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Over the past couple of decades, genome-wide association studies (GWASs) have successfully

identified thousands of loci associated with complex traits and diseases in humans. Despite

the immense success of these statistical tools, post-GWAS, we are often left underwhelmed by

findings that are difficult to interpret or fail to to lead to causal mechanisms and deeper un-

derstanding of trait etiology. Studies utilizing omics, including transcriptomics, proteomics,

metabolomics, etc, are gaining popularity, and, used in conjunction with genomics, may aid

in providing insight into complex trait etiology and disease pathogenesis. To fully harness the

availability of multi-omics data types, we propose to jointly evaluate, at the gene or pathway

level, the cumulative effect of all data types simultaneously. We perform these analyses using

the kernel machine regression (KMR) testing framework. Within this context, we propose

three projects. For project one, we extend an existing KMR testing method to accommo-

date joint association testing of two data types with a trait of interest in correlated samples.

For project two, we generalize existing KMR testing methods to allow for joint association

testing of as many data types as desired against a trait of interest in correlated samples.

Finally in project three, we propose a pseudo-permutation approach to association testing

of an omics data type with a trait in correlated samples for studies with small sample sizes.

These statistical tools facilitate analysis of complex multi-omics studies that are applicable

to a broad range of studies with correlated samples, including family-based studies with



extensive relatedness and studies in ancestrally diverse populations.
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Chapter 1

INTRODUCTION

1.1 Motivation

Genes, transcripts, proteins, metabolites, and other macro/micro molecules work in concert

to perform complex cellular processes. Classical analysis of omics data focuses primarily on

individual data types (including transcriptomic, genetic, epigenetic, etc.). Although these

single data type studies have been vastly successful in identifying individual features (tran-

scripts, SNPs, epigenetic marks) associated with traits and phenotypes [16, 45, 41], integra-

tion of multi-omics data sets can help in unraveling the underlying mechanisms at multiple

omics levels and also improve power to identify associations [41, 43, 38]. Thus, large scale

multi-omics studies can be instrumental in overcoming many biological, medical, and public

health challenges.

Despite the immense potential of emerging large-scale multi-omics studies, such as the

NHLBI’s Trans-Omics for Precision Medicine (TOPMed) initiative, there are a dearth of

statistical methods available for the analysis of multi-omics data, and it is often unknown

which methods are optimal under different settings. We focus particularly on the problem

of gene discovery, wherein we are interested in understanding whether individual genes (or

pathways) are associated with a complex trait. To fully harness the availability of multi-

omics data types, we propose to jointly evaluate, at the gene or pathway level, the cumulative

effect of all data types simultaneously. We perform these analyses using the kernel machine

regression (KMR) testing framework. Following the general strategy of KMR testing, we

embed individual data types into separate kernel matrices to capture specific characteristics

of data types. Within this context, we propose three projects. The proposed methods in this
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dissertation result in a powerful suite of statistical tools for facilitating analysis of complex

multi-omics studies that are applicable to a broad range of studies with correlated samples,

including family-based studies with extensive relatedness and studies in ancestrally diverse

populations.

1.2 Association testing with multi-omics data

Joint analysis of multi-omics data is not a new statistical problem. Yet, despite the con-

siderable interest and notable progress in this area, the best way to integrate multiple data

types continues to be challenging. First, we need to address the usual challenges associated

with high-dimensional omics data, including large numbers of features, modest effect size,

complex (nonlinear or interactive) effects, and stringent type I error control levels. Second,

we need to accommodate the complexities of the study design, e.g. family-based designs

or longitudinal designs. Third, we need to accommodate the characteristics of individual

data types including structure intrinsic to the data (LD for SNPs, phylogeny for microbiome

data, etc.). Finally, the biggest challenge lies in identifying the specific analytic objective

and scientific question to be addressed. With regard to the scientific question, a wide range

of scientific objectives could be of interest in multi-omic studies including studies focused

on understanding relationships among data types, discovering disease subtypes, prediction

modeling, and many others. Although any multi-omics analysis approach needs to accommo-

date the first three challenges, addressing the last challenge is the ultimate goal and requires

a clearly defined objective.

In this dissertation, we focus on the problem of gene discovery and identification of ge-

nomic features associated with a complex trait while harnessing multiple data types. The

methods developed are applicable to general studies, allowing for correlated samples. Op-

erationally, we operate under the KMR framework. Under this framework, a group of omic

features (e.g. SNPs in a gene, expression of genes in a pathway, etc.) are embedded within a

kernel function. The kernel function measures pairwise similarity between individuals based

on the set of omic features. One can then construct the kernel matrix, K, of all pairwise
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similarities between individuals in the study. Then, one can assess the global association

between the group of features by exploiting the connection between KMR and mixed models

to construct a score statistic. Intuitively, the approach compares similarity between subjects

based on the specific omic features (as measured through the kernel function) to similarity

between subjects based on the outcome, while adjusting for covariates and accounting for

dependence of outcomes. An analytic p-value can be calculated to evaluate the global null

hypothesis.

A key feature of kernel methods is that the kernel functions can be tailored to individual

data types, thereby capturing important structure in the data and potentially complex rela-

tionships. Kernels tailored for gene expression, metabolites, common and rare genetic vari-

ants, microbiome composition, and other omics features have been developed ref [6, 32, 36].

Further, as a multi-feature approach it allows for aggregation of small to modest effects

and further reduces the multiple testing burden. Given these features, KMR methods are a

natural strategy for multi-omics analysis.

Previous methods using KMR approaches for multi-omics analysis have been proposed.

One such method comes from Zhao et al. (2018) who integrate methylation and genotype

data for genome-wide association analysis. This gene-based method interrogates association

between a gene and a general trait of interest by building a score test statistic based on a

composite kernel matrix and covariate adjusted trait values. The composite kernel matrix

is built from two different kernel matrices: one for methylation data and one for genotype

data. This choice allows for each data type to be appropriately incorporated into the model,

in a way that takes into account the nature of the data type. A perturbation approach and

a kernel PCA approach to p-value calculation are presented [59]. This method fails to take

into account potential correlation amongst observations, and it is limited to interrogating

association for only two data types.

The Omnibus-Fisher method is a KMR approach that interrogates association between

a quantitative or binary trait of interest and methylation, expression, and genotype data.

Limiting focus to a gene of interest, a score test statistic is built for each data type. These
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test statistics embed methylation, expression, or genotype data via a linear kernel function,

while also capturing the covariate adjusted traits. Finally, these three test statistics are used

to generate three different p-values using asymptotic results, which are then combined using

a modified Fisher’s test [55]. This method also fails to account for potential correlation

amongst outcomes, is limited to three data types, and is restricted to modelling the omics

data types linearly.

Finally, Huang et al. (2014) interrogates associations between a binary trait of interest

and genotypes and gene expression. Looking at a single gene, this method constructs a test

statistic that incorporates covariate adjusted traits and a composite kernel matrix that gives

equal weight to a genotype kernel matrix, an expression kernel matrix, and a kernel matrix

capturing genotype/expression interaction. All three kernel matrices are built using linear

kernel functions. P-values are calculated using asymptotic results. The authors also propose

an omnibus test with perturbation to address the case in which not all three data types

influence the trait of interest [20]. This method fails to account for potential correlation

amongst outcomes, is limited to two data types, s restricted to modelling the omics data

types linearly.

Despite the numerous capabilities of these existing strategies, they are limited in terms

of the number of data types, applicability to different study designs, or reliance on partic-

ular data assumptions. Thus, we seek to overcome the limitations of existing methods by

proposing hypothesis tests using the KMR testing framework that (1) flexibly relate each

data type to the trait of interest; (2) are applicable to general study designs, allowing for

correlated samples; and (3) allow for testing using an arbitrary number of data types.

1.3 Dissertation Overview

In Chapter 2, we present the first project, in which we propose an extension of existing KMR

testing methods to accommodate joint association testing of two data types with a single

phenotype in correlated samples. We extend the existing composite kernel machine regres-

sion model as in [59] to integrate two multi-omics data types while accommodating general
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correlation structure amongst outcomes. Here, we focus on scientific questions that aim to

interrogate the association between a functional grouping (such as a gene or a pathway) and

a quantitative trait of interest. We utilize a KMR model to integrate and model the two

multi-omics data types, as they may relate to the trait, and perform a global test of associa-

tion. We demonstrate the advantage of using this approach over single data type association

tests via simulation. Finally, we applied this method to a large, multi-ethnic TOPMed sam-

ple that includes related subjects, to investigate how predicted gene expression and rare

genetic variation may be related to two platelet traits. Due to the KMR framework, our

methods allow for the integration of high-dimensional omics data with small, nonlinear, and

interactive effects, and accommodation of general study designs.

In Chapter 3, we present the second project, where we extend work presented in Chapter

2 to allow for joint association testing of as many data types as desired to elucidate the

multi-faceted effect of several omics data types on a trait of interest. . Again, we extend

existing KMR models to integrate an arbitrary number of multi-omics data types, while

accommodating for general correlation structure amongst outcomes. We perform a global

test of association of multi-omics and a quantitative trait of interest in a functional grouping

(such as a gene or a pathway). We demonstrate the advantage of using this approach over

single data type association tests via simulation. Finally, we applied this method to a multi-

ethnic TOPMed sample that includes related subjects, to assess association between platelet

count and common genetic variation, methylation, and gene expression.

We present the third project in Chapter 4 – a pseudo-permutation method for valid, yet

powerful, association testing of a quantitative trait under the KMR framework for a study

with small sample size. As sequencing technologies emerge and gain popularity, samples for

new technologies tend to be small. For example, microbiome studies typically have small

sample sizes. The methods presented in Chapters 2 and 3 are most appropriate for large-

scale studies, as they rely on asymptotic results. Use of these methods in small samples

may result in loss of statistical power to detect signals. Thus, in Chapter 4 we provide a

pseudo-permutation approach to p-value calculation for the association between a quanti-
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tative trait and omics data under the KMR framework, while accounting for dependence

of traits. One may want to use the p-value calculation presented here in conjunction with

methods presented in Chapters 2 and 3 for studies with small sample sizes.

In Chapter 5, we conclude with summary of the dissertation and ideas for future work.
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Chapter 2

GENERAL KERNEL MACHINE METHODS FOR
MULTI-OMICS INTEGRATION AND GENOME-WIDE

ASSOCIATION TESTING OF TWO DATA TYPES WITH
RELATED INDIVIDUALS

2.1 Introduction

Over the last decade, genome-wide association studies (GWAS) have been successful in un-

covering links between genetic variation and a wide range of diseases and complex traits in

humans [37, 49, 11, 40, 7]. However, DNA sequence alone does not entirely explain the varia-

tion in complex traits. GWAS are a single-faceted approach to understanding the inherently

multi-faceted nature of diseases and phenotypes which result from concerted biological cas-

cades involving genes, transcripts, proteins, metabolites, and other macro/micro molecules

performing complex cellular processes. For example, alternative splicing may generate more

than one million proteins from just 25,000 protein-coding genes [50]. Other microbiome and

epigenetic modifiers (e.g. DNA methylation) can further influence the expression of genes

and proteins, leading to incredible variation from human to human [5, 54]. Consequently,

there has been considerable interest in the integrative analysis of GWAS in conjunction with

other omics to aid in elucidating the relationships between genes and complex traits and

gaining a fuller understanding of disease and trait etiology [47, 43, 44, 48].

Unfortunately, despite the considerable interest and progress, the best way to integrate

multiple data types remains unclear due to a number of critical challenges. First, we must

address the usual challenges associated with high-dimensional omics data, including large

numbers of features, small to modest effect sizes, complex (nonlinear or interactive) effects,

and stringent type I error control levels. Second, we need to accommodate the characteristics
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of individual data types including structure intrinsic to the data (LD for SNPs, phylogeny

for microbiome data, etc.). Finally, a central challenge is the need to accommodate the

complexities of the study design, e.g. family-based designs or longitudinal designs. This last

problem is particularly pervasive and important as genetic studies are commonly conducted

with related individuals where relatedness is known or cryptic [3, 8, 24, 19]. Failure to

account for relatedness is known to lead to seriously inflated false positive rates, yet few

integrative approaches directly allow for relatedness.

In this paper, we focus on the problem of gene mapping and identification of genomic

features associated with a complex trait while harnessing multiple data types and accom-

modating relatedness amongst subjects. Specifically, we propose to operate at the gene or

pathway level, as this represents a common and natural unit of analysis for many different

data types. Within this context, integrating multi-omics data to perform association analysis

helps improve statistical power by aggregating signals across multiple data types [20, 59, 55].

Gene level analysis further allows aggregation of effects within a data type (e.g. across the

multiple SNPs within the gene) and also reducing multiple testing burden. We then propose

a new test that assesses the joint effects of genetic variants as well as other omics data that

is tailored to the individual data types and that further accommodates relatedness.

Operationally, we propose to utilize the kernel machine (KM) regression framework and

develop a gene or pathway level test for the cumulative effect of multiple SNPs (e.g. within a

gene/pathway) as well as one or more other -omics features (e.g. CpGs in a gene or a single

gene expression level) [27, 26]. In particular, we utilize the multi-omics kernel machine model

of [59], but we further provide allowance for relatedness. Under this framework, the effects

of the SNPs and the omics features on the outcomes are embedded within devices called

kernels which are measures of similarity based on the respective data types. A key feature of

kernel methods is that the kernels can be tailored to individual data types, thereby capturing

important structure in the data and potentially complex relationships. Kernels tailored for

gene expression, metabolites, common and rare genetic variants, microbiome composition,

and other omics features have been developed. Then, one can assess the global association
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between the group of features by exploiting the connection between kernel regression and

mixed models to construct a score statistic. Intuitively, the approach compares similarity

between subjects based on the specific omic features (as measured through the kernel) to

similarity between subjects based on the outcome, while adjusting for covariates and further

incorporating random effects for relatedness.

The major contribution of this work is the development of a powerful integrated test that

accommodates general correlation. We find that integrating multiple data types can lead to

improved power to implicate genes related to complex traits, particularly when both omics

data types have effects on the outcome. We further find that appropriately accounting for

relatedness and family structure is critical to protecting type I error. In addition, we apply

our method to a large multi-ethnic Trans-Omics for Precision Medicine (TOPMed) initiative

[46] sample to investigate genes associated with two common quantitative clinical measures:

platelet count (n = 60, 409) and mean platelet volume (n = 23, 373). We find that the

integrative approach to association testing identified signals at genes TNFAIP, 1TRIM58,

and ITGA2B for the MPV trait and at genes BCC4, TTC31, and ITGA2B for the PLT

trait. These signals were not identified using single data types alone.

For the remainder of this chapter, we first introduce the kernel regression framework for

multi-omics data integration while accommodating relatedness amongst study subjects. We

then discuss three approaches for p-value calculation for our association test. In simulation,

we demonstrate poor type I error control of the test if we assume independence of outcomes

and the utility of these three approaches for hypothesis testing. Finally, we present the

results of applying one of the hypothesis testing approaches to a TOPMed sample.

2.2 Methods

2.2.1 Notation

Suppose our study has n potentially related individuals with q − 1 covariates measured and

two omics data types measured on q1 features for the first data type and q2 features measured
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on the second data type. Then, for the ith individual, z
(1)
i = (z

(1)
i,1 , . . . , z

(1)
i,q1

) is the vector

of feature values for the first omics data type (e.g. reference allele counts of all q1 SNPs in

a gene), z
(2)
i = (z

(2)
i,1 , . . . , z

(2)
i,q2

) is the vector of values for the second omics data type (e.g.

methylation values of all q2 CpG sites in a gene), X i = (1, xi,1, . . . , xi,q−1) is the vector of

covariate measures (e.g. sex, age, population structure PCs, etc.), and yi is an outcome

value.

Then, Z1 is a n × q1 matrix of all features of all individuals of the first data type, Z2

is a n× q2 matrix of the second omics data type, X is a n× q covariate matrix, and y is a

n−length vector of outcome values. Finally, denote Z = (Z1,Z2) as the n× (q1+ q2) matrix

containing all omics features of interest.

2.2.2 Model

We relate the features to the outcome via the kernel machine regression model

y = Xβ + f(Z) + ϵ, (2.1)

where ϵ ∼ Nn(0,Σ). We design Σ to take into account genetic relatedness amongst indi-

viduals in the study. In particular, let Σ = σ2
aΦ+ σ2

eI. Here, σ
2
a is the variance component

attributed to the genetic relatedness matrix (GRM) and σ2
e is the variance component at-

tributed to residual error. Finally, Φ is a n×n GRM estimated from SNP data of the study

participants [56, 14].

Function f relates the both omics data types to the outcome. Under the KMR framework,

in (2.1), f(Z) is an unknown, centered, smooth function assumed to lie in a space spanned

by positive definite kernel functions k(·, ·). The kernel function gives rise to a n × n kernel

matrix K which has (j, k)th entry k(zj, zk), a measurement of the similarity in features

between individuals j and k.

We are interested in testing if there is a joint effect of Z on y via hypothesis testing. We
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aim to test null hypothesis

H0 : f(Z) = 0

against an alternative hypothesis of

H1 : f(Z) ̸= 0.

To carry out the hypothesis test we exploit the connection between KMR and linear mixed

models [27, 10]. Consider the linear mixed model

y = Xβ + f + ϵ, (2.2)

where f is a n×1 vector of random effects with distribution N (0, τK), for some non-negative

constant τ . Under this formulation, the equivalent hypotheses for our hypothesis test are

H0 : τ = 0, and H1 : τ > 0. (2.3)

This formulation of the model gives rise to a variance component score test statistic:

Q := (y −Xβ̂)′Σ̂
−1
KΣ̂

−1
(y −Xβ̂),

where β̂ and Σ̂ are estimated under the null model. This test statistic, Q, reduces to

the familiar SKAT test statistic for continuous outcomes when Σ = σ2
eI, indicating no

relatedness amongst subjects [27, 23, 51, 52, 59]. The famSKAT test statistic [10] is a

specific case of this test statistic, when K = GWG′, for genotype matrix G and genetic

weight matrix W .

Intuitively, the test statistic Q captures how similar a pair of individuals in the study are

in outcome and omics data. We more easily see this if we rewrite Q as

Q = tr
(
Σ̂

−1
(y −Xβ̂)(y −Xβ̂)′Σ̂

−1
K
)
.
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The component KY = Σ̂
−1
(y −Xβ̂)(y −Xβ̂)′Σ̂

−1
can be thought of as a n× n similarity

matrix of covariance re-weighted residuals or a similarity matrix of outcomes after covariate

adjustment. As previously defined, K is a n× n similarity matrix of omics data. Due to a

trace property, Q is the sum of all of the entries of the element-wise product of KY and K.

Thus, if a pair of individuals is similar in both outcome and omics at the same time, they

contribute to a larger test statistic, ultimately leading us to reject the null hypothesis when

there is enough evidence of concordance.

Asymptotically, Q follows a mixture of chi-square distribution, with mixture probabilities

based on the eigenvalues of Σ̂
−1/2

P 0Σ̂
−1
KΣ̂

−1
P 0Σ̂

−1/2
, where P 0 = Σ̂−X(X ′Σ̂

−1
X)−1X ′.

This distribution can be approximated using exact methods like Davies’ method [15] or via

moment matching methods [28], allowing for analytic p-value calculation.

2.2.3 Composite kernel matrix for combined omics with fixed weights

Following [59] we propose to construct a composite kernel matrixK for omics data as follows:

K(ω) = ωk1(Z1,Z1) + (1− ω)k2(Z2,Z2) ≡ ωK1 + (1− ω)K2

where k1 and k2 are kernel functions specific to their respective data type and ω ∈ [0, 1] is a

weighting parameter. Thus, in (2.2), we specify f to have mean zero and covariance matrix

τ(ωK1 + (1 − ω)K2). In the model, ω controls how much emphasis we place on one data

type over the other. Ideally, we choose ω to reflect the true effect model, however, if ω is

chosen incorrectly, our test will suffer a loss in power, but the test remains valid. If ω is

determined or fixed without regard to the yi’s in the present study, then one can construct

the score statistic Q and treat K(ω) as a fixed kernel matrix, which allows for analytic

p-value calculation for the hypothesis test, as previously described.
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2.2.4 Composite kernel matrix for combined omics when weight is unknown

In practice, however, ω is an unknown quantity that depends on the data. Thus, we consider

a few different strategies for p-value calculation in the subsequent sections. In either strategy,

we first proceed by standardizing each data type’s kernel matrix.

Various omics data types tend to be on different scales, thus it is possible that K1 or

K2 may dominate the other in the construction of the composite kernel matrix. If ω is

known or fixed, as in the previous section, then this weight should take into account the

inherent discrepancy of scale and order of magnitudes present in the individual data type

kernel matrices. However, when the weight, ω, is unknown we first proceed by standardizing

kernel matrices, such that one data type does not dominate information conveyed in the

composite kernel matrix.

Let ηj be the standard error of (y − Xβ̂)′Σ̂
−1
KjΣ̂

−1
(y − Xβ̂). Then the quadratics

η2
η1+η2

(y − Xβ̂)′Σ̂
−1
K1Σ̂

−1
(y − Xβ̂) and η1

η1+η2
(y − Xβ̂)′Σ̂

−1
K2Σ̂

−1
(y − Xβ̂) have the

same standard error. Thus, we proceed with composite kernel matrix construction by using

η2
η1+η2

K1 in place of K1 and η1
η1+η2

K2 in place of K2. Now, the composite kernel matrix is

K(ω) = ω η2
η1+η2

K1 + (1− ω) η1
η1+η2

K2,

and the test statistic is

Q(ω) = (y −Xβ̂)′Σ̂
−1
K(ω)Σ̂

−1
(y −Xβ̂)

= ω(y −Xβ̂)′Σ̂
−1 η2

η1+η2
K1Σ̂

−1
(y −Xβ̂)

+(1− ω)(y −Xβ̂)′Σ̂
−1 η1

η1+η2
K2Σ̂

−1
(y −Xβ̂)

≡ ωQ1 + (1− ω)Q2.

(2.4)

Perturbation hypothesis testing

In this section, instead of fixing ω, we proceed by considering multiple different choices of

ω, {ω1, . . . , ωL}, giving rise to L candidate composite kernel matrices. For example, we may
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want to consider a grid of ω ranging from 0 to 1: {0, 0.5, 1}. In this case, our candidate

composite kernel matrices comprise of (1) only the kernel matrix of data type one, (2)

both kernel matrices, equally weighted, and (3) only the kernel matrix of data type two,

respectively. In considering multiple candidate kernel matrices, we have a better chance that

at least one of the choices of ωj corresponds to a statistical test with high power. For each of

the L candidate composite kernel matrices, we obtain its corresponding test statistic, Q(ωj)

and p-value, pj. Set p0 = min
1≤j≤L

pj.

Directly using p0 as the p-value of the hypothesis test leads to inflated type I error. To

account for using the minimum p-value amongst candidate composite kernel matrices, we

proceed by conducting an intermediate hypothesis test: we test the null hypothesis that

p0 is a typical minimum p-value amongst these L composite kernel matrices when the null

hypothesis in (2.3) is true. We use p0 as a test statistic for this intermediate hypothesis

test, and we approximate the null distribution of the minimum p-value amongst multiple

candidate kernel matrices using an adapted version of the perturbation approach [53]. The

p-value obtained from the perturbation approach is the final p-value of our hypothesis test

in (2.3).

In short, the perturbation approach proceeds by noticing that when the null hypothesis is

true the test statistic Q(ωj) consists of two normal distributed random variables sandwiching

a symmetric matrix:

Q(ωj) =
(
y −Xβ̂

)′
Σ̂

−1
K(ωj)Σ̂

−1
(
y −Xβ̂

)
= ϵ̂′Σ̂

−1
K(ωj)Σ̂

−1
ϵ̂

= ϵ′Σ̂
−1
P 0Σ̂

−1
K(ωj)Σ̂

−1
P 0Σ̂

−1
ϵ

≡ w′Σ̂
−1/2

P 0Σ̂
−1
K(ωj)Σ̂

−1
P 0Σ̂

−1/2
w.

(2.5)

Denote w ≡ Σ̂
−1/2

ϵ. Asymptotically, the random variable w is normally distributed and its

value does not change with varying ωj, however, the matrix Σ̂
−1/2

P 0Σ̂
−1
K(ωj)Σ̂

−1
P 0Σ̂

−1/2

does change as the value of ωj varies. Therefore, perturbation proceeds by sampling new
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standard normal vectors, rotating them appropriately, and constructing new test statistics

for each value of ωj. For each “perturbed” test statistic, we compute its corresponding p-

value. Then we select the minimum p-value of the L p-values. We repeat this process many

times to get an empirical distribution of the lowest p-value under the null hypothesis. The

final p-value of the hypothesis test is the proportion of perturbed p-values less than or equal

to p0, the p-value from the original dataset. Additional details of the perturbation approach

are in Supplement section B.

Kernel PCA

The aforementioned perturbation procedure is potentially more powerful than assuming a

fixed ω due to considering multiple options of a composite kernel matrix. However, it tends

to be time consuming due to its Monte-Carlo generation of many correlated random normal

variables. In this section, we consider another procedure that also considers multiple options

of a composite kernel matrix but allows for analytic p-value calculation.

When we consider multiple test statistics generated from a grid of ω values, the resulting

L test statistics are correlated with one another. The correlation between these test statis-

tics complicates direct, analytic computation of a final p-value. Moreover, there may be

correlation of the two data types, leading to a test statistic that takes the form of the sum

of two correlated quantities. For example, if we test with data types methylation and gene

expression, we expect these data types to be correlated, as methylation may directly affect

what genes are transcribed and ultimately expressed. We address this correlation between

summands, Q1 and Q2, of the test statistic in (2.4) and amongst candidate test statistics by

using kernel principal component analysis (kPCA) and basis projection. We decorrelate the

summands of the test statistic in order to analytically calculate a p-value for significance.

The model with a composite kernel matrix, K(ω), is equivalent to

E(y) = Xβ + f1(Z1) + f2(Z2), (2.6)
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where f1 and f2 are functions in the space generated by kernel functions k1 and k2, re-

spectively. We use kernel PCA to linearize functions f1 and f2. First, we eigendecompose

the data kernel matrices, such that K1 = η2
η1+η2

U 1Λ1U
′
1 and K2 = η1

η1+η2
U 2Λ2U

′
2. Let

W 1 = U 1Λ
1/2
1 , and W 2 is defined similarly.

Now we express the model in (2.6) linearly:

E(y) = Xβ +W 1β1 +W 2β2 (2.7)

In this linear form, we can more easily manipulate functions f1 and f2. In particular, we

project W 2 onto the space orthogonal to W 1 and construct the following model

E(y) = Xβ +W 1β
∗
1 +W ∗

2β
∗
2, (2.8)

where β∗
1 and β∗

2 are regression coefficients for this transformed model and

W ∗
2 =

(
I −W ∗

1

(
W ∗

1
′Σ̂

−1
W ∗

1

)−1

W ∗
1
′Σ̂

−1
)
W 2.

Here, W ∗
1 = P 0Σ̂

−1
W 1. Then, W ∗

2 is a vector of the residuals that result from linear

regression of features of data type two on covariate adjusted features of data type one, while

accounting for relatedness.

We re-construct kernel matrix K∗
2 = W ∗

2W
∗
2
′. Since, W ∗

2 lies in a subspace orthogonal

to the column space of W 1, the hypothesis test is transformed. Now we assume that β∗
1 and

β∗
2 are random effects with mean 0 and variance τωI and τ(1− ω)I, respectively. Thus, in

model (2.8), the effect due to data type one is modeled to have variance τωK1 and the effect

due to data type two is modeled to have variance τ(1− ω)K∗
2. Thus, the null hypothesis of

τ = 0 holds true when there is no effect from the first data type, and there is no effect from

the second data type adjusted for data type one.
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Under this transformed null hypothesis, we use test statistic Q∗(ω):

Q∗(ω) = (y −Xβ̂)′Σ̂
−1
K∗(ω)Σ̂

−1
(y −Xβ̂)

= ω(y −Xβ̂)′Σ̂
−1
K1Σ̂

−1
(y −Xβ̂) + (1− ω)(y −Xβ̂)′Σ̂

−1
K∗

2Σ̂
−1
(y −Xβ̂)

= ωQ1 + (1− ω)Q∗
2

Now, Q1 is independent of Q∗
2, and each summand follows a mixture of chi-square distri-

bution. Details on calculating the final p-value for the hypothesis test are in Supplement

section C.

2.2.5 Simulation Studies

Simulations when data types are uncorrelated

First, we assessed performance via simulation using uncorrelated data types. We conduct

simulations integrating simulated genotype and methylation data, and we conduct simula-

tions integrating simulated genotype and univariate continuous data. We simulate data for

sample sizes of n = {1000, 2500, 5000}.

Genotype data were simulated using cosi2 [42]. We simulated 2n haplotypes for a 1Mb

region to mimic the linkage disequilibrium (LD) pattern, local recombination rate, and the

coalescent population history of European, African, and East Asian populations. Specifically,

we designated three populations to be similar to three 1000 Genomes populations: Yoruba in

Ibadan, Nigeria (YRI) of size 14, 474; Utah residents with Northern and Western European

ancestry (CEU) of size 338, 000; and Han Chinese in Beijing, China (CHB) and Japanese

in Tokyo, Japan (JPT) of size 454, 000 [4]. In the coalescent simulator, demographic events

mimic those of these three populations. The simulated sample consists of 30% YRI haplo-

types, 40% CEU haplotypes, and 30% CHB/JPT haplotypes. Of the 2n haplotypes, 30%

were designated as a genetically unrelated subset of the population. We randomly created

diploids with the remaining 70% of the haplotypes to give rise to generation 1. We randomly

paired all diploids of generation 1 - denoting one in the pair female and the other male. We
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then randomly sampled haplotypes from each individual in the pair to give rise to 2 diploid

offspring for each pair, again, denoting one offspring female and the other male. This is

generation 2. We aggregated sibling pairs from generation 2 into groups of 5 sibling pairs.

We paired the female from pair 1 with the male from pair 5, the female from pair 2 with the

male from pair 1, the female from pair 3 with the male from pair 2, etc. Then we randomly

sample haplotypes from each pair to create 2 diploid offspring, giving rise to generation 3.

Ultimately, a sample of size n is comprised of

1. all 0.3n unrelated diploids,

2. a random subset of 0.1n diploids from generation 1,

3. a random subset of 0.2n diploids from generation 2, and

4. a random subset of 0.4n diploids from generation 3.

This mimics a study in which a modest proportion of subjects are closely related. These

simulated samples feature 10%, 10% and 14% of the sample being close relatives (3rd degree

or more closely related) for the samples of size 1000, 2500, and 5000, respectively.

Using variants from the 1Mb region with minor allele frequency of at least 0.1%, we

estimated a GRM, Φ, using the GCTA method from the SNPRelate R package [61]. We

defined a gene as a 5kb region, giving rise to 200 genes. We only considered variants within

the gene with minor allele frequency of at least 1%. Genes contained between 7 and 36

variants.

Methylation data was randomly sampled as multivariate normal with mean 0 and co-

variance matrix ΣM for each simulation. The covariance matrix ΣM was estimated from

publicly available methylation data for 21 CpG sites within gene RB1 [2].

Finally, univariate continuous data were randomly sampled as univariate standard nor-

mal.
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For simulations integrating genotype and methylation data, we performed 50, 000 simula-

tions to assess type I error at various significance thresholds. Each simulated gene was used

50 times across the simulations, whereas a unique set of methylation values were produced

for each simulation. We embedded genotype and methylation data into kernel matrices using

a linear kernel function. Quantitative traits were generated as follows:

y = X + ϵ,

where X ∼ N(0, I) and ϵ ∼ N
(
0, 3

7
Φ+ I

)
.

We evaluated type I error of 5 approaches: (1) the kernel PCA approach assuming in-

dependence of outcomes, (2) the perturbation approach, (3) the kernel PCA approach, (4)

genotype kernel matrix only, and (5) methylation kernel matrix only. We use a grid of

ω = {0, 0.25, 0.5, 0.75, 1} for approaches 1-3. Note, the methylation kernel matrix test and

the genotype kernel matrix test corresponds to using a fixed weight of 0 and 1, respectively,

and for these tests, we calculated p-values as described in section 2.2.3. We calculated type

I error as the proportion of simulated data sets whose hypothesis test results in a p-value

less than the specified significance threshold.

For simulations integrating genotype and univariate continuous data, simulations to assess

type I error were performed similarly as previously described.

For simulations integrating genotype and methylation data, we performed 1, 000 simula-

tions to evaluate power under various settings. For a gene, quantitative traits were generated

as follows:

y = X + βg

∑
j∈J1

Gj + βm

∑
j∈J2

M j + ϵ, (2.9)

where Gj is a column vector of the genotypes for the jth variant in the gene, and M j is a

column vector of methylation values for the jth CpG site. Denote q1 the number of columns

of the genotype matrix. If the gene contains fewer than 10 variants, then J1 is one randomly

selected column index of the genotype matrix, and if the gene contains 10 or more variants,
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then J1 is a set of ⌊ q1
10
⌋ randomly selected column indices of the genotype matrix. Finally,

J2 = {10, 20}.

For simulations integrating genotype and univariate continuous data, we performed 1, 000

simulations to evaluate power under various settings. For a gene, quantitative traits were

generated as follows:

y = X + βg

∑
j∈J1

Gj + βcC + ϵ, (2.10)

where C is a vector of simulated continuous values.

We evaluated power of 4 approaches: (1) the perturbation approach, (2) the kernel PCA

approach, (3) genotype kernel matrix only, and (4) methylation kernel matrix only. We

calculated power as the proportion of simulated data sets whose hypothesis test results in a

p-value less than 0.05.

Simulations when data types are correlated

Next, we assessed performance via simulation using correlated data types. Again, we conduct

simulations integrating simulated genotype and methylation data, and we conduct simula-

tions integrating simulated genotype and univariate continuous data. We simulate data for

sample sizes of n = {1000, 2500, 5000}.

Genes were defined the same as in section 2.2.5.

For each gene, we simulated 21 CpG sites. For each of the 21 CpG sites, four randomly

selected variants from the gene give rise the methylation value:

M j = 3.5
∑
b∈B

Gb + υ,

where B is a set of 4 randomly selected indices of the columns of the genotype matrix, and

υ ∼ N(0, I). When generated in this manner, methylation and genotype values are highly

correlated.
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For each gene, we simulated a univariate continuous variable:

C = 3.5
∑
b∈B

Gb + υ,

where B is a set of 4 randomly selected indices of the columns of the genotype matrix. Again,

this creates strong correlation between the univariate continuous variable and the gene.

We carried out the simulation procedure the same way as in the previous section.

2.2.6 Data Application

We applied this approach to conduct genome-wide gene-based association analysis of two

platelet traits using data from a multi-ethnic population. We here utilized whole genome

sequencing (WGS) from NHLBI’s Trans-Omics for Precision Medicine (TOPMed) initiative

and gene transcript expression predicted for whole blood [33].

We fit the same null models as in [25] on 60, 409 subjects for platelet count (PLT) and

23, 373 subjects for mean platelet volume (MPV). Gene-based tests were performed using

one predicted gene expression per gene transcript and all rare variants within the gene

boundaries. Variant sets consisted of variants with minor allele frequency less than 1%,

and flat weights were applied to all variants. We applied a linear kernel function to variant

data and predicted gene expression data and used the computationally faster kernel PCA

approach to obtain p-values for each gene. We determined the genome-wide significance

threshold was using Bonferroni correction.

We used three gene-based filters for variant inclusion as in [25]. Described briefly, coding

filters 1, 2, and 3 decrease in inclusion stringency and incorporate high-confidence loss of

function variants, missense variants, and protein altering or synonymous variants. Expression

only and genotype only tests used fixed weights, ω, of 0 and 1, respectively.
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2.3 Results

2.3.1 Simulation Results

Type I error results are presented in Table 2.1 for uncorrelated and correlated data types

simulations when integrating simulated genotype and methylation data types, and type I

error results are presented in Table 2.2 for uncorrelated and correlated data type simulations

when integrating simulated genotype and univariate continuous data types. Across the board

tests that assume independence of the outcomes is poorly calibrated – the empirical type I

error tends to be several fold the nominal level. Type I error is more poorly controlled as

sample size increases. This indicates that if we were to incorrectly assume independence of

outcomes while performing the hypothesis test, we run the risk of most significant hits being

false positives. The magnitude of the discrepancy between the empirical type I error and

the nominal level is more drastic as the significance threshold decreases. For example, when

genotypes and methylation are uncorrelated and the sample size is 5, 000, the empirical type

I error is about 15 times, 111 times, and 465 times the nominal level of 0.05, 0.005, and 0.001,

respectively. This is concerning as the significance threshold of genome-wide gene-based tests

is typically on the order of magnitude of 10−5 or 10−6. We expect even poorer type I error

control at these smaller significance thresholds.

On the other hand, we observe appropriate type I error control at all three significance

thresholds of the perturbation, kernel PCA, and single data type only tests. The kernel

PCA test tends to be slightly more conservative than the perturbation test, both when data

types are simulated uncorrelated and correlated. However, both tests remain valid at all

significance thresholds we examined.
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Correlated

Data Types
n α Independent Perturbation

Kernel

PCA

Genotype

Only

Methylation

Only

No

1,000

0.05 0.288 0.048 0.046 0.049 0.049

0.005 0.1280 0.0046 0.0043 0.0048 0.0049

0.001 0.0776 0.0007 0.0010 0.0007 0.0008

2,500

0.05 0.512 0.050 0.048 0.052 0.051

0.005 0.3090 0.0050 0.0048 0.0051 0.0045

0.001 0.2250 0.0010 0.0010 0.0009 0.0011

5,000

0.05 0.737 0.048 0.046 0.048 0.049

0.005 0.5570 0.0050 0.0043 0.0048 0.0048

0.001 0.4650 0.0009 0.0013 0.0010 0.0009

Yes

1,000

0.05 0.287 0.049 0.045 0.048 0.049

0.005 0.1300 0.0046 0.0043 0.0049 0.0043

0.001 0.0799 0.0008 0.0010 0.0009 0.0009

2,500

0.05 0.514 0.050 0.047 0.050 0.050

0.005 0.3100 0.0042 0.0044 0.0044 0.0045

0.001 0.2260 0.0007 0.0011 0.0006 0.0008

5,000

0.05 0.735 0.049 0.046 0.049 0.049

0.005 0.5560 0.0048 0.0044 0.0050 0.0052

0.001 0.4630 0.0012 0.0010 0.0012 0.0013

Table 2.1: Empirical type 1 error results when genotype and methylation are simulated
uncorrelated and correlated. The independent test is kernel PCA assuming independence
of outcomes. Perturbation and kernel PCA are integrative approaches that jointly test for
genotype and methylation effect. Genotype only and methylation only approaches solely use
a genotype and methylation kernel matrix for testing, respectively. Empirical type I error is
calculated as the proportion of 50, 000 simulated data sets whose hypothesis test results in
a p-value less than the specified significance threshold, α.
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Correlated

Data Types
n α Independent Perturbation

Kernel

PCA

Genotype

Only

Univariate

Only

No

1,000

0.05 0.290 0.048 0.048 0.049 0.047

0.005 0.1279 0.0046 0.0051 0.0044 0.0046

0.001 0.0787 0.0010 0.0008 0.0008 0.0010

2,500

0.05 0.511 0.050 0.047 0.051 0.047

0.005 0.3051 0.0056 0.0048 0.0053 0.0051

0.001 0.2224 0.0009 0.0008 0.0011 0.0009

5,000

0.05 0.738 0.050 0.048 0.050 0.047

0.005 0.5611 0.0054 0.0050 0.0049 0.0045

0.001 0.4672 0.0013 0.0009 0.0012 0.0011

Yes

1,000

0.05 0.290 0.050 0.047 0.049 0.049

0.005 0.1270 0.0045 0.0051 0.0048 0.0050

0.001 0.0763 0.0008 0.0009 0.0007 0.0008

2,500

0.05 0.517 0.050 0.048 0.049 0.047

0.005 0.3132 0.0050 0.0049 0.0051 0.0044

0.001 0.2289 0.0008 0.0008 0.0008 0.0009

5,000

0.05 0.734 0.049 0.049 0.049 0.048

0.005 0.5555 0.0046 0.0043 0.0045 0.0047

0.001 0.4647 0.0010 0.0009 0.0008 0.0010

Table 2.2: Empirical type 1 error results when genotype and a univariate continuous data
are simulated uncorrelated and correlated. The independent test is kernel PCA assuming
independence of outcomes. Perturbation and kernel PCA are integrative approaches that
jointly test for an effect from genotype and a univariate continuous variable. Genotype
only and univariate only approaches solely use a genotype and a continuous variable kernel
matrix for testing, respectively. Empirical type I error is calculated as the proportion of
50, 000 simulated data sets whose hypothesis test results in a p-value less than the specified
significance threshold, α.

Power results of the perturbation, kernel PCA, and single data type tests are in Table 2.3
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for uncorrelated and correlated data types simulations when integrating simulated genotype

and methylation data types, and power results are in Table 2.4 for uncorrelated and correlated

data type simulations when integrating simulated genotype and univariate continuous data

types. When data types are uncorrelated and there is only one data type effect, the most

powerful approach is to test with only that data type. The joint tests suffer a slight penalty

in power due to incorporating the irrelevant information conveyed by the other data type.

This loss in power is less pronounced when data types are correlated, especially for smaller

sample sizes. On the other hand, when there is truly an effect due to both data types, we

benefit in using a joint test over testing with one data type at a time.

In Table 2.3, we see that when data types are simulated uncorrelated and the true effect

is due to genotype only, the type I error for the methylation only test is around the nominal

level, as expected. Similarly, when data types are simulated uncorrelated and there is only

a methylation effect, the type I error for the genotype only test is around the significance

threshold of 0.05. We see a similar phenomenon in Table 2.4. However, when data types are

correlated, we note inflated type I error of the genotype only test when there is only an effect

due to the other data type. This is due to the high correlation between between the data

types - the other data types are directly calculated as a weighted sum of genotype values,

thus a genotype effect is induced. We see a similar phenomenon when there is only an effect

due to methylation or the univariate variable.

Generally, power increases as sample size increases, and power increases as effect size

increases when there is an effect due to both data types. The perturbation approach is slightly

more powerful than kernel PCA both when data types are correlated and uncorrelated.

However, the kernel PCA approach can be computationally faster than perturbation, and

perturbation may be infeasible when sample sizes are large.
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Correlated

Data Types
n βg βm Perturbation Kernel PCA

Genotype

Only

Methylation

Only

No

1,000

0.5 0 0.557 0.517 0.591 0.051

0 0.05 0.147 0.150 0.042 0.181

0.25 0.025 0.333 0.339 0.332 0.105

0.5 0.05 0.578 0.598 0.552 0.208

2,500

0.5 0 0.554 0.530 0.579 0.049

0 0.05 0.360 0.362 0.056 0.427

0.25 0.025 0.414 0.404 0.410 0.123

0.5 0.05 0.727 0.713 0.600 0.447

5,000

0.5 0 0.699 0.659 0.718 0.056

0 0.05 0.715 0.689 0.063 0.794

0.25 0.025 0.594 0.582 0.544 0.252

0.5 0.05 0.910 0.907 0.702 0.784

Yes

1,000

0.5 0 0.527 0.531 0.527 0.506

0 0.05 0.914 0.874 0.881 0.921

0.25 0.025 0.776 0.686 0.744 0.788

0.5 0.05 0.969 0.926 0.953 0.975

2,500

0.5 0 0.603 0.537 0.612 0.561

0 0.05 0.950 0.926 0.915 0.955

0.25 0.025 0.840 0.750 0.766 0.846

0.5 0.05 0.985 0.972 0.955 0.987

5,000

0.5 0 0.672 0.671 0.682 0.638

0 0.05 0.984 0.983 0.960 0.987

0.25 0.025 0.930 0.883 0.884 0.928

0.5 0.05 0.997 0.996 0.992 0.995

Table 2.3: Empirical power results when genotype and methylation are simulated uncorre-
lated and correlated. Perturbation and kernel PCA are integrative approaches that jointly
test for genotype and methylation effect. Genotype only and methylation only approaches
solely use a genotype and methylation kernel matrix for testing, respectively. Empirical
power is calculated as the proportion of 1, 000 simulated data sets whose hypothesis test
results in a p-value less than 0.05.



27

Correlated

Data Types
n βg βc Perturbation Kernel PCA

Genotype

Only

Univariate

Only

No

1,000

0.5 0 0.536 0.557 0.570 0.043

0 0.05 0.210 0.178 0.051 0.273

0.25 0.025 0.354 0.324 0.357 0.113

0.5 0.05 0.647 0.631 0.595 0.278

2,500

0.5 0 0.562 0.534 0.607 0.048

0 0.05 0.511 0.468 0.060 0.601

0.25 0.025 0.452 0.457 0.421 0.208

0.5 0.05 0.783 0.782 0.597 0.600

5,000

0.5 0 0.698 0.647 0.731 0.047

0 0.05 0.845 0.854 0.054 0.895

0.25 0.025 0.628 0.612 0.510 0.357

0.5 0.05 0.958 0.952 0.710 0.899

Yes

1,000

0.5 0 0.534 0.522 0.551 0.382

0 0.05 0.835 0.642 0.618 0.864

0.25 0.025 0.618 0.531 0.550 0.582

0.5 0.05 0.911 0.824 0.813 0.873

2,500

0.5 0 0.588 0.530 0.588 0.365

0 0.05 0.957 0.823 0.662 0.972

0.25 0.025 0.722 0.622 0.565 0.681

0.5 0.05 0.985 0.932 0.884 0.956

5,000

0.5 0 0.699 0.663 0.711 0.443

0 0.05 0.994 0.969 0.769 0.996

0.25 0.025 0.869 0.783 0.727 0.838

0.5 0.05 0.998 0.989 0.945 0.978

Table 2.4: Empirical power results when genotype and univariate are simulated uncorrelated
and correlated. Perturbation and kernel PCA are integrative approaches that jointly test for
an effect from genotype and a univariate continuous variable. Genotype only and univariate
only approaches solely use a genotype and a univariate continuous variable kernel matrix
for testing, respectively. Empirical power is calculated as the proportion of 1, 000 simulated
data sets whose hypothesis test results in a p-value less than 0.05.
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2.3.2 Data Application

For all analyses, we employed a Bonferroni corrected significance threshold for determining

significance of association at a gene. Namely, we defined the threshold as 0.05 divided by the

number of genes tested. For the PLT trait, we tested 11, 610, 11, 606, and 11, 599 genes using

filters 1, 2, and 3, respectively. Therefore, we used significance thresholds of 4.31 × 10−6,

4.31×10−6, and 4.32×10−6, respectively. For the MPV trait, we tested 11, 446, 11, 505, and

11, 573 genes using filters 1, 2, and 3, respectively. Therefore, we used significance thresholds

of 4.37× 10−6, 4.35× 10−6, and 4.31× 10−6, respectively.

Joint association analysis using predicted transcript expression and rare variants identi-

fied several gene transcripts associated with MPV and PLT. Figure 2.1 presents significant

hits. Across filters, significant signals overlapped. For MPV, using filter 1 we identified

23 signals, using filter 2 we identified 23 signals, and using filter 3 we identified 24 signals.

Across all 3 filters, we identified 26 distinct signals. For PLT, using filter 1 we identified

37 signals, using filter 2 we identified 35 signals, and using filter 3 we identified 38 signals.

Across all 3 filters, we identified 42 distinct signals.

We identified several signals using the joint test that the single data type tests did not

identify (Figure 2.2). Across all filters, the joint test for MPV identified three signals that

tests with a single data type did not; these transcripts come from genes TNFAIP, 1TRIM58,

and ITGA2B (Table 2.5). The associations at TNFAIP, 1TRIM58, and ITGA2B are driven

by predicted gene expression, but we also observe a modest association with rare variation.

The signals due to expression were not strong enough to attain genome-wide significance on

their own, but when we integrated additional information about the rare variants in the gene,

the aggregate signal of both data types is strong enough to attain genome-wide significance.

The joint test for PLT identified three signals that tests with a single data failed to

identify. These signals fall in genes ABCC4, TTC31, and ITGA2B (Table 2.5). The as-

sociation tests at TTC31 and ITGA2B have nearly genome-wide significant p-values for

predicted gene expression along with weak association with rare variation. The signal at
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ABCC4 has a small p-value for both expression and rare variants, but neither test attains

genome-wide significance. However, integrating these data types in the joint test results in

enough combined signal to attain genome-wide significance.

Trait Filter Gene Transcript
Lowest

p-value ω
Joint

Expression

Only

Genotype

Only

1 TNFAIP ENSG00000109079.9 0.5 4.37E-6 5.21E-6 3.69E-3

MPV 3 1TRIM58 ENSG00000162722.8 0.5 2.97E-6 7.64E-6 1.61E-2

3 ITGA2B ENSG00000005961.17 0.5 3.27E-6 5.19E-5 1.50E-3

1 ABCC4 ENSG00000125257.13 0.5 4.00E-6 4.16E-4 1.01E-4

PLT 3 TTC31 ENSG00000115282.19 0.5 1.75E-6 5.47E-6 1.94E-2

3 ITGA2B ENSG00000005961.17 0.5 1.35E-6 2.15E-5 1.30E-3

Table 2.5: Signals identified by the joint test that were not detected by individual data type
tests
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(a) Filter 1. Significance threshold of 4.37× 10−6 based

on 11, 446 genes tested.

(b) Filter 1. Significance threshold of 4.31× 10−6 based

on 11, 610 genes tested.

(c) Filter 2. Significance threshold of 4.35× 10−6 based

on 11, 505 genes tested.

(d) Filter 2. Significance threshold of 4.31× 10−6 based

on 11, 606 genes tested

(e) Filter 3. Significance threshold of 4.31× 10−6 based

on 11, 573 genes tested

(f) Filter 3. Significance threshold of 4.32× 10−6 based

on 11, 599 genes tested

Figure 2.1: Manhattan plots from genome-wide gene-based association analysis integrating
rare variant and predicted gene expression.
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(a) Filter 1; MPV (b) Filter 1; PLT

(c) Filter 2; MPV (d) Filter 2; PLT

(e) Filter 3; MPV (f) Filter 3; PLT

Figure 2.2: Venn diagram of number of genome-wide significant gene transcripts using three
different tests: predicted gene expression only in green, rare variants (genotype) only in pink,
and the joint test in blue.
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2.4 Discussion

Our proposed approach integrates two omics data types while taking into account the ar-

chitecture of the specific data types, including high dimensional data and omics that may

interact with the trait in a non-linear fashion. Using this method, we may be able to identify

additional factors that are associated with a quantitative trait of interest by combining small

to modest effects to amplify signals that are relevant to the underlying trait etiology. We

also get closer to bridging the gap in missing heritability by contributing a method that

can be used on correlated measures and multi-ethnic samples. We demonstrated the utility

of this approach on a large, multi-ethnic sample, including related individuals. Hopefully,

identifying missing heritability contributes to disease prevention or treatment by learning

about the function of identified variants or identification of the true causal facets implicated

in disease pathology.

Depending on the scientific goal, it may not be appropriate to use this test in lieu of

association analysis with a single data type, such as GWAS. This approach is well-suited for

scientific questions that interrogate about a functional grouping of multi-omics, such as those

features within or near a gene. One must take care that the features included in the test

are consistent with the underlying biology. For example, we may not want to include both

eQTLs along with expression, as these may be redundant pieces of information, artificially

inflating the signal observed, which could potentially lead to false positives. On the other

hand, including irrelevant information weakens the power of the hypothesis test, so it is best

that the features included in the functional groupings are scientifically motivated. We see

that this is the case, as several signals in the TOPMed study were identified via TWAS

alone, but not via the joint test. Including rare variants that may not have been associated

with platelet traits led to the joint test failing to attain significance in these particular cases.

Therefore, one may want to conduct association analysis with single data types to answer

slightly different, relevant scientific questions.

This approach is not limited to gene-based association analysis. One may be interested
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in integrating multiple facets of a pathway, for example, to see if there exists association

between a pathway and a trait of interest. We also are not limited to integrating data

types that are implicated in genetic architecture. For example, one may want to integrate

environmental effects alongside genetic effects. Embedding data types via a kernel function

easily allows us to accommodate any type of high-dimensional exposures.

Another choice that may be guided by the underlying biology is the direction of projection

when using kernel PCA. If one suspects that one data type has more of an effect than the

other, then one would want to preserve the data type with the bigger suspected effect. While

the KM regression approach offers flexibility in the choice of kernel function, as with any

other association analysis, we are limited in that the underlying interaction between each

data type and the trait is unknown. We benefit here compared to other methods in that

we have the option of embedding data in a non-linear fashion. One could consider multiple

different kernel functions to embed data in a kernel matrix, carry out the association analyses

for all different kernel functions considered, and apply a multiple testing correction or use an

omnibus test approach. Moreover, we may be computationally limited in the choice of kernel

function when the sample size is very large. Specifically, if we use a linear kernel function

we avoid computations that involve decomposition of n× n matrices. For this reason, since

our sample sizes were relatively large for the computational task, we applied linear kernel

functions to the TOPMed data, albeit this may not be the best choice of embedding these

data. However, this approach is still a good choice to jointly assess association of two data

types, while taking the correlation of observations into account.
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Chapter 3

GENERAL KERNEL MACHINE METHODS FOR
INTEGRATION OF TWO OR MORE OMICS AND

GENOME-WIDE ASSOCIATION TESTING WITH RELATED
INDIVIDUALS

3.1 Introduction

Classical analysis of omics data (including transcriptomic, genetic, epigenetic, etc.) focused

primarily on individual data types. Although these single-data-type studies have been vastly

successful in identifying individual features (transcripts, SNPs, epigenetic marks, etc.) associ-

ated with complex traits and phenotypes, each data-type represents inquiry and examination

of just a single facet of the inherent multifaceted nature of disease. To achieve a full un-

derstanding of complex outcomes requires integration and multi-omics profiling approaches

that can simultaneously yield a more holistic view of the biological systems as well as im-

prove power to detect true effects since cellular and physiologic phenomena occur through a

concerted biological cascade involving multiple omics. To these ends, large-scale multi-omic

studies, such as the TOPMed project, are underway and promise comprehensive achievement

of many biological, medical, and public health challenges.

Despite the immense potential of the emerging large-scale multi-omics studies, best ap-

proaches for statistical analysis of such studies remains unclear, particularly in the setting in

which there is correlation in subjects due to relatedness or other clustering effects. We focus

particularly on the problem of gene discovery wherein we are interested in understanding

whether individual genes (or pathways) are associated with a complex trait. We focus on

genes and pathways because data integration requires common units of analyses across data

types and the gene represents a fundamental unit that can be characterized by many different
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data types. For example, SNPs within and near the gene can simultaneously impact genetic

regulation of expression as well as eventual protein sequence; epigenetic marks may increase

or decrease expression; individual transcripts can represent the dynamic output of the gene;

and protein represents the final, but often poorly measured, molecule for catalyzing chemical

reactions. Similarly, genes (and the features associated with a gene) can be aggregated into

pathways and functional groupings. Thus, to fully harness the availability of multiple omics

data types, we propose to jointly evaluate, at the gene or pathway level, the cumulative

effect of all the data types simultaneously while further accommodating correlation among

the outcomes.

Operationally, we will utilize the kernel machine regression framework. Kernel machine

testing (KMT), was originally proposed for gene expression analysis but has now become

popular for genetic association analysis of common or rare variants. The approach has

been extended to accommodate CNVs, methylation, microbiome, metabolomic, and scRNA

data, among others. KM testing for a single data type proceeds by comparing pairwise

similarity in the outcome to pairwise similarity in the features (e.g. SNPs in a gene). The

data in the test appear purely through their embedding into pairwise similarities which

is calculated via a kernel function. Importantly, the kernel function can be tailored to

individual data types to capture key features of the data, e.g. epistatic relationships for SNP

data or phylogenetic information for microbiome data. Thus, the framework can naturally

and seamlessly accommodate the complex personalities of individual data types. For a given

kernel, an analytic p-value can be calculated for the association between the individual data

type and the outcome.

Under the KMT framework, we first identify groups of related features within and across

data types, e.g. the SNPs, CpGs, transcripts associated with a single gene. We then pro-

pose to embed the features from each individual data type into separate data-type specific

kernels. This allows for capture of data-type specific characteristics. For example, weighted

linear kernels are popular for rare variants while other kernels have been tailored to other

data types. Then, to assess the joint effect of all of the data types on the outcome, we



36

will construct a composite kernel as the weighted average/sum of the individual data type

kernels. Since the weighted combination of kernels is just another kernel, for a fixed set

of weights, we can analytically calculate a p-value for the association. To incorporate cor-

relation among outcomes, we include additional random effects which capture effects that

may arise through relatedness or other clustering effects. However, a central challenge lies

in the choice of weights. The optimal weights depends on the true state of nature which is

unknown. Therefore, we propose to use a coarse grid search. Specifically, we consider a range

of different potential weights, construct a composite kernel based on each set of candidate

weights, test for the association using the composite kernel while taking into account cor-

relation, and then aggregating the p-values from the different choices of composite kernels.

The major advantage of our approach is that we borrow information across data types in

assessing the association. We emphasize that the combination is at the kernel level such that

we are allowing differential contributions of the individual data types.

To aggregate the results across different sets of candidate weights and candidate com-

posite kernels, we will combine the p-values using a novel truncated Cauchy-Combination

test (TCCT), which is a variation on the commonly used Cauchy-Combination test (CCT).

Specifically, we note that aggregation of some large p-values (e.g. from poor choice of weights)

will dilute the power. Thus, we propose to truncate and remove large p-values when aggregat-

ing the individual p-values. In the same spirit of the CCT, the truncation of the TCCT does

not affect the lower tail behavior of the p-values ensuring continued type I error protection

while improving power in the presence of some large p-values.

Joint testing for the effect of multiple data types is not an entirely new problem. Our

work is based on related models that have previously been used to integrate methylation and

genotype data for genome-wide association analysis. As with out approach, this gene-based

method interrogates the association between a gene and a general trait of interest by building

a score test statistic based on a composite kernel matrix and covariate adjusted trait values.

However, this method fails to take into account correlation amongst observations and is

limited to interrogating association for only two data types [59]. While we have previously
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developed a novel approach in the previous chapter that accommodates correlation among

observations, the approach still is restricted to only two data types. Another approach, the

Omnibus-Fisher, is somewhat reminiscent of our proposal in that it uses a modified Fisher’s

method to combine separate p-values of association testing of a quantitative trait and a set

of SNPs, methylation markers, and RNA sequencing. The association testing for each data

type is done via kernel machine regression, and afterwards, the three individual p-values are

combined to generate a single p-value for a gene is produced. Despite the similarity to our

approach in terms of combining p-values, a key conceptual difference is that it essentially

relies on analyzing the individual data types separately and only combines the results at the

end. This implicitly makes the unrealistic assumption that the contribution of each data

type is the same and does not accommodate the correlation among data types. Further, the

existing use of the approach does not directly account for relatedness amongst subjects in

the study, though modifications can be made.

The remainder of this chapter is organized as follows. In the next section, we describe

our model and proposed testing framework, including the construction of composite kernels

and the truncated Cauchy Combination Test. We further describe the simulation scenarios

and introduce the TOPMed data application. In the Result section, we then present the

simulation results as well as the application of our approach to examine associations between

genes and platelet counts in TOPMed. We conclude with a brief discussion.

3.2 Methods

For simplicity, we focus on testing a single gene (or pathway) with the understanding that

the proposed approach can then be applied to testing all genes across the genome with

appropriate multiple testing adjustments.

3.2.1 Kernel Model and Global Testing Framework

We assume a study in which there are n potentially related individuals. For each individual,

we have a quantitative phenotype, yi, for i ∈ {1, . . . , n} as well as L different data types
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collected. For the ith individual, we can then relate the data types to a quantitative outcome

through the additive linear kernel model:

yi = X ′
iβ +

L∑
ℓ=1

fℓ

(
Z

(ℓ)
i

)
+ ϵi (3.1)

where X i are covariates for which we would like to adjust and ϵ = (ϵ1, ϵ2, . . . , ϵn)
′ follows a

distribution with mean zero and general covariance Σ. Z
(ℓ)
i represents the vector of measure-

ments corresponding to the ℓth data type, e.g. the SNPs, methylation marks, transcripts,

etc. for a particular gene. Each fℓ(·) is a generally specified function lying in a reproducing

kernel Hilbert space Hℓ defined by a corresponding positive definite kernel function kℓ(·, ·).

The kernel function kℓ(·, ·) is a function that measures similarity between two subjects

based on their inputs, e.g. their SNP profiles. Importantly, kℓ(·, ·) can be tailored to capture

important characteristics of the data. For example, if using methylation data, one may

want to employ kernel functions that incorporate both the methylation values and the CpG

location [32], while a linear kernel function may suffice for SNP count data.

Due to the relationship between kernel machine models and mixed models [27, 10], we

can jointly model all subjects together such that instead of (3.1) we have the equivalent

linear mixed model

y = Xβ +
L∑

ℓ=1

f ℓ + ϵ (3.2)

where y = (y1, . . . , yn)
′, X = (X1, . . . ,Xn)

′, and f ℓ is a vector of subject specific random

effects with mean zero and variance τℓKℓ with Kℓ an n×n kernel matrix with (i, i′)th entry

equal to kℓ(Z
(ℓ)
i ,Z

(ℓ)
i′ ).

Alternatively, we could also rewrite (3.2) as

y = Xβ + f + ϵ (3.3)

where we have f ∼ F (0, τK), and K =
L∑

ℓ=1

ωℓKℓ for some weights ωℓ ∈ [0, 1] with
L∑

ℓ=1

ωℓ = 1.
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Then under this formulation, in order to evaluate the joint effect of all data types on a

quantitative trait, we can test the equivalent null hypotheses that

H0 : f = 0 ⇔ H0 : τ = 0

against the general alternative that features of one or more data type are related to the

outcome.

If the ωℓ are determined or fixed without regard to the outcomes in the present study,

then we can construct the variance component score test statistic

Q = (y −Xβ̂)′Σ̂
−1
KΣ̂

−1
(y −Xβ̂)

where β̂ and Σ̂ are estimated from the null model y = Xβ + ϵ. Under the null, Q asymp-

totically follows a mixture of chi-square distribution. This distribution can be approximated

using exact methods like Davies’ method [15] or via moment matching methods [28], allowing

for analytic p-value calculation. The mixture weights are determined by the eigenvalues of

Σ̂
−1/2

P 0Σ̂
−1
KΣ̂

−1
P 0Σ̂

−1/2
, where P 0 = Σ̂−X

(
X ′Σ̂

−1
X
)−1

X ′.

In practice, however, the ωℓ are unknown quantities that depend on the data at hand.

Thus, we consider a few different strategies for p-value calculation in the subsequent subsec-

tions.

3.2.2 Standardization of Kernel Matrices

Differing data types may be on vastly different scales. For example, we typically codify

genotype data as counts of a reference allele (counts take on values of 0, 1, or 2), whereas

gene expression values may take on values ranging several orders of magnitude, depending

on the normalization technique employed [35, 12]. If ωℓ are known, then these quantities

should take into account the inherent difference of scale present in the individual data type

kernel matrices. However, when ωℓ are unknown a priori, we first proceed by standardizing
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kernel matrices, so that no one data type dominates information conveyed in the composite

kernel matrix.

We standardize an individual data type’s kernel matrix, Kℓ, by pre-multiplying Kℓ by

a constant ηℓ. Let σℓ be the standard error of (y − Xβ̂)′Σ̂
−1
KℓΣ̂

−1
(y − Xβ̂), and let

γℓ =
∏

i∈{1,...,L}
i ̸=ℓ

σi. Then we choose

ηℓ = γℓ

(
L∑

j=1

γj

)−1

.

Now, all L quadratics, (y −Xβ̂)′Σ̂
−1
ηℓKℓΣ̂

−1
(y −Xβ̂), have the same standard error.

3.2.3 Multi-Dimensional Grid Search with Cauchy Combination Test

Let ωℓ = ρℓ, for ℓ < L, and set ωL = 1 −
∑L−1

ℓ=1 ρℓ. We restrict all ωℓ to be between 0 and

1. We consider a grid of values for each of the ρℓ. We then exhaustively generate composite

kernel matrices based on the values of the ρℓs such that we have G different composite kernel

matrices. For example, we might consider a grid of values for ρℓ of {0, 0.5, 1} for L = 3

individual data type kernel matrices. Then we would generate G = 6 different composite

kernel matrices:
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ω1 ω2 ω3 K

1 1 0 0 η1K1

2 0 1 0 η2K2

3 0 0 1 η3K3

4 0.5 0.5 0 η1K1 + 0.5η2K2

5 0.5 0 0.5 η1K1 + 0.5η3K3

6 0 0.5 0.5 η2K2 + 0.5η3K3

Table 3.1: Composite kernel matrices generated by ρ1 = ρ2 = {0, 0.5, 1} when L = 3.

For each composite kernel matrix, we then compute a p-value for the association as in

section 3.2.1. Finally, we aggregate the multiple effects of all G tests using the Cauchy

combination test or the truncated Cauchy combination test to get a single p-value for the

association.

Cauchy Combination Test

Our G p-values for association between the quantitative outcome and L data types are

correlated quantities, as the set of G composite kernel matrices are correlated to one another.

The Cauchy combination test (CCT) takes into account the correlation structure amongst

these p-values, as we combine their effects, which controls the type I error of the test [29].

The observed Cauchy combination test statistic is

tCCT =
1

G

G∑
j=1

tan{(0.5− pj)π},

and the final p-value can be approximated as

pCCT =
1

2
− arctan (tCCT)

π
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Truncated Cauchy Combination Test

We have observed that the CCT can suffer severe power loss in the case where many p-values

are close to 1. Thus, an alternative is to use a truncated Cauchy combination test (TCCT)

where we are effectively winsorizing large p-values. Specifically, for each of the G p-values,

if the p-value is greater than some number α+ ν, where α is the type I error rate (e.g. 0.05)

and 0 < ν < 1− α, then we set the p-value to be equal to α + ν. Specifically, the observed

TCCT statistic is computed as

tTCCT =
1

G

G∑
j=1

I(pj < α+ ν) tan{(0.5− pj)π}+ I(pj ≥ α + ν) tan{(0.5− (α + ν))π}

One choice of ν is to just choose α. Finally, the p-value can be approximated as

pTCCT =
1

2
− arctan (tTCCT)

π
.

3.2.4 Simulation Studies

Simulations when data types are uncorrelated

First, we assessed performance integrating simulated genotype, methylation, and expression

data for sample sizes n = {1000, 2500, 5000}. These three data types were simulated un-

correlated. We evaluated type I error of three approaches: (1) the CCT, (2) the TCCT,

and (3) the Omnibus-Fisher test [55]. The Omnibus-Fisher test is a combination test that

jointly tests association between three data types and a quantitative outcome, but it does

not accommodate correlation of outcomes. Thus, we compare the CCT and TCCT to the

Omnibus-Fisher test to demonstrate the utility of modeling correlation amongst outcomes,

when present in the study. We evaluated power of the CCT and the TCCT to demonstrate

increased power to detect signals when using the TCCT.

Genotype data were simulated using cosi2 [42]. We simulated 2n haplotypes for a 1Mb

region to mimic the linkage disequilibrium (LD) pattern, local recombination rate, and the
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coalescent population history of European, African, and East Asian populations. Specifically,

we designated three populations to be similar to three 1000 Genomes populations: Yoruba in

Ibadan, Nigeria (YRI) of size 14, 474; Utah residents with Northern and Western European

ancestry (CEU) of size 338, 000; and Han Chinese in Beijing, China (CHB) and Japanese

in Tokyo, Japan (JPT) of size 454, 000 [4]. In the coalescent simulator, demographic events

mimic those of these three populations. The simulated sample consists of 30% YRI haplo-

types, 40% CEU haplotypes, and 30% CHB/JPT haplotypes. Of the 2n haplotypes, 30%

were designated as a genetically unrelated subset of the population. We randomly created

diploids with the remaining 70% of the haplotypes to give rise to generation 1. We randomly

paired all diploids of generation 1 - denoting one in the pair female and the other male. We

then randomly sampled haplotypes from each individual in the pair to give rise to 2 diploid

offspring for each pair, again, denoting one offspring female and the other male. This is

generation 2. We aggregated sibling pairs from generation 2 into groups of 5 sibling pairs.

We paired the female from pair 1 with the male from pair 5, the female from pair 2 with the

male from pair 1, the female from pair 3 with the male from pair 2, etc. Then we randomly

sample haplotypes from each pair to create 2 diploid offspring, giving rise to generation 3.

Ultimately, a sample of size n is comprised of

1. all 0.3n unrelated diploids,

2. a random subset of 0.1n diploids from generation 1,

3. a random subset of 0.2n diploids from generation 2, and

4. a random subset of 0.4n diploids from generation 3.

This mimics a study in which a modest proportion of subjects are closely related. These

simulated samples feature 10%, 10% and 14% of the sample being close relatives (3rd degree

or more closely related) for the samples of size 1000, 2500, and 5000, respectively.
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Using variants from the 1Mb region with minor allele frequency of at least 0.1%, we

estimated a genetic relatedness matrix, Φ, using the GCTA method from the SNPRelate R

package [61]. We defined a gene as a 5kb region, giving rise to 200 genes. We only considered

variants within the gene with minor allele frequency of at least 1%. Genes contained between

5 and 39 variants.

Methylation data were randomly sampled as multivariate normal with mean 0 and co-

variance matrix ΣM for each simulation. Expression data from 30 probes were randomly

sampled as multivariate normal with mean zero and covariance ΣE for each simulation. The

covariance matrices ΣM and ΣE were estimated from publicly available methylation data

for 21 and 30 CpG sites, respectively [2].

We performed 10, 000 simulations to assess type I error at various α levels. Quantitative

traits were generated as follows:

y = X + ϵ,

where X ∼ N(0, I) and ϵ ∼ N
(
0, 3

7
Φ+ I

)
. Each simulated gene was used 50 times across

the simulations, whereas unique methylation and expression variables were produced for each

simulation. For the CCT and TCCT we embedded genotype, methylation, and expression

data types into kernel matrices using the linear kernel function, e.g. the kernel matrix, KG,

for genotype data matrix G is KG = GG′. For the CCT and TCCT we used ρℓ grid values

of {0, 0.25, 0.5, 0.75, 1}. We calculated type I error as the proportion of data sets whose

hypothesis test results in p-value less than the significance threshold.

We performed 1, 000 simulations to evaluate power under various settings. For a gene,

quantitative traits were generated according to the following model:

y = X + βG

∑
j∈J1

Gj + βM

∑
j∈J2

M j + βE

∑
j∈J3

Ej + ϵ, (3.4)

where X and ϵ are defined as above, Gj is a column vector of the genotypes for the jth

variant in the gene, M j is a column vector of methylation values for the jth CpG site, and
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Ej is a column vector for the jth expression probe.

Denote q1 the number of columns of the genotype matrix. If the gene contains fewer than

10 variants, then J1 is one randomly selected column index of the genotype matrix, and if

the gene contains 10 or more variants, then J1 is a set of ⌊ q1
10
⌋ randomly selected column

indices of the genotype matrix. J2 = {10, 20}, and J3 = {10, 20, 30}. We calculated power

as the proportion of data sets whose hypothesis test results in p-value less than 0.05.

Simulations when data types are correlated

Next, we assessed performance when genotype, methylation, and expression data are sim-

ulated to be correlated. Genes were defined the same as in subsection 3.2.4. We induced

correlation between genotypes and methylation:

M j = Aj + υM .

Here, M j is a column vector of methylation values for the jth CpG site, Aj is the j
th column

vector of a n × 21 matrix. We define Aj = 0.4
∑
j∈J

Gj, where J is a set of two randomly

selected indices of the columns of the G matrix. Moreover, υM ∼ N21 (0,ΣM).

Next, we induce correlation between methylation and the continuous variable. Define

B = 0.1

 1[8×8] 0[8×13]

0[13×8] 1[13×13]

∣∣∣∣∣∣
0[4×9]

1[11×9]

0[6×9]

 .

Let Ej = Bj + υE, where Ej is a column vector for the jth expression probe, and Bj is the

jth column of B. Moreover, υE ∼ N30 (0,ΣE).

We carried out the simulation procedure the same way as in section 3.2.4.
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3.2.5 Real Data Application

We analyzed data from NHLBI’s Trans-Omics for Precision Medicine (TOPMed) initiative to

conduct genome-wide gene-based association analysis of platelet count (PLT). We use data

from 1, 240 women from the Women’s Health Initiative (WHI) [18]. For each of the 18, 589

gene transcripts tested, we integrated whole genome sequencing (WGS), gene expression as

measured by RNAseq, and methylation data, and tested their association with PLT.

We fit one common null model to be used for all of the genes’ association tests. We

modeled the null model as a linear mixed model, so that we could account for the correlation

due to relatedness amongst individuals in the study. We adjusted for age and 11 principal

components (PCs) to account for population structure, since our sample is multi-ancestral.

We estimated PCs using LD-pruned genetic variants on chromosomes 1-22 of minor allele

frequency of at least 0.01. We first use these variants to preliminarily estimate PCs using

PC-AiR [13]. To ensure the PCs take into account admixture of individuals in the study, we

use the preliminary PCs to estimate kinship coefficients using PC-Relate [14]. In turn, we use

these kinship coefficients to estimate PCs a final time, again using PC-AiR. Using variants

of minor allele frequency of at least 0.001, we estimated the genetic related matrix (GRM)

using the GCTA method from the SNPRelate R package [61]. Finally, we used GENESIS to

fit the null model using Average Information REML [17].

For each gene, we used common variants (minor allele frequency of at least 0.05) that are

within the boundaries of the gene transcript, methylation of CpG sites within the gene, and

gene expression of the gene transcript. We restrict attention to gene transcripts that have at

least one variant and at least one CpG site within the gene boundaries. We embedded geno-

type, methylation, and expression data into kernel matrices using a linear kernel function.

We employed ρℓ grid values of {0, 0.25, 0.5, 0.75, 1}.
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3.3 Results

3.3.1 Simulation Studies

Type I error results are presented in Table 3.2 for uncorrelated and correlated data types.

Note that the Omnibus Fisher test has poor type I error control when applied to correlated

outcomes. The test results in inflation that is increasingly poorly controlled with increas-

ing sample size. This demonstrates that we run the risk of obtaining several false positive

hypothesis test results when we fail to account for correlated outcomes in multi-omics as-

sociation analysis. However, we observe appropriate type I error of the CCT, TCCT, and

single data type tests at all three significance thresholds, as these tests take into account

the correlation amongst outcomes. When comparing the CCT directly to the TCCT at the

0.05 significance threshold, we often observe slightly larger type I error of the TCCT. This

difference is less exaggerated at smaller significance thresholds. QQ plots of these type I

error results for the CCT and the TCCT are presented in Figure 3.1.

Power results are presented in Table 3.3 for independent and correlated data types. We

benefit in using the TCCT over the CCT, as it is the slightly more powerful of the two tests.

When there is only an effect due to one data type, the most powerful approach is to test

with solely that data type. The joint tests suffer a slight penalty in power due to integrating

irrelevant information. On the other hand, when there is truly an effect due to two or more

data types, we tend to benefit from an increased power to detect signals using the TCCT.

As expected when data types are correlated, individual data type tests pick up signal due to

the induced effect via the other data types.
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Correlated

Data types
n

Significance

Threshold

Omnibus

Fisher
CCT TCCT G M E

No

1000

0.05 0.256 0.042 0.052 0.046 0.048 0.050

0.005 0.0956 0.0038 0.0043 0.0045 0.0042 0.0060

0.001 0.0518 0.0007 0.0007 0.0006 0.0008 0.0011

2500

0.05 0.454 0.046 0.054 0.049 0.048 0.049

0.005 0.2486 0.0037 0.0042 0.0048 0.0047 0.0046

0.001 0.1735 0.0005 0.0006 0.0012 0.0008 0.0010

5000

0.05 0.681 0.050 0.051 0.050 0.048 0.047

0.005 0.4919 0.0053 0.0053 0.0059 0.0051 0.0047

0.001 0.3964 0.0017 0.0017 0.0010 0.0017 0.0013

Yes

1000

0.05 0.325 0.052 0.055 0.047 0.047 0.047

0.005 0.1533 0.0050 0.0051 0.0051 0.0043 0.0050

0.001 0.0989 0.0008 0.0008 0.0012 0.0005 0.0005

2500

0.05 0.543 0.045 0.050 0.047 0.044 0.047

0.005 0.3309 0.0041 0.0045 0.0046 0.0035 0.0045

0.001 0.2494 0.0012 0.0013 0.0009 0.0006 0.0013

5000

0.05 0.736 0.050 0.054 0.046 0.047 0.049

0.005 0.5637 0.0060 0.0060 0.0055 0.0040 0.0056

0.001 0.4663 0.0010 0.0010 0.0014 0.0011 0.0013

Table 3.2: Empirical type 1 error results of the Omnibus Fisher test, the Cauchy Combination
Test (CCT), and the Truncated Cauchy Test (TCCT), which integrate three data types, and
individual data type tests. G refers to the test using only genotype data, M refers to the test
using only methylation data, and E refers to the test using only the continuous data. n is the
number of samples in each simulation. The simulations for independent data types simulated
all three data types independently of each other, while the simulations for correlated data
types simulated all three data types correlated to one another. Empirical type I error is
reported as the proportion of 10, 000 hypothesis tests from 10, 000 simulations that attained
p-value less than the specified significance threshold.
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Independent Data Types Correlated Data Types

n βG βM βE CCT TCCT G M E CCT TCCT G M E

1000

0.5 0 0 0.438 0.503 0.529 0.036 0.049 0.509 0.517 0.548 0.308 0.169

0 0.05 0 0.131 0.158 0.050 0.191 0.048 0.125 0.137 0.054 0.184 0.070

0 0 0.05 0.072 0.078 0.047 0.052 0.084 0.206 0.219 0.087 0.141 0.234

0.5 0.05 0 0.484 0.543 0.521 0.191 0.044 0.571 0.582 0.556 0.500 0.233

0.5 0 0.05 0.463 0.534 0.556 0.045 0.108 0.655 0.665 0.594 0.470 0.430

0 0.05 0.05 0.144 0.166 0.053 0.199 0.085 0.494 0.519 0.122 0.498 0.403

0.5 0.05 0.05 0.532 0.586 0.548 0.192 0.091 0.801 0.808 0.616 0.725 0.648

2500

0.5 0 0 0.455 0.525 0.557 0.054 0.044 0.523 0.550 0.594 0.303 0.109

0 0.05 0 0.259 0.308 0.050 0.427 0.049 0.342 0.371 0.073 0.463 0.129

0 0 0.05 0.110 0.126 0.045 0.063 0.181 0.399 0.424 0.092 0.252 0.462

0.5 0.05 0 0.641 0.714 0.581 0.458 0.054 0.728 0.739 0.585 0.698 0.271

0.5 0 0.05 0.535 0.578 0.573 0.044 0.171 0.753 0.760 0.589 0.529 0.629

0 0.05 0.05 0.358 0.406 0.044 0.444 0.175 0.854 0.900 0.160 0.874 0.810

0.5 0.05 0.05 0.714 0.741 0.580 0.436 0.175 0.964 0.969 0.633 0.942 0.869

5000

0.5 0 0 0.643 0.645 0.668 0.627 0.506 0.632 0.656 0.688 0.326 0.132

0 0.05 0 0.952 0.954 0.881 0.958 0.920 0.632 0.693 0.080 0.789 0.234

0 0 0.05 1 1 0.969 0.997 1 0.680 0.721 0.099 0.466 0.787

0.5 0.05 0 0.990 0.990 0.975 0.990 0.963 0.908 0.912 0.715 0.891 0.416

0.5 0 0.05 1 1 0.985 0.999 0.999 0.920 0.922 0.723 0.716 0.854

0 0.05 0.05 1 1 0.992 1 1 0.953 0.999 0.182 0.995 0.990

0.5 0.05 0.05 1 1 0.999 1 1 0.994 0.999 0.752 1 0.993

Table 3.3: Empirical power results of the Cauchy Combination Test (CCT) and the Trun-
cated Cauchy Test (TCCT), which integrate three data types, and individual data type tests.
G refers to the test using only genotype data, M refers to the test using only methylation
data, and E refers to the test using only the continuous data. n is the number of samples in
each simulation. The simulations for independent data types simulated all three data types
independently of each other, while the simulations for correlated data types simulated all
three data types correlated to one another. Empirical power is calculated as the proportion
of 1, 000 hypothesis tests from 1, 000 simulations that attained p-value less than 0.05.
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Figure 3.1: QQ plots under the null simulation setting. Panel a is the Cauchy Combination
test results and panel b is the truncated Cauchy Combination test results.

3.3.2 Real Data Application

Joint association analysis via the TCCT using common genetic variation, methylation, and

gene expression identified more than 100 gene transcripts associated with PLT on nearly all

autosomal chromosomes, as we see in the Manhattan plot in Figure 3.2. We identified three

signals using the joint test that the single data type tests did not identify (Figure 3.3). These

transcripts come from long intergenic non-protein coding RNA LINC00853 on chromosome

1, gene ACCSL on chromosome 11, and gene TPST2 on chromosome 22 (Table 3.4). These

three hits are primarily driven by the association with gene expression and modest association

with methylation. None of these signals show evidence of association with common genetic

variation within the gene. The signals due to expression were not strong enough to attain

genome-wide significance on their own, but when we integrate additional information about

the methylation within the gene, the aggregate signal of both data types is strong enough to
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attain genome-wide significance for the joint test.

Figure 3.2: Manhattan plot of the joint test via TCCT. The height of the dashed black line is
at the significance threshold. The Bonferroni corrected significance threshold is 0.05/18589 =
2.69× 10−6.
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Figure 3.3: Venn diagram of number of significant hits of the TCCT (green), methylation
only test (red), and gene expression only test (blue). The genotype only test is excluded
because there were no significant hits using this test.

Gene Transcript (ω1, ω2, ω3) TCCT G M E

LINC00853 ENSG00000224805.2 (0, 0.5, 0.5) 9.935E-07 3.307E-01 6.902E-04 4.874E-06

ACCSL ENSG00000205126.2 (0, 0.5, 0.5) 1.779E-06 5.001E-01 4.252E-03 3.937E-06

TPST2 ENSG00000128294.16 (0, 0.5, 0.5) 1.860E-06 3.488E-01 6.531E-03 3.531E-06

Table 3.4: Signals identified by the TCCT that were not detected by individual data type
tests. TCCT refers to the joint test that uses the truncated Cauchy combination test, G
refers to the test using genotype data only, M refers to the test using methylation data only,
and E refers to the test using gene expression data only. Weights, (ω1, ω2, ω3), are the set
of weights corresponding to the lowest p-value.

3.4 Discussion

Our proposed approach integrates two or more omics data types while taking into account the

architecture of the specific data types, including high dimensional data and omics that may
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interact with the trait in a non-linear fashion. We accommodate complex study designs,

including relatedness or dependence amongst outcomes via linear mixed models (LMM).

Making use of family-based studies and multi-ethnic studies is prudent, as in doing so, we

may capture some “missing heritability” [31]. We demonstrated the utility of this approach

on a multi-ethnic sample, including related individuals. Hopefully, identifying associations

with health-implicating traits may aid in future disease prevention and/or treatment by

learning about additional omics involved in the pathology.

We caution that this integrative approach may not be appropriate to use instead of

association analysis with a single data type, such as GWAS. Here, we are assessing if there is

joint association with at least one of the data types tested. Note, that if a signal is significant,

this does not imply that all data types are indeed associated with the outcome. It is possible

that a subset of data types are driving the association, while some data types are completely

null. Moreover, if the joint test incorporates some null signals, we may dampen power to

detect true associations. For example, we see in the TOPMed data application that there

were 10 signals that were detected by gene expression or methylation alone, but were not

captured by the joint test. Accordingly, we may want to extend this joint test to consider

several different outcome-data type models and appropriately choose the model that has

most evidence of association.

While this chapter mainly discussed how to apply this method in a gene-based association

analysis setting, we are not limited to testing at the gene level. We may be interested in

performing pathway-based analysis, for example, in which we regress a quantity related to

a pathway on various facets of that pathway. Here, since we are not limited in the number

of data types we want to use, we may also consider incorporating kernel matrices for the

interaction of our data types, as in [60].
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Chapter 4

PSEUDO-PERMUTATION FOR GENERAL KERNEL
MACHINE ASSOCIATION TESTING OF SMALL SAMPLES

4.1 Introduction

Kernel-based association tests have been widely used in genetic and and other omic applica-

tions due to their modeling flexibility, computational efficiency, and ability to accommodate

complex study designs while delivering statistical power. The sequence kernel association

test (SKAT) has traditionally been used to assess association between common or rare ge-

netic variants in a gene and a quantitative or binary outcome of interest, while accounting for

covariates. Importantly, SKAT doesn’t make assumptions about the directions of effect or

the effect sizes of variants in the region. SKAT fits a null model, including covariates, which

typically only needs to be fit once per outcome, resulting in a computationally efficient test

procedure when applied genome-wide. This test employs a score-based variance-component

hypothesis test to calculate a p-value for the regression of the outcome on a set of genetic

variants [51, 52].

SKAT assumes independence amongst measured outcomes, however, genetic studies often

feature related individuals. In this case, SKAT is inapplicable, as type I error tends to be

when clustering amongst outcomes is not appropriately modeled. For quantitative traits,

SKAT has been extended, as in the family-based SKAT (famSKAT), to accommodate genetic

relatedness. Operationally, the famSKAT exploits the relationship between kernel machine

regression and linear mixed models (LMM) to model the familial correlation of outcomes as

a random effect with covariance proportional to the kinship matrix [10].

Due to the ability of SKAT to jointly test high-dimensional features with small to modest

effects, the approach is an attractive choice for use with data of other omic modalities. For
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example, the microbiome regression-based kernel association test (MiRKAT) extends SKAT

to regress an outcome on a microbiome profile. MiRKAT exploits the flexibility of kernel-

machine regression by non-parametrically relating the microbiome to the outcome of interest

using a kernel that incorporates phylogenetic distance [58].

While these kernel-based association testing methods have been successful in their respec-

tive domains, they are not particularly statistically powerful when applied to small samples.

SKAT, famSKAT, and MiRKAT all calculate p-values using the limiting distribution of their

test statistics, and while these tests perform well for studies with large samples, we observe

deflated type I error and a loss of power when these tests are used for studies with small sam-

ples. Motivated by the tendency of microbiome studies to be small and due to the tendency

of genetic and epigenetic studies to feature longitudinal and/or family-based data collection,

we seek a test that accounts for dependent outcomes and is powerful for small sample sizes.

Moreover, we wish to benefit from the various attributes of kernel-based association tests:

aggregation of small to modest effects of multiple features, like SKAT; accounting for corre-

lation amongst outcomes, like famSKAT; and interrogation of association with various data

modalities, as with MiRKAT.

We implement a pseudo-permutation approach to p-value calculation of kernel-based

association tests, rather than relying on asymptotic results of existing approaches, so it the

test is more powerful in small samples. Employing a pseudo-permutation test for small

samples allows us to exploit the benefit of increased statistical power of a permutation test

without the computational burden of a permutation test. Direct permutation may also be

difficult if there are correlations in the features, as we would expect. Moreover, our approach

accommodates dependence amongst outcomes, so it may be applied to genetic and epigenetic

studies with relatedness and longitudinal study designs. In particular, we utilize a model

similar to that of famSKAT, but we further allow for general covariance structure. Under this

framework, the effects of the features on the outcomes are embedded within devices called

kernels which are measures of similarity based on particular data types. We propose this test

operate at the gene or pathway level, as this represents a common and natural unit of analysis
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for many different data modalities. Then, one can assess the association between the features

by using the pseudo-permutation distribution of the test statistic to calculate a p-value for

the association. Intuitively, the approach compares similarity between subjects based on the

specific data type’s features (as measured through the kernel) to similarity between subjects

based on the outcome, while adjusting for covariates and further accounting for effects due

to dependence of the outcomes.

This approach addresses some challenges of association testing with high-dimensional

omics data, including large numbers of features, small to modest effect sizes, complex (non-

linear or interactive) effects, while also accommodating the characteristics of a data type

including structure intrinsic to the data (LD for SNPs, phylogeny for microbiome data,

etc.). It addresses stringent type I error control levels by employing a pseudo-permutation

approach to p-value calculation. Finally, the flexibility of the model also may account for

complexities of the study design.

The major contribution of this work is the development of a powerful test for small

samples that accommodates general covariance structure. We further find that appropriately

accounting for dependence of outcomes is critical to protecting type I error. In addition,

we apply our method to a small multi-ethnic sample from the NHLBI’s Trans-Omics for

Precision Medicine initiative (TOPMed) to investigate genes associated with a common

quantitative clinical measures: platelet count (n = 151). We also applied our method to a

small vaginal microbiome study to investigate the association between the global microbiome

and metabolites from a pathway (n = 126).

For the remainder of this chapter, we first introduce the kernel regression framework for

dependent outcomes, and discuss the pseudo-permutation approach for p-value calculation

for our association test. We then assess how the pseudo-permutation approach performs in

simulation.
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4.2 Methods

4.2.1 General Kernel Model Testing Framework

Assume a study in which there are n dependent quantitative outcomes. For example, our

quantitative outcome may be a measured for n potentially related individuals, thereby in-

ducing clustering amongst related subsets of the study. Or we may have repeated measures

on some m individuals, amounting to n total measurements aggregated across all individuals.

For each outcome, we have a set of features for an “-omic” data type collected, e.g. genetic

data, methylation, gene expression, etc. Suppose we are interested in assessing association

between. For the ith outcome, we can then relate the “-omic” data type to a quantitative

outcome through the additive linear kernel machine model:

yi = X ′
iβ + f(Zi) + ϵi (4.1)

where X i are covariates for which we would like to adjust and ϵ = (ϵ1, ϵ2, . . . , ϵn)
′ follows

a distribution with mean zero and general covariance Σ. Zi represents the vector of mea-

surements corresponding to the omics data type. The function f(·) is a generally specified

function lying in a reproducing kernel Hilbert space H defined by a corresponding positive

definite kernel function k(·, ·).

The kernel function kℓ(·, ·) is a function that measures similarity between two subjects

based on their inputs, e.g. their SNP profiles. Importantly, kℓ(·, ·) can be tailored to capture

important characteristics of the data. For example, if using methylation data, one may

want to employ kernel functions that incorporate both the methylation values and the CpG

location [32], while a linear kernel function may suffice for SNP count data.

Due to the relationship between kernel machine models and mixed models [27, 10], we

can jointly model all subjects together such that instead of (4.3) we have the equivalent

linear mixed model

y = Xβ + f + ϵ (4.2)
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where y = (y1, . . . , yn)
′, X = (X1, . . . ,Xn)

′, and f is a vector of subject specific random

effects with mean zero and variance τK with K an n × n kernel matrix with (i, i′)th entry

equal to k (Zi,Zi′).

Leveraging the linear mixed model representation of the model, we can derive a variance

component score test statistic to test the equivalent null hypotheses that

H0 : f = 0 ⇔ H0 : τ = 0

against the general alternative that features of the omics data are related to the outcome.

Following [10], the variance component score test statistic is

Q = (y −Xβ̂)′Σ̂
−1
KΣ̂

−1
(y −Xβ̂)

where β̂ and Σ̂ are estimated from the null model y = Xβ + ϵ. Under the null, Q asymp-

totically follows a mixture of chi-square distribution, allowing for analytic p-value calcula-

tion. The mixture weights are determined by the eigenvalues of Σ̂
−1/2

P 0Σ̂
−1
KΣ̂

−1
P 0Σ̂

−1/2
,

where P 0 = Σ̂−X
(
X ′Σ̂

−1
X
)−1

X ′.

However, for small sample sizes, it may be inappropriate to rely on asymptotic results.

Direct permutation of the data may be difficult, due to the correlation structure of the

outcomes, especially since we are allowing for general covariance structure of outcomes.

Moreover, we expect additional correlation structure to be present in the omics data, so

any permutation procedure must account for correlation in the omics data as well. Even

for small samples, direct permutation of the data may be computationally intensive. Thus,

to overcome these challenges, we propose a pseudo-permutation computation of p-values for

the variance component score test.
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4.2.2 Pseudo-Permutation P-value Calculation

If we perform a permutation test when y doesn’t have an exchangeable covariance structure

(as is the case when outcomes are dependent), the p-values of the test are smaller than

those of the actual null distribution, and we observe inflated type I error of the test [1].

The strategy is to overcome this issue of non-exchangeability of the correlation structure by

permuting transformed residuals that do have an exchangeable covariance structure.

Under the null hypothesis, our residuals ϵ̂ = y − Xβ̂ have covariance equal to P 0.

Components ϵ̂1, . . . , ϵ̂n don’t have the same distribution, since Σ is allowed to be completely

unstructured, thus, we do not have exchangability of the covariance structure. We aim to

transform residuals so that transformed residuals have exchangeable covariance structure.

Decompose Σ̂ = Σ̂
1/2

Σ̂
1/2

, and transform the null model by Σ̂
−1/2

:

Σ̂
−1/2

y = Σ̂
−1/2

Xβ + Σ̂
−1/2

ϵ =⇒

z = Wβ + e

The transformed residuals ê = z −Wβ̂ have covariance

V ≡ I −W (W ′W )−1W ′.

V is a projection matrix, so it can be decomposed as

V = UΛU ′,

where the columns of U are orthonormal eigenvectors of V . Denote p as the rank of matrix

X. Then Λ is a diagonal matrix with n − p 1’s and p 0’s – eigenvalues of V . Let U 1 be

a matrix of eigenvectors that correspond to the eigenvalues of 1, and let U 0 be a matrix of

eigenvectors that correspond to the eigenvalues of 0. Then U = (U 1 U 0), U 1U
′
1 = V , and
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U ′
1U 1 = In−p. Now, U

′
1ê has covariance

U ′
1V U 1 = In−p.

U ′
1ê has exchangeable covariance structure, so these transformed residuals are permutable.

We re-express the test statistic in terms of the transformed residuals:

Q = ϵ̂′Σ̂
−1
KΣ̂

−1
ϵ̂

= ϵ̂′Σ̂
−1
P 0Σ̂

−1
KΣ̂

−1
P 0Σ̂

−1
ϵ̂

= ê′U 1U
′
1Σ̂

−1/2
KΣ̂

−1/2
U 1U

′
1ê

= tr
(
U ′

1Σ̂
−1/2

KΣ̂
−1/2

U 1U
′
1ê (U

′
1ê)

′
)

We center the columns of U ′
1Σ̂

−1/2
KΣ̂

−1/2
U 1 and U ′

1ê using centering matrix Hn−p =

In−p − 1
n
Jn−p, where Jm is a m×m matrix of ones. Now,

Q = tr
(
Hn−pU

′
1Σ̂

−1/2
KΣ̂

−1/2
U 1Hn−pU

′
1ê (U

′
1ê)

′
Hn−p

)
≡ tr (RS)

with R = Hn−pU
′
1Σ̂

−1/2
KΣ̂

−1/2
U 1 and S = Hn−pU

′
1ê (U

′
1ê)

′
Hn−p. Note that the statis-

tic s = Hn−pU
′
1ê has covariance equal to Hn−p, so the distribution of s is permutable over

the statistical units.

Now, we turn our attention to the permutation distribution of the test statistic – the

distribution of the n! values of Q obtained by permutation of the entries of vector s. Rather

than doing direct permutation to ascertain the permutation distribution of the test statistic

Q, we approximate the permutation distribution using a Pearson type III distribution. The

Pearson type III distribution has been shown to be an efficiently implemented and accurate

approximation to the permutation distribution of RV test statistics, which take on a similar

form to our test statistic, Q [21]. The Pearson type III distribution can be fully specified

using the first three moments of Q under its permutation distribution. We can calculate
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these moments using results found in the literature [22]. Finally, we use the Pearson type II

distribution to calculate tail probabilities to get a p-value for the association.

4.2.3 Simulation Studies

We assess performance of the pseudo-permutation approach to p-value calculation via simula-

tion under various settings that mimic real data applications. First, we simulated genotypes

to create a sample with relatedness amongst subjects for sample sizes of n = {50, 100}.

Using cosi2 [42], we simulated 2n haplotypes for a 20Mb region to mimic the linkage dis-

equilibrium (LD) pattern, local recombination rate, and the coalescent population history

of European, African, and East Asian populations. Specifically, we designated three popu-

lations to be similar to three 1000 Genomes populations: Yoruba in Ibadan, Nigeria (YRI)

of size 14, 474; Utah residents with Northern and Western European ancestry (CEU) of size

338, 000; and Han Chinese in Bejing, China (CHB) and Japanese in Tokyo, Japan (JPT) of

size 454, 000 [4]. In the coalescent simulator, demographic events mimic those of these three

populations. The simulated sample consists of 30% YRI haplotypes, 40% CEU haplotypes,

and 30% CHB/JPT haplotypes. We randomly chose 28% of the haplotypes and paired them

off to create 0.28n unrelated haploids. We randomly paired the remaining 72% of haplotypes

to give rise to 0.72n haploids, thereby creating generation 1. Then, we randomly paired all

diploids of generation 1, denoting one in the pair female and the other male, for mating. Each

pair produces two offspring, one male and one female. We create each offspring by drawing

a random haplotype from the female parent and a random haplotype from the male parent.

This set of offspring is considered generation 2. We aggregated sibling pairs from generation

2 into groups of 6. We mated the female from sibling pair 1 with the male from sibling pair

6, the female from sibling pair 2 with the male from sibling pair 1, the female from sibling

pair 3 with the male from sibling pair 2, etc. Then, we randomly sample haplotypes from

each mating pair to create 2 diploid offspring, giving rise to generation 3. Finally, a sample

of size n is comprised of
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1. all 0.28n unrelated diploids,

2. a random subset of 0.12n diploids from generation 1,

3. a random subset of 0.2n diploids from generation 2, and

4. a random subset of 0.4n diploids from generation 3.

This mimics a study in which a modest proportion of subjects are closely related. These

simulated samples feature 6% and 5% of the pairs in the sample being close relatives (3rd

degree or more closely related) for the samples of size 50 and 100, respectively.

We estimated a genetic relatedness matrix,Φ, using the GCTAmethod from the SNPRelate

R package [61], only using variants from the 20Mb region with minor allele frequency of at

least 0.1%.

Association testing of genotype data

In the first setting we perform association testing between a set of common variants and

a continuous outcome, featuring correlation amongst outcomes. We simulate dependent

continuous outcomes from common variants within simulated genes. For each subject in the

sample, we restricted attention to the first half of the simulated 20Mb region and partitioned

it into “genes” of length 50kb, giving rise to 200 genes. Next we created 200 gene sets for

testing, only considering variants within the gene with minor allele frequency of at least 10%.

Simulated genes contain between 12 and 186 common variants.

We performed 100, 000 simulations for each of three testing scenarios using three different

kernel functions to assess type I error at various α levels. Each simulated gene was used in 100

simulations, while we simulated a unique outcome for each simulation. Dependent continuous

outcomes were generated according to the following model:

y = X + ϵ,
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where X ∼ N(0, I) and ϵ ∼ N
(
0, 5

7
Φ+ I

)
. For each test, we embedded the common

variant set into a genotype kernel matrix, KG. LetG havemG columns. Then, we embedded

genotype data into kernel matrices using three different kernel functions:

1. Gaussian: KG(i, j) = exp
(
− 1

mG

(
G′

i −G′
j

)′ (
G′

i −G′
j

))
, where G′

i is the i
th row of G

2. linear: KG = GG′, and

3. quadratic: KG = (GG′) ◦ (GG′).

We calculated type I error as the proportion of simulations that result in hypothesis tests

with p-value less than α.

To assess power, we performed 10, 000 simulations for each of three kernel types, under

two different data generating mechanisms. Each simulated gene from section 4.2.3 was used

in 50 simulations, while we generated a unique outcome for each simulation. For a given

variant set, G, dependent continuous outcomes were generated under a linear (4.3) and

quadratic (4.4) generating mechanism:

y = X + 0.5
∑
j∈J

Gj + ϵ, (4.3)

y = X + 0.5
∑
j∈J

G2
j + ϵ, (4.4)

whereGj is a column vector of the genotypes for the jth variant in the gene. J = {10, 20, . . . }.

We calculated power as the proportion of simulations that result in hypothesis tests with

p-value less than 5× 10−3.

Here, we compare empirical type I error of 3 approaches: (1) the pseudo-permutation

approach assuming independence amongst outcomes, (2) the pseudo-permutation approach,

and (3) the asymptotic distribution approach. We compare empirical power of approaches

(2) and (3).
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Association testing of multivariate continuous data

Now, we consider association testing of a dependent continuous outcome with a multivariate

continuous predictor.

We embedded the multivariate continuous predictors into a kernel matrix using three

different kernel functions, and we performed 100, 000 simulations for each scenario to assess

type I error. Dependent continuous outcomes were generated according to the following

model:

y = X + ϵ,

where X and ϵ are defined the same as they were in section 4.2.3. For each simulation,

we generated a set of 21 correlated continuous predictors for each subject in our study,

giving rise to n× 21 matrix, M . These predictors follow a multivariate normal distribution

with mean 0 and covariance ΣM , which was estimated using publicly available methylation

data [2]. Then, we pre-multiplied M by
(
5
7
Φ+ I

)1/2
to induce genetic relatedness amongst

these continuous predictors. We embedded the continuous data into a kernel matrix using a

Gaussian, linear, or quadratic kernel function, as in section 4.2.3. We report empirical type

I error as the proportion of 100, 000 simulations that result in hypothesis tests with p-value

less than α.

To assess power, we performed 10, 000 simulations for each of the three kernel types, under

two different data generating mechanisms. For a simulated set of continuous predictors, M ,

dependent continuous outcomes were generated under a linear (4.5) and quadratic (4.6)

generating mechanism:

y = X +
∑
j∈J

M j + ϵ, (4.5)

y = X +
∑
j∈J

M 2
j + ϵ, (4.6)

where M j is a column vector of the jth continuous predictor. J = {10, 20}. We report

empirical power as the proportion of 10, 000 simulations that result in hypothesis tests with
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p-value less than 5× 10−3.

Here, we compare empirical type I error of 3 approaches: (1) the pseudo-permutation

approach assuming independence amongst outcomes, (2) the pseudo-permutation approach,

and (3) the asymptotic distribution approach. We compare empirical power of approaches

(2) and (3).

Association testing of microbiome data

Finally, we consider association testing of a dependent continuous outcome with a set of

microbiotic taxa.

We simulate counts of 856 operational taxonomic units (OTUs) via a Dirichlet distribu-

tion, generating 1, 000 total counts per sample. We specify the Dirichlet distribution by using

parameters estimated from throat microbiome data, publicly available via the GUniFrac R

package [9]. Then, we pre-multiplied the counts matrix by
(
5
7
Φ+ I

)1/2
to induce genetic

relatedness. We embedded the microbiome data matrix, B, into a kernel matrix using three

different kernel functions: (1) Bray-Curtis dissimilarity function [6] adapted to a similarity

function, as in the MiRKAT R package, (2) linear, and (3) Gaussian. We performed 100, 000

simulations for each scenario to assess type I error. Dependent continuous outcomes were

generated according to the following model:

y = X + ϵ,

where X and ϵ are defined the same as they were in section 4.2.3. We report empirical type

I error as the proportion of 100, 000 simulations that result in hypothesis tests with p-value

less than α.

To assess power, we performed 10, 000 simulations for each of the three kernel types, under

two different data generating mechanisms. For a simulated set of continuous predictors, B,

dependent continuous outcomes were generated under a linear (4.5) and quadratic (4.6)
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generating mechanism:

y = X + 0.5
∑
j∈J

Bj + ϵ, (4.7)

y = X + 0.5
∑
j∈J

B2
j + ϵ, (4.8)

whereBj is a column vector of the jth OTU predictor. J = {10, 20, . . . }. We report empirical

power as the proportion of 10, 000 simulations that result in hypothesis tests with p-value

less than 5× 10−3.

Here, we compare empirical type I error of 3 approaches: (1) the pseudo-permutation

approach assuming independence amongst outcomes, (2) the pseudo-permutation approach,

and (3) the asymptotic distribution approach. We compare empirical power of approaches

(2) and (3).

Various error distributions

Next, we consider correlated continuous outcomes that do not necessarily follow a normal

distribution. Since our procedure for p-value calculation is based on permutation of errors,

the test does not require any distributional assumptions of the errors. We demonstrate this

in simulation by simulating correlated outcomes that follow a Normal, Cauchy, and Student-t

distributions.

We performed 100, 000 simulations for each of three testing scenarios to assess type I error

at various α levels. Each simulated gene from section 4.2.3 was used in 100 simulations, while

we simulated a unique outcome for each simulation. Dependent continuous outcomes were

generated according to the following model:

y = X + ϵ,

where X ∼ N(0, I). The error term, ϵ =
(
3
7
Φ+ I

)1/2
e, where e follows one of the 3

following distributions:
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1. N(0, 1)

2. Cauchy(x0 = 0, γ = 0.03)

3. t2.

For each test, we embedded the common variant set, G, into a genotype kernel matrix, KG,

using a linear kernel function. We report empirical type I error as the proportion of 100, 000

simulations that result in hypothesis tests with p-value less than α.

To assess power, we performed 10, 000 simulations for each of three kernel types, under

two different data generating mechanisms. Each simulated gene (from the previous section)

was used in 50 simulations, while we generated a unique outcome for each simulation. For a

given variant set, G, dependent continuous outcomes were generated as follows:

y = X + 0.5
∑
j∈J

Gj + ϵ.

We report empirical power as the proportion of 10, 000 simulations that result in hypothesis

tests with p-value less than 5× 10−3.

Here, we compare empirical type I error and empirical power of (1) the pseudo-permutation

approach and (2) the asymptotic distribution approach.

4.2.4 Data Analysis

TOPMed

We applied this approach to conduct genome-wide gene-based association analysis of platelet

count (PLT) using data from a multi-ethnic population, featuring some related individuals.

We here utilized gene transcript expression predicted for whole blood [33] to a small sample

of 151 subjects from NHLBI’s Trans-Omics for Precision Medicine initiative (TOPMed).

We fit a null model of PLT adjusting for age, sex, study, and the first 11 PCs accounting

for population structure, while taking into account relatedness. We estimated a genetic
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relatedness matrix as in [25].

Gene-based tests were performed using the predicted gene expression for 12, 424 tran-

scripts. We applied a linear kernel function to predicted gene expression data and compared

p-values using the pseudo-permutation approach and the asymptotic approach. We used a

Bonferroni corrected genome-wide significance threshold of 0.05/12424 = 4.02× 10−6.

MsFLASH Vaginal Health Trial

We applied our proposed framework to perform association analysis of 171 metabolites ex-

plained by 381 operational taxonomic units (OTUs) using data from the Menopause Strate-

gies: Finding Lasting Answers for Symptoms and Health (MsFLASH) Vaginal Health Trial.

The trial aimed to identify microbial, immune, or metabolic markers associated with re-

sponse to topical treatment for postmenopausal symptoms of vaginal discomfort. Over the

course of a 12-week randomized trial, postmenopausal women were randomly assigned to a

vaginal discomfort treatment of vaginal estradiol (arm 1), moisturizer (arm 2), or placebo

(arm 3). At 0, 4, and 12 weeks, they measured vaginal fluid metabolites via broad-based

metabolomic profiling and vaginal microbiota via 16S ribosomal RNA gene sequencing [34].

We performed association analysis pooling all patients and stratifying by treatment arm.

For each of the 171 vaginal fluid metabolites, we assessed association between the metabolite

and the vaginal microbiota, adjusting for time of measurements and age. We also adjusted

for arm in the pooled analysis. We restricted analysis to patients who had complete data

measured at all three visits. We excluded OTUs that had zero counts for all patient mea-

surements, leaving us with 373 OTUs for analysis.

For the pooled analysis, we used the following null model to model repeated measures of

vaginal fluid metabolites, adjusting for age, time of measurement, and trial arm:

y
(k)
ij = β0 + β1ageij + β2timeij + β3I(armi = 2) + β4I(armi = 3) + ϵ

(k)
ij , (4.9)

where y
(k)
ij is the kth metabolite value for the ith individual, measured at the jth time point.
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Moreover, ϵ(k) =
(
ϵ
(k)
11 , ϵ

(k)
12 , ϵ

(k)
13 , ϵ

(k)
21 , ϵ

(k)
22 , ϵ

(k)
23 , . . . , ϵ

(k)
n1 , ϵ

(k)
n2 , ϵ

(k)
n3

)′
∼ N

(
0,Σ(k)

)
, where

Σ(k) =


R(k)

R(k)

. . .

R(k)

 , and R(k) =


ρ
(k)
11 ρ

(k)
12 ρ

(k)
13

ρ
(k)
21 ρ

(k)
22 ρ

(k)
23

ρ
(k)
31 ρ

(k)
32 ρ

(k)
33

 .

For the analyses stratified by trial arm, we used the following null model to model repeated

measures of vaginal fluid metabolites, adjusting for age, and time of measurement:

y
(k)
ij = β0 + β1ageij + β2timeij + ϵ

(k)
ij , (4.10)

where y
(k)
ij is the kth metabolite value for the ith individual, measured at the jth time point.

The error term, ϵ
(k)
ij , is modeled similarly as before.

We embedded OTU count data into a kernel matrix using the Bray-Curtis distance func-

tion, adapted to a similarity metric. We perform the association test using the pseudo-

permutation test and the asymptotic test. We consider an association significant if the

resulting p-value is less than the Bonferroni corrected significance threshold of 0.05/171 =

2.92 × 10−4. We applied the proposed pseudo-permutation approach to calculate p-values

for the association between each vaginal fluid metabolite and the full set of OTUs.

4.3 Results

4.3.1 Simulation Studies

Type I Error

Type I error results for genotype, multivariate continuous, and microbiome data simulations

are presented in Table 4.1, Table 4.2, and Table 4.3, respectively. Note that using the test

that assumes independence of outcomes has poor type I error control. This indicates that if

we don’t properly accommodate the dependence of outcomes, we run the risk of encountering
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many false positive results in association test settings like these. For example, in Table 4.3,

using the Bray-Curtis kernel function when the sample size is 100, the empirical type I

error is about 5 times, 18 times, and 50 times the nominal level of 0.05, 0.005, and 0.001,

respectively. Generally, the fold change in empirical type I error compared to the nominal

level increases as the nominal level decreases. Therefore, if we were to apply the independent

test in such a setting, the vast majority of significant signals would be false positives.

On the other hand, the test that assumes the asymptotic distribution of the test statistic

is overly-conservative. As anticipated, the conservativeness of the test is less pronounced at

the higher sample size of 100. This demonstrates the inappropriateness of the asymptotic

assumption for small samples. However, we observe type I error closer to the nominal level

at all three significance thresholds when we use the pseudo-permutation hypothesis test.

Type I error results for simulations of error terms of various distributions are presented

in Table 4.4. We see a similar phenomenon in type I error of the pseudo-permutation test vs.

the asymptotic test – the asymptotic test is overly-conservative while the pseudo-permutation

test is closer to the nominal significance threshold. The asymptotic test is more conservative

when the error structure is non-normal. The asymptotic test assumes normality of the

residuals in constructing the sampling distribution.
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n α Kernel Type Independent
Pseudo-

Permutation
Asymptotic

50

0.050

Gaussian 0.1060 0.0452 0.0368

Linear 0.1022 0.0475 0.0417

Quadratic 0.1002 0.0459 0.0394

0.005

Gaussian 0.0177 0.0052 0.0026

Linear 0.0170 0.0047 0.0027

Quadratic 0.0171 0.0044 0.0024

0.001

Gaussian 0.0052 0.0010 0.0003

Linear 0.0049 0.0009 0.0004

Quadratic 0.0050 0.0008 0.0003

100

0.050

Gaussian 0.1084 0.0466 0.0423

Linear 0.1052 0.0478 0.0453

Quadratic 0.1002 0.0472 0.0450

0.005

Gaussian 0.0195 0.0050 0.0033

Linear 0.0191 0.0051 0.0038

Quadratic 0.0183 0.0053 0.0037

0.001

Gaussian 0.0062 0.0009 0.0003

Linear 0.0062 0.0010 0.0006

Quadratic 0.0059 0.0012 0.0006

Table 4.1: Empirical type I error results of the genotype simulation setting. Simulations ei-
ther used a sample size, n, of 50 or 100. Genotype data were embedded in Gaussian, linear,
or quadratic kernel functions. We compare hypothesis test results for a pseudo-permutation
test that assumes independence of outcomes (Independent), a pseudo-permutation test that
accounts for dependence of outcomes (Pseudo-Permutation), and a test that uses asymptotic
results (Asymptotic). Empirical type I error is reported as the proportion of 100, 000 simu-
lated data sets whose hypothesis test results in a p-value less than the specified significance
threshold, α.
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n α Kernel Type Independent
Pseudo-

Permutation
Asymptotic

50

0.05

Gaussian 0.0733 0.0464 0.0305

Linear 0.0724 0.0480 0.0393

Quadratic 0.0778 0.0457 0.0307

0.005

Gaussian 0.0092 0.0050 0.0016

Linear 0.0094 0.0053 0.0025

Quadratic 0.0118 0.0046 0.0018

0.001

Gaussian 0.0023 0.0011 0.0002

Linear 0.0023 0.0011 0.0003

Quadratic 0.0030 0.0011 0.0001

100

0.05

Gaussian 0.0700 0.0473 0.0400

Linear 0.0683 0.0487 0.0457

Quadratic 0.0721 0.0466 0.0383

0.005

Gaussian 0.0089 0.0052 0.0031

Linear 0.0089 0.0054 0.0035

Quadratic 0.0098 0.0048 0.0024

0.001

Gaussian 0.0024 0.0012 0.0005

Linear 0.0022 0.0009 0.0004

Quadratic 0.0027 0.0010 0.0004

Table 4.2: Empirical type I error results of the multivariate continuous simulation setting.
Simulations either used a sample size, n, of 50 or 100. Multivariate continuous data were
embedded in Gaussian, linear, or quadratic kernel functions. We compare hypothesis test
results for a pseudo-permutation test that assumes independence of outcomes (Independent),
a pseudo-permutation test that accounts for dependence of outcomes (Pseudo-Permutation),
and a test that uses asymptotic results (Asymptotic). Empirical type I error is reported as
the proportion of 100, 000 simulated data sets whose hypothesis test results in a p-value less
than the specified significance threshold, α.
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n α Kernel Type Independent
Pseudo-

Permutation
Asymptotic

50

0.05

Bray-Curtis 0.2153 0.0376 0.0026

Linear 0.1208 0.0439 0.0121

Quadratic 0.1177 0.0418 0.0093

0.005

Bray-Curtis 0.0650 0.0035 0

Linear 0.0194 0.0047 0.0003

Quadratic 0.0182 0.0044 0.0003

0.001

Bray-Curtis 0.0301 0.0008 0

Linear 0.0054 0.0011 0

Quadratic 0.0054 0.0010 0

100

0.05

Bray-Curtis 0.2412 0.0452 0.0109

Linear 0.1077 0.0466 0.0241

Quadratic 0.1071 0.0458 0.0198

0.005

Bray-Curtis 0.0901 0.0043 0.0001

Linear 0.0170 0.0054 0.0014

Quadratic 0.0160 0.0057 0.0012

0.001

Bray-Curtis 0.0500 0.0008 0

Linear 0.0047 0.0011 0.0001

Quadratic 0.0046 0.0015 0.0001

Table 4.3: Empirical type I error results of the microbiome simulation setting. Simula-
tions either used a sample size, n, of 50 or 100. Microbiome data were embedded in a
Bray-Curtis, linear, or quadratic kernel function. We compare hypothesis test results for a
pseudo-permutation test that assumes independence of outcomes (Independent), a pseudo-
permutation test that accounts for dependence of outcomes (Pseudo-Permutation), and a
test that uses asymptotic results (Asymptotic). Empirical type I error is reported as the
proportion of 100, 000 simulated data sets whose hypothesis test results in a p-value less
than the specified significance threshold, α.
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n α
Error

Distribution

Pseudo-

Permutation
Asymptotic

50

0.05

Cauchy 0.0459 0.0319

Normal 0.0467 0.0412

Student-t 0.0469 0.0383

0.005

Cauchy 0.0045 0.0018

Normal 0.0043 0.0025

Student-t 0.0042 0.0022

0.001

Cauchy 0.0009 0.0001

Normal 0.0008 0.0003

Student-t 0.0007 0.0003

100

0.05

Cauchy 0.0540 0.0398

Normal 0.0483 0.0459

Student-t 0.0503 0.0450

0.005

Cauchy 0.0049 0.0027

Normal 0.0048 0.0036

Student-t 0.0050 0.0036

0.001

Cauchy 0.0009 0.0004

Normal 0.0010 0.0007

Student-t 0.0010 0.0006

Table 4.4: Empirical type I error results using dependent outcomes that are simulated from
genotype data, using three different error distributions: Cauchy, Normal, and Student-t.
Simulations either used a sample size, n, of 50 or 100. We compare hypothesis test results for
a pseudo-permutation test that accounts for dependence of outcomes (Pseudo-Permutation)
and a test that uses asymptotic results (Asymptotic). Empirical type I error is reported as
the proportion of 100, 000 simulated datasets whose hypothesis test results in a p-value less
than the specified significance threshold, α.
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Power

Power results for genotype, multivariate continuous, and microbiome data simulations are

presented in Table 4.5, Table 4.6, and Table 4.7, respectively. As expected, since the pseudo-

permutation test is less conservative than the asymptotic test, this translates to increased

power of the test across all scenarios. Across the board, power increases as sample size

increases.

We also observe the implication of tailoring the kernel function to best accommodate the

data type and the data generating mechanism. If we restrict our attention to the multivariate

continuous simulations in Table 4.6, we see that when the multivariate continuous features

are related to the outcome in a linear fashion, the Gaussian and linear kernel functions

result in higher powered tests than the test using a quadratic kernel function. We observe

the opposite when the features are related to the outcome quadratically – the test with

the quadratic kernel function is higher-powered than the tests with the Gaussian and linear

kernel functions.

Power results for simulations of error terms of various distributions are presented in Table

4.8
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Linear Quadratic

n Kernel Type
Pseudo-

Permutation
Asymptotic

Pseudo-

Permutation
Asymptotic

50

Gaussian 0.4954 0.4515 0.6744 0.6313

Linear 0.4946 0.4643 0.6395 0.6081

Quadratic 0.4555 0.4223 0.6876 0.6519

100

Gaussian 0.7323 0.7087 0.8935 0.8819

Linear 0.7239 0.7116 0.8504 0.8411

Quadratic 0.6954 0.6799 0.8808 0.8701

Table 4.5: Empirical power results of the genotype simulation setting. Simulations either
used a sample size, n, of 50 or 100. Dependent outcomes were related to the data type in a
linear or quadratic fashion. Genotype data were embedded in Gaussian, linear, or quadratic
kernel functions. We compare hypothesis test results for a pseudo-permutation test that
accounts for dependence of outcomes (Pseudo-Permutation) and a test that uses asymptotic
results (Asymptotic). Empirical power is reported as the proportion of 10, 000 simulated
data sets whose hypothesis test results in a p-value less than 5× 10−3.
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Linear Quadratic

n Kernel Type
Pseudo-

Permutation
Asymptotic

Pseudo-

Permutation
Asymptotic

50

Gaussian 0.4341 0.3501 0.0255 0.0100

Linear 0.4546 0.3996 0.0126 0.0068

Quadratic 0.0136 0.0050 0.2674 0.1999

100

Gaussian 0.7246 0.6831 0.0656 0.0461

Linear 0.7123 0.6864 0.0120 0.0084

Quadratic 0.0192 0.0113 0.3798 0.3422

Table 4.6: Empirical power results of the multivariate continuous simulation setting. Simu-
lations either used a sample size, n, of 50 or 100. Dependent outcomes were related to the
data type in a linear or quadratic fashion. Multivariate continuous data were embedded in
Gaussian, linear, or quadratic kernel functions. We compare hypothesis test results for a
pseudo-permutation test that accounts for dependence of outcomes (Pseudo-Permutation)
and a test that uses asymptotic results (Asymptotic). Empirical power is reported as the
proportion of 10, 000 simulated datasets whose hypothesis test results in a p-value less than
5× 10−3.
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Linear Quadratic

n Kernel Type
Pseudo-

Permutation
Asymptotic

Pseudo-

Permutation
Asymptotic

50

Bray-Curtis 0.3393 0.0740 0.2438 0.0891

Linear 0.3533 0.1894 0.3486 0.2156

Quadratic 0.2338 0.1185 0.2980 0.1825

100

Bray-Curtis 0.8039 0.5946 0.5846 0.3871

Linear 0.7220 0.6050 0.6918 0.5525

Quadratic 0.5217 0.3647 0.5978 0.4554

Table 4.7: Empirical power results of the microbiome simulation settings. Simulations either
used a sample size, n, of 50 or 100. Dependent outcomes were related to the data type
in a linear or quadratic fashion. Microbiome data were embedded in a Bray-Curtis, linear,
or quadratic kernel function. We compare hypothesis test results for a pseudo-permutation
test that accounts for dependence of outcomes (Pseudo-Permutation) and a test that uses
asymptotic results (Asymptotic). Empirical power is reported as the proportion of 10, 000
simulated data sets whose hypothesis test results in a p-value less than 5× 10−3.
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n Error Structure
Pseudo-

Permutation
Asymptotic

50

Cauchy 0.7903 0.7720

Normal 0.4987 0.4648

Student-t 0.1866 0.1595

100

Cauchy 0.8550 0.8396

Normal 0.7259 0.7102

Student-t 0.3299 0.3117

Table 4.8: Empirical power results using dependent outcomes that are simulated from geno-
type data, using three different error distributions: Cauchy, Normal, and Student-t. Sim-
ulations either used a sample size, n, of 50 or 100. Dependent outcomes were related to
the data type in a linear or quadratic fashion. We compare hypothesis test results for a
pseudo-permutation test that accounts for dependence of outcomes (Pseudo-Permutation)
and a test that uses asymptotic results (Asymptotic). Empirical power is reported as the
proportion of 10, 000 simulated datasets whose hypothesis test results in a p-value less than
5× 10−3.

4.3.2 Data Analysis

TOPMed

Results of genome-wide association analysis of predicted gene expression using the pseudo-

permutation test and the asymptotic test are presented in Figure 4.1. While no signals

attained genome-wide significance, we notice a few meaningful results from the direct com-

parison of these two hypothesis tests. The results indicate that both tests are valid – the

distribution of the p-values don’t significantly deviate from the expected distribution for

both tests (Figure 4.2). However, we observe a slight deflation of p-values in the asymptotic

test. Again, this is consistent with the asymptotic test being overly conservative for small

sample sizes.
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Figure 4.1: Manhattan plot of the joint test. The height of the dashed black line is at
the significance threshold. The Bonferroni corrected significance threshold is 0.05/12424 =
4.02× 10−6

Figure 4.2: QQ plot. Gray lines specify the 95% confidence intervals.

MsFLASH Vaginal Health Trial

Association analysis of vaginal metabolites explained by vaginal microbiota demonstrate a

similar phenomenon – we observe fewer signals identified by the asymptotic test compared to

the pseudo-permutation test. In this case, we most metabolites to be truly associated with

the microbiome, as the microbiome give rise to the metabolites. In the pooled analysis, we

identify 5 more signals using the pseudo-permutation test compared to using the asymptotic

test. In the analyses restricted one arm, the discrepancy in number of signals identified is

more pronounced. We identify 12, 18, and 9 more signals using the pseudo-permutation test
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compared to the asymptotic test compared to using the asymptotic test for arm 1, 2, and

3, respectively. This demonstrates the increased utility of the pseudo-permutation test over

the asymptotic test as sample size decreases.

Arm n
Pseudo-

permutation
Asymptotic

1 38 35 (0.205) 23 (0.135)

2 44 56 (0.327) 38 (0.222)

3 44 45 (0.263) 34 (0.199)

pooled 126 142 (0.830) 137 (0.801)

Table 4.9: Association analysis of 171 metabolites and vaginal microbiota from the MsFLASH
Vaginal Health Trial; Number and proportion of 171 tests that resulted in p-value less than
2.92 × 10−4. The pooled analysis uses data of all patients from all three arms of the trial,
whereas the first three rows are analysis results from one of three arms of the trial. Each
patient has data on three repeated measures, taken at weeks 0, 4, and 12.

4.4 Discussion

Our proposed approach approximates a permutation distribution for a kernel based asso-

ciation test while accounting for dependent outcomes. The pseudo-permutation approach

benefits from the advantages of using a permutation test without dealing with the computa-

tional intensity of a permutation test. This approach also takes into account the architecture

of the specific data types, including high dimensional data allowing them to relate to the

trait in a non-linear fashion. This approach overcomes the challenges associated with using a

the more conservative approach of assuming an asymptotic distribution of the test statistic.

We demonstrated the utility of this approach on a small, multi-ethnic sample, including

related individuals from TOPMed. This demonstrates the utility of this approach in per-

forming a gene-based genome-wide association analysis. This test is also useful for other

modalities of grouping omic information as we interrogate associations. As demonstrated
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with the data application to a small clinical trial, we may also use this test to interrogate

the association between quantitative outcomes, as functionally grouped by a pathway.

This approach is not limited to analysis of one data type. This approach integrates

cleanly with projects 1 and 2. We may integrate multiple data types to interrogate asso-

ciation with a quantitative dependent outcome using the same approach as presented in

the previous projects, replacing the asymptotic approach to p-value calculation with the

pseudo-permutation approach to p-value calculation.

Moreover, we are not limited to using this approach for small samples. An advantage of

employing a permutation-type test is that we do not have to make an assumption about the

distribution of the error term in order to ascertain the distribution of the test statistic. This

could be useful if the distribution of the residuals is non-normal, even if the sample size is

large. However, we note that with large sample sizes (n > 1000), the computation of the

pseudo-permutation test tends to take longer than the computation of an asymptotic test.

This framework can be extended to accommodate various other data and study consider-

ations. For example, this method can be extended to perform association analysis of different

types of dependent outcomes (binary, counts, etc.) by employing a generalized linear mixed

model in place of the LMM used here. We may also extend this framework to accommo-

date association analysis of multiple outcomes. This is similar to the DKAT method [57],

however DKAT does not account for clustering amongst the units of measurement in the

study. Thus, we may extend the pseudo-permutation approach in studies that have multiple

outcomes measured repeatedly on the same individuals or measured on related individuals.
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Chapter 5

DISCUSSION

5.1 Summary

The integration of multiple biological resources with GWAS results can aid in uncovering

causal relationships between traits and molecules, thereby identifying etiology and greater

understanding of complex traits. GWAS mainly identify loci in non-coding regions [30], and

we do not yet fully understand their biological impacts. This leaves requires extensive follow-

up for GWAS hits in order to interpret their results. Therefore, incorporating information of

intermediate cellular processes that influence genomics is a desirable direction for enhancing

interpretations of genomic studies. To this end, in this dissertation, we contributed methods

for association testing of quantitative traits and multi-omics.

In Chapter 2, we extended an existing method that integrates two multi-omics data types

for association testing of a quantitative outcome to accommodate relatedness amongst study

subjects. We proposed perturbation and kernel PCA hypothesis testing methods, which

allow us to consider multiple effect models, thereby increasing statistical power to detect

joint signal, if it exists. Simulations demonstrated that it is inappropriate to use a test that

assumes independence of outcomes when there is indeed relatedness amongst study subjects.

We demonstrated that the presented methods for integrative analysis attain higher power

for detection of signals when both data types are implicated than a test with one data type,

while appropriately controlling type I error. Finally, in application to a TOPMed sample, a

method for integrative association testing identified three genes associated with MPV and

three genes associated with PLT that were not identified using single data type tests.

In Chapter 3, we extended the work in Chapter 2 to integrate two or more multi-omics

data types for association testing of a quantitative outcome, while accounting for relatedness
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amongst study outcomes. The approaches presented in Chapter 2 are inappropriate for

use with more than two data types, as they quickly become computationally infeasible as

the number of data types grows. Therefore, we propose a Cauchy combination test and

a truncated version of the Cauchy combination test for hypothesis testing, which remain

computationally efficient, even as the number of tested data types grows. In simulations

we integrated three data types for association testing. We observed drastically inflated type

I error when using a test that assumes independence of outcomes when there is indeed

relatedness amongst study subjects. We demonstrated that the presented combination tests

for integrative analysis attain higher power for detection of signals when more than one data

type is implicated than a test with one data type, while appropriately controlling type I

error. Finally, in application to a TOPMed sample, we integrated genotype, methylation,

and expression data for association testing of PLT. In doing so, the joint test identified three

signals associated with PLT that were not identified using single data type tests.

In Chapter 4, we proposed a pseudo-permutation approach for association testing of

a quantitative outcome for small samples, while accommodating dependence amongst the

outcomes. The tests in the Chapters 2 and 3 assume an asymptotic distribution of the

test statistic, which we show to be overly-conservative when applied to small samples. The

pseudo-permutation approach address this conservativeness while accounting for the de-

pendence present in the residuals of the null model. We applied this approach to a small

TOPMed sample to perform association testing of predicted gene expression and PLT, which

demonstrated deflation of p-values using the asymptotic distribution compared to using the

pseudo-permutation distribution. We also observed a loss in power to detect signal when

using the asymptotic distribution in data application to the MsFLASH Vaginal Health Trial.

In this dissertation, we demonstrated the benefit of integrating multi-omics via a KMR

framework. In doing so, we address various challenges in such analyses. We are able to

integrate high-dimensional multi-omics data, allowing us to aggregate several features with

small effects. The KMR framework provides tailored embedding of each data type, such that

we can accentuate relevant scientific information about each data type, thereby increasing
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statistical power to detect association. Moreover, with the proposed methods, we are readily

able to account for various complexities that typically arise in study designs, such as related-

ness amongst study subjects, repeated measures on study subjects, and population structure

within our sample. We contribute association testing methods that are valid for integrating

an arbitrary number of multi-omics data types and for sample sizes of any size.

5.2 Future Work

Methods presented within this dissertation substantially generalize existing methods, such

that we may perform association analysis in varying study designs. Yet, we may further

generalize to cover even more data applications. One obvious extension is to relax the model

such that it can accommodate outcomes that are not quantitative. Rather than the LMMs

used in Chapters 2, 3, and 4, we may instead use a generalized LMM (GLMM). There

is already precedent for variance component score testing derived from GLMMs under the

KMR framework [26, 51, 59].

One may also apply these methods to other data domains. Here we mostly focused on

integrating multi-omics of molecules from single cells. However, the KMR framework is

flexible enough to accommodate other data types, such as high dimensional environmental

exposures. Because the methods in Chapter 3 can accommodate an arbitrary number of

data types, we could also consider creating interaction kernel matrices, in case there is

suspected effect modification of any subset of data types. There is precedent for incorporating

environmental and interactions (specifically gene-environment interactions) under the KMR

framework [20, 60], but these methods can be further generalized.

Finally, the pseudo-permutation method that accounts for relatedness in Chapter 4 may

be extended in order to perform association testing of multiple outcomes and multi-omics.

An existing method does this for one data type (specifically genetic data) without accounting

for dependence of outcomes [57], thus there is opportunity for extension. While the method

presented in Chapter 4 was presented for small samples, it is still valid for larger samples,

albeit, more computationally burdensome as sample size increases.
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Appendix A

CONNECTION BETWEEN KERNEL MACHINE
REGRESSION MODEL AND LINEAR MIXED MODEL

According to Mercer’s Theorem, a continuous positive semidefinite kernel k has an associ-

ated orthonormal basis {ei}i of L2 consisting of eigenfunctions of the Hilbert-Schmidt integral

operator. By the Representer theorem, f can be expressed as a linear combination of the or-

thonormal basis functions. We can use the dual representation of f(Z) =
∑B

i=1 αik(Z
∗
i ,Z),

for some integer B. Now we use penalized generalized least squares to estimate kernel ma-

chine regression (KMR) parameters.

α̂ = argmax
α∈Rn

{
−1

2

[
(y −Xβ −Kα)′Σ−1(y −Xβ −Kα) + λα′Kα

]}
= (λΣ+K)−1

(
y −Xβ̂

)

β̂ = argmax
γ∈Rq

{
−1

2

[
(y −Xβ −Kα)′Σ−1(y −Xβ −Kα) + λα′Kα

]}
=
{
X ′ (λΣ+K)−1X

}−1
X ′ (λΣ+K)−1 y

f̂ = Kα̂

= K (λΣ+K)−1 (y −Xβ̂)

Now consider the linear mixed model

y = Xβ + f + ϵ, (A.1)
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where f is an n × 1 vector of random effects with distribution N (0, λ−1K), for some non-

negative constant λ−1. Then,

var

 f

ϵ

 =

 1
λ
K 0

0 Σ

 .

Assume K and Σ are known positive definite matrices. The BLUP estimates [39] f̂ and β̂

are given by  X ′Σ−1X X ′Σ−1

Σ−1X Σ−1 + λK−1

 β̂

f̂

 =

 X ′Σ−1y

Σ−1y

 .

Rearranging,

β̂ =
{
X ′ (λΣ+K)−1X

}−1
X ′ (λΣ+K)−1 y

and

f̂ = K (λΣ+K)−1 (y −Xβ̂).

The kernel regularized least squares problem results in the same BLUPs of the corresponding

linear mixed model.

Let τ = λ−1. Leveraging the linear mixed model representation of the problem, we

can derive a variance component score test statistic for the null hypothesis that y does not

depend on f . This is equivalent to testing

H0 : τ = 0 vs. H1 : τ > 0.

The variance of y is given by

cov(y) = τK +Σ ≡ V .

Then, the log likelihood is

l(τ ;β, σ2
a, σ

2
e) = C − 1

2
log |V | − 1

2
(y −Xβ)′V −1(y −Xβ).
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Then, the score for τ is

Uτ (τ,β, σ
2
a, σ

2
e) = −1

2
tr
(
V −1K

)
+ (y −Xβ)′V −1KV −1(y −Xβ).

Thus, under the null hypothesis that τ = 0,

Uτ (0, β̂, σ̂
2
e , σ̂

2
a) = −1

2
tr
(
Σ̂

−1
K
)
+ (y −Xβ̂)′Σ̂

−1
KΣ̂

−1
(y −Xβ̂)

where Σ and β̂ are estimated under the null hypothesis. Since the first term of the score for

τ doesn’t depend on the data, y, it can be dropped.

Under the null hypothesis,

Q = (y −Xβ̂)′Σ̂
−1
KΣ̂

−1
(y −Xβ̂)

= (y −Xβ)′Σ̂
−1/2

Σ̂
−1/2

P 0Σ̂
−1
KΣ̂

−1
P 0Σ̂

−1/2
Σ̂

−1/2
(y −Xβ)

= (y −Xβ)′Σ̂
−1/2

QΛQ′Σ̂
−1/2

(y −Xβ) (Spectral Decomposition)

where P 0 = Σ̂−X(X ′Σ̂
−1
X)−1X ′. Let z = Q′Σ̂

−1/2
(y −Xβ). Then z ∼ Nn(0,Q

′Q)
d
=

Nn(0, I) since Q is an orthogonal matrix. Let λ1, λ2, . . . , λn be the eigenvalues of

Σ̂
−1/2

P 0Σ̂
−1
KΣ̂

−1
P 0Σ̂

−1/2
.

Q = z′Λz

=
(

z1 z2 · · · zn

)


λ1 0 · · · 0

0 λ2 . . . 0
...

...
. . .

...

0 0 · · · λn




z1

z2
...

zn


=

n∑
i=1

λiz
2
i

∼
n∑

i=1

λiχ
2
1,i
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Asymptotically, Q
d→

n∑
i=1

λiχ
2
1,i.
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Appendix B

P-VALUE CALCULATION USING THE PERTURBATION
APPROACH

The perturbation p-value calculation hinges on the observation that the test statistic

consists of two normal distributed variables sandwiching a real, symmetric matrix. For a

fixed value of ωj ∈ {ω1, . . . , ωL}:

Q(ωj) = ϵ̂′Σ̂
−1
K(ωj)Σ̂

−1
ϵ̂

= ϵ′Σ̂
−1
P 0Σ̂

−1
K(ωj)Σ̂

−1
P 0Σ̂

−1
ϵ

≡ w′Σ̂
−1/2

P 0Σ̂
−1
K(ωj)Σ̂

−1
P 0Σ̂

−1/2
w

(B.1)

We decompose the matrix Σ̂
−1/2

P 0Σ̂
−1
K(ωj)Σ̂

−1
P 0Σ̂

−1/2
as V jΛjV

′
j. Now,

Q(ωj) = w′V jΛjV
′
jw. (B.2)

Denote

Ω ≡ cov


V ′

1w

V ′
2w
...

V ′
Nw

 =


I V ′

1V 2 . . . V ′
1V N

V ′
2V 1 I . . . V ′

2V N

...
...

. . .
...

V ′
NV 1 V ′

NV 2 . . . I

 . (B.3)

Let mj be the number of columns of V j, and let m ≡
L∑

j=1

mj. Decompose Ω = RR′. The

perturbation sampling procedure proceeds as follows:

1. Sample a m length normal distributed vector, r.

2. Rotate the vector r by R. In other words, construct r∗ = Rr. Now, r∗ has covariance
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Ω.

3. Construct Q∗
j = r∗

j
′Λjr

∗
j . Where r∗

j is a mj length vector defined as follows:

r∗
j =

(
r∗k r∗k+1 . . . r∗k+mj−1

)′
,

where k =
j−1∑
i=1

mi+1. Obtain the p-value, p∗j corresponding to Q∗
j . Note that Q

∗
j shares

the same asymptotic distribution as Qj, so the mixture probabilities for the mixture

of chi-square distribution are based on the eigenvalues in Λj. Set p
∗
0 = min

1≤j≤L
p∗j .

4. Repeat steps 1-3 a large number of times, B, to obtain
{
p∗0(1), p

∗
0(2), . . . , p

∗
0(B)

}
.

5. The final p-value for significance is

p =
1

B

B∑
b=1

I
(
p0 ≥ p∗0(b)

)
.
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Appendix C

P-VALUE CALCULATION USING KERNEL PCA

The kernel PCA p-value calculation construction a test statistic that is the sum of two

independent terms. For a fixed value of ωj ∈ {ω1, . . . , ωL}

Q∗(ωj) = ωjQ1 + (1− ωj)Q
∗
2.

We select the minimum p-value amongst the L candidate kernel matrices:

p0 = min
1≤j≤L

pj.

Now, to get a final p-value for the hypothesis test, we compare p0 to the distribution of

minimum p-values amongst L candidate kernel matrices arising from weights {ω1, . . . , ωL}

when the null hypothesis is true. Let random variable pH0,j be the p-value from a hypothesis

test using composite kernel matrix K∗(ωj), when the omics data are truly not associated

with the trait. Then, the final p-value for our hypothesis test is

p = P

[
min
1≤j≤L

pH0,j ≤ p0

]
= 1− P

[
min
1≤j≤L

pH0,j > p0

]
= 1− P [pH0,1 > p0, . . . , pH0,L > p0]

Remember for K∗(ωj), if q
∗
H0,j

is the corresponding test statistic, we calculate pH0,j as

pH0,j = P
[
Q∗

j > q∗H0,j

]
,
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where, when the null hypothesis is true, Q∗
j follows a mixture of chi-square distribution

with mixture probabilities depending on the eigenvalues of Σ̂
−1/2

P 0Σ̂
−1
K∗(ωj)Σ̂

−1
P 0Σ̂

−1/2
.

Therefore, P [pH0,j > p0] = P [q∗H0,j
< qj], where qj is the (1−p0)

th quantile of the distribution

of Q∗
j . Thus,

p = 1− P [Q∗
1 < q1, . . . , Q

∗
L < qL]

= 1− P [ω1k1 + (1− ω1)k2 < q1, . . . , Q
∗
L < qL]

= 1− P
[
k1 <

q1−(1−ω1)k2
ω1

, . . . , k1 <
qL−(1−ωL)k2

ωL

]
= 1− P

[
k1 < min

1≤j≤L

qj−(1−ωj)k2
ωj

]
= 1− E

[
P

[
k1 < min

1≤j≤L

qj−(1−ωj)k2
ωj

∣∣∣∣ k2]]
Here, k1 follows a mixture of chi-square distribution when the null hypothesis is true, with

mixture probabilities based on the eigenvalues of Σ̂
−1/2

P 0Σ̂
−1
K1Σ̂

−1
P 0Σ̂

−1/2
.


