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I.Y. (Steve) Shen 

Yasuo Kuga 

 

A new structural health monitoring (SHM) system, which consists of a piezoelectric drive and a 

ferroelectric-based sensor unit, is proposed. Unlike the current SHM system, the proposed SHM 

system has only a sensor unit and a drive unit, a low-power source to operate the system, and 

requires no heavy weight memory unit to record data.  

For the ferroelectric-film-based sensor unit, a polarization fatigue measurement system is 

developed and a numerous sets of polarization fatigue tests on ferroelectric films with millions of 

repetitions are conducted. The polarization fatigue data of the ferroelectric thin films provide the 

reduction of their polarization under a certain number of cyclic electric fields. For the drive unit, 

a bulk piezoelectric ceramic is mounted on a structural component sending out voltage, which is 

induced by the deformation on the structural component. By electrically connecting the drive 
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unit to the sensor unit and an interface circuit in between, we utilize the polarization fatigue data 

of ferroelectric-film-based sensor unit to record only a critical number of cycles of a dynamic 

load history of larger magnitudes. The proposed SHM system is verified by a numerous sets of 

random-amplitude dynamic tests, which demonstrate that the proposed SHM system performs 

reliable accuracy for counting cycles, whose amplitude is larger than a specific value.  

To protect the fragile piezoelectric ceramic based drive unit, we analyze the reduction of stress if 

the piezoelectric patch is mounted on a structural component with an adhesive layer in between. 

We develop a theoretical model to analyze the elastic and viscoelastic behaviors of the load 

transfer design statically as well as dynamically. Finite element analysis is conducted to verify 

the accuracy of the theoretical model. 
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Chapter 1   Introduction 

Most structural failures in engineered system result from cyclic mild conditions of variable stress, 

strain, or temperature rather than a single intense shock of excitation. It is well-recognized that a 

catastrophic failure occurs after a large number of mild load cycles where a single load of the 

same magnitude would not do any harm to the mechanical components. The aging of aerospace 

structures due to alternative loading has been the one of the major threats to aviation safety. 

From decades ago, the United Airlines Flight accident induced 111 fatalities in 1989 [1], up to 

recent years where  the China Airlines flight accident caused all 225 fatalities in 2002 [2]. 

Recently, in the Fukushima nuclear plants in Japan, the Tokyo Electric Power Company did not 

have the information on which structural components were damaged and the magnitude and 

number of cycles of such stress loading on them. This prevented them from performing the swift 

actions needed to avoid meltdown.  

In chapter one, the literature about the development of structural health monitoring (SHM) 

system will be reviewed in Sec. 1.1, the proposed SHM will be briefly introduced in Sec. 1.2, 

and the structure of this dissertation will be organized in Sec.1.3. 

1.1. Literature Review 

Since the first mechanical fatigue phenomenon was discovered in 1837 [3], there have been 

continuing efforts to develop the analysis technique that predicts the remaining life of the 

structure due to the fatigue [4][5], and damage assessment to evaluate how much the strength 

reduced because of the fatigue [6][7][8], which are well-established but still being employed in 

present days. For practical tests to inspect the damaging defects, non-destructive testing (NDT) 

and evaluation methods are widely used in industry for checking the quality of a mechanical 
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component. A series of inspection instruments and techniques have been evolved to serve NDT, 

which provides an accurate evaluation on the location and size of the defect. However, the need 

for quick and real-time inspection is sacrificed due to the requirement of human intervention, the 

investigations of the damage might affect even disable the function of the material. The 

generalized measurement system which provides real-time inspection consists of detector stage, 

which senses the physical signals, a signal conditioning stage, which amplifies the relatively 

small signal and filters out noises from the detectors, and the displaying-recording stage, which 

interprets and stores the data from the previous stage. A typical example of the measurement 

system composed of strain gauges to sense the strain on a structural component as the detector 

stage, an instrumentation amplifier and frequency filter as a signal conditioning stage, and a 

monitor and a hard disk drive as the final stage. Unlike NDT, which diagnoses the material 

failure after usage, the evolving structural health monitoring (SHM) systems expanded from the 

limited function of the typical measurement system, including a real-time sensing, data 

acquisition and data interpretation system, system has been proposed and developed for decades 

to serve engineers to evaluate the current conditions of a mechanical component and estimate the 

expected life of it. The SHM systems use an automatic technique to reduce or even eliminate the 

amount of human intervention, which enable the on-board system to function while the machine 

is operating, whereas traditional NDT are typical grounded-based technique.  An ideal SHM 

system, integrated with sensor/actors, signal processing, and computation components, aims to 

diagnose or even prognose “the state of health” of the material or structural component in every 

moment during the life of a ground/aero vehicle, any structure of civil infrastructure or energy-

generating system (wind turbine blades and nuclear power stations) [9]. Many sensing 

techniques are used to achieve the monitoring [10]. The current SHM systems can be roughly 
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classified into the following families: vibration-based, impedance-based, fiber-optics-based, and 

piezoelectric-based SHM.  

The premise of the vibration-based SHM is that the damage of the structural component induces 

the changes in structural characteristics, such as mass, stiffness, damping as well as boundary 

conditions. The variations of these structural characteristics affect the vibration response of the 

structure, such as natural frequencies [11], frequency response function [11], mode shapes [12] 

and its derivative [13] ,or flexibility coefficients [14][15][16], etc. By inspecting the shift of 

these vibration responses and back calculate the inverse problem, the changes of the structural 

characteristics can be identified and how serious the structural component has been damaged can 

be evaluated. Pandey et al. [12] first introduced the concept of mode shape curvature to localize 

the damage. They applied a continuous beam model to a simply supported beam containing 

damaged parts at several locations to demonstrate the presented method. As an extension of this 

work, Ho and Ewins [17] presented changes in the mode shape slope squared as damage 

indicating features. As another damage indicator based on mode shapes, Pandey et al. [18] 

presented the changes in the dynamically measured flexibility matrix can be accurately estimated 

from a few low frequency vibration modes of the structure. To determine the best candidates of 

damage signatures, including natural frequencies, mode shapes, and modal flexibility, Zhao and 

DeWolf [19] presented a sensitivity study, and made a conclusion that modal flexibility was 

more likely to indicate damage than the other candidates. Subsequent study presented by Bernal 

and Gunes [20][21] incorporated in modal flexibility matrices into the damage locating vector 

method to localize damage. To achieve a well-performed evaluation by vibration-based SHM 

requires well-equipped dynamic analyzer and appropriate algorithms for signal processing, such 

as Fast Fourier Transform or wavelet transform, to condition the raw signals to meaningful 
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information.  The more accurate evaluation of the structure may lead to higher cost and bulky 

equipment. 

Fiber-optic based SHM embeds optical fibers in the composite materials. The fabricated Bragg 

gratings on the optical fiber are able to transmit a wavelength shift due to the crack to the data 

acquisition and computation system to demodulate the signals[22][23][24][25][26]. The fiber can 

be deployed along the structural component to monitor strain at various locations, or embedded 

in manufactured parts, such as composite components. Fiber optics sensors have advantages of 

nonintrusive features on the order of human hair in diameter, extremely lightweight, their 

immunity to electromagnetic interference, and proven to be robust [27]. The accuracy of the 

strain measurement can also be enhanced by forming the fiber into rosettes [28]. However, fiber 

optics sensors are sensitive to thermal effect and required thermal insulation and temperature 

compensation design. The data acquisition, signal modulation / demodulation, and computation 

of the received optical information is a critical issue that may complicate the system and lead to 

high cost. 

SHM system with piezoelectric sensors/actuators, in general, emits elastic waves through the 

structure by a piezoelectric patch. The responses of structure due to the appearance of crack from 

a defect are measured by an array of the other piezoelectric patches. Tracking the changes in 

reflection and transmission velocity as well as wave attenuation are able to locate the possible 

location of the defects and evaluate the possible degree of damage. The damaged material can be 

imaged by analyzing the responses of the Lamb waves so that several signal processing and 

algorithms for analyzing the signal were developed. Ing and Fink [29] were the first to present 

the time-reversal Lamb waves to diagnose damage of a structural component.  Lin et al. [30] and 

Giurgiutiu et al. [31] generated the Lamb waves with piezoelectric wafer active sensors (PWAS), 
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mounted on the surface of the structure to provide inexpensive,  non-intrusive, and minimal 

invasion to the devices. To analyze the responses of the driven Lamb waves, signal processing 

and imaging method are also critical issues. Wang et al. [32] investigated the applicability of the 

time-reversal concept of Lamb waves in  plate-like structures both theoretically and 

experimentally, and proposed imaging method to represent damage in the plate structure from 

the signals extracted from the time-reversal Lamb waves. Recently, a Lamb wave mode 

decomposition method developed by Yeum et al. [33] and Alexander et al. [34] subsequently, 

adopting ring or annular shape of transducers, is presented to allow transduces operate in 

multiple frequency range. 

Electro-Mechanical Impedance (EMI)-based SHM system is first proposed by Liang et al. [35]. 

In the EMI technique, a piezoelectric patch bonded on the surface of the structural component 

acting as an actuator is actuated harmonically by high frequency electric field, and produces a 

structural response to the monitored structural component. The other piezoelectric patch on 

another location of the surface of the structural component acting as a sensor, receives the 

mechanical impedance of the structural component, which is directly related to the electrical 

impedance (or electrical admittance) of the PZT. The mechanical impedance response of the 

structural component driven by the piezoelectric patch harmonically is function of mass, 

damping, stiffness, as well as boundary conditions (BCs) of the structural component. The 

change of the impedance is a signature of flaws in the structural component resulting to changes 

of mass, damping, stiffness of the mechanical model of the structural component. Subsequent to 

Liang’s work, Sun et al. [36] then experimentally used electrical impedance method to acquire 

FRF for a single location and to transfer frequency response function between two locations on a 

structure [37]. This technique and its applications have been proven effective in experiments, 
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including aircraft structures [38], civil structural components [39] and concrete structures [40]. 

Park et al. [41] developed a wave propagation approach to evaluate the state of the structure. 

Park et al characterized the damage in the structural component by analyzing the frequency 

response function and modal data of the structure. Park et al. [42] summarized future issues of 

the mechanical impedance method from both hardware and software standpoints. Impedance 

methods continue to attract the attention of researchers and engineers to either improve the 

measuring devices or develop the damage-identification algorithms. In order to miniaturize the 

bulky impedance-measuring device, Pecairs et al. [43] developed an operational amplified-based 

device to record electrical impedance of a PZT patch and its performance has been demonstrated. 

Park et al. [44] develop an auto-regressive model combined with the active-sensing mechanical 

impedance method to statistically identify the damage of a structural component. The issues that 

EMI-based SHM has to be improved include the difficulties in handling the fragile PZT sensors 

and in bonding them to the structure, typically the bulky and expensive analyzers required for 

impedance measurement, the complexities of acquiring and processing data in large-scale 

complex structures, and high power consumption.  

1.2. Proposed Structure Health Monitoring System 

Although the development of SHM is greatly improved recently, in accuracy of the localization 

of damage, responding time, etc., the current families of SHM systems, no matter if they employ 

vibration-based, fiber-optics based, or EMI based technique, they are bulky and required a sensor 

system to transfer various types of physical parameters to electric signals, a data acquisition 

system to collect these electric signals into the memory, a memory system to store the data, a 

computational system to analyze the data, and a power system to operate the whole system. 

These techniques might be precise and accurate enough for a detailed diagnosis but they carry a 
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lot of weight for the power and memory system. Some of the techniques, optical fiber based 

SHM for example, are difficult to reduce the cost of the optical fibers sensors and demodulation 

system for current technology. Therefore, we propose a SHM system enables to record the 

critical information of the loading history on a structure [45][46]. This innovative device 

performs two major characteristics. First, it collects critical data only and ignores trivial loading 

information. Second, it is a low-power-consumption device with almost zero-weight of 

ferroelectric thin film based sensor, which are both important breakthroughs for the current 

loading history recording devices. 

 

Figure 1-1 Structural Health Monitoring 

 

1.3. Organization of the Dissertation 

The content and structure of this dissertation is arranged as follows: 

In chapter one,  we present the motivations of this research, the literature review of several types 

of SHM system that are in majority of applications, and the proposed SHM system, which is able 

to achieve low lost and weight but still perform a certain accuracy. 

In chapter two, we present a literature review of piezoelectric sensors and the theoretical 

background, which is the drive unit of proposed SHM system. Based on the theoretical model, 

equivalent circuit models are presented and verified experimentally. Finite element simulations 
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for the dynamic behaviors of drive unit are also performed to double verify the theoretical 

predictions and experimental results of the drive unit. 

In chapter three, we present a literature review of the polarization fatigue in ferroelectric thin 

films, which is how the sensor unit of proposed SHM system function. The fabrication process of 

the proposed sensor unit is introduced thereafter. To conduct polarization fatigue measurement, 

the each part of the measurement system is presented in detail and the experimental results of the 

polarization figure of sensor units are shown in the end of chapter 3. 

In chapter four, we present the interface circuit that enables a more accurate performance of the 

proposed SHM system. The proof-of-concept of experimental results and their analyses are 

presented thereafter. 

In chapter five, we present the analyses of load transfer design, which is designed to protect the 

piezoelectric ceramic based drive unit from fracture. Both elastic and viscoelastic as well as 

static and dynamic analyses are performed. To verify the close-form solutions, finite element 

analyses by using commercial software are conducted and show good agreement. 

In chapter six, we summarize the work that this dissertation has achieved and point out a 

direction to improve the proposed SHM system. 
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Chapter 2 Characteristics of Piezoelectric Materials 

The prefix piezo- in the word piezoelectrics originated from Greek means pressure. The term 

piezoelectrics, combined piezo- and electrics, implies the nature of piezoelectric materials - 

the reciprocal relationship between mechanical and electric field. The discovery of the 

piezoelectric effect is contributed mainly by Pierre and Jacque Curie in 1880 [47], who 

demonstrated this special effect by crystals, such as quartz, tourmaline, or Rochelle salt. In 

general, for piezoelectric materials, a mechanical deformation of a piezoelectric crystal induces 

electrical dipoles within the material wiggled with respect to the motion, generates electrical 

charges clustered on their surfaces, and induces electric field, called converse piezoelectric effect; 

the mainly application (as well as the drive unit of proposed SHM system) of converse 

piezoelectric effect are sensors. On the contrary, an external electric field applied on a 

piezoelectric solid re-orients the electrical dipoles within the materials and induces mechanical 

deformation, named direct piezoelectric effect; the mainly applications of direct piezoelectric 

effect are actuators. 

 

Figure 2-1 Direct and converse piezoelectric effect 
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In this chapter, we first review the literatures about the research of piezoelectric energy 

harvesters, since the drive unit of the proposed SHM basically transfers mechanical energy to 

electrical energy, which is what the typical piezoelectric energy harvester does. Next, we 

introduce the constitutive equations of piezoelectric materials. Then, the governing equation of 

output voltage from a piezoelectric patch mounted on a beam based on the constitutive equations 

and the electric circuit equation will be derived. The governing equation of the output voltage 

can then be graphically translated to current-source and voltage-source equivalent circuit models. 

The frequency response function of the output voltage can then be derived based on the coupled 

constitutive equations and coupled electric circuit equations. To verify the derived theoretical 

model, the experiments and finite element analysis of the drive unit output will be conducted, 

which show agreement to theoretical model, experiment results, as well as finite element 

simulations. 

2.1 Literature review 

A piezoelectric energy harvester is typically a device with one or two piezoelectric layers 

mounted on the surface of a cantilever beam and a proof mass at the beam tip to enhance the 

vibration. The energy harvester beam is usually located on a vibrating host structure and the 

dynamic strain induced in the piezoelectric layers generates an AC voltage output across the 

electrodes coating on the top and bottom surfaces of piezoelectric layers. The mathematical 

model for energy conversion was first developed by William and Yates [48] and the subsequent 

work presented by Amirtharajah and Chandrakasan [49], who considered the energy conversion 

device as a single-degree-of-freedom (SDOF) model and used lumped parameter modeling to 

analyze electromagnetic transductions of energy conversion. Glynne-Jons et al. [50] were the 

first to apply the SDOF model to the piezoelectric vibration-powered microgenerator and 
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analyzed the energy of the system. Based on the SDOF model that Glynne-Jons et al. [50] 

developed, Roundy et al. [51] coupled the mechanical equilibrium to the electric loop equations 

through piezoelectric constitutive equations [52], and built up an equivalent circuit model to 

analyze the energy conversion device. duToit et al. [53] applied Hamilton’s principle and 

employed variational principle  to analyze the output power of the energy harvester. The SDOF 

modeling provides an insight to the response at a single resonant frequency and the 

corresponding vibration mode by simple expressions.  

To further investigate the aspects of the physical system, such as mode shapes, stress/strain 

distributions, as well as the electrical response. Lu et al. [54] applied Euler-Bernoulli beam 

theory and piezoelectric constitutive equations to obtain vibration mode shapes which give the 

electric displacement to relate the electric outputs corresponding to the specific mechanical mode 

shape. However, this model was oversimplified and piezoelectric backward coupling effect, 

which dominates the inaccuracy in the off-resonant frequencies.  

Erturk and Inman [55] presented clarifications and corrections to the SDOF models as well as the 

oversimplified distributed parameter modeling of the cantilever beam based energy harvester. 

Erturk and Inman [56][57] presented their subsequent research considering the backward 

piezoelectric coupling and using convergent series of orthogonal eigenfunctions to perform 

modal expansion. Such mathematical models are able to estimate the transient response by modal 

expansion and the response for arbitrary excitation frequencies away from resonant frequencies. 

The design of shape and location of the electrodes are also involved in their research. 
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2.2 Piezoelectric Constitutive Equations and Material Constants 

The behavior of a piezoelectric material can be described by four sets of constitutive equations 

expressed in IEEE index notations [52]. 

 E

p pq q kp k

S

k kq q ki i

T c S e E

D e S E

  


   

 

( 2-1- a, b ) 

 D

p pq q kp k

S

k kq q ki i

T c S h D

E h S D

  


    

 

( 2-2- a, b ) 

 E

p pq q kp k

T

k kq q ki i

S s T d E

D d T E

  


   

 

( 2-3- a, b ) 

 D

p pq q kp k

T

k kq q ki i

S s T g D

E g T D

  


    

 

( 2-4- a, b ) 

where T
p
 and S

p
 denote the mechanical stress and strain; E

k
 and D

k
 represent the electric field and 

the displacement ( or charge density). The mechanical, electrical, and piezoelectric constants 

determine the relation between material parameters of these physical properties. The 

relationships between stress and strain are determined by the mechanical stiffness c
pq

 and the 

mechanical compliance s
pq

. The relationships between electric fields and electrical displacement 

are determined by impermittivity matrix β
ki
 and the permittivity matrix (or dielectric matrix) 

ε
kp

.For piezoelectric constants, d
kp

, e
kp

, g
kp

 and h
kp

 are the piezoelectric strain/charge, 

stress/charge, strain/voltage, and stress/voltage constants, which connect the relationships 

between electrical (electrical fields E
k
 and electrical displacement D

k
) and mechanical (stress T

p
 

and strain S
p
) properties. The subscripts i, k=1~3 and p, q =1~6, which follow the IEEE index 
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notation. The superscripts 
‘E’

 and 
‘D’

 indicate that the electric field and electrical displacement 

(charge density) are held constant. 

Each one of the (a) sets of equations in Eqn.( 2-1- a, b ) to Eqn.( 2-4- a, b ) are actuator equations 

and identical to each other; each one of the (b) sets of equations in Eqn.( 2-1- a, b ) to Eqn.( 2-4- 

a, b ) are sensor equations and identical to each other as well. That is to say, selecting any one of 

the (a)’s equations and any one of the (b)’s equation in Eqn.( 2-1- a, b ) to Eqn.( 2-4- a, b ) could 

be a complete pair of sensor/actuator equations to describe the behavior of piezoelectric 

materials. 

For the mechanical and electrical constants, the relationships can be expressed in the form of 

reciprocity as 

1111

1111

][][][][

][][][][







S

ki

S

ki

T

ki

T

ki

E

pq

E

pq

D

pq

D

pq cscs


, ( 2-5 ) 

which are identical to the ones typically formed in theory of linear elasticity and 

electromagnetics. 
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Table 2-1 The definitions of piezoelectric constants and the relationships between these constants. 

Piezoelectric 

constant 
Definition Relationship 

kpd  

The ratio between the induced strains pS  

while applying an external electric field with 

constant stress T

kE . 

T

k

p

E

S
 

E

qpkqkp sed   

The ratio between the induced electrical 

displacement kD  while applying an external 

stress with constant electric field
E

pT . 

E

p

k

T

D
 T

kiipkp gd   

kpe  

The ratio between the induced stresses pT  

while applying an external electric field with 

constant strain
S

kE . 

S

k

p

E

T
 

E

qpkqkp cde   

The ratio between the induced electrical 

displacements kD  while applying an external 

strain field with constant strain
E

pS . 

E

p

k

S

D
 S

kiipkp he   

kpg  

The ratio between the induced strains pS  

while applying an external electrical 

displacement field with constant stress 
T

kD . 

T

k

p

D

S
 

D

qpkqkp shg   

The ratio between the induced electrical fields 

kE while applying an external stress with 

constant electrical displacement 
D

pT . 

D

p

k

T

E
 T

kiipkp dg   

kph  

The ratio between the induced stresses pT

while applying an external electrical 

displacement with constant strain 
S

kD . 

S

k

p

D

T
 

E

qpkqkp seh   

The ratio between the induced electrical fields 

kE  while applying an external strain with 

constant electrical displacement
D

pS . 

D

p

k

S

E
 E

qpkqkp seh   
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2.3 Coupled Electrical Circuit Equation of Drive Unit  

The drive unit of the proposed SHM system, which transfers mechanical excitations (stress or 

strain) into electrical signals (electric field, voltage or current), is designed as a piezoelectric 

laminate attached on the surface of the hot spot on a host structural component. The mechanical 

energy of the structural component can be transferred to electrical energy by the converse 

piezoelectric effect. To analyze this electro-mechanical system and quantize the behavior of the 

drive unit, theory of piezoelectric plate developed by Tiersten [33], applied theory of thin plate to 

piezoelectric effect, is suitable for analyzing the drive unit due to their geometric similarity. We 

select e-type constitutive equation, Eqn.( 2-1- a, b ), of piezoelectric materials for the following 

analysis shown below [58] 











i

S

kipkpk

kkpq

E

pqp

ESeD

EeTsS


. ( 2-6 ) 

A piezoelectric laminate consists of two layers of piezoelectric laminates placed on top of a 

structural component, shown in Figure 2-2, is widely used in energy harvesting devices in 

general [59][56][60]. The piezoelectric ceramic patches attached on the vibrating host structural 

component deformed with the vibrating structural component and generates electric field due to 

converse piezoelectric effect.  

  



  16   

 

 

Figure 2-2 Schematic of a three-layer piezoelectric laminates 

 

For most of the applications, piezoelectric laminates are much thinner than its longitudinal and 

lateral scales, theory of thin plate as well as plane stress assumption hold true for the mechanical 

analysis; therefore, for the plane stress problem, the normal stress T3 is assumed to be zero; under 

the plane stress assumption, the magnitude of T3 is several orders smaller than the other two 

stresses, T1 and T2. Form the Kirchhoff hypothesis  [61], under small deformation condition, 

plane-remain-plane assumption result to the neglect of thickness shear stress terms, T4 and T5.  In 

addition, the electrodes are placed on top and bottom of piezoelectric ceramic, which collects 

charges induced by electric field in z-direction only; E1 and E2 are ignored and E3 are kept only. 

Therefore, the reduced two-dimensional constitutive equations of piezoelectric materials are 
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 ( 2-7 ) 

 

The sensor equation of piezoelectric materials can be picked from the sensing part of the Eqn. 

( 2-6 ) as follows. 

 

 

Layer 1: piezoelectric lamina 

x,1 

z,3 
y, 2 

Layer 2: structure lamina 

 

surface electrode 
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ETeTeD T

332321313   ( 2-8 ) 

Substituting the relationship between piezoelectric strain/charge constant dkp and piezoelectric 

stress/charge constant ekp, the sensor equation Eqn.( 2-8 ) leads to 

ETdTdD T

332321313   ( 2-9 ) 

The sensor equation in Eqn.( 2-8 ) or Eqn.( 2-9 ) describe the mechanical stress/strain induces 

electric displacement D3 of the electric dipoles in the piezoelectric materials. 

To determine the charges q detected by the surface electrode on the piezoelectric laminate, we 

perfume electric analysis in theory of electrodynamics to determine the output charges, current, 

or voltage induced by the deformation of host structure [62]. 

Coulomb’s law for dielectric materials states that the free charges 𝜌f at position vector r induced 

by electric displacement D shows 

)(rD f


 , ( 2-10 ) 

For a volume element dτ of any dielectric material, the Coulomb’s law can be expressed as 

 drdD f )(


 . ( 2-11 ) 

The total charges q over volume V induced by the electric displacement D can be expressed in 

the form of volume integral as follows 

 
VV

dqdD 


. 
( 2-12 ) 
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Apply Gauss’s law, the divergence of electric displacement field is equal to its flux through a 

surface S which encloses a volume V as follows  

qAdD
s




, 
( 2-13 ) 

Eqn. ( 2-13 ) also implies that surface charge element dq on a surface electrode element Ad


is 

induced by the electric displacement D


 of dielectric materials between top and bottom 

electrodes by the form of 

AdDdq


 . ( 2-14 ) 

For a laminate structure shown in Figure 2-2, the induced electric charge on a surface element dA 

can be represented as dq = D3dA, which yields to  

dAESeSedq S )( 333232131  . ( 2-15 ) 

For surface element on a piece of piezoelectric laminate with top and bottom electrodes, the 

induced electric field E3 (E3 = −V/h; V: electric potential between electrodes, h: thickness of 

piezoelectric ceramic) between top and bottom surface elements of electrodes can be represented 

as 

dA
h

V
SeSedq S )( 33232131   ( 2-16 ) 

The charges collected by the top and bottom electrodes with areas Σ are the surface integral of 

every charge element, which yields to 
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


 dqq , ( 2-17 ) 

which also shows that the total charges generated by a piece of deformed piezoelectric ceramic is 

the collection of the charges induced by the piezoelectric materials between a pair of surface 

elements of top and bottom electrodes. 

Applying Gauss’ law to fine the charge signals detected by surface electrodes, the charge signals 

generated by the piezoelectric material is 


 dqq , which results to 




 dA
h

V
SeSeq S )( 33232131  . ( 2-18 ) 

Equivalent circuit – current source model 

Taking time derivative to Eqn.( 2-18 ) the electric current i = dq/dt leads to 




 dxdytV
dt

d

h
dxdytyxSetyxSe

dt

d
ti

S

)()];,();,([)( 33
232131


. ( 2-19 ) 

Since voltage remains spatially constant on the surface electrics, the electric current can be 

written as 

dt

tdV

h

A
dxdytyxSetyxSe

dt

d
eti

S
)(

)];,();,([)( 33
23213131


 



, ( 2-20 ) 

where A is the overall surface area of the top or bottom electrode, and C ( hAC S /33 ) is the 

capacitance of the piezoelectric lamina.  

The sensor equation shown in Eqn.( 2-20 ) can be graphically represented by an equivalent 

circuit model shown in Figure 2-3. 
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Figure 2-3 Equivalent circuit of the drive unit (current source model) 

where 


 dxdytyxSetyxSe
dt

d
etis )];,();,([)( 23213131 is the current source induced by the 

piezoelectric lamina, the current i
C (t) = CdV(t)/dt that flows through the internal capacitor of the 

piezoelectric laminate,  the current i (t) sent to the external loading Z
L
 is the electric impedance 

of the external loading, and V(t) is the output voltage that applies to the external loading, which 

is supposed to be sensor unit for SHM. 

The governing equation of the sensor unit can be written as the ordinary differential equation as 

follows 

 


 dxdytyxSetyxSe
dt

d

C

e
tV

CZ
tV

dt

d

L

)];,();,([)(
1

)( 232131
31

, ( 2-21 ) 

To generalize the equivalent circuit model shown in Figure 2-3, the capacitance C and load 

resistance RL are replaced to capacitance impedance ZC (ω) and load impedance ZL(ω) if they are 

both frequency-dependent. The generalized equivalent circuit of the drive unit are shown in 

Figure 2-4. 

i
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Figure 2-4 Generalized equivalent circuit of the drive unit (current source model) 

From Kirchoff’s current law, Eqn.( 2-19 ) can be rewritten as  

)()];,();,([)( 232131 tidxdytyxSetyxSe
dt

d
ti C 



, ( 2-22 ) 

where i
C
(t) = V(t)/Z

L
 and i(t) = V(t)/Z

C are current flowing through load Z
L
 and capacitance Z

C
. 

The output voltage of the drive unit results to 

LC
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ZZ

ZZ
dxdytyxSetyxSe

dt

d
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
 



)];,();,([)( 232131 , ( 2-23 ) 

Equivalent circuit – voltage source model 

The equivalent circuit of the drive unit shown in Figure 2-3 can also be represented by voltage 

source. Consider the sensor equation in Eqn.( 2-18 ) and rearranging it by the capacitance of  the 

piezoelectric lamina C ( hAC S /33 ), the sensor equation then becomes 

C

q
VdxytyxSetyxSe

C




)];,();,([
1

232131 , ( 2-24 ) 

where Σ is the surface area of the electrodes. Eqn.( 2-24) sows that 
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piezoelectric material, V
C
(t) = q(t)/C is the voltage drop across the internal capacitor of the 

piezoelectric ceramic C, and V(t) is the open-circuit output voltage of the piezoelectric ceramic. 

Therefore, Eqn.( 2-24 ) can be graphically expressed to an equivalent circuit with a voltage 

source and an output impedance Z
L
 as shown in Figure 2-5. 

 

Figure 2-5 Equivalent circuit of the sensor unit 

Taking time derivative to Eqn.( 2-24 ), we have the governing equation as follows 

q
dt

d

Cdt

dV
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232131 
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, ( 2-25 ) 

where i(t) = dq/dt is the electric current flowing in the circuit as well as the electrical loading Z
L
; 

therefore, i(t) can be written in terms of voltage drop V(t) across electrical loading Z
L
 as i(t) = 

V(t)/ Z
L
. Eqn.( 2-25 ) can be written as 

LZ

tV

Cdt

dV
dAtyxSetyxSe
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)];,();,([
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, ( 2-26 ) 

Rearrange Eqn.( 2-26 ) and consider S1(x, y; t) and S2(x, y; t), we have  



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which ends up with an identical solution to the differential equation derived from the current 

source model in Eqn. 

To generalize the equivalent circuit model shown in Figure 2-5, the capacitance C and load 

resistance RL are replaced to capacitance impedance ZC (ω) and load impedance ZL(ω) if they are 

both frequency-dependent. The generalized equivalent circuit of the drive unit is shown in  

Figure 2-6. 

  

Figure 2-6 Generalized equivalent circuit of the drive unit (voltage source model) 

From Kirchoff’s current law, Eqn.( 2-22 ) can be rewritten as  

LC VVdAtyxSetyxSe
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)];,();,([
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232131 , ( 2-28 ) 

where V
C
(t) = i(t) Z

L
 and V

L
 (t) = i(t) Z

C are voltage drop across load Z
L
 and capacitance Z

C
. 

The output current of the drive unit results to 
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)( 232131
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, ( 2-29 ) 

From Figure 2-6, the output voltage across the load Z
L
 is determined by 
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Considering the imperfection of the piezoelectric ceramic due to fabrication, the piezoelectric 

ceramic is modeled by a capacitor connected to an internal resistor R, meaning that the ceramic 

is not only a perfect capacitor, but allows a small amount of current going through. The out 

voltage can then be modified as 

)(
)];,();,([

1
)( 232131

LinC

L

ZRZ

Z
dxdytyxSetyxSe

C
tV


 



, ( 2-31 ) 

which replace Z
C
 to Z

C
 +R

in
, meaning the internal resistance increases in voltage-source 

equivalent circuit to divide more voltage from the load. The voltage-source equivalent circuit 

with loss resistor is shown in Figure 2-7. 

 

Figure 2-7 Equivalent circuit of the sensor unit with loss resistor 

2.3.1 The Sensor Equation of Drive Unit on a Fourth Order Structural System 

The flexural vibration of a thin plate can be described by the following governing equation [63] 
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  , ( 2-32 ) 

where D is the flexural rigidity, ρ is the density of the plate, h is the thickness of the thin plate, w 

is the displacement in 3-direction, and f(x, y; t) is the body force, shows a typical forth order 

structural system. 
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To connect the relationships between governing equation shown in ( 2-32 ) and sensor equation 

shown in ( 2-20 ), consider a flexural vibration shown in Figure 2-8, let the displacement at the 

mid-plane equals to the u0 and v0 along x and y directions. 

 

Figure 2-8 Schematic of a piezoelectric pate placed on a flexural structural component 

The displacement along the line that perpendicular to the mid-plane equals to 

x

w
zuu



 0  and 

y

w
zvv



 0 , ( 2-33 ) 

where u, v, w are the displacements in 1, 2, and 3-directions, respectively, ∂w/∂x and ∂w/∂y are 

the slope of the thin plate; u
0
 and v

0
 are displacements on the mid-plane in 1 and 2-directions; z is 

the distance from the mid-plane to a specific location.  

From theory of linear elasticity, the strain distributions are expressed as 
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Substituting Eqn.( 2-33 ) into Eqn.( 2-34 ) , the strain field within the thin plate can be 

represented by displacement field as 

 structural component 
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The strain field of a thin plate can also be expressed in a general form shown below 
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where 
0

1S ,
0

2S , and
0

6S  are strain in x, y direction and x-y plane at mid-plane, respectively; κ1, κ2, 

and κ6 denote curvature in x, y direction and x-y plane, respectively; z is the distance from mid-

plane to a specific location. 

Substituting Eqn.( 2-35 ) to Eqn.( 2-8 ), the sensor equation q(t) in terms of displacement field of 

the structure w(x, y, z; t) can be written as 
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Eqn.( 2-37 ) is based on piezoelectric plate theory, which consider the deformation in both axial 

(1-) and lateral (2-) directions under the assumption of plane stress to ignore the stress in  

3-direction. To simplify the analysis but still practically to the drive unit of proposed SHM 

system, we apply the simplification from piezoelectric plate theory to Euler-Bernoulli beam 

model, Eqn. ( 2-37 ) can be further expressed as 
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w
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. ( 2-38 ) 

The output electric current then yields to 
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Simplifying the piezoelectric plate to piezoelectric beam, the electric current of the drive unit is 
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where b is the width of the rectangular piezoelectric patch, x1 and x2 are the locations of the 

starting and ending positions of the piezoelectric ceramic, and i(t)= V(t)/ZL (ZL: load impedance), 

Applying the modal expansion to the current response of the drive unit, we represent w(x, t) as a 

convergent series of the eigenfunctions as 
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Applying Eqn.( 2-41 ) to Eqn.( 2-40 ), we have the governing equation of the output voltage as 

follows 
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where κn is the modal coupling term in the electric circuit equation: 
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2.3.2 The Sensor Equation of Drive Unit on a Second Order Structural System 

The governing equation of a one-dimensional bar in longitudinal vibration is [63] 
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where u is the displacement in 1-direction, EA is the axial stiffness, m is the mass per unit length, 

E is the elastic constant, and A is the cross section area. 

To connect the relationships between governing equation shown in Eqn.( 2-32 ) and sensor 

equation shown in Eqn.( 2-20 ), we consider vibration of an one-dimensional bar shown in 

Figure 2-9. A piezoelectric lamina with top and bottom electrodes is attached on the top surface 

of a thin plate as the structural component, undergone displacement in 1-direction only. Assume 

that the thickness and rigidity of piezoelectric lamina are much smaller than those of structural 

component so that the piezoelectric lamina provides no constraint to the host structural 

component. 

 

Figure 2-9 Schematic of a piezoelectric pate placed on an one-dimensional bar 

From theory of linear elasticity, the strain distributions of one-dimensional in-plane deformation 

are expressed as 

x

u
S




1

. ( 2-45 ) 

Substituting Eqn.( 2-34 ) to Eqn.( 2-18 ), the sensor equation q(t) in terms of displacement field 

of the structure u(x, y, z; t) can be written as  

 Structural component 

 piezoelectric lamina 

x,1 

z,3 

y,2 
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The output electric current then yields to 
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Applying the modal expansion to the current response of the drive unit, we represent w(x, t) as a 

convergent series of the eigenfunctions as 
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Applying Eqn.( 2-48 ) to Eqn.( 2-68 ), we obtain the governing equation of the output voltage as 

follows 
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where κn is the modal coupling term, that we couple the mechanical response to the electric 

circuit equation 
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2.4 Coupled Mechanical Equation of Drive Unit 

The partial differential equation that governs the forces vibrations of a beam is 
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where m is the mass per unit length, M(x, t), and f(x, t) are the internal bending moment and 

external force at position x and time t, respectively. 

For the case of dynamic four-point bending case, the forcing term in Eqn.( 2-51 ) can be 

expressed as  


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
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2
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2
()(),( 22 L

x
x

dL
xtFtxf  , ( 2-52 ) 

where δ(x) is the Dirac delta function and F(t) is the force that applied at the internal legs of the 

four-point-bending fixture positioned at x = −L2/2 and x = L2/2. 

 

Figure 2-10 Beam in four-point-bending fixture  

 

The internal bending moment in Eqn.( 2-51 ) is the first moment of axial stress over the cross-

section: 
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where H(x) is the unit step function that specifies the size and location of the piezoelectric 

ceramic (length L, placed starting from x = −L2/2 and ending at x = L2/2).  

 

L
2
 

L 

piezoelectric patch 

L1 
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The axial stress components in the piezoelectric ceramic and substrate layers, respectively, are 

given by the following constitutive relations: 

SSS SYT 11  , 3311111 EeScT PEP  ,. ( 2-54 ) 

In Euler-Bernoulli beam theory, the axial strain at a certain level z from the neutral axis of the 

component beam is proportional to the curvature of the beam κ = −∂
2
w/∂x

2 
at a specific position x 

and time t: 

 2

2
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x
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 . ( 2-55 ) 

Substituting Eqn.( 2-52 ) ~ Eqn.( 2-55 ) to Eqn.( 2-51 ) and applying the relation between electric 

field E(t) and electric field V(t), E = −V(t)/hp, the coupled beam equation can be obtained as 

follows 
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where   couples the electric characteristics of piezoelectric materials to mechanical vibration by 

piezoelectric constant e31 is 

)22(
2

1
031 PS hhhbe  . ( 2-57 ) 

The equivalent bending stiffness of the beam YI and mass per unit m in Eqn.( 2-56 )  are 
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PPSS hbhbm   , ( 2-59 ) 

where c11 and Y11 are the stiffness of the piezoelectric ceramic and substrate in 11-direction  

(x-direction), respectively; ρp and ρs are the density of the piezoelectric ceramic and, respectively. 

Mode shapes 

The vibration response of the drive unit can be represented as a convergent series of the 

eigenfunctions as 
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nn txw  , ( 2-60 ) 

where φn(x) is the mode shapes of the beam and ηn(x) is the modal coordinates of the beam 

structure.  

Applying Eqn.( 2-60 ) to Eqn.( 2-56 ), the modal expansion of the beam is 
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To obtain the mode shapes, we ground the electrical output (V(t)=0) and consider the no forcing 

terms (f(x, t)=0), the partial differential equation is reduced to   
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For the beam structure we use for experiments, the length outside the external legs (2.5 cm) is 

relative smaller than the beam length (10.0 cm) in low frequency ( << 212 Hz, the first resonant 
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freqency) in particular, we ignore the bending moment induced by the part of the beam that 

outside the external legs. Applying boundary conditions: zero displacements and zero bending 

moments at the locations external legs of the four-point-bending fixture, we obtain 

0),(
2

1 
L

x
txw  and . ( 2-63 ) 

The mode shapes of the beam can be expressed as the eigenfunctions of the partial differential 

equations as [63] 
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The eigenvalues are the natural frequencies of the beam structure 
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The orthogonality relations of the beam are follows 
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Modal coordinates 

Considering a four-bending case, the external force is applied at the internal legs of the fixture at 

position x = ±L2/2, the modal expansions of Eqn.( 2-56 ) is 

0
),(

2

2

2

1




L

x
dx

txwd



  35   

 








































)

2
()

2
()()

2
()

2
()( 22

2

2

2

2

2

2 L
x

x

dL
xtf

L
x

x

dL
x

x

d
tV

x

w
YI

xt

w
m  . ( 2-68 ) 

Applying the orthonormality relations to Eqn.( 2-68 ), we have 
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( 2-69 ) 

From Eqn.( 2-69 ), the coupled beam equation in modal coordinates is  
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where the modal electromechanical coupling term χn is  
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and the modal mechanical forcing term is the modal mechanical forcing function can be 

expresses as 
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Applying the mode shapes of the beam in Eqn.( 2-64 ) to Eqn.( 2-71 ), we have the modal 

electromechanical coupling term as 
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and the modal mechanical forcing term as 
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2.5 Voltage Output of the Drive Unit for Four-point-bending Structure 

Considering a fourth order structural system (beam structure), the coupled electric circuit 

equation (Eqn.( 2-42 )) and coupled mechanical equation (Eqn.( 2-70 )) are list below 
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( 2-75 a, b) 

Assuming the external force f (t) applied by four-point-bending fixture is harmonic in time, the 

induced output voltage V(t) and modal coordinates η(t) are induced harmonic in time as well (i.e.  

fn (t) =F0 e
jωt

, ηn(t) =Hn e
jωt

, V(t) =Vo e
jωt

, where ω is the driving angular frequency, j is the unit 

imaginary number). 

The harmonic the coupled electric circuit equation and coupled mechanical equation can be 

obtained  
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( 2-76 a, b) 

where modal mechanical forcing term Fn is,  
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and electromechanical coupling terms χn and κn are 



  37   

 

)
22

cos(
22

111







n

L

Ln

mLL

n
n   ( 2-78 ) 

2

1

2

1
312

2

31

x

x

P

x

x
Pn

dx

d
bhedx

dx

d
bhe


   . ( 2-79 ) 

The modal coordinates ηi(ω) can be obtained    
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The frequency response of the displacement is 
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The frequency response function of the output voltage is 


















1
22

1
22

1

)(

n n

nnL
L

n n

Lnn

o Zj
CZj

ZFj

V










 . ( 2-82 ) 

Applying the mode shapes φn(x) in Eqn.( 2-64 ) to electromechanical coupling terms χn and κn in  

Eqn.( 2-71 ) and Eqn.( 2-79 ) as well as the modal mechanical forcing term Fn Eqn.( 2-77 ), we 

obtain the frequency response function of the beam under the harmonic excitations of four-point-

bending fixture. 



  38   

 

The steady state response of the mid-span displacement w(t) and output voltage V(t) at angular 

frequency can then be determined as 
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Output voltage at low frequency 

Consider a practical case, the piezoelectric sensors are usually in rectangular shape with length l, 

width b (area A=bl), mounted on a structural component, which is very large in size compared to 

the piezoelectric sensors. The spatial distribution of stress and strain do not vary a lot locally on 

the piezoelectric lamina, so that the in-plane stress and strain distribution on the piezoelectric 

lamina can be approximated as uniformly distributed, where S1(x, y; t) = S1(t) remains constant in  

spatial domain. Therefore Eqn.( 2-19 ) can be simplified with constant stress distribution in 

spatial domain as follows 

dt

tdV
C

dt

tdS
Ae

Z

tV

L

)()()( 1
31  . ( 2-85 ) 

Consider a harmonic output voltage 
tjeVtV 

0)(  and harmonic strain
tjeStS 

0,11 )(  induced by 

a harmonic excitation, where V0 and S
1,0 

are the complex number, ω is the angular frequency of 

the excitation. Eqn.( 2-85 ) can be written as 
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Take time derivative of the complex form of the governing equation, we obtain 

tjtjtj

L

eCVjeSAjeeV
Z

  00,1310

1
 . ( 2-87 ) 

Further simplified Eqn.( 2-87 ) we have 
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The output voltage amplitude then yields to  

0,1
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0
1

S
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The voltage response results to 

0,1
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31)(

1
)( S
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AeZ
etV
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




  , ( 2-90 ) 

where phase angle φ is 

CZL


1
tan 1 , ( 2-91 ) 

In experiment, the output from piezoelectric layers on an aluminum beam in a four-point-

bending fixture was conducted by a fixture shown in Figure 2-11 to evaluate the performance of 

the proposed SHM system. The induced bending moment and the spatial distributions between 

the inner span are constant, which fits the case of most applications. To conduct four-point-
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bending experiment, the material properties and dimensions of piezoelectric ceramic and 

aluminum beam are shown in Table 2-2.

 

Figure 2-11 Four-point-bending fixture (a) schematic of four-point-bending beam structure and 

piezoelectric lamina, (b) four-point-bending fixture, (c) exploded view of a four-point-bending 

fixture, and (d) photo of four-point-bending setup. 

(b) (c) 
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Table 2-2 Materials properties and dimensions of piezoelectric patches, aluminum beam and 

four-point-bending fixture 

Piezoelectric ceramic (PZT C-6 from Fuji ceramics, 3 pieces) 

L = 5.0cm (length) 

b = 1.0cm (width) 

t = 0.5mm (thickness) 

C = 20.4 nF (internal capacitance) 

R0 = 18.5 MPa (internal resistance) 

ρ = 7650 kg/m
3
 (density) 

Aluminum beam  

L = 15.0cm (length) 

b = 4.0cm (width) 

t = 0.5mm (thickness) 

E11 = 69 GPa (Young’s modulus) 

ν = 0.3 (Poisson ratio) 

ρ = 2700 kg/m
3
 (density) 

Four-point-bending fixture 

L1 = 7.5 cm (inner span) L2 = 10 cm (outer span) 

 

Table 2-3 stiffness [c] and compliance [s] matrix of PZT C-6 
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Table 2-4 Piezoelectric strain/charge [d], stress/charge [e] and permittivity [ε] matrix of PZT C-6 
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Three pieces of 10 mm×50 mm×0.5 mm PZT C-6 ceramic from Fuji Ceramics (Japan) are 

utilized to our drive unit. The critical material properties for evaluating its electric output are 

dielectric constant ε
33

=1170×8.854×10
-12 

F/m and piezoelectric charge constant  

d
31

= -141×10
-12 

C/N; therefore, the internal resistance R of once piece of PZT C-6 ceramic can 

be measured as 3.21MΩ and internal capacitance C can be calculated as 10.4nF. The output 

voltage reached to 8.47 V if a 1.0 Hz cyclic loading, which induces a 12.5 MPa cyclic stress on 

the topmost layer of drive unit, is applied on the structural component. Figure 2-12 shows that 

the theoretical predictions agree well to the experimental result while a 1.0 Hz cyclic loading, 

which induces a 12.5 MPa on the topmost surface of the drive, generates 8.0 V from the drive 

unit. By the linear relationship of the output voltage from drive unit, a stress of 1.8 MPa 

amplitude induced by cyclic loading excites the drive unit generating 5 V to sensor unit. The 

experiment results are 5% smaller than theoretical predictions, which could be that the 

piezoelectric provides a certain of constraint to the host structure since the rigidity and thickness 
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of the aluminum beam is not much larger than the piezoelectric ceramic, which does not 

perfectly follow the assumption we set in the theoretical model.   

 

Figure 2-12 Theoretical predictions and experimental results of stress on the structural 

component vs output voltage from drive (mother) piezoelectric unit 

 

2.6 Finite Element Analysis of the Mechanical and Electric Response of Drive Unit 

To verify the expressions of the voltage response in Eqn.( 2-90 ) and Eqn.( 2-91 ), ANSYS finite 

element simulations are used to analyze the voltage of harmonic and transient response of the 

drive unit.  

We model the drive unit, which has been conducted in the experiment shown in Figure 2-11: 

three pieces of piezoelectric patch attached on an aluminum beam with dimensions and material 

properties of them shown in Table 2-2. 
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To perform finite element simulation by ANSYS, the beam structure is modeled using element 

type SOLID186, a higher order 3-D 20-node structural solid element that exhibits quadratic 

displacement behavior. The displacement of the nodes is considered for the settings of the 

SOLID186 element properties. The degrees of freedom are translations in x, y and z-directions 

at each node, denoted by UX, UY, and UZ. Materials properties required for this element on the 

structural component of the model is Young’s modulus, Poisson’s ratio, and density, which are 

69E9, 0.3, and 2700, respectively. All the units used were SI system in default. 

The piezoelectric material was modeled using a 3D coupled field solid element SOLID226 to 

simulate the interaction between mechanical and electrical behaviors of the drive unit. With 

appropriate element settings, the SOLID226 is defined by 20 nodes having four degrees of 

freedom per node: translations in the nodal x, y, z directions, and voltage, denoted as UX, UY, UZ 

and VOLT, respectively. Required material properties to sufficiently describe the behaviors of 

piezoelectric ceramics are: Young’s modulus, Poisson ratio, permittivity, density, permittivity, 

elastic compliance and piezoelectric charge constants with the number of 62E9, 0.3, 

2130*8.854E-12, respectively. In addition, the three pieces of piezoelectric ceramics bonded 

on the top of the aluminum are assigned to tables of the required material constants for PZT. 

Since piezoelectric ceramics are anisotropic materials, meaning that stress, strain, electric field, 

etc. behave differently in x, y and z directions. The matrices of required material properties must 

be transformed properly to make sure that the polarization direction of PZTs is oriented along +z 

direction of global coordinate. The element coordinate must be aligned to the z coordinate for the 

polarization direction as well. 
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The only electrical DOF for SOLID226 is voltage, which implies that the SOLID226 in 

ANSYS consider piezoelectric output is a voltage source. The electric potential generated on the 

top electrode of the piezoelectric drive unit while the structural component deformed is an open-

looped output voltage, the output with infinite impedance of electrical loadings. However, while 

the piezoelectric drive unit is in used, connected to the next electric stage, for example, a 

measuring devices, the internal resistance and capacitor shows up and affects the output of the 

drive unit. To simulate the output voltage with electrical loadings, considering the voltage-source 

nature of the ANSYS element type SOLID226, the voltage source model in Figure 2-5 is 

adopted to modify the output voltage of the drive unit. The nodal solution of electric potential on 

the top electrode is considered to be the voltage source in Figure 2-5, additional circuit elements 

internal capacitance, internal resistance, and external electrical loading connected from the top 

electrode of the drive unit in series, to the electrical ground, in voltage source model, are 

modeled by ANSYS electric component element CIRCU94.   

Figure 2-13 (a) and (b) show the FEM and physical models of the drive unit, respectively. The 

side view of the FEM model shown in Figure 2-13 (a) indicates that the mesh pattern has 32337 

nodes, 16704 20-noded elements and another three circuit elements: one capacitor and two 

resistor elements to model internal capacitance, internal resistance and electrical loading. Figure 

2-13 (b) shows that three pieces of piezoelectric ceramics are bonded on the top of the aluminum 

beam. The poling direction is set to point downward in –y direction to the Cartesian coordinate. 

To specify the top and bottom electrodes of the piezoelectric ceramics, the voltage degree of 

freedom for every node on the same piece of electrode is coupled to a specific node on that 

electrode so that every node on the conductor is equipotential. This 3D finite model is 
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parameterized and programmed by APDL (ANSYS Parametric Design Language), a 

FORTRAN-like programming language. Detailed script is list in Appendix I.  

 

Figure 2-13 FEM model and physical model of drive unit 

To verify the performance of proposed SHM, the drive unit is designed to bind three pieces of 

piezoelectric ceramics on an aluminum beam on a four-point-bending fixture, which confines the 

y-direction displacement on the external fixture and applies loadings on the internal fixture. To 

study the dynamic behavior of the beam, modal, harmonic and transient analyses are carried out. 

Modal analysis  

Modal analysis is carried to determine the natural mode shapes and natural frequencies of the 

four-point-bending structure during free vibration. Based on the Euler-Bernoulli beam theory, 

the theoretical solutions of natural frequencies were given in Eqn.( 2-65 ) and mode shapes were 

given in Eqn.( 2-64 ). The results of the first six modes derived from the Euler-Bernoulli beam 

model are generalized in Table 2-5. 

 

(b) (a) 
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 piezoelectric ceramics  

 Aluminum beam  

 Aluminum beam  

 piezoelectric ceramics  
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Table 2-5 Natural frequencies and mode shapes of a four-point-bending structure 

 by theoretical model 

Mode No. Natural frequency Mode shape 

1 212 Hz 

 

2 850 Hz 

 

3 1911 Hz 

 

4 3400 Hz 

 

5 5309 Hz 

 

6 6370 Hz 

 

 

To verify the theoretical model shown in Table 2-5, a 3D FEM model shown in Figure 2-13 is 

used to carry out modal analysis. The natural frequencies and mode shapes of the first six modes 

are generalized in   
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Table 2-6. The mode shapes from FEM appear that the structure behave like a plate in higher 

frequency modes. This 3D modal analysis is parameterized and programmed by APDL. Detailed 

APDL scripts are list in Appendix I and Appendix II. Since the modal analysis consider 

mechanical behaviors only, the electric potential on upper and lower electrodes Appendix I have 

to be set to zero. 

Since the Euler-Bernoulli beam model does not consider the variation of displacement uz along 

y-direction (beam-width direction), the natural frequencies and mode shapes obtained from beam 

model miss the third, fifth and sixth modes obtained from FEM model. Considering the mode 

shapes along x-axis only, the natural frequencies and mode shapes obtained from Euler-Bernoulli 

model and FEM roughly agree to each other around 212 Hz, 1911 Hz, and 3439 Hz, which the 

mode shapes in y-axis do not involved. 
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Table 2-6 Natural frequencies and mode shapes of a four-point-bending structure by FEM 

First mode: 245 Hz Second mode: 1406 Hz 

  
Third mode: 1597 Hz Fourth mode: 1903 Hz 

  
Fifth mode: 2381 Hz Sixth mode: 3439 Hz 

  

Harmonic analysis 

Harmonic analysis was carried out to test the frequency response of displacement at mid-span of 

four-point-bending beam and output voltage across electrical loadings, while we apply harmonic 

loading at the internal fixture from 1 Hz to 3000 Hz. 
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Figure 2-14 shows the frequency response of the displacement at mid-span obtained from 

theoretical model (Eqn.( 2-80 )) and FEM results. This 3D harmonic analysis is parameterized 

and programmed by APDL. Detailed APDL scripts are list in Appendix I and Appendix III.

Both approaches result to the first resonant frequency at around 200 Hz, which is the first natural 

frequency we obtained by theoretical model in Table 2-5 and FEM in Table 2-6. The external 

force applied to the beam by four-point-bending fixture does not drive the mode shapes that are 

asymmetric to the mid-plane of the beam; therefore, the beam is not resonant from 200 Hz to 

1900 Hz. The beam reaches another resonant state at around 1900 Hz, which is the third natural 

frequency from Euler-Bernoulli beam model, or the fourth natural frequency from FEM. Since 

we use 3D element to build up the finite element model for beam structure, the anti-resonant 

frequency at around 2300 Hz and resonant frequency at around 2400 Hz is the natural 

frequencies specific for a plate structure, which consider mode shapes along y-axis (beam-width 

direction). The Euler beam model consider the mode shape in x-direction (length direction) only, 

the resonant frequencies at 2400 Hz does not appear by Euler-Bernoulli model. 

 

Figure 2-14 Frequency response of the displacement at mid-span of the beam 
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Figure 2-15 shows the frequency response of the output voltage obtained from theoretical model 

(Eqn.( 2-81 ) and ( 2-80 )) and FEM results. Both approaches result to the first resonant 

frequency of output voltage at around 200 Hz, which is the first natural frequency we obtained 

by theoretical model in Table 2-5 and FEM in Table 2-6. The external force applied to the beam 

by four-point-bending fixture. 

 

Figure 2-15 Frequency response of the output voltage 

Transient response  

A transient response was conducted by APDL to set a sinusoidal displacement on the inner span 

of the four-point-bending fixture and induced -27.5 MPa ~ +27.5 MPa stress in x-direction on the 

top-most surface of piezoelectric ceramics. This 3D transient responses are parameterized and 

programmed by APDL. The transient response was conducted by implicit dynamics. The 

sinusoidal input excitations were discretized into six hundred timesteps in each periods and 

stored these data in an array by an APDL *DO-*ENDO loop. The sinusoidal excitations are 
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applied to the structure by another APPDL *DO-*ENDO loop.  Detailed APDL scripts are list in 

Appendix I and Error! Reference source not found. 

The open-circuit output voltage response induced by the sinusoidal bending stress on the 

piezoelectric ceramics is shown in Figure 2-16, which illustrates that -27.5 MPa ~ +27.5 MPa 

stress in x-direction on the top-most surface of piezoelectric ceramics induces  an amplitude of 

±75 V output voltage from the piezoelectric drive unit without electric loading. The mechanical 

loading and electrical output is in-phase. 

 

Figure 2-16 Transient open-loop output voltage response of drive unit induced by bending stress   

Figure 2-17 shows the transient response of voltage drop on load induced by the sinusoidal 

bending stress on the piezoelectric ceramics. The phase angle of voltage drop on loads presents 

π/3 radian phase lead to the corresponding stress, which matches 69º, the results from Eqn.( 2-
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91 ), where ω = 2π×1 Hz, C=10.4×3
pieces

 nF, ZL=1 MΩ. Noted that the simulations set poling in –

z direction, which is opposite to the theoretical model derived in Eqn.( 2-90 ) and Eqn.( 2-91 ) . 

 

Figure 2-17 Transient close-loop output voltage response of drive unit 

2.7 Conclusion  

In this chapter, we introduce the piezoelectric effects and the constitutive equations to describe 

the electromechanical coupling effect of piezoelectric materials. We also review the literature 

that develop models of piezoelectric material to devices for energy harvesters. Then, we 

developed coupled electric circuit equations and coupled mechanical equations to model the 

electro-mechanical coupling effects that mechanical and electrical behaviors interact to each 

other. Based on these theoretical models, we derive the natural frequencies, mode shapes, and 

frequency response functions of output voltage and mid-point displacement of the piezoelectric 

patch mounting on the beam in the four-point-bending fixture. A 3D FEM model was also built 

up to perform the modal analysis and harmonic analysis as well as transient response under 
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sinusoidal excitations at low mechanical frequency. The results of the theoretical model and 

FEM show agreement. We also drove the beam by four-point-bending fixture at a specific 

frequency experimentally to verify the output voltage from the piezoelectric based drive unit and 

the theoretical predictions and FEM results agree to the experimental results.  
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Chapter 3 Characteristics of Ferroelectric Materials 

Ferroelectric materials, by definition, possess reversible spontaneous polarization by the 

application of an external electric field below the Curie temperature. Once the external electric 

field is removed, the polarization is not withdrawn but a certain amount of polarization still 

remained named as remnant polarization. While a repeatable cyclic external electric field is 

applied, the loss of remnant polarization follows with the number of cycles of the external 

electric field. The polarization fatigue is the fundamental concept that the ferroelectric based 

sensor unit of the proposed SHM system. This counts the number of cycles of the mechanical 

excitation on the structural component. The mechanical excitation drives the drive unit of the 

proposed SHM system and sending out electrical excitation to the sensor unit, which gives 

polarization fatigue to the ferroelectric based sensor unit in every repetition of cyclic electric 

field. 

In this chapter, we will review the polarization fatigue phenomenon of ferroelectric thin film. 

Then, we will introduce the polarization vs. electric field (P-E) loop, which has been a useful 

diagnostic tool to study the polarization behavior of the ferroelectric material ever since 

ferroelectricity was discovered. Next, we will introduce the polarization fatigue phenomenon, the 

experimental setup to record P-E loop, the fabrication process of the proposed sensor unit, as 

well as the measurement system to conduct polarization fatigue. The experimental result will 

then be provided. 

3.1. Literature Review 

The phenomenon of ferroelectricity was first discovered in 1921 by Valasek [64] who was 

investigating the dielectric properties of Rochelle salt (NaKC
4
H

4
O

6
·4H

2
O) and  published the 

first hysteresis curve of Rochelle salt. The discovery of ferroelectric fatigue was reported by 

http://ieeexplore.ieee.org/stamp/stamp.jsp?arnumber=00522283
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Merz and Anderson in 1955 [65] who investigated the electrical properties of single-crystal 

BaTiO
3
 influenced by an AC electric field. The factors that influence the polarization fatigue 

experimentally have been studied by a large body of experiments. These experimental 

characteristics are generalized as the amplitude of the driving electric field (or voltage), 

frequency of the driving electric field (or voltage), and the material of electrodes, etc.  

The effects of the driving electric field amplitude on polarization fatigue of PZT films have been 

widely studied. The majority of experiments showed that the higher electric field induced 

stronger polarization fatigue [66][67][68][69][70][71][72]. However, the minority of research 

found that the polarization fatigue is relatively independent to the driving electric field amplitude 

[73][74]. 

The effects of driving frequency on polarization fatigue of thin film also showed a certain 

inconsistency in experiments. Some researchers observed that there is no evident frequency 

dependence of the polarization fatigue behavior [67][68][74]. While experiments from others 

showed that the lower the frequency of driving field, the higher the polarization fatigue is 

induced [73][75][76][77][78].  

The effect of electrodes material was also found to be a critical factor to the polarization fatigue 

of ferroelectric films for PZT thin films in particular. Al-Shareef et al. [79] conducted 

experiments to investigate the polarization fatigue characteristics of Pt/PZT/Pt and 

RuO2/PZT/RuO2 capacitors and found that RuO2/PZT/RuO2 capacitors resist more polarization 

fatigue than Pt/PZT/Pt do. The results appear that the conductive oxide electrodes enhance the 

resistance of the polarization fatigue of PZT films more than conductive electrodes.  
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One of the major failure mechanisms of ferroelectric thin film is polarization fatigue, which 

indicates that the reduction of the remnant polarization of ferroelectric thin films is induced by 

the number of polarization reversals resulting from the reversed external electric field applied on 

the ferroelectric thin film.  

Researches have generalized that the mechanisms of the polarization fatigue are induced by the 

domain-wall spinning, microcracks, etc.  

Warren et al. [80] presented that the electronics charges are trapped and stabilized at domain 

boundaries, and the domains are pinned by the presence of these trapped electronics. These 

trapping electronic charges do not contribute to the polarization of the thin film. Increasing 

numbers of domains are pinned induced by the accumulation of the trapped electronic charges, 

the polarization of the PZT film is suppressed [81][82][83]. 

Microscopic cracks that induce polarization fatigue have long been observed as well, especially 

in bulk ferroelectric materials [84][85]. The reversal of the external electric field induces the 

internal stress with the sample resulting to microcracks. Microcracks, void within the samples, 

also mean the discontinuity of the materials. Increasing number of microcracks, which do not 

contribute to polarization switched, causes the polarization loss with increasing number of cycles 

of driving electric field. 

3.2. Ferroelectricity 

The most prominent behaviors of ferroelectric materials are the nonlinearity among the 

polarization P and the applied electric field E, which form a hysteresis loop. A typical hysteresis 

loop for ferroelectric material is shown in Figure 3-1. While the increasing applied electric field 

E is small, the polarization P increases linearly followed by portion 0A because the applied 

electric field E is not large enough yet to orient the domains. Once a larger electric field E is 
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applied, polarization P induced by electric field E increases nonlinearly because polarization in 

all domains within the ferroelectric materials start to orient toward the direction of the applied 

electric field E. While the polarization P in almost every domain is already aligned toward the 

direction of the applied electric field E, it reaches the saturation state, where the saturated 

polarization increases slowly and linearly while applied electric field E increases. The linearity at 

high-range shows that the materials possess somewhat dielectric behaviors while the polarization 

of every domain is already aligned toward the applied electric field E. The spontaneous 

polarization Ps is defined by 0E, where E is the extrapolated point from the extension of the 

linear portion. If the applied electric field E is gradually withdrawn, the polarization P decreases 

followed by the path BCDE and intersects the y-axis at remnant polarization Pr, which means the 

polarization does not vanish under the absence of the applied electric field E. The remnant 

polarization Pr can only be removed by inverting the electric field until the field reaches a 

coercive field Ec (portion 0R on electric field axis). By further increasing the reverse electric 

field, realignment of the orientation of the dipoles in the opposite direction is achieved. Finally, 

when inverting the applied electric field once more, a complete hysteresis loop is obtained.  

 

Figure 3-1 Hysteresis loop of ferroelectric materials 
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3.3. Ferroelectric thin film based sensor unit 

To make the sensor unit of the proposed SHM system with high piezoelectric constants, a sol-gel 

process route shown in Figure 3-2 is used to fabricated PZT thin films with high piezoelectric 

performance by AIST (The National Institute of Advanced Industrial Science and Technology, 

Japan). The fabrication process is shown as follows: 

Step A: A silicon wafer of oriental <100> with 500 μm in thickness was prepared for the 

substrate for the PZT thin films. 

Step B: The Silicon wafer was first annealed at 1000°C with an oxidation environment furnace. 

A 200 nm-thick silicon dioxide was then grown on a silicon wafer.  

Step C: An E-beam sputtering system was then employed to grow the bottom electrode. A 100 

nm-thick layer of platinum was coated after a 50 nm-thick layer of titanium was coated on the 

surface of an oxide film. This was needed for the enhancement of a strong interface bonding 

between silicon and platinum.  

Step D: A PZT sol-gel was spun and deposited repeatedly on the surface of this Pt/Ti/SiO2/Si 

substrate and patterned by conventional photolithography.  

Step E:  Annealing the as-deposited films at 300°C makes the PZT films highly dense. The 

precursor solution was coated by spin coating on the surface of PZT/ Pt/Ti/SiO2/Si substrate. 

Step E to Step D repetitions:  A PZT thin film in form of sol-gel was deposited on the surface 

of this substrate by spin-coating repeatedly, followed by annealing to make the as-deposited film 

highly dense. The precursor solution is coated by spin coating on the Si-wafer surface. Each spin 
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coating is followed by an annealing process.  Coating/annealing to form the PZT thin film of 

0.1μm in thickness each time was repeated around twenty times. 

Step F:  The PZT films on the substrate were then treated by sintering at 700°C. As-processed 

PZT film has uniform thickness of around 2.0 μm.  

Step G: Reactive Ion Etching (RIE) method was applied to make PZT film ranging from 0.3 to 

2.0 μm in thickness. Then, on the top surfaces of the sensors platinum electrodes were deposited 

100 nm in thickness. The schematic and photo of ferroelectric-based sensor unit is shown then 

shown in Figure 3-3 and Figure 3-4. 
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Figure 3-2 Process route for arrayed sensor system for the uniform thickness type PZT film  

(by AIST). 
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Figure 3-3 Sensor PZT units manufactured by AIST  

 

 

Figure 3-4 Dimensions of daughter sensor PZT units 
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3.4. Polarization Fatigue 

 

The main application of hysteretic behavior of the ferroelectric thin film, relating polarization P 

and applied electric field E are nonvolatile memories. There is a nominal threshold, coercive 

electric field E
c
 specifically, above which makes polarization of the ferroelectric materials 

change of sign. The two zero-electric-electric-field values ±P
r
 are equally stable, and either of 

the two states of polarization could be read as a “1” or a “0”, a good candidate for memory 

devices. Since the hysteresis loop of ferroelectric materials shown in Figure 3-1 indicates that no 

external electric field is required to maintain these two states, the memory is nonvolatile. 

The polarization fatigue is the microscopic mechanism of ferroelectric thin films and it limits the 

applications of ferroelectric memory. However, the polarization fatigue phenomenon provides 

another application of a sensor for a cycle counter device, since it means that the remnant 

polarization (average polarization while no external electric field) is a function of the number of 

the reversals of the applied electric field. 

Polarization fatigue of ferroelectric materials is defined as the loss of the remnant polarization P
r
 

while the material is undergoing a cyclic external electric field E. Figure 3-5 illustrates that the 

area of the hysteresis loops evolves to get smaller while we apply more number of cycles N of 

the external electric field. The corresponding remnant polarization P
r
 of each hysteresis loop 

decays as a function of the number of cycles N of the applied electric field, where subscripts k, m, 

and n denote the specific numbers of cycles that the corresponding hysteresis loops are retrieved. 

This phenomenon of polarization fatigue has been investigated over the past decades to aid the 

development of ferroelectric thin film based random access memories, which has been reviewed 

in Sec. 3.1. 
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As we reviewed in Sec.3.1, even though several models have been presented for decades to 

modify the mechanism of polarization fatigue, the mechanisms of polarization fatigue are 

presently not well understood. Moreover, researchers conducted numerous experiments to clarify 

the parameters that affect the severity of polarization fatigue, but most of the experimental 

results showed inconsistency. To develop a reliable ferroelectric-based SHM system for cycle 

counter devices, an interface circuit electrically connected between drive and sensor units is 

required to condition the voltage signal induced by the stressed structural component. The 

measurement system for polarization fatigue will be introduced later this chapter and the 

interface circuit will be presented in the next chapter. 

 

Figure 3-5 Polarization fatigue of ferroelectric materials 
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To develop a reliable ferroelectric-based SHM system, we built up an automatic measurement 

system polarization fatigue test to retrieve the polarization fatigue curves.  

The presented measurement system is able to not only conduct millions of cycle polarization 

fatigue tests and retrieve those polarization curves for the SHM system, but also perform the 
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proof-of-concept experiments, driving the structural component in random amplitudes and verify 

the accuracy of a ferroelectric-based cycle counter. The measurement system is built up based on 

Sawyer Tower circuit, a typical and fundamental approach to measure P-E loop of ferroelectric 

materials; several relay drivers to control the measurement procedures; MOSFET as a power 

amplifier for the relay drivers; a LabVIEW program to execute the measurement procedure; and 

a data acquisition device to send out or read the signals. They will be introduced in the following 

sections in chapter three. 

3.5.1. Sawyer Tower circuit  

The electric displacement for dielectric materials can be expressed as follows  

PED


 0  and ED e


0 , ( 3-1 ) 

where D is the electric displacement , E is the electric field, P is the polarization, and ε0 is the 

electric permittivity (dielectric constant) of free space, and χe  is electric susceptibility of 

dielectric materials.  

ED e


)1(0   .  ( 3-2 ) 

For a dielectric material χe  >> 1 (for PZT-5, χe ≈ 1750), ε0 (1+ χe) ≈ ε0 χe, electric displacement D 

for dielectric materials can be simplified as follows 

ED e


0 , ( 3-3 ) 

which leads to 

PD


   ( 3-4 ) 

Coulomb’s law for dielectric materials describes that the free charges 𝜌f at position vector r 

induced by electric displacement D shows 

)(rD f


   ( 3-5 ) 
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Applying Gauss’s law the divergence of electric displacement field is equal to its flux through a 

surface S which encloses a volume V as follows  

QAdD
s




. 
( 3-6 ) 

The surface integration leas to  

QAD  , ( 3-7 ) 

where D is the electric displacement, A the area of surface electrode on the ferroelectric film, and 

Q is the amount of electric charges on the surface electrode. 

Substituting Eqn. ( 3-4 ) into Eqn. ( 3-7 ), polarization P of the ferroelectric material then results 

to the follows 

A

Q
P  , ( 3-8 ) 

which is the surface charge density on the electrodes. 

Sawyer Tower circuit  

The Sawyer-Tower circuit [86] shown in Figure 3-6 for measurement of hysteresis loops of 

ferroelectric crystals is a practical circuit for studying the characterization of ferroelectrics and 

fundamental phenomena such as spontaneous polarization P
s
, remnant polarization P

r
, coercive 

electric field E
C
 (Figure 3-1) and polarization reversal mechanisms (Figure 3-5).  

The original Sawyer-Tower circuit shown in Figure 3-6, applicable only for low loss and high 

polarization materials, consists of a standard linear-known-value capacitor C and an unknown 

sample capacitor C
P
.  

The x-channel of oscilloscope gets the voltage drop V(t) applied to both C and C
P
. In the case of 

C >> C
P
 the voltage drop at C can be ignored and therefore the voltage V

P
 at C

P
 is nearly equal 
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to the supply voltage V(t). The proportionality between voltage V and electrical field strength E 

shows 

h

V
E  , ( 3-9 ) 

 

 where h is thickness of the capacitor, which means that the voltage at the x-channel of 

oscilloscope can be taken as a measure for the electric field inside of the sample CP with 

appropriate modifications by Eqn.( 3-9 ). 

The y-channel of oscilloscope reads a voltage drop that is proportional to the polarization of the 

sample C
P
. The two capacitors C

P
 and C are connected in series and identical electric current 

flows through both elements, which means that both C
P
 and C carry the same amount of electric 

charge Q at any arbitrary time t. Because of the proportionality between voltage V
P
 and charge Q 

in the relation of VP=CPQ, by applying Eqn.( 3-8 ), the voltage drop at CP can be used as a 

measure for the charge of the capacity CP as follows 

AC

V
P

P

P , ( 3-10 ) 

where A is the surface electrode area of the capacitor. 

The capacitance of standard linear-known capacitor C is independent of the applied voltage V.  

A sinusoidal voltage V(t) is applied to the Sawyer-Tower circuit. To display the P (polarization) 

– E (electric field) loop, y channel from the oscilloscope is plotted as a y-coordinate of the 

hysteresis loop, while the x channel from the oscilloscope is referred to as a x-coordinate of the 

hysteresis loop. With appropriate modification given in Eqn.( 3-9 ) and Eqn.( 3-10 ), The P-E 

hysteresis loop is then displayed. 
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Figure 3-6 Sawyer Tower circuit to measure hysteresis loop for ferroelectric materials 

 

The Sawyer-Tower circuit we use for the measurement is based on LabVIEW-NI DAQ system. 

A LabVIEW program is developed to send a cycle of sinusoidal signal with frequency of 10Hz 

to the Sawyer-Tower circuit as V(t) in the previous discussion. Two input channels in the NI-

DAQ reads the time-dependent VP and V(t) from the Sawyer-Tower circuit, which represent to 

polarization P and electric field E respectively.  

3.5.2. Relay driver 

To conduct the experiment, relays are used to switch between fatigue and measurement modes in 

the measurement system. A NI-DAQ system controlled by a LabVIEW program sends 5 V or 0 

V to switch the relays ON/OFF. The rating voltage of the relays (OMRON G5V-1 3VDC) is 3 V, 

which is within the range that NI-DAQ can provide; however, the rating current of the relays 

(OMRON G5V-1 3VDC) is 50 mA, which is much larger than the 10 nA, that the NI-DAQ 

output channel can provide. To amplify the power of the signal from NI-DAQ output channel, a 

power MOSFET (IRF510, an n-channel enhancement-type of MOSFET) configured in Figure 

3-7 is used to drive a relay to switch ON or OFF, and the diode in reverse bias across the relay’s 

coil is used to eliminate voltage spikes created by the relay’s coil and protect the relay circuit. 

While the transistor’s gate G receives a control voltage of 5 V from DAQ digital output channel, 

the transistor works in the active region. It allows drain-source current I
D
 to pass through the 

C 

V
P
 

V
C
 

 
V(t) 

CP 



  70   

 

relay coil, causing the relay to switch states and through the MOSFET’s drain-source region (D 

gate to S gate). The drain-source current ID is formulated as 

2)( tGSD VVkI  , ( 3-11 ) 

where VGS is the gate-source voltage, Vt (3.5 V for IRF510) is the threshold voltage (particular 

gate source voltage where MOSFET begins to conduct), and the construction parameter k is 

proportional to the width/length ratio of the transistor’s channel and is dependent on temperature 

as well. The manufacturer of IRF510 gives k = 450 mA/V
2 

at 25ºC in the datasheet.  

Eq.( 3-11)  implied that the drain-source current I
D
 is independent of gate-source voltage VDS , on 

the same loop of the circuit, but functions of gate-source V
GS

 voltage only, which acts as a 

voltage (V
GS

) control valve. With no voltage V
GS

 applied to the MOSFET gate (G), the drain (D)-

to-source (S) channel is closed, hence blocking current flow through the relay’s coil. However, if 

a sufficiently large voltage V
GS

 is applied to the transistor’s gate (G), the transistor’s drain (D)-

to-source (S) channel opens, allowing current I
D
 to flow through the relay’s coil. 

To drive the relay, the output channel of NI-DAQ should send at least 4.0 V to power MOSFET 

IRF510, which provides VGS (4.0 V) larger than threshold voltage Vt (3.5 V) and makes the 

power MOSFET function in the active region. The drain-source current ID is 100 mA determined 

by Eq.( 3-11) and voltage drop V
Relay

 across the coil of relay is 6 V (V
Relay

 = I
D
 × r

DS
 = 1 mA×60 

Ω = 6.0 V, r
DS = 60 Ω from OMRON G5V-1 3VDC datasheet), which are larger than the rating 

current and voltage of the relay (3 V, 50 mA) and capable of driving the relays. 



  71   

 

 

Figure 3-7 Common-source amplifier (an n-channel enhancement-type of power MOSFET) to 

drive a relay  

 

3.5.3. Measurement system 

The measurement system (shown in Figure 3-8 and Figure 3-9 ) is composed of the following 

elements: 

1) Drive PZT unit on a four-point-bending beam excited by a universal testing 

machine ( INSTRON 8521S), 

2) A Sensor PZT unit: ferroelectric thin films on a silicon wafer, 

3) A Sawyer Tower circuit,  

4) Four relays driven by power MOSFETs for each,  

5) Data acquisition system (NI-6221 BNC controller) , 

6) A NI-LabVIEW program. 
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Figure 3-8 Photography of the measurement system 

 

 

 

Figure 3-9 Measurement system for structural health monitor 

Driver PZT unit 

Driver PZT unit 

Sensor PZT unit and Measurement circuit 

Sensor PZT unit 
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The whole measurement system is controlled by a NI-LabVIEW program composed of four 

modes: fatigue mode, preset mode, pre-ground mode and measurement mode. The switch 

between each mode is controlled by a NI-LabVIEW program switching the relays in ON/OFF 

state following the truth table shown in Table 3-1. The measurement process is conducted 

following the flow chart shown in Figure 3-10. The system is in fatigue mode most of the time, 

keeps on poling and converse poling the sensor unit, except for some specific number of cycles 

when the program switches to the preset, pre-ground and measurement modes to collect the 

hysteresis loop. Then, the measurement system goes back to function in fatigue mode until the 

next specific number of cycles to collect hysteresis loop. The waveforms that applied to the 

sensor unit, including fatigue, preset, pre-ground, and measurement modes, are illustrated in 

Figure 3-11. Details of each mode are described one by one next. 

Table 3-1 Truth table of relays control signal 

 

 

 

 

 

 

 

 

 

 

 Switch #1 Switch #2 Switch #3 Switch #4 

Fatigue  Mode OFF OFF OFF OFF 

Preset Mode ON ON OFF OFF 

Pre-ground Mode ON OFF ON OFF 

Measurement Mode ON ON OFF ON 
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Figure 3-10 Flow chart of the measurement system 
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Figure 3-11 Sequence of polarization fatigue curve measurement  

 

Fatigue mode 

The experimental setup for the fatigue testing and its electric circuit is given in Figure 3-12, 

where a beam in a four-point-bending fixture is driven by a universal testing machine 

(INSTRON 8521S) to give a known frequency and a constant strain amplitude to the drive unit. 

During the vibration, the piezoelectric patches of drive unit generate electric charges sending to 

the sensor unit and repeat poling and converse poling the sensor daughter PZT. 

The poling and converse poling cycles are counted by measuring the alternating time-dependent 

displacement excited by INSTRON 8521S. At a specific stop cycle N, the measurement system 

is set to measure the remnant polarization of the sensor daughter unit. Before the remnant 

polarization is measured in the measurement mode, preset mode is set by the application of a 

negative impulse. 
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Figure 3-12 Fatigue mode of the measurement system 

Preset mode 

As the last cycle of the “Fatigue Mode” is finished, the applied electric field goes back to zero 

and the sensor unit performs negative remnant polarization. If the sensor unit is measured right 

after the fatigue mode, the hysteresis loop starts from a non-zero polarization. Also, the 

hysteresis loop starts from different non-zero polarization for each measurement, because the 

remnant polarization decreases in magnitude by the fatigue phenomenon. The different reference 

values for each measurement would complicate the data acquisition and data analyses. To solve 

issue, in preset mode shown in Figure 3-13, a negative impulse is applied to negatively polarize 

the sensor unit so that the polarization vector of each domain points downward. By applying the 

negative impulse, the “Preset Mode” initializes the sensor unit before the measurement mode 

starts so that the initial condition of each hysteresis loop is set to the same value. 
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Figure 3-13 Preset mode of the measurement system 

Pre-ground mode 

After the preset mode, some charges, which may induce measurement errors, remain on the 

electrode of the sensor daughter unit. In the pre-ground mode shown in Figure 3-14, the top and 

bottom electrodes are connected to the ground and release the remaining charges. 

Pre-ground mode 

After the preset mode, some charges, which may induce measurement errors, remain on the 

electrode of the sensor daughter unit. In the pre-ground mode shown in Figure 3-14, the top and 

bottom electrodes are connected to the ground and release the remaining charges. 
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Figure 3-14 Pre-ground mode of the measurement system 

Measurement mode 

After the preset and pre-ground mode, the relays are switched to the measurement mode shown 

in Figure 3-15. The measurement waveform is sent by a data acquisition (DAQ) device to the 

Sawyer Tower circuit and the voltage corresponding to electric field E and polarization P are 

collected by DAQ device. This data can be sketched as a hysteresis loop. The number of cycles 

N and remnant polarization P
r 

are recorded to draw a fatigue graph when the measurement is 

done. Note that the voltage follower in the circuit is used to match the electrical impedance and 

provide large current to drive the relay circuits, while the non-converting amplifier amplifies the 

measurement waveform two times to the Sawyer Tower circuit. 
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Figure 3-15 Measurement mode of the measurement system 

3.6. Experimental Results 

3.6.1. Polarization fatigue curve measurement 

Figure 3-16 shows the hysteresis loops of PZT thin film with 2.0 µm in thickness and 0.5 mm in 

diameter under sinusoidally cyclic (1.0 Hz, 1~10000 cycles) electric field with 6.0 V in 

amplitude. The relation between corresponding remnant polarization Pr against number of cycles 

N taken from Figure 3-16 is shown in Figure 3-17. The polarization fatigue curve of Figure 3-17 

shows three stages: (1) initial in plateau while low-cycle electric field is applied, (2) while the 

electric field is applied in middle number of cycles range, the remnant polarization drops rapidly, 

and (3) the remnant polarization remains nearly flat for the large number of cycles. 
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Figure 3-16 Hysteresis loops for a ferroelectric thin film (2.0 µm in thickness and 0.5 mm in 

diameter) from 1 to 10000 cycles 

 

 
Figure 3-17 Normalized polarization fatigue curves of ferroelectric thin film  

(normalized by P
r 
= 20 μC/m

2
 at N=1) 
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3.6.2. The effect of driving electric field 

The effects of the driving electric field amplitude on polarization fatigue of PZT films are shown 

in Figure 3-18 and Figure 3-19. We applied cyclic displacement up to 10
6
 to 10

7 
cycles on the 

four-point-bending fixture and dynamically stressed the drive unit (piezoelectric patches). In 

order to simulate the voltage sending from drive unit excited by mechanical vibration, we 

applied a low frequency of 1.0 Hz on the four-point-bending fixture. Each test took at least 10 

days to cause polarization fatigue on the PZT thin film. The piezoelectric patches on the 

structural component (drive unit) sending out 0.8Vth to 1.7Vth (Figure 3-18) and 0.6Vth to 4.5Vth 

(Figure 3-19) to PZT thin films (sensor unit) with the dimensions of 1.5 mm in diameter and 1.5 

μm in thickness (the threshold electric field for this dimension is Eth = 3.0 V/ μm, i.e. Vth = 3.0 

V/μm (Eth) ×1.5 μm (thickness of the PZT thin film) for the PZT films we tested). The 

experimental results shown in Figure 3-18 and Figure 3-19 illustrate that the applied electric field 

accelerates the polarization fatigue. In the sensor region, the slope of fatigue curves of different 

driving voltage is close in logarithmic scale. If the stress levels are lower than the threshold 

stress, which send out voltage lower than threshold voltage, the plateau remains much longer in 

number of cycles; however, if the stress levels are higher than the threshold stress, the fatigue 

curves step into sensor region much sooner. The polarization drops exponentially in the sensor 

region adopting linear scale for x-axis, the number of cycles. However, if logarithmic scale is 

used for the number of cycles, the sensitivity is close even if we apply different stress levels. 
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Figure 3-18 Fatigue behavior of various output voltage from drive unit  

(lower than domain-switched voltage) 

 

Table 3-2 Sensitivity for a single daughter sensor PZT unit applied different voltage 

 0.8Vth 1.0Vth 1.3Vth 1.7Vth 

Plateau region  

(number of cycles) 
1~ 1~1000 1~400 1~200 

Sensor region 

(number of cycles) 
~ 2000 ~ 1000 ~ 200 ~ 

Plateau sensitivity 

(linear scale in cycles) 
-6.36×10

-6
 -2.44×10

-3
 -1.58×10

-3
 -0.0085 

Sensor sensitivity 

(linear scale in cycles) 
× -3.08×10

-5
 -1.10×10

-4
 -1.1×10

-4
 

Plateau sensitivity  

(log scale in cycles) 
-8.70 -2.21 -1.43 -7.64 

Sensor sensitivity  

(log scale in cycles) 
× -19.3 -23.86 -20.90 
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Figure 3-19 Fatigue behavior of various output voltage from drive mother PZT unit (high than 

domain-switched voltage). Apply on 1.5mm in diameter and 1.5μm in thickness sensor PZT unit.  

 

The plateau and sensor region for each curve and its sensitivity is summarized in Table 3-3. The 

sensitivity of the sensor region represents exponential decrease when we use linear scale for the 

number of cycles. However, if we take the logarithmic scale for the number of cycles, the 

sensitivity is close even if we apply different stress levels.  
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Table 3-3 Sensitivity for a single daughter sensor PZT unit applied different voltage 

 0.5Vth 1.0Vth 1.5Vth 2.0Vth 3.0Vth 

Plateau region 

(number of cycles) 
1~× 1~5×10

5
 1~1×10

3
 1~100 1~10 

Sensor region 

(number of cycles) 
× 

500000
 

~25000000 

2500 

~500000 

250 

~500000 

50 

~1000 

Plateau sensitivity 

(linear scale in cycles) 
-1.48×10

5
 -3.42×10

5
 -0.0042 -0.017 -0.4 

Sensor sensitivity 

(linear scale in cycles) 
× -8.11×10

-6
 -1.2910

-4
 -6.07×10

-4
 -0.0698 

Plateau sensitivity  

(log scale in cycles) 
-1.30 -3.01 -1.41 -0.83 -3.60 

Sensor sensitivity  

(log scale in cycles) 
× -23.21 -27.94 -23.27 -34.57 

 

The polarization fatigue curves show that the driving voltage affects the speed of fatigue. To 

apply this material nature of polarization fatigue to the proposed SHM system, some designs are 

required to make a reliable and accurate SHM system. 

 In the practical applications, the vibration is random in its amplitude and induces random 

amplitudes of stress on the structural component and the drive unit of SHM system. The random 

amplitudes of stress on the drive unit sends out random amplitudes of voltage to the sensor unit. 

Different amplitudes of voltage fatigue the sensor unit to varying degrees, it would be impossible 

to trace back the number of cycles for a specific stress level on the structural component and the 

corresponding voltage from the drive unit of SHM system. To solve this issue, we propose an 

interface circuit that when a random amplitude signal is sent into the circuit, the circuit 

recognizes the absolute value of the amplitude only. Once the absolute value of the amplitude is 

larger than a certain threshold, it sends out the voltage to the sensor unit; otherwise, the output 

voltage is set to zero and sent to the sensor unit. Therefore, the sensor unit is only fatigued by a 

certain level of voltage induced by the corresponding stress level on the structural component. 
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The fatigue signal to the sensor unit is a voltage pulse train with an amplitude corresponding to a 

specific stress level on the structural component. Details will be explained in the next chapter. 

3.7. Conclusion 

In this chapter, we reviewed the literature about the polarization fatigue of ferroelectric thin film, 

and PZT thin film in particular. To the proposed SHM system, the amplitude, waveform, and 

frequency of driving electric field are critical issues. The reviewed literature shows that among 

all the parameters that researchers have studied, the effect of amplitude of the driving electric 

field shows inconsistency. Next, the mechanisms of the polarization fatigue were summarized 

and introduced next.  

To clarify the effect of the driving electric field, we build up an automatic measurement system 

that are capable of conducting millions of cycles of applied electric fields and periodically 

measured the hysteresis loop and the corresponding remnant polarization at a specific number of 

cycle. The experimental results showed that the electric field accelerates the polarization fatigue. 

In the practical application of random amplitude of excitations, an interface circuit will be 

designed in the next chapter to develop a reliable SHM system. 
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Chapter 4 Proposed SHM System and its Performance 

The behaviors of the drive and sensor units have been studied in Chapter 2 and 0, respectively. 

The idea of the proposed SHM system can be generalized in Figure 4-1 that the drive unit sends 

out dynamic voltage signal, which is a liner function of stress on the structural component. The 

voltage signals carrying the information of stress levels on the structural component is sent to the 

sensor unit, and voltage signal generated from the drive unit induces polarization fatigue to the 

ferroelectric material based sensor unit. The loss of the polarization determines the number of 

cycles of the electric field with a specific amplitude that carries the information (number of 

cycles and amplitude) of dynamic stress. The number of cycles of a specific stress level of 

dynamic loading on the structural component can be back calculated by the measurement of 

remnant polarization Pr.  

 
Figure 4-1 Proposed Structural Health Monitoring 

 

However, some of the research [66][67][68][69][70][71][72] introduced in Sec.3.1 as well as the 

experimental results of polarization fatigue shown in Figure 3-18 and Figure 3-19 illustrate that 

the driving voltage (or electric field) accelerates the polarization fatigue of the PZT thin films. 

High voltage (or electric field) induces intensive polarization fatigue. Once we measure the loss 

of remnant polarization under multiple amplitudes of the dynamic loadings, both intense and 
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mild polarization fatigue are involved to the loss of remnant polarization and makes it impossible 

to calculate the fatigue comes from one or several specific amplitudes of stress. To resolve this 

issue, a window comparator circuit is designed to eliminate the irrelevant amplitudes of voltage, 

only a specific level of voltage remains and sends to the sensor unit, which makes it possible to 

determine the polarization fatigue is induced by a specific level of stress on a structural 

component by how many number of cycles of that stress level. 

In this chapter, we will introduce how the drive and sensor units, and in particular the interface 

circuit in between function in the proposed SHM system. To verify that the concept of the 

proposed SHM system works, we conducted several sets of experiments that the number of 

cycles of two specific stress amplitudes was counted by both a DAQ system with a LabVIEW 

program (exact number of cycles) as well as by the fatigue curve (measured number of cycles). 

We also show the errors between the exact and measured number of cycles.  

4.1. Window Comparator 

Since the polarization fatigue curves of piezoelectric thin film highly depend on the applied 

voltage induced by the amplitude of dynamic stress loading, we need a signal conditioner which 

functions as a comparator. If the amplitude of stress is larger than a certain value, named as 

threshold stress, the threshold voltage generated from the drive unit is sent out to the sensor unit, 

causing electrical domain switch; otherwise, the smaller amplitude of voltage from the drive unit 

that is sent to the sensor unit would not induce polarization fatigue to the sensor unit. An 

operational amplifier with proper connection was chosen to achieve this function. 
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The operational amplifier shown in Figure 4-2 is a typical differential amplifier: the output Vo 

linearly depends on the difference of the inverting and non-inverting input (V
+
− V

−
) with voltage 

gain G as Vout = G (V
+
− V

− 
).  

 

Figure 4-2 Voltage comparator (Operational amplifier) 

The output voltage becomes positive when the non-inverting input becomes more positive than 

the inverting input, and vice versa. Since the voltage gain G is typically around 10
5
~10

6
, a small 

voltage difference leads to a very high output. However, no matter how high the output voltage 

we have from the drive unit shown in Figure 2-11(a), the output voltage of operational amplifier 

never goes higher than the voltage +V
CC1

 or lower than –V
CC2

 provided by the power source. In 

other words, once a very small voltage difference is applied on the non-inverting and inverting 

nodes, the output voltage soon reaches the saturated voltage provided by external power source, 

a perfect comparator to judge if the signal is positive or negative. The behavior of the operational 

amplifier can be represented as follows 
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Several window comparators modified by two diodes for each shown in Figure 4-3 is used for 

the interface circuit for SHM system. 

If V
in

 is higher than V
D1

, the diodes D
1
 allow current to pass to the negative terminal, while the 

diodes D
2
 block current to pass to the positive terminal, which makes V

+
 = V

in
 and V

–
= 0 V. Eqn. 

( 4-1 ) shows output voltage becomes Vout = +V
CC

. Similarly, If V
in

 is lower than V
D2

, the diodes 

D
2
 allow current to pass to the negative terminal, while the diodes D

1
 block current to pass to 

positive terminal, which makes V
+
= 0V and V

–
 = V

in
. Eqn. ( 4-2) show that output voltage 

becomes Vout = –V
DD

.

 

Figure 4-3 Window comparator (WC) for the interface circuit of SHM system 
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Figure 4-4 shows the characteristic relationship (V
in

 vs V
out

) of a window comparator. If the 

amplitude of the input voltage to the window comparator is larger than the threshold voltages of 

the diodes, the output voltage are set to Vcc or -VDD; otherwise, the output voltage is zero. Apply 

this electric characteristic to the output of the drive unit, the window comparator is able to 

activate the polarization fatigue while the stress on the structural component reaches to a certain 
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value (threshold stress). If the stress on the structural component is mild, below to the threshold 

stress, the polarization fatigue is deactivated by the window comparator. 

 

Figure 4-4 Characteristic curves for a window comparator 

Table 4-1 generalized two window comparators that we will use in the following experiments. 

The window comparators have two different supplied voltages (VCC1 and VCC2) and two different 

pairs of diodes for different threshold voltages (VD1 and VD2), which is able to activate two levels 

of polarization fatigue (by VCC1 and VCC2) if the voltage sent into the window comparators 

reaches two levels of threshold voltage (VD1 and VD2). The characteristic curves for the pair of 

the window comparator are illustrated in Figure 4-5. 

In the time period of a loading history from 0 second to 10 second, for the example, WC1 senses 

five peaks shown in the above figure of Figure 4-6, which means the SHM system counts the 

structural component undergone five times of stress, which amplitude over 12.6 MPa in this time 

block, and WC2 senses eleven peaks in the signals from drive unit, shown in the below figure of 

Figure 4-6, which corresponds to the stress on the structural component reaches eleven times 

over 7.88 MPa in the time block.  
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Table 4-1 Specifications of a pair of window comparators 

 WC1 WC2 

+V
CC

 8V 5V 

–V
DD

 0V 0V 

V
D1

 8V -8V 

V
D2

 5V -5V 

 

 

 

 

 

Figure 4-5 Output and Input voltage curves for window comparator 
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Figure 4-6 Time-domain performance of window comparators;  

above figure: input and output voltage of window comparator 1 (WC-1),  

and below figure: input and output voltage of wind comparator 2 (WC-2). 

 

4.2. Verifications of the Proposed SHM System 

To verify the performance of the proposed SHM system, a SHM system with one drive unit 

(three pieces of 1.0 cm×5.0 cm PZT C-6 piezoelectric ceramic from Fuji Ceramic), two sensor 

units (PZT thin films – No.1: 5.0 μm in thickness, 1.5 mm in diameter, No.2: 2.7 μm in thickness, 

1.5 mm in diameter) and interface circuit is designed to evaluate the performance to estimate the 

number of cycles of two specific stress levels on a structural component. To this end, a dynamic 

four-point-bending test is used to drive the beam and the mounted piezoelectric patches 
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sinusoidally in 1.0 Hz frequency, where the stress levels ranges from -20 to +20 MPa 

dynamically, uniformally distributed on the top-most surface of the beam in spatial domain. The 

signal from the drive unit is conditioned by the interface circuits and sent out pulse trains with 

corresponding threshold amplitude to the corresponding sensor unit. The interface circuits send 

out 5 V and 8 V to electrically fatigue No.1 and No.2 sensor unit, respectively.  

The proof-of concept experiment is conducted in the following two steps: 1. retrieve the 

polarization fatigue curve of each PZT thin film (sensor unit), and 2.employ random amplitude 

excitations to the drive unit. Details and results are discussed in the following sections. 

 

Figure 4-7 Modified SHM system with two window comparators 

 

Step1: Unipolar polarization fatigue test to each PZT thin film of sensor unit 

As discussed previously, considering the effect of driving electric field to the polarization fatigue 

of PZT thin film, we applied the signal with information of stress on the structural component to 

a window comparator. The signal going out from the window comparator becomes a specific 

amplitude of pulse train, representing a specific stress level, and electrically fatigue each PZT 

thin film. Therefore, for the modified design of the SHM system, applying unipolar fatigue 

waves would be more suitable than the typical approach, which is applying bipolar fatigue waves. 

To retrieve the polarization fatigue information for the modified SHM system with window 
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comparators, we apply a pulse train to polarization fatigue the PZT thin film. The experiment 

setup is shown in Figure 3-8 and Figure 3-9, controlled by NI-LabVIEW and DAQ system 

following Figure 3-10 and Table 3-1. The waveforms that we apply to the PZT thin film in each 

mode are modified from Figure 3-11 to Figure 4-8. Note that the fatigue waveforms in  

Figure 3-11 have been modified from bipolar sinusoidal waves to unipolar pulse trains in  

Figure 4-8. 

 

Figure 4-8 Sequence of polarization fatigue curve measurement  

 

Figure 4-9 shows the result of polarization fatigue tests for No.1 and No.2 sensor units under 

unipolar cyclic voltage of 0 ~ 8.0 V and 0 ~ 5.0 V to match the input voltage from window 

comparators WC1 and WC2, respectively, to sensor units. A 15-number-of-cycles voltage 8 V 

and 5 V have been pre-trained for No.1 and No.2 sensor units, respectively, to make sure the as-

pretrained sensor system passes through the first region of Pr - N curve of Figure 4-9 and 

functions linearly in a wide range of sensing area in logarithmic scale. The Pr – N relation of 

these two sensor units that are obtained experimentally (see Figure 4-9) can be expressed linearly 

as follows 
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Figure 4-9 Polarization fatigue curve of piezoelectric thin film for No.1 (5.0 µm in thickness and 

1.5 mm in diameter under cyclic voltage 8 V) and No.2 (2.7µm in thickness and 1.5 mm in 

diameter under cyclic voltage 5 V) sensor units 

 

Step2: Verification of proposed SHM system with excitation of random amplitudes 

To verify the performance of the proposed SHM system, we applied random amplitudes of 

sinusoidal displacement with 1.0 Hz in frequency to the four-point-bending fixture by a universal 

testing machine INSTRON 8521S shown in Figure 3-8 and Figure 3-9. The excitations applied 

to the four-point-bending fixture induced a random amplitudes of sinusoidal stress, ranging from 

-20 MPa to 20 MPa, in time domain. The random amplitudes of voltage from the drive unit is 

sent to window comparator and signals that the PZT thin films receiving from the window 

comparator are pulse trains with amplitude of 8.0 V for No.1 sensor unit and 5.0 V for No.2 
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sensor unit. Figure 4-6 is an example of how window comparators receive random amplitude 

voltage from drive unit and send out pulse trains to sensor units. The tests were randomly 

stopped and measured the remnant polarization by the measurement system shown in Figure 3-8 

and Figure 3-9. The number of cycles of the stress on the structural component whose amplitude 

of stress reaches a certain value can be back calculated by the measured remnant polarization 

following Eqn.( 4-3 ). By comparing this calculated number of cycles to that directly counting 

the excitations that INSTRON 8521S made, we could verify the accuracy of the proposed SHM 

system. 

The Case 1 in Table 4-2 shows the counted number of cycles of the load history above 12.60MPa 

and 7.88MPa on the topmost surface of the four-point-bending beam by sensors No.1 and No.2, 

which are considered to be exact results. The Case 2 in Table 4-2  shows by using curve fitting 

(dash lines in Figure 4-9) for the standard polarization fatigue test for both No.1 and No.2 sensor 

units, we estimate number of cycles for both stress levels by measuring the remnant polarization 

under a specific number of cycles, which are considered to be predictive results. The Third group 

in Table 4-2  shows the error between exact results and predictive results of the SHM system. In 

general, the performance of the SHM system shows acceptable estimation of number of cycles 

counting. The error is ranging from 1.0 to 19.7%, and the average error is less than 10% in 

general.  
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Table 4-2 Experimental results for exact number of cycles counted from the load history and 

estimated number of cycles from proposed SHM system for two cases; case 1: real counted 

numbers; case 2: counted numbers from linearly idealized curve 

Case 1: Number of cycles by counting load history      

Sensor unit No.1 (12.6 MPa) 12 22 57 165 231 361 685 733 

Sensor unit No.2 (7.88 MPa) 79 150 291 452 524 644 1658 2673 

Case2: Number of cycles by curve fitting (Linear equation to fit the fatigue curves) 

Sensor unit No.1 (12.6 MPa) 14 24 53 178 213 403 735 678 

Sensor unit No.2 (7.88 MPa) 77 138 294 506 490 771 1935 2214 

Errors between cycle counting and curve fitting (%) 

Sensor unit No.1 (12.6 MPa) 16.7 9.1 7.0 7.9 7.8 11.6 7.3 7.5 

Sensor unit No.2 (7.88 MPa) 2.9 7.8 1.0 11.2 6.4 19.7 16.7 17.2 

 

4.3. Conclusion 

To overcome that the driving electric field affects the polarization fatigue, we proposed to put a 

comparator circuit that is capable of reading a specific value of voltage from the drive unit 

corresponding to a stress level on the structural component that is equal to or larger than a certain 

value. The measurement system was modified to electrically fatigue the sensor unit in pulse 

trains rather than sinusoidal waves to match the waveforms that the modified SHM system sends 

to the sensor unit. The performance of the proposed SHM system was demonstrated by a two-

sensor-unit SHM system and the verification tests show that the error is ranging from 1.0 to 

19.7%, and the average error is less than 10% in general.  
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Chapter 5 Load Transfer Design 

In most of the practical applications, the stresses on the structure are significantly larger than the 

fracture stress of typical piezoelectric ceramics and (for example, 90 MPa in the case of PZT-C6) 

and may induce fracture on the ceramic-based drive unit. To protect the fragile drive unit from 

fracturing under high external stress, a load transfer module where a driver unit is mounted to the 

structure surface by a thin viscous layer is proposed. The configuration of the load transfer 

design is shown in Figure 5-1. The high stress / strain in the structural component is relaxed by 

flow in the viscous layer which progress in a diffusive manner from the edges of the PZT layer 

inward toward its center. The external loadings applied on the structural components can be 

generalized into two types: tension/compression and bending modes, which will be discussed in 

this chapter. 

 

Figure 5-1 Schematic diagram of a PZT layer bounded to a thin viscous slayer which is bounded 

to a structural component 

5.1 Literature Review 

The research similar to load transfer design in configuration comes from two different fields of 

studies: thin film mechanics and lap joint mechanics. Thin film mechanics is to study the 

mechanical behaviors of layers of thin films deposited on a substrate, which involve the fracture, 
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peeling, fatigue, etc. under external loading and particular under thermal loading. The 

mechanical analyses of lap joints or adhesive joints are to study stress distributions and suitable 

fracture criterion to predict stress distribution and a suitable fracture criterion for designers. Both 

fields of research benefit the study of proposed load transfer design.  

The idea of the load transfer design for SHM system comes from the configuration of thin film 

bonded on a relative thick substrate. The internal stress of the thin films induced by external 

loading or thermal effect can cause variety types of consequence, including fracture, 

delamination or peeling. These mechanical behaviors in thin films are studied specifically in thin 

film mechanics [87].  

The study of thin film mechanics originated from Stoney [88], who made observations that a 

copper film deposited on a substrate was in tension or compression without loads applied to the 

system, and the internal tension and compression would strain the substrate and induce bending. 

He also formulated the relationship between the stress in the film and the amount of bending 

moment in the substrate. 

The theoretical descriptions based on stress transfer analysis were first presented by Cox, who 

applied shear lag model on fiber-reinforced materials [89]. To take consideration of residual 

strains and initial crack in the two-layer composite, a modified shear lag model was then 

proposed theoretically and verified experimental [90]. 

The elastic behavior of a multi-layer thin film on a thick substrate was presented by Townsend 

and Barnett in 1987. Under the approximations for the case of thin films on a substrate, the 

governing equations for stresses in multilayered thin-film structure was discussed and the 
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resultant internal and residual stress induced by fabrication process affects the mechanical 

behavior of the thin-film-substrate structure was studied theoretically and experimentally [91]. 

The elastic solution of a tri-layer structure with finite dimensions is presented by Wang et al [92]. 

More types of interfacial stresses: shear, peeling, bending, and die cracking stress are studied and 

result to a governing equation with seventh order differential equation. The analytical expression 

of each type of stress is also presented. 

The literature review shows that due to the application of thin film technology, most of the 

research assumes that thickness is relative much smaller than length and width of the structure; 

therefore, infinite length is the fundamental assumption for most of the research. The 

temperature effect during the fabrication process is also a critical issue in thin-film technology.  

As for the lap joints, which can be classified into single and double-lap joints in general shown in 

Figure 5-2, there have been numerous of models for the adhesive joint been developed since 

Volkersen [93] and Goland and Reissner [94] presented their analyses on lap joints with flat 

adherends. Both work laid foundations to the analyses of the lap joint. Volkersen [95] analyzed a 

single-lap joint case, assuming that the adhesive deforms only in shear, while the adherends 

deform in tension; both adhesive and adherends behave linear elastically. Since the asymmetric 

configuration of the lap-joint, applying the force on upper and lower laps may induce bending 

moment to the adhesive and adherends, the assumption is not practical for sing-lap joints. Based 

on Volkersen’s work Goland and Reissner [96] consider the bending moment on adherends 

while force applied to the single-lap joint . By studied tabular joints, Lubkin and Reissner [97], 

Adams and Peppiatt [98], and Nemes [99] et al. presented their two-dimensional linear elastic 

analyses, two-dimensional elasto-plastic analyses, three dimensional analyses. The limitations 
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due to the assumptions that Volkersen [95] and Goland and Reissner [96] made was extended by 

Ojalvo and Eidinoff [100] and Tsai [101]. Ojalvo and Eidinoff [102] Tsai [103] used a more 

complete shear strain and displacement equations to model the shear and normal deformations of 

adherend layers, which studied the effect of adherent thickness on the stress distribution.  Tsai 

[103] also used Moiré to investigated the deformation of the adherends and concluded that the 

proposed model made better approximation than previous researchers did. 

 

Figure 5-2 Adhesive joints: (a) single-lap joint, and (b) double-lap joint 

 

The viscoelastic analysis of the lap joints was first conducted by finite element method by 

Nagaraja and Alwar [104] and then the closed-form solution was developed by Delale and 

Erdogan [105] after the finite element method was published. Nagaraja and Alwar [104] used 

Prony’s series fitting for the viscoelastic material properties of the adhesive joints, and employed 

finite element analysis to analyze the single-lap joint subjected to tensile loading. Delale and 

Erdogan [105] formulated the problem of lap-joint considering elastic adherends and viscoelastic 

adhesives subjected to membrane, bending and shear and transverse shear loading, and solved 

the problems by standard Laplace transform.  
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To analyze the proposed load transfer design, we formulate static and dynamic closed-form 

solutions of both elastic and viscoelastic adhesive in various thickness. The closed-form 

solutions are verified by finite element software ANSYS. 

5.2 Summary of Linear Elasticity 

The Kirchhoff theory extends Euler-Bernoulli beam theory from slender beams to tin plates. 

Assuming that the Kirchhoff deformation hypothesis, plane remains plane assumption, is valid, 

the displacement field, u, v, and w along the x-, y-, and z- axes are given by  
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The two-dimensional strain components are obtained from Eq.(5-1) as 
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where κx, κy, and κxy are curvatures defined as 
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The constitutive equation for the laminate can be written as the in-plane stress-strain relation 

given by 
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The resultant in-plane forces, Nx, Ny, and Nxy can be obtained from 
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where hi-1 and hi are z coordinate of bottom and top surface of i
th

 lamina, and n is number of 

layers of the laminate. 

The resultant bending moments, Mx, My, and Mxy can be obtained from 
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5.3 Theory of Linear Viscoelasticity  

5.3.1 Mechanical Models 

The most fundamental models to describe viscoelastic materials are Maxwell and Kelvin model. 

The Maxwell model can be represented by a viscous damper and elastic spring connected in 

series, which is suitable to describe relaxation of viscoelastic materials shown in Figure 5-4(a), 

which gives the following equation for viscoelastic behavior: 




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dt

d

Edt

d 1
  (5-7)  
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On the other hand, the Kelvin model consists of a viscous damper and elastic spring connected in 

parallel shown in Figure 5-4(b), is used to explain creep behavior of viscoelastic materials, which 

gives the following equation of viscoelastic behavior:  

dt

d
E


   (5-8)  

To model both relaxation and creep behaviors of materials, more sophisticated models, 

generalized Maxwell and Kelvin, are developed to better describe the viscoelastic materials. The 

generalized Maxwell model shown in Figure 5-6, arranged each single unit of Maxwell model in 

a parallel fashion, is more popular and will be mainly used in this chapter. Similarly, the 

generalized Kelvin model, arranged every single unit of Kelvin model in series. 

 

Figure 5-3 Schematic diagram of (a) Maxwell and (b) Kelvin models 
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Figure 5-4 Schematic diagram Generalized Maxwell model 

The relaxation modulus for the generalized Maxwell model is  
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where K(t) denotes the volumetric relaxation modulus, K∞ denotes equivalent volumetric 

 modulus, Ki denotes the volumetric modulus of the i
th

 element; G(t) denotes shear relaxation 

modulus, G∞ denotes equivalent shear modulus, Gi denotes the shear modulus of the i
th

 element; 

n notes the number of Maxwell models, t denotes reduced time, λi and is the relaxation time of i
th

 

Maxwell element. 

The generalized Maxwell model consider the contributions of stress in exponential function with 

different relaxation time, which provides a good fit to experimental nature of creep phenomenon 

if enough terms are used.   

5.3.2 Constitutive Equations 

The three dimensional Hooke’s law of linear elasticity is given by 
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klijklij C     (5-11)  

where Cijkl as the elastic modulus tensor, and the summation convention assumed in which 

repeated indices are summed over. 

For isotropic elastic materials, the constitutive equation is 

ijijkkij t  2)(    (5-12)  

The elastic tensor can then be expressed as 

)( jkiljlikklijijklC    . (5-13)  

as which λ and μ are two independent Lamé elastic constants. 

For constitutive equation of viscoelastic materials, the Boltzmann superposition principle states 

that the effect of compound strain is the linear combination of the effects of each individual 

strain. Summing each stress increment due to the strain pulse in time domain, from the 

Boltzmann superposition principle, the stress and strain relation can be generalized into the form 

of integral representation. The time-dependent response of stress σij(t) and strain εkl(t) is 

characterized by the constitutive equation as 

dt
t

t
ttRtx kl
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
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



 (5-14)  

The above integrals are evaluated for current time t based on past time t’, where R
ijkl

 is relaxation 

modulus.  

Consider the case of isotropic materials, time-dependent relaxation modulus can be represented 

by Lamé constants as 

))(()()( jkiljlikklijijkl tttR    . (5-15)  

http://en.wikipedia.org/wiki/Lam%C3%A9_parameters
http://en.wikipedia.org/wiki/Lam%C3%A9_parameters
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Rearrange Eq.(5-15), the relaxation modulus R
jikl

 can be rewritten to separate volumetric and 

deviatoric behavior of viscoelastic materials as 

))(()](2)(3[
3

1
)( jkiljlikklijijkl tGtGtKtR   . (5-16)  

where K(t) is time-dependent bulk modulus, which characterizes volumetric response and G(t) is 

time-dependent shear modulus, which reflects the deviatoric behavior. 

Substitute Eqn.(5-16) into Eqn.(5-14), the constitutive equation of the viscoelastic behaviors 

becomes 
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Eqn.(5-17) can be expressed by tensor notation as follows 
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where ε
kk

δ
ij
  is scalar volumetric strain times identity matrix and ε

ij
 is deviatoric strain tensor. 

Eqn.(5-18) can be further simplified as follows 
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where ε
V
 is the scalar volumetric strain times identity matrix and ε

d
 is the deviatoric strain tensor 

as we mentioned in Eqn.(5-18). 

The constitutive equation can be rewritten from Eqn.(5-19) as  
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where γ(t) is the shear strain. Eqn.(5-20) depict that the mechanical behavior of viscoelastic 

materials can be characterize as the first term, volumetric response by bulk modulus K(t’), as 

well as the second term, deviatoric response by shear modulus G(t’). 

Considering volumetric and deviatoric response separately, the constitutive equations are shown 

as follows 
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For many practical applications of viscoelastic materials, deviatoric response dominates and is 

the only concern. Eqn.(5-20) is a good approximation for viscoelastic materials.  

Applying generalized Maxwell model shown in Figure 5-4 to describe viscoelastic behavior of 

materials, the relaxation moduli K(t) and G(t) given in Eqn.(5-9) and Eqn.(5-10) can be modified 

to another form as Prony’s series shown below 
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where K0 and G0 are bulk and shear relaxation moduli at t = 0, n
K
 and n

G
 are number of Prony’s 

terms for bulk and shear moduli, α
i

K
 and α

i

G
 are relative bulk and shear moduli, and τ

i

K
 and τ

i

G
 

are relaxation time for bulk and shear moduli. The physics behind Eqn.(5-23) and Eqn.(5-24) is 
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that the bulk and shear moduli can be represented as a sum of a number of decaying terms, each 

term with its own relaxation time τ
i
. 

Correspondence principle The correspondence principle states that the solution to the 

problem for a linearly elastic viscoelastic material can be obtained by replacing the time-

dependent parameters by their Laplace transform multiplied by the variable s of the transform. 

The time-domain response of a certain input can be obtained by transforming back by inverse 

Laplace transform. 

Taking Laplace transform to Eqn.(5-21) and Eqn.(5-22), the constitutive equation in s domain is 

)(ˆ)(ˆ)(ˆ)(ˆ),(ˆ * ssKsssKsx     (5-25)  

)(ˆ)(ˆ)(ˆ)(ˆ),(ˆ * ssGsssGsx     (5-26)  

where the Laplace and inverse Laplace transform is defined as 
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Therefore, the integral equation between stress and strain for viscoelastic materials has been 

transformed to a linear elastic relation between stress and strain in s space.  

Taking Laplace transform to Eqn.(5-23) and Eqn.(5-24), Prony’s series volumetric and 

diavometric stiffness in s domain becomes  
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Instead of solving the response in time domain, we may transform the equation from time- 

domain differential equation to s-domain algebraic equation. Inverse transform from s-domain 

back to time-domain and have the response in time-domain. 

5.4 Elastic Solution of Longitudinal deformation 

Consider a piezoelectric layer bonded on a structural component by an adhesive layer in between 

shown in Figure 5-1. An external force is applied on the structural component and the external 

loading transferred from the structural component to piezoelectric layer by adhesive induces 

stress reduction. 

 

Figure 5-5 Schematic of a SHM system with an external force applied in x- (axial) direction. 

 

To simplify the problem, the following assumptions are used to model the viscoelastic behavior 

of the tri-layer load transfer design. 

 Consider the stress applied in x-direction only. 

 The piezoelectric and structural layers is assumed to have linear elastic behavior. 
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 The adhesive is assumed to behave linear elastically in this section 

 Adhesive does not carry axial force 

 Ignore the effect bending moment  

Take an element of length dx, at position x from the center of SHM system on each layer, the 

free body diagram can be shown in Figure 5-6.  

 

Figure 5-6 Free body diagram of each layer of SHM system 

Consider the free-body diagram of the bottom and top layer shown in Figure 5-6 and take 

equilibrium of forces to each layer in the x direction. 
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The static equilibrium of motion becomes 
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where Ni (i = S, P) denotes the axial force per unit width, and τ is the shear stress per unit width.  

Consider axial forces as well as thermal expansions, total strain in top and bottom layers are 

given by  

T
hK

N

dx
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S

SS
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S    (5-35)  
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P   , (5-36) 

where αS and αP are thermal expansion coefficient, KS and KP are effective Young’s modulus of 

material S and P layer and they are given by 
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Therefore, the displacement at position x in top and bottom layers are given below  
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Consider a symmetric structure about y-axis, the displacement uS is zero at x = 0, which gives cS 

= cP = 0. Also, external loading is applied at two ends of the structure only, the axial force 

remains constant in x direction. Therefore, the displacement of each layer at arbitrary position x 

becomes  

xT
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From the shear constitutive equation, the shear strain of the bonded layer induced by the 

displacement of the top and bottom layer can be determined by Hooke’s law as 

A

PS

A

Axy

h

uu
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


,
, (5-43)  

where τxy,A are in-plane shear stress in adhesive layer and GA is the effective shear modulus of the 

adhesive layer. 

Displacement response Apply differential operator d/dx to Eq.(5-35) and Eq.(5-36), we 

obtain 
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Substitute Eqn.(5-32) into Eqn.(5-45) we obtain  
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Further simplifies Eqn.(5-46) results to an ordinary differential equation as 
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Eqn.(5-47) is the governing equation which determines the displacement response of the top 

layer uP by given the input displacement of the bottom layer uS. 

Shear stress response To examine the response of the shear stress in the adhesive τxy,A, 

subtracting Eqn.(5-45) from Eqn.(5-44) results to 
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Apply Eqn.(5-31) and Eqn.(5-32) to the right hand side of Eqn.(5-48), Eqn.(5-43) into left hand 

side of Eqn.(5-48), Eqn.(5-48) becomes 
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Second order differential equation governs the shear stress in the adhesive can be rewritten as 
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and Eqn.(5-41) and Eqn.(5-42) provide displacement boundary conditions to solve the Eq.(5-50). 

Eqn.(5-47) and Eqn.(5-50) summarize the second order differential equations which govern 

displacement on the top layer and shear stress in the adhesive, respectively. For proposed SHM 

system, the purpose of the load transfer design is to study the reduction ratio of stress, which is 

defined by stress at the top-most layer to the stress on the bottom; therefore, the displacement 

response of the top layer u
P
 by given the displacement of the bottom structure u

S
 matters to 

evaluate the design. To further solve the displacement response of the top layer u
P shown in 

Eqn.(5-47), assume the structural component is under a constant local strain ε
x
 and that the 

symmetry of stress distribution with respect to the center of the device is applied, the 

displacement distribution in x-direction u
S
 on the structural component layer is  

SS xu  .  (5-51)  

Substitute Eqn.(5-51) into Eqn.(5-47) the governing equation of the adhesive layer yields to  
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Khh
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To solve the ordinary differential equation shown in Eqn.(5-52), we assume general solution 

u
P,h

(x) and particular solution are u
P,p

(x) 

xBxAxu hP  coshsinh)(,  .  (5-53)  

Cxxu pP )(, .  (5-54)  

Apply Eq.(5-54) to Eq.(5-52), we obtain C = ε
S
 and the particular solution yields to 

xxu SpP )(, .  (5-55)  

With the symmetric boundary condition uS (0) = 0, the homogeneous solution for u
S,h 

(x) is found 

to be 

xAxu hP sinh)(,  .  (5-56)  

The general solution including homogeneous and particular terms result to 

xxAxu SP   sinh)( .  (5-57)  

The strain εS can be found by definition as ε
S = du

S / dx 

SP xAx   cosh)( . (5-58)  

The normal and shear stress distribution on the top layer yields to 

SPPPx KxAKx   cosh)(, .  (5-59)  

By traction free boundary condition σP (L) = 0, unknown constant can be found as 
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Apply Eqn.(5-60) into Eqn.(5-58) and Eqn.(5-59), strain ε
x
(x) and stress distribution σ

x
(x) on the 

top layer leads to 
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Apply Eq.(5-57) to Eq.(5-43), the shear stress in the adhesive layer can be found as 
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The reduction factor of the strain from bottom layer to top layer R
ε is defined as 

max,
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P
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
  ,  (5-64)  

The maximum strain on both top and bottom layer can be found from Eq.(5-58) as 
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where the strain in the bottom layer ε
P
 is given, and we assume the strain distribution on the 

bottom layer keeps constant in x-direction as below 

SS  max, .  (5-66)  

Therefore, Eqn.(5-64) becomes  

)
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1
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Eq.(5-65) shows that the strain distribution along the top surface of the piezoelectric lamina is an 

even function, i.e. symmetric about x = 0, the middle of the tri-layer structure, and the strain 

reaches its maximum value at the symmetric axis. 

Similarly, we define the reduction factor of the stress from bottom layer to top layer R
σ
 as 
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The maximum strain on both top and bottom layer can be found as 
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where the strain in the bottom layer ε
S
 is given, and we assume the strain distribution on the 

bottom layer keeps constant in x-direction as shown below 

PPP K  max, .  (5-70)  

Therefore, the stress reduction factor defined in Eq.(5-64) becomes  
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Eqn.(5-69) shows that similar to the strain distribution, the stress distribution along the top 

surface of the piezoelectric lamina is an even function, i.e. symmetric about x = 0, the middle of 

the tri-layer structure, and the strain reaches its maximum value at the symmetric axis.  

5.5 Finite Element Result of Load Transfer Design in Elastic Assumption 

In order to verify the stress and strain reduction of load transfer design in Eqn.(5-65) and  

Eqn.(5-71). The ANSYS finite element program is used to analyze stress and strain distribution 

on the top surface of the piezoelectric ceramic. 

A piezoelectric plate is bonded on a structural component by an adhesive layer in between. To 

model a practical case that the dimensions of piezoelectric ceramic and adhesive is relative much 

smaller than the component, the boundary conditions are set as: 1. all of the three layers are 

symmetric about x and z axis, and 2. displacement of the bottom of the structural component is 

constrained in y direction. The loadings of the FEM model is set to apply a pair of tension forces 

in x direction, uniformly distributed on the cross section of the structural component. 
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Figure 5-7 (a) and (b) show the physical model of the load transfer design in isoparametric and 

side view respectively, while Figure 5-7 (c) and (d) show FEM model presented by the mesh 

pattern and pattern with boundary conditions and external loadings, respectively.  

 

Figure 5-7 (a) Physical model of load transfer design (isoparametric view), (b) Physical model of 

load transfer design (side view), (c) FEM model of load transfer design with mesh pattern, (d) 

FEM model of load transfer design with boundary conditions and loadings. 

 

Figure 5-7 (a) and (b) indicate that a relative thicker structural component than a piece of 

piezoelectric ceramic and an adhesive layer in between. The FEM model shown in Figure 5-7 (c) 

and (d) depicts that the mesh pattern has 29835 nodes, 12240 20-noded elements type of 

(d) (c) 

(b) (a) 
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SOLID186 with boundary conditions and external loadings mentioned above. Detailed APDL 

script on an example of rubber solid as the adhesive material with 0.5 mm in thickness is list in 

Appendix V. Two materials, rubber solid and FM-73 epoxy, one is much compliant than the 

other shown in Table 5-1are chosen for adhesives. 

Table 5-1 Elastic materials of adhesives 

Case 1: Rubber solid 

Young’s Modulus: 140 MPa 

Poisson ratio: 0.45 

Density: 1100 kg/m
3
 

Case 2: FM-73 epoxy structural adhesive 

Young’s Modulus: 2.7 GPa 

Poisson ratio: 0.35 

Density: 875 kg/m
3
 

 

Static loading are simulated by applying a pair of force, which induces 100 MPa tensile stress on 

both ends of the cross section of the structural component. 

Figure 5-8 shows the normalized stain distribution ε
P,max

 / ε
S
 on the top surface of the 

piezoelectric ceramic against the normalized location x/L with various thickness of adhesive 

layer h
A
 = 0.5 mm ~ 5.0 mm, by theoretical derivation in Eqn.(5-65) and FEM results. The 

results of theoretical model and FEM are represent in different types of lines and markers, 

respectively. It is obvious from Figure 5-8 that the thicker the adhesive layer is, the more strain is 

reduced. The typical thickness of the adhesive layer is around 0.1mm~1.0mm and the 

corresponding strain reduction factor is ranging from 90% down to 35%. Figure 5-8 also shows 
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good agreement between theoretical model and FEM results. The theoretical results overestimate 

the stress on the piezoelectric ceramic if the adhesive is getting thicker, since under the 

assumption we made previously that the adhesive holds shear force only, the piezoelectric holds 

more stress than that the adhesive should hold.  

  
Figure 5-8 Normalized strain distribution along the top surface of the piezoelectric layer; 

theoretical model by lines, and FEM results by markers 

(ha1 = 0.5 mm, ha2 = 1.0 mm, ha3 = 2.0 mm, ha4 = 5.0 mm; adhesive: rubber solid) 
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Figure 5-9 Normalized stress distribution along the top surface of the piezoelectric layer; 

theoretical model by lines, and FEM results by markers 

(ha1 = 0.5 mm, ha2 = 1.0 mm, ha3 = 2.0 mm, ha4 = 5.0 mm; adhesive: rubber solid) 

Similar to Figure 5-8 , Figure 5-10 shows the normalized stress distribution σ
P,max /σS

 on the top 

surface of the piezoelectric ceramic against the normalized location x/L with various thickness of 

adhesive layer h
A
 = 0.5 mm ~ 5.0 mm, by theoretical derivation in Eq.(5-69) and FEM results.  

The results of theoretical model and FEM are represent in different types of lines and markers, 

respectively. It is obvious from Figure 5-8 that the thicker the adhesive layer is, the more stress is 

reduced. The typical thickness of the adhesive layer is around 0.5 mm~1.0 mm and the 

corresponding strain reduction factor is ranging from 80% down to 30%. The 5% reduction 

difference between strain and stress comes from the stiffness ratio K
p / Ks

, which dominates the 

stress reduction factor shown in Eqn.(5-69). Theoretical prediction shows agrees the FEM results. 

The theoretical results predicts a little more stress more on the piezoelectric ceramic if the 

adhesive is getting thicker, as we see in strain reduction. 
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Figure 5-10 and Figure 5-11 show the theoretical prediction and FEM results with different 

adhesive material, FM-73 epoxy structural adhesive shown in Table 5-1and all of the boundary 

conditions and loadings are exactly the same as the case of rubber solid. Figure 5-10 and  

Figure 5-11 show that the stiff adhesive material (FM-73) may reduce less strain and stress than 

compliant adhesive material (rubber solid, see Figure 5-8 and Figure 5-10). The theoretical 

prediction for FM-73 adhesive overestimates the stress and strain more than that for rubber solid 

does. Since the stiffer adhesive holds much more stress, which is ignored in theoretical model.  

   
Figure 5-10 Normalized strain distribution along the top surface of the piezoelectric layer; 

theoretical model by lines, and FEM results by markers 

(ha1 = 0.5 mm, ha2 = 1.0 mm, ha3 = 2.5 mm, ha4 = 5.0 mm; adhesive: FM-73 epoxy) 
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Figure 5-11 Normalized strain distribution along the top surface of the piezoelectric layer; 

theoretical model by lines, and FEM results by markers 

(h
a1

 = 0.5 mm, h
a2 = 1.0 mm, h

a3
 = 2.5 mm, h

a4
 = 5.0 mm; adhesive: FM-73 epoxy) 

5.6 Viscoelastic Solution of Longitudinal Deformation 

To simplify the problem, the following assumptions are used to model the viscoelastic behavior 

of the tri-layer load transfer design. 

 Consider the stress applied in x-direction only. 

 The piezoelectric and structural layers are assumed to have linear elastic behavior. 

 The adhesive is assumed to have linear viscoelastic behavior 

 The generalized Maxwell model and Prony’s series are used to model the shear relaxation 

behavior of the adhesive. 

 Adhesive does not carry axial force 

 Ignore the effect bending moment  
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  (5-72)  

Define the Laplace transform of an arbitrary function f (t) is )(ˆ sf  as below  
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Taking Laplace transform to Eqn.(5-33) and Eqn.(5-34), the equation of force equilibrium for 

adherent layers can be written as 
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Eqn.(5-35) and Eqn.(5-36) in Laplace domain can be written as 
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Similarly, taking Laplace transform to Eq.(5-43) and constitutive equation of adhesive can be 

written as 

A
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In order to apply correspondence principle presented in Eqn.(5-25) and Eqn.(5-26), multiply 

)(ˆ sGs  to both sides of the Eqn.(5-78), we have 
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which leads to the shear stress in Laplace domain as 
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Applying Eqn.(5-74) ~ Eqn.(5-77) to Eqn.(5-80) becomes 
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Taking the first spatial derivative to (5-77) and applying to Eqn.(5-80), we obtain  
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Further simplifying Eqn.(5-83) results to an ordinary differential equation as 
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which governs the relation of displacement between structural component and piezoelectric 

ceramic. 

Shear stress response in s domain  

To determine the relation between shear stress in adhesive and normal stress in structural 

component and piezoelectric ceramic, substituting Eqn.(5-81) from Eqn.(5-82) results to 
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Reduction factor  
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Solving the ordinary differential equation governs the displacement at x-direction on 

piezoelectric layer with the symmetric conditions about x-axis shown in Eqn.(5-84), and 

assuming the structural component is under a constant local strain εx, we have the general 

solution as follows 

)ˆsinh
ˆcoshˆ

1
)((ˆ),(ˆ x

L
xssxu SP 


  .  (5-86)  

The strain and stress distribution on the piezoelectric layer in Laplace domain is 
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The strain and stress reduction factor in Laplace domain can then be obtained as 
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Taking the inverse Laplace transform, we can obtain the response in time domain for specific 

input strain; however, numerical method is required to perform the inverse Laplace transform. 

5.7 Finite Element Result of Load Transfer Design in Viscoelastic Assumption 

To verify the viscoelastic behavior of stress and strain reduction of load transfer design from 

Eqn.(5-87) to Eqn.(5-90). The ANSYS finite element program is used to analyze dynamic 

response of stress and strain on the top surface of the piezoelectric ceramic. 

We use the same physical, FEM model and boundary conditions as we analyzed in linear elastic 

case shown in Figure 5-7. The physical model has a relative thicker structural component than a 
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piece of piezoelectric ceramic and an adhesive layer in between, while the FEM model has 

29835 nodes, 12240 20-noded elements type of SOLID186 with symmetric about x-y and y-z 

plane. 

To study the behaviors of placing viscoelastic materials in between, we specify time-dependent 

elastic modulus to the adhesive layer instead of oversimplifying to linear elastic case. Two 

viscoelastic materials are used: a rubber solid and structural adhesive epoxy FM-73.  

We use generalized Maxwell model shown in Figure 5-4 to approximate the relaxation modulus 

for the adhesive; therefore, the Prony series in Eqn.(5-24) are adopted. The Prony constants for 

rubber solid and FM-73 epoxy film adhesive are shown in Table 5-2 and Table 5-3, respectively. 

The time-dependent relaxation moduli of rubber solid and FM-73 are shown in Figure 5-12. 

Table 5-2 Prony series for rubber solid [106] 

 i τi (sec.) αi (MPa/MPa) 

 1 0.2 0.33 

 2 0.4 0.33 

 E0 = 140 MPa, ν = 0.45,  = 1100 kg/m
3
 

 

 Table 5-3 Prony series for FM-73 epoxy film adhesive [107][108] 

 i τi (sec.) αi (GPa/GPa) 

 1 0.009730 0.02728 

 2 0.090992 0.08933 

 3 0.878503 0.10980 

 4 7.491197 0.19120 

 E0 = 2.7 GPa, ν = 0.35,  = 875 kg/m
3
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Figure 5-12 Relaxation stiffness of rubber solid and FM-73 adhesive 

 

 

Figure 5-13 Creep compliance of rubber solid and FM-73 adhesive 
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Transient response 

To study the transient response of stress and strain on each layer with various thickness of 

adhesive, we apply sinusoidal axial loadings of frequency 1.0 Hz to x-direction on the structural 

component, which induces uniform 675 με of strain equivalent to 466 MPa of stress on the 

structural component. All of the induced stress and strain on the adhesive and piezoelectric 

ceramic are normalized by the stress and strain on the structural component, so that we can see 

not only the response but also the reduction factors of them. Figure 5-14 to Figure 5-17 (rubber 

solid as the adhesive material) and Figure 5-19 to Figure 5-22 (FM-73 as the adhesive material) 

show the transient response of stress and strain on the piezoelectric ceramic from 0 ~ 3.5 second. 

A normalized input with unity amplitude in 1.0 Hz of frequency in Figure 5-14 to Figure 5-17 

and Figure 5-19 to Figure 5-22 is plotted to see the phase angle of stress and strain. Figure 5-18 

and Figure 5-23 summarized Figure 5-14 to Figure 5-17 and Figure 5-19 to Figure 5-22, 

respectively, showing how Lissajous loops evolve in thickness under the same condition. This 

applies sinusoidal axial loadings frequency of 1.0 Hz to the x-direction on the structural 

component, which induces uniform 675 με of strain equivalent to 466 MPa of stress on the 

structural component. In the Lissajous figure shown in Figure 5-18, normalized stress on the 

structural component is shown on the x-axis and normalized stress on the piezoelectric patch on 

the y-axis. This pattern was elliptical in the first and third quarters and rotating clockwise 

throughout the curve, which illustrates that the sinusoidal stress on the piezoelectric patch phase 

leads the sinusoidal stress on the structural component. The length ratio of minor axis to major 

axis of each eclipse illustrates that the thicker adhesive induces more phase lead of the stress on 

the piezoelectric patch (using structural component as a reference). Figure 5-18 and Figure 5-23 

also illustrate that the more compliant adhesive (rubber solid) has more phase lead of stress on 

the piezoelectric patch to that on structural component than the less compliant adhesive (FM-73). 
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Detailed APDL script on an example of rubber solid as the adhesive material with 0.5 mm in 

thickness is list in Appendix VI.  

To compare the results of theoretical model and FEM, we take inverse Laplace transform of 

Eqn.(5-87) to Eqn.(5-90) by a Python programmed Talbot approach, a numerical method of 

taking inverse Laplace transform. Detailed program is list in Appendix VII. 

 
Figure 5-14 Transient respond of load transfer design (stress is normalized by 466 MPa, strain is 

normalized by 675 με; adhesive material: rubber solid, thickness of adhesive: 5.0 mm). 
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Figure 5-15 Transient respond of load transfer design (stress is normalized by 466 MPa, strain is 

normalized by 675 με; adhesive material: rubber solid, thickness of adhesive: 2.0 mm). 

 

 

 
Figure 5-16 Transient respond of load transfer design (stress is normalized by 466 MPa, strain is 

normalized by 675 με; adhesive material: rubber solid, thickness of adhesive: 1.0 mm). 
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Figure 5-17 Transient respond of load transfer design (stress is normalized by 466 MPa, strain 

 is normalized by 675 με; adhesive material: rubber solid, thickness of adhesive: 0.5 mm). 

 

 

Figure 5-18 Stress on the piezo-ceramic 
P
 vs stress on the structural component 

S
 (both in x 

direction). Elliptical Lissajous figures for various thickness of rubber solid adhesive.   
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Figure 5-19 Transient respond of load transfer design (stress is normalized by 466 MPa, strain is 

normalized by 675 με; adhesive material: FM-73 epoxy film, thickness of adhesive: 5.0 mm). 

 

 

 
Figure 5-20 Transient respond of load transfer design (stress is normalized by 466 MPa, strain is 

normalized by 675 με; adhesive material: FM-73 epoxy film, thickness of adhesive: 2.0 mm). 
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Figure 5-21 Transient respond of load transfer design (stress is normalized by 466 MPa, strain is 

normalized by 675 με; adhesive material: FM-73 epoxy film, thickness of adhesive: 1.0 mm). 

 

 
Figure 5-22 Transient respond of load transfer design (stress is normalized by 466 MPa, strain is 

normalized by 675 με; adhesive material: FM-73 epoxy film, thickness of adhesive: 0.5 mm). 
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Figure 5-23 Stress on the piezo-ceramic 
P
 vs stress on the structural component 

S
 (both in x 

direction). Elliptical Lissajous figures for various thickness of FM-73 adhesive. 

 

Table 5-4 summarizes the theoretical predictions and FEM results of stress reduction factors with 

various thickness of rubber solid or FM-73 epoxy. The numbers outside the parentheses are 

results from elastic solutions, while numbers in the parentheses are results from viscoelastic 

solutions. The viscoelastic model of the materials considers the energy dissipation so that it 

results to a higher stress reduction than the elastic model. Table 5-4 also appears that the thicker 

adhesive reduces larger stress. Theoretical predictions and FEM results show good agreement 

and the errors between them are less than 10% in general.  
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Table 5-4 Summary of the stress reduction factor of load transfer design  

[elastic solution (viscoelastic solution)] 

Thickness of 

adhesive, ha  

Rubber Solid FM-73 Epoxy 

Theoretical model FEM Theoretical model FEM 

5.0 mm 0.095 (0.07) 0.08 (0.065) 0.66 (0.60) 0.58 (0.55) 

2.0 mm 0.18 (0.15) 0.18 (0.16) 0.76 (0.75) 0.82 (0.75) 

1.0 mm 0.36 (0.26) 0.36 (0.28) 0.88 (0.90) 0.88 (0.87) 

0.5 mm 0.54 (0.42) 0.55 (0.45) 0.90 (0.90) 0.90 (0.90) 

 

5.8 Conclusions 

In chapter five, we proposed a load transfer design, an adhesive layer glued between 

piezoelectric ceramic and a structural component. Under the assumption that the thickness of 

adhesive is relatively smaller than adherents, we develop both elastic and viscoelastic models to 

simulate the static and transient behaviors of the load transfer design.  We also conduct finite 

element analysis to verify the results of the theoretical model. Both theoretical predictions and 

FEM simulations show that the load transfer design with a conventional 0.5 mm thickness for 

adhesive achieves 40% of stress reduction factor for rubber solid based adhesive, or 90% of 

stress reduction factor for FM-73 based adhesive. In conclusion, the thicker and less relaxation 

modulus adhesive materials lead to more reduction factors.    
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Chapter 6 Conclusions 

We proposed an SHM system composed of a drive unit electrically connected to a sensor unit by 

an interface circuit. The design components of this low-power and light weight SHM system 

were proposed and experimentally verified. 

A piezoelectric ceramic based drive unit converts mechanical energy to electric energy that 

electrically fatigues the ferroelectric based (PZT thin film) sensor unit. We coupled mechanics of 

piezoelectric materials to an electric circuit equation as well as coupled the electric response to 

mechanical vibrations. By this electro-mechanical coupling effect, we modeled the dynamic 

output voltage of the drive unit. The four-point-bending fixtures approximated the case of most 

practical applications that stress distribution is uniformly distributed on the piezoelectric patches 

if the structural component is relatively larger and thicker than the piezoelectric patches. By 

conducting the four-point-bending tests, we demonstrated that the output voltage is proportional 

to the stress at a specific frequency. We also built up a finite element model to simulate the 

electrical output of the piezoelectric based drive unit, which shows agreement with the 

experimental results. 

The ferroelectric based (PZT thin films) sensor unit was tested and its polarization fatigue nature 

makes it a good candidate for cycle counter devices with some modifications. We developed an 

automatic measurement system that is able to conduct millions of cycles of electric fatigue tests, 

and measured hysteresis loops and the corresponding remnant polarizations at a specific number 

of cycles. Using this automatic measurement system, we applied millions of cycles of electric 

field to electrically fatigue the PZT thin film. The results show that the driven electric field 

accelerates the polarization fatigue of the PZT film. To best use the electric fatigue behaviors of 
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the PZT thin film, we pretrained the PZT thin film to make it pass through the plateau region and 

directly operate linearly in the sensor region.  

An interface circuit was also proposed that makes the design of the SHM system more flexible 

and more accurately predict cycles of the loadings. The window comparator based interface 

circuit sends out a certain amplitude of pulse trains if the amplitude of stress on the structural 

component is larger than a specific value, called threshold stress. Therefore, the number of 

cycles of multiple stress levels can be recorded by multiple PZT thin films with a specific 

interface circuit designed for each PZT film. A two-PZT-film sensor unit with a drive unit was 

driven under a random amplitude of loadings and the performance of the proposed SHM system 

was verified. 

To protect the fragile piezoelectric ceramic based drive unit, we propose a load transfer design. 

In this design, the piezoelectric patches are mounted on the structural component by a 

viscoelastic adhesive in between. The static and dynamic behaviors of the stress and strain 

distributions on the piezoelectric patch and stress/strain reduction factor were analyzed 

elastically as well as viscoelastically. Three dimensional finite element models were developed 

to verify the theoretical model, which show good agreement.  

It has been verified that the weight of the SHM system is significantly reduced, which requires a 

low power and no memory system, but the system still performs reliable accuracy. Besides the 

research on core components of the SHM (the drive and sensor unit), the extended study on the 

theoretical model of electro-mechanical coupling effect of piezoelectric beam and the 

viscoelastic analysis on the load transfer design to protect the drive unit, was conducted as well. 

The proposed SHM provides a reliable candidate to monitor the amplitude and number of cycles 
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of stress that a structural component undergone. The issues that have to be further investigated 

are the polarization fatigue under the variation of temperature and humidity.  
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Appendix 

Appendix I  APDL script – FEM model of beam in four-point-bending fixture 

FINISH 

/CLEAR 

/PREP7 

 

! Parameterize dimensions,  

! material constants, etc  

! Dimensions of beam 

beamLength = 15E-2 

beamHeight = 1E-3 

beamWidth = 5E-2 

 

! Dimensions of piezoelectric  

! plate 

piezoLength = 5E-2  

piezoHeight =0.5E-3 

piezoWidth = 1.0E-2 

Gap = 0.5E-2 

 

! Positions of BCs 

fixtureSpan1 = 10E-2 

fixtureSpan2 = 7.5E-2 

 

! PZT IS Polarized in the Y  

! direction 

! Compliance matrix 

SE11=  16.4e-12 

SE12= -5.74e-12 

SE13= -7.22e-12 

SE21= SE12 

SE22= SE11 

SE23= SE13 

SE32= SE23 

SE33= 18.8e-12 

SE44= 47.5e-12 

SE55= 44.3e-12 

SE66= SE55 

 

! Permittivity matrix 

FREE=8.854E-12 !Free-space 

permittivity 

REPS11=2270 

REPS33=2130 

 

D13=-210E-12 

D33=472E-12 

D23=D13 

D51=758E-12 

D42=D51 

 

! Material density of PZT 

DSTYPZT=7650 

 

C0=20.4E-9*3 

R0=18.5E6/3 

ZL=1E6 

 

! Define coordinate system for  

! poling direction 

LOCAL,11 

LOCAL,12,,,,,180 

! End of Parameterize dimensions,  

! material constants, etc 

 

 

 

! Element Types  

ET,101,SHELL63 !Dummy ET 101 

R,101,1 

alumETID = 1 

piezoETID = 2 

 

ET, alumETID, SOLID186   

 ! for aluminum beam 

ET, piezoETID, SOLID226,1001 

 ! for piezoelectric material 

! End of Element Types  

 

 

! Material Properties  

piezoMatID = 1 

alumMatID = 2 

 

 

! Material No.1 - PZT 

MP,DENS,piezoMatID,DSTYPZT 

MP,PRXY,piezoMatID,0.32 

MP,PRYZ,piezoMatID,0.32 

MP,PRXZ,piezoMatID,0.32 

 

TB,ANEL,piezoMatID,1,,1 

TBDATA, 1,SE11,SE13,SE12 

TBDATA, 7,SE33,SE32 

TBDATA,12,SE22 

TBDATA,16,SE55 

TBDATA,19,SE44 

TBDATA,21,SE66 

 

TB,PIEZ,piezoMatID,,,1 

TBDA,1,0,D13,0,0,D33,0 

TBDA,7,0,D23,0,D51,0,0 

TBDA,13,0,0,D42,0,0,0 
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EMUNIT,EPZRO,FREE  

MP,PERX,piezoMatID ,REPS11 

MP,PERY,piezoMatID ,REPS11 

MP,PERZ,piezoMatID ,REPS33 

 

! Material for aluminum 

MP,EX,alumMatID,69E9 

MP,PRXY,alumMatID,0.3  

MP,DENS,alumMatID,2700 

 

! Material No.101 for areas 

MP,EX,101,5408  !Dummy MAT 

101 

MP,PRXY,101,0.3 

! End of Material Properties  

 

! Create Solid models and FEM  

! models 

CSYS,11 

! Create keypoints 

K,1,-beamLength/2,0,beamWidth/2 

K,2,-fixtureSpan1/2,0,beamWidth/2 

K,3,-fixtureSpan2/2,0,beamWidth/2 

K,4,-piezoLength/2,0,beamWidth/2 

K,5,piezoLength/2,0,beamWidth/2 

K,6,fixtureSpan2/2,0,beamWidth/2 

K,7,fixtureSpan1/2,0,beamWidth/2 

K,8,beamLength/2,0,beamWidth/2 

 

K,9,-

beamLength/2,0,piezoWidth/2+Gap+pi

ezoWidth 

K,10,-

fixtureSpan1/2,0,piezoWidth/2+Gap+

piezoWidth 

K,11,-

fixtureSpan2/2,0,piezoWidth/2+Gap+

piezoWidth 

K,12,-

piezoLength/2,0,piezoWidth/2+Gap+p

iezoWidth 

K,13,piezoLength/2,0,piezoWidth/2+

Gap+piezoWidth 

K,14,fixtureSpan2/2,0,piezoWidth/2

+Gap+piezoWidth 

K,15,fixtureSpan1/2,0,piezoWidth/2

+Gap+piezoWidth 

K,16,beamLength/2,0,piezoWidth/2+G

ap+piezoWidth 

 

K,17,-

beamLength/2,0,piezoWidth/2+Gap 

K,18,-

fixtureSpan1/2,0,piezoWidth/2+Gap 

K,19,-

fixtureSpan2/2,0,piezoWidth/2+Gap 

K,20,-

piezoLength/2,0,piezoWidth/2+Gap 

K,21,piezoLength/2,0,piezoWidth/2+

Gap 

K,22,fixtureSpan2/2,0,piezoWidth/2

+Gap 

K,23,fixtureSpan1/2,0,piezoWidth/2

+Gap 

K,24,beamLength/2,0,piezoWidth/2+G

ap 

 

K,25,-beamLength/2,0,piezoWidth/2 

K,26,-

fixtureSpan1/2,0,piezoWidth/2 

K,27,-

fixtureSpan2/2,0,piezoWidth/2 

K,28,-piezoLength/2,0,piezoWidth/2 

K,29,piezoLength/2,0,piezoWidth/2 

K,30,fixtureSpan2/2,0,piezoWidth/2 

K,31,fixtureSpan1/2,0,piezoWidth/2 

K,32,beamLength/2,0,piezoWidth/2 

 

K,33,-beamLength/2,0,-piezoWidth/2 

K,34,-fixtureSpan1/2,0,-

piezoWidth/2 

K,35,-fixtureSpan2/2,0,-

piezoWidth/2 

K,36,-piezoLength/2,0,-

piezoWidth/2 

K,37,piezoLength/2,0,-piezoWidth/2 

K,38,fixtureSpan2/2,0,-

piezoWidth/2 

K,39,fixtureSpan1/2,0,-

piezoWidth/2 

K,40,beamLength/2,0,-piezoWidth/2 

 

K,41,-beamLength/2,0,-

piezoWidth/2-Gap 

K,42,-fixtureSpan1/2,0,-

piezoWidth/2-Gap 

K,43,-fixtureSpan2/2,0,-

piezoWidth/2-Gap 

K,44,-piezoLength/2,0,-

piezoWidth/2-Gap 

K,45,piezoLength/2,0,-

piezoWidth/2-Gap 

K,46,fixtureSpan2/2,0,-

piezoWidth/2-Gap 

K,47,fixtureSpan1/2,0,-

piezoWidth/2-Gap 

K,48,beamLength/2,0,-piezoWidth/2-

Gap 
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K,49,-beamLength/2,0,-

piezoWidth/2-Gap-piezoWidth 

K,50,-fixtureSpan1/2,0,-

piezoWidth/2-Gap-piezoWidth 

K,51,-fixtureSpan2/2,0,-

piezoWidth/2-Gap-piezoWidth 

K,52,-piezoLength/2,0,-

piezoWidth/2-Gap-piezoWidth 

K,53,piezoLength/2,0,-

piezoWidth/2-Gap-piezoWidth 

K,54,fixtureSpan2/2,0,-

piezoWidth/2-Gap-piezoWidth 

K,55,fixtureSpan1/2,0,-

piezoWidth/2-Gap-piezoWidth 

K,56,beamLength/2,0,-piezoWidth/2-

Gap-piezoWidth 

 

K,57,-beamLength/2,0,-beamWidth/2 

K,58,-fixtureSpan1/2,0,-

beamWidth/2 

K,59,-fixtureSpan2/2,0,-

beamWidth/2 

K,60,-piezoLength/2,0,-beamWidth/2 

K,61,piezoLength/2,0,-beamWidth/2 

K,62,fixtureSpan2/2,0,-beamWidth/2 

K,63,fixtureSpan1/2,0,-beamWidth/2 

K,64,beamLength/2,0,-beamWidth/2 

 

! Create areas for extrusion 

I=0 

*DO,I,1,7 

 A,I,I+1,I+9,I+8 

*ENDDO 

 

I=0 

*DO,I,9,15 

 A,I,I+1,I+9,I+8 

*ENDDO 

 

I=0 

*DO,I,17,23 

 A,I,I+1,I+9,I+8 

*ENDDO 

I=0 

*DO,I,25,31 

 A,I,I+1,I+9,I+8 

*ENDDO 

 

I=0 

*DO,I,33,39 

 A,I,I+1,I+9,I+8 

*ENDDO 

 

I=0 

*DO,I,41,47 

 A,I,I+1,I+9,I+8 

*ENDDO 

 

I=0 

*DO,I,49,55 

 A,I,I+1,I+9,I+8 

*ENDDO 

AGLUE,ALL 

 

! mesh areas 

LSEL,ALL 

LSEL,S,TAN1,Z,0 

LESIZE,ALL,piezoLength/24 

 

LSEL,ALL 

LSEL,S,TAN1,X,0 

LESIZE,ALL,Gap/4,, 

 

! mesh attribute 

ASEL,ALL 

AATT,101,101,101 

MSHAPE,0,2D 

MSHKEY,1 

AMESH,ALL 

 

! extrude aluminum structure 

ASEL,S,LOC,Y,0 

ESIZE,,4 

VEXT,ALL,,,,beamHeight, 

ALLSEL,ALL 

 

! Create area components to 

extrude piezoelectric plates 

ASEL,S,LOC,Y,beamHeight,beamHeight 

ASEL,R,LOC,X,-

piezoLength/2,piezoLength/2 

ASEL,R,LOC,Z,-piezoWidth/2-Gap-

piezoWidth,-piezoWidth/2-Gap 

CM,PIEZOAREA1,AREA 

 

ASEL,S,LOC,Y,beamHeight,beamHeight 

ASEL,R,LOC,X,-

piezoLength/2,piezoLength/2 

ASEL,R,LOC,Z,-

piezoWidth/2,piezoWidth/2 

CM,PIEZOAREA2,AREA 

 

ASEL,S,LOC,Y,beamHeight,beamHeight 

ASEL,R,LOC,X,-

piezoLength/2,piezoLength/2 

ASEL,R,LOC,Z,piezoWidth/2+Gap,piez

oWidth/2+Gap+piezoWidth 



 155   

 

CM,PIEZOAREA3,AREA 

 

! Select area components for  

! piezoelectric plate and extude 

CMSEL,S,PIEZOAREA1 

CMSEL,A,PIEZOAREA2 

CMSEL,A,PIEZOAREA3 

ESIZE,,4 

VEXT,ALL,,,,piezoHeight, 

ACLEAR,ALL 

ALLSEL,ALL 

! End of Create Solid models and  

! FEM models  

 

 

! circuit  

N,100002,0,-piezoLength/2,0 

N,100003,0,-piezoLength,0 

N,100004,0,-3*piezoLength/2,0 

 

ET,3,CIRCU94,2 

R,2,C0    

! Real Const = 2 initial 

capacitance 

TYPE,3 

REAL,2 

E,NODE(0,beamHeight+piezoHeight,0)

,NODE(0,-piezoLength/2,0) 

 

ET,4,CIRCU94,0 

R,1,R0 

TYPE,4 

REAL,1 

E,NODE(0,-

piezoLength/2,0),NODE(0,-

piezoLength,0) 

 

ET,5,CIRCU94,0 

R,1,ZL 

TYPE,5 

REAL,1 

E,NODE(0,-piezoLength,0),NODE(0,-

3*piezoLength/2,0) 

 

 

D,NODE(0,-

3*piezoLength/2,0),VOLT,0 

! End of circuit 

 

! Create Volume CoMponents 

! Create volume component for  

! aluminum structure 

VSEL,S,LOC,Y,0,beamHeight 

VSEL,R,LOC,X,-

beamLength/2,beamLength/2 

CM,BEAMVOLU,VOLU 

 

! Create volume components for 

three piezoelectric plates 

VSEL,S,LOC,Y,beamHeight,beamHeight

+piezoHeight 

VSEL,R,LOC,X,-

piezoLength/2,piezoLength/2 

VSEL,R,LOC,Z,-piezoWidth/2-Gap-

piezoWidth,-piezoWidth/2-Gap 

CM,PIEZOVOLU1,VOLU 

 

VSEL,S,LOC,Y,beamHeight,beamHeight

+piezoHeight 

VSEL,R,LOC,X,-

piezoLength/2,piezoLength/2 

VSEL,R,LOC,Z,-

piezoWidth/2,piezoWidth/2 

CM,PIEZOVOLU2,VOLU 

 

VSEL,S,LOC,Y,beamHeight,beamHeight

+piezoHeight 

VSEL,R,LOC,X,-

piezoLength/2,piezoLength/2 

VSEL,R,LOC,Z,piezoWidth/2+Gap,piez

oWidth/2+Gap+piezoWidth 

CM,PIEZOVOLU3,VOLU 

! End of Create Volume CoMponents  

 

! Modify element types 

! modify correct mat and type for  

! piezoelectric plates 

CMSEL,S,PIEZOVOLU1 

CMSEL,A,PIEZOVOLU2 

CMSEL,A,PIEZOVOLU3 

ESLV,S 

EMODIF,ALL,MAT,piezoMatID 

EMODIF,ALL,TYPE,piezoETID 

EMODIF,ALL,ESYS,12 

 

! modify correct mat and type for  

! aluminum structure 

CMSEL,S,BEAMVOLU 

ESLV,S 

EMODIF,ALL,MAT,alumMatID 

EMODIF,ALL,TYPE,alumETID 

! End of modify element types 

 

! Couple  

! couple voltage DOF for top  

! electrode 

CMSEL,S,PIEZOVOLU1   
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CMSEL,A,PIEZOVOLU2   

CMSEL,A,PIEZOVOLU3  

ASEL,S,EXT  

ASEL,R,LOC,Y,beamHeight+piezoHeigh

t 

NSLA,S,1 

CM,Top_ELECTRODE,NODE 

CP,1,VOLT,ALL  

n_supply=ndnext(0) 

NSEL,ALL 

 

! couple voltage DOF for bottom  

! electrode 

CMSEL,S,PIEZOVOLU1   

CMSEL,A,PIEZOVOLU2   

CMSEL,A,PIEZOVOLU3  

ASEL,S,EXT  

ASEL,R,LOC,Y,beamHeight 

CM,BOTTOM_ELECTRODE,NODE 

NSLA,S,1 

CP,2,VOLT,ALL  

n_ground=ndnext(0) 

NSEL,ALL 

 

! couple UY DOF for fixture span 2 

CMSEL,S,BEAMVOLU 

ASEL,S,EXT 

NSLA,S,1 

NSEL,S,LOC,X,-fixtureSpan2/2 

NSEL,A,LOC,X,fixtureSpan2/2 

NSEL,R,LOC,Y,0 

CM,LOADINGS,NODE 

CP,3,UY,ALL  

n_load=ndnext(0) 

NSEL,ALL 

! End of Couple DOF  
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Appendix II  APDL script – Modal Analysis of beam in four-point-bending fixture 

/SOLU  

ANTYPE,MODAL 

MODOPT,LANB,6 

MXPAND,6 

ALPHAD,0,    

BETAD,0, 

DMPRAT,0.0005,  ! damping ratio  

 

! Electrical and Mechanical BCs  

! Ground the bottom electrode 

D,n_ground,VOLT,0 

 

! BCs -- Symmetric about x axis 

NSEL,S,LOC,X,0 

D,ALL,UX,0 

NSEL,ALL 

 

! BCs -- Symmetric about z axis 

NSEL,S,LOC,Z,0 

D,ALL,UZ,0 

NSEL,ALL 

 

! BCs -- Left constrained of four- 

! point-bending fixture 

CMSEL,S,BEAMVOLU 

ASEL,S,EXT 

NSLA,S,1 

NSEL,R,LOC,Y,0 

NSEL,R,LOC,X,-fixtureSpan1/2  

D,ALL,UY,0 

NSEL,ALL 

 

! BCs -- Right constrained of  

! four-point-bending fixture 

CMSEL,S,BEAMVOLU 

ASEL,S,EXT 

NSLA,S,1 

NSEL,R,LOC,Y,0 

NSEL,R,LOC,X,fixtureSpan1/2 

D,ALL,UY,0 

NSEL,ALL 

! End of Electrical and Mechanical  

! BCs  

 

SOLVE 

FINISH 

 

/POST1  

SET,LIST 

 

/VIEW,1,1,1,1 

/ANGLE,1 

 

SET,FIRST 

PLDISP,2 

 

SET,NEXT 

PLDISP,2
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Appendix III APDL script – Harmonic response of drive unit in four-point-

bending fixture

/SOLU  

ANTYPE,HARMIC 

TRNOPT,FULL 

NLGEOM,ON 

SSTIF,ON 

 

ACEL,,,9.81 

HARFRQ,0,1000,    

NSUBST,100,  

KBC,1    

ALPHAD,0,    

BETAD,0, 

DMPRAT,0.0005,  ! damping ratio  

 

! Electrical and Mechanical BCs  

! Ground the bottom electrode 

D,n_ground,VOLT,0 

 

! BCs -- Symmetric about x axis 

NSEL,S,LOC,X,0 

D,ALL,UX,0 

NSEL,ALL 

 

! BCs -- Symmetric about z axis 

NSEL,S,LOC,Z,0 

D,ALL,UZ,0 

NSEL,ALL 

 

! BCs -- Left constrained of four-

point-bending fixture 

CMSEL,S,BEAMVOLU 

ASEL,S,EXT 

NSLA,S,1 

NSEL,R,LOC,Y,0 

NSEL,R,LOC,X,-fixtureSpan1/2  

D,ALL,UY,0 

NSEL,ALL 

 

! BCs -- Right constrained of 

four-point-bending fixture 

CMSEL,S,BEAMVOLU 

ASEL,S,EXT 

NSLA,S,1 

NSEL,R,LOC,Y,0 

NSEL,R,LOC,X,fixtureSpan1/2 

D,ALL,UY,0 

NSEL,ALL 

! End of Electrical and Mechanical  

! BCs  

! Harmonic excitations  

 

! === Create Marco 

FORCEY=10 

F,n_load,FY,FORCEY 

! End of Marco  

 

ALLSEL,ALL  

SOLVE 

FINISH 

 

/POST26  

NUMVAR,200   

SOLU,200,NCMIT   

STORE,MERGE  

FILLDATA,200,,,,1,1  

REALVAR,200,200 

  

NSOL,2,NODE(0,beamHeight+piezoHeig

ht,0),U,Y,DispY   

STORE,MERGE  

 

NSOL,3,NODE(0,beamHeight+piezoHeig

ht,0),VOLT,,VoltP   

STORE,MERGE  

  

ANSOL,4,NODE(0,beamHeight+piezoHei

ght,0),S,X,StresX    

STORE,MERGE  

 

NSOL,5,NODE(0,-

2*piezoLength/3,0),VOLT,,VoltL   

STORE,MERGE  

 

XVAR,1    ! 1: FREQ 

PLVAR,2, ! 2: UY 

 

XVAR,1     ! 1: FREQ 

PLVAR,3, ! 3: Voltage 

 

XVAR,1      ! 1: FREQ  

PLVAR,4, ! 4: Stress 

 

XVAR,1      ! 1: FREQ  

PLVAR,5, ! 5: Stress 
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Appendix IV APDL script – Transient response of drive unit in four-point-

bending fixture

/SOLU  

ANTYPE,TRANS  

TRNOPT,FULL 

NLGEOM,ON 

SSTIF,ON 

ACEL,,-9.81, 

   

ALPHAD,0,    

BETAD,0, 

DMPRAT,0 !0.0005,  ! damping 

ratio  

 

! Electrical and Mechanical BCs  

! Ground the bottom electrode 

D,n_ground,VOLT,0 

 

! BCs -- Symmetric about x axis 

NSEL,S,LOC,X,0 

D,ALL,UX,0 

NSEL,ALL 

 

! BCs -- Symmetric about z axis 

NSEL,S,LOC,Z,0 

D,ALL,UZ,0 

NSEL,ALL 

 

! BCs -- Left constrained of four-

point-bending fixture 

CMSEL,S,BEAMVOLU 

ASEL,S,EXT 

NSLA,S,1 

NSEL,R,LOC,Y,0 

NSEL,R,LOC,X,-fixtureSpan1/2  

D,ALL,UY,0 

NSEL,ALL 

 

! BCs -- Right constrained of 

four-point-bending fixture 

CMSEL,S,BEAMVOLU 

ASEL,S,EXT 

NSLA,S,1 

NSEL,R,LOC,Y,0 

NSEL,R,LOC,X,fixtureSpan1/2 

D,ALL,UY,0 

NSEL,ALL 

! End of Electrical and Mechanical  

! BCs ========== ! 

 

! Sinusoidal excitations  

freq = 1   

! frequency of the sine wave 

pi = ASIN(1) 

dispamp = 1E-

3*0.6**(20/68)*(8/6)*(8/38) 

! amplitude of the sine  

!wave/((2*pi*freq)^2) 

 

T=1E-8  

C=0 

N=500 

COUNTER=4*1/N   

! 2*pi/N 

! Create Marco 

 

*CREATE,LOAD 

TIME,T 

 

! Func. of Displacement 

DISP=dispamp*SIN(2*pi*freq*T) 

 

! Apply displacement loadings 

!CMSEL,S,LOADINGS 

D,n_load,UY,DISP 

 

T=T+COUNTER 

C=C+1 

OUTRES,ALL 

ALLSEL,ALL 

SOLVE 

*END 

! End of Marco  

 

! Active Macro with DO-ENDDO LOOP 

*DO,I,1,N+1 

 *USE,LOAD 

*ENDDO 

! End of Sinusoidal excitations  

 

/POST26  

!FILE,'SpringAPDL','rst','.'  

!/UI,COLL,1   

NUMVAR,200   

SOLU,200,NCMIT   

STORE,MERGE  

FILLDATA,200,,,,1,1  

REALVAR,200,200 

  

NSOL,2,NODE(0,beamHeight+piezoHeig

ht,0),U,Y,DispY   

STORE,MERGE  
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NSOL,3,NODE(0,beamHeight+piezoHeig

ht,0),VOLT,,VoltP    

STORE,MERGE  

NSOL,4,NODE(0,beamHeight+piezoHeig

ht,0),S,X,StressX   

STORE,MERGE  

 

NSOL,5,NODE(0,-

piezoLength,0),S,X,VoltP    

STORE,MERGE  

 

XVAR,1    ! 1: time 

PLVAR,2, ! 2: UY 

 

XVAR,1     ! 1: time  

PLVAR,3, ! 3: Voltage Open 

 

XVAR,1      ! 1: time   

PLVAR,4, ! 4: Stress on PZT 

 

XVAR,1      ! 1: time   

PLVAR,5, ! 4: VOltage Close 
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Appendix V  APDL script – Reduction factors of elastic load transfer design

FINISH 

/CLEAR 

 

/PREP7 

StresX_S = 100E6 

 

ET,101,SHELL63 !Dummy ET 101 

R,101,1 

MP,EX,101,5408 !Dummy MAT 101 

MP,PRXY,101,0.3 

 

ET, 1, SOLID186 

 

MP,EX,1,69E9 ! aluminum alloy 

MP,PRXY,1,0.3  

MP,DENS,7780 

rubberMatID=2 

 

Young = 140E6 

NU = 0.45 

DENS = 1100 

 

MP,EX,rubberMatID,Young   

MP,PRXY,rubberMatID,NU 

MP,DENS,rubberMatID,DENS 

 

MP,EX,3,62E9  ! pzt 63e9 

MP,PRXY,3,0.3  

MP,DENS,7650 

 

beamLength = 7.5E-2 

beamHeight = 1.0E-2 

beamWidth = 2.0E-2 

 

piezoLength = 5E-2  

piezoHeight = 0.5E-3 

piezoWidth = 1E-2 

 

adhHeight = 5E-3 

 

K,1,-beamLength/2,0,beamWidth/2 

K,2,-piezoLength/2,0,beamWidth/2 

K,3,piezoLength/2,0,beamWidth/2 

K,4,beamLength/2,0,beamWidth/2 

 

K,5,-beamLength/2,0,piezoWidth/2 

K,6,-piezoLength/2,0,piezoWidth/2 

K,7,piezoLength/2,0,piezoWidth/2 

K,8,beamLength/2,0,piezoWidth/2 

 

K,9,-beamLength/2,0,-piezoWidth/2 

K,10,-piezoLength/2,0,-

piezoWidth/2 

K,11,piezoLength/2,0,-piezoWidth/2 

K,12,beamLength/2,0,-piezoWidth/2 

 

K,13,-beamLength/2,0,-beamWidth/2 

K,14,-piezoLength/2,0,-beamWidth/2 

K,15,piezoLength/2,0,-beamWidth/2 

K,16,beamLength/2,0,-beamWidth/2 

 

A,1,2,6,5 

A,2,3,7,6 

A,3,4,8,7 

 

A,5,6,10,9 

A,6,7,11,10 

A,7,8,12,11 

 

A,9,10,14,13 

A,10,11,15,14 

A,11,12,16,15 

AGLUE,ALL 

 

LSEL,ALL 

LSEL,S,TAN1,Z,0 

LESIZE,ALL,piezoLength/72 

 

LSEL,ALL 

LSEL,S,TAN1,X,0 

LESIZE,ALL,piezoWidth/12,, 

 

 

ASEL,ALL 

AATT,101,101,101 

MSHAPE,0,2D 

MSHKEY,1 

AMESH,ALL 

 

ASEL,S,LOC,Y,0 

ESIZE,,10 

VEXT,ALL,,,,beamHeight, 

ALLSEL,ALL 

 

ASEL,S,LOC,Y,beamHeight 

ESIZE,,4 

VEXT,ALL,,,,adhHeight, 

ALLSEL,ALL 

 

ASEL,S,LOC,Y,beamHeight+adhHeight 

ESIZE,,4 

VEXT,ALL,,,,piezoHeight, 
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ALLSEL,ALL 

ACLEAR,ALL 

ALLSEL,ALL 

 

VSEL,S,LOC,Y,0,beamHeight 

VSEL,R,LOC,X,-

beamLength/2,beamLength/2 

CM,BEAMVOLU,VOLU 

 

VSEL,S,LOC,Y,beamHeight,beamHeight

+adhHeight 

VSEL,R,LOC,X,-

piezoLength/2,piezoLength/2 

VSEL,R,LOC,Z,-

piezoWidth/2,piezoWidth/2 

CM,ADHVOLU,VOLU 

 

VSEL,S,LOC,Y,beamHeight+adhHeight,

beamHeight+adhHeight+piezoHeight 

VSEL,R,LOC,X,-

piezoLength/2,piezoLength/2 

VSEL,R,LOC,Z,-

piezoWidth/2,piezoWidth/2 

CM,PIEZOVOLU,VOLU 

 

VSEL,ALL 

CMSEL,U,BEAMVOLU 

CMSEL,U,ADHVOLU 

CMSEL,U,PIEZOVOLU 

CM,VDELETED,VOLU 

 

CMSEL,S,VDELETED 

ESLV,S 

VCLEAR,ALL 

VDELE,ALL,,,1 

 

! Modify correct ET and MP for  

! FEM model 

CMSEL,S,BEAMVOLU 

ESLV,S 

EMODIF,ALL,MAT,1 

EMODIF,ALL,TYPE,1 

 

CMSEL,S,ADHVOLU 

ESLV,S 

EMODIF,ALL,MAT,2 

EMODIF,ALL,TYPE,1 

 

CMSEL,S,PIEZOVOLU 

ESLV,S 

EMODIF,ALL,MAT,3 

EMODIF,ALL,TYPE,1 

! End of modifying correct ET and  

! MP for FEM model  

FINISH 

 

/SOLU 

NSEL,S,LOC,Y,0 

D,ALL,UY,0 

NSEL,ALL 

 

NSEL,S,LOC,X,0 

D,ALL,UX,0 

NSEL,ALL 

 

NSEL,S,LOC,X,0 

NSEL,R,LOC,Y,0 

D,ALL,UY,0 

NSEL,ALL 

 

NSEL,S,LOC,X,0 

NSEL,R,LOC,Z,0 

D,ALL,UZ,0 

NSEL,ALL 

 

NSEL,S,LOC,X,beamLength/2 

!F,ALL,FX,5E6 

F,ALL,FX,StresX_S*beamWidth*beamHe

ight 

NSEL,ALL 

 

NSEL,S,LOC,X,-beamLength/2 

!D,ALL,UX,-5E-3 

F,ALL,FX,-

StresX_S*beamWidth*beamHeight 

 

ALLSEL,ALL 

SOLVE 

FINISH 

 

/POST1 

ESEL,S,MAT,,2   

PLNSOL, S,XZ, 0,1.0 

 

ESEL,S,MAT,,3    

PLNSOL, S,X, 0,1.0 

 

PATH,path01,2,,20  

 

! Define startpoint on the path  

PPATH,1,,-

piezoLength/2,beamHeight+adhHeight

+piezoHeight,0 

   

! Define endpoint on the path 

PPATH,2,,piezoLength/2,beamHeight+

adhHeight+piezoHeight,0 
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! Display x component of stress  

! named "SX" along the path 

PDEF,StresX_P,S,X  

PDEF,StnX_P,EPEL,X 

  

PLPATH,STRESX_P 

 

/POST1 

PATH,path02,2,,20  

 

! Define startpoint on the path  

PPATH,1,,-

beamLength/2,beamHeight/2,0 

   

! Define endpoint on the path 

PPATH,2,,beamLength/2,beamHeight/2

,0 

 

! Display x component of stress 

named "SX" along the path 

PDEF,StresX_S,S,X  

PDEF,StnX_S,EPEL,X  

 

PLPATH,STRESX_S  
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Appendix VI  APDL script –Transient response of visco- load transfer design)  

/CLEAR 

/PREP7 

 

ET,101,SHELL63 !Dummy ET 101 

R,101,1 

MP,EX,101,5408 !Dummy MAT 101 

MP,PRXY,101,0.3 

 

ET, 1, SOLID186 

 

MP,EX,1,69E9 ! aluminum alloy 

MP,PRXY,1,0.3  

MP,DENS,7780 

 

! visco-elastic material -- rubber  

! solid 

rubberMatID=2 

 

Young = 140E6 

NU = 0.45 

DENS = 1100 

 

MP,EX,rubberMatID,Young  

MP,PRXY,rubberMatID,NU  

MP,DENS,rubberMatID,DENS 

 

*DIM,Gmod,ARRAY,2 !Shear modulus 

 

tau1= 0.4 

tau2= 0.2 

 

Gmod(1) = 1/3 

Gmod(2) = 1/3 

 

TB,PRONY,rubberMatID,,2,SHEAR 

TBDATA,1,Gmod(1),tau1,Gmod(2),tau2 

 

MP,EX,3,62E9  ! pzt 63e9 

MP,PRXY,3,0.3  

MP,DENS,7780 

 

beamLength = 7.5E-2 

beamHeight = 2.5E-2 

beamWidth = 1.5E-2 

 

piezoLength = 5E-2  

piezoHeight = 0.5E-3 

piezoWidth = 1E-2 

piezoPosition =8E-2 

 

adhHeight = 1E-3/10 

 

K,1,-beamLength/2,0,beamWidth/2 

K,2,-piezoLength/2,0,beamWidth/2 

K,3,piezoLength/2,0,beamWidth/2 

K,4,beamLength/2,0,beamWidth/2 

 

K,5,-beamLength/2,0,piezoWidth/2 

K,6,-piezoLength/2,0,piezoWidth/2 

K,7,piezoLength/2,0,piezoWidth/2 

K,8,beamLength/2,0,piezoWidth/2 

 

K,9,-beamLength/2,0,-piezoWidth/2 

K,10,-piezoLength/2,0,-

piezoWidth/2 

K,11,piezoLength/2,0,-piezoWidth/2 

K,12,beamLength/2,0,-piezoWidth/2 

 

K,13,-beamLength/2,0,-beamWidth/2 

K,14,-piezoLength/2,0,-beamWidth/2 

K,15,piezoLength/2,0,-beamWidth/2 

K,16,beamLength/2,0,-beamWidth/2 

 

A,1,2,6,5 

A,2,3,7,6 

A,3,4,8,7 

  

A,5,6,10,9 

A,6,7,11,10 

A,7,8,12,11 

 

A,9,10,14,13 

A,10,11,15,14 

A,11,12,16,15 

AGLUE,ALL 

 

LSEL,ALL 

LSEL,S,TAN1,Z,0 

LESIZE,ALL,piezoLength/72 

 

LSEL,ALL 

LSEL,S,TAN1,X,0 

LESIZE,ALL,piezoWidth/4,, 

 

 

ASEL,ALL 

AATT,101,101,101 

MSHAPE,0,2D 

MSHKEY,1 

AMESH,ALL 

 

ASEL,S,LOC,Y,0 

ESIZE,,12 

VEXT,ALL,,,,beamHeight, 
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ALLSEL,ALL 

 

ASEL,S,LOC,Y,beamHeight 

ESIZE,,4 

VEXT,ALL,,,,adhHeight, 

ALLSEL,ALL 

 

ASEL,S,LOC,Y,beamHeight+adhHeight 

ESIZE,,4 

VEXT,ALL,,,,piezoHeight, 

ALLSEL,ALL 

 

VSEL,S,LOC,Y,0,beamHeight 

VSEL,R,LOC,X,-

beamLength/2,beamLength/2 

CM,BEAMVOLU,VOLU 

 

VSEL,S,LOC,Y,beamHeight,beamHeight

+adhHeight 

VSEL,R,LOC,X,-

piezoLength/2,piezoLength/2 

VSEL,R,LOC,Z,-

piezoWidth/2,piezoWidth/2 

CM,ADHVOLU,VOLU 

 

VSEL,S,LOC,Y,beamHeight+adhHeight,

beamHeight+adhHeight+piezoHeight 

VSEL,R,LOC,X,-

piezoLength/2,piezoLength/2 

VSEL,R,LOC,Z,-

piezoWidth/2,piezoWidth/2 

CM,PIEZOVOLU,VOLU 

 

VSEL,ALL 

CMSEL,U,BEAMVOLU 

CMSEL,U,ADHVOLU 

CMSEL,U,PIEZOVOLU 

CM,VDELETED,VOLU 

 

CMSEL,S,VDELETED 

ESLV,S 

VCLEAR,ALL 

VDELE,ALL,,,1 

 

 

! === Modify correct ET and MP for 

FEM model === ! 

CMSEL,S,BEAMVOLU 

ESLV,S 

EMODIF,ALL,MAT,1 

EMODIF,ALL,TYPE,1 

 

CMSEL,S,ADHVOLU 

ESLV,S 

EMODIF,ALL,MAT,2 

EMODIF,ALL,TYPE,1 

 

CMSEL,S,PIEZOVOLU 

ESLV,S 

EMODIF,ALL,MAT,3 

EMODIF,ALL,TYPE,1 

! End of modifying correct ET  

! and MP for FEM model 

FINISH 

 

 

/SOLU 

ANTYPE,TRANS  

TRNOPT,FULL 

NLGEOM,ON 

SSTIF,ON 

ACEL,,,-9.81 

 

ALPHAD,0 

BETAD,0 

DMPRAT,0.00005 

 

! Mechanical BCs! 

! BCs 

NSEL,S,LOC,X,0 

D,ALL,UX,0 

NSEL,ALL 

 

!NSEL,S,LOC,X,0 

NSEL,S,LOC,Y,0 

D,ALL,UY,0 

NSEL,ALL 

 

!NSEL,S,LOC,X,0 

NSEL,S,LOC,Z,0 

D,ALL,UZ,0 

NSEL,ALL 

 

ALLSEL,ALL 

SAVE 

! End of Mechanical BCs  

 

! Sinusoidal excitations  

freq = 1   

! frequency of the sine wave 

 

pi = ASIN(1)*2 

dispamp = 1E0  

!E-3! amplitude of the sine wave  

!((2*pi*freq)^2) 

 

T=1E-8 

C=0 
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N=50 

COUNTER=3.3/N 

 

! Create Marco  

*CREATE,LOAD 

TIME,T 

 

! Func. of Displacement 

DISP=dispamp*SIN(2*pi*freq*T) 

 

! Apply displacement loadings 

NSEL,S,LOC,X,beamLength/2 

F,ALL,FX,DISP 

NSEL,ALL 

 

NSEL,S,LOC,X,-beamLength/2 

F,ALL,FX,-DISP 

NSEL,ALL 

 

T=T+COUNTER 

C=C+1 

OUTRES,ALL,ALL 

ALLSEL,ALL 

SAVE 

SOLVE 

*END 

! === End of Marco 

 

! === Active Macro with DO-ENDDO 

LOOP 

*DO,I,1,N+1 

 *USE,LOAD 

*ENDDO 

! End of Sinusoidal excitations  

 

FINISH 

/POST26  

ANSOL,2,NODE(0,beamHeight+adhHeigh

t+piezoHeight,0),S,X,StrsX_P,     

STORE,MERGE  

 

ANSOL,3,NODE(0,beamHeight+adhHeigh

t+piezoHeight,0),EPEL,X,StnX_P, 

 

STORE,MERGE  

 

NSOL,4,NODE(piezoLength/2,beamHeig

ht+adhHeight+piezoHeight,0),U,X,Di

spX_P,    

 

STORE,MERGE  

 

ANSOL,5,NODE(0,11*beamHeight/12,0,

),S,X,StrsX_S,  

     

STORE,MERGE  

 

ANSOL,6,NODE(0,11*beamHeight/12,0)

,EPEL,X,StnX_S, 

 

STORE,MERGE 

 

NSOL,7,NODE(piezoLength/2,beamHeig

ht,0),U,X,DispX_S,  

 

STORE,MERGE   

 

!ANSOL,8,NODE(7*piezoLength/20,bea

mHeight+adhHeight/2,piezoWidth/2), 

 

S,XZ,ShrStrsXZ_A 

!STORE,MERGE 

 

!ANSOL,9,NODE(7*piezoLength/20,bea

mHeight+adhHeight/2,piezoWidth/2),

EPEL,XZ,ShrStnXZ_A 

 

STORE,MERGE  

 

ANSOL,8,NODE(0,beamHeight+adhHeigh

t/2,0),S,X,StrsX_Adh, 

 

STORE,MERGE 

 

ANSOL,9,NODE(0,beamHeight+adhHeigh

t/2,0),EPEL,X,StnX_Adh, 

 

STORE,MERGE   

 

 

XVAR,1    ! 1: TIME 

PLVAR,2, ! 2: Stress on PZT 

 

XVAR,1     ! 1: TIME 

PLVAR,3, ! 3: Strain on PZT 

 

XVAR,1      ! 1: TIME  

PLVAR,4, ! 4: Displ on PZT 

 

XVAR,1      ! 1: TIME  

PLVAR,5, ! 5: Stress on 

substrate 

 

XVAR,1      ! 1: TIME  

PLVAR,6, ! 6: Strain on 

substrate 

 

XVAR,1      ! 1: TIME  
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PLVAR,7, ! 7: Displ on 

substrate 

 

 

XVAR,8      ! 8: Stress on Adh 

PLVAR,9, ! 9: Strain on Adh 

 

XVAR,9      ! 9: Strain on Adh 

PLVAR,8, ! 8: Stress on Adh 

 

 

!XVAR,8     ! 10: Shear Stress on 

Adh 

!PLVAR,9, ! 11: Shear Strain on 

Adh 

 

!XVAR,9      ! 11: Shear 

Strain on Adh 

!PLVAR,8, ! 10: Shear Stress on 

Adh 
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Appendix VII  Inverse Laplace transform (Talbot method by Python) 

import numpy as np 

from pylab import* 

from cmath import* 

from matplotlib.ticker import MultipleLocator, FuncFormatter 

 

rcParams['font.family']     = 'times new roman' 

rcParams['font.size']       = 12 

rcParams['lines.linewidth'] = 1.5 

rcParams['legend.fontsize'] = 12 

rcParams['xtick.labelsize'] = 12 

rcParams['ytick.labelsize'] = 12 

 

Ep = 62e9 # pzt-5;  

nup = 0.3;  

hp = 0.5e-3;  

ha = 5e-3;  

Gp = Ep/2/(1+nup) 

Kp = Ep/(1-nup**2) 

Es = 69e9 #aluminum alloy 6061; nus = 0.3; L = 0.05/2 

 

def Talbot(t,N): 

h = 2*pi/N;     

shift = 0.0;     

ans =   0.0; 

     

    if t == 0: 

        print "ERROR:   Inverse transform can not be calculated for t=0" 

        return ("Error"); 

         

    for k in range(0,N): 

        theta = -pi + (k+1./2)*h; 

        z = shift + N/t*(0.5017*theta*cot(0.6407*theta) - 0.6122 + \ 

0.2645j*theta);  

        dz = N/t*(-0.5017*0.6407*theta*(csc(0.6407*theta)**2)+ \  

0.5017*cot(0.6407*theta)+0.2645j); 

        ans = ans + exp(z*t)*F(z)*dz;       

    return ((h/(2j*pi))*ans).real         

       

freq = 1.0;  

Young_adh = 140e6;  

NUA = 0.45;  

ShearMod = Young_adh/2/(1+NUA) 

 

alph1 = 1.0/3.0;  

alph2 = 1.0/3.0;  

alph3 = 0;  

alph4 = 0 

tau1 = 0.4;  

tau2 = 0.2;  

tau3 = 0;  

tau4 = 0 
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def F(s): 

Ga = ShearMod*(1/s-alph1*(1/s-tau1/(tau1*s+1))-alph2*(1/s- \ 

tau2/(tau2*s+1))-alph3*(1/s-tau3/(tau3*s+1))-alph4*(1/s- \ 

tau4/(tau4*s+1))) 

    alpha = sqrt(s*Ga/hp/ha/Kp) 

    return ((1-1/cosh(alpha*L))*(2*pi*freq/(s*s+(2*pi*freq)*(2*pi*freq)))) 

 

def cot(phi): 

    return 1.0/tan(phi) 

 

def csc(phi): 

    return 1.0/sin(phi) 

 

time = np.arange(1e-4,3.3*(1/freq),0.05) 

y1   = zeros(len(time)) 

y2   = zeros(len(time)) 

 

# Laplace inversion 

for i in range(len(time)): 

    y1[i] = Talbot(time[i],144) 

    y2[i] = 1.*real((sin(2*pi*freq*time[i]))) 

figure('Result') 

 

grid(True) 

plot(y2,y1,'k-',label='inv') 

 

xlabel("Normalized stress on substreate [MPa/MPa]") 

ylabel("Normalized stress on piezo ceramic [MPa/MPa]") 

show() 

 

 

 

 


