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Department of Statistics

This dissertation is motivated by missing data problems arising from two observational health

datasets. The first dataset is created by the SWOG study that linked medicare claims to a

prostate cancer prevention trial dataset. The second dataset is a diabetes EHR dataset that

contains longitudinal measurements of diabetes patients for 11 years.

For the first dataset, we are interested in estimating the long-term e↵ect of a treatment.

In a time-to-event setting, medicare claims are linked to clinical trial data to extend the

follow-up period for trial participants. This allows the estimation of the long-term e↵ect

that cannot be estimated by clinical trial data alone. However, such data linkages are often

incomplete for various reasons. We formulate incomplete linkages as a missing data problem

with careful considerations of the relationship between the linkage status and the missing

data mechanism. We propose a conditional linking at random (CLAR) assumption and an

inverse probability of linkage weighting (IPLW) partial likelihood estimator. We show that

our IPLW partial likelihood estimator is consistent and asymptotically normal.

For the second dataset, the longitudinal measurements for diabetes patients are subject

to nonmonotone missingness. The conventional ignorability and missing-at-random (MAR)

conditions are unlikely to hold for nonmonotone missing data and data analysis can be

very challenging with few complete data. We introduce the available complete-case missing

value (ACCMV) assumption for handling nonmonotone and missing-not-at-random (MNAR)



problem. Our ACCMV assumption is applicable to dataset with a small set of complete ob-

servations and we show that the ACCMV assumption leads to nonparametric identification

of the distribution for the variables of interest. We further propose an inverse probability

weighting estimator, a regression adjustment estimator and a multiply-robust estimator for

estimating a parameter of interest. Asymptotic and e�ciency theories of the proposed esti-

mators are studied. We further illustrate the applicability of our method by applying it to

the diabetes EHR dataset.

Finally, we consider the problem of trajectory recovery. Repeated measurements collected

from individuals naturally form a long trajectory and the length of the trajectory creates

additional di�culty for modeling and computation. We introduce a block-Markov type

assumption to handle such missing data problems. We prove that our assumption leads

to nonparametric identification of the joint distribution of the trajectory. Based on this

assumption, we are able to decompose trajectories into multiple missing blocks and thus

greatly reduce both the computation and modeling complexity. For modeling purposes,

we further propose a model-based assumption, which allows us to use both linear models

and flexible machine learning models to impute missing values. We further illustrate the

applicability of our method by applying it to the diabetes EHR dataset.
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Chapter 1

INTRODUCTION

The increasing availability of electronic health data has created both opportunities and

challenges. The SWOG study recently linked medicare claims to the prostate cancer pre-

vention trial (PCPT) dataset to extend the follow-up period for trial participants. PCPT

showed that seven years of finasteride1 reduced PC risk by 25% (Thompson et al., 2003).

However, it is unclear if seven years’ of trial follow-up su�ces to determine the maximum

benefit of the treatment. Further, the reduced risk of prostate cancer for subjects receiving

finasteride might not be maintained after finasteride discontinuation (Unger et al., 2018).

The linkage of medicare claims extends the follow-up periods up to a maximum of 20 years

compared to 7 years by the PCPT and allows the estimation of long-term e↵ect of finasteride.

However, data linkages are incomplete. About 75% of the participants were linked to the

medicare claims and thus a quarter of the participants missed their information after the

end of the clinical trial.

In chapter 2, we propose a novel conditional linking at random (CLAR) assumption for

the linkage mechanism to deal with the incomplete linkage problem. This allows us to develop

an inverse probability weighting (IPW) type estimator to estimate the long-term e↵ect with

Cox model. We further provide the asymptotic theories for our estimator, allowing for

the inclusion of time-dependent covariates, which appears to be new in the literature. We

further consider a couple of alternative approaches and carefully compare it to the IPW type

estimator we propose. This work is presented in Cheng et al. (2022).

Chapters 3 and 4 are motivated by a diabetes electronic health records (EHR) dataset.

1a treatment that inhibits the development of potent androgen that fuels the malignancy of prostate
cancer.
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This dataset contains quarterly longitudinal measurements of diabetes patients for 11 years,

from 2003 to 2013. However, EHR data poses significant challenges. For example, a patient’s

information is recorded only if and when they visit a clinic. This naturally leads to non-

monotone missing data when a patient reappeared after one or more missed visits. Further,

the missing patterns are often associated with the underlying missing measurements. For

example, sicker patients are likely to visit the clinic often and have fewer missing values,

while healthier patients are likely to miss visits and thus have more missing values. This

suggests that the missing mechanism is also missing not at random (MNAR). Thus, it is

common to have nonmonotone and MNAR data for the longitudinal measurments contained

in the EHR dataset.

To handle the missing data under MNAR, there are two common frameworks: the selec-

tion model and the pattern mixture model. Let X P Rd be the study variables and R P t0, 1u
d

be a binary vector indicating the response pattern such that Ri “ 1 if variable Xi is observed.

The selection model framework attemps to model the selection probability P pR “ r|Xq such

that this selection probability is identifiable from the data. A common approach to identify

the selection probability is via assuming a parametric model and some additional structures

so that we can estimate the selection probability from the data. The pattern mixture model

framework instead focuses on modeling the extrapolation density P pXr̄|Xr, R “ rq, where

Xr̄ “ pXi : ri “ 0q are the unobserved variables and Xr “ pXi : ri “ 1q are the observed

variables.

With nonmonotone missing data, modeling the selection probability P pR “ r|xq is a

very challenging task even under missing at random (MAR) assumption (Robins and Gill,

1997; Sun and Tchetgen Tchetgen, 2018). Thus, we focus on pattern mixture framework

that identifies the extrapolation densities. Under the pattern mixture framework, previous

work have considered the complete-case missing value (CCMV) restriction, which assumes

that P pXr̄|Xr, R “ rq “ P pXr̄|Xr, R “ 1dq. Thus, CCMV identifies the extrapolation

density with the set of complete observations R “ 1d. This may be suitable when the size

of the complete data is not too small. However, we only have a very small set of complete
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observations in the diabetes EHR dataset. For example, for the first year’s data, complete

cases only account for 5% of the observations in our dataset.

In Chapter 3, we focus on the first year’s data and propose the available complete-case

missing value (ACCMV) assumption for handling nonmonotone missing data that is MNAR.

Our assumption is suitable for analyzing datasets with few complete cases. We propose

several estimators and study the e�ciency theory and asymptotic thoeries.

In Chapter 4, we consider the problem of trajectory recovery. Longitudinal measurements

naturally form long trajectories and the length of the trajectory creates additional di�cul-

ties for modeling and computation. We then propose a block-Markov type assumption that

decomposes the trajectory into multiple missing blocks. We prove that our assumption leads

to nonparametric identification of the joint distribution of the trajectory. For modeling

purposes, we modify our assumption to a model-based version that assumes a multivari-

ate normal distribution for each block. We propose to esitmate the multivariate normal

distribution with linear models or other flexible nonparametric/machine learning models.

Further, we use multiple imputation to obtain multiple completed trajectories and estimate

the uncertainty with bootstrap.
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Chapter 2

LONG-TERM EFFECT ESTIMATION WHEN COMBINING
CLINICAL TRIAL AND OBSERVATIONAL FOLLOW-UP

DATASETS

2.1 Introduction

With the increasing availability of electronic health data, combining experimental and ob-

servational datasets has been widely applied in public health research (Warren et al., 2002;

Gilbert et al., 2018). In a time-to-event setting, we consider the setup when data from a

clinical trial is combined with an observational follow-up dataset, such as electronic health

records or administrative claims. Clinical trials often study the e↵ect of a particular treat-

ment for a fixed period of time and it might not be long enough to determine the maximum

benefit of the treatment. In contrast, an observational dataset such as medicare claims natu-

rally extends the follow-up period for clinical trial participants at minimal cost. This enables

the estimation of the long-term e↵ect for the treatment after the clinical trial. To combine

the observational follow-up dataset with the clinical trial data, records belonging to the same

individual can be linked with unique identifiers from both datasets. We use Cox model (Cox,

1972) to define the long-term e↵ect as the parameter for treatment when participants from

the clinical trial are linked to an observational follow-up dataset.

For a real data example, the Prostate Cancer Prevention Trial (PCPT) was previously

launched to examine whether finasteride1 could prevent the development of prostate cancer

(PC). PCPT showed that seven years of finasteride reduced PC risk by 25% (Thompson et al.,

2003). However, it was unclear if seven years’ of trial follow-up su�ced to determine the

1a treatment that inhibits the development of potent androgen that fuels the malignancy of prostate
cancer
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maximum benefit of the treatment. Further, the reduced risk of prostate cancer for subjects

receiving finasteride might not be maintained after finasteride discontinuation (Unger et al.,

2018). A later study linked medicare claims to the clinical records for participants in PCPT

with their social security numbers (SSN) (Unger et al., 2018) to estimate the long-term e↵ect

of finasteride on prostate cancer (PC) development. In this example, PCPT is the clinical

trial and medicare claim is the observational follow-up dataset. Medicare claims extend the

follow-up periods up to a maximum of 20 years compared to 7 years by the PCPT. Thus,

we can observe more diagnosis times of PC within the medicare claims dataset.

However, not every participant in the clinical trial can be linked to the observational

dataset. For the PCPT-medicare example, some participants might not be willing to share

their SSNs or they may be enrolled in health maintenance organization (HMO) and medicare

claims are not applicable to HMO individuals (Unger et al., 2018). With incomplete linkages,

survival outcomes in the observational dataset might be missing for some participants. For a

participant censored in the PCPT, meaning he was not diagnosed with PC within the clinical

trial, his survival outcome in the observational dataset would be missing if he is unlinked.

On the other hand, if a participant was diagnosed with PC within the clinical trial, his

survival outcome has been already observed within the clinical trial and the linkage to the

observational follow-up dataset is in fact not necessary. This suggests that the missingness of

survival outcome depends both on the linkage status and whether a participant was censored

in the clinical trial or not.

To deal with the missing survival outcomes, a complete-case analysis that only includes

linked participants will ignore all the unlinked participants with observed survival outcomes

within the clinical trial. However, simply adding those unlinked participants to the complete-

case analysis will also cause biased estimate. Essentially this would lead to the missingness

of the survival outcomes to depend on itself and the missingness is then missing not at

random (MNAR). To properly incorporate those unlinked participants with observed sur-

vival outcomes, we choose to model the linkage probability directly. As we discussed above,

participants who miss the survival outcomes in the observational dataset are those who are
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censored in the clinical trial and unlinked. Hence we take a missing data perspective and

propose a novel conditional linking at random (CLAR) assumption for the linkage mech-

anism. More specifically, we assume that for participants who are censored in the clinical

trial, linkages are independent of the survival outcomes after conditioning on their covariates

vectors, such as social economic status or other clinical factors. No linkage assumptions are

made for those participants uncensored in the clinical trial. Under the CLAR assumption,

we can then weight each participant appropriately and obtain unbiased estimates for the

long-term e↵ect.

As we use Cox model to define the long-term e↵ect, we develop an inverse probability of

linkage weighting (IPLW) partial likelihood estimator. We prove the asymptotic normality

and consistency of our IPLW partial likelihood estimator. Our approach allows inclusion of

time-dependent covariates for more flexibility. While there has been plenty work (Binder,

1992; Robins, 1993; Lin, 2000; Qi et al., 2005) on proving the asymptotic convergence for an

inverse probability weighting (IPW) type partial likelihood estimator when there are only

time-independent covariates, their proof cannot be easily generalized to the case when there

are time-dependent covariates (Breslow and Wellner, 2007). To this end, we establish an

IPLW empirical process weak convergence result that builds on the work in Saegusa and

Wellner (2013) and borrow the techniques from Lin and Wei (1989) to extend the theoretical

results to include time-dependent covariates.

Related work. There has been an increasing amount of work on combining di↵erent

datasets and studying the treatment e↵ect on long-term outcomes in causal inference (Rosen-

man et al., 2018, 2020; Kallus and Mao, 2020; Athey et al., 2020). All these works focus

on using experimental and observational datasets that contain di↵erent set of individuals,

which is di↵erent from our setup. IPW has also been widely applied in the survival analysis

setting (Binder, 1992; Robins et al., 1994; Robins and Finkelstein, 2000; Hernán et al., 2000;

Lin, 2000; Qi et al., 2005; Tsiatis, 2007; Breslow and Wellner, 2007; Saegusa and Wellner,

2013). Robins and Finkelstein (2000) applied inverse probability of censoring weights to

estimate Cox model that adjusts for dependent censoring by utilizing data collected on time-
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dependent prognostic factors. IPW has also been applied for Cox models with two-phase

stratified sampling under right censoring (Binder, 1992; Lin, 2000; Breslow and Wellner,

2007), while Saegusa and Wellner (2013) further studied the problem of two-phase sampling

for the Cox model under interval censoring with IPW. Our approach is di↵erent from all

previous works as we also allow for time-dependent covariates.

Outline. In Section 2.2, we provide background and notations required for our method-

ological developments. We also introduce several alternative approaches. We introduce our

main IPLW estimator in Section 2.3 and provide theoretical justifications. We conduct sim-

ulation studies in Section 2.4 to illustrate the validity of the proposed method. We apply

our approach to the SWOG prevention trial in Section 2.5. We further compared our IPLW

estimator to an alternative approach in Section 2.6. In Section 2.7, we conclude this chapter

and point out some possible future directions.

2.2 Background and Notations

We first consider the oracle setting that all participants from the clinical trial are linked. We

make a “no gap” assumption such that there is no gap between a participant’s last recorded

date within the clinical trial and the start date of the observational follow-up dataset. This

“no gap” assumption eliminates the possibility of interval censoring in which a participant

is diagnosed with the event of interest while not under observation. For simplicity, we make

this “no gap” assumption to focus on the right censoring problem and we discuss how to

relax this no gap assumption in Appendix A.6.

Time is measured since enrollment in the clinical trial and we align each patient’s en-

rollment time to the same origin. We define T as the failure time, C1 as the censoring time

within the clinical trial and Q “ IpT § C1q as the censoring indicator for the clinical trial.

We use a constant ⌧1 to denote the end time of clinical trial. Possible reasons for censoring

in the clinical trial include loss to follow-up and administrative censoring. In contrast, the

length of observational follow-up dataset is often determined by the data availability and

also vary from person to person. We set a constant ⌧2 with ⌧2 ° ⌧1 as the common end
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time for observational follow-up dataset and assume that there are a significant proportion

of participants at risk after ⌧2. Thus, we are interested in estimating the long-term e↵ect

on survival up to time ⌧2 using data from clinical trial records and observational follow-up.

Similarly, we define C2 as the censoring time in the observational follow-up dataset. Possible

reasons for censoring in the observational follow-up include short coverages such that a par-

ticipant is not covered long enough by the observational dataset, administrative censoring

where a participant is event-free and covered by observational follow-up until ⌧2.

We use C “ maxpC1, C2q to denote the actual censoring time and let rT “ mintT,Cu

denote the actual observed time and � “ IpT § Cq be the censoring indicator throughout

the entire follow-up period. Let X P Rp denote baseline characteristics, clinical factors and

treatment assignment. We also use A to denote the treatment assignment when necessary.

We make the independent censoring assumption:

T KK pC1, C2q|X

Thus, T is conditionally independent of maxpC1, C2q given X.

2.2.1 Cox model and Long-term e↵ect

We use the Cox model to define the long-term e↵ect and we allow for the possibility of model-

misspecification. We now discuss the parameter for the long-term e↵ect. Assume that there

are n participants in the clinical trial and they are all linked to the observational follow-up

dataset, so pXi, Qi, rTi,�iq for i “ 1, . . . , n are all observed. The Cox model assumes that

the hazard function has the following form:

�pt|X,�0q “ �0ptq expp�1A ` �1
0
TX´Aq (2.1)

with �1
0 P Rp´1 and X´A is the covariate vector excluding treatment A. �0ptq is the baseline

hazard function and �1 represents the long-term e↵ect. To account for potential di↵erent

e↵ects between clinical trial and the observational follow-up period, we also consider the
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following model with a change point at time ⌧1 (Liang et al., 1990; Pons et al., 2003)

�pt|X; �0,�1, ✓q “ �0ptq exprp�1 ` ✓It°⌧1qA ` �1
0
TX´As. (2.2)

�1 now represents the e↵ect in the clinical trial, while ✓ represents the di↵erence of the e↵ect

between observational follow-ups and clinical trial. �1 ` ✓ now represents the long-term

e↵ect. When ✓ = 0, model (2.2) reduces to (2.1). Without loss of generality, we will use

the parameter notation from model (2.1) in the following. Following the notation in Lin

and Wei (1989), for the i-th individual, let �iptq “ �pt|Xiq be the true hazard function,

Niptq “ Ip rTi § t,�i “ 1q and Yiptq “ Ip rTi • tq. For k “ 0, 1, 2, define

Spkq
n

ptq “
1

n

nÿ

i“1

Yiptq�iptqX
bk

i
, spkq

ptq “ ErSpkq
n

ptqs

Spkq
n

p�, tq “
1

n

nÿ

i“1

Yiptq expp�TXiqX
bk

i
, spkq

p�, tq “ ErSpkq
n

p�, tqs

where for a column vector a, denote ab2
“ aaT , ab1

“ a and ab0 refers to the scalar 1. With

Cox model as a working model, the parameter of interest is �˚
0 that solves the following

equations (Andersen and Gill, 1982; Lin and Wei, 1989)

U0p�q “ E
«
�

˜
X ´

sp1q
p�, rT q

sp0qp�, rT q

¸�
“

ª
⌧2

0

sp1q
ptqdt ´

ª
⌧2

0

sp1q
p�, tq

sp0qp�, tq
sp0q

ptqdt. (2.3)

When Cox model is correctly specified with true parameter �0, we have �˚
0 “ �0. When

Cox model is misspecified, parameter �˚
0 that solves equation (2.3) is still well-defined. For

example, if the true model follows equation 2.2 and we use 2.1 as our model, then the

long-term e↵ect �1 can be interpreted as the average e↵ect over the entire follow-up period.

2.2.2 The linkage problem and assumption

Now we consider the more realistic setup that not every participant is linked to the obser-

vational follow-up dataset. We use L to denote the linkage status. L “ 1 means that the

participant is linked to the observational follow-up dataset and L “ 0 means unlinked. As
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Figure 2.1: A diagram illustrating the three classes of participants and how it is defined via

the linkage indicator L and in-trial censoring indicator Q.

C2 is unobserved when L “ 0, C is missing in this case. We classify participants into three

classes based on their linkage status L and in-trial censoring indicator Q.

Class 1: L “ 1. This class contains all participants linked to the observational follow-up

dataset, where we have full observations: pL, rT ,�, Q,Xq, but possibly censored.

Class 2: L “ 0, Q “ 1. This class represents participants diagnosed with the event of

interest within the clinical trial but unlinked to observational follow-up. Thus, we still have

complete information pL, rT ,�, Q,Xq.

Class 3: L “ 0, Q “ 0. This class includes participants who did not experience the event

of interest during the clinical trial, and were not linked to observational follow-up dataset.

Both rT and � are missing and we only observe pL,Q,Xq.

Figure 2.1 provides a summary of the three classes defined above. We have completely

observed data pL, rT ,�, Q,Xq in class 1 and 2, while two important variables rT ,� are missing

in class 3. To deal with the missing rT and �, we propose the following conditional linking

at random assumption (CLAR):

(A1) P pL “ 1| rT ,�, Q “ 0,Xq “ P pL “ 1|Q “ 0,Xq.

More specifically, pA1q states that for a participant who is censored in the clinical trial,
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his/her linkage status is independent of the survival outcomes given his baseline covariates,

clinical factors and treatment assignment. For example, clinical trial participants with higher

social economic status might be more sensitive to personal privacy and not willing to share

personal information that are important for data linkage.

We compare our CLAR assumption (A1) with the classical MAR type assumption (Rubin,

1976; Little and Rubin, 2019), which can be written as follows

P pL “ 1| rT ,�, Q,Xq “ P pL “ 1|Q,Xq. (2.4)

CLAR is actually implied by MAR (2.4). However, CLAR is restricting the conditional

independence to the subpopulation with Q “ 0, while MAR (2.4) is assuming the conditional

independence for the whole population. To see why this is important, note that MAR (2.4)

implies that

P pL “ 1| rT ,�, Q “ 1,Xq “ P pL “ 1|Q “ 1,Xq (2.5)

and when Q “ 1, both rT and � are always observed, meaning that (2.5) might in fact

contradict the data. In contrast, with no assumptions for participants with Q “ 1, CLAR is

non-parametrically identifiable, i.e., they will never contradict the data (Robins et al., 2000).

Further discussions on potential linkage assumptions are given in Appendix A.5.

2.2.3 Alternative approaches and a motivating example

We now consider three alternative approaches that practitioners may use. We show that

they all give inconsistent estimates for �˚
0 with a simulated example when Cox model is

misspecified and CLAR assumption (A1) holds. These three approaches are

• Complete-case (CC) analysis that only includes participants that are linked. These

corresponds to participants in Class 1 with L “ 1.

• Complete-case analysis plus (CC+) that includes not only participants that are linked,

but also participants with Q “ 1. This corresponds to participants in Class 1 and 2 in

Figure 2.1.These are the participants with L ` Q ° 0.
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• Non-linked-as-censored (NLAC) that treats participants from Class 3 (L “ 0, Q “ 0)

as censored and sets their censoring time as C “ C1. These are the participants that

are unlinked and censored in the clinical trial. Then we can fit the Cox regression with

all participants from clinical trial.

We simulate data according to a Cox model with hazard function specified by covariates

X1, X2, X2
3 and a Cox model with covariates X1, X2, X3 is fitted. More details are given in

Appendix A.8. Figure 2.2 presents the 95% confidence intervals for one of the parameters.

Oracle method refers to the approach that all participants in the clinical trial are linked.

Among all four approaches, CC+ gives the most biased estimates. CC gives less biased

estimates than CC+. NLAC also gives biased estimates compared to the oracle method.

Although not shown here, the coverage of 95% confidence intervals for CC, CC+, NLAC all

decrease as n increases.

We now discuss these three alternative approaches. One su�cient condition for CC to

be consistent is linking completely at random (LCAR), i.e., L K p rT ,�q. This is similar to

the missing completely at random (MCAR) (Little and Rubin, 2019) condition. The LCAR

condition is a strong condition and may contradict the data2 whereas the CLAR condition

will not. Thus the CLAR condition (A1) is a preferred condition in a context similar to

our setting. For CC+, the missingness of survival outcomes now also depends on survival

outcomes itself as a participant would be included if L ` Q ° 0. Thus, the missingness can

be viewed as MNAR and CC+ will always lead to biased estimates. Finally, for participants

from Class 3, NLAC seems like a natural idea that simply uses their censoring time in clinical

trial C1 as the censoring time for the entire follow-up period. However, when Cox model is

misspecified, NLAC in fact always give biased estimates of �˚
0 . More discussions of NLAC

are deferred to section 2.6. As these three approaches are inconsistent, we have to propose a

new approach to consistently estimate �˚
0 . Our proposed approach is di↵erent from NLAC

as for participants in Class 3, we treat their survival outcomes as missing.

2we can easily test this condition



13

● ● ● ● ●

●
● ● ● ●

● ● ● ● ●

●
● ● ● ●

−0.4

−0.3

2500 5000 7500 10000
Sample size n

True value
−0.3678

method
●

●

●

●

Oracle
Complete Case
CC+
NLAC

95% Confidence intervals for β3
*

Figure 2.2: CC+, CC and NLAC all give inconsistent estimates of �˚
3 .

2.3 Methods

2.3.1 IPLW Partial likelihood estimator

Due to the missingness of rT and �, we can not use the classical partial likelihood for Cox

model to estimate the parameters. We first illustrate our approach with time-independent

covariates only. We start by writing the regular log-likelihood for Cox model as follows:

lnp�,�0q “
1

n

nÿ

i“1

lp rTi,�i,Xi;�,�0q “
1

n

nÿ

i“1

log
´
�p rTi|Xiq

�iSp rTi|Xiq

¯

where Spt|xq is the conditional survival function for the failure time T . However, lnp�,�0q

is unidentifiable since we do not observe p rTi,�iq for participants in Class 3 of Figure 2.1. To

resolve the identifiability issue, consider the expected log-likelihood

Eplp�,�0qq “ E
”
log

´
�p rT |Xq

�Sp rT |Xq

¯ı
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where E is the expectation with respect to random variable p rT ,�,Xq and

lp�,�0q “ lp rT ,�,X;�,�0q.

By the law of large number, we have lnp�,�0q Ñp Eplp�,�0qq.

Proposition 2.3.1. Under assumption (A1), we have

Eplp�,�0qq “ E
„

IpL ` Q ° 0qlp�,�0q

Q ` p1 ´ QqP pL “ 1|X, Q “ 0q

⇢
(2.6)

Proposition 2.3.1 shows that Eplp�,�0qq can be expressed in the IPLW form and the

proof can be found in Appendix A.3. We assume a logistic regression model for the linkage

probability P pL “ 1|X, Q “ 0q for simplicity such that

P pL “ 1|X, Q “ 0;�0q “
expp�T

0
rXq

1 ` expp�T

0
rXq

“ ⇡�0pXq

with �0 P Rp`1 and rX “ p1,XT
q
T . In particular, �0 can be estimated by the maximum

likelihood estimator p�n. Using result (2.6), an IPLW estimator of Eplp�,�0qq is

lnp�,�0q “
1

n

nÿ

i“1

IpLi ` Qi ° 0q

Qi ` p1 ´ Qiq⇡p�npXiq
r�i log �p rTi|Xiq ` logSp rTi|Xiqs

with the log-likelihood being weighted by pwi “ IpLi `Qi ° 0q{rQi ` p1´Qiq⇡p�npXiqs. IPLW

partial score can then be derived as

pUnp�q “
1

n

nÿ

i“1

�i pwi

˜
Xi ´

∞
n

j“1 pwjIp rTj • rTiq exppXT

j
�qXj

∞
n

j“1 pwjIp rTj • rTiq exppXT

j
�q

¸
, (2.7)

which is a sample analog of equation (2.3) and p�n can be obtained by solving equation (2.7)

using standard statistical software. Detailed derivations of (2.7) can be found in Appendix

A.1. In summary, our method for estimating the regression parameters of Cox model consists

of two steps:

• Step 1. We estimate the linkage probability P pL “ 1|Q “ 0,X;�0q “ ⇡�0pXq with

logistic regression. p�n can be obtained by the maximum likelihood estimation.
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• Step 2. An individual with �i “ 1 is weighted with weight pwi using the estimated

linkage probability ⇡p�npXiq. More specifically, for participants with Qi “ 1, the weight

is 1; for participants with Qi “ 0 and Li “ 1, the weight is 1{⇡x�npXiq. p�n is then

obtained by solving (2.7).

2.3.2 Time-dependent covariates

In practice, it is common for Cox regression to include time-dependent covariates and we

now extend our IPLW method to incorporate the time-dependent covariates. We build on

the work in Lin and Wei (1989) to extend our theoretical results to include time-dependent

covariates with the IPLW partial likelihood estimator. Let Xiptq “ pZT

1i,Z2iptqT q
T

P Rp

denotes the covariates vector, where Z1i P Rd1 corresponds to the baseline (time-independent)

covariates and Z2iptq P Rd2 corresponds to the time-dependent covariates for i “ 1, . . . , n at

time t. We have d1 `d2 “ p. Z2iptq can represent covariates that are continuously monitored

during the clinical trial and observational follow-up datasets. For Cox model with a change

point (2.2), Z2iptq “ Ipt ° ⌧1qA. Let sXptq “ tXpsq : s P r0, tsu denote the history of covariate

vector Xpsq, up to time t. To incorporate time-dependent covariates into the IPLW partial

likelihood, we modify the CLAR assumption (A1) as following:

Assumptions.

(D1) The linkage status satisfies that

P pL “ 1| rT ,�, Q “ 0, X̄p⌧Mqq “ P pL “ 1|Q “ 0,Z1q.

The distribution of Z1 is not concentrated on a pd1 ´ 1q dimensional a�ne subspace of

Rd1 .

(D1) assumes that linkage only depends on time-independent covariates Z1 and also ensures

the identifiability of �0 (see, e.g., Example 5.40 of Van Der Vaart (2000)). We can further

relax this assumption such that linkage also depends on Z2pC1q, the value of time-dependent

covariates at the censoring time in clinical trial. For simplicity, we assume that linkage
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only depends on the baseline (time-independent) covariates. Based on assumption (D1), we

modify the weights as follows:

wi “
IpLi ` Qi ° 0q

Qi ` p1 ´ Qiq⇡�0pZ1iq
pwi “

IpLi ` Qi ° 0q

Qi ` p1 ´ Qiq⇡p�npZ1iq

with �0 P Rd1`1. The IPLW partial score incorporating time-dependent covariates is now as

follows:

pUnp�q “

1

n

nÿ

i“1

�i pwi

#
Xip

rTiq ´
Sp1q
n,wp�, rTiq

S0
n,w

p�, rTiq

+
“

1

n

nÿ

i“1

pwi

ª
⌧2

0

XiptqdNiptq ´

ª
⌧2

0

Sp1q
n,wp�, tq

Sp0q
n,wp�, tq

dN̄ptq
(2.8)

with Spkq
n,wp�, tq “

1
n

∞
n

i“1 pwiYiptq expp�TXiptqqXiptqbk and N̄ptq “
1
n

∞
n

i“1 pwiNiptq.

We redefine

spkq
p�, tq “ ErY ptq expp�TXptqqXptqbk

s

and

spkq
ptq “ ErY ptq�pt|X̄ptqqXptqbk

s

where �pt| sXptqq is the true hazard function for participants with covariates history sXptq. The

estimated parameter p�n solves pUnp�q “ 0 and its population version �˚
0 solves U0p�q “ 0

with

U0p�q “ E
«
�

˜
Xp rT q ´

sp1q
p�, rT q

sp0qp�, rT q

¸�
“

ª
⌧2

0

sp1q
ptqdt ´

ª
⌧2

0

sp1q
p�, tq

sp0qp�, tq
sp0q

ptqdt

In addition to (D1), we consider the following technical assumptions.

Assumptions.

(D2) The time-dependent covariatesXiptq have bounded total variation such that }Xip0q}1`

≥
⌧2

0 }dXiptq}1 § B for a fixed constant B ° 0.

(D3) P pL “ 1|Q “ 0,Z1q “ ⇡�0pZ1q • � ° 0 for all possible values of Z1.
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(D4) The failure time and censoring time satisfy

P pT • s|C1, C2, X̄psqq “ P pT • s|X̄psqq

for s P r0, ⌧2s and P p rT • ⌧2q ° 0.

(D5) ⌃0 “
≥
⌧2

0

"
sp2qp�˚

0 ,tq
sp0qp�˚

0 ,tq
´

´
sp1qp�˚

0 ,tq
sp0qp�˚

0 ,tq

¯b2
*
sp0q

ptqdt is positive definite.

(D2) assumes that time-dependent covariates have bounded variation (Bilias et al., 1997).

(D3) is a standard positivity assumption for IPW type approach. (D4) is an independent

censoring assumption (Bilias et al., 1997) and basically requires that a positive fraction of

participants are still at-risk after the end of the observational dataset. (D5) is a standard

assumption for Cox models (Andersen and Gill, 1982; Lin and Wei, 1989) that ensures the

uniqueness of �˚
0 . Now we present the consistency and asymptotic normality of p�n.

Theorem 2.3.2 (Asymptotic results of p�n). Let p�n be the solution to the equation pUnp�q “

0. Under assumptions (D1) - (D5), we have p�n Ñp �˚
0 and

?
np p�n ´ �˚

0 q Ñd Np0,⌃´1
0 ⌃U⌃

´1
0 q

and the form of ⌃U can be found in Theorem A.1.1 (supplementary material).

Our proof builds on the convergence results for the underlying IPLW emprical process

and we give the relevant results for the IPLW process in Appendix A.2. In particular, we

proved the Glivenko-Cantelli property of the IPLW empirical process and adopt the strategy

in (Andersen and Gill, 1982) for the consistency proof. Next we follow Lin and Wei (1989) to

derive the asymptotic linear form for our IPLW partial likelihood estimator and we further

establish the weak convergence results of the IPLW empirical process to prove the asymptotic

normality.

Remark 2.3.3. We further consider the augmented inverse probability of linkage weight-

ing (AIPLW) estimator in Appendix A.4. We give the augmented estimating equation and
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prove that AIPLW estimator is “doubly”-robust when either the linkage probability is con-

sistently estimated or three regression functions are consistently estimated. The limitation

of the AIPLW estimator is that we need to consistently estimate three regression functions.

These three regression functions are themselves variational dependent and congenial para-

metric modeling can be di�cult for all three functions. On the other hand, nonparametric

estimation technique does not have the model congeniality problem, but su↵ers from the curse

of dimensionality when there are a large number of covariates. For these reasons, we decide

to not implement this “doubly”-robust estimator.

2.4 Simulation

We now compare the performances of our proposed IPLW method with several other meth-

ods, including complete-case analysis (CC), complete-case analysis plus (CC+), Non-linked

as censored (NLAC) and the oracle method. The oracle method assumes that all partici-

pants in the clinical trial are linked to the observational follow-up dataset. We first revisit

the motivating example in section 2.2.3. Figure 2.3 shows that our proposed IPLW method

gives both consistent estimates and correct coverages for the 95% confidence intervals. On

the other hand, CC+, CC and NLAC all give below nominal coverages and inconsistent

estimates.

We next perform a more comprehensive set of simulations. We consider the following

data generation settings. The hazard function is

�pt|Xptqq “ �0ptq expp�1X1 ` �2X2 ` �3X3ptq ˆ X1q

and �0 “ p�1, �2, �3q “ p´ lnp4q, lnp1.5q, 0.5q. X1 follows a Bernoulli distribution with prob-

ability 0.5, X2 follows a normal distribution with mean and variance both being 1 and

X3 “ Ipt • ⌧1q where ⌧1 is the end time of clinical trial. If we treat X1 as the variable for

treatment assignment, �3 now represents the di↵erence between the e↵ect after and before

⌧1. This is the Cox model with a change point at ⌧1 (2.2). The baseline hazard function is

�0ptq “ 0.06. C1 is exponentially distributed with rate 0.01X1 ` 0.03 and the censoring time



19

● ● ● ● ●

●
● ● ● ●

● ● ● ● ●

●
● ● ● ●

●
● ● ● ●

−0.4

−0.3

2500 5000 7500 10000
Sample size n

method
●

●

●

●

●

Oracle
Complete Case
CC+
NLAC
IPLW

True value
−0.3678

95% Confidence intervals for β3
*

0.00

0.25

0.50

0.75

1.00

2500 5000 7500 10000
Sample size n

C
ov

er
ag

e

method
Oracle
Complete Case
CC+
NLAC
IPLW

Coverage level
0.95

Coverage of 95% Confidence intervals for β3
*

Figure 2.3: Revisiting the motivating example in section 2.2.3. Our approach and the oracle

approach are the only methods leading to a valid confidence interval.

C2 is set as C1 plus an exponential random variable with rate 0.05X1 ` 0.03. Further, we set

⌧1 “ 5 and ⌧2 “ 16. Three linkage mechanisms are considered as follows:

(1) P pL “ 1q “ 0.5 and L is independent of all other variables. This is the linking

completely at random (LCAR) case.

(2)

log
!
P pL “ 1|X, Q “ 0, rT ,�q{P pL “ 0|X, Q “ 0, rT ,�q

)
“ ´0.25 ` 0.5X1 ` 0.5X2

and P pL “ 1|Q “ 1q “ 0.5. Thus the linkage satisfies CLAR assumption.

(3)

log
!
P pL “ 1|X, Q “ 0, rT ,�q{P pL “ 0|X, Q “ 0, rT ,�q

)

“ ´0.25 ` 0.5X1 ` 0.5X2 ´ 0.01rT ´ 0.01�

and P pL “ 1|Q “ 1q “ 0.5. This is the linking not at random (LNAR(rT )) case.

Both mechanisms (1) and (2) satisfy our CLAR assumption. Mechanism (2) shows that under

the CLAR assumption, data linkage can still depend on the survival outcomes through the
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in-trial censoring indicator Q. Mechanism (3) slightly violates the CLAR assumption and

serves as a case for sensitivity analysis.

Table 2.1: Simulation results when Cox model is correctly specified when n “ 2000.

Bias (Mean SE) Coverage of 95% CI

Mechanism Method �1 �2 �3 �1 �2 �3

LCAR Oracle -0.00 (0.108) 0.00 (0.033) -0.00 (0.140) 0.94 0.95 0.96

CC -0.00 (0.153) 0.00 (0.046) -0.01 (0.199) 0.95 0.96 0.96

CC+ 0.13 (0.110) -0.03 (0.038) -0.13 ( 0.168) 0.77: 0.86: 0.89:

NLAC -0.00 (0.110) 0.00 (0.038) -0.01 (0.168) 0.94 0.95 0.95

IPLW -0.00 (0.114) 0.00 (0.041) -0.01 (0.170) 0.94 0.95 0.95

CLAR Oracle -0.00 (0.108) 0.00 (0.033) -0.00 (0.140) 0.94 0.95 0.96

CC -0.18 (0.151) -0.06 (0.045) 0.19 (0.188) 0.79: 0.75: 0.83:

CC+ -0.07 (0.109) -0.10 (0.038) 0.09 (0.157) 0.91 0.23: 0.91

NLAC -0.00 (0.109) 0.00 (0.037) -0.00 (0.157) 0.94 0.95 0.95

IPLW -0.00 (0.110) 0.00 (0.040) -0.00 (0.159) 0.94 0.95 0.96

LNAR ( rT ) Oracle -0.00 (0.108) 0.00 (0.033) -0.00 (0.140) 0.94 0.95 0.96

CC -0.19 (0.151) -0.07 (0.045) 0.20 (0.189) 0.79: 0.69: 0.84:

CC+ 0.07 (0.109) -0.11 (0.038) 0.09 (0.158) 0.92 0.16: 0.92

NLAC -0.00 (0.109) 0.00 (0.037) -0.01 (0.158) 0.94 0.95 0.95

IPLW -0.00 (0.111) -0.00 (0.041) -0.01 (0.160) 0.94 0.95 0.95

LNAR (C2) Oracle -0.00 (0.108) 0.00 (0.033) -0.00 (0.140) 0.94 0.95 0.96

CC -0.31 (0.154) -0.16 (0.055) 0.33 (0.229) 0.47: 0.16: 0.70:

CC+ -0.12 (0.111) -0.22 (0.043) 0.14 (0.202) 0.83: 0.00: 0.88:

NLAC -0.00 (0.110) 0.00 (0.042) -0.02 (0.202) 0.93 0.95 0.95

IPLW -0.00 (0.117) 0.01 (0.057) -0.02 (0.211) 0.93 0.94 0.94

We use : to highlight settings with coverage below 90%.
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Table 2.2: Simulation results for when Cox model is misspecified and n “ 2000.

Bias (Mean SE) Coverage of 95% CI

Mechanism Method �1 �2 �1 �2

LCAR Oracle -0.00 (0.068) 0.00 (0.033) 0.93 0.94

CC -0.00 (0.096) 0.00 (0.046) 0.93 0.96

CC+ -0.00 (0.081) -0.03 (0.038) 0.93 0.84:

NLAC -0.08 (0.081) 0.00 (0.038) 0.82: 0.95

IPLW -0.00 (0.087) 0.00 (0.042) 0.94 0.95

CLAR Oracle -0.00 (0.068) 0.00 (0.033) 0.93 0.94

CC -0.04 (0.087) -0.06 (0.045) 0.92 0.76:

CC+ -0.08 (0.075) -0.10 (0.038) 0.81: 0.25:

NLAC -0.05 (0.076) 0.00 (0.037) 0.89: 0.95

IPLW -0.00 (0.079) 0.00 (0.040) 0.93 0.95

LNAR(rT ) Oracle -0.00 (0.068) 0.00 (0.033) 0.93 0.94

CC -0.05 (0.088) -0.07 (0.046) 0.91 0.70:

CC+ -0.09 (0.076) -0.11 (0.038) 0.78: 0.17:

NLAC -0.06 (0.077) -0.00 (0.038) 0.88: 0.94

IPLW -0.00 (0.080) -0.00 (0.041) 0.93 0.95

We use : to highlight settings with coverage below 90%.

We consider sample sizes n “ 500, 1, 000, . . . , 10, 000 and we generate 1,000 samples for

each simulation setting. We fit two Cox regressions. The first Cox regression is fitted with

covariates X1, X2, X3ptq ˆ X1 and the second Cox regression is fitted with X1 and X2 only.

Thus, Cox regression is correctly specified for the first regression and mis-specified for the

second regression. For the misspecified case, �˚
0 is estimated with the oracle method by
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computing the averages of 1,000 parameter estimates with sample size n “ 10, 000. The

mis-specified regression omits the time-dependent covariate X3ptq ˆX1 and thus ignores the

change-point at ⌧1 for the e↵ect. The corresponding parameter �˚
1 forX1 can be interpreted as

an averaging e↵ect for the entire follow-up period and is equal to ´1.10, between the clinical

trial e↵ect ´ lnp4q « ´1.39 and the observational follow-up e↵ect ´ lnp4q ` 0.5 « ´0.89.

We use the robust variance estimate (Lin and Wei, 1989) when Cox model is misspecified

for all methods other than the IPLW method. For the IPLW method, the variance estimate is

automatically robust when Cox model is misspecified. When Cox model is correctly specified,

one additional mechanism for linkage is considered as

(4)

log tP pL “ 1|X, Q “ 0, C2,�q{P pL “ 0|X, Q “ 0, C2,�qu “

´ 0.25 ` 0.5X1 ` 0.5X2 ´ 0.1C2 ´ 0.1�

and P pL “ 1|Q “ 1q “ 0.5. We call this linkage mechanism LNAR(C2).

Mechanism (4) is a more serious violation of the CLAR assumption and linkage now depends

on the unobserved censoring time C2. As discussed in section 2.6, NLAC should still work

under this linkage mechanism. The percentages of samples that are not linked and censored

in the clinical trial are approximately 39%, 30%, 32%, 51% for these four mechanisms.

Simulation results are reported in Tables 2.1 - 2.2. In the table, bias is the di↵erence of

the average of 1,000 parameter estimates and the true parameter value. Mean standard error

(SE) is the average of 1,000 SE estimates. CI stands for confidence interval. We first discuss

the results when Cox model is correctly specified. When linkage satisfies LCAR, all methods

give consistent estimates and correct coverages for the 95% confidence intervals except CC+.

Oracle method gives the smallest variance estimates as each participant is linked. NLAC

gives the second smallest variance estimates. CC can be viewed as an IPW method with

known probability as the weights and it has the largest variance estimates among all methods.

Our proposed IPLW method gives smaller variance estimates than CC for two reasons. First,
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IPLW method uses more data than CC; second, IPLW method uses estimated weights, which

is known to be more e�cient than IPW method with known probability as weights.

When linkage satisfies CLAR but not LCAR, only oracle method, NLAC and our pro-

posed IPLW method give consistent estimate. When CLAR is slightly violated, CC, CC+

all obtain severely biased estimates and confidence intervals with less than nominal cover-

ages. NLAC and our proposed IPLW method still perform relatively well in this case. When

linkage depends on the censoring time in observational follow-up C2, NLAC gives consis-

tent estimates and correct coverage as expected. For this particular simulation setting, our

proposed IPLW method also works pretty well.

Next, we discuss the simulation results when Cox model is misspecified. When linkage

satisfies LCAR, CC+ and NLAC give inconsistent estimates of the parameters and do not

achieve nominal coverage for 95% confidence intervals. It is expected that CC would per-

form well in this case as discussed in section 2.2.3. Further, NLAC always obtains severely

negatively biased estimate of �˚
1 , the averaging e↵ect. Our proposed IPLW method again

obtains smaller variance estimates than CC as more data are fitted and estimated weights

improve e�ciency. When the linkage satisfies CLAR but not LCAR, only oracle method

and IPLW method give consistent estimates and correct coverages. When CLAR is slightly

violated, IPLW approach performs best among all methods other than the oracle method.

2.5 SWOG study

We apply the proposed IPLW method to the SWOG study that links medicare claims data

to the PCPT data (Unger et al., 2018). The PCPT randomly assigned 18,880 eligible men

from 1993 to 1997 to finasteride or placebo daily for seven years. PCPT clinical records are

linked to participants’ medicare claims data according to common social security number,

sex and date of birth. Medicare claims are available from 1999 to 2011. The linkage enables

PC to be identified by both clinical records and medicare claims. 14,176 (75.1%) participants
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were linked to medicare claims (finasteride = 7069; placebo = 7107)3. The median time from

treatment random assignment to the end of the linked trial medicare dataset was 16 years.

We are interested in studying the e↵ect of treatment finasteride on the time to diagnosis of

PC. Death is treated as censoring.

Of the 14,176 participants with a link to the medicare, 2,037 have a gap between the end

of SWOG trial and the start of medicare claims. The median length of the gap was 1.6 years.

We exclude those participants with a gap. We fit Cox regression with covariates including

the prostate-specific antigen (PSA) level at study entry, race, body mass index at study

entry, first degree family history of prostate cancer, age at baseline. Additional covariates

were included for logistic regression modeling linkage: participants’ education level, marital

status, employment status, type of jobs. We further remove participants with any missing

covariates and we have 16,518 participants left in the study.

Following the studies in Unger et al. (2018), Cox regressions with two change points at

6.5 and 7.5 years are fitted to account for potential di↵ering e↵ects within critical periods of

follow-up. We compared the results of CC, CC+, NLAC and our proposed IPLW method

in table 2.3. Table 3.4 contains the parameter estimates and 95% confidence intervals for

treatment Finasteride in di↵erent time periods4. Overall, the results do not di↵er much

between all four methods based on the 95% confidence intervals. A key reason might be

that the linkage rate was high for the original study (Unger et al., 2018) as 75% of the

participants were linked. Further, they examined potential health care utilization di↵erences

by arm and other potential biases in Unger et al. (2018) and found no evidence of strong

di↵erences. This suggests that linkages might be following a LCAR mechanism. We also

obtained robust variance estimates (Lin and Wei, 1989) and the corresponding confidence

intervals. The results are very similar to the nonrobust ones. In summary, finasteride arm

participants had a 30% decrease in the hazard ratio of prostate cancer (hazard ratio (HR)

= 0.70, 95% confidence intervals (CI) = 0.61 - 0.80) during the first 6.5 years. The e↵ect

3See Unger et al. (2018) for details on linkage criteria

4on the exponential level
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of finasteride is strongest between 6.5 - 7.5 years (HR = 0.67, 95% CI = 0.60 - 0.75). The

long-term e↵ect of finasteride after the 7.5 years does not seem to increase the risk of PC

(HR = 1.11, 95% CI = 0.95 - 1.30). It is worth noting that CC, CC+ and NLAC obtain more

similar long-term e↵ects estimates compared to our proposed IPLW methods. We further fit

a Cox regression without any change points and the results are in table 2.4. The results again

do not di↵er too much between all four methods, despite the fact that CC, CC+ and NLAC

share more similar results compared to our IPLW method. In summary, the long-term e↵ect

of finasteride, now estimating the averaging e↵ect over the entire follow-up period, is still

beneficial (HR = 0.79, 95% CI = 0.73 - 0.85).

Table 2.3: SWOG study long-term e↵ect estimation with two change points

Methods Finasteride (0 - 6.5 years) Finasteride (6.5 - 7.5 years) Finasteride (7.5 years+)

IPLW 0.696 (0.607 - 0.797) 0.670 (0.599 - 0.749) 1.113 (0.951 - 1.303)

CC 0.683 (0.587 - 0.795) 0.662 (0.586 - 0.747) 1.087 (0.933 - 1.265)

CC+ 0.699 (0.610 - 0.801) 0.663 (0.594 - 0.740) 1.086 (0.933 - 1.265)

NLAC 0.697 (0.608 - 0.798) 0.668 (0.600 - 0.744) 1.079 (0.927 - 1.257)

Table 2.4: SWOG study long-term e↵ect estimation with no change points

Methods Finasteride

IPLW 0.790 (0.732 - 0.853)

CC 0.767 (0.708 - 0.831)

CC+ 0.758 (0.704 - 0.816)

NLAC 0.757 (0.703 - 0.814)
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2.6 Comparison of NLAC and IPLW

Now we give a detailed comparison between NLAC and IPLW method. For notational sim-

plicity, we only present the results with time-independent covariates. When Cox model is

correctly specified, NLAC gives consistent estimates as long as censoring time C is indepen-

dent of T given X. Recall the censoring time is modified as

CNLAC “ LmaxpC1, C2q ` p1 ´ LqC1 “ LrmaxpC1, C2q ´ C1s ` C1

with NLAC. The independent censoring assumption holds for CNLAC if

(N1) L KK T |X, C1, C2

holds since

(N1) ` pC1, C2q KK T |X ñ pL,C1, C2q KK T |X.

Thus, pL,C1, C2q KK T |X implies that CNLAC KK T |X. Further, we study how NLAC works

under the CLAR assumption. First, we can the CLAR assumption as

(N2) L KK p rT ,�q|X, Q “ 0, C1

given C1 is always observed when Q “ 0 and one su�cient assumption for (N2) is

(N3) L KK pT,C2q|pX, Q “ 0, C1q.

With a bit abuse of notation, we also call assumption (N3) the CLAR assumption (even

though (N3) and (N2) are logically di↵erent from CLAR). Next, we have the following

proposition.

Proposition 2.6.1. When Cox model is correctly specified and pC1, C2q KK T |X, if the

following assumption

(N4) L KK T |pX, Q “ 0, C1, C2q

holds, NLAC provides consistent estimates for �0.
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The proof is given in Appendix A.5. By the weak union property of conditional indepen-

dence, we have that

(N3) ñ (N4)

On the other hand, using the contraction property of conditional independence, we further

have

(N4) ` L KK C2|X, Q “ 0, C1 ñ (N3)

Thus, to conclude, NLAC works under a slightly weaker assumption than CLAR (N3) in that

the linkage can further depend on the potentially missing C2. On the other hand, when Cox

model is mis-specified, the parameter of interest �˚
0 now depends on the actual distribution

of the censoring time C “ maxpC1, C2q and NLAC always gives inconsistent parameter

estimates of �˚
0 since the distribution of the censoring time is modified. In contrast, our

proposed IPLW method still gives consistent estimates under the CLAR assumption (A1).

2.7 Discussion

In this chapter, we consider the problem of long-term e↵ect estimation by fitting a Cox

model to a partially linked dataset. We propose a novel CLAR assumption that allows us to

construct an elegant IPLW estimator that consistently estimates the underlying parameters

as if all participants are linked. There have been a limited number of studies on incomplete

linkages, other than Kim and Chambers (2012), but their focus is on linear regression with

probabilistic record linkage. While Baldi et al. (2010) have discussed potential biases caused

by incomplete linkages for Cox regression with simulation studies, no theoretical analysis

has been conducted. In contrast, we consider the problem when data is linked by unique

identifiers and thus we do not need account for incorrect linkages. This allows us to develop

rigorous asymptotic theories for our proposed estimators and also compare with some other

alternative methods. Here we point out some possible future directions.

• Interval Censoring. We have made the “no gap” assumption in this chapter to

focus on the right censoring problem for simplicity. However, in practice, it is possible
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that there might be gaps between the clinical trial and observational follow-up dataset.

Thus, to fully deal with the problem, we need to extend our current procedure to the

interval censoring case as mentioned in Appendix A.6. Saegusa and Wellner (2013) has

studied the problem of two-phase sampling for Cox models under interval censoring.

Generalizing their techniques to the current linkage problem remains an open question.

• Beyond CLAR and sensitivity analysis. CLAR may not hold in certain situations.

For instance, if the data being linked is from another study, in which the time to event

variable T may influence the chance that someone participates, then (A1) will no longer

be true. In this case, we may need to model the linkage probability that depends on

T , which could be seen as a sensitivity analysis (Little et al., 2012; Little and Rubin,

2019) on perturbing assumption (A1). How to analyze the data in this case is left as

a future work.

• Missing covariates. Another direction that we will be exploring is the case of missing

covariates (Tsiatis, 2007). Missing covariates is a common issue in medical research.

When part of X is missing, CLAR will no longer be enough to identify the underlying

parameter since the linkage probability cannot be computed for every individual. In

this case, we have to impose additional assumptions on the missingness of X. How-

ever, such assumption has to be carefully chosen so that it will not conflict with the

assumption on the linkage.
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Chapter 3

HANDLING NONMONOTONE MISSING DATA WITH
AVAILABLE COMPLETE-CASE MISSING VALUE

ASSUMPTIONS

3.1 Introduction

Missing data problems are very common in scientific research (Molenberghs et al., 2014;

Little and Rubin, 2019). Based on the missing/response patterns, these problems can be

categorized into monotone and nonmonotone missing data problems. For monotone missing

data, variables subject to missing are ordered and if one variable is missing, all subsequent

variables are missing. This occurs when individuals drop out of a study, which is common in

longitudinal studies (Diggle et al., 2002). Nonmonotone missingness refers to the case when

no such ordering exists (Molenberghs et al., 2014; Little and Rubin, 2019). For example,

a participant might drop out and later return to a study. Nonmonotone missingness may

also occur for regression analysis when outcomes and predictors are missing under arbitrary

patterns.

Handling nonmonotone missing data is a very challenging task even if we assume missing-

at-random (MAR) (Robins and Gill, 1997; Sun and Tchetgen Tchetgen, 2018). Inverse

probability weighting (IPW) estimator for nonmonotone missing data may also be unstable

under MAR (Sun and Tchetgen Tchetgen, 2018). Further, Robins and Gill (1997) and

Vansteelandt et al. (2007) have argued that the MAR restriction should not be expected to

hold in nonmonotone missing data.

In this chapter, we are interested in dealing with nonmonotone missing data that are

missing-not-at-random (MNAR). Our study is motivated by an electronic health records

(EHRs) dataset that contains longitudinal information of diabetes patients. For patients
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with diabetes, one important variable is the glycated hemoglobin (HbA1c) measurement and

a controlled HbA1c level (§ 7%) is known to reduce the risk of microvascular complica-

tions. However, EHR data also poses significant challenges. EHR data are incomplete as a

patient’s information is recorded only if and when they visit a clinic. This naturally leads

to nonmonotone missing data when a patient reappeared after one or more missed visits.

Another complication is that the missing patterns of HbA1c are associated with the under-

lying HbA1c levels. For example, sicker patients with higher HbA1c levels are likely to visit

clinics often and thus have fewer missing values, while healthier patients are likely to miss

visits and thus have more missing values. This suggests that the HbA1c missing mechanism

is MNAR. Thus, we have nonmonotone and MNAR data for the HbA1c measurements.

The diabetes EHR dataset contains 8663 patients who were enrolled from 2003 to 2013,

and who were followed up every 3 months until the 4th quarter of 2013. Thus, the longest

follow up time is 11 years (44 quarters). For the purpose of this chapter, we will focus on first-

year’s data and define Yi as the HbA1c measurement for the i-th quarter with i “ 0, 1, . . . , 4

and Y0 as the baseline measurement. There are three main questions we would like to address:

• Q1. Single variable of interest. Given first-year’s data (Y0, ¨ ¨ ¨ , Y4), we are inter-

ested in estimating the mean HbA1c levels at the 4-th quarter, i.e., ErY4s.

• Q2. Multiple variables of interest: summary measures. Given first-year’s data,

we want to estimate the probability that a patient successfully controls the HbA1c levels

below 7% for the 3rd and 4th quarters, i.e., P pY3 § 7%, Y4 § 7%q. Further, we are also

interested in estimating the averages of the HbA1c levels for the last two quarters, i.e,

ErpY3 ` Y4q{2s.

• Q3. Multiple variables of interest: marginal parametric model. Given first-

year’s data, we want to study the linear relationship between Y4 and Y2, Y3, i.e., we

want to estimate the following linear regression model:

ErY4|Y2, Y3s “ �0 ` �1Y2 ` �2Y3.
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Addressing these questions is a non-trivial problem because we have nonmonotone miss-

ingness in the data and the missingness is MNAR. Several attemps have been made to handle

nonmonotone missing data that is MNAR. One approach is to assume specific parametric

models for both the study variables and the missing probability (Troxel et al., 1998a,b;

Ibrahim et al., 2001). Another approach is the no self-censoring or itemwise conditionally in-

dependent nonresponse restriction (Shpitser, 2016; Sadinle and Reiter, 2017; Malinsky et al.,

2021) and a variant of this idea is the causal graph approach (Nabi et al., 2020; Mohan and

Pearl, 2021). Robins and Gill (1997) proposed the group permutation model and Zhou et al.

(2010) proposed the block conditional MAR model. Little (1993) and Tchetgen et al. (2018)

considered the complete-case missing value (CCMV) restriction. Tchetgen et al. (2018) used

discrete-choice models to generate a class of MNAR assumptions. Linero (2017) introduced

the transformed-observed-data restriction which requires specifying a transformation and it

is also a partial identifying restriction. Chen (2022) introduced the idea of a pattern graph

to generate further MNAR assumptions. However, all these existing work have limitations

and cannot be applied to our problem. The no self-censoring restriction requires that no

variable can be a direct cause of its own missingness status, which is unlikely to be true for

the diabetes EHR data that we are investigating. Other methods such as the CCMV and

pattern graph rely heavily on the size of the complete cases. However, for the first year’s

data pY0, ¨ ¨ ¨ , Y4q, complete cases only account for 5% of the observations in our dataset.

In this chapter, we introduce a useful identifying assumption called available complete-

case missing value (ACCMV) assumption for handling nonmonotone missing data that is

MNAR. In practice we often have many variables at hand and only a few of them are of

primary interest. We call them primary variables. For those auxiliary variables that are

not of direct interest, they are often correlated with the primary variables and the missing

mechanism of the primary variables. Thus they can be used to assist with the estimation for

primary variables. For Q1 of the diabetes example, pY0, Y1, . . . , Y3q are auxiliary variables

and Y4 is the primary variable. We can use pY0, Y1, . . . , Y3q to help with the estimation of

ErY4s. In such a scenario, the conventional CCMV assumption will require all the variables
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pY0, . . . , Y4q to be fully observed for identification. However, requiring auxiliary variables to

be fully observed is a strong condition to identify parameters that only involve the primary

variable. Ideally, we should also use those observations with primary variables fully observed

and auxiliary variables partially observed for identification.

On a high level, the principle of ACCMV imposes an assumption similar to the CCMV

on the primary variables for identification and an assumption similar to the available-case

missing value (ACMV) assumption (Molenberghs et al., 1998) on the auxiliary variables to

improve the e↵ective sample size. This allows a much larger set of observations to be used

for identification. For the diabetes example, close to 48% of the patients have Y4 observed,

while only 5% of the patients have Y0, . . . , Y4 fully observed. Thus, CCMV will only use 5%

of the observation for identification and ACCMV instead will use 48% of the observations

for identification. For this reason, ACCMV is particularly suitable for analyzing datasets

with few complete cases if the assumption is plausible.

Outline. In Section 3.2, we introduce the relevant notations. In Section 3.3, we study the

case with single primary variable. We show that ACCMV assumption leads to nonparametric

identification of the distributions for the primary variable and develop an IPW estimator,

regression adjustment estimator and a multiply-robust estimator. In Section 3.4, we extend

our analysis to multiple primary variables and study the identification, estimation procedure

and e�ciency theory. We conduct a case study to investigate the scenario of marginal

parametric models in Section 3.5. Section 3.6 studies the problem of sensitivity analysis

of the ACCMV assumption. We conduct simulation studies in Section 3.7 and apply our

approach to the diabetes dataset in Section 3.8.

3.2 Notations

In our analysis, we divide all the variables into two sets: a set of variables called primary

variables, denoted as L P Rd, and another set of variables called auxillary variables, denoted

as X P Rp. We are interested in structures involving the primary variables L. The auxillary

variables X are not of primary interest and mainly help with the estimation involving the
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primary variables. Namely, the parameter of interest is a statistical functional of L and

does not involve X. We cannot ignore X in our analysis because X may be related to the

missing data mechanism of L. We use } ¨ } to denote the l2 norm such that for a vector

x P Rd, we have }x} “

b∞
d

i“1 x
2
i
. Further, we use } ¨ }L2pP q to denote the L2pP q norm as

}f}L2pP q “
`≥

fpxq
2dP pxq

˘1{2
.

Both L and X are subject to missingness. We use the binary vector A P t0, 1u
d to denote

the response pattern of L, i.e., Aj “ 1 if Lj is observed and R P t0, 1u
p to denote the response

pattern of X, i.e., Rj “ 1 if Xj is observed. We use the notation Xr “ pXj : rj “ 1q and

La “ pLj : aj “ 1q to denote the observed parts of X and L under pattern R “ r, A “ a.

Let 1p “ p1, 1, ¨ ¨ ¨ , 1q P Rp and 1d “ p1, 1, ¨ ¨ ¨ , 1q P Rd. We use the notation r̄ “ 1p ´ r

and ā “ 1d ´ a to denote the vector after flipping 0 and 1 in r and a, respectively. The

variable Xr̄ “ pXj : rj “ 0q and Lā “ pLj : aj “ 0q will then refer to the missing variables

under pattern R “ r and A “ a. We further define R • r if Ri • ri for i “ 1, 2, . . . , p. For

instance, 1010 • 1000 but 1010 cannot be compared with 0100.

Take the diabetes EHR data as an example, For question Q1 in Section 3.1, the primary

variable is L “ Y4 P R and the auxillary variable is X “ pY0, ¨ ¨ ¨ , Y3q P R4. Suppose we only

observe Y0, Y2, Y4, then this individual would have response patterns A “ 1 and R “ 1010.

For question Q2, our primary variables is L “ pY3, Y4q P R2 and the auxillary variables

X “ pY0, Y1, Y2q P R3. For the individual who we only observe Y0, Y2, Y4, the response

pattern is A “ 01 and R “ 101. In what follows, we will give concrete examples of what

ACCMV assumption stands for in di↵erent contexts.

3.3 Single primary variable for ACCMV: estimation and inference

To start with, we consider a simple scenario where we only have one primary variable (d “

1), i.e., L P R and A P t0, 1u, and we are interested in estimating the mean functional

✓ “ EpfpLqq for some known function f . For the diabetes EHR data, this occurs when we

are interested in estimating the average value of the HbA1c measurement at the end of the
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first year, i.e., L “ Y4 and ✓ “ EpY4q. A straightforward calculation shows that

✓ “ EpfpLqq “

ª
fp`qpp`qd`

“

ª
fp`qpp`, A “ 1qd`

looooooooooomooooooooooon
✓1

`

ÿ

r

ª
fp`qpp`, xr, R “ r, A “ 0qdxrd`

loooooooooooooooooooomoooooooooooooooooooon
✓0,r

“ ✓1 `

ÿ

r

✓0,r.

Clearly, ✓1 is identifiable and can be estimated by a simple sample mean, i.e.,

p✓1 “
1

n

nÿ

i“1

fpLiqIpAi “ 1q,

so we focus on identifying the second term ✓0,r. We can show that

✓0,r “

ª
fp`qpp`|xr, R “ r, A “ 0qppxr, R “ r, A “ 0qd`dxr.

The quantity ppxr, R “ r, A “ 0q is identifiable from the data. So the key is to identify the

first component pp`|xr, R “ r, A “ 0q, which is also known as the extrapolation density.

The conventional CCMV assumption will impose the assumption

pp`|xr, R “ r, A “ 0q “ pp`|xr, R “ 1p, A “ 1q. (3.1)

While equation (3.1) identifies the parameter ✓, it has a limitation that all the information

relies on the complete case R “ 1p, A “ 1. For the diabetes dataset, only a very small

fraction (5%) of the patients have pY0, . . . , Y4q fully observed. So the CCMV might lead to

an unreliable estimate.

The ACCMV is based on the insight that the complete case of L is enough for identifying

the parameter of interest and we should be more flexible about the response patterns for the

auxillary variables X. Formally, the ACCMV assumption imposes the following assumption:

pp`|xr, R “ r, A “ 0q “ pp`|xr, R • r, A “ 1q. (3.2)

Namely, to identify L under pattern R “ r, A “ 0, we use any patterns as long as the

primary variable L is observed and the same set of auxillary variables Xr are also observed.
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The assumption (3.2) allows the use of a much larger set of observations to infer the informa-

tion in variable L. We can further prove that ACCMV assumption leads to nonparametric

identification (Robins et al., 2000) of the marginal distribution pp`, aq and this assumption

will not conflict with the observed data.

Proposition 3.3.1. Under the ACCMV assumption in equation (3.2), pp`, aq is nonpara-

metrically identified.

It is immediate from Proposition 3.3.1 that pp`q is identifiable under the ACCMV as-

sumption.

Example 3.3.2. Consider the example where we have 4 auxiliary variables X1, X2, X3, X4

and we focus on the pattern A “ 0 and R “ 1010. The CCMV will assume that

pp`|x1, x3, R “ 1010, A “ 0q “ pp`|x1, x3, R “ 1111, A “ 1q

and the ACCMV will assume that

pp`|x1, x3, R “ 1010, A “ 0q “ pp`|x1, x3, R • 1010, A “ 1q.

For CCMV, the extrapolation density is estimated by observations with Ri “ 1111, Ai “ 1

whereas in the ACCMV, the extrapolation density is estimated by observations with Ri P

t1010, 1110, 1011, 1111u, Ai “ 1. Clearly, ACCMV allows us to estimate pp`|x1, x3, R “

1010, A “ 0q with a much larger set of observations, leading to a more reliable estimate if

the ACCMV assumption holds.

3.3.1 The IPW estimation

Instead of directly estimating pp`|xr, R “ r, A “ 0q, we now propose an IPW approach to

estimate ✓0,r.

Lemma 3.3.3. The ACCMV assumption (3.2) can be equivalently written as follows.

P pR “ r, A “ 0|Xr, Lq

P pR • r, A “ 1|Xr, Lq
“

P pR “ r, A “ 0|Xrq

P pR • r, A “ 1|Xrqlooooooooooomooooooooooon
“OrpXrq

. (3.3)
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Lemma 3.3.3 suggests that the ACCMV can be expressed as requiring the odds P pR “

r, A “ 0|Xr, Lq{P pR • r, A “ 1|Xr, Lq to be independent of the variable L.

An important implication from Lemma 3.3.3 is that the quantity OrpXrq is identifi-

able and we can estimate Orpxrq by assuming a parametric model. For example, If we set

Orpxr;↵rq “ exppxT

r
↵rq, the odds can be estimated by simply fitting a logistic regression

with covariates Xr that treats pattern R “ r, A “ 0 as class 1 and patterns R • r, A “ 1

as class 0. Let Orpxr; p↵rq be the estimated version of Orpxrq, where p↵r is the estimated

parameter.

Next, with equation (3.3), we can rewrite ✓0,r as an identifiable quantity as follows

✓0,r “

ª
fp`qpp`, xr, R “ r, A “ 0qdxrd`

“

ª
fp`q

pp`, xr, R “ r, A “ 0q

pp`, xr, R • r, A “ 1q
pp`, xr, R • r, A “ 1qdxrd`

“

ª
fp`q

P pR “ r, A “ 0|`, xrq

P pR • r, A “ 1|`, xrq
pp`, xr, R • r, A “ 1qdxrd`

(3.3)
“

ª
fp`qOrpxrqpp`, xr, R • r, A “ 1qdxrd`

“ E pfpLqOrpXrqIpR • r, A “ 1qq .

(3.4)

This leads to the following IPW estimator:

p✓0,r,IPW “
1

n

nÿ

i“1

fpLiqOrpXi,r; p↵rqIpRi • r, Ai “ 1q.

Combining with the estimator p✓1 “
1
n

∞
n

i“1 fpLiqIpAi “ 1q, our final estimator for ✓ will be

p✓IPW “
1

n

nÿ

i“1

fpLiqIpAi “ 1q

«
1 `

ÿ

r

OrpXi,r; p↵rqIpRi • rq

�
(3.5)

The expression in the last equality shows an elegant form–we can express IPW estimator as

weighting the complete cases Ai “ 1 with weight 1 `
∞

r
OrpXi,r; p↵rqIpRi • rq and we have

the following asymptotic theory for p✓IPW.

Theorem 3.3.4. Under the ACCMV assumption in equation (3.3) and the assumption that

for every r,
?
npp↵r ´ ↵˚

r
q “

1
?
n

nÿ

i“1

 r,↵r̊
pXi,r, Ri, Aiq ` oP p1q
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for some function  r,↵r̊
such that Er r,↵r̊

pXr, R,Aqs “ ~0, E} r,↵r̊
}
2

† 8 and the true odds

Orpxrq “ Orpxr;↵˚
r
q. We assume that OrpXr;↵rq is di↵erentiable with respect to ↵r and

E}r↵rOrpXr;↵rqIpR • rqIpA “ 1qfpLq} † 8

E}fpLqIpA “ 1qOrpXr;↵rqIpR • rq}
2

† 8

for ↵r P Bp↵˚
r
, ⇢q for some ⇢ ° 0. Then

?
npp✓IPW ´ ✓q

d
Ñ Np0, �2

IPWq

for some �2
IPW ° 0.

We can compute the variance �2
IPW either through the influence function or using boot-

strap. More specifically, we have

?
npp✓IPW ´ ✓q “

1
?
n

nÿ

i“1

�pXi, Li, Ri, Ai;↵
˚
q ` oP p1q

and we can estimate �2
IPW with

p�2
IPW “

1

n

nÿ

i“1

p�pXi, Li, Ri, Ai; p↵q ´ �̄q
2

where �̄ “
1
n

∞
n

i“1 �pXi, Li, Ri, Ai; p↵q. The form of the influence function � can be found in

B.1. In practice, we recommend bootstrap for its simplicity.

Assumptions in Theorem 3.3.4 are mild. The asymptotic linear form of p↵r ´ ↵˚
r
is very

common when we use a parametric model and estimate the parameter via the maximum

likelihood estimation (MLE). The condition on the gradient of odds is also very mild. For

conventional methods such as the logistic regression, this condition holds with covariates

that have a bounded second order moment. The condition on the product of fpLq and odds

OrpXr;↵rq is also mild. This condition is required for p✓IPW to have a bounded variance.

Alternatively we may make the assumption that Orpxr;↵rq is bounded by a large constant

for any xr and ↵r P Bp↵˚
r
, ⇢q. This is very similar to the positivity assumption in the IPW

literature.
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3.3.2 The regression adjustment estimation

The ACCMV assumption in equation (3.2) leads to the following identification of ✓0,r:

✓0,r “

ª
fp`qpp`|xr, R “ r, A “ 0qppxr, R “ r, A “ 0qd`dxr

(3.2)
“

ª
fp`qpp`|xr, R • r, A “ 1qppxr, R “ r, A “ 0qd`dxr

“

ª
mr,0pxrqppxr, R “ r, A “ 0qdxr

“ Epmr,0pXrqIpR “ r, A “ 0qq,

where

mr,0pxrq “ EpfpLq|Xr “ xr, R • r, A “ 1q (3.6)

is the outcome regression model. Thus, we can estimate ✓0,r by imposing a model mr,0pxrq “

mr,0pxr; �rq and estimate �r via p�r using observations with Ri • r, Ai “ 1. For instance, we

may regress the response fpLq versus covariate Xr from observations with Ri • r, Ai “ 1.

Having estimated p�r, we then construct the estimator

p✓0,r,RA “
1

n

nÿ

i“1

mr,0pXi,r; p�rqIpRi “ r, Ai “ 0q

and the final estimator for ✓ will be

p✓RA “
1

n

nÿ

i“1

rfpLiqAi ` mRi,0pXi,Ri ; p�Riqp1 ´ Aiqs. (3.7)

and we have the following asymptotic theory for p✓RA.

Theorem 3.3.5. Under the ACCMV assumption in equation (3.2) and assume that for

every r,
?
npp�r ´ �˚

r
q “

1
?
n

nÿ

i“1

 r,�r̊
pLi, Xi,r, Ri, Aiq ` oP p1q

for some function  r,�r̊
such that Er r,�r̊

s “ ~0, E} r,�r̊
}
2

† 8 and the true regression

function is mr,0pxrq “ mr,0pxr; �˚
r
q. Also, we assume that mr,0 is di↵erentiable in �r and

E}r�rmr,0pXr; �rqIpR “ r, A “ 0q} † 8

E}mr,0pXr; �rqIpR “ r, A “ 0q}
2

† 8
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for �r P Bp�˚
r
, ⇢q for some ⇢ ° 0. Then

?
npp✓RA ´ ✓q

d
Ñ Np0, �2

RAq

for some �2
RA ° 0.

Assumptions in Theorem 3.3.5 takes a similar form as the ones in Theorem 3.3.4. These

are mild modeling conditions. If we use a least square approach to fit the parameter �

and the true parameter indeed solves the least square equation (occurs when the model is

correct), then the asymptotic linear form exists. For linear regression, the gradient condition

easily holds when the covariates X have bounded second moments.

3.3.3 Semi-parametric theory and multiply-robust estimation

It is known that the IPW and regression adjustment may not lead to an e�cient estimator.

In this section, we investigate the e�ciency theory under the ACCMV assumption. Since

✓ “ ✓1 `
∞

r
✓0,r and the first component is directly identifiable, we only need to study the

e�ciency theory of estimating ✓0,r.

Theorem 3.3.6. Under the ACCMV assumption, the e�cient influence function of esti-

mating ✓0,r is

pfpLq ´ mr,0pXrqqOrpXrqIpR • r, A “ 1q ` mr,0pXrqIpR “ r, A “ 0q ´ ✓0,r.

Based on Theorem 3.3.6, the e�cient estimator of ✓0,r is

p✓0,r,MR “
1

n

nÿ

i“1

pfpLiq ´ pmr,0pXi,rqq pOrpXi,rqIpRi • r, Ai “ 1q`

pmr,0pXi,rqIpRi “ r, Ai “ 0q,

which leads to the estimator

p✓MR “

ÿ

r

p✓0,r,MR ` p✓1 (3.8)
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where p✓1 “
1
n

∞
n

i“1 fpLiqIpAi “ 1q. The two estimated functions pmr,0 and pOr are the

estimators of the regression function mr,0 and odds Or. We may use the same estimators as

in Section 3.3.1 and 3.3.2. We make the following technical assumptions:

Assumptions:

(S1) For each r, pOr is in a Donsker class Fr and pmr,0 is in another Donsker class Gr. There

exist functions O˚
r
pxrq and m˚

r,0pxrq such that

} pOr ´ O˚
r
}L2pP q “ oP p1q } pmr,0 ´ m˚

r,0}L2pP q “ oP p1q

(S2) fp`q,mr,0pxrq, Orpxrq, pmr,0pxrq, pOrpxrq are uniformly bounded by a large constant M °

0 for all r, xr, `.

Assumption (S1) states that estimators pmr,0 and pOr should converge to fixed functions.

The Donsker condition is a common condition that controls the complexity of the estimators.

Assumption (S2) is a technical condition and can be relaxed by stronger moment conditions

on each function. Orpxrq being bounded is related to the positivity assumption in the IPW

literature and it is sensible to have pOr also bounded as it estimates Orpxrq. Further, (S2)

holds when these functions are smooth and X,L stay in compact sets. The estimator p✓MR

has the following multiply-robust property.

Theorem 3.3.7. Under the ACCMV assumption, (S1), (S2) and appropriate assumptions

for Fr and Gr that we define in B.2, the estimator p✓MR in equation (3.8) satisfies the following

properties:

• Consistency. p✓MR
P
Ñ ✓ when

ÿ

r

} pmr,0 ´ mr,0}L2pP q} pOr ´ Or}L2pP q “ oP p1q.

• Asymptotic normality.
?
npp✓MR ´ ✓q

d
Ñ Np0, �2

e↵q when

?
n

ÿ

r

} pmr,0 ´ mr,0}L2pP q} pOr ´ Or}L2pP q “ oP p1q.

The quantity �2
e↵ is the e�ciency bound.
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The first statement in Theorem 3.3.7 states that as long as for each pattern r, either

the regression estimator pmr,0 or the odds estimator pOr is consistent, the estimator p✓MR will

be consistent. This is known as the multiply-robust property. The second statement states

that if both nuisance functions (mr and Or) are correctly specified and can be estimated

su�ciently fast for all patterns r, the final estimator will be asymptotically normal and

achieve the e�ciency bound. The Donsker conditions might be relaxed if sample splitting is

employed for estimation of pOr and pmr,0.

Further, if we can assume that both mr,0 and Orpxrq are parametric functions, we are

able to obtain asymptotic normality as long as either m˚
r,0pxrq “ mr,0pxrq or O˚

r
pxrq “ Orpxrq

for each r.

Corollary 3.3.8. Under the ACCMV assumption and assuming that mr,0pxrq and O˚
r
pxrq

are parametric functions for all r. We further assume that

} pmr,0pxr; p�rq ´ mr,0pxr; �
˚
r
q}L2pP q “ oP p1q

} pOrpxr; p↵rq ´ Orpxr;↵
˚
r
q}L2pP q “ oP p1q

Then if mr,0pxr; �˚
r
q “ mr,0pxrq or Orpxr;↵˚

r
q “ Orpxrq for each r, we have

?
npp✓MR ´ ✓q

d
Ñ Np0, �2

q

When mr,0pxr; �˚
r
q “ mr,0pxrq and Orpxr;↵˚

r
q “ Orpxrq for each r, we have �2

“ �2
e↵ .

We can either estimate the variance �2 through the influence functions or using bootstrap.

The form of the influence functions can be found in B.2. In practice, we recommend using

bootstrap to compute the confidence intervals for its simplicity.

3.4 Multiple primary variables for ACCMV: estimation and inference

Now we consider the problem when L P Rd is multivariate. As mentioned before, this occurs

when we are interested in the last two HbA1c measurements for the first year. In this

case, we have L “ pY3, Y4q and X “ pY0, Y1, Y2q. We assume that the parameter of interest
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is ✓ “ EpfpLqq for some known function f . Multiple primary variables also occur in the

marginal parametric models, which we will have an in-depth discussion in Section 3.5.

When we have multiple primary variables, the complete-case that identifies the variable

L will be A “ 1d. Thus, for a ‰ 1d, the ACCMV assumption in equation (3.2) will be revised

as

pp`ā|`a, xr, A “ a,R “ rq “ pp`ā|`a, xr, A “ 1d, R • rq, (3.9)

which is equivalent to

P pR “ r, A “ a|xr, `q

P pR • r, A “ 1d|xr, `q
“

P pR “ r, A “ a|xr, `aq

P pR • r, A “ 1d|xr, `aqloooooooooooooomoooooooooooooon
“Or,apxr,`aq

. (3.10)

Equation (3.10) is the multivariate version of equation (3.3).

Proposition 3.4.1. Under the ACCMV assumption in equation (3.9), pp`, aq is nonpara-

metrically identified for any a ‰ 1d.

Proposition 3.4.1 shows that the ACCMV assumption for multiple primary variables

nonparametrically identifies the marginal density pp`q. So it is an assumption on the missing

data without putting any constraints on the observed data. Our goal is to identify ✓ when

our data is a collection of IID random elements pRi, Ai, Xi,Ri , Li,Aiq for i “ 1, 2, ¨ ¨ ¨ , n.

3.4.1 The IPW estimation

For any function fp`q, we have

✓ “ EpfpLqq “

ÿ

r,a

E pfpLqIpA “ a,R “ rqq “

ÿ

r,a

✓r,a

When a “ 1d, ✓r,a “ E pfpLqIpA “ a,R “ rqq is identifiable. When a ‰ 1d, through similar

derivations as in (3.4), we have

✓r,a
(3.10)

“ EpfpLqOr,apXr, LaqIpA “ 1d, R • rqq

and the right hand side is clearly identifiable as long as we can estimate Or,a.
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Moreover, the following equality holds,

ÿ

r,a‰1d

Or,apXr, LaqIpA “ 1d, R • rq “

ÿ

r

IpA “ 1d, R “ rq

ÿ

⌧§r,a‰1d

O⌧,apX⌧ , Laq

“

ÿ

r

QrpXr, LqIpR “ r, A “ 1dq,

with

QrpXr, Lq “

ÿ

⌧§r,a‰1d

O⌧,apX⌧ , Laq. (3.11)

We can then rewrite the above equality as

✓ “ EpfpLqq “

ÿ

r,a‰1d

EpfpLqOr,apXr, LaqIpA “ 1d, R • rqq `

ÿ

r

EpfpLqIpA “ 1d, R “ rqq

“ E
˜
fpLq

ÿ

r

r1 ` QrpXr, LqsIpR “ r, A “ 1dq

¸
.

The quantity 1 ` QrpXr, Lq behaves like the weight of observation with A “ 1d, R “ r.

Based on the above analysis, our estimation procedure of ✓ will be the following three-step

approach:

1. Step 1: estimating individual odds Or,a. We first estimate pOr,apXr, Laq for a ‰ 1d.

This can be done with a simple logistic regression, i.e., pOr,apXr, Laq “ exppp↵T

r,a
pXr, Laqq

where p↵r,a is estimated by comparing pattern pR “ r, A “ aq versus pR • r, A “ 1dq

using variables Xr, La.

2. Step 2: computing total weights Qr. For each pattern pR “ r, A “ 1dq, we

compute

pQrpXr, Lq “

ÿ

⌧§r

ÿ

a‰1d

pO⌧,apX⌧ , Laq. (3.12)

3. Step 3: applying the IPW approach. The final estimator is

p✓IPW “
1

n

nÿ

i“1

fpLiqr pQRipXi,Ri , Liq ` 1sIpAi “ 1dq. (3.13)
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Theorem 3.4.2. Under the assumption (3.10) and assume that for every r and a ‰ 1d,

?
npp↵r,a ´ ↵˚

r,a
q “

1
?
n

nÿ

i“1

 r,apXi,r, Li,a, Ri, Aiq ` oP p1q

for some function  r,a such that Er r,as “ ~0 and E} r,a}
2

† 8. The true odds Or,apxr, `aq “

Or,apxr, `a;↵˚
r,a

q. We assume that Or,apxr, `a;↵r,aq is di↵erentiable with respect to ↵r,a and

E}r↵r,aOr,apXr, La;↵r,aqIpR • r, A “ 1dqfpLq} † 8

E}fpLqIpR • r, A “ 1dqOr,apXr, La;↵
˚
r,a

q}
2

† 8

for ↵r,a P Bp↵˚
r,a
, ⇢q for some ⇢ ° 0. Then

?
npp✓IPW ´ ✓q

d
Ñ Np0, �2

IPWq

for some �2
IPW ° 0.

The conditions in Theorem 3.4.2 are very similar to the single primary variable case

(Theorem 3.3.4). The di↵erence is that here we have multiple response patterns of L that

we need to consider. Again, assuming the logistic regression model (log odds is linear) is

correct, then all these assumptions hold whenever X and L have bounded second moments.

The proof can be found in B.3 and the variance can be estimated either through the influence

function or bootstrap.

3.4.2 The regression adjustment estimation

Similar to the case of single primary variable scenario, we may apply a regression adjustment

approach to estimate ✓ as well. The idea is based on the pattern mixture model formulation

in equation (3.9) that links the extrapolation density to an observed density.

Specifically, for a ‰ 1d, Equation (3.9) implies that the parameter ✓r,a “ EpfpLqIpR “

r, A “ aqq can be expressed via the following form:

✓r,a
(3.9)
“ Epmr,apXr, LaqIpR “ r, A “ aqq
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where

mr,apXr, Laq “ EpfpLq|La, Xr, R • r, A “ 1dq, (3.14)

is the outcome regression model. As a result, the regression adjustment approach leads to

the following two-stage estimator of ✓:

1. Step 1: estimating the outcome regression. For each r, a with a ‰ 1d, we estimate

mr,apXr, Laq via an estimator pmr,apXr, Laq using observations with R • r, A “ 1d and

variables L,Xr. This can be done by placing a parametric model mr,apXr, La; �r,aq and

estimate the underlying parameter p�r,a.

2. Step 2: regression adjustment. With the estimates from step 1, our final estimate

will be

p✓RA “
1

n

nÿ

i“1

rfpLiqIpAi “ 1dq ` pmRi,AipXi,Ri , LAiqIpAi ‰ 1dqs . (3.15)

The regression adjustment estimator can be interpreted as follows. When we have a

complete observation of the primary variable (Ai “ 1d), we observe fpLiq. When any entries

of L is missing, we find a proper model pmR,A based on the response pattern in L, together

with the response pattern in X, and compute the predicted value of fpLq.

Theorem 3.4.3. Under the assumption of equation (3.9) and assume that for every r, a ‰ 1d,

?
npp�r,a ´ �˚

r,a
q “

1
?
n

nÿ

i“1

 r,apXi,r, Li,a, Ri, Aiq ` oP p1q

for some function  r,a such that Er r,as “ 0 and E} r,a}
2

† 8. Further, assume that the

true regression mr,apxr, `aq “ mr,apxr, `a; �˚
r,a

q, mr,a is di↵erentiable in �r,a and

E}r�r,amr,apXr, La; �r,aqIpR “ r, A “ aq} † 8

E}mr,apXr, La; �r,aqIpR “ r, A “ aq}
2

† 8

for �r,a P Bp�˚
r,a
, ⇢q for some ⇢ ° 0. Then

?
npp✓RA ´ ✓q

d
Ñ Np0, �2

RAq

for some �2
RA ° 0.
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Conditions in Theorem 3.4.3 is similar to the conditions in Theorem 3.3.5 except that L

is multivariate. The modeling conditions are also mild; linear regression models will satisfy

them when we have bounded second moments of both X and L. The proof can be found in

B.3 and the variance can be computed either based on the influence functions or bootstrap.

3.4.3 Semi-parametric theory and multiply-robust estimation

Both IPW and regression adjustment are known to be ine�cient. To improve the e�ciency

of the estimator, we first derive the e�cient influence function of ✓r,a.

Theorem 3.4.4. Under the ACCMV assumption in equation (3.10), the e�cient influence

function of estimating ✓r,a when a ‰ 1d is

rfpLq ´ mr,apXr, LaqsOr,apXr, LaqIpR • r, A “ 1dq`

mr,apXr, LaqIpR “ r, A “ aq ´ ✓r,a.

The above theorem implies that we can construct an e�cient estimator using the following

approach:

p✓MR “
1

n

nÿ

i“1

«
ÿ

r,a‰1d

trfpLiq ´ pmr,apXi,rqs pOr,apXi,r, Li,aqIpRi • r, Ai “ 1dq

` pmr,apXi,r, Li,aqIpRi “ r, Ai “ aqu ` fpLiqIpAi “ 1dqs ,

(3.16)

where pOr,a and pmr,a are estimators of the odds Or,a in equation (3.10) and the outcome

regressionmr,a in equation (3.14), respectively. We make the following technical assumptions:

Assumptions:

(M1) For each r and a ‰ 1d, pOr,a is in a Donsker class Fr,a and pmr,a is in a Donsker class

Gr,a. There exist functions O˚
r,a

pxr, laq and m˚
r,a

pxr, laq such that

} pOr,a ´ O˚
r,a

}L2pP q “ oP p1q } pmr,a ´ m˚
r,a

}L2pP q “ oP p1q

(M2) fp`q,mr,apxr, laq, Or,apxr, laq, pmr,apxr, laq, pOr,apxr, laq are uniformly bounded by a large

constant M ° 0 for all xr, `, r and a ‰ 1d.
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Assumptions (M1) and (M2) are multivariate versions of (S1) and (S2).

Theorem 3.4.5. Under the ACCMV assumption (3.9), (M1), (M2) and appropriate as-

sumptions for Fr,a and Gr,a that we define in B.3, the estimator p✓MR has the following prop-

erties:

• Consistency. p✓MR
P
Ñ ✓ when

ÿ

r,a‰1d

} pmr,a ´ mr,a}L2pP q} pOr,a ´ Or,a}L2pP q “ oP p1q.

• Asymptotic normality.
?
npp✓MR ´ ✓q

d
Ñ Np0, �2

e↵q when

?
n

ÿ

r,a‰1d

} pmr,a ´ mr,a}L2pP q} pOr,a ´ Or,a}L2pP q “ oP p1q.

The quantity �2
e↵ is the e�ciency bound.

Theorem 3.4.5 implies that the estimator p✓MR is multiply-robust in the sense that as long

as we have either mr,a or Or,a being consistently estimated for all r and a ‰ 1d, the estimator

p✓MR will be consistent. Further it achieves the e�ciency bound when the two sets of nuisance

models are estimated su�ciently fast.

3.5 Multiple primary variables for ACCMV: marginal parametric model

In practice, we often impose a marginal parametric model over the primary variable L and

use the data to estimate the underlying parameter. To start with, we consider two motivating

examples.

Example 3.5.1. (Modeling the marginal distribution) We assume that L „ pp`; ✓˚
q,

where pp¨; ✓q is a known parametric distribution such as a multivariate Gaussian, and the

goal is to estimate the underlying parameter ✓˚. A typical approach to estimate ✓˚ is the

maximum likelihood estimator (MLE). Under usual regularity conditions, the true parameter

solves the population score equation:

✓˚ : 0 “ Epsp✓˚
|Lqq, sp✓|`q “ r✓ log pp`; ✓q.
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When there is no missingness in L, the MLE is obtained from the following sample score

equation:

p✓MLE : 0 “
1

n

nÿ

i“1

spp✓MLE|Liq.

To give a concrete example of this, consider again the one-year diabetes data Y0, ¨ ¨ ¨ , Y4.

Suppose that we are interested in the joint distribution of the last two visits, i.e., L “ pY3, Y4q,

and we assume that it follows a bivariate Gaussian, i.e., pp`; ✓q “ ppy3, y4;µ,⌃q, where µ P R2

is the mean vector and ⌃ P R2ˆ2 is the covariance matrix. Then we can easily estimate µ

and ⌃ using the MLE.

Example 3.5.2. (Modeling the marginal moment restricted model) It is also very

common that the parameter of interest may be a moment restricted model among variables

in L. For instance, we may impose a linear model EpL1|L´1q “ LT

´1✓
˚, where L´1 is all

variables in L except the first one (for simplicity, we ignore the intercept). The parameter

of interest is the regression coe�cient ✓˚. In this case, we often estimate the parameter ✓˚

by the least squares approach, i.e., at the population level, the parameter ✓˚ satisfies

✓˚
“ argmin

✓
EppL1 ´ LT

´1✓
˚
q
2
q,

or equivalently, the parameter ✓˚ solves the following equation:

~0 “ EpL´1pL1 ´ LT

´1✓
˚
qq.

When there is no missingness in L, the least squares estimate solves the following estimating

equation

p✓LS : ~0 “
1

n

nÿ

i“1

Li,´1pLi,1 ´ LT

i,´1
p✓LSq.

In the diabetes data, if we are interested in the linear relationship among Y2, Y3 and Y4, we

can use the model above and treat Y4 “ L1 and pY2, Y3q “ L´1.

In both examples, we see that the parameter of interest is now defined through a popu-

lation estimating equation

0 “ Epsp✓˚
|Lqq. (3.17)
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So we will focus on the case of parameters defined through an estimating equation, and

how to obtain a consistent estimate when there are missingness in L based on the ACCMV

assumption (3.10).

3.5.1 IPW marginal parametric model

The IPW approach in Section 3.4.1 can be easily adapted to the marginal parametric model.

Specifically, the population estimating equation of (3.17) can be written as

0 “ Epsp✓˚
|Lqq

(3.10)
“

ÿ

r,a‰1d

Epsp✓˚
|LqOr,apXr, LaqIpA “ 1d, R • rqq `

ÿ

r

Epsp✓˚
|LqIpA “ 1d, R “ rq

“ E
˜
sp✓˚

|Lq

«
ÿ

r,a‰1d

Or,apXr, LaqIpA “ 1d, R • rq `

ÿ

r

IpA “ 1d, R “ rq

�¸

“ E
˜
sp✓˚

|LqIpA “ 1dq

ÿ

r

rQrpXr, Lq ` 1sIpR “ rq

¸
,

(3.18)

where the weight function Qr is from equation (3.11).

As a result, the three-step procedure in Section 3.4.1 can be applied here with a mild

modification:

1. Step 1: estimating individual odds Or,a. For r and a ‰ 1d, we first estimate

pOr,apXr, Laq. This can be done by a simple logistic regression, i.e., pOr,apXr, Laq “

Or,apXr, La; p↵r,aq where p↵r,a is estimated by comparing pattern pR “ r, A “ aq versus

pR • r, A “ 1dq using variables Xr, La.

2. Step 2: computing total weights Qr,a. For each pattern pR “ r, A “ 1dq, we

compute its total weight

pQrpXr, Lq “

ÿ

⌧§r

ÿ

a‰1d

pO⌧,apX⌧ , Laq.
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3. Step 3: solving the weighted estimating equation. The final estimator p✓ is from

p✓ : 0 “

nÿ

i“1

sp✓|Liqr pQRipXi,Ri , Liq ` 1sIpAi “ 1dq. (3.19)

The first two steps are the same as Section 3.4.1. We only need to modify the last step by

solving a weighted estimating equation. We have the following asymptotic results for p✓.

Theorem 3.5.3. Under assumption (3.10) and assume that for every r and a ‰ 1d,

?
npp↵r,a ´ ↵˚

r,a
q “

1
?
n

nÿ

i“1

 r,apXi,r, Li,a, Ri, Aiq ` oP p1q

for some function  r,a such that Er r,as “ 0 and E} r,a}
2

† 8. The true odds

Or,apxr, `aq “ Or,apxr, `a;↵
˚
r,a

q.

Next we assume that Or,a is di↵erentiable in ↵r,a and

E}sp✓˚
|Lqr↵r,aOr,apXr, La;↵r,aqIpA “ 1d, R • rq} † 8

for ↵r,a P Bp↵˚
r,a
, ⇢q for some ⇢ ° 0. Further we assume that

Ip✓˚
q “ E

«
r✓sp✓|Lq|✓“✓0

«
ÿ

r,a‰1d

Or,apXr, La;↵
˚
r,a

qIpA “ 1d, R • rq ` IpA “ 1dq

��

exists and is invertible. Assuming that p✓ Ñp ✓˚, we have

?
npp✓ ´ ✓˚

q
d

Ñ Np0,⌃q

for some covariance matrix ⌃.

3.5.2 Potential problems with regression adjustment

The marginal parametric model has one distinct property from the general case of multiple

primary variables: the regression adjustment method and the multiply-robust approach may
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be problematic. The main reason is: both regression-adjustment and multiply-robust ap-

proach will involve imposing a conditional model on one subset of L conditioned on another

subset of L. This procedure implicitly places a model constraint on the distribution of L,

which will conflict with the marginal parametric model when it is not designed well. The

multiply-robust estimator also su↵ers from the same problem since it involves a model on

the outcome regression. On the other hand, the odds in the IPW approach is a conditional

model on the selection odds P pR “ r, A “ a|xr, `aq{P pR • r, A “ 1d|xr, `aq, so it is al-

ways compatible with the marginal parametric model. Hence, we recommend using the IPW

approach in the case of marginal parametric model.

This phenomenon is similar to the model congeniality problem introduced in Meng (1994).

The model congeniality problem refers to the case where the imputation model may not be

compatible with the analysis model imposed on the imputed data. An imputation model

can be viewed as a Monte Carlo approximation to the regression adjustment method and

the marginal parametric model on L is the analysis model in Meng (1994). Thus, the model

conflicting problem we encounter when using regression adjustment on a marginal parametric

model can be viewed as another form of model congeniality problem.

3.6 Sensitivity analysis via exponential tilting

It is possible that the ACCMV assumption may not be correct or is only approximately

correct. The sensitivity analysis (Little et al., 2012) is often conducted to study how the

estimate changes when we slightly perturb the underlying missing data assumption.

Here we propose to perform sensitivity analysis of ACCMV via an exponential tilting

approach (Kim and Yu, 2011; Shao and Wang, 2016; Zhao et al., 2017). For a ‰ 1d, recall

that the ACCMV in equation (3.10) requires:

P pR “ r, A “ a|xr, `q

P pR • r, A “ 1d|xr, `q
“

P pR “ r, A “ a|xr, `aq

P pR • r, A “ 1d|xr, `aqloooooooooooooomoooooooooooooon
“Or,apxr,`aq

.

In reality, the odds on the left-hand-side of the above equality may depend on the unob-



52

served value of L. Using the concept of exponential tilting, we propose to perturb assumption

(3.10) as follows:

P pR “ r, A “ a|xr, `q

P pR • r, A “ 1d|xr, `q
“ Or,apxr, `aq ¨ expp�T

ā
`āq, (3.20)

where �ā P R|`ā| is a given vector that represents the amount of perturbation from the

ACCMV assumption. Clearly, when �ā is a zero vector, equation (3.20) reduces to the usual

ACCMV assumption.

In practice, we will choose a sensitivity parameter vector � P Rd first, which implies �ā

for every a. Then based on the perturbation (3.20), we compute the modified final estimate.

For the IPW estimator, We only need to change

pQrpXr, Lq “

ÿ

⌧§r

ÿ

a‰1d

pOr,apX⌧ , Laq

in equation (3.12) to

rQrpXr, L; �q “

ÿ

⌧§r

ÿ

a‰1d

pOr,apX⌧ , Laq expp�T
ā
Lāq

and change the final estimator in equation (3.13) to

r✓IPW,� “
1

rn

nÿ

i“1

fpLiqr rQRipXi,Ri , Li; �q ` 1sIpAi “ 1dq. (3.21)

with rn “
∞

n

i“1r rQR,ipXi,Ri , Li; �q ` 1sIpAi “ 1dq. Note that pOr,apX⌧ , Laq is estimated under

assumption (3.10).

Under a logistic regression model, the sensitivity parameter in the exponential tilting

approach (3.20) has a nice interpretation. Recall that the logistic regression model will

model

Or,apxr, `aq “ expp↵T

r,a
pxr, `aqq.

Thus, equation (3.20) will become

Or,apxr, `q “
P pR “ r, A “ a|xr, `q

P pR • r, A “ 1d|xr, `q
“ exp

`
↵T

r,a
pxr, `aq ` �T

ā
`ā

˘
.
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Each �j and each element ↵r,a,j have the same interpretation–they are the coe�cient on

linear model of the log odds. Consider a specific example that L “ pL1, L2q P R2, a “ 10

(L1 is observed) and the coe�cient ↵r,a on L1 is 2. Then a sensitivity parameter �01 “ 1

can be interpreted as the e↵ect of the unobserved variable L2 on the log odds is half of the

estimated e↵ect of the observed variable L1. Thus, practitioners can use this as a way to

think about a feasible range of the sensitivity parameter �.

3.7 Simulation study

3.7.1 Single Primary Variable

We first consider the case when there is a single primary variable. We have L “ Y3 and

X “ pY1, Y2q and we are interested in estimating ✓ “ ErY3s. Let |r| “
∞

r
ri be the number

of observed variables. Next, we generate data as follows:

1. pL,Xrq|A “ 1, R “ r „ Npµ|r|`1,⌃|r|`1q

2. Xr|A “ 0, R “ r „ Npµ|r|,⌃|r|q

with µ1 “ 1, µ2 “ p1,´1q
T , µ3 “ p0,´1,´1q

T and

⌃1 “ 1 , ⌃2 “

¨

˝ 1 1{2

1{2 1

˛

‚ and ⌃3 “

¨

˚̊
˚̋

1 1{2 1{2

1{2 1 1{2

1{2 1{2 1

˛

‹‹‹‚

Further, we assume that P pA “ j, R “ rq “ 1{8 for j “ 0, 1 and r P t00, 01, 10, 11u. Note

that under ACCMV assumption, L|Xr, R “ r, A “ 0 for r P t00, 01, 10, 11u are also specified

given the data generations above.

We first consider estimation using the regression adjustment method. Under ACCMV,

we can compute that ✓ “ ErY3s “
89
96 and the details are left in B.5. We fit linear regression

models

mr,0pxr; �rq “ ErY3|Xr “ xr, R • r, A “ 1; �rs
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for r P t00, 01, 10, 11u and get p�r. The form of the linear regression models can be found in

B.5. Then, we can get the estimates using regression adjustment as

p✓RA “
1

n

nÿ

i“1

«
Yi,3IpAi “ 1q `

ÿ

r

mr,0pXi,r; p�rqIpRi “ r, Ai “ 0q

�

Next, we consider the IPW estimates. We can compute the odds functions as follows.

O00 “
P pA “ 0, R “ 00q

P pA “ 1, R • 00q
“

1

4

O10py1q “
P pA “ 0, R “ 10|y1q

P pA “ 1, R • 10|y1q
“

1

2
expp2y1q

O01py2q “
P pA “ 0, R “ 01|y2q

P pA “ 1, R • 01|y2q
“

1

2
expp2y2q

O11py1, y2q “
P pA “ 0, R “ 11|y1, y2q

P pA “ 1, R “ 11|y1, y2q
“ exp

ˆ
8

3
y1 ´

4

3
y2 ´

4

3

˙

To get the estimate, we fit a logistic regression model

P pR “ r, A “ 0|Xr, tR • r, A “ 1u Y tR “ r, A “ 0u;↵rq “
Orpxr;↵rq

1 ` Orpxr;↵rq

for each r P t00, 01, 10, 11u and get p↵r. Then we can get the estimate using IPW as

p✓IPW “
1

n

ÿ

i

Y3,iIpAi “ 1q

«
1 `

ÿ

r

OrpXi,r; p↵rqIpRi • rq

�

For the multiply-robust estimator, we can use the linear regression models and logistic re-

gression models that we fitted before. Then for each r, we can get the estimate as

p✓0,r,MR “
1

n

nÿ

i“1

´
fpLiq ´ mr,0pXi,r; p�rq

¯
OrpXi,r; p↵rqIpRi • r, Ai “ 1q

` mr,0pXi,r; p�rqIpRi “ r, Ai “ 0q,

Our final multiply-robust estimator is then

p✓MR “

ÿ

r

pp✓0,r,MR ` p✓1,rq (3.22)

where p✓1,r “
1
n

∞
n

i“1 fpLiqIpAi “ 1, Ri “ rq.
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For the multiply-robust estimator, we first consider the case when all the regression

functions and odds functions are correctly specified. Next we consider the case when one

of the regression function is misspecified. When r “ 11, the correct regression model is

m11,0pxr; �11q “ �0 ` �1Y1 ` �2Y2 and we fit a linear regression model with Y1 only. We also

apply the same model misspecification to the regression adjustment estimator. We further

consider the case when one of the odds function is mis-specified. When r “ 11, the correct

odds function is O11pxr;↵11q “ ↵0`↵1Y1`↵2Y2 and we fit a logistic regression with intercept

only. Again we apply the same model misspecification to the IPW estimator. Finally we

consider the case when both the regression function and the odds function is incorrect. When

r “ 11, we fit a linear regression model with Y1 only and we fit a logistic regression model

with intercept only for the odds function.

Table 3.1 contains the simulation results. We generate 1,000 samples with n “ 2000.

The bias is computed as the di↵erence of the average of 1,000 parameter estimates and the

true value of ErY3s. Sample standard error (SE) is computed as the standard error of the

1,000 parameter estimates and the mean theoretical SE is computed as the mean of the

1,000 SE estimates. For all three methods, we estimate the SE for the estimators through

their corresponding influence functions1. Note that bootstrap is an alternative approach to

estimate the SE. The sample standard SE reflects the true SE of the estimator and the mean

theoretical SE reflects the accuracy of the SE estimated through the influence functions.

CI stands for Confidence Interval, RA stands for regression adjustment and MR stands for

multiply-robust.

Based on the simulation results, we can see that 95% CI of IPW is undercovering when

all the odds function are correctly specified. This is primarily due to the under-estimation

of the SE for the IPW estimators in this setup. For this specific data generation setting,

the di�culty is that we are estimating the variance of a very heavy-tailed distribution. We

can see that the mean theoretical SE is much smaller than the sample SE, which suggests

1The actual form of the influen functions can be found in Appendix.
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that the estimated SE is much smaller than the true SE. Next, IPW with misspecified odds

function leads to much larger bias and even worse coverage for the 95 CI%. We also observe

that the mean theoretical SE is much smaller than the sample SE. However, multiply-robust

estimator with the same misspecified odds function obtains much better performance. We

can see that the bias is very small, the coverage of the 95% CI is very close to the nominal

coverage and the di↵erence between mean theoretical SE and the sample SE is also much

smaller now. This shows the robustness of the multiply-robust estimator.

Further, regression adjustment achieves nominal coverages and smallest SE estimates

when all regression functions are correctly specified. RA with misspecified regression function

also leads to large bias and bad coverage for the 95% CI. Again, multiply-robust estimator

with the same model misspecification is able to reduce the bias and improve the coverages.

We can see that in this case, all multiply-robust estimators underestimate their variances

for the same reason as the IPW estimator. However, the coverages of the 95% CI are

much better for multiply-robust estimators compared to the IPW estimator. When both the

regression and odds function are misspecified, the multiply-robust estimator also obtained

biased estimates and bad coverages for the 95% CI. Finally, we also include the results

estimating ErY3s using complete-case analysis. It is clear from the simulations that under

ACCMV assumption, the data is missing-not-at-random as complete-case analysis is severely

biased.

3.7.2 Multiple primary variables

Next we consider the case when we have multiple primary random variables. We take L “

pY3, Y4q and X “ pY1, Y2q. The parameter of interest is ✓ “ ErY3Y4s and this allows the

estimation of the CovpY3, Y4q given ErY3s and ErY4s. For any a, let |a| “
∞

i
ai be the

number of observed primary variables. We generate the data as follows.

1. pL,Xrq|A “ 11, R “ r „ Np12`|r|,⌃2`|r|q for r P t00, 01, 10, 11u.

2. pLa, Xrq|A “ a,R “ r „ Npµ1`|r|,⌃1`|r|q for any a P t01, 10u and any r P t00, 01, 10, 11u.
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Table 3.1: Simulations results for estimating ErY3s when n “ 2000

Methods Bias Sample SE Mean theoretical SE Coverage of 95% CI

IPW -0.006 0.216 0.113 0.778

IPW (incorrect) -0.084 0.174 0.090 0.536

RA -0.001 0.044 0.043 0.955

RA (incorrect) 0.040 0.045 0.046 0.857

MR (correct) -0.002 0.105 0.072 0.931

MR (IPW incorrect) 0.000 0.069 0.057 0.939

MR (RA incorrect) -0.000 0.118 0.074 0.920

MR (Both incorrect) 0.041 0.069 0.058 0.870

Complete Case -0.178 0.035 0.034 0.001

3. Xr|A “ 00, R “ r „ Npµ|r|,⌃|r|q for any r P t01, 10, 11u.

where 1d “ p1, . . . , 1q
T

P Rd, ⌃d “ 1{2Id ` 1{21d1Td and

µ1 “ 0.5 µ2 “ 12 µ3 “ 13.

Further, we also assume that P pA “ a,R “ rq “ 1{16 for a P t00, 01, 10, 11u and r P

t00, 01, 10, 11u.

We first consider regression adjustment method. Under the ACCMV assumption, we

can compute ✓ “ ErY3Y4s “ 175{128 and the details can be found in B.5. Now to get the

estimate, we need to fit the following regression models:

mr,apxr; �r,aq “ ErY3Y4|Xr “ xr, R • r, A “ 11; �r,as
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for a ‰ 11. Note that equivalently we can fit the following regression models

m1
r,00pxr; �r,00q “ ErY3Y4|Xr “ xr, R • r, A “ 11; �r,00s

m1
r,01pxr, y4; �r,01q “ ErY3|Xr “ xr, Y4 “ y4, R • r, A “ 11; �r,01s

m1
r,10pxr, y3; �r,10q “ ErY4|Xr “ xr, Y3 “ y3, R • r, A “ 11; �r,10s

for r P t00, 01, 10, 11u and get p�r,a. The actual form of the regression models can be found

in B.5 and we have

mr,apxr, la; �r,aq “

$
’&

’%

m1
r,a

pxr, la; �r,aq a “ 00

m1
r,a

pxr, la; �r,aqla a “ 01, 10

Then we can get the estimate using regression adjustment as

p✓RA “
1

n

nÿ

i“1

rY3,iY4,iIpAi “ 11q `

ÿ

r,a‰11

mr,apXr,i, La,i; p�r,aqIpRi “ r, Ai “ aqs

Next, for IPW estimation, it is easy to get that for a ‰ 11, logOr,apXr, Laq is a linear function

of Xr and La. Then we can fit a logistic regression model as follows:

P pR “ r, A “ a|xr, la, tR • r, A “ 11u Y tR “ r, A “ au;↵r,aq “
Or,apxr, la;↵r,aq

1 ` Or,apXr, La;↵r,aq

for each r, a ‰ 11 and get p↵r,a. We can get the estimate using IPW as

p✓IPW “
1

n

nÿ

i“1

Y3,iY4,iIpAi “ 11q

«
ÿ

r,a‰11

Or,apXr,i, La,i; p↵r,aqIpRi • rq ` 1

�

We now consider the multiply-robust estimation. We can get the estimate using the following

multiply-robust estimator

p✓MR “
1

n

nÿ

i“1

«
ÿ

r,a‰11

tpfpLiq ´ mr,apXi,r, Li,a; p�r,aqqOr,apXi,r, Li,a; p↵r,aqIpRi • r, Ai “ 11q

`mr,apXi,r, Li,a; p�r,aqIpRi “ r, Ai “ aqu ` fpLiqIpAi “ 11q

ı

with the same estimators mr,apXr, La; p�r,aq and Or,apXr, La; p↵r,aq as before. Again, we con-

sider the case when all the regression functions and odds functions are correctly specified.
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Next, we consider the case when two of the regression estimators is misspecified. When

R “ 00 and A “ 01, the true regression model is ErY3|Y4s “ �0 ` �1Y4 and we fit a linear

regression with intercept only. When R “ 00 and A “ 10, the true regression model is

ErY4|Y3s “ �0 ` �1Y3 and we also fit a linear regression model with intercept only. We apply

the same model misspecification to the regression adjustment estimator. Further, we con-

sider the case when two of the odds function are misspecified. When R “ 00 and A “ 01, the

true odds function is Or,apY4q “ expp↵0 `↵1Y4q and we fit a logistic regression with intercept

only. When R “ 00 and A “ 10, the true odds function is Or,apY3q “ expp↵0 `↵1Y3q and we

also fit a logistic regression with intercept only. We also apply the same model misspecifica-

tion to the IPW estimator. Finally, we consider the case when both the regression function

and the odds function are misspecified. When R “ 00 and A “ 10, we fit a linear regression

model with intercept only for the regression function and we also fit a logistic regression

model with intercept only for the odds function. When R “ 00 and A “ 01, again we fit

linear regression and logistic regression models with intercepts only.

Table 3.2: Simulations results for estimating ErY3Y4s when n “ 2000

Methods Bias Sample SE Mean theoretical SE Coverage of 95% CI

IPW -0.000 0.075 0.074 0.943

IPW (incorrect) 0.078 0.079 0.079 0.852

RA -0.001 0.065 0.066 0.956

RA (incorrect) -0.048 0.065 0.068 0.892

MR (correct) -0.001 0.066 0.066 0.948

MR (IPW incorrect) -0.001 0.065 0.066 0.949

MR (RA incorrect) -0.001 0.067 0.067 0.952

MR (both incorrect) 0.014 0.068 0.065 0.943

Complete Case 0.131 0.092 0.092 0.723
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From table 3.2, we can see that IPW, RA and multiply-robust estimators all obtained

close to 0 bias and achieves nominal coverages for the 95% CIs when the regression or odds

functions are correctly specified. In comparison, we also observe that IPW estimator obtained

relatively large SE estimates, while multiply robust estimators and regression adjustment

estimator obtained relatively similar SE estimates. As expected, both IPW and regression

adjustment estimators fails when the regression or odds functions are misspecified. Multiply-

robust estimators with the same model misspecification are able to achieve nominal coverages

and small biases. Further, when both the regression and odds functions are misspecified,

multiply-robust estimators obtain relatively large bias. Finally, the complete-case analysis

again obtained severely biased estimates.

3.7.3 Marginal parametric model

In this section, we consider the following setup for the marginal parametric model. We have

L “ pY2, Y3q and X “ Y1. We want to estimate the following linear regression model

ErY3|Y2s “ �0 ` �1Y2

Further, we assume that

1. pX,Lq „d Npµ0,⌃q with µ0 “ p1, 0,´1q
T and

⌃ “

¨

˚̊
˚̋

1 1{2 1{2

1{2 1 1{2

1{2 1{2 1

˛

‹‹‹‚

2. P pR “ 0, A “ a|X,Lq “ hpX,Lq exp
`
LT12

˘
for a P t00, 01, 10, 11u.

3. P pR “ 1, A “ a|X,Lq “ hpX,Lq exppLT12 ` 0.5Xq for a P t00, 01, 10u.

4. P pR “ 1, A “ 11|X,Lq “ hpX,Lq exppLT12q.
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with hpX,Lq “ 1{
“
5 exppLT12q ` 3 exppLT12 ` 0.5Xq

‰
being the normalization term. It

can be verified that this data generation satisfies the ACCMV assumption. Given the data

generation above, we have

ErY3|Y2s “ ´1 `
1

2
Y2

As discussed in section 3.5, we will be using IPW to estimate the parameters for the linear

regression model. We can estimate individual odds Or,a by fitting a logistic regression model

as follows:

P pR “ r, A “ a|xr, la; tR • r, A “ 11u Y tR “ r, A “ au;↵r,aq “
Or,apxr, la;↵r,aq

1 ` Or,apxr, la;↵r,aq

and get p↵r,a. Next, we compute the total weights for each r such that

pQrpXr, Lq “

ÿ

⌧§r

ÿ

a‰11

O⌧,apX⌧ , La; p↵⌧,aq

Finally, we can get p� by solving the following weighted estimating equation:

nÿ

i“1

spp�|Liq

«
ÿ

r

pQrpXi,r, LiqIpRi “ rq ` 1

�
IpAi “ 11q “ 0

From table 3.3, we can see that IPW gives close to 0 bias and achieves nominal coverage

for the 95% confidence intervals. On the other hand, complete-case analysis obtained biased

estimates.

Table 3.3: Simulations results for the marginal parametric model when n “ 2000.

Bias (SE) Coverage of 95% CI

Methods �0 �1 �0 �1

IPW -0.001 (0.039) -0.001 (0.046) 0.949 0.938

Complete Case -0.061 (0.042) -0.008 (0.043) 0.725 0.943
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3.8 Applications to the Diabetes data

We apply the proposed estimation procedures to the diabetes EHR dataset, assuming that

ACCMV holds. This dataset contains 8663 patients who were followed up every 3 months

from 2003 to 2013.

3.8.1 Summary measures of the HbA1c levels

We focus on the HbA1c levels measured from the baseline and the first year, pY0, Y1, . . . , Y4q.

We now answer the first two questions raised in the introduction. We estimate

1. The mean HbA1c levels at the end of the first year, ErY4s

2. The proportion of patients that have their HbA1c levels controlled, meaning that their

HbA1c levels are below 7%, i.e., P pY3 § 7, Y4 § 7q
2

3. The averages of the HbA1c levels for the last two quarters, ErY3 ` Y4s{2. All these are

important summaries of the diabetes patients cohort.

For the estimation of ErY4s, the primary variable is L “ Y4 and the auxillary variables are

X “ pY0, . . . , Y3q. For the estimations of ErY3 ` Y4s{2 and P pY3 § 7, Y4 § 7q, the primary

variables are L “ pY3, Y4q and the auxillary variables are X “ pY0, Y1, Y2q.

We construct the 95% confidence intervals using bootstrap. The results are given in Table

3.4 and 3.5. We can see that IPW, regression adjustment and multiply robust estimators all

obtain quite similar results. The only exception is with the estimation of P pY3 § 7, Y4 § 7q,

where IPW and multiply-robust estimators obtain non-overlap 95% confidence intervals.

This could be due to the incorrect specifications of the odds functions. We can also see that

results of complete-case analysis are di↵erent from the rest three methods. Complete-case

analysis tends to over-estimate the HbA1c levels. This suggets that the missingness of HbA1c

2For convenience, we multiply the value of HbA1c levels by 100.
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is relevant to the underlying values of HbA1c, which agrees with the intuition that healthier

patients are more likely to miss their HbA1c measurements.

More specifically, our ACCMV approach shows that both ErY4s and ErY3 ` Y4s{2 is less

than 7 and more than 50% of the participants have their HbA1c levels controlled for the

last two quarters; while complete-case analysis obtain completely opposite results. This

highlights the importance of treating missing data in a real dataset.

Table 3.4: Summary statistics computed on diabetes dataset

Methods ErY4s P pY3 § 7, Y4 § 7q ErY3 ` Y4s{2
IPW 6.927 (6.897 - 6.956) 0.534 (0.515 - 0.556) 6.931 (6.900 - 6.958)

Regression Adjustment 6.936 (6.907 - 6.966) 0.569 (0.554 - 0.583) 6.955 (6.925 - 6.983)

Multiply Robust 6.931 (6.902 - 6.960) 0.575 (0.559 - 0.589) 6.949 (6.920 - 6.976)

Complete Case 7.011 (6.974 - 7.049) 0.454 (0.431 - 0.477) 7.197 (7.143 - 7.252)

We also perform sensitivity analysis by the exponential tilting approach proposed in

section 3.6. We use the same sensitivity parameter for all patterns, i.e., every element of

�ā in equation (3.21) is identical. From a practical perspective, we modify the exponential

tilting as expp�T
ā

p`ā ´ 7qq. This allows the missingness of HbA1c measurements to follow the

intuition that a healthier patient with controlled HbA1c levels are more likely to miss their

HbA1c measurements, while a sick patients are less likely to miss their HbA1c measurement.

For example, with a negative �, �p`ā ´ 7q is more likely to be positive for healthier patients

(because their HbA1c levels are more likely to be less than 7) and thus increase the missing

probability. Similarly, a negative � will decrease the missing probability for sicker patients.

For completeness, we also displays the results with a positive �, which will reverse the

relationship between health status and HbA1c missing probability.

Figure 3.1 and 3.2 show the estimates and 95% confidence intervals for ErY4s and P pY3 §
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Figure 3.1: Sensitivity analysis of the ACCMV assumption by exponential tilting. We ex-

amine how the estimate ErY4s changes with respect to di↵erent values of the sensitivity

parameter �.
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7, Y4 § 7q as we vary the sensitivity parameter �. We can see that the results highly agree

with our intuition. When � is negative and the magnitude of � increases, the mean HbA1c

levels decreases as we take into account of the fact that healthier patients with lower HbA1c

values are more likely to be missing. For the same reason, the proportion of patients having

their HbA1c levels controlled also increases. In the unrealistic scenario that � is positive, we

observe opposite results. The results for ErY3 ` Y4s{2 are deferred to B.6.

3.8.2 Marginal parametric model

Table 3.5: Linear regression results for the diabetes dataset: ErY4|Y2, Y3s “ �0 `�1Y2 `�2Y3.

Methods �0 �1 �2

IPW 1.183 (0.814 - 1.520) 0.138 (0.045 - 0.226) 0.692(0.586 - 0.798)

Complete Case 1.364 (1.127 - 1.601) 0.104 (0.048 - 0.160) 0.701(0.645 - 0.758)

Further, we also want to study the linear relationship between Y2, Y3 and Y4. Our intuition

is to predict Y4, Y3 should be more important compared to Y2. We consider estimating the

linear regression model as follows:

ErY4|Y2, Y3s “ �0 ` �1Y2 ` �2Y3

For the linear regression model, the primary variable is L “ pY2, Y3, Y4q and the auxillary

variables are X “ pY0, Y1q. Table 3.5 shows that indeed both Y2 and Y3 has a positive

association with Y4 and Y3 has a stronger association than Y2. Figure 3.3 shows the estimates

and 95% confidence intervals for �0, �1, �2 as � varies. We can see that when � is negative,

the estimates are quite robust and do not change much.
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3.9 Conclusion

In this chapter, we introduced the ACCMV assumption to handle nonmonotone and MNAR

data. Our ACCMV assumption allows a much larger set of observations to be used for

identification compared to the traditional CCMV assumption. Thus, ACCMV is particularly

suitable for analyzing datasets with few complete cases. We further proposed IPW, regression

adjustment and multiply-robust estimators. We also studied their asymptotic and e�ciency

theories. We then proposed a sensitivity analysis approach for the ACCMV model for the

IPW estimator. Our simulation studies confirm the validity of the assumption. The real data

results also highlight the e↵ect of missing data on the final estimate and the importance of

e�ciently handling the missing data.

So far, we have focused on the first-year’s data for the HbA1c measurements. However,

the diabetes patients are followed up to 11 years and a patient could potentially have up to

44 measurements. Thus, it is helpful to also consider longer history of HbA1c measurements

as this can provide more information of a patient. In particular, it will be of interest to

recover the whole trajectory for a patient who has a bunch of missing values. This is a much

more challenging task as the missing patterns increase exponentially when the number of

measurements increases. We leave the trajectory recovery problem to future work.
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Chapter 4

TRAJECTORY RECOVERY FOR NONMONOTONE MISSING
NOT AT RANDOM DATA

4.1 Introduction

Missing data problems are very common in scientific research (Molenberghs et al., 2014).

Based on the missing/response patterns, these problems can be categorized into monotone

and nonmonotone missing data problems. For monotone missing data, variables subject to

missing are ordered and if one variable is missing, all subsequent variables are missing. This

occurs often as a result of dropout in a longitudinal study (Diggle et al., 2002). Nonmonotone

missingness refers to the case when no such ordering exists (Little and Rubin, 2019). For

example, a participant might drop out and later return to a study.

In this chapter, we are interested in recovering trajectories formed by repeated measure-

ments collected from an individual. For example, an electronic health record (EHR) dataset

contains quarterly measurements of glycated hemoglobin (HbA1c) from diabetes patients

over 11 years. Thus, an individual would have a HbA1c trajectory with length 44 if no

measurement is missing. There are three main challenges with recovering trajectories from

a longitudinal study. First, trajectories are often subject to nonmonotone missing patterns

and most existing methods in longitudinal data analysis can only handle monotone missing

patterns. Second, measurements are often missing not at random (MNAR) which suggests

that the missingness may depend on the unobserved outcome of interest so many classical

missing data methodologies are not applicable. Third, the length of trajectory also creates

additional di�culty for modeling and computation. For example, the number of possible

missing patterns increase exponentially with the number of measurements.

Handling nonmonotone missing data is a very challenging task even if we assume that
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data is missing-at-random (MAR) (Robins and Gill, 1997; Sun and Tchetgen Tchetgen,

2018). Robins and Vanstellandt Robins and Gill (1997); Vansteelandt et al. (2007) have

argued that the MAR restriction should not be expected to hold in nonmonotone missing

data. Several attemps have been made to handle non-monotone MNAR data (Troxel et al.,

1998a; Robins and Gill, 1997; Troxel et al., 1998b; Ibrahim et al., 2001; Zhou et al., 2010;

Sadinle and Reiter, 2017; Tchetgen et al., 2018; Nabi et al., 2020; Malinsky et al., 2021;

Mohan and Pearl, 2021; Chen, 2022). However, all these existing work have limitations and

are not suitable for recovering long trajectories.

In particular, Troxel et.al (Troxel et al., 1998a) employ a first-order Markov dependence

structure for the study variables and allow the missing probability to depend on unobserved

variables. However, their approaches su↵er from computational di�culty and becomes in-

tractable with more than three or four measurements. Multiple imputation by chained

equations (MICE) (Van Buuren and Groothuis-Oudshoorn, 2011) is a very popular impu-

tation method for missing data. MICE is able to recover long trajectories by imputing

missing values through fitting a series of conditional distributions. However, MICE su↵ers

from distribution incompatibility issues as a proper joint distribution might not exist for

the corresponding conditional distributions (Raghunathan et al., 2001; Van Buuren, 2007).

Further, MICE assumes that the missing data mechanism is MAR.

To deal with nonmonotone MNAR trajectories, we propose a block-Markov type as-

sumption that decomposes trajectory into multiple missing blocks. This assumption leads

to nonparametric identification of the joint distribution of the trajectory. It also greatly

reduces the di�culty of identification and the complexity of modeling. Essentially, we just

need to deal with the missing data for each smaller missing blocks, instead of working di-

rectly with the whole trajectory. For modeling purpose, we modify our assumption to a

model-based version that assumes a multivariate normal distribution for each block. We

propose to estimate the multivariate normal distribution with linear models or other flexi-

ble nonparametric/machine learning models. Further, we use multiple imputation to obtain

multiple completed trajectories and estimate the uncertainty with bootstrap.
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Outline. In section 4.2, we use an example to motivate and illustrate our block-Markov

assumption. Then we formally define our missing data assumption and shows that it non-

parametrically identifies the joint distribution for the trajectory. In section 4.3, we introduce

the model-based assumption and propose to estimate the imputation distribution with linear

and machine learning models. We further discuss using bootstrap to estimate the uncertainty

of our estimator. We conduct simulation study in section 4.4 and apply our methods to re-

cover HbA1c trajectories from a diabetes EHR dataset in section 4.5.

Notation. We use the vector L P Rd to denote the trajectories that consist of longitudinal

measured variables, where d denotes the total number of repeated measurements (total num-

ber of time points). We use | ¨ | to denote the length of a vector and |L| “ d. We use binary

vector A P t0, 1u
d to denote the missing pattern of L, i.e., Aj “ 1 if Lj is observed. We use

the notation La “ pLj : aj “ 1q to denote the observed parts of L under pattern A “ a. Let

1d “ p1, 1, ¨ ¨ ¨ , 1q P Rd. We use the notation ā “ 1d ´ a to denote the vector after flipping 0

and 1 in a. Lā refers to the missing variables under pattern A “ a. We further define A • a

if Ai • ai for i “ 1, . . . , d. For instance, 101 • 100 but 101 cannot be compared with 010.

We use Id P Rdˆd to represent the identity matrix with dimension d.

4.2 Block-Markov assumption for trajectory recovery

Motivation and a simple example To motivate and illustrate our block-Markov as-

sumption, we first start with a simple example. Suppose that the trajectory contains 5

measurements, i.e., L P R5, and consider the missing pattern A “ 10010. In this case, we

only observe L1, L4 and L2, L3, L5 are missing. We can then write the joint density as

pp`1, `2, `3, `4, `5|A “ 10010q “ pp`1, `4|A “ 10010qpp`2, `3, `5|`1, `4, A “ 10010q.

The quantity pp`1, `4|A “ 10010q is identifiable from the data and we need to put missing

data assumption on the second component pp`2, `3, `5|`1, `4, A “ 10010q to help identify the

joint density. The second component is the density for the unobserved variables, which
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is also known as the extrapolation density. The traditional complete case missing value

(CCMV) assumption Little (1993); Tchetgen et al. (2018) identifies this density using only

the complete cases:

pp`2, `3, `5|`1, `4, A “ 10010q “ pp`2, `3, `5|`1, `4, A “ 11111q (4.1)

However, in practice, it is possible that we might have very few individuals with fully observed

trajectories. For example, for the diabetes EHR dataset, only 1.2% of the patients have their

first 10 HbA1c fully observed and none of the patient has the whole 44 HbA1c fully observed.

This leads to di�cult and potentially unreliable identification of the extrapolation densities.

This motivates us to reduce the problem for the whole trajectory to each smaller missing

block. We assume that each block of consecutive unobserved variables are conditionally

independent of other variables given its two ends of observed variables. Concretely, this

assumes that the extrapolation density can be decomposed as follows:

pp`2, `3, `5|`1, `4, A “ 10010q “ pp`2, `3|`1, `4, A “ 10010qpp`5|`4, A “ 10010q. (4.2)

Note that since L5 is the last variable, the missing block L5 only has one end of observed

variable L4. This shows the block-Markov property of our assumption. We do not impose

any assumption on the observed variables and this assumption is only for the extrapolation

density.

Under the above assumption, we decompose an extrapolation density involving 5 variables

into two distributions involving 4 and 2 variables, respectively. For the two distributions

on the right-hand side of equation (4.2), we then apply the idea of available case missing

value (ACMV) assumption (Molenberghs et al., 1998) to identify them. For the first term

pp`2, `3|`1, `4, A “ 10010q, this quantity can be identified as long as the first four variables

are observed. So we assume that

pp`2, `3|`1, `4, A “ 10010q “ pp`2, `3|`1, `4, A • 11110q. (4.3)

This assumption identifies the extrapolation density for the first block using all observations

with first block fully observed. In this scenario, available cases refer to all observations with
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A • 11110, i.e., A “ 11110 or A “ 11111. Similarly for the second term, we assume that:

pp`5|`4, A “ 10010q “ pp`5|`4, A • 00011q. (4.4)

In this case, we only need the last two variables observed.

Thus, the idea of ACMV allows a potentially much larger set of observations being used for

identification. Together, equations (4.2), (4.3) and (4.4) form our missing data assumption,

termed block-Markov ACMV (BM-ACMV), for pattern A “ 10010. Further, BM-ACMV

also consists of similar assumptions for other missing patterns.

Formal Definition Now we formally introduce the definition of BM-ACMV. We first

define some notations. For a missing pattern A P t0, 1u
d, recall Ā “ 1d ´ A represents the

missing variables and let JpĀq denotes the number of missing blocks. We use Bj P t0, 1u
d

to represent the j-th block for j “ 1, . . . , JpĀq from left to right. For each block, Bj has

elements

Bj,k “

$
’&

’%

1 if k P ru
j
, ujs

0 otherwise
for k “ 1, . . . , d

where u
j
is the starting position of the j-th missing block and uj is the ending position of

the j-th missing block with u
j

§ uj. Then we can decompose Ā as

Ā “ B1 ` B2 ` ¨ ¨ ¨ ` BJpĀq

We further define B:
j

P t0, 1u
d that adds two ends of observed variables to Bj as

B:
j,k

“

$
’&

’%

1 if k P ru
j

´ 1, uj ` 1s X t1, 2, . . . , du

0 otherwise
for k “ 1, . . . , d

For example, again consider pattern A “ 10010 from the previous example. We have Ā “

01101 and JpĀq “ 2 as we have two missing blocks. We can decompose Ā as

Ā “ 01101 “ 01100loomoon
B1

` 00001loomoon
B2
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with u1 “ 2, u1 “ 3 and u2 “ u2 “ 5. Taking the two ends of observed variables into

account, we have

B:
1 “ 11110 B:

2 “ 00011

and the di↵erence B:
j

´ Bj represents the two ends of the j-th block:

B:
1 ´ B1 “ 11110 ´ 01100 “ 10010 B:

2 ´ B2 “ 00011 ´ 00001 “ 00010.

With the above notations, we can formally define our BM-ACMV assumption. The

BM-ACMV assumption consists of the following two parts.

• BM (block-Markov): For any missing pattern a ‰ 1d, let bj represents the block

decomposition of ā for j “ 1, . . . , Jpāq. The extrapolation density can be factorized

into product of block densities:

pp`ā|`a, A “ aq “

Jpāqπ

j“1

pp`bj |`b:
j´bj

, A “ aq (4.5)

• ACMV: Each block density pp`bj |`b:
j´bj

, A “ aq is identified via

pp`bj |`b:
j´bj

, A “ aq “ pp`bj |`b:
j´bj

, A • b:
j
q (4.6)

For the missing pattern A “ 10010, equation (4.5) reduces to equation (4.2), equation (4.6)

leads to equation (4.3) and (4.4).

Proposition 4.2.1. Under the BM-ACMV assumption (4.5) and (4.6), the marginal density

pp`, A “ aq is nonparametrically identified.

Proposition 4.2.1 shows that BM-ACMV is also a nonparametrically identifying assump-

tion (Robins et al., 2000), i.e., the marginal distribution pp`, aq is identifiable and this as-

sumption will not conflict with the data. So any quantity involving the entire trajectory of

L can be identified.

There are two major advantages of using the BM-ACMV assumption. First, the ”com-

plete case” needed for identifying the unobserved entries is relaxed. We only need to consider
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complete cases of each block, rather than the entire trajectory. So this idea drastically in-

creases the e↵ective sample size for estimating the extrapolation density. Secondly, the model

complexity is drastically reduced. The usual complete case missing value (CCMV) assump-

tion requires models involving all variables in L. When the trajectory is long, it could be

very challenging to place a model on it. For instance, d is 45 for the diabetes dataset. So a

multivariate Gaussian model for L would lead to a mean vector of length 45 and a covariance

matrix with 45ˆ 46{2 “ 1035 parameters. On the other hand, the BM-ACMV only requires

models on each block. So the bottleneck of model complexity is determined entirely by the

longest block, which may be much smaller than the length of the entire trajectory.

In practice, we assume that the length of the longest block should not be too long. For

example, we might set the longest number of consecutive unobserved variables to be three,

which is practically meaningful. For a quarterly measurement, recovering the trajectory for

a participant who was missing for more than a year is in general pretty di�cult.

4.3 Modeling and imputation

4.3.1 Linear model approach

In practice, we need to model the block densities pp`bj |`b:
j´bj

, A • b:
j
q. To simplify the prob-

lem, we assume that L contains only continuous variables and consider fitting multivariate

Gaussian distributions.

Model compatibility issue. While it is very tempting to directly model pp`bj |`b:
j´bj

, A •

b:
j
q as a Gaussian distribution, there is a subtle caveat for this modeling procedure. Consider

the simple case when d “ 3, let bj “ 100 and b:
j

“ 110, by definition of conditional probability,

P p`1|`2, A • 110q “
P p`1, `2, A “ 110q ` P p`1, `2, A “ 111q

P p`2, A “ 110q ` P p`2, A “ 111q
.

Similarly, for bj “ 001 and b:
j

“ 011, we have

P p`3|`2, A • 011q “
P p`3, `2, A “ 011q ` P p`2, `3, A “ 111q

P p`2, A “ 011q ` P p`2, A “ 111q
.
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Thus, pp`1|`2, A • 110q and pp`3|`2, A • 011q are not variationally independent as they both

depend on pp`2, A “ 111q. These variational dependences also occur for other missing pat-

terns and might lead to model congeniality problems (Meng, 1994) without careful modeling.

To resolve this issue, we choose to modify our BM-ACMV assumption and instead directly

identify the extrapolation density with a model-based approach. As we directly model the

extrapolation density, we no longer have the problem of model congeniality problems.

Model-based BM-ACMV We replace equation (4.6) by a parametric model

`bj |`b:
j´bj

, A “ a „ Np�bj`b:
j´bj

` ⌘bj ,⌃bjq (4.7)

where �bj P R|bj |ˆ|b:
j´bj | is the matrix of coe�cients (slopes), ⌘bj P R|bj | is the intercept

vector and ⌃bj P R|bj |ˆ|bj | is the covariance matrix. Further, we assume that the parameters

�bj , ⌘bj ,⌃bj are identified by fitting a conditional Gaussian distribution based on observations

with A • b:
j
. More specifically, we can fit linear models with `

b
:
j´bj

as predictors and `bj as

responses to estimate the conditional means. We can then use residuals from linear models

to estimate the covarian matrix.

In more details, consider the example from (4.3), we have `
b

:
j´bj

“ p`1, `4qT and define

`1,4 “ p1, `1, `4qT , model-based BM-ACMV assumes that

`2, `3|`1, `4, A “ 10010 „ N

¨

˝

¨

˝ `T1,4�
˚
2

`T1,4�
˚
3

˛

‚,⌃bj “

¨

˝ �2
2 �23

�23 �2
3

˛

‚

˛

‚ (4.8)

where �˚
2 , �

˚
3 P R3 and

�˚
2 “ argmin

�2

ErpL2 ´ LT

1,4�2q
2
|A • 11110s

�˚
3 “ argmin

�3

ErpL3 ´ LT

1,4�3q
2
|A • 11110s

�2
2 “ ErpL2 ´ LT

1,4�
˚
2 q

2
|A • 11110s, �2

3 “ ErpL3 ´ LT

1,4�
˚
3 q

2
|A • 11110s

�23 “ ErpL2 ´ LT

1,4�
˚
2 qpL3 ´ LT

1,4�
˚
3 q|A • 11110s

(4.9)

Equations (4.8) and (4.9) together form the linear model-based ACMV assumption. �bj , ⌘bj

can be recovered from �˚
2 , �

˚
3 .
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We can estimate �˚
2 and �˚

3 with least squares methods and get p�2 and p�3. Next, we can

estimate the covariance matrix using residuals of the least squares fit, i.e.,

p�2
2 “

1

n0

ÿ

i:Ai•11110

pLi,2 ´ LT

i,1,4
p�2q

2, p�2
3 “

1

n0

ÿ

i:Ai•11110

pLi,3 ´ LT

i,1,4
p�3q

2

p�23 “
1

n0

ÿ

i:Ai•11110

pLi,2 ´ LT

i,1,4
p�2qpLi,3 ´ LT

i,1,4
p�3q

(4.10)

where n0 is the number of observations with Ai • 11110. After estimation, we can sample

from the following distribution

`2, `3|`1, `4, A “ 10010 „ N

¨

˝

¨

˝ `T1,4 p�2
`T1,4 p�3

˛

‚,

¨

˝ p�2
2 p�23

p�23 p�2
3

˛

‚

˛

‚

to impute the missing entries of `2, `3. Finally, we note that the model-based BM-ACMV

also nonparametrically identifies pp`, A “ aq.

Proposition 4.3.1. Under the model-based BM-ACMV assumption, the marginal density

pp`, A “ aq is nonparametrically identified.

Imputation procedure We propose the following procedure to create multiple imputed

trajectories from a dataset that consists of non-monotone missing entries:

1. Step 1. We first find out all possible response patterns A Ä t0, 1u
d. Namely, A is the

smallest subset of t0, 1u
d such that Ai P A for all i.

2. Step 2. For each a P A, we derive its blocks ā “ b1 ` b2 ` ¨ ¨ ¨ ` bJpāq and estimate the

model parameters using (4.10) and derive the imputation density of each block.

3. Step 3. For i “ 1, ¨ ¨ ¨ , n, suppose Ai “ a ‰ 1d, we derive the blocks of ā “ b1 ` b2 `

¨ ¨ ¨ ` bJpāq. For block j “ 1, ¨ ¨ ¨ , Jpāq, we impute mising variables by sampling from

L˚
i,bj

|L
i,b

:
j´bj

„ Npp�bjLi,b
:
j´bj

` p⌘bj , p⌃bjq
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where p�bj , p⌘bj and p⌃bj can be constructed using estimates from the linear models. This

procedure creates an imputed dataset D˚
“ tL˚

1 , . . . , L
˚
n
u such that L˚

i,j
“ Li,j if Li,j is

observed and L˚
i,j

is imputed from the above density when it is missing.

4. Step 4. We repeat the above procedure for M times, leading to M complete datasets

D˚p1q,D˚p2q, ¨ ¨ ¨ ,D˚pMq

where

D˚pkq
“ tL˚pkq

1 , ¨ ¨ ¨ , L˚pkq
n

u

is the k-th imputed dataset. We then use D˚p1q, ¨ ¨ ¨ ,D˚pMq to make inference about

the trajectory.

4.3.2 Nonparametric and machine learning approaches

We can further extend our approach beyond the linear model assumptions. Instead of (4.7),

we may assume that the block density satisfies the following assumption:

`bj |`b:
j´bj

, A “ a „ Npfbjp`b:
j´bj

q,⌃bjq (4.11)

with fbjp`b:
j´bj

q P R|bj | being a vector consisting of potentially nonlinear functions of `
b

:
j´bj

.

Further, we assume that fbj and ⌃bj can be identified by fitting nonparametric or machine

learning model with observations A • b:
j
. For example, we can use k-nearest neighbors

(kNN) or random forest to estimate fbj .

Estimation of mean function We use kNN as an example to illustrate our idea. Consider

again the example from (4.3) that A “ 10010 and we focus on the first block (L2, L3 are

missing while L1 and L4 are observed). The imputation distribution is

`2, `3|`1, `4, A “ 10010 „ N

¨

˝ pfbjp`b:
j´bj

q “

¨

˝
pfk,2p`1, `4q
pfk,3p`1, `4q

˛

‚, p⌃bj “

¨

˝ p�2
k,2 p�k,23

p�k,23 p�2
k,3

˛

‚

˛

‚,

(4.12)
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where pfk,2p`1, `4q is the kNN estimate of the variable L2 condition on L1 “ `1 and L4 “ `4

from observations with A • 11110, i.e., we fit the kNN regression to estimate the conditional

mean of L2|L1 “ `1, L4 “ `4 using observations with L1, L2, L3, L4 fully observed. pfk,3p`1, `4q

is estimated by a similar manner. Note that one can change the kNN estimator to any other

nonparametric method or machine learning algorithm.

Estimation of the covariance matrix The estimation of the covariance matrix p⌃bj is

more involved because the regression function is estimated nonparametrically. So naively

using the residuals from the training sample to compute the covariance matrix will su↵er

from overfitting. Instead, we can use test error to estimate the covariance matrix as the test

error can be decomposed into squared bias, variance of estimators pf and the irreducible error

�2 (James et al., 2013). As sample size converge to infinity, with properly tuned parameters,

both the squared bias and variance of estimators will converge to zero and thus the test error

will eventually converge to the irreducible error �2, which also corresponds to the variance

term here. Thus, we recommend using sample-splitting or cross-validation for estimating the

covariance matrix. Here we describe the sample-splitting procedure.

First, we split the data into two parts: P1 and P2 such that P1 X P2 “ H and P1 Y P2 “

ti : Ai • 11110u. We use P1 for training the kNN model and then use P2 to compute the

residuals for estimating the covariance matrix. Namely, P1 is the training sample and P2 is

the validation sample. Specifically,

p�2
2 “

1

n2

ÿ

i:iPP2

pLi,2 ´ pfk,2pLi,1, Li,4qq
2

where n2 corresponds to the number of observations in part P2 and pfk,2 is estimated using

observations from P1. p�2
3 can be estimated similarly. The covariance is computed via a

similar manner

p�23 “
1

n2

ÿ

i:iPP2

pLi,2 ´ pfk,2pLi,1, Li,4qqpLi,3 ´ pfk,3pLi,1, Li,4qq
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with pfk,2 and pfk,3 are both estimated using observations from P1. Note that we can switch

the position of P1 and P2 so that we train the machine learning model with data from P2 and

then estimate the covariance matrix using data from P1. This leads to the cross-validation

procedure and is also known as cross fitting in causal inference (Chernozhukov et al., 2018).

After estimating the imputation model, we impute the missing entries by

`bj |`b:
j´bj

, A “ a „ Np pfbjp`b:
j´bj

q, p⌃bjq

and we apply the same multiple imputation procedure from the previous section.

Uncertainty estimation for the multiple imputation estimator So far, we have

proposed to obtain multiple imputed datasets with our model-based BM-ACMV assumption.

This allows us to obtain multiple imputed trajectories and we can then obtain estimates for

parameters of interest using these completed datasets. However, to quantify the uncertainty

for the estimates, we propose using bootstrap (Efron and Tibshirani, 1994) to estimate the

standard errors and construct confidence intervals.

More specifically, the bootstrap procedure is as follows. We use D to denote the original

dataset, nB to denote the number of times for bootstrap and M for the number of times for

multiple imputation. We want to estimate a parameter �.

1. Step 1. We sample with replacement to obtain a bootstrap sample DBT. We apply

the imputation procedure in section 4.3.1 to obtain multiple imputed datasets based

on DBT:

D˚p1q
BT ,D˚p2q

BT , ¨ ¨ ¨ ,D˚pMq
BT

2. Step 2. We obtain an estimate for each imputed dataset:

p�˚p1q, . . . , p�˚pMq

and compute the average p� “
1
M

∞
M

i“1
p�˚piq as the bootstrap estimate.
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3. Step 3. We repeat the above procedures (Step 1 and 2) for nB times and get nB

bootstrap estimates p�1, . . . , p�nB .

We can then use the bootstrap estimates to either construct confidence intervals or estimate

the standard errors.

4.4 Simulation Study

To illustrate the the e↵ectiveness of our method, we design a simple simulation study with

10 time points, i.e., L “ pY1, . . . , Y10q P R10, and we assume that there are three blocks of

variables subject to missing. The first block is b1 “ pY2, Y3q, the second block is b2 “ Y5 and

the third block is b3 “ pY7, Y8, Y9q. The rest variables Y1, Y4, Y6, Y10 are always observed. For

convenience, we use R P t0, 1u
3 to denote the missing pattern of L, i.e., Rj “ 1 if the j-th

block is observed. We use Lr to represent the data observed, for example,

L100 “ Y1, Y2, Y3loomoon
b1

, Y4, Y6, Y10 L001 “ Y1, Y4, Y6, Y7, Y8, Y9looomooon
b3

, Y10

Next, Let |bi| be the length of i-th block and define |r| “
∞

r
ri|bi| ` 4 as the length of the

observed variables. We generate the data as follows:

Lr „ Np |r|,⌃|r|q ` µr

where ⌃|r| “ 1{2I|r| ` 1{21|r|1T|r| and µr can be viewed as a location shift for the mean of

observed blocks. µr does not a↵ect the mean of Y1, Y4, Y6, Y10. For this reason, we only

specify µr for the corresponding observed blocks. We specify µr as follows:

µ100 “ p0, 0q µ010 “ p0.5q µ001 “ p´0.5,´0.5,´0.5q µ110 “ p´0.5,´0.5 | 0q

µ101 “ p0.5, 0.5 | 0, 0, 0q µ011 “ p0.5 | 0.5, 0.5, 0.5q µ111 “ p0, 0 | 0 | 0, 0, 0q

For example, when r “ 110, µ110 “ p´0.5,´0.5 | 0q and blocks b1 and b2 are observed.

The mean for block 1 would then be p0.5, 0.5q and the mean for block 2 would stay 1. Put



82

everything together, the mean for L110 would then be

p1, 0.5, 0.5loomoon
b1

, 1, 1loomoon
b2

, 1, 1q

Next, we assume that the extrapolation density follows the linear model-based BM-ACMV as-

sumption. Under similar assumptions to (4.9), we can compute that for r1 P t000, 001, 010, 011u,

Y2, Y3|Y1, Y4, R “ r1 „ N

¨

˝

¨

˝ 1{3 ` 1{3Y1 ` 1{3Y4

1{3 ` 1{3Y1 ` 1{3Y4

˛

‚,

¨

˝ 19{24 7{24

7{24 19{24

˛

‚

˛

‚

Similarly, we can compute that for r2 P t000, 001, 100, 101u and r3 P t000, 100, 010, 110u,

Y5|Y4, Y6, R “ r2 „ Np1{3 ` 1{3Y4 ` 1{3Y6, 19{24q

Y7, Y8, Y9|Y6, Y10, R “ r3 „ N

¨

˚̊
˚̋

¨

˚̊
˚̋

1{3 ` 1{3Y6 ` 1{3Y10

1{3 ` 1{3Y6 ` 1{3Y10

1{3 ` 1{3Y6 ` 1{3Y10

˛

‹‹‹‚,

¨

˚̊
˚̋

19{24 7{24 7{24

7{24 19{24 7{24

7{24 7{24 19{24

˛

‹‹‹‚

˛

‹‹‹‚

Finally, we assume that P pR “ rq “ 1{8 for all r P t0, 1u
3. We are interested in estimating

⌧1 “ P pY1 § a, ¨ ¨ ¨ , Y10 § aq “ P pmaxi Yi § aq and the probability of trajectory crossing a,

⌧2 “ P pmaxi Yi • a,mini Yi § aq for a fixed constant a. We set a “ 1.8. The true values

⌧1 « 0.3141 and ⌧2 « 0.6797 are computed by a Monte Carlo approximation with 100, 000

observations and 400 repetitions.

In the simulated data, we generate n “ 5, 000 observations. For our model-based ap-

proach, we perform multiple imputation 5 times with linear model, kNN and random forest.

We also compared our methods with the popular MICE method and complete-case analy-

sis (using only data without any missingness). We use nB “ 1, 000 bootstrap replicates to

estimate the uncertainty and the entire procedure is repeated 1, 000 times. For kNN, we

use k “ 50 and use cross-fitting to estimate the covariance matrix. For the random forest

method, we use ntree “ 50 trees and set the node size to be 350. We use out-of-bag errors

to estimate the covariance matrix for random forest. For the MICE method, we use the

Bayesian linear regression model for imputation.
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Table 4.1: Simulation results when n “ 5000 and M “ 5

Bias TSE Avg. Bootstrap SE Coverage

Method ⌧1 ⌧2 ⌧1 ⌧2 ⌧1 ⌧2 ⌧1 ⌧2

MICE 0.042 -0.045 0.0067 0.0067 0.0068 0.0068 0 0

Complete-case 0.052 -0.056 0.019 0.019 0.019 0.019 0.23 0.18

Linear 0.0003 -0.0003 0.0065 0.0065 0.0065 0.0065 0.96 0.96

kNN -0.0046 0.0057 0.0067 0.0067 0.0069 0.0069 0.91 0.87

Random Forest -0.0033 0.0046 0.0067 0.0067 0.0068 0.0068 0.96 0.96

Table 4.1 summarizes the result. Bias is computed as the di↵erence of the average of

1,000 parameter estimates and the true value of ⌧1 and ⌧2. True standard errors (TSE) are

computed by the 1000 repetitions of the experiment; it is an Monte Carlo approximation

of the actual standard errors of the estimator. Average bootstrap standard error (Avg.

Bootstrap SE) is the average bootstrap standard errors over the 1000 repetitions. Coverage

stands for the coverage of 95% confidence intervals.

First, for all methods, bootstrap successfully capture the uncertainty in the sense that the

Avg. Bootstrap SE is very close to the TSE. Both MICE and complete-case analysis lead to

a biased estimate and a very poor confidence interval. The linear model-based BM-ACMV

approach obtains close to zero bias and achieves nominal coverages for the 95% confidence

intervals. This is because the true generating process is linear, so the linear model has a

superior performance. Finally, both kNN and random forest obtain much better results than

MICE and complete-case analysis. However, the confidence intervals of kNN do not achieve

the nominal coverage because the biases cannot be ignored and is at a similar scale compared

to the standard error estimates. For random forest, the coverages are much better, despite

the biases appear to be on the same order as the kNN approach. We include some further

simulation results in Appendix C.
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4.5 Real data experiments

In this section, we apply our proposed model-based BM-ACMV assumption to the diabetes

EHR dataset. The dataset contains 8663 individuals with the maximum number of possible

HbA1c measurements being 45. Thus, the length of the HbA1c trajectory is 45. For simplic-

ity, we focus on imputing the first 10 measurements from the trajectory. Even just for the

first 10 measurements, we already observe many distinct missing patterns. For the first 10

measurements, the total number of possible missing patterns is 210 “ 1024 and we observe

995 distinct missing patterns in our dataset. Further, there are only 108 individuals who

have fully observed HbA1c measurements for the first 10 visits. For this reason, we choose

to not restrict the maximum length of missing blocks and impute for all individuals in the

diabetes dataset. In the meantime, we also have 154 individuals who do not have any HbA1c

measurements.

Again, we are interested in estimating ⌧1 “ P pY1 § a, ¨ ¨ ¨ , Y10 § aq and ⌧2 “ P pmaxi Yi •

a,mini Yi § aq for a “ 7%. Here 7% is an important threshold for diabetes patients as under

7% suggests that an individual has HbA1c successfully controlled. Thus, ⌧1 is measuring the

proportion of individuals who have their HbA1cs under control for the first 10 measurements.

⌧2 is measuring the proportion of individuals who have their HbA1c measurements cross the

important level of 7%.

The results are presented in table 4.2. For MICE, we again used Bayesian linear regression

for the imputation. For kNN method, we set the number of neighbors to be 5. For the random

forest, we set the number of trees to be 50. For the number of multiple imputations, we use

M “ 20. We can see that the results for all model-based BM-ACMV approach are very

similar to each other, indicating the linear model fit might be enough in this case. Further,

the complete-case analysis leads to a very wide confidence intervals for ⌧1 and ⌧2 because

only 1.2% individuals have complete observations.

All our methods suggest a similar estimate in both parameter ⌧1 and ⌧2. The complete-

case analysis suggests an estimate with a higher value of ⌧1 and a lower value of ⌧2 compared
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Table 4.2: Real data results for HbA1c trajectories of length 10.

Estimate (95% CI)

Method ⌧1 ⌧2

MICE 0.208 (0.199 - 0.219) 0.673 (0.662 - 0.685)

Complete-case 0.194 (0.127 - 0.272) 0.611 (0.521 - 0.701)

Linear 0.176 (0.163 - 0.191) 0.708 (0.688 - 0.722)

kNN 0.180 (0.171 - 0.197) 0.707 (0.689 - 0.717)

Random Forest 0.175 (0.170 - 0.197) 0.707 (0.682 - 0.712)

to our methods. The MICE leads to a result that ⌧1 will be even higher and ⌧2 is again

smaller. Although there is no true label to tell us which method is the best, this experiment

highlights the applicability of our method to an actual scientific problem.

4.6 Discussion

In this chapter, we proposed a block-Markov ACMV assumption for recovering trajectories

of longitudinal measurements. For modeling purpose, we modify our assumption to a model-

based BM-ACMV assumption that allows the estimation with linear models and flexible

nonparametric / machine learning models. Our proposed assumption is nonparametrically

identifiable and will not conflict with the real data. Currently we only consider modeling

continuous data, but it is possible to further extend our approach to also consider binary,

categorical and count data. It is also possible to allow each missing block to depend on more

variables. The current procedure of using bootstrap to estimate the uncertainty is a valid,

but computationally heavy approach. We might be able to use Rubin’s combination rule to

reduce the computation time and still obtain valid confidence intervals. We leave all this to

future work.
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Appendix A

APPENDIX OF CHAPTER 2

A.1 Derivation of IPLW partial score

Assume that there are n00 observations with L “ 0 and Q “ 0 (Class 3 of Figure 2.1)

and define weight pwi “
IpLi`Qi°0q

Qi`p1´Qiq⇡p�n pXiq . Now we are ready to derive the IPLW partial

likelihood for estimating �˚
0 . Assume that rTp1q † rTp2q † ¨ ¨ ¨ † rTpn´n00q are the ordered rTi’s,

and Xpiq, Lpiq, Qpiq,�piq are the corresponding covariates, linkage indicator, in-trial censoring

indicator and censoring indicator. Denote ⇤0ptq as the cumulative hazard function. Let

hi “ d⇤0p
rTpiqq “ ⇤0p rTpiqq ´ ⇤0p

rT´
piqq and ⇤0p

rTpiqq “
∞

j§i
hj. It is known(Van Der Vaart,

2000) that maximization with respect to �0 can be done by maximizing h “ ph1, . . . , hn´n00q

and thus we only need to consider the case where lnp�,�0q “ lnp�,hq. As a result, the IPLW

log-likelihood can be rewritten as:

lnp�,�0q “ lnp�,hq “
1

n

nÿ

i“1

pwpiq

«
�piq log hi ` �piqX

T

piq� ´ exppXT

piq�q

ÿ

j§i

hj

�
.

Thus, maximizing this with respect to h “ ph1, . . . , hn´n00q leads to

phi “
�piq pwpiq∞

j•i
pwpjq exppXT

pjq�q

Take ph “ pph1, ¨ ¨ ¨ ,phn´n00q back to the empirical log-likelihood, we obtain the IPLW partial

log-likelihood

Lnp�q “ lnp�, phq “
1

n

nÿ

i“1

�piq pwpiq

˜
XT

piq� ´ log

˜
ÿ

j•i

pwpjq exppXT

pjq�q

¸¸

which can be further simplified as

Lnp�q “
1

n

nÿ

i“1

�i pwi

˜
XT

i
� ´ log

˜
nÿ

j“1

Ip rTj • rTiq pwj exppXT

j
�q

¸¸
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and then the partial score is

pUnp�q “
1

n

nÿ

i“1

�i pwi

˜
Xi ´

∞
n

j“1 pwjIp rTj • rTiq exppXT

j
�qXj

∞
n

j“1 pwjIp rTj • rTiq exppXT

j
�q

¸
, (A.1)

To derive the asymptotic distribution of p�n, note that

pUnp�q ´ pUnp�˚
0 q “

B pUnp�q

B�

�����
�“�˚

0

p� ´ �˚
0 q ` oP p}� ´ �˚

0 }q

Thus, choosing � “ p�n leads to

?
np p�n ´ �˚

0 q «

¨

˝´
B pUnp�q

B�

�����
�“�˚

0

˛

‚
´1

n1{2 pUnp�˚
0 q

As a result, we just need to prove that ´
B pUnp�q

B�

���
�“�˚

0

Ñp ´
BU0p�q

B�

���
�“�˚

0

“ ⌃0 and

n´1{2 pUnp�˚
0 q converges to a normal distribution. We prove the second convergence by

showing that n1{2 pUnp�˚
0 q has a weighted asymptotically linear expansion: n1{2 pUnp�˚

0 q “

n´1{2∞n

i“1 pwiUip�˚
0 q ` opp1q with

Uip�
˚
0 q

“

ª
⌧2

0

„
Xiptq ´

sp1q
p�˚

0 , tq

sp0qp�˚
0 , tq

⇢
dNiptq ´

ª
⌧2

0

Yiptq expp�˚
0
TXiptqq

sp0qp�˚
0 , tq

„
Xiptq ´

sp1q
p�˚

0 , tq

sp0qp�˚
0 , tq

⇢
d rNptq

and rNptq “ ErNptqs. Similar asymptotic linear expansions have appeared in Lin and Wei

(1989) and Lin (2000). This weighted asymptotic linear expansion motivates the study of

the IPLW empirical measure and processes.

We start by giving the weighted asymptotic linear expansion of the IPLW partial score

pUnp�q and subsequently give its asymptotic distribution.

Theorem A.1.1 (Asymptotic linear expansion). Under assumptions (D1) - (D4), we have

the following two results:

1. For each �, n1{2 pUnp�q “ n´1{2∞n

i“1 pwiUip�q ` opp1q such that

Uip�q “

ª
⌧2

0

„
Xiptq ´

sp1q
p�, tq

sp0qp�, tq

⇢
dNiptq ´

ª
⌧2

0

Yiptq expp�TXiptqq

sp0qp�, tq

„
Xiptq ´

sp1q
p�, tq

sp0qp�, tq

⇢
d rNptq
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with rNptq “ ErNptqs.

2. n´1{2 pUnp�˚
0 q Ñd Np0,⌃Uq with

⌃U “ VarrU1p�
˚
0 qs ` E

„
U1p�

˚
0 qU1p�

˚
0 q

T
IpQ “ 0qr1 ´ ⇡�0pZ1qs

⇡�0pZ1q

⇢

´ QepU1p�
˚
0 qq

T⌃´1
p�0qQepU1p�

˚
0 qq,

where QepU1p�˚
0 qq “ P0rIpQ “ 0qp1 ´ ⇡�0pZ1qqrZ1U1p�˚

0 q
T

s.

The proof of Theorem A.1.1 can be found in appendix A.3. We first prove that the

IPLW partial score can be written in the weighted asymptotic linear expansion form (first

assertion). Then we use the weak convergence result of the IPLW empirical process from

Proposition A.2.2 to obtain the asymptotic distribution of n1{2 pUnp�q. Next recall ´
B pUnp�q

B� “

Anp�q and we can write Anp�q equivalently as

Anp�q “ ´
B pUnp�q

B�
“

ª
⌧2

0

$
&

%
Sp2q
n,wp�, tq

Sp0q
n,wp�, tq

´

˜
Sp1q
n,wp�, tq

Sp0q
n,wp�, tq

¸b2
,
.

- dN̄ptq (A.2)

and similarly define its population version Ap�q

Ap�q “ ´
BU0p�q

B�
“

ª
⌧2

0

#
sp2q

p�, tq

sp0qp�, tq
´

ˆ
sp1q

p�, tq

sp0qp�, tq

˙b2
+
d rNptq

“

ª
⌧2

0

#
sp2q

p�, tq

sp0qp�, tq
´

ˆ
sp1q

p�, tq

sp0qp�, tq

˙b2
+
sp0q

ptqdt

(A.3)

Under assumption (D5), Ap�˚
0 q “ ⌃0 is positive definite and we later prove that Anp�q Ñp

Ap�q for � in a compact set B that contains �˚
0 . Together with the asymptotic normality

of the IPLW partial score, we can derive the asymptotic normality of the estimator p�n.

A.2 Empirical process theory for an IPLW process

To study the asymptotic properties of p�n, we need to generalize empirical process theory

into an IPW scenario. We first introduce an IPLW empirical measure

P⇡

n
“

1

n

nÿ

i“1

IpLi ` Qi ° 0q

Qi ` p1 ´ Qiq⇡�0pXiq
�Xi,

rTi,�i
“

1

n

nÿ

i“1

wi�Xi,
rTi,�i
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where �Xi,
rTi,�i

is the Dirac measure placing unit mass on pXi, rTi,�iq and wi “
IpLi`Qi°0q

Qi`p1´Qiq⇡�0 pXiq

such that P⇡

n
f “

1
n

∞
n

i“1 wifpXi, rTi,�iq for a function f “ fpx,rt, �q. In practice, ⇡�0pXiq is

unknown, so we introduce the IPLW empirical measure with estimated weight

P⇡,e

n
“

1

n

nÿ

i“1

IpLi ` Qi ° 0q

Qi ` p1 ´ Qiq⇡p�npXiq
�Xi,

rTi,�i
“

1

n

nÿ

i“1

pwi�Xi,
rTi,�i

with �0 replaced by p�n. Finally, we denote P0 as the probability measure corresponding

to the true distribution such that P0f “ ErfpX, rT ,�qs. Note the usual empirical measure

Pn “
1
n

∞
n

i“1 �Xi,
rTi,�i

is unobserved due to the missingness in Class 3 of Figure 2.1. The IPLW

empirical measure leads to the IPLW empirical processes G⇡

n
“

?
npP⇡

n
´ P0q and G⇡,e

n
“

?
npP⇡,e

n
´ P0q. It turns out that our IPLW empirical measure and empirical process also

enjoy similar asymptotic properties as the usual empirical measure and empirical processes.

For any � : F Ñ R, we write }�pfq}F “ sup
fPF |�pfq|. We say that F is P-Glivenko-Cantelli

if and only if sup
fPF |pPn ´Pqf | “ oP p1q. We first prove that the Glivenko-Cantelli property

also holds for the IPLW empirical process.

Proposition A.2.1 (IPLW uniform convergence). Suppose that F “ tfpx,rt, �qu is P0-

Glivenko-Cantelli with an integrable envelope function F such that P0F † 8. Under as-

sumption (A1-3),

}P⇡

n
´ P0}F ÑP˚ 0.

If p�n Ñp �0, then }P⇡,e

n
´ P0}F ÑP˚ 0 also holds.

The proof can be found in Appendix A.3. Recall that rX “ p1,XT
q
T and rx “ p1,xT

q
T .

Now, to definite weak convergence, let Xn be a bounded process and X be a bounded process

whose finite-dimensional laws correspond to the finite dimensional projections of a tight Borel

law on `8
pFq. We say that Xn ù X in `8

pFq if and only if E˚HpXnq Ñ EHpXq for all

H P Cbp`8
pFqq, where Cbp`8

pFqq denotes all bounded continuous functions on `8
pFq (Van

Der Vaart and Wellner, 1996; Van Der Vaart, 2000). The next theorem states the weak

convergence result for the IPLW empirical process.
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Proposition A.2.2 (IPLW weak convergence). Under assumption (A1-3), suppose that

F “ tfpx,rt, �u is P0-Donsker with an integrable envelope function F such that P0F † 8,

then

G⇡

n
ù Gpg1¨q

G⇡,e

n
ù Ge

“ Gpg1 ¨ ´g2Qep¨q
Tg3q

in l8pFq where g1pl, q,xq “
Ipl`q°0q

q`p1´qq⇡�0 pxq , g2pl, q,xq “ Ipq “ 0qrl ´ ⇡�0pxqs, g3pxq “ ⌃´1
�0

rx

and Qepfq “ ErIpQ “ 0qp1 ´ ⇡�0pXqqfpX, rT ,�q rXs. G is the P0-Brownian bridge process,

indexed by F .

A.3 Proofs

Proof of Proposition 2.3.1. For simplicity, denote P pL “ 1|Q “ 0,Xq “ ⇡0pXq. First,

we have

E
„
IpL “ 1qlp�,�0q

⇡0pXq

ˇ̌
ˇ̌Q “ 0

⇢
“ E

„
E

„
IpL “ 1qlp�,�0q

⇡0pXq

ˇ̌
ˇ̌Q “ 0,X, rT ,�

⇢ˇ̌
ˇ̌Q “ 0

⇢

“ E
„
lp�,�0q

⇡0pXq
E

”
IpL “ 1q

ˇ̌
ˇQ “ 0,X, rT ,�

ıˇ̌
ˇ̌Q “ 0

⇢

“ E rlp�,�0q|Q “ 0s

The second to last equality holds as lp�,�0q is a function of rT ,X,�. The last equality holds

by assumption (A1). To prove (2.6), we have

E
„

IpL ` Q ° 0q

Q ` p1 ´ Qq⇡0pXq
lp�,�0q

⇢
“ E

„
IpL “ 1q

⇡0pXq
lp�,�0q

ˇ̌
ˇ̌Q “ 0

⇢
P pQ “ 0q

` E rlp�,�0q|Q “ 1sP pQ “ 1q

“ E rlp�,�0q|Q “ 0sP pQ “ 0q ` E rlp�,�0q|Q “ 1sP pQ “ 1q “ Eplp�,�0qq

˝

We first give the asymptotic distribution of p�n, the estimates of the logistic regression

parameter �0.
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Lemma A.3.1. Under assumptions (A1), (A2) and (A3), p�n is consistent for �0 and

?
npp�n ´ �0q Ñd Np0,⌃´1

�0
q

where ⌃�0 “ E
”
IpQ “ 0q

expp rXT�0q rX rXT

p1`expp rXT�0qq2

ı
“ ErIpQ “ 0q⇡�0pXqp1 ´ ⇡�0pXqq rXrXT

s.

Proof of Lemma A.3.1. First, the score for logistic regression converges as

Snp�q “
1

n

nÿ

i“1

IpQi “ 0q

«
Li

rXi ´
expp rXT

i
�q rXi

1 ` expp rXT

i
�q

�
Ñp

E
«
IpQ “ 0q

˜
LrX ´

expp rXT�q rX
1 ` expp rXT�q

¸�
“ Sp�q

and

Sp�0q “ E
«
IpQ “ 0q

˜
LrX ´

expp rXT�0q
rX

1 ` expp rXT�0q

¸�

“ E
”
E

”
IpQ “ 0q

´
LrX ´ PpL “ 1|Q “ 0;Xq rX

¯
|Q,X

ıı

“ E
´
IpQ “ 0q

”
ErL|Q,Xs rX ´ PpL “ 1|Q “ 0,Xq rX

ı¯
“ 0

since ErL|Q,Xs “ IpQ “ 0qPpL “ 1|Q “ 0;Xq ` IpQ “ 1qPpL “ 1|Q “ 1;Xq. Further, by

the law of large numbers,

rSnp�q “ ´
1

n

nÿ

i“1

IpQi “ 0q
expp rXT

i
�q rXi

rXT

i”
1 ` expp rXT

i
�q

ı2

Ñp ´E
«
IpQ “ 0q

expp rXT�q rXrXT

p1 ` expp rXT�qq2

�
“ ´⌃p�q

We assume that ⌃p�q is positive-definite, thus �0 is the unique solution for Sp�q “ 0. Next

we verify the uniform convergence condition:

sup
�

}Snp�q ´ Sp�q} Ñp 0

Denote ��pl, q,xq “ Ipq “ 0q rl ´ ⇡�pxqs rx and Snp�q ´ Sp�q “ pPn ´ P0q�� . The function

class t��pl, q,xq : �u forms a VC-subgraph class by Lemma 2.6.15, 2.6.18 of Van Der Vaart

and Wellner (1996). Thus, by Theorem 5.9 of Van Der Vaart (2000), we have p�n Ñp �0.
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For asymptotic normality of p�n, note that

}��1pL,Q,Xq ´ ��2pL,Q,Xq} §

›››››

«
expp rXT�1q

1 ` expp rXT�1q
´

expp rXT�2q

1 ` expp rXT�2q

�
rX

›››››

§
1

4
} rXrXT

}}�1 ´ �2}

Under the assumption that X is bounded, we have E} rXrXT
} † 8. E��pL,Q,Xq is di↵er-

entiable at �0 with derivative ⌃�0 . By Theorem 5.21 of Van Der Vaart (2000), we conclude

that
?
npp�n ´ �0q “ ⌃´1

�0

1
?
n

nÿ

i“1

��0pLi, Qi,Xiq ` oP p1q Ñd Np0,⌃´1
�0

q

˝

Proof of Proposition A.2.1. We start with bounding the di↵erence between the

IPLW empirical measure P⇡

n
and the usual empirical measure Pn. By triangle inequality,

}P⇡

n
´ P0}F § }Pn ´ P0}F `

›››››
1

n

nÿ

i“1

ˆ
IpLi ` Qi ° 0q

Qi ` p1 ´ Qiq⇡�0pXiq
´ 1

˙
�Xi,

rTi,�i

›››››
F

The first term is oP˚p1q since F is Glivenko-Cantelli. For the second term, de-

fine function gpl, q,xq “
Ipl`q°0q

q`p1´qq⇡�0 pxq ´ 1, then consider the function class F˚
“

 
rg ¨ f s pl, q,x, �,rtq : f P F

(
where f “ fpx,rt, �q. By assumption (A3), gpl, q,xq is bounded

and F has an integrable envelope function F . These two together imply that F˚ is P0-

Glivenko-Cantelli by the Glivenko-Cantelli Preservation theorem (Van Der Vaart and Well-

ner, 2000). Then, for any f P F ,

P0gf “ E
”
ErgpL,Q,XqfpX, rT ,�q|Qs

ı

“ ErgpL,Q,XqfpX, rT ,�q|Q “ 0sPpQ “ 0q`

ErgpL,Q,XqfpX, rT ,�q|Q “ 1sPpQ “ 1q

“ Er0 ˚ fpX, rT ,�q|Q “ 1sPpQ “ 1q`

E
„ˆ

IpL “ 1q

⇡�0pXq
´ 1

˙
fpX, rT ,�q

ˇ̌
ˇ̌Q “ 0

⇢
PpQ “ 0q

“ E
„
fpX, rT ,�qE

ˆ
IpL “ 1q

⇡�0pXq
´ 1

ˇ̌
ˇ̌Q “ 0,X, rT ,�

˙ˇ̌
ˇ̌Q “ 0

⇢
PpQ “ 0q “ 0
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The last equality is due to the assumption (A1). Thus, the second term could be rewritten

as ›››››
1

n

nÿ

i“1

�Xi,
rTi,�i,Li,Qi

›››››
F˚

“ }Pn ´ P0}F˚

which is again oP˚p1q.

Now consider P⇡,e

n
. Since p�n Ñp �0, it su�ces to consider a small compact neighborhood

K Ä Rp`1 of �0. Let ⇠�px, qq “
q`p1´qq⇡�0 pxq
q`p1´qq⇡�pxq . Since X is bounded and ⇡� is continuous

in X, ⇠�pX, Qq is also bounded. Lemma 2.6.15 and 2.6.18 of Van Der Vaart and Wellner

(1996) then imply that t⇠�px, qq : � P Ku is a VC-subgraph class. Next the Glivenko-Cantelli

Preservation theorem (Van Der Vaart and Wellner, 2000) implies that

G “

$
’’’&

’’’%
h�,f pq,x,rt, �q “

q ` p1 ´ qq⇡�0pxq

q ` p1 ´ qq⇡�pxqloooooooooomoooooooooon
⇠�px,qq

fpx,rt, �q : f P F ,� P K

,
///.

///-

is a P0-Glivenko-Cantelli class as F has an integrable envelope function and ⇠�px, qq is

bounded. Then recognizing that

P⇡,e

n
f “

1

n

nÿ

i“1

IpLi ` Qi ° 0q

Qi ` p1 ´ Qiq⇡�0pXiq

"
Qi ` p1 ´ Qiq⇡�0pXiq

Qi ` p1 ´ Qiq⇡p�npXiq

*
fpXi, rTi,�iq “ P⇡

n
⇠p�nf

We have

}P⇡,e

n
´ P0}F “ sup

fPF
}P⇡

n
⇠p�nf ´ P0f} § sup

fPF
}P⇡

n
⇠p�nf ´ P0⇠p�nf} ` sup

fPF
}P0⇠p�nf ´ P0f}

Notice the first term is oP˚p1q since G is P0-Glivenko-Cantelli. For the second term, we have

1

Q ` p1 ´ Qq⇡p�npXq
´

1

Q ` p1 ´ Qq⇡�0pXq

“ IpQ “ 0q

ˆ
1 ´

1

⇡�˚pXq

˙
rXT

pp�n ´ �0q

(A.4)

where �˚ is some convex combinations of �0 and p�n and �˚
Ñp �0. This implies that

⇠p�npX, Qq ´ 1 “ ⇠p�npX, Qq ´ ⇠�0pX, Qq “ IpQ “ 0q⇡�0pXq

ˆ
1 ´

1

⇡�˚pXq

˙
rXT

pp�n ´ �0q

(A.5)
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and the second term can be rewritten as following:

sup
fPF

››››E
"
fpX, rT ,�qIpQ “ 0q⇡�0pXq

ˆ
1 ´

1

⇡�˚pXq

˙
rXT

pp�n ´ �0q

*››››

“ sup
fPF

››››

"
fpX, rT ,�qIpQ “ 0q⇡�0pXq

ˆ
1 ´

1

⇡�˚pXq

˙
rXT

*›››› }p�n ´ �0}

Further, since ⇡�pXq is bounded away from zero for � P K and }P0}F † 8, the second term

is now determined by }p�n ´ �0}, which is o˚
P

p1q. ˝

The proof of Proposition A.2.2 relies on the following lemma.

Lemma A.3.2. Let ⇣�pl, q,xq “
Ipl`q°0q

q`p1´qq⇡�pxq and F “ tfpx,rt, �u be a P0-Glivenko-Cantelli

class with an integrable envelope function F such that P0F † 8. Then

sup
fPF

››?
npPn ´ P0q p⇣p�nf ´ ⇣�0fq

›› “ o˚
P

p1q

Proof. First, recall that ⇠�pq, xq “
q`p1´qq⇡�0 pxq
q`p1´qq⇡�pxq , then we have that

Pn⇣p�nf “ P⇡

n
⇠p�nf ; Pn⇣�0f “ P⇡

n
⇠�0f

Further, since

P0⇣� “ E0

„
IpL ` Q ° 0q

Q ` p1 ´ Qq⇡�pXq

⇢

“ E0

„
E0

„
IpL ` Q ° 0q

Q ` p1 ´ Qq⇡�pXq

ˇ̌
ˇ̌Q,X

⇢⇢
“ E0

„
Q ` p1 ´ Qq⇡�0pXq

Q ` p1 ´ Qq⇡�pXq

⇢
“ P0⇠�

We further have that

P0⇣p�nf “ P0⇠p�nf ; P0⇣�0f “ P0⇠�0f

Given above results and equation (A.5), we have

sup
fPF

››?
npPn ´ P0qp⇣p�nf ´ ⇣�0fq

›› “ sup
fPF

››?
npP⇡

n
´ P0qp⇠p�nf ´ ⇠�0fq

››

§ sup
fPF

››››pP⇡

n
´ P0q

ˆ
IpQ “ 0q⇡�0pXq

ˆ
1 ´

1

⇡�˚pXq

˙
fpX, rT ,�q rXT

˙››››
››?

npp�n ´ �0q
››
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where �˚ is a point lies between p�n and �0. Note that the consistency of p�n implies that

�˚ p
Ñ �0 and �˚ will fall into a compact small neighborhood K around �0 with probability

1. As a result, G “ tIpq “ 0q⇡�0pxq

´
1 ´

1
⇡�pxq

¯
rxT : � P Ku forms a VC-subgraph class

by Lemma 2.6.15 and 2.6.18 of Van Der Vaart and Wellner (1996). Then by the Glivenko-

Cantelli Preservation theorem (Van Der Vaart and Wellner, 2000), we have F1 “ tfg : f P

F , g P Gu is a P0-Glivenko-Cantelli class with an integrable envelope function. Then

sup
fPF

››?
npPn ´ P0qp⇣p�nf ´ ⇣�0fq

›› § }P⇡

n
´ P0}F1

?
n}p�n ´ �0}

By Proposition A.2.1 and Lemma A.3.1,
?
n}p�n ´ �0} “ O˚

P
p1q and }P⇡

n
´ P0}F1 “ o˚

P
p1q.

˝

Proof of Proposition A.2.2. Let ⇣�pl, q,xq “
Ipl`q°0q

q`p1´qq⇡�pxq . This implies that

⇣�0pL,Q,Xq “ g1pL,Q,Xq, where g1 is defined in Proposition A.2.2. Moreover, under as-

sumption (A3) and }P0}F † 8, F 1
“ tg1 ¨ f : f P Fu is a Donsker Class by Example 2.10.10

of Van Der Vaart and Wellner (1996).

By the definition that G⇡

n
“

?
npP⇡

n
´ P0q, we have

G⇡

n
f “

?
npPn ´ P0q⇣�0f “

?
npPn ´ P0qg1f.

Thus, the usual Donsker theorem (see, e.g., Section 19.2 of Van Der Vaart 2000) implies that

G⇡

n
ù Gpg1¨q in l8pFq and

VarpGpg1fqq “ VarpfpX, rT ,�qq ` E
„
fpX, rT ,�q

2 IpQ “ 0qr1 ´ ⇡�0pXqs

⇡�0pXq

⇢

Next,

G⇡,e

n
f ´ G⇡

n
f “

?
npP⇡,e

n
´ P0qf ´

?
npP⇡

n
´ P0qf

“ Gn p⇣p�n ´ ⇣�0q f `
?
nP0 p⇣p�n ´ ⇣�0q f

(A.6)

By Lemma A.3.2, Gn p⇣p�n ´ ⇣�0q f is o˚
P

p1q, which bounds the first term. For the second

term, note that

⇣p�n ´ ⇣�0 “ ´IpL “ 1qIpQ “ 0q

ˆ
1

⇡�0pXq
´ 1

˙
rXT

pp�n ´ �0q ` op}p�n ´ �0}
2
q
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and ErIpL “ 1q|Q “ 0,Xs “ ⇡�0pXq, we can show that

?
nP0 p⇣p�n ´ ⇣�0q f “ ´

!
E

”
IpQ “ 0qp1 ´ ⇡�0pXqqfpX, rT ,�q rXT

ı)
?
npp�n ´ �0q ` o˚

P
p1q.

Together, equation (A.6) and Lemma A.3.1 implies that

G⇡,e

n
f “

1
?
n

nÿ

i“1

”
g1pLi, Qi,XiqfpXi, rTi,�iq ´ P0f

ı

looooooooooooooooooooooooooomooooooooooooooooooooooooooon
G⇡

nf

´
1

?
n
E

”
IpQ “ 0qp1 ´ ⇡�0pXqqfpX, rT ,�q rXT

ı
⌃´1

�0

nÿ

i“1

IpQi “ 0qrLi ´ ⇡�0pXiqsXi ` o˚
P

p1q

loooooooooooooooooooooooooooooooooooooooooooooooooooooooooooomoooooooooooooooooooooooooooooooooooooooooooooooooooooooooooon
“?

nP0p⇣p�n´⇣�0qf

“ Gn

“
g1 ¨ f ´ g2Qepfq

Tg3
‰

` o˚
P

p1q

where g1pl, q,xq “
Ipl`q°0q

q`p1´qq⇡�0 pxq , g2pl, q,xq “ Ipq “ 0qrl´⇡�0pxqs, g3pxq “ ⌃´1
�0

rx and Qepfq “

ErIpQ “ 0qp1 ´ ⇡�0pXqqfpX, rT ,�q rXs. This proves the finite dimensional convergence of

G⇡,e

n
. Next, we prove the asymptotic equicontinuity of G⇡,e

n
. Define ⇢pf, gq “ P0pf ´ gq

2 and

F� “ tf ´ g : f, g P F , ⇢pf ´ gq § �u. First, F is totally bounded by the metric ⇢ given (Van

Der Vaart and Wellner, 1996, Problem 2.1.2) and }P0}F † 8. Next,

}G⇡,e

n
}F�

§ }G⇡

n
}F�

` }G⇡,e

n
´ G⇡

n
}F�

For the first term on the right-hand side, G⇡

n
is asymptotically equicontinuous with respect

to ⇢. For the second term,

}G⇡,e

n
´ G⇡

n
}F�

§ }QT

e
}F�

?
n}p�n ´ �0} ` o˚

P
p1q

and

}QT

e
}F�

“ sup
hPF�

›››ErIpQ “ 0qp1 ´ ⇡�0pXqqhpX, rT ,�q rXT
s

››› § C sup
hPF�

pPph2
qq

1{2
§ C�

by the definition of h and some constant C ° 0. Thus, we have lim�Œ0 }G⇡,e

n
}F�

“ 0. Thus,

by Theorem 1.5.7 of Van Der Vaart and Wellner (1996), G⇡,e

n
ù Gpg1 ¨ ´g2Qep¨q

Tg3q in
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l8pFq and

VarpGpg1 ¨ f ´ g2Qepfq
Tg3qq “ VarpfpX, rT ,�qq

` E
„
fpX, rT ,�q

2 IpQ “ 0qr1 ´ ⇡�0pXqs

⇡�0pXq

⇢
´ Qepfq

T⌃´1
�0
Qepfq,

which completes the proof. ˝

Before proving Theorem A.1.1, we first introduce a useful lemma.

Lemma A.3.3. Under assumption (D2-3), for a small compact set B that contains �˚
0 ,

sup
tPr0,⌧2s,�PB

}Spkq
n,w

p�, tq ´ spkq
p�, tq} “ oP p1q

for k “ 0, 1, 2.

Proof of Lemma A.3.3. By assumption (D2), Xptq can be written as the di↵erence

of two nondecreasing processes of t P r0, ⌧2s, then by Example 2.11.16 of Van Der Vaart and

Wellner (1996) and the fact that Xptq is bounded, GnX ù G0 in l8pr0, ⌧2sq. Now we can

view G “ txptq : t P r0, ⌧2su as a function class tftpxq “ xptq; t P r0, ⌧2su. G is a P0-Donsker

class. Next, t� : � P Bu is trivially a P0-Donsker class and txptqT� : t P r0, ⌧2s,� P Bu is also

a Donsker class by theorem 2.10.6 of Van Der Vaart and Wellner (1996). Similarly, we can

prove that typtq expp�Txptqqxptqbk : � P B, t P r0, ⌧2su is also a Donsker class for k “ 0, 1, 2

as typtq : t P r0, ⌧2su is also a P0-Donsker class by Theorem 2.11.16 of Van Der Vaart and

Wellner (1996). Then the result can be proved by Proposition A.2.1. ˝

Proof of Theorem A.1.1. The proof of the asymptotic linear expansion is inspired

by Lin and Wei (1989). By Lemma A.3.3, we have

sup
�PB,tPr0,⌧2s

}Spkq
n,w

p�, tq ´ spkq
p�, tq} “ oP p1q k “ 0, 1, 2
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for a compact set B that contains �˚
0 . Then we can decompose the partial score in equation

(2.8) as follows:

?
npUnp�q “

1
?
n

nÿ

i“1

�i pwi

#
Xip

rTiq ´
Sp1q
n,wp�, rTiq

S0
n,w

p�, rTiq

+

“
1

?
n

nÿ

i“1

pwi

ª
⌧2

0

XiptqdNiptq ´
?
n

ª
⌧2

0

Sp1q
n,wp�, tq

Sp0q
n,wp�, tq

dN̄ptq

“
1

?
n

nÿ

i“1

pwi

ª
⌧2

0

XiptqdNiptq
looooooooooooooomooooooooooooooon

pIq

´
?
n

ª
⌧2

0

sp1q
p�, tq

sp0qp�, tq
drN̄ptq ´ rNptqs

looooooooooooooooooomooooooooooooooooooon
pIIq

´
?
n

ª
⌧2

0

Sp1q
n,wp�, tq

Sp0q
n,wp�, tq

d rNptq
looooooooooooooomooooooooooooooon

pIIIq

´
?
n

ª
⌧2

0

«
Sp1q
n,wp�, tq

Sp0q
n,wp�, tq

´
sp1q

p�, tq

sp0qp�, tq

�
drN̄ptq ´ rNptqs

looooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooon
pIV q

(A.7)

Term (I) and (II) are already linear expansions so we do not need to conduct any further

derivation. In what follows, we will first show that term (IV) is oP p1q and then argue that

term (III) has an asymptotic linear expansion.

Term (IV). By assumption (D4), for large enough n, both Sp0q
n,wp�, tq and sp0q

p�, tq are

bounded away from 0, so Lemma A.3.3 implies that

sup
�PB,tPr0,⌧2s

›››››
Sp1q
n,wp�, tq

Sp0q
n,wp�, tq

´
sp1q

p�, tq

sp1qp�, tq

››››› “ oP p1q

Moreover, by Proposition A.2.2, n1{2
pN̄p⌧2q´ rNp⌧2qq converges to a mean zero normal random

variable. Together, this implies that (IV) is oP p1q.

Term (III). Next, we have that

Sp1q
n,wp�, tq

Sp0q
n,wp�, tq

“
Sp1q
n,wp�, tq

sp0qp�, tq
”
1 `

Sp0q
n,wp�,tq´sp0qp�,tq

sp0qp�,tq

ı

“
Sp1q
n,wp�, tq

sp0qp�, tq

«
1 ´

Sp0q
n,wp�, tq ´ sp0q

p�, tq

sp0qp�, tq
` oP p1q

�

“
1

sp0qp�, tq

„
Sp1q
n,w

p�, tq ´
sp1q

p�, tq

sp0qp�, tq
tSp0q

n,w
p�, tq ´ sp0q

p�, tqu

⇢
` oP p1q



110

Thus,

n1{2
ª

⌧2

0

Sp1q
n,wp�, tq

Sp0q
n,wp�, tq

d rNptq

“ n1{2
ª

⌧2

0

1

sp0qp�, tq

„
Sp1q
n,w

p�, tq ´
sp1q

p�, tq

sp0qp�, tq
tSp0q

n,w
p�, tq ´ sp0q

p�, tqud rNptq

⇢
` oP p1q

Taking above equation back to equation (A.7), we get the desired asymptotic linear expansion

of pUnp�q:
?
npUnp�q “ n´1{2∞n

i“1 pwiUip�q ` opp1q with

Uip�q “

ª
⌧2

0

„
Xiptq ´

sp1q
p�, tq

sp0qp�, tq

⇢
dNiptq ´

ª
⌧2

0

Yiptq expp�TXiptqq

sp0qp�, tq

„
Xiptq ´

sp1q
p�, tq

sp0qp�, tq

⇢
d rNptq

Finally, to apply Proposition A.2.2, note that ⇡�0pXq needs to be replaced by ⇡�0pZ1q and

Uip�q can be viewed as a function ⌘�pX̄p rT q, rT ,�q. As a result, we have
?
npUnp�q “

n´1{2∞n

i“1 pwiUip�q ` opp1q “ G⇡,e

n
⌘� ` oP p1q. Proposition A.2.2 implies the asymptotic

normality of
?
npUnp�˚

0 q
1, which completes the proof. ˝

Proof of Theorem 2.3.2. Based on the fact that pUnp p�nq “ 0 and U0p�˚
0 q “ 0, we

have
?
np p�n ´ �˚

0 q “ Anp�˚
0 q

´1n1{2 pUnp�˚
0 q ` oP p

?
n} p�n ´ �˚

0 }q,

where An is defined in equation (A.2). To prove that p�n Ñp �˚
0 , we adopt the same strategy

as Lemma 3.1 in Andersen and Gill (1982). From Theorem A.1.1, we obtained that 1
n

pUnp�q “

1
n

∞
n

i“1 pwiUip�q ` oP pn´1{2
q. Then by Proposition A.2.1,

1

n
pUnp�q Ñp E

"ª
⌧2

0

rXptq´

sp1q
p�, tq

sp0qp�, tq

⇢
dNptq ´

ª
⌧2

0

„
Xptq ´

sp1q
p�, tq

sp0qp�, tq

⇢
Y ptq expp�TXptqq

sp0qp�, tq
d rNptq

*

It is not hard to prove that above expectation equals to U0p�q “ E
”
�

´
Xp rT q ´

sp1qp�, rT q
sp0qp�, rT q

¯ı
.

By assumption (D5), Ap�˚
0 q “ ´

BU0p�q
B�

ˇ̌
�“�˚

0
is positive definite and by a similar argument

1we only need the pointwise convergence result at � “ �˚
0
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as Lemma 3.1 in Andersen and Gill (1982), we have p�n Ñp �˚
0 . We now prove the uniform

convergence of Anp�q to Ap�q in a small compact subset B that contains �˚
0 .

sup
�PB

}Anp�q ´ Ap�q} §

ª
⌧2

0

sup
�PB

››››››
Sp2q
n,wp�, tq

Sp0q
n,wp�, tq

´

˜
Sp1q
n,wp�, tq

Sp0q
n,wp�, tq

¸b2
››››››

|dpN̄ptq ´ rNptqq|

`

ª
⌧2

0

sup
�PB

››››››

$
&

%
Sp2q
n,wp�, tq

Sp0q
n,wp�, tq

´

˜
Sp1q
n,wp�, tq

Sp0q
n,wp�, tq

¸b2
,
.

- ´

#
sp2q

p�, tq

sp0qp�, tq
´

ˆ
sp1q

p�, tq

sp0qp�, tq

˙b2
+››››››

d rNptq

(A.8)

For the first term of (A.8), let

hnptq “ sup
�PB

››››››
Sp2q
n,wp�, tq

Sp0q
n,wp�, tq

´

˜
Sp1q
n,wp�, tq

Sp0q
n,wp�, tq

¸b2
››››››

and

hptq “ sup
�PB

›››››
sp2q

p�, tq

sp0qp�, tq
´

ˆ
sp1q

p�, tq

sp0qp�, tq

˙b2
›››››

. We can replace hnptq by hptq such that

ª
⌧2

0

|hnptq||dpN̄ptq ´ rNptqq| “

ª
⌧2

0

|hptq||dpN̄ptq ´ rNptqq| ` oP p1q

by Lemma A.3.3. By Proposition A.2.1, sup
tPr0,⌧Ls |N̄ptq´ rNptq| “ oP p1q. Thus the first term

is oP p1q. The second term is also oP p1q by Lemma A.3.3. By the uniform convergence of

Anp�q to Ap�q, we then have Anp�˚
0 q Ñp Ap�˚

0 q. Then, by slutsky’s theorem, we obtained

that
?
np p�n ´ �˚

0 q Ñd Np0,⌃´1
0 ⌃⌃´1

0 q

˝

A.4 Doubly Robust Estimation and its limitation

Now we propose an augmented inverse probability of linkage weighting (AIPLW) estima-

tor for estimating the long-term e↵ect. We first need to define several outcome regression
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functions:

m0pXq “ E
«
�

˜
X ´

sp1q
p rT ,�q

sp0qp rT ,�q

¸ˇ̌
ˇ̌
ˇX, Q “ 0, L “ 1

�

“ E r�|X, Q “ 0, L “ 1sXloooooooooooooomoooooooooooooon
m1pXq

´E
«
�
sp1q

p rT ,�q

sp0qp rT ,�q

ˇ̌
ˇ̌
ˇX, Q “ 0, L “ 1

�

looooooooooooooooooooomooooooooooooooooooooon
m2pXq

m3pXq “ E
”
Ip rT • tq exppXT�q|X, Q “ 0, L “ 1

ı

“ E
”
Ip rT • tq|X, Q “ 0, L “ 1

ı
exppXT�q

The augmented IPW partial likelihood is then as following:

Un,AIPLW “
1

n

nÿ

i“1

#
IpQi “ 1q�i

«
Xi ´

Sp1q
n,DR

p�, rTiq

Sp0q
n,DR

p�, rTiq

�
`

IpQi “ 0q

«
IpLi “ 1q

⇡p�npXiq
�i

«
Xi ´

Sp1q
n,DR

p�, rTiq

Sp0q
n,DR

p�, rTiq

�

`

ˆ
1 ´

IpLi “ 1q

⇡p�npXiq

˙
pm0pXiq

⇢*

(A.9)

with

Spkq
n,DR

p�, tq “
1

n

nÿ

i“1

!
IpQi “ 1qIp rTi • tq exppXT

i
�q`

IpQi “ 0q

„
IpLi “ 1q

⇡p�0pXiq
Ip rTi • tq exppXT

i
�q

`

ˆ
1 ´

IpLi “ 1q

⇡p�npXiq

˙
pm3pXiq

⇢*
Xbk

i

where pmkpxq are certain estimators ofmkpxq for k “ 1, 2, 3 such that pm0pxq “ pm1pxq´ pm2pxq.

Let p�AIPW be the solution to Un,AIPW “ 0. p�AIPW is a doubly robust estimator in the

sense that either ⇡p�npxq being consistent for ⇡0pxq “ P pL “ 1|x, Q “ 0q or pmkpxq being

consistent for mkpxq for k “ 1, 2, 3 will guarantee that p�AIPW is a consistent estimator for

�˚
0 . Informally, to prove the doubly-robust property of p�AIPW , we need to prove that the

population version of the estimating equation (A.9) have the same root �˚
0 as the IPLW

estimation equation.
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We first argue that Spkq
n,DR

p�, tq is a doubly-robust estimator of spkqp�, tq in the above

sense. It is not hard to see that Spkq
n,DR

p�, tq converges to spkq
DR

p�, tq with

spkq
DR

p�, tq “ E
!´

IpQ “ 1qIp rT • tq exppXT�q

`IpQ “ 0q

„
IpL “ 1q

⇡�0pXq
Ip rT • tq exppXT�q

`

ˆ
1 ´

IpL “ 1q

⇡�0pXq

˙
m˚

3pXq

⇢˙
Xbk

*

where pm3pxq Ñp m˚
3pxq and ⇡p�0pxq Ñ ⇡�0pxq. m˚

3pxq is not necessarily m3pxq and similarly

⇡�0pxq might not be ⇡0pxq. Then when ⇡0pxq “ ⇡�0pxq and m˚
3pxq ‰ m3pxq, we have

spkq
DR

p�, tq “ E
!”

IpQ “ 1qIp rT • tq exppXT�q

`IpQ “ 0q
IpL “ 1q

⇡0pXq
Ip rT • tq exppXT�q

⇢
Xbk

*

“ spkq
p�, tq

according to Proposition 2.3.1 and assumption (A1). On the other hand, when ⇡�0pxq ‰

⇡0pxq and m˚
3pxq “ m3pxq, we can rewrite spkq

DR
p�, tq as

E

$
’’’&

’’’%

¨

˚̊
˚̋IpQ “ 1qIp rT • tq exppXT�q ` IpQ “ 0q

IpL “ 1q

⇡�0pXq

´
Ip rT • tq exppXT�q ´ m3pXq

¯

looooooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooooon
I

`IpQ “ 0qm3pXqqXbk
(

and term I is 0 by law of total expectation. Thus, again we have spkq
DR

p�, tq “ spkq
p�, tq.

Similarly, it is not hard to prove that the population version of the above estimating equation

(A.9)

UAIPW “ E
#
IpQ “ 1q�

«
X ´

sp1q
DR

p�, rT q

sp0q
DR

p�, rT q

�
`

IpQ “ 0q

«
IpL “ 1q

⇡�0pXiq
�

«
X ´

sp1q
DR

p�, rT q

sp0q
DR

p�, rT q

�
`

ˆ
1 ´

IpL “ 1q

⇡�0pXq

˙
m˚

0pXq

⇢*
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where pm0pxq Ñ m˚
0pxq. Then when we have ⇡�0pxq “ ⇡0pxq, UAIPW becomes

E
#„

IpQ “ 1q ` IpQ “ 0q
IpL “ 1q

⇡�0pXq

⇢
�

«
X ´

sp1q
p�, rT q

sp0qp�, rT q

�+

which is the same as the IPLW estimating equation according to Proposition 2.3.1 and

assumption (A1). On the other hand, if we have ⇡�0pxq ‰ ⇡0pxq and m˚
k
pxq “ mkpxq for

k “ 1, 2, 3, then using the same argument as above, we have that UAIPW becomes

E

#
�

«
X ´

sp1q
p�, rT q

sp0qp�, rT q

�+

which is just the original partial likelihood estimating equation for Cox model. Thus, p�AIPW

is doubly-robust.

A.4.1 Di�culty of Estimation of Doubly-Robust Estimator

Based on (A.9), we need to estimate mkpxq for k “ 1, 2, 3 to solve for p�AIPW . However, there

are major di�culties with estimating these three regression functions. To estimate mkpxq,

we need to estimate

m1pXq “ Er�|X;Q “ 0, L “ 1sX “ P pT § C|X,Q “ 0, L “ 1qX

m2pXq “ E
«
�
sp1q

p rT ,�q

sp0qp rT ,�q

ˇ̌
ˇ̌
ˇX, Q “ 0, L “ 1

�

m3pXq “ P p rT • t|X;Q “ 0, L “ 1q exppXT�q

We have a couple modeling strategies. We usem1pxq as an example to illustrate the modeling

details. For the first modeling strategy, we can try to estimate mkpxq through modeling the

distribution of C1, C2, T . More specifically, for P pT § C|X, Q “ 0, L “ 1q, it is not hard to

get that

P pT § C|X, Q “ 0;L “ 1q “
P pT § C2, T • C1|X, L “ 1q

P pT • C1|X, L “ 1q
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For the numerator, we have

P pT § C2, T • C1|X, L “ 1q “

ª
⌧2

0

P pC2 • s, C1 § s|T “ s,X, L “ 1qfT ps|X, L “ 1qds

Thus, we need to model the joint distribution of C1 and C2 given T,X and L “ 1. Note

here with the independent censoring assumption, we have pC1, C2q KK T |X. Together with

assumption (A1), it is not clear if we also have pC1, C2q KK T |X, L “ 1. Next, even if we make

the further assumption that pC1, C2q KK T |X, L “ 1, it still requires us to model the joint

distribution of C1 and C2 given X and L “ 1. Another thing is that this also requires us to

model the distribution of failure time T given X and L “ 1, which need careful modeling to

avoid model conflict with the Cox model for T given X alone. Similar modelings are required

for estimating m2pXq and m3pXq.

For a second modeling strategy, we can directly model P p� “ 1|X, Q “ 0, L “ 1q with

a logistic regression as � is binary variable. Similarly, we can estimate m3pXq by directly

modeling the distribution of the observed time rT given X, Q “ 0 and L “ 1 through Cox

regression. To estimate m2pXq, we need to either model the distribution of rT given � “ 1,

Q “ 0 and L “ 1 or model the distribution of � given T,X, Q “ 0 and L “ 1. Take all

things into consideration, very careful modelings need to be carried out to ensure model

congeniality and whether such models exist is not clear to us.

Finally, to avoid the potential model congeniality issue, non-parametric estimation tech-

nique might be applied. However, nonparametric estimation in general su↵ers from the curse

of dimensionality issue, which might require a very large number of samples to get a good

estimate.

A.5 Linkage assumption and NLAC method

Note that one su�cient condition for CLAR is

L KK pT,Cq|Q “ 0,X.
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We can also modify the CLAR assumption such that linkage also depends on the censoring

time in clinical trial C1:

P pL “ 1| rT ,�, Q “ 0,X, C1q “ P pL “ 1|Q “ 0,X, C1q

as C1 is always observed when Q “ 0. One su�cient assumption for this modified CLAR

assumption is

L KK pT,C2q|Q “ 0,X, C1.

We now discuss some other potential assumptions for linkage. For an alternative ap-

proach, we might assume that

L KK pT,Cq|X.

However, the IPW type method for this assumption su↵ers from the same issue as the

complete-case analysis in that unlinked participants that are diagnosed with PC within the

clinical trial will not be included in analysis.

As our main goal is to deal with the missing survival outcome T and C2 and the miss-

ingness only happens when a participant is not linked and censored in the clinical trial, an

alternative approach would be to directly model P pL “ 0, Q “ 0|X, T, C1, C2q and a MAR

type assumption would be

P pL “ 0, Q “ 0|X, T, C1, C2q “ P pL “ 0, Q “ 0|Xq

since only X is always observed. However, this MAR assumption would never hold as we

always have Q “ 0 when T • C1. Thus, we choose to model linkage alone as the CLAR

assumption. Next, we give the proof for Proposition 2.6.1.

Proof of Proposition 2.6.1. The NLAC method modifies the censoring time C

compared to the oracle method. To prove the consistency of the estimator obtained by naive

method, we only need to prove that the population version of the partial likelihood for NLAC

method has a solution at � “ �0. The rest is the same as the consistency proof in Andersen

and Gill (1982). For notational simplicity, we illustrate the proof with time-independent

covariates only.
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Recall for NLAC method, we have

rTj “

$
’&

’%

rTj Lj ` Qj ° 0

C1j Lj ` Qj “ 0

and �j “ 0 if Lj ` Qj “ 0. Thus, the partial likelihood for NLAC method solves

pUnaivep�q “
1

n

nÿ

i“1

IpLi ` Qi ° 0q�i

«
Xi ´

Sp1q
n,wp�, rTiq

Sp0q
n,wp�, rTiq

�
“ 0

with

Spkq
n,w

p�, tq

“

nÿ

j“1

”
IpLj ` Qj ° 0qIp rTj • tq exppXT

j
�q`

IpLj ` Qj “ 0qIpC1j • tq exppXT

j
�q

‰
Xbk

j

Then, by similar technique in Andersen and Gill (1982), we can prove that

pUnaivep�q Ñp U0p�q “ E
«
�IpL ` Q ° 0q

«
X ´

Sp1q
p�, rT q

Sp0qp�, rT q

��

with

Spkq
p�, tq “ E

”!
IpL ` Q ° 0qIp rT • tq exppXT�q`

IpL “ 0qIpQ “ 0qIpC1 • tq exppXT�q
(
Xbk

‰
.

Next, we prove that � “ �0 solves U0p�q “ 0. We first have that

Er�IpL ` Q ° 0qXs “ Er�IpQ “ 1qXs ` Er�IpL “ 1qIpQ “ 0qXs

Further, we have

Er�IpQ “ 1qXs “ ErIpT § CqIpT § C1qXs

“ ErIpT § C1qXs “

ª
⌧1

0

ErP pC1 • t|XqfT pt|Xqsdt

“

ª
⌧1

0

ErXIpC1 • tqIpT • tq exppXT�0qs�0ptqdt
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since �T pt|Xq “ �0ptq exppXT�0q and C1 KK T |X. Next, we have

Er�IpL “ 1qIpQ “ 0qXs “ ErIpT § CqIpT • C1qIpL “ 1qXs

“ ErIpT § C2qIpT • C1qIpL “ 1qXs

“ ErX⇡pX, C1, C2qIpT • C1qIpT § C2qs (A.10)

“ ErXErErIpT • C1qIpT § C2q⇡pX, C1, C2q|T,Xs|Xss

where ErIpL “ 1q|T,Q “ 0, C1, C2,Xs “ ⇡pX, C1, C2q. Next, denote

gpT,Xq “ ErIpT • C1qIpT § C2q⇡pX, C1, C2q|T,Xs

, we further have

gps,Xq “ ErIpT • C1qIpT § C2q⇡pX, C1, C2q|T “ s,Xs

“ ErIpC1 § sqIpC2 • sq⇡pX, C1, C2q|Xs

since pC1, C2q KK T |X. Further, we have

Er�IpL “ 1qIpQ “ 0qXs “ ErXErgpT,Xq|Xss “ E
„
X

ª
⌧2

0

gps,XqfT ps|Xqds

⇢

“

ª
⌧2

0

E rXErIpC1 § sqIpC2 • sq⇡pX, C1, C2q|XsfT ps|Xqs ds

“

ª
⌧2

0

E
“
XIpC1 § sqIpC2 • sq⇡pX, C1, C2qP pT • s|Xq exppXT�0q

‰
�0psqds

“

ª
⌧2

0

E
“
XIpC1 § sqIpC2 • sq⇡pX, C1, C2qErIpT • sq|Xs exppXT�0q

‰
�0psqds

“

ª
⌧2

0

E
“
XErIpC1 § sqIpC2 • sqIpT • sq⇡pX, C1, C2q|Xs exppXT�0q

‰
�0psqds

“

ª
⌧2

0

E
“
XIpC1 § sqIpC2 • sqIpT • sq⇡pX, C1, C2q exppXT�0q

‰
�0psqds
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Thus, together, we have

Er�IpL ` Q ° 0qXs “

ª
⌧1

0

ErX tIpC1 • sqIpT • sq`

⇡pX, C1, C2qIpC1 § sqIpC2 • sqIpT • squ exppXT�0qs�0psqds

`

ª
⌧2

⌧1

ErX⇡pX, C1, C2qIpC2 • sqIpT • sq exppXT�0qs�0psqds

as C1 P r0, ⌧1s. Similarly, we have

E
„
�IpL ` Q ° 0q

Sp1q
p�, T q

Sp0qp�, T q

⇢
“

ª
⌧1

0

ErtIpC1 • sqIpT • sq`

⇡pX, C1, C2qIpC1 § sqIpC2 • sqIpT • squ exppXT�0qs�0psq
Sp1q

p�, sq

Sp0qp�, sq
ds

`

ª
⌧2

⌧1

Er⇡pX, C1, C2qIpC2 • sqIpT • sq exppXT�0qs�0psq
Sp1q

p�, sq

Sp0qp�, sq
ds

Now as long as we can prove that

Er�IpL ` Q ° 0qXs ´ E
„
�IpL ` Q ° 0q

Sp1q
p�0, T q

Sp0qp�0, T q

⇢
“ 0

Then we are done. We prove this by proving the following two equalities:
ª

⌧1

0

ErX tIpC1 • sqIpT • sq`

⇡pX, C1, C2qIpC1 § sqIpC2 • sqIpT • squ exppXT�0qs�0psqds´

ª
⌧1

0

ErtIpC1 • sqIpT • sq`

⇡pX, C1, C2qIpC1 § sqIpC2 • sqIpT • squ exppXT�0qs�0psq
Sp1q

p�, sq

Sp0qp�, sq
ds “ 0

(A.11)

and
ª

⌧2

⌧1

ErX⇡pX, C1, C2qIpC2 • sqIpT • sq exppXT�0qs�0psqds´

ª
⌧2

⌧1

Er⇡pX, C1, C2qIpC2 • sqIpT • sq exppXT�0qs�0psq
Sp1q

p�, sq

Sp0qp�, sq
ds “ 0

(A.12)
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We first prove equation (A.11). For s P r0, ⌧1s, we have

Sp0q
p�, sq “ ErIp rT • sq exppXT�qrIpQ “ 1q ` IpL “ 1qIpQ “ 0qs

` IpC1 • sqIpL “ 0qIpQ “ 0q exppXT�qs

“ ErIp rT • sq exppXT�qIpQ “ 1q ` IpC1 • sq exppXT�qIpQ “ 0qs

` ErIpL “ 1qIpQ “ 0q exppXT�qrIp rT • sq ´ IpC1 • sqss

Further,

ErIp rT • sq exppXT�qIpQ “ 1q ` IpC1 • sq exppXT�qIpQ “ 0qs

“ ErIpT • sqIpT § C1q exppXT�qs ` ErIpC1 • sqIpT • C1q exppXT�qs

“ ErIpT • sqIpC1 • sq exppXT�qs

and

ErIpL “ 1qIpQ “ 0q exppXT�qrIp rT • sq ´ IpC1 • sqss

“ ErIpL “ 1qIpQ “ 0q exppXT�qIpT • sqIpC2 • sqIpC1 § sqs

“ Er⇡pX, C1, C2qIpT • sqIpC2 • sqIpC1 § sq exppXT�qs (A.13)

Similarly, we can prove that

Sp1q
p�, sq

“ ErX tIpC1 • sqIpT • sq ` ⇡pX, C1, C2qIpC1 § sqIpC2 • sqIpT • squ exppXT�qs

All these results suggest that when � “ �0, equation (A.11) is 0. When s P r⌧1, ⌧2s, we have

Sp0q
p�, sq “ ErIp rT • sq exppXT�qIpL “ 1qIpQ “ 0qs

“ ErIpT • sqIpC2 • sq exppXT�qIpT • C1q⇡pX, C1, C2qs

“ Er⇡pX, C1, C2qIpT • sqIpC2 • sq exppXT�qs

as C1 P r0, ⌧1s. By the same idea, we can prove that equation (A.12) is 0. Then we have

finished the proof. ˝
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Note that we only uses assumption (N4) in (A.10) and (A.13) and in fact, we can further

assume that

(N5) L KK T |pX, Q “ 0, C1, C2,�q

and NLAC method still gives consistent estimate in this scenario. Finally for the case of

time-dependent covariates, we can get similar results under the assumption that

P pT • s|C1, C2, X̄p⌧Mqq “ P pT • s|X̄psqq

P pCk • s|T, X̄p⌧Mqq “ P pCk • s|X̄psqq, k “ 1, 2.

The proof is overall very similar to the case when there are only time-independent covariates

and we omit it.

A.6 Relaxation of the “no gap” assumption

So far we have made the “no gap” assumption to focus on the right censoring problem.

Now we consider relaxations of this assumption as it is quite common that a participant

might not be under observation for some time in practice. This allows for the possibility of

interval censoring as a participant might be diagnosed with the event of interest during the

gap when he is not under observation. Further, this creates a situation that we have both

right censored and interval-censored data, which is also known as partly interval-censored

data (Turnbull, 1976).

Partly interval-censored data for Cox regression has been studied in Kim (2003),Cai and

Betensky (2003) and the estimation is more di�cult than right-censored data. For simplicity,

we do not deal with interval-censoring in the current Chapter and leave that to future work.

Instead we consider an alternative approach that transforms the interval-censored data to

right-censored data. This approach is in the same spirit as the NLAC approach. However,

one has to be careful with the transformation. We first discuss an intuitive but problematic

approach.
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A.6.1 A problematic approach

For illustration, we consider the oracle setting such that each participant is linked to the

observational follow-up datasets. For participants that are known to be interval-censored

during the gap between clinical trial and observational follow-up, we treat such participants

as being right censored at the last recorded date of clinical trial. Thus, we transform the

partly interval-censored problem to a right-censored only problem. On the other hand, for

participants with gaps, it is also possible that they might not be interval-censored. It is then

tempting to use their survival information in the observational dataset, i.e, failure time T or

the censoring time C2. However, this approach is problematic as this would lead to biased

estimates. To see the e↵ect of bias with this approach empirically, we conducted a simulation

study2 with approximately 4.5% of the participants being interval-censored. The coverage of

the 95% confidence interval for parameter �1 is only about 65% with n “ 10, 000 and 1,000

repetitions.

To see why we cannot use the survival information in the observational follow-up dataset

for a participant with gap and not interval-censored, we need to think about the correspond-

ing censoring distribution. Considering participants with gaps, e↵ectively the censoring time

C is set as

C “

$
’&

’%

C1 if C1 † T † C1 ` U

maxpC1, C2q if C1 ` U § T
,

where U is a random variable for the length of the gap between the clinical trial and the start

of observational follow-up dataset. Thus, it is clear that the censoring time C now depends

on the failure time T and violates the independent censoring assumption.

A.6.2 A remedy

We now propose a remedy approach that properly transforms the partly interval-censored

data to right-censored data and conventional statistical software can then be applied to

2The detailed simulation setting is provided in the appendix A.7.
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estimate the parameter for Cox models. Again we consider the oracle setting that each

participant is linked to the observational follow-up dataset. For participants with gaps and

censored in the clinical trial, we simply view them as being right censored at the last recorded

date of clinical trial. Thus, we set C “ C1 whenever there is a gap between a participant’s

last recorded date in clinical trial and the start time of observational follow-up. Let G denote

whether gap exists for a participant. Equivalently, the censoring time C is set as

C “ IpG “ 1qC1 ` IpG “ 0qmaxpC1, C2q.

Thus, similar to the linkage assumption for the NLAC method, above proposed method

works if G KK T |X, C1, C2, under the oracle setting that each participant is linked.

For the more practical setting with incomplete linkages, we can similarly apply the meth-

ods developed in the current chapter. To be more specific, for NLAC, the censoring time C

can be written as

C “ IpL “ 1qrIpG “ 1qC1 ` IpG “ 0qmaxpC1, C2qs ` IpL “ 0qC1

Thus, NLAC again sets the censoring time as C1 for participants that are not linked and

censored in the clinical trial. One su�cient condition for NLAC to work is

L KK T |X, C1, C2, G,

which is similar to assumption (N1). For the IPLW method, we might modify the CLAR

assumption as

P pL “ 1|X, Q “ 0, rT ,�, Gq “ P pL “ 1|X, Q “ 0, Gq.

We present relevant simulation results in appendix A.7 due to space limit. The limitation

of this remedy approach is similar to NLAC: it only works when Cox model is correctly

specified; when Cox model is mis-specified, our proposed approach will no longer work as we

modify the censoring times.



124

A.7 More simulation results

We now present the simulation results when there are gaps between the clinical trial and

the observational follow-up dataset. We consider the following simulation scenario. The

hazard function is �pt|X;�0q “ �0ptq expp�1X1 ` �2X2 ` �3X3q and �0 “ p�1, �2, �3qT “

p´ logp2q, logp2q, 0.2q
T . X1 is a Bernoulli variable that takes value 1 with probability 0.5. X2

is a normal random variable with mean -1 and standard deviation 1. X3 is a normal random

variable with mean 1 and standard deviation 2. The baseline hazard function is �0ptq “ 0.15.

The censoring time in clinical trial C1 is uniformly distributed between 0 and 3.5.

For each patient, the probability for a gap between clinical trial and the observational

follow-up dataset to exist is 0.5 and the length of the gap U is set as a uniform random

variable between 1 and 2. Thus, the starting time of the observational follow-up period for

a participant is set as C1 plus U . C2 is set as start time of the observational follow-up time

plus an exponential random variable with rate 0.8 ˚ X1 ` 0.03. We further set ⌧1 “ 3.5 and

⌧2 “ 163. The percentage of interval-censored patient is approximately 4.5%. This is the

scenario we used in section A.6.

I consider the same three mechanisms for linkage to the medicare data as the simulations

with time-dependent covariates in Section 2.4. The only di↵erence is that for LCAR, we

have P pL “ 1q “ 0.4. When Cox model is correctly specified, one additional mechanism for

linkage is considered as

P pL “ 1|X, C2,�;Q “ 0q “
expp´0.25 ` 0.5 ˚ X1 ` 0.5 ˚ X2 ´ 0.1 ˚ C2 ´ 0.1 ˚ �q

1 ` expp´0.25 ` 0.5 ˚ X1 ` 0.5 ˚ X2 ´ 0.1 ˚ C2 ´ 0.1 ˚ �q

P pL “ 1|Q “ 1q “ 0.5.

This leads to a more serious violation of the CLAR assumption (A1) and linkage now depends

on the censoring time in clinical trial C2 conditional on X. As expected, NLAC should still

work under this linkage mechanism as linkage does not depend on the failure time T . We

again consider sample sizes n “ 500, 1, 000, 1, 500, . . . , 10, 000. For each simulation setting,

3C1 and C2 will be administratively censored by ⌧ or ⌧M
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we generate 1,000 repetitions. The simulation results are given in Table A.1 to Table A.2.

As the results are similar to the simulation studies in the main text, we omit the discussion

here.

A.8 Simulation setting in section 2.2.3

Now we present the simulation setting for the motivating example in section 2.2.3. The

hazard function is �pt|xq “ �0ptq expp�1X1 ` �2X2 ` �3X2
3 q and �0 “ p�1, �2, �3qT “

p´ logp2q, logp2q, 0.2q
T . X1 is a Bernoulli variable that takes value 1 with probability 0.5.

X2 is a normal random variable with mean -1 and standard deviation 1. X3 is a normal

random variable with mean X2 and standard deviation 2. The baseline hazard function is

�0ptq “ 0.05. The censoring time in clinical trial C1 is exponentially distributed with rate

0.1 ˚X1 ` 0.05. The censoring time C2 is defined as C1 plus an exponential random variable

with rate 0.8 ˚ X1 ` 0.03. Further, we set ⌧1 “ 3 and ⌧2 “ 16.
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Table A.1: Simulation results for linkage mechanism (LCAR) and (CLAR).

Bias (Mean SE) Coverage of 95% CI

Mechanism Method n �1 �2 �3 �1 �2 �3

LCAR Oracle 500 -0.01 (0.219) 0.01 (0.095) 0.00 (0.045) 0.96 0.94 0.95

2000 -0.00 (0.108) 0.00 (0.047) 0.00 (0.022) 0.94 0.95 0.94

CC 500 -0.03 (0.355) 0.02 (0.155) 0.01 (0.073) 0.97 0.94 0.96

2000 -0.01 (0.172) 0.00 (0.075) 0.00 (0.036) 0.96 0.96 0.94

CC+ 500 0.11 (0.241) -0.06 (0.111) -0.02 (0.054) 0.92 0.91 0.934

2000 0.12 (0.118) -0.07 (0.054) -0.02 (0.026) 0.81: 0.72: 0.86:

NLAC 500 -0.01 (0.240) 0.01 (0.112) 0.00 (0.054) 0.96 0.95 0.95

2000 -0.00 (0.118) 0.00 (0.055) 0.00 (0.026) 0.94 0.95 0.94

IPLW 500 -0.02 (0.271) 0.02 (0.125) 0.01 (0.060) 0.95 0.92 0.93

2000 -0.01 (0.134) 0.00 (0.063) 0.00 (0.030) 0.95 0.95 0.93

CLAR Oracle 500 -0.01 (0.219) 0.01 (0.095) 0.00 (0.045) 0.96 0.94 0.95

2000 -0.00 (0.108) 0.00 (0.047) 0.00 (0.022) 0.94 0.95 0.94

CC 500 -0.18 (0.320) -0.14 (0.153) 0.00 (0.070) 0.92 0.83: 0.95

2000 -0.16 (0.156) -0.15 (0.074) -0.00 (0.034) 0.80: 0.45: 0.95

CC+ 500 -0.08 (0.239) -0.22 (0.117) -0.02 (0.054) 0.95 0.51: 0.94

2000 -0.07 (0.118) -0.23 (0.057) -0.02 (0.027) 0.89: 0.03: 0.88:

NLAC 500 -0.01 (0.238) 0.01 (0.114) 0.00 (0.054) 0.95 0.95 0.95

2000 -0.00 (0.117) 0.00 (0.056) 0.00 (0.027) 0.95 0.95 0.94

IPLW 500 -0.02 (0.263) 0.02 (0.134) 0.01 (0.063) 0.94 0.91 0.93

2000 -0.00 (0.130) 0.01 (0.069) 0.00 (0.032) 0.95 0.95 0.94

We use : to highlight settings with coverage below 90%.
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Table A.2: Simulation results for linkage mechanism (LNAR(rT )) and (LNAR(C2)).

Bias (Mean SE) Coverage of 95% CI

Mechanism Method n �1 �2 �3 �1 �2 �3

LNAR( rT ) Oracle 500 -0.01 (0.219) 0.011 (0.095) 0.00 (0.045) 0.96 0.94 0.95

2000 -0.00 (0.108) 0.00 (0.047) 0.00 (0.022) 0.94 0.95 0.94

CC 500 -0.20 (0.320) -0.16 (0.154) 0.00 (0.071) 0.92 0.80: 0.95

2000 -0.19 (0.156) -0.17 (0.074) -0.01 (0.034) 0.77: 0.38: 0.94

CC+ 500 -0.10 (0.239) -0.24 (0.118) -0.02 (0.055) 0.94 0.47: 0.94

2000 -0.1 (0.118) -0.24 (0.058) -0.02 (0.027) 0.87: 0.02: 0.86:

NLAC 500 -0.01 (0.238) 0.01 (0.114) 0.00 (0.055) 0.95 0.95 0.95

2000 -0.01 (0.118) 0.00 (0.056) -0.00 (0.027) 0.94 0.95 0.94

IPLW 500 -0.02 (0.265) 0.01 (0.137) 0.01 (0.064) 0.94 0.92 0.92

2000 -0.01 (0.131) -0.00 (0.070) -0.00 (0.032) 0.94 0.95 0.94

LNAR(C2) Oracle 500 -0.01 (0.219) 0.01 (0.095) 0.00 (0.045) 0.96 0.94 0.95

2000 -0.00 (0.108) 0.00 (0.047) 0.00 (0.022) 0.94 0.95 0.94

CC 500 -0.63 (0.340) -0.27 (0.176) -0.02 (0.082) 0.55: 0.63: 0.95

2000 -0.60 (0.165) -0.28 (0.083) -0.02 (0.039) 0.04: 0.09: 0.91

CC+ 500 -0.46 (0.248) -0.35 (0.127) -0.05 (0.060) 0.54: 0.24: 0.87:

2000 -0.44 (0.122) -0.36 (0.061) -0.05 (0.029) 0.04: 0.00: 0.62:

NLAC 500 -0.01 (0.246) 0.01 (0.123) 0.00 (0.059) 0.96 0.95 0.95

2000 -0.01 (0.121) 0.00 (0.060) 0.00 (0.029) 0.94 0.95 0.95

IPLW 500 -0.04 (0.316) 0.04 (0.180) 0.02 (0.088) 0.94 0.87: 0.89:

2000 -0.01 (0.157) 0.01 (0.101) 0.01 (0.047) 0.94 0.91 0.91

We use : to highlight settings with coverage below 90%.
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Appendix B

APPENDIX OF CHAPTER 3

B.1 Proof for single primary variable

Proof of Proposition 3.3.1. pp`, A “ 1q is clearly identifiable. We can write pp`, A “ 0q

as

pp`, A “ 0q “

ÿ

r

pp`, R “ r, A “ 0q

and we further have

pp`, R “ r, A “ 0q “

ª
pp`, xr, R “ r, A “ 0qdxr

“

ª
pp`|xr, R “ r, A “ 0qppxr, R “ r, A “ 0qdxr

“

ª
pp`|xr, R • r, A “ 1qppxr, R “ r, A “ 0qdxr

Thus, pp`, R “ r, A “ 0q is identifiable under ACCMV, which implies that pp`, A “ 0q is

identifiable. ˝

Proof Of Lemma 3.3.3. We have

pp`|xr, R “ r, A “ 0q “ pp`|xr, R • r, A “ 1q

ô
pp`, xr, R “ r, A “ 0q

ppxr, R “ r, A “ 0q
“

pp`, xr, R • r, A “ 1q

ppxr, R • r, A “ 1q

ô
ppR “ r, A “ 0, `, xrq

ppR • r, A “ 1, `, xrq
“

ppR “ r, A “ 0, xrq

ppR • r, A “ 1, xrq

ô
ppR “ r, A “ 0|`, xrq

ppR • r, A “ 1|`, xrq
“

ppR “ r, A “ 0|xrq

ppR • r, A “ 1|xrq

˝
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We start by giving the asymptotic linear expansion of p↵r. Given

OrpXrq “
P pR “ r, A “ 0|Xrq

P pR • r, A “ 1|Xrq
“ OrpXr;↵rq

we have P pR “ r, A “ 0|Xr, tR • r, A “ 1u Y tR “ r, A “ 0u;↵rq “
OrpXr;↵rq

1`OrpXr;↵rq . The

log-likelihood has the following form:

lnp↵rq “
1

n

nÿ

i“1

rIpRi “ r, Ai “ 0q logOrpXi,r;↵rq ´ tIpRi “ r, Ai “ 0q`

IpRi • r, Ai “ 1qu logp1 ` OrpXi,r;↵rqqs,

The score is

Snp↵rq “
1

n

nÿ

i“1

„
IpRi “ r, Ai “ 0q

r↵rOrpXi,r;↵rq

OrpXi,r;↵rq

´tIpRi “ r, Ai “ 0q ` IpRi • r, Ai “ 1qu
r↵rOrpXi,r;↵rq

1 ` OrpXi,r;↵rq

⇢

Further, consider Sp↵rq such that Snp↵rq Ñp Sp↵rq and assuming that ↵˚
r
is the unique

solutions for Sp↵rq “ 0. Next, we assume that sup
↵r

}Snp↵rq ´ Snp↵rq} “ oP p1q. Then by

theorem 5.9 of Van Der Vaart (2000), we have that p↵r Ñp ↵˚
r
. Further, we have that

rSnp↵rq “
1

n

nÿ

i“1

„
IpRi “ r, Ai “ 0q

ˆ
r2

↵r
OrpXi,r;↵rq

OrpXi,r;↵rq
´

r↵rOrpXi,r;↵rq
b2

O2
r
pXi,r;↵rq

˙

´tIpRi “ r, Ai “ 0q ` IpRi • r, Ai “ 1qu

ˆ
r2

↵r
OrpXi,r;↵rqp1 ` OrpXi,r;↵rqq ´ r↵rOrpXi,r;↵rq

b2

p1 ` OrpXi,r;↵rqq2

˙⇢

and that rSnp↵rq Ñp ´⌃p↵rq with

⌃p↵˚
r
q “ E

„
P pR • r, A “ 1|Xrq

r2
↵r
OrpXr;↵˚

r
qp1 ` OrpXr;↵˚

r
qq ´ r↵rOrpXr;↵˚

r
q

b2

1 ` OrpXr;↵r̊
q

´P pR • r, A “ 1|Xrq
r2

↵r
OrpXr;↵˚

r
qOrpXr;↵˚

r
q ´ r↵rOrpXr;↵˚

r
q

b2

OrpXr;↵r̊
q

⇢

“ E
„
P pR • r, A “ 1|Xrqr↵rOrpXr;↵rq

b2 1

OrpXr;↵r̊
qp1 ` OrpXr;↵r̊

qq

⇢
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Under appropriate assumptions (see theorem 5.21 of Van Der Vaart (2000)), we have that

?
npp↵r ´ ↵˚

r
q “

1
?
n

nÿ

i“1

 r,↵r̊
pXi,r, Ri, Aiq ` opp1q Ñd Np0,⌃p↵˚

r
q

´1
q

where

 r,↵rpXr, R,Aq “ ⌃p↵rq
´1

„
IpR “ r, A “ 0q

r↵rOrpXr;↵rq

OrpXr;↵rq
´

tIpR “ r, A “ 0q ` IpR • r, A “ 1qu
r↵rOrpXr;↵rq

1 ` OrpXr;↵rq

⇢

Proof of Theorem 3.3.4. We prove the asymptotic normality of p✓IPW through its

asymptotic linear form. For notational convenience, we denote gpL,X,R,A;↵q “ fpLqIpA “

1qr1 `
∞

r
OrpXr;↵rqIpR • rqs. Then, we have that p✓IPW “

1
n

∞
n

i“1 gpLi, Xi, Ri, Ai; p↵q. We

can rewrite p✓IPW ´ ✓0 as

p✓IPW ´ ✓0 “
1

n

nÿ

i“1

gpLi, Xi, Ri, Ai; p↵q ´
1

n

nÿ

i“1

gpLi, Xi, Ri, Ai;↵
˚
q

looooooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooooon
I

`
1

n

nÿ

i“1

gpLi, Xi, Ri, Ai;↵
˚
q ´ ✓0

loooooooooooooooooomoooooooooooooooooon
II

Term II is already in the linear expansion form. For term I, we have that

?
nI “

1
?
n

nÿ

i“1

fpLiqIpAi “ 1q

ÿ

r

IpRi • rqrOrpXi,r; p↵rq ´ OrpXi,r;↵
˚
r
qs

“
1

n

nÿ

i“1

fpLiqIpAi “ 1q

ÿ

r

IpRi • rqr↵rOrpXi,r;↵
˚
r
q
T

?
npp↵r ´ ↵˚

r
q ` opp1q

“

ÿ

r

1

n

nÿ

i“1

fpLiqIpAi “ 1qIpRi • rqr↵rOrpXi,r;↵
˚
r
q
T

?
npp↵r ´ ↵˚

r
q ` opp1q

“

ÿ

r

`
ErfpLqIpA “ 1qIpR • rqr↵rOrpXr;↵

˚
r
q
T

s ` opp1q
˘ ?

npp↵r ´ ↵˚
r
q ` opp1q

“

ÿ

r

Err↵rgpL,X,R,A,↵˚
q
T

s
1

?
n

nÿ

i“1

 r,↵r̊
pXi,r, Ri, Aiq ` opp1q

“
1

?
n

nÿ

i“1

ÿ

r

Err↵rgpL,X,R,A,↵˚
q
T

s r,↵r̊
pXi,r, Ri, Aiq ` opp1q
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Thus, combined with term II, we have

?
npp✓IPW ´ ✓0q “

1
?
n

nÿ

i“1

«
ÿ

r

Err↵rgpL,X,R,A,↵˚
q
T

s r,↵r̊
pXi,r, Ri, Aiq ` gpLi, Xi, Ri, Ai;↵

˚
q ´ ✓0

�

` oP p1q

and denote

�pX,L,R,A;↵˚
q “

ÿ

r

Err↵rgpL,X,R,A,↵˚
q
T

s r,↵r̊
pXr, R,Aq ` gpL,X,R,A;↵˚

q ´ ✓0.

Then we have
?
npp✓IPW ´ ✓0q Ñd Np0, �2

IPWq with �2
IPW “ Varr�pX,L,R,A;↵˚

qs. ˝

Similarly, we first give the asymptotic linear expansion of p�r. The estimating equation

for �r now has the following form:

Snp�rq “
1

n

nÿ

i“1

IpRi • r, Ai “ 1qpmr,0pXi,r; �rq ´ fpLiqqr�rmr,0pXi,r; �rq

Again for parametric models, under appropriate assumptions (see theorem 5.9 of Van

Der Vaart (2000)), we have that p�r Ñp �˚
r
. Further, we have that

rSnp�rq “
1

n

nÿ

i“1

IpRi • r, Ai “ 1qrr2
�r
mr,0pXi,r; �rqpmr,0pXi,r; �rq ´ fpLiqq

` r�rmr,0pXi,r; �rq
b2

s

and that rSnp�rq Ñp rSp�rq with

rSp�˚
r
q “ E

“
IpR • r, A “ 1qr�rmr,0pXr; �

˚
r
q

b2
‰

Next, we have that

?
npp�r ´ �˚

r
q “

1
?
n
rSp�˚

r
q

´1
nÿ

i“1

IpRi • r, Ai “ 1qpfpLiq ´ mr,0pXi,r; �
˚
r
qqr�rmr,0pXi,r; �

˚
r
q ` opp1q
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with

 r,�r̊
pL,Xr, R,Aq “ rSp�˚

r
q

´1IpR • r, A “ 1qpfpLq ´ mr,0pXr; �
˚
r
qqr�rmr,0pXr; �

˚
r
q

.

Proof of Theorem 3.3.5. Now we give the proof for the regression adjust-

ment estimation. The proof is very similar to proof of Theorem 3.3.4. Similarly, denote

hpL,X,R,A; �q “ fpLqA `
∞

r
mr,0pXr; �rqp1 ´ AqIpR “ rq, we have that

p✓RA ´ ✓ “
1

n

nÿ

i“1

hpLi, Xi, Ri, Ai; p�q ´
1

n

nÿ

i“1

hpLi, Xi, Ri, Ai; �
˚
q

looooooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooooon
I

`
1

n

nÿ

i“1

hpLi, Xi, Ri, Ai; �
˚
q ´ ✓

looooooooooooooooomooooooooooooooooon
II

For term I, we have

?
nI “

1
?
n

nÿ

i“1

ÿ

r

”
mr,0pXi,r; p�rq ´ mr,0pXi,r; �

˚
r
q

ı
IpRi “ r, Ai “ 0q

“

ÿ

r

Err�rmr,0pXr; �
˚
r
q
T IpR “ r, A “ 0qs

?
npp�r ´ �˚

r
q ` opp1q

“
1

?
n

nÿ

i“1

ÿ

r

Err�rmr,0pXr; �
˚
r
q
T IpR “ r, A “ 0qs r,�r̊

pLi, Xi,r, Ri, Aiq ` opp1q

Thus, combined with term II, denote

�pL,X,R,A; �˚
q “

ÿ

r

Err�rmr,0pXr; �
˚
r
q
T IpR “ r, A “ 0qs r,�r̊

pL,Xr, R,Aq ` hpL,X,R,A; �˚
q ´ ✓

we have

?
npp✓RA ´ ✓q “

1
?
n

nÿ

i“1

�pLi, Xi, Ri, Ai; �
˚
q ` opp1q Ñd Np0, �2

RAq

with �2
RA “ Varr�pX,L,R,Aqs. ˝
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B.2 Proof of multiple-robustness for single variable

Proof of Theorem 3.3.6. Recall that the IPW formulation for ✓0,r is

✓0,r “ ErfpLqIpA “ 1qIpR • rqOrpXr;↵
˚
r
qs

“

ª
fp`qOrpxrqIps • rqIpa “ 1qp0p`, xr, s, aqd`dxrdsda.

and p0p`, xr, s, aq is the true model. We consider a pathwise perturbation p✏p`, xr, s, aq “

p0p`, xr, s, aqp1 ` ✏ ¨ gp`, xr, s, aqq such that g satisfies
ª
p0p`, xr, s, aqgp`, xr, s, aqd`dxrdsda “ 0

Under p✏, denote ✓0,r as ✓✏0,r. We derive the EIF using the semi-parametric theory (see

section 25.3 of Van Der Vaart (2000)), the EIF is a function EIFp`, xr, s, aq such that

ErEIFpL,Xr, R,Aqs “ 0 and

lim
✏Ñ0

✓✏0,r ´ ✓0,r
✏

“

ª
EIFp`, xr, s, aqp0p`, xr, s, aqgp`, xr, s, aqd`dxrdsda

Under model p✏, we also have perturbed odds Or,✏pxrq. We denote �Orpxrq “ Or,✏pxrq ´

Or,0pxrq. Then, a direct computation shows that

✓✏0,r “

ª
fp`qOr,✏pxrqIps • rqIpa “ 1qp✏p`, xr, s, aqd`dxrdsda

“ ✓0,r ` ✏

ª
fp`qOr,0pxrqIps • rqIpa “ 1qp0p`, xr, s, aqgp`, xr, s, aqd`dxrdsda

looooooooooooooooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooooooooooooooon
A

`

ª
fp`q�OrpxrqIps • rqIpa “ 1qp0p`, xr, s, aqd`dxrdsda

loooooooooooooooooooooooooooooooooooomoooooooooooooooooooooooooooooooooooon
B

`Op✏2q

Part A is already in the form of an EIF. For part B, we need to derive �Orpxrq. Now we

expand the di↵erence �Orpxrq as following:

�Orpxrq “ Or,✏pxrq ´ Or,0pxrq “
p✏pR “ r, A “ 0, xrq

p✏pR • r, A “ 1, xrq
´

p0pR “ r, A “ 0, xrq

p0pR • r, A “ 1, xrq

“
1

p0pR • r, A “ 1, xrq
r�ppR “ r, A “ 0, xrq ´ Or,0pxrq�ppR • r, A “ 1, xrqs

` Op✏2q
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with

�ppR “ r, A “ 0, xrq “ p✏pR “ r, A “ 0, xrq ´ p0pR “ r, A “ 0, xrq

“ ✏

ª
Ips “ rqIpa “ 0qp0p`, xr, s, aqgp`, xr, s, aqd`dsda

�ppR • r, A “ 1, xrq “ p✏pR • r, A “ 1, xrq ´ p0pR • r, A “ 1, xrq

“ ✏

ª
Ips • rqIpa “ 1qp0p`, xr, s, aqgp`, xr, s, aqd`dsda

Thus, the di↵erence �Orpxrq can be rewritten as

�Orpxrq “
✏

p0pR • r, A “ 1, xrq

ª
rIps “ rqIpa “ 0q ´ Or,0pxrqIps • rqIpa “ 1qs

ˆ p0p`, xr, s, aqgp`, xr, s, aqd`dsda ` Op✏2q

Now part B can be rewritten as

B “

ª
�Orpxrqfp`qIps • rqIpa “ 1qp0p`, xr, s, aqd`dxrdsda

“

ª
�Orpxrqp0pR • r, A “ 1, xrqfp`qp0p`|R • r, A “ 1, xrqd`dxr

“

ª
�Orpxrqp0pR • r, A “ 1, xrq

"ª
fp`qp0p`|R • r, A “ 1, xrqd`

*

looooooooooooooooooooomooooooooooooooooooooon
ErfpLq|R•r,A“1,Xr“xrs“mr,0pXrq

dxr

“

ª
�Orpxrqp0pR • r, A “ 1, xrqmr,0pxrqdxr

“ ✏

ª
rIps “ rqIpa “ 0q ´ Or,0pxrqIps • rqIpa “ 1qsmr,0pxrqp0p`, xr, s, aqgp`, xr, s, aq

d`dxrdsda ` Op✏2q

Thus, combining part A and B, we conclude that

EIFr,0p`, xr, s, aq “ fp`qOr,0pxrqIps • rqIpa “ 1q

` rIps “ rqIpa “ 0q ´ Or,0pxrqIps • rqIpa “ 1qsmr,0pxrq ´ ✓0,r

“ rfp`q ´ mr,0pxrqsOrpxrqIps • r, a “ 1q ` Ips “ r, a “ 0qmr,0pxrq´

✓0,r
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˝

We first discuss assumptions for the Donsker classes Fr and Gr where we have assumed

that pOr P Fr and pmr,0 P Gr. We denote the L2pQq norm as

}f}Q,2 “

ª
f 2dQ

for a probability measure Q. We assume that Fr satisifies the following uniform entropy

condition (Van Der Vaart and Wellner, 1996):

ª 8

0

sup
Q

b
logNp✏}Fr}Q,2,Fr, L2pQqqd✏ † 8

where the supremum of Q is taken over all finitely discrete probability measures on X.

Np✏}Fr}Q,2,Fr, L2pQqq is the covering number of class Fr with respect to the L2pQq norm (see

Definition 2.1.5 of Van Der Vaart and Wellner (1996)) and Fr is an envelope function of Fr

such that PF 2
r

† 8 with P being the probability measure forX. Similarly we can assume that

Gr satisfies the same uniform entropy condition with envelop function Gr. We also assume

that Fr and Gr are suitably measurable (see Definition 2.3.3 of Van Der Vaart and Wellner

(1996)) and PF 2
r
G2

r
† 8. Further, we let Pnf “

1
n

∞
n

i“1 fpXiq and P0f “
≥
fpxqdP pxq.

Proof of Theorem 3.3.7. By assumption (M1), we have } pOr ´O˚
r
}L2pP q “ oP p1q and

} pmr,0 ´m˚
r,0}L2pP q “ opp1q. The true functions are denoted as Orpxrq and mr,0pxrq. When the

models are correct, we have Orpxrq “ O˚
r
pxrq and mr,0pxrq “ m˚

r,0pxrq. The multiply-robust

estimator has the following form:

p✓MR “
1

n

nÿ

i“1

rfpLiqIpAi “ 1q`

`

ÿ

r

´
tfpLiq ´ pmr,0pXi,rqu pOrpXi,rqIpRi • rqIpAi “ 1q

` pmr,0pXi,rqIpRi “ rqIpAi “ 0qqs

We first consider another estimator that replaces the estimated functions by the true
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functions in the multiply-robust estimator.

r✓MR “
1

n

nÿ

i“1

rfpLiqIpAi “ 1q`

`

ÿ

r

ptfpLiq ´ mr,0pXi,rquOrpXi,rqIpRi • rqIpAi “ 1q

`mr,0pXi,rqIpRi “ rqIpAi “ 0qqs

It is not hard to prove that r✓MR Ñp ✓ and

?
npr✓MR ´ ✓q Ñd Np0, �2

e↵q

where �2
e↵ is the e�ciency bound for estimating ✓. Further we have that

p✓MR “ r✓MR `
1

n

nÿ

i“1

$
’’’’&

’’’’%

ÿ

r

IpRi • rqIpAi “ 1qp pOrpXi,rq ´ OrpXi,rqqpfpLiq ´ mr,0pXi,rqq

loooooooooooooooooooooooooooooooooooooooooomoooooooooooooooooooooooooooooooooooooooooon
pIq

`

ÿ

r

p pmr,0pXi,rq ´ mr,0pXi,rqq rIpRi “ rqIpAi “ 0q ´ IpRi • rqIpAi “ 1qOrpXi,rqs

looooooooooooooooooooooooooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooooooooooooooooooooooooon
pIIq

´

ÿ

r

IpRi • rqIpAi “ 1q r pmr,0pXi,rq ´ mr,0pXr,iqs

”
pOrpXi,rq ´ OrpXi,rq

ı

loooooooooooooooooooooooooooooooooooooooooooooomoooooooooooooooooooooooooooooooooooooooooooooon
pIIIq

,
////.

////-

(B.1)

We first prove the multiply-robust property when the odds are correctly specified and

the regression functions are misspecified. Thus, Orpxrq “ O˚
r
pxrq and mr,0pxrq ‰ m˚

r,0pxrq.

Since } pmr,0 ´ mr,0}L2pP q} pOr ´ Or}L2pP q “ oP p1q, we have } pOr ´ Or}L2pP q “ oP p1q. Denote

gr,npxr, l, s, aq “ Ips • rqIpa “ 1qp pOrpxrq ´ Orpxrqqpfplq ´ mr,0pxrqq and similarly

gr,0pxr, l, s, aq “ Ips • rqIpa “ 1qpO˚
r
pxrq ´ Orpxrqqpfplq ´ mr,0pxrqq “ 0.



137

Then we can write term I in (B.1) for pattern r as

1

n

nÿ

i“1

IpRi • rqIpAi “ 1qp pOrpXi,rq ´ OrpXi,rqqpfpLiq ´ mr,0pXi,rqq

“ Pngr,n “ Pnpgr,n ´ gr,0q

Given that } pOr ´ Or}L2pP q “ oP p1q, we have }gr,n ´ gr,0}L2pP q “ oP p1q as fplq,mr,0pxrq are

uniformly bounded. Further, we have

gr,npxr, l, s, aq “ Ips • rqIpa “ 1qp pOrpxrq ´ Orpxrqqpfplq ´ mr,0pxrqq

“ Ips • rqIpa “ 1qpfplq ´ mr,0pxrqq pOrpxrq ´ g1,rpxr, l, s, aq

where g1,rpxr, l, s, aq is a function that does not involve pOr. As pOrpxrq is in a Donsker class

Fr, we have gr,n is also in a Donsker class

F˚
“ tIps • rqIpa “ 1qpfplq ´ mr,0pxrqqhpxrq ´ g1,rpxr, l, s, aq : h P Fu

by Example 2.10.7 and 2.10.23 of Van Der Vaart and Wellner (1996) and the assumptions

we made before this proof. By Lemma 19.24 of Van Der Vaart (2000), we then have

pPn ´ P0qpgr,n ´ gr,0q “ oP pn´1{2
q ñ pPn ´ P0qgr,n “ oP pn´1{2

q ñ Pngr,n “ oP pn´1{2
q

realizing that P0gr,n “ 0. For term II, similarly define

g1
r,n

pxr, s, aq “ p pmr,0pxrq ´ mr,0pxrqqrIps “ rqIpa “ 0q ´ Ips • rqIpa “ 1qOrpxrqs

and

g1
r,0pxr, s, aq “ pm˚

r,0pxrq ´ mr,0pxrqqrIps “ rqIpa “ 0q ´ Ips • rqIpa “ 1qOrpxrqs

Then we can rewrite term II in (B.1) for pattern r as

1

n

ÿ

i

p pmr,0pXi,rq ´ mr,0pXi,rqqrIpRi “ rqIpAi “ 0q ´ IpRi • rqIpAi “ 1qOrpXi,rqs

“ pPn ´ P0qpg1
r,n

´ g1
r,0q

`
1

n

nÿ

i“1

pm˚
r,0pXi,rq ´ mr,0pXi,rqq

rIpRi “ rqIpAi “ 0q ´ IpRi • rqIpAi “ 1qOrpXi,rqs
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First note that

1

n

nÿ

i“1

pm˚
r,0pXi,rq ´ mr,0pXi,rqqrIpRi “ rqIpAi “ 0q ´ IpRi • rqIpAi “ 1qOrpXi,rqs

Ñp 0

This implies that term II in (B.1) for pattern r can be written as

pPn ´ P0qpg1
r,n

´ g1
r,0q ` oP p1q

Then again given that pmr,0pxrq is in a Donsker class Gr and } pmr,0 ´ m˚
r,0}L2pP q “ oP p1q, we

have that }g1
r,n

´ g1
r,0}L2pP q “ oP p1q and g1

r,n
is also in a Donsker class by a similar reasoning

as before. By Lemma 19.24 of Van Der Vaart (2000), we have

pPn ´ P0qpg1
r,n

´ g1
r,0q “ oP pn´1{2

q ñ pPn ´ P0qg
1
r,n

“ pPn ´ P0qg
1
r,0 ` oP pn´1{2

q

This implies that

Png
1
r,n

“ oP p1q ` oP pn´1{2
q ` P0g

1
r,n

“ oP p1q ` oP pn´1{2
q “ oP p1q

as P0g1
r,n

“ 0. For term III, we can similarly define

hnpxr, s, aq “ p pmr,0pxrq ´ mr,0pxrqqp pOrpxrq ´ OrpxrqqIps • rqIpa “ 1q

and h0pxr, s, aq “ 0. Then hnpxr, s, aq is in a Donsker Class by Example 2.10.23 of Van

Der Vaart andWellner (1996). Given that } pOr´Or}L2pP q “ oP p1q and pmr,0,mr,0 are uniformly

bounded, we have }hn ´ h0}L2pP q “ oP p1q. Then by Lemma 19.24 of Van Der Vaart (2000),

we have

pPn ´ P0qphn ´ h0q “ oP pn´1{2
q ñ pPn ´ P0qhn “ oP pn´1{2

q

ñ Pnhn “ P0hn ` oP pn´1{2
q

and

P0hn § } pmr,0 ´ mr,0}L2pP q} pOr ´ Or}L2pP q “ oP p1q
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given the assumption that

ÿ

r

} pmr,0 ´ mr,0}L2pP q} pOr ´ Or}L2pP q “ oP p1q

Above results imply that p✓MR “ r✓MR ` oP p1q Ñp ✓. By similar reasoning, when we have odds

function misspecified and regression function correctly specified, we also have p✓MR Ñp ✓.

When we have both models correctly specified, by a similar proof as above, term I has

leading term on the order of oP pn´1{2
q for each pattern r. Similarly, II is also oP pn´1{2

q.

Thus, we have

p✓MR ´ r✓MR “

´
1

n

nÿ

i“1

ÿ

r

IpRi • rqIpAi “ 1qp pmr,0pXi,rq ´ mr,0pXr,iqqp pOrpXi,rq ´ OrpXi,rqq

` oppn´1{2
q

Finally, for term III, by the same proof, we have

Pnhn “ P0hn ` oP pn´1{2
q § } pmr,0 ´ mr,0}L2pP q} pOr ´ Or}L2pP q ` oP pn´1{2

q “ oP pn´1{2
q

assuming that
?
n

ÿ

r

} pmr,0 ´ mr,0}L2pP q} pOr ´ Or}L2pP q “ oP p1q

Together, we have proved that

?
npp✓MR ´ ✓q “

?
npp✓MR ´ r✓MRq `

?
npr✓MR ´ ✓q “ oP p1q `

?
npr✓MR ´ ✓q

Ñd Np0, �2
e↵q

˝

In fact, when we use parametric estimators for both pmr,0 and pOr, as long as for each

pattern r, either mr,0pxr; �˚
r
q “ mr,0pxrq or Orpxr;↵˚

r
q “ Orpxrq, we have the following
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asymptotic linear expansion for p✓MR as

?
npp✓MR ´ ✓0q “

1
?
n

nÿ

i“1

rhpLi, Xi, Ri, Ai; �
˚,↵˚

q ` fpLiqIpAi “ 1q`

ÿ

r

 
Err�rhpL,X,R,A; �˚

q
T

s r,�r̊
pL,Xr, R,Aq`

Err↵rhpL,X,R,A;↵˚
q
T

s r,↵r̊
pXr, R,Aq

(
´ ✓0

‰
` oP p1q

with

hpL,X,R,A; �˚,↵˚
q “

ÿ

r

trfpLq ´ mr,0pXr; �
˚
r
qsOrpXr;↵

˚
r
qIpR • rqIpA “ 1q`

mr,0pXr; �
˚
r
qIpR “ rqIpA “ 0qu

This will be used when we run the simulation studies.

B.3 Proof for multiple primary variables

Now we present the proof for the results when there are multiple primary variables. The

proof for Proposition 3.4.1 is omitted as it is very similar to the proof in the single variable

case.

First, for the IPW estimator, we again give the influence function when we estimate Or,a

with a parametric model. We have that

?
npp↵r,a ´ ↵˚

r,a
q “

1
?
n

nÿ

i“1

 r,apXi,r, Li,a, Ri, Aiq ` opp1q Ñd Np0,⌃p↵˚
r,a

q
´1

q

where

 r,apXr, La, R,Aq “ ⌃p↵˚
r,a

q
´1

„
IpR “ r, A “ aq

r↵r,aOr,apXr, La;↵˚
r,a

q

Or,apXr, La;↵r̊,a
q

´

tIpR “ r, A “ aq ` IpR • r, A “ 1dqu
r↵r,aOr,apXr, La;↵˚

r,a
q

1 ` Or,apXr, La;↵r̊,a
q

⇢

with

⌃p↵˚
r,a

q “ E
“
P pR • r, A “ 1d|Xr, Laqr↵r,aOr,apXr, La;↵r,aq

b2

1

Or,apXr, La;↵r̊,a
qp1 ` Or,apXr, La;↵r̊,a

qq

⇢
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Proof of Theorem 3.4.2. The proof is similar to the proof of Theorem 3.3.4 and

we directly give the results. Denote

�pX,L,R,A,↵˚
q “

ÿ

r,a‰1d

`
E

“
fpLqIpR • r, A “ 1dqr↵r,aOr,apXr, La;↵

˚
r,a

q
‰

 r,apXr, La, R,Aq

`fpLqIpR • r, A “ 1dqOr,apXr, Laqq ` fpLqIpA “ 1dq ´ ✓0

and we have

?
npp✓IPW ´ ✓0q “

1
?
n

nÿ

i“1

�pXi, Li, Ri, Ai,↵
˚
q ` oP p1q Ñ Np0, �2

IPWq

with �2
IPW “ Varr�pX,L,R,A;↵˚

qs. ˝

For the regression adjustment method, we have that

?
npp�r,a ´ �˚

r,a
q “

1
?
n

nÿ

i“1

 r,apXi,r, Li,a, Ri, Aiq ` oP p1q Ñd Np0,⌃p�˚
r,a

q
´1

q

where

 r,apXr, La, R,Aq “ rSp�˚
r,a

q
´1IpR • r, A “ 1dqrfpLq ´ mr,apXr, La; �

˚
r,a

qs

r�r,amr,apXr, La, �
˚
r,a

q

with

rSp�˚
r,a

q “ ErIpR • r, A “ 1qr�r,am
b2
r,a

s

Proof of Theorem 3.4.3. The proof is again very similar to the proof of Theo-

rem 3.3.5 and we directly give the results. Now we have

�pX,L,R,A; �˚
q “

ÿ

r,a‰1d

`
ErIpR “ r, A “ aqr�r,amr,apXr, La; �

˚
r,a

qs r,apXr, La, R,Aq

`mr,apXr, La; �
˚
r,a

qIpR “ r, A “ aq
˘

` fpLqIpA “ 1dq
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Then, we have

?
npp✓RA ´ ✓0q “

1
?
n

nÿ

i“1

�pXi, Li, Ri, Ai; �
˚
q ` oP p1q Ñd Np0, �2

RAq

with �2
RA “ Varr�pX,L,R,Aqs. ˝

We assume that Fr,a and Gr,a satisfy the uniform entropy condition with envelop functions

Fr,a and Gr,a. We further assume that Fr,a and Gr,a are suitably measurable and PF 2
r,a
G2

r,a
†

8. The proof of Theorems 3.4.4 and 3.4.5 is omitted as it is almost identical to the proof of

Theorems 3.3.6 and 3.3.7.

B.4 Proof for marginal parametric model

Under mild regularity conditions, we can prove that p✓ Ñp ✓˚ by theorem 5.9 of Van Der Vaart

(2000).

Proof of theorem 3.5.3. The sample estimating equation for the marginal para-

metric model under the ACCMV assumption is as following:

nÿ

i“1

spp✓|Liq

«
ÿ

r,a‰ d

Or,apXi,r, Li,a; p↵r,aqIpAi “ dqIpRi • rq ` IpAi “ dq

�
“ 0

We can define

 ✓,↵pL,X,R,Aq “ sp✓|Lq

«
ÿ

r,a‰ d

Or,apXr, La;↵
˚
r,a

qIpA “ dqIpR • rq ` IpA “ dq

�

then we have

Pn p✓,p↵ “ 0 ñ Pn p✓,p↵ ´ Pn p✓,↵˚ ` Pn p✓,↵˚ “ 0

Define

�✓,↵r,apL,X,R,Aq “ sp✓|Lqr↵r,aOr,apXr, La;↵r,aqIpA “ dqIpR • rq

Then we have that

Pn

”
 p✓,p↵ ´  p✓,↵˚

ı
“

ÿ

r,a‰ d

Pn�
T

p✓,↵r̊,a
pp↵r,a ´ ↵˚

r,a
q ` oP p1q}p↵ ´ ↵}
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where we also have

p↵r,a ´ ↵˚
r,a

“ Pn⇠r,a ` oP p1{
?
nq

based on our assumption. Thus, put everything together and multiply by
?
n on both sides

of the equation, we have

ÿ

r,a‰1d

Pn�
T

p✓,↵r̊,a

?
nPn⇠r,a ` oP p1q `

?
nPn p✓,↵˚ “ 0

next, we have that

Pn�p✓,↵r̊,a
“ Pn�p✓,↵r̊,a

´ P0�✓0,↵r̊,a
` P0�✓0,↵r̊,a

Further, we have

Pn�p✓,↵r̊,a
´ P0�✓0,↵r̊,a

“

pPn ´ P0qp�p✓,↵r̊,a
´ �✓0,↵r̊,a

qloooooooooooooooomoooooooooooooooon
I

`P0p�p✓,↵r̊,a
´ �✓0,↵r̊,a

qlooooooooooomooooooooooon
II

` pPn ´ P0q�✓0,↵r̊,aloooooooomoooooooon
III

Now for term (I), we may use Lemma 19.24 of Van Der Vaart (2000) to prove that term I is

oP pn´1{2
q under the condition that �✓,↵r̊,a

lies in a Donsker class. For term III, it is simply

oP p1q by weak law of large numbers. For term II, it is also oP p1q as p✓ Ñp ✓. Thus, this

implies that

Pn�p✓,↵r̊,a
“ oP p1q ` P0�✓0,↵r̊,a

Thus, put everything together, we have that

?
nPn p✓,↵˚ `

ÿ

r,a‰ d

P0�✓0,↵r̊,a

?
nPn⇠r,a ` oP p1q “ 0

Next, we have

?
nPn p✓,↵˚ “

?
npPn p✓,↵˚ ´ P0 ✓0,↵

˚q

“
?
npPn ´ P0qp p✓,↵˚ ´  ✓0,↵

˚q `
?
nP0p p✓,↵˚ ´  ✓0,↵

˚q

`
?
npPn ´ P0q ✓0,↵

˚

“ oP p1q `
?
nr✓P0 ✓0,↵

˚pp✓ ´ ✓0q `
?
npPn ´ P0q ✓0,↵

˚
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Next, put everything together, we have

?
nr✓P0 ✓0,↵

˚pp✓ ´ ✓0q “ ´
?
npPn ´ P0q ✓0,↵

˚ ´

ÿ

r,a‰ d

P0�✓0,↵r̊,a

?
nPn⇠r,a ` oP p1q

which implies that

?
npp✓ ´ ✓0q “ ´pr✓P0 ✓0,↵

˚q
´1

«
?
npPn ´ P0q ✓0,↵

˚ `

ÿ

r,a‰ d

P0�✓0,↵r̊,a

?
nPn⇠r,a

�

` oP p1q

Thus, we have the desired asymptotic normality for p✓. ˝

B.5 Derivations for simulation studies

We first derive ErY3s with regression adjustment for single variables case. We have that

ppy3|A “ 1, R • 00q “
P py3, A “ 1, R • 00q

P pA “ 1, R • 00q
“

3

4
�1,1py3q `

1

4
�0,1py3q

Thus, we have that ErY3|A “ 1, R • 00s “ 3{4. Under ACCMV assumption, we can then

identify P py3|A “ 0, R “ 00q as follows:

P py3|A “ 0, R “ 00q “ ppy3|A “ 1, R • 00q “
3

4
�1,1py3q `

1

4
�0,1py3q

Next, we have that

P py3|A “ 1, R • 01, y2q “
P py3, A “ 1, R • 01, y2q

P pA “ 1, R • 01, y2q

Under ACCMV assumption, we have that

P py3|A “ 1, R “ 01, y2q “ P py3|A “ 1, R • 01, y2q “
1

2

ˆ
�µ2,⌃2py3, y2q

�´1,1py2q
`
�µ4,⌃2py3, y2q

�´1,1py2q

˙

with µ4 “ p0,´1q
T . Then we can compute that

ErY3|A “ 1, R • 01, Y2s “
Y2

2
` 1
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Similarly, we have that

EpY3|A “ 1, R • 10, Y1q “
Y1

2
` 1

Finally, we also have that

EpY3|A “ 1, R “ 11, Y1, Y2q “
1

3
pY1 ` Y2q `

2

3

Thus, we could compute the parameter of interest ErY3s as

ErY3s “ ErY3IpA “ 1qs `

ÿ

r

Ermr,0pXrqIpR “ r, A “ 0qs

where ErY3IpA “ 1qs “ ErY3IpA “ 1, R • 00qs “ 3{8 and

Erm00,0pX00qIpR “ 00, A “ 0qs “
3

32

Erm10,0pX10qIpR “ 10, A “ 0qs “
1

2
ErY1IpA “ 0, R “ 01qs `

1

8
“

3

16

Erm01,0pX01qIpR “ 01, A “ 0qs “
1

2
ErY2IpA “ 0, R “ 10qs `

1

8
“

3

16

Erm11,0pX11qIpR “ 11, A “ 0qs “
1

3
ErpY1 ` Y2qIpA “ 0, R “ 11qs `

1

12
“

1

12

For IPW estimation of ErY3s, we first have that

O00 “
P pA “ 0, R “ 00q

P pA “ 1, R • 00q
“

1

4

Further, when r “ 10, we have

O10py1q “
P pA “ 0, R “ 10|y1q

P pA “ 1, R • 10|y1q
“

P py1, A “ 0, R “ 10q

P py1, A “ 1, R • 10q
“

1

2
expp2y1q

Similarly, we have that

O01py2q “
P pA “ 0, R “ 01|y2q

P pA “ 1, R • 01|y2q
“

P py2, A “ 0, R “ 01q

P py2, A “ 1, R • 01q
“

1

2
expp2y2q

Finally, for r “ 11, we have that

O11py1, y2q “
P pA “ 0, R “ 11|y1, y2q

P pA “ 1, R “ 11|y1, y2q
“

P py1, y2, A “ 0, R “ 11q

P py1, y2, A “ 1, R “ 11q

“
�µ1,⌃1py1, y2q

�p´1,´1q,⌃1py1, y2q
“ exp

ˆ
8

3
y1 ´

4

3
y2 ´

4

3

˙
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Now we move to the case of multiple primary variables and derive ErY3Y4s. We have that

P py3, y4|A “ 00, R “ 00q “ P py3, y4|A “ 11, R • 00q “ � 2,⌃2py3, y4q

Then we have

ErY3Y4|A “ 11, R • 00s “ 3{2

Next, we have

P py3, y4|A “ 00, R “ 01, y2q “ P py3, y4|A “ 11, R • 01, y2q “
P py2, y3, y4, A “ 11, R • 01q

P py2, A “ 11, R • 01q

and

Y3, Y4|A “ 11, R • 01, Y2 „ N

¨

˝

¨

˝
1
2Y2 `

1
2

1
2Y2 `

1
2

˛

‚,

¨

˝ 3{4 1{4

1{4 3{4

˛

‚

˛

‚

Then we have that

ErY3Y4|A “ 11, R • 01, Y2s “
1

4
`

ˆ
1

2
Y2 `

1

2

˙2

Next, we have

P py3, y4|A “ 00, R “ 10, y1q “ P py3, y4|A “ 11, R • 10, y1q

“
P py1, y3, y4, A “ 11, R • 10q

P py1, A “ 11, R • 10q

Thus, we now have that

ErY3Y4|A “ 11, R • 10, Y1s “
1

4
`

ˆ
1

2
Y1 `

1

2

˙2

Next, we have that

P py3, y4|A “ 00, R “ 11, y1, y2q “ P py3, y4|A “ 11, R “ 11, y1, y2q

“
� 4,⌃4py1, y2, y3, y4q

� 2,⌃2py1, y2q
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Thus, we have that

Y3, Y4|A “ 11, R “ 11, Y1, Y2 „ N

¨

˝

¨

˝
1
3pY1 ` Y2 ` 1q

1
3pY1 ` Y2 ` 1q

˛

‚,

¨

˝ 2{3 1{6

1{6 2{3

˛

‚

˛

‚

and

ErY3Y4|A “ 11, R “ 11, Y1, Y2s “
1

6
`

1

9
pY1 ` Y2 ` 1q

2

Next consider the case A “ 01, we have

P py3|y4, A “ 01, R “ 00q “ ppy3|y4, A “ 11, R • 00q

“
ppy3, y4, A “ 11, R • 00q

ppy4, A “ 11, R • 00q

Thus, we have that

Y3|Y4, A “ 11, R • 00 „ N

ˆ
1

2
Y4 `

1

2
,
3

4

˙

and then

ErY3Y4|Y4, R • 00, A “ 11s “ Y4ErY3|Y4, R • 00, A “ 11s “
1

2
Y4pY4 ` 1q

Next, we have

P py3|y4, A “ 01, R “ 01, y2q “ P py3|y2, y4, A “ 11, R • 01q

“
P py2, y3, y4, A “ 11, R • 01q

P py2, y4, A “ 11, R • 01q

Then we have

Y3|Y2, Y4, A “ 11, R • 01 „ N

ˆ
1

3
pY2 ` Y4 ` 1q,

2

3

˙

Thus, we have

ErY3Y4|Y2, Y4, A “ 11, R • 01s “
1

3
Y4pY2 ` Y4 ` 1q
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Similarly, we have

P py3|y4, A “ 01, R “ 10, y1q “ P py3|y4, A “ 11, R • 10, y1q

and we can get that Y3|Y1, Y4, A “ 11, R • 10 „ N
`
1
3pY1 ` Y4 ` 1q, 23

˘
. Thus, we have

ErY3Y4|Y1, Y4, A “ 11, R • 10s “
1

3
Y4pY1 ` Y4 ` 1q

Next, we have

P py3|y4, A “ 01, R “ 11, y1, y2q “ P py3|y4, A “ 11, R “ 11, y1, y2q

“
P py1, y2, y3, y4, A “ 11, R “ 11q

P py1, y2, y4, A “ 11, R “ 11q

and we can get that

Y3|Y4, A “ 11, R “ 11, Y1, Y2 „ N

ˆ
1

4
pY1 ` Y2 ` Y4 ` 1q,

5

8

˙

Thus, we have

ErY3Y4|Y4, A “ 11, R “ 11, Y1, Y2s “
1

4
pY1 ` Y2 ` Y4 ` 1qY4

Next consider the case A “ 10, we have

P py4|y3, A “ 10, R “ 00q “ P py4|y3, A “ 11, R • 00q

By symmetry, we have that Y4|Y3, A “ 11, R • 00 „ Np
1
2Y3 `

1
2 ,

3
4q. Thus, we have that

ErY3Y4|Y3, A “ 11, R • 00s “
1

2
Y3pY3 ` 1q

Next we have

P py4|y3, A “ 10, R “ 01, y2q “ P py4|y2, y3, A “ 11, R • 01q

Again similarly, we have that Y4|Y2, Y3, A “ 11, R • 01 „ N
`
1
3pY2 ` Y3 ` 1q, 23

˘
. Thus, we

have that

ErY3Y4|Y2, Y3, A “ 11, R • 01s “
1

3
Y3pY2 ` Y3 ` 1q
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Next, we have

P py4|y3, A “ 10, R “ 10, y1q “ P py4|y3, A “ 11, R • 10, y1q

and similarly we have Y4|Y1, Y3, A “ 11, R • 10 „ N
`
1
3pY1 ` Y3 ` 1q, 23

˘
. Thus, we have that

ErY3Y4|Y1, Y3, A “ 11, R • 10s “
1

3
Y3pY1 ` Y3 ` 1q

Next, we have that

P py4|y3, A “ 10, R “ 11, y1, y2q “ P py4|y1, y2, y3, A “ 11, R “ 11q

and similarly we have Y4|Y1, Y2, Y3, A “ 11, R “ 11 „ N
`
1
4pY1 ` Y2 ` Y3 ` 1q, 58

˘
and we

have that

ErY3Y4|Y1, Y2, Y3, A “ 11, R “ 11s “
1

4
Y3pY1 ` Y2 ` Y3 ` 1q

Thus, we could now compute the parameter of interest ErY3Y4s as

ErY3Y4s “ ErY3Y4IpA “ 11qs `

ÿ

r,a‰11

ErY3Y4IpA “ a,R “ rqs

where

ErY3Y4IpA “ 11qs “ ErErY3Y4|A “ 11sIpA “ 11qs “
3

2
˚ P pA “ 11q “

3

8

Next, when a “ 00, we have

ErY3Y4IpA “ 00, R “ 00qs “ Erm00,00pX00, L00qIpA “ 00, R “ 00qs “
3

2
ˆ

1

16
“

3

32

ErY3Y4IpA “ 00, R “ 01qs “ Erm01,00pX01, L00qIpA “ 00, R “ 01qs “
17

256

ErY3Y4IpA “ 00, R “ 10qs “ Erm10,00pX10, L00qIpA “ 00, R “ 10qs “
17

256

ErY3Y4IpA “ 00, R “ 11qs “ Erm11,00pX11, L00qIpA “ 00, R “ 11qs “
3

32
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Next, when a “ 01, we have

ErY3Y4IpA “ 01, R “ 00qs “ Erm00,01pX00, L01qIpA “ 01, R “ 00qs “
7

128

ErY3Y4IpA “ 01, R “ 01qs “ Erm01,01pX01, L01qIpA “ 01, R “ 01qs “
3

32

ErY3Y4IpA “ 01, R “ 10qs “ Erm10,01pX10, L01qIpA “ 01, R “ 10qs “
3

32

ErY3Y4IpA “ 01, R “ 11qs “ Erm11,01pX11, L01qIpA “ 01, R “ 11qs “
3

32

Finally, the results for a “ 10 are identical to a “ 01. Thus, collecting all the terms, we can

get that ErY3Y4s “
175
128 .

Now we prove that the simulation setup for the marginal parametric model satisfies the

ACCMV assumption. For a ‰ 11, we have

P pR “ 1, A “ a|X,Lq “
expp0.5Xq

5 ` 3 expp0.5Xq

and we have

P pR “ 1, A “ 11|X,Lq “
1

5 ` 3 expp0.5Xq

Thus for a ‰ 11,

P pR “ 1, A “ a|X,Lq

P pR “ 1, A “ 11|X,Lq
“ expp0.5Xq

which does not depend on L. Next, for R “ 0, we have

P pR “ 0, A “ a, x, `q “ P pR “ 0, A “ a|x, `qfX,Lpx, `q “
1

5 ` 3 expp0.5xq
fX,Lpx, `q

and fX,Lpx, `q is the density function for X,L. Thus, we have

P pR “ 0, A “ a, `q “

ª
1

5 ` 3 expp0.5xq
fX,Lpx, `qdx “

ª
1

5 ` 3 expp0.5xq
fX|Lpx|`qdxfLp`q

ô P pR “ 0, A “ a|`q “

ª
1

5 ` 3 expp0.5xq
fX|Lpx|`qdx

and this holds for all a. Similarly, we have

P pR “ 1, A “ 11|`q “

ª
1

5 ` 3 expp0.5xq
fX|Lpx|`qdx

Thus, for any a ‰ 11,

P pR “ 0, A “ a|`q

P pR • 0, A “ 11|`q
“

1

2
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Figure B.1: Sensitivity analysis of the ACCMV assumption by exponential tilting. We exam-

ine how the estimate ErY3 ` Y4s{2 changes with respect to di↵erent values of the sensitivity

parameter �.

B.6 Further sensitivity analysis
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Appendix C

APPENDIX OF CHAPTER 4

C.1 Hyperparameters tuning

In the simulation study of Chapter 4, we set k “ 50 for kNN. For random forest, we set

ntree “ 50 and set node size to be 350. Here, we present the results for di↵erent k, ntree

and node size. We set number of bootstrap samples nB “ 200 and number of multiple

imputations M “ 5. We generate 1,000 repetitions for each simulation setup and we use

bootstrap percentile intervals for constructing 95% confidence intervals (CI).
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Figure C.1: We vary the number of neighbors and compare the coverages for 95% CI, stan-

dard deviation estimates and absolute bias estimates with sample size n “ 5, 000. We also

use cross validation to compare the overall RMSE for di↵erent k.

From Figure C.1(a), we can see that the highest coverage is achieved with k “ 50 and it

is below the nominal level of 95%. We also compute the biases and standard deviations (SD)

for our estimates. Recall for each repetition, we obtain a parameter estimate, a bootstrap

parameter estimate by computing the averages of bootstrap estimates and a bootstrap stan-

dard error by computing the standard error of bootstrap estimates. For SD, the original SD
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estimates are computed based on the standard errors of 1,000 parameter estimates and these

reflect the true variabilities of our parameter estimates. The bootstrap SD estimates are

computed based on the average of 1,000 bootstrap standard errors. We can see from Figure

C.1(b) that bootstrap SD and Original SD estimates are essentially the same. We also com-

pute the original bias and bootstrap bias over di↵erent k. The original bias is computed by

the di↵erence of the average of the 1,000 parameter estimates and the true parameter value.

For bootstrap bias, we compute the di↵erence between the averages of bootstrap parameter

estimates and the true parameter value. Figure C.1(c) plots the bias in the absolute values

and we can see that there are not much di↵erences between the original bias and the boot-

strap bias. Further, the absolute bias follows a U-shape as k increases and k “ 50 minimizes

the bias.

We also use cross validation to compare the overall root mean squared error (RMSE) for

di↵erent k. We have in total 6 variables to impute and we compute the average RMSEs for

all six variables as the overall RMSE. For cross validation, we can see from Figure C.1(d)

that for the range of k we considered, the best k is 150 for minimizing the RMSE, which is

di↵erent from k for optimizing coverages. This suggests that we cannot use cross validation

to select the parameters in terms of coverages.

For random forest, we first set ntree “ 50 and vary the node size. From Figure C.2(a),

we can see that when the node size is between 250 and 400, the coverages are very close to

the nominal level 0.95. Figure C.2(b) shows that the bootstrap SD is very similar to the

true SD and the SD estimates do not vary much as node size changes. Figure C.2(c) shows

a more interesting result. The biases again follow a U-shape and it seems that bootstrap

bias is clearly smaller than the original bias when the node size is between 100 and 450.

In particular, the bootstrap bias is much smaller than the original bias between 250 and

400, which explains the good coverages of the 95% confidence intervals as we use percentile

intervals. The bootstrap bias now is much smaller than the bootstrap standard deviation.

This also shows one scenario where bootstrap seems to “debias” the random forest. We

further use out-of-bag error to compare the overall RMSE. Figure C.2(d) shows that the
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best node size is 250 for minimizing RMSE, which is within the range of the node sizes that

achieve the nominal coverages for the 95% confidence intervals.

Next, we set the node size to be 350 and vary the number of trees. From Figure C.3(a),

we can see that when the number of trees is between 50 and 500, the coverages are all very

close to the nominal level 0.95. Thus, it appears that the coverages are not sensitive to the

choice of number of trees. Figure C.3(b) also shows that the standard deviations do not

change much. Further, Figure C.3(c) again shows that the bootstrap bias is much smaller

than the original bias. Figure C.3(d) shows that the optimal number of trees for minimizing

the RMSE is 500.
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Figure C.2: We vary the node size and compare the coverages for 95% CI, SD estimates and

absolute bias estimates with sample size n “ 5, 000 and ntree “ 50. We also use out-of-bag

errors to compare di↵erent node size.

C.2 Additional simulation results with a nonlinear model

In Chapter 4, we consider the case when the extrapolation density follows the linear model-

based BM-ACMV assumption. Now we present additional simulation results for the case

when the extrapolation density follows a nonlinear model-based BM-ACMV assumption.

Data generation We modify the data generation process as follows. For r ‰

t001, 100, 010u, the data is generated the same as the linear case. When r “ 001, we have
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Figure C.3: We vary the number of trees and compare the coverages for 95% CI, SD estimates

and absolute bias estimates with sample size n “ 5, 000 and node size being 350. We also

use out-of-bag errors to compare di↵erent number of trees.

Y1, Y4, Y6, Y10 „ Np14,⌃4q with ⌃4 “ 1{2I4 ` 1{2141T4 and

Y7, Y8, Y9|Y6, Y10, R “ 001 „ N pf1pY6, Y10q ˆ 13, 0.5⌃3q

where f1py6, y10q “ py6 ´ 1q
2

` py10 ´ 1q
2. For r “ 010, we have Y1, Y4, Y6, Y10 „ Np14,⌃4q

and

Y5|Y4, Y6, R “ 010 „ Npf2pY4, Y6q, 0.7q

with f2py4, y6q “ py4 ´ 1q
2

` py6 ´ 1q
2. For r “ 100, again we have Y1, Y4, Y6, Y10 „ Np14,⌃4q

and

Y2, Y3|Y1, Y4, R “ 100 „ Npf3pY1, Y4q ˆ 12, 0.5⌃2q

with f3py1, y4q “ py1 ´ 1q
2

` py4 ´ 1q
2. Next, we assume that the extrapolation densities

follow the model-based ACMV assumption. More specifically, we assume that for r1 P

t000, 001, 010, 011u, we have

Y2, Y3|Y1, Y4, R “ r1 „ Npf˚
1 pY1, Y4q ˆ 12,⌃q

and we assume that f˚
1 has the following form

f˚
1 py1, y4q “ �10 ` �11y1 ` �11y4 ` �13y

2
1 ` �14y

2
4
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Similarly, for r2 P t000, 001, 100, 101u and r3 P t000, 100, 010, 110u, we have

Y5|Y4, Y6, R “ r2 „ Npf˚
2 pY4, Y6q,⌃q

Y7, Y8, Y9|Y6, Y10, R “ r3 „ Npf˚
3 pY6, Y10q ˆ 13,⌃q

with f˚
2 and f˚

3 have the following form:

f˚
2 py4, y6q “ �20 ` �21y4 ` �22y6 ` �23y

2
4 ` �24y

2
6

f˚
3 py6, y10q “ �30 ` �31y6 ` �32y10 ` �33y

2
6 ` �34y

2
10

We can estimate all the parameters through Monte carlo simulation. Again we are interested

in estimating ⌧1 “ P pY1 § a, ¨ ¨ ¨ , Y10 § aq “ P pmaxYi § aq, the probability of Yi being

controlled and the probability of trajectory crossing a, ⌧2 “ P pmaxi Yi • a,mini Yi § aq for a

fixed constant a “ 1.8. For this data generation, ⌧1 « 0.2076 and ⌧2 « 0.7842 are computed

by a Monte Carlo approximation with 100, 000 observations and 1, 000 repetitions.

Simulation results We repeat the simulation for 1,000 times with sample size n “ 5, 000.

For our model-based approach, we perform multiple imputations 5 times with linear model,

kNN and random forest. We use nB “ 500 bootstrap replicates to estimate the uncertainty.

For kNN, we set k “ 50 or k “ 150. For random forest, we use ntree “ 100 and set the node

size to be 25 or 100. For the MICE method, we use the Bayesian linear regression model for

imputation.

Table C.1 summarizes the results. Again, complete-case analysis obtain biased estimates

and zero coverages. Now linear model-based ACMV approach also obtains biased estimates

and rather poor coverages. MICE obtains relatively small bias for ⌧1, but the coverage for

⌧2 is below 50%. Both kNN and random forest obtain much better results than MICE,

complete-case analysis and linear model-based ACMV approach. However, kNN does not

achieve nominal coverages with its confidence intervals. Random forest obtains nominal

coverages for the 95% CIs with properly selected node size. It is worth noting that the biases

obtained for random forest are rather large, compared to the standard deviations. The



157

Table C.1: Simulation results for nonlinear case when n “ 5000 and M “ 5

Bias TSE Avg. Bootstrap SE Coverage

Method ⌧1 ⌧2 ⌧1 ⌧2 ⌧1 ⌧2 ⌧1 ⌧2

MICE 0.0084 -0.015 0.0074 0.0077 0.0076 0.0074 0.78 0.48

Complete-case 0.158 -0.160 0.019 0.019 0.019 0.019 0 0

Linear -0.023 0.023 0.0060 0.0062 0.0062 0.0063 0.045 0.052

kNN (50) -0.0081 0.0040 0.0059 0.0060 0.0059 0.0060 0.76 0.92

kNN (150) -0.0065 0.0050 0.0058 0.0058 0.0059 0.0059 0.82 0.89

RF (25) -0.015 0.010 0.0057 0.0059 0.0061 0.0062 0.95 0.85

RF (100) -0.012 0.0069 0.0059 0.0060 0.0061 0.0062 0.86 0.95

coverages of 95% CIs are are reaching the nominal levels as we are using bootstrap percentile

confidence intervals. From Figure C.5, C.6 and C.7, we can see that the bootstrap biases

are very close to 0 and much smaller than the standard deviations. Thus, the bootstrap

percentile intervals obtain correct coverages.

Hyperparameters tuning We also present the simulation results tuning the number of

neighbors for kNN. From Figure C.4(a), we can see that the optimal k for coverages in fact

di↵ers for estimating ⌧1 and ⌧2. For estimating ⌧1, the probability of being controlled, the

optimal k is 150 and the optimal coverage is 81.7%, which is below the nominal coverages.

For estimating ⌧2, the probability of crossing the trajectory, the optimal k is 50 and the

optimal coverage is 91.5%, which is closer to the nominal coverages. Figure C.4(b) shows

that the standard deviations do not change much as k increases. Further, Figure C.4(c)

shows that the biases roughly follow a U-shape and the bootstrap bias is slightly smaller

than the original bias. We can further see that the optimal number of neighbors for bias are

the same as the optimal number of neighbors for coverages. For cross validation, from figure

C.4(d), we can see that the optimal k for RMSE is 25, which is di↵erent from the optimal k
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for coverages.

For random forest, we first set ntree “ 100 and then tune the node size. From figure C.5(a),

we can see that the optimal node sizes for coverage are in fact di↵erent for estimating ⌧1 and

⌧2. For ⌧1, the optimal node size is 25; for ⌧2, the optimal node size is 100. The standard

deviations do not vary much. From figure C.5(c), again we can observe that the bootstrap

biases are much smaller than the original biases for random forest and the optimal node sizes

for biases are the same as the optimal node sizes for coverages. From figure C.5(d), we can

see that the best node sizes for optimizing the RMSE is 100, which is larger than the optimal

node size for coverages of ⌧1 and the same as the optimal node size for coverages of ⌧2.

Next, we set the node size to be 25 or 100 and vary the number of trees. Again, the

coverages are not very sensitive to the number of trees based on Figure C.6 and C.7. When

node size is 100, the coverages for ⌧2 are all close to the nominal level for the whole range

of number of trees. However, the coverages for ⌧1 always fall below the nominal level and

improve a bit with a higher number of trees. Figure C.6(b) and (c) show that the SDs and

biases do not vary much as number of trees increase. The bootstrap bias is again much

smaller than the original bias. The out-of-bag errors also suggest that the optimal number

of tree is 400 with node size 100.

When node size is 25, the coverages for ⌧1 are now all very close to the nominal level for

the whole range of number of trees. Instead, the coverages for ⌧2 now always fall below the

nominal level and improve a bit with a smaller number of trees. The SDs and biases again

do not vary much. The bootstrap biases for ⌧2 now increases as number of trees increase.

The bootstrap biases for ⌧1 on the other hand decreases and are all very close to 0. Further,

the out-of-bag errors suggest that the optimal number of tree is 500 with node size 25.
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Figure C.4: We vary number of neighbors and compare the coverages for 95% CI, SD and

biases with sample size n “ 5, 000. We also use cross validation to compare the overall

RMSE.

0.00

0.25

0.50

0.75

1.00

0 100 200 300 400
node size

C
ov

er
ag

e 
of

 9
5%

 C
I

(a)

0.00

0.01

0.02

0.03

0 100 200 300 400
node size

St
an

da
rd

 d
ev

ia
tio

n

(b)

0.00

0.01

0.02

0.03

0 100 200 300 400
node size

Ab
so

lu
te

 B
ia

s

(c)

2.00

2.05

0 100 200 300 400
node size

O
ve

ra
ll 

R
M

SE

(d)

Parameter Proportion Controlled Proportion Crossing Estimate Type Original estimate Bootstrap estimate

Figure C.5: We vary the node size and compare the coverages for 95% CI, SD and biases

with sample size n “ 5, 000 and ntree “ 100. We also use out-of-bag errors to compare the

node size.
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Figure C.6: We vary the number of trees and compare the coverages for 95% CI, SD and

biases with sample size n “ 5, 000 and node size being 100. We also use out-of-bag errors to

compare the number of trees.
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Figure C.7: We vary the number of trees and compare the coverages for 95% CI, SD and

biases with sample size n “ 5, 000 and node size being 25. We also use out-of-bag errors to

compare the number of trees.

C.3 Hyperparameter tuning for real data results

In the real data experiments of chapter 4, we set the number of neighbors to be 5 for kNN.

For random forest, we set the number of trees to be 50 and the node size to be 93. Here,

we present the results for di↵erent k, ntree and node size. We set the number of bootstrap

samples nB “ 200 and number of multiple imputations M “ 20. We compute the overall

root mean squared error (RMSE) by computing the sum of RMSE for all possible missing

patterns.
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From figure C.9, we can see that the optimal k for minimizing the overall RMSE is 15.

From figure C.8, we can see that the 95% confidence intervals does not vary too much across

di↵erent k. More specifically, when k “ 5, the confidence interval is (0.173 - 0.199) for ⌧1

and (0.685 - 0.714) for ⌧2. When k “ 15, the confidence interval for ⌧1 is (0.163 - 0.190) and

(0.693 - 0.722) for ⌧2.

For random forest, we first set ntree “ 50 and compare di↵erent node sizes. From figure

C.11, we can see that the optimal node size is about 50, which is much smaller than the

node size we use in the 4.5. From figure C.10, again the confidence intervals do not vary too

much over di↵erent node sizes. When the node size is 50, the confidence interval is (0.169

- 0.198) for ⌧1 and (0.680 - 0.713) for ⌧2. Next, we set the node size to be 50 and compare

di↵erent number of trees. From figure C.13, we can see that the optimal number of tree for

minimizing the RMSE is 200. From figure C.12, the confidence intervals do not vary too

much over di↵erent number of trees. When the number of tree is 50, the confidence interval

is (0.170 - 0.197) for ⌧1 and (0.682 - 0.712) for ⌧2. When the number of tree is 200, the

confidence interval is (0.169 - 0.197) for ⌧1 and (0.684 - 0.709) for ⌧2.
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Figure C.9: We use cross validation to com-

pare di↵erent k for the overall RMSE.
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Figure C.11: We use cross validation to com-

pare di↵erent node size for the overall RMSE

with ntree “ 50.
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Figure C.13: We use cross validation to com-

pare di↵erent number of trees for the overall

RMSE with node size being 50.

C.4 Proof

In this section, we present the proof for Proposition 1 and 2. The proof of proposition 2 is

very similar and thus omitted.

ProofProof for Proposition 1. Under our BM-ACMV assumption (5) and (6),

we have

pp`, A “ aq “ ppA “ aqpp`|A “ aq “ ppA “ aqpp`a|A “ aqpp`ā|`a, A “ aq

“ ppA “ aqpp`a|A “ aq

Jpāqπ

j“1

pp`bj |`b:
j´bj

, A “ aq

“ ppA “ aqpp`a|A “ aq

Jpāqπ

j“1

pp`bj |`b:
j´bj

, A • b:
j
q

Thus, pp`, A “ aq is nonparametrically identified. Note that this further implies that pp`q is
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identified as

pp`q “

ÿ

aPt0,1ud
pp`, A “ aq.

˝
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