Simulation in two dimensions (Plane-Strain Configuratns)

The phase field simulation is applied to study Austenitetbfasite interface for a cubic-to-orthorhombic
transformation. Two variants of this system (out of a tofabpare employed in the simulations,

which have transformation strains given &y ande(®:

-y
V=0 p o |.e?=]| 0 B o0
0 «a -y O

We focus on the volume-preserving transformation, whihriscessary condition for self-accommodating
structure. As a result, we havge()) = 2a + 8 = 0, which implies = —2a. This constraint re-
duces the lattice parameters frdm, 3,y} to {a,y}. The parameters andy can be adjusted to
simulate a variety of microstructure that involve Austeridartensite interfaces.

With these, the three eigenvalues are gived bpa,a — y,a + y}.

Wheny = a is set, the middle eigenvalue is 0. A sharp Austenite-Maiterinterface emerges
from the simulation, as shown in figure (3.8)(a), and the rabrof the interface is indeed what we
expect from the geometric linear theory.

Wheny = 5a is set, the middle eigenvalue is different from 0. Such arceiderface is no
longer possible, and a typical Austenite-Martensite $tmgcobtained in the simulation is shown in
figure (3.8)(b), where a rough interface between Austemitk Martensitic twin is observed. The
Martensitic twin has interface normal and volume fractiopexted from Eqgs. (3.2) and (3.22),
while the Austenite-Martensite interface, though rugdeak an average interface normal that is
consistent with Eq. (3.22).

So the simulation we developed can indeed capture the Atestdiartensite interface, and can
reveal the detailed interfacial structure without any peesumption. There is indeed a transition
layer between Austenite and Martensitic twin, as suggdséfare, due to the incompatibility be-
tween Austenite and Martensite phases. The zig-zag typgeface in the transition layer is also
consistent with certain experimental observations, andmgevorking on to capture the fine-scaled
branching Martensite twins often observed near the interfa

The incompatible interface is expected to result in higheernal stress, and thus higher elas-
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tic energy, and the necessity of Martensitic twin for an agerg compatible interface should also
result in higher interfacial energy. This is indeed what weayve in the simulation. The distribu-
tions of elastic energy corresponding to the Austenitetdfesite structures in figures (3.8)(a) and
(3.8)(b) are shown in figures (3.8)(c) and (3.8)(d). Nebligielastic energy is observed for the exact
Austenite-Martensite interface, as expected. On the didued, stress concentration is observed near
the inexact Austenite-Martensite interface due to thermgatibility of the Austenite and Marten-
site phases, resulting in much higher elastic energy, asrshofigure (3.8)(d). Such stress concen-
tration and higher elastic energy will result in higher gyyebarrier for AustniteMartensite phase

transformation, and consequently higher thermal hysteres

. 1.0x10""

8.0x10"*
6.0x10"°
4.0x10"°
2.0x10"°
5.0x10"%
5.0x10"
3.0x10"*

1.0x10"%

Figure 3.8: AusteniteMartensite interfaces by phase fietdiigtion; (a) compatible interface when
the middle eigenvalue of the transformation strain is 0 d)driexact interface when the middle
eigenvalue of the transformation strain is not O; (c) andtd)corresponding distribution of elastic
energy in the structure, with the scale bar indicating tlasted energy density.

To appreciate this, we simulate the Austenite-Martensiterfaces for a range of middle eigen-
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values of the transformation strains, and calculate theesponding total elastic energy in the struc-
tures, as shown in figure (3.9). Two types of Martensitic taie considered, one with volume
fraction of 60% (whery = 5a), and the other 65% (wheyp= 3a). Notice that different volume
fractions of Martensitic variants under a fixed middle eigéne is possible, since the volume pre-
serving orthorhombic transformation strain has two indeleat variablesx andy. It is observed
that in both structures the elastic energy increases asititdeeigenvalues deviate from 0, suggest-
ing an increased energy barrier and thus higher thermatiggs, as observed in recent experiments
[54]. The simulation thus is able to explain the thermal &gestis in shape memory alloys as related

to the crystalline symmetry of Austenite and Martensitesgisa

x 10
14
= 60%-40%
12“ " ® 65%_35% a &
107 = [=] |
>
2
S g ]
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4* ) ) -
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Middle Eigenvalue of Transformation Strains (%)

Figure 3.9: The elastic energy as function of middle eigkmvaf the transformation strain for
volume-preserving transformation.

3.6 Further exposures to the Austenite-Martensite interfaes in Cubic-to-Orthorhombic sys-
tem

Motivated by the previous section, in Cubic-to-Orthorhaengystem, the relationship between

andy can possibly be adjusted to generate microstructure wighdasired Martensite-Martensite
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ratio. It is proposed that as the volume ratio between Maitienvariants is varying, the (zig-
zag) pattern of the Austenite-Martensite is also varyindnisTsection is devoted to give a more
comprehensive study of the formation of these patterns iegpect to the lattice parameter and the
resulting Martensitic ratio.

As in previous section, consider two Martensitic variamsresented by and&@ given in
Eq. ??and the Austenite representeddd§) = 0 are involved in the microstructure. The three eigen-
values ofeM — £ are{—2y,0,2y}. The condition of forming Martensite-Martensite intedads
automatically satisfied, since the middle eigenvalue isagbwzero regardless of the values of the
lattice parameters. When Austenite is absent, the ratibeoMartensitic variants can be arbitrarily
governed by applying suitable external mechanical camditHowever, when Austenite is involved,
the lattice parameters and the volume ratio in the twinnedénaite are related through Eg. (3.22).

Denote the volume ratio of the Martensitic variant (1) in thénned martensite by and that
of the Martensitic variant (2) by 2 r. The twinned Martensite has an effective transformation
strain, given byre(® + (1—r)e@, whose eigenvalues afe + y— 2ry,a — y+ 2ry,—2a}. Non-
trivially, we assume that > 0, so that the third eigenvalue 2a) is always negative. For Austenite-
Martensite interface to emerge, one of these eigenvalussimewzero, while the remained one must

be positive. There are two possible choices:

a+y—2ry=0 OR a+y—2ry>0
oa—y+2ry>0 a—y+2ry=0

These two sets of conditions are actually symmetric to etfedr and are supposed to give the same
interpretation. We may focus on either one of them. Withoss lof generality, we solve the first set

of conditions, which gives:

o«
S 2r—1

y (3.32)

This establishes a relation between the parameteand y with the volume ratia in the twinned
Martensite. Notice that & r <1 by its definition as volume ratio. Howewvecan not be (b because
of the denominator of Eg. (3.32), which means that formingAastenite-Martenite interface is

impossible between Austenite and twinned Martensite wii%-50% Martensitic ratio.
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Case volume ratio in % eigenvalue ot remark on shape

twinned Martensite as multiple ofa of interface

I 0.6 5 —4.0<—-20<6.0 incompatible

Il 0.66 3 —20<-20<40 incompatible

Il 0.7 2.5 —20<-15<35 incompatible

\Y 0.75 2 —-20<-10<30 incompatible

Vv 0.8 1.6667| —2.0 < —0.6667< 2.6667 incompatible
\ 1 1 —-2.0<00<20 compatible

Table 3.1: (Cubic-to-Orthorhombic system) In order to obtustenite-Martensite interface be-
tween Austenite and twinned Martensites in predicted veluatior of Martensitic variantse(!)
and&?, the lattice parametens andy have to be in certain derived ratio. Recall tifat= —2a.
The three (common) eigenvalues of the participating Maitenvariants are given. The middle
eigenvalue (printed in bold face) is critically relatedhe appropriate shape of the interface (stereo-
type). If the middle eigenavlue is 0, a compatible sharpriate is expected. On the other hand,
non-zero eigenvalues induce incompatible (rough) intexa

We will simulate, in Cubic-to-Orthorhombic system, midrosture involving Austenite-Martensite
interfaces for various Martensitic ratios, fram= 0.6 tor = 1.0, into six cases. The linear relation
between the two lattice parametersand y will also vary accordingly, as shown in Table 3.1. For
each case, the three eigenvalues of the Martensitic varartlisted. We will see that the middle
eigenvalue is critically related to the pattern of the AngeMartensite interface formed. If the
middle eigenavlue is 0, a compatible sharp interface is&eple On the other hand, non-zero eigen-
values induce incompatible (rough) interfaces. We wilbadgplore if there is any other factor for
the shape of the rough interface thus generated. While thréeREitic ratios are "fixed” by the the
geometric compatibility on the crystal parameters and dfeitc volume fraction as discussed, the
volume ratio of autenite to twinned Martensite can be abytr The simulated patterns are shown
in figures (3.10), (3.11), (3.12), (3.13), (3.14) and (3. F9)r each case (specific Martensitic ratios),
simulations are run for increasing Austenite-twinned-fdasite ratio from (a) 0%, (b) 20%, (c)
40%, (d) 50% and (e) 70%. In all the figures that follow, redarg are occupied by Martensitic
variant 1, blue regions are occupied by Martensitic varlanwhile green regions are occupied by
Austenite. As a remark, for the sake of standardized vigatitins and easy convergence, we have
re-oriented the transformation strains of the particigafilartensitic variants so that the normal of

the Austenite-Martensite interface is always parallehytaxis the by a suitable rotation (which
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we have the procedures outlined in previous section).

(a) (b) (c)
(d) (e)

Figure 3.10: Simulation of Austenite-Martensite intedfdn plane strain configuration when the
Martensitic ratior is 0.6 = 60%. The volume fraction of Austenite in (a), (b), (@) and (e) are
respectively 0%, 20%, 40%, 50% and 70%.
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(a) (b) (c)
(d) (e)

Figure 3.11: Simulation of Austenite-Martensite integfan plane strain configuration when the
Martensitic ratior is 0.66 = 66%. The volume fraction of Austenite in (a), (b), (d) and (e) are
respectively 0%, 20%, 40%, 50% and 70%.
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(a) (b) (c)
(d) (e)

Figure 3.12: Simulation of Austenite-Martensite intedfdn plane strain configuration when the
Martensitic ratior is 0.7 = 70%. The volume fraction of Austenite in (a), (b), (@) and (e) are
respectively 0%, 20%, 40%, 50% and 70%.
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(a) (b) (c)
(d) (e)

Figure 3.13: Simulation of Austenite-Martensite integfan plane strain configuration when the
Martensitic ratior is 0.75 = 75%. The volume fraction of Austenite in (a), (b), (d) and (e) are
respectively 0%, 20%, 40%, 50% and 70%.
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(a) (b) (c)
(d) (e)

Figure 3.14: Simulation of Austenite-Martensite intedfdn plane strain configuration when the
Martensitic ratior is 0.8 = 80%. The volume fraction of Austenite in (a), (b), (@) and (e) are
respectively 0%, 20%, 40%, 50% and 70%.
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(b)

(d) (e)

Figure 3.15: Simulation of Austenite-Martensite integfdn plane strain configuration when the
Martensitic ratior is 1 = 100%. The volume fraction of Austenite in (a), (b), (@) and (e) are
respectively 0%, 20%, 40%, 50% and 70%. Only one martebgii@nt is present and sharp
compatible interface is observed. The (common) middlersiglee of the Martensitic variant is
zero.
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3.7 Simulation in three dimensions

We may further extend the phase field simulations in threeedsions. This allows us to explore

the more realistic structures of the Austenite-Martensiterfaces. In two dimensions, we did

rotate the transformation strains so as to orientate th@alasf the Austenite-Martensite interfaces.
Simulations without such orientations may not always ghiwe desired patterns due to geometric
constraint from requiring that the patterns are periodiedth directions. Extending the simulations
in three dimensions may release the strict geometric anstio make it possible to generate more
fanny patterns.

In the following we show the simulated patterns with Martgéosatiosr from 0.6 to 0.8. For
each case, we orientate the patterns in four different nlodimections of the autenite-Martensite
interface through some suitable rotations. The volume K@tiAustenite to twinned Martensites is
equal (50%). Of course other ratios can be considered innmdations.

The simulated patterns are shown in figures (3.16), (3.B718], (3.19) and (3.20). The ori-

entiated directions of normals to the Austenite-Martengiterfaces being shown on each of these
0 0 0 1
figuresare@m=] 1 |, O)m=| 1 |, (c)m=]| 1 |,and(dm=1| 1 |. Without

0 0 0 1
otherwise stated, red regions are occupied by Martensati@nt 1, blue regions are occupied by

Martensitic variant 2 and green regions occupied by Autteni
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(a) (b)
(c) (d)

Figure 3.16: Simulation of Austenite-Martensite integfac three dimensions when the Martensitic
ratior is 0.6 = 60%, with various orientations of the Austenite-idasite interfaces.
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(a) (b)
(c) (d)

Figure 3.17: Simulation of Austenite-Martensite integfac three dimensions when the Martensitic
ratior is 0.66 = 66%, with various orientations of the Austeniterfdasite interfaces.




54
(a) (b)
(c) (d)

Figure 3.18: Simulation of Austenite-Martensite integfac three dimensions when the Martensitic
ratior is 0.7 = 70%, with various orientations of the Austenite-idasite interfaces.
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(a) (b)
(c) (d)

Figure 3.19: Simulation of Austenite-Martensite integfac three dimensions when the Martensitic
ratior is 0.75 = 75%, with various orientations of the Austeniterfdasite interfaces.
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Figure 3.20: Simulation of Austenite-Martensite integae three dimensions when the Martensitic
ratior is 0.8 = 80%, with various orientations of the Austenite-tasite interfaces. Unfortunately,
simulations with some direction of interface are not susftés

3.8 Hysteresis

Now that the phase field model can work for simulating migtagtire below transformation tem-
peratureT; (when Austenite is absent in the simulation) and at the toam&tion temperaturd,
(when Austenite participates in the simulation), we arerested to extend the model to work be-
yond the current temperature range. For this, we can molédyanisotropy energy, by adding a
function that changes with the temperature.

Due to the following facts:

» Above transformation temperatufig, Austenite becomes more preferable than Martensite.

The higher the temperature is ovir Austenite gets even more tendency to form.

» Below transformation temperatuiig, Martensite becomes more preferable than Austenite.

The lower the temperature is beldw, Martensite gets even more tendency to form.

» Attransformation temperatuii, both Austenite and Martensite have equal priorities tetexi
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They tend to co-exist.

These facts and observations suggest the following foresfital functional in the upper level

where the Austenite is separating from the twinned Martessi

AT | p? T<T.
Wthermal(u) — 0 T=T. , (3.33)
|AT\(1—u1)2 T>Te

whereAT =T — T is the change of temperature from the transformation teatypes.

The effect of this thermal functional on the anisotropy ggeran be examined by considering
the sum of anisotropy energy and thermal energy due to plhasge by temperature in Fig. (3.21).
At transformation temperaturé = T, the energy is minimized and stable at either Austenite or
Martensite, thus both phases have equal priorities to.eRmsiow transformation temperatuiie<
Te, the energy is minimized at field variable corresponding trtehsites, thus Martensite is more
likely to form. Above transformation temperatufe< T¢, the energy is minimized at field variable
corresponding to Austenite, thus Austenite is more likelform.

With the introduction of thermal energy that modifies thesatriopy energy over a wider temper-
ature range, hysteresis of microstructure in shape mentiogsaan be implemented and simulated.
The process of hysteresis consists of two stages. In thesfage, the initial pattern consisting en-
tirely Austenite but a layer of Martensites as nucleationasled to (twinned) Martensites. In the
second stage, the then-formed (twinned) Martensites, nowdwith a layer of Austenite as nucle-
ation, is heated to Austenite. The temperature appliechisssidal, which is explicitly expressed

as:

total

AT:sin<t mﬁ, (3.34)

wheret is the iteration or time measure atgly is the total number of iterations for one complete
cycle (nucleated Austenite first cooled to Martensites tieated back to Martensite). The resulting
hysteresis loop and the snapshots showing simulated pa#iee shown in figure (3.22) for= 0.6

and figure (3.23) for = 0.7.
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(@)

mu=0, M mu=1, A
Hy

b) | ©)

.
mu=0, M mu=1, A mu=0, M mu=1, A

Hy Hy

Figure 3.21. Sum of anisotropy energy and thermal energy.A(dransformation temperature
T =T, the energy is minimized and stable at either Austenite aténaite, thus both phases have
equal priorities to exist. (b) Below transformation tengiareT < T, the energy is minimized at
field variable corresponding to Martensites, thus Marterisimore likely to form. (c) Above trans-
formation temperaturé < T, the energy is minimized at field variable corresponding tist&nite,
thus Austenite is more likely to form.



59

As a remark, during the first stage of hysteresis where Aiisténcooled to Martensites, the
ratio of the two Martensitic variants are fixed due to constriom Austenite, based on the geo-
metric compatibility condition. After all Austenite hassdppeared, the ratio of these Martensitic
variants is longer fixed. In the absence of Austenite, thie tdtMartensites can be arbitrary. Given
enough time, the patterns will evolve to one Martensitidararfor stable pattern with minimized
total free energy. During the second stage where Marteissiteated to Austenite, whence a layer
of Austenite is added. As the content of Austenite is growihg ratio of Martensitic variants is
adjusting to the ratio governed by the geometric compdtilbndition with Austenite. These can

be observed in the snapshots of figure (3.22) fer0.6 and figure (3.23) for = 0.7.
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Figure 3.22: Hysteresis loop and snapshots showing thetswolof the microstructure far= 0.6
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Austenite ratio

= 0 1
(relative) Temperature

Figure 3.23: Hysteresis loop and snapshots showing thetawolof the microstructure far= 0.7
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3.9 Austenite-Martensite interfaces in real crystal systes

We have developed a two-level phase-field simulation to nmilero-structures with Auetensite-
Martensite interfaces. In this section, we make an attem@irhulate micro-structures in com-
mon crystal systems, which include the cubic-to-tetragepstem, cubic-to-orthogonal system and
cubic-to-monoclinic-I system. Twinning of different vanits in one system can give rise to different
micro-structures, of which some can form further AusteMi@tensite interface but some can not
[2]. We first outline the criteria to determine if variousanfiace can be generated. These criteria are
then applied to different representative pairs in each@htlentioned crystal systems to explore the
possible twinned micro-structures, possibly with or withdustenite-Martensite interfaces. These
micro-structures are also simulated.

The background theory of Martensite-Martensite and Autgdviartensite interfaces in shape
memory alloys is discussed using the general finite straivis.may identify if these two variants
can form interfaces. Consider two variants (which can beM@otensites or one Martensite with
one Austenite) quantified by eigen-straifisand G in finite strain matrix representation. For an

interface is formed, the two strains have to satisfy:

QF -G =a®n (3.35)

for some rotation matriX). a andn are the shear and normal of the interface.

Occasionally the above criterion can not be verified diyecllo re-phrase the criterion in a
more accessible way, we defi@= G TFTFG~!. Also define the three eigenvalues ©fas
{A1 < A2 < A3} and the corresponding eigenvectors{ag, ny,n3}.

The following criterion is formulated:

e If C =1, no interface can form.
 If C #1 but if the middle eigenvalug, # 1, no interface can form.

 If C # 1 and the middle eigenvalu®e = 1, an interface will form.

In case an interface is verified to exist between two varjahes directions of normals and
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shearsa can be computed as:

C [As(1= A1) M(Az—1)
a= As— M €1+ Kn As— M1 €3

VR vR . .
=" ( V1- MG e+ kny/As— 1G 63,>, (3.36)

wherek,, = +1. Thus there are two sets of solutions, denoteddy, n*} and{a~,n"}.

Notice that if the two variants are Martensite, their rafiothe interfaced microstructure can be

arbitrary, which can be practically manipulated by impgsiompatible external strains.

For an interface between Austenite and twinned Martengitésrm, the transformation strain

of the participating Martensite has to satisfy the follogvequations:

5=aG(G2—1) 'n<2

n =tr (G?) — det(G?) —2+%\a|2 >0 (3.37)

The existence of autenite-Martensite interface, the @pdiing Martensite variants have to be

in fixed ratios A:1—A) or (1— A:A), where:

1 2
A:§<1—,/1+5> (3.38)

With A, one may further defin® = (G+An®a)(G+Aa®n). Denote the eigenvalues B
be {11 < o =1 < 3} and and the corresponding eigenvectorqfasf,,f3}. Then the sheamb]

and normal i) to the interfaces can be computed as:
1-— -1
Ha(1—p)g [P —1)
M3 — H1 M3 — H1

m— % (—\ /1= taf1 + Ko/ g — 1f3) , (3.39)

wherekm = +1. Thus there are two sets of solutions for each/of énd (1— A), denoted by
{b*,m*}and{b~,m"}.

As schematically shown in figure (3.24), for any two variapitshe same crystal system, there
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can be as many as eight possible configurations of microistes.

F,G

(a*,n* (a~,n7)

A 1-A A 1-A

bt mH b >m) (b m) (b m) b*m) b >m) (b m) (b m)

(1) (2) (3) (4) (5) (6) (7) (8)

Figure 3.24: Schematic showing how the eight possible ofarétructures are generated.

The occurrences of interfaces in three common crystal sysstaamely, Cubic-to-Tetragonal,

Cubic-to-Orthorhombic and Cubic-to-Monoclinic-I systemill be presented in appendix (B).

3.10 Discussion and Conclusion

The introductions of the two-scale formulation and the rirenergy functional allow us to sim-
ulate patterns over a wide range of temperature that ingolwéning of Austenite and variants
of Martensites based on the geometric compatibility coowlifor forming interfaces among these
variants. These are implemented for thin-film (plane sjrasd bulk configuration (plane strain and
general three dimension). Hysteresis is also studied.

More efforts are needed to explore the relationship of thgtte of the hysteresis loops and the
(common) middle eigenvalues of the Martensitic phaseschvhiill give us insights on the search
of materials that possess quick change of shape and thatroeriess energy.

There are several directions to extend the current worke dnection is the simulation of the

Austenite-Martensite interfaces in other functional mats, such as ferromagnetic shape memory
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alloy, ferroelectric materials, which involve couplings®veral physical orderings. In the phase field
models and simulations, periodicity is assumed so as tlitéeithe uses of Fourier transforms. This
assumption is valid for nanoscale where the microstrucititiee sample (in a unit cell) is simulated.
When phase field simulations are applied to real physicdésyssuch as, when the whole sample
is adhered to substrate and subjected to various micraxaoper the top surface, the condition of
periodicity has to be dropped out, thus complicating thdyamaand simulation. In a later chapter

we are going to resolve this issue.
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Chapter 4

MARTENSITIC TENTS AND TUNNELS IN SHAPE MEMORY ALLOY THIN
FILMS BY PHASE FIELD SIMULATION

Martensitic tunnels and tents, two common thin film struesugrown on substrate, enable ex-
tensive studies due to their excellent mechanical perfoomaefficiency and size. Crystallograph-
ical conditions on crystal lattices, using infinitesimalrtsformation strains, for the formation are
derived. A modified phase field simulation with additionaérgy functional due to substrate con-
straint was then adopted to investigate pattern formatidrtannels and tents, which corroborate
existing experimental results. Thermal hysteresis wassdlglied to illustrate the evolving patterns
under a sinusoidal profile of temperature. This shows thatdls consume less energy to evolve
then tents do. The simulation serves as a guide for the defigimn film structures in various

applications.

Micro-actuators capable of delivering a large work outpatrf small volume are highly desir-
able for microelectromechanical systems (MEMS) [2, 58 S3{lape memory alloys (SMASs) whose
work outputs per unit volume is largest amongst a varietyctia materials are attractive for micro-
actuation [2, 58, 3]. Nevertheless, SMA-based actuatanallyshave poor bandwidth, limited by
the rate of heating and cooling, has motivated developnfe®MaA thin films wherein heat transfer
is accelerated for their small size [2, 58, 3]. However, emtional SMA thin films are constrained
by substrate clamping, which severely reduces their dotuatrain and work output [2, 58, 3]. It
has been proposed that parts of SMA thin films can be released the substrate constraint by
backing etching, as schematically shown in figure (4.1),intpit possible to transform the released
portion into Martensite, while keeping the constrainedaregdn austenite [2, 58, 3]. This leads to
the formation of Martensite tents and tunnels shown in figdrg) that increase the actuation strain
and thus the work output in SMA thin films, with the austervartensite (AM) interface func-
tioning as a hinge [2, 58, 3]. Such tent and tunnel structbes® indeed been realized in previous

experiments, though the transformation is rather diffigyl68, 3]. In this letter, we seek to simulate
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Martensitic tent and tunnel structures in SMA thin films gsour modified phase field method in

order to understand the transformation process.

Two types of interfaces are involved in Martensitic tent amdnel structures shown in figure
(4.1). One is the AM interface, and the other is the interfae®veen Martenstic twins. As a result,

the following compatibility conditions have to be satisfi@d59, 60, 61, 62]:

f.cof(eW)f=0

tr(e®) —f.ef >0, (4.1)

It is well known that in bulk SMAs, a coherent AM interface igfidult to form, requiring sat-
isfaction of rather restrictive conditions on lattice pagders of austenite and Martensite [2, 59,
60, 61, 62]. In thin films, however, such conditions are rethsubstantially, as compatibility be-
tween austenite and Martensite only needs to be satisfiedoidimensions (2D) instead of three-
dimensions (3D) [2, 59, 60, 61, 62, 63]. As a result, only iase components of transformation
strains need to be considered in compatibility, and oyttafite components become inconsequen-

tial. For cubic-to-orthorhombic transformations we arasidering, this implies that:

wheref is the pre-assigned normal to the thin filef) is the infinitesimal strain of the Marten-
sitic variant involved in the system, aod f andtr are, respectively, the cofactor and trace operators

for 2-tensors.

It is well known that in bulk SMAs, a coherent AM interface igfidult to form, requiring sat-
isfaction of rather restrictive conditions on lattice pasders of austenite and Martensite [2, 59,
60, 61, 62]. In thin films, however, such conditions are rethgubstantially, as compatibility be-
tween austenite and Martensite only needs to be satisfiegbialimensions (2D) instead of three-
dimensions (3D) [2, 59, 60, 61, 62, 63]. As a result, only iase components of transformation
strains need to be considered in compatibility, and oyttafie components become inconsequen-

tial. For cubic-to-orthorhombic transformations we aresidering, this implies that:
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(a) (d) (e)
thin film A 0) 0) (1) 0)

substrate

N\

(b) n,

N\
\

222

Figure 4.1. Schematic showing (a) shape-memory alloy digabsn a substrate; (b) shape-memory
alloy released in a suitable region and remains at in themitisf (c) bulges out in Martensite below
transformation temperature; (d) various interfaces it {@) various interfaces in tunnel. In fig. (d)
and (e), the notions (0), (1) and (2) represent the regiongpied by the austenite phase and the
two Martensitic phase respectively. Alsg; denotes the interface between austenite and Martensitic
variant 1,ng, denotes the interface between austenite and Martensitent&, andhi» denotes the
interface between austenite and Martensitic variant 2.

OB B I O I e 4.2)
00 a a -a o

T T
which give the AM interfaces for tentsy; = i( % % ) No2 = i( \/1_ \1f ) and

-
the AM interfaces for tunnelsg; = + ( 10 ) ,Nop ==+ ( ) Within the released region
T

1
_ T
of the tent, the MM-interfaces arg, = i( 1 0 ) , ( 0 1 ) Recall that there is no MM-

interface for tunnels due to the existence of only one Maiter2, 59, 60, 61, 62].

Two Martensite variants and one austenite variant arewedylwhich are represented by two
characteristic functiongs (x) andux(x) [64, 65, 66, 67, 68, 69]. The austenite region is indicated by
H1(x), which takes a value of 1 ¥is occupied by the austenite phase and 0 otherwise, whilgsthe

ticular Martensite variant is indicated g (x) in a similar manner. As a result, the transformation
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strain atx is expressed as:

£°[1] = (1— pr) e + (1— ) (1 — pp) €2, (4.3)

whereeV is the transformation strain of Martensite variant, ane [U1, U2]. Note that austenite is
used as a reference and thus has zero transformation Sthamistribution of transformation strain

€* may induce elastic strain in the structure, resulting istidaenergy as follows:

WeR() = 2 (e~ £°[u]) - Cle £ [u]), (4.4)

wherece is the total strain that can be solved from mechanical dauiin equation, consisting of
both the elastic strain and the transformation strain,@iglthe elastic stiffness tensor. This allows
us to useu as field variable to simulate the structure. However to enthaity; and i, take either

1 or 0, an anisotropy energy is introduced that is minimizéemny; takes either O or 1,

WAN(1) = Ka[p2(1— pn)?+ p2(1— ), (4.5)

whereK is the anisotropy constant. In addition, interfacial eyésgntroduced to penalize gradients

in the characteristic functions, such that
WO () = AlOu . (4.6)

Finally, the constraint on the unrelaxed portion of the filyrthe substrate is achieved by including

an additional penalty for deformation,
Wpenalty(u) — B‘£‘2X57 (47)

whereB is the penalty constant and is the characteristic function of the region constrainedhay

substrate. The potential energy of the system is then giyen b

) = [ WS+ W) - WER(30) WP 1) — 00 e (4.8)



69

whereQ is the domain occupied by the shape memory alloy, @hds the stress arising from the
traction applied at the boundary. The variation of potérgigergy with respect tpt results in the

driving force for the structure evolution,

4
OH

F(u) = = F98(p1) + FA" () + Fo'3(p) + FPenay ), (4.9)

and under a linear kinetic approximation, the evolutionagigu for i is derived as

ou _

5 =M [FO() ++ FM (1) + F*2(p) + FPera™ ], (4.10)
whereM is the linear evolution coefficient, are™ () = —%2(“), F93(u) = 2A0%u, F&3(p) =

9€'[u] Epenalty ) — WP (p)
O gy PP = g

This theory is implemented into a numerical simulation or &, plane, with all the field
variables assumed to be independentsadind the normal of the plane set tofbe ( 0 0 1 )T.
Thus a two-dimensional simulation will be sufficient, thbougll the tensorial variables are three-
dimensional in nature. To solve Eqg. (4.10), fast Fouriendfarm [70] is adopted on a spatial
scale with a 64< 64 lattice, and semi-implicit finite difference scheme [72] is adopted on a
temporal scale with a time step of 0.001. The elastic cotstaithe material are assumed to be
Ci1 = 40 x 10°Pa,Cy» = 10 x 10°Pa andCzz = 30 x 10°Pa, witha = 0.045, K; = 6 x 10’ and
B = 10’. Unless otherwise noted, the simulation starts with ranahstial conditions forpy; and i,

and iterations continue until a stable configuration engerge

Phase field simulation is applied to study the pattern faionatof the tunnel and the tent for a

cubic-to-orthorhombic transformation, which has transfation matrices given by (4.2).

With regard to the mechanical condition, the substratebgsted to strain-free conditions while

the to-be-released region is subjected to the stress-freditmon.

In forming the desired structures, AM interfaces are imguutrt The released region should have
the correct orientation, and the film should have the comecinal [2]. We seek to arrange the
substrate and the to-be-released region in such a way thaddntensite will bulge up like a tunnel
or atent. In particular, we aim to choose the crystallogyagid the region to be released carefully

so that each ridge in the figure is a material interface anddfigrmations are energy minimizing.



70

Figure 4.2: Simulation of patterns of tunnel and tent anddbeesponding three-dimensional
views; (a) Pattern of tunnel; (b) Three-Dimensional viewwtnel; (c) Pattern of tent; (d) Three-
Dimensional view of tent; (e) experimentally observed fation of tent (Bhattacharya and James)
for comparison.

If this is possible, the films can be exploited to make micuoaps, micro-valves and other micro-
actuators [3, 73, 74].

If the to-be-released region is the middle strip while thma@ing region is adhered to the
substrate, the middle-released region in the simulatadnpatill become Martensite upon cooling
and bulge up as a circular arc, as shown in figure (4.2)(a)&20(b). The two Austenite-Martensite
interfaces act as hinges and the resulting structure isutireet. The rotation matriQ = Q(6) is a
one-parameter function.

On the other hand, the to-be-released region is the middlaregsland, which will become
Martensite upon cooling as in figure (4.2)(c) and bulge uptestmade of four triangular surfaces

joined at the center of the film, as in figure (4.2)(d). ThetiotamatrixQ is constant over each of
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Yo Austenite

10

9 i Temperature

Figure 4.3: Thermal hysteresis of tunnel; ()(i): patterns of intermediate structures; Patterns
along cooling on the curve are marked by circles, patterosgaheating are marked by square
diamonds.

the four patches.

In all figures showing various patterns, green is designateslistenite, while red and blue are

designated for the two variants of Martensites involved.

We then consider the thermal hysteresis of tunnel and téntg4], subjected to a sinusoidal

profile of temperature. Thermal energy is adopted in the form

IAT|(1—)? T>Te

Wthermal U) = , ’
|AT |z T<Te

(4.11)

where T, is the transformation temperature above which austeniterbes more likely to form
and below which Martensite becomes more likély, = T — T is the change of temperature from
the transformation temperature. In the simulation, dudéosinusoidal nature of the temperature
change, the thermal energdyl is a function of time and is expressed explicitly as:

AT = sin(tE2rr> : (4.12)

wheret is the iteration or time measure ahds the total number of iterations for one complete cycle
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Y% Austenite

40 5 0 510

Temperature

Figure 4.4: Thermal hysteresis of tent; (a)i): patterns of intermediate structures; Patterns along
cooling on the curve are marked by circles, patterns aloagjriigeare marked by square diamonds.

(nucleated austenite first cooled to form special thin fillmatres then heated back to flat sheet of
austenite).

Austenite is used as initial condition, with less than 1 patof Martensite added for nucleation.
The resulting curves relating the content of Austenite wetbe applied temperature are shown in
figure (4.3) for tunnel and figure (4.4) for tent. The releasggon in the films emerges to Martensite
with the formation of tunnel and tent upon cooling, whichrtlteegenerates back to Austenite upon
re-heating, and a complete thermal cycle is finished.

In summary, for materials whose transformation strainsfyathe crystallography conditions,
tunnels and tents may be formed. We have developed an umtamed phase field simulation for
these thin film SMA, which is used to simulate the formatiortusinels and tents, and the evolution
of the domains under the influence of temperature, usingrilenysteresis loops. The theory and

stimulation thus provide a guide to the choice of materiaithée design of micro-machines.
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Chapter 5
ELECTROMECHANICAL FIELDS IN THIN FILMS (3D-CONFIGURATION )

In our previous work on phase field simulations with peridggis along all directions, we solved
the mechanical equilibrium equation (similar for Maxwekquation) using Fast Fourier Transform
(FFT) in all directions [32, 33, 56]. For more realistic cauiiations, at least one periodicity along
the out-of-plane direction is released [76]. We need tolvesthe mechanical equilibrium equa-
tion (as well as the Maxwell’s equation) in this scenario.isT¢hapter is devoted to the numerical

solutions of these equations.

5.1 Introduction and Background

So far phase field simulation has been successfully adopt@ddal domain patterns in microstruc-
ture where periodicity is assumed in all physical dimensioHowever, practically, experimental
configurations of sample being investigated, such as rfurigtional materials under the actions
of Scanning Probe Microscopy (SPM), Piezo-response Foiiceostopy (PFM), Electrochemical
Strain Microscopy (ESM), etc, do not necessarily assumestifteig constraint from periodicity.
Modified numerical simulations are developed.

From this chapter onwards, we utilize the phase field modalntmlate multi-functional ma-
terials in more realistic configurations and with couplirigrre than one physical ordering, such
as, mechanical with electrical, mechanical with magnetic, As a real physical modal, we release
the periodicity condition in thes-direction. We outline the numerical schemes to solve the me
chanical equilibrium equation (or called elasticity edqoiat and the Maxwell’s equation for three-
dimensional samples with periodicities ovgr andx,- coordinates only. Two methods for each
are derived, which we refer as ttate equationapproach (ofeigen-expansion”) and thefinite
difference approach. We apply the simulation to study the electro-rmeichal response of a piezo-
electric material and the mechanical response of ferrbedenaterials under SPM probing.

The configurations for the Maxwell’'s equation and the mea@requilibrium equation are
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shown in figure (5.1). For the Maxwell’s equation, assumé tina bottom surface is subjected to
some potential through grounding or electrode, while thesiorface is subjected to some known
potential or electric field. Instantaneous polarizatioals pre-assigned. We solve for the electric
potential and fields over the entire sample. For the mechbheauilibrium equation, assume that
the bottom surface is adhered to a substrate while the tégcsLis subjected to a traction force. We

solve for the displacements (and thus strains and stresges)he entire sample.

(a) Maxwell Applied electric (b) Elasticity

field or potential Traction on top
on top surface surface T(x,y)

Adhered to

X, | Grounded or X substrate

electroded
X, }’ X
X, Xz

Figure 5.1: Configurations for solving (a) the Maxwell’'s atjan and (b) the mechanical equilib-
rium equation.

Elasticity and Maxwell's equations in three dimensions sotved numerically and easily by
finite element using black-box commercial softwares likeSWE, Abaqus, COMSOL, etc. Itis in-
convenient to extract their results and integrate into dwasp field simulations that follow. Bound-
ary element method is also used to solve Maxwell's equatspgecially for potential and fields
outside the sample [67]. For the special case, where peitpds assumed in all directions, so-
lution using repeated Fourier transforms are developedd@R If the periodicity inxz-direction
is released, special approach like the Stroh’s formulasadopted and implemented [77, 78, 79],
where a lot of mathematical results in linear algebra andptexnvariables are also quoted. To avoid
all these technical difficulties, two approaches for saj\imese equations are developed, which only

use simple mathematics and minimal assumptions based phyk&s of the problem. This chapter
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serves as a computational prerequisite for all subsequerkisw

We will outline the solutions of the Maxwell and elasticitguations using two approaches,
namely, eigen-expansions and finite difference. Theirraémhethodologies will be presented

briefly. The detailed developments are lengthy and are glacappendices, for the sake of charity.

We are solving the Maxwell’s equation:

—kOE =0-P
(5.1)
E =-0op
whereP = (P, P,, P;) is the spontaneous polarization of the sample; (E;, E, E3) is the electric

field andg is the resulting electric potential, and the elasticity agopn:

o =C(e—¢)
0.0 =0 (5.2)

e =[0u

wheree* are the stress-free eigen-straigsare the total elastic straing; are the stresses and

represent the resulting displacements that describe foendation of the elastic system.

Since the geometry is imposed with periodic boundary c@rditalong all in-plane directions,
that is,x; andx,, FFT is applied to these equations along these directiobgaed to periodic-
ities. These operations will convert the original coupledtial differential equations into system
of ordinary differential equations along. In the eigen-expansion method, we decompose and
solve each ordinary differential equation into homogessgoart and particular part (also known as
the perturbed part). The perturbed part is further solvethftwo contributions, one due to non-
homogeneous eigen-strains with zero out-of-plane boyndamnditions and the other one due to
out-of-plane boundary conditions only. This is also refdras the semi-classical method.

On the other hand, we may also discretize and solve eachaoyddifferential equation with
finite difference numerical scheme. This approach is knosvihe finite difference.

The details of how these two methods are adopted to solve éxevill's and the elasticity equa-
tion are presented in appendices (D.1), (D.2), (D.3) and)(DConventions on quantities (vectors

and matrices) related to elasticity equations are outlinegppendix (D.5).
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5.2 Simulation in piezoelectric materials and SPM of ferroéctric materials

In this section, we apply the developed numerical methafetofor the Maxwell’'s equation and the
mechanical equilibrium equation to two practical problemasmely, simulation of deformation in
piezoelectric material due to applied electric field, amdudation of SPM response of ferroelectric

materials.

5.2.1 Deformation in piezoelectric material

Due to the existence of electric dipole moments, piezoeteotaterials demonstrate the converse

piezoelectric effect, where the application of an eleatrfield creates mechanical deformation.

Traction on Electrig field or
potential over

top surface
\top surface

N
\
I
Adhered to Grounded or
X substrate electroded
3
s

X3

Figure 5.2: Configurations for solving electromechaniesiponses of piezoelectric materials.

Simulation of piezoelectric response couples two physicdérings: electrical and mechanical.
We consider the physical configuration and the associataddasy condition, as demonstrated in
figure (5.2). An electric potentiddy = Vo(X1,X2) is applied to the top surface of a slab of piezoelec-
tric material. A force, as tractiom = T(x1,X2), may be applied to the top surface. The base surface
is adhered and grounded to an electrode, so that the pdtismigintained to be zero and there is

no deformation, resulting in zero displacement.
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Assume that the applied potential and traction are acteallyoon the top surface so that the
region far away from the site of application of these loadimgerience almost no effect from these
loadings. We may assume the equations and all physical itjgardre periodic in; andx, direc-
tions. This periodicity is also satisfied if the applied paial and traction are periodic x andxy,

including the trivial case where these loadings are cohstar the top surface.

The simulation consists of three steps: Maxwell's equatfmazoelectric constitutive relation

and the mechanical equilibrium equation, with the boundaryditions, as listed as follow:
Step 1: Maxwell's equation:
The distribution of electric potentia = @(x;,%2) is computed from the Maxwell’s equation:

kO?p=0-P, (5.3)

subjected to the boundary conditions:

P(x1,%2,H) =Vo

®(X1,%2,0) =0 (5.4)
Step 2: Piezoelectric constitutive relation:
Electric fieldE = E(x1,X2,X3) is then obtained from the electric potential:

E=-O¢ (5.5)

This electric field induces an eigen-strain through thegeézctric matrix:

s = dE (5.6)
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This can be expressed in component form:

&1 0 0 da

£, 0 0 dz E,

£33 _ 0 0 ds3 £, 5.7)
£54 0O dgs O ,

£03 ds 0 O

£, 0 0 0

Step 3: Mechanical equilibrium equation:

With the eigen-strains identified, deformation strains atndsses can be obtained by the Me-

chanical equilibrium equation:

o=C(e—¢°

Oo =0, (5.8)
subjected to the boundary conditions:
U(xg,%2,0) =0
0 (X1, %2, H)Nn (X1, %2, H) = T (X1, %2, H) (5.9)

To demonstrate the simulation, assume that the rectangafaple of piezo-electric material,
with dimensions 4 107 (m) x 4 x 1078 (m) x 4 x 10 (m), is adhered and grounded, so that the
displacement and voltage on the bottom surface are zerotoptmirface is subjected to a profile of

voltage described by:

(p(X17X27 H) = (ROP(XJJXZ)
B { Vo ((—Xl_Rxlo)z + (—XZ_RXZO)Z) (Xl — Xl())2 + (Xz — Xz())2 <R

0 otherwise

where the magnitude of the voltage is decreasing from itk palueVy parabolically to zero, away
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from the center of the circle of radil®centered atx;o,X20) on the top surface. Also assume that
the top surface is subjected to no mechanical loading.

The simulation is implemented in a 160100 x 200 grid. The material parameters acg:=
80x 10°, ¢ = 30x 1%, c3 = 20x 10%, dh3 = —5.43x 10712, dpg = —5.43x 10712, d33 = 11.37 x
1012 dyy = —11.34x 10 12, d5; = —11.34x 10 12, In the first trial, assume that there is no internal
polarization. The distribution of the resulting physicabgtities, including potential, electric fields,

displacement (deformation), strains and stresses, avensindigures (5.3), (5.4), (5.5) and (5.6).

-50000
-100000

-150000
200000
-250000
-300000
-350000
-400000
550000 -450000

Figure 5.3: (Electromechanical responses of piezoetentdterials) Electric potential and fields:
(a) electric potentiaf, (b) field componenEy, (c) field componenE, and (d) field componerits.

We may discuss the effect of instantaneous polarizatiohdaetectromechanical responses of
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(a) }\ (b) )\

Figure 5.4: (Electromechanical responses of piezoetentaterials) displacement components or
deformation: (a1, (b) u; and (c)us.
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Figure 5.5: (Electromechanical responses of piezoetectaterials) strains: (&)1, (b) €22, (C) €33,
(d) &23, (€) &1z and (f) £x2.
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Figure 5.6: (Electromechanical responses of piezoetentdterials) stresses: (@)1, (b) 022, (C)
033, (d) 023, (€) o1z and (f) 012
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piezoelectric materials. Assume that the instantaneolasipation is in a quadratic profile, that is,
P(x1,%2,X3) = Poxgk (5.10)

Numerical simulations are carried out fy= 10?, Py = 10* andP, = 10P. For the sake of simplicity,

only the resulting distributions of displacements (defations) for these cases are illustrated in

figures (5.7), (5.8) and (5.9).

Figure 5.7: (Electromechanical responses of piezoetertsdterials) displacement for non-zero po-
larization withPy = 10%: (a) ug, (b) u and (C)us.

It can be seen from the illustrations that as the strengtheppolarization increases, its influence

on thexsz-displacement is getting more dominant over the influenom fihe applied electric poten-
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Figure 5.8: (Electromechanical responses of piezoetectsdterials) displacement for non-zero po-
larization withPy = 10*: (a) ug, (b) uz and (c)us.
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Figure 5.9: (Electromechanical responses of piezoetertsdterials) displacement for non-zero po-
larization withPy = 10P: (a) ug, (b) u and (c)us.
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tial over the top surface. In Fig. 5.7, the polarization il steak, thus the displacement i3 is
similar to the simulated pattern using zero polarizatioRim 5.4. As the polarization is increasing

to Py = 10%, its influence is getting significant, the distribution o§placement irxs is disturbed,

as seen in 5.8. A more delicate examination shows that thaitodg of the displacement iy is
decreased, due to the partial compensation of polarizédidine applied electric potential. Finally

as the polarization is increasedRg= 10°, as seen in Fig. 5.9, the influence becomes the greatest
of all the cases being studied. The influence of the appliedtrdt potential become negligible,
compared to polarization. Thus the displacementsiis mainly due to polarization. Physically

speaking, the sample is pulled up by the polarization.

5.2.2 SPM of ferroelectric materials

Ferroelectric materials possess spontaneous electacipations that can be reversed by the appli-
cation of external electric fields. Ferroelectric materale considered as a sub-class of piezoelectric
materials. They can be characterized by their domain atstah® using the Piezo-response force

microscopy (PFM).

Piezo-response force microscopy (PFM) is a variant of atdarce microscopy (AFM) that al-
lows imaging and manipulation of ferroelectric domainse Thechanism of PFM is similar to that
of AFM. A sharp conductive scanning probe is brought intotaohwith the surface of a ferroelec-
tric (or piezoelectric) material. A voltagé, is applied to the specimen through the tip contacting
the surface. This voltage will induce or excite a local ofiplane deformatioruz and out of plane
deformationsu; andu, through the converse piezoelectric effect (CPE). Thesdtheg deflections
of the probe cantilever is detected by a split photodiodedalet. By scanning the SPM tip over
the surface of the probed specimen, distributions of despfeent fields can be obtained. The to-
pography and ferroelectric domains can be imaged simudtaste with high resolution. Notice that
if the specimen is piezoelectric or ferroelectric, the nmiagles of the displacements can be corre-
lated with the piezoelectic coefficients, while the phase loa correlated with the polarity of the

polarization.

While the ferroelectric domain structures can be inferrechfthe SPM scanning, the correlation

between PFM mappings and the underlying ferroelctric sirecis often nontrivial. Due to the



87

fact that the tip induced displacements are governed by-lange electro-elastic interactions, the
response is not only affected by the two-dimensional (20anmation on the surface, but also
influenced by the three-dimensional (3D) polarizationrdigtion.

In this section we aim to simulate the SPM response of a flesctoe material and further

investigate if the domain pattern of the surface can giveiasight into the real 3D ferroelectric

domain pattern.

(a) (b)

SPM Tip inducing electric

\/0 potential and field o
O —
'h
Vv
A7l Probed
LI material

. 4 . |
f f.n :

Figure 5.10: Configuration of SPM experiment

X3

We consider a typical SPM experiment, as shown in figure {5\WBere a charged SPM tip is
used to induce and probe the piezo-electric vibration ofradgeneous ferroelectric. The potential
distribution induced by the charged SPM tip can be deterthiregng the method of image charge.
The resulting electric fiel&E(x) and potentialp(x) distributions are evaluated as:

_ 99
o— Q , (5.11)

2meg(K + 1)/ p2+ (% - d)

whereQ = 27T£orV0KT+l is the equivalent point charge, witly and r being the potential applied
and the radius of the SPM tigg the permittivity of vacuum, ang = /€11€33 the effective permit-

tivity of the specimeny = % measures the dielectric anisotropy of the specindes, ;. is the
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spacing between the effective point cha@and the probed surface apd= x% +x§ is the polar
coordinate of the point of interests.
This electric field induced by the SPM tip will in turn inducapiezoelectic strain field (eigen-

strain) denoted by:

whered is the piezoelectric tensor. With this eigenstrain, thetatdy problem can be solved for
displacements (as deformation), strains and stresses.

The simulation is implemented for BFO in a 160100 x 200 grid. The material parameters
are:c; = 80x 10%, ¢, = 30x 10°, c3 = 20x 10%, dh3 = —79.0x 10712, dpg = —79.0x 10712, d33 =
1910x 1012, dgp = 2700 x 10 12, ds; = 2700 x 10 2. The simulated pattern of the resulting
SPM response of the top surface of the sample, is shown irefi@ut1).

In fact, our approach also generate the distribution ofldegments over the entire domain, as
shown in figure (5.12). Since the deformations are localitleel distributions are zoomed near the
location of action of the SMP tip to give better and cleareadgs. The distributions of strains and
stresses in principle can also be evaluated but since tleegatrof particular interest in this study

and we skip their graphs.
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Figure 5.11: (SPM) distribution of displacements on probadace. (au; (b) uy; (c) us; (d)

magnitude oz as 3D plot
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(a) }\ (b) }\

-7E-11 -7E-11
-8E-11 -8E-11

Figure 5.12: (SPM) Distribution of displacements on probpdcimen in three-dimensions. (a)
(b) ug; (C) us;
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Figure 5.13: (SPM) Distribution of displacements on profeecimen in three-dimensions, zoomed
near the SPM tip, to explore the local responsesufgalb) u; (c) us;
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5.3 Discussions and Conclusions

In this chapter, we proposed two methods (eigen-expangidrfiaite-difference) for solving the
Maxwell's equation and the mechanical equilibrium equatmmerically. We then apply these
numerical schemes to solve two problems, namely, the eleetthanical response of piezoelectric
materials and SPM response of ferroelctric domain.

By incorporating these numerical solution to phase field ehode may develop phase field
simulation for macro-scale application, where periogiatpartial released. Some possible projects
include: (1) Phase field simulation of shape memory alloysacroscopic scale. (2) Phase field
simulation of polarization switching in piezoelectric raaals by probing. (3) SPM scanning for
3D reconstruction of ferroelectric domains. (4) Phase fataulation of electochemical dynamics

in Lithion lon Batterys, and many more unlisted here.
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Chapter 6

PHASE FIELD SIMULATION IN FINITE GEOMETRIES

Previous works on phase field simulation have assumed permmlindary conditions in all
directions which makes it hard to simulate domain pattenascapture various physical behaviours
in realistic configurations, such as thin film being testedanrpiezo-response force microscopy. In
order to extend the scopes of simulation, phase field siioualé&r finite geometry will be developed
where periodicity along the out-of-plane direction is asled [76]. Thus more realistic physical
boundary conditions can be considered, which are criticahe role of domain switching. For
instance, the variants in the domain may switch to some othgants upon applying force or

electric potential or field on the boundaries.

6.1 Unconventional Phase Field Simulation of Shape Memory Iloys in Finite Geometry

Recall that the domain patterns and domain dynamics (ewajudf the participating variants in
shape memory alloys (SMA) as well as other multi-functiomedterials are governed by phase
field simulation. IfN variants are considered, a set(®f — 1) characteristic functions, denoted
by {y,1 <i <N}, are needed in the formulation. Each variant is associatédantransformation
strain, (). Since each point of the domain can only be occupied by 0 ordetmte occurrence
of some variant so that\ ; yi(x) = 1, theseN characteristic functions can be reduced to another
set of(N — 1) laminated characteristic functioqg;,0 <i < N —1}. The effective inhomogeneous

transformation strain field (eigen-strain) is given by:

£5(x) = _Zly;(x)s(i), (6.1)
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where

Vi=H
Yo = (1—py) o
Y3 = (1—pp)(1— p2) 3

W-1= (1= p)(1—H2) - (1— HUn-2)IN-1
W= (1—p1)(1—p2) - (1—pn-2)(1— tn-1) (6.2)

The set of laminated characteristic functions can be shondéd as a vector spatial functions:

Ha (X1, %2)
Ha(X1, X2)
H(x) = : (6.3)
UN-—2(X1,X2)

[ HUN-1(X1,%2)

The domain pattern is obtained by minimizing the energy tional:

)= [ W)+ W) + WS ) o, (6.4)

whereW™ (i) = A|Ou|? is the interfacial energy that separates different vasiaWt®(u) =
zi’\‘;ll Kip?(1— w)? is the anisotropic energy to make sure that numerical vatfigbe charac-
teristic functions can only be 0 or 1, ald®'as = 1 [ — 5] - C [e — &9 is the elastic energy. Recall
thatA > 0 is the gradient coefficient ari] > O is the anisotropy coefficients. In most simulations,

K; is of the similar order of magnitude &) - ).

The evolution equations for the laminated characteristicfionsy = u(x1,Xo,t) are governed

by the evolution equations that results from taking vaoizi derivatives of the total energy func-
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tions with respect tqu:

ou 0.7

Frie Ma =MF(u)

d _ _

T =M (F™ () + F() 4+ FEe(u) ) (6.5)
whereF" = 2A02 is the interfacial driving forceFa" = —%"—Zm is the anisotropy driving force,
Felas— g %ﬁ‘) is the elastic driving force, and > 0 is the mobility constant.

Assume that the domain of computation is originally:
{0<x <L1,0<% <Lp,0<x3< L3} (6.6)
Upon normalization with the following variables:
X
X1 = s
X
Xo© = L3
X
Xo = L3
t* = 2MKt (6.7)
the evolution equation becomes:
ou ’u  0*u 0%u 1 : |
o <0x1*2 0xo*2  Oxz*2 + 2K [Fam(“) +F° as(u)} ’ (6.8)

A , . . .
whereD = % and the normalized computational domain normalizes to:
2

L L
{0<X*<a15—1,0<x*<025—2,0<y‘<1} (6.9)
Ls Ls

From now on, without loss of generality, we will drop the skgoeipt («) in our proceeding
development. To solve the equation numerically, discatitn in time domain is implemented as
previous works. Recall that periodicity is assumed alorglame directiongxs,X»). FFT is applied

alongx; andxy, while finite difference is taken along the out-of-planesdironxs. Also denote for
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simplification:

FE%[Fani(u)_’_FelaS(u)} (6.10)

With these, in successive steps, the equation becomes:

“k+1_ “k dzl.lk dzl.lk dzl.lk ‘
P Xmz * dXz2 * ng2 +F(“ )

At

k1 gk 27k

g >k 2k 9°H

KW o e —iem+ 21 ) ik 11
At < 1H oM+ 0X32> +F (1) (6.11)

wherek; andk, are the Fourier coordinates reciprocal to the original doatesx; andx,, f =

f(ky, ko, X3 denotes the FFT of = f(x1,X%2,X3) along the out-of-plane directions.

Along the out-of-plane directiong, the derivative is translated into a matrix of finite diffece

for second order, denoted by:

dp dy

02 1

(6.12)

1 -2 1
d; dy

whereAL is the size of the subdivision ixs. The elementsqs, ..., ds, in the first and last rows of
this matrix depends on the boundary conditions being censi There are two possible sets of

elements, as listed in the following table.
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choice 1| choice 2
d| -2 ~Z
d, 2 z
ds 2 z
ds | -2 -Z

Table 6.1: Two choices of elements on top and bottom rows efséttond order differentiation
matrix with Neumann boundary conditions at end points

In addition, implicit scheme converges faster and is mamblst This is archived by replacing

the u* to p**+1. With these, the current numerical scheme is re-castedmatoix form:

7|“k+1_|“k =D~k T g2 kT 9? T ) L F(uk)
At L 2 0x32

- - 2 -
|kt — k= —D (K& + K31) pkr1At + —ai 5 UHIAL + F(uk)At
3
e
| + DAt (K21 +k31) — %} pktl = |k F(uk)At
3

AP =K+ b (6.13)

In the implementation, the terfa need some manipulations with the boundary conditions. Re-

call that:
_ 1 ani elas
F= o (PP
(6.14)
In component form, we have:
_ 1 ani elas
=g (R R
1 oes
—R<_M(1_M)(1_ZM)+U'0—M> (6.15)

Allingredients can be computed directly frqupexcept foro for which some physical consideration
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should be taken into account.

For domain pattern of Shape Memory Alloys in a realistic agunfation to form, we may apply
traction on top surface and strain constraint from sulswatbottom surface. In addition, thickness
of substrate will also affect the domain near the bottom bam They are considered when the
stress fieldr is computed. For instance, according to figure (6.1), theadoms physically subjected

to the mentioned boundary conditions (traction on top serfand substrate on bottom surface).

Traction
0 O
= ®
o Domain o L
o o 3
o o
Substrate

Figure 6.1: Configuration of computational domain for etitst

According to the development of non-periodic solution o #iasticity equation in finite ge-
ometry discussed in previous chapter, the stress &etwbnsists of two parts: homogeneous and

perturbed solutions, denoted ky) ando’. The stress field has the decomposition:

o=(o)+0o (6.16)

The homogeneous stress is the macroscopic or averagewstriessis determined by the misfit
strain imposed by the substrate underneath the domaintifigaby (£11) = €2, (£12) = €9, and
(e12) = €2,. Assume no homogenous traction is applied to the sampléasp(t13) = (05) = 0,

(023) = (04) = 0 and(os3) = (03) = 0. The homogeneous stress components are computed via the



constitutive equations without eigen-strain:

The six unknowns of the equation are solved as:

() = C3€2) + 32,
C1
(€2) =0
(g5) =0
(06) = C263,
o = G- Gep, A% Gg

2
(02) = €11 &2

_|_

-G
C1

Thus the homogeneous stress field is:

(a) i -Gl + AT G,
(a2) G Ged + LG,
(g3) | 0

(@) | 0

(0s) 0

(06) €2,

=C(e)
[ ¢ cg &g 0 0 O | (&1) = €%
cg ¢ cg 0 0 O (&) = €2,
| e 00 0 €3)
o 00 o0 o0 &)
0 00 0c O 5)
|0 0 0 0 0 c || (s6)=¢
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(6.17)

(6.18)

(6.19)

The second part of the stress field, known as the perturbedsstis affected by the effective

inhomogeneous strains of the participating variants indiw@ain,e3(x). This stress field is com-
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puted by solving a set of partial differential equationd #ra periodic along the in-plane directions.
Along the out-of-plane direction, traction is applied op gurface. The bottom surface is adhered
to substrate that impose a misfit strain so that the displanegomponents may not necessarily be
zero. Also, for a differential equation to yield a physigalhique solution, a displacement boundary
condition is essential. To resolve this issue, we assuntdtibalisplacements far away below the
bottom surface of the domain are zero. And to implement thimerically, we extend the com-
putational domain below the original domain with a bufferr@gon that allows the displacement to

degenerate to zero. The schematic is shown in figure (6.2).

Traction
Domain Domain
(0)=C(¢) Ls o' =C(e—¢) L,
Substrate |
| L3,sub

Zero displacements

Figure 6.2: Schematic showing how the elasticity equasmolved by decomposing into two parts.
The first part represents a macroscopic / homogeneous@ululihe second part is a perturbed
solution that considers realistic boundary conditions

Recall that the height of the original domainlis. We define the imagined substrate has a
thickness 3 syp. The total height of the computational domain for the péaxdrportion of stress is
Lsan = L3+ Lasup If the computational size associated with the height ofdhiginal domain is

N3, the computational size of the added imagined substratde@hpproximatelyNs sy, = L3L'—Z“’N3.
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We solve the perturbed streg&from the elasticity equation:

o =C(e—¢)
0o’ =0 ’
xe{0<x; <L;,0<x <Ly —Ll3gsup<Xs<Ls,} (6.20)

wherees is the modified eigen-strain field of the extended domairg{oal domain plus added sub-
strate domain). This modified eigen-strain is identicalt® same eigen-strain field in the original
domain and is zero in the extended substrate domain.
N €% 10<x3<L3
eS= (6.21)
0 —L3sub<x<0
In the first set of simulations, we will consider shape menallgys with two variants whose

transformation strains are given by:

0 0 O 0O 0 O
d—al o0 -1 0]. (6.22)
0 0 -1 0 0 1

eW=alo 1 0 |.¢

We will first simulate the domain pattern and analyze thectsfef various thicknesses of added
substrate| 3 sy, We will also study the domain pattern that results from isipg different misfit
strains. We will also study the domain dynamics of the donséincture by applying traction over

the top surface of the domain.

6.1.1 Simulation 1. Domain pattern formation of SMA anda@ffef varying substrate thickness

We study the pattern formation of shape memory alloy in figgemetry where the top surface is
traction-free and the bottom surface is subjected to satieswith no misfit strain. All four lateral
faces are periodic. We investigate the effects of the tlaskrof the substrate as percentage of the
original thickness of the domain. The results are shown iaréd6.3). As we can see from the

figure, if there is no substrate, the domain pattern closbddobttom surface is not clear. As the
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substrate becomes thicker, the pattern of the two varigtsrhe more obvious.

6.1.2 Simulation 2: Domain pattern formation of SMA andaffef misfit strain of substrate

Next we study the effect of the mis-fit strains imposed by thesgrate underneath the sample. For
all simulations, we assume the thickness to be 50 % of thenatithickness of the sample. The
magnitude of the mis-fit straife;1) is varying linearly from 005 x 0.1 to 005 0.6. The resulting
domain patterns are shown in figure (6.4). It is seen thatiassthain increases, more variant 2

forms.
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thickness of substrate = 100 (view from top)  thickness oksualbe = 100 (view from bottom)

thickness of substrate = 200 (view from top)  thickness ofgalbe = 200 (view from bottom)

Figure 6.3: Shape memory alloys with varying thickness bktiate underneath.
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(£11) = 0.005% 0.5 (£11) = 0.005x 0.6

Figure 6.4: Shape memory alloys with varying misfit strairsalbstrate underneath.
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6.2 Unconventional Phase Field Simulation of Ferroelectd in Finite Geometry

In this section, we will extend the phase field simulationriolude electrostatic components for
domains in ferro-electric materials. In brief, the fereticity is a property of certain materials
that have a spontaneous electric polarization that canvsrsed by the application of an exter-
nal electric field. This characteristic open a lot of indigtapplications as in Varactors for RF /
Microwave Circuits, Electro-Optic Modulators, FerrogtecRAM (FeRAM), Ferroelectric Tunnel
Junctions, etc. The formulation of phase field model in feeotric will be presented followed by
simulations of domain patterns and domain dynamics (or doswitching) by mechanical loading
and electrical loading [80, 81, 82].

The unconventional phase field model for ferroelectric miateis simply an extension of that
for Shape Memory Alloys in that an addition contributionngoked to electrostatic effect via spon-
taneous polarization is considered. The occurrencés mdirticipating variants are quantified by a
set ofN characteristic functions, denoted b¥;,1 <i < N}, or equivalently, a set diN — 1) lam-
inated characteristic functions, denoted{py,1 <i <N —1}. The conversion between these two
sets of characteristic functions have been discussed wopiesection and is skipped here.

A ferroelectric domain pattern is a mixture of these vasganith inhomogeneous distribution
of transformation strain and spontaneous polarizatioergin terms of the characteristic functions
and transformation strains, denoted {15%”,1 <i< N}, and instantaneous polarizations, denoted
by {P1),1<i <N}, of the participating variants (in the ratios as indicatgdttieir ratios in the

mixture):

N
=5 Ael
2%

N
ps_ 5 3. pl) (6.23)
2

In other words, these equations establish connection leetivansformation strain and spontaneous
polarization and the set N — 1) field variabley;, and thus it is possible to usgs} as field
variables, whose distribution leads to a distribution ahsformation strain and spontaneous polar-
ization.

Similar to the unconventional phase field model for Shape brgmlioys (SMA), anisotropy,



106

interfacial and elastic energy are included:
CoNL ,
W= 3 K- )
it 2
W =% A O
2
1
welas — 5le—€-Cle—¢, (6.24)

where the elasticity equation is solved for the strain anekstfields:

o =C(e—¢d

Oo =0

(6.25)

Recall that in the implementation, the stress field considise homogeneous part and the perturbed
part. Traction applied over top surfate= {TX,Ty}T, the thickness s sypand the misfit strainé&fﬁ,
(£9,), (€2,) of substrate are also considered during the computations.

For ferroelectric with additional electrostatic conttilom, we consider the following energy

functional:

J(u):/g(Wa”i(u)JrW"“(u)+We'aS(u)—EO-PS—ao-e) dx+%/R3|D(p\2dx (6.26)

Terms that have not been explained are outlined below:

« EVis the external applied electric field, thus/, (EO . Ps) dx refers to the electric loading.

. %fR;.; |D(p\2dx is the electrostatic energy over the whole spage

Taking variational derivatives of the energy functionattwiespect to the field variablgswill
yield the evolution equation gi that governs the domain dynamics of the ferroelectric domai

ou

= M (Fint | pani  pelas Fele) 7 (6.27)

whereM is the mobility constant of the material. Notice that thisisiant will be absorbed upon

normalization with respect to tirte
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The four driving forces are outlined:

Fani — _Wani (IJ)

ou
Fint:ADZIJ

oes
elas__ ~ Y
Felas _ 30

oP* (1)

ele _ 0 d) .
Fele— (E°+EY) S (6.28)

whereE? is the externally applied electric field over the domain &9ds the depolarization field

that theoretically results from the Maxwell’s equationwspontaneous polarization:

kD?@=0-P°

Ed=_O¢p (6.29)

For boundary conditions of the electrostatic contributipatential is usually applied over the
bottom surface, while either potential or electric flux {tis y-derivative of electric field) can be
applied on the top surface.

In the following we will consider a simulation of ferroelecs in two dimension. The simulation

adopt a material system with the following transformatitmaias and instantaneous polarizations:

£(12) — a 0 p(12) _ iE 1
0 —a V2|1
[ _a 0] 1
L3 _ p34) _ 4 P (6.30)
0 a V2| -1

The computational domain has a normalized height as 1.0 andatized width as 0.5. The
resulting domain pattern is shown in figure (6.5). The arrowtbe figure indicate the directions of
polarization of the variants. The elastic energy is notrggrenough to stretch the variants to more
uniformly distributed ratio.

In the simulation, further effort is needed to balance alastergy and electric energy so as to

give rise to desirable micro-structures for ferroelestric
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Figure 6.5: Simulated domain pattern of ferroelectric viithr variants. Arrows indicate the polar-
izations.
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Chapter 7
LITHIUM ION BATTERY AND ELECTRO-CHEMICAL STRAIN MICROSCOP Y

V: Charger during charging

V: Load during discharging
Electrons _ Electrons

o Vo

Electrolyte

v

Separator

Figure 7.1: Schematic of working principle of lithium ionttery

Lithium ion battery is a family of rechargeable battery type which lithium ions move from
the negative electrode to the positive electrode duringhéigye, and back when charging, as shown
in figure (7.1). It has the advantages of good energy desgife0 - 730 W h /L), light weight, and
no memory effect, low self-discharge rate, and is enviramnrfigendly. Nowadays it is extensively
employed in portable electronics.

However, repeated charging and discharging induce intepading stress that will eventually
strain the battery that lead to fatigue of battery materidhwhe build-up of internal resistance.

These processes diminish and degrade the ion transporteovien;, the performance of the cell
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also depends on a range of temperature due to the chemicéibreainvolved. The battery cell
irreversibly loses approximately 20% capacity per yeatr.

Researchers have been investigating how these unfaveuraathanisms can be reduced so as
to improve overall performance [83, 84, 85, 86, 87, 88, 89].

Failure due to material fatigue from cycling strains is tley ko characterize the mechanical
property of the battery. Conventional measurement of hati@apacity (as ability of ion transport)
include AC Impedance Spectroscopy and (other methods)leviieése methods are indirect, they
do not give us information on the local mechanical changbetdvel of microstructure during the

charging / discharge processes and how they affect therpefwe.

Electrochemical strain microscopy (ESM) is a novel scagmmprobe microscopy (SPM) that
can not only probe Li-ion concentration and diffusivity kvihanometer resolution (electrochem-
ical reactivity and ionic flows in solids), but also map loeadergy dissipation associated with
electro-migration of Li-ions. With this technique, the &anechanical characteristics, such as,
local crystalline morphologies and defects, can be andlgxperimentally [90]. ESM enables the
understanding of the interaction between mechanics actt@demistry in lithium ion battery and
related materials. In this chapter, we study the theoretimdation of ESM of ion battery, which
parallels the experiments.

This chapter is devoted to the analysis and simulation ahal#fied model of lithium ion battery
with its ESM studies. First we will introduce the simplifiecbdel where electrochemical aspect is
not considered. We focus on the transport of lithium ion im smple under the effect to applied
electric field (or potential). Second, we will simulate thENE experiments of the sample which
parallels with the experiments carried by [90]. Thirdlye tmodel is extended to two dimensions
that reflects the more realistic physical configuration. Bation is carried out to study how the
distribution of ion will influence the stress / strain dibtrtion in the sample, which evidences the

straining of the battery cell that will eventually lead tdidgaie over time.

7.1 Model of Lithium lon Battery

The operating principle of ESM is to probe the tested samjilean electric potentiap. The initial

uniform concentration of ion will be re-distributed. Thevidion of local concentration from the
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initial uniform state induces strain in the sample. The ltesy deflection (displacement of the top
surface) is detected via the tip of the PFM. Various meclapioperties are then analyzed.

As a preliminary study, the system is simplified to consistrf/ one type of ion. Electrochem-
istry is not considered. Thus no ion is created or destrogemlighout all processes. We model the
ion transport in the solid in one dimension, which consis@iffusion and electro-migration by the
applied electric potential.

Denotec = c(x,t) by the concentration of ion at poirtof the sample at timé The time evo-
lution (motion) of the ion distribution is driven by diffus flux Jgijs due to concentration gradient
and advective flud,qy due to electro-migration under the effect of the electrieptial @ = @(x,t).

The total flux of ion is thus given as:

J = Jditt + Jadv

= —D0Oc— DpBcle, (7.1)

whereD is the diffusivity constantf3 = E—?, with F as the Faraday’s constamt,as the electric
valency,R is the universal gas constant andgs temperature, arid is the gradient operator.

The relation can also be expressed in terms of electric Eig&inceE(x) = —Oe.
J=—D0Oc+DBcE (7.2)

lon is locally conserved and is driven by flux only. Thus:

dc_

5 =0 (7.3)

Combining Eq.(7.1) and Eq.(7.3) (as to elimindfegives the governing equation of the ion
distribution over time by the effect of electric potential.

o _

o DO%c+DBO- (cdg), (7.4)

This equation is usually referred as the Nernst-Poissoategqu This equation has no analytic

solution. Numerical treatment is needed to explore how teegilution of ion is evolved and any
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subsequent change in the mechanical properties, such @sndgibn (as deflection), strains and
stresses.

Simulations are carried for static and dynamic (sinusdidictric potentials. Steady state (ion
in equilibrium) is simulated using static potentials. Bynsiation with dynamic potentials, effect
of various parameters in the system are discussed. Fisathylation with a DC/AC bias that re-
sembles the charging / discharging processes is studiedaampared with the experimental results
[90].

7.2 One-dimensional study

The equation is studied for one-dimensional sample whasghesL, which is valid for nanowire
and solid whose lateral lengths are much longer than thénheddl quantities are functions of the

spatial coordinate. The governing equation becomes:

ac d0%c

i,
5 =D35z ~ DB (cE).xe[0L], (7.5)

whereE = E(x) = —% is the effective electric field corresponding to the appbézttric potential.

Initial and boundary conditions have to be considered fatgm.

The initial condition is obviously the initial distributioof ion, given byc(x, 0) = cp(X).

Various kinds of boundary conditions can be proposed: fipdcion concentration as in the
Dirichlet BC, specified rate of change of ion concentratisrirathe Neumann BC. However, they
are not of practical interest. Indeed, a Robin-type BC ispéeth where the flu¥ at the two end

points are specified a andJy. In other words,

~3(0) = D25 (0) ~ DBC(0)E(0) = s
(L) = DZ—i(L) “DBC(L)E(L) = (7.6)

It is interesting to examine what kind of (Ribin-type) boangl conditions can ensure (global)

conservation of ion over time. For this, we compute the rétehange of the total amount of ion
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over time.

Thus for the conservation of ion over time, one should hive J;, which physically means
that the flux of ion going into system at one end must be bathnceompensated by the same flux
of ion leaving the system at the other end, or vice versa. Eppractical viewpoint, we consider
the case when the system is "insulated” at both ends, thdy is,J; = 0, prohibiting ion to flow
into and out of the system. It is intuitive that when the systs closed, the quantity of ion inside
remain the same over time.

The one-dimensional models are used to study two typicdigumations: The first configuration
is the three dimensional rectangular box whose length adthvaire much longer than its height, as
shown in figure (7.2)(a). The second configuration is the tdo®or nanewire, as shown in figure

(7.2)(b). In both configurations, all physical quantitiegpdnds on the vertical coordinate.

7.2.1 Deformation due to change of ion distribution

For some materials, as the ones used in lithium ion battéange of ion distribution can induce
an eigen-strain which further implies deformation (as lizeal change of shape) and stresses. Re-
peated applications of oscillating external electricaieptial, as in the processes of charging and
discharging a battery cell, will induce oscillating stsinf this oscillating strain gets too large and
too rapid, the material will undergo inelastic deformatand defeats develop due to fracture, thus

de-functioning the battery. Understanding how such mateleforms as the internal ion evolves
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Figure 7.2: Physical configurations for one-dimensionaPR¥guation: (a) Three dimensional box
whose length and width are longer than height. (b) Nanowimeootube.
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does help to develop materials that can withstand oscitjadeformation and avoid fracture.

For the simplest case, the change in ion distribution idedl#o the induced eigen-strain via:
gs(xvt) = S(C(th) - C(X> O)) ) (78)

wheres is the proportionality constant for the conversion fromctie-diffusion to elasticity that

depends on individual material.

Knowing the eigen-strain, we are now in a position to sohedlasticity problem for displace-

ment (deformation), strain and stress.

o=C(e—¢°
do
Jo= g =0 (7.9)

Assume the base surface of the sample is adhered and thertapesis traction-free. The

boundary conditions are specified atx=0) =0 ando(x=L) =0.

Combining the above pair of elasticity equations, we can fir@lgeneral expression for dis-

placementu = u(x,t):

do de des
OZ&:C@—X‘&)

de de®
dx  dx
d?u  des
dx ~ dx
du ¢
ax - +a=s(c(x,t) —c(x,0)) +a
u(x,t) = s/ox(c(f,t) — G(£,0))dE +ax+b, (7.10)

wherea andb are unknown constants to be determined from boundary donslit
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Zero displacement at bottom surface forbes 0. To finda, we calculate the stress:

u(xt) = s/ox(c(x,t) —¢(x,0)) + ax

e(ct) = U _ sox 1) —ox.0)) +a

o(xt) =C(g(xt) —3(xt))
= C[s(c(x,t) — c(x,0)) +a—s(c(x,t) — c(x,0))]
—Ca (7.12)

The stress is constant all along the length of the samples fraation-free top surface implies= 0.

7.2.2 Steady State Solution

One way to check if the numerical solution for the evolutiquation is accurate is to compare its
steady state (asbecomes large) and the steady state derived theoreticatty the Nernst Poisson
equation. Again we are going to derive the closed form in dingensional case, subjected to the
same set of boundary conditions.

Steady state solutiocsg(x) is obtained from the original evolution equation by Iettiﬁg: 0.

The resulting second order differential equation can beesblvith an integration factor.

p8%_ppd (ck(0) -0
9 [d"ss BooE )}
dCSS ~BesE(X) =
oot ddf;s R

= (eﬂ¢<x> CSS(X)) — 2B
PN o oy(x) = a./ox (eﬁfp(f)) df +b

af (e8¢<f>)ds+b

Css(X) = B ) (7.12)

where the integration factor jg(x) = e/ “PEXIX — o/ BF(Xdx — &B¢(X) 3 andb are two unknown
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coefficients to be determined from boundary conditions.

To work with the boundary conditions, we need to fﬁ§§?.

aB¢/(x) [§ (°9€)) d& + bB/ (X
eBe()

dcss
dx =ap¢/(x) -

(7.13)

We may now find the constangsandb from the two flux boundary conditions at both ends of

the interval.

D%C((O) —DBu(0)E(0) =0
o000 G5 - e 0 =0 75
[—aBE(o) + bf@i((o?)} B [632(0)] E(0) =0 last 2 terms cancel
a=0 (7.14)
D%i(L) —DBu(L)E(L)=0
bB@/(L) b ¢L-E(L)
[_ aBo(L) } o Beﬁ¢(L) E(L)=0——>

b b
Fo0 L) ~ B g E(L) =0

0=0 (7.15)

This implies thab can be any real number for the found analytic solution tesBathe differential

equation in steady state and boundary conditions. Theysttate solutiortsg(x) = be ##™ s not

unigue.

However, since we know that the system is closed and the igantion is conserved at any

time, we may findD by equating the quantity of ion in steady state to that at time (that is, the
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initial quantity).
L
0
L L
/be‘ﬁ"’(x)dx:/ c(x,0)dx
0 0

p— Jo cx 0)dx (7.16)
J5 e Pobdx '

/OL Csg(X)dX = / c(x,0)dx

Thus the steady state solution is:

o c(x,0)dx

— —Box) 7.17
fé‘ e*BqJ(X)dxe ’ ( )

Css(X)

which depends on the initial ion distributiafx, 0), the electric potentiap(x), the electro-diffusion
coefficients(D, 3) and the length of the sample

In the following subsections, we will first outline the nurtat algorithm to the evolution equa-
tion and apply the approach to solve two simplified problehet priginate from experiments.
Steady state solution solved analytically is used to compath the numerical solution when the

evolving solution approaches steady state.

7.2.3 Numerical solution

Various numerical methods were proposed, including finileme, finite element, among others.

Highly accurate scheme is enquired due to the conservadiwgenof the ion distribution. Canon-
ical finite difference methods may not work.

Here we follow the numerical scheme developed by Perron &les $1, 92], as a tricky modi-
fied finite difference method. The one dimensional intersalivided into K sub-intervals of length
AX = % Denote theK + 1 subdivision points, as the boundary points of these stdmvals, by
(xi)i:*ll. Discretized values of the electric field (or potential) dhtk are commutated at these
points. On the other hand, the discretized values of ion eaination are computed at the mid-
points (yi)iK:1 of these sub-intervals. This configuration suggests twe aegrid points related by
Yk = % (X% +Xkr1),k=1,2,..,K. The sub-division with the two grid points are shown schéraly
in figure (7.3).
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More specifically, at the-th time stet ~ t, = nAt,

Ej %E(Xj),j =12.,K+1

I~ I(xj,tn), = 1,2, K +1

A~ c(yi,th),i=1,2,...K (7.18)
Fields and potentials defined
at end points of cells
X1 X2 X3 X4 Xi X/'+1 )9\1—1 XN XNH
I I T rvrTo T T T T T T T T

,y1=y2iy3|...|y,|...|y,\HIyN|

I | I | I
__11_J____J____J_____________J_________.____J____J

lon concentration defined
at mid-points of cells

Figure 7.3: Grid for one-dimensional simulation. The léngt the sample is divided inthl cells
with N + 1 subdivision points denoted by, at which electric fields or potentials are discretized.
The midpoints of the cells are denoted>gy at which the ion concentrations are discretized.

Under this circumstance, the discretized values of the Slatehe boundary poim(sq)inl1 of

sub-intervals in the next time stép-t,. 1 =t, + At are computed from the discretized values of ion
concentration at mid-poin(syi)iK:1 of sub-intervals in the current time steg t, and the preassigned

boundary conditions (for instance, zero fluxes at end pein&ndxy . 1).

cl—c? Cp+Cp
JE—H':—D{ K Axkil_BEn k zkl}vk:2737“'7K

I=3=0

Ji=%=0 (7.19)

The ion concentration in the next time stgp; = t, + At are then computed from these fluxes
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just obtained via the (local) conversation equation.

n+l _ An n+1 _ qn+l
G " —G _ dir Kk

n o k=12.K (7.20)

Practically we do not need to know the fluxes explicitly andotay the above two-fold proce-
dures to iteratively compute the ion concentration at ssgige time steps. Therefore, parallel to
the derivation of the Nernst-Poisson equation, we may akeliglinate fluxes to obtain a direct
iteration scheme for the evolution of ion concentrationrtfermore, the numerical scheme can be
re-casted by the "method of line” (MOL) to a system of ODEs,akihare then easily solved by
commercialized software like Matlab (using ode solver)][93

Abusing notations, the ion concentration at the po{m}#(:l are represented Wy functions of

time:
G =¢i(t) =c(x,t),i=12..,K. (7.22)

Adopting the "method of line” (MOL) to the above two-fold nemcal scheme generates the

following system of ODE for the ion concentration at grid nsi

L fosge-pe2s)
% _ %({DCHZQ C _BEi+1Ci+12+Ci}
_ A_lx {DC‘ _A‘)J(‘—l _BES +2Ci_l},i _23..K-1
070_% _ _A_lx {DCK _Ainl  BE« Ck +ZCK+1} (7.22)
The initial conditions become:
Gi(0) =c(x,t =0) =co(X),V1<i<K (7.23)

After the ion distribution is obtained at any tinhethe corresponding deformation, strain and
stress can be computed. The simulation further resultserstbady state solution, which can be

checked with the theoretical one.
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In the following, we employ the numerical solution of the Niuation for ion distribution and
the related elasticity problem to study several experigientluding the ESM study of the lithium

ion battery.

7.2.4 Simulation 1 - Block subjected to linear potential

The bottom surface of a three-dimensional sample blociallyitfull of ion (uniformly distributed)

is grounded and adhered. A PFM tip with assigned potentiatdaght to touch the top surface so
that the potential over top surface is constant. The patkeovier the sample is a linear function of
for the simplest case. The potential and field are given by:

X
00x1.%,%) = 9(xs) = 7V

B de do do\ 1
E(X17X27X3) - (d_X]_’ d_xzu d—Xg> - (07 07 ﬁVO> ) (724)

whereH is the height of the block and, is the strength of electric potential.

With this field and initial distribution, we may simulate ttemporal evolution of the distribution
of ion as well as the steady state, from which we solve thdieilgsequation and explore how the
structure reacts to the applied potential of the tip toughime sample. We may further discuss
what happens when we adjust parameters to see their efflesussed are the height of the
sample, the strength of the potential on the top surfslgg ipitial distribution of ion concentration
Co(X1,%2,X3), the diffusive and the electro-diffusion coefficiemsandf. Since the field produced
inside the sample is uniformly pointing, we assume all tls@aigted physical quantities depend on
zonly. The problem can be solved as if it is one-dimensional.

Figures (7.4) (a) and (b) show the spatial variations of itemtial and the associated electric
field produced by the ESM tip. Figure (7.4) (c) shows the aimfuof total ion in the sample over
the whole process. The ion is conserved as predicted arfeeddoy the simulation. Figure (7.4) (d)
shows the initial uniform distribution of ion and its digtuition in steady state. Figures (7.4) (e) and
(f) show the distribution of strain and displacement exgreced by the sample. The displacement at
the top surface is known to the deflection of the sample whachibe measured directly by the ESM

tip.
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Experimentally, we can not measure the displacement (asrdefion) of the sample at any
interior points but the deflection of the top surface. Froeréhthe concentration of ion near the
top surface can also be predicted. The ion concentratiortrendeflection of the surface surface,
now referred also as the deflection of the ESM tip, from theahstate to the final steady state are

temporally illustrated in figures (7.5) (a) and (b).

7.2.5 The normalized equation

The modal has a couple of parameters and variables that maylicate the analysis and parameter
study. Normalization can help reducing the number of patarae With the normalized equation,
only several simulations are needed to give the essensighinto the properties of the model. These
results are also easily compared with the correspondingrexpntal data.

Let ¢y be the initial uniform concentration ahdoe the reference dimension. We may normalize

the ion concentration, length and time scale as follow:

., C
c'=—
Co
X = X
L
.t
L2/D
" @ %
= == 7.25
? RT/ZF B (7.25)
The time and spatial derivatives in the normalized scalegapressed as:
0 oo Do
ot oJtdt L2t
1
Dx* — Dx*XDX — EDX (726)
With these normalized quantities, the transport equasordasted as:
ac* " * %

This equation applies to arbitragg and D, and in normalized form, the solution is identical,



123

1 0
0.9 -0.2
0.8 -0.4
0.7 -0.6
@ 0.6 -0.8
3 g
205 5 -1
g 0.4 = -1.2
03 -1.4
0.2 -1.6
01 -1.8
o - - - - -2 - -
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
length (z) length (z)
(a) electric potential (b) electric field
1 1.6
A
A
g al <
:
A
A
l0 0.2 0.4 0.6 0.8 1 0 0.2 04 0.6 0.8 1
time (t) length (z)
(c) total ion over time (d) ion distribution
o 10"
14X 10"
12 —ss |
= 1
§ % oo
’ &
r_§_ 06
© 0.4
0.2
0 0.2 Oﬁength (Z)o.e 0.8 1 00 0“2 Oﬁeng[h (Z)&s 02& 1
(e) strain (f) displacement

Figure 7.4: Simulation results for linear applied potdnt{a) spatial distribution of electric poten-

tial. (b) spatial distribution of electric field. (c) spdtiistribution of ion at initial and steady state.
(d) spatial distribution of strain at initial and steadytetge) spatial distribution of displacement at
initial and steady state.
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regardless oty andD.

The eigenstrain in normalized scale is given by:

£5e% (X",1") = s(coc* (X*,t*) — col)

¥ (X 1Y) =" (x*,t%) — 1, (7.28)

with €5 = sq.
From now on, unless otherwise stated, normalized equadi@daopted in the simulations and

analysis.

7.2.6 Simulation 2 - Nanowire subjected to ESM tip

Assume an ESM tip with an applied positive voltays)(is brought to the top surface of the sample
with initially uniform ion concentration. The configuratiaf the ESM is illustrated in figure 7.2.

This voltage Yp) induces a spatial distribution of potentiag & ¢(x)) over the sample. This
potential is stronger towards the top of the sample, whileriagnitude is decreasing rapidly away
from the top. Notice that the applied voltage does not chavitietime, so does the induced potential
and field. Lithium ions are positive charges. The potentidiuced by the ESM tip is positive,
whence the electric field is positive. As a result, ions airaeited towards the top. The evolution of
the distribution of ion concentration from uniform statesteady state is simulated.

To relate the effective potential over the sample from tHeage of the ESM tip, we follow the
idea of Y.Y. Liu. The tip of the PFM can be imagined as an edaimachargeQ whose distance

from the top of the nanowire is. We have the following expressions to find the potenfidV.Y.

Liu]:
2Ry, 1+k
h_K+1In 5 +d
2_d2
Q:27T€O(K)<R)m
_ Q 1
(p(r,x3) - 27T50(K+1) ; (729)

r+ (%Jrh)z

whereR; is the radius of the tip ends = /€11€33, d is the distance between the PFM tip and the
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top of the nanowireg is the permittivity in vacuumy = % z= \/xf +x§ is measured downwards
from the top of the nanowire sample ané the radial distance measured from the location of the
applied potential.

The following assumptions are made:
1. Since the nanoware is narrow, we may assumer taal.

2. To simplify the problem, we assume that the tip is touchirggnanowire. So we hawke= 0.

With these, the potential is simplified as:

o(r,xs) = @(x3) = @h(xz+h) (7.30)
The electric field is thus:
Es= _do _ —@h(xs+h)2 (7.31)
dX3

With the normalized equation, assume that the applied geltd the ESM i3/y = 1, while the
distance between the equivalent chafand the top surface = 0.01. The reference length scale
L is taken to be the tip radius of the ESM which is typically 5tfn The length of the sample being
studied is 100 micron, which is equivalent to RO The simulation is started with initial uniform
concentratiorcg = 1. We want to investigate the influence of the applied voltafythe ESM to
the distribution of the ion and any consequence on mechgmicperties. As a remark, due to the
coordinate system inhered from the equation for the pakimduced by the ESM tip, in all the
related simulationsz = 0 corresponds to top surface.

Figures 7.6(a) and (b) show the spatial variations of them@l and the associated electric field
produced by the ESM tip. Figure 7.6(c) shows the evolutiototad ion in the sample over the whole
process. The ion is conserved as predicted and verified bsirtindation. Figure 7.6(d) shows the
initial uniform distribution of ion and its distribution isteady state. Figures 7.6(e) and (f) show
the distribution of strain and displacement experiencethbysample. The displacement at the top

surface is known to the deflection of the sample which can kesared directly by the ESM tip.
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Figure 7.6: Simulation results for ESM: (a) spatial digitibn of electric potential. (b) spatial dis-
tribution of electric field. (c) variation of total ion overie, showing that the system is conserved.
(d) spatial distribution of ion at initial and steady sta&). spatial distribution of strain at initial and
steady state. (f) spatial distribution of displacementdial and steady state.
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The displacement and the ion concentration of the top seidao be measured by the ESM tip.

Their temporal variations from the initial state to the dieatate are displayed in figures (7.7) (a)

and (b).
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Figure 7.7: Simulation results for ESM: lon concentration deflection at the top surface measured

from initial to steady states.

7.2.7 Simulation 3 - Nanowire subjected to sinusoidal EQM ti

Assume that that the ESM tip is initiating a sinusoidal peoéf voltageV (t) = Vpsin(wt), where

w is the working frequency of the ESM. In other words, the magte of the voltage is oscillating

with respect to time. This sinusoidal applied voltage iretua sinusoidal profile of potential over

time, expressed aB(x,t) = @(x)sin(wt), which is oscillating and switching between positive and

negative values. This models the ESM of the sample under abid€ Notice that the spatial

variation of the potential and fields are identical to thesoemployed in the previous simulation.
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Lithium ions are alternatively attracted to and repellezhfrthe top surface by the sinusoidal
voltage of the ESM tip. The distribution of ion concentratigtrain and displacements are similarly
changing in a periodic manner over time. As expected in eéxyarttal observation, the probed
sample undergoes oscillation under the same frequencghwhin be seen as the vibrating deflection
at the top surface, as detected by the ESM tip.

Simulation is carried for five complete cycles, that is; 0< 5T =5x %’T whereT denotes the
period of the sinusoidal profile. We séf = 1. We study the patterns showing the deflection and
ion concentration at the top surface that can be measuregrabdd by the ESM tip in turn.

Figure (7.8)(a) shows the the sinusoidal electric potentragures (7.8)(b) and (c) show the
resulting oscillating ion concentration and deflectiorhattop surface of the sample, as detected by
the ESM. Snapshots of the displacements at various timeslsoelisplayed in figure (7.9). Sim-
ulations show that the any point in the sample does experiegeated extension and contraction
(indicated as positive and negative displacement) of uarimagnitude over time, which have not
been measured quantitatively in experiments. Moreovexjiimanm displacement and strain occurs
in the interior points.

Deflection VS frequency

We may further study the effect of the operating frequencthefoscillatory applied voltage on
the maximum deflection of the top surface, which is measarbiplthe ESM tip. Notice that the
normalized equation has absorbed all the parameters. Wetdwead to study the effects of these
parameters includin® and 3. Several simulations are run with different operating frexgciesw.
The resulting maximum deflections of the tip are recordede plot is illustrated in Figure 7.10.
It can be seen that increasing frequencies induce decgeasaimum deflections. Lithium ions
are attracted and repelled alternatively. They are dgftowards and away from the top surface,
thus resulting in alternating upwards and downwards dédlest which are observed as vibration.
Also, the deflection is related to the deviation of ion frone tihitial uniform state. The more
concentrated the ion is, the larger the displacement aneldieth. Higher frequency refers to shorter
time duration for this alteration. In other words, with hegtirequency, we do not allow enough time
for all lithium ions to concentrate in the top surface, noctmcentrate in the bottom surface, thus

decreasing the magnitude of the deflection.
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7.3 Harmonic Analysis in ESM

Recall that the working principle of the Electrochemicabst microcopy (ESM) to probe local
concentration: An AC voltage as stimulus applied to the damprface through the SPM tip re-
distributes ions in the vicinity near the tip, which in tumduces instantaneous deformation of the
electrode (sample). The deflection is then detected by tiv t§Pthrough laser beam and various
digital diagnostics. Understanding quantitatively how #pplied AC voltage perturbs the instanta-

neous ion concentration is thus necessary.

This section serves as preparation. We will derive diffaa¢érequations for first and second
harmonics. We will also discuss factors that affect thesenbaics. These harmonic responses,
together with long-range manipulation of DC voltage, wilbe us to track back the diffusivity
D and local equilibrium ion concentratiamfrom fitted data in experiments. The methodology to

combine simulation and experiment will be presented in segtion.
We start with the normalized ESM equation in one dimension:
G = Cx+ (C@)x

—=J(0) =0=1¢(0) +c(0)x(0) =0
—J(H)=0=cx(H)+c(H)@H)=0 (7.32)

wherec = c(x,t) is the normalized concentration agd= @(xt) is the applied potential. Notice

that all variables have been normalized.

Assume that the sample electrode is subjected to an AC ntamulgiven in complex exponen-

tial form:
V(t) = Voel ™, (7.33)

wherew is the working frequency of the applied AC voltage.

A distribution of potential over the entire sample is geteatawith the same complex exponen-
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tial form:
P(x,t) = p(x)el, (7.34)
This potential field perturbs ion concentration. The ionagariration has the distributions with:
c(x,t) = Co(X) 4 C1(X)e ! 4 cp(x)el?!, (7.35)

where the first and second exponential terms in the expressm known as the first and second
harmonics. We will set up and solve differential equatiomsthese two harmonics and make an

attempt to figure their relationships with other variables.

Notice that all the coefficientsy, ¢c; andc, are complex-valued functions of the spatial variable
x. Differential equations of these coefficients are complaiied which make it inconvenient to
analyze. To overcome this difficulty, we decompose theseptexyvalued coefficients into real and

purely imaginary parts:

Co(X) = @o(X) + jbo(X)
C]_(X) = al(x) + jb]_(X)

C2(X) = a2(X) + jbz(X) (7.36)

We substitute the above expressions for induced potenti@dli@n concentration in complex

exponential forms into the ESM equations, which eventuayds:

(jw)er ()& + (2jw)er (eI = ¢ (%) +c1 ()& 4 5 ()"
+{[co(X) +c1 ()& + co(x) 21| @(x)e !}
(jw)er (el + (2jw)er (e = cg(X) + ¢ ()& + ¢ ()&l
+ Cope! + c1pe " 4 e’
+Co@ el + @ I 4y 31 (7.37)

Our strategy is to balance terms without any exponentidabfathen with the factore!“t and
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219t respectively, in order to generate differential equatifamgirst and second harmonics. Before
we move on, we formulate the boundary conditions in termsrsflfi complex-valued coefficients

Ci(x) and secondly the real and imaginary componerits) andb;(X).

Recall the boundary conditions are zero fluxes at the two daynpoints:x = 0 andx=H.

—J =cx(X,t) +c(x t)@(xt),x=0,H
0 = c)(X) + ¢4 (X)&l + c(x)e?I

+Co(X) ¢ (X! + 1 (x)¢f ()& + co(x) ¢ ()7 (7.38)

Balancing various exponential factors yield the followlmgundary conditions:

Co(X) =0, x=0,H
i (X)+co(x)¢'(x) =0, x=0,H (7.39)
X +c(x)¢'(x) =0, x=0H
Balancing terms without any exponential factor:
Co(x) =0
co(X) = ax+ B, (7.40)

wherea andf are two unknown coefficients to be computed from boundarylitions. Recall that
the boundary conditions agg(x) = 0 atx = 0 andx = H. Comparing the solution and the boundary
conditions results i = 0 where no restriction is imposed yetffo Physical insight suggests that
the term without complex exponential factor is the constifget of the concentration. Thus it

suffices to assume thfttakes the values of the constant initial concentration, or

Co(X) =B = "o (7.41)

As aremark, the explicit expression of this first term of tbkeison will be included in the equations

for the first and second harmonics of the solutions. Thistg&wlus separated into real and imaginary
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parts:

bo(x) =0 (7.42)

7.3.1 First Harmonic

We move on to the deviation of the differential equation fa first harmoni@; (x).
Balancing terms without exponential factoe/“:

Comparing the terms with facte“! yields the following complex-valued equation:

) 1(x)¢

(jw)ea(x) =1 (%) + (Co(X)@(X) + Co(X)¢/ (X))

(Jw)er(x) = c1(x) + (0p(x) + B¢/ (X))

(jw)er(x) = ci(x) + Be/(x) (7.43)

The differential equations can be separated into two egpmfior the real and imaginary parts

by usingc; (x) = ag(X) + by (x):

(i) (a(3) + jb1(x)) = (@a(x) + jb (X)) + BE(X)
—b1(X) + jway (x) = &y (x) + B¢ (x) + jb7(x)
{az<x>+wbl<x>+ﬁ<d<x>

0 (7.44)
bi (x) — way(x) =0

These coupled real-valued differential equations thusiggad are not convenient to solve.
They can be combined to give rise to one equation, yet of higraer. Inspecting the form of the

second equation suggests that the tegrix) = %b’l’(x) can be substituted into the first equation,
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yielding:

8 (x) + why(x) + B¢ (x) = 0
(S60) -+ wbut9+Bo/x O

by (%) + by (X) + Bwg (x) = 0 (7.45)
Onceb; (X) is solved,a; (x) as well as the first harmonic can then be computed.

What remains is to set up four conditions fmr(x), since its differential equation is of fourth
order. The process is to replace the complex-valued fumdtidhe boundary conditions with real
and imaginary parts before separating them into two setewgfled boundary conditions. They are
then re-casted as four boundary conditions, two at each@nt] ps one of the real-valued functions

is eliminated, as previously done.

¢t (X) +Co(X)¢ (x) =0
(a1(X) + jb1(X))" +no@ (x) =0
ay (X) + jby(x) +no@ (x) =0
aj(x) = —ng¢/'(x), x=0,H
bl (x) =0, x=0,H
3 (0) =-—nog/(0)
a(H) =-no¢'(H) (7.46)
b1(0) =
by(H) =0

Using the relationshipy (X) = %b’l’(x), we further recast two additional boundary conditions for

b1(x):

bi'(0) = wa} (0) = —wno¢! (0)

by’ (H) = waj(H) = —wno@ (H) (7.47)
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In summary, we have set up a fourth order differential egudir the imaginary part of the first

harmonic:

bY" (x) + w?by (x) + Bw@ (X) =0

bi(0) =0

sc:) PH) =0 (7.48)
B/(0) = —wnog(0)
b/ (H) = —cnog/(H)

The real part is computed by the relatioai(x) = 2b{(x). The first harmonic i;(X) = a1 (x) +

jb1(x). Recall thatp = @(x) is the applied potential over the sample. If SPM tip is useel agopt

P(X) = % where\ is the applied voltage ardis the distance between effective cha@eue to

SPM and the top surface of the sample.

Redistribution of ion away from initial condition induceigen-strain:

£S(X’t’ Ol)) = S(C(X7t> Ol)) - CO(X))
= s(cy1(x, w)e!® + higher order terms
~ sq (X, w)e/ ™

= (ag(x, w) + jby(x, w))e/“, (7.49)

wheresis the expansion constant taken as 6 % for lithium ions.

The deformation of the sample can be computed by integraigen-strain:

H
ss(x,t,w)dx—/ €5(x,t, w)dx (7.50)
0

X

u(x,t,w) = /

J0

Recall that because of the choice of the coordinates, theuidace corresponds 0= 0.

Once we obtained the ion concentration, we may evaluatedfiection of the sample as the
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displacement of the top surface.

utop(t,w) — U(O,t,&))
x=0 H
:/ es(x,t,w)dx—/ e5(x,t, w)dx
0 0
H
:—/ £5(x,t, w)dx
0

H
s/ a1 (X, w) + jby (x, )] dxe&™
0

H
s/ ag (X, w)dxelt — jS/ by (x, w)dxe
o

= ejgdjs/ by (x, w)dxe
0

H .
_s / b (X, w)dx[el(“’t’goo)] , (7.51)
0

where the integral of the real componeatis much smaller than that of the imaginary component
a, as evidenced from numerical simulations that follow, aad thus neglected for simplicity.

For the sake of convenience in data fitting with experimentproceeding section, we may
normalize the governing equation, boundary conditionsdaitiction.

The differential equations with boundary conditions ameérly with initial concentratiog and

applied voltagé/. For instance, the following equations are satisfied:

(?}2—(\/)2>W+ w? (?}282) +w(plv(;() =0

b /
(nlo(\/);)) (0) =0
000) (1) =0
BC: b”°V° ),,,( ) (7.52)
L) 0 =-wf©)
"
(%%) © =-wfH)

This motivates us to define a further normalized quantityhefimaginary portion of first har-

monic:

*

L= 0B (7.53)
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With the potential supplied by SPM tip, the differential atjan and boundary conditions for

the normalized first harmonic are given by:

by (x) 4 w?bi (x) = ‘*’(x+h h)?
bi'(0) =0
ae.) PiH) =0 N
by"(0) = 4
| bi"(H) = %(thhH)2

Thus in the simulations, we may assume the initial concgatrasc(0) = 1 and applied voltage as
Vo = 1.

The normalized deflection on top surface (with respect todkdaus tip) is expressed as follow:

H .
Lop(t @) = [ br(x,w)clx el -]
0
H .
:s/ bj (X, w)VonOde[el(“"*goo)]

M / bj ( dx | ei(wt-9%) 755
S\oop (X, w) x[e } (7.55)

whereuop(t, w) is the normalized deflection with respect to the length coaipe to the tip radius

R of the SPM tip, or

Utop real (t,w)

= (7.56)

Uop(t, @) =

whereuopreal (t, w) denotes the deflection in real scale.

In addition, since we are interested in the magnitude of #feection but not the phase delay,
we may drop the exponential factet@—°%) whose magnitude is one. Thus, the deflection in real

scale can be simplified to:

utop,real (t,w) / X
7.57
SnoBR b3 (X, w)d (7.57)

R=1,no= 1;3 1Vo=1
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Quantities on the left hand side can be obtained via expetsnevhile the right hand side is
computed using simulation with normalized variabRs=-1, ng =1, 3 =1 andVy = 1. Thus,
this equation links experimental data and simulation dadaed on which we predict the local ion
concentration. More details will be presented in next secti

Several simulations will be presented to explore variooperties.

7.3.2 Numerical Solution of First Harmonic and Effect of DmmThickness

The first harmonic is believed to redistribute ion locally Verify this, the system of differential
equations for first harmonicog (X) = a3 (X) + jbi(X) ) is solved for two domains with different thick-
nessedl. For instanceH = 20R andH = 200R are chosen, wherR is the radius of the SPM tip.
The sample is subjected to a sinusoidal input, with magaitig = 0.025Volts), and normalized
frequencyw* = 1. The real and imaginary parts, as well as the magnity@e(x) + by (x) of the
first harmonic are shown graphically in figure (7.11). It candeen from figure that the effect of
the SPM is localized. Activities of ions appear within appnoeately 3R from the site of the SPM
tip for both thicknesses. Thus without loss of generosity,may adopt domain of shorter thickness
since less data points are needed for computation.

We may further verify the localized redistribution of iong btudying the effects of domain
thickness on the concentration of ions and the deformatiwaéured as deflection, as a multiple of
radiusR of the SPM tip) on the top surface of the domain. In particutse deflection on top surface
is the quantity measurable in ESM experiments. In these iwolations, the thickness ranges from
Rto 20(R. The results are shown in figure (7.12). It cam be seen thaetheantities tend to settle

for thickness of the domain is greater tharR18s a conservative estimate.

7.3.3 Effect of Operating Frequency on Deflection

Next we consider the effect of operating frequenay 6n deflection of top surface. An attempt
will be made to fit the deflection on top surface (magnituddnwispected to the tip radil® and

the operating frequency of the applied AC voltage. Basedremigus discussions on the effects
of domain thicknesdd, we simply adoptH = 20R in the simulation. The range of normalized

frequencies@*) is from 250 to 15000. The magnitude of the applied voltagis 0.025 (Volt). The
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Figure 7.11: Real and imaginary parts, and magnitude, dftfaemonic of ion due to SPM with
sinusoidal input voltage.
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drifting coefficient takes 1. The initial ion concentratian is 1. The distance between effective
chargeQ and top surface is take as308&R. The simulated result is shown in figure (7.13). The

fitted equation for normalized deflection and normalizedraleg frequency is:

Utop’real . 036032
sWoBR  w*

(7.58)

This equation will be used, in conjunction with experimémiata on ESM, to track back local ion

concentration.
0.015 ‘
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Figure 7.13: Contour showing ion concentration at steadiedbr domain subjected to SPM tip
with positive voltage. Notice that lithium ion are attratt®wards the site of SPM tip.

Following the same approach, one may explore the secondoné&sby setting and studying

the corresponding coupled differential equations. Thaiblean be found in appendix (E.5)
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7.4 Resolving Diffusivity and Local Concentration by Relaation of ESM

The mechanisms and performance of lithium ion storage apeypanderstood, partly due to the
lack of reliable tools to measure lithium ion activities la¢ thanoscale, especially in a quantitative
manner. The emergence of electrochemical strain micrg9g&®M) has greatly advanced our capa-
bility in probing electrochemistry at nanoscale, enablimgging of ion diffusion and reaction with
nanometer solution. The technique, however, remainsliamgelitative in nature, and measuring

local ionic diffusivity and concentration at the nanosaamain to be elusive.

It is possible to measure local ionic diffusivity quantitaty at the nanoscae through ESM
relaxation study, enabled by close combination of numksggaulations and SPM experiments.
This is accomplished by recognizing a universal time caristaionic relaxation behaviour driven
by the ESM, and further analysis shows that local ionic cotre¢ion can also be measured, after the
local diffusivity is mapped quantitatively. To this end, a@nsider an electrode materials probed by
a charged SPM tip with radiu? and potentiaV/. The potential distribution induced by the charged
tip can be approximated by the effective point charge molte&ll of our discussion, we assume
that the SPM tip is touching the top surface of the samplethrronvords, the SPM tip is in contact
mode. Thus the distance between the SPM tip and the samfidesus taken adeg = 0. The
SPM tip is virtually imagined as a point char@elocated at a distanag above the sample surface

where:

Q= 280(1—|— K)Vod

2R 1+k
R
__ 9 1
(p(X)_2n£o(l+K) s 2 (x 2 (7.59)

whereg is the absolute permittivity of vacuurg, is the effective permittivity of the specimen,

measures the dielectric anisotropy of the sample.

The potential distribution would drive perturbation of &dithium ion concentratiort in the
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electrode underneath the probe, as governed by the clediiaaion and electro-migration:

dc_

5 =0-(000)+0- <DECD¢> , (7.60)

RT

whereD andz are the diffusivity and charge number of the considered Tors the absolute tem-

perature, anér andR are the Faraday constant and universal time constant,atésgg
For further analysis with numerical analysis, it is reveglio recast the ion transport equation

in a normalized or dimensionless version,

ac*
ot*

= 0-(0c) +0- (¢ 0¢"), (7.61)

where the length scale is normalized with respect to thediiusR, T = %2 measures the time

constant involved.

Next we study the kinetic and kinematic of Lithium ions inatedes. Insights from the ESM
equation on balancing diffusion and electro-migration & explained. Based on these underlying
facts, an ESM experiment is designed to probe the deflecfitimedSPM tip that is in contact with
the top surface of the sample during charging / discharginggsses, being manipulating by DC-Ac
bias. Simulations are then conducted to produce numegsalts that exhibits the same pattern of
data. After suitable curve fitting and comparison betwegesrments and simulations, we are able

to predict the diffusivityD and local ion concentratiomy).

If an AC voltage is applied with relatively high frequencibich are shorter than the typical
diffusion time scale, electro-migration dominates ovdfudion in the role of redistributing ion

concentration through the induced electric potential. Moelel for this act is simplified as:

Jc 5
i DB @. (7.62)

As a remark, in the simulation, we deal with its normalizedfo

ac*

= =00 (7.63)

where the parameter and variable being discuddehdcy, are hidden or integrated into the equa-
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tion.

Equation (7.62) infers that changes in Li-ion concentraiitduced by the SPM tip is propor-
tional to the local equilibrium concentratiany as well as the diffusion coefficie®. Since this
change is directly proportional to molar volume change dn the ESM response probed, we
conclude that ESM amplitude also correlates with the locakentration as well as the diffusion

coefficient of Li-ion.

To verify this, a sequence of DC step voltages with AC biaspigliad through the SPM tip
to the probed sample, as shown in figure (7.14). The profilasschlly made up of five regimes.
Scenarios from these regimes will be explained. The cooredipg ESM responses will also be

simulated and compared with experimental data, to predietullinformation.

The profile of the applied voltage in the SPM tip is describgd b

0 :0<t<Ty
Vo :To<t<2Tp
V(t) =Vacsin(wt) +9 0 2o <t < 4Ty ,
—Vp :4Ty<t<5Ty
0 :BIH<t<6T

where the first term represents the AC bias witheing the operating frequency much shorter than

the relaxation time scale aMic as the magnitude of the voltage.

The DC voltage is used to manipulate charging so as to rdalisgrions towards or away from
the site of SPM tip. The AC voltage is used to activate the ipglof the deflection locally. The
operating frequency of the AC can be as high as 1000 (kHz)¢lwimduces small vibrational de-
flection (known as the AC-deflection). Due to high frequenagt amall magnitude, this AC voltage
does not redistribute ions in the sense of global time scdlerevrelaxation of ions takes place
from previously resulted steady state due to DC voltage. ddien of the bias voltage and the

corresponding response will be outlined with explanation.
Regimel]: Ground State

In this regime, no DC voltage is applied. The AC voltage ohhiigequency is thus used to probe

the ground state of ions, without redistributing these imigh away from the original configuration.
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Figure 7.14: Profile of applied voltayd&t) during a charging / relaxation process to probe diffusiv-
ity and local ion concentration.

The governing equation of ions in the instantaneous (shditee scale for local measurement is:

o _

DO%c +DpBcl1?
ot \/-’—i_ B ¢

/ N——
dominate  frystrate

Cnit(X) =Co(X) = ¢Cp (7.64)

uniform

while the governing equation of ions in the global (longéne scale of relaxation:

Jc
— =DO%
ot

Cinit (X) = Co(X) = Co , (7.65)
~—
uniform

The vibrational deflection will be linked to the simulated A€flection with the first harmonic to

compute the local ion concentratignif diffusivity (D) is known.
Regimell: Charging with Positive Voltage

In this regime, a positive DC voltage is applied so that ionghe vicinity of the SPM tip move

away, resulting in deformation. The response is dominayesldrtrostatic interactions, which leads
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to ultrahigh amplitudes, when compared with the responseslypfrom AC voltage. Thus we do

not examine any ESM response during this regime, thoughlaietideflection can be obtained.

Jc
5 DBc?p
Cinit (X) = Co(X) = Co, (7.66)

The time range is so chosen to allow ions to move to the stdatly at the end of this regime. This

eventual distribution can be predicted by our previousristazal calculation.

— _ fOH CO(X)dX o(x)
C(X,tend) = Cssp(X) = & e—B(p(x)dXeﬁ (7.67)

Regimell: Relaxation from steady state due to previous positive D@ifing

In this regime, a large drop in ESM response is observed iratedy after the removal of the
positive DC voltage, which then gradually increases bacthéground level by the end of this
regime. The ions in previous steady state returns to th@wmitlistribution, up to small frustration

due to the high frequency AC. The governing ESM equation @bl time scale is:

dc
— =D0%
ot

Cinit (X) = Cssp(X), (7.68)
The distribution of ions by the end of this regime is:

C(X,tend) = Co(X), (7.69)

Regimell: Charging with Negative Voltage

In this regime, a negative DC voltage is applied so that ionthé vicinity of the SPM tip are

attracted towards the tip, resulting in deformation. Thesgoing ESM equation in global time scale
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oc
5=
Cinit (X) = Co(X) = Co, (7.70)

DBc2g

The time range is so chosen to allow ions to move to the steatky at the end of this regime. This

eventual distribution can be predicted by our previous ristazal calculation.

H
Co(X)dX
Ettena) = Ganl2) = I&Tﬂo&mxeﬁw (7.71)
0

Regimel]: Relaxation from steady state due to previous negative D@rging

In this regime, a large increase in ESM response is obsemetkdiately after the removal of
the positive DC voltage, which then gradually decreasek twathe ground level by the end of this
regime. The ions in previous steady state returns to theumitlistribution, up to small frustration

due to the high frequency AC. The governing ESM equation abagll time scale is:

Jc
— =DO%
ot

Cinit (X) = CSSH(X)7 (7.72)
The distribution of ions by the end of this regime is:

C(X.tend) = Co(X), (7.73)

The different relaxation characteristics under diffel®@ polarities can be clearly understood
from our interpretation of ESM responses - a positive DCagstby SPM tip reduces the Li-ion con-
centration underneath the SPM tip, resulting in a smallgpaase than in the ground state, while a
negative DC voltage increases the Li-ion concentratioretmehth the SPM tip, resulting in a larger
ESM response. The relaxation of ESM response to ground atieremoval of either positive
or negative voltage corresponds to the redistribution ebhs to the equilibrium concentration at

ground state.
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Profile of applied DC voltages and the resulting ion con@giain and deformation (referred as
deflection) are shown in figure (7.15). Notice that in the fguon concentration is normalized to a
reference uniform concentratiag, while the deflection is normalized with respect to the raditi
the SPM tipR.
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Figure 7.15: Simulation results of relaxation study ofilith ion. The top graph shows the profile
of applied voltage/ (t). The middle graph shows the resulting ion concentratiohetap surface
of the electrode¢(x = H,t). The bottom graph shows the deformatiatx = H,t).

Notice that it is not possible to get direct access of the mmcentration and actual deformation
of the electrode, even on the top surface of the electrodésthredirect contact with the SPM tip. As
discussed, AC voltage of small magnitude and high frequehey is biased with the DC voltage,

is adopted to obtain vibrational deflection whose magniisdaown as the AC-deflection. Useful
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information on diffusivity and local concentrations canizeked from AC-deflection, together with
simulation results. The AC-deflection experimentally aled in the regime of ground state and the

two regions of relaxation are shown in figure (7.16) [90].
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Figure 7.16: Experimental results of relaxation study tfilim ion. Deflection detected by the
SPM tip is shown. Profile of DC voltage for manipulating ioaslso shown.

The AC-deflection is also numerically simulated. The datéhentwo regimes of relaxation are

also fitted with functions in exponential form:

u=a(l-e™) =a (l— e‘%) : first relaxation regime
(7.74)

u=a(l+e ™) =a (1+ e‘%> : second relaxation regime
whereTt represents the time constant amis the value of the function at the end of the regime. The

result is shown on figure (7.17).
Next we will link experimental data and simulated data over two regimes of relaxation to
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Figure 7.17: Simulation results of relaxation study ofilith ion. Deflection detected by the SPM
tip is shown. The data is also fitted with functions in expdiarform. The magnitude of the
deflection is normalized with respect to the radius of SPM tip
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predict diffusivity ©) and then over the first regime (ground state) to predict ioceconcentration

(n). During relaxation, without the effect of electro-migoat from DC voltage, ions return to the
original uniform configuration. The trend is believed to &e& exponentially. Our strategy is to
estimate the the time constants from experimental data iamglagion data. Comparing the time

constants with respect to the time scale will enable us taiolhe diffusivity.

Over the first relaxation regime (where the positive voltages removed), the simulated data is

fitted with exponential function:

Usimu(t) = 0.0000192q1 — e—1-7693]

- 0.00001926{1 - e—%esl} : (7.75)

where the time constant is approximately,,= 0.5651.

In the simulation, we have assumed that the diffusivitpign, = 5 x 10-*4(n?/s). We have
also normalized the length scale with respect to the raditiseoSPM tip. Thus in the normalized

time scale is:

R (10x108)?
o _ —0.002(s). 7.7
Gmi=p5.— =g, 101 = 00029 (7.76)

On the other hand, the experimental data is fitted with the@esptial function:

Uexp(t) = 103— 11502632

—103- 115 0%, (7.77)

where the time constant is approximately, = 3.8.
The normalized time scale for experiment is:

(10x 10°8)

RZ
fexp= D= ) , (7.78)

whereD is the actual diffusivity of the ion to be determined.

The dynamic behaviours in experiments and simulations misbnsistent. Thus by balancing
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the ratio of time constant over the normalized time scaléweld the diffusivity of ions.

Texp  Tsimu

t;p simu
038 05651
(10108  0.02
D
D ~ 7.4474x 10 13(n?/s) (7.79)

Similar procedures can be applied to experimental and sitioul data on the second relaxation

regime (where the negative voltage was removed) to predathar possible value of diffusivity.

Simulation data: Fitting, time constant and normalizecetsnale

Usimu(t) = 0.00001923 1+ e 19121]
- 0.0000192{1+ - ﬁa]

Tsimu == 0522&5)

R (10x10°8)?
tsimu= Do~ Bx10T = 0.002s). (7.80)

Experimental data: Fitting, time constant and normalize tscale

Uexp(t) = 142+ 58.48e 1354

— 142+ 5848 07z

R2  (10x 10°8)°
exp= D = 7( D ) (7.81)

Balancing the ratio of time constant over the normalizecetsoale for both experiment and
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simulation will yield the diffusivity of ions.

Texp _ Tsimu
te_xp simu
0.7358  0.5228

(10x10-8)>  0.02
D

D ~ 3.5526x 10 4(n?/s) (7.82)

Since the experimental data on the second relaxation regppear to be scattering, the curve fit-
ting of the data suffers inaccuracy and thus the diffusipitydicted may not be fully reliable. From
now on, we may assume that the experimental value of diftysiv be D ~ 7.4474x 10~15(n?/s),

which was obtained on experimental and simulation data etréfaxation regime.

With the estimated value of diffusivity, we may further pietdhe ion concentration from exper-
imental and simulation data on the regime of ground stateevbiely AC-voltage is applied. Under

AC voltageV (t) = Vpel“t, the resulting local ion concentration has the form:
c(t) = o+ Cr () + cp(w)el? + ... | (7.83)

wherec; andc; are the first and second harmonics that depends on the owgefi@quency ) of
the input voltage. This ion distribution that is oscillagiaround the initial distribution results in a
displacement (which is determined by solving mechanicallégum equation accordingly). The

deflection at the top surface of the electroaglggexp is related to first harmonic:

Uopexp  0.36032

PR & (7.84)

This formula can be re-casted with variables in real scales:
1
Utop.exp = SMNoBR x 0.36032E

D 1
- R 0.36032=; —
S\broBR x 0.36032; —

D1
= 0.36032\pnof - (7.85)
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The deflection as detected by the SPM tip during ESM expetinised (pm) after integrating with
the quality Q-factor. In the simulation, we have assumedtelechemical constarg= 1, applied
AC-voltage BVo = 3, operating frequency = 1000k, diffusivity D = 7.4474x 1015, radius of
SPM tipR= 108, Substituting these parameters into the formula will yi@idestimate value of

the ion concentration:

3 74474x10°15 1
2x 1012 =0.36032x 1 x —
x X207 108 1000x 1000

no = 9.9375mol/m?) (7.86)

7.4.1 Summary

We have developed an approach to combine experimental ddtsirmulation for an ESM experi-
ments on relaxation with DC-AC bias to track back useful infation on diffusivity O) and local
ion concentrationr{). By having experimentally the (AC-)deflection detectedtry SPM tip on the
top surface, we are able to probe physical quantities of lgetrede. On the other hand, we have

not yet considered the effect of the second harmonic, whiekvill focus in future work.

7.5 Formulation in higher dimensions

The preceding one-dimensional simulation and analysisrotoncentration in ESM can be gener-
alized to higher dimensions. For simplicity, most of theodfis placed on two-dimensions. Three-

dimensional analogy follows naturally.

We begin our discussion with the general form of the goveymiquation for ion concentration.

g—f = D% — BDO- (cE), (7.87)

wherec = ¢(x,y) is the ion concentration at the spatial coordindtey), E = E(x,y) is the applied

electric field to the sampl®) is the diffusion coefficient anf is the electro-drifting constant.

Following the numerical scheme applied to one-dimensicaak, we decompose the equation
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into several component equations, which we then discretize

Jc 2
i DO“c— BD0O- (cE)
= —0.(—D0Oc+ BDcE)

=-0-(U,V), (7.88)

whereU =U(x,y) andV =V (x,y) represent the x- and y- components of the flux of ions.

More specifically, the fluxes are expressed as:

= —DUOc+ BDcE
Vv
U g¢ Ex
- D + BDc , (7.89)
Vv g_; Ey

whereEy, = Ex(x,y) andEy = Ey(x,y) are the x- and y- components of the applied electric field.

With these notations, the set of decomposed equations iditwensions are thus:

oc_ U _ov

ot~ dx  dy
U (X7 y) =-D <%C; - ﬁEX(Xv y)C(X,y))

V(va) =-D <Z_§ - BEy(XN)C(XaY)) (790)

The two-dimensional space occupied by the ESM sample isatized intoN x N cells as the
computational grids. These cells have boundaries dengtétetpointsX, andY;, where 1< |,J <
N+ 1. Fluxes and electric fields are defined at these pdixtsY;). The centers of the cells are

specified by the coordinatgs;,y;), 1 <i,j <N, where the ion concentration is defined. More
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specifically,

c=c(t) =c(xyt) = c(x,yj,t) = cj(t)
U= U(t) =U (x,y,t) ~~ U(X|,Y3,t) =Up (t)
V=V(t)=V(xyt) = V(X,Yt) =V;(t) (7.91)

These variables may be dependent on timéWithout loss of generality, we will drop this

symbol. We also rewrite the components of the applied étattiield as:

E =Ex

F=E, (7.92)

The boundary conditions for the problem are the given fluxesgathe four boundary lines of

the two dimensional sample. Thus:

Uy =0

Vig =Viy (7.93)
whenevett =1 N+1and/orJ =1 N+ 1, which corresponds to the points lying on the boundaries.

The set of governing equations for ion transport subjeaeztto flux across all boundaries are

discretized as:

Numerical scheme for flux components at interior poifiés< 1,J < N):

GCi.j —Ci—1j Gi.j +C—1]
U|J:—D< (] i—1,j —EIJ |,J+ i l7j>

h 2
B Gij—GCij-1 Gj+GCij1
Vig=-D R (7.94)

Numerical scheme for flux components at boundary points,0 or | =N+1 orJ=20 or
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Figure 7.18: Grid for one-dimensional simulation. The lngf the sample is divided intN cells
with N + 1 subdivision points denoted by, at which electric fields or potentials are discretized.

The midpoints of the cells are denotedgy at which the ion concentrations are discretized.
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J=N+1:

Us=0
Viy =0 (7.95)

Numerical scheme for concentration at all discretized §8o{t <i,j < N):

gcj _ Ug—Uy Mo —Vig (7.96)

ot h h

Combining these three sets of numerical schemes resultaumarical scheme for concentra-

tion only. This scheme is formulated at various sectionshefgrid as outlined in appendix (E.6)

and figure (7.19).

C3 B4 C4

B1 A B2

C1 B3 C2

Figure 7.19: The explicit forms of the differential equatsofor concentration gk, y;), that is the
differential equation for; (t), depends on which section of the two-dimensional domaifhimwit
which (x,y;) lies. There are nine possible cases that refer to interimtgg¢denoted byd), four
boundaries (denoted BL, B2, B3,B4) and four corners (denoted B1,C2,C3,C4).

By the method of lines (MOL), these equations are assemhtedai nonlinear time-dependent
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coefficient ODE system for the concentratioat the grid pointgx;,y;) as functions of time:
=2 =M (c(t), U(t), V(1)) c(t), (7.97)

where the dimension afis (N2 x 1) and the dimension of the matrM is (N2 x N?). The initial
conditions of this ODE system is the initial concentrataf) = co = cﬂ- . Recall that this approach
ensures that numerically the total amount concentratiaf inet is conserved for zero flux across

all boundaries.

In the following, we illustrate two simulations for domaintiwlithium ions subjected to a SPM
tip with positive and negative voltages respectively. Tomelin, whose thickness is 20 times the tip
radius of the tip, is quantified numerically by a (20Q00)-grid, so that 40000 differential equations
are generated to solve for the ion concentratiofi(&t y;), 1 <i < 200,1 < j < 200}. Assume that
the initial ion distribution is unform with the normalizedilue of one, that isg(x;,y;)(t = 0) = 1.
The magnitude of both voltages is 0.25 (Volts), small enosiglithat the distribution of potential
from both voltages are moderately symmetric. The distamteden the effective charg@ of the
SPM tip and the surface of the domain i8R, whereR s the radius of the SPM tip. For simplicity,
we take the diffusivity to béd = 1. The ESM equation, now expressed as a first order evolution
equation, is iterated until steady state is reached. laomilalisions and resulting deformations in

steady state will be shown.

As a remark, the first order evolution equation is numerjcsdlived using implicit scheme, as

briefly shown below:

ck%t—ck —M (Ck’Uk’Vk) !
[l vy (Ck, uk,vk) At] el — ok (7.98)

The iterative scheme starts with unit initial conditionrfcentration), ore® = ¢(0) = 1. With prop-
erly arrangement of entries, thé can be effectively stored as a banded matrix, so as to aateler
the computation and to allow simulation of large domaing thguires more data points for dis-

cretization.

After the ion concentration(t) ~ c(tX) = ¢ has been computed, one may compute the eigen-
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strain that results from derivation from the preceding ionaentratiorc(0) ~ c(t%) = ¢, as follow:
e85 =sAc= s(c(tk) — c(to)) , (7.99)

heresis the expansion coefficient that relates ion redistributod deformation. With mechanical
boundary conditions, elasticity equation is used to sobrete displacements, strains and stresses
of the domain when influenced by external voltage. The bogyndanditions being considered for
both ESM and mechanical equilibrium are shown in figure ()7.20

J =0 T.,T, =0

y

] = ESM ] = Elasticity

periodic
periodic

J =0 u,v =0

Figure 7.20: Boundary conditions for (a) ESM equation andElasticity equation. For ESM
equation, all four boundaries assume zero flux so as notaa adin to flow out. For elasticity
equation, the top surface is traction-free while the bottemisplacement-free. The left and right
boundaries are periodic.

7.5.1 Simulation of Lithium lons in Two Dimensional Domaireo SPM tip with Positive Voltage

Using the numerical just developed, assume that a SPM tippuisitive voltage\(p > 0) is brought

to the center on the top surface of the domain. Since lithions iare positive charges, they are
attracted by the positive voltage of the SPM tip in the vigimif the site of the SPM tip, as schemat-
ically shown in figure (7.23) (a). lons are moving away fromendthe SPM is applied, where the
density (or concentration) of ions decreases, eventuedlylting in () of the sample, since lithium

ions are heavier. In steady state, the ion concentratidmoisis in figure (7.21). Displacement com-

ponents due to ion redistribution are shown in figure (7.ZRe deformation of the domain is also
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exaggeratedly visualized in figure (7.23) (b).

0.98
0.96
0.94
0.92
0.9

0.88
0.86
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0.8

0.78

Figure 7.21: Contour showing ion concentration at steadiedbr domain subjected to SPM tip
with positive voltage. Notice that lithium ion are attrattewards the site of SPM tip.

7.5.2 Simulation of Lithium lons in Two Dimensional DomaimneDo SPM tip with Negative Volt-

age

On the other hand, assume that a SPM tip with positive volfslge: 0) is brought to the center
on the top surface of the domain. Since lithium ions are pesitharges, they are attracted by
the negative voltage of the SPM tip in the vicinity of the giethe SPM tip, as schematically
shown in figure (7.26) (a). lons are moving towards from witeee SPM is applied, where the
density (or concentration) of ions increases, eventuakylting in () of the sample, since lithium
ions are heavier. In steady state, the ion concentratiohde/s in figure (7.24). Displacement
components due to ion redistribution are shown in figure5)7.Zhe deformation of the domain is

also exaggeratedly visualized in figure (7.26) (b).
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Figure 7.22: Displacement components of domain of Lithiomsiin steady state due to SPM tip
with positive voltage.
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(a) lons are attracted. (b) Deformation visualized.

Figure 7.23: Schematic showing positive voltage inductadton of ion towards SPM tip and the
resulting deformation.
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Figure 7.24: Contour showing ion concentration at steadtedor domain subjected to SPM tip
with negative voltage. Notice that lithium ion are attractewards the site of SPM tip.
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Figure 7.25: Displacement components of domain of Lithiomsiin steady state due to SPM tip
with negative voltage.
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V, <0

é

(a) lons are attracted. (b) Deformation visualized.

Figure 7.26: Schematic showing negative voltage indudesctibn of ion towards SPM tip and the
resulting deformation.

7.5.3 Region of Influence

From the 2D simulation of ion redistribution, we may ideptifie region in the vicinity of the SPM
tip, which we refer as the region of influence. The trend ofdoncentration and deformation (as de-
flection) over the center line are shown in figure (7.27). diothat the size of the region of influence
is about 7 times of the radiug of the SPM tip, which is consistent with the correspondirgutes
predicted by one-dimensional model. Notice in two dimensjalisplacement has two components

denoted by andv. For the sake of convenience, we plot the vector sum of th@atisment, that

IS, VU2 4+ V2.

7.5.4 Fitting first harmonic deflection for two-dimensionabdel

With two dimensional model, we may also study the first harimaleflection that results from
applying AC voltage in the SPM tip on the electrode. The satiah data are then curve-fitted to

relate normalized deflection and normalized operatinguieeqgy:

.008732
Opc ™ 0.00873: (7.100)
w*
This formula can be adopted to predict the local conceotmatiith ESM experiments. Simulation

data and the fitting curve are shown in figure (7.28).
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Figure 7.27: Region of influence of ion distribution and ¢tasement on top surface as detected
by SPM tip in 2D model. The top graph shows the initial anddyfestate ion distribution over the
center line of the two-dimensional domain. The bottom grsipbws the displacements.
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Figure 7.28: First harmonic deflection in two dimensionaldelo

7.5.5 Sensitivity of SPM tip in probing local concentratiarinhomogeneous electrode

In previous one-dimensional model, with known diffusivi{fp) (which can be predicted via ion
relaxation from manipulating DC voltage), it is possiblepmbe local ion concentratiom) by
linking experimental data of ESM experiments with simuatdata for first harmonic deflection on
top surface that is due to applied AC voltage with small magi@ and high frequency.

In order to further verify the sensitivity of the SPM tip inettcapability to probe local ion
concentration at various points over the sample surfacepwsider a two dimensional domain with
laminating distribution of known ion concentration (1 an& tepeating) across the x-coordinate,
as shown in figure (7.29) (a). The ratio of the ion conceriratn different layers is 1.5. Two-
dimensional model allows us to simulate AC-deflection oaaheportion, as shown in figure (7.29)
(b). The ratio of the magnitude is approximately 1.539. lvess that ESM experiments with
simulation based on two-dimensional model allows us to @roloal ion concentration using AC

voltage.
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Chapter 8

SPECTRAL METHODS IN ELECTRO-MECHANICS AND PHASE FIELD
SIMULATIONS

In our previous works on solving Maxwell’s equations, gkt equations and phase field sim-
ulations, we have assumed periodicity along all directiand then released periodicity along the
out-of-plane direction for more realistic configuratioriBhere are three potential reasons for im-

provement and generalization:

(1) Non-periodicity along out-of-plane direction asseegawith finite difference whose accu-
racy is of second order, compared with spectral accuracydfdiong the two in-plane directions.

Effectively the accuracy of the whole numerical scheme Bridgraded to second order.

(2) In addition to (1), imposing periodicity along in-plad&ections do not take into account the
physical boundaries along the four lateral faces of theetidimmensional domain. For mechanical
boundary conditions, traction on top surface and displagnconstraint on bottom surface are
involved, while for electrical boundary conditions, elictfields, charges or potentials on either

surfaces are involved.

(3) The constitutive material properties (as in Hooke’s ¢éa dielectric equation) being adopted
are homogeneous and of isotropic, which do not suffice toystoioke general configuration, such

as non-homogeneous materials.

We would like to extend our current numerical tools to indudore general and realistic phys-
ical configurations, such as nonhomogeneous and anisotmogdierials and physical boundary con-
ditions over lateral surfaces instead of periodicity. Fs.twe utilize a powerful numerical method
known as the spectral method that will enable us to resoksetithree issues. We will develop the
spectral method to solve Maxwell’s equation and elastiegyation for nonhomogeneous materials
subjected to arbitrary physical boundary conditions onnawies without imposing any periodic-
ity, as well as phase field simulation under general conftgura This numerical formulation is of

spectral accuracy.
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References of spectral methods can be found in works of thesfig[94, 95, 96]. Application
and implementation of the spectral method in heat transférelated problems can be founded in

Guo, Labrosse and Narayanann [97].

8.1 Preparation

Before solving these equations in the general context, wlmeuhe essential building blocks of the
spectral method.

We work with simulation in at least micro-scales. As a custara normalize the length scale.
The in-plane dimensions are scaled to dfgl], while the out-of-plane dimension is scaled accord-
ingly, with the same scale factor.

For spectral method, due to various issues with the theogppfoximation, we normalize the
major dimensions to length of two. For instance, these d#ioenare scaled to symmetric intervals
[—1,1].

Over the normalized intervals, we introduced the cooreirsgstem as the projection of+ 1)
points on the upper half of the unit circle in the complex plaifthese projected points are known

as the Chebyshev points, which can also be mathematicahacterized as:

x,-:—cos( n),0§j<n (8.1)

Jﬁ <

The distribution of these Chebyshev points are illustrateftgure (8.1).

All physical quantities are designated at these points. therowords, all physical quantities
(such as displacements and potential) are approximatéu &hebyshev pointfP‘xj } through the

Chebyshev polynomial§T; }, where:

f(x) ~ ki aTk(X)
2 P ET(X)
N 7_T/71 1—x2 dx
Tk(x) = cos(kcos ™ (x)) (8.2)

Over the unevenly distributed Chebyshev poi{m}, we may introduce the numerical differ-
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Figure 8.1: Chebyshev points (n = 16)

entiation matrixD with high accuracy. The inverse of this matr; 1, corresponds to integration.

The elements of the Chebyshev differentiator mairix [D;; ] are characterized by the following

formula;
2NZ+1
Doo = 6
2N?2+1
Dnn=——%
Djj=—— =1 N-1
2(1—.x.j)
¢ (-
Dii = — 8.3
= 3R, A F ] (8.3)
where we define
2 fori=0,N
Gij = (8.4)

1 forl<i<N-1



Alternatively, the differentiator matrix has the follovgrstructure:
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(8.5)

Matrix corresponding to second derivatiiess computed by squaring the differentiator matrix

D. For instance,

(8.6)

If the values of some function(x) at Chebyshev point§x; } are approximated as = u(x;),

then the approximations of the first and second derivativ¢s) andu’ (x), at the Chebyshev points

{x; }, denoted by; = U (x;) andw; = u” (x) respectively, can be approximated via multiplications

with matricesD andE. Mathematically,

{u(4)} ~D{ux)}
Vo [ |
Vi ~ D

VN

Uo

Ui

Un

(8.7)
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and

{u'(x)} ~ E{u(x)}

Wo Uo
W, ~ E Ui (8 . 8)
WN UN
\ ) - -

Without loss of generality, we focus on solving the mentampeoblems in two dimensions. We
will revisit Maxwell's equation with periodic conditionsceoss x-direction and physical boundary
conditions over top and bottom surfaces, for validatiorirsidahe previous methods using FFT and
finite difference. We will then propose a generalization led spectral method to deal with non-
periodicity along both x- and y-directions. Spectral methor elasticity equation and phase field

simulation are finally outlined.

8.2 Solving Maxwell’s Equation with x-periodicity using Spectral Method

Recall that we are solving the following Maxwell’'s equatiatere periodicity is assumed along

x-direction:
kD?p=0-P, (8.9)

where@ = @(X,y) is the potential over the sample,is the permittivity and® represents the vector
for the spontaneous polarization. Various boundary camditcan be considered over the top and
bottom boundaries. For Maxwell’'s equation, potential ec#ic flux or charge are adopted. (Figure
8.2)



175

Top boundary
Potential / field / charge

2 &
o ~+ ) w =
° o Domain ® =
o 2 o ©

2
2 > KN’p=Vp Q 5
6 6 a

L )

o

= <

Bottom boundary
Potential / field / charge

Figure 8.2: Schematic of computational domain for Maxwedquation with boundary condition.
Periodicity is assumed in x-direction.

As what was done before, we take FFT along x-direction:

kD?p=0-P
d’¢ d’¢ dR  dR FrrTinx
e e T ax Tay

> _
kg k2 (iR + ‘2—?,

07 (8.10)

wherek, are the Fourier coordinates afd-= f(ky,y) denotes the FFT of (x,y) in x-direction. This
also converts the Maxwell’s equation to a decoupled systiesndinary differential equations along

y-direction, each of which associates a differignt

For the y-direction, we replace the derivative by Chebydtifferentiation matrixD, yielding

the following matrix equation for the numerical values d fhotential at Chebyshev poinfg }:

— kK2l @+ kD?p = (iky)Px + DP,

(—kK2l + kD?) @ = (iky)Px+ DR, (8.11)
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For each Fourier Coordinaté}, we solve the matrix equation in the form:

A®=b
[ A0 ¢ A0Ln-1 ' Aen | [ % bo
| |
| |
A(l:n—10)' A(l:n-11:n-1) 'A(l:n-1n) @ =19 b (8.12)
_________ e B
. AnO ¢+ Anin—1) o Ann | @ | by

If both surfaces are subjected to given potentials, nanggjy(x) and got(x), we take FFT to

obtain:

Rop(X) % By (k)

Bot(X) T Do) (8.13)

The first and last rows of the matrix equations are then regldy the FFT of the boundary

conditions, which yields:

IS 0 ][ m)] [Pk
| |
A(1 n—1,0)i A(l:n-1,1:n-1) iA(l n—1,n) Qo = bi
_________ S S N -
o 0 SR S () A B W (S
(8.14)

The modified matrix equation is inverted to give the numénatues ofp(ky,y), which further

yield the potential in real spaag(x,y) upon taking inverse FFT.

Neumann boundary condition such as given electric field prstofaceFy, = —cé—‘y” = f(x), can

be implemented with the first row of the Chebyshev differitan matrix and numerical values of
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potentials:

—Do(DZf(X)
B

D(O.0)' DO.1:n-1) DO |{ g =X (8.15)
@

The first row of the matrix equation can then be replaced by plirtion of the Chebyshev

differentiation matrix:

D00 ' DO1:n-1) ' DO % ~F k)
: :
ALin-10)' A(Lin-11:n-1) 'ALin-1n) [{ @ ¢=2 b
_________ e -
o 0 o1 e | Bak
(8.16)

The updated matrix equation is then inverted for solutisrpr@viously done.

As a remark, we usually normalize the Maxwell's equationvoi@ truncation errors from big

and small numbers.

e’ =0P
1 1
FeD*Zcp: CORP!
LP

0*2¢* = O°P*, (8.17)

where the normalized potential has been definegby: & .

Some simulations will be run for validation of the spectradthod.
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8.2.1 Simulation 1. Periodic Maxwell's equation solved Ipg&ral Method

For computational convenience, we may choose the domagindationtobe) = { -1 <x<1,-1<y <1},
the permittivity is unform with value = 1. The left and right boundaries are subjected to periodic
boundary condition. The bottom surface is grounded (zeterpial) while the top surface is sub-

jected to an artificial potential given bgop(X) = cog2mx). This periodic potential is so chosen

to make it consistent with the periodicity of the problem.cReEthat the simulation results from

adopting FFT in x-direction and spectral method in y-diatt The resulting potential is shown in

figure (8.3).

@,,(x) =cos(271x)

0.8
0.6

0 X 0

g. Domain £_'2_ 0.2

o o

<% Kp=0 % °

o o 02
-0.4
-0.6
-0.8

%ot (X) =0

Figure 8.3: Periodic Maxwell's equation; grounded on hwottsurface, potential on top surface
coq2nx). (a) Schematic, (b) Simulation: potential.

8.2.2 Simulation 2: Periodic Maxwell's equation solved Ipg&ral Method

All settings remain unchanged except on the top surfacetridield is applied:
Ey = ——=- = sin(nx) (8.18)

The resulting potential is shown in figure (8.4).
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__ 99, .
ﬁ/,top _E(X) —Sln(ZITX)
Z:E_ Domain ;:E "
Q 2 Q 0
2 w8
%ot (X) =0

Figure 8.4: Periodic Maxwell’'s equation; grounded on hotwurface, electric field (y-component)
on top surfacé, = sin(7x). (a) Schematic, (b) Simulation: potential.

8.2.3 Simulation 3: Periodic Maxwell's equation solved Ipg&ral Method

The domain is periodic in x-direction. The bottom surfacgrisunded while the top surface is

subjected to zero electric flux such tf%(x,y =1) = 0. Spontaneous polarization exists and are

{ P } { sin(2nx) }
P— — (8.19)
R sin(2nx) (y+ 1)2

Relative permittivity is needed in the simulation, whichiaken as = 500. The resulting potential

given by:

is shown in figure (8.5).
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0
5 top ¢(X =0

Domain ’
§ | wWip=VP & 1
8 Sin(217x) 8 0
o P= o -1

Sinmx)(y +17

%ot (X) =0

Figure 8.5: Periodic Maxwell's equation; grounded on hwttsurface, zero electric flux on top
surface. Spontaneous polarization exists. (a) Schenfaji§imulation: potential.

8.3 Solving General Maxwell’s Equation using Spectral Metbd

We extend the spectral method to solve the non-periodic M#saequation with general material

properties subjected to arbitrary conditions:

—-u- (K(va)D(p(X7y)) =0-P

7 a0 0 op\ JPR  JR
_E( <K(X7y)&> - a_y (K(Xay)a_y> ~ 9x + dy ) (820)
: L P Rxy) | . o
wherek = K (X,y) is the permittivity,P = = is the spontaneous polarization,
R R/(X,Y)

and@ = @(x,y) is the potential.

We release periodicity in all directions, so that we may npplarealistic boundary conditions,
such as potentials on bottom and top boundaries, and eldigids on left and right boundaries.

The schematic is shown in figure (8.6).

The normalized domaig—1 < x,y < 1} is characterized by two set of Chebyshev points de-
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Top boundary
Potential / field / charge

0 0
o) o
~+ —+
I 0}
=3 = &
L = L=
~ O Domain ~ o
:"‘8 s e
o 2, o c
53 K’ @=VP S <
~ \%
0.2 0 =
> o<
Q Q
-5 -]
oq oq
D D

Bottom boundary
Potential / field / charge

Figure 8.6: Schematic of computational domain for Maxwedquation with boundary condition.
Physical boundary condition can be imposed on each boundary

noted by(x;,y;), where:

yj = —COS<J'nE> ,0<j<ny. (8.21)

While FFT decouples the complex equation being studieddrstystem of independent differen-
tial equation whose variables are the FFT of the electriemalsp(ky,y), so that a set ofny + 1)
matrix equations, each of sizey + 1) x (ny+ 1) is generated, spectral method does not. Instead,
a single large and dense matrix equation is generated fal¢iotrical potentials at all Chebyshev
points(x;,y;j). For this, we re-express the potentials, which is originaltwo-dimensional array, as

a one-dimensional vector:

equivalent
—

o(%,Y)) = @ (8.22)

The schematic is also shown in figure (8.7).
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£y =flx.y))

fi

Figure 8.7: Schematic illustrating equivalence betweemdimensional data and one dimensional
vector

Before we move on to the matrix generated to solve for therdaquotentials, we need to modify
the Chebyshev differentiators xand iny so that they can be adopted in two-dimensions. The one-
dimensional Chebyshev differentiators, denotedd@yandDy, can be applied repeatedly along all
rows and columns of the two-dimensional data to approxirtteederivatives irx and iny. If we
want to do any derivative utilizing all data points in oneg@operation, we simply embed the
original Chebyshev differentiators to a large matrix whieim do numerical differentiation from all

data. This can be done by introducing the Kronecker prodittttive following identity matrices:

1

Iy = 1 (8.23)

L 4 (nk+1) x (ng+1)
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and

= 1 (8.24)

L d (y+1)x (ny+1)

Differentiators in two-dimension can be obtained by emiiggldhe original differentiators in

one-dimension via Kronecker product withandly as shown below:

df
&%DXM}W@)DX]‘ELX

df
— ~D, D el =Ly

dy
d?f bed
W%EX:D)Z(MIy@EXf = Lyx
d?f
~Ey=D2 SN E ol f=Lyy (8.25)

dy?

Mixed derivatives can be obtained by multiplying the indivél embedded derivatives:

d?f

For example, ifn, = 4 andny = 3, the differentiator matrices for one-dimension and idgnt
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matrices will have the forms:

fx(Xo,Y;j) f(%o,Yj) Xoo Xo1 Xoz Xoz| | f(x0,Yj)
fx(X1,Yj) _p, f(x1,Yj) _ X10 Xi1 X1z Xaz| | f(x1,Yj)
fx(X2,Yj) f(%2.¥j) Xoo Xo1 X2 Xoz| | f(x2,yj)
fx(X3.Yj) | f(%s,Y)) [ Xs0 X1 Xs2 Xsz|  f(Xs:Yj)
fy(%,Yo) (1%, y0) Yoo Yor Yoz2| | f(%,Yo)
fy(%,y1) ¢ =Dy f(6,y1) ¢ = [Yio Yar Yio| § f(X,y1)
fy(%i,y2) [ F(%.y2) Yoo Yor Yool | f(Xi,Y2)
(100 0]
B 0100
“loo1o
(000 1]
(1 0
ly=10 1 0 (8.27)
i 0 01

The Kronecker product of each differentiator and the idgmtatrix yields the following differ-

entiators for two-dimension:
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=1y ®@Dxf = L«f
X y @ Dx X

Xoo Xo1 Xo2 Xo3 f (X0, Yo
X0 X1 X2 Xi3 f(x1,Yo
Xoo Xo1 X2 Xo3 f
X30 X311 X32 Xs3 f

Xoo Xo1 Xo2 Xo3 f
X3 Xa1 X3z X33 f

)

)

)

)

)

Xio X1 X2 Xi3 f(x1,y1)
)

)

)

Xio X1 X1z Xaz| | f(xq,Y2)
)

Xoo Xo1 Xo2 Xaz| | f(X2,y2

Xao Xa1 X2 Xaz| | f(X3,¥2)
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g—; =Dy®Ixf =Lyf
fy(Xo,Yo) Yoo Yo1 Yoz 1 (¢ (X0, Yo)
fy(X1,Yo) Yoo Yo1 Yo2 f(x1,Y0)
fy(x2,Yo) Yoo Yo1 Yoz f(x2,Y0)
fy(Xs, o) Yoo Yo Yoz | | f(Xs:Yo)
fy(Xo0,¥1) Y10 Y11 Y12 f(%o0,¥1)
fy(xa,y1) | Y10 Yi1 Yi2 f(x1,y1)
fy(x2,y1) - Y10 Y11 Y12 f(X2,y1)
fy(Xs,y1) Y10 Y11 Yiz| | f(Xs,¥1)
fy(Xo,Y2) Y20 Y21 Y22 f(%0,Y2)
fy(X1,¥2) Y20 Y1 Y2 f(x1,y2)
fy(x2,¥2) Y20 Y21 Y22 f(x2,Y2)
fyOay2) ) | Y20 Ya1 Yao| | f(%s,Y2)
(8.29)

2 021 g 92 _ 0%

As a remark, second derivatives;, Fra and 5557 = 3yax have the same structures, and are not

shown here.

Furthermore, variable coefficient, such as spatial peisityttk = k (x,y) or other material prop-
erties can be treated in the following steps:

(1) Computex = K (x,y) at Chebyshev pointss,y;) as 2D array = ki;.

(2) Re-arrange the 2D array = kjj to 1D vectork = kx. The length of the vector igny +
D(ny+1).

(3) Set up a diagonal matrix whose diagonal elements areléhseat of the vectok = kg, in
the same order. The size of this diagonal matrix is the santleeadifferentiator matrices for two
dimensions, or(n, +1)(ny+ 1) x (N +1)(ny +1).

The resulting matrix can then be pre-multiplied to the défgiator matrices, in the same order,

as what the coefficients appear in the original equations.
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In summary, we have:
K — K(X,y) evaluate Kij _ K(Xi,Yj) re—arrange {Kk} re—arrange [K] _ diag(Kk) (8.30)

The termK(x,y)% corresponds to the matrix]Lf in the formulation of spectral method.

The powerfulness of the spectral method enables us to soévgdneral Maxwell’'s equation
with variable coefficients (permittivity) by directly tratating the given equation into embedded

Chebyshev differentiator matrices in the same order, asrshelow:

- (K(X,y)D(p(X,y)) =0-P

7 op 0 op\ JR  OR
~ox <K(X,Y)a> Y <K(X,Y)d—y> = x|y

0’9 0kdp  d*p Okdp dPXJFﬁ

2 axax "oy ayay ax  ay
(- L0 | 5] bty | 5| ) () = LR+ Ly R)

AD = b (8.31)

Rows of the matrix equation are then replaced by boundarglitions.

If the top surface is subjected to Dirichlet boundary cdoditsuch as given potential,
@o=9(x),vi=0,..,n, (8.32)
which can also be re-labeled as in one-dimensional vector:
W= Ghxi+j =9(%),Vi=0,...,ny, (8.33)

then each row of the matrix equation, wkhk=ny x i+ j,Vi =0,...,n, is replaced by the following:

b(k) = g(x) (8.34)
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On the other hand, if the top surface is subjected to Neumaamdary condition, such as

electric field,

7] .
Ey(xi>y0) = —a—()f(Xi,yo) = g(X|),V| = ov"'vnxv (835)

which can also be re-labeled as in one-dimensional vector:

_d(pK:nxxi+j _

EN 9(xi),Vi =0,...,ny, (8.36)

which can further be expressed in terms of embedded Chebg#ferentiator for two dimensions:
(IY®DX)|k:nX><i+j = —g(X|),V| :07"'7nX7 (837)

then each row of the matrix equation, wikth=ny x i+ j,Vi =0, ..., ny, is replaced by the following:

A(k, :) = (Iy@ Dx)|k:nx><i+j

b(k) = —g(x) (8.38)

The updated matrix equation is finally solved for the resgltelectric potential. Boundary

conditions on other boundaries can be implemented faryiliar

In what follow, we illustrate some simulation for solvingrggal Maxwell's equation using full

spectral method.

8.3.1 Simulation 1: General Maxwell’'s equation solved bgc@l Method

We solve the non-periodic Maxwell's equation with uniforrarmittivity. The bottom surface is
grounded. The left surface is subjected to electrical atgn. The right surface is subjected to the
potential @ignt (y) = sin(2my). The top surface is subjected to the electric field acting-dirgction

asEiopy(X) = (X+ 1)2. The resulting potential is shown in figure (8.8).
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E, o (X) =(x +1)°

1
0.8

:S ‘
§ 0.6
‘xn.l ’:\ 0.4
3 = |
< Domain Q 0.2
2 . S 0
& KV =0 5 ‘

S
~— -0.4
-0.6
' -0.8
B (x) =0

Figure 8.8: Non-periodic Maxwell’s equation; four diffeteconditions on four boundaries. (a)
Schematic, (b) Simulation: potential.

8.3.2 Simulation 2: General Maxwell's equation with nonlogeneous permittivity solved by
Spectral Method

We illustrate how the spectral method can solve general M#is)equation with nonhomogeneous

permittivity, which makes it distinguishing from the preus method using FFT.

As a control set, we first solve the general Maxwell's equmatiith homogeneous permittivity,
where:

K(Xy) =6 (8.39)

For the boundary conditions, we have zero potential on hmthanhd bottom surfaces, while both
left and right surfaces are electrically insulated.

Spontaneous polarization exists as:

. {Px<x,y>} { 0 } .40
R/ (x,y) (y+1)2

The mentioned schematic is shown in figure (8.9).
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B, (x) =0
Domain
_n{” V(V ¢ =VP ém
S K =K(X.y) <
% B 0 él)
(v +1y°
Bot (X) =0

Figure 8.9: Schematic of computational domain for Maxwediguation with boundary condition.
Periodicity is assumed in x-direction.

The spital distribution of permittivity and the resultingtpntials are shown in figure (8.10).

We consider the same Maxwell’s equation again, now with feate@d permittivity, where:

10 :x<O
K(Xy) = , 0
X >

All other conditions (boundary conditions, instantanepakarization) remain unchanged. The
spital distribution of permittivity and the resulting patels are shown in figure (8.11). Notice that

in the latter simulation, different region of permittivilgduce different pattern of potential.

8.3.3 Simulation 3: General Maxwell's equation with nontogeneous polarization solved by
Spectral Method

We may also consider the potential distribution of a samplk alternating instantaneous polariza-

tion, such as:
1 x<0
Py(X7 y) =

-1 :x>0

The polarization is pointing upwards and downwards as shovime schematic (8.12).
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Figure 8.10: Spital distribution of permittivity (homogeneous) and resulting potentallt is used

as a control set.
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Figure 8.11: Spital distribution of permittivity (non-homogeneous) and resulting potengial
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For the boundary conditions, the top and bottom surfacegraunded while the left and right

surfaces are electrically insulated. With constant peivitit, the resulting potential is shown in
figure (8.12).

(qop(x) =0
|
Dorilwain m
;r" V(KV ¢ =VP 3
: : S
4 | I
| o
|
_ | _
A= A ="
|
Bor (X) =

Figure 8.12: Schematic of instantaneous polarization asdlting potentialp.

8.4 Solving Elasticity Equation using Spectral Method

Spectral method can be used to solve the general elastipigtion stated as:

0ij = Cijui (&1 — &q)

As a preliminary study, we assume the material stiffnessteobtropic yet functions of and

y, so that, with the Vigot notation, the stiffness matrix reesi to the following 3« 3-matrix for

two-dimension:

c1a(Xy) Cra(xy)
C(xy) = [Cij (xY)] = | caa(xy) Caa(xy) (8.42)

CGG(Xv y)
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On each boundary, either displacement constraint or tracin be imposed as boundary con-

ditions. The schematic is shown in figure (8.13).

Top boundary
Displacement / traction

Domain
o =C(e—¢)
Vo =0

uonoeJsy / Juswadeldsig
Atepunoq a7

uonoeJsy / Juswadeldsig
Alsepunoq 1y3iy

Bottom boundary
Displacement / traction

Figure 8.13: Schematic of computational domain for Max&eauation with boundary condition.
Periodicity is assumed in x-direction.

For two dimension, the elasticity is expressed as a couplstm® for the two components of

displacement components denotedundv:

. d_2u+C 0%v N 0%v N d_2u+aclldu+dclzd_\/+dcﬁsdu+dc660v
Hoxz T 2 oxay 066dxdy CG60y2 Ox dx 0x dy 8y dy dy Ix
€11 €, 0011 . OCip .,  OCe_,  OCss_,
= A4
Clla +clzd +0660y+c6 dy ax &1+ o &5+ dy Ep+ —— ay &, (8.43)

0%u N (92vJr d%u e 62v+(9066 6u+6066 dv+6021 du+6022 ov
CG6(9X(9y CGG&XZ 21(3X¢3y 226y ox dy 0x dx dy dx dy oy

€1, 9%,  JCe6 . 0% .  0C2 .
= Ce6 11+066 22+ C21 12+C 22+ Bt 5o €1+ dy et —— dy €22

X X ay dy X (8.44)

Assume that we have re-labeled all the two-dimensionahisées (as matrices) into equivalent
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one-dimensional vectors, such as:

re—label
Uij = u(X;,yj) —— Uk

re—label
Vij = V(X,Yj) —— Wk

label
e11lij = €11(%,j) e (8.45)

Stiffness coefficients: 1, 22, C12, C21 andcgs as well as their derivatives, which can be generally
functions of x and y, thus expressed numerically as two-dsiomal arrays, can be repressed and
relabeled as one-dimensional vectors and further as tigewi elements of diagonal matrices. For

example:

re—label embed

cu1l;; = cr1(Xi,yj) C11l [c11] = diag(ci1ly) (8.46)
i

With this setting, we may translate the coupled elasticiiyations into embedded Chebyshev
differentiator matrix and variables expressed as one-d&neal vector, in order to generate a matrix

equations for the displacement components:

[C11] Lyc{u} + [Ca2] Ly {V} + [Ces] Lxy {V} + [Co6| L yy {U}
[dc11 ]

#1202 L+ [ 52 Lyt + |52 Ly
= [Cra] Lx{&11} + [Cra] Lx{&25} + [Cos| Ly {12} + [Cos] Ly { €21}

+ _d;)l(l {ena}+ [(9012] {&52} + [dd ] {12} + [6%6] {&1} (8.47)
[Co] Lxy{U} + [Co6] Lxx{V} + [Caa] Ly {U} + [Ca2] Lyy {V}
#1200 Lo+ [ G2 Lty + | 52 Ly

= [Co6] Lx {€11} + [Cool Lx{ €22} + [Can] Ly {€12} + [C22] Ly {€51}

+ :dgff {12} + [ad ]{ &3} + [0521]{ £} + [dczz]{ &5} (8.48)
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These two equations are then assembled to yield a largexregtration in{u} and{v}:

A (ner 1) (ny 1) % (0t 1) (ny+ 1) Pt 1) (ny+ 1) x 1 = B 1) (ny+-1) < 1 (8.49)
where
. [Cll] I—xx‘i‘ C66 I—yy‘|‘ denj Lx‘|‘[ace61 ClZ ny+ [066] ny+ 3C121|_ + Lg_csj I—x
(8.50)
and
u
d=<- i } - (8.51)
{v}
and

[cu]L x{fi‘l}+[clz] x{€52}+[066] y{&12) + [Cos] L {851}

b— . L iU Lo Jim T Loy J R T oy J 17 (8.52)
[Cee] L X{gll} + [066] x{gzz} + [C21] yleiot+ [022] y{&n}

+ [dcee] {812}+ [5%6} {821}+ [dcm} {811}+ [dczz] {822}

The assembled matrix equation is then updated for variousdary conditions.

If the top surface, designated by the points with coordméteyo) Vi =0, ..., ny, is subjected to

displacement constrain,= v = 0, or equivalently expressed as one-dimensional vectors,

Uk = Uio = U(X,Yo) =0Vi=0,..,ng
Vk =Vio=V(X,Yo) =0Vi=0,..,ng
K=ixng+]j, (8.53)
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for each of these running indicé&sthek-th row and(k+ N)-th row are replaced by the following:

Alk,k) =1
Ak,m+#£k) =0
Ak+N,k+N) =1
Ak+N,m#k+N) =0
b(k) =0

b(k+N) =0, (8.54)

where we denot®l = (n,+1)(ny+1).

On the other hand, if the top surfade;,yo)Vi =0, ...,nx ,is subjected to a given traction such

that
{ x} { 1012}{0}{012}
X 021 02 1| 022
{ 6(£12— &) + Ce6 (£21— &57) }
Co1 (€11 — &}1) + Co2 (20— €55)
{ 0663y+0663X Co6€12 — C66€31 }

c1 M T 229 ay — Cp1€71 — C22&55
Co6 52 + Cos0 + Co6€12 + Co6E5
0y z?x _ ( ) 12 21 (855)
These equations are first re-expressed in terms of the emt&tlicbyshev differentiators as:

Co6Dy0 @ Ix{u} +Coely @ Dy {V} | | Tx(X)+ Coe€in(%i:Yo) + Co6€31(Xi;Yo) (8.56)
Co1ly ® Dy {U} + C22Dy0 @ I {V} Ty(Xi) + C21€11 (X, Yo) + C22€5,(%, Yo)

where the second lower indices following the Chebyshe\edfitiators refer to their row indices

being considered.
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To implement these boundary conditions, for each 0< ny with j = 0, which corresponds
to the coordinate$x;, yo) of the points on the top surface and which corresponds togbeadent

one-dimensional indelkk = iny + j, we replace alk-th rows and allk+ N)-th rows of the matrix by
the left hand side of the above expressions and:

b(k) = Tx(X) + Ce6€12(Xi, Yo) + Co6€21(Xi» Yo)

b(k+N) = Ty(X) + C21€11 (X, Yo) + C22€52(i, Yo) (8.57)

If traction is applied over the right boundary, whose couaties are designated by, y;),Vj =
0,...,ny, we may similarly express the traction components into @sledv differentiators and re-

place rows and columns of the assembled makrias shown below:

Tx(y) 011 O12 1| ] on
Ty(y) 021 022 0 021
C11(&11— &1) + C12(&22— &5,)
066 €21 — 521 + Ces (512 - 512)
c11 T 129 dy —C11&{7 — C12&5,
CosJy + Co69y — Co6E51 — Co6E12
1198 + c1o QY y) + C11€51 + C1265,
ol = (8.58)
CosJy + Co69n Ty(y) +Co6€31 + Coot1r
These two equations are re-written using embedded Chebgéferentiators:

Cualy ®Dyo{u} +croDyj @Iy {v} | | Tx(¥j)+ Cra&11(X0.Yj) + C12€55(X0, i) (8.59)
Cosly @ Dy {V} + CeeDy,0 @ Ix {u} Ty(Yj) + Ce6€31(X0,Yj) + Co6€12(X0, Yj)

For implementation, for each-0 j < ny with fixed j = 0, which corresponds to the coordinates
(Xo,Yj) of the points on the top surface and which corresponds todh&aent one-dimensional

indexk = iny+ j, we replace alk-th rows and al(k+ N)-th rows of the matrix by the left hand side
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of the above expressions and:

b(k) = Tx(yj) + C11€11(X0, Yj) + C12€52(X0, Yj)

b(k+N) = Ty(y;) + Ces€21(X0,Yj) + Co6€12(%0, Yj) (8.60)

Other cases of boundary conditions can be treated siméadyare skipped here.

Some example simulations will be shown.

8.4.1 simulation 1: Elasticity solved by Spectral Method

Consider a two-dimensional solid domain that is subjeatexto displacement constraint:= v=0

on bottom, left and right surfaces and a traction over thestoface,

T= = (8.61)

Elements of the normalized stiffness stiffness ere= ¢y» = 80, ¢12 = ¢1 = 30 andcgg = 20
respectively. No eigenstrain is included. The schematitthe resulting x- and y-displacements
are shown in figure (8.14).

This result is different from the simulation that assumesagkcity along x-direction, which
is shown in figure (8.15) for comparison. Recall that the doutis displacement-free and top is

subjected by the same traction. Also the same stiffnessxmiaiised.

An attempt is also made for the case where the left and rigifdises are traction-free. These
surfaces are free to move. The schematic and the corresgpsanulation results are shown in

figure (8.16).

8.4.2 simulation 2: Elasticity with non-homogeneous eigeains solved by Spectral Method

The spectral method can be used to solve for elasticity aguéir solid with non-homogeneous

eigen-strains such as inclusion in composite materialsw@otb-mechanics. For instance, we con-
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Figure 8.14: Displacement componentandv of solid subjected to traction on top surface and zero
displacement on bottom, left and right surface. No peribgdis assumed.

sider the simplest form of laminated eigenstrains with:

. -1: x<O0
E12(X,Y) = (8.62)
1: x>0
We adopt the most natural configuration for boundary coowiti top, left and right surfaces are
traction-free while the bottom surface is adhered with ziksplacements. Stiffness matrix remains

unchanged. The resulting displacement components arenshdigure (8.17).
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Figure 8.15: Displacement componentandyv of solid subjected to traction on top surface and zero
displacement on bottom. Periodicity is assumed in x-diact



201

T, =5

Domain
T= o =C(& —€°) T=
Vo=0

A

Figure 8.16: Displacement componentandyv of solid subjected to traction on top boundary and
zero displacement on bottom boundary. The left and righhtaties are traction-free. No period-
icity is assumed.
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Figure 8.17: Displacement componentandyv of solid with laminated eigenstraigy, subjected to
traction on top surface and zero displacement on bottornatef right surface. No periodicity is
assumed.
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8.5 Fully Coupled Model for Piezoelectric Materials and Saltion using Spectral Method

Electromechanical behaviours for piezoelectric matenialgoverned by the matrix equation:

oc=Ce—€e'E

D=es+k'E (8.63)

whereo is the stresse is the straink is the electric fieldD is the electric displacemert is the

elastic stiffness matrixk is the permittivity matrix anck is the piezoelectric matrix for coupling

electrical and elastic contributions for stress-chargenfoNotice that Vigot notation is adopted

here. The following equations regarding Maxwell’s and &t#y equations are also needed:

Oo=0
1 T
£=5 (Ou-+0u’)
OD=p=0
E— _Op (8.64)

whereu is the displacement vectqp, is the electrical charge, which we assume to be zero in our

discussion. We will set up three coupled differential eppret in displacement components and

electrical potentials.

Expanding these matrix equations for two dimensions, wehav

011
022

012

D,
D>

Ci1 Cp2 €11 en=0 e
E:
Ci2 C» €20 |€13=0 33
E>
Ces| | €12 es €5=0
0 0 - ki  kp—o| (E
€11 = €13 = €15 11 12 = 1
&2 + (865)
€31 €3 €5=0 kor=0 ka2 E>

€12
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and the following equations:

00'11 00'12

ox oy =0
00'12 00'22 —0
ox ay
0Dy 9Dy
ox "oy O
Jdu
&11= EM
ov
&22= E/
o, OU, OV
1275y T ox
17}
B =0
E,= —2—‘5 (8.66)

For convenience, we simplify the piezoelectric constartsa= €3, = €,, €33 = &, andes, =

€51 = €.
These equations can be combined to obtain three coupledatiffal equations io, vandg as:

First equation:

0011 5012_0
ox ay

] ]
— (C11811+ C12820 — €3E2) + —— (Cop€12— €cE1) =0

ox d_y

iC@+Cd_\/+d_(p+i @_i_ 0_\/_’_0_([)_0
ax \ ox T *ay eady oy CGGdy o5 T&ax )

d%u 0% 9’0 | dci1du | dcipdv | des 0@
{ CllW—'_Clzﬁxdy—’_eadxdy—i_ ax ox T ax E/—’_d_)?d_y ~0 (8.67)
9% 9%y %9 | dcggdu | 9ce dv | de; 0 '
TC665y2 T Co6359y T Camay T ay ay T ay ox T ay ox
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Second equation:

90, 0% _
0X oy
g 0
X (%Gglz_eCEl)JF (021811+C22£22—90E2) 0
i du n ov 99 i + + 20
ox Cesdy Ceedx a d 22 €= dy
{ ol a3 o R } e
(9 de, 0 - .
+C21"X‘9V+0220y2+e°0y2 R+ R+

Third equation:

le dDz_
ox Tay °
9 (etrrt KiEr) + -2 (a1 + enean+ ko) — O
dxeclz 1E1 dy 2 E11+ BpE22 + koEp) =
17} du ov 7)1 17} du ov a0
20 | &ap ——k i — —k
5X<ecdy Sox ax>+0y<eadx+e°dy 207y> 0
de du | decdv _ dki 0
{%Mﬁ%w hw+§£+%%—#£ }o (8.69)
deadu | dedv _ ko .
ey Ty — T+ o Gy - G

These equations are expressed using Chebyshev diffécentiatrices and assembled into a

single matrix equation as follow.

A1 A Agz u 0
Ao Az Aoz 1 v (=) 0 (8.70)
Azr Az Asz Q 0
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where the blocks of matrix are given below:

Jc, J0Cg
A1r=cCulbxx+—5=—- o

e L+ Coslyy + =2 3y Ly
A1p = Crolxy+ adx Ly + Ceelxy + a;;f'-
A1z = sl + ‘; B+ el + (;?CL
A21 = Coslxy+ 0006 Ly+ Corlwy+ a;;le
A2z = Ceelxx + o'?dc)g; Lx+Cool yy+ a;;ZLy
Aoz =€l xx+ %LereoLnyr %"Ly
Asr = ecl gy + dae“LereanyjL %?al_
Azp = €l xx+ da—ech+eoLyy+ %Ly
Asz = —kiL y— ‘f;;l — koL yy— (f;;zL (8.71)

where each ofAjj is a (ny+1)(ny + 1) x (ny+ 1)(ny + 1)-matrix, u, v, ¢ are one-dimensional

equivalent vector for the two-dimensional data represgrdisplacement components and potential.

On each of the four boundaries, three boundary conditions@eded where two are associated
with mechanical conditions and the remained one with etedtcondition. Examples include two
traction components and electric potential on top surfa¢e schematic is shown in figure (8.18).
Boundary conditions are implemented in the same way weetiidat the decoupled Maxwell’s and

elasticity equations. The detail is not presented here.
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Bottom boundary
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Potential / field / charge

Figure 8.18: Boundary conditions for coupled piezo-electrodel.

In each of the following illustrations, PZT-5H is used wittetfollowing material properties:

elastic piezo-electric dielectric
Pa C/n? &
C11 = 1.27205x 10* | e;3= —6.62281| k; = 17044
Cop = 1.17436x 10" | ey3= —6.62281 | ko = 14336 (8.72)

Ces = 2.29885x 100 | e33=232403
C12 = 8.46702x 100 | ey, =17.0345
C21 =C12 651 =17.0345

8.5.1 Simulation 1: Piezo-electric solved by Spectral Mdth

The domain of simulation has the length-height ratio as 54h artificial potential, @op(X) =
sin(2mnx) , is applied on the top surface. Both left and right boundaeee subjected to natural
conditions, that is, traction-free and charge-free. Th&oo surface is fixed with no displacement
and grounded with zero potential. The schematic and thelaietiquantities (potentig, displace-

mentsu andv) are shown in figure (8.19).
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Figure 8.19: Simulation of electromechanical responsddmqelectric material with artificial ap-

plied potential on top surface and natural boundary camstion other boundaries. (a) Potential,
(b) x-displacement, (c) y-displacement. Notice that duedomalization, the displacements are in

the unit of 16° (m), while the unit of the potential is Volt (V).
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8.5.2 Simulation 2: Piezo-electric solved by Spectral Mdth

The domain of simulation has the length-height ratio as B.uniform traction acting in the y-
direction is exerted on the top surfadg(x) = 5. The top surface is charge-free, tha%,: 0. Both
left and right boundaries are subjected to natural condtiohat is, traction-free and charge-free.
The bottom surface is fixed with no displacement and groumd#dzero potential. The schematic

and the simulated quantities (potentigldisplacements andv) are shown in figure (8.20).

8.5.3 Simulation 3: PFM of Piezo-electric simulated by $@ed/lethod

The domain of simulation has the length-height ratio as S\ may study the electromechani-
cal response of piezoelectric sample in an experimentaps#tpiezo-response force microscopy

(PFM). The PFM tip is producing a potential over the top stefa

@rm(X) ZVO$

2 (8.73)

whereV, is the applied voltage angrepresents the half width of the PFM tip. In this simulation,
the dimension of the sample domain is 500 (nmL00 (nm) while the radius of the PFM tip is
10 (nm). Based on normalization, we take the domain as 1@)(byi2 (unit), while the radius
of the topy is 0.1. Assume the PFM tip is located at the center of the tamdiary, soxg = O.
For the boundary conditions, the top surface is fracti@efr Both left and right boundaries are
subjected to natural conditions, that is, traction-fred eharge-free. The bottom surface is fixed
with no displacement and grounded with zero potential. Thematic and the simulated quantities

(potentialg, displacements andv) are shown in figure (8.21).
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Figure 8.20: Simulation of electromechanical responsddnqelectric material with artificial ap-
plied potential on top surface and natural boundary camuiition other boundaries. (a) Potential,
(b) x-displacement, (c) y-displacement. Notice that duedonalization, the displacements are in
the unit of 18° (m), while the unit of the potential is Volt (V).
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Figure 8.21: Simulation of electromechanical responseezigelectric material as in PFM. The top
surface is subjected to a potential induced by PFM tip. Aleoboundaries are natural. (a) Potential,
(b) x-displacement, (c) y-displacement. Notice that duedmalization, the displacements are in
the unit of 18° (m), while the unit of the potential is Volt (V).
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8.6 Piezoelectric Response of Ferroelectric with Spectréflethod

We use spectral method to study the electromechanical mespuf ferroelectric material consisting
of various instantaneous polarization. Different configians of polarization induce different vi-
bration amplitudes, thus different readings as detectwd the SPM (Scanning Probe Microcopy)
tip. Previous works by Pan [98, 99] studied the PFM respoffisaraple of isotropic material with
complicated three-dimensional heterogeneity in poléiomausing green function integrated over
semi-infinite half-plane. Yet no boundary condition is ddesed over lateral and bottom surfaces
and the domain is not finite, even though the electrical g@teinduced by the SPM tip is localized
at the site of the tip. Integration over semi-infinite domaliso overestimates the resulting displace-
ment field and thus deflection. With the spectral method, we coasider material composed of
spatially inhomogeneous material properties (elastieledtric, piezo-electric), which gives more

realistic analysis of a PFM experiment.

According to the Disk-plane model, during the operationtef PFM, the SPM tip effectively
resembles a point charg@= 4¢ey(k + 1)RoVo, wWheregy is the permittivity of free spacdy is the
radius of the tip.k = /€11&33 is the effective permittivity of the probed sample= % is the
dielectric anisotropy of the sample add= 2%0 is the distance between the effective point charge

and the probed sample.
The potentiakp = ¢(x,y) and the resulting electric field acting over the sample geedrby the
effective charg& from the SPM (Scanning Probe Microcopy) tip are given by:
Q
2
21teg(K 4 1)1/ (X—%0)2 + (%, + d)

E=—-Og (8.74)

CP(X> y) =

wherexg is the x-coordinate of the tip over the top surface of the damphe schematic is shown
in figure (8.22).

If the size of the sample is 5000 (nnx) 2000 (nm), the voltage is 1 (Molt) and the radius of
the tip is 25 (nm), the resulting potential and electric fietnponents are shown in figures (8.23)

(@)(b)(c).
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Figure 8.22: SPM of ferroelectric with single domain.
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Figure 8.23: Distribution of (a) potential, (b) electriclieomponent; and (c) electric field com-
ponentE, induced by PFM tip whose tip radius is 25 (nm) and appliedagmtis 1 (Volt).
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This electric field will in turn induces a piezo-electric eigstrain:

Ejs_l 0 d31 E
1

€, =] 0 ds - (8.75)
2

8132 d51 0

With this piezo-electric eigen-strain, deflection can benpated by solving the mechanical

equilibrium equation as in:

og=C(e—¢°

0o =0 (8.76)

We consider natural boundary conditions: the top, left agict boundaries are traction-free and
the bottom surface is displacement-free. Figure (8.23)shbe deflectionsuandv) over the entire

sample. Notice that the deflections on the top surfaces ase theing detected by the PFM tip.
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Figure 8.24: Distribution of the displacement componemndsiced from the electric field (a) (b) v

Next we consider the domain structure with two domains wittoenain wall parallel to the
y-axis, as schematically shown in figure (8.25).
The domain wall is assumed to be sharp with no thickness. Oleipation orientations are

determined by piezoelectric matrix and tensor transfoionat

G (%,Y) = Tir (6 Y) Tis (6 Y) The (%, V) A (%), (8.77)

whered%(x,y) is the piezoelectric tensor of c-domain in the global cauaté systemT; (x,y) is
the transformation matrix that rotates c-domain to soméquéar domain at locatiorix,y), and
dij (x,y) is the piezoelectric tensor of the rotated domain. For 18@aios, the spontaneous po-
larization are pointing upward and downward, denoted-byandc— phases. While the+ phase

is quantified by the original piezoelectric matrix, tbhe phase is described by the piezo-electric
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Figure 8.25: SPM of ferroelectric with single domain.

matrix via a 180 degree transformation:

—ds1
de = —ds3 (8.78)

—ds;

Scanning and imaging electromechanical response, thdefigction on surface as detected by
PFM tip, of ferroelectric domain with inhomogeneous pdation can be simulated by moving the
operating PFM tip over the top surface. The snapshots of ¢nical displacement as the top
moves from the left to the right (across the domain wall in ¢eeter line) are shown on figure
(8.26). The relationship between the vertical deflectiorswe the distance from the domain wall at

the center line is shown on figure (8.27).
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Figure 8.26: Snapshots of vertical displacements for PFMhising of ferroelectric with two do-
mains
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Figure 8.27: Relation between the PFM response as veriigalbdement versus distance from the
domain wall at center line

8.7 Phase Field Simulations of Multi-variant Multi-functi onal Materials using Spectral Method

Spectral method can be implemented with phase field sinonlaliogether with what we have done
for Maxwell's equation and elasticity equation with gedaranfiguration and conditions, we are
able to simulate multi-variant microstructures subjediedjeneral configuration and conditions,
such as, inhomogeneity and arbitrary boundary conditioitis mo restriction from imposing peri-
odicity.

Recall that the microstructural configuration and evolutdd multi-functional materials such as
shape memory alloys, ferro-electric and ferro-magnetiesn@athematically quantified by charac-
teristic functionsy; = (X, y,t) with a laminating setting. We recall also the evolution dpraof

characteristic functions with N variants are derived as:

% —2M (Fi"“ + R Relas Fie'e) Vi=1,2,..,N-1 (8.79)

Each term in these equations have been discussed in preshapsers and are not explained for
chastity. Since all equations foe= 1,2, ...,N have the same form, we restrict our discussion to one

such equation. We also drop the subsciript
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After normalization, the above equation becomes:

Z_It«l :%Fint_’_%Fani_i_%Felas_'_%Fele

dd—i' = —DDZH+u(1—u)(l—2u)+% <03‘: +EZ—E>

dd—il =-D (ZZ—Xng?z—yg) +u(1—u)(1—2u)+% <00;£; +EZ—Z>

W o(Zh+Th)Fw. (3.80)

wheree* andP are the effective eigenstrain and the instantaneous patenn respectively of the
system, computed as the linear combination of the eigensteand polarization of all constituent
variants in their volume ratioso andE are the overall stress field and electric field of the system,

which are solved from the elasticity (equilibrium) and Maellls equations:

o=C(e—¢)
Uo=0
kK?p=0-P
E=-0O¢p (8.81)

Maxwell's equation and elasticity equation are solved gispectral method with Chebyshev
approach, which have been outlined in previous sectiongmptement spectral method in phase
field equation, we re-label or re-arrange all the two-dinwme data such agij = u(x,y;j) to

equivalent one-dimensional vectpg, with the conversion of indices being= in; + j.

The evolution is also discredited along rime domaibenotingu™ = u(tm) = p(X,Yj,tm), we

have the following numerical scheme with Chebyshev difige¢or matrices:

ou o’u  9%u
___D<W+d—y2 —|—F([J)

um+l_ um

At =D (Lyx+Lyy) (U™ +F ™), (8.82)

whereL xx andL yy are the embedded Chebyshev differentiators in two-diroerfsir second deriva-
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tives.
In the prospective of numerical analysis, one may want tarsgépu™ into two portions as:
pm e~ ap™+ (1-a)u™, (8.83)

where 0< o < 1 is adjusted to generate various semi-implicit and impleimerical schemes.

Previous experience has suggested the chwiee0, or a fully implicit scheme. The discredited
evolution equation becomes:

L™ 1™ = D (Lgx+ Lyy) p™ AL+ F (u™) At
[ =D (Lx+ Lyy) AT ™t = ™4 F (u™) At

Au™i=Bu™+F(u™=hb (8.84)

Neumann boundary conditions are adopted over all bourgefithe domain, that is,

ou

—(=1<x< = =

dy( 1<x<1ly=1)=0

ou

Elili<x<1iy=-1)=

dy( <x<1ly )=0

M (x=-1-1<y<1)=0 (8.85)

which will be translated in Chebsyhev structures as:

Dyt (%i,Yo0) = 0,0 <i < ny
Dyt (Xi,¥n,) = 0,0 <i <ny
Dyt (%0,yj) =0,0< j <ny
Dyt (Xn,,¥j) =0,0< j<ny (8.86)

These boundary conditions are incorporated to update thiexneguation as previously done

before in general non-periodic Maxwell’s equation. Forregée, for the boundary condition on top
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surface, we replace the row of the matrix equation whose&sdarek = iny + 0 by thei-th row of

the Chebyshev differentiation matrix:

A(k> :) = Dy,O & Ix,i

b(k) =0, (8.87)

whereDy g represents the 0-th row @fy while I represents the i-th column b&f.

After updating the rows of the matrix equations with Cheleystifferentiation matrices due to
boundary conditions, these equations are solve to yieldliaeacteristic functioqu at a new time
stept =t 1. The iteration continues until the convergence criterearaet.

This approach, in practice, does induce computationar®doe to its incompleteness to take
into account the both derivatives at the four corner poifis:. instance, at the upper right corner,
wherex = Xp andy = Yo, there associates derivatives with respect émdy, ‘9—“ =0andy; ‘9“ =
And the approach can only include one of these two derivatiVle schematic is show in flgure.

To resolve this issue, we introduce the Alternating D@ Implicit (ADI) method, a special
case of the time splitting or fractional step methods. Fergake of simplicity in the explanation,

assume that we solve the heat equation:

d°u  9°u
ut:D<(92 dy2>+f(xy,) (8.88)

The idea is to use split the original partial differentiabatjon into two equations. Technical in the
first equation, we use explicit scheme in one direction anplicih scheme in the other direction
to solve for an intermediate solution, denotedudy, between the current sub-stefj and the next
sub-stepu™ 1. In the second equation, we reverse the explicit and inigitiiemes to obtain the
solution in the next-step™"1, starting with the intermediate solutiari. Denote the approximated
values of the dependent variahleas Ul ~ u(x;,y;,tm). Similarly we denoteR" ~ f(X;,yj,tm).

These steps are formulated in the numerical schemes foramplete sub-step, from™ to u™?:

1 1 1
1 1 1
U™ = Ujj + SADU + SADGU 4+ SALR] (8.89)

2
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T
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Figure 8.28: Schematic showing how Neumann boundarieseaget in the conventional methods
when solving heat equation. Problems occur at the four ¢erne

This formulation allows us to further corporate spectrathmd by agreeing the differentiatof®yy
andDyy, to be implemented with the embedded Chebyshev diffetentmatrix, L xx andL yy. With

these settings, we may re-construct the ADI schemes intaxnagctor form:

1 1 1

2 2
1 1 1
<| - EAtl_yy) U™t — (I + EAtl_xx> U 4 SAtF (8.90)

To deal with the boundary conditions, in the first halve of A&, the implicit scheme is taken

with respect t, so that it is treated as a partial differential equatiorhwiéispect to only, with'y
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being fixed, the boundary conditions thus can be taken as Bienifmoundary conditions on the left

and right boundaries, or,

ou*
[7)4

=0 (8.91)

In the second halve of the ADI, the implicit scheme is takethwespect to, so that it is treated
as a partial differential equation with respeciytonly, with x being fixed, the boundary conditions

thus can be taken as Neumann boundary conditions on the toipcdtom boundaries, or,

oy

=0 (8.92)

The schematic is illustrated in figure (8.29).

RERRERER
-t - a_
- — — =
oy
D — —
- —»
) 0 .
~—9 =0 Domain —=0—» Domain
ox ox
- I
D — —
0
- > —=0
- _ oy
NEEREEE

Figure 8.29: Schematic showing how Neumann boundarieseatet! during the two stages of the
ADI scheme.

As a preliminary study, we make an attempt to simulate theosioucture (domain patterns) in
several popular classes of shape memory alloys. We wilkfotusystems with two martensitic vari-
ants, so that one characteristic function suffices to sitadte domain structures. Various physical

boundary conditions are considered to generate differemtagh structures. Since no periodicity



225

is not involved anymore, we may also consider domain pattehresults from re-orientating the
eigen-strains by some angles. This also allows us to keepritjp@al eigen-strains for simulation

without previously re-orientating them so as to ensure titerfiace to be along in certain special

angles.
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Chapter 9

SUMMARY AND CONCLUSIONS

In summary, we have studied the multi-functional matesailsh as shape memory alloys, ferro-
electric material and piezoelectric materials as well &g@nmaterials such as electrode of lithium
ions, in various geometrical configurations which includierostructures and experimental finite

geometry. In the following the main contributions and fetworks will be outlined.

9.1 Phase Field Simulations in Periodic Geometry

We started from phase field simulation applied to shape mgm@ksy composing of martensitic
variants. One dimensional study shows that the resultimgaito patterns do depend on the param-
eters (anisotropy and interface constants) being chostireisimulations. The conventional phase
field simulation can only model micro-structure below tfans:ation temperature, where there is
no autensite phase. We have developed a two-scale metlggdbiat allow us to extend the simu-
lation to include both low-temperature martensites an@itggnperature austenite. This helps us to
study the formation of the austenite-martensite intetfacepecial micro-structure found in shape
memory alloy, where a twinned martensite (in some specia)rborms an see-saw shaped inter-
face with austenite, as to minimize the system energy. Aéurstudy is focused to explore all
possible configurations of micro-structures for any paimafrtensitic variants in common crystal
systems such as tetragonal, orthorhombic and monoclisiesys. These simulations are adopted

to periodic two-dimensional and three-dimensional domain

There are many cases of configurations and the strict perimalindary conditions. We are not
able to simulate all of them. In this thesis, we mainly cotir on the methodology and algorithms
based on which the simulations are implemented. Futuresivodtude to refine the classification

of microstructure in other material systems, includingdeglectrics and ferro-magnetics.
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9.2 Phase Field Simulation in Thin Film

We also modified the two-scale simulation to study two speniaro-structures of shape memory
alloys, tunnels and tents. The mechanisms through whicketh&o structures operate are also
simulated. They act as a temperature sensor and actuat@s@simulate their thermal hysteresis.

On possible future work will be to simulate these specialtiiraensional micro-structures made
of other material systems such as ferro-electrics and-faagnetics and to explore their possibili-

ties to mechanically behave as electric or magnetic sensaotoator.

9.3 Phase Field Simulations in Finite Geometry

Requiring periodicity along all directions of the compidgaal domain may restrict the formation
of domain pattern. It appears also not a realistic conditibo resolve this issue, we release pe-
riodicity along the out-of-plane direction, so that we maydy microstates / domain pattern in
various material system with a geometric configurations teeemble experimental setups, such
as the samples being characterized under piezoelectde-faicroscopy (PFM) or electrochemical
strain microscopy (ESM).

In these two chapters, we redo Maxwell's equation, elagtazjuation and phase field evolution
equation without periodicity along the out-of-plane dtres. While LQ Chen solved the elasticity
by utilizing the Stroh’s formulation based on the theory wisatropic materials. We developed nu-
merical solutions to Maxwell's equation and elasticity atijpn using two independent approaches.
In the first method, the equations are re-structured as amysf state equations which is then
solved using eigen-expansion. In the second method, wg &p{dl along out-of-plane directions to
decompose these equations, which are originally couple, Ribsystems of coupled ODE, which
are then solved numerically using finite difference alorg dht-of-plane direction. We verify the
methods by studying the electro-mechanical response iezmglectric material that is being tested
in a PFEM.

Phase field evolution equation without periodicity along-ofiplane direction is developed
to study shape memory alloys and ferroelectric in an expartal setup. We have considered
more physical boundary conditions such as applied traétime on top surface, displacement-free

boundary, and mis-fit strain imposed by substrate unddrrtbatsample being simulated.
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9.4 Lithium lon Battery and Electrochemical Strain Microscopy

Electrode made of lithium ions is an example of energy maltervhere ions transported by the
effect of external electric potential induces mechaniedbdnation. This system of ions is conser-
vative since it is is closed system, not allowing ions to gassugh the boundaries. We develop
numerical solution to solve the model in one dimension arwdimension. We simulated the defor-
mation of the electrode when a SPM tip inducing electricaéptal is brought towards the domain.
We study the outcomes when different profiles of voltagesppdied, such as DC, AC and DC-AC
bias. With these simulation results and corresponding réxeat data, we are able to predict the
diffusivity and local ion concentration of the electrodetie vicinity of the SPM tip.
Future works may consider chemical reactions involvingriation and dynamics of lithium

ions, and the corresponding probing of the respectiverel@etbehaviours.
9.5 Spectral method

All previous simulations assume periodicity along somedctons of the domain, which makes it
less practical to model realistic system. Also, these strs can only work with homogenous
material properties. Thus we are motivated to develop sgettethod by which we may release
all periodicity and include material inhomogeneities. Mtite spectral method, we may apply any
boundary conditions on any boundary. This serves possthillgeauniversal tool to study simulation
of real materials in realistic physical configurations. Histchapter, we discussed spectral method in
solving Maxwell’s equation, elasticity and phase field egues under general conditions. We also
demonstrated how the spectral method can predict the @teetthanical responses for materials
with alternating internal polarizations as seen in PFM.

The contents in this chapter are preliminary. A lot of work®d to be done, especially in the

phase field simulations in functional materials.
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Appendix A
THEORETICAL DEVELOPMENT IN ONE-DIMENSION

The evolution equation for the volume fraction derived fritra previous chapter is highly non-
linear and can not be solved analytically. Simulations séetbe the only approach to explore
the pattern formation and various related problems, formmte, hysteresis. However, in one-

dimension, we may carry out several theoretical analyséseaévolution equation to certain extent.
A.1 Microstructure under the effect of External Strain - One dimensional study

In this section, we analyze the modal for the evolution of tierostructure under the effect of
external strain in one-dimension. Whether the reasonaflelated patterns can be found depends
critically on the anisotropy constakt=Ae@ . = 1¢(@. @ We investigate how this constant
affects the pattern. It is found thatKf is too small, no twining of Martensitic variants can be seen.
On the other hand, K is too large, twinning structure can be seen. However theitgipatterns
appear to repeat too many times that they do not reflect thigyrea

Motivated by the two-dimensional simulation shown in RRg4), we may examine the diagram
at a 458-view, which resembles an one-dimensional problem. Fegr the rotate the transformation

strains of the participating Martensitic variants as below

& 5 & 0
e — 52(? —| 5 | — W= 82) — 0
sﬁ) 0 eg) —20
2\ (- AN
@ — 52(? | 5 | —e?= ég) | o
eﬁ) 0 sg) 20

(A.1)
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Without loss of generality, from now on, we may simply drog fbrime for the transformation
strains.

Now in the new reference frame (by rotation of4Bnticlockwise),

£ (1) = KW + (1 - u(x))e®

0
o (1) _ 1 .o
pr— —_— p— A-2
oL e —¢ 0 (A.2)
45

Recall that the external strain is a linear combination afisformation strains of the participat-

ing Martensitic variants in the ratig

EO — yg(l) + (1_ V)S(z) (A3)
The stiffness matrix is given as:
Ci1 Ci2 Cie
C=| Ca Cx2 Cs (A.4)
Ce1 Ce1 Cos

We also need the constitutive equation or the stress-steddtionship: 0 = C (¢ —€°). In

components,

011(X) = C11[€12(X) — €12(X)] + Ca2[€22(X) — €52(X)] + Cu6[€12(X) — €12(X)]
022(X) = Ca1[€11(X) — €12(X)] + Ca2[€22(X) — €52(X)] + Cop[€12(X) — €12(X)]

012(X) = Ce1 [€11(X) — 11(X)] + Co2[€22(X) — £22(X)] + Co6€12(X) — £12(X)] ,

whereay, is the shear stress,; is the shear strain argj,, is the shear component of the eigen-strain.

o0,

> = 0 for the stress com-

We are going to solve the mechanical equilibrium equatiéns)(
ponents. Since we are restricting on one dimension, we asallphysical quantities depend gn

only.
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00'11 0012 00'13

X1 0% 0X3
0 0

=0 — 011(X1) = constant

00’21 5022 00’23

0%q 0% 7] X3
0 0

=0 — 021(X1) = constant

17} 031 d 032 17} 033
X1 0% 0X3
0 0

=0 — 031(X1) = constant (A.5)

Taking the average oves € [0, L] of the first constitutive equation (A.5),

011 = (011) = constant
= Cua[{e12(x)) — (£11(0))] +Crzl(22(0)) — {52(x))] + Cas [{E22(x)) — (£1200)]
=Cu |y + (1= yer] — (W el + (12— (w)er?)]
+Crz |yely +(1-y)egs — (W) & + (1 ())&
+Cus |vel3 + (1 y)els — () &3 + (1— ()e?)]
= (y— () Cur (el — &7 ) + (v— (1)) Caz (e85 — 83 ) + (v — (1)) Cus (7 — 17
f =0
= (y—(H))Cr6- —40
= 4C160 ((H) —Y)
=4-0-0((H)—y)
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Next we take the average of the second constitutive equéhicn),

021 = (021) = constant
= Cen[(E11()) — (£72(00)] + Coz[(22(X)) — (£32(x))] +Ces {£12(x) — (£1,())
—Cor [yell + (L= vl — ((Weld + (1 (w)eld))]
+Coo [ yely + (1-v)ef3 — ()63 + (1— ()l
+Cos [vely +(1- VS£2) (w3 + - w)ed)]
— (y— (1) Cox (17 — &3 ) + (v— () Coz (3 — £33 ) + (v (1)) Cos (&3 — 13 )
= (v (1)) Cos ~45
= 4Ce60((H) — V) (A.6)

How abouta,, ? 0,7 is not necessarily a constant. We need to go the other wapa@itmutaking

into consideration the (geometric) compatibility cormlitithate, (X) = €2(x1) = O:

£20(X1) = 0= (£22(x1)) = 3(;)3 =0

preassigned
external strain

O22(%1) = Co1 [€11(%1) — €11(%1)] +Co2[€22(X1) — €75(X1)] +E§-6/[£12(X1) — E1p(X1)]
0 0 0

=0

As a remark, we may extend the above deviation to computedtmpatible strain, namely; .
But since this result is not useful in our problem, we wilMedhem in appendix.

Before we form the governing equation, we study the indigldenergies and the associated
driving forces:

Anisotropy Energy and and its driving Force

WA () = Kp?(1—p)?
dWani

ani _

= —2K(u—3u?+2u®) (A7)




Elastic Energy and and its driving Force

W) = 2 (6 6%)-C (e — ")

2
ey = 20T 5. 08
0 0
= 0 : 0
scod((p)—y) )\ 4

— —16Ce60°((H) — )
Interfacial Energy and and its driving Force

W™ (k) = AlOp?

FaM(u) = —

The evolution equation for the evolution of microstructiggiven as:

du int ani elas
E_M(F LR LF )

=M (2A0° — 2K ( — 3u® + 214°) — 16Ce60 () — )

2
—M <2Ad_“ — 2K (1 — 3u? +2p4%) — 16C60° (M) — V))

dx2
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(A.8)

(A.9)

(A.10)

(A.11)

In the following subsections, we will devote to thiady state solutiorand thetime evolution

solution respectively.

A.1l.1 Steady State Solution

Steady state is achieved wh%ﬁﬁ = 0. The governing equation is simplified as follow:
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d d?
o (ZA—“ — 2K (1 — 3%+ 21%) — 16Ce68% () — v)>

dt e

e

d’u B 2 3 2
ZAW_ZK(H_:BM +2u7) +16C660° ((H) — ¥)

d’u K 2 3 Ces 52

Gg = A (H—3u2+2%) +8=28% () —y)

d2

This second order nonlinear ODE has no exact solution. Wesolag it by numerical method.

Notice that we impose periodic boundary conditiongitat both ends.

Numerical Method - Finite Difference Scheme

Let the values ofu on thex-axis at iteration levelt’ be pX = u(x,t). The above equation is
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discredited as follow:

‘i_iék = a (W= 3(H2 +21°) +88 (W)~ v)
i _&j; g (1= 30807 + 2(u8)°) + 88 (1) ~v)
M~ ?Z:21+ g (bt = 30k + 2(4)?) + 88 (1) )

(ﬁ + a) ptt = % +a (3(uk)? - 2(uk)?) — 88 (K<)~ y)

k k
1 o (3(H)7 - 2% —8B (1) V)

Hn 2
%2 +a
K K
g P (3(u)? - 2(u)°) — 85 (W) - )
Ut = 3 1 (A.13)
a(Ax)? +

Solving the steady state equation with this numerical sehimmot interesting, since we can
not predict the intermediate microstructure. We turn oterdion to the corresponding evolution

equation.
A.1.2 Time Evolution Problem
Recall the governing equation is given by:
d d?
d—ﬁl =M <2Ad—)g — 2K (4 — 3u®+2%) — 16Ce66°((u) — v)>

We may want to get rid of the ill-defined parameli¢iby a change of variable in tinte

f = 2MKt
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The equation can now be rewritten with no explidit

du d*u 2, 53 2
MK S = M ( 2A5 — 2K (1 — 3p° + 20%) — 16C440° (1) )
dl.l _Adzu 2 3 C4452
W_RW_(H_SH +2u°) -8 K (1) =)
du  1d%u 2, 53 B
EZEW—(N—&J +2u )—85(<u>—v) (A.14)

Numerical Method - Finite Difference Scheme

Again let the values oft on the x-axis at iteration levéf be pX

discretized as:

= U(Xn,t). The above equation is

WAI b %“”k“ _(i‘;’ff by _ (1 — 30092 +-20089°) 82 (1) -y
Hr'§+1At T _ %Hrﬁl—izi;“ruﬁ_l (“r|]<+1 3(”#)24_2(”#)3) —8§(<H> _y)
e ;( z)zuﬁ”wﬁ” Z—Q+l7“”+(l&)“” L (3(uky ~ 20u°) 85 ()
o B R R ik ) -eh -y

144 xta (Bx)?
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A.1.3 Energy

For both the steady state and the time-dependent solutianare interested in the energy contents

of the microstructure:

wint — A||2 (A.16)
WaN — K (1 — p)? (A.17)
welas — %[s —€"]-Cle—€"]

_leig.cclo

2 |
= %C‘la- o
0 0
_ 1o
ACs60 ((U) —Y) 4Cs60 ((1) —Y)
= 8Ce60” (1) ~ )’ (A.18)

Thus the total energy is:

W:Wint +Wani_|_WeIas

= AlOp[? + Kp?(1— p)? + 8Cesd? (1) — y)°

62
=A \Du\2+§u2(1—u)2+80%(<u>—v)2 (A.19)
va: O+ ap?(1— )+ 8B (1)~ v)°, (A.20)

where the total energy/ is normalized with respect to the interfacial parameter.

A.1.4 Simulations and Discussion

We solve the one dimensional phase field model using the twerioal schemes for the steady
state and the evolution. We start with initial random configion u°(x), x € [0,1]. Several cases

are run with various ratiog of the transformation strains of the participating Marteavariants
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in the external straing® = yeM + (1- y)e(z). The plots are shown on Fig. (A.1) for= 0.3, Fig.
(A.2) for y= 0.5, Fig. (A.3) fory= 0.8, Fig. (A.4) fory =0 and Fig. (A.5) fory = 1.

As expected, both numerical schemes give consistent pattersteady states. We see that
the forms of the resulting patterns dependkonIf K is too small, the patterns become uniform
and homogeneous or the interfaces are not stiff enough. ©ottrer hand, iK is too large, the
alternating patterns become too rapid with increasedfatil energy, which are not realistic. Thus
there is arange df over which the simulations give rise to reasonable lamahpsdterns. Foy=0
andy = 1, uniform patterns are obtained over the rangds.of

In conclusion, the one dimensional analysis provides aghimn®n the range of parameters that
can yield reasonable patterns, thus enhancing efficiencsirfaulation in higher dimensions in the

choices of parameters.

A.1.5 Appendix

We make the assumption that in the rotated reference ft48%, all quantities depend ax only.
Deviation of displacements and strains are outlined forpleteness, though not all of them are
used in the main work.

Displacement fields

U= (Ug,Up) = (Up(Xa), Uz(X1))

Strains
dup(xq)
= A.21
&11 oxe ( )
duy(Xxq)
pr— pr— A.22
£22 % 0 ( )
1| dui(xa) Jdux(Xq) 10ux(xq)
_ 1 =22 A.2
f12 2 0% + X1 2 00X (A.23)

=0

Now we are going to find the exact valuesai and€;,. Using the stress-strain relation with
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the previous result that;, = 4Cs60 ((1) — V), We obtaine,:

012 = Ci6(€11— €11) +Co6 (€22 — £55) +Coe(E12— £15)
0 0

4Cs60((M) — y) = Caa(€12— £17)
£12= 45((11) — y) + €5, (A.24)

Next, with the previous result thab, = 0, we have:

022 = Co1(€11— €11) +Co2( €22 —&55) + Coa (€12 — €7
( 11) ( : 22) 0 ( 12)

0=Ca1(&11— &1) — Co262;

£11= % €, + &1 =0 (A.25)
e e

Notice that the stress-strain relation toy; gives us no new information.
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gamma = 0.3 K = 2650.8 gamma = 0.3 K = 26508
T T T T T T

(a) K = 2650.8 (b) K = 26508

gamma = 0.3 K = 176720 gamma = 0.3 K = 1325400
T T T T

(c) K = 176720 (d) K = 1325400

gamma = 0.3 K = 5301600 gamma = 0.3 K = 26508000
T T T T T

I TR

IR UUUUIL L

L L L L L L L L L L L L
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

(e) K = 5301600 (f) K = 26508000

Figure A.1: One-dimensional simulated patternsyfetr 0.3. The value ofu is plotted along the-

axis. u = 1 presents that the domain is occupied by variant 1, white0 presents that the domain

is occupied by variant 2. K is too small, the pattern is uniform and homogeneousk Ascreases,

the patterns become laminated. BuKifgets too large, the alternating patterns become too rapid
and do not reflect the reality. There is a rang&ain which the desired patterns can be generated.
Notice that the average valuesois equal toy = 0.3.
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gamma = 0.5 K = 2650.8 gamma = 0.5 K = 26508
T T T T T

(a) K = 2650.8 (b) K = 26508

gamma = 0.5 K = 132540 gamma = 0.5 K = 662700
T T T T T T

ol

L L L L L L L L L L L
0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

(c) K = 132540 (d) K = 662700

Ty M NN

ol

1

; U IUy U

L L L L L
0.2 0.4 0.6 0.8 1

(e) K = 2650800 (f) K = 13254000

L L L L L
0.2 0.4 0.6 0.8 1

04
ol

Figure A.2: One-dimensional simulated patternsyfer 0.5. The value ofu is plotted along the-

axis. 4 = 1 presents that the domain is occupied by variant 1, whiteO presents that the domain

is occupied by variant 2. K is too small, the pattern is uniform and homogeneousK Ascreases,

the patterns become laminated. BuKifgets too large, the alternating patterns become too rapid
and do not reflect the reality. There is a rang&adn which the desired patterns can be generated.
Notice that the average valuesois equal toy = 0.5.



250

gamma = 0.8 K = 53016 gamma = 0.8 K = 530160
T T T T T

(a) K = 53016 (b) K = 530160

gamma = 0.8 K = 2650800 gamma = 0.8 K = 7952400
T T T T T

0.2F 4 0.2

of 4 of J LJ L
L L L L L L L L L L L L
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

(c) K = 2650800 (d) K = 7952400

gamma = 0.8 K = 13254000 gamma = 0.8 K = 26508000
T T T T T

AT N er

U UU Do )|

L L L L L L L L L L L L
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

(e) K = 13254000 (f) K = 26508000

Figure A.3: One-dimensional simulated patternsyfetr 0.8. The value ofu is plotted along the-

axis. u = 1 presents that the domain is occupied by variant 1, white0 presents that the domain

is occupied by variant 2. K is too small, the pattern is uniform and homogeneousk Ascreases,

the patterns become laminated. BuKifgets too large, the alternating patterns become too rapid
and do not reflect the reality. There is a rang&ain which the desired patterns can be generated.
Notice that the average valuesois equal toy = 0.8.
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gamma = 0 K = 530160 gamma = 0 K = 5301600
T T T T

L L L L L L L L L L L
0 0.2 0.4 0.6 08 1 0 0.2 0.4 0.6 0.8 1

(a) K = 530160 (b) K = 5301600

Figure A.4: One-dimensional simulated patternsyfes 0. The value ofu is plotted along the-
axis. 4 = 1 presents that the domain is occupied by variant 1, white0 presents that the domain
is occupied by variant 2. Over a wide range<gfthe patterns remain uniform as 0.

gamma = 1 K = 265080 gamma = 1 K = 26508000
T T T T T

L L L L L L L L L L L L
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

(a) K = 265080 (b) K = 26508000

Figure A.5: One-dimensional simulated patternsyfes 1. The value ofu is plotted along thex-
axis. 4 = 1 presents that the domain is occupied by variant 1, whieO presents that the domain
is occupied by variant 2. Over a wide rangekgfthe patterns remain uniform as 1. BuKifgets too
large, at some points of the patterns, there are rapid swiidietween 0 and 1. The average value
of u is approximately 1.
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A.2 Microstructure under the effect of External Stress - Onedimensional study

We now consider the outcome if we are given external stregsad of external strain. The theory
also lays out the mechanism of Domain Switching under stress

The same transformation strains as in the previous sectmmised. Under the effect of me-
chanical loading as stress’, we solve the mechanical equilibrium equation. We decomjbe
strain, the eigenstarin (as effective transformationirstrand stress into its average and perturbed

(or inhomogeneous) portions.

e=(e)+¢
S* — <£*> +S*/
o={(0)+0' = 0° +0' (A.26)

given

It is straight-forwards to check that these perturbed dtiestalso satisfy the mechanical equi-

librium equation:

0.0 =
, (A.27)
O—/ — C [8/ _ 8*/]
while the homogeneous or average quantities satisfy thatiequ
(o) =0°=C|(e) — (&")] (A.28)

A.2.1 Stress that favours specific Martensitic variants

As motivated by the previous simulations in two dimensidmest tleal with applied stress, if the
external stress favours variant one, then variant 1 isylikelform, and vice versa. To simulate a
pattern that prefers variant 1, we can find the externalstréso that the work done by this variant
in the total free energy is lower than the other variant, ineotwords,—c°- &) < —g©. £,

The system is more stable in the state with lower free endgiyen that all transformation strains

are equivalent, the anisotropy energy, interfacial enamgy elastic energy are equivalent over all



253

Martensitic variants. Lower work done by one variant cquaggls to lower total free energy by that

variant, thus the system tends to form pattern with thisaveri

o0 e s g0. g2

0 0
o®. 0 >0 | o (A.29)
-2 20
0
From here, we may simply take® = 0 |,wheres; < 0isthe stress that favors the existence
S1

of Martensitic variant 1. Notice that first two components aot effective in the above inequality.

On the other hand, if we want to have variant 2 to appear inithaelated pattern, we set up the
0

inequality —0°- €@ < —g°. £, we should choose®= | o |, wheres, > 0is the stress that

S
favors the existence of Martensitic variant 2.

As a final remark, it is important to notice that the preassijexternal stress is equivalent to

the average stress, that ¢s) = (0).

A.2.2 Perturbed Portions of Stresses

Knowing that the homogeneous stress is equal to the giverrattstress (so we do not need to
calculate it with any effort). We may then go straight to dedh the nonhomogeneous stress. We
start from the equilibrium equation - ¢’ = 0 to derive the components of which only depends

on possiblyx; .
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doy, 007, 003
X1 0% 0X3
00y 00y 0033
X1 0% 0X3
003 i 003, n 0033
X1 0% 0X3

=0 — 01, = constant

= 0 — 0y, = constant

=0 — 0%, = constant (A.30)

On the other hand, these components of stresses are pdrtyuragtities, that is, their averages

over the length of domain are 0. These force their constdaesdo be zero:

constant=< g/, >=0,Vi=1,2 3. (A.31)

Thus,a/; = Ovi = 1,2,3.

For the componentr,, , we need to go back to displacement. Displacements aredasadfx;
only. So by definition, the strain componesp is:

dUZ
= — = A. 2
€22 % 0 (A.32)
Its perturbed portion is 0, sina@g, = &2 — (&22) = 0.

With the stress-strain relation in the perturbed quastitiecomponent forms,

011 =Cui(g11— €11 ) +Ci2( €2 — &7 )+ Cie (12— £12)
-0 =0 -0 =0 =0

02, =Co1(€11— &71)+Coa &5 — 57 )+ Cos (€12— £12)
~ ~ — O~~~

-0 -0 =0 =0
01, = Ce1 (€11~ &1 )+ Co2 ( €22 — €55 ) +Ces(€12— €12) (A.33)
-0 =0 -0 =0 0 =0 |

where we have used the facts ti@atis the stiffness matrix for isotropic materials, the firsiotw
components of transformation strains are zero, @jd= o7, = 0 from the mechanical equilibrium

equation in the perturbed quantities. Alsg = 0 was derived from displacement.
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Solving the above reduced equations yield:

€1, =0
O-éz — O
£, = £ip = 2'5, (A.34)

wherey’ is the perturbed portion gf andd is the lattice parameters in the transformation strains.

Summing up, we have the following:

011 0

o= a, |=|o0 (A.35)
01, 0

o=(0)+0 =0+ o =0o° (A.36)

0

Summary

—0% W<« _0g%¢@ jfg>0

—0%.e@ <« g0 ifs, <0

A.2.3 Governing Equation

Following the same approach as outlined in previous sectign seek the governing equations
(evolution equation) fou. First we give the three driving forces.

Interfacial Force

Fint — 2A0%u = 2Ad2—“ (A.37)
dx2

Anisotropic Force

Fan — 2K (u — 3u?+2ud) (A.38)
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Elastic Force

pelas _ . 0;5
0 0
=10 0
S —45
_ 455 (A.39)

whereS=g; < 0 if variant 1 is preferred, whil&=s, > 0 if variant 2 is preferred.

With these, the governing equation is then given by:

d_“ -M (Fint + Fani_|_ Felas)

dt
du d*u 2, 53
a_|\/|<2AW—2K(;1—3N +2u°) — 43S (A.40)

The following sub-sections will be devoted to the steadyespaoblem and the time evolution

problem of this equation.

A.2.4 Steady State Problem

Recall that the steady state is achieved w%%eﬁ: 0. The governing equation is simplified as follow:

2
AU _ (2Ad—“ 2K (u—3p2+2u°) — 455)

&
0

d’u 2 3

d’u K > o 3y A0S

W_K(u—i%u +2u )4—2K

2

d—x‘; — o (u—3u?+2u%) +2n, (A.41)
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where two grouped parameters are defined for easier boqlrkpe

Q
Il

=
Il
)>| % >| X

This second order nonlinear ODE has no exact solution. Wesolg it by numerical method.

Notice that we are imposing periodic boundary conditiong &t both ends.

Numerical Method - Finite Difference Scheme

Let the values ofi on the x-axis at iteration level = t,’ be uX = p(x,,t). Then the above equation

can be discretized as:

d2 k
d—; =a (u"— 3(uk)? +2(u")3) +2n

Hoii— 2US+HN 0 K oy k2 ky3
gr = (- 30+ 2u)°) + 20
k K+l ok
Hnyi— 280 "+ Hng kil ar, k2 Ky3
mgr = o (30 20)°) 2

2 TN
<(AX)2 + O(> “r|1(+1 = n+(lAX)2n L t+a (3“1#)2 - 2(“5)3> -2n

k k
i+ a (3% — 2(uy)°) —2n

pkt — (8x)?
n - 2
W +a
k 4 k
i + (3(h)? - 2(uh)°) — 23
= 5 (A.42)
a(Ax)? +1

A.2.5 Time Evolution Problem

Recall the governing equation is given by:

du d?u 2, 003
M <2Adx2 2K (1 — 3p%+2u%) — 45S
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We may want to get rid of the ill-defined parameli¢iby a change of variable in tinte
t = 2MKt
With this, the equation can be rewritten with no explidit

2
d_“zm( U o (=324 248%) — 455)

dt e
2
2MK‘3’: <2A?j—‘2‘ — 2K (p— 32+ 20%) — 455)
du  Ad%u 5 3 .0S
F e~ (-3t -2 (A.43)
du 1d%u 2, 013 ol
o — (M) — 2 (A.44)

where the same grouped parameters are introduced.
Numerical Method - Finite Difference Scheme

Again let the values oft on the x-axis at iteration levél’ =ty be uk = p(xy,t). The evolution

equation can be discretized as:

“r|1(+l “# _ 1 “§+1_ Zurli—i_“rl?fl - (I-lk_ 3(“k)2+2(“k)3) _ 22
n n n
a

A a (Ax)2
Wlm_ i %ufml - ?Zi;1+ s — (et = 307+ 2(1)°) - 2%
: i:l é( L Z—? + 17“”*(1&)“ "L (3002 - 2(u)*) - 2
= Ak ) 2 ) (A.45)

A.2.6 Energy Density and Energy

In both steady state and time-dependent equations, we maygalculate the energy content of the

material as outlined below. Recall the three types of eneoggtituting the total energy:
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The three components of total free energy are:

wint — A|0|2 (A.46)
WaN — K p2(1—p)? (A.47)
1
Welas_ é[s_ 5*] C[E— 8*]
_lcgccto
2 |
1o
_EC g-0
0 0
1.4
= EC 01110
S S
0 0
2
é S
1
N A.48
o (A.48)
Thus the total energy (as a fraction of the interfacial cams) is:
W:Wint+wani+welas
1
= AlOuP+Kp?(1—p)’ 4+ ==&
2Cs6
K
_ 2 Roo N2
=A|Op*+ L pA(1 - ) +2AC6652 (A.49)
W 2 201 112 1
A = DUl +api(1-p) +2AC6632 (A.50)

A.2.7 Simulations and Discussion

Some simulations are run to investigate the effect of appglyxternal stress to the evolution of

microstructure. We start from random initial configuratigf(x), as shown on Fig. (A.6) (a),
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0

assume the external stressd®= | 0 |, whereS=s; < 0. The resulting entire pattern will

S
evolve to favor variant 11{(x) = 1), as shown on Fig. (A.6) (d). Two intermediate patterns are

shown on Figs. (A.6) (b) and (A.6) (c).

number = 50 force = ~20000000 number = 250 force = ~20000000
T T T T T

0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

(a) time step =50 (b) time step = 250

number = 3850 force = ~20000000 number = 4500 force = ~20000000

ol

L L L L L L L L L L L
02 04 06 08 1 0 0.2 0.4 0.6 0.8 1

(a) time step = 3850 (b) time step = 4500

ol

Figure A.6: One-dimensional simulated patterns by extestnass that favours variant 1 wi=

s < 0. The value ofu is plotted along thec-axis. i = 1 presents that the domain is occupied by
variant 1, whileu = 0 presents that the domain is occupied by variant 2. (ajplnméindom pattern.
(b) and (c) Intermediate patterns. (d) Final pattern. Therostructure evolves to variant 1 with

u=1.

Domain switching by stress is also simulated. The microsting starts with variant 1 with a

nucleation of variant 2, as shown in Fig. (A.8) (a) . Extersta¢ss that favours variant 2 is applied.
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number = 20 force = 20000000 number = 200 force = 20000000

08f 4 08f

variant 1 ()
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§
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°
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°
=
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L L L L L
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(a) time step = 20 (b) time step = 200

number = 600 force = 20000000 number = 1100 force = 20000000

08 4 08f

variant 1 ()

06 B £ o6l

lume fraction of
°
=
i
°
=

02 4 02t

L L L L L L L L L L L L
0 0.2 0.4 0.6 0.8 1 0 02 04 06 08 1

(a) time step = 600 (b) time step = 1100

Figure A.7: One-dimensional simulated patterns by extestnass that favours variant 2 with=

$ > 0. The value ofu is plotted along the-axis. U = 1 presents that the domain is occupied by
variant 1, whileu = 0 presents that the domain is occupied by variant 2. (aplnindom pattern.
(b) and (c) Intermediate patterns. (d) Final pattern. Therosiructure evolves to variant 2 with
u=0.

It will be seen that the variant 2 will grow from the locatiohraicleation until the whole domain
is occupied by variant 2, as shown in Fig. (A.8) (f). Interiagel patterns showing the snapshots
are shown from Figs. (A.8) (b) and (e). Similar result can i@ for the domain switching from

variant 2 to variant 1 using stress acting in opposite divact
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A.2.8 Domain switching by Variational analysis

If the stress is not strong enough, domain switching fromar&nt to another will not take place.
We want to find the critical stress to induce this phenomeii@xternal effects are accounted. The
variational approach thus provides us with more infornrattm how the magnitudes of stresses
affect domain switching.

Recall that the total energy of the sample is given by theyialeform:

I(1) = / (W e weies 6. g dx (A51)
Q
0
Given the external stressinthefoo= | 0 |. We are going to express the energy functional
S

in terms ofSand the field variable:.

The inhomogeneous strain is given by:

0
e =pea+(1-p)e= 0 (A.52)
20(1—-2u)

Using the stress-strain relation, we obtain the total stres

= 0 (A.53)



Thus the work done attributed from external stress is giwen b

0 0
g%. = 0 . 0
s 25(1—2u) + &

=20(1-2u)s+ i
Cee

With these, the energy functional can be expressed in teff8suod L,

j(l«l) — /Q :Wint_i_Wani_’_Welas_ a°. el dx
2
- JQ

2

_ dﬂ>2 2 2, S g
Al =) +Kp*(1—p)°+ —~— —25(1—2u)S+ —
(dx KA = )7+ 5 = 20(1=2)SH

Al ke wr S o1
_./Q _A(dx> PR )~ 50—~ 25(1-24)

dx
6
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(A.54)

(A.55)

We carry out the variational analysis to this energy fumelo Denoteu = f + £g. Hereg €
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%5’ (0,1) is a smooth perturbed terms with zero boundary conditiomadl atders. Thus,

2

S (f+eg) = /1 [A(f’+sg’)2+K(f +£0)%(1— (f+£g))>— % —25(1—2(f +£g))S| dx

_/ f’2+28f’g’+szg’2)
+KF2(1— )2+ 2Ke[f(1— f)?g— f2(1— f)g] + Ke?[(1— f)%g? — 4f (1 f)g? + 20

2
+ —%—25(1 2f —2eg)S| dx

2
_/ ( AF2 4 KF2(1— 2 —— —25(1— 2f)S>dx
2Ce6

+e/o (2AF'g +2K[F(1— f)2g— f2(1— f)%g] — 25(—20)S) dx
+£2/01(Ad2+K — f)%g* —4f (1 f)g? + F2¢?]) dx

1
:f(f)+£/ A g 2K [F(1— f)2— f2(1— f)]g+45Sg | dx
0 —

trick(1) f—3f242f3

1
+32/ A ¢? +K[(1— 2@ —at(1— )2+ 12 | dx (A.56)
°\ v
trick

where we have employed several tricks.

Trick (1): Integration by parts:
1 !~/ 1 /
/fgdx:/ f'dg
Jo 0
- [f’g]l—/lgf”dx
o Jo

_ f’(l)g\(}l—f’(O)g\(E)Z—/olgf”dx

0
1
—/ gf’dx
JO
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Trick (2): Inequality with periodic BC:

1
Og/ g?dx
0
/ 1 /
- g |, 9o

= MaX
O<x<lg g|0

= maxg'-[g(1) - g(0)] =0

0<x<1 —_—
0
1
:>/ g?dx=0
0

Eventually the energy functional becomes:

1
I (f+e9) = .7(f) +s/ (—2Af"g+ 2K (f — 32+ 21%)g+ 45Sg) dx
0
1
+82/ (K[ 1)2—4f(1— f)+ f2Ig?) dx
0
=7 (f)+8.75+8°7, (A.57)

whered.#7 andd2.# are respectively the first and the second variations.

The first variation, as the driving force of the system, stido¢ zero so as to stabilize the
microstructure. A second-order differential equatiorf iis formed.
o_
2Af"g+ 2K (f — 3f2+2f3)g+46Sg) dx

- / AF"+K(f —3f2+2f3) +25) gdx
= —Af" 4 K(f—3f24+2f3)+255=0

Af" =K(f —3f24+2f3)4+25S (A.58)

The Second Variation is an indicator of whether the totalrgynef the microstructure is at
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maximum or minimum.
1
62f:£2/ (K[(1— £)2—4f(1— f)+ f2]g?) dx
JO
1
:82/ K[1— 6f + 62]g?dx (A.59)
JO

It can be seen that the first variation is exactly the evatugiquation under the effect of external
stress. Based on the simulation, the field variabheill converge to either 0 or 1, depending on
the direction (or sign) o6. These are the possible critical values. The second vamigiused to
check if these critical values induce maximum or minimumrgnef the system, as to whether it is
positive or negative. It is easy to check that, by direct stion, the second variation is positive
atf =0 andf =1, which verifies that the energy is minimized and the systestdble under the

effect of external stress, with the outcome that the patigiireither evolve to only one variant.



267

number = 1 force = ~150000000 number = 801 force = ~150000000
T T T T

1F 1
0.8 0.8
2 32
z z
§ 0.6 E 06
: :
g g
E 04 E 04r
: g
5 5
E E]
0.2 | 02r
0 J \~ 0 —_— —
& U‘.Z U‘A 0‘.6 O.‘B i l‘) 0‘2 0‘4 0‘6 0‘8 ‘1
; ;
(a)time step=1 (b) time step =700
number = 1301 force = ~150000000 number = 1501 force = ~150000000
1F 1

° °
> &
T

°

5

volume fraction of variant 1 ()
o
2

volume fraction of variant 1 )

°

~
T
°
N

(a) time step = 1300 (b) time step = 1500

° °
& &
:

°

&

°
=
T

volume fraction of variant 1 (1)
volume fraction of variant 1 (1)

o

N
T
o
N

L L L L L L L L L L L
0.2 0.4 0.6 0.8 1 0 02 04 06 08 1
x x

(a) time step = 1900 (b) time step = 2700

ol

Figure A.8: (One dimensional) lllustration of domain switty by stress from variant 1 to variant 2.
The value ofu is plotted along the-axis. 4 = 1 presents that the domain is occupied by variant 1,
while u = 0 presents that the domain is occupied by variant 2. (aplrpattern: Domain occupied
by variant 1 but a narrow nucleation of variant 2. (b) (c) (€) Ihtermediate patterns. (d) Final
pattern. The microstructure evolves to variant 2 witk= 0, growing from the nucleation.
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A.3 Effect of External Strain on 'Uniform’ Volume Fraction

Assume we want to analyze the outcomes of microstructutarthalves two Martensitic variants
given by the transformation stragt?) ande(?. The imposed mechanical condition is the external
strain which is a linear combination of these two transfdfamastrains, that iss(© = ys(1> +(1-
y)€@, where 0< y < 1 is the ratio of contribution from each Martensitic varia@ur goal is to
examine the relationship between the external strainsefimd of parametey) and the expected
stable pattern of microstructure, expressed as volumédraof the variant oneyt = (x),0 < x <

L. Note that the final or stable pattern of the microstructarevblved as a result of minimization of
the sum of interfacial, anisotropy and elastic driving & = F"™ 4 Fa2"  Felas where for stable
pattern, the interfacial force is approximated as zero.

The anisotropic energy and its corresponding driving fenee

WaN — K (1 — p)? (A.60)
. dWani
Fanl — —K
ou
= —2K(p —3u?+2u3) (A.61)

For the elastic driving force, we need to find the stresand the derivative of the eigen-strain
with respect to the volume fraction. Assume that the eigaimsis given bye* = u(x)e(l) +(1-
u(x))e@, whereu(x) represents the volume fraction of the first variant as a fanocof x. Its

derivative with respect tq is:

OF" _ o _¢@ (A.62)
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The stress is evaluated from the stress-strain relatipnshi

c=C(e—¢€")
=Cl[(e) — ()] +C (e —¢€")

=C[e°—(e")] +

= (y— “)C(S(l)_g(z)) (A.63)

The elastic driving is thus:

' oe*
ou

= (y—)C(eW — @) (e — @) (A.64)

Felas _

To relate the order of magnitude between the anisotropy lameélastic driving force, based on

[32], we consider the anisotropy constant as:

K=ACeW.cW1=-2rce?@.£?

We will see that the value of will affect the possible pattern of microstructure thus gyaited.
We are now in a position to derive an algebraic equation ferésulting volume fractiop =

U (X) that depends on the parametgrandA. Minimization of the system energy occurs when the
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total driving force is zero, that is,

F— Fint + Fani + Felas
0= —2K (u—3u?+2u%) + (y— p)C(eW — @) . (M — &)

K
0= —2K (u—3p?+2p%) + (y— W4

A(2u®—3p?+p)+2u—2y=0 (A.65)

Notice thaty andA are given at the beginning, therefqueis the unknown to be determined from
the above equation. We solve this equation numerically yguslatlab with the results visualized
graphically.

If we consider the special cade= 0, where there is no anisotropic contribution. The equation
reduces to g — 2y = 0, giving us the linear solutiop = y. The resulting constant value of the
volume fraction is identical to the ratio of the transforioatstrains of the martesbitic variants
contributing to the external strain. Sayeff = 0.6s(1) +0.4¢(?), the resulting volume fraction will
be 0.6 uniformly over the domain. For this, we will rejectstiiise and assume thiatz 0.

We may also study the energy content of the system:

W = Wani +Welas

= K21 )2+ 56— (u)]-Cle — € (u)]

1
= Ky (1= )+ 5(u—v) (@ -e@)-Clu—y) (s¥-£2)

1
=Kp2(1—p)?+ S (u—y)? (eW - @) . c(eP — £?)

2
4%
2 2 K 2
=Kpe (1= p)"+ 25 (1 —y)
2

=K\ pE(1— )+ 5 (- v)z]
W 2
= KA wP+ o (u-y)? (A.66)

whereu = u(y).

Assume that external strain raticOy < 1 is preassigned, as the ratio of contribution of transfor-
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mation strains in external strain, we solve from Eq. A.65tf@r so-called optimal volume fraction
0 < p < 1. The result is then graphed in Fig. (A.9). Here the y-axasds for the optimal volume

fraction u while the x-axis stands for the preassigned vales of extstran y.

0.9 b

0.81 b

0.7F b

051 b

0.4} b

0.3r i

0.2 i

constant value of volume fraction: p

0 L L L L
0 0.2 0.4 0.6 0.8 1

ratio of transformation strains in external strain:y
e = ys(l) +(1-vy) e®

Figure A.9: Relation between the imposed external straineims of transformation strains of
Martensitc variants in the ratipand the resulting volume fraction between the two varigntslere
A=1

The energy content at each resulting volume fractfiors plotted in Fig.(A.10)(a). Energy
components in anisotropy and elasticity are shown in Fig.QXb).

Since we do not expect to see uniform (or homogeneous) patteen twining Martensite is
involved, These graphs will help us to filter those badlytdated patterns, by simply checking the
numerical value of the average, maximum and minimum of therme fraction: (u(x)), max u(x)

and min p(x), without consuming time and effect to examine the patteraplgcally.
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Figure A.10: Relation between the imposed external striairierms of transformation strains of
Martensitc variants in the ratipand the resulting volume fraction between the two varigntklere
A=1

A.4 Summary and Conclusion

The phase field model is analyzed semi-analytically in angedsional case, which parallels with
the numerical simulations. The analysis is carried out lier $ystem under external strains and
external stresses. Phase field simulations depend heavillgeoparameters chosen. For this, we

also purpose an easy way to filter those parameters thatielil ynwanted simulated results.



273

Appendix B

AUSTENITE-MARTENSITE INTERFACES OF SHAPE MEMORY ALLOYS IN
REAL CRYSTAL SYSTEMS

Following the deviations outlined in section (3.9), we wgiilidy the occurrences of interfaces in
three common crystal systems, namely, Cubic-to-Tetrdg@ubic-to-Orthorhombic and Cubic-to-

Monoclinic-l systems.
B.1 Cubic-to-Tetragonal System

There are three Martensitic variants in this crystal system

B a a
Uy = a Uz = B ,Ug = a ; (B.1)

Due to geometric symmetric, we need to consider the pairsistimg of the two variantd: = U
andG = Us.
These two variants can form twinned Martensites with twosfide sets of shears and normals

that describe the interfaces:

V2B -a?) 1
a.+— W a ,n+—ﬁ 1 (BZ)
| 0
- 1
a = V2(p® - a?) ; == 1 (B.3)
R R R |
0

So far the ratio of each variant in the twinned structure caarbitrary.

For the twinned Martensites make an interface with Austerlite parameterg and 3 have to
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satisfy one of the following sets of conditions:

A:{a<1<B,%+B—12§2} (B.4)
B:{B<l<a,a?+B*><2} (B.5)

Also, the volume ratio of the two Martensitic variants in tenned Martensite is restricted by the

choices of lattice parameteosand 3:

_1 2(@2-1)(B>—1)(a?+p?)
A=3 <1—\/1+ B —ay ) (B.6)

Due to symmetry, the ratio can also be- 4. More explicitly,

1 20a2 -1 2_1 2 2
1—/\:§<1+\/1+ a ()gz_az))(za P )> (B.7)

Before we determine the Autenite-Martensite interfac®, éxpressions are defined for the sake

2 2 _
ja f_ﬁaz 2 (B.8)

B \/20,2[32_0,2_[32

- 1-q2

of simplicity,

0

The eight possible configuration for the AM-interfaces aréioe below:
Cases (1) and (2):

MM-interface ={a*,n"}

ratio of martensitic variants A : 1—A)

AM-interface ={b*,n*}, where:



[
i:l_—a ﬂ:ﬂ
1+ B2 2

B

Cases (3) and (4):
MM-interface ={a*,n"}
ratio of martensitic variants €1 — A : A)

AM-interface ={b*,n*}, where:

[ %
l-a
+_ 5
B
Cases (5) and (6):
MM-interface ={a~,n"}
ratio of martensitic variants €1 — A : A)
AM-interface ={b*,n*}, where:
, [ T
+_1-0 4ot
l_i_BZ 2
B

Cases (7) and (8):
MM-interface ={a~,n"}
ratio of martensitic variants €1 —A : A)

AM-interface ={b*,n*}, where:

H o H
> ™
RN i
~ ~

HN‘

3
H_
|

H oK
™ ™
T

HN‘

>
+
~

3
I
H
(7]
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(B.9)

(B.10)

(B.11)
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L 1-a? _
12| Tz

[e7]
+
5

.
H O
o

I—‘N‘

B

(B.12)

For simulation, we consideir{— 23at.%T I), where the lattice parameters are= 0.9889 and

B = 1.0212. Twinned Martensite always forms without any restict The two possible interfaces

are:

—1.0212 1
1
at=00454 09889 |[.nf=—]| 1
V2
0 0
—1.0212 1
1
a =0.0454] _—o. N =— -1
0.9889 2
0 0

(B.13)

(B.14)

For AM interface to form, these parameters satisfy conditiB). The volume ratio of the

martensitic variants id = 0.3475, or by symmetry, £ A = 0.6525. The eight possible config-

uration of AM-interfaces are outlined below:

case| MM-interfacg A b m
(1) at,nt 0.3475| (—0.01022.4439x 10~* —0.0110)T (—0.94740.02261)"
(2) at,nt 0.3475| (0.0102 —2.4439x 104, o.0110)T (0.9474 -0.02261)"
(3) at,nt 0.6525| (2.4439x 10~4,—0.0102 —0.0110 "1 (0.0226 -0.94741)7
(4) at,nt 0.6525| (—2.4439x 10~#,0.0102 —0.0110 "1 (~0.02260.94741)7
(5) a,n- 0.3475| (—0.01022.4439x 10~* —0.0110)T (—0.94740.02261)"
(6) a,n” 0.3475| (0.0102 —2.4439x 104, 0. 0110)T (0.9474-0.02261)"
(7) a,n- 0.6525| (2.4439x 10~4,—0.0102 —0.0110 T (0.0226 —0.94741)"
(8) a,n” 0.6525| (—2.4439x 10~#,0.0102 —0.0110 "1 (~0.02260.94741)"
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Since we impose strong periodic boundary conditions inhate directions, in order to avoid
geometry incompatibility on the boundaries of the simuwatlomain, the transformation strains
have to be re-orientated so that the pre-calculated AMfeate is pointing either in the direction
(0,1,0)" or (1,1,1)". We adopt the convention, if the transformation strainshef martensitic
variants ard- andG respectively, then the transformation strains bec&igig andGgyo which give
rises to AM-interface whose normal is pointing(ih 1, O)T, while they becomé&;1; andG;1; which
give rises to AM-interface whose normal is pointing(ih 1, 1)T.

The transformation strains adopted in the simulations #ohecase are outlined.

Case (1):

1.0102 00004 —0.0153 0.9949 —0.0096 00081
Foio=| 0.0004 09889 —0.0003 |,Goio=| —0.0096 10042 -0.0130 |,
—0.0153 —0.0003 —0.9999 0.0081 —0.0130 09999
(B.15)
1.0035 00020 —0.0160 0.9890 00014 00002
Fi11=] 00020 09892 -0.0021 |,Gii1= | 0.0014 10203 00051 |, (B.16)
—0.0160 —0.0021 —1.0063 0.0002 00051 09897
Case (2):
1.0102 —0.0004 —0.0153 0.9949 00096 00081
Foio=| —0.0004 09889 00003 |,Goiwo= | 0.0096 10042 00130 |, (B.17)
—0.0153 00003 —0.9999 0.0081 00130 09999
1.0027 00015 —0.0159 1.0071 —0.0046 00153
Fii1=| 00015 09891 -0.0017 |,Gu1=| —0.0046 09901 —0.0039 |,
—-0.0159 —0.0017 10072 0.0153 —0.0039 10018

(B.18)
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Case (3):

Folo=

Fii1=

Case (4):

Foio=

Flrii=

Case (5):

Folo=

Flii=

0.9949 —0.0096 00081 1.0102 00004 —0.0153

—0.0096 10042 —0.0130 |,Goio=| 00004 09889 —0.0003 |,

0.0081 —0.0130 09999 —1.0153 —0.0003 09999
(B.19)

0.9890 00014 00002 1.0035 00020 —0.0160

0.0014 10203 00051 |,Gii1=| 0.0020 09892 -0.0021 |, (B.20)

0.0002 00051 09897 ~0.0160 —0.0021 10063

0.9949 00096 00081 1.0102 —0.0004 —0.0153

0.0096 10042 00130 |,Goio=| —0.0004 09889 00003 |, (B.21)

0.0081 00130 09999 —~1.0153 00003 09999

1.0071 -0.0046 00153 1.0027 00015 —0.0159

—0.0046 09901 -0.0039 |,Gi11=| 0.0015 09891 -0.0017 |.

0.0153 -0.0039 10018 —0.0159 —0.0017 10072
(B.22)

1.0102 —0.0004 —0.0153 0.9949 00096 00081

—0.0004 09889 00003 |,Goio=| 0.0096 10042 00130 |, (B.23)

—0.0153 00003 09999 0.0081 00130 09999

1.0027 00015 —0.0159 1.0071 -0.0046 00153

0.0015 09891 -0.0017 |,Gi11=| —0.0046 09901 —0.0039 |,

—0.0159 —0.0017 10072 0.0153 -0.0039 10018

(B.24)
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Case (6):
1.0102 00004 —0.0153 0.9949 —0.0096 00081
Foio=| 00004 09889 —0.0003 |,Goio=| —0.0096 10042 —0.0130 |,
—0.0153 —0.0003 09999 0.0081 —0.0130 09999
(B.25)
1.0035 00020 —0.0160 0.9890 00014 00002
Fi11=| 0.0020 09892 -0.0021 |.Gi11=| 0.0014 10203 Q0051 |, (B.26)
—0.0160 —0.0021 10063 0.0002 00051 09897
Case (7):
0.9949 00096 —0.0081 1.0102 —-0.0004 00153
Foio=| 0.0096 10042 —0.0130 |,Goio=| —0.0004 09889 —0.0003 |,
—0.0081 —0.0130 09999 0.0153 —0.0003 09999
(B.27)
1.0071 00153 —0.0046 1.0027 -0.0159 00015
Fi12=| 00153 10018 -0.0039 |,Gii1=| —0.0159 10072 -—0.0017 |,
—0.0046 —0.0039 09901 0.0015 —0.0017 09891
(B.28)
Case (8):
0.9949 —0.0096 —0.0081 1.0102 00004 00153
Foio=| —0.0096 10042 00130 |,Goio= | 0.0004 09889 00003 |, (B.29)
—0.0081 00130 09999 0.0153 00003 09999
0.9890 00002 00014 1.0035 -0.0160 00020
Fi11=| 0.0002 09897 00051 |,Gii1=| —0.0160 10063 —0.0021 |, (B.30)
0.0014 00051 10203 0.0020 —0.0021 09892

Furthermore, these outlined transformation strains apeessed in finite strain representation.
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In the simulation, these transformation strains are ek linearized infinitesimal strain repre-

sentation. This can be done easily by substraction of 3-lolgi3tity matrix. More explicitly,

g=Ui—I (B.31)

B.1.1 Simulation

We attempt to simulate micro-structures of autenite-Mesite and martenite-Martensite interfaces
in each of the eight cases. As previously implemented, mllitions start from random pattern and
the iteration continues until convergence is reached. Téalizations are shown in figures (B.1)
and (B.1).
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(a) Case (1) (b) Case (2)

(c) Case (3) (d) Case (4)

Figure B.1: Simulated micro-structures in tetragonalaystCases (1) - (4).
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(a) Case (5)

(b) Case (6)

(c) Case (7)

(d) Case (8)

Figure B.2: Simulated micro-structures in tetragonalaystCases (5) - (8).
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B.2 Cubic-to-Orthorhombic System

There are six variants of Martensites for this system:

a+ a— a+ a— a+y o-—
2 0 2 0 - = 70
U= 0O B O Uz = o B O Us=| & S o |,
- + - +
o o o o 0 o
rotr o) (8o o oo o
A T R K R
o o0 g 0 ¥ o 0 -5 &
(B.32)

Since there can be many possible pairings of these variafbsr interfaces with auteniste.As
expected from the symmetry in the matrix representatiohesé variants, all the pairings of Marten-
sites exhibits similar patterns in interfaces. In the foilty, we demonstrate two representative
pairings, namely compound twin and type-I-type-Il twin. eltable below shows a summary all

possible pairing with type of interfaces they are forming.

Ui | Uz | Us | Us | Us | Ug
Uz C |1y e i
Us | C e[ me i
Us | e fim C [l i (B.33)
Us | 11| C e i
Us || 11 |1 fime i C
Ue || 11 1m0 [im im|C
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B.2.1 Compound Twin of Variant 1 and Variant 2

Using equation(3.36), variant 1 and variant 2 form a compldwrnin with two possible interfaces:

, a-—y 1
—-a

a+:% 0 nt=1o0
a+y 0
a+y 0

. y-a? _
v B A
a—y 1

(B.34)

Austenite-Martensite interface exists if equation (3.37%atisfied. The resulting equation is
almost impossible to solve for the lattice parameters tretl }compatible interfaces. For instance,
the first inequality in (3.37) generate the following inelityawith high order of polynomials in

numerator and denominator.

OLnum 2, (B.35)

o)
517den o

whereoy num anddy gen are the numerator and denominatordef

O num= 3a*B* — 4a*B? — a*B? + datyt — 2a%y?
—2a°B*y* - 2a°B* - 4a*B?y' + 100°B?y? — 2a%y*
+3% - 2Bty - g2yt
Buden=4(a” — 1)(B* ~1)(v* — 1)(a’B> + 2a°y* + B?y) (B.36)

In fact, according to Bhattacharya [2], no real material wdltisfy these conditions. We may

still study the interfaces with an artificial sets of paraengtthat satisfy the conditions (3.37) for
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Austenite-Martensite interface.

a = 0.99
B =0.98
y=1.02 (B.37)

Using (3.36), two possible Martensite-Martensite integfaexist:

0 0.06
n=1|( 0 |,aa= 0
1 —0.0009
-1 0.0009
np = 0 |.a= 0 (B.38)
0 —0.06

For twinned Martensites consisting of these variants tmflurther interface with Austenite, the
martensitic variants have to be in the ratio specified lmy 1— A, whereA = 0.3368 orA = 0.6632.
As discussed in previous subsection, there are eight pessits of Austenite-Martensite inter-

faces. The combinations of shear and normal vectors of tieefaces will be summarized in the

following:
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case| MM-interfacg A b m

1) at,nt 0.3368| (—0.01210.02460.0117" | (—0.4158 —0.81720.3991)"
) at,nt 0.3368| (0.0121,0.0246—0.0117" | (0.4158 —0.8172—0.3991)"
®3) at,nt 0.6632| (0.0121,—0.02460.0117)" (0.41580.81720.3991) '

(4) at,nt 0.6632| (—0.0121—0.0246 —0.0117)" | (—0.41580.8172 —0.3991)"

(5) a,n- 0.3368| (—0.01170.02460.0121)7 | (—0.3991—0.81720.4158 "
(6) a,n- 0.3368| (0.0117,0.0246 —-0.0121)" | (0.3991 —0.8172 —0.4158 "
(7) a,n- 0.6632| (0.0117—0.02460.0121)" (0.3991,0.81720.4158 "

(8) a,n- 0.6632| (—0.0117,—0.0246 —0.0121) " | (—0.3991,0.8172 —0.4158 "

Before the transformation strains of the martensitic vasiare put to simulation, because of
imposed periodic conditions and the resulting geometrimgatibility, the matrices representing
these transformation strains are re-orientated so tha¢tbaentated normal vector of the Austenite-
Martensite interface is pointing either {0,1,0)" or (1,1,1)". The transformation strains adopted

in the simulations for each case are outlined:

Case (1):
1.0307 00307 00446 1.0100 00411 00180
Foio=| 0.0307 09739 -0.0426 |,Gowo=| 0.0411 09946 —0.0590 |, (B.39)
0.0446 —0.0426 09981 0.0180 —0.0590 (09981
1.0407 —0.0201 —0.0033 1.0436 00182 —0.0091
Fli1=| -00201 10416 -00171 |,Gui1=| 0.0182 10381 -0.0185 |,
—0.0033 —0.0171 09205 —0.0091 —0.0185 09210

(B.40)



Case (2):

Folo=

Fii1=

Case (3):

Folo=

Fii1=

Case (4):

Folo=

Flii=
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1.0307 —0.0307 00446 1.0100 —0.0411 00180
—~0.0307 09739 00426 |,Goio= | —0.0411 09946 00590 |, (B.41)
0.0446 00426 09981 0.0180 00590 09981
0.9829 —0.0693 00170 0.9661 —0.0493 00197
—0.0693 10009 00118 |,Gi11=| —0.0493 09805 00202 |, (B.42)
0.0170 00118 10190 0.0197 00202 10560
1.0100 00411 00180 1.0307 00307 00446
0.0411 09946 —0.0590 |,Goio=| 0.0307 09739 -0.0426 [, (B.43)
0.0180 —0.0590 09981 0.0446 —0.0426 09981
1.0436 00182 —0.0091 1.0407 —0.0201 —0.0033
0.0182 10381 -0.0185 |,Gu11=| —0.0201 10416 -0.0171 |,
—0.0091 —0.0185 09210 —0.0033 —0.0171 09205

(B.44)
1.0100 —0.0411 00180 1.0307 —0.0307 00446
—0.0411 09946 00590 |,Goio= | —0.0307 09739 00426 |, (B.45)
0.0180 00590 09981 0.0446 00426 09981
0.9661 —0.0493 00197 0.9829 —0.0693 00170
—0.0493 09805 00202 |,Gi1=| —0.0693 10009 00118 |, (B.46)

0.0197 00202 10560 0.0170 00118 10190
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Case (5):
1.0307
Fowo= 0.0307
—0.0446
1.0407
Fi11=] —0.0033
—0.0201
Case (6):
1.0307
Foio=| —0.0307
—0.0446
0.9829
Fii1= 0.0170
—0.0693
Case (7):
1.0100
Foio=| —0.0411
—0.0180
0.9661
Fii1= 0.0197
—0.0493

00307 —0.0446 1.0100 00411 -0.0180

09739 00426 |,Gowo= 0.0411 09946 00590 |, (B.47)

00426 09981 —0.0180 00590 09981

—0.0033 —0.0201 1.0436 —0.0091 00182

09205 -0.0171 |.Gi11=| —0.0091 09210 -0.0185 |,

—0.0171 10416 0.0182 -0.0185 10381
(B.48)

—0.0307 —0.0446 1.0100 -0.0411 -0.0180

09739 -0.0426 |,Goio=| —0.0411 09946 —0.0590 |,

—0.0426 09981 —0.0180 —0.0590 09981
(B.49)

00170 —0.0693 0.9661 00197 —0.0493

10190 00118 |,Gi11=| 0.0197 10560 00202 |, (B.50)

00118 10009 —0.0493 00202 09805

—0.0411 —0.0180 1.0307 —0.0307 —0.0446

09946 —0.0590 |,Goio=| —0.0307 09739 -0.0426 |,

—0.0590 09981 —0.0446 —0.0426 09981
(B.51)

00197 —0.0493 0.9829 00170 —0.0693

10560 00202 |,Gi11=| 00170 10190 00118 |, (B.52)

00202 Q9805 —0.0693 00118 10009
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Case (8):
1.0100 00411 -0.0180 1.0307 00307 —0.0446
Foio=| 0.0411 09946 00590 |,Goio=| 0.0307 09739 00426 |, (B.53)
—0.0180 00590 09981 —0.0446 00426 09981
1.0436 —0.0091 00182 1.0407 —0.0033 —0.0201
Fiz1=| -0.0091 09210 -0.0185 |,Gi11=| -0.0033 09205 -0.0171 |,
0.0182 -—-0.0185 10381 —0.0201 —-0.0171 10416

(B.54)

The simulated micro-structures are shown in figures. (B18)8.4). Unfortunately no desirable

micro-structure for case (1) can be simulated.

B.2.2 Type-l/ Type-ll Twin of Variant 1 and Variant 3

This result is due to Mallard [2]. Variant 1 (denoted By= U1) and variant 3 (denoted iy = Us)

0
are related crystallographically by a P8tation about the axig = % 1 |, or equivalently,
1

FTF = RTG'GR andF'F = G'G, whereR is the rotation matrix about the axé&about 186.

These variants form one type-I twin and one type-Il twin. Titerfaces are computed by:

I

at =2 <|GGje|2 _ Gé) nt—8 (B.55)
—Te

_ . _ 2(. G'Ge

a =pGen :E e— |G§|2 ) (B.56)

wherep # 0 is so chosen to make| = 1.

More explicitly, these vectors expressed in crystal latparameters are:
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No result

(a) Case (1) (b) Case (2)

(c) Case (3) (d) Case (4)

Figure B.3: Simulated micro-structures in orthorhombisteyn involving variants 1 and 2: Cases

1) -@.



201

(a) Case (5) (b) Case (6)

(c) Case (7) (d) Case (8)

Figure B.4: Simulated micro-structures in orthorhombisteyn involving variants 1 and 2: Cases

©) - (8).
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—(a—y)(V2ay(a+y)?B*+8v20%B? P+4v2a ya® P+ 2ayB (a—y)?)
day((a-+y)?B?+4a?y?+B%(a—y)?)

at = | —(@+n(vV2ay(a+y)’B2—8v2a2B2 2 +4v2aya?y’+v/2ayB?(a—y)?)
day((a+y)2B+4a22+B2(a—y)?)

—(V2B*(a+y)?+V2B*(a—y)>—4v2a%B2y?)
2B((a+y)2B2+4a2y2 1 B2(a—y)?)

=5

(a—y)

QD

I
©
5

(a+y)

v2p
~V3(a?-p)
Earaya

n- = _y2arty-op? | (B.57)
2 aZ+y?+2p?

V2 a’+y*-2p2
2 a?+y?42p2

where we choosp so thatn—| =1, or,

5 \/2(0,2_ V2)2+2x L(a2+y2— 2B2)2 B
5 —

aZ+y2+2p2
2 \/3a%—4a?B? - 20%y? + 4B* —4B2% 1 3y* 1
\/30,4 — 40232 — 202y2 + 434 — AB2y2 + 3yA
2 VT =p (B.58)

The two Martensite variants will form interface with Austtenif (3.37) holds. For instance,

CuAINi, wherea = 1.0619,3 = 0.9178 andy = 1.0230, satisfies the condition. With these numer-
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ical crystal parameters, the two possible sets of shear amdah vectors are:

0.0515 . 0
a"=| 01637 |,n" = 7
0.1869 ~1
0.0036 —0.2282
a =| —-01691 |,n" =| —06885 |, (B.59)
0.1921 —0.6885

where{a™,n"} is a Type-I twin anda—,n" } is a Type-Il twin.

Equation (3.38) applied to each of these twins further conflie volume ratio of martenitic

variants in the twinned structure. For type-I twh= 0.2902, while for type-II twinA = 0.3008.

With equation (3.39), we may compute the shear and normé&brseof the Austenite-Martensite

interface. The eight possible cases are summarized aw/follo

case| MM-interfacg A b m
(1) at,nt 0.2902| (0.0656 —0.0657.0.0239 " (0.63500.74860.1908 '
2) at,nt 0.2902| (—0.0576 —0.0748 —0.0171)" | (—0.71510.6497 —0.2579 "
(3) at,nt 0.7098|  (0.05760.01710.0748 " (0.7151,0.2579 —0.6497)
(4) at,nt 0.7098| (—0.0656 —0.02390.0657)" | (—0.6350—0.1908 —0.7486) "
(5) a,n- 0.3008|  (0.05590.0707,0.0237)" (0.7304 —0.66790.1430
(6) a,n” 0.3008| (—0.06530.0654—0.01227 | (—0.6345—0.7276 —0.2607)"
7) a,n- 0.6992|  (0.05590.0237,0.0707)" (0.73040.1430 —0.6679
(8) a,n- 0.6992| (—0.0653—-0.01220.0654" | (—0.6345—-0.2607,—0.7276"

Before the transformation strains of the martensitic vasiare put to simulation, because of
imposed periodic conditions and the resulting geometrimmatibility, the matrices representing
these transformation strains are re-orientated so thag¢tbgentated normal vector of the Austenite-
Martensite interface is pointing either {8,1,0)" or (1,1,1)". The transformation strains adopted

in the simulations for each case are outlined:
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Case (1):
0.9473 00218 —0.0430 1.0264 —0.0533 00179

Foio=| 00218 10564 00161 |,Goio=| —0.0533 09773 00422 |, (B.60)
—0.0430 00161 09989 0.0179 00422 (09989
1.0043 00597 00233 0.9598 —0.0565 —0.0014

Fi11=] 0.0597 09613 00003 |.Gii1=| —0.0565 09973 00225 |, (B.61)
0.0233 00003 10372 —0.0014 00225 10456

Case (2)
0.9891 —0.0204 00684 1.0082 —0.0238 —0.0284

Foio=| —0.0204 10161 00166 |,Goio=| —0.0238 09970 —0.0644 |,
0.0684 00166 09975 —0.0284 —0.0644 09975

(B.62)

0.9789 —0.0421 00504 0.9820 00333 —0.0520

Fi11=] —0.0421 10379 00144 |,Gii1=| 0.0333 10465 00128 |, (B.63)
0.0504 00144 09860 —0.0520 00128 09742

Case (3):
1.0082 —0.0238 —0.0284 0.9891 —0.0204 00684

Foio=| —0.0238 09970 -0.0644 |,Goio=| —0.0204 10161 00166 |.
—0.0284 —0.0644 09975 0.0684 00166 09975

(B.64)

0.9820 00333 —0.0520 0.9789 -—0.0421 00504

Fii1=| 00333 10465 00128 |.Gi11=| —0.0421 10379 00144 |, (B.65)
—0.0520 00128 Q9742 0.0504 00144 (09860



Case (4):
1.0264
Foio= | —0.0533
0.0179
0.9598
Fi11=] —0.0565
—0.0014
Case (5):
0.9517
Foio= | 0.0327
0.0416
1.0160
Fi11=] 0.0235
0.0587
Case (6):
0.9843
Foio= | —0.0098
—0.0706
0.9873
Flii= 0.0553

—0.0355
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—0.0533 00179 0.9473 00218 —0.0430
09773 00422 |,Gowo=| 0.0218 10564 00161 [, (B.66)
00422 09989 —0.0430 00161 09989
—0.0565 —0.0014 1.0043 00597 00233
09973 00225 |,Giui= | 0.0597 09613 00003 |, (B.67)
00225 10456 0.0233 00003 10372
00327 00416 1.0224 00064 —0.0174
10519 —0.0158 |,Gowo= | 0.0064 09829 00694 |, (B.68)

—0.0158 09990 —0.0174 00694 09974
00235 00587 1.0153 —0.0299 00067
10302 —0.0057 |,Gii=| —0.0299 09270 -0.0037 |,

—0.0057 09565 0.0067 —0.0037 10604

(B.69)

—0.0098 —0.0706 1.0128 00588 00308
10209 —0.0113 |,Goio=| 0.0588 09909 —0.0320 |,
—0.0113 09974 0.0308 —0.0320 09990

(B.70)

00553 —0.0355 1.0609 00018 00113

09762 00103 |,Gi11= | 0.0018

10148

—0.0281 |, (B.71)

00103 10393 0.0113 —-0.0281 09269



296

Case (7):
1.0128 —0.0588 00308 0.9843 00098 —0.0706

Foio=| —0.0588 09909 00320 |.Goio=| 0.0098 10209 00113 |, (B.72)
0.0308 00320 09990 —0.0706 00113 09974
0.9500 -0.0520 00097 1.0058 00507 —0.0216

Fi11=] —0.0520 10180 00273 |.Gi11=| 0.0507 09484 00010 |, (B.73)
0.0097 00273 10347 —0.0216 00010 10485

Case (8):
1.0224 —0.0064 —0.0174 0.9517 —0.0327 00416

Foio=| —0.0064 09829 -0.0694 |,Goio=| —0.0327 10519 00158 |.
—0.0174 —0.0694 09974 0.0416 00158 09990

(B.74)

1.0031 00237 —0.0530 0.9543 —0.0047 00561

Fi11=| 00237 10464 00023 |,Gi11=| —0.0047 10353 00252 |, (B.75)
—0.0530 00023 09532 0.0561 00252 10131

The simulated micro-structures are shown in figures. (Bh@)B.6). Unfortunately no desirable

micro-structure for case (2) can be simulated.
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No result

(a) Case (1) (b) Case (2)

(c) Case (3) (d) Case (4)

Figure B.5: Simulated micro-structures in orthorhombisteyn involving variants 1 an 3: Cases (1)

-(D).
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(a) Case (5) (b) Case (6)

(c) Case (7) (d) Case (8)

Figure B.6: Simulated micro-structures in orthorhombisteyn involving variants 1 an 3: Cases (5)

- (8).
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B.3 Cubic-to-Monoclinic-1 System

The twelve Martensite variants are quantified by their fiemsation strains:

y € ¢ y -—& —¢€
Ui=| ¢ a o [,Uz=]| - a & |,
e o a —& a
y —-¢€ € y —-¢& —¢
Us=| -¢ a -0 [\Us=| & a -0 |,
e -0 « —-& -0 «a
a ¢ o a —-¢ 0O
Us=| ¢ vy ¢ [,Us=| —¢ y —¢ |,
0 € a 0 —¢ «a
a —& -0 a & -0
Ur=| - vy ¢ ,Ug= ey —-£ |,
-0 € « -0 —€¢ a
a o0 ¢ a o -—¢
U= & a ¢ |,Uwo=| & a -¢ |,
E €y - —€ vy
a -0 ¢ a -6 —¢
Un=| -6 a -¢ |,Upe=| -6 a ¢ |,
e —€ y -& €y

Two examples of materials in this crystals @i andCuZr. Their lattice parameters are:

a y o) €
NiTi | 1.0243| 0.9563] 0.058 -0.042)7 (B.76)
CuZr| 1.0348| 1.0229 0.1067 -0.0929

Four classes (referred as modes) of micro-structures cayeberated by pairing two of the
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martensitic variants. They are named as modes A, B, C and DalNaf them can form Austenite-

Martensite interfaces. Each of these four classes will diestl in the following subsections.

B.3.1 Mode A: Variant 1 and Variant 2

These two variants can twin with two possible martenitetgtasite interfaces. Their shear and

normal vectors are computed by (3.36):

0.2564 0

&= | -00115 | ,n=| 2 |,
—0.0115 %
0.0127 -1

a=| -01604 |.m2=| 0 |, (B.77)
—0.1604 0

No (numerical) solution can be found in solving (3.37). ThosAustenite-Martensite interface
can be formed with variants 1 and 2. The transformationrstraf these variants can be specified
by any volume ratio.

For simulation, we do not need to re-orientate the transdtion strains to adjust the normal to

point in good direction, as the expected micro-strictungeaps to be simpler.

B.3.2 Mode B: Variant 1 and Variant 3

According to equation (3.36), these two martensitic vasdarm one type-l twin and one type-II

twin. The interfaces are quantified by the shear and norncibxe

~0.1710 0
aa=| 00197 |,m=| -1 [,

0.2273 0

—0.0120 0.5851
a=| 02890 |[.n2= 0 ; (B.78)

0.0164 —0.8109



301

Conditions (3.37) are satisfied. So an Austenite-Martensiterface exists. Equation (3.38)
gives the ratio of martensitic variants and equation (3.8% normal and shear vectors of the

Austenite-Martensite interfaces are computed. The eighsiple sets of micro-structure are sum-

marized below:

case| MM-interfacg A b m

(1) at,nt 0.2918| (—0.1211,0.0397,0.0256) " (0.34620.43350.8320 "
) at,nt 0.2918| (—0.0527,—0.0536 —0.1061) " | (0.9088 —0.3332—0.2512) "
3) at,nt 0.7082| (0.0527—0.05360.1061)" | (—0.9088 —0.33320.2512) "
(4) at,nt 0.7082| (0.1211,0.0397—0.0256" | (—0.34620.4335—0.8320)"
(5) a,n- 0.2708| (—0.11960.04850.0216)" (0.37590.5137,0.7712 "
(6) a,n- 0.2708| (—0.0568 —0.0638 —0.0991) " | (0.8890 —0.4012 —0.2152) "
@) a~,n- 0.7292| (0.0568 —0.06380.0991)" | (—0.8890—0.40120.2152 "
(8) a,n- 0.7292| (0.11960.0485-0.0216" | (—0.37590.5137,—0.7712)"

Before simulation, the transformation strains of the nraitéc variants are re-orientated so as to

give rise to Austenite-Martensite interface pointing imgautationally compatible directions. They

are outlined below:

Case (1):
1.0457 00074 Q0791 0.9877 -0.0389 —0.0321
Foio=| 00074 09625 00221 |,Gowo=| —0.0389 10206 Q0756 |, (B.79)
0.0791 00221 09966 —0.0321 00756 09966
1.0250 -0.0807 00287 0.9619 -0.0105 00141
Fi11=| —0.0807 10176 —0.0067 |.Gi11=| —0.0105 09412 00249 |,
0.0287 —0.0067 09623 0.0141 00249 11017

(B.80)
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Case (2):
1.0553 -0.0311 00600 0.9842 00570 —0.0240
Foio=| —0.0311 09521 -0.0362 |,Goio=| 0.0570 10232 -0.0658 |,
0.0600 -—0.0362 09975 —0.0240 —0.0658 (09975
(B.81)
0.9916 —0.0616 —0.0219 1.0509 00672 —0.0143
Fii1=| —-0.0616 10708 00091 |,Gii= 0.0672 10169 —-0.0205 |,
—0.0219 00091 Q9425 —0.0143 —0.0205 Q9371
(B.82)
Case (3):
0.9842 00570 —0.0240 1.0553 —-0.0311 00600
Foio=| 00570 10232 -0.0658 |,Goio=| -0.0311 09521 -0.0362 |,
—0.0240 —0.0658 09975 0.0600 —0.0362 09975
(B.83)
1.0509 00672 —0.0143 0.9916 —-0.0616 —0.0219
Fii1= 0.0672 10169 -0.0205 |,Gi11=| -0.0616 10708 00091 |,
—0.0143 —0.0205 09371 —0.0219 00091 (09425

(B.84)



Case (4):

Fowo=

Fii1=

Case (5):

Folo=

Flii=

Case (6):

Fowo=

Fii1=
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0.9877 —0.0389 —0.0321 1.0457 00074 00791
—0.0389 10206 00756 |,Gowo= | 0.0074 Q9625 00221 |, (B.85)
—0.0321 00756 09966 0.0791 00221 09966
0.9619 —0.0105 00141 1.0250 —0.0807 00287
—0.0105 09412 00249 |.Gi111=| -0.0807 10176 —0.0067 |.
0.0141 00249 11017 0.0287 —0.0067 09623
(B.86)
1.0477 —0.0110 —0.0803 0.9875 —0.0658 00288
—0.0110 09605 —0.0080 |,Goio=| —0.0658 10194 —0.0559 |,
—0.0803 —0.0080 09967 0.0288 —0.0559 09980
(B.87)
1.0082 00179 —0.0813 0.9360 00013 -0.0110
0.0179 09585 00016 |,Gi11=| 0.0013 10967 00364 |, (B.88)
—0.0813 00016 10382 —0.0110 00364 (09722
1.0608 00361 —0.0626 0.9805 00383 00227
0.0361 09461 —0.0057 |,Goio= | 0.0383 10277 00774 |, (B.89)
—0.0626 —0.0057 09980 0.0227 00774 09967
1.0566 00088 —0.0682 1.0323 —0.0200 00695
0.0088 09427 -0.0239 |,Gi11=| —0.0200 09362 —0.0105 |,
—0.0682 —0.0239 10056 0.0695 —0.0105 10364

(B.90)
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Case (7):
0.9805 —0.0383 00227 1.0608 —0.0361 —0.0626
Foio=| —0.0383 10277 -0.0774 |,Goio=| —0.0361 09461 00057 |,
0.0227 —0.0774 09967 —0.0626 00057 09980
(B.91)
0.9601 00252 —0.0118 0.9885 —0.0129 —0.0805
Fii1=] 00252 10987 00257 |,Gu1=| —0.0129 09674 00102 |,
—0.0118 00257 09461 —0.0805 00102 10490
(B.92)
Case (8):
0.9875 00658 00288 1.0477 00110 —0.0803
Foio=] 0.0658 10194 00559 |,Goio=| 0.0110 09605 00080 |, (B.93)
0.0288 00559 09980 —0.0803 00080 09967
1.0602 —0.0133 00656 1.0290 00166 —0.0696
Fii1=| —0.0133 09434 -0.0257 |,Gu1=| 00166 09350 —0.0088 |,
0.0656 —0.0257 10013 —0.0696 —0.0088 10408
(B.94)

The simulated micro-structures are shown in figure. (B.ffodunately the simulated patterns

are desirable. Only three of them are shown.
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(a) Case (3) (b) Case (6)

(c) Case (8)

Figure B.7: Simulated micro-structures in monoclinic-s®m involving variants 1 an 2: Cases (3)

(6) (8).
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B.3.3 Mode C: Variant 1 and Variant 5

According to equation (3.36), these two martensitic vdsidarm one type-I twin and one type-I|

twin. The interfaces are quantified by the shear and norntabxse

~0.2131 ~0.2975
a=| 02276 |.m=| -02975 |,
0.0215 ~0.9072
0.0814 0.7071
a=| 01161 [.,n2=| —0.7071 |, (B.95)
0.2836 0

No (numerical) solution can be found in solving (3.37). ThosAustenite-Martensite interface
can be formed with variants 1 and 2. The transformationreraf these variants can be specified
by any volume ratio.

For simulation, we do not need to re-orientate the transdtion strains to adjust the normal to
point in good direction, as the expected micro-strictuneeaps to be simpler.

Conditions (3.37) are satisfied. So an Austenite-Martensiterface exists. Equation (3.38)
gives the ratio of martensitic variants and equation (3.8% normal and shear vectors of the
Austenite-Martensite interfaces are computed. The eigbsiple sets of micro-structure are sum-

marized below:
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case| MM-interfaceg A b m

(1) at,nt 0.3231| (0.02780.10080.0375" (—0.8891,0.04190.4558 "
ar,n . ) ) —0. —0. —0. —0.

2) +.ont 0.3231] (0.10000.001Q —0.0484 T 0.201Q —0.9097 —0.3633 "

(3) at.nt 0.6769| (0.00100.1000—0.0484) T | (—0.9097 —0.2010—0.3633 "

(4) at,nt 0.6769| (0.10880.02780.0375" (0.0419 —0.8891,0.4558 "
a.,n- . ) ) ) —0. —0. 0.

(5) 0.3199| (0.03500.09340.0434)" 0.8143 —0.0007.0.5804) "

(6) a.n- 0.3199| (0.09020.0052 —0.0606) " | (—0.2777 —0.8588 —0.4305) "

7) a.n- 0.6801| (0.00520.0902 —0.0606)" | (0.8588 —0.2777,—0.4305)"
a.,n- . ) ) ) —0. 7 —0. )

(8) 0.6801| (0.09340.03500.0434)" 0.0007,—0.81430.5804) "

Before simulation, the transformation strains of the magitéc variants are re-orientated so as to

give rise to Austenite-Martensite interface pointing imgutationally compatible directions. They

are outlined below:

Case (1)

Fowo=

Fii1=

1.0297 00294 00791
0.0294 09787 00275
0.0791 00275 Q9965

,Go10=

0.9961
—0.0706
—0.0369 00463

—0.0706 —0.0369
10106 00463 |,
09982

(B.96)

1.0405 -—-0.0670 00468 0.9343 —-0.0094 -0.0143
—0.0670 10055 -0.0143 |.Gi111=| -0.0094 09762 00370 |,
0.0468 —0.0143 09590 —0.0143 00370 10944

(B.97)
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Case (2):
1.0740 00066 Q0592 0.9704 00193 —-0.0290
Foio=| 0.0066 09327 —0.0008 |,Goio=| 0.0193 10380 -0.0786 |
0.0592 —0.0008 09982 —0.0290 —0.0786 09965
(B.98)
1.0331 -0.0794 -0.0117 1.0111 Q00759 -0.0217
Fiin=| —-0.0794 10208 -0.0124 |,Ginn= 0.0759 10443 00004 |.
—0.0117 —-0.0124 (09510 —0.0217 Q00004 (09495
(B.99)
Case (3):
0.9704 00193 00290 1.0740 00066 —0.0592
Foio=| 0.0193 10380 00786 |,Goio=| 0.0066 09327 00008 |, (B.100)
0.0290 00786 (09965 —0.0592 00008 (09982
1.0111 -0.0217 Q0759 1.0331 -0.0117 -0.0794
Fi11=| —0.0217 09495 00004 |,Gii1=| -0.0117 09510 -0.0124 |,
0.0759 00004 10443 —0.0794 -0.0124 10208

(B.101)



Case (4):

Folo=

Fii1=

Case (5):

Folo=

Fii1=

0.9961

—0.0706

0.0369

0.9343
—0.0143

—0.0094

1.0389
—0.0181
—0.0829

0.9987
0.0158
—0.0707

309

~0.0706 00369 1.0297 00294 —0.0791
10106 —0.0463 [,Goio=| 00294 09787 —0.0275 |,
—0.0463 09982 ~0.0791 —0.0275 09965
(B.102)
~0.0143 —0.0094 1.0405 00468 —0.0670
10944 00370 |[,Giuz=| 00468 09590 —0.0143 |,
00370 09762 ~0.0670 —0.0143 10055
(B.103)
—0.0181 —0.0829 0.9889 —0.0361 00387
09695 00113 |.Gowo=| —00361 10195 -0.0742 |,
00113 09965 0.0387 —0.0742 09965
(B.104)
00158 —0.0707 0.9651 00096 —0.0063
09460 00066 |.Gii=| 00096 11028 00234 |,
00066 10602 —0.0063 00234 09370

(B.105)
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Case (6):
1.0706 —0.0199 —0.0582 0.9753 00643 00270
Foio=| —0.0199 09361 00154 |.,Goio=| 0.0643 10314 00538 |, (B.106)
—0.0582 00154 09982 0.0270 00538 09982
1.0070 —0.0222 —0.0769 1.0547 —0.0037 00714
Fi11=| —0.0222 09528 00008 |.Gi11=| —0.0037 09468 —0.0231 |,
—0.0769 00008 10451 0.0714 —-0.0231 10034
(B.107)
Case (7):
0.9753 —0.0643 —0.0270 1.0706 00199 00582
Foio=| —0.0643 10314 00538 |.Goio=| 0.0199 09361 00154 |, (B.108)
—0.0270 00538 (09982 0.0582 00154 09982
0.9334 —0.0028 00099 1.0445 —0.0800 —0.0003
Fi11=| —0.0028 09763 00376 |.Gi11=| —-0.0800 10012 -0.0180 |,
0.0099 00376 10953 —0.0003 —0.0180 09591
(B.109)
Case (8):
0.9889 00361 —0.0387 1.0389 00181 00829
Foio=| 00361 10195 -0.0742 |.Gowo=| 0.0181 09695 00113 |, (B.110)
—0.0387 —0.0742 09965 0.0829 00113 09965
1.0331 00713 -0.0339 1.0329 -0.0714 00336
Fi11=1| 00713 10241 -0.0106 |.,Gi11=| —0.0714 10246 -—0.0105 |,
—0.0339 —0.0106 09476 0.0336 —0.0105 09474
(B.111)

The simulated micro-structures are shown in figuf&?).( Notice that micro-structures in case



311

(5) and case (8) can not be simulated.

B.3.4 Mode D: Variant 1 and Variant 8

These two variants can twin with two possible Martensitertitasite interfaces. Their shear and

normal vectors are computed by (3.36):

0.1036 0.6677
ap=| 00114 |,m=| -0.6677 |,
0.0017 —0.3293
—0.0881 —-0.7071
a = 0.0945 |.,n2= 0.7071 |, (B.112)
0.0374 0

No (numerical) solution can be found in solving equatio3{3. Thus no Austenite-Martensite
interface can be formed with variants 1 and 2. The transfoomatrains of these variants can be
specified by any volume ratio.

For simulation, we do not need to re-orientate the transétion strains to adjust the normal to

point in good direction, as the expected micro-stricturpeaps to be simpler.
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(a) Case (1) (b) Case (2)

(c) Case (3) (d) Case (4)

Figure B.8: Simulated micro-structures in monoclinic-s®m involving variants 1 an 5: Cases (1)

-(4).
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(a) Case (6) (b) Case (7)

Figure B.9: Simulated micro-structures in monoclinic-s®m involving variants 1 an 5: Cases (6)
and (7).

B.4 Summary and Conclusion

We have studied the micro-structures that result from timgpiartensites and Austenite in com-
mon crystal systems. We also simulate many of these micuotates. The simulations of micro-
structure depends on many factors, such as the choicesavhpters and the geometrical compati-

bility with the strongly imposed periodicity over all bousny surfaces.
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Appendix C

OTHER FORMS OF CHARACTERISTIC FUNCTIONS IN PHASE FIELD
SIMULATION

In phase field simulation, other forms of characteristictions can be adopted. Conventionally,
the numerical values of the characteristic functions ateden 0 and 1, where the extreme values (
0 and 1) represents the existence or non-existence of tl@uarhis appendix outlined one other

possible set of characteristic functions using trigonesimétinctions:

M1 = S|n2(91)
Lz = sir?(6,)
Uz = Sin?(63) (C.1)

The eigen-strain and spontaneous polarization are given by

PS=$ AP, (C.2)
where:

AL = iy = Sin?(6y)

A2 = (1— ) Hp = COS (1) SiN?(6,)

A3 = (1— 1) (1~ pp) 3 = coS*(61) OS (6,) Sir? (65)

Ao = (1— 1) (1— o) (1— ps) = cos*(61) coS (6,) cos’(6s) (C.3)

In the numerical formulation, the following derivativestivirespect to laminated characteristic



functions are computed:

ags 4 oA
ge _x A0
06 i; 26"
ops 4 oA
9P < 9
06 ~ 290
where each term in the derivatives are:
o
96, — sin(26,)
oM
96, 0
oA
E =0
oA . :
a_ej — —sin(26) sir?(6,)
g—gz = cog(6y)sin(26,)
dry
E =0
03 . i
=2 — —sin(26;) cos’(6,) Sin(63)
00,
Z_gz = —cog(6y) sin(26,) sir?(63)
d—gj = cog(61) cog(6,) sin(265)
9M _ _ in(26y) co(85) co(6s)
|
g_g;‘ = —coS(61) sin(26,) cos(63)
0s _ _ cos(61) cos(6,) sin(265)

36~
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(C.4)

(C.5)
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The anisotropic energy in terms of trigonometric form isegi\by:

4
wen = i; P (1— )

4

= lein2 6 co< 6

i=
4

= _Zl%sinz(ze.) (C.6)

Upon differentiation, the anisotropic driving force is:

0Wa”i
06

= %25in(29.)cos(29.)2

1.
= Zsm(46‘,) (C.7)

Fani _
=

Both sets of characteristic functions have the same formteffiacial energy as it only concerns

with transition across the interface:
wint = A|06)? (C.8)

Using these characteristic functions in phase field sirarawith periodicity over all direction
gives almost the same domain pattern. However, for sinrmgadomain pattern in sample which
have released periodicity along the out-of-plane directibe effects of substrate thickness appear
to be negligible as shown in figure. (C.1). Even though thereisubstrate underneath the sample,
the domain pattern that separates the martensitic vaigotsvious. Thus characteristic functions

using trigonometric function§ may not be a prefect choice.
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thickness of substrate = 100 (view from top)  thickness oksualbe = 100 (view from bottom)

Figure C.1: Shape memory alloys with varying misfit strainsabstrate underneath, usifigas
characteristic functions.
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Appendix D

NUMERICAL SOLUTIONS OF MAXWELL'S AND ELASTICITY EQUATIONS
IN THIN FILMS (3D-CONFIGURATION)

In this appendix the numerical solutions of the Maxwell'slaasticity equations using two

approaches are presented in detail. They are:

Maxwell’s equation by eigen-expansion. (D.1)

Maxwell’s equation by finite difference. (D.2)

» Elasticity equation by eigen-expansion. (D.3)

Elasticity equation by eigen-expansion. (D.4)
D.1 Maxwell’s equation by eigen-expansion

Recall the Maxwell equation that relates the electric pidéand instantaneous polarization:
kD?p=0-P, (D.1)

whereP = (P, P,, Ps) is the spontaneous polarization of the sample @nsl the resulting electric
potential.
Assume we can also decompose the electric field into the hensagyis part and two perturbed

parts (defined as perturbed part A and perturbed part B) fiath t

E=(E)+F

(E) + EA+EB. (D.2)
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We also decompose the spontaneous polarization into thedmeous part and two perturbed part.
P=(P)+P (D.3)

The homogeneous part can be obtained from the average faheinstantaneous polarization

through the depolarization factor:

® = 2P, (D.4)

whereNq is the standard shape factor for the polarization.
The perturbed parts are to be found indirectly. We need toesspthe equation in terms of
electric potential and set up a differential equation i thdriable. Before we move on, we express

the total electric field as:

E=(E)+FE
= (E)+E*+E®P
= (E)— D¢ — 0¢®
= (E) - Og. (D.5)

Here we have, by definitionp = ¢ + ¢® as the portion of potential that contributes to the

perturbed parts of the electric fielg.= ¢" + ¢ satisfies the following equation:

—kO?p=0-F
—kD? (@ +¢®) =0-P
—kO%¢* — k%P =0-P. (D.6)

We solve the above with the following strategy.

« ¢" solves the equations:k12¢" = [0 - P’ subjected to zero boundary conditions.
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« ¢® solves the equations-k[?¢® = 0 subjected to boundary conditions inhered from the

boundary conditions corresponding to the perturbed partio

We solve each portion of the perturbed electric potentigh@following subsections.

D.1.1 Perturbed potential A

Now for (perturbed) potential A, we simply apply 3D FFT to tbguation and straight forwards

simplification will give the answer.

kD2t =0-P
KO?@h =0-Pl1+Pp+Pig SO,
K (& &~ &) oA = 1EP] +1&P} + 1P,
o= _i€1|5{+igng+ikzl§,é7
K(E2+83+82)

(D.7)

where(&1,&2,&3) are the three Fourier coordinates aﬁ(cfl,Ez,Eg) is the 3D FFT of the function
f(x1,%2,X3). For the special case whefge= &, = &3 =0, we simply takef(o, 0,0) = 0 because of
the fact that the average of the perturbed quantity is zero.

From there we take the 1D inverse FFT&(EL &>, &3) to obtain the 2D FFT o, which will
then be used to match the boundary conditions with the gertupotential B. Here we denote the
2D FFT of a functionf (x1, %, %3) to be f (&1, &2,%3). The schematic relating the original function

and its Fourier transforms is shown below.

f(X1,%2,%3) 3D f(&1,8,83) MT(EL&,&)

(X1, %0,Xa) 2250 T (£, &2, %) 2258 T(£4, 82, &5) (D.8)
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D.1.2 Perturbed potential B

The (perturbed) potential B is assumed to possess petiedian x- and y- directions. We may take

2D FFT of the associated equation:

K2 — 0
2¢B = 0
2,8 32,8 A28
dd:(% _1_00)‘(2 _1_0;)(% _ o 20FFT
-+ S F o
%Z(Eﬂéﬁ)@%

@B (E1,82, %) = Qu (&1, &) €VETE 1 qp (&1, &) e eV, (D.9)

Here at each Fourier coordinate péds,¢&2), o1 (&1,&2) andgy (&1,&2) are two unknown con-
stants to be determined, by matching with the boundary tiondgi

A special case arises whén= &, = 0, where we solve the FFT-transformed equation as:

92¢F a0
T (e
028
P
E(Ou 07X3) =01 (07 O) X3+ Q2 (07 0) ) (DlO)

where the solution is a linear function instead of the sunwoféxponential functionsy; (0,0) and
g2 (0,0) are two unknown constants to be determined from matchinlg thé boundary conditions.

Next we discuss how to find the unknown constamt§és, &2) andgp (&1,&2) at each Fourier
coordinate paifé1,2), from the boundary conditions and the previously foundyyeed potential
A.
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D.1.3 Boundary conditions

We match potential A and potential B with the boundary caoadg on the top and the bottom
surfaces. Denote the height of the 3D sample is assignec ta4toordinates, so thakg € [0, L],
whereL denotes the height of the sample.

In the following we consider two boundary value problems:

» Prescribed electric potentials at the top and the bottafiaces.

» Prescribed electric field over the top surface and presdrintential at the bottom surface.
D.1.4 Boundary value problem 1: Prescribed electric patdstat the top and the bottom surfaces
Assume the boundary conditions are given as follow:

» Top surface: an applied potential distribution:

@ (X1,%2,%3 = L) = Vhop(X1, X2).

» Bottom surface: another applied potential distribution:

@ (X1,%2,%3 = 0) = Vot (X1, X2).

As a remark, for most of our simulations that follow, we usuabve the potential distribution

on the top surface as a point potential which is describeddridrm of a delta function:

P(X1, %2, %3 = L) = Vhop(X1,X2) = VoO(x 0.x,.0) (X1 X2), (D.11)

whereV, is the value of the point potentigl; o, X2, 0) are the coordinates of the applied point charge

anddy,.yo) (%,Y) is the delta or distribution function:

1 if (xy) = (X0, Yo)
Oxoy0) (XY) = )

0 if (X,y) # (X0, Y0)
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while the bottom surface is grounded so that the potentiat the bottom surface is zero, with the

expression:

@(X1,%2,X3 = 0) = Vhot(X1,X2) = 0. (D.12)

Thus we have, through the proposed decomposition,

On the top surface,

@(X1,%2,X3 = L) = Viop(X1,%2)
@ (X1, %2, X3 = L) + ¢ (X1, X2, X3 = L) = Vhop(X1,X2)
@ (X1, %2, X3 = L) = — ¢ (X1, %2, %3 = L) +Vhop(X1, %) 2DFFT,
9P (81,82, % = L) = —¢P (&1, &2.% = L) + Viop(&1, &2), (D.13)
On the bottom surface,
@ (X1, X2, X3 = 0) = Voot (X1, X2)
@ (X1, %2, %3 = 0) + @B (X1, X2, X3 = 0) = Vpot (X1, X2)
@B (x1, %2, X3 = 0) = — P (X1, %2, X3 = 0) + Vhot (X1, Xo) 2271
#B (81, 82.%6 = 0) = — ¢ (&2, &2, %3 = 0) + Voor (€1, &2). (D.14)

With the empirical expressions that we have foundg®iin the case§12 + EZ? #0andé; =&, =0,

we solve the following matrix equations for the unknovepéés, &2) andaz (&1, &2).
Case l:{2+&2+#0

Equating the quantities for the top surface,

@B (&1,&.x3=L) = — 7 (&1,&2.% = L) +Vhop(&1, &2)
(&1, &)EVETE L p(&1, &) VETE — —0A(E1,&,L) +Viop(&1, &) (D.15)
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Equating the quantities for the bottom surface,

©B(&1,82,x3=0) =
01(€1,&2) +92(&1,&2) =

(é1,82,%3 = 0) 4+ Vpot(£1,¢2)

By
— @A (81,82,0) + Voo (&1, &2) (D.16)

Combining the above two equations in matrix form, we arrive:

Vit TN [ @@k ) [ —FELD @l )
1 1 02(&1,&2) — @R (£1,82,0) + Voo (81, &2)
Casell:é1=&=0

Equating the quantities for the top surface,

E(Ov 0,3 = ) (07 0, L) +Vt—0p(07 0)

—¢P
01(0,0)L +2(0,0) = —¢A(0,0,L) +Viop(0,0) (D.18)

Equating the quantities for the bottom surface,

@B (0,0,%3 = 0) = — A (0,0,X3 = 0) + Vpey (0,0)
02(0,0)0+ 0z2(0,0) = —¢A(0,0,0) +Vher(0,0)

02(0,0) = —¢4(0,0,0) +Vpor(0,0) (D.19)
Combining the above two equations in matrix form, we arrive:
h 1 0,0 —@~(0,0,L) +Viop(0,0
a:(0,0) _ ﬁ( top(0,0) (D.20)
01 %2(0,0) —¢*(0,0,0) + Vbot(0,0)

D.1.5 Boundary value problem 2: Prescribed electric fielthattop surface and electric potential
at the bottom surfaces.

~—

Assume the boundary conditions are given as follow:

» Top surface is subjected to thg-component of electric field, or
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E3(X1,X2,X3 = L) = Erop(X1,%2)V(X1,X2).

» Bottom surface is given a prescribed a distribution of pt&, or,

(P(X17X2>X3 = o) = %OI(XLXZ)V(XLXZ) .

Again through the proposed decomposition,

On the top surface,

!
E3 (X1, %2, X3 = Etop(X1,%2)

L) =
) = Etop(X1,%2)

) 2D FFT
L)

E5 (X1,%, X3 = L) + E5
B
3

E

—E£ (X1, %2, X3 = L) + Erop(X1, X2) =

(

(X1,%2,X3 =L
(X1,%2,X3 =L
(

EB(&1,&,x3 = L) = —EA(&1,&2,% = L) + Erop(&1, &2) (D.21)

As a remark,E_Q is obtained fromf(pi using inverse FFT ing-coordinate, as shown in the

schematic:

EA__ 99

%3

P (Er B Eg) 75, EA(E1, &2, &3) = —i&aA (61, &5, &) D FFTER g, 5, &) (D.22)

On the bottom surface,

@ (X1, %2, X3 = 0) = @hot(X1,X2)
@ (X1, %2, %3 = 0) + @B (X1, X2, X3 = 0) = @hot(X1,%2)
0B (X1, %0, X3 = 0) = — @™ (X1, X2, X3 = 0) + (hot(Xa, X2) 20
#B (&1, 82.%5 = 0) = ¢ (£1.&2,%5 = 0) + Gar(1, &2) (D.23)

With the empirical expressions that we have foundg®iin the case§12 + EZ? #0andé; =&, =0,

we solve the following matrix equations for the unknovepéés, &2) andagz (&1, &2).
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Case 1162+ &2+40

Before we deal with the boundary condition on the top sutfaeeneed to derive the;-component

of the electric field analytically,

@B (£1,82,%3) = Qu (&1, &)V 4 qp(&y, &p)e XV i

=B B
ES (81,&2,%3) = _%)2:27)(3)

— (&1, &)/ E2+ E2EOVEHE L qp(8, &)/ E2+ E2e 7V (D.24)

Equating the quantities for the top surface,

EB(&1,&,L) = —E5(&1,&2,L) + Erop(é1, &)
— (&1, &)\ E2+ E2EVETE L (&, &)/ E2 4+ E2e IV ETE — _EA 4 Erop(&1,&2) (81, 82)

(D.25)
Equating the quantities for the bottom surface,
0P (81,6,0) = — 0P (£1,82,0) + @or (X0, X2) (€2, &2)
Qu(&1,&2) + Q€1 &2) = — P (€1,&2,0) + Ghor(Xe, X2) (81, &2) (D.26)

Combining the above two equations in matrix form, we arrive:

O (é1,€2)

( ~ 8+ geVEE | [eps e WEE ) ( (&, &2) ) ) ( ~Ef(81.5.L) + Eopldn.&2)
1 1 -

(D.27)

@7 (81,62,0) + @ot(é1,&2)

|
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Casell:é1=&&=0

Before we deal with the boundary condition on the top sutrfaeneed to derivéz-component of
the electric field analytically,

(pB(Q 0, X3) = Q1(O, O)X3 + q2(07 0)

— d98(0,0, x
E3(0,0,x3) = _%33) =—a(0,0) (D.28)

Equating the quantities for the top surface,

EB(0,0,L) = —EA(0,0,L) + Erop(0,0)

—u(0,0) = —EZ(0,0,L) + Erop(0,0) (D.29)

Equating the quantities for the bottom surface,

®B(0,0,0) =
q2(ov O) =

— @7 (0,0,0) + @ot(0,0)
— @7 (0,0,0) + @ot(0,0) (D.30)

Combining the above two equations in matrix form, we arrive:

-1 0 0,0 —EA(0,0,L) + Erop(0,0
a:(0,0) _ 3 ( ) + Etop(0,0) (D.31)
0 1 q2(07 0) _(pA(07 0, 0) + %Ot(ou O)
More specifically, the 2D FFT of the perturbed potential Brat Fourier coordinate, &2) =
(0,0) is:

¢A(ov 0, XS) = ql(ov O)XS + q2(0> 0)

— [E£(0.0,L) - Eop(0,0)] 6+ [~ 9(0,0,0) + @er(0.0)| (D.32)
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D.1.6 Post-Processing

After we have obtained® and @B, we may find the perturbed potential of the entire sample:

Q_D _ F‘FE inverse 2D FFT ) (D.33)

On the other hand, from the 3D FFT of potential A, we first find 8D FFT of the (perturbed)

electric field A by multiplying the Fourier coordinates. Thee take an inverse FFT to find the 2D

FFT of the (perturbed) electric field A.

) Ef = -i&1g Ef
p EA=—DO¢A EZA _ —ifzf(l;\ inverse 1D FFT Eé (D.34)
EA = —i&0h =
For the (perturbed) electric field B, we start from the (pexéal) potential B:
W(En &) VIR Tl e VR (L&) 200 oo

@B (E1,&2,%3) = {

a1(0,0)x3 +2(0,0) (é1,€2) = (0,0)

Since this part of potential is assumed to be periodig;inandx,- coordinate, its derivatives

in X;- and x,- directions can be computed by a similar technique by myitig by the Fourier

coordinates:

(D.36)

The x3-derivative of the potential B is obtained simply by direetigtative from the expression
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of @B(&1,&2,%s):

=B "B
ES(&1,&2,%3) = 098 (81,82,%)

ng
— (&1, &)/ E2+ EZEVEE 4 (81, &)\ [ER+ EZe VTS (81,8)) #(0,0)
—01(0,0) (é1,€2) = (0,0)
(D.37)

Finally we combine the 2D-FFT of both (perturbed) electr&diand then transform the result

to real-space,

E'(&1,82,2) = EN(&1, &0,%8) + E (&1, &2, %) M 22 FET E/ (31 %, %a) (D.38)

The total field is found by adding the homogeneous (averagie) dnd the perturbed field:
E(X1,%2,%3) = (E) + E' (X1, %2, X3) (D.39)

D.1.7 Remark

Despite the fact that the eigen-expansion method is fastalii® semi-analytic formulation, accu-
rate approximation of the potential is questionable. Weeleopted FFT in thgs-direction when
we were dealing with the (perturbed) potential A, which showve violates the beginning assump-
tion that there is nog-periodicity of the sample. The 'Runge’ phenomenon inducescuracy
towards the ends of the interval when we are attempting tooxppate a non-periodic function
with Fourier Transform. Luckily, the resulting electriclfieas the derivatives of the potential, are
comparably accurate. The derivative suppresses and iethediscrepancy between the actual and
the approximations, to some extent. These are tested aifi¢d/dyy comparing the analytic and
simulated results for several spacial cases, such asromégternal fields, homogeneous material
with zero polarization. However, there is no conclusiongeneral cases. We are not yet certain if
the simulated electric fields are correct even though FFppéied in thexs-direction.

To this end, we also develope a new approach by consideriitg @lifference along thes-

directions and FFT in th& - and x,- directions. This method is obviously slower but does give



330

more reliable results.
D.2 Maxwell’s equation by finite differences

Again we are solving the 3D Maxwell’s equation given by:
kD?p=0-P, (D.40)

where @ = @(x1,X2,%3) is unknown electric potential to be determined dhe: P(x1,X2,X3) is a
known field of spontaneous polarization.

Two kinds of boundary conditions are studied. They are:

1. Prescribed electric potentials at the top and the bottmaces.

2. Prescribed electric field over the top surface and piesdnpotential at the bottom surface.

Assume periodicity in;- andx,- directions are imposed, we may apply 2D FFT(iq,X2)-

coordinates so that:

K?p=0-P
P, 9P, IP
2, OF  OF2  OF3 2DFFT
K (p_dxl X,  0X3
_ 0% .. .__ 0P
K _(512‘1'522)90‘1‘0—)(%} =|51P1+|52P2+6—X3
020 o 9— A[._— .__ 0P
a—xg_(El +&)e= [|51P1+l52|32+0—)@}
9%¢ 2, g2y
o it &)e=r(lé2.%), (D.41)
3

where we have in notations(xs) = r(&1,&,X3) = % [iélp_’ﬁ— iP5+ g—%} .

Since we are working on a general 3D problem where all fieldgwarctions of(x1, X2, X3) , we
cannot obtain the solution (electric potential) in closedhf, as outlined in [39]. The problem can
only be solved numerically.

Let's set up the formulation. We are in fact solving the 2D FfThe potentiakp = @(&1, &2, %3)

as a function okz, at fixed Fourier coordinatg€1, &2). After that, we may inverse the 2D FFT to
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recover the potentiap = (&1, &2,%3) in real space.

More specifically, at fixedé&, &), the equation otp(&1, &2, %3) is rewritten as:

—
Z_(f = (824 D) p+1(&1,82,%3)
X3
o
Z—? = (& +E)p+r(x) (042
X3

We consider discretization of the above differential emumt The height of the sampleg €
[a,b] = [0,H], is divided into(N — 1) segments byN points. The size of the subdivision is then

h= 2-2 = 1 and the coordinates of the subdivision are:
xsi=a+ jh=jhvj=012..N-2N—1 (D.43)

With these, the equation at each of these painis

-
TUL ) _ (221 B)0(61,630) + (616230 (D-44)
3

In the following subsections, two boundary value problenescansidered as in discussed using
the method of eigen-expansion.
D.2.1 Boundary Value Problem 1: Prescribed electric pdtdstat the top and the bottom surfaces
Assume that the boundary conditions are the prescribedhiaiteon the top and bottom surfaces,
as distribution of spatial coordinates:
X1,X2,X3 = @) = X1, X
{ O(X1, %2, X3 = @) = (hot(X1,%2) (D.45)

(p(X1>X27X3 = b) = (ROD(XLXZ)

Taking 2D FFT of the above boundary condition yields thedielhg:

?(51, &2,%3 = @) = @ot(&1,&2) (D.46)
©(&1,€2,%3 =Db) = @op(é1,¢2)

These will be incorporated into the matrix equation in thetegt of finite differences.
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Adopting the moral of finite difference as the approximaiibmlerivative, we obtain the follow-

ing approximation of the equation %g; :

O(&1,82,%3i11) — 20(&1, 82, %3i) + @(&1, &2, %3 -1)

) = (E2+ED) (81, &2, %a) +1(81,&2,%3), Vi = 1,2,...,N — 2

@(é1,82,%30 = @) = Mot (€1, 82)
@(¢1,&2,%3n-1 =b) = @op(&1,&2) (D.47)

The above finite difference scheme is carried out at €§¢h>). We may further define the

following variables for the sake of convenience and siniiglic
W~ @(&1,&2,%35),Vi=0,1,2,...N—1 (D.48)

Assembly all the equations into matrix equation, we arrive:

AN=2)x (N-2)W(N-2)x1 = B(n—2)x1, (D.49)
where
2+hE -1 0 0 0
-1 24+h¢ -1 0 0
0 -1 24K -1 .. 0
A— . ' ' . ' . , (D.50)
0 0 -1 2+h% -1

0 0 0 -1  2+h%
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wy
W
W= % , (D.51)
WN-3
WN-2
and
—h?r(xg1) + o —?r(X3.1) + @ot (&1, &2)
—h?r(x32) —h?r (x32)
—h?r(x —h?r(x
b ( 33) _ .( 33) (0.52)
—h?r(xsn-3) —h?r (X3 n-—3)
—hPr(Xan-2) + GN-1 —h2r(xan_2) + @op(&1, &2)

with & = &2+ &2.

In the implementation, matri& is fixed for all iterations, that is, it is independent of therent
distribution of instantaneous polarization. Another gdloidg is that matrixA is a banded matrix
with three simple constant bands. We may stArén a compact form by just two entries. The
numerical techniques of LU-decomposition for tri-diaglometrices can be adopted, for the sakes
of speed and storage.

Recall, at each paif1, £2), the above matrix equation is solved to obtaindhe: ¢(&1,&2,%3;)
as an approximation (&1, &2,xs;). Inverse 2D FFT is then applied to recover the potential & re

space.

B(&1, &2, %5) M ZPFEL (531 %0, Xa) (D.53)

As a remark, the electric field can be obtained fronp by finite differences as approximations

of derivatives. Alternatively, FFT can also be used to finglxhand y- components of the electric
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field, which is similarly treated in the approach eigen-argian.

e——np | Ex(81.&2,%3) =1&100(&1,€2.%3) inverse 20 FET | Ex(X1,X2,X3)
e e

Ey(&1,82,%3) = i&200(&1,&2,%3) Ey(X1,X2,%3)

6(517 527X3) (D54)
D.2.2 Boundary Value Problem 2: Prescribed electric fielthattop surface and electric potential

at the bottom surfaces

The numerical scheme can be modified to solve another setlapuoonditions. Here the bottom
surface is imposed a fixed electric potentigks, X2, X3 = @) = @ot(X1,X2) and the top surface is
subjected to thes-component of the electric fiellz(x1,X2,X3 = b) = Eiop(X1,X2). In 2D FFT,

these conditions are expressed as:

E3(&1,&2,x3 = b) = Eztop(&1, &2)

©(&1,82,%3 = @) = @rrop(&1, &2) (D.55)

At each Fourier coordinate pdiéy, &,), we are solving for the electric potenti@(&y, &2, x3) as
a function ofxs.
First we express thes-component of the electric field in terms of potential at the $urface.

Then we we discretize it the quantity at the top end poinghdirection, as shown below.

E=-0¢
o _ﬂ at right end pointxzn_1
3= ng
WN— N2
Eano1=—— =
3,N-1 2h
—@N-2+ W =—-2hEsN-1 2DFF,
—@N-—2+@=-2h Ean-1, (D.56)
——
given BC

where we have introduced an additional ghost prif.
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By incorporating the above expression, we modify the assedimatric equation as:

ANXNWNx1 = DN, (D.57)
where
24+0¢ -1 0 0o .. 0
-1  2+h%¢ -1 0 0
0 -1 2+h% -1 .. 0
A= : Co, (D.58)
0 0 -1 24+h%¢ -1 0
0 0 0 -1  2+h% -1
0 0 0o -1 0 1
W
Wy
w3
W= : , (D.59)
ON-3
N-2
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and

—h?r(Xa1) + @hot(&1, &2)
—h?r(x32)
—h?r(xa3)

b= (D.60)

—h?r(xgn_3)

—h?r(xgn_2)

—ZhEtop(Eb 52)

with & = &2+ &2.
Again at each{&1, &>), after the matrix equation is solved for the approximatibp@;, &, x3),
inverse 2D FFT is applied to recover the electric poteriad , x2,X3) in real space. Electric field

can also be found, as described in the previous sub-section.

D.2.3 Remark

The method of using finite difference along thedirection gives more reliable results at the cost of
longer computation times. But due to the structure of thefdation and the associated algorithm,
the computer program can be effectively parallelized taeaghhigh speed. In most of our works

that follow, unless otherwise stated, finite differencenglthexs-direction is preferably used.
D.3 Elasticity equation by eigen-expansion

D.3.1 Background

The mechanical equilibrium equation involving eigen-istia given by the equation:
(D.61)
wheree* is the eigen-strairg is the total straing is the stress, an(k — €*) is the effective elastic

strain of the 3D sample. All the physical quantities in theatpn are function of the spatial space

(Xl7 X2, X3)'
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In indicial notation, the equation is rephrased as:

0ij = Ciju (& — &) (0.62)
gijj =0,

In the former chapters, we have successfully solved theeabquation with the strong con-
ditions of imposing periodicity in all spatial coordinateghe simulation is useful in the scale of
micro-structures; however it might not be useful and megfinto modal practical phenomena,
such as in an experimental set-up. Thus we develop the sol@emi-classical and numerical)
to the context of realistic situation, where we drop the quidity in the vertical / lateral direction
(x3). Periodicities inx;- andx,- directions are still imposed. This assumption is validtfe three-
dimensional configuration of a thin film, where the verticimhension (height) is much smaller than
the scales over the plarie;,X2).

As in most experiments for small scale thin film, the baseasarfof the sample is adhered to
a substrate such that the displacement of the base surfaesoisThe top surface of the sample is
subjected by a stress distribution. It is usually the casenwie apply a point load (or force) by
‘pressing’ a cantilever tip on the surface. The lateral s free to deform. As long as the location
of applying the point load is far away from the boundariesheftop surfaces, the deformations in the
xp-boundaries are equal while the deformations inxf#@oundaries are equal. Thus periodicities
in the x;- andx,- directions are valid here. In fact, any stress distribugp@riodic inx;- and Xo-

directions over the top surface is also workable.

D.3.2 Methodology - Decomposition of strains and stresses

Our goal is to calculate the stress and strain field (or tistion) over the whole body. We separate
these quantities into homogeneous and heterogeneousroliased on the following equations
proposed by L.Q. Chen [76]:

&ij (x) = (&) + & (x)

aij (x) = (aij) + 0}, (x) (D.63)
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The resulting homogeneous and perturbed constitutivetieqsaread:

(aij) = Ciju (&)

ai (x) = Ciju [&; (X) — &5 (X)] (D.64)

In the following sub-sections, we are going to find the honmagels or macroscopic portions

and the perturbed portions of the strains and the stresses.

D.3.3 Homogeneous Strains and Stresses

Assume that the bottom of the 3D sample is constrained byuhstiate so that the macroscopic

strains of the thin film are:

(e11) = (&1) =2
(€22) = (€2) =D
2(&12) = (&) =C, (D.65)

where(f) denotes the homogeneous portionfdfs the average df over the 3D sample), and
a, bandc are given constants. In most cases of our waakb,andc are particularly chosen to zeros,
to resemble the case where the base surface is adhered th#teate, though a general argument
is outlined here.

The unknown homogeneous strains are then:

(€33) = (€3)
2(£23) = (£a)
2(e13) = (&5) (D.66)
Ny 0
On the top surface with normal directedby=| n, | =| 0 [, assume we apply the uni-

n3 1
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T
formtractionT = | T, |, so that:
T3
T=o0n
T 011 O12 013 m
T2 | = | 021 022 023 N2
T3 031 O3z 033 N3
011 O12 013 0
= | 021 02 023 0
031 032 033 1
013 (0s)
=| o5 | =| (04) (B.67)
033 (03)

From the equation, we know that the componefds), (04) and (o3) of the homogeneous
stresses are in fact the components of the tractions actéoeaiop surface, while the other three
componentgos), (02) and(og) are still unknowns.

With the constitutive equation between the homogeneoamstand stresses, we may evaluate
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the unknown components, as follow:

(01) CL C3 C3 (€1)
(02) C3 C1 C3 (€2)
(g3) | | & c (€3)
(o) | 3 (e4)
(05) C2 (€s)
(06) C2 (€6)
(01) Ci C3 C3 a

(02) C3 C1 C3 b

Tz [ | a (€3)
T2 - C2 (€4)
T C2 (€5)
(T6) o c

The equations are solved, yielding the following solution:

<O'6> =CC=0C <£6>

C(%(aJr b)

C:
(09) = —3T3+03a+ Cibh— =
C1 1

- ?Tg +ca(e1) +ci(g) — §(<€1> +(&2))
1

5

—(a+b)
C1

C:
<0'1> = C—3T3 +cia+c3b—
1

- ?Tg, +cp(&1) +Ca (&) — §(<€1> + (&2))
) 1

(D.68)

(D.69)
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Remark: As motivated by most experiments on thin film sulejg¢d an AFM-type and a PFM-
type tips, the uniform traction is zero and the in-planeistraver the base surface are zeros. Thus

in this configuration, the homogeneous strains and stressddentically zeros.

D.3.4 Perturbed Strains and Stresses

Recall the governing equation for the perturbed part of tioblpm:
0 (x) = Cija [&(X) — & (x)] (D.70)

Since all quantities are not constants, we cannot solvarEsses and strains directly. We rewrite

the strainsg; (x) in terms of displacements(x) (and their derivatives).

a;; (x) = Ciju [k (X) — &} (X)] (D.71)

Our goal is to find the displacements as the sum of two solsitio(x) = u?(x) + uB(x). The
decomposition is shown below.

By incorporating the equilibrium equations,

take perturbed portion

0ij,j =0

Gij,j =0

Ciji (&) — &1,j) =0

Cijui (Uk)j — & j) =0

Cijia (U + U1 — &j) =0
Cijua (U1 — &4 ) +CijiaUgij =0
Ciji (Uﬁlj —&;)=0

(D.72)
Cijkl UE” =0

Thus we have formulated two sub-problems, namely A and B) adfutions denoted by dis-
placement A and displacement &) (x) andu®(x).

Actually the equation, before the decompositiGhy uki; = Ciju 5|?| j can be thought of to be a
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nonhomogeneous second order differential equation. §uoreding to the nonhomogeneous term
Cijk skol,j, we find the particular solution. Secondly, we solve the garsolutionCij uxj = 0. We
add the general solution and the particular solution whigmtrequire the boundary conditions for
the undetermined coefficients. This serves as anothernmdasthe decomposition into solutions A
and B.

This is also commonly used in computational mechanics: Wedor the field concerning
inclusion (in this case, transformation strains) whichallsudoes not involve any boundary condi-
tion. Then we solve the elasticity problem without inclusiehich satisfies the boundary conditions
of the overall (original) problem. The two solutions arerttelded whose sum solves the overall
(original) elasticity problem with inclusion (describesl @igen-strains) and satisfies all the BC.

Before we deal with these two solutions in detail, we viszeathe decomposition of the elasticity

equation in the following schematic.

Homogenerous
solution

Perturbed solution A:
* zero BC

* subjected to non-
homogeneous term

Inhomogenerous or
perturbed solution

Perturbed solution B:
*BC

* subjected to zero non-
homogeneous term

Figure D.1: Configurations for solving (a) the Maxwell's atjon and (b) the mechanical equilib-
rium equation.

D.3.5 Perturbed Displacement A

Solution for displacement A is solved by adopting 3-dimenal FFT. No boundary conditions are

needed due to periodicities.
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Recall in Vigot’s notation, displacements, strains andsstes are expressed as:

&1 €11 01 011
& €22 02 022

Ui
] €33 03 033

u=1 uw |.€= = ,0 = = . (D.73)

& Ex3+ €32 Oy 023

us
&5 €13+ ¢&31 Os 013
&6 12+ &2 O6 012

Define the differentiator matrix for 3D elasticity,

& 0 0
0 & 0
soom| © 0 (D.74)
0 & &
é3 0 &

é & 0

so that the FFTs of displacements and strains are related via

£=BU (D.75)

With this context, upon applying 3D FFT, the equilibrium atjans become:

o=C(e—¢")

BG =0 (D.76)

It is straight forwards to combine the two expressions alfseas to eliminater) and to express
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the FFT of displacement in terms of other quantities, as sHuoslow.

BC(E—¢')=0
BC(BUA—£*) =0
BCBUA = BCe"

uA = (BCB) *BCe* (D.77)

Inverse FFT can then be applied to recover the displacememral space. Thus, without any

specified boundary conditions, displacement A is obtainewh the eigen-strains.

D.3.6 Perturbed Displacement B

For solution B, we solve the following (second order) hommamus differential equation,
Cijua Ug1j =0, (D.78)
subjected to the boundary conditions:

Oisliop = Ti (X1, %2)

Uilpot = O, (D.79)

Recall that from the physical configuration that the threepgonents of perturbed stresses on the
top surface are equal to the perturbed portion of the traclio =T, — (T;) ,i = 1,2, 3, while the
three components of displacements on the base are zero.
By our proposed decomposition into displacements A and Bmag rewrite the boundary
conditions as:
Cizia U |top = — Ciaw (Ul — &)

\top—l—Ti'(Xl,Xz)

UP ot = — U |por i = 1.2,3. (D.80)

These BC come from the BC imposed to the whole problem (homexmes and perturbed portions).
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Thus in order to find the displacement B, we need to incorpadaplacement A and the uniform
perturbed stress distribution on the top surface as thedaoyrronditions. Thus we need to compute
solution A before we can find solution B.

We apply 2D FFT inx;- and xo- directions (where the indices are 1 or 2) to the governing

equation, that isGiju uE,j = 0. We group terms so thht= (1,2,3) = (a,3) andj = (1,2,3) = (3, 3).

B B B B 2D FFT,
CiakpUi ap 1+ CiakaUisq + Ciakp U ps + Ciskalss = 0 ——

Ciakg(1€a) (1€p) U + (Ciaks + Ciska ) U3 + CiakaUg 33 = 0 (D.81)

This defines a set of second order differential equationsse/derivatives are in the third coordinate
at each Fourier coordinate pdif;,&>). Due to the complexity of system of equation in relation to
the Fourier coordinate paig1,&2), we need to separately discuss four cases, as illustratég in

following schematic.

Case 1:£, #£0,& #0

For the general case where both Fourier coordinates areeronwe take the 2D FFT on the these

equilibrium equations,
Ciakg (1€a)(I fp)JE’ + (Ciaks +Cizka) Ug 3 +CiakaUg 33 = 0, Vi = 1,2,3. (D.82)

A coupled system of three second order differential eqnatio the three components of displace-
ments will result.
Without loss of generality, we simplify the notations byteef U; = JiB, U/ = JiB3 andV/’ =

UP 33, Vi = 1,2,3. Thus:
Ciakg (1€a) (1€5)Uk + (Ciaka + Cizka) Uk + CiaaUg = 0,Vi =1,2,3. (D.83)

We will express the three equations explicitly by writingagoall the terms as follow. Recall
that we are working with isotropic materials so that all camgnts of the material stiffness matrix

degenerate tos, ¢; andcs.
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(%),
Case (2) Case (1)
(%)
()2
(g ) =0 Case (4) Case (3)
21

(§1)1 =0 (51)2 (&) *°° (§1)i e (é)n—1

Figure D.2: Configurations for solving (a) the Maxwell's atjon and (b) the mechanical equilib-
rium equation.



347
1
0
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—C1E2U; — c3&18Up — Cp&r81Up — C2E3U1 + (3 + C2) (161)U5 + coUy
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—Cp&2Up — C2&18U7 — 3&281U7 — €1E5U5 + (€3 + C2) (1 £2)U5 + coUS

(D.85)
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i=3

Caakp (1 €a) (1€p)Uk + (Caaka +Caska ) Uk +CaaaUy =0

| Caka (1€1)(1€1)Uk o ____
! capka(1€1) (182)Uk 1 1 (Camka+Cazia)(1E1)Uy 1 r = = = =
| I+1 I+1 Cazay =0
| Ca2a(182) (1)U 1| (Goaa + Coae) (182U | - == =
| Coze(182)(1 &)Uk |
___________________________ : (Ca113+ Caz11) (1€1)U1 :
: C3111(1€1) (1€1)U1 + C3121(1 1) (1§2)U2 + C3131(1 €1) (1 §1)U3 L (CanzatCaaz1)(1£2)V; | [ cs _3U_”1'
: C3112(|El)(l62)U1+C3122(|El)(l62)U2+03132(|€1)(|52)U3 :+: (03133+C3331)(|51)Ué :+: C331éJ::_, ::O
| Ca211(1€2) (1£2)Un + Caz2n(1€2) (1£2)U2 + Caan(1€2) (1£2)Us ! ! (Ca213+ C3312) (1€2)U] L Csszsui :
| C3212(12) (1 €2)Un + Cazza( £2) (1£2)Uz + Cpaal1 £2) (162)U3 | | (C3223+ C3322) (1€2)U5 - 33333
| Cozsrt Caad (182)U3 |
________________________ (oss + can) (10U}
| C5(1£2)(1€2)Us + Cs6(1€2) (1€0)Uz + Cos(1 €)1 E0)Us | 1 (CsatCag)(180)U7 1 =~ — o
o1 60)(1E2)Un + 051 1) 1)Uz +caal1 )1 800U 1 1 (osaeag 1005 1 1
| caa(1£2)(1£1)U1 + Ca(1 €2)(10)Uz + Cas(1€2) (1€0)Us | 1 (Cas +Ce) (1€2)U ! CSAUf, |
162160V o106 o116k | (cureml(y - P2
gy
| Cs(1€1)(162)Us ! | (Cs5+Ca1)(1€1)Ug L (;33_U§ o
| Caa(182)(182)Us 1 1 (Caa+Ca2)(1€2)U 1+ = = = =~

___________________

—Co82U3 — C2E3U3+ (Cp+ C3) (161)U] + (G2 + C3) (162)U5 + caU% = 0

(D.86)
In summary, the coupled system of three DE’s are:
—C187U1 — 316Uz — C26261Uz — C285Us + (C3+ C2) (1 €1)U3 + cUy =0
—C28fUp — Cp&1EU1 — C3&261Us — €1E5U2 + (Ca+ C2) (1 €2)U5 + CUS = 0
—C2&fUs — C2&5U3 + (C2+ ) (1 €1)U7 + (C2+ C3) (1€2)U5 + CaUg = 0
(D.87)

Motivated by the formulation of the state equations, we dgfimee new variables (as the deriva-
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tives of the three variabldd;) so as to generate a larger system of first order, which canlibe

solved by the method in linear algebra.

11/ _ | E
Vl = Ul - UiB73,
1/ E
V2 = UZ — UiB73,

Va=Uj=18,. (D.88)

With this setting, the three second order differential ¢igna are re-casted into a first order
system of six differential equations. First, we rewrite theee second order differential equations

in terms ofU; andV; and their first derivatives only.

—C187U1 — C3&18Un — C2&2&1Up — C2E2Us + (C3+ C2) (161)U4 + Uy =0
—C187U1 — C3€18Un — C2&2&1Up — C2E2U1 4 (C3+ C2) (1€1)Va + GV =0

C1E2U1 + 3E18Un 4 Cr&2&1Un + CpE2U — (C3 4 C) (1&1)Vs = oV

<%512+ 52> Ui+ <% + l) &18Us — 03+Cz(| §1)Vas =V (D.89)
2 C2 Co

—C&Up — &1 86Up — caEr&1Ur — c1E2Usp + (c3+C2) (1862)U5 + cUS =0
—C2&Up — C2&18Up — c3E281Up — c1EZU, + (C3+C2) (1€2)Va + V5 = 0
C2EUp + Co&1EUs + C32&1U1 + €1E3Us — (3 + C2) (1 €2)V3 = CoVy

<1+ ?) &1&Us + <Ef + 365) U= B 280 = v (D.90)
2 Co Co
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—Cgfog — CzEZZU;g + (c2+c3)(l f]_)U]/_ + (C2+c3)(l fg)Ué + C]_Ué/ =0
—C2& U3 — CrE2Us + (Co+ C3) (1E1)V1 + (C2 + C3) (182)Va 4+ C1V4 = 0
szlZUQ, + C2622U3 —(Ca4c3)(1é1)V1 — (Co+C3) (1 €2) Vo = C]_V?:

Cz:%(lsl)vl— R E R VY (D.91)
1

C2 2 Cz 2
—&1Us+ —&5Us —
C1 C1

We may then assembly all the six equations (whose highest ofdierivative ia one) above to

matrix form:

Us 0 0 0 1 0 0 Us

Uz 0 0 0 0 1 0 Uz

d | Us 0 0 0 0 0 1 Us

s | vy g+ wesng 0 0 0 —S2e2(18) Vi

\ %:25152 512+%522 0 0 0 *%zcz(lfz) Vo

Vs 0 0 2E+E) -FE0&L) -EE(8) 0 Vs
(D.92)

Symbolically, we have:

W = AW (D.93)

Since the material is isotropic, we may simplify all matedanstants further to the Young
modulus E) and the Poisson ratiov}.

0 0 0 1 0 0

0 0 0 0 1 0

A 0 0 0 0 0 1
| Abveziz Loge 0 0 0 ——)
1—2v S1 762 T—2v 6162 T—2v \'61
hs S+ 0 0 0 — 5 (18)

0 0 sy (2 +83) —gr(18)  —gry (182) 0

(D.94)

In fact, only Poisson ratioW) suffices to describe the matrix.
We need to find the eigenvalues and eigenvectors of métrixT he results are a Jordan Form

and the modal matrim consisting of eigenvectors and generalized eignevecidrs decomposition
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takes the form:

(D.95)

WV =VJ,

where

I I I Ney
I I I M
I I I +
©, 0 o,0, 4 Ut
I I I
I I I
I I I _
I I I
I I _nurw_
I I I
o I e o
A R =R v
I I I
I I I
|
I I I
Sl A [ B
| | DG
I I I
0_ _2|_|_0 o
1O O N
I I |
I I I
N e
_ ey I
SVl |
I I I
[ 2|_|_0_0 o
—
I M | I
I I
I I I
h ey I I
| M I I
|+ I I
O |la, © ©,0 ©
i I I
I I I
S ___ - 1 __._
ey ! I I
..H,.Ts_ I I
I I I
21_0 O_O_O o
MW I I
I I
Il
-

(D.96)

and

(D.97)
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with
_ E-26(8 &) +283v(E8+ED) _ g2 1
£1(4v—1)(£2+62)2 (8v—2)\/E2+83 2
_ 28 -2v(§+E)+E3 -~ &aé& 0
(Av—1)(E7+82)2 (8v—4)\/E21 83 | .
& — s
_ 0 _ l e - (Bv—4)\ /22182
Vi (& 1&v)-18viis 2= & WB= 1 s avenig) g
T aE S8 -5y Bv—4 42v-1)\/E7+&F
282y 4282y 28282 _&é _ &é
NG : (gg—;z) a2v-1)/EZ+8
I 1(61+65
0 (8v—4)\/E21 82 0
8 —25,(E2+83)+283v (E7+E3) g2 1
E(4v—1)(E2+82)2 (8v—4)\/E2+83 2
287 -2v(&+85) 185 &é 0
(4v—1)(E2+82)2 (8v—2)\/E71 82 | .
& — L
_ 0 _ | 5v=2 B (8v—4)/E2+E2
= 2(36-18v)-8vie |’ vs= & Vo= | sez-aviezigd)oe
T a8 -5y “Bv-4 42v-1)\/E2+82
282y 4282y 2822 _ & &1éo
L&D 5?221452) 4(2v—1)\/E2482
| S1\617T62)
0 (Bv-4) /&2 0

(D.98)

From the Jordan Ford we denote the eigenvalues of the systemtijas A, = A3 =,/ Elz + 522 =
13 and)\4:)\5:)\6:—\/512+6225— .

. . g
For the sake of convenience, we express the structures eixleégenvectors ag; =

bi
, Wherea, contains the first three components of the original eigaiovag;, which corresponds

to the three components of the displacement. Being theigpltt a second-order system, each
component of the displacement is of the fo{me"iXS}i:l”e. Notice that the last three entries i,
that is,a;, are not counted towards the solution. They were generatgematically for finding

and they are discarded and unused.
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Thus the general solution takes the form:

uB(&1,82,%3)

B (&1, &0, %s) | = (&1, &2)ane + 0p(&1, &) @€’ + (&1, &) [ag + Xadp] €%
UB(&1,E2,%)
+0la(&1, €2)24€M + 05 (&1, E2)as€ ¥ + s (1, &2) (86 + Xaa5] €'
= 01(&1,&2)an €™ + Gp(£1, &2)67° + q3(&1, &) [8 + Xgap] €79
+ (&1, &2)aue 0 + (&1, E2) a5 + s (&1, &2) [86 + Xaas| € ¢,
(D.99)

where{q;i(é1,&2)};_; ¢ are unknown constants to be evaluated from the six bounaegitions

(three from BC on the top surface while the other three fromaB@he bottom surface).

Case 2:61=0,&#0

The conditioné; = 0 simplifies the above second order ODE system into:

£-0 ~ ~ ~ .
~— Cigkp(1€a) (1 €p)UE + (Ciaka + Ciska) U 5+ CiaaUE 55 = 0,Vi = 1,2,3

U?,33 —&2f=0
Coo(! Ez)zug + (C23+ Caa)(l Ez)ugs + C44U3’33 =0 (D.100)

Caa(l EZ)ZUE + (Cag+C32)(l Ez)ug_s + C33U§733 =0

Here contracted notation for the stiffness matrix is adbpte
The first equation is a second order differential equatioﬁ?i,rwhose solution is straight for-

wards:

WB(E1, &2, %) = UB(0,2,%5) = 01(0, £2)€5% + (0, &) 8%, (D.101)

whereé = /&2 + &2 = \/>= 1&2].

The second and third equations are two coupled differeatialations oiIg and JE. Similar

to the state-space formulation, we introduce new variatdegplace the first-order derivatives to
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ensure that the resulting systems of equations are of fidgtrodespite the fact that the system gets
larger.

Without loss of generality, we simplify the notations:

UzEUg

Us =8, (D.102)
so that the derivative of these variables in the third cotwidix; are:

, ~
Vo =U; = ug_s

Va=Uj =18, (D.103)
and the second derivatives m~§ andu~§ are expressed as:

~B o\’
u2733—U2 =V,

U§ 53 =U4 =V (D.104)

Under this circumstance, the two equations above can basted as:

N . N i
Coa(182) U8 + (Caz+ Caa) (1€2)U5 5 + Caall§ 53 =0 contracted Indiegs

1(182)°Us + (c3+ ) (1E2)V3 +cUS =0

—C1622U2 +(cz3+C)(1&2)Va+ C2V2/ =0
C3+C2

C
V= 283U, — 2 2(18,)Vs (D.105)
Co C2

N . ~ i
Caa(1 €2)°U5 + (Caa+ C32) (1€2) U5 5+ Caalf 5, = 0 conracted Indiegs

C2(182)°Us + (C2+C3) (1E2)Va +GUS = 0

—C2&2Un+ (C24C3)(1E2)Va+ GV =0
C3+C2
C2

C:
V4= C—jfzzug— (182)Vz (D.106)
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Reassembly into a system of differential equations, a mdiffierential equation is formed.

Us 0o o0 1 0 Uy

U 0 0 0 1 U
I I s (D.107)
dxs VA %Ezz 0 0 _ czc+2c3 1&, Vs

Va 0 & -=2g 0 V3

For isotropic material, we may further express the conthstéfness constants in terms of the

Young modulus E) and the Poisson ratio’f. Thus, we have:

U, 0 0 1 0 U,
U 0 0 0 1 U

di =L s (D.108)

| v T 0 —ile || v

-2
V3 0 % —amwlée 0 V3
Symbolically and compactly, the matrix equation is preserity:

W' = AW (D.109)

In order to solve this matrix differential equation, we firgk teigenvalues and eigenvectors of

W:

W =mnJ, (D.110)

where Jordan Fornd is utilized due to the existence of repeated eigenvaluesmsdadhe modal

matrix consisting of all the eigenvectors and the genezdlzigenvectors:
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3 1 & 11
&L 1 —&a 2 . ®d 2
| | |
&2 AT e e I P S
J_ = ( ) _ v— v— v— 7
5 1 Y W2 s Un 8 _GwmE, 8 g
2 8v—4 | 8v—4 | 8-4 | 8v-4
£ Igz 1 0 i-lgigi 0O
2 sv—14 ! TV
(D.111)

Following the methodology developed in the general cassexipressions for the displacements:

J%(O, &2,%3) = q1(0,&2)€%2% 404 (0, &) e 2%

u5(0,&2,3)

I = 0p(0, &)@ €57 1 03(0, &) [@n + Xaay | €52
ug(0,&2,%3)

+05(0, &2)aze™ 2% + g(0, &) [ay + Xzag] €52

__S 1 __&
=02(0,¢2) 84 2 1 g5(0,&) g +%3 || et
I & I 1 I &
8v—4 L 8v—4 8v—4
& [ 1 &
+05(0,¢2) 8‘?4 e %% 1 g6(0, &) 21 +X3 8‘?4 e &,
2 2
I 8v—-4 I 8v—-4 I 8v—4
(D.112)
. . g
wherea consists of the first two components Ofi; =
bi
i=1.4

Now we have six unknown constants to be determiregl};_, ¢, at each Fourier coordinate
pair (0, &»). We may further combine the above solutions in a single matpression for the sake

of computation:
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u3(0,&2,%3) 1 0
WB(0,&,%) | =®w(0.&) | 0 |9+ q(0,&) | —52, |e°
u5(0,&2,x3) 0 | 3534
[ 0 0
+03(0,&2) 3 x| 52, || 7€
[ 1 [ &
L 8v—4 8v—4
1 0
+u0,&)| 0 | +05(0,&) | G2, |e e
13
0 | 8vi4
0 0
+06(0,&2) : +xa| g2, ||e e (D.113)
|1 | <2
8v—-4 8v—4
Case 3:61 #£0,&, =0
The conditioné, = 0 simplifies the above second order ODE system into:
Ciakp (1€a)(1€p)Ug + (Ciaks + Ciaka) Ug 5 +Ciaal 53 = 0,¥i =1,2,3
ca(l El)zlﬁl + (cz+c)(l fl)ug’g + C2U533 =0
£=0 - ~
25 U8 53— E2U3 =0 (D.114)

C2(181)%WBs + (o +ca) (1 E)Uf 5+l 53 =0

Here contracted notation for the stiffness matrix is addpte

The second equation is a second order differential equatia§, whose solution is straight
forwards:

u~§(€1, é2,%3) = 1153(5170, x3) = Qp(&1,0)€8% + gg(&1,0)e 58, (D.115)

The first and third equations are two coupled differentialagippns ofJf andJE. Similar to the
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state-space formulation, we introduce new variables t@acepthe first-order derivatives to ensure
that the resulting systems of equations are of first-ordespitie the fact that the system gets larger.

Without loss of generality, we simplify the notations:

UlEUB

Us =8, (D.116)
so that the derivative of these variables in the third cowtdix; are:

, ~
V]_ — Ul — U?.s

Va=Uj =18, (D.117)
and the second derivatives m~§ andu~§ are expressed as:

,VB _ I __\y/

U 53 =U4 =V (D.118)

Under this circumstance, the two equations above can basted as:

el El)zl];B_i_ (ca+ o)1 El)l:l%s—i-czl:l%?,g _ ( Sontracted indices

c1(161)?Us + (34 ¢2) (1E1)V3 + Uy =0

—C1&2U1 + (c3+Co)(161)Va 4GV =0
C3+C2

T('El)Ve, (D.119)
2

Cl 2,
V[ = —=¢&{U1—
C2

o El)zt]g+ (C2+C3)(1 El)l-flgg,‘i‘clagg,g _ @ Contracted indices

c2(161)°Us+ (C2+¢3) (1E)V1 +cUS =0

—C2EPU3+ (Co+C3)(1E1)V1 +C1V5 =0
C3+C2
C1

C:
V4= C—jefug - (1&)Vs (D.120)
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Reassembly into a system of differential equations, a mdiffierential equation is formed.

Us 0o o0 1 0 U

U 0 0 0 1 U
I I s (D.121)
dxs Vi %612 0 0 _ czc+2c3 1& Vi

Va 0 @& -=eg 0 V3

For isotropic material, we may further express the conthstéfness constants in terms of the

Young modulus E) and the Poisson ratio’f. Thus, we have:

U; 0 0 1 0 Up
U 0 0 0 1 U

di =1 L. s (D.122)

6| v avez o 0 —rha || v

-2
V3 0 2%1—5) 512 - 2(11—\/) 161 0 V3
Symbolically and compactly, the matrix equation is preserity:

W' = AW (D.123)

In order to solve this matrix differential equation, we firgk teigenvalues and eigenvectors of

W:

W =mnJ, (D.124)

where Jordan Fornd is utilized due to the existence of repeated eigenvaluesmsdadhe modal

matrix consisting of all the eigenvectors and the genezdlzigenvectors:
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£ 1 L& 1
&1 ~®a 2 ™ . 2
| | |
&1 Lo ey 1 —lera 1 lets 1 g
J_ = ( ) _ v—4 v—4 v—4 v—4
& 1 Y W2 s Un 8 _GwmE, & ) EwE
1 8v—4 | 8v-4 | 8v-4 | 8v-4
] I
1 sv—14 ! TV
(D.125)

Following the methodology developed in the general cassexipressions for the displacements:

UB(&1,0,Xs) = Gp(&1,0)€%% + gs(&3,0)e &%

uB(&1,0,x3)

uS(&1,0,%3)

— 01 (&1,0)a1€5% 4 03(&1, 0) [ap + xzay| €8¢

+ 04(&1,0)aze™ P + g (&1, 0) [y + Xzag) €51

__&
=01(¢1,0) ( gv—4

) 8+ g3(&1,0)

I 1
2
St
L 8v—4

&

X3 8v—14
[ &

8v—4

&

wherea consists of the first two components Ofi; =

1
e %% 4 go(&1,0) 21 +X3 8‘?14 e e,
I 8v—4 I 8v—4
(D.126)
a
o] .
i=1.4

Here we have six unknown constants to be determinee {g;i(¢1,0)},_, g, at each Fourier

coordinate paifé1,0). We may further combine the above solutions in a single matpression

for the sake of computation:
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u?(glvoa)@) _8\/Ei4 0
L];B(El,O,Xs) =01(€1,0) 0 e 4 qp(&,0) | 1 | ehx
U8 (&1,0,%3) P 0
I 1 &
2 8v—4
+03(&2,0) 0 +X3 0 g%
_|L | &1
L 8v—4 8v—4
&

o]
<

|
IN
o

ra@0)| 0 |etergEo| 1 [t

£
| 8vi4 0
[ 1 &
2 8v—4
+06(1,0) 0 |+x| o0 g 4% (D.127)
| g | g
8v—4 8v—4

Case4:é,=&=0
The conditioné; = &, = 0 simplify the above second order ODE system into:

Ciakg(1€a) (1€8)U¢ + (Ciaka + Ciska ) Ug 3 + CiaaU 33 = 0,¥i = 1,2,3

CiaUBay = 0,Vi = 1,2,3

CiaeWP ;= 0,vi=1,23 (D.128)
Writing out all the equations, we have:
J;B:,s =0
u§,33 =0 (D.129)
Ugss =0
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The solutions of these equations are straight forwardsjgha

u (517527)(3) =u (0707X3)

B B
1 1
UE(EL EZ:X3) = ug(oa 0, X3)
B B
3 3

01(0,0)x3 +4(0,0)
qz(O, 0)X3 + Q5(O, O) , (D.130)
03(0,0)x3 +ds(0,0)

u (ElpEZaX:g) =u (0707)(3)

where {g; = ¢(0,0)}|,_; ¢ are the unknown coefficients to be determined from BC.

D.3.7 Solving the Boundary Value Problems fror€g &2)

Regardless of the differences in the technical details enftlur cases above, we end up with the
procedure to evaluate the six unknown coefficigtigé,é2)},_; g using the six boundary condi-
tions imposed on the top and bottom surface of the sampleirfgdior q; is the same as solving the

system of algebraic equations at each Fourier coordiffaté>,):

Aex606x1 = Pex1, (D.131)

whereA = A(&1,&2) is the same for all iterations and is computed at the beginoirthe program.
The vectotb comes from the boundary conditions that are also relatduktdisplacement A, as

in the BC equations:

B A I \Jj
Ciki Ui | ‘top = — Cizxl (Uk7| — £|f|) ‘top—i—Ti WVi=123

U [por = = U o, V1 = 1,23 (D.132)

This vector should be generated and renewed in every erati
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More specifically, the six boundary conditions are exgiiaifiven:

T/(:,:
Wa( L)+ U5 (5 L) = — (Ufs(, 5 h) + U5 (5,5, L)) + €53t L) + 1(53)

2l C3
. T0,:
Bl L) = = () + gl L)+ () o
cauT1 (5,5, L) +caUpo (5, L) + CauSa(s, 5, L) = —ca (Uf1 (0,5, L) — 132, 5, L))
—C3 (UE,Z(:a:aL) _852(:7:7L))
— ¢ (U3a(s L) —e3(5, 5, L)) + T3(,0)
u?(:7:70) = —U?(:,:,O)
UE(Z,Z,O) = _ué(:v:ao)
ue(:,:,0) = —U5(;,:,0)
(D.133)

Transforming these boundary conditions in their 2D FFT, sugistituting the general solutions
A and B and comparing with coefficients will yield the unknoaenstants{g; = g;(§1,&2)},_; ¢ at
each Fourier coordinate pdiéy, &2).

After we have foundg;(¢1,&2), displacements B in 2D FFT are also known. We may then
assembly the displacements A and B for perturbed portiortrains and stresses. Homogeneous

and heterogeneous fields give the total fields.
D.4 Elasticity equation by finite differences

The "state equation” approach is elegant in the sense ofdtieaevelopment and fast in the cor-
responding numerical algorithm. However call that in thegess of finding the perturbed dis-
placement A, we adopted FFT in tke-direction, which violates our first physical assumptioatth
the sample may not be necessarily periodic inxgelirection. This is related to the "Runge’s
phenomenon” in the field of numerical analysis, where nucaém@pproximation of functions by
polynomials near the edges of the interval induces osaifigtom the expected values.

In our simulation using the state space approach, the dsplants computed commit the men-

tioned oscillating behaviors towards the very ends of therial along thexs-direction. To give a
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feeling on how bad the numerical approximation is to thetsmiu(displacement), say, if the number
of subdivision points is 64, then probably the first 4 and &t # data are oscillating away from the
expected valves.

Luckily, the strains, which we compute from the displacetagare accurate numerically. This
might be due to the fact that taking derivatives of the disphaents kill the oscillation towards
the two ends of the interval. Thus if the simulations do nguree the explicit processing of the
displacement fields, the "state equation” approach is walekaln most cases, the more important
physical quantities are the strains and the stresses. Hovfethe simulations do require the ex-
plicit uses of the displacements, as in the case of disgiatyie surface tomography (the shape of
deformation), we may want to develop a more accurate nuaieriethod. A good alternative is the
finite difference approach along thxg-direction, despite the fact that it is slower than the farme

numerical scheme.

D.4.1 Discretization of differential equations

We start with the three mechanical equilibrium equatiotsraéking 2D FFT (Recall that we have

obtained these in last subsection):

Giju (Uk_” —£|f|7j) =0,i=1,23

Cijii Uklj = Cijia & j,1 = 1,2,3 (D.134)

For the sake of simplifying the expressions, we assume hieatdn-homogeneous terms of the

three differential equations to e g andh. They are computed as follow:
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Non-homogeneous term of the first equatios-(1):

i=1
f(X1,%2,X3) = C1jui &
= Cr &1+ Craxa 2 +Craasia 3
= C11126111 +Cr1226551 +C1139331
+ C1212675 5 + C1221851 2 + C1313813 3 + C1331€31 3
= Cr1€111 +Ci126521 +Casgaz
+ CGGSIZZ + CGGSELZ + C55£I373 + C558§173
= C1111 1+ C3€521 + Ca€331
+ C2€12p + C2€1 5 + Co€133 + C2€31 3

= C1€1 1 +C3&5 1 +Ca€31 + Co€5 5 + o5 3 (D.135)
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Non-homogeneous term of the second equatien?):

i=2

(X1, X2,X3) = Coji €,
= Cowa &y 1+ Com g 2 + Coxigii
= C2121€5L1 + 021125I2,1
+Co211611 2 + Co200655 5 +C2233€332
+C23238533 + C23326323
= Co6€511 + Co6€121
+Co1€11 2 +CooE3p5 + Co3€33
+Casgr33+Casesns
= Co&r11 1 Co€1;
+C3€112 + C1€505 + C3€33
+C2€533 + C2€323

= Cp€51 +C3€1 5+ C1855 + Ca€3, + C2€) 3 (D.136)
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Non-homogeneous term of the third equatios: @):

i=3

k(X1,%2,%3) = Cajki & j

= Cawi &1 + Cazin 2 + Caméii 3

= C31316311 +Ca113€131

+ C3232632 2 + Ca22323

+C3311611 3+ Ca32265, 3 + C333333 3

= Cos€311 +Cos€ia1

+Caa€322 + Casgrz

+Ca1€113 +C3265 3 + Cas€ss3

= C2€311 + C2€131
+ C2€325 + C2€23

+ C3€113+C3€523 + C1€333

= Cp€51+C2€45 + C3€1 3+ C3€5 3+ C1€3 3

(D.137)

The left hand sidesQjx Uk ;) of the three differential equations are in fact identiaaktiose

derived in the last section and are listed below.

—C1 &7 — C3&1 &2 — C28281Tp — CREPTT + (Co + C3) (1 &1) T + Coti” = T
— &P — C&1&oUT — C3E2&1TT — C1EZT + (Co + C3) (1 &2) T8’ + U8 =T

— &3 — &2z + (Co+ C3) (1&1) T + (C2 4+ 3) (1 &)W + B =K,

(D.138)
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where we have adopted the notation:

Ui = Ui(Xg, %2, %3),1 = 1,2,3

Ui = Ui(fly EZ7X3)7i - 17 273
—_ 0U;(€1,82,%3)

i=123
| 0X3 7' ) &y
2
Ui” = a ul(5172€2ax3)’i — 1’ 2’3
oxg

(D.139)

In the following we discretize each of these three equatigsiag finite differences at each
interior points. At each Fourier pafé, é2), we denote the following variables to approximate the

2D FFT of the displacements along the z-coordinate.

Ui = T1(€1,¢2,%35),i=1,2,...,N
Vi = U3(€1,82,%35),i =1,2,...,N
W~ Tg(&1,82,%3),i =1,2,...,N
(€1,62,%3),i=1,2,...,N
0(é1,82,%3),i =1,2,...,N
N

Hi %5(517527X3,i)7i = 1727"'7

%
—+|

F

Gi

Q

(D.140)
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Discretization of the first equation at atzj,i = 1,2,..,N:

. o o - o o — discretize aks;
—C1&7UT — C3&1 &l — C28281T; — CREPUT + (Co+C3) (161) T8 + el = F ————5
—C1EPUj — C3&1&V — C28261V; — CREU; 4 (C2 4 C3) (1 €)W + U = F

—C1E2U; — C3&1&5V) — C2&E2&1V; — CRE2U;

(02 +00)(1£0) Mg 4 ooyt

2coUi—1 —h(ca+c3)(1&1)W 1
— AU, — 202(1E2 + ER)U; — 20P(Co + o) 1M = 2°F
+2¢Ui 1+ h(co +¢3) (161)Wiy1

AU 1+ AW 1+ AgU; + AVi + AUi 1 + AdW 41 = 20°F, (D.141)

whereAj = Aj(é1,&>) are the coefficients introduced for the set-up of the madricethe finite
difference scheme.

Discretization of the second equation ati = 1,2, ...N:

- — _ __ . . _ discretize aks;
—Cp& LUz — Co&1&5U7 — C3&2&E1Tr — C1ELTG + (Co+ C3) (162) U5 + Gl = —————

— &V} — C2&1EU; — €3E61U; — C1 &2V, + (o 4 C3) (162)W + oV = G
—C2E AV — Cp€18U; — €38261U; — 12V, _

o2+ 0016 etghls 4 Ve DU

2c5Vi_1 —h(co +¢3)(1&2)W_1
—2h2(Cp+ Ca)E1EU; — 2h2(CoE 2+ ¢ E2)V; — AcV; = 2h°G
+2¢Vip1+h(co+¢3) (162) Wi 1

BoVi 1+ BaW_ 1 + BaU; + BsV; + BgViy 1 + BoW 1 = 2h%G;, (D.142)

whereB; = Bj(&1, &) are the coefficients introduced for the set-up of matricéisarfinite difference

scheme.
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Discretization of the third equation at;,i = 1,2,..,N:

s = — . . — discretize aks;
—Co& {5 — &5 U5 + (Co + C3) (1€2) 0T + (G2 + C3) (1 €2) 7 + €1l =k ————

—C2&fW — C2E3WE + (C2 4 €3) (1€0)Uf + (2 + C3) (1 &)V + W = K

—CoEAWM — CoEZW + (Cp + C3) (11&y) Pt i

—|—(C2+C3)(| EZ)\/le—hVi—l _|_C1V\/|+1—2r\1/2\4+V\4—1

—h(ca+c3)(1&1)Ui—1 — h(co+¢3)(1€2)Vio1 + 2c1W 1
—2h2cy(ER + EZ)W — 4cy W = 2h°K;
+h(cz2 + ¢3) (1€1)Uiy1 + (2 + €3) (1 €2)Vi1 + 2C1 W 1

C1Ui_1+CpVi_1 +CaW_1 +CoM +C7Uj 1 +CgVii1 +CoW 41 = 2h°K;, (D.143)

whereC; =C; (&1, é2) are the coefficients introduced for the set-up of matricéisarfinite difference
scheme.

These pairs of three equations will be assembled into thexfat i =2 toi =n—1, that is, all
rows except the top three and the bottom three rows, which Wdeel with using the the boundary

conditions imposed over the top and bottom surfaces, advwilliscussed in the next section.

D.4.2 Boundary conditions

Recall that the boundary conditions are:

1. Tractions on the top surface.

2. Displacements on the bottom surface.

Assume that the heigh; € [0,L] of the sample is discretized inté subdivision points such
that the size of subdivision is=dz= ﬁ Since the boundary conditions on the top surface are
expressed in terms of displacements, we introduce a gloast-peyond the right end point in the
Xz-coordinate X311 = Xan + h) and incorporate the resulting discretizated equatiotestime last

three rows of the matrix.
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BC: x;-component of traction on top surface

031(X1, X2, X3) = O5(X1, X2, X3)
= C [E5(X1, X2,X3) — &5 (X1, X2, X3)]

2D FFT
= C [Ug,3(X1,X2,X3) + U3 1(X1,X2,X3) — &5 (X1, X2, X3)] ——

O, £ ) = 02| o (B B0+ T, B )l 1 — (. Bae)| 0,
031(¢1,82,%3n) =C2 [Z—Z(EL &% n) +Uz(&1, &2, Xan) &1 — €2 (&1, 527X3,n)]
Zoaltdedon) _ O whia- &6, &)

T_ll(ilg &) _ Un+12_hUnfl +Whl &1 — €2(&1,&2,X3n)

2h— _ ~
—Un_1+ 21 Wh +Upy1 = C—ZT{(EL &) +2hez (€1,82,20) =F

~Upn_1+DWh+Upn1 =F (D.144)
BC: xo-component of traction on top surface

032(X1,%2,X3) = O4(X1,%2,X3)

= Cp [€4(X1,%2,X3) — €4 (X1, X2, X3)]

2D FFT
= Cp [U2,3(X1,X2,X3) + U3 2(X1, X2, X3) — &1 (X1, X2, X3)] ——

ot

032(81,82,%3) =2 [0X3(51752,X3) +U3(&1,82,%3)! 52—8_2(51752#3)}

discretization @3,

032(€1,€2,X3n) = C2 [g—f(fl,fz,xs,n) +03(&1,&2,%3n)1 &2 —S_Z(El,fz,xs,n)]

(o) s ,X 0V oy
32(€1,82,X3n) _ OV & — B (B0, Er )
Co 0X3

T;(81,&2) _ Va1 —Vha
Co 2h

2h— _ .
~Vh-1+2hIE WG + Vi1 = c_zTé(El’ &)+ 2he;(é1,80,%30) =G

+Whl & — €5 (€1,€2,%3n)

V14 DWy + Vi1 =G (D.145)
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BC: x3-component of traction on top surface

O33(X1, X2, X3) = 03(X1,%2,X3)

= Cz[&1(X1,X2,X3) — & (X1,X2,X3)]

+ C3[&2(X1, X2, X3) — &5 (X1,X2,X3)]

+ C1 [€3(X1, X2, X3) — €3 (X1, X2, X3)]

= C3[ug,1(X1,X2,X3) — & (X1, X2, X3)]

+ C3[U22(X1,X2,X3) — &5 (X1, %2, X3)]

+C1 [U23(X1, X2, X3) — €3 (X1, X2, X3)] 2DFFT,
G33(&1,&2,%3) = C3 [UL(&1,&2,%3)1 &1 — €] (€1, 2, %3)]

+ C3 [U_Z(Ela 627)(3)' EZ - 8_5(617 EZ)XB)]

(Elu EZ:X?:) - g_g(flu 627X3):|

| &

discretization @3

+C]_|:

)

z
033(81,82,Xan) = C3 [UL(&1, &2, Xan )1 €1 — &7 (€1, €2, X30) |

+ 3 [U2(&1, &2, X3n)1 €2 — &5 (€1, €2, %an) ]

Ua J—
+ Cl |:a—)::’3 (El7 EZ)X&H) - g;(fla EZ)X&H)

o =Unl &1 — &7 (1,82, %3n) + Vol &2 — €5 (€1, €2,%3n)

C1 oW,
C3 0X3

— &5 (&, €2>X3,n):|
T4(&1,82)

C1Whi1 —Wh1
—=— = = Uyl \VA e
Cs n El+ n EZ+C3 2h

_ — C1—
—&7(&1,82,%X3n) — &5(&1,82,%X30) — C—38§‘(51, &2,%3n)

C C 2h C3— Ca— _
W14 2h=21&1Un + 2021 ENp +Whi 1 = — T4+ 2h—£ (Xa.n) + 2h—&5 (Xan) + 2h&5 (Xan)
C1 C1 C1 C1 C1
~Wh_1+4 D3Un+ DV +Whs1 =H (D.146)

The resulting expressions corresponding to the three leoyribnditions on the top surface will

be meshed to the top three rows of the matrix for finite diffiese
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BC.: displacements on bottom surface

Assume that the three components of the displacements\ae asu; (x,y,xs = 0),i = 1,2, 3,
whose 2D FFTs are computed@g &1, &2) ~ U (&1,82,%x3 = 0), V1(&1,&2) ~ Tz(&1, &2, %3 = 0) and
Wi (&1,&2) ~ T3(&1,&2,%3 = 0).

As a remark, for practical consideration, the 3D sampleligeset to a substrate so that the three
components are zero, so that(&, §2) = Vi(&1,&2) = Wi(€1,&2) = 0. But here we give the BC in
the general scenario.

In the context of discretization, at each Fourier géir, &),

AU1 4+ AWp + AqUo + AsVo + AUz + AW = 2h°F
BoVi + BsWy + B4Us + BsVo + BgVs + BoWs = 2h2G2 (D-147)
CiU1 +CVq1 +CaWp 4+ CeWo + C7U3 +CgV3 +CoWNWg - = 2h? Ko

SinceUs, V1 andW, are give numerical values, we rearrange the expressiongabo

AgUs + AsVo + AUz + AgW, = 2h? F— AU — AW
B4U> + BsV> + BgVz + BoWs = 2h?G, — BpVy — Bawy (D.148)
CoWb +C7U3 +CgVa + CoWs - = 2h?K;p — CiUp — CoVg — CaWg

These three expressions will then be meshed into the matrfinite difference.

D.4.3 Assembly of matrices for the finite difference scheme

With the numerical schemes developed in the interior p@intsthe boundary points, we end up with
the following matrix equation for solving for the 2D FFTs bktthree components of displacements,

at each Fourier paiféy, &2).
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Fo — AlUp — ApVr — AgWy
Gy, —B1U; — BoVy —B3Wy
Hz —CiU; — GV — C3Wy

G3
Hs
Fs
Gy
Ha
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We notice that the matrix is a basically block tri-diagonadtrix except for the last three rows.

We need to modify the block LU decomposition for tri-diagbmeatrix for the inverse matrix.

D.4.4 Modified block LU decomposition

We now decompose the "modified” block tri-diagonal squarérina by the approach similar to

the LU-decomposition. For the purpose of illustration aodthe sake of simplified formulation,

assume we are working with a system with 7 blocks. Genetalizaan then be carried out.

The method is as follow: With the proposed structures of Wee decomposed matricésand

U, we multiply them and compare the original matéix Comparison with the appropriate entries

give the formulae for the decomposition.

A=LU
b ¢ I Ui Ng
a b c¢ L, | U No
a b c¢ _ M3 L3 | Uz N3
a b ¢ - My Lg | Us
a b c Ms Ls |
d e f Mg Le |
Uz N1
LoUp LoNy +U>2 N2
| MaUp MaNp+LaUz  LaNp+Us Na
- MUz  MaNo+LgUs  LaNg+Ug
MsU3 MsN3 + LsU4
MeUs

MgNg+LgUs  LgNs+Ug

Us
Us Us
Us

Ny
LsNg +Us Usg

(D.150)

In the above, all the entries involved, b, ¢, d, e, f, Li, M, U, N;, are all 3x 3-matrices| is the

3 x 3 identity matrix.

Comparison along the upper diagonal entries giMes- c. Comparison in all other entries

generate the formula, as summarized in the following table.
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i M; Li Uj Ut
1 Ui=b ut
2 L, =au; ! Up=b—Lx | Uyt
3 0 L3=au,* Us=b—Lsc | U;t
4 0 Ly=aUz! Us=b—Lsc | Ut
5 0 Ls =au,* Us=b—Lsc | Us!
6| Mg=dU; | Lg=(e—MeC)Ug ' | U= f —LgC | Ut

Our goal is to solve the algebraic equations with this kinanaftrices,Au = f. This involves

two processes, namely, the forwards substitution and tbledzds substitution.

Au =f
LUu =f
Lv =f (D.151)

The LU decomposition suggests us to solve the following sygtems.

Forwards substitution

| \%1 fy
L, | Vo fo
Mz Lz | V3 f3
My Ly | vl | fa
Ms Ls | Vs s

Me Lg | V6 fe

V1:f1 —>V1:f1
Lovi+w=1f, —wv,="f—Lw
Lavo+vy3=fp —vz=f3—Lav
3V2 3 2 3 3 3V2 (D152)
Lava+va=Tfo —wva=fs—Lavs

Lsva+Vvs=1fy —v5="fs—Lsws

MeVs + LeVs + Vg = fo  — Vg = fg— LeVs — MgVs
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Backwards substitution

Uy

N1
U

N2
Us N3
Us Uy
Us Us
Us
c
Us ¢C
Us c
Us c
Us
UsUs = Vg
UsUs + CUg = V5
UgUs+Cls = Vg
UsUz+Cly = Vv3
UoUp +Cls = Vo
Uiup+Clh = Vg

Ua
Uz
Uz
Ug
Us

Us

—us=U,; (va—cus
—uz3=Uzg (vz—cw
— U =U, (v, —cug
—u=U (v —cwp

\%1
V2
V3
V4
Vs

Ve

Vi
V2
V3
V4
Vs

\'

(D.153)

The general algorithm for the decomposition and the lingam&on solvers are summarized:
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A=LU Inputs: component blocks b,c,d, e, f of matrix A
i= L;=0
Ui=b
i=2.n—1|N=c
Li=au?}
Ui =b-Lic
i=n Mn = dU, %,
Ln= (e—Mpo)U, Y
Uy=f—-LxC

forwards Lv =f

i=1 V1:f1

i=2.n-1 Vi = fi —Ljvi_1

i=n Vo = frn—LaVn_1 —MpVh_2

backwards | Uu=vVv

i=n U = Up vy

i=n—1.1|u=U"v—cu,)

D.4.5 Remark on alterative approach to deal with BC with dative

Following the method of introducing 'ghost point’ beyone tiight end point in the z-coordinate, we
may express the displacements at these ghost points byetisting quantities so as to eliminate

them, by considering solving the following six equations:

finite

difference
i n AUn_1+ AWh_1 +AdUn + AsVy + AtUn i1 + AWhi 1 = 2h%F,

—_— BoVh-1+ BaWh -1+ B4Un + BsVi + BgVhy 1+ BoWh 1 = 2h?Gy
CiUn_1+CoVih-1 +CaWh_1 + CeWh + C7Un 1 +CeVhp1 +CoWhy1 = 2h?Kp,
(D.154)
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boundary

condition

ati=n

e

—Un—1+DiWh +Unia
_anl + DZWn +Vn+1
—Wn_]_ + D3Un + D4Vn +Wn+1

(D.155)

From the six equations listed above, we may exptes¥n, Wh, Un: 1, Va1 andW,, 1 in terms

of other quantities, which is equivalent to eliminating tiges of the quantities at ghost points.

This act also reduces the size of the matrix for finite diffiee fromN blocks down toN — 2

blocks. However the drawback is that the calculations arghi@nd the resulting expressions of the

variables are complicated.

D.5 Convention of elastic stiffness

Ci
Ca
Ca1
Ca
Cs1
Ce1

Ci2
Ca2
Cs2
Ca2
Cs2
Ce2

D.5.1 Hooke's Law

In Vigot's notation,

Cos
Cas
Caa

Ce4

&
&2
&3
&4
&

&

Cos
Css
Cus

Ces

€11
€22
€33
2&73
2¢13

2812

Ci C3 C3
C3 C C3

C3 C3 C

Ui

Uz 2

Uz 3
Uz3+U32
U3+ U3z

U2+ Uz21

Co

C2

C2

(D.156)

(D.157)



The stress-strain relation is:

011

022

E
(1+v)(1-2v)

033

023

013

012

01
02
03 E

(1+v)(1-2v)

04

05

O6

v
1-v
1-2v
1-2v
1-2v
1% &
&
1-v &3
a 2
= &
=)\ &

D.5.2 Matlab code to find the eigenvalue decomposition ofrtagix
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€11
€22
€33
€23

€13

€12

(D.158)

% general case

% v = 0.2;

k1l = 0;
syms v k2

% syms v k1 k2

G=[000 1,0, 0;
0,0, 0 0, 1, 0;
0,0, 0, 0,0, 1;
2% (1 —v)/(1
KLxk2/(1 —2xv), k172 + 2
0,0, (1 —2*xv)2/(1

—2+v) *k1"2+k2°2, k1

«(1 —v)l(1

—v) * (k1"2+k2°2),

xk2[(1 —2%v), 0, 0, O,

—2xv) k272, 0, 0, O,

1«kL2/(1 —v),

—I*k1/(1 —2*v);
—*k2/(1 —2*v);
—1*k2/2[(1 —v), 0 ];
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[V,J] = jordan(G)
V = simplify(factor(expand(V)))
check3 = simplify( G *V — V+xJ )
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Appendix E
SOME BACKGROUND OF ESM

This appendix outlines some background on the models cetat¢he evolution equation for

lithium ions and the electrochemical strain microscopy.
E.1 Normalization of the ESM equation

Since we study sample of lithium ions and associated dyreamrider SPM tip in small scale, it is
reasonable to normal the equation in both length scale (wghpect to the radius of the SPm Rp
and time scale (with respect to dynamics of ions). The osiggoverning evolution equations for

ions, also known as the PNP equation, is given by:

(E.1)

ac d%c o[ ¢
at —meﬁa—x( a)

wherec is the concentration of ions in the unit of mole of number aftipkes, D is the diffusivity
of the ion in the unit of?/s, @ is the induced potential over the entire sample due to SPMen t
unit of J/C, B is the drifting coefficient of the ion in the unit &/J. It is noted that the units ap
andp are reciprocal to each other, which will suggest a possibtenalized quantity for potential.

The length scale is normalized with respect to the tip raRius

X
= = E.2
X'=g (E.2)
The partial derivatives in spatial coordinate can be writs:
o0 _oxd 10
ox 0x ox* RIx
2 2
o 10 (E.3)

02 RZox?2
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The equation is rewritten as:

oc 1 9% 10 ([ d(Bo
ot ~Prax? "Prax (C ox > E4)

The common facto% on the right hand side suggests us to introduce the followorgnalization

in time scale:
(E.5)

~—+
*
Il

o] ~

Also the product of3 andg is a unit-less quantity, which suggests us to define:
(E.6)

¢ =B

With these, the ESM is normalized as:

dc % N 0 Caq)*
atc  ax2  gx \ oxt

(E.7)

E.2 SPMtip
The following is the list of variables involved in the studiySPM tip for ESM of ion:



variables names units
R tip radius Meters (m)
Vo applied voltage \olts (V)
&i permittivity Farad/meter (F/m
K = /€33€11 | effective permittivity NA
y=,/2 | dielectric anisotropy NA
Q effective charge of the SPM tip Coulomb (C)
Oreal distance between tip and sample surface Meters (m
d distance between effective charQe Meters (m)
due to SPM tip and sample surface
potential developed in sample \olt (V)
E electric field developed in sample \olt/meters (V/i

E.3 Plane-Sphere Model

In all of our discussion, we assume that the SPM tip is touglire top surface of the sample. In
other words, the SPM tip is in contact mode. Thus the distheteeen the SPM tip and the sample
surface is taken age5 = 0. The SPM tip is virtually imagined as a point chai@docated at a

distanced above the sample surface where:

&~ da _ 2€0(1+ K)Vod
d+ dreal -0 0
go R 1K R ik

k-1 2 Al T k=1 2

Q=2&(1+K)Vo

(E.8)

wheregg is the absolute permittivity of vacuum. This chaf@@duces a potentiap over the domain

of the sample:

Q 1

P09 = 2mep(1+ k) 5 +d

— Vd <§+d> - (E.9)
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Equivalently, an electric fiel&, acting in x-direction, is generated over the sample:
9
E(X)=———
() =——

-2
_ Yd (5+d> (E.10)
v \y

For Lithium Iron Phosphatd_{FeQO,), we assume the permittivities in all directions to be iden-

tically. Under this assumption, we have the following siifig@dl expressions of various quantities

being discussed:

E11=E&633=¢&
K=¢
y=1
2R 1+¢
d=——In——
e-1 2

©=Vod(x+d)™*

E = Vod(x+d) 2 (E.11)

In some analyses and simulations, we also need to normbkse guantities. For instance,

x*—X
"R
d
di==
R

H
H = —
R

P(X)= BV d'(X+d)*
~—~
dimension-less

E*(x)= BVo d*(x*+d")2 (E.12)
~—~

dimension-less

E.4 Parameters used in simulations

The parameters used in the simulation depends on the réaisgsd experimental data. The radius

of the SPM tip is usually 10nm), or, 10x 10~° (m). The thickness of the sample is 1 (micron),
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or, 1078 (m). According to literatures, the diffusivit is in the range of 16°? to 10714 (n?/s).
Experience suggests that we may normalize it Vilite- 108, For study in relaxation with bias
DC-AC voltage, the experiment takes about 30 (s). The ACageltis operating at a frequency of
1000 kH2), or, 1000x 1000 H2). The voltages of DC and AC are respectively 10 Volts and 3svol

The time and spatial scales are normalized with respect to:

X=R=10x10"%(m)

R2  (10x1079)
1
f

@= > =100Hz) (E.13)

Thus the quantities in real and normalized scales are suiredan the table:

Quantities in real scale in normalized sc%le
Radius of SPM tip R=10(nm) = 10x 10~°(m) R=1
Distance between Q d=0.378R d-=0.3788

and sample surface

Thickness of sample H=2x10%m) H* =200

time range t = 30(s) t* = 3000
frequency range w = 1000x 100QH2) w* =10000

DC \oltage Vbc = 10(V) Vic = 10x 40

AC \oltage Vac = 3(V) Vi =3x 40

E.5 Second Harmonic

Following the same methodology that we developed the firshbaic, we may derive further a set
of differential equations with boundary conditions for #eeond harmonic,(x). We balance terms
with the exponential facta? “t and substitute the resulting expression into real and inaagiparts

usingci(x) = & (x) + joi(x):
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(2jw)c2(X) = c3(x) + 1 () P(X) + 1 ()¢ (X)
(2jw)(82(X) + jb2(X) = (82(X) + jba(X))” + (a1(X) + jba(x)) @(X) + (az(X) + Jo1(X)) ¢ (X)

—2whp(x) + j2waz(X) = a5(X) + jb(X) + & (X)@(X) + jb1 (X)@(x) + a1 (X) ¢/ (x) + jb1(X) ¢/ (X)
—2why(x) = aj(x) + a;(X)@(x) + a1 (X) ¢/ (x)
2waz(x) = b5(x) + 0} (X)@(X) + ba (x) ¢/ (x)
5(3) +20D2() = — () P(X) —a(X)¢/ () e10
b3 (X) — 2waz(x) = —bj (X)@(X) — b1 (X)¢'(X)

These two equations can be combined into a single equatibigloér order. The second equa-

tion is rewritten as:

22(6) = B4(X) + By (X19(X) + b1 ()¢ (¥
= bS5 (01(99(X) (€15

This is then substituted into the first equation:

a4 + 20ba(x) = -2 ()9(X) - 21()¢/(¥
(0094 55 (B10900)") -+ 2602() = ~(2u(x1900)

b5 (x) + (b1(X)9(x))"” + 4w?ba(X) = —2w(a1 (X)P(x))
by (%) +4w?ba(X) = —2w(a () @(x)) — (L(X)@(X))”  (E.16)

We also separate the boundary conditions into two sets aidary conditions for the real and



imaginary parts.

0
(82(x) + ib2() + (1) + jb1(x))¢/ (x) = O
8(x) + Ib5(0) +a1()@ () + o (X) ¢ (x) = O

{a’z(x) =-—a;(X)¢'(x), x=0,H
br(X) =-bi(X)¢(x), x=0H
a(0) =-a(0)¢/(0)
a(H) =-a(H)¢(H)
b(0) =-b1(0)¢'(0)
br(H) =—bi(H)¢/(H)

From the second differential equation, we exptegs) in terms ofax(X):

b2 (X) = 2wag(x) — 2w (b1 () @(x))’
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(E.17)

(E.18)

The additional boundary conditions fbg(x) are obtained by differentiating the above expres-

sion and substituting by the coordinates of the boundary:

by (0) = 2wa(0) — 2c0(by1 )" (0)
— —2way (0)¢ (0) — 2w (b1 )" (0)
by'(H) = 2wa)(H) — 2w (b1 )" (H)

= —2wa1(H)¢'(H) — 2w(b1¢)" (H)

(E.19)
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In summary, the differential equation of the imaginary fdithe second harmonic is:

by (¥) + 46Pb(X) = 2621 (X)9(X))' — (Br(X)P(x))”
b3(0) = —b1(0)¢/(0)
by(H) =—bi(H)¢'(H) (E.20)
by'(0) = —2way(0)¢(0) — 2w(b1 )" (0)
[ BY(H) = —2wa(H)¢/(H) —2w(b1¢)"(H)

BC:

With by, one may compute, by the relation: ax(X) = 03 (x) + (by(x)¢(x))" and the second

harmonic isc(X) = az(X) + jb2(X).
E.6 Numerical scheme for ESM equation in 2D
(A) Interior points:i, j € {2,3,...,.N—2,N -1}

ocj _ Ua—Us Mann—Viy
ot h h

_Df(Gmi=Gy g Geai+Gs) _ (Gi=Gaj g GitGu
h h L 2 h i >

D [/Ciji1—GCij Gijt1+GCij Gij—Gij_ Gij+Gij
4P [( TG ij+1+ I,J> _< G ij +Gi,j 1>} (E.21)

h h 2 h

(B1): Left boundaryi=1,j € {2,3,...,.N—2,N—1}

¢y _ V25—V Mgy —Vag
ot h h
Upy—0 0-0
h h

_D Cp,j —Cy, Czj+Cpj-1
=5 ( H —BEyj > (E.22)
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(B2): Right boundaryi =N, j € {2,3,...,.N—2,N—1}

donj  Uns1a—Ung Vgt —Wag
ot h h
_ 0-Ung Wnar1—Wyg
h h

(N TON-L) e ONGjTON-
h b 2

D

h

9 [(CN,j+1—Ci,j CN,j+1+CN,j> B <CN,j —CN,j—1 = _CN,j +CN’J'_1>]
h

" T h TR
(E.23)
(B3): Lower boundaryi € {2,3,...,.N—2N—-1},j=1
961 Uipn1—Uix Ma—-Ma
ot h h
~0-0 V20
- h h
D S ' y
_ - <C|72 - Gii F|72C|’2—£C|71> (E.24)
(B4): Upper boundaryi € {2,3,....N—2N—1},j=N
Jcin _Uian—Uin  Ving —Vin
ot h h
_Uian—Uin 0—-Vin
h h
_Dl/Ciin—GN £ GHiN +CnNY)  (GN—G-1N g GN +GCi_1N
= h 7?] |+1,N72 h i,N 2
D iN—GiN_ N+ G-
+2 [_ (CLN hC|7N L Fy GiN +2C|7N 1>} (E.25)

(C1): Atlower left corneri=1,j=1

dcin . Uz1—Uir Vip—Vig
ot h h
0-0 0-0

h h
=0 (E.26)
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(C2): At lower right corneri =N, j=1

h

ocnt  Unszi—Ung W2 —Waa
ot h a h
. 0-0 Wy2-0
~ h  h
_ D Cl2—C1 Ci2+C11
- h( h 127 )
(C3): Atupper leftcorneri=1,j =N
ocin - Uan—Uin Vingr—Vin
ot h B h
 Usn-0 0-0
~ h  h
D CoN—CN CoN +C1N
- h( h N7 )
(C4): At upper right corneri=N,j =N
ocnn - Unpan—Unn Wntz—VaN
ot h B h
~ 0-Unn 0—Vun
~  h  h
B D<CN,N—CN—1,N E CN,N + CN—1N D
— —EnnN

>_

CN.N — CNN-1
h h

2 h

(E.27)

(E.28)

CN,N +CNN-1
_ FN’Ni

2
(E.29)
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