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The Hochschild cohomology HH*®(A) of an algebra A is a derived invariant of the algebra
which admits both a graded ring structure (called the cup product) and a compatible graded
Lie algebra structure (called the Gerstenhaber bracket). The Lie structure is particularly
important as it provides a means of addressing the deformation theory of the algebra A.

In this thesis we produce some new methods for analyzing the cup product and Gersten-
haber bracket on Hochschild cohomology. For the cup product we produce a number of new,
and rather fundamental, relations between the theories of twisting cochains and Hochschild
cohomology. In the case of a Koszul algebra A, our results imply that the Hochschild coho-
mology ring of A is a subquotient of the tensor product algebra A ® A' of A with its Koszul
dual A'.

We also investigate the Hochschild cohomology of smash product algebras AxG. (Here A
is an algebra equipped with an action of a Hopf algebra G.) In this setting, we produce new
methods for computing both the cup product and Gerstenhaber bracket. For the Gersten-
haber bracket in particular, we show that there is an intermediate cohomology Hp (A * G)
which is a braided commutative algebra in the category of Yetter-Drinfeld modules over G,
admits a braided anti-commutative bracket [,]yp, and can be used to recover both the cup

product and Gerstenhaber bracket on the standard Hochschild cohomology of A x G.
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INTRODUCTION AND THE SECRETS WITHIN

0.1 An introduction to Hochschild cohomology and what it’s good for

[Let & be a field of arbitrary characteristic. The Hochschild cohomology of a (k-)algebra is
a derived invariant A — HH®(A) which produces the center in degree 0, classifies (outer)
derivations on A in degree 1, infinitesimal deformations of A in degree 2, and obstructions
to lifting deformations in degree 3. This cohomology was first introduced by Hochschild [30]
and then popularized in the many works of Gerstenhaber, including the foundational papers

[18, 19]. Formally, we can define the cohomology as the graded extension group
HH.(A) = EXt,.A—bimod(A7 A)

with its standard Yoneda product. The product on HH*(A) is often referred to as the cup
product. (It is shown that the cup product and Yoneda product agree at [9, Proposition
1.1].)

Hochschild cohomology also carries a, somewhat mysterious, graded Lie structure which
is compatible with the cup product. The Hochschild cohomology, or more specifically the
Hochschild cochain complex, along with its Lie structure controls the deformation theory of
A (in the general sense of deformation theory via dg Lie algebras). This point is elaborated on
in Section [0.3] The graded Lie bracket on Hochschild cohomology is called the Gerstenhaber
bracket, and the compatibility condition between the cup product and Gerstenhaber bracket
requires that for each f € HH'(A) the operation [f, —] is a graded degree (i — 1) derivation
on the graded ring HH*®(A) (see Section [1.1.1]).

One can also consider the Hochschild cohomology HH®(A, M) with “coefficients” in

a bimodule M. This cohomology is, again, given by bimodule extensions HH®*(A, M) =

Much of this material is based upon work supported by the National Science Foundation Graduate
Research Fellowship under Grant No. DGE-1256082.
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Ext% pimoa(A, M), and when M = B is an algebra extension of A the associated Hochschild
cohomology has a canonical graded ring structure. The cohomology rings HH*(A, B), when
B is something other than A, can be of some use, and in fact will be a principle object
of study in the latter two chapters of this dissertation. There is also an obvious notion
of Hochschild homology, which is defined using Tor groups. In the case of a d-Calabi-Yau
algebra A the Hochschild cohomology and homology are related by a (Van den Bergh) duality
HH*(A) = HH,_.(A) [87].

The simplest example of Hochschild cohomology is provided by the famed Hochschild-
Kostant-Rosenberg theorem [32]. They state that for a smooth affine scheme X, with global

functions k[X], we have an isomorphism
HH,(A) = /\;[X]Q x, where Qx is the module of global Kahler differentials
and a cohomological version of the theorem provides an isomorphism

HH*(A) = /\;[X]TX’ where Ty is the module of global vector fields.

Here the ring structure is, as the notation suggests, just the exterior algebra generated by
T'x, and the Lie structure is induced by the Lie bracket on vector fields. As a slightly more
interesting example, when X is complex affine space and G is a finite group acting on X,

then the Hochschild cohomology of the skew group ring k[X] * G is given by

—codim(X9) G

HH*(k[X] + G) = (@gec \, Tx.)©. (0.1.1)

[X9]

Here XY is the subscheme fixed by ¢ € G [16]. The same formula holds when X is a
symplectic manifold and G acts by symplectic automorphisms, and the result was originally
provided in this setting [22, proof of Proposition 6.2].

Hochschild cohomology is related to a number of other invariants and important math-
ematical structures. For a rather deep example one can consider cyclic (co)homology, both
the standard version HC' and negative version HC~. This (co)homology plays a principle

role in Connes’ theory of noncommutative geometry [13].
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Cyclic (co)homology is strongly related to Hochschild (co)homology via Connes’ exact

sequences. In the negative instance for homology, this sequence appears as

- = HC, (A) = HH,(A) = HC,,, = HC,_(A) — ---

[50, Section 5.1.3]. When A is Calabi-Yau the above sequence along with the duality be-
tween Hochschild cohomology and homology induces, by way of the algebraic structures on
HH*(A), a graded Lie structure on negative cyclic homology HC, (A) [61], Proposition 26],
[0, Theorem 10.2]. This graded Lie structure on negative cyclic homology is referred to as
the string topology bracket and, according to [6], the corresponding dg Lie algebra controls
the deformation theory of the given Calabi-Yau algebra.

For some slightly more straightforward relations there is, for example, a general isomor-

phism

HH*(A, Homy(P, Q) = Exta(P, Q),

for arbitrary A-modules P and (). This identity is one of graded rings when P = @ (see
Proposition . Whence all cohomology rings can be expressed as Hochschild cohomology
rings. We also have a spectral sequence relating a canonical cohomology for Poisson algebras
to the Hochschild cohomology of their quantizations [8]. As a final example, Keller has shown
that the Hochschild cohomology of an algebra A is isomorphic, as a graded Lie algebra, to
the Lie algebra Lie(DPic(A)) of its derived Picard group [41].

In recent years Hochschild cohomology has been extended beyond its original algebraic
setting and we now have Hochschild cohomologies of schemes, dg categories, and general
abelian categories [83] 89, 52 [43]. The dg extension allowed Keller to prove invariance of the
Bo-structure on Hochschild cohomology under Koszul duality [37], and Hochschild homology
has emerged as a means of studying derived categories of non-affine schemes (e.g. [47]). We

continue our discussion of Hochschild cohomology in a more pointed manner below.
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0.2 More background and the specific contents of this thesis

The thesis is broken up into three chapters. The first two chapters are basically complete
papers, the second of which was published in the Journal of Algebra [64]. The third chapter
is also a self contained paper, but may not appear in print until some examples have been
given. Most of the material of [64] has not been changed significantly, but we have made
superficial changes in notation in order to maintain consistency with the material of the
other chapters. Also, two examples have been included which were promised in the printed

version, but only appear here.

0.2.1 More on the cup product and the contents of Chapter 1: twisting cochains and the

cup product on Hochshcild cohomology for Koszul algebras

In some sense, the Lie bracket is the most important structure on Hochschild cohomology.
Namely, it is the Lie bracket which one employs as a means of addressing the deformation
theory of an algebra A. However, computation of the ring structure on HH*®(A) can be a
very helpful step in the computation of the bracket. One first computes the product then

extends the Lie bracket from the generators via the derivation identity
fo, (f Z tfio fialfo flfo o fo

Aside from its applications to computations of the Gerstenhaber bracket, the cup product
has also been of independent interest. For example, the Hochschild cohomology ring replaces
group cohomology in Snashall and Solberg’s extension of the theory of support varieties to
the situation of arbitrary finite dimensional algebras [80]. Snashall, Solberg, and coauthors
have given a number of computations of Hochschild cohomology rings in relation to this
theory, see for example [25, 26, R1]. Some additional computations of the cup product can
be found at [9] 20} 29| [73]. The Hochschild cohomology ring also generally provides a rather

informative derived invariant which seems to be much more amenable to study than the
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entire Gerstenhaber (or, further, B.,) structure]]

In this chapter the Hochschild cohomology is approached at multiple levels. We give
a general result relating twisting cochains to the cup product on Hochschild cohomology.
The most well known appearance of twisting cochains in an algebraic context relates a
(filtered) Koszul algebra to its Koszul dual in a concrete expression of Koszul duality (see
[40] and Section [1.4). While I will not give a concrete definition of (filtered) Koszul algebras
here, important examples include quantum polynomial rings, Sklyanin algebras, Universal
enveloping algebras, Clifford algebras, and Weyl algebras. In the event that our algebra is
filtered as opposed to graded, as is the case for the latter three examples, the role of the

Koszul dual will be played by a dg algebra, or curved dg algebra. This filtered Koszul duality

was first proposed by Positselski, and is repeated here in Sections[1.2.3| and [1.2.4]

We apply our general results to the Koszul context to deduce a very specific approach to
the Hochschild cohomology of Koszul rings. Namely, we show that the cup product on the
Hochschild cohomology of a Koszul ring is specified entirely by that of the Koszul ring itself
and its Koszul dual. Finally, we illustrate our main result in the Koszul case by computing
the Hochschild cohomology ring of the universal enveloping algebra of the Heisenberg Lie
algebra. We also follow a specific example related to quantum polynomial rings throughout

the chapter. We enumerate some of our findings here.

Theorem I (Theorem [1.32)). Let A be any dg algebra, C' be any curved dg coalgebra, and

m:C — A be any acyclic twisting cochain. Then we have an identification of graded rings
H* (Hom:(C, A)) = HH*(4),

where Homy (C, A) denotes the twisted hom complex and HH?*(A) is the Hochschild cohomol-

oqy of A with the cup product.

An acyclic twisting cochain is a degree 1 k-linear map 7 from C' to A which satisfies the

Maurer-Cartan equation, and the corresponding twisted hom complex is the standard set of

1 As evidence that the cup product is in fact more accessible than the Gerstenhaber bracket one may
consider the much larger number of algebras for which the cup product is understood, in comparison to
those for which the Lie bracket is understood.
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graded homs

homogeneous degree ¢ k-linear maps

f:C—A

Homp (C, A) = &,

with the convolution product and altered differential

diton= (f) = duaf — (=) fde — [m, f].

With this product and differential, the twisted hom complex Homj (C, A) becomes a dg
algebra and its cohomology therefore inherits a natural graded ring structure. As a corollary

of the main theorem we get

Theorem II (Corollary [1.33)). Let A = k{(xq,...,x,)/(R) be a Koszul algebra (with R the
k-space of homogeneous degree 2 relations) and A' = (\1,...,\,)/(RY) be its Koszul dual.

Let e be the degree 1 element e =) . x; ® \; in the tensor product algebra A ® A'. Then

1. the graded commutator operation [e,—] : A® A" = A® A' is a square zero degree 1

derivation on the algebra A ® A', where we grade by the degree on A',

2. the cohomology of the resulting dg algebra admits an identification H®(A ® A') =
HH*(A).

In the statement of the above theorem the \; are dual to z; so that k{A\,..., \,} =
(k{x1,...,zn})"

It is generally understood that Koszul rings are a class of rings for which the Homological
algebra is extremely tangible and, at times, computable. For example, we have canonical
resolutions of modules over a Koszul ring via the Koszul dual [85], one can easily check
the global dimension by considering the Koszul dual, we know that a Koszul ring is Artin-
Schelter regular (and hence twisted Calabi-Yau) exactly when the Koszul dual is Frobenius
[79], etc. Each of these properties is expressed as a concrete relationship between a Koszul
ring and its Koszul dual. Theorem II allows us to understand the Hochschild cohomology

ring as yet another expression of this general philosophy of Koszul duality.
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We would be remiss at this point to not mention the work of Buchweitz, Green, Snashall,
and Solberg [9]. In the paper [9] the authors relate the multiplication on the Hochschild co-
homology of a Koszul (path) algebra A to a comultiplicative structure on a special collection
of right ideals in A. One manner in which our results differ is that the methods presented
here are essentially basis free-the element e does not depend on choice of basis—while those of
[9] seem to depend heavily on choices of bases and a concrete analysis of a certain coalgebra
related to the Koszul ring. Obviously, our work also extends naturally to give results in a
vastly broader framework.

In Chapter [2] we give analogs of Theorems I and II for the Hochschild cohomology
HH*(A, M) = Extpimod(A4, M) with coefficients is a (dg) bimodule M. In the case that
M = A® A, we show that our complex calculates the bimodule structure on HH*(A, A® A),
and can therefore be used to compute the Nakayama automorphism on twisted Calabi-Yau
algebras. Corollary [I.30] in particular, provides a generalization of methods given by Van
den Bergh for computing the Nakayama automorphism in the case of a Koszul ring [85]

Theorem 9.1].

0.2.2 Chapter 2: spectral sequences for the cohomology rings of a smash product

Fix a algebra A and a Hopf algebra G acting on A. We assume that the antipode on G is
bijective, and that the action of G on A gives it the structure of a G-module algebra [62]
Definition 4.1.1]. We can then form the smash product algebra A * G, which is the vector
space A ® G with multiplication

(a®) (@' ®v) =Y aly -a) @7,

i
where A(y) = >, Vi, ®74,. In the case that G is the group algebra of a group G' we use the
notation A x G as a shorthand for the smash product A x kG.

Smash products have appeared in a number of different contexts in the literature. Under
certain conditions, the smash product can serve as a replacement for the invariant algebra

A9 [62, Section 4.5] [1] [T, Proposition 5.2]. Smash products have also appeared as a means
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of untwisting, or unbraiding, certain twisted structures. For example, one can untwists a
twisted Calabi-Yau algebra with a smash product [72], 24], or unbraid a braided Hopf algebra
[3, Section 1.5]. In a more classical context, smash products have played an integral role
in a classification program proposed by Andruskiewitsch and Schneider, which began at [2].
There is also a geometric interpretation of the smash product which motivates the work of
Chapter [3] and is discussed in Section below.

In this chapter we equip some known spectral sequences, which converge to the Hochschild
cohomology and Ext groups of a smash product, with multiplicative structures. These spec-
tral sequences, with their new multiplicative structures, can then be used to compute the
products on these cohomologies. Specifically, we provide spectral sequences which converge
to the Hochschild cohomology HH*(Ax*G, B), along with the cup product, and the extension
algebra Ext gxg-moa(M, M), along with the standard Yoneda product. Here we allow M to
be any (left) A% G-module and B to be any algebra extension of the smash product, i.e. any
algebra equipped with an algebra map A*xG — B.

In the theorem below, by a multiplicative spectral sequence we mean a spectral sequence
E = (E,) equipped with bigraded products E, ® E, — E, which are compatible with the
differentials and structural isomorphism E,.; = H*(E,). (One can refer to Section
for a more precise definition.) We say that a multiplicative spectral sequence converges to a
graded algebra H if H carries an additional filtration and there is an isomorphism of bigraded

algebras F,, = grH. One of our main result is the following.

Theorem III (Corollary 2.30). For any algebra extension B of the smash product A x G,

there are two multiplicative spectral sequences
Ey = Extgmoa(k, HH*(A,B)) = HH*(Ax G, B)

and

/El = Eth—mod<k; RHomA-bimod(Aa B)) = HH.(A * g, B)

which converge to the Hochschild cohomology as an algebra.
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To be clear, we mean that there is some G-module algebra structure on HH*(A, B) and
that the second term FEj is the bigraded algebra Extgmoa(k, HH®*(A, B)). Similarly, for the
term 'F7, we mean there is some particular model for RHom pimoa (A4, B)) which is a G-
module (dg) algebra and that 'F; is the given Ext algebra. We also provide a version of the

above theorem for the cohomology rings Ext .g-mod (M, M).

Theorem IV (Corollary 2.38)). For any AxG-module M, there are two multiplicative spectral
sequences

EQ = Eth_modUi', EXtA_mod(M, M)) = EXtA*g_mOd(M, M)

and

/El = Eth_mod(k’, 1%I‘IOH1A_mOd(]\47 M)) = EXtA*g_mod(M, M)

which converge to Extawg-moa(M, M) as an algebra.

In the text it is shown that all four of the above spectral sequences exist as explicit
isomorphism at the level of cochains. Let us explain what is meant by this statement in the
case of Hochschild cohomology.

Let B be an algebra extension of AxG, as in Theorem III. For a free A-bimodule resolution
K — A, equipped with a G-action satisfying certain natural conditions, and any resolution

L — k of the trivial G-module, we produce a dg algebra structure on the double complex
HOmg_mOd(L, HOl’IlA_bimOd(K, B)) (021)

From this data we also produce a A % G-bimodule resolution I of A x G, and dg algebra
structure on the associated complex Hom g4g-pimoa (K, B). The dg algebra structure is chosen
so that the homology of Hom sxg bimoa (IC, B) is the Hochschild cohomology HH®*(A x G, B)
with the cup product.

In Theorem [2.27, which can be seen as a lifting of Theorem III to the level of cochains,

we show that there is an explicit isomorphism of dg algebras

HomA*g-bimod(}Ca B) i Homg-mod(L> HomA-bimod(K7 B))
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It follows then that the Hochschild cohomology ring of the smash product can be computed
as the homology of the double complex Homg. ioq(L, Hom g pimoed (K, B)). We get Theorem
IIT as an easy corollary of this fact.

The full power of Theorem [2.27]is employed to compute some examples. For both exam-
ples we assume that k is characteristic 0. Let k[X] denote the algebra of global functions on
an affine scheme X, and 7}, (X) denote the Gerstenhaber algebra of polyvector fields on

X. In the first example we provide the following result.

Theorem V. Let Z" act on affine space A™ = A} by translation, and T™ denote the k-torus.

Then we have an identification of Gerstenhaber algebras
HH*(k[A"] * Z) = (Tyor, (A"™))"
and a graded algebra isomorphism k[T"] @ HH®(k[A™] % Z) = Tho, (T™).

The theorem is established in the discussion following Theorem [2.48] The second example
requires some explanation. We take ¢ to be a nonzero scalar in k which is not a root of unity.

Let k,[z,y] denote the skew polynomial ring in 2-variables,

 Kz,y)
halo ) = O gy

This algebra is twisted Calabi-Yau. If we let Z = (¢) act on k,[z, y] by the automorphism
¢ : x> q 'z, y — qu, then, according to [72, Proposition 7.3] and [24], the smash product
kylx,y] * Z will be Calabi-Yau. By way of Theorem [2.27, we can provide the following

computation.

Theorem VI (Theorem [2.55)). Let A, ¢, &, ¢, and n; be a variables of respective degrees 0,

1,1, 2, and 2. Then there is an isomorphism of graded algebras

k[ga/\vglyg%d > k[&ni :iGZ_{_l}]
(N — &6, 6¢,¢2) HH (72, 1i715)

Furthermore, there is a natural embedding of graded algebras HH*® (k,[x,y]) — HH®(ky[z,y]*
Z) identifying HH®(k,[x,y]) with the subalgebra generated by &, &, and 7]0E|

HH® (ky[z,y] * Z) =

2The relations ;¢ were missing from the presentation given in [64].
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In the statement of the above theorem k[X7, ..., X,,] denotes the free graded commutative

algebra on graded generators X;, k[X1,..., X,] = k(X1,..., X,,) /(X;X; — (=1)XlGIX X)),

Relation to the work of Stefan, Guichardet, and others

Theorems III and IV can be seen as a refinement of results of Stefan and Guichardet given
in [82] and [28] respectively. However, both Stefan and Guichardet work with classes of
algebras that are slightly different than general smash products. Guichardet provides spectral
sequences

Ethg_mod(/{Z, HH.(A, M)) = HH.(A *q G, M)

for crossed product algebras A *, GG, where G is a group, while Stefan provides spectral
sequences

Extgmod(k, HH*(A, M)) = HH*(E, M)

for Hopf Galois extensions A — FE. Guccione and Guccione extend the results of Guichardet
to allow for crossed products with arbitrary Hopf algebras in [27]. None of these spectral
sequences carry any multiplicative structures. For definitions of these different classes of

algebras one can see [62]. Let us only mention that there are strict containments
{Smash Products} C {Crossed Products} C {Hopf Galois Extensions}.

So these more limited results (taken together) do apply to larger classes of algebras.

Let us mention here that Guccione and Guccione also provide spectral sequences for Ext
groups in [27], by way of a standard relation [88, Lemma 9.1.9]. Also, some results involving
multiplicative structures are given by Sanada, in a rather constrained setting, in [74]. Further
analysis of the situation can be found in [4].

The main point of comparison here is that our spectral sequences can be used to compute
the cup product, while those of Stefan, Guichardet, and Guccione-Guccione can not (at least
after restricting to the case of smash products). However, there are also differences in the

methods used in the three sources. As a consequence, the usefulness of the results vary in
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practice. For example, Stefan produces his spectral sequence as a Grothendieck spectral
sequence, whereas those of Guccione and Guccione are derived from filtrations on a certain
(rather large) complex. Guichardet shows that the Hochschild cohomology of a crossed
product can be computed by the double complex C*(G,C*(A, M)), where C'* denotes the
standard Hochschild cochain complex. Indeed, Guichardet provides quasi-isomorphisms of
chain complexes C*(G,C (A, M)) = C*(A %, G, M). It does not appear that either of the

given maps are dg algebra maps, and so the cup product remains obscured.

The spectral sequences produced in this chapter are those associated to the first quad-
rant double complex ((0.2.1]), which may in some cases be chosen to be relatively small. Our
methods are most closely related those of Guichardet. In fact, by standard techniques, one
may move from Guichardet’s double Hochschild cochain complex to our double complex(es).

To summarize the situation, we have the following chart

Class of algebras for which Accounts for the
Type of spectral sequences
the spectral sequences apply cup/Yoneda product
Stefan Hopf Galois extensions Grothendieck No

) Crossed products
Guichardet Double complex No

with groups

Guccione-Guccione Crossed products Filtration No

Present paper Smash products Double complex Yes

Of the works discussed, Theorems [2.19] [2.27] and [2.36| below provide the most computa-

tionally accessible approach to the cohomology of a smash product, irrespective of the cup
product. Grothendieck spectral sequences, for example, require the use of injective resolu-
tions, which are very difficult to come by in general. The methods used here are also more
natural than those given in [27] in the sense that many of the constructions we employ are

functorial.
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0.2.3 Chapter 3: braided structures and Hochschild cohomology

In this chapter we wish to explore, again, the Hochschild cohomology of the smash product
A x G. However, in this chapter G will be finite dimensional with finite exponent, and we
assume that exp(G) is invertible in k. In the case of a group algebra this is equivalent to
requiring that G is semisimple. So, at least in the semisimple case, Stefan’s spectral sequence

collapses immediately to give an isomorphism
HH*(AxG) S (HH*(A, A% G))°. (0.2.2)

What we do, in particular, is show that the cohomology HH®(A, A * G) (which appears
on the right hand side of the above isomorphism) admits its own bracket and product which
recover the Gerstanhaber bracket and cup product on the invariants. The bracket and
product on HH®*(A, A x G) are “quantum” versions of the Gerstenhaber bracket and cup
product in the sense that they are no longer anti-symmetric and graded commutative, but
braided anti-symmetric and braided commutative (with respect to a braiding inherited from
some ambient braided tensor category). We further this “quantum” Hochschild cohomology
perspective by showing that, in low degree, the cohomology HH*(A, AxG) classifies braided,
or quantum, versions of those structures classified by the usual cohomology HH*(A * G).

Our motivating example is the case of a finite group G acting on an (affine) scheme X. In
this case the skew group ring k[X]* G will represent the category of equivariant sheaves on X
in the sense that we have an equivalence of categories between k[ X]+G-mod and the category
of G-equivariant sheaves on X. Since quasi-coherent sheaves on the stack quotient [X/G]
are exactly equivariant sheaves, we also get an equivalence k[X] * G-mod = Qcoh([X/G])

(see for example [11]). In the expression

o e—codim( Xg) G
HH*(k[X] * (®yec /\k[Xg] Txs), (0.2.3)
from (0.1.1]), we have HH*(k[X], k[X] x G) = @g/\k[_;;]dlm 'Txs, and the above equality is

a particular occurrence of Stefan’s isomorphism ({0 .
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Ideally, we would like to gain some HKR-like understanding of the Hochschild cohomology
of the quotient [X/G] (or rather of k[X]| * G). Namely we would like to understand the
cohomology, along with the product and bracket, in strictly geometric terms. This project
is, however, immediately obstructed by the fact that we do not know what happens to
the structure &, /\;[;;f;’]d mXD7e, after taking invariants. Indeed, it seems improbable that
any particular structure is preserved on the invariants. For this reason we seek to move
our analysis from the Hochschild cohomology of a smash product to an analysis of the
intermediate cohomology H H*(k[X], k[X] * G), or more generally HH®*(A, A x G). In this
chapter we show that many of the algebraic structures on HH*(A *x G) lift to algebraic
structures on HH®*(A, A*G).

We already know that a natural graded ring structure on H H*(A, AxG) exists so that the
isomorphism is one of graded rings. This follows by Theorem III, or can be deduced
by a number of ad hoc arguments. Furthermore, a thorough analysis of the cohomology ring
HH*(k[X], k[X]* @) has already been given by Ginzburg-Kaledin and Shepler-Witherspoon
[22 [76], at least in some specific cases. So we are much more interested in the Gerstenhaber
bracket which, as usual, poses a unique and arguably more challenging problem. First of all,
no precedent has been set which would suggest that any kind of natural Lie structure even
exists on the cohomology HH*(A, AxG). We are, however, able to produce such a structure
here.

In the statement of the following theorem we let YDg denote the category of (right)
Yetter-Drinfeld modules over a Hopf algebra . One needn’t know anything about this

category at the moment, except for the fact that it is a braided tensor category.

Theorem VII (Theorem [3.38)). When G has finite exponent, and exp(G) is invertible in k,

there is a canonical complex CP (A x G) which

(a) admits a canonical graded Yetter-Drinfeld structure under which it becomes a dg algebra

in the tensor category Y DS,

(b) has cohomology H*(Cr. (A% G)) equal to HH*(A, AxG) as a graded ring,
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(¢) admits a braided anti-symmetric operation [, |yp : Ch(AxG)QRCP (AxG) — Cr(AxG),
which then induces a bracket [,|yp on the cohomology HH®(A, A*G).

Furthermore, when G is semisimple

(d) the bracket |, |yp restricts to the standard Gerstenhaber bracket on the invariants HH® (A, Ax

G)9 = HH*(A*G).

The complex C}(A*G) can be identified with the standard Hochschild cochain complex
C*(A, A% G), although this is not necessarily the most appropriate or useful interpretation.
Also, the cohomology HH*(A, A% G) is usually denoted Hf,(A*G) in the body of this text,
and is referred to as the intermediate cohomology therein. The complex C7 (A * G) is called
the intermediate complex and we call the bracket [, ]yp the Yetter-Drinfeld bracket.

To give the reader some idea of what ingredients are involved in the production of the

bracket [, ]yp we present the formula here, without an in depth explanation. We have

1 exp(G)—1

Favo = [[Fal= =z > £ 1Fgl

=0

where £ is the double braiding on Y Dg and [,], is the naive bracket of Definition In

the process of establishing Theorem VII we also show

Theorem VIII (Corollary|3.21)). The cohomology HH®(A, AxG), along with the cup product

and Yetter-Drinfeld structure from Theorem VII, is a braided commutative ring.

I should mention here that Theorem VIII was proved independently in unpublished work
of Shedler-Witherspoon.

Theorems VII and VIII suggest that we may be able to think of the cohomology H H*( A, Ax
G) as a quantum Hochschild cohomology, in the sense that all symmetric structures on
Hochschild cohomology should exist as braided structures on the intermediate cohomology.
In the final section of Chapter 3| we establish one last result which is in line with our quantum

cohomology philosophy.
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Theorem IX (Theorem [3.39). In low degree we have

HY (AxG) = Z°(Chi(AxG)) = the braided center of A% G
Z'(Cpy (A% G)) = braided (algebra) derivations of Ax G
ZQ( o (A Q)) = infinitesimal quantum deformations of Ax G

n

and
H} (A xG) = braided outer derivations of Ax G

H? (A xG) = isoclasses of quantum deformations.

An infinitesimal quantum deformation of AxG is a certain kind of non-associative algebra
deformation of A % G. The degree of non-associativity is controlled by the Yetter-Drinfeld
structure on A x G. Such objects form a groupoid 2%e fg*g and the identification in degree

2 exists as a certain isomorphism of groupoids
7*(Cru(A%9)) ) /Crri(A%G) = 29¢f5.q.

(See Theorem [3.54])

Finally, let me mention that a coarse, but in some sense complete, analysis of the bracket
on HH*(k[X] * G) was given by Shepler-Witherspoon in [77]. They considered the spe-
cific case of a group acting by graded automorphisms on the polynomial ring k[X] =
k[A™]. However, none of the structures they produced on the intermediate cohomology
HH*(k[A"], k[A"] « G) were natural nor did they exist at the cochain level. So their project
was somewhat different than what we are trying to do here. We also hope that some of the
methods produced here can be used to clarify, and strengthen, some of the results from [77]

in this particular case.

0.3 The Hochschild cochain complex, dg Lie algebras, and formal deforma-
tions

Let us take a moment to review the relationship between deformation theory and Hochschild
cohomology, since this seems to be a point of confusion and interest for the casual observer.

None of the material covered here is needed in order to understand the material in the
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following chapters. We only include the work here for the convenience of the reader, and
to synthesis some material which appears not to be expressed clearly in a single resource.
The relation between deformation theory and Hochschild cohomology is stated explicitly in
Theorem

There is an issue about preservation of the unit under deformation, which we ignore
for the moment. In this section, and this section only, by an algebra we will mean a not—
necessarily—unital algebra. (By coalgebra we will still mean counital coalgebra.) One can
see Remark for some more information on this apparent problem, an explanation of how
to easily fix it, and an explanation of why, in a very explicit sense, it was actually not even
a problem.

We assume char(k) = 0 here, and basically follow the work of Manetti [58, (9, 57] on
deformation theory via dglas. Most of what is stated below also appears as exercises in [40),
Chapter 4]. It would probably aid the reader to have some familiarity with the bar functor
A : Alg — dgCoalg, although such knowledge is not strictly necessary.

For a k-algebra A the Hochschild cohomology can be computed via the Hochschild cochain
complex, which we present here. First, let R be a unital commutative base ring and 7" be a

R-algebra. Let BT = (€D,5, T%"") denote the bar coalgebra of T' (see Section .

Lemma 0.1. There is a bijection

deg 1 coderivations = on AT
{R-algebra structures n on T} +—
satisfying [Z,Z] =0
i fy EIT®2 i3
In BT the degree of T is now —1, so that the degree of T®&™ is —n. The bracket [,] is

the graded commutator of coderivations [g, h] = gh — (—1)l91"lpg.
Proof. Take f,|T®&" := Zign_Q(_l)iid%i ®n®idi2, -

The Hochschild cochain complex of our R-algebra T' is given as the cohomology of the

Lie algebra of graded coderivations on AT,

(shifted) Hochschild cochain complex = XC*(T") = Codery, (A7),
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with differential given by the graded commutator [f,, —|, where p is the given algebra
structure on 7. The Lie structure and differential are compatible so that XC*(T) be-
comes a dg Lie algebra. The Hochschild cohomology is the cohomology of this complex
HH**Y(T) = H*(C*(T))F| One can check that we have a more terrestrial expression of

this complex
YC*(T) =0 — T — Homg(T,T) — Homg(T®"* T) — Homp(T®"*,T) — - --
with the usual differential
d(F)(a1®...®a,) = a1 F(as®. . .Qap)EF(a1®. . . Q@a,_1)a,~+ Z +F(01®...®a;0;11R. . .®an)).
1<i<n—1

Take Arty to be the category of unital Artinian local k-algebras with residue field k. For

an arbitrary (non-commutative) k-algebra A we define the groupoid valued functor

Flat R-algebras A with
PDefy : Arty, — Groupoid, R —
an alg isom A®rk — A

For the groupoid structure on the set {A} of R-deformations we take all R-algebra isomor-
phisms ¢ : A — A’ with ¢ ®p k = id4. In the case that R = k[t]/(t"*) we call an element
of Zefs(R) a nth order deformation of A. Let Def4 denote the set valued functor given by
composing Yef, with the map Groupoid — Set identifying all isomorphic objects.

We have yet another functor
MC 5004y = MC 4 : Art), — Groupoid

sending each Artinian k-algebra R to the action groupoid of solutions to the Maurer-Cartan
equation A€ 4(XC*(A) ® mg)//Gaugep, where Gaugey, is the gauge group. A solution to
the Maurer-Cartan equation is a degree 1 element £ € XC'(A) ® mp satisfying

aE) + 56,6 = [ € + 6.6 = 0.

3This particular interpretation of the Hochschild cochain complex will not be employed in the body of
this thesis.
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The gauge group Gaugep = exp(XC°(A) @mpg) = {exp(f) : f € XC°(A) @ mg}, acts on the

set of Maurer-Cartan elements by

()€ — e+ 3 L

(If, € = d(f))

[59, Section 1]. (Here we've used p to denote the non-deformed multiplication on the base
change A® R for arbitrary R.) Note that since mpg is nilpotent the Lie algebra XC*(A) @ mpg
is nilpotent, and the gauge action therefore makes sense. As with Zefa, we let MC,4 denote
the corresponding set valued functor.

The main point is

Theorem 0.2 ([46], Section 4.1.1]). There is an equivalence of functors MEC s — Def4 which
sends a solution & € ME 4(R) to the R-module A® R with multiplication (f,+&)|(A® R)®r2.

By an “equivalence” we mean that the transformation .#%€ 1 — Zef, produces an
equivalence A€ A(R) — Pefa(R) at each R. This relationship is reflected, to a certain
degree, in Lemma [0.1] although we elaborate a bit here. The remainder of the section is
dedicated to the proof of Theorem

We first clarify that our map # € 4 — Pef4 is well defined, at least on objects. There

is a cochain complex splitting
SC*(A® R)=XC*(A) @ (EC"(A) ® mR)

under which we find that degree 1 solutions to the equation [=, =] = 0 on the left hand side
with =®pg k = f,, i.e. R-algebra structures on A ® R which reduce to (A, ), correspond to
elements of the form f, + £ on the right hand side. One then finds also

1
[2,2] =0 & ¢ satisfies the MC equation [f,, ] + 5[5,5] = 0.

So in this way algebra deformations (A ® R, Z|(A ® R)®r?) of A correspond to solutions to
the Maurer-Cartan equation, and we have that A® R with multiplication (f,+¢)|(A® R)®#?
is in fact a R-deformation of A. Also, the fact that each . # € 4(R) — Zefa(R) is essentially
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surjective on objects follows from the fact that any flat module over an Artinian local ring
is free.

We now cover the details of the gauge action. In what follows we abuse language a bit
and call a degree 1 solution Z to the equation [=,Z] = 0 in ¥C*(A ® R) an R-deformation

of A, while still using this terminology to refer to flat R-algebras as well.

Lemma 0.3. 1. Let R be any unital base ring and R[[y]] be the complete R-bialgebra
specified by A(y) =y ® 1+ 1®y. Then the formal exponential exp(y) = > oy"/n!

satisfies

A(exp(y)) = exp(y) @ exp(y).
2. Let R[[z]] have the complete R-bialgebra structure specified by taking
Alz)=z1+1@r+zz) & Al+z)=1+2)x(1+2).
Then the formal logarithm log(1 + x) = 3., (=1)"""a"/i satisfies
A(log(1+x)) =log(l +2) ® 1+ 1®log(l + ). (0.3.1)

Proof. (1) We have

2on>
(S iy © )
2 (2 u(n—l_l)gyl ®y")
= Lm0 l!_yln!yl ®y™ = exp(y) ® exp(y).

(2) It follows from (1) that we have the bialgebra isomorphism
exp @ Rlla]] = Rllyl], =+ exp(y) — 1.

Note that, in terms of exp(y), we have y = log(exp(y)). So R[[y]] = R[[exp(y) — 1]] and the

inverse to exp is the function y — log(1 + z). It follows that log(1 + z) is primitive in the

bialgebra R][[x]], i.e. satisfies (0.3.1)). |
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Corollary 0.4. If C' is an R-coalgebra and ¢ is a nilpotent R-endomorphism of C such that
1+ is a coalgebra automorphism, then log(14+¢) = 37,5, (=1)""'¢" /i is a nilpotent coderiva-
tion on C. Conversely, if f is a nilpotent coderivation on C' then exp(f) = >, -, f"/n! is a

coalgebra automorphism on C.

Proof. If 1 + ¢ is an automorphism then we have A(p) = (P @1+ 1® ¢ + ¢ ® p)A and
consequently A(¢") = (¢ ®14+1® ¢+ ¢ ® ¢)"A. Therefore A(log(1 + ¢)) = PA where ¢
is the image of log(1 + ) under the algebra map

Rj2)|®Rl[z]] = Rl[er, 2]

Rl[z] Endg(C @5 0)

sending x to o ® 14+ 1® ¢+ ¢ ® ¢ and the z; to . Since log(1+ x) maps to log(1+z)® 1+
1 ®log(1 + ) in R[[2]]@R[[x]] we conclude ® = log(1 + ) ® 1 + 1 ®log(1 4 ¢). That is to

say, log(1 + ) is a coderivation. The proof that exp(f) is an automorphism is similar. 1

Proposition 0.5 ([57, Proposition V.44]). Let R be in Arty, and A be an R-deformation of

A. Then there is a bijection

degree 0 coderivations f on exp coalgebra automorphisms ¢ on
—

BA satistying f Qg k=0 log BA satistying ¢ Qr k = idga

By “coderivation” we mean R-linear coderivation, and by “coalgebra automorphism” we

mean degree 0 graded coalgebra automorphism.

Proof. Since any such f will be nilpotent we know exp(f) will be an automorphism with
exp(f) ®r k = 1, by the previous lemma. The previous lemma also assures us that the
logarithm of any such ¢ is a well defined coderivation. The fact that the two maps are

bijections follows from the fact that the exp and log functions are mutually inverse. [ |

As a consequence of this proposition we see that each gauge group Gaugep is exactly

the kernel of the reduction — ®p k : Autgcoalg(BA) = Auty cong(BA), or rather Gaugep, is
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the collection of automorphisms which reduce to the identity on Z8A. So we have the exact
sequence

1— GaugeR — AutR_Coalg(%A) — Autk_coalg(%’A) —1

for any R-deformation A [57, SectionV.5-C|. Finally, we can understand the gauge group

action.

Proposition 0.6. For any R-linear function = : BA — BA, and derivation f with fQrk =
0, we have exp(f)= exp(—f) = exp([f, —])(E). In the case = = f, + & we have

[f? _]i

(

Proof. These are straightforward calculations. See [59, Example 1.3], [57, Exercise V.1]. W

exp(f)Zexp(~f) — fu = exp(f) - E=E+ Y
i>0

The previous proposition says that the gauge action simply conjugates a coderivation
by a R-linear automorphism to produce another coderivation. By using the fact that the
coalgebra automorphisms on AA are exactly those maps of the form ¢ = ano SR for
some R-linear automorphism ¢y = ¢|A : A — A, one can verify that on the algebra side the
action of ¢ corresponding to the map sending a deformed multiplication m : A ® A — A to

dom(dg' @ ¢y'), as one would assume. If we let A’ denote A with this new multiplication,

the two algebras will be related by the algebra automorphism ¢q : A — A’. Visually
¢ € e $Z¢7 e Py’ ® ).

So the groupoid map #% 4(R) — Zef(R) is defined on morphisms by taking exp(f) €
Gaugep, to exp(f)|(A ® R). We can now give the

Proof of Theorem[0.4. We simply reiterate what has already been said. The fact that each
map of groupoids .# € 4(R) — Zefa(R) is essentially surjective follows from the fact that
each deformation A will be isomorphic, as an R-module, to A® R, since R is Artinian local.

We must verify also that each map of homs

Hom y ,(r)(§,€") = {exp(f) : exp(f) - § = &'} — Homgep, (r) (A, A')
exp(f) — exp(f)|A,
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is a bijection, where A = (AQ R, (f, +)|(A® R)®?) and A = (A® R, (f,+&)|(A® R)®?).
However this is clear from Proposition 0.5 the fact that the map

AUtR—coalg('@(A Y R)) — AUtR—mod(A ® R)v Qb = ¢|(A & R)
is an bijection, and the paragraph preceding this proof. |

We now wish to elaborate on the manner in which the equivalence # €4 — Zefa

manifests in cohomology. Note that for any m < M we have chain inclusions
YC* (AR K[t]/(t™) = BiemBC®(A) @ kt' — ;- XC*(A) @ kt! = XC* (A k[t]/(tM)),

so any element Z in XC*(A ® k[t]/(t™)) can be seen canonically as an element in XC*(A ®
k[t]/(t™)). This inclusions is not a Lie algebra embedding.
Now, given an nth order deformation E = f, + & € SCHA ® k[t]/(t"*h)), with § =
D ocicn &it' we may want to lift = to an (n + 1)st order deformation ==fu+ D ocicnir Sit'
Since Z is a deformation we have [2,Z] = 0 mod t"*! in XC*(A ® k[t]/(t"*?)). So for any
choice of &,1 we have
B2 = 2([fu Gosa) + DG Easr )" = () + D& Gnraa))2t™ (0.3.2)
>0 i>0
So we see that the deformation = is unobstructed, i.e. can be lifted to an order n + 1

deformation, if and only if the class [2, Z]/2t" T = > _ [&, &nv1-4] is a boundary in ©C?%(A).

>0

We would like to know that this element is a cocycle in general.

Lemma 0.7. If Z is a nth order deformation then, in LC*(A ® k[t]/(t"?)), the element

=,Z] is a cocycle.

Proof. Write E = f, + £. By the graded Jacobi identity we know [Z, [=, Z]] = 0 and since

[=, =] is concentrated in t-degree n 4+ 1 we know also [&, [Z, Z]] = 0. So

0=[5[E ] = fu[EEN+ 6 [EEl = [/ 52l = d(E, Z).



32

Let R — R be a map of algebras in Art, and = be an R-deformation of A. In what
follows we let .#%€ 4(R')= denote the subgroupoid of .#Z% 4(R’) whose objects are those
objects mapping to = under the reduction .# %€ 4(R') — # € 4(R) and whose morphisms
are those morphisms mapping to idz under the reduction. We let MC4(R')= denote the set
of isoclasses in A€ 4(R')=. We adopt a similar notation for Zef, and Def 4.

Theorem 0.8. Suppose = = f,, + &t + -+ - + Eut" is an nth order deformation. Then

1. the element Y5 ;- [6is Ent1-i] s a cocycle in TC?(A).

2. The deformation = is unobstructed if and only if the class of Y ,[&, Env1—i] vanishes in

H2(SC*(A)) = HH3(A).

3. When = is unobstructed then the set of lifts obj (M€ 4(k[t]/(t"2))z) is a free Z'(SC*(A))-

set.

4. When Z is unobstructed the set of isoclasses MC 4 (k[t]/(t"72))= = Def 4(k[t]/(t"?))
is a free HY(XC*(A)) = HH?*(A)-set.

(1]

With some more advanced notions of actions of groupoids one should be able to combine
statements (3) and (4). By a free G-set, for a group G, we mean a set X with a G-action so
that for any z,y € X there exists a unique g € G with gz = y. Whence, after fixing some

element e € X, we get an isomorphism G =X , g — ge.

Proof. (1) This statement follows from Lemma the fact that 2, 2] = (3°,[&, &nr1—i )",
and the fact that the subcomplex XC*(A) ® kt"™' C XC*(A @ k[t]/(t"*?)) is isomorphic to
the shifted Hochschild cochain complex. (2) This follows from the fact that equation
holds for any = in ©C*(A @ k[t]/(t"+?)) which reduces to = mod ¢"*! and the fact that = is

a deformation if and only if [=, Z] = 0. (3) This is clear since for any lifts

S=futbtto A&+ Ent™ and = f b Gt Gt" 4 €t
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we have d(&n41) = d(&,41) = D_;[&s Ent1—i] so that &1 — &, is a cocycle. Whence any two
lifts differ by a unique cocycle in LC*(A).

(4) A map exp(f) € Gaugeyy/n+2) is sent to the identity in Gaugey n+1) if and only
if the reduction f vanishes in SC%(A) ® k[t]/(t"1), since the exponential map is a bijection

by Lemma So f = qt"*! for some coderivation ¢ on BA, exp([f,—]) =1+ [f, -], and

[1]:

exp(f)Zexp(—f) = exp([f,=])(E) ==+ [f.E] = Z+ [f, fu] = E—d(q)t"".

So the orbit of any lift = under such automorphisms is exactly S+ B't"*!, and the free Z! ac-
tion of (3) induces a free H'(XC*(A)) = H H?(A)-action on the quotient space MC 4 (k[t]/(t"2))=.
|

Remark 0.9. We have ignored the issue of preserving the unit under deformation. In order to
incorporate the unit one replaces the Hochschild cochain complex ¥C*(A) with the reduced
cochain complex Y C®(A), which is the graded Lie subalgebra of coderivations A — %A
factoring through the reduced bar complex A = ®; A%, Here A = A/k. It is well known

that the inclusion

YO (A) = BC*(A)

is a quasi-isomorphism so that the corresponding map of deformation functors
MEC o4y = MECs00 ()

is an equivalence [23, Theorem 2.4], [57, Theorem V.51].
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e C. Negron and S. Witherspoon. An alternate approach to the Lie bracket on Hochschild
cohomology, arXiv:1406.0036.

e C. Negron. The cup product on Hochschild cohomology for localizations of filtered
Koszul algebras, arXiv:1304.0527.

None of the material of An alternate approach. . . is covered in this thesis, and can be

found at the given link.
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Chapter 1

TWISTING COCHAINS, THE CUP PRODUCT ON
HOCHSCHILD COHOMOLOGY, AND KOSZUL ALGEBRAS

As usual, we let k be a field. In this chapter we give some new relations between twisting
cochains and Hochschild cohomology. In particular, we show that for an acyclic twisting
cochain m : C' — A from a curved dg coalgebra to a dg algebra the cohomology of the
resulting twisted hom complex HomJ (C, A) is the Hochschild cohomology ring of A. As
explained in the introduction, this result yields some very nice corollaries when applied to

the context of Koszul duality (Corollary [1.33)).

The general structure of the chapter is as follows: we first give the appropriate framing
of Koszul duality as a relation between an algebra and a (curved) dg algebra in Section .
We then introduce twisting cochains and explain how they appear in, and produce, Koszul
duality in Sections [[.3{1.4] Section are then dedicated to the Hochschild cohomology
in general and a presentation of our main result, Theorems [I.37] Hochschild cohomology of
dg algebras is covered Section and finally the example of the Heisenberg Lie algebra is
presented in Section [1.9]

1.1 Notations and conventions

Let R be an arbitrary ring. By a “R-module” we mean a left R-module unless stated

otherwise. We will always use the cohomological indexing convention
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for chain complexes. Given R-complexes X and Y we write Hompg(X,Y') for the standard

Hom complex

Hompa(X,Y) = (] [ Homp (X", y**"))

neZ 1

For any homogenous function § € Hompg(X,Y') of degree n, the differential d is given by the
formula d(0) = dy8 — (—1)"0dx.

The grading on a graded ring R will be seen as internal and will be denoted by a lower
index R = @;R;. A graded R-module will be referred to as homologically graded if it is to
be viewed as a chain complex with vanishing differential. When doing computations with
graded modules we assume that each element x is homogenous of a particular degree, and
we let |z| denote the degree of such an element.

Sweedler’s notation will be used to denote the comultiplication on a coalgebra C'. So the
element A(c) will be written A(¢) = ¢ ® ¢, with the sum implicit. To say this more clearly,

?

“c1 ® ¢9” is simply shorthand for some expression of the element

Ac) = Z Ciy @ Ciy

i
in the tensor product C'® C'. Higher iterations of the comultiplication will be denoted using

similar notation. For example, the element

(A ®id)A(c) = (id @ A)A(c)
will be denoted ¢; ® ¢y ® c3. Again, there is an implicit sum. If C' is graded, and ¢ € C' is
homogeneous, then the ¢y, c9, etc. will always be taken to be homogeneous.

1.1.1  Our cup product versus Gerstenhabers cup product and the Gerstenhaber bracket

This subsection can be skipped of a first reading, and is meant to preemptively address some
subtle points of confusion which may arise in a readers attempts to use the main results of

this work. Let A be a k-algebra. On the Hochschild cochain complex

0 — A — Homy(A, A) — Homy(A®? A) — Homy (A%, A) — -
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there are two products one can give. One is Gerstenhabers cup product, which takes functions

f and g of respective degrees i and j to the degree n =i + j function

[ Gerst g = (a1 R...Qa,+— f(a1®...®a;)g(a;11® ... ®an)),
the other of which employs the standard Koszul sign

fg=(@m®..Qa— (-1)7fla1®...0a)g(ai1 ®...®ay)). (1.1.1)
This point is, in some sense, immaterial.

Lemma 1.1. The graded automorphism sending a degree i map f to (—1)CTV/2f s an
algebra isomorphism identifying Gerstenhabers cup product with the signed product .
Consequently, the two products on the Hochschild cochain complex, and on the Hochschild

cohomology HH*(A), are canonically isomorphic.

Proof. Let’s denote this map by ¢. One simply calculates! For f and g of respective degrees

i and j,
G (f Gerst 9) = 9((—1)7 fg) = (1) 5 gy,
Now
i+ +7+1)/2 =ij+ (@@ +72+2ij+i+7)/2
= (i*+i+5%+7)/2 mod 2
=i(i+1)/2+j(+1)/2
So o(f “Gerst 9) = ¢(f)p(9)- u

It is this second product which is most naturally identified with the Yoneda product on
cohomology. Indeed, if we take C' to be the bar dg coalgebra A (see section our main
result Theorem implies that the signed product agrees with the Yoneda product
on cohomology. A yet subtler point is the following: the signed product does not produce
Gerstenhabers orignal compatibility with the Gerstenhaber bracket given in [I8]. Instead,
for cocycles f, g, h of respective degrees i, j, k we get the (arguably better looking) relation

[f.gh] = [f. glh+ (=1)""Yg[f,n],
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so that each [f, —] becomes a graded derivation of degree i — 1. This is the correct relation
for the Schouten—Nijenhuis bracket on the Hochschild cohomology /\T@X Ix of the ring of

functions on a smooth affine scheme X.

1.2 Reminders on dg algebras, dg coalgebras, and filtered Koszul algebras

1.2.1 Dg algebras and coalgebras

Recall that a dg algebra is a chain complex (A, d) equipped with a unit & — A and associative
multiplication p : A® A — A which are both chain maps. On elements, this means the unit

1 is a cycle and that d satisfies

d(fg) =d(f)g+ (- fd(g),

i.e. that d is a graded derivation. A dg coalgebra is defined dually to be a complex (C,d)
with a coalgebra structure such that each structure map C' — k, A : C' — C'® C, is a chain
map. We will call a dg (co)algebra locally finite if it is finite dimensional in each homological
degree. A dg algebra A (resp. dg coalgebra (') is said to be augmented (resp. coaugmented)
if it comes equipped with a dg map A > k (resp. k — C).

Given an arbitrary dg algebra A and dg coalgebra C' the hom complex Homy(C, A)

becomes a dg algebra under the convolution product

frg:i=palf®g)Ac: e (1) f(e)g(cy).
In particular the dual C* = Homg(C,k) is a dg algebra. One can check that the dual
A* = Homyg(A, k) of any locally finite dg algebra is a dg coalgebra under the coproduct
A(7y) = yu. The double dual of a locally finite dg (co)algebra A is naturally isomorphic to
A via the standard map
ev:A— (A*)*

@ (6 (~1)9(a)).
The tensor product of dg (co)algebras is again a dg (co)algebra under the differential

(1.2.1)

daga = dy ® idy + ids ® da, and we can define the opposite dg algebra A% to be the

complex A with the opposite multiplication a - b := (—1)l*/1®lpa.
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Given a dg algebra A, a k-complex M is called a left (resp. right) dg module over A if it

is a graded A-module, after we forget the differential, and the action map
ARQM — M (resp. M @ A — M)

is a map of chain complexes. Similarly, M is a dg bimodule if it is a graded bimodule over
A and the action map A ® M ® A — M is one of chain complexes. A bimodule over a dg
algebra A can, as in the non-dg case, also be seen as a module over the enveloping algebra
A= A® AP
Given dg A-modules M and N, we define the hom complex Hom 4_0q(M, V) in the usual
way. That is
Hom A mod(M, N) = (&;Homy . oq(M, N), driom)

with the usual differential dgom : f — dn f —(—1)¥1 fdy;. Here the notation Hom’, (M, N)

denotes the set of homogenous degree ¢ maps f : M — N satisfying

lam) = (~1)1la (m)

for any homogeneous a,b € A. Taking A = B¢ for a dg algebra B gives the appropriate
definition of the hom complex for bimodules Hom g pimoa (M, N) = Hompge_pmoa(M, N).

1.2.2  Graded Koszul duality with signs

A Koszul algebra is a finitely generated connected graded algebra B, i.e. a graded algebra
of the form

B:kEBBl@BQEB,

such that Ext,(k, k) is generated by Exty(k, k) as an algebra. Here k = gk denotes the
graded simple module B/(B>1). The Koszul dual of a Koszul algebra B is the algebra
Extg(k, k). To avoid confusion with the filtered case, we denote the Koszul dual by E for
the moment.

Any Koszul algebra will have a quadratic presentation B = k(V')/(R). Let us fix a Koszul

algebra with such a presentation. Here R C V ® V is the subspace of quadratic relations for



40

B. Tt is well known that we have a presentation E = k(V*)/(R*) given by the identification
E' = V*. We give here a description of the Koszul dual which takes into account the
homological grading on the implicit Koszul resolution of k, which gives rise to the Koszul
dual. In particular, we identify E with the dual algebra of some particular homologically
graded coalgebra, i.e. a dg coalgebra with vanishing differential.

We let T(V) = @,>0V®" denote the tensor coalgebra on V. Recall that the comultipli-
cation on T'(V) is defined by “separation of tensors”

v=(1®...00v,) = (1)®(V)+(v)® (1) + Z (M ®...0UV)® (Vi1 ® ... v,).
1<j<n—1

We consider T(V') to be homologically graded by taking V' to be in degree —1. (So the more
cumbersome notation 7(XV') may be more appropriate here.) The following lemma is well
known. See for example [42, Section 4.7], [51), Sections 3.1.3-3.2.2]. In any case, we sketch

the proof for the reader’s convenience.

Lemma 1.2. The graded subspace W of T(V') defined by W° =k, W1 =V, and

W= () Ve eReVe: (1.2.2)

i1+10=1—2

for alli > 2, is a graded subcoalgebra of T(V).

Proof. We will show that W is closed under the coproduct on T(V). We grade T(V') by
negated tensor degree so that the inclusion W — T(V) is a graded map. Let ¢ be a ho-
mogenous element in W. Since W~ and W? are equal to T(V)™' = V and T(V)? = k
respectively, it is trivial to show that A(c) C W ® W whenever |c| is 0, 1, or 2.

Let us assume |c¢| = —n < —3. For i,5 > 0, Let A;;(¢) denote the component of A(c) in
TV TV = (V) @ (V).

So we have A(c) = 37, Ayj(c), and A(c) € WRW if and only if each A(c)y; is in W' @W .

Since W™" is the intersection (|1.2.2)), we can write ¢ as a sum

c = E vll®"'®/Ulk71®7nlk®/vlk+2"'®vln
l
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for any k between 1 and n — 1, where the r;, € R. Now by letting k vary we see that
Aij(c) e W T(V) )N (T(V) " @ W),
One can verify that this final intersection is equal to W= @ W 7. [ |

Let us outline our identification £ = W*. Consider k(V*), the free algebra on the degree

1 space V*. We have the canonical algebra isomorphism

k(VE) = (T(V)”

(1.2.3)
fl ®...Q0 fn = (Ul D... Qv = (_1)n(n—1)/2f1(v1) ce fn(vn))

Here the f; are in V*, the v; are in V, the function f; ®...® f, will vanish off V®" and the
exponent n(n — 1)/2 = 37 | comes from commuting the degree —1 variables v; past the
degree 1 maps f;.

If we then compose the isomorphism ([1.2.3)) with the dual of the restriction W — T'(V)
we get an algebra map k(V*) — W*. One can verify that the kernel of this map is the ideal
(R*) and so we get an isomorphism E — W*. This isomorphism simply sends a monomial

fi... fnin E to the function
fiooifu W=k 1®...Q00v, — (—1)"("*1)/2]“1(1)1) o fu(vn).

Algebraically, one can see the isomorphism E — W* as the unique algebra map defined as
the identity on the generators E' = V* = (W~1)*. It is via this isomorphism that we identify
E with W* as a graded algebra.

Remark 1.3. The sign conventions we employ here make no difference in the presentation
of the Koszul dual, since we will simply replace each relation r produced via the unsigned
identification V* @ V* = (V' ® V)* with the negated relation under the signed identification

V*eV* =2 (V®V)*. The identity map on the generators V* will then provide an isomorphism
K(V*)/(RY) = k(V*)/(—=R").

The conventions do make a difference once we start considering differentials and curvature.
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1.2.8  (Augmented) filtered Koszul algebras

The class of algebras we will be interested are the following.

Definition 1.4 (Filtered Koszul algebras). A Zs(-filtered algebra B = U;>¢F; B such that

grB is Koszul is called a filtered Koszul algebra.

To distinguish between filtered Koszul and standard Koszul algebras we may refer to
standard Koszul algebras as graded Koszul. The class of filtered Koszul algebras includes
the class of graded Koszul algebras, since we can give any Koszul algebra the filtration
F,B=73"",B;. In this case grB = B.

Let B be a filtered Koszul algebra. Let £ denote the Koszul dual algebra Extg, s (k, k) of
grB. So we have grB = k(V)/(R) and E = k(V*)/(R*). Recall our identification of F with
the dual W* of the intersection coalgebra of Lemma [1.2] In particular, we have identified
E? with W*? = R* by sending a monomial f; f, in £? (where the f; € V*) to the function
DT @ri e = 30 filri) f2(r)

Suppose for the moment that B is augmented, i.e. has some fixed algebra map ¢ : B — k.
For example, we could consider B to be a universal enveloping algebra of a Lie algebra
g with the standard augmentation U(g) — k sending g to 0. This will provide splittings
A =k @ ker(e) and F1B = V @ k, and hence also provide an embedding V' — B. This
embedding then produces a second embedding V®V — B® B, and finally a third embedding

RCV®V —=+B®DB

of the relations for the associated graded ring grB into B ® B. We omit the proof of the

following lemma.

Lemma 1.5. Suppose B is filtered Koszul and augmented, as above. The restriction of the
multiplication p : B ® B — B on B to the subspace R C B ® B has image in the set of

generators V.. Whence we get a canonically defined map

plR:R—V. (1.2.4)
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If we take oy :== —p|R, then we get a presentation
B=KV)/(r+ ai(r))rer-

It is well known that the function V* = E! — R* = E? given by precomposing with ay,
f — fai, extends to a dg algebra structure d” on E, and that the homology of the resulting
dg algebra (E,dP) is the Ext algebra Ext(k, k). This result appears in Priddy’s original
work on Koszul resolutions |71, Theorem 4.3]. (See also [0, Proposition 2.2], [68, Section
5.4], and Proposition below.) In the case that B is the universal enveloping algebra of
a Lie algebra g, for example, the restriction (1.2.4]) is given by the Lie bracket and the dg
algebra (E,d?) is the Chevalley-Eilenberg dg algebra of g, (E,d”) = (A*g*, d})).

1.2.4 Nonaugmented filtered Koszul algebras and curved dg structures

The following is just a reiteration of the work of [70]. We take A filtered Koszul with
grB = k(V)/(R).

In the case of a nonaugmented filtered Koszul algebra A, we will have to choose some
section V' — I B of the sequence 0 -+ k — F1B — V — 0 in order to identify V with a
subspace in B. This will also provide a splitting F1B =V & k. We consider the choice of
section V. — F1 B to be implicit in the notion of a filtered Koszul ring. We have the following

weak analog of Lemma [1.5]

Lemma 1.6. Let B be filtered Koszul, but not necessarily augmented, and fiz some section
V. — F1B. Then restricting the multiplication on B to the subspace RCV ®V C B® B
produces a map

ulR: R— FiB=V &k. (1.2.5)

Take oy : R — V and ag : V — k to be the unique functions so that u|R = [—a; — ap]t.

Then we get a presentation

B =KV)/(r+ ai(r) + ao(r))rer- (1.2.6)
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One can see from the Lemmas and that B is augmented if and only if the section
V — F1B can be chosen so that ag = 0.

As in the previous subsection, we take E to be the algebra of extensions Exty p(k, k)
for the associated graded algebra grB, which we have assumed to be Koszul. The function
V* = E' — R* = E? given by precomposition with aq, f + faq, will again extend to a well
defined derivation d® on E [70, Proposition 2.2]. However, we will not be fortunate enough
to have that d” is square 0. Instead, d®d” will simply be inner. Whence we introduce the

notion of a curved dg (co)algebra, following [70].

Definition 1.7 (Curved dg (co)algebras). A curved dg algebra is a graded algebra A =

®iez Al along with a degree 1 graded derivation d4, and a degree 2 element c4 € A2, so that
d% = [ca,—] and da(ca) = 0.

(Here d% is the square d% = dada.) Dually, a curved dg coalgebra is a graded coalgebra
C = @iezC" along with a degree 1 coderivation d¢, and degree 2 function fo : C — k
satisfying

d% = (fc ®id —id ® fo)A and fede = 0.

We may denote a curved dg algebra (resp. coalgebra) as a triple (A, da, ca) (resp. (C,de, fc)).

The etymology here is actually coming from geometric curvature, as one can see from
[70, Example 4.1].

Note that the curvature element ¢4 in a curved dg algebra A is not uniquely determined
by d4 in general. Indeed, when A is graded commutative, any degree 2 element c4 € A? will
have [c4, —] = 0 and whence produce a curved dg algebra (A, 0, c4).

As with dg algebras and coalgebras, we have some standard constructions. Given a
curved dg algebra A and a curved dg coalgebra C' the set of graded maps Homy(C, A) =
D, ( [T; Homy(C", A”")) becomes a curved dg algebra under the convolution product, stan-
dard derivation d(¢) = d & — (—1)¥léde, and curvature

CHom = CA€c — lafc
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[69, Section 6.2]. In particular, the graded dual C* of any curved dg coalgebra becomes a
curved dg algebra with curvature element co« = —fo. The graded dual of any locally finite
curved dg algebra A becomes a curved dg coalgebra with the obvious coproduct, derivation
d(n) = —(=1)lnd,, and curvature function fs« = —ev.,. When C is locally finite, the
evaluation map ev : C' — C** provides an isomorphism of curved dg coalgebras between C'
and its double dual. Finally, the tensor product A ® A’ of curved dg algebras will again be
a curved dg algebra with daga = da ® 1da +idy ® da and caga = c4 @ 1+ 1R cqr.

Theoretically, curved dg structures arise as deformations of dg algebras. For example, a
cocycle in the second Hochschild cohomology of a dg algebra A will correspond to a curved
dg k[t]/(t?)-algebra, or more generally curved A, k[t]/(t?)-algebra, which reduces to A at
t=0.

Returning to our filtered Koszul algebra B = k(V)/(r + a1 (r) + ao(r)) of (1.2.6), we note
that ag defines a function R — k, and hence an element in £? = R*. Take c? = —ag. Recall
that the derivation d? was defined on the generators of E as the function B! = V* — E? =

R*, f — faq. In [70], Positselski proves the following

Proposition 1.8 ([70, Proposition 2.2]). Suppose B is filtered Koszul. The triple (Extgp(k, k), d?, c?)
defines a curved dg algebra structure on the algebra of extensions Extgp(k, k) of the Koszul

algebra grB.

Proof. The proof is the same as in [70], which essentially shows that the intersection coalgebra
W of Lemma is a curved dg coalgebra with dy |W ™! = a; and fir = ag. We only note
here that the sign on the curvature has changed due to the our signed identification with

W* (see Remark [1.3). |

It is this structure which we view as the Koszul dual of B. Here we could take B to be a
Weyl algebra or Clifford algebra. It is well known that Weyl algebras are simple, and hence

admit no augmentation.

Definition 1.9 (The Koszul dual). Let B be a filtered Koszul algebra. The curved dg algebra



46

(Extg5(k, k),dB, cP) described above will be called the Koszul dual curved dg algebra to B.
It will generally be denoted B' = (B',dgt, cp).

1.2.5 FEzample: The nth Weyl algebra

In the case of the nth Weyl algebra

0 0 0
Ank:k sy lny PN ’ 2_57,7
we have grA = k[xy, ..., x,, 8%1,...,%] and Extga(k, k) = k[A, ..., A\p, 61,...,60,]. In the

second algebra, the variables \; and 6; are the duals of the z; and % respectively. We con-
sider these functions to have homological degree 1, and the algebra k[Aq,..., Ay, 61, ...,0,] is
the free graded commutative algebra with these generators. (So the variables anti-commute.)

Recall our identification of Extg;r Ak k) = (V* @ V*) /Rt with R* is given by sending a
monomial fifo to the function Y . r; @ 15— — > fi(r;) f2(r}). So \if; gets identified with

the function R — k defined on basis elements by

T Rx —x; Qxk — 0

o) 0

/\10]' a_mc@xl_xl@%Hélldjk
9 Je] o) o)
8_rk®3_xz_6_m®8_m'_>0

Whence, in this case, the curvature element ¢*»*) = —aq in k[Ai,..., A\, 01,...,60,]% will be

the sum
cAnk) — Z Aib;.
i=1

The corresponding Koszul dual of A, (k) will be the curved dg algebra

(K[A1y -y Ay 01, 0,],0, A8,

1.2.6 FEzxzample: PBW deformations of skew polynomial rings

Take V = (x1,...,z,) and let kg[V] denote the skew polynomial ring

kolV] = k(x1, ..., xn) /(xj28 — qjrxrx;)
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for @) = [g;x] a multiplicatively skew symmetric matrix (g, = qlzjl) with ¢j; = 1. The Koszul

dual of the skew polynomial ring in the skew exterior algebra
EthQ[V](k7 k) = /\QV* = k<>\1a ) )\n>/()\k>\g + ij>\j)\k¢, )\?)

An augmented PBW deformation B of ko[V] will be given by some constants ¢! ¥ 5o that the

relations on our PBW deformation B will be given by
B =k(z1,...,x,)/(xjx) — qjrxrr; — Z AF ).

Thus see that oy : R — V will be the function z; ® x), — qjutr @ 5 — — >, ckal
Now, on the Koszul dual, the product A\;A; in (A,V*)? is identified with the function

T ® Ty — Q@ © T = —(N(Z0) A (@) — Qi (@) Nj(21)) = —600jm + GmbimIji,

i.e. the negated dual of the relations z;x; — ¢;;x;z,;. So

dg (X)) = Ny
= (2 ® @, — Gute © T3 = — 32, ¢ Ai(a))
= (2; @ 24 — gppar @ ) > —cl")
=2 j<k " N
So, in the final analysis, the differential dp: is given by the same constants as those defining

the map «q, and hence the relations on B. We will come back to this example in Section

1.3 Twisting cochains

We first give the definition in the non-curved setting, then address the curved situation
independently. The following definition is standard and can be found, for example, in Loday

and Vallette’s text [51].

Definition 1.10 (Twisting cochain). Let A be an augmented dg algebra, with augmentation
¢, and C be a coaugmented coalgebra, with coaugmentation u. A degree 1 linear map

m:C — Ais called a twisting cochain if
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i) There are containments u(k) C ker 7 and im(7) C kere.
ii) The map 7 satisfies the equation —(dsm + 7d¢o) + p(r @ 7)A = 0.

Condition i) is equivalent to the requirement that 7 factors C' — C'/u(k) — ker(e) — A.

In other sources, the formula in ii) may appears as
dam + mde + p(r @ m)A = 0.

One can mediate between the two perspectives by replacing m with —7. Assuming k is of
characteristic # 2, this alternate form of condition ii) is exactly the statement that 7 is a

solution to the Maurer-Cartan equation

d(m) + %[7?, 7] =0,

where [, ] denotes the graded commutator on the dg algebra Homy(C, A). We are using this

alternate formulation simply because it is the formula that arises naturally in our setting.

Remark 1.11. Despite the fact that the use of twisting cochains in noncommutative algebra
is something of a novelty, the idea is not at all new. Twisting cochains appear in works of

topologists dating back at least to the 1950’s (see [10), [7]).

Definition 1.12 (Twisted homs). Given a twisting cochain 7 : C' — A, we define the dg alge-
bra of twisted homs Hom[ (C, A) as the space of graded homs Hom} (C, A) = @;Hom/ (C, A)

along with convolution product * and differential

duomz(c,a)(f) =daf — (=D fde — (mx f— (=1)/1f x )
= diom, (c,4)(f) — [, f].
One can easily verify that Homj(C,A) is a in fact a dg algebra, or simply see [51],

Proposition 2.1.6]. We also have the analogous definition of the twisted homs Homp (C, M),
where M is a dg A-bimodule.
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Lemma/Definition 1.13. Suppose w: C' — A is a twisting cochain. There is a functor
(—)" : dg Homy (C, A)-bimodules — dg Homy (C, A)-bimodules.

This functor takes a dg bimodule (M,dy) to the bimodule (MT™,d%,) which is M as a
graded space, has the Homj (C, A)-action given by the algebra identification Homy(C, A) =
Homj (C, A), and differential df, := dy — [7,—]. For any ¢ : M — N we simply take

=

Proof. Take dy = dyom,(c,4) and d" = dHomg(q 4y For any m € M we have

(di)?(m) = di;(m) = dy([m,m]) — [, das(m)] + [, 7, m]
—[du(m), m] + [m, dy(m)] = [, dp (m)] + [, [, m] (1.3.1)
=ldu(m),m] + [m, [z, m]].

But

m| m[+1

(7, [r,m]] = m*m — ma* — (=1)™rmr — (=1) amm = [12,m)]

and 72 = dy () by the twisting cochain condition. So the final equation of vanishes
and we get that dj, is in fact a differential on M.

We need to check now that the equation df,(fm) = d™(f)m + (=1)V1fd5,(m) for f €
Homj (C, A) and m € M. But this is clear since df; = dy + [m, —] and dps and [7, —| satisfy

the equations

dyr(fm) = dg(f)m + (=) fdp(m) and [r, fm] =[x, flm 4+ (=) f[x,m].

One similarly verifies the equation for df,;(mf). Finally, one sees that for any ¢ : M — N,

@™ = ¢ is still a dg map since for any m € M

p(dir(m)) = @(da(m)) + @([r,m]) = du(p(m)) + [, o(m)] = dj,(p(m)).
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Lemma 1.14. Let 7 : C' — A be a twisting cochain. The tensor complex A® C ® A is a dg
Hom(C, A)-bimodule under the left and right actions

fla®c®b) = (=1)VlateaDg @ e @ fe)b

and

(@a@c@b)- fi=(=)FDaf(e)) @ e @0,
fora,be A, ce C.

Proof. The verification of this fact is a sequence of tedious but straightforward calculations.
We only check compatibility with the differential under the left action. Take f and a ® c® b

as above. Then we have

d(f-(a®c®Db))
=+4d(a)®@c1® f(e)bta®d(c) ® f(e)bta®c @d(f(c2))b+a®cr @ f(ca)d(D)
=24d(a)®c; ® f(e)bta®d(c1) ® f(e)bta® ey @ f(c2)d(b)
+a ® ¢; @ duom(f)(c2)b + (=1)IFFDal+eDHf g @ ¢ @ f(d(cs))b
where all the signs + are the appropriate Koszul signs, and all the d must be given the
appropriate subscript. Using the fact that d¢ is a coderivation, this final equation can then

be rewritten

(DM f - dagcwa(a ® c@b) + daom(f) - (a® c® b).
The verification of the formula

dascea((a®@c®b) - f)
= dspcor(a®c®@b) - f+ (_1)|f\(|a\+|0|+|bl)(a ®c®Db) - duom(f)

is similar. [ |

Definition 1.15 (Twisted tensor products). Given a twisting cochain 7 : C' — A, we define
the twisted tensor product A ®, C' ®, A as the value of the functor (=)™ on the bimodule
A®C ® A (with right and left actions as in described in Lemma [1.14)). In other words,

AR, CR, A=(ARCRA)"=(ARCQ® A, disgceoa — [T, —]).
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On elements, the differential on the twisted tensor product will be given by the formula

dAgceala ® c@ D)
= dagcea(a®c®@b) 4+ (—1)l+lg @ ¢ ® m(c)b
(= D)l B g e (1) @ ¢ @ b
= dagceala ® c®@b) + (—1)ldtllag @ ¢; @ (o) — (—1)1ar(c;) ® c; @ b.

So we can write the differential on the twisted product in the more conventional form
dA®C®A + (/,L(ZdA ® 7'(') ® ch ® ZdA — ZdA ® ch ® ,u(7r ® ld)) (ZdA ® A ® ZdA) .

The twisted tensor product A®,C®, A will always have a canonical dg A-bimodule structure
under the outer A-actions, and we will view the twisted tensor product as an object in dg
A-bimod in what follows.

As a basic example we can consider the bar dg coalgebra which, in the case that A is

concentrated in degree 0, appears as
PBA=- 2 ARARA > ARA—->A—-k—0
with differential given by dg|A = 0 and
dg| A®™ a1®...®anr—)Z(—l)ial®...®aiai+1®...®an.

In the case that A has nonvanishing differential we get BA = ®;>0(3A)®* with differential

Zi(_l)zlgi(m”_l)al ®...®a041 Q... a,

dz|A®" a1 @ ... @ a, —
—dpen(a1 @ ... ® ay).

(Here |a;| denotes the degree of a; in A.) We have the canonical twisting cochain univ :
PBA — A which is the identity on A C %A and 0 on all other powers A%*. The twisted tensor
products A ®uniy BA Quniv A will then recover the standard bar resolutions of [21], [17, 56] and
the twisted homs Hom}™" (%A, A) will recover the standard Hochschild cochain complex, for
example. More information on twisting cochains and twisted tensor products can be found

in 42| Section 4.3] and [51), Chapter 2.
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1.8.1 Tuwisting cochains in the curved/nonaugmented case

As we saw in Section if we would like to understand the Koszulity of a nonaugmented
algebra we will have to deal with curved dg (co)algebras. Here we follow [69, Section 6.2].

The reader may also refer to [65].

Definition 1.16 (Twisting cochains with curvature). A degree 1 linear map 7 : C' — A

from a curved dg coalgebra to a curved dg algebra is called a twisting cochain if the equation
(caec — lafc) — (dam + wde) + p(r @ T)A =0
holds.

Here, again, we differ from some other references by a sign. This discrepancy can be
alleviated if we replace m with —7. We will only be interested in the case in which A is a dg
algebra. In this setting we still get a twisted tensor products A ®, C ®, A. The differential

on this complex is, oddly enough, given by the same formula as in the non-curved setting:
dagosa + (pu(ida @ ™) Qide Ridg — idy ® ide @ p(r @ id)) (ida @ A ®idy).  (1.3.2)

As one can see from the above formula, the curvature disappears at this level, and the
awkward distinction between the augmented and non-augmented algebras becomes irrele-
vant. Indeed, for the remainder of the paper we will be able to provide a uniform analysis of
the augmented and non-augmented situations. We outline below the manner at which one

arrives at the above formula for the twisted tensor product in the curved situation.

Definition 1.17 (Curved bimodules). Given a curved dg algebra A = (A,da,ca), a A-
bimodule M is called a curved bimodule if M comes equipped with a grading M = @®;M*

and a degree 1 operation dj; satisfying
dyr(am) = da(a)m + (=1)%ady (m) and da(ma) = dy(m)a + (—1)™md 4 (a)

and d3; = [c4, —]. A morphism of curved bimodules is a graded A-bimodule map ¢ : M — N

which satisfies dyy = pdyy.



93

Lemma/Definition 1.18. For any twisting cochain ©: C' — A from a curved dg coalgebra

to a curved dg algebra the complex
Homyj (C, A) = (Homy(C, A), dgom — |7, —])
1s a dg algebra.

Proof. Take d™ = dyom — [7,—]. Since the sum of algebra derivations is again an algebra
derivation the operation d™ is an algebra derivation. We need only check that it is square 0.

For homogeneous g € Homy(C, A) we get

(d)?*(9) = diiom(9) — diom([7. 9]) — [T, duom(9)] + [7[7, g]]
= [cae. 9] — [Lafc, 9] — [dnom (), 9] + [7, driom (9)] — [, drrom (9)] + [72, 9]
= [ca€, 9] = [1afe, 9] = [duom(7), ] + [7%, ]
= [cae — 1afc — duom () + 72, g]
= O’

since 7 is a twisting cochain and therefore cae — 14 fo — dpom(7) + 72 = 0. [ |

Lemma /Definition 1.19. Given a twisting cochain ©: C — A from a curved dg coalgebra

to a curved dg algebra, we get a functor
(=)™ : curved Homy(C, A)-bimodules — dg Homy (C, A)-bimodules.

On objects, for a curved bimodule M we take M™ = M as a graded bimodule over Homj (C, A) =
Homy (C, A), and give M™ the differential df, := dy — [7,—]. Given ¢ : M — N we take

o= .

Recall that the natural curvature on the convolution algebra Homy(C, A) is the function

Cp€E — 1AfC-

Proof. Checking that d3, = 0 is formally similar to the computation given for Lemma m

The remainder of the proof is exactly the same as that of Lemma [1.13] [ |
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Lemma 1.20. For a (non-curved) dg algebra A and curved dg coalgebra C', the tensor com-

pler A® C® A is a curved bimodule over Homy(C, A) under the same actions as in Lemma

(.14,

Proof. Save for compatibility with the curvature, this is the same as Lemma [1.14. For

compatibility with the curvature we have

Pa®c®b) =a®di(c)®b
=a® folcr)ea®@b—a®cifo(c) @b
=a®c @ (=lafe(e))b—a(=1afe(c)) @ca®b
= [¢Hom, a ® ¢ ® b].

We then get the twisted tensor product, again, as the value of (—)™ on this bimodule
AR, CR, A=(ARCR®RA)"=(A®RCQ® A, disgcea — [T, —]).
The twisted tensor product will be taken to be a dg A-bimodule under the outer A-actions.
1.4 Koszul resolutions via twisting cochains

In this section we give a presentation of Koszul resolutions based on the work of Keller and
Lefévre-Hasegawa. The original presentation, in the case that A is graded Koszul, appears
in [42] Section 4.7] and [40].

For the section we fix B to be a filtered Koszul algebra and B' = (B',dp, cp) its Koszul
dual (curved) dg algebra of Proposition . Let grB = k(V)/(R) and B' = k(V*)/(R*) be
dual minimal presentations, and let {z;} and {\;} be dual bases for V" and V* respectively.
Recall the intersection coalgebra W =---® (RQ VNV @ R)® R®V & k of Section [1.2.2]

The following Lemma was essentially proved in [70].

Lemma 1.21. There is a natural curved dg structure on W given by fy = ag and dy |W 2 =

oy so that the identification B' = W* is one of curved dg algebras.
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In the statement of the above lemma we are using the fact that W2 = R. The definitions

of the «; are recalled in the first lines of the proof.

Proof. Recall from ((1.2.6) that we have presentations
grB = K(V)/(R) and B = k(V)/(r + as(r) + ao(r)ren:

after choosing some embedding V' — F1 B.

Let us suppose that such a curved dg coalgebra structure on W exists, i.e. one satisfying
fw = ag and dy|[W =2 = ;. Then the induced curved dg structure on the chain dual W*
will be given by
Wt f s —(=D)V fdw = fau

dW*

and ¢y« = —fir = —ap. Since dy- and d agree on the generators, they agree on all of
B' = W*. So B' = W* as a curved dg algebra. To see that a curved dg structure on W
satisfying the proposed conditions actually exists, one can verify that the graded coalgebra

isomorphism ev : W — W** = (B")* induces the proposed curved dg structure on W. |

Definition 1.22 (Koszul dual coalgebra). Given a filtered Koszul algebra B, with grB =
k(V)/(R), the Koszul dual (curved) dg coalgebra to A will be the, possibly curved, dg
coalgebra (W, dw, fw) of Lemma [1.21} We will often write simply W for (W, dw, fw).

Lemma /Definition 1.23 (The twisting cochain 7). Let B be filtered Koszul and W be its
Koszul dual (curved) dg coalgebra. Let m : W — B be the composition of the projection
W — W=t =V with the inclusion V. — B, v ~ v. The map © : C — B is a twisting

cochain.
Proof. We need to verify the formula
—fw — mdw + p(r @ m)A = 0.

It suffices to check that the above equation holds when evaluated at a homogeneous degree

—2 element in W, since the left hand side vanishes on elements of all other degrees. Recalling
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that W2 = R, we evaluate on a relation r = >, r; @ 1} to get

(= fw — mdw + p(r @ T)A)(r)

= —fw(r) = mdw(r) + p(r(r) @ 7(1) + 7(1) @ 7 (r) — 32, w(ri) @ 7(r;))
= —ao(r) = m(ou(r)) = X2 miri

= —apo(r) — a1(r) + a1 (r) + ao(r)

=0.

One can use [49, Proposition 2.2.4.1] to show that the twisted tensor product
B, Wx,B

provides a resolution for the regular bimodule g Bg. Alternatively, in the case where B is
graded Koszul the above resolution is easily seen to recover the standard Koszul resolution
[85, proof of Proposition 3.3|, [40, Section 4.7]. In general, one can employ the filtration
F(Bo.W®.B)= Y FBW@F,B
i1+in+iz=i
and an easy spectral sequence argument to see that H<°(B ®, W ®, B) = 0. The fact that
H°(B ®, W ®, B) = B is apparent.

Notation 1.24 (The Koszul resolution K). If B is filtered Koszul we write K = K(B) for
the bimodule resolution B ®, W ®, B of B.

1.5 A complex calculating HH®*(A, M)

For the remainder of the paper by a “twisting cochain” 7 : C' — A we will mean a twisting
cochain from a, possibly curved, dg coalgebra to a dg algebra. Recall that a morphism
@ : M — N of dg bimodules, over a dg algebra A, is a chain map which is also an A-
bimodule map (after forgetting the differential). Recall also our definition of the hom complex

Hom g pimoa (M, N) from Section and our definition

Homy (C, M) = (Homy(C, M), dgom — [7, —]).
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We often write simple Hom 4. for Hom 4_pimoq-

Proposition 1.25. Suppose w : C — A is a twisting cochain, and that M is any dg A-

bimodule. Then the restriction map
resty : Homye (A @, C @, A, M) — Homj (C, M)
s an isomorphism of chain complexes.

Proof. Take d to be the differential on Hom se (A ®, C ®, A, M) and d’ to be the differential
on Homj (C, M). We need to check the formula

d(f)IC = diton(fIC) = (1 % (|O) = (=1)VI(|C) * 7)

for any homogenous A®-linear map f : A®,C®, A — M. We proceed directly. Take ¢ € C.
Then

d(f)(c)
= duf(c) = (=) N(fdagcealc) + f(n(c) @ ca @ 1 — (1) N @ ¢; @ 7(cs))
= du f(c) = (=DM fdo(c) — (=) 7 (eg) f(eg) + (= 1) f(er)m(co)
= ditomy (. m) (fIC)(€) = (7 % f)(e) = (=DVI(f x7)(c))
= diomy(c,m) (f|C)(c) = [m, fl(c)
= d'(f|C)(c).
[

Note that restriction is natural in M. So we get a natural isomorphism rest : Homy (C, —) —

Hom e (A ®, C ®, A, —) of functors from dg bimodules to chain complexes.

Corollary 1.26. Suppose B is filtered Koszul and that W is its associated intersection
coalgebra, as in Section[1.2.3. Then we have H*(Hom[ (W, M)) = HH*(B, M).

Proof. This follows from the previous Proposition, and the fact that K = B ®, W ®, B is

the Koszul bimodule resolution of B in this case. [ |
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Let B be filtered Koszul with Koszul dual (curved) dg algebra B'. Recall our dual
presentations grB = k(V)/(R) and B' = k(V*)/(R*) and dual bases {z;} and {)\;} for V
and V* respectively.

Definition 1.27 (The identity element). For B and B' as above, we take e := Y. \; ® ;.
We call it the identity element in B' ® B

To see that e is invariant under change of basis we can note that e is the preimage of the
identity map under the canonical isomorphism V*®@V — Homy (V. V), f®z — (y — f(y)z).
(Whence the name “identity element”.) Alternatively, we can find e as the image of 1 € k

under the standard coevaluation map £ — V*®V that appears in studies of tensor categories.

Proposition 1.28. Let B be filtered Koszul, and M be any B-bimodule. Let W be the Koszul

dual coalgebra to B. Consider the graded k-linear isomorphism
v B'@ M — Hom[ (W, M) f@m s (c— f(c)m). (1.5.1)

1. When M = B, T is an isomorphism of dg algebras.

2. For arbitrary M, T induces the differential
dpom + e, =] fom e dp(f) @m+ e, f ®m]
on the graded space B' ® M.

Proof. We omit the subscript on 7 unless some distinction is needed. (1) Let f ®a and g®b

be elements in B' ® B. For any ¢ € W we have

1)IC1H9|f( 1)ag(cy)b

T(f®@a)xT(g@b)(c) = (=
= (=)t f(er)g(cz)ab
= (f

(1.5.2)
fg)(c)ab

(fg ® ab)(e).
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(2) For f € B, m € M we have

diton(T(f @m))(c) = —(=1)Vf(dc(c))m — [, 7(f)](c)
= dp(f)(c)m — [m, 7(f @ m)](c).
So
don (T(f @ m)) = T(dpen (f ©@m)) = =[x, 7(f @ m)]. (1.5.3)

Now, a computation completely analogous to (1.5.2) shows that for f ® a € B' ® A and
g®m € B'® M we have

TA(f ®a) (g ©@m) = T (fg ® am) and 7a(g @ m) x 7a(f © a) = 7(gf ® ma).
Since 74(e) = m, we have —[7,7(f ® m)|] = 7(—[e, f ® m]) and deduce from that

dion (7(f @ m)) = T(dpegn(f @m) = e, f @ m]).

Definition 1.29 (The functor B'®—). Let B be filtered Koszul. We define the functor
B'®— : B-bimod — k-complexes

to be the one sending a bimodule M to (B'® M, dgigy—[e, —]), and a bimodule map M AN
to idp ® ¢ : BQM — B'®N.

The maps 73 of the Proposition provide a natural isomorphism 7 : B'®— =
Homy (W, —). Recalling also the result of Proposition m gives then a triangle of natu-

ral isomorphisms

Homyj (W, —)
/ k
B' @ — ] = - Homp (K (B), —),

3!

The second portion of the following result provides a slight generalization of [85, Theorem

9.1] to allow for filtered, not just graded, Koszul algebras.
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Corollary 1.30. Given a filtered Koszul algebra B, and B bimodule M we have H*(B'@M) =
HH*(B,M). When M = B ® Bg then the H*(B'®(B®B)) = H*(B, B® B) as a bimodule.

Proof. The first statement is immediate. The second statement follows from the fact that
the natural isomorphisms 754 p and restggp will respect the bimodule structures induced by

the inner actions on B ® B. [ |

1.5.1 FEzxzample continued: PBW deformations of skew polynomaials

Take k = C. Consider kglzy, z2, z3] (from Subsection [1.2.6) with skewing constants go =

g23 = q31 = q for some g # 0. This algebra has a particular deformation

B, = k(xy, 29, x3) /(v — qujz; — T)),

where the indices {3, j, k} are taken to be cyclically ordered in the relations. In the case that
q = 1 this algebra is isomorphic to the universal enveloping algebra B; = U(sly) of the Lie
algebra sly, and when ¢ = —1 the algebra is isomorphic to the universal enveloping algebra
U(sl§) of the color Lie algebra sl§ [12) Section 5]. It was shown in [12] that the category of
finite dimensional representation of U(sl§) is semisimple, as is the case with U(sly). And so
we know a bit about its cohomology of B, at these points.

Let us suppose now that ¢ # 0, 1 (so B, # U(sl,)) and employ the isomorphic presentation
B, = k(x1, xa, x3) [ (wi7; — qujz; — (1 — q)xy),

where the {i,7,k} are cyclically ordered. The algebra B, has two specific 1-dimensional
representation py and p;, which are both k£ as a vector space with left actions x; - 1 = 0 and
x; -1 = 1 respectively. We also have the one dimensional bimodule p;g = Homy(po, p1) which
is k as a vector space with left and right actions x; - 1 =1 and 1 - x; = 0 respectively.

Recall that we have an isomorphism Extp, (po,p1) = HH®(By, pio) [88, Lemma 9.1.9].
Recall also that B' is the dg algebra Ao (A1s Ar, Az) with differential

dpt : i = (1 — q@)A\jAg, where {i, 7, k} is cyclically ordered
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(see Section|1.2.6). This algebra is concentrated in degrees 0 to 3, and dim(B")°? = dim(B')3 =
1 while dim(B')! = dim(B")? = 3.

One can check d3, = d% = 0. So, according to Corollary [1.30] we can calculate
Extp,(po,p1) as the homology of the complex B' ® p1o with differential

Plel) =- M@ 1-\1 1)
=—(M®1+001+A01)
d'N®1) =dp(M)R1T-M\01 -\ ®1
=1 - @1+ @1 -\ ®1
PN ©1) = M\, @1,

where again {7, j, k} is taken to be cyclically ordered. The map d° is injective while the map
d? is surjective. So, Ext}gq(k‘, k) = Ext%q(k:, k) = 0 if and only if the map d' is rank 2.
In the ordered bases {1, A2, A3} and {AaA3, A3A1, Ay Ao} the differential d* is given by the
matrix
1-q) ¢ —1
di=1 -1 (1-q9 ¢
q -1 (1-gq
This matrix is of rank 1 or 2, and is rank 2 if and only if ¢ solves the equation ¢> —q¢+1 = 0,

i.e. if and only if ¢ = e*™/3. So
Extgq (po, p1) = k when ¢ = e*™/3 and Ext}gq (po,p1) = 0 otherwise.

Whence we conclude that there exists some non-split extension 0 — p; — M — py — 0

exactly when ¢ = e*7/3,

1.6 The cup product on HH*(A)

For any twisting cochain 7 : C' — A from a curved dg coalgebra to a dg algebra, we have a

canonical map

£ AR, C®, A=A a®c®b— abec(c)
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of dg bimodules. Indeed, we have

e(dla®@c®b))

da(a)be(c) + (=Dl ad, (b)e(c) + (=1)llabe(de(c))
+(=D)llar(cy)e(cr)b — (—1)1¥letlge(c ) m(co)b
da(a)be(c) + (=1)"*lad(b)e(c)
(—=Dllarn(cie(c))b — (=)l Helarn(e(cy)ey)b.

+

Recalling that €(c) = 0 whenever |¢| # 0 and ¢ = €(c1)ca = ¢1€(c2), the final equation reduces

to
da(a)be(c) + (—D)ad s (b)e(c) + (=1)1an(c)b — (=1)lelar(c)b
= d(ab)e(c)
= da(abe(c)) = da(e(a®@ c®D)).
Recall that a coalgebra C' is called connected if it has a unique one dimensional simple
subcoalgebra Cy = k [62 Definition 5.1.5]. We say a curved dg algebra C' = (C,dc¢, fc) is
connected, or “cocomplete”, if it is connected as a coalgebra and d¢|Cy C Cy. Compatibility

of d¢ with the counit implies d|Cy = 0. In this case the standard coradical filtration
(F,C = ker(C 2% %" 5 (C/Cy)®™ )

will also satisty do(F,,C') C F,,C. The following definition is standard [49, Definitions 2.2.1.1],
[69, Section 6.5], [42), Section 4.6].

Definition 1.31 (Acyclic twisting cochains). A twisting cochain 7 : C' — A is called admis-
sible if C' is a connected curved dg coalgebra and 7|Cy = 0. A twisting cochain 7 : C' — A

is called acyclic if 7 is admissible and the dg A-bimodule map
AR, CR,, A=A
is a quasi-isomorphism.

Our main example of an acyclic twisting cochain will be the canonical twisting cochain

m: W — B of Lemma [1.23] which is associated to any filtered Koszul algebra B. In this
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case the map ¢ : K = B®, W ®, B — B simply projects on to the degree 0 component
K® = B ® B then multiplies B ® B — B. That is to say, ¢ is the usual quasi-isomorphism

K — B giving K the structure of a free bimodule resolution of B.

Theorem 1.32. Let m : C — A be any twisting cochain and toke K = A®, C ®, A. The
map [ : Homj (C, A) — Home (K, K) defined by

f=(a®@c@b (—D)HllalHeDg @ ¢ @ f(c2)b) (1.6.1)

is a map of dg algebras. Furthermore, if m is acyclic then the map | is a quasi-isomorphism

and we have an identification of graded rings HH®*(A) = H*(Homj (C, A)).

We prove the second portion of the theorem in Section (where the Hochschild coho-
mology is formally defined for general dg algebras). Here we only give the complete proof in
the case that A is concentrated in degree 0 and C'is bounded above, which may be sufficient
for ring theorists. After establishing the necessary background, the proof for dg algebras will

be exactly the same.

(Partial) proof. Take K = A ®, C ®, A. Note that for any dg algebra IT and any left dg
module M the formula dy(om) = dy(o)m + (=1)I?lody(m), for any o € I and m € M,
is exactly the statement that the left multiplication map Iy : IT — Homy (M, M) is a chain
map. Associativity of the action tells us that the left multiplication map is also an algebra,

and hence dg algebra, map. Therefore we get a dg algebra map
lHomg : HOIHZ(C, A) — Homk(K, K)

given by the formula ((1.6.1)), since K = A®, C®, A= (A® C® A)" is a left Homy (C, A)-
module under the action given in Lemmas and [1.20l We simply note that each map
Iitom7 (f) is left and right A-linear to see that the image of lpomy lay in the dg subalgebra
Hom e (K, K) C Homy (K, K). This produces [ as the dg algebra map given by restricting

the codomain of IHomy -
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In the case that m is acyclic, C' is bounded above, and A is concentrated in degree 0,
the complex K provides a free bimodule resolution of A. Whence the functor Hom 4 (K, —)

preserves quasi-isomorphisms. In particular, the map

£« : Homge (K, K) — Homye (K, A) = Homp(C, A)

rest

will be a quasi-isomorphism. (Recall that the restriction map is a chain isomorphism,
by Proposition [1.25]) Since €(c1)f(c2) = f(e(er)ea) = f(c) for each ¢ € C' we see that
€xl = idgomy(c,4). Since €, is a quasi-isomorphism this then implies that [ is also a quasi-

isomorphism. [ |

Corollary 1.33. Suppose B is filtered Koszul, W and B' are its Koszul dual (curved) dg
coalgebra and algebra respectively, and m : W — B s the canonical twisting cochain of

Lemma |1.25. Then we have identifications of graded algebras
HH*®*(B) = H*(Hom[ (W, B))

and

HH*(B) = H*(B'®B) = H*((B'® B,dpigp — [e, —])),

where e is the identity element of Definition |1.27.

Proof. As noted above, in this case 7 will be acyclic and K = B®, W ®, B will be bounded
above and free. So Theorem tells us that the map

H*(1) : H*(Hom[ (W, B)) = H*(Endp.(K)) = HH*(B)

is an isomorphism of graded algebras. The second statement follows from the fact that

Hom{ (W, B) is isomorphic to B'®B as a dg algebra by Lemma m [

We remark that the above corollary enjoys some flexibility. For example, if we consider

any (Ore) localization BS™! of B, according to some Ore set S. In this case the map
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W — BS~! given by the composite W = B — BS~! is still an acyclic twisting cochain. So
we get

HH*(BS™) = H*((B'® BS™ dpaps— — [e,-])).
We leave the details to the curious reader.

Remark 1.34. Let C*(A) = Hom}™ (%A, A) denote the Hochschild cochain complex for A.
Theorem can alternately be proved by showing that the quasi-isomorphism C*(A) —
Hom 4e (K, A) dual to the canonical embedding of K into the bar resolution for A (see [T1],
Proposition 3.9]) maps the cup product of elements in C*(A) to the convolution product of
their images. This will be a more appropriate proof if one wishes to address the cup product

on Hochschild cohomology with coefficients in some ring extension A’ of A.

Remark 1.35. Tt seems as though the most readily generalizable result is the identification
HH*(A) = H*(Homj(C, A)).

For example, if one is interested in moving away from the (graded) Koszul case to the general
case of connected graded algebras, we should replace the Koszul dual algebra B' with the
Koszul dual A..-algebra (see [53]). Taking the dual B' will give an A..-coalgebra W which
will be connected to B via an A,-twisting cochain 7 : W — B (similar to the [42 Section
4.4]). Tt may then be the case that we still have that the cohomology of the twisted homs
Homyj (W, B) is the Hochschild cohomology (A-)algebra. This is also the easiest statement
to interpret and generalize if one wishes to work over a noncommutative separable base as

opposed to a field. This would allow us to address, for example, Koszul path algebras.

1.7 A Remark on A -Structures

Definition 1.36 (A-algebra). An A .-algebra is a graded space IT = @;II° equipped with
operations

my : 119" — 11,
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for all n > 1, of respective degrees 2 — n, satisfying the equations

0= > Myo1(id® @ m, ®id®)

rstt=n
for all n > 0.

Some introductory notes on Ay-algebras can be found in [39] 42, 53]. We refer the reader
to these articles for basic results and detailed references. Some applications and calculations
of A,.-structures appear in [45] 54, [55].

A standard fact, due to Kadeishvili, states that the homology of any dg algebra has a
unique A,-structure (up to non-unique isomorphism). Therefore any Ext algebra Ext 4 (M, M),
for any algebra A and A-module M, has an A.-structure. This follows from the fact that,
if we let P be a projective resolution of M, we have Exts(M, M) = H*(Homu (P, P)). The
Aoo-structure on Ext(M, M) is independent of our choice of resolution P. Furthermore, it
lifts the algebra structure on Ext 4 (M, M) in the sense that ms is simply the Yoneda product.
Another standard fact is that a quasi-isomorphism of dg algebras induces an isomorphism
of A..-algebras on their homologies.

In the Section [1.8 we will extend to above sequence of claims—which apriori only hold for
non-dg algebras and modules-to the dg setting. We also prove the following stronger version
of Theorem [1.32] Or more precisely, we explain that the completed proof of Theorem [1.32

already verifies the following

Theorem 1.37. If 7 : C — A is an acyclic twisting cochain then we have an identification
of Ax-algebras HH®*(A) = H*(Homj (C, A)). In particular, if 1 : W — B is the canonical
acyclic twisting cochain associated to a filtered Koszul algebra then the identification
HH*(B) = H*(Hom{ (W, B)) = H*(B' ® B, dpgp — [¢,~])
1s one of As-algebras.
In the non-dg instance, the above theorem immediately follows from the fact that we

have the quasi-isomorphism of dg algebras Homy (C, A) — Homye (K, K) and HH*(A) =
H*(Homye (K, K)) as an A.-algebra.
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1.8 Hochschild cohomology of dg algebras and the complete proof of Theorem
1.32

Here we give an an overview of some of the definitions and results from Barthel, May, and
Riehl’s paper [5], and complete the proof of Theorem [1.32] The paper [5] is concerned with
analyzing a number of model structures on categories of dg modules. We will, however, avoid
discussing model categories at length. For the moment, let us only say that since we are
over a field, the (unbounded) derived category of k is equal to the (unbounded) homotopy
category of k. This implies that the g-model structure and r-model structure from [5] are
actually the same. So we can use the authors results for the r-model structure to address

the standard derived category of a dg algebra II,
D(IT) = Ho(dg TI-mod) = dg IT-mod[Quasi-isom ™).

We would also like to advertise this recent paper [5] as complementary to Keller’s standard
reference on derived categories in the dg setting [38]. We fix some dg algebra II for the

moment.

Definition 1.38 (Semi-projective dg modules). A dg II-module M is called semi-projective
(g-semi-projective in [5]) if M is projective as a II-module, after forgetting the differential,

and the hom complex Homy (M, N) is acyclic whenever N is acyclic.

Since the construction of the mapping cone commutes with the hom complex functor,
we see that M is semi-projective if and only if it is projective as a (non-dg) II-module and
Homp (M, —) preserves quasi-isomorphism. So, in this case, Homp (M, —) induces a functor
on the localizations D(II) — D(k).

As one might guess, if we would like to derive the functor Homp (M, —), for some possibly
non-semi-projective dg module M, we should take a semi-projective approximation M = M
(defined explicitly below) and take RHomy (M, —) := Homy (M, —). Indeed, in the model
structure on IT-mod given in [5] the semi-projective modules are the fibrant/cofibrant objects

[5, Theorem 9.10]. So this construction of the derived functor agrees with the usual model

theoretic construction. We will return to this point below.
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Definition 1.39 (Split filtrations). A split filtration of a dg [I-module M is a filtration
M = U;F;M with each F;M a dg submodule, 1M = 0, and each quotient F;M/F; 1M

isomorphic to a dg bimodule of the form Il ® E for some k-complex F.
We are principally interested in the following

Proposition 1.40 ([5, Propositions 9.19]). Let M be a dg II-module. If M admits a split-

filtration then M 1is semi-projective.

Proof. Since any acyclic k-complex is contractible, and any complex over k is projective over
k, we see that the notions of r-semi-projectivity and g-semi-projectivity, in the sense of [5],
agree. The statement now follows directly from [5, Propositions 9.19], which states that if

M has a split filtration then M is r-semi-projective. [ |
We now turn our attention back to bimodules over a dg algebra A, in which case IT = A°.

Proposition 1.41. If 7 : C' — A is an admissible twisting cochain then the dg bimodule

A®, C®,; A is semi-projective over A°€.

This result was inspired by [5, Proposition 10.18], which initiated my interest in the paper

[5]. The proof is also rather similar.
Proof. We filter by the coradical filtration on C. More specifically, we take
F,=F(A®,C®,A) =A F,C® A.

Since the differential on C'is filtered, as is the comultiplication, the differential on the twisted

tensor complex does respect this filtration. In fact, from the formula

daw, 00,4 = dagowa — [T, —]
= dagoea + (Wlida @ m) @ ide @ idy — ids ® ide @ p(r ® id)) (ida @ A @ ida)
for the differential on the twisted tensor product, and the fact that w|Cy = 0, we see that

the portion |7, —| of the differential vanishes in the associated graded complex. So we have

Fi/Fi 1 =2 AR (FC/F1C)® A
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as an A-bimodule, where the differential is the product differential. Whence, by Proposition
the complex is semi-projective. [ |

We will call a map p : M — M of dg II-modules a semi-projective approximation of M
if M is semi-projective and p is a surjective quasi-isomorphism. This notions correspond p

being an acyclic fibration.

Lemma 1.42. Let 7w : C — A be a twisting cochain. If 7 is acyclic thene : AR, C®, A — A

18 a semi-projective approximation.

Proof. In light of the previous Proposition, we need only show that the map ¢ is surjective.

However, this is clear since we have the k-section
A2 ARAZARCIRA - ARCRA, a—a®1®1.
[ |

There is now an obvious definition of the Hochschild cohomology, at least from the

perspective of homological algebra and derived functors.

Definition 1.43 (Hochschild cohomology of a dg algebra). Let A be a dg algebra. We define
the Hochschild cohomology HH*®(A) as the cohomology of the hom complex Hom 4e (121, fl),

where A — A is a semi-projective approximation of A over A°.

Obviously each of these hom complexes End 4. (A) will be a dg algebra. So the Hochschild
cohomology still admits a natural product. This graded ring structure is well defined and
independent of choice of resolution. Further, we also find that the A.-structure is well
defined (up to isomorphism). In fact, the A,.-structures on extension rings are well defined

in general.

Proposition 1.44. Let Il be a dg algebra and suppose X — M and Y — M are semi-
projective approximations of a dg module M. Then there is a dg algebra & which admits a
dg algebra quasi-isomorphisms Endp(X) — 2 and Endp(Y) — 2 so that H*(Endp(X)) =
H*(Endp(Y)) as Ax-algebras.
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Proof. We construct & and a quasi-isomorphism Endp(X) — 2. Take Q = X @ Y. Take
any lift [ : Y — X of the map Y — M and let f : Q — X be the coproduct map f = [l idx].
Let K be a cofibrant (semi-projective) approximation of the kernel of the composite map
Q — X — M, and let 7 denote the map K — Q.

Now, since fi : K — X is a chain map which is in the kernel of the induced map
Homp (K, X) — Homp (K, M), and the induced map on homs is a quasi-isomorphisms, we
conclude that fi is a coboundary in Homp (K, X). That is to say, there is some degree zero
o: YK — X with dxo — odsk = fi. Now if we take the map F' : cone(i) — X to be the
coproduct map F' = [0 f] we find that I is a chain map with F|Q = f and F|X = idy.
Whence X is a summand on cone(i) with the split inclusion incl : X — cone(i) given by the

composite X — ) — cone(7). Furthermore, we have a diagram

X cone(7) (1.8.1)

N
M
By basic homological algebra the map cone(:) — M is a (surjective) quasi-isomorphism
so that cone(i) — M is a cofibrant approximation. It follows from the diagram then
that the inclusion X — cone(7) is a quasi-isomorphism, as is F' : cone(i) — X. Since quasi-

isomorphisms of fibrant/cofibrant objects are homotopy equivalences, we also understand

that incl and F' are homotopy equivalences. Whence the map
Endp(X) — Endp(cone(i)), ¢ +— inclpF

is a quasi-isomorphism which also happens to be a dg algebra map. So we can take ¥ =
Endy(cone(7)) and we are done.

The same argument will also produce a map Endp(Y) — 2. One should note however
that there is some strangeness to consider since the original map Y — M and the composite
Y - Q — X — M will be homotopy equivalent but not necessarily equal. This will cause
the diagram to only be homotopy commutative, rather than commutative—a point

which is irrelevant to the argument. |
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We now complete the proof of Theorem [1.32] This theorem, along with Lemma [1.42) and
Proposition will verify that when 7 : C' — A is acyclic we have H*(Homj(C, A)) =
HH*(A) as A-algebras.

Completed proof of Theorem[1.34 By Lemma [1.42) ¢ : K — A will be a semi-projective

approximation of A. Thus the induced map
g, : Homae (K, K) — Home (K, A) =2 Homp (C, A)

will be a quasi-isomorphism, and we can simply repeat the latter half of the proof of Theorem

to get the desired result. [ |

In closing, let us say a few words about the Hochschild cohomology of a dg algebra.
For any dg algebra A we will always have the bar dg coalgebra #8A and universal twisting
cochain univ : ZA — A. We then get the standard map

[ %CLTA = A ®univ %A ®univ A — A7

which is a quasi-isomorphism since the mapping cone has a canonical contracting homotopy.

Then we get, by Theorem [1.32, that
HH*(A) = H*(Hom}™ (%A, A)).

But Hom}™ (%A, A) is the standard Hochschild cochain complex. So our derived functor
version of the Hochschild cohomology is the same as the deformation theoretic Hochschild
cohomology. In particular, Y H H*(A) admits a graded Lie structure under which the solu-
tions to the Maurer-Cartan equation correspond to infinitesimal deformations of A (see, for

example, [46, Section 6.3]).
1.9 Example: the Heisenberg Lie algebra

Suppose k is characteristic 0. Let U = U(h) be the universal enveloping algebra of the
Heisenberg Lie algebra h. Explicitly, b is the 3 dimensional Lie algebra h = (1, g, x3) with
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x3 = [r1, 5] and [v1, 23] = [x2,23] = 0. The dg algebra dual to U is the exterior algebra
B' = A{\1, A2, A3), where the element )\; is dual to z;. The differential on B' sends A3 to
A1 A2 and all other monomials to 0.

It is appropriate to mention, before beginning, that the Hochschild homology of U(h) is
calculated in Nuss’ thesis [66, Theorem 3.2, pg. 48], as a vector space. One can then use
Van den Bergh’s duality [87] to deduce the vector space structure on Hochschild cohomology.
The presentation by Nuss does not look especially similar to the one given here, particularly
in degrees 1 and 2. However, the two presentations of HH*®(U) are abstractly isomorphic,
simply because they are both of countable dimension in each degree.

In the five subsections below we demonstrate, in detail, the six points of the following

theorem.

Theorem 1.45. Let h = (x1,x9,23) denote the Heisenberq Lie algebra and U = U(h)
denote its universal enveloping algebra. Take Z = k[x3]. We have the following description

of HH*(U):
1. HHO(U) = Z.

2. HHY(U) is the direct sum FH' ® TH' of a free, infinitely generated, Z-module and
free, infinitely generated, Z/(x3)-module.

3. HH?*(U) is a free, infinitely generated Z /(x2)-module.
4. HH3(U) = MAad3 @ U/(x3), i-e. is an infinitely generated Z /(x3)-module.
5. The cup product HH*(U) @ HH*(U) — HH*(U) has image x3 - HH*(U).

6. The cup product HH'(U) @ HH?*(U) — HH?3(U) is surjective.

Note that points (2), (3) and (5) together imply that HH*(U) is infinitely generated as

a Z-algebra with an infinite number of generators in degrees 1 and 2.
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Of course, our statement that a Z-module is a free Z/(2%)-module it to say that it is

annihilated by x4 and free after we mod out by the annihilator. The details are given below.

1.9.1 The dg algebra U'QU and HH®(U)

Since it will simplify our presentation, we simply give the center HH°(U) here, before we
begin our computations. The proof is omitted, although it can easily be verified, especially

from the presentation of d° given below.

Lemma /Definition 1.46. The center of U, which we denote by Z, is the polynomial ring
k|z3). We have HH*(U) = Z.

Note that [z, —] is a derivation on U with [z1,2;] = d;2ws. Similarly, [ze, ;] = —dj023
and [x3, —] = 0, since x5 is central. Indeed, for a monomial a = ' z5225* we have

(21, a] = nga P 2> 1283t whenever ny > 0

and
[ ] _ ni—1,_.n2 _ n3+1 h > 0
Tg,a]l = —npax™ T xy?ay® T whenever ng .
So, under the vector space isomorphism U = k[z1,xq, z3] the operations [z1, —| and [z, —]

can be written as the differential operators x30, and —x30; respectively. As far as computing
the homology as a Z-module, we identify U with the simultaneous h-representation and Z-
module (or simply Z®h-representation) k[, xq, x3] where h acts by the prescribed operators.

Observe that U = k[z1, x9, 3] is free over Z with basis given by monomials in z; and 5.
Whence U'®U is seen to have a Z-basis of monomials {A\M ® 2V}, for M = (my, mq, m3)
and N = (ny,ny) and A @ 2V = \[UAJ2A\"° @ 2ol

The dg algebra U'®U calculating HH*(U) is the tensor algebra

AL A2, 23) @ U = U (A1 do, As) @ U PN )i @ UEP(Mdods) @ U.
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The differential is specified on the Z-basis A\M ®@ 2V by

@) == @i — N @aNa)
= -\ ® [11, 2] — Ay ® [0, 2V] — A3 @ [w3, 2
1 @ [21,27] = A @ [12,27] — A3 @[3, 2] (1.9.1)
=\ @ [21,2"] = Ay ® [, 2]
= —>\1 & J]gag(JZN) + )\2 & Ig@l(l’N).
in degree 0,
dl()\l & J'N) = —)\2)\1 X [.CL'Q,Z’N] — )\3)\1 X [333,.%‘N]
= —)\1)\2®.§C381($N)
AN @zY) = M ® [x, 2V
Pe®a") e ® o, 7] (1.9.2)

=~ @ 2305 (™)
A A3 @2Y) =M @2 — A3 @ [21, 2] — o3 ® [0, 2]
=M @ 2N + X3 @ 2301 (V) + A3\ @ 2305 (aY)
in degree 1, and
MA@ 2N) =0
d* (M3 @ V) = A Ao )3 @ 2305 (™) (1.9.3)
(MA@ V) = =AM A As ® 2301 ()

in degree 2.

1.9.2  Calculating HH(U)

In calculating the degree 1 boundaries it will be helpful to have some notation.

Notation 1.47. For a polynomial a in U, which we are identifying with k[z1,xe, z3], we
let ﬁ a denote the antiderivitive of a with respect to x; with 0 constant term. For example

3,5 1,36

Lemma 1.48. An element £ = \; @ a1 + Xy ® ay + A3 @ ag is in B if and only if

1. a3:0
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2. x3 divides ay and as

3. f2a1—f1a2:0.

Proof. From ((1.9.1)) it is clear that these conditions are necessary in order for £ to be a

boundary, and when they are satisfied we will have £ = d°([| as/x3). |

Lemma 1.49. Any degree 1 cycle is as sum of the following types of elements:

Type 1) M1 ® a, where a € Zk[z,].
Type 2) Ao ® a, where a € Zk[zy].
Type 3) A\ & fl a— Ay ® f2 a, where a € kl[xq,xs).
Type 3.5) A\ @ x3 fl a— Xy @ x3 f2 a, where a € Zk|xy, x5].

Type 4) M\ ® fr1+ A3 ® frs, where f € Z.

Proof. First, note that each of these elements is a cycle. Now, let £ = A\] ® by + Ay ® by +
A3 ® bz be a cycle. Since applying the differential then composing with the projection onto
A3A @ U @ A3 ® U yields the element

)\3)\1 & ZL‘382(b3) + )\2)\3 & 1'361 (bg)

we conclude that 0y(bs) = 01(bs) = 0. That is to say, b3 is in Z. So, by subtracting an
element of type 4 we may assume £ = A\; ® by + Ay ® by + A3 ® 9, where § is a unit or 0.
Since the image of A\ ® by + Ay ® by will be divisible by z3, we conclude that § must also
be divisible by z3 in order for this element to be a cycle, and hence § = 0. So we may take
E=M ®b; + Ay ® bs.

By further subtracting elements of types 1 and 2 we may assume b is divisible by x; and

b, is divisible by x5. So

/

E=A® (Z ﬁ)h — A ® (Z (jczi_jl))x%

1,j>0 ,j>0
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where the a;; and a;; are of homogenous degree i with respect to z; and j with respect to

To, and
d(§) = —AA® 1’3(2 ajj — Za;j>'

Since U is torsion free over Z, we must have ) a;; = Y aj; = a for some polynomial a.

Hence
_ Qij a; _
f—)\1®(z <Z+1))l’1—)\2®(z (]+1))x2)\1®/1a—)\2®/2a
ij ij
So £ is the sum of elements of types 3 and 3.5. [ |

Proposition 1.50. We have HH'(U) = FH' ® TH' where FH' is the free Z-module with

generators

{)\1 ® ZE;Q,)\Q &® 3371”, ML — A3 Q@31 > 0}, (1.9.4)

and TH?" is the torsion Z-module with annihilator (x3) and generators

N+(1,0) L N+(0.1)

—A
n1+1 2®n2+1

Xz

{M®

: N = (n1,n2), n; > 0}. (1.9.5)

Let us remark here that we can substitute the generator Ay ® x5 — A3 ®x3 for our generator

A ® 1 — A3 ® x3 to get the same result.

Proof. First note that, from the description of Z' given in Lemma and the fact that
(U'®U)! is a free Z-module on our given basis, the submodule of cycles Z' is free on the

basis

{>\1®I;2,)\2®$?1,/\1®$1—)\3®I3ITLZ'ZO}

I
N+(1,0) N+(0,1)
{n® xn1+1 —A® xn2+1 : N = (n1,n2), n; > 0}.

From the description of B? above it then becomes clear that we have a surjective map

HH'=7'/B' — FH' ® TH!, and one similarly constructs a map backwards. [
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1.9.3 Calculating HH*(U) and HH?*(U)

Lemma 1.51. Any degree 2 boundary is a Z-linear combination of the following types of

elements:
Type 1) MAe ® x3a, where a € klxy, z2].
Type 2) M ® 1.

Type 2.5) M)Ay ® 2N 4+ Mg @ nyaszN 0 4 A\ @ noxszN OV where M is taken to be zero
when an entry in M = (my,ms) is negative, and we only consider N = (ny,ny) with

ny + ny > 0.

Proof. For i = 1,2 and a € k[zy, 2], d(\; ® a) is an element of type 1, and d(A\3 ® a) is a
sum of elements of types 2 and 2.5. Furthermore, each of these elements are boundaries as

we have

d(—)\l X fl CL) = )\1)\2 X T3
d()\g ® 1) - )\1)\2 ® 1
d(/\g X .TN) = /\1)\2 X LL’N + )\2)\3 X nll’gIN_(l’O) + )\3)\1 X n2I3$N_(0’1).

Lemma 1.52. A degree 2 cycle is a Z-linear combination of the following types of elements:
Type 1) M2 @ a, where a € klxy, z3].
Type 2) A3 @ 2, n > 0.
Type 3) Ash @z, n > 0.

Type 4) A3 ® f2 a+ A\ ® f1 a, where a € k[xy,xs].
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Proof. For any cycle £, by subtracting a Z-linear combination of elements of types 1, 2, and

3 we may assume

§=MA3®as+ A3\ @ ay

with as divisible by x5 and ay divisible by z;. Whence

d(f) = d()\g)\g & CLQ) + d()\g)\l & CLl)
= )\1)\2)\3 X .%’382((12) — )\1)\2)\3 X .1’361 (al)
= wg()\l/\2>\3 &® 82(612) — 81(a1)).

Since U is torsion free over Z this implies 0s(ag) = 01(a1) = a and a1 = f2 a and ay = fl

since we already know a; and a, have vanishing constant terms. [ |
It will be helpful to have the following Lemma in deducing the degree 2 cohomology.
Lemma 1.53. The second homology HH?*(U) is annihilated by x3.

Proof. We simply check that each of the generators, given in Lemma [1.52| is annihilated by
z3. A cycle of type 1 becomes a boundary of type 1 after multiplying by z3, and hence is
annihilated on cohomology. A cycle of type 2 multiplied by 2 is of the form

A3 @ zia?

= A3 ® xgal((nﬂ)xga:?ﬂ)

= A3 ® xgé?l((nH)

=M ® xgal((n+1)x3x7ll+1) + A3A1 @ now30s (w3 ™)

=(MA® e} —wsr i+ Mads ® 2301 (s

2327 4 AsA1 ® nawsOy(wsalt!)

l’gl’l ) + )\3)\1 ® n2x382( I3$?+1))

(n+1) (n+1)

n+1
A ® n+1$3$1 )
which is a sum of boundaries, and hence is zero in cohomology. Similarly, we see that

elements of type 3 and type 4 are also annihilated by 3. |

Note that from our Z-basis for (U'®@U)?, the elements of types 1-4 above are all Z-linearly

independent, and so we can produce an easy basis for Z? from Lemma [1.52}
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Proposition 1.54. The second Hochschild cohomology HH?*(U) is the free Z/(x3)-module
TH? with basis
N4+(0,1) N+(1,0)

+ MM Q ——h N
3A1 (n1+1)}l, N

T

Ao D VY LD V) V- J—
{AAs @ 2], AsA ® xh, 23®(n2—|—1)

Proof. By the previous lemma, we have the obvious Z-module map f : TH*> — HH?*(U),
sending the basis elements to their corresponding generators of types 2, 3, and 4. The

generators of type 1 are in the image of this map since we have the boundaries
)\1)\2 ®a+ )\2)\3 ® l‘gal(a) + )\3)\1 ® l'gag(a),

and A\ Ay ® 1. So the map f is surjective. Note that Z? is the free Z-module on the basis
elements given by Lemma So we have the Z-module map ¢ : Z2 — TH? defined on
generators of type 1 by

g()\l)\g X CL) = —()\2)\3 X 1’3@1 (CL) + )\3)\1 X ZE382<CL))

and on the generators of types 2, 3, and 4 in the obvious way. This map is clearly surjective
and is seen to annihilate all boundaries (since TH? is annihilated by z3). Whence we get an
induced Z-linear map g : HH?*(U) — TH?. These maps are mutually inverse since they are

mutually inverse on the Z-generators. And so we have HH?*(U) = TH?. |
The calculation of HH?(U) is trivial, and so we state it here explicitly.

Proposition 1.55. The third Hochschild cohomology HH?*(U) is the free Z/(x3)-module
with basis {M Ay @ 2™ 2 N € Z,}.

Proof. This is clear from the definition of d? given at ([1.9.3), and the fact that the partial

differentials 0; : k[z1, 23] — k[z1, x2] are surjective. [ |

1.9.4 A multiplication table for HH®*(U)

Lemma 1.56. For any homogeneous & in HH®*(U) of degree > 1 we have £ = 0.
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Proof. One can calculate directly that £2 = 0 for degree 1 cycles, or simply note that this
follows by graded commutativity. For cocycles of degree > 1 this follows simply by the fact

that the cohomology vanishes in degree > 3. |

Below we give a list of products of degree 1 basis elements for HH*(U). Let us note that
the following operations are happening in cohomology, not in U'®U. The elements below

represent classes in HH*(U).

o\ ®xy? M@t = —(A A3 ® nizzzV "0 4+ A0 ® ”2$3$N7(0’1))
o ® .%SZ . ()\1 Qa1 — A3 ® 1’3) =M\ ® ZBg%SLQ

2 M+(1,0) 2 M+(0,1)
[ J )\1 ® CIZ'Q ()\1 —m +1) — )\ —(m2+1) )
M+(—1,n9+1) (ma+na+1)zzzM+(0:n2)
— mir3x 2 2 3
— AQ)\3 ® (m2+1) + )\3)\2 ® (m2+1)

e o, @y (M ®@7 — A3 ®13) = — A3 ® z377"
e M@t (M @IS — N @ s

1 M+(nq,0) M+(n1+1,-1)
— >\2)\3 ® (mi14+ni1+1)zsz )\3)\2 ® max3x 1

(m1+1) (m1+1)

e (M @1 —A®ua3) (M ® MHI 0) — A ® :ln:fll)))
myzgxM+(01) mmxAI()
= Moz @ T (7‘; _;{ LI )\3)\1 Q@ AT (fnl_g)lo

This list, along with graded commutativity of Hochschild cohomology and the previous
lemma, gives a complete multiplication table. We leave it to the reader to verify most of

these products, but give a computation of the final product here, as it is the most difficult.

Proof of the final product. In cohomology we have

M+(1 0) 2M+(0,1) )

(>\1 X1 — A3 ® x3) ()‘1 ® % (m1+1) — A ®F (ma+1)

M+(1,0)

— A\ ® xsfmﬂ)

]\/I+(1 1)
(ma+1)
Ay @ DO
— N2

(ma+1)
—dphg @ 2

M+(0,1)

— A3 ® x”

(ma+1)
(m2+1)x3mM+(1 0)
T A ® (ma+1)
M+(1,0)

— A @ B

/\3)\1 ® 1‘31}M+(1’0)

M(1,0)
3T
— A3 ® (m1+41)

M+(1,0)

+ A\ ® —mlfiflﬂ)

= - M ®I—

M+(0,1)
(ma+1)
1 M+(0,1)
— Moy @ (it

(ma+1)
—A A3 ® 1396

M+(0,1)
(ma+1)
M+(0 1)
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From the above list of products we see that for any basic element ¢ in HH?(U) we have

x3€ = ny - 19 for some basic n; in degree 1. So we have the following proposition.

Proposition 1.57. The multiplication map HH (U) @ HHY(U) — HH?*(U) has image
ezactly x3 - HH*(U).

What is left is to present the multiplication table for HH'(U) - HH?*(U). We have

[} /\1 & ZE;LQ . )\2)\3 X IE?I = /\1/\2)\3 X CL’N
[ ] )\1@1’32')\3)\1@%;2 =0

o Mgt (Aods ® T 4 AN @ T =\ Mgy i 2O

o\ ® ! -)\2)\3®:L'1 :0

o Mo @ - A3 A ® 25 = Mg @ 2V

o M@l (Mads ® Bl A h @ S ) = Ay @

e (M ®T —A3®13) M3 @27 = Mz @ 2Pt

e (M ®r — M3 ®x3) - M3\ @252 =0

e (N @z — A3 ®@a3) - (MA@ ]:ffll + A3\ ® A:fj:lo ) = AAA3 ® ?23:11))
o (@I — X ® L) dphs @ o = Moy @ £

o (M @I — @ T gk @a) = — Mgy @ T2

o (M ® Sy — A ® Sy) - (ks @ T+ Ashi @ S0

_ 1 L+M-(1,1
— <(l1+1)(m2+1) — (m1+1)(l2+1))>\1)\2)\3 & x +M+(1,1)

The computations are more straightforward than those for degree 1 elements, and are left to

the interested reader. Our final proposition is clear from the above table.

Proposition 1.58. The product HH*(U) ® HH*(U) — HH?*(U) is surjective.
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Chapter 2

SPECTRAL SEQUENCES FOR THE COHOMOLOGY RINGS
OF A SMASH PRODUCT

In this chapter we enhance some known spectral sequences with multiplicative structures.

Namely, we produce multiplicative spectral sequences
Ey = Extg.moa(k, HH*(A,B)) = HH*(Ax G, B)

and

,El = Eth-mod<k7 RHOHIA_bimOd(A, B)) = HH.(A * g, B)

which may be used to compute the products on the respective cohomologies.

Let us give a synopsis of what is done in the chapter. In Section we produce a
resolution of the Hopf algebra G which carries enough structure to admit a smash prod-
uct construction. In particular, we construct a complex of projective G-bimodules with an
additional (compatible) coaction, and quasi-isomorphism to G which preserves the given
structure. We call such a resolution a Hopf bimodule resolution.

In Section we propose a smash product construction for complexes of Hopf bimodules
and complexes of, so called, equivariant bimodules over A (Definition . This smash
product construction for complexes is used to produce, from the Hopf bimodule resolution of
Section and an equivariant resolution of A, a bimodule resolution of AxG. In Section

we use the aforementioned bimodule resolution of A% G to construct an explicit isomorphism
= : RHOM Aug-pimod (A * G, M) = RHomg moa(k, RHOM 4 pimea (A4, M))

for any complex M of A x G-bimodules.
In Section we review the products on both the domain and codomain of the above

isomorphism = (when evaluated at an algebra extension of A * G), and in Section we
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show that the map Z is an isomorphism of dg algebras when appropriate. Theorem III is
also proved in this section. Finally, in Section we give versions of our main theorems
for the Ext algebras Exts.g.moa(M, M), for arbitrary M. Some examples are presented in
Section [2.§]

2.1 Conventions

For any coalgebra G, the coproduct of an element v € G will always be expressed using

Sweedler’s notation
T ® 72 = Ay).

)

(So “y1 ® 72" is a symbol representing a sum of elements » .y, ® v;, in G ® G.) Given G-
modules M and N the tensor product M ® N is taken to be a G-module under the standard

action

Y(m ®@n) = (mm) @ (12n).

As mentioned previously, a Hopf algebra will always mean a Hopf algebra with bijective
antipode. Let G be a Hopf algebra and A be a G-module algebra. Following [70], we denote
the action of G on A by a superscript Ya := v-a. Elements in the smash product A*G will be
denoted by juxtaposition a7y := a®vy € AxG = A®G. Hence, the multiplication on AxG can
be written (ay)(0y') = a("b)y2y'. For an algebra A we let A° denote the enveloping algebra
A¢ = AP @ A. All modules are left modules unless stated otherwise. We do not distinguish

between the category of A-bimodules and the category of (right or left) A°-modules.

In computations, all elements in graded vectors spaces are chosen to be homogenous. For
homogeneous z, in a graded space X, we let |z| denote its degree. For any algebra A and
A-complexes X and Y we let Homy(X,Y) denote the standard hom complex. Recall that
the nth homogenous piece of the hom complex consists of all degree n maps f: X — Y, and

for any f € Hom,(X,Y) the differential is given by f + dy f — (—1)/I fdx.
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2.2 A Hopf bimodule resolution of G

Let G be a Hopf algebra. We have the canonical algebra embedding

A" GG =GP ®G
v = S(71) ® Ya.

This map will be referred to as the twisted diagonal map. The twisted diagonal map gives G¢
a left G-module structure. On elements, this left action is given by ¢ (y®7) = vS(d1) ® 027/,
ford € G,y € G-

Note that, since the antipode of G is bijective, there is an isomorphism of left G-modules
Sl ®id: G° - G®G. The module G ® G is known to be free over G. (One can use the
fundamental theorem of Hopf modules [62, Theorem 1.9.4] to show this, for example.) Tt
follows that G¢ is also a free left G-module. This point is made explicit in the following

lemma.

Lemma 2.1. Let V' denote the vector space G, after forgetting the G-module structure, and
G®V denote the corresponding free left G-module. There is an isomorphism ¥ : G — GRV
of left G-modules given by

YR = S Hy) @My,

Consequently, the enveloping algebra G¢ is a free, and hence flat, left G-module.

Proof. For any 6 € G we have

V(o (y®7Y)) =1v(vS(61) ® 2
= S71(7125(61)) ® 715(02) 057
= 01571 (72) @ m1e(02)y
=05 ()@Y =0-v(y®7).

So ) is left G-linear. Let ¢/ : G ® V' — G° denote the map v ® 7' — S(71) ® 727/. Then we
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have
V(v @y) =9 (S () ®ny)
S(S™'(13)) ® S~ (v2)mY
=% ® ()Y
=7®79.

So ') = idge. A similar calculation shown )’ = idggy , and hence that 1 is an isomorphism

with ¢t = . ]

Note that the left action of G on G¢ is compatible with the standard (outer) bimodule
structure on G¢ = ¢G ® Gg. Indeed, the module structure induced by the twisted diagonal
map utilizes the inner bimodule structure Gg ® gG exclusively. So we see that G¢ is a (G-G°)-
bimodule, and that the induced module M ®g G° of a right G-module M is a G-bimodule.
To be clear, the left and right actions of G on M ®g G¢ are given by

§-(m®g (Y®79)) =m®g (7 ®7)

and

(Mm®g (Y®7)) d:=m®g (y®7'9)

respectively, where 6 € G and m ®¢ (Y ® ') € M ®¢g G¢. The same analysis holds when we
replace M with a complex of right G-modules.

Notation 2.2 (The functor (—)"). Given any right G-module (resp. complex) M, we let
M denote the induced module (resp. complex) M ®¢ G°.

The next lemma gives an alternate expression of the module MT, which may at times be

more practical.

Lemma 2.3. There is an isomorphism of bimodules MT — M ® G, where the left and right
actions of G on M ® G are given by the formulae

y-(mez)=mS ! (p)@mr ad (M) -7v=m®e (vy).
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The proposed isomorphism is given by the formula m ®@¢ (v ® ') = mS™ () @ 17 and it

s natural in the sense that, for any G-linear map f : M — N, the diagram

Mt L2 N (2.2.1)

b

M®G—N®G§G

will commute.

Proof. From the isomorphism 1 of Lemma 2.1, we get a vector space isomorphism id ® v :

MT - M &g (GoV)= M@V given by
m®g (y®7) = m®g (S (1) ® 1Y) = mS™ (1) ® Y.

This isomorphism induces a G-bimodule structure on M ® V' = M ® G which is given by the
proposed formulae. Commutativity of (2.2.1]) follows from right G-linearity of f. [ |

The following result is proven, in less detail, in [78, Section 3]. However, as we will be

needing all the details, a full proof is given here.

Lemma 2.4. Let £ : L — k be a resolution of the trivial right G-module k = G /kere.

1. The induced complex L' is a complex of projective G-bimodules.

2. The map &' : LT — G, {@¢ (y®7') = E(£)yY', is a quasi-isomorphism of complexes of
G-bimodules.
Statements (1) and (2) together say that LT is a projective bimodule resolution of G.
Proof. In each degree i we have the adjunction
Homge (LZ ®g Qe, —) = HOng(Li, HOInge (Qe, —))

Whence the functor on the left is seen to be exact. So L' is a complex of projective bimodules.

For (2), exactness of the functor — ®g G¢ ensures that the induced map & ®g idge : LT — k'
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is still a quasi-isomorphism. Now, by the previous lemma we have a bimodule isomorphism
k' > G given by 1 ® (7 ®9) — €(S71(12))1ny = 7. Composing the quasi-isomorphism
£ ®gidge with the bimodule isomorphism kT 2 G then gives the proposed quasi-isomorphism
£t |

Definition 2.5 (The coaction on M'). Given any right G-module M, we define the left

G-comodule structure py; on M T by

m®g (Y ®7Y) = (171) ® (Mg (12 ®73))-

(2.2.2)

Following the standard notation, for any m € M, we denote the element py;(m) by m_; ®mg.

Under the natural isomorphism M'T = M ® G of Lemma the induced coaction on
M ® G will be given by the simple formula m ® v — 7 ® (m ® 72). Indeed, we have the

commutative diagram

M7 G M m®g (YY) ——=717 ® (M Qg (72 ®75))

Lk 1 |

M®G—G®(M®G) mS~(y2) @ Y ——=77 @ (mS™H(73) @ Y275)-

IR

From this perspective, if we reverse the vertical arrows, it becomes clear that the coaction

on M7 is in fact well defined.

Definition 2.6 (Hopf bimodules). By a Hopf bimodule we will mean a G-bimodule N
equipped with a left G-coaction N — G ® N which is a map of G-bimodules (where G
acts diagonally on the tensor product G ® N). Maps of Hopf bimodules are maps that are

simultaneously G-bimodule maps and G-comodule maps.

The algebra G itself becomes a Hopf bimodule under the regular bimodule structure and
coaction given by the comultiplication. In the notation of [62, Section 1.9], a Hopf bimodule

is an object in the category g./\/lg.
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Proposition 2.7. Let M and N be right G-modules and f : M — N be a morphism of
G-modules. For any m € M" and v € G the following equations hold:

1. pn(fT(m)) =m_y @ fT(my)
2. py(m-7y) =m_17 ® Mgy,

S pu(y-m) =yim-; @ ymy.
Said another way, (=)' is a functor from mod-G to the category of Hopf bimodules.

The reader should be aware that we will be using the T notation on maps in a slightly

more flexible manner throughout the paper.

Proof. These can all be checked directly from the definitions. For example, for (1), we have

pu(fT(m@g (y® 7)) = pu(f(m) ®g (v ©7))
=7 ® f(m) @g (12 @ 73) = M @ f1(m Qg (12 ® 73)).

Corollary 2.8. For any complex X of right G-modules the induced complex X' is a complex
of Hopf bimodules.

Proof. This follows from part (1) of the pervious proposition and the fact that the differentials

on X are G-linear. [ |

Proposition 2.9. The quasi-isomorphism £ : LT — G of Lemma 1S a quasi-isomorphism
of complexes of Hopf bimodules.

Proof. This can be checked directly from the definition of ¢ and the definitions of the

coactions on LT and G. ]
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2.3 Bimodule resolutions of A x G via a smash product construction

Let G be a Hopf algebra and A be a G-module algebra. We recall here that a k-linear map
M — N of (right or left) AxG-modules is AxG-linear if and only if it is A-linear and G-linear
independently. The following definition was given by Kaygun in [36].

Definition 2.10 (Equivariant bimodules). A vector space M is called a G-equivariant A-
bimodule if it is both a G-module and A-bimodule, and the structure maps A @ M — M
and M ® A — M are maps of G-modules. Morphisms of G-equivariant A-bimodules are
maps which are A°-linear and G-linear independently. The category of such modules will be

denoted EQgA°-mod. We define G-equivariant A°-complexes similarly.

To ease notation we may at times write “equivariant bimodule” instead of the full G-
equivariant A-bimodule. One example of an equivariant bimodule is A itself. One can think
of an equivariant bimodule as an A-bimodule internal to the monoidal category (G-mod,®).

Kaygun has shown that the category EQgA“mod is actually the module category of a
certain smash product A°* G [36, Lemma 3.3]. Whence EQgA®mod is seen to be abelian
with enough projectives. Additionally, EQgzA°-mod comes equipped with restriction functors
(forgetful functors) to A®-modules and G-modules. Since A¢ * G is free over both A¢ and G,
one can verify that these restriction functors preserve projectives.

In this section we produce a projective bimodule resolution of AxG via the smash product

construction outlined below.

Definition 2.11 (The smash product of complexes). Let X be any G-equivariant A®-complex
and let Y be any complex of Hopf bimodules. The smash product complex X Y is defined
to be the tensor complex X ® Y with the left and right A % G-actions

a-(z®y) = (ar) @y, v (r@y) = (M) ® (1Y), (z®y) - a:=z(""a) @y
and
(r@y) 7=z @yy),

forre X, yeY,ae Aandy€q.
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Obviously, we can define the smash product of an equivariant bimodule with a Hopf
bimodule by considering them to be complexes concentrated in degree 0. The smash product

construction is (bi)functorial in the sense of the following

Lemma 2.12. If f : X — X' and g : Y — Y’ are maps of complexes of G-equivariant
A-bimodules and complexes of Hopf bimodules respectively, then the product map f ® g :
X *xY = X'"xY" is a map of complexes of A * G-bimodules.

Proof. Left A-linearity of f® g follows from left A-linearity of f and right G-linearity follows
from right G-linearity of g. Left G-linearity of f ® g follows from the fact that both f and
g are left G-linear. Finally, right A-linearity of f ® g follows from right A-linearity of f and
G-colinearity of g. [ |

Now, let K be a projective resolution of A as an A-bimodule, with quasi-isomorphism

7: K — A. We will assume that K has the following additional properties:

(I) there is a G-action on K giving it the structure of a complex of G-equivariant A-

bimodules, and the quasi-isomorphism 7 : K — A is G-equivariant.

(IT) K is free over A° on a graded base space K C K which is also a G-submodule.

An example of a resolution of A satisfying the above conditions is the bar resolution
BA= - 5 AQA®? A > AQARA > AR A -0,

with its standard differential

ba1 @ ... 0 + (1) ® ... ayb
bR ® ... Ra, @Y > =1 (2.3.1)

3N DR . R ® ... Q.

We give BA the natural diagonal G-action

Y- (bR ®...Qa, DY) =NbR Y201 ® ... @ Vg1Gn @ Yntab'.
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In this case, BA will be the graded subspace BA = D, k® A®" @ k. One can also use the
reduced bar complex or, if A is a Koszul algebra and G acts by graded endomorphisms, we
can take K to be the Koszul resolution.

For any K satisfying (I) and (II), and any resolution L of the trivial right G-module &,
we can form the smash product complex K * L' using the coaction on LT defined in the
previous section. We will see that the smash product complex K * LT provides a projective

resolution of A x G.

Lemma 2.13. Suppose 7 : K — A is a bimodule resolution of A satisfying (1) and (II), and
let £ : L — k be any projective resolution of the trivial right G-module. Let &' : LT — G be
the quasi-isomorphism of Lemma . Then the product map 7 @ €' K x LT — A% G is a

quasi-isomorphism of (A x G)¢-complezes.

Proof. The fact that 7 ® ¢' is a quasi-isomorphism follows from the facts that both 7 and &7
are quasi-isomorphisms, and that the tensor product of any two quasi-isomorphisms (over a
field) is yet another quasi-isomorphism. Since 7 was chosen to be G-equivariant, and ¢' is a

map of complexes of Hopf bimodules by Proposition , the product 7 ® £ is (A * G)°-linear
by Lemma [2.12] [ |

Theorem 2.14. Let K be a bimodule resolution of A satisfying conditions (I) and (I1I), and
let L be any projective resolution of the trivial right G-module k. Then the smash product
K x L' is a projective A * G-bimodule resolution of AxG.

The proof of the theorem will be clear from the following lemma.

Lemma 2.15. Let M be a G-equivariant bimodule which is free over A® on a base space
M C M satisfying GM = M, and suppose N is a projective right G-module. Then the smash
product module M x N is projective over (A * G)©.

Proof. Suppose that N is free on some base N C N. Then we have NT = (N ® G) ®¢g G¢ =

GON®G. In particular, we have an embedding N — NT, and N is free on the corresponding
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subspace. Note that N is coinvariant in NT. By hypothesis, we also have that M is free on a
given subspace M. Now, the embeddings of M and N into M and N produce an embedding
of vector spaces on the tensor product M @ N — M ® NT = M x NT. Whence we get an

A x G-bimodule map
0:AxGR(MRN)RAxG — M+ NT (2.3.2)

from the corresponding free (bi)module into M x NT, by freeness of the domain. This map

is given on monomials by the formula
ay @ (m@n)® a7y + alyym)("a) @ y3ny/,

since n € N is coinvariant. We claim that M % NT is free on the base space M ® N. In
particular, we claim that the map (2.3.2)) is an isomorphism.

To show that € is an isomorphism, it suffices to show that 6 has an k-linear inverse
M*NT—>A*g®(]\7[®N)®A*Q.

Employing the vector space isomorphism M * NT = (A M ® A)® (GR N ®§), let us define
a proposed inverse map 6’ on monomials by
0:(a@med)®(yen®y)—apn® (S ()men) @S MWdy
Let us check the composition #'f. Recalling that M is a G-submodule in M, we have
00(ay ® (m@n)@d?y) =0(a®(nm)® (d) @101 Y
= a5 ® (S~ (y)mm @n) @ (5 092)y
= a1 ® (S7 (y3)mm @ n) ® e(yp)a’y’
= av ® (S e(2)1)nm @ n) ® 'y
=ay3 ® (ST y)m @ n) @ a'y
=ay@men®ay.
So 0’0 = id. As for 00, we have
00((a@m®d)®(y@n®Y)) =0(ay@ (S (p)men) @ Way)
= (a@7S (p)meM5 Md) ® (s @n @)
=(@@m®d)®(y®n®7Y).
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So 00’ = id and we conclude §' = 6.
In the case that N is not free, we know that N is a summand of some free module N.
This will imply that NT is a summand of N'" as a Hopf bimodule. It follows that M x NT is

a summand of the free module M * N7, and hence projective. [ |

Proof of Theorem 2.1} We already know that there is a quasi-isomorphism of (A % G)¢-
complexes K * L — A% G, by Lemma . So we need only show that the smash product
complex is projective in each degree. We have chosen K so that each K is an equivariant
bimodule satisfying the hypotheses of Lemma , and each L7 is projective by choice. So
each K x (L)' = K' x (L") is projective by Lemma . Now, projectivity of the smash
product K x L in each degree follows from the fact that each (K * LT)" is a finite sum of
projective modules K*  (LT)7. |

Remark 2.16. The resolution of A * G constructed above is one of a number resolutions that
have appeared in the literature. In [27], Guccione and Guccione provide a resolution X of
the smash A*G which is the tensor product of the bar resolution of A with the bar resolution
of G, along with some explicit differential. In the case that G is a group algebra, Shepler and
Witherspoon have provided a class of resolutions of the smash product [75, Section 4. Our
resolution K * L' is a member of their class of resolutions (up to isomorphism). The reader
should be aware that the construction given in [75)] is somewhat different than the one given

here.
2.4 Hochschild cochains as derived invariants

Let G be a Hopf algebra and A be a G-module algebra.

Definition 2.17 (Our G-action on hom complexes). Let M be a complex of A*G-bimodules
and let X be a complex of G-equivariant A-bimodules. We define a right G-module structure

on the set of homs Hom 4¢ (X, M) by the formula

fA(x) = Sn) ()7,
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where f € Homye(X, M), v € G, and x € X.

This action was also considered in [27], and similar actions have appeared throughout
the literature (see for example [44, Section 5]). The first portion of the action, S(v1)f(722),
assures that f-v preserves left A-linearity. The additional right action is necessary to preserve

right A-linearity.

Lemma 2.18. Let M be a complex of AxG-bimodules and X be a complex of G-equivariant A-
bimodules. The G-module structure on Hom (X, M) given in Definition s compatible
with the differential on the hom complex. That is to say, Homae(X, —) is a functor from

A x G-complexes to G-complexes.

Proof. Recall that the differential on the hom complex is given by d : f + dy f £+ fdx. So

G-linearity of the differential on the hom complex follows by G-linearity of dy; and dy. W

Let L be a projective resolution of the trivial right G-module k, and K be a bimodule
resolution of A satisfying conditions (I) and (II) of the previous section. For a complex of
A x G-bimodules M, any map 6 € Homy(K * LT, M), and any | € L', we let (— ®[) denote

the k-linear map
K—M

z e (=D)EIHA((1_12) ® 1).

Before giving the main theorem of this section let us highlight some points of interest.
First, note that there is an embedding of chain complexes L — L', £ + ¢ ®g 1. This map
becomes G-linear if we take the codomain to be LT with the adjoint action. It is via this
map that we view L as a subcomplex in LT. Second, note that for any | € L C LT we have

p(l) =1®1. Therefore, for all [ € L C L', (— ®1) is just the map x — (—1)19(z @ 1).

Theorem 2.19. Let L be a projective resolution of the trivial right G-module k, and K be
a bimodule resolution of A satisfying conditions (I) and (II). Then for any complexr M of
A x G-bimodules the map
= : Homaugye (K * LT, M) — Homg (L, Homye (K, M))
O— (I—0(—x1))
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1s a natural isomorphism of chain complezes.

In light of Theorem [2.14] we are claiming that there is an explicit natural isomorphism

of derived functors
RHom 4.g)c(A* G, —) = RHomg(k, RHom 4 (A, —)).

Proof. To distinguish between the action of G on L as a subcomplex in L', and the action
of G on L itself, we will denote the action of G on L by juxtaposition, and the action of G
on L by a dot -. So, forl € L C L" and v € G, we have

-y = S(y)lys.

It is straightforward to check that = is a map of chain complexes, and we omit the compu-
tation. We need to check that, for each 6, the map =(0) is right G-linear, that each (— ®1)
is A®-linear, and that = is bijective.

Fix a homogeneous A * G-bimodule map § : K = LT — M. Since the coaction on LT
restricts to a trivial coaction on L, the map (— ® ) : K — M is seen to be A®linear for
any | € L. Furthermore, for any v € G, | € L, and x € K, G-linearity of # on the left and

right gives the sequence of equalities

O(—@l-y)(x) =)ozl )
= (=1)"0(z @ S(n)lre)
= (=DH=O((S(y2)y52) @ S(1)lva)
= (=18 (1)6((v27) @ 1)7s
= (

(= 1) -7)(x).

So we see that Z(0) is in fact a right G-linear map L — Hom (K, M).
To see that = is an isomorphism we provide an explicit inverse. We define, for any G-linear
map

X : L — Homue (K, M),
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a graded vector space map K ® L ® G — M by
z @@y e (=1)FAx(0)(2)7.

Precomposing with the isomorphism K * LT & K ® L ® G provided by Lemma [2.3] - 3| then
produces a map ®(x) : K * LT — M defined by

O(x)(z @) = (=) (- S () (@), (2.4.1)

forany x € K,l € L C L', and v,7' € G.
The fact that ®(x) is left A-linear and right G-linear is clear. Right A-linearity follows
from right A-linearity of x(I) and the fact that coaction on L' restricts to a trivial coaction

on L. For left G-linearity, let x € K, € L C L', and v € G. We have

P(x)(v(z®1)) =2(x)(nT @12l
Dl (1 - S7Hs)) (mz) e

)

)
DEMlysx (DS~ (ya)ma) S~ (3)72 (G-linearity of x)

)

)

/\/-\

Dy x (1) (57 (p2) )
1) (1) z)
D(x)(r®1).

We can use right G-linearity of ®(y) to extend the above computation to all of K * LT = K ®

= (=
= (=
= (-
= (=
.

LG. Whence we see that ®(y) is a A*G-bimodule map for arbitrary x : L — Hom . (K, M).
The equalities ®(Z(0)) = 6 and =(®(x)) = x follow by construction. So ® = =Z~! and
==01. [

Corollary 2.20. Let L and K be as in Theorem and M be a A x G-bimodule. Then
we have a graded isomorphism

HH*(A% G, M) = H*(Homg(L, Hom (K, M))).

Proof. This follows from Theorem and the fact that the Hochschild cohomology is given
by the homology of the complex Hom4.g)e (K * L', M), since K * L' is a projective bimodule
resolution of the smash product A x G. [ |
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We can, in fact, replace our resolution K with any equivariant A°-projective resolution
of A. Let P — A be any G-equivariant A-bimodule resolution of A which is projective
over A°. By a straightforward process, we can produce an equivariant complex () admitting
equivariant quasi-isomorphisms P — @ and K — Q. First, take d° to be the coproduct map

K@ P — A. Then we construct () inductively as the complex
Q= 5 K@ (Akerd' @ ) P2 S K'a (A kerd® @ A) @ P % K@ P° - 0,

where G acts diagonally on the summands (A ® kerd’ ® A). Note that @ is a complex of
G-equivariant bimodules, and that each Q° is projective over A°. The map d° : Q — A is a
quasi-isomorphism by construction. Whence we see that the two inclusions ix : K — ) and

ip: P — (@) are equivariant quasi-isomorphisms. Taking
Z = Homg(L, Hom 4. (Q, M))
then gives the following corollary.

Corollary 2.21. Let L and K be as in Theorem (2.19, and M be a complex of A *x G-
bimodules. Let P — A be an equivariant bimodule resolution of A which is projective over

A¢€. The complex X" admits quasi-isomorphisms

Hom 4ug)e (K * LT, M) & 27 = Homg(L, Hom e (P, M)).

Proof. Since L is a bounded above complex of projectives, the functor Homg(L, —) preserves

quasi-isomorphisms. Whence the proposed quasi-isomorphisms can be given by

(Zﬁg Homg(L, Hom e (K, M)) 2 Homug)e (K * LT, M)

Homg (L, Hom e (Q, M))
and

(ip)«

HOIIlg(L, Hom 4e (Q, M)) — HOIIlg(L, Hom 4e (P, M))
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For L and K as above, and any A% G-bimodule M, the complex Homg (L, Hom s (K, M))

is the total complex of the first quadrant double complex

(2.4.2)

dL*
0 — Hom(L°, Hom(K ~', M)) — Hom(L !, Hom(K ~!, M)) —> ...
+(dje) £(do)x

dL*
0 —> Hom(L°, Hom(K°, M)) — > Hom(L ™', Hom(K°, M)) —> ...

0 0

It follows that there are two spectral sequences converging to the Hochschild cohomology of

A x G with coefficients in M. Filtering by the degree on L produces a spectral sequence
Ey = Extg(k, HH*(Ax G, M)).

The existence of this spectral sequence is well known. It first appeared in the work of
Stefan as a Grothendieck spectral sequence in the setting of a Hopf Galois extension [82],
and then in a paper by Guccione and Guccione [27), Corollary 3.2.3]. Since these results are
well established, we do not elaborate on the details here. We will show in Section that
both of these spectral sequences can be used to calculate the cup product on Hochschild

cohomology when appropriate. All necessary details will be given there.
Notation 2.22. The filtration induced by the degree of L on the cohomology
HH*(AxG,M) = H*(Homg(L,Hom (K, M)))

will be denoted F'9. The filtration induced by the degree on K will be denoted F4. The
associated graded spaces with respect to these filtrations will be denoted

Ff(HH*(AxG, M))

FO(HH*(A+G. 1))

grgHH*(A+G, M) =P
and

FA(HH* (A% G, M))
FA(HH*(AxG,M))

gt HH*(AxG, M) =P

respectively.
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2.5 Reminder of the cup products on Hochschild cohomology and derived
invariant algebras

The following general approach to the cup product on Hochschild cohomology follows [78].
Let R be any algebra and let B be an algebra extension of R, i.e. an algebra equipped
with an algebra map R — B. Let P be a projective R-bimodule resolution of R with
quasi-isomorphism ¢ : P — R. Then P ®p P is also a projective resolution of R with quasi-
isomorphism pRgryp : PRQrP — R. Whence there exists a quasi-isomorphism w : P — PRgP

which fits into a diagram

P *—>P®rP (2.5.1)
X\ %a@
R

and is unique up to homotopy. From this we get a product map
Hompge (P, B) ® Hompge (P, B) — Hompge (P, B)
f®@g = ps(f ®rglw,
and subsequent dg algebra structure on Hompge(P, B). One can check that any choice of
w results in the same product on the cohomology HH*®(R, B). We call this product the
cup product. Note that the dg algebra Hompg. (P, B) need not be associative, but it will be
associative up to a homotopy.

Suppose now that G is a Hopf algebra and L is a projective resolution of kg = G/kere.
Let & be a right G-module dg algebra. (We do not require that 2 is strictly associative.)
Since G ® G is free over G, the diagonal action on L ® L makes it into a projective resolution
of k as well. So, again, we have a quasi-isomorphism ¢ : L, — L ® L which is unique up to
homotopy and fits into a diagram analogous to . Hence, we get a similarly defined
product on the derived invariants

Homg (L, #) ® Homg (L, %) — Homg (L, B)
f®gm= ps(f @g)o.
This product is unique on cohomology and gives Homg(L, %) the structure of a (not-

necessarily-associative) dg algebra.
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2.6 Hochschild cohomology as a derived invariant algebra

Let G be a Hopf algebra and A be a G-module algebra. We also fix a bimodule resolution
7 : K — A which satisfies conditions (I) and (II) of Section 2.3} and a projective resolution

¢ : L — k of the trivial right G-module. From here on out we assume K also satisfies

(ITI) there is a quasi-isomorphism w : K — K ®4 K of complexes of G-equivariant A-

bimodules.

Here we give K ®4 K the diagonal G-action. As was stated in the previous section, there
will always be some quasi-isomorphism w of A°-complexes. The content of condition (III) is
that we may choose w to be G-linear.

In the case of the bar resolution
BA= - 5 A@A® A>3 A AR A5 AR A0
the map w is given by
Wb .. . ®a, @ Y (bRm®.. ®ue1)es(1®an®... @a,e) (2.6.1)
0<i<n

We will denote the image of w using a Sweedler’s type notation, as if w were a comul-
tiplication. Specifically, on elements we take w;(z) ®4 wa(z) = w(z), with the sum sup-
pressed. In this notation, G-linearity of w is equivalent to the equality wi(yz) ®4 wo(yx) =
w1 () @4 Yows(x), for all vy € G and = € K.

Let us also fix a quasi-isomorphism ¢ : L = L® L. As with w and K, we denote the image
of I € L under o by o1(l) ® 05(l). In this notation G-linearity appears as o1(l-7v) @ oo(l- ) =
o1(l) - 11 ® oa(l) - 72

Proposition 2.23. For any algebra extension B of Ax G, the complex Hom e (K, B), with
the product of Section and G-action of Definition |2.17, is a right G-module dg algebra.

Proof. Let us denote the multiplication on Hom 4 (K, B) by juxtaposition. We need to show
that for functions f,¢g € Homa.(K, B), and v € G, the formula (fg) -v = (f - 1)(g - 72)
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holds. Let us simply check on elements. We have, for any x € K,

((fg) (@) =Sn)(fg)(r22)7s
(

= £5(m)f(rawi(@))g(vsw2 ()7 (by G-linearity of w)
£(S(n)f(rawr ())73) (S(va) g (5002 (2) ) 76)
= (f - 1) (wi(2))(g - 72) (w2 ()
= ((f-m)(g-n)) ().

According to this proposition, and the material of Section [2.5 the double complex
Homg(L, Hom e (K, B)) will now carry a natural dg algebra structure.

We now seek to extend the diagonal map o on L to a diagonal map on the induced
complex L'. One can verify that the obvious map L ® L — L' ®¢ L' is an embedding,
since the statement holds when L is free. In this way we view L ® L as a subcomplex of
LT ®g LT. The complex L' ®g L' is taken to be a G-comodule under the standard tensor
G-comodule structure [ @g I’ — (111" ;) @ (lp ®g l})). Since L' is itself a Hopf bimodule over
G, this coaction gives LT ®g LT the structure of a Hopf bimodule as well. Before giving the

next result we also note that, on elements, commutativity of the diagram

L z L®L
X A
k

produces the equality £(1) = £(o1(1))E(02(1)) for each | € L.

Lemma 2.24. The map o : L — L® L C L' ®g L' extends uniquely to a quasi-isomorphism
of chain complexes of Hopf-bimodules o' : LT — LT ®g L'.

Proof. Let - denote the right action of G on L, juxtaposition denote the action of G on the
bimodule L', and [ denote an element in L C L' throughout. We employ the expression of
L' as the free right G-module LT = L ® G, via Lemma , and define o' as

o' (l®7) = o1(l) ®¢ o2(1)7.
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Colinearity of o' is clear from the definitions of the coactions given below Definition and
in the paragraph preceding this lemma.

If we simply view L' as a complex of bimodules generated by the subspace L C L', the
map o' will be given by

Yy = yor (1) @g oa(l)y'. (2.6.2)

This follows from a direct calculation using the left and right actions specified at Lemma
2.3
o (- S ) @my) =01l S (1)) ®g oa(l- S7 (12))117
= (o1(1) - 57 (13)) ® (02(1) - S7H(2)) Y’
(S~ (v1) ®g 1302(1) S~ (12) 11y’
= 1301(1)S™ (12)m1 ®g o2 (1)
=701(l) ®g o2(1)7'.
So, from , we see that this map is G-linear on the left and right.
Recall that o : L — L ® L was chosen so that (1) = £(o1(1))€(o2(1)), and that £ : LT

= Y501

12

L ®G — G is defined by l ® v — £(1)y. So we will have the commutative diagram

Lt AR 5
s\T\ Aﬁ

g

The fact that o' is a quasi-isomorphism follows from commutativity of the above diagram

and the fact that " and ¢" ®¢ €' are quasi-isomorphisms. |

Now we have a quasi-isomorphism w : K — K ®4 K and have produced a quasi-
isomorphism o' : LT — LT ®¢g LT from the given map ¢ : L — L ® L. We would like

to use this information, along with some twisting, to produce an explicit quasi-isomorphism
K+ L' — (K% L") ®a.5 (K x L.

The next lemma offers the “twisting” portion of the proposed construction.
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Lemma 2.25. The isomorphism of k-complexes

(KA K)®(L®L) = (KRL)®4 (K® L)
(@) QU= (D)2 0,4 (yo 1)

extends uniquely to an isomorphism ¢ : (K @4 K)* (LT ®g L") — (K % L") @ gug (K * L") of

complezes of A x G-bimodules.

Proof. The map ¢ is given by
¢ (@®ay) ® (@6 1) = (~)'M (@@ lp) ®ag (ST (-1)y @),

for v,y € K, I,I'’ € L'. The fact that ¢ is well defined follows by standard manipulations,
which we do not reproduce here. The fact that ¢ is a chain map can be verified by using the
G-linearity and G-colinearity of the differentials on K and L' respectively.

In order to show that ¢ is an A x G-bimodule map, the only non-trivial things to check

are left G-linearity and right A-linearity. For left G-linearity we have, for any v € G,

p(v((z®ay) @ (®g 1)) = d((mx®a2y) ® (13l ®g 1))
= (2 @ Yalo) @axg (S (v3lo1) 2y @)
= (N2 @ Yaly) @asg (S7H(1-1)S (1) Ry @ 1)
= (112 ® 2lo) Rasg (STH1)y @)
=27 ((z @) ®axg (ST (I-1)y @ 1))

=79((z®@ay) @ ([ ®¢1')).

For right A-linearity we have, for any a € A,

o(((z@ay) @ ((®g1))a) = d((x@ay(-"1a)) @ (lo ®g ly)
+(z @ lp) @aug (57 (11)(y(*1a)) @ 1)
= +(2 @ 1ly) @axg (STH(11)y) (7 21a)) @ 1)
= +(z @) @aug (ST (1-1)y)(“1a) @ 1)
+ ((z ® 1) ®avg (ST (1_1)y @ 1)) a
= 9((z®ay) ® (1 ®g!))a.
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The inverse to ¢ is the map
(2 @) Qag (1) = (1)@ @4 lay) @ (I ®g 1),
[ |

Proposition 2.26. Let ¢ be the isomorphism of Lemma and o LT — LT ®g LT be

the quasi-isomorphism of Lemma |2.24 Then the map
plwoh): K« L' = K+ LT @40 K x L'
is a quasi-isomorphism of (A x G)¢-complezes.

Proof. Since ¢! is a map of complexes of Hopf bimodules by Lemma [2.24] and w is a map of
complexes of equivariant A-bimodules by choice, w @ ¢ is (A * G)*-linear, by Lemma [2.12]
Also, the product map w ® o' is a quasi-isomorphism since w and o' are themselves quasi-

isomorphisms. Now, since ¢ is an isomorphism of (A % G)-complexes, the claim follows. W

For any algebra extension AxG — B, we define the cup product on Hom4.gy (K * L', B)
by way of the diagonal map K * LT — K * L' ® 4,¢ K * L' given in Proposition m

The following are the hypotheses for Theorem [2.27} K is a bimodule resolution of A
equipped with a diagonal map w : K — K ®4 K satisfying conditions (I)-(III), and L is a
projective resolution of the trivial right G-module k with a quasi-isomorphism o : L — L® L.

We give K L' the diagonal quasi-isomorphism of Proposition [2.26]

Theorem 2.27. For any algebra extension B of the smash product A x G, the isomorphism

o)

= : Homaug)e (K * LT, B) = Homg(L, Hom s (K, B))
of Theorem is one of (not-necessarily-associative) dg algebras.

Let us note that, if K and L are chosen appropriately, the dg algebra Homg (L, Hom4e (K, B))
will be associative. It follows, by the theorem, that Homa.g) (K * L', B) will also be asso-
ciative in this case. For example, one can always take K to be the bar resolution BA of A

and L to be the bar resolution k£ ®g BG of k to get this property.
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Proof. We want to verify commutativity of the diagram

Hom(K * L', B) ® Hom(K * L', B) 22> Hom(L, Hom(K, B)) ® Homg (L, Hom(K, B)) (2.6.3)

lmult \jmult

Hom(K * L', B) Hom(L,Hom(K, B)).

1

There are three multiplications we need to deal with here. For the purpose of this proof we

will denote the products on
Hom.g)c(K * LT, B), Hom(L, Hom (K, B)), and Hom . (K, B)

by a dot -, an asterisk %, and juxtaposition respectively. Let 6 and € be functions in
Hom a.g)c (K * LT, B) and fix arbitrary # € K and [ € L C L".
Following around the top of (2.6.3]) sends &6’ to the function =(6)*=(0") € Homg(L, Hom 4. (K, B)).

This function sends [ € L to the map
(—)1Olg(— @ 01(1))8' (= @ oa(D))
in Homye(K, B), where (— ® 01(1)) and 0'(— ® o09(l)) are as defined in the paragraphs

preceding Theorem [2.190 Since the coaction on L' restricts to the trivial coaction on L, the

above function evaluated at z is the element
(=10 (wi(z) @ 01(1)) 0 (wa(z) ® 02(1)) € B,
where
e = |0l[or(D)] + |wi(@)[(|0'] + |o2(D)] + |o1(D)]) + |w2(x)||oa (D))
= 0'||or(D)] + [wi(2)[(0"] + [I]) + |w2(x)[|oa(D)].
= 0'[(lor(D)] + |lwi(2)]) + |wr (@) [[I] + w2 (2)]|o2(D)]-
Following around the bottom row sends 0®6’ to the function Z(0-0") € Homg (L, Hom < (K, B)),

)l
)l

which takes our element [ € L to (6 -6')(— ®1) € Homye (K, B). Evaluating at x € K pro-
duces the element (—1)1(0-0")(z ®1) € B. Recalling the diagonal map on K * LT given in
Proposition the formula for ¢|(K ®4 K) ® (L ® L) given in Lemma[2.25] and the fact
that o'|L = o, we have the equality

!

(=1)FN@G - ) (@ @1) = (=1)70 (wi(2) @ 01(1)) ' (wa(2) @ 02(1)) ,
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where

¢ = lz|li] + for(Dllwa ()] + 6" (s ()] + o1 (D)])
= (Jwr(@)] + lwa (@) DI + lor (D] |wa ()] + 0" (Jwr ()] + o (D)])
= lwi(@) 1] + |wa (2)[[U] + lwa (@) [or (D] + 6] (Jw0r (2)] + |1 (D))
= lwi(@)[I] + |w2(@)[ (o1 (D] + |2 (D]) + |wa(@)|lor (D] + 6] (Jwr (2)] + |1 (D)])
= [wi (@) 1] + |wz (@) |2 (D] + 10| (jwr (2)] + |2 (D)]) - mod 2

=e.
So following around the top or bottom of (2.6.3]) produces the same function. [ |

Corollary 2.28. Let B be an algebra extension of Ax G, and take K and L as in Theorem
2.27. Then there is an isomorphism of algebras

HH*(AxG,B) = H* (Homg(L, Hom 4 (K, B))).

Proof. This is an immediate consequence of Theorem and the fact that
HH*(A* G, B) = H*(Homa.g)- (K * L", B))
as an algebra. [}
As was the case with Theorem [2.19| we can drop condition (II) on K.

Corollary 2.29. Let K, L, and B be as in Theorem [2.27. Let P — A be a G-equivariant
bimodule resolution of A which is projective over A€ in each degree. Suppose additionally
that P admits a diagonal quasi-isomorphism P — P ® 4 P which is G-linear. Then there is

third dg algebra </ which admits quasi-isomorphisms
Hom 4.y (K * LT, B) = o < Homg(L, Hom (P, B)) (2.6.4)

which are all algebra maps up to a homotopy.
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Let 1 denote any of the maps of . The main point is that for any cycles f and ¢ in
the domain, the difference n(fg) —n(f)n(g) will be a boundary. So all of the maps of
become algebra isomorphisms on homology. The proof of this result is a bit of distraction,
and has been relegated to the appendix.

As was discussed in the introduction, a spectral sequence E is called multiplicative if

EPPIHD g1 each 7, such

it comes equipped with a bigraded products EP! & E,T?/ql —
that each differential d, : E, — F, is a graded derivation and each isomorphism F,,; =
H(E,) is one of algebras. The spectral sequence associated to any filtered dg algebra will be
multiplicative, for example. For any multiplicative spectral sequence E, the limiting term
E has the natural structure of a bigraded algebra [88, Multiplicative Structures 5.4.8]. We
say that a multiplicative spectral sequence converges to a graded algebra H if H carries an
additional filtration and we have an isomorphism of bigraded algebras FE,, = grH.

Recall the filtrations F4 and F9 on HH*(A % G, B) given in Notation [2.22] Since the
multiplication on the double complex Homg (L, Hom4e (K, B)) is bigraded, both the row
and column filtrations (i.e. the filtrations induced by the degrees on K and L) give it the
structure of a filtered dg algebra. It follows that both of the associated spectral sequences

are multiplicative. It also follows that F4 and F9 are algebra filtrations on the Hochschild

cohomology.

Corollary 2.30. For any algebra extension B of the smash product A x G, there are two

multiplicative spectral sequences
Ey = Extg(k,HH*(A,B)) = HH*(A % G, B)

and

/El = Eth(kv RHomA—bimod(Aa B)) = HH.(A * ga B)

which converge to the Hochschild cohomology as an algebra.

Proof. These spectral sequences are induced by the row and column filtrations on the (first

quadrant) double complex Homg (L, Hom 4¢ (K, B)). Since the product on Homg (L, Hom 4 (K, B))
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respects both of these filtrations, and its homology is the Hochschild cohomology ring
HH*®*(A x G, B), both of the spectral sequences are multiplicative and converge to the
Hochschild cohomology.

Filtering by the degree on K produces the spectral sequence with’E; = Extg(k, RHom4e (A, B)),
where we take RHom 4¢ (A, B) = Hom (K, B). Filtering by the degree on L produces a spec-
tral sequence with F; = Homg(L, HH®(A, B)), since each Homg (L', —) is exact and hence
commutes with homology. Since the differentials on F; are given by dj, it follows that the

FEs term is as described. [ |

In the language of Notation [2.22| the E_-terms of these spectral sequences are the bi-
graded algebras gre HH*(A x G, B) and gry HH®*(A * G, B) respectively.

Corollary 2.31. If the global dimension of G is < 1 then we have an isomorphism of algebras

grgHH*(A % G, B) = Extg(k, HH*(A, B)).

Proof. In this case Fy = F. [ |
2.7 Algebras of extensions as derived invariant algebras

The main purpose of this section is to give some multiplicative spectral sequences converging
to the algebra Exta.g(M, M), for any A *x G-module M. As was the case with Hochschild
cohomology, we will derive our spectral sequences from some explicit isomorphism at the level
of cochains. Some related spectral sequences for groups of extensions, without multiplicative
structures, were given in [27, Section 3.2.6].

For any algebra R and R-modules M and N, there is a natural bimodule structure on
Homy (M, N) induced by the left R-actions on M and N. In the case that M = N, the
bimodule structure is induced by the associated representation R — Endy(M). Since the
representation R — Endy (M) is an algebra map, the endomorphism algebra of any R-module

has the structure of an algebra extension of R.



109

The Yoneda product on Extr(M, M) is defined in the following manner: first take a
projective resolution Q — M, then define Extgr(M, M) as the homology algebra of the
endomorphism dg algebra Endg(Q). As the reader may be more familiar with the definition
of Extr(M, M) as the homology of the complex Hompg(Q, M), let us take a moment to relate
the two definitions.

The given quasi-isomorphism @ — M induces a map Endg(Q) = Homg(Q,Q) —
Hompg(Q, M), which is yet another quasi-isomorphism. To see this, note that if we fil-
ter both complexes by the degree induced by @ (in the first coordinate) we get a filtered
map of complete filtered complexes. Since each Q° is projective, and hence each functor is
Homp(Q?, —) exact, the induced map of spectral sequences will be an isomorphism on the
E; page. Whence, from the Eilenberg-Moore comparison theorem [88, Theorem 5.5.11], we
conclude that the original map Endg(Q) — Hompg(Q, M) is a quasi-isomorphism. Indeed,
this is a direct argument for the well known fact that we can use the functor Homg(Q, —)
to derive the functor Hompg(M, —) [88, Theorem 10.7.4].

Recall that, for any bimodule resolution p : P — R, the tensor product P ®z M provides
a projective resolution of  ®4 id : R ®r M — M. This fact is a consequence of Kiinneth’s

spectral sequence.

Proposition 2.32 ([88, Lemma 9.1.9]). Let R be any algebra, P be a projective R-bimodule
resolution of R, and M and N be any modules over R. The ®-Hom adjunction gives an

isomorphism of complexes
Hom e (P, Homy (M, N)) = Homp(P ®r M, N).

In the case that M = N, and P is the bar resolution P = BR, there is a quasi-isomorphisms
of dg algebras
HOHlRe (P, Endk(M)) :> EndR(P KR M)

Strictly speaking, only the first portion of this proposition is given in Weibel’s text.
The compatibility of the cup product with the Yoneda product, in the case that M =
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N, should certainly also be well known. One simply verifies that the map sending f €
Hompge (P, End;(M)) to the function in Endg(P ®g M) which is zero on P>~/ @ M and

maps lower degree monomials as

rRXr...0r, _m

(2.7.1)
= (—)VODr @ @ . @y @ (F(L @ Tp 11 @ ... @ 1 ® 1)(m))

is a morphism dg algebras. The fact that the proposed map is a quasi-isomorphism follows

by commutativity of the diagram

EHdR<P Xp M)
Hom ge (P, Endy (M) = Homp(P ®r M, M)

and the fact that (4 ® id), is a quasi-isomorphism.

Corollary 2.33. There is a canonical isomorphism of graded vector spaces HH®*(R, Homy (M, N)) =
Extgr(M, N) and isomorphism of graded algebras HH®*(R,Endy(M)) = Extr(M, M).

Note that, for any projective bimodule resolution P — R with diagonal quasi-isomorphism
w: P — P®gP, the dg algebra structure on Hompge (P, End(M)) induces a dg algebra struc-
ture on the complex Homg(P®r M, M) by way of the adjunction isomorphism of Proposition
2.32] For functions f, g € Homg(P @ M, M), the product fg € Homp(P ®r M, M) will be
given by
fg:x@pm = (1)@ f (w0 (2) ©r g(ws () @rm)),

where the notation w(z) = wi(z) ®p wa(x) is as in Section [2.6]

Corollary 2.34. Let M be any R-module, P be any projective R-bimodule resolution over
R, andw : P — P ®g P be any R°-linear quasi-isomorphism. Give Hompge(P ®g M, M) the

dg algebra structure outlined above. Then
Extgr(M, M) = H(Hompg(P ®g M, M))

as an algebra.



111

Proof. The algebra structure on Hompge(P, End(M)) is defined so that the isomorphism
Hompe (P, End(M)) = Homp(P ®g M, M) is one of dg algebras. In the case that P is

the bar resolution, there is an isomorphism of algebras
H(Homg(P ®r M, M)) = H(Hompg. (P, End(M))) = Extr(M, M)
by Proposition [2.32] The result now follows from the fact that the cup product on
H(Hompge (P, End(M))) = HH*(R, End(M))
can be computed using any resolution and any quasi-isomorphism w: P — P ®p P. [

Let us return to our analysis of the cohomology of smash products. We fix a Hopf algebra
G and G-module algebra A. Before giving the main results let us clarify a possible point of
confusion.

For any A * G-modules M and N there is a standard way to endow RHom4 (M, N) with
a right G-module structure. Omne simply takes a A % G-complex () which is a projective

resolution of M over A and defines the action on RHom (M, N) = Homa(Q, N) by

fv(a) = S(n)f(eq).

We would like to know that this G-module structures agree with the G-module structure on

RHom 4¢ (A, Endg (M, N)) given in Section

Lemma 2.35. Let M and N be modules over AxG and K be a projective bimodule resolution
of A satisfying conditions (I) and (II). Then the complexr K ® 4 M is a A x G-complex under
the diagonal G-action and the quasi-isomorphism K @4 M — M 1is G-linear. Furthermore,
the isomorphism

Hom 4« (K, Homy,(M, N)) = Homu (K ®4 M, N).
s one of complexes of right G-modules.

Since this lemma is not essential to the remainder of the paper, the proof is deferred to

the appendix. We now give the main results of the section.



112

Theorem 2.36. Let M and N be A x G-modules, L be a projective resolution of the trivial
right G-module k, and K be a projective A-bimodule resolution of A satisfying (I) and (II).

Then there is an isomorphism of chain complezxes
Hom g (K * L' @ 4. M, N) = Homg(L, Homu(K ®4 M, N)).
When the hypotheses of Theorem are satisfied, the isomorphism
Hom g (K * L' @ 4. M, M) = Homg(L, Homu (K ®4 M, M))
is one of (not-necessarily-associative) dg algebras.

In the above statement, Hom g.g (K * LT ® 4.6 M, M) and Hom 4 (K ® 4 M, M) are supposed
to have the algebra structures of Corollary [2.34!

Proof. From Proposition [2.32] Theorem [2.19 and the previous lemma, we get a sequence of

isomorphisms of chain complexes

Hom g (K % LY @4, M, N) = Homp.g)e (K x LT, Homy (M, N))
= HOIHg(L, HOHlAe (K, Homk(M, N))
=~ Homg (L, Homs(K ®4 M, N)).

Suppose now that N = M and that the hypotheses of Theorem are met. Then the

second isomorphism
Hom 4.g)e (K * LT, Homy, (M, N)) = Homg (L, Hom 4¢ (K, Homy, (M, N))
is one of dg algebras by Theorem The isomorphisms
Hom p.g(K * LT ® 4.6 M, N) = Homa.g)c (K * LT, Homy, (M, N))

and

Hom e (K, Homg (M, N)) = Homy (K ®4 M, N)
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are isomorphisms of dg algebras by the definition of the multiplicative structures considered

in Corollary [2.34] It follows that the final isomorphism
Homg (L, Hom ge (K, Homy (M, N)) = Homg(L, Hom (K ®4 M, N))
is one of dg algebras as well. Taking this all together gives the proposed result. |

In the complex Homg (L, Hom4 (K ®4 M, N)), we may replace K ® 4 M with any G-linear
A-projective resolution ) — M. The proof of this fact is the similar to the one given for
Corollary [2.21] In the entire statement of Theorem [2.36| we could have also replaces K with

any A°-projective G-equivariant resolution P — A with an equivariant diagonal, by Corollary

2.29.

Corollary 2.37. Let M and N be modules over AxG, and K and L be as in Theorem [2.27,

Then there is an isomorphism of graded vector spaces
Exta.g(M,N) = H(Homg(L, Homs(K ®4 M, N)))
and an isomorphism of graded algebras

EXtA*g(M, M) = H(HOHIg(L,HOHlA(K & A M, M)))

Proof. This follows by the isomorphism of dg algebras
Hom 4,g(K * L' © 4. M, M) = Homg(L, Hom (K ®4 M, M))
of Theorem 2.36] and the fact that
Exta.g(M, M) = H(Homag (K * LT ® 4.6 M, M))
as an algebra, by Corollary [2.34] [ |

Of course, from the Theorem we can also derive some multaplicative spectral sequences
converging to the Ext algebra Ext 4.g(M, M). We define the filtrations F9 and F# on each
Ext4(M, M) in the same manner as was done at Notation [2.22]
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Corollary 2.38. For any A x G-module M, there are two multiplicative spectral sequences
E2 = Eth_mod(k, EXtA_mod(M, M)) = EXtA*g_mod(M, M)

and

/El = Eth—mod<ka I%I‘IOHlA_mOd(]\47 M)) = EXtA*g_mOd(M, M)

which converge to Ext axg-moa(M, M) as an algebra. In the case that the global dimension of
G is <1 we have

grgExtA*g(M, M) = Eth(k‘, EX)CA(]W7 M))
as an algebra.

Proof. The two spectral sequences arise from considering the row and column filtrations on

the double complex Homg(L, Hom4 (K ®4 M, M)). The details are the same as those given
in the proofs of Corollaries and [2.31] [ |

This corollary is related to the Lyndon-Hochschild-Serre spectral sequence in the following
sense: if N and G are groups, and G acts on N by automorphisms, we get an action of G = kG
on A =kN. We then have AxG = k(N x G), where N x G denotes the semi-direct product.
When M = k is the trivial N x G module, the multiplicative spectral sequence

Extg(k, Exta(M,M)) = H*(G, H*(N,k)) = Exta.g(k, k) = H*(N x G, k)
of Corollary is simply the Lyndon-Hochschild-Serre spectral sequence.
2.8 Two Examples With 7

We begin with a quick specification of when the Koszul bimodule resolution X — A can be

used to produce a resolution K#LT — A#G.

Proposition 2.39. Suppose G is a Hopf algebra acting on Koszul algebra A = k(V')/(R) by

filtered endomorphisms. Then
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1. the associated graded action induces a G-module coalgebra structure on the Koszul dual

coalgebra C = --- & (RV)N(VRR)®R®V & k and

2. the Koszul resolution K = A ®, C ®, A, along with the diagonal G-action and comul-
tiplication induced by that of C, satisfies conditions (I)-(I11).

The proposition ensured that, under the given hypotheses, the Koszul resolution can be

used in Theorem 227

Sketch Proof. The bar resolution ZarA has a good G-action, and comultiplication, which
then induces a good G-action, and comultiplication, on the reduced bar resolution ZarA.
We then simply note that the embedding K C arA identifies the Koszul resolution with a

G-subcomplex (with the proposed action) which is also a A®-subcoalgebra. [ |

2.8.1 FEzample 1: 7" acting on A} by translation

Suppose k is of characteristic 0. Let Z" act on A™ = A} by translation. Specifically, the

generator o; of the ith copy of Z in Z™ will act as the automorphism

klxy, ... xn) = klzy, ..., 2)
Tj = T+ 0y
on the algebra of global functions k[A"] = I'(Oan) = k[x1, ..., x,]. Note that the set quotient
A"™(k)/Z™ is the n-torus T"(k). Indeed, if k = R and A™(k) is given the Euclidean topology
then T"(k) is also the topological quotient. However, the invariant algebra k[A"]%" is simply
the constants k.

We will see that, at least as far as the cohomology is concerned, the smash product
provides a type of intermediate between the algebra of global functions k[T"] on the torus
and the invariants k[A?]Z" = k. In particular, we will see that there is a canonical embedding
of Gerstenhaber algebras HH®(k[A"] « Z") — HH*(k[T"]), and subsequent isomorphism of
algebras k[T"] @ HH*(k[A"] « Z") = HH*(k[T"]).

The following three results will help to simplify the situation.
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Lemma 2.40. There is an isomorphism of algebras

(klx1) *Z) @ ... @ (klx,]) * Z) — kl[z1, ..., 2, x 2"

181 ® ... ® apSy > (ay...a,)(o7" .. .08,

where the a; are in klx;], the s; are integers, and the o; are the generators of Z™.

Proof. Easy check. [ |

Proposition 2.41 ([50]). If A and A’ are algebras then there is an isomorphism of algebras
HH*(A® A')=HH*(A) @ HH*(A).

Corollary 2.42. There is an isomorphism of algebras

HH®(klxy,...,z,| *Z") — HH®*(klx ]| * Z) ® ... @ HH®*(k[z,] x Z).

Proof. Combine the previous two results. [ |

So, all we need to do is calculate the Hochschild cohomology of the smash product k[x]+Z,

where Z acts by translation. Since the action of Z is filtered, and k[z] is Koszul, we can use

Proposition to get
RHom e (k[z], k[x] * Z) = (k[0] ® k[x] * Z, [e, —]). (2.8.1)

Here 0 is the dual function to z, taken to be in degree 1, and k[0] is the graded commutative

algebra generated by 0. So, in terms of generators and relations, k[0] is the exterior algebra

k(d)/(0?). For simplicity, we let ./ denote the dg algebra (2.8.1]).

Proposition 2.43. The differential [e, —] vanishes on the subalgebra k[0, x| of 7. Further-
more, the embedding of dg algebras k[0, x] — o induces an equality k[0, x] = H H®(k[x], k|x]*
7).



117

Proof. 1t is clear that the differential [e, —| vanishes on any graded commutative subalgebra
of «7. Hence, it vanishes on k[0, z]. Now, for any y ® ac® in o/, where y € k[y|, and a € k[z],
we have
e,y ® ac®] =y ®@ vao® — (—1)¥yd ® acx
=0y ®xaoc® — Jy @ a(x + s)o°
= —s0y ® ao®.

Whence we see that o7 is the Z-graded complex
o = Bser (k[0 ® k[z]o?®, [e, —]).
and each homogeneous piece can be expressed as the complex
0= klz] =¥ 0@ klz] — 0.

Since the operation —s0- is a vector space isomorphism whenever s # 0 we see, for each

s # 0, the homology H(k[0,] ® k[x]o®, [e,—]) vanishes. |

Proposition 2.44. For anyy € k[0], a € k[z|, and g € Z, the action of Z on H H® (k[x], k[x]*
Z) = k[0, x| is given by
(ya)-g = y(* a). (2.8.2)
Proof. Take y € k[0], a € k[z], and g € Z. Recall that Z acts on k[0] by dualizing the
associated graded action on k[z]. Since the associated graded action on k[z] is trivial, we
conclude that the action of Z on k[0] is trivial.
We consider k[0, x| as a subalgebra in 7. According to the action given at Proposition

2.39, and the fact that g is group like, we have

1

(ya)g = (yg)(g "ag) = y(* a).

So we see that k[0, x] is a Z-module subalgebra in <7, under the proposed action ([2.8.2)), and
the embedding k[0, 2] = & is one of Z-module dg algebras. [ |
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Recall that we have the Koszul resolution of kz over kZ = k[o,o~'] given by

0—kZ - k7Z — 0
1= (1-o0).

Proposition 2.45. Let L be the resolution of kz given above. There is a canonical inclusion

k[0] — Homg(L, k[0, x]) which induces an equality k[0] = HH®(k[z] x Z).
Proof. To distinguish between the two copies of kZ in L we will write
L=0— kZ[1] - kZ — 0.
The canonical inclusion alluded to in the statement of the proposition is given by
k[0] = Homg(kZ, k[0]) — Homgz(L, k[0] ® k[z]).

Note that we can write the hom complex Homg (L, k[0] ® k[z]) as a double complex. Indeed,
using freeness of L, Homy(L, k[0] ® k[z]) is given by

0 k[z] 2 Ok[z] —= 0
(1-0): (1-0)-
0 k[z] 2L Ok[z] —= 0

0 0
The map (1 — 0)- sends a polynomial f(z) in k[z] (resp. 0f(z) in 0k[z]) to f(x + 1) (resp.

Of(z +1)). In particular, for all positive n we have
(1 — o)™ = —na™ ' + lower degree terms.

So it is clear that ker(1—o¢) = k. By induction on degree, or a simple spectral sequence argu-
ment, we see that coker(1—o) = 0. So the homology of the double complex Homy(L, k[0, z])
is the subalgebra k[0)]. |
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Corollary 2.46. There is an equality of algebras HH®(k[xy,... ,x,] * Z") = k[0y,...,0n],
where all of the 0; are of degree 1.

Proof. This follows by Proposition [2.45 and Corollary [2.42] |
In order to address the Gerstenhaber structure on the Hochschild cohomology of k[z1, . . ., z,]*
Z"™ we produce a quasi-isomorphism from k[0, ..., d,] to the Hochschild cochain complex

C*(k[A"] «Z") = Hom(B(k[A"] « Z"), k[A"] x Z")
= 0 — K[A"] % Z" — Homy,(k[A"] ¥ Z", K[A™] % Z") — Homy,(k[A"] % Z" @ k[A"™] % Z", k[A™] % Z") — - -- .
First, we identify each 0; with the derivation
O; t klxy, ... x| % Z" = kl[zq, ..., x,] x 2"
ag — 3=(a)g
in CY(k[A™] x Z™) = Endg(k[A"] x Z"). Now define the map

S k[0)] — C*(k[A™] % Z")

by
1
a“alri—)mzaz_r(l)uual

TEST
where U denote the product on C®(k[A"] * Z™). Recall that the product on the Hochschild

T(r)?

cochain complex C*(k[A"] x Z") is graded commutative up to homotopy [I§].
Proposition 2.47. The map ¥ is a quasi-isomorphism.

Proof. Since the 9; are derivations on k[A"|* Z" they are cycles in C'(k[A"]*xZ"). Tt is easy
to check that any nonzero Y, ¢;0; is a non-inner derivation. So H'(X) is an injective map

from k[0y,...,0,]' = (0y,...,0,) to
HH'(K[A™] x Z") = Der(k[A"] * Z") /InnDer(k[A"] x Z™).

Now, we already know HH®(k[A"] x Z™) = k[0, ..., 0,] by Corollary [2.46, So H*(X) is in

fact an isomorphism.
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Since C*(k[A"] x Z") is homotopy commutative, the map X is in fact an algebra map up
to homotopy. This implies that H(X) is an algebra map k[0, ...,0,] = HH®*(k[A"]*Z") =
k[O1,...,0,]. Now, since H(X) is an isomorphism on the generators, we can conclude that

H(X) is an isomorphism. [

Our final result refers to the graded Lie bracket on the (shifted) Hochschild cohomology.
Let us list here only the details we will need to know in order to understand the proof below.

Firstly, we recall that the Lie bracket on
CHklxy, ..., 2, * Z") = Endy(k[x1, ..., 2,] % Z")

is simply the graded commutator [f,g] = fg — (=1)#9lgf. Secondly, we note that, on

homology, each operation [f, —| is a degree |f| — 1 graded derivation, i.e.

[, gh] = [f, gl + (=1)VI=0lg £, )]
for all f,g,h € HH®*(k[z1,...,z,) x Z").
Theorem 2.48. The Lie bracket on HH®(k[xq,...,x,] * Z") = k[0, . .., 0] vanishes.

Proof. One can check directly that, for all 7,5, [0;,0;,] = 0 in Der(k[A"] « Z™). Hence,
the Lie subalgebra k[dy,...,0,]! is abelian. Now, one can use the fact that, for any f
in the Hochschild cohomology, the map [f,—| is a graded degree |f| — 1 derivation to get
[0, k[04, ..., 0,]] = 0. Use this fact one more time to get [k[01, ..., 0n), k[O1,...,0,])] =0. A

Let us, in conclusion, explain some of the motivation behind the previous two results and
address the claims concerning the Hochschild cohomology of the n-torus. First, the action

of Z™ on klxy,...,z,] induces a natural action of Z™ on the polyvector fields

Ty (A7) = N\, Der(A).
Recall that [32] tells us we have a quasi-isomorphism

HKR : Ty (A™) = C*(k[A"])

Vi AY, = S5 o Vg U---UY,

’TGST
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and subsequent isomorphism HH*(k[A™]) = T, (A™).
It is rather easy to check that there is an equality k[%] = Tpory(A™)%". So we have an
algebra isomorphism

HH®(k[xy, ... 2, % Z") S Tho (A™)Z"

9

8i —> EIo

Since all the % are orthogonal, this map is an isomorphism of Gerstenhaber algebras. Also,
as was shown above, any Z"-invariant derivation on k[A”"] extends to a derivation on the
smash product. So we can define the map ¥ as the invariant map ¥ = HK R”", up to some

abuse of notation.

Finally, there is a natural embedding of Gerstenhaber algebras
HH*(K[A"] * Z") = Tpoy (A" = Ty (T™) = HH*(k[T"]).

If X; denotes the standard nonvanishing vector field on the ith copy of S* in T = (Sh),
the above embedding is given by 0; — X;. This map identifies HH*(k[A"| x Z™) with a

k[ T")-basis for Ty, (T™). From this we get the proposed isomorphism of algebras

k[T @ HH®*(K[A"] % Z") S Ty (T™) = HH*(k[T™)
fY = fY.

It is somewhat tempting to conjecture that the analogous result holds if we replace k[A"]
with the algebra k[A™]* of C°-functions. In this case we would expect an equality of
Gerstenhaber algebras

HH®(K[A™> « Z") = Tp5, (A™* = Tp5 (T").

Indeed, it seems likely that there will be an equivalence of categories k[A"]*® % Z-mod —

k[T"]>°-mod given by restriction.
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2.8.2  Example 2: The Untwisted Skew Polynomial Ring

Let k be of characteristic 0 and ¢ be a nonzero scalar which is not a root of unity. Let k,[z, y]
denote the skew polynomial ring in 2-variables,
k{x,y
kol g) = )
(yz — qzy)
This algebra is Koszul and twisted Calabi-Yau with Koszul dual given by the skew graded

commutative ring
k(s,t)
(82,12, st + qts)’

where the generators s and t are taken to be degree 1. One can check directly that k,-1]s, ]

l{q—l[s, t] =

is Frobenius with Frobenius automorphism s — —gs, t = —q~'t. Then, according to [86),
Theorem 9.2], k [z, y] will be twisted CY with twisting automorphism ¢ : z — ¢~ 'z, y — qy.
(Note that one needs to invert the automorphism on the rigid dualizing complex to get the
twisting automorphism.) We let the generator of Z act on k,[z, y] by ¢. Now, according to
[24] and [72, Corollary 0.6], the smash product k,[z,y| * Z will be Calabi-Yau.

Let A be a variable of homological degree 0, €,&;, and & be variables of homological
degree 1, and ¢ and all 7; be of homological degree 2. We give all elements internal degree

0 except for €, which we give internal degree 1. In this subsection we show that

k;[e, A,gl,fg,g] " k[s,m 1 €L — {—1}]
(N — 6169, 6,C,¢2) M (02, mim;)

as bigraded algebras. Here the algebra k[A, B, C, D, E| denotes the free graded commutative

HH®(ky[z,y] *Z) =

algebra with respect to the homological grading.

We consider the same resolution L as in the previous example,
0 kz " Kz >0

of k, where ¢ denotes the generator of Z. We will give a diagonal map L — L ® L below. Let
us for now simply focus on computing the cohomology HH*®(k,[x,y] * Z) as a vector space.
Let us note before beginning that k,[x,y] * Z has a basis given by ordered monomi-

als {z'yi¢* : i,j > 0,k € Z}. According to Proposition [2.39, the dg algebra computing
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HH®(ky[z,y], kqlz,y] * Z) is

]

0— kylx,y] *xZ o] kylz,y] % Zs @ kylz,y] * Zt oy kylx,y] * Zst — 0,

where the differentials in degrees 0 and 1 are given by
2yt = (1= ety ot s + (¢ — ¢")aty™ ot (2.8.3)
and
az'y! ¢*s + ba'y"¢"t = (a(g” — ¢ 'y " + b(1 — ¢ )y st (2.8.4)

respectively. We let &7 denote this dg algebra.
The right action of Z is given by

(2l oF) - ¢ = ¢ Iatyigh,  (a'yighs) - d = ¢TI alyihs
(ziyigFt) - ¢ = I aiyight, (a'yigPst) - ¢ = ¢ IalyigPst.

Finally, the double complex computing HH*®(k,[x,y| * Z) is

0 —— ky[z, y] * Z_[e—’_L kylx,y] * Zs & k,|x, y] * Zt@kq[x,y] * st —0

~<1—¢>] ~<1—¢>T -<1—¢>T
0— ke, y] * 257 k [2, 4] * s @ k[, y] * Zt “T > k[, y] % Zst — 0

We will compute the Hochschild cohomology of the smash product using the column filtration
on the above double complex. Note that the F; page in this case has columns H*(Z, &%),
where H*(Z, —) denotes the Hopf cohomology Extz(k, —). Recall that in degree 0 the Hopf

cohomology is simply the invariants (—)Z.

Proposition 2.49. We have

HO(Z, ") = klzy] * Z,
HZ, ") = klzylx * Zs ® klxyly * Zt,
H°(Z, ?) = kl|zy| * Zst.
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There are also canonical isomorphisms

HYZ, o°) = k[xy] * Z,
HYZ, ") = k[vy|x * Zs & klzyy = Zt,
HY(Z, o/*) = k[zy] * Zst.

giwen by the natural embeddings k[zy] * Z — ky|x,y| * Z, k[zy|z * Zs — kq|x,y| * Zs, etc.

Proof. This follows from the fact that ¢" = 1 if and only if n = 0, and so (1 — ¢™) = 0 if and
only if n = 0. [ |

As a consequence of the above Proposition we see that the F; page of the spectral sequence

associated to the column filtration is given by
E) = 0——=k[zy] * 7zl klxy|x x Zs @ k[xyly * /e klxy| * Zst — 0

0 — k[zy] * Z 27 klayle  Zs @ klayly * ZH "> kzy] * Zst —— 0
From the formulas (2.8.3) and (2.8.4)), the restrictions of the differentials in degree 0 and 1

are now given by
2yt = (1= ¢ )" y'ehs + (¢ — ¢ty okt (2.8.5)
and
az T lyioFs + by TLomt — (a(qk — g™y TR (1 — ¢y ") st (2.8.6)
Lemma 2.50. The spectral sequence E stabilizes at the 2nd page, i.e. Fy = E.
Proof. We can see from the differentials given above, the obvious inclusion
E; — Homy (L, Hom e (K, ky[z,y] * Z))

is a embedding of (double) complexes. Furthermore, this map is a quasi-isomorphism since

the spectral sequences associated to the column filtrations agree at the E; page. So we have

H* (Homy (L, Hom e (K, kyz,y] * Z)) = H*(E1).
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Recall that the bottom row is of E; is the invariant dg algebra 27% and that the top row

is canonically isomorphic to 7% as a complex. This will simply help ease notation.

Proposition 2.51. Let A be a variable in degree 0, & be variables in degree 1, and ( be

variables in degree 2. Let n; also be variables in degree 2. Then the algebra embedding

A= Yy
kA, &1, 62, (] 7 & — s
(A= &6.60,C) o, gt (2.8.7)
(s ¢ lst

is a quasi-isomorphism in degrees 0 and 1 (where the domain is taken to have vanishing

differential). The chain embedding

kp\>£l>£2:<] k[nl : Z S Z - {_1}] Z
o
=& 66 T )

sending n; to ¢'st and mapping all the other generators as in (m, 1S a quasi-isomorphism.

Q:

Proof. Let ¢ denote the corresponding map on the free graded commutative algebra k[, &1, &2, (]
to &/%. From , and the fact that ¢ is not a root of unity, we see that a monomial
2'y'@* is in the kernel of d° if and only if £ = i. So we see that ¢ is an isomorphism in degree
0. Similarly, we see that

ax™ Ty oFs + badyi T ot
is in the kernel if and only if £ = ¢ and n = j or, assuming a is nonzero, k = n,i = j, k # 1,

and b = a(q* — ¢')/(1 — ¢"%). In this second case, the cycle appears as
(1 o qi—k)xi+1yi¢ks + (qi o qk)wiyi—i-lqbkt’

up to multiplication by a constant. As is clear from the expression ([2.8.5)), all such elements

are boundaries. So we see

H'(&/") = image of (k[\& @ k[A]&).
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Whence ¢ is a quasi-isomorphism in degree 1 as well. By the same analysis,
d (/%) = (e lyi T st 1,5 > 0,k # 4
and so
H*(@/%) = (a™ ' eist 10 > 0) @ (¢st - k € Z).
It follows that the image of the coproduct map

k[N &1, 6, @ (¢Fst 1 k € Z) — 7%

is a quasi-isomorphic subcomplex in .2Z% on which the differential vanishes. Obviously, we
can omit ¢~ 1st in the second summand, since ¢~ st is the image of . In fact, im(¢) N (¢*st :
k € Z) = k¢~ 'st. Now one simply checks that the kernel of ¢ is the ideal (A — &,&, ¢, C?)
and that

kp‘?él;é%d k[anGZ_{_l}] _ k[)‘vghg%d kot . .
N —66.60) " ) C-Genae,0n o\ REE10D
to get the desired result. |

Note that the image of € is contained in the subalgebra of cycles Z(«/%). So we get
induced maps onto the homology via the projection Z(&/%) — H(/%).

Corollary 2.52. The isomorphism

k[)‘7517£27<] X1 k[anGZ_{_l}]
()‘C - 515275%(7 CQ) (7722777277])

derived from Proposition|2.51| is an isomorphism of algebras

H*(Q) : — H*(7)

Proof. Since \n; is the boundary zy¢tst, we see that the implicit relation Ap; = 0 is
respected on in H (7). All the other relations are respected at the cochain level. |

For the sake of notation, we will take

kP‘?&laﬁ?aC] Xk k[nz ZGZ_{_l}]
()\C - €1§Z7€iC7C2) (7712777177j)

Note that Q can also be considered a map into &7 since we have &/ C 7.

T =
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Corollary 2.53. Let Z act trivially on the algebra T'. The induced map
Q, : Homy(L,T) — Homg(L, o)
1S a quasi-isomorphism and induces an algebra isomorphism on homology.

Proof. Note that the differential on the domain vanishes. By construction, the map €2 induces
an algebra isomorphism on page 2 of the corresponding spectral sequences. By Lemma, [2.50

the E5 page of the codomain is equal to the homology as an algebra. |

All that is left to do is give a diagonal map L — L ® L. We can then compute the algebra

structures on the hom complexes Homy (L, T') and Homy(L, 7).

Lemma 2.54. There is Z-linear quasi-isomorphism L — L ® L given in degree 0 by the

comultiplication and in degree —1 by

kZ[1l] = L® L
11— 311 ® (1+¢) + (14 ¢) ® 1[1]).

Proof. The complex L ® L is given by
- = KL QKL S KZ R KLl = kZ R kZ — 0

with differential 1[1]®1+— (1—¢)® 1 and 1@ 1[1] = 1® (1 — ¢). We need to check that the

proposed diagonal map is a chain map. Let o denote the proposed diagonal map. We have

drorlo(11])) = dron (1] ® (14 6) + (1 + ¢)  1[1)
—H(1-@)@(1+6)+(1+6)®(1-¢)
=12(1®1) - ¢®1-10¢+2(¢ ® ¢))
=1®1+90®09
=o(l—9¢)
= o(dr(1[1])).
So ¢ is a chain map. The fact that it is a quasi-isomorphism follows from the fact that it

sends 1 to 1 ® 1 in degree 0. [ |
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Theorem 2.55. Let € be a variable of degree 1, and let all other variables be of the degrees

specified in Proposition |[2.51. There is an isomorphism of graded algebras

k[ga)‘7£1a§27<] « k[E,anEZ—{—l}]
A — 66, 6¢,¢2) (12, i)

= HH®(kyx,y] * Z).

Proof. Recall our notation

_ kA, &1, 6, (] Xk Klni i€ Z —{-1}]
(2, ming)

(A = &, &(, )
Let € denote the degree 1 map
L— L '=kZ[1] =T
1] =1
in the hom complex Homy(L,T) and let the product on the hom complex be denoted by
juxtaposition. For any f € T let f denote the map

L—->I°=k7Z—>T
1—f

by abuse of notation. We now have that fe is the degree 1 map

fe:L—-L®L—T
1—1®1—0
1] = 3(1[1] @ (1 +¢) + (1 +¢) @ 1[1]) = 32f = f
One can check easily that ef is the map 1 — 0, 1[1] — (=DMIf. So ef = (=1)/Ife.
Obviously €2 = 0 since there are no degree 2 maps from L into 7. Whence we get the

bigraded algebra isomorphism

k[67A7€17§27C] X i k[guni fLEZ_{_l}]
(A —66,6¢, ) (02, min)
Finally, one can deduce from Corollary that the isomorphism

— Homy(L,T), fe'— fe'.

Homgz (L, T) = HH®(ky[z,y] * Z)

is one of algebras. L



129

As was discussed in the beginning of the section, an easy exercise shows that
HH.(kq[l” y]) = ]{?[Q?S, yt? St] - k[§17 527 7]0]
Whence we, at least, have a canonical algebra map HH®(k,[x,y]) — HH*(k,[z,y] * Z).

Appendix

Proof of Corollary[2.29. Let &2 — P be a projective resolution of P as a complex in EQgA°-
mod. Since the restriction functor EQgA®-mod— A°-mod preserves projectives, &2 will be
a projective bimodule resolution of A as well. The tensor product of the quasi-isomorphism

& — P then produces a quasi-isomorphism & ®4 & — P ® 4 P and we get a diagram

PRI P —=PRy P

| re ]

& P

)

which commutes up to a G-equivariant homotopy h : & — P ®4 P[1]. Here the two two
vertical maps are any choice of diagonal quasi-isomorphisms on & and P. The existence
of this homotopy follow by projectivity of & and the fact that the diagram commutes on

homology. We will then have a diagram

Hom e (P, B) ® Homye (P, B) — Homye (&2, B) ® Hom (<, B)

mult HOHlAe(P Xa p, B) HOHlAe(c@ XA c@,B) mult
EN £
HOH].A&(P,B) HOD_’IAS(@,B),

where the top square commutes and the bottom square commutes up to the G-linear homo-
topy
h* - HOHlAe(P Xa P, B) — HOHlAe(y, B)[l]

To be clear, the top most vertical maps take a product of functions f ® g to the function

sending a monomial 1 ®4y in P®4 P, or Z @4 2, to (—1)l91f(2)g(y). It follows that the
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map Hom e (P, B) — Home (£, B) is an algebra map, up to a homotopy, as is the induced
map

Homg (L, Hom e (P, B)) — Homg (L, Hom (£, B)).
Since P and & are projective A-bimodule resolutions of A, both of these maps are also seen

to be quasi-isomorphisms.

Repeat the process with K to get a resolution # — K and quasi-isomorphism
Homg(L, Homye (K, B)) — Homg(L, Homyue (%, B))

which is an algebra map up to a homotopy. Finally, since both J# and & are projective
resolutions of A in EQgA®, there is a G-equivariant quasi-isomorphism %~ — &?. We repeat

the above argument a third time to deduce a quasi-isomorphism
HOIIlg(L, HOmAC(;@, B)) — HOmg(L, Hom 4e («%/, B))

which is an algebra map up to a homotopy. Taking &/ = Homg(L, Hom (%", B)) then
provides the desired result. |

Proof of Lemma |2.35. The first claim follows from the fact that K is a left A x G-complex it-
self. Now, for any f in Homa(K®4 M, N) let fiom denote its image in Hom 4e (K, Homy (M, N))
under the adjunction isomorphism of Proposition [2.32, Then we have, for any vy € G, z € K,
and m € M,
((fY)fom(@)) (m) = fr(z ®am)

= S(m)f(rer @4 v3m)

= S(n) faom(12x) (y3m)

= (S(m) from (12)7ys) ()

= (fitom7(x))(m).

So fv maps to faom?y under the adjunction isomorphism of the proof of Theorem [2.32] and,

consequently, the isomorphism
RHom 4 (A, Homy,(M, N)) = RHomy (M, N)

is G-linear. [ |
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Chapter 3

BRAIDED STRUCTURES AND HOCHSCHILD
COHOMOLOGY

Let k£ be a field. In this chapter we produce a natural braided anti-symmetric operation
[, ]yp on the intermediate cohomology Hf (A *G) = HH*(A, A+ G). Although we are still
interested in the cohomology of smash products, our set-up is a bit different than it was in
Chapter |2l We will require here at least that G is finite dimensional and, at some point, we
will require additionally that G has finite exponent exp(G) which is invertible in the base k.
In the case of a group ring, this condition on the exponent is equivalent to the requirement
that G = kG is semisimple, although in general the two properties are not the same (see
Corollary [3.34).

In Section we produce a Hochschild cochain complex for algebras over a noncommu-
tative separable base. We show that this complex embeds as a dg Lie subalgebra in the usual
Hochschild cochain complex. We then introduce the intermediate complex Cf, (A *G), show
that it is a dg algebra in the category of Yetter-Drinfeld modules (Proposition , set the
groundwork necessary for producing the Yetter-Drinfeld bracket [,]yp, and show that the
cohomology H}, (A % G) is a braided commutative algebra (Corollary [3.21). This material
is given in Section [3.2] In Sections and we give some background on the exponent
of Hopf algebras and present the Yetter-Drinfeld bracket [, ]yp, which exists as a braided

anti-symmetric map at the cochain level
[? ]YD : CI.nt(A * g) ® CI.nt(A * g) - Ofnt(A * g)

Finally, in Section we give some natural interpretations of the cohomology Hp (A * G)

in low degree.
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3.1 Algebras over a separable base and the intermediate cohomology

Let S be a (noncommutative) separable algebra and R be an S-algebra in the sense that it
comes equipped with an algebra map S — R. We do not require that the map S — R is
injective.
Lemma 3.1 ([63, Lemma 5.5)). If S is separable then S¢ is semisimple.

We let ZarsR denote the relative bar resolution for R over S,

BarsR = (B;R ®g R ®g R, with standard differential).

Lemma 3.2. The relative bar resolution provides a projective resolution of R as a bimodule,

and the projection Bar R — PBarsR is a homotopy equivalence.

Proof. By the previous lemma, the action map S® V ® S — V of any S-bimodule V' is a
split epimorphism of S-bimodules. So the surjection RV R=R®sSQV ®S s R —
R®sV ®g R is a split epimorphism of R-bimodules. In particular, taking V = R®s" we see
that PargR is projective in each degree.

The fact that the map HBarsR — R is a quasi-isomorphism follows from the fact that
the usual contracting homotopy on the mapping cone still exists in this setting. Now we see

that the projection is a homotopy equivalence since it fits into a diagram

BarR RBarsR

N7

R :

is therefore a quasi-isomorphism, and quasi-isomorphisms of bounded above complexes on

projectives are homotopy equivalences. [ |

Notation 3.3. Take
O.;‘(R) := Hompge(BarsR, R) = HOmSe<R®S.7 R)

and

C*(R) := Hompge(%arR, R) = Homy(R®*, R).
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We have the canonical embedding C&(R) — C*(R) dual to the projection ZarR —
HBarsR. This identifies C§(R) with the subcomplex of functions f : R®"™? — R which

vanish on the relations
To® ... QriS@riy1 @ ... Q0T p41 —To® ... Q1 @81 ® ... Ty, (3.1.1)

for each 7 and s € S. In the following lemma ¥ denotes the shift automorphism of the

category of chain complexes.

Lemma 3.4. The subcomplex C(R) is closed under the circle operation on C*(R). More im-
portantly, XC&(R) is a quasi-isomorphic Lie subalgebra of YC*(R). Whence H*(XC%(R)) =
YHH*(R) as a graded Lie algebra.

Proof. 1t is easy to see that Gerstenhaber’s circle product f o g of functions vanishing on
the relation (3.1.1]) already vanishes on (3.1.1)). Whence the bracket [f,g] = fogF go f of
functions in Cg(R) is still in C(R). |

Another way to understand the bracket of Cg(R) is as follows: let TsR denote the tensor
S¢-coalgebra TsR = @;R®s" with the standard comultiplication and grading given by taking

R to be degree —1. Then we have an identification
YC%(R) = Coderge(TsR)

in the usual way and recover the Lie bracket on the shifted complex XCg(R) as the graded

commutator of coderivations.

3.1.1 When S =G and R = AxG: the complex C? (A *G) and its G-coaction

Suppose we have a finite dimensional Hopf algebra G acting on an algebra A. We denote the
action on A by a left superscript v-a = 7a. In this case we have Zarg(AxG) = (BarA) G,
where G acts on the bar resolution diagonally, and the smash product is as in Chapter [2]
The material of Chapter [2] Section [2.4] then gives
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Proposition 3.5. Let G act on the right of the hom complex C*(A, A % G) according to the

formula

fevar...an) :=SM)f(Pay ... " ay) Yo
This action commutes with the differential and, in the case that G is semisimple, we have an

identification of complexes C*(A, A* G)Y = CH(AxG)

Proof. This is a particular occurrence of Theorem [2.19. In short, we will have a sequence of

equalities

C(AxG) = Homy.ge(ABarg(AxG),A*G)
= Homa.g)e ((%’WA) x G, Ax g)

= Hom sg(axg)or ((,%’CLTA) x G, Ax Q’)g (3.1.2)
= Hom e (BarA, A x G)9 (restrict to BarA)
— C*(A, A% G,

|

In the case that G is not semisimple we will still have the right action of G on C*(A, AxG),
although we will not have the identification of the invariants with the complex Cg(A x G).

Notation 3.6. We let C, = CP,(A x G) denote the complex C*(A, A x G) and H},, =
H! (A x G) denote the cohomology of this complex. This complex and its cohomology will

be referred to as the intermediate cochain complex and intermediate cohomology respectively.

Obviously Hy (AxG) = HH*(A, AxG). However, we will also be interested in identifying

the intermediate cohomology with other useful cohomologies. For example, if we take
Cr = Homug(augyer ((BarA) x G, A% G) and thus Hf, = Extagasgr(A*G, AxG)

when G is semisimple then we get actual equalities C§(A*G) = Cf (AxG)Y and HH*(AxG) =
Hp (A G)9. This will not occur with other expressions. So we do not resign ourselves to

any particular interpretation of the intermediate cohomology at this point.
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There is a natural right (cofree) G-comodule structure p on this complex induced by the

k-linear identification
C*(A)®G = Cry(AxG), E@y = (z—&(x)7). (3.1.3)

That is to say, the coaction is induced by the coaction on the codomain AxG. So, if we identify
elements of CF, ® G with A% G ® G valued functions on Har A by taking £ ®y(z) = &(z) ®@7,
we can then give the function p(€)(z) := pawg(&(x)).

Notation 3.7. We write C3 for the image of C*(A) ® kv under the map (3.1.3) and f, for
the image of f ® v under (3.1.3)).

So, €7 denotes the subspace of functions which take values in Ay C A*G. In this

notation we have p(f) = f,, ® 7.

3.2 The Yetter-Drinfeld structure on C} (A * G), naive bracket, and braided
commutativity

Let G be a finite dimensional Hopf algebra. We consider the categories of right G-co/modules
almost exclusively (as opposed to left co/modules).

Definition 3.8 (Yetter-Drinfeld modules, maps, and complexes). 1. A simultaneous right
G-module and comodule M, with coaction p : M — M ® G, is called a Yetter-Drinfeld

module if the action and coaction satisfy
p(my) = moy2 ® S(y1)mavs, (3.2.1)
for any m € M, v € G.

2. A morphism of Yetter-Drinfeld modules is a simultaneous module/comodule map. the

category of (right) Yetter-Drinfeld modules over G is denoted YDg.

3. A chain complex X in which each X* is a Yetter-Drinfeld module is said to be a complex
in YDS if the differentials are morphism in YDg and the action and coaction are maps

of chain complexes, where X ® G is given the standard differential d(z ®~) := d(z) ®~.



136

The category YDg is well known to be a braided category under the non-trivial braiding
braidyyyn : M QN - NQM, mRn+— ng@m-ny.

This braiding will play an essential role in the production of a good bracket on the interme-

diate complex Cp (A * G).

Proposition 3.9. The complex C} (A% G), with the right G-action and coaction of Section
becomes a complex in the category of Yetter-Drinfeld modules over G.

Proof. Let p denote the coaction on the intermediate complex. We identify elements of

Ch,®G as Ax G ® G valued function on HarA by

(E@a)(r) =£(r) ®a.

This gives p(&)(z) = p(&(x)) for each = € ABarA. By Lemma of Chapter [2, we already
know that the G-action commutes with the differential. As for the coaction, we have for any

[y € C5 that p(f,) = f,, ® 72 and therefore

(=) e wo(fry @ 72) (01 ® .. . ay)

=a1fpy(a2®...®a,) @7 £ fr,(a1 @ ... @ ay_1)a, @ Y2
+Y i (a® ... ®aa41® ... ®a,) Vs

=a1f(a2® .. Qa)NM @Vt fla1®... 0 ay_1)" a2 @73
+>) L Ef(1®... . ® 0041 ® ... @ a,)N1 © Y2

= p(des, (J)(01® ... ® ay))

= pldcy, ()1 ® ... @ ay).

This shows that Cf, (A*G) is a complex of G-modules and comodules. To see that the action

and coaction satisfy the appropriate compatibility we simply calculate

p(fy-o(x)) = p(S(o1)f(7x)03)
= p(5) f(7x)S(01)y04)
= 8@) f(712)S(02)n05 @ S(01)7206
= 5(02) f(*x) 1104 ® S(01)72075
= [y - 02(x) @ S(01)7203.
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With this new understanding, we define a preliminary “bracket” on C7,(A * G). This
bilinear operation turns out to be poorly behaved, but still rather useful. A well behaved

bracket on C7,, will be defined in Section (3.4}

Definition 3.10 (The naive bracket). The circle operaton on C7,, (A*G) is defined as follows:

for fo € C5 and gg € CF we take

faogs(x) = (1)l fo (21 @ (@) @ Pa3) By

(3.2.2)
— (_1)|J»‘1|(\9|—1)f(xl ® 9(1‘2) ® 51x3)aﬁ2_

we define the naive bracket by
[far 98)o = fa© gs — (_1)(|f\—1)(|g\—1)%1 o (fa- Pa).
On generic functions §,n € C},, we can write also

[€,m]e = Eon— (=1)WMng o (& my).

Here we employ the identification C (A * G) = Hom(A®*, A x G) = Homg(AA, A*G) so
that 1 ® 9 ® x3 denotes the second iterated comultiplication on an element x in the tensor
coalgebra BA. We also employ the identification A% @ A ® A®7 =2 AP+ to view the
71 ® g(15) ® Pz as elements in the bar complex. One has an alternate expression of the
circle operation which mirrors Gerstenhabers original formula. We see below that

this bracket respects the Yetter-Drinfeld structure on the intermediate complex.

Lemma 3.11. For anyy € G, and {,n € C (A% G), we have [§,n]o-v = [£ 71,0 Y2]o and
p([€,mls) = [§0, molo ® Eumn.-
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Proof. Take f, € Cj and gs € C§. Then we have

fa 71098 72(7)

=3 +S(n)f (2 (21 @ 50 g(17as) @ S0IE35)) ay3S (1) Baye

=3 E£5() f (7 (21 @ S0V g(Bay) @ S0 z5) ) By erase 73.5(74)
=Y £S5 () f(2ay @ 15500 g (7)) @ 1I08)AE 15) ) By distribute ~,
= > +S(n)f (a1 @ B g(ay) @ P0x5)) by erase 745(7s)
=Y ES() [ (1 © g(Pa2) @ Pas)) afays erase v35(74)

= S(m)(fa 0 g5)(2x)73

= ((faogs)-7) (2).
So (faogsg)-v=(fa-7v)o(gs-7y) for all f, and gs. Since each function in C},, is a finite sum
of such f,, gs, the result holds for arbitrary maps. Now, using the Yetter-Drinfeld identity,

we get
[€:mlo -
= (§on) -y — (=1)EEDIII (59 0 (- m1)) -
=& qon-my — (=)W, -y 0 (€ m17)
=&-mon-y — (=)D, g0 (€718 (2)m74)
=€ pon- s — (~1)EDED g o (1) - S(3a)m)
=&-qon-y — (1)IEDED (5 q5)0 0 (€ m) - (- 72)1)
= [&- 71,1 72lo.

As for compatibility with the coaction, on elements we get
faogs(w) = £f(w1® g(w) @ Mx5)afs.
Applying the coaction to the final element makes it clear that
p(fa©9s) = far © gp @ a2,

and on general functions in C},, we get

p(§on) =& omn ®&m.
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and so
p([€.nle) = p(§on) F p(noo & - m)
=& om0 ®&m F oo (€ m)o@m(E - m
=&on@&m Fnoo (&o-n3) @mS(n2)€ima by YD identity
=&on®@&m Fnoo (§o-m) @& erase 171.5(12)
= [0, m0]o ® &1,
as proposed. [ |

Lemma 3.12. For invariant functions {,n € Ch (A % G) the bracket [£, 1], agrees with the
Gerstenhaber bracket, after making the identification Cp, (A x G)9 = O (A x G).

Proof. For invariant functions we have

&l =&on— (=1)IE=D0N0 0 (¢ )
= on— (=1)E=DWI=Nn, 0 ge(ny)
=ton— (=1)E-DUI-Npo¢
Now, under the sequence of equalities the circle operation on invariant functions in

Cr, agrees with the standard circle operation on C§(A * G). So the final expression is equal

to the Gerstenhaber bracket on C§(A * G). [

We now, essentially, have all the machinery needed to continue with our analysis of the
intermediate cohomology, and prove our main results. However, our current presentation
of the intermediate complex is rather unnatural. The lack of naturality will sometimes
emerge as an impediment in giving clear proofs/constructions. In the next section we give
an alternate, and preferred, expression of the intermediate complex and naive bracket (see

Lemmas [3.13} |3.16], [3.19} [3.18)).

3.2.1 A reconsideration of the complex C? (A * G)

For each n have an isomorphisms

Homgen (A % G)®9", A % G) = Homy(A®", A% G) = C™(A, A% G)
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given by the restriction map. These isomorphisms induce a differential dy,; on the graded

space €, Homger (A % G¥9" A % G). Whence we have the complex
(6P Homger (A  GZ9", A % G), dint)

and the following trivial result.

Lemma 3.13. Restriction gives a canonical identification
restrict : (@ Homgos (A % G¥9" A% G), ding) — Cri (A% G).

A formula for the differential dy, is given in Lemma [3.19] This alternate expression of
the intermediate complex will clarify, among other things, the right G-action and coaction

on C7,. Note that the right adjoint action on A * G,
(@7) -0 = S(o)ar0s = 5eaS(or)703

and obvious coaction, ay +— ay; ® 79, give it the structure of an algebra in YDg . The
induced diagonal co/action on the higher tensor products A * G¥" give them Yetter-Drinfeld

structures as well.

Lemma 3.14. The kernel of the projection AxG®™ — AxG®9" is a Yetter-Drinfeld submodule
in the n-fold tensor product, and hence induces a canonical Yetter-Drinfeld structure on

A x G¥om,

Proof. This follows from the fact that G is a Yetter-Drinfeld subalgebra in A * G. So, for

example, for any o, 5 € A* G and v,0 € G the relation ay ® § — a ® 75 we will have

play® B —a®yB) = (am ® Bo — ao @ 1160) ® a17251

and

(Y@ B—a®yB) o= (a-0)(y-02)®(B-03) = (a-01) ® (7 02)(B - 03).



141

We can express the action on A x G¥9" as a large conjugation

(1 ®...0a,) 0 =(S(01)) @ ® ... R ap_1 ® (a,09)

(3.2.3)
= (S(al)m@) X (5(03)0@04) ®...& (S(agn_l)an@n),

where the «; are in A * G and the tensor products are over G. The coaction is given by
a1 R... R a, — ((011)1 X...Q0 (Oén)l) X (a1)2 Ce (Oén)g.
The following lemma is well known. See for example [60, Remark 3.5].

Lemma 3.15. Let M and N be Yetter-Drinfeld modules over G. Then there is a canonical
Yetter-Drinfeld structure on the set of k-linear maps Homy (M, N) so that the standard ®-

Hom adjunction induces a natural isomorphism
HomYDg(L ® M,N) = HOIHYDg(L, Homy (M, N)).

The right action of G on Homy(M,N) is given explicitly by the formula (f - o)(m) =
f(mS™(a9))oy, while the right G-coaction is specified by the left G*-action (€ - f)(m) =
&I (S(&)m).

Said another way, the category of Yetter-Drinfeld modules has inner homs. In the proof
we use the fact that the category of Yetter-Drinfeld modules is equal to the category of
modules over the Drinfeld double D(G). The unfamiliar reader is invited to skip the proof
momentarily, or see Section for the appropriate background.

Proof. Yetter-Drinfeld modules over G are the same thing as left modules over the Drinfeld
double D(G). So it suffices to show that the category of left H-modules has inner homs for
any finite dimensional Hopf algebra.

Let M and N be left H-modules for any such H and give the set of k-linear homs the
proposed action hf(m) := hyf(S(ha)m). One can check that this is a well defined action.
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Suppose we have any right H-linear map ¢ : L& M — N and and let fy : L — Homy (M, N)
be the adjoint map [ — (m +— ¢(l ® m)). Then we have for any h € H

fo(hl)(m) = (Wl @ m)
= ¢(h1(l ® S(ha)m))
= h1¢(l ® S(hg)m)
= h1 fo(1)(S(ha)m) = (h- (f5(1))) (m).

A similar calculation shows that the map ¢/ : L ® M — N adjoint to a H-linear map
f: L — Homg(M, N) is H-linear. So the map

HOIIlYD(L X M, N) — HOHlYD(L,HOHlk(M, N)), qb — qu.

is a bijection. The formula for the the right G-action in the case H = D(G) follows from the
G-action is given by restricting along the Hopf algebra embedding G — D(G) and the fact
that Spg) |GP = Sg’ L We deduce the formula for the coaction similarly. [ |

For Yetter-Drinfeld modules M and N we let Hom, (M, N) denote the set of k-linear
homs with its natural Yetter-Drinfeld structure. We will not need to understand the right
coaction on Hom, (A x G®¥9" A x G) directly. For our purposes, it will suffice to understand
the G*-action on Hom, (V @ M, W ® M) for vector spaces V and W and a single G-comodules

M. Here we have the natural isomorphism
Homy,(V, W) ® M @ M* = Hom, (V@ M, W@ M), f@m®\— (0@ f(v)mA{l)).
Under this identification the induced G*-action on a monomial f ® m ® X is given by
- (feamel)=fo&m)®(AS(S5))
Lemma 3.16. Fach subspace
Homges (A % G¥9" A x G) C Hom, (A * G¥9", A % G)

is a Yetter-Drinfeld submodule, and hence inherits a canonical Yetter-Drinfeld structure.
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Proof. Suppose [ : Ax G®" — A x G is right G-linear. Then we have, for any a; € A% G

and 0,7 € G,
(f . O')(Oél ®X...Q an’y) = S(O’l)f(0'4051 ®X...Q Oén’}/S_l(O'3>>0'2
= S(01) f(o401 ® ... @ ) yS™03)0
= S(01)f(o201 ® ... ® )y
= S(O’l)f(0'4041 ®X...Q OénS_l(O';g))O'Q’)/

As for the coaction we have, as comodules, (A * G)¥9" = A*" @ G and AxG = ARG so
that
Hom; (A # G%", A% G) = Homy (A", 4) © G © G,

with the G*-action as described above. Let {e;} and {e¢'} be dual bases for G and G* so
that e = > e; ® €' is the identity element in G ® G*. That is, the unique element identified
with the identity map under the obvious G*-module isomorphism G ® G* = Endg(G). This
element is always G*-invariant (since the identity map is). We can now locate the right
G-linear maps in Homy (A%, A) ® G ® G* as sums of maps of the form f ® (3, ve; ® e') for
some f € Homy(A®" A) and v € G. Indeed, we have for any © € A®" o € G,
(fe ) reod)(za) = fl)(d ead(0) = flz)o
Now, since G is a comodule algebra over itself, it is a G*-module algebra. So, for any £ € G*

we have

E-(fe(Xve®e)

OZi(&)(&eei @ €'S(12)))

OCi(&e(&e))e @ el) (3.2.4)
=fe i€ Ve®e).

So we see that the subspace of right G-linear maps is indeed closed under the G*-action, and

hence a G-subcomodule in Hom, (A * G®9" A % G). [ |

f®
f®

Equation (3.2.4) actually tells us what the coaction on Homges (A * G¥9™ A x G) will be.
Namely, if we take f, € C3 C CF (A * G) = Homger (A x G¥9", A % G) then p(f,) = f,, @7,
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since
f=te (e
under the isomorphism Homger (A * G¥9" A * G) = Homy(A®", A) ® G ® G* employed in the

proof of Lemma [3.16]

Proposition 3.17. Give @, Homger (A% G¥9", A x G) the Yetter-Drinfeld structure induced

by the embeddings of Lemmal|3.16| Then the restriction map
restrict : @ Homgen (A * G¥9" A% G) — C, (3.2.5)

is and isomorphism of Yetter-Drinfeld modules (where Cp, has the YD-structure described

in Section .

Proof. 1t is clear that the restriction map is an isomorphism of comodules, by the discussion
preceding the proposition. As for the action, we have for any a; ® ... ® a, € A®", and

f € Homgoeyr (A % G®9" A % G),

~

A ®...Qa,) = fla1®...®a,) - S7Hw)) m

S()f(ar @ ... @ "By y,1aS™ (73))72

Sv)f(Mar @ ... @ "+3a,) Y 4aS ™ (73) 72 (by right G-linearity)
S(r)f(Rar @ ... @ " ay) Yo,

as desired. ]

As a consequence of Proposition [3.17 we see that the complex
(€ Homges (4 G, A+ ), diy)

enjoys its own natural Yetter-Drinfeld structure, under which the differential dy,; is G-linear
and colinear (by Proposition |3.9). Proposition also gives an alternate expression for the

intermediate complex Cf (A * G) and intermediate cohomology and a natural embedding

Chu(AxG) — Homy (A G=9%, A)
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of Yetter-Drinfeld modules, by way of Lemma [3.16]
Under this new interpretation of the intermediate complex the circle operation, and naive
bracket, become more natural. Before stating the result we note that we have an obvious

identification
Homgor (Barg(AxG), AxG) = @ Homgen (A * G¥9" A % G)

and natural comultiplication A : Barg(AxG) — Barg(AxG) Qg Barg(AxG) on Barg(AxG)
given by separating tensors. This comultiplication induces a multiplication on the associated
hom complex so that the restriction isomorphism (3.2.5) becomes an isomorphism of dg

algebras YDg and can be used to express the circle operation and bracket.

Lemma 3.18. The circle operation on (P, Homgor (A * G¥9", A % G), dry) induced by the
identification with CP.(A x G), and original operation of Definition are given by the

formula
fogw) = (=D f((wy)o @ (g (wi)1)(w2) © wy).
The nawve bracket is given by the braided commutator under this operation,
[f,9) = fog— (=)W g0 (f - g1).
Proof. Straightforward check. [

We give now a formula for the differential dp.

Lemma 3.19. The differential dry s given by the formula

(‘Dmﬂdlnt(f)(% ® ... Q)
=(a)o(f - ()1)(2®...@a,) + (—1)"fla1 ® - @ ap_1) vy,
+00,(=D) a1 ®@ .. @ iy @ ... @ )

for elements o; € AxG.
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Proof. We replace our lower indices o; with upper indices o' to ease notation. It suffices to

consider the case in which o = a’y* for each i, where a* € A, v* € G. Now we have

®...Qa"")

(@' @...@m W gnyl .. A37lam) (since the ® are over G)
®...0 %11"'7?_1@”)7}0“ s tam (by right G-linearity)

— 1)+ de. AA*Q)(f)( ®...® 7’11"'7?71&)%1&1 vy,

—adf(Ma?®... @ MmN -t A"

—1)iflal @ ... (gl (m gt L @ vi"'ﬁ_lan)%}bﬂ ™)

> |

(
+(=1)"f(a' @ - @ W gr Y amyp gy

Using right G-linearity of f again this final expression simplifies to

alf(“/%(ﬁ R...Q ’lel...'y?—lanyy%_’_l coeA 4 (_1)nf(a171 D ® an_lfy”—l)anryn
+(X(=1)if(a'y @ .. alya Ty T L @ aty)).
We need only deal with the first term to verify the proposed formula. As for this term we

have
Adf(Ma?®...® VJL'-W?_IGN)W%JFI g
=d' f(yla? ®... @M a2y
=a'f(V'a*y* @ ... ®a"")

= a1 S()f(13a*Y @ ... @a"y")
=a'YS()f(15a*Y © ... ® a"y"S™ () 3)
=a'yS(7, )f(%a%2 ®...@a"y" S (71)73
=an(f-n)(e* ®...®a"y")

This formula will become useful in the following subsection.

3.2.2  Identities for the naive bracket: braided commutativity of Hp (A * G)

In breaking with the tradition established in the previous two chapters, we denote the product

on the intermediate cohomology, and intermediate complex, by a cup f U g. By Proposition
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of Chapter 2, the complex C},, is a G-module dg algebra under the cup product and
given action. One can check also that, for f,g € Cf,, we have p(fUg) = (fo U go) ® fig1 so
that C7; is additionally a G-comodule dg algebra, and hence a dg algebra in YDg. It follows
then that Hy,, is a graded algebra in YDg .

We employ the expression
CI.nt(A * g) = (@ HOmgop (A * g®gn’ A * g)7 dInt)
with the differential as described in Lemma [3.19]

Proposition 3.20. For arbitrary f and g in C} (A x G) we have

(—D)Va(fog)+ (—DVd(f)og— fod(g) = fUg— (=D lgoU(f-g1).  (3.2.6)

In particular, if f and g are cocycles then

(=DV*d(f o g) = fUg— (=) Wlgo U (f - gu). (3.2.7)

Sketch proof. The proof is essentially the same as Gerstenhabers original proof in the un-

braided setting [I8, Theorem 3|, and so we gloss over some of the subtle points. The reader

should also be aware that [I8] generally employs no Koszul signs, which accounts for some
of the cosmetic differences.

Note, first of all, that all operations are determined by their value on the generators

A®" C A% G® and that under the coaction p(g(y)) = go(y) ® g for any y € A®9. Take
n—1

a1 ®...®ay,) :Z(—l)ial®...®aiai+1®...®an
i=1
so that

(=D (R) (a1 ®. . .@ay) = ar1h(ae®. . . @a,)+(—1)" (a1 ®. . .®a,_1)an+h(0(a1®. . .®ay)).
For any monomial z = a; ® y = ¥’ ® a, € A" we have
—(~)d(f o g)(a)
—(=1)UstHEDAg=D+9l £ (9 (1) @ gl3) ® x3) — (=1)Fll9IH19 £ (21 @ g(D(2)) @ x5)
(= 1)mllaltea sl £y @ g(as) @ D(x))
—(=1)llo=0%slay £y, @ g(ya) @ ys) — (—1)WIII=DTHIf (4 @ g (1) @ yh)an
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while, according to the formula for dy,; given in Lemma [3.19

(=DVld(f) o g = fod(g))(x)

= —go(z1)(f - g1)(w2) — (=)D £ (1) g ()
(1) £(B() @ gla2) © ) — (~ 1D 0y @ () @ )
— (=)D (51 @ g(y2) @ ys) — (=D)AL () @ g(45) @ v )a

H(=1)lerlloltal () @ g(D(2)) @ a3).
(3.2.8)

One then matches signs, using the fact g(w) # 0 = |w| = —|g|, to get

(=D)Hd(f o g) + (=D)M1d(f) 0 g — f o d(g))(x)
= —go(x1)(f - g1)(wa) — (= 1)l o= DFEHL £ (1) g ()
= (fug—(=1)lelgy U (f - g1))(x).

A point we’ve glossed over here is that elements of the form
:I:f(a1®...®aig(ai+1®...®aj)®aj+1®...®an)

and

(1 ®..®9a;®...0a))a41 @ ... ay,)

do not appear in the expression (3.2.8)). However, one can check that such contributions

from (—1)/1d(f) o g and f o d(g) cancel, as was the case in [18]. |
From we get immediately that Hf,, is braided commutative.
Corollary 3.21. The intermediate cohomology Hf (A * G) is braided commutative.
Another curious corollary, which will actually become very useful, is the following result.
Corollary 3.22. Suppose f,g € C? (A *G) are cocycles. The bracket [f, glo satisfies
(—D)VHd([f,gle) = fUg— fo- g2 U (90 (S(91)f192)),

and hence is not necessarily a cycle.
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Proof. We have

(D), gl) = fUg— (1) lelgo U (f-g1)
— (=Dl g U (f - g1) + (=)' fo - 92U (g0 - (S(91) f192))
=fUg—fo-g2U (90 : (5(91)f192))-

3.3 (In)finiteness of the square braiding on Y D]

We saw in the last section that, although the circle operation proved useful in addressing the
graded ring structure on the intermediate cohomology, the naive bracket failed to preserve
cocycles and coboundaries. This section marks the beginnings our investigation into a new
bracket [, ]yp on the cochain complex C7,, which will be well behaved. We first need to think
a bit deeper about the tensor category Y DY, with the help of [I7].

Let M and N be complexes over YDg . Then, as we have seen, we have the braiding
braidyyy : M QN - NQM, mQn +— (—1)"”“”‘710 Qm - ny.

We can square this operation to get an automorphism on M ® N. We denote this automor-
phism by
£MN = braidNMbraidMN T MIN—->MN

and call it the square braiding on M ® N. By functoriality of the braiding, all of these
automorphism come together to produce a automorphism on the bifunctor — ® — which we
denote simply

Li(—®-) = (- ).

So we may, with some authority, speak simply of £ and drop the subscripts. The main

question is the following

Question 3.23. Is the transformation £ of finite order? If so, what is the relation between

the order £ and the (vector space) dimension of G?
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This question is answered, in part, in the work of Etingof and Gelaki [15]. They show
that £ is not finite order in general [I5, Example 2.4]. However for group algebras (in
arbitrary characteristic), as well as Hopf algebras which are simultaneously semisimple and
cosemisimple, the order of £ is finite and divides either dim G or some low power of dim G.

We review the necessary background below.

3.3.1 The Drinfeld double

Here we recall the definition of the Drinfeld double, and its relation to the category of Yetter-
Drinfeld modules. The familiar reader can skip this section. In the following definition by
G we mean G with the opposite multiplication, regular (non-opposite) comultiplication,

and antipode Sgor = Sg_l.

Definition 3.24 (The Drinfeld double). For any finite dimensional Hopf algebra G we define
the Drinfeld double D(G) to be the unique Hopf algebra satisfying the following:

1. D(G) contains G and G* as Hopf subalgebras.

2. The restriction of the multiplication map on D(G) gives a vector space isomorphism

G*©G” = D(G).
3. Any a € G and f € G* satisfy the relation
af = (S(as) - f-aq)ae
in D(G), where the actions of G on G* are the standard ones so that
Bfprae fi(BB).

As compared with [62], [I5], and Drinfeld’s original work [14], our Drinfeld double is
actually the Drinfeld double of of G°. It can alternatively be seen as the dual of the quantum
double presented in [67] and [84]. We recall a result of Takeuchi.



151

Lemma 3.25 ([84, Proposition 3.2]). There is an equality of monoidal categories between

left D(G)-modules and right Yetter-Drinfeld modules over G.

One can see this result, at least in part, by noting that any left D(G)-module becomes
a left GP-module and left G*-module, or rather a right G-module and a right G-comodule,
by way of restriction. One can check the Yetter-Drinfeld property by employing the
alternate relation

042(063 : f : S(Oél)> = fOé

to the one given in part (3) of the definition.
It is well known that the Drinfeld double is quasi-triangular [62, Definition 10.1.5] with

universal R-matrix

R=Z€¢®€i in D(G)® D(G),

where {e;} and {e’} are dual bases for G and G* [62, Theorem 10.4.2]. This element R is a
unit with

R = (S®id)(R) = (id® S)(R).

Following [15] we let Ry denote the element Y, e' ® e; obtained by applying the trivial

symmetry 7 to R.

Lemma 3.26. For arbitrary Yetter-Drinfeld modules M and N, the braiding M @ N —
N®M is given by applying the trivial symmetry T, then multiplying (on the left) by Ray. The
automorphism L: M @ N — M ® N 1is given by (left) multiplication by Ro1 R. Additionally,
L] = [Ra1 R|.

Proof. For any monomial m ® n € M ® N we have

Royi(n®@m) =>",en®me;
=Y noe'(n1) @ me;
=", no ® me'(ny)e;

=ny@m-ny,
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since Y, e'(n’)e; = n' for any n’ € N. Since L is simply given by applying the braiding twice
we have

Lim®n) = Rgl(z me; ® e'n) = Ry R- (m®n).
By applying £ to the module D(G) ® D(G) one verifies that the order of £ is the smallest
(positive) N with (Ro; R)Y = 11in D(G) ® D(G), i.e. the order of Ry R. |
3.3.2  The exponent of a Hopf algebra and the order of L: results from Etingof and Gelak:

We let m,, denote the (n + 1)st iteration of the multiplication m,, : G ® ... ® G — G and
define A, : ¢ - G ® ... ® G similarly.

Definition 3.27 ([15]). For any finite dimensional Hopf algebra G we define the exponent
of G as
exp(G) :==min{n € N:m,(idg ® ST' ®...® ST A, =€}

If m,(idg ® S™' ®...® S™2*2)A,, is not equal to € for any n, we take exp(G) = oo.

In the case in which S = S™! (e.g. in the case that G is semisimple and cosemisimple,

cocommutative, commutative, etc.) the operation
mp(id® St ®...@ ST")A,

reduces to the operation m,A,,. This simplified operation was studied by Kashina in [33], 34].
Indeed, her work served as the catalyst for that of Etingof and Gelaki. The essential result

of [15], at least as far as the present work is concerned, is

Theorem 3.28 ([15, Theorem 2.5|). The order of the element Roy R in the second tensor
power of the Drinfeld double D(G) ® D(G) is equal to exp(G). We also have |L]| = exp(G).

Proof. The fact that |Ro1R| = exp(G) is stated directly in [I5]. The second portion of
the Theorem simply follows from the fact that |Ry R| = |£| from Lemma [3.26] (and is not

new). [
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The significance of Theorem can be seen in the deceptively simple corollary

Corollary 3.29. In the case that G is the group algebra G = kG of some finite group G (in

arbitrary characteristic) the order of the automorphism L divides |G)|.

Proof. In this case, exp(kG) is the standard exponent of G by [15, Proposition 2.2], i.e. the
least common multiplie of the order of the elements of G. From this description it is clear
that exp(kG) divides the order of G. Now one simply notes that |£| = exp(kG) by Theorem
3.28 [

If one simply tries to calculate the order of Ry R in D(kG)®? s/he will find that the
relation proposed in the corollary is not at all apparent. As was noted previously, the
exponent of a Hopf algebra, and hence the order of the square braiding, is not always finite

[15, Example 2.4]. Some more general results on the exponent are given in [15].

Theorem 3.30 (|15, Theorems 4.2, 4.3 and Corollary 4.10]). 1. IfG is a triangular Hopf
algebra [62, definition 10.1.5] in characteristic 0, then exp(G) divides dim G.

2. If G is both semisimple and cosemisimple (in any characteristic) then exp(G) divides

(dim G)3.
3. If G is any finite dimensional Hopf algebra in finite characteristic then exp(G) is finite.

In general, we expect a slightly better bound for semisimple and cosemisimple Hopf

algebras as proposed by Kashina’s conjecture.

Conjecture 3.31 (Kashina). If G is both semisimple and cosemisimple (in any characteris-

tic) then exp(G) divides dim G.
3.4 The Yetter-Drinfeld bracket |, |yp on C} (A Q)

From this point on we suppose exp(G) < oo and that the exponent is invertible in the base

k. We fix an algebra A on which G acts, and take C7,, = C7. (A * G).
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3.4.1 A remark on characteristic

We will, at some point, want to divide by the exponent of G. We can divide by the exponent
exactly when char(k) does not divide exp(G). So we really just need to avoid the primes
appearing in the exponent of G. However, in the case of a group ring, Cauchy’s theorem
implies that the primes appearing in the exponent are exactly those primes appearing in the
order of G. So we may divide by the exponent exactly when kG is semisimple. Whence we

ask

Question 3.32. Suppose for a finite dimensional Hopf algebra over a field k& that exp(G) is

a unit in the base field. Does it then follow that G is semisimple?
We can say at this moment that the converse implication
G is semisimple = exp(G) is a unit in k

does not hold, as we will be illustrated in the next proposition and corollary. Semisimplicity

appears in our homological inquires in that it implies the identifications
pe(A%G)Y =Cg(AxG) and Hp(AxG)Y = HH*(AxG).

Proposition 3.33. Let k be a field of characteristic p. If u(L) is the restricted enveloping
algebra of an abelian restricted Lie algebra L then exp(u(L)) = p.

Proof. Since S? = id for u(L), the exponent of w(L) is the minimal integer N so that

myAyxy = €. We note that, since u(L) is is commutative, we have

mAn(ry) = (MaAn (7)) (M (y))

for all z,y € w(L). Indeed, A,(zy) = A,(z)A,(y) even in the non-commutative case,
and commutativity gives m, (A, ()AL (y)) = mu(An(z))mn(An(y)). So it suffices to prove
mnA,(z) = €(z) for each of the generators € L. Or, more to the point, we must show

m, A, (z) = 0.
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Take any x € L. Then A(z) = x ® 1 — 1 ®  and we see, by induction, that A, =
> ocicn 18 @2 @ 19071 S

muA,(x) = mn(z 19 ® 2 ®1°07) = ng
and m,A,(z) = pr = 0. [
Corollary 3.34. If u(L) is semisimple then exp(L) is 0 in the base field.

Proof. A theorem of Hochschild states that any semisimple w(L) has L abelian necessarily

[31], [62, Theorem 2.3.3]. |
To see that such an L exists we can simply consider u(L) = Fplxy, ..., z,)/(a} —x;);, L =
k{x1,...,z,}. So we see that the condition exp(G) € k* is not equivalent to semisimplicity

in general, although invertability of the exponent may imply semisimplicity. We note that
the w(L) is not cosemisimple so, although the above calculation was not difficult, it is not
covered by the results of [15].

As a related question, we can also ask if the analog of Cauchy’s theorem holds for Hopf
algebras. This question is already under active investigation, and was answered positively
by Kashina, Sommerhauser, and Zhuin the case that G is both semisimple and cosemisimple.
Namely, in this case any prime which divides the dimension of G also divides the exponent
of G [35, Corllary 3.4]. Combining this result with Etingof and Gelaki’s result Theorem m
(2) we see that the primes which appear in dimG are exactly those which appear in the

exponent.

3.4.2 The Yetter-Drinfeld bracket

For any function £ : M ® N — L of Yetter-Drinfeld modules, and integer 7, we have the
function (L£)*(€) := €L : M ® N — L. To avoid cumbersome notation we simply write £ ¢

for this function. We can take an average of all of the resulting functions to get

|£]-1 exp(G)—1

/Ef—mgﬁ f—exp(g) Z L€,

1=0
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In particular, we can apply this averaging process to the naive bracket [, ], to produce yet

another operation on the complex C} (A * G).

Definition 3.35 (Yetter-Drinfeld bracket). Suppose that G has finite exponent with exp(G)
invertible in k. Then we define the bracket [, |yp : C7 @ C’I'nt — Chy as

exp(G

o = [1o= Z |

If we can have our way, we would like that the bracket [, ]yp

(a) is a map of Yetter-Drinfeld modules [,]yp : Cp,, ® Cp, — Cp, (Lemma [3.37)),
(b) is braided anti-commutative (Lemma [3.36]),

(¢) preserves cocycles and coboundaries (Theorem [3.38)),

(d) satisfies a braided Jacobi identity,

(e) satisfies some compatibility with the cup product so that the bracket [f, ghlyp can be
determined from the brackets [f, glyp and [f, hlyp, and

(f) when G is semisimple, its invariants should recover the Gerstenhaber bracket on C},, (Ax*
G)9 = C8(A*G) (Lemma [3.37).

In short, we would like that CT,, with the Yetter-Drinfeld bracket and cup product is a
braided Gerstenhaber algebra.

The points with associated Lemmas/Theorems are verified below. The other points have
yet to be verified or contradicted. Tt is relatively clear that £*[f, glvp = [f, g]yp. There is

something to check, however, for (braided) anti-commutativity of this new bracket.
Lemma 3.36. There is an equality
[ glvp = —(=1)WI=DU=D1g, £ g1)vp

for any f.g € Chy(A*G).
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Proof. Recall that £ is the second power of the braiding transformation £ = braid?. If we

consider the bracket [, ]yp as a function on the shifted complex XC7 (A * G), we have

[, Ivp

_1 exp(G)—1 i
- expl(g) Z’L:l:())( ) [_7 _]o£
- expl(g) Zji%(g)_l ((— o —)braidzi —(—o —)braid%H)

X g -1 - 7 - g 1 . ;
— expl(g) Zf:%( ) (_ O —)bl’a|d2 _ expl(g) Zf:%( ) (_ o _)bra|d2 +1

Since £ is order exp(G), the braid transformation is of order dividing 2 exp(G). So braid?®®() =

idclont@(;l-m and the final sum can be reindexed to get

[, Ivp

exp(9 + 124 exp(G)—1 < 12i+1
= ex;(g) Zi:ﬁ( /(= o —)braid* — expl(g) Zi:%( 7! (— o —)braid**
= @ o 7N (= o —)braid”braid + g S5 Y7 (- o —)braid®braid
= ~(sa 2en (= 0 —)braid® — T ST (— 0 —)braid® ) braid
= (ex_pl(g) Zfi%(g)fl ((—o —)braid* — (- o —)braiinH)) braid
= —[, ]YDbraid.
Applying this to elements gives the proposed equality. [ |

Lemma 3.37. The bracket [,]yp is a map of map of Yetter-Drinfeld modules and the re-
striction of |, ]yp to the invariants recovers the Gerstenhaber bracket, after making the iden-

tification Cf (A% G)9 = C3(A = G).

Proof. Recall that [,], is a map in Y DY, by Lemma 7 so that each £'[,], is therefore a
map in YDg. It follows that the final sum

1 exp(G)—1 .
[JYD:eXp(g) Z L [7]0

is a map of Yetter-Drinfeld modules. As for the statement about invariants, we simply note
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that £|(Cp,)9 @ (Cp,)¢ = id. Whence, by Lemma [3.12]

[f7 g]YD = expl(g) Zzei%(g)il ‘CZ [f7 g]o
- expl(g) Z?i%(g)_l [fa g]O
= [/, 9l
= [/, 4]

whenever f and g are invariant, where the last bracket is the standard Gerstenhaber bracket.

Finally, we are able to give our second major declaration about the intermediate coho-

mology (following Corollary (3.21)).

Theorem 3.38. Suppose f,g € Ch.(AxG) are cocycles. Then

1. [f, glvp is another cocycle.
2. If f or g is a boundary, [f, g]yp is a boundary.

3. If G is semisimple, the induced operation on cohomology
[lyp : Hiy (A G) ® Hy (A G) — Hp (A *G)

is such that the invariants [,]$,, agrees with the standard Gerstenhaber bracket, after

making the identification H? (A* G)9 = HH*(A*G).

Proof. We let m denote the cup product (—U—) : Cp, @C}, — CF,, to avoid a cumbersome
notation. (1) According to Corollary we have
d([f.glo) = (=DVI"'m(f ® g = L(f ® g)). (3.4.1)

Now, since the action and coaction of G preserves cocycles by Proposition 3.9} each element
Li(f ® g) is a sum of monomials f' ® ¢’ with f" and ¢’ cocycles. So, in general, the same

calculation as above gives

A(L[f.gle) = (1)1 'm(Li(f @ g) — LT (f ® g))



and we have

Since |£| = exp(G), we have L£L&P

(_

(—=D)Y=Yd([f, glvo) =
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WI=td([f, glvo)
( 1)\f| 1exp g) ZeXP
expl(g) fo% m(L(f®g) — LT(f®g))
ex;@m( SO Li(fwg) - S5O L(f 9 g)
@™ ((f ®g) — LY (f @ g))

(LTS g)e)

(3.4.2)

= 1d and we get finally

m((f®g)—(f®g)) =0.

1
exp(G)

(2) By braided anti-commutativity (Lemma |3.36]) we may assume that f is a boundary.

Take F' with d(F) =

d([F, glo)
= d(F)o

- (=

f. First, from the general expression of Proposition we get

D)l g=D0F=V g 0 d(F) gy + (- 1) m(F @ g — L(F ® g))

—fog+( 1)e=DIFlgy o f gy + (=) Im(F © g — L(F ® g))
= fog+ (=1)l=DWINgy0 f. g+ (-D)VIm(F @ g — L(F ® g))

=[f,glo +

—Wim(F®g—L(F®Jg)).

Now by augmenting (3 we can get

d([F’ glvp)

1

~ exp(9)

1

exp(G)

1

exp(9)

= [f7 g]YD

exp(g

Zexp(g
Zexp(g

Ld(L'F, glo)
[f g] ( >|f|exp(g) Zexp(g
L[, glo

m(L(F ® g) — LTHF ® g))

(3) Now that we understand that the bracket [, ]yp preserves cocycles and coboundaries,

it is clear that we do get an induced operation on the cohomology Hf (A * G).

The fact

that this operation agrees with the Gerstenhaber bracket after taking invariants follows by

Lemma [3.37] above.



160

3.5 Interpretations of the intermediate cohomology in low degree

We adopt thought the presentation
Cri(AxG) = (6P Homger (A% GZ9", A% G), dpyy).
In this section we prove

Theorem 3.39. In low degree we have

HY(AxG) = Z°(Cp (A% G)) = the braided center of A% G
Z'(Cry (A% G)) = braided (algebra) derwations of Ax G
Z*(Cry (A% G)) = infinitesimal quantum deformations of A G

and
H} (A% G) = braided outer derivations of Ax G

H2 (A xG) = isoclasses of quantum deformations.

The identification for HJ), follows from the fact that the differential on Cf,, sends an
element f € AxG = Homgor (G, AxG) to the function [3, =]y : @ — fa—ap(f-aq) (Lemma
3.19), and the definition of the braided center of A % G as the collection of § for which the

operation [3, —|, vanishes. The identifications for H}, and H, are given in Proposition

Corollary and Theorem [3.54]

3.5.1 Braided deriwations and Hi (A xG)

We fix some algebra B in YDg.

Definition 3.40. An endomorphism f € Hom, (B, B) is said to be a braided derivation if

it satisfies the equality
flab) = f(a)b+ ao(f - a1)(b)

for each a,b € B. Given some YD-subalgebra ' C B, we say a braided derivation f is
E-relative if f|E = 0.
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We are most interested in the case B = Ax G, E = G. Recall that the action here is the
right adjoint action b- o = S(o1)bo for each b € A% G and o € G. The coaction is given by
p(by) =by; ® 72 when b€ A, v € G.

Lemma 3.41. For any b € B the braided commutator
[b, —]pr : @ — ba — ag(b- ay)

is a braided derivation. When B = A x G each such [b, =y satisfies [b—,]p-|G = 0, i.€. is a

G-relative derivation.

Proof. We have

b, ad’ly. = baa’ — apay(b - ara})
= baa’ — ap(b- ar)a’ + ao(b- ar)a’ — apagy(b - aral)

= [b, a]bra' + Go[b s aqp, a’]br.

Now we have for any 0 € G

Whence

[bv aa/]br = [ba a]bra/ + ag [b - ay, a/]br = [b7 a]bra/ + ao([b, _]bT . al)(a/)

and [b, —]y- is seen to be a braided derivation. In the case that B = Ax G, b€ A% G, and

o € G, we have

[b, 0l = bo — o1(b- 02) = bo — 015(09)bos = bo — bo = 0.
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We will call braided derivations of the form [b, =, inner (braided) derivations. We let
BrDer(B) (resp. BrInn(B)) denote the set of braided derivations (resp. inner derivations)
on B. Note that the set of inner derivations is a k-subspace since [cb, —|p. + [V, —]p =
[cb + V', —]p-. We take

BrOut(B) = BrDer(B)/Brlnn(B)

Let BrDerg(B) denote the subspace of E-relative braided derivations. Note that E-
relativity is equivalent to right E-linearity of f under the module structure induced by the

algebra embedding £ — B, since we have for any b € B and e € £

f(be) = f(b)e + bof(eS™ (b2))b1 = f(b)e.

When B = A% G, and E = G, we define BrOutg(A % G) in the obvious manner. (The
definition makes sense here since all the inner braided derivations on A x G will already be

G-relative.)

Proposition 3.42. We have
1. ZYC® (A *G)) = BrDerg(A + G)
2. BY(C,(A*G)) = Brlnn(A  G)
3. HL (A%G) = H'(C,(A*G)) = BrOutg(A  G)

Proof. According to the formula for dp,; given in Lemma [3.19] we have, for any function

feCl.(AxG) and o,/ € AxG,
fis acocycle & 0= ap(f - a1)() — f(ad') + f(a)d' & f is a braided derivation.
This gives (1). For any 8 € CP (A *G) = A * G one also checks that we have
it (B) (@) = —(ao(B - ag) — Bar) = [B, alpy.

This gives (2) and (3). |
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It turns our that, at least some of the time, every braided derivation on A x G will
automatically be G-relative.

Proposition 3.43. Suppose G is a cocommutative and let f: AxG — Ax G be any braided
deriwation. Then f|G = 0 and BrDerg(A % G) = BrDer(A * G).

Proof. First note that for 0,7 € G we have
flor) = f(o)7 + 01(S(02) f (o570 (04))o5 = f(0)7 + f(0375 ™} (02))01.

For 0 € G take ol = ¢(0) and 0" = 0,...0, for all positive n. I claim f(o") =
nf (al)agn_l}. Suppose the claim is true for the moment. Since G is cocommutative and

hence S? = 0, we have ol®PE)] = ¢(¢) for each o € G. Then for any o € G we will have
f(0) = [(@ ) = (exp(G) + 1) f(o1)o3™ = (exp(G) + 1) f(0)

= f(o) = exp(G)f(o) + f(0) = exp(G) f(0) = 0 = f(o) =0,

since the exponent is invertible in the base. So we would like to prove the claim, f (0[”]) =
nf(o)o=1,
We prove the claim by induction, with the base case being f(cl!l) = f(oy)e(02). Now

take some positive n > 1 and suppose the claim holds for all © < n. Then we have

71 Ugnil] + f(amé"*”S(ag))m (by cocommutativity)

)f ook oy (by induction hypothesis)

Thus the claim is proved. |
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Recall that a finite group scheme © acting on an (affine) scheme X corresponds to a
coaction of the commutative Hopf algebra k[©] on k[X]. This then corresponds to an action
of the cocommutative Hopf algebra (k[©])* on k[X]. So the above proposition is applicable
in the case of a finite group scheme acting on a scheme, provided exp(k[®]) € k*. (The
exponent of a Hopf algebra and its dual are equal [15, Proposition 2.2 (4)].)

There is some question about what kinds of Hopf algebras will be cocommutative with
exp(G) a unit in the base. Supposing Question is answered in the positive, then we
know that in characteristic 0 any such Hopf algebra will be cosemisimple, by Larson and
Radford [48]. So after changing base to k our Hopf algebra G will be a group algebra. In
finite characteristic we have already seen that restricted Lie algebras of abelian Lie algebras
are such that exp(u(L)) = 0 € k. We ask the following question with no suggestion for a

possible answer.

Question 3.44. If G is cocommutative with exp(G) a unit in the base k, does it follow that

G is cosemisimple?
As a corollary of Propositions and we get
Corollary 3.45. When G is cocommutative we have
1. ZYCp (A% G)) = BrDer(A x G)
2. BYCr (A% G)) = BrInn(A = G)
3. HL (AxG)=H'(Cp.(Ax*G))=DBrOut(A = G)

This result improves upon Proposition |3.42]in that we see all braided derivations appear-
ing as cocycles, not just the G-relative ones.

Any naive attempt to produce a commutator bracket on the set of braided derivations
seems not to yield another braided derivation. However, from Theorem |3.38 we deduce some

algebraic structure on BrDer(A * G).
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Corollary 3.46. Suppose G has finite exponent which is invertible in k. Then

1. for any (G-relative) braided derivations f,g on A x G we have that the endomorphism

1 exp(G) ‘
[fyg]YD = exp(g) ZZI ([') [f7g]br

1s another braided derivation and

2. when either f or g is inner, then so is [f, g]vp.

Proof. This follows from the fact fog is simply composition of functions for degree 1 elements

in CP (A x*G). From this we get [f, glo = [f, glp:- |
The second point can be interpreted as the statement that Brinn(A % G) is an “ideal” in

BrDer(A % G).

8.5.2  Quantum deformations and HE, (A * G)

In this section it will be convient to replace the the intermediate complex C} (A * G) with

the reduced intermediate complex Cf, (A * G). This will be the subcomplex of functions

f:A%xG®" — Ax G with
FI((A%G)®9 ®g G ®g (AxG)®" 1) =0

for each i < n — 1. This complex is identified with the standard reduced Hochschild cochain
complex under the identification C} (A% G) = C*(A, A*G) and so we see that the inclusion
Cr.(AxG)— Cp.(AxG) is a quasi-isomorphism.

Let B be an algebra in Y Dg and take R = k[t]/(t?). Let Gr denote the Hopf R-algebra
R ® G and Bpg be the Yetter-Drinfeld Gg-module R ® B. We call an R-bilinear operation

*:BR®RBR_>BRa b®b/’—)b*b/

an (infinitesimal) quantum deformation of B if
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(a) under the identification Bgr ®g k = B the map * reduces to the multiplication on B,

(b) bx1=1xb=>bfor all b€ B,

(c) the operation * satisfies the associativity relation

(b ) % b" — b = (1S (bsg) * b"S™H(ba))b1) = 0, (3.5.1)

A morphism between two quantum deformations B = (Bg,*) and B’ = (Bg, *) is an

R-linear map ® : B — B’ which satisfies
®(bg) * ((D-br)(V))) =@(bx V) for each b,b' € Band @ ®pk = idp.

The identity morphism is simply idp, and composition is simply composition of functions
(See Lemma [3.47)).

In general the multiplication map * : B ®r B — B will not be G-linear. However, we
should still think of a quantum deformation B as an object in YDg}’:, if for no other reason
than to make sense of the relation . Note that if the map * is a map of right G-modules

then we will get
bo * ((0'S™1(bs) % 0"S7 (b2))b1) = bo x (1S (ba)b1) * (b"S™'(b3)ba)) = bx (b % b").

So, in this case, the quantum associativity reduces to the standard associativity
relation (b 0') xb” —bx (V' xb"”) = 0. Whence G-invariant quantum deformations are exactly
deformations of B as a G-module algebra.

Given a YD-subalgebra £ C B we say a quantum deformation (Bg,*) is a E-relative
deformation if for each e € Fr and b € Br we have e x b = eb and b x e = be. In the case
that B and B’ are E-relative deformations, we say a morphism of quantum deformations

¢ : B — B’ is a map of E-relative deformations if ®|Egr = idg,.

Lemma 3.47. For maps of quantum deformations ® : B — B and ¥ : B' — B’ the

composition VO is in fact a map of quantum deformations.
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This can be verified by way of Lemma below. We give here an alternate proof.

Sketch proof. We have B = B @ Bt so that ® = (id + ¢t) for some ¢ : B — B. Similarly,
U = (id 4 ¢t). Now, in the R-module Endgr(Bg) ®r Endg(Bg) we have

PRV =id®id+ (¢ ®id)t + (id @)t
=idy ® (id - idy) + (¢o @ (id - 1))t + (idy @ (¢ - idy))t

since the identity map is G-invariant and coinvariant. So

VO(bxb) = U(D(by) * (P b))
U (D101))((0 - b2) (1))
U Py) - by))((D - be) (1))

*\
—
b=
(wl
S
N——
N—
—
—
LSy
(=l
[\V]
SN——
—
<
S—
S—
SN—

Furthermore, since —®pgk is a functor, (VO)®rk = (V®@gk)(Y®@gk) = id. So the composite

U is a map of quantum deformations. [ |

The condition ® ®z k = 1dp implies that each morphism & is a R-linear isomorphism,
and we will see below (Proposition |3.52) that the R-linear inverse ®~! supplies an inverse to

® in the category of quantum deformations.

Definition 3.48 (The groupoid of quantum deformations). We let 2%efp denote the
groupoid of infinitesimal quantum deformations of B, and QDefy denote the set of iso-
classes from 2%efp. Given a YD-subalgebra E C B, we let 2%efE denote the groupoid

of E-relative deformations and QDef% denote its set of isoclasses.

Given a quantum deformation B = (Bg, *), R-linearity of the operation * implies that it
is specified by its value on the generating subset B C Bg. If we split B = B & Bt then we
find that = is specified by amap F' : B& B — B so that, for any b,0’ € B, bxl = bb'+F (b, V')t.
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The identity condition demands F'(1,b) = F(b,1) = 0 and the quantum associativity (3.5.1])

then is equivalent to the relation
0 =FbY, )+ F(b,b)b" — F(bo, (b’Sfl(bg)b”Sfl(bg))bl) — bO(F(b’Sfl(bg), b”Sfl(bg))bl)
= F(bb', V") + F(b,b)b" — F(b, b’b”) — bg(F(b’S’l(bg), b”S’l(bg))bl)

— —bo(F - 0) (W, 0") + F (bW, 0") — F (b, b'0") + F(b, 1)
(3.5.2)

When B = AxG this final equation of (3.5.2) is the statement that F': (A%G)® (A*G) —
AxG is a degree 2 cocycle in Cf, (A*G). Or rather, I would be a cocycle in the intermediate

complex if it satisfied the additional relations
F(a,v) = F(y,a) =0, (3.5.3)
that is, G-relativity, as well as
F(a,8) = Fla,y8) and Fla, Bv) = Fla, 8)y (3.5.4)
for each o, 3 € AxG and v € G.

Lemma 3.49. If a map F': B® B — B produces an E-relative deformation, then for each

a,a’ € B, and e € E, the relations
F(ae,d') = F(a,ea’) and F(a,d’e) = F(a,d )e
are satisfied. In particular, for B=AxG and E =G, implies the relations .

Proof. Supposing E-relativity, we can take b = a,b' = e, and V"’ = @’ in the formula (3.5.2))
to recover the first relation of (3.5.4]). Subsequently taking b = a,b’ = d/, and b"” = e implies

the second relation of (3.5.2)). [

The above discussion, as well as the above lemma, then give

Proposition 3.50. Let m denote the non-deformed multiplication on the Bgr. There is a

natural bijection
Z*(Ch (A% G)) = obj(2%efS.5), F v+ (Br,m+ Ft)

and subsequent inclusion Z*(Cf (A% G)) — obj(2%efag).
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Proof. Take B = AxG. The function F' associated to a deformation (Bg, *) satisfies (3.5.3))

if and only if x satisfies o * v = oy and v * a = vy« for each a € Bg and vy € Gg. [ |

Now we return to the discussion of morphisms of quantum deformations. Any ® : B —
By, satisfying ® ®r k = idp will be of the form ¢ = idp, + ¢t for some ¢ : B — B. Indeed
this gives a bijection Endy(B) — Endgr(BRg)ids, ¢ — (id + ¢t), where Endg(Bgr)iq, denotes
those endomorphisms reducing to the identity on B under — ®p k.

Suppose we are given a R-linear map ® = (id + ¢t) : B — B’ between quantum de-
formations with multiplications specified by maps F': B® B — Band ' : B B — B

respectively.

Lemma 3.51. The map ® is a quantum deformation if and only if, for each b,b' € B C Bg,

we have

F(b,b) = F'(b,8") = bo(¢ - br) (V) — o(bb) + (b)V".

Proof. First note that idp, is Gr-invariant, so that

® -y = (idp, + o) - v = €(7)idp, + (¢ V)t
for each v € Gp. It follows that

DP(by) @ (P-b1)(b) =0V + ¢(b) @Vt + by @ (¢ - b1)(V)t
and then
D(bo) ¥ (- by)(B) = b + (F' (b, 1) + (b)Y + bo( - by) (V).
On the other side we get ®(b* b") = bb' + ¢(bb')t + F (b, V')t so that
O(bo) ¥ (D - by)(1) — B(b* ) = (F'(b, 1) + (b)Y + bo(¢p - by) (V) — p(bb') — F(b, 1))t

Whence 0 = ®(bg) ' (P - by) (V') — P(b* ') if and only if F(b,t') — F'(b,b") = by(¢ - by)(b') —
o(bb') + ¢(b)b'. Now by R-linearity of ® and * we see that, for any r,r’ € R

(I)(b()?") * (CI) . bl)(b’?"’) _ (I)(b?” * bl?“/) _ ((I)(bo) « ((I) . b1)(b/) _ q)(b % b/))ﬂ“/ -0

so that the proper relation is satisfied on all of B ®r Bpg. [ |
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Proposition 3.52. If & : B — B’ is a morphism of quantum deformations then it is an
R-linear isomorphism and its inverse ®~1 : B' — B is also a morphism of quantum defor-

mations.

Proof. If ® = (id+ ¢t) then it is invertible with inverse @' = (id— ¢t). Now since ¢ satisfies

the equation of Lemma [3.51] we see that —¢ satisfies
F'(b,b') = F(b,b') = bo(=¢ - b1) (V) = (=) (0') + (=) (D)V'
so that @~ : B’ — B is a map of deformations. [ |
Now we wish to investigate the subgroupoid 2%ecf%.

Lemma 3.53. If ® : B — B’ is a morphism of E-relative deformations, then for each

e € Eg, b € By, we have ®(be) = ®(b)e.

Proof. We already know ®|Egr = idg, so that ¢|E = 0. From Lemma we know that
both F' and F’ will satisfy F'(b,e) = F’(b,e) = 0. So from the formula

0= F(b,e) — F'(b,e) = bo(6 ba) (¢) — b(be) + d(b)e.
and the fact F is a G-submodule so that by(¢ - b1)(e) = 0, we find ¢(be) = ¢(b)e. [

For any vector space V, and map d : W — V' we let V//W denote the groupoid with
objects obj(V//W) =V and morphisms Homy,w (v,v") = {w € W : v —v" = d(w)}.

Theorem 3.54. There is an isomorphism of groupoids

F—(m+F)

Z*(Cru(A % G))/[Clou(A % G) = 2 [ g,
¢ (idp, + Ot)

and subsequent identification

H2 (A% G) = QDef9,.
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Proof. The fact that this is a map of groupoids follows from Lemma [3.51| and the description
of the differential on the intermediate complex from Lemma|3.19] The fact that it’s a bijection
on objects was covered in Proposition [3.50] and fully faithfulness follows from Lemma [3.51

again. |

We do not know at this moment when the inclusion 2%eff — 2%efp is fully faithful,
essentially surjective, etc., nor do we know anything about the induced map QDefs —

QDef 5. We end with a conjecture and a question.

Conjecture 3.55. When G is cocommutative the map QDefi*g — QDef 4,¢ is a bijection,
so that HZ (A G) = QDef 4 4.

Question 3.56. If G is cocommutative, is the map of groupoids 2%e fg*g — D Pefag fully
faithful?

Our knowledge from homological algebra would suggest that if F is sufficiently semisimple—
possibly separable-then we should have that the map 2%eff — 2%efp is an equivalence.

However, the usefulness of cocommutativity in the previous section confounds this principle.

Fin!
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