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Abstract

Harnack inequalities for nonlocal operators

Xijanggian Meng

Chair of the Supervisory Committee:
Zhen-Qing Chen
Department of Mathematics

Harnack inequalities are a fundamental property in both probability theory and analysis.
The scale-variant Harnack inequalities play an important role in studying various properties,
such as the regularity of harmonic functions in probability and analysis. This thesis focuses
on scale-invariant Harnack inequalities for a class of nonlocal operators and a class of weakly
coupled nonlocal operators.

In Chapter 1, we show the scale-invariant elliptic Harnack inequality holds for a class of
nonlocal operators £, which are second order elliptic differential operators perturbed by non-
local operators. We assume the existence of a conservative Hunt process { X, t > 0;P* x €
R4} corresponding to each operator £ in that class, and establish the scale-invariant Har-
nack inequalities for nonnegative functions that are £-harmonic. This is achieved by using
Krylov estimate approach, where the comparison constant depends solely on the parameters
of the class of the operators.

Moreover, unlike purely diffusive operators, for which Hoélder regularity of bounded
harmonic functions is a direct consequence of the Harnack inequality, we establish the
Holder regularity for bounded harmonic functions for nonlocal operators in this class using
a probabilistic approach.Additionally, we demonstrate that the scale-invariant parabolic
Harnack inequality holds for nonnegative £-caloric functions and establish Holder regularity
for bounded L-caloric functions.

In Chapter 2, utilizing the result from Chapter 1, we consider a system G of nonlocal



operators {L;,i = 1,..m}, as discussed in Chapter 1, connected by an index switching
process {A;,i = 1,...,m} determined by its switching rate matrix Q. Such a system of
operator whose coupling terms do not involve the derivatives of the unknown functions is
called a weakly coupled nonlocal system. Weakly coupled systems are widely investigated
in the field of physics, finance and engineering, etc. Through a piecing-together procedure,
there exists a Hunt process ((Xt,At),t > 0; PG (1) € [0,00) x Rd) corresponding to
the weakly coupled operator G wthin a certain class. Using the two-sided scale-invariant
Green function estimates, we prove the scale-invariant Harnack inequalities for the weakly
coupled nonlocal operators G. Under the irreducibility assumption of the switching matrix,
we further derive a full rank scale-invariant Harnack inequality for this class of weakly
coupled operators.

The Appendix A serves as a complimentary part to Chapter 1. One of the essential
intermediate components in Krylov’s estimate approach presented in Chapter 1 is a lower
bound of the hitting probability estimate. This result, along with other related important
theorems, all ultimately relies on the equivalence between the Martingale problems and SDE
for this class of nonlocal operators. However, there is limited literature available on this
topic in English. Therefore, for both learning purposes and the reader’s convenience, we
summarize and provide the detail explanations of some existing results originally in French
[36, 56], which are used in the proof of Proposition 1.3.1 of Chapter 1. In addition, the proof
of the support theorem for diffusion processes (4.9) (orginally from [6]) and the Krylov’s
estimate for diffusion operators in Lemma 1.4.4, (originally from [2, 51]) have also been

rewritten and clarified in details.
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Chapter 1

HARNACK INEQUALITIES FOR A CLASS OF NONLOCAL
OPERATORS

1.1 Introduction

This project is concerned with the scale invariant Harnack inequality and parabolic Harnack
inequality as well as a priori Hélder regularity for the following type non-symmetric non-

local operators defined on CZ(R%) by

d 9 d
Lu(z) = é '21 ai,j(w)axi%ju(x) + z;bi(x)aiiu(x)
1,j= iz
+ /]Rd\{o} (U(fL’ + Z) - u(af) — Vu(m) . Z]l{|z\§1}) n(x,dz). (1.1)

In probability theory, the above non-local operator corresponds to a semimartingale
Markov process that has both diffusive and jumping motions. We assume that there
is a Hunt process {X;,t > 0;P* x € Rd} on R? that solves the martingale problem of
(L, C2(R%)); that is, for every f € CZ(RY),

M = 060~ F0%) — [ £5(X)ds

is a martingale under P* for every z € R? and P*(X, = x) = 1. The matrix (a;j(z)) is the
diffusion matrix for the process X, b(xz) = (b1(x),--- ,bg(x)) describes the drift, and kernel
n(x,dz) describes the jumping rate for the process to jump from z to = + z. A function u
is said to be L-harmonic in a domain D if u(X;) is a local martingale up to the first exit
time 7p by the process X exiting from D. Heuristically, u is £-harmonic in D if Lu = 0
in D. But we are not going to establish this analytic characterization. See Chen [17] for
the equivalent characterizations between probabilistic and analytic notions of harmonicity
when the underlying process is symmetric with respect to some reference measure.

The classical elliptic Harnack inequality asserts that if w is a non-negative harmonic

function in a ball B(xg,7) C R? in the sense that Au = 0 in B(zo,r), then the values



of w on B(xg,r/2) are universally comparable. This scale invariant property is an easy
consequence of the Poisson representation of classical harmonic functions. When d = 2,
the above inequality was obtained by Harnack in 1887. Scale invariant Harnack inequalities
have many important consequences in analysis and PDEs. There is also a parabolic version
of Harnack inequality for non-negative caloric functions (functions satisfying the parabolic
equation %u(t, x) = Lu(t, z), called parabolic Harnack inequality. However, it takes much
more challenging efforts to establish Harnack inequality for non-homogenous second order
elliptic differential operators. The first general result of De Giorgi [35] and Nash [63] in late
1950 on a priori Holder estimates of the solutions of partial differential equations served as
a powerful stimulus in the development of the theory of elliptic and parabolic equations of
the divergence form. Harnack inequalities have been extended to elliptic or parabolic partial
differential equations by many authors. In particular, in his influential work [61, 62], Moser
established Harnack inequalities for solutions of second order elliptic or parabolic partial
differential equations of divergence form, and used them to give another proof of a prior
Holder regularity results of De Giorgi and Nash.

In 1979 and early 1980’s, Krylov and Safonov made a breakthrough in establishing
the Harnack’s inequality and a priori Holder estimates for the solutions of second order
linear elliptic and parabolic differential equations of nondivergence form with measurable
coefficients. The probabilistic arguments played a major role in their approach [51, 53, 67].
We refer the reader to [47] for an account of a history of classical results on Harnack
inequalities.

While Moser, Krylov and Safonov established the Harnack inequality for second order
elliptic differential operators, which corresponds to diffusion processes, there are some fruit-
ful developments recently for a certain class of non-local operators, whose corresponding
Markov processes have discontinuous sample paths; see [8, 9, 10, 20, 21, 22, 39] and the
references therein. Some of these work are concerned with symmetric Markov processes and
symmetric non-local operators. In [8, 9, 20, 21], the jump kernel is comparable to that of a
radically symmetric stable process and mixed stable processes. In this project, we consider
processes that have both diffusive and jump parts and with quite general jumping kernel

n(x,dz). Harnack inequality and Holder regularity for harmonic functions with respect to



non-local operator £ of the form (1.1) has been studied in [39] under the assumption that
n(zx,dz) is absolutely continuous with respect to the Lebesgue measure on R? together with
some comparability assumption. However the paper [39] contains a critical error in the
proof of a key support theorem (see §1.4.2 for details); in addition the claimed Harnack
inequality there is not scale invariant.

A closely related topic is a priori Holder regularity. For recent development on priori
Holder estimates for non-local operators, we refer the reader to [23, 27] and the references

therein.

Given positive constants A1, Ay, Az, we say a non-local operator £ of (1.1) is in class

N (A1, As, A3) if the following holds:

(a) (uniform ellipticity on diffusion matrix)

d
A)€)? < Z a;j(2)&& < Al_l\§|2 for every z,¢ € RY, (1.2)

3,j=1

(b) (bounded drift) ||b||loo := sup,cpa |b(x)] < As.

(c¢) (Lévy jumping kernel condition) sup / (|2]? A Dn(z,dz) < Az
zeRd JRA{0}

In this paper, we establish scale invariant elliptic and parabolic Harnack inequality as
well as a priori Holder regularity for non-local operator £ € N(A1, A2, A3). The following
are two of the main results of this paper. The first one is on a priori Holder estimates and

the second one is on scale invariant Harnack inequality.

Theorem 1.1.1. Suppose L € N (A1, A2, A3) and that

W(5) = sup / (122 A Dn(z,dz) — 0 as 6 — 0. (1.3)
zeRd J{2:|2[<6}

There exist a constant 71 > 0 depending on (d, A1, A2, As), and o € (0,1), ¢ > 0 that depend

only on (d, A1, Ao, A3) and the rate of 1 converging to 0 so that for any xo € R, r € (0,70,

and any bounded function u on R? that is L-harmonic in B(xg,2r), one has

lu(z) —u(y)| < cllulleo (|2 —yl/r)* for any x,y € B(zo,r), (1.4)



where ulloo = Sup, g [u(@)].

Theorem 1.1.2. Let L € N (A1, A, As) satisfying (1.3). Suppose that for every r € (0,1]

and xo € R?,
n(xo, A — o) < con(xz,A—x) forx € B(xg,r) and A C B(xg,2r)". (1.5)

Here A—x :={y—x :y € A}. Then there is a constant 1 > depending on (d, A1, A2, A3, co),
and C > 0 depending only on (d, A1, A2, A3, co) as well as the rate of ¥ of (1.3) converging
to 0 so that for any xo € R, r € (0,71], and any nonnegative function u on R? that is

L-harmonic in B(xg,2r),

U(ZL’) < CU(y) f07" T,y € B(J;O?T)'

Our approach is mainly probabilistic. A key to establish the above two results is a
hitting probability estimate (Theorem 1.4.9). For this, we establish a support theorem
(Theorem 1.4.1) and a Krylov estimate (Theorem 1.4.6) for non-local operator £. These
results are of interest in their own. However, before we can do these, we need to represent
the semimartingale Markov process having infinitesimal generator £ € N (A1, A2, A3) as a
weak solution of an SDE driven by Brownian motion and Poisson point processes. This part
is known in literature but the references are not easily accessible. We carry out the details

in the Appendix §A.1 of this paper.
Parabolic Harnack inequality for non-local operator L is studied in Section §1.7.

In this paper, we use := as a way of definition. For a Borel or Lebesgue measurable set

A C R¥, we use |A| to denote its Lebesgue measure.

1.2 Preliminaries

We first start with a remark on condition (1.12).

Remark 1.2.1. (i) If we define

J(z,dy) :=n(z,dy — x) (2.1)



in the sense that J(z, A) := n(z, A — x) for any A C R?\ {z}, then J(x,dy) is the
jumping rate for jumps from z to y by the process X. Condition (1.12) is equivalent
to

J(xg,A) < coJ(z,A) for x € B(zg,r) and A C B(xzg,2r)°. (2.2)

Condition (2.2) is satisfied if J(x,dy) = j(x,y)v(dy) for some measure v on R% and
j(x,%) has the property that for any zo € R% and r € (0, 1],

j(20,y) < coj(z,y) for any @ € B(ao,r) and y € B(zo,2r)°.  (2.3)

We say two functions f and ¢ are comparable and denote as f < ¢ if there are two
positive constants ¢, ce so that c1g < f < ¢og in their common domains of definition.
If j(z,y) < ¢(Jy—=|) , where ¢ is a decreasing function on (0, c0) that has the property
that ¢(r) < c¢(2r) for all r > 0, then j(z,y) satisfies (2.2).

(ii) Note that
Lo A LPInd) = [ (@ ALz =yl (@, dy)
R4\{0} R4
When J(z,dy) = j(x,y)v(dy), property (c) in the definition of N'(A1, Ag, A3) is equiv-
alent to

sup [ (1A Lw = )i p)udy) < As < oo. (2.4)
z€Rd JR?

Typical examples for measure v(dy) on R? and function j(z, y) having properties (1.3),

(2.3) and (2.4) are

d+a) for some 0 < o < 2;

(a) Lebesgue measure on R and j(x,y) =< |z — y|~(
(b) k-dimensional Lebesgue measure on a finite union of k-dimensional affine sub-
spaces of R? with k € [1,d], and j(z,y) = |z — y|~*+t®) with 0 < o < 2;

(c) More generally, v is a Borel measure on R? so that there is some n € (0,d] and

¢ > 0 so that
v(B(z,r)) < cr™ for any x € R? and r € (0, 1], (2.5)

and ¢(|z —y|) < |z — y|~ ") with 0 < a < 2. Any Ahlfors n-regular measure
on an n-set in R? (for example, Sierpinski gasket or carpet in R?) with n € (0, d]

has property (1.9).



(iii) Note that for any x € B(xg,7/2), z¢ € B(x,r/2) and B(z,r) C B(xo,2r), so by (1.12)

(with the role of zy and x interchanged and with r/2 in place of ),
n(x, B—x) < con(xg, B —xg) for z € B(xg,r/2) and B C B(x,r)".

Now for any y € B(xo, ), there is some = € B(zg,r/2) so that |y — x| < r/2. Since
B(y,r) C B(xo,2r), we have from the above display with (y,z) and r/2 in place of
(x,z0) and r/2 there that for any A C B(zg,2r)¢,

n(y, A—y) <con(z,A—z) < c% n(xop, A — o). (2.6)

In other words, by increasing the value of ¢y if needed, condition (1.12) is equivalent

to
n(x,A—x) <con(y,A—y) forz,ye B(zxg,r) and A C B(xo,2r)°. (2.7)

Another way to put it, by increasing the value of ¢y if needed, condition (2.2) is

equivalent to

J(z, A) < coJ(y,A) for x,y € B(zg,r) and A C B(zg,2r)". (2.8)

Throughout this paper, we assume that X = {X;,¢ > 0;P*, 2 € R?} is a conservative
Hunt process on R? having infinitesimal generator £ € N'(A1, Az, A3) in the sense that
P?(X = ) = 1, X has infinite lifetime, and for every f € C%(R%),

FOX) = 1) — [ £5(X,)ds

is a martingale under P* for every z € R? 1In this paper, we say a Hunt process X
corresponds to £ if X = {X;,t > 0;P*,z € RY} is a Hunt process having infinitesimal
generator L.

A real-valued function u on R? is said to be L£-harmonic in an open subset D C R¢ if

for every ball B(zg,r) whose closure is inside D and for every x € B(xq, 1),

E* [’u(XTB(wO,r))” <oo and wu(zx)=FE" [u(XTB(wOYT))} )

The following rough scaling property will be used several times in the paper.



Lemma 1.2.2. Suppose that X = {X;,t > 0;P* 2 € R} is a Hunt process having in-
finitesimal generator L € N'(A1, Ag, A3). For A € (0,1], define Y; = A" X2, and P = P2,

Then {Y;,t > 0; Py, x € R9Y is a Hunt process having infinitesimal generator

82f

ﬁ()\ 2:: 7] 81‘j (x) + Vf(m) . (}\b(}\.’L’) - /Rd\{o} )\Z]l{)\<\z|§1}n()\x, dz))

[\D\}—t

+/ (Fla+2) — f(@) = VI(@) - 2121 ) (e, d(A2))
RA\{0}
for f € C2(RY). In particular, LN € N(Ay, Ay + As, A3) for every X € (0,1].
Proof. For f € C2(RY), define fy(x) = f(x/)\). Denote by {P};t > 0} the transition
semigroup of Y. Then
PY fla) = B (£(Y)] = B [f(\" Xo)] = (Pyanf) M),

Thus the generator £Y of Y is
Y _
P @) — S @)

LY f(z) = lim "
_ }1_{% P)\2tf)\()‘xt) - f)\()‘x) _ )\2(£f,\)(/\$)

_ fza”m PI_(e) + 2(r) -V f(2)

i,5=1 Oz;0z;

+/Rd\{0} (f(@+2) = J@) = 2Lgaizany - VI (@) Mn(rz, d(A2))

1< O f
= 3 z:: ij(Ax) 3 0, () + Vf(x) (x\b()\x) _/]Rd\{o} )\221{1<|Z|S1/)\}n()\x,d(Az)))

+/d\{0} (f(:v +2)— f(z) - 2lyz<1y - Vf(:c)) >\2n()\x,d()\z))

1 & o f
= 5 Z_ J 8."I:J (:C) + Vf($) ()\b()\l‘) — /Rd\{o} )\w]l{A<|w|§1}n()\1:,dw)>

_|_

/Rd\{o} (f(:c +2) = f(z) — 21y.<1) Vf(m)) Azﬂ()\x,d()\z))
= LVf(a).

Hence the process Y has diffusion matrix a(Az) which satisfies the same uniform ellipticity

condition (1.2) as a(x), drift coefficient

ba(z) := Ab(\x) —/ ML <<y (AT, dw)
RAN\{0} -



and the jumping measure ny(z, dz) := A\2n(Az,d(\z)). Clearly for A € (0,1],

[oalle < At + 500, [ wLscfurayn(e, du) < Az + g

zeRd
and
sup / (1A |2*)na(z, dz) = sup / (N2 A Jw)?)n(Az, dw) < As.
z€Rd JRH\{0} zeRd JRI\{0}
This shows that £ € N(Aj, Ay + Az, Az) for every X € (0, 1]. O

Lemma 1.2.3. There are ro € (0,1/4] and ¢1 > 0 that depend only on (d, A1, A2, A3) so
that for every Hunt process X which corresponds to the generator L € N (A1, A2, A3) and

for every xo € R and r € (0, 7],
E* {TB@O’T)} < e for every x € B(xg, ).

Here Tp(gy ) = inf{t > 0: Xy & B(xo,7)} is the first exit time from B(xo,r) for the process
X.

Proof. Fix a smooth non-decreasing function ¢ on [0, 00) so that ¢(r) = r for r € (0,3/2]
and ¢(r) = 4 for r > 4. For each yo € R?, let f(z) := (| — yo|?).
Note that Mtf = f(Xy)— f(Xo)— J¢ Lf(Xs)ds is a martingale under P* for every 2 € R?.

o A 1
Take Ry := 4(A2J1FA3) A 5. Then

B [ (X)) =B | [ (X)) (2.9)

Note that 0;; f(x) = 2d;; and so %Zlgi,jgd aij(:c)afjf(:c) > Ayd for = € B(yo,3/2), while
|V f(z)| < 2Rod for x € B(yo, Ro). Hence

1
S Y aij(@)3f(x) +b(x) - V(z) > Md = 2Rod|[blloc > M1d/2, = € B(yo, Ro), (2.10)
1<i,j<d

for any ||blcc < A2 + As. By the convexity of f in B(yo,3/2), we have
flx+2)— f(x) = Vf(z)-2>0 forxz e By, Roy) and |z| < 1.

By the definition of f(x), we have f(z) < 1/4 for x € B(yo, Ro) C B(yo,1/2) and f(y) > 1/4
for y € B(yo,1/2)¢. Hence we have

flx+2)— f(x) >0 for x € B(yo, Ro) and |z| > 1.



It follows from the last two displays that

/ (f(:n—i—z)—f(:c)—Vf(x)-z]l{Mgl}) n(x,dz) >0 for z € B(yo, Rp). (2.11)
R4\ {0}

This together with (1.8), implies that L£f(x) > A1d/2 on B(yo, Ro). We now have by (1.6)

that

Aid

TEZ/O {t A TB(yo,Ro)} < Ev [f(Xt/\TB(yO,RQ))] '

Taking t — oo yields
Yo Yo 8 f d
E {TB(yO,RO)} < AldE [f(XTB(yO,Ro))} < Ad or every yo € R?.

Define rg = Ro/2. Then for every zo € R? and r € (0, 7],

x xX 8
E [TB(IO,TO)} <E I:TB(I72TO)i| < Ad for every x € B(xg,70). (2.12)

The above holds for any £ that satisfying (1.2) and for any b with [|b||cc < A2 + As.

Now for any Hunt process with infinitesimal generator £ € N (A1, Ag, Ag), clearly (2.12)
holds. For any 7 € (0,7¢], let A = r/ro and define Y; = A™1X»,. Note that since A € (0, 1],
the generator £Y of Y is in N (A1, Ag + A3, A3) by Lemma 1.2.2. Thus the estimate (2.12)

holds for Y. For every =g € R%, note that

Y
TB(:EQ,T') = )\27—3(930/)\,7“0)
and so for every z € B(xg,7),
T /X |2, Y
E {TB(zo,r)] =E / |:)‘ TB(x0/Aro
This proves the lemma. O

Corollary 1.2.4. Assume that the condition of Lemma 1.2.3 holds and let ro € (0,1/4] and

c1 > 0 be the constants in Lemma 1.2.3. For every xo € R% and r € (0,70),
E* [7123(:1:0,7")} <2&rt  for x € B(zo,7).

Proof. By Lemma 1.2.3 and the Markov property of X, we have for every x € B(xg,r),

z = TB(x(,7) TB(zg,r)
E* [mBuom] = 2E { /0 1 5oy (Xs) ( / ﬂB(IO,r)(Xu)du> ds]
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= 2FE7 [/OTB(mO’T) EX [TB(xo,r)} ds]

< 2¢7°E” [TB($O7T)} < 2¢2rt,
O

Remark 1.2.5. Sometimes it is more convenient to use cubes instead of balls. For xq € RY

and r > 0, denote by Q(xo,r) the open cube in R? centered at xo with side length r. Clearly,

Q(z0,2r/Vd) C B(xo,r) C Q(x0, 2r) (2.13)

and so
Ta(o2r/v/d) < TB(zor) < TQ(wo,2r)- (2.14)
Lemma 1.2.6. Suppose that X = (X;,t > 0;P%,x € R%} is a Hunt process having in-

finitesimal generator L € N'(A1, A2, A3). For any D > 0, there is a positive constant co that

depends only on (d, A1, Ao, Az, 7) so that for every xo € RY and r € (0,1],
E”® {TB(:COJ,)} > E” {TB(I()’T) A (77"2)} > cor?  for every x € B(zg,7/2).

Proof. Let ¢(s) be a smooth nondecreasing function on [0,00) so that 0 < ¢ < 6, 0 <

¢'(5) <2, p(s) = s for s € [0,4], and p(s) = 6 when s > 5. Fix 29 € R? and set

f(z) == ¢(Jx —20|?). Note that |V f(z)| < 2|z —z0| < 2 and 9;; f(z) = 28;; for x € B(z¢, 1).
2 x xT

Consequently, |%sz:1 aij(:c)gxfa(x;\ < d/Aq, and \Zgjzl bi(x)agii)\ < 2A9d on B(zg, 1).

Note also for any z € R?,

| Rd(f(af +2) = f(x) = Vf(x) - Iy<y2)n(z, dz)|

< [ MG+ 2) = 1) = V@) g et d2)
[+ 2) - @, d2)
|z|>1
< % 2PID? floon(z,d2) +12 | n(z, dz)
|2|<1 |z[>1
< max {||D*f|loo/2, 12} A3 < 12A3

Thus

ILf(x)] < ;Zl + 2A2d + 12A3 =: a1 for every x € B(xq, 1). (2.15)
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Let r € (0,1] and 29 € R?. For every x € B(xo,7/2),

E” [f(Xinrpy )| = fl2)+E” |:/0t/\TB(zo,r) Ef(Xs)ds]

< r?/4+aE° [t A TB(:CO,T)} . (2.16)

Let ¢; > 0 and r¢ € (0,1/4] be the constants from Lemma 1.2.3 and define 79 = 2¢;. By
Lemma 1.2.3, for every zo € R% and r € (0, o],

E* [TB(wO’T)] < 617‘2

P* (TB(Ioﬂ”) = 70702) = Yor? ~ or?

=1/2 for every x € B(xzo,r). (2.17)
Consequently,

E* I:f(X(VoTZ)/\TB(xO,T)>:| > E* [f(XTB(xO,r)); TB(zo,r) < ’YOTQ] > r? IP)90(7'3(950,0 < 707"2) > 7"2/2-

(2.18)
Taking ¢ = yor? in (2.16) yields that for every zo € R? and r € (0, 7],
E* {(707“2) A TB(;EW)} > 1?2 /(4a;y) for every x € B(zg,7/2).
When r € (79, 1], we clearly have for every = € B(xo,7/2),
E” [(07) A To(om | = B [(10(r0/2)%) A 70 n/| > 8/(16a1) 2 1r?/(16a1).  (2.19)
For v € (0,7), by (2.19),

2
042 for g e B(xo,7/2).

5 2
E” [m(a0.r) A (172)] = (7/790)E" [7B(aor) A (Y0r7)] > 16170
This established the desired inequality by taking cs = vr/(16a17o). -

Corollary 1.2.7. Under the condition of Lemma 1.2.6, for any v > 0, there exists c3 > 0
depending on (d, A1, Az, A3, ) so that for every xo € R%, r € (0,2],

E* [Too.2r)] = E*[Tozo2m A (772)] = c3r®  for @ € Q(xo, 7).
Proof. Note that for any x € Q(xo,r), B(x,r/8) C Q(xo,2r),then by Lemma 1.2.6,

E*[7q(z0,2r) A (yr?)] > E* [TB(z,r/8) (yr3)] > ez
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O

Next, we need a lemma that will be used later to prove Harnack inequality. It is the
only place requiring condition (1.12). But we need a special case of Proposition 7?7 in the

Appendix beforehand.

Proposition 1.2.8. If A and B are two Borel sets with positive distance apart, then for

each z,

ZH(XS,EA,XSGB) // Yn(Xs,dz)ds (2.20)
B— Xs

s<t

is a P*-martingale.

Proof. Following the approach of the proof in [19], since {X;,t > 0;P* 2 € R?} is a Hunt

process having infinitesimal generator £. That is for any f € C2°(R%),

= f(X3) — f(Xo0) / Lf(Xs)ds is a martingale under P*. (2.21)

In particular, it implies X; = (X}, ...,Xtd) is a semi-martingale.By Ito’s formula, for any

f € C®(R?),we have

d t )
F0) - f(x0) =Y. [ 2L axi+ 3 n)+ A0), (2.22)
=170 OFi 0<s<t
where
Y
ns(f) = f(Xs) = f(Xe-) — Z Oz (X )(Xs — Xs-) (2.23)
=1 g
and
Z [ G e MG G (2.24)

Let A and B be two bounded closed Borel sets with positive distance apart.Let f €
C®(R%) with f =0 on A and f =1 on B. Then it is clear that Ntf = [y 1a(X,)dMT is
a martingale. Then by (2.21), (2.22),(2.23),and (2.24), we have

; d t 8f . d
M= Y [ gh o axie S 1aGI0G) - Z
=1 ) 0<s<t 1
1/t a2f zc
5 [ 1K) g (X O (0 = [ LX) (X,

(X5 —

X,-

)l
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= Y )~ [ 1)L, ds

0<s<t

= Y M) - [ [ (X d)s

0<s<t

where the second inequality is because 1 4(z)f(z) = 0.
By taking a sequence of functions f, € C°(R?) with f, = 0 on A,f, = 1 on B and
fn | 1p, for any x € R? and the fact that X,- # X, for only countably many values of

s,we have

3 ILA(XS_)]lB(XS)—/Ot]lA(XS)/B (X, dz)ds

0<s<t —Xs
is a martingale under PZ.
Since any Borel set can be approximated by bounded closed set [13, Theoreml.1 ], then
by taking a sequence of bounded closed set {4, }n,>1 T A, and {B,},>1 T B, and montone

convergence theorem, (2.20) holds.

Remark 1.2.9. By taking limits on a sequence of Borel sets which have positive distance

apart, (2.20) holds for two disjoint Borel sets A and B.

Proposition 1.2.10. Suppose that X = (X;,t > 0;P*, 2 € R%} is a Hunt process having
infinitesimal generator L € N(A1,Aa,A3). Assume condition (1.12) holds. There is a
constant ¢4 > 0 that depends only on d, A1, Aa, A3 and co such that for each xo € RY,

r € (0,7r0] and every nonnegative measurable bounded function ¢ supported in B(xg,2r)c,

E® [SD(XTB(I(),T))} < cylEBY [QD(XTB(IO,T))} forz,y € B($07T/2)7
where 1o € (0,1/4) is the constant in Lemma 1.2.3.

Proof. The proof is quite straightforward using the Lévy system of X. Since any nonnegative
bounded measurable function is a limit of a linear combination of the indicator functions,
it suffices to consider p(x) = 1p(z), where F' is a closed set contained in B(xzq, 2r)¢. By the
Lévy system formula Proposition 1.2.8 with A = B(zg,r) and B = F, and Lemma 1.2.6 ,
for each y € B(xg,7/2),

(2.25)
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]P)y (XTB(wOvT) € F) - ]Ey Z ]l(Xs_ #Xs,Xs€F)

SSTB(E(),’I‘)

TB(xq,7)
= Ey/ n(Xs, F' — Xs)ds
0

Y

caln(azo, F — xo)EY {TB(%’T)]

> 061037“2TL((E0, F — x).
Similarly, we have by (2.6), Lemma 1.2.3 and (2.13) that for any = € B(zo,7/2),
TB(zq,r))
P (Xoy,,, €F) = Ew/ " (X, F — X,)ds
0s 0
< Cg n($0, F— xO)Ex {TB(:L‘O,T}

< ceyrtn(zg, F — o).
This proves that for any closed set F' C B(xg, 2r)¢,

P* (X, €F) <caP? (X

TB(zq,r)

€ F) for every x,y € B(xzg,7/2).
with ¢4 = cjc1/es. So the lemma holds. O

To study the hitting probability for the associated process, we need an SDE representa-

tion for the solution of the martingale problem for L.

1.3 Martingale problems and SDEs

Let {X;,t > 0;P* 2 € R?} be a Hunt process having infinitesimal generator £ € N'(A1, Az, A3).
Define

AX, if AX; #0
Y, =

0. otherwise
Since X = {X;,t > 0;P*, 2 € R?} is a Hunt process, we know that Y is a quasi-left
continuous and o-finite point process, and Y is adapted with respect to the right-continuous
filtration {F;,t > 0} generated by the process X. According to Proposition A.1.17, and
Theorem A.1.26 in the Appendix, we know that there exists a diffusive o-finite measure A

on R%\ {0} such that

n(z, R\ {0}) < AR?\ {0}) for every z € RY, (3.1)
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and a B(R%) ® B(R?\ {0})- measurable function F(z, z) on R x R%\ {0} such that
Y, = F(XS—,Y;), (32)

where Y is a Poisson point process with the intensity measure ds x A(dx).

From Theorem A.1.26, for any A € R?, then

/ 1a(F(z, 2))Mdz) = / La(2)n(w, dz).
RY\{0) RY\{0)

Since £ € N(A1, Ag, As), by Proposition A.1.17, we know that the measure X also satisfies
sup / (|F(z,2)|* A1)A(dz) < As. (3.3)
z€Rd JRI\{0}

Define the random measure x on (0, 00) x R? such that

u([0,8] x A) =Y Tiax,er(x, A0 (3.4)
s<t

So from (3.2), u is a Poisson random measure under P* with the intensity measure v(]0, t] x

A) =tA(A).

The following theorem relates the existence of the solution {X¢,¢ > 0;P*} to the martin-
gale problem with respect to our nonlocal operator £ to the existence of the solution of the
SDE (3.6).This theorem is very important in proving the support theorem and an Krylov’s
inequality in Section 2.5. The outline of the proof is stated in [56, Section II, Theorem 10].

We also give a very detailed proof in the Appendix §A.1.

Proposition 1.3.1. Suppose that X = {X;,t > 0;P*} is the solution to the martingale
problem starting from x for the non-local operator L € N (A1, Ao, A3) with the jump kernel
n(x,dz).

Then there exist a d x d matriz-valued function o(z), an R¥*-valued function b(z), an
independent probability space (ﬁ, ,;:, %), a d-dimensional Brownian motion W, a B(RY) x
B(R4\ {0})-measurable function F(x,z), a Poisson point process Y, independent of W, with

the intensity measure dt X A(dx), where X is a diffusive o-finite measure satisfying (3.1) and

/ f(z)n(z,dz) = / f(F(z,2))A(dz) for any measurable function f, (3.5)
R\ {0} RI\{0}
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so that X has the same distribution as the solution to the following SDE:

dXt = O'(Xt)th + b(Xt)dt + F(Xt,, z)(,u — Z/)(dt, dZ)
{IF(Xi—,2)|<1}
+ / F(X,_, 2)u(dt, d2),
{|F(X:—,2)|>1}
Xy = (3.6)

where i is the Poisson random measure on [0, 00) xR? satisfying (3.4) with intensity measure

dt x v(dzx).
Proof. See the proof of Theorem A.1.33 in the Appendix .

1.4 Support theorem for diffusion processes with jumps

In this section, we establish support theorem for jump diffusion X having infinitesimal
generator £ € N (A1, Az, A3) of (1.1). By (3.6), the process X satisfies the following SDE
dX; = o(Xp)dW; + b(Xy)dt + F(Xi—,z)(p—v)(dz,dt)
{IF(X¢—,2)|<1}

+ / F(Xo_, 2)p(dz, di), (4.1)
{|F(X¢—,2)|>1}

where W is a d-dimensional Brownian motion and o(z) is a d x d symmetric matrix-valued
function satisfying (o00l);; = a;j. As £ € N(A1,A2,A3), o is bounded and uniformly

elliptic.

1.4.1 Meyer’s construction

We first review Meyer’s construction on adding/removing jumps.

For § € (0,1), define

ns(x,dz) = Iy <n(z,dz) and  As(z) =n(z,{z:[z] > d}). (4.2)
Note that
IAs|loo := sup As(z) < 672 sup / (|z|2 A)n(x,dz) < A3/(52. (4.3)
zeR zeRd JR?
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For fixed 6 € (0,1), let X = {X;;t > 0;P*,z € R?} be the jump diffusion having
generator £ which is the same as £ but with ns(x,dz) in place of n(z,dz). By (3.6), the
process X is a weak solution to the following SDE:

dXy = o(X;)dW; + b(X,)dt + i F(X—, 2)(u —v)(dz,dt). (4.4)
{z:|F(Xe-,2)[<6}
We can construct X from X through the following procedure. Let U; be an exponential
random variable with parameter 1 that is independent of (X, ). Run a copy of X starting
from z¢ € R%. Define
T = inf{t >0 /Ot)\(;(XS)ds > Ul}.
Define

X, for t € (0,TY),
Y, =

Xp,_ +¢& fort=T,

where ¢ € R? is a random point chosen according to the probability measure

Lpzsayn(Xr -, dz2)
>‘5(XT1)

Let Us be another exponential random variable with parameter 1 which is independent of

(X, W,Uy). Run another copy of X but starting from Yr,, call it X', till time
t _
Ty = inf {t >0: / As(X1)ds > Ug},
0

where Us is another exponential random variable with parameter 1 that is independent of

{T,,t € 0,T]} and X’. Define

v Xé—Tl for t € [Tl,Tl + TQ),
t =

Xé’l* + fl for t = T +T2,

where ¢ € R? is a random point chosen according to the probability measure

]l{z:|z\>6}n(X§“2—7 dZ) '
As(XT,)

This defines a process Y on [0,7) + T3]. Repeating this procedure we get a process Y on

[0,00), as As is bounded and so > jo; Tx = oo. It is easy to see that Y has the same
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distribution as X in (4.1). See [65] for details. We have by [5, Lemma 2.6] that for any
Aca{X(t):te|0,1]},

P*({X, = X, forall 0 < s <1} N A) > e Psllepr(4), (4.5)

1.4.2 The Support theorem

The following result has been claimed in [39, Theorem 4.2] but its proof contains a critical
error when doing lower bound estimate on the probability Q(sup;<4, |D¢| > €) in the last

line of Page 33 there. We present a different approach here.

Theorem 1.4.1. Suppose L € N(A1, A2, A3) satisfying condition (1.3) and X is a Hunt
process that solves the corresponding martingale problem for (L, CZ(R%)). For any v € (0,1]
and a > 0, there exists a non-decreasing positive function ®® on (0,00) that depends on
d,A1,A2, A3, v, a and the rate of the function 1 in (1.3) converging to 0 so that for any
Lipschitz continuous function with ¢ : [0,7] — RY, SUDP¢e[0 ] &' (t)] < a for a.e. t € ]0,7]
and $(0) = o,

Ppro < sup | X; — o(t)] < s) > (19 (), (4.6)
t€(0,7]

Moreover, the function ®® s decreasing in a € (0,00) and increasing in 7.

Proof. (i) Given ¢ € (0,1/2), we first consider process X in (4.4) with suitably chosen
d =0d(e) € (0,1) whose value will be specified below. For ¢ € (0,~], define

M, = exp (/Ot@—l(xs_)((p'(s) — (X)), W) — % /Ot o™ (X ) (¢ (5) — b(Xs>)!2ds) :
Since
£ [
— E[exp (/Ot2<gl(xs_)(¢/(s) — b(X,)), dW,) — ;/Ot 12071 (Xs-) (@' (5) — b(Xs))\st)
e ([ lo™ (X )(0/(5) — O )|

2
< exp (tAl_1 (Ag + ‘¢/(S)‘Lw([0,t])) ) < exp (fyAl_l(Ag + a)z) , (4.7)
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{M;,t > 0} is a square-integrable martingale under P* for every = € R% So it defines a

family of probability measures {Q%, z € R?} by

dQ*
= =M, te]|0,7].
dPr | r, ! [ ,7]
By Girsanov’s theorem,
Wom Wt [ 07 (X)(0(K) — 6(6))ds, 1€ (0,7

is a d-dimensional Brownian motion under each Q. Hence

t _ _
-] F(X,,2)(j— v)(dz ds) = Xo -
0 J{|z:F(Xs—,2)|<6}

is an {F; }-martingale under each Q*. Under Q°,

+/X’

_ t _ _ t _
X, — o(t) = /0 o(X,)dV, + /O / et gy PG 2= )z, )

We next estimate Q*° (supte |Xt o(t)] < 5). Note that

Q%o < sup | X; — o(t)] < 6)

t€[0,7]

g < sp ’/
t€[0,7]
g < s ’/
te[0,7]

v

W, < /2 and sup ‘// PR 1<)

)

Y

(Xs—v Z)(:U’ -

(tE[O,fy] ‘/ /z |F(X,_,2)|<8} (Xs_,z)(u - l/)(dz,ds)’ > 5/2> )

(4.8)

V)(dz,ds)‘ < 8/2)

Since each component of t — fé o(X S)dﬁ/\s is a continuous martingale, using the idea in the

proof of Theorem 1.8.3 in [6], it can be shown that there is a positive increasing function

¢1(g) on (0,00) that depends only on (d, A1) so that

x0<sup ’/

We put its proof in the Appendix §A.2.

< 5/2> > ¢1(e/V7)-

(4.9)
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Next, by Doob’s maximal inequality,

t _
(s [ [y P2l )] > )
te[0,y] ' YO J{z|F(Xs-,2)|<d}
i 2
z Y _
4e—2 RQ0 (/ / . F(Xs—,2)(u— V)(dZ,dS)) ]
0 z:|F(Xs—,2)|<8}
o [ _
= 4¢72RQY / / ) F(X,—, z)Qy(dz,ds)]
|/0 z:|F(Xs—,2)|<é}

e _
= 4¢2EQ" / / |z>n(Xs, dz)ds
/0 z:|z|<6}

< 4ve~? sup / |22 n(z, dz) = dye24(0).
z€Rd J{z:[2[<6}

IN

Choose § = 6(7,£) € (0,1) so that ¥(8) < e%¢1(e/\/7)/(8y). Since both ¢1 and ¢ are
increasing functions, the above (v, ) can be chosen in such a way that it is increasing in

€ > 0 and decreasing in . Then we have from the above

Qo ( sup | X, — o(t)] < 5) > ¢1(e/V/7)/2-
t€[0,7]
As dQ® = M,dP®™ on Fi, we have by Cauchy-Schwarz inequality and (4.7),
¢1(e)/2 < Q™ ( sup | X — o(t)] < 5)

t€[0,7]

1/2
T 1/2 — _
< (EIP’O {M,ﬂ) / Pio(sup |Xt—¢(t)|<€>
te[0,7]
1/2
< exp (Al_l(Ag + a)2/2> p*o ( sup |X; — o(t)] < 6) .
te[0,7]

Consequently,
peo ( up. |X; — o(t)] < ) > exp (—AT! (A + 0)?) ¢ (e/v/7)/4 (4.10)
te|0,y
(ii) Now by (4.3) and (4.5),

W(sup \Xt—¢(t)!<a> > e-A3/5<%5>2ﬁm<sup \Xt—é(t>!<e>
t€[0,7] t€[0,7]

> e As/0(ve)? e*(Aﬁa)Q/Al(Zﬁ%(g/\FY)M;

that is, the estimate (4.6) holds for

B (g) 1= ¢~/ o= (2t N g2 (o /4,
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Clearly, ®(%)(¢) is a positive increasing function of € on (0, 00), and ®("%) is decreasing in

a > 0 and increasing in v € (0, 1]. This completes the proof of the theorem. ]

Corollary 1.4.2. Suppose that L € N(A1, A2, A3) and that condition (1.3) holds. Let
X ={Xyt>0;P* x € Rd} be the strong Markov process that solves the martingale problem
(L,CE(RY)). For any § € (0,1], there is a non-decreasing positive function ®5 on (0, 00)
that depends on d, A1, A2, A3, a and the rate of the function v in (1.3) converging to 0 so
that for any xo € R, 0 < h <r <1, y,z € B(xo,r) with B(y,h) U B(z,h) C B(zo,r),

Py(TB(Z7h) < TB(zo,r) < 51"2) > CI)(;(h/T‘).

Moreover, the function ®5 is non-decreasing in & > 0. In fact, we can take ®g5 := (%2/9)

where ®%) s the positive function in Theorem 1.4.1.

Proof. Tt suffice to consider the case when r = 1. Let {X;,t > 0;P*, x € R?} be any strong
Markov process associated with the generator £ € N (A1, Ag + A3, As).

Let ¢ be the linear function taking values in R? defined on [0, d] so that ¢(0) = y and
¢(6) = z. Given supycp 5| Xt — ¢(t)] < h, X; would never exit B(zp,1) by time 4. Note
that |¢/(t)] = |y — 2| < 2r/6 <2/6 for t € (0,4). By (4.6),

PY (TB(z,h) < TB(ag,1) < 5) > PV ( sup | X; — o(t)] < h) > ®s(h).
t€[0,4]

O]

Theorem 1.4.3. Suppose that L € N (A1, A2, A3) and the condition (1.3) holds. Let X =
{X;,t > 0;P", 2 € R} be the Hunt process that solves the martingale problem (L, Cg(]Rd)).
For any 6 € (0,1], there is a non-decreasing positive function ®5 on (0,00) that depends

on d,A1,A2, A3, a and the rate of the function ¢ in (1.3) converging to 0 so that for any

ZTo € Rd; O<h<r < 1; Y,z € Q(LU(),T) with Q(ya h) U Q(Zah) C Q(ZE(),T‘),
PY (Tq(z,h) 0 05,2 < 6r% and TQ(o,r) > 257’2> > ®s(h/2r).

Moreover, the function ®s is non-decreasing in & > 0. In fact, we can take ®5 :=

P20, \/3/5), where ®Y s the positive function in Theorem 1.4.1.
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Proof. In view of Lemma 1.2.2, it suffices to prove this theorem for » = 1. For ¢ € (0, 1],
define ®;5 := d(2: \/&/5)’ where &%) is the positive function in Theorem 1.4.1. Let ¢ be the
piecewise linear function taking values in R? defined on [0, 24] so that ¢(s) = y for s € [0, 6]
and ¢(s) = y+ (s — d)(z — y)/0 for r € [0,20]. Note that ¢ is continuous on [0, 26] with
|6/(s)| < ly = 2|/6 < V/d/5 for s € [0,26] \ {4}

Given supyep 26) [ Xt — ¢(t)| < h/2, X; would never exit Q(zg,r) before time 26 and it
will visit Q(z, h) during the time interval (9, 25), Thus by (4.6),

PV (Tg(epy 0 05 < 8 and To(p, 1) > 26) > PV ( sup | X, — o(t)] < h/2> > ®4(h/2).

t€[0,24]
O

1.4.8  Krylov’s inequality for non-local operator

Define a molifier function

Cexp () exp ( mp— if [t| < 1,]z| <1,
p(t,z) = (|t|2 1) <|f’»’|2 1)
0 otherwise,

where C' > 0 is a normalized constant so that [0 [pa ((t,z)dzdt = 1. Given a function

G(t,x) € LATYRITY), define for £ > 0,

GE () = e [T [ (¢ 9) e (@ = ) )Gt ) dyds.
o Jr
It is known that 2°(¢, z) is infinitely diferentiable in ¢ and z, and 2° — z a.e. as € — 0.

Lemma 1.4.4. Suppse thatr > 0 and f(t,2) > 0 is in L (RxRY) such that f = 0 outside
(0,00) x B(wg,r). Then there exists a bounded non-positive function G(t,z) on R x R? that

vanishes on (—00,0) x R% and has the following properties for small € > 0.

(i) G(t,x) is convex in x € B(xg,2r) for every fized t > 0 and decreasing in t for every

fized x € RY;

(i) If A = (aV) is a nonnegative definite symmetric matriz, then there exists a constant

c1 > 0 depending only on d such that for every (t,x) € (0,00) x B(xg,r),
i . o2 9
]Zl @ ;O (%)~ G (6 @) > ea(det AV fE (2, 2), (0, 00) x B, 7);
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(iii) For any vector b in R? and any co > 0 s.t. SUPge B(zo,r) [0(T)] < cor/2,

zo,r

d
Zbiai G*(t,x) > co G°(t,x) for (t,x) € (0,00) x B(xg,r),
i=1 g

where |b(x)| is the Euclidean norm of b(x).

(iv) There is a constant co = (d 4+ 1)(2r)%/wg such that for every (t,z) € (0,00) x RY,
Gt <ol [T syt dyds|
0 B(zo,r)

The above result was given in [51] but its proof is quite sketchy. For reader’s convenience,

we give a detailed proof in the Appendix §A.3 of this paper.

Theorem 1.4.5. Suppose {X;,t > 0;P* 2 € R?} is a Hunt process having infinitesimal
generator L € N (A1, A2, A3). For every A > 0, there is a positive constant c3 depending
only on (d, A1, Az, A3, \) such that for every xo € R and f € LYY RY x B(zg,1/4)),

z TB(1071/4) —)\s
E /0 e | f (s, Xs)lds < es| fll pas1 R+ x B(wo,1/4))
for every x € B(zo,1/4).

Proof. This proof follows a similar idea as that for [1, Theorem 1.1]. For any function

f € LY R* x B(zg,1/4)) and integer n > 1, define

|f(n—t )| when (t,z) € (0,n) x B(zo,1/4),
gn(t, ) = (4.11)
0 elsewhere,

which is a non-negative function in L4+ (R¥+1). Let
ro =1V (2VdAy/co) (4.12)

where ¢q is the constant in Lemma 1.4.4(iii). By Lemma 1.4.4, there exists a non-positive
bounded function Gy, (t,z) on (—o0o,00) x R? such that G, (t,2) = 0 for t < 0 that has the
properties stated in Lemma 1.4.4 with B(x, 7o) in place of B(x,r) there. For simplicity,

denote Tg(s,,1/4) a8 7. By (3.6), applying Ito’s formula to e MGE (n — s, X,) yields

E* e—A(TAn)GfZ(n —TAnN, Xq-/\n)} - Gfl(n’ ‘T)
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TR d 1 0°Ge, 4 8GE
_ x —As . n _ _ € _
= E {/0 e (”E Uij o oz, -(n — 8, Xs-) —|—i:EI b; oz, (n—s,X-)—AG5(n—s,Xs_)

£ TAN
20— s, X, ))ds + / / e (Chn— 5. X + F(X,-,2)) — Gon — 5, X,-)
ds 0 |[F(Xs—,2)|<1

VG5 (n—s,X,-)- F(XS—,Z)>I/(dZdS)

/ / eM(GE(n = 5, Xo + F(X,,2)) = Go(n — s, X, ) )u(dzds)]
F(Xs—,z)|>1

d 2 e d 3
0°G5, oG
f/\s 2 : X 2 : . n _ X _ € _ X
{/ ( o= Y% s 0% Bw0r, 5 Xs) P bi Ox; (n =8 Xom) = AGr(n = 8, X-)

O s X, )4 / (GE(n— 5, X, +2) — Go(n— 5, X,)
s |21
—V.G5(n— s, X;) - 2)n(X,-, dz) + (G5, (n— s, X- +2) — G (n— s, X,-))n(Xs, dz))ds},
|z|>1
(4.13)

where the second equality is due to (3.5).
For s € (0,7 Anl], Xs— € B(zo,1/4). So by Lemma 1.4.4(ii),

1 ¢ 92Ge oGe,
32 @

”8 oz, ( -5, X-)— 5 (n—s,Xsf)2cl(detA)l/(dH)gZ(n—s,Xsf).

ij=1
Noting G,, is bounded and non-positive on R x R%, this together with (4.13) implies that

_sz(nv :‘U)

E” [e MG (n = 7 A, Xopn)| = G (n, @)

TAN d O0GE
T —As 1/(d+1 n
= [/0 e (ex(det 4)/0HF >g;<n—s,Xs->+i:zlbz-<nfs et (n =5, X)
+ (Gr(n—s8,X;-+2)—Gr(n—s8,X-) — VG5 (n—s,X,-) 2)n(X,-, dz)
EEs!
+ (Gi(n =5, X, +2) = Gi(n — 5, X,-))n(X,-, d2) ) ds| . (4.14)
|z]>1

Since by Lemma 1.4.4, G,, is convex in B(xo,2r9), so G5, is convex in z in B(zg, 3/2) for

any ¢ € (0,1/4). Thus for every o € B(xg,1/4), z € R? with |2| < 1 and t > 0,

GE(t,x+2) — GE(t, ) — VuGE(t,z) - 2 > 0. (4.15)
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On the other hand, since ro > 1/4, by (4.11) and Lemma 1.4.4(iv),

GE(t,2)| < Go(t,2)| < callgn L= s Bla L)
(t,zigﬂgd“' n(t )| < (t’slel]gﬂﬁ (t,2)| < collgnll Lari®x B(zo,ro)) = 2l a1 ((0,m) x B(wo,1/4))

(4.16)
Hence
TAN
/ e_’\s/ |G (n— s, X- 4+ 2) — G (n — s, X- ) |n(X,-, dz)ds

0 |z|>1

< oGl [T [ n(X,- de)ds
0 |z|>1

< 262HfHLdJFl((O,n)><B(a;0,1/4)))‘_1A3' (4.17)

By (1.2) and (4.12), |b(z)] < VdAy < coro/2, for any x € B(zo,70), then by Lemma
1.4.4(ii),

e

Zbia—”(t, x) > coG5(t,x) for any (t,7) € R x B(xg, 7). (4.18)
=1 9T

Thus by (4.14)-(4.18) and the fact that det A > A{, it yields

2|l fll La+1((0,m)x B(zo,1/4))

Ex{/(:m e (clA‘lj/(dH)gi(n — 8, X-) + G (n — s, Xsf))ds}

v

—202|| fll L1 ((0.m)x Blg,1 Jan A~ A3
TAN
> e/ VR [T g — s, X )ds] = cod o+ 280) |l et oy« et/

Thus we get

TAN
E® [/0 e ™ gi(n— S,Xs_)dsj| < es|l fll e+ (o,m)x B(zo,1/4)) (4.19)

where
c CQ(1+)\_1(00—|—2A3))
g =
1 A tli/(d—l-l)

Passing ¢ — 0 in (4.19) yields

TAN TAN
Ex[/ e_As|f(s,X5)|ds} = E‘”[/ e Mgn(n — S,Xs)ds}
0 0

= Ex{/mn e Mgn(n — S,Xs—)ds}
0

sl fll L+t ((0,m) x B(wo,1/4))-

IA
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Taking n — oo gives

IE‘”[/O efAS’f(SaXs)\dS} < C3||f”Ld+1(]R+><B(:e0,1/4))‘

This completes the proof of the theorem. O

Theorem 1.4.6. Suppose {X;,t > 0;P* x € Rd} is a Hunt process having infinitesimal
generator L € N (A1, Ao, A3). For every A > 0, there exists a constant ¢y > 0 that depends
only on (d, A1, As, A3, \) such that for any f € LTY(RT x R?) and = € R?,

E* [ 7 e (s, X,)lds < call o o

Proof. The proof is similar to that of [6, Theorem V.5.3]. Define Sy := 0, Sy := inf{t > 0:
| X — Xo| > 1/4}, and
Sit1:=9;+S100g, fori>1.

Clearly S, is a stopping time for every k > 1.

Fix a smooth non-decreasing function ¢ on [0,00) so that ¢(r) = r for r € [0,4] and
¢(r) =6 for r > 5. Fix x € R?, let f(y) = ¢(|y — x|?), which is a bounded smooth function
with bounded derivatives on R?. Hence |£f(x)| is bounded by a constant ¢ that depends
only on (d, A1, A2, Az). Note that f(z) = 0 and f(Xiarg,,/.) = 1/16 on {75 1/4) < t}.
Thus we have for every t > 0,

| R - o [ [\ TB@/4)
o BB S8 SE [f(Xinrpgapm)| =B [ /0 LF(X,)ds| < ct.

Take tg = 1/(32¢). Then P*(7p(;,1/4) < to) < 3. Thus

E* [efASI} < P¥(S1 <tp) + efAtO]P)‘T(Sl > to)

7)\160)1@9:(31 <ty + efAtO]P)‘T(Sl > to)

< e Mo« 1.

(1
-
2

= o

Let p = (1 4 e~*)/2, which depends only on (d, A, A2, A3). We have just shown that
E* [e*)‘sl] < p for every x € R%. By the strong Markov property of X, for i > 1,

E® [e—xsiﬂ} _ Re [e—ASiEaz [e—Asloesiu-SiH — Fe [e—)\SiEXsi [e—xslﬂ < pE® [e—,\si] ‘
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Thus by induction, we have E*¥e=*% < p for every i > 1. Consequently, by Theorem 1.4.5

and the strong Markov property of X,

Sit1 S1
B [ e Xlds = B[S ENS | [T e (s, X )lds
Si 0

< 3|l fll parrmt xrey E7e™
< ey £l o+t (mt xRay-

Hence

0o e Sit1
B[ e Xlds = SB[ e f(s X lds
0 i=0 5
< e3> p 1 lpasr gt ray = prfHLdH(R+><Rd)'
i=0
This establishes the theorem. ]

1.4.4 Hitting probability estimates

Proposition 1.4.7. Suppose that L € N (A1, Az, A3). There exist constant Cy > 0 and
€ > 0 that depends only on (d, Ay, As, A3) so that for every xo € R, r € (0,79] and any
A C Q(xo,7) with |Q(xo,7) \ A < er?,

P (T4 < To(ao,r)) = Co  for every x € Q(wo,7/2),
where 7o = ((2/V/d) A 1)rg and rq is the constant in Lemma 1.2.3.

Proof. In view of the scaling property of Lemma 1.2.2, it suffices to prove the proposition
for any £ € N (A1, A + A3, A3) and for r = 7. Let 29 € R%. For simplicity denote T (wo70)

by 7. By Corollary 1.2.4, Corollary 1.2.7, and Remark 1.2.5, there are positive constants ¢y
and ¢y that depend only on (d, Ay, Ag, Ag) so that

E®[r] > e17g for z € Q(z0,70/2) and E¥[1?] < o7 for x € Q(z0,70),

where c1, co depends only on (d, A1, Ag, Ag).
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Take tg = 4car9/(c1 A ca A ¢3). Then by Theorem 1.4.6,

E” [ LquapaXds < & [ O a s a (Xs)ds + B 137 > 1]
< B [T g Xo)ds + Bt
< 36"y 4 1x ooy et atny + c27g /o
< cgelerro/@nenen) (b |Q(ag, 7o) \ A D + (e1 Aea A es)io/4,

where c3 > 0 is a constant that depends only on d, A1, As and As. Let
g:= ((c1 ANea A eg)/Aroca)((c1 A ea A 63)(403)7167t0)d+1 < (1/4)(”1.

Then for any A C Q(zo,70) with |Q(x0,70) \ A| < e7d, we have

Ex/o Lo rona(Xs)ds < (c1 Aea Aes)ro/2 for every x € Q(xo,70/2).

On the other hand, for x € Q(z¢,70/2),

T T
(Cl N co N 63)770 <E*r = E$A ]lA(XS)dS + EI/O ]lQ(mo,?o)\A(Xs)dS
< E* [T;TA < 7'] + (Cl /\CQ/\C3)’170/2
) 1/ ~
< (BT [PP(Ta < 7))+ (c1 A Acs)ii/2

1/2
< (0277(2) P (T4 < T)) / + (1 Aea A es)rp/2.

Hence P*(T4 < 7) > (c1 A ca A c3)?/(4cp) for every z € Q(wo,70/2). O

We need the following proposition for the lower bound estimate of the hitting probability.
Given an open cube Q, let Q denote its closure, and let @ be the closed cube that has the
same center as Q but with 3 times its side length. The following is [6, Proposition V.7.2]
(with a slight modification in the statement that our cubes Q are open cubes instead of

closed cubes).

Proposition 1.4.8. Let g € (0,1), 29 € R? and r € (0, 1]. For any measurable A C Q(xo,r)
with |A] < q|Q(xo,7)|, there exists a countable family R of pairwise disjoint open cubes Q in
Q(zo,7) so that |ANQ| > q|Q| for each Q € R, and |A| < q|DNQ(z0o,7)| with D := Ugené.
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Theorem 1.4.9. Let £ € N (A1, Aa, A3) and X = {X;,t > 0; P, 2 € R} be a Hunt process
that solves the martingale problem for (L,C%(R?)). There exists a non-decreasing strictly
positive function ¢ on (0, 1] that depend only on (d, A1, A2, A3) and the rate of the function

Y in (1.3) converging to 0 so that for any r € (0,79, 2o € RY, and A C Q(zo,7),

P*(Ta < Qo)) 2 d(JA| /1Y) for x € Q(z0,7/2),
where 1q is the constant in Proposition 1.4.7.

Proof. Our proof follows the idea of [6, Theorem V.7.4].
Define a function ¢ on [0, 1] by

() = inf {PY(Th < Touom) : £ € N (A1, As, Ag), 7 € (0,70],y € Qao, 7/2),

A C (o, ) with 4] > £[Q(xo, )|}

Without loss of generality we can assume d = 2. Clearly ¢ is non-decreasing. By Proposition
1.4.7, ¢(¢) > 0 when ¢ is sufficiently close to 1. Define qo = inf{e : ¢(¢) > 0}. We claim
that gqop = 0, and will prove this by contradiction.

\/1+gqo—1) C (

Suppose that gy > 0. Take g € (qo, qo, 1), which is always possible since

0 < go < 1. Since 1 := (¢ + ¢?)/2 < qo < g, we have ¢(n) = 0 and ¢(q) > 0. Let

B:=1-(3+q/)"*<1/2 and p:@l(lﬁ/\é), (4.20)

where @, is the strictly positive non-decreasing function ®5 on (0,00) in Corollary 1.4.2
with § = 1.

Note that qﬁ(%) =0 as w < ¢o. By the definition of ¢, there exist some Ly €
N (A1, Az, A3), some z¢ € R, ro € (0,7], A C Q(xo,70) with |A|/|Q(z0,70)| > (g0 +1)/2,

and some x; € Q(x0,70/2) so that

PP (T4 < To(agr)) < #((90 +1)/2) + pd(9)? = pd(a)?, (4.21)

where {X;,t > 0;P* 2 € R} is the Hunt process associated with the infinitesimal generator
Ly. We claim that |A|/|Q(x0,70)| < g. This is because if |A|/|Q(zo,70)| > ¢, we would then

have

pd(q)? > P™ (Th < Tqagro)) = 0()
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and so p¢(q) > 1, which is impossible as ¢(q) < 1 and p < 1.

As |A] < q|Q(x0,70)|, by Proposition 1.4.8, there is a countable family R of disjoint
open cubes in Q(zg,ro) so that |[AN Q| > ¢|Q| for each Q € R, and |A| < ¢q|D N Q(zo,7)|
with D := Uger Q. Enumerate R by {Qp; k > 1}.

As
lim | U @k N Q(xo,70)| = |D N Q(xo,70)| > @ > M]Q(a:o ro)| > ﬂ\Q(mo 70)|
n—00 k=1 ’ ’ g - 2 ) 2 ; s
there is some N > 1 so that
~ 1+3
[ UIL Qi Q. mo)| > = Qa0 o)l

Let Dy := U}, O N Q(zo, (1 — B)ro). Then

ID1| > UL, Ok N Q(xo,70)| — |Q(w0,70) \ Qo (1 — B)ro)]
1+3 1-—
> (M- 1w
= q|Q(zo,70)|-

Thus by the definition of ¢,

Px(TD1 < TQ(xg,ro)) > ¢(Q) for every x € Q(x(% TO/Q)' (422)

We claim that

PY(TA < Tq(zoum)) = PP(q) for every y € Dy. (4.23)

For y € Dy, there is some 1 < k < N so that y € 514 and Q(y, fro) C Q(xo,70). Denote Qy,
by Q(yo,r) and let Q* = Q(yo,r/2). If r > Bro/9, we have by Corollary 1.4.2 with § = 1,

Py(TQ* < TQ(xo,ro)) > @1(/8/18) > p-

When r < fro/9, Q(yo,r/2) C Q(y,4r) C Q(zo,70) as [y — yoles < 37/2 < Bro/6. Again by
Corollary 1.4.2 with 6 =1,

PY(Tor < Tqagre)) 2 PY(Tor < Toyar)) = 1(1/8) = p.
Since |[AN Q| > ¢|Q)|, in both cases we have by the definition of ¢(gq) that

XT *
PY(Ty < TQ(zo,m)) > EY|P % (TAWQ <719); Tor < TQ(ﬂﬁovTO))



31

> p(Q)PY(Tor < Tq(zo,r0)) = PP(Q)-

This establishes the claim (4.23).
It follows from (4.22) and (4.23) that for every = € Q(z¢,r0/2),

PI(TA < TQ(%’TO)) > Px(Tpl <Ty< TQ(CU077’O)>
X
> E* [[P Tp, (TA < TQ(33077"0)); Tp, < TQ(xo,ro)}
> pd(@)P" (Tpy < Toag.re)) = pH(a)*.
This contradiction with (4.21) shows that go = 0. O

Remark 1.4.10. Our proof follows that of the corresponding result [6, Theorem V.7.4] for
diffusion processes. However, the proof in [6] has a gap on line 15 of p.118 t as one does
not have a control on the size of |R}| relative to |Q(0,1)|. But it can be fixed using the

argument above by considering the length of R; in two cases.)

Corollary 1.4.11. There exists a non-decreasing function ¢ : (0,1] — (0, 1] depending only
on (d, A1, A2, A3) and the rate of the function 1) in (1.3) converging to 0 such that for any
zo € R4 r € (0,71], if A C B(xo,7), with |A] > 0, for any x € B(xg,7/2),

P (Ta < T ) = @(Al/1B(ao,r)]). (4.24)
where 71 = 7o /2, and Ty is the constant in Proposition 1.4.7.

Proof. Our proof is motivated by that for [39, Corollary 4.9] and fixes some ambiguous
claims in [39, lines -10 and -6 on p.36]. Without loss of generality, we may and do assume
that g = 0. For notational convenience, we assume dimension d = 2 but the proof works for
any dimension d > 2. Let A = |A|/|B(0,7)|. Takee = &(\) € (0,1/4) so that (1—(1-2¢)?) =
A/2. Clearly, () is an increasing function in A € (0,1]. It follows that

|ANB(0, (1 —2¢e)r)|/|B(0,r)] > A\/2.

Let k = k(M) € N be sufficiently large so that for any cube

Rij = [(i — 1)27 ri27%r] x [(j — 1)27Fr, j27 7]



32

with R; ; N B(0, (1 — 2e)r) # 0 for 1 —2F < 4,5 < 2F | we have R;; C B(0,(1 —¢)r). We
can choose k(\) in such a way that it is a decreasing function in £ and hence a decreasing
function in A. Let

C:={R;;:|Ri; N B(0,(1—2e)r)NA|l >0}
and M = M ()) be the total number of elements in C. Clearly, M < 22(:*1) Denote by R} ;

the closed cube that has the same center as R; ; with side length half as long. As

Z |Ri; N Al > |B(0, (1 —2¢e)r)NA|l > AB(0,7)]/2 = |A]/2, (4.25)
Ri,]’EC

there is some R; ; € C so that
|R;; N A| > |Al/(2M). (4.26)
Since |R; ;| = (27%7)? and M < 22+ we have
Rey 0 A Rigl 2 JAI/(8) > A1/ (372) = A/6.

Let ¢ be the non-decreasing strictly positive function on (0, 1] in Theorem 1.4.9. We then
have by Theorem 1.4.9,

]P)Z(TRZ.JQA < TRZ‘J) > ¢(|RZ’J‘ N A|/|RZ]D > qb()\/G) for x € R;-k’j. (4.27)

Let yo be the center of the cube R; ;. Then B(yo,r/(4k)) C R} ;. For any = € B(0,r/2), by

the strong Markov property, (4.27) and Corollary 1.4.2,

Pw(TA < TB(O,T)) > P* (TRZJ- < TB(0,r) and TRi,ij o QTRi« < TR;; © HTR,_K )

7 2,7

v

E* [PTR;J' (TRi,ij < TR,,J-) i TRy . < TB(0,r)
P(A6)P*(Tk: . < Tp(0,r))

d(N6) P* (TB(yo.r/(ak)) < TB(O))

P(N/6) ®1(1/(4k)),

(AVARRNAV]

Y

where ®; is the non-decreasing strictly positive function on (0,00) in Corollary 1.4.2 with

0 = 1. This completes the proof of this corollary by taking

p(A) == @(A/6) D1 (1/(4k)) = ¢(A/8) 1 (1/(4k(A))),

which is a strictly positive non-decreasing function on (0, 1]. O
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1.5 Holder regularity

Proof of Theorem 1.1.1. Given Corollary 1.4.11 on a lower bound estimate of the hitting
probability, the idea of the proof is similar to those in literature, see, e.g., [39, Theorem 5.1]
or [20, Theorem 4.14] on Holder regularity for parabolic functions. Due to the general form
of jumping kernel n(z,dz) in this paper, for reader’s convenience, we spell out the details
here.

Fix 29 € R? and r € (0, 7),where 7 is the constant in Proposition 1.4.7. Suppose that
u is a bounded function on R? that is £-harmonic in B(zg,2r). Without loss of generality,
we assume ||[uf|oo = 1/2.

Take z1 € B(wg,r) and set r; = r/2. Clearly, B(z1,r1) C B(xo,3r/2). Recall that ¢ is
the non-decreasing function in Corollary 1.4.11,

Let

1/2
o= \1-1o(1/3)v(1/v2) and p:= <Z"0(011/2Ai> Ja, (5.1)

where ¢; > 1 is the constant in Lemma 1.2.3. Note that 1/v/2 < a < 1and 0 < p < 1/2.

1

For n > 2, define r,, = p""ry. For simplicity, denote B(z1,r,) by B, and 75, by 7.

Let M,, := sup,cp, u(r) and m,, := inf ep, u(r). We claim that
M, —m, < a2 foralln>1. (5.2)

Clearly, My — mo < My —mq < 1 so (5.2) holds for n = 1,2. Suppose M; —m; < a'~2

is true for ¢ = 2,--- ;n > 2, we want to show it holds for n + 1. For this, define
A, ={x € By :u(zx) < (M, +my)/2}.

We may assume |A4,|/|Bn| > 1/2. Otherwise we consider M,, — u instead of u. Let A be a
compact subset of A, such that |A|/|B,| > 1/3. By Corollary 1.4.11,

P*(Ty < 1) > (1/3) for x € Bpiq. (5.3)

For any given £ > 0, there are y, z € Bj,41 so that u(y) < mp41+e and u(z) > M1 —e.
As £ € N(A1,A2,A3), by Lemma 1.2.3, for 1 <i <n — 1, it yields

sup P*(X,, ¢ Bn—;)
IGBn
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Tn
< sup Ez/ n(Xs, Bn—i — Xs)ds
r€By 0

Tn
< sup Ez/ n(Xs,{h:|h| >rp_i —rn})ds
r€By 0
Tn
< sup B [T =) [ (B A Un(X,dh)ds
r€B, 0 Rd
< (rp—i — Tn)_QAg sup E*71,
LBGBn
< 61A37",21 (Tnfi_rn)_Z
< bz p?/(1-p')?

Note that p? < a/4 < 1/4. We have by (5.3) and (5.4) that for n > 2,

Myt1 — Mpy1 — 26

< u(z) —uly) = B [u(X1unr,) — u(y)]

= Ez[u(XTA) —u(y); Ta < 1] + E*u(Xs,) —u(y); Ta > Tny, Xr, € Bni]
+ Z E*[u(X7,) — w(y); Ta > Tn, Xr, € Bni \ Bny1-i

+EZ[u(XTn) —u(y); Ta = Tn, X, ¢ Bi]

IN

(My, +mp)/2 —mp)P*(Ta < 1) + (Mp—1 — mp—1)P*(Ta > 1)

+ Z(Mnfz - mnfi) Pz(XTn ¢ Bn+17i) + ]P)z(XTn ¢ Bl)

IN

1
5a”—219>’«’(f_rA <TR) +a" (1 -P(Ty <1))

n—1
+ Z an—i—QClABPQ(i—I)/(l o pi—1)2 + 61A3p2(n_1)/(1 _ pn—l)Q
=2
n—3 n—1

2(n—1)
- (a2 (T < )+ L S

IN

IN

31— (1—a/2)(1/3) 4+ 4c1A3a™3(p? /a) Z 27F 4 de) Agp?Y)
k=0

" (1 % (1/3)) + 8c1A3a™ 3 (p% a) 4 4ey Agp® Y

_1
L2 e ((26%a) + §<p2/a>”-1))

{
. (1 —59(1/3) | 10c1hy p2>
1

IN

IN

IN

o
a”
e
a
a? a
a”

IN

(1—-p)?

(5.4)

(5.5)
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where the last inequality is due to the definition (5.1) of @ and p. Since the above holds for
any € > 0, passing ¢ — 0 shows that (5.2) holds for n + 1 and hence, by induction, (5.2)
holds for all n > 1.

Given any z9 € B(z1,71), let & > 0 be the largest non-negative integer so that |zo —
21| < pFr/2, that is, k > 0 is the largest integer not exceeding log,(2|z1 — 22|/r). Then

29 € B(z1,7rk41) and so

_ (loga)/logp
[u(z2) — u(z1)] < @52 < QBB =l =3 _ (2’22 Zl‘) .

a3 r
Since 1/v/2 < a < 1 and 0 < p < 1/2, then loga/logp € (0,1/2). This establishes (1.4)
with a := loga/logp € (0,1/2) and C = 2a~2, both depend only on Ay, Ag, A3, d and the

rate of the function v in (1.3) converging to 0. O

1.6 Elliptic Harnack inequality

Lemma 1.6.1. Suppose L € N(A1,A2,A3) and condition (1.3) holds. For any bounded
function h(x) on R? that is L-harmonic in an open subset D of R, s +— h(Xsarp) is
right continuous P*-a.s. for any x € D, where {X,t > 0;P*,x € Rd} is the Hunt process

associated with the operator L.

Proof. By the definition of L£-harmonicity, for any relatively compact open subset D; of
D, h(zx) = E* [h(XTDl)] for every x € D1.By the strong Markov property of X, for every
stopping time S of {Fs, s > 0},

h(XS/\Tpl) = E"[h(X,, )\fs/\ml] P* —a.s.

1
Here the martingle s — E*[h(X+, )|Fsarp, ] is taken to be its right continuous version. As
s — X, cadlag and h is Borel-measurable, then s — h(Xs A 7p,) is optional. Then by

Optional Section Theorem [42, Theorem 4.10], we have

PY[h(Xonrp, ) = E* (h(Xrp, )| Fonrp, ) for all s > 0] = 1.

1

That is to say that s — h(XS/\TDl) is right continuous P*-a.s., for every x € D;. Since

this holds for every relatively compact open subset D; of D, then the lemma is proved.



36

The right continuity of s — h(Xsar,) is a consequence of the right continuity of the Hunt

process t — X;. ]

Proof of Theorem 1.1.2. Given Corollary 1.4.11 on hitting probability estimate, the proof
follows the nowadays standard ideas in literature; see, for example, that of [20, Proposi-
tion 4.3] which is for parabolic Harnack inequality. The elliptic Harnack inequality case is
simpler.

Denote 1 = 271. Let r € (0,71], zo € R4 and u be any nonnegative function on R< that
is L-harmonic in B(xg,2r), where 77 is the constant in Corollary 1.4.11. By shrinking the
value of r a little bit, we may assume without loss of generality that u(z) = E* [u(Xrp, ,,)]-
As u is the increasing limit of bounded harmonic functions uy(2) := E*[(u An)(Xrp, )],
it suffices to establish the Harnack inequality for bounded harmonic functions in B(zg, 2r).
On the other hand, since X is assumed to be conservative, constant functions are harmonic.
By considering u + € with € > 0 and then passing ¢ — 0, it suffices to establish Harnack
inequality for positive bounded harmonic function w with infre u > 0. Taking a constant
multiple of such u if needed, we may further assume that infp,, .y u = 1/2. Thus there is
Yo € B(zg,r) so that u(yp) < 1.

Our aim is to prove u is bounded above on B(zg, r) by a universal constant that depends
only on (A1, Ag, A3, co,d) and the rate of the function v of (1.3) converging to 0, where cgy
is the constant in (1.12).

Let ¢ : (0,1] — (0,1] be the non-decreasing function in Corollary 1.4.11. Taking ¢ to
be ¢(r) A r if needed, we may assume that lim,_,o4 ¢(r) = 0.

From the support theorem and a scaling argument, we will prove by induction that for

any k € N, there exists a dg € (0,1) so that for every R € (0, 1],
2 (TB(ZA%R) < TB(WR)) > 6% for y,z € B(zo, 3R/4). (6.1)
Indeed, by Corollary 1.4.2 with 6 = 1, for y, z € B(xo,3R/4),
pY (TB(z,R/4) < TB(wo,R)) > ©1(1/4) =: do.

Suppose that PY (TB(ZA*’VR) < TB(xO,R)) > 6% holds for k = n.
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Since B(z, (47" 4+ 4~ +*))R) U B(z,4~ "tV R) C B(z,4 "*'R), by the strong Markov

property of X and Corollary 1.4.2,

Py(TB(z,zrkR) < TB(zo,R))

AV

v

> b0 04

Xr
EY. [HD BEATMR) (T, 4k gy < TBza—++2R)); TB(24-++1R) < TB(z0,R)

EY {@1(1/16)§TB(2,44€+1R) < 7'B(ﬂm,l‘%)}

1:5k

0

Therefore, by Corollary 1.4.11, (6.1) implies that for any R € (0,71], kK € N, any y,z €
B(z0,3R/4) and A C B(y,4 *R),

P*(Ta < TB(zo,R))

Set

7’]7

> B P Tpwa ) (T T
> * A <TBya-*R)) ;L Bya-+DR) < TB(xo,R)

> (Al|B(y A R)P (T a- o m) < B0

> (| Al/|B(y, 47 R) oG (6.2)
1/2441) ¢ 1/27+1
_ ol /4 )A247 €= njes and o= 4(19i(¢/(1/2d)+1))_ (6.3)

where ¢4 > 0 is the constant in Proposition 1.2.10. For any real number a, denote by |a]

the largest integer not exceeding a. By decreasing the value of §p € (0,1) in (6.1) if needed,

we may assume that 0 < §y < ﬁ.Let m be the smallest nonnegative integer so that

Take

Let

1/ (419880 1/(120/2) _ 1y < gmogsy 1/ (14+10/2) (6.4)
. k+m)logs. 1/(1+70/2
kISEO(uvo)’“é(E( Hotso V] o,

k+m) lo
ap := nf(1+ o o T oBe MUY

__ 2(+)
a0€d3 (7 - (5)9)

Note that 0 < 7 < 1/4,0< ¢ < 1/2 Then by and K > 2/¢ > 4. For simplicity, set

T = T/4(k+m) logsy 1/(14+70/2) g Jo > 1.
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Note by (6.4), >-72; 7 < r, and for each k > 1,
47 <pp <47, where ng := | (k +m)logs, 1/(1 + v0/2)]. (6.6)

We will show that u < K on B(zg,r). Suppose not. Then there exists a point z; €

B(zg,r) with u(z1) > K. We claim that in this case

there is a sequence of points {z;;j > 1} C B(xo,2r) so that

zj € B(zj—1,7j-1) having u(z;) > K(1+70)" ", (6.7)

with the convention that zg := xg and rg : = r.
We will establish the existence of such a sequence {z;,j > 1} by induction. By assump-
tion, we have 21 € B(zo,r) = B(20,r0) with u(z;) > K. Suppose we have z; for j =1,--- , k

for some k£ > 1 with the mentioned properties in (6.7). We proceed to find zp11. Let

A={y € Bk, mi/4) s uly) > €K(1+70)" 1}

We claim that

|A| < |B(zk,7/4)]/2. (6.8)
If not, |A| > |B(zk, rt/4)|/2. Let A’ be any compact subset of A so that |A| > |B(zg,rr/4)|/4.
By (6.2), for every x € B(xo,r),

n n 1 1
P*(Tar < TB(mo2r) = 06* 2 (| A'|/|B(zk,m/4)]) = 5ok+2¢(1 : (g)d)~

Here ny is the integer defined in (6.6) and the last inequality above is due to

A _ A | B(zk, 1/4)]
| B (2, 47 12r)| [ B2k, ri/4)| | B2k, 47" 12r)|

()"

1
>
4

This together with the harmonicity of w and right continuity of ¢t — u(X;) gives

“1¢n 1 1
1> ulyo) > E*[u(Xr,,); Tar < TB(ao.2n)] = EK(1+10)" 7100 (5 - () > 2

This contradiction proves the claim (6.8). Consequently, there is a compact subset E C
B(zg,m1/4) \ A having
|E| > |B(zk,7/4)] /2 (6.9)



39

such that
u(y) < EK(1+ )" for every y € E. (6.10)

We claim that
B [w(Xrp., )i Xrnie, oo & Bakomi)| < nK (1 +70)F, (6.11)

If not, E** {u(XTB(Zk’Tk/Q));XTB(Zk,Tk/Q) ¢ B(zk,rk)} > nK(1470)*!. By Proposition 1.2.10,

for every y € B(z,ri/4),

v

Ey I:U(XTB(zk,rk/Q));XTB(zk,Tk/Q) ¢ B(zk’ rk‘):|
> B [u(Xeg )i Xrpy i & Bk )|

> et K(1+5)"1 > ¢K(1+90)F

u(y) =B u(Xry ., . 0]

This contradiction with (6.8) establishes the claim (6.11).
Let My = sup,ep(z, ) (). Since ¢ — u(Xiary, , ) is a bounded martingale, by

(6.11),

u(zk) = [E*k {U(XTE/\TB(zk,rkm))}
{u(XTE); Tg < TB(ZWC/z)}
FE* N u(Xep . o 0)i TBGr/2) < TE; Xop(., o) € B(Zkark)}

+Ek [U(XTB(zk,rk/Z)); TB(zi,r/2) < Tg; XTB(Z;Q,T;Q/2) ¢ B(Zk, Tk)} . (6.12)
By (6.10), Lemma 1.6.1,we know that
E* [u(X1,); Te < TR(sm/2) < EK(L+70)" " P*(Te < Tp(agm/2)) (6.13)
Then by (6.11),(6.12),(6.13),

u(zk) < fK(l + "yo)kil Pk (TE < TB(ZImT'k/2)) + M P (TB(zk,rk/2) < TE) + T]K(l + ’)/o)kil

= ¢(K(1+ ’Y())k*l P (T < TB(zk,rk/2)) + M, (1 —P*(Tg < TB(Zkﬂ,k/Q))) +nK(1+ ’}/o)kfl.

As u(z;) > K(14 v)*!, we conclude from the above that

M, L —n—E&P*(Te < TB(zy . /2))
K(l + ’)/O)k_l 1 - sz (TE < TB(Zk,Tk/2)>
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(1= P*(Te < TB(z,r/2)) — 1
1 —P (TE < TB(zk,rk/Q)) '

1+

Note that by Corollary 1.4.11,

P*(Tp < TB(zyn/2) 2 P(1E|/|B(ak, mi/2)]) = o(1/27F).

Recalling the definition of &, n and ~ from (6.3) and (6.5), we have from the above two

displays that
My L (0-9e01/24) -y
K(1470)k1 1—p(1/29+1)

Consequently, M, > K (1+70)* and so there is 2,1 € B(zk, ) with u(zp41) > K(1470)".

> 1+ .

Thus by induction, we have a sequence {z;;j > 1} that has the property (6.7). But this
contradicts to the assumption that u is bounded on B(xg, 2r).

Hence u(z) < K must holds for any = € B(xzg,r).
Hence

u(z) < Cru(y) for any x,y € B(xo, 1),

where C] depends only on d, A1, Aa, Az, ¢y, the rate of ¥ converging to 0, and independent

of the radius 7.

1.7 Scale-invariant Parabolic Harnack inequality (PHI)

Let X = {X;,t > 0;P* 2 € RY} be a Hunt process on R? that solves the martingale
problem of (£,CZ(R%)). Denote by Z; := (V;, X;) the corresponding space-time process,
where V; = Vj —t. The law of Z = {Z;,t > 0} starting from Zy = (tp,z) is denoted by
P(0:%) . The minimal augmented filtration generated by Z will be denoted as {.%;,t > 0}.
A measurable function v defined on Rt x R? is said to be L-caloric or L-parabolic in an

open set D C RT x R if for every relatively compact open subset U of D,
Et02) [|u(Z,,)|] < 0o and  u(ty, z) = B2 [u(Z,,)] for every (to,z) € U.

Here 77 = inf{s > 0: X, ¢ U}. Clearly, if u(t,z) is a function defined on Rt x R and is

C;’Q—smooth and satisfies % = Lu in an open set D C Rt x R¢ | then u is £-parabolic in

D.
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Note that under P(to:¥)

T(to—12,t0)x Qzo,r) = inf{t >0: 27 §é (to — 7"2,t0) X Q(%O,T’)} = TQ(zo,r) N r2.

Theorem 1.7.1. Let L € N (A1, Aa, A3) satisfying conditions (1.3) and (1.12). There exists
a constant C > 0 depending on (d, A1, A2, A3, co) and the rate of ¥ in (1.3) converging to
0 and a constant 71 > 0 so that for any o € R%,r € (0,71), to > 72, and any bounded

nonnegative function u that is L-parabolic with in Q = (tg — r2,t9) x B(zo,7), we have

sup u(s,z) <C inf wu(t,y), (7.1)
(5,2)€Q— (ty)eQ+

where
Q_ = (to — 3r%/4,tg — r2/2) x B(xg,7/2), Q4 = (tog — 3r2/8,tg — 12/8) x B(z0,7/2),

and 11 is the constant in Proposition 1.4.11.

The following follows immediately from Corollary 1.4.2.

Proposition 1.7.2. Suppose that L € N (A1, A2, A3) satisfying (1.3). Let { Xy, t > 0;P* x €
R be the Hunt process having L as its generator, and denote by Pt0Y) the law of the
space-time process {Z; = (Vy, X¢),t > 0} of X starting at (to,y). For every é € (0,1], there
is a non-decreasing positive function ®5 on (0,1) that depends on d, A1, A2, A3, 0 and the
rate of the function v in (1.3)converging to 0 so that for any r € (0,1],t9 > r2, 29 € R,
t1 € [to — 12, to — 0r%] and for any h € (0,7) with Q(y,h) U Q(z,h) C Q(xo,7),

pltoy) (T, 414672 xQ(2h) < T(t1,t0)x Qo)) = Ps(h/2r), (7.2)
where ®s is defined in Corollary 1.4.2.

Proposition 1.7.3. Suppose that L € N (A1, Ao, A3) satisfying (1.3). Let { Xy, t > 0;P% x €
R be the Hunt process having L as its generator, and denote by Poy) the law of the
space-time process {Zy = (Vi, X1),t > 0} of X starting at (to,y). For every ¢ € (0,1], there

is a non-decreasing positive function ®5 on (0,1) that depends on d, A1, A2, A3, 0 and the
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rate of the function v in (1.3)converging to 0 so that for any r € (0,1],t9 > r?, o € R,
t1 € [to — 12, tg — 0r?] and for any h € (0,r) with B(y,h) U B(z,h) C B(xg,r),
P(to’y) (T(tl,t1+5r2)><B(z,h) < T(tl,to)XB($077")) > (I)g(h/’l"), (73)

where @5 is defined in Corollary 1.4.2.

Proposition 1.7.4. Suppose that L € N (A1, Ao, A3) satisfying (1.3). There exist constants
Co > 0 and € € (0,1) that depend only on (d, A1, A2, A3) so that for any r € (0,7], to >

r2, 20 € R and any set A C (to—12,t9) x Q(zg, ) with |(tg — 12, to) x Q(z0,7) \ A| < erd*2,
p(to.z) (TA < T(to—r2,to)><Q(wo,T)) >Cy forx € Q(xo,7/2),
where Tq is the constant in Proposition 1.4.7.

Proof. We apply the similar method for showing Proposition 1.4.7 to the space-time process
Zy = (Vi, X¢). For simplicity, let 7 := 72 10)x (wo,r) = Té(@w) Ar?. In view of the scaling
property in Lemma 1.2.2; it suffices to consider the case when r = 7.

By Remark 1.2.5 and Corollary 1.2.7, there are constants cs and c3 that depend only on
(d, A1, A2, A3) so that for any zg € R?,

E?) 7] > ¢, and E®02 (2] <3 for z € Q(xo,70/2).

Let t; = 4cg/(ca A cq), where cg = c4(d, A1, A2, A3) is the constant in Theorem 1.4.6.
Note that

E*[1 — (1 At)] <E“[r;7 > t1] <E“[7?]/t1 < (ea A ca) /4.

Hence by Theorem 1.4.6,

E(to2) / 14(Zs)ds
0
tINT
< E(to’x)/o L1y #2,10) x B(ao.70)\A(Zs)ds + E() [r — (7 A )]
< etl]EI/O eis:H‘(to—Fg,to)XB(xo,Fo)\A(tO — S, Xs)dS + (CQ AN 04)/4
<

c3€" 114072 ,t0) x Qoo Al L masty + (e2 A ) /4
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< egel e 4y A ey) /4
Taking € > 0 so that czet1 e/ (41 = (¢y A ¢4) /4, we have
R (o) /O " Uae(Z)ds < (ca Aew)/2 for x € Qwo,To/2).
On the other hand, since

e <EWD) 7] = Bl 17y < 7] 4 E(to’z)/ 14c(Zs)ds
0

IN

(E(tow) [7-2} p(tos@) (T4 < 7'))1/2 + (ca New)/2

< (P (Ty < TNV 4 (e A en) /2,
then for any x € Q(xo,70/2), it yields that
PUOT)(Ty < 1) > (o A cy)?/(4cs).

This proves the theorem with Cp := (c2 A ¢4)?/(4c3) and € = ((ca A c4)/(4ezetr))dHL O

Now we need the following lemma for proving the lower bound estimate of the hitting
probability in Theorem 1.7.6. It is the parabolic version of Proposition 1.4.8, which is called
the "crawling of ink spots” lemma given in [53], which we modify a bit according to our
needs.

For any q,a,r € (0,1],t9 > 72,29 € RY, let Q be an open box in (to — r2,t0) x Q(zg,r) of

the form
(tl — T%,tl) X Q(xl, 7"1), for some (tl,xl) S (t(] — T2,t0) X Q(.I'(), T'). (7.4)
For each such set @, set

Q"= ((t —4rf, 01 +3r1) x Q@1,3m)) 0 (b0 — 72 t0) x Qwo,7)),  (T5)
Q? = {(s,:z:) 41 <s<ti+71+5r%/a, x € Q(x1,3r1) N Q(xo,r)}. (7.6)
Namely, The set Q! is formed by intersecting (to—r2, o) X Q(x,) with a box assembled

from smaller boxes arranged like bricks, each congruent to the reference box @ (up to

boundaries). Specifically, that box is constructed with seven layers of these smaller boxes



44

along the t-direction. Each layer consists of a central box congruent to @, surrounded on all
sides and corners by additional boxes, all congruent to Q in each spatial direction, forming a
unified layer. The set @2 is constructed along the positive t-direction of @, keeping the same

dimensions in each spatial direction as Ql, but with a different length in the ¢-direction.

Lemma 1.7.5. Let q,a,r € (0,1),tg > 12,29 € R and A be any measurable set in (ty —
r2,t0) X Q(z0,7) with |A| < q|(to—12,t0) X Q(z0,7)|. Then there exists a countable collection
B of disjoint open sets Q of the form (7.4) such that |AN @| > q|@| for each Q € B. Let
B! = U@eBQI’ B% = U@eBéz’ where Q, Q% are of the form as (7.5),(7.6), respectively, then
|A\ B =0 and |A| < ¢|B'| < q(1+ a)|B?|.

Proof. Without loss of generality, we assume that the space dimension d = 2, tg = 0,29 =
0,7 = 1. Higher dimensions only differ in notation.

The proof of the assertion |B!| < (1 + «)|B?| follows the idea of the proof of Lemma 2.3
in [53]. We spell the details here . Since |B!| < |B* U B?|, it suffices to show that

IB'UB? < (1+a)|BY. (7.7)

Define the zy-section of Q' as @}, = {z1 : (¢1,72) € Q'}. Note that by (7.5), (7.6),
L =Q%, QL = Q2 for each Q € B. Then

Ha: (t,z) € BBUBY)}| = [{z : (t,z) € B}

Therefore, to show (7.7), it suffices to prove

{t: (t,z) e BPUB?*}| < (14 o)|{t: (t,z) € B*}|. (7.8)
Fix Q € B, let A(@) be the length of the t-section of Q' U Q2 i.e, A(@) = \(@1 U @2)%
and B(Q) = |(Q?);|. Then by (7.5), (7.6),we have

AQ) < (1+a)B(Q). (7.9)

By (7.9) and applying Lemma 2.2 in [53] with (¢1,t2) = (—o00,00),B = U@QGBQ{t :
(t,z) € Q2}, g(I) be the function that stretches an interval I = [a, ] to the left by a factor
of (14 «), starting from the right endpoint b, (7.8) holds.
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To prove the first part and the assertion |A\ B!| = 0 and |A| < ¢|B?|, we follow the idea
of the proof of [6, Proposition V.7.2] and [53, Lemma 2.1] with more details provided and
slight modifications according to our construction.

Divide the set (—1,0) x Q(0,1) with the hyperplane t = —1/4,t = —1/2,,t = —3/4,x =
0,y = 0 into 2* congruent boxes whose interiors are denoted as @(jl), g1 =1,...,2% Each
@(jl) is congruent to {(t,z) : 0 < t < 1/4,0 < x',2? < 1/2}. For j; = 1,2...,16, if le
satisfies |Q;, N A| > q@jl |, then that @jl belongs to the collection B. If not, we split Q;,
into 2% equal sub-boxes whose interiors are denoted as @jz, jo = 1,...,2% with each @jQ is
congruent to {(t,2);0 <t < 1/16,0 < z!, 2% < 1/4} and repeat the same procedure... For
any n € N, let Q, be the set of the open boxes congruent to {(t,z);0 <t < 1/2"1 0 <
zl, 2?2 < 1/2"} and each element an in Q, satisfies ’@jn NAl > q|@jn|.Then B =U,>190n
and thus B is countable.

It is obvious that O, N O,, = 0, for m #n and |[AN @]] > q@jl for each @j eB.

Let A% be the collection of points of density of A.That is, for each z € A%, lim,_,o %
1. Then by Lebesgue density theorem,
|A\ A% = 0. (7.10)
Since ¢ € (0,1), we claim that
For any point z € A%, z € UéjeBaj‘ (7.11)

Suppose not. Then there exists an ro > 0 such that B(z,r9) N @j = () for any @j € B.
Since z is a point of density of A, then lim,_,o|B(z,7) N A||/|B(z,7)] = 1. Hence there
exists an € € ({/q,1) and 7y(g, ) > 0 such that

|B(z,r) N Al/|B(2,7)] = a/(?) > q
for any r € (0,79]. Choose k(q,e,r9) € N sufficiently large so that there are cubes
Ry =[i/2%, (i +1)/2" x [j/2, (G + 1) /2], 0<id,j<(2"-1).
such that

B(z,é(’l"o A 771)) cC = {Rij C B(Z,?”o A ’171) 0<4,5 < (2k — 1)} (7.12)
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Let Ml = |C1| Set
Cy = {Rij C B(Z,T‘o /\Fl) : Rij NAN B(Z,&(T‘o /\Fl)) 75 @}

Since z is a point of density of A, By (7.12), Co # 0 and |Ca| < M;. Then

|C2]
Z |R;; NANB(z,e(ro A7T1))| > |[ANB(z,e(ro AT1))|
m=1
> (q/(eM)|B(z,e(ro A1)
> Q|B(Z7TOAF1)|
> qM|Ry|.

Therefore, there exists at least one cube R;; in Cy satisfying \RZ‘ NA|l> q|R§'} .
Obviously, the interior (RZ-L)O of such R] is an element in B. Therefore, by contradiction,
(7.11) is proved.
Since | Ug,en Q;| < ZéjeB 10Q;| = 0, then ](Uéjegaj) \ BY| = |B\ B'| = 0. Then by
(7.10), (7.11),
|A\ B'| =A%\ B} = 0. (7.13)

To show |A| < q|B|, we first represent B!, up to a set of measure 0, as the union of
boxes of the form (t; —r%,¢1) x Q(x1,71), where (t1,21) € (—=1,0) x Q(0,1).

Divide (—1,0)x Q(0, 1) with the hyperplanet = —1/4,t = —1/2,,t = =3/4,2 =0,y = 0,
up to a set of measure of 0, into 2* congruent disjoint open boxes @(jl), each is which is
congruent to {(t,z): 0 <t < 1/4,0 < z', 22 < 1/2}. For j; = 1,2...,16, if Q(j1) C B!, then
@(jl) € @1; Otherwise, divide @(jl),up to a set of measure of 0, into 2% equal open sub-
boxes, each of which is congruent to {(¢,z) : 0 < t < 1/16,0 < z',2? < 1/4}, and repeat
the above procedure to create the set Qg Eventually, for any n € N, Qn the set in which
each element Q(j,) satisfies Q(j,) € B! and is congruent to {(¢,z);0 < t < 1/2"1,0 <
xl 2% < 1/2"}. Also, it is easy to see that @n N @m = (), whenever m # n.

Therefore,

B=3 > Q) (7.14)

21 Q(jn)eQn
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and

ANBY =3 > 1ANQU). (7.15)

nzl @(jn)eén
If every @(jl) is in B!, there is nothing to prove. Otherwise, there exists some @(jl) ¢

B!.Under this assumption, we are going to show that for every n > 1, each @( Jn) € @n,

AN Q)| < dlQ(jn)I- (7.16)

Suppose not. Then there exists some @( Jn) in some @n for some n € N such that

[ AN Q)| = alQ(n)l-

Since @(jn) C B!, then @(]n) is contained in some @(jn_l) C Bl.However, since Q,, is the
collection of boxes Q(j,) whose Q(jn_1) ¢ B'. Therefore this contradiction proves (7.16)
and thus by (7.13),(7.14),(7.15) (7.16), we have |A| < ¢|B|. O

Theorem 1.7.6. Suppose L € N(A1,As, A3) satisfying (1.3) and X is a Hunt process
that solves the martingale problem for (L, C2(R%)). Denote by P (0% the law of the space-
time process Zy = (Vo — t, X) starting from (tg,x). There exists a non-decreasing function
¢ on [0,1], which depends only on (d,A1,Aa, A3) and the rate of the function v in (1.3)
converging to 0 so that for any r € (0,7g], 20 € R%,y € W, and any measurable set
A C (tg — 12, t0) x Q(z0,r)with |A| > 0,

POV (Ty < 7402 40yxaaom)) = O(Al/r72). (7.17)
where Tg is the constant in Proposition 1.4.7.

Proof. By the similar idea as that for Theorem 1.4.9, and inspired by the idea in the proof
of Theorem 1 in [52], define

6(e) = inf {PUV(Ty < 7o p)wquon) + £ € N(A1, Mg, Ag), 29 € RY, 1 € (0,70,

to = 1%,y € Qo 7/2), A C (to — 1, 10) x Qao,r), |A| = er*?}.

Without loss of generality, we assume that the space dimension d = 2, and the proof works

for higher dimensions.
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Obviously, ¢ is non-decreasing. By Proposition 1.7.4, there exists an ¢y € (0,1) so that
¢(e) > 0 for every € € [eo, 1].
Define qp = inf{e > 0: ¢(¢) > 0} and we want to prove that gy = 0 by contradiction.
Were gy > 0, as qo < 1, take ¢ € (qo, 1(q0 + /a3 + 840) C (o, 1), then ¢(2g — qo) < qo.
Choose a € (0, (m —1)A1)and let 8 := (2¢ — q0)q(1 + ). Then 8 < qo < 2¢ — qo,
and thus

6(8) = 0. (7.18)

Set
B 1/4
R R e e

= S ATABRE 1), pedr(Bp a0y

K
— 7.1
2a1 72 32 8 5+« (7.19)

where a; is defined in (2.15). Note that 0 <y <1and 0 < f1,Kk,p<1.

As ¢(8) = 0, by the definition of qg, there exists some Lo € N (A1, A2, A3), some rg €
(0,70], 20 € R4ty > rdy € W, and A C Q := (ty — r2,t0) x Q(0,70) with
|A|/|Q| > B, such that

P (Ty < 75) < pola)o( 11 2) /4,

where {Z;,t > 0;P* z € ]Rd} is the space-time process of X having the infinitesimal gener-
ator Lo. We claim that |A| < ¢|Q|. Indeed, otherwise, were |A|/|Q| > ¢, by the definition
of ¢,

q+qo

po(@)d(——5 ) /4 > PUW(Ty < 7q) > 6(q),

which is impossible as p, gf)(ﬁ%) < 1. Next by breaking the proof into two cases, we

want to show that

q+

POV (T < 75) > pd(g)d(~—5") /4 for every y € Q(xo,7/2). (7.20)

() If B2\ Q| < (¢ — q0)|@Q], as |A| < ¢|Q|, by Lemma 1.7.5, there exists a collection B
of disjoint open boxes Q’s in Q of the form (7.4) such that |[A N Q| > ¢|Q| for each
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Q € B and |A| < q(1 + a)|B?| with B2 = UQGBQQ’ where Q? is of the form in (7.6).
Since |A| > B|Q|, then

B2nQl = (B - 1B\ Q| > |A|/(¢(1+a)) — (¢ — 0)|Q| = ¢|Q.
Enumerate B, as
i |, G20 Q1> 4/,
there exists an N € N such that | UY, Q2N Q| > ((3¢ + q0)/4)|Q|.
Let T := (UN,Q%) N ((to — 73, t0) x Q(xo, (1 — B1)r0)). Then
I > Ul QFn@Ql—|(to — r5,to) x (Qxo,70) \ Qlxo, (1 = B1)ro))| = ((¢+ 0)/2)|Q),

and therefore by the definition of ¢,

g+ qo) for every x € Q(xo,7/2). (7.21)

PUOn)(Th < 75) > ¢

We claim that

PU2)(Ty < 74) > p/4 for every (t,z) € T.

For (t,2) €T, (t,2) € 5% for some 1 < k < N. Denote Qj, as (t; — r2,t1) x Q(x1,71)
and by (7.6), t; +y172/8 < t. let © := (t1,t1 + 271(r1/4)?) x Q(w1,71/4).
If i > Biro/9, since O = (t1,t; + 271/3%7“8/362) x Q(x1,P1r0/36) C O, and by

Proposition 1.7.2, ®;5 is non-decreasing in 9, then with § =1,
pt2) (Te, < 7-(1‘/1,1‘/)><Q(0,7"0)) 2 p(2) (To, < T(t17t)><Q($0,7"0)) > Q(B1/72) > p. (7.22)

If ri < Biro/9, Q(z,71/4) U Q(21,71) C Q(x1,4711) as |z — Z1]ee < 3r1/2 < Bi1/6.
Then with § =1,

pt2) (Te < T(t1—7“%7t)XQ(x1,47“1)) > 91(1/32) 2 p, (7.23)

Apply the same smooth non-decreasing test function ¢ on [0,00) as in Lemma 1.2.6,
with 21 in place of g in f(y), i.e., f(y) = ¢(Jly—w1|?). Given d = 2, since Q(z1,71/4) <
B(z1,1), then similar as (2.15),

|Lf(x)| < ay for every T € Q(x1,7r1/4), (7.24)
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where a; is the constant in (2.15), depending only on (d, A1, Aa, A3).

As f(Xtanrgynyym) S T1/8 o0 {70y r/2) < t2}, by Lemma 1.2.3, (2.13), (2.16),
taking to = y17%/8, one has

IN

E? |:f(Xt2/\TQ(9€1W1/2))}

N 12ATQ (2,1 /2)
— f(z) +E° [/0 L Lf(Xs)ds}
< 71/32+ a1mri/s,

(r%/S)Pi(TQ(xl,n/% < ’717'1/8>

and it follows that
Pj(TQ(le,rl/Q) > 2’)/1(7"1/4)2) = 1/4 for every ¥ € Q(x1,71/4). (7.25)

Let Uy = {t1} x Q(x1,71/2).

Given {Tp < TQ}, if the process X starts from a point in Q(x1,r1/4), and takes more
than ;7% /8 amount of time to exit Q(z1,71/2),where 71 < 1, then the process Z will
definitely hit U; before exiting Q. Therefore, by (7.22),(7.23),(7.25),

PO (Ty, < rg) 2 BEI P Merri (rgqe, g,y > 13/8)i To < 7 2 p/4,
and it follows that

PUANTy <15) > EEIPAI0NN(Ty < 75) Ty, < 7g)

Finally, by (7.21) and (7.26), for every y € Q(zo,7/2),

P(to’y)(TA < TQ) > E(t09) [PZTF (Th < TQ);TF < TQ}

> pola)o( TS0/ (7.27)

If |IB2\Q| > (¢ — q0)|Q|, then by the definition of B2, there must exists a Q% € B2
intersecting with the hyperplane t = ¢y + (¢ — qo)r3. Recall the form of Q2 in (7.6),

a(g—qo)

we have to + 5r3 /a + 13 > to + (¢ — qo)rg, i-e., ra > 1o 5ta

Let D = (ty — r3,ty + (k2 — 1)13) x Q(x2, kr2) and

Oy = (ta+ (k2 — )12, ty + (k2 — 14+ 71K2/8)13) x Q(x2, k12 /4).



o1

By the definition of v, in (7.19), t2 + (k% + 71£2/8 — 1)r3 < t5. As k < 1, for any
y € Q(x0,70/2), Qy, kra/4) U Q(x2, kra/4) C Q(x0,70). Hence, again by Proposition

1.7.2 with 6 = 1,
p o) (T, > @y (2 M=)y 2
(To, < 7g) = @1 (5) [ ML) >, (7.25)

In addition, by the same argument in (7.25), for any & € Q(x2, kra/4),
P (TQugmra/2) = MKT5/8) = 1/4. (7.29)
Let Uy = {t + (k% — 1)r3} x Q(x2, kr2/2). By (7.28) and (7.29),
P (Ty, < 75) > p/4. (7.30)

As |D| = £*|Q|, by the definition of , one has

~ ~ A ~ +
[AND| > |ANQI-1Q\D| > (¢— (1 -x")IQ = THDI.  (7:31)
Then by the definition of ¢, (7.30) and (7.31),

Pov)(T, < ) %

v

Etov [PAT0)(T, = < 75); Ty, < 75)

po( 20 ja. (7.32)

Y

Finally, combining (7.27) and (7.32), one has (7.20), which implies that ¢(3) # 0. This
contradiction with (7.18) proves that go = 0. O

Corollary 1.7.7. There exists a non-decreasing function ¢ : (0,1] — (0,1/4] depending
only on (d, A1, A2, A3) and the rate of the function v in (1.3) converging to O such that for
any r € (0,71], o € R%, 2 € B(xo,7/2), and any measurable A C (to — 2, to) x B(xg, r)with
|A] >0,

PU) (T < T4y 2 10)x Blao) = (| A1/ |0 = 2, t0) x Blwo,7)). (7.33)

where 71 1s the constant in Corollary 1.4.11.
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Proof. We will follow the similar idea as the proof of Corollary 1.4.11. Fix r € (0,77), and
to > 2. Without loss of generality, we assume x¢ = 0 and for the notional convenience, we
assume the space dimension d = 2, and the proof works for higher dimensions.

Denote Q := (to — 72,1p) x B(0,7) and let A = |A|/|Q|. Take ¢ = £()\) € (0,1/2) so that
(1 — (1 —2¢e)%) = /2. Tt is clear that €()\) is an increasing function in A € (0,1]. Define
m(e) := (1 — (1 —¢)?)/2. It follows that

|AN (tg — 2+ m(2e)r?, tg — m(2e)r?) x B(0, (1 — 2¢)r)|/|Q] > \/2.
Let k = k(\) € N be sufficiently large so that £ > 1/(2ve? — 2¢) and for any box Hy; €
(to — 72 + m(e)r?, tg — m(e)r?) x B(0, (1 — ¢)r) of the form
Hyj = [ti—r? /K> 4] x Rij = [to— (14 1)r? /K> to—1r? /K] x [ir [k, (i+1) /K] % [jr [k, (j+1)r /K],
with 0 <1< k?—1,—k <i,j <k — 1, we have |Hy;; N (to — % + m(2e)r?, tg — m(2e)r?) x
B(0, (1 — 2¢)r)| # 0.We can choose k() in such a way that it is a decreasing function in

and hence a decreasing function in A. Let
C = {Hyj : |Hu; N (to — r* + m(2e)r?, tg — m(2e)r?) x B(0, (1 — 2¢)r) N Al # 0}

and M = M(X) be the total number of elements in C. Clearly, M is an increasing function

in k and thus a decreasing function in A\, and |M| < k% - (2k)2. Denote by R}; the closed

concentric cube as R;; but with side length half as long. As

Y 1HiugN Al = |(to— % +m(2e)r®, tg —m(2e)r?) x B(0, (1-2¢)r) N A] > A\|Q|/2 = |A]/2,
Hl,-]-eC

there must exist some Hj;; € C such that
|Hyi; N A| > |A]/(2M).
Since |Hy;j| = r*/k* and M < 4k* then
| Hiij 0V AI/ | Hyig| = |A]/(8r%) 2 N QI/(2l(t0 — %, t0) x Q(0,2r)[) = A/2.

Let ¢ be the non-decreasing strictly positive function on (0, 1] in Theorem 7.17. We have

by Theorem 7.17,

P (Tyy, o4 < 7,,) > ¢(A\/2) for z € R, (7.34)
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Let yo be the center of R;; and 1 = 1/2as A 1, where ay is the constant in (7.24).

Define Hy;; = (t;,; + 27v1(r/4k)?) x B(yo,/8k). Since k > 1/(2v/2 —2¢) and t; < tg —
m(e)r?, then t; + 2v1(r/4k)? < to. For any y € B(0,7/2), we have B(y,r/8k) C B(0,7).
Then by Proposition 1.7.3 with § = 1,

Plov(Ty < 15) > ®1(1/8k). (7.35)
Also, by the similar argument in (7.25),
P (TB(yo,r/4k) = 2v1(r/4k)?) > 1/4  for Z € B(yg, r/8k). (7.36)
Let U = {t;} x B(yo,r/4k). Then by (7.34), (7.35), (7.36), we have

P (o) (Th < TQ)

v

B[Py (Ty < 10): Ty < 7g)

Y

E(toy) [PZTU (TAmH“j < Tle'j); Ty < TQ]

v

SN2 BN [P TB 00w/ (7 g > e/ (32K2)); Ty

B(A/2)1(1/8k)/4,

; <TQ]

v

where @ is the non-decreasing strictly positive function on (0, 00) in Proposition 1.7.3 with

6 = 1. This completes the proof of this corollary by taking

p(A) == @(A/2) P1(1/(8k)) /4 = $(A/8) D1(1/(8K(N)))/4,

which is a strictly positive non-decreasing function on (0, 1]. O

Next, we are going to show the Holder property of L-parabolic function w.

Theorem 1.7.8. Suppose L € N (A1, Aa, A3) satisfying (1.3). There exist constants C > 0
and € (0,1) that depend only on d, A1, As, A3 and the rate of 1 converging to 0 so that
for any zg € R, r € (0,79], and any bounded function u parabolic with respect to L in

(to — 72, t0) x B(zo,r), one has

[u(s, 2)—u(t,y)| < Cllulloo P (|t=s["*+z—yl)®  for any (s,2), (t,y) € (to—r>/4,t0) x B(z0,7/2),
(7.37)

where Tq is the constant in Proposition 1.4.7, and |[ullec = SUP(; 4)e(0,00)xre [U(t; )]
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Proof. Fix zg € R? and r € (0,7)]. Suppose that u is a function defined in (0, 00) x R that
is L-parabolic in (tg —r2,t9) x B(zo,r). Since u is bounded, then without loss of generality,
we assume that ||uljco = 1/2.

Take (t,z) € (to — r%/4,ty) x B(xg,7/2) and r; = r/2, so that (t — r?,t) x B(z,r) C

(to — 72, t0) x B(zo,7). Let ¢ be the non-decreasing function defined in Corollary 1.7.7. Set

a:=1/1—(1/3)/4V (1/V/2), and p := (m A 3)1/2\/5,

where ¢ > 1 is the constant in Lemma 2.3. Note that 1/v/2 < a <1 and 0 < p < 1/2. For

1

n > 2, let r, = p"~!ry, and for simplicity, denote (t —r2,t) x B(x,1y) as Qn, 70, as T,. Let

M, = SUD(s,9)eQn 'LL(S, y)? My 1= inf(s’y)eQn U,(S, y)
We claim that

M, —m, < a" 2, for each n > 1.

Obviously, My — mo < M7 —mq1 < 1. For n > 3, define

An = {(Svy) € QTL : u(s,y) S (Mn + mn)/z}

We claim that |A4,,/Qy| > 1/2. Otherwise, we consider M,, — u instead of M,,. Let A be a
compact subset of A,, such that |4/Q,| > 1/3. By Corollary 1.7.7, we have

PH)(Ty < 1,) > (1/3) for Z € B(x,rpy1). (7.38)

For any € > 0, there are 21, 29 € Qp41 so that u(z1) > M1 — e, u(z2) < mp41 + €.

As L € N(A1,As, A3), by (5.4), we have that for 1 <i<n—1,

sup POY(Z, ¢ Quna) < alsp™/(1—p)% (7.39)
(s,y)GQn

Note that p? < a/4 < 1/4. Following the same calculation as in (5.5), we have by (7.38)
and (7.39) that for n > 2,

Mpy1 — mpy1 — 2¢
< u(z1) —u(z2)

= E(t’m) [U(ZTA/\M) - U(ZQ)]
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— Et) [w(Z7,) —u(z2); Ta < ) + E®2) [w(Zy,) —u(z2);Ta > Tn, Zr, € Qn—1]
+ Z E() [U(ZTn) - U(ZQ); Ta > 7o, Zn, € Qn—i \ Qn—l—l—i]

_’_E(tvx) [U(Z’Tn) — U(ZQ),TA 2 Tn, Z’Tn ¢ Ql]

< (M +mp)/2 —mp)PO(Ty < 1) + (M1 — mp_1) PO (T4 > 7,)
+ > Moy —mp ) PY (2, ¢ Quiai) + P72, ¢ Qu)
< %a”_2P(t’$) (Ta < 1) +a"3(1 - PE(Ty < 1))
n—1
+ Z an—i—QClAglOQ(i—l)/(l _ pi—l)Q + CIA3p2(n—1)/(1 _ pn—1)2
=2
-3 (t,x) 01A3a — z 1 61A3p2(n71)
< (1—(1—&/2)P ’ (TA<7’n)) Z p*/a) T
n—3
< a7 (1—(1-a/2)p(1/3)) +4e1Aza" 3 (p2/a) D 27F + dey Agp*n Y
k=0
< a3 (1 2o (1/3)) + 8c1Aza" 3 (p? [a) + deiAgp* )
1—1p(1/3
< o (2;‘;( B4 senns ((20%/a) + 5(&/@“))
< ol (1 902(1/3) n 10c1 A3 P2>
a a
S an—l.

Sending € — 0, we have M,, 11 — mp11 < a" %

Given z; = (t,7),20 = (5,y) € (to — 1%, to) x B(zo,7/2),with s < t, let k be the largest
nonnegative integer not exceeding log,(|z2 — z1|/r). Then z3 € (t —ri . t) X B(x,7541),

and |23 — 21| := (|t — s|)'/2 + |x — y| < p"r. Therefore,
1

|U(2’2) — U(Zl)| < ak—l <z 1 logp(|z2 z1|/r) < 7(‘22 _ Zl|/7,,)10ga/logp
a

S

Since 1/v2 <a<1and 0 < p < 1/2,s0loga/logp € (0,1/2), then we complete the proof
by taking 3 := loga/logp € (0,1/2) and C = 2a~!, which both depend on d, A1, A3, A3 and

the rate of the function ¢ converging to 0. 0
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Proposition 1.7.9. Suppose L € N (A1, Ao, A3) satisfying (1.3) and X is a Hunt process
that solves the martingale problem for (L, CZ(RY)). Denote by P®0:®) the law of the space-
time process Z; = (Vo—t, X3) starting from (to, z). Then for any o € R% r € (0,7¢],t0 > 2,
there exists c5 > 0 that depends only on (d, A1, As, A3, cy) such that for any bounded non-
negative function h supported on [0,tg] x B(zo,2r)¢ that is L-parabolic in (to — r%,t9) X

B(xg,r), one has

BN W(Z,)] < sECY[0(Z,,)]  for z,y € B(xo,/2),
where Tr = T(1,_y2 40)x B(zo,r) = f{t > 01 Xy & B(zo,7)} A r? = TB(zoyr) /\ r2, ¢ is the

constant in (1.12), and ro is the constant in Lemma 1.2.3.

Proof. It just suffices to prove for h(t,z) = Lo xr(t,7), where F' is a closed set in

B(xg,2r)¢. By Lemma 1.2.6, Proposition 1.2.8, for any x € B(zo,r/2), we have

E(t()’y)[]l[o,tg]xF(tO - 7-7'7XTT)] = ]P)y[XTr € F]

= EY[Y_ Lix_zx.x.ep)

s<7p

Ey[/OTTn(XS,F ~ X,)ds|

Vv

caln(xo, F — x0) EY[7,]

v

co 'n(wo, F — x0) cor?. (7.40)
Similarly,by Lemma 1.2.3, for any = € B(xg,r), we have

E(tow)[]l[O,to]XF(tO_TraXTr)] - EI[/Tn<X87F_XS)dS]
0

< cin(zo, F — x0)e1r?. (7.41)
Hence, let c5 = cgca/c1, and by (7.40),(7.41), it yields that
E(tmx)[]]‘[o,to]XF(ZTr)] S C5E(toyy) [H[O,to}XF<ZTT)]7 for T,y € B(x07 7’/2)

O

Proposition 1.7.10. Suppose L € N (A1, A2, A3) with condition (1.3) holds. For any bounded

function u(t, z) on (0,00) x R? that is L-parabolic in an open subset D of (0,00) x RY, then
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s+ W(Zsprp) is right continuous PH®) -a.s. for any (t,x) € D,where {Zs : s > 0} is the

space-time process of X .

Proof. This follows the same proof as Lemma 1.6.1. O

Proof of Theorem 1.7.1. For v € (0,71) and u be any nonnegative function on (0, 00) x R?
that is L-parabolic in (tg — r2,t9) x B(wo,r). Similar to the beginning of the argument
in Theorem 1.1.2, it suffices to establish the parabolic Harnack inequality for bounded
nonnegative functions u on (0,00) x R? that is L-parabolic in (ty — 72,ty) x B(zo,r) with

nf( ooy xra w > 0.Taking a constant multiple of u if needed, we may further assume
infu=1/2, (7.42)
Q+

where Q1 := (to — 312/8,to — r%/8) x B(xg,7/2).

Then there exists a point (¢,z) € Q4 such that u(t,z) < 1. Let ¢ be the function in
Corollary 1.7.7, and take ¢(r) A r if needed, we way assume that lim,_,g+ ¢(r) = 0.

Our goal is to show that u is bounded above on (J_ by an universal constant which
depend only on (d,co, A1, A2, As) and the rate of the function ¢ in (1.12) converging to 0
and we will do it by contradiction.

Let

v =1/((2a1) V 2), where a; is the constant in (2.15),

and denote 7, = inf{t > 0: Z; ¢ (to — r%,t) x B(wo,7)}.
We claim that for any r € (0,71),y,2 € B(zo,3r/4), any t —r2/8 > t; >ty > ... >t} >

the1 > ... > tg — 12,k € N, we have
POV, o yoa-2040,2)x plaa-tey < Tr) = 05T (7.43)
When k& =1, by Proposition 1.7.3 with § =1,
PO (T, 414291 (/1602 x Bza—2r) < Tr) = @1(1/16) > B1(1/16) =: 63

Since B(z,7/4)UB(y,r/4) C B(zo,7), let T1 = (ta+271(4737r)2, ta+2v1 (4737)2 +4172/16) x

B(z,7/4), and by the strong Markov property of Z and Proposition 1.7.3, we have

Pt (T(t%tﬁz,ﬂ(rs?a)z)XB(Z,T/64)) < 1)
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Y

ECD[PA(Ty, 1 vom (4-30)2)x Bl /64) < Tto—r2.0)x Bler/a))i T1 < T

> ®(1/16) PV [Ty < 7,] > 63. (7.44)

Suppose that for k& > 3, P(t7y)(T(tk,l,tk,1+2'yl4—2kr2)><B(z,4—kr) < T(to—rQ,t)xB(oco,r)) > 66“
holds. Let T = T(y, | gy, 4204152,y 42944204012 oy 4-2402) B p) - Sice B(z, 470 Dr

4%y € B(z,4~%Dr), then

t’
P( v) (T(tk,tk+2714*2<k+1>r2)><B(z,4*(k+1)7“) < 7—7”)

v

(ty) pZ .
E [P 2 (T(tk,tk+2'y14*2<k+1>r2)><B(z,4*<k+1>r)) < Tty tio+2y14— 241 p2 4y 4=2k2) x B(z,4— (k=1 1)}
T2 < Tr]

E®Y[®,(1/16); Ty < 7]

v

> 8o 0k =oFtL.

For k € N, define Uy, := {t} x B(z,47%r/2) for z € B(xo,3r/4),0 < r < 7.
Then applying the same test function ¢ in Lemma 1.2.6, but with (z, B(zg, 1)) in place
of (x1, B(z,47%r/2)) in f(y) and (2.15), and then by the same argument as in (7.24), (7.25),

we have
]P)j[TB(ZA—kT/2) > 2414720+ D32] > 1/4 for any 7 € B(z,4~* g, (7.45)
Then by (7.43),(7.45), it follows that, for any y, z € B(xo, 3r/4),

t .
Pty [TUk <]

AV

Xr
t, sa—(k+1),. —2(k+1),.2y.
EGV[P Ba (TR a—krj2) = 2714 (k+1)1.2).
T(tk,tk+2714*2(k“)r2)xB(ZA*’””T) < Tr]

> /4. (7.46)

Hence by the strong Markov property of Z, (7.46) and Corollary 1.7.7, for any A C
(tr — 47%F72 1) x B(z,47%r),y, 2z € B(xo,3r/4),k € N,

PEY(Ty < 7,)

Zp-
> R [P To, (Ty < T(tk—4*2k7"2,tk)><B(z,4*kr)); Tﬁk < 7
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> o(Al/|(te — 472 % t) x B(z,47Fr))6g T /4. (7.47)
Set
no = 90(14/2) A %5, §o=1no0/cs and o = % (7.48)

where ¢5 > 1 is the constant in Proposition 1.7.9. For any real number a, denote by |a] the
largest integer not exceeding a. By decreasing the value of dy € (0,1) in (7.43) if needed,

we may assume that 0 < §y < ﬁ Let m be the smallest nonnegative integer so that

1/(410g50 1/(1+v/2) _ 1) < gmlogs, 1/(1+70/2) (7.49)

As
. [(k4+m)logs,. 1/(14+v0/2)]

lim (14 90)Fa, 0 T o,
take

. k o L(k4+m)logs  1/(1+70/2)] <

ag := Igzlfl(lJr%) do <1+,
and let
5(1+ )

= . 7.50
apkodop(} - (55)42) (750

Note that 0 < 79 < 1/4, 0 < & < 1/2, and thus K > 5/§ > 10. Let r, = r/(2 -
gtm)Togs, 1/(490/2) for | > 1 and by (7.49), 00 i, < /2, and Ypoy 12 < r2/4.

In addition, for each k € N,
472 <y <470 /2, where ny, == | (k 4+ m)logs, 1/(1+70/2)]. (7.51)

We will show that u < K on _. Suppose not. Then there exists a point (s1,y1) € Q- =
(to — 3r2/4,tg — r%/2) x B(xg,7/2) with u(s1,y1) > K. We claim that in this case

there is a sequence of points {(s,yx); k > 1} C (to — r2,t9) x B(zo,r) so that
(SksUk) € (Sk—1 — T4_1,8k—1) X B(yk-1,7%—1) having
w(sk, y) > K(1+ 7)1, (7.52)
with the convention that so = tg — r2/2,y0 = mg,70 = 7/2. Let Uy, = {sp} x B(yk,r1/4).

Since by (7.51),

473 < ri/8 < 472,
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Notice that t — s, > 72/8 for every k € N. Then by (7.43) with(sg, yx, i + 3) in place of

(tg,z,k + 1), we have

PO (T, b2 (ri/9)2)x Blunora/8) < Tr)

v

t,x
P! )(T(Sk78k+2vl472"k76T)XB(ykA*”’f?”’) <)

> gpEt (7.53)
Then with (s, yx, 7%/4) in place of (tx, z,47%r/2) in (7.46), by (7.45), (7.53), it follows that

x z) (X
P(tv )(TUk < TT) > E(’Z )[]P’ TB(yy,7y,/8) (TB(yk,Tk/4) > ’}/17']%/32); T(Sk75k+’Yl7"]%/32)XB(yk,T'k/s) < Tr]

5553 /4.

\%

If u > &K (14 ) ! on Uy, then by (7.50),

1 > u(t,z) =B [u(Zy, ar)] > K (1 +90)" PEN(Ty, < 1)

> &K (14 y0) ot /4 > 2.

By contradiction, there is at least one point on Uy, taking values less than &K (1 + o)+~

Next define 7, /2 = Tp(yr/2) A (17/4) = inf{t > 0: Z, & (s, — /4, sx) X By, mi/2)}

and we claim that
ECe[u(Z,, ) Xn & Blyr, )] < moK (1+70) (7.54)
Indeed, otherwise, by Proposition 1.7.9, we would have for every z € B(yg,ri/4),

u(sg,z) > E (k) [U(Zﬂ«k/z) : Xﬂ«k/z ¢ B(yr, )]

FEOINZ,, ) X, ¢ Blurs)

cganK(l + ’yg)kfl

AV,

Y

oK (1+70)* L,

contradicting with the fact that there is at least one point on Uy, with u < &K (1 + 7o) 1.

Define A := {(£,7) € (sk —12/4, s) X B(yk,71/2) : u(t,y) > &K (1+70)k 71}, and claim
that
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|A] < [(sk — /4, 51) X By, 1%/2)|/2.

If not, let A be a compact subset of A such that |A| > |(sy — r2/4, sg) x B(yk,71/2)|/4.As

472y < pp /2 < 47" Ly then

|A]
(s, — 472772, s1.) x B(yp, 47 )|
4] (k= 72/4 ) X Bl /)
|(sk — r2/4,s) X By, ri/2)| |(sk — 47212, s1.) x B(yg, 47|

v

(1/16)42 /4.
Then by (7.47), with (sg, yx, nk) in place of (tx, z, k),

PUO(Ty < 7) = o((1/16)72 /4)55++ /4. (7.55)
Therefore, by the definition of parabolic functions and (7.47), (7.50),

1> u(t,z)

v

E(t’x) [U(ZTA) : TA < Tr]

\%

fQK(l + ’Yo)kilp(t’x) (TA~ < Tr)

Al
K(1 k—1 ’ 5nk+1
‘50 ( +'70) SO(’(Sk —4—2nkr2,sk) < B(yk,4_”kr)\) 0

K (1 +70)""o((1/16)72 /)31 /4 > 5/4.

A%

v

So by contradiction, |A| < |(sg — r2/4,sk) x B(yk,7k/2)|/2, and there is a compact subset
E C (sg —r2/4,56) X B(yk,7r/2) \ A such that

|El/|(sk — r7/4, 51) X Blyr, 71/2)] > 1/2, (7.56)
with
u(t,y) < &K1+ fyo)k_l for every (t,y) € E. (7.57)

Let My = SUD (5 g)e(s—r2,5) x Blyg.r) u(8,7y).Since t — u(Zipr ) is a bounded

(Sk*7'iysk)><3(ykﬂ'k)

martingale, then by (7.54),

u(sk ) = BEWu(Zrpag, )

= B [u(Zr, )i Te < 7,0
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+EC U u(Z,, )7 g0 < Ty Xo, € Blye, 7))

+EC u(Z, )T g2 < Tiy Xr, 1y & Blyk, )] (7.58)
By (7.57), Lemma 1.7.10, we know that
ECtU [w(Z1,); T < Ty po] < SoK (14 70) T PERY) (T < 750, 1 2).- (7.59)
Therefore, by (7.54), (7.58), (7.59),

’U,(Sk, yk) < foK(l + ’)/o)k_l P(Sk’yk)(TE < TB(zk,rk/2)> + MkP(sk’yk)(TB(ijrk/Q) < TE) + noK(l + ”)/0>k_1
= LK1 +) P PERU) (T < 1, 1, /9) + My (1 — PERU(Tp < TB(zk,rk/Q)))

+noK (1 + ’Y())kil.

As u(sg, yx) > K(1 +0)* 1, we conclude from the above that

(1= &)PEwve) (T < 7, 19) — o
1 — P(Skvyk)(TE S T’f‘k/Q) ’

Mi/(1+70)F 1K) > 1+

Notice that by Corollary 1.7.7 and (7.56),
PURUN (T <1 5) > 0(1/2).

Hence by the definition of &g, 79, and ~pin (7.48), we have from the above two displays that
My /(1 +70)" 1K) > 1+ .

Thus there exists a point (sk41,Yk+1) € (Sk—77, 8k) X B(yk, %) such that u(sgi1, Yet1) >
K(1 + 7)*. Thus by induction, there exists a sequence {(s;,y;);j > 1} that has the
property (7.52), contradicting with the assumption that v is bounded on (to — 72,tg) x
B(xg,r).Therefore, u < K in Q. Then together with (7.42), we complete the proof by set-
ting C' = 2K in (7.1), which depends only on (d, A1, A, A3z, cp) and the rate of the function

¥ in (1.3) converging to 0, and independent of xg, ¢y and r.
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Chapter 2

HARNACK INEQUALITIES FOR WEAKLY COUPLED NONLOCAL
SYSTEMS

2.1 Introduction

Let M = {1,...,m}, for m > 2. Suppose that Q(z) = (gij)mxm(z) is an m x m matrix

valued function on R? such that for a.e. z € R?,

¢ij(x) >0 fori# j, and Z%‘j(x) < 0 for each i € M.
j=1

For any function

U1
u=| 1 | :RI—R™,
define
Q(x)u(x,-)(1) := Z gij(x)u(z,5), (x,i)€ R x M. (1.1)
JEM

Consider the following weakly coupled operator G such that for each i € M, u(-,i) €
CP(RY),

Gu(x,i) := Liu(z,i) + Q(x)u(x, ) (1), (r,i) € R x M (1.2)
with

Liu(x,i) = Lou(x,i)+ SP2u(x,q), (1.3)

where

b 1 s NN O
Llu(z,i): = 3 kél akl(x,z)mu(x, i)+ I; by (x,z)a—xku(x,z); (1.4)
Shu(x,i): = / (u(z + 2,7) — u(w,i) — Vu(z,q) - 1),j<12)b2(z, 2,4)ji(2)dz. (1.5)
R7\{0} -

Here ag(x,i) = ajx(z,i) and there are positive constants ©1, 03, 03,0y, ¢, c; and v € (0,1)

such that (ag(,1))1<k1<m, OF(2,%))1<k<m, b2(z, 2,1), ji(2) satisfy the following conditions:
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(a) (Uniform ellipticity and Holder continuity on diffusion matrix)

d

O1l¢” < Y an(z,i)G < O7'¢?,  for ¢ € R% (1.6)
k=1

lak(z1,7) — agi(z2,1)| < clxy —xo|”, for (x1,1), (xe,1) € R? x M, some v € (0,1).

(1.7)
(b) (Bounded drift)

|1b1]lcc :=  sup  |b1(z,7)|] < Os. (1.8)

(z,5)ERIX M
c évy jumping kernel condition and nonnegative local boundedness
Lé k 1 d d local bounded
[b2(, 2, ) || oo (e xR\ [0} x M) < O3 (1.9)
/ (1A |2[2)ji(2)dz < O, (1.10)
R4\ {0}

where each j;(2) is a nonnegative locally bounded function on R%\ {0} such that there

exists a constant § € (1,2) and ¢; > 0 satisfying

. C1 .
ji(z) < 2P for z € B(0,1) \ {0},7 € M. (1.11)
In matrix form,
Ly 0 ... 0
0 Ly ... O
Gu=| v+ Qu. (1.12)
0o 0 - L,

Such operators with no derivatives appearing in the coupling terms are called weakly coupled
operators. There are studies on potential theory for weakly coupled elliptic systems where
L; in (1.3) are all differential operators. In 1989, Skorohord in [70] introduced a Markov
process {(X;, A),t > 0; P (z,47) € (RYx M)}in a descriptive manner under the condition
that >°,c 0 gij(r) = 0 a.e. in R having G as its infinitesimal generator (1.2). In [28], Chen
and Zhao established the existence of switched diffusion processes corresponding to the

weakly coupled elliptic operators in divergence form with measurable coefficients such that
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the diffusion matrix is uniformly elliptic, and the coefficients of the first order term and
each term in the switching rate matrix ) belongs to a Kato class. They also showed the
solvability of the Cauchy problems for weakly coupled elliptic systems via a Dirichlet space
approach, i.e. du/0t = Gu and a strong positivity result for the solutions. In [28], the

regularity condition on coefficient a”, b*, and g are the following :

d
ap (-, i) € WH2(D) for each i, Z(@bk(-, i))/0x) is bounded from below for each i,
k=1

m
and Z ¢i; is bounded from above for each j,
i=1
where D is a bounded domain. In [29], Chen and Zhao generalized the previous result

to weakly coupled elliptic system (i.e. Gu = 0) whose coefficients are only measurable
such that the diffusion matrix is uniformly elliptic with lower-order terms in a Kato class
on bounded domains. They also gave a probabilistic representation of the solution and
proved a strong positivity result for that problem via a probabilistic approach. Later, the
corresponding Harnack inequality for weakly coupled elliptic systems and the full Harnack
inequality under the irreducibility assumption of () and Hélder continuous coefficients are
established by an analytic method in [30]. The Harnack inequality improves the result of

F. Mandras [58], in which the Harnack inequality takes the form :

Z sup u;(x) < CZ inf u;(x),
-1 zeD

‘S aeD

where D is bounded. The approach in [30] is based on the representation theorem obtained
in [29] and the estimates of Green functions and harmonic measures of the operators Li+ g
in small balls. Stimulated by the ongoing research on nonlocal operators which correspond
to various jump processes, see [6, 9, 14, 20, 71], as well as the surgent needs of applications
of switched Markov processes (X, A) to the fields of engeering and finance [41, 69, 59, 46],
the scale-invariant Harnack inequality for £; of the form (1.3) with uniformly elliptic diffu-
sion matrix, bounded drift and more general jump kernel assumption has been studied in
[24], and the weakly coupled nonlocal system of (1.2) has also been studied, for example,
in [15]. In [15], the non scale-invariant Harnack inequality for each level and the full rank
Harnack inequality for the operator (1.2) satisfying (1.6),(1.8),(1.10), the additional conti-

nuity assumption on (ax;(z)) and (bx(x)), and the relative comparison of the jump intensity
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have been established. The purpose of this paper is to establish the scale-invariant Harnack
inequality for the weakly coupled system. In this paper we assume that the dimension d > 2
and our goal is to establish the scale-invariant Harnack inequality for harmonic functions
with respect to the operator G in (1.2). We say that the non-local operator £ of the form
(1.3) belongs to class N (©1,02,03,04,7, 3,¢1) if the following (1.6)-(1.11) hold and an
operator G belongs to class N (cg, m, 7, 8,01,02,03,04,05,c1,9) if (1.6)-(1.11) hold with

the additional conditions (1.14) and (1.15) for the switching rate matrix Q):

There exists a constant matrix Q¥ = (qgj) and a positive constant 0 < ¢y < 1
such that coq?j < gij(x) < q?j < Os5,i# j a.e. on R? (1.13)

and — g;i(z) < —¢% < O35 a.e. on R%. (1.14)

Define J%(x,1,1) = by(z,y — x,4)ji(y — x), for each x,y € R?,i € M. We say that the
jumping kernel J%2(z, x4 2,4),7 € M satisfies the UJS condition if there exists a constant

9 =9(d, B,b2) > 0 so that for a.e. x € R 2z # 0, every i € M,

0
JO2(z, 2 + 2,0) < 7/ J%2(u, x + 2,i)du for every 0 < r < |z|/2. (1.15)
B(z,r)| JB(ar)

Here |B(xg,r)| denotes the Lebesgue measure of the ball B(zg,), which is wgr? with wy
being the volume of the unit ball in R¢. For the typical examples of the nonlocal operators
whose jump kernel J%2 satisfy the UJS condition, we refer the readers to Remark 1.6 in [26].

Given a switching rate matrix (), we denote the collection of n-step path from state i to
J by
\IJ(TL,Z,]) L= {(Zo,ll, ,ln) = i,ln =17, l; € M,ll 7& li+1, {qliliJrl(l') > 0}
has a positive Lebsgue measure on R?, for i = 0,1,...,n — 1}.(1.16)
By (1.13),%°(n; i, j), which is defined correspondingly for Q°, satisfies that W°(n;i,j) =
U(n;i,j) for any i,7 € M,n € N.

Definition 2.1.1. We say that the operator G or its associated matriz-valued function @ is
irreducible in R? if for any distinguished k,1 € M, there exist lg, ..., L, in M with l;_1 # I;
for1<i<mn,lg=k andl, =1 such that qlol-_lli #0.
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Definition 2.1.2. We say that the operator G or its associated matriz-valued function Q is

strictly irreducible if ¢, > 0 for any k,l € M.

And we denote
qo = min{q;; : i,j € M,i # j}. (1.17)

For any G € N(co, m,~, 3,01, 02,03,04,05,c1,9), we can show that there is a unique
Hunt process Y = {(X¢, A¢),t > 0;P@D (z,4) € (R? x M)} solving the martingale problem
for (G, CZ(R? x M)) starting at (x,i) : that is, for every function u(x,i) : R? x M — R,
such that u(-,i) € CZ(R?) for every i € M,

t
M = w(Xy, Ay) — u(Xo, Ao) —/O Gu(X,, Ay)ds

is a P(®)_local maringale for each (x,i) € R* x M and P9 (X = z,Ag = i) = 1, where
X is an R¢—valued process, and A is a switching process taking values in M. In this case,
we say that the Hunt process Y = {(X;, Ay),t > 0;PED (z,7) € (R x M)} has the
generator G or corresponds to the operator G.

The process Y can be constructed in the way described in [30, Remark 2.2]: Under
the assumption (1.6)-(1.11), by Theorem 5.2 in [49], there is a unique conservative strong
Markov process X = {X;,t > 0;P* 2 € R?} whose distribution with P*(Xq = 0) = 1
solves the martingale problem for (E,C’g(Rd)), where £ € N(01,02,03,04,7,8,c¢1). By
the assumption (1.9), we know that b(z, 2)j(2)dz < O37(z)dz for every x € RY, then by [49
Theorem 2.1, Theorem 2.2], the process X is quasi-left continuous under P*. Fix iy € M
and let (X iO,P(zO’iU)) be the Hunt process corresponding to the infinitesimal generator £;,
starting from (g, i9). We run the subprocess X of X that is killed with the rate —Qigio ().
Note that the subprocess X has the infinitesimal generator L;, + qiyi,- At the lifetime 7,
the killed subprocess X is killed with probability 1 + > iem igi (X7 )/ Qigio (X79 ) and
jumps to plane j # i with probability —g;i,;(X%°_)/iyi,(X2_) and then starting from
X% (7;—), we run an independent copy of a subprocess X7 of X7 with the killing rate
—q;;(x). Tterating this procedure, the resulting process Y = ((Xy, Ay),t > 0;P@0)) is a
Hunt proces with lifetime ¢ by [43, 60]. For each 2 € RY, we say that Q(x) is Markovian if

> jem @ij(x) = 0 a.e. on R? for every i € M, and sub-Markovian if Y iem ij(r) <0 ae.
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on R? for every i € M. When Q(x) is Markovian, the lifetime ¢ = oo, and when Q(x) is
sub-Markovian, ( < oo with positive probability. We use the convention (X, A;) = 0 for
t > (, where 0 is a cemetery point and any function is extended to 0 by taking value zero.
It is easy to check that ((X,A),P(0:0)) solves the maringale problem for (G, CZ(R? x M)),
where we denote by CZ(R? x M) the class of functions u defined on R? x M such that
u(+,1) is in CZ(RY) for each i € M. This way of constructing a switched diffusion process by
patching together the pre-switching process X for the operator L; + g;; with its switching
distribution has also been utilized in [29, Page 296].

In this paper, we always assume that D is a bounded and connected open set in R?. We
say that a Borel measurable function u : D x M + R? is G-harmonic in D x M if for any

relatively compact open subset V of D x M,
E@D [u(Xr,, Ar, )] < 00, and u(z,i) = E®D[u(X,,,, Ar)]

for every (z,i) € V, where 1y := inf{t > 0 : (X¢,As) ¢ V} is the first exit time from
the set V. Heuristically, u is G-harmonic in V if Gu = 0 in V. But we are not going
to establish this analytic characterization. See [17, 57] for the equivalent characterizations
between probabilistic and analytic notions of harmonicity under some suitable conditions.

Our first main result is on the local Hélder regularity for bounded G-harmonic functions.
Theorem 2.1.3. Let G € N(co,m,,3,01,02,03,04,05,c1,9). There exist constants
7o = 70(d,01,02,03,04) € (0,1/4), a1 = a1(d,3,01,02,03,04) € (0,1) and C; =
C1(d, B,01,02,03,04,05,m) > 0 such that for any v € R r € (0,7), any bounded
function u defined in R? that is harmonic with respect to G in B(xg,r),
Ju(z) ~ u@)] < Cullllo 2o for any 2.y € Blao.r/2).
Here || - || is the supremum norm of a vector.

The next one is on the scale-invariant Harnack inequality for nonnegative G-harmonic
functions.
For any nonnegative function u defined in R? that is G-harmonic in B(xg,7), ¢ € R r >

0, define

h(z, k) = E@F) [u(XTB(IM/Q),ATB(EO,T/Q));TB(xw/Q) <mn, (x,k)€ B(xo,7r/2), (1.18)
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where

T = inf{t >0: Ay 7é Ao}, (1.19)
is the first switching time for (X, A).

Theorem 2.1.4. Let G € N(co,m,~,3,01,0,03,04,05,c1,9) with Q satisfying (1.13). Then
there exist constants 0 < r1 < 1 and Cs,C3 > 0, which depends only on

(d,m, co, 8,7, 01,02,03,04,9,Q°), such that for any o € R:r € (0,71], any nonnega-
tive function u defined on RY x M that is G-harmonic on B(xg,r) x M, we have for any

z,y € B(xo,7/8),k € M,

Coh(y, k) + Y 7™h(y,1)) < u(a,k) < Cs(hly, k) + Y ™ h(y, 1)),
I€E(k) leE(k)

where h(y,l) is defined in (1.18), E(k) = {l € M\ {k} : U(n,k,1) # 0, for some n € N}
and my; is the smallest integer n such that W°(n, k,1) # (.

In particular, for each k € M
u(z, k) < Culy, k), for any x,y € B(xg,r/8),

where C' = C3/Cy.

Under the assumption of strict irreducibility for G, we have the following scale-invariant

full rank Harnack inequality for nonnegative G-harmonic functions.

Theorem 2.1.5. (Full Rank Harnack Inequality) Let G € N (co,m,~, 5,01, O2,03,04,05,c1,9)
with @ satisfying (1.13) and G is strictly irreducible. Then there exist constants C1,C3>0
and 0 <71 < 1 depending on (d, 3,7,01, 02,03, 04,9, m, cy, qo, Q°), such that for any r €
(0,71], any nonnegative function u defined on R x M that is G-harmonic on B(xg,r) x M,

we have
w(w, k) < Cr(u(y,1) + h(y, k) for any (v, k), (5,1) in Blzo,r/8) x M.
In particular,

u(z, k) < Csr~2u(y,l)  for any (z, k), (y,1) in B(zg,r/8) x M with k # j.
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Here h(y, k)is defined in (1.18), and 71,qo are the constants in Theorem 2.1.4 and (1.17)

respecitvely.

The rest of the paper is organized as follows. In Section 2, we derive the two-sided scale
invariant Green function estimate and the Martin integral representation formula for non-
negative harmonic functions with respect to the operator £; + g;;, as well as the probabilistic
representation formula for nonnegative G-harmonic functions in term of harmonic functions
for L; + ¢ii, i € M in small balls. The proof of the Holder regularity of bounded G-harmonic
functions is given in Section 3. The proof of Theorem 2.1.4 is given in Section 4 and the

proof for Theorem 2.1.5 is shown in Section 5.
2.2 Preliminaries

A Borel measurable function f is said to be in Kato class K; if and only if for each ball B
in R%:

lim [sup ~/|y—ar<7" [f(W)lg(y — z)dy] =0, (2.1)

r—0 z€B
where

—In|z| when d = 2;
g(x) = (2.2)
|2|2~% when d > 3.

Remark 2.2.1. The boundedness assumption of qxr in (1.13) implies that each qg, €
Ky, k € M.

The following rough scaling property of the infinitesimal generator identifies the class of

the operators for which the scale-invariant Harnack inequalities will be established in this

paper.

Lemma 2.2.2. Suppose that {(X;, A),t > 0;P@D (i) € R x M} is a Hunt process
having the infinitesimal generator G € N(co,m,~, 3,01,02,03,04,05,¢1,9). For any
A€ (0,1], define i = X' X2y, Ty = Ayzy, and P®D = PO Thep {(V;,Ty),t >

0; P, (z,i) € R x M} is a Hunt process corresponding to the infinitesimal generator

GV f(2,i) = LV f(a, i) + QW (@) (2, ) (@), for (z,4) € R x M,
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where f(-,i) € CZ(RY),i € M,

) Lo 1 d N .
‘Ci f(l’,l) - 2klzzlahl()\x?l)amkaxl(x’”
+(Abi (A i) - /R R ERE X2y (A, Az, i)jo(A2)dz) - ¥ f (. i)
+ /Rd\{o} (Fa+20) = F@0) - 2Lgiary - V() A2, Az, )ji(A2)dz
FX2 Q) f (, ) (4), (2.3)

and

qg‘) (x) = Azqij(x\m), for every i,j € M.

In particular, GN) € N (O1,0, 4+ 0304, 03,04,05,79, 3,7, ¢1) with Q¥ = \2Q0 in (1.13)
for every X\ € (0,1].

Proof. For any [ € Cg(Rd,M), define fy(z,i) = f(xz/\,i). Denote by P(®% the transition

semigroup of (Y,I").Then

P, f(x,i) = E@I[f(Y;,T1)] = EO) f[( Xz, Ayze)] = POIY fr (A, ).

Then

G f(x, 1)

E@i [f(Ye,Tp] — f(x,d)]
t—0 t

= lim EATI[fr (X2, Azo)] = fa(z, 1))
t—0 A2t
1 an

d
_ ai (A, ) (2,8) + (Mo1 (A, d) — /
”2:1 J Ox; 0z ( R4\ {0}

A2 = 22G [ (Aa, ).

Z]]-{1<|z\§1/)\})‘d+2b2()‘xv Az, Z)jO()‘Z)dZ)) ’ Vf(IE,

O |

* Jangoy @420 = J(@0) = 2Lgaicry - S (0)) Ao (A, A2, )i (M) de + XQO) (2, ) (D)

= LVf(z,i) + QW f(a,i). (2.

Hence the process (Y,I') has diffusion matrix a(Az) which satisfies the same uniform ellip-

ticity and Holder continuity condition (1.6) as a(x), the drift coefficient vector

il = Do) = A [ wl i ba O ()
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< O+ @3/
R4\ {0}

< O3+ 6304 (2.5)

2 a
|wl ﬂ{AS\w\Sl}de

and by(1.15), the jumping kernel JiQ (z,2 + 2) := AN2bo( A\, \2)jo()\z2) satisfies

J§2($,x+z) = Aba(Az, \2)jo(\2)
,19 .
|B(Az, Ar)| /B(A \ )Azbz(ku, A + 2))jo(Az)d(Au)
A% s
= B ] gy 0 2N

9 .
_ 2.
B /B L, e 2 (2.6)

which satisfies the UJS condition with the same constant ©J. Clearly for A € (0, 1],

1} loe := A2[Iba(Az, A2, ) oo < O3,
and
Y o C1
with
Lo @A 1RGAEE = [ O A wP)ji(w)dw < 6.
R4\ {0} R4\O

Also, by (1.13) and (1.17), since

coN’qy < co)\2q% < ql(])‘)(x) < )\QQ% < M\05 <05 a.e. in R

Then Q%™ = \2Q° with cé)‘) = ¢p. This shows that GV € (01, 054+030,,03,04,05,9, 5,7)
with QN = A2Q0 for every X € (0, 1].

L]
Suppose that {(Xz, A¢),t > 0;PE0D) (z0,7) € R x M} is a Hunt process having the
infinitesimal generator G € N (01,09, 03,04, 05,7, 3, ¢1) starting from (xg,%), define

0 X, t< Ty
Xy =

a? t> T1;
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where 71 is defined in (1.19) and 0 is a cemetery point. Then by Lemma 3.7 in [75],

{X? < Ty P(Io’i), T € Rd} is a Hunt process corresponding to the operator

L; + q;; starting from z. (2.7)
For any ¢ > 0, > 0, define

Gupla): = EEI[[ " eonp(x0)ds

— R /0 e (X, ds), (2.8)

Proposition 2.2.3. Suppose that {(X;, A),t > 0; Pz € R i € M} is the Hunt process
having the infinitesimal generator G € N(co,m,7, 3,01, 02, 03,04, 05, c1,9) starting from
(z,1). Then for every nonnegative Borel measurable function ¢ defined on R, x € R?, any
a >0,

ECI e (X, )] = Gh(—gi) (2),
where T is defined in (1.19), and G', is defined in (2.8).
Proof. Let {Zi,t < &P*x € R%} be the Hunt process corresponding to the operator
(L;, C2(RY)). Define

¢ —inf{t>0:— /Ot g (Z1)ds > n}, (2.9)
where 7 is an exponential random variable with mean 1. Let the probability measure P* on

) determined by
E*[f(Z)] = E*[f(Z);t < €] = E’leq() f(Z])], t =0, (2.10)
for every f € CZ(RY), where e,(t) := exp( [ ¢ii(Z%)ds). Then by Ito’s formula,

{Zi,t < &P%, 2 € R?} is a Hunt process corresponding to the operator

L; 4 qi; starting from z, whose lifetime is &. (2.11)

Then by Theorem 5.2 [49], (2.7), (2.11), E@) [ jo< <y f(XP)g(m1)] = E [Ljo<i<e) F (21 9()]
for any f,g € C2(R%).Then for any ¢ > 0,z € R%,

F (@) [e (X )] = E (1) [G_MISD(XS; )] = E””[e_"‘ESO(ZE‘*)]

5
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and

Gropla) = B9 [~ emoto(xfyin) = B7[ |~ ol Z})dd) (2.12)

Let F: = 0{Z%;0 < s < t}.Then by (2.9),(2.10),(2.12), and (61.2) on [68, p.286] (by putting
t i
my = elo q”'(Zs)dS]l{Kg} there and noticing that P* — a.e.Z;— = 0) that

Bl (Zi)] = B[ e to(z(—dm)
= B[ e ot a7 expl [ aulZ2)ds))a
= B[ e a) (Zan
= Gul(=gip)(@).
Ul

Remark 2.2.4. By (2.12), when a = 0, we know that G' is the Green operator of L; + qi;

in R® with zero Dirichlet boundary condition.
For any nonnegative Borel measurable function ¢ defined on R% x M, define
w(z,i) == E@D[¢(X,,, Arp)] for any (z,i) € D x M. (2.13)
O]

Proposition 2.2.5. Let D be a bounded and connected open set in R®. For any nonnegative

Borel measurable function ¢ defined on RY x M, the function u defined in (2.13) satisfies

u(x,i) = h(z,i) + i élb(qiju(-,j))(x), for every (z,i) € D x M, (2.14)
J=1lg#i
where
h(z,i) = E@D[¢(X,p, Arp); D < 71, (2.15)

mp = inf{t > 0 : (X;,Ar) ¢ D x M} and G is the Green operator with respect to the

operator L; + q;; on D with zero Dirichlet boundary condition.

Proof. First consider any nonnegative function ¢ € C°(R? x M), where C°(R? x M) is
the space of functions f such that f(-,i) € C2°(R?) for each i € M. Then by (2.15),

’LL(J),Z) = E(LZ) [d)(X‘rDaA ) ™D < Tl] + E(I’Z) [¢(XTD7ATD); D > 7_1] + E(Iﬂ) [qb(XTDv Ar ) ™D = 7-1}
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= h(z,i)+ 1+ 11,
Then by the strong Markov property of (X, A), Lemma 3.6 in [75], and Proposition 2.2.3,

I = E&) [[E(XT1 ,Afl)[¢(XTD’ATD)];TD > 7]
= E@)u(Xry, Ary); o > 7]

= Z E( 7)[11{7'1<7'/:)}'LL()(‘1'1—7‘7)(_qi'J'(‘Xvﬁ—))]

j=1.g#i ii
m T1 ..
z,i NCH)
= Z E( ’)[/ ]1{71<TD}U(X87])%(XS)Qii(XS)dS)]
J=1j#i 0 Qi
_ oy w7y X, ) (X ) gii (Xs)d
- Z [ {T1<TD}U( Sv.]) ( s)q”( s) 5)]
j=1,5%i 0 i
m D ..
T, D
= > B[ () B (xgi (X0)ds)
j=1,j#i 0 Qi
= > Ghlagul-i)@). (2.17)
j=1,5#i

By the definition of 71 in (1.19), 7y is ]-"Tf measurable, then again by Lemma 3.6 in [75], and
Proposition 2.2.3,

I = E&) [1pe(Xr, )1{TD:Tl}¢(XT1 Az

= Tt )L
_ Z ]E( , )[]lDC(XTD*)]l{TD:Tl}qb(XT;’j)%(XT;)]
]:17.7#1 QZZ
v (2.18)

Then by (2.16),(2.17),(2.18),
m ~ .
J=Lj#i
Finally, by monotone convergence theorem, (2.14) holds for any nonnegative Borel mea-
surable function ¢ defined on R% x M harmonic with respect to G in D.
O
Recall that an open set D in R? (when d > 2) is said to be C'! if there exist a localization

radius Ry > 0 and a constant Zy > 0 such that for every Q € 9D , there exists a C! function

¢ = dq : RT! — R satisfying ¢(0) = V§(0) = 0, [|¢lsc < Eo,|Vé(2) — Vé(y)| < Eolz —yl,

(2.16)
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and an orthonormal coordinate system C'Sg : y = (Y1, -.-Ya—1,Yd) =: (J,ya) € R x R with

its origin at () such that

B(Q,Ro) N D = {y = (¥,ya) € B(0, Ro) in CSq : ya > ¢(y)}-

The pair (Rg,Zo) is called the characteristics of the C'*! open set D.

For any £ € N(©1,05,03,04,7, 3,¢c1), let (X;,t > 0;P*, 2 € R?) be the process having
the infinitesimal generator £ and denote X as the subprocess of X in D. That is, X (w) =
Xi(w) if t < 7p(w) and XP(w) = 9 if t > 7p(w), where J is a cemtery state. If p(t,z,y) is

the transition density of the process X. Then

pD(tax7y) :p(t,ﬂj,y) - Ex[p(t - TDaXTpuy)7TD < t]

is the transition density of X”. Let Green function of £ in a bounded C'! domain D.
That is, Gp(z,y) = [y pp(t,z,y)dt for x,y € D. Then for any X € (0,1), we denote the
Green function for £ in AD as Gyp(z,y), for z,y € AD and the the Green function for £V
of the form (2.3) in D as Gg‘)(m,y), for z,y € D.

Let G?D be the Green function for A in AD. Notice that by Brownian scaling,
GRp(@,y) = NG5 (w/Ay/N), for every 2,y € AD,x # y.

For the details of how to transform the relationship between G(D)‘) (/X y/A) and GB(z/ )\, y/\)
to the relationship between Gyp(z,y) and G{p(,y), z,y € AD, the reader can refer to [26].
Next we quote a series of theorems for the sharpe two-sided scale-invariant Green function
estimates from [26], which helps us obtain scale-invariant properties for the Green function
of the killed operator £+ q as a preparation to derive the Martin integral representation for-
mula for nonnegative harmonic functions with respect to £+¢, where ¢ < 0 and ||¢||oc = ©s5.

The following lemmas on the scale-invariant comparison inequalities of the Green func-
tions for the Laplacian operator A in small balls can be founded in [26, (2.19)] for d > 3

and in [79, Lemma 3] for d = 2 respectively.

Lemma 2.2.6. There exists a constant K1 = Ki(d) > 1 for d > 3 such that for any

zo € R% r >0, such that for any x # y € B(xo,7),x # ¥,

K_]- 6B zo,r (l‘) 5B z0,r (y)




7

K (1 N 5B(xo,r)($)) (1 N 6B(x0,r)(y))’

2.19
Ty Ty E— (2:19)

where 0z, (y) is the Euclidean distance between the point y to B(xo,y)°.

Lemma 2.2.7. When d = 2, for any o € R% r € (0,1), any x,y € B(xo,r), we have

5B(:v0 ,T) (17)63(330 ,T) (y)
|z —yl?

0B (20,1 (T)0B(z0,r) (Y) )

1
—In(1
n(+ |z —yl?

1
A
5 ) < GB(xo,T)(xvy)) <5 In (1 +4

(2.20)

We also quote the two-sided scale-invariant Green function estimate for each £ from [26,

Lemma 2.17].

Lemma 2.2.8. Let £L € N(01,02,03,04,7,3,c1) and D be a bounded C*' domain with
characteristics (Ro, Zo). There exist positive constants 01 € (0, 1)depending on
(d,B,v,01,02,03,04, Ry, =g, diam(D)) and Ky = Ko(d,O1,7) > 1 such that for any X €
(0,01) and bounded functions by with ||b2|lcc < O3V (O2 + O304),

KaleAD(xvy) < GAD(xay) < KOGAAD(x7y) fOT’ z,y € AD, (221)

O
Let £ € N(@l,eg, O3, @4,")/,ﬂ,(21). Fix 2’ € D and let

Gp(zx,z2)
Gpl2) forz € D,y e D\ {z,2'} (2.22)

Mp(z,z) =
be the Martin kernel of £ for € D,z € D\ {z,2'}. The Martin boundary for £ in D is
defined to be the set dyy D = D*\ D, where D* is the smallest compact set for which Mp(x, z)
is continuous in z in the extended sense(See [7, Theorem 7.1] for detailed explanation for
this definition). The minimal boundary 8]\’7}}”D for £ in D is the collection of all points
z € OuD so that  — Mp(z,y) is a positive minimal L-harmonic function in D in the
sense that if A > 0 is £-harmonic in D and h(z) < Mp(z,y) on D, then h(z) = cMp(x,y)
for some constant 0 < ¢ < 1.

By Theorem 3.6 in [26] which is quoted below, we can identify the Euclidean boundary
as its Martin boundary with respect to the operator £ of the form (1.3) when D is a bounded

CH1 domain.
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Theorem 2.2.9. Suppose that D is a bounded C1* domain with characteristics (Ro,Zo).
Then there exists a positive constant 61 > 0 such that that for any X € (0,61), the Martin
boundary and minimal Martin boundary XD with respect to L of the form (1.3) can be both
identified with its Fuclidean boundary O(AD), where §1 is the constant in Lemma 2.2.8.

Moreover, the Martin integral representation formula for nonnegative harmonic function

with respect to £ is obtained in [26, Theorem 3.8].

Theorem 2.2.10. Let D be a bounded CY' domain and X < 1. If h is a nonnegative
harmonic function in XD with respect to L € N (01,042,03,04,7, 8,c1), then there exists a

unique measure pp on O(AD) such that

ha)= [ Mol Db + [ [ Gl dyh()dz (2:23)
d(AD) D° JAD
where &y is the constant in Lemma 2.2.8, and J*? is the jump kernel defined in (1.15).

Suppose that £ € N (01,02,03,04,7,8,¢1) and ¢ < 0 such that ||¢|lcc = ©5. Let
CNT‘B(:,:M)(', -) be the Green function for the operator £ + ¢ in the ball B(zg,r). We are
going to prove the existence and a comparison inequality for G B(xo,r)(-, -). First, we quote

the 3G-lemma from [30, Lemma 2.1], which can also be found in [31, 78].

Lemma 2.2.11. (8G-Lemma) For any ball B € R?,

G5(x,y)G5 (v, 2)

Bz - Calg(z —y) +9(y - 2)) (2.24)

for every x,y, z € B, where the constant Cq depends only on d, and the function g is defined
in (2.2).

Proof. The proof can be found in [31]. O

For any £ € N (01,0,,03,04, 8,7, c1), let {X;,t > 0;P*, 2 € R?} be the Hunt process

corresponding to the operator £. Define

mp = inf{t > 0; X; ¢ D}.
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Similar as the h-conditioned Brownian motion defined in [78, Page 131, 132], for any positive
Borel-measurable function h, M; := h(X;)/h(Xo) is a multiplicative functional M = {M; :
0 <t < oo} of X such that E*[M;] < 1 for every t > 0. For any F;-measurable function

® > 0, where F; = 0{X, : s <t},t > 0, define
Ef[®;t < 7p] := (h(z)) 'E[® - h(X;);t < 7p]; x € D. (2.25)

and Ef[®;t < 7p] is reduced to be a probability distribution function in B when @ is of the
form 1¢x,epy, B € D, where D is a Borel o-field of D.

When D is a bounded C*! domain, since the Green function Gp(-,v) for the operator
L is harmonic with respect to £ in D \ {v}, then substituting h with Gp(-,v) in (2.25),
we can define the Gp (-, v)-conditioned Markov process whose state space is D \ {v} U {0},
and the associated probability and expectation are denoted as P¥ and E? respectively. By
the definition of Martin kernel in (2.22) and by [26, Lemma 3.2, Lemma 3.4, Mp(-,2) =

limyep y— - g g((;f,"?) exists for any x € D,z € 9D, and it is harmonic with respect to £ in

D. Then we can similarly define the Mp (-, z)-conditioned Markov process, whose associated

probability and expectation are denoted as PZ and E? respectively.

Definition 2.2.12. Let £ € N (01,09,03,04,8,7,¢1) and (X;,t > 0;P*, 2 € R?Y) be the
Hunt process corresponding to L. We say that a set A C R? is nearly Borel if for every
x € R%, there exist Borel subsets B and B' in B(R?) such that BC A C B’ and

P*(X; € B'\ B for some t > 0) = 0.

The collection of nearly Borel sets is a o-field, which we denote as B"(RY). We say that a
set A C RY is polar if there exists a set D € B*(R?) such that A C D and P*(Tp < o) = 0

for every x € R,

Notice that the definition of nearly Borel set depends on the process X and roughly
speaking, a set is nearly Borel if the process X cannot distinguish it from a Borel set. Also,
it is easy to see that B(RY) ¢ B*(RY). We will omit further discussions and the reader can

refer to [11, Page 60] for more details on nearly Borel sets.

Lemma 2.2.13. Let £ € N(©1,05,03,04, 8,7,¢1) and (X;,t > 0;P* z € R?) be the Hunt

process corresponding to the operator L.Then any singleton set is a polar set.
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Proof. Fix a point v € R?. By Lemma 2.2.8 with D = B(v,1), there exists constants
g1 = €1(d,01,09,03,04,6,7) and Ky = (d,01,7) such that for any r € (0,e1), (2.21)
holds with A\ = r. Since (2.21) is independent of the center point rv, then the Green

function Gp(yr) = Gr(B(v,1)—v)+v Of X in B(v,r) satisfies

K G0 (:) < O (2,9) < KoCun 9), for v € B(v,r),y € B(u,7)\ {a}.
(2.26)
Define o, ) = inf{t > 0: X; € B(v,r)} and TB(v,y) = inf{t > 0: X; ¢ B(v,r)}. Notice
that for any = € R?,

Us, {o}) : / PI({v})d
_ R EXoB(0m) [/OTB(”’T)OQUB(”’” Ly (Xo)ds]] + E””[/TOO 1y (X)ds]

B(v,r)

= Ex[/{ }GB(W) (XUB(W),y)dy] + IE"”‘[U(XTB(M), {v})]. (2.27)

Since P,U (z, {v}) = [;° P ,({v})ds — U(z,{v}) as t — 0. Then U(-,{v}) is an excessive
function on RY.

Denote by p(t,z,y) the transition density function of X;. By (2.1) and (2.6) in [26],
the transition density of X, for ¢ > 0, there exists constants ¢, k = 1,2, 3 depending on
(d, 8,7,01,02,03) such that

e te M po(t, Gax, Eay) < p(t,,y) < E1eMpy(t, E3x, E3y) + t]|J1 ||oos

where po(t,z,y) and p;(t,x,y) are the transition density functions for A and APB/2 respec-
tively, and J1 = [pa L{2)>1102(2, 2)jo(2)d2.

Then for any z € R4, P¥({v}) = Jroy p(t, @, y)dy = 0 for each ¢t > 0, and thus U(z, {v}) =
0 for every = € R%. Also, by (2.19),(2.20),(2.26), when x = v in (2.27),

{U} / GB (v,r) )dy > KO ( }Gg(v,r) (U,y)dy =00
v

Then by [11, Proposition 3.14], {v} is a polar set. O

Let F.— be the o—field of events of Y strictly prior to the stopping time 7. That is, F..-
is o—field generated by Fp and the sets AN {7 >t} for A € F;, and ¢ > 0.
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In the following Lemma 2.2.14-Theorem 2.2.21, unless we mentioned in particular, we
will assume that £ € N(01,03,03,04,7,8,c1) and (X;,t > 0;P*,x € R?) is the Hunt
process corresponding to £ and X is the subprocess of X with killing rate —g, such that

14lloc = ©s.

Lemma 2.2.14. There exists a constant r5 = r5(d, 3,7, 01,02,03,04,05) < 1 such that

for any r € (0,75), 20 € R, we have
. TB(eo P\ | o
1/2 < Eflexp( lq|(Xs)ds)] <2, forve B(xo,r),z € B(xo,r) \ {v}, (2.28)
0

and

B

1/2 < Eﬁ[exp(/o 1q|(Xs)ds)] <2, for x € B(xo,7),2 € 0B(x0,7). (2.29)

where Tg(zqr\{v} = Inf{t > 0: X; ¢ B(xg,r) \ {v}}, 78 = inf{t > 0: X; ¢ B(xo,7)}, and
PL. PZ are defined in (2.25).

Proof. Fix zp € RY. By Lemma 2.2.8 with D = B(xo, 1), then there exists a constant
g9 = e9(d, 8,7,01,09,03,04) > 0 and Ky = Ko(d,7,01) > 0 such that for any r € (0,¢2),
satisfies (2.21) with A = r. Since B(zo,r) = r(D — x0) + o, then by denoting B = B(zo, 1),
the Green function Gp(-,-) of X in B satisfies

KalG%(l',y) < GB(xay) < KOG%(@“»Z/% for z € B(QTo,T),y € B(IE(),T‘) \ {‘T}

Then for any x € B, v € B\ {z}, by Lemma 2.2.13, and the definition of the polar set
and the fact that {v} € B*(RY), 7p\(y =78 a.s.
Then by the definition of EZ, (2.21),

E5l [ a(%)ds) = (Gale.o)E [ Gl 0lal(R)ds

_ GB(JJ,y)GB(y,’U)

-/ Gty alt)dy
Ax A v

< xif GB<é%y>zi§y, )

lq|(y)dy. (2.30)

Then by Lemma 2.2.11, there exists a constant r5 € (0,e2) depending on (d, Ky, ©5) such

that for any r € (0,75),

B G5(z,v)

lal(y)dy < 1/2, (2.31)
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so that by Jenson’s inequality, we have for any r € (0,75),x € B(xo,7),v € B(zo,7) \ {z},

TB\{v

Exfexo( [ o(Xdn)] = exp(®5[- [T (R s > 2 > 172

Then by (2.30),(2.31) and Khas’minskii’s Lemma in [31, Lemma 3.7], we have

. TB\{v}  _ - TB\{v} _
Esfen( [ a(Xds)) < Efesn( [ lal(X)ds)
1
< TB\{v} v <
1- SUPzeB(z0,r) E% [fO |Q|(X8)d5]

For any xo € RY, by [26, Lemma 3.2] with D = B(xo,1) and the fact B(zq,7) = r(D —
xg) + xo for any r € (0,e2), where €5 is the constant in the above, denoting B = B(xg,r),
for any o € B, z € 0B, Mp(z, z) := limyepy—. Ga(z,y)/Gp(2',y) exists.

Then by the definition of EZ, and dominated convergence theorem,

B[ lal(%)ds) = (Ma(a,y) B[ Ma(Xe2)lal(o)ds)

B Gp(z,v)Mp(v, z)
-/ o @)

_ / lim GB(:E,’U)GB(
BYEBy—= Gp(z,y)
)GB(

(

v,Y)

gl (v)dv

< lim
yeEBy—z /B Gp(z, y)

lq|(v)dv. (2.32)
Following the above similar argument, by (2.32), Lemma 2.2.8 with D = B(xp,1) and A = r,
Lemma 2.2.11, Jenson’s inequality and Khas'minskii’s Lemma in [78, Lemma 3.7], for any

r € (0,75),
1/2 < Eﬁ[exp(/TB q(X,)ds)] <2, for x € B(xg,r),z € 0B(x,7). (2.33)
0

O
Next we will establish the lemma on the scale-invariant estimate for the Green function

éB(xov,n) of L+ ¢ in a ball B(zg,r) for any r € (0,r5) .

Lemma 2.2.15. There exists a constant Co = Co(d,~,01) > 1 such that for any xo € RY,
r € (0,75), the Green function CNJB(xO,T)(-, -) for L+ q in B(xg,r) exists and satisfies that

C(J_IG%(wO7T)(x7y) S éB(:Eo,T)(xa y) S COG%(33077~)(‘I.73/)7 T e B@Oﬂ”)ﬂ/ € B(.Z'O,'I") \ {x}7
(2.34)
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where 15 is the constant in Lemma 2.2.14 and Cy = 2K with Ky being the constant in

Lemma 2.2.8.

Proof. Fix xp € R%.Then by Lemma 3.5 in [16] with G(z,y) = G B(wo,r)(T,y) and ¢V =

TB(z0,m)\{y}>
~ TB(zg,m)\{v} S
Ciann(@9) = Con(@wEsexn( [ ql(X)ds))

where G, (+,) is the Green function for £ in B(xo,r). Then the conclusion follows by

Lemma 2.2.8 and (2.28). O

Corollary 2.2.16. For any G € N(co,m,~,3,01,02,03,04,05,c1,9), let (X¢, Ay),t >
0; @D (,3) € R x M) be the solution solving the martingale problem (G, CZ(R% x M)).
Then there exists a constant ¢y = c1(d,7y,01) > 0 and ca = ca(e,d,y,01) > 0 such that for

any rg € R% r € (0,1),e € (0,1), (z,1) € B(xo, (1 —&)r) x M,
CQTQ < E®) [TB(zo,r) A Tl] < 017'2.

Proof. Let {(X,A);P@)(z,i) € RY x M} be the strong Markov process corresponding to
the operator G € N(co,m,~, 3,01,03,03,04,05,c¢1,9). And let Tg(xo r) be the exit time
of the ball B(xg,r) for a Brownian motion B starting from z. Recall that 7 is defined in

(1.19). Then by (2.34), there exist a constant ca > 0 depending only on (e,d,~y,©1) such

that
]E(i,l) [TB(LL‘O,"') AN Tl] = /Rd éiB(%o,’!’) (.’L‘, y)dy
—1~A
> /Rd Co GBaen (T y)dy
= CO_IEQC[Tg(mO,r)]
> cor?, (2.35)

Similarly, by (2.34), there exists a constant ¢; > 0 depending only on (d,~, ©1), for any
(x,1) € B(xg,7) X M,

E(@:) [TB(:co,r) A < CoE” [Tg(xo,r)]

< arl (2.36)
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O
Then similar like [26, Lemma 3.3|, by the Lévy system formula, we have the following

lemma.

Lemma 2.2.17. For any zo € R%,r € (0,75), any non-negative function h defined on R?,
we have for every x € B(zo,T),

T e % _ ~ b
E* (X)) Ko 1) 7 Krpog) = /B() /. o Cpten) (1. 9) % )y ),
(2.37)
where J%2(y,u) = ba(y,u — y)jo(y — u) and rs is the constant in Lemma 2.2.15.

O

Denote by Mﬁ(mo’r) (z,z) the Martin kernel of the Laplacian operator A in B(xq,7),

r € (0,r5),z € B(xg,7),2z € 0B(z0,r). In the following, we will obtain the existence and

the scale-invariant estimate for the Martin kernel M B(wo,r) () for L4 ¢ in B(wo,r) for any
r € (0,75).

Lemma 2.2.18. For anyxo € R, r € (0,75), any x € B(zo,7),2 € dB(z0,7), ]\73(33077«)(3:,2) =

. 1~M zq,r) L) . .
lim,, ,, <Z2@0m0 2 (@) exists and satisfies that
Y ’
B(zg,r) (=)

Co Mgy (@, 2) < Mp(ay py(z,2) < C§Mp, 1 (x,2), € B(zo,7),2 € dB(x0,7),
(2.38)

where rs and Cy are the constants in Lemma 2.2.15.

Proof. The proof of existence of follows by the definition of Ey in (2.25) and [26, Lemma
3.1, Lemma 3.2]. And the inequality (2.38) follows by Lemma 2.2.15. O
Following the proof of [25, Lemma 3.4], we can obtain the following lemma on the

harmonicity for the killed Martin kernel M B(zo,r) (+» 2) With respect to £ + ¢ in small balls.

Lemma 2.2.19. For any z9 € R%r € (0,75), for any z € 8B(a:0,r),MB(IO7T)(-,z) is

harmonic with respect to L+ q in B(xg, 7).
Similar like [26, Lemma 3.6], we obtain the following theorem.

Theorem 2.2.20. For any o € R%,r € (0,75), the Martin boundary and minimal Martin

boundary of B(xg,r) for L+ q can all be identified with its Euclidean boundary 0B(xq, ).
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Proof. The proof follows by Lemma 2.2.18 and [18, Theorem 4.4]. O
Hence, following the similar arguement in [26, Theorem 3.8], by Lemma 2.2.15, Lemma

2.2.17 and Theorem 2.2.20, we have the following theorem.

Theorem 2.2.21. For zg € R r € (0,r5), if h is a nonnegative function defined in RY
that is harmonic with with respect to L + q in B(xg,r) , there exists a unique measure 1

on 0B(xzg,r) such that for any x € B(xo,r),

h.’L':/ Mxrx,zﬁz;rdz—i—/ c/ éxrxabiQZ/,Zdyﬁde.
) 0B(zo,r) Bl )( z) h( ) B(zo,r) JB(zo,r) Blo, )( 2. 2) E2)39)

Next, given an operator G € N(co, m, 7, 8,01, 02, 03,04, O5, c1,9), for any ball in R?
with 7(B) < rs, define Gp(-,-) on B x B and another m xm matrix function Q : R% —s R™*™

by

GIB<,) O O 0 q12 d1im

. 0 G%(,) ... 0 ~ @21 0 ... @n
Got)=| T fe=1 T e

0 0 ég&(’) Gmi Gma -0

where CNJ%(-, -) is the Green function of L + gir on B, and r5 is the constant in Lemma

2.2.14. Then G B(+,-) is the Green function of the non-coupled operator Z,Where

L1+ qu 0 0
- 0 Lo+qa ... 0
o | (2401)

By abusing the notation, let us denote by Gp the Green operator of £ and élfg the Green
operator with respect to Li + qrr on B with zero Dirichlet boundary condition.
To develop a representation of u in terms of {h(-,7)}ier in (2.15), we need the following

lemma on the boundedness of the operator G B@.
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Lemma 2.2.22. Let G € N(co,m,7,3,01,02,03,04,0s5,c1,3). Then there exists a
53 - 53(d7m7ﬁ7%917@27 @37 @4795) > 0 such that fOT’ any To S Rdvr € (0753]7 éB(zo,T)Q
is a bounded operator on ((B(B(zo,r) X M)),| - |lcc) with

HéB(mo,r)@Hoo < 1/4 (242)
Proof. Fix xg € RY. When d > 3, By Lemma 2.2.6, for any zo € R%, r > 0,

sup / G%(xo,r) (z,y)dy < wgK 12, (2.43)
2€B(xg,r) Y B(zo,)
where wy is the volume of d-dimensional unit sphere.

When d = 2, since In(1+2) < 14z for z > 0, then by Lemma 2.2.7, for any zo € R% r €
(0,1),

sup / G%(:vo »(@,y)dy < (war®)(1 +41n2)/(27) < wekK 172, (2.44)
x€B(xo,r) Y B(xo,) ’
Let
53 = (1/4/4(m — D)waCo(Ca + K1)05) A (r5/2), (2.45)

where Cg, r5 and Cjy are the constants in Lemma 2.2.11, Lemma 2.2.14 and Lemma 2.2.15
respectively. Then for any r € (0,d3], u € (B(B(zg,7) x M))™, it follows that for any
k,l € M, by (2.14),(2.34), (2.43),(2.44),

Gl Qulk(@)] = Z / GB(M:;:y)qm@)u(y,ody\
1=1,1£k Y B(@o.r)
< CoOs0m Ve | Gl 9)dy < ullc/4
To,T

Therefore, for any r € (0, d3), C:’B(xo,r)@ is a bounded operator from ((B(B(xq,r) x M))™
to itself such that HéB(mO,T)@Hoo < 1/4. Here B(B(xg,r) x M) is the space of bounded
functions defined on B(xg,7) x M.

Proposition 2.2.23. Let G € N(co,m,,3,01,02,03,04,05,¢1,9) and ((X¢, At),t >

0; P02 € RYx M)) be the Hunt process corresponding to the operator G. For any function
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u defined in (2.13) with D = B(xq,7) x M, where zg € R% r > 0, we have for any integer
K e N, any (z,i) € B(xo,1) X M,

K m
. . ~i ~ o
u(xa z) = h(LI?, Z) + Z Z GB(azo,r) (Qih (G%(xom)thz(‘ .- (Gg(xlo,r)q%fﬂkh('? lk) s )))(x)
k=1 I li=1,
l17£i7l217é117-1?~7lk7élk—1
+ > Gz (it (G (- (G (2 1x)) - D) (@)
B(zo,r)\ Qi \T Bz, Tl - - - T By ) U1l U5 LK) ) - - L)
Lyolge=1,
Ll ol 1
(2.46)
where h(x,i) is defined in (2.15).
When ¢ in (2.13) is bounded, for any xo € R4 r € (0,83], we have for any (z,i) €
B(xg,r) X M,
. . = - ~i ~ o
U(CC, 7’) = h(xv Z) + Z Z GB(:co,r) (qih (G%(xom)(ﬂlb(‘ . (Gg(xlo,r)%ﬂlkh(" lk)) s )))(x)7
k=1 Iy lp=1,
117’51'712175117.]?.,11@7511@71
(2.47)
and we have
. . - ~i = Sl
u(x,z) = h(l’,l) + Z Z Z GB(Qill(G%ql1lz("'(GB lqln—ﬂnh('vln))"')))(x)v
n=11eM (il1,...,.ln)E¥(n;i,l)
(2.48)

if we represent (2.47) in terms of valid paths in each ¥(n;i,l). Here d3 is the constant in

Lemma 2.2.22 and ¥(n;i,l) is defined in (1.16).

Proof. Define 19 = inf{t > 71 : Ay # A, }, where 7 is defined in (1.19). Then by Proposition
2.2.5, and the strong Markov property of (X, A), we have for any (z,i) € B(xg,r) X M,
U(CC, 7’) = h(x,z) + Z éiB(ro,r)(Qiju('aj))(x)

=L

] ks N [TB(zor)/\TL )
— @)+ > E@I[ aiju( X, 1)ds]
j=Lj#i 0

: = piye [TB@oDATE mo
= hi)+ Y B[ Gi(hg(X) + Y (Gl il D) (X))ds]
j=1,5#i I=1,l#]



88

= h(x72>+ Z élB(xo,r)(qUh(vj))(x)—i_ Z GB(IQT)(QZ](G (mor)QJZU( l)))(l‘)
j=1,j#i =157

Iterating (2.14) for K — 1 times as above, we obtain (2.46). Then by (2.40), if we represent

(2.46) in terms of vectors, we have for any = € B(xg,r),

K
.CL‘) + Z(GB(xg,r)Q)kh(x) + (GB(xo,r)Q)Ku(x)a (249)
=1
where u(x) = [u(z,1),...,u(z,m)]’, and h(z) = [h(z, 1), ..., h(x,q)]T.
If ¢ is bounded, then by (2.13), u is bounded. Then by Lemma 2.2.22, for any z¢ €

R, 7 € (0,83], any bounded and nonnegative function v on B(zg,7),

lim (GB(mo T)Q)KU(LU) = 67

K—oo

where 0 represents the zero vector of dimension m. Therefore,

:

Z GB(xo ’V‘)Q ( )7 T e B($07T)7

i.e., for any (z,i) € B(xzg,r) Xx M,

o0 m
~i ~ Al
u(z, i) £ Y Gl (G (G5 k(1)) (@),
k=1 I,eyln=1,

LA laAl 1 Al

If we represent it in terms of valid paths,
u(a,i) = hz,i) + Y > > Gl (GBa (G5 @1, h( 1)) ().
n=11eM (i,l1,...,.ln)ETV (n;i,l)

O
2.3 Holder regularity

Proof of Theorem 2.1.35.

For any zo € R% r € (0,7), denote B = B(x,2r/3), where 7y will be determined
later. For any i € M, let {X%, s > 0;P* x € Rd} be the Hunt process corresponding to the
operator £; starting from z. Define 75 = inf{t > 0: X} ¢ B}.
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First we claim that for any = € B,
hi(x) = @i(x) + Gg(gihi) (@),

where u;(x) = E* [u(X; ,1)], G’z is the Green operator for £; with zero Dirichlet boundary
B

condition. By the definition of harmonic functions with respect to £; + g,

i

hi@) = Elexpl( | qu(Xds)ulX 1)
— i) + E(exp( | gul(X2)ds) — 1uXy )

— () + B Cexpl | quX)a0)a(X)u(Xy )

i

i
B

= ) + B[ (BN fexp( [ (XD atyu(X ))ds

i

_ i(x) + B /0 " (XD hi(X7)ds]
= ﬁi(fﬂ)Jr/ G2, y)qi(y)hi(y)dy.
B

Notice that by Lemma 2.36, for any « € B(xq,r/2),r € (0,r0),

|/ Ghmas@h)dy < 480s]uler?/o, (32)

where 1 is the constant in Lemma 2.36. We will get the similar result when x is replaced
by .

Since by Theorem 1.1.1, there exists a constant C% = C%, r4 € (0,1/4) and « € (0,1)
which both depend on(d, ©1, 02, 03,04, 3) such that for any 29 € R% r € (0,74), any

bounded function %; defined in R that is harmonic with respect to £; in B(zg, ),

() — () < Chlulloe( T2 for 0,y € Bao,r/2) (3.3

Let 79 = 19 A rq. Therefore by (3.1), (3.2), (3.3), for any r € (0,79) C (0,1/4),z,y €
B(xo,7/2),

Ui (2) — U (y)| + |Glqiihi(@)| + |Glzqiihi(y))

7 L= Yl\a ~
Sl e 1 81205 o 0. (3.4

|hi(z) = hi(y)]

IN

N
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§
&
|
Sa
=
&
AN

[@i(2) — Wi(y)| + |Gpgihi(@)] + |Gpaihi(y)]

Cillullolz = y|*? + 81|z — y|Osull o0 /9

IN

< (C+ 80517 % /9)[ulloole — y*/2. (3.5)

For any zo € R%,r € (0,7), denote B = B(zg, 2r/3). Define 75 = inf{t > 0: (X¢, Ay) ¢
B x M}. By Lemma 2.36, for any « € B(z,7/2), we estimate each term in the second part
of (2.14) such that

|G (ginu(-, k) (2)] < 4ar?Os /9, (3.6)

Therefore, by (2.14), (3.5), (3.6), for any r € (0,79), z,y € B(zo,r/2), we have

lu(z) —uly)ll = sup |u(z,i) —uly. )]
ieM
< sup([hi(z) = hi(y)l + Z 5(aiwu(, k) (@) + |GG amul, k) W)])
ieEM k= 1k7éz
< (IIGI%(C3+8@551F3 2 19) |ulloo |z — y[*/2 + 8(m — 1)&1Os]|u| et /9.

Set r = |z — y|*/2, a1 = «/2. We have for any r € (0,7), z,y € B(xq,7/2),

lu(e) —u(@l < (max Ch+805e17 " /9) ullcl — 9172 + 8(m — 1) 05 [ull | — 91/9
< (max Cj + 8marFy /2/9)0s [ullsole — yI*/? = Cuullsole — ¥/ (3.7)

1eEM
2.4 Scale-invariant Harnack inequality for each level
Proposition 2.4.1. Suppose that the operator L € N'(©1,09,03,04,7, 3,¢1), and {X;,t >
0;P*, x € Rd} is the Hunt process corresponding to the operator L starting at x. Let X be
the subprocess of X with killing rate —q such that ||¢|lcc = ©5. There exists a constant

Cy = ég(d, B,7v,01,9) > 0 such that for any xo € R%,r € (0,83], any nonnegative functions
h defined in RY that is harmonic with respect to L + q in B(xg,r),

h(y1) < Coh(y2),  for any y1,ys € B(xo,r/4). (4.1)

Here 03 is the constant in Lemma 2.2.22.
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Proof. For simplicity, we just give a proof for the d > 3, the case for d = 2 is similar by
using Lemma 2.2.7 instead of Lemma 2.2.6. This follows the same idea of [26, Theorem
1.7]. We spell out the details here for the reader’s convenience.

For any zo € R%, 7 € (0,83],where 63 is the constant in Lemma 2.2.22, let TB(z0,r) =
inf{t > 0: X; ¢ B(zg,7)}. By shrinking the value of r a little bit, we may assume without

loss of generality that h(z) = E*[h(X

TB(acg,r)ﬂ":U € B(xg,7). As h is the increasing limit

of bounded harmonic functions h,(z) := E*[(h A n)(X

(s )]+ 1t suffices to establish the

Harnack inequality for bounded nonnegative harmonic functions h in B(zg, 7).
Denote B, = B(zg,r). Then by Theorem 2.2.21, there exists a unique measure gy on

0B, such that for any for any = € B(xg, ),

ha) = [ Mg (2 + [ [ Ga Iy, dyh(z)dz
0B By J By

— [ M@+ [ [ Ga ). 2)dyh()d
9By B, JB,\B, /s

b [ [ Gn I 2)dyha)a
B, Br/2

= hl(:(:) + hg(.%') -+ hg(x) (4.2)

Since for any z € 9B, Mg(-, z) is harmonic with respect to A in B(zg,r), then there

exists a constant Co = Cy(d) > 0 such that for any z, 2" € B(xzg,r/2),
ME (z,2) < CoME (2, 2). (4.3)

Therefore, by Lemma 2.2.18,

hi(x) < CiCyhy(2) for any z, 2’ € B(xg,7/2). (4.4)
Also, by Lemma 2.2.6, there exists a constant C3 = C3(d) > 0 such that
GB, (#,9) < CsG, (o', y) for any 2,a" € Blxo,r/4),y € By \ Byja. (4.5)

Therefore, by Lemma 2.2.15, (4.5), ha(x) < C3Csha(x’) for any x, 2’ € B(xg,7/4).
Next, on one hand, by the UJS condition (1.15) for J%, (2.43), Lemma 2.2.15, for any
x € B(xzg,1/2),

m) = [ ] G ) 0y ()i
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IN

1
C’l?/i / G5 a:,yi/ J% (u, z)dudyh(z)dz
B s, : )IB(y,r/4)| B(y,r/4) s )

4409 / (war) /B*c( /B / G (z,y)dy) /B % (u, 2)duh(z)dz

3r/4

IN

IN

c3Co K 19r? 4 /70 /B J2 (u, 2)duh(z)dz, (4.6)
T 3r/4

where wy and c3 are constants depending only on d, and therefore ¢4Cy K119 /wy depends on
(d, 8,7v,01,v), and independent of r.
On the other hand, by Lemma 2.2.6, Lemma 2.2.15, for any 2’ € B(zg,7/2),

v

B [h()?TBW/S ); XTB77‘/8 Eo]

it (), SRR R LT

h(z")

v

v

a(Coc) e [ [ gy, z)dyh()dz, (4.7)
s 3r/4

where ¢4 (CoK1)~! depends only on (d,7,©1) and independent of 7.
Therefore by (4.2), (4.3),(4.5),(4.6),(4.7), for any =, 2’ € B(xg,r/4),

hi(x) + ha(z) + hs(z) < (Cy + C3 + 3C2K 30 /eq)h(z') == Coh(a'),

where Cs depends only on (d, 3,7, 01,9).

Proof of Theorem 2.1.4:
Fix 29 € RY, 7 € (0,71], with 71 = ro A d3, where rg and J3 are the constants in Lemma 2.36
and Lemma 2.2.22 respectively. Notice that 71 < r5 < 1 by Lemma 2.2.14 and (2.45).
Similar to the beginning of the argument in Proposition 2.4.1, it suffices to establish the
Harnack inequality for bounded nonnegative functions u defined in R¢ that is G-harmonic
in B(xg,r). For any k € M, let X* be the Hunt process corresponding to the operator
L+ qrr for Ly, € N(01,042,03,04,7, 3, ¢1).
For any xg € R%, 7 € (0,71], denoting B = B(zq,7/2), by the definition of h(z, k) and 7
in (1.18) and (1.19), (2.7), h(z, k) is harmonic with respect to Ly + g in B, i.e,

h(z, k) = E@R[w(XF k)] for € B.

B’



93

Then by Theorem 2.2.21, there exists a unique measure p* on B, such that for any = € B,

h(z, k) / / G (2, )2 (y, 2)dyu(z, k) dz+/ ME(xz, 2)u(z, k) (dz).

Hence by Proposition 2.4.1, there exists a constant Cy = Cy(d, 8,7, ©1,9) > 0 such that for
any x,2’ € B(xo,r/8),

h(z, k) < Coh(z k). (4.8)

For any C' > 0,2 € B,k,l € M,r € (0,71], define

Fiy(C;m,2,7) Z Y C Gl lz/ G%(l‘,yl)Gﬁ(yhyz)---G%(yn—l,yn)(/
n=1 30 (n3k,l) B
C’G%(yn,y)Jb2’l(y, 2)1ge(2)dy)dyrdys...dyn, for z € B, (4.9)

and

il (Csazr): = >0 > Chqaiy--ai, 15/ G3(z,y1)GB (Y1, Y2)..GB (Yn—1,Yn)
n=1V0(n;k,l)
(C?ME (yn, 2)1o5(2))dyrdys...dy,, for z € OB. (4.10)

For each k£ € M, recall that
Bk)={le M\ k:U%n, k1) #0,necN} (4.11)

Then by (1.13), Lemma 2.2.15, Lemma 2.2.18, Theorem 2.2.21, (2.48), (4.9),(4.10),(4.11),
for any (z,k) € B x M, it yields that

h(z, k) + / El(coCyts 2, m)u(z, 1) dZJr/ HeoCyts o, 2, m)u(z, 1), (dz))
leE(k)u{k:}
< wu(z, k) < h(z, k) + / FL(Co;z, 2, m)u(z, 1) dz+/ FH(Coiz, 2, m)u(z, 1), (d2)).
ZGE( YU{k}
(4.12)

By the 3G-Lemma (Lemma 2.2.11), for any z,y € B,

/BGﬁ(l‘,yl)G%(yl,y)dyl < CgGﬁ(:E,y)(sug/le—yﬂZ ddy1+sup/ ly —y1 > dyr)
re

< CGwdTQG%($7y) = CgT2G%($7y)’ (413)
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Then by Lemma 2.2.11, (4.13), for any r € (0,71],z € B,z € B, we have

FkIz(COWCyZﬂ”) < Z Z (CyCo)™ qkl1ql1l2 an 117“ /COGB (z y)JbQ’ (y,2)1 ﬁ( )dy)

n=100(n;k,l)
< Y (CCoY" Syttt al [ CoGH ) ) Ege(2)dy).
n=1 WO (n;k,l)
(4.14)
By Lemma 2.2.6, for any z,y € B(x,3r/8), B = B(x,7/2),
G5(r,y) > K '(3r/4)*~7/36, (4.15)
and for any x € B(zo,7/8),y € B(xo,3r/8),
G5(x,y) > 3K (r/2)*74/16 > K1 (3r/4)*~4/36. (4.16)

Then by (4.15), (4.16), for any k,l € M,r € (0,71],z € B,z € B, we have

F]fl(coco_l;a:, Z,T)

> e | Gy [ GBrmn)([ G CB
= n;lw(;;k,nco 0 9kt 911590, 11 B0 3r/8)—1 Bz, 1) (z0.0/8) B (Un—1,yn)( 50 B(Un,Y)
TPy, 2) e (2)dy) dyndyn 1 - din
> Y S AT BT [ (@t sedy) [ (0 )36
n=190(n;k,) B(z0,3r/8) B(zo,r/8)
([ €0 G )I™ (4. 201 (2)dy)
> 3 N O afth (K0T /T /8 e G OB )
n=1W0(n;k,1) yn€B(z0,r/8)
TP (y,2) (=) dy)
> > (coKar®/(K1Co))" Y. @ diyy---ais i Blnf /Co LGB (yn, y) Iy, 2)15:(2)dy),
n=1 WO (nsk, ) yn€B(@o,r/8)

(4.17)

where K; = Kg(d) is some constant such that Kq < Cj in (4.13).
For any s > 0,k,l € M, define

Hi(s) ==Y an(k (4.18)
n=1
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where an(kl) = 3 g0(n.) Ao, a0, 4L, ;- Since each a, < ©F(m — 1)", then by the choice
of 03 in (2.45), for any r € (0,71] C (0, d3),

e}

Hy(s Z —1)B5s)" < 2 for any s € (0, C,Co77). (4.19)

Then by (4.14), (4.18), for any r € (0,7], € B,z € B, k,1 € M,
Fi(Coiaczr) < Hu(CyCor)(Co [ Ga.)d™ (0. )15 ()dy). (4.20)
Similarly, by (2.22), (4.10),(4.14), (4.20), for any r € (0,71],z € B,z € 0B, k,l € M,
FlH(Coiz,2,7) < Hy(CyCor?)(CEME (x,2)195(2)). (4.21)
Also, by (4.17), (4.18), for any r € (0,71], € B,z € B k,1 € M,

Fli(coCy Y zz,r) > HulcoKar?/(K1Co))( it / Co LGB (G, ) I (y, 2) 1 (2)dy)
yEB(zo,r/8) /B

(4.22)
Similarly, by (4.10), (4.17) (4.22), for any r € (0,71],x € B,z € 0B,k € M,l € E(k),

FkIlI(CQCO_I; x,z, 7“) > Hkl(COKdTZ/(cho))(CO_Q NEB%nf P Mﬁ(g, Z)]l@B(Z)). (4.23)
Yy xo,r

Recall that my; := inf{n > 0: ¥°(n, k,1) # 0}, the smallest integer n such that one can go

from level k to level I in n steps. By (4.19) , for any s € (0, C,Co7?),
Ay, 8T < Hpgg(8) = amy, s (14 0(s)) < 3am,, s, (4.24)

where o(s) stands for some function of s converging to 0 as s approaches 0.
Hence by (4.8),(4.12),(4.19), (4.20),(4.21), (4.24), Lemma 2.2.15, Lemma 2.2.18, Theo-
rem 2.2.21, for any x,2’ € B(xg,7/8),k € M,
w(z, k) < h(x k) + Z Hy(CyCor?)( Co/ / G5 (x, y) Ty, 2)u(z, 1)dydz
1€E(k)U{k}
+ [ CRMB @, 2)u(z i (d2)

< (14 By, (CyCor®) ™ Chh(a, k) + 3" B, (CyCor®)™ Cith(z, )
1€E(k)
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< Co(1+ 3am,, (CyCor®)™ M CHA(2' k) + > 3CoCham,, (CyCo) ™ r* ™ h(a!, 1).
I€E(k)

(4.25)

Let C5 = maxke m(X1e pk)uir) 3C2C¢am,,(CyCo)™ + Cs). Since each my, is finite, then
Cjs is finite. By (4.25), for any =, 2’ € B(xg,r/8),k € M,

u(z, k) < Cs(h(2', k) + Z P2 (2 1)), (4.26)
leE(k)
Since by (4.8) and Theorem 2.2.21, for any k € M, 2’ € B(wo,7/8),
int ([ [ @@ w2y de + [ MGt buk(dz),
yEB z0,7/8) oB

L [ @t ), ydpu(e Rz + [ NG, 2z, Kk (d),
B JB 0B
(4.27)

then by (4.8), (4.22), (4.23),(4.24),(4.27), Lemma 2.2.15, Lemma 2.2.18, Theorem 2.2.21,
for any z, 2’ € B(xg,r/8),k € M,

w(z k) > b k) + S HuleoKar®/(KiCo))(Cq! ﬁ C / GA(z, )T (y, 2)u(z, ) dydz
le E(k)U{k} 5B

+ [ CotMB @ 2yulz D (d2)
> h(xz, k) + Z amkl(coKdrg/(ch’o))m“Ca4h(:v,l)

1eE(k)
> h(zk)+ > Ay (0K g/ (K1Co))™ ™. Cy 4 h(x, 1)
1eE(k)
> C'gh(x k) + Z CQOO amkl(coKd/(KlCo))mklr2mklh(x l). (4.28)
I€E(k)

Let Cy = min{(CoCE)~ Yam,, (coKa/(K1Cp))™ 1,1 € E(k),k € M} A (1/Cs), which is also
finite. Then by (4.28), for any x,2’ € B(zg,7/8),k € M,
u(z, k) > Ca(h(a' k) + > P2 (! 1)), (4.29)
IeE(k)
Here both Cs and C3 depend on (d, m, cg, 3,7, ©1, O2, 03, 04,9, Q"), and independent of 7.
In particular, by (4.26),(4.29), for any zo € R? r € (0,7],z,2' € B(zo,7/8),k € M,
u(z, k) < (C3/Co)Ca(h(x', k) + Z r2meih(2' 1)) < (Cs3/Co)u(a’, k) =: Cu(z’, k). (4.30)

0)
]
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2.5 Scale-invariant Full Rank Harnack inequality

Proof of Theorem 2.1.5.

Fix g € R? and r € (0,71),where 77 is the constant in Theorem 2.1.4. Similar to the
beginning of the argument in Proposition 2.4.1, it suffices to establish the Harnack inequality
for bounded nonnegative functions u defined in R that is G-harmonic in B(xg,r). Since Q

is strictly irreducible, then by (1.13), (1.17), we know that
0 < qo < qyy, for any k,1 € M,k # 1. (5.1)
Also, in (4.26) (4.28), E(k) = M for each k € M, such that
M = 1, am,, = qy for each | € M\ {k}, and my, = 2. (5.2)
Then by (5.1),(5.2), for any x,2’ € B(zo,7/8),k € M, we have
u(x, k) > (CoC) eggoKar? /(K 1Co) > (@) :=Ksr* Y k(1) (5.3)
leM\{k} leM\{k}
where K3 = (CoC)egqoKar?/(K1Cp). Since 7, < 1 by Theorem 2.1.4, then by (4.26),
(5.1),(5.2), for any r € (0,71],z, 2" € B(xo,r/8),k € M, we have
u(z, k) < Csh(a k) + Csr? Z h(z',1). (5.4)
leM\{k}
Hence by Theorem 2.1.4, (5.3), (5.4), for any r € (0,71],z,2" € B(xo,7/8), any k,i €
M,k £ i,
u(z, k) = wu(z' k) < Cyr? Z h(z',1) 4+ Csr?h(x’, ) + Csh(z', k)
I#k,i
< (Cs/K3)Ksr® Y h(z,1) 4+ Csu(a’,i) + Csh(a', k)
I#k,i
< (C3/K3+2C3)(u(2',i) + h(2' k) = Cr(u(a’,i) + h(z', k),  (5.5)
where C} = C3/K3 + 2C3 + C depending only on (d, 3,7, m, co, qo, ©1, O2, O3, 04,9, Q)
and independent of r.

Furthermore, by (5.3),(5.4), for any r € (0,71],z,2" € B(xo,7/8), any k,i € M,k # 1,

u(, k) < Cs(1+77) > h(@',1) < Cs(L+77)(r 22, i)+ Y h(2,1))
leM le M\{i}
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IN

A

Ca(1+ ) (r (e, i) + (1/Ks)ru(a’, ) < Co(1+7)(1 + 1/Ka)r2u(e’, i)

Cs(1 + 7)r2u(2’,i).
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Appendix A
APPENDIX TO CHAPTER 1

A.1 Martingale problems and SDEs

Given a nonlocal operator £ € N (A1, Ag, Ag), let us first consider in what conditions the
solution (Xy,t > 0;P*) of the martingale problem for (£, C%(R%)) can be transferred into
the weak solution of an SDE.

Let us first consider a Lusin space U (a space that is homeomorphic to a Borel subset of a
compact metric space) with its Borel o-algebra % . Let U = UU{A}, where A is the trivial
point, with the extended o-algebra % constructed as % = {AUB:Aec%,B cC {A}}.

Definition A.1.1. Consider a complete probability space (Q,.F#,P) and a U-

measurable process {Ys}s>o on U is a point process if for almost every w € €,

D, ={t>0:Yi(w)# A} is countable.

Definition A.1.2. We say that a point process Y = (Ys) is discrete if for almost every
w € Q, the set D, = {t > 0: Yi(w) # A} has no accumulation point. A point process Y is
said to be o-discrete if there exists a sequence of increasing sets {Uy }neny C % such that
U = UnenUn, and for almost every w € Q, DI = {t > 0: Yi(w) € U,} has no accumulation

point for each n € N.

In the case of o-discrete point processes, denote D,, = UpenD]".
Next, define a random counting measure ¢¥ on(R* x U, Z(RT) ® %) associated with
the o-discrete point process Y as
(W) = s viw) (1.1)
s>0

with &Y (w, {0} x U) = 0. For any B € %, denote & (B) := ¢Y(-,[0,t] x B) for each t > 0

and {g(B) = 0, as the counting process with respect to the set B. Also, for any
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positive Z @ ZB(R1) @ % -measurable function Z defined on Q x [0,00) x U, denote
& @)W = Y Zlw.sYi@)lggs)ort>0and € (2)(w) = lim & (2)(w) (1.2
0<s€D,,
for almost every w € Q withél (Z2) = 0.

The probability space (€2,.%,P) will be equipped with a nondecreasing family of o-
algebra {.Z;}s>0 satisfying the usual conditions: that is, they are right-continuous and
augmented with all P-negligible sets of .Z,.

A o-discrete point process Y is said to be adapted if Yy is Fg-measurable, and for any
B € %, any U, defined in Definition A.1.2, £Y' (B NU,) is .Zs-measurable for every s > 0.

The o-field on ©Q x RT, generated by all cadlag adapted processes, is called optional
o-algebra, denoted by @. The o-field on 2 x R*, generated by all left-continuous adapted
processes or the following types of sets: A x {0}, where A € %, and B X (s,t]|, where
B e %,,0 < s < t,is called predictable o-algebra, denoted by &?. A stochastic process is
said to be predictable (resp. optional) if it is & (resp. €)-measurable.

Hence if a point process Y is adapted and cadlag, it is therefore optional.

Definition A.1.3. [44, 1.22, 1.30 in Chapter IJA random set D is called thin if it is of
the form D = Upen[Tm|, where {T)n}m>1 is a sequence of stopping times and [T,,] is the
graph of the map Tp,, : Q@ — [0, 00] to the set (€2, [0, 00)); Moreover, if the sequence {Ty, }m>1

satisfies [T,] N [T),] = 0 for all m # n, it is called an exhausting sequence for D.

Theorem A.1.4. If £ is a random counting measure on ) X [0,00) X U, then there exists
a thin random set D C 2 x [0,00) and a U-valued optional process Y such that
Ew,") =Y 1p(w, 8)6(s.v, (w)}-
s>0

Proof. The proof can be found in the proof of Proposition 1.14 of Chapter II of [44].

Definition A.1.5. Following Part B in the Introduction of [36],we say that a point process
Y is o-finite if there exists a strictly positive &2 Q@ U -measurable function H defined on
Q x [0,00) x U such that E[¢Y (H)] < oo, where £ is the random counting measure with

respect to the point process 'Y .
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Theorem A.1.6. A o-discrete point process Y defined on U is o-finite.

Proof. We construct H as follows. By the definition of o-discreteness in Definition A.1.2,
there exists a partition of disjoint sets in U such that {Up}neny C %,U = Up>1U,, and
DI!'={s>0:Y; €U, and Ys; # A} is has no accumulation points for almost every w € Q.
Fix n € N. Let S, 0 = 0, and define S, j,(w) = inf{t > S, 1 : Y #AY, € U}, k € N.

Since D is discrete, then for almost every w € Q, if D\ {0} = 0, set Sy, 1(w) =inf () =
oo; If D2\ {0} # 0, then D!\ {0} must have an infimum which is strictly positve or infinity.
Because, otherwise, 0 would be the accumulation point for D{'. Hence S, 1 > 0 a.s.

By induction, we find the sequence {5, i }x>0 of stopping times, which exhausts the set
D for almost every w.

For each n € N, let Ag = Q2 x {0}, and A, ;, = (Spk—1,5nk), k € N. Hence Ag and A, s
are all #-measurable, and Uy>0A, ; = (0,00), and for almost every w € 2,

EMa, pw)xvn) = D La,xu,(s,Ye) <1,
0<seDy

i.e., Y jumps at most once in A, (w) x U,, almost surely. Let
1 1
H(w,s,u) = ﬂAo(w) + Z on Z ?ﬂAn,k(w)xUn(&u)
n>1" k>0
Hence H is & x %/-measurable, strictly postive almost surely, and
1 1
EH] =E[ Y H(w,sY)] <1+ > 27227 <5.
s€Dy, n>1“ k>0

Hence the process Y is o-finite. ]

Definition A.1.7. (i) An adapted cadlag process X is said to be quasi-left continu-
ous if for any increasing sequence {7}, }nen of stopping times with limit 7', we have

lim,, 00 X7, = X7 a.s. on {T < oo}.

(ii) [44, 2.7, 2.20 of Chapter I] A predictable time is a mapping S : Q — R, such that the
interval [0,S5) is &-measurable, and a stopping time is called totally inaccessible

if P(T' =5 < 00) = 0 for all predictable times S.
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(iii) We call a process A = (A;) an increasing process if it is adapted, and its path is right

continuous and nondecreasing P-a.s. with Ay = 0.

(iv) An increasing process A = (A;) is said to be integrable if E[A] < oo and locally
integrable if there is an increasing sequence of stopping times {7,;n > 1} with

limy, 00 Ty, = 00 P-a.s. and E[A7,] < oo for every n > 0.

(v) Arandomset D C 2x[0,00) is called evanescent if P({w € Q : (w,t) € D for some t >
0}) = 0.

(vi) For any locally integrable increasing process A, there is a predictable process, called
the compensator AP of A, which is unique up to an evanescent set, such that A— AP is a
local martingale. AP is called the predictable compensator of A, or the dual predictable
projection of A. (See [44, Theorem 3.17 of Chapter I]). For any random counting
measure p on Rt x U, the dual predictable projection/compansator u? of a random

measure is defined in the similar idea. (See [44, Theorem 1.8 of Chapter IIJ).

If Y is an adapted o-finite point process, then for any & X % -measurable positive
function Z on Q x [0,00) x U, {£} (Z)}+>0 is adapted, where & is defined in (1.2). Indeed,

if Ae %, 0<s<w, Be %, the function
Z =14 x ]l(s,v]XB

is & x % -measurable, and & (Z) = 14[¢},,(B) — &/,,(B)] is adapted. By monotone class
theorem, for any C € 2 x %, {£) (1¢)}i>0 is adapted. As Y is o-finite, by definition, there
exists a strictly positive & x % -measurable function H such that E[¢Y (H)] < co. The set

D = {(w1):Y£A}
= {(w,0): Yo #AYU{(w, 1) : &~ (H)(w) # & (H)(w), t > 0} (1.3)
is the union of the graph of a countable sequence of stopping times. Indeed, since for

each n € N, define A, = {t € [0,00),AY(H) € [1/2"t1,1/2")} and let Ay = {t €
[0,00), AEY (H) > 1/2}. Since E[¢Y (H)] < oo, then ¢¥(H) < oo a.s. Since & is strictly
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increasing in time a.s., then there must be at most finitely many elements in A,, for each
n € NU{0} almost surely.(Otherwise, P(¢¥ (H) = Do{AEY (H)£0} AEY(H) = 00) >0). Then
for each n € NU {0}, define recursively 7" , := {t > T}',t € A, }. And it is not hard to see

that D = Uynuoy Upe [T{], which is the countably many union of graph of stopping times.

Definition A.1.8. We say that an adapted o-finite point process Y is quasi-left contin-
uous if DN[0,00) is the union of the graph of a sequence of totally inaccessible stopping

times.

Theorem A.1.9. Let X be an adapted cadlag process. The following three statements are
equivalent to each other:

(a) X is quasi-left continuous;

(b) There exists a sequence of totally inaccessible stopping times that exzhausts the times of
jumps of X ;

(c) For any increasing sequence {T),}n>1 of stopping times with limit T, we have
lim X7, = X7 a.s. on {T < oo}.
n—oo

Proof. The proof can be found in Theorem 2.26 in Chapter II of [44].

Theorem A.1.10. Suppose that X is a locally integrable non-decreasing process. Its dual

predictable projection XP is continuous a.s. if and only if X is quasi-left continuous.

Proof. By the definition of dual predictable projection, X — XP is a martingale starting from
0 at t = 0. Since if YV is a local martingale, then by Lemma 2.27 in [44], E[Y7|%7-] = Y-

on {T < oo} for every predictable times T'. Also, for any predictable time T,

E[X7 — X}|Fp-] = Xp- — XP_ a.s. on {T < oo},

i.e.

E[AXy — AXE|Fr-]1=0 a.s. on {T < co}.
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Since X? is predictable, then by Lemma 25.3(i) in [55], X1 1<o0y is Fp--measurable, and
therefore

AXY = E[AXT L rco}|-Fr-]  a.s. on {T < oo}

Since X is quasi-left continuous, then Xp = X7-  a.s. on {T < oo}, then
AXP =0 a.s. on{T < c}. (1.4)

Since for any predictable process Y, by Theorem 3.33 in [42], there is a sequence of strictly
positive predictable stopping times {T}}r>1 so that {(w,t) : t > 0,Yi(w) # Yi_(w)} C
Uk>1[Tk], then by (1.4), for each T}, there exists a set A C 2 such that

Ap Cm([Te] N {(w, 1) : 8> 0, XP(w) # X7 (w)}),

where [Ty] is defined in Definition A.1.3, and 7; is the projection map on the first
coordinate). By (1.4), we have P(A;) = 0 and AX% (w) = 0 for any w € Af. Then on
the set Q\ Up>1 4y, P(Mi>145) = 1 — P(Up>14k) > 1 — > 451 P(Ax) = 1, and for every

w € Q\ Up>14p, X{(w) = X} (w) for all ¢ > 0. Hence, X? is continuous a.s.

Conversely, if X? is a.s. continuous and predictable, then for any predictable time T,
AXE =0 a.s.on {T < oo}.

Hence

E[AXT]I{T<QQ}] = ]E[AX,?] =0. CL.S.{T < OO}

Since X is increasing, then AX7 only takes nonnegative values on {T' < oo}. Hence
AXp =0 a.s. on {T < oo}. Hence the jumps of the process X only happens at totally
inaccessible times, i.e., X is quasi-left continuous. ]

For any o-finite positive diffusive measure v on a Lusin space (U, %), there exists a
Poisson point process Y whose associated random measure p (w,-) = 2550 0(s,Ys(w)) ON

(R x U, B(R") ® %) satisfies that

(i) For any disjoint sets By, B, ..., B, on B(RY) ® %, u¥ (B;)’s are independently dis-
tributed;
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(ii) pY(B) is Poisson distributed with intensity measure v(du)ds for every set B €
BRT) x U .

The following theorem provides a criteria for determining whether a point process Y is a

Poisson point process.

Theorem A.1.11. A necessary and sufficient condition for a o-finite point process Y on a
Lusin space U to be a Poisson point process is that there exists a o-finite positive measure
v on % such that for any B € % with v(B) < oo, the associated random measure u¥ on
([0,00) x U, #([0,00)) @ % )satisfies that u} (B) — tv(B) is an {.F}-martingale for each
t >0, where p) (B) := p¥ (-,[0,t) x B).

Proof. The idea of the proof can be found in Theorem 3 in [36], and we willl provide a more
detailed proof here. The proof of the necessity is trivial, which is by the defintion of the dual
predictable projection of the Poisson random measure. To show the sufficiency, it suffices to
check that for any disjoint set A; = (s;,¢;) x B; with v(B;) < 00,i € {1,2,...,n}, u¥ (-, A;)’s
are independent and each follows Poisson distribution with parameter v¥ (B;)(t; — s;).
Given 601,0s,...,0, € R, define ¢(s,u) : RT x U — R such that ¢(s,u) =
2721 0;14;(s,u), where A’s are disjoint. Notice that Elexp(ipd (¢))] = 0, and for each

t>0,
Elexp(ip) (¢))] = 1+E[ > (exp(in) () — exp(in-(¢))]
0<s<t
= 1+E[ Y exp(ipd () (exp(ilid (0) = - (2)]) = 1)1 (1.5)
0<s<t

Notice that

exp(i[p) ()=~ (9)]) = exp(id(sv,) () = expi[d_ 0;14,(s,Ys)] = 17—, exp(if;1 4, (s, Ys)).
j=1

Therefore, by (1.5), and the disjointness of A;’s, 1 < j <mn,

Elexp(in} (9))] = 1+E[ Y exp(inl_(0))(O_ exp(if;la,(s,Ys)) — 1)]
0<s<t J=1

= 1+E[ Y exp(ipl-(9))(D_ exp(ifla;(s,Ys)) = D> Ta (s, Y3)]
0<s<t =1 j=1
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= 1+E[Z exp(ip!- Zexpz@ — D14, (s,Ys))]
7j=1

0<s<t

= 1+ (exp(if;) — DE[ Y exp(ip)- () 1a; (s, V).
j=1 0<s<t

Since iy (L4, (s,Ys)) —v(Bj)[ti ANt — 55 At] = Ygeees La,(s, Ys) — I v(Bj) (s, ;) (s)ds is an

F-martingale for each ¢t > 0, and ,u,z,/_ (p) is Fs-measurable, then
n
Blexplinf (9)] = 1+ 3 (expity ~ E [ el (o) (510 B)ds]

# Yo(expity () [[Blesplint (s (51
Then
Blewp (il (9] = exp[Y(expith — 1B 1t )

i exp[(expif; — 1)v(B;)(t; ANt —sj At).

j=1

That is to say that the characteristic function of the random variables
(u) (A1), ...,uY (A,)) are the products of each characteristic function, and thus these
1y (A;)'s are independent and each p (A;) follows Poisson distribution with intensity mea-
sure (t; At —sj At)v(Bj). O

Consider any increasing process A. It uniquely determines a Radon measure p“ on
[0,00) with 4« ({0}) = 0 and u*(a,b] = Ap(w) — Ag(w) for any b > a > 0,w € Q. We denote
this measure by dA;(w).

Theorem A.1.12. Suppose that A and C are two increasing locally integrable processes de-
fined on the same probability space (Q,.7,P) so that for almost every w, dA;(w) < dCi(w)
on RT. Then their corresponding dual predictable projections are increasing processes sat-

isfying dAY (w) < dCY (w) on [0,0) a.s..

Proof. The locally integrable increasing processes A and C' define two o-finite measures p 4

and puc on B(R') x Fy by

ua(F)=E 1rp(s,w)dAs(w) and pc(F)=E 1r(s,w)dCs(w)
[0,00) [0,00)
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for any F € B(R") x Fu. Conversely, a o-finite measure p on B(R1) x F, is induced by

an increasing process if and only if for each ¢ > 0,
Q(T) := p(]0,t] xT), T € Fx,

is a o-finite measure absolutely continuous with respect to IP; Moreover, by Theorem 5.11
in [42], such increasing process is unique.

The dual predictable projections AP and CP? of A and C' are the unique predictable
increasing processes so that for any non-negative bounded measurable process H,

/ Hdpa—E [ PH,(w)dA?(w) and Hdpe =E [ PHy(w)dCP(w),

Rt xQ [0,00) Rt xQ [0,00)
where PH is the predictable projection of H; see [42, Theorem 5.20]. Clearly, pa = par
and po = per on P. Since dAi(w) < dCi(w) on RT for a.s. w € Q, we have uy < pc
on B(R") x F and consequently, on &. Let K be the Radon-Nikodym derivative of pcp
with respect to par on &, which is a non-negative predictable process. For each integer
n>1,let K := KAn. Define A;(w) = 3 Ks(w)dC?(w) and /1(5") (W)= [3 KM (w)dCP(w).
Observe that A and A™ are predictable increasing processes, and A™) increases to A by
monotone convergence theorem. For any non-negative bounded measurable process H,

Hd~:/ PH (w)d :/ PH (w)Ks(w)d
/R+xﬂ Ha R+xQ (w)dpiz R+xQ (@)K (w)dpcr

— / PH L (w)dpiar — / Hy(w)dpar.
R+xQ

R+xQ
By the uniqueness between the increasing process and o-finite measure on B(R1) x F
mentioned earlier, the above shows that A? = A, = f(f Ks(w)dCP?, proving dAY < dC?. O
Next, we will quote [40, Corollary 3.2] to prove Theorem A.1.15. Before proceeding, we

introduce some definitions relevant to Theorem A.1.14.

Definition A.1.13. A kernel N from a measurable space (E,&) to another measurable

Lusin space (S,.7) is a function N(x,A) for each x € E and A € % such that

e N(-,A) is &-measurable for each A € .;

e N(z,-) is a measure on . for each v € E.
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We say that the kernel N is bounded if sup{N(z,S) : z € E} < co.

Let 2 C & be closed under countable unions and be hereditary in the sense that if
N e #,and BC N,B € &, then B € 7. We assume that E ¢ . We call the sets in
negligible and 7 the defining class of negligible sets. A property p(x) depending on x € E
is said to hold a.e. JZ if the set of = for which p(x) does not hold in an element of .77.

Theorem A.1.14. Let S be a Lusin space and . be the Borel o-algebra. Define S* as
the space of bounded Borel-measurable function on S.Suppose that 7 C & is the defining
class of negligible sets. Let (E,&) be a measurable space with a o-finite measure p and
define E* as the Banach space of bounded real-valued &-measurable functions on E under
the supremum norm. Let T : S* — E* be an almost positive and almost linear map (i.e, for
every f,g € S*,a,8 € R, T(af + Bg) = aTf + Tg and for every f € S*, f >0, Tf >0
a.e. in H) satisfying that for any nonnegative increasing sequence of functions { fntn>1 in
S* such that fp, 1 f for some f € S*, Tf, TTf a.e. in .

Then there exists a bounded kernel N from (E,&) to (S,.%) such that Tf = Nf a.e. in
F€ for each f € S*.

Proof. See Corollary 3.2 in [40]. O
The following theorem is to show the existence of Lévy system for the adapted o-finite
point process Y on a Lusin space. The idea of the proof is from [36, Theorem 3], and we

will provide more details here.

Theorem A.1.15. Let Y be an adapted o-finite point process on a Lusin space U.Then
there exists a strictly increasing predictable process A and a o-finite kernel N(w,s,-) from
(Q x [0,00), 2) to (U,%), such that for every nonnegative % -measurable function f, the
associated random counting process & (f) = > {seD,0<s<t} f(Ys) has a dual predictable pro-
jection fg N(w, s, f)dAs, which is an increasing process. The pair (N, A) is called the Lévy

system of the point process Y.

Proof. Since {Ys}s>0 is o-finite, then there exists a strictly positive & ® % -measurable

process H such that E[¢Y (H)] < oo, and the jumping times are defined in D N (0, cc].
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Since {&) (H)}i>o is an integrable increasing process, then by Theorem A.1.10, the dual
predictable projection A; of & (H) is a.s. continuous.
For every % -measurable bounded positive function f on U, define

& (FH) = Y f(Y)H(w,s Yo)lpy(s), and € (FH) := lim & (fH)
0<seD

with & (fH) = 0. Denote (¢} (fH))P as the dual predictable projection of & (fH).

Let
C={C e Zx x B([0,0)),P x m(C) = 0},
where m is the Lebesgue measure on [0,00). Then C is closed under countable unions and
if B C C for some C € C and B C % x B([0,00)), then B € C. Hence C can be taken as
the defining negligible class J# of negligible sets in Theorem A.1.14.

Since £} (H) and & (f H) are both increasing processes, then by the definition of the dual
predictable projection, A and (¢¥ (fH))P are both increasing processes. Since d&} (fH) <
d¢)Y (H) a.s., then by Theorem A.1.12, d(&) (fH))? < dA; a.s.. Then there exists a -
measurable Radon-Nikodym derivative (7'f) defined on (2 x [0,00), nonnegative a.e. on

(2 x [0, 00) such that
A&y (fH))P = (Tf)(w,s)dA; P xm— a.e. (1.6)
Note that for each
f € F = {equivalent class of bounded and positive (U, % ) — measurable functions},

Tf € E = {equivalence class of (£2x[0, 00), &) —measurable functions, i.e. modulo Pxm-null sets).

In addition, it is easy to see that ||T'f|| < ||f||, T1;q = 1;q and T is almost positive and
almost linear bounded map (with respect to the the measure P x m. Here "|| - ||" stands for
the essential sup norm on €2 x [0, c0).

Also for any 0 < {fp,} t f € F, Tf, T Tf P x m-a.e. By Theorem A.1.14, there exists
a bounded kernel Ni(w, s, du) from €2 x [0,00) to (U, % ), such that for almost every (w, s),

every bounded and positive %/ -measurable function f,

(Tf)(w,s) = Ni(w,s,f) Pxm-—a.e. (1.7)
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where Ny(w,s, f) = [ f(w)Ni(w,s,du). Since [|[Tf| < ||f]l, Ni(w,s,U) < 1 for almost
every (w, s).

Let D = {(w,s) € 2% [0,00) : (T'f)(w,s) # Ni(w,s, f)},D, ={s €[0,0): (w,s) € D}.
Since D is a null set with respect to dP ® ds, by Fubini’s theorem, m(D,) = 0 P-.a.s.
Hence, by (1.6),(1.7),

(&X' (fH))P / / f(u)Ny(w, s, du)dAs for every t >0 P — a.s. (1.8)

In addition, for any positive %/-measurable function f, there exists a sequence of bounded
functions { f, fnen, where f, := fl{s<py, such that f,, T f a.e. on U.Therefore, by monotone
convergence theorem, (1.8) holds for every positive % -measurable function f.

Similarly, for any positive & ® % -measurable function Z(w, s, u), we have
t _
(X (ZzH))P = / / Z(w,s,u)N1(w, s, du)dAs for every t >0 a.s.
0 Ju

Let Ay = fg e *ds + A;. Then A is a.s. strictly increasing with respect to time. Thus,
dAs(w) < dAg(w) a.s. So there exists a P x m-a.e. nonnegative Radon-Nikodym derivative
¢©(w, s) such that ||¢|| <1 and

dAs = o(w,s)dA; Pxm—a.e.. (1.9)

By Fubini theorem, we have

_ t
Ay = / o(w, s)dAg for every t >0 a.s. (1.10)
0
Let
N(w,s,1y(+)) := p(w, s)N1(w, s L()) for every (w, s). (1.11)
) ) ) ) 7H(w, 87 ') )

For each (w,s) € Q x [0,00),n € N, define E,(w,s) = {u € U : H(w,s,u) > 1/n}. Then
U = Up>1E,(w,s). By the fact that Ni(w,s,U) < 1, and ¢(w,s) < 1 for almost every

(w, s), we have

N(w,s,1g,1) / H (w10 Nl(w s, du) <

for every (w,s). Hence N(w, s, ) is a o-finite measure on U for every (w, s).
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Hence, by (1.8),(1.10) and (1.11), the dual predictable projection of & f is

f

t _ t
& Hr= / Ny (w, s, H(i)dAS = / / fu)N(w, s,du)dAs for every t >0 a.s.,
0 0 Ju

w, s, )

and (N, A) is the pair required in the Lévy system of the o-finite point process Y.

Similarly, for any positive & ® % -measurable function Z, the dual predictable projection

of §(Z) = Ysep Lo, (s)(2)(w, 5, Y5) is

t t
(& (2))" :/0 N(w,s, Z)dAs :/0 /UZ(w,s,u)N((,u,s,du)dAS for every t >0 a.s.

O]

Remark A.1.16. (i) From the last few lines of the proof, we note that the pairs in the

(i)

(iii)

(iv)

Lévy system is not unique.

One can also refer to Theorem 1.9 in Chapter II of [44], which proves the existence of
the pair of an integrable increasing process A and a kernel K for an optional &7 x U-

measurable o-finite random measure p on [0,00) X U.

For Lévy system for discontinuous Hunt processes, one can also refer to S. Watanbe[76]
and Benveniste and Jacod [12]. However, this theorem is about the existence of a Lévy
system for an adapted o-finite quasi-left continuous point process, with no underlying

Markov processes involved.

Notice that in our project, the process {X;,t > 0;P* x € ]Rd} corresponding to each L
in N'(A1, Az, A3) is a Hunt process. Let Yy be the process on R? defined as

X, — X,- if Xo— # X,
Y, = (1.12)

0 if X, = X,.
Define D := {(w,s) : s > 0, X, # X,—}. By Proposition 1.2.8 and [}4], we know that
Lévy system for'Y is (n(x,dz),t), where n(xz,dz) is our jumping measure, x € R? z €
R9\ {0}. And by the jump measure condition 1.1, n(x,dz) is o-finite on R4\ {0} for
every x € R, Indeed, for each x € R, n € N, define E,(v) = {z € R\ {0} : |2| €
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[1/27,1/27 1)}, and Eo(x) = {z € R\ {0} : |2| > 1}. Then |E,(z)| < A32%" for each
n €N, and |Eyp(x)| < As.
Then by Theorem A.1.15, for any positive B(R%\ {0})-measurable function f, if we
define the associated random counting measure & (-,) = E{seﬁ 0<s<t) 5(X877ys) on
R? x R?\ {0}, then the dual predictable projection for &(f) = Z{sef),sgt} fyy) =
Z{seﬁ,sgt} f(Xs - Xs*) is fg fRd\{O} f(z)n(Xs*7dZ)d3'
The following theorem is to represent the kernel N(x, du) with N (z,-) defined on a Lusin
space U and is a o-finite measure on % for each x € F in terms of some diffusive measure

under some conditions. We follows the idea in Theorem 6 in [36], and we give a detailed

proof here.

Theorem A.1.17. Let (E, &) and (U, % )be two measurable spaces where U is Lusin. Let
N be a kernel from E to U such that N(x,.) is a o-finite measure on % .

Then for any o-finite positive diffusive measure v on U such that
N(z,U) <v(U) for each x € E, (1.13)

there exists a & @ U -measurable function F”(x,u) : E x U + U U {A} such that for any

U -measurable positive function f,

NG.f) = [ 1P (. u)i(du), (1.14)
where F” depends on the measure .

Proof. First, notice that any o-finite diffusive measure m such that v(U) = oo always
satisfies (1.13).

Next, By the definition of Lusin space U, there exists a continuous bi-measurable bijec-
tion ¢ from (U, %) to (]0,1],%([0,1]). Define (A) = oc.

Fix a diffusive measure ¥ satisfying (1.13). For € E, let N and © be measures on [0, 1]
such that N(z,1(C)) := N(z,C) and v(¢(C)) := v(C) for each C € % .

Claim:There exists a function 7 : E x [0,1] — [0,1] U {oco} such that for each C €
U, N(x,(0)) =v({r(x,t) : 7(x,t) € ]0,1]}), i.e.,

N(z,C) = v({u: F"(z,u) € C}),
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where F?(x,u) = = (7(x, ™ (u)).

W.L.O.G, it suffices to first consider U = [0, 1].

1. Suppose N(z,U) is finite for each x € E. For each z € E, let k(x,U) := v(U) and
denote H(xz,t) = k(x,[0,t]),G(z,t) = N(z,[0,t]) for t € [0,1]. For each (z,u) €
E x [0, 1], define

inf{s € [0,1] : G(z,s) > H(xz,u)} if H(z,u) < G(z,1),

T(z,u) =
00 otherwise.
Since m is diffusive, then H(z,t) is continuous and nondecreasing for 0 < ¢ < 1.
Since G(x,t) is right-continuous and nondecreasing for 0 < t < 1, then 7(z,u) is
nondecreasing and right-continuous in u. Since {7(x,u) > t} = {G(z,t) > H(z,u)}

is & ® % -measurable, then 7(x,u) is & ® % -measurable. Then for every 0 <t <1,

1 1
/Oﬂ(du)]l{T(m,u)gt} = /Ok(%du)]l{T(x,u)gt}

1
= /O k‘(l’, du)]l{G(x,t)ZFf’(gc,u)}

= G(x,t) = N(z,[0,t]).

Fix x € E. Let
¢ :={[0,t] C[0,1],0 <t <1}

and

_ 1 _

9= 1{C e B0,1]: N(z.C) = /0 1 wayecyP(du)}.
Then % is a w-system, and & is a A-system such that ¥ C 2. By monotone class
theorem, #[0,1] = o(¥¢) C 2.
2. If N(x,-) is o-finite on U for each x € E, then there exists a countable partition of

disjoint sets {Ax(z)}ren C [0, 1] such that N(z, Ax(z)) < co.

Since v is o-finite, then there exists a partition {E;};>10f [0,1] such that v(E;) < oo
for each i € N. Then if there exists some E; such that v(FE;) > N(x,4;), then
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since m is diffusive, then there exists a set By(z) C FE; such that m(Bi(z)) =
N(z, A1(x)).Otherwise, since N(x,U) < (U), then there must be some integer o7 > 2
such that

m—1 m—1

l‘ Al
=1 =1

TH
tu

Then by the diffusive property of m, there exists an Ep, C Ep, such that By(z) =
UM E; U B, satisfying v(By(z)) = N(x, Ay).

Therefore, N(z, A}) < v(B§(x)). Repeat the above procedure. Hence, by induction,
for each € E, there exists a countable partition of disjoint sets {By(x)}ren such
that v(By(z)) = N(x,Ag) for each k € N, and from (1), for each k, there exists a
function 7x(x, u) : Bi(z) — A U{oo} such that for every C € %(0,1), N(x,1a,nc) =

[ 1, () (W), (ouwefcna,¥(du). Therefore, by letting

T(2,u) if u € Bi(z),k €N
T(z,u) =
00 if u ¢ U B (x),
we have N(z,1¢) = [ 17 @wecv(du).
Define F”(x,u) := ¢~ (1(x,9(u))) for each u € U.Then F” is a function from E x U
to U U{A}, such that for each C' € %,

N(z,1¢) = N(z, Lyc)) = /]1{T(x,u)e¢(0)}5(du) = /]I{F_"_’(J:,u)EC}lj(du)v

where F” depends on the mesure m.Therefore, for any positive % -measurable function

/.
N(z, f) = /U F(F7 (2, )5 ().

O]

Remark A.1.18. The jump process Y defined in (1.12) has a Lévy system (n(z,dz),t),
where n(z,dz) is the jump kernel for X, which are o-finite on B(R%\ {0}) for each x € R.

Also notice that X,— : (w,s) — R? is function valued on R%. Then applying Theorem
A.1.17 with E = R4, U = R?\ {0}, for any o-finite diffusive measure m on R\ {0} such
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that n(z,RY\ {0}) < p(R?\ {0}), there exists a & @ % -measurable function F”(zx,u) :
E x U UU{AY} such that for any positive (R%\ {0})-measurable function f,

n(Xs-(w), f) = /Rd\{o} f(FY (X (w),u))v(du)for any (w,s) € Q x [0,00), (1.15)

where FY is depends on the measure v.

Now we quote a Doob’s theorem from [32, 4.44] to prove Theorem A.1.22. As usual, we

introduce some concepts that are used in Doob’s theorem.

Definition A.1.19. A o-algebra 4 on () is said to be a separable if it is generated by some
sequence {Hy }n>1 of subsets of Q. Then let F,, = o(Hy, ..., H,), we obtain a filtration (F,)
such that

Foo = nh_}ngof =VpFn=9.

For example, if © = [0,1], its Borel oc-algebra ¥ is separable: Let P, =
([0,1/2™],(1/2™,2/2™],(2/2™,3/2"],...,(1 — 1/2°1]) and F,, = o(P,) for each n € N.Then
the partition P, on [0, 1] is more and more refined as n increases. So ¢ is a separable
o-algebra if and only if it is generated by a sequence {P,},>1 of finite partitions of [0, 1].

Since any Lusin space U is homeomorphic to [0, 1], then there is a bijection is ¢ : U —
[0,1]. For each n € N, let the partition P, on U be (¢~1[0,1/2"], 6~ 1(1/2",2/2"], ..., ¢~ (1 —
1/27,1]). and set F,, = o(P,). Then we have % = V,,F,,. Hence the Borel o-algebra % is

separable.

The following is Doob’s theorem.

Theorem A.1.20. Let S be a set and 4 a separable o-algebra on it. Let (E,&) be an
arbitrary measurable space. Let P,Q be two a bounded kernels both from (E,&) to (S,¥9).
Suppose that, for each x in E, the measure H — Q(xz, H) is absolutely continuous with
respect to the measure H — P(x, H). Then there exists a positive & @ 9 -function Z(x,w)
such that

Q(x,H) = /HZ(x,w)P(x,dw),x cE HecY.

Remark A.1.21. The Doob’s theorem in [32, 4.44] states the condition when P is a prob-
ability kernel, and we modify it as a bounded kernel for our purpose. The proof follows the

same line in [32, 4.44).
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Theorem A.1.22. Let (E, &) and (U, % )be two measurable spaces where U is Lusin. Let N
be a kernel from E to U such that N(z,.) is a o-finite measure on % for each x € E. Then
there exists a family of & ® % -measurable sub-Markovian kernel @(w,u, ) from (E x U)
to %, such that for every o-finite diffusive measure v satisfying (1.13), every positive % -

measurable function f, and every A € % , we have

/]lA f(FY(z,u))(duw) /quA)f( )N (x, du).

Moreover, when N(x,dz) is the jump kernel for the jump process Y of a Hunt process

X defined in (1.12), we have the dual predictable projection of 3 o< ]1{5615}@()(877ys7 A)
satisfies that

[ Z ]l{seﬁ}Q(XsﬂYs,A )P = / /Rd\{o} wlipr(x _ uwzoyP(du)ds a.s.,

0<s<t

where F” is the function defined in Remark A.1.18, D := {(w,s) : s > 0, X5 # X,- }.

Proof. This proof is based on the idea of Theorem 8 in [36], and we modify it for our purpose
and add more details. Since N(x,dz) is o-finite on U for each x € E, then for each z € F,
there exists a sequence of disjoint sets { £y (2)}{n>1y € % and U = Up>1E,(x), such that
N(z, Ep(z)) < oo for each © € E,n € N. Define h(z,u) := ¥ ,51 3715,z (u), for each
(x,u) € E x U, then h(z,u) is a strictly positive function on £ x U, and

/U h(z,u)N(z,du) < oo for every z € E. (1.16)
Fix A,C € %, and consider the following two &-measurable kernels from E x U to % :
ph(,C) = /U 1 a(u)h(, F” (2, u))Lo(F7 (2, u)7(du)
= [ e, P (@ w)Le(F (@, u)(du)
and
W2z, C) = /U Wz, F” (2, w)) Lo (F (2, u)#(du).
Then for every x € E, pY(x,C) and p?(z,C) are two measures on % such that

pa(z, dv) < i (z, dv).
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Also, % 1is a separable g-algebra on U.Then by Doob’s theorem A.1.20, there exists a
Radon-Nikodym derivative ¢ 4(z,v) defined on E x U such that @ 4(z,v) <1 and

(2, dv) = pa(a,v)2(z, u, dv) for every (z,v).

Since for fixed A € %, both pY(x,dv) and p?(x,dv) are both & ® % -measurable, then
@a(z,v) is & ® % -measurable. Define Q(z,u, A) = @4 (x, F”(x,u), A) < 1 for each (z,u) €
E x U and A € %, which means that @(m, u, A) is a sub-Markovian kernel from E x U to
% . Since F™ is & @ % -measurable, then for fixed A € % , @(, -, A) is & ® % -measurable.

Then for every positive % -measurable function f, A € %, x € E,
| ) f@pan) = . f)
= [ eale. P (@ ), Abe, P (o) (F () d)

= UQ(xaf@(xv'vA»
_ /U@(x,u,A)h(a;,Fﬂ(g;,u))f(Fﬂ(x,u)w(du). (1.17)

Since h is strictly positive, divide h(x,u) (where on the left hand side, it is of the form
h(z, F”(z,u)) from both sides of (1.17).Then for every x € E, A € %, positive %-

measurable function f, by Theorem A.1.17,

/]lA(u)f(FD(a:,u))D(du):/ O, u, A) f(u)N(z, du). (1.18)
U U

Similarly, replacing f with any & ® % -measurable positive function Z(z,u) in (1.18),

/ La(w) Z(x, F™(w, s, u))i(du) = / O, u, A)Z (2, w)N (x, du).
U U

Fix Ae %, @(, -, A) is a positive & ® % -measurable.
When N(z,du) is the jump kernel for the jump process Y defined in (1.12), with X -

is #-measurable, Y is quasi-left continuous, then by Remark A.1.16, the dual predictable
projection of &(Q(X,-,Ys, A)) = Z{0<s§t,se]5} Q(X,—,Ys, A) is

-~ t -~
(Y e A= [ Qe u AN, duds

{0<s§t,s€f)}
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Therefore, by (1.18),
(Y QX YA —// (Xy,u, AN (X, du)ds
k(o)

{0<s§t,s€]5}
= w)lspo w=£ovv(du)ds.
/ /Rd\{o} {F7(x, - )20} P ()

That the indicator 1yp»x _ )20y appears follows from the fact that (1.18) is only valid
for any positive % -measurable function on U. Here F” is the function defined in Remark

A.1.18(iv). O

Remark A.1.23. For any o-finite quasi-left continuous Point process Y defined in a Lusin
space U, whose Lévy system is (N(w,s,du),t) as shown in Theorem A.1.15, apply Theo-
rem A.1.22 with E = Q x RT, we also have a & x % -measurable sub-Markovian kernel
Q(w, s,u, A) such that for every Q(w, s,u, A) from (Q x RT x U) to %, such that for every
o-finite diffusive measure m satisfying (1.13), every positive % -measurable function f, and

every A € U , we have

[ Laa) (P s, )i d) = [ Qs A ()N e, 5. dw),
U
where F” is the function in Theorem A.1.17.

Next, we follow the idea of Lemma 9-Theorem 12 in [36] for o-finite quasi-left continuous
Point process Y on a Lusin space U, whose Lévy system is (N (w, s, du),t), to construct a
new point process Y on U based on the sub-markovian kernel Q(w, s,u, A), and prove that
Y is a Poisson point process. After we give the details of the proof in each theorem, we

apply the result to our jump process on R%\ {0} defined in (1.12).

Denote a point on the space UR" as @ and let Us be the coordinate of @, taking values
on U. By letting

Q(w,s,u,{A}) =1-Q(w,s,u,U), (1.19)

we extend the sub-Markov kernel Q(w, s,u, ) to be Markovian from (Q,Rt) x U) to U.
Next define a new space 2 = Q x UR" with the induced o-algebra ¢ = .F ® UBR"
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For each A; € %, let Q be a new kernel from (Q xRt x U) to U such that

_ Q w,ti,Yi,Ai if YI w 7& A,
Qw, ti, Y, Ai) == ( o) n) (1.20)

04,(A) otherwise.

Hence,

Qw(atl S A17 ceey atn S An) == H?:lQ(w7ti7 }/;fia Az)

defines a transition kernel from (Q,.%#) to (U R U ®R+). On the probability space (,9),
we define a probability P such that dP = dP(w)Q,,(-) and the o-algebra ¢, which is complete
with respect to P.

For each w € Q, let D, = {t > 0:Y; # A}. Then we define a new point process Y on

Q as follows:
Yow) — ift=0,
Yi(w,u) := { @ if t € D, and t > 0, (1.21)
A ift¢ D, and t > 0,

It is not hard to see that if Y is o-discrete, so is Y. Let € be the random counting measure
& (w, ) associated with Y on (Rt x U, B(RT) x %) as
Gw )= Y nvwy
{s€D,,0<s<t}

To show that Y is a Possion point process, we first need to define the filtration {%;}tzo, each
of which is a sub o-algebra of ¢ and that Y is adapted with. Let (%) be the augmented

filtration of Y by including all the P-negligible sets.
Lemma A.1.24. The probability Q. induces a transition kernel from (Q,.%;) to

(U4, 02//\(0’”) for each t > 0.

Proof. First, Qw(ﬁ(o’t]) = H{O<s§t,s€Dw}Q(w75’}/8’ ff) =1.
For each B € ?//\(O’t], denote B, := m;(B), where 7, is the projection map on the 7-th

component such that 0 < 7 < t. Then we have

I_EQW [gt(B)] = H{0<s§t,sEDw}Q(w7 5,Ys, Bs)
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Let D is a countable union of graph of quasi-left continuous jump times, i.e, D =

{Y}(w) 7é A} = {Tl,TQ, ...,Tk, ...}.Then

H{O<s§t,s€]3}Q(w’ S, sz» WS(B)) = Hk]l{TkSt}Q(wa Tka YTka BTk)

Since T}, is Fq,-measurable, By, = 7, (B) is Z7,-measurable. Since the point process
Y is quasi-left continuous, then Y is progressively measurable. Therefore, Y7, is thus
Fr,-measurable.

Also, fix A; € % in the definition of Q in (1.20), then Q is & ® U -measurable. Hence
for every k € N, Q(w,Tk,YTk,BTk) is .#r, -measurable. Since Zr, C % on {T} < t}.

Therefore, 11 Ty, Y1, Bry,) is #-measurable.

{0<s§t,s€f)}Q(w

On the other hand, fix w € Q, Qw(ﬁ(o’t]) = 1. And for any set B € ﬁ(o’t],

Qw((?:s)0<s§t € B) = H{ogsgt,seDw}Q(% 5,Ys, Bs) = H{Onggt}Q(w7Tk7YTk7 BTk)-

For any sequence of sets {Bj}jen C (7, such that B; N B; = 0, for any i,j € N, by the
definition of product measure,
QW(UjENBj) = Z H{OSTkSt}Q(vak‘a YTM Bj,Tk) = Z Qw(B]) < 17
j=1 j=1

and when B; = U for every j € N, then

o0

Qu(Ujenl) =3 Qu(U) = 1.

J=1

Hence, for each w € Q, Q,, is probability measure in 04,

The following theorem is about the Lévy system of the point process Y.

Theorem A.1.25. Let H be the & ® % -measurable strictly positive function on
(92,0, 00,U) such that (&Y (H)] < oo, where & is the random counting measure associated
with the original Point process Y. Then for any B € U, the dual predictable projection of
[t(B) = Yocsct H(w, 5, Ys(w)) Ly, (o u)epy with respect to &, is

n(B) = /Ot ds/]l{ueB}H(w,S,Fﬂ(w,s,u))ﬂ(du),
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where v is denoted as the intensity measure of i on U, and F' is function corresponding to
v in Theorem A.1.17 with E =  x RT.
Moreover, the random counting measure &(B) = > 0<s<t (5{93(%”)63} has a dual pre-

dictable projection with respect to the filtration 9, with

t
/O ds /U (W)L o gy 2y P(0), (1.22)

which indicates that the point process Y is quasi-left continuous with Lévy system
(Lo (w,5,)£21 75 D)

Proof. By the definition of dual predictable projection, it suffices to show that (u.(B) —
mi(B))e>0 is a martingale with respect to the filtration {g_t}tzo‘

By Theorem A.1.24, we have shown that fi;(B) — jis(B) is independent of 4, under the
law of Q. Hence for any A € .Z,, by the definition of Y (w, @) € B, and (1.19),

E[la(m(B) — ps(B))] =

= [EQW(HA) Z H(W,U,YL)Q(W,U,Y:U,B)]
{s<v§t,v€ﬁ}

= E[EQW(]IA) Z H(W,U,YL)Q(W,U,YL,B)].
{s<v§t,v€ﬁ}

Since Lévy system of Y is (IV,t) and by Theorem A.1.22 with E = Q x [0, 00),

BES(L) Y Hl¥)Q(wu0YouB)
{s<v<t,seD}

= E[E (1) /St dv/UN(w,s,du)H(w,s,u)Q(w,s,u, B)]

= [I_EQW(]IA) /:dv/UH(w,s,F”(w,s,u))]l{ueB}D(du)]

— E[1(%(B) — 5:(B))] (1.23)

The second part of the theorem follows by dividing H(w,v,Y,) on the left-hand side)
from both sides of (1.23).
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To obtain a Poisson point process Y whose Lévy system is (7(du),t), and the above
characteristic measure misses the part 1 {FQ(MS,U)ZA}D(du), which corresponds to the
scenario when the original point process Ys(w) = A. So we complement this part by
introducing an auxiliary probability space and a Poisson point process with Lévy system
(1 (F7(w,s,u)= A}D,t) on that probability space to construct a Poisson point process whose
characteristic measure is .

Define a Poisson point process Z on the probability space (W, <7, <7, ]5), whose charac-
teristic measure is m. Let II; be the associated Poisson random measure.

Denote () for the space Q x W, G for G x A, P for the probability on (Q,g?) defined by
P x IF’, and j‘\t for the increasing complete right-continuous filtration constructed by the pair

G, x .

Theorem A.1.26. Consider the above defined space (Q, f ﬁ;, ﬁ) The process f/t(w, u,w)

is defined as follows :

Vi(w,u) if Vi(w) # A and Z(&) = A;
YVi(w,u,0) = Z,(@) if Vi(w) = A and Z(@) # A and F”(w,t, Z;(@)) = A;  (1.24)
A otherwise,

is a Poisson point process with characteristic measure m.

Proof. The idea of the proof is the same as in [36], we just elaborate it here.

Let C = {(w, @, @) : if there exists t > 0 s.t. Zy(@) # A and Y;(w) # A}. Given B € % such

that m(B) < oo, let 11, ..., T, ... be the successive jumping times of the process {II;(B) };+>0.
Fix w € Q, recall that D,, = {t > 0: Y; # A}, which is is countable, and notice that

Yr,@) (W) # A = T, € D,.Since T, follows Gamma distribution, then by the definition

of Y in(1.21), P(T,(@) € D,) = 0. In addition, since P and P are independent, then

Therefore,

P(C) =0, (1.25)
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ie., P almost surely, the processes Z; and Y; won’t jump at the same time. Recall that
{t >0:Y(w,u) # A} C D, P-as., then P almost surely, the processes Z; and Y; won't
jump at the same time as well.
Next, denote E as the associated random counting measure of Y. By Theorem A.1.11,
to show that Y is a Poisson point process, it suffices to show that (&(B) — ti(B)) is a
(%)—martingale.

By the definition of )A/t,

~

&(B)= Y Lyepmlizimay+ Y Lyl za@)eny L o(w.s 2 (5))=0))-

0<s<t 0<s<t

We know that

E(l{z,-a1liy,cpy) = P(Ys € B)P(Z,(@) = A) = P(Y; € B), (1.26)

where the first equality is due to the independence of Y and Z, and the second equal-
ity is because each jumping time of the Poisson point process {Z;}s>o follows continuous

probability distribution, which leads to P(Tj, = s) = 0 < P(Z,(@) = A) = 1. Hence

E(Lyy,—a3liz.@eny) = P(Ys = A)P(Z,(@) € B), (1.27)
Since
P(Ys # A)P(Zs(@) € B) = 0.
then
P(Y; = A)P(Z,(@) € B) = P(Z,(&) € B). (1.28)

By (1.26), (1.27) and (1.28),

~

&(B) =&B)+ D Lipoiusz.@)=n)1iz.@)eB}

0<s<t

where ¢ is the random counting measure associated with Y. Recall that by (1.22),

B t
(&(B)) = /0 /U Lpueny Lo (o 2oy 2(du) ds, (1.29)

Also, given the Lévy system of the Poisson point process {Zs(@)}s>0 is (m,t), we have

t
(> ]I{F_'f’(w,s,Zs(&)):A}]I{ZS(Q)EB}):D:/ ds/ Luweny L (o s uy=ay(du).  (1.30)
0<s<t 0 U
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Therefore, by (1.29), (1.30), (&(B) — 3 ds Jo Luenyv(du)) is a (Z;)-martingale for any
B € % st. v(du)(B) < oo, and thus Y is a Poisson point process whose characteristic

measure is m.

Theorem A.1.27. The point process Y with Lévy system (N, t) is the image of the Poisson
point process Y under the function F” such that

Y, = F'(w,t,Y (w,4,&)) P—a.s. (1.31)
Proof. Since

{(@,0,0) : Yy = F*(w,t, Y1), Y, # A)} = {(w,8,0) : Vi = F"(w, £, Y,), Y # A},

then it suffices to show that {(w, @, @) : Y; # F”(w,t,Y (w,,@))} is P-negligible.

Notice that

(w, @, @) : 3t such that F"(w,t,Y;) £ Yy, Y, # A}

—

(w,@,®) : 3t such that F"(w,t,Y;) = F”(w,t,Y;), F"(w,t,Y;) £ V3, Y; £ A}

{
{(w,,®) : It such that F”(w,t,Y;) # Y, t € D,}
0

P—a.s. (1.32)

In addition,

&=

[ 22 Vi po s 3onea) HEw s 3w v}
0<s<t

=Ef Z Lo (w5, 7a (@) 20} L7 (0,8,Fa () 2 )]

0<s<t

E[ Y Q8 Ye, Lo 07} 1o (w5 7 ()2 (0)))]

0<s<t

t
= E[/O /U ﬂ(du)]l{ﬁf’(w,s,u);éA}]l{F‘f’(w,s,u);én(w,s,u)}] =0 for all ¢ Z 0. (133)

The last two equalities is due to Theorem A.1.25.

Hence the increasing process (3o s<; ﬂ{Fﬂ(w,s,?fs(w));éA}]I{Fﬂ(w,s,?s(w));éYs(w)}) is evanescent.

Therefore,

{(w, @, @) : 3t such that Yy(w) # F”(w,t,Yi(w, @,@)),Y; # A} (1.34)
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is a null set under P. Therefore, by(1.32) and (1.33),
{(w, @, @) : 3t such that Yy(w) # F”(w,t, Yi(w, @,@))}

is a I@’—negligible set.

Remark A.1.28. Apply the same extension and definition in (1.19),(1.20) to @(Xs— Y, o)
that is obtained in Theorem A.1.22, for the jump process Y on R\ {0} defined in (1.12).
Then Q(X,-,u, {0}) = 1— Q(X,—,u, R4\ {0}). And for each A; € R, let 63 be a new kernel
from (R? x RY) to R such that

= X, -, Yy, A X, X, (s
Q(thf(w%mqu) = Q( b b ) Zf b (w> 7& tZ( ) (135)

04,(0) otherwise.

Apply the argument in Theorem A.1.24, Theorem A.1.26, Theorem A.1.27, and we can obtain
a Poisson process Y such that Y; = Fl_’(th,}A/}) P — a.s., such that

Yi(w,u) if X;-(w) # Xt and Zy(@) = 0;
Yi(w,0,@) =1 Z,(@) if X;-(w) = X; and Z(@) # 0 and F”(X,~, Z;(@)) = 0;

0 otherwise.

O
The following is to rewrite the proof of Theorem 13 in [36] in details.
Let M be a quasi-left continuous, square-integrable martingale on R?, and define:
Y; = (1.36)
0 otherwise.

Since M square integrable, then E[},<;(AM;)?] < oo for every ¢ > 0, then Y is o-finite.
Hence the process Y is a adapted o-finite quasi-left continuous point process.

Assume that the Lévy system of YV is (N (w,s,du),t),we want to show that the com-
pensated sum of the totally inaccessible jumps of the square integrable martingale M is a

stochastic integral with respect to a Poisson martingale, where N (w, s, du) is a kernel from

(2 x [0,00)) to B(RI\ {0}).
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Theorem A.1.29. Let M be a square-integrable and quasi-left continuous martingale de-
fined on the probability space (Q, F, . F,P), taking values on RY. The associated jump
process AM is absolutely has a Lévy system (N,t).Then there exists two probability spaces
(Q,i%), (Q,ﬁj\t), a d-dimensional Brownian Motion W, a Poisson point process Y
with o-finite intensity measure U, independent of W, a predictable d x d matrix process

{o(w,t)}i>0, a P @ B(RI\{0})-measurable function F(w,s,u) defined on Q x Rt x RZ\ {0}

satisfying :
t
IE/ (0, 00%(w, 5)0)ds < co for every 0 € R?\ {0},
0
and
t _
E/ ds/ (F”)Q(w,s,u)ﬂ(du) < 00,
0 R4\ {0}
such that

t t __
M, = My +/ o(w, s)dBs +/ / F¥(w, s,u)(p — v)(du,ds),
0 0 JrRA\{0}

where 1 is the Poisson random measure associated with the Poisson point process Y on

(R x R4\ {0}, B(RY) x BRIMODY), and v is its intensity measure.
Proof. For every square-integrable martingale, it could be uniquely decomposed into
My, = Mf + M,

where M€ is the continuous part and M¢ is the discontinuous part of M.
Let {Y;}¢>0 be a point process defined in (1.36). Then for any set A € Z(R?), define
the associated counting measure v¥ on (RT x R4\ {0}, Z(R*) x Z(R?\ {0})) as
70,8 x A) = 3 dsve(oa -
5>0
Since M is square-integrable, i.e., for every ¢ > 0,
E[ Y (M, — M,-)*] <E[M{] < oo, (1.37)
0<s<t
then the measure 7 is o-finite. By Theorem A.1.26 and A.1.27, there exists a probability

space (SA), Jg‘:, dggt’ I@), a Poisson point process Y with intensity measure 7 and a & ® B(RE\



133

{0})- measurable process F”(w, s,u) such that
Y; = F'(w,t,Y;) P-as., (1.38)

and

/ ds Rd (F")*(w, s,u) / d:;/]Rd (w, s,u)v(du)]
Z )% < oo

0<s<t
For any A € Z(RY), let u((0,t] x A) =3 ,-p L, 9eomxay BY (1:38),
((0 t] x A Z ]l{FV (w,s YS)EFV(w s,A)}’ (139)
0<s<t
and y is a Poisson measure on RT x R? with intensity measure v which satisfies
v((0,t] x A) = E[u((0,t] x A)] = tv(A). (1.40)
Then by (1.31), (1.39), v((0,t) x F”(w, s, A)) = u((0,] x A) P—a.s.
Define a process M%P as Mg P = 0 and for each t > 0,
d R _
Mt P = Z (AMS)]I{%<‘AMS|SP} —/O /Rd FV(O.),87’LL)]].{%<|Fp(w,s7u)|§p}y(du)ds.

0<s<t

— Z F w S, Y ]].{ <|AM5|<p} / / w S, U ]].{ <|F,,(wsu)|<p}l/(du)d
0<s<t

Since F” is a positive function, by (1.37), for every p > 0,

d?
E[MPP)<E[ D IAM 1 an<pp] SEL D M = My Y] SE[[|Mi]*] < o0
0<s<t 0<s<t
Therefore,
lim E[|M{"*?] < E[|M;|?] < oo,

P00
ie. Mtd’p converges uniformly in £2(Q) as p — oo.

Denote Mg as the £2-limit, ¢ > 0.Then there exists a subsequence { M }.cn of {M*} ey
for each ¢ > 0 such that Mtd’p’“ — Mg, P-a.s. such that |[M{| < oo, P-a.s., as pp — 00.

Then by dominated convergence theorem,

E[M{l\ﬁs] = E[pgigloo Mtdﬂpqﬁs] = pignooE[Mﬁﬁpﬂﬁs] = piigloo Msd:pk _ Msd-
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Therefore, M{ is also a martingale with respect to {.%;}, and by (1.39) and (1.40),
~ t _ t _
M = Fﬂ(w,s,Y)—/ ds/ FY(w, s,u)v(du) :/ / F’(w,s,u)(p—v)(du, ds).
oggt o R4\ {0} 0 JRr4\{0}
Hence M{ := M; — M{ is a continuous square-ntegrable martingale starting with M§ = 0.
By Theorem 3.4 in [66, Chapter V], for any continuous martingale starting from 0, such
that d(Mf, Mf) < dt, there exists an auxiliary probability space (ﬁ, ﬁ:, ﬁ’), and by defining

V=0x0,9"=7P=PxP,

there exists a d-dimensional {.#/ };>¢-measurable d-dimensional Brownian motion W and a

Z-measurable matrix process {o(w, s)}s>0 such that
t
Mf = My +/ o(w,s)dWs P—a.s.
0

Finally we will show that W; and Y, are independent under P. Since by definition and
the uniqueness of M¢ and M?, then E[MfM{] = 0, > 0. Then for a d-dimensional vector
function ¢(s) = Z?:l ujls; ¢.,,], Where those (t;,¢;4+1]’s are disjoint.

Let

] t 1 rt 9
U= expli [ (0().aWe) + 5 [ [o(o)ds).
Then (U,) is an adapted continuous martingale starting from Uy = 1.

Similarly, define z1; := p((0,¢] x RY) = 3, 41 and a d-dimensional vector

{(5,Y5)€(0,t] xR}’

function ¢(s) = Z;lzl vl x L, where I'; € (R4 \ {0}) and those T; x (s;,5j11]’s

sj+1l>

are disjoint,

exp i [ [ ontds,du)

= explip(p)}
= Z exp {ips(@) — ips— (@)}
0<s<t
= 1+ Y expfips-(¢)}exp{iv(s,Ys)} — U5 o
0<s<t

Notice that P-almost surely, {s < ¢ : Yy # 0} is countable.
Let K; := Ugexp{iu(¢)}, then

E(K:) = E[U(exp{p.-(¢)}(exp {ig(s, Yo} - 1)]
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= E[1+ Y [Us-exp {ine- (9)}Hexp {ip(s, Va)} = 1)]

0<s<t
+(Us = Ug-) exp {ipe- () Hexp {ig(s, V,)} = 1)]]

= E[1+ Y [Us-exp {ins-(9) Hexplip(s, Va)} — 1)]]
0<s<t

— 1+E /0 K, /IR gy (L0} = (s,

where the last second equality is due to the predictability of Us.

Therefore,
E(K,) = 1-exp(/0 ds /Rd(exp{igp(s,u)} — 1)o(du)),

ie.,

E [exp (l /Ot<¢(s), dWs)) exp (z /Ot o(s,u)pe(ds, dU)ﬂ

= E [exp (z /(f(qb(s), dW5)>] E {exp <Z /Ot exp{igo(s,u),ut(ds,du))} .

Therefore W; and f/} are independent under P.
Definition A.1.30. A set M C C(95) is separating if whenever P,Q € Z(S) and

/fdP:/fdQ, Vf e M,
we have P = Q.

The following result is known, see, e.g., [37, Theorem 3.12 of Chapter 4].

Theorem A.1.31. Let S be a separable space. Let A C Cy(S) x B(S), i.e., the graph of
A, (f, Af) C Cy(S) x B(S), and suppose that Z(A) is separating. Let X be a solution of
the martingale problem for A with respect to {.%}i>0, having sample paths in Bg[0,00). Let

71 < 19 < ... be a sequence of {F}-stopping times and T := lim,, oo 7. Then

P(lim X, :XT,7'<OO) =P(r < ).

n—oo

In particular, P(X; = X;-) =1 for each t > 0.
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Proof. For any f € 2(A), since X is a solution of the martingale problem for A, for every

t>0,
o T/t TAL
FOn) = [ AP ds =B | £~ [ AFCE ] P
0 0
Hence with G := o{F,, ,n € N}, we have
TAL
f( h_>m XTn/\t) = h_>m f(XTn/\t) = lim E |:f(XT/\t) - -Af(Xs)dS ]:Tn:|
n—oo n—oo n—oo Tn/\t
= E[f(Xrn)lG], (1.41)
After sending ¢t — oo, we have
f(lim X, )=E[f(X;)|G] on {r < oo} (1.42)

n—oo

In particular, E [H{T@o}f(limn_}oo XTn)} =E [H{T@O}f(XT)} for every f € 2(A). Since
P(A) is separating, it follows that lim, ,- X, and X, have the same distribution on

{7 < oo}. Consequently,

= 0.

Hence f(limy— o0 X5,) = f(X;) P-a.s. on {7 < oo} for every f € Z(A) C Cp(S). We claim
that lim, . X,, = X; P-a.s. on {7 < oo}. Suppose not, then there is a Borel set C C S

so that 1y, ooy Lo(limy, 00 X7,) # 1{r<o0y Lo (X7) with positive probability. Let
-— 3 C
911 .—{T<oo, nh_{lgoXTnGCandXTEC}

and

Qy = {T< 00, X, €Cand lim X, € CC}.

Then either P(2;) > 0 or P(£22) > 0. Without loss of generality, assume that P(€2;) > 0.

Denote by p1 and po the probability distribution of the random variables lim, o X7,
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and X, restricted to the probability space (1, P(Q1) 'P|q,). Clearly u; # po as p1 con-
centrates on C' while o concentrates on C°. On the other hand, for every f € 2(A),
flimy, 00 X7, ) = f(X;) P-a.s. on 4, and so

/f(:c)ul(d:z:) = B(0) 'E [1o, f( lim X,)] = B(2) 'E Lo, f( /f 2)a(de).
S n—oo

As Z(A) is separating, the above yields that 1 = uo, which is a contradiction. This proves

the claim that lim,,_.o X,

n

= X, P-a.s. on {7 < oo}. O
The following gives a sufficient condition for a set M C Cy(S) to be separating.

Theorem A.1.32. Suppose that (S,d) is a complete and separable metric space, and M C
Cy(S) is an algebra. If M separates points in S, then M is separating.

Proof. See Theorem 4.5 of Chapter 3 in[37]. O

Proposition A.1.33. Suppose that there is a solution {X;,t > 0;P*} to the martin-
gale problem starting from x relative to the operator L € N (A1, A2, A3), where n(x,dz)
is the jumping kernel of X. There exists a d X d matriz o, two probability space
(ﬁ,fﬁ), (Q,.7,.%), a BRY) x B(R?\ {0})-measurable function F(z,u), a Brownian
motion Wy, a Poisson point process Y, with o-finite intensity measure A\ satisfying (3.1) ,

independent of Wy, satisfying the property that
) fw)n(z,du) = /d f(F(x,u))\(du) for each Borel measurable function f,
R

so that {X,t > 0} satisfies the following SDE P*-a.s.:

dXt = O'(Xt)th + b(Xt)dt + F(Xt_, Z)(u — V)(dz, dt)
{IF(Xe—,2)[<1}
) F(X;, 2)u(dz, dt)
{IF(Xt—,2)|>1}
X(] = x, (143)

where p is the Poisson random measure satisfying (3.4) with the intensity measure v.

Proof. The idea follows the proof for Theorem IIjg in [56]. Since {P*,z € RY; X;,t > 0} is

a solution to the martingale problem associated with £ € N (A1, A2, A3) starting from x.
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Then
M, = f(X0) - f(z) —/0 LF(X,)ds (1.44)

is a martingale for any f € C?(R%).

Notice that for any f € C2(R%), Lf € C.(R?) C B(R?) for any £ € N(A1, Az, A3).

Since C2%(R?) is an algebra and separates points, then by Theorem A.1.32, C?(RY) is
separating. As {X;}:>0 is cadlag, the solution {X;}+>0 is quasi-left continuous by Theorem
A.1.31.

Next, for f(z) € C*(RY), f(2)L{jpset.f (@ + R)Lip>ey and (h, V f(2)L{p5e) are both
nonnegative, and
L] [ b VI iy ] = B 5 (VF0), 8K T eciariizn)}

Then

/ /Rd f(Xo= +h) = F(Xe-DAgnsey = - V(X )L eainj<iyn(Xs, dh)ds]
- E Z (f(Xs) - f(X )]1{|h|>5} <vf(Xs*)v AAX5>]1{<€<|AXS|§1})]'

0<s<t

Sending € — 0, it yields

// f(Xs- +h) = f(Xs-)) = h- V(X )Ly <1yn(Xs, dh)ds]

= (f (Xs) = f(Xo=) = (VF(Xo-), AX )T gjax,i<1y)]- (1.45)
0<s<t

Therefore, by (1.44) and (1.45),
t 2 d
R L D I e S
= 3 ((F(X0) = F(Xa) = (VX ), AX ) ax,<1y)

0<s<t
is also a martingale under P*. Let f = (f,z), where @ is an arbrary vector in R, then

L) _ o
Dm0, = 0,7,7 =1,..,d, and

d
H = 0,X;,—2)— /Ze% ds — D ((0,AX) =Y 0 AX D ax, <1y)

0<s<t =1
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t a
0, X, — ) — /O S 0b(X, )ds — 3 (0, AX) L jax.io1y)
=1

0<s<t

is a martingale under P* . Specifically, letting (0;, M) = M},i =1, ...,d, where

t
My=X,—a— / b(Xg-)ds — > AXDgax, 1} (1.46)
0 0<s<t

each component of M; is a martingale, and then M; is a martingale in R%.
Since X is a Hunt process, then the jumping times of X is quasi-left continuous. Let
A(z) denote the diffusion matrix (a;;). For any 6 € R?, ({0, M;)) is a martingale, then by

Lemma 9 of [56], Lévy jump kernel assumption (1.3), for each ¢ > 0,
E7[(0, My)?] = [5(0, A(Xy-)0)ds + [ Jpa Lnj<1y (0, h)*n(X s, dh)ds < oo,

then (6, M) is square-integrable, whose quadratic variation is absolutely continuous with
respect to time.
Since each M; is square integrable such that [M* M), = (M', M"); + Yo <;(AM})* =
Jo aii(Xg-)ds + [3 Joa Lni<iy hil*n(X,-, dh)ds < oo, then d[M', M|, < dt, i.e., M is a
square-integrable martingale vector in R? with each component of [M, M]; is absolutely
continuous with respect to time.

Moreover, by Theorem A.1.17, Theorem A.1.27, there exists a probability space
(Q, F,F,), a Poisson point process Y with characteristic measure m, and a B(R?) x B(R%\

{0})-measurable function F'(x,u) such that
AX, = F(X,-,Y)). (1.47)

Let 1 be the Poisson random measure associated with the process Y defined on ([0, 00) x
R\ {0}, B(]0,00)) x #(R?\ {0}) with intensity measure v. Then v((0,t] x A) = tA(A)
for any A € Z(R%\ {0}). Then the dual predictable projection of D 0<s<t AXslgax,|>1}

satisfies

t
( Z AXS]1{|AXSI>1})p = / / hn(XS—,dh)dS
0 J|h|>1

0<s<t
t
= // F(X4—,u)v(duds)
0 JIF(X —u)>1
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t
/ / F(Xo,u)M(du)ds < oo, (1.48)
0 JIF(X —u)|>1

where the last inequality is due to the Lévy jump kernel assumption (1.3).
Since AM; = AX;1{ax,|<1}, then by Theorem A.1.29, there exists a probability space
((NZ,]? , ft), a d-dimensional Brownian motion W, independent of the Poisson point process

Y satisfying
t t
Mt:/ a(XS,)dWﬁ// F(Xou)(u—v)(du,ds),  (1.49)
0 0 JIF(x, - wi<1)

where p is the Poisson random measure associated with the process Y defined on ([0, 00) x

R4\ {0}, B([0,00)) x B(R?\ {0})). Then by (1.46)-(1.49),

Xy = $0+/ s)dWs —l—/ b(X, ds+/ / Xo—,u)(p—v)(du,ds)
—u \<1
[ P(X, w)u(du, ds),
0 JIF(X - u)|>1

with Xy = z.
A.2 Proof of Property (4.9)

Indeed, define Y; := f; U(Xs)dﬁ/\s. We divide it into cases of d =1 and d > 2.

(i) When d =1, Y is a 1-dimensional continuous martingale with

t _
t_/ (X, ds—/ a1 (X, )2ds.
0

Note that Ait < (Y); < A['t. By defining D; = inf{u : (Y), > t}, Yp, is a one-dimensional

Brownian motion, which we denote as Bs. Hence,

Q™ <Sup|Ys\ < 6/2> > Q™ ( sup |Bs| < 6/2> = Q" (SUPIBSI < 6@/2>
s<1

s<1 s<1/Aq

Let ¢(r) :== Q® (sup,<; |Bs| < ), which is an increasing function in r. We have

Qe <Sl<llf|YS’ < 6/2> < p(evV/A1/2).
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(ii) When d > 2, Y is a d-dimensional process with each coordinate process being
a continuous martingale. In general, we can not use time change to turn Y into a d-
dimensional Brownian motion. We consider a one-dimensional semimartingale V' (¢) = |Y; —

yo|? instead, where y = (&,0, ..,0). Note that Vy = |yo|? = €2. Define
ro=inf{t>0: [y >e/2) =inf {t>0: Vi ¢ [£2/4,9¢%/4]}.
Let B is a one-dimensional Brownian motion independent of Y, and set
Vi = Viar + e(Bivr — Br).
By Ito’s formula applied to V3,
tAT tAT

V=1 +2 / (Ys — )0 (X)), dW3) + e(Bovr — B) + | TrA(X,)ds,
0 0

where TrA denotes the trace of the matrix A. So V; — Vj is a continuous semimartingale

with martingale part
_ tAT _ _
M= [ (Y = o (R), W) + eBuur — B
0
As (M) =4 [{" |(Ys — y)o(Xs)|?ds + e(t V T — 7), we have
c1 =2 A (Me%) < d(M)y/dt < e*V (9e?/Ay) = co. (2.1)
Let A; := [;"" TrA(X;)ds and observe that
TrA(X;) < d/A; = cs. (2.2)

With D; := inf{u : (M), > t}, W, := Mp, is a one-dimensional Brownian motion.
Due to (2.1), Dy is continuous and strictly increasing. In fact, D; is differentiable almost
everywhere.

Let Z; := Vi, = Vo + W; + Ap,. Note that Zy = 2 and Ap, = [{ e.ds with

o . dD;
es = lyp,<m trA(XDS)K < csg/cy.

— t P 1 t
My :=exp (—/ esdWs — f/ egds) .
0 2 Jo

Define
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By a similar argument as that for (4.7), we have
BV [M] < exp(t(es/e1)?). (2.3)

It therefore defines another family of probability measure {@x :x € R} by

dQ*
= M, t>0
d(}x ty — Yy

and Z; — Z is a one-dimensional standard Brownian motion under each Q%. Let

Fi

to := ca. (2.4)

Then
Q™ (sup |Zs — Zp| < 352/4> = (3% /4V/10).

s<tg

By Cauchy-Schwartz inequality, (2.3) and (2.4),

<@”“°(Supwzs—zo| §352/4)>2 < E¥ M) Q7 (sup |2, — 20| < 36%/4)

s<to s<tg

< exp (@cé/ef) Qwo(sup |Zs — Zo| < 352/4).

s<to

Consequently,

Qo (sup |Zs — Zp| < 352/4> > exp (—6263/6%) @2(382/4\/%).

s<tp

By the definition of Dy,
Qe (sup Vs — Vol < 352/4> = Q" (sup Vb, — Vo| < 352/4>
s<1 D<1

> QP ( sup |Vp, — Vol < 352/4> > Q™ (Sup |Zs — Zo| < 352/4) ‘
s<(M)1 s=to

{sup|YS] < 5/2} = {5/2 <sup|Ys —yo| < 36/2} D {sup|V8 - Wl < 352/4} )
s<1 s<1 s<1

we have

@“(igwsdz) > @xo(ilélf|‘/s—%\§3€2/4)
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= @™ (sup |V; — Vo| <3¢%/4)
s<1
= exp (—020?))/0%) ©* (3% /4v/10).
This establishes the claim (4.9) with
o(ev/A1/2) ifd=1,

exp (—cacd/c3) ©2(3e2/4V/T0) if d > 2.

¢51(€) =

A.3 Proof of Lemma 1.4.4

This part is mainly referred from [2], [3] [4], [50] and [51].

Definition A.3.1. [3, Section 2.1] Let M be a set in R%. A hyperplane H, is called
supporting to the set M if H, N M # () and the whole set M lies on one side of H,.

Definition A.3.2. [3, Section 9.2] We introduce a new d-dimensional space Ed = {p:p=

(p1,p2,---s04)} called gradient space with the canonical scalar product
d
(p,q) =Y _ pigi
i=1

and denote by |p| = (p,p)'/? the length of any vector p € E. Obviously, E is a d-
dimensional FEuclidean space.To abuse the notation, we will use R? when referring to gra-

dient space.

Definition A.3.3. Let z(z) be a convex function defined on a set D, S, be the graph of the
function z(x), Hy as an arbitrary supporting hyperplane z(x) passing through (xo, zo),where

20 = z(xo). Then the equation
2=z = (", — wo) = (w1 — () + ... + pl(za — )

is the equation of Hy.The point p° = (pY,p9, ...,p%) € S. N Hy. The point p° = (pY, ..., pY) €
R? is called the normal image of the supporting hyperplane H, and is denoted by

The set
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is called the the normal image of the point x( with respect to the function z.(More
precisely, v,(xo) is the normal image of the point x¢ with respect to the function z(x)).

For any set I' C D, the set

VZ(F) = UxOEFVz(fEO)
is the normal image of I' with respect to the function z.

Notice that v,(T') is a subset of the gradient space R%. The mapping v., which maps
the set T' C D to the set v,(I") C R? is called normal. By [3, Section 9.4], for any Borel
subset I' of D, the set v,(I') is Lebesgue measurable in the gradient space R?.

Denote w(z,I') as the normal volume of v,(I'), i.e., the Lebesgue measure of v,(T'),

w(z,T) = v ().

Definition A.3.4. A convex body F in R is called an (n+I)-convex solid polyhedron
if F is the intersection of a finite number of closed halfspaces. If the solid polyhedron F' is
a bounded set in R*1, then its boundary of is called a closed convex polyhedron or a

polyhedron surface.

It is not hard to see when the graph S, of the function z is a polyhedral surface, there
are only finitely many points {z1,...,z,} € I' whose w(z, z;)are non-zero.(See for[50] more
details.)

Since Alexandrov’s theorem says that a convex function is twice differentiable almost
everywhere, then for any convex function z defined on a set D, and a Borel subset I' C D,

by the change of the coordinates, the normal volume w(z,T") is

w(zT) = /V = /F det(zp,, (x))da, (3.1)

where (2,4, (7)) is the Hessian matrix of z(x) at the point = and is nonnegative semidefinite.

Hence by (3.1),

w(z,-) is a o-finite measure on Borel sets of D, and absolutely (3.2)

continuous with respect to the Lebesgue measure on RY.



145

Lemma A.3.5. Let a sequence of convex functions {z"},>1 defined on a domain D such
that {z"}n>1 converges to the convex function z for almost every x € D.Then

limsupw(z", F) < w(z, F)

n—0o0

for every closed subset F' of D, where w(z", F) is defined in (3.1).

Proof. See Lemma 9.2 on page 119 of [3].

Next let us prove the weak convergence of the measure w(z, ).

Lemma A.3.6. Let a sequence of convex functions {z"},>1 defined on a domain D such
that {z"}n>1 converges to the convex function z for almost every x € D, Then w(z", D)

converges weakly to w(z, D) in D, i.e.

lim [ g(z)w(z",dx) :/ g(x)w(z,dx).

for any function g € Cy(D).

Proof. 1t suffices to show when g = 14 where A is a Borel set of D.

Without loss of generality, we assume that w(z, D) < oo. Because if w(z, D) is o-
finite, there exists a countable sequence of sets {E;, },>1 C D such that Up,>1E,, = D and
w(z, BE,) < oo for each E, C D.

Since 2™ — z pointwise on D as n — oo, and {2"},>1 and z are both convex functions,
then det 27/, () 2 0,det z3,5,(z) > 0 a.e. on D and det 2, (z) — det z3,5,(2) a.e. on D
asn—o00,1<14,75<d.

Then for any Borel set A in D, by monotone convergence theorem,

n—oo n—oo

lim w(z",A) = lim / Ladet 2, do = / T adet zp,0;dx = w(z, A) (3.3)
D D
O
Now we are going to prove the following main lemma.

Lemma A.3.7 (Lemma 1 in [51]). Let D be a bounded, convexr and open subset of RY

and z1, zo be two nonpositive convexr functions defined on D such that z1 = z2 = 0 on
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0D .Suppose that there exists a constant K > 0 such that |z;(z) — 2zi(y)| < K|x —y| for every
z,y € D,i=1,2. Define

z(t) :=tza(z) + (1 — t)z1(x), te€][0,1]. (3.4)

Then for every t € [0,1],
d
o /D A(Ow(=(t), dx) = (d+ 1) /D A(Ow(=(t), de), (3.5)

& [ 2= aee),d) <0 (3.6)

Proof. We follow the idea of proof of Lemma 1 in [51]. However, we provide with more
necessary details.

Take a sequence of bounded open and convex domains { Dy, },>1 such that each boundary
0D, is infinitely differentiable, and Dy C Dy C ... with D = U, D,,.
For each i = 1, 2, define a sequence of infinitely differentiable convex functions {z}'},,>1 such

that z%|gp, = 0 and zl*(x) — 2;(z) for any € D as n — co. For each n € N, define
2"(t) = tzy(x) + (1 —t)2f(x), te]0,1]. (3.7)

Since each z; is convex on its bounded domain D, then by (3.1), w(z;, D) < co.Then by
definition of (3.4), (3.7), w(z(t), D) < oo, and w(2"(t), D) < oc.
For any sequence of bounded continuous functions {f"},>1 on defined D such that

f™ — f uniformly on D, by dominated convergence theorem and Lemma A.3.6,

i [ @m0, do) = [ f@l(),do)
= | Jim [ (e det(y, () do - /_f<m>w<z<t>,dx>\

< | lim OO/ (/"(2) — F(@)) det(=2, (1))da| + | lim / z) det(z ))d:c—/[_)f(:c)w(z(t) dz
< nh_}rglo/ |f™(x \supdet( 2, (1))dz +0
— 0+0=0,

nh_)lgo/ ["(@) det (27, d:v—/ f(@)w(z(t),dr). (3.8)

)|
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Therefore, for every t € [0, 1], by (3.8),

lim [ 2"(t) det(22, (1))da = /D A(Ow(2(t), da).

n—o0 D

Furthermore, by (3.7), z:(t) = 25 — 27, then

%/th(t) det(zzizj(t»dx - nh—{go£/D(z2 _Zl)det(zxia:-(t))dx
9 n
= lim JE 1/ 2 ()25 4 8 n ()det(zxixj(t))dx.

(3.9)

Let Dj = {z; : (x1,...xq) € D},1 < j < d. Since 2}*(t) = 0 on D, and 0D; C 9D, then
2 (t) = 0 on OD;. Integrate (3.9) by part with respect to x;, by the fact that

d
Z 86() det(zg,,,(t)) = 0,for every i € {1,..,d}, (3.10)
we obtain
)
Z / 21 ( det(zy,,. (1) 52t (t)d1...drj1dxj11...dTgd;
i) 92z (1) 7 O
_ / / / det (20, ())dwg...dwjs1dayy...dzy 2 ()| op,
ij=1"D1 /D2 Dq xz] )
0 n
-y [ a0 G0 s det( ()
7] 1 .'17 .TJ
_ Z / O det(en (t))d:c—zd: / ()" (t)}d:iidet(z" (t))dar
ij=1 a2l 8 Zm]() o i=17D . 5 01 02,5, (1) o
S Z/ (1) O det(z". (t))da. (3.11)
ij=1 “ ! Zgﬂj(t) v

For each n € NN, denote the matrix A, := (aj}) = (W det (23,4, (1)), and Cy := (cj;) =
(2.0, ().

Then aj; = (Adj(Cy))ij, and Ay, - Cp, = Adj(Cy) - Cp = (det Cy)I, where Adj(Cy,) is
called adjugate matrix of C),, i.e, the transpose of the cofactor matrix of C),.

Since z, is convex, then det(C),) > 0.

Therefore
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(i) If det Cy, = 0, A,, is the zero matrix, and hence (3.6) obviously holds;

(ii) If det(C,) > 0, then C), is invertible and positive semi-definite, and A,, = Adj(Cy,) =
det(C,,)C; 1. Since C,, is positive semi-definite, then for each vector £ € R?, ¢7'4,,¢ =
¢T det(C,)Cy e = det(C)ETCL ¢ > 0. Hence for vector €1 = (24,4)1<i<d,

d d
n 0
AL =) 214(t)z Z D g detlerie, (1) 2 0.
i,j=1 7j=1 xﬂ]
Hence,
O e, dn = v [ der(er, ()
7 th w(z(t),dr) = - lim D et(2g,z; T
~ lim % / 21 (t) det(zmj(t))dm
~ lim Z / 22 detzwj(t))dm
2
_ Z lim / na 3 Qe (1)
ij=1 Zarla:]
< 0.

which proves (3.6).
To show (3.5), integrate by parts for the right hand side with respect to x;, by the fact
that z{*(t) = 0 on 0D and (3.10), similar like (3.11), it yields that

d
0y 5 §
”221 /D z (t)zxixjt(t)m det (2, (t))dx
: )
_ ]221 /D Z"“)W det(1, ())da1...dzpy(t)...day
d i 9, 5 )
- 7; /D int(t)_jZIarj(Z (t)m det(zwixj(t)))}dx
d n n d 0 0 " d . .
_ 7; /D OIE (t)(; 5z 577, (® e (t)))}dxl; /D zmzt(t)[;zzj gz
d -
= -2 [ 02 05 et )] de

(3.12)



Next, by doing integration by parts for 3%, [, 2yt ()25 d_ v (1) 82” e det (22

with respect to x;. By the fact that z}* = 0 on 9D and (3.10) we have

————det(z]} , (t))|dz
=1 j:l T (t) B :|

-y Z?(t)aii(z,zgj(t)wdet(zgﬂj(t)))d

n—2 _ det(2],,, (1)) ) da

d
> (”W det(2],, (1))] dwr...d2]'...d,

T

—————det(z] . (t))dz.

T

By the Euler’s theorem for homogeneous functions, i.e.,

n L et(zl = ddet(z!
D (2, (t ) 5o i )d t(2,0,())) = ddet(z; , (t)).

ij=1 i

Therefore, by (3.12), (3.13),(3.14),

n 0 _ n n
/Dz (1) 5 (det 23, (1)) _d/th (1) det (=2, (1)) da.

Hence, by (3.15),

jt/Dzn(t) det(zg,,,(t))dx = /D £ (t) det(2]; d;):-|-/ —det
— d+1) /D 21 (t) det(zmj(t))dx,
and thus
D[ cecnan = &t [ 0)aa, o)

— lim (d+1) /D 210 det (2"
_ (d+1)/th(t)w(z(t),dx).

oy (1))d
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iy (1))d

(3.13)

(3.14)

(3.15)

L, (0)do

(3.16)
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O
For the two nonpositive convex function zj, zp defined in Lemma A.3.7, for any = € D,

define
pu(dr) = (z1(xz) — z2(x))w(ze, dx). (3.17)

Corollary A.3.8. With the assumption of Lemma A.3.7 for the two functions z1, 22, 21, 22
satisfy that

—/ 2ow(29, d) < —/ sw(z1, dz) + (d + D)u(D). (3.18)
D D

Proof. From Equation (3.6), we know that for any ¢ € [0, 1],

/ (22 — z1)w(2(t),dz) > / (22 — z1)w(z(1),dx) = —u(D).
D D

Then integrating the above with respect to t, we have

1

() < | Lt [ ot dn) < i [ A0, anlizh
1

_ m(/Dz(1)w(,z(1),dac)—/Dz(o)w(z(O),dx)

1
= di—I—l(/D 2ow (2o, dz) — Dzlw(zl,da:)),
where the second last equality is due to (3.5). O

Corollary A.3.9. With the assumption in Lemma A.3.7, there exist a constant r > 0 such

that for any x € D,
|2i(z) T < —w;lrd/ ziw(zi,dx), 1=1,2. (3.19)
D

Proof. We will show the case for ¢ = 1, the result for ¢ = 2 follows the exact same procedures.
Given the surface of z; is polyhedral, so there are only finitely many vertices on the surface.
Consider an arbitrary vertex zi. Let zll denote the function whose graph is the surface of

the cone with vertex (x1, 21(z1)) with the base D. Obviously,

21(z) < z(z) for any x € D.
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Then by (3.17), u(D) < 0, and by (3.18),
—z1(21)w(zy, D) = —/Dz;w(zll,D) < —/DZ1W(Z1,D)- (3.20)
Given D is bounded, there exists a r > 0 such that D C B, (0).Then for any p € vy (D),
p(z —z1) + 2 (z1) <0 for any z € B,(0).
Hence for any p € v (D),

sup p(z —x1) 4 2z (1) <O0.

z€B;(0)
Hence
rlp| — px1 + zll(xl) <0,
i.e.
z1(x1) 21 |z1(z)|r
— <0 = <
7ﬁ‘p| pﬂj‘1+21($1> >~ Y, |p+7“2—|271’2| = 7“2—|331‘2,

which means that v+ (1) contains a ball with radius ‘TZ;_(T;EI;" Therefore,
1

|21 ()] %

’
Gy =)

where wy is the volume of the unit sphere. Then combined with (3.20), it yields

|21 ()]

Wa— T < —z(x))w(zy, @) = —/Dzl(m)w(zl,dm). (3.21)

Since the vertex z; is arbitrary, then for any z € D,
|21 (:13)|dJrl < max |,2'1(;1c)|dJrl < —w;lrd/ z1(x)w(z1, dx).
xeD D

O]

Lemma A.3.10. Let D C R? be a bounded polyhedral convex open set, and j be a measure
with nonzero mass on {1,...,xm} C D. Suppose that z1(x) is a convex and continuous
function defined on D such that z1|sp = 0 and its graph is a polyhedral surface with vertices

whose projections onto D belong to {x1,...,xm}. Then there exists a conver and continuous
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function zo(x) on D such that zo < z1 and zo|lop = 0. Moreover, the graph of zo is a convex

polyhedral surface with vertices whose projections onto D belong to {x1, ..., xm}. Meanwhile,
v, (D) C v, (D), (3.22)
and the function zo also solves the equations
(z1(x) — z2(xy))w(z2, 25) = p(zi), i=1,...,m.

Proof. The proof of (3.22) is Lemma 10.2 in [3], and the rest of the proof follows the similar
idea as Theorem 47 in [4] and Theorem 3 in [2],which we will show in detail in Subsection

Ad.

Remark A.3.11. 1. Ifu(D) = > pu(x;), the by Lemma A.3.8 and A.3.9, it also yields
that

m

mazseplza ()| < /D 1wz dz) + 3 ().
=1

We will apply this result to prove the following theorem.

2. According to [51, Lemma 2], it is claimed that Lemma A.3.10 is also true if we change

the equation into
(zl(xl) - 2'2(1'7;))00(22, .’Ez) < /J'(':Uz)a = 17 ey T

Theorem A.3.12. Let D be a convex, open and bounded set in R® such that D C B(0,r)
for some r > 0. Let the measures ji1, 42, ...concentrated in a closed set U C D.Then there
exists a sequence of functions {z;}i>0 that are convex and continuous on D, such that

0=20>21>22>...0n D, z|ogp =0 for each i € N, and for every x € D,
wi(de) = (zi—1(z) — zi(x))w(zi, dz), i=1,2,... (3.23)
In addition, for any x € D,
J
|zj(az)]d+1 < —rd/wd/ zjw(zj,dx) < (d+ 1)rd/wdz,ui(D), ji=1,2,... (3.24)
D i=1

where wy is the volume of the unit d-dimensional ball.
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Proof. Let {D"},>1 be a sequence of polyhedral convex sets such that
UcD'c..cD"c D" and D = U,cnyD" (3.25)

Now fix an arbitrary i € N. Construct a sequence of measures {4 },>1 such that each

n

Hi
{af,al, ... a]k } so that U' C U? C U? C ... C U, and for each i € N,

concentrated in a set U™ C U, where each U™ consists of a finite number of points

i — p; weakly as n — oo. (3.26)

Fix n € N. Given 2 = 0 on D, applying Lemma A.3.10 repeatedly, then for each n € N,
there exists a sequence of convex functions {z]'};>; whose graphs are polyhedral surfaces
with vertices whose projections onto C™ is a subset of D", such that 0 = 2} > 27 > ... on

D™, each 2]'|ppn = 0, and z; is the solution of the equation
wi(de) = (2;1(z) — 2 (z))w(2], dx), i=1,2,... (3.27)
Therefore, by Corollary A.3.8,
- / . ziw(z)', dr) < — / § zw(z g, de) + (d+ D)p(D™), i=1,2,..

Adding the above inequalities from ¢ = 1 to j, by (3.19), it yields

d d J
n d+1 r n n (d + 1)T n
|27 ()| < —— /Dn zjw(zf, dz) < . ;:1 pi (D). (3.28)

Wd

For each fixed j € N, Zgzl pi (D) is a finite number, then {z}}n > 1 is uniformly bounded
on D. Therefore, there exists a subsequence of {z;*}x>1 of {2} },>1 converging uniformly

on D. Denote z; as the limit.

Since the graph of 27 is a polyhedral surface, then by the definition of convexity, each

zj is convex on D, and for any x,y € D, there exists a constant K j > 0 such that

|2} () — 27 (y)| < Kjj|lz —y|,for each n € N. (3.29)

Taking the limits of ny on both sides of (3.27),(3.28), (3.29), combined with the fact of
(3.26), we have (3.23), (3.24), zjlac = 0 for each j € N, and for any x,y € D,
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Lemma A.3.13. Let z be a convex function whose graph is a polyhedral surface. There

exists a constant € > 0 depending only on the dimension d such that for any r > 0,

d
2(y)do, > e dw(z, B, 5(0))rdt,
Lo o) 20 2 &z, B, o (0)

where n, is the outward normal direction of the surface of the sphere B,(0).

Proof. The proof can be found in Lemma 1 of [50], but since it looks sketchy, we will write
a detailed proof as follows.
W.L.O.G, let us assume r = 4. Once we prove the case when r = 4, we can apply it to

the case of the radius r/4, and it holds for any other values of » > 0. Then it suffices to

d
doy > e{Jw(z, B2(0))4%
Lo =)0 2 <z B0

Also, since the graph of z is a polyhedral surface and by shifting z(x) by a constant vector

show

affine functions, i.e., pr+b, z(z)+px+b is still convex and this does not change the targeted
inequality. Then W.L.O.G, we can assume that 2(0) = 0 andd z(x) > 0 for all x € R,
In addition, if f(z) := p(z — x9) + z(x0) is a supporting hyperplane of z for some

xg € Bo(0), then p(x — xg) + 2(20) < 2z(x) for any = € R?, and thus

|z(z1) — z(x2)|

[2] . = sup
w1,$2€33(0) ’xl - xQ‘
N O ]
|x—z0|<1 |33' - :L‘O|
> sup ’p($—$0)| — ’ "

|lz—z0|<1 |x - mO’
where the last line is by the definition of the norm of the bounded linear functional.
Hence, v.(z) C B,(0) for € By(0), which means w(z, B2(0)) C wq[2]%. Hence, if we can

show

d
elz] < / doy, 3.30
A< [ o a2 @o (3.30)

for some positive constant e, which depends only on dimension d, and for all the function z
whose graph is a convex polyhedron such that z(0) = 0 and z(z) > 0 for all =, we are done

with the proof.



155

Suppose that such a constant does not exist, i.e, then for any convex function z whose
graph is a polyhedral surface such that [z] = 1 with 2(0) = 0 and z(x) > 0 for all z, for any

e >0,

d r < = c.
/634(0) dmz(az) or <elz]=¢

Then there exists a sequence of such {2 }>1whose graphs are polyhedral surfaces such that

with z(0) = 0 and z(z) > 0 for all z, and for each z,

d
do, < k.
/8 ooy do o < ]/

Since the multiplying zp a constant factor, does not change the inequality, then we can

assume that [z;] = 1 for each k > 1, so that

/a -, dir se(@)don < [24]/k = 1/k. (3.31)

Fix € 0B4(0), then for any t € [0,1], by the linearity of z; and the definition of normal

mappings 7L 24(),

d zp(x) - (x —tx) = (1 —t)x - d zi(x).  (3.32)

0 < (1=t)zk(x) = 2(w) — 2 (te) < - n

Notice that, x = 42’, where 2’ = ﬁ € 0B1(0), which is also the unit outward normal vector

of 9B4(0) at the point z. Then for any k € N, t € [0, 1], by(3.31), (3.32),

/ zi(x)do, — / 2k (tx)do,
8B4(0) 9B4(0)

d
< 1—t)x- zi(x)do,
< /{934@( o sal@)

d
= 1—t 2i(r2’) - 42 do,
/8B4 (0) ( ) dnr k( )

41— 1)
< =0

0

IN

(3.33)

By the fact that [z;] = 1 and 2(0) = 0, zx(z) is uniformly bounded and equi-continuous
on B3(0). Hence by Ascoli-Asali theorem, there exists a subsequence {zj,, }m>1 converging
uniformly on B3(0). Denote this limit function by z. Given limy_ o 4(1 —t)/k = 0, then by
(3.33), limg—00 faB4(0) zi(x)do, exists, and by DCT and the fact z(0) = 0,

lim zi(x)do, = lim 2 (0)do,
k—o0 JaB4(0) k—00 J9B,(0)
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= lim 2, (0)doy
k—o00 JoB4(0)

= lim 2. (0)do,
m—0o0 834(0) km()

= / 2(0)do,
9B4(0)
= wad?12(0) = 0. (3.34)

By the definition of polyhedral surface, for each k € N, define zy(x) := min{p?:r + b;‘? ,j =
1,...,r} for some 7, € N, and there exists some subset I, C {1,...,7}, such that the
hyperplane yf(m) = pf:r; + bf,j € Ij intersects with the graph of zi(z) on the domain
ofB3(0). when j =1,...,s;. For j € {1,....m} \ I, yf(w) has no intersection with zx(z) on
Bs3(0). Then zi(z) = min{p?x + b?,j € Iy} for x € B3(0), and hence for any z,y € B3(0),

|2k (@) — 2k (y)] < max{|pk(z —y)|,j € Ik} < |z — y|max{|pk|, j € I}.

Since [z;] = 1, then max{]pﬂ j €Iy} > 1 for each k € N.
W.0.L.G, we assume |p}| > 1 and pkz} + 0¥ = 2z, («}), for some 2§ € B3(0) for each k € N.

Then for every z € R,
2(x) = pi(x — 2f) + zi(a)) > pi(z —2f), keEN,

Then

/ zi(x)do, > / [ph (2 — 2¥)] v 0 do,.
8B4(0) 9B4(0)

Since 2§ € B3(0), then

pi(e—2f)]vo = [Ipl\( —pizf)] VO

> le\| — [p}l[2}] v O

7 i

= [Ip} W$ —3pf|] v o

= le\(mﬂf —3)]Vvo.
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k
Notice that [£L2—3]V0 > 0 for any = € 0B4(0) and when pl | #, it yields that pfz/|p}| = 4.

%]
Therefore,
ph
lim on(@)do, > / (\p1|( —3)V0) do,
k=00 JaB,(0) 8B4(0 Ip 1\
= / (\p\(p14 3) v 0) do, > 0.
0B4(0 p 1‘
which contradicts with (3.34). Therefore we prove (3.30). O
Now let us define Lz := 5 ZZ j=10ijZz,z; and denote det A as the determinant of the

matrix A = (a;5).

Lemma A.3.14. Let S be a convex open set of R? and z(z) be a convex function defined on
S. The measure w(z,dx) can be decomposed into an absolutely continuous measure w®(z,dz),
and a singular measure w*(z, dx) with respect to Lebesgue measure and the Radon-Nikodym
derivative of w®(z,dx) is denoted as (g(x))?, where g(x) > 0 and d is the dimension of the

domain. Then for any nonnegative £(x) € C°(S) and for large values of |z|,

B / £V det Agdzr < / zLEdx, (3.35)
S S

where 3 > 0 and depends only on the dimension d. In other words, fv/det Ag < Lz,

holds in the weak sense.

Proof. The first part can be obtained by applying the Lebesuge-Radon-Nikodym Theorem,
since by (3.2), w(z,-) is a o-finite nonnegative measure on S.

To see the inequality, first
Claim: there exists a sequence of convex functions whose graphs are polyhedra, such that
2™ — z pointwise on S.

By the definition of polyhedron, any polyhedral surface can be represented by a system
of affine functions: Z(z) = min{m;x + b;,;i = 1,...,j}, where N = max;—1,__;{|mil, |bi|},
and j are some finite integer numbers. Since for every convex function z(z), there exists a
set A € R¥™? such that z(x) = SUp (4 p)er a2 + b, and for every set U, there always exists

a set D € Q™% dense in U, i.e., for every element (a,b) € U, there exists a sequence of
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elements (a%,,b,) € B such that a2, — a,b’, — b as m — oo, then z(z) = SUD(; 5)ep ax + 0.
Since D is countable, then by denote (¥(x) = azz + by, for each (ag,bx) € D, and let
2"(x) = supy<,, I*(z) for each n € N, then it yields z"(z) — z(z) as n — oo.

Recall that Lz := %Z%Zl @ijZzz;- W.L.O.G, assume that det A # 0, for the case of
det A = 0 is trivial.

For t > 0,let o = (A)Y/? and for any h € C(R?),
p(t,x,y) = (27Tt)_d/2(det O‘)_l exp[—|0_1(m — y)|2/2t],

Toh(@) = | hy)p(t 2, y)dy, e(t) ::t—d“/t rile ™ dr.

Since convex function is continuous, then z is continuous on S, and extend the sequence
of {z"}n>1, and 2 to the domain of R?, so that {z"},>1, 2 are all continuous on R? and
2™ — z pointwise on R?. Then it suffices to show the case when x = 0 since the other cases
hold by the translation of coordinates. Let 7 = o~'y/y/2t, then by the change of coordinates,
dj = (2t)~%?(det o)~ 'dy. Then changing into d-dimensional polar coordinates, it yields

Ty ="(0) — 2"(0)
— (2nt) (et o) / (0)]e~ 17 v 2t g
— (2nt)"Y*(det o) / " (V2hog) — 2" (0)]e 9 (20)4/2 det o df
= w2 [ (Vo) - () g
= 7T7d/2/ rd=le=r / 2(V2torw) — 2(0)]doy (w)dr

_ g2 / plor? / [ / A o (/B sw)ds]||df ()] [doy (w)dr (3.36)
0 aB,(0) Jo ds
Let f(w) := v2tow, where w is a vector in R?, then df is called the differential of f at
p € R, which is the linear transformation from the tangent space Tp(]Rd) to Trp) (R9), i.e.,
dfy : Ty(RY) = Ty (RY).

If we let {v;,i = 1,...,d} be the basis of the tangent space T,,(R?), then {f(v;),i = 1,...,d}
be the linear basis of the tangent space T’y (R%). By Proposition 3.38 in [73] , it is shown
that

f(vl) X ... X f(vd)

| = (2t)72 deto.
X ... X Vg

ldfp(w) || =1l
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Hence, (3.36) equals
W—d/Q/ rd=le—r / / —z (V2tosw)(2t)Y? det odo (w)]dsdr
dB1(0
= 2 [Tt [ (B 20)2det A)! 2o () dsdr
0 0 JoBi(0) dns
= w2 [Tt [ L (Valom) (20)"2(det )5~ o (@) dsdr
0 0 JoB.(0) dns
ﬂ_—d/2/ 7nd—1€_r2/ s‘d“(detA)l/Qdﬁ[/
0 0 0

2"(ow)do /5raera,(@)]dsdr.

B ez (0 A1
(3.37)
Denote k = y/2t(det A)!/4. Thus, combined with Lemma A.3.13, (3.37) becomes
a2 [ —ar1 [T a1 2 d .. -
= 7 k(s r e dr)( — 2" (ow)doys)ds
OBys(0) A1

= a2 / Fe(s) {27, Biaja(0))s"ds.

Therefore, for any = € R,
17 2" (x) > 2" (x) + 7T7d/2€/ ke(s) C/w(z", BkS/Q(aj))sdflds
0
Taking lim inf from both sides, it yields
hnniloIo}th ") > linniicgfz”(x) + 72 5hnnggéf k:e \/w s Brgja())s =1gs
(3.38)

Given any convex function zon R by Lebesgue-Radon-Nikodym theom on Page 91 of
[38], and (3.2), w(z,dz) can be decomposed into two parts w?(z,dz) and w*(z,dx) such
that w®(z,dr) << w(z,dx),w®(z,dz) L w(z,dx), and there exists a nonegative Lebesgue
integrable function f onR? such that w®(z,dz) = f(z)%z.Let g = f/4. Then

lim inf k:e \/w (2", Bs/a())s =1ds

n—oo

v

/ ke(s hmlnf w(z", Bs/a( z))s?tds

= / k:e(s)ii/liminf w(zn, dy)s? tds
0

n—reo Bk5/2 (1‘)

n—reo Bks/2 (33)

= / ke(s) ii/lim inf we(zn, dy)s?lds
0
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/ ke(s / y))ddys?tds,
Bis)2(x

(3.39)

where the second last equality holds due to the weak convergence of w(z",dzx) — w(z,dz).

By letting %@ =y —x, it yields dy = (%)da@, and thus

/ ke(s / y))ddysilds = / kd/ (g(x-i-ﬁ@))d(ﬁ)ddﬂsd’lds
0Baja(@ 0 +(0) 2 2
00 2
= / e(s)kd/ (g(x—i-ﬁ@))ddg?sd*lds.
0 2 5(0) 2

(3.40)
By the fact that (fBS(O) d@)lfé = (wd)lfésd(lfé), and Holder’s inequality,
o k2 kg~ 11
|7 e (o Soyapi [ agiids
0o 2 4 (0) 2 B
oo 1.2
= [T (ot S ) iR
0o 2 B;(0) 2
%0 2 k
> [T els) [ gla+ Sp)dgds,
0o 2 4 (0) 2
(3.41)

where wy is the volume of the unit d-dim sphere. Hence, by (3.40), (3.41),

00 2 ka1 14 oo k2 k_ .
/ —e(s){ / gz + =9)dys* "ds > (wq)d~ / —e(s)/ g(x + =7)dyds.
o 2 +(0) 2 0o 2 B.(0) 2
(3.42)

Therefore, by (3.38),(3.39),(3.40),(3.42),

fe%S) d
TO2(2) > 2(x) + 7Y 2e(wg) it Vet A / e(s) / oo V2LV deto ”Qde“’g)dyds.
0 Bs(0)

i.e.,

TP2(z) —2(2) o N{l/m/ooe(s)/ 9@+ V2iVdeto, 7)dgds, (3.43)
t 0 B.(0) 2

where N = 7~4/ 2e(wq) 5_1, where € only depends on dimension d. Multiplying the inequality

by £ and intergration with respect to =z,

/5 TU ()d >Nm/§ /e(s)/s(o)g(x—f—\ﬁ\gm)dds]d
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Since by Fubini’s theorem,

|e@mrz@in = [ ¢@) [ ptta):widyde = [ =) [ pta.pea)dedy
= [ 2@ [ptapetdyde = [ @)T7g(a)de

which yields

/Sﬁ(x)TfZ@)t_ Z<m)dm = /SZ(:B)T{’g(x)t— g(ﬂv)alaz:. (3.44)

Hence, by (3.43) and (3.44),

/z(m)wdas > N\d/detA/ g(x)[/ooe(s)/ oo+ Y2V o sl
S S 0

t 4 (0) 2

Since ¢ is infinitely differentiable, then £ € D(L), i.e., lim;_ M = L&(x) for every
r € RY.

On the other hand, since z(x)T¥¢(x) is bounded for every x € S, then by DCT,

lim z(m)wd:ﬂ—/sz(aﬁ)ﬁﬁ(x)dx

t—0Jg t

Letting T = x + ky, i.e, x = T — k¥, by Fubini’s theorem,

N\/M/f / e(s)/ ()g(ac—i-\/ﬂ\zm y)dyds|dz
= N{i/m/o / /f \gm y)dxdyds

:N\‘VM/O / /g \F\/M )g(Z)dzdyds

Notice that when t — 0,k — 0, and thus Z — = and liminf; ,o (T — Vot Ydeta VQdetU@) = &(x).

Then by Fatou’s lemma,for every = € R%,

li?i)iglf{i/CM/ / /f f\/ﬁ v)g(x)dzdyds
> Vdet A /0 / / () g(x)dxdiyds
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= BV detA/Sg(x)g(x)dm

where 8 = 2Nwy [;° e(s)sds, a constant which only depends on d. Therefore, we prove

that for any = € S, any £ € C2°(S) with £ =0 on 05,

5@/5 e < /Sz(m)ﬁf(:c)dx,

ie.,

Bv/det Ag < Lz,

holds in the weak sense.

Our main theorem is the following theorem.

Theorem A.3.15. Suppse that r > 0 and f(t,z) > 0 is in L3 ((—o0, 00) x R?) such that
f =0 outside (0,00) x B(xg,r). Then there exists a bounded non-positive function G(t,x)

on (—o0,00) x R? that vanishes on (—oc,0) x Réand has the following properties:

(i) G(t,x) is conver in © € B(xg,2r) for every fized t € (0,00) and decreasing in t for

every fized x € RY;
(ii) If A= (a¥) is a symmetric nonnegative-definite matriz, then for e > 0 small enough,
1/(d+1) pe 8G ij (€
N(d)(det A) fo(t,x) < ———(t,z) + Z a” G5,
,j=1
for every (t,z) € [0,00) X B(zo,r) where N(d) > 0 depending only on d;
(iii) If a vector b in R and a constant ¢ > 0 satisfies |b| < cr/2,then
d
ZbiGii (t,x) — cG*(t,x) > 0,
i=1

for every (t,z) € [0,00) X B(xg,7);

(iv) For every (t,z) € (—o00,00) x RZ,

d+1)(2r)® [
et < CEDCIT ™ [ g yayas
wd 0 B(zo,r)

where wy s the volume of the unit sphere.
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Proof. W.LL.O.G. we can assume xg = 0. For the case when xg # 0, the following proof
holds by first shifting the coordinates xg to the origin. Let n = 1,2,... and kK = 0,1,2, ...
and define
tn,k+1
bop = 27"k and fop(z) = 2" / f(s,2)ds. (3.45)

tnk

Fix n, by Theorem A.3.12, there exists a sequence of convex functions {G™*(z)} ;>0 defined

on B(0,2r) such that for every x € B(0,2r),
0=G"(x) > G™(z) > ... and G™(x) = 0 on dB(0,2r) for every k € N (3.46)
and
2 f () = (G () — G (2) (G, ). (3.47)
Next, for each n € N and construct the function G™(x,t) such that for any x € B(0, 2r),

G™(tpk, ) = G™(2), Gty py1, ) = G™FF(z)for each k € N

and G"(t,x) is linear in ¢ for t € [tk tn kt1]- (3.48)

Therefore, by (3.46),G™(t,x) is decreasing in ¢t on (0,00), and by (3.24), and for any

t € (0,00) we have t € [tyk, ty ky1] for some k € N, and

(2r) " wa|G" (t, )|

< (2r) YWy G (t, )|
k—1
< @0y [ 2l iy
i—0 B(0,r)
k-1 tn,itl
< @+1ny /B o /t Fly, $)ds)™Ldy
i=0 o i
= ikl h1d) gnd [ g
< <d“>2/3<0)2"</t 2t asyt [T s,y
i=0 T n,i ni
k-1 tn,it+1
< @0y [ [ sy dyas
i=0 B(O,r) tni
- @+ (£ (s )" dyds
(O,tnyk)XB(O,r)
< @+ (f(s,9))* dyds, (3.49)
(0,00)x B(0,r)
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where the second last inequality is by Hoélder inequality. Notice that the upper bound in
the last line is independent of ¢, which it prove (iv).
By (3.49), the sequence of functions {G"(¢,z)},>1 are uniformly bounded in (0,00) X

B(0,2r). Then there exists a subsequence of functions
nj1 . n . .
) ) ) M
{G"'(t1, )} j1>1 C {G"(t, ) }n>1 converges uniformly in ¢17 x B(0, 2r)
Since{G™' } 1>1 are bounded sequence, then there exists a subsequence
G"2(tg, )} 051 C {G™(t, z) }n>1 converges uniformly in t91 x B(0, 2r).
j2> >

Repeat this process for each t = 27"k, k,n € N.

Finally, the diagonal sequence
{G"'(t11,x), G"%(ta1, x), G"7*(tog, ), ...} converges uniformly in z € B(0, 2r).
Denote the sequence s, = {nj1,nj2,n;3,nj4...}. Let

G(t,z) = lim G°™(t,x), for each t = k/2"

Sm —>00

and let

G(t,z):= lim G(27"k,z) for each non-dyadic t.
2-nkt

Then G(t,z) is a function decreasing in ¢t € (0, 00).
Thus we proved (i) and (iv).

Next we will show (iii). For € € (0,7/2), consider

Go(ta) == [ 1)z (@~ /)Gt )dy
and
Pty =" [ (/e (@ =)/ )y,

where ( is the mollifier defined in Subsection 1.4.3.
Since G(t,x) < 0on (0,00)x B(0,2r) and G(z,t) is convex in x on B(0, 2r), then G¢(¢, x)

is non-positive on (0,00) x B(0,2r) and convex in = on B(0,3r/2).
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Let F(tg,z) = p(x — zo) + G*(to, o) be the tangent plane to the graph of G®(tp,x) at
zo € B(0,7). Notice that for any y = o + pr/(2|p|),

y € B(0,3r/2) and (p,y — wo) = |plr/2, (3.50)
Then by (3.50) and the definition of supporting hyperplane of a convex function,

rlpl/2 + G*(to,x0) < sup (p(x — x0) + G*(to, x0)) < G*(to,x) <0
|z|<3r/2
for each x € B(0,3r/2).
Notice that p = V,G%(x0, o), then for any vector b € R? and constant ¢ > 0 such that
|b| < 7/2¢, we have
d
ZbiGii —cG* > —|bl|p| — ¢G* > (—r|p|/2 — G")c > 0.
i=1
To show (ii), first by the first part of Lemma A.3.14, for each w(G™*, dx), there exists
a Randon-Nikodym derivative, in the form of (g, (z))?, with respect to Lebesgue measure
dx, such that
W (G™, dx) = (gnr(z))%d. (3.51)

Let
a = (2M(G"™(z) — G ()T b = (8/d)" det A(gn ki1 (2)),

where A = (aj;) in the operator £ and 3 is the parameter in Lemma A.3.14.
Then by the inequality (d + 1)(ab)'/(™1) < @ + db'/® where d is the dimension, and
(3.47), and (3.51), for every x € B(0,2r),
(d+1) “Vaet A f

= (d+1) "Vdet A(S)d/ D (gnpsr (@) a
< 2"(G"M(z) — G () + By g1 Vdet A, (3.52)

>1/d+1

Let

XF(2) = 1/(e)x(x/e),
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where x(x) be another mollifier function on z € R?% and ¢ < r. By (3.52) and Lemma
A.3.14, for every z € B(0,r),

/Rd a "V det Afnr(z —y)x" (y)dy
< / (2" W) (G (@ = y) = G (@ = y)) + (LX) G (2 — ) )dy,
Rd
(3.53)

where a = (d + 1)(8/d)¥/ 4+,
Take two numbers t1 = 27"k and to = 27™ky, where k; < ks, and choose n > m. Then

by (3.45),
on=mpy—1

S fula) =27 / f(z,5)d (3.54)
k=2n—m[
and by (3.48),
2N Mo —1
S [2MG™(2) - G () = 270G (t, @) — G (ta, @), (3.55)
k=2n—m[,
and
2N "Mk —1 2N Mo —1 1
> G =2 X (G (ks )
k=2n—mf, k=2n—m[,

+G" (tn+1,2)) +1/2(G" (L2, 2) — G" (4, @)
_ on /ttz G (s,2)ds + 1/2(G" (ta, ) — G™(t1, 7). (3.56)
.
Hence, by (3.53)-(3.56), for each z € B(0,r),
a‘”@/ / f(s,x —y)x*(y)dyds
/ G™(t1,x —y)x(y)dy — / G"(t2,x —y)x°(y)dy

" ./Rd /tl (5,7 = u)ex”(w)dody + 2n1+1 /R (G"(t2, 2 —y) = G"(t1, 2 — y)) LX" (y)dy.

Notice that |Lx*(y)| < 1 and G"(t2, z), G"(t1, x)are bounded by (iv). then sending n — oo,
by DCT,

« d+m/ / (s,x —y)x°(y)dyds
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to
< / G(tr,z —y)x“(y)dy — / G(tz,z —y)x*(y)dy + / L[ G(s,z—y)x“(y)dsdy.
R4 R4 R4

t1

(3.57)

Let x°(t) = x(|t|)/e be the mollifier function on ¢ € (0, 00),where € < r, then by (3.57),
to to o0
o “Vdet A fe(s,z)ds = o TV detA/ /d / f(s,z —y)x"(y)x°(t — s)dtdyds
t1 t1 R —00
to
< G°(t1,x) — G*(ta,z) + LG (s, x)ds.
t1

Then the inequality in (ii) follows immediately.

A.4 Proof of Lemma A.3.10

Instead of proving Lemma A.3.10, we will show a more general theorem— Theorem 3 in [2],
which we will summarize the details of the theorem here. From now on, the function z
mentioned in the rest of this subsection, will by default, always means a convex function z.

Let D € R% and z : D — R be a differentiable function and let
pi= Vz = (Z:ma -..,Zxd)

as the gradient of z(z). Let f(p, z,x) be a function satisfying the following conditions:

Condition A.4.1. The function f(p,z,x) is well-defined for all p,z and every x € D;

Furthermore, it is always nonnegative and may take the infinite value.

Condition A.4.2. In every closed bounded domain R of the variables p,z and x, there

exists a summable function fo(p) such that for every (p,z,z) € R,

f(pv Z>$) < fO(p)'

Condition A.4.3. There exist a number zp € R and a function fi1(p) > 0 such that

L, fiwydp >0
Rd

and for every x € D and z < zp,

f(p,z,2) = f1(p).
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Define

A(f) = sup /Rd fi(p)dp, (4.1)
where the supremum is taken over all possible zy and over all possible functions f(p).
Condition A.4.4. For almost every p, the function f(p,z,x) is continuous in z and x.

For a function f satisfying the above four conditions, p — (z(p), z(p)) is just the inverse
of our normal mapping. The function z(p) and z(p) are not unique for those points p for
which the supporting plane of direction p touches the surface at more than one point.

However, we claim that the set of such points p has zero measure.

Proof. 1t is a claim in (9.8) in §9.4 of [3].We will give a proof by contradiction for the case
when d = 1.For d > 2, it borrows the idea of Lemma 5.2 in [3] and need some modification
of it.

Assume there exists a set U € R? with |U| # 0 such that for any p € U, the support-
ing hyperplane with the direction of p touches the convex surface at at least two points
(z1(p), 21), (2(p), 22) such that Vz|,—, () = Vz|s—pyp) = p- Given the convexity of the
function z(x), we know z is differentiable almost everywhere [74, Theorem 25.5], and the

gradient p is monotone, i.e., for any z,y € R? where it is differentiable,
(y =) (Va(z) = Vz(y)) = 0. (4.2)

Hence for any point z(p) = tx1(p) + (1 —t)z2(p),0 <t <1, if z(p) is differentiable, then by
(42),

(z1(p) — 2(p)) - (p — Vz(z(p))) > 0 and (z2(p) — Z(p)) - (p — Vz(z(p))) > 0,

which lead to (1—t)(z1(p)—x2(p))-(p—Vz(Z(p))) > 0 and t(x1(p) —x2(p))-(p—Vz(Z(p))) >

0.Hence

Vz(z(p)) = p. (4.3)

When d =1, let (x1(p), z2(p)) be the maximal interval whose gradient is p. Then by (4.3),
for different p # ¢ € U, (z1(p), z2(p)) N (z1(q),z2(¢)) = 0. Choose an arbitrary rational
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number lying in each interval. Since there are at most countably many rational numbers,
then there are at most countably disjoint such open intervals. Hence U is countable.
When d > 2, denote I(x1(p),z2(p)) be the maximal line segment whose gradient is
gradient p whose endpoints are (x1(p), z1) and (z2(p), 2z2). Then the rest of the proof will
be discussed by considering if the line segments can be represented by how many numbers
of nonzero orthonormal unit vectors out of d orthonormal ones. The reader can refer to

Lemma 5.2 in [3] for more details. O

Therefore, the function f(p,z(p),z(p)) is uniquely defined for almost all p’s in the

gradient plane.

Define

wr(M;S) = /VZ(M) f(p, z(p), z(p))dp,

where M is a Borel set of D and x,(M) is the gradient space of function z defined on the

set M.We call it the relative curvature of S relative to the plane of the domain.

Remark A.4.5. According to [2], in geometry, instead of saying the function z(x), we say
"the surface S given by the equation z = z(x) ", then the paper denotes the relative curvature
of convex function z as wg(M;S).Just to clarify, when f =1, wi(M;S) means the normal

volume of z on M, as denoted by w(z, M) in Subsection A.3.

In particular, if f(p) = (1 +p)*nT+1, then wy(M; S) is the area of the spherical image
(integral curvature) of the set on the surface S, whose projection is M.

Let D € R? be a convex domain and D be its boundary. Not every (n — 1)-dimensional
surface projectable onto D can be the boundary of a convex surface S projectable onto D.

(The border of the surface S is simply the set of its limit points not belonging to S.)

Definition A.4.6. We say a surface L that could be the boundary of some other surface
S is called an admissible surface or an admissible border. (For more details and

examples of an admissible border, please refer to Section 3 of [2]).
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Theorem A.4.7. Every convex surfaces S projectable onto a domain D, having a common

border L are uniformly bounded if they all obey the inequalities
wr(D;S) < C < A(f), (4.4)
where C' is a constant, A(f) is defined in (4.1).

Proof. The proof can also be found in Theorem 1 of [2].By the definition of the supremum
A(f), for a given C' < A(f), there clearly exists a zp € R and a function f;(p) such that

fp,z,2) > fi(p) >0 for every z < zg,x € D (4.5)

and
/ fi(p)dp > C.
Rd

We can assume that zg is such that the common border L of the surfaces S lies above the
plane z = 2. Then the plane cuts off a'cap" S from every "large" surface. It suffices to
demonstrate that the "caps' are bounded.

Let D denote the projection of the cap S. Then, clearly
wf(D,S) <wy(D;S). (4.6)

By the definition of wy and by (4.5),

Stz [ R, (17)

Vz(D)

w(D; 5) :/

v.(D)
where v,(D) is the normal image of the cap S. Since the cap S grows with the surface

S.Also, wg(+;S), then wf(D; S) 1 o0.

| hwip>c. (4.8)
vz (D)

Then, by (4.6), (4.7) (4.8), we obtain ws(D;S)<C, contradicting with (4.4). Hence all the
surfaces are uniformly bounded. O

By (3.2), ws(D;S) is an additive set function on the gradient space, then the next
theorem is about the weak convergence of the relative curvature when the sequence of
convex surfaces {Sy, }m>1 converge to S.

Before proving the main theorem of this subsection, we first introduce another definition.
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Definition A.4.8. If a convex surface Sp, whose border is L, has zero area of its spherical
image projectable onto D, we say that the surface Si, is spanned over L from below.In

this case, St is one and the only supporting plane for each point on the surface St

Theorem A.4.9. If the sequence of conver surfaces {Sm}m>1 projectable onto a given
domain D converge to a surface S, then their relative curvatures wy(D; Sy,) converge weakly

to we(D; S).

Proof. The proof can be found in Theorem 2 of [2].

Theorem A.4.10. Let D be a polyhedral convex domain in R? and L an admissible (n—1)-
dimensional polyhedral surface projectable onto the boundary of D. Let u(M) be a set func-

tion defined on D such that p has nonzero mass only at finitely many points {x1,...,xpm} € D.
Then if
m
> ula) < A(f), (4.9)
i=1

then there exists a convex polyhedral surface S such that for i =1,..,m,

we(xs; S) = i, (4.10)
where S is projected onto D and L as its border.

Proof. The proof is the same as in Theorem 3 of [2]. We will summarize it here.

Let us span the surface S, on L from below. Clearly, S, is a polyhedral surface with no
vertices and L as its border. By the definition of the surface on L spanned from below, we
know that it satisfies the requirement that it has no vertices except those are projectable
into the points x1,...,z;,m € D.

Also, wy(x;;Sr) = 0,4 = 1,...,m, which satisfies (4.9).

Hence it shows there exists a polyhedral surface satisfying the border and vertices re-
quirement and (4.9).

Next, consider all polyhedral surfaces, denoted by {Sj,j € I}, whose borders are L, and
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have no vertices other than those that are projectable into the points x1, .., x;, such that

for each j € I,
we(xs; Sj) < pgyi=1,...,m. (4.11)

By (4.9) and Theorem A.4.7, they are uniformly bounded, i.e., for all the functions z;(z), j €
I, each of whose graph is associated with a polyhedral surface Sj, there exists a positive
M > 0, such that sup,ep e |2j(2)] < M. Then there must exist a surface S° € {S;,j € I}
whose function 2" satisfies that >/ z(x;) is the minimal.

We claim that SO is the desired surface satisfying (4.10), which will be proved by con-

tradiction. Assume it is not, then it means for some point x;,
wf(mk;SO) < fbk- (4.12)

Let A, be a point on S° whose projection on D is x;.Notice that A might not be a vertex
of S'. Move Aj;, downwards vertically through a small distance A;Ak. Construct the convex
hull of the point AIK, the vertices of S° and a border L. Then it is a polyhedral surface S*

with border L, with the vertices whose projection belongs to the set {z1, ...,z }.

Next we will show that the surface S satisfies (4.10).
Denote A}’s are the points on S! whose projections are x;’s on D. If A} is a vertex of S
different from A;ﬁ, then from the construction of S', it is clear that A; is the vertex A; of
the surface S° and by
Vg1 (i) C vgo(wi),
so by the definition of wy(x;; 5’1), since z; and z; are the same in S° and S*, then
wi(mi; SY) < wp(wi; S0,
and thus by (4.11),
wr (i3 5%) < ps.

For the point A; which is not the vertex of S, which means wy(z;;S%) = 0 < v;. Finally,

we consider A;C, the most shifted vertex, by the definition of relative curvature,

wr(ap; ST =/ f(p, 2, xi)dp,

Vg1 (*Tk)
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where (zy, 2},) is the point on the surface S*. Let us show that ws(zy; S') varies continuously
along A;Ak shifted continuously from the initial position Ag. For a polyhedral surface, the
normal image v,(x) of A;C is a convex polyhedron in the gradient plane, and it varies
continuously as the point A;C varies continuously.
In addition, by Condition A.4.4, the function f(p,z},xy) is continuous in zj and zj, for
almost all p. Hence, as the point A;i, varies continuously along A;/,Ak, the function f(p, 2, )
varies continuously for all p. And by Condition A.4.2, the function f(p, 2z}, zr) < fo(p) on
bounded domain of (p, 2, xx). Therefore, by dominated convergence theorem, wy(z;; S,
and therefore wy(zy; S1) really depends continuously on the position of A;.Consequently,
with a sufficiently small shift A, A, since by (3.22), vg1(2x) C vgo(x), then wy(wg; S1) <
w(zy; SO) for a very small amount.
Hence, by (4.12),

wr(2g; S1) < pg.

SInce S' satisfies (4.10) and Y-7%, 2§ < 3T, z;, which contradicts with the definition of
SO, Hence S° satisfies (4.10).

Remark A.4.11. 1. From the proof, it is clear to see that the surface S° does not only
satisfy Z;n:l z; s the minimal among all the functions whose surfaces are {S;,j € I},

but also satisfies each coordinate z; attains the minimum respectively .

2. In [2], there is a more generalized theorem which extends the above theorem by proving
the existence of a convex surface on a convexr domain , instead of a polyhedral domain,
with the same border requirement and satisfying (4.9). Please refer to Theorem 4 in

[2] if the readers are interested in this area.

Proof of Lemma A.3.10. To show Lemma A.3.10, notice that each z1(z;) is a known value.
Let f(p,z2,2) = z1(x) — zawhich is well-defined for every z € D and 2. Notice that the
boundary L of S,, is zo|p = 0.

Next, given z1|gpp = 0 and z; is convex, then z; < 0 on D. Notice that 29 = 27 is a

solution of

(21 — 29)w(z2, ;) < p; for every i =1,...m. (4.13)
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Also, given the assumption that zo < 27 if such 29 exists, zj(x) — zo > 0 and it is defined for
every z € D and every p in the gradient plane, which satisfies Condition A.4.1.Notice that
the steeper the polyhedral surface of 27 is, the larger the value of sup,cp z1(x) — 22 and the
value of maxX;e(y, . my |Vz, (7i)| become.
Moreover, f(p.zo,x) satisfies Condition A.4.2 since given any compact set D of (p, z2, ),
there exists a bounded function fy = supp(z1(x) — 22), such that f(p.ze,z) < fo on D.
Since the graph of z; are polyhedron, then z;(x) are continuous on D,then f(p,zs,2) =
z1(x) — 2o is continuous in x and zy, which satisfies Condition A.4.4.

To check if f(p,z2,2) = z1(x) — 22 satisfies Condition A.4.3, we first notice that
t,{z1(x),r € D} is bounded, and the minimum value of z; lies either on the vertices
or on dD, which is deterministic. Hence, for any constant zyp < min,p 21(z), choose

J1(p) = min,p z1(x) — 29 > 0, then
|, hipdp = o
R4
and for any 2z < 2o, and every z € D,
z1(z) — 22 > fi(p),

which proves that f(p, z2,x) = z1(x) — 22 satisfies Condition A.4.3. In addition, given
m
/ z1(zi) — zo(wi)w(z2, z;)dxr < ZM(!II@) < 00,
b i=1

it satisfies (4.9). Hence, by Theorem A.4.10, there exists a convex function z such that
29 < 2z on D, whose graph is a polyhedral surface, satisfying the requirements for the

border and vertices.
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