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Missing Data Methods for Observational Health Dataset

Gang Cheng

Chair of the Supervisory Committee:
Yen-Chi Chen
Department of Statistics

This dissertation is motivated by missing data problems arising from two observational health
datasets. The first dataset is created by the SWOG study that linked medicare claims to a
prostate cancer prevention trial dataset. The second dataset is a diabetes EHR dataset that
contains longitudinal measurements of diabetes patients for 11 years.

For the first dataset, we are interested in estimating the long-term effect of a treatment.
In a time-to-event setting, medicare claims are linked to clinical trial data to extend the
follow-up period for trial participants. This allows the estimation of the long-term effect
that cannot be estimated by clinical trial data alone. However, such data linkages are often
incomplete for various reasons. We formulate incomplete linkages as a missing data problem
with careful considerations of the relationship between the linkage status and the missing
data mechanism. We propose a conditional linking at random (CLAR) assumption and an
inverse probability of linkage weighting (IPLW) partial likelihood estimator. We show that
our [PLW partial likelihood estimator is consistent and asymptotically normal.

For the second dataset, the longitudinal measurements for diabetes patients are subject
to nonmonotone missingness. The conventional ignorability and missing-at-random (MAR)
conditions are unlikely to hold for nonmonotone missing data and data analysis can be
very challenging with few complete data. We introduce the available complete-case missing

value (ACCMV) assumption for handling nonmonotone and missing-not-at-random (MNAR)



problem. Our ACCMV assumption is applicable to dataset with a small set of complete ob-
servations and we show that the ACCMV assumption leads to nonparametric identification
of the distribution for the variables of interest. We further propose an inverse probability
weighting estimator, a regression adjustment estimator and a multiply-robust estimator for
estimating a parameter of interest. Asymptotic and efficiency theories of the proposed esti-
mators are studied. We further illustrate the applicability of our method by applying it to
the diabetes EHR dataset.

Finally, we consider the problem of trajectory recovery. Repeated measurements collected
from individuals naturally form a long trajectory and the length of the trajectory creates
additional difficulty for modeling and computation. We introduce a block-Markov type
assumption to handle such missing data problems. We prove that our assumption leads
to nonparametric identification of the joint distribution of the trajectory. Based on this
assumption, we are able to decompose trajectories into multiple missing blocks and thus
greatly reduce both the computation and modeling complexity. For modeling purposes,
we further propose a model-based assumption, which allows us to use both linear models
and flexible machine learning models to impute missing values. We further illustrate the

applicability of our method by applying it to the diabetes EHR dataset.
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Chapter 1

INTRODUCTION

The increasing availability of electronic health data has created both opportunities and
challenges. The SWOG study recently linked medicare claims to the prostate cancer pre-
vention trial (PCPT) dataset to extend the follow-up period for trial participants. PCPT
showed that seven years of finasteride' reduced PC risk by 25% (Thompson et al., 2003).
However, it is unclear if seven years’ of trial follow-up suffices to determine the maximum
benefit of the treatment. Further, the reduced risk of prostate cancer for subjects receiving
finasteride might not be maintained after finasteride discontinuation (Unger et al., 2018).
The linkage of medicare claims extends the follow-up periods up to a maximum of 20 years
compared to 7 years by the PCPT and allows the estimation of long-term effect of finasteride.
However, data linkages are incomplete. About 75% of the participants were linked to the
medicare claims and thus a quarter of the participants missed their information after the
end of the clinical trial.

In chapter 2, we propose a novel conditional linking at random (CLAR) assumption for
the linkage mechanism to deal with the incomplete linkage problem. This allows us to develop
an inverse probability weighting (IPW) type estimator to estimate the long-term effect with
Cox model. We further provide the asymptotic theories for our estimator, allowing for
the inclusion of time-dependent covariates, which appears to be new in the literature. We
further consider a couple of alternative approaches and carefully compare it to the IPW type

estimator we propose. This work is presented in Cheng et al. (2022).

Chapters 3 and 4 are motivated by a diabetes electronic health records (EHR) dataset.

la treatment that inhibits the development of potent androgen that fuels the malignancy of prostate
cancer.



This dataset contains quarterly longitudinal measurements of diabetes patients for 11 years,
from 2003 to 2013. However, EHR data poses significant challenges. For example, a patient’s
information is recorded only if and when they visit a clinic. This naturally leads to non-
monotone missing data when a patient reappeared after one or more missed visits. Further,
the missing patterns are often associated with the underlying missing measurements. For
example, sicker patients are likely to visit the clinic often and have fewer missing values,
while healthier patients are likely to miss visits and thus have more missing values. This
suggests that the missing mechanism is also missing not at random (MNAR). Thus, it is
common to have nonmonotone and MNAR data for the longitudinal measurments contained
in the EHR dataset.

To handle the missing data under MNAR, there are two common frameworks: the selec-
tion model and the pattern mixture model. Let X € R? be the study variables and R € {0, 1}¢
be a binary vector indicating the response pattern such that R; = 1 if variable X is observed.
The selection model framework attemps to model the selection probability P(R = r|X) such
that this selection probability is identifiable from the data. A common approach to identify
the selection probability is via assuming a parametric model and some additional structures
so that we can estimate the selection probability from the data. The pattern mixture model
framework instead focuses on modeling the extrapolation density P(X;|X,, R = r), where
X7 = (X; : r; = 0) are the unobserved variables and X, = (X; : r; = 1) are the observed
variables.

With nonmonotone missing data, modeling the selection probability P(R = r|z) is a
very challenging task even under missing at random (MAR) assumption (Robins and Gill,
1997; Sun and Tchetgen Tchetgen, 2018). Thus, we focus on pattern mixture framework
that identifies the extrapolation densities. Under the pattern mixture framework, previous
work have considered the complete-case missing value (CCMV) restriction, which assumes
that P(X:X,,R = r) = P(XzX,,R = 1;). Thus, CCMV identifies the extrapolation
density with the set of complete observations R = 1;. This may be suitable when the size

of the complete data is not too small. However, we only have a very small set of complete



observations in the diabetes EHR dataset. For example, for the first year’s data, complete
cases only account for 5% of the observations in our dataset.

In Chapter 3, we focus on the first year’s data and propose the available complete-case
missing value (ACCMYV) assumption for handling nonmonotone missing data that is MNAR.
Our assumption is suitable for analyzing datasets with few complete cases. We propose
several estimators and study the efficiency theory and asymptotic thoeries.

In Chapter 4, we consider the problem of trajectory recovery. Longitudinal measurements
naturally form long trajectories and the length of the trajectory creates additional difficul-
ties for modeling and computation. We then propose a block-Markov type assumption that
decomposes the trajectory into multiple missing blocks. We prove that our assumption leads
to nonparametric identification of the joint distribution of the trajectory. For modeling
purposes, we modify our assumption to a model-based version that assumes a multivari-
ate normal distribution for each block. We propose to esitmate the multivariate normal
distribution with linear models or other flexible nonparametric/machine learning models.
Further, we use multiple imputation to obtain multiple completed trajectories and estimate

the uncertainty with bootstrap.



Chapter 2

LONG-TERM EFFECT ESTIMATION WHEN COMBINING
CLINICAL TRIAL AND OBSERVATIONAL FOLLOW-UP
DATASETS

2.1 Introduction

With the increasing availability of electronic health data, combining experimental and ob-
servational datasets has been widely applied in public health research (Warren et al., 2002;
Gilbert et al., 2018). In a time-to-event setting, we consider the setup when data from a
clinical trial is combined with an observational follow-up dataset, such as electronic health
records or administrative claims. Clinical trials often study the effect of a particular treat-
ment for a fixed period of time and it might not be long enough to determine the maximum
benefit of the treatment. In contrast, an observational dataset such as medicare claims natu-
rally extends the follow-up period for clinical trial participants at minimal cost. This enables
the estimation of the long-term effect for the treatment after the clinical trial. To combine
the observational follow-up dataset with the clinical trial data, records belonging to the same
individual can be linked with unique identifiers from both datasets. We use Cox model (Cox,
1972) to define the long-term effect as the parameter for treatment when participants from
the clinical trial are linked to an observational follow-up dataset.

For a real data example, the Prostate Cancer Prevention Trial (PCPT) was previously
launched to examine whether finasteride! could prevent the development of prostate cancer
(PC). PCPT showed that seven years of finasteride reduced PC risk by 25% (Thompson et al.,

2003). However, it was unclear if seven years’ of trial follow-up sufficed to determine the

la treatment that inhibits the development of potent androgen that fuels the malignancy of prostate
cancer



maximum benefit of the treatment. Further, the reduced risk of prostate cancer for subjects
receiving finasteride might not be maintained after finasteride discontinuation (Unger et al.,
2018). A later study linked medicare claims to the clinical records for participants in PCPT
with their social security numbers (SSN) (Unger et al., 2018) to estimate the long-term effect
of finasteride on prostate cancer (PC) development. In this example, PCPT is the clinical
trial and medicare claim is the observational follow-up dataset. Medicare claims extend the
follow-up periods up to a maximum of 20 years compared to 7 years by the PCPT. Thus,

we can observe more diagnosis times of PC within the medicare claims dataset.

However, not every participant in the clinical trial can be linked to the observational
dataset. For the PCPT-medicare example, some participants might not be willing to share
their SSNs or they may be enrolled in health maintenance organization (HMO) and medicare
claims are not applicable to HMO individuals (Unger et al., 2018). With incomplete linkages,
survival outcomes in the observational dataset might be missing for some participants. For a
participant censored in the PCPT, meaning he was not diagnosed with PC within the clinical
trial, his survival outcome in the observational dataset would be missing if he is unlinked.
On the other hand, if a participant was diagnosed with PC within the clinical trial, his
survival outcome has been already observed within the clinical trial and the linkage to the
observational follow-up dataset is in fact not necessary. This suggests that the missingness of
survival outcome depends both on the linkage status and whether a participant was censored
in the clinical trial or not.

To deal with the missing survival outcomes, a complete-case analysis that only includes
linked participants will ignore all the unlinked participants with observed survival outcomes
within the clinical trial. However, simply adding those unlinked participants to the complete-
case analysis will also cause biased estimate. Essentially this would lead to the missingness
of the survival outcomes to depend on itself and the missingness is then missing not at
random (MNAR). To properly incorporate those unlinked participants with observed sur-
vival outcomes, we choose to model the linkage probability directly. As we discussed above,

participants who miss the survival outcomes in the observational dataset are those who are



censored in the clinical trial and unlinked. Hence we take a missing data perspective and
propose a novel conditional linking at random (CLAR) assumption for the linkage mech-
anism. More specifically, we assume that for participants who are censored in the clinical
trial, linkages are independent of the survival outcomes after conditioning on their covariates
vectors, such as social economic status or other clinical factors. No linkage assumptions are
made for those participants uncensored in the clinical trial. Under the CLAR assumption,
we can then weight each participant appropriately and obtain unbiased estimates for the

long-term effect.

As we use Cox model to define the long-term effect, we develop an inverse probability of
linkage weighting (IPLW) partial likelihood estimator. We prove the asymptotic normality
and consistency of our IPLW partial likelihood estimator. Our approach allows inclusion of
time-dependent covariates for more flexibility. While there has been plenty work (Binder,
1992; Robins, 1993; Lin, 2000; Qi et al., 2005) on proving the asymptotic convergence for an
inverse probability weighting (IPW) type partial likelihood estimator when there are only
time-independent covariates, their proof cannot be easily generalized to the case when there
are time-dependent covariates (Breslow and Wellner, 2007). To this end, we establish an
IPLW empirical process weak convergence result that builds on the work in Saegusa and
Wellner (2013) and borrow the techniques from Lin and Wei (1989) to extend the theoretical

results to include time-dependent covariates.

Related work. There has been an increasing amount of work on combining different

datasets and studying the treatment effect on long-term outcomes in causal inference (Rosen-
man et al., 2018, 2020; Kallus and Mao, 2020; Athey et al., 2020). All these works focus
on using experimental and observational datasets that contain different set of individuals,
which is different from our setup. IPW has also been widely applied in the survival analysis
setting (Binder, 1992; Robins et al., 1994; Robins and Finkelstein, 2000; Hernén et al., 2000;
Lin, 2000; Qi et al., 2005; Tsiatis, 2007; Breslow and Wellner, 2007; Saegusa and Wellner,
2013). Robins and Finkelstein (2000) applied inverse probability of censoring weights to

estimate Cox model that adjusts for dependent censoring by utilizing data collected on time-



dependent prognostic factors. ITPW has also been applied for Cox models with two-phase
stratified sampling under right censoring (Binder, 1992; Lin, 2000; Breslow and Wellner,
2007), while Saegusa and Wellner (2013) further studied the problem of two-phase sampling
for the Cox model under interval censoring with IPW. Our approach is different from all
previous works as we also allow for time-dependent covariates.

Outline. In Section 2.2, we provide background and notations required for our method-
ological developments. We also introduce several alternative approaches. We introduce our
main IPLW estimator in Section 2.3 and provide theoretical justifications. We conduct sim-
ulation studies in Section 2.4 to illustrate the validity of the proposed method. We apply
our approach to the SWOG prevention trial in Section 2.5. We further compared our IPLW
estimator to an alternative approach in Section 2.6. In Section 2.7, we conclude this chapter

and point out some possible future directions.
2.2 Background and Notations

We first consider the oracle setting that all participants from the clinical trial are linked. We
make a “no gap” assumption such that there is no gap between a participant’s last recorded
date within the clinical trial and the start date of the observational follow-up dataset. This
“no gap” assumption eliminates the possibility of interval censoring in which a participant
is diagnosed with the event of interest while not under observation. For simplicity, we make
this “no gap” assumption to focus on the right censoring problem and we discuss how to
relax this no gap assumption in Appendix A.6.

Time is measured since enrollment in the clinical trial and we align each patient’s en-
rollment time to the same origin. We define 7" as the failure time, C as the censoring time
within the clinical trial and @ = I(T" < C) as the censoring indicator for the clinical trial.
We use a constant 71 to denote the end time of clinical trial. Possible reasons for censoring
in the clinical trial include loss to follow-up and administrative censoring. In contrast, the
length of observational follow-up dataset is often determined by the data availability and

also vary from person to person. We set a constant 7 with 75 > 71 as the common end



time for observational follow-up dataset and assume that there are a significant proportion
of participants at risk after 7. Thus, we are interested in estimating the long-term effect
on survival up to time 7, using data from clinical trial records and observational follow-up.
Similarly, we define C5 as the censoring time in the observational follow-up dataset. Possible
reasons for censoring in the observational follow-up include short coverages such that a par-
ticipant is not covered long enough by the observational dataset, administrative censoring
where a participant is event-free and covered by observational follow-up until 7.

We use C' = max(Cy, () to denote the actual censoring time and let 7' = min{T, C'}
denote the actual observed time and A = I(T < C') be the censoring indicator throughout
the entire follow-up period. Let X € R” denote baseline characteristics, clinical factors and
treatment assignment. We also use A to denote the treatment assignment when necessary.

We make the independent censoring assumption:
T 1 (C,C)|X

Thus, 7" is conditionally independent of max(Cy, Cy) given X.

2.2.1 Cox model and Long-term effect

We use the Cox model to define the long-term effect and we allow for the possibility of model-
misspecification. We now discuss the parameter for the long-term effect. Assume that there
are n participants in the clinical trial and they are all linked to the observational follow-up
dataset, so (X, Q. T, A;) for i = 1,...,n are all observed. The Cox model assumes that

the hazard function has the following form:

A(t[X, Bo) = No(t) exp(B1A + B, X _4) (2.1)

with 3, € RP~! and X_ 4 is the covariate vector excluding treatment A. \o(t) is the baseline
hazard function and f; represents the long-term effect. To account for potential different

effects between clinical trial and the observational follow-up period, we also consider the



following model with a change point at time 7 (Liang et al., 1990; Pons et al., 2003)

A(tX; Bo, Br,0) = Mo(t) exp[(By + 0=, ) A + B, X_4]. (2.2)

(1 now represents the effect in the clinical trial, while 6 represents the difference of the effect
between observational follow-ups and clinical trial. [; + 6 now represents the long-term
effect. When 6 = 0, model (2.2) reduces to (2.1). Without loss of generality, we will use
the parameter notation from model (2.1) in the following. Following the notation in Lin
and Wei (1989), for the i-th individual, let X\;(t) = A(¢|X;) be the true hazard function,
Ni(t) = I(T; < t,A; = 1) and Y;(t) = I(T; > t). For k = 0,1,2, define

= SHOAOXE ) = EIS0)
(5.) - %Z V(1) exp(BTX)XE s O(5.1) = E[S(8.1)]

where for a column vector a, denote a®? = aa’, a®' = a and a®' refers to the scalar 1. With
Cox model as a working model, the parameter of interest is G that solves the following

equations (Andersen and Gill, 1982; Lin and Wei, 1989)
(1) f T2 T2 ¢

Afx-2BDY | f s (¢)dt —J B o g (23)
sO(B,T)

Uoy(B) =E
o(8) 0 o sO(B, t)
When Cox model is correctly specified with true parameter 8y, we have 8 = Bp. When

Cox model is misspecified, parameter 8 that solves equation (2.3) is still well-defined. For
example, if the true model follows equation 2.2 and we use 2.1 as our model, then the

long-term effect §; can be interpreted as the average effect over the entire follow-up period.

2.2.2  The linkage problem and assumption

Now we consider the more realistic setup that not every participant is linked to the obser-
vational follow-up dataset. We use L to denote the linkage status. L = 1 means that the

participant is linked to the observational follow-up dataset and L = 0 means unlinked. As
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Class 3

L=0,Q=0
(L,Q,X)

Figure 2.1: A diagram illustrating the three classes of participants and how it is defined via

the linkage indicator L and in-trial censoring indicator Q).

(U5 is unobserved when L = 0, C' is missing in this case. We classify participants into three
classes based on their linkage status L and in-trial censoring indicator Q.

Class 1: L = 1. This class contains all participants linked to the observational follow-up
dataset, where we have full observations: (L, T,.A,Q, X), but possibly censored.

Class 2: L =0, = 1. This class represents participants diagnosed with the event of
interest within the clinical trial but unlinked to observational follow-up. Thus, we still have
complete information (L, T,A,Q, X).

Class 3: L =0,Q = 0. This class includes participants who did not experience the event
of interest during the clinical trial, and were not linked to observational follow-up dataset.
Both T and A are missing and we only observe (L,Q,X).

Figure 2.1 provides a summary of the three classes defined above. We have completely
observed data (L, f, A, @Q,X) in class 1 and 2, while two important variables T, A are missing
in class 3. To deal with the missing T and A, we propose the following conditional linking

at random assumption (CLAR):
(A1) P(L =1|T,A,Q = 0,X) = P(L = 1|Q = 0,X).

More specifically, (A1) states that for a participant who is censored in the clinical trial,
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his/her linkage status is independent of the survival outcomes given his baseline covariates,
clinical factors and treatment assignment. For example, clinical trial participants with higher
social economic status might be more sensitive to personal privacy and not willing to share
personal information that are important for data linkage.

We compare our CLAR assumption (A1) with the classical MAR type assumption (Rubin,
1976; Little and Rubin, 2019), which can be written as follows

P(L =1T,A,Q,X) = P(L =1|Q,X). (2.4)

CLAR is actually implied by MAR (2.4). However, CLAR is restricting the conditional
independence to the subpopulation with @) = 0, while MAR (2.4) is assuming the conditional
independence for the whole population. To see why this is important, note that MAR (2.4)
implies that

P(L=1T,A,Q=1,X)=P(L=1Q =1,X) (2.5)

and when ¢Q = 1, both T and A are always observed, meaning that (2.5) might in fact
contradict the data. In contrast, with no assumptions for participants with ¢ = 1, CLAR is
non-parametrically identifiable, i.e., they will never contradict the data (Robins et al., 2000).

Further discussions on potential linkage assumptions are given in Appendix A.5.

2.2.8 Alternative approaches and a motivating example

We now consider three alternative approaches that practitioners may use. We show that
they all give inconsistent estimates for B§ with a simulated example when Cox model is

misspecified and CLAR assumption (A1) holds. These three approaches are

e Complete-case (CC) analysis that only includes participants that are linked. These

corresponds to participants in Class 1 with L = 1.

e Complete-case analysis plus (CC+) that includes not only participants that are linked,
but also participants with () = 1. This corresponds to participants in Class 1 and 2 in

Figure 2.1.These are the participants with L + Q) > 0.
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e Non-linked-as-censored (NLAC) that treats participants from Class 3 (L = 0,Q = 0)
as censored and sets their censoring time as C' = (. These are the participants that
are unlinked and censored in the clinical trial. Then we can fit the Cox regression with

all participants from clinical trial.

We simulate data according to a Cox model with hazard function specified by covariates
X1, X5, X2 and a Cox model with covariates Xy, X5, X3 is fitted. More details are given in
Appendix A.8. Figure 2.2 presents the 95% confidence intervals for one of the parameters.
Oracle method refers to the approach that all participants in the clinical trial are linked.
Among all four approaches, CC+ gives the most biased estimates. CC gives less biased
estimates than CC+. NLAC also gives biased estimates compared to the oracle method.
Although not shown here, the coverage of 95% confidence intervals for CC, CC+, NLAC all
decrease as n increases.

We now discuss these three alternative approaches. One sufficient condition for CC to
be consistent is linking completely at random (LCAR), i.e., L L (T, A). This is similar to
the missing completely at random (MCAR) (Little and Rubin, 2019) condition. The LCAR
condition is a strong condition and may contradict the data? whereas the CLAR condition
will not. Thus the CLAR condition (A1) is a preferred condition in a context similar to
our setting. For CC+, the missingness of survival outcomes now also depends on survival
outcomes itself as a participant would be included if L + ¢) > 0. Thus, the missingness can
be viewed as MNAR and CC+ will always lead to biased estimates. Finally, for participants
from Class 3, NLAC seems like a natural idea that simply uses their censoring time in clinical
trial C; as the censoring time for the entire follow-up period. However, when Cox model is
misspecified, NLAC in fact always give biased estimates of B%. More discussions of NLAC
are deferred to section 2.6. As these three approaches are inconsistent, we have to propose a
new approach to consistently estimate 3;. Our proposed approach is different from NLAC

as for participants in Class 3, we treat their survival outcomes as missing.

2we can easily test this condition
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95% Confidence intervals for B

034 T
True value

---0.3678

method

- Oracle
Complete Case
CC+

~0.41 -~ NLAC

_________________________________

2500 5000 7500 10000
Sample size n

Figure 2.2: CC+, CC and NLAC all give inconsistent estimates of fj.

2.3 DMethods

2.8.1 IPLW Partial likelihood estimator

Due to the missingness of T and A, we can not use the classical partial likelihood for Cox
model to estimate the parameters. We first illustrate our approach with time-independent

covariates only. We start by writing the regular log-likelihood for Cox model as follows:

1n(8, o) = 12 U(Th, AL X0 B, \o) = Zlog( (TX)2S(TX))

3

where S(t|x) is the conditional survival function for the failure time 7. However, [,(3, Ao)
is unidentifiable since we do not observe (YN’Z, A;) for participants in Class 3 of Figure 2.1. To

resolve the identifiability issue, consider the expected log-likelihood

E(I(8,\o) = E [1log (ATIX)*S(71X) )
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where [ is the expectation with respect to random variable (f, A, X) and
1B, do) = U(T, A X3 B, Mo).
By the law of large number, we have 1,,(8, \o) —, E(I(B, \o)).

Proposition 2.3.1. Under assumption (A1), we have

I(L+Q>0)l(B, \)
Q+(1-Q)P(L=1X,Q=0)

Proposition 2.3.1 shows that E(I(8, A¢)) can be expressed in the IPLW form and the

E(1(8, X)) = E

(2.6)

proof can be found in Appendix A.3. We assume a logistic regression model for the linkage

probability P(L = 1|X,Q = 0) for simplicity such that

ex X
P(L = 11X, Q = 03) — —P0X)
1+ exp('y0 X)

= Ty (X)

with 4o € R?*! and X = (1,X7)7. In particular, 4, can be estimated by the maximum

likelihood estimator 4,,. Using result (2.6), an IPLW estimator of E(I(3, \g)) is

Li+Qi>0) 5 4 Tow ST X
,3>\0 ZQ’L 1—Qz)71'~,n( )[A 10g)‘< z’Xz)+1gS(E|XZ)]

with the log-likelihood being weighted by w; = I(L; +Q; > 0)/[Q; + (1 — Q;)75, (X;)]. IPLW

partial score can then be derived as

noS T > T exp(XT
0u(8) == DA, (Xi—zﬂ‘fw]{ s > 1) op(X; %, ) (2.7)

which is a sample analog of equation (2.3) and B, can be obtained by solving equation (2.7)
using standard statistical software. Detailed derivations of (2.7) can be found in Appendix
A.1. In summary, our method for estimating the regression parameters of Cox model consists

of two steps:

e Step 1. We estimate the linkage probability P(L = 1|Q = 0,X;70) = 7, (X) with

logistic regression. 4, can be obtained by the maximum likelihood estimation.
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e Step 2. An individual with A; = 1 is weighted with weight @; using the estimated
linkage probability 75, (X;). More specifically, for participants with ¢); = 1, the weight
is 1; for participants with @; = 0 and L, = 1, the weight is 1/7m+; (X;). ,@n is then
obtained by solving (2.7).

2.3.2  Time-dependent covariates

In practice, it is common for Cox regression to include time-dependent covariates and we
now extend our IPLW method to incorporate the time-dependent covariates. We build on
the work in Lin and Wei (1989) to extend our theoretical results to include time-dependent
covariates with the IPLW partial likelihood estimator. Let X;(t) = (ZT, Zo;(t)")" € RP
denotes the covariates vector, where Z;; € R% corresponds to the baseline (time-independent)
covariates and Zo;(t) € R% corresponds to the time-dependent covariates for i = 1,...,n at
time t. We have dy +dy = p. Zg;(t) can represent covariates that are continuously monitored
during the clinical trial and observational follow-up datasets. For Cox model with a change
point (2.2), Zy(t) = I(t > 1) A. Let X(t) = {X(s) : s € [0,t]} denote the history of covariate
vector X(s), up to time t. To incorporate time-dependent covariates into the IPLW partial
likelihood, we modify the CLAR assumption (A1) as following:

Assumptions.
(D1) The linkage status satisfies that
P(L=1|T,A,Q =0,X(ry)) = P(L =1|Q = 0,Z,).

The distribution of Z; is not concentrated on a (d; — 1) dimensional affine subspace of

R%

(D1) assumes that linkage only depends on time-independent covariates Z; and also ensures
the identifiability of 7, (see, e.g., Example 5.40 of Van Der Vaart (2000)). We can further
relax this assumption such that linkage also depends on Zs(C), the value of time-dependent

covariates at the censoring time in clinical trial. For simplicity, we assume that linkage
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only depends on the baseline (time-independent) covariates. Based on assumption (D1), we

modify the weights as follows:

W — I(LZ+QZ>O) G = I(LZ+QZ>O)
Qi+ (1= Qi) (Zy) Qi+ (1= Qi) (Zy;)

with vy € R%+, The IPLW partial score incorporating time-dependent covariates is now as

follows:

U,(8) =

1 o [y SmlB T 1 (™ »Siu(B1) oo (28
Y A X (T — =2 = 20) g, X, (t)dN;(t) — A AN (t

n w{ T s 6.7 240 | Xi(0)dNi(t) José%w,t) W

with S{%,(8,1) = L X0, @:Yi(t) exp(B7X,(4)X; (1) and N(t) = 2 X0, @;N;(t).
We redefine

and

s () = E[Y ()X (1) X ()]
where A\(t|X(t)) is the true hazard function for participants with covariates history X(t). The
estimated parameter ,@n solves ﬁn(ﬁ) = 0 and its population version 3§ solves Uy(3) = 0
with

UolB) =E sO(8,7) 0 o sO(B,t

A (X(j:) B SED(/B?jj))] _ J‘7'2 S(l)(t)dt B J'T2 S( E,@ ti (O)<t)dt

In addition to (D1), we consider the following technical assumptions.

Assumptions.

(D2) The time-dependent covariates X;(¢) have bounded total variation such that |X;(0)|; +
§o7 1dX;(t)]1 < B for a fixed constant B > 0.

(D3) P(L=1|Q =0,Zy) = 7my,(Z1) = 6 > 0 for all possible values of Zj.
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(D4) The failure time and censoring time satisfy
P<T = S|OI7CQJX(S)) = P(T = S|X<S))

for s € [0, 7] and P(T > 1) > 0.

- (2) (3% (1) (g% ®2 . o ]
(D5) = = {ZO)EZ%g - <z(0)gggkg> }S(O) (t)dt is positive definite.

(D2) assumes that time-dependent covariates have bounded variation (Bilias et al., 1997).
(D3) is a standard positivity assumption for IPW type approach. (D4) is an independent
censoring assumption (Bilias et al., 1997) and basically requires that a positive fraction of
participants are still at-risk after the end of the observational dataset. (D5) is a standard
assumption for Cox models (Andersen and Gill, 1982; Lin and Wei, 1989) that ensures the

uniqueness of Bf. Now we present the consistency and asymptotic normality of Bn

Theorem 2.3.2 (Asymptotic results of ,@n) Let B, be the solution to the equation ﬁn(ﬁ) =
0. Under assumptions (D1) - (D5), we have B. —, B and

V(B = B5) —a N(0, 55" S 3
and the form of Xy can be found in Theorem A.1.1 (supplementary material).

Our proof builds on the convergence results for the underlying IPLW emprical process
and we give the relevant results for the IPLW process in Appendix A.2. In particular, we
proved the Glivenko-Cantelli property of the IPLW empirical process and adopt the strategy
in (Andersen and Gill, 1982) for the consistency proof. Next we follow Lin and Wei (1989) to
derive the asymptotic linear form for our IPLW partial likelihood estimator and we further
establish the weak convergence results of the IPLW empirical process to prove the asymptotic

normality.

Remark 2.3.3. We further consider the augmented inverse probability of linkage weight-
ing (AIPLW) estimator in Appendiz A.4. We give the augmented estimating equation and
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prove that AIPLW estimator is “doubly”-robust when either the linkage probability is con-
sistently estimated or three regression functions are consistently estimated. The limitation
of the AIPLW estimator is that we need to consistently estimate three regression functions.
These three regression functions are themselves variational dependent and congenial para-
metric modeling can be difficult for all three functions. On the other hand, nonparametric
estimation technique does not have the model congeniality problem, but suffers from the curse
of dimensionality when there are a large number of covariates. For these reasons, we decide

to not implement this “doubly”-robust estimator.
2.4 Simulation

We now compare the performances of our proposed IPLW method with several other meth-
ods, including complete-case analysis (CC), complete-case analysis plus (CC+), Non-linked
as censored (NLAC) and the oracle method. The oracle method assumes that all partici-
pants in the clinical trial are linked to the observational follow-up dataset. We first revisit
the motivating example in section 2.2.3. Figure 2.3 shows that our proposed IPLW method
gives both consistent estimates and correct coverages for the 95% confidence intervals. On
the other hand, CC+, CC and NLAC all give below nominal coverages and inconsistent
estimates.

We next perform a more comprehensive set of simulations. We consider the following

data generation settings. The hazard function is
)\(t’X(t)) = )\o(t) exp(ﬁle + 52X2 + Bng(t) X Xl)

and By = (b1, B2, 83) = (—In(4),In(1.5),0.5). X; follows a Bernoulli distribution with prob-
ability 0.5, X5 follows a normal distribution with mean and variance both being 1 and
X3 = I(t = 1) where 7 is the end time of clinical trial. If we treat X; as the variable for
treatment assignment, 3 now represents the difference between the effect after and before
71. This is the Cox model with a change point at 7; (2.2). The baseline hazard function is

Ao(t) = 0.06. C is exponentially distributed with rate 0.01.X; + 0.03 and the censoring time
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Figure 2.3: Revisiting the motivating example in section 2.2.3. Our approach and the oracle

approach are the only methods leading to a valid confidence interval.

(5 is set as (' plus an exponential random variable with rate 0.05X; 4+ 0.03. Further, we set

71 = 5 and 75 = 16. Three linkage mechanisms are considered as follows:

(1) P(L = 1) = 0.5 and L is independent of all other variables. This is the linking
completely at random (LCAR) case.

(2)
log {P(L —1X,Q =0,T,A)/P(L=0/X,Q =0,T, A)} = —0.25+ 0.5X; + 0.5X>
and P(L = 1|Q = 1) = 0.5. Thus the linkage satisfies CLAR assumption.
(3)

log {P(L —1|X,Q = 0,T,A)/P(L = 0|X,Q = 0, T, A)}

= —0.25+ 0.5X; + 0.5X5 — 0.017 — 0.01A
and P(L = 1|Q = 1) = 0.5. This is the linking not at random (LNAR(T)) case.

Both mechanisms (1) and (2) satisfy our CLAR assumption. Mechanism (2) shows that under

the CLAR assumption, data linkage can still depend on the survival outcomes through the
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in-trial censoring indicator (). Mechanism (3) slightly violates the CLAR assumption and

serves as a case for sensitivity analysis.

Table 2.1: Simulation results when Cox model is correctly specified when n = 2000.

Bias (Mean SE) Coverage of 95% CI

Mechanism  Method 51 B2 B3 51 B2 B3
LCAR Oracle  -0.00 (0.108)  0.00 (0.033)  -0.00 (0.140) 0.94 0.95 0.96
CC  -0.00 (0.153) 0.00 (0.046) -0.01 (0.199) 0.95 0.96 0.96
CC+  0.13 (0.110) -0.03 (0.038) -0.13 ( 0.168) 0.777 0.86" 0.897
NLAC  -0.00 (0.110)  0.00 (0.038) -0.01 (0.168) 0.94 0.95 0.95
IPLW  -0.00 (0.114)  0.00 (0.041) -0.01 (0.170) 0.94 0.95 0.95
CLAR Oracle  -0.00 (0.108)  0.00 (0.033)  -0.00 (0.140) 0.94 0.95 0.96
CC  -0.18 (0.151) -0.06 (0.045) 0.19 (0.188) 0.79" 0.757 0.83f
CC+  -0.07 (0.109) -0.10 (0.038)  0.09 (0.157)  0.91 0.23" 0.91
NLAC  -0.00 (0.109)  0.00 (0.037) -0.00 (0.157) 0.94 0.95 0.95
IPLW  -0.00 (0.110)  0.00 (0.040) -0.00 (0.159) 0.94 0.95 0.96
LNAR ()  Oracle -0.00 (0.108) 0.00 (0.033) -0.00 (0.140) 0.94 095 0.96
cC -0.19 (0.151)  -0.07 (0.045)  0.20 (0.189)  0.79" 0.69" 0.84f
CC+  0.07 (0.109) -0.11 (0.038)  0.09 (0.158)  0.92 0.167 0.92
NLAC  -0.00 (0.109) 0.00 (0.037) -0.01 (0.158) 0.94 0.95 0.95
IPLW  -0.00 (0.111) -0.00 (0.041) -0.01 (0.160) 0.94 0.95 0.95
LNAR (Cy) Oracle -0.00 (0.108) 0.00 (0.033) -0.00 (0.140) 0.94 0.95 0.96
CcC -0.31 (0.154) -0.16 (0.055)  0.33 (0.229)  0.477 0.16" 0.70f
CC+  -0.12(0.111) -0.22 (0.043)  0.14 (0.202)  0.83" 0.007 0.88f
NLAC  -0.00 (0.110)  0.00 (0.042) -0.02 (0.202) 0.93 0.95 0.95
IPLW  -0.00 (0.117)  0.01 (0.057) -0.02 (0.211) 0.93 0.94 0.94

We use T to highlight settings with coverage below 90%.



21

Table 2.2: Simulation results for when Cox model is misspecified and n = 2000.

Bias (Mean SE) Coverage of 95% CI
Mechanism Method 51 Ba B B
LCAR  Oracle -0.00 (0.068) 0.00 (0.033) 0.93 0.94
CcC -0.00 (0.096) 0.00 (0.046) 0.93 0.96
CC+  -0.00 (0.081) -0.03 (0.038) 0.93 0.841
NLAC -0.08 (0.081) 0.00 (0.038) 0.82' 0.95
IPLW  -0.00 (0.087) 0.00 (0.042) 0.94 0.95
CLAR  Oracle -0.00 (0.068) 0.00 (0.033) 0.93 0.94
CcC -0.04 (0.087) -0.06 (0.045) 0.92 0.761
CC+  -0.08 (0.075) -0.10 (0.038) 0.81f 0.257
NLAC  -0.05 (0.076) 0.00 (0.037) 0.89" 0.95
IPLW  -0.00 (0.079) 0.00 (0.040)  0.93 0.95
LNAR(T) Oracle -0.00 (0.068) 0.00 (0.033) 0.93 0.94
CcC -0.05 (0.088) -0.07 (0.046) 0.91 0.70%
CC+  -0.09 (0.076) -0.11 (0.038) 0.78f 0.17%
NLAC  -0.06 (0.077) -0.00 (0.038) 0.88 0.94
IPLW  -0.00 (0.080) -0.00 (0.041) 0.93 0.95

We use T to highlight settings with coverage below 90%.

We consider sample sizes n = 500, 1,000, ...,10,000 and we generate 1,000 samples for
each simulation setting. We fit two Cox regressions. The first Cox regression is fitted with
covariates X7, X, X3(t) x X; and the second Cox regression is fitted with X; and X, only.
Thus, Cox regression is correctly specified for the first regression and mis-specified for the

second regression. For the misspecified case, Bj is estimated with the oracle method by
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computing the averages of 1,000 parameter estimates with sample size n = 10,000. The
mis-specified regression omits the time-dependent covariate X3(t) x X; and thus ignores the
change-point at 71 for the effect. The corresponding parameter 5; for X; can be interpreted as
an averaging effect for the entire follow-up period and is equal to —1.10, between the clinical
trial effect —In(4) ~ —1.39 and the observational follow-up effect —In(4) + 0.5 ~ —0.89.
We use the robust variance estimate (Lin and Wei, 1989) when Cox model is misspecified
for all methods other than the IPLW method. For the IPLW method, the variance estimate is
automatically robust when Cox model is misspecified. When Cox model is correctly specified,

one additional mechanism for linkage is considered as

(4)

log{P(L =1X,Q =0,C2,A)/P(L=0/X,Q =0,Cy,A)} =

—0.25+0.5X; +0.5X, — 0.1C5, — 0.1A
and P(L = 1|Q = 1) = 0.5. We call this linkage mechanism LNAR(Cj).

Mechanism (4) is a more serious violation of the CLAR assumption and linkage now depends
on the unobserved censoring time Cy. As discussed in section 2.6, NLAC should still work
under this linkage mechanism. The percentages of samples that are not linked and censored
in the clinical trial are approximately 39%, 30%, 32%, 51% for these four mechanisms.
Simulation results are reported in Tables 2.1 - 2.2. In the table, bias is the difference of
the average of 1,000 parameter estimates and the true parameter value. Mean standard error
(SE) is the average of 1,000 SE estimates. CI stands for confidence interval. We first discuss
the results when Cox model is correctly specified. When linkage satisfies LCAR, all methods
give consistent estimates and correct coverages for the 95% confidence intervals except CC+.
Oracle method gives the smallest variance estimates as each participant is linked. NLAC
gives the second smallest variance estimates. CC can be viewed as an IPW method with
known probability as the weights and it has the largest variance estimates among all methods.

Our proposed IPLW method gives smaller variance estimates than CC for two reasons. First,
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IPLW method uses more data than CC; second, IPLW method uses estimated weights, which

is known to be more efficient than IPW method with known probability as weights.

When linkage satisfies CLAR but not LCAR, only oracle method, NLAC and our pro-
posed IPLW method give consistent estimate. When CLAR is slightly violated, CC, CC+
all obtain severely biased estimates and confidence intervals with less than nominal cover-
ages. NLAC and our proposed IPLW method still perform relatively well in this case. When
linkage depends on the censoring time in observational follow-up Cy, NLAC gives consis-
tent estimates and correct coverage as expected. For this particular simulation setting, our

proposed IPLW method also works pretty well.

Next, we discuss the simulation results when Cox model is misspecified. When linkage
satisfies LCAR, CC+ and NLAC give inconsistent estimates of the parameters and do not
achieve nominal coverage for 95% confidence intervals. It is expected that CC would per-
form well in this case as discussed in section 2.2.3. Further, NLAC always obtains severely
negatively biased estimate of 7, the averaging effect. Our proposed IPLW method again
obtains smaller variance estimates than CC as more data are fitted and estimated weights
improve efficiency. When the linkage satisfies CLAR but not LCAR, only oracle method
and [PLW method give consistent estimates and correct coverages. When CLAR is slightly
violated, IPLW approach performs best among all methods other than the oracle method.

2.5 SWOG study

We apply the proposed IPLW method to the SWOG study that links medicare claims data
to the PCPT data (Unger et al., 2018). The PCPT randomly assigned 18,880 eligible men
from 1993 to 1997 to finasteride or placebo daily for seven years. PCPT clinical records are
linked to participants’ medicare claims data according to common social security number,
sex and date of birth. Medicare claims are available from 1999 to 2011. The linkage enables
PC to be identified by both clinical records and medicare claims. 14,176 (75.1%) participants
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were linked to medicare claims (finasteride = 7069; placebo = 7107)3. The median time from
treatment random assignment to the end of the linked trial medicare dataset was 16 years.
We are interested in studying the effect of treatment finasteride on the time to diagnosis of
PC. Death is treated as censoring.

Of the 14,176 participants with a link to the medicare, 2,037 have a gap between the end
of SWOG trial and the start of medicare claims. The median length of the gap was 1.6 years.
We exclude those participants with a gap. We fit Cox regression with covariates including
the prostate-specific antigen (PSA) level at study entry, race, body mass index at study
entry, first degree family history of prostate cancer, age at baseline. Additional covariates
were included for logistic regression modeling linkage: participants’ education level, marital
status, employment status, type of jobs. We further remove participants with any missing
covariates and we have 16,518 participants left in the study.

Following the studies in Unger et al. (2018), Cox regressions with two change points at
6.5 and 7.5 years are fitted to account for potential differing effects within critical periods of
follow-up. We compared the results of CC, CC+, NLAC and our proposed IPLW method
in table 2.3. Table 3.4 contains the parameter estimates and 95% confidence intervals for
treatment Finasteride in different time periods®. Overall, the results do not differ much
between all four methods based on the 95% confidence intervals. A key reason might be
that the linkage rate was high for the original study (Unger et al., 2018) as 75% of the
participants were linked. Further, they examined potential health care utilization differences
by arm and other potential biases in Unger et al. (2018) and found no evidence of strong
differences. This suggests that linkages might be following a LCAR mechanism. We also
obtained robust variance estimates (Lin and Wei, 1989) and the corresponding confidence
intervals. The results are very similar to the nonrobust ones. In summary, finasteride arm
participants had a 30% decrease in the hazard ratio of prostate cancer (hazard ratio (HR)

= 0.70, 95% confidence intervals (CI) = 0.61 - 0.80) during the first 6.5 years. The effect

3See Unger et al. (2018) for details on linkage criteria

4on the exponential level
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of finasteride is strongest between 6.5 - 7.5 years (HR = 0.67, 95% CI = 0.60 - 0.75). The
long-term effect of finasteride after the 7.5 years does not seem to increase the risk of PC
(HR = 1.11, 95% CI = 0.95 - 1.30). It is worth noting that CC, CC+ and NLAC obtain more
similar long-term effects estimates compared to our proposed IPLW methods. We further fit
a Cox regression without any change points and the results are in table 2.4. The results again
do not differ too much between all four methods, despite the fact that CC, CC+ and NLAC
share more similar results compared to our IPLW method. In summary, the long-term effect

of finasteride, now estimating the averaging effect over the entire follow-up period, is still

beneficial (HR = 0.79, 95% CI = 0.73 - 0.85).

Table 2.3: SWOG study long-term effect estimation with two change points

Methods Finasteride (0 - 6.5 years) Finasteride (6.5 - 7.5 years) Finasteride (7.5 years+)

IPLW 0.696 (0.607 - 0.797) 0.670 (0.599 - 0.749) 1.113 (0.951 - 1.303)

CC 0.683 (0.587 - 0.795) 0.662 (0.586 - 0.747) 1.087 (0.933 - 1.265)
CC+ 0.699 (0.610 - 0.801) 0.663 (0.594 - 0.740) 1.086 (0.933 - 1.265)
NLAC 0.697 (0.608 - 0.798) 0.668 (0.600 - 0.744) 1.079 (0.927 - 1.257)

Table 2.4: SWOG study long-term effect estimation with no change points

Methods Finasteride
IPLW  0.790 (0.732 - 0.853)
CC 0.767 (0.708 - 0.831)
CC+  0.758 (0.704 - 0.816)
NLAC  0.757 (0.703 - 0.814)
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2.6 Comparison of NLAC and IPLW

Now we give a detailed comparison between NLAC and IPLW method. For notational sim-
plicity, we only present the results with time-independent covariates. When Cox model is
correctly specified, NLAC gives consistent estimates as long as censoring time C' is indepen-

dent of T given X. Recall the censoring time is modified as
Cripac = Lmax(Ch,Cy) + (1 — L)Cy = L[max(Cy, Cy) — C1] + C4
with NLAC. The independent censoring assumption holds for Cxpac if
(N1) L L T|X,C4,Cy

holds since

(N]_) + (Cl, 02) A T|X = (L, Cl, 02) A T|X

Thus, (L,Cq,Cs) 1L T|X implies that Cxpac L T|X. Further, we study how NLAC works
under the CLAR assumption. First, we can the CLAR assumption as

(N2) L1 (Ta A)’X>Q =0, Cl
given (] is always observed when () = 0 and one sufficient assumption for (N2) is

With a bit abuse of notation, we also call assumption (N3) the CLAR assumption (even
though (N3) and (N2) are logically different from CLAR). Next, we have the following

proposition.

Proposition 2.6.1. When Coz model is correctly specified and (Cy,Cs) 1L T|X, if the
following assumption

(N4) L 1L T|(X,Q = 0,0y, C)

holds, NLAC provides consistent estimates for 3.
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The proof is given in Appendix A.5. By the weak union property of conditional indepen-
dence, we have that

(N3) = (N4)

On the other hand, using the contraction property of conditional independence, we further
have

(N4) + L 1L C5|X,Q = 0,Cy = (N3)

Thus, to conclude, NLAC works under a slightly weaker assumption than CLAR (IN3) in that
the linkage can further depend on the potentially missing C5. On the other hand, when Cox
model is mis-specified, the parameter of interest 3; now depends on the actual distribution
of the censoring time C' = max(Cy,Cs) and NLAC always gives inconsistent parameter
estimates of Bf since the distribution of the censoring time is modified. In contrast, our

proposed IPLW method still gives consistent estimates under the CLAR assumption (Al).
2.7 Discussion

In this chapter, we consider the problem of long-term effect estimation by fitting a Cox
model to a partially linked dataset. We propose a novel CLAR assumption that allows us to
construct an elegant IPLW estimator that consistently estimates the underlying parameters
as if all participants are linked. There have been a limited number of studies on incomplete
linkages, other than Kim and Chambers (2012), but their focus is on linear regression with
probabilistic record linkage. While Baldi et al. (2010) have discussed potential biases caused
by incomplete linkages for Cox regression with simulation studies, no theoretical analysis
has been conducted. In contrast, we consider the problem when data is linked by unique
identifiers and thus we do not need account for incorrect linkages. This allows us to develop
rigorous asymptotic theories for our proposed estimators and also compare with some other

alternative methods. Here we point out some possible future directions.

e Interval Censoring. We have made the “no gap” assumption in this chapter to

focus on the right censoring problem for simplicity. However, in practice, it is possible
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that there might be gaps between the clinical trial and observational follow-up dataset.
Thus, to fully deal with the problem, we need to extend our current procedure to the
interval censoring case as mentioned in Appendix A.6. Saegusa and Wellner (2013) has
studied the problem of two-phase sampling for Cox models under interval censoring.

Generalizing their techniques to the current linkage problem remains an open question.

Beyond CLAR and sensitivity analysis. CLAR may not hold in certain situations.
For instance, if the data being linked is from another study, in which the time to event
variable T' may influence the chance that someone participates, then (A1) will no longer
be true. In this case, we may need to model the linkage probability that depends on
T, which could be seen as a sensitivity analysis (Little et al., 2012; Little and Rubin,
2019) on perturbing assumption (Al). How to analyze the data in this case is left as

a future work.

Missing covariates. Another direction that we will be exploring is the case of missing
covariates (Tsiatis, 2007). Missing covariates is a common issue in medical research.
When part of X is missing, CLAR will no longer be enough to identify the underlying
parameter since the linkage probability cannot be computed for every individual. In
this case, we have to impose additional assumptions on the missingness of X. How-
ever, such assumption has to be carefully chosen so that it will not conflict with the

assumption on the linkage.
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Chapter 3

HANDLING NONMONOTONE MISSING DATA WITH
AVAILABLE COMPLETE-CASE MISSING VALUE
ASSUMPTIONS

3.1 Introduction

Missing data problems are very common in scientific research (Molenberghs et al., 2014;
Little and Rubin, 2019). Based on the missing/response patterns, these problems can be
categorized into monotone and nonmonotone missing data problems. For monotone missing
data, variables subject to missing are ordered and if one variable is missing, all subsequent
variables are missing. This occurs when individuals drop out of a study, which is common in
longitudinal studies (Diggle et al., 2002). Nonmonotone missingness refers to the case when
no such ordering exists (Molenberghs et al., 2014; Little and Rubin, 2019). For example,
a participant might drop out and later return to a study. Nonmonotone missingness may
also occur for regression analysis when outcomes and predictors are missing under arbitrary
patterns.

Handling nonmonotone missing data is a very challenging task even if we assume missing-
at-random (MAR) (Robins and Gill, 1997; Sun and Tchetgen Tchetgen, 2018). Inverse
probability weighting (IPW) estimator for nonmonotone missing data may also be unstable
under MAR (Sun and Tchetgen Tchetgen, 2018). Further, Robins and Gill (1997) and
Vansteelandt et al. (2007) have argued that the MAR restriction should not be expected to
hold in nonmonotone missing data.

In this chapter, we are interested in dealing with nonmonotone missing data that are
missing-not-at-random (MNAR). Our study is motivated by an electronic health records

(EHRs) dataset that contains longitudinal information of diabetes patients. For patients



30

with diabetes, one important variable is the glycated hemoglobin (HbAlc) measurement and
a controlled HbAlc level (< 7%) is known to reduce the risk of microvascular complica-
tions. However, EHR data also poses significant challenges. EHR data are incomplete as a
patient’s information is recorded only if and when they visit a clinic. This naturally leads
to nonmonotone missing data when a patient reappeared after one or more missed visits.
Another complication is that the missing patterns of HbAlc are associated with the under-
lying HbAlc levels. For example, sicker patients with higher HbAlc levels are likely to visit
clinics often and thus have fewer missing values, while healthier patients are likely to miss
visits and thus have more missing values. This suggests that the HbAlc missing mechanism
is MNAR. Thus, we have nonmonotone and MNAR data for the HbA1lc measurements.
The diabetes EHR dataset contains 8663 patients who were enrolled from 2003 to 2013,
and who were followed up every 3 months until the 4th quarter of 2013. Thus, the longest
follow up time is 11 years (44 quarters). For the purpose of this chapter, we will focus on first-
year’s data and define Y; as the HbAlc measurement for the i-th quarter with ¢ = 0,1,...,4

and Yj as the baseline measurement. There are three main questions we would like to address:

e Q1. Single variable of interest. Given first-year’s data (Yp,---,Ys), we are inter-

ested in estimating the mean HbAlc levels at the 4-th quarter, i.e., E[Y;].

e Q2. Multiple variables of interest: summary measures. Given first-year’s data,
we want to estimate the probability that a patient successfully controls the HbAlc levels
below 7% for the 3rd and 4th quarters, i.e., P(Y3 < 7%, Y, < 7%). Further, we are also
interested in estimating the averages of the HbAlc levels for the last two quarters, i.e,

E[(Ys + Y4)/2].

e Q3. Multiple variables of interest: marginal parametric model. Given first-
year’s data, we want to study the linear relationship between Y, and Y3, Y3, i.e., we

want to estimate the following linear regression model:

E[Y4]Ys, V3] = 8o + B1Ya + B2Y5.
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Addressing these questions is a non-trivial problem because we have nonmonotone miss-
ingness in the data and the missingness is MNAR. Several attemps have been made to handle
nonmonotone missing data that is MNAR. One approach is to assume specific parametric
models for both the study variables and the missing probability (Troxel et al., 1998a,b;
Ibrahim et al., 2001). Another approach is the no self-censoring or itemwise conditionally in-
dependent nonresponse restriction (Shpitser, 2016; Sadinle and Reiter, 2017; Malinsky et al.,
2021) and a variant of this idea is the causal graph approach (Nabi et al., 2020; Mohan and
Pearl, 2021). Robins and Gill (1997) proposed the group permutation model and Zhou et al.
(2010) proposed the block conditional MAR model. Little (1993) and Tchetgen et al. (2018)
considered the complete-case missing value (CCMV) restriction. Tchetgen et al. (2018) used
discrete-choice models to generate a class of MNAR assumptions. Linero (2017) introduced
the transformed-observed-data restriction which requires specifying a transformation and it
is also a partial identifying restriction. Chen (2022) introduced the idea of a pattern graph
to generate further MNAR assumptions. However, all these existing work have limitations
and cannot be applied to our problem. The no self-censoring restriction requires that no
variable can be a direct cause of its own missingness status, which is unlikely to be true for
the diabetes EHR data that we are investigating. Other methods such as the CCMV and
pattern graph rely heavily on the size of the complete cases. However, for the first year’s

data (Yp, -+ ,Yy), complete cases only account for 5% of the observations in our dataset.

In this chapter, we introduce a useful identifying assumption called available complete-
case missing value (ACCMV) assumption for handling nonmonotone missing data that is
MNAR. In practice we often have many variables at hand and only a few of them are of
primary interest. We call them primary variables. For those auxiliary variables that are
not of direct interest, they are often correlated with the primary variables and the missing
mechanism of the primary variables. Thus they can be used to assist with the estimation for
primary variables. For Q1 of the diabetes example, (Yp,Y],...,Y3) are auxiliary variables
and Y} is the primary variable. We can use (Yp, Y3, ...,Y3) to help with the estimation of

E[Y4]. In such a scenario, the conventional CCMV assumption will require all the variables
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(Yo, ...,Yy) to be fully observed for identification. However, requiring auxiliary variables to
be fully observed is a strong condition to identify parameters that only involve the primary
variable. Ideally, we should also use those observations with primary variables fully observed
and auxiliary variables partially observed for identification.

On a high level, the principle of ACCMYV imposes an assumption similar to the CCMV
on the primary variables for identification and an assumption similar to the available-case
missing value (ACMYV) assumption (Molenberghs et al., 1998) on the auxiliary variables to
improve the effective sample size. This allows a much larger set of observations to be used
for identification. For the diabetes example, close to 48% of the patients have Y, observed,
while only 5% of the patients have Yy, ..., Y} fully observed. Thus, CCMV will only use 5%
of the observation for identification and ACCMYV instead will use 48% of the observations
for identification. For this reason, ACCMYV is particularly suitable for analyzing datasets
with few complete cases if the assumption is plausible.

Outline. In Section 3.2, we introduce the relevant notations. In Section 3.3, we study the
case with single primary variable. We show that ACCMYV assumption leads to nonparametric
identification of the distributions for the primary variable and develop an IPW estimator,
regression adjustment estimator and a multiply-robust estimator. In Section 3.4, we extend
our analysis to multiple primary variables and study the identification, estimation procedure
and efficiency theory. We conduct a case study to investigate the scenario of marginal
parametric models in Section 3.5. Section 3.6 studies the problem of sensitivity analysis
of the ACCMV assumption. We conduct simulation studies in Section 3.7 and apply our
approach to the diabetes dataset in Section 3.8.

3.2 Notations

In our analysis, we divide all the variables into two sets: a set of variables called primary
variables, denoted as L € RY, and another set of variables called auzillary variables, denoted
as X € RP. We are interested in structures involving the primary variables L. The auxillary

variables X are not of primary interest and mainly help with the estimation involving the
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primary variables. Namely, the parameter of interest is a statistical functional of L and
does not involve X. We cannot ignore X in our analysis because X may be related to the
missing data mechanism of L. We use || - | to denote the Iy norm such that for a vector
z € RY we have |z = 4/3)", 22. Further, we use | - |Lo(py to denote the Ly(P) norm as
1Flaey = (§ F(@)dP(a)) ",

Both L and X are subject to missingness. We use the binary vector A € {0, 1} to denote
the response pattern of L, i.e., A; = 1if L; is observed and R € {0, 1}? to denote the response

pattern of X, i.e., R; = 1if X, is observed. We use the notation X, = (X,

:r; = 1) and
L, = (L; : a; = 1) to denote the observed parts of X and L under pattern R = r, A = a.
Let 1, = (1,1,---,1) € R? and 15 = (1,1,---,1) € RY. We use the notation ¥ = 1, —r
and a = 1; — a to denote the vector after flipping 0 and 1 in r and a, respectively. The
variable X; = (X; : r; = 0) and L; = (L; : a; = 0) will then refer to the missing variables
under pattern R = r and A = a. We further define R > r if R; > r; for i = 1,2,...,p. For

instance, 1010 > 1000 but 1010 cannot be compared with 0100.

Take the diabetes EHR data as an example, For question Q1 in Section 3.1, the primary
variable is L = Y, € R and the auxillary variable is X = (Yp,---,Y3) € R*. Suppose we only
observe Yy, Y5, Yy, then this individual would have response patterns A = 1 and R = 1010.
For question QQ2, our primary variables is L = (Y3,Y)) € R? and the auxillary variables
X = (Yy,Y1,Y3) € R®. For the individual who we only observe Yj,Y5,Y,, the response
pattern is A = 01 and R = 101. In what follows, we will give concrete examples of what

ACCMYV assumption stands for in different contexts.

3.3 Single primary variable for ACCMYV: estimation and inference

To start with, we consider a simple scenario where we only have one primary variable (d =
1), i.e., L € R and A € {0,1}, and we are interested in estimating the mean functional
6 = E(f(L)) for some known function f. For the diabetes EHR data, this occurs when we

are interested in estimating the average value of the HbAlc measurement at the end of the
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first year, i.e., L =Y, and 6 = E(Y}). A straightforward calculation shows that
0= B(/(L) - [ FOm0)it
~ [ opea=nae Y [ F0pea R = A= 0)dsdr

J

"

91 90,7‘
=01+ > 0o,
T

Clearly, 6, is identifiable and can be estimated by a simple sample mean, i.e.,

so we focus on identifying the second term 6¢p,. We can show that
0o, = Jf(f)p(&xr, R=r,A=0)p(z,,R=rA=0)dldx,.

The quantity p(x,., R = r, A = 0) is identifiable from the data. So the key is to identify the
first component p(¢|z,, R = r, A = 0), which is also known as the extrapolation density.

The conventional CCMV assumption will impose the assumption
p(llx,,R=r,A=0)=p{|z,,R=1,A=1). (3.1)

While equation (3.1) identifies the parameter 6, it has a limitation that all the information
relies on the complete case R = 1,,A = 1. For the diabetes dataset, only a very small
fraction (5%) of the patients have (Yy,...,Ys) fully observed. So the CCMV might lead to
an unreliable estimate.

The ACCMYV is based on the insight that the complete case of L is enough for identifying
the parameter of interest and we should be more flexible about the response patterns for the

auxillary variables X. Formally, the ACCMYV assumption imposes the following assumption:

p(llx,, R=r,A=0)=p{l|z,,R=r,A=1). (3.2)

Namely, to identify L under pattern R = r, A = 0, we use any patterns as long as the

primary variable L is observed and the same set of auxillary variables X, are also observed.
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The assumption (3.2) allows the use of a much larger set of observations to infer the informa-
tion in variable L. We can further prove that ACCMV assumption leads to nonparametric
identification (Robins et al., 2000) of the marginal distribution p(¢,a) and this assumption

will not conflict with the observed data.

Proposition 3.3.1. Under the ACCMYV assumption in equation (3.2), p({,a) is nonpara-
metrically identified.

It is immediate from Proposition 3.3.1 that p(¢) is identifiable under the ACCMV as-

sumption.

Example 3.3.2. Consider the example where we have 4 auziliary variables X1, Xo, X3, X4

and we focus on the pattern A =0 and R = 1010. The CCMV will assume that
p(l|z1, 3, R = 1010, A = 0) = p(¢|z1, 23, R = 1111, A = 1)

and the ACCMV will assume that
p(l|zy, 3, R = 1010, A = 0) = p(¢|x1, 23, R > 1010, A = 1).

For CCMYV, the extrapolation density is estimated by observations with R; = 1111, A; = 1
whereas in the ACCMYV, the extrapolation density is estimated by observations with R; €
{1010,1110,1011,1111}, A; = 1. Clearly, ACCMV allows us to estimate p(f|x1,x3, R =
1010, A = 0) with a much larger set of observations, leading to a more reliable estimate if

the ACCMYV assumption holds.

3.83.1 The IPW estimation

Instead of directly estimating p(¢|z,, R = r, A = 0), we now propose an IPW approach to

estimate 0y,

Lemma 3.3.3. The ACCMYV assumption (3.2) can be equivalently written as follows.

P(R=r,A=0|X,,L) P(R=rA=0X,) (33)
PR=r,A=1|X,,L) PR=>r,A=1X,) '

—0,(X,)
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Lemma 3.3.3 suggests that the ACCMV can be expressed as requiring the odds P(R =
r,A=0|X,,L)/P(R>r A=1|X,, L) to be independent of the variable L.

An important implication from Lemma 3.3.3 is that the quantity O,(X,) is identifi-
able and we can estimate O,(x,) by assuming a parametric model. For example, If we set
O, (z,; o) = exp(zla,), the odds can be estimated by simply fitting a logistic regression
with covariates X, that treats pattern R = r; A = 0 as class 1 and patterns R > r, A = 1
as class 0. Let O.(z,;Q,) be the estimated version of O,(x,), where @, is the estimated
parameter.

Next, with equation (3.3), we can rewrite 6y, as an identifiable quantity as follows

Jf pl,z,, R =1 A= 0)dz,.dl

pl,x,,R=1r A=0)
_Jf() (¢, xT,R r,A=1)
)

)

_ P(R = = 0|(, z,
wa)P(R >r, A=1| z,

@3 Jf Y,z R =1, A = 1)dz,dl

p(l,x,, R =1 A= 1)dx,dl

p(l, ., R =1 A= 1)dz,dl (3.4)

)OT(XT')[(R =T, A= 1)) :
This leads to the following IPW estimator:

~ 1 &
87‘ = - Lz rXir;Ar] 127142:1
0. IPW n;f( )ON(Xip; @p)I(R; = 7 )
Combining with the estimator 6; = L =30 f(Li)I(A; = 1), our final estimator for § will be

9|pw——2f 1+ZO “«,CYT R 27’) (35)

The expression in the last equality shows an elegant form—we can express IPW estimator as
weighting the complete cases A; = 1 with weight 1 + Y O,(X;,;a,)[(R; > r) and we have

the following asymptotic theory for @pw.

Theorem 3.3.4. Under the ACCMV assumption in equation (3.3) and the assumption that

for every r,

1 n
AT 2 S (X . A 1
\/ﬁ(ar aT) ’\/ﬁ ;¢T1ar( 4,7 RZ’ 7/) + OP( )
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for some function 1, o such that B[ib, o (X,, R, A)] = 0, B¢, 0[? < o0 and the true odds
Or(z,) = Op(x,; ). We assume that O,(X,; ) is differentiable with respect to o, and

T

EVa,0n(Xp; a0 ) I(R = 7)I(A = 1) f(L)] < 0
E[f(L)I(A =10 (X5 00) (R = T)HQ < ©

for a,. € B(a, p) for some p > 0. Then
Viliew = 0) > N(0, 0jpy)
for some oy, > 0.

We can compute the variance o3, either through the influence function or using boot-

strap. More specifically, we have

\/ﬁ(é\'PW - 9) = %§¢(XZ>L27RMAH CY*) + OP(l)

and we can estimate o, with
1 ¢ _
Gipw = ;Z;(QS(X% Li, Ri, Ai; @) — ¢)?
im
where ¢ = %Z?:l &(Xi, Liy, Ri, Ai; @). The form of the influence function ¢ can be found in
B.1. In practice, we recommend bootstrap for its simplicity.

Assumptions in Theorem 3.3.4 are mild. The asymptotic linear form of &, — a¥ is very
common when we use a parametric model and estimate the parameter via the maximum
likelihood estimation (MLE). The condition on the gradient of odds is also very mild. For
conventional methods such as the logistic regression, this condition holds with covariates
that have a bounded second order moment. The condition on the product of f(L) and odds
O,(X,; ) is also mild. This condition is required for §|pw to have a bounded variance.
Alternatively we may make the assumption that O,(z,;«,) is bounded by a large constant
for any z, and o, € B(a¥, p). This is very similar to the positivity assumption in the IPW

literature.
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3.3.2  The regression adjustment estimation
The ACCMYV assumption in equation (3.2) leads to the following identification of 6,
0o, = Jf(f)p(ﬁ\:vr, R=r,A=0)p(x,,R=rA=0)dldx,
3.2) ff(@)p(ﬂxr, R>r A=1p(z, R=rA=0)dldz,

fmro . )p(z,, R =1, A= 0)dz,

where

myo(x,) =E(f(L)|X, =2, R=1,A=1) (3.6)

is the outcome regression model. Thus, we can estimate 6, by imposing a model m,.o(z,) =
my.o(x,; B;) and estimate 3, via BT using observations with R; > r, A; = 1. For instance, we
may regress the response f(L) versus covariate X, from observations with R; > r, A; = 1.

Having estimated Br, we then construct the estimator

QOT‘RA__ZmT’O eryﬁr) ( _raAi:O)

=1

and the final estimator for 8 will be

Ora = —Z i) Ai + mp, o( X, RzaﬁRl)( — Ay)]. (3.7)

and we have the following asymptotic theory for é\RA.

Theorem 3.3.5. Under the ACCMV assumption in equation (3.2) and assume that for

every r,

~

\/ﬁ(ﬁrfﬁj \FZ@ZJ Neks Lzaer7R7,7A)+OP(1>

for some function 1), g= such that E[1, gx] = 0, E|¢, 52| < o0 and the true regression
function is my,.o(z,) = my.o(z,; BF). Also, we assume that m,.q is differentiable in B, and
E|Vsmo(Xy; 8 ) [(R=1,A=0)| <
EHmr,O(Xr; /8T>[(R = T7A = 0)”2 < 0
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for B, € B(B*, p) for some p> 0. Then
Vilra = 0) 5 N(0, 0fa)
for some o}, > 0.

Assumptions in Theorem 3.3.5 takes a similar form as the ones in Theorem 3.3.4. These
are mild modeling conditions. If we use a least square approach to fit the parameter [
and the true parameter indeed solves the least square equation (occurs when the model is
correct), then the asymptotic linear form exists. For linear regression, the gradient condition

easily holds when the covariates X have bounded second moments.

3.8.3  Semi-parametric theory and multiply-robust estimation

It is known that the IPW and regression adjustment may not lead to an efficient estimator.
In this section, we investigate the efficiency theory under the ACCMYV assumption. Since
6 =6, + .. 0, and the first component is directly identifiable, we only need to study the

efficiency theory of estimating 6.

Theorem 3.3.6. Under the ACCMYV assumption, the efficient influence function of esti-

mating 6o, is

(f(L) - mr,O(Xr))Or(XT)I(R =T, A= 1) + mr,O(XT)I(R =T, A= O) - 90 T

)

Based on Theorem 3.3.6, the efficient estimator of 6, is

n

N | R R
0o.r MR = - Z (f(Li) = myo(Xiy)) Op(Xi o) I(R; = 1, Ay = 1)+

i=1

mT,O(Xi,r)I(Ri =T, A = 0)7

which leads to the estimator

§MR = Z ao,r,MR + 51 (3.8)
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where 0, = LS F(L)I(A; = 1). The two estimated functions i, and O, are the
estimators of the regression function m, and odds O,. We may use the same estimators as
in Section 3.3.1 and 3.3.2. We make the following technical assumptions:

Assumptions:

(S1) For each r, @,, is in a Donsker class F, and m,q is in another Donsker class G,. There

exist functions O} () and m;;(,) such that
16, — O} lacey = 0p(1)  [1ins — molacey = 0p(1)

(S2) f(0),m,o(z,), Op(x)), My o()), O, (z,) are uniformly bounded by a large constant M >

0 for all r,x,, £.

Assumption (S1) states that estimators m,. o and ér should converge to fixed functions.
The Donsker condition is a common condition that controls the complexity of the estimators.
Assumption (S2) is a technical condition and can be relaxed by stronger moment conditions
on each function. O,(z,) being bounded is related to the positivity assumption in the IPW
literature and it is sensible to have O, also bounded as it estimates O, (z,). Further, (S2)
holds when these functions are smooth and X, L stay in compact sets. The estimator §MR

has the following multiply-robust property.

Theorem 3.3.7. Under the ACCMYV assumption, (S1), (S2) and appropriate assumptions
for F,. and G, that we define in B.2, the estimator §MR in equation (3.8) satisfies the following

properties:

e Consistency. é\MR £ 0 when

Z Hmr,[) - mr,0|

T

LQ(P)HOT - OTHLQ(P) = 0P<1)'

e Asymptotic normality. \/ﬁ(gMR — ) % N(0, o2) when

\/ﬁz Hmr,[) - mr,0|
r

LQ(P)HOT - OTHLQ(P) = OP(l)'

The quantity o’ is the efficiency bound.
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The first statement in Theorem 3.3.7 states that as long as for each pattern r, either
the regression estimator m, o or the odds estimator 6r is consistent, the estimator éMR will
be consistent. This is known as the multiply-robust property. The second statement states
that if both nuisance functions (m, and O,) are correctly specified and can be estimated
sufficiently fast for all patterns r, the final estimator will be asymptotically normal and
achieve the efficiency bound. The Donsker conditions might be relaxed if sample splitting is
employed for estimation of 57~ and 7.

Further, if we can assume that both m,, and O,(z,) are parametric functions, we are
able to obtain asymptotic normality as long as either my ((z,) = m,o(z,) or O} (z,) = O,(z,)

for each r.

Corollary 3.3.8. Under the ACCMV assumption and assuming that m,o(z,) and O} (x,)

are parametric functions for all r. We further assume that

HmT,O(IT; 5r) - mr,O(x’/‘; B;k)HLQ(P) = OP(]-)

100 (53 @) = Op(r; ) [ acp) = 0p(1)
Then if my.o(x,; B¥) = myo(z,) or Op(z,;ak) = O,(x,) for each r, we have
V(g — 0) 5 N(0,0%)
When my.o(x,; ) = myo(x,) and O.(x,; o) = O,(z,) for each r, we have 0? = o2.

We can either estimate the variance o2 through the influence functions or using bootstrap.
The form of the influence functions can be found in B.2. In practice, we recommend using

bootstrap to compute the confidence intervals for its simplicity.
3.4 Multiple primary variables for ACCMYV: estimation and inference

Now we consider the problem when L € R? is multivariate. As mentioned before, this occurs
when we are interested in the last two HbAlc measurements for the first year. In this

case, we have L = (Y3,Y)) and X = (Yp,Y1,Y2). We assume that the parameter of interest
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is @ = E(f(L)) for some known function f. Multiple primary variables also occur in the
marginal parametric models, which we will have an in-depth discussion in Section 3.5.

When we have multiple primary variables, the complete-case that identifies the variable
L will be A = 1;. Thus, for a # 14, the ACCMV assumption in equation (3.2) will be revised
as

p(ﬁawa,xT,A = a, R = 1”) = p(gﬁwavx?“vA = 1d7R = T’), (39)

which is equivalent to

P(R=r,A=alz, () PR=rA=alz,(,)
P(R=71A= |z, 0) PR=rA=14v.,0,)

R

=Or,a(r,la)

(3.10)

Equation (3.10) is the multivariate version of equation (3.3).

Proposition 3.4.1. Under the ACCMYV assumption in equation (3.9), p(¢,a) is nonpara-
metrically identified for any a # 14.

Proposition 3.4.1 shows that the ACCMV assumption for multiple primary variables
nonparametrically identifies the marginal density p(¢). So it is an assumption on the missing
data without putting any constraints on the observed data. Our goal is to identify § when

our data is a collection of IID random elements (R;, A;, X g,, Li a,) for i =1,2,--- n.

3.4.1 The IPW estimation

For any function f(¢), we have

0 =E(f(L) =D E(f(L)I(A=a,R=r))=> b,

When a = 14, 6,, = E(f(L)I(A = a, R =r)) is identifiable. When a # 1,, through similar

derivations as in (3.4), we have
(3.10)
er,a = E(f(L)Or,a(Xm La>[(A =14 R> T))

and the right hand side is clearly identifiable as long as we can estimate O, .
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Moreover, the following equality holds,

with

Z Or,a(XT7 La>[(A - 1d7 Z I - 1da ) Z OT,a(XTa La)

ra#ly T<r,a#ly

= > (X, D)I(R =1, A= 1y),

Qr(X, L) = > Or4(X;, Ly). (3.11)

T<r,a#ly

We can then rewrite the above equality as

0 =E(f(L) = Y, E(f(L)Ora(Xr, L)I(A =14, R = 7)) + Y E(f(L)I(A =14, R = 7))

ra#ly r

=E (f(L)Z[l + Qr(er L)]](R = ’I",A = 1d)> :

T

The quantity 1+ @,(X,, L) behaves like the weight of observation with A =14, R =r

Based on the above analysis, our estimation procedure of 6 will be the following three-step

approach:

1.

3.

Step 1: estimating individual odds O, ,. We first estimate 5TQ(XT, L,) fora # 14.
This can be done with a simple logistic regression, i.e., 6,3@()(“ L,) = exp(ar (X, La))
where &, is estimated by comparing pattern (R = r, A = a) versus (R > r, A = 1)

using variables X,., L.

Step 2: computing total weights @,. For each pattern (R = r, A = 1), we

compute

QX L) =Y Y OralXr, L) (3.12)

Tra#ly

Step 3: applying the IPW approach. The final estimator is

Gow = = 3 (L) Qr, (Ko L) + 1T(A; = 1), (3.13)
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Theorem 3.4.2. Under the assumption (3.10) and assume that for every r and a # 1g4,
\/ﬁ(&r,a_a;«ia IZwra eraLza;RwA) +OP<1)

for some function 1y, such that B[] = 0 and B|i,.|? < 0. The true odds Oy.q(z,, €,) =

Ora(r, la; ). We assume that O, (2, la; ) is differentiable with respect to o, and

EHVOLT@OT,(L(XTv La; ar,a)[(R = T7A = 1d)f(L)H < 0
E|f(L)I(R > r,A = 14)0,4(X,, La; o ,)|* < o0

for apq € B(a,, p) for some p> 0. Then

Vilbew = 0) 5 N(O, o)
for some oy, > 0.

The conditions in Theorem 3.4.2 are very similar to the single primary variable case
(Theorem 3.3.4). The difference is that here we have multiple response patterns of L that
we need to consider. Again, assuming the logistic regression model (log odds is linear) is
correct, then all these assumptions hold whenever X and L have bounded second moments.
The proof can be found in B.3 and the variance can be estimated either through the influence

function or bootstrap.

3.4.2  The regression adjustment estimation

Similar to the case of single primary variable scenario, we may apply a regression adjustment
approach to estimate 6 as well. The idea is based on the pattern mixture model formulation
in equation (3.9) that links the extrapolation density to an observed density.

Specifically, for a # 14, Equation (3.9) implies that the parameter 0,, = E(f(L)I(R =

r, A = a)) can be expressed via the following form:

(3.9)

er,a = E(mr,a(XT, La)](R = 7‘7A = a))
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where
mr,a(Xr: La) = E(f(L)’Laa XT? R > T, A= 1d)7 (314)
is the outcome regression model. As a result, the regression adjustment approach leads to

the following two-stage estimator of 6:

1. Step 1: estimating the outcome regression. For each r, a with a # 1,4, we estimate
My.o( Xy, Lg) via an estimator m..(X,., L,) using observations with R > r, A = 1, and
variables L, X,. This can be done by placing a parametric model m,. ,(X,, Lqa; 5r.) and

estimate the underlying parameter Bw-

2. Step 2: regression adjustment. With the estimates from step 1, our final estimate
will be
IS N
Ora = HZ [f(Li)I(Ai = 14) + Mg, a,(Xir;, La) (A # 1a)] - (3.15)

The regression adjustment estimator can be interpreted as follows. When we have a
complete observation of the primary variable (A; = 14), we observe f(L;). When any entries
of L is missing, we find a proper model mpg 4 based on the response pattern in L, together

with the response pattern in X, and compute the predicted value of f(L).

Theorem 3.4.3. Under the assumption of equation (3.9) and assume that for everyr,a # 14,
[(ﬁra_ﬁra \FZwra Xz’r)Lza,Rl,A)‘i'OP(l)

for some function ., such that E[t,,] = 0 and E|th,4||* < 0. Further, assume that the

true regression My o(y, by) = My o(Tr, la; B ), Mra is differentiable in B, and

]EHvﬁr,amﬁa(XTv La; /BT‘,(I)I(R =T, A= CL)H < O

E|my.a(Xy, La; Bra) (R =1,A = a)|* < o0
for Bro € B(B},, p) for some p> 0. Then
V(g — 0) > N(0,0%,)

2
for some gga > 0.
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Conditions in Theorem 3.4.3 is similar to the conditions in Theorem 3.3.5 except that L
is multivariate. The modeling conditions are also mild; linear regression models will satisfy
them when we have bounded second moments of both X and L. The proof can be found in

B.3 and the variance can be computed either based on the influence functions or bootstrap.

3.4.83  Semi-parametric theory and multiply-robust estimation

Both IPW and regression adjustment are known to be inefficient. To improve the efficiency

of the estimator, we first derive the efficient influence function of 6, ,.

Theorem 3.4.4. Under the ACCMV assumption in equation (3.10), the efficient influence

function of estimating 0,, when a # 14 is

[f(L) - mr,a(Xra La)]Or,a(Xry La)I(R > r, A= 1d>+
Mo ( Xy, L) [(R=71,A=0a) —0,,.

The above theorem implies that we can construct an efficient estimator using the following
approach:
~ 1 R ~
HMR = - Z Z {[f(L’L) - mr,a(Xi,r)]Or,a(Xi,r7 Li,a>I(Ri = T, Al = 1d)
i3 Lrazty (3.16)
+Mypa(Xiy, Lia) (R = 7, Ai = a)} + f(Li)I[(A; = 14)],

where 6”1 and m,, are estimators of the odds O,, in equation (3.10) and the outcome
regression m,., in equation (3.14), respectively. We make the following technical assumptions:
Assumptions:

~

(M1) For each r and a # 14, O,, is in a Donsker class F,, and m,, is in a Donsker class

Gr.a- There exist functions O, (v, l,) and m; ,(,,l,) such that

10ma = O liaipy = 0p(1) [t — Mo 1aep) = 0p(1)

(M2) f(€),mya(Tr,la), Ora(Tr,la), My a(Tr, lo), @m(xr, lo) are uniformly bounded by a large

constant M > 0 for all z,,¢,r and a # 14.
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Assumptions (M1) and (M2) are multivariate versions of (S1) and (S2).

Theorem 3.4.5. Under the ACCMV assumption (3.9), (M1), (M2) and appropriate as-
sumptions for F,, and G, , that we define in B.3, the estimator §MR has the following prop-

erties:

e Consistency. éMR £ 0 when

Z Hmr,a - mr,a”Lg(P) HOr,a - Or,a

ra#ly

La(P) = op(1).

e Asymptotic normality. /7 (g — 0) > N(0,02%,) when

Vi Y e = Meall2a(p) [Ora — Ora

ra#ly

Lo(p) = op(1).

The quantity o 1is the efficiency bound.

Theorem 3.4.5 implies that the estimator §MR is multiply-robust in the sense that as long
as we have either m, , or O, , being consistently estimated for all  and a # 14, the estimator
éMR will be consistent. Further it achieves the efficiency bound when the two sets of nuisance

models are estimated sufficiently fast.

3.5 Multiple primary variables for ACCMYV: marginal parametric model

In practice, we often impose a marginal parametric model over the primary variable L and
use the data to estimate the underlying parameter. To start with, we consider two motivating

examples.

Example 3.5.1. (Modeling the marginal distribution) We assume that L ~ p(¢;0*),
where p(-;0) is a known parametric distribution such as a multivariate Gaussian, and the
goal is to estimate the underlying parameter 0*. A typical approach to estimate 0* is the
maximum likelihood estimator (MLE). Under usual reqularity conditions, the true parameter

solves the population score equation:

0" : 0 =E(s(0*|L)), s(0|0) = Vylogp(¢;0).
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When there is no missingness in L, the MLE is obtained from the following sample score

equation:
~ 13, -~
0 :0=—") s(0 L;).
MLE n; (OmielLs)
To give a concrete example of this, consider again the one-year diabetes data Yy, ---,Yy.

Suppose that we are interested in the joint distribution of the last two visits, i.e., L = (Y3,Yy),

and we assume that it follows a bivariate Gaussian, i.e., p(€;0) = p(ys, ya; 1, X), where p € R

is the mean vector and Y. € R?*?

and ¥ using the MLE.

1s the covariance matrixz. Then we can easily estimate p

Example 3.5.2. (Modeling the marginal moment restricted model) [t is also very
common that the parameter of interest may be a moment restricted model among variables
in L. For instance, we may impose a linear model B(Li|L_1) = LT 0*, where L_y is all
variables in L except the first one (for simplicity, we ignore the intercept). The parameter
of interest is the regression coefficient 6*. In this case, we often estimate the parameter 0*

by the least squares approach, i.e., at the population level, the parameter 0% satisfies
0* = argmin,E((L; — LT ,6%)%),
or equivalently, the parameter 0* solves the following equation:
0=E(L (L — LT,6%)).

When there is no missingness in L, the least squares estimate solves the following estimating
equation

P ~
Os:0=—> L, _1(Li1— L ,6,5).
LS n ; s 1( 71 17_1 LS)
In the diabetes data, if we are interested in the linear relationship among Ys,Ys and Yy, we

can use the model above and treat Yy = L1 and (Ya,Y3) = L_4.

In both examples, we see that the parameter of interest is now defined through a popu-
lation estimating equation

0 = E(s(6*|L)). (3.17)
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So we will focus on the case of parameters defined through an estimating equation, and
how to obtain a consistent estimate when there are missingness in L based on the ACCMV

assumption (3.10).

3.5.1 IPW marginal parametric model

The IPW approach in Section 3.4.1 can be easily adapted to the marginal parametric model.

Specifically, the population estimating equation of (3.17) can be written as

0 = E(s(6*|L))
CL0 NN E(s(0*|L)Ora( Xy, L) (A = 14, R > +ZE (0*|L)I(A =14, R = 1)

ra#ly

—E (5(9*|L)

_E (3(0*|L)I(A = 1) Y[Qu(X,, L) + 1I(R = 7“)) ,

T

Z Or,a(Xra La)I(A = 1d7 + ZI = 1d7 )])

ra#ly

(3.18)
where the weight function @, is from equation (3.11).
As a result, the three-step procedure in Section 3.4.1 can be applied here with a mild

modification:

1. Step 1: estimating individual odds O,,. For r and a # 14, we first estimate
@«,a(XT,La). This can be done by a simple logistic regression, i.e., 6r,a<Xr,La) =
Oyo(Xy, Lg; Qo) where @, is estimated by comparing pattern (R = r, A = a) versus

(R >r, A =1y) using variables X, L,.

2. Step 2: computing total weights @, ,. For each pattern (R = r, A = 1,), we

compute its total weight

Q,(X,,L) = > Ora(X;, Ly)

T<r a#ly
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3. Step 3: solving the weighted estimating equation. The final estimator 0 is from

i O1L)[Qr, (Xig,, L) + 1]11(4; = 14). (3.19)

The first two steps are the same as Section 3.4.1. We only need to modify the last step by

solving a weighted estimating equation. We have the following asymptotic results for 0.

Theorem 3.5.3. Under assumption (3.10) and assume that for every r and a # 14,

1 n
\/ﬁ(a{r,a - O‘ja) = = ¢T7Q(Xi,r7 Li,aa Ri7 Az) + OP(l)
s \/ﬁ ;

for some function ., such that B[, ] = 0 and E|th,.4||> < 0. The true odds
Or,a(Im éa) = Or,a(xra ga; a;;;)-
Next we assume that O, , is differentiable in o, , and

E|s(6*|L)Va. .Ora(Xy, Lo ona) [(A = 14, R = 1) < o0

Qr.a

for a,. € B(aj,, p) for some p > 0. Further we assume that

1(6%) =

Vos(0|L)|g—o, [ N Ora(Xe, Lajaf JI(A =14, R > 1) + I(A = 1d)”

ra#ly

exists and is invertible. Assuming that «/9\—>p 0*, we have
V@ —0%) % N0, %)
for some covariance matriz 3.

3.5.2  Potential problems with regression adjustment

The marginal parametric model has one distinct property from the general case of multiple

primary variables: the regression adjustment method and the multiply-robust approach may
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be problematic. The main reason is: both regression-adjustment and multiply-robust ap-
proach will involve imposing a conditional model on one subset of L conditioned on another
subset of L. This procedure implicitly places a model constraint on the distribution of L,
which will conflict with the marginal parametric model when it is not designed well. The
multiply-robust estimator also suffers from the same problem since it involves a model on
the outcome regression. On the other hand, the odds in the IPW approach is a conditional
model on the selection odds P(R = r, A = al|z,,{,)/P(R = r,A = 14|x,,{,), so it is al-
ways compatible with the marginal parametric model. Hence, we recommend using the IPW
approach in the case of marginal parametric model.

This phenomenon is similar to the model congeniality problem introduced in Meng (1994).
The model congeniality problem refers to the case where the imputation model may not be
compatible with the analysis model imposed on the imputed data. An imputation model
can be viewed as a Monte Carlo approximation to the regression adjustment method and
the marginal parametric model on L is the analysis model in Meng (1994). Thus, the model
conflicting problem we encounter when using regression adjustment on a marginal parametric

model can be viewed as another form of model congeniality problem.
3.6 Sensitivity analysis via exponential tilting

It is possible that the ACCMV assumption may not be correct or is only approximately
correct. The sensitivity analysis (Little et al., 2012) is often conducted to study how the
estimate changes when we slightly perturb the underlying missing data assumption.

Here we propose to perform sensitivity analysis of ACCMV via an exponential tilting
approach (Kim and Yu, 2011; Shao and Wang, 2016; Zhao et al., 2017). For a # 14, recall
that the ACCMV in equation (3.10) requires:

P(R=r,A=alr,,{) PR=rA=alz,,l,)
PR =r A= 14z,,0) f’(R >r A= 1d|xr,€a)J'

:O'r,a (xT‘ 7Za)

In reality, the odds on the left-hand-side of the above equality may depend on the unob-
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served value of L. Using the concept of exponential tilting, we propose to perturb assumption

(3.10) as follows:

P(R=r,A=a|z,, ()
P(R = TaA = ]-d|x7"7€)

= Ora(r, Ly) - exp(0L4s), (3.20)

where d; € Rl is a given vector that represents the amount of perturbation from the
ACCMYV assumption. Clearly, when d; is a zero vector, equation (3.20) reduces to the usual
ACCMYV assumption.

In practice, we will choose a sensitivity parameter vector § € R? first, which implies 4,
for every a. Then based on the perturbation (3.20), we compute the modified final estimate.
For the IPW estimator, We only need to change

Q.(X,,L) = > Ora(X;, Ly)

Tr a#ly
in equation (3.12) to
Qr(X,, Li0) = 3. > OralX,, Lq) exp(67 La)
T<ra#ly

and change the final estimator in equation (3.13) to

§|Pw,6 = Z f(Li)[@Ri(Xi7RivLi;5) + 1]I(A; = 14). (3.21)
=1

I =

with n = Z?:l[@R,i(Xi,Rm Li;0) + 1]I(A; = 14). Note that 5m(XT, L,) is estimated under
assumption (3.10).

Under a logistic regression model, the sensitivity parameter in the exponential tilting
approach (3.20) has a nice interpretation. Recall that the logistic regression model will

model

Or,a(xm ga) = exp(aza(:c,,, ga))'
Thus, equation (3.20) will become

P(R=rA=a|z,,!)

Or,a(xr’g) - P(R >r A= 1d|fL’7~,€>

= exp (oo (2y, La) + 62 la) -
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Each §; and each element «,,; have the same interpretation-they are the coefficient on
linear model of the log odds. Consider a specific example that L = (L1, Ly) € R? a = 10
(L; is observed) and the coefficient «,., on Ly is 2. Then a sensitivity parameter dp; = 1
can be interpreted as the effect of the unobserved variable L, on the log odds is half of the
estimated effect of the observed variable L;. Thus, practitioners can use this as a way to

think about a feasible range of the sensitivity parameter d.
3.7 Simulation study

3.7.1 Single Primary Variable

We first consider the case when there is a single primary variable. We have L = Y3 and
X = (V1,Y3) and we are interested in estimating 8 = E[Y3]. Let |r| = >, r; be the number

of observed variables. Next, we generate data as follows:
L (L, X,)JA=1,R =7~ N1, Srj+1)
2. Xr|A = O, R=r~ N(um, EM)

with M1 = 17 Mo = (17 _1)T7 U3 = <07 _17 _1)T and

1 1/2 1/2
1 1/2

Yi=1,%= and X3 =1 1/2 1 1/2
12 1

12 1/2 1

Further, we assume that P(A = j,R =r) = 1/8 for j = 0,1 and r € {00,01, 10, 11}. Note
that under ACCMYV assumption, L|X,, R =r, A =0 for r € {00,01, 10, 11} are also specified
given the data generations above.

We first consider estimation using the regression adjustment method. Under ACCMV,
we can compute that ¢ = E[Y3] = 52 and the details are left in B.5. We fit linear regression

models

mr,O(xr;BT) = E[YE%‘XT = me = T,A = 1?57"]
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for r € {00,01, 10,11} and get 3,“ The form of the linear regression models can be found in
B.5. Then, we can get the estimates using regression adjustment as

Ora = 2 Yisl(A; =1)+ Zmr,O(Xi,r;Br)I(Ri =rA; =0)

Next, we consider the IPW estimates. We can compute the odds functions as follows.

P(A=0,R=00) 1

oo = P(A=1,R>00) 4
P(A=0,R=10y;) 1
= — —exp(2
Oul) = 51 "= 10)y) 2P
P(A=0,R=01ly) 1
- — —exp(2
Ounlve) = BT R = 01y ~ 2 P2
10 ( ):P(A:O7R:11|ylay2)zxp § _% _%
11\Y1, Y2 P(A=1,R = 11|y, o) 3y1 392 3

To get the estimate, we fit a logistic regression model

O, (25 0,)

P(R=r,A=0|X,,{R=rA=1}U{R=r,A=0}aq,) = T+ O

for each r € {00,01, 10,11} and get &,. Then we can get the estimate using IPW as

" 1
0|PW:EZ§/377;I —]_ [1+ZO zr;Oérp R 27‘)]

For the multiply-robust estimator, we can use the linear regression models and logistic re-

gression models that we fitted before. Then for each r, we can get the estimate as
Oo.ram = —2 (F(E) = mno(Xisi 1)) Or(Xiri @) (R = 7, As = 1)
+meo(Xins B)I(R; = 1, A; = 0),
Our final multiply-robust estimator is then

Our = Z(é\Om,MR + 51,1") (3.22)

where 0y, = L3 F(L)I(A; = 1,R; = 7).
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For the multiply-robust estimator, we first consider the case when all the regression
functions and odds functions are correctly specified. Next we consider the case when one
of the regression function is misspecified. When r = 11, the correct regression model is
mi10(xr; B11) = Bo + B1Y1 + B2Ys and we fit a linear regression model with Y; only. We also
apply the same model misspecification to the regression adjustment estimator. We further
consider the case when one of the odds function is mis-specified. When r = 11, the correct
odds function is O (z,; a11) = ag+a1Y; +anYs and we fit a logistic regression with intercept
only. Again we apply the same model misspecification to the IPW estimator. Finally we
consider the case when both the regression function and the odds function is incorrect. When
r = 11, we fit a linear regression model with Y; only and we fit a logistic regression model

with intercept only for the odds function.

Table 3.1 contains the simulation results. We generate 1,000 samples with n = 2000.
The bias is computed as the difference of the average of 1,000 parameter estimates and the
true value of E[Y3]. Sample standard error (SE) is computed as the standard error of the
1,000 parameter estimates and the mean theoretical SE is computed as the mean of the
1,000 SE estimates. For all three methods, we estimate the SE for the estimators through
their corresponding influence functions!. Note that bootstrap is an alternative approach to
estimate the SE. The sample standard SE reflects the true SE of the estimator and the mean
theoretical SE reflects the accuracy of the SE estimated through the influence functions.
CI stands for Confidence Interval, RA stands for regression adjustment and MR stands for

multiply-robust.

Based on the simulation results, we can see that 95% CI of IPW is undercovering when
all the odds function are correctly specified. This is primarily due to the under-estimation
of the SE for the IPW estimators in this setup. For this specific data generation setting,
the difficulty is that we are estimating the variance of a very heavy-tailed distribution. We

can see that the mean theoretical SE is much smaller than the sample SE, which suggests

!The actual form of the influen functions can be found in Appendix.



26

that the estimated SE is much smaller than the true SE. Next, IPW with misspecified odds
function leads to much larger bias and even worse coverage for the 95 CI1%. We also observe
that the mean theoretical SE is much smaller than the sample SE. However, multiply-robust
estimator with the same misspecified odds function obtains much better performance. We
can see that the bias is very small, the coverage of the 95% CI is very close to the nominal
coverage and the difference between mean theoretical SE and the sample SE is also much
smaller now. This shows the robustness of the multiply-robust estimator.

Further, regression adjustment achieves nominal coverages and smallest SE estimates
when all regression functions are correctly specified. RA with misspecified regression function
also leads to large bias and bad coverage for the 95% CI. Again, multiply-robust estimator
with the same model misspecification is able to reduce the bias and improve the coverages.
We can see that in this case, all multiply-robust estimators underestimate their variances
for the same reason as the IPW estimator. However, the coverages of the 95% CI are
much better for multiply-robust estimators compared to the IPW estimator. When both the
regression and odds function are misspecified, the multiply-robust estimator also obtained
biased estimates and bad coverages for the 95% CI. Finally, we also include the results
estimating E[Y3] using complete-case analysis. It is clear from the simulations that under

ACCMYV assumption, the data is missing-not-at-random as complete-case analysis is severely

biased.

3.7.2  Multiple primary variables

Next we consider the case when we have multiple primary random variables. We take L =
(Y3, Y,) and X = (Y7,Ys). The parameter of interest is § = E[Y3Y,] and this allows the
estimation of the Cov(Y3,Yy) given E[Y;] and E[Yi]. For any a, let |a| = >} a; be the

number of observed primary variables. We generate the data as follows.

1. (L,XT)|A = 11, R=r~ N(12+|T|,22+|T|) for r € {00,01, 10, 11}.

2. (Lo, Xy)|A=0a,R=r~ N(ft14)r, Z14Jr) for any a € {01, 10} and any r € {00, 01,10, 11}.
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Table 3.1: Simulations results for estimating E[Y3] when n = 2000

Methods Bias  Sample SE  Mean theoretical SE = Coverage of 95% CI
IPW -0.006 0.216 0.113 0.778
IPW (incorrect) -0.084 0.174 0.090 0.536
RA -0.001 0.044 0.043 0.955
RA (incorrect) 0.040 0.045 0.046 0.857
MR (correct) -0.002 0.105 0.072 0.931
MR (IPW incorrect) 0.000 0.069 0.057 0.939
MR (RA incorrect)  -0.000 0.118 0.074 0.920
MR (Both incorrect) 0.041 0.069 0.058 0.870
Complete Case -0.178 0.035 0.034 0.001

3. X;|A=00,R=r~ N(uy, X)) for any r € {01,10, 11}.

where 15 = (1,...,1)T e R? %, = 1/2I; + 1/2141% and

pr =05 pe =1y pg=1s.

Further, we also assume that P(A = a,R = r) = 1/16 for a € {00,01,10,11} and r €
{00, 01, 10, 11}.

We first consider regression adjustment method. Under the ACCMV assumption, we
can compute 6§ = E[Y3Y,] = 175/128 and the details can be found in B.5. Now to get the

estimate, we need to fit the following regression models:

mr,a(:ET’; Br,a) = E[YE%YMXT = Ty, R > T7A = 117 ﬁr,a]



o8

for a # 11. Note that equivalently we can fit the following regression models

M, 00(Tr; Broo) = E[Y3Y4| X, = x,, R =1, A = 11; B, 00]
m;701<xr7y4; ﬂr,Ol) = E[}/?)|X1“ = -rmyzl = Y4, R = r, A= 111 ﬁr,Ol]

m/r,lo(xmyS;ﬁr,lO) = E[}/ZJXT’ = $r7Y3 = Ys, R > T,A = 11a 57”,10]

for r € {00,01,10,11} and get Bm. The actual form of the regression models can be found
in B.5 and we have
my, (T, la; Bra) @ =00

mﬂa (xTv la; ﬂr,a) =
m;',a(xra la; /Br,a)la a = 01, 10

Then we can get the estimate using regression adjustment as

n

. 1 -
Ora = - Z[Y?;,inL,iI(Ai =11) + Z Mya(Xris La; Bra) [(Ri = 1, Aj = a)]

i=1 ra#11
Next, for IPW estimation, it is easy to get that for a # 11, log O, (X, L,) is a linear function

of X, and L,. Then we can fit a logistic regression model as follows:

P(R=r,A=a|z,,l,,{R>=rA=11} U{R=r,A=a};a,,) = 1 _1_0(3’(1(3;;;[(1}1%_"2 )

for each r, a # 11 and get &,,. We can get the estimate using IPW as
~ 1 & ~
Oow = = > Vs Vi l(Ai = 11) | Y Ora(Xi, Lagi Gra) [(Ri = 7) + 1]
n i=1 ra#11
We now consider the multiply-robust estimation. We can get the estimate using the following
multiply-robust estimator

A 1 & ~ R
GMR = E Z Z {(f(Lz) - mr,a(Xi,m Li,a; 5r,a))0r,a(Xi,ra Li,a; Oér,a)[(Ri = r, Az = 11)
i=1

ra#11

+mT,a(Xi,T‘7 Li,a; Br,a)I(Ri =T, Az = CL)} + f(Ll)[(Al = 11):|

with the same estimators m, o (X, L,; Br,a) and O, q(X,, Ly; 0) as before. Again, we con-

sider the case when all the regression functions and odds functions are correctly specified.
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Next, we consider the case when two of the regression estimators is misspecified. When
R =00 and A = 01, the true regression model is E[Y3|Yy] = Bo + £1Ys and we fit a linear
regression with intercept only. When R = 00 and A = 10, the true regression model is
E[Y4|Y3] = Bo + B1Y3 and we also fit a linear regression model with intercept only. We apply
the same model misspecification to the regression adjustment estimator. Further, we con-
sider the case when two of the odds function are misspecified. When R = 00 and A = 01, the
true odds function is O, ,(Ys) = exp(ap + a1Yy) and we fit a logistic regression with intercept
only. When R = 00 and A = 10, the true odds function is O, ,(Y3) = exp(a + a1Y3) and we
also fit a logistic regression with intercept only. We also apply the same model misspecifica-
tion to the IPW estimator. Finally, we consider the case when both the regression function
and the odds function are misspecified. When R = 00 and A = 10, we fit a linear regression
model with intercept only for the regression function and we also fit a logistic regression
model with intercept only for the odds function. When R = 00 and A = 01, again we fit

linear regression and logistic regression models with intercepts only.

Table 3.2: Simulations results for estimating E[Y3Y,] when n = 2000

Methods Bias Sample SE  Mean theoretical SE  Coverage of 95% CI
IPW -0.000 0.075 0.074 0.943
IPW (incorrect) 0.078 0.079 0.079 0.852
RA -0.001 0.065 0.066 0.956
RA (incorrect) -0.048 0.065 0.068 0.892
MR (correct) -0.001 0.066 0.066 0.948
MR (IPW incorrect) -0.001 0.065 0.066 0.949
MR (RA incorrect) -0.001 0.067 0.067 0.952
MR (both incorrect) 0.014 0.068 0.065 0.943

Complete Case 0.131 0.092 0.092 0.723
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From table 3.2, we can see that IPW, RA and multiply-robust estimators all obtained
close to 0 bias and achieves nominal coverages for the 95% CIs when the regression or odds
functions are correctly specified. In comparison, we also observe that IPW estimator obtained
relatively large SE estimates, while multiply robust estimators and regression adjustment
estimator obtained relatively similar SE estimates. As expected, both IPW and regression
adjustment estimators fails when the regression or odds functions are misspecified. Multiply-
robust estimators with the same model misspecification are able to achieve nominal coverages
and small biases. Further, when both the regression and odds functions are misspecified,
multiply-robust estimators obtain relatively large bias. Finally, the complete-case analysis

again obtained severely biased estimates.

3.7.8  Marginal parametric model

In this section, we consider the following setup for the marginal parametric model. We have

L = (Y2,Ys) and X =Y;. We want to estimate the following linear regression model
E[Y;3]Y2] = o + A1 Y2
Further, we assume that

1. (X, L) ~g N(uo, %) with py = (1,0, —1)T and

1 1/2 1)2
S=11/2 1 1/2
12 1/2 1

2. P(R=0,A=alX,L) = h(X,L)exp (L"1,) for a € {00,01,10,11}.
3. P(R=1,A=a|lX,L) = h(X, L)exp(L"1, + 0.5X) for a € {00, 01, 10}.

4. P(R=1,A=11|X,L) = h(X, L) exp(LT1,).
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with A(X,L) = 1/[5exp(L"15) + 3exp(L"15 + 0.5X)] being the normalization term. It
can be verified that this data generation satisfies the ACCMV assumption. Given the data

generation above, we have
1
B[] = -1+ 3%

As discussed in section 3.5, we will be using IPW to estimate the parameters for the linear
regression model. We can estimate individual odds O,., by fitting a logistic regression model
as follows:

Ora(@r la; ra)

PR =rA=dz,li{R2r A= 1} Uil=rA=alan) = 5=

and get Q,,. Next, we compute the total weights for each r such that

XryL Z Z OT(I XT7La;047'a>

T<ra#ll

Finally, we can get B by solving the following weighted estimating equation:

is(ng) Z@r(Xi,r,Li)I(Ri =r)+1|I(A4 =11)=0

From table 3.3, we can see that IPW gives close to 0 bias and achieves nominal coverage
for the 95% confidence intervals. On the other hand, complete-case analysis obtained biased

estimates.

Table 3.3: Simulations results for the marginal parametric model when n = 2000.

Bias (SE) Coverage of 95% CI
Methods Bo b Bo 5
IPW -0.001 (0.039) -0.001 (0.046) 0.949 0.938

Complete Case -0.061 (0.042) -0.008 (0.043) 0.725 0.943
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3.8 Applications to the Diabetes data

We apply the proposed estimation procedures to the diabetes EHR dataset, assuming that
ACCMYV holds. This dataset contains 8663 patients who were followed up every 3 months
from 2003 to 2013.

3.8.1  Summary measures of the HbAlc levels

We focus on the HbAlc levels measured from the baseline and the first year, (Yp, Y7, ..., Y)).

We now answer the first two questions raised in the introduction. We estimate

1. The mean HbAlc levels at the end of the first year, E[Y}]

2. The proportion of patients that have their HbAlc levels controlled, meaning that their
HbAlc levels are below 7%, i.e., P(Y3 < 7,Y; < 7)?

3. The averages of the HbAlc levels for the last two quarters, E[Y3 + Y;]/2. All these are

important summaries of the diabetes patients cohort.

For the estimation of E[Y,], the primary variable is L = Y, and the auxillary variables are
X = (Yo,...,Y3). For the estimations of E[Y; + Y4]/2 and P(Y; < 7,Y; < 7), the primary
variables are L = (Y3,Y)) and the auxillary variables are X = (Yp, Y7, Y3).

We construct the 95% confidence intervals using bootstrap. The results are given in Table
3.4 and 3.5. We can see that IPW, regression adjustment and multiply robust estimators all
obtain quite similar results. The only exception is with the estimation of P(Y3 < 7,Y, < 7),
where IPW and multiply-robust estimators obtain non-overlap 95% confidence intervals.
This could be due to the incorrect specifications of the odds functions. We can also see that
results of complete-case analysis are different from the rest three methods. Complete-case

analysis tends to over-estimate the HbAlc levels. This suggets that the missingness of HbAlc

2For convenience, we multiply the value of HbAlc levels by 100.
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is relevant to the underlying values of HbAlc, which agrees with the intuition that healthier
patients are more likely to miss their HbAlc measurements.

More specifically, our ACCMV approach shows that both E[Y,]| and E[Y5 + Y;]/2 is less
than 7 and more than 50% of the participants have their HbAlc levels controlled for the
last two quarters; while complete-case analysis obtain completely opposite results. This

highlights the importance of treating missing data in a real dataset.

Table 3.4: Summary statistics computed on diabetes dataset

Methods E[Y4] P(Ys <7,V <7) E[Y; + Y4]/2
IPW 6.927 (6.897 - 6.956) 0.534 (0.515 - 0.556) 6.931 (6.900 - 6.958)
Regression Adjustment 6.936 (6.907 - 6.966) 0.569 (0.554 - 0.583) 6.955 (6.925 - 6.983)
Multiply Robust 6.931 (6.902 - 6.960) 0.575 (0.559 - 0.589) 6.949 (6.920 - 6.976)
Complete Case 7.011 (6.974 - 7.049) 0.454 (0.431 - 0.477) 7.197 (7.143 - 7.252)

We also perform sensitivity analysis by the exponential tilting approach proposed in
section 3.6. We use the same sensitivity parameter for all patterns, i.e., every element of
dz in equation (3.21) is identical. From a practical perspective, we modify the exponential
tilting as exp (82 (¢z — 7)). This allows the missingness of HbAlc measurements to follow the
intuition that a healthier patient with controlled HbAlc levels are more likely to miss their
HbAlc measurements, while a sick patients are less likely to miss their HbAlc measurement.
For example, with a negative 0, §(¢; — 7) is more likely to be positive for healthier patients
(because their HbAlc levels are more likely to be less than 7) and thus increase the missing
probability. Similarly, a negative § will decrease the missing probability for sicker patients.
For completeness, we also displays the results with a positive §, which will reverse the
relationship between health status and HbA1lc missing probability.

Figure 3.1 and 3.2 show the estimates and 95% confidence intervals for E[Y;] and P(Y; <
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Sensitivity analysis for E[Y,]
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Figure 3.1: Sensitivity analysis of the ACCMV assumption by exponential tilting. We ex-

amine how the estimate E[Y] changes with respect to different values of the sensitivity

parameter 9.
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Sensitivity analysis for P(Y3 <=7,Y4 <=7)
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Figure 3.2: Sensitivity analysis of the ACCMV assumption by exponential tilting. We ex-

amine how the estimate P(Y; < 7,Y; < 7) changes with respect to different values of the

sensitivity parameter 9.
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7,Y, < 7) as we vary the sensitivity parameter 6. We can see that the results highly agree
with our intuition. When ¢ is negative and the magnitude of § increases, the mean HbAlc
levels decreases as we take into account of the fact that healthier patients with lower HbAlc
values are more likely to be missing. For the same reason, the proportion of patients having
their HbAlc levels controlled also increases. In the unrealistic scenario that ¢ is positive, we

observe opposite results. The results for E[Y3 4+ Y,]/2 are deferred to B.6.

3.8.2  Marginal parametric model

Table 3.5: Linear regression results for the diabetes dataset: E[Yy|Y2, Y3] = 5o + f1Ys + B2Y5.

Methods Bo 081 B

IPW 1.183 (0.814 - 1.520)  0.138 (0.045 - 0.226)  0.692(0.586 - 0.798)
Complete Case 1.364 (1.127 - 1.601) 0.104 (0.048 - 0.160) 0.701(0.645 - 0.758)

Further, we also want to study the linear relationship between Y3, Y5 and Y. Our intuition
is to predict Y, Y3 should be more important compared to Y5. We consider estimating the

linear regression model as follows:

E[Yy|Ys, Y3] = By + B1Ya + (oY

For the linear regression model, the primary variable is L = (Y5, Y3,Y;) and the auxillary
variables are X = (Yp,Y]). Table 3.5 shows that indeed both Y, and Y3 has a positive
association with Y, and Y3 has a stronger association than Y. Figure 3.3 shows the estimates
and 95% confidence intervals for g, 31, 32 as ¢ varies. We can see that when § is negative,

the estimates are quite robust and do not change much.
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Figure 3.3: Sensitivity analysis of the ACCMV assumption by exponential tilting. We exam-
ine how the parameter estimates and confidence intervals changes with respect to different

values of the sensitivity parameter 9.
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3.9 Conclusion

In this chapter, we introduced the ACCMYV assumption to handle nonmonotone and MNAR
data. Our ACCMV assumption allows a much larger set of observations to be used for
identification compared to the traditional CCMV assumption. Thus, ACCMV is particularly
suitable for analyzing datasets with few complete cases. We further proposed IPW | regression
adjustment and multiply-robust estimators. We also studied their asymptotic and efficiency
theories. We then proposed a sensitivity analysis approach for the ACCMV model for the
IPW estimator. Our simulation studies confirm the validity of the assumption. The real data
results also highlight the effect of missing data on the final estimate and the importance of
efficiently handling the missing data.

So far, we have focused on the first-year’s data for the HbAlc measurements. However,
the diabetes patients are followed up to 11 years and a patient could potentially have up to
44 measurements. Thus, it is helpful to also consider longer history of HbAlc measurements
as this can provide more information of a patient. In particular, it will be of interest to
recover the whole trajectory for a patient who has a bunch of missing values. This is a much
more challenging task as the missing patterns increase exponentially when the number of

measurements increases. We leave the trajectory recovery problem to future work.
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Chapter 4

TRAJECTORY RECOVERY FOR NONMONOTONE MISSING
NOT AT RANDOM DATA

4.1 Introduction

Missing data problems are very common in scientific research (Molenberghs et al., 2014).
Based on the missing/response patterns, these problems can be categorized into monotone
and nonmonotone missing data problems. For monotone missing data, variables subject to
missing are ordered and if one variable is missing, all subsequent variables are missing. This
occurs often as a result of dropout in a longitudinal study (Diggle et al., 2002). Nonmonotone
missingness refers to the case when no such ordering exists (Little and Rubin, 2019). For

example, a participant might drop out and later return to a study.

In this chapter, we are interested in recovering trajectories formed by repeated measure-
ments collected from an individual. For example, an electronic health record (EHR) dataset
contains quarterly measurements of glycated hemoglobin (HbAlc) from diabetes patients
over 11 years. Thus, an individual would have a HbAlc trajectory with length 44 if no
measurement is missing. There are three main challenges with recovering trajectories from
a longitudinal study. First, trajectories are often subject to nonmonotone missing patterns
and most existing methods in longitudinal data analysis can only handle monotone missing
patterns. Second, measurements are often missing not at random (MNAR) which suggests
that the missingness may depend on the unobserved outcome of interest so many classical
missing data methodologies are not applicable. Third, the length of trajectory also creates
additional difficulty for modeling and computation. For example, the number of possible

missing patterns increase exponentially with the number of measurements.

Handling nonmonotone missing data is a very challenging task even if we assume that
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data is missing-at-random (MAR) (Robins and Gill, 1997; Sun and Tchetgen Tchetgen,
2018). Robins and Vanstellandt Robins and Gill (1997); Vansteelandt et al. (2007) have
argued that the MAR restriction should not be expected to hold in nonmonotone missing
data. Several attemps have been made to handle non-monotone MNAR data (Troxel et al.,
1998a; Robins and Gill, 1997; Troxel et al., 1998b; Ibrahim et al., 2001; Zhou et al., 2010;
Sadinle and Reiter, 2017; Tchetgen et al., 2018; Nabi et al., 2020; Malinsky et al., 2021;
Mohan and Pearl, 2021; Chen, 2022). However, all these existing work have limitations and

are not suitable for recovering long trajectories.

In particular, Troxel et.al (Troxel et al., 1998a) employ a first-order Markov dependence
structure for the study variables and allow the missing probability to depend on unobserved
variables. However, their approaches suffer from computational difficulty and becomes in-
tractable with more than three or four measurements. Multiple imputation by chained
equations (MICE) (Van Buuren and Groothuis-Oudshoorn, 2011) is a very popular impu-
tation method for missing data. MICE is able to recover long trajectories by imputing
missing values through fitting a series of conditional distributions. However, MICE suffers
from distribution incompatibility issues as a proper joint distribution might not exist for
the corresponding conditional distributions (Raghunathan et al., 2001; Van Buuren, 2007).
Further, MICE assumes that the missing data mechanism is MAR.

To deal with nonmonotone MNAR trajectories, we propose a block-Markov type as-
sumption that decomposes trajectory into multiple missing blocks. This assumption leads
to nonparametric identification of the joint distribution of the trajectory. It also greatly
reduces the difficulty of identification and the complexity of modeling. Essentially, we just
need to deal with the missing data for each smaller missing blocks, instead of working di-
rectly with the whole trajectory. For modeling purpose, we modify our assumption to a
model-based version that assumes a multivariate normal distribution for each block. We
propose to estimate the multivariate normal distribution with linear models or other flexi-
ble nonparametric/machine learning models. Further, we use multiple imputation to obtain

multiple completed trajectories and estimate the uncertainty with bootstrap.



71

Outline. In section 4.2, we use an example to motivate and illustrate our block-Markov
assumption. Then we formally define our missing data assumption and shows that it non-
parametrically identifies the joint distribution for the trajectory. In section 4.3, we introduce
the model-based assumption and propose to estimate the imputation distribution with linear
and machine learning models. We further discuss using bootstrap to estimate the uncertainty
of our estimator. We conduct simulation study in section 4.4 and apply our methods to re-

cover HbAlc trajectories from a diabetes EHR dataset in section 4.5.

Notation. We use the vector L € R? to denote the trajectories that consist of longitudinal
measured variables, where d denotes the total number of repeated measurements (total num-
ber of time points). We use | - | to denote the length of a vector and |L| = d. We use binary
vector A € {0,1}? to denote the missing pattern of L, i.e., A; = 1 if L; is observed. We use
the notation L, = (L; : a; = 1) to denote the observed parts of L under pattern A = a. Let
1g=(1,1,---,1) e R%. We use the notation @ = 15 — a to denote the vector after flipping 0
and 1 in a. L; refers to the missing variables under pattern A = a. We further define A > a
if A; > a; foriv=1,...,d. For instance, 101 > 100 but 101 cannot be compared with 010.

We use I; € R to represent the identity matrix with dimension d.
4.2 Block-Markov assumption for trajectory recovery

Motivation and a simple example To motivate and illustrate our block-Markov as-
sumption, we first start with a simple example. Suppose that the trajectory contains 5
measurements, i.e., L € R®, and consider the missing pattern A = 10010. In this case, we

only observe Ly, Ly and Lo, L3, L5 are missing. We can then write the joint density as
p(€1,€2,€3,€4,€5\A = 10010) = p(€1,€4\A = 10010)])(62,63,65’61,&;, A= 10010)

The quantity p(¢1,¢4|A = 10010) is identifiable from the data and we need to put missing
data assumption on the second component p(fs, l3, l5]¢1, ¢4, A = 10010) to help identify the

joint density. The second component is the density for the unobserved variables, which
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is also known as the extrapolation density. The traditional complete case missing value
(CCMV) assumption Little (1993); Tchetgen et al. (2018) identifies this density using only

the complete cases:
p(€2,£3,£5|£1,£4,A = 10010) = p(€2,€3,£5|£1,£4,A = 11111) (41)

However, in practice, it is possible that we might have very few individuals with fully observed
trajectories. For example, for the diabetes EHR dataset, only 1.2% of the patients have their
first 10 HbAlc fully observed and none of the patient has the whole 44 HbA1c fully observed.
This leads to difficult and potentially unreliable identification of the extrapolation densities.

This motivates us to reduce the problem for the whole trajectory to each smaller missing
block. We assume that each block of consecutive unobserved variables are conditionally
independent of other variables given its two ends of observed variables. Concretely, this

assumes that the extrapolation density can be decomposed as follows:
p(gg, 63, £5|£1, 64, A= 10010) = p(gg, €3|£1, 64, A= 10010)])(65‘64, A= 10010) (42)

Note that since Ls is the last variable, the missing block Ls only has one end of observed
variable Ly. This shows the block-Markov property of our assumption. We do not impose
any assumption on the observed variables and this assumption is only for the extrapolation
density.

Under the above assumption, we decompose an extrapolation density involving 5 variables
into two distributions involving 4 and 2 variables, respectively. For the two distributions
on the right-hand side of equation (4.2), we then apply the idea of available case missing
value (ACMV) assumption (Molenberghs et al., 1998) to identify them. For the first term
p(la, ls]l1, 04, A = 10010), this quantity can be identified as long as the first four variables

are observed. So we assume that
p(fg, £3‘€17 £4, A= 10010) = p(ﬂg, f3|£1, €4, A = 11110) (43)

This assumption identifies the extrapolation density for the first block using all observations

with first block fully observed. In this scenario, available cases refer to all observations with
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A > 11110, i.e., A = 11110 or A = 11111. Similarly for the second term, we assume that:
p(ls]ls, A = 10010) = p(l5]¢4, A = 00011). (4.4)

In this case, we only need the last two variables observed.
Thus, the idea of ACMV allows a potentially much larger set of observations being used for
identification. Together, equations (4.2), (4.3) and (4.4) form our missing data assumption,

termed block-Markov ACMV (BM-ACMYV), for pattern A = 10010. Further, BM-ACMV

also consists of similar assumptions for other missing patterns.

Formal Definition Now we formally introduce the definition of BM-ACMV. We first
define some notations. For a missing pattern A € {0,1}¢, recall A = 1, — A represents the
missing variables and let J(A) denotes the number of missing blocks. We use B; € {0,1}4

to represent the j-th block for j = 1,..., J(A) from left to right. For each block, B; has

elements

1 ifkel|u,u,;
Bjx = 71 fork=1,....d

0 otherwise
where u; is the starting position of the j-th missing block and w; is the ending position of

the j-th missing block with u; < ;. Then we can decompose A as
A=DBi+By+ -+ By
We further define B]T- € {0,1}¢ that adds two ends of observed variables to B; as

1 ifkelu, —1Lu;+1|n{l,2,...,d
Bl, = [ it } fork=1,....d

0 otherwise

For example, again consider pattern A = 10010 from the previous example. We have A =

01101 and J(A) = 2 as we have two missing blocks. We can decompose A as

A = 01101 = 01100 + 00001
—— =
B Bs
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with u; = 2, w3 = 3 and w, = Uy = 5. Taking the two ends of observed variables into

account, we have

Bl = 11110 B} = 00011
and the difference BJT- — Bj represents the two ends of the j-th block:
BI — B; = 11110 — 01100 = 10010 Bg — By = 00011 — 00001 = 00010.

With the above notations, we can formally define our BM-ACMYV assumption. The

BM-ACMYV assumption consists of the following two parts.

e BM (block-Markov): For any missing pattern a # 14, let b; represents the block
decomposition of a for j = 1,...,J(a). The extrapolation density can be factorized

into product of block densities:

J(a)
p(laltn A = a) = [ [ ol 6, . A = a) (4.5
j=1
e ACMV: Each block density p(fs, |€b1 b, , A = a) is identified via
(gb wa b; A= ) (gb |£bT b; A b;() (4.6)

For the missing pattern A = 10010, equation (4.5) reduces to equation (4.2), equation (4.6)
leads to equation (4.3) and (4.4).

Proposition 4.2.1. Under the BM-ACMYV assumption (4.5) and (4.6), the marginal density

p(l, A = a) is nonparametrically identified.

Proposition 4.2.1 shows that BM-ACMYV is also a nonparametrically identifying assump-
tion (Robins et al., 2000), i.e., the marginal distribution p(¢,a) is identifiable and this as-
sumption will not conflict with the data. So any quantity involving the entire trajectory of
L can be identified.

There are two major advantages of using the BM-ACMV assumption. First, the ”com-

plete case” needed for identifying the unobserved entries is relaxed. We only need to consider
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complete cases of each block, rather than the entire trajectory. So this idea drastically in-
creases the effective sample size for estimating the extrapolation density. Secondly, the model
complexity is drastically reduced. The usual complete case missing value (CCMV) assump-
tion requires models involving all variables in L. When the trajectory is long, it could be
very challenging to place a model on it. For instance, d is 45 for the diabetes dataset. So a
multivariate Gaussian model for L would lead to a mean vector of length 45 and a covariance
matrix with 45 x 46/2 = 1035 parameters. On the other hand, the BM-ACMYV only requires
models on each block. So the bottleneck of model complexity is determined entirely by the
longest block, which may be much smaller than the length of the entire trajectory.

In practice, we assume that the length of the longest block should not be too long. For
example, we might set the longest number of consecutive unobserved variables to be three,
which is practically meaningful. For a quarterly measurement, recovering the trajectory for

a participant who was missing for more than a year is in general pretty difficult.
4.3 Modeling and imputation

4.83.1 Linear model approach

In practice, we need to model the block densities p(¢s, ¢ A> b;) To simplify the prob-

;
bi—b;°

lem, we assume that L contains only continuous variables and consider fitting multivariate

Gaussian distributions.

Model compatibility issue. While it is very tempting to directly model p(£y, |¢ A=

bl—b;7
7 J

b;) as a Gaussian distribution, there is a subtle caveat for this modeling procedure. Consider
the simple case when d = 3, let b; = 100 and b} = 110, by definition of conditional probability,

P(ly, 05, A = 110) + P(fy, b5, A = 111)
P(ly, A = 110) + P(ly, A = 111)

P(ty]65, A > 110) =

Similarly, for b; = 001 and b; = 011, we have

P(ls, 05, A = 011) + P(ly, b5, A = 111)
P(ly, A= 011) + P(ly, A = 111)

P(ls]t, A > 011) =
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Thus, p(¢1]l3, A = 110) and p(¢3|¢3, A = 011) are not variationally independent as they both
depend on p(fs, A = 111). These variational dependences also occur for other missing pat-
terns and might lead to model congeniality problems (Meng, 1994) without careful modeling.
To resolve this issue, we choose to modify our BM-ACMYV assumption and instead directly
identify the extrapolation density with a model-based approach. As we directly model the

extrapolation density, we no longer have the problem of model congeniality problems.

Model-based BM-ACMYV  We replace equation (4.6) by a parametric model
ébj |£b;7bj7 A =ar-~ N(ijgb;,bj + nbja ij) (47)

where 'y, € RIIXI19 =051 i the matrix of coefficients (slopes), my, € R is the intercept
vector and Xy, € R X181 ig the covariance matrix. Further, we assume that the parameters
Ly, v, 2p; are identified by fitting a conditional Gaussian distribution based on observations

with A > b;. More specifically, we can fit linear models with ¢ as predictors and /(;; as

bl—b;

responses to estimate the conditional means. We can then use residuals from linear models
to estimate the covarian matrix.

In more details, consider the example from (4.3), we have ¢ = ({1, 04)" and define

bl —b;
(14 = (1,41,04)", model-based BM-ACMV assumes that
T, B o2 o
Cy, 3]01, 04, A = 10010 ~ N 143 A (4.8)
€1T,45§< 023 U%

where 32, % € R® and

By = argﬁminE[(Lg — L1 4f2)*|A = 11110]

B% = argmin E[(Ls — LT ,535)*|A = 11110]
Bs ’ (4.9)

o5 = E[(Ly — L{,83)*|A = 11110], o3 = E[(Ls — L{,55)*|A = 11110]
023 = E[(Ly — L1485)(Ls — L1 465)|A > 11110]
Equations (4.8) and (4.9) together form the linear model-based ACMV assumption. I'y,, m,

can be recovered from 33, 85.
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We can estimate 55 and 5 with least squares methods and get 52 and ,@3. Next, we can

estimate the covariance matrix using residuals of the least squares fit, i.e.,

~ ~ 1 ~
(Liz — L] 1uB2)% 85 =— O, (Liz— L], ,85)

o3 =
i:A;>11110 10 ;. 4,>11110

1
No
} A - (4.10)
023 = o Z (Lip — L{ 1 482)(Lis — L1 453)

0 4. 4,511110
where ng is the number of observations with A; > 11110. After estimation, we can sample

from the following distribution

(B 52 &
0o, ls]01, 04, A = 10010 ~ N 1"‘% N R
5{453 023 a§

to impute the missing entries of /5, /3. Finally, we note that the model-based BM-ACMV

also nonparametrically identifies p(¢, A = a).

Proposition 4.3.1. Under the model-based BM-ACMYV assumption, the marginal density
p(€, A = a) is nonparametrically identified.

Imputation procedure We propose the following procedure to create multiple imputed

trajectories from a dataset that consists of non-monotone missing entries:

1. Step 1. We first find out all possible response patterns A < {0, 1}¢. Namely, A is the
smallest subset of {0,1}% such that A; € A for all i.

2. Step 2. For each a € A, we derive its blocks @ = by + by + - - - + b;(5) and estimate the

model parameters using (4.10) and derive the imputation density of each block.

3. Step 3. Fori=1,---,n, suppose A; = a # 14, we derive the blocks of a = by + by +

-+ +by@. For block j =1,---,J(a), we impute mising variables by sampling from

L, IL,

ibl—b; = N(Fbj Lz,b;—bj + ;s ij)



78

where f‘bj, ﬁbj and ibj can be constructed using estimates from the linear models. This
procedure creates an imputed dataset D* = {L},..., L}} such that L}; = L;; if L;; is

observed and Lj; is imputed from the above density when it is missing.

4. Step 4. We repeat the above procedure for M times, leading to M complete datasets
D*(l), D*(2), . ,'D*(M)
where
DR — (LW L Ly

is the k-th imputed dataset. We then use D*() ... D*M) to make inference about

the trajectory.

4.3.2  Nonparametric and machine learning approaches

We can further extend our approach beyond the linear model assumptions. Instead of (4.7),

we may assume that the block density satisfies the following assumption:
gbjwb;.—bj’A =a -~ N(fbj<£b;—bj)’2bj) (411)

with fy, (61, ) € R being a vector consisting of potentially nonlinear functions of Gy -

50 50
Further, we assume that f;, and X, can be identified by fitting nonparametric or machine
learning model with observations A > b}. For example, we can use k-nearest neighbors

(kNN) or random forest to estimate f3,.

Estimation of mean function We use kNN as an example to illustrate our idea. Consider
again the example from (4.3) that A = 10010 and we focus on the first block (Lo, L3 are

missing while L; and L, are observed). The imputation distribution is

. foally, l . 52, &
lo, U300, 04, A = 10010 ~ N [ fi, (6, ) = fially, ) S= 0 ],
7 Jres(lr, ly) Or2s Ors

(4.12)
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where ﬁ72(£1,£4) is the kNN estimate of the variable Lo condition on L1 = ¢; and Ly = {4
from observations with A > 11110, i.e., we fit the kNN regression to estimate the conditional
mean of Ls|L;y = ¢y, Ly = {4 using observations with Ly, Lo, L3, L, fully observed. fk,g(&, ly)
is estimated by a similar manner. Note that one can change the kNN estimator to any other

nonparametric method or machine learning algorithm.

Estimation of the covariance matrix The estimation of the covariance matrix ﬁbj is
more involved because the regression function is estimated nonparametrically. So naively
using the residuals from the training sample to compute the covariance matrix will suffer
from overfitting. Instead, we can use test error to estimate the covariance matrix as the test
error can be decomposed into squared bias, variance of estimators ]?and the irreducible error
2 (James et al., 2013). As sample size converge to infinity, with properly tuned parameters,
both the squared bias and variance of estimators will converge to zero and thus the test error
will eventually converge to the irreducible error o2, which also corresponds to the variance
term here. Thus, we recommend using sample-splitting or cross-validation for estimating the
covariance matrix. Here we describe the sample-splitting procedure.
First, we split the data into two parts: P, and P, such that P, n P, = (J and P, U P, =
{i - A; = 11110}. We use P, for training the kNN model and then use P, to compute the
residuals for estimating the covariance matrix. Namely, P, is the training sample and P, is

the validation sample. Specifically,

ww
||

2 Liz — fra(Lig, Lia))?

P

where ny corresponds to the number of observations in part P, and fj o is estimated using
observations from P;. 0% can be estimated similarly. The covariance is computed via a

similar manner

~ 1 A~
G2 = — Z — Foa(Lig, Lia))(Lis — fos(Lix, Lis))
2 E
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with fk,g and ﬁg are both estimated using observations from P;. Note that we can switch
the position of P, and P, so that we train the machine learning model with data from P, and
then estimate the covariance matrix using data from P;. This leads to the cross-validation
procedure and is also known as cross fitting in causal inference (Chernozhukov et al., 2018).

After estimating the imputation model, we impute the missing entries by

fb‘ng b’ —a“N(fb<bT b)ibj)

and we apply the same multiple imputation procedure from the previous section.

Uncertainty estimation for the multiple imputation estimator So far, we have
proposed to obtain multiple imputed datasets with our model-based BM-ACMYV assumption.
This allows us to obtain multiple imputed trajectories and we can then obtain estimates for
parameters of interest using these completed datasets. However, to quantify the uncertainty
for the estimates, we propose using bootstrap (Efron and Tibshirani, 1994) to estimate the
standard errors and construct confidence intervals.

More specifically, the bootstrap procedure is as follows. We use D to denote the original
dataset, ng to denote the number of times for bootstrap and M for the number of times for

multiple imputation. We want to estimate a parameter (.

1. Step 1. We sample with replacement to obtain a bootstrap sample Dgtr. We apply
the imputation procedure in section 4.3.1 to obtain multiple imputed datasets based
on Dgt:

(1) yx(2) (M)
Dy DR, D
2. Step 2. We obtain an estimate for each imputed dataset:

B*(l), o 73*(1\4)

and compute the average = 2 21 1 ﬂ*(l as the bootstrap estimate.
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3. Step 3. We repeat the above procedures (Step 1 and 2) for ng times and get np

bootstrap estimates Bl, e ,BnB.

We can then use the bootstrap estimates to either construct confidence intervals or estimate

the standard errors.
4.4 Simulation Study

To illustrate the the effectiveness of our method, we design a simple simulation study with
10 time points, i.e., L = (Y1,...,Y19) € R, and we assume that there are three blocks of
variables subject to missing. The first block is b; = (Y3, Y3), the second block is by = Y5 and
the third block is by = (Y7, Y3, Yy). The rest variables Y7, Y}, Yg, Yio are always observed. For
convenience, we use R € {0,1}3 to denote the missing pattern of L, i.e., R; = 1 if the j-th

block is observed. We use L, to represent the data observed, for example,

LlOOZ}/la}/QaYE%7n7}%a}/10 LOOl :}/1’}/;1;}/67}/77}/87%7}/10
— —_——

b1 b3

Next, Let |b;| be the length of i-th block and define |r| = >} 7;|b;| + 4 as the length of the

observed variables. We generate the data as follows:
L, ~ N(ﬂm, EW) + Uy

where X, = 1/21, + 1/21|T|1|Tr| and p, can be viewed as a location shift for the mean of
observed blocks. p, does not affect the mean of Yi,Y), Ys, Yo, For this reason, we only

specify pu, for the corresponding observed blocks. We specify u,. as follows:

H100 = (0,0) Ho1o = (05) Mool = (—0.5, —0.5, —05) H110 = (—0.5, —0.5 ’ 0)

H101 = (05,05 | 070,0) Ho11 = (05 | 05,05705) Hi11 = (0,0 | 0 | 0,0,0)

For example, when r = 110, p110 = (—0.5,—0.5 | 0) and blocks b; and by are observed.
The mean for block 1 would then be (0.5,0.5) and the mean for block 2 would stay 1. Put
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everything together, the mean for L;;9 would then be

(1,05,051, 1 ,1,1)
—— ~——
by b2

Next, we assume that the extrapolation density follows the linear model-based BM-ACMYV as-
sumption. Under similar assumptions to (4.9), we can compute that for r; € {000,001, 010,011},

1/3 + 1/3Y; + 1/3Y; 19/24  7/24

)/27)/3|}/17}/47R:T1~N )
1/3 + 1/3Y; + 1/3Y; 7/24 1924

Similarly, we can compute that for 7, € {000,001, 100,101} and r3 € {000, 100,010, 110},

Ys|Vi, Yo, R = ry ~ N(1/3 + 1/3Y; + 1/3Yy, 19/24)

1/3 +1/3Y5 + 1/3Y3 19/24 7/24  7/24
Y7, Y3, Yo|Ys, Yio, R =13 ~ N 1/34+1/3Y5+1/3Yy || 7/24 19/24 7/24
1/3 4+ 1/3Y5 + 1/3Y3 7/24  7/24 19/24

Finally, we assume that P(R = r) = 1/8 for all r € {0,1}3. We are interested in estimating
7 =P(Y) <a, - ,Yp <a) = P(max; ¥; < a) and the probability of trajectory crossing a,
Ty = P(max; Y; = a,min; Y; < a) for a fixed constant a. We set a = 1.8. The true values
71 ~ 0.3141 and 75 ~ 0.6797 are computed by a Monte Carlo approximation with 100, 000
observations and 400 repetitions.

In the simulated data, we generate n = 5,000 observations. For our model-based ap-
proach, we perform multiple imputation 5 times with linear model, kNN and random forest.
We also compared our methods with the popular MICE method and complete-case analy-
sis (using only data without any missingness). We use ng = 1,000 bootstrap replicates to
estimate the uncertainty and the entire procedure is repeated 1,000 times. For kNN, we
use £ = 50 and use cross-fitting to estimate the covariance matrix. For the random forest
method, we use nyee = H0 trees and set the node size to be 350. We use out-of-bag errors
to estimate the covariance matrix for random forest. For the MICE method, we use the

Bayesian linear regression model for imputation.
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Table 4.1: Simulation results when n = 5000 and M = 5

Bias TSE Avg. Bootstrap SE  Coverage
Method T T 1 T2 T1 T2 ! T2
MICE 0.042  -0.045 0.0067 0.0067 0.0068 0.0068 0 0
Complete-case 0.052 -0.056  0.019 0.019 0.019 0.019 0.23 0.18
Linear 0.0003 -0.0003 0.0065 0.0065 0.0065 0.0065 0.96 0.96
kNN -0.0046  0.0057 0.0067 0.0067 0.0069 0.0069 0.91 0.87

Random Forest -0.0033 0.0046 0.0067 0.0067 0.0068 0.0068 0.96 0.96

Table 4.1 summarizes the result. Bias is computed as the difference of the average of
1,000 parameter estimates and the true value of 71 and 7. True standard errors (TSE) are
computed by the 1000 repetitions of the experiment; it is an Monte Carlo approximation
of the actual standard errors of the estimator. Average bootstrap standard error (Avg.
Bootstrap SE) is the average bootstrap standard errors over the 1000 repetitions. Coverage

stands for the coverage of 95% confidence intervals.

First, for all methods, bootstrap successfully capture the uncertainty in the sense that the
Avg. Bootstrap SE is very close to the TSE. Both MICE and complete-case analysis lead to
a biased estimate and a very poor confidence interval. The linear model-based BM-ACMV
approach obtains close to zero bias and achieves nominal coverages for the 95% confidence
intervals. This is because the true generating process is linear, so the linear model has a
superior performance. Finally, both kNN and random forest obtain much better results than
MICE and complete-case analysis. However, the confidence intervals of kNN do not achieve
the nominal coverage because the biases cannot be ignored and is at a similar scale compared
to the standard error estimates. For random forest, the coverages are much better, despite
the biases appear to be on the same order as the kNN approach. We include some further

simulation results in Appendix C.
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4.5 Real data experiments

In this section, we apply our proposed model-based BM-ACMYV assumption to the diabetes
EHR dataset. The dataset contains 8663 individuals with the maximum number of possible
HbA1lc measurements being 45. Thus, the length of the HbAlc trajectory is 45. For simplic-
ity, we focus on imputing the first 10 measurements from the trajectory. Even just for the
first 10 measurements, we already observe many distinct missing patterns. For the first 10
measurements, the total number of possible missing patterns is 2! = 1024 and we observe
995 distinct missing patterns in our dataset. Further, there are only 108 individuals who
have fully observed HbAlc measurements for the first 10 visits. For this reason, we choose
to not restrict the maximum length of missing blocks and impute for all individuals in the
diabetes dataset. In the meantime, we also have 154 individuals who do not have any HbAlc
measurements.

Again, we are interested in estimating 1, = P(Y; < a,---,Y1p < a) and 75 = P(max; V; >
a,min; Y; < a) for a = 7%. Here 7% is an important threshold for diabetes patients as under
7% suggests that an individual has HbAlc successfully controlled. Thus, 7; is measuring the
proportion of individuals who have their HbAlcs under control for the first 10 measurements.
Ty 18 measuring the proportion of individuals who have their HbAlc measurements cross the

important level of 7%.

The results are presented in table 4.2. For MICE, we again used Bayesian linear regression
for the imputation. For kNN method, we set the number of neighbors to be 5. For the random
forest, we set the number of trees to be 50. For the number of multiple imputations, we use
M = 20. We can see that the results for all model-based BM-ACMYV approach are very
similar to each other, indicating the linear model fit might be enough in this case. Further,
the complete-case analysis leads to a very wide confidence intervals for 71 and 7 because

only 1.2% individuals have complete observations.

All our methods suggest a similar estimate in both parameter 71 and 7. The complete-

case analysis suggests an estimate with a higher value of 71 and a lower value of 7 compared
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Table 4.2: Real data results for HbAlc trajectories of length 10.

Estimate (95% CI)

Method T1 T2
MICE 0.208 (0.199 - 0.219) 0.673 (0.662 - 0.685)
Complete-case  0.194 (0.127 - 0.272) 0.611 (0.521 - 0.701)
Linear 0.176 (0.163 - 0.191) 0.708 (0.688 - 0.722)
KNN 0.180 (0.171 - 0.197)  0.707 (0.689 - 0.717)
Random Forest 0.175 (0.170 - 0.197) 0.707 (0.682 - 0.712)

to our methods. The MICE leads to a result that 7 will be even higher and 7, is again
smaller. Although there is no true label to tell us which method is the best, this experiment

highlights the applicability of our method to an actual scientific problem.

4.6 Discussion

In this chapter, we proposed a block-Markov ACMV assumption for recovering trajectories
of longitudinal measurements. For modeling purpose, we modify our assumption to a model-
based BM-ACMV assumption that allows the estimation with linear models and flexible
nonparametric / machine learning models. Our proposed assumption is nonparametrically
identifiable and will not conflict with the real data. Currently we only consider modeling
continuous data, but it is possible to further extend our approach to also consider binary,
categorical and count data. It is also possible to allow each missing block to depend on more
variables. The current procedure of using bootstrap to estimate the uncertainty is a valid,
but computationally heavy approach. We might be able to use Rubin’s combination rule to
reduce the computation time and still obtain valid confidence intervals. We leave all this to

future work.
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Appendix A
APPENDIX OF CHAPTER 2

A.1 Derivation of IPLW partial score

Assume that there are ngy observations with L = 0 and @ = 0 (Class 3 of Figure 2.1)

I(Li+Q;>0)
Qi+(1-Q4)ms,, (X4)

likelihood for estimating 3. Assume that T(l) < TN"(Q) <. <T (n—ngo) are the ordered TN’i’s,

and define weight w; = Now we are ready to derive the IPLW partial
and X, L), Qi), A) are the corresponding covariates, linkage indicator, in-trial censoring
indicator and censoring indicator. Denote Ay(t) as the cumulative hazard function. Let
h; = dAO(T(Z-)) = AO(T@)) — AO(T’.) and AO( ) = ZJQ h;. It is known(Van Der Vaart,
2000) that maximization with respect to Ag can be done by maximizing b = (hq, ..., hy_ng,)
and thus we only need to consider the case where [,,(3, \g) = [,,(3,h). As a result, the IPLW

log-likelihood can be rewritten as:

:I>—‘

(8, \o) = Z ) [ A log by + Ay X(B — exp(X(8) D b

j<i
Thus, maximizing this with respect to h = (hy, ..., hn_n,,) leads to

A~

AwWe
Zj>z w(5) eXp(XT ﬂ)
Take h = (;\Ll, e ,ﬁn_nOo) back to the empirical log-likelihood, we obtain the IPLW partial
log-likelihood

L,(B) = %Z z)wa< (»B —log <Zw eXP(XwB)))

Jj=i

-

which can be further simplified as

L.(B) = %im@ (XTB log <i T;)®; exp(X] 5)))

7j=1
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and then the partial score is

T; > T;) exp(X! B)XJ) 7 (A1)

To derive the asymptotic distribution of én, note that

0.(8) — 0.(8;) = %ﬁ (B30 +on(18— Bi1)

B=By

Thus, choosing 3 = Bn leads to
-1

VB -8 ~ | %@ o220, (85)

B=By

As a result, we just need to prove that — U~ (8) — Uo(B) = X, and

» ‘B=B5“ b % gy
n‘l/2ﬁn(,66“) converges to a normal distribution. We prove the second convergence by
showing that nl/Qﬁn(ﬁ(’)“) has a weighted asymptotically linear expansion: nl/QIAJn(BE)“) =

n=l/? Do W Uy(BE) + 0,(1) with

Ui(85)

n S0(85. 1) ™ (1) exp(BETX (1)) OB, ~
f [X’“ _s<0><ﬁa:t>]dN"<t)_L 7 or el REOR oy et RO

and N () = E[N(t)]. Similar asymptotic linear expansions have appeared in Lin and Wei

0

(1989) and Lin (2000). This weighted asymptotic linear expansion motivates the study of
the IPLW empirical measure and processes.

We start by giving the weighted asymptotic linear expansion of the IPLW partial score
IAJn(,B) and subsequently give its asymptotic distribution.

Theorem A.1.1 (Asymptotic linear expansion). Under assumptions (D1) - (D4), we have

the following two results:

1. For each B, n*2U,(8) = n~ V2" ©;U(B) + 0,(1) such that

[ St [ M08 2
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with N(t) = E[N(t)].

2. n~ V20, (B2) —q N(0,3y) with

Q= 0)[1 = my(Z1)]
7T’Yo<zl>

Sl = Var[U(85)] + E [Ulma*‘)Ulwg)T
— Q.(U1(B)) "= (7)Q(U1(B])),
where Qo(Uy(85)) = Po[1(Q = 0)(1 — 7y, (1)) 21 U1 (88)"].

The proof of Theorem A.1.1 can be found in appendix A.3. We first prove that the
IPLW partial score can be written in the weighted asymptotic linear expansion form (first
assertion). Then we use the weak convergence result of the IPLW empirical process from
Proposition A.2.2 to obtain the asymptotic distribution of n'/ 2ﬁn (B3). Next recall —%ﬁ(ﬁ) =
A, (B) and we can write A, (3) equivalently as

[] T2 (2)
An(ﬁ) _ _aUn<IB) _ J S?v;”( )

B,t

and similarly define its population version A(3)

P S(2)
Mm:_ﬂMm:f L@E
)

)

(1) ®2
_ <—:g;v (B, t)> AN (1) (A.2)

B 0

Under assumption (D5), A(B]) = X is positive definite and we later prove that A, (8) —,
A(B) for B in a compact set B that contains Bj. Together with the asymptotic normality

of the IPLW partial score, we can derive the asymptotic normality of the estimator ,@n
A.2 Empirical process theory for an IPLW process

To study the asymptotic properties of ,@n, we need to generalize empirical process theory
into an IPW scenario. We first introduce an IPLW empirical measure

F=a Ox. 7 A, = = ), Wilx. 7 A,
n ; Q’L + (1 - QZ)/]T'VO (X’L) X’L7T27A'L n ; XI,TZ,AI
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Qi+(1-Q;) T~y (X4)

such that P} f = %Z?:l wif(Xl-,T}, A,;) for a function f = f(x,t,). In practice, Ty (X) 18

where 5Xi,ﬁ-, A, 18 the Dirac measure placing unit mass on (X;, 7;, A;) and w; =

unknown, so we introduce the IPLW empirical measure with estimated weight
i+ Qi >0) 1 -

Pwe _ = —
Z Qz 1 - Qi)ﬂ-’)’n( ) B n Z

with g replaced by 4,. Finally, we denote Py as the probability measure corresponding

’ﬂz

to the true distribution such that Pof = E[f(X,T,A)]. Note the usual empirical measure
P, = % pI. 0x, 7., is unobserved due to the missingness in Class 3 of Figure 2.1. The IPLW
empirical measure leads to the IPLW empirical processes GI = /n(P; — Py) and GI* =
Vn(Pr¢ —Py). It turns out that our IPLW empirical measure and empirical process also
enjoy similar asymptotic properties as the usual empirical measure and empirical processes.
For any ¢ : F — R, we write |¢(f)||7 = supsez |#(f)]. We say that F is P-Glivenko-Cantelli
if and only if sup sz [(P, —P) f| = op(1). We first prove that the Glivenko-Cantelli property
also holds for the IPLW empirical process.

Proposition A.2.1 (IPLW uniform convergence). Suppose that F = {f(x,t,0)} is Po-
Glivenko-Cantelli with an integrable envelope function F such that PoF < co. Under as-
sumption (A1-3),

|PT — Py 7 —p= O.

If ¥ —p Y0, then P — Pyl 7 —p+ 0 also holds.

The proof can be found in Appendix A.3. Recall that X = (1,X7)7 and X = (1,x7)7.
Now, to definite weak convergence, let X,, be a bounded process and X be a bounded process
whose finite-dimensional laws correspond to the finite dimensional projections of a tight Borel
law on (*(F). We say that X,, v~ X in (*(F) if and only if E*H(X,,) — EH(X) for all
H e Cy({*(F)), where Cy(¢*(F)) denotes all bounded continuous functions on ¢*(F) (Van
Der Vaart and Wellner, 1996; Van Der Vaart, 2000). The next theorem states the weak

convergence result for the IPLW empirical process.
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Proposition A.2.2 (IPLW weak convergence). Under assumption (A1-3), suppose that
F = {f(x,1,0} is Py-Donsker with an integrable envelope function F such that PoF < oo,

then
Gy~ Glgr)
Gp® > G = G(g1 - —92Qe ()" 83)
in [*(F) where g1(l,q,%x) = q+(11(l:1—(§:—2))(x)’ 92(l,q,x) = I(q = O)[I — myy (x)], g3(x) = B )X

and Q.(f) = E[1(Q = 0)(1 — W7O(X))f(X,f,A)X]. G is the Py-Brownian bridge process,
indexed by F.

A.3 Proofs

PROOF OF PROPOSITION 2.3.1. For simplicity, denote P(L = 1|Q = 0,X) = my(X). First,

we have
e[ e o] e[ ERP e -ox Tafja o)
:E{§i§?EPuﬁzMQ:oggiAHon]

E[1(8, %)|Q = 0]

The second to last equality holds as I(3, Ag) is a function of f, X, A. The last equality holds

by assumption (Al). To prove (2.6), we have

I(L+Q>0) [ =1) ) B
£ [Q - @)m(X)l(B’AO)] - E[ (X))@ O] PQ=0)
FE[IB,2)/Q = 1] P@Q = 1)
~ E[U(8,0)|Q = 0] P(Q = 0) + E[1(8, \)|@ = 1] P(Q = 1) = E(1(8, \))

We first give the asymptotic distribution of 4, the estimates of the logistic regression

parameter .
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Lemma A.3.1. Under assumptions (A1), (A2) and (A3), A, is consistent for vy and
V(A —Y0) —a N(0, E:,Ol)

where 3, = E [I(Q - O)M] — E[1(Q = 0)7, (X)(1 — 7y (X)) XXT].

(1+exp(XT~p))2

Proor or LEMMA A.3.1. First, the score for logistic regression converges as

L.X. eXP(XiT'Y)Xi ] R

1+ exp(X7~)

E|1(Q=0)(LX- eXp(iTz)i)lzs
[ @ )( severed | RLGT

and

—E [E [I(Q ~0) (Lf( CP(L=1|Q = o;X)f(> |Q,XH
—E (I(Q —0)|E[L|Q, XX — P(L = 1]Q = o,X)XD —0

since E[L|Q,X] = I(Q = 0)P(L = 1|Q = 0;X) + I(Q = 1)P(L = 1|Q = 1;X). Further, by

the law of large numbers,

n KTy XXT
VS.(7) =~ Y 1(Q = 0) PP
i=1 [1 + eXp(XiT'y)]
B | Q= o) SPEXXT |
‘ [I(Q Vs ey | =

We assume that (=) is positive-definite, thus - is the unique solution for S() = 0. Next

we verify the uniform convergence condition:

sup S, () = S(¥)| —» 0
vy

Denote ¢(l,¢,x) = I(q¢ = 0) [l — my(x)] X and S,,(v) — S(v) = (P, — Py)¢~. The function
class {¢~(l,q,x) : v} forms a VC-subgraph class by Lemma 2.6.15, 2.6.18 of Van Der Vaart
and Wellner (1996). Thus, by Theorem 5.9 of Van Der Vaart (2000), we have 5,, —, 7o.



103

For asymptotic normality of 4,, note that

exp(XTy1)  exp(XTyy) %
1 +exp(XTy;) 1+ exp(XTs,)

[, (L, @, X) = ¢, (L, Q, X)| <

1 ~~
< IXX 7 - .l

Under the assumption that X is bounded, we have E|XXT| < oo. E¢,(L,Q,X) is differ-
entiable at 7, with derivative 3.,. By Theorem 5.21 of Van Der Vaart (2000), we conclude
that

\/ﬁ(’% - '70) = ’70 \/72(/5‘70 Li, Q;, X ) + OP(l) —d N(O’ 2’;01)

PROOF OF PROPOSITION A.2.1. We start with bounding the difference between the

IPLW empirical measure P} and the usual empirical measure P,,. By triangle inequality,

BN I(Li + Qi > 0)
Z (Qz +(1-Qi)my(X) 1) X3,

The first term is op«(1) since F is Glivenko-Cantelli.  For the second term, de-

IP% = Pofl 7 < [P — Po| 7 +

f

I(l+¢>0) i 1
g+ (1=q) g (x)

{[g fl1(,q,%,6,1) : f e .7-"} where f = f(x,%,6). By assumption (A3), g(I, ¢, x) is bounded

fine function g¢(I,q,x) then consider the function class F* =

and F has an integrable envelope function F. These two together imply that F* is Py-
Glivenko-Cantelli by the Glivenko-Cantelli Preservation theorem (Van Der Vaart and Well-
ner, 2000). Then, for any f € F,

Pogf = E [Elg(L, Q. X) /(X T, 2)/Q]]
= E[g(L. Q. X)f(X,T,A)|Q = 0]P(Q = 0)+
E[g(L, Q. X)f(X,T,A)|Q = 1JP(Q = 1)
~E[0- f(X T.8)Q = 1IP@Q = 1)+

B| (g 1) rxTafe - o] e -0
:]E[f(XTA) (%-1'@:0,){,1@‘@:0]@(@=0):0
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The last equality is due to the assumption (A1). Thus, the second term could be rewritten
as

o
]—'*

1 n
E ; 5Xi,f¢,Ai7Li7Qi
which is again opx(1).

Now consider P7°. Since 4,, —, Yo, it suffices to consider a small compact neighborhood
K < RPY of ~p. Let &(x,q) = %W' Since X is bounded and 7, is continuous
in X, &(X,Q) is also bounded. Lemma 2.6.15 and 2.6.18 of Van Der Vaart and Wellner
(1996) then imply that {¢(x, q) : v € K} is a VC-subgraph class. Next the Glivenko-Cantelli

Preservation theorem (Van Der Vaart and Wellner, 2000) implies that

q+ (1 B Q>7T’70 (X)
g+ (1— Q)7T'7<X)

. J
"

E’Y (X7Q)

G =< hyslq,x,1,6) = f(x,1,0): fe F,yeK

is a Py-Glivenko-Cantelli class as F has an integrable envelope function and &,(z,q) is
bounded. Then recognizing that

Pﬂ—’ef _ l i I(Lz + Qz > 0) {QZ + (1 — Qi)ﬂ—\/o(Xi)
" n = Qi+ (1 — Qi) (Xi) Qi + (1 — Qi)mz, (X)

} FXi, T A) =g, f
We have

[P%° = Poll 7 = sup [PR&s, f — Pof| < sup |PR&5, f — Poss, f1 + sup [Poés, f — Pof]
feF feF feF
Notice the first term is op« (1) since G is Po-Glivenko-Cantelli. For the second term, we have

1 1
Q+(1-Q)m,(X)  Q+(1-Q)my(X)

= 1(Q =0) (1 - (X)) X" (An =)

where v* is some convex combinations of «, and 4, and v* —, «o. This implies that

(A.4)

1
Ty (X)

6. (X, Q) — 1 = £.(X. Q) — £,(X. Q) = I(Q = )y (X) (1 - ) X735, — )

(A.5)



105

and the second term can be rewritten as following;:

sup

E {f(X, T, A)(Q = 0)my, (X) (1 - 7r,7*1(X)> XI G - 70)}H

feF
~ 1 ~ ~
syl n-0m (1 L]

Further, since 7 (X) is bounded away from zero for v € K and |Py|r < o0, the second term

is now determined by |4, — 7o/, which is 0}(1). ©

The proof of Proposition A.2.2 relies on the following lemma.

Lemma A.3.2. Let ¢, (I,q,x) = ”l+—q>0>(x) and F = {f(x,1,0} be a Po-Glivenko-Cantelli

g+(1—q)my

class with an integrable envelope function F such that PoF' < oo. Then

sup |[Vn(Pr — Po) (G, f = Gy )] = 0p(1)

feF

g+ (1=q) Ty (%)

PROOF. First, recall that &,(q,z) = e

, then we have that

PrGs.f =Prés. [ Pulyof = Préso f

Further, since

Pog—y:Eo[ I(L+Q>0) ]

7+ 0 Om(X)
S el el | R b ey

We further have that

= ]P)Of'y

PoG5.f = Po&s,.f3 Polyof = Pobyo f

Given above results and equation (A.5), we have

Sup [v/n(Pn = Po) (G f = Grof)] = Sup |vn(Py = Po)(&,. f — &v )]

< sup
feF

1 =20 (1@ = 0y (00 (1= s ) ST KT 1A~ )]

Ty (X)
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where 4* is a point lies between 4, and ~,. Note that the consistency of 4, implies that
~* 2 4 and 4* will fall into a compact small neighborhood K around -, with probability
L. As aresult, G = {I(qg = 0)m,(x) <1 — Ml(x)> X" . 4 € K} forms a VC-subgraph class

by Lemma 2.6.15 and 2.6.18 of Van Der Vaart and Wellner (1996). Then by the Glivenko-
Cantelli Preservation theorem (Van Der Vaart and Wellner, 2000), we have F; = {fg : f €

F,g € G} is a Pyp-Glivenko-Cantelli class with an integrable envelope function. Then
Sup V(@ = Po) (G f = v )] < IP% = Pollmv/nf[An — ol
S

By Proposition A.2.1 and Lemma A.3.1, \/n||4, — vo| = Op(1) and |PT — Po| 7 = 0h(1).
o

PrROOF OF PROPOSITION A.2.2. Let (,(l,¢,x) = #‘% This implies that
Gy (L, Q,X) = ¢1(L,Q,X), where g; is defined in Proposition A.2.2. Moreover, under as-
sumption (A3) and ||Py|r < oo, F' = {g1 - f : f € F} is a Donsker Class by Example 2.10.10
of Van Der Vaart and Wellner (1996).

By the definition that G = y/n(P; — Py), we have

GLf = Vn(Pn = Po)Cy [ = Vn(Py —Po)g.f.

Thus, the usual Donsker theorem (see, e.g., Section 19.2 of Van Der Vaart 2000) implies that
G~ v G(gr-) in {®(F) and

Var(G(g,f)) = Var(f(X, T,A)) + E | f(X, T, A)

2 1(Q =0)[1 - Wvo(X)]]
Toyo (X)

Next,
Grf = Gof = Vn(Pr® —Po)f — vn(P; —Po) f

= Gn (C% - g’m) J+ \/EPO (C‘/n - C’Vo) f
By Lemma A.3.2, G, (5, — () f is 0p(1), which bounds the first term. For the second

(A.6)

term, note that

1
Tvo (X)

G — Gy = —I(L = 1)I(Q = 0) < - 1) X7 (3, — 90) + o1 — ol?)
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and E[I(L =1)|Q = 0,X] = 7,(X), we can show that

~

VI (G, = ) f = = {E [ 1(Q = 0)(1 = 7y ()X, T, )X | | V(5 = 70) + 05(1).

Together, equation (A.6) and Lemma A.3.1 implies that

Gzﬁf—%z[gl Lo Qu X)F(X, T ) — B

7

Ry
—%ﬁﬁ@:%lwﬂmvmf ]2;51 = 0)[Li — 73y (X)X + 03(1)

=\/ﬁPo(;‘:m—CwO)f
= Gn g1 f — 92Qe(f) 93] + 0p(1)

where g1(1,¢,x) = Mf“},—‘)’:f)(,() 92(l,q,%x) = I(q = 0)[l = (x)], 83(x) = X3 /X and Qc(f) =
E[I(Q = 0)(1 — 7, (X)) f (X,T,A)X]. This proves the finite dimensional convergence of
G™°. Next, we prove the asymptotic equicontinuity of G™¢. Define p(f,g) = Po(f — g)? and
Fs={f—9g:f, g€ F,p(f—g) <d}. First, F is totally bounded by the metric p given (Van
Der Vaart and Wellner, 1996, Problem 2.1.2) and |Py|» < oo. Next,

1GZ N7 < IGolz + 16y = Ghl 7

For the first term on the right-hand side, G is asymptotically equicontinuous with respect

to p. For the second term,

IGH = Gz < 1Qe |7vnlAn — Yol + 0p(1)

and

E[I(Q = 0)(1 — 7y (X))h(X. T, A))”(T]H < Csup(P(h2)? < €6
heFs

|Q¢ 7 = sup

heFs

by the definition of h and some constant C' > 0. Thus, we have lims\ o |G} €|z = 0. Thus,
by Theorem 1.5.7 of Van Der Vaart and Wellner (1996), G™¢ v~ G(g; - —¢2Q.(-)Tg3) in
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[*(F) and

Var(G(g: - f — g2Qe(f)7s)) = Var(f(X, T, A))

2 1(Q = 0)[1 — 7, (X)] _ T —1
e —anrian,

+E {f(x, T,A)
which completes the proof. o

Before proving Theorem A.1.1, we first introduce a useful lemma.

Lemma A.3.3. Under assumption (D2-3), for a small compact set B that contains B,

sup [S,(8,1) —sM(B,1)] = 0p(1)
te[0,72],B8<B

for k=0,1,2.

PrROOF OF LEMMA A.3.3. By assumption (D2), X(¢) can be written as the difference
of two nondecreasing processes of ¢ € [0, 73], then by Example 2.11.16 of Van Der Vaart and
Wellner (1996) and the fact that X(t) is bounded, G,X v~ Gg in {*([0,72]). Now we can
view G = {x(t) : t € [0, 72|} as a function class {f;(x) = x(t);t € [0, 72]}. G is a Pyp-Donsker
class. Next, {3 : 3 € B} is trivially a Py-Donsker class and {x(¢)13 : t € [0, 2], 3 € B} is also
a Donsker class by theorem 2.10.6 of Van Der Vaart and Wellner (1996). Similarly, we can
prove that {y(t) exp(BTx(t))x(t)®" : B € B,t € [0,72]} is also a Donsker class for k = 0,1, 2
as {y(t) : t € [0, 2]} is also a Py-Donsker class by Theorem 2.11.16 of Van Der Vaart and
Wellner (1996). Then the result can be proved by Proposition A.2.1. o

PROOF OF THEOREM A.1.1. The proof of the asymptotic linear expansion is inspired

by Lin and Wei (1989). By Lemma A.3.3, we have

sup  [SP,(B,1) —s¥(B,t)| = op(1)  k=0,1,2
ﬂeIB,te[O,rg]
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for a compact set B that contains 3;. Then we can decompose the partial score in equation

(2.8) as follows:

~ 1 " ~ -~ S’gll’)w aﬁ
VU, (B) = \/—ﬁzﬁiwi {Xz( i) — S0 (g T;}
i=1 naw\~y —1
1 " ~ 2 = nglzu 9 \ 7
- e Xinav - va [ S EZ Z;dw)
1=1 n,w )
B L n N T | B T S(l)(ﬁ,t) B ~
_ ﬁgw fo Xz(t)dN,(tj G fo o ﬂ’tld[ -8
e (11)
= SM(B,1) ~ mlsi(B.t) sVBY| o~
§ ! sn%w?t)dwz_ﬁfo [sn%(ﬂ,t) ~ (8. | O N
a (1v)

(A.7)

Term (I) and (II) are already linear expansions so we do not need to conduct any further

derivation. In what follows, we will first show that term (IV) is op(1) and then argue that
term (III) has an asymptotic linear expansion.

Term (IV). By assumption (D4), for large enough n, both S%%(B,t) and s (3,t) are

bounded away from 0, so Lemma A.3.3 implies that

sup
BeB,te[0,72]

Moreover, by Proposition A4.2.2, nV/2(N (75)— N (7)) converges to a mean zero normal random
variable. Together, this implies that (IV) is op(1).
Term (IIT). Next, we have that

Siu(B,1) S%(B t)
Sun(B.t)  sO0(3 1 1 S8y 0, t>]
- nw,Bt (0) ﬂt —S (B,t)
= 50 5 7 [1 oGy o
s(B, 1)

L(8.1) — S B g0) 5 1y 05 t>}] £ op(1)

(ﬁ3,t) [ s0(8,1)
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[ s [880) - S (5080 — (8. 014N (0| + on(1)

Taking above equation back to equation (A.7), we get the desired asymptotic linear expansion

of Up(B): vnUn(B) = n™V2 X0, @;U;(B) + 0,(1) with

Ui(ﬁ) =

f [Xi(t) Eg 21 N - L .<>exp(<§i>)<i<t>> [Xm zgggg] e

Finally, to apply Proposition A.2.2, note that 7., (X) needs to be replaced by m,(Z;) and
U;(B) can be viewed as a function ng(X(T),i A). As a result, we have \/nU,(8) =
n~Y23T 0, U(B) + 0,(1) = GFeng + op(1). Proposition A.2.2 implies the asymptotic

normality of \/ﬁﬁn(ﬁg)l, which completes the proof. o

PROOF OF THEOREM 2.3.2. Based on the fact that [AJn(Bn) = 0 and Uy(BF) = 0, we

have
V(B — B) = An(B) "0 UL(B2) + op(VallB. — B ).
where A, is defined in equation (A.2). To prove that Bn —, B;, we adopt the same strategy

as Lemma 3.1 in Andersen and Gill (1982). From Theorem A.1.1, we obtained that %[/\Jn(ﬁ) =
L3 ©;U(B) + op(n~"?). Then by Proposition A.2.1,

L0,(0) ~ B [ X(0)-

n 0
s"(8,1) f” sW(B,1)] Y(t) exp(BTX(t)) |~
dN(t) — X(t) — dN (t
| o - [} [xo - g s e
It is not hard to prove that above expectation equals to Uy(8) = E [A (X(T) — %)}
By assumption (D5), A(3§) = aUO (B) | - is positive definite and by a similar argument

!we only need the pointwise convergence result at 8 = 33
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as Lemma 3.1 in Andersen and Gill (1982), we have ,@n —, B;. We now prove the uniform

convergence of A, (8) to A(B) in a small compact subset B that contains 3.

sup |A,(8) — A(B)] <
BeB

= IS8 [ SWu(B,t)
f P “\sDs.)

0 PBeB Sg%(ﬂ,t)
™ s@,@,0  (s@.o\" | (280 (s0B.\?)|| <
+f0 st | S9B.0  \s98.0) - sOBt) (Sm)(ﬁ,t)) W)

For the first term of (A.8), let

&2 N
) |d(N(t) = N(t))]

BeB S ('67t)
and (2) W -
- 52(13775) sl(ﬁat)
M) =sw | G g~ (W)

. We can replace h,(t) by h(t) such that

f S ha A1) — N (1)) = j ()N () — N (1)) + op(1)

0

by Lemma A.3.3. By Proposition A.2.1, supc(o ., [N (t) — N(t)] = 0p(1). Thus the first term
is op(1). The second term is also op(1) by Lemma A.3.3. By the uniform convergence of
A, (B) to A(B), we then have A, (B5) —, A(B;). Then, by slutsky’s theorem, we obtained
that

Vi(Ba — B) —a N(0, 251 E% )

A.4 Doubly Robust Estimation and its limitation

Now we propose an augmented inverse probability of linkage weighting (AIPLW) estima-

tor for estimating the long-term effect. We first need to define several outcome regression
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functions:

A<x_w)'x,Q:o,L:1]

sO(T, B)
W (F
—E[AX,Q=0,L=1]X-E|A® T8 g—0.0=1
N ~ _ 8(0)(T, /3)
m1(X) - — -,
mg(X)

my(X) = E [I(T > ) exp(XTB)[X,Q = 0,L = 1]

—E [](T >1)|X,Q =0,L = 1] exp(X'3)

The augmented IPW partial likelihood is then as following:

1 " Su)DR(ﬁaﬁ)
I(Li= 1) S\ he(B.T)) (A.9)
I(Q; =0 A | X — === '
(@=0 [ o0 (K0 SOpn(8.7)

with

B @A : ®k
! <1 5, (X2) ) m3<Xz>} } XS

where my,(x) are certain estimators of my(x) for &k = 1,2, 3 such that mg(x) = m(x) —ma(x).
Let BAIPW be the solution to U, arpw = O. BAIPW is a doubly robust estimator in the
sense that either 75, (x) being consistent for my(x) = P(L = 1|x,Q = 0) or my(x) being
consistent for my(x) for k = 1,2,3 will guarantee that ﬁ A7pw 1S a consistent estimator for
B§. Informally, to prove the doubly-robust property of ,@ Arpw, We need to prove that the
population version of the estimating equation (A.9) have the same root 8§ as the IPLW

estimation equation.
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We first argue that Sikl))R(ﬁ t) is a doubly-robust estimator of s(;)(3,t) in the above

sense. It is not hard to see that Sn DR(ﬁ, t) converges to 3%%([3, t) with

~

sir(8:) = E{(1Q = DI(T = t) exp(X"B)

+I1(Q =0) [[(L—:?I(T > t) exp(XTB)

(g

where mgs(x) —, mj(x) and 75, (x ) — T4 (x). mi(x) is not necessarily ms(x) and similarly

T4, (x) might not be my(x). Then when my(x) = m,,(x) and mj(x) # ms(x), we have

~

sr(B.1) = E{[1(Q = )I(T = t) exp(X" )

PR = e(X )| X

/\
\_/

= sM (B, 1)

according to Proposition 2.3.1 and assumption (Al). On the other hand, when 7, (x) #

mo(x) and mj(x) = m3(x), we can rewrite s([]fg%(ﬁ, t) as

E{ | 1(Q=1)I(T = t)exp(X'B) + I(Q = 0)I7(TL—<:X;> (1(% > 1) exp(XT8) — mg(X))

. J/

1
+1(Q = 0)mgy(X)) X}
and term I is 0 by law of total expectation. Thus, again we have s([]f;%(,@,t) = sM(8,1).

Similarly, it is not hard to prove that the population version of the above estimating equation

(A.9)

(1) (g 7
Uarpw = E{1(Q = 1A X—SDR(ﬁ’T)]+
- { Q-va|x-Tgr o
1O = 0 AlX— ~
@=0 [ T (Xii) spr(B,T) '
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where Mmg(x) — mf(x). Then when we have 7, (x) = m(x), Uarpw becomes
I(L=1 OB, T
( >]A[X_s (8, >}

E<|I(Q=1)+I(Q =0 ~
{[ @=D+C=07TR) S0(8,7)
which is the same as the IPLW estimating equation according to Proposition 2.3.1 and

assumption (Al). On the other hand, if we have 7. (x) # m(x) and mj(x) = my(x) for

k =1,2,3, then using the same argument as above, we have that U;py becomes

E{A X — —8(1)(@%)]}

sO(8,T)
which is just the original partial likelihood estimating equation for Cox model. Thus, B AIPW

is doubly-robust.

A.4.1 Difficulty of Estimation of Doubly-Robust Estimator

Based on (A.9), we need to estimate my(x) for k = 1,2, 3 to solve for BAIPW. However, there
are major difficulties with estimating these three regression functions. To estimate my(x),

we need to estimate

mi(X) =E[AIX;Q=0,L =1]X = P(T < C|X,Q = 0,L = 1)X

sO(T, B)

X,Q=0,L= 1]
ms(X) = P(T' > t|X;Q = 0,L = 1) exp(X" 3)

We have a couple modeling strategies. We use m;(x) as an example to illustrate the modeling
details. For the first modeling strategy, we can try to estimate my(x) through modeling the
distribution of C7, Cy, T. More specifically, for P(T < C|X,Q = 0, L = 1), it is not hard to
get that

T<Cy,T=CX,L=1)
P(T = CX,L =1)

PT<CX,Q=0.L 1) = 2L
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For the numerator, we have
PT<Cy,,T=C|X,L=1)= JTQ P(Cy=s,C1 <s|T =5,X,L=1)fr(s|X,L =1)ds
0

Thus, we need to model the joint distribution of C; and C5 given T, X and L = 1. Note
here with the independent censoring assumption, we have (C1,Cy) 1L T'|X. Together with
assumption (A1), it is not clear if we also have (Cy, Cy) 1L T|X, L = 1. Next, even if we make
the further assumption that (C7,Cs) AL T|X, L = 1, it still requires us to model the joint
distribution of C and C given X and L = 1. Another thing is that this also requires us to
model the distribution of failure time T given X and L = 1, which need careful modeling to
avoid model conflict with the Cox model for T" given X alone. Similar modelings are required
for estimating mq(X) and ms(X).

For a second modeling strategy, we can directly model P(A = 1|X,Q = 0,L = 1) with
a logistic regression as A is binary variable. Similarly, we can estimate ms(X) by directly
modeling the distribution of the observed time T given X, () = 0 and L = 1 through Cox
regression. To estimate my(X), we need to either model the distribution of T given A = 1,
@ = 0 and L = 1 or model the distribution of A given T, X,) = 0 and L = 1. Take all
things into consideration, very careful modelings need to be carried out to ensure model
congeniality and whether such models exist is not clear to us.

Finally, to avoid the potential model congeniality issue, non-parametric estimation tech-
nique might be applied. However, nonparametric estimation in general suffers from the curse
of dimensionality issue, which might require a very large number of samples to get a good

estimate.
A.5 Linkage assumption and NLAC method
Note that one sufficient condition for CLAR is

L1 (T,C)|Q=0,X.
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We can also modify the CLAR assumption such that linkage also depends on the censoring

time in clinical trial Ci:
P(L=1T,A,Q =0,X,Cy) = P(L =1]Q = 0,X,Cy)

as (] is always observed when () = 0. One sufficient assumption for this modified CLAR
assumption is

L1 (T,Cy)|Q =0,X, ).

We now discuss some other potential assumptions for linkage. For an alternative ap-

proach, we might assume that

L 1L (T,C)X.

However, the IPW type method for this assumption suffers from the same issue as the
complete-case analysis in that unlinked participants that are diagnosed with PC within the
clinical trial will not be included in analysis.

As our main goal is to deal with the missing survival outcome 7" and C5 and the miss-
ingness only happens when a participant is not linked and censored in the clinical trial, an
alternative approach would be to directly model P(L = 0,Q = 0|X,T,C4,Cy) and a MAR

type assumption would be
P(L = 07@ = O‘X7T701702) = P(L = O?Q = O|X)

since only X is always observed. However, this MAR assumption would never hold as we
always have Q = 0 when T" > ;. Thus, we choose to model linkage alone as the CLAR

assumption. Next, we give the proof for Proposition 2.6.1.

PrROOF OF PROPOSITION 2.6.1. The NLAC method modifies the censoring time C'
compared to the oracle method. To prove the consistency of the estimator obtained by naive
method, we only need to prove that the population version of the partial likelihood for NLAC
method has a solution at 8 = (3. The rest is the same as the consistency proof in Andersen
and Gill (1982). For notational simplicity, we illustrate the proof with time-independent

covariates only.
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Recall for NLAC method, we have

N T, Li+Q;,>0
,I,j: J J J
Clj Lj+Qj:O

and A; = 0if L; + Q; = 0. Thus, the partial likelihood for NLAC method solves

with

Then, by similar technique in Andersen and Gill (1982), we can prove that

SW(8,T)
SO(8.T)

A~

Unaive(ﬁ) —p UO(,B) =K

AI(L+Q > 0) [X—

|

with
S®(8,t) = E [{1@ +Q > 0) (T = t)exp(X73)+
I(L=0)I(Q =0)I(Cy = t)exp(X"B)} X¥].
Next, we prove that @ = By solves Up(8) = 0. We first have that
E[AI(L + Q > 0)X] = E[AI(Q = 1)X] + E[AI(L = 1)I(Q = 0)X]
Further, we have

E[AI(Q = 1)X] = E[I(T < C)I(T < C)X]
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since Ap(#|X) = Xo(t) exp(XT3y) and C; L T|X. Next, we have

E[AI(L = 1)I(Q = 0)X] = E[I(T < C)I(T > C)I(L = 1)X]

(
(T < Cy)I(T = Cy)I(L = 1)X]

|
E[
E[

XE[E[(T = C)I(T < Co)n(X, Cy, Cy)|T, X]|X]]
where E[I(L = 1)|T,Q = 0,C}, Cy, X]| = n(X, C1, Cy). Next, denote

9(T,X) =E[I(T = C) (T < Co)n(X,C4,Cy)|T, X]
, we further have

(s, X) = E[I(T = C)I(T < Cy)n(X, C1, C)|T = 5, X]
— E[I(C) < $)I(Cy = 8)n(X, C, C)|X]

since (C4, Cy) 1L T|X. Further, we have

E[AI(L = 1)I(Q = 0)X] = E[XE[g(T, X)|X]] = E [X ["ats. X)fT<s|X>ds]

E[XE[I(C) < s)I(Cy = s)n(X, Cy, Co)|X] fr(s|X)] ds

0
T2

E [XI(Cy < 8)I(Cy = s)m(X, C1, Co) P(T = s|X) exp(X” By)] Mo(s)ds

0 E[XI(Cy < $)I(Cy = s)n(X, Cy, Co)E[I(T > )|X] exp(X”By)] Mo(s)ds

& E [XE[I(C) < $)I(Co = s)I(T = s)m(X, Ch, C)|X] exp(XT Bo)] Ao(s)ds

& E [XI(Cy < $)I(Cy = s)I(T = s)m(X, C1, Cs) exp(XT Bo) ]| Ao(s)ds
0

|
[ [S— [S— [S— [S—
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Thus, together, we have
E[AI(L+ Q > 0)X] =
T1
J'mxuwgmﬂ@>g+
0

(X, C1, Cy)I(Cy < 5)I(Cy = s)I(T = 5)} exp(XT Bo)] \o(s)ds

+ JTQ E[X7(X, Oy, Co)I(Cy = 8)I(T = s) exp(XTB)]No(s)ds

as Cy € [0,7(]. Similarly, we have

SYB.T) ] _
SOE,T)]

JHMUKH>@HT>$+

0

E [AI(L+ Q> 0)

(X, Cy, Co)I(Cy < $)I(Coy = $)I(T = s)} exp(X ,30)])\0(8)5,(0) 3 S)ds

SY(B, 5)

S0(8.5) "

T2
+ f E[7(X,Cy, Cy)I(Cy = 5)I(T = s) exp(XTB)]No(5)
T1
Now as long as we can prove that

)
E[AI(L+Q > 0)X]—E|AI(L+Q > 0)%] -0

Then we are done. We prove this by proving the following two equalities:

fﬁMXUKA>@HT>Q+

(X, C1, Cy)I(Cy < 8)I(Cy = 8)[(T = 5)} exp(XTBo)] No(s)ds—
Jﬁ (A.11)

E[{I(Cy = s)I(T = s)+

SW(B, 5)

w(X, 0, I < 9)1(Cy 2 $)IT 2 5)} esp(X Bo)Aals) G5y

ds=0

and

F E[X7(X,Cy,Co)I(Cy = 8)I(T = 5) exp(XTBo)]No(s)ds—
i (A.12)

T2 (1)
f E[r(X,Cy,Co)I(Cy = 8)I(T = s) exp(XTBy)]Xo(5) g(o)gg’ zids =0
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We first prove equation (A.11). For s € [0, 7], we have

SO(B,s) = B[I(T = 5)exp(X"B)[1(Q = 1) + I(L = DI(Q = 0)]
+1(Cy = $)I(L = 0)I(Q = 0) exp(XT )]
= E[I(T = s) exp(X"B)(Q = 1) + I(Cy = ) exp(X"B)I(Q = 0)]
+E[I(L = DI(Q = 0)exp(XTB)[I(T = s) — I(Cy = 5)]]

Further,
E[[(T > s)exp(X"B)1(Q = 1) + I(Cy = 5) exp(X"B)I(Q = 0)]
=E[I(T = s)I[(T < C) exp(X"B)] + E[I(Cy = s)I(T = Cy) exp(X* 3)]
=E[I(T = s)I(C, = s)exp(X'3)]

and

E[I(L = 1)I(Q = 0)exp(XTB)[I(T = s) — I(C} > 5)]]
=E[I(L=1I1(Q =0)exp(X*B) (T = 5)I(Cy = 8)I(C} < 5)]
= E[r(X,Cy, Co) (T = 5)I(Cy = s)I(C) < s)exp(XT3)] (A.13)

Similarly, we can prove that

S (B, 5)
= E[X{I(Cy = s)[(T = 5) + (X, Cy,Cy)I(Cy < 5)I(Cy = s)[(T = 5)} exp(XT3)]

All these results suggest that when 8 = By, equation (A.11) is 0. When s € |11, 72|, we have

SO(B,s) = E[I(T = s)exp(X"B)I(L = NI(Q = 0)]
= E[I(T = s)I(Cy = 5) exp(XTB) (T = Cy)w(X, Cy, Cy)]
E[r(X,Cy, Co)[(T = s)I(Cy = s) exp(XT8)]

as C1 € [0,71]. By the same idea, we can prove that equation (A.12) is 0. Then we have

finished the proof. o



121

Note that we only uses assumption (N4) in (A.10) and (A.13) and in fact, we can further

assume that

(N5) L1 T|<X7Q = 07 ClchJA)

and NLAC method still gives consistent estimate in this scenario. Finally for the case of

time-dependent covariates, we can get similar results under the assumption that

P(T > 5/C1, Co, X (1)) = P(T > 5|X(s))
P(Cy = s|T, X(1y)) = P(Cy, = s|X(s)),k =1,2.

The proof is overall very similar to the case when there are only time-independent covariates

and we omit it.
A.6 Relaxation of the “no gap” assumption

So far we have made the “no gap” assumption to focus on the right censoring problem.
Now we consider relaxations of this assumption as it is quite common that a participant
might not be under observation for some time in practice. This allows for the possibility of
interval censoring as a participant might be diagnosed with the event of interest during the
gap when he is not under observation. Further, this creates a situation that we have both
right censored and interval-censored data, which is also known as partly interval-censored
data (Turnbull, 1976).

Partly interval-censored data for Cox regression has been studied in Kim (2003),Cai and
Betensky (2003) and the estimation is more difficult than right-censored data. For simplicity,
we do not deal with interval-censoring in the current Chapter and leave that to future work.
Instead we consider an alternative approach that transforms the interval-censored data to
right-censored data. This approach is in the same spirit as the NLAC approach. However,
one has to be careful with the transformation. We first discuss an intuitive but problematic

approach.
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A.6.1 A problematic approach

For illustration, we consider the oracle setting such that each participant is linked to the
observational follow-up datasets. For participants that are known to be interval-censored
during the gap between clinical trial and observational follow-up, we treat such participants
as being right censored at the last recorded date of clinical trial. Thus, we transform the
partly interval-censored problem to a right-censored only problem. On the other hand, for
participants with gaps, it is also possible that they might not be interval-censored. It is then
tempting to use their survival information in the observational dataset, i.e, failure time 7" or
the censoring time C5. However, this approach is problematic as this would lead to biased
estimates. To see the effect of bias with this approach empirically, we conducted a simulation
study? with approximately 4.5% of the participants being interval-censored. The coverage of
the 95% confidence interval for parameter 3; is only about 65% with n = 10,000 and 1,000
repetitions.

To see why we cannot use the survival information in the observational follow-up dataset
for a participant with gap and not interval-censored, we need to think about the correspond-
ing censoring distribution. Considering participants with gaps, effectively the censoring time

C is set as

o (&5 HfC, <T<Cy+U

maX(C’l, CQ) if Cl +U < T
where U is a random variable for the length of the gap between the clinical trial and the start

of observational follow-up dataset. Thus, it is clear that the censoring time C' now depends

on the failure time 7" and violates the independent censoring assumption.

A.6.2 A remedy

We now propose a remedy approach that properly transforms the partly interval-censored

data to right-censored data and conventional statistical software can then be applied to

2The detailed simulation setting is provided in the appendix A.7.
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estimate the parameter for Cox models. Again we consider the oracle setting that each
participant is linked to the observational follow-up dataset. For participants with gaps and
censored in the clinical trial, we simply view them as being right censored at the last recorded
date of clinical trial. Thus, we set C' = C} whenever there is a gap between a participant’s
last recorded date in clinical trial and the start time of observational follow-up. Let GG denote

whether gap exists for a participant. Equivalently, the censoring time C' is set as
C = I(G = 1)01 + I(G = 0) maX(C'l,CQ).

Thus, similar to the linkage assumption for the NLAC method, above proposed method
works if G 1L T|X, C1, Cs, under the oracle setting that each participant is linked.

For the more practical setting with incomplete linkages, we can similarly apply the meth-
ods developed in the current chapter. To be more specific, for NLAC, the censoring time C'

can be written as
C = ](L = 1)[I(G = 1)01 + I(G = O) max(C’l, 02)] + I(L = 0)01

Thus, NLAC again sets the censoring time as C; for participants that are not linked and

censored in the clinical trial. One sufficient condition for NLAC to work is
L1 TX, C,CyG,

which is similar to assumption (N1). For the IPLW method, we might modify the CLAR
assumption as

P(L=1X,Q=0,T,A,G) = P(L=1X,Q =0,G).

We present relevant simulation results in appendix A.7 due to space limit. The limitation
of this remedy approach is similar to NLAC: it only works when Cox model is correctly
specified; when Cox model is mis-specified, our proposed approach will no longer work as we

modify the censoring times.
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A.7 DMore simulation results

We now present the simulation results when there are gaps between the clinical trial and
the observational follow-up dataset. We consider the following simulation scenario. The
hazard function is A(¢|X;By) = Ao(t) exp(51 X1 + (2 X2 + $3X3) and By = (B, Ba, f3)T =
(—log(2),log(2),0.2)T. X is a Bernoulli variable that takes value 1 with probability 0.5. X
is a normal random variable with mean -1 and standard deviation 1. X3 is a normal random
variable with mean 1 and standard deviation 2. The baseline hazard function is \g(t) = 0.15.
The censoring time in clinical trial €' is uniformly distributed between 0 and 3.5.

For each patient, the probability for a gap between clinical trial and the observational
follow-up dataset to exist is 0.5 and the length of the gap U is set as a uniform random
variable between 1 and 2. Thus, the starting time of the observational follow-up period for
a participant is set as C; plus U. (5 is set as start time of the observational follow-up time
plus an exponential random variable with rate 0.8 « X; 4+ 0.03. We further set 71 = 3.5 and
75 = 16%. The percentage of interval-censored patient is approximately 4.5%. This is the
scenario we used in section A.6.

I consider the same three mechanisms for linkage to the medicare data as the simulations
with time-dependent covariates in Section 2.4. The only difference is that for LCAR, we
have P(L = 1) = 0.4. When Cox model is correctly specified, one additional mechanism for

linkage is considered as

exp(—0.25 4+ 0.5+ X7 + 0.5+ X5 — 0.1« Cy — 0.1+ A)

P(L =1]X,05,A;Q =0) =
( X, C2,4,Q =0) 1+exp(—0.254+05%X; +05% Xy —0.1«Cy—0.1+A)

P(L=1|Q =1) = 0.5.

This leads to a more serious violation of the CLAR assumption (A1) and linkage now depends
on the censoring time in clinical trial C conditional on X. As expected, NLAC should still
work under this linkage mechanism as linkage does not depend on the failure time 7. We

again consider sample sizes n = 500, 1,000, 1, 500, ...,10,000. For each simulation setting,

3C, and C; will be administratively censored by 7 or T/
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we generate 1,000 repetitions. The simulation results are given in Table A.1 to Table A.2.
As the results are similar to the simulation studies in the main text, we omit the discussion

here.
A.8 Simulation setting in section 2.2.3

Now we present the simulation setting for the motivating example in section 2.2.3. The
hazard function is A(t|x) = Ao(t)exp(f1 X1 + foXo + B3X3) and By = (81,02, 83)" =
(—1og(2),log(2),0.2)T. X, is a Bernoulli variable that takes value 1 with probability 0.5.
X5 is a normal random variable with mean -1 and standard deviation 1. X3 is a normal
random variable with mean X, and standard deviation 2. The baseline hazard function is
Ao(t) = 0.05. The censoring time in clinical trial C is exponentially distributed with rate
0.1+ X7 4+ 0.05. The censoring time C5 is defined as C; plus an exponential random variable

with rate 0.8 = X; 4+ 0.03. Further, we set m = 3 and m = 16.
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Table A.1: Simulation results for linkage mechanism (LCAR) and (CLAR).

Bias (Mean SE)

Coverage of 95% CI

Mechanism Method n B1 Bo B3 B1 B2 B3
LCAR Oracle 500 -0.01 (0.219) 0.01 (0.095)  0.00 (0.045) 0.96 0.94 0.95
2000 -0.00 (0.108)  0.00 (0.047)  0.00 (0.022) 0.94 0.95 0.94
cC 500 -0.03 (0.355) 0.02 (0.155)  0.01 (0.073) 0.97 0.94 0.96
2000 -0.01 (0.172) 0.00 (0.075)  0.00 (0.036) 0.96 0.96 0.94
CC+ 500 0.11 (0.241) -0.06 (0.111) -0.02 (0.054) 0.92 0.91 0.934
2000 0.12 (0.118) -0.07 (0.054) -0.02 (0.026) 0.817 0.727 0.867
NLAC 500 -0.01 (0.240) 0.01 (0.112)  0.00 (0.054) 0.96 0.95 0.95
2000 -0.00 (0.118)  0.00 (0.055)  0.00 (0.026) 0.94 0.95 0.94
IPLW 500 -0.02 (0.271) 0.02 (0.125)  0.01 (0.060) 0.95 0.92 0.93
2000 -0.01 (0.134)  0.00 (0.063)  0.00 (0.030) 0.95 0.95 0.93
CLAR Oracle 500 -0.01 (0.219) 0.01 (0.095)  0.00 (0.045) 0.96 0.94 0.95
2000 -0.00 (0.108)  0.00 (0.047)  0.00 (0.022) 0.94 0.95 0.94
cC 500 -0.18 (0.320) -0.14 (0.153)  0.00 (0.070) 0.92 0.83F 0.95
2000 -0.16 (0.156) -0.15 (0.074) -0.00 (0.034) 0.807 0.457 0.95
CC4+ 500 -0.08 (0.239) -0.22 (0.117) -0.02 (0.054) 0.95 0.51F  0.94
2000 -0.07 (0.118) -0.23 (0.057) -0.02 (0.027) 0.897 0.037 0.88f
NLAC 500 -0.01(0.238) 0.01 (0.114)  0.00 (0.054) 0.95 0.95 0.95
2000 -0.00 (0.117)  0.00 (0.056)  0.00 (0.027) 0.95 0.95 0.94
IPLW 500 -0.02 (0.263) 0.02 (0.134) 0.01 (0.063) 0.94 0.91 0.93
2000 -0.00 (0.130)  0.01 (0.069)  0.00 (0.032) 0.95 0.95 0.94

We use T to highlight settings with coverage below 90%.
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Table A.2: Simulation results for linkage mechanism (LNAR(T)) and (LNAR(C})).

0.027) 0.87F 0.027 0.86f

Bias (Mean SE) Coverage of 95% CI
Mechanism Method n B1 Bo B3 B1 B2 B3
LNAR(T)  Oracle 500 -0.01 (0.219) 0.011 (0.095) 0.00 (0.045) 0.96 0.94  0.95
2000 -0.00 (0.108)  0.00 (0.047)  0.00 (0.022) 0.94 0.95 0.94
CC 500 -0.20 (0.320) -0.16 (0.154) 0.00 (0.071) 0.92 0.80" 0.95
2000 -0.19 (0.156) -0.17 (0.074) -0.01 (0.034) 0.771 0.381  0.94
CC+ 500 -0.10 (0.239) -0.24 (0.118) -0.02 (0.055) 0.94 0471 0.94
( (

2000 -0.1 (0.118)  -0.24 (0.058) -0.02
NLAC 500 -0.01 (0.238
2000 -0.01 (0.118
IPLW 500  -0.02 (0.265
2000 -0.01 (0.131

0.01 (0.114)  0.00 (0.055) 0.95 0.95 0.95
0.00 (0.056) -0.00 (0.027) 0.94 0.95 0.94
0.01 (0.137)  0.01 (0.064) 0.94 092 0.92

-0.00 (0.070) -0.00 (0.032) 0.94 095 0.94

LNAR(C2) Oracle 500 -0.01
2000 -0.00

0.219

0.01 (0.095)  0.00 (0.045) 0.96 0.94 0.95
0.108 )

0.00 (0.047 0.00 (0.022) 094 095 0.94

)
(0-118)
(0.265)
(0.131)
(0.219)
(0.108)
(0.340)

2000 -0.60 (0.165) -0.28 (0.083) -0.02
(0.248)
(0.122)
(0.246)
(0.121)
(0.316)
(0.157)

ccC 500 -0.63 (0.340) -0.27 (0.176) -0.02 (0.082) 0.55T 0.637 0.95
( (0.039) 0.04" 0.09" 0.91

CC+ 500 -0.46 (0.248) -0.35 (0.127) -0.05 (0.060) 0.547 0.247 0.87f
2000 -0.44 (0.122) -0.36 (0.061) -0.05 (0.029) 0.04" 0.007 0.62f

NLAC 500 -0.01 (0.246) 0.01 (0.123)  0.00 (0.059) 0.96 0.95 0.95
2000 -0.01 (0.121)  0.00 (0.060)  0.00 (0.029) 0.94 0.95 0.95

IPLW 500 -0.04 (0.316) 0.04 (0.180)  0.02 (0.088) 0.94 0.877 0.897
2000 -0.01 (0.157)  0.01 (0.101)  0.01 (0.047) 0.94 091 0.91

We use T to highlight settings with coverage below 90%.
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Appendix B
APPENDIX OF CHAPTER 3

B.1 Proof for single primary variable

PROOF OF PROPOSITION 3.3.1. p(¢, A = 1) is clearly identifiable. We can write p(¢, A = 0)

as
p(t,A=0)=>p(t,R=rA=0)
and we further have
p(l,R=r,A=0)= Jp(f,xr,R =r,A=0)dz,
= Jp(ﬂxr, R=r,A=0)p(x,,R=rA=0)dz,
= Jp(f\xr, R=zr,A=1p(x,,R=rA=0)dz,
Thus, p(¢, R = r, A = 0) is identifiable under ACCMV, which implies that p(¢, A = 0) is

identifiable. o

Proor Or LEMMA 3.3.3. We have

p(llx,,R=r,A=0)=p{l|z,,R=r,A=1)
pll,x,, R=7r,A=0) pll,r,,R>r,A=1)
p(z,, R=r,A=0)  plz,,R>r, A=1)
p(R—rA—OEa:T)_p(R—rA—OxT)
p( >r,A=1/0z) pR=rA=11)
p( R=r,A=0/{,v,) p(R=rA=0]z,)
p(R rnA=1/0,z,) pR=rA=1|z,)




129

We start by giving the asymptotic linear expansion of &,. Given

P(R=rA=0|X,)

O*x)zpm>nA=1wﬁ

= Or(Xr; ar)

we have P(R = r,A = 0|X,{R = r,A = 1} U{R = r,A = O}a,) = 105752 The

log-likelihood has the following form:

ln(ozr)—%i[](R =rA =0)1og O, (X, ;) —{I(R; =7, A; = 0)+

i=1

I(R; =1 A = 1)} log(1 + O, (Xi 5 )],

The score is

vaTOr (Xi,r; ar)
Or (Xim; ar)

I(R; = r,A; = 0)
|

(R =7, A = 0) + I(Ry > 7 As — 1)) YO r)]

1+ On(Xiy; ar)

Further, consider S(c,) such that S, (o) —, S(a,) and assuming that o is the unique
solutions for S(a,) = 0. Next, we assume that sup, _|[Sn(o) — Sp(a)| = op(1). Then by
theorem 5.9 of Van Der Vaart (2000), we have that a, —, a. Further, we have that

1 i =7 A = 0) VirOT(Xi,T; ar) _ VQTOT(XZ'J,; O[T)®2
n < =14 = O,(Xir; ) 02(X;,; )

—{I(Ri =7, A =0)+I(Ry =1, A; = 1)}

virOT‘(Xi,T; ar)(l + O ( zr; Oé,,«)) - VarO'r(Xi,r; Oé,,«>®2
(1 + Or( i,rs ar))Q

and that VS, (a,) =, —X(a,) with

Ve, 00(Xp; 08) (1 + Op(Xy; 0%)) = Va, 0, (X5 ) ®?
1+ 0, (Xy; af)
V2, 00 ( X5 02)00(X; aF) — Vi, Op (X, aF)®?
O, (X, af) ]

T

Y(af)=E lP(R >r A=1|X,)

—P(R=rA=1]|X,)

1
—E|P(R>r,A=1|X Xrs o)
[ =T, [ X0)V o, Or(Xy; ) O, (X, a¥)(1 4+ O, (Xraa:))]
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Under appropriate assumptions (see theorem 5.21 of Van Der Vaart (2000)), we have that
Vn(@, — o) Z% (Xipy Riy A3) + 0,(1) =4 N(0,2(a¥)™Y)

where

_ Va,O0: (X, )
X A=Y HWI(R=r A= L 7 -
Vr.a, (X, R, A) (o) [ (R =r, 0) O, (X,; o)

VOLTOT(X'F; Oé,,«)
1+ 0. (X,;ap)

(IIR=r,A=0)+I(R=r,A=1)}

PrROOF OF THEOREM 3.3.4. We prove the asymptotic normality of §|pv\/ through its
asymptotic linear form. For notational convenience, we denote g(L, X, R, A;a) = f(L)I(A =
D[1+ Y Op(X,;00)I(R = 7)]. Then, we have that fpy = I3 9(Li, Xi, Ry, A @) We
can rewrite é\ﬁpw — 0y as

~ 1 & . 1
Oipw — by = EZQ(LuXi, RmAz‘;Oé) - ﬁ (LiaXiaRiaAi;a*)

i=1
J
g

I

LM:

(.

1 n
_Z LZ7Xi7Ri7Ai;a*) _90

3

-/

-

"

11

Term IT is already in the linear expansion form. For term I, we have that

_ \/LﬁZf(Li)[ ZI Or(Xiy; Gr) = Op(Xipi )]
_ %Z FLOI( 21 ")V, O (Xipi af) V(@ — af) + 0p(1)

= % Z JL)I(A; = DI(R; 2 7)Va,00(Xi s 0p) V(G0 — o) + 0p(1)
= Z (E[f(L)](A = DI(R = 7)V4, 00 (X a:)T] + Op(1)> Vn(a, — o) + op(1)
—ZEVQTQ(LXRAOC \fzwm er>Rz>A)+0p( )

[Z;ZE Vard(L, X, Ry A, ) 0y o6 (X, Riy A3) + 0,(1)
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Thus, combined with term II, we have
\/ﬁ(é\IPW — o) =
1 N *\T NS
75; ZEW“T‘Q(L’X’ R, A, o) Wy ap (X, By A) + 9(Li, Xi, R, Ais o) — 6o
+ OP(l)
and denote

6(X, L, R, A;a*) =
D E[Va,g(L, X, R, A, 0*) ¢, 05 (X, R, A) + (L, X, R, A; ) — .

Then we have \/n(Bipw — 6p) —q N(0,0%,) with 0%y, = Var[¢p(X, L, R, A;a*)].  ©

Similarly, we first give the asymptotic linear expansion of Er. The estimating equation

for 3, now has the following form:

S|

Sn(Br) = Z I(R; = r, A = 1)(myo(Xi: Br) — f(Li)) Vg, me0(Xirs Br)
i=1

Again for parametric models, under appropriate assumptions (see theorem 5.9 of Van

Der Vaart (2000)), we have that B, —, (. Further, we have that

VS, (Br) =

3|

YR =1, Ay = 1)[VE muo(Xis Be) (Mio(Xins Br) — f(Li))
i=1

+ Vﬁrmr,o (Xi,r; Br)®2]
and that VS, (5,) —, VS(5,) with

VS(BH) =E[I(R =1 A=1)Vsmo(X,; 8%

T

Next, we have that

\/E(Br - ﬁj) =
%VS(B:)_l DR = Ay = 1)(F(Li) = myo(Xii B))V gm0 Xi i B7) + 0p(1)
n i=1
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with

wr,ﬁf (LaXra R7 A) = VS(@:)_ll(R = r, A= 1)(f(L) - mT’,O(XT; /8:))v5rmr70(Xr; B:)

Proor orF THEOREM 3.3.5. Now we give the proof for the regression adjust-

ment estimation. The proof is very similar to proof of Theorem 3.3.4. Similarly, denote
h(L,X,R,A;B) = f(L)A+ 2, myo(X,; 5,)(1 — A)I(R = r), we have that

eRA_‘g_ th LzszaR'L;Az; %i Lqu;RwAuﬁ*)

=1
o J
~
I

l i Lz; X, Ry, A ﬂ*) -

Y

II

3

-

For term I, we have

ZZ I:mr() Xz 7"7/87" mT,O(Xi,r;B;k):l ](Rz =T, Az = O)

zlr

= ZE[Vﬂrmr,()(Xr; BOTI(R =1, A = 0)]\/n(B, — B7) + 0,(1)

ZZE vﬁrmr U(XT> 5 )TI( =T, A= O)]wr,ﬁff (Li7Xi,r> Ri> Al) + Op(l)

zlr

Thus, combined with term II, denote

(L, X, R, A; B*) =
ZE[vﬂrmﬁO(Xhﬂ:)TI<R = T7A = 0)]¢T,Bf <L7X7“7 R’ A) + h(LaX7 RuAaB*) -

we have

\/ﬁ(é\RA —0) = \/iﬁ Z ¢(Li, Xi, Ry, Ag; %) + 0p(1) —a N(0, N
i=1

with g, = Var[¢(X,L, R, A)]. o
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B.2 Proof of multiple-robustness for single variable

PROOF OF THEOREM 3.3.6. Recall that the IPW formulation for 0, is
Oo, = E[f(L) (A =1)I(R = r)0,(X;;0;)]
= Jf(ﬁ)Or(xr)I(s =>r)(a=1)po(l,x,,s,a)dldr.dsda.

and po(¢, x,, s,a) is the true model. We consider a pathwise perturbation p.(¢,z,,s,a) =

po(l, zp,8,a)(1 + € g(¢, x,, s,a)) such that g satisfies
Jpo(ﬁ, Tr, S,0)g(l, Ty, 5, a)dldx,dsda = 0

Under p., denote 0y, as 65,. We derive the EIF using the semi-parametric theory (see
section 25.3 of Van Der Vaart (2000)), the EIF is a function EIF({,x,,s,a) such that
E[EIF(L, X,, R, A)] = 0 and

06,» — Oo,r

lim

e—0 €

= JEIF(&xT, s,a)po(l, x,, s,a)g(l, xp, s,a)dldx,dsda

Under model p,, we also have perturbed odds O, (z,). We denote AO,(z,) = O, (x,) —

O,o(x,). Then, a direct computation shows that
0. = ff(ﬁ)Om(xr)[(s =>r)(a=1p(l,z,,s,a)dldx.dsda

= 6o, + ejf(ﬁ)Or,o(xT)I(s =>r)l(a=Dpy(l,x,s,a)9({, ., s,a)dldr,dsda

J

A
+ ff(E)AOT(x,,)[(s > 1) (a = 1)po(l, 2, s,a)dldr,dsda +O(e?)

/

v

B

Part A is already in the form of an EIF. For part B, we need to derive AO,(x,). Now we

expand the difference AO,(z,) as following:

B B _p(R=r,A=0,z,) po(R=1A=0,,)
AOT<$T) = Or,e(l’r) OT‘,O(«IT) - p€<R > T,A _ 1,31?T) pg(R > T,A _ ]_,[L'T)

1
B p(R=r,A=11,)

+ O(€?)

[AP(R =T, A= 0, xr) - OT,O(‘IT‘)AP(R =T, A= L xr)]
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with
Ap(R=r,A=0,2,) =p(R=1r,A=0,2,) —po(R=1,A=0,x,)
=€ {‘I(s =r)I(a=0)py(l,z,,s,a)g({,x,,s,a)dldsda
Ap(R=zr,A=1,z.)=p(R=r,A=1,2,)—po(R=1A=1,x,)

=€ FI(S =r)(a=1po(l,z,,s,a)g(l,x,,s,a)dldsda

Thus, the difference AO,(z,) can be rewritten as

€

:pO(R =>r,A=1u1,)
x po(l, Ty, 8,0a)g(L, 8, a)dldsda + O(?)

AO,(x,) J[[(s =7r)l(a=0)—Oro(z,)I(s=71)I(a=1)]

Now part B can be rewritten as

r

B=| A0 (z,)f({)I(s = r)I(a =1)py({, xy,s,a)dldz,dsda

r

= | AO(z,)po(R=71,A=1,2.)f(O)po(¢|R =1, A = 1, 2,)dldz,

P
— (20, )m(R>rA=112,) { f FOpolR > rA=1,xr>cw}dxr

(- /

~—

(L)|Rzr,A=1,X,=z,|=m,o(Xr)

= | AO (z,)po(R =1, A = 1,2, )m,o(x,)dx,

=€ J[I(S = 7")[((1 = 0) - Or,O(xT)I(S = T)I(CL = 1)]mr,0($r)p0(€7 Ty, S, a’)g<€a Ly, S, Cl)
dldx,dsda + O(e?)
Thus, combining part A and B, we conclude that
EIF,0(¢,2,,s,a) = f(0)Op0(x,)I(s = 1)I(a =1)
+[I(s=7r)I(a=0)—Oro(z,) (s =71)I(a=1)]m,o(x,) — Oy,
= [f(f) - mr,O(xr)]Or(xr)I(S ZT,a= 1) + I(S =ra= O>mr,0<xr)_

90,7‘
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We first discuss assumptions for the Donsker classes F, and G, where we have assumed

that 67« e F, and m, € G,. We denote the Ly(Q) norm as

1flez = f 2dQ

for a probability measure ). We assume that F, satisifies the following uniform entropy

condition (Van Der Vaart and Wellner, 1996):

Q0
f sup \/1og (€l F; .2, e La(@Q))de < o
0o Q

where the supremum of () is taken over all finitely discrete probability measures on X.
N(€e|Fy|gz2, Fv, L2(Q)) is the covering number of class F, with respect to the Ly(Q)) norm (see
Definition 2.1.5 of Van Der Vaart and Wellner (1996)) and F, is an envelope function of F,
such that PF? < oo with P being the probability measure for X. Similarly we can assume that
G, satisfies the same uniform entropy condition with envelop function G,. We also assume
that F, and G, are suitably measurable (see Definition 2.3.3 of Van Der Vaart and Wellner
(1996)) and PF?G? < co. Further, we let P, f = 23" | f(X;) and Pof = § f(z)dP(z).

PROOF OF THEOREM 3.3.7. By assumption (M1), we have H@T—O;"HLQ(p) = op(1) and
170 —m7 ol L,(p) = 0p(1). The true functions are denoted as O,(z,) and m, o(z,). When the
models are correct, we have O,(z,) = O} (z,) and m,o(z,) = m}(z,). The multiply-robust

estimator has the following form:

We first consider another estimator that replaces the estimated functions by the true
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functions in the multiply-robust estimator.

It is not hard to prove that §MR —, 0 and
Vi(Our — 0) —a N(0,0%)

where 0% is the efficiency bound for estimating 6. Further we have that

é\MR = §|le + %Z ZI(Ri =>7r)I(A; = 1)(6T(Xm) - Or(Xi,r))(f(Li) - mr,O(Xi,r))

J

+ 2 (Aro(Xip) = meo(Xir)) [I(Ri = 1) I(A; = 0) = I(Ri = r)I(A; = 1)0x(X;,)]

= SR = 1) I(A; = 1) [o(Xir) = mieo(Xe)] [O00(Xir) = 0,(X,)]

>

(1)
(B.1)

We first prove the multiply-robust property when the odds are correctly specified and
the regression functions are misspecified. Thus, O,(x,) = O} (x,) and m,o(x,) # m;y(x,).
Since [0 — Myo|,(p)|Or — Or|Lopy = op(1), we have |O, — O,|r,p) = op(1). Denote

A~

Grn(Trylys,0) = I(s = r)I(a =1)(O.(z,) — Or(z))(f(I) — myo(x,)) and similarly

gro(@r,1,5,a) = I1(s = r)I(a = 1)(O;(x,) — Op(z,))(f(I) = mr,0<xr)) = 0.
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Then we can write term I in (B.1) for pattern r as
1 < A~
- YR, = r)I(A; = 1)(0n(Xip) — On(Xi0))(f(Li) = mro(Xin))
i=1

= ]P)ngr,n = Pn (gr,n - gr,O)

Given that |0, — Or|Lopy = 0p(1), we have |grn, — grolrop) = op(1) as f(I), myo(x,) are

uniformly bounded. Further, we have

(@, 1os,a) = I(s = r)I(a = 1)(On (@) — O (@) (f(1) — muo(,))

=I(s=r)I(a=1)(f() —mro(z))Op(x)) — g10(20, 1, 5,0)

where g1, (z,,1,s,a) is a function that does not involve O,. As ar(xr) is in a Donsker class

F., we have g,,, is also in a Donsker class
Fr={I(s=r)(a=1)(f() — mpo(z,))h(z;) — g1, (21,1, 8,a) : h e F}

by Example 2.10.7 and 2.10.23 of Van Der Vaart and Wellner (1996) and the assumptions
we made before this proof. By Lemma 19.24 of Van Der Vaart (2000), we then have

(Pr, = Po)(grn — gr0) = OP(n_l/Q) = (Pn —Po)grn = OP(n_l/Z) = Pngrn = OP(n_l/Q)
realizing that Pyg, , = 0. For term II, similarly define
g;m(:cr, s,a) = (Myo(z,) —meo(x))[L(s =71)I(a=0)—I(s=r)l(a=1)0.(x,)]
and
Gro(xr;s,0) = (mig(zr) —meo(,))[{(s = 7)I(a = 0) = I(s = r)I(a = 1)Oy(z,)]
Then we can rewrite term IT in (B.1) for pattern r as

%Z(m@(xi,r) o (X I(Ri = ) I(As = 0) = I(R; = r)I(A; = 1)0,(X:,)]

= (Pn —Po)(9,., — 9r0)

1 & "
+- D (mo(Xip) = myo( X))
=1
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First note that

S|

Z(m:()(Xi,r) = My o( X)) (Ri = 1) I(A; = 0) = I(R; = r)I(A; = 1)O,(X;,,)]
i=1

—, 0
This implies that term IT in (B.1) for pattern r can be written as

(P —Po)(gy., — Gr0) + 0p(1)

Then again given that 7, 0(z,) is in a Donsker class G, and [0 — m}|L,p) = 0p(1), we
have that | g, , — g, 0llz.p) = op(1) and g, ,, is also in a Donsker class by a similar reasoning

as before. By Lemma 19.24 of Van Der Vaart (2000), we have
(Pr = Po)(ghp — gro) = 0p(n~ %) = (P — Po)gl.,, = (P — Po)gl.o + op(n~'/?)
This implies that
Png,,, = op(1) + op(n~'?) + Pogl.,, = op(1) + op(n~ ') = op(1)
as Pog;.,, = 0. For term III, we can similarly define
hp(xyy s,a) = (Myo(z,) — m,,,o(x,«))(ér(xr) — Op(x)) (s =r)I(a=1)

and ho(x,,s,a) = 0. Then h,(x,,s,a) is in a Donsker Class by Example 2.10.23 of Van
Der Vaart and Wellner (1996). Given that ||6T—OT|\ Lo(p) = op(1) and Mo, m, o are uniformly
bounded, we have |h,, — hol|r,p) = op(1). Then by Lemma 19.24 of Van Der Vaart (2000),
we have

(]Pn — ]PO)(hn — ho) = Op(n_1/2) = (Pn — IP)O)hn = Op<n_1/2)

= P,h, = Pyh, + 0p(n_1/2)
and

Pohy, < |0 — Maoll o) |Or — Oy Lo(py = 0p(1)
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given the assumption that
D 0 = Mo o) |Or = Orllogry = 0p(1)

Above results imply that gMR = §MR +o0p(1) —, 0. By similar reasoning, when we have odds

function misspecified and regression function correctly specified, we also have §MR —, 0.
When we have both models correctly specified, by a similar proof as above, term I has

leading term on the order of op(n~1/2) for each pattern r. Similarly, IT is also op(n=1/2).

Thus, we have

Our — g =
- %221(31 = 1) I(A; = 1) (M o(Xir) — mr,O(Xr,i))(ér(Xi,r) - 0,(X;,))
+ 0,(n7Y?%)

Finally, for term III, by the same proof, we have

Pohin = Pohy + 0p(n™12) < |iino = 10| o) | Or = O Loy + 0p(n™1?) = op(n™"/?)

assuming that

VY 0 = o] 22 |Or = OrlLagpy = 0p(1)

Together, we have proved that

Vi(Our — 0) = v/n(Bur — Our) + V(g — 0) = 0p(1) + v/n(Our — )
—d N(OvOlef)

In fact, when we use parametric estimators for both m, and 6r, as long as for each

pattern r, either myo(z,; 5¥) = myo(x,) or O, (x,;0f) = O,(x,), we have the following
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asymptotic linear expansion for §MR as
V(g — ) = 2 (Li, Xi, Ry, Ay 8%, 0) + f(Li)I(Ai = 1)+
Z {E[Vﬂrh(Lﬂ X7 Ra Aa B*) ]¢r,ﬁﬁ‘ (L7 XT7 Ru A)+

E[Voérh(La X7 R7 A? a*)T]wr,a:’f (XT7 R7 A)} B 60] + OP(l)
with

h(LvXa R,A;B*,&*) = Z {[f(L) o mr,O(Xr;ﬁ;k)]Or(Xr; O./:)I(R = T)I(A = 1)+

Mo (Xo; B7) (R = r)I(A = 0)}

This will be used when we run the simulation studies.

B.3 Proof for multiple primary variables

Now we present the proof for the results when there are multiple primary variables. The
proof for Proposition 3.4.1 is omitted as it is very similar to the proof in the single variable
case.

First, for the IPW estimator, we again give the influence function when we estimate O,

with a parametric model. We have that
Vil@ra—ar) = 73 2 Ura(Xir, Lia, B, Ai) + 0p(1) —a N(0,3(a},) ™)

where

Var,a Or,a (Xr7 Ly; O‘:,a)
Ora(X, Laroz,)

Va,aOra (Xy, La; O‘j,a)

14 Opo(Xy, La; )

r,a

Vra(Xy, Lo, R, A) = S(ak ) lI(R =r,A=a)

{IR=r,A=a)+I(R=r,A=14)}

with

S(af,) =E[P(R=rA=14X,,Lo)Va,,0na(Xs, Lo; 0r0)

1
Ora(Xy, La; ) (1 + Opo( X, Las o))




141

PrROOF OF THEOREM 3.4.2. The proof is similar to the proof of Theorem 3.3.4 and

we directly give the results. Denote

(X, LR A 0*)= > (E[f(L)I(R=rA=14)Va,,0n(X, Lasaf,)]

ra#ly

wr,a(Xra La; R; A)
+f(L)[(R =T, A= 1d)0r,a<Xr7 La)) + f(L)[(A = 1d) - 90

and we have

Vin(Bpw — ) = ZM“L“RZ,Az,a)mp(l) — N(0,0jpy)

\/7

with ofy, = Var[¢(X, L, R, A;a*)]. o

For the regression adjustment method, we have that

1 n
\f(ﬁra - Bra - T = Z wr,a(Xi,ra Li,m Ri> Az) + OP(l) —d N(07 2(5:(1)_1)
vn i
where
¢T,Q(XT7 La7 R, A) = VS(B:Q)_ll(R =T, A= 1d>[f(L) - mr,a(er La; ﬁ:,a)]
vﬁr,am"’ya(X'f'J La7 ::CL)
with

VS(B.) =E[I(R>1A=1)Vs, mZ]

r,a

PrROOF OF THEOREM 3.4.3. The proof is again very similar to the proof of Theo-
rem 3.3.5 and we directly give the results. Now we have

$(X,L,R,A;B*) = > (B[I(R=rA=0a)Vs ma(Xs, La; B ) [ra(Xs, La, R, A)

ra#ly

+Mya(Xr, La; BE)I(R =1, A = a)) + f(L)I(A = 14)
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Then, we have

\/ﬁ@\RA —b) = % Z O(Xi, Li, Ri, Ay B%) + op(1) —a N(0,08,)
1=1

with o3, = Var[¢(X,L, R, A)]. o

We assume that F,., and G, , satisfy the uniform entropy condition with envelop functions
F,, and G, ,. We further assume that F,, and G, , are suitably measurable and PFZGGEM <

00. The proof of Theorems 3.4.4 and 3.4.5 is omitted as it is almost identical to the proof of
Theorems 3.3.6 and 3.3.7.

B.4 Proof for marginal parametric model

Under mild regularity conditions, we can prove that 0 —,, 0% by theorem 5.9 of Van Der Vaart

(2000).

PROOF OF THEOREM 3.5.3. The sample estimating equation for the marginal para-
metric model under the ACCMV assumption is as following:
D s(0)L;) [ > OralXip, Lig; Gra) (A = 1) I(R; > 7) + I(A; = ]ld)] —0
i=1 ra#ly
We can define
Yo.o(L, X, R, A) = s(0|L) [ Z Ora(Xy, Loy JI(A=1g)[(R=7) + (A= ]ld)]
ra#ly

then we have
iné,a =0= ]P)nw@& - in@a* + Pn¢§7a* =0
Define

Po,0m0 (L, X, R, A) = 5(0|L)V 4, ,Ora( Xy, Las o) I(A = 1g)I(R> 1)

Qr.q

Then we have that

IP)" [1/)67,& - wé,a*:| = Z ]P)nqbg’a;k’a (ar,a - O‘/:,a) + 0P<1)Ha — OzH

ra#ly
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where we also have

ar,a - O[:,a = ]P)ngr,a + OP(l/\/H)

based on our assumption. Thus, put everything together and multiply by 4/n on both sides

of the equation, we have

Z Pn(ﬁg{af’a\/ﬁpn&",a + OP(l) + \/EPTLQ/}@Q* =0

ra#ly

next, we have that
Prn@gax, = Pndgar, = Podoyax, + Podgyaz,
Further, we have

Pngb@’af‘a - ]POQS@O,afya =

(]Pn - PO)(‘bé’a;’f’a - ¢00,o¢f,a) + ]P)O(gbé\’a;k’a - (beo,aff’a) + (Pn - PO)(,bBo,a;’f,a

“ _ _ <

" e

I IT 111
Now for term (I), we may use Lemma 19.24 of Van Der Vaart (2000) to prove that term I is
op(n~?) under the condition that ¢y ,x lies in a Donsker class. For term III, it is simply
op(1) by weak law of large numbers. For term II, it is also op(1) as 0 —, 6. Thus, this
implies that
Pr@ oz, = op(1) + Podg, oz,

Thus, put everything together, we have that

\/ﬁpnd]é’a* + Z IPOQSGO,a;’f,a\/ﬁPngT,a + OP(l) =0

ra#ly

Next, we have

VP s = V(P 4 — Pothgg,ax)
= Vn(Py = Po) (V5,05 — Vg,0%) + VP (V5, 05 — Vig,0%)
+ A/n(P, — Py)bg, o
= 0p(1) + vV ePotgy o (0 — ) + V(P — Po)thg, o
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Next, put everything together, we have
\/ﬁvepowo,a* (é\_ 90) = _\/E(Pn - ]P)O)w%,a* - Z IP)OQbQO,a;’.‘ya\/ﬁPnfr,a + OP(l)
ra#ly
which implies that

V(0 — 80) = —(VoPotbgy.ar) ™" | Vi(Py — Po)tbgpar + Y Podgyar,vV/nPubra

ra#lg

+ Op(l)
Thus, we have the desired asymptotic normality for h. o
B.5 Derivations for simulation studies

We first derive E[Y3] with regression adjustment for single variables case. We have that

P(yg,AZ 1,R>OO)

A=1R> =

= 2%,1@3) + 2%,1(93)

Thus, we have that E[Y3|A = 1, R > 00] = 3/4. Under ACCMV assumption, we can then
identify P(y3]A =0, R = 00) as follows:

3 1
P(?J:s‘A =0,R= 00) = p(yglA =1,R=> 00) = Z¢1,1(3/3) + Z¢0,1(y3)

Next, we have that

P(y37A = 1aR> 01792>
P(A: 1,R>01,y2)

P(yslA=1,R>01,y,) =

Under ACCMV assumption, we have that

1
Pys|A = 1,R = 01,30) = Pyl A = 1R > 01,o) = 3 (%22(@,3,3,2) + %’22@3’”))

¢—1,1(y2) ¢—1,1(y2)

with y14 = (0,—1)T. Then we can compute that

Y.
E[Y3|A=1,R>01,YQ]=?2+1



Similarly, we have that
Y,
E(Y;5]A=1,R>10,Y) = 5 +1
Finally, we also have that

1
BY3A=1,R=11Y1,Y5) = (¥ + V) +

Wl N

Thus, we could compute the parameter of interest E[Y3] as
E[Y3] = E[Y3I(A = D] + > E[mo(X,)I(R =1, A = 0)]

where E[V3I(A = 1)] = E[Y3I(A = 1, R > 00)] = 3/8 and

3
E[mOOQ(XQ())I(R = OO, A = 0)] = 3—2
1 1 3
E[mio,0(X10)I(R =10,A = 0)] = §E[Y'1[(A =0,R=01)] + S 16
1 1 3
E[moLo(Xm)I(R =01,A = 0)] = §E[Y2](A =0,R= 10)] + g B
1 1
E[mu10(X11)I(R=11,A=0)] = gE[(Yl +Y5)I[(A=0,R=11)] + =
For IPW estimation of E[Y3], we first have that
0 _ P(A=0,R=00) 1
T PA=1,R>00) 4
Further, when r = 10, we have
P(A=0,R=10 P(y;,A=0,R =10
Only) - 2 ) _ Plon ) = Lexp(ay)

P(A=1,R>10ly;) Py, A=1,R>10) 2
Similarly, we have that

P(A=0,R=0ly;) Plyz, A=0,R=01)

1
= = i 9
Oo1(y2) P(A=1,R>01lly;) Py, A=1,R>01) 2 exp(2y2)

Finally, for r = 11, we have that
P(A=0,R= 11|y, y0) _ P(y1, 12, A=0,R = 11)
P(Azl,R:11|y17y2> P(yl,yQ,Azl,Rzll)

_ ¢M1,E1 (ylayZ) = exp <§y1 B éyQ B é)
G(-1,-1),5: (Y1, Y2) 37173777 3

011(3/171/2) =

145
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Now we move to the case of multiple primary variables and derive E[Y3Y;]. We have that
P(ys, ya| A =00, R = 00) = P(y3,ys|A = 11, R = 00) = ¢1, 5, (3, Y1)
Then we have
E[Y3Y4|A =11, R = 00] = 3/2

Next, we have

P(y2,ys,ya, A = 11, R = 01)

Plys,palA =00, = 01,2) = Plysyal A = 1L B = 0Lye) = — 50 02— 01)

and
1
Y3, Vil[A=11,R>0L,Y, ~ N | | ?

Then we have that

Next, we have

P(y37y4|A = OO7R = 10791) = P(y37y4|A = ]-17 R = 10,?/1)

P(y17y37y4aA = ll,R = 10)
Py, A=11,R > 10)

Thus, we now have that
1 /1 1\°
E[VaVilA = 11, R>10,Yi] = 7 + (3Vi + -
4 2 2
Next, we have that

P(ys,ya] A =00, R = 11,91, 42) = P(ys, ya|A = 11, R = 11,41, 9)

_ ¢14,24 (yb Y2, Y3, y4)
¢112,22 (yh y2)
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Thus, we have that

Y1 +Y,+1) 2/3 1/6

1
V3, ValA=11,R=11,Y1,Yo ~ N ’ :
Y1+ Yo + 1) 1/6 2/3

and

—_

1
E[Y3YilA = 11, R = 11,1, Y] = < + S (Vi + Yo + 1)?

Ne}

Next consider the case A = 01, we have

P(y3|y4aA = 017 R = OO) = p(y3|y4a‘4 = 117 R = 00)

o p(y37y4aA = 11, R > 00)
p(ys, A =11, R = 00)

Thus, we have that

1 13
Y5|V),A=11,R>00~ N | Yy + -, —
3| 45 7R 00 (2 4+274>
and then
1
E[YsYalYs, B > 00, A = 11] = ViE[Ys|Ys, R > 00, A = 11] = SYa(Y + 1)

Next, we have

P(?/3|y4714 = 017R = 0173/2) = P<f93|y273/4714 = 117 R > 01)

P(Z/273/373/47A = 11;R = 01)
P(y2,ya, A=11,R > 01)

Then we have
1 2
VilYa, Vi, A= 1LR> 01~ N ( 5(Ya+ Y+ 1), 5
Thus, we have

1
E[YsYilYa, Yi, A = 1L, R > 01] = 2Yi(Ya + i + 1)
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Similarly, we have
P(y3|y47A = 017R = 1073/1) = P(y?)‘yﬁlaA = 117R = 107y1)

and we can get that Y3|Y;,Ys, A =11,R > 10 ~ N (3(Y; + Y4 + 1), 2). Thus, we have

1
E[YYiY1,Ya, A = 11 R > 10] = 2Yi(Vi + i+ 1)

Next, we have

P(yslys, A =01, R = 11,41, 92) = P(yslys, A = 11, R = 11,41, 9)

P(y1, y2, y3,y2, A = 11, R = 11)
P(ylayQay47A = 11,R = 11)

and we can get that
Y5|Vy, A=11,R=11,Y},Y2 ~ N <41L(Y1 +Yo + Y+ 1),;)
Thus, we have
EYilYi A= 1L R = 1LY, Y3 = {(Vi 4+ Y+ Y+ )Y,
Next consider the case A = 10, we have
P(y4lys, A =10, R = 00) = P(y4]ys, A = 11, R = 00)
By symmetry, we have that Y;|Y3, A =11, R > 00 ~ N(%YE; + %, %) Thus, we have that
E[YYilYs, A = 11, R > 00] = J5(¥s + 1)
Next we have

P(y4|y37A = 107R = 0173/2) = P(y4‘y2ay37‘4 = 117 R > 01)

Again similarly, we have that Y,|¥5,Y3, A = 11,R > 01 ~ N (3(Y2 + Y3 + 1), 2). Thus, we
have that

1
E[Y;Yi[Yo, Y5, A = 11 R > 01] = 3Y3(¥a + Y3 + 1)
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Next, we have
P(yalys, A =10, R = 10,y1) = P(yalys, A =11, R > 10,y1)
and similarly we have Y;|Y},Y;,A=11,R> 10~ N (%(Yl + Y3+ 1), %) Thus, we have that
E[Y3Yy|Y1,Y5,A=11,R > 10] = %Yg(Yl + Y3+ 1)
Next, we have that
P(yalys, A =10, R = 11, y1,92) = P(yaly1, y2,y3, A = 11, R = 11)

and similarly we have Y,|Y;,Y5,Y3,A = 11,R = 11 ~ N (3(Y1 + Yo+ Y3+ 1),2) and we
have that

1
E[Y3Y4]Y1, Y5, Y3, A= 11, R = 11] = 13/3(3/1 + Y+ Y3+ 1)
Thus, we could now compute the parameter of interest E[Y3Y,] as

E[YYi] = EY3Yal(A = 11)] + | E[Y3Yil(A =a,R =r)]

r,a#1l
where
B[YSYil (4 = 11)] = E[B[Y;Yil4 = 1]1(A = 1)) = 5 - P(A = 1) = 3

Next, when a = 00, we have

E[Y3Y3I(A = 00, R = 00)] = E[mgo,00(Xo0, Loo)I (A = 00, R = 00)] = ; X %6 - 3%

E[Y3YaI(A = 00, R = 01)] = E[mor o0(Xo1, Loo) [(A = 00, R = 01)] = %

E[Ys¥3I (A = 00, R = 10)] = E[mag00(X10, Loo) [(A = 00, R = 10)] = %

3

E[YsYaI(A = 00, R = 11)] = E[m11,00(Xa1, Loo) (A = 00, B = 11)] = o5
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Next, when a = 01, we have

E[Y3Y,1(A =01, R = 00)] = E[mqgo,01(Xoo0, Lo1)[(A =01, R = 00)] = 378
E[V3YiI(A = 01, R = 01)] = E[mor 1 (Xon, Lon) [(A = 01, R = 01)] = =
E[Y;YiI(A = 01, R = 10)] = E[muoon(Xr0, Lot)[(A = 01, R = 10)] = 3%
E[Y3YiI(A = 01, R = 11)] = E[m1r01(Xu1, Lo)[(A = 01, R = 11)] = 332

Finally, the results for a = 10 are identical to a = 01. Thus, collecting all the terms, we can

get that E[Y3Y,] = %.

Now we prove that the simulation setup for the marginal parametric model satisfies the

ACCMYV assumption. For a # 11, we have

exp(0.5X)

P(R=1,A=a|X,L) =
(R=1A4=aX L) = s 05X

and we have

1
5+ 3exp(0.5X)

P(R=1,A=11|X,L) =

Thus for a # 11,
P(R=1,A=4a|X,L)
P(R=1,A=11|X,L)
which does not depend on L. Next, for R = 0, we have

= exp(0.5X)

1
P(R = O7A = a,x,f) = P(‘R = OuA = CL|ZE,£)‘]CX?L(CL’,€) = 5+ 3€Xp(0 5x)fX,L(xa€)

and fx r(z,?) is the density function for X, L. Thus, we have

|
dxr =
5 + 3exp(0.52) (e, O)de f

1
5+ 3exp(0.5x)

and this holds for all a. Similarly, we have

1
5+ 3exp(0.57)

P(R=0,A=a,l) = f fxip(@[O)dz f1.(0)

< P(R=0,A=al|l) = f Ixp(x|l)dx

1
5+ 3exp(0.5x)

P(R = 1,A = 11‘£> = J fx|L($‘£)d.’L'

Thus, for any a # 11,
P(R=0,A=all) 1

P(R>0,A=110) 2
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Figure B.1: Sensitivity analysis of the ACCMYV assumption by exponential tilting. We exam-

ine how the estimate E[Y3 + Y;]/2 changes with respect to different values of the sensitivity

parameter 9.

B.6 Further sensitivity analysis
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Appendix C
APPENDIX OF CHAPTER 4

C.1 Hyperparameters tuning

In the simulation study of Chapter 4, we set k = 50 for kKNN. For random forest, we set
nwee = D0 and set node size to be 350. Here, we present the results for different k£, niee
and node size. We set number of bootstrap samples ng = 200 and number of multiple
imputations M = 5. We generate 1,000 repetitions for each simulation setup and we use

bootstrap percentile intervals for constructing 95% confidence intervals (CI).

(@) (b) (© ()
1000 0.03 0.03 095
Sors s .
5 F0.02 Goo2( 8 W oe0
o 3 o =
5 © o o
o050 ° s =
=3 54 2 o
g E 2 2
g §oo1 £001 3085
§025 a oo Lama -
]
0.00 0.00 0.00 080 ———
0 100 200 300 0 100 200 300 0 100 200 300 0 100 200 300
k k k k
Parameter Proportion Controlled —®— Proportion Crossing Estimate Type =——— Original estimate - -+ + Bootstrap estimate

Figure C.1: We vary the number of neighbors and compare the coverages for 95% CI, stan-
dard deviation estimates and absolute bias estimates with sample size n = 5,000. We also

use cross validation to compare the overall RMSE for different k.

From Figure C.1(a), we can see that the highest coverage is achieved with k& = 50 and it
is below the nominal level of 95%. We also compute the biases and standard deviations (SD)
for our estimates. Recall for each repetition, we obtain a parameter estimate, a bootstrap
parameter estimate by computing the averages of bootstrap estimates and a bootstrap stan-

dard error by computing the standard error of bootstrap estimates. For SD, the original SD
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estimates are computed based on the standard errors of 1,000 parameter estimates and these
reflect the true variabilities of our parameter estimates. The bootstrap SD estimates are
computed based on the average of 1,000 bootstrap standard errors. We can see from Figure
C.1(b) that bootstrap SD and Original SD estimates are essentially the same. We also com-
pute the original bias and bootstrap bias over different k. The original bias is computed by
the difference of the average of the 1,000 parameter estimates and the true parameter value.
For bootstrap bias, we compute the difference between the averages of bootstrap parameter
estimates and the true parameter value. Figure C.1(c) plots the bias in the absolute values
and we can see that there are not much differences between the original bias and the boot-
strap bias. Further, the absolute bias follows a U-shape as k increases and k£ = 50 minimizes
the bias.

We also use cross validation to compare the overall root mean squared error (RMSE) for
different k. We have in total 6 variables to impute and we compute the average RMSEs for
all six variables as the overall RMSE. For cross validation, we can see from Figure C.1(d)
that for the range of k£ we considered, the best &k is 150 for minimizing the RMSE, which is
different from £ for optimizing coverages. This suggests that we cannot use cross validation
to select the parameters in terms of coverages.

For random forest, we first set nyee = 50 and vary the node size. From Figure C.2(a),
we can see that when the node size is between 250 and 400, the coverages are very close to
the nominal level 0.95. Figure C.2(b) shows that the bootstrap SD is very similar to the
true SD and the SD estimates do not vary much as node size changes. Figure C.2(c) shows
a more interesting result. The biases again follow a U-shape and it seems that bootstrap
bias is clearly smaller than the original bias when the node size is between 100 and 450.
In particular, the bootstrap bias is much smaller than the original bias between 250 and
400, which explains the good coverages of the 95% confidence intervals as we use percentile
intervals. The bootstrap bias now is much smaller than the bootstrap standard deviation.
This also shows one scenario where bootstrap seems to “debias” the random forest. We

further use out-of-bag error to compare the overall RMSE. Figure C.2(d) shows that the
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best node size is 250 for minimizing RMSE, which is within the range of the node sizes that
achieve the nominal coverages for the 95% confidence intervals.

Next, we set the node size to be 350 and vary the number of trees. From Figure C.3(a),
we can see that when the number of trees is between 50 and 500, the coverages are all very
close to the nominal level 0.95. Thus, it appears that the coverages are not sensitive to the
choice of number of trees. Figure C.3(b) also shows that the standard deviations do not
change much. Further, Figure C.3(c) again shows that the bootstrap bias is much smaller

than the original bias. Figure C.3(d) shows that the optimal number of trees for minimizing

the RMSE is 500.
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Figure C.2: We vary the node size and compare the coverages for 95% CI, SD estimates and
absolute bias estimates with sample size n = 5,000 and nye = 50. We also use out-of-bag

errors to compare different node size.

C.2 Additional simulation results with a nonlinear model

In Chapter 4, we consider the case when the extrapolation density follows the linear model-
based BM-ACMYV assumption. Now we present additional simulation results for the case

when the extrapolation density follows a nonlinear model-based BM-ACMYV assumption.

Data generation We modify the data generation process as follows. For r #

{001, 100,010}, the data is generated the same as the linear case. When r = 001, we have
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Figure C.3: We vary the number of trees and compare the coverages for 95% CI, SD estimates
and absolute bias estimates with sample size n = 5,000 and node size being 350. We also

use out-of-bag errors to compare different number of trees.

Yi, Ya, Yo, Yio ~ N(14, ) with 24 = 1/21, + 1/21,17 and
Y77 )/87 )/9|}/67 }/107 R = 001 ~ N (f1<)/67 )/10) X 13; 0523)

where f1(y6,y10) = (y6 — 1)* + (y10 — 1)*. For r = 010, we have Y1,Yy, Y5, Yig ~ N (14, 24)
and

Y5[Yy, Y6, R = 010 ~ N(f2(Y4, ¥5),0.7)

with f2(ya,¥6) = (ya — 1)+ (ys — 1)%. For r = 100, again we have Y1, Yy, Y, Yig ~ N(14,34)
and

Ya,Y3|Y1, Yy, R =100 ~ N(f3(Y1,Ys) x 15,0.55)

with f3(y1,91) = (y1 — 1)? + (y4 — 1)%. Next, we assume that the extrapolation densities
follow the model-based ACMV assumption. More specifically, we assume that for r; €

{000, 001,010,011}, we have
}/27}/})‘}/17%7]% =T~ N(f{k(yiyn) X 127 E)
and we assume that f;* has the following form

i1, ya) = Bio + Buva + Biiya + 51334% + ﬁ14yi
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Similarly, for r5 € {000,001, 100, 101} and 73 € {000, 100, 010, 110}, we have

}/'5’}/45}/6712 =Tg ~ N(f;(na}/é)7z)

Y77 Y87 )/9|}/6a Y107 R =Tz~ N(f;()/Ga }/10) X ]-3a Z)
with f5 and f; have the following form:

I3 (Ya, Y6) = Bao + Barya + Basys + Bazys + 524?/2

I35 (W6, y10) = Bso + Ba1Ys + Paayio + 533%25 + 5349%0

We can estimate all the parameters through Monte carlo simulation. Again we are interested
in estimating 71 = P(Y; < a,---,Y1p < a) = P(maxY; < a), the probability of ¥; being
controlled and the probability of trajectory crossing a, 7o = P(max; Y; = a,min; Y; < a) for a
fixed constant a = 1.8. For this data generation, 7 ~ 0.2076 and 75 ~ 0.7842 are computed

by a Monte Carlo approximation with 100, 000 observations and 1,000 repetitions.

Simulation results We repeat the simulation for 1,000 times with sample size n = 5, 000.
For our model-based approach, we perform multiple imputations 5 times with linear model,
kNN and random forest. We use ng = 500 bootstrap replicates to estimate the uncertainty.
For kNN, we set £ = 50 or k£ = 150. For random forest, we use nye = 100 and set the node
size to be 25 or 100. For the MICE method, we use the Bayesian linear regression model for
imputation.

Table C.1 summarizes the results. Again, complete-case analysis obtain biased estimates
and zero coverages. Now linear model-based ACMV approach also obtains biased estimates
and rather poor coverages. MICE obtains relatively small bias for 71, but the coverage for
7o is below 50%. Both kNN and random forest obtain much better results than MICE,
complete-case analysis and linear model-based ACMV approach. However, kNN does not
achieve nominal coverages with its confidence intervals. Random forest obtains nominal
coverages for the 95% CIs with properly selected node size. It is worth noting that the biases

obtained for random forest are rather large, compared to the standard deviations. The
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Table C.1: Simulation results for nonlinear case when n = 5000 and M = 5

Bias TSE Avg. Bootstrap SE Coverage

Method T T T T T1 T2 T1 T2
MICE 0.0084 -0.015 0.0074 0.0077 0.0076 0.0074 0.78 0.48

Complete-case  0.158 -0.160 0.019  0.019 0.019 0.019 0 0
Linear -0.023  0.023 0.0060 0.0062 0.0062 0.0063 0.045 0.052

kNN (50) -0.0081 0.0040 0.0059 0.0060 0.0059 0.0060 0.76  0.92
kNN (150) -0.0065 0.0050 0.0058 0.0058 0.0059 0.0059 0.82  0.89
RF (25) -0.015  0.010 0.0057 0.0059 0.0061 0.0062 0.95 0.85
RF (100) -0.012  0.0069 0.0059 0.0060 0.0061 0.0062 0.86 0.95

coverages of 95% Cls are are reaching the nominal levels as we are using bootstrap percentile
confidence intervals. From Figure C.5, C.6 and C.7, we can see that the bootstrap biases
are very close to 0 and much smaller than the standard deviations. Thus, the bootstrap

percentile intervals obtain correct coverages.

Hyperparameters tuning We also present the simulation results tuning the number of
neighbors for kKNN. From Figure C.4(a), we can see that the optimal & for coverages in fact
differs for estimating 7 and 75. For estimating 71, the probability of being controlled, the
optimal k is 150 and the optimal coverage is 81.7%, which is below the nominal coverages.
For estimating 75, the probability of crossing the trajectory, the optimal k is 50 and the
optimal coverage is 91.5%, which is closer to the nominal coverages. Figure C.4(b) shows
that the standard deviations do not change much as k increases. Further, Figure C.4(c)
shows that the biases roughly follow a U-shape and the bootstrap bias is slightly smaller
than the original bias. We can further see that the optimal number of neighbors for bias are
the same as the optimal number of neighbors for coverages. For cross validation, from figure

C.4(d), we can see that the optimal k& for RMSE is 25, which is different from the optimal k
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for coverages.

For random forest, we first set nyee = 100 and then tune the node size. From figure C.5(a),
we can see that the optimal node sizes for coverage are in fact different for estimating 71 and
79. For 7y, the optimal node size is 25; for 75, the optimal node size is 100. The standard
deviations do not vary much. From figure C.5(c), again we can observe that the bootstrap
biases are much smaller than the original biases for random forest and the optimal node sizes
for biases are the same as the optimal node sizes for coverages. From figure C.5(d), we can
see that the best node sizes for optimizing the RMSE is 100, which is larger than the optimal
node size for coverages of 71 and the same as the optimal node size for coverages of 7.

Next, we set the node size to be 25 or 100 and vary the number of trees. Again, the
coverages are not very sensitive to the number of trees based on Figure C.6 and C.7. When
node size is 100, the coverages for 75 are all close to the nominal level for the whole range
of number of trees. However, the coverages for 7 always fall below the nominal level and
improve a bit with a higher number of trees. Figure C.6(b) and (c) show that the SDs and
biases do not vary much as number of trees increase. The bootstrap bias is again much
smaller than the original bias. The out-of-bag errors also suggest that the optimal number
of tree is 400 with node size 100.

When node size is 25, the coverages for 7; are now all very close to the nominal level for
the whole range of number of trees. Instead, the coverages for 75 now always fall below the
nominal level and improve a bit with a smaller number of trees. The SDs and biases again
do not vary much. The bootstrap biases for 7 now increases as number of trees increase.
The bootstrap biases for 7, on the other hand decreases and are all very close to 0. Further,

the out-of-bag errors suggest that the optimal number of tree is 500 with node size 25.
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Figure C.4: We vary number of neighbors and compare the coverages for 95% CI, SD and
biases with sample size n = 5,000. We also use cross validation to compare the overall

RMSE.
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Figure C.5: We vary the node size and compare the coverages for 95% CI, SD and biases
with sample size n = 5,000 and nyee = 100. We also use out-of-bag errors to compare the

node size.
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Figure C.6: We vary the number of trees and compare the coverages for 95% CI, SD and
biases with sample size n = 5,000 and node size being 100. We also use out-of-bag errors to

compare the number of trees.
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Figure C.7: We vary the number of trees and compare the coverages for 95% CI, SD and
biases with sample size n = 5,000 and node size being 25. We also use out-of-bag errors to

compare the number of trees.

C.3 Hyperparameter tuning for real data results

In the real data experiments of chapter 4, we set the number of neighbors to be 5 for kNN.
For random forest, we set the number of trees to be 50 and the node size to be 93. Here,
we present the results for different k, nye and node size. We set the number of bootstrap
samples np = 200 and number of multiple imputations M = 20. We compute the overall
root mean squared error (RMSE) by computing the sum of RMSE for all possible missing

patterns.
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From figure C.9, we can see that the optimal k& for minimizing the overall RMSE is 15.
From figure C.8, we can see that the 95% confidence intervals does not vary too much across
different k. More specifically, when k = 5, the confidence interval is (0.173 - 0.199) for 7,
and (0.685 - 0.714) for 5. When k = 15, the confidence interval for 71 is (0.163 - 0.190) and
(0.693 - 0.722) for 7.

For random forest, we first set nye. = 50 and compare different node sizes. From figure
C.11, we can see that the optimal node size is about 50, which is much smaller than the
node size we use in the 4.5. From figure C.10, again the confidence intervals do not vary too
much over different node sizes. When the node size is 50, the confidence interval is (0.169
- 0.198) for 7 and (0.680 - 0.713) for 5. Next, we set the node size to be 50 and compare
different number of trees. From figure C.13, we can see that the optimal number of tree for
minimizing the RMSE is 200. From figure C.12, the confidence intervals do not vary too
much over different number of trees. When the number of tree is 50, the confidence interval
is (0.170 - 0.197) for 7, and (0.682 - 0.712) for 7. When the number of tree is 200, the
confidence interval is (0.169 - 0.197) for 7; and (0.684 - 0.709) for 7.
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C.4 Proof
In this section, we present the proof for Proposition 1 and 2. The proof of proposition 2 is
very similar and thus omitted.

PROOFPROOF FOR PROPOSITION 1. Under our BM-ACMYV assumption (5) and (6),

we have

p(l,A=a)=p(A=a)p(l|A=a)=p(A=a)p(leA=a)p(lalls, A= a)

a

=

= p(A = a)p(la]A = a)

—]

p(gbj |€b;r.—bj A= a)

—

@
= p(A = a)p(ly|A = a) p(&jwb}_bj,A > b})

=1

oS

<

Thus, p(¢, A = a) is nonparametrically identified. Note that this further implies that p(¢) is
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identified as

p0)= ) pt,A=a).

ae{0,1}4
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