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Reinforcement learning (RL) has received remarkable success in many domains, including
video games, board games, robotics and continuous control tasks. Despite the success and
attention that RL has received during the past decades, it struggles with several issues that
degrade its performance and lead to suboptimality. In model-based RL, the uncertainty in
environment dynamics can significantly deteriorate the learnt agent’s ability to recommend
good actions. While in model-free RL, learnt agent’s performance can be greatly affected by
the restrictive parametric assumption on policy distribution.

In this dissertation, our goal is to utilize distributionally robust optimization (DRO) to
overcome the above-mentioned limitations of RL, and to develop novel and practical RL
algorithms with improved robustness and performance. To achieve the goal, we follow two
main objectives. The first objective is to adopt DRO to add robustness to the uncertainty
in the environment dynamics of the model-based RL. We propose a new Distributionally
Robust Markov Decision Process (DRMDP) framework where the distribution of environment
dynamics does not have predetermined parametric values, and we consider the worst-case
probability distribution of these transition probabilities within a decision-dependent ambiguity
set. The second objective is to utilize optimistic DRO to develop nonparametric policy
optimization methods for the model-free RL. Since the policy learnt is not confined to the scope
of parametric functions, this opens up the possibility of converging to a better optimality.

Following this objective, we propose three different nonparametric policy optimization



frameworks, with Kullback—Leibler, Wasserstein and Sinkhorn constraints respectively to
control the size of policy update. For each framework, we derive the closed-form policy
update solution to the corresponding optimistic DRO problem using Lagrangian duality,
and propose practical RL algorithms to perform the policy updates. We further improve
the sample efficiency of the proposed nonparametric policy optimization frameworks, by

incorporating human guidance through imitation learning techniques.
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Chapter 1

INTRODUCTION

1.1 Motivation

Reinforcement learning (RL) has received remarkable success in many domains, including
video games [170, [I71], board games [I08| 226], robotics [97, O8], and continuous control
tasks [72, 221]. The core idea of RL is to learn the optimal actions of the agent performing
in an uncertain interactive environment to maximize its expected cumulative reward. RL
algorithms can be divided into two main categories: model-based RL [173] and model-free
RL [170] 219, 222], depending on whether the agent uses the environment model (e.g., the

actual or estimated environment dynamics) to find the optimal policy.

DRO for model-based RL

Though RL has received attention and success in the past decade, it often struggles with
handling uncertainty. One type of uncertainty that causes concern for model-based RL
is the uncertainty in environment dynamics. In model-based RL, agents are required to
know the environment dynamics completely. For example, in a popular model-based RL
approach called value iteration [25], the agent finds optimal actions by iteratively solving the
Bellman equation that involves explicit values of the environment dynamics. However, in
many real-world cases, the cost of interaction with the actual environment is high, and we
can only take a limited number of real samples or use simulated samples. In either way, it
can be challenging for model-based RL to estimate the environment dynamics accurately.
The inaccurate estimation of environment dynamics can significantly deteriorate the learnt
agent’s ability to recommend good actions.

Two classical methods that are capable of addressing uncertainty are stochastic optimiza-
tion [34), 225] and robust optimization [27, 28] [75]. Stochastic optimization assumes that

the underlying uncertainty is a random variable following a known and fixed probability



distribution. However, in practice it can be hard to obtain a complete knowledge about the
distribution of the uncertain parameter. On the contrary, robust optimization assumes that
the decision maker has no distributional knowledge about the uncertain parameter despite
its support. It then optimizes the objective function considering the worst-case realization
of the uncertain parameter. However, robust optimization is often criticized for its overly
conservativeness since the worst case rarely happens.

In this dissertation, we consider adopting distributionally robust optimization (DRO) to
add robustness to the uncertainty in model-based RL. DRO finds a decision x that minimizes
the expected cost under the most adversarial probability distribution of uncertain parameter,
i.e., mingecy maxpep Ep[Q(x,&)]. In DRO, the distribution P of uncertain parameter & is
not precisely known but is assumed to fall into an ambiguity set D. There are two main
advantages of DRO over the classical stochastic and robust optimization. Firstly, unlike
stochastic optimization, DRO allows the probability distribution of uncertain parameter to
be ambiguous. That is, instead of fixing the distribution of uncertain parameter, we construct
an ambiguity set of that distribution, which adds additional robustness to the uncertainty.
Secondly, DRO optimizes the objective under the worst case probability distribution of the
uncertain parameter. Unlike robust optimization, DRO considers the stochastic nature of
uncertain parameters instead of totallying ignoring it. This allows the decision maker to find
a solution that hedges against the uncertainty in model-based RL but not overly conservative

as robust optimization.

DRO for model-free RL

Model-free RL does not model the environment, therefore is not affected by the uncertainty
in environment dynamics. However, the performance of model-free RL can be greatly
affected by the restrictive parametric assumption on policy distribution. Policy optimization
[151), 219, 227] is a family of model-free RL algorithms that models the policy directly. In
conventional policy optimization, the policy is usually represented as a particular parametric
probability distribution mg(a|s) = Plals; 0], such that the action a in state s is chosen

stochastically following the policy mp controlled by parameter 0, for e.g., Gaussian [219] 222],



Beta [54] and Delta [I511, 227] distribution functions. As indicated in [248], since parametric
distributions are not convex in the distribution space, optimizing over such distributions
results in local movements in the action space and thus leads to convergence to a sub-optimal
solution. Also in practice, it is very difficult for machine learners to correctly predetermine
the underlying distribution of the optimal policy. If we choose an incorrect distribution class
for policy, we will never reach optimality as the optimal policy is excluded from exploration
from the beginning.

In this dissertation, to overcome the limitation of parametric policy, we consider utilizing
optimistic DRO to develop nonparametric policy optimization methods. Unlike the traditional
DRO that considers the most adversarial probability distribution, the optimistic DRO aims
to find the most optimistic (i.e., optimal) one to maximize the total reward function, i.e.,
max,/cp Equn [A(s,a)]. The optimistic DRO allows us to work on the space of policy
distribution directly, and consider all admissible policies that are within the ambiguity sets
with the goal of avoiding approximation errors. Since the policy learnt is not confined to the
scope of parametric functions, this certainly opens up the possibility of converging to a better
final policy. Besides, multiple types of ambiguity set D have been studied in previous DRO
work, including moment based confidence set [65, 92], 314], ¢ divergences based confidence
set |20, 117] and Wasserstein metric based confidence set [77, [309]. This enables us to
explore different types of ambiguity sets to control the size of policy update in the proposed

nonparametric policy optimization.
1.2 Research Objectives

The main focus of this dissertation is to utilize distributionally robust optimization (DRO) to
develop novel and practical reinforcement learning (RL) algorithms with improved robustness

and performance. Our motivations lead to the following objectives:

1. Model-based RL: Adopt DRO to add robustness to the uncertainty in environment

dynamics

e (Chapter 2) Distributionally Robust Markov Decision Process

In model-based RL, the environment that the RL agent interacts with is formally



represented by Markov Decision Process. However, the lack of comprehensive
knowledge on the environment dynamics calls for a more robust approach that is
less dependent on assumptions that are prone to errors. Our main objective in
this chapter is to build a new Distributionally Robust Markov Decision Process
(DRMDP) framework where the distribution of transition dynamics does not
have predetermined parametric values, and we consider the worst-case probability
distribution of these transition probabilities within a decision-dependent ambiguity
set. We also propose an efficient heuristic search model-based RL algorithm
called Real-Time Dynamic Programming (RTDP) that is capable of solving the
reformulated DRMDP model in an accurate, timely, and scalable manner. We

evaluate the effectiveness of our approach on an epidemic control problem.

2. Model-free RL: Utilize optimistic DRO to develop nonparametric policy optimization

algorithms

e (Chapter 3) Nonparametric Kullback-Leibler Policy Optimization (KLPO)
The majority of model-free RL methods cannot guarantee the stability and
optimality of the learned policy, which is undesirable in safety-critical systems. In
this chapter, we propose an innovative nonparametric policy optimization approach
with Kullback-Leibler divergence constraint. Our approach ensures the stability
of the policy update through trust region constraints, and improves optimality
by removing the restrictive parametric assumption on policy representation that
the majority of the RL literature adopts. We derive a closed-form expression
of optimal policy update for each iteration and develop an efficient on-policy
actor-critic algorithm to address the proposed constrained policy optimization
problem. The effectiveness of our approach is demonstrated on a price-based

demand response problem of the electricity market.

e (Chapter 4) Wasserstein and Sinkhorn Policy Optimization (WPO, SPO)
To stabilize policy optimization in model-free RL, trust-region methods based on

Kullback-Leibler divergence are pervasively used. In this chapter, we exploit more



flexible metrics and examine two natural extensions of policy optimization with
Wasserstein and Sinkhorn trust regions, namely Wasserstein policy optimization
(WPO) and Sinkhorn policy optimization (SPO). Instead of restricting the policy
to a parametric distribution class, we directly optimize the policy distribution
and derive their closed-form policy updates based on the Lagrangian duality.
Theoretically, we show that WPO guarantees a monotonic performance improve-
ment, and SPO provably converges to WPO as the entropic regularizer diminishes.
Moreover, we prove that with a decaying Lagrangian multiplier to the trust region
constraint, both methods converge to the global optimality. Experiments across
tabular domains, robotic locomotion, and continuous control tasks are conducted

to demonstrate the performance improvement of the proposed WPO and SPO.

e (Chapter 5) Expert-Guided Wasserstein Policy Optimization (EGWPO)
In general, model-free RL methods face the challenge of sample inefficiency, requir-
ing a substantial amount of data to refine their policies. The WPO framework, as a
model-free RL approach introduced in Chapter 4, is no exception to this limitation.
In this chapter, we propose an enhancement to address the sample inefficiency
of WPO by integrating human guidance through the application of Generative
Adversarial Imitation Learning (GAIL) [I13]. This results in the creation of the
Expert-Guided WPO (EGWPO), combining the strengths of both WPO and
GAIL. By merging expert knowledge with reinforcement signals, EGWPO aims to
augment the learning efficiency of the original WPO. Additionally, by leveraging
the nonparametric policy representation inherent in WPO, EGWPO seeks to
mitigate the sub-optimality issue associated with the original GAIL. To evaluate
the effectiveness of our approach, we apply it to a challenging whole-building

HVAC control problem.

e (Chapter 6) Future Work

— Application of KLPO, WPO, and SPO to large-scale systems: The

innovative deep RL methodologies introduced in our previous research, namely



KLPO (Chapter 3), WPO, and SPO (Chapter 4), have shown remarkable
robustness and superior performance compared to traditional RL. These
methodologies offer substantial potential for applications across diverse do-
mains, especially in addressing challenges characterized by large-scale com-
plexities. Looking ahead, we anticipate employing the WPO approach to
address various challenges within large-scale energy systems. For example, it
shows great promise for enhancing energy efficiency in large-scale building
energy management systems (BEMS). Additionally, it can efficiently deter-
mine optimal dynamic energy dispatch strategies within large-scale integrated
energy systems (IES). Our future research will focus on these applications,
aiming to comprehensively demonstrate the effectiveness of our proposed RL

approach.

Extension of EGWPO for HVAC control in real-world smart homes:
The effectiveness of the EGWPO, as proposed in Chapter 5, has been success-
fully demonstrated in its application to the simulated EnergyPlus building
system [127]. This involved guidance from a simulated PPO expert [223].
Looking ahead, our research endeavors will extend to deploying EGWPO for
HVAC control in real-world smart homes located in Texas, where high summer
temperatures present unique challenges. In our upcoming implementations,
we will not only rely on simulated experts but also integrate guidance from
actual human operators. This multi-faceted approach ensures the robust and
adaptive application of EGWPO, enhancing its performance and applicability

in real-world scenarios.



Chapter 2

DECISION-DEPENDENT DISTRIBUTIONALLY ROBUST MARKOV
DECISION PROCESS METHOD IN DYNAMIC EPIDEMIC CONTROL

The environment that the model-based reinforcement learning (RL) agent interacts
with is formally represented by Markov Decision Process (MDP). However, the lack of
comprehensive knowledge on the environment dynamics calls for a more robust approach that
is less dependent on assumptions that are prone to errors. Our main objective in this chapter
is to build a new Distributionally Robust Markov Decision Process (DRMDP) framework
where the distribution of transition dynamics does not have predetermined parametric values,
and we consider the worst-case probability distribution of these transition probabilities within
a decision-dependent ambiguity set. We also propose an efficient model-based heuristic RL
algorithm called Real-Time Dynamic Programming (RTDP) that is capable of solving the
reformulated DRMDP model in an accurate, timely, and scalable manner. We evaluate the
effectiveness of our approach on an epidemic control problem, to find optimal vaccination
and transmission-reducing intervention strategies to combat disease spreading according to
the Susceptible-Exposed-Infectious-Recovered (SEIR) model. We compare the performance
of the DRMDP model with RTDP to the standard MDP formulation and the results show
that the DRMDP yields a lower proportion of individuals that are infected and susceptible
to disease at a lower cost. We additionally perform a sensitivity analysis to observe which

parameters affect DRMDP performance the most.

2.1 Introduction

Infectious disease is a major contributing factor to human morbidity and mortality and it
has a devastating impact on both human welfare and the economy. The COVID-19 outbreak
has caused millions of infections and deaths worldwide, and has led to a 3.2% global economy
recession in 2020 [120]. The SARS outbreak in 2003 was another major epidemic that

incurred a worldwide loss of about 50 billion dollars [132].



In this light, various mathematical models have been studied in the past few decades to
understand the epidemic progression dynamics and to develop cost-effective interventions
to control the spread of diseases, from the 2003 SARS outbreaks [e.g., 83, 283], to recent
COVID-19 pandemic |e.g., 90, 96}, 115] 163, 197, 231, 245] 313]. Although these approaches
provide powerful insights into building strategies to reduce the impact of epidemics on
a macroscopic level, they are not specifically structured to assist real-time public health
decision-making through rapidly evolving epidemics.

To address this issue, Markov Decision Process (MDP) has been proposed as a method
to develop dynamic control policies in the stochastic environment of infectious disease
propagation [192], 212] 258, 282]. In MDP-based epidemic control models, one important
component is to model the transition probabilities, which are to characterize disease spreading
dynamics through a population. However, in practice, it is difficult to estimate the transition
probabilities accurately. Inaccurate estimation of transition probabilities can significantly
deteriorate a model’s ability to recommend effective intervention strategies. However, there
are a limited amount of MDP-based approaches that can cope with uncertainties in transition
probabilities in epidemic control.

One general method that is capable of addressing uncertainty in MDP is robust MDP [121]
184), [185], 274], which considers the worst-case realization of the uncertain parameter, and it has
been applied to tackling uncertainties in transition probabilities in epidemic control problems.
For example, [30] formulate a discrete-time epidemic model as a robust MDP and solve it
with parameter-wise robust reinforcement learning. In [30], some environmental parameters,
which are used to model the transition probabilities, are considered as uncertain parameters,
and the solutions are based on the worst-case scenario of environmental parameters. However,
robust MDP is often criticized as its overly conservativeness, since the worst-case happens
rarely.

In this paper, we utilize a distributionally robust optimization approach to address
the MDP model for epidemic control. There are two main advantages for the proposed
Distributionally Robust Markov Decision Process (DRMDP) model. First, the DRMDP
model allows the probability distribution of transition probabilities to be ambiguous. That

is, instead of fixing the probability distribution of transition probabilities, we construct an



ambiguity set of the distribution, to embrace the uncertainty of transition probabilities and
consequently increase the model’s robustness. Second, the DRMDP model minimizes the
total expected health and economic loss under the worst-case probability distribution of
transition probabilities. This allows the model to give a conservative solution that hedges
against the uncertainty of transition probabilities but not overly conservative as robust MDP,
since DRMDP considers the stochastic nature of the random parameters instead of totally
ignoring it as robust MDP does.

Different shapes and sizes of the ambiguity set of the distribution will affect the computa-
tional complexity and the robustness of the final solution. Among the few existing DRMDP
studies, there are two main approaches to ambiguity set construction. The two approaches
are to construct the ambiguity set based on the moment information [53| 280} 287, 294], or
distribution information [53) (188, 286]. In epidemic settings, limited information, especially in
the early stage of epidemic evolution, makes it hard to construct an ambiguity set with density
information. However, we can efficiently obtain estimates for the moments of epidemic model
parameters in an Susceptible-Exposed-Infectious-Recovered (SEIR) model, so we utilize
moment information to construct the ambiguity set in this paper.

In traditional distributionally robust optimization (DRO) settings, the ambiguity set
of distributions is assumed to be exogenous, i.e., the distributions of random parameters
are independent of what decisions have been made. However, during an epidemic, public
health decisions can directly affect the spread of infectious diseases, which can be reflected by
the transition probabilities. Therefore, to model the uncertainty of transition probabilities
in dynamic epidemic control, we need to consider a decision-dependent (i.e., endogenous)
ambiguity set.

Previous work using DRO under endogenous uncertainty mainly focuses on single-stage
or two-stage settings [24], [162], 187, 210, 299]. For example, [24] reformulate a two-stage
endogenous distributionally robust facility location problem as a mixed-integer programming
(MIP) using a McCormick envelope and linear decision rules. DRO under endogenous
uncertainty with a multistage setting has not been explored until recently [I79 295]. When
extending endogenous DRO to a multistage setting, it remains challenging to design an

efficient multistage algorithm. [I79] model a differential equation based epidemic system as
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partially observable DRMDP, where a first moment ambiguity set of transition-observation
probabilities is employed. Though partially observable DRMDP is defined with a continuous
belief, [I79] is not directly applicable to the continuous state case. In our paper, we consider
the DRMDP epidemic model with a general state space, and we adopt a modified Real-Time
Dynamic Programming (RTDP) algorithm to efficiently solve for optimal policies based on
the corresponding DRMDP problem.

To summarize, we utilize DRMDP under endogenous uncertainty to address the dynamic

epidemic control problem. We highlight our contributions as follows:

1. We propose DRMDP formulations under a decision-dependent ambiguity set to model
the epidemic control problem. The ambiguity set is robust to the setting where the true

transition probabilities are unknown. We then derive a mixed-integer programming

(MIP) reformulation of the DRMDP.

2. We develop a modified Real-Time Dynamic Programming (RTDP) method to efficiently
compute optimal policies based on our DRMDP with a general state space. Since
it computes an optimal partial epidemic control policy only for the states that are
reachable from the initial state, this algorithm is significantly more efficient compared

to the traditional value iteration algorithm which solves for the entire state space.

3. The numerical experiments verify that, as compared to the classic MDP, our DRMDP
algorithm finds a better policy (i.e., a policy with lower total discounted health and
economic loss) under misspecified distributions of transition probabilities. Furthermore,
our results show that the DRMDP is more effective than the classic MDP in controlling

the number of infectives.

2.2 Preliminaries and Problem Setup

Markov Decision Processes (MDP) are commonly used to solve sequential decision-making
problems. In general, a finite-horizon discounted Markov Decision Process (MDP) is defined
as a tuple < T, A\, S, A, p,r >, where T is the time horizon, A is the discount factor, S is the

state space, A is the action space, p is the transition probability between states depending on
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the action taken, and 7 is the reward associated with the state and the action taken. In this
section, we model our problem as a continuous-state MDP model. We present the different

MDP components in the context of the dynamic epidemic control problem below:

e State: The Susceptible-Exposed-Infectious-Recovered (SEIR) model is a classic model
to describe the influenza epidemic, but can be generalized model to any infectious
disease. The state of disease spread at stage t is defined as st = (pg(t),pe(t), pr(t)),
where pg(t) denotes the proportion of susceptible individuals in the population at
stage t, pp(t) denotes the percentage of exposed individuals at stage t, pr(t) denotes
the percentage of infectious individuals at stage t. The state space can be defined as
S = {(ps,pE,pr) € RY | ps + pr +pr < 1}. We assume the population size N stays
constant throughout the epidemic, and that susceptible individuals immediately gain

lifelong immunity from vaccination.

e Action: We consider two categories of actions for controlling the spread of influenza:
vaccination and transmission-reducing intervention. At each stage t, the decision maker
will decide the proportion of susceptibles to vaccinate. yy (¢) € {0, ..., L} represents
the scale of susceptibles to vaccinate at stage t, where yy (t) = i corresponds to vac-
cinating % x 100% susceptibles at stage t. The transmission-reducing interventions
are interventions that can be employed or lifted during the pandemic to reduce trans-
mission, such as social distancing, wearing face masks, quarantining, closing schools
etc. At each stage t, yg(t) € {0,..., M} represents the scale of transmission-reducing
interventions based on its strength, i.e., 0 represents no transmission-reducing ac-
tion, and M represents the strongest transmission-reducing action. The action at

stage t can be defined as a’' = (yy (t),yr(t)), and the action space can be defined as

A={(yv,yr) € N*lyy < L,yp < M}.

e Transition Probabilities: The transition probability p,s(s’) = P(s'|s, a) represents
the probability of transitioning from the state-action pair (s,a) € S x A in stage t to
the next state s’ € S in stage t + 1. Its value depends on the stochastic epidemiological

processes and on control measures implemented by the policy maker. We define the
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vector pas = (pas(s’),s’ € S)T as a collection of transition probabilities from the
state-action pair (s,a) € § x A to each s’ € S. In other words, the s’ component
of pys is simply pgs(s’). Note that because S is a continuous state space, pys is an

infinite-dimensional vector.

We will derive formulas for the transition probabilities using the underlying structure of
the SEIR model. Let np(t) denote the number of susceptible individuals who become
exposed during time ¢, nco(t) denote the number of exposed individuals who become
infectious during time ¢ and np(t) denote the number of infectious individuals who
recover during time ¢. The discrete-time stochastic SEIR model in [144] specifies the

following relationships:

yv (t)
L
Npg(t+1) = Npg(t) + np(t) — nc(t),

Nps(t+1) = Nps(t)(1 — ) —np(t),

Npr(t+1) = Npr(t) + ne(t) —np(t),

with np(t) ~ Bin(Nps(t) x (1 — 28 (1)), no(t) ~ Bin(Npg(t), pc), and np(t) ~
Bin(Np;(t), pp), where Bin(., .) denotes the binomial distribution, ¢(t) = 1 —exp(—(1—

a(t))upr(t)B), pc =1 —exp(—I¢), and pp =1 — exp(—Ip). The parameter p denotes
the contact rate when no transmission reduction method is used, and the parameter
a(t) denotes the fraction reduction in the contact rate from transmission-reduction
intervention. We assume that a(t) = apyr(t)/M, where ap represents the maximum
possible fractional reduction in the contact rate, which means «(t) has a linear rela-
tionship with the scale of the transmission-reducing method. The parameter 5 denotes
the probability that a susceptible individual becomes infected upon contact with an
infectious individual. Lastly, the parameters [, [p denote the mean incubation period

and the mean infectious period respectively.

t

The nominal transition probability from st to s’ given a’ can be expressed as:

P (s) = P(s' = (ps,pe. pr)ls' = (ps(t), pe(t),pr(t)), a’ = (yv (t),yr(1)))

W)y )

= P(ns(t) = Nps(t) x (1 - 22
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yv (1)

XP(nc(t):Nps(t) X (1— )+NpE(t)—Np5—NpE)

yy (t)
L

x P(np(t) = Nps(t) x (1 - )+ Npg(t) + Npir(t) — Nps — Npg — Npr).

e Rewards: To represent the economic and health impact in each state for each action,
we use reward matrices r € RISIXIMI In this section, we will derive an expression for
the components in the nominal reward matrix. We define the reward at stage t to

consist of the following components:

1. ey (t) = QyVT(t)N ps(t) is cost of vaccinations at stage t, where @ is the unit price

of vaccine.

2. cg(t) :== kryr(t) is cost of implementing transmission-reduction method at stage

t, where kg is a positive multiplier.

3. cr(t) := WE[Np;(t)+nc(t)—np(t)] is the expected total health loss and treatment
cost due to infections at stage t, where W is the health loss plus the treatment
cost associated with a single infection. This formula can be seen as the cost for

the expected number of infected people in the next time period.

The nominal reward can then be expressed as:

roest = —cv(t) = cr(t) — er(t). (2.1)

In this paper, we propose and solve a distributionally robust policy under endogenous
transition probability uncertainty. That is, the distribution p,s of the transition probability
Das is not precisely known but is assumed to belong to an ambiguity set D,s € P(A(S)),
where A(S) is the probability simplex of set S, and P(A(S)) represents the set of all
probability distributions with support A(S). The objective is to find a policy 7 : § — A
that determines corresponding vaccination and transmission-reducing intervention actions
for different proportions of susceptible, exposed, and infectious individuals for each stage .
In this paper, to enhance the robustness of the model, we aim to find the optimal policy to
maximize reward under the worst-case distribution p,s € Dys. That is, we consider a dynamic

adversarial game between the public health decision-maker and nature, where at each stage,
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the public health decision-maker selects a epidemic control action a € A to maximize total
expected future reward while nature selects the distribution pgs of pgs to minimize total
expected future reward given the decision maker’s action a. Note here D, is an endogenous
(or, decision-dependent) ambiguity set, i.e., it is depending on the action a at state s. Most
of the literature assumes the ambiguity set is exogenous (decision independent), however,
this is not a reasonable assumption in our setting because control actions taken in each stage
will significantly affect the spread of infectious diseases, and therefore affect the transmission
probabilities. For example, if we take the action to vaccinate as many susceptible individuals
as possible, close school, and employ social distancing, this should decrease the probability
of entering a state with a higher proportion of infective individuals.

We will now derive an expression for the expected total reward in the adversarial game
setting. Let h! = (s, al, pgigr,..., 8" at™1 g-145-1,5") be the history of states and
actions until stage ¢t and H! denote the set of all histories until stage ¢. The set of all history-
dependent control policies for the decision maker is denoted by I = {7 = (z!,... . 77~1) | xt:
H' - A, YVt € {1,...,T —1}}. Let bt = (s',a', pgigr,..., s, at™, pgi—14-1, st at) be
the extended history until stage ¢, with action a¢, and H? denote the set of all extended
histories until stage t. The set of nature’s admissible policies are defined as I' = {y =
(Yo T Y [ A HY = Dy, V€ {1,...,T—1}}. Given a strategy pair (m,7) € (IIxT),
we define the expected total rewards as

T-1
Rlm, 9] =By | Y (A rgege) + ATTIR(sT) [ 81 = 5], (2.2)
t=1

where o' = 7(h'), E, denotes the expectation with respect to the probability measure
induced by nature’s strategy 7, s is the initial state and R is a bounded terminal reward
function. To obtain the values of the instantaneous reward, r,:4, we use linear regression
with the nominal reward rgtst defined in . We describe this procedure in more detail in
Section 2.4l

Our problem can be modeled as a zero-sum two-player dynamic game problem, where
the public health decision maker’s objective improves if and only if nature’s objective gets

worse. Thus, the desired epidemic control policy can be obtained by solving the following
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optimization problem:

i . 2.3
max min Rs[m, ] (2.3)

2.3 Discretization

In this section, we describe the process of discretizing the state space and transition proba-
bilities for our DRMDP model.

To discretize the state space, we consider the cube Hg, which contains the continuous state
space S. The cube Hg is defined as Hs := {(ps,pe,pr) € R2 | ps < 1,pp < 1,p; <1}. It is
important to note that by construction, Hs may contain some combinations of (ps, pg, pr)
that are not in the actual state space S. However, defining Hg as a cube allows us to easily
partition it into smaller cubes with equal volume. Each smaller cube has an edge length of
%, resulting in a total of Y equal-volume cubes.

To further partition each small cube into simplexes, we adopt the Kuhn triangulation
method [I75]. Kuhn triangulation is commonly used in the discretization of MDPs due to its
efficient computation of interpolation weights [60} I78]. By applying Kuhn triangulation, we
divide each small cube into six equal-volume simplexes.

As a result of this discretization process, the state space after discretization is represented
by S = {(ps,PE,D1) | PS;DE,DI € {%,%,...,%}}. For simplicity, we use the notation
ST ,§|§| to represent the discrete states in S. It is important to note that any state
s € S\S is included in exactly one simplex, and every corner state £ € S is included in at
least one simplex.

We denote the union of simplexes that include the corner state £ € S as U (£), and the
simplex that includes state s € S\S as B(s). Moreover, every state within a simplex B can
be expressed as a convex combination of the corner states of that simplex. The set of corner
states for simplex B is denoted as C(B).

Figure shows the representation of the state space as a unit cube, and Figure
shows the partitioning of the state space for the case when Y = 4, which shows the unit cube

split into 64 equal volume cubes in this example.
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Figure 2.1: Partition of State Space where ¥ =4

Figure @ represents the Kuhn triangulation of one of the smaller cubes shown in
Figure 2.1b] Figure [2.2a] shows the lines in which each simplex is divided by. And Figure
shows the separated 6 simplexes. From the example in Figure [2.2b] we can see that
B(s) = 111, U(&) = {I, I, 1L, IV, V,VI}, U(&) = {1, 1V}, C(I) = {0, &4, 85,&7}, and

C(II) = {507517€57€7}'

i S

&,

(a) (b)

Figure 2.2: Kuhn Triangulation [186]
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Therefore, the convex combination that represents s € B is

5= Z 05¢, where Z 05 = 1.

£eC(B(s)) £€eC(B(s))

0§ is the weight of each £ in the convex combination. Based on the state space discretization,
we define the discrete nominal reward and discrete terminal reward to be: 772& = 7“2&_ if& e S,
and 7’2& = 0 otherwise; Gr(&) = R(&) if & € S, and Gr(&;) = 0 otherwise, respectively. And

we define the discrete nominal transition probability between &;,§; € S:

o [f& €S
e, (&) = / 0 pl, (s)ds. (2.4)
seU(&)NS

o I & ¢S P, (&) = 1if & = &5 Pog,(§5) = 0if & # &,

We note that the discrete nominal transition probability is well defined since ccs ]52&_ €)=

>ees Jsevons Gﬁpg&_(s)ds = Jses 2eec(B(s) 9§p25i(s)ds = [iesPag,(s)ds = 1.

2.4 Model Reformulation

In this section, we consider DRMDP formulations with a decision-dependent ambiguity
set, which can handle the case where only limited information of the epidemic statistics
is available. To solve the decision-dependent uncertainty, we adopt the approach used in
[24], 295] and reformulate the distributionally robust Bellman equation as a mixed integer

programming (MIP) using McCormick or unary envelopes with linear decision rules.

2.4.1 Distributionally Robust Bellman Equation

We first rewrite the expected reward-to-go function (2.3) by replacing the value function

Re[m,~] by [2.2):
T—1 '
V(€)= maxminE, | Y N + AT gR(€T) | € =¢|.

mwell ~vel -
1=t

We assume that without loss of generality, maximizing the expected reward under worst admis-

sible transition probability distribution is equivalent to solving the following distributionally
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robust Bellman equations:

t _ . ~ t+1
VAE) = mag min Ep,cmpclFac + APIV ] (2.5)

Q'(¢,a) = min EpagNuag[faﬁApggvt“],
“a&epaf

where V() and Q!(.,.) represent the distributionally robust state-value function and action-
value function respectively, and Vi1 = (Vt+1(¢/) ¢ € §)T. The optimal action for the
decision maker at stage ¢ then is:
a* = argmax Q'(¢, a),
acA
whereas the optimal distribution chosen by the nature is:

p = argmin By~ [Fae + )\ngVtH].
ﬂa&epag

2.4.2  Ambiguity Set with First Moment Information

In practice, it is often the case that one has limited information about the transition
probability distribution pe¢. In such situations, one can rely on the estimates of transition
probability based on historical records or expertise domain knowledge. However, even if
the mean value of transition probabilities can be estimated, the true distribution is still
ambiguous. Therefore, we construct an ambiguity set to handle this uncertainty. We consider
such an ambiguity set where the mean vector of the transition probabilities is restricted by
decision-dependent bounds, and the true distribution of the transition probabilities can run

adversely within the ambiguity set. The ambiguity set is constructed as follows:
Dag 1= {Mas € P(A(S)) : Pag ~ Hac, (2.6a)
Tive < Elpag] < nUg} (2.6b)

where ﬁff and ﬁgg are the decision dependent lower and upper bounds, respectively.

2.4.83 Reformulation of Bellman Equations

In order to reformulate the Bellman equation (2.5)) into tractable formulations, under the
setting of ambiguity set shown in ([2.6), we relax the hard constraint (2.6b) into a soft



19

constraint and adjust the objective function by penalizing constraint violations. Then (2.5))

with the ambiguity set in (2.6)) can be reformulated as:

min fae + / APV dptag (pag) + k1" (2.7a)
Hag,2>0 AS)
A(S)
/ _ Pagdptag(Pag) — e < , (2.7¢)
A(S)
Tag —/ _ Pagdpiag(Pag) < , (2.7d)
A(S)

where the objective consists of the initial reward, the expected future reward over
probability distribution ji,¢ and a penalty term k17x. Here, k represents a user-specified
penalty coefficient to penalize the violation of constraint . represents the
constraint , and are relaxation of . When k — oo, will be
equivalent to as x will be 0, i.e., no violation for constraint .

By utilizing the Lagrangian dualization approach, we reformulate the , and we show

the reformulation in the following theorem:

Theorem 1. If for any a € A, the ambiguity set defined in (2.6|) is nonempty, then (2.7)

can be reformulated as:

. U/ )
ViE) = X Fag +q - w' Al + u'l

.t. 1< AV L w—u,
S (2.8)

w+u < k1,

w,u > 0.

Here, 1,Vt+1,w,u,ﬁg§ and ﬁ(fg are vectors with length \5’ |. Therefore, the notation

wTﬁgE can be understood as

whijle = w(&)il (),
¢es

where w(¢’) and ﬁgg (¢') represent the value of w’ and ﬁaUg for state &', respectively. uTﬁaL5

is defined similarly. The proof of this theorem is provided in the online supplement.
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To approximate (2.8]), we adopt the linear decision rule [IT4], that is, we assume that 77,

7%, and 7, are linear functions of a:

Na
M) = py(€) + D p5(€)as, V€' €S, (2.9)
=1
Na ~
(€)= o5(€) + o5 (€ai, V¢ €S, (2.10)
N =1
Tag = eg + Z efai, (2.11)
=1

where a; represents the i-th dimension of action a, and N, is the total dimension of each
ain A (N, = 2 in the case where we consider the two types of actions: vaccination and

transmission-reduction intervention). To obtain the coefficients €¢ in (2.11]), we apply linear

regression with training data {a1, ..., a,} and target values {7:(0)4157 .. ,ang}, where 7’25 is the
discrete nominal reward. Similarly, we apply linear regression with training data {a1,...,a,}

and target values {ﬁaUlgv . ’ﬁaUng} and {ﬁ£1£7 . ’ﬁgné} to obtain coefficients p¢ and o¢ in
and respectively. Here we set the target values ﬁo[if = ﬁ(o)e¢§+5 and ﬁéi& = ﬁgi =0
fori=1,...,n, where § > 0 is a pre-defined error bound and 1325 is the discrete nominal
transition probability defined in .

Thus, 'wTﬁgf, and uTﬁ‘fg (which are terms of the objective of ) can be expressed as:

Nq
w'iie = 3 (660 + D f(€)ar)u(@).
i=1

&es
Na
il = 3 (a5(€) + D o (€)a)u€).
ged i=1

To linearize the bilinear terms a;w(¢’) and a;u(¢’), we adopt two different methods: Mec-
Cormick envelope relaxation and exact unary expansion. The corresponding mixed integer
programming (MIP) formulations are presented in Corollary [I| and Corollary [2] respectively,
which we introduce below.

McCormick Envelope Relaxation: We replace the bilinear terms a;w(¢") with m?(¢)
and a;u(¢’) with m} (&) by using McCormick envelopes [167] M?(¢') and M} (€') respectively

foralli=1,...,N,, & € S. We also utilize upper and lower bounds for decision variables
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ai,w(&'), and u(¢'), which we denote as @;, We/, e and a;, W/, ugr, respectively. In our setting,
it is clear that a; = L,az = M,ay = ay = 1, wg = ug =k, and wgr = ug =0 Ve e S, which

leads us to the following corollary:

Corollary 1. If for any a € A, the ambiguity set defined in (2.6 is nonempty, then the
Bellman equation (2.5)) can be approximated as the following MIP formulation:

Ng
VIE =, Fue+a— 3 (€€ + 3 o€ ) + 3 (€ule)

¢ges =1 ¢es

Naf/ 1/¢t
+Z%mm@0 (2.122)
=1

st ql <AV pw —u, (2.12b)
w+u < k1, (2.12¢)
w,u >0, (2.12d)
(mf(&), ai,w(&)) € MP(&'), Vie[Na],& €8, (2.12¢)
(m}(&),a5,u(€)) € M}(E), Vie [N, & €S, (2.12f)

where [N,| denotes the set {1,..., Ny}, and

MP(E) = {(mi (&), ai, w(€)) :
mp(€) > a;w(¢)
mg (€) < an(€') + amwe — aawe, m (€) < apdg + agw(€') — azg.},

M(&) = {(mi (&), asu(€)) :

1

HE) = au(€) + aiug — aue, mi(€) > Gu(€) + aiig — agtig,

m (&) < au(€) + aiug — aiug,m} (&) < aitig + qu(€’) — a;tie .}

+ aiwg — awer, m?(ﬁ’) > éiw(fl) + a; W — a;Wer,

m

Exact Unary Expansion: We note that the McCormick method used here provides
additional relaxation of the original problem in ({2.8]). To have a more exact formulation, we

utilize unary expansion [100] in the following corollary:

Corollary 2. If for any a € A, the ambiguity set defined in (2.6 is nonempty, then the



22

Bellman equation (2.5)) can be approximated as the following MIP formulation:

Na Ai . .
VIE = Fue+a— 3 (€€ + 3 A€ Do)

acAw,u,q . : X
¢eS 1=1 j=1

Na i
# 3 (e + o Sl @)) s

¢&eS i=1 j=1
st ql <AV paw — (2.13b)

w+u < kl, (2.13c¢)
w,u >0, (2.13d)
A ' A; '

=1, > Y =1, Vie[Nd, (2.13e)
j=1 j=1

0t 17 . .

VR € {0, 1}, Vi € [Na], ] = 1,...,AZ' (213f)
(" (€), 4", w(€)) € MJ¥(€)), Vi€ [Na,€ €8, (2.13g)
(' (&), ¢, ul) € M), Vie [N, €8, (2.13h)

where

M) = {(m" (), v w(€) i (€) 2 0, (¢) = w(¢) + w(€) @) - 1},
MHE) = (g (€), v u(€) + ' (€) < u(€),my'(€) < a(€)w,
Vi€ [Ng], j=1,..., A,

where A; represents the number of actions for action type 1, T; is the j* action for action
type i (in the epidemic control setting, T; is the j'" item in (0,1,2, ..., A; — 1) fori € {1,2}),

and z,b?”,q/}}i are auzillary binary variables.

The main difference between (2.12)) and ([2.13)) is that (2.13)) introduces binary variables,

;, to represent whether or not the discrete action is chosen. Therefore, we can represent the
action chosen as the following:
1if T]lf is chosen

A;
i i i
a = E T;¢;,  where ¢ =
Jj=1 0 otherwise
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Thus, we can represent the bilinear terms in (2.13)) as:

A Ai
adw(E) = T;mgﬂ and a?u(¢') = T;m}z
j=1 j=1
for all i € [N,] where
. w(¢’) if action j is chosen ‘ u(¢’) if action j is chosen
' = gt = (2.14)
0 otherwise 0 otherwise

The logic of (2.14]) is enforced by the unary envelopes M ]Qi and M j“, using binary indicator
variables zp?i, w]“ This allows (2.13)) to be an exact reformulation compared to (2.12f), which

is a relaxation of ([2.5)). However, introducing binary variables adds computational complexity

so there is an inherent trade-off between (2.12)) and (2.13). The realization of this trade-off
is discussed further in Section

2.5 Real-Time Dynamic Programming

To compute optimal policies based on the DRMDP model of the environment, we utilize the
Real-Time Dynamic Programming (RTDP) algorithm [22]. RTDP is an online algorithm
that combines heuristics search and dynamic programming to solve MDPs. Unlike traditional
dynamic programming, RTDP does not require evaluating the entire state space to find an
optimal solution. Instead, it computes a partial optimal policy for states reachable from the
initial state, making it computationally efficient, especially for large state spaces.

It is important to note that the original RTDP algorithm iteratively solves the Bellman
equation max,e A Tae + )\pggvt“‘l, whereas in our case, we consider the distributionally robust
Bellman equation .

In the context of a finite-horizon MDP, visiting the same state at different stages can
lead to different values of expected reward-to-go. To address this, we adopt the assumption
proposed in [280] and treat multiple visits to a state as visiting different states. Therefore, in
the following algorithm, we use the notation (£, t) to denote the visit to state £ at stage ¢,

and we represent the corresponding expected reward-to-go as V (£, t) = VI(€).
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Algorithm 1: RTDP with admissible heuristics h((&,t))

Input: number of iterations niter, initial state &+ € SnS

Initialize V((£,t)) = h((€,t)) forall € € S, t € {1,...,T}

fori=1,...,niter do
Set & = &init
fort=1,...,T—1do
Solve the MIP relaxation in (2.12)) or (2.13)) to obtain optimal V*((£,t)) and

a*

Update V((£,1)) < V*((&,1))
Sample the next state & € SNS, and set £ = &

end

end

In the provided algorithm, note that &;,;; is defined outside the “for" loops, indicating
that for each iteration, we start from the same initial state. The function h((&,t)) represents
a heuristic search pattern [166, [194], which aims to find a solution specifically for the states
reachable from the initial state by following an optimal policy. This approach is particularly
effective for problems with large state spaces since it avoids the need to solve for the entire
state space, as required by the traditional value iteration algorithm.

It is worth noting that if h((§,t)) is an admissible heuristic function, meaning that its
values are less than or equal to the true reward values, the algorithm will converge to the

optimal solution. This result is formally stated below.

Theorem 2. [22] If the goal is reachable from each initial state and the heuristic function
1s admissible, the RTDP iterations will eventually yield optimal objective value and optimal

controller’s policy on the set of states reachable from the initial states.

2.6 Numerical Studies

In this section, we evaluate the effectiveness of our DRMDP model and RTDP algorithm
in addressing the epidemic control problem.

We begin with Subsection where we conduct a comprehensive performance com-
parison between our DRMDP model and traditional MDP-based models for addressing the
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epidemic control problem. Specifically, in Subsection [2.6.1] we analyze the performance
of two formulations of the DRMDP model: one utilizing the relaxed McCormick envelope
(Corollary [1)) and the other using the exact unary envelope (Corollary . This analysis
helps us determine the optimal formulation for the DRMDP model before proceeding with
the comparison. Moving on to Subsection [2.6.1] we present a comprehensive performance
comparison between our DRMDP model and classic MDP as well as robust MDP models.
We evaluate the models based on their effectiveness in controlling the number of infectives,
the resulting epidemic control policies, and the total discounted health and economic loss.
To assess the robustness of the models, we consider various scenarios, including accurate or
inaccurate knowledge of transition probabilities.

Additionally, to assess the effectiveness and efficiency of RTDP when applied to the
DRMDP model, we perform a comparative analysis in Subsection between RTDP
algorithm and the conventional dynamic programming (DP) approach using backward
induction.

Lastly, in Subsection [2.6.3] we conduct a sensitivity analysis of the DRMDP model for the
epidemic control problem. By systematically varying the values of various input parameters,
we examine their influence on the model’s performance. This analysis allows us to assess the
model’s sensitivity to changes in epidemic parameters and understand its performance across
different scenarios.

All MDP-based models are solved using Gurobi. The RTDP and DP algorithms are
implemented in Python. All experiments are conducted on machines equipped with 2.7 GHz
Quad-Core Intel Core i7 processors.

2.6.1 Model Comparison

In this subsection, we present a comprehensive performance comparison between our proposed
DRMDP model and traditional MDP-based models for addressing the epidemic control
problem.

We refer to the decision-dependent DRMDP model formulated with the McCormick MIP
approach in as DRMDP-McCormick, and we denote the decision-dependent DRMDP
model formulated with the unary MIP approach in as DRMDP-Unary. In all experiments,
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we set k£ = 1000 for (2.12) and (2.13)). For comparison purposes, we consider a classic MDP

model with known transition probabilities 1325 as in equation (2.4). Thus, we solve the
Bellman equation V*(€) = maxaea, {Tag + )\(ﬁgg)TVtH} at stage t for this baseline, denoted
as MDP. Additionally, we consider a robust MDP model where we use the worst-case transition
probabilities pgg. These probabilities represent the highest probability of transitioning from
exposed to infectious while staying within a distance of 0.5 from the nominal probability 1525
in . Consequently, we solve the Bellman equation V() = maXae A {Tag + )\(pilg)TVt‘H}
at stage t for this robust MDP baseline, which we denote as Robust MDP.

We compute optimal strategies for all models using the RTDP algorithm. For the heuristic
function of RTDP, we utilize h((§,T)) = 0,V¢ € S and h((§,t)) = maxae, Tag, V& € S.t=
1,...,T — 1. In other words, h((&,t)) represents only the initial reward, which is less than or
equal to the true reward (initial reward plus some non-negative future reward). Therefore,

h((§,t)) is considered admissible, and Theorem [2{ holds.

McCormick and Unary for DRMDP

To determine the optimal formulation for the DRMDP, we compare the computational
efficiency and performance of DRMDP-McCormick and DRMDP-Unary.

We conduct experiments with the epidemic control problem, setting M =5, L =5, a
time horizon of T'= 12 (representing a 12-month horizon), a discretization level of Y = 30,
an initial proportion of exposed individuals pg(1) = 0.1, an initial proportion of susceptible
individuals ps(1) = 0.6, and an initial proportion of infectious individuals pr(1) = 0.3.
When simulating the spread of the epidemic, we consider two scenarios for the transition

probabilities:

1. jigf in (2.4). In this scenario, the model possesses precise knowledge of the transition

probabilities.

2. qq¢, which satisfies ||gq¢ — ﬁgng < 0.5. In this scenario, the transition probabilities are

incorrectly specified, and the model lacks knowledge of the true transition probabilities.

The average computational time per iteration for DRMDP-Unary is 149.9s, while for
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DRMDP-McCormick, it is 75.1s. However, the performance of DRMDP-Unary and DRMDP-
McCormick is similar. Specifically, for transition probabilities 1325, the performance values are
—3.77 x 107 and —3.79 x 107, respectively. For transition probabilities qu¢, the performance
values are —3.69 x 107 and —3.72 x 107, respectively. Since DRMDP-McCormick achieves similar
performance with only half the runtime, we adopt DRMDP-McCormick for the subsequent

experiments, denoting it as DRMDP for brevity.

DRMDP, MDP and Robust MDP

We proceed by comparing the performance of our proposed DRMDP model to classic MDP and
Robust MDP models.

We conduct experiments with the epidemic control problem, setting M =5, L = 5, a time
horizon of T' = 12 (representing a 12-month horizon), and a discretization level of Y = 100.
We fix the initial proportion of exposed individuals as pg(1) = 0.1 and consider different
initial proportions of susceptible and infectious individuals: pg(1) = 0.60,0.65,0.70,0.75
and pr(1) = 0.30,0.25,0.20,0.15, respectively. Similarly, we consider two different sets of
transition probabilities, f)g£ and qq¢, for simulating the epidemic.

The results comparing DRMDP, MDP, and Robust MDP are presented in Figure As shown
in Figure [2.3a) when the transition probability used in simulation is ﬁgg, the total discounted
rewards of DRMDP, MDP, and Robust MDP are similar. However, when the transition probability
used in simulation is g,¢ (Figure , the total discounted rewards of DRMDP are higher
compared to MDP and Robust MDP. These findings demonstrate that DRMDP outperforms MDP
and Robust MDP in adapting to environments when the true transition probabilities are
unknown.

The optimal actions taken by DRMDP, MDP, and Robust MDP at each stage are summarized
in Table where the notation [z, y] represents the action of choosing a vaccination level
of x and a transmission-reduction level of y. Analyzing Table we observe that DRMDP
administers vaccinations to a greater number of susceptible individuals compared to MDP.
Additionally, as the time period progresses, the need for implementing interventions decreases

across all models.
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Figure 2.3: Total rewards versus initial proportion of susceptible individuals, averaged across
10 runs. The error bars show mean + standard deviation. (a) the transition probability used

in simulation is ﬁgg. (b) the transition probability used in simulation is gq¢.

Table 2.1: Action taken at each stage (averaged across 10 runs) when the transition probability

used in simulation is qqg¢.

Stage t=1 t=2 t=3 t=4 t=5 t=6 t=7 t=8 t=9 t=10 t=11
DRMDP, pg(1) = 0.60 L5 [55  [0,0] [00  [00 [00 [00 [0,0] [00 [00  [0,0]
MDP, pg(1) = 0.60 [1,5] [465] [0505 [00  [00 [0,0] [00 [00 [00] [00  [0,0]
Robust MDP, pg(1) = 0.60 [1,5]  [5,5]  [0,0] [00  [00 [00 [00 [0,0] [00] [00  [0,0]
DRMDP, pg(1) = 0.65 (1,5 [385] [3,0] [0  [00 [00 [00 [0,0] [00 [00  [0,0]
MDP, pg(1) = 0.65 [1,5] [365] [2525 [00  [00 [0,0] [00 [00 [00] [00  [0,0]
Robust MDP, pg(1) = 0.65 [1,5]  [4.1,5] [3,1] 00  [00 [00 [00 [0,0] [00 [00  [0,0]
DRMDP, pg(1) = 0.70 L5 85 [50] [00  [00 [00 [00 [0,0] [00 [00  [0,0]
MDP, pg(1) = 0.70 [1,5]  [275] [5,5] [00  [00 [00 [00 [0,0] [00 [00  [0,0]
Robust MDP, pg(1) = 0.70  [1,5]  [3.2,5] [5,1] [00  [00 [00 [00 [0,0] [00 [00  [0,0]
DRMDP, pg(1) = 0.75 L5 [25  [505]  [00 [00 [0,0] [00 [00 [00] [00  [0,0]
MDP, pg(1) = 0.75 L5 2,5 [44] 1,1 [00 [00 [00 [0,0] [00] [00  [0,0]

Robust MDP, ps(1) =0.75  [1,5]  [2.4,5] [51.5]  [0.7,0] [0,0] [0,0] [0,0] [0,0] [0,0] [0,0]  [0,0]
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Furthermore, with increasing initial proportion of susceptible individuals pg(1), we note
that vaccinations are required in more stages. For instance, in the case of DRMDP, when
ps(1) = 0.60, vaccination actions are taken during stages ¢t = 1 to 2, while for pg(1) = 0.75,
vaccinations are required during stages ¢ = 1 to 3. This observation indicates a higher
demand for vaccinations when a larger proportion of the population is susceptible.

Moreover, the results demonstrate that DRMDP adopts a more aggressive vaccination
strategy compared to MDP, implying that the distributionally robust approach favors allocating
more resources towards vaccines to ensure a policy that is robust against uncertainty. On the
other hand, Robust MDP implements an even stricter policy than DRMDP, resulting in lower
total rewards due to the increased cost of intervention. This finding suggests that DRMDP,
which considers the worst-case distribution f,¢, exhibits a less conservative behavior than
Robust MDP.

The percentage of infectives, recovered individuals, and rewards for DRMDP, MDP, and
Robust MDP at each stage, considering the true transition probability qu¢, are depicted in
Figure [2.4] and respectively. From these figures, several observations can be made.

Firstly, DRMDP exhibits higher stage-wise rewards and demonstrates greater effectiveness
in controlling the number of infectives compared to MDP. Specifically, in Figure [2:4] and
both models perform similarly in the early stages (¢ = 1 to 4), but DRMDP achieves zero
infectives and full recovery faster than MDP in the intermediate to late stages (t =5 to 12).
Similarly, Figure [2.6] showcases that DRMDP achieves a higher reward earlier than MDP.

These results can be attributed to the fact that the optimal policy derived from the MDP
model is based on the assumption that the true transition probabilities are ﬁ2§7 while the
policy obtained from the DRMDP model is robust to uncertainty in transition probabilities,
which allows it to adapt and perform well even without knowing the true probabilities.

Comparing DRMDP with Robust MDP, we observe that DRMDP is slightly less effective in
controlling the number of infectives but achieves a higher stage-wise reward overall. These
findings align with our earlier conclusions that DRMDP exhibits a less conservative behavior

compared to Robust MDP.
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in simulation is qqg¢.
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2.6.2 Algorithm Comparison

To comprehensively evaluate the effectiveness and efficiency of the RTDP algorithm when
applied to the DRMDP model, we compare its performance with the conventional Dynamic
Programming (DP) approach using backward induction. The DP method for solving the
DRMDP model is described in Algorithm

Algorithm 2: Conventional dynamic programming
Initialize V ((¢,T)) = Gr(€) for £ € S
fort=T-1,...,1do

for £ € SNS do
Solve MIP relaxation in (2.12)) or (2.13)) to obtain optimal V*((¢,t)) and a*

Update V/((£,1)) <= V*((£,1))

end

Update V((£,t)) < 0 for £ € S\S

end

In this comparison, we consider different settings of the state space discretization level,
denoted as Y, as defined in Section [2.3] This allows us to assess the impact of state space
granularity on the performance of both algorithms. For the RTDP algorithm, we execute a
total of 20 iterations when Y = 5, while for Y = 10, 15, and 20, we perform 50 iterations.

As shown in Figure 2.7a] DP yields slightly higher total rewards than RTDP for small
discretization levels (Y = 5,10). However, as the discretization level increases (Y = 15, 20),
the total rewards of DP and RTDP become similar. Conversely, as depicted in Figure
DP requires significantly more computational time than RTDP, especially for high
discretization levels. This is due to the fact that DP needs to solve Bellman equations for all

states, and the number of states grows polynomially with the discretization level.

2.6.3 Sensitivity Analysis

In this subsection, we analyze the impact of several input parameters on the performance of

the DRMDP model for the epidemic control problem. Specifically, we investigate the influence
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Figure 2.7: Performance and runtime comparisons of RTDP and DP. Averaged across 3 runs.

of the following parameters:

1. @Q: the vaccine price.

2. kpg: the cost of increasing the transmission reduction level by one level.

3. up: Here, u represents the contact rate without any transmission reduction method,
and (3 denotes the probability of a susceptible individual becoming infected upon contact
with an infectious individual. Since both p and S collectively affect the number of
susceptible individuals who become exposed, we evaluate their product as a combined

variable in the sensitivity analysis.

4. W: the health loss plus treatment cost associated with a single infection.

5. ap: the maximum possible fractional reduction in the contact rate achievable through

transmission reduction interventions.
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Figure 2.8: Sensitivity analysis of DRMDP (solved with RTDP). Percentage of infectives versus

stage (averaged across 5 runs) when the transition probability used in simulation is gq¢.

We kept the value of k fixed at 1000 in equation and utilized the RTDP algorithm
to calculate optimal strategies for the DRMDP model in all our sensitivity analysis experiments.
The analysis was performed on the epidemic control problem, considering a time horizon
of T'= 12, an initial proportion of exposed individuals pg(1) = 0.1, an initial proportion
of susceptible individuals pg(1) = 0.7, and an initial proportion of infectious individuals
pr(1) =0.2.

Figure illustrates the percentage of infectives at each stage for different input values.
From the figure, we observe that the overall percentage of infectives increases as @), kg, or
w13 increases, while it decreases as W or «q increases.

When the price of vaccines (@) or transmission reduction interventions (kr) increases,
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the willingness to allocate resources for vaccinations or interventions decreases. Consequently,
we expect to see a higher proportion of infected individuals. Additionally, higher values of
or 5 lead to easier disease spread, resulting in more infections.

Conversely, an increased value of W indicates a higher penalty for infections, prompting
policymakers to prioritize vaccination efforts to reduce the number of infections. Finally,
a larger value of g signifies the greater effectiveness of transmission reduction methods,

leading to a reduced number of infected individuals.

2.7 Conclusion

In this study, we present a Distributionally Robust Markov Decision Process (DRMDP)
framework for addressing the dynamic epidemic control problem. Our aim is to provide
effective strategies to public health decision-makers that can reduce the proportion of infected
individuals while considering cost-efficiency. The proposed DRMDP model is designed
to handle the uncertainties inherent in scenarios where the true distribution of disease
transmission parameters remains unknown.

To capture the impact of policy actions on the system dynamics, we incorporate an
endogenous ambiguity set within our model. This inclusion ensures that the influence of
policy-makers’ decisions on the system dynamics is comprehensively considered. To solve the
problem, we discretize the model and reformulate it as a mixed integer programming (MIP)
using either McCormick or unary envelopes. Our computational experiments demonstrate
that both approaches yield similar results.

Our findings indicate that the DRMDP outperforms both the classic MDP and robust
MDP when evaluated against various metrics, including cost minimization and reduction of
infected individuals. This superiority is particularly evident when dealing with scenarios where
the true distribution of transition probabilities is unknown. In contrast, the performance
of the MDP model deteriorates when the assumption of known transition probabilities is
violated. The strength of the DRMDP model lies in its ability to handle uncertain transition
probabilities without relying on this assumption, thereby delivering reliable results even in
the absence of true probabilities.

Moreover, we highlight the efficiency and effectiveness of the RTDP algorithm in computing
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optimal policies based on the DRMDP model. The RTDP algorithm achieves similar
performance to traditional DP methods while requiring significantly less computational time.

To conclude our analysis, we conduct a sensitivity analysis that reveals the impact of
increasing vaccine and transmission-reduction intervention prices, as well as contact and
infection rates, on the proportion of infected individuals. Conversely, we observe that
increasing health loss, treatment cost, and intervention effectiveness have the opposite effect.

As a direction for future research, we suggest exploring a continuous action space instead
of the current discrete action space. Additionally, while this paper focuses on uncertainty in
transition probabilities, future studies could expand their scope to encompass uncertainty in

other model parameters.



36

Chapter 3

NONPARAMETRIC KULLBACK-LEIBLER CONSTRAINED POLICY
OPTIMIZATION TOWARDS OPTIMAL PRICING OF DEMAND
RESPONSE

The majority of model-free RL methods cannot guarantee the stability and optimality of
the learned policy, which is undesirable in safety-critical systems. In this chapter, we propose
an innovative nonparametric policy optimization approach with Kullback-Leibler divergence
constraint. Our approach ensures the stability of the policy update through trust region
constraints, and improves optimality by removing the restrictive parametric assumption on
policy representation that the majority of the RL literature adopts. We derive a closed-form
expression of optimal policy update for each iteration and develop an efficient on-policy
actor-critic algorithm to address the proposed constrained policy optimization problem. The
effectiveness of our approach is evaluated on a price-based demand response (DR) problem of
the electricity market, with the goal of finding optimal pricing strategies to adjust electricity
consumption in a timely and reliable manner. The experiments on two DR, cases show the
superior performance of our proposed nonparametric constrained policy optimization method

compared with state-of-the-art RL algorithms.
3.1 Introduction

Demand response (DR), as an efficient way to reduce the peak load and improve the grid
reliability, has been widely applied in recently years and recognized as one of the main
forces to advance the smart grid technology. In order to incorporate DR resources into the
wholesale energy market, a number of regional grid operators (such as NYISO, PJM, ISO-NE,
and ERCOT) have established demand response programs for consumers to participate
[01]. Federal Energy Regulatory Commission (FERC) also issued its order in 2020 to enable
distributed energy resources, which include demand response, to participate in regional

wholesale electricity markets [2].
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In general, incentive-based programs and price-based programs are the two categories of
DR systems. In incentive-based schemes, customers receive fixed or time-varying compensation
in exchange for limiting their power usage during peak hours or system contingencies. In
price-based schemes, customers are encouraged to shift their electricity consumption from
high to low price periods in order to save money on their electricity bill. In the latter case,
deriving an effective and efficient pricing strategy is critical in order to adjust electricity
consumption in a reliable and timely manner.

Traditionally, a Stackelberg game model [165, 292] is often used to characterize the
interactions between DR service provider (SP) and participating consumers (PCs), in which
SP acts as the leader who sets the price strategy and PCs are the followers who adjust their
electricity consumption. However, in practice, it is very challenging for both SP and PCs
to set up each other’s model and accurately estimate the model parameters. Also, due to
a possible large number of PCs, there will be a significant number of models with different
customer behavior patterns, which makes the model learning even harder. This challenge
can be addressed by reinforcement learning (RL), since it is a model-free technique that does
not require the identification of models for individual players.

In this vein, a variety of model-free RL methods including value-based methods such
as Q-learning [I31], 160, 204] and policy-based methods such as Advantage Actor Critic
(A2C) [19], Trust Region Policy Optimization (TRPO) [149] have been exploited to address
the dynamic pricing strategy of DR problems. However, the performances of traditional
model-free RL methods are not satisfactory in practice for the following reasons: 1) different
behavior patterns of PCs bring a high degree of environmental dynamics, which inevitably
induces the instability of policy update and the difficulty for the convergence of final policy;
2) many RL methods may not reach policy optimality even after it stabilizes. In addition to
bad initialization and inadequate exploration, the model restriction that is employed could
exclude the algorithms from attaining a more optimal policy [249)].

In this paper, we propose a novel trust region constrained policy optimization method
that can effectively address the DR pricing strategy problem. Similar as TRPO, we impose
a Kullback-Leibler (KL) divergence based constraint (trust region constraint) to restrict

the size of the policy update, so that a good stability can be maintained. However, unlike
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the traditional gradient based policy optimization methods such as A2C, TRPO, or PPO
[223] that limit the policy representation to a particular parametric distribution class (e.g.,
Gaussian [218]), we release this restrictive distributional assumption by allowing all admissible
policies in the trust region. Since in this case, the policy learnt is not confined to the scope
of parametric functions, this certainly opens up the possibility of converging to a better final
policy. In fact, we observed significant improvements in nearly all our test cases. In addition,
the proposed method is more flexible than the majority of the state-of-the-art gradient based
policy optimization methods - it can be applied to both discrete and continuous action cases.
We successfully derive the reformulations of the proposed policy optimization problem and
obtain the closed-form optimal policy update. We have investigated the effectiveness of the
proposed approach with two representative test cases on DR. Both cases demonstrate that

our approach outperforms state-of-the-art gradient based policy optimization methods.
3.2 MDP Formulation

We use a similar Markov Decision Process (MDP) model as [I60] to describe the dy-
namic decision-making problem of price-based DR program, which is defined as a tuple
<T,\S, A, p,r >, where T is the time horizon, A is the discount factor, S is the state
space, A is the action space, p is the transition probability between states depending on the
taken action, and r is the reward associated with the taken action. However, unlike [160], we

allow continuous state and action for our MDP model.

e Time Horizon: We consider a finite time horizon with length T" = 24, which represents

24 hours in a day. We use t = 1,2,...,T to represent the discrete time stage.

e Action and State: The action of the dynamic pricing DR model is defined as
at = (¢e1,...,¢e,n), where N is the total number of PCs and ¢, denotes the retail

electricity price for the n-th PC at time t.

The state of the dynamic pricing DR model is defined as

s¢ = ((di1,ce1)s -5 (AN, ciN))s
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where d; ,, represents the base energy demand of the n-th PC at time ¢ before knowing
the retail price, and c¢;,, represents the actual energy consumption of the n-th PC at

time t after knowing the retail price.

The base energy demand and the actual energy consumption of the n-th PC at time ¢

are defined as:

i = diit + d5, (3.1a)
o =it + e, (3.1b)

crit
t,n

where d%t and ¢{"** denote the energy demand and energy consumption of the n-th
PC at time t for critical load, and dffj{"t and cgg{t denote the energy demand and energy

consumption of the n-th PC at time ¢ for curtailable load.

The critical load demands are always completely met, whereas the curtailable load

consumption follows the price elasticity of demands, i.e.,

cjff;ft = d%t, (3.2a)
et = dgurt X (14 & x Ptn =M ), (3.2b)

Tt

where & < 0 denotes the elasticity coefficient at time ¢ and m; represents the wholesale

electricity price at time t.

Reward: To characterize the reward, we first define the SP’s profits: P(t) =
ZnN:1(¢t,n — ) X ¢tn. Then, we define PCs’ costs C(t), which is defined as the
sum of the electricity costs and the dissatisfaction costs for all PCs, i.e., C(t) =
ijﬂ(ﬁbt,n X Ct + Otn). Here 8y = S (dsrt — c£4")? + B (dfirt — i) denotes the

dissatisfaction cost of the n-th PC at time ¢, where oy, is the customer preference

parameter [293] and 3, is a predefined constant [291].
The reward of the dynamic pricing DR model is then defined as a weighted combination
of P(t) and —C(t):

r(st,ar) = p x P(t) — (1 — p) x C(¢). (3.3)
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Based on the reward, the total discounted return of the dynamic pricing DR model in

a complete trajectory from time ¢ onward can be represented as:

T—t

Ry = Z Aor (s, argn), (3.4)
k=0

and the performance of a stochastic policy m can be represented as

n(r) = Esmao,slm[z Atr(stvat)]‘ (3.5)
t=0

As shown in [129], the expected return of a new policy 7’ can be expressed in terms of

the advantage over the old policy m: n(7') = n(7) + E A™(s,a)], where A™(s,a) =

s arere |
E[R¢|st = s,a; = a; 7| — E[R¢|s; = s; 7] represents the advantage function and p™ represents
the unnormalized discounted visitation frequencies, i.e., p™(s) = > ;oo V' P(st = s).

Trust Region Policy Optimization (TRPO) [218] employs a trust region constraint to
ensure that the new policy does not deviate significantly from the old policy. Furthermore,
in TRPO, the policy 7 is parameterized as mp with the parameter vector 6. For notation
brevity, we use 6 to represent the policy my. Then, the new policy € is updated in each
iteration to maximize the expected value of the advantage function:

s By 4no[A(s.a)
v (3.6)
st. Egopldxr(0,0)] <6,

sep
where ¢ is the threshold of the distance between the old policy # and the new policy 6';
di (0, 0) represents the KL divergence between the old and new policies, i.e., dg,(0',0) =

/ wca o (als) log(jr‘;'((glf)))da. Though parametrizing the policy may help ease computations,

as indicated in [249], optimizing over parametric distributions will cause local movements in

the action space and converge to a sub-optimal solution.

3.3 A Nonparametric Framework to Learn Distributional Policies

In this section, we first develop nonparametric constrained policy optimization framework,
with the KL divergence to construct trust region. Then we derive a closed-form of the policy
update and propose an efficient on-policy actor-critic algorithm to address the proposed

problem.
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3.8.1  Problem formulation

In our model, we release the restrictive assumption that a policy has to follow a parametric

distribution class. Instead, we consider all admissible policies within the trust region, i.e,
Esvpr[dicn(7'(|s), 7 ()] < 0. (3.7)

That is, the policy update is nonparametric. As long as its expected distance from the old
policies is no more than a threshold level §, the policy will be considered as the candidate of
the next policy update.

Since the optimization goal in each policy update is to obtain the maximal expected value
of the advantage function, the proposed model focuses on identifying the optimistic policy
that falls in the set depicted in . Therefore, our framework is shown as follows:

max  Eopm (5 [A7 (s, a)] 9
where D = {7'|Espr[dx (7' (-|s), 7(:|5))] < 6}
This framework is related to distributionally robust optimization (DRO) [203]. However, we
note that our constrained policy optimization is conceptually different from DRO. Constrained
policy optimization seeks the most optimistic policy that falls within a trust region, whereas
DRO seeks to minimize some worst-case loss given by an adversarial distribution of unknown
parameters within an ambiguity set.
Before describing our main result, we adopt a mild and conventional assumption that

generally holds true in most practical cases:

Assumption 1. Assume A™(s,a) is bounded, i.e., sup,e 4 |A™(s,a)| < 00, Vs € S.

3.3.2  Policy update

We present the optimal policy update of our method. In this formation, both the state space
and the action space can be discrete or continuous. Theorems [3| and [4] show the reformulation
of (3.8) and closed-form of optimal policy update. The detailed proofs of the two theorems

can be found in Appendix.
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Theorem 3. If Assumption [1] holds, then the KL trust-region constrained optimization
problem in (3.8)) is equivalent to the following problem:

min{lo(8) i= 83 + Eswpr B10g Egrn [/ 7]}. (3.9)

Theorem 4. If Assumptz’on holds and [3* is the global optimal solution to (3.9)), then the
optimal policy solution to the KL trust-region constrained optimization problem in (3.8)) is:
eA"(5:9)/8 1 (als)

*(als) = F(n) = - —, VseS,aec A (3.10)
anﬂ(~|s) [eA (s:0)/8 ]

We use gradient-based global optimization algorithms [143], 260}, 297] to find the global
optimal 8* in (3.9). The gradient of the objective in (3.9) is derived as below:

olo(B)
a8

e 5 + ]E’szﬂ' {log EG/"”H’(“S) [eAﬂ'(S,a)//B]

_Eamﬂr(-|s) [eA"(s,a)/,B X Aﬂ-(sa (l)]
/BEaNﬂ(-|s) [eAﬂ (S’G)/B]

1.

In implementation, we obtain the global optimal 5* using the Basin Hopping algorithm [260],
which is a two-phase global optimization method that utilizes the gradient information to

speed up the search in the local phase.

3.8.83  On-policy actor-critic algorithm

We provide a practical on-policy actor-critic algorithm as described in Algorithm [3] to address
the proposed nonparametric constrained policy optimization problem. The trajectories
sampled in the algorithm can either be complete or partial. If it is complete, Gy can be
obtained by using the accumulated discounted rewards, i.e., Ry = ZZ:_S Nepy o If it is
partial, G can be estimated by using the multi-step temporal difference (TD) methods [61]:
Riton = ZZ;& Ny, g+ A"V (8445). To estimate the advantage A?’“, we can either use the
Monte Carlo approach, i.e., ATF = Gy — Vi, (8¢) or Generalized Advantage Estimation (GAE)
[220.
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Algorithm 3: On-policy actor-critic algorithm

Input: number of iterations K, learning rate «
Initialize policy mp and value network V,,, with random parameter 1o

for k=0,1,2... K do
Collect trajectory set Dy on policy my

For each timestep ¢ in each trajectory, compute total returns G; and estimate
advantages AT

Update value: o)y < 9 — aVy, Z(Rt — Vi, (51))?

Update policy: mgy1 + F(my) via ([B.10) with AT

end

3.4 Experiments

In this section, we test the performance of our approach by comparing with multiple state-
of-the-art RL approaches, for both continuous and discrete action spaces. Q-learning, A2C,
TRPO, PPO, and DDPG [I5]] are among the benchmark methods we choose. The reason
that we compare our method with A2C is because that it is also an on-policy actor-critic
method that utilizes the advantage information. We also choose PPO as the benchmark
since it is a variant of TRPO: Instead of restricting the KL divergence between the old and
the new policies, it penalizes on the KL divergence. DDPG is chosen because previous work
[233] demonstrates its effectiveness in solving DR problems. We test Q-learning only for
the discrete action case and DDPG only for continuous action case, due to the nature of
these algorithms: One only works for discrete actions while the other primarily supports
continuous actions. The environment is implemented with OpenAl Gym [40] and experiments
are conducted using Python code, 2.7GHz quad-core intel core i7 processor and 16GB RAM

hardware.

3.4.1 Experimental setup

First, we test a simple DR case with three PCs for illustration purpose. In each episode with

crit

24 hours, the wholesale price 7, elasticity coefficient &, critical and curtailable demands df’;
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and dffj{t are depicted in Fig. and Wholesale price is set to be higher, and elasticity

to be lower during peak hours.
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(a) Wholesale price (b) Elasticity
Figure 3.1: Wholesale price and elasticity
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Figure 3.2: Customer demands within an episode

3.4.2 Performance and final policy

In this subsection, we present the performance and final policy of our approach versus baseline
algorithms on the electricity market models. For the continuous action model, any retail
prices ranging from 0 to 12 are allowed. For the discrete action model, we adopt a discrete
action space where the retail prices can only take discrete values among 0,0.5,1,...,11.5,12.

The performance comparisons are provided in Fig. [3.3] As shown in Fig. [3:3] in both

continuous and discrete action model, our approach converges faster and reaches a better
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final performance than baseline algorithms. This suggests that the use of nonparametric
policy representation indeed finds a more optimal final policy.

We provide the final pricing strategy of our approach in Fig. from which we can see
that the retail prices are higher during peak hours when wholesale price is high. We also
analyze how this pricing strategy affects the usage in Fig. [3.5] which shows that the load
reduction follows a similar trend as the unit profit. Also, the load reduction is higher during

peak hours, indicating that our pricing strategy effectively controls peak-hour usages.

1000Continuous action, 3 customers Discrete action, 3 customers
500 500
£ 0 c 250
2 —— Qur Approach 2 0
¢ ~500 — A ¢ 250
o —1000 —— DDPG o _500
83 ~1500 —— TRPO 8’ —— Our Approach
© - PPO o =750 —— Qleaming
Z —2000 Z -1000 e
— TRPO
-2500 -1250 — PO
-3000 -1500
5000 10000 15000 10000 20000
Timesteps Timesteps
(a) Continuous action model (b) Discrete action model

Figure 3.3: Episode rewards during the training process, averaged across 3 runs with a

random initialization. The shaded area depicts the mean + the standard deviation.
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Figure 3.4: Final retail prices for each customer within an episode, continuous action model.
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Customer 1 Customer 2 Customer 3
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Figure 3.5: Final profit (retail minus wholesale price) and load reduction within an episode,

continuous action model.

3.4.3 FEaxtension to large-scale action space

We further extend our experiments to a larger scale continuous action model with 30 customers.
We consider continuous action because it is more general and closer to practical use case.
We simulate customer demands by adding small variance to Fig. [3:2] The performance
comparison in Fig. [3.6] shows similar findings as small-scale case: Our approach converges

faster and has a higher performance compared to baseline algorithms.

1OOOOContinuous action, 30 customers

5000 ;;:;::"”"”“'_—""_"'*_“
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5 ~——— Qur Approach
& -5000 — AC
@ 10000 —— DDPG
£ -15000 T oo
Z —20000
-25000 D s
-30000

5000 10000 15000
Timesteps
Figure 3.6: Episode rewards during the training process, continuous action model, averaged
across 3 runs with a random initialization. The shaded area depicts the mean + the standard

deviation.
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3.5 Conclusion

In this paper, we present a novel nonparametric constrained policy optimization RL algorithm,
which addresses the sub-optimality issue of traditional gradient based policy optimization
methods such like TRPO, PPO, DDPG and A2C. Our approach improves TRPO and PPO
with a better final performance, while maintaining the stable learning property.

To our knowledge, our approach is the first policy optimization method that learns
nonparametric policies in DR settings. Experiments on two DR cases show the superior

performance of our proposed method compared with state-of-the-art RL algorithms.
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Chapter 4

WASSERSTEIN POLICY OPTIMIZATION: A NONPARAMETRIC,
PROVABLY CONVERGENCE CONSTRAINED POLICY
OPTIMIZATION APPROACH

Trust-region methods based on Kullback-Leibler divergence are pervasively used to
stabilize policy optimization in model-free reinforcement learning. In this chapter, we
exploit more flexible metrics and examine two natural extensions of policy optimization with
Wasserstein and Sinkhorn trust regions, namely Wasserstein policy optimization (WPO)
and Sinkhorn policy optimization (SPO). Instead of restricting the policy to a parametric
distribution class, we directly optimize the policy distribution and derive their close-form
policy updates based on the Lagrangian duality. Theoretically, we show that WPO guarantees
a monotonic performance improvement, and SPO provably converges to WPO as the entropic
regularizer diminishes. Moreover, we prove that with a decaying Lagrangian multiplier to
the trust region constraint, both methods converge to global optimality. Experiments across
tabular domains, robotic locomotion, and continuous control tasks further demonstrate
the performance improvement of both approaches, more robustness of WPO to sample

insufficiency, and faster convergence of SPO, over state-of-art policy gradient methods.
4.1 Introduction

Policy-based reinforcement learning (RL) approaches have received remarkable success in
many domains, including video games [168| 268, 277], robotics [97, [146], and continuous
control tasks [72, 107, 22I]. One prominent example is policy gradient method [97, [151], [168]
199, 227, 243, 276]. The core idea is to represent the policy with a probability distribution
mg(als) = Plals; 0], such that the action a in state s is chosen stochastically following the
policy mg controlled by parameter 6. Determining the right step size to update the policy is
crucial for maintaining the stability of policy gradient methods: too conservative choice of

stepsizes result in slow convergence, while too large stepsizes may lead to catastrophically
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bad updates.

To control the size of policy updates, Kullback-Leibler (KL) divergence is commonly
adopted to measure the difference between two policies. For example, the seminal work on
trust region policy optimization (TRPO) by [219] introduced KL divergence based constraints
(trust region constraints) to restrict the size of the policy update; see also [5, [198]. [130] and
[222] introduced a KL-based penalty term to the objective to prevent excessive policy shift.

Though KL-based policy optimization has achieved promising results, it remains inter-
esting whether using other metrics to gauge the similarity between policies could bring
additional benefits. Recently, a few work [177, [I89) 206], B00] has explored the Wasserstein
metric to restrict the deviation between consecutive policies. Compared with KL divergence,
the Wasserstein metric has several desirable properties. Firstly, it is a true symmetric distance
measure. Secondly, it allows flexible user-defined costs between actions and is less sensitive
to ill-posed likelihood ratios. Thirdly but most importantly, the Wasserstein metric takes
into account the geometry of the metric space [190] and allows distributions to have different
or even non-overlapping supports.

Motivating Example: Below we provide an example of a grid world (see Figure
that illustrates the advantages of using the Wasserstein metric over the KL divergence to
construct trust regions and policy updates. The grid world consists of 5 regular grids and 2
goal grids, and there are three possible actions: left, right, and pickup. The player always
starts from the middle grid, and making a left or right move results in a reward of —1.
Picking up yields a reward of —3 at regular grids, +5 at the blue goal grid, and +10 at the
red goal grid. An episode terminates either at the maximum length of 10 or immediately
after picking up. We define the geometric distance between left and right actions to be 1,

and 4 between other actions.

Figure 4.1: Motivating grid world example
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Figure 4.2: Wasserstein utilizes geometric feature of action space

Figure shows the Wasserstein distance and KL divergence for different policy shifts
of this grid world example. We can see that Wasserstein metric utilizes the geometric
distance between actions to distinguish the shift of policy distribution to a close action (policy
distribution 1 — 2 in Figure from the shift to a far action (policy distribution 1 —
3 in Figure , while KL divergence does not. Figure demonstrates the constrained
policy updates based on Wasserstein distance and KL divergence respectively with a fixed
trust region size 1. We can see that Wasserstein-based policy update finds the optimal policy
faster than KL-based policy update. This is because KL distance is larger than Waserstein
when considering policy shifts of close actions (see Figure . Therefore, Wasserstein
policy update is able to shift action (from left to right) in multiple states, while KL update
is only allowed to shift action in a single state. Besides, KL policy update keeps using a
suboptimal short-sighted solution between the 2nd and 4th iteration, which further slows
down the convergence.

However, the challenge of applying the Wasserstein metric for policy optimization is also
evident: evaluating the Wasserstein distance requires solving an optimal transport problem,
which could be computationally expensive. To avoid this computation hurdle, existing
work resorts to different techniques to approximate the policy update under Wasserstein
regularization. For example, [206] solved the resulting RL problem using Fokker-Planck
equations; [300] introduced particle approximation method to estimate the Wasserstein
gradient flow. Recently, [I77] instead considered the second-order Taylor expansion of

Wasserstein distance based on Wasserstein information matrix to characterize the local
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KL constrained policy update

1st iteration:
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Figure 4.3: Demonstration of policy updates under different trust regions

behavioral structure of policies. [I89] tackled behavior-guided policy optimization with
smooth Wasserstein regularization by solving an approximate dual reformulation defined on
reproducing kernel Hilbert spaces. Aside from such approximation, some of these work also
limits the policy representation to a particular parametric distribution class, As indicated
in [248], since parametric distributions are not convex in the distribution space, optimizing
over such distributions results in local movements in the action space and thus leads to
convergence to a sub-optimal solution. Until now, the theoretical performance of policy
optimization under the Wasserstein metric remains elusive in light of these approximation
errors.

In this paper, we study policy optimization with trust regions based on Wasserstein
distance and Sinkhorn divergence. The latter is a smooth variant of Waserstein distance
by imposing an entropic regularization to the optimal transport problem [58]. We call
them, Wasserstein Policy Optimization (WPQO) and Sinkhorn Policy Optimization (SPO),
respectively. Instead of confining the distribution of policy to a particular distribution class,
we work on the space of policy distribution directly, and consider all admissible policies
that are within the trust regions with the goal of avoiding approximation errors. Unlike
existing work, we focus on exact characterization of the policy updates. We would like

to emphasize that our methodology and theoretical analysis in Section 4.4 and
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primarily concentrate on a discrete action space. However, we also present an extension
of our method to accommodate a continuous action space, detailed in Section [£.7.5] We

highlight our contributions as follows:

1. Algorithms: We develop closed-form expressions of the policy updates for both WPO
and SPO based on the corresponding optimal Lagrangian multipliers of the trust region
constraints. To the best of our knowledge, this is the first explicit closed-form updates
for policy optimization based on Wasserstein and Sinkhorn trust regions. In particular,
the optimal Lagrangian multiplier of SPO admits a simple form and can be computed
efficiently. A practical on-policy actor-critic algorithm is proposed based on the derived

expressions of policy updates and advantage value function estimation.

2. Theory: We theoretically show that WPO guarantees a monotonic performance im-
provement through the iterations, even with non-optimal Lagrangian multipliers. We also
prove that SPO converges to WPO as the entropic regularizer diminishes. Moreover,
we prove that with a decaying schedule of the multiplier, SPO and WPO converge to
global optimality, and with a constant multiplier, both methods converge linearly up to a
neighborhood of the optimal value. To our best knowledge, this appears to be the first

convergence rate analysis of policy optimization based on Wasserstein-type metrics.

3. Experiments: We provide comprehensive evaluation on the efficiency of WPO and SPO
under several types of testing environments including tabular domains, robotic locomotion
tasks, and further extend it to continuous control tasks. Compared to state-of-art policy
gradients approaches that use KL divergence such as TRPO and PPO and those use
Wasserstein metric such as Wasserstein Natural Policy Gradient (WNPG) [177] and
Behavior Guided Policy Gradients (BGPG) [189], our methods achieve better sample
efficiency, faster convergence, and improved final performance. Numerical study indicates
that by properly choosing the weight of entropic regularizer, SPO achieves a better

trade-off between convergence and final performance than WPO.

Related work: Wasserstein-like metrics have been explored in a number of works in

the context reinforcement learning. [8I] first introduced bisimulation metrics based on



93

Wasserstein distance to quantify behavioral similarity between states for the purpose of state
aggregation. Such bisimulation metrics were recently utilized for representation learning of
RL; see e.g., [8,[43]. In addition, a few recent work has also exploited Wasserstein distance
for imitation learning (see e.g., [59 278]) and unsupervised RL (see e.g., [106]). Our work is
closely related to several previous studies, including [177, 189} 206, 300], which also utilize
Wasserstein distance to measure the proximity of policies. However, unlike the aforementioned
studies that solely employ Wasserstein distance as an explicit penalty function, we additionally
utilize it as a trust region constraint. Moreover, we consider nonparametric policies and
derive explicit policy update forms, whereas these studies update parametric policies using
policy gradients. Furthermore, we demonstrate monotonic performance improvement and
global convergence with our policy update, which is not provided in these previous works.
Regarding the use of Sinkhorn divergence in RL, [I89] is the only related work to our best
knowledge, where the entropy regularization is used to mitigate the computational burden of
computing Wasserstein metric. However, no explicit form of policy update is provided in
this work, while we derive an explicit Sinkhorn policy update and demonstrate its advantage
in convergence speed. Additionally, we use Wasserstein distance to directly measure the
proximity of nonparametric policies in the distribution space, while [177, [189] measure the
similarity of parametric policies in the behavioral space.

Wasserstein-like metrics are also pervasively studied in distributionally robust optimization
(DRO); see e.g., [306, [78, 85, [309]. We also point out that a recent concurrent work by [262]
studied DRO using the Sinkhorn distance. Our duality formulations are largely inspired from
existing work in DRO. However, we note that constrained policy optimization is conceptually
different from DRO. Constrained policy optimization focuses on finding the optimistic policy
that falls in a trust region, whereas DRO (e.g., the KL DRO) aims to optimize some worst-case

loss given by the adversarial distribution of unknown parameters within some ambiguity set.

4.2 Background and Notations

Markov Decision Process (MDP): We consider an infinite-horizon discounted MDP,
defined by the tuple (S, A, P,r,v,7), where S is the state space, A is the action space,
P:S5xAxS8 — Ris the transition probability, r : & x A — R is the reward function,
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v : S — R is the distribution of the initial state sg, and v € (0,1) is the discount factor.
We define the return of timestep ¢ as the accumulated discounted reward from t, R; =
S o Y (St4ky arrk), and the value function as V™(s) = E[Ry|s; = s;7]. The performance
of a stochastic policy 7 is defined as J(m) = Eq a0,51...[> e V7 (5, ar)] where a; ~ m(ay|s),
St41 ~ P(st41]8¢,a¢). As shown in [129], the expected return of a new policy 7' can be
expressed in terms of the advantage over the old policy m: J(7') = J(W)+Es~pg’,a~7ﬂ [A™ (s, a)],
where A™(s,a) = E[R¢|s: = s,a; = a; 7| — E[R|s; = s; 7] represents the advantage function

and p], represents the unnormalized discounted visitation frequencies with initial state

distribution v, i.e., p7(s) = Espmn[Dpoo v P(st = 8|50)]-

Trust Region Policy Optimization (TRPO): In TRPO [219], the policy 7 is parame-
terized as my with parameter vector 8. For notation brevity, we use 6 to represent the policy
my. Then, the new policy 6’ is found in each iteration to maximize the expected improvement
J(n") — J(m), or equivalently, the expected value of the advantage function:
0
HIGE}X Eswpg,am/@’ [A (87 a)]
(4.1)
s.t. ESNPZ [dKL(QI, 9)] <4,
where dki, represents the KL divergence and ¢ is the threshold of the distance between new

and old policies.

Wasserstein Distance:  Given two probability distributions of policies m and 7’ on the

discrete action space A = {ay,ag,...,an}, the Wasserstein distance between the policies is
defined as:

dw(n',7) = inf , D), 4.2

wirw) = inf(Q.D) (42)

where (-,-) denotes the Frobenius inner product. The infimum is taken over all joint
distributions @ with marginals 7’ and 7, and D is the cost matrix with D;; = d(a;, a;), where
d(a;,aj) is defined as the distance between actions a; and a;. Its largest entry in magnitude

is denoted by ||D||s. In implementation, our choice of distance d is task-dependent and is

reported in Table in Appendix
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Sinkhorn Divergence: Sinkhorn divergence [58| provides a smooth approximation of the
Wasserstein distance by adding an entropic regularizer. The Sinkhorn divergence is defined

as:

ds(x' 7 = inf {<@,D>§h<c2>}, (43)

Qell(n’,m)

where h(Q) = — Zf\il Z;VZI Qijlog Q;; represents the entropy term, and A > 0 is a regular-
ization parameter. The intuition of adding the entropic regularization is: since most elements
of the optimal joint distribution @ will be 0 with a high probability, by trading the sparsity
with entropy, a smoother and denser coupling between distributions can be achieved [55] [56].
Therefore, when the weight of the entropic regularization decreases (i.e., A increases), the
sparsity of the divergence increases, and the Sinkhorn divergence converges to the Wasserstein
metric, i.e., limy_,o, ds(7’, 7|\) = dw(n’, 7). More critically, Sinkhorn divergence is useful to
mitigate the computational burden of computing Wasserstein distance. In fact, the efficiency
improvement that Sinkhorn divergence and the related algorithms brought paves the way to
utilize Wasserstein-like metrics in many machine learning domains, including online learning
[47], model selection [128], 207], generative modeling |87, 193], 200], dimensionality reduction
[118, [153] 263].

4.3 Wasserstein Policy Optimization

Motivated by TRPO, here we consider a trust region based on the Wasserstein metric. More-
over, we lift the restrictive assumption that a policy has to follow a parametric distribution
class by allowing all admissible policies. Then, the new policy 7’ is found in each iteration to
maximize the estimated expected value of the advantage function. Therefore, the Wasserstein

Policy Optimization (WPQO) framework is shown as follows:

Igax Eswpﬁ,a~7r’(~|s) [Aﬂ(sv CL)]
n'eD (44)
where D = {7'|Egmpz [dw (7' (-]s), w(:]5))] < 6},
where the Wasserstein distance dw (-, ) is defined in (4.2]).
In most practical cases, the reward r is bounded and correspondingly, the accumulated

discounted reward R; is bounded. So without loss of generality, we make the following

assumption:
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Assumption 1. Assume A™(s,a) is bounded, i.e., SUP,e 4 ses5 |AT (8, a)| < A™* for some

Amer > (.

With Wasserstein metric based trust region constraint, we are able to derive the closed-
form of the policy update shown in Theorem [5] The main idea is to form the Lagrangian
dual of the constrained optimization problem presented above, which is inspired by the way
to obtain the extremal distribution in Wasserstein DRO literature, see e.g., [36} 140} 309].
The detailed proof can be found in Appendix

Theorem 5. (Closed-form policy update) Let K7 (3,j) = argmaz,—; ny{A™(s,ar) —
BDy;}, where D denotes the cost matriz. If Assumptz'on holds, then an optimal solution to
18:
" N
wais) = 30 m(agls) f1G0.9) (1.5

where f¥(i,7) = 1 ifi = &I (8%, ) and f¥(i,j) = 0 otherwise, and B* is an optimal Lagrangian
multiplier corresponds to the following dual formulation:

min F(5) = min {30 + Eapg Z m(ajls) max (A"(s,a;) — BDij)}. (4.6)

Moreover, we have B* < f3, where B = MAXseS k j=1...N,k#j (ij)*l(A”(s,ak) — A™(s,a;)).

Remark 1. For ease of notation and simplicity, we assume the uniqueness of KT (3, j) in order
to form the simple expression of f¥ in Theorem[5 When it is not unique, a necessary condition
for the optimality of ™ in is Zielcg(ﬁ,j) fi(i, ) =1, and f(i,j) =0 fori ¢ KT (5,7),
where K (B, j) = argmazy—, _NyA™(s,ar) — BDyj. The weight f}(i,j) forie K7 (B,j) could
be determined through linear programming (see details in in Appendiz .

The exact policy update for WPO in requires computing the optimal Lagrangian
multiplier 8* by solving the one-dimensional subproblem . A closed-form of 8* is not
easy to obtain in general, except for special cases of the distance d(x,y) or cost matrix D.
In Appendix , we provide the closed-form of 5* for the case when d(z,y) =0if x =y
and 1 otherwise.

WPO Policy Update: Based on Theorem [5] we introduce the following WPO policy



o7

updating rule:
Tt (ails) = FVEO(x Zwk a;|s) f¥(i, 5), (WPO)

where fX(i,j) = 1 if i = k™ (B, ) and 0 otherw1se. Note that different from (4.5)), we
allow (; to be chosen arbitrarily and time dependently. We show that such policy update
always leads to a monotonic improvement of the performance even when (, is not the optimal

Lagrangian multiplier. In particular, we propose two strategies to update multiplier Sg:

(i) Approximation of optimal S: To improve the convergence, we can approximately

solve the optimal Lagrangian multiplier based on Sinkhorn divergence. More details in

Section [4.41

(ii) Time-dependent Bi: To improve the computational efficiency, we can simply treat [
as a time-dependent parameter, e.g., we can set [ as a diminishing sequence. In this
setting, produces the solution to the following penalty version of problem
(with d = dw):

max E
Tk+1

smpok a1 (-]8) [Aﬂ-k (37 a)} - 6kEs~pgk [d(ﬂkJrl ( ’3)7 7”6(‘8))] (4'7)
4.4 Sinkhorn Policy Optimization

In this section, we introduce Sinkhorn policy optimization (SPO) by constructing trust region
with Sinkhorn divergence. In the following theorem, we derive the optimal policy update in

each step when using Sinkhorn divergence based trust region. Detailed proofs are provided

in Appendix [C4]

Theorem 6. If Assumption |1| holds, then the optimal solution to with Sinkhorn

divergence 1s:
N
malails) =Y w(ajls)fia(i, 5), (4.8)
J=1

exp (%A7r (s,ai)—AD;j)

o e o
where D denotes the cost matriz, fg,(i,j) = S o (& A () ADn)
A

and B3 is an optimal
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solution to the following dual formulation:

min F,\(ﬁ)_mm{ﬁ(S Egnpr Z (aj|s) ﬂ—i—f n(m(ajls)) Zexp A’Tsaz) AD;;)])

820 >0

NN B exp (5AT(s,ai) = ADij) - m(ay]s)
Bamp ;g)‘ fjleXp( A (s, ax) — ADy;) }

(4.9)

max
Moreover, we have 5 < 2A5 .

In contrast to the Wasserstein dual formulation , the objective in the Sinkhorn
dual formulation is differentiable in § and admits closed-form gradients (shown in
Appendix. With this gradient information, we can use gradient-based global optimization
algorithms [143], 260, 297 to find a global optimal solution 35 to .

Next, we show that if the entropic regularization parameter A is large enough, then the
optimal solution 3} is a close approximation to the 8* of Wasserstein dual formulation. Proof

is provided in Appendix [C.7}

Theorem 7. Define Syp = max{ QAWH,B}. We have:

1. F\(B) converges to F(B) uniformly on [0, Byp]: )\lgmoo 0</S3315)UB E\(B)-F(B)| < )\lgn BUBNlnN =
0.

2. /\liémoo argming<g< g, FA(B) € argming<g<s,, , F(B)-

Although it is difficult to obtain the exact value of the optimal solution £* to the
Wasserstein dual formulation (4.6)), the above theorem suggests that we can approximate 8*
via 3} by setting up a relative large A. In practice, we can also adopt a smooth homotopy

approach by setting an increasing sequence A\ for each iteration and letting A\x — oc.

SPO Policy Update: Based on Theorem [, we introduce the following SPO policy
updating rule:

Tr1(ails) = FSPO Zﬂk ajls) s)\k(l J)- (SPO)
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/\716 Tl ) ..
Here f%, (i,j) = ool S0 D)
S, Ak J) = N N am )
’ =1 exp (5 ATk (s,01) = Ak Dij)

parameters. The parameter i can be either computed via solving the one-dimensional

A > 0 and [, > 0 are some control

subproblem (4.9 or simply set as a diminishing sequence. The proper setup of \; can
effectively adjust the trade-off between convergence speed and final performance. More

details are provided in the ablation study in Section [4.7]

4.5 Theoretical Analysis

We first show that SPO policy update converges to WPO policy update as the regularization
parameter increases (i.e., A — c0). The detailed proof is provided in Appendix

As A, = 0o, SPO update converges to WPO update: limy, — oo FSPO (1) € FWPO(71,).
We then provide a theoretical justification that WPO policy update (and SPO with A — o0)
are always guaranteed to improve the true performance J monotonically if we have access
to the true advantage function. If the advantage function can only be evaluated inexactly
with limited samples, then an extra estimation error (measured by the largest absolute entry

|| - [loo) Will occur. Proof can be found in Appendix [C.9]

Theorem 8. (Performance improvement) For any initial state distribution v and any
Br >0, if ||[A™ — A™||oo < € for some € > 0, let K™ (B, j) = argmaxizl,wN{fl”k (s,a;) —
BrDi;}, WPO policy update (and SPO with A — oo0) guarantee the following performance

improvement bound when the inaccurate advantage function A™ s used,

N

o 2¢
(1) 2 J(m) + Bl e Zﬂk(@ﬂs) Z f¥@,§)Dyj — ——
=1

. 4.10

- 1=y (4.10)
iEKS k (Bk 7])

The value of €, which quantifies the approximation error of the advantage function, is

dependent on various factors such as the advantage estimation algorithm used and the number

of samples [221]. It is worth noting that the improvement bound of NPG/TRPO [46]includes

the same additional term —12_—2, which indicates that our methods offer comparable theoretical
performance guarantees to KL based updates. In the following, we show that with a decreasing

schedule of the multiplier S, both WPO and SPO policy updates have their values J(my)
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converging to the optimal J* = max, J(7) on the tabular domain. To start, for k-th iteration,

we consider (WPO)) and (SPO) (with arbitrary A > 0) whose updates 71 are optimal

solutions to (4.7) with d being dw and dg respectively.

Assumption 2. The state space and the action space are both finite, the reward function r

s non-negative, and the initial distribution covers all state.

Note that once state and action spaces are both finite, the reward can be assumed
non-negative without loss of generality, as we can always add max,, |7(s,a)| to the reward
function without changing the optimal policy and the order of the policies. Defining the
optimal value function V*(s) = max, E[R|s; = s], we have the following theorem, whose

proof is in Appendix and is inspired by [29].

Theorem 9. (Global convergence) Under Assumption@ we have for any Br > 0,
satisfies that
V* = Voo < yIVF = V™ loo 4 Brl| Dlloo, (4.11)

and satisfies that

* ™ * ™ B log N
[V* = Voo <AV = Vo T 1Dlloo +2—— ) - (4.12)

If limg o0 B = 0, we further have limy_,o J (7)) = J*.

Remark 2. Note the convergence is geometric. If we keep Br as a constant, then 0 <

J*— J(@D) < IV = V™ ||oe < AT|V* = V|00 + 1 7, where B = |D||s for (WPQ) and

| D]|oc+2 1% (I—y)e
B = 27‘7 Jor (SPQ). To achieve an € optimality gap, we only need to take B = =g

and let T > M.

Remark 3. The study of global non-asymptotic convergence of nonconvex policy optimization
algorithms has been an active research topic. Recent theoretical work has mostly centered on
PG and natural policy gradient (NPG) [130] - a close relative of TRPO; see e.g., [1, 46}, [112)].
To our best knowledge, a few work has discussed the global convergence of TRPO. [181] and
[86] established the connection of TRPO to Mirror Descent, but did not provide any non-
asymptotic rate; [224)] showed that adaptive TRPO with decaying stepsize achieved O(1/+/T)
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convergence rate for unreqularized MDPs in the tabular setting (finite state and finite action).
Our result seems to be the first non-asymptotic analysis of policy optimization based on
Wasserstein and Sinkhorn divergence. It remains interesting to extend the convergence theory
of TRPO/WPO/SPO to function approximation regime following recent advance [7]. However,
this is beyond the scope of our current work, as we focus on explicit closed-form update of

WPO/SPO, which can be a viable alternative to TRPO in practice.

4.6 A Practical Algorithm

In practice, the advantage value functions are often estimated from sampled trajectories. In
this section, we provide a practical on-policy actor-critic algorithm, described in Algorithm
that combines WPO/SPO with advantage function estimation.

At each iteration, the first step is to collect trajectories, which can be either complete
or partial. If the trajectory is complete, the total return can be directly expressed as
the accumulated discounted rewards R; = g:—g—l v*reek. If the trajectory is partial,
it can be estimated by applying the multi-step temporal difference (TD) methods [62]:
Riton = ZZ;& Y re i + 79"V (8¢4n). Then for the advantage estimation, we can use Monte
Carlo advantage estimation, i.e., A?’“ = R; — Vi, (s¢) or Generalized Advantage Estimation
(GAE) [221], which provides a more explicit control over the bias-variance trade-off. In
the value update step, we use a neural net to represent the value function, where 9 is the
parameter that specifies the value net s — V(s). Then, we can update ¢ by using gradient

descent, which significantly reduces the computational burden of computing advantage

directly. The computational complexity of the algorithm is discussed in Appendix

4.7 Experiments

In this section, we evaluate the proposed WPO and SPO approaches presented in Algorithm
. We compare the performance of our methods with benchmarks including TRPO [219],
PPO [222], A2C [168]; and with BGPG [I89], WNPG [177] for continuous control. The code
of our WPO/SPO can be found hereﬂ We adopt the implementations of TRPO, PPO and

"https://github.com/efficientwpo/EfficientWP0
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Algorithm 4: On-policy WPO/SPO algorithm
Input: number of iterations K, learning rate «

Initialize policy my and value network Vi, with random parameter g

for k=0,1,2... K do
Collect trajectory set Dy on policy mg

For each timestep ¢ in each trajectory, compute total returns G; and estimate
advantages AT

Update value:

Uit < Yk — AV, Y (G — Vi, (s1))?

Update policy:

Tpg1 < F(mp,) via WPO/ SPO with AT*

end

A2C from OpenAl Baselines [67] for MuJuCo tasks and Stable Baselines [I11] for other tasks.
For BGPG, we adopt the same implementatiorﬂ as [189)].

Our experiments include (1) ablation study that focuses on sensitivity analysis of WPO
and SPO; (2) tabular domain tasks with discrete state and action including the Taxi, Chain,
and Cliff Walking environments; (3) locomotion tasks with continuous state and discrete
action including the CartPole, Acrobot environments; (4) comparison of KL and Wasserstein
trust regions under tabular domain and locomotion tasks; and (5) extension to continuous
control tasks with continuous action including HalfCheetah, Hopper, Walker, and Ant
environments from MuJuCo. See Table in Appendix for a summary of performance.

The setting of hyperparameters and network sizes of our algorithms and additional results

are provided in Appendix

4.7.1  Ablation Study

In this experiment, we first examine the sensitivity of WPO in terms of different strategies

of B. We test four settings of 8 value for WPO policy update: (1) Setting 1: Computing

®https://github.com/behaviorguidedRL/BGRL
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optimal 3 value for all policy update; (2) Setting 2: Computing optimal S value for first 20%
of policy updates and decaying ( for the remaining; (3) Setting 3: Computing optimal [
value for first 20% of policy updates and fix 3 as its last updated value for the remaining; (4)
Setting 4: Decaying [ for all policy updates (e.g., S = ©(1/logk)). In particular, Setting 2
is rooted in the observation that 8* decays slowly in the later stage of the experiments carried
out in the paper. Small perturbations are added to the approximate values to avoid any
stagnation in updating. Taxi task [68] from tabular domain is selected for this experiment.

The performance comparisons and average run times are shown in Figure [£.4] and Table
4.1| respectively. Figure and Table clearly indicate a tradeoff between computation
efficiency and accuracy in terms of different choices of 3 value. Setting 2 is the most effective
way to balance the tradeoff between performance and run time. For the rest of experiments,
we adopt this setting for both WPO and SPO (see Appendix for how Setting 2 is
tuned for each task). Figure shows that as A increases, the convergence of SPO becomes
slower but the final performance of SPO improves and becomes closer to that of WPO, which
verifies the convergence property of Sinkhorn to Wasserstein distance shown in Theorem
Therefore, the choice of A\ can effectively adjust the trade-off between convergence and final
performance. Similar results are observed when using time-varying A on Taxi, Chain and

CartPole tasks, presented in Figure [C:I]in Appendix [C.1]

Table 4.1: Runtime for different S settings, average across 5 runs with random initialization

Runtime Taxi (s) CartPole (s)

Setting 1 (optimal 3) 1224.3 £ 105.7 129.7 £ 15.2

Setting 2 (optimal-then-decay) 648.4 + 55.7 63.2 &= 8.3

Setting 3 (optimal-then-fix) 630.2 + 67.4 67.1 £ 9.7

Setting 4 (decaying /) 522.7 + 49.5 44.3 + 6.2
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Figure 4.4: Episode rewards for Taxi with different 5 and A settings, averaged across 5 runs

with random initialization. The shaded area depicts the mean 4+ the standard deviation.

4.7.2  Tabular Domains

We evaluate WPO and SPO on tabular domain tasks and test the exploration ability of the
algorithms on several environments including Taxi, Chain, and Cliff Walking. We use a table
of size |S| x |A| to represent the policy m(als). For the value function, we use a neural net
to smoothly update the values. The performance of WPO and SPO are compared to the
performance of TRPO, PPO and A2C under the same neural net structure. Results on Taxi,
Cliff and Chain are reported in Figure

As shown in Figure[£.5] the performances of WPO, SPO and TRPO are manifestly better
than A2C and PPO. Among the trust region based methods, WPO and SPO outperform
TRPO in Taxi and Cliff Walking, whereas in Chain, the performances of these three methods
are comparable. In all of the test cases, SPO converges faster than WPO but to a lower
optimum. As further shown in Table for the Taxi environment, WPO has a higher
successful drop-off rate and a lower task completion time while the original TRPO reaches
the time limit with a drop-off rate 0, suggesting that WPO finds a better policy than the
original TRPO. In Figure we also compare the performance of WPO under Wasserstein
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and KL divergences given different number of samples N4 used to estimate the advantage
function, and the result suggests that using Wasserstein metric is more robust than KL

divergence under inaccurate advantage values.

0 Taxi Cliff 4000 Chain
-100 Oltrrie—— \
£ -200 -500 g 3500 =
3 S 3
3 -300 g ~1000 & 3000
o —400 [}
O -
g 500 WPO ) 1500 g 2500
g —| s ® —2000 g
Z -600 — RPO - Z < 5000
— A2C _
700 e 2500 I \
-800 -3000 1500, 7
00 05 10 15 20 25 0.00 0.05 0.10 0.15 0.20 0.25 0.30 0.0 05 1.0 1.5 2.0 2.5 3.0 35 4.0
Timesteps ~ x10° Timesteps ~ x10° Timesteps ~ x10°

Figure 4.5: Episode rewards during training for tabular domain tasks, averaged across 5 runs

with random initialization. The shaded area depicts the mean + the standard deviation.

Table 4.2: Trained agents performance on Taxi

Success (+20) Fail (-10) Steps (-1) Return

WPO  0.753 0.232 70.891 -58.151

TRPO 0 0 200 -200

4.7.8  Robotic Locomotion Tasks

We now integrate deep neural network architecture into WPO and SPO and evaluate their
performance on several locomotion tasks (with continuous state and discrete action), including
CartPole [23] and Acrobot [88]. We use two separate neural nets to represent the policy and
the value. The policy neural net receives state s as an input and outputs the categorical
distribution of m(als). A random subset of states Sy € S is sampled at each iteration to
perform policy updates.

Figure shows that WPO and SPO outperform TRPO, PPO and A2C in most tasks in
terms of final performance, except in Acrobot where PPO performs the best. In most cases,
SPO converges faster but WPO has a better final performance. To train 10° timesteps in the
discrete locomotion tasks, the training wall-clock time is 63.2 £8.2s for WPO, 64.7 £7.8s
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for SPO, 59.4 £10.2s for TRPO and 69.9 £10.5s for PPO. Therefore, WPO has a similar
computational efficiency as TRPO and PPO.
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Figure 4.6: Episode rewards during the training process for the locomotion tasks, averaged
across b runs with random initialization. The shaded area depicts the mean + the standard

deviation.

4.7.4  Comparison of Wasserstein and KL Trust Regions

We show that compared with the KL divergence, the utilization of Wasserstein metric can
cope with the inaccurate advantage estimations caused by the lack of samples. Let Ny
denote the number of samples used to estimate the advantage function. We evaluate the
performance of WPO framework with Wasserstein and KL constraints (as derived in
[198]). We consider the Chain task and different N4. As shown in Figure when N4 is
1000, KL performs slightly better than WPO. However, when N4 decreases to 100 or 250,
WPO outperforms KL. These results indicate that WPO is more robust than KL under
inaccurate advantage values. This finding is consistent with our observations on the policy
update formulations of Wasserstein and KL. For the Wasserstein update in , policy
will be updated only when the advantage difference between two actions is significant, i.e.,
A" (s,a;) — pD;j > A™(s, a;). However, for the KL update in [198|, policy will be updated as
long as the current advantage function has a single non-zero value. Therefore, KL update
is more sensitive; while Wasserstein update is more robust and more tolerant to advantage
inaccuracies. Similar results are obtained for the locomotion tasks (Figure in Appendix
. The runtime of Wasserstein and KL updates are reported in Table in Appendix
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Figure 4.7: Episode rewards during training for the Chain task, where advantage value
function is estimated under different number of samples, averaged across 5 runs with random

initialization. The shaded area depicts the mean 4 the standard deviation.

4.7.5  Extension to Continuous Control

To extend to environments with continuous action, we use Implicit Quantile Networks (IQN)
[275] actor that can represent an arbitrary complex non-parametric policy. Let F;!(p)
represent the quantile function associated with policy 7(:|s). The IQN actor takes state s
and probability p € [0,1] as input, and outputs the corresponding quantile value a = F; 1(p).
IQN actor can be trained to approach pre-defined target policy distributions through quantile
regression [248, 275].

Define the action support for state s in k-th iteration as I™(s) = {a’ : A™(s,d’) >
minge me-1(5) A™(s,a)}. Then, the WPO/SPO target policy distribution to guide IQN

update in the k-th iteration is:

Pro@1s) = Y ey m(@ls)fula' ), (4.13)

where for WPO update fs(a',a) = 1 if o’ = argmax, ¢ m (5 {A™(s,a') — Brd(a’,a)} and
exp(g—:A"rk (s,a’)=Ard(d,a))

el er™k (s) exp(;—:A’Tk (s,a")=Apd(a’,a))
implementation, we sample a batch of states Sy € § at each iteration to perform policy

fs(d’;a) = 0 otherwise; for SPO update, fs(a’,a) =

updates, and for each s € S, we sample |Ag| actions to approximate the support ™ (s) and

the target policy distribution Prry (4 (-]s).
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We additionally compare WPO and SPO with BGPG [189] and WNPG [I77] that are
specially designed to address the continuous control with Wasserstein metric, for several
MuJuCo tasks including HalfCheetah, Hopper, Walker, and Ant. Figure [£.8 shows that WPO
and SPO have consistently better performances than other benchmarks. Similar results are
obtained for the challenging Humanoid task, presented in Figure [C.3]in Appendix [C.I] We
also provide the runtime of each algorithm in Table in Appendix
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e 3000 i 3500 — SPO S — — sPO — TRPO
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Figure 4.8: Episode rewards during training for MuJuCo continuous control tasks, averaged
across 10 runs with random initialization. The shaded area depicts the mean + the standard

deviation.

4.8 Conclusion

In this paper, we present two policy optimization frameworks, WPO and SPO, which can
exactly characterize the policy updates instead of confining their distributions to particular
distribution class or requiring any approximation. Our methods outperform TRPO and
PPO with better sample efficiency, faster convergence, and improved final performance.
Our numerical results show that the Wasserstein metric is more robust to the ambiguity of
advantage functions, compared with the KL divergence. Our strategy for adjusting S value
for WPO can reduce the computational time and boost the convergence without noticeable
performance degradation. SPO improves the convergence speed of WPO by properly choosing
the weight of the entropic regularizer. Performance improvement and global convergence for
WPO are discussed. For future work, it remains interesting to extend the idea to PPO and
natural policy gradients, which penalize the policy update instead of imposing trust region

constraint, and extend it to off-policy frameworks.
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Chapter 5

EXPERT-GUIDED WASSERSTEIN POLICY OPTIMIZATION FOR
WHOLE-BUILDING HVAC CONTROL

In general, model-free RL methods face the challenge of sample inefficiency, requiring a
substantial amount of data to refine their policies. The WPO framework, as a model-free
RL approach introduced in Chapter 4, is no exception to this limitation. In this chapter, we
propose an enhancement to address the sample inefficiency of WPO by integrating human
guidance through the application of Generative Adversarial Imitation Learning (GAIL) [113].
This results in the creation of the Expert-Guided WPO (EGWPO), combining the strengths
of both WPO and GAIL. By merging expert knowledge with reinforcement signals, EGWPO
aims to augment the learning efficiency of the original WPO. Additionally, by leveraging
the nonparametric policy representation inherent in WPO, EGWPO seeks to mitigate the
sub-optimality issue associated with the original GAIL. To evaluate the effectiveness of our
approach, we apply it to a challenging whole-building HVAC control problem. Acquiring
samples from real building environments is resource-intensive, emphasizing the need for
a highly sample-efficient approach. We derive a closed-form expression for optimal policy
updates and develop an efficient on-policy actor-critic algorithm to perform these updates.
Through experiments conducted on a 5-zone building model for HVAC control, we showcase

the superior performance of EGWPO compared to state-of-the-art RL algorithms.

5.1 Introduction

Buildings account for a significant portion of global energy consumption, with the buildings
sector accounting for approximately 36% of global energy usage and 37% of global CO2
emissions in 2021 [I]. The heating, ventilation, and air conditioning (HVAC) system, which
regulates building’s temperature, humidity, and air quality to maintain a comfortable and

healthy indoor environment, becomes the largest contributor to energy usage of buildings,
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accounting for approximately 50%. Therefore, it is essential to develop an energy-efficient
HVAC control strategy that can effectively reduce energy consumption while still maintaining
comfortable indoor conditions.

Optimizing HVAC control strategies is crucial for reducing energy consumption and
achieving sustainable building design. Currently, many HVAC systems rely on feedback
controllers like the proportional-integral-derivative (PID) [I45] or traditional rule-based
controller (RBC) [49, 213]. PID approaches adjust system operation based on the error
between the desired set point and the measured system output, while RBC approaches
rely on a predetermined set of rules and decision-making logic to govern system control.
Although these methods are straightforward and easy to implement, they lack the ability to
incorporate predictive information on future thermal dynamics, often resulting in suboptimal
performance.

In recent years, model predictive control (MPC) has emerged as a more advanced model-
based approach for HVAC control 511, [76], 205 289]. By optimizing HVAC objectives over
a prediction horizon, MPC can dynamically adjust the HVAC system to minimize energy
consumption while maintaining indoor thermal comfort. However, the implementation
of MPC-related methods in practice is not without its challenges. One of the significant
challenges of MPC is the requirement for an accurate thermal dynamic model, which can
be difficult to obtain due to uncertainties in the building’s construction, occupancy, and
usage patterns. Another challenge is the computational burden of solving a new optimization
problem every time the system state changes, which can limit the real-time applicability of
MPC [141].

To address the above issues, model-free deep reinforcement learning (RL) has emerged as
a promising tool in HVAC control. Unlike traditional model-based approaches, RL does not
require an explicit dynamics model. This makes it more flexible and adaptable, especially
when an accurate dynamics model is not available. Additionally, RL supports online decision
making, enabling an optimal control strategy to be generated instantly in any new system
state. Furthermore, it is able to scale up to large spaces due to the control policy being
represented by a neural network.

Deep Q-Network (DQN) [9, [70, 172], 255, 271] was among the first DRL methods employed
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in HVAC control, but it is only compatible with discrete control actions. To extend its
applicability to continuous action, many policy-based RL methods, including actor-critic
[265, B01l, B04], [305], Proximal Policy Optimization (PPO) [13| B302], Trust Region Policy
Optimization (TRPO) [33] and Deep Deterministic Policy Gradient (DDPG) |71} 84], 172} 301,
have been applied to HVAC control.

However, when applying model-free RL methods to HVAC control, several limitations
can hinder their performance. One prominent limitation is the constraint imposed on the
policy representation, wherein it is restricted to a specific distribution class such as Dirac
delta [70] (71l 84, 255] 27T], Gaussian [13], 33], and others. This constraint can often lead to
the convergence to suboptimal policies, as the exploration process may exclude the optimal
policy from consideration. The implications of suboptimal policies in HVAC control can
be detrimental. Suboptimal policies can result in significant energy waste, temperature
variations, discomfort, and even equipment failures, posing risks to the overall efficiency
and safety of building systems. These issues are particularly problematic as HVAC control
systems play a vital role in maintaining optimal indoor thermal conditions, ensuring occupant
comfort, and minimizing energy consumption. Another limitation of these RL methods
is their sample inefficiency, which hampers their practical applicability in HVAC control.
Achieving a satisfactory policy with these methods often requires a substantial amount of
training data, making the process time-consuming and resource-intensive. However, collecting
real-world data for training and evaluating HVAC control algorithms is a challenging task. It
involves significant costs, consumes time, and may not encompass a wide range of scenarios,
limiting the generalizability of the learned policies.

To overcome these limitations, we adopt Wasserstein Policy Optimization (WPO) [235]
approach. WPO is a policy optimization framework with a non-parametric policy representa-
tion that allows for a wider range of admissible policies compared to traditional model-free
RL methods. By releasing the restrictive parametric policy assumption and considering all
admissible policies within the trust region, WPO offers the potential to discover policies that
are more energy-efficient and comfortable for occupants.

To further enhance the sample efficiency of WPO, we propose the incorporation of expert

demonstrations. These demonstrations typically consist of a series of expert actions or control
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sequences along with contextual information such as temperature, humidity, occupancy, and
time of day. Expert demonstrations serve as a reference for desirable control behaviors under
various operating conditions. Prior studies have demonstrated the effectiveness of expert
demonstrations in expediting the learning and exploration process of HVAC control [50, 125].
Our proposed approach integrates expert demonstrations with reinforcement signals, utilizing
the imitation learning technique Generative Adversarial Imitation Learning (GAIL) [113]. By
leveraging the knowledge and experience of human experts, our approach has the potential
to accelerate the learning process of WPO and enhance the overall effectiveness of HVAC

control.

e Theory: We introduce Expert-Guided Wasserstein Policy Optimization (EGWPO),
a framework that combines the imitation learning component GAIL with the non-
parametric WPO policy optimization framework. In Section [5.3] we formulate the
EGWPO optimization problem, propose an efficient policy update strategy, and design
the corresponding practical RL algorithm. The new EGWPO algorithm is able to learn

simultaneously from human demonstrations and environment feedback.

e Experiments: In Section [5.5, we conduct HVAC control experiments on a simulated
building environment with EnergyPlus [57]. Our numerical study demonstrates that
WPO outperforms both baseline RL algorithms and rule-based control strategies.
Moreover, EGWPO further enhances the convergence and final performance of WPO.
Additionally, we show that EGWPO maintains a more stable and comfortable indoor

temperature compared to other methods.

5.2 Markov Decision Process (MDP) Model of HVAC Control

This section presents our approach to HVAC control as a Markov Decision Process (MDP)
with an infinite horizon, defined by the tuple (S, A, P,r,~), where S is the state space, A is
the action space, P : S x A xS — R is the transition probability, r : S x A — R is the reward
function, and v € (0, 1) is the discount factor. In our numerical studies, we use EnergyPlus
[57] to simulate the whole building. In the following, we specify each key components of this

MDP.
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e State: For each simulation timestep t, the state s; € S comprises 19 continuous
state variables (observations) from EnergyPlus. These variables include outdoor air

temperature, outdoor air humidity, wind speed, solar radiation rate, among others.

e Action: For each simulation timestep ¢, the action a; € A consists of two continuous
control action variables that dictate the heating and cooling setpoints. The heating
setpoint’s value range is set to [15,22.5], while the cooling setpoint’s value range is set

to [22.5, 30].

e Transition Probabilities: The transition probabilities govern the behavior of the
building environment. Unlike model-based approaches like MPC, model-free RL doesn’t
rely on a detailed understanding of the building dynamics. Instead, it learns by trial and
error using feedback from the environment. The dynamics is specified by EnergyPlus,

and is unknown to the RL agent.

e Rewards: Our reward function is a composite of two factors: the cost of electrical
energy and the penalty for temperature violations. For each simulation timestep ¢, the

reward r; is defined as:

re=—A-cg-cost(ai—1,5:-1)
N . —_— . .
— (=N er- Y (T =Ty + [T - Ti]4),
i=1

where cost(a;—1, s¢—1) denotes the electrical energy cost of performing control action
a:—1 in state sy_1q, Tti denotes the temperature in zone ¢ at timestep t, T and Tz
denote the lower and upper bounds of comfort temperature in zone i, A denotes
the weight of energy cost, cg and ¢y denote the scaling constant of energy cost and

temperature-violation penalty respectively.

The policy 7(-|s) is a probability distribution § x A — [0, 1], which specifies the prob-
ability of taking an action a in a state s. We define the return of timestep ¢ as the
accumulated discounted reward from ¢, R, = Y 2, Y*r(siyn, atrr), and the value func-

tion as V™(s) = E[R|s; = s;m]. The performance of a stochastic policy = is defined as
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J(1) = Espa0,51... [Doreo V7 (s¢e, ar)] where ap ~ m(ae|st), sir1 ~ P(St11]s¢, ar). The objective
of the HVAC control is to find an optimal policy 7* that minimizes the total accumulated cost,
or, maximizes J(m). As shown in [129], the expected return of a new policy 7’ can be expressed
in terms of the advantage over the old policy 7: J(n') = J(7) + Eopr’ amn [A™(s,a)], where
A™(s,a) = E[R¢|st = s,ar = a; ] — E[R|s; = s; m| represents the advantage function and p)
represents the unnormalized discounted visitation frequencies with initial state distribution

v, iie., P(5) = Eggun X250 7P (51 = sl50)].
5.3 EGWPO: An Expert-Guided Wasserstein Policy Optimization Framework

In this section, we introduce the Expert-Guided Wasserstein Policy Optimization (EGWPO)
framework, a novel approach that combines Generative Adversarial Imitation Learning
(GAIL), an imitation learning component, with Wasserstein Policy Optimization (WPO),
a nonparametric policy optimization reinforcement learning (RL) method. By integrating
these components, the EGWPO framework enables simultaneous learning from both human
demonstrations and environment feedback.

To provide a comprehensive understanding of the EGWPO framework, we first present
an overview of the original WPO and GAIL frameworks, offering the necessary background

information for the subsequent discussions.

5.8.1 Wasserstein Policy Optimization

Wasserstein Policy Optimization (WPO) [235] is a nonparametric RL method for constrained
policy optimization. It tackles the suboptimality problem commonly encountered in traditional
gradient-based policy optimization methods such as TRPO [219], PPO [222], DDPG [I5]]
and actor-critic [168]. In WPO, the new policy 7’ is found in each iteration to maximize the
expected improvement of J(7') — J(m), or equivalently, the expected value of the advantage
function. The optimization problem of WPO is formulated as follows:

max  Egpr an [A7(5,0)]

' eP (5.1)
where P = {7T/|Es~pg [dW(W('|5)a7T/('|S))} < 5}a
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where dy is the Wasserstein distance dw(m,7’) = infger(qny [ d(a,a’)dQ(a,a’). The
infimum is taken over all joint distributions @ with marginals = and 7/, and d(a,d’) is
defined as the distance between actions a and a’. The core concept behind WPO is to
operate directly on the policy distribution space instead of restricting policies to a specific
distribution class. This approach allows us to consider all admissible policies that fall within
trust regions, thereby minimizing approximation errors. The use of the Wasserstein metric
enables the incorporation of flexible user-defined costs between actions and takes into account
the geometry of the metric space, allowing distributions to have distinct or non-overlapping

supports.

5.83.2  Generative Adversarial Imitation Learning

Generative Adversarial Imitation Learning (GAIL) [I13] is a model-free imitation learning
(IL) [119] method that utilizes the concept of generative adversarial network (GAN) [93] to
generate realistic outputs. GAN has been successful in generating a wide range of outputs,
from images to voice outputs. In GAIL, the agent trains a generator to mimic the expert
behavior and a discriminator to differentiate the generated policy from the expert trajectories.
The generator is considered to have succeeded in producing an accurate representation of the
expert’s behavior when the discriminator can no longer distinguish between the generated
data and the true expert trajectories. By accomplishing this, the agent can identify the
optimal policy that matches the generator’s output. The optimization problem of GAIL is

shown below:

minmax Espr g, [l0g Dy (s, a)] + Eqy[log(1 — Dy (s, a))], (5.2)

0w
where D, is the discriminator network parameterized by w, m, represents the policy to
be learned that is parametrized by 6, and wg represents the expert policy. The inner
maximization seeks to identify the optimal negative log loss of a binary classification problem,
which involves distinguishing between state-action pairs of 7; and mg. On the other hand,
the outer minimization involves determining the best policy 7’ that can minimize the loss.
During training, the GAIL agent learns to perform the task solely from expert demon-

strations without the ability to request additional information from the expert or receiving
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any reinforcement signals from the environment. In addition, GAIL restricts the policy
representation the policy 7 to a specific parametric distribution class. As noted in [248],
optimizing over such distributions can lead to convergence to a sub-optimal solution due to

the non-convex nature of these distributions in the distribution space.

5.8.8 Our Approach: Ezpert-Guided Wasserstein Policy Optimization Framework

We propose a novel framework called Expert-Guided Wasserstein Policy Optimization (EG-
WPO) that combines reinforcement learning and imitation learning. This framework allows
us to leverage expert demonstrations, as observed in GAIL, while preserving the desired
nonparametric properties of the WPO policy. By simultaneously learning from environmental
and expert feedback, EGWPO improves upon both WPO and GAIL by harnessing the ad-
vantages of both approaches. The integration of expert knowledge in EGWPO enhances the
learning effectiveness of the original WPO. Additionally, by utilizing the nonparametric policy
representation from WPO, EGWPO mitigates the sub-optimality issue typically associated
with the original GAIL algorithm. This innovative combination of reinforcement learning
and imitation learning in EGWPO offers a powerful framework that achieves improved
performance and addresses the limitations of the individual methods.

The original WPO objective in solely relies on environmental rewards. To incorporate
expert demonstrations, we extend it by integrating the objective of GAIL. We begin by
revising the objective of GAIL to accommodate the use of a nonparametric policy 7’ instead

of a parametric policy my:

max min —Esr o [log Dy, (5, a)] — Ex [log(1 — Dy(s,a))], (5.3)
w

Tl./
Next, we linearly combine the nonparametric GAIL objective in (5.3)) with the original
WPO objective to formulate the optimization problem for our proposed framework, EGWPO,

as follows:

(x B+ (1-¢) % E3)

= max N B, o [CAT (5, ) — (1= C)log Das(s, )] (5.9
! w v

— (1= Q)Erp[log(1 — Dy(s,a))).



7

In the optimization problem of EGWPO, we take into consideration both environmental
and expert feedbacks, with ( serving as a parameter that determines the balance between
learning from the environment and human demonstrations. Notably, ¢ can be time-dependent,
allowing for adaptive weighting of WPO and IL during the learning process. When con-
structing the trust region (i.e., the ambiguity set for policy) for EGWPO, we utilize the

Wasserstein metric, denoted as:
P ={n"[Es~pgldw(m(:|s), " (:|s))] < 6}

We choose the Wasserstein metric over the Kullback-Leibler divergence because it accounts for
the geometry of the metric space and allows distributions to have different or non-overlapping
supports, which is particularly advantageous in our case where the action support changes
at each iteration due to the sampled action space in . This makes the Wasserstein
metric more suitable for effectively handling the dynamics of our sampled action space in the
optimization process.

We derive the optimal closed-form policy update for the EGWPO problem in , as
presented in Theorem [I0}

Theorem 10. (Closed-form policy update) Let k7 (53,a) = argmaz,, ¢ sCA™(s,a) — (1 —
¢)log Dy (s,ar) — Bd(a,ar). Assume that A™(s,a) and D, (s,a) are bounded, then an optimal
solution to the EGWPO problem (5.4) is:

(d]s) = / _ rlals) £ (e a'yda (5.5)

where f¥(a,a’) = 1 if d' = kT(B*,a) and f¥(a,d’) = 0 otherwise, and $* is an optimal
Lagrangian multiplier corresponding to the following dual formulation.:
min 5+E3Nw/ m(als) max(CA (s, a’
min {50 + Euvpy | m(als) max(CA™(s. .
- (1 - <) 1Og Dw(87a/) - 5d(a7 a/))}'

The proof is provided in Appendix This concise form of policy update facilitates
seamless integration with the practical policy optimization algorithm discussed in Section

making it straightforward to implement in practice.
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5.4 A Practical Algorithm

In this section, we introduce methods aimed at improving the efficiency of EGWPO policy
updates. These techniques encompass the integration of a time-dependent parameter (3
and the utilization of support space sampling. Additionally, considering that advantage
value functions are commonly estimated from sampled trajectories in practical scenarios, we
propose a practical on-policy actor-critic algorithm, outlined in Algorithm [5| This algorithm

combines EGWPO policy updates with the estimation of advantage functions.

5.4.1 Efficient EGWPO Policy Update

To enhance computational efficiency, we avoid solving the dual formulation in to
determine 3. Instead, we introduce a time-dependent sequence (i, where (3, serves as a
time-varying penalty on the trust region constraint in . As the policy is refined through
learning, the violation of the trust region constraint diminishes. Therefore, 85 can be chosen
as a decreasing sequence, such as % This approach substantially reduces computational costs

while yielding a solution to the penalty-based version of the EGWPO problem:

max min
Te+1 Wk

E, 5 oy, [G:A™ (5,0) = (1= ) log D, (s, )]
— (1= Gk)Ergllog(l — Dy (s,a))]
= BBy m [dw (m(+]s), o1 (+[s))]-
Rather than integrating over the entire action space A for the policy update in , we

opt to sample a subset of A. Specifically, we define the action support for state s in the k-th

iteration as:
Ip(s) = {a' : (. A™ (s,d’) — (1 — () log D, (s, a’)

> min  (A™(s,a) — (1 — (k) log Dy, (s, a)}.
a€ly_1(s)

(5.7)

The policy update for efficient EGWPO in the k-th iteration is then constructed based

on the sampled action support Ix(s) as follows:

T (a|s) = F(m) = ) m(als) f (a, a')da, (5:8)

a€ly_1(s)
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where f¥(a,a’) =1if o/ = argmaxy ey, (s)1CkA™ (8, a") — (1 — (i) log Doy (s, a') — Brd(a, a’)}
and f¥(a,a’) = 0 otherwise.

During implementation, we sample |.Ay| actions to approximate the support Ix(s) as well
as the target policy distribution mxy1(-|s). Additionally, we sample a batch of states Sy C S
at each iteration to perform policy updates. This combination of action and state sampling

enables efficient computation of policy updates in the EGWPO algorithm.

5.4.2  Practical EGWPO Algorithm

Based on the efficient EGWPO policy update shown in (5.8), we propose the following
practical EGWPO algorithm:

Algorithm 5: On-policy Expert-Guided Wasserstein Policy Optimization algorithm
(EGWPO)

Input: number of iterations K, learning rate «

Initialize policy mp and value network V,,, with random parameter 1), discriminator
network D,,, with random parameter wq

for k=0,1,2... K do
Collect trajectory set Dy on policy mg

For each timestep ¢ in each trajectory, compute total returns GGy and estimate
advantages AT

Update value:

Vi1 + Yk — aVy, Y (Ge— V(1))

Update discriminator network:

Wit1  wi + aVy, {Er, [log Dy, (s, a)] + Exp[log(1 — Dy, (s,a))]}

Update policy:

Tit1 < F(mg) via EGWPO

end

In this practical algorithm, we follow the standard on-policy actor-critic framework, where

both the value network and the policy network are updated simultaneously in each iteration
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using freshly generated trajectories. In addition to the value and policy networks, we also
train a discriminator network that aids in the imitation learning process, leveraging human
feedback. The discriminator network parameter w is updated through gradient ascent, with
the gradient computed from the EGWPO objective, given by (1—(){Es~pzr a~r [log Dy(s, a)]+
Enp[log(1 — Du(s.a))]}.

The trajectories sampled in the algorithm can be either complete or partial. For complete
trajectories, Gy can be obtained using the accumulated discounted rewards, i.e., Ry =
Z;‘C:_é MNery . For partial trajectories, Gy can be estimated using multi-step temporal
difference (TD) methods [61], as Reprn = o p—g MNrsn + A"V (s¢1n), where n is the number
of steps. To estimate the advantage fl;r’“, we can use either the Monte Carlo approach, i.e.,

AT = Gy — Vi, (51), or the Generalized Advantage Estimation (GAE) method [220].

5.5 Numerical Studies

In this section, we focus on the HVAC control of a classic 5-zone building model and evaluate
the effectiveness of our proposed EGWPO algorithm as outlined in Algorithm [5] We compare

the performance of EGWPO with several other methods:

1. Rule-based method: This approach employs fixed cooling and heating setpoints based

on comfort temperature bounds.

2. Baseline RL algorithms: We include Trust Region Policy Optimization (TRPO),
Proximal Policy Optimization (PPO), and Advantage Actor Critic (A2C) [168]. A2C

is an actor-critic RL algorithm based on the advantage function.

3. Individual components of EGWPO: We also evaluate the performance of Wasserstein
Policy Optimization (WPO) and Generative Adversarial Imitation Learning (GAIL)
separately to assess if the integrated EGWPO algorithm surpasses their individual

performance.
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5.5.1  Environment Setup

In our experiment, we utilized the widely used 5-zone building model from EnergyPlus, as
depicted in Figure , to simulate a single-floor rectangular building measuring 463.6m?
(30.5m x 15.2m), which includes 4 exterior zones and 1 interior zone. To enable interactions
between EnergyPlus and deep reinforcement learning algorithms, including WPO and baseline
RL methods, we employed Sinergym [127], which allows EnergyPlus to interface with OpenAl
Gym [39] compatible environments. Figure presents a visual representation of how
Sinergym connects EnergyPlus with deep reinforcement learning [127]. All experiments were

performed on a 2.7 GHz Quad-Core Intel Core i7 processor.
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5.5.2  Performance Comparison

We performed a thorough assessment of the performance of Expert-Guided Wasserstein Policy
Optimization (EGWPO) in the field of HVAC control. To generate expert demonstrations,
Proximal Policy Optimization (PPO) agents were trained over 500 episodes. The comparative
performance results are presented in Figure The figure clearly demonstrates that, with
the exception of A2C, all RL algorithms outperform the rule-based method. Notably, WPO
exhibits rapid convergence and achieves a superior optimal solution compared to the baseline
RL methods. These findings strongly suggest that employing a nonparametric WPO policy
representation can expedite convergence and enhance optimality in the domain of HVAC

control.
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T 24200 ¢ — U
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-24400 — TRPO
o PPO
-24600 — AC
==+ Rule-based
-24800

0 5 10 15 20 25 30 35
Episode
Figure 5.3: Episode rewards during the training process, averaged across 5 runs with a

random initialization. The shaded area depicts the mean + the standard deviation.

We conducted a detailed performance analysis of EGWPO, WPO and GAIL. The results,
also illustrated in Figure demonstrate that EGWPO and GAIL initially outperform
WPO. However, towards the end of the training process, GAIL’s performance deteriorates
due to overfitting. Importantly, the integrated algorithm, EGWPO, achieves better overall
performance than its individual components, WPO and GAIL. Moreover, we observed that
EGWPO reached the same reward sum approximately 20 episodes (equivalent to 7 x 10°
samples) earlier than WPO, indicating its greater sample efficiency in achieving desirable

performance.
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Figure 5.4: Statistics on temperature violation rate and hourly energy consumption

To gain deeper insights into the performance of each algorithm, we conducted a compre-
hensive analysis of temperature violation rate and hourly energy consumption, as depicted in
Figure and respectively. Additionally, we present detailed temperature trends in
Figure [5.5] and [5.6] to provide a more comprehensive evaluation.

Upon analyzing the results presented in Figure and [5.4b] a trade-off between
temperature violation and energy consumption becomes evident. It is observed that higher
energy usage is required to maintain a stable and comfortable indoor temperature. Among
the tested algorithms, A2C stands out with the lowest energy consumption, approximately
18,000Wh per hour. However, it also exhibits the highest temperature violation rate,
exceeding 50%. Conversely, the rule-based control strategy shows the most stable temperature
trends but consumes a significant amount of energy, around 25,000W h per hour. WPO,
GAIL, and EGWPO achieve lower energy consumption, ranging from 22,000 to 23, 000W h
per hour, representing an approximate 10% reduction compared to the rule-based strategy.
Notably, EGWPO outperforms the other algorithms, maintaining a comfortable and stable
temperature with the lowest temperature violation rate of 1.048%, even surpassing the

rule-based control strategy in this aspect.
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Figure 5.5: Temperature trend of RL and rule baselines
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Figure 5.6: Temperature trend of WPO, GAIL and EGWPO

5.6 Conclusion

In this paper, we introduce EGWPO, a novel Expert-Guided Wasserstein Policy Optimization
framework that combines the advantages of GAIL’s expert demonstrations with the nonpara-
metric properties of WPO policies. Additionally, we propose a practical and computationally
efficient algorithm by incorporating a time-dependent parameter 8 and leveraging support
sampling. To evaluate the effectiveness of our approach, we conduct experiments on HVAC
control using a classic 5-zone building model.

The experimental results demonstrate that our proposed EGWPO algorithm outperforms
baseline RL algorithms, GAIL and WPO, achieving superior final performance in terms of
HVAC control. Moreover, EGWPO exhibits enhanced sample efficiency compared to the
original WPO, requiring fewer samples to achieve desirable performance levels. These findings
highlight the efficacy of our Expert-Guided Wasserstein Policy Optimization framework,
showcasing its potential for improving the performance and sample efficiency of HVAC control

systems.
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Chapter 6
FUTURE WORK

Our future research directions can be categorized into two main areas: the application
of KLPO, WPO, and SPO to large-scale systems, and the extension of EGWPO for HVAC
control in real-world smart homes. These directions are detailed below:

The innovative deep RL methodologies introduced in our previous research, namely KLPO
(Chapter 3), WPO, and SPO (Chapter 4), have shown remarkable robustness and superior
performance compared to the traditional RL. These methodologies offer substantial potential
for application across diverse domains, especially in addressing challenges characterized by
large-scale complexities. Looking ahead, we anticipate employing the WPO approach to
address various challenges within large-scale energy systems. For example, it shows great
promise for enhancing energy efficiency in large-scale building energy management systems
(BEMS). Additionally, it can efficiently determine optimal dynamic energy dispatch strategies
within large-scale integrated energy systems (IES). Our future research will focus on these
applications, aiming to comprehensively demonstrate the effectiveness of our proposed RL
approach.

The effectiveness of the EGWPO, as proposed in Chapter 5, has been successfully
demonstrated in its application to the simulated EnergyPlus building system [127]. This
involved guidance from a simulated PPO expert [223]. Looking ahead, our research endeavors
will extend to deploying EGWPO for HVAC control in real-world smart homes located
in Texas, where high summer temperatures present unique challenges. In our upcoming
implementations, we will not only rely on simulated experts but also integrate guidance
from actual human operators. This multi-faceted approach ensures the robust and adaptive

application of EGWPO, enhancing its performance and applicability in real-world scenarios.
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Appendix A
APPENDIX FOR CHAPTER 2

A.1 Proof of Theorem (]|

Theorem 1. If for any a € A, the ambiguity set defined in (2.6) is nonempty, then (12.7))

can be reformulated as:

VHE) = max e+ q—w'Hl +u'Hl

a€Aw,u,q
s.t. 1 <AV L w—u,
= (2.8)
w+u < k1,
w,u > 0.
Proof. We first obtain the dual formulation of (2.7]) as follows:
max L'(z,w,u) = Foe + 2 — wTﬁgg + uTﬁfg (A.1la)
s.t. )\paTthJr1 — 24+ wW'Ppee — U Pee >0, Vpge € A(S), (A.1b)
w+u < k1, (A.1c)
w,u>0 (A.1d)

where z with unrestricted sign, w > 0, and u > 0 are dual variables for constraints ([2.7b]),
(2.7¢)), and (2.7d)) respectively. Next, we prove that the strong duality is met. If there exists a

point &, fiq¢ in the feasible region of such that all inequality constraints are non-binding,
the Slater condition is satisfied and strong duality holds. Note that for any ¢, that are
in the feasible region of , if one of the inequality constraints or is binding,
we can let € = x + € for any € > 0. Letting jiq¢ = p1e¢ We have &, i, satisfy the Slater
condition. Therefore strong duality holds and the primal and dual objectives and

(A.1a]) are equal.
For some z,w and w, (A.1b) is satisfied if its left-hand-side is non-negative for all

Dot € A(S). Therefore, this is equaivalent to the left hand side being non-negative for the
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minimum such py¢ that is in the probability simplex. Therefore (A.1b) can be reformulated

as the following.

: ApT Vt+l . T T >0
priglo pag z+w Pa¢ U Pas =

st. 1Tpge =1. (A.2)

Next, we take the dual of the (A.2)). We introduce the dual variable ¢, and using the same

dualization procedure described before, we arrive at the following formulation for the dual of

E2):

max q—z2>0
e (A.3)
st. gl <AV 4w — .

Substituing (A.3)) into (A.1b), we arrive at the following reformulation of (A.1J):

Jmax. Tag + 2 — 'wTﬁaUg + uTﬁfg
st. q—z2>0,
gl <AV L —u,
w+u < kl,

w,u > 0,

which can be further simplified as the following because ¢ = z at optimality:

max Tag +q — wTﬁgg + uTﬁ{;g
st. gl <AV pw —u,
w+u < k1,
w,u > 0.
We have now reformulated the inner problem. The final step is to combine this result

with the outer maximization problem that includes the action a € A as a decision variable to
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obtain a reformulation of ([2.5]

~ ~UJ =T,
VHE) = (X Fag +q — W +u i
st. gl <AV fw —u,
w+u < k1,

w,u > 0.
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Appendix B
APPENDIX FOR CHAPTER 3

B.1 Proof of Theorem

Theorem 3. If Assumption [1] holds, then the KL trust-region constrained optimization

problem in (3.8) is equivalent to the following problem:

min{lo(8) i= 45 + Eqnpr 8108 Eanr( s [/} (3.9)
' (als)
7(als)
to prove that Ls € Ls;. By using the importance sampling and the definition of KL di-

Proof. Let Ls(a) = . Denote Ly = {L} | Equrs)[Ls(a)] = 1, Ly > 0}. It’s easy
vergence, we have: Ea~7r’(-|s) [AW(S,G,” = anﬂ(-\s) [AW(S,G)LS(CL)], and dKL(TrI("S)aﬂ('|S)) =

Ea~7r’(~|s) [log LS (a)] = EaNﬂ'('|8) [LS (a) log Ls (a)]
Thus, we can reformulate (3.8)) with KL divergence based trust region as:

max ESNP”EaNW(-|s) [Aﬂ(s, a)L5<CL)]
Lsels (B.1)

s.t. EsuprBqn(|s)[Ls(a)log Ls(a)] < 6.

First, it is easy to prove that for Vs, a, Eqr(.|s)[Ls(a)] and EswprBqr (s [A™ (s, a)Ls(a)]
are linear functions of Ls(a), and Esw,mEqr(js)[Ls(a)log Ls(a)] is a convex function of
Ls(a). In addition, Slater’s condition holds for since there is an interior point Ls(a) =1
Vs, a. Meanwhile, since A™(s,a) is bounded following from Assumption |1} the objective is
bounded above. Therefore, strong duality holds for (B.1]). To reformulate , we consider

its Lagrangian duality function:

(B, Ls) = EsnprEqmn(1s)[A7 (8, a) Ls(a)]
- 5{E8~pwEa~7r(~|8) [Ls(a) log Ls(a)] - 5}
= Eswp’Tanw(~|s) [Aﬂ-(s’ a)LS (a)

— BLg(a)log Ls(a)] + /39,
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where f is the dual variable. Then, (B.1) is equivalent to its dual problem as follows:

i lo(B. Ly). B.2
min max 0(B, L) (B.2)

The inner maximization problem of (B.2)) is equivalent to:

max ]ESNp”EaNW(~|s) [A™(s,a)Ls(a) — BLs(a)log Ls(a)] + B30
Fe20 (B.3)

s.t. EaNﬂHs) [Ls(a)]=1, VseS.
By Theorem 1 of [117], we can obtain the optimal solution L¥ and the optimal objective
value of the inner maximization problem (B.3)) respectively as follows:

A (5.0)/8

Ls (CL) = EaNﬂ,(,ls) [eAﬂ—(sﬂ)/ﬂ] )

lo(B, L) = B8 + Egepr B1og Egrop. oy [e4T ¢ 0/P].

Therefore, (B.2]) can be further reformulated as:

1 * 3 A" (s,a
minlo(8, L7) = {33 + Eypr 3108 Borun 1o [0 (s.a)/B]}

B.2 Proof of Theorem

Theorem 4. If Assumption holds and (* is the global optimal solution to (3.9), then the
optimal policy solution to the KL trust-region constrained optimization problem in (3.8)) is:

A7 (s,a)/B*
e _ _ e m(als)
' (als) = F(m) = Eyon( e GO/ Vs € S,a € A. (3.10)

Proof. Based on the proof of Theorem the optimal solution L%(a) to (B.2)) is:
A (s,a) /B
* o € : /% _ E3 ~
Li(a) = A G Since 7 (a|s) = L¥(a)m(als), we have (3.10) holds. O

E

a~r(-]s)
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Appendix C
APPENDIX FOR CHAPTER 4

C.1 Implementation Details and Additional Results

The implementation of our WPO/SPO can be found in
https://github.com/efficientwpo/Efficient WPO. We use the implementations of TRPO, PPO
and A2C from OpenAl Baselines [67] for MuJuCo tasks and Stable Baselines [I11] for other
tasks. For BGPG, we adopt the same implementation as Pacchinao et al., (2020) based on
the released code https://github.com/behaviorguidedRL/BGRL.

C.1.1 Visitation Frequencies Estimation:

The unnormalized discounted visitation frequencies are needed to compute the global optimal
B*. At the k-th iteration, the visitation frequencies pf are estimated using samples of the
trajectory set Dy. Specifically, we first initialize pJ (s) = 0, Vs € S. Then for each timestep ¢

in each trajectory from Dy, we update pf as p7(s¢) < pi(st) +7'/|Dxl.

C.1.2  Optimal-then-decay Beta Strategy:

During the training of multiple tasks, including Taxi, Chain and CartPole, we observe a
consistent trend in the behavior of the optimal 8 value during the policy updates: It initially
fluctuates, then stabilizes and decays slowly towards 0. In the Taxi task, the optimal
stabilizes after approximately 18% of the total training iterations. If we decay (8 before this
stabilization point (e.g, using optimal beta for only first 5% or 10% updates), we observe a
drop in performance. However, we do not observe any notable performance difference when
we decay [ after this stabilization point (e.g., using optimal 3 for first 20% or 30% updates).
We also observe that the optimal 5 decays at a very slow rate, and ©(1/log(k)) matches this
trend best. If we employ a faster decaying function, such as ©(1/k) or ©(1/k?), we observe

a drop in performance.
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Based on these findings, when implementing the optimal-then-decay 3 strategy on other
tasks, we compute the optimal § for each policy update until we observe that its value
stabilizes across updates. At this point, we stop calculating the optimal 8 and decay it using
O(1/log(k)) for the remaining policy updates. The specific iteration at which the optimal
B value stabilizes varies across tasks, and we denote this point as kg, which is reported in

Table

C.1.8 Hyperparameters and Performance Summary

Our main experimental results are reported in section [£.7} In addition, we provide the setting
of hyperparameters and network sizes of our WPO/SPO algorithms in Table , and a
summary of performance in Table

Table C.1: Hyperparameters and network sizes

Taxi-v3 NChain-v0 CartPole-v1 Acrobot-v1 MuJuCo tasks
CliffWalking-v0
07 0.9 0.9 0.95 0.95 0.99
Irg \ \ 1072 5x 1073 1074
Irvae 1072 102 1072 5x 1073 1073
| Dy | 60 (Taxi) 1 (Chain) 2 3 partial

3 (CliffWalking)

T size 2D array 2D array [64, 64] [64, 64] [400, 300]
Q/vsize [10,7,5] 10,7, 5] (64, 64] (64, 64] 1400, 300]
|Sk| all states, |S|  all states, |S] 128 128 64

| A| all actions, |A| all actions, |A| all actions, |A| all actions, |A| 32
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d(a,a’)  0-1 distance

1 0-1 distance

0-1 distance

0-1 distance

L1 distance

ks 250

100 (Chain)

150

50 (CliffWalking)

150

1000

Table C.2: Averaged rewards over last 10% episodes during the training process

Environment WPO SPO TRPO PPO A2C BGPG WNPG
Taxi-v3 —45 £ 27 —87+11 —202+3 —381+ 34 —338 £ 30 - -
NChain-v0 3549 £197 3432 £ 131 35224258 3506 £ 237 1606 + 10 - -

Cliff Walking-v0 —35 £ 15 —25+1 —1594+94 —3290 £2106 —5587£1942 - -
CartPole-v1 388 + 54 370+ 30 297 £ 65 193 £ 45 267 £ 61 - -
Acrobot-v1 —162+8 —185+15 —248£33 1035 —379 £ 39 - -
HalfCheetah-v2 2050 £108 1750+172 1158+35 1628+ 136 —645 + 31 1697 £195 18324125
Hopper-v2 3208 £259 2834 £305 20354248 2321 £+ 233 43+ 21 1982 + 218 2361 £ 272
Walker2d-v2 3739 £298 3489 £ 257 2535+ 369 3290 £ 354 28+1 2775 £ 301 3059 £ 209
Ant-v2 1863 £271 1780 £ 257 21+10 1487 + 206 —39+8 1622 +235 1587 £ 221
Humanoid-v2 965 £ 76 914 £ 93 725 £112 632+ 73 107+ 15 797 £ 85 820 £ 91

'We note that specifying distance based on control relevance leads to higher performance in this test case:
i.e., d =1 to distinct actions from set A = { move north, move south, move west, move east}, d =1 to
distinct actions from set B = { pickup, dropoff}, and d = 4 to actions from different sets.



C.1.4 Additional Results for Ablation Studies
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Figure C.1: Episode rewards during the training process for different 5 and A settings,

averaged across 5 runs with a random initialization. The shaded area depicts the mean +

the standard deviation.

C.1.5 Additional Comparison of Wasserstein and KL Trust Regions
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Figure C.2: Episode rewards during the training process for the locomotion tasks, averaged

across 5 runs with a random initialization. The shaded area depicts the mean + the standard

deviation.



Table C.3: Average runtime (seconds) of WPO, SPO and KL

WPO SPO KL
Taxi-v3 (per 103 steps) 71.0£7.3 69.5+ 8.7 74.3+£9.5
NChain-v0 (per 10® steps) 584 £9.1 63.1+7.4 59.9+8.7
CartPole-v1 (per 106 steps)  11.4+1.8 10.2+2.3 9.7+1.9
Acrobot-v1 (per 10° steps) 104+£1.9 9.7+2.5 10.9+2.3
Humanoid-v2 (per 10° steps) 422.7+65.4 409.1 £46.5 438.5 4 61.2

C.1.6 Additional Results for Large-scale Continuous Control

Humanoid-v2

=
=
@
18
)
(=)}
o
g — WPO — AC
< 400 — SPO —— TRPO
— WNPG PPO
300 — BGPG
200
5 10 15 20 25 30 35

Timesteps  x10°
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Figure C.3: Episode rewards during training for MuJuCo Humanoid task, averaged across 10

runs with random initialization. The shaded area depicts the mean =+ the standard deviation.
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Table C.4: Average runtime (seconds per 10° timesteps) for the MuJuCo continuous control

tasks

Environment WPO SPO TRPO PPO A2C BGPG WNPG

HalfCheetah-v2 297 +£31 289+£25 290+£28 292436 293+27 306+33 298+22

Hopper-v2 233+£38 226+42 242456 167+£36 254+49 201432 197+31

Walker2d-v2 289 +£55 312+£61 253+39 307+£52 259+46 322462 214+45

Ant-v2 307+£51 290£57 296+63 251+£47 291+41 286463 269 +54

Humanoid-v2 423 +£65 401 £47 446452 395+57 230+£31 4254+58 398 £49

C.2 Proof of Theorem

Theorem 5. (Closed-form policy update) Let k% (5,j) = argmaz,—; ny{A™(s,ar) —
BDyj}, where D denotes the cost matriz. If Assumption |1| holds, then an optimal solution to
18:

w(als) = 32 wlagls)f00.3). (4.5)

where fX(i,7) = 1ifi = &I (B*,7) and fX(i,j) = 0 otherwise, and B* is an optimal Lagrangian

multiplier corresponds to the following dual formulation:

min F(B) = min {,B(S—i—IESNp Z m(aj|s) max (A7(s,a;) = BDi;)}. (4.6)

Moreover, we have 3* < B, where B := maxses kj=1.. N kzj (Dkj) L (AT (s, ax) — A™(s,a4)).

Proof of Theorem[J First, we denote Q° as the joint distribution of 7(-|s) and 7'(+|s) with
SN Q;i; = m(a;ls) and Zjvzl Qi; = 7 (ails). Also, let fs(i,j) represent the conditional
distribution of 7'(a;|s) under m(a;|s). Then QF; = 7(a;|s)fs(i,7), 7'(ails) = Zjvzl Q3 =
Zévzl m(aj]s) fs(7,7). In addition:

dw (7' (+|s), 7(+|s) —mmZZD”QU = mln ZZD”W a;|s)fs(i,7), and

”iljl 11]1

Eqr(1s)[AT (5, a)] ZA s,a;)7 (a;)s) ZZA s, a;)m(aj|s) fs(i, j).

i=1 j=1
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Thus, the WPO problem in (3.8) can be reformulated as:

N N
max Ego,r A™(s,a;)m(a;]s)fs(i, ] C.la
A p;; (s,ai)m(a;ls) fs (i, 7) (C.1a)
N N
st Bawpp D> Dym(asls) fs(i, ) <6, (C.1b)
i=1 j=1
N
> faling) =1, Vse&,j=1...N. (C.1¢)
=1

Note here that 1) is equivalent to Eg.,r ming, (; ;) Zfil Z;Vﬂ Dijm(aj|s) fs(i,j) <
0 because if we have a feasible fq(i,5) to make hold, we must have
Egmpp ming, i jy Soiey Y00, Dygm(agls) fs(i, §) < 6.

Since both the objective function and the constraint are linear in f,(i, j), is a convex
optimization problem. Also, Slater’s condition holds for as the feasible region has an
interior point, which is fs(i,7) = 1 Vi, and fs(i,7) = 0 Vi # j. Meanwhile, since A™(s,a) is
bounded based on Assumption [1} the objective is bounded above. Therefore, strong duality
holds for . At this point we can derive the dual problem of as its equivalent

reformulation:

N
min 30 + / > (ids
B0,C8 ses = (©2)

st. A"(s,a;)7m(ajls) — BD;m(ajz]s) — CZ) <0, VseS,i,j=1...N.
pols

We observe that with a fixed 3, the optimal ¢ will be achieved at:
7(8) = max_pi(s)m(az]s)(A7(s,0:) — BDy) (€3)

Denote 8* as an optimal solution to (C.2|) and fZ(7,j) as an optimal solution to (C.1)). Due
to the complimentary slackness, the following equations hold:
¢ (8"

(A7 (s,a;)m(aj|s) — B*Dijm(aj|s) — o7 (s)

)5 (i3) =0, Vs, i, j.

In this case, f}(i,7) can have non-zero values only when A™ (s, a;)m(a;|s) — 5*Djjm(aj|s) —
¢ (8)
5 (s)

= 0, which means (;*(8*) = pfj(s)m(a;|s)(A™ (s, a;) — " D;;). Given the expression of
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the optimal ¢§* in . fE(i,j) can have non-zero values only when i € K7 (5%, j), where

K3(B,7) = argmax;_; nyA™(s, ax) — BDyg;.
When there exists a unique optimizer, i.e., |KT (5% 7)| = 1, let kI(8*,j) denote the

optimizer. Since ZZ]\LI f¥(i,j) =1 as indicated in 1} the only optimal solution is:

L ifi = k508, 7)),

0 otherwise.

fo(ig) =

When there exists multiple optimizers, i.e., |KT (5%, 7)| > 1, the optimal weights fX (i, j)
for i € KZ(B*,7) could be determined by solving the following linear programming:

max SN,,Z (ajls) > AT(s,a)f2(i,])

13 (4,5)20,4€KT (8*,5) i€k (8*.5)
sit. Egupn Zw(aﬂs) > Difi,5) <6, (C4)
j=1 i€EKT(B*.5)
> fiig) =1, Vse€S,j=1...N.
i€KT (8*.9)
And then the corresponding optimal solution is, 7*(a;|s) = Z;VZI m(aj|s) f2(i,7).
Last, by substituting Cj*(ﬂ) = pi(s)m(a;|s) max;—1. n(A"(s,a;) — BD;j) into the dual
problem , we can reformulate into:
N
151218{5(5—1—/868 ; GG (B)ds} = mln{6(5+ESNP Z (aj|s) ma>§V(A”(s, a;) —BD;j)}. (C.5)

7j=1
The optimal 3 can then be obtained by solving (C.5).
We will further show that 8* < 5 := MAXgeS kj=1...N k] (ij)_l(A”(s, a) — A7 (s, aj)).

In the general case, i.e., 5 > 0, (C.lal) is non-negative because:

Eseepf ZZA s, i) (a]s) £ (i, 5) (C.6a)

=1 j=1

N N
= Eovpr Y _mlajls) Y AT (s, ai) £ (i, 5) (C.6b)
j=1 i=1
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N
=By onlails) S F(,5)AT(s, ) (C.6c)
j=1

€K7 (8*.4)

N
> Banpp 3 lagls) > fi(6,5)[A™(s, a5) + 8% Dy (C.6d)
j=1

€K7 (8*.4)

N N
= Banpy Y m(a;]s)A7(s,a5) + Banpy > _m(asls) > fi(i,§)8" Dy (C.6e)
Jj=1

i=1 i€k (8%7)
N

=Fanpy Y _mlals)8* D f1(0,5)D; (C.6f)
Jj=1 1€KT (8*,5)

>0, (C.6g)

where holds since for i € K7 (5%, 7), A™(s,a;) —*Di; > A™(s,a;) — *Dj; = A™(s, a; ).

When * > maxseS’kd:l.”N’k#{AW(S’G’“Z))_;W(S’“")}, we have that for all s € S, kT(8*,7) = J.
Thus, fX(i,7) =1, Vi and f¥(i,7) =0, Vi # j. The objective value will be 0 because
Empr Yoty 2 g A (5, a5)m(a]) 10, 5) = Bonpp Yoiey A7 (s, ai)m(ails) = 0. The left hand
side of equals to Espr SN Zévzl Dijm(aj]s) fi(i,5) = Esupr SN | Dir(agls) = 0.
Thus, for any § > 0, is always satisfied.

Since the objective of the primal Wasserstein trust-region constrained problem

in l} constantly evaluates to 0 when 3* > maxs€37k7j:1,,,N7k¢j{Aﬂ(s’akl))_k?ﬂ(s’aj)},

AT (S,ak)—Aﬂ'
Dy

and is non-negative when [* < maxgespj=1..Nk£{ (S’aj)}, we can use

maxsesykdzl__]v,k#j{Aﬁ(s’akj)j;?ﬁ(s’aj)} as an upper bound for the optimal dual variable 5*.

O

C.3 Optimal Beta for a Special Distance

Proposition 1. Let ks = argmaz;_, A" (s,a;), we have:

(1). If the initial point By is in [maxs ;{A™ (s, ax,) — A™(s, a;j)},+00), the local optimal /3
solution is max, ;{ A" (s, ar,) — A™(s,a;)}.
(2). If the initial point Bo is in [0, ming jop, {A™ (s, ax,) — A7 (s,a;)}]: if 6 = [..gp™(s)(1 —
m(ak,|s))ds < 0, the local optimal B is ming ;2 {A™ (s, ar,) — A™(s,a;)}; otherwise, the local
optimal B solution is 0.

(3). If the initial point By is in (ming j2p, {A™(s,ar,) — A" (s, a;)}, maxs j{A"(s, ax,) —
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A™(s,a;)}), we construct sets It and I? as:

for s € S,j € {1,2...N} : if By > A™(s,ax,) —
A™(s,a;) then Add j to I} else Add j to IZ2.  Then, if § — Egupr Zjelg m(ajls) < 0,
the local optimal (B is mingeg jer2{A™(s,ar,) — A™(s,a;)}; otherwise, the local optimal 3 is

MmaXges jerl {A™(s,ar,) — A™(s,a5)}.

Proof of Proposition[1 (1). When 8 € [max,;{A"(s,ar,) — A™(s,a;)}, +00), we have
A(s,a;) > A™(s,ay,) — B foralls €S, j=1...N. Since A™(s,a,) — 5 > A™(s,ar) — B
forall k =1... N, we have A™(s,a;) > A™(s,a) —fforallse€ S, j=1...N, k=1...N.
Thus, j € argmax,_; y{A"(s,ar) — BDy;}, for all s € S, j =1...N. Therefore, can

be reformulated as:

N
151;18{55 + Eonpr ZW((Z]'|S)A7T(S, aj)}.
> =

Since § > 0, we have the local optimal 8 = max, j{A" (s, ar,) — A™(s,a;)}.

(2). When f € [0, ming j2, {A™ (s, ar,) — A™(s,a;)}], we have A7 (s,a;) < A™(s,ar,) — f
forallse S, j=1...N, j# k. Thus ks € argmax;_, n{A"(s,ar) — BDy;} for all s € S,
j=1...N. The inner part of then is:

N
B8+ Esepp{ Y mlajls)(A7(s,ar,) — B) + mlar,|s) A" (s, ar,)}

J=1j#ks
N N
= B0 = Bonpy Y 7(as]s)) + Eonpr D m(as|s)A™(s, a,)
J=1,j#ks j=1
N
=B(6 - / S po(8)(1 — 7 (ar,|s))ds) + Eswpr Zﬁ(aj]s)A”(s,aks).
sE ]:1

If 6 — [ o5 PT(s)(1 = m(ag,|s))ds < 0, we have the local optimal § = ming jz, {A™ (s, ax,) —
A™(s,a7)}. 16 — [ g pT(s)(1 = m(ag,|s))ds > 0, we have the local optimal 3 = 0.

(3). For an initial point Sy in (ming j2i, {A7 (s, ar,) — A7(s,a;)}, max, ;{ A" (s, a,) —
A™(s,a;)}), we construct partitions I} and IZ of the set {1,2... N} in the way described
in Proposition [I| for all s € S. Consider  in the neighborhood of fy, i.e., 8 > A™(s,ax,) —
A™(s,a;) for s € S,j € I} and B < A™(s,ax,) — A™(s,a;) for s € S,j € I2. Then the inner
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part of (4.6) can be reformulated as:
ﬁ&—i—ESNPg{Z m(aj|s)A™ (s, a;) + Z m(aj|s)(A™(s,ar,) — B)}
jeIl JEI2

= B(6 — Banpy > m(a;ls)) + Eanpg { > m(aj|s)A™(s,a;) + > m(a;|s)A™ (s, ax,)}.

JEI? jeIl JEI2
If 6 = Espy > jer2 m(aj]s) < 0, we have the local optimal § = minges jer2{A" (s, ax,) —
A™(s,aj)}. I 0 — Espp D jep2m(ajls) > 0, we have the local optimal 8 =
maxses’jg; {Aﬂ'(s, aks) - Aﬂ(s, aj)}. O

C.4 Proof of Theorem

Theorem 6. If Assumption |1l holds, then the optimal solution to with Sinkhorn

divergence 1is:
N
i (ails) =Y wlagls) £330, ), (4.8)
7=1

exp (AA7r (s,ai)—AD;j)
She exp ( i A7 (s,ar)—ADy;)

where D denotes the cost matriz, f; /\(z j) = and B3 is an optimal

solution to the following dual formulation:

B
In

A

N
min F(%) = min {55_]Ewg 3 (agls)(> (m(a;]s)) Zexp A A7 (s, a) = ADyy))
- j=1

>0
B exp (5A7(s,a;) — ADij) - m(aj]s)
ZZ X T s erp (37 (osax) ~ADuy)

max
Moreover, we have 5 < 2A5

Proof of Theorem [ Invoking the definition of Sinkhorn divergence in ([{4.3)), the trust region

constrained problem with Sinkhorn divergence can be reformulated as:

mgx ESNPg[ZilA”(s,ai)Z]i Q3] (C.7a)
st. Eswpg[zflz. Dy + @3 los Q3] < (C.7b)

Z L m(a;ls), VYj=1,...,N,s€S. (C.7¢)
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Let 8 and w represent the dual variables of constraints (C.7b)) and ((C.7c|) respectively,
then the Lagrangian duality of (C.7]) can be derived as:

N N
max min L(Q, S, max mln Eqo A" (s, a;
Q 5>0 (Q 6 ) Q ,3 S p ; (2 J:Zl Q ]

N N N N
—i—/ESij(Zij—?T(aj] $))ds + B(6 — Eapr[> > Dij@Q55 + Q log Q7;])
s i—1

=1 =1 j=1
(C.8a)
N N s
= méixﬂrilgl)Eswp Z;Aﬂ—(saai)ZQ / ZZ ﬂ— zgpv )dS
1= Jj=1 ] 1= 1
N N N
- [ Swinlaleds + 55— FBacys DI CATTININCED
S jzl =1 :
= maxﬁn;gijﬁ(s /ESZwﬂa]|
w; S /3 S S
+ Esvpp Z Z (s,ai) — BDij + pT(s)) e XQz‘j log Q7] (C.8c¢)
i=1 j=1 v
= 0 —
Brgtlﬁjmaxﬁ /ESwaa]|
N N s 3
+ Espr [Z Z(AF(S, ai) — BDij + pT(Js)) i 2\ 3 log Q7] (C.84d)
i=1 j=1 v

where ((C.8d]) holds since the Lagrangian function L(Q, 3,w) is concave in ) and linear in 3
and w, and we can exchange the max and the min following the Minimax theorem [230].
Note that the inner max problem of (C.8d)) is an unconstrained concave problem, and we

can obtain the optimal @) by taking the derivatives and setting them to 0. That is,
oL W B
A

= A"(s,a;) — BD;j + ~(log@f; +1)=0, Vi,j=1,---,N,s€S. (C9)

0Qs; PE(s)
Therefore, we have the optimal @} as:
by Aw?
o =exp(ZA7(s,a;) — ADyj) exp (5——~ — 1), Vi,j=1,--- ,N,s€S. (C.10)
B B (s)

Sk
¥

. Aw; N m(ajls)
Pt VTSN exp (3A7(s, 1) — ADy)

In addition, since 3 | = m(a;|s), we have the following hold:

(C.11)
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By substituting the left hand side of (C.11)) into (C.10), we can further reformulate the
optimal @} as

o XD (%A”(s, a;) — AD;j)

Y YRl exp (5A7(s, ax) — ADy;)

To obtain the optimal dual variables, based on (C.11)), we have the optimal w* as:

m(ajls), Vi,j=1,---,N,s€S. (C.12)

wit = pg(s){g + ~ In(7(ajls)) Zexp A7r (s,a;) —ADj;))}, Vj=1,--- ,N,seS
(C.13)
By substituting (C.12)) and ( into (| , we can obtain the optimal §* via:
S 8.8 B A
%1;]8 B0 = Espr ZW(%”S){X REDY In(7(a;]s)) — 3 111[; exp (BAW(& a;) — ADjj)]}

N N A
Bexp p (3A47(s,a;) — ADyj;) - m(ajls)
+ESN"5.ZZA Siiy exp (3A7(s,ax) — ADg;)

The proof for the upper bound of sinkhorn optimal 3 can be found in Appendix O
C.5 Upper bound of Sinkhorn Optimal Beta

In this section, we will derive the upper bound of Sinkhorn optimal 5. First, for a given S,
the optimal QF7 (8) to the Lagrangian dual L(Q, 3,w) can be expressed in (C.12)). With this,

we will present the following two lemmas:

Lemma 1. The objective function with respect to ij*(ﬁ) decreases as the dual variable

B increases.

Lemma 2. If Assumptwnl holds then for every § > 0, Q7 (QAWH) is feasible to for
any A.

We provide proofs for Lemma [I] and Lemma [2] in Appendix and Appendix
respectively. Given the above two lemmas, we are able to prove the following proposition on

the upper bound of Sinkhorn optimal 3:

Proposition 2. If B3 is the optimal dual solution to the Sinkhorn dual formulation ,

then 8y < QA;"M for any A.
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Proof of Proposition[4 We will prove it by contradiction. According to Lemma f]’-‘(mgmx)

is feasible to . Since 5 is the optimal dual solution, fo(ﬂ;‘\) is optimal to @ If
By > 2’4"& , according to Lemma , the objective value in with respect to 2‘4 = s
smaller than the objective value in with respect to 83, which contradicts the fact that
ij”‘(ﬁ;‘\) is the optimal solution to (C.7). O

C.5.1 Proof of Lemma

Lemma 1. The objective function with respect to f]*(ﬁ) decreases as the dual variable

B increases.

Proof of Lemmal[ll Let G,(8) represent the objective function (C.7a). By substituting the

optimal ny* in into |D we have:

N N exp (3A7 (s, a;) — ADyj)
B) = Bopr [ A(5,0) > < “ ()] (C.l4a)
1 j—1 Zkf1 €xXp (EA (57ak) - >‘ij)

exp (%A”(s a;) — AD;j)

A

2

= Egpr m(ajls) Y AT( ]. (C.14b)
& ; ! Z zk ,exp (A7 (s, a) — ADyj)
For any (B2 > 1 > 0, we have:
GA(B1) — GA(B2)
N N exp (AA“(s,ai) — ADyj)
= Esvpp Zw(aﬂ" Z (s, ail{ = . )
- P > k=16xp (5 A7 (s, ar) — ADy;)
e (3A7(s,ai) — ADy) .15
Sy exp (55 A7 (s, ak) — ADy;j)
m eXp(é\ Aﬂ(&a[i]) - /\D[i]j)
Espr Z (aj|s) ZA sal] .
S exp ( 3 AT (s, a)) — ADp);)
eXp(gA (37%]) - /\D[i]j) (C.15b)

S exp (ﬁA”(S, ar)) — ADp;) 7

where [7] denotes sorted indices that satisfy A™(s,ap)) > A™(s,ap)) > -+ > A"(s,a(ny). Let

exp (4-A"(s,ap)) — ADy;) oo (35 A™ (s, ) — ADpy;)
Eszl exp (ﬁAﬂ(S, a[k]) — )\D[HJ) 25:1 exp (F)‘QA”(S, a[k]) — )\D[k‘h)

fs(i) = (C.16a)
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o exp (3 — 25047 (s, ap))) exp (55 A™ (s, ay) — ADpy;)
Sorly exp (4 — 2) A (s, ap)) exp (3 A7 (s, a) — ADjwy;)
exp (AAW(S, a[i]) - /\D[i]j)

- P2 . (C.16b)
S exp (ﬁA”(Sa afk)) — ADp;)
For notation brevity, we let m4(i) = exp((% — %)A”(s,a[i])) > 0, ws(i) =
A AT S\ 1 . 1
exp (4, A" (s, ap)) — ADjg;) > 0 and gs(1) = S o S e mn ) Then we
have
ms (1) ws(4) ws(4)
[CToB) - - (C.17a)
iy ms(kyws(k) 3l ws(h)
1 1
= m(i)ws(7)( — . ) (C.17b)
Sokiy s (Ryws(k) 323y s (i)ws (k)

= mys(i)ws(i)qs(7). (C.17¢)
Since ,8% - % > 0, my(i) decreases as i increases. Thus, ¢4(i) decreases as ¢ increases. Since
> < =1,... = —

ms(1) > mg(k) and mg(N) < mg(k) for all k =1,..., N, we have ¢(1) SN (s ()
1 > 1 _ 1 _ _ 1 _

S om0~ S | im0 6 = e

1 < L — L = 0. Si <(1) > S(N) < d
S S S mmm | S mmem O Sinee ¢(1) 2 0, ¢,(N) < 0 an

qs(7) decreases as ¢ increases, there exists an index 1 < kg < N such that gs(7) > 0 for ¢ < kg
and ¢s(i) < 0 for ¢ > ks. Since ms(i), ws(i) > 0, we have fs(i) > 0 for i < ks and fs(i) <0
for ¢ > ks. In addition, we have 25\;1 fs(3) = 0 directly follows from the definition. Thus,

Moty o) = 05 (@) = iy a1 fs(0)] = 0. Therefore,

N N
GA(B1) — GA(B2) = Esmpr Z m(agls) Z A" (s, ap) fs(i) (C.18a)
—1 i—1
]N ks N
= Esvpr ZW(%’\S){Z AT (s, ap)| fs(8)] = Z A" (s, ap)|fs(9)}
= i—1 i—hyt+1
(C.18b)
N ks N
2 Esvpr ZW(%‘\S){Z A7 (s, ap )| fs(0)] — Z A" (s, ap 1) | fs(D)]}
=1 i—1 i—hat1

(C.18¢)
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=

N

= Esopy _ mlagls){A" (s, ap,)) Zlfs (D) = A™(s,ape 1) D £}

j=1 i=ko+1
(C.184)

N ks ks
=Espy ) mlagls){A (s ape)) D fs(D] = A™ (s, ape 1) D Ifs(D1}
j=1 i=1 i=1

(C.18e)
N ks

= Esvpy ) mlagls)(A™ (s, ape,) = A7(s, ap,41) D 1fs(0)] (C.18f)
j=1 i=1

> 0. (C.18g)

where and 1j hold since A”(s,am) is non-increasing as ¢ increases. Fur-
thermore, at least one inequality of and will not hold at equality since
Zi]\il m(a;|s)A™(s,a;) =0, Vs € S, and for non-trivial cases, Pr{A™(s,a) = 0,Vs € §,Va €
A} < 1, which means Pr{3si,ss € S,a1,a2 € A, s.t. A™(s1,a1) # A™(s2,a2)} > 0. There-
fore, we have G (81) — GA(B2) > 0. O

C.5.2  Proof of Lemma[3

Lemma 2. If Assumptzonl holds then for every 6 > 0, Q7 (M) is feasible to for

any .

Proof of Lemma[3 By substituting the optimal Q;; in (C.12) into (C.7b), we can reformulate
the left hand side of (C.7b|) as follows:

Esmpr ZZDUQ i log Q3] (C.19a)
1= 1] 1
— Ls~pT % AT i i ﬂ(aj‘S)
=K Py {;;D]Q [ﬁ (S CL) /\D] +logzi\leexp(%Aﬂ-(s,ak>_Aij)]}
(C.19b)
k. A7 (s, a1) m(ajls) _ C
= Eqpr {;;BQ (s, a Q log Z,ivzleXp(%A“(S,ak) _)\ij)} (C.19¢)

Now we prove that when 8 = 2422 E Swpg{zl 1Zj 15 T(B)A™(s,a:)} < ¢ and



]Eswpg{%ij( ) log ¥ m(a;ls) } < % hold. For the first part, we have:

1 €xD ( ﬁA”(s,ak)—)\ij)

S~pZ§{ZZ BQS*A7r s, i)}

zljl

-3 e (33 Q314 (s.a0))

11]1

SNPW{ZTF (ails)A™ (s, a;)}

1
< BEM{Zw'<a¢|s>|Aﬂ<s,a@->|}
=1

<A 4]

=73 5

For the second part, the followings hold:

7(aj|s)
Fyo lo
33 e !

Zl]l

m(ajs)
= ESN 1’5{ log . }
’ Z ; > iy exp (5A7(s, ax) — ADyj)

1 m(a;ls)
= ~Eso 5{ m(aj|s)log . }
P Z / Zk 1 exp( A7 (s, ar) — ADy;)

1 ‘ m(ajls)
< AES%{; rasllos )
< Lo (3 mlaglo)lo e
SN TS e (3 A (s ay)
1 ol A
= 3Bovpr (D mlasls) (=547 (5,a5)))
j=1
1 N
g6E3Npg{zn(aj|s)|A”(s,aj)|}
7j=1
Amaac 5
< = —.
<=5

Therefore, Q7 ( 2

A;naX) is feasible to |) for any A.
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(C.20a)

(C.20b)

(C.20¢)

(C.20d)

(C.20e)

(C.21a)

(C.21b)

(C.21c)

(C.21d)

(C.21e)

(C.21f)

(C.21g)

(C.21h)
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C.6 Gradient of the Objective in the Sinkhorn Dual Formulation

The closed-form gradient of the objective in the Sinkhorn dual formulation (4.9) is as follows:

N
1 1
0 — Esnpr Zﬂ(aﬂs){x—kxl n(m(a;|s)) lnzexp (s,ai) — AD;;)]
j=1
B 1 N A
- = X exp (S A™(s,a;) — AD;;) x —A\A™(s,a;)372
) Zylexp%m(s o Tany) < e (AT (a0 = ADy) (s,a:)57]}

LR Z Z{ m(ajls)  exp (%A”(s,ai) — AD;j)
SRS A N AAm _ )
2k=1 eXP(gA (s, ak) — ADy;)

i=1 j=1

Br(agls) exp (3A7(s,ai) — ADij) x —AA™(s,a;)37% x 3L, exp (3A7(s, ax) — ADy;)

+
A (Shis exp (347 (s, ax) — ADy;))>

_ Br(agls) . exp(%A”(s,ai) — AD;;) x Ejkvzl[exp (%A”(&ak) — ADy;) % —)\A’T(s,ak)ﬁ_2]}
A (Shly exp (347 (s, ar) — ADj;))>2 '

C.7 Proof of Theorem [1

Given the upper bound of Wassertein optimal 5 in Theorem [5] and the upper bound of

Sinkhorn optimal S in Proposition [2, we are able to derive the following theorem:

Theorem 7. Define Syp = max{ QAWH,B}. We have:

IN

1. F\(B) converges to F(B) uniformly on [0,Bypg]: [MHm sup |\F\(B) — F(B)

A0 0<p<Bun
lim Bus —
Jlim Bus N N = 0,
2. )\h_I)n argming<g<g, ,FA(8) € argming<g<g,, , F(B).

Proof of Theorem[7]. To show that F)(8) converges to F(J3) uniformly on [0, Bug], it
is equivalent to show that lim)— e SuPg<g<p,p [FA(B) — F(B)| = 0. Let €{(8,4,7) =
maxy=1. N(A™(s,ar) — BDy;) — [A™(s,a;) — BD;j], and €} (f,1,7) > 0. First, we have

’55 Eampr Z (aj]s { +£ ln( (a;]5)) —anexp A" (s, a;) — ADy;)]}

gexp (5347 (s,a;) — ADyj) - m(ajs)
Es~ - /85
o ;le A Zk: 1eXp(/\A”(5 a) — ADy;)
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Espr > 7(ajls) Ama>§v(A”(s,az) BD;j) (C.22a)
j=1 -
é N é N
< |5 Bovsr > wlasls)| + | T Eonpg D w(asls) In(r(ass))|
j=1 =1
N N A
3 exp (BA”(S, a;) — ADjj) - w(aj|s)
+ |Egmpr =
" ;; A chvz exp (3 A7 (s, a) — ADy;)
N
+ |Esnprm ZTI‘ Zexp A7r (s,ai) — ADjj)]
=1
N
— Eanpp Y m(aj|s) max (A7(s,a;) — BDj)) (C.22D)
=1 -
8 5 |
< 2‘ Eavpr W(a]|s)’ n ‘XESNM S (ajls) In(w(ayls)
Jj= Jj=1
N N
+ |Egnpr Zﬂ(a]\s) ln[z exp (5 A™(s,a;) — AD;j)]
j=1 i=1
N
— Bopy Y m(ag]s) max (A™(s,a;) = fDyj)|. (C.22¢)
~
In addition,
N 6 N \
Espr Zw(aﬂs)x In[» " exp (BA”(S, a;) — ADjj)]
=1 i=1
’ N
— Esnpr Z m(ajls) iinla%v(A”(s, a;) — BD;j) (C.23a)
£
N] 5 A N
=|Esnpp ;W(ajls)A Infexp (5 max (A™(s,ax) — FDx;)) ;exp (—Bes (8,4,4))]
N
— Esnpr Z m(ajls) 1'311&)5\7(14#(8’ a;) — BDjj) (C.23b)
=~
al 3 A ol A
=|Es~pr ; m(ajls) 3 {Infexp (5 max (A™(s, ax) — FD;))] + ln[; exp (=5 (8,41}
N
— Eonpg Y _ (ay]s) max (A"(s, a;) — BDyj) (C.23¢c)
=
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N
oz Y (asls) Zexp TR (C.23d)
j=1
Therefore,
lim  sup FA(B)—F(,B)’ (C.24a)
A0 0<B<Bup
N
. 2PBus . Pus
< lim =2 wz n(ajls)| + lim SE[E,. Z;mm w(als)
: ]:
N N A\
+ lim sup = o a;|s)In exp (——=e€s(B,4,7 ‘ C.24b
Jm  sup g ils) [; (— 5 (81.9))] (C.24b)
N
= lim sup Es a;ls)In[) exp( ——e (B,1,] ’ C.24c
A—>ooO<ﬂ<ﬂUB pe EZ: il®) Z ) ( )
In addition, VS € [0, Sup] and VA, €7 (53,1, 7) is bounded since
(C.25)

2(8,0,0)| = | max (47(s,a1) = BDi) ~ [A7(s5,a) — BDy]

< 2max A" (s,a) + Py max D;;
s,a i,j
< 2A™™ 4 BuB max Dij < 00. (026)
Z7]
Esnpr Zjvzl m(ajls) ln[zf\il exp (—%6?(6, z,]))]’ is  bounded. There-

Then,
fore in , the optimal [ can be achieved. Let B =
argmax()SﬁSﬁUB§ Esnpr Zjv_lﬂ(aj\s)ln[ZNlexp(—f (ﬁ,z,y))]), and then we have
N
Ah—r>n000<?i%UB Npg]z:: m(ajls anexp ——e ﬁ,l,j))]‘ (C.27a)
N
:A@MAE%;MJ\ aneXp ﬂ* € ,',j))]‘. (C.27b)

argmax;_, nNA"(s,ap) — BDy;. Define  o4(5) =

Ming< < gyp MiNi—1. N,igkcr(8,5) €5 (B,5,7).  Then since €f(8,4,5) > 0 for i ¢ KI(B,])

based on its definition, we have o5(j) > 0. On one hand, we have

Let  K{(8,5) =

hm In] Zexp *ﬁes Aiy )] (C.28a)
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N N
: A . A -
= )\gnooln[ Z exp (_Ees (ﬁAalaj)) + Z exXp (_EES (B)\azvj))]
i=1[i¢gKF (Bx.) i=1i€KT (Bx.4)
(C.28b)
N A\ N
< i — 2 oy(j .
< )\lgn ln['i Z | exp ( BUBUS(J)) + 3 Z | exp (0)] (C.28c¢)
i=1[igKT (Br.d) i=1[iekF (Bx.7)
Y A
“dim Y exp(—os(i) + KT (B )] (C.284)
A— oy ) Bus
Z_1|Z¢K§(ﬁ>\7])
= Jim W[}k (3 )]} (.25
On the other hand, we have
hm In| Zexp ﬁA €T (62,4,9))] (C.29a)
al A al A
=Jm [ > ew(5a@Bhi) > ew(—ge(Bhi)
i=1[igKF (Bx.) i=1i€KT (Bx.4)
(C.29hb)
Y A
. S
> )\h_l;nooln[A Z | exp (—Ees (87,4,7))] (C.29¢)
i=1[ieKF (Bx.4)
N
:)\h_r>nooln[A }Z exp (0)] (C.29d)
i=1[ieKF (Bx.4)
= lim KT (5, )] (C.29¢)
Therefore, limA%m‘ln[Eé\il exp(—ﬁ%eg(ﬁk, ,J ‘ = lim)— o In[|[K7 (B, 7)|]. Based on
that, we have
6)\ N N A
lim 2 (Egmpr > wlagls) f> " exp (— 25l (84, j))]) (C.30a)
A—oo A = P I}
/8/\ N N A
< I P ERRANE V) W .
< lim A\;m[;exm FE )] (C.30b)
IBA N N \
< I P IR 7 .
< lm 2 ;\ln[;exm e i) (C-30c)
P .
= lim == T[T (Bx. )] (C.30d)
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< tim PB NN —o, (C.30e)

A—roo A
which  means  limy— o SUPg<g<p, |[FA(B) — F(B) < 0. Furthermore,
since  limy— o0 SUPg<p<pyy [FA(B) — F(B)] = 0 holds naturally, we have

lim)— o0 SUPg<g< gy [ FA(B) — F(B)| = 0. Therefore, F)\() converges to F'() uniformly on
[0, Sug], which also indicates Fy(/3) epi-converges to F'(3) on [0, fug] [208, 209]. By prop-
erties of epi-convergence, we have that /\lgnoo argming< g< g, Fa(B) C argming< g, . F(83)

[208]. O
C.8 Proof of Lemma

As \; — 00, SPO update converges to WPO update: limy, —so, FSP9 (1) € FWPO ().
Proof of Lemmal[f.8. Let &¥(i, j) = 3-{maxi—y, _ n(A™ (s, a1)— B Dij) —[A™ (s, a;) = B Dyl }.

The SPO update with A\ — oo equals to:

N exp Afl’”f s,a;) — AD;;
Tr+1(ai]s) = hm FSPO(1,) = lim Z (3 S A( ) ) mi(ajls)  (C.31a)
A—roo = Zz 1 exp ( kA”k(s,al)—)\Dlj)

. N exp (A (Saak:k(ﬁk,j)) _5kD;;;’k(f3k7j)j) -exp (=¢5(i, 7))
= lim E
A—ro0

= exp (A (s, gz 5, ) = BeDize s, 5)7)* Lt exp(—fé“(l,j))wk(ajls)
(C.31b)
N . .
_ 1 exp (—&8(i, 7)) |
*lgnc"’; S epl-eh(t, ) (C.31¢)
= [lim S exp (—€8(6, 7)) - mi(a;ls) (C.31d)

)‘_>°° ZZGIC k (Br.g) exp(— fs (1,7)) + Zlgélc k (Br.g) exp(— fs (1,7))

N limy—y oo exp (_fs (’L7 ])) ) Wk(aj ’8)

B = 21k Tr () Ao exp(—&5 (1, 7)) + X jgrme (5, 5 HMr— 00 exD(—E£ (1, 1))
(C.31e)

N k )
:Z Tkz ﬁw ails), C.31f

where I denotes the indicator function; (C.31f) holds because as A\ — oo, £¥(i, ) = oo for
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i ¢ KT (B, j) and 0 otherwise, thus limy—so exp (—€5(,5)) = 0 for i ¢ K™ (B, j) and 1

otherwise.
Let f¥(i,j) = m if i € KT (B, ), and f%(i,5) = 0 otherwise. Therefore, SPO
s k>,
update with A — oo equals to the following WPO update, FWVFO () = Z;VZI mi(az]s) fE (i, 7).

O

C.9 Proof of Theorem

Theorem 8. (Performance improvement) For any initial state distribution v and any
B >0, if ||A™ — A™||s < € for some € > 0, let KT (B, j) = argmaxi:h_.,N{fl”k (s,a;) —
BrDij}, WPO policy update (and SPO with X\ — oo) guarantee the following performance

improvement bound when the inaccurate advantage function A™ is used,

N
Trsn) = Tm) + B, s Somagls) Y 6Dy - o (410)
=t i€k TH (i)
Proof of Theorem 8,
J(mpy1) — J(mg) = ESNPZ;CH Eqmm 1 [A™ (s, a)] (C.32a)
N
=B, mn Z Thy1(agls)A™ (s, a;) (C.32b)
7,;1 N
=E_ e SN mlajls) £ 5)A™ (s, a5) (C.32¢)
z;l j=1 N
=B, mn Y mrlals) Y S, )AT (s, a;) (C.32d)
J;l i=1
=E,_ e ) milagls) Y fEGL)A™ (s a4) (C.32¢)
7=l i€KTE (Brod)

N
2B, e Yomilagls) YD G A™(s.a5) + BeDy — 26
(C.32f)

N
. 2€
= BkE, s ;Wk(ajb) >, fHGDy - - (C.320)
j:

i€K5® (Br.j)
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where ((C.32a]) holds due to the performance difference lemma in [129]; (C.32f]) follows from
the definition of K™ (8, j) and the fact that ||A™ — ATk ||, < e, therefore for i € K™ (8, 5),
[A™ (5, a;)+€]—BpDij > A™ (s, a;)—BrDij > A™(s,a;)—BrDj; = A™ (s,a;) > A" (s, a;)—¢;
(C.32¢) holds since Eqr[A™(s,a)] = 0. O
C.10 Proof of Theorem
Theorem 9. (Global convergence) Under Assumption |9, we have for any B, > 0,

satisfies that
V5=V oo S AIVF =V loo + Br[[ Dl oo, (4.11)

and satisfies that

[V = V52 oo < AV = Vo 42

1—7

(4.12)

log N
(1Dl + 2%

If limg o0 B = 0, we further have limy_,o J(7) = J*.

Proof of Theorem[9. Our proof is inspired by the work [29].

We use the shorthand 7, for the probability distribution 7(- | s) on the actions and
denote the probability distribution on the action space A as A. To save notations, we rewrite
Tra1, T, and By as 1, m and B respectively. We use d for either dw or ds in the following
derivation. Note d < ||D||s =: D for both case and dg > —2@.

Since a policy 7 is indeed just a member of Hgl A, we find that the problem can

be split into |S| many optimization problems. For each s € S, we need to solve

glgz pﬂ(S)anw’(-b) [AW(S’ a)] - Bpw(s)d(ﬂ’;, 775)' (033)

Denote the quality function of 7 as Q™ (s, a) = E[Ry|s; = s, a; = a; 7|, and the value function

of mas V7™(s) = E[R|s; = s; 7], we find that A™(s,a) = Q™(s,a) — V™ (s). Since the second

2For Sinkhorn divergence, note that the entropy function is always nonnegative.
3This lower bound is obtained via ds(w’,m|A) > ming>o,5, - Q=1 {{Q, D) — $+h(Q) @ (Q,D) —
®
Th(@Q) . ewan, = —3log (Z” exp(f/\Dij)) > —216  Here in the step (a), we use the
Qi e ADs;)
Lagrangian multiplier method to derive the optimal @Q;; = %.
i,j ij
that log(3_7 , exp(x4)) < max{x1,...,zn} +logn for any z1,...,2, € R and D;; = 0 for any 4.

In the step (b), we use the fact
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term is only a function of the current policy 7 and the state s, we find that Problem (C.33))

is further equivalent to (in the sense of the same solution set):

7?22% Eanr [Q7 (s, a)] — Bd(my, 7). (C.34)

Here we use po(s) > 0 for all s. Let @ be a solution of the policy iteration:

s € argmax Eq o [Q7 (s, a)]. (C.35)

s

Also define the bellman operator T : RISI — RIS and the operator T7 : RISI — RISl for any
V e RISI

(TV)s = HIEEE‘(T(S, a) + VES’NP(-|s,a) [V(S/)]v (C.36)
(T™V)s = Eqom, [1(5,0) + VEgwp( s,V (5)]- (C.37)

Using the relation between the quality function and the value function, Q™ (s,a) = r(s,a) +
Eyrp(|s,a) [V7(s")], we can rewrite the above equations in terms of the quality function for

V=Vvm

(TVW)S = rgleaj(?"(s, a) + ’YESINP("S,G,) [Vﬂ(sl)] = rc?eajl( Q(S> a) = Tﬁvw7 (C38)
(T™V™)s = Eqr [Q7 (5, )] (C.39)

Let us consider d = dy first. Using the optimality of 7 for the problem (C.33)), we know

that
Ea&rj‘ [Qw(sa a)] - Bd(ﬂ-:a 7TS) 2 EaEﬁ's [QW(Sa a)] - Bd(ﬁ-sa 773)

= E et [Q7(s,a)] > Eer, [Q"(s,a)] — BD.

(C.40)

and
Eae7rj [Qﬂ—(sﬁ a)] - 6d(ﬂ—;—7 7TS) > Eaeﬂ's [Qﬂ—(sa a)] - Bd(ﬂ—sa 7Ts)

= Bt [Q7(5,0)] 2 EBaer, [Q7 (5, 0)] = V7 (5).
Using the notation in (C.38)) and (C.39), (C.40) and (C.41)) become

(C.41)

T™'V™ > TV™ — D1, (C.42)

TV > VT (C.43)
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Here 15 is a vector of all one entries and the inequality > means entrywisely larger than or
equal to. By iteratively applying ™" to l) and use the fact that 77" is a monotone
and contraction map with V™" as the unique fixed point, we have

Tt

VT > > (T T VT >V (C.44)

Hence we have

(a) (b) (¢)
0< V= V™ <V —T" V™ < V*~TV™ + D1 (C.45)

Here the inequality (a) is due to the optimality of V*. The inequality (b) is due to (C.44]),
and the inequality (c) is due to (C.42). Now using the fact V* is the unique fixed point of T,
and T is a monotone and contraction map, we have from (C.45|) that

IV* = V™ loo < ITV* = TV |loo + BD < y[|V* = V7[|oc + BD. (C.46)

Next consider d = ds. The optimality of ©+ reveals that for 7 = 7 or 7:

Eaewj' [QW(Sa a)] - Bd(ﬂ-:v 7Ts) > Eaefrs [QW(Sa a)] - Bd(ﬁ-sa 773)

log N (C.47)
= E,,+[Q(s,0)] 2 Eaez, [Q7(s,a)] — B(D + 2 )-
Thus we have the following
2log N
TV > TV — B(D+ 2 )1, (C.48)
2log N
T VT > VT - B(D+ 2 1. (C.49)

By iteratively applying T to 1} and use the fact that 77 is a monotone and contraction

map with V™" as the unique fixed point, we have

log N
vt >y 1_57(1) +28 )1 . (C.50)
Hence we have
(a) (b) log N
0<V -V <V T YT 4 %(D +2" )1
(e) ! log N (G5
<V*—TV™ +21f7(D+2 % s

Here the inequality (a) is due to the optimality of V*. The inequality () is due to (C.50)),
and the inequality (c) is due to (C.48). A similar derivation as ((C.46)) shows the inequality

in the theorem. Hence the theorem is established. O
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C.11 Computational Complexity of the Algorithm [3

Our overall algorithm applies a general actor-critic framework: the actor follows the proposed
WPO or SPO update while the critic follows TD methods. The computational complexity
depends on (i) the per-iteration computation cost of the policy and critic update and (ii) the
iteration complexity of the actor-critic method. Here we mainly discuss the per-iteration
computation cost of the policy update, as studies on the iteration complexity of actor-critic
framework for constrained policy optimization are limited.

The computation cost of WPO and SPO updates at each iteration depends on the selection
of Bk. If B is chosen time dependently, the computation cost of WPO/SPO policy update is
O(n?2ns), where n, and ns are the number of actions and states to perform policy update. If
we set [ as the dual optimizer, there will be additional cost to run gradient descent to solve
the one-dimensional dual formulation. As discussed in our experiments, we can set 8; to be
the dual optimizer only in the first a few iterations and use a decaying afterward. Therefore,

the average computational complexity of a policy update step can be O(nZn,).
C.12 Difference between SPO/WPO and Other Exponential Style Updates

Sinkhorn divergence smooths the original Wasserstein by adding an entropy term, which
causes the SPO update to contain exponential components similar to standard exponential
style updates such as NPG [130}, 198]. Thus, SPO can be viewed as a smoother version of WPO
update. Nonetheless, it’s important to note that SPO/WPO updates differ fundamentally
from standard exponential style updates that are based solely on entropy or KL divergence.
In both SPO and WPO, the probability mass at action a is redistributed to neighboring
actions with high value (i.e., those a’ with high A™(s,a’) — 8d(d’,a)). In contrast, in these
standard exponential style updates, probability mass at action a is reweighted according to

its exponential advantage or QQ value.

C.13 Exploration Properties of WPO/SPO

Compared to the Wasserstein metric, the KL divergence between policies is often larger,

especially when considering the policy shifts of closely related actions, as shown in Figure
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In practice, when employing the same trust region size §, Wasserstein metric allows for
more admissible policies within the trust region compared to KL, thereby leading to better
exploration. This advantage is demonstrated in our motivating example in Figure 4.3

Furthermore, Sinkhorn divergence has even more exploration advantages than using
Wasserstein. As Sinkhorn smooths the original Wasserstein with an entropy term, it includes
additional smoother (more uniform) policies in the trust region, leading to even faster
exploration.

Our numerical results in Section also support that WPO/SPO explores better than
KL; and SPO achieves faster exploration than WPO.

C.14 Policy Parametrization, Prior Work on Nonparametric Policy

As noted in [248], the suboptimality of policy gradient is not due to parametrization (e.g.,
neural network), but is a result of the parametric distribution assumption imposed on policy,
which constrains policies to a predefined set. In our work, we strive to avoid suboptimality by
circumventing the parametric distribution assumption imposed on policy, while still allowing
for parametrization of policy in our empirical studies.

Previous research, such as [5], [198], has investigated theoretical policy update rules based
on KL divergence without making explicit parametric assumptions about the policy being
used. However, to our best knowledge, no prior work has explored theoretical policy update

rules based on Wasserstein metric or Sinkhorn divergence.

C.15 T-tests to Compare the Performance of WPO, SPO with BGPG and
WNPG

We conduct independent two-sample one-tailed t-tests [240] to compare the mean perfor-
mance of our proposed methods (WPO and SPO) with two other Wasserstein-based policy
optimization approaches: BGPG [189] and WNPG [I77|. Specifically, we formulate four
alternative hypotheses for each task: Jwpo > Jsapra, Jwpo > Jwnpa, Jspo > Jeapa, and
Jspo > JwnpG-

MuJuCo continuous control tasks are considered for the t-tests, with a sample size of 10

for each algorithm. All t-tests are conducted at a confidence level of 90%. The results of
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the t-tests are presented in Table where a checkmark (v') indicates that the alternative
hypothesis is supported with 90% confidence, and a dash (—) indicates a failure to support
the alternative hypothesis.

Based on the results presented in Table we can conclude the following:

e The mean performance of WPO is higher than BGPG with 90% confidence for all

tasks.

e The mean performance of WPO is higher than WNPG with 90% confidence for all

tasks.

e The mean performance of SPO is higher than BGPG with 90% confidence for all tasks
except Ant-v2.

e The mean performance of SPO is higher than WNPG with 90% confidence for all tasks
except HalfCheetah-v2.

We note that though SPO’s performance is not statistically significantly higher than
BGPG or WNPG in Ant-v2 and HalfCheetah-v2 tasks, SPO demonstrates a faster convergence
speed than WNPG and BGPG in these two tasks.

Table C.5: T-tests results on the performance of WPO, SPO, BGPG and WNPG

Environment Jweo > Jsepc  Jwrpo > Jwnea  Jspo > Jeapc  Jspo > Jwwea
HalfCheetah-v2 v v v —
Hopper-v2 v v v v
Walker2d-v2 v v v v
Ant-v2 v v — v

Humanoid-v2 v v v v
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Appendix D
APPENDIX FOR CHAPTER 5

D.1 Proof of Theorem

Theorem 10. (Closed-form policy update) Let k7 (3, a) = argmaz,, c sCA™ (s, ar) — (1 —
¢)log D (s,ar)— Bd(a,ay). Assume that A™(s,a) and D, (s, a) are bounded, then an optimal
solution to the EGWPO problem (5.4) is:

ﬂ*(a']s):/ w(als) f*(a, a')da, (5.5)
acA

where f¥(a,a’) = 1 if a’ = kT (B*,a) and fi(a,d’) = 0 otherwise, and B* is an optimal
Lagrangian multiplier corresponding to the following dual formulation:

min{ 36+ Evvyy | m(als) max(Ca”(s.0) .

— (1= {)log Dy,(s,a’) — Bd(a,a’))}.
Proof. First, we denote @ as the joint distribution of 7(:|s) and 7'(-|s) with [ , Qs(a,a’) =
m(als) and [ Qs(a,a’) = 7'(a’|s). Also, let fs(a,a’) represent the conditional distribu-
tion of 7'(a’|s) under m(a|s). Then Qs(a,a’) = w(als)fs(a,d), 7'(d'|s) = [ Qs(a,a’) =
[, m(als)fs(a,a’). In addition:
dw (7' (:|s), m(:|s)) = inf / d(a,a")dQs(a,a’)

QSEH ™ 7'(")

(D.1)
mf// a,a’)m(als) fs(a,a’)dadd’,
Eqmrr(15)[CA™(s,a) — (1 — () log Dyy(s, a)]
/[CAW(S a') = (1 —¢)log Dy (s,a")|’ (a'|s)da’
(D.2)

/ / CA™(5,d) — (1 — ) log Du(s, )]

7(als) fs(a,a’)dada’.
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Thus, the EGWPO problem in (5.4)) can be reformulated as:

max ESNPU// [CA™(s,a’) — (1 —¢)log Dy (s,a’)]

fs(a,a’)>0
7(als) fs(a,a’)dada’ (D.3a)
s.t. Eswpg// d(a,a’)w(als) fs(a,a")dada" <6, (D.3b)
/ fs(a,a’)da’ =1, Vse S,ae A (D.3c)
a/

Note that is equivalent to Eg.pr ming o4 [, [, d(a,a’)m(als) fs(a,a’)dada’ < 6.
Since if has feasible fy(a,a’), Eswpr ming, o) [, [, d(a,a')w(als) fs(a,a’)dada’ < §
must hold.

Since both the objective function and the constraint are linear in fs(a,a’), is a
convex optimization problem. Also, Slater’s condition holds for as the feasible region
has an interior point, which is fs(a,a) = 1 Va, and fs(a,a’) = 0 Va # o/. Meanwhile, since
A™(s,a) and D, (s,a) are assumed to be bounded, the objective is bounded above. Therefore,
strong duality holds for . At this point we can derive the dual problem of as its

equivalent reformulation:

min [0+ / (s(a)dads
) acA

£>0,(s(a
sit. (CA™(s,a’) — (1 —¢)log D, (s,a’))m(als) (D.4)
— Bd(a,ad")m(als) — g%((i)) <0, Vse S, a,d €A

We observe that with a fixed 3, the optimal (5(a) will be achieved at:

¢J(a) = max pf;(s)m(als)(CA" (s, a’) = (1 —¢)log Dy (s,a’)
ae (D.5)

- /Bd(a7 a/))'
Denote 8* as an optimal solution to (D.4))) and f¥(a,a’) as an optimal solution to (D.3)).

Due to the complimentary slackness, the following equations hold:

{(CA™(s,a") = (1 = ¢)log Du(s,d'))m(als) — Bd(a,a’)m(als)

R0

f¥(a,d) =0, Vs,a,d.
() )
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In this case, f¥(a,a’) can have non-zero values only when

(CA™(s,a") = (1 = ¢)log Du(s,d'))m(als) — Bd(a,a’)m(als)

_ Cs*(a) _
p3(s)

)

which means ¢ (a) = p7(s)w(als)(CA™(s,a’) — (1 — ¢)log Dy(s,a’) — Bd(a,d’)). Given
the expression of the optimal Cf ) (a) in (D.5), f¥(7,5) can have non-zero values only when
a' € KZ(8*,a), where K7 (8*,a) = argmax,, c 4CA™ (s, ax) — (1 — () log Dy (s, a) — Bd(a, a).
When there exists a unique optimizer, i.e., |[KI(5* a)] = 1, let kT(8*,a) denote the
optimizer. Since [, fZ(a,a’)da’ =1 as indicated in (D.3c), the only optimal solution is:
1 if o' = kT (8%, a),
fi(a,d') =
0 otherwise.
When there exists multiple optimizers, i.e., [KT(5* a)| > 1, the optimal weights f(a, a’)
for i € KI(B8*,a) could be determined by solving the following linear programming:
max Espr /71 als
f;‘(a,a’)zo,a’elcg(ﬂ*,a) Py a ( | )Q/EICWZ(,B* UL)

[CA™(s,a") — (1 = ¢)log Duy(s, a)] f; (a, a’)da

s.t. Eswpg/w(a]s) Z d(a,a’) fi(a,a)da < 6,

a'€eKg (B*,a)

> fiad)=1, VseS,a€A
a’€KT(B8*,a)

And then the corresponding optimal solution is, 7*(a'|s) = [, m(als)fZ(a,d)da.

Last, by substituting (C.3|) into the dual problem (D.4]), we can reformulate (D.4) into:

Iﬁnzig{ﬁé + /SES o (s(a)dads}

= i 5 ENTF
00 v |

acA
— (1= ¢)log Doy(s,a’) — Bd(a,a’))}.

The optimal £ can then be obtained by solving . O

7(als) ?Sﬁ@m(& a’) (D.7)
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