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Harnack inequalities are a fundamental property in both probability theory and analysis.

The scale-variant Harnack inequalities play an important role in studying various properties,

such as the regularity of harmonic functions in probability and analysis. This thesis focuses

on scale-invariant Harnack inequalities for a class of nonlocal operators and a class of weakly

coupled nonlocal operators.

In Chapter 1, we show the scale-invariant elliptic Harnack inequality holds for a class of

nonlocal operators L, which are second order elliptic differential operators perturbed by non-

local operators. We assume the existence of a conservative Hunt process {Xt, t ≥ 0;Px, x ∈

Rd} corresponding to each operator L in that class, and establish the scale-invariant Har-

nack inequalities for nonnegative functions that are L-harmonic. This is achieved by using

Krylov estimate approach, where the comparison constant depends solely on the parameters

of the class of the operators.

Moreover, unlike purely diffusive operators, for which Hölder regularity of bounded

harmonic functions is a direct consequence of the Harnack inequality, we establish the

Hölder regularity for bounded harmonic functions for nonlocal operators in this class using

a probabilistic approach.Additionally, we demonstrate that the scale-invariant parabolic

Harnack inequality holds for nonnegative L-caloric functions and establish Hölder regularity

for bounded L-caloric functions.

In Chapter 2, utilizing the result from Chapter 1, we consider a system G of nonlocal



operators {Li, i = 1, ..m}, as discussed in Chapter 1, connected by an index switching

process {Λi, i = 1, ...,m} determined by its switching rate matrix Q. Such a system of

operator whose coupling terms do not involve the derivatives of the unknown functions is

called a weakly coupled nonlocal system. Weakly coupled systems are widely investigated

in the field of physics, finance and engineering, etc. Through a piecing-together procedure,

there exists a Hunt process
(
(Xt,Λt), t ≥ 0;P(t,x), (t, x) ∈ [0,∞) × Rd

)
corresponding to

the weakly coupled operator G wthin a certain class. Using the two-sided scale-invariant

Green function estimates, we prove the scale-invariant Harnack inequalities for the weakly

coupled nonlocal operators G. Under the irreducibility assumption of the switching matrix,

we further derive a full rank scale-invariant Harnack inequality for this class of weakly

coupled operators.

The Appendix A serves as a complimentary part to Chapter 1. One of the essential

intermediate components in Krylov’s estimate approach presented in Chapter 1 is a lower

bound of the hitting probability estimate. This result, along with other related important

theorems, all ultimately relies on the equivalence between the Martingale problems and SDE

for this class of nonlocal operators. However, there is limited literature available on this

topic in English. Therefore, for both learning purposes and the reader’s convenience, we

summarize and provide the detail explanations of some existing results originally in French

[36, 56], which are used in the proof of Proposition 1.3.1 of Chapter 1. In addition, the proof

of the support theorem for diffusion processes (4.9) (orginally from [6]) and the Krylov’s

estimate for diffusion operators in Lemma 1.4.4, (originally from [2, 51]) have also been

rewritten and clarified in details.
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Chapter 1

HARNACK INEQUALITIES FOR A CLASS OF NONLOCAL
OPERATORS

1.1 Introduction

This project is concerned with the scale invariant Harnack inequality and parabolic Harnack

inequality as well as a priori Hölder regularity for the following type non-symmetric non-

local operators defined on C2
b (Rd) by

Lu(x) = 1
2

d∑
i,j=1

ai,j(x) ∂2

∂xi∂xj
u(x) +

d∑
i=1

bi(x) ∂

∂xi
u(x)

+
∫
Rd\{0}

(
u(x+ z)− u(x)−∇u(x) · z1{|z|≤1}

)
n(x, dz). (1.1)

In probability theory, the above non-local operator corresponds to a semimartingale

Markov process that has both diffusive and jumping motions. We assume that there

is a Hunt process {Xt, t > 0;Px, x ∈ Rd} on Rd that solves the martingale problem of

(L, C2
b (Rd)); that is, for every f ∈ C2

b (Rd),

Mf
t := f(Xt)− f(X0)−

∫ t

0
Lf(Xs)ds

is a martingale under Px for every x ∈ Rd and Px(X0 = x) = 1. The matrix (aij(x)) is the

diffusion matrix for the process X, b(x) = (b1(x), · · · , bd(x)) describes the drift, and kernel

n(x, dz) describes the jumping rate for the process to jump from x to x + z. A function u

is said to be L-harmonic in a domain D if u(Xt) is a local martingale up to the first exit

time τD by the process X exiting from D. Heuristically, u is L-harmonic in D if Lu = 0

in D. But we are not going to establish this analytic characterization. See Chen [17] for

the equivalent characterizations between probabilistic and analytic notions of harmonicity

when the underlying process is symmetric with respect to some reference measure.

The classical elliptic Harnack inequality asserts that if u is a non-negative harmonic

function in a ball B(x0, r) ⊂ Rd in the sense that ∆u = 0 in B(x0, r), then the values
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of u on B(x0, r/2) are universally comparable. This scale invariant property is an easy

consequence of the Poisson representation of classical harmonic functions. When d = 2,

the above inequality was obtained by Harnack in 1887. Scale invariant Harnack inequalities

have many important consequences in analysis and PDEs. There is also a parabolic version

of Harnack inequality for non-negative caloric functions (functions satisfying the parabolic

equation ∂
∂tu(t, x) = Lu(t, x), called parabolic Harnack inequality. However, it takes much

more challenging efforts to establish Harnack inequality for non-homogenous second order

elliptic differential operators. The first general result of De Giorgi [35] and Nash [63] in late

1950 on a priori Hölder estimates of the solutions of partial differential equations served as

a powerful stimulus in the development of the theory of elliptic and parabolic equations of

the divergence form. Harnack inequalities have been extended to elliptic or parabolic partial

differential equations by many authors. In particular, in his influential work [61, 62], Moser

established Harnack inequalities for solutions of second order elliptic or parabolic partial

differential equations of divergence form, and used them to give another proof of a prior

Hölder regularity results of De Giorgi and Nash.

In 1979 and early 1980’s, Krylov and Safonov made a breakthrough in establishing

the Harnack’s inequality and a priori Hölder estimates for the solutions of second order

linear elliptic and parabolic differential equations of nondivergence form with measurable

coefficients. The probabilistic arguments played a major role in their approach [51, 53, 67].

We refer the reader to [47] for an account of a history of classical results on Harnack

inequalities.

While Moser, Krylov and Safonov established the Harnack inequality for second order

elliptic differential operators, which corresponds to diffusion processes, there are some fruit-

ful developments recently for a certain class of non-local operators, whose corresponding

Markov processes have discontinuous sample paths; see [8, 9, 10, 20, 21, 22, 39] and the

references therein. Some of these work are concerned with symmetric Markov processes and

symmetric non-local operators. In [8, 9, 20, 21], the jump kernel is comparable to that of a

radically symmetric stable process and mixed stable processes. In this project, we consider

processes that have both diffusive and jump parts and with quite general jumping kernel

n(x, dz). Harnack inequality and Hölder regularity for harmonic functions with respect to
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non-local operator L of the form (1.1) has been studied in [39] under the assumption that

n(x, dz) is absolutely continuous with respect to the Lebesgue measure on Rd together with

some comparability assumption. However the paper [39] contains a critical error in the

proof of a key support theorem (see §1.4.2 for details); in addition the claimed Harnack

inequality there is not scale invariant.

A closely related topic is a priori Hölder regularity. For recent development on priori

Hölder estimates for non-local operators, we refer the reader to [23, 27] and the references

therein.

Given positive constants Λ1, Λ2, Λ3, we say a non-local operator L of (1.1) is in class

N (Λ1,Λ2,Λ3) if the following holds:

(a) (uniform ellipticity on diffusion matrix)

Λ1|ξ|2 ≤
d∑

i,j=1
aij(x)ξiξj ≤ Λ−1

1 |ξ|
2 for every x, ξ ∈ Rd, (1.2)

(b) (bounded drift) ‖b‖∞ := supx∈Rd |b(x)| ≤ Λ2.

(c) (Lévy jumping kernel condition) sup
x∈Rd

∫
Rd\{0}

(|z|2 ∧ 1)n(x, dz) ≤ Λ3

In this paper, we establish scale invariant elliptic and parabolic Harnack inequality as

well as a priori Hölder regularity for non-local operator L ∈ N (Λ1,Λ2,Λ3). The following

are two of the main results of this paper. The first one is on a priori Hölder estimates and

the second one is on scale invariant Harnack inequality.

Theorem 1.1.1. Suppose L ∈ N (Λ1,Λ2,Λ3) and that

ψ(δ) := sup
x∈Rd

∫
{z:|z|≤δ}

(|z|2 ∧ 1)n(x, dz)→ 0 as δ → 0. (1.3)

There exist a constant r̃1 > 0 depending on (d,Λ1,Λ2,Λ3), and α ∈ (0, 1), c > 0 that depend

only on (d,Λ1,Λ2,Λ3) and the rate of ψ converging to 0 so that for any x0 ∈ Rd, r ∈ (0, r̃0],

and any bounded function u on Rd that is L-harmonic in B(x0, 2r), one has

|u(x)− u(y)| ≤ c ‖u‖∞ (|x− y|/r)α for any x, y ∈ B(x0, r), (1.4)
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where ‖u‖∞ = supx∈Rd |u(x)|.

Theorem 1.1.2. Let L ∈ N (Λ1,Λ2,Λ3) satisfying (1.3). Suppose that for every r ∈ (0, 1]

and x0 ∈ Rd,

n(x0, A− x0) ≤ c0n(x,A− x) for x ∈ B(x0, r) and A ⊂ B(x0, 2r)c. (1.5)

Here A−x := {y−x : y ∈ A}. Then there is a constant r1 > depending on (d,Λ1,Λ2,Λ3, c0),

and C > 0 depending only on (d,Λ1,Λ2,Λ3, c0) as well as the rate of ψ of (1.3) converging

to 0 so that for any x0 ∈ Rd, r ∈ (0, r1], and any nonnegative function u on Rd that is

L-harmonic in B(x0, 2r),

u(x) ≤ Cu(y) for x, y ∈ B(x0, r).

Our approach is mainly probabilistic. A key to establish the above two results is a

hitting probability estimate (Theorem 1.4.9). For this, we establish a support theorem

(Theorem 1.4.1) and a Krylov estimate (Theorem 1.4.6) for non-local operator L. These

results are of interest in their own. However, before we can do these, we need to represent

the semimartingale Markov process having infinitesimal generator L ∈ N (Λ1,Λ2,Λ3) as a

weak solution of an SDE driven by Brownian motion and Poisson point processes. This part

is known in literature but the references are not easily accessible. We carry out the details

in the Appendix §A.1 of this paper.

Parabolic Harnack inequality for non-local operator L is studied in Section §1.7.

In this paper, we use := as a way of definition. For a Borel or Lebesgue measurable set

A ⊂ Rk, we use |A| to denote its Lebesgue measure.

1.2 Preliminaries

We first start with a remark on condition (1.12).

Remark 1.2.1. (i) If we define

J(x, dy) := n(x, dy − x) (2.1)
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in the sense that J(x,A) := n(x,A − x) for any A ⊂ Rd \ {x}, then J(x, dy) is the

jumping rate for jumps from x to y by the process X. Condition (1.12) is equivalent

to

J(x0, A) ≤ c0J(x,A) for x ∈ B(x0, r) and A ⊂ B(x0, 2r)c. (2.2)

Condition (2.2) is satisfied if J(x, dy) = j(x, y)ν(dy) for some measure ν on Rd and

j(x, y) has the property that for any x0 ∈ Rd and r ∈ (0, 1],

j(x0, y) ≤ c0j(x, y) for any x ∈ B(x0, r) and y ∈ B(x0, 2r)c. (2.3)

We say two functions f and g are comparable and denote as f � g if there are two

positive constants c1, c2 so that c1g ≤ f ≤ c2g in their common domains of definition.

If j(x, y) � φ(|y−x|) , where φ is a decreasing function on (0,∞) that has the property

that φ(r) ≤ cφ(2r) for all r > 0, then j(x, y) satisfies (2.2).

(ii) Note that ∫
Rd\{0}

(1 ∧ |z|2)n(x, dz) =
∫
Rd

(1 ∧ |x− y|2)J(x, dy)

When J(x, dy) = j(x, y)ν(dy), property (c) in the definition of N (Λ1,Λ2,Λ3) is equiv-

alent to

sup
x∈Rd

∫
Rd

(1 ∧ |x− y|2)j(x, y)ν(dy) ≤ Λ3 <∞. (2.4)

Typical examples for measure ν(dy) on Rd and function j(x, y) having properties (1.3),

(2.3) and (2.4) are

(a) Lebesgue measure on Rd and j(x, y) � |x− y|−(d+α) for some 0 < α < 2;

(b) k-dimensional Lebesgue measure on a finite union of k-dimensional affine sub-

spaces of Rd with k ∈ [1, d], and j(x, y) � |x− y|−(k+α) with 0 < α < 2;

(c) More generally, ν is a Borel measure on Rd so that there is some n ∈ (0, d] and

c > 0 so that

ν(B(x, r)) ≤ c rn for any x ∈ Rd and r ∈ (0, 1], (2.5)

and φ(|x − y|) � |x − y|−(n+α) with 0 < α < 2. Any Ahlfors n-regular measure

on an n-set in Rd (for example, Sierpinski gasket or carpet in Rd) with n ∈ (0, d]

has property (1.9).
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(iii) Note that for any x ∈ B(x0, r/2), x0 ∈ B(x, r/2) and B(x, r) ⊂ B(x0, 2r), so by (1.12)

(with the role of x0 and x interchanged and with r/2 in place of r),

n(x,B − x) ≤ c0n(x0, B − x0) for x ∈ B(x0, r/2) and B ⊂ B(x, r)c.

Now for any y ∈ B(x0, r), there is some x ∈ B(x0, r/2) so that |y − x| < r/2. Since

B(y, r) ⊂ B(x0, 2r), we have from the above display with (y, x) and r/2 in place of

(x, x0) and r/2 there that for any A ⊂ B(x0, 2r)c,

n(y,A− y) ≤ c0n(x,A− x) ≤ c2
0 n(x0, A− x0). (2.6)

In other words, by increasing the value of c0 if needed, condition (1.12) is equivalent

to

n(x,A− x) ≤ c0n(y,A− y) for x, y ∈ B(x0, r) and A ⊂ B(x0, 2r)c. (2.7)

Another way to put it, by increasing the value of c0 if needed, condition (2.2) is

equivalent to

J(x,A) ≤ c0J(y,A) for x, y ∈ B(x0, r) and A ⊂ B(x0, 2r)c. (2.8)

Throughout this paper, we assume that X = {Xt, t ≥ 0;Px, x ∈ Rd} is a conservative

Hunt process on Rd having infinitesimal generator L ∈ N (Λ1,Λ2,Λ3) in the sense that

Px(X0 = x) = 1, X has infinite lifetime, and for every f ∈ C2
c (Rd),

f(Xt)− f(X0)−
∫ t

0
Lf(Xs)ds

is a martingale under Px for every x ∈ Rd. In this paper, we say a Hunt process X

corresponds to L if X = {Xt, t ≥ 0;Px, x ∈ Rd} is a Hunt process having infinitesimal

generator L.

A real-valued function u on Rd is said to be L-harmonic in an open subset D ⊂ Rd if

for every ball B(x0, r) whose closure is inside D and for every x ∈ B(x0, r),

Ex
[
|u(XτB(x0,r)

)|
]
<∞ and u(x) = Ex

[
u(XτB(x0,r)

)
]
.

The following rough scaling property will be used several times in the paper.
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Lemma 1.2.2. Suppose that X = {Xt, t ≥ 0;Px, x ∈ Rd} is a Hunt process having in-

finitesimal generator L ∈ N (Λ1,Λ2,Λ3). For λ ∈ (0, 1], define Yt = λ−1Xλ2t and PxY = Pλx.

Then {Yt, t ≥ 0;PxY , x ∈ Rd} is a Hunt process having infinitesimal generator

L(λ)f(x) = 1
2

d∑
i,j=1

ai,j(λx) ∂2f

∂xi∂xj
(x) +∇f(x) ·

(
λb(λx)−

∫
Rd\{0}

λz1{λ<|z|≤1}n(λx, dz)
)

+
∫
Rd\{0}

(
f(x+ z)− f(x)−∇f(x) · z1|z|≤1

)
λ2n(λx, d(λz))

for f ∈ C2
c (Rd). In particular, L(λ) ∈ N (Λ1,Λ2 + Λ3,Λ3) for every λ ∈ (0, 1].

Proof. For f ∈ C2
c (Rd), define fλ(x) = f(x/λ). Denote by {PYt ; t ≥ 0} the transition

semigroup of Y . Then

P Yt f(x) = Ex [f(Yt)] = Eλx
[
f(λ−1Xλ2t)

]
= (Pλ2tfλ)(λx).

Thus the generator LY of Y is

LY f(x) = lim
t→0

P Yt f(x)− f(x)
t

= lim
t→0

Pλ2tfλ(λx)− fλ(λx)
t

= λ2(Lfλ)(λx)

= 1
2

d∑
i,j=1

ai,j(λx) ∂2f

∂xi∂xj
(x) + λb(λx) · ∇f(x)

+
∫
Rd\{0}

(
f(x+ z)− f(x)− z1{|z|≤1/λ} · ∇f(x)

)
λ2n(λx, d(λz))

= 1
2

d∑
i,j=1

ai,j(λx) ∂2f

∂xi∂xj
(x) +∇f(x)

(
λb(λx)−

∫
Rd\{0}

λ2z1{1<|z|≤1/λ}n(λx, d(λz))
)

+
∫
Rd\{0}

(
f(x+ z)− f(x)− z1{|z|≤1} · ∇f(x)

)
λ2n(λx, d(λz))

= 1
2

d∑
i,j=1

ai,j(λx) ∂2f

∂xi∂xj
(x) +∇f(x)

(
λb(λx)−

∫
Rd\{0}

λw1{λ<|w|≤1}n(λx, dw)
)

+
∫
Rd\{0}

(
f(x+ z)− f(x)− z1{|z|≤1} · ∇f(x)

)
λ2n(λx, d(λz))

= L(λ)f(x).

Hence the process Y has diffusion matrix a(λx) which satisfies the same uniform ellipticity

condition (1.2) as a(x), drift coefficient

bλ(x) := λb(λx)−
∫
Rd\{0}

λw1{λ<|w|≤1}n(λx, dw)
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and the jumping measure nλ(x, dz) := λ2n(λx, d(λz)). Clearly for λ ∈ (0, 1],

‖bλ‖∞ ≤ λ‖b‖∞ + sup
x∈Rd

∫
Rd\{0}

w2
1{λ<|w|≤1}n(x, dw) ≤ Λ2 + Λ3

and

sup
x∈Rd

∫
Rd\{0}

(1 ∧ |z|2)nλ(x, dz) = sup
x∈Rd

∫
Rd\{0}

(λ2 ∧ |w|2)n(λx, dw) ≤ Λ3.

This shows that L(λ) ∈ N (Λ1,Λ2 + Λ3,Λ3) for every λ ∈ (0, 1].

Lemma 1.2.3. There are r0 ∈ (0, 1/4] and c1 > 0 that depend only on (d,Λ1,Λ2,Λ3) so

that for every Hunt process X which corresponds to the generator L ∈ N (Λ1,Λ2,Λ3) and

for every x0 ∈ Rd and r ∈ (0, r0],

Ex
[
τB(x0,r)

]
≤ c1r

2 for every x ∈ B(x0, r).

Here τB(x0,r) := inf{t ≥ 0 : Xt /∈ B(x0, r)} is the first exit time from B(x0, r) for the process

X.

Proof. Fix a smooth non-decreasing function ϕ on [0,∞) so that ϕ(r) = r for r ∈ (0, 3/2]

and ϕ(r) = 4 for r ≥ 4. For each y0 ∈ Rd, let f(x) := ϕ(|x− y0|2).

Note thatMf
t := f(Xt)−f(X0)−

∫ t
0 Lf(Xs)ds is a martingale under Px for every x ∈ Rd.

Take R0 := Λ1
4(Λ2+Λ3) ∧

1
2 . Then

Ey0
[
f(Xt∧τB(y0,R0))

]
= Ey0

[∫ t∧τB(y0,R0)

0
Lf(Xs)ds

]
. (2.9)

Note that ∂ijf(x) = 2δij and so 1
2
∑

1≤i,j≤d aij(x)∂2
ijf(x) ≥ Λ1d for x ∈ B(y0, 3/2), while

|∇f(x)| ≤ 2R0d for x ∈ B(y0, R0). Hence

1
2

∑
1≤i,j≤d

aij(x)∂2
ijf(x) + b(x) · ∇f(x) ≥ Λ1d− 2R0d‖b‖∞ ≥ Λ1d/2, x ∈ B(y0, R0), (2.10)

for any ‖b‖∞ ≤ Λ2 + Λ3. By the convexity of f in B(y0, 3/2), we have

f(x+ z)− f(x)−∇f(x) · z ≥ 0 for x ∈ B(y0, R0) and |z| ≤ 1.

By the definition of f(x), we have f(x) ≤ 1/4 for x ∈ B(y0, R0) ⊂ B(y0, 1/2) and f(y) ≥ 1/4

for y ∈ B(y0, 1/2)c. Hence we have

f(x+ z)− f(x) ≥ 0 for x ∈ B(y0, R0) and |z| ≥ 1.
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It follows from the last two displays that∫
Rd\{0}

(
f(x+ z)− f(x)−∇f(x) · z1{|z|≤1}

)
n(x, dz) ≥ 0 for x ∈ B(y0, R0). (2.11)

This together with (1.8), implies that Lf(x) ≥ Λ1d/2 on B(y0, R0). We now have by (1.6)

that
Λ1d

2 Ey0
[
t ∧ τB(y0,R0)

]
≤ Ey0

[
f(Xt∧τB(y0,R0))

]
.

Taking t→∞ yields

Ey0
[
τB(y0,R0)

]
≤ 2

Λ1d
Ey0

[
f(XτB(y0,R0))

]
≤ 8

Λ1d
for every y0 ∈ Rd.

Define r0 = R0/2. Then for every x0 ∈ Rd and r ∈ (0, r0],

Ex
[
τB(x0,r0)

]
≤ Ex

[
τB(x,2r0)

]
≤ 8

Λ1d
for every x ∈ B(x0, r0). (2.12)

The above holds for any L that satisfying (1.2) and for any b with ‖b‖∞ ≤ Λ2 + Λ3.

Now for any Hunt process with infinitesimal generator L ∈ N (Λ1,Λ2,Λ3), clearly (2.12)

holds. For any r ∈ (0, r0], let λ = r/r0 and define Yt = λ−1Xλ2t. Note that since λ ∈ (0, 1],

the generator LY of Y is in N (Λ1,Λ2 + Λ3,Λ3) by Lemma 1.2.2. Thus the estimate (2.12)

holds for Y . For every x0 ∈ Rd, note that

τB(x0,r) = λ2τYB(x0/λ,r0)

and so for every x ∈ B(x0, r),

Ex
[
τB(x0,r)

]
= Ex/λ

[
λ2τYB(x0/λ,r0)

]
≤ 8

Λ1d

r2

r2
0

=: c1r
2.

This proves the lemma.

Corollary 1.2.4. Assume that the condition of Lemma 1.2.3 holds and let r0 ∈ (0, 1/4] and

c1 > 0 be the constants in Lemma 1.2.3. For every x0 ∈ Rd and r ∈ (0, r0],

Ex
[
τ2
B(x0,r)

]
≤ 2c2

1r
4 for x ∈ B(x0, r).

Proof. By Lemma 1.2.3 and the Markov property of X, we have for every x ∈ B(x0, r),

Ex
[
τ2
B(x0,r)

]
= 2Ex

[∫ τB(x0,r)

0
1B(x0,r)(Xs)

(∫ τB(x0,r)

s
1B(x0,r)(Xu)du

)
ds

]
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= 2Ex
[∫ τB(x0,r)

0
EXs

[
τB(x0,r)

]
ds

]
≤ 2c1r

2Ex
[
τB(x0,r)

]
≤ 2c2

1r
4.

Remark 1.2.5. Sometimes it is more convenient to use cubes instead of balls. For x0 ∈ Rd

and r > 0, denote by Q (x0, r) the open cube in Rd centered at x0 with side length r. Clearly,

Q (x0, 2r/
√
d) ⊂ B(x0, r) ⊂ Q (x0, 2r) (2.13)

and so

τQ (x0,2r/
√
d) ≤ τB(x0,r) ≤ τQ (x0,2r). (2.14)

Lemma 1.2.6. Suppose that X = (Xt, t ≥ 0;Px, x ∈ Rd} is a Hunt process having in-

finitesimal generator L ∈ N (Λ1,Λ2,Λ3). For any D > 0, there is a positive constant c2 that

depends only on (d,Λ1,Λ2,Λ3, γ) so that for every x0 ∈ Rd and r ∈ (0, 1],

Ex
[
τB(x0,r)

]
≥ Ex

[
τB(x0,r) ∧ (γr2)

]
≥ c2r

2 for every x ∈ B(x0, r/2).

Proof. Let ϕ(s) be a smooth nondecreasing function on [0,∞) so that 0 ≤ ϕ ≤ 6, 0 ≤

ϕ′(s) ≤ 2, ϕ(s) = s for s ∈ [0, 4], and ϕ(s) = 6 when s ≥ 5. Fix x0 ∈ Rd and set

f(x) := ϕ(|x−x0|2). Note that |∇f(x)| ≤ 2|x−x0| ≤ 2 and ∂ijf(x) = 2δij for x ∈ B(x0, 1).

Consequently, |12
∑d
i,j=1 aij(x) ∂

2f(x)
∂xi∂xj

| ≤ d/Λ1, and |
∑d
i,j=1 bi(x)∂f(x)

∂xi
| ≤ 2Λ2d on B(x0, 1).

Note also for any x ∈ Rd,

|
∫
Rd

(f(x+ z)− f(x)−∇f(x) · 1{|z|≤1}z)n(x, dz)|

≤
∫
|z|≤1

|f(x+ z)− f(x)−∇f(x) · 1{|z|≤1}z|n(x, dz)

+
∫
|z|>1

|f(x+ z)− f(x)|n(x, dz)

≤ 1
2

∫
|z|≤1

|z|2‖D2f‖∞n(x, dz) + 12
∫
|z|>1

n(x, dz)

≤ max
{
‖D2f‖∞/2, 12

}
Λ3 ≤ 12Λ3

Thus

|Lf(x)| ≤ d

Λ1
+ 2Λ2d+ 12Λ3 =: a1 for every x ∈ B(x0, 1). (2.15)
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Let r ∈ (0, 1] and x0 ∈ Rd. For every x ∈ B(x0, r/2),

Ex
[
f(Xt∧τB(x0,r)

)
]

= f(x) + Ex
[∫ t∧τB(x0,r)

0
Lf(Xs)ds

]
≤ r2/4 + a1Ex

[
t ∧ τB(x0,r)

]
. (2.16)

Let c1 > 0 and r0 ∈ (0, 1/4] be the constants from Lemma 1.2.3 and define γ0 = 2c1. By

Lemma 1.2.3, for every x0 ∈ Rd and r ∈ (0, r0],

Px
(
τB(x0,r) ≥ γ0r

2) ≤ Ex
[
τB(x0,r)

]
γ0r2 ≤ c1r

2

γ0r2 = 1/2 for every x ∈ B(x0, r). (2.17)

Consequently,

Ex
[
f(X(γ0r2)∧τB(x0,r)

)
]
≥ Ex

[
f(XτB(x0,r)

); τB(x0,r) < γ0r
2
]
≥ r2 Px(τB(x0,r) < γ0r

2) > r2/2.

(2.18)

Taking t = γ0r
2 in (2.16) yields that for every x0 ∈ Rd and r ∈ (0, r0],

Ex
[
(γ0r

2) ∧ τB(x0,r)
]
> r2/(4a1) for every x ∈ B(x0, r/2).

When r ∈ (r0, 1], we clearly have for every x ∈ B(x0, r/2),

Ex
[
(γ0r

2) ∧ τB(x0,r)
]
≥ Ex

[
(γ0(r0/2)2) ∧ τB(x,r0/2)

]
> r2

0/(16a1) ≥ r2
0r

2/(16a1). (2.19)

For γ ∈ (0, γ0), by (2.19),

Ex
[
τB(x0,r) ∧ (γr2)

]
≥ (γ/γ0)Ex

[
τB(x0,r) ∧ (γ0r

2)
]
≥ γr2

0
16a1γ0

r2 for x ∈ B(x0, r/2).

This established the desired inequality by taking c2 = γr2
0/(16a1γ0).

Corollary 1.2.7. Under the condition of Lemma 1.2.6, for any γ > 0, there exists c3 > 0

depending on (d,Λ1,Λ2,Λ3, γ) so that for every x0 ∈ Rd, r ∈ (0, 2],

Ex[τQ (x0,2r)] ≥ Ex[τQ (x0,2r) ∧ (γr2)] ≥ c3r
2 for x ∈ Q (x0, r).

Proof. Note that for any x ∈ Q (x0, r), B(x, r/8) ⊂ Q (x0, 2r),then by Lemma 1.2.6,

Ex[τQ (x0,2r) ∧ (γr2)] ≥ Ex[τB(x,r/8) ∧ (γr2)] ≥ c3r
2.
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Next, we need a lemma that will be used later to prove Harnack inequality. It is the

only place requiring condition (1.12). But we need a special case of Proposition ?? in the

Appendix beforehand.

Proposition 1.2.8. If A and B are two Borel sets with positive distance apart, then for

each x, ∑
s≤t

1(Xs−∈A,Xs∈B) −
∫ t

0

∫
B−Xs

1A(Xs)n(Xs, dz)ds (2.20)

is a Px-martingale.

Proof. Following the approach of the proof in [19], since {Xt, t ≥ 0;Px, x ∈ Rd} is a Hunt

process having infinitesimal generator L. That is for any f ∈ C∞c (Rd),

Mf
t := f(Xt)− f(X0)−

∫ t

0
Lf(Xs)ds is a martingale under Px. (2.21)

In particular, it implies Xt = (X1
t , ..., X

d
t ) is a semi-martingale.By Ito’s formula, for any

f ∈ C∞c (Rd),we have

f(Xt)− f(X0) =
d∑
i=1

∫ t

0

∂f

∂xi
(Xs−)dXi

s +
∑

0<s≤t
ηs(f) + 1

2At(f), (2.22)

where

ηs(f) = f(Xs)− f(Xs−)−
d∑
i=1

∂f

∂xi
(Xs−)(Xs −Xs−) (2.23)

and

At(f) =
d∑

i,j=1

∫ t

0

∂2f

∂xi∂xj
(Xs−)d〈(Xi)c, (Xj)c〉s. (2.24)

Let A and B be two bounded closed Borel sets with positive distance apart.Let f ∈

C∞c (Rd) with f = 0 on A and f = 1 on B. Then it is clear that Nf
t :=

∫ t
0 1A(Xs−)dMf

s is

a martingale. Then by (2.21), (2.22),(2.23),and (2.24), we have

Nf
t : =

d∑
i=1

∫ t

0
1A(Xs−) ∂f

∂xi
(Xs−)dXi

s +
∑

0<s≤t
1A(Xs−)[(f(Xs)− f(Xs−)−

d∑
i=1

∂f

∂xi
(Xs−)(Xs −Xs−)]

+1
2

∫ t

0
1A(Xs−) ∂2f

∂xi∂xj
(Xs−)d〈(Xi)c, (Xj)c〉s −

∫ t

0
1A(Xs−)Lf(Xs−)ds
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=
∑

0<s≤t
1A(Xs−)f(Xs)−

∫ t

0
1A(Xs−)Lf(Xs−)ds

=
∑

0<s≤t
1A(Xs−)f(Xs)−

∫ t

0
1A(Xs−)

∫
Rd\{0}

f(Xs− + z)n(Xs− , dz)ds, (2.25)

where the second inequality is because 1A(x)f(x) = 0.

By taking a sequence of functions fn ∈ C∞c (Rd) with fn = 0 on A,fn = 1 on B and

fn ↓ 1B, for any x ∈ Rd, and the fact that Xs− 6= Xs for only countably many values of

s,we have ∑
0<s≤t

1A(Xs−)1B(Xs)−
∫ t

0
1A(Xs)

∫
B−Xs

n(Xs, dz)ds

is a martingale under Px.

Since any Borel set can be approximated by bounded closed set [13, Theorem1.1 ], then

by taking a sequence of bounded closed set {An}n≥1 ↑ A, and {Bn}n≥1 ↑ B, and montone

convergence theorem, (2.20) holds.

Remark 1.2.9. By taking limits on a sequence of Borel sets which have positive distance

apart, (2.20) holds for two disjoint Borel sets A and B.

Proposition 1.2.10. Suppose that X = (Xt, t ≥ 0;Px, x ∈ Rd} is a Hunt process having

infinitesimal generator L ∈ N (Λ1,Λ2,Λ3). Assume condition (1.12) holds. There is a

constant c4 > 0 that depends only on d,Λ1,Λ2,Λ3 and c0 such that for each x0 ∈ Rd,

r ∈ (0, r0] and every nonnegative measurable bounded function ϕ supported in B(x0, 2r)c,

Ex
[
ϕ(XτB(x0,r)

)
]
≤ c4Ey

[
ϕ(XτB(x0,r)

)
]

for x, y ∈ B(x0, r/2),

where r0 ∈ (0, 1/4) is the constant in Lemma 1.2.3.

Proof. The proof is quite straightforward using the Lévy system ofX. Since any nonnegative

bounded measurable function is a limit of a linear combination of the indicator functions,

it suffices to consider ϕ(x) = 1F (x), where F is a closed set contained in B(x0, 2r)c. By the

Lévy system formula Proposition 1.2.8 with A = B(x0, r) and B = F , and Lemma 1.2.6 ,

for each y ∈ B(x0, r/2),
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Py
(
XτB(x0,r)

∈ F
)

= Ey
∑

s≤τB(x0,r)

1(Xs− 6=Xs,Xs∈F )

= Ey
∫ τB(x0,r)

0
n(Xs, F −Xs)ds

≥ c−1
0 n(x0, F − x0)Ey

[
τB(x0,r)

]
≥ c−1

0 c3r
2n(x0, F − x0).

Similarly, we have by (2.6), Lemma 1.2.3 and (2.13) that for any x ∈ B(x0, r/2),

Px
(
XτB(x0,r)

∈ F
)

= Ex
∫ τB(x0,r))

0
n(Xs, F −Xs)ds

≤ c2
0 n(x0, F − x0)Ex

[
τB(x0,r

]
≤ c2

0c1r
2 n(x0, F − x0).

This proves that for any closed set F ⊂ B(x0, 2r)c,

Px
(
XτB(x0,r)

∈ F
)
≤ c4 Py

(
XτB(x0,r)

∈ F
)

for every x, y ∈ B(x0, r/2).

with c4 = c3
0c1/c3. So the lemma holds.

To study the hitting probability for the associated process, we need an SDE representa-

tion for the solution of the martingale problem for L.

1.3 Martingale problems and SDEs

Let {Xt, t ≥ 0;Px, x ∈ Rd} be a Hunt process having infinitesimal generator L ∈ N (Λ1,Λ2,Λ3).

Define

Yt =


∆Xt if ∆Xt 6= 0

0. otherwise

Since X = {Xt, t ≥ 0;Px, x ∈ Rd} is a Hunt process, we know that Y is a quasi-left

continuous and σ-finite point process, and Y is adapted with respect to the right-continuous

filtration {Ft, t ≥ 0} generated by the process X. According to Proposition A.1.17, and

Theorem A.1.26 in the Appendix, we know that there exists a diffusive σ-finite measure λ

on Rd \ {0} such that

n(x,Rd \ {0}) ≤ λ(Rd \ {0}) for every x ∈ Rd, (3.1)
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and a B(Rd)⊗ B(Rd \ {0})- measurable function F (x, z) on Rd × Rd \ {0} such that

Ys = F (Xs− , Ŷs), (3.2)

where Ŷ is a Poisson point process with the intensity measure ds× λ(dx).

From Theorem A.1.26, for any A ∈ Rd, then∫
Rd\{0}

1A(F (x, z))λ(dz) =
∫
Rd\{0}

1A(z)n(x, dz).

Since L ∈ N (Λ1,Λ2,Λ3), by Proposition A.1.17, we know that the measure λ also satisfies

sup
x∈Rd

∫
Rd\{0}

(|F (x, z)|2 ∧ 1)λ(dz) ≤ Λ3. (3.3)

Define the random measure µ on (0,∞)× Rd such that

µ([0, t]×A) =
∑
s≤t

1{∆Xs∈F (Xs−,A)}. (3.4)

So from (3.2), µ is a Poisson random measure under Px with the intensity measure ν([0, t]×

A) = tλ(A).

The following theorem relates the existence of the solution {Xt, t ≥ 0;Px} to the martin-

gale problem with respect to our nonlocal operator L to the existence of the solution of the

SDE (3.6).This theorem is very important in proving the support theorem and an Krylov’s

inequality in Section 2.5. The outline of the proof is stated in [56, Section II, Theorem 10].

We also give a very detailed proof in the Appendix §A.1.

Proposition 1.3.1. Suppose that X = {Xt, t ≥ 0;Px} is the solution to the martingale

problem starting from x for the non-local operator L ∈ N (Λ1,Λ2,Λ3) with the jump kernel

n(x, dz).

Then there exist a d × d matrix-valued function σ(x), an Rd-valued function b(x), an

independent probability space (Ω̂, F̂ , F̂t), a d-dimensional Brownian motion W , a B(Rd)×

B(Rd\{0})-measurable function F (x, z), a Poisson point process Ŷ , independent of W , with

the intensity measure dt×λ(dx), where λ is a diffusive σ-finite measure satisfying (3.1) and

∫
Rd\{0}

f(z)n(x, dz) =
∫
Rd\{0}

f(F (x, z))λ(dz) for any measurable function f, (3.5)
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so that X has the same distribution as the solution to the following SDE:

dXt = σ(Xt)dWt + b(Xt)dt+
∫
{|F (Xt−,z)|≤1}

F (Xt−, z)(µ− ν)(dt, dz)

+
∫
{|F (Xt−,z)|>1}

F (Xt−, z)µ(dt, dz),

X0 = x, (3.6)

where µ is the Poisson random measure on [0,∞)×Rd satisfying (3.4) with intensity measure

dt× ν(dx).

Proof. See the proof of Theorem A.1.33 in the Appendix .

1.4 Support theorem for diffusion processes with jumps

In this section, we establish support theorem for jump diffusion X having infinitesimal

generator L ∈ N (Λ1,Λ2,Λ3) of (1.1). By (3.6), the process X satisfies the following SDE

dXt = σ(Xt)dWt + b(Xt)dt+
∫
{|F (Xt−,z)|≤1}

F (Xt−, z)(µ− ν)(dz, dt)

+
∫
{|F (Xt−,z)|>1}

F (Xt−, z)µ(dz, dt), (4.1)

where W is a d-dimensional Brownian motion and σ(x) is a d× d symmetric matrix-valued

function satisfying (σσT )ij = aij . As L ∈ N (Λ1,Λ2,Λ3), σ is bounded and uniformly

elliptic.

1.4.1 Meyer’s construction

We first review Meyer’s construction on adding/removing jumps.

For δ ∈ (0, 1), define

nδ(x, dz) = 1{|z|≤δ}n(x, dz) and λδ(x) = n(x, {z : |z| > δ}). (4.2)

Note that

‖λδ‖∞ := sup
x∈Rd

λδ(x) ≤ δ−2 sup
x∈Rd

∫
Rd

(|z|2 ∧ 1)n(x, dz) ≤ Λ3/δ
2. (4.3)
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For fixed δ ∈ (0, 1), let X̄ = {X̄t; t ≥ 0; P̄x, x ∈ Rd} be the jump diffusion having

generator L(δ) which is the same as L but with nδ(x, dz) in place of n(x, dz). By (3.6), the

process X̄ is a weak solution to the following SDE:

dX̄t = σ(X̄t)dWt + b(X̄t)dt+
∫
{z:|F (X̄t−,z)|≤δ}

F (X̄t−, z)(µ− ν)(dz, dt). (4.4)

We can construct X from X̄ through the following procedure. Let U1 be an exponential

random variable with parameter 1 that is independent of (X̄,W ). Run a copy of X̄ starting

from x0 ∈ Rd. Define

T1 = inf
{
t > 0 :

∫ t

0
λδ(X̄s)ds > U1

}
.

Define

Yt =


X̄t for t ∈ (0, T1),

X̄T1− + ξ for t = T1,

where ξ ∈ Rd is a random point chosen according to the probability measure

1{z:|z|>δ}n(XT1−, dz)
λδ(XT1) .

Let U2 be another exponential random variable with parameter 1 which is independent of

(X̄,W,U1). Run another copy of X̄ but starting from YT1 , call it X̄ ′, till time

T2 = inf
{
t > 0 :

∫ t

0
λδ(X̄ ′s)ds > U2

}
,

where U2 is another exponential random variable with parameter 1 that is independent of

{Tt, t ∈ [0, T ]} and X̄ ′. Define

Yt =


X̄ ′t−T1

for t ∈ [T1, T1 + T2),

X̄ ′T1− + ξ′ for t = T1 + T2,

where ξ′ ∈ Rd is a random point chosen according to the probability measure

1{z:|z|>δ}n(X ′T2−, dz)
λδ(X ′T2

) .

This defines a process Y on [0, T1 + T2]. Repeating this procedure we get a process Y on

[0,∞), as λδ is bounded and so
∑∞
k=1 Tk = ∞. It is easy to see that Y has the same



18

distribution as X in (4.1). See [65] for details. We have by [5, Lemma 2.6] that for any

A ∈ σ{X̄(t) : t ∈ [0, 1]},

Px({Xs = X̄s for all 0 ≤ s ≤ 1} ∩A) ≥ e−‖λδ‖∞P̄x(A). (4.5)

1.4.2 The Support theorem

The following result has been claimed in [39, Theorem 4.2] but its proof contains a critical

error when doing lower bound estimate on the probability Q(supt≤t0 |Dt| ≥ ε) in the last

line of Page 33 there. We present a different approach here.

Theorem 1.4.1. Suppose L ∈ N (Λ1,Λ2,Λ3) satisfying condition (1.3) and X is a Hunt

process that solves the corresponding martingale problem for (L, C2
b (Rd)). For any γ ∈ (0, 1]

and a > 0, there exists a non-decreasing positive function Φ(γ,a) on (0,∞) that depends on

d,Λ1,Λ2,Λ3, γ, a and the rate of the function ψ in (1.3) converging to 0 so that for any

Lipschitz continuous function with φ : [0, γ] → Rd, supt∈[0,γ] |φ′(t)| ≤ a for a.e. t ∈ [0, γ]

and φ(0) = x0,

Px0

(
sup
t∈(0,γ]

|Xt − φ(t)| < ε

)
≥ Φ(γ,a)(ε). (4.6)

Moreover, the function Φ(γ,a) is decreasing in a ∈ (0,∞) and increasing in γ.

Proof. (i) Given ε ∈ (0, 1/2), we first consider process X̄ in (4.4) with suitably chosen

δ = δ(ε) ∈ (0, 1) whose value will be specified below. For t ∈ (0, γ], define

Mt := exp
(∫ t

0
〈σ−1(X̄s−)(φ′(s)− b(X̄s)), dWs〉 −

1
2

∫ t

0
|σ−1(X̄s−)(φ′(s)− b(X̄s))|2ds

)
.

Since

Ēx
[
M2
t

]
= Ēx

[
exp

(∫ t

0
2〈σ−1(X̄s−)(φ′(s)− b(X̄s)), dW̃s〉 −

1
2

∫ t

0
|2σ−1(X̄s−)(φ′(s)− b(X̄s))|2ds

)
× exp

(∫ t

0
|σ−1(X̄s−)(φ′(s)− b(X̄s))|2ds

) ]
≤ exp

(
tΛ−1

1

(
Λ2 + |φ′(s)|L∞([0,t])

)2
)
≤ exp

(
γΛ−1

1 (Λ2 + a)2
)
, (4.7)
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{Mt, t ≥ 0} is a square-integrable martingale under P̄x for every x ∈ Rd. So it defines a

family of probability measures {Qx, x ∈ Rd} by

dQx

dP̄x
∣∣∣
Ft

= Mt, t ∈ [0, γ].

By Girsanov’s theorem,

Ŵt := Wt +
∫ t

0
σ−1(X̄s)(b(X̄s)− φ′(s))ds, t ∈ [0, γ]

is a d-dimensional Brownian motion under each Qx. Hence

X̄t − φ(t)−
∫ t

0

∫
{|z:F (X̄s−,z)|≤δ}

F (X̄s−, z)(µ− ν)(dz, ds) = X̄0 − φ(0) +
∫ t

0
σ(X̄s)dŴs

is an {Ft}-martingale under each Qx. Under Qx0 ,

X̄t − φ(t) =
∫ t

0
σ(X̄s)dŴs +

∫ t

0

∫
{z:|F (X̄s−,z)|≤δ}

F (X̄s−, z)(µ− ν)(dz, ds). (4.8)

We next estimate Qx0
(
supt∈[0,γ] |X̄t − φ(t)| < ε

)
. Note that

Qx0

(
sup
t∈[0,γ]

|X̄t − φ(t)| < ε

)

≥ Qx0

(
sup
t∈[0,γ]

∣∣∣ ∫ t

0
σ(X̄s)dŴs

∣∣∣ < ε/2 and sup
t∈[0,γ]

∣∣∣ ∫ t

0

∫
{z:|F (X̄s−,z)|≤δ}

F (X̄s−, z)(µ− ν)(dz, ds)
∣∣∣ < ε/2

)

≥ Qx0

(
sup
t∈[0,γ]

∣∣∣ ∫ t

0
σ(X̄s)dŴs

∣∣∣ < ε/2
)

−Qx0

(
sup
t∈[0,γ]

∣∣∣ ∫ t

0

∫
{z:|F (X̄s−,z)|≤δ}

F (X̄s−, z)(µ− ν)(dz, ds)
∣∣∣ ≥ ε/2) .

Since each component of t 7→
∫ t

0 σ(X̄s)dŴs is a continuous martingale, using the idea in the

proof of Theorem I.8.3 in [6], it can be shown that there is a positive increasing function

φ1(ε) on (0,∞) that depends only on (d,Λ1) so that

Qx0

(
sup
t∈[0,γ]

∣∣∣ ∫ t

0
σ(X̄s)dŴs

∣∣∣ < ε/2
)
≥ φ1(ε/√γ). (4.9)

We put its proof in the Appendix §A.2.
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Next, by Doob’s maximal inequality,

Qx0

(
sup
t∈[0,γ]

∣∣∣ ∫ t

0

∫
{z:|F (X̄s−,z)|≤δ}

F (X̄s−, z)(µ− ν)(dz, ds)
∣∣∣ ≥ ε/2)

≤ 4ε−2 EQx0

(∫ γ

0

∫
{z:|F (X̄s−,z)|≤δ}

F (X̄s−, z)(µ− ν)(dz, ds)
)2


= 4ε−2 EQx0

[∫ γ

0

∫
{z:|F (X̄s−,z)|≤δ}

F (X̄s−, z)2ν(dz, ds)
]

= 4ε−2 EQx0

[∫ γ

0

∫
{z:|z|≤δ}

|z|2n(X̄s, dz)ds
]

≤ 4γε−2 sup
x∈Rd

∫
{z:|z|≤δ}

|z|2n(x, dz) = 4γε−2ψ(δ).

Choose δ = δ(γ, ε) ∈ (0, 1) so that ψ(δ) ≤ ε2φ1(ε/√γ)/(8γ). Since both φ1 and ψ are

increasing functions, the above δ(γ, ε) can be chosen in such a way that it is increasing in

ε > 0 and decreasing in γ. Then we have from the above

Qx0

(
sup
t∈[0,γ]

|X̄t − φ(t)| < ε

)
≥ φ1(ε/√γ)/2.

As dQx = M1dP̄x0 on F1, we have by Cauchy-Schwarz inequality and (4.7),

φ1(ε)/2 ≤ Qx0

(
sup
t∈[0,γ]

|X̄t − φ(t)| < ε

)

≤
(
EP̄x0

[
M2
γ

])1/2
P̄x0

(
sup
t∈[0,γ]

|X̄t − φ(t)| < ε

)1/2

≤ exp
(
Λ−1

1 (Λ2 + a)2/2
)
P̄x0

(
sup
t∈[0,γ]

|X̄t − φ(t)| < ε

)1/2

.

Consequently,

P̄x0

(
sup
t∈[0,γ]

|X̄t − φ(t)| < ε

)
≥ exp

(
−Λ−1

1 (Λ2 + a)2
)
φ2

1(ε/√γ)/4 (4.10)

(ii) Now by (4.3) and (4.5),

Px0

(
sup
t∈[0,γ]

|Xt − φ(t)| < ε

)
≥ e−Λ3/δ(γ,ε)2

P̄x0

(
sup
t∈[0,γ]

|X̄t − φ(t)| < ε

)
≥ e−Λ3/δ(γ,ε)2

e−(Λ2+a)2/Λ1φ2
1(ε/√γ)/4;

that is, the estimate (4.6) holds for

Φ(γ,a)(ε) := e−Λ3/δ(γ,ε)2
e−(Λ2+a)2/Λ1φ2

1(ε/√γ)/4.
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Clearly, Φ(γ,a)(ε) is a positive increasing function of ε on (0,∞), and Φ(γ,a) is decreasing in

a > 0 and increasing in γ ∈ (0, 1]. This completes the proof of the theorem.

Corollary 1.4.2. Suppose that L ∈ N (Λ1,Λ2,Λ3) and that condition (1.3) holds. Let

X = {Xt, t ≥ 0;Px, x ∈ Rd} be the strong Markov process that solves the martingale problem

(L, C2
b (Rd)). For any δ ∈ (0, 1], there is a non-decreasing positive function Φδ on (0,∞)

that depends on d,Λ1,Λ2,Λ3, a and the rate of the function ψ in (1.3) converging to 0 so

that for any x0 ∈ Rd, 0 < h < r ≤ 1, y, z ∈ B(x0, r) with B(y, h) ∪B(z, h) ⊂ B(x0, r),

Py(TB(z,h) < τB(x0,r) < δr2) ≥ Φδ(h/r).

Moreover, the function Φδ is non-decreasing in δ > 0. In fact, we can take Φδ := Φ(δ, 2/δ),

where Φ(γ,a) is the positive function in Theorem 1.4.1.

Proof. It suffice to consider the case when r = 1. Let {Xt, t ≥ 0;Px, x ∈ Rd} be any strong

Markov process associated with the generator L ∈ N (Λ1,Λ2 + Λ3,Λ3).

Let φ be the linear function taking values in Rd defined on [0, δ] so that φ(0) = y and

φ(δ) = z. Given supt∈[0,δ] |Xt − φ(t)| < h, Xt would never exit B(x0, 1) by time δ. Note

that |φ′(t)| = |y − z| ≤ 2r/δ ≤ 2/δ for t ∈ (0, δ). By (4.6),

Py
(
TB(z,h) < τB(x0,1) < δ

)
≥ Py

(
sup
t∈[0,δ]

|Xt − φ(t)| < h

)
≥ Φδ(h).

Theorem 1.4.3. Suppose that L ∈ N (Λ1,Λ2,Λ3) and the condition (1.3) holds. Let X =

{Xt, t ≥ 0;Px, x ∈ Rd} be the Hunt process that solves the martingale problem (L, C2
b (Rd)).

For any δ ∈ (0, 1], there is a non-decreasing positive function Φδ on (0,∞) that depends

on d,Λ1,Λ2,Λ3, a and the rate of the function ψ in (1.3) converging to 0 so that for any

x0 ∈ Rd, 0 < h < r ≤ 1, y, z ∈ Q (x0, r) with Q (y, h) ∪ Q (z, h) ⊂ Q (x0, r),

Py
(
TQ (z,h) ◦ θδr2 < δr2 and τQ (x0,r) > 2δr2

)
≥ Φδ(h/2r).

Moreover, the function Φδ is non-decreasing in δ > 0. In fact, we can take Φδ :=

Φ(2δ,
√
d/δ), where Φ(γ,a) is the positive function in Theorem 1.4.1.
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Proof. In view of Lemma 1.2.2, it suffices to prove this theorem for r = 1. For δ ∈ (0, 1],

define Φδ := Φ(2δ,
√
d/δ), where Φ(γ,a) is the positive function in Theorem 1.4.1. Let φ be the

piecewise linear function taking values in Rd defined on [0, 2δ] so that φ(s) = y for s ∈ [0, δ]

and φ(s) = y + (s − δ)(z − y)/δ for r ∈ [δ, 2δ]. Note that φ is continuous on [0, 2δ] with

|φ′(s)| ≤ |y − z|/δ ≤
√
d/δ for s ∈ [0, 2δ] \ {δ}.

Given supt∈[0,2δ] |Xt − φ(t)| < h/2, Xt would never exit Q (x0, r) before time 2δ and it

will visit Q (z, h) during the time interval (δ, 2δ), Thus by (4.6),

Py
(
TQ (z,h) ◦ θδ < δ and τQ (x0,1) > 2δ

)
≥ Py

(
sup

t∈[0,2δ]
|Xt − φ(t)| < h/2

)
≥ Φδ(h/2).

1.4.3 Krylov’s inequality for non-local operator

Define a molifier function

p(t, x) =


C exp

(
1

|t|2−1

)
exp

(
1

|x|2−1

)
if |t| < 1, |x| < 1,

0 otherwise,

where C > 0 is a normalized constant so that
∫∞
−∞

∫
Rd ζ(t, x)dxdt = 1. Given a function

G(t, x) ∈ Ld+1(Rd+1), define for ε > 0,

Gε(t, x) := ε−(d+1)
∫ ∞

0

∫
Rd
ζ((t− s)/ε, (x− y)/ε)G(t, y)dyds.

It is known that zε(t, x) is infinitely diferentiable in t and x, and zε → z a.e. as ε→ 0.

Lemma 1.4.4. Suppse that r > 0 and f(t, x) ≥ 0 is in Ld+1(R×Rd) such that f = 0 outside

(0,∞)×B(x0, r). Then there exists a bounded non-positive function G(t, x) on R×Rd that

vanishes on (−∞, 0)× Rd and has the following properties for small ε > 0.

(i) G(t, x) is convex in x ∈ B(x0, 2r) for every fixed t > 0 and decreasing in t for every

fixed x ∈ Rd;

(ii) If A = (aij) is a nonnegative definite symmetric matrix, then there exists a constant

c1 > 0 depending only on d such that for every (t, x) ∈ (0,∞)×B(x0, r),
d∑

i,j=1
aij

∂2

∂xi∂xj
Gε(t, x)− ∂

∂t
Gε(t, x) ≥ c1(detA)1/(d+1)f ε(t, x), (0,∞)×B(x0, r);
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(iii) For any vector b in Rd and any c0 > 0 s.t. supx∈B(x0,r) |b(x)| ≤ c0 r/2,

d∑
i=1

bi
∂

∂xi
Gε(t, x) ≥ c0G

ε(t, x) for (t, x) ∈ (0,∞)×B(x0, r),

where |b(x)| is the Euclidean norm of b(x).

(iv) There is a constant c2 = (d+ 1)(2r)d/ωd such that for every (t, x) ∈ (0,∞)× Rd,

|G(t, x)|d+1 ≤ c2
∣∣∣ ∫ ∞

0

∫
B(x0,r)

f(s, y)d+1dyds
∣∣∣.

The above result was given in [51] but its proof is quite sketchy. For reader’s convenience,

we give a detailed proof in the Appendix §A.3 of this paper.

Theorem 1.4.5. Suppose {Xt, t ≥ 0;Px, x ∈ Rd} is a Hunt process having infinitesimal

generator L ∈ N (Λ1,Λ2,Λ3). For every λ > 0, there is a positive constant c3 depending

only on (d,Λ1,Λ2,Λ3, λ) such that for every x0 ∈ Rd and f ∈ Ld+1(R+ ×B(x0, 1/4)),

Ex
∫ τB(x0,1/4)

0
e−λs|f(s,Xs)|ds ≤ c3‖f‖Ld+1(R+×B(x0,1/4))

for every x ∈ B(x0, 1/4).

Proof. This proof follows a similar idea as that for [1, Theorem 1.1]. For any function

f ∈ Ld+1(R+ ×B(x0, 1/4)) and integer n ≥ 1, define

gn(t, x) =


|f(n− t, x)| when (t, x) ∈ (0, n)×B(x0, 1/4),

0 elsewhere,
(4.11)

which is a non-negative function in Ld+1(Rd+1). Let

r0 := 1 ∨ (2
√
dΛ2/c0) (4.12)

where c0 is the constant in Lemma 1.4.4(iii). By Lemma 1.4.4, there exists a non-positive

bounded function Gn(t, x) on (−∞,∞)× Rd such that Gn(t, x) = 0 for t < 0 that has the

properties stated in Lemma 1.4.4 with B(x0, r0) in place of B(x0, r) there. For simplicity,

denote τB(x0,1/4) as τ . By (3.6), applying Ito’s formula to e−λsGεn(n− s,Xs) yields

Ex
[
e−λ(τ∧n)Gεn(n− τ ∧ n,Xτ∧n)

]
−Gεn(n, x)
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= Ex
[ ∫ τ∧n

0
e−λs

( d∑
i,j=1

1
2aij

∂2Gεn
∂xi∂xj

(n− s,Xs−) +
d∑
i=1

bi
∂Gεn
∂xi

(n− s,Xs−)− λGεn(n− s,Xs−)

−∂G
ε
n

∂s
(n− s,Xs−)

)
ds+

∫ τ∧n

0

∫
|F (Xs−,z)|≤1

e−λs
(
Gεn(n− s,Xs− + F (Xs− , z))−Gεn(n− s,Xs−)

−∇xGεn(n− s,Xs−) · F (Xs− , z)
)
ν(dzds)

+
∫ τ∧n

0

∫
|F (Xs−,z)|>1

e−λs
(
Gεn(n− s,Xs− + F (Xs−, z))−Gεn(n− s,Xs−))µ(dzds)

]
= Ex

[ ∫ τ∧n

0
e−λs

(1
2

d∑
i,j=1

aij
∂2Gεn
∂xi∂xj

(n− s,Xs−) +
d∑
i=1

bi
∂Gεn
∂xi

(n− s,Xs−)− λGεn(n− s,Xs−)

−∂G
ε
n

∂s
(n− s,Xs−) +

∫
|z|≤1

(
Gεn(n− s,Xs− + z)−Gεn(n− s,Xs−)

−∇xGεn(n− s,Xs) · z
)
n(Xs− , dz) +

∫
|z|>1

(
Gεn(n− s,Xs− + z)−Gεn(n− s,Xs−)

)
n(Xs, dz)

)
ds
]
,

(4.13)

where the second equality is due to (3.5).

For s ∈ (0, τ ∧ n], Xs− ∈ B(x0, 1/4). So by Lemma 1.4.4(ii),

1
2

d∑
i,j=1

aij
∂2Gεn
∂xi∂xj

(n− s,Xs−)− ∂Gεn
∂t

(n− s,Xs−) ≥ c1(detA)1/(d+1)gεn(n− s,Xs−).

Noting Gn is bounded and non-positive on R× Rd, this together with (4.13) implies that

−Gεn(n, x)

Ex
[
e−λ(τ∧n)Gεn(n− τ ∧ n,Xτ∧n)

]
−Gεn(n, x)

≥ Ex
[ ∫ τ∧n

0
e−λs

(
c1(detA)1/(d+1)gεn(n− s,Xs−) +

d∑
i=1

bi(n− s,Xs)
∂Gεn
∂xi

(n− s,Xs−)

+
∫
|z|≤1

(
Gεn(n− s,Xs− + z)−Gεn(n− s,Xs−)−∇xGεn(n− s,Xs−) · z

)
n(Xs− , dz)

+
∫
|z|>1

(
Gεn(n− s,Xs− + z)−Gεn(n− s,Xs−)

)
n(Xs− , dz)

)
ds
]
. (4.14)

Since by Lemma 1.4.4, Gn is convex in B(x0, 2r0), so Gεn is convex in x in B(x0, 3/2) for

any ε ∈ (0, 1/4). Thus for every x ∈ B(x0, 1/4), z ∈ Rd with |z| ≤ 1 and t > 0,

Gεn(t, x+ z)−Gεn(t, x)−∇xGεn(t, x) · z ≥ 0. (4.15)
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On the other hand, since r0 ≥ 1/4, by (4.11) and Lemma 1.4.4(iv),

sup
(t,x)∈Rd+1

|Gεn(t, x)| ≤ sup
(t,x)∈Rd+1

|Gn(t, x)| ≤ c2‖gn‖Ld+1(R×B(x0,r0)) = c2‖f‖Ld+1((0,n)×B(x0,1/4)).

(4.16)

Hence ∫ τ∧n

0
e−λs

∫
|z|>1

∣∣Gεn(n− s,Xs− + z)−Gεn(n− s,Xs−)
∣∣n(Xs− , dz)ds

≤ 2‖Gεn‖∞
∫ ∞

0
e−λs

∫
|z|>1

n(Xs− , dz)ds

≤ 2c2‖f‖Ld+1((0,n)×B(x0,1/4))λ
−1Λ3. (4.17)

By (1.2) and (4.12), |b(x)| ≤
√
dΛ2 ≤ c0r0/2, for any x ∈ B(x0, r0), then by Lemma

1.4.4(iii),
d∑
i=1

bi
∂Gεn
∂xi

(t, x) ≥ c0G
ε
n(t, x) for any (t, x) ∈ R+ ×B(x0, r0). (4.18)

Thus by (4.14)-(4.18) and the fact that detA ≥ Λd1, it yields

c2‖f‖Ld+1((0,n)×B(x0,1/4))

≥ Ex
[ ∫ τ∧n

0
e−λs

(
c1Λd/(d+1)

1 gεn(n− s,Xs−) + c0G
ε
n(n− s,Xs−)

)
ds
]

−2c2‖f‖Ld+1((0,n)×B(x0,1/4))λ
−1Λ3

≥ c1Λd/(d+1)
1 Ex

[ ∫ τ∧n

0
e−λs gεn(n− s,Xs−)ds

]
− c2λ

−1(c0 + 2Λ3)‖f‖Ld+1((0,n)×B(x0,1/4)).

Thus we get

Ex
[ ∫ τ∧n

0
e−λs gεn(n− s,Xs−)ds

]
≤ c3‖f‖Ld+1((0,n)×B(x0,1/4)), (4.19)

where

c3 = c2(1 + λ−1(c0 + 2Λ3))
c1Λd/(d+1)

1
.

Passing ε→ 0 in (4.19) yields

Ex
[ ∫ τ∧n

0
e−λs|f(s,Xs)|ds

]
= Ex

[ ∫ τ∧n

0
e−λsgn(n− s,Xs)ds

]
= Ex

[ ∫ τ∧n

0
e−λsgn(n− s,Xs−)ds

]
≤ c3‖f‖Ld+1((0,n)×B(x0,1/4)).
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Taking n→∞ gives

Ex
[ ∫ τ

0
e−λs|f(s,Xs)|ds

]
≤ c3‖f‖Ld+1(R+×B(x0,1/4)).

This completes the proof of the theorem.

Theorem 1.4.6. Suppose {Xt, t ≥ 0;Px, x ∈ Rd} is a Hunt process having infinitesimal

generator L ∈ N (Λ1,Λ2,Λ3). For every λ > 0, there exists a constant c4 > 0 that depends

only on (d,Λ1,Λ2,Λ3, λ) such that for any f ∈ Ld+1(R+ × Rd) and x ∈ Rd,

Ex
∫ ∞

0
e−λs|f(s,Xs)|ds ≤ c4‖f‖Ld+1(R+×Rd).

Proof. The proof is similar to that of [6, Theorem V.5.3]. Define S0 := 0, S1 := inf{t > 0 :

|Xt −X0| > 1/4}, and

Si+1 := Si + S1 ◦ θSi for i ≥ 1.

Clearly Sk is a stopping time for every k ≥ 1.

Fix a smooth non-decreasing function ϕ on [0,∞) so that ϕ(r) = r for r ∈ [0, 4] and

ϕ(r) = 6 for r ≥ 5. Fix x ∈ Rd, let f(y) = ϕ(|y− x|2), which is a bounded smooth function

with bounded derivatives on Rd. Hence |Lf(x)| is bounded by a constant c that depends

only on (d,Λ1,Λ2,Λ3). Note that f(x) = 0 and f(Xt∧τB(x,1/4)) ≥ 1/16 on {τB(x,1/4) ≤ t}.

Thus we have for every t > 0,

1
16 Px(τB(x,1/4) ≤ t) ≤ Ex

[
f(Xt∧τB(x,1/4))

]
= Ex

[∫ t∧τB(x,1/4)

0
Lf(Xs)ds

]
≤ ct.

Take t0 = 1/(32c). Then Px(τB(x,1/4) ≤ t0) ≤ 1
2 . Thus

Ex
[
e−λS1

]
≤ Px(S1 ≤ t0) + e−λt0Px(S1 > t0)

= (1− e−λt0)Px(S1 ≤ t0) + e−λt0Px(S1 > t0)

≤ 1
2 + 1

2e
−λt0 < 1.

Let ρ = (1 + e−λt0)/2, which depends only on (d,Λ1,Λ2,Λ3). We have just shown that

Ex
[
e−λS1

]
≤ ρ for every x ∈ Rd. By the strong Markov property of X, for i ≥ 1,

Ex
[
e−λSi+1

]
= Ex

[
e−λSiEx

[
e−λS1◦θSi |FSi

]]
= Ex

[
e−λSiEXSi

[
e−λS1

]]
≤ ρEx

[
e−λSi

]
.
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Thus by induction, we have Exe−λSi ≤ ρi for every i ≥ 1. Consequently, by Theorem 1.4.5

and the strong Markov property of X,

Ex
∫ Si+1

Si

e−λs|f(s,Xs)|ds = Ex
[
e−λSi EXSi

[∫ S1

0
e−λt|f(s,Xs)|ds

]]
≤ c3‖f‖Ld+1(R+×Rd) Exe−λSi

≤ c3ρ
i ‖f‖Ld+1(R+×Rd).

Hence

Ex
∫ ∞

0
e−λs|f(s,Xs)|ds =

∞∑
i=0

Ex
∫ Si+1

Si

e−λs|f(s,Xs)|ds

≤ c3

∞∑
i=0

ρi ‖f‖Ld+1(R+×Rd) = c3
1− ρ‖f‖Ld+1(R+×Rd).

This establishes the theorem.

1.4.4 Hitting probability estimates

Proposition 1.4.7. Suppose that L ∈ N (Λ1,Λ2,Λ3). There exist constant C0 > 0 and

ε > 0 that depends only on (d,Λ1,Λ2,Λ3) so that for every x0 ∈ Rd, r ∈ (0, r̃0] and any

A ⊂ Q (x0, r) with |Q (x0, r) \A| ≤ εrd,

Px(TA < τQ (x0,r)) ≥ C0 for every x ∈ Q (x0, r/2),

where r̃0 = ((2/
√
d) ∧ 1)r0 and r0 is the constant in Lemma 1.2.3.

Proof. In view of the scaling property of Lemma 1.2.2, it suffices to prove the proposition

for any L ∈ N (Λ1,Λ2 + Λ3,Λ3) and for r = r̃0. Let x0 ∈ Rd. For simplicity denote τQ (x0,r̃0)

by τ . By Corollary 1.2.4, Corollary 1.2.7, and Remark 1.2.5, there are positive constants c1

and c2 that depend only on (d,Λ1,Λ2,Λ3) so that

Ex[τ ] ≥ c1r̃0 for x ∈ Q (x0, r̃0/2) and Ex[τ2] ≤ c2r̃
2
0 for x ∈ Q (x0, r̃0),

where c1, c2 depends only on (d,Λ1,Λ2,Λ3).
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Take t0 = 4c2r̃0/(c1 ∧ c2 ∧ c3). Then by Theorem 1.4.6,

Ex
∫ τ

0
1Q (x0,r̃0)\A(Xs)ds ≤ Ex

∫ t0∧τ

0
1Q (x0,r̃0)\A(Xs)ds+ Ex [τ ; τ ≥ t0]

≤ et0Ex
∫ ∞

0
e−s1[0,t0]×(Q (x0,r̃0)\A)(s,Xs)ds+ Ex[τ2]/t0

≤ c3e
t0‖1[0,t0]×(Q (x0,r̃0)\A)‖Ld+1(Rd+1) + c2r̃

2
0/t0

≤ c3e
4c2r̃0/(c1∧c2∧c3)(t0 |Q (x0, r̃0) \A|)1/(d+1) + (c1 ∧ c2 ∧ c3)r̃0/4,

where c3 > 0 is a constant that depends only on d, Λ1,Λ2 and Λ3. Let

ε := ((c1 ∧ c2 ∧ c3)/4r̃0c2)((c1 ∧ c2 ∧ c3)(4c3)−1e−t0)d+1 < (1/4)d+1.

Then for any A ⊂ Q (x0, r̃0) with |Q (x0, r̃0) \A| ≤ εr̃d0 , we have

Ex
∫ τ

0
1Q (x0,r̃0)\A(Xs)ds < (c1 ∧ c2 ∧ c3)r̃0/2 for every x ∈ Q (x0, r̃0/2).

On the other hand, for x ∈ Q (x0, r̃0/2),

(c1 ∧ c2 ∧ c3)r̃0 ≤ Exτ = Ex
∫ τ

0
1A(Xs)ds+ Ex

∫ τ

0
1Q (x0,r̃0)\A(Xs)ds

< Ex [τ ;TA < τ ] + (c1 ∧ c2 ∧ c3)r̃0/2

≤
(
Ex[τ2]Px(TA < τ)

)1/2
+ (c1 ∧ c2 ∧ c3)r̃0/2

≤
(
c2r̃

2
0 Px(TA < τ)

)1/2
+ (c1 ∧ c2 ∧ c3)r̃0/2.

Hence Px(TA < τ) > (c1 ∧ c2 ∧ c3)2/(4c2) for every x ∈ Q (x0, r̃0/2).

We need the following proposition for the lower bound estimate of the hitting probability.

Given an open cube Q, let Q denote its closure, and let Q̂ be the closed cube that has the

same center as Q but with 3 times its side length. The following is [6, Proposition V.7.2]

(with a slight modification in the statement that our cubes Q are open cubes instead of

closed cubes).

Proposition 1.4.8. Let q ∈ (0, 1), x0 ∈ Rd and r ∈ (0, 1]. For any measurable A ⊂ Q (x0, r)

with |A| ≤ q|Q (x0, r)|, there exists a countable family R of pairwise disjoint open cubes Q in

Q (x0, r) so that |A∩Q| ≥ q|Q| for each Q ∈ R, and |A| ≤ q|D∩Q (x0, r)| with D := ∪Q∈RQ̂.
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Theorem 1.4.9. Let L ∈ N (Λ1,Λ2,Λ3) and X = {Xt, t ≥ 0;Px, x ∈ Rd} be a Hunt process

that solves the martingale problem for (L, C2
b (Rd)). There exists a non-decreasing strictly

positive function φ on (0, 1] that depend only on (d,Λ1,Λ2,Λ3) and the rate of the function

ψ in (1.3) converging to 0 so that for any r ∈ (0, r̃0], x0 ∈ Rd, and A ⊂ Q (x0, r),

Px(TA < τQ (x0,r)) ≥ φ(|A|/rd) for x ∈ Q (x0, r/2),

where r̃0 is the constant in Proposition 1.4.7.

Proof. Our proof follows the idea of [6, Theorem V.7.4].

Define a function φ on [0, 1] by

φ(ε) = inf
{
Py(TA < τQ (x0,r)) : L ∈ N (Λ1,Λ2,Λ3), r ∈ (0, r̃0], y ∈ Q (x0, r/2),

A ⊂ Q (x0, r) with |A| ≥ ε|Q (x0, r)|
}
.

Without loss of generality we can assume d = 2. Clearly φ is non-decreasing. By Proposition

1.4.7, φ(ε) > 0 when ε is sufficiently close to 1. Define q0 = inf{ε : φ(ε) > 0}. We claim

that q0 = 0, and will prove this by contradiction.

Suppose that q0 > 0. Take q ∈ (q0,
√

1+8q0−1
2 ) ⊂ (q0, 1), which is always possible since

0 < q0 < 1. Since η := (q + q2)/2 < q0 < q, we have φ(η) = 0 and φ(q) > 0. Let

β := 1− ((3 + q)/4)1/d < 1/2 and ρ = Φ1( β18 ∧
1
8), (4.20)

where Φ1 is the strictly positive non-decreasing function Φδ on (0,∞) in Corollary 1.4.2

with δ = 1.

Note that φ( q0+η
2 ) = 0 as q0+η

2 < q0. By the definition of φ, there exist some L0 ∈

N (Λ1,Λ2,Λ3), some x0 ∈ Rd, r0 ∈ (0, r̃0], A ⊂ Q (x0, r0) with |A|/|Q (x0, r0)| ≥ (q0 + η)/2,

and some x1 ∈ Q (x0, r0/2) so that

Px1(TA < τQ (x0,r0)) < φ((q0 + η)/2) + ρφ(q)2 = ρφ(q)2, (4.21)

where {Xt, t ≥ 0;Px, x ∈ R} is the Hunt process associated with the infinitesimal generator

L0. We claim that |A|/|Q (x0, r0)| < q. This is because if |A|/|Q (x0, r0)| ≥ q, we would then

have

ρφ(q)2 > Px1(TA < τQ (x0,r0)) ≥ φ(q)
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and so ρφ(q) > 1, which is impossible as φ(q) ≤ 1 and ρ < 1.

As |A| < q|Q (x0, r0)|, by Proposition 1.4.8, there is a countable family R of disjoint

open cubes in Q (x0, r0) so that |A ∩ Q| ≥ q|Q| for each Q ∈ R, and |A| ≤ q|D ∩ Q (x0, r)|

with D := ∪Q∈RQ̂. Enumerate R by {Qk; k ≥ 1}.

As

lim
n→∞

| ∪nk=1 Q̂k ∩ Q (x0, r0)| = |D ∩ Q (x0, r0)| ≥ |A|
q
≥ q0 + η

2q |Q (x0, r0)| > 1 + q

2 |Q (x0, r0)|,

there is some N ≥ 1 so that

| ∪Nk=1 Q̂k ∩ Q (x0, r0)| > 1 + 3q
4 |Q (x0, r0)|.

Let D1 := ∪Nk=1Q̂k ∩ Q (x0, (1− β)r0). Then

|D1| ≥ | ∪Nk=1 Q̂k ∩ Q (x0, r0)| − |Q (x0, r0) \ Q (x0, (1− β)r0)|

≥
(1 + 3q

4 − 1− q
4

)
|Q (x0, r0)|

= q |Q (x0, r0)|.

Thus by the definition of φ,

Px(TD1 < τQ (x0,r0)) ≥ φ(q) for every x ∈ Q (x0, r0/2). (4.22)

We claim that

Py(TA < τQ (x0,r0)) ≥ ρ φ(q) for every y ∈ D1. (4.23)

For y ∈ D1, there is some 1 ≤ k ≤ N so that y ∈ Q̂k and Q (y, βr0) ⊂ Q (x0, r0). Denote Qk
by Q(y0, r) and let Q∗ = Q(y0, r/2). If r ≥ βr0/9, we have by Corollary 1.4.2 with δ = 1,

Py(TQ∗ < τQ (x0,r0)) ≥ Φ1(β/18) ≥ ρ.

When r < βr0/9, Q(y0, r/2) ⊂ Q(y, 4r) ⊂ Q(x0, r0) as |y− y0|∞ ≤ 3r/2 < βr0/6. Again by

Corollary 1.4.2 with δ = 1,

Py(TQ∗ < τQ (x0,r0)) ≥ Py(TQ∗ < τQ (y,4r)) ≥ Φ1(1/8) ≥ ρ.

Since |A ∩Q| ≥ q |Q|, in both cases we have by the definition of φ(q) that

Py(TA < τQ (x0,r0)) ≥ Ey
[
P
XTQ∗

k (TA∩Q < τQ); TQ∗ < τQ (x0,r0))
]
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≥ φ(q)Py(TQ∗ < τQ (x0,r0)) ≥ ρ φ(q).

This establishes the claim (4.23).

It follows from (4.22) and (4.23) that for every x ∈ Q (x0, r0/2),

Px(TA < τQ (x0,r0)) ≥ Px(TD1 < TA < τQ (x0,r0))

≥ Ex
[
PXTD1 (TA < τQ (x0,r0));TD1 < τQ (x0,r0)

]
≥ ρφ(q)Px1(TD1 < τQ (x0,r0)) ≥ ρφ(q)2.

This contradiction with (4.21) shows that q0 = 0.

Remark 1.4.10. Our proof follows that of the corresponding result [6, Theorem V.7.4] for

diffusion processes. However, the proof in [6] has a gap on line 15 of p.118 t as one does

not have a control on the size of |R∗i | relative to |Q (0, 1)|. But it can be fixed using the

argument above by considering the length of Ri in two cases.)

Corollary 1.4.11. There exists a non-decreasing function ϕ : (0, 1] 7→ (0, 1] depending only

on (d,Λ1,Λ2,Λ3) and the rate of the function ψ in (1.3) converging to 0 such that for any

x0 ∈ Rd, r ∈ (0, r̃1], if A ⊂ B(x0, r), with |A| > 0, for any x ∈ B(x0, r/2),

Px(TA ≤ τB(x0,r)) ≥ ϕ(|A|/|B(x0, r)|). (4.24)

where r̃1 = r̃0/2, and r̃0 is the constant in Proposition 1.4.7.

Proof. Our proof is motivated by that for [39, Corollary 4.9] and fixes some ambiguous

claims in [39, lines -10 and -6 on p.36]. Without loss of generality, we may and do assume

that x0 = 0. For notational convenience, we assume dimension d = 2 but the proof works for

any dimension d ≥ 2. Let λ = |A|/|B(0, r)|. Take ε = ε(λ) ∈ (0, 1/4) so that (1−(1−2ε)2) =

λ/2. Clearly, ε(λ) is an increasing function in λ ∈ (0, 1]. It follows that

|A ∩B(0, (1− 2ε)r)|/|B(0, r)| ≥ λ/2.

Let k = k(λ) ∈ N be sufficiently large so that for any cube

Ri,j := [(i− 1)2−kr, i2−kr]× [(j − 1)2−kr, j2−kr]



32

with Ri,j ∩ B(0, (1 − 2ε)r) 6= ∅ for 1 − 2k ≤ i, j ≤ 2k , we have Ri,j ⊂ B(0, (1 − ε)r). We

can choose k(λ) in such a way that it is a decreasing function in ε and hence a decreasing

function in λ. Let

C := {Ri,j : |Ri,j ∩B(0, (1− 2ε)r) ∩A| > 0}

and M = M(λ) be the total number of elements in C. Clearly, M ≤ 22(k+1). Denote by R∗i,j
the closed cube that has the same center as Ri,j with side length half as long. As∑

Ri,j∈C
|Ri,j ∩A| ≥ |B(0, (1− 2ε)r) ∩A| ≥ λ|B(0, r)|/2 = |A|/2, (4.25)

there is some Ri,j ∈ C so that

|Ri,j ∩A| ≥ |A|/(2M). (4.26)

Since |Ri,j | = (2−kr)2 and M ≤ 22(k+1), we have

|Ri.j ∩A|/|Ri,j | ≥ |A|/(8r2) ≥ |A|/(3πr2) ≥ λ/6.

Let φ be the non-decreasing strictly positive function on (0, 1] in Theorem 1.4.9. We then

have by Theorem 1.4.9,

Px(TRi,j∩A < τRi,j ) ≥ φ(|Ri,j ∩A|/|Ri.j |) ≥ φ(λ/6) for x ∈ R∗i,j . (4.27)

Let y0 be the center of the cube Ri,j . Then B(y0, r/(4k)) ⊂ R∗i,j . For any x ∈ B(0, r/2), by

the strong Markov property, (4.27) and Corollary 1.4.2,

Px(TA < τB(0,r)) ≥ Px
(
TR∗i,j < τB(0,r) and TRi,j∩A ◦ θTR∗

i,j
< τRi,j ◦ θTR∗

i,j

)
≥ Ex

[
P
TR∗

i,j

(
TRi,j∩A < TRi,j

)
;TR∗i,j < τB(0,r)

]
≥ φ(λ/6)Px(TR∗i,j < τB(0,r))

≥ φ(λ/6)Px(TB(y0,r/(4k)) < τB(0,r))

≥ φ(λ/6) Φ1(1/(4k)),

where Φ1 is the non-decreasing strictly positive function on (0,∞) in Corollary 1.4.2 with

δ = 1. This completes the proof of this corollary by taking

ϕ(λ) := φ(λ/6) Φ1(1/(4k)) = φ(λ/8) Φ1(1/(4k(λ))),

which is a strictly positive non-decreasing function on (0, 1].
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1.5 Hölder regularity

Proof of Theorem 1.1.1. Given Corollary 1.4.11 on a lower bound estimate of the hitting

probability, the idea of the proof is similar to those in literature, see, e.g., [39, Theorem 5.1]

or [20, Theorem 4.14] on Hölder regularity for parabolic functions. Due to the general form

of jumping kernel n(x, dz) in this paper, for reader’s convenience, we spell out the details

here.

Fix x0 ∈ Rd and r ∈ (0, r̃0],where r̃0 is the constant in Proposition 1.4.7. Suppose that

u is a bounded function on Rd that is L-harmonic in B(x0, 2r). Without loss of generality,

we assume ‖u‖∞ = 1/2.

Take z1 ∈ B(x0, r) and set r1 = r/2. Clearly, B(z1, r1) ⊂ B(x0, 3r/2). Recall that ϕ is

the non-decreasing function in Corollary 1.4.11,

Let

a :=
√

1− 1
4ϕ(1/3) ∨ (1/

√
2) and ρ :=

(
ϕ(1/3)
40c1Λ3

∧ 1
4

)1/2√
a, (5.1)

where c1 > 1 is the constant in Lemma 1.2.3. Note that 1/
√

2 < a < 1 and 0 < ρ < 1/2.

For n ≥ 2, define rn = ρn−1r1. For simplicity, denote B(z1, rn) by Bn and τBn by τn.

Let Mn := supx∈Bn u(x) and mn := infx∈Bn u(x). We claim that

Mn −mn ≤ an−2 for all n ≥ 1. (5.2)

Clearly, M2 −m2 ≤ M1 −m1 ≤ 1 so (5.2) holds for n = 1, 2. Suppose Mi −mi ≤ ai−2

is true for i = 2, · · · , n ≥ 2, we want to show it holds for n+ 1. For this, define

An = {x ∈ Bn : u(x) ≤ (Mn +mn)/2} .

We may assume |An|/|Bn| ≥ 1/2. Otherwise we consider Mn − u instead of u. Let A be a

compact subset of An such that |A|/|Bn| ≥ 1/3. By Corollary 1.4.11,

Px(TA < τn) ≥ ϕ(1/3) for x ∈ Bn+1. (5.3)

For any given ε > 0, there are y, z ∈ Bn+1 so that u(y) < mn+1 +ε and u(z) > Mn+1−ε.

As L ∈ N (Λ1,Λ2,Λ3), by Lemma 1.2.3, for 1 ≤ i ≤ n− 1, it yields

sup
x∈Bn

Px(Xτn /∈ Bn−i)
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≤ sup
x∈Bn

Ex
∫ τn

0
n(Xs, Bn−i −Xs)ds

≤ sup
x∈Bn

Ex
∫ τn

0
n(Xs, {h : |h| ≥ rn−i − rn})ds

≤ sup
x∈Bn

Ex
∫ τn

0
(rn−i − rn)−2

∫
Rd

(|h|2 ∧ 1)n(Xs, dh)ds

≤ (rn−i − rn)−2Λ3 sup
x∈Bn

Exτn

≤ c1Λ3 r
2
n (rn−i − rn)−2

≤ c1Λ3 ρ
2i/(1− ρi)2. (5.4)

Note that ρ2 ≤ a/4 < 1/4. We have by (5.3) and (5.4) that for n ≥ 2,

Mn+1 −mn+1 − 2ε

< u(z)− u(y) = Ez[u(XTA∧τn)− u(y)]

= Ez[u(XTA)− u(y);TA < τn] + Ez[u(Xτn)− u(y);TA ≥ τn, Xτn ∈ Bn−1]

+
n−1∑
i=2

Ez[u(XTA)− u(y);TA ≥ τn, Xτn ∈ Bn−i \Bn+1−i]

+Ez[u(Xτn)− u(y);TA ≥ τn, Xτn /∈ B1]

≤ ((Mn +mn)/2−mn)Pz(TA < τn) + (Mn−1 −mn−1)Pz(TA ≥ τn)

+
n−1∑
i=2

(Mn−i −mn−i)Pz(Xτn /∈ Bn+1−i) + Pz(Xτn /∈ B1)

≤ 1
2a

n−2Pz(TA < τn) + an−3(1− Pz(TA < τn))

+
n−1∑
i=2

an−i−2c1Λ3ρ
2(i−1)/(1− ρi−1)2 + c1Λ3ρ

2(n−1)/(1− ρn−1)2

≤ an−3 (1− (1− a/2)Pz(TA < τn)) + c1Λ3a
n−3

(1− ρ)2

n−1∑
i=2

(ρ2/a)i−1 + c1Λ3ρ
2(n−1)

(1− ρ)2

≤ an−3 (1− (1− a/2)ϕ(1/3)) + 4c1Λ3a
n−3(ρ2/a)

n−3∑
k=0

2−k + 4c1Λ3ρ
2(n−1)

≤ an−3
(
1− 1

2ϕ(1/3)
)

+ 8c1Λ3a
n−3(ρ2/a) + 4c1Λ3ρ

2(n−1)

≤ an−1
(

1− 1
2ϕ(1/3)
a2 + 8c1Λ3

(
(2ρ2/a) + 1

2(ρ2/a)n−1
))

≤ an−1
(

1− 1
2ϕ(1/3)
a2 + 10c1Λ3 ρ

2

a

)
≤ an−1, (5.5)
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where the last inequality is due to the definition (5.1) of a and ρ. Since the above holds for

any ε > 0, passing ε → 0 shows that (5.2) holds for n + 1 and hence, by induction, (5.2)

holds for all n ≥ 1.

Given any z2 ∈ B(z1, r1), let k ≥ 0 be the largest non-negative integer so that |z2 −

z1| ≤ ρkr/2, that is, k ≥ 0 is the largest integer not exceeding logρ(2|z1 − z2|/r). Then

z2 ∈ B(z1, rk+1) and so

|u(z2)− u(z1)| ≤ ak−2 ≤ alogρ(2|z1−z2|/r)−3 = 1
a3

(2|z2 − z1|
r

)(log a)/ log ρ
.

Since 1/
√

2 < a < 1 and 0 < ρ < 1/2, then log a/ log ρ ∈ (0, 1/2). This establishes (1.4)

with α := log a/ log ρ ∈ (0, 1/2) and C = 2a−3, both depend only on Λ1,Λ2,Λ3, d and the

rate of the function ψ in (1.3) converging to 0.

1.6 Elliptic Harnack inequality

Lemma 1.6.1. Suppose L ∈ N (Λ1,Λ2,Λ3) and condition (1.3) holds. For any bounded

function h(x) on Rd that is L-harmonic in an open subset D of Rd, s 7→ h(Xs∧τD) is

right continuous Px-a.s. for any x ∈ D, where {Xt, t ≥ 0;Px, x ∈ Rd} is the Hunt process

associated with the operator L.

Proof. By the definition of L-harmonicity, for any relatively compact open subset D1 of

D, h(x) = Ex[h(XτD1
)] for every x ∈ D1.By the strong Markov property of X, for every

stopping time S of {Fs, s ≥ 0},

h(XS∧τD1
) = Ex[h(XτD1

)|FS∧τD1
] Px − a.s.

Here the martingle s→ Ex[h(XτD1
)|FS∧τD1

] is taken to be its right continuous version. As

s → Xs càdlàg and h is Borel-measurable, then s → h(Xs ∧ τD1) is optional. Then by

Optional Section Theorem [42, Theorem 4.10], we have

Px[h(Xs∧τD1
) = Ex(h(XτD1

)|Fs∧τD1
) for all s ≥ 0] = 1.

That is to say that s → h(Xs∧τD1
) is right continuous Px-a.s., for every x ∈ D1. Since

this holds for every relatively compact open subset D1 of D, then the lemma is proved.
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The right continuity of s 7→ h(Xs∧τD) is a consequence of the right continuity of the Hunt

process t 7→ Xt.

Proof of Theorem 1.1.2. Given Corollary 1.4.11 on hitting probability estimate, the proof

follows the nowadays standard ideas in literature; see, for example, that of [20, Proposi-

tion 4.3] which is for parabolic Harnack inequality. The elliptic Harnack inequality case is

simpler.

Denote r1 = 2r̃1. Let r ∈ (0, r̃1], x0 ∈ Rd and u be any nonnegative function on Rd that

is L-harmonic in B(x0, 2r), where r̃1 is the constant in Corollary 1.4.11. By shrinking the

value of r a little bit, we may assume without loss of generality that u(x) = Ex
[
u(XτB(x0,2r)

)
]
.

As u is the increasing limit of bounded harmonic functions un(x) := Ex
[
(u∧n)(XτB(x0,2r)

)
]
,

it suffices to establish the Harnack inequality for bounded harmonic functions in B(x0, 2r).

On the other hand, since X is assumed to be conservative, constant functions are harmonic.

By considering u + ε with ε > 0 and then passing ε → 0, it suffices to establish Harnack

inequality for positive bounded harmonic function u with infRd u > 0. Taking a constant

multiple of such u if needed, we may further assume that infB(x0,r) u = 1/2. Thus there is

y0 ∈ B(x0, r) so that u(y0) < 1.

Our aim is to prove u is bounded above on B(x0, r) by a universal constant that depends

only on (Λ1,Λ2,Λ3, c0, d) and the rate of the function ψ of (1.3) converging to 0, where c0

is the constant in (1.12).

Let ϕ : (0, 1] → (0, 1] be the non-decreasing function in Corollary 1.4.11. Taking ϕ to

be ϕ(r) ∧ r if needed, we may assume that limr→0+ ϕ(r) = 0.

From the support theorem and a scaling argument, we will prove by induction that for

any k ∈ N , there exists a δ0 ∈ (0, 1) so that for every R ∈ (0, 1],

Py
(
TB(z,4−kR) < τB(x0,R)

)
≥ δk0 for y, z ∈ B(x0, 3R/4). (6.1)

Indeed, by Corollary 1.4.2 with δ = 1, for y, z ∈ B(x0, 3R/4),

Py
(
TB(z,R/4) < τB(x0,R)

)
≥ Φ1(1/4) =: δ0.

Suppose that Py
(
TB(z,4−kR) < τB(x0,R)

)
≥ δk0 holds for k = n.
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Since B(z, (4−n + 4−(n+1))R) ∪ B(z, 4−(n+1)R) ⊂ B(z, 4−n+1R), by the strong Markov

property of X and Corollary 1.4.2,

Py(TB(z,4−kR) < τB(x0,R))

≥ Ey.
[
P
XT

B(z,4−k+1R) (TB(z,4−kR) < τB(z,4−k+2R));TB(z,4−k+1R) < τB(x0,R)

]
≥ Ey

[
Φ1(1/16);TB(z,4−k+1R) < τB(x0,R)

]
≥ δ0 · δk−1

0 = δk0 .

Therefore, by Corollary 1.4.11, (6.1) implies that for any R ∈ (0, r̃1], k ∈ N , any y, z ∈

B(x0, 3R/4) and A ⊂ B(y, 4−kR),

Pz(TA < τB(x0,R)) ≥ Ez
[
P
XT

B(y,4−(k+1)R)
(
TA < τB(y,4−kR)

)
;TB(y,4−(k+1)R) < τB(x0,R)

]
≥ ϕ(|A|/|B(y, 4−kR)|)Pz

(
TB(y,4−(k+1)R) < τB(x0,R)

)
≥ ϕ(|A|/|B(y, 4−kR)|)δk+1

0 . (6.2)

Set

η = ϕ(1/2d+1)
4 ∧ c4

2 , ξ = η/c4 and γ0 = ϕ(1/2d+1)
4(1− ϕ(1/2d+1)) . (6.3)

where c4 > 0 is the constant in Proposition 1.2.10. For any real number a, denote by bac

the largest integer not exceeding a. By decreasing the value of δ0 ∈ (0, 1) in (6.1) if needed,

we may assume that 0 < δ0 <
1

1+γ0/2 .Let m be the smallest nonnegative integer so that

1/(4logδ0 1/(1+γ0/2) − 1) ≤ 4m logδ0 1/(1+γ0/2). (6.4)

As

lim
k→∞

(1 + γ0)kδ
b(k+m) logδ0 1/(1+γ0/2)c
0 →∞,

Take

a0 := inf
k≥1

(1 + γ0)kδ
b(k+m) logδ0 1/(1+γ0/2)c
0 ≤ 1 + γ0.

Let

K = 2(1 + γ0)
a0ξδ2

0 ϕ(1
4 · (

1
8)d)

(6.5)

Note that 0 < η < 1/4, 0 < ξ < 1/2 Then by and K > 2/ξ ≥ 4. For simplicity, set

rk := r/4(k+m) logδ0 1/(1+γ0/2) for k ≥ 1.
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Note by (6.4),
∑∞
k=1 rk < r, and for each k ≥ 1,

4−nk−1r ≤ rk ≤ 4−nkr, where nk := b(k +m) logδ0 1/(1 + γ0/2)c. (6.6)

We will show that u ≤ K on B(x0, r). Suppose not. Then there exists a point z1 ∈

B(x0, r) with u(z1) > K. We claim that in this case

there is a sequence of points {zj ; j ≥ 1} ⊂ B(x0, 2r) so that

zj ∈ B(zj−1, rj−1) having u(zj) ≥ K(1 + γ0)j−1, (6.7)

with the convention that z0 := x0 and r0 := r.

We will establish the existence of such a sequence {zj , j ≥ 1} by induction. By assump-

tion, we have z1 ∈ B(x0, r) = B(z0, r0) with u(z1) ≥ K. Suppose we have zj for j = 1, · · · , k

for some k ≥ 1 with the mentioned properties in (6.7). We proceed to find zk+1. Let

A =
{
y ∈ B(zk, rk/4) : u(y) ≥ ξK(1 + γ0)k−1

}
.

We claim that

|A| < |B(zk, rk/4)|/2. (6.8)

If not, |A| ≥ |B(zk, rk/4)|/2. LetA′ be any compact subset ofA so that |A′| > |B(zk, rk/4)|/4.

By (6.2), for every x ∈ B(x0, r),

Px(TA′ < τB(x0,2r)) ≥ δnk+2
0 ϕ

(
|A′|/|B(zk, rk/4)|

)
≥ δnk+2

0 ϕ(1
4 · (

1
8)d).

Here nk is the integer defined in (6.6) and the last inequality above is due to

|A′|
|B(zk, 4−nk−12r)| = |A′|

|B(zk, rk/4)|
|B(zk, rk/4)|

|B(zk, 4−nk−12r)| ≥
1
4 · (

1
8)d

This together with the harmonicity of u and right continuity of t 7→ u(Xt) gives

1 > u(y0) ≥ Ey0 [u(XTA′ );TA′ < τB(x0,2r)] ≥ ξK(1 + γ0)k−1δnk+2
0 ϕ(1

4 · (
1
8)d) > 2.

This contradiction proves the claim (6.8). Consequently, there is a compact subset E ⊂

B(zk, rk/4) \A having

|E| > |B(zk, rk/4)|/2 (6.9)
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such that

u(y) < ξK(1 + γ0)k−1 for every y ∈ E. (6.10)

We claim that

Ezk
[
u(XτB(zk,rk/2));XτB(zk,rk/2) /∈ B(zk, rk)

]
≤ ηK(1 + γ0)k−1. (6.11)

If not, Ezk
[
u(XτB(zk,rk/2));XτB(zk,rk/2) /∈ B(zk, rk)

]
> ηK(1+γ0)k−1. By Proposition 1.2.10,

for every y ∈ B(zk, rk/4),

u(y) = Ey[u(XτB(zk,rk/2))] ≥ Ey
[
u(XτB(zk,rk/2));XτB(zk,rk/2) /∈ B(zk, rk)

]
≥ c−1

4 Ezk
[
u(XτB(zk,rk/2));XτB(zk,rk/2) /∈ B(zk, rk)

]
> c−1

4 η K(1 + γ0)k−1 ≥ ξK(1 + γ0)k−1.

This contradiction with (6.8) establishes the claim (6.11).

Let Mk = supx∈B(zk,rk) u(x). Since t 7→ u(Xt∧τB(zk,rk)) is a bounded martingale, by

(6.11),

u(zk) = Ezk
[
u(XTE∧τB(zk,rk/2))

]
= Ezk

[
u(XTE );TE < τB(zk,rk/2)

]
+Ezk

[
u(XτB(zk,rk/2)); τB(zk,rk/2) < TE ;XτB(zk,rk/2) ∈ B(zk, rk)

]
+Ezk

[
u(XτB(zk,rk/2)); τB(zk,rk/2) < TE ;XτB(zk,rk/2) /∈ B(zk, rk)

]
. (6.12)

By (6.10), Lemma 1.6.1,we know that

Ezk [u(XTE );TE < τB(zk,rk/2)] < ξK(1 + γ0)k−1 Pzk(TE < τB(zk,rk/2)) (6.13)

Then by (6.11),(6.12),(6.13),

u(zk) < ξK(1 + γ0)k−1 Pzk(TE < τB(zk,rk/2)) +MkPzk(τB(zk,rk/2) < TE) + ηK(1 + γ0)k−1

= ξK(1 + γ0)k−1 Pzk(TE < τB(zk,rk/2)) +Mk

(
1− Pzk(TE < τB(zk,rk/2))

)
+ ηK(1 + γ0)k−1.

As u(zk) ≥ K(1 + γ0)k−1, we conclude from the above that

Mk

K(1 + γ0)k−1 >
1− η − ξPzk(TE < τB(zk,rk/2))

1− Pzk(TE < τB(zk,rk/2))
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= 1 +
(1− ξ)Pzk(TE < τB(zk,rk/2))− η

1− Pzk(TE < τB(zk,rk/2))
.

Note that by Corollary 1.4.11,

Pzk(TE < τB(zk,rk/2)) ≥ ϕ(|E|/|B(zk, rk/2)|) = ϕ(1/2d+1).

Recalling the definition of ξ, η and γ0 from (6.3) and (6.5), we have from the above two

displays that
Mk

K(1 + γ0)k−1 > 1 + (1− ξ)ϕ(1/2d+1)− η
1− ϕ(1/2d+1) ≥ 1 + γ0.

Consequently, Mk > K(1+γ0)k and so there is zk+1 ∈ B(zk, rk) with u(zk+1) ≥ K(1+γ0)k.

Thus by induction, we have a sequence {zj ; j ≥ 1} that has the property (6.7). But this

contradicts to the assumption that u is bounded on B(x0, 2r).

Hence u(x) ≤ K must holds for any x ∈ B(x0, r).

Hence

u(x) ≤ C1u(y) for any x, y ∈ B(x0, r),

where C1 depends only on d,Λ1,Λ2,Λ3, c4, the rate of ψ converging to 0, and independent

of the radius r.

1.7 Scale-invariant Parabolic Harnack inequality(PHI)

Let X = {Xt, t ≥ 0;Px, x ∈ Rd} be a Hunt process on Rd that solves the martingale

problem of (L, C2
b (Rd)). Denote by Zt := (Vt, Xt) the corresponding space-time process,

where Vt = V0 − t. The law of Z = {Zt, t ≥ 0} starting from Z0 = (t0, x) is denoted by

P(t0,x). The minimal augmented filtration generated by Z will be denoted as {Ft, t ≥ 0}.

A measurable function u defined on R+ × Rd is said to be L-caloric or L-parabolic in an

open set D ⊂ R+ × Rd if for every relatively compact open subset U of D,

E(t0,x)[|u(ZτU )|] <∞ and u(t0, x) = E(t0,x)[u(ZτU )] for every (t0, x) ∈ U.

Here τU = inf{s ≥ 0 : Xs /∈ U}. Clearly, if u(t, x) is a function defined on R+ × Rd and is

C1,2
b -smooth and satisfies ∂u

∂t = Lu in an open set D ⊂ R+ × Rd , then u is L-parabolic in

D.
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Note that under P(t0,x),

τ(t0−r2,t0)×Q (x0,r) = inf{t ≥ 0 : Zt /∈ (t0 − r2, t0)× Q (x0, r)} = τQ (x0,r) ∧ r
2.

Theorem 1.7.1. Let L ∈ N (Λ1,Λ2,Λ3) satisfying conditions (1.3) and (1.12). There exists

a constant C > 0 depending on (d,Λ1,Λ2,Λ3, c0) and the rate of ψ in (1.3) converging to

0 and a constant r̃1 > 0 so that for any x0 ∈ Rd, r ∈ (0, r̃1), t0 ≥ r2, and any bounded

nonnegative function u that is L-parabolic with in Q = (t0 − r2, t0)×B(x0, r), we have

sup
(s,x)∈Q−

u(s, x) ≤ C inf
(t,y)∈Q+

u(t, y), (7.1)

where

Q− = (t0 − 3r2/4, t0 − r2/2)×B(x0, r/2), Q+ = (t0 − 3r2/8, t0 − r2/8)×B(x0, r/2),

and r̃1 is the constant in Proposition 1.4.11.

The following follows immediately from Corollary 1.4.2.

Proposition 1.7.2. Suppose that L ∈ N (Λ1,Λ2,Λ3) satisfying (1.3). Let {Xt, t ≥ 0;Px, x ∈

Rd} be the Hunt process having L as its generator, and denote by P(t0,y) the law of the

space-time process {Zt = (Vt, Xt), t ≥ 0} of X starting at (t0, y). For every δ ∈ (0, 1], there

is a non-decreasing positive function Φδ on (0, 1) that depends on d,Λ1,Λ2,Λ3, δ and the

rate of the function ψ in (1.3)converging to 0 so that for any r ∈ (0, 1], t0 ≥ r2, x0 ∈ Rd,

t1 ∈ [t0 − r2, t0 − δr2] and for any h ∈ (0, r) with Q (y, h) ∪ Q (z, h) ⊂ Q (x0, r),

P(t0,y)(T(t1,t1+δr2)×Q (z,h) < τ(t1,t0)×Q (x0,r)) ≥ Φδ(h/2r), (7.2)

where Φδ is defined in Corollary 1.4.2.

Proposition 1.7.3. Suppose that L ∈ N (Λ1,Λ2,Λ3) satisfying (1.3). Let {Xt, t ≥ 0;Px, x ∈

Rd} be the Hunt process having L as its generator, and denote by P(t0,y) the law of the

space-time process {Zt = (Vt, Xt), t ≥ 0} of X starting at (t0, y). For every δ ∈ (0, 1], there

is a non-decreasing positive function Φδ on (0, 1) that depends on d,Λ1,Λ2,Λ3, δ and the
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rate of the function ψ in (1.3)converging to 0 so that for any r ∈ (0, 1], t0 ≥ r2, x0 ∈ Rd,

t1 ∈ [t0 − r2, t0 − δr2] and for any h ∈ (0, r) with B(y, h) ∪B(z, h) ⊂ B(x0, r),

P(t0,y)(T(t1,t1+δr2)×B(z,h) < τ(t1,t0)×B(x0,r)) ≥ Φδ(h/r), (7.3)

where Φδ is defined in Corollary 1.4.2.

Proposition 1.7.4. Suppose that L ∈ N (Λ1,Λ2,Λ3) satisfying (1.3). There exist constants

C0 > 0 and ε ∈ (0, 1) that depend only on (d,Λ1,Λ2,Λ3) so that for any r ∈ (0, r̃0], t0 ≥

r2, x0 ∈ Rd and any set A ⊂ (t0− r2, t0)×Q (x0, r) with |(t0− r2, t0)×Q (x0, r)\A| < εrd+2,

P(t0,x)
(
TA < τ(t0−r2,t0)×Q (x0,r)

)
≥ C0 for x ∈ Q (x0, r/2),

where r̃0 is the constant in Proposition 1.4.7.

Proof. We apply the similar method for showing Proposition 1.4.7 to the space-time process

Zt = (Vt, Xt). For simplicity, let τ := τ(t0−r2,t0)×Q (x0,r) = τXQ (x0,r) ∧ r
2. In view of the scaling

property in Lemma 1.2.2, it suffices to consider the case when r = r̃0.

By Remark 1.2.5 and Corollary 1.2.7, there are constants c2 and c3 that depend only on

(d,Λ1,Λ2,Λ3) so that for any x0 ∈ Rd,

E(t0,x)[τ ] ≥ c2 and E(t0,x)[τ2] ≤ c3 for x ∈ Q (x0, r̃0/2).

Let t1 = 4c3/(c2 ∧ c4), where c4 = c4(d,Λ1,Λ2,Λ3) is the constant in Theorem 1.4.6.

Note that

Ex [τ − (τ ∧ t1)] ≤ Ex[τ ; τ ≥ t1] ≤ Ex[τ2]/t1 ≤ (c2 ∧ c4)/4.

Hence by Theorem 1.4.6,

E(t0,x)
∫ τ

0
1Ac(Zs)ds

≤ E(t0,x)
∫ t1∧τ

0
1(t0−r̃2

0 ,t0)×B(x0,r̃0)\A(Zs)ds+ E(t0,x) [τ − (τ ∧ t1)]

≤ et1Ex
∫ ∞

0
e−s1(t0−r̃2

0 ,t0)×B(x0,r̃0)\A(t0 − s,Xs)ds+ (c2 ∧ c4)/4

≤ c3e
t1‖1(t0−r̃2

0 ,t0)×Q (x0,r̃0)\A‖Ld+1(Rd+1) + (c2 ∧ c4)/4
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≤ c3e
t1ε1/(d+1) + (c2 ∧ c4)/4

Taking ε > 0 so that c3e
t1ε1/(d+1) = (c2 ∧ c4)/4, we have

E(t0,x)
∫ τ

0
1Ac(Zs)ds ≤ (c2 ∧ c4)/2 for x ∈ Q (x0, r̃0/2).

On the other hand, since

c2 ≤ E(t0,x)[τ ] = E(t0,x) [τ ;TA < τ ] + E(t0,x)
∫ τ

0
1Ac(Zs)ds

≤
(
E(t0,x)[τ2]P(t0,x)(TA < τ)

)1/2
+ (c2 ∧ c4)/2

≤ (c3P(t0,x)(TA < τ))1/2 + (c2 ∧ c4)/2,

then for any x ∈ Q (x0, r̃0/2), it yields that

P(t0,x)(TA < τ) ≥ (c2 ∧ c4)2/(4c3).

This proves the theorem with C0 := (c2 ∧ c4)2/(4c3) and ε = ((c2 ∧ c4)/(4c3e
t1))d+1.

Now we need the following lemma for proving the lower bound estimate of the hitting

probability in Theorem 1.7.6. It is the parabolic version of Proposition 1.4.8, which is called

the "crawling of ink spots” lemma given in [53], which we modify a bit according to our

needs.

For any q, α, r ∈ (0, 1], t0 ≥ r2, x0 ∈ Rd, let Q̃ be an open box in (t0 − r2, t0) × Q (x0, r) of

the form

(t1 − r2
1, t1)× Q (x1, r1), for some (t1, x1) ∈ (t0 − r2, t0)× Q (x0, r). (7.4)

For each such set Q̃, set

Q̃1 :=
(
(t1 − 4r2

1, t1 + 3r2
1)× Q (x1, 3r1)

)
∩
(
(t0 − r2, t0)× Q (x0, r)

)
, (7.5)

Q̃2 :=
{

(s, x) : t1 + r2
1 ≤ s ≤ t1 + r2

1 + 5r2
1/α, x ∈ Q (x1, 3r1) ∩ Q (x0, r)

}
. (7.6)

Namely, The set Q̃1 is formed by intersecting (t0−r2, t0)×Q (x0, r) with a box assembled

from smaller boxes arranged like bricks, each congruent to the reference box Q̃ (up to

boundaries). Specifically, that box is constructed with seven layers of these smaller boxes
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along the t-direction. Each layer consists of a central box congruent to Q̃, surrounded on all

sides and corners by additional boxes, all congruent to Q̃ in each spatial direction, forming a

unified layer. The set Q̃2 is constructed along the positive t-direction of Q̃, keeping the same

dimensions in each spatial direction as Q̃1, but with a different length in the t-direction.

Lemma 1.7.5. Let q, α, r ∈ (0, 1), t0 ≥ r2, x0 ∈ Rd and A be any measurable set in (t0 −

r2, t0)×Q (x0, r) with |A| ≤ q|(t0−r2, t0)×Q (x0, r)|. Then there exists a countable collection

B of disjoint open sets Q̃ of the form (7.4) such that |A ∩ Q̃| ≥ q|Q̃| for each Q̃ ∈ B. Let

B1 = ∪
Q̃∈BQ̃

1, B2 = ∪
Q̃∈BQ̃

2, where Q̃1, Q̃2 are of the form as (7.5),(7.6), respectively, then

|A \ B1| = 0 and |A| ≤ q|B1| ≤ q(1 + α)|B2|.

Proof. Without loss of generality, we assume that the space dimension d = 2, t0 = 0, x0 =

0, r = 1. Higher dimensions only differ in notation.

The proof of the assertion |B1| ≤ (1 +α)|B2| follows the idea of the proof of Lemma 2.3

in [53]. We spell the details here . Since |B1| ≤ |B1 ∪ B2|, it suffices to show that

|B1 ∪ B2| ≤ (1 + α)|B2|. (7.7)

Define the x1-section of Q̃1 as Q̃1
x1 = {x1 : (x1, x2) ∈ Q̃1}. Note that by (7.5), (7.6),

Q̃1
x1 = Q̃2

x1 , Q̃
1
x2 = Q̃2

x2 for each Q̃ ∈ B. Then

|{x : (t, x) ∈ B1 ∪ B2)}| = |{x : (t, x) ∈ B2}|.

Therefore, to show (7.7), it suffices to prove

|{t : (t, x) ∈ B1 ∪ B2}| ≤ (1 + α)|{t : (t, x) ∈ B2}|. (7.8)

Fix Q̃ ∈ B, let A(Q̃) be the length of the t-section of Q̃1 ∪ Q̃2, i.e, A(Q̃) = |(Q̃1 ∪ Q̃2)t|,

and B(Q̃) = |(Q̃2)t|. Then by (7.5), (7.6),we have

A(Q̃) ≤ (1 + α)B(Q̃). (7.9)

By (7.9) and applying Lemma 2.2 in [53] with (t1, t2) = (−∞,∞), B = ∪
Q̃2∈B2{t :

(t, x) ∈ Q̃2}, g(I) be the function that stretches an interval I = [a, b] to the left by a factor

of (1 + α), starting from the right endpoint b, (7.8) holds.
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To prove the first part and the assertion |A \B1| = 0 and |A| ≤ q|B1|, we follow the idea

of the proof of [6, Proposition V.7.2] and [53, Lemma 2.1] with more details provided and

slight modifications according to our construction.

Divide the set (−1, 0)×Q (0, 1) with the hyperplane t = −1/4, t = −1/2, , t = −3/4, x =

0, y = 0 into 24 congruent boxes whose interiors are denoted as Q̃(j1), j1 = 1, ..., 24. Each

Q̃(j1) is congruent to {(t, x) : 0 < t < 1/4, 0 < x1, x2 < 1/2}. For j1 = 1, 2..., 16, if Q̃j1
satisfies |Q̃j1 ∩ A| ≥ q|Q̃j1 |, then that Q̃j1 belongs to the collection B. If not, we split Q̃j1
into 24 equal sub-boxes whose interiors are denoted as Q̃j2 , j2 = 1, ..., 24, with each Q̃j2 is

congruent to {(t, x); 0 < t < 1/16, 0 < x1, x2 < 1/4} and repeat the same procedure... For

any n ∈ N, let Q̂n be the set of the open boxes congruent to {(t, x); 0 < t < 1/2n+1, 0 <

x1, x2 < 1/2n} and each element Q̃jn in Q̂n satisfies |Q̃jn ∩ A| ≥ q|Q̃jn |.Then B = ∪n≥1Q̂n

and thus B is countable.

It is obvious that Q̂n ∩ Q̂m = ∅, for m 6= n and |A ∩ Q̃j | ≥ q|Q̃j | for each Q̃j ∈ B.

LetAd be the collection of points of density ofA.That is, for each z ∈ Ad, limr→0
|B(z,r)∩A|
|B(z,r)| =

1. Then by Lebesgue density theorem,

|A \Ad| = 0. (7.10)

Since q ∈ (0, 1), we claim that

For any point z ∈ Ad, z ∈ ∪
Q̃j∈B

Q̃j . (7.11)

Suppose not. Then there exists an r0 > 0 such that B(z, r0) ∩ Q̃j = ∅ for any Q̃j ∈ B.

Since z is a point of density of A, then limr→0 |B(z, r) ∩A||/|B(z, r)| = 1. Hence there

exists an ε ∈ ( d
√
q, 1) and r̃0(q, ε) > 0 such that

|B(z, r) ∩A|/|B(z, r)| ≥ q/(εd) > q

for any r ∈ (0, r̃0]. Choose k(q, ε, r0) ∈ N sufficiently large so that there are cubes

Rij = [i/2k, (i+ 1)/2k]× [j/2k, (j + 1)/2k], 0 ≤ i, j ≤ (2k − 1).

such that

B(z, ε(r0 ∧ r̃1)) ⊂ C1 = {Rij ⊂ B(z, r0 ∧ r̃1) : 0 ≤ i, j ≤ (2k − 1)}. (7.12)



46

Let M1 = |C1|. Set

C2 = {Rij ⊂ B(z, r0 ∧ r̃1) : Rij ∩A ∩B(z, ε(r0 ∧ r̃1)) 6= ∅}.

Since z is a point of density of A, By (7.12), C2 6= ∅ and |C2| ≤M1. Then

|C2|∑
m=1
|Rmij ∩A ∩B(z, ε(r0 ∧ r̃1))| ≥ |A ∩B(z, ε(r0 ∧ r̃1))|

≥ (q/(εd))|B(z, ε(r0 ∧ r̃1))|

≥ q|B(z, r0 ∧ r̃1)|

≥ qM |Rij |.

Therefore, there exists at least one cube Rij in C2 satisfying |Rmij ∩A| ≥ q|Rmij |.

Obviously, the interior (Rmij )◦ of such Rmij is an element in B. Therefore, by contradiction,

(7.11) is proved.

Since | ∪
Q̃j∈B

∂Q̃j | ≤
∑
Q̃j∈B

|∂Q̃j | = 0, then |(∪
Q̃j∈B

Q̃j) \ B1| = |B \ B1| = 0. Then by

(7.10), (7.11),

|A \ B1| = |Ad \ B1| = 0. (7.13)

To show |A| ≤ q|B1|, we first represent B1, up to a set of measure 0, as the union of

boxes of the form (t1 − r2
1, t1)× Q (x1, r1), where (t1, x1) ∈ (−1, 0)× Q (0, 1).

Divide (−1, 0)×Q (0, 1) with the hyperplane t = −1/4, t = −1/2, , t = −3/4, x = 0, y = 0,

up to a set of measure of 0, into 24 congruent disjoint open boxes Q̃(j1), each is which is

congruent to {(t, x) : 0 < t < 1/4, 0 < x1, x2 < 1/2}. For j1 = 1, 2..., 16, if Q̃(j1) ⊂ B1, then

Q̃(j1) ∈ Q̂1; Otherwise, divide Q̃(j1),up to a set of measure of 0, into 24 equal open sub-

boxes, each of which is congruent to {(t, x) : 0 < t < 1/16, 0 < x1, x2 < 1/4}, and repeat

the above procedure to create the set Q̂2... Eventually, for any n ∈ N, Q̂n the set in which

each element Q̃(jn) satisfies Q̃(jn) ⊂ B1 and is congruent to {(t, x); 0 < t < 1/2n+1, 0 <

x1, x2 < 1/2n}. Also, it is easy to see that Q̂n ∩ Q̂m = ∅, whenever m 6= n.

Therefore,

|B1| =
∑
n≥1

∑
Q̃(jn)∈Q̂n

|Q̃(jn)| (7.14)
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and

|A ∩ B1| =
∑
n≥1

∑
Q̃(jn)∈Q̂n

|A ∩ Q̃(jn)|. (7.15)

If every Q̃(j1) is in B1, there is nothing to prove. Otherwise, there exists some Q̃(j1) /∈

B1.Under this assumption, we are going to show that for every n ≥ 1, each Q̃(jn) ∈ Q̂n,

|A ∩ Q̃(jn)| < q|Q̃(jn)|. (7.16)

Suppose not. Then there exists some Q̃(jn) in some Q̂n for some n ∈ N such that

|A ∩ Q̃(jn)| ≥ q|Q̃(jn)|.

Since Q̃(jn) ⊂ B1, then Q̃(jn) is contained in some Q̃(jn−1) ⊂ B1.However, since Q̂n is the

collection of boxes Q̃(jn) whose Q̃(jn−1) 6⊂ B1. Therefore this contradiction proves (7.16)

and thus by (7.13),(7.14),(7.15) (7.16), we have |A| ≤ q|B1|.

Theorem 1.7.6. Suppose L ∈ N (Λ1,Λ2,Λ3) satisfying (1.3) and X is a Hunt process

that solves the martingale problem for (L, C2
b (Rd)). Denote by P(t0,x) the law of the space-

time process Zt = (V0 − t,Xt) starting from (t0, x). There exists a non-decreasing function

φ on [0, 1], which depends only on (d,Λ1,Λ2,Λ3) and the rate of the function ψ in (1.3)

converging to 0 so that for any r ∈ (0, r̃0], x0 ∈ Rd, y ∈ Q (x0, r/2), and any measurable set

A ⊂ (t0 − r2, t0)× Q (x0, r)with |A| > 0,

P(t0,y)(TA ≤ τ(t0−r2,t0)×Q (x0,r)) ≥ φ(|A|/rd+2). (7.17)

where r̃0 is the constant in Proposition 1.4.7.

Proof. By the similar idea as that for Theorem 1.4.9, and inspired by the idea in the proof

of Theorem 1 in [52], define

φ(ε) = inf
{

P(t0,y)(TA < τ(t0−r2,t0)×Q (x0,r) : L ∈ N (Λ1,Λ2,Λ3), x0 ∈ Rd, r ∈ (0, r̃0],

t0 ≥ r2, y ∈ Q (x0, r/2), A ⊂ (t0 − r2, t0)× Q (x0, r), |A| ≥ εrd+2
}
.

Without loss of generality, we assume that the space dimension d = 2, and the proof works

for higher dimensions.
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Obviously, φ is non-decreasing. By Proposition 1.7.4, there exists an ε0 ∈ (0, 1) so that

φ(ε) > 0 for every ε ∈ [ε0, 1].

Define q0 = inf{ε > 0 : φ(ε) > 0} and we want to prove that q0 = 0 by contradiction.

Were q0 > 0, as q0 < 1, take q ∈ (q0,
1
4(q0 +

√
q2

0 + 8q0) ⊂ (q0, 1), then q(2q − q0) < q0.

Choose α ∈ (0, ( q0
q(2q−q0) − 1) ∧ 1) and let β := (2q − q0)q(1 + α). Then β < q0 < 2q − q0,

and thus

φ(β) = 0. (7.18)

Set

β1 := 1− (1− (q − q0)/4)1/2, κ :=
( 1− q

1− (q + q0)/2

)1/4
,

γ1 = 1
2a1
∧ 1 ∧ [8(1/κ2 − 1)], ρ = Φ1( β72 ∧

1
32 ∧

κ

8

√
α(q − q0)

5 + α
). (7.19)

where a1 is defined in (2.15). Note that 0 < γ1 ≤ 1 and 0 < β1, κ, ρ < 1 .

As φ(β) = 0, by the definition of q0, there exists some L0 ∈ N (Λ1,Λ2,Λ3), some r0 ∈

(0, r̃0], x0 ∈ Rd, t0 ≥ r2
0, y ∈ Q (x0, r0/2), and A ⊂ Q̄ := (t0 − r2

0, t0) × Q (x0, r0) with

|A|/|Q̄| ≥ β, such that

P(t0,y)(TA < τQ̄) < ρφ(q)φ(q + q0
2 )/4,

where {Zt, t ≥ 0; Px, x ∈ Rd} is the space-time process of X having the infinitesimal gener-

ator L0. We claim that |A| < q|Q̄|. Indeed, otherwise, were |A|/|Q̄| ≥ q, by the definition

of φ,

ρφ(q)φ(q + q0
2 )/4 > P(t0,y)(TA < τQ̄) ≥ φ(q),

which is impossible as ρ, φ( q+q02 ) < 1. Next by breaking the proof into two cases, we

want to show that

P(t0,y)(TA < τQ̄) ≥ ρφ(q)φ(q + q0
2 )/4 for every y ∈ Q (x0, r/2). (7.20)

(i) If |B2 \ Q̄| < (q − q0)|Q̄|, as |A| < q|Q̄|, by Lemma 1.7.5, there exists a collection B

of disjoint open boxes Q̃’s in Q̄ of the form (7.4) such that |A ∩ Q̃| > q|Q̃| for each
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Q̃ ∈ B and |A| ≤ q(1 + α)|B2| with B2 = ∪
Q̃∈BQ̃

2, where Q̃2 is of the form in (7.6).

Since |A| ≥ β|Q̄|, then

|B2 ∩ Q̄| = |B2| − |B2 \ Q̄| > |A|/(q(1 + α))− (q − q0)|Q̄| = q|Q̄|.

Enumerate B, as

lim
n→∞

| ∪ni=1 Q̃
2
i ∩ Q̄| ≥ q|Q̄|,

there exists an N ∈ N such that | ∪Ni=1 Q̃
2
i ∩ Q̄| ≥ ((3q + q0)/4)|Q̄|.

Let Γ := (∪Ni=1Q̃
2
i ) ∩ ((t0 − r2

0, t0)× Q (x0, (1− β1)r0)). Then

Γ ≥ | ∪Ni=1 Q̃
2
i ∩ Q̄| − |(t0 − r2

0, t0)× (Q (x0, r0) \ Q (x0, (1− β1)r0))| ≥ ((q + q0)/2)|Q̄|,

and therefore by the definition of φ,

P(t0,x)(TΓ < τQ̄) ≥ φ(q + q0
2 ) for every x ∈ Q (x0, r/2). (7.21)

We claim that

P(t,z)(TA < τQ̄) ≥ ρ/4 for every (t, z) ∈ Γ.

For (t, z) ∈ Γ, (t, z) ∈ Q̃2
k for some 1 ≤ k ≤ N . Denote Q̃k as (t1 − r2

1, t1)× Q (x1, r1)

and by (7.6), t1 + γ1r
2
1/8 < t. let Θ := (t1, t1 + 2γ1(r1/4)2)× Q (x1, r1/4).

If r1 ≥ β1r0/9, since Θ2 := (t1, t1 + 2γ1β
2
1r

2
0/362) × Q (x1, β1r0/36) ⊂ Θ, and by

Proposition 1.7.2, Φδ is non-decreasing in δ, then with δ = 1,

P(t,z)(TΘ1 < τ(t1,t)×Q (0,r0)) ≥ P(t,z)(TΘ2 < τ(t1,t)×Q (x0,r0)) ≥ Φ1(β1/72) ≥ ρ. (7.22)

If r1 < β1r0/9, Q (z, r1/4) ∪ Q (x1, r1) ⊂ Q (x1, 4r1) as |z − x1|∞ ≤ 3r1/2 ≤ β1r/6.

Then with δ = 1,

P(t,z)(TΘ < τ(t1−r2
1 ,t)×Q (x1,4r1)) > Φ1(1/32) ≥ ρ, (7.23)

Apply the same smooth non-decreasing test function ϕ on [0,∞) as in Lemma 1.2.6,

with x1 in place of x0 in f(y), i.e., f(y) = ϕ(|y−x1|2). Given d = 2, since Q (x1, r1/4) ≤

B(x1, 1), then similar as (2.15),

|Lf(x)| ≤ a1 for every x̃ ∈ Q (x1, r1/4), (7.24)
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where a1 is the constant in (2.15), depending only on (d,Λ1,Λ2,Λ3).

As f(Xt2∧τQ(x1,r1/2)) ≤ r2
1/8 on {τQ(x1,r1/2) ≤ t2}, by Lemma 1.2.3, (2.13), (2.16),

taking t2 = γ1r
2
1/8, one has

(r2
1/8)Px̃(τQ(x1,r1/2) ≤ γ1r1/8) ≤ Ex̃

[
f(Xt2∧τQ(x1,r1/2))

]
= f(x) + Ex̃

[∫ t2∧τQ(x1,r1/2)

0
Lf(Xs)ds

]
≤ r2

1/32 + a1γ1r
2
1/8,

and it follows that

Px̃(τQ (x1,r1/2) > 2γ1(r1/4)2) = 1/4 for every x̃ ∈ Q (x1, r1/4). (7.25)

Let U1 = {t1} × Q (x1, r1/2).

Given {TΘ < τQ̄}, if the process X starts from a point in Q (x1, r1/4), and takes more

than γ1r
2
1/8 amount of time to exit Q (x1, r1/2),where γ1 ≤ 1, then the process Z will

definitely hit U1 before exiting Q̄. Therefore, by (7.22),(7.23),(7.25),

P(t,z)(TU1 < τQ̄) ≥ E(t,z)[PXTQ (x1,r1/4) (τQ (x1,r1/2) > γ1r
2
1/8);TΘ < τQ̄] ≥ ρ/4,

and it follows that

P(t,z)(TA < τQ̄) ≥ E(t,z)[PZ(TU1 )(TA < τQ̄);TU1 < τQ̄]

≥ E(t,z)[PZ(TU1)(T
A∩Q̃ < τ

Q̃
);TU1 < τQ̄] ≥ ρφ(q)/4. (7.26)

Finally, by (7.21) and (7.26), for every y ∈ Q (x0, r/2),

P(t0,y)(TA < τQ̄) ≥ E(t0,y)[PZTΓ (TA < τQ̄);TΓ < τQ̄]

≥ ρφ(q)φ(q + q0
2 )/4. (7.27)

(ii) If |B2\Q̄| ≥ (q − q0)|Q̄|, then by the definition of B2, there must exists a Q̃2 ∈ B2

intersecting with the hyperplane t = t0 + (q − q0)r2
0. Recall the form of Q̃2 in (7.6),

we have t2 + 5r2
2/α+ r2

2 > t0 + (q − q0)r2
0, i.e., r2 > r0

√
α(q−q0)

5+α .

Let D̃ = (t2 − r2
2, t2 + (κ2 − 1)r2

2)× Q (x2, κr2) and

Θ2 = (t2 + (κ2 − 1)r2
2, t2 + (κ2 − 1 + γ1κ

2/8)r2
2)× Q (x2, κr2/4).
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By the definition of γ1 in (7.19), t2 + (κ2 + γ1κ
2/8 − 1)r2

2 ≤ t2. As κ < 1, for any

y ∈ Q (x0, r0/2), Q (y, κr2/4) ∪ Q (x2, κr2/4) ⊂ Q (x0, r0). Hence, again by Proposition

1.7.2 with δ = 1,

P(t0,y)(TΘ2 < τQ̄) ≥ Φ1(κ8

√
α(q − q0)

5 + α
) ≥ ρ, (7.28)

In addition, by the same argument in (7.25), for any x̄ ∈ Q (x2, κr2/4),

Px̄(τQ (x2,κr2/2) ≥ γ1κ
2r2

2/8) = 1/4. (7.29)

Let U2 = {t2 + (κ2 − 1)r2
2} × Q (x2, κr2/2). By (7.28) and (7.29),

P(t0,y)(TU2 < τQ̄) ≥ ρ/4. (7.30)

As |D̃| = κ4|Q̃|, by the definition of κ, one has

|A ∩ D̃| ≥ |A ∩ Q̃| − |Q̃ \ D̃| ≥ (q − (1− κ4))|Q̃| = q0 + q

2 |D̃|. (7.31)

Then by the definition of φ, (7.30) and (7.31),

P(t0,y)(TA < τQ̄) ≥ E(t0,y)[PZ(TU2 )(T
A∩D̃ < τ

D̃
);TU2 < τQ̄]

≥ ρφ(q0 + q

2 )/4. (7.32)

Finally, combining (7.27) and (7.32), one has (7.20), which implies that φ(β) 6= 0. This

contradiction with (7.18) proves that q0 = 0.

Corollary 1.7.7. There exists a non-decreasing function ϕ : (0, 1] 7→ (0, 1/4] depending

only on (d,Λ1,Λ2,Λ3) and the rate of the function ψ in (1.3) converging to 0 such that for

any r ∈ (0, r̃1], x0 ∈ Rd, x ∈ B(x0, r/2), and any measurable A ⊂ (t0− r2, t0)×B(x0, r)with

|A| > 0,

P(t0,x)(TA ≤ τ(t0−r2,t0)×B(x0,r)) ≥ ϕ(|A|/|(t0 − r2, t0)×B(x0, r)|). (7.33)

where r̃1 is the constant in Corollary 1.4.11.
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Proof. We will follow the similar idea as the proof of Corollary 1.4.11. Fix r ∈ (0, r̃1), and

t0 ≥ r2. Without loss of generality, we assume x0 = 0 and for the notional convenience, we

assume the space dimension d = 2, and the proof works for higher dimensions.

Denote Q̄ := (t0 − r2, t0)×B(0, r) and let λ = |A|/|Q̄|. Take ε = ε(λ) ∈ (0, 1/2) so that

(1 − (1 − 2ε)4) = λ/2. It is clear that ε(λ) is an increasing function in λ ∈ (0, 1]. Define

m(ε) := (1− (1− ε)2)/2. It follows that

|A ∩ (t0 − r2 +m(2ε)r2, t0 −m(2ε)r2)×B(0, (1− 2ε)r)|/|Q̄| ≥ λ/2.

Let k = k(λ) ∈ N be sufficiently large so that k ≥ 1/(2
√
ε2 − 2ε) and for any box Hlij ∈

(t0 − r2 +m(ε)r2, t0 −m(ε)r2)×B(0, (1− ε)r) of the form

Hlij := [tl−r2/k2, tl]×Rij = [t0−(l+1)r2/k2, t0−lr2/k2]×[ir/k, (i+1)/k]×[jr/k, (j+1)r/k],

with 0 ≤ l ≤ k2 − 1,−k ≤ i, j ≤ k − 1, we have |Hlij ∩ (t0 − r2 +m(2ε)r2, t0 −m(2ε)r2)×

B(0, (1− 2ε)r)| 6= ∅.We can choose k(λ) in such a way that it is a decreasing function in ε

and hence a decreasing function in λ. Let

C = {Hlij : |Hlij ∩ (t0 − r2 +m(2ε)r2, t0 −m(2ε)r2)×B(0, (1− 2ε)r) ∩A| 6= ∅}

and M = M(λ) be the total number of elements in C. Clearly, M is an increasing function

in k and thus a decreasing function in λ, and |M | ≤ k2 · (2k)2. Denote by R∗ij the closed

concentric cube as Rij but with side length half as long. As∑
Hlij∈C

|Hlij ∩A| ≥ |(t0− r2 +m(2ε)r2, t0−m(2ε)r2)×B(0, (1−2ε)r)∩A| ≥ λ|Q̄|/2 = |A|/2,

there must exist some Hlij ∈ C such that

|Hlij ∩A| ≥ |A|/(2M).

Since |Hlij | = r4/k4 and M ≤ 4k4,then

|Hlij ∩A|/|Hlij | ≥ |A|/(8r4) ≥ λ|Q̄|/(2|(t0 − r2, t0)× Q (0, 2r)|) ≥ λ/2.

Let φ be the non-decreasing strictly positive function on (0, 1] in Theorem 7.17. We have

by Theorem 7.17,

P(tl,x)(THlij∩A < τHlij ) ≥ φ(λ/2) for x ∈ R∗ij . (7.34)
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Let y0 be the center of Rij and γ1 = 1/2a2 ∧ 1, where a2 is the constant in (7.24).

Define H̄lij = (tl, tl + 2γ1(r/4k)2) × B(y0, r/8k). Since k ≥ 1/(2
√
ε2 − 2ε) and tl < t0 −

m(ε)r2, then tl + 2γ1(r/4k)2 < t0. For any y ∈ B(0, r/2), we have B(y, r/8k) ⊂ B(0, r).

Then by Proposition 1.7.3 with δ = 1,

P(t0,y)(TH̄lij < τQ̄) ≥ Φ1(1/8k). (7.35)

Also, by the similar argument in (7.25),

Px̄(τB(y0,r/4k) ≥ 2γ1(r/4k)2) ≥ 1/4 for x̄ ∈ B(y0, r/8k). (7.36)

Let U = {tl} ×B(y0, r/4k). Then by (7.34), (7.35), (7.36), we have

P(t0,y)(TA ≤ τQ̄) ≥ E(t0,y)[PZTU (TA < τQ̄);TU ≤ τQ̄]

≥ E(t0,y)[PZTU (TA∩Hlij < τHlij );TU ≤ τQ̄]

≥ φ(λ/2)E(t0,y)[PXTB(y0,r/8k) (τB(y0,r/4k) ≥ γ1r
2/(32k2));TH̄lij < τQ̄]

≥ φ(λ/2)Φ1(1/8k)/4,

where Φ1 is the non-decreasing strictly positive function on (0,∞) in Proposition 1.7.3 with

δ = 1. This completes the proof of this corollary by taking

ϕ(λ) := φ(λ/2) Φ1(1/(8k))/4 = φ(λ/8) Φ1(1/(8k(λ)))/4,

which is a strictly positive non-decreasing function on (0, 1].

Next, we are going to show the Hölder property of L-parabolic function u.

Theorem 1.7.8. Suppose L ∈ N (Λ1,Λ2,Λ3) satisfying (1.3). There exist constants C > 0

and β ∈ (0, 1) that depend only on d,Λ1,Λ2,Λ3 and the rate of ψ converging to 0 so that

for any x0 ∈ Rd, r ∈ (0, r̃0], and any bounded function u parabolic with respect to L in

(t0 − r2, t0)×B(x0, r), one has

|u(s, x)−u(t, y)| ≤ C ‖u‖∞ r−β(|t−s|1/2+|x−y|)β for any (s, x), (t, y) ∈ (t0−r2/4, t0)×B(x0, r/2),

(7.37)

where r̃0 is the constant in Proposition 1.4.7, and ‖u‖∞ = sup(t,x)∈(0,∞)×Rd |u(t, x)|.
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Proof. Fix x0 ∈ Rd and r ∈ (0, r̃0]. Suppose that u is a function defined in (0,∞)×Rd that

is L-parabolic in (t0− r2, t0)×B(x0, r). Since u is bounded, then without loss of generality,

we assume that ‖u‖∞ = 1/2.

Take (t, x) ∈ (t0 − r2/4, t0) × B(x0, r/2) and r1 = r/2, so that (t − r2
1, t) × B(x, r1) ⊂

(t0− r2, t0)×B(x0, r). Let ϕ be the non-decreasing function defined in Corollary 1.7.7. Set

a :=
√

1− ϕ(1/3)/4 ∨ (1/
√

2), and ρ := (ϕ(1/3)
40c1Λ3

∧ 1
4)1/2√a,

where c1 > 1 is the constant in Lemma 2.3. Note that 1/
√

2 ≤ a < 1 and 0 < ρ < 1/2. For

n ≥ 2, let rn = ρn−1r1, and for simplicity, denote (t− r2
n, t)×B(x, rn) as Qn, τQnas τn. Let

Mn := sup(s,y)∈Qn u(s, y),mn := inf(s,y)∈Qn u(s, y).

We claim that

Mn −mn ≤ an−2, for each n ≥ 1.

Obviously, M2 −m2 ≤M1 −m1 ≤ 1. For n ≥ 3, define

An = {(s, y) ∈ Qn : u(s, y) ≤ (Mn +mn)/2}.

We claim that |An/Qn| ≥ 1/2. Otherwise, we consider Mn − u instead of Mn. Let A be a

compact subset of An such that |A/Qn| ≥ 1/3. By Corollary 1.7.7, we have

P(t,x̄)(TA < τn) ≥ ϕ(1/3) for x̄ ∈ B(x, rn+1). (7.38)

For any ε > 0, there are z1, z2 ∈ Qn+1 so that u(z1) ≥Mn+1 − ε, u(z2) ≤ mn+1 + ε.

As L ∈ N (Λ1,Λ2,Λ3), by (5.4), we have that for 1 ≤ i ≤ n− 1,

sup
(s,y)∈Qn

P(s,y)(Zτn /∈ Qn−i) ≤ c1Λ3ρ
2i/(1− ρi)2. (7.39)

Note that ρ2 ≤ a/4 < 1/4. Following the same calculation as in (5.5), we have by (7.38)

and (7.39) that for n ≥ 2,

Mn+1 −mn+1 − 2ε

< u(z1)− u(z2)

= E(t,x)[u(ZTA∧τn)− u(z2)]
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= E(t,x)[u(ZTA)− u(z2);TA < τn] + E(t,x)[u(Zτn)− u(z2);TA ≥ τn, Zτn ∈ Qn−1]

+
n−1∑
i=2

E(t,x)[u(Zτn)− u(z2);TA ≥ τn, Zτn ∈ Qn−i \Qn+1−i]

+E(t,x)[u(Zτn)− u(z2);TA ≥ τn, Zτn /∈ Q1]

≤ ((Mn +mn)/2−mn)P(t,x)(TA < τn) + (Mn−1 −mn−1)P(t,x)(TA ≥ τn)

+
n−1∑
i=2

(Mn−i −mn−i)P(t,x)(Zτn /∈ Qn+1−i) + P(t,x)(Zτn /∈ Q1)

≤ 1
2a

n−2P(t,x)(TA < τn) + an−3(1−P(t,x)(TA < τn))

+
n−1∑
i=2

an−i−2c1Λ3ρ
2(i−1)/(1− ρi−1)2 + c1Λ3ρ

2(n−1)/(1− ρn−1)2

≤ an−3
(
1− (1− a/2)P(t,x)(TA < τn)

)
+ c1Λ3a

n−3

(1− ρ)2

n−1∑
i=2

(ρ2/a)i−1 + c1Λ3ρ
2(n−1)

(1− ρ)2

≤ an−3 (1− (1− a/2)ϕ(1/3)) + 4c1Λ3a
n−3(ρ2/a)

n−3∑
k=0

2−k + 4c1Λ3ρ
2(n−1)

≤ an−3
(
1− 1

2ϕ(1/3)
)

+ 8c1Λ3a
n−3(ρ2/a) + 4c1Λ3ρ

2(n−1)

≤ an−1
(

1− 1
2ϕ(1/3)
a2 + 8c1Λ3

(
(2ρ2/a) + 1

2(ρ2/a)n−1
))

≤ an−1
(

1− 1
2ϕ(1/3)
a2 + 10c1Λ3 ρ

2

a

)
≤ an−1.

Sending ε→ 0, we have Mn+1 −mn+1 ≤ an−1.

Given z1 = (t, x), z2 = (s, y) ∈ (t0 − r2, t0) × B(x0, r/2),with s ≤ t, let k be the largest

nonnegative integer not exceeding logρ(|z2 − z1|/r). Then z2 ∈ (t − r2
k+1, t) × B(x, rk+1),

and |z2 − z1| := (|t− s|)1/2 + |x− y| ≤ ρkr. Therefore,

|u(z2)− u(z1)| ≤ ak−1 ≤ 1
a
alogρ(|z2−z1|/r) ≤ 1

a
(|z2 − z1|/r)log a/ log ρ.

Since 1/
√

2 < a < 1 and 0 < ρ < 1/2, so log a/ log ρ ∈ (0, 1/2), then we complete the proof

by taking β := log a/ log ρ ∈ (0, 1/2) and C = 2a−1, which both depend on d,Λ1,Λ2,Λ3 and

the rate of the function ψ converging to 0.
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Proposition 1.7.9. Suppose L ∈ N (Λ1,Λ2,Λ3) satisfying (1.3) and X is a Hunt process

that solves the martingale problem for (L, C2
b (Rd)). Denote by P(t0,x) the law of the space-

time process Zt = (V0−t,Xt) starting from (t0, x). Then for any x0 ∈ Rd, r ∈ (0, r0], t0 ≥ r2,

there exists c5 > 0 that depends only on (d,Λ1,Λ2,Λ3, c0) such that for any bounded non-

negative function h supported on [0, t0] × B(x0, 2r)c that is L-parabolic in (t0 − r2, t0) ×

B(x0, r), one has

E(t0,x)[h(Zτr)] ≤ c5E(t0,y)[h(Zτr)] for x, y ∈ B(x0, r/2),

where τr = τ(t0−r2,t0)×B(x0,r) = inf{t ≥ 0 : Xt /∈ B(x0, r)} ∧ r2 = τB(x0,r) ∧ r2, c0 is the

constant in (1.12), and r0 is the constant in Lemma 1.2.3.

Proof. It just suffices to prove for h(t, x) = 1[0,t0]×F (t, x), where F is a closed set in

B(x0, 2r)c. By Lemma 1.2.6, Proposition 1.2.8, for any x ∈ B(x0, r/2), we have

E(t0,y)[1[0,t0]×F (t0 − τr, Xτr)] = Py[Xτr ∈ F ]

= Ey[
∑
s≤τr

1(Xs− 6=Xs,Xs∈F )]

= Ey[
∫ τr

0
n(Xs, F −Xs)ds]

≥ c−1
0 n(x0, F − x0)Ey[τr]

≥ c−1
0 n(x0, F − x0) c2r

2. (7.40)

Similarly,by Lemma 1.2.3, for any x ∈ B(x0, r), we have

E(t0,x)[1[0,t0]×F (t0 − τr, Xτr)] = Ex[
∫ τr

0
n(Xs, F −Xs)ds]

≤ c2
0 n(x0, F − x0)c1r

2. (7.41)

Hence, let c5 = c3
0c2/c1, and by (7.40),(7.41), it yields that

E(t0,x)[1[0,t0]×F (Zτr)] ≤ c5E(t0,y)[1[0,t0]×F (Zτr)], for x, y ∈ B(x0, r/2).

Proposition 1.7.10. Suppose L ∈ N (Λ1,Λ2,Λ3) with condition (1.3) holds.For any bounded

function u(t, x) on (0,∞)×Rd that is L-parabolic in an open subset D of (0,∞)×Rd, then
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s 7→ u(Zs∧τD) is right continuous P(t,x)-a.s. for any (t, x) ∈ D,where {Zs : s ≥ 0} is the

space-time process of X.

Proof. This follows the same proof as Lemma 1.6.1.

Proof of Theorem 1.7.1. For r ∈ (0, r̃1) and u be any nonnegative function on (0,∞)×Rd

that is L-parabolic in (t0 − r2, t0) × B(x0, r). Similar to the beginning of the argument

in Theorem 1.1.2, it suffices to establish the parabolic Harnack inequality for bounded

nonnegative functions u on (0,∞) × Rd that is L-parabolic in (t0 − r2, t0) × B(x0, r) with

inf(0,∞)×Rd u > 0.Taking a constant multiple of u if needed, we may further assume

inf
Q+

u = 1/2, (7.42)

where Q+ := (t0 − 3r2/8, t0 − r2/8)×B(x0, r/2).

Then there exists a point (t, x) ∈ Q+ such that u(t, x) < 1. Let ϕ be the function in

Corollary 1.7.7, and take ϕ(r) ∧ r if needed, we way assume that limr→0+ ϕ(r) = 0.

Our goal is to show that u is bounded above on Q− by an universal constant which

depend only on (d, c0,Λ1,Λ2,Λ3) and the rate of the function ψ in (1.12) converging to 0

and we will do it by contradiction.

Let

γ1 = 1/((2a1) ∨ 2),where a1 is the constant in (2.15),

and denote τr = inf{t > 0 : Zt /∈ (t0 − r2, t)×B(x0, r)}.

We claim that for any r ∈ (0, r̃1), y, z ∈ B(x0, 3r/4), any t− r2/8 ≥ t1 ≥ t2 ≥ ... ≥ tk ≥

tk+1 ≥ ... ≥ t0 − r2, k ∈ N , we have

P(t,y)(T(tk,tk+2γ14−2(k+1)r2)×B(z,4−(k+1)r) < τr) = δk+1
0 . (7.43)

When k = 1, by Proposition 1.7.3 with δ = 1,

P(t,y)(T(t1,t1+2γ1(r/16)2)×B(z,4−2r) < τr) ≥ Φ1(1/16) ≥ Φ1(1/16)2 =: δ2
0 .

Since B(z, r/4)∪B(y, r/4) ⊂ B(x0, r), let T1 = (t2+2γ1(4−3r)2, t2+2γ1(4−3r)2+γ1r
2/16)×

B(z, r/4), and by the strong Markov property of Z and Proposition 1.7.3, we have

P(t,y)(T(t2,t2+2γ1(4−3r)2)×B(z,r/64)) < τr)
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≥ E(t,y)[PZT1 (T(t2,t2+2γ1(4−3r)2)×B(z,r/64) < τ(t0−r2,t)×B(z,r/4));T1 < τr]

≥ Φ1(1/16)P(t,y)[T1 < τr] ≥ δ3
0 . (7.44)

Suppose that for k ≥ 3, P(t,y)(T(tk−1,tk−1+2γ14−2kr2)×B(z,4−kr) < τ(t0−r2,t)×B(x0,r)) ≥ δk0

holds. Let T2 = T(tk+2γ14−2(k+1)r2,tk+2γ14−2(k+1)r2+γ14−2kr2)×B(z,4−kr). Since B(z, 4−(k+1)r +

4−kr) ⊂ B(z, 4−(k−1)r), then

P(t,y)(T(tk,tk+2γ14−2(k+1)r2)×B(z,4−(k+1)r) < τr)

≥ E(t,y)[PZT2 (T(tk,tk+2γ14−2(k+1)r2)×B(z,4−(k+1)r)) < τ(tk,tk+2γ14−2(k+1)r2+γ14−2kr2)×B(z,4−(k−1)r);

T2 < τr]

≥ E(t,y)[Φ1(1/16);T2 < τr]

≥ δ0 · δk0 = δk+1
0 .

For k ∈ N, define Ũk := {tk} ×B(z, 4−kr/2) for z ∈ B(x0, 3r/4), 0 ≤ r ≤ r̃1.

Then applying the same test function ϕ in Lemma 1.2.6, but with (z,B(x0, 1)) in place

of (x1, B(z, 4−kr/2)) in f(y) and (2.15), and then by the same argument as in (7.24), (7.25),

we have

Px̃[τB(z,4−kr/2) ≥ 2γ14−2(k+1)r2] ≥ 1/4 for any x̃ ∈ B(z, 4−(k+1)r). (7.45)

Then by (7.43),(7.45), it follows that, for any y, z ∈ B(x0, 3r/4),

P(t,y)[T
Ũk
≤ τr]

≥ E(t,y)[P
XT

B(z,4−(k+1)r/2) (τB(z,4−kr/2) ≥ 2γ14−2(k+1)r2);

T(tk,tk+2γ14−2(k+1)r2)×B(z,4−(k+1)r) < τr]

≥ δk+1
0 /4. (7.46)

Hence by the strong Markov property of Z, (7.46) and Corollary 1.7.7, for any A ⊂

(tk − 4−2kr2, tk)×B(z, 4−kr), y, z ∈ B(x0, 3r/4), k ∈ N,

P(t,y)(TA < τr)

≥ E(t,y)[P
ZT

Ũk (TA < τ(tk−4−2kr2,tk)×B(z,4−kr));TŨk < τr]
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≥ ϕ(|A|/|(tk − 4−2kr2, tk)×B(z, 4−kr)|)δk+1
0 /4. (7.47)

Set

η0 = ϕ(1/2)
4 ∧ c5

2 , ξ0 = η0/c5 and γ0 = ϕ(1/2)
4(1− ϕ(1/2)) . (7.48)

where c5 ≥ 1 is the constant in Proposition 1.7.9. For any real number a, denote by bac the

largest integer not exceeding a. By decreasing the value of δ0 ∈ (0, 1) in (7.43) if needed,

we may assume that 0 < δ0 <
1

1+γ0/2 . Let m be the smallest nonnegative integer so that

1/(4logδ0 1/(1+γ0/2) − 1) ≤ 4m logδ0 1/(1+γ0/2). (7.49)

As

lim
k→∞

(1 + γ0)kδ
b(k+m) logδ0 1/(1+γ0/2)c
0 →∞,

take

a0 := inf
k≥1

(1 + γ0)kδ
b(k+m) logδ0 1/(1+γ0/2)c
0 ≤ 1 + γ0,

and let

K = 5(1 + γ0)
a0ξ0δ0ϕ(1

4 · (
1
16)d+2)

. (7.50)

Note that 0 < η0 < 1/4, 0 < ξ0 < 1/2, and thus K > 5/ξ0 > 10. Let rk = r/(2 ·

4(k+m) logδ0 1/(1+γ0/2)) for k ≥ 1 and by (7.49),
∑∞
k=1 rk ≤ r/2, and

∑
k≥1 r

2
k < r2/4.

In addition, for each k ∈ N,

4−nk−1r/2 ≤ rk ≤ 4−nkr/2, where nk := b(k +m) logδ0 1/(1 + γ0/2)c. (7.51)

We will show that u ≤ K on Q−. Suppose not. Then there exists a point (s1, y1) ∈ Q− =

(t0 − 3r2/4, t0 − r2/2)×B(x0, r/2) with u(s1, y1) > K. We claim that in this case

there is a sequence of points {(sk, yk); k ≥ 1} ⊂ (t0 − r2, t0)×B(x0, r) so that

(sk, yk) ∈ (sk−1 − r2
k−1, sk−1)×B(yk−1, rk−1) having

u(sk, yk) ≥ K(1 + γ0)k−1, (7.52)

with the convention that s0 = t0 − r2/2, y0 = x0, r0 = r/2. Let Uk = {sk} × B(yk, rk/4).

Since by (7.51),

4−nk−3r ≤ rk/8 ≤ 4−nk−2r.
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Notice that t − sk ≥ r2/8 for every k ∈ N. Then by (7.43) with(sk, yk, nk + 3) in place of

(tk, z, k + 1), we have

P(t,x)(T(sk,sk+2γ1(rk/8)2)×B(yk,rk/8) < τr)

≥ P(t,x)(T(sk,sk+2γ14−2nk−6r)×B(yk,4−nk−3r) < τr)

≥ δnk+3
0 , (7.53)

Then with (sk, yk, rk/4) in place of (tk, z, 4−kr/2) in (7.46), by (7.45), (7.53), it follows that

P(t,x)(TUk < τr) ≥ E(t,x)[PXTB(yk,rk/8) (τB(yk,rk/4) > γ1r
2
k/32);T(sk,sk+γ1r2

k
/32)×B(yk,rk/8) < τr]

≥ δnk+3
0 /4.

If u ≥ ξ0K(1 + γ0)k−1 on Uk, then by (7.50),

1 > u(t, x) = E(t,x)[u(ZTUk∧τr)] ≥ ξ0K(1 + γ0)k−1P(t,x)(TUk < τr)

≥ ξ0K(1 + γ0)k−1δnk+3
0 /4 > 2.

By contradiction, there is at least one point on Uk taking values less than ξ0K(1 + γ0)k−1.

Next define τrk/2 = τB(yk,rk/2) ∧ (r2
k/4) = inf{t > 0 : Zt /∈ (sk − r2

k/4, sk)× B(yk, rk/2)}

and we claim that

E(sk,yk)[u(Zτrk/2) : Xτrk/2
/∈ B(yk, rk)] ≤ η0K(1 + γ0)k−1. (7.54)

Indeed, otherwise, by Proposition 1.7.9, we would have for every z ∈ B(yk, rk/4),

u(sk, z) ≥ E(sk,y)[u(Zτrk/2) : Xτrk/2
/∈ B(yk, rk)]

≥ c−1
5 E(sk,yk)[u(Zτrk/2) : Xτrk/2

/∈ B(yk, rk)]

≥ c−1
5 η0K(1 + γ0)k−1

≥ ξ0K(1 + γ0)k−1,

contradicting with the fact that there is at least one point on Uk with u < ξ0K(1 + γ0)k−1.

Define A := {(t̄, ȳ) ∈ (sk− r2
k/4, sk)×B(yk, rk/2) : u(t̄, ȳ) ≥ ξ0K(1 + γ0)k−1}, and claim

that
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|A| < |(sk − r2
k/4, sk)×B(yk, rk/2)|/2.

If not, let Ã be a compact subset of A such that |Ã| > |(sk − r2
k/4, sk)× B(yk, rk/2)|/4.As

4−nk−2r ≤ rk/2 ≤ 4−nk−1r, then

|Ã|
|(sk − 4−2nkr2, sk)×B(yk, 4−nkr)|

= |Ã|
|(sk − r2

k/4, sk)×B(yk, rk/2)|
· |(sk − r2

k/4, sk)×B(yk, rk/2)|
|(sk − 4−2nkr2, sk)×B(yk, 4−nkr)|

≥ (1/16)d+2/4.

Then by (7.47), with (sk, yk, nk) in place of (tk, z, k),

P(t,x)(TÃ < τr) ≥ ϕ((1/16)d+2/4)δnk+1
0 /4. (7.55)

Therefore, by the definition of parabolic functions and (7.47), (7.50),

1 ≥ u(t, x) ≥ E(t,x)[u(ZTÃ) : TÃ < τr]

≥ ξ0K(1 + γ0)k−1P(t,x)(TÃ < τr)

≥ ξ0K(1 + γ0)k−1ϕ( |Ã|
|(sk − 4−2nkr2, sk)×B(yk, 4−nkr)|

)δnk+1
0

≥ ξ0K(1 + γ0)k−1ϕ((1/16)d+2/4)δnk+1
0 /4 > 5/4.

So by contradiction, |A| ≤ |(sk − r2
k/4, sk) × B(yk, rk/2)|/2, and there is a compact subset

E ⊂ (sk − r2
k/4, sk)×B(yk, rk/2) \A such that

|E|/|(sk − r2
k/4, sk)×B(yk, rk/2)| ≥ 1/2, (7.56)

with

u(t, ỹ) < ξ0K(1 + γ0)k−1 for every (t, ỹ) ∈ E. (7.57)

Let Mk = sup(s̃,ỹ)∈(sk−r2
k
,sk)×B(yk,rk) u(s̃, ỹ).Since t 7→ u(Zt∧τ(sk−r2k,sk)×B(yk,rk)

) is a bounded

martingale, then by (7.54),

u(sk, yk) = E(sk,yk)[u(ZTE∧τrk/2 ]

= E(sk,yk)[u(ZTE );TE ≤ τrk/2]



62

+E(sk,yk)[u(Zτrk/2); τrk/2 < TE , Xτrk/2
∈ B(yk, rk)]

+E(sk,yk)[u(Zτrk/2); τrk/2 < TE , Xτrk/2
/∈ B(yk, rk)] (7.58)

By (7.57), Lemma 1.7.10, we know that

E(sk,yk)[u(ZTE );TE ≤ τrk/2] ≤ ξ0K(1 + γ0)k−1 P(sk,yk)(TE < τB(zk,rk/2)). (7.59)

Therefore, by (7.54), (7.58), (7.59),

u(sk, yk) < ξ0K(1 + γ0)k−1 P(sk,yk)(TE < τB(zk,rk/2)) +MkP(sk,yk)(τB(zk,rk/2) < TE) + η0K(1 + γ0)k−1

= ξ0K(1 + γ0)k−1 P(sk,yk)(TE < τB(zk,rk/2)) +Mk

(
1−P(sk,yk)(TE < τB(zk,rk/2))

)
+η0K(1 + γ0)k−1.

As u(sk, yk) ≥ K(1 + γ0)k−1, we conclude from the above that

Mk/((1 + γ0)k−1K) ≥ 1 +
(1− ξ0)P(sk,yk)(TE ≤ τrk/2)− η0

1−P(sk,yk)(TE ≤ τrk/2)
.

Notice that by Corollary 1.7.7 and (7.56),

P(sk,yk)(TE ≤ τrk/2) ≥ ϕ(1/2).

Hence by the definition of ξ0, η0, and γ0in (7.48), we have from the above two displays that

Mk/((1 + γ0)k−1K) ≥ 1 + γ0.

Thus there exists a point (sk+1, yk+1) ∈ (sk−r2
k, sk)×B(yk, rk) such that u(sk+1, yk+1) ≥

K(1 + γ0)k. Thus by induction, there exists a sequence {(sj , yj); j ≥ 1} that has the

property (7.52), contradicting with the assumption that u is bounded on (t0 − r2, t0) ×

B(x0, r).Therefore, u ≤ K in Q−. Then together with (7.42), we complete the proof by set-

ting C = 2K in (7.1), which depends only on (d,Λ1,Λ2,Λ3, c0) and the rate of the function

ψ in (1.3) converging to 0, and independent of x0, t0 and r.
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Chapter 2

HARNACK INEQUALITIES FOR WEAKLY COUPLED NONLOCAL
SYSTEMS

2.1 Introduction

Let M = {1, ...,m}, for m ≥ 2. Suppose that Q(x) = (qij)m×m(x) is an m × m matrix

valued function on Rd such that for a.e. x ∈ Rd,

qij(x) ≥ 0 for i 6= j, and
m∑
j=1

qij(x) ≤ 0 for each i ∈M.

For any function

u =


u1
...

um

 : Rd 7→ Rm,

define

Q(x)u(x, ·)(i) :=
∑
j∈M

qij(x)u(x, j), (x, i) ∈ Rd ×M. (1.1)

Consider the following weakly coupled operator G such that for each i ∈ M, u(·, i) ∈

C2
b (Rd),

Gu(x, i) := Liu(x, i) +Q(x)u(x, ·)(i), (x, i) ∈ Rd ×M (1.2)

with

Liu(x, i) = Lb1i u(x, i) + Sb2u(x, i), (1.3)

where

Lb1i u(x, i) : = 1
2

d∑
k,l=1

akl(x, i)
∂2

∂xk∂xl
u(x, i) +

d∑
k=1

bk1(x, i) ∂

∂xk
u(x, i); (1.4)

Sb2u(x, i) : =
∫
Rd\{0}

(u(x+ z, i)− u(x, i)−∇u(x, i) · 1|z|≤1z)b2(x, z, i)ji(z)dz. (1.5)

Here akl(x, i) = alk(x, i) and there are positive constants Θ1,Θ2,Θ3,Θ4, c, c1 and γ ∈ (0, 1)

such that (akl(x, i))1≤k,l≤m, (bk1(x, i))1≤k≤m, b2(x, z, i), ji(z) satisfy the following conditions:
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(a) (Uniform ellipticity and Hölder continuity on diffusion matrix)

Θ1|ζ|2 ≤
d∑

k,l=1
akl(x, i)ζkζl ≤ Θ−1

1 |ζ|
2, for ζ ∈ Rd; (1.6)

|akl(x1, i)− akl(x2, i)| ≤ c|x1 − x2|γ , for (x1, i), (x2, i) ∈ Rd ×M, some γ ∈ (0, 1).

(1.7)

(b) (Bounded drift)

‖b1‖∞ := sup
(x,i)∈Rd×M

|b1(x, i)| ≤ Θ2. (1.8)

(c) (Lévy jumping kernel condition and nonnegative local boundedness)

‖b2(x, z, i)‖L∞(Rd×Rd\{0}×M) ≤ Θ3. (1.9)

∫
Rd\{0}

(1 ∧ |z|2)ji(z)dz < Θ4, (1.10)

where each ji(z) is a nonnegative locally bounded function on Rd \{0} such that there

exists a constant β ∈ (1, 2) and c1 > 0 satisfying

ji(z) ≤
c1
|z|d+β for z ∈ B(0, 1) \ {0}, i ∈M. (1.11)

In matrix form,

Gu =



L1 0 . . . 0

0 L2 . . . 0
...

... . . . ...

0 0 · · · Lm


u+Qu. (1.12)

Such operators with no derivatives appearing in the coupling terms are called weakly coupled

operators. There are studies on potential theory for weakly coupled elliptic systems where

Li in (1.3) are all differential operators. In 1989, Skorohord in [70] introduced a Markov

process {(Xt,Λt), t ≥ 0;P(x,i), (x, i) ∈ (Rd×M)}in a descriptive manner under the condition

that
∑
j∈M qij(x) = 0 a.e. in Rd having G as its infinitesimal generator (1.2). In [28], Chen

and Zhao established the existence of switched diffusion processes corresponding to the

weakly coupled elliptic operators in divergence form with measurable coefficients such that
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the diffusion matrix is uniformly elliptic, and the coefficients of the first order term and

each term in the switching rate matrix Q belongs to a Kato class. They also showed the

solvability of the Cauchy problems for weakly coupled elliptic systems via a Dirichlet space

approach, i.e. ∂u/∂t = Gu and a strong positivity result for the solutions. In [28], the

regularity condition on coefficient ak, bk, and qkl are the following :

akl(·, i) ∈W 1,2(D) for each i,
d∑

k=1
(∂bk(·, i))/∂xk) is bounded from below for each i,

and
m∑
i=1

qij is bounded from above for each j,

where D is a bounded domain. In [29], Chen and Zhao generalized the previous result

to weakly coupled elliptic system (i.e. Gu = 0) whose coefficients are only measurable

such that the diffusion matrix is uniformly elliptic with lower-order terms in a Kato class

on bounded domains. They also gave a probabilistic representation of the solution and

proved a strong positivity result for that problem via a probabilistic approach. Later, the

corresponding Harnack inequality for weakly coupled elliptic systems and the full Harnack

inequality under the irreducibility assumption of Q and Hölder continuous coefficients are

established by an analytic method in [30]. The Harnack inequality improves the result of

F. Mandras [58], in which the Harnack inequality takes the form :
m∑
i=1

sup
x∈D

ui(x) ≤ C
m∑
i=1

inf
x∈D

ui(x),

where D is bounded. The approach in [30] is based on the representation theorem obtained

in [29] and the estimates of Green functions and harmonic measures of the operators Lk+qkk
in small balls. Stimulated by the ongoing research on nonlocal operators which correspond

to various jump processes, see [6, 9, 14, 20, 71], as well as the surgent needs of applications

of switched Markov processes (X,Λ) to the fields of engeering and finance [41, 69, 59, 46],

the scale-invariant Harnack inequality for Li of the form (1.3) with uniformly elliptic diffu-

sion matrix, bounded drift and more general jump kernel assumption has been studied in

[24], and the weakly coupled nonlocal system of (1.2) has also been studied, for example,

in [15]. In [15], the non scale-invariant Harnack inequality for each level and the full rank

Harnack inequality for the operator (1.2) satisfying (1.6),(1.8),(1.10), the additional conti-

nuity assumption on (akl(x)) and (bk(x)), and the relative comparison of the jump intensity
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have been established. The purpose of this paper is to establish the scale-invariant Harnack

inequality for the weakly coupled system. In this paper we assume that the dimension d ≥ 2

and our goal is to establish the scale-invariant Harnack inequality for harmonic functions

with respect to the operator G in (1.2). We say that the non-local operator L of the form

(1.3) belongs to class N (Θ1,Θ2,Θ3,Θ4, γ, β, c1) if the following (1.6)-(1.11) hold and an

operator G belongs to class N (c0,m, γ, β,Θ1,Θ2,Θ3,Θ4,Θ5, c1, ϑ) if (1.6)-(1.11) hold with

the additional conditions (1.14) and (1.15) for the switching rate matrix Q:

There exists a constant matrix Q0 = (q0
ij) and a positive constant 0 < c0 < 1

such that c0q
0
ij ≤ qij(x) ≤ q0

ij ≤ Θ5, i 6= j a.e. on Rd (1.13)

and − qii(x) ≤ −q0
ii ≤ Θ5 a.e. on Rd. (1.14)

Define Jb2(x, y, i) = b2(x, y − x, i)ji(y − x), for each x, y ∈ Rd, i ∈ M. We say that the

jumping kernel Jb2(x, x+z, i), i ∈M satisfies the UJS condition if there exists a constant

ϑ = ϑ(d, β, b2) > 0 so that for a.e. x ∈ Rd, z 6= 0, every i ∈M,

Jb2(x, x+ z, i) ≤ ϑ

|B(x, r)|

∫
B(x,r)

Jb2(u, x+ z, i)du for every 0 < r < |z|/2. (1.15)

Here |B(x0, r)| denotes the Lebesgue measure of the ball B(x0, r), which is ωdrd with ωd

being the volume of the unit ball in Rd. For the typical examples of the nonlocal operators

whose jump kernel Jb2 satisfy the UJS condition, we refer the readers to Remark 1.6 in [26].

Given a switching rate matrix Q, we denote the collection of n-step path from state i to

j by

Ψ(n; i, j) : = {(l0, l1, ..., ln) : l0 = i, ln = j, li ∈M, li 6= li+1, {qlili+1(x) > 0}

has a positive Lebsgue measure on Rd, for i = 0, 1, ..., n− 1}. (1.16)

By (1.13),Ψ0(n; i, j), which is defined correspondingly for Q0, satisfies that Ψ0(n; i, j) =

Ψ(n; i, j) for any i, j ∈M, n ∈ N.

Definition 2.1.1. We say that the operator G or its associated matrix-valued function Q is

irreducible in Rd if for any distinguished k, l ∈M, there exist l0, ..., ln inM with li−1 6= li

for 1 ≤ i ≤ n, l0 = k and ln = l such that q0
li−1li

6= 0.
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Definition 2.1.2. We say that the operator G or its associated matrix-valued function Q is

strictly irreducible if q0
kl > 0 for any k, l ∈M.

And we denote

q0 = min{q0
ij : i, j ∈M, i 6= j}. (1.17)

For any G ∈ N (c0,m, γ, β,Θ1,Θ2,Θ3,Θ4,Θ5, c1, ϑ), we can show that there is a unique

Hunt process Y = {(Xt,Λt), t ≥ 0;P(x,i), (x, i) ∈ (Rd×M)} solving the martingale problem

for (G, C2
b (Rd ×M)) starting at (x, i) : that is, for every function u(x, i) : Rd ×M 7→ R,

such that u(·, i) ∈ C2
b (Rd) for every i ∈M,

Mu
t := u(Xt,Λt)− u(X0,Λ0)−

∫ t

0
Gu(Xs,Λs)ds

is a P(x,i)-local maringale for each (x, i) ∈ Rd ×M and P(x,i)(X0 = x,Λ0 = i) = 1, where

X is an Rd−valued process, and Λ is a switching process taking values inM. In this case,

we say that the Hunt process Y = {(Xt,Λt), t ≥ 0;P(x,i), (x, i) ∈ (Rd × M)} has the

generator G or corresponds to the operator G.

The process Y can be constructed in the way described in [30, Remark 2.2]: Under

the assumption (1.6)-(1.11), by Theorem 5.2 in [49], there is a unique conservative strong

Markov process X̄ = {X̄t, t ≥ 0;Px, x ∈ Rd} whose distribution with Px(X0 = 0) = 1

solves the martingale problem for (L, C2
b (Rd)), where L ∈ N (Θ1,Θ2,Θ3,Θ4, γ, β, c1). By

the assumption (1.9), we know that b(x, z)j(z)dz ≤ Θ3j(z)dz for every x ∈ Rd, then by [49,

Theorem 2.1, Theorem 2.2], the process X̄ is quasi-left continuous under Px. Fix i0 ∈ M

and let (Xi0 ,P(x0,i0)) be the Hunt process corresponding to the infinitesimal generator Li0
starting from (x0, i0).We run the subprocess X̃i0 of Xi0 that is killed with the rate −qi0i0(x).

Note that the subprocess X̃i0 has the infinitesimal generator Li0 + qi0i0 . At the lifetime τ1,

the killed subprocess X̃i0 is killed with probability 1 +
∑
j∈M qi0j(X

i0
τ1−)/qi0i0(Xi0

τ1−) and

jumps to plane j 6= i with probability −qi0j(X
i0
τ1−)/qi0i0(Xi0

τ1−) and then starting from

Xi0(τ1−), we run an independent copy of a subprocess X̃j of Xj with the killing rate

−qjj(x). Iterating this procedure, the resulting process Y = ((Xt,Λt), t ≥ 0;P(x,i0)) is a

Hunt proces with lifetime ζ by [43, 60]. For each x ∈ Rd, we say that Q(x) is Markovian if∑
j∈M qij(x) = 0 a.e. on Rd for every i ∈ M, and sub-Markovian if

∑
j∈M qij(x) ≤ 0 a.e.
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on Rd for every i ∈ M. When Q(x) is Markovian, the lifetime ζ = ∞, and when Q(x) is

sub-Markovian, ζ < ∞ with positive probability. We use the convention (Xt,Λt) = ∂ for

t ≥ ζ, where ∂ is a cemetery point and any function is extended to ∂ by taking value zero.

It is easy to check that ((X,Λ),P(x0,i0)) solves the maringale problem for (G, C2
b (Rd×M)),

where we denote by C2
b (Rd ×M) the class of functions u defined on Rd ×M such that

u(·, i) is in C2
b (Rd) for each i ∈M. This way of constructing a switched diffusion process by

patching together the pre-switching process X̃i for the operator Li + qii with its switching

distribution has also been utilized in [29, Page 296].

In this paper, we always assume that D is a bounded and connected open set in Rd. We

say that a Borel measurable function u : D×M 7→ Rd is G-harmonic in D×M if for any

relatively compact open subset V of D ×M,

E(x,i)[u(XτV ,ΛτV )] <∞, and u(x, i) = E(x,i)[u(XτV ,ΛτV )]

for every (x, i) ∈ V , where τV := inf{t ≥ 0 : (Xt,Λt) /∈ V } is the first exit time from

the set V . Heuristically, u is G-harmonic in V if Gu = 0 in V . But we are not going

to establish this analytic characterization. See [17, 57] for the equivalent characterizations

between probabilistic and analytic notions of harmonicity under some suitable conditions.

Our first main result is on the local Hölder regularity for bounded G-harmonic functions.

Theorem 2.1.3. Let G ∈ N (c0,m, γ, β,Θ1,Θ2,Θ3,Θ4,Θ5, c1, ϑ). There exist constants

r̃0 = r̃0(d,Θ1,Θ2,Θ3,Θ4) ∈ (0, 1/4), α1 = α1(d, β,Θ1,Θ2,Θ3,Θ4) ∈ (0, 1) and C1 =

C1(d, β,Θ1,Θ2,Θ3,Θ4,Θ5,m) > 0 such that for any x0 ∈ Rd, r ∈ (0, r̃0), any bounded

function u defined in Rd that is harmonic with respect to G in B(x0, r),

‖u(x)− u(y)‖ ≤ C1‖u‖∞(‖x− y‖
r

)α1 , for any x, y ∈ B(x0, r/2).

Here ‖ · ‖ is the supremum norm of a vector.

The next one is on the scale-invariant Harnack inequality for nonnegative G-harmonic

functions.

For any nonnegative function u defined in Rd that is G-harmonic in B(x0, r), x0 ∈ Rd, r >

0, define

h(x, k) := E(x,k)[u(XτB(x0,r/2) ,ΛτB(x0,r/2)); τB(x0,r/2) < τ1], (x, k) ∈ B(x0, r/2), (1.18)
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where

τ1 = inf{t > 0 : Λt 6= Λ0}, (1.19)

is the first switching time for (X,Λ).

Theorem 2.1.4. Let G ∈ N (c0,m, γ, β,Θ1,Θ2,Θ3,Θ4,Θ5, c1, ϑ) with Q satisfying (1.13).Then

there exist constants 0 ≤ r̃1 < 1 and C2, C3 > 0, which depends only on

(d,m, c0, β, γ,Θ1,Θ2,Θ3,Θ4, ϑ,Q
0), such that for any x0 ∈ Rd, r ∈ (0, r̃1], any nonnega-

tive function u defined on Rd ×M that is G-harmonic on B(x0, r) ×M, we have for any

x, y ∈ B(x0, r/8), k ∈M,

C2
(
h(y, k) +

∑
l∈E(k)

rmklh(y, l)
)
≤ u(x, k) ≤ C3

(
h(y, k) +

∑
l∈E(k)

rmklh(y, l)
)
,

where h(y, l) is defined in (1.18), E(k) = {l ∈ M \ {k} : Ψ(n, k, l) 6= ∅, for some n ∈ N}

and mkl is the smallest integer n such that Ψ0(n, k, l) 6= ∅.

In particular, for each k ∈M

u(x, k) ≤ Cu(y, k), for any x, y ∈ B(x0, r/8),

where C = C3/C2.

Under the assumption of strict irreducibility for G, we have the following scale-invariant

full rank Harnack inequality for nonnegative G-harmonic functions.

Theorem 2.1.5. (Full Rank Harnack Inequality) Let G ∈ N (c0,m, γ, β,Θ1,Θ2,Θ3,Θ4,Θ5, c1, ϑ)

with Q satisfying (1.13) and G is strictly irreducible. Then there exist constants C̃1, C̃3 > 0

and 0 ≤ r̃1 < 1 depending on (d, β, γ,Θ1,Θ2,Θ3,Θ4, ϑ,m, c0, q0, Q
0), such that for any r ∈

(0, r̃1], any nonnegative function u defined on Rd×M that is G-harmonic on B(x0, r)×M,

we have

u(x, k) ≤ C̃1(u(y, l) + h(y, k)) for any (x, k), (y, l) in B(x0, r/8)×M.

In particular,

u(x, k) ≤ C̃3r
−2u(y, l) for any (x, k), (y, l) in B(x0, r/8)×M with k 6= j.
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Here h(y, k)is defined in (1.18), and r̃1, q0 are the constants in Theorem 2.1.4 and (1.17)

respecitvely.

The rest of the paper is organized as follows. In Section 2, we derive the two-sided scale

invariant Green function estimate and the Martin integral representation formula for non-

negative harmonic functions with respect to the operator Li+qii, as well as the probabilistic

representation formula for nonnegative G-harmonic functions in term of harmonic functions

for Li+qii, i ∈M in small balls. The proof of the Hölder regularity of bounded G-harmonic

functions is given in Section 3. The proof of Theorem 2.1.4 is given in Section 4 and the

proof for Theorem 2.1.5 is shown in Section 5.

2.2 Preliminaries

A Borel measurable function f is said to be in Kato class Kd if and only if for each ball B

in Rd:

lim
r→0

[sup
x∈B

∫
|y−x|≤r

|f(y)|g(y − x)dy] = 0, (2.1)

where

g(x) =


− ln |x| when d = 2;

|x|2−d when d ≥ 3.
(2.2)

Remark 2.2.1. The boundedness assumption of qkk in (1.13) implies that each qkk ∈

Kd, k ∈M.

The following rough scaling property of the infinitesimal generator identifies the class of

the operators for which the scale-invariant Harnack inequalities will be established in this

paper.

Lemma 2.2.2. Suppose that {(Xt,Λt), t ≥ 0;P(x,i), (x, i) ∈ Rd ×M} is a Hunt process

having the infinitesimal generator G ∈ N (c0,m, γ, β,Θ1,Θ2,Θ3,Θ4,Θ5, c1, ϑ). For any

λ ∈ (0, 1], define Yt = λ−1Xλ2t, Γt = Λλ2t, and P(x,i) = P(λx,i). Then {(Yt,Γt), t ≥

0; P(x,i), (x, i) ∈ Rd ×M} is a Hunt process corresponding to the infinitesimal generator

G(λ)f(x, i) = L(λ)
i f(x, i) +Q(λ)(x)f(x, ·)(i), for (x, i) ∈ Rd ×M,
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where f(·, i) ∈ C2
b (Rd), i ∈M,

L(λ)
i f(x, i) = 1

2

d∑
k,l=1

ak,l(λx, i)
∂2f

∂xk∂xl
(x, i)

+
(
λb1(λx, i)−

∫
Rd\{0}

z1{1<|z|≤1/λ}λ
d+2b2(λx, λz, i)j0(λz)dz

)
· ∇f(x, i)

+
∫
Rd\{0}

(
f(x+ z, i)− f(x, i)− z1{|z|≤1} · ∇f(x, i)

)
λd+2b2(λx, λz, i)ji(λz)dz

+λ2Q(λx)f(x, ·)(i), (2.3)

and

q
(λ)
ij (x) = λ2qij(λx), for every i, j ∈M.

In particular, G(λ) ∈ N (Θ1,Θ2 + Θ3Θ4,Θ3,Θ4,Θ5, ϑ, β, γ, c1) with Q0,(λ) = λ2Q0 in (1.13)

for every λ ∈ (0, 1].

Proof. For any f ∈ C2
b (Rd,M), define fλ(x, i) = f(x/λ, i). Denote by P(x,i) the transition

semigroup of (Y,Γ).Then

Ptf(x, i) = E(x,i)[f(Yt,Γt)] = E(λx,i)fλ[(Xλ2t,Λλ2t)] = P(λx,i)
λ2t fλ(λx, i).

Then

G(λ)f(x, i)

= lim
t→0

E(x,i)[f(Yt,Γt)]− f(x, i)]
t

= lim
t→0

E(λx,i)[fλ(Xλ2t,Λλ2t)]− fλ(x, i)]
λ2t

λ2 = λ2Gfλ(λx, i).

= 1
2

d∑
i,j=1

ai,j(λx, i)
∂2f

∂xi∂xj
(x, i) +

(
λb1(λx, i)−

∫
Rd\{0}

z1{1<|z|≤1/λ}λ
d+2b2(λx, λz, i)j0(λz)dz)

)
· ∇f(x, i)

+
∫
Rd\{0}

(
f(x+ z, i)− f(x, i)− z1{|z|≤1} · ∇f(x, i)

)
λd+2b2(λx, λz, i)ji(λz)dz + λ2Q(λx)f(x, ·)(i)

= L(λ)f(x, i) +Q(λ)f(x, i). (2.4)

Hence the process (Y,Γ) has diffusion matrix a(λx) which satisfies the same uniform ellip-

ticity and Hölder continuity condition (1.6) as a(x), the drift coefficient vector

|bλ1(x, i)| : = |λb1(λx, i)− λ
∫
Rd\{0}

w1{λ≤|w|≤1}b2(λx,w, i)j0(w)d(w)|
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≤ Θ2 + Θ3

∫
Rd\{0}

|w|21{λ≤|w|≤1}
c1
|w|d+β dw

≤ Θ2 + Θ3Θ4 (2.5)

and by(1.15), the jumping kernel Jb2λ (x, x+ z) := λ2b2(λx, λz)j0(λz) satisfies

Jb2λ (x, x+ z) = λ2b2(λx, λz)j0(λz)

≤ ϑ

|B(λx, λr)|

∫
B(λx,λr)

λ2b2(λu, λ(x+ z))j0(λz)d(λu)

= λdϑ

|B(λx, λr)|

∫
B(x,r)

Jb2λ (u, x+ z)du

= ϑ

|B(x, r)|

∫
B(x,r)

Jb2λ (u, x+ z)du, (2.6)

which satisfies the UJS condition with the same constant ϑ. Clearly for λ ∈ (0, 1],

‖bλ2‖∞ := λ2‖b2(λx, λz, i)‖∞ ≤ Θ3,

and

jλi (z) := ji(λz) ≤
c1

|λz|d+β , for |z| ≤ 1/λ.

with ∫
Rd\{0}

(1 ∧ |z|2)jλi (z)dz =
∫
Rd\0

(λ2 ∧ |w|2)ji(w)dw ≤ Θ4.

Also, by (1.13) and (1.17), since

c0λ
2q0 ≤ c0λ

2q0
ij ≤ q

(λ)
ij (x) ≤ λ2q0

ij ≤ λ2Θ5 ≤ Θ5 a.e. in Rd.

ThenQ0,(λ) = λ2Q0 with c(λ)
0 = c0. This shows that G(λ) ∈ N (Θ1,Θ2+Θ3Θ4,Θ3,Θ4,Θ5, ϑ, β, γ)

with Q0,(λ) = λ2Q0 for every λ ∈ (0, 1].

Suppose that {(Xt,Λt), t ≥ 0;P(x0,i), (x0, i) ∈ Rd ×M} is a Hunt process having the

infinitesimal generator G ∈ N (Θ1,Θ2,Θ3,Θ4,Θ5, γ, β, c1) starting from (x0, i), define

X0
t =


Xt, t < τ1;

∂, t ≥ τ1;
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where τ1 is defined in (1.19) and ∂ is a cemetery point. Then by Lemma 3.7 in [75],

{X0
t , t ≤ τ1;P(x0,i), x ∈ Rd} is a Hunt process corresponding to the operator

Li + qii starting from x. (2.7)

For any ϕ ≥ 0, α ≥ 0, define

G̃iαϕ(x) : = E(x,i)[
∫ ∞

0
e−αsϕ(X0

s )ds]

= E(x,i)[
∫ τ1

0
e−αsϕ(Xs)ds], (2.8)

Proposition 2.2.3. Suppose that {(Xt,Λt), t ≥ 0;P(x,i), x ∈ Rd, i ∈M} is the Hunt process

having the infinitesimal generator G ∈ N (c0,m, γ, β,Θ1,Θ2,Θ3,Θ4,Θ5, c1, ϑ) starting from

(x, i). Then for every nonnegative Borel measurable function ϕ defined on Rd, x ∈ Rd, any

α ≥ 0,

E(x,i)[e−ατ1ϕ(Xτ1−)] = G̃iα(−qiiϕ)(x),

where τ1 is defined in (1.19), and G̃iα is defined in (2.8).

Proof. Let {Zit , t ≤ ξ; Px, x ∈ Rd} be the Hunt process corresponding to the operator

(Li, C2
b (Rd)). Define

ξ = inf{t > 0 : −
∫ t

0
qii(Zis)ds > η}, (2.9)

where η is an exponential random variable with mean 1. Let the probability measure Px on

Ω determined by

Ex[f(Zit)] = Ex[f(Zit); t < ξ] = Ex[eq(t)f(Zit)], t ≥ 0, (2.10)

for every f ∈ C2
b (Rd), where eq(t) := exp(

∫ t
0 qii(Zis)ds). Then by Ito’s formula,

{Zit , t ≤ ξ;Px, x ∈ Rd} is a Hunt process corresponding to the operator

Li + qii starting from x, whose lifetime is ξ. (2.11)

Then by Theorem 5.2 [49], (2.7), (2.11), E(x,i)[1{0<t≤τ1}f(X0
t )g(τ1)] = Ex[1{0<t≤ξ}f(Zit)g(ξ)]

for any f, g ∈ C2
b (Rd).Then for any ϕ ≥ 0, x ∈ Rd,

E(x,i)[e−ατ1ϕ(Xτ−1
)] = E(x,i)[e−ατ1ϕ(X0

τ−1
)] = Ex[e−αξϕ(Ziξ−)]
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and

G̃iαϕ(x) = E(x,i)[
∫ ∞

0
e−αtϕ(X0

t )dt] = Ex[
∫ ∞

0
e−αtϕ(Zit)dt]. (2.12)

Let Ft = σ{Zis; 0 ≤ s ≤ t}.Then by (2.9),(2.10),(2.12), and (61.2) on [68, p.286] (by putting

mt = e
∫ t

0 qii(Z
i
s)ds1{t<ξ} there and noticing that Px − a.e.Zξ− = ∂) that

Ex[e−αξϕ(Ziξ−)] = Ex[
∫ ∞

0
e−αtϕ(Zit)(−dmt)]

= Ex[
∫ ∞

0
e−αtϕ(Zit)(−qii(Zit)) exp(

∫ t

0
qii(Zis)ds))dt]

= Ex[
∫ ∞

0
e−αt(−qiiϕ)(Zit)dt]

= G̃iα(−qiiϕ)(x).

Remark 2.2.4. By (2.12), when α = 0, we know that G̃i is the Green operator of Li + qii

in Rd with zero Dirichlet boundary condition.

For any nonnegative Borel measurable function φ defined on Rd ×M, define

u(x, i) := E(x,i)[φ(XτD ,ΛτD)] for any (x, i) ∈ D ×M. (2.13)

Proposition 2.2.5. Let D be a bounded and connected open set in Rd. For any nonnegative

Borel measurable function φ defined on Rd ×M, the function u defined in (2.13) satisfies

u(x, i) = h(x, i) +
m∑

j=1,j 6=i
G̃iD(qiju(·, j))(x), for every (x, i) ∈ D ×M, (2.14)

where

h(x, i) = E(x,i)[φ(XτD ,ΛτD); τD < τ1], (2.15)

τD = inf{t > 0 : (Xt,Λt) /∈ D ×M} and G̃iD is the Green operator with respect to the

operator Li + qii on D with zero Dirichlet boundary condition.

Proof. First consider any nonnegative function φ ∈ C∞c (Rd ×M), where C∞c (Rd ×M) is

the space of functions f such that f(·, i) ∈ C∞c (Rd) for each i ∈M. Then by (2.15),

u(x, i) = E(x,i)[φ(XτD ,ΛτD); τD < τ1] + E(x,i)[φ(XτD ,ΛτD); τD > τ1] + E(x,i)[φ(XτD ,ΛτD); τD = τ1]
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= h(x, i) + I + II; (2.16)

Then by the strong Markov property of (X,Λ), Lemma 3.6 in [75], and Proposition 2.2.3,

I = E(x,i)[E(Xτ1 ,Λτ1 )[φ(XτD ,ΛτD)]; τD > τ1]

= E(x,i)[u(Xτ1 ,Λτ1); τD > τ1]

=
m∑

j=1,j 6=i
E(x,i)[1{τ1<τD}u(Xτ1− , j)(−

qij
qii

(Xτ1−))]

=
m∑

j=1,j 6=i
E(x,i)[

∫ τ1

0
1{τ1<τD}u(Xs, j)

qij
qii

(Xs)qii(Xs)ds)]

=
m∑

j=1,j 6=i
E(x,i)[

∫ τD∧τ1

0
1{τ1<τD}u(Xs, j)

qij
qii

(Xs)qii(Xs)ds)]

=
m∑

j=1,j 6=i
E(x,i)[

∫ τD

0
u(X0

s , j)
qij
qii

(X0
s )qii(X0

s )ds)]

=
m∑

j=1,j 6=i
G̃iD(qiju(·, j))(x). (2.17)

By the definition of τ1 in (1.19), τ1 is Fτ−1 measurable, then again by Lemma 3.6 in [75], and

Proposition 2.2.3,

II = E(x,i)[1Dc(Xτ1)1{τD=τ1}φ(Xτ1 ,Λτ1)]

=
m∑

j=1,j 6=i
E(x,i)[1Dc(XτD−)1{τD=τ1}φ(Xτ−1

, j)qij
qii

(Xτ−1
)]

= 0. (2.18)

Then by (2.16),(2.17),(2.18),

u(x, i) = h(x, i) +
m∑

j=1,j 6=i
G̃iD(qiju(·, j))(x).

Finally, by monotone convergence theorem, (2.14) holds for any nonnegative Borel mea-

surable function φ defined on Rd ×M harmonic with respect to G in D.

Recall that an open setD in Rd (when d ≥ 2) is said to be C1,1 if there exist a localization

radiusR0 > 0 and a constant Ξ0 > 0 such that for everyQ ∈ ∂D , there exists a C1,1 function

φ = φQ : Rd−1 → R satisfying φ(0) = ∇φ(0) = 0, ‖φ‖∞ ≤ Ξ0, |∇φ(x)−∇φ(y)| ≤ Ξ0|x− y|,
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and an orthonormal coordinate system CSQ : y = (y1, ...yd−1, yd) =: (ỹ, yd) ∈ Rd−1×R with

its origin at Q such that

B(Q,R0) ∩D = {y = (ỹ, yd) ∈ B(0, R0) in CSQ : yd > φ(ỹ)}.

The pair (R0,Ξ0) is called the characteristics of the C1,1 open set D.

For any L ∈ N (Θ1,Θ2,Θ3,Θ4, γ, β, c1), let (Xt, t ≥ 0;Px, x ∈ Rd) be the process having

the infinitesimal generator L and denote XD as the subprocess of X in D. That is, XD
t (ω) =

Xt(ω) if t < τD(ω) and XD(ω) = ∂ if t ≥ τD(ω), where ∂ is a cemtery state. If p(t, x, y) is

the transition density of the process X. Then

pD(t, x, y) = p(t, x, y)− Ex[p(t− τD, XτD , y), τD < t]

is the transition density of XD. Let Green function of L in a bounded C1,1 domain D.

That is, GD(x, y) =
∫ τD

0 pD(t, x, y)dt for x, y ∈ D. Then for any λ ∈ (0, 1), we denote the

Green function for L in λD as GλD(x, y), for x, y ∈ λD and the the Green function for L(λ)

of the form (2.3) in D as G(λ)
D (x, y), for x, y ∈ D.

Let G∆
λD be the Green function for ∆ in λD. Notice that by Brownian scaling,

G∆
λD(x, y) = λ2−dG∆

D(x/λ, y/λ), for every x, y ∈ λD, x 6= y.

For the details of how to transform the relationship betweenG(λ)
D (x/λ, y/λ) andG∆

D(x/λ, y/λ)

to the relationship between GλD(x, y) and G∆
λD(x, y), x, y ∈ λD, the reader can refer to [26].

Next we quote a series of theorems for the sharpe two-sided scale-invariant Green function

estimates from [26], which helps us obtain scale-invariant properties for the Green function

of the killed operator L+q as a preparation to derive the Martin integral representation for-

mula for nonnegative harmonic functions with respect to L+q, where q < 0 and ‖q‖∞ = Θ5.

The following lemmas on the scale-invariant comparison inequalities of the Green func-

tions for the Laplacian operator ∆ in small balls can be founded in [26, (2.19)] for d ≥ 3

and in [79, Lemma 3] for d = 2 respectively.

Lemma 2.2.6. There exists a constant K1 = K1(d) > 1 for d ≥ 3 such that for any

x0 ∈ Rd, r > 0, such that for any x 6= y ∈ B(x0, r), x 6= y,

K−1
1

|x− y|d−2

(
1 ∧

δB(x0,r)(x)
|x− y|

)(
1 ∧

δB(x0,r)(y)
|x− y|

)
≤ G∆

B(x0,r)(x, y)
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≤ K1
|x− y|d−2

(
1 ∧

δB(x0,r)(x)
|x− y|

)(
1 ∧

δB(x0,r)(y)
|x− y|

)
, (2.19)

where δB(x0,r)(y) is the Euclidean distance between the point y to B(x0, y)c.

Lemma 2.2.7. When d = 2, for any x0 ∈ Rd, r ∈ (0, 1), any x, y ∈ B(x0, r), we have

1
2π ln

(
1 +

δB(x0,r)(x)δB(x0,r)(y)
|x− y|2

) ≤ G∆
B(x0,r)(x, y)

)
≤ 1

2π ln
(
1 + 4

δB(x0,r)(x)δB(x0,r)(y)
|x− y|2

)
,

(2.20)

We also quote the two-sided scale-invariant Green function estimate for each L from [26,

Lemma 2.17].

Lemma 2.2.8. Let L ∈ N (Θ1,Θ2,Θ3,Θ4, γ, β, c1) and D be a bounded C1,1 domain with

characteristics (R0,Ξ0).There exist positive constants δ1 ∈ (0, 1)depending on

(d, β, γ,Θ1,Θ2,Θ3,Θ4, R0,Ξ0, diam(D)) and K0 = K0(d,Θ1, γ) > 1 such that for any λ ∈

(0, δ1) and bounded functions b2 with ‖b2‖∞ ≤ Θ3 ∨ (Θ2 + Θ3Θ4),

K−1
0 G∆

λD(x, y) ≤ GλD(x, y) ≤ K0G
∆
λD(x, y) for x, y ∈ λD, (2.21)

Let L ∈ N (Θ1,Θ2,Θ3,Θ4, γ, β, c1). Fix x′ ∈ D and let

MD(x, z) = GD(x, z)
GD(x′, z) , for x ∈ D, y ∈ D \ {x, x

′} (2.22)

be the Martin kernel of L for x ∈ D, z ∈ D \ {x, x′}. The Martin boundary for L in D is

defined to be the set ∂MD = D∗\D, whereD∗ is the smallest compact set for whichMD(x, z)

is continuous in z in the extended sense(See [7, Theorem 7.1] for detailed explanation for

this definition). The minimal boundary ∂minM D for L in D is the collection of all points

z ∈ ∂MD so that x 7→ MD(x, y) is a positive minimal L-harmonic function in D in the

sense that if h ≥ 0 is L-harmonic in D and h(x) ≤MD(x, y) on D, then h(x) = cMD(x, y)

for some constant 0 < c ≤ 1.

By Theorem 3.6 in [26] which is quoted below, we can identify the Euclidean boundary

as its Martin boundary with respect to the operator L of the form (1.3) whenD is a bounded

C1,1 domain.
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Theorem 2.2.9. Suppose that D is a bounded C1,1 domain with characteristics (R0,Ξ0).

Then there exists a positive constant δ1 > 0 such that that for any λ ∈ (0, δ1), the Martin

boundary and minimal Martin boundary λD with respect to L of the form (1.3) can be both

identified with its Euclidean boundary ∂(λD), where δ1 is the constant in Lemma 2.2.8.

Moreover, the Martin integral representation formula for nonnegative harmonic function

with respect to L is obtained in [26, Theorem 3.8].

Theorem 2.2.10. Let D be a bounded C1,1 domain and λ < δ1. If h is a nonnegative

harmonic function in λD with respect to L ∈ N (Θ1,Θ2,Θ3,Θ4, γ, β, c1), then there exists a

unique measure µh on ∂(λD) such that

h(x) =
∫
∂(λD)

MλD(x, z)h(z)µh(dz) +
∫
λD

c

∫
λD

GλD(x, y)Jb2(y, z)dyh(z)dz, (2.23)

where δ1 is the constant in Lemma 2.2.8, and Jb2 is the jump kernel defined in (1.15).

Suppose that L ∈ N (Θ1,Θ2,Θ3,Θ4, γ, β, c1) and q < 0 such that ‖q‖∞ = Θ5. Let

G̃B(x0,r)(·, ·) be the Green function for the operator L + q in the ball B(x0, r). We are

going to prove the existence and a comparison inequality for G̃B(x0,r)(·, ·). First, we quote

the 3G-lemma from [30, Lemma 2.1], which can also be found in [31, 78].

Lemma 2.2.11. (3G-Lemma) For any ball B ∈ Rd,

G∆
B(x, y)G∆

B(y, z)
G∆
B(x, z)

≤ CG(g(x− y) + g(y − z)) (2.24)

for every x, y, z ∈ B, where the constant CG depends only on d, and the function g is defined

in (2.2).

Proof. The proof can be found in [31].

For any L ∈ N (Θ1,Θ2,Θ3,Θ4, β, γ, c1), let {X̄t, t ≥ 0;Px, x ∈ Rd} be the Hunt process

corresponding to the operator L. Define

τD = inf{t ≥ 0; X̄t /∈ D}.
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Similar as the h-conditioned Brownian motion defined in [78, Page 131, 132], for any positive

Borel-measurable function h, Mt := h(X̄t)/h(X̄0) is a multiplicative functional M = {Mt :

0 ≤ t < ∞} of X̄ such that Ex[Mt] ≤ 1 for every t ≥ 0. For any Ft-measurable function

Φ ≥ 0, where Ft = σ{X̄s : s ≤ t}, t > 0, define

Exh[Φ; t < τD] := (h(x))−1Ex[Φ · h(X̄t); t < τD]; x ∈ D. (2.25)

and Exh[Φ; t < τD] is reduced to be a probability distribution function in B when Φ is of the

form 1{Xt∈B}, B ∈ D, where D is a Borel σ-field of D.

When D is a bounded C1,1 domain, since the Green function GD(·, v) for the operator

L is harmonic with respect to L in D \ {v}, then substituting h with GD(·, v) in (2.25),

we can define the GD(·, v)-conditioned Markov process whose state space is D \ {v} ∪ {∂},

and the associated probability and expectation are denoted as Pxv and Exv respectively. By

the definition of Martin kernel in (2.22) and by [26, Lemma 3.2, Lemma 3.4], MD(·, z) =

limy∈D,y→z
GD(x,y)
GD(x′,y) exists for any x ∈ D, z ∈ ∂D, and it is harmonic with respect to L in

D. Then we can similarly define theMD(·, z)-conditioned Markov process, whose associated

probability and expectation are denoted as Pxz and Exz respectively.

Definition 2.2.12. Let L ∈ N (Θ1,Θ2,Θ3,Θ4, β, γ, c1) and (X̄t, t ≥ 0;Px, x ∈ Rd) be the

Hunt process corresponding to L. We say that a set A ⊂ Rd is nearly Borel if for every

x ∈ Rd, there exist Borel subsets B and B′ in B(Rd) such that B ⊂ A ⊂ B′ and

Px(X̄t ∈ B′ \B for some t > 0) = 0.

The collection of nearly Borel sets is a σ-field, which we denote as Bn(Rd).We say that a

set A ⊂ Rd is polar if there exists a set D ∈ Bn(Rd) such that A ⊂ D and Px(TD <∞) = 0

for every x ∈ Rd.

Notice that the definition of nearly Borel set depends on the process X̄ and roughly

speaking, a set is nearly Borel if the process X̄ cannot distinguish it from a Borel set. Also,

it is easy to see that B(Rd) ⊂ Bn(Rd). We will omit further discussions and the reader can

refer to [11, Page 60] for more details on nearly Borel sets.

Lemma 2.2.13. Let L ∈ N (Θ1,Θ2,Θ3,Θ4, β, γ, c1) and (X̄t, t ≥ 0;Px, x ∈ Rd) be the Hunt

process corresponding to the operator L.Then any singleton set is a polar set.
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Proof. Fix a point v ∈ Rd. By Lemma 2.2.8 with D = B(v, 1), there exists constants

ε1 = ε1(d,Θ1,Θ2,Θ3,Θ4, β, γ) and K0 = (d,Θ1, γ) such that for any r ∈ (0, ε1), (2.21)

holds with λ = r. Since (2.21) is independent of the center point rv, then the Green

function GB(v,r) = Gr(B(v,1)−v)+v of X̄ in B(v, r) satisfies

K−1
0 G∆

B(v,r)(x, y) ≤ GB(v,r)(x, y) ≤ K0G
∆
B(v,r)(x, y), for x ∈ B(v, r), y ∈ B(v, r) \ {x}.

(2.26)

Define σB(v,r) = inf{t > 0 : X̄t ∈ B(v, r)} and τB(v,r) = inf{t > 0 : X̄t /∈ B(v, r)}. Notice

that for any x ∈ Rd,

U(x, {v}) : =
∫ ∞

0
Pxs ({v})ds

= Ex[EX̄σB(v,r) [
∫ τB(v,r)◦θσB(v,r)

0
1{v}(X̄s)ds]] + Ex[

∫ ∞
τB(v,r)

1{v}(X̄s)ds]

= Ex[
∫
{v}

GB(v,r)(X̄σB(v,r) , y)dy] + Ex[U(X̄τB(v,r) , {v})]. (2.27)

Since PtU(x, {v}) =
∫∞
0 Pxt+s({v})ds → U(x, {v}) as t → 0. Then U(·, {v}) is an excessive

function on Rd.

Denote by p(t, x, y) the transition density function of X̄t. By (2.1) and (2.6) in [26],

the transition density of X̄t for t > 0, there exists constants c̄k, k = 1, 2, 3 depending on

(d, β, γ,Θ1,Θ2,Θ3) such that

c̄−1
1 e−c1tp0(t, c̄2x, c̄2y) ≤ p(t, x, y) ≤ c̄1e

c̄1tp1(t, c̄3x, c̄3y) + t‖J1‖∞,

where p0(t, x, y) and p1(t, x, y) are the transition density functions for ∆ and ∆β/2 respec-

tively, and J1 =
∫
Rd 1{|z|≥1}b2(x, z)j0(z)dz.

Then for any x ∈ Rd, Pxt ({v}) =
∫
{v} p(t, x, y)dy = 0 for each t > 0, and thus U(x, {v}) =

0 for every x ∈ Rd. Also, by (2.19),(2.20),(2.26), when x = v in (2.27),

U(v, {v}) ≥
∫
{v}

GB(v,r)(v, y)dy ≥ K0
−1
∫
{v}

G∆
B(v,r)(v, y)dy =∞.

Then by [11, Proposition 3.14], {v} is a polar set.

Let Fτ− be the σ−field of events of Y strictly prior to the stopping time τ . That is, Fτ−

is σ−field generated by F0 and the sets A ∩ {τ > t} for A ∈ Ft and t > 0.
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In the following Lemma 2.2.14-Theorem 2.2.21, unless we mentioned in particular, we

will assume that L ∈ N (Θ1,Θ2,Θ3,Θ4, γ, β, c1) and (X̄t, t ≥ 0;Px, x ∈ Rd) is the Hunt

process corresponding to L and X̃ is the subprocess of X̄ with killing rate −q, such that

‖q‖∞ = Θ5.

Lemma 2.2.14. There exists a constant r5 = r5(d, β, γ,Θ1,Θ2,Θ3,Θ4,Θ5) < 1 such that

for any r ∈ (0, r5), x0 ∈ Rd, we have

1/2 ≤ Exv [exp(
∫ τB(x0,r)\{v}

0
|q|(X̄s)ds)] ≤ 2, for v ∈ B(x0, r), x ∈ B(x0, r) \ {v}, (2.28)

and

1/2 ≤ Exz [exp(
∫ τB

0
|q|(X̄s)ds)] ≤ 2, for x ∈ B(x0, r), z ∈ ∂B(x0, r). (2.29)

where τB(x0,r)\{v} = inf{t > 0 : X̄t /∈ B(x0, r) \ {v}}, τB = inf{t > 0 : X̄t /∈ B(x0, r)}, and

Pxv ,Pxz are defined in (2.25).

Proof. Fix x0 ∈ Rd. By Lemma 2.2.8 with D = B(x0, 1), then there exists a constant

ε2 = ε2(d, β, γ,Θ1,Θ2,Θ3,Θ4) > 0 and K0 = K0(d, γ,Θ1) > 0 such that for any r ∈ (0, ε2),

satisfies (2.21) with λ = r. Since B(x0, r) = r(D−x0) +x0, then by denoting B = B(x0, r),

the Green function GB(·, ·) of X̄ in B satisfies

K−1
0 G∆

B(x, y) ≤ GB(x, y) ≤ K0G
∆
B(x, y), for x ∈ B(x0, r), y ∈ B(x0, r) \ {x}.

Then for any x ∈ B, v ∈ B \ {x}, by Lemma 2.2.13, and the definition of the polar set

and the fact that {v} ∈ Bn(Rd), τB\{v} = τB a.s.

Then by the definition of Exv , (2.21),

Exv [
∫ τB\{v}

0
|q|(X̄s)ds] = (GB(x, v))−1Ex[

∫ τB

0
GB(X̄s, v)|q|(X̄s)ds]

=
∫
B

GB(x, y)GB(y, v)
GB(x, v) |q|(y)dy

≤ K3
0

∫
B

G∆
B(x, y)G∆

B(y, v)
G∆
B(x, v)

|q|(y)dy. (2.30)

Then by Lemma 2.2.11, there exists a constant r5 ∈ (0, ε2) depending on (d,K0,Θ5) such

that for any r ∈ (0, r5),

K3
0

∫
B

G∆
B(x, y)G∆

B(y, v)
G∆
B(x, v)

|q|(y)dy ≤ 1/2, (2.31)
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so that by Jenson’s inequality, we have for any r ∈ (0, r5), x ∈ B(x0, r), v ∈ B(x0, r) \ {x},

Exv [exp(
∫ τB\{v}

0
q(X̄s)ds)] ≥ exp(Exv [−

∫ τB\{v}

0
|q|(X̄s)ds]) ≥ e1/2 > 1/2.

Then by (2.30),(2.31) and Khas’minskii’s Lemma in [31, Lemma 3.7], we have

Exv [exp(
∫ τB\{v}

0
q(X̄s)ds)] ≤ Exv [exp(

∫ τB\{v}

0
|q|(X̄s)ds)]

≤ 1
1− supx∈B(x0,r) Exv [

∫ τB\{v}
0 |q|(X̄s)ds]

≤ 2.

For any x0 ∈ Rd, by [26, Lemma 3.2] with D = B(x0, 1) and the fact B(x0, r) = r(D −

x0) + x0 for any r ∈ (0, ε2), where ε2 is the constant in the above, denoting B = B(x0, r),

for any x ∈ B, z ∈ ∂B, MB(x, z) := limy∈B,y→z GB(x, y)/GB(x′, y) exists.

Then by the definition of Exz , and dominated convergence theorem,

Exz [
∫ τB

0
|q|(X̄s)ds] = (MB(x, y))−1Ex[

∫ τB

0
MB(X̄s, z)|q|(X̄s)ds]

=
∫
B

GB(x, v)MB(v, z)
MB(x, z) |q|(v)dv

=
∫
B

lim
y∈B,y→z

GB(x, v)GB(v, y)
GB(x, y) |q|(v)dv

≤ lim
y∈B,y→z

∫
B

GB(x, v)GB(v, y)
GB(x, y) |q|(v)dv. (2.32)

Following the above similar argument, by (2.32), Lemma 2.2.8 with D = B(x0, 1) and λ = r,

Lemma 2.2.11, Jenson’s inequality and Khas’minskii’s Lemma in [78, Lemma 3.7], for any

r ∈ (0, r5),

1/2 ≤ Exz [exp(
∫ τB

0
q(X̄s)ds)] ≤ 2, for x ∈ B(x0, r), z ∈ ∂B(x0, r). (2.33)

Next we will establish the lemma on the scale-invariant estimate for the Green function

G̃B(x0,r) of L+ q in a ball B(x0, r) for any r ∈ (0, r5) .

Lemma 2.2.15. There exists a constant C0 = C0(d, γ,Θ1) > 1 such that for any x0 ∈ Rd,

r ∈ (0, r5), the Green function G̃B(x0,r)(·, ·) for L+ q in B(x0, r) exists and satisfies that

C−1
0 G∆

B(x0,r)(x, y) ≤ G̃B(x0,r)(x, y) ≤ C0G
∆
B(x0,r)(x, y), x ∈ B(x0, r), y ∈ B(x0, r) \ {x},

(2.34)
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where r5 is the constant in Lemma 2.2.14 and C0 = 2K0 with K0 being the constant in

Lemma 2.2.8.

Proof. Fix x0 ∈ Rd.Then by Lemma 3.5 in [16] with G(x, y) = GB(x0,r)(x, y) and ζy =

τB(x0,r)\{y},

G̃B(x0,r)(x, y) = GB(x0,r)(x, y)Exy [exp(
∫ τB(x0,r)\{y}

0
|q|(X̄s)ds)],

where GB(x0,r)(·, ·) is the Green function for L in B(x0, r). Then the conclusion follows by

Lemma 2.2.8 and (2.28).

Corollary 2.2.16. For any G ∈ N (c0,m, γ, β,Θ1,Θ2,Θ3,Θ4,Θ5, c1, ϑ), let ((Xt,Λt), t ≥

0;P(x,i), (x, i) ∈ Rd ×M) be the solution solving the martingale problem (G, C2
b (Rd ×M)).

Then there exists a constant c1 = c1(d, γ,Θ1) > 0 and c2 = c2(ε, d, γ,Θ1) > 0 such that for

any x0 ∈ Rd, r ∈ (0, 1), ε ∈ (0, 1), (x, i) ∈ B(x0, (1− ε)r)×M,

c2r
2 ≤ E(x,i)[τB(x0,r) ∧ τ1] ≤ c1r

2.

Proof. Let {(X,Λ);P(x,i)(x, i) ∈ Rd ×M} be the strong Markov process corresponding to

the operator G ∈ N (c0,m, γ, β,Θ1,Θ2,Θ3,Θ4,Θ5, c1, ϑ). And let τBB(x0,r) be the exit time

of the ball B(x0, r) for a Brownian motion B starting from x. Recall that τ1 is defined in

(1.19). Then by (2.34), there exist a constant c2 > 0 depending only on (ε, d, γ,Θ1) such

that

E(x,i)[τB(x0,r) ∧ τ1] =
∫
Rd
G̃iB(x0,r)(x, y)dy

≥
∫
Rd
C−1

0 G∆
B(x0,r)(x, y)dy

= C−1
0 Ex[τBB(x0,r)]

≥ c2r
2. (2.35)

Similarly, by (2.34), there exists a constant c̃1 > 0 depending only on (d, γ,Θ1), for any

(x, i) ∈ B(x0, r)×M,

E(x,i)[τB(x0,r) ∧ τ1] ≤ C0Ex[τBB(x0,r)]

≤ c̃1r
2. (2.36)
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Then similar like [26, Lemma 3.3], by the Lévy system formula, we have the following

lemma.

Lemma 2.2.17. For any x0 ∈ Rd, r ∈ (0, r5), any non-negative function h defined on Rd,

we have for every x ∈ B(x0, r),

Ex[h(X̃τB(x0,r)
), X̃τB(x0,r)

− 6= X̃τB(x0,r)
] =

∫
B(x0,r)

c

∫
B(x0,r)

G̃B(x0,r)(x, y)Jb2(y, u)dyh(u)du,

(2.37)

where Jb2(y, u) = b2(y, u− y)j0(y − u) and r5 is the constant in Lemma 2.2.15.

Denote by M∆
B(x0,r)(x, z) the Martin kernel of the Laplacian operator ∆ in B(x0, r),

r ∈ (0, r5), x ∈ B(x0, r), z ∈ ∂B(x0, r). In the following, we will obtain the existence and

the scale-invariant estimate for the Martin kernel M̃B(x0,r)(·, ·) for L+ q in B(x0, r) for any

r ∈ (0, r5).

Lemma 2.2.18. For any x0 ∈ Rd, r ∈ (0, r5), any x ∈ B(x0, r), z ∈ ∂B(x0, r), M̃B(x0,r)(x, z) =

limy→z
M̃B(x0,r)(x,y)
M̃B(x0,r)(x

′,y)
exists and satisfies that

C−2
0 M∆

B(x0,r)(x, z) ≤ M̃B(x0,r)(x, z) ≤ C
2
0M

∆
B(x0,r)(x, z), x ∈ B(x0, r), z ∈ ∂B(x0, r),

(2.38)

where r5 and C0 are the constants in Lemma 2.2.15.

Proof. The proof of existence of follows by the definition of Exy in (2.25) and [26, Lemma

3.1, Lemma 3.2]. And the inequality (2.38) follows by Lemma 2.2.15.

Following the proof of [25, Lemma 3.4], we can obtain the following lemma on the

harmonicity for the killed Martin kernel M̃B(x0,r)(·, z) with respect to L+ q in small balls.

Lemma 2.2.19. For any x0 ∈ Rd, r ∈ (0, r5), for any z ∈ ∂B(x0, r),M̃B(x0,r)(·, z) is

harmonic with respect to L+ q in B(x0, r).

Similar like [26, Lemma 3.6], we obtain the following theorem.

Theorem 2.2.20. For any x0 ∈ Rd, r ∈ (0, r5), the Martin boundary and minimal Martin

boundary of B(x0, r) for L+ q can all be identified with its Euclidean boundary ∂B(x0, r).
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Proof. The proof follows by Lemma 2.2.18 and [18, Theorem 4.4].

Hence, following the similar arguement in [26, Theorem 3.8], by Lemma 2.2.15, Lemma

2.2.17 and Theorem 2.2.20, we have the following theorem.

Theorem 2.2.21. For x0 ∈ Rd, r ∈ (0, r5), if h̃ is a nonnegative function defined in Rd

that is harmonic with with respect to L + q in B(x0, r) , there exists a unique measure µ
h̃

on ∂B(x0, r) such that for any x ∈ B(x0, r),

h̃(x) =
∫
∂B(x0,r)

M̃B(x0,r)(x, z)h̃(z)µ
h̃
(dz) +

∫
B(x0,r)

c

∫
B(x0,r)

G̃B(x0,r)(x, y)Jb2(y, z)dyh̃(z)dz.

(2.39)

Next, given an operator G ∈ N (c0,m, γ, β,Θ1,Θ2,Θ3,Θ4,Θ5, c1, ϑ), for any ball in Rd

with r(B) ≤ r5, define G̃B(·, ·) on B×B and anotherm×mmatrix function Q̃ : Rd 7→ Rm×m

by

G̃B(·, ·) =



G̃1
B(·, ·) 0 . . . 0

0 G̃2
B(·, ·) . . . 0

...
... . . . ...

0 0 · · · G̃mB (·, ·)


, Q̃ =



0 q12 . . . q1m

q21 0 . . . q2m
...

... . . . ...

qm1 qm2 · · · 0


, (2.40)

where G̃kB(·, ·) is the Green function of Lk + qkk on B, and r5 is the constant in Lemma

2.2.14. Then G̃B(·, ·) is the Green function of the non-coupled operator L̃,where

L̃ =



L1 + q11 0 . . . 0

0 L2 + q22 . . . 0
...

... . . . ...

0 0 · · · Lm + qmm


. (2.41)

By abusing the notation, let us denote by G̃B the Green operator of L̃ and G̃kB the Green

operator with respect to Lk + qkk on B with zero Dirichlet boundary condition.

To develop a representation of u in terms of {h(·, i)}i∈M in (2.15), we need the following

lemma on the boundedness of the operator G̃BQ̃.
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Lemma 2.2.22. Let G ∈ N (c0,m, γ, β,Θ1,Θ2,Θ3,Θ4,Θ5, c1, ϑ).Then there exists a

δ3 = δ3(d,m, β, γ,Θ1,Θ2,Θ3,Θ4,Θ5) > 0 such that for any x0 ∈ Rd, r ∈ (0, δ3], G̃B(x0,r)Q̃

is a bounded operator on ((B(B(x0, r)×M)), ‖ · ‖∞) with

‖G̃B(x0,r)Q̃‖∞ < 1/4. (2.42)

Proof. Fix x0 ∈ Rd. When d ≥ 3, By Lemma 2.2.6, for any x0 ∈ Rd, r > 0,

sup
x∈B(x0,r)

∫
B(x0,r)

G∆
B(x0,r)(x, y)dy ≤ ωdK1r

2, (2.43)

where ωd is the volume of d-dimensional unit sphere.

When d = 2, since ln(1+z) ≤ 1+z for z ≥ 0, then by Lemma 2.2.7, for any x0 ∈ Rd, r ∈

(0, 1),

sup
x∈B(x0,r)

∫
B(x0,r)

G∆
B(x0,r)(x, y)dy ≤ (ωdr2)(1 + 4 ln 2)/(2π) ≤ ωdK1r

2, (2.44)

Let

δ3 = (1/
√

4(m− 1)ωdC0(CG +K1)Θ5) ∧ (r5/2), (2.45)

where CG, r5 and C0 are the constants in Lemma 2.2.11, Lemma 2.2.14 and Lemma 2.2.15

respectively.Then for any r ∈ (0, δ3], u ∈ (B(B(x0, r) × M))m, it follows that for any

k, l ∈M, by (2.14),(2.34), (2.43),(2.44),

∣∣∣[G̃kB(x0,r)Q̃u]k(x)
∣∣∣ =

∣∣∣ l=m∑
l=1,l 6=k

∫
B(x0,r)

G̃kB(x0,r)(x, y)qkl(y)u(y, l)dy
∣∣∣

≤ C0Θ5(m− 1)‖u‖∞
∫
B(x0,r)

G∆
B(x0,r)(x, y)dy < ‖u‖∞/4.

Therefore, for any r ∈ (0, δ3), G̃B(x0,r)Q̃ is a bounded operator from ((B(B(x0, r) ×M))m

to itself such that ‖G̃B(x0,r)Q̃‖∞ < 1/4. Here B(B(x0, r) ×M) is the space of bounded

functions defined on B(x0, r)×M.

Proposition 2.2.23. Let G ∈ N (c0,m, γ, β,Θ1,Θ2,Θ3,Θ4,Θ5, c1, ϑ) and ((Xt,Λt), t ≥

0;P(x,i), x ∈ Rd×M)) be the Hunt process corresponding to the operator G. For any function
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u defined in (2.13) with D = B(x0, r)×M, where x0 ∈ Rd, r > 0, we have for any integer

K ∈ N, any (x, i) ∈ B(x0, r)×M,

u(x, i) = h(x, i) +
K∑
k=1

m∑
l1,...,lk=1,

l1 6=i,l2 6=l1,...,lk 6=lk−1

G̃iB(x0,r)(qil1(G̃l1B(x0,r)ql1l2(. . . (G̃lk−1
B(x0,r)qlk−1lkh(·, lk) . . . )))(x)

+
m∑

l1,...,lK=1,
l1 6=i,l2 6=l1,...,lK 6=lK−1

G̃iB(x0,r)(qil1(G̃l1B(x0,r)ql1l2(. . . (G̃lK−1
B(x0,r)qlK−1lKu(·, lK)) . . . )))(x),

(2.46)

where h(x, i) is defined in (2.15).

When φ in (2.13) is bounded, for any x0 ∈ Rd, r ∈ (0, δ3], we have for any (x, i) ∈

B(x0, r)×M,

u(x, i) = h(x, i) +
∞∑
k=1

m∑
l1,...,lk=1,

l1 6=i,l2 6=l1,...,lk 6=lk−1

G̃iB(x0,r)(qil1(G̃l1B(x0,r)ql1l2(. . . (G̃lk−1
B(x0,r)qlk−1lkh(·, lk)) . . . )))(x),

(2.47)

and we have

u(x, i) = h(x, i) +
∞∑
n=1

∑
l∈M

∑
(i,l1,...,ln)∈Ψ(n;i,l)

G̃iB(qil1(G̃l1Bql1l2(. . . (G̃ln−1
B qln−1lnh(·, ln)) . . . )))(x),

(2.48)

if we represent (2.47) in terms of valid paths in each Ψ(n; i, l). Here δ3 is the constant in

Lemma 2.2.22 and Ψ(n; i, l) is defined in (1.16).

Proof. Define τ2 = inf{t > τ1 : Λt 6= Λτ1}, where τ1 is defined in (1.19). Then by Proposition

2.2.5, and the strong Markov property of (X,Λ), we have for any (x, i) ∈ B(x0, r)×M,

u(x, i) = h(x, i) +
m∑

j=1,j 6=i
G̃iB(x0,r)(qiju(·, j))(x)

= h(x, i) +
m∑

j=1,j 6=i
E(x,i)[

∫ τB(x0r)∧τ1

0
qiju(Xs, j)ds]

= h(x, i) +
m∑

j=1,j 6=i
E(x,i)[

∫ τB(x0r)∧τ1

0
qij(hj(Xs) +

m∑
l=1,l 6=j

(G̃jB(x0,r)qjlu(·, l))(Xs))ds]
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= h(x, i) +
m∑

j=1,j 6=i
G̃iB(x0,r)(qijh(·, j))(x) +

m∑
j,l=1,j 6=l,j 6=i

G̃iB(x0,r)(qij(G̃
j
B(x0,r)qjlu(·, l)))(x).

Iterating (2.14) for K − 1 times as above, we obtain (2.46). Then by (2.40), if we represent

(2.46) in terms of vectors, we have for any x ∈ B(x0, r),

u(x) = h(x) +
K∑
k=1

(G̃B(x0,r)Q̃)kh(x) + (G̃B(x0,r)Q̃)Ku(x), (2.49)

where u(x) = [u(x, 1), ..., u(x,m)]T , and h(x) = [h(x, 1), ..., h(x, i)]T .

If φ is bounded, then by (2.13), u is bounded. Then by Lemma 2.2.22, for any x0 ∈

Rd, r ∈ (0, δ3], any bounded and nonnegative function u on B(x0, r),

lim
K→∞

(G̃B(x0,r)Q̃)Ku(x) = ~0,

where ~0 represents the zero vector of dimension m. Therefore,

u(x) = h(x) +
∞∑
k=1

(G̃B(x0,r)Q̃)kh(x), x ∈ B(x0, r),

i.e., for any (x, i) ∈ B(x0, r)×M,

u(x, i) = h(x, i) +
∞∑
k=1

m∑
l1,...,ln=1,

l1 6=i,l2 6=l1,...lk−1 6=lk

G̃iB(qil1(G̃l1Bql1l2(...(G̃lk−1
B qlk−1lnh(·, lk))...)))(x).

If we represent it in terms of valid paths,

u(x, i) = h(x, i) +
∞∑
n=1

∑
l∈M

m∑
(i,l1,...,ln)∈Ψ(n;i,l)

G̃iB(qil1(G̃l1Bql1l2(...(G̃ln−1
B qln−1lnh(·, ln))...)))(x).

2.3 Hölder regularity

Proof of Theorem 2.1.3.

For any x0 ∈ Rd, r ∈ (0, r̃0), denote B = B(x0, 2r/3), where r̃0 will be determined

later. For any i ∈M, let {Xi
s, s ≥ 0;Px, x ∈ Rd} be the Hunt process corresponding to the

operator Li starting from x. Define τ iB = inf{t > 0 : Xi
t /∈ B}.
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First we claim that for any x ∈ B,

hi(x) = ũi(x) +GiB(qiihi)(x),

where ũi(x) = Ex[u(Xi
τ iB
, i)], GiB is the Green operator for Li with zero Dirichlet boundary

condition. By the definition of harmonic functions with respect to Li + qii,

hi(x) = Ex[exp(
∫ τ iB

0
qii(Xi

s)ds)u(Xi
τ iB
, i)]

= ũi(x) + Ex[(exp(
∫ τ iB

0
qii(Xi

s)ds)− 1)u(Xi
τ iB
, i)]

= ũi(x) + Ex[
∫ τ iB

0
(exp(

∫ τ iB

s
qii(Xi

t)dt))qii(Xi
s)u(Xi

τ iB
, i)ds]

= ũi(x) + Ex[
∫ τ iB

0
qii(Xi

s)EX
i
s [exp(

∫ τ iB

0
qii(Xi

t)dt)u(Xi
τ iB
, i)]ds]

= ũi(x) + Ex[
∫ τ iB

0
qii(Xi

s)hi(Xi
s)ds]

= ũi(x) +
∫
B
GiB(x, y)qii(y)hi(y)dy.

= ũi(x) +GiBqiihi(x), (3.1)

Notice that by Lemma 2.36, for any x ∈ B(x0, r/2), r ∈ (0, r0),

|
∫
B
GiB(x, y)qii(y)hi(y)dy| ≤ 4c̃1Θ5‖u‖∞r2/9, (3.2)

where r0 is the constant in Lemma 2.36. We will get the similar result when x is replaced

by y.

Since by Theorem 1.1.1, there exists a constant Ci3 = Ci3, r4 ∈ (0, 1/4) and α ∈ (0, 1)

which both depend on(d,Θ1,Θ2,Θ3,Θ4, β) such that for any x0 ∈ Rd, r ∈ (0, r4), any

bounded function ũi defined in Rd that is harmonic with respect to Li in B(x0, r),

(ũi(x)− ũi(y))| ≤ Ci3‖ui‖∞(‖x− y‖
r

)α, for x, y ∈ B(x0, r/2). (3.3)

Let r̃0 = r0 ∧ r4. Therefore by (3.1), (3.2), (3.3), for any r ∈ (0, r̃0) ⊂ (0, 1/4), x, y ∈

B(x0, r/2),

|hi(x)− hi(y)| ≤ |ũi(x)− ũi(y)|+ |GiBqiihi(x)|+ |GiBqiihi(y)|

≤ Ci3‖u‖∞( |x− y|
r

)α + 8c̃1r
2Θ5‖u‖∞/9. (3.4)
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Set r = |x− y|1/2, we have

|hi(x)− hi(y)| ≤ |ũi(x)− ũi(y)|+ |GiBqiihi(x)|+ |GiBqiihi(y)|

≤ Ci3‖u‖∞|x− y|α/2 + 8c̃1|x− y|Θ5‖u‖∞/9

≤ (Ci3 + 8Θ5c̃1r̃
1−α/2
0 /9)‖u‖∞|x− y|α/2. (3.5)

For any x0 ∈ Rd, r ∈ (0, r̃0), denote B̃ = B(x0, 2r/3). Define τ
B̃

= inf{t > 0 : (Xt,Λt) /∈

B̃×M}. By Lemma 2.36, for any x ∈ B(x0, r/2), we estimate each term in the second part

of (2.14) such that

|G̃i
B̃

(qiku(·, k))(x)| ≤ 4c̃1r
2Θ5‖u‖∞/9, (3.6)

Therefore, by (2.14), (3.5), (3.6), for any r ∈ (0, r̃0), x, y ∈ B(x0, r/2), we have

‖u(x)− u(y)‖ = sup
i∈M
|u(x, i)− u(y, i)|

≤ sup
i∈M

(|hi(x)− hi(y)|+
m∑

k=1,k 6=i
(|Gi

B̃
(qiku(·, k))(x)|+ |Gi

B̃
(qiku(·, k))(y)|)

≤ (max
i∈M

Ci3 + 8Θ5c̃1r̃
1−α/2
0 /9)‖u‖∞|x− y|α/2 + 8(m− 1)c̃1Θ5‖u‖∞r2/9.

Set r = |x− y|1/2, α1 = α/2. We have for any r ∈ (0, r̃0), x, y ∈ B(x0, r/2),

‖u(x)− u(y)‖ ≤ (max
i∈M

Ci3 + 8Θ5c̃1r̃
1−α/2
0 /9)‖u‖∞|x− y|α/2 + 8(m− 1)c̃1Θ5‖u‖∞|x− y|/9

≤ (max
i∈M

Ci3 + 8mc̃1r̃
1−α/2
0 /9)Θ5‖u‖∞|x− y|α/2 := C1‖u‖∞|x− y|α/2. (3.7)

2.4 Scale-invariant Harnack inequality for each level

Proposition 2.4.1. Suppose that the operator L ∈ N (Θ1,Θ2,Θ3,Θ4, γ, β, c1), and {X̄t, t ≥

0;Px, x ∈ Rd} is the Hunt process corresponding to the operator L starting at x. Let X̃ be

the subprocess of X̄ with killing rate −q such that ‖q‖∞ = Θ5. There exists a constant

C̃2 = C̃2(d, β, γ,Θ1, ϑ) > 0 such that for any x0 ∈ Rd, r ∈ (0, δ3], any nonnegative functions

h defined in Rd that is harmonic with respect to L+ q in B(x0, r),

h(y1) ≤ C2h(y2), for any y1, y2 ∈ B(x0, r/4). (4.1)

Here δ3 is the constant in Lemma 2.2.22.
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Proof. For simplicity, we just give a proof for the d ≥ 3, the case for d = 2 is similar by

using Lemma 2.2.7 instead of Lemma 2.2.6. This follows the same idea of [26, Theorem

1.7]. We spell out the details here for the reader’s convenience.

For any x0 ∈ Rd, r ∈ (0, δ3],where δ3 is the constant in Lemma 2.2.22, let τB(x0,r) =

inf{t > 0 : X̄t /∈ B(x0, r)}. By shrinking the value of r a little bit, we may assume without

loss of generality that h(x) = Ex
[
h(X̃τB(x0,r)

)
]
, x ∈ B(x0, r). As h is the increasing limit

of bounded harmonic functions hn(x) := Ex
[
(h ∧ n)(X̃τB(x0,r)

)
]
, it suffices to establish the

Harnack inequality for bounded nonnegative harmonic functions h in B(x0, r).

Denote Br = B(x0, r). Then by Theorem 2.2.21, there exists a unique measure µh on

∂Br, such that for any for any x ∈ B(x0, r),

h(x) =
∫
∂Br

M̃Br(x, z)h(z)µh(dz) +
∫
Br

c

∫
Br
G̃Br(x, y)Jb2(y, z)dyh(z)dz

=
∫
∂Br

M̃Br(x, z)h(z)µh(dz) +
∫
Br

c

∫
Br\Br/2

G̃Br(x, y)Jb2(y, z)dyh(z)dz

+
∫
Br

c

∫
Br/2

G̃Br(x, y)Jb2(y, z)dyh(z)dz.

= h1(x) + h2(x) + h3(x). (4.2)

Since for any z ∈ ∂Br, M∆
Br

(·, z) is harmonic with respect to ∆ in B(x0, r), then there

exists a constant C2 = C2(d) > 0 such that for any x, x′ ∈ B(x0, r/2),

M∆
Br(x, z) ≤ C2M

∆
Br(x

′, z). (4.3)

Therefore, by Lemma 2.2.18,

h1(x) ≤ C4
0C2h1(x′) for any x, x′ ∈ B(x0, r/2). (4.4)

Also, by Lemma 2.2.6, there exists a constant C3 = C3(d) > 0 such that

G∆
Br(x, y) ≤ C3G

∆
Br(x

′, y) for any x, x′ ∈ B(x0, r/4), y ∈ Br \Br/2. (4.5)

Therefore, by Lemma 2.2.15, (4.5), h2(x) ≤ C2
0C3h2(x′) for any x, x′ ∈ B(x0, r/4).

Next, on one hand, by the UJS condition (1.15) for Jb2 , (2.43), Lemma 2.2.15, for any

x ∈ B(x0, r/2),

h3(x) =
∫
Br

c

∫
Br/2

G̃Br(x, y)Jb2(y, z)dyh(z)dz
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≤ C0ϑ

∫
Br

c

∫
Br/2

G∆
Br(x, y) 1

|B(y, r/4)|

∫
B(y,r/4)

Jb2(u, z)dudyh(z)dz

≤ 4dC0ϑ/(ωdrd)
∫
Br

c
(
∫
Br/2

G∆
Br(x, y)dy)

∫
B3r/4

Jb2(u, z)duh(z)dz

≤ c3C0K1ϑr
2−d

∫
Br

c

∫
B3r/4

Jb2(u, z)duh(z)dz, (4.6)

where ωd and c3 are constants depending only on d, and therefore c4C0K1ϑ/ωd depends on

(d, β, γ,Θ1, ϑ), and independent of r.

On the other hand, by Lemma 2.2.6, Lemma 2.2.15, for any x′ ∈ B(x0, r/2),

h(x′) ≥ Ex
′ [h(X̃τB7r/8

); X̃τB7r/8
∈ Br

c]

≥ C−1
0

∫
Br

c

( ∫
B3r/4

G∆
B7r/8

(x′ , y)Jb2(y, z)dy
)
h(z)dz

≥ c4(C0K1)−1r2−d
∫
Br

c

∫
B3r/4

Jb2(y, z)dyh(z)dz, (4.7)

where c4(C0K1)−1 depends only on (d, γ,Θ1) and independent of r.

Therefore by (4.2), (4.3),(4.5),(4.6),(4.7), for any x, x′ ∈ B(x0, r/4),

h1(x) + h2(x) + h3(x) ≤ (C2 + C3 + c3C
2
0K

2
1ϑ/c4)h(x′) := C̃2h(x′),

where C̃2 depends only on (d, β, γ,Θ1, ϑ).

Proof of Theorem 2.1.4:

Fix x0 ∈ Rd, r ∈ (0, r̃1], with r̃1 = r0 ∧ δ3, where r0 and δ3 are the constants in Lemma 2.36

and Lemma 2.2.22 respectively. Notice that r̃1 < r5 < 1 by Lemma 2.2.14 and (2.45).

Similar to the beginning of the argument in Proposition 2.4.1, it suffices to establish the

Harnack inequality for bounded nonnegative functions u defined in Rd that is G-harmonic

in B(x0, r). For any k ∈ M, let X̃k be the Hunt process corresponding to the operator

Lk + qkk for Lk ∈ N (Θ1,Θ2,Θ3,Θ4, γ, β, c1).

For any x0 ∈ Rd, r ∈ (0, r̃1], denoting B = B(x0, r/2), by the definition of h(x, k) and τ1

in (1.18) and (1.19), (2.7), h(x, k) is harmonic with respect to Lk + qkk in B, i.e,

h(x, k) = E(x,k)[u(X̃k
τB
, k)] for x ∈ B.
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Then by Theorem 2.2.21, there exists a unique measure µku on ∂B, such that for any x ∈ B,

h(x, k) =
∫
B
c

∫
B
G̃kB(x, y)Jb2,k(y, z)dyu(z, k)dz +

∫
∂B
M̃k
B(x, z)u(z, k)µku(dz).

Hence by Proposition 2.4.1, there exists a constant C̃2 = C̃2(d, β, γ,Θ1, ϑ) > 0 such that for

any x, x′ ∈ B(x0, r/8),

h(x, k) ≤ C̃2h(x′, k). (4.8)

For any C > 0, x ∈ B, k, l ∈M, r ∈ (0, r̃1], define

F Ikl(C;x, z, r) : =
∞∑
n=1

∑
Ψ0(n;k,l)

Cnq0
kl1q

0
l1l2 ...q

0
ln−1l

∫
Bn
G∆
B(x, y1)G∆

B(y1, y2)...G∆
B(yn−1, yn)(

∫
B

CG∆
B(yn, y)Jb2,l(y, z)1Bc(z)dy)dy1dy2...dyn, for z ∈ B

c
, (4.9)

and

F IIkl (C;x, z, r) : =
∞∑
n=1

∑
Ψ0(n;k,l)

Cnq0
kl1q

0
l1l2 ...q

0
ln−1l

∫
Bn
G∆
B(x, y1)G∆

B(y1, y2)...G∆
B(yn−1, yn)

(C2M∆
B (yn, z)1∂B(z))dy1dy2...dyn, for z ∈ ∂B. (4.10)

For each k ∈M, recall that

E(k) = {l ∈M \ k : Ψ0(n, k, l) 6= ∅, n ∈ N}. (4.11)

Then by (1.13), Lemma 2.2.15, Lemma 2.2.18, Theorem 2.2.21, (2.48), (4.9),(4.10),(4.11),

for any (x, k) ∈ B ×M, it yields that

h(x, k) +
∑

l∈E(k)∪{k}
(
∫
B
c
F Ikl(c0C

−1
0 ;x, z, r)u(z, l)dz +

∫
∂B
F IIkl (c0C

−1
0 ;x, z, r)u(z, l)µlu(dz))

≤ u(x, k) ≤ h(x, k) +
∑

l∈E(k)∪{k}
(
∫
B
c
F Ikl(C0;x, z, r)u(z, l)dz +

∫
∂B
F IIkl (C0;x, z, r)u(z, l)µlu(dz)).

(4.12)

By the 3G-Lemma (Lemma 2.2.11), for any x, y ∈ B,∫
B
G∆
B(x, y1)G∆

B(y1, y)dy1 ≤ CGG
∆
B(x, y)(sup

x∈B

∫
B
|x− y1|2−ddy1 + sup

y∈B

∫
B
|y − y1|2−ddy1)

≤ CGωdr
2G∆

B(x, y) =: Cgr2G∆
B(x, y), (4.13)



94

Then by Lemma 2.2.11, (4.13), for any r ∈ (0, r̃1], x ∈ B, z ∈ Bc, we have

F Ikl(C0;x, z, r) ≤
∞∑
n=1

∑
Ψ0(n;k,l)

(CgC0)nq0
kl1q

0
l1l2 ...q

0
ln−1lr

2n(
∫
B
C0G

∆
B(x, y)Jb2,l(y, z)1Bc(z)dy)

≤
∞∑
n=1

(CgC0r
2)n

∑
Ψ0(n;k,l)

q0
kl1q

0
l1l2 ...q

0
ln−1l(

∫
B
C0G

∆
B(x, y)Jb2,l(y, z)1Bc(z)dy).

(4.14)

By Lemma 2.2.6, for any x, y ∈ B(x0, 3r/8), B = B(x0, r/2),

G∆
B(x, y) ≥ K−1

1 (3r/4)2−d/36, (4.15)

and for any x ∈ B(x0, r/8), y ∈ B(x0, 3r/8),

G∆
B(x, y) ≥ 3K−1

1 (r/2)2−d/16 ≥ K−1
1 (3r/4)2−d/36. (4.16)

Then by (4.15), (4.16), for any k, l ∈M, r ∈ (0, r̃1], x ∈ B, z ∈ Bc, we have

F Ikl(c0C
−1
0 ;x, z, r)

≥
∞∑
n=1

∑
Ψ0(n;k,l)

cn0C
−n
0 q0

kl1q
0
l1l2 ...q

0
ln−1l

∫
B(x0,3r/8)n−1

G∆
B(x, y1)...

∫
B(x0,r/8)

G∆
B(yn−1, yn)(

∫
B
C−1

0 G∆
B(yn, y)

Jb2,l(y, z)1Bc(z)dy)dyndyn−1...dy1

≥
∞∑
n=1

∑
Ψ0(n;k,l)

cn0C
−n
0 q0

kl1q
0
l1l2 ...q

0
ln−1l(K

−1
1

∫
B(x0,3r/8)

((3r/4)2−d/36)dy1)n−1
∫
B(x0,r/8)

(K−1
1 (3r/4)2−d/36)

(
∫
B
C−1

0 G∆
B(yn, y)Jb2,l(y, z)1Bc(z)dy)dyn

≥
∞∑
n=1

∑
Ψ0(n;k,l)

cn0C
−n
0 q0

kl1q
0
l1l2 ...q

0
ln−1l((36K1)−1(3r/4)2−d · ωd(r/8)d)n( inf

yn∈B(x0,r/8)

∫
B
C−1

0 G∆
B(yn, y)

Jb2,l(y, z)1Bc(z)dy)

≥
∞∑
n=1

(c0Kdr
2/(K1C0))n

∑
Ψ0(n;k,l)

q0
kl1q

0
l1l2 ...q

0
ln−1l( inf

yn∈B(x0,r/8)

∫
B
C−1

0 G∆
B(yn, y)Jb2,l(y, z)1Bc(z)dy),

(4.17)

where Kd = Kd(d) is some constant such that Kd ≤ Cg in (4.13).

For any s ≥ 0, k, l ∈M, define

Hkl(s) :=
∞∑
n=1

an(kl)sn, (4.18)
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where an(kl) =
∑

Ψ0(n;k,l) q
0
kl1
q0
l1l2
...q0

ln−1l
. Since each an ≤ Θn

5 (m − 1)n, then by the choice

of δ3 in (2.45), for any r ∈ (0, r̃1] ⊂ (0, δ3),

Hkl(s) ≤
∞∑
n=1

((m− 1)Θ5s)n < 2 for any s ∈ (0, CgC0r̃
2
1]. (4.19)

Then by (4.14), (4.18), for any r ∈ (0, r̃1], x ∈ B, z ∈ Bc
, k, l ∈M,

F Ikl(C0;x, z, r) ≤ Hkl(CgC0r
2)(C0

∫
B
G∆
B(x, y)Jb2,l(y, z)1Bc(z)dy). (4.20)

Similarly, by (2.22), (4.10),(4.14), (4.20), for any r ∈ (0, r̃1], x ∈ B, z ∈ ∂B, k, l ∈M,

F IIkl (C0;x, z, r) ≤ Hkl(CgC0r
2)(C2

0M
∆
B (x, z)1∂B(z)). (4.21)

Also, by (4.17), (4.18), for any r ∈ (0, r̃1], x ∈ B, z ∈ Bc
, k, l ∈M,

F Ikl(c0C
−1
0 ;x, z, r) ≥ Hkl(c0Kdr

2/(K1C0))( inf
ỹ∈B(x0,r/8)

∫
B
C−1

0 G∆
B(ỹ, y)Jb2,l(y, z)1Bc(z)dy)

(4.22)

Similarly, by (4.10), (4.17) (4.22), for any r ∈ (0, r̃1], x ∈ B, z ∈ ∂B, k ∈M, l ∈ E(k),

F IIkl (c0C
−1
0 ;x, z, r) ≥ Hkl(c0Kdr

2/(K1C0))(C−2
0 inf

ỹ∈B(x0,r/4)
M∆
B (ỹ, z)1∂B(z)). (4.23)

Recall that mkl := inf{n ≥ 0 : Ψ0(n, k, l) 6= ∅}, the smallest integer n such that one can go

from level k to level l in n steps. By (4.19) , for any s ∈ (0, CgC0r̃
2
1],

amkls
mkl ≤ Hkl(s) = amkls

mkl(1 + o(s)) ≤ 3amkls
mkl , (4.24)

where o(s) stands for some function of s converging to 0 as s approaches 0.

Hence by (4.8),(4.12),(4.19), (4.20),(4.21), (4.24), Lemma 2.2.15, Lemma 2.2.18, Theo-

rem 2.2.21, for any x, x′ ∈ B(x0, r/8), k ∈M,

u(x, k) ≤ h(x, k) +
∑

l∈E(k)∪{k}
Hkl(CgC0r

2)(C0

∫
B
c

∫
B
G∆
B(x, y)Jb2,l(y, z)u(z, l)dydz

+
∫
∂B
C2

0M
∆
B (x, z)u(z, l)µlu(dz))

≤ (1 + 3amkl(CgC0r
2)mklC4

0 )h(x, k) +
∑

l∈E(k)
3amkl(CgC0r

2)mklC4
0h(x, l)
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≤ C̃2(1 + 3amkl(CgC0r
2)mklC4

0 )h(x′, k) +
∑

l∈E(k)
3C̃2C

4
0amkl(CgC0)mklr2mklh(x′, l).

(4.25)

Let C3 = maxk∈M(
∑
l∈E(k)∪{k} 3C̃2C

4
0amkl(CgC0)mkl + C̃2). Since each mkl is finite, then

C3 is finite. By (4.25), for any x, x′ ∈ B(x0, r/8), k ∈M,

u(x, k) ≤ C3(h(x′, k) +
∑

l∈E(k)
r2mklh(x′, l)). (4.26)

Since by (4.8) and Theorem 2.2.21, for any k ∈M, x′ ∈ B(x0, r/8),

C̃2 inf
ỹ∈B(x0,r/8)

( ∫
B
c

∫
B
G̃kB(ỹ, y)Jb2,k(y, z)dyu(z, k)dz +

∫
∂B
M̃k
B(ỹ, z)u(z, k)µku(dz)

)
,

≥
∫
B
c

∫
B
G̃kB(x′, y)Jb2,k(y, z)dyu(z, k)dz +

∫
∂B
M̃k
B(x′, z)u(z, k)µku(dz),

(4.27)

then by (4.8), (4.22), (4.23),(4.24),(4.27), Lemma 2.2.15, Lemma 2.2.18, Theorem 2.2.21,

for any x, x′ ∈ B(x0, r/8), k ∈M,

u(x, k) ≥ h(x, k) +
∑

l∈E(k)∪{k}
Hkl(c0Kdr

2/(K1C0))(C−1
0

∫
B
c

∫
B
G∆
B(x, y)Jb2,l(y, z)u(z, l)dydz

+
∫
∂B
C−2

0 M∆
B (x, z)u(z, l)µlu(dz))

≥ h(x, k) +
∑

l∈E(k)
amkl(c0Kdr

2/(K1C0))mklC−4
0 h(x, l)

≥ h(x, k) +
∑

l∈E(k)
amkl(c0Kd/(K1C0))mklr2mklC−4

0 h(x, l)

≥ C̃2h(x′, k) +
∑

l∈E(k)
(C̃2C

4
0 )−1amkl(c0Kd/(K1C0))mklr2mklh(x′, l). (4.28)

Let C2 = min{(C̃2C
4
0 )−1amkl(c0Kd/(K1C0))mkl , l ∈ E(k), k ∈ M} ∧ (1/C̃2), which is also

finite. Then by (4.28), for any x, x′ ∈ B(x0, r/8), k ∈M,

u(x, k) ≥ C2(h(x′, k) +
∑

l∈E(k)
r2mklh(x′, l)). (4.29)

Here both C2 and C3 depend on (d,m, c0, β, γ,Θ1,Θ2,Θ3,Θ4, ϑ,Q
0), and independent of r.

In particular, by (4.26),(4.29), for any x0 ∈ Rd, r ∈ (0, r̃1], x, x′ ∈ B(x0, r/8), k ∈M,

u(x, k) ≤ (C3/C2)C2(h(x′, k) +
∑

l∈E(k)
r2mklh(x′, l)) ≤ (C3/C2)u(x′, k) =: Cu(x′, k). (4.30)
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2.5 Scale-invariant Full Rank Harnack inequality

Proof of Theorem 2.1.5.

Fix x0 ∈ Rd and r ∈ (0, r̃1),where r̃1 is the constant in Theorem 2.1.4. Similar to the

beginning of the argument in Proposition 2.4.1, it suffices to establish the Harnack inequality

for bounded nonnegative functions u defined in Rd that is G-harmonic in B(x0, r). Since Q

is strictly irreducible, then by (1.13), (1.17), we know that

0 < q0 ≤ q0
kl, for any k, l ∈M, k 6= l. (5.1)

Also, in (4.26) (4.28), E(k) =M for each k ∈M, such that

mkl = 1, amkl = q0
kl for each l ∈M \ {k}, and mkk = 2. (5.2)

Then by (5.1),(5.2), for any x, x′ ∈ B(x0, r/8), k ∈M, we have

u(x, k) ≥ (C̃2C
4
0 )−1c0q0Kdr

2/(K1C0)
∑

l∈M\{k}
h(x′, l) := K3r

2 ∑
l∈M\{k}

h(x′, l), (5.3)

where K3 = (C̃2C
4
0 )−1c0q0Kdr

2/(K1C0). Since r̃1 < 1 by Theorem 2.1.4, then by (4.26),

(5.1),(5.2), for any r ∈ (0, r̃1], x, x′ ∈ B(x0, r/8), k ∈M, we have

u(x, k) ≤ C3h(x′, k) + C3r
2 ∑
l∈M\{k}

h(x′, l). (5.4)

Hence by Theorem 2.1.4, (5.3), (5.4), for any r ∈ (0, r̃1], x, x′ ∈ B(x0, r/8), any k, i ∈

M, k 6= i,

u(x, k) � u(x′, k) ≤ C3r
2 ∑
l 6=k,i

h(x′, l) + C3r
2h(x′, i) + C3h(x′, k)

≤ (C3/K3)K3r
2 ∑
l 6=k,i

h(x′, l) + C3u(x′, i) + C3h(x′, k)

≤ (C3/K3 + 2C3)(u(x′, i) + h(x′, k)) = C̃1(u(x′, i) + h(x′, k)), (5.5)

where C̃1 := C3/K3 + 2C3 + C depending only on (d, β, γ,m, c0, q0,Θ1,Θ2,Θ3,Θ4, ϑ,Q
0)

and independent of r.

Furthermore, by (5.3),(5.4), for any r ∈ (0, r̃1], x, x′ ∈ B(x0, r/8), any k, i ∈M, k 6= i,

u(x, k) ≤ C3(1 + r̃2
1)
∑
l∈M

h(x′, l) ≤ C3(1 + r̃2
1)(r−2h(x′, i) +

∑
l∈M\{i}

h(x′, l))
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≤ C3(1 + r̃2
1)(r−2u(x′, i) + (1/K3)r−2u(x′, i)) ≤ C3(1 + r̃2

1)(1 + 1/K3)r−2u(x′, i)

≤ C̃3(1 + r̃2
1)r−2u(x′, i).
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Appendix A

APPENDIX TO CHAPTER 1

A.1 Martingale problems and SDEs

Given a nonlocal operator L ∈ N (Λ1,Λ2,Λ3), let us first consider in what conditions the

solution (Xt, t ≥ 0;Px) of the martingale problem for (L, C2(Rd)) can be transferred into

the weak solution of an SDE.

Let us first consider a Lusin space U(a space that is homeomorphic to a Borel subset of a

compact metric space) with its Borel σ-algebra U . Let Û = U ∪{∆}, where ∆ is the trivial

point, with the extended σ-algebra Û constructed as Û = {A ∪B : A ∈ U , B ⊂ {∆}}.

Definition A.1.1. Consider a complete probability space (Ω,F ,P) and a Û -

measurable process {Ys}s≥0 on Û is a point process if for almost every ω ∈ Ω,

Dω = {t ≥ 0 : Yt(ω) 6= ∆} is countable.

Definition A.1.2. We say that a point process Y = (Ys) is discrete if for almost every

ω ∈ Ω, the set Dω = {t ≥ 0 : Yt(ω) 6= ∆} has no accumulation point. A point process Y is

said to be σ-discrete if there exists a sequence of increasing sets {Un}n∈N ⊂ U such that

U = ∪n∈NUn, and for almost every ω ∈ Ω, Dn
ω = {t ≥ 0 : Yt(ω) ∈ Un} has no accumulation

point for each n ∈ N.

In the case of σ-discrete point processes, denote Dω = ∪n∈NDn
ω.

Next, define a random counting measure ξY on(R+ × U,B(R+) ⊗ U ) associated with

the σ-discrete point process Y as

ξY (ω, ·) :=
∑
s≥0

δ(s,Ys(ω)) (1.1)

with ξY (ω, {0} × U) = 0. For any B ∈ U , denote ξYt (B) := ξY (·, [0, t] × B) for each t > 0

and ξY0 (B) = 0, as the counting process with respect to the set B. Also, for any
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positive F ⊗B(R+)⊗U -measurable function Z defined on Ω× [0,∞)× U , denote

ξYt (Z)(ω) :=
∑

0<s∈Dω
Z(ω, s, Ys(ω))1(0,t](s)for t > 0 and ξY (Z)(ω) := lim

t→∞
ξYt (Z)(ω) (1.2)

for almost every ω ∈ Ω withξY0 (Z) = 0.

The probability space (Ω,F ,P) will be equipped with a nondecreasing family of σ-

algebra {Fs}s≥0 satisfying the usual conditions: that is, they are right-continuous and

augmented with all P-negligible sets of F∞.

A σ-discrete point process Y is said to be adapted if Y0 is F0-measurable, and for any

B ∈ U , any Un defined in Definition A.1.2, ξYs (B ∩ Un) is Fs-measurable for every s ≥ 0.

The σ-field on Ω × R+, generated by all càdlàg adapted processes, is called optional

σ-algebra, denoted by O. The σ-field on Ω× R+, generated by all left-continuous adapted

processes or the following types of sets: A × {0}, where A ∈ F0 and B × (s, t], where

B ∈ Fs, 0 ≤ s < t, is called predictable σ-algebra, denoted by P. A stochastic process is

said to be predictable (resp. optional) if it is P(resp. O)-measurable.

Hence if a point process Y is adapted and càdlàg, it is therefore optional.

Definition A.1.3. [44, 1.22, 1.30 in Chapter I]A random set D is called thin if it is of

the form D = ∪m∈N[Tm], where {Tm}m≥1 is a sequence of stopping times and [Tm] is the

graph of the map Tm : Ω→ [0,∞] to the set (Ω, [0,∞)); Moreover, if the sequence {Tm}m≥1

satisfies [Tn] ∩ [Tm] = ∅ for all m 6= n, it is called an exhausting sequence for D.

Theorem A.1.4. If ξ is a random counting measure on Ω× [0,∞)× U , then there exists

a thin random set D ⊂ Ω× [0,∞) and a U -valued optional process Y such that

ξ(ω, ·) =
∑
s≥0

1D(ω, s)δ{s,Ys(ω)}.

Proof. The proof can be found in the proof of Proposition 1.14 of Chapter II of [44].

Definition A.1.5. Following Part B in the Introduction of [36],we say that a point process

Y is σ-finite if there exists a strictly positive P ⊗ U -measurable function H defined on

Ω × [0,∞) × U such that E[ξY (H)] < ∞, where ξY is the random counting measure with

respect to the point process Y .
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Theorem A.1.6. A σ-discrete point process Y defined on Û is σ-finite.

Proof. We construct H as follows. By the definition of σ-discreteness in Definition A.1.2,

there exists a partition of disjoint sets in U such that {Un}n∈N ⊂ U , U = Un≥1Un, and

Dn
ω = {s > 0 : Ys ∈ Un and Ys 6= ∆} is has no accumulation points for almost every ω ∈ Ω.

Fix n ∈ N. Let Sn,0 = 0, and define Sn,k(ω) = inf{t > Sn,k−1 : Yt 6= ∆, Yt ∈ Un}, k ∈ N.

Since Dn
ω is discrete, then for almost every ω ∈ Ω, if Dn

ω \ {0} = ∅, set Sn,1(ω) = inf ∅ =

∞; If Dn
ω \{0} 6= ∅, then Dn

ω \{0} must have an infimum which is strictly positve or infinity.

Because, otherwise, 0 would be the accumulation point for Dn
ω. Hence Sn,1 > 0 a.s.

By induction, we find the sequence {Sn,k}k≥0 of stopping times, which exhausts the set

Dn
ω for almost every ω.

For each n ∈ N, let A0 = Ω×{0}, and An,k = (Sn,k−1, Sn,k], k ∈ N. Hence A0 and An,k’s

are all P-measurable, and ∪k≥0An,k = (0,∞), and for almost every ω ∈ Ω,

ξ(1An,k(ω)×Un) =
∑

0<s∈Dnω

1An,k×Un(s, Ys) ≤ 1,

i.e., Y jumps at most once in An,k(ω)× Un almost surely. Let

H(ω, s, u) := 1A0(ω) +
∑
n≥1

1
2n
∑
k≥0

1
2k1An,k(ω)×Un(s, u)

Hence H is P ×U -measurable, strictly postive almost surely, and

E[ξH] = E[
∑
s∈Dω

H(ω, s, Ys)] ≤ 1 +
∑
n≥1

1
2n
∑
k≥0

1
2k ≤ 5.

Hence the process Y is σ-finite.

Definition A.1.7. (i) An adapted càdlàg process X is said to be quasi-left continu-

ous if for any increasing sequence {Tn}n∈N of stopping times with limit T , we have

limn→∞XTn = XT a.s. on {T <∞}.

(ii) [44, 2.7, 2.20 of Chapter I] A predictable time is a mapping S : Ω 7→ R̄+ such that the

interval [0, S) is P-measurable, and a stopping time is called totally inaccessible

if P(T = S <∞) = 0 for all predictable times S.
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(iii) We call a process A = (At) an increasing process if it is adapted, and its path is right

continuous and nondecreasing P-a.s. with A0 = 0.

(iv) An increasing process A = (At) is said to be integrable if E[A∞] < ∞ and locally

integrable if there is an increasing sequence of stopping times {Tn;n ≥ 1} with

limn→∞ Tn =∞ P-a.s. and E[ATn ] <∞ for every n ≥ 0.

(v) A random set D ⊂ Ω×[0,∞) is called evanescent if P({ω ∈ Ω : (ω, t) ∈ D for some t ≥

0}) = 0.

(vi) For any locally integrable increasing process A, there is a predictable process, called

the compensator Ap of A, which is unique up to an evanescent set, such that A−Ap is a

local martingale. Ap is called the predictable compensator of A, or the dual predictable

projection of A. (See [44, Theorem 3.17 of Chapter I]). For any random counting

measure µ on R+ × U , the dual predictable projection/compansator µp of a random

measure is defined in the similar idea. (See [44, Theorem 1.8 of Chapter II]).

If Y is an adapted σ-finite point process, then for any P × U -measurable positive

function Z on Ω× [0,∞)×U , {ξYt (Z)}t≥0 is adapted, where ξYt is defined in (1.2). Indeed,

if A ∈ Fs, 0 < s ≤ v, B ∈ U , the function

Z = 1A × 1(s,v]×B

is P ×U -measurable, and ξYt (Z) = 1A[ξYt∧v(B)− ξyt∧s(B)] is adapted. By monotone class

theorem, for any C ∈P×U , {ξYt (1C)}t≥0 is adapted. As Y is σ-finite, by definition, there

exists a strictly positive P ×U -measurable function H such that E[ξY (H)] <∞. The set

D = {(ω, t) : Yt 6= ∆}

= {(ω, 0) : Y0 6= ∆} ∪ {(ω, t) : ξYt−(H)(ω) 6= ξYt (H)(ω), t > 0} (1.3)

is the union of the graph of a countable sequence of stopping times. Indeed, since for

each n ∈ N, define An = {t ∈ [0,∞),∆ξY (H) ∈ [1/2n+1, 1/2n)} and let A0 = {t ∈

[0,∞),∆ξY (H) ≥ 1/2}. Since E[ξY (H)] < ∞, then ξY (H) < ∞ a.s. Since ξHt is strictly
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increasing in time a.s., then there must be at most finitely many elements in An for each

n ∈ N∪{0} almost surely.(Otherwise, P(ξY (H) =
∑
{∆ξY (H)6=0}∆ξY (H) =∞) > 0 ). Then

for each n ∈ N∪ {0}, define recursively Tnk+1 := {t > Tnk , t ∈ An}. And it is not hard to see

that D = ∪{N∪0} ∪∞k=1 [Tnk ], which is the countably many union of graph of stopping times.

Definition A.1.8. We say that an adapted σ-finite point process Y is quasi-left contin-

uous if D∩[0,∞) is the union of the graph of a sequence of totally inaccessible stopping

times.

Theorem A.1.9. Let X be an adapted càdlàg process. The following three statements are

equivalent to each other:

(a) X is quasi-left continuous;

(b) There exists a sequence of totally inaccessible stopping times that exhausts the times of

jumps of X;

(c) For any increasing sequence {Tn}n≥1 of stopping times with limit T , we have

lim
n→∞

XTn = XT a.s. on {T <∞}.

Proof. The proof can be found in Theorem 2.26 in Chapter II of [44].

Theorem A.1.10. Suppose that X is a locally integrable non-decreasing process. Its dual

predictable projection Xp is continuous a.s. if and only if X is quasi-left continuous.

Proof. By the definition of dual predictable projection, X−Xp is a martingale starting from

0 at t = 0. Since if Y is a local martingale, then by Lemma 2.27 in [44], E[YT |FT− ] = YT−

on {T <∞} for every predictable times T . Also, for any predictable time T ,

E[XT −Xp
T |FT− ] = XT− −X

p
T− a.s. on {T <∞},

i.e.

E[∆XT −∆Xp
T |FT− ] = 0 a.s. on {T <∞}.
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Since Xp is predictable, then by Lemma 25.3(i) in [55], Xp
T1{T<∞} is FT−-measurable, and

therefore

∆Xp
T = E[∆XT1{T<∞}|FT− ] a.s. on {T <∞}.

Since X is quasi-left continuous, then XT = XT− a.s. on {T <∞}, then

∆Xp
T = 0 a.s. on {T <∞}. (1.4)

Since for any predictable process Y , by Theorem 3.33 in [42], there is a sequence of strictly

positive predictable stopping times {Tk}k≥1 so that {(ω, t) : t > 0, Yt(ω) 6= Yt−(ω)} ⊂

∪k≥1[Tk], then by (1.4), for each Tk, there exists a set Ak ⊂ Ω such that

Ak ⊂ π1([Tk] ∩ {(ω, t) : t > 0, Xp
t (ω) 6= Xp

t−(ω)}),

where [Tk] is defined in Definition A.1.3, and π1 is the projection map on the first

coordinate). By (1.4), we have P(Ak) = 0 and ∆Xp
Tk

(ω) = 0 for any ω ∈ Ack. Then on

the set Ω \ ∪k≥1Ak, P(∩k≥1A
c
k) = 1 − P(∪k≥1Ak) ≥ 1 −

∑
k≥1 P(Ak) = 1, and for every

ω ∈ Ω \ ∪k≥1Ak, X
p
t (ω) = Xp

t−(ω) for all t ≥ 0. Hence, Xp is continuous a.s.

Conversely, if Xp is a.s. continuous and predictable, then for any predictable time T ,

∆Xp
T = 0 a.s. on {T <∞}.

Hence

E[∆XT1{T<∞}] = E[∆Xp
T ] = 0. a.s.{T <∞}.

Since X is increasing, then ∆XT only takes nonnegative values on {T < ∞}. Hence

∆XT = 0 a.s. on {T < ∞}. Hence the jumps of the process X only happens at totally

inaccessible times, i.e., X is quasi-left continuous.

For any σ-finite positive diffusive measure ν on a Lusin space (U,U ), there exists a

Poisson point process Y whose associated random measure µY (ω, ·) :=
∑
s≥0 δ(s,Ys(ω)) on

(R+ × U,B(R+)⊗U ) satisfies that

(i) For any disjoint sets B1, B2, ..., Bn on B(R+) ⊗ U , µY (Bi)’s are independently dis-

tributed;
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(ii) µY (B) is Poisson distributed with intensity measure ν(du)ds for every set B ∈

B(R+)×U .

The following theorem provides a criteria for determining whether a point process Y is a

Poisson point process.

Theorem A.1.11. A necessary and sufficient condition for a σ-finite point process Y on a

Lusin space U to be a Poisson point process is that there exists a σ-finite positive measure

ν on U such that for any B ∈ U with ν(B) < ∞, the associated random measure µY on

([0,∞) × U,B([0,∞)) ⊗ U )satisfies that µYt (B) − tν(B) is an {Ft}-martingale for each

t > 0, where µYt (B) := µY (·, [0, t)×B).

Proof. The idea of the proof can be found in Theorem 3 in [36], and we willl provide a more

detailed proof here. The proof of the necessity is trivial, which is by the defintion of the dual

predictable projection of the Poisson random measure. To show the sufficiency, it suffices to

check that for any disjoint set Ai = (si, ti)×Bi with ν(Bi) <∞, i ∈ {1, 2, ..., n}, µY (·, Ai)’s

are independent and each follows Poisson distribution with parameter νY (Bi)(ti − si).

Given θ1, θ2, ..., θn ∈ R, define ϕ(s, u) : R+ × U → R such that ϕ(s, u) :=∑n
j=1 θj1Aj (s, u), where A′js are disjoint. Notice that E[exp(iµY0 (ϕ))] = 0, and for each

t > 0,

E[exp(iµYt (ϕ))] = 1 + E[
∑

0<s≤t
(exp(iµYs (ϕ))− exp(iµYs−(ϕ))]

= 1 + E[
∑

0<s≤t
exp(iµYs−(ϕ))

(
exp(i[µYs (ϕ)− µYs−(ϕ)])− 1

)
]. (1.5)

Notice that

exp(i[µYs (ϕ)−µYs−(ϕ)]) = exp(iδ(s,Ys)(ϕ)) = exp i[
n∑
j=1

θj1Aj (s, Ys)] = Πn
j=1 exp(iθj1Aj (s, Ys)).

Therefore, by (1.5), and the disjointness of Aj ’s, 1 ≤ j ≤ n,

E[exp(iµYt (ϕ))] = 1 + E[
∑

0<s≤t
exp(iµYs−(ϕ))(

n∑
j=1

exp(iθj1Aj (s, Ys))− 1)]

= 1 + E[
∑

0<s≤t
exp(iµYs−(ϕ))(

n∑
j=1

exp(iθj1Aj (s, Ys))−
n∑
j=1

1Aj (s, Ys)]
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= 1 + E[
∑

0<s≤t
exp(iµYs−(ϕ))(

n∑
j=1

(exp(iθj)− 1)1Aj (s, Ys))]

= 1 +
n∑
j=1

(exp(iθj)− 1)E[
∑

0<s≤t
exp(iµYs−(ϕ))1Aj (s, Ys)].

Since µYt (1Aj (s, Ys))− ν(Bj)[ti ∧ t− sj ∧ t] =
∑

0<s≤t 1Aj (s, Ys)−
∫ t

0 ν(Bj)1(sj ,tj)(s)ds is an

Ft-martingale for each t > 0, and µYs−(ϕ) is Fs-measurable, then

E[exp(iµYt (ϕ))] = 1 +
n∑
j=1

(exp iθj − 1)E[
∫ t

0
exp(iµYs−(ϕ))1(sj ,tj)(s)ν(Bj)ds]

= 1 +
n∑
j=1

(exp iθj − 1)ν(Bj)
∫ t

0
E[exp(iµYs (ϕ))]1(sj ,tj)(s)ds.

Then

E[exp(iµYt (ϕ))] = exp[
n∑
j=1

(exp iθj − 1)ν(Bj)(tj ∧ t− sj ∧ t))]

=
n∑
j=1

exp[(exp iθj − 1)ν(Bj)(tj ∧ t− sj ∧ t).

That is to say that the characteristic function of the random variables

(µYt (A1), ..., µYt (An)) are the products of each characteristic function, and thus these

µYt (Aj)′s are independent and each µYt (Aj) follows Poisson distribution with intensity mea-

sure (tj ∧ t− sj ∧ t)ν(Bj).

Consider any increasing process A. It uniquely determines a Radon measure µω on

[0,∞) with µω({0}) = 0 and µω(a, b] = Ab(ω)−Aa(ω) for any b > a ≥ 0, ω ∈ Ω. We denote

this measure by dAt(ω).

Theorem A.1.12. Suppose that A and C are two increasing locally integrable processes de-

fined on the same probability space (Ω,F ,P) so that for almost every ω, dAt(ω)� dCt(ω)

on R+. Then their corresponding dual predictable projections are increasing processes sat-

isfying dApt (ω)� dCpt (ω) on [0,∞) a.s..

Proof. The locally integrable increasing processes A and C define two σ-finite measures µA
and µC on B(R+)×F∞ by

µA(F ) = E
∫

[0,∞)
1F (s, ω)dAs(ω) and µC(F ) = E

∫
[0,∞)

1F (s, ω)dCs(ω)



113

for any F ∈ B(R+) × F∞. Conversely, a σ-finite measure µ on B(R+) × F∞ is induced by

an increasing process if and only if for each t ≥ 0,

Qt(Γ) := µ([0, t]× Γ), Γ ∈ F∞,

is a σ-finite measure absolutely continuous with respect to P; Moreover, by Theorem 5.11

in [42], such increasing process is unique.

The dual predictable projections Ap and Cp of A and C are the unique predictable

increasing processes so that for any non-negative bounded measurable process H,∫
R+×Ω

HdµA = E
∫

[0,∞)
pHs(ω)dAps(ω) and

∫
R+×Ω

HdµC = E
∫

[0,∞)
pHs(ω)dCps (ω),

where pH is the predictable projection of H; see [42, Theorem 5.20]. Clearly, µA = µAp

and µC = µCp on P. Since dAt(ω) � dCt(ω) on R+ for a.s. ω ∈ Ω, we have µA � µC

on B(R+)× F∞ and consequently, on P. Let K be the Radon-Nikodym derivative of µCp

with respect to µAp on P, which is a non-negative predictable process. For each integer

n ≥ 1, let K(n) := K∧n. Define Ãt(ω) =
∫ t

0 Ks(ω)dCps (ω) and Ã(n)
t (ω) =

∫ t
0 K

(n)
s (ω)dCps (ω).

Observe that Ã and Ã(n) are predictable increasing processes, and Ã(n) increases to Ã by

monotone convergence theorem. For any non-negative bounded measurable process H,∫
R+×Ω

Hdµ
Ã

=
∫
R+×Ω

pHs(ω)dµ
Ã

=
∫
R+×Ω

pHs(ω)Ks(ω)dµCp

=
∫
R+×Ω

pHs(ω)dµAp =
∫
R+×Ω

Hs(ω)dµAp .

By the uniqueness between the increasing process and σ-finite measure on B(R+) × F∞
mentioned earlier, the above shows that Apt = Ãt =

∫ t
0 Ks(ω)dCps , proving dA

p
t � dCpt .

Next, we will quote [40, Corollary 3.2] to prove Theorem A.1.15. Before proceeding, we

introduce some definitions relevant to Theorem A.1.14.

Definition A.1.13. A kernel N from a measurable space (E,E ) to another measurable

Lusin space (S,S ) is a function N(x,A) for each x ∈ E and A ∈ S such that

• N(·, A) is E -measurable for each A ∈ S ;

• N(x, ·) is a measure on S for each x ∈ E.
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We say that the kernel N is bounded if sup{N(x, S) : x ∈ E} <∞.

Let H ⊂ E be closed under countable unions and be hereditary in the sense that if

N ∈H , and B ⊂ N,B ∈ E , then B ∈H . We assume that E /∈H . We call the sets in H

negligible and H the defining class of negligible sets. A property p(x) depending on x ∈ E

is said to hold a.e. H if the set of x for which p(x) does not hold in an element of H .

Theorem A.1.14. Let S be a Lusin space and S be the Borel σ-algebra. Define S∗ as

the space of bounded Borel-measurable function on S.Suppose that H ⊂ E is the defining

class of negligible sets. Let (E,E ) be a measurable space with a σ-finite measure µ and

define E∗ as the Banach space of bounded real-valued E -measurable functions on E under

the supremum norm. Let T : S∗ → E∗ be an almost positive and almost linear map (i.e, for

every f, g ∈ S∗, α, β ∈ R, T (αf + βg) = αTf + βTg and for every f ∈ S∗, f ≥ 0, T f ≥ 0

a.e. in H ) satisfying that for any nonnegative increasing sequence of functions {fn}n≥1 in

S∗ such that fn ↑ f for some f ∈ S∗, Tfn ↑ Tf a.e. in H .

Then there exists a bounded kernel N from (E,E ) to (S,S ) such that Tf = Nf a.e. in

H for each f ∈ S∗.

Proof. See Corollary 3.2 in [40].

The following theorem is to show the existence of Lévy system for the adapted σ-finite

point process Y on a Lusin space. The idea of the proof is from [36, Theorem 3], and we

will provide more details here.

Theorem A.1.15. Let Y be an adapted σ-finite point process on a Lusin space U .Then

there exists a strictly increasing predictable process A and a σ-finite kernel N(ω, s, ·) from

(Ω × [0,∞),P) to (U,U ), such that for every nonnegative U -measurable function f , the

associated random counting process ξYt (f) =
∑
{s∈D,0<s≤t} f(Ys) has a dual predictable pro-

jection
∫ t

0 N(ω, s, f)dAs, which is an increasing process. The pair (N,A) is called the Lévy

system of the point process Y.

Proof. Since {Ys}s≥0 is σ-finite, then there exists a strictly positive P ⊗ U -measurable

process H such that E[ξY (H)] < ∞, and the jumping times are defined in D ∩ (0,∞].
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Since {ξYt (H)}t≥0 is an integrable increasing process, then by Theorem A.1.10, the dual

predictable projection Āt of ξYt (H) is a.s. continuous.

For every U -measurable bounded positive function f on U , define

ξYt (fH) :=
∑

0<s∈D
f(Ys)H(ω, s, Ys)1[0,t](s), and ξY (fH) := lim

t→∞
ξYt (fH)

with ξY0 (fH) = 0. Denote (ξYt (fH))p as the dual predictable projection of ξYt (fH).

Let

C = {C ∈ F∞ × B([0,∞)),P×m(C) = 0},

where m is the Lebesgue measure on [0,∞). Then C is closed under countable unions and

if B ⊂ C for some C ∈ C and B ⊂ F∞ × B([0,∞)), then B ∈ C. Hence C can be taken as

the defining negligible class H of negligible sets in Theorem A.1.14.

Since ξYt (H) and ξYt (fH) are both increasing processes, then by the definition of the dual

predictable projection, Ā and (ξY (fH))p are both increasing processes. Since dξYt (fH) �

dξYt (H) a.s., then by Theorem A.1.12, d(ξYt (fH))p � dĀt a.s.. Then there exists a P-

measurable Radon-Nikodym derivative (Tf) defined on (Ω × [0,∞), nonnegative a.e. on

(Ω× [0,∞) such that

d(ξYt (fH))p = (Tf)(ω, s)dĀt P×m− a.e. (1.6)

Note that for each

f ∈ F = {equivalent class of bounded and positive (U,U )−measurable functions},

T f ∈ E = {equivalence class of (Ω×[0,∞),P)−measurable functions, i.e. modulo P×m-null sets).

In addition, it is easy to see that ‖Tf‖ ≤ ‖f‖, T1id = 1id and T is almost positive and

almost linear bounded map (with respect to the the measure P×m. Here "‖ · ‖" stands for

the essential sup norm on Ω× [0,∞).

Also for any 0 ≤ {fn} ↑ f ∈ F , Tfn ↑ Tf P ×m-a.e. By Theorem A.1.14, there exists

a bounded kernel N1(ω, s, du) from Ω× [0,∞) to (U,U ), such that for almost every (ω, s),

every bounded and positive U -measurable function f ,

(Tf)(ω, s) = N1(ω, s, f) P×m− a.e. (1.7)
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where N1(ω, s, f) =
∫
U f(u)N1(ω, s, du). Since ‖Tf‖ ≤ ‖f‖, N1(ω, s, U) ≤ 1 for almost

every (ω, s).

Let D = {(ω, s) ∈ Ω× [0,∞) : (Tf)(ω, s) 6= N1(ω, s, f)}, Dω = {s ∈ [0,∞) : (ω, s) ∈ D}.

Since D is a null set with respect to dP ⊗ ds, by Fubini’s theorem, m(Dω) = 0 P-.a.s.

Hence, by (1.6),(1.7),

(ξYt (fH))p =
∫ t

0

∫
U
f(u)N1(ω, s, du)dĀs for every t ≥ 0 P− a.s. (1.8)

In addition, for any positive U -measurable function f , there exists a sequence of bounded

functions {fn}n∈N, where fn := f1{f≤n}, such that fn ↑ f a.e. on U .Therefore, by monotone

convergence theorem, (1.8) holds for every positive U -measurable function f .

Similarly, for any positive P ⊗U -measurable function Z(ω, s, u), we have

(ξYt (ZH))p =
∫ t

0

∫
U
Z(ω, s, u)N1(ω, s, du)dĀs for every t ≥ 0 a.s.

Let At =
∫ t

0 e
−sds + Āt.Then A is a.s. strictly increasing with respect to time. Thus,

dĀs(ω)� dAs(ω) a.s. So there exists a P×m-a.e. nonnegative Radon-Nikodym derivative

ϕ(ω, s) such that ‖ϕ‖ ≤ 1 and

dĀs = ϕ(ω, s)dAs P×m− a.e.. (1.9)

By Fubini theorem, we have

Āt =
∫ t

0
ϕ(ω, s)dAs for every t ≥ 0 a.s. (1.10)

Let

N(ω, s,1U (·)) := ϕ(ω, s)N1(ω, s, 1U (·)
H(ω, s, ·)) for every (ω, s). (1.11)

For each (ω, s) ∈ Ω × [0,∞), n ∈ N, define En(ω, s) = {u ∈ U : H(ω, s, u) ≥ 1/n}. Then

U = ∪n≥1En(ω, s). By the fact that N1(ω, s, U) ≤ 1, and ϕ(ω, s) ≤ 1 for almost every

(ω, s), we have

N(ω, s,1{En}) =
∫
En

ϕ(ω, s)
H(ω, s, u)N1(ω, s, du) ≤ n

for every (ω, s). Hence N(ω, s, ·) is a σ-finite measure on U for every (ω, s).
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Hence, by (1.8),(1.10) and (1.11), the dual predictable projection of ξYt f is

(ξYt f)p =
∫ t

0
N1(ω, s, f

H(ω, s, ·))dĀs =
∫ t

0

∫
U
f(u)N(ω, s, du)dAs for every t ≥ 0 a.s.,

and (N,A) is the pair required in the Lévy system of the σ-finite point process Y .

Similarly, for any positive P⊗U -measurable function Z, the dual predictable projection

of ξYt (Z) =
∑
s∈D 1[0,t](s)(Z)(ω, s, Ys) is

(ξYt (Z))p =
∫ t

0
N(ω, s, Z)dAs =

∫ t

0

∫
U
Z(ω, s, u)N(ω, s, du)dAs for every t ≥ 0 a.s.

Remark A.1.16. (i) From the last few lines of the proof, we note that the pairs in the

Lévy system is not unique.

(ii) One can also refer to Theorem 1.9 in Chapter II of [44], which proves the existence of

the pair of an integrable increasing process A and a kernel K for an optional P × Û-

measurable σ-finite random measure µ on [0,∞)× U .

(iii) For Lévy system for discontinuous Hunt processes, one can also refer to S.Watanbe[76]

and Benveniste and Jacod [12]. However, this theorem is about the existence of a Lévy

system for an adapted σ-finite quasi-left continuous point process, with no underlying

Markov processes involved.

(iv) Notice that in our project, the process {Xt, t ≥ 0;Px, x ∈ Rd} corresponding to each L

in N (Λ1,Λ2,Λ3) is a Hunt process. Let Ys be the process on Rd defined as

Ys :=


Xs −Xs− if Xs− 6= Xs,

0 if Xs− = Xs.

(1.12)

Define D̃ := {(ω, s) : s > 0, Xs 6= Xs−}. By Proposition 1.2.8 and [44], we know that

Lévy system for Y is (n(x, dz), t), where n(x, dz) is our jumping measure, x ∈ Rd, z ∈

Rd \ {0}. And by the jump measure condition 1.1, n(x, dz) is σ-finite on Rd \ {0} for

every x ∈ Rd. Indeed, for each x ∈ Rd, n ∈ N, define En(x) = {z ∈ Rd \ {0} : |z| ∈
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[1/2n, 1/2n−1)}, and E0(x) = {z ∈ Rd \ {0} : |z| ≥ 1}. Then |En(x)| ≤ Λ322n for each

n ∈ N, and |E0(x)| ≤ Λ3.

Then by Theorem A.1.15, for any positive B(Rd \ {0})-measurable function f , if we

define the associated random counting measure ξt(·, ·) :=
∑
{s∈D̃,0<s≤t} δ(Xs− ,Ys) on

Rd × Rd \ {0}, then the dual predictable projection for ξt(f) =
∑
{s∈D̃,s≤t} f(Ys) =∑

{s∈D̃,s≤t} f(Xs −Xs−) is
∫ t
0
∫
Rd\{0} f(z)n(Xs− , dz)ds.

The following theorem is to represent the kernel N(x, du) with N(x, ·) defined on a Lusin

space U and is a σ-finite measure on U for each x ∈ E in terms of some diffusive measure

under some conditions. We follows the idea in Theorem 6 in [36], and we give a detailed

proof here.

Theorem A.1.17. Let (E,E ) and (U,U )be two measurable spaces where U is Lusin. Let

N be a kernel from E to U such that N(x, .) is a σ-finite measure on U .

Then for any σ-finite positive diffusive measure ν̄ on U such that

N(x, U) ≤ ν̄(U) for each x ∈ E, (1.13)

there exists a E ⊗ U -measurable function F̄ ν̄(x, u) : E × U 7→ U ∪ {∆} such that for any

U -measurable positive function f ,

N(x, f) =
∫
U
f(F̄ ν̄(x, u))ν̄(du), (1.14)

where F̄ ν̄ depends on the measure ν̄.

Proof. First, notice that any σ-finite diffusive measure m such that ν̄(U) = ∞ always

satisfies (1.13).

Next, By the definition of Lusin space U , there exists a continuous bi-measurable bijec-

tion ψ from (U,U ) to ([0, 1],B([0, 1]). Define ψ(∆) =∞.

Fix a diffusive measure ν̄ satisfying (1.13). For x ∈ E, let N̄ and ¯̄ν be measures on [0, 1]

such that N̄(x, ψ(C)) := N(x,C) and ¯̄ν(ψ(C)) := ν̄(C) for each C ∈ U .

Claim:There exists a function τ : E × [0, 1] 7→ [0, 1] ∪ {∞} such that for each C ∈

U , N̄(x, ψ(C)) = ¯̄ν({τ(x, t) : τ(x, t) ∈ [0, t]}), i.e.,

N(x,C) = ν̄({u : F̄ ν̄(x, u) ∈ C}),
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where F̄ ν̄(x, u) = ψ−1(τ(x, ψ−1(u))).

W.L.O.G, it suffices to first consider U = [0, 1].

1. Suppose N̄(x, U) is finite for each x ∈ E. For each x ∈ E, let k(x, U) := ¯̄ν(U) and

denote H(x, t) = k(x, [0, t]), G(x, t) = N̄(x, [0, t]) for t ∈ [0, 1]. For each (x, u) ∈

E × [0, 1], define

τ(x, u) :=


inf{s ∈ [0, 1] : G(x, s) ≥ H(x, u)} if H(x, u) ≤ G(x, 1),

∞ otherwise.

Since m̄ is diffusive, then H(x, t) is continuous and nondecreasing for 0 ≤ t ≤ 1.

Since G(x, t) is right-continuous and nondecreasing for 0 ≤ t ≤ 1, then τ(x, u) is

nondecreasing and right-continuous in u. Since {τ(x, u) > t} = {G(x, t) ≥ H(x, u)}

is E ⊗U -measurable, then τ(x, u) is E ⊗U -measurable. Then for every 0 ≤ t ≤ 1,∫ 1

0
¯̄ν(du)1{τ(x,u)≤t} =

∫ 1

0
k(x, du)1{τ(x,u)≤t}

=
∫ 1

0
k(x, du)1{G(x,t)≥F̄ ν̄(x,u)}

= G(x, t) = N̄(x, [0, t]).

Fix x ∈ E. Let

C := {[0, t] ⊂ [0, 1], 0 ≤ t ≤ 1}

and

D := {C ∈ B[0, 1] : N̄(x,C) =
∫ 1

0
1{τ(x,u)∈C} ¯̄ν(du)}.

Then C is a π-system, and D is a λ-system such that C ⊂ D . By monotone class

theorem, B[0, 1] = σ(C ) ⊂ D .

2. If N̄(x, ·) is σ-finite on U for each x ∈ E, then there exists a countable partition of

disjoint sets {Ak(x)}k∈N ⊂ [0, 1] such that N̄(x,Ak(x)) <∞.

Since ¯̄ν is σ-finite, then there exists a partition {Ei}i≥1of [0, 1] such that ¯̄ν(Ei) < ∞

for each i ∈ N. Then if there exists some Ei such that ¯̄ν(Ei) ≥ N̄(x,A1), then



120

since m̄ is diffusive, then there exists a set B1(x) ⊂ Ei such that m̄(B1(x)) =

N̄(x,A1(x)).Otherwise, since N̄(x, U) ≤ ¯̄ν(U), then there must be some integer ν̄ ≥ 2

such that
m−1∑
i=1

¯̄ν(Ei) < N̄(x,A1(x)) ≤
m−1∑
i=1

¯̄ν(Ei).

Then by the diffusive property of m̄, there exists an Ẽm ⊂ Em such that B1(x) =

∪m−1
i=1 Ei ∪ Ẽm satisfying ¯̄ν(B1(x)) = N̄(x,A1).

Therefore, N̄(x,Ac1) ≤ ¯̄ν(Bc
1(x)). Repeat the above procedure. Hence, by induction,

for each x ∈ E, there exists a countable partition of disjoint sets {Bk(x)}k∈N such

that ¯̄ν(Bk(x)) = N̄(x,Ak) for each k ∈ N, and from (1), for each k, there exists a

function τk(x, u) : Bk(x) 7→ Ak∪{∞} such that for every C ∈ B(0, 1), N̄(x,1Ak∩C) =∫
1Bk(x)(u)1τk(x,u)∈{C∩Ak}

¯̄ν(du). Therefore, by letting

τ(x, u) :=


τk(x, u) if u ∈ Bk(x), k ∈ N

∞ if u /∈ ∪kBk(x),

we have N̄(x,1C) =
∫
1{τ(x,u)∈C} ¯̄ν(du).

Define F̄ ν̄(x, u) := ψ−1(τ(x, ψ(u))) for each u ∈ U .Then F̄ ν̄ is a function from E ×U

to U ∪ {∆}, such that for each C ∈ U ,

N(x,1C) = N̄(x,1ψ(C)) =
∫
1{τ(x,u)∈ψ(C)} ¯̄ν(du) =

∫
1{F̄ ν̄(x,u)∈C}ν̄(du),

where F̄ ν̄ depends on the mesurem.Therefore, for any positive U -measurable function

f ,

N(x, f) =
∫
U
f(F̄ ν̄(x, u))ν̄(du).

Remark A.1.18. The jump process Y defined in (1.12) has a Lévy system (n(x, dz), t),

where n(x, dz) is the jump kernel for X, which are σ-finite on B(Rd \{0}) for each x ∈ Rd.

Also notice that Xs− : (ω, s) 7→ Rd is function valued on Rd. Then applying Theorem

A.1.17 with E = Rd, U = Rd \ {0}, for any σ-finite diffusive measure m on Rd \ {0} such
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that n(x,Rd \ {0}) ≤ ν̄(Rd \ {0}), there exists a E ⊗ U -measurable function F ν̄(x, u) :

E × U 7→ U ∪ {∆} such that for any positive B(Rd \ {0})-measurable function f ,

n(Xs−(ω), f) =
∫
Rd\{0}

f(F ν̄(Xs−(ω), u))ν̄(du)for any (ω, s) ∈ Ω× [0,∞), (1.15)

where F ν̄ is depends on the measure ν̄.

Now we quote a Doob’s theorem from [32, 4.44] to prove Theorem A.1.22. As usual, we

introduce some concepts that are used in Doob’s theorem.

Definition A.1.19. A σ-algebra G on Ω is said to be a separable if it is generated by some

sequence {Hn}n≥1 of subsets of Ω. Then let Fn = σ(H1, ...,Hn), we obtain a filtration (Fn)

such that

F∞ = lim
n→∞

Fn = ∨nFn = G .

For example, if Ω = [0, 1], its Borel σ-algebra G is separable: Let Pn =

([0, 1/2n], (1/2n, 2/2n], (2/2n, 3/2n], ..., (1 − 1/2,1]) and Fn = σ(Pn) for each n ∈ N.Then

the partition Pn on [0, 1] is more and more refined as n increases. So G is a separable

σ-algebra if and only if it is generated by a sequence {Pn}n≥1 of finite partitions of [0, 1].

Since any Lusin space U is homeomorphic to [0, 1], then there is a bijection is φ : U →

[0, 1]. For each n ∈ N, let the partition P̄n on U be (φ−1[0, 1/2n], φ−1(1/2n, 2/2n], ..., φ−1(1−

1/2n, 1]). and set Fn = σ(P̄n). Then we have U = ∨nFn. Hence the Borel σ-algebra U is

separable.

The following is Doob’s theorem.

Theorem A.1.20. Let S be a set and G a separable σ-algebra on it. Let (E,E ) be an

arbitrary measurable space. Let P,Q be two a bounded kernels both from (E,E ) to (S,G ).

Suppose that, for each x in E, the measure H → Q(x,H) is absolutely continuous with

respect to the measure H → P (x,H). Then there exists a positive E ⊗ G -function Z(x, ω)

such that

Q(x,H) =
∫
H
Z(x, ω)P (x, dω), x ∈ E,H ∈ G .

Remark A.1.21. The Doob’s theorem in [32, 4.44] states the condition when P is a prob-

ability kernel, and we modify it as a bounded kernel for our purpose. The proof follows the

same line in [32, 4.44].
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Theorem A.1.22. Let (E,E ) and (U,U )be two measurable spaces where U is Lusin. Let N

be a kernel from E to U such that N(x, .) is a σ-finite measure on U for each x ∈ E. Then

there exists a family of E ⊗ U -measurable sub-Markovian kernel Q̂(x, u, ·) from (E × U)

to U , such that for every σ-finite diffusive measure ν̄ satisfying (1.13), every positive U -

measurable function f , and every A ∈ U , we have∫
U
1A(u)f(F ν̄(x, u))ν̄(du) =

∫
U
Q̂(x, u,A)f(u)N(x, du).

Moreover, when N(x, dz) is the jump kernel for the jump process Y of a Hunt process

X defined in (1.12), we have the dual predictable projection of ∑0<s≤t 1{s∈D̃}Q̂(Xs− , Ys, A)

satisfies that

[
∑

0<s≤t
1{s∈D̃}Q̂(Xs− , Ys, A)]p =

∫ t

0

∫
Rd\{0}

1A(u)1{F ν̄(Xs− ,u) 6=0}ν̄(du)ds a.s.,

where F ν̄ is the function defined in Remark A.1.18, D̃ := {(ω, s) : s > 0, Xs 6= Xs−}.

Proof. This proof is based on the idea of Theorem 8 in [36], and we modify it for our purpose

and add more details. Since N(x, dz) is σ-finite on U for each x ∈ E, then for each x ∈ E,

there exists a sequence of disjoint sets {En(x)}{n≥1} ⊂ U and U = ∪n≥1En(x), such that

N(x,En(x)) < ∞ for each x ∈ E,n ∈ N . Define h(x, u) :=
∑
n≥1

1
2n1En(x)(u), for each

(x, u) ∈ E × U , then h(x, u) is a strictly positive function on E × U , and∫
U
h(x, u)N(x, du) <∞ for every x ∈ E. (1.16)

Fix A,C ∈ U , and consider the following two E -measurable kernels from E ×U to U :

µ1
A(x,C) =

∫
U
1A(u)h(x, F ν̄(x, u))1C(F ν̄(x, u))ν̄(du)

=
∫
A
h(x, F ν̄(x, u))1C(F ν̄(x, u))ν̄(du)

and

µ2(x,C) =
∫
U
h(x, F ν̄(x, u))1C(F ν̄(x, u))ν̄(du).

Then for every x ∈ E, µ1
A(x,C) and µ2(x,C) are two measures on U such that

µ1
A(x, dv)� µ2(x, dv).
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Also, U is a separable σ-algebra on U .Then by Doob’s theorem A.1.20, there exists a

Radon-Nikodym derivative ϕA(x, v) defined on E × U such that ϕA(x, v) ≤ 1 and

µ1
A(x, dv) = ϕA(x, v)µ2(x, u, dv) for every (x, v).

Since for fixed A ∈ U , both µ1
A(x, dv) and µ2(x, dv) are both E ⊗ U -measurable, then

ϕA(x, v) is E ⊗U -measurable. Define Q̂(x, u,A) = ϕA(x, F ν̄(x, u), A) ≤ 1 for each (x, u) ∈

E × U and A ∈ U , which means that Q̂(x, u,A) is a sub-Markovian kernel from E × U to

U . Since F̄m is E ⊗U -measurable, then for fixed A ∈ U , Q̂(·, ·, A) is E ⊗U -measurable.

Then for every positive U -measurable function f , A ∈ U , x ∈ E,∫
U
h(x, v)f(v)ν̄(dv) = µ1

A(x, f)

=
∫
U
ϕA(x, F ν̄(x, u), A)h(x, F ν̄(x, u))f(F ν̄(x, u))ν̄(du)

= µ2(x, fQ̂(x, ·, A))

=
∫
U
Q̂(x, u,A)h(x, F ν̄(x, u))f(F ν̄(x, u))ν̄(du). (1.17)

Since h is strictly positive, divide h(x, u) (where on the left hand side, it is of the form

h(x, F ν̄(x, u)) from both sides of (1.17).Then for every x ∈ E, A ∈ U , positive U -

measurable function f , by Theorem A.1.17,∫
U
1A(u)f(F ν̄(x, u))ν̄(du) =

∫
U
Q̂(x, u,A)f(u)N(x, du). (1.18)

Similarly, replacing f with any E ⊗U -measurable positive function Z(x, u) in (1.18),∫
U
1A(u)Z(x, F ν̄(ω, s, u))ν̄(du) =

∫
U
Q̂(x, u,A)Z(x, u)N(x, du).

Fix A ∈ U , Q̂(·, ·, A) is a positive E ⊗U -measurable.

When N(x, du) is the jump kernel for the jump process Y defined in (1.12), with Xs−

is P-measurable, Y is quasi-left continuous, then by Remark A.1.16, the dual predictable

projection of ξt(Q̂(Xs− , Ys, A)) =
∑
{0<s≤t,s∈D̃} Q̂(Xs− , Ys, A) is

[
∑

{0<s≤t,s∈D̃}

Q̂(Xs− , Ys, A)]p =
∫ t

0

∫
Rd\{0}

Q̂(Xs− , u, A)N(Xs− , du)ds.
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Therefore, by (1.18),

(
∑

{0<s≤t,s∈D̃}

Q(Xs− , Ys, A))p =
∫ t

0

∫
Rd\{0}

Q̂(Xs− , u, A)N(Xs− , du)ds

=
∫ t

0

∫
Rd\{0}

1A(u)1{F ν̄(Xs− ,u)6=0}ν̄(du)ds.

That the indicator 1{F ν̄(Xs− ,u)6=0} appears follows from the fact that (1.18) is only valid

for any positive U -measurable function on U . Here F ν̄ is the function defined in Remark

A.1.18(iv).

Remark A.1.23. For any σ-finite quasi-left continuous Point process Y defined in a Lusin

space U , whose Lévy system is (N(ω, s, du), t) as shown in Theorem A.1.15, apply Theo-

rem A.1.22 with E = Ω × R+, we also have a P × U -measurable sub-Markovian kernel

Q(ω, s, u,A) such that for every Q(ω, s, u,A) from (Ω×R+ ×U) to U , such that for every

σ-finite diffusive measure m satisfying (1.13), every positive U -measurable function f , and

every A ∈ U , we have∫
U
1A(u)f(F̄ ν̄(ω, s, u))ν̄(du) =

∫
U
Q(ω, s, u,A)f(u)N(ω, s, du),

where F̄ ν̄ is the function in Theorem A.1.17.

Next, we follow the idea of Lemma 9-Theorem 12 in [36] for σ-finite quasi-left continuous

Point process Y on a Lusin space U , whose Lévy system is (N(ω, s, du), t), to construct a

new point process Ȳ on U based on the sub-markovian kernel Q(ω, s, u,A), and prove that

Ȳ is a Poisson point process. After we give the details of the proof in each theorem, we

apply the result to our jump process on Rd \ {0} defined in (1.12).

Denote a point on the space ÛR+ as ũ and let ũt be the coordinate of ũ, taking values

on Û . By letting

Q(ω, s, u, {∆}) = 1−Q(ω, s, u, U), (1.19)

we extend the sub-Markov kernel Q(ω, s, u, ·) to be Markovian from (Ω,R+)× U) to Û .

Next define a new space Ω̄ = Ω× ÛR+ with the induced σ-algebra Ḡ = F ⊗ Û ⊗R+
.
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For each Ai ∈ Û , let Q̄ be a new kernel from (Ω× R+ × Û) to Û such that

Q̄(ω, ti, Yti , Ai) :=


Q(ω, ti, Yti , Ai) if Yti(ω) 6= ∆,

δAi(∆) otherwise.
(1.20)

Hence,

Q̄ω(ũt1 ∈ A1, ..., ũtn ∈ An) = Πn
i=1Q̄(ω, ti, Yti , Ai)

defines a transition kernel from (Ω,F ) to (ÛR+
, Û ⊗R+). On the probability space (Ω̄, Ḡ ),

we define a probability P̄ such that dP̄ = dP(ω)Q̄ω(·) and the σ-algebra Ḡ , which is complete

with respect to P̄.

For each ω ∈ Ω, let Dω = {t > 0 : Yt 6= ∆}. Then we define a new point process Ȳ on

Ω̄ as follows:

Ȳt(ω, ũ) :=


Y0(ω) if t = 0,

ũt if t ∈ Dω and t > 0,

∆ if t /∈ Dω and t > 0,

(1.21)

It is not hard to see that if Y is σ-discrete, so is Ȳ . Let ξ̄ be the random counting measure

ξ̄t(ω, ũ) associated with Ȳ on (R+ × U,B(R+)×U ) as

ξ̄t(ω, ·) =
∑

{s∈Dω ,0<s≤t}
δ{s,Ȳs(ω)}.

To show that Ȳ is a Possion point process, we first need to define the filtration {Ḡt}t≥0, each

of which is a sub σ-algebra of Ḡ and that Ȳ is adapted with. Let (Ḡt) be the augmented

filtration of Ȳ by including all the P̄-negligible sets.

Lemma A.1.24. The probability Q̄ω induces a transition kernel from (Ω,Ft) to

(Û (0,t], Û (0,t]) for each t > 0.

Proof. First, Q̄ω(Û (0,t]) = Π{0<s≤t,s∈Dω}Q̄(ω, s, Ys, Û) = 1.

For each B ∈ Û (0,t], denote Bτ := πτ (B), where πτ is the projection map on the τ -th

component such that 0 < τ ≤ t. Then we have

ĒQ̄ω [ξ̄t(B)] = Π{0<s≤t,s∈Dω}Q̄(ω, s, Ys, Bs).
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Let D̂ is a countable union of graph of quasi-left continuous jump times, i.e, D̂ =

{Yt(ω) 6= ∆} = {T1, T2, ..., Tk, ...}.Then

Π{0<s≤t,s∈D̂}Q̄(ω, s, Ys, πs(B)) = Πk1{Tk≤t}Q̄(ω, Tk, YTk , BTk).

Since Tk is FTk -measurable, BTk = πTk(B) is FTk -measurable. Since the point process

Y is quasi-left continuous, then Y is progressively measurable. Therefore, YTk is thus

FTk -measurable.

Also, fix Ai ∈ U in the definition of Q̄ in (1.20), then Q̄ is P ⊗ Û -measurable. Hence

for every k ∈ N, Q̄(ω, Tk, YTk , BTk) is FTk -measurable. Since FTk ⊂ Ft on {Tk ≤ t}.

Therefore, Π{0<s≤t,s∈D̂}Q̄(ω, Tk, YTk , BTk) is Ft-measurable.

On the other hand, fix ω ∈ Ω, Q̄ω(Û (0,t]) = 1. And for any set B ∈ Û (0,t],

Q̄ω((Ȳs)0<s≤t ∈ B) = Π{0≤s≤t,s∈Dω}Q̄(ω, s, Ys, Bs) = Π{0≤Tk≤t}Q̄(ω, Tk, YTk , BTk).

For any sequence of sets {Bj}j∈N ⊂ Û , such that Bj ∩ Bi = ∅, for any i, j ∈ N, by the

definition of product measure,

Q̄ω(∪j∈NBj) =
∞∑
j=1

Π{0≤Tk≤t}Q̄(ω, Tk, YTk , Bj,Tk) =
∞∑
j=1

Q̄ω(Bj) ≤ 1,

and when Bj = Û for every j ∈ N, then

Q̄ω(∪j∈NÛ) =
∞∑
j=1

Q̄ω(Û) = 1.

Hence, for each ω ∈ Ω, Q̄ω is probability measure in Û (0,t].

The following theorem is about the Lévy system of the point process Ȳ .

Theorem A.1.25. Let H be the P ⊗ U -measurable strictly positive function on

(Ω, [0,∞, U) such that E(ξY (H)] <∞, where ξYt is the random counting measure associated

with the original Point process Y . Then for any B ∈ U , the dual predictable projection of

µ̄t(B) :=
∑

0<s≤tH(ω, s, Ys(ω))1{Ȳs(ω,u)∈B} with respect to Ḡt is

ν̄t(B) =
∫ t

0
ds

∫
1{u∈B}H(ω, s, F̄ ν̄(ω, s, u))ν̄(du),
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where ν̄ is denoted as the intensity measure of µ̄ on U , and F is function corresponding to

ν̄ in Theorem A.1.17 with E = Ω× R+.

Moreover, the random counting measure ξ̄t(B) =
∑

0<s≤t δ{Ȳs(ω,u)∈B} has a dual pre-

dictable projection with respect to the filtration Ḡt with∫ t

0
ds

∫
U
1B(u)1{F̄ ν̄(ω,s,u)6=∆}ν̄(du), (1.22)

which indicates that the point process Ȳ is quasi-left continuous with Lévy system

(1{F̄ ν̄(ω,s,u)6=∆}ν̄, t).

Proof. By the definition of dual predictable projection, it suffices to show that (µ̄t(B) −

mt(B))t≥0 is a martingale with respect to the filtration {Ḡt}t≥0.

By Theorem A.1.24, we have shown that µ̄t(B)− µ̄s(B) is independent of Ḡs under the

law of Q̄ω. Hence for any A ∈ Fs, by the definition of Ȳ (ω, ũ) ∈ B, and (1.19),

Ē[1A(µ̄t(B)− µ̄s(B))] = Ē[ĒQ̄ω [1A(µ̄t(B)− µ̄s(B))]]

= E[ĒQ̄ω(1A)ĒQ̄ω [µ̄t(B)− µ̄s(B)]]

= E[ĒQ̄ω(1A)
∑

{s<v≤t,v∈D̂}

H(ω, v, Yv)Q̄(ω, v, Yv, B)]

= E[ĒQ̄ω(1A)
∑

{s<v≤t,v∈D̂}

H(ω, v, Yv)Q(ω, v, Yv, B)].

Since Lévy system of Y is (N, t) and by Theorem A.1.22 with E = Ω× [0,∞),

E[ĒQ̄ω(1A)
∑

{s<v≤t,s∈D}
H(ω, v, Yv)Q(ω, v, Yv, B)]

= E[ĒQω(1A)
∫ t

s
dv

∫
U
N(ω, s, du)H(ω, s, u)Q(ω, s, u,B)]

= E[ĒQ̄ω(1A)
∫ t

s
dv

∫
U
H(ω, s, F̄ ν̄(ω, s, u))1{u∈B}ν̄(du)]

= E[ĒQ̄ω(1A)(ν̄t(B)− ν̄s(B))]

= Ē[1A(ν̄t(B)− ν̄s(B))]. (1.23)

The second part of the theorem follows by dividing H(ω, v, Yv) on the left-hand side)

from both sides of (1.23).
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To obtain a Poisson point process Ŷ whose Lévy system is (ν̄(du), t), and the above

characteristic measure misses the part 1{F̄ ν̄(ω,s,u)=∆}ν̄(du), which corresponds to the

scenario when the original point process Ys(ω) = ∆. So we complement this part by

introducing an auxiliary probability space and a Poisson point process with Lévy system

(1{F̄ ν̄(ω,s,u)=∆}ν̄, t) on that probability space to construct a Poisson point process whose

characteristic measure is ν̄.

Define a Poisson point process Z on the probability space (W,A ,At, P̃ ), whose charac-

teristic measure is m. Let Πt be the associated Poisson random measure.

Denote Ω̂ for the space Ω̄ ×W , Ĝ for Ḡ × A , P̂ for the probability on (Ω̂, Ĝ ) defined by

P̄× P̃, and F̂t for the increasing complete right-continuous filtration constructed by the pair

Ḡt ×At.

Theorem A.1.26. Consider the above defined space (Ω̂, F̂ , F̂t, P̂). The process Ŷt(ω, ũ, ω̃)

is defined as follows :

Ŷt(ω, ũ, ω̃) :=


Ȳt(ω, ũ) if Yt(ω) 6= ∆ and Zt(ω̃) = ∆;

Zt(ω̃) if Yt(ω) = ∆ and Zt(ω̃) 6= ∆ and F̄ ν̄(ω, t, Zt(ω̃)) = ∆;

∆ otherwise,

(1.24)

is a Poisson point process with characteristic measure m.

Proof. The idea of the proof is the same as in [36], we just elaborate it here.

Let C = {(ω, ũ, ω̃) : if there exists t > 0 s.t. Zt(ω̃) 6= ∆ and Yt(ω) 6= ∆}.GivenB ∈ U such

that m(B) <∞, let T1, ..., Tn, ... be the successive jumping times of the process {Πt(B)}t≥0.

Fix ω ∈ Ω, recall that Dω = {t > 0 : Yt 6= ∆}, which is is countable, and notice that

YTn(ω̃)(ω) 6= ∆ ⇒ Tn ∈ Dω.Since Tn follows Gamma distribution, then by the definition

of Ȳ in(1.21), P̃(Tn(ω̃) ∈ Dω) = 0. In addition, since P and P̃ are independent, then

P̂(YTn(ω̃)(ω) 6= ∆) = P[P̃(Tn ∈ Dω)] = 0.

Therefore,

P̂(C) = 0, (1.25)
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i.e., P̂ almost surely, the processes Zt and Yt won’t jump at the same time. Recall that

{t > 0 : Ȳt(ω, ũ) 6= ∆} ⊂ Dω P−a.s., then P̂ almost surely, the processes Zt and Ȳt won’t

jump at the same time as well.

Next, denote ξ̂ as the associated random counting measure of Ŷ . By Theorem A.1.11,

to show that Ŷ is a Poisson point process, it suffices to show that (ξ̂t(B) − tν̄(B)) is a

(F̂t)-martingale.

By the definition of Ŷt,

ξ̂t(B) =
∑

0<s≤t
1{Ȳs∈B}1{Zs=∆} +

∑
0<s≤t

1{Ȳs=∆}1{Zs(ω̃)∈B}1{F̄ ν̄(ω,s,Zt(ω̃))=∆)}.

We know that

Ê(1{Zs=∆}1{Ȳs∈B}) = P̄(Ȳs ∈ B)P̃(Zs(ω̃) = ∆) = P̄(Ȳs ∈ B), (1.26)

where the first equality is due to the independence of Ȳ and Z, and the second equal-

ity is because each jumping time of the Poisson point process {Zs}s≥0 follows continuous

probability distribution, which leads to P̃(T̃k = s) = 0⇔ P̃(Zs(ω̃) = ∆) = 1. Hence

Ê(1{Ȳs=∆}1{Zs(ω̃)∈B}) = P̄(Ȳs = ∆)P̃(Zs(ω̃) ∈ B), (1.27)

Since

P̄(Ys 6= ∆)P̃(Zs(ω̃) ∈ B) = 0.

then

P̄(Ȳs = ∆)P̃(Zs(ω̃) ∈ B) = P̃(Zs(ω̃) ∈ B). (1.28)

By (1.26), (1.27) and (1.28),

ξ̂t(B) = ξ̄t(B) +
∑

0<s≤t
1{F̄ ν̄(ω,s,Zs(ω̃))=∆}1{Zs(ω̃)∈B},

where ξ̄ is the random counting measure associated with Ȳ . Recall that by (1.22),

(ξ̄t(B))p =
∫ t

0

∫
U
1{u∈B}1{F̄ ν̄(ω,s,u)6=∆}ν̄(du)ds, (1.29)

Also, given the Lévy system of the Poisson point process {Zs(ω̃)}s≥0 is (m, t), we have

(
∑

0<s≤t
1{F̄ ν̄(ω,s,Zs(ω̃))=∆}1{Zs(ω̃)∈B})p =

∫ t

0
ds

∫
U
1{u∈B}1{F̄ ν̄(ω,s,u)=∆}ν̄(du). (1.30)
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Therefore, by (1.29), (1.30), (ξ̂t(B) −
∫ t

0 ds
∫
U 1{u∈B}ν̄(du)) is a (F̂t)-martingale for any

B ∈ U s.t. ν̄(du)(B) < ∞, and thus Ŷ is a Poisson point process whose characteristic

measure is m.

Theorem A.1.27. The point process Y with Lévy system (N, t) is the image of the Poisson

point process Ŷ under the function F̄ ν̄ such that

Yt = F̄ ν̄(ω, t, Ŷ (ω, ũ, ω̃)) P̂− a.s. (1.31)

Proof. Since

{(ω, ũ, ω̃) : Yt = F̄ ν̄(ω, t, Ŷt), Yt 6= ∆)} = {(ω, ũ, ω̃) : Yt = F̄ ν̄(ω, t, Ȳt), Yt 6= ∆},

then it suffices to show that {(ω, ũ, ω̃) : Yt 6= F̄ ν̄(ω, t, Ŷ (ω, ũ, ω̃))} is P̂-negligible.

Notice that

{(ω, ũ, ω̃) : ∃ t such that F̄ ν̄(ω, t, Ŷt) 6= Yt, Yt 6= ∆}.

= {(ω, ũ, ω̃) : ∃ t such that F̄ ν̄(ω, t, Ŷt) = F̄ ν̄(ω, t, Ȳt), F̄ ν̄(ω, t, Ŷt) 6= Yt, Yt 6= ∆}

= {(ω, ũ, ω̃) : ∃ t such that F̄ ν̄(ω, t, Ȳt) 6= Ŷt, t ∈ Dω}

= ∅ P̂− a.s. (1.32)

In addition,

Ê[
∑

0<s≤t
1{F̄ ν̄(ω,s,Ŷs(ω))6=∆}1{F̄ ν̄(ω,s,Ŷs(ω)) 6=Ys(ω)}]

= Ê[
∑

0<s≤t
1{F̄ ν̄(ω,s,Ȳs(ω)) 6=∆}1{F̄ ν̄(ω,s,Ȳs(ω)) 6=Ys(ω)}]

= Ê[
∑

0<s≤t
Q(ω, s, Ys,1{F̄ ν̄(ω,s,Ȳs(ω)) 6=∆}1F̄ ν̄(ω,s,Ȳs(ω))6=Ys(ω)})]

= E[
∫ t

0

∫
U
ν̄(du)1{F̄ ν̄(ω,s,u) 6=∆}1{F̄ ν̄(ω,s,u)6=n(ω,s,u)}] = 0 for all t ≥ 0. (1.33)

The last two equalities is due to Theorem A.1.25.

Hence the increasing process (
∑

0<s≤t 1{F̄ ν̄(ω,s,Ŷs(ω)) 6=∆}1{F̄ ν̄(ω,s,Ŷs(ω))6=Ys(ω)}) is evanescent.

Therefore,

{(ω, ũ, ω̃) : ∃ t such that Yt(ω) 6= F̄ ν̄(ω, t, Ŷt(ω, ũ, ω̃)), Yt 6= ∆} (1.34)



131

is a null set under P̂. Therefore, by(1.32) and (1.33),

{(ω, ũ, ω̃) : ∃ t such that Yt(ω) 6= F̄ ν̄(ω, t, Ŷt(ω, ũ, ω̃))}

is a P̂-negligible set.

Remark A.1.28. Apply the same extension and definition in (1.19),(1.20) to Q̂(Xs− , Ys, ·)

that is obtained in Theorem A.1.22, for the jump process Y on Rd \ {0} defined in (1.12).

Then Q̂(Xs− , u, {0}) = 1− Q̂(Xs− , u,Rd \ {0}). And for each Ai ∈ R, let ¯̂
Q be a new kernel

from (Rd × Rd) to R such that

¯̂
Q(Xti−(ω), Yti , Ai) :=


Q̂(Xti− , Yti , Ai) if Xti−(ω) 6= Xti(ω),

δAi(0) otherwise.
(1.35)

Apply the argument in Theorem A.1.24,Theorem A.1.26, Theorem A.1.27, and we can obtain

a Poisson process Ŷ such that Yt = F ν̄(Xt− , Ŷt) P̂− a.s., such that

Ŷt(ω, ũ, ω̃) :=


Ȳt(ω, ũ) if Xt−(ω) 6= Xt and Zt(ω̃) = 0;

Zt(ω̃) if Xt−(ω) = Xt and Zt(ω̃) 6= 0 and F ν̄(Xt− , Zt(ω̃)) = 0;

0 otherwise.

The following is to rewrite the proof of Theorem 13 in [36] in details.

Let M be a quasi-left continuous, square-integrable martingale on Rd, and define:

Yt :=


∆Mt if ∆Mt 6= 0;

0 otherwise.
(1.36)

Since M square integrable, then E[
∑
s≤t(∆Ms)2] < ∞ for every t > 0, then Y is σ-finite.

Hence the process Y is a adapted σ-finite quasi-left continuous point process.

Assume that the Lévy system of Y is (N(ω, s, du), t),we want to show that the com-

pensated sum of the totally inaccessible jumps of the square integrable martingale M is a

stochastic integral with respect to a Poisson martingale, where N(ω, s, du) is a kernel from

(Ω× [0,∞)) to B(Rd \ {0}).
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Theorem A.1.29. Let M be a square-integrable and quasi-left continuous martingale de-

fined on the probability space (Ω,Ft,F ,P), taking values on Rd. The associated jump

process ∆M is absolutely has a Lévy system (N, t).Then there exists two probability spaces

(Ω̃, F̃ , F̃t), (Ω̂, F̂ , F̂t), a d-dimensional Brownian Motion W , a Poisson point process Ŷ

with σ-finite intensity measure ν̄, independent of W , a predictable d × d matrix process

{σ(ω, t)}t>0, a P⊗B(Rd \{0})-measurable function F (ω, s, u) defined on Ω×R+×Rd \{0}

satisfying :

E
∫ t

0
〈θ, σσ∗(ω, s)θ〉ds <∞ for every θ ∈ Rd \ {0},

and

E
∫ t

0
ds

∫
Rd\{0}

(F̄ ν̄)2(ω, s, u)ν̄(du) <∞,

such that

Mt = M0 +
∫ t

0
σ(ω, s)dBs +

∫ t

0

∫
Rd\{0}

F̄ ν̄(ω, s, u)(µ− ν)(du, ds),

where µ is the Poisson random measure associated with the Poisson point process Ŷ on

(R+ × Rd \ {0},B(R+)×B(Rd\{0})), and ν is its intensity measure.

Proof. For every square-integrable martingale, it could be uniquely decomposed into

Mt = M c
t +Md

t ,

where M c is the continuous part and Md is the discontinuous part of M .

Let {Yt}t≥0 be a point process defined in (1.36). Then for any set A ∈ B(Rd), define

the associated counting measure γY on (R+ × Rd \ {0},B(R+)×B(Rd \ {0})) as

γY ((0, t]×A) =
∑
s>0

δ{(s,Ys)∈((0,t]×A)}.

Since M is square-integrable, i.e., for every t > 0,

E[
∑

0<s≤t
(Ms −Ms−)2] ≤ E[M2

t ] <∞, (1.37)

then the measure γ is σ-finite. By Theorem A.1.26 and A.1.27, there exists a probability

space (Ω̂, F̂ , F̂t, P̂), a Poisson point process Ŷ with intensity measure ν̄ and a P ⊗B(Rd \
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{0})- measurable process F̄ ν̄(ω, s, u) such that

Yt = F̄ ν̄(ω, t, Ŷt) P̂- a.s., (1.38)

and

Ê[
∫ t

0
ds

∫
Rd

(F̄ ν̄)2(ω, s, u)ν̄(du)] = E[
∫ t

0
ds

∫
Rd

(F̄ ν̄)2(ω, s, u)ν̄(du)]

= E[
∑

0<s≤t
(Ys)2] <∞.

For any A ∈ B(Rd), let µ((0, t]×A) =
∑
s>0 1{(s,Ŷs)∈(0,t]×A}. By (1.38),

µ((0, t]×A) :=
∑

0<s≤t
1{F̄ ν̄(ω,s,Ŷs)∈F̄ ν̄(ω,s,A)}, (1.39)

and µ is a Poisson measure on R+ × Rd with intensity measure ν which satisfies

ν((0, t]×A) = E[µ((0, t]×A)] = tν̄(A). (1.40)

Then by (1.31), (1.39), γ((0, t)× F̄ ν̄(ω, s,A)) = µ((0, t]×A) P− a.s.

Define a process Md,p as Md,p
0 = 0 and for each t ≥ 0,

Md,p
t =

∑
0<s≤t

(∆Ms)1{ 1
p
<|∆Ms|≤p} −

∫ t

0

∫
Rd
F̄ ν̄(ω, s, u)1{ 1

p
<|F̄ ν̄(ω,s,u)|≤p}ν̄(du)ds.

=
∑

0<s≤t
F̄ ν̄(ω, s, Ŷs)1{ 1

p
<|∆Ms|≤p} −

∫ t

0

∫
Rd
F̄ ν̄(ω, s, u)1{ 1

p
<|F̄ ν̄(ω,s,u)|≤p}ν̄(du)ds

Since F̄ ν̄ is a positive function, by (1.37), for every p > 0,

E[|Md,p
t |2] ≤ E[

∑
0<s≤t

|∆Ms|21{ 1
p
<|∆Ms|≤p}] ≤ E[

∑
0<s≤t

|Ms −Ms− |2] ≤ E[[|Mt|2] <∞.

Therefore,

lim
p→∞

E[|Md,p
t |2] ≤ E[|Mt|2] <∞,

i.e. Md,p
t converges uniformly in L2(Ω) as p→∞.

DenoteMd
t as the L2-limit, t ≥ 0.Then there exists a subsequence {Md,pk

t }k∈N of {Md,p
t }p∈N

for each t ≥ 0 such that Md,pk
t →Md

t , P-a.s. such that |Md
t | <∞,P-a.s., as pk →∞.

Then by dominated convergence theorem,

E[Md
t |Fs] = E[ lim

pk→∞
Md,pk
t |Fs] = lim

pk→∞
E[Md,pk

t |Fs] = lim
pk→∞

Md,pk
s = Md

s .
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Therefore, Md
t is also a martingale with respect to {Ft}, and by (1.39) and (1.40),

Md
t =

∑
0<s≤t

F̄ ν̄(ω, s, Ŷs)−
∫ t

0
ds

∫
Rd\{0}

F̄ ν̄(ω, s, u)ν̄(du) =
∫ t

0

∫
Rd\{0}

F̄ ν̄(ω, s, u)(µ−ν)(du, ds).

Hence M c
t := Mt −Md

t is a continuous square-ntegrable martingale starting with M c
0 = 0.

By Theorem 3.4 in [66, Chapter V], for any continuous martingale starting from 0, such

that d〈M c
t ,M

c
t 〉 � dt, there exists an auxiliary probability space (Ω̃, F̃ , P̃), and by defining

Ω′ = Ω× Ω̃,F ′ = F ⊗ F̃ ,P′ = P⊗ P̃,

there exists a d-dimensional {F ′t}t≥0-measurable d-dimensional Brownian motion W and a

P-measurable matrix process {σ(ω, s)}s>0 such that

M c
t = M0 +

∫ t

0
σ(ω, s)dWs P− a.s.

Finally we will show that Wt and Ŷt are independent under P. Since by definition and

the uniqueness of M c and Md, then E[M c
tM

d
t ] = 0, t ≥ 0. Then for a d-dimensional vector

function φ(s) =
∑d
j=1 uj1(tj ,tj+1], where those (tj , tj+1]’s are disjoint.

Let

Ut := exp{i
∫ t

0
〈φ(s), dWs〉+ 1

2

∫ t

0
|φ(s)|2ds}.

Then (Ut) is an adapted continuous martingale starting from U0 = 1.

Similarly, define µt := µ((0, t] × Rd) =
∑
s>0 1{(s,Ŷs)∈(0,t]×Rd}, and a d-dimensional vector

function ϕ(s) =
∑d
j=1 vj1Γj × 1(sj ,sj+1], where Γj ∈ B(Rd \ {0}) and those Γj × (sj , sj+1]’s

are disjoint,

exp {i
∫ t

0

∫
Rd
ϕµ(ds, du)}

= exp{iµt(ϕ)}

=
∑

0<s≤t
exp {iµs(ϕ)− iµs−(ϕ)}

= 1 +
∑

0<s≤t
exp{iµs−(ϕ)}[exp{iϕ(s, Ŷs)} − 1]1{Ŷs 6=0}

Notice that P̂-almost surely, {s ≤ t : Ŷs 6= 0} is countable.

Let Kt := Ut exp{iµt(ϕ)}, then

E(Kt) = E
[
Ut(exp{µs−(ϕ)}(exp {iϕ(s, Ŷs)} − 1)

]
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= E
[
1 +

∑
0<s≤t

[Us− exp {iµs−(ϕ)}(exp {iϕ(s, Ŷs)} − 1)]

+(Us − Us−) exp {iµs−(ϕ)}(exp {iϕ(s, Ŷs)} − 1)]
]

= E
[
1 +

∑
0<s≤t

[Us− exp {iµs−(ϕ)}(exp{iϕ(s, Ŷs)} − 1)]
]

= 1 + E
∫ t

0
Ks

∫
Rd\{0}

(exp{iϕ(s, u)} − 1)ν̄(du)ds,

where the last second equality is due to the predictability of Us.

Therefore,

E(Kt) = 1 · exp(
∫ t

0
ds

∫
Rd

(exp{iϕ(s, u)} − 1)ν̄(du)),

i.e.,

E
[
exp

(
i

∫ t

0
〈φ(s), dWs〉

)
exp

(
i

∫ t

0
ϕ(s, u)µt(ds, du)

)]
= E

[
exp

(
i

∫ t

0
〈φ(s), dWs〉

)]
E
[
exp

(
i

∫ t

0
exp{iϕ(s, u)µt(ds, du)

)]
.

Therefore Wt and Ŷt are independent under P.

Definition A.1.30. A set M ⊂ Cb(S) is separating if whenever P,Q ∈P(S) and∫
fdP =

∫
fdQ, ∀f ∈M,

we have P = Q.

The following result is known, see, e.g., [37, Theorem 3.12 of Chapter 4].

Theorem A.1.31. Let S be a separable space. Let A ⊂ Cb(S) × B(S), i.e., the graph of

A, (f,Af) ⊂ Cb(S) × B(S), and suppose that D(A) is separating. Let X be a solution of

the martingale problem for A with respect to {Ft}t≥0, having sample paths in BS [0,∞). Let

τ1 ≤ τ2 ≤ ... be a sequence of {Ft}-stopping times and τ := limn→∞ τn. Then

P
(

lim
n→∞

Xτn = Xτ , τ <∞
)

= P(τ <∞).

In particular, P(Xt = Xt−) = 1 for each t > 0.
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Proof. For any f ∈ D(A), since X is a solution of the martingale problem for A, for every

t ≥ 0,

f(Xτn∧t)−
∫ τn∧t

0
Af(Xs)ds = E

[
f(Xτ∧t)−

∫ τ∧t

0
Af(Xs)ds

∣∣∣Fτn∧t] .
Hence with G := σ{Fτn , n ∈ N}, we have

f( lim
n→∞

Xτn∧t) = lim
n→∞

f(Xτn∧t) = lim
n→∞

E
[
f(Xτ∧t)−

∫ τ∧t

τn∧t
Af(Xs)ds

∣∣∣Fτn]
= E[f(Xτ∧t)|G], (1.41)

After sending t→∞, we have

f( lim
n→∞

Xτn) = E[f(Xτ )|G] on {τ <∞} (1.42)

In particular, E
[
1{τ<∞}f(limn→∞Xτn)

]
= E

[
1{τ<∞}f(Xτ )

]
for every f ∈ D(A). Since

D(A) is separating, it follows that limn→∞Xτn and Xτ have the same distribution on

{τ <∞}. Consequently,

E
[
1{τ<∞}(f( lim

n→∞
Xτn)− f(Xτ ))2

]
= E

[
1{τ<∞}

(
f( lim
n→∞

Xτn)2 − 2f( lim
n→∞

Xτn)f(Xτ )) + f(Xτ )2
)]

= E
[
1{τ<∞}

(
f( lim
n→∞

Xτn)2 − 2E[f( lim
n→∞

Xτn)f(Xτ ))|G] + f(Xτ )2
)]

= E
[
1{τ<∞}f(Xτ )2

]
− E

[
1{τ<∞}f( lim

n→∞
Xτn)2

]
= 0.

Hence f(limn→∞Xτn) = f(Xτ ) P-a.s. on {τ <∞} for every f ∈ D(A) ⊂ Cb(S). We claim

that limn→∞Xτn = Xτ P-a.s. on {τ < ∞}. Suppose not, then there is a Borel set C ⊂ S

so that 1{τ<∞}1C(limn→∞Xτn) 6= 1{τ<∞}1C(Xτ ) with positive probability. Let

Ω1 :=
{
τ <∞, lim

n→∞
Xτn ∈ C and Xτ ∈ Cc

}
and

Ω2 :=
{
τ <∞, Xτ ∈ C and lim

n→∞
Xτn ∈ Cc

}
.

Then either P(Ω1) > 0 or P(Ω2) > 0. Without loss of generality, assume that P(Ω1) > 0.

Denote by µ1 and µ2 the probability distribution of the random variables limn→∞Xτn
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and Xτ restricted to the probability space (Ω1,P(Ω1)−1P|Ω1). Clearly µ1 6= µ2 as µ1 con-

centrates on C while µ2 concentrates on Cc. On the other hand, for every f ∈ D(A),

f(limn→∞Xτn) = f(Xτ ) P-a.s. on Ω1, and so∫
S
f(x)µ1(dx) = P(Ω1)−1E

[
1Ω1f( lim

n→∞
Xτn)

]
= P(Ω1)−1E [1Ω1f(Xτ )] =

∫
S
f(x)µ2(dx).

As D(A) is separating, the above yields that µ1 = µ2, which is a contradiction. This proves

the claim that limn→∞Xτn = Xτ P-a.s. on {τ <∞}.

The following gives a sufficient condition for a set M ⊂ Cb(S) to be separating.

Theorem A.1.32. Suppose that (S, d) is a complete and separable metric space, and M ⊂

Cb(S) is an algebra. If M separates points in S, then M is separating.

Proof. See Theorem 4.5 of Chapter 3 in[37].

Proposition A.1.33. Suppose that there is a solution {Xt, t ≥ 0;Px} to the martin-

gale problem starting from x relative to the operator L ∈ N (Λ1,Λ2,Λ3), where n(x, dz)

is the jumping kernel of X. There exists a d × d matrix σ, two probability space

(Ω̂, F̂ , F̂t), (Ω̃, F̃ , F̃t), a B(Rd) × B(Rd \ {0})-measurable function F (x, u), a Brownian

motion Wt, a Poisson point process Ŷt with σ-finite intensity measure λ satisfying (3.1) ,

independent of Wt, satisfying the property that∫
Rd
f(u)n(x, du) =

∫
Rd
f(F (x, u))λ(du) for each Borel measurable function f,

so that {Xt, t ≥ 0} satisfies the following SDE Px-a.s.:

dXt = σ(Xt)dWt + b(Xt)dt+
∫
{|F (Xt−,z)|≤1}

F (Xt−, z)(µ− ν)(dz, dt)

+
∫
{|F (Xt−,z)|>1}

F (Xt−, z)µ(dz, dt)

X0 = x, (1.43)

where µ is the Poisson random measure satisfying (3.4) with the intensity measure ν.

Proof. The idea follows the proof for Theorem II10 in [56]. Since {Px, x ∈ Rd;Xt, t > 0} is

a solution to the martingale problem associated with L ∈ N (Λ1,Λ2,Λ3) starting from x.
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Then

M̃t = f(Xt)− f(x)−
∫ t

0
Lf(Xs)ds (1.44)

is a martingale for any f ∈ C2(Rd).

Notice that for any f ∈ C2
c (Rd), Lf ∈ Cc(Rd) ⊂ B(Rd) for any L ∈ N (Λ1,Λ2,Λ3).

Since C2
c (Rd) is an algebra and separates points, then by Theorem A.1.32, C2

c (Rd) is

separating. As {Xt}t≥0 is càdlàg, the solution {Xt}t≥0 is quasi-left continuous by Theorem

A.1.31.

Next, for f(x) ∈ C2(Rd), f(x)1{|h|>ε},f(x + h)1{|h|>ε} and 〈h,∇f(x)1{|h|>ε}〉 are both

nonnegative, and

Ex[
∫ t

0

∫
Rd
h · ∇f(Xs−)1{ε<|h|≤1}n(Xs− , dh)ds] = Ex[

∑
0<s≤t

〈∇f(Xs−),∆Xs〉1{ε<|∆Xs|≤1})].

Then

Ex[
∫ t

0

∫
Rd

(f(Xs− + h)− f(Xs−))1{|h|>ε} − h · ∇f(Xs−)1{ε<|h|≤1}n(Xs, dh)ds]

= Ex[
∑

0<s≤t
(f(Xs)− f(Xs−)1{|h|>ε} − 〈∇f(Xs−),∆Xs〉1{ε<|∆Xs|≤1})].

Sending ε→ 0, it yields

Ex[
∫ t

0

∫
Rd

(f(Xs− + h)− f(Xs−))− h · ∇f(Xs−)1{|h|≤1}n(Xs, dh)ds]

= Ex[
∑

0<s≤t
(f(Xs)− f(Xs−)− 〈∇f(Xs−),∆Xs〉1{||∆Xs|≤1})]. (1.45)

Therefore, by (1.44) and (1.45),

Hf
t : = f(Xt)− f(x)−

∫ t

0

∑d

i,j=1
aij(Xs−)∂

2f(Xs−)
∂xi∂xj

+
d∑
i=1

bi(Xs−)∂f(Xs−)
∂xi

ds

−
∑

0<s≤t

(
(f(Xs)− f(Xs−))− 〈∇f(Xs−),∆Xs〉1{|∆Xs|≤1}

)
is also a martingale under Px. Let f = 〈θ, x〉, where θ is an arbrary vector in Rd, then
∂2f(x)
∂xi∂xj

= 0, i, j = 1, .., d, and

Hf
t = 〈θ,Xt − x〉 −

∫ t

0

d∑
i=1

θibi(Xs−)ds−
∑

0<s≤t
(〈θ,∆Xs〉 −

d∑
i=1

θi∆Xi
s1{|∆Xs|≤1})
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= 〈θ,Xt − x〉 −
∫ t

0

d∑
i=1

θibi(Xs−)ds−
∑

0<s≤t
(〈θ,∆Xs〉1{|∆Xs|>1})

is a martingale under Px . Specifically, letting 〈θi,Mt〉 = M i
t , i = 1, ..., d, where

Mt = Xt − x−
∫ t

0
b(Xs−)ds−

∑
0<s≤t

∆Xs1{|∆Xs|>1}, (1.46)

each component of Mt is a martingale, and then Mt is a martingale in Rd.

Since X is a Hunt process, then the jumping times of X is quasi-left continuous. Let

Ā(x) denote the diffusion matrix (aij). For any θ ∈ Rd, (〈θ,Mt〉) is a martingale, then by

Lemma 9 of [56], Lévy jump kernel assumption (1.3), for each t ≥ 0,

Ex[〈θ,Mt〉2] =
∫ t

0〈θ, Ā(Xs−)θ〉ds+
∫ t

0
∫
Rd 1{|h|≤1}〈θ, h〉2n(Xs− , dh)ds <∞,

then 〈θ,Mt〉 is square-integrable, whose quadratic variation is absolutely continuous with

respect to time.

Since each M i
t is square integrable such that [M i,M i]t = 〈M i,M i〉t +

∑
0<s≤t(∆M i

s)2 =∫ t
0 aii(Xs−)ds +

∫ t
0
∫
Rd 1{|h|≤1}|hi|2n(Xs− , dh)ds < ∞, then d[M i,M i]t � dt, i.e., M is a

square-integrable martingale vector in Rd with each component of [M,M ]t is absolutely

continuous with respect to time.

Moreover, by Theorem A.1.17, Theorem A.1.27, there exists a probability space

(Ω̂, F̂ , F̂t), a Poisson point process Ŷ with characteristic measure m, and a B(Rd)×B(Rd \

{0})-measurable function F (x, u) such that

∆Xt = F (Xt− , Ŷt). (1.47)

Let µ be the Poisson random measure associated with the process Ŷ defined on ([0,∞) ×

Rd \ {0},B([0,∞)) ×B(Rd \ {0}) with intensity measure ν. Then ν((0, t] × A) = tλ(A)

for any A ∈ B(Rd \ {0}). Then the dual predictable projection of
∑

0<s≤t ∆Xs1{|∆Xs|>1}

satisfies

(
∑

0<s≤t
∆Xs1{|∆Xs|>1})p =

∫ t

0

∫
|h|>1

hn(Xs− , dh)ds

=
∫ t

0

∫
|F (Xs− ,u)|>1

F (Xs− , u)ν(duds)
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=
∫ t

0

∫
|F (Xs− ,u)|>1

F (Xs− , u)λ(du)ds <∞, (1.48)

where the last inequality is due to the Lévy jump kernel assumption (1.3).

Since ∆Mt = ∆Xt1{|∆Xt|≤1}, then by Theorem A.1.29, there exists a probability space

(Ω̃, F̃ , F̃t), a d-dimensional Brownian motion W , independent of the Poisson point process

Ŷ satisfying

Mt =
∫ t

0
σ(Xs−)dWs +

∫ t

0

∫
{|F (Xs− ,u)|≤1}

F (Xs− , u)(µ− ν)(du, ds), (1.49)

where µ is the Poisson random measure associated with the process Ŷ defined on ([0,∞)×

Rd \ {0},B([0,∞))×B(Rd \ {0})). Then by (1.46)-(1.49),

Xt = x0 +
∫ t

0
σ(Xs)dWs +

∫ t

0
b(Xs)ds+

∫ t

0

∫
|F (Xs− ,u)|≤1

F (Xs− , u)(µ− ν)(du, ds)

+
∫ t

0

∫
|F (Xs− ,u)|>1

F (Xs− , u)µ(du, ds),

with X0 = x.

A.2 Proof of Property (4.9)

Indeed, define Yt :=
∫ t

0 σ(X̄s)dŴs. We divide it into cases of d = 1 and d ≥ 2.

(i) When d = 1, Y is a 1-dimensional continuous martingale with

〈Y 〉t =
∫ t

0
|σ(X̄s−)|2ds =

∫ t

0
a11(X̄s−)2ds.

Note that Λ1t ≤ 〈Y 〉t ≤ Λ−1
1 t . By defining Dt = inf{u : 〈Y 〉u > t}, YDt is a one-dimensional

Brownian motion, which we denote as B̄s. Hence,

Qx0

(
sup
s≤1
|Ys| ≤ ε/2

)
≥ Qx0

(
sup

s≤1/Λ1

|B̄s| ≤ ε/2
)

= Qx0

(
sup
s≤1
|B̄s| ≤ ε

√
Λ1/2

)

Let ϕ(r) := Qx0(sups≤1 |B̄s| ≤ r), which is an increasing function in r. We have

Qx0

(
sup
s≤1
|Ys| ≤ ε/2

)
≤ ϕ(ε

√
Λ1/2).
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(ii) When d ≥ 2, Y is a d-dimensional process with each coordinate process being

a continuous martingale. In general, we can not use time change to turn Y into a d-

dimensional Brownian motion. We consider a one-dimensional semimartingale V (t) = |Yt−

y0|2 instead, where y = (ε, 0, .., 0). Note that V0 = |y0|2 = ε2. Define

τ := inf {t > 0 : |Yt| > ε/2} = inf
{
t > 0 : Vt /∈ [ε2/4, 9ε2/4]

}
.

Let B is a one-dimensional Brownian motion independent of Y , and set

V̄t = Vt∧τ + ε(Bt∨τ −Bτ ).

By Ito’s formula applied to Vt,

V̄t = V̄0 + 2
∫ t∧τ

0
〈(Ys − y)σ(X̄s), dŴs〉+ ε(Bt∨τ −Bτ ) +

∫ t∧τ

0
TrA(X̄s)ds,

where TrA denotes the trace of the matrix A. So V̄t − V̄0 is a continuous semimartingale

with martingale part

M̄t := 2
∫ t∧τ

0
〈(Ys − y)σ(X̄s), dŴs〉+ εBt∨τ − εBτ

As 〈M̄〉t = 4
∫ t∧τ
0 |(Ys − y)σ(X̄s)|2ds+ ε(t ∨ τ − τ), we have

c1 := ε2 ∧ (Λ1ε
2) ≤ d〈M̄〉t/dt ≤ ε2 ∨ (9ε2/Λ1) := c2. (2.1)

Let At :=
∫ t∧τ
0 TrA(X̄s)ds and observe that

TrA(X̄t) ≤ d/Λ1 := c3. (2.2)

With Dt := inf{u : 〈M̄〉u > t}, W̃t := M̄Dt is a one-dimensional Brownian motion.

Due to (2.1), Dt is continuous and strictly increasing. In fact, Dt is differentiable almost

everywhere.

Let Zt := V̄Dt = V̄0 + W̃t +ADt . Note that Z0 = ε2 and ADt =
∫ t
0 esds with

es = 1{Ds≤τ} trA(X̄Ds)
dDs

ds
≤ c3/c1.

Define

M̃t := exp
(
−
∫ t

0
esdŴs −

1
2

∫ t

0
e2
sds

)
.
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By a similar argument as that for (4.7), we have

EQx0
[
M̃2
t

]
≤ exp(t(c3/c1)2). (2.3)

It therefore defines another family of probability measure {Q̃x : x ∈ Rd} by

dQ̃x

dQx

∣∣∣
Ft

= M̃t, t ≥ 0,

and Zt − Z0 is a one-dimensional standard Brownian motion under each Q̃x. Let

t0 := c2. (2.4)

Then

Q̃x0

(
sup
s≤t0
|Zs − Z0| ≤ 3ε2/4

)
= ϕ(3ε2/4

√
t0).

By Cauchy-Schwartz inequality, (2.3) and (2.4),(
Q̃x0

(
sup
s≤t0
|Zs − Z0| ≤ 3ε2/4

))2

≤ EQx0
[
M̃2
t0

]
Qx0

(
sup
s≤t0
|Zs − Z0| ≤ 3ε2/4

)
≤ exp

(
c2c

2
3/c

2
1

)
Qx0

(
sup
s≤t0
|Zs − Z0| ≤ 3ε2/4

)
.

Consequently,

Qx0

(
sup
s≤t0
|Zs − Z0| ≤ 3ε2/4

)
≥ exp

(
−c2c

2
3/c

2
1

)
ϕ2(3ε2/4

√
t0).

By the definition of Dt0 ,

Qx0

(
sup
s≤1
|V̄s − V̄0| ≤ 3ε2/4

)
= Qx0

(
sup
Ds≤1

|V̄Ds − V̄0| ≤ 3ε2/4
)

≥ Qx0

(
sup

s≤〈M̄〉1
|V̄Ds − V̄0| ≤ 3ε2/4

)
≥ Qx0

(
sup
s≤t0
|Zs − Z0| ≤ 3ε2/4

)
.

As {
sup
s≤1
|Ys| ≤ ε/2

}
=
{
ε/2 ≤ sup

s≤1
|Ys − y0| ≤ 3ε/2

}
⊃
{

sup
s≤1
|Vs − V0| ≤ 3ε2/4

}
,

we have

Qx0
(

sup
s≤1
|Ys| ≤ ε/2

)
≥ Qx0

(
sup
s≤1
|Vs − V0| ≤ 3ε2/4

)
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= Qx0
(

sup
s≤1
|V̄s − V̄0| ≤ 3ε2/4

)
= exp

(
−c2c

2
3/c

2
1

)
ϕ2(3ε2/4

√
t0).

This establishes the claim (4.9) with

φ1(ε) :=


ϕ(ε
√

Λ1/2) if d = 1,

exp
(
−c2c

2
3/c

2
1
)
ϕ2(3ε2/4

√
t0) if d ≥ 2.

A.3 Proof of Lemma 1.4.4

This part is mainly referred from [2], [3] [4], [50] and [51].

Definition A.3.1. [3, Section 2.1] Let M be a set in Rd. A hyperplane Hα is called

supporting to the set M if Hα ∩M 6= ∅ and the whole set M lies on one side of Hα.

Definition A.3.2. [3, Section 9.2] We introduce a new d-dimensional space Ed = {p : p =

(p1, p2, ..., pd)} called gradient space with the canonical scalar product

(p, q) =
d∑
i=1

piqi

and denote by |p| = (p, p)1/2 the length of any vector p ∈ Ed. Obviously, Ed is a d-

dimensional Euclidean space.To abuse the notation, we will use Rd when referring to gra-

dient space.

Definition A.3.3. Let z(x) be a convex function defined on a set D, Sz be the graph of the

function z(x), Hα as an arbitrary supporting hyperplane z(x) passing through (x0, z0),where

z0 = z(x0). Then the equation

z − z0 = 〈p0, x− x0〉 = p0
1(x1 − x1

0) + ...+ p0
d(xd − xd0)

is the equation of Hα.The point p0 = (p0
1, p

0
2, ..., p

0
d) ∈ Sz ∩Hα. The point p0 = (p0

1, ..., p
0
d) ∈

Rd is called the normal image of the supporting hyperplane Hα and is denoted by

p0 = νz(Hα).

The set

νz(x0) = ∪ανz(Hα)
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is called the the normal image of the point x0 with respect to the function z.(More

precisely, νz(x0) is the normal image of the point x0 with respect to the function z(x)).

For any set Γ ⊂ D, the set

νz(Γ) = ∪x0∈Γνz(x0)

is the normal image of Γ with respect to the function z.

Notice that νz(Γ) is a subset of the gradient space Rd. The mapping νz, which maps

the set Γ ⊂ D to the set νz(Γ) ⊂ Rd, is called normal. By [3, Section 9.4], for any Borel

subset Γ of D, the set νz(Γ) is Lebesgue measurable in the gradient space Rd.

Denote ω(z,Γ) as the normal volume of νz(Γ), i.e., the Lebesgue measure of νz(Γ),

ω(z,Γ) = |νz(Γ)|.

Definition A.3.4. A convex body F in Rd+1 is called an (n+I)-convex solid polyhedron

if F is the intersection of a finite number of closed halfspaces. If the solid polyhedron F is

a bounded set in Rd+1, then its boundary of is called a closed convex polyhedron or a

polyhedron surface.

It is not hard to see when the graph Sz of the function z is a polyhedral surface, there

are only finitely many points {x1, ..., xn} ∈ Γ whose ω(z, xi)are non-zero.(See for[50] more

details.)

Since Alexandrov’s theorem says that a convex function is twice differentiable almost

everywhere, then for any convex function z defined on a set D, and a Borel subset Γ ⊂ D,

by the change of the coordinates, the normal volume ω(z,Γ) is

ω(z,Γ) :=
∫
νz(Γ)

dp =
∫

Γ
det(zxixj (x))dx, (3.1)

where (zxixj (x)) is the Hessian matrix of z(x) at the point x and is nonnegative semidefinite.

Hence by (3.1),

ω(z, ·) is a σ-finite measure on Borel sets of D, and absolutely (3.2)

continuous with respect to the Lebesgue measure on Rd.
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Lemma A.3.5. Let a sequence of convex functions {zn}n≥1 defined on a domain D such

that {zn}n≥1 converges to the convex function z for almost every x ∈ D.Then

lim sup
n→∞

ω(zn, F ) ≤ ω(z, F )

for every closed subset F of D, where ω(zn, F ) is defined in (3.1).

Proof. See Lemma 9.2 on page 119 of [3].

Next let us prove the weak convergence of the measure ω(z, ·).

Lemma A.3.6. Let a sequence of convex functions {zn}n≥1 defined on a domain D such

that {zn}n≥1 converges to the convex function z for almost every x ∈ D, Then ω(zn, D)

converges weakly to ω(z,D) in D, i.e.

lim
n→∞

∫
D
g(x)ω(zn, dx) =

∫
D
g(x)ω(z, dx).

for any function g ∈ Cb(D).

Proof. It suffices to show when g = 1A where A is a Borel set of D.

Without loss of generality, we assume that ω(z,D) < ∞. Because if ω(z,D) is σ-

finite, there exists a countable sequence of sets {En}n≥1 ⊂ D such that ∪n≥1En = D and

ω(z, En) <∞ for each En ⊂ D.

Since zn → z pointwise on D as n→∞, and {zn}n≥1 and z are both convex functions,

then det znxixj (x) ≥ 0,det zxixj (x) ≥ 0 a.e. on D and det znxixj (x) → det zxixj (x) a.e. on D

as n→∞, 1 ≤ i, j ≤ d.

Then for any Borel set A in D, by monotone convergence theorem,

lim
n→∞

ω(zn, A) = lim
n→∞

∫
D
1A det znxixjdx =

∫
D
1A det zxixjdx = ω(z,A) (3.3)

Now we are going to prove the following main lemma.

Lemma A.3.7 (Lemma 1 in [51]). Let D be a bounded, convex and open subset of Rd

and z1, z2 be two nonpositive convex functions defined on D̄ such that z1 = z2 = 0 on
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∂D.Suppose that there exists a constant K > 0 such that |zi(x)−zi(y)| ≤ K|x−y| for every

x, y ∈ D̄, i = 1, 2. Define

z(t) := tz2(x) + (1− t)z1(x), t ∈ [0, 1]. (3.4)

Then for every t ∈ [0, 1],

d

dt

∫
D
z(t)ω(z(t), dx) = (d+ 1)

∫
D
zt(t)ω(z(t), dx), (3.5)

d

dt

∫
D

(z2 − z1)ω(z(t), dx) ≤ 0. (3.6)

Proof. We follow the idea of proof of Lemma 1 in [51]. However, we provide with more

necessary details.

Take a sequence of bounded open and convex domains {Dn}n≥1 such that each boundary

∂Dn is infinitely differentiable, and D1 ⊂ D2 ⊂ ... with D = ∪nDn.

For each i = 1, 2, define a sequence of infinitely differentiable convex functions {zni }n≥1 such

that zni |∂Dn = 0 and zni (x)→ zi(x) for any x ∈ D̄ as n→∞. For each n ∈ N, define

zn(t) = tzn2 (x) + (1− t)zn1 (x), t ∈ [0, 1]. (3.7)

Since each zi is convex on its bounded domain D̄, then by (3.1), ω(zi, D̄) < ∞.Then by

definition of (3.4), (3.7), ω(z(t), D̄) <∞, and ω(zn(t), D̄) <∞.

For any sequence of bounded continuous functions {fn}n≥1 on defined D̄ such that

fn → f uniformly on D̄, by dominated convergence theorem and Lemma A.3.6,

| lim
n→∞

∫
D̄
fn(x)ω(zn(t), dx)−

∫
D̄
f(x)ω(z(t), dx)|

= | lim
n→∞

∫
D̄
fn(x) det(znxixj (t))dx−

∫
D̄
f(x)ω(z(t), dx)|

≤ | lim
n→∞

∫
D̄

(fn(x)− f(x)) det(znxixj (t))dx|+ | lim
n→∞

∫
D̄
f(x) det(znxixj (t))dx−

∫
D̄
f(x)ω(z(t), dx)|

≤ lim
n→∞

∫
D̄
|fn(x)− f(x)| sup

n≥1
det(znxixj (t))dx+ 0

= 0 + 0 = 0,

i.e.,

lim
n→∞

∫
D̄
fn(x) det(znxixj (t))dx =

∫
D̄
f(x)ω(z(t), dx). (3.8)
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Therefore, for every t ∈ [0, 1], by (3.8),

lim
n→∞

∫
D
zn(t) det(znxixj (t))dx =

∫
D
z(t)ω(z(t), dx).

Furthermore, by (3.7), zt(t) = zn2 − zn1 , then

d

dt

∫
D
zt(t) det(znxixj (t))dx = lim

n→∞
d

dt

∫
D

(zn2 − zn1 ) det(znxixj (t))dx

= lim
n→∞

n∑
i,j=1

∫
D
znt (t)znxixjt(t)

∂

∂znxizj (t)
det(znxixj (t))dx.

(3.9)

Let Dj = {xj : (x1, ...xd) ∈ D}, 1 ≤ j ≤ d. Since znt (t) = 0 on ∂D, and ∂Dj ⊂ ∂D, then

znt (t) = 0 on ∂Dj . Integrate (3.9) by part with respect to xj , by the fact that

d∑
j=1

∂

∂xj

∂

∂znxixj (t)
det(znxixj (t)) = 0, for every i ∈ {1, .., d}, (3.10)

we obtain
d∑

i,j=1

∫
D
znt (t) ∂

∂znxizj (t)
det(znxixj (t))

∂

∂xj
znxit(t)dx1...dxj−1dxj+1...dxddxj

=
d∑

i,j=1

∫
D1

∫
D2
...

∫
Dd

znt (t) ∂

∂znxizj (t)
det(znxixj (t))dxd...dxj+1dxj−1...dx1z

n
xit(t)|∂Dj

−
d∑

i,j=1

∫
D
znxit(t)

∂

∂xj
(znt (t) ∂

∂znxixj (t)
det(znxixj (t)))dx

= −
d∑

i,j=1

∫
D
znxit(t)z

n
xjt(t)

∂

∂znxixj (t)
det(znxixj (t))dx−

d∑
i=1

∫
D
znt (t)znxit(t)

d∑
j=1

∂

∂xj

∂

∂znxixj (t)
det(znxixj (t))dx

= −
d∑

i,j=1

∫
D
znxit(t)z

n
xjt(t)

∂

∂znxixj (t)
det(znxixj (t))dx. (3.11)

For each n ∈ N , denote the matrix An := (anij) = ( ∂
∂znxixj (t) det(znxixj (t)), and Cn := (cnij) =

(znxixj (t)).

Then anij = (Adj(Cn))ij , and An · Cn = Adj(Cn) · Cn = (detCn)I, where Adj(Cn) is

called adjugate matrix of Cn, i.e, the transpose of the cofactor matrix of Cn.

Since zn is convex, then det(Cn) ≥ 0.

Therefore
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(i) If detCn = 0, An is the zero matrix, and hence (3.6) obviously holds;

(ii) If det(Cn) > 0, then Cn is invertible and positive semi-definite, and An = Adj(Cn) =

det(Cn)C−1
n . Since Cn is positive semi-definite, then for each vector ξ ∈ Rd, ξTAnξ =

ξT det(Cn)C−1
n ξ = det(Cn)ξTC−1

n ξ > 0. Hence for vector ξT = (zxit)1≤i≤d,

ξTAnξ =
d∑

i,j=1
znxit(t)z

n
xjt(t)a

n
ij =

d∑
i,j=1

znxit(t)z
n
xjt(t)

∂

∂znxixj (t)
det(znxixj (t)) ≥ 0.

Hence,

d

dt

∫
D
zt(t)ω(z(t), dx) = d

dt
lim
n→∞

∫
D
znt (t) det(znxixj (t))dx

= lim
n→∞

d

dt

∫
D
znt (t) det(znxixj (t))dx

= lim
n→∞

d∑
i,j=1

∫
D
znt (t) ∂

∂t
(det znxixj (t))dx

= −
d∑

i,j=1
lim
n→∞

∫
D
znxjt(t)z

n
xit(t)

∂

∂znxixj (t)
det(znxixj (t))dx

≤ 0.

which proves (3.6).

To show (3.5), integrate by parts for the right hand side with respect to xj , by the fact

that znt (t) = 0 on ∂D and (3.10), similar like (3.11), it yields that

d∑
i,j=1

∫
D
zn(t)znxixjt(t)

∂

∂znxixj (t)
det(znxixj (t))dx

=
d∑

i,j=1

∫
D
zn(t) ∂

∂znxixj (t)
det(znxixj (t))dx1...dz

n
xit(t)...dxn

= −
d∑
i=1

∫
D
znxit(t)

[ d∑
j=1

∂

∂xj

(
zn(t) ∂

∂znxixj (t)
det(znxixj (t))

)]
dx

= −
d∑
i=1

∫
D
znxit(t)

[
zn(t)

( d∑
j=1

∂

∂xj

∂

∂znxixj (t)
det(znxixj (t))

)]
dx−

d∑
i=1

∫
D
znxit(t)

[ d∑
j=1

znxj (t)
∂

∂znxixj (t)
det(znxixj (t))

]
dx

= −
d∑
i=1

∫
D
znxit(t)

[ d∑
j=1

znxj (t)
∂

∂znxixj (t)
det(znxixj (t))

]
dx. (3.12)
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Next, by doing integration by parts for
∑d
i=1

∫
D z

n
xit(t)[

∑d
j=1 z

n
xj (t)

∂
∂znxixj (t) det(znxixj (t))]dx

with respect to xi. By the fact that znt = 0 on ∂D and (3.10) we have

−
d∑
i=1

∫
D
znxit

[ d∑
j=1

znxj (t)
∂

∂znxixj (t)
det(znxixj (t))

]
dx

= −
d∑
i=1

∫
D

[ d∑
j=1

znxj (t)
∂

∂znxixj (t)
det(znxixj (t))

]
dx1...dz

n
t ...dxn

=
d∑
i=1

∫
D
znt (t) ∂

∂xi

( d∑
j=1

znxj (t)
∂

∂znxixj (t)
det(znxixj (t))

)
dx

=
∫
D
znt (t)

d∑
i,j=1

(
znxixj (t)

∂

∂znxixj (t)
det(znxixj (t))

)
dx

+
∫
D
znt (t)

d∑
j=1

znxj (t)
d∑
i=1

∂

∂xi

∂

∂znxjxi(t)
det(znxixj (t))dx.

=
∫
D
znt (t)

d∑
i,j=1

(
znxixj (t)

∂

∂znxixj (t)
det(znxixj (t))

)
dx. (3.13)

By the Euler’s theorem for homogeneous functions, i.e.,

d∑
i,j=1

(znxixj (t)
∂

∂znxixj (t)
det(znxixj (t))) = ddet(znxixj (t)). (3.14)

Therefore, by (3.12), (3.13),(3.14),∫
D
zn(t) ∂

∂t
(det znxixj (t))dx = d

∫
D
znt (t) det(znxixj (t))dx. (3.15)

Hence, by (3.15),

d

dt

∫
D
zn(t) det(znxixj (t))dx =

∫
D
znt (t) det(znxixj (t))dx+

∫
D
zn(t) ∂

∂t
det(znxixj (t))dx

= (d+ 1)
∫
D
znt (t) det(znxixj (t))dx, (3.16)

and thus

d

dt

∫
D
z(t)ω(z(t), dx) = d

dt
lim
n→∞

∫
D
zn(t) det(znxixj (t))dx

= lim
n→∞

(d+ 1)
∫
D
znt (t) det(znxixj (t))dx

= (d+ 1)
∫
D
zt(t)ω(z(t), dx).
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For the two nonpositive convex function z1, z2 defined in Lemma A.3.7, for any x ∈ D̄,

define

µ(dx) = (z1(x)− z2(x))ω(z2, dx). (3.17)

Corollary A.3.8. With the assumption of Lemma A.3.7 for the two functions z1, z2, z1, z2

satisfy that

−
∫
D
z2ω(z2, dx) ≤ −

∫
D
z1ω(z1, dx) + (d+ 1)µ(D). (3.18)

Proof. From Equation (3.6), we know that for any t ∈ [0, 1],∫
D

(z2 − z1)ω(z(t), dx) ≥
∫
D

(z2 − z1)ω(z(1), dx) = −µ(D).

Then integrating the above with respect to t, we have

−µ(D) ≤
∫ 1

0
dt

∫
D
zt(t)ω(z(t), dx) ≤ 1

d+ 1

∫
D
z(t)ω(z(t), dx)|t=1

t=0

= 1
d+ 1(

∫
D
z(1)ω(z(1), dx)−

∫
D
z(0)ω(z(0), dx)

= 1
d+ 1(

∫
D
z2ω(z2, dx)−

∫
D
z1ω(z1, dx)),

where the second last equality is due to (3.5).

Corollary A.3.9. With the assumption in Lemma A.3.7, there exist a constant r > 0 such

that for any x ∈ D̄,

|zi(x)|d+1 ≤ −ω−1
d rd

∫
D
ziω(zi, dx), i = 1, 2. (3.19)

Proof. We will show the case for i = 1, the result for i = 2 follows the exact same procedures.

Given the surface of z1 is polyhedral, so there are only finitely many vertices on the surface.

Consider an arbitrary vertex x1. Let z′1 denote the function whose graph is the surface of

the cone with vertex (x1, z1(x1)) with the base D. Obviously,

z1(x) ≤ z′1(x) for any x ∈ D.
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Then by (3.17), µ(D) < 0, and by (3.18),

−z1(x1)ω(z′1, D) = −
∫
D
z
′
1ω(z′1, D) ≤ −

∫
D
z1ω(z1, D). (3.20)

Given D is bounded, there exists a r > 0 such that D ⊂ Br(0).Then for any p ∈ ν
z
′
1
(D),

p(x− x1) + z
′
1(x1) ≤ 0 for any x ∈ Br(0).

Hence for any p ∈ ν
z
′
1
(D),

sup
x∈Br(0)

p(x− x1) + z
′
1(x1) ≤ 0.

Hence

r|p| − px1 + z
′
1(x1) ≤ 0,

i.e.

r|p| − px1 + z1(x1) ≤ 0, ⇒ |p+ z1(x1)x1
r2 − |x1|2

| ≤ |z1(x1)|r
r2 − |x1|2

,

which means that ν
z
′
1
(x1) contains a ball with radius |z1(x1)|r

r2−|x1|2 . Therefore,

ωd
|z1(x1)|drd

(r2 − |x1|2)d ≤ ω(z′1, x1),

where ωd is the volume of the unit sphere. Then combined with (3.20), it yields

ωd
|z1(x1)|d+1

rd
≤ −z′1(x1)ω(z′1, x1) = −

∫
D
z1(x)ω(z1, dx). (3.21)

Since the vertex x1 is arbitrary, then for any x ∈ D̄,

|z1(x)|d+1 ≤ max
x∈D̄
|z1(x)|d+1 ≤ −ω−1

d rd
∫
D
z1(x)ω(z1, dx).

Lemma A.3.10. Let D ⊂ Rd be a bounded polyhedral convex open set, and µ be a measure

with nonzero mass on {x1, ..., xm} ⊂ D. Suppose that z1(x) is a convex and continuous

function defined on D̄ such that z1|∂D = 0 and its graph is a polyhedral surface with vertices

whose projections onto D belong to {x1, ..., xm}. Then there exists a convex and continuous
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function z2(x) on D̄ such that z2 ≤ z1 and z2|∂D = 0. Moreover, the graph of z2 is a convex

polyhedral surface with vertices whose projections onto D belong to {x1, ..., xm}. Meanwhile,

νz1(D) ⊂ νz2(D), (3.22)

and the function z2 also solves the equations

(z1(xi)− z2(xi))ω(z2, xi) = µ(xi), i = 1, ...,m.

Proof. The proof of (3.22) is Lemma 10.2 in [3], and the rest of the proof follows the similar

idea as Theorem 47 in [4] and Theorem 3 in [2],which we will show in detail in Subsection

A.4.

Remark A.3.11. 1. If µ(D) =
∑m
i=1 µ(xi), the by Lemma A.3.8 and A.3.9, it also yields

that

maxx∈D|z2(x)|d+1 ≤
∫
D
|z1|ω(z1, dx) +

m∑
i=1

µ(xi).

We will apply this result to prove the following theorem.

2. According to [51, Lemma 2], it is claimed that Lemma A.3.10 is also true if we change

the equation into

(z1(xi)− z2(xi))ω(z2, xi) ≤ µ(xi), i = 1, ...,m.

Theorem A.3.12. Let D be a convex, open and bounded set in Rd such that D ⊂ B(0, r)

for some r ≥ 0. Let the measures µ1, µ2, ...concentrated in a closed set U ⊂ D.Then there

exists a sequence of functions {zi}i≥0 that are convex and continuous on D̄, such that

0 = z0 ≥ z1 ≥ z2 ≥ ... on D, zi|∂D = 0 for each i ∈ N, and for every x ∈ D,

µi(dx) = (zi−1(x)− zi(x))ω(zi, dx), i = 1, 2, .... (3.23)

In addition, for any x ∈ D,

|zj(x)|d+1 ≤ −rd/ωd
∫
D
zjω(zj , dx) ≤ (d+ 1)rd/ωd

j∑
i=1

µi(D), j = 1, 2, .... (3.24)

where ωd is the volume of the unit d-dimensional ball.
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Proof. Let {Dn}n≥1 be a sequence of polyhedral convex sets such that

U ⊂ D1 ⊂ ... ⊂ Dn ⊂ Dn+1, and D = ∪n∈NDn. (3.25)

Now fix an arbitrary i ∈ N. Construct a sequence of measures {µni }n≥1 such that each

µni concentrated in a set Un ⊂ U , where each Un consists of a finite number of points

{xn1 , xn2 , ..., xnmi} so that U1 ⊂ U2 ⊂ U3 ⊂ ... ⊂ U , and for each i ∈ N,

µni → µi weakly as n→∞. (3.26)

Fix n ∈ N. Given zn0 = 0 on D̄, applying Lemma A.3.10 repeatedly, then for each n ∈ N,

there exists a sequence of convex functions {zni }i≥1 whose graphs are polyhedral surfaces

with vertices whose projections onto Cn is a subset of Dn, such that 0 = zn0 ≥ zn1 ≥ ... on

Dn, each zni |∂Dn = 0, and zi is the solution of the equation

µni (dx) = (zni−1(x)− zni (x))ω(zni , dx), i = 1, 2, .... (3.27)

Therefore, by Corollary A.3.8,

−
∫
Dn

zni ω(zni , dx) ≤ −
∫
Dn

zni−1ω(zni−1, dx) + (d+ 1)µni (Dn), i = 1, 2, ....

Adding the above inequalities from i = 1 to j, by (3.19), it yields

|znj (x)|d+1 ≤ − r
d

ωd

∫
Dn

znj ω(znj , dx) ≤ (d+ 1)rd

ωd

j∑
i=1

µni (D). (3.28)

For each fixed j ∈ N,
∑j
i=1 µ

n
i (D) is a finite number, then {znj }n ≥ 1 is uniformly bounded

on D. Therefore, there exists a subsequence of {znkj }k≥1 of {znj }n≥1 converging uniformly

on D. Denote zj as the limit.

Since the graph of znj is a polyhedral surface, then by the definition of convexity, each

zj is convex on D̄, and for any x, y ∈ D, there exists a constant Kj > 0 such that

|znj (x)− znj (y)| ≤ Kj |x− y|, for each n ∈ N. (3.29)

Taking the limits of nk on both sides of (3.27),(3.28), (3.29), combined with the fact of

(3.26), we have (3.23), (3.24), zj |∂C = 0 for each j ∈ N, and for any x, y ∈ D̄,

|zj(x)− zj(y)| ≤ Kj |x− y|, j = 1, 2, ...
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Lemma A.3.13. Let z be a convex function whose graph is a polyhedral surface. There

exists a constant ε > 0 depending only on the dimension d such that for any r > 0,∫
∂Br(0)

d

dnr
z(y)dσr ≥ ε d

√
ω(z,Br/2(0))rd−1,

where nr is the outward normal direction of the surface of the sphere Br(0).

Proof. The proof can be found in Lemma 1 of [50], but since it looks sketchy, we will write

a detailed proof as follows.

W.L.O.G, let us assume r = 4. Once we prove the case when r = 4, we can apply it to

the case of the radius r/4, and it holds for any other values of r > 0. Then it suffices to

show ∫
∂B4(0)

d

dnr
z(y)dσr ≥ ε d

√
ω(z,B2(0))4d−1,

Also, since the graph of z is a polyhedral surface and by shifting z(x) by a constant vector

affine functions, i.e., px+b, z(x)+px+b is still convex and this does not change the targeted

inequality. Then W.L.O.G, we can assume that z(0) = 0 andd z(x) ≥ 0 for all x ∈ Rd.

In addition, if f(x) := p(x − x0) + z(x0) is a supporting hyperplane of z for some

x0 ∈ B2(0), then p(x− x0) + z(x0) ≤ z(x) for any x ∈ Rd, and thus

[z] : = sup
x1,x2∈B3(0)

|z(x1)− z(x2)|
|x1 − x2|

≥ sup
|x−x0|≤1

|z(x)− z(x0)|
|x− x0|

≥ sup
|x−x0|≤1

|p(x− x0)|
|x− x0|

=: |p|,

where the last line is by the definition of the norm of the bounded linear functional.

Hence, νz(x) ⊂ B[z](0) for x ∈ B2(0), which means ω(z,B2(0)) ⊂ ωd[z]d. Hence, if we can

show

ε[z] ≤
∫
∂B4(0)

d

dnr
z(x)dσr, (3.30)

for some positive constant ε, which depends only on dimension d, and for all the function z

whose graph is a convex polyhedron such that z(0) = 0 and z(x) ≥ 0 for all x, we are done

with the proof.
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Suppose that such a constant does not exist, i.e, then for any convex function z whose

graph is a polyhedral surface such that [z] = 1 with z(0) = 0 and z(x) ≥ 0 for all x, for any

ε > 0, ∫
∂B4(0)

d

dnr
z(x)dσr ≤ ε[z] = ε.

Then there exists a sequence of such {zk}k≥1whose graphs are polyhedral surfaces such that

with z(0) = 0 and z(x) ≥ 0 for all x, and for each zk,

∫
∂B4(0)

d

dnr
zk(x)dσr ≤ [zk]/k.

Since the multiplying zk a constant factor, does not change the inequality, then we can

assume that [zk] = 1 for each k ≥ 1, so that∫
∂B4(0)

d

dnr
zk(x)dσr ≤ [zk]/k = 1/k. (3.31)

Fix x ∈ ∂B4(0), then for any t ∈ [0, 1], by the linearity of zk and the definition of normal

mappings d
dnr

zk(x),

0 ≤ (1− t)zk(x) = zk(x)− zk(tx) ≤ d

dnr
zk(x) · (x− tx) = (1− t)x · d

dnr
zk(x). (3.32)

Notice that, x = 4x′, where x′ = x
|x| ∈ ∂B1(0), which is also the unit outward normal vector

of ∂B4(0) at the point x. Then for any k ∈ N , t ∈ [0, 1], by(3.31), (3.32),

0 ≤
∫
∂B4(0)

zk(x)dσr −
∫
∂B4(0)

zk(tx)dσr

≤
∫
∂B4(0)

(1− t)x · d

dnr
zk(x)dσr

=
∫
∂B4(0)

(1− t) d

dnr
zk(rx′) · 4x′dσr

≤ 4(1− t)
k

. (3.33)

By the fact that [zk] = 1 and z(0) = 0, zk(x) is uniformly bounded and equi-continuous

on B3(0). Hence by Ascoli-Asali theorem, there exists a subsequence {zkm}m≥1 converging

uniformly on B3(0). Denote this limit function by z. Given limk→∞ 4(1− t)/k = 0, then by

(3.33), limk→∞
∫
∂B4(0) zk(x)dσr exists, and by DCT and the fact z(0) = 0,

lim
k→∞

∫
∂B4(0)

zk(x)dσr = lim
k→∞

∫
∂B4(0)

zk(0)dσr
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= lim
k→∞

∫
∂B4(0)

zk(0)dσr

= lim
m→∞

∫
∂B4(0)

zkm(0)dσr

=
∫
∂B4(0)

z(0)dσr

= ωd4d−1z(0) = 0. (3.34)

By the definition of polyhedral surface, for each k ∈ N, define zk(x) := min{pkjx + bkj , j =

1, ..., rk} for some rk ∈ N, and there exists some subset Ik ⊂ {1, ..., rk}, such that the

hyperplane ykj (x) = pkjx + bkj , j ∈ Ik intersects with the graph of zk(x) on the domain

ofB3(0). when j = 1, ..., sk. For j ∈ {1, ..., rk} \ Ik, ykj (x) has no intersection with zk(x) on

B3(0). Then zk(x) = min{pkjx+ bkj , j ∈ Ik} for x ∈ B3(0), and hence for any x, y ∈ B3(0),

|zk(x)− zk(y)| ≤ max{|pkj (x− y)|, j ∈ Ik} ≤ |x− y|max{|pkj |, j ∈ Ik}.

Since [zk] = 1, then max{|pkj |, j ∈ Ik} ≥ 1 for each k ∈ N.

W.O.L.G, we assume |pk1| ≥ 1 and pk1xk1 + bk1 = zk(xk1), for some xk1 ∈ B3(0) for each k ∈ N.

Then for every x ∈ Rd,

zk(x) ≥ pk1(x− xk1) + zk(xk1) ≥ pk1(x− xk1), k ∈ N.

Then ∫
∂B4(0)

zk(x)dσr ≥
∫
∂B4(0)

[pk1(x− xk1)] ∨ 0 dσr.

Since xk1 ∈ B3(0), then

[pk1(x− xk1)] ∨ 0 ≥ [|pk1|(
pk1
|pk1|

x− pk1xk1)] ∨ 0

≥ [|pk1|
pk1
|pk1|

x− |pk1||xk1|] ∨ 0

= [|pk1|
pk1
|pk1|

x− 3|pk1|] ∨ 0

= [|pk1|(
pk1
|pk1|

x− 3)] ∨ 0.
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Notice that [ p
k
1
|pk1 |

x−3]∨0 ≥ 0 for any x ∈ ∂B4(0) and when ~pk1 ‖ ~x, it yields that pk1x/|pk1| = 4.

Therefore,

lim
k→∞

∫
∂B4(0)

zk(x)dσr ≥
∫
∂B4(0)

(|pk1|(
pk1
|pk1|

x− 3) ∨ 0) dσr

=
∫
∂B4(0)

(|pk1|(
pk1
|pk1|

4− 3) ∨ 0) dσr > 0.

which contradicts with (3.34). Therefore we prove (3.30).

Now let us define Lz := 1
2
∑d
i,j=1 aijzxixj and denote detA as the determinant of the

matrix A = (aij).

Lemma A.3.14. Let S be a convex open set of Rd and z(x) be a convex function defined on

S. The measure ω(z, dx) can be decomposed into an absolutely continuous measure ωa(z, dx),

and a singular measure ωs(z, dx) with respect to Lebesgue measure and the Radon-Nikodym

derivative of ωa(z, dx) is denoted as (g(x))d, where g(x) ≥ 0 and d is the dimension of the

domain. Then for any nonnegative ξ(x) ∈ C∞c (S̄) and for large values of |x|,

β

∫
S
ξ
d
√

detAgdx ≤
∫
S
zLξdx, (3.35)

where β > 0 and depends only on the dimension d. In other words, β d
√

detAg ≤ Lz,

holds in the weak sense.

Proof. The first part can be obtained by applying the Lebesuge-Radon-Nikodym Theorem,

since by (3.2), ω(z, ·) is a σ-finite nonnegative measure on S.

To see the inequality, first

Claim: there exists a sequence of convex functions whose graphs are polyhedra, such that

zn → z pointwise on S.

By the definition of polyhedron, any polyhedral surface can be represented by a system

of affine functions: z̃(x) = min{mix + bi, i = 1, ..., j}, where N = maxi=1,...j{|mi|, |bi|},

and j are some finite integer numbers. Since for every convex function z(x), there exists a

set A ∈ Rd×d such that z(x) = sup(a,b)∈U ax + b, and for every set U , there always exists

a set D ∈ Qd×d dense in U , i.e., for every element (a, b) ∈ U , there exists a sequence of
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elements (aam, bbm) ∈ B such that aam → a, bbm → b as m→∞, then z(x) = sup(ã,b̃)∈D ãx+ b̃.

Since D is countable, then by denote lk(x) = ãkx + b̃k, for each (ãk, b̃k) ∈ D, and let

zn(x) = supk≤n lk(x) for each n ∈ N, then it yields zn(x)→ z(x) as n→∞.

Recall that Lz := 1
2
∑d
i,j=1 aijzxixj . W.L.O.G, assume that detA 6= 0, for the case of

detA = 0 is trivial.

For t > 0,let σ = (A)1/2 and for any h ∈ C(Rd),

p(t, x, y) = (2πt)−d/2(detσ)−1 exp[−|σ−1(x− y)|2/2t],

T σt h(x) :=
∫
Rd
h(y)p(t, x, y)dy, e(t) := t−d+1

∫ ∞
t

rd−1e−r
2
dr.

Since convex function is continuous, then z is continuous on S, and extend the sequence

of {zn}n≥1, and z to the domain of Rd, so that {zn}n≥1, z are all continuous on Rd and

zn → z pointwise on Rd. Then it suffices to show the case when x = 0 since the other cases

hold by the translation of coordinates. Let ỹ = σ−1y/
√

2t, then by the change of coordinates,

dỹ = (2t)−d/2(detσ)−1dy. Then changing into d-dimensional polar coordinates, it yields

T σt z
n(0)− zn(0)

= (2πt)−d/2(detσ)−1
∫
Rd

[zn(y)− zn(0)]e−|σ−1y|2/2tdy

= (2πt)−d/2(detσ)−1
∫
Rd

[zn(
√

2tσỹ)− zn(0)]e−|ỹ|2(2t)d/2 detσdỹ

= π−d/2
∫
Rd

[zn(
√

2tσỹ)− zn(0)]e−|ỹ|2dỹ

= π−d/2
∫ ∞

0
rd−1e−r

2
∫
∂B1(0)

[zn(
√

2tσrω)− zn(0)]dσ1(ω)dr

= π−d/2
∫ ∞

0
rd−1e−r

2
∫
∂B1(0)

[
∫ r

0

d

ds
zn(
√

2tσsω)ds]||df(ω)||dσ1(ω)dr (3.36)

Let f(ω) :=
√

2tσω, where ω is a vector in Rd, then df is called the differential of f at

p ∈ Rd, which is the linear transformation from the tangent space Tp(Rd) to Tf(p)(Rd), i.e.,

dfp : Tp(Rd) 7→ Tf(p)(Rd).

If we let {vi, i = 1, ..., d} be the basis of the tangent space Tp(Rd), then {f(vi), i = 1, ..., d}

be the linear basis of the tangent space Tf(p)(Rd). By Proposition 3.38 in [73] , it is shown

that

‖dfp(ω) ‖ = ‖f(v1)× ...× f(vd)
v1 × ...× vd

‖ = (2t)d/2 detσ.
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Hence, (3.36) equals

= π−d/2
∫ ∞

0
rd−1e−r

2
∫ r

0
[
∫
∂B1(0)

d

ds
zn(
√

2tσsω)(2t)d/2 detσdσ1(ω)]dsdr

= π−d/2
∫ ∞

0
rd−1e−r

2
∫ r

0
[
∫
∂B1(0)

d

dns
zn(
√

2tσsω)(2t)d/2(detA)1/2dσ1(ω)]dsdr

= π−d/2
∫ ∞

0
rd−1e−r

2
∫ r

0
[
∫
∂Bs(0)

d

dns
zn(
√

2tσω̃)(2t)d/2(detA)1/2s−d+1dσs(ω̃)]dsdr

= π−d/2
∫ ∞

0
rd−1e−r

2
∫ r

0
s−d+1(detA)1/2d√2t[

∫
∂B√2t detAs(0)

d

dn1
zn(σω̃)dσ√2tdetAs(ω̃)]dsdr.

(3.37)

Denote k =
√

2t(detA)1/d. Thus, combined with Lemma A.3.13, (3.37) becomes

= π−d/2
∫ ∞

0
k(s−d+1

∫ ∞
s

rd−1e−r
2
dr)(

∫
∂Bks(0)

d

dn1
zn(σω̃)dσks)ds

= π−d/2ε

∫ ∞
0

ke(s) d

√
ω(zn, Bks/2(0))sd−1ds.

Therefore, for any x ∈ Rd,

T σt z
n(x) ≥ zn(x) + π−d/2ε

∫ ∞
0

ke(s) d

√
ω(zn, Bks/2(x))sd−1ds

Taking lim inf from both sides, it yields

lim inf
n→∞

T σt z
n(x) ≥ lim inf

n→∞
zn(x) + π−d/2ε lim inf

n→∞

∫ ∞
0

ke(s) d

√
ω(zn, Bks/2(x))sd−1ds

(3.38)

Given any convex function zon Rd,by Lebesgue-Radon-Nikodym theom on Page 91 of

[38], and (3.2), ω(z, dx) can be decomposed into two parts ωa(z, dx) and ωs(z, dx) such

that ωa(z, dx) << ω(z, dx), ωs(z, dx) ⊥ ω(z, dx), and there exists a nonegative Lebesgue

integrable function f onRd such that ωa(z, dx) = f(x)ddx.Let g = f1/d.Then

lim inf
n→∞

∫ ∞
0

ke(s) d

√
ω(zn, Bks/2(x))sd−1ds

≥
∫ ∞

0
ke(s) lim inf

n→∞
d

√
ω(zn, Bks/2(x))sd−1ds

=
∫ ∞

0
ke(s) d

√
lim inf
n→∞

∫
Bks/2(x)

ω(zn, dy)sd−1ds

=
∫ ∞

0
ke(s) d

√
lim inf
n→∞

∫
Bks/2(x)

ωa(zn, dy)sd−1ds
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=
∫ ∞

0
ke(s) d

√∫
Bks/2(x)

(g(y))ddysd−1ds,

(3.39)

where the second last equality holds due to the weak convergence of ω(zn, dx)→ ω(z, dx).

By letting k
2 ŷ = y − x, it yields dy = (k2 )ddŷ, and thus∫ ∞

0
ke(s) d

√∫
σBks/2(x)

(g(y))ddysd−1ds =
∫ ∞

0
k d

√∫
Bs(0)

(g(x+ k

2 ŷ))d(k2 )ddŷsd−1ds

=
∫ ∞

0
e(s)k

2

2
d

√∫
Bs(0)

(g(x+ k

2 ŷ))ddŷsd−1ds.

(3.40)

By the fact that (
∫
Bs(0) dŷ)1− 1

d = (ωd)1− 1
d sd(1− 1

d
), and Hölder’s inequality,∫ ∞

0

k2

2 e(s)(
∫
Bs(0)

(g(x+ k

2 ŷ))ddŷ)1/d(
∫
Bs
dŷ)1− 1

dds

=
∫ ∞

0

k2

2 e(s)(
∫
Bs(0)

(g(x+ k

2 ŷ))ddŷ)1/d(ωd)1− 1
d sd(1− 1

d
)ds

≥
∫ ∞

0

k2

2 e(s)
∫
Bs(0)

g(x+ k

2 ŷ)dŷds,

(3.41)

where ωd is the volume of the unit d-dim sphere. Hence, by (3.40), (3.41),∫ ∞
0

k2

2 e(s)
d

√∫
Bs(0)

gd(x+ k

2 ŷ)dŷsd−1ds ≥ (ωd)
1
d
−1
∫ ∞

0

k2

2 e(s)
∫
Bs(0)

g(x+ k

2 ŷ)dŷds.

(3.42)

Therefore, by (3.38),(3.39),(3.40),(3.42),

T σt z(x) ≥ z(x) + π−d/2ε(ωd)
1
d
−1t

d
√

detA
∫ ∞

0
e(s)

∫
Bs(0)

g(x+
√

2t d
√

detσ
2 ŷ)dŷds.

i.e.,

T σt z(x)− z(x)
t

≥ N d
√

detA
∫ ∞

0
e(s)

∫
Bs(0)

g(x+
√

2t d
√

detσ
2 ŷ)dŷds, (3.43)

whereN = π−d/2ε(ωd)
1
d
−1, where ε only depends on dimension d. Multiplying the inequality

by ξ and intergration with respect to x,∫
S
ξ(x)T

σ
t z(x)− z(x)

t
dx ≥ N d

√
detA

∫
S
ξ(x)[

∫ ∞
0

e(s)
∫
Bs(0)

g(x+
√

2t d
√

detσ
2 ŷ)dŷds]dx.
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Since by Fubini’s theorem,∫
S
ξ(x)T σt z(x)dx =

∫
S
ξ(x)

∫
S
p(t, x, y)z(y)dydx =

∫
S
z(y)

∫
S
p(t, x, y)ξ(x)dxdy

=
∫
S
z(x)

∫
S
p(t, x, y)ξ(y)dydx =

∫
S
z(x)T σt ξ(x)dx,

which yields ∫
S
ξ(x)T

σ
t z(x)− z(x)

t
dx =

∫
S
z(x)T

σ
t ξ(x)− ξ(x)

t
dx. (3.44)

Hence, by (3.43) and (3.44),∫
S
z(x)T

σ
t ξ(x)− ξ(x)

t
dx ≥ N d

√
detA

∫
S
ξ(x)[

∫ ∞
0

e(s)
∫
Bs(0)

g(x+
√

2t d
√

detσ
2 ŷ)dŷds]dx.

Since ξ is infinitely differentiable, then ξ ∈ D(L), i.e., limt→0
Tσt ξ(x)−ξ(x)

t = Lξ(x) for every

x ∈ Rd.

On the other hand, since z(x)T σt ξ(x) is bounded for every x ∈ S, then by DCT,

lim
t→0

∫
S
z(x)T

σ
t ξ(x)− ξ(x)

t
dx =

∫
S
z(x)Lξ(x)dx.

Letting x̂ = x+ kŷ, i.e, x = x̂− kŷ, by Fubini’s theorem,

N
d
√

detA
∫
S
ξ(x)[

∫ ∞
0

e(s)
∫
Bs(0)

g(x+
√

2t d
√

detσ
2 ŷ)dŷds]dx

= N
d
√

detA
∫ ∞

0
e(s)

∫
Bs(0)

∫
S
ξ(x)g(x+

√
2t d
√

detσ
2 ŷ)dxdŷds

= N
d
√

detA
∫ ∞

0
e(s)

∫
Bs(0)

∫
S
ξ(x̃−

√
2t d
√

detσ
2 ŷ)g(x̂)dx̂dŷds

Notice that when t → 0,k → 0, and thus x̂ → x and lim inft→0 ξ(x̂ −
√

2t d
√

detσ
2 ŷ) = ξ(x).

Then by Fatou’s lemma,for every x ∈ Rd,

lim inf
t→0

d
√

detA
∫ ∞

0
e(s)

∫
Bs(0)

∫
S
ξ(x̂−

√
2t d
√

detσ
2 ŷ)g(x̂)dx̂dŷds

≥ d
√

detA
∫ ∞

0
e(s)

∫
Bs(0)

∫
S
ξ(x)g(x)dxdŷds
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= β
d
√

detA
∫
S
ξ(x)g(x)dx

where β = 2Nωd
∫∞

0 e(s)sdds, a constant which only depends on d. Therefore, we prove

that for any x ∈ S, any ξ ∈ C∞c (S) with ξ = 0 on ∂S,

β
d
√

detA
∫
S
ξ(x)g(x)dx ≤

∫
S
z(x)Lξ(x)dx,

i.e.,

β
d
√

detAg ≤ Lz,

holds in the weak sense.

Our main theorem is the following theorem.

Theorem A.3.15. Suppse that r > 0 and f(t, x) ≥ 0 is in Ld+1((−∞,∞)×Rd) such that

f = 0 outside (0,∞)× B(x0, r). Then there exists a bounded non-positive function G(t, x)

on (−∞,∞)× Rd that vanishes on (−∞, 0)× Rdand has the following properties:

(i) G(t, x) is convex in x ∈ B(x0, 2r) for every fixed t ∈ (0,∞) and decreasing in t for

every fixed x ∈ Rd;

(ii) If A = (aij) is a symmetric nonnegative-definite matrix, then for ε > 0 small enough,

N(d)(detA)1/(d+1)f ε(t, x) ≤ −∂G
ε

∂t
(t, x) +

d∑
i,j=1

aijGεxixj (t, x)

for every (t, x) ∈ [0,∞)×B(x0, r) where N(d) > 0 depending only on d;

(iii) If a vector b in Rd and a constant c > 0 satisfies |b| ≤ cr/2,then

d∑
i=1

biG
ε
xi(t, x)− cGε(t, x) ≥ 0,

for every (t, x) ∈ [0,∞)×B(x0, r);

(iv) For every (t, x) ∈ (−∞,∞)× Rd,

|G(t, x)|d+1 ≤ (d+ 1)(2r)d

ωd

∫ ∞
0

∫
B(x0,r)

fd+1(s, y)dyds,

where ωd is the volume of the unit sphere.
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Proof. W.L.O.G. we can assume x0 = 0. For the case when x0 6= 0, the following proof

holds by first shifting the coordinates x0 to the origin. Let n = 1, 2, ... and k = 0, 1, 2, ...

and define

tnk = 2−nk and fnk(x) = 2n
∫ tn,k+1

tnk

f(s, x)ds. (3.45)

Fix n, by Theorem A.3.12, there exists a sequence of convex functions {Gnk(x)}k≥0 defined

on B(0, 2r) such that for every x ∈ B(0, 2r),

0 = Gn0(x) ≥ Gn1(x) ≥ ... and Gnk(x) = 0 on ∂B(0, 2r) for every k ∈ N (3.46)

and

2−n(fnk(x))d+1dx = (Gnk(x)−Gn,k+1(x))ω(Gn,k+1, dx). (3.47)

Next, for each n ∈ N and construct the function Gn(x, t) such that for any x ∈ B(0, 2r),

Gn(tnk, x) = Gnk(x), Gn(tn,k+1, x) = Gn,k+1(x)for each k ∈ N

and Gn(t, x) is linear in t for t ∈ [tnk, tn,k+1]. (3.48)

Therefore, by (3.46),Gn(t, x) is decreasing in t on (0,∞), and by (3.24), and for any

t ∈ (0,∞) we have t ∈ [tnk, tn,k+1] for some k ∈ N, and

(2r)−dωd|Gn(t, x)|

≤ (2r)−dωd|Gnk(tnk, x)|

≤ (d+ 1)
k−1∑
i=0

∫
B(0,r)

2−n(fni(y))d+1dy

≤ (d+ 1)
k−1∑
i=0

∫
B(0,r)

2−n(2n
∫ tn,i+1

tn,i

f(y, s)ds)d+1dy

≤ (d+ 1)
k−1∑
i=0

∫
B(0,r)

2−n(
∫ tn,i+1

tn,i

2n(1+1/d)ds)d
∫ tn,i+1

tni

fd+1(s, y)dy

≤ (d+ 1)
k−1∑
i=0

∫
B(0,r)

∫ tn,i+1

tni

f(s, y)d+1dyds

= (d+ 1)
∫

(0,tn,k)×B(0,r)
(f(s, y))d+1dyds

≤ (d+ 1)
∫

(0,∞)×B(0,r)
(f(s, y))d+1dyds, (3.49)
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where the second last inequality is by Hölder inequality. Notice that the upper bound in

the last line is independent of t, which it prove (iv).

By (3.49), the sequence of functions {Gn(t, x)}n≥1 are uniformly bounded in (0,∞) ×

B(0, 2r). Then there exists a subsequence of functions

{Gnj1(t1, x)}j1≥1 ⊂ {Gn(t, x)}n≥1 converges uniformly in t11 ×B(0, 2r).

Since{Gnj1}j1≥1 are bounded sequence, then there exists a subsequence

{Gnj2(t2, x)}j2≥1 ⊂ {Gn(t, x)}n≥1 converges uniformly in t21 ×B(0, 2r).

Repeat this process for each t = 2−nk, k, n ∈ N.

Finally, the diagonal sequence

{Gnj1(t11, x), Gnj2(t21, x), Gnj3(t22, x), ...} converges uniformly in x ∈ B(0, 2r).

Denote the sequence sm = {nj1, nj2, nj3, nj4...}. Let

G(t, x) = lim
sm→∞

Gsm(t, x), for each t = k/2n

and let

G(t, x) := lim
2−nk↓t

G(2−nk, x) for each non-dyadic t.

Then G(t, x) is a function decreasing in t ∈ (0,∞).

Thus we proved (i) and (iv).

Next we will show (iii). For ε ∈ (0, r/2), consider

Gε(t, x) := ε−(d+1)
∫
Rd
ζ(t/ε, (x− y)/ε)G(t, y)dy

and

f ε(t, x) := ε−(d+1)
∫
Rd
ζ(t/ε, (x− y)/ε)f(t, y)dy,

where ζ is the mollifier defined in Subsection 1.4.3.

Since G(t, x) ≤ 0 on (0,∞)×B(0, 2r) and G(x, t) is convex in x on B(0, 2r), then Gε(t, x)

is non-positive on (0,∞)×B(0, 2r) and convex in x on B(0, 3r/2).



165

Let F (t0, x) = p(x − x0) + Gε(t0, x0) be the tangent plane to the graph of Gε(t0, x) at

x0 ∈ B(0, r). Notice that for any y = x0 + pr/(2|p|),

y ∈ B(0, 3r/2) and 〈p, y − x0〉 = |p|r/2, (3.50)

Then by (3.50) and the definition of supporting hyperplane of a convex function,

r|p|/2 +Gε(t0, x0) ≤ sup
|x|≤3r/2

(p(x− x0) +Gε(t0, x0)) ≤ Gε(t0, x) ≤ 0

for each x ∈ B(0, 3r/2).

Notice that p = ∇xGε(x0, t0), then for any vector b ∈ Rd and constant c > 0 such that

|b| ≤ r/2c, we have

d∑
i=1

biG
ε
xi − cG

ε ≥ −|b||p| − cGε ≥ (−r|p|/2−Gε)c ≥ 0.

To show (ii), first by the first part of Lemma A.3.14, for each ω(Gnk, dx), there exists

a Randon-Nikodym derivative, in the form of (gnk(x))d, with respect to Lebesgue measure

dx, such that

ωa(Gnk, dx) = (gnk(x))ddx. (3.51)

Let

a = (2n(Gnk(x)−Gn,k+1(x)))d+1, b = (β/d)d detA(gn,k+1(x))d,

where A = (aij) in the operator L and β is the parameter in Lemma A.3.14.

Then by the inequality (d + 1)(ab)1/(d+1) ≤ a + db1/d,where d is the dimension, and

(3.47), and (3.51), for every x ∈ B(0, 2r),

(d+ 1) d+1√detA(β
d

)d/(d+1)fnk(x)

= (d+ 1) d+1√detA(β
d

)d/(d+1)
(
(gn,k+1(x))d · a

)1/d+1

≤ 2n(Gnk(x)−Gn,k+1(x)) + βgn,k+1
d
√

detA, (3.52)

Let

χε(x) = 1/(εd)χ(x/ε),
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where χ(x) be another mollifier function on x ∈ Rd, and ε < r. By (3.52) and Lemma

A.3.14, for every x ∈ B(0, r),∫
Rd
α

d+1√detAfnk(x− y)χε(y)dy

≤
∫
Rd

(
2nχε(y)(Gnk(x− y)−Gn,k+1(x− y)) + (Lχε(y))Gn,k+1(x− y)

)
dy,

(3.53)

where α = (d+ 1)(β/d)d/(d+1).

Take two numbers t1 = 2−mk1 and t2 = 2−mk2, where k1 < k2, and choose n > m. Then

by (3.45),
2n−mk2−1∑
k=2n−mk1

fnk(x) = 2n
∫ t2

t1
f(x, s)ds, (3.54)

and by (3.48),

2n−mk2−1∑
k=2n−mk1

[2n(Gnk(x)−Gn,k+1(x)) = 2n(Gn(t1, x)−Gn(t2, x)), (3.55)

and
2n−mk2−1∑
k=2n−mk1

Gn,k+1 = 2n
2n−mk2−1∑
k=2n−mk1

2−n 1
2(Gn(tnk, x)

+Gn(tn,k+1, x)) + 1/2(Gn(t2, x)−Gn(t1, x))

= 2n
∫ t2

t1
Gn(s, x)ds+ 1/2(Gn(t2, x)−Gn(t1, x)). (3.56)

Hence, by (3.53)-(3.56), for each x ∈ B(0, r),

α
d+1√detA

∫ t2

t1

∫
Rd
f(s, x− y)χε(y)dyds

≤
∫
Rd
Gn(t1, x− y)χ(y)dy −

∫
Rd
Gn(t2, x− y)χε(y)dy

+
∫
Rd

∫ t2

t1
Gn(s, x− y)Lχε(y)dsdy + 1

2n+1

∫
Rd

(Gn(t2, x− y)−Gn(t1, x− y))Lχε(y)dy.

Notice that |Lχε(y)| ≤ 1 and Gn(t2, x), Gn(t1, x)are bounded by (iv). then sending n→∞,

by DCT,

α
d+1√detA

∫ t2

t1

∫
Rd
f(s, x− y)χε(y)dyds
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≤
∫
Rd
G(t1, x− y)χε(y)dy −

∫
Rd
G(t2, x− y)χε(y)dy +

∫
Rd
L
∫ t2

t1
G(s, x− y)χε(y)dsdy.

(3.57)

Let χε(t) = χ(|t|)/ε be the mollifier function on t ∈ (0,∞),where ε ≤ r, then by (3.57),

α
d+1√detA

∫ t2

t1
f ε(s, x)ds = α

d+1√detA
∫ t2

t1

∫
Rd

∫ ∞
−∞

f(s, x− y)χε(y)χε(t− s)dtdyds

≤ Gε(t1, x)−Gε(t2, x) +
∫ t2

t1
LGε(s, x)ds.

Then the inequality in (ii) follows immediately.

A.4 Proof of Lemma A.3.10

Instead of proving Lemma A.3.10, we will show a more general theorem– Theorem 3 in [2],

which we will summarize the details of the theorem here. From now on, the function z

mentioned in the rest of this subsection, will by default, always means a convex function z.

Let D ∈ Rd and z : D → R be a differentiable function and let

p := ∇z = (zx1 , ..., zxd)

as the gradient of z(x). Let f(p, z, x) be a function satisfying the following conditions:

Condition A.4.1. The function f(p, z, x) is well-defined for all p, z and every x ∈ D;

Furthermore, it is always nonnegative and may take the infinite value.

Condition A.4.2. In every closed bounded domain R of the variables p, z and x, there

exists a summable function f0(p) such that for every (p, z, x) ∈ R,

f(p, z, x) ≤ f0(p).

Condition A.4.3. There exist a number z0 ∈ R and a function f1(p) ≥ 0 such that∫
Rd
f1(p)dp > 0

and for every x ∈ D and z < z0,

f(p, z, x) ≥ f1(p).
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Define

A(f) = sup
∫
Rd
f1(p)dp, (4.1)

where the supremum is taken over all possible z0 and over all possible functions f1(p).

Condition A.4.4. For almost every p, the function f(p, z, x) is continuous in z and x.

For a function f satisfying the above four conditions, p→ (x(p), z(p)) is just the inverse

of our normal mapping. The function x(p) and z(p) are not unique for those points p for

which the supporting plane of direction p touches the surface at more than one point.

However, we claim that the set of such points p has zero measure.

Proof. It is a claim in (9.8) in §9.4 of [3].We will give a proof by contradiction for the case

when d = 1.For d ≥ 2, it borrows the idea of Lemma 5.2 in [3] and need some modification

of it.

Assume there exists a set U ∈ Rd with |U | 6= 0 such that for any p ∈ U , the support-

ing hyperplane with the direction of p touches the convex surface at at least two points

(x1(p), z1), (x2(p), z2) such that ∇z|x=x1(p) = ∇z|x=x2(p) = p. Given the convexity of the

function z(x), we know z is differentiable almost everywhere [74, Theorem 25.5], and the

gradient p is monotone, i.e., for any x, y ∈ Rd where it is differentiable,

(y − x) · (∇z(x)−∇z(y)) ≥ 0. (4.2)

Hence for any point x̄(p) = tx1(p) + (1− t)x2(p), 0 ≤ t ≤ 1, if x̄(p) is differentiable, then by

(4.2),

(x1(p)− x̄(p)) · (p−∇z(x̄(p))) ≥ 0 and (x2(p)− x̄(p)) · (p−∇z(x̄(p))) ≥ 0,

which lead to (1−t)(x1(p)−x2(p))·(p−∇z(x̄(p))) ≥ 0 and t(x1(p)−x2(p))·(p−∇z(x̄(p))) ≥

0.Hence

∇z(x̄(p)) = p. (4.3)

When d = 1, let (x1(p), x2(p)) be the maximal interval whose gradient is p. Then by (4.3),

for different p 6= q ∈ U , (x1(p), x2(p)) ∩ (x1(q), x2(q)) = ∅. Choose an arbitrary rational
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number lying in each interval. Since there are at most countably many rational numbers,

then there are at most countably disjoint such open intervals. Hence U is countable.

When d ≥ 2, denote l(x1(p), x2(p)) be the maximal line segment whose gradient is

gradient p whose endpoints are (x1(p), z1) and (x2(p), z2). Then the rest of the proof will

be discussed by considering if the line segments can be represented by how many numbers

of nonzero orthonormal unit vectors out of d orthonormal ones. The reader can refer to

Lemma 5.2 in [3] for more details.

Therefore, the function f(p, z(p), x(p)) is uniquely defined for almost all p’s in the

gradient plane.

Define

ωf (M ;S) =
∫
νz(M)

f(p, z(p), x(p))dp,

where M is a Borel set of D and χz(M) is the gradient space of function z defined on the

set M .We call it the relative curvature of S relative to the plane of the domain.

Remark A.4.5. According to [2], in geometry, instead of saying the function z(x), we say

"the surface S given by the equation z = z(x)", then the paper denotes the relative curvature

of convex function z as ωf (M ;S).Just to clarify, when f = 1, ω1(M ;S) means the normal

volume of z on M , as denoted by ω(z,M) in Subsection A.3.

In particular, if f(p) = (1+p)−
n+1

2 , then ωf (M ;S) is the area of the spherical image

(integral curvature) of the set on the surface Sz whose projection is M .

Let D ∈ Rd be a convex domain and D be its boundary. Not every (n− 1)-dimensional

surface projectable onto D can be the boundary of a convex surface S projectable onto D.

(The border of the surface S is simply the set of its limit points not belonging to S.)

Definition A.4.6. We say a surface L that could be the boundary of some other surface

S is called an admissible surface or an admissible border. (For more details and

examples of an admissible border, please refer to Section 3 of [2]).
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Theorem A.4.7. Every convex surfaces S projectable onto a domain D, having a common

border L are uniformly bounded if they all obey the inequalities

ωf (D;S) ≤ C < A(f), (4.4)

where C is a constant, A(f) is defined in (4.1).

Proof. The proof can also be found in Theorem 1 of [2].By the definition of the supremum

A(f), for a given C < A(f), there clearly exists a z0 ∈ R and a function f1(p) such that

f(p, z, x) ≥ f1(p) ≥ 0 for every z < z0, x ∈ D (4.5)

and ∫
Rd
f1(p)dp ≥ C.

We can assume that z0 is such that the common border L of the surfaces S lies above the

plane z = z0. Then the plane cuts off a"cap" S̄ from every "large" surface. It suffices to

demonstrate that the "caps" are bounded.

Let D̄ denote the projection of the cap S̄. Then, clearly

ωf (D̄, S̄) ≤ ωf (D;S). (4.6)

By the definition of ωf and by (4.5),

ωf (D̄; S̄) =
∫
νz(D̄)

f(p, z, x)dp ≥
∫
νz(D̄)

f1(p)dp, (4.7)

where νz(D̄) is the normal image of the cap S̄. Since the cap S̄ grows with the surface

S.Also, ωf (·;S), then ωf (D̄; S̄) ↑ ∞.∫
νz(D̄)

f1(p)dp > C. (4.8)

Then, by (4.6), (4.7) (4.8), we obtain ωf (D;S)<C, contradicting with (4.4). Hence all the

surfaces are uniformly bounded.

By (3.2), ωf (D;S) is an additive set function on the gradient space, then the next

theorem is about the weak convergence of the relative curvature when the sequence of

convex surfaces {Sm}m≥1 converge to S.

Before proving the main theorem of this subsection, we first introduce another definition.
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Definition A.4.8. If a convex surface SL, whose border is L, has zero area of its spherical

image projectable onto D, we say that the surface SL is spanned over L from below.In

this case, SL is one and the only supporting plane for each point on the surface SL.

Theorem A.4.9. If the sequence of convex surfaces {Sm}m≥1 projectable onto a given

domain D converge to a surface S, then their relative curvatures ωf (D;Sm) converge weakly

to ωf (D;S).

Proof. The proof can be found in Theorem 2 of [2].

Theorem A.4.10. Let D be a polyhedral convex domain in Rd and L an admissible (n−1)-

dimensional polyhedral surface projectable onto the boundary of D. Let µ(M) be a set func-

tion defined on D such that µ has nonzero mass only at finitely many points {x1, ..., xm} ∈ D.

Then if
m∑
i=1

µ(xi) < A(f), (4.9)

then there exists a convex polyhedral surface S such that for i = 1, ..,m,

ωf (xi;S) = µi, (4.10)

where S is projected onto D and L as its border.

Proof. The proof is the same as in Theorem 3 of [2]. We will summarize it here.

Let us span the surface SL on L from below. Clearly, SL is a polyhedral surface with no

vertices and L as its border. By the definition of the surface on L spanned from below, we

know that it satisfies the requirement that it has no vertices except those are projectable

into the points x1, ..., xm ∈ D.

Also, ωf (xi;SL) = 0, i = 1, ...,m, which satisfies (4.9).

Hence it shows there exists a polyhedral surface satisfying the border and vertices re-

quirement and (4.9).

Next, consider all polyhedral surfaces, denoted by {Sj , j ∈ I}, whose borders are L, and
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have no vertices other than those that are projectable into the points x1, .., xm such that

for each j ∈ I,

ωf (xi;Sj) ≤ µi, i = 1, ...,m. (4.11)

By (4.9) and Theorem A.4.7, they are uniformly bounded, i.e., for all the functions zj(x), j ∈

I, each of whose graph is associated with a polyhedral surface Sj , there exists a positive

M > 0, such that supx∈D,j∈I |zj(x)| < M . Then there must exist a surface S0 ∈ {Sj , j ∈ I}

whose function z0 satisfies that
∑m
i=1 z(xi) is the minimal.

We claim that S0 is the desired surface satisfying (4.10), which will be proved by con-

tradiction. Assume it is not, then it means for some point xk,

ωf (xk;S0) < µk. (4.12)

Let Ak be a point on S0 whose projection on D is xk.Notice that Ak might not be a vertex

of S1. Move Ak downwards vertically through a small distance A′kAk. Construct the convex

hull of the point A′K , the vertices of S0 and a border L. Then it is a polyhedral surface S1

with border L, with the vertices whose projection belongs to the set {x1, ..., xm}.

Next we will show that the surface S1 satisfies (4.10).

Denote A′i’s are the points on S1 whose projections are xi’s on D. If A′i is a vertex of S1

different from A
′
k, then from the construction of S1, it is clear that A′i is the vertex Ai of

the surface S0 and by

νS1(xi) ⊂ νS0(xi),

so by the definition of ωf (xi;S1), since zi and xi are the same in S0 and S1, then

ωf (xi;S1) ≤ ωf (xi;S0),

and thus by (4.11),

ωf (xi;S0) ≤ µi.

For the point A′i which is not the vertex of S1, which means ωf (xi;S0) = 0 < νi. Finally,

we consider A′k, the most shifted vertex, by the definition of relative curvature,

ωf (xk;S1) =
∫
νS1 (xk)

f(p, z′k, xk)dp,
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where (xk, z′k) is the point on the surface S1. Let us show that ωf (xk;S1) varies continuously

along A′kAk shifted continuously from the initial position Ak. For a polyhedral surface, the

normal image νz(xk) of A′k is a convex polyhedron in the gradient plane, and it varies

continuously as the point A′k varies continuously.

In addition, by Condition A.4.4, the function f(p, z′k, xk) is continuous in z′k and xk for

almost all p. Hence, as the point A′k varies continuously along A′kAk, the function f(p, z′k, xk)

varies continuously for all p. And by Condition A.4.2, the function f(p, z′k, xk) ≤ f0(p) on

bounded domain of (p, z′k, xk). Therefore, by dominated convergence theorem, ωf (xi;S1),

and therefore ωf (xk;S1) really depends continuously on the position of A′k.Consequently,

with a sufficiently small shift A′kAk, since by (3.22), νS1(xk) ⊂ νS0(xk), then ωf (xk;S1) <

ωf (xk;S0) for a very small amount.

Hence, by (4.12),

ωf (xk;S1) < µk.

SInce S1 satisfies (4.10) and
∑m
j=1 z

′
j <

∑m
j=1 zj , which contradicts with the definition of

S0. Hence S0 satisfies (4.10).

Remark A.4.11. 1. From the proof, it is clear to see that the surface S0 does not only

satisfy ∑m
j=1 zj is the minimal among all the functions whose surfaces are {Sj , j ∈ I},

but also satisfies each coordinate zj attains the minimum respectively .

2. In [2], there is a more generalized theorem which extends the above theorem by proving

the existence of a convex surface on a convex domain , instead of a polyhedral domain,

with the same border requirement and satisfying (4.9). Please refer to Theorem 4 in

[2] if the readers are interested in this area.

Proof of Lemma A.3.10. To show Lemma A.3.10, notice that each z1(xi) is a known value.

Let f(p, z2, x) = z1(x) − z2which is well-defined for every x ∈ D and z2. Notice that the

boundary L of Sz2 is z2|D = 0.

Next, given z1|∂D = 0 and z1 is convex, then z1 ≤ 0 on D̄. Notice that z2 = z1 is a

solution of

(z1 − z2)ω(z2, xi) ≤ µi for every i = 1, ..,m. (4.13)
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Also, given the assumption that z2 < z1 if such z2 exists, z1(x)− z2 ≥ 0 and it is defined for

every x ∈ D̄ and every p in the gradient plane, which satisfies Condition A.4.1.Notice that

the steeper the polyhedral surface of z2 is, the larger the value of supx∈D z1(x)− z2 and the

value of maxi∈{1,...,m} |νz2(xi)| become.

Moreover, f(p.z2, x) satisfies Condition A.4.2 since given any compact set D of (p, z2, x),

there exists a bounded function f0 = supD(z1(x)− z2), such that f(p.z2, x) ≤ f0 on D.

Since the graph of z1 are polyhedron, then z1(x) are continuous on D̄,then f(p, z2, x) =

z1(x)− z2 is continuous in x and z2, which satisfies Condition A.4.4.

To check if f(p, z2, x) = z1(x) − z2 satisfies Condition A.4.3, we first notice that

t,{z1(x), x ∈ D̄} is bounded, and the minimum value of z1 lies either on the vertices

or on ∂D, which is deterministic. Hence, for any constant z0 < minx∈D̄ z1(x), choose

f1(p) = minx∈D̄ z1(x)− z0 > 0, then ∫
Rd
f1(p)dp =∞

and for any z2 < z0, and every x ∈ D̄,

z1(x)− z2 ≥ f1(p),

which proves that f(p, z2, x) = z1(x)− z2 satisfies Condition A.4.3. In addition, given∫
D
z1(xi)− z2(xi)ω(z2, xi)dx ≤

m∑
i=1

µ(xi) <∞,

it satisfies (4.9). Hence, by Theorem A.4.10, there exists a convex function z2 such that

z2 ≤ z1 on D̄, whose graph is a polyhedral surface, satisfying the requirements for the

border and vertices.
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