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Defects are an inherent part of statistical and condensed matter systems in the real world.
At criticality, the problem of describing the interplay of defect and bulk degrees of freedom
requires the application of state-of-the-art techniques in quantum field theory. When the
bulk is described by a conformal field theory, the problem becomes especially rich due to the
structure of consistency conditions following from conformal invariance. In this thesis, we
develop a new set of numerical conformal bootstrap tools to constrain aspects of CFTs in
the presence of defects of various kinds, and in various spacetime dimensions. We first devise
a general technique for studying the consequences of ‘t Hooft anomalies in two dimensional
conformal field theories, which we use to quantify the general result that anomalies guarantee
low-energy, charged degrees of freedom. The approach combines the constraints of modular
invariance and crossing symmetry of symmetry defect operators. We then demonstrate a
new way to study endable line defects in CFTs in any dimension in a way that rigorously
incorporates aspects of the bulk CFT data. We study the particular case of the pinning
field defect of the 3d Ising CFT, deriving rigorous bounds on a number of quantities that

characterize it.
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Chapter 1

INTRODUCTION

Most of the matter that we encounter in everyday life is built out of protons, neutrons,
and electrons. Grouping a small number of these particles together in slightly different ways
gives rise to different types of atoms, which then form the chemical elements. The simplicity
of these ingredients belies the vast complexity of materials we are familiar with from ev-
eryday life. The really remarkable thing is that the diversity of substances present around
us is a result of subtle differences in how these basic building blocks are arranged at a mi-
croscopic scale. Understanding the relationship between the microscopic and macroscopic
descriptions of matter, or understanding what possible phases of matter—i.e. an equiva-
lence class of potentially different materials subject to different external parameters with a
similar, robust set of macroscopic properties—a given material can realize, are questions of
basic scientific importance, and have been a fruitful source of inspiration of theoretical and
practical progress.

From the time of Plato, there were suspicions that nature can be described within this ba-
sic framework, in which simple building blocks conspire in large numbers to form complicated
macroscopic structures. As the saying goes, more is different [8]. As our experimental and
mathematical tools have improved, we learned how to describe the true structure of matter
in substantially more detail. In the past century, new language was developed and a number
of deep organizing principles emerged in theoretical physics, which preceded an explosion
of progress in our understanding of materials present in nature and our ability to imagine
artificial ones, bound only by the rules of quantum mechanics. The new language is quantum

field theory, and the new organizing principles are symmetry and the renormalization group.
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Figure 1.1: A cartoon of two phases of matter separated by a critical point. The space that
the different phases, and the critical line separating them, occupy can represent different
choices of external or internal parameters that leave the macroscopic properties intact.

We will see these tools and concepts appear throughout this thesis.

One of the more difficult problems that appears in the study of phases of matter is the
characterization of phase transitions between different phases. For conventional phases of
matter, such as classical magnetic systems like the Ising and O(/N) models, there is often a
clear local quantity that characterizes the different phases that the system can realize called
the order parameter. It turns out that an effective way to model such systems is often in
terms of a continuum Lagrangian theory that models the long-wavelength fluctuations of
this order parameter.

The power of symmetry, field theory, and renormalization is illustrated by the example
of the lattice Ising model. Suppose we wish to describe the long-distance properties of a

classical Ising system in D dimensions defined by the lattice energy functional
H=> sis; (1.1)
(ig)

where 1, 7 label the lattice sites in the D-dimensional lattice and s; = 1, —1 are Ising spins,
which also correspond to the order parameter. In studying this model, one would like to
characterize correlation functions (s;, ...s;, ). It is possible to motivate the claim that, at long

distances, this kind of model and its correlation functions are well-described in terms of the



continuum action
1 2 A
5 — / [éﬁuqb@“gb n %Qs? O AR (1.2)

Assuming m?, X are not too large relative to the kinetic term, we can say that the Lagrangian
described above is (perturbatively) a relevant perturbation of the action describing a free
scalar ¢. The theory of this free field is scale-invariant, meaning the action is invariant under

a transformation z — ax for some o > 0 if we also demand

P(ax) = a 2 p(x) Agn = nDQ_ 2. (1.3)

This defines the notion of a scaling dimension A for the various terms appearing in 1.2, which
follow in this case from simple dimensional analysis and requiring that S be dimensionless
in our chosen units. Naively, non-zero values of the couplings m?, A explicitly violate the
scale-invariance of the theory. It turns out, however, that upon carefully tuning these values
it is possible to access the properties of a different, interacting field theory that is also
scale-invariant. In one’s favorite renormalization scheme, this is achieved by studying the
theory in the presence of an explicit energy scale’—abstractly denoted by a parameter .
Depending on the value of p, i.e. which scale we probe, the theory may behave differently
with different effective choices of the couplings i.e. m?, X may explicitly depend on p. When
we tune the couplings such that they are invariant under a change in scale, the theory is
again scale-invariant, which is quantified using the so-called S-functions

0g;

Hoi = dlog

where ¢; represent arbitrary couplings. The [-functions can be computed perturbatively to
give successive approximations to the true values of the couplings leading to a fixed-point
and can also be used to solve the flow of the couplings, giving an explicit demonstration

of the renormalization group flow, or how the effective couplings change at different scales.

'We have not tethered ourselves to a particular renormalization scheme in this discussion, i.e. whether
to use an ultraviolet cutoff or to use dimensional regularization, etc., for simplicity. We can think of u as
representing an arbitrary choice amongst these possibilities.



The new theory will also possess a new set of fields with a completely different set of scaling
dimensions than our original theory.

It turns out that the theories discussed so far are examples of conformal field theories
(CFTs), i.e. theories that are invariant under conformal transformations and Weyl rescalings.
Conformal transformations are those which preserve angles such as scale transformations,
which we already introduced, rotations, translations, and special conformal transformations
which are more exotic. While the perturbative techniques alluded to so far certainly allow
one to gain a hands-on feel of the systems being studied, theories with such a large space-
time symmetry give way to a much more efficient and effective description that completely
circumvents the need for a Lagrangian, at least in principle.

A significant amount of progress is possible in the study of CFTs by focusing entirely
on symmetry. In a CFT, we again have a set of local fields O; that can be thought of as
representing some local quantities of the system in question. They also possess a scaling
dimension and transform under a scale transformation in an analogous fashion to (1.3) with
an a-priort arbitrary positive value of A. Correlation functions of these operators are highly
constrained by conformal symmetry. In general dimensions, two and three point functions
of so-called primary operators are completely fixed by conformal invariance

1

-t 1.4
|z —y|?2 (14)

(Oi(2)0;(y))

Aijk
(Oi(2)0;(y)Ok(2)) = |7 — y[BtA B[y — | AR Ay — | A TAA (1.5)

A further property of the primary operators is that they possess an operator product expan-

sion (OPE), which defines a kind of operator algebra amongst the primary operators
Oi(x) x 05(y) = > AikCh(,y,0,)Only) (1.6)
k

which can be understood as being valid inside any correlation function. Here, Cgk is a
certain differential operator that is fully determined by conformal symmetry. This structure
means that all higher-point functions are completely fixed once the content of the OPEs of

all primary operators are fixed.



The rough structure of CFTs outlined so far gives just enough of a hint to see how
an approach that is significantly different from the standard perturbative approach used in
quantum field theory could be applicable in the study of conformal field theory. This begins
our discussion of bootstrap. It turns out that not all choices of A;, \;jx—which are sometimes
referred to as the CF'T data—are admissible, in the sense that they could lead to a violation

of simple algebraic consistency conditions such as the associativity of the OPE
Oi X (O] X Ok) = (Ol X O]) X Ok (17)

This constraint may also be formulated as a relation between different four-point functions
and in that context is called crossing symmetry. This is a highly non-trivial constraint,
which is highly non-linear in the inputs and involves in general an infinite number of primary
operators. Nonetheless, the framework outlined so far means that we may understand CFT's
as points in the solution space, parametrized by the data of the scaling dimensions and
OPE coefficients, of the crossing symmetry constraints, which is a fairly extreme departure
from the usual situation encountered in perturbative approaches to QFT. The idea of using
consistency conditions, rather than trying to solve specific models, to study a given physical
system of interest is at the heart of the bootstrap philosophy. In perhaps the greatest
achievement of this perspective, it led to the complete classification of unitary CFTs with
central charge ¢ < 1, known as the minimal models [13]. The euphoria of this achievement
rather quickly wore off as it was realized that results of a similar magnitude would be hard
to come by. About a decade and a half ago, thirty-odd years after the construction of
the minimal models, it was realized that slightly moving the goalposts, and asking simpler
questions about the admissibility of different choices of the CFT data, could yield powerful
physical results through how various pieces of physics are encoded in the low-lying CFT
data [124]. Instead of trying to solve the consistency conditions, the idea changed to asking
if it is possible to rule out choices of CFT data with only some simple assumptions. The
introduction of numerical optimization techniques, in particular semidefinite programming,

gave rise to the modern numerical bootstrap program [119, 131].



So far, we have mainly discussed local operators in CFT. Equally important, however,
are extended objects such as line defects, which also may be modeled using CFT tools.
Extended objects are equally intrinsic to a given CFT and are important observables to
understand, since they can describe the long-distance limit of various interesting objects
such as impurities. In general, a defect will break the symmetries of the clean bulk. For a
flat, P-dimensional defect, conformal symmetry is broken from SO(D + 1,1) to (at least)
SO(P + 1,1) for when the defect qualifies as a conformal defect. This breaking leads to a
completely new set of localized observables that live on the defect, with completely distinct
scaling dimensions from those in the bulk. Defects also encode other information about a
given CFT such as its global symmetries. Defects that are topological—i.e. those whose
locus of support can be moved freely without affecting correlation functions, so long as no
operator insertions are crossed—each correspond, in a generalized sense, to symmetries of
the theory. Inserting background flux of these topological defects allows one to probe global
aspects of the theory such as its ‘t Hooft anomalies.

In the rest of this thesis, it will be our goal to explore two questions relating to defects
in conformal field theories from a bootstrap point of view: one will be a problem of learning
about properties of a class of bulk CFTs from properties of defects they possess, and in the
second problem we will do the reverse and try to learn about a particular defect given a
particular bulk CFT. In the first problem, contained in chapter 2, we will explore universal
constraints on bulk CFTs that have a certain kind of ‘t Hooft anomaly. Anomalies are an
important property of a system, since they are preserved under RG flow and imply a degree
of non-triviality for systems which possess them. We will see how the presence of a certain
anomaly leads to universal, quantitative predictions for the CF'T data such as guaranteeing
an upper bound on the scaling dimension of charged operators. In the second problem, we
will use bootstrap techniques to study the simplest non-trivial conformal line defect in an

interacting CFT in D > 2: the pinning field defect of the 3d Ising CFT.



Chapter 2

BOOTSTRAPPING LIEB-SCHULTZ-MATTIS ANOMALIES

This chapter is based on:

Ryan Lanzetta, Lukasz Fidkowski
Bootstrapping Lieb-Schultz-Mattis anomalies.
Phys. Rev. B 107, 205137, May 2023.

2.1 Introduction

2.1.1 Owerview

Identifying the low energy spectrum of a given lattice Hamiltonian is an important goal of
quantum many-body theory. In certain cases, depending on the symmetries of the model,
the qualitative nature of its spectrum can be constrained, thus restricting the potential
quantum field theory (QFT) descriptions. A famous and powerful result of this kind, known
as the Lieb-Schultz-Mattis (LSM) theorem, is that half-odd-integer spin Heisenberg chains
are gapless [96]. This is to be contrasted with the Haldane gap for the case of integer spin
[81, 1]. Following these results, various generalizations in similar spirit have been made: in
higher dimensions [112, 82|, with more generic spatial symmetries [115, 155, 88, 63], including
the magnetic translation group [35, 104, 158], and with higher form symmetries [92]. In this
work, we will be concerned with an extension of the LSM theorem involving translations
to general global symmetry groups, where it is expected that a translationally invariant
local spin chain with an on-site global symmetry represented projectively at each site cannot
be trivially gapped [33, 110, 109, 121]. This leaves gaplessness or spontaneous symmetry
breaking (SSB) as the only possibilities in one spatial dimension.

The modern formulation of LSM-type theorems is in terms of 't Hooft anomalies [71, 38,

42,106, 47], which can be viewed as obstructions to gauging a global symmetry. For a lattice



model subject to the generalized translation LSM theorem with an internal symmetry G,
what we will refer to as the LSM anomaly is a mixed anomaly between lattice translation
symmetry and GG. This anomaly arises due to the fact that inserting a defect of translation
symmetry amounts to adding one site, which carries a projective representation of GG. Thus,
in the presence of such translation symmetry defects, it is not possible to gauge G. This
't Hooft anomaly must be matched by both the lattice and continuum QFT descriptions
[86], making it a powerful non-perturbative tool to aid in identifying candidate low energy
theories—typically a complicated task. More general anomalies in bosonic lattice models

have been studied throughout the literature, see e.g. [34, 130, 152, 23].

Field theory descriptions of lattice models will generally possess a different set of sym-
metries, whose relation to the lattice symmetries is constrained by requiring the existence of
a group homomorphism relation v : Gyy — Grr that specifies how the lattice symmetries
are realized at low energy. The homomorphism v must also be compatible with anomaly
matching, in a sense that we will describe. In this work, we will consider Gy = Z™™ x Z3,
on an infinite lattice, which descsribes systems with translation symmetry and an internal
73, symmetry. In the context of LSM, we assume that the lattice translation symmetry is
realized as an emanant (in the sense of [36]) Zy internal symmetry in the CFT description
of the system, leading the CFTs we consider to have a minimal, internal symmetry group
G = Z3. An emanant symmetry of a low-energy theory is one for which any operator that
breaks it also breaks the microscopic symmetry from which it emanates. We note that Zy
is not the only possible such emanant symmetry, as we will discuss briefly later on, but we
restrict our study to this case for simplicity and since it is realized in various relevant micro-
scopic models and their field-theoretic descriptions [71, 4]. Note that for the remainder of
the chapter we will refer to the particular continuum manifestations of these anomalies that
we study as LSM anomalies, although in the continuum context they are anomalies of purely
internal symmetries and do not have to arise out of lattice models with mixed anomalies
between spatial and internal symmetries. Indeed, we will also discuss a scenario where the

same Z3; mixed anomalies in the field theory description are emergent (that is, a microscopic



Z3; internal symmetry is assumed and the third Zy is emergent and has a mixed anomaly
with the microscopic symmetry), in the context multicritical points of symmetry protected
topological (SPT) phases, where no LSM constraint is expected.

Within the realm of QFT, another set of non-perturbative techniques are those related
to conformal field theory (CFT), among them being the numerical conformal bootstrap.
Following recent work combining Zy symmetries and anomalies with modular bootstrap
[99, 100], in this work we will use conformal bootstrap to bound the space of CFTs that
possess the aforementioned continuum versions of certain LSM anomalies arising in lattice
models with global, internal symmetry Gi,; = Z%. Fully incorporating the signatures of
these LSM anomalies into bootstrap is somewhat subtle; to do so, we introduce a new
technique that augments modular bootstrap by incorporating additional numerical bounds
that come from imposing crossing symmetry on four-point functions of certain symmetry
defect operators. This approach allows us to obtain universal bounds on the local operator

content of 1+1d CFTs in a way that is refined by LSM anomalies.

2.1.2 Background, Methods and Motivation

Lattice models with the kinds of symmetries and anomalies we have mentioned have received
some recent attention, partially motivating this work. Under the assumption of a unique
ground state, CF'Ts naturally describe gapless spin chains satisfying LSM constraints, since
any scale-invariant, (141)d QFT is necessarily a CEFT, under mild assumptions [160, 120, 25,
108]. Indeed, in some recent numerical simulation work it was observed that entire stable,
gapless phases of translation-invariant spin chains, subject to LSM constraints with on-site
Zyn X Zy symmetries, are effectively described by theories within the conformal manifolds of
N —1 compact bosons for N = 2,3 [4]. It was argued in Ref. [4] that a similar compact boson
description should be valid for arbitrary, odd N. Further, the authors of Ref. [4] suggest that
the central charge ¢ = N — 1 of the compact boson theories may be the minimum necessary
to accommodate the LSM anomaly when the only microscopically-imposed symmetry is Z3;,

assuming that the Zi..,s is realized as Zy in the low energy global symmetry group Gig. As
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noted by Ref. [37], which also contains some discussion of the LSM anomalies studied in
this work, if one imposes instead a larger PSU(N) internal symmetry, which is apparently
emergent in a subset of the models studied by Ref. [4], then this minimum central charge is
indeed ¢ = N — 1 by the Sugawara construction [52]. However, as we will point out, there are
trivial counterexamples to this bound when the minimum symmetry imposed at low energy
is Z3; and N is a product of coprime integers. Nonetheless, with a suitable quantitative
modification to the possible central charge bound in these cases, there persists the difficult
problem of determining whether non-trivial counterexamples exist. Thus, one of the goals of
this work will be to look for bootstrap signatures of potential theories with a lower central

charge that could have the LSM anomalies.

One possible explanation for the lack of counterexamples to the suggested central charge
bound is that the space of (1+1)d CFTs with ¢ > 1 remains largely uncharted territory.
Unlike for ¢ < 1, where all unitary theories are known [13, 68], most explicit constructions
of compact, unitary CFTs with ¢ > 1 are rational CFTs [107] (RCFTs) with enhanced sym-
metry or coupled free bosons. Resurrecting ideas used originally to exactly solve many of
the known examples of (14+1)d CFTs, in the past several years it was realized that instead
of attempting full solutions of specific CFTs, a still powerful and more tractable goal is to
attempt to rule out, using numerical optimization techniques such as linear or semidefinite
programming, certain regions in the space of all possible CFTs [124, 60, 118]—this repre-
sents the modern, numerical conformal bootstrap program. This is possible due to unitarity
and other more stringent mathematical consistency requirements inherent to CFTs. In gen-
eral dimensions, the main consistency requirement is the crossing symmetry of four-point
functions. Within numerical bootstrap, one can attempt to show that certain assumptions
about the spectrum of a CFT can lead to incompatibility with crossing symmetry. This
approach, termed correlator bootstrap, has had much success, and in some cases has gone
so far as to produce numerical solutions to certain theories, as has been done in the case of
the 3d Ising CFT [60, 61, 132]. These advances have especially been made possible following

the introduction of specialized semidefinite programming packages for conformal bootstrap
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applications such as SDPB [131].

In the setting of (141)d CFTs, the possible constraints on the CFT data are more pow-
erful than in d > 2 due to the correspondence between the local primary operator spectrum
and the decomposition of the torus partition function into Virasoro characters, which is sub-
ject to modular invariance. Both analytically and numerically, it was shown that imposing
modular invariance of the partition function gives generic bounds on the operator content
of a unitary, compact, bosonic (1+1)d CFT, guaranteeing, for instance, an upper bound on
the scaling dimension of the lightest primary field for any CFT [85, 44]. This should be
contrasted with correlator bootstrap, where to obtain any bounds one must typically make
an additional assumption that the theory possesses some fields with a particular scaling di-
mension !. This approach, termed modular bootstrap, has also been generalized to bosonic,
(141)d CFTs with anomalous and non-anomalous Zy global symmetries by imposing mod-
ular covariance of the torus partition function twisted by symmetry defects [99, 100], as we
mentioned. Additional progress in a similar vein has been made for fermionic CFTs with
non-anomalous and anomalous global symmetries [17, 80, 79], but in this work we will focus

on bosonic theories.

The Zy anomalies studied in previous modular bootstrap works are characterized by
anomalous spin selection rules for so-called defect operators hosted at the end of topological
defect lines (TDLs) implementing the Zy symmetry [30]. These spin constraints lead to
stronger unitarity bounds on the scaling dimensions for such operators. From these inputs
emerges the general result that anomalous Zy symmetries are necessarily accompanied by
charged degrees of freedom at low energy. Further, the bounds on Zy-symmetric opera-

tors depend strongly on the anomaly. However, more complicated symmetry groups may

! Actually, in general dimensions d + 1 > 2 there are ways to put universal bounds on the local operator
spectrum. Most generally, every unitary CFT possesses a conserved stress tensor, so it may be used as an
external field in correlator bootstrap calculations and the content of its OPE with itself may be studied,
leading to universal bounds on the lightest operator [55]. However, it is not possible to obtain universal
bounds in this way that are refined by discrete, internal symmetries since the stress tensor does not interact
non-trivially with such symmetries. For continuous internal symmetries, a similar approach may be used
to obtain universal bounds by using the conserved currents of the symmetry [56].
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have more complicated anomalies with more subtle signatures, ones that even do not in-
clude anomalous defect spin-selection rules. A Z3; symmetry with the aforementioned LSM
anomaly is one case where this scenario can occur. As already alluded to, the main dis-
tinguishing signature of the LSM anomaly is that symmetry defect operators of one Zy
subgroup transform in a projective representation of the remaining Z3; subgroup. Crucially,
when N is odd, this is essentially the only signature of the LSM anomaly; in these cases,
there are no non-trivial defect spin selection rules, so modular bootstrap by itself is insensi-
tive to the LSM anomaly and, thus, cannot give a bound on charged operators. On the other
hand, our approach gives rather tight bounds on charged operators at low central charge and

uncovers various intriguing kinks.

To incorporate the LSM anomalies into bootstrap, we augment modular bootstrap by
incorporating certain bounds coming from correlator bootstrap. Our approach exploits the
constraining power of both crossing symmetry of defect operators and modular covariance
of the twisted partition function as follows. Suppose we are trying to rule out some gap
in the spectrum of scaling dimensions of local operators for CFTs with a particular central
charge. In the case of the Zy modular bootstrap, the presence of an anomaly sets universal
lower bounds on the scaling dimension of any Zy symmetry defect operator; for the LSM
anomaly, we derive a non-universal lower bound that depends on the assumed gap in the local
operator spectrum and, in some cases, the central charge. The reason for this lower bound
is that taking the operator product expansion (OPE) of light defect operators can produce
light local operators; precisely how light the defect operators can be without necessarily
producing a local operator whose scaling dimension violates the assumed gap in the local
operator spectrum is quantified using correlator bootstrap. Additionally, in some cases the
gaps in the spectrum of local and defect operators further lead to a lower bound on the
central charge. This provides yet another route to improve our lower bound on the scaling
dimension of the lightest defect operator, since the lower bound on the central charge must
not be higher than the assumed central charge. On the other hand, for modular covariance of

the twisted partition function to be obeyed, the lightest local operator and the lightest defect
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operator typically cannot both be too heavy; in particular, if the gap in the spectrum of local
operators is large—for instance, a gap that we are trying to rule out—there often exists an
upper bound on the gap in the spectrum of defect operators. This reasoning applies even
when the gap among local operators is assumed to exist only in the charged sector, or only
in the neutral sector. Modular bootstrap thus has the potential to rule out the combined
gaps in the local and defect operator spectra, where the latter gap is implied by the former,
leading to a contradiction and allowing us to rule out the assumed gap in the local operator
spectrum.

Our main results, shown in Figures 2.1 and 2.2, are upper bounds, as a function of
central charge ¢, on the lightest local operators with various symmetry properties for CFT's
saturating the Z3; LSM anomaly for N = 2,3,4,5,6. These bounds can be thought of as a
refinement of the more qualitative LSM-type theorems, which only exclude a non-degenerate
gapped ground state. Our results, by contrast, state that, for CFTs saturating the LSM
anomalies, not only must there exist charged states with energies O(1/L) (in a ring geometry
with periodic boundary conditions with L the circumference and under the assumption of
a unique ground state), but there is also a precise upper bound ~ A(c)/L on the energy
of such states when the lattice model is described at low energy by a CFT with central
charge c. There are various additional microscopic realizations of lattice models that can be
described by the kinds of CFTs we put bounds on. These include certain multicritcal points
of (141)d symmetry protected topological (SPT) phases and edge theories of certain (2+1)d
SPT phases.

2.1.3 Organization

The structure of the remainder of this chapter is as follows. In section II we will present
our universal bootstrap bounds on the local operator spectrum of (14+1)d CFTs with the
73, LSM anomalies for various N, and further discuss the implications of our bounds to
the theory of multicritical points of SPT phase transitions. In section III we will provide

technical background regarding symmetries and anomalies in (1+1)d CFT, including details
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about the TDL formalism and how the LSM anomalies manifest within it. Then in section IV
we will explain aspects of our numerical bootstrap approach and additionally present some
of the other numerical bounds (Figures 2.9 and 2.10) that went into our final calculations.
Finally, in section V we will make closing remarks and discuss potential future avenues for
research. We provide additionally an appendix with details about our modular bootstrap

calculations.
2.2 DMain Results

Here we present our main results, which include universal numerical bootstrap bounds on the
local primary operator spectrum of unitary, compact (141)d CFTs with a Z3; symmetry and
LSM anomaly. We further discuss an application of our numerical bounds to the theory of
phase transitions between symmetry protected topological (SPT) phases. The precise details
of the LSM anomaly and its implications on the structure of the theories that saturate it will
be discussed later. We do not study theories with ¢ < 1 since it is known that the unitary
models cannot possess the kinds of symmetries, let alone anomalies, that we study in this
work [128].

We obtain three types of numerical bounds, each of which will be an upper bound on the
scaling dimension of the lightest scalar primary field transforming in some representation of
Z3;. The three possibilities we consider for the representations of operators are the trivial
representation, any non-trivial representation, or any representation. The first two cases
then are upper bounds on the scaling dimension of the lightest symmetric or charged scalar
local primary, respectively, and the last case represents an upper bound on the lightest local,
scalar operator. We only present bounds on the lightest Z3-symmetric operator for N = 2, 3,
since for larger N the bounds converge very slowly, and the improvements introduced in this
work do not improve our ability to guarantee relevant, symmetric, scalar operators.

Before discussing our bounds, we mention that examples of CFTs with the properties
necessary for our bootstrap bounds to apply have been discussed, with emphasis on their

LSM anomalies, in Ref. [4]. As mentioned, the main class of examples for theories with
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Figure 2.1: Upper bounds on the scaling dimension of the lightest Z3-symmetric scalar
operator in a theory with the LSM anomaly, as a function of central charge, for N = 2, 3.
The shaded region in each plot is thus the allowed region for the lightest symmetric, scalar
operator. In obtaining these bounds, we did not make use of the additional improvements
to standard modular bootstrap with global symmetry that we introduce in this work. The
bounds were computed with A™°? = 25 and Smd = 50 (see Section IV for implementation
details).

the Z3 LSM anomalies may be found within the conformal manifolds of N — 1 compact
bosons with certain symmetry constraints. However, we also remark that it is possible to
find examples of theories with these LSM anomalies with lower central charge than what
is suggested in Ref. [4]. When N = [[,n; with n; all coprime integers, CFTs with the
N =], n; LSM anomaly can be constructed by taking the tensor product of theories with
the LSM anomaly corresponding to each n;. The reason for this is that in this situation
Zy = D, Z,,. It can be checked straightforwardly that projective representations of Z%
can be decomposed into tensor products of the projective representations of Zii and further
that the other properties implied by the LSM anomaly corresponding to N, such as the spin
selection rules of defect operators (see section IIT and Table 2.1), are the same. Using, for
instance, the WZW models su(n;);, we can thus construct theories with the N = [[. n; LSM

anomaly that have central charge c =) .(n; — 1) < N — 1.
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2.2.1 Universal bounds on lightest Z3;-symmetric scalar

Here we discuss our bounds on the lightest Z3-symmetric scalar operator for N = 2, 3, which
are shown in Figure 2.1. Bounds on symmetric, scalar operators are interesting primarily to
determine whether theories whose central charge is within a certain range cannot describe
stable gapless phases where the microscopically-imposed symmetry is Z3,. In the presence
of such a symmetry-preserving relevant operator, an RG flow may be triggered to a nearby
phase with the same symmetry, but due to the anomaly this flow will generally lead either to
a phase where the symmetry is spontaneously broken, or perhaps the flow will end at a non-
trivial CF'T fixed point. In either case, the initial CF'T is thus unstable. The calculations
performed in this section involve only the standard modular bootstrap setup with global
symmetries and Zy anomalies of Refs. [99, 100], with slight modification to include the
larger symmetry group. It turns out that our improvements to this setup, which we use in
the remainder of our calculations, do not lead to an enlargement of the range of values of
central charge where a relevant symmetric scalar is guaranteed. This trend continues for
larger N, where our methods do not lead to any non-trivial range of values of the central

charge for which a relevant, Z3-symmetric operator is guaranteed.

N =2

For N = 2, modular bootstrap is somewhat sensitive to the LSM anomaly since it sees that
one of the Zy TDLs is anomalous (see i.e. Table 2.1). Our bound leads to a range of values
of central charge such that any theory in the range with the N = 2 LSM anomaly must

contain a relevant, Z3-symmetric scalar operator. The range is approximately

1 << 3.5565

Our bound is saturated at ¢ = 1 by su(2);, whose lightest operator symmetric under Z3 is

exactly marginal with A = 2.
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N =3

In this case, we see that any CFT with a non-anomalous Z3 symmetry (or, equivalently
for the calculations presented here, a Z3 symmetry with the LSM anomaly) must have a
relevant symmetric scalar if its central charge is ¢ < 2. The WZW model su(3); nearly
saturates our bound at ¢ = 2, whose lightest operator Z3-symmetric is exactly marginal. In
Ref. [100], it was shown also that when ¢ < 2 a Zs-symmetric, relevant, scalar operator
must be present. The analogous bounds for Z3 cannot be stronger than this bound, since
imposing more symmetry can only make it harder for a given operator to remain symmetric,
so it is interesting that our Z3 bound is still powerful enough to guarantee relevant operators

in this range of central charge.

2.2.2  Universal bounds on lightest Z3;-charged scalar

We now discuss our bounds on the lightest Z3; charged operator, which are shown in Figure
2.2. We define a Z3-charged operator as a local operator transforming in any non-trivial
representation of Z3,. For odd, prime N, this choice loses no generality since all non-trivial
representations are equivalent in the sense that they are related by outer automorphisms,
i.e. a relabeling of the group elements. This relabeling is allowed since each Zy TDL for
a given N has the same spin-selection rule (see section III and Appendix A). For even N,
there are different classes of representations, so in principle more refined bounds could be
obtained by bounding the lightest operator in each class separately but, for simplicity, we

will not present such bounds.

N =2

Our N = 2 bound does not contain many features. The known theories with minimal central
charge and the N = 2 LSM anomaly are the ¢ = 1 compact boson theories on the circle

branch. The theory that maximizes the gap in the Z3-charged operator spectrum is the

1

WZW model su(2);, whose lightest charged, scalar operator has scaling dimension A = 3.
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N =3

Our bound on the lightest charged operator for N = 3 has various interesting features. First
of all, the bound approaches A = 0 as ¢ — 1, which is in agreement with the analytical
analysis of ¢ = 1 theories that no such theory can have the LSM anomaly for N = 3. This is
quite striking in modular bootstrap calculations, which typically are not quite so strong, and
is a feature shared by our bounds for other choices of N > 2. The most obvious feature is
that the su(3); WZW CFT, which is the principal example of a WZW CFT with the N = 3
LSM anomaly, sits at a prominent kink of our upper bound. The su(3); theory has ¢ = 2

and its lightest charged scalar has scaling dimension A = %

We stress that in this case, since N is odd, modular bootstrap alone does not give a
bound at all on the lightest charged operator since all Z3 subgroups, in this case, have no Zg

anomaly.

N =4

This bound displays a few kink-like features at low values of the central charge that we
cannot, at present, explain. The ¢ = 3 compact boson theories are the only theories we know
of with the N = 4 LSM anomaly, among which is the WZW model su(4);. It is expected
that su(4); maximizes the scalar gap among the toroidal compactification CFTs at ¢ = 3
3, 10] (Maximizing the scalar gap in the moduli space of such theories at generic integral
c is a difficult problem. See additionally Ref. [16] for interesting work related to this.).
However, the question of which CF'T absolutely maximizes the scalar gap at ¢ = 3 remains
an interesting puzzle; the universal upper bound on the scalar gap calculated in Ref. [44] is
not saturated by su(4); at ¢ = 3. Consequently, we do not know whether there is any ¢ = 3
theory that saturates our even larger upper bound on the lightest Z3 charged operator for

theories with the N = 4 LSM anomaly.
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N =5

This bound is similar to the bound for N = 3 since again modular bootstrap alone gives no
bound. Below ¢ = 4, which is the minimal central charge we know of where theories with
the N =5 LSM anomaly are known to exist, we see two features that resemble kinks. The
first occurs at ¢ & 2 and is somewhat soft. Our upper bound at ¢ = 2 is approximately
equal to A = 0.462. At this time we are not aware of any evidence to suggest that this
corresponds to an actual theory, so it will be interesting to study this feature in future work.
The second kink is more sharply defined and is somewhat more intriguing. The location of
this kink, according to our plot in Figure 2.2 which was computed with derivative orders
Amed = Acor — 95 (for an explanation of the parameters describing our computational setup,
see section IV), is almost exactly at ¢ = 1—;, where our upper bound is equal to A = 0.8006.
This puts the WZW model (gs); essentially right at the location of this kink. However, as
we discuss in the next subsection, we were able to rule out (gs); from having the N = 5 LSM
anomaly with a more intensive calculation, so the origin of this kink remains a mystery.

At ¢ = 4, the WZW CFT su(5); is well within the allowed region, but as was the case
with N = 4 we are not sure of a systematic way to maximize the scalar gap among the ¢ = 4
compact boson theories, subject to the appropriate symmetry requirements, let alone among
all CFTs, to see whether ultimately our bound is saturated by an actual CFT. Using the
formalism developed in Refs. [57, 10] seems like a promising approach, but we leave this

interesting exercise to future work.

N =6

This bound resembles closely our bound for N = 4, where we see some unexplained features at
relatively low central charge. This is the first case where N is a product of coprime integers,
so we can realize theories with the N = 6 LSM anomaly by taking the tensor product
of any N = 2 theory with a N = 3 theory. Thus, using our currently known examples,

we can produce theories with central charge equal to either ¢ = 3 or ¢ = 5 by taking
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the corresponding number of compact bosons and imposing the appropriate symmetries.
Examples of WZW models (or tensor products thereof) in this category include su(2); ®su(3),
and su(6);. Our analysis here is limited again by the issues we mentioned for N = 4,5, and

the WZW models we mentioned are even farther from achieving saturation with our bounds.

2.2.3 Universal bounds on lightest local scalar

As we are especially interested in finding numerical evidence for CFTs with the Z3, LSM
anomaly with ¢ < N —1 for odd N, to which the suggested lower bound in Ref. [4] applies, we
additionally obtain bounds on the lightest local operator transforming in any representation
of Z3;. This is the strongest gap assumption we can make, while still being universal, and
thus gives, numerically, the strongest bounds. We thus expect any features corresponding
to actual theories to have the most clarity within these bounds. To obtain these bounds,
we incorporate the correlator bootstrap lower bounds on central charge from Figure 2.10
in addition to the bounds on scaling dimension from Figure 2.9. This leads to a notable
improvement of our bounds at relatively low central charge; we note that the stronger gap
assumption within modular bootstrap alone did not lead to a significant difference in the

resulting bounds.

N =3

As expected, the theory su(3); continues to lie at the ¢ = 2 kink of this bound, which is
sharpened further by the stronger assumptions placed on the operator content. Interestingly,
at ¢ ~ 1.7 it appears that another feature emerges. However, this feature does not take a
sharper shape upon using more derivatives in the linear functional within modular bootstrap,
as our bounds are very close to saturation in this range of central charge. The question of
whether or not this feature is due to an actual CFT is left open. Above ¢ = 2, our bound

converges to the bound on the lightest scalar operator in any CFT obtained in Ref. [44].



21

N =5

The feature present at ¢ ~ 2 in the bound on the lightest charged scalar did not survive the
stronger assumptions used to obtain this bound. Thus, if that feature is due to an operator
in an actual CFT with the N =5 LSM anomaly, this operator would have to be symmetric
under the Z2 symmetry that carries the anomaly.

Similarly to the N = 3 case, the stronger assumptions used to obtain this bound sharpen
the kink near ¢ = 2.8 and, for the size of the functional used in making the N = 5 plot of
Figure 2.2, the theory (g2); is not yet ruled out. However, we also did a calculation where we
improved some of our parameters to A™°¢ = 41 and S™°d = 80. Our bound at A™°¢ = 25 is
very close to saturation in this range of central charge, but nonetheless we obtained an upper
bound of A = 0.79990 at ¢ = 2.8, thus ruling out (g2);. Studying this kink further is an
interesting task we leave to future work. Even though we have not yet exactly pinned down
the location of the kink, it seems a strong possibility that, in this case, we have uncovered

evidence for a non-trivial example of some theory with the N = 5 LSM anomaly that has

c < 4.

2.2.4  Application to multicritical points of (1+1)d symmetry protected topological phases

Symmetry protected topological (SPT) phases are a special class of gapped Hamiltonians
with a global symmetry G. When placed on a manifold without boundary, SPT phases
possess a unique, G-symmetric ground state that cannot be connected to a trivial product
state by applying a finite depth local unitary circuit (FDLUC), where the local unitaries in
the circuit individually preserve the global symmetry [32]. In one spatial dimension, SPT
phases protected by a symmetry group G are classified by the group cohomology group
H?(G,U(1)). The group cohomology group encodes the algebraic structure of the phases
under stacking, which is determined by its group multiplication [31]. Further, the class
la] € H*(G,U(1)) labelling each phase determines the projective representation carried at

each boundary endpoint when a Hamiltonian in a non-trivial SP'T phase is placed on a lattice
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with a boundary.

An interesting area of study is that of the nature of second-order phase transitions between
SPTs [143, 141, 146, 142]. It has been argued by Bultinck [24] that for any SPT phase
[a] satisfying the property that two copies of it is in the trivial SPT phase, i.e. [a]?> =
[1], any critical point describing a second-order phase transition between [1] and [«] will
have an emergent Z, symmetry having a mixed anomaly with the internal symmetry G
of the neighboring SPT phases. The mixed anomaly is given by a type-III cocycle w €
HY(Zo, H*(G,U(1))) C H*(Zy x G,U(1)), which has the interpretation, in CFT language,
that a defect operator of the emergent Z, symmetry carries a projective representation of G.

We can roughly sketch the argument for the emergent symmetry and anomaly as follows.
A key feature of an SPT Hamiltonian is that there is a FDLUC i/ building its ground state
from a trivial product state. Importantly, a FDLUC preserves the correlation length.

Now, consider a one-parameter path of Hamiltonians that passes through a critical point
separating the phases [1] and [a] where [a]*> = [1]. We assume that this critical point is a
CFT, and we restrict the path of Hamiltonians to lie in the vicinity of the critical point such
that the low energy spectrum everywhere along the path is reproduced by a Hamiltonian of

the form
H(0) = Hepr + 0@ (2.1)

where ® is a perturbation by a relevant operator in the CF'T. We expect this scenario since,
generically, the perturbation ® will open a gap and SPT phases are gapped. Without loss
of generality, we assume that H(d) is in the trivial phase when ¢ < 0 and in the non-trivial
phase when § > 0. Next, note that given any Hamiltonian in the trivial SPT phase H, there
exists a G-symmetric FDLUC U for which H, = U Hyl4 is in the non-trivial SPT phase and,
additionally, has an identical correlation length. It is argued that U becomes a symmetry at
the critical point. At a minimum, we can conclude that U is a Z, symmetry, but in some
cases it is possible to argue for an even larger emergent symmetry at similar critical points

[137, 136]. Thus U (really, the restriction of U to the low energy Hilbert space) must precisely
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be the unitary that changes the sign of the perturbation i.e. YPUT = —®. Further, by the
properties of SPT states, we would expect that upon truncating U to an interval, U would
no longer commute with the global symmetry; instead, the parts of U deep in the bulk would
commute, but the boundary would host a projective representation of G [62]. This should
be reflected in the CFT through the 't Hooft anomaly of the full Zy x G symmetry, which
is captured by a 3-cocycle w € HY(Zy, H*(G,U(1))) C H3(Zy x G,U(1)). In total, at the
critical point U/ is an internal symmetry having a mixed anomaly with GG, and there exists a
relevant operator charged under &/ which drives the transition.

We may now produce a simple generalization of this result to the case of a multicritical
point between SPT phases generated by a phase [a] such that [a]Y = [1]. Such a family
of phases is given, for example, by SPT phases protected by G = Zy x Zy for which
H?*(G,U(1)) = Zy, which is relevant to this work.

In this setting, we may now consider an (N — 1)-parameter family of Hamiltonians
H(by,...;0n-1) = Hopr + Y 6:®; (2.2)

and essentially repeat the argument above with minimal modification. The main difference
between the previous case and this case is that the FDLUC U will cyclically permute the
N different phases leading to a Zy action among the fields that perturb the CFT into the
different SPT phases, i.e. UPUT = ;Ui @ with U N — I. We have presented an illustration
of such a hypothetical critical point in Figure 2.3 for the case N = 3.

The transition to the neighboring SPT phases for such a multicritical point would be
driven by relevant perturbations that are charged under the emergent Zy but preserve the
microscopic Zy X Zy. An interesting class of theories to consider are ones where there are no
relevant operators that are symmetric under the full Z3; symmetry. This is the generic case
that is expected without additional fine-tuning. For N = 3, we see that such critical points,
which do not contain Z3-symmetric relevant operators, must have ¢ > 2 using Figure 2.1. On
the contrary, with a symmetry-preserving relevant perturbation there could be neighboring

phases where U is an exact lattice symmetry (but, generically, it will not necessarily be a
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Zy symmetry). Due to the anomaly, these phases cannot be trivially gapped and therefore

must be SSB or gapless.
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Figure 2.2: Two kinds of universal upper bounds on the scaling dimension of local operators.
For N = 2,...,6, we find an upper bound on the scaling dimension of the lightest charged,
scalar operator, where a charged operator is any operator transforming in a non-trivial
representation of Z3,. For N = 3,5, we additionally obtain a stronger bound on the lightest
local operator, irrespective of its symmetry properties. The shaded regions represent the
allowed regions for the scaling dimensions of such operators in each of the aforementioned
cases. The bounds shown here make full use of our improvements to modular bootstrap with
global symmetries and anomalies and were computed with A™°d = 25 and Sm°d = 50 (see
Section IV for implementation details).
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Figure 2.3: A hypothetical phase diagram where all V of the Zy xZy SPT phases, where each
phase is labeled by its respective class [i] € H*(Zy x Zn,U(1)) = Zy, meet at a multicritical
point (marked in red), illustrated in particular for the case N = 3. The dimension of such
a phase diagram increases with N. We expect the multicritical point to possess a mixed
anomaly of the kind studied in this work, and our numerical bounds restrict the properties
of CFTs that can describe such multicritical points.
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2.3 LSM anomalies on the lattice and in the continuum

The microscopic assumptions leading to the generalized LSM theorem manifest in a CFT
as a particular set of properties possessed by so-called topological defect lines (TDLs) that
implement the symmetries. In this section we first describe the lattice symmetries and
anomalies and their relation to those in the continuum field theory. Then, we discuss the
continuum description of these symmetries and anomalies using the TDL formalism with

emphasis on aspects that enter in bootstrap calculations.

2.3.1 Lattice symmetries and anomaly matching

Consider a local lattice system defined on a spatial ring with L sites and a tensor product
Hilbert space H = ®iL:1 ‘H;, where the Hilbert space at each site is finite-dimensional. We

will consider nearest-neighbor Hamiltonians for such a system of the form
H=> Hn (2.3)

where H, ;11 acts on at most the sites 4,i4+1. The assumption of a nearest-neighbor Hamil-
tonian is generic under the assumptions of spatial locality and finite on-site Hilbert space
dimension, since we may group finitely many sites together for a non-nearest-neighbor Hamil-
tonian while preserving these assumptions to obtain nearest-neighbor interactions.

As already stated, we will be interested in considering Hamiltonians with symmetry
Guv = Z'"s x 7%, We will denote the operator generating unit translations for the system,
in the presence of periodic boundary conditions, by 7', i.e. for any operator O; acting at a
single site i we have TO;TT = O;;,. We will also assume that the internal Z3; is generated

by unitary operators of the following form

L L
Xx=QRx; 2=z
=1 =1

XN=7Z"=1 [X,Z]=0
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The key microscopic assumption leading to the LSM anomaly, together with translation

symmetry, is that
XzZ’L = 627rip/NZiXi. (24)

That is, when the symmetry generators are restricted to a single site they form a projective

representation of Z% characterized by «, € H*(Z%,U(1)) with

2mi 2mi
anta 1) =0 (2 0.) = exp (Boats) (25)

Note that the multiplication in the product g;hs should be viewed as multiplication of real
numbers, not the group multiplication for Zy elements. Of course, all of the aforementioned
symmetry generators commute with the Hamiltonian, but in light of (2.4) the assumed
Z'rans x 7%, group structure further requires L = 0 mod N.

To diagnose the anomaly of the system, we may follow e.g. [138, 63, 159], identifying the
anomaly of our (1+1)d system as being related to a (241)d SPT protected by an internal
symmetry. The idea is to consider the degrees of freedom of our original (1+1)d system as
being built from a stack of (1+1)d SPTs that terminate at each site of our lattice. The (141)d
SPT assigned to each lattice site is determined by the projective representation carried by
each site, which is uniform in our case and given by (2.5).

LSM constraints for translation symmetry in (1+1)d, related to a (1+1)d SPT class such

as a, as previously discussed, are associated with anomaly 3-cocycles of the form [159]

Quv(g, h, k) = exp (i1(9)ay,(h, k)) (2.6)

where o, € H*(Z%,Zy) and 7 € H'(Z,Z) = 7. Note that 7 may be pulled back to a Z
gauge field whose holonomy around all of space measures the number of lattice sites [138].
At low energy, lattice models of this kind may be described by CFTs. CFTs with internal,
discrete symmetry G have anomalies valued in H3(G,U(1)) [32]. As stated, in this work we
consider lattice models that flow to CFTs with minimal internal symmetry G = Z3,, which

comes from the Z lattice translation symmetry becoming an emanant Zy, whose anomaly is
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given by

2mi
wir (g, h, k) = exp (nghzks) : (2.7)

We will refer to wig as an “LSM anomaly” in the remainder of this work, even though as we
emphasized previously its interpretation as an LSM anomaly only truly holds at the lattice
level in reference to mixed anomalies between spatial and internal lattice symmetries.

The remaining task of this section is to show that the assumed symmetry and anomaly
of the CFT is compatible with the anomaly matching constraint of the lattice model. To do
this, we must specify a group homomorphism ~ from the UV to the IR symmetry groups,
and show that the pullback of the IR anomaly cocycle through v reproduces the UV anomaly
cocycle. Denoting an element g € Gyy by g = (91,92, 93) we use the homomorphism = :

trans 2 3
Zhens x 72, 73,

’)/((gl?g27g3)) = (gl mod N7 92a93)'

It is easily seen that Quy = Y*wir since Quy is only sensitive to g € Z"* mod N anyway,
and 7 is merely the map sending such g to its mod N value. Finally, « is surjective onto
the subgroup Z3;, C Gigr, so we conclude that the proposed symmetry and anomaly is able
to match the symmetry and anomaly of the lattice.

We finally remark that there are other emanant symmetries that could match the anomaly
of the lattice. In particular, any cyclic group of the form Z;y with k a positive integer would
suffice, consistent with the mod N periodicity of the translation-twisted boundary conditions.

For simplicity, we will not explore these other possibilities further.

2.83.2  Topological defect lines

To describe discrete, possibly anomalous, 0-form symmetries in (1+1)d we will follow the
TDL formalism as described in Ref. [30], which draws on various earlier works in both physics

and mathematics (see [113, 114, 117, 69, 90, 70] and other references contained therein). In
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this section, we will review the salient features of the TDL formalism for our work, but for
a more detailed account see Ref. [30].

In modern language, symmetries are implemented by topological operators inserted along
subdimensional manifolds of spacetime [73, 30]. Invertible O-form symmetries in (1+1)d are
implemented via TDLs, which are associated with oriented, closed curves labeled by elements
of a group G. The TDLs are topological, in the sense that their support may be moved freely
inside correlation functions so long as the change does not sweep the TDL past a charged
operator. An important feature of TDLs is that they commute with the stress tensor. Thus,
two operators that are related to each other by action by a TDL (illustrated in Fig. 2.6)
must have the same conformal dimensions. The mathematical structure underlying the TDL
formalism is that of a fusion category [65, 30]. In this work we will focus on fusion categories
C = Vecy, [65], i.e. G-graded vector spaces twisted by a 3-cocycle w € H3(G,U(1)), which
describe an anomalous group G symmetry with anomaly w.

Suppose we have a CFT with an internal symmetry G. To each group element g € G, we
associate an extended, oriented topological line operator £, which acts on the primary fields
of the theory. Two TDLs L, and L; supported on topologically equivalent lines may be
fused together to create the line Ly, so the fusion of TDLs obeys the group multiplication
law of GG. For a given TDL L, we will denote its orientation reversal (which corresponds
to the inverse line when L is invertible) by £. We will denote a unitary operator acting on
the Hilbert space H of local operators, i.e. a TDL L, supported on a time slice, by ﬁg, and
we will denote the action of such operators on a field ¢ as ﬁg - ¢. TDLs have more explicit
constructions as well in terms of topological interfaces between a given CF'T and itself, which
may be studied via the folding trick [113, 123].

A given TDL £, may terminate at a point, and at this point will live a defect operator
(145, 114, 30]. Such an operator may be constructed through the operator state mapping,
since quantizing the theory in a cylinder geometry with a boundary condition twisted by
L, is equivalent to the theory in radial quantization with a primary field at the origin

attached to a TDL. The possible £, defect operators, which we will refer to as ¢7, live in
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Figure 2.4: A 3-way junction with junction vector v € Veanigy- The convention for the
junctions is that we label lines oriented pointing outwards from the junction.

the defect Hilbert space H., (sometimes we will refer to the defect Hilbert spaces as twisted

sectors). More generally, multiple TDLs L,,, ..., £,, may terminate at a n-way junction and

g1 -
correspondingly there will be a junction Hilbert space Hr, . r,. . defined similarly. Due to

the fusion properties of the lines, there is an isomorphism between Hp, ~ —and H,

91 7---7['971 :
The junction Hilbert space may contain a state which is proportional to the vacuum of the
bulk theory with conformal dimensions (0, 0), which is unique for the CFTs we consider in

this work. We denote the space of such states in Heg Lo by Vg oLon and refer to it as

the junction vector space. Since the TDLs we consider are all invertible, their fusion does
not involve direct summation so each Vgglm c,, is either one or zero dimensional depending
on whether the TDLs forming the junction fuse to the trivial line or not. Thus, there is a

single junction vector v € V. _ for each junction which keeps track of the overall phase

917"'7‘69
associated with each junction, relative to the bulk vacuum state. In Figure 2.4 we illustrate
a 3-way junction, where the “x” keeps track of the cyclic ordering of the outward-pointing

TDLs.

The effect of 't Hooft anomalies in this context is to extend the possible symmetry rep-
resentations of defect operators to include fractionalized and/or projective representations.
Specifically, we may construct unitary operators /j,g that implement the h symmetry in H,
for any g,h € G. Note that /jg depends also on a choice of junction vectors, but we will
leave that dependence implicit. The TDL configuration defining this unitary is shown in

Figure 2.6, which we call the lasso action. To determine aspects of the symmetry action in
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£h

Figure 2.5: For any configuration of invertible TDLs involving external TDLs g, h, k and
(ghk)™1, there are two ways to resolve the configuration into one involving only 3-way junc-
tions. The two decompositions differ by a 3-cocycle phase w. We leave implicit the depen-
dence of w on the junction vectors appearing in the diagram.

the defect Hilbert spaces, one may perform a sequence of F-moves to compare ﬁiﬁz with

L9, which will be equal up to a phase i.e.
LILE = X2 (h, k) LY. (2.8)

The phases x9(h, k) are related to the slant products of [w], which are topological invariants
of the twisted quantum double Z(Vecg,) of Vecg [53, 151]. Using the TDL formalism, the
slant product takes the form

w(g, h, k)w(h, gh, k)w(h, k, hk)

w(k, h, ghk)w(k, k, ) (2.9)

Xg(h7 k) =

The derivation of (2.9) is shown in Fig. 2.7. For each junction vector v € Vigcntom

performing a change of basis v — (g, h)v for a U(1) rotation by the 2-cochain £(g, h) leads

to a change in w [30]

B(h, k)B(g, hk)
B(g,h)B(gh, k)

One may easily verify that the following quantity [37]

w(g, h, k) = w(g,h, k)

(2.10)

ty(h, k) =

is an invariant of [w]| under an arbitrary change of basis in the junction vector spaces. When

ty(h, k) is non-trivial the symmetry generators do not commute in the defect Hilbert space,
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Order of g € G

N 2 3 4 5 6
lifg=(1,1,1)
0 else
3 0
4 0 0 else
5 0
1if g =(3,3,3) 3 if g; odd
6 0 else 0 0 else

Table 2.1: The values k of Zj; anomalies appearing in (2.11) for elements of the groups
Z3; for theories with the LSM anomaly, i.e. when the full cocycle is given by (2.14). The
columns are organized by the order of the elements g = (g1, g2, g3) € Z3;, and the rows each
correspond to a different choice of N.

signifying a non-trivial projective representation since the symmetry generators commute
when acting on the Hilbert space of local operators. The symmetry properties of defect op-
erators under the full internal symmetry group of the theory can be thought of as topological
invariants, which lead to a finer classification of CFTs enriched by symmetries. For recent

explorations of this idea, see e.g. Ref. [147].

One class of ‘t Hooft anomalies that have been studied in recent modular bootstrap work
involve a single Zy. These so-called type-I anomalies manifest as anomalous spin-selection
rules in the defect Hilbert spaces, which can be directly used as input into the modular
bootstrap [99, 100]. In contrast, we will be mostly interested in type-I11 anomalies [122, 140],
of which the continuum LSM anomaly is a particular case, whose signatures are more subtle,
involving defect operators in the defect Hilbert spaces of one Zy subgroup transforming in

a non-trivial projective representation of the remaining Z3% subgroup.

We will now summarize the consequences of each of these two classes of anomalies on the

operator content of CF'Ts, each of which generally appears in the theories we consider.
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ﬁz.og
Ly,
Figure 2.6: In each defect Hilbert space H, the unitary ﬁz implementing the action of an
element h € G can be defined by wrapping an A-TDL counter-clockwise around a defect
operator Y inserted at the origin (in radial quantization) and collapsing the loop down to a
point, as shown. This defines the action £ |O9) on states in H,. We will take U-O = UQUT
to mean conjugation of @ by the unitary U. One can also perform an F-move on this
configuration to obtain a different convention for resolving the symmetry action, which would

differ possibly from this one by a phase for invertible TDLs. Note that if g is the trivial line
this reduces to the usual way that symmetry acts on local operators.

Type-1 anomalies

In the case that G has a Zj; subgroup, the subgroup may have a Zj; or “type-I” anomaly

[122]. In particular, the restriction of the full cocycle, which encodes the full anomaly of G,
to this subgroup may be cohomologous to [122]
ka

w(a,b,c) = exp QWZW (b+c—[b+c|m) (2.11)

where a,b, ¢ € Zy; and [k] € Zy = H3*(Zyr, U(1)) labels the anomaly. Note that [a + by =

a-+b mod M. The main signature of a TDL L, generating a Z); symmetry with anomaly

[k] is that that the defect Hilbert space H, will contain states whose spins are in [30]
s€k/M*+7Z/M (2.12)

Non-zero k thus corresponds to an anomalous spin selection rule for the defect operators.

We will refer to a TDL generating a Zj; subgroup as non-anomalous if £ = 0 and anomalous
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Ls, Lr Ly, Ly,
w(h, gh, k)

ﬁh ﬁk; ﬁh ﬁk:

Ly, Ly, Lt
\{ (g, K)o, g, K)o, b, )
— w(hj(i; ’Z):](i)h k) = w(k, h, ghk)w(k,k, h)
/}\\ x9(h,k)
Ly Lr Lk

Figure 2.7: The graphical derivation of the slant product formula for x9(h, k). This diagram
should be considered as part of a larger diagram in which the £, and £, TDLs are connected
and each encircle a defect operator OY, as in the lasso diagram of Fig. 2.6. The final step in
the derivation involves the phase factor associated with shrinking the bubble of the composite
line L£g,. This factor is determined by using the single bubble to create a second identical
bubble using a sequence of F-moves, which allows the phase associated with a single bubble
to be determined.

otherwise. The anomaly forces the minimum possible scaling dimension for a defect operator

on such a TDL to be A = m1n(1|\§|2, "“;ﬁ‘) as opposed to A = 0 for a non-anomalous TDL.

A Z,; anomaly can be detected by, for instance, studying the torus partition function of
the theory twisted by symmetry defects and imposing covariance of the partition function
under the modular S transformation, see e.g Refs. [99, 100]. To deduce the spin selection
rule of a TDL £, with g generating a Z,; subgroup, given any 3-cocycle w, we can use the

formula

e2miMs — H wlg™, ¢", 9) (2.13)

given in Ref. [127] and solve for the allowed values of s. The Zj; anomalies possessed by

theories with the LSM anomalies that we study are listed in Table 2.1.
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Type-11I anomalies

The LSM anomalies (2.7) we consider, reproduced below for convenience with p = 1 and

henceforth referred to as w,

2mi
w(g, h, k) = exXp (ngthg) (214)

are examples of “type-III" anomalies. The signature of this anomaly in CFT is that defect
operators of one Zy subgroup transform in a projective representation of the remaining
Zyn X Zy subgroup.

More specifically, let g1, go, and g3 be the generators of the three Zy subgroups in Z3;.
Let us now consider a defect operator that lives at the end of a TDL L, . One can show
using x7'(gz, g3) that, in the presence of L,,, the TDLs £,, and L, no longer commute when
the Z3, symmetry has the anomaly (2.14). For illustrative purposes, the unitaries /jg; and

L9 may be taken to satisfy
Agr p mi/N pgi p
Loplyy = @mNLGLY, (2.15)

(i.e. X' (ga, g3) = €>™/N) meaning gy, g3 are realized projectively. Thus, the entire g; defect
Hilbert space decomposes as a direct sum of such projective representations since the choice
of defect operator is arbitrary.

A convenient basis for such Zy X Zy projective representations is the clock and shift
basis. In this basis, g; is diagonalized so that states in H,, carry definite g, charge. Then, g3
acts as a shift operator which increases g, charge by one modulo N. That is, we can choose

primary fields ¢f', ..., ¢%_; in H,,, all with identical conformal dimensions, such that

ﬁg; . ¢{;1 _ e27riI/N¢§1 (216)
J T (2.17)

From this, we see that given a single primary field in H, we can infer the existence of
N — 1 more fields of the same conformal dimensions. Additionally, since a unitary CFT

has a well-defined Hermitian conjugate, when g, # gy there also must exist N more fields
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living in H o Thus, we see that a feature of theories with the Z3 LSM anomaly is that the
degeneracy of Virasoro defect primary fields with fixed conformal dimensions is a multiple

of N when the defect corresponds to an order N element of G.

2.3.8  Gauging non-anomalous TDLs

A CFT with G = Z3; and the LSM anomaly described above contains various non-anomalous
TDLs which, consequently, may be gauged (in CFT terminology, orbifolded). For the parts
of our calculations involving correlation functions of defect operators, it will be somewhat
simpler to view things from the point of view of the gauged theory since, from this perspective,
many of the technicalities one needs to be aware of when working with defect operators can
be avoided 2.

Let H = Zy be such a non-anomalous Zy subgroup. Given some CFT Tisy with the
LSM anomaly, when we gauge H we end up with a new theory Tisy = Tisum /H, which
generally will have a different spectrum of local operators. The gauging procedure amounts
to first throwing away all local operators that are charged under H, leaving only the H-
invariant operators. This theory, keeping just symmetric local operators, will generically not
be modular-invariant, so in addition to the H-invariant local operators we must also bring
down H-invariant defect operators from the H-twisted sectors [144, 145, 135, 20]. Due to
the spin-charge relation for defect operators [99, 100], this amounts to adding all integer
spin defect operators from the H-twisted sectors. Since H*(Zy,U(1)) is trivial, we do not
additionally need to specify a discrete torsion class as another ingredient to this gauging
procedure [144, 145].

When a set of TDLs is gauged, the gauged theory will, in general, possess a different set
of TDLs from the ungauged theory. We may conclude various facts about the TDLs of Tigum
with the help of some results contained, for instance, in Ref. [20] and also Ref. [139]. The

key thing to note is that local operators must transform in linear representations, but, at

2We thank Sahand Seifnashri and especially Shu-Heng Shao for helpful conversations and suggestions
related to the content in this section.
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first sight, the defect operators coming from 7i,sym, which are promoted to local operators of
Tism, transform in projective representations of the G /H = 73, symmetry. Thus, to restore
a linear representation of this symmetry in Trgy, the projective phases x9(h, k) for g € H,
h,k € G/H are promoted into central elements of the symmetry group G of Tisum, S0 we can

identify G as a central extension of G /H by H with presentation
{a,b,cla™ N, N aba b e aca e beb e ). (2.18)

In 7'LSM, the operators transforming in one-dimensional irreducible representations (irreps)
of G were local operators in Tigu, and operators transforming in higher dimensional irreps
were defect operators of Tisu.

When N is prime, the groups with presentation given by (2.18) are known as Heisenberg
groups He(3,Zy). When N = 2, we can also identify He(3,Z3) = Dg where Dy is the square
dihedral group. This particular case of gauging was studied in a rather different context in
Ref. [72]. When N is not prime, the representation theory of the groups that we might
still call He(3,Zy) differs from the prime case. In mathematics literature such groups have
a different naming convention, but we will still refer to groups with presentation (2.18) as
He(3, N).

We imported information about the representation theory of the groups He(3, N) with
the help of GAP [75]. For each N we consider, the information about the corresponding
group is contained in the SmallGroups library. The SmallGroups identification numbers for
the groups are (8,3), (27,3), (64,18), (125,3), and (216,77) for N = 2,...,6. We will label

representations of He(3, N) by R, where n is the index of the representation in GAP.

2.3.4 Comments on correlation functions of defect operators

The OPE is a mapping between two separated local fields ¢,, ¢, and linear combinations of

local fields at a single point, schematically expressed as

Pa X P ~ Z Agaiy0O
o
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where the (possibly complex) numbers A, 4 5 are called the OPE coefficients, and O denotes
the Hermitian conjugate of O.

The OPE can also be taken between defect operators, but it has a slightly different
interpretation, since in general the inputs and outputs of the defect OPE will live in different
defect Hilbert spaces. Again schematically, if we take defect operators living at the ends of
TDLs £, and Ly, their OPE can be written as follows

o4 X ¢Z ~ Z >‘v3¢g@ﬁogh
Ogh

where we use the notation g = ¢~ !. It is important to note that OPE coefficients of defect
operators depend, up to a phase, on a junction vector v. This is because in order to calculate
the OPE coefficient, one constructs a four-point function containing three defect operators
together with a junction vector connecting the TDLs of the defect operators in a configuration
such as that of Figure 2.4, with defect operators added to ends of the TDLs. Further, since
there are three different junction vectors for a given 3-way junction (when the TDLs forming
the junction are all invertible), there is freedom to choose a junction vector when writing
down OPE coefficients. Thus, there is a separate OPE coefficient for each junction vector,
but all choices are related to each other in a fixed way via the cyclic permutation map between
junction vector spaces [30], which results in an overall phase difference. Strictly speaking,
the OPE coefficient for defect operators may also depend on the angle of the TDL leaving
the defect operators, but since we deal only with scalar defect operators, which transform
trivially under rotations, we do not encounter this complication.

In the most general setting, there are a few differences that must be accounted for when
considering correlation functions of defect operators. First of all, the non-local nature of
the defect operators leads, in some cases, certain correlation functions of defect operators
to be multi-valued maps of the positions of the operators in the correlation function. This
is because winding an operator charged under the TDL attached to a defect operator must
involve acting on the charged operator with the TDL. Additionally, defect operators obey

a modified version of crossing symmetry. A correlation function of four defect operators is
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Figure 2.8: A pictorial representation of the four-point functions of defect operators that
we impose crossing symmetry on in our bootstrap calculations. In these configurations,
all the external TDLs are either £, or £,. The internal TDL marked by a double arrow
represents Ly, but when L squares to the trivial line, like when N = 4, we denote it by
an orientation-less TDL such as in the bottom diagram. When N = 2 all diagrams are
equivalent. For general N > 2, only the top and middle diagrams are consistent with the
group multiplication except when N = 4 where the bottom diagram is consistent as well.
Due to the gauging argument, we can neglect the dependence on the junction vectors since
there is a canonical choice that removes the phase w(g, h, k) in our cases, which involve only
external defect operators hosted on a single Zy TDL or its inverse. We could also even
consider these to be correlation functions of local operators, but to emphasize the more
generic scenario we stick to drawing defect operators.

really a six-point function of the defect operators along with two junction vectors, which can
be represented graphically by attaching defect operators to the TDLs in the left-hand side of
the graphical equation in Figure 2.5. Crossing symmetry is then modified since there may be
a phase w(g, h, k) accrued when relating the two OPE channels of the four external operators.
Further, the intermediate operators will live in potentially different defect Hilbert spaces.

For more discussion on correlation functions of defect operators, see also Ref. [29, 89].

Appealing to the gauging argument from the previous subsection, we will now argue
that the version of crossing symmetry obeyed by the scalar defect operators we consider in
this work is identical to certain local operators. Again, let Tr sy be defined as before and

H = Zy be a non-anomalous subgroup of G = Z3,. Consider external defect operators ¢9, 7?,



41

for I = 1..., N, where we take g to generate H. Since scalar defect operators are neutral
under H, upon gauging H they are promoted to local operators in Tigy that, without loss
of generality, can be taken to transform in representations Ry2,1, Ry241 of He(3, N), which
are N-dimensional irreps. Since all operators appearing in OPEs of the defect operators

?,&“‘}1 will also be neutral under H by Zy charge conservation, gauging does not modify
the values of the correlation functions that they generate. In particular, this means that it
must be possible to set the extra phase that could appear in Figure (2.5) equal to 1 since
we can exactly relate the value of the defect operator correlation function to a correlation
function involving only local operators via gauging. Thus, for the purpose of bootstrap, the
crossing equations we generate from viewing the external operators as defect operators in
Tism or local operators in 7~LSM will be identical. We should note, however, that if one wants
to strictly think of everything in terms of defect operators, an analogous statement is that
all the phases w(g, h, k) can be set equal to 1 for the four-point functions we consider, which
only involve TDLs corresponding to elements of H, by a careful choice of junction vectors,
which is done partially in Appendix A of Ref. [30]. We note that, for these reasons, we may
drop all dependence on junction vectors from the diagrams we draw and formulae we write
down. This is reflected in the diagrams representing the four-point functions we consider, as

in figure 2.8.
2.4 Numerical Bootstrap approach

The bounds presented in the main results section are obtained via a new approach that uses
correlator bootstrap bounds as additional input to modular bootstrap, thereby augmenting
the usual procedure to incorporate global symmetries into modular bootstrap. Here we

outline the details of how our bounds are obtained.

2.4.1 Correlator bootstrap with defect operators

We first will show both how the local operator spectrum and central charge of unitary CFT's

with a G = Z3 internal symmetry and LSM anomaly are constrained when there is an
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additional assumption that the theory possesses certain light defect operators hosted on
TDLs of the theory. To obtain central charge bounds, we additionally assume a non-generic
gap, the value of which we scan over, to the scaling dimension of any local operator appearing
in the OPEs of the defect operators.

To do correlator bootstrap, one must first derive the crossing symmetry constraints arising
from all possible four-point functions involving the external operators under consideration.
Deriving these constraints by hand is rather cumbersome. Since we know the bootstrap equa-
tions for the defect operators of interest are equivalent to those of local operators transforming
in N-dimensional irreps of He(3, V), we use the autoboot package by Go and Tachikawa to
generate the semidefinite constraints [78]. autoboot is a tool specially designed for produc-
ing the crossing symmetry constraints for fields transforming in arbitrary global symmetry
representations®. Here we simply summarize the constraints we impose in an abstract form
and list the spectrum assumptions used for semidefinite programming; the constraints them-
selves are generally too unwieldy to report here, but can be made available upon request or
simply obtained via autoboot.

The output of autoboot is a set of vector-matrix-valued functions of the conformal cross-
ratios V}A%’DA’s(I, z) (i.e. vectors whose components are matrices, with the matrix entries being
functions of the conformal cross-ratios), each of which represents the crossing symmetry con-
straint due to external fields with scaling dimension Ap transforming in N-dimensional irreps
of He(3, N) and internal fields transforming in a representation R with scaling dimension A
and spin s. We take the functions Vﬁi’s(x, T) to have components expressed in terms of the
global conformal blocks for (1+1)d CFTs, given by [111, 39]

(—2)~

03.0(0,) = g (hass(0)kao(5) + ks (o)kas(0) (2.19)
where
k() = 2775 Fy (g gﬁx) : (2.20)

3We thank Mocho Go and Yuji Tachikawa for their time in assisting us in setting up autoboot and
finding a bug that prevented our correlator bootstrap calculations from working.
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Each component of the vectors VﬁDA,S(m,f) corresponds roughly to a distinct four-point
function, although the actual implementation in autoboot combines different four-point
functions using certain invariant tensors of the symmetry group. If we denote all distinct
OPE coefficients, where the internal field is Or and where we use I,.J to label different
choices of external fields, by Ajo, (i.e. I labels a pair of fields here), we can compactly

express the crossing symmetry constraints as

DD  Moghos [Vﬁ,DAoR,sOR]k” =0 (2.21)

I.J R O
for each k, indexing the different individual crossing symmetry constraints. Note that the
OPE coefficients in (2.21) can be chosen to be real [78].

We now proceed with the usual bootstrap algorithm: we make some assumptions about
the spectrum of operators of a given theory and see if our assumptions leads to a violation
of (2.21) using semidefinite programming.

To do the semidefinite programming, we will use SDPB [131] to search for a (matrix-
valued) linear functional acting on the space of vector-matrix-valued functions of x,z that
obeys a number of semi-definiteness properties. For our purposes a may be expressed in a
basis of derivatives of the cross ratios evaluated at the crossing-symmetric point z,z = %

ACOI‘

Z Y @OV (e o)t (2.22)

m,n=0 == 1
m—i—n<AC°r 2

where A" is the correlator bootstrap derivative order. The properties we need « to obey will
depend on whether we are obtaining upper bounds on scaling dimensions or lower bounds
on central charge. In the remaining part of this section we explain the constraints on the

linear functional in each of these contexts.

Upper bounds on scaling dimension

In order to obtain upper bounds on the scaling dimension of local operators, we will assume

that there exist some scalar defect operators ¢, (/Bg— which have the lowest scaling dimension,
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Figure 2.9: Upper bounds on the scaling dimension of the lightest Z3; charged, scalar operator
appearing in the OPE of scalar defect operators with scaling dimension Ap living on a non-
anomalous Zy TDL in theories with the LSM anomaly for N = 2,...,6. The bound is
not noticeably changed if the bound is calculated instead for the lightest local operator
transforming in any representation of Z3. For each N we assign different colors. The
matching colored dots indicate, for each N, points corresponding to the scaling dimension of
the lightest Z3-charged local operator appearing in the OPE of the lightest scalar Zy defect
operator living on a non-anomalous Zy TDL for su(V);. The su(N); points for N =2,...,6
are (£,3),(2,2),(3,2),(3,2), and (£, 2). These bounds were computed with A® = 25 and

Seor = d0.

max

equal to Ap, among all defect operators in the defect Hilbert spaces corresponding to non-
anomalous, order N TDLs. Recall that we label irreps of He(3,N) as R; according to
their index in GAP. For the purposes of bootstrap, we may take these defect operators as
transforming in the representation Ry2,1, Ry24; of He(3, N) when N is prime or, when
N = 4,6, transforming in Rs, R54 respectively—all such irreps are N dimensional. For
brevity later, we will denote the set of all N-dimensional irreps by [N]. Taking OPEs of

these defect operators may produce either local operators or defect operators. This can be
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seen in the gauged language by observing first that

N2
Ry241 ® Ryayq = @ R;
i—1

where on the right-hand side all direct summands are one-dimensional irreps. Note that
this is the only possibility for N = 2 since in this case Rj; is a real representation. The one-
dimensional irreps can be viewed as representations of Z3;, and thus we see that the anomaly

forces the OPE of the defect operators to contain Z3-charged operators. For N > 2 we also

have
N prime: Ry2y1 ® Ry2y1 = NRy2yo
20
N=4: Ry ® Ryy = EP 2R
=17
N =6: R54 & R54 = 3R47 D 3R4g D 3R51 D 3R53.

When N is prime, the above tensor products decompose into a direct sum of N copies
of another N dimensional irrep, and when N = 4,6 the decomposition is achieved by a
combination of irreps of dimension N/2. These tensor product decompositions reflect, in
the TDL language, that, for prime N, taking the OPE of identical defect operators living
on a non-anomalous, order N TDL produces defect operators which also live on order NV,
non-anomalous TDLs. Thus, the scaling dimensions of such operators, when they are scalar,
are bounded from below by Ap. For our cases N = 4, 6 this is not the case; instead two such
defect operators create defect operators living on an order N/2 non-anomalous TDL, and
we make no assumption about the spectrum of such operators beyond what is guaranteed
by unitarity.

We now describe how to rule out various assumptions on the scaling dimension of the
lightest operators appearing in the OPE of defect operators with the above listed properties.
For all N we refer to an operator transforming in any non-trivial one-dimensional represen-

tation of He(3, V), which can be interpreted as an operator transforming in a non-trivial
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representation of Z3;, as a charged operator, and refer to an operator transforming in the
trivial representation as a symmetric operator. We will denote the assumed minimum scal-
ing dimensions of any scalar symmetric/charged local operator appearing in the OPE of the
defect operators by ARin Agin respectively. We will use [0] and [@Q] to denote, respectively,
the set of trivial and non-trivial one-dimensional irreps. We will refer to these minimum
scaling dimensions Agﬁn,Agin as the gaps. To attempt to rule out these gaps, we seek a

linear functional « of the form (2.22), satisfying

O‘[VJA%ffo,o] =1
Aanin Rz S [0], s=0
Amin Rl - Q , S = O
VA2, ] =0 vA>{ ¢ Ll

AD R,;E[N],s:O,Nodd

|s] else

where M > 0 for a real, symmetric matrix M means that M is positive semidefinite. It is
necessary to truncate the values of spin for which we impose the above constraints to only
include |s| < S which we choose to be sufficiently large so that our bounds at fixed A"

max>
are stable to an increase in S5 . Upon finding such a linear functional, we would conclude
that the given assumptions are inconsistent with crossing symmetry of the defect operators.
If Apin = 0, we would conclude that Agin is an upper bound on the lightest charged operator
appearing in the OPE of the defect operators. If Af™™ = AB™ = A™" we conclude that
A™1 is an upper bound on the lightest operator of any charge.

Finally, we will denote by A (N, Ap) the optimal, to within some small numerical tol-
erance, upper bound on the scaling dimension of the lightest charged, local, scalar, operator
which appears in the OPE of scalar defect operators transforming in the Ry2,1, Ry241 rep-

resentations of He(3, V) with scaling dimension Ap. These bounds are shown in Figure 2.9.

We note that we found the bounds to remain unchanged upon doing similar calculations with
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Figure 2.10: Lower bounds on central charge for N = 3 (left) and N = 5 (right) as a
function of the scaling dimension of the lightest scalar defect operator living on an order
N non-anomalous TDL in a theory with the LSM anomaly. Each solid curve represents
a different value of the minimum scaling dimension for the lightest scalar, local operator
appearing in the OPE of the external defect operators. For N = 3 we compute the curves
for values where the gap to the minimum value of the scaling dimension for such operators
is A = 0.01,...,0.75 and, for N = 5, A = 0.01,...,1.05, each with spacing 0.01 between
successive values. The darkness of the curve indicates the value of the gap from low to high
with increasing darkness. For N = 3, the computed values of the central charge lower bound
are less than ¢ = 2, and for N = 5 all computed values are less than ¢ = 4, in agreement

with known theories. To obtain these bounds we used A®" = 15 with S = 30.

AG™ = AB™, i.e. the resulting bound is on the lightest local operator. We do not present
bounds on the lightest symmetric operator since our bounds could not guarantee that the
OPE of defect operators must produce a relevant symmetric scalar for any choice of Ap, so

we do not consider such bounds to be particularly interesting.

Lower bounds on central charge

For the central charge bounds, we will assume N is odd and prime since these are the cases
for which we are most interested in refining our bounds.
Every unitary, (1+1)d CFT possesses conserved, spin-2, quasiprimary fields which are

the holomoprhic and anti-holomorphic stress tensor fields 7'(z),7'(z). With the appropriate
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normalization [118], the OPE coefficient of a primary field ¢ with scaling dimension A, its

conjugate, and the stress tensor is given in 1+1d by*

\ __ 2V/dimRA
6T —\/E )
where R is the representation of the internal symmetry group that ¢ transforms in. In the
following we will take dim R = N, applicable to the cases that we consider.
To bound the central charge, we again consider some defect operators ¢, qgg whose scaling

dimension is Ap. We then expand (2.21) as

A A
0= [VRfo,o]k + AZa&ﬁT[VRijQ]k

A
+ Z Z )\](’)RAJOR [VRZOR’SOR]]CIJ (223)

[J R OptT,T
AOR>0

We now act on (2.23) with a linear functional of the form (2.22)
A
O‘[VR1D,2,2] =1

p

Aminif R, e (0] U[Q],s =0

a[Vi2a, = 0 YA > S Apif R € [N], s =0

|s| otherwise
\

Note that here we have assumed that the scaling dimension of any scalar, local operator
appearing in the OPE of the external defect operators has scaling dimension at least A™®,
It is necessary to impose some gap in the spectrum of symmetric, scalar operators in order to
obtain any central charge bounds, since otherwise we would not be able to have O‘[V}Azfo,o] < 0.

Acting with such a functional and rearranging terms allows us to conclude

AN A?
)‘igqﬁT = —=2< _a[VﬁlD,o,o]»

4Note that the extra factor of v/dim R arises due to the definition in autoboot of the OPE coefficient
Appr = Vdim R for an operator ¢ transforming in the representation R of the internal symmetry.
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Figure 2.11: Each square represents a torus, since opposite edges are identified, where we
quantize the theory on horizontal spatial slices. On left is the torus partition with a horizontal
twist, corresponding to acting with symmetry accross one period of imaginary time evolution.
On right is the torus partition function with a vertical twist, corresponding to the partition
function of the theory subject to a L,-twisted boundary condition.

which means, assuming —oz[V]AﬁD’O o] > 0 consistent with a gap A™" not being ruled out,

ANAZ

c> —— = (2.24)
_Oé[VélD,O,O]

Thus, we want to minimize —a[VﬁfQO] consistent with the previously stated constraints to
find the strongest lower bound on ¢, which is again done using SDPB. We will denote our
lower bounds obtained in this way, which are presented in Figure 2.10, by ¢*(N, Ap, A™i).
Central charge bounds in 1+1d CFT have been obtained in other works, e.g. in Ref. [149],
so in order to verify the correctness of our setup, we reproduced some of the central charge

bounds contained therein.

2.4.2  Modular bootstrap
Twisted partition functions

The partition function of a unitary, compact, (1+1)d CFT on a spacetime torus encodes
the spectrum of scaling dimensions and spins of each primary field of the theory. When
the theory has a global, internal symmetry G, we can assign additional quantum numbers
accounting for the particular representations p of G' that states in the Hilbert space of the
theory transform in. The torus partition function (which will be denoted pictorially by an

empty square with opposite edges identified, i.e. either diagram in Figure 2.11 with the
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trivial TDL in place of £,) with modular parameters 7,7 takes the form (when ¢ > 1)

Z(r,7) = Te(q™ s gho~ 1) (2.25)
=SS aln ) (2.26)
hh P
where ¢ = ™7, = e7*™7, x;, 7(7,7) = xa(7)X7(7), and x;, are the Virasoro characters
(1 — q) -1 1 B c=1
XO(T) = q 2 Xh(T) = ——q¢" =
n(7) n(7)

where 7(7) is the Dedekind eta function. Note that to do modular bootstrap calculations, we
use so-called reduced characters, defined by replacing x,(7) — 7/41(q)xx(7). Henceforth,
when we write x,(7) etc. we will always be referring to these reduced Virasoro characters.
In (2.26), nZ’]—L are positive integers equal to the dimension of the irreducible representation
p times its multiplicity within each Verma module for conformal dimensions h,h. The as-
sumption of compactness ensures that there is a unique ground state and a discrete spectrum
when the spatial extent of spacetime is finite. The partition function is constrained to be
invariant under SL(2,Z) modular transformations. Such transformations relate descriptions
of the same tori with different values of the modular parameters and are generated by the

modular S and T transformations
ST ——1/7 T:17—71+1.

Imposing equivalence of the torus partition function under such transformations leads to the

modular invariance constraints
Z(r,7)=Z(=1)7,—1/T)=Z(t+ 1,7+ 1).

We can also use TDLs to construct other partition function-like objects that probe as-
pects of the G' global symmetry, which we will call twisted partition functions. These are
constructed by considering the theory on a spacetime torus in the presence of TDLs wrapped
around the cycles of the torus. When a TDL corresponding to the group element g is wrapped

around a spatial cycle, illustrated in the left diagram within Figure 2.11, this corresponds to
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acting with ﬁg across one period of imaginary time evolution. Specializing to G = Z3;, let
us denote the group elements of Z3; by three-component Zy-valued vectors i.e. g = (i, j, k)
for some i, j, k € Zy. Similarly, let us denote representations of GG, which are all one dimen-
sional, in a similar way but, for differentiation, with square brackets p = [i,j,k|. Then, a

state transforming in a representation p of G transforms under g as
ﬁg p) = e2milp,9) /N )

where (p,g) = @i’ + jj' + kk' for g = (i,7, k), p = [¢/, 7', K']. With this, we may express the

torus paritition function with a horizontal twist as

Z9(1,7) = Try (ﬁquO*i(jﬂ&*i)

=Y D ().

h,h pERep(G)

Likewise, if a g-TDL is wrapped around a cycle in the time direction, illustrated within
Figure 2.11 on the right, then the resulting twisted partition function represents the partition

function of the theory where the trace is taken over the defect Hilbert space H,

Zy(7,7) = Try, (g™ g™ %)

= 5 0 ol 7).
h,h

g

The coefficients of the above twisted partition function n; -

are again positive integers rep-
resenting the degeneracy of each defect operator with conformal dimensions h, h. Of course,
as we explained previously, the states in the defect Hilbert space may be dressed with (frac-
tionalized) global symmetry quantum numbers as well, but this fact will not be important
for our modular bootstrap calculations.

The twisted partition functions are also subject to modular transformation relations.

Covariance under 7T leads to the spin selection rule (2.12) [99, 100, 30]. Since a modular S

transformation swaps the two cycles of the torus it interchanges the space and time directions.
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Thus, we see that

Z9(=1)7,=1)T) = Z,(1,7) (2.27)
Zy(=1/7,=1)7) = Z9(1, 7). (2.28)
The defect Hilbert space spectrum is thus completely determined by the local operators of

the theory and their symmetry representations. Now, we can construct a 2|G|—1 dimensional

vector of twisted partition functions

Z(1,7)
Z9(T,7T)

Zy(T,7)

This allows us to compactly express the modular transformation relations amongst the

twisted partition functions
Z(—1/1,—1/7) = PZ(1,T) (2.29)

where P is a permutation matrix implementing the relations (2.27,2.28) between the com-
ponents of Z.

Borrowing terminology from Refs. [99],[100], Z is currently expressed in the twist basis,
but in order to do bootstrap calculations to obtain bounds which depend on the symmetry
representations it is necessary to write Z in the charge basis, in which positivity is manifest.
This is done by performing a discrete Fourier transformation on the partition functions 29,
leading to partition functions counting the contributions from states transforming in a single

representation p

Z =) —

7

1
6]

Z —2mi(p,g /NZQ(T 7)
G

nf o xn(T) (7).
h,h
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We remind the reader again that the vertically twisted partition functions Z, already have
a decomposition into Virasoro characters with positive coefficients, so no additional change
of basis is needed in those instances. Writing Z(7,7) = CZ(7,7), where Z is the twisted
partition function in the charge basis and C' is a matrix implementing the discrete Fourier

transformation, we see that Z transforms under the modular S transformation as
Z(—1/7,—1/7) = FZ(r,7)

where F = C~1PC.

There is an additional step that we perform that greatly simplifies our calculations, which
is a generalization of the procedure outlined in Ref. [100] for reducing the dimension of the
vector of twisted partition functions Z. Given some group G, each outer automorphism
v € Out(G) will generate a reduced vector partition function where the components consist
of summing over the twisted partition functions, in the twist basis, corresponding to TDLs
which lie in equivalence classes under . The simplest non-trivial example of this is when
v(g9) = g, which pairs each TDL with its orientation reversal, which generates the reduction
employed in Ref. [100]. In general, to lose no generality in the bootstrap calculations, one
finds the largest subgroup of outer automorphisms, which we will denote I' C Out(G), that
does not mix TDLs with different Zy anomalies and performs the reduction with the outer
automorphisms in this subgroup. We will denote the equivalence classes of TDLs that are
related to each other by group automorphisms in I" by [1], ..., [nr]. That is, denoting elements

of G by g,, one finds a reduction matrix

e b ogn€lm) (2.30)

0 else

The full reduction matrix, in the twist basis, is then given by taking two copies of 7,,,,
where each copy reduces the horizontally/vertically twisted partition functions (note that

the copy for the vertically twisted partition functions excludes the redundant first row of r
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representing the untwisted partition function)

(

Tmn 1<m<np,1<n<|G]
— nr+1<m<2npr-—1
R = Tm-npt1)(n[G111) |Gl H12n22Cl1 : (2.31)

0 else
\

Finally, in the charge basis we write R = RC. Then, defining Z,.q = RZ we may write the

simplified modular covariance equation
Zred(_l/Tv _1/77-) = Fredzred(Ta 77_) (232)

where F,oq = RFRT(RRT)~'. We present F.q for the groups Z3, we consider in this work

in Appendix A. Finally, we define the vectors

M 2 (7P = S (—=1/7, =1/7) = [FrealijXni (7, 7). (2.33)
Then the statement of modular covariance of the twisted partition function may be expressed
as

> n My (7,7) = 0. (2.34)
Jh,h

Bounding the local operator spectrum

To put upper bounds on the scaling dimension of local operators, similarly to correlator
bootstrap we aim to show via semidefinite programming that certain assumptions about the
spectrum of local and defect operators in a CFT with some global symmetry and anomaly,
encoded in the twisted partition functions, lead to a violation of (2.34). The new ingredients
to the standard modular bootstrap program with global symmetries that we introduce are
our bounds coming from correlator bootstrap, which allow the more subtle LSM anomaly
to enter our final modular bootstrap calculations. We will explain how those bounds lead
to non-trivial lower bounds on the scaling dimension of the lightest defect operators, under

the assumption of gaps in the spectrum of local operators, and how this can be used to
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generate universal upper bounds on the scaling dimension of the lightest local operators
with various symmetry properties. Incorporating the bounds from correlator bootstrap gives
strictly stronger bounds than modular bootstrap alone, and is essential for finding any bound

at all on the lightest charged operator when N is odd.

We can make stronger assumptions about the defect operator spectrum due to our pre-

viously obtained bounds A*(N, Ap) and ¢*(N, Ap, A™®), for reasons we now explain.

As before, let Af™ and AZ™ denote the assumed lower bounds on the scaling dimension
of any scalar, local operator that is, respectively, symmetric or charged under Z3;. Next

define

ASDCM(ABnin’ Agin)
= min{Ap : A*(N,Ap) > max(AF™", AF™)}.

This represents the minimum scaling dimension of a defect operator living on a non-anomalous,
order N TDL whose OPE does not necessarily contain local operators whose scaling dimen-
sions violate the assumed gaps. Thus, Aigal(Agﬂn, Aré‘in) is a lower bound on the scaling
dimension of any such defect operator. To incorporate the central charge lower bounds,

when AF™ = AB™ = A™* we define

A (A™D o) = min{Ap : ¢*(N, Ap, A™") < ¢}

which represents the minimum defect operator scaling dimension consistent with gaps AJ™, Agi“
and central charge c. Note that, in practice, we can only compute the curves ¢*(N, Ap, A™in)
for a finite list of values { A} for the gap in the local operator spectrum A™™. Consequently,
we perform an interpolation between the central charge curves to achieve the corresponding

curve for values of A™" between some A® and AUV, Given functions f;(Ap), fir1(Ap)
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representing such neighboring curves, we use the interpolation ﬁ,iH(A p) given by

J?i,i+1(AD) = fi}il(AD)

fiira(e) = (1 — x) fiHe) + xfijrll(C)
Amin _ A®)

This has the effect of smoothing out our bounds but introduces a small degree of non-
rigorousness. Our focus in this work is primarily on showing the existence of a bound and
its general, qualitative features, so consequently we do not attempt to quantify the error
introduced in this way. However, we should certainly discuss this effect in relation to our
claim that (gs); is outside the allowed region in our N = 5 bound on the lightest local scalar.
We can safely rule out ¢ = % and A™n = % since the curve ¢*(5, Ap, %) is computed exactly,
up to discretization effects in Ap that should be very small as the curves are quite smooth.

At this point we see that there are two, independent lower bounds on the defect operator
scaling dimension that are consistent with either the gaps AP, Agi“ or the central charge c;

a theory with a defect operator of a lower scaling dimension than the maximum of the two

would thus be inconsistent. Finally we define
ABR(AF™, AR, ¢) = max{AF" A}

and conclude that this is the lowest possible value of the defect operator scaling dimension
consistent with the gaps Af™, AZ™ and c.

The final step is to do a standard modular bootstrap calculation to determine whether
the gaps in the local operator spectrum and the gap in the defect operator spectrum are
inconsistent with modular covariance of the twisted partition function. To do this, we seek
a linear functional, which acts on vector-valued functions of the modular parameters, of the

form

Amod

04[1\/1(7',7_')]:2 > al,,0r0r [M(r, 7)), (2.35)

m,n=0 T=i,7=—1i
m+n§Amod
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where A™°4 is the modular bootstrap derivative order. In our setup, we will allow primary
operators of three different types to enter the spectrum of the theories we consider: the
vacuum primary with A = h = 0, degenerate primaries with either h or h being equal
to 0, and non-degenerate primaries with h,h > 0. For the case of degenerate primaries
and the vacuum, the degenerate Virasoro character of weight 0 enters, while in the non-
degenerate case only the non-degenerate characters enter. Further, we will assume that

J_

Wi = 1 without

the spectrum of the theories we consider is parity invariant, meaning n % N
loss of generality, since the anomalies considered in this work are compatible with such an

assumption [11, 99, 100]. We thus will define

MJA’S(T, T) = Miﬁ(r, 7) + M%h(T, )

where A = h+ h,s = h — h and we assume s > 0. Note that, in this notation, we can
denote the contribution from degenerate Virasoro primaries (including that of the vacuum)
by M (7,7) for s > 0. The linear functional (2.35) that we search for will be constrained

to have the following properties

O‘[M(lJ,o] =1

|s] else, s < Smed ¢ G,

max

max

a[ML]>0 Vs<Smdels;

where we use 5; to denote the spins allowed by the spin selection rule for the local operators,
which are just any integer, and defect operators, given in Table 2.1, for the i** composite
sector. Note that 2n, — 1 is the index denoting the composite defect sector corresponding
to non-anomalous, order N TDLs. Further we denote our spin truncation parameter for our

modular bootstrap calculations by S™od

max *
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Upon finding such a linear functional a, we conclude that the assumed gaps AP and Agi“
are inconsistent with both modular covariance of the twisted partition function and crossing
symmetry of defect operators. When we successfully find a linear functional obeying the
constraints when AP™ = () this represents an upper bound on the lightest charged operator,
and similarly when AT = gin we get a bound on the lightest local operator. Either of
these bounds may be optimized, to within a small numerical tolerance, to obtain the final

bounds, which are shown in Figure 2.2. This concludes our description of our modifications

to the usual modular bootstrap procedure.
2.5 Conclusion

In this work, we take an additional step towards constraining the space of (141)d bosonic
CFTs with finite global symmetries and anomalies. To this end, we incorporate a more
complete picture of the symmetry properties of defect operators into the modular bootstrap,
exploiting the delicate balance between the spectrum of defect operators and local operators.
We make the relationship between the spectra of defect and local operators quantitatively
precise using conformal bootstrap techniques, and in the end obtain universal bounds on the
spectrum of local operators. Our primary result is a generalization of the main results of Refs.
(99, 100] that Zy anomalies imply the presence of light, charged operators in a CET. What we
show is that this statement continues to hold for a class of Z3; anomalies that, in some cases,
do not lead to any non-trivial spin selection rule for certain defect operators. The particular
symmetries and anomalies that we study occur in physically relevant situations such as spin
chains obeying LSM-type constraints, and in somewhat more fine-tuned situations such as
multicritical points of (141)d SPT phases. Of course, our bounds also apply to the gapless
boundary theories of in-cohomology (2+1)d SPT phases protected by Z3; symmetry with
3-cocycle w given by (2.14).

A question that motivated this work is how, if at all, the central charge of a (1+1)d
CFT is bounded from below by its discrete symmetries and anomalies. As far as symmetry

goes, it is known that a CFT with a finite global symmetry whose faithfully realized part
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is a group larger than Zy or S3 must have ¢ > 1[128]. Further, the Sugawara construction
provides a formula for the minimum central charge needed to accommodate continuous global
symmetries, which is generally even larger than ¢ = 1 [52]. Thus, restricting to general finite
symmetries, we are interested in the question of whether any lower bound ¢ > 1 can be

proven when the symmetry is anomalous.

Consequently, another goal of our work was to search for numerical bootstrap evidence
that could test whether certain suggested lower bounds are reasonable. Some of our cal-
culations seem to suggest that existing, proposed bounds are not quantitatively correct.
Specifically, in the case N = 5 that we study, there is a prominent kink in our plot, but
it does not obviously correspond to any known theory. The location of the kink is nearly
coincident with the WZW CFT (g2);, which has central charge ¢ = 14/5, but upon doing
more careful numerics we were able to place this theory outside of the allowed region. Since
bootstrap calculations can only rigorously show what is disallowed, it is difficult to make any
statements about features in the allowed region when they do not appear to correspond to
known theories. In the future, it will be interesting to explore more carefully the region near
this kink to look for other signatures that can explain the kink as an actual theory. We expect
that using a mixed correlator bootstrap setup will especially help in this direction, which
we are actively investigating. More generally, we are hopeful that future analysis, guided by
the evidence provided here, together with additional analytic or numerical calculations, will

produce the types of central charge bounds that we desire.

There are various exciting avenues for future study that we would like to mention. First,
we can consider technical improvements to the calculations that were done in this work.
Among them are, first, using Virasoro conformal blocks for the correlator bootstrap con-
straints; this would quantitatively improve the bounds and is also a way to directly incorpo-
rate the central charge into the correlator bootstrap calculations without needing to assume
a non-generic gap in the spectrum of symmetric local operators. Second, we think it would
be very interesting to consider the problem of bootstrapping correlation functions of defect

operators with fractional spin, which could produce bootstrap bounds on defect operators in
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the most general setting. The aforementioned improvements would open up the possibility of
obtaining current state-of-the-art universal bounds for completely general finite global sym-
metries and anomalies. This seems especially interesting when the symmetry is described by
a fusion category with some non-invertible TDLs. There are countless examples of interest-
ing theories with such non-invertible symmetries, especially in the context of (141)d CFT,
so exploring the space of CFTs with such symmetries using bootstrap is a natural future
direction. This story has been initiated in [101], and we expect more general cases to be
improved by the techniques introduced in this work.

Generalizations of our story to CFTs in higher dimensions seem especially interesting,
albeit seemingly in the absence of a useful analog of modular invariance [14]. Some progress
in this direction has been made already [98], but accounting for the complete picture of
symmetries® and anomalies in higher dimensions within bootstrap remains a challenge. There
is significant condensed matter theory motivation to incorporate anomalies into bootstrap,
since, for instance, it could provide another way to explore the properties of exotic gapless
states (see i.e. [164, 84]).

How might such higher-dimensional generalizations be achieved? In (141)d, there is a
clear relationship between defect operators and local operators since both sets of operators
contribute to the twisted torus partition function, and the OPE of defect operators may
contain local operators. In contrast, defect operators corresponding to 0-form global sym-
metries in dimensions d+1 > 2 are extended objects, given by conformal defects attached to
codimension-1 topological hypersurfaces (for example, in the 3d Ising CFT an example of this
is the disorder operator, sometimes known as the twist defect). Such conformal defects host
localized operators that have reduced conformal symmetry. Perhaps, then, the implications
of anomalies can be reduced to some properties of these operators. There has been much
study of such extended objects using a wide range of techniques [153, 154], including via

conformal field theory techniques and bootstrap [22, 74, 21], so including anomalies into the

>Symmetry in QFT in higher dimensions is an active area of study. See i.e. Refs. [73, 46, 15, 18] for
recent progress.
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story seems like a natural next step. There are, however, some technical issues that seem to
prohibit the most direct generalizations of our work to cases involving extended defects—see
i.e. Ref. [133]. Additionally, as already pointed out in Ref. [99], anomalies of finite 0-form
symmetries in bosonic CFTs in dimensions d+1 > 2 can be saturated by gapped topolog-
ical theories, which have a unique ground state on the spatial sphere. This eliminates the
possibility that such anomalies can lead to refined bounds on the spectrum of local oper-
ators since any CF'T can be made to have any anomaly in this class via stacking gapped
degrees of freedom. For such anomalies, it then seems that the questions that bootstrap
may be able to answer are those concerning the properties of the extended defects. However,
there are several classes of anomalies that ensure gaplessness in higher dimensions, including
anomalies for continuous symmetries and even cases involving discrete symmetries [47, 48].
It thus seems promising to continue to develop new ways to incorporate the constraints of

such symmetries and anomalies into bootstrap.
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Chapter 3

BOOTSTRAPPING THE MAGNETIC LINE DEFECT OF THE
ISING CFT

The contents of this chapter will be submitted for publication after the
submission of this thesis.
Based on joint work with Shang Liu and Max Metlitski.

3.1 Introduction

The critical phenomena of defects and impurities has been a subject of long-standing interest
in theoretical physics [93, 156, 9, 114, 150, 22, 49]. When an impurity is introduced into
a gapless system, remnants of the impurity degrees of freedom can potentially survive at
long distances, leading to new impurity universality classes. A basic question is whether
a given impurity becomes screened or not. In certain situations, such as when the bulk is
described by a conformal field theory and the impurity in the UV corresponds to a clean

bulk perturbed by a relevant operator
S:Sbulk—F)\/O(SL’(O')) do, (31)

the answer is guaranteed to be no due to the so-called g-theorem, which is a recently-proved
monotonicity theorem concerning RG flows on line defects [2, 28, 51]. Line defects are
pertinent in the context of impurities in a quantum-mechanical system described by a CFT
since they can be thought of as representing the worldline of the impurity. Non-topological
line defects in CFTs, which break spacetime symmetries of the bulk system, will be the main
focus of this chapter.

The study of defects poses many challenges as a problem in CFT, and QFT more broadly.
The problem of studying a defect embedded in a higher-dimensional bulk system is perhaps
the simplest setting where RG is applicable [156]. At a CFT fixed point in the presence of
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a defect away from a fixed point, the defect can flow under RG while the bulk remains un-
changed. The simplest examples of CFTs in higher dimensions are the O(/N) Wilson-Fisher
(WF) theories [157], describing the fluctuations of an order parameter near a second-order
transition between ordered and disordered phases. Indeed, in various past works there have
been efforts to perturbatively understand the simplest defect present in these theories, which
can be created by applying a small pinning field perturbation along a line and studying the
resulting RG flow [7, 49]. Additionally, various numerical approaches have been utilized to
study this problem, ranging from Monte-Carlo simulations to the new fuzzy sphere regular-
ization technique [6, 116, 87, 162]. The fuzzy sphere approach has been applied to study this
kind of defect so far to the case of the Ising CFT in D = 3 Euclidean spacetime dimensions,
providing the most accurate estimates to date for various quantities characterizing the defect.
In this chapter, we will also study the pinning field defect of the Ising CFT.

While approaches using the techniques mentioned so far offer an excellent window into
the defect’s properties, few so far have made use of the significant developments in CFT
tools that have been developed over the past decade or so with the advent of the numerical
conformal bootstrap [124, 60, 61]. A few works have obtained interesting bootstrap results for
line defects in various instances [74, 97, 77, 76], but none so far have managed to incorporate
detailed information about the properties of the bulk CFTs whose defects these studies have
targeted. This crucial step will be made in this work to achieve new, detailed predictions for
a number of quantities characterizing the Ising pinning field defect.

The key new ingredient that facilitates our bootstrap study is the addition of defect-
changing operators into the set of primary operators studied in the four-point functions we
bootstrap. In general, the presence of a conformal line defect induces an explicit breaking of
the bulk conformal symmetry down to a subgroup containing at least SL(2,R), representing
conformal transformations preserving the location of a straight line. The fact that the bulk
symmetries are broken produces a new set of primary operators under this SL(2,R) that
are localized on the defect, whose scaling dimensions are in general distinct from those in

the bulk. Defect-changing operators are special kinds of operators that live at a junction
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between line defects of different types, which generalize the notion of boundary-condition
changing operators in two-dimensional theories [26]. If we denote different line defects of a
given CFT by D¢, D’ etc., we will denote the defect-changing operators by e.g. ¢?°. We will
explain the properties of these operators in more detail later. The reason that the defect-
changing operators are such a useful ingredient in this work is that they facilitate a direct
connection between the bulk and defect operators that can be readily exploited in numerical
bootstrap. The key observation is that, for line defects D? that can end!, the endpoints are
a special class of defect-changing operators, which we denote ¢{*. By taking two endpoints
close together in different ways, either with the defects attached to the endpoints extending
off to infinity or not, we can fuse the endpoints into bulk operators or operators that are
localized on the non-trivial defect. These two different expansions turn out to be related by
a certain crossing symmetry, so the content of these OPEs may be constrained rigorously
using numerical bootstrap techniques [131]. We find this approach to be very effective at
extracting a number of the scaling dimensions of defect-changing operators, in addition to
the defect g-function and other OPE coefficients.

Beyond the question of wanting to gain a deeper quantitative understanding of the pin-
ning field defect, there are additional physical questions that motivate this work. It is well
known that local, finite-temperature, reflection-positive, classical systems in one dimension
cannot exhibit spontaneous symmetry breaking (SSB)?. In the case of discrete symmetry,
the physical mechanism is the proliferation of domain walls between symmetry breaking
domains. The reason may be understood heuristically using the Peierls argument, which
explains the dominance of entropy over energy in computing the free energy difference asso-
ciated with a domain wall configuration relative to a fully ordered one. For quantum systems
in 0+1 dimensions, the situation can be different: domain wall operators (corresponding to

tunnelling between different “symmetry broken” ground states) can be charged under part

'Examples of line defects that cannot end are those that are protected by a one-form symmetry [73] or,
relatedly, are attached to a topological surface such as in the case of a monodromy /disorder defect.

2There are additional caveats that are technically required for this to hold, such as finiteness of the
energy difference between configurations that differ only locally in a lattice system.
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of the symmetry group and disallowed, resulting in protected degeneracy of the ground-state
subspace. Upon breaking some of these assumptions, the possibility of an ordered phase can
be restored in standalone classical one-dimensional systems [58]. Long-range interactions
can cause the energy cost of a domain wall pair to grow with their separation, suppressing
the possibility of domain wall proliferation. We ask in this work whether it is impossible
to induce a sufficiently long-range interaction via coupling a defect to a higher-dimensional
bulk system. The intuition for why this could be expected to happen is that the relatively
slow decay of the bulk degrees of freedom can induce an effective long-range interaction on

the defect.

We make progress on this question in the simplest case of Zy SSB by obtaining bounds
on a certain defect-changing operator ¢¢~ representing a domain wall between pinning field
defects of opposite sign. In a certain setup where one considers making the sign of the
pinning field dynamical, one can construct a new line defect from the pinning field defects
with a two-fold degenerate vacuum and a long-range decaying order parameter, reminiscent
of higher-dimensional systems that spontaneously break a Z, symmetry. We show that
this defect, in the absence of some symmetry obstruction [148], in fact does not support
spontaneous symmetry breaking due to the tendency of domain walls to proliferate. This
occurs because, as we show, the scaling dimension of @7~ is less than one and therefore

relevant.

3.1.1  Universal bounds on symmetry-breaking line defects

A much simpler version of the setup we use to derive bounds on the pinning field defect
of the 3d Ising CFT can be used to extract bounds that apply to any CFT with stable
(ATT > 1) conformal line defects D* that break a Z, symmetry, shown in Fig. 3.1. These
bounds, while they do little to shed light on any particular line defect, demonstrate a few
interesting and general features. We compute these universal bounds for CFTs in D = 2, 3,4,

which enters through the minimum scaling dimension allowed in the calculation in the bulk
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operator channels, which is set by the unitarity bound

D-2
Az = (3.2)

We thus expect the bounds to become stronger as the ambient spacetime dimension in-
creases simply because of the stronger gap assumptions. The bounds are derived by imposing
crossing symmetry on correlation functions of the leading endpoint primaries qﬁgi using the
techniques described in Sec. 3.3.

There are a few general results that we can extract from these bounds. Recall that,
roughly speaking, g quantifies how many degrees of freedom are carried by a defect relative
to the clean bulk: g < 1 indicates that the defect contains fewer degrees of freedom and vice
versa. Excluding D = 2 where we only bound ¢ from above, we obtain non-trivial two-sided
bounds on g for stable, Zs-breaking line defects as a function of the scaling dimension of an
endpoint operator A°™3. Via the state-operator correspondence, we can associate A%" with
the energy of placing a single defect on a spatial sphere SP~! via E ~ A% /R. An interesting
way to read our bounds on g is to consider the inverse plot, which is a lower bound on A% as
a function of g: what is the minimum energy cost required to add /remove degrees of freedom
in a localized region in a CFT? In D = 2 we thus find that it only necessarily costs energy
to increase g, while in D > 2 we see that tuning away from g = 1 in either direction always
has finite energy cost. Our bound in D = 2 is complementary to bounds on g computed by
imposing open/closed duality of the annulus partition function, where it was also found that
an upper bound on g exists for stable boundary conditions (suitably interpreted using the
folding trick to apply to line defects) as a function only of the bulk central charge ¢ [45].

We can also read off general constraints on when SSB can be potentially supported on a
conformal line defect via the bound on AJ~ of Fig. 3.1. As we explain in more detail later,
any defect that explicitly breaks a Zs symmetry can be promoted to a non-simple “SSB

defect” with the potential to break Zs spontaneously. If the leading domain wall operator

31n this simple calculation, it is not possible to encode the assumption that the external endpoint operator
has the lowest scaling dimension amongst all other endpoint operators.
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D 3 4
AYE0.1209  0.2259

Table 3.1: Universal lower bound on endpoint operator scaling dimension for Zy symmetry-
breaking conformal line defects, in any CFT, satisfying AT, A~ >1in D = 3,4.

is relevant with A§~ < 1, then the SSB defect is unstable and SSB is forbidden without
fine-tuning. Our calculation reveals monotonically increasing upper bounds on Af~ as a
function of the scaling dimension of an endpoint operator, except in D = 2 where our setup
does not produce a non-trivial bound. From these bounds, we conclude that in order for
SSB on a line defect to be possible, the dimension of any endpoint operator must satisfy
the bounds from below listed in Tab. 3.1 for which the leading domain wall operator is not

forced to be relevant.

3.1.2  Bootstrap bounds on the 3d Ising pinning field defect

Our main results are more specialized bootstrap calculations that aim to extract tight bounds
on various quantities characterizing the 3d Ising pinning field defect. The most important
among these are tight bounds on the defect g-function and the scaling dimension of the
leading domain wall primary, plotted in Fig. 3.2. The latter, in addition to more convincing
evidence we show later, demonstrates convincingly that the pinning field defect of the 3d
Ising CFT does not give rise to a stable SSB defect. The question of whether such a defect
exists in principle is still left open, but our bounds prove that such a defect must be fully
non-perturbative (in the sense that it is not a direct sum of perturbative defects such as
the pinning field) since the only defect-relevant bulk operator is o, which is used to create
the pinning field defect. Further, our bounds give us a very accurate estimate of the scaling

dimension of the leading endpoint primary operator AJ). Numerically, we predict

g =0.6056(32) A" =0.1079(19)  Af" = 0.818(28).
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In the main text, we also obtain bounds on other quantities such as OPE coefficients and

dimensions of other defect operators.

3.1.83 Outline

The remainder of this chapter is structured as follows. In section 3.2 we will discuss gen-
eralities about line defects that break a Z, symmetry from a symmetry point of view. We
will also discuss in some detail the case of the two-dimensional pinning field defect, both
as an interesting example and as a consistency check of our derivation of the various cross-
ing symmetry rules. In section 3.3 we will describe our numerical bootstrap approach and
present the bounds we derived on the defect conformal data of the 3d Ising pinning field

defect. Finally, in section 3.4 we will discuss various directions for future research.
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Figure 3.1: Universal bounds on stable (A" > 1) conformal line defects that explicitly
break a Zy symmetry in D = 2, 3,4~ compared with our most general bootstrap bounds for
the 3d Ising pinning field defect. The shaded regions are allowed by bootstrap at derivative
order A = 45. For the D = 3 Ising bootstrap bounds, we only plot the island expected to
contain the pinning field defect created by a bulk o perturbation. There is a larger allowed
region beyond the island that we do not show for clarity. Left: Universal lower and upper
bounds on the defect g-function. For D = 2 we do not find a non-trivial lower bound. The
D = 2 Ising point lies at (Aj", g)ag = (1/32,1/2). In the D = 4 Gaussian theory A)T may
take any positive real value with g44 = 1. For the 3d Ising bootstrap result we plot the
allowed region where only A]" > 1 is assumed. Right: Universal bounds on the leading
domain wall primary operator Aj™. In D = 2 Ising we have AJ™ = 1 and in the D = 4
Gaussian fixed point we have Af™ = 4Aj". The D = 3 Ising bootstrap island is computed
assuming Aft > 1 and AT~ > 1.
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Figure 3.2: Bootstrap allowed regions for the scaling dimension of the leading domain wall
primary AJ" and the defect g function at A = 45, each computed as a function of the scaling
dimension of the leading endpoint operator A)". For comparison, we show estimates of
the same quantities computed via the fuzzy sphere regularization technique of [161]. The
bounds are obtained using non-generic gap assumptions in the defect-changing sectors. In
each bound it is assumed that Af" > 1.4, Af~ > 0.6, and AV > A8+—|—1.5. The calculations
use input from the OPE ratio bounds of Fig. 3.9, discussed in Sec. 3.3.3. To obtain the
bound on Aj ™, we further assume that there is only one relevant domain wall operator, i.e.
A > 1.
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3.2 Z, symmetry-breaking conformal line defects

Here we make general remarks, from the point of view of symmetry, about conformal line
defects that break a Zs symmetry, either explicitly or spontaneously. We will provide a
definition of spontaneous symmetry-breaking that is appropriate in the context of a line
defect embedded within in a gapless CFT, setting up our ability to later derive general
constraints on when this is allowed using numerical bootstrap. This discussion will naturally
lead us to more carefully introduce the notions of defect-changing operators and the defect g-
function. We will finally examine the consequences of the internal and spacetime symmetries
for correlation functions of defect-changing operators, deriving various selection rules that

will later enter our bootstrap analysis.

We will consider throughout this work the situation where the combined bulk and defect
system is described by a defect CFT (dCFT) in the IR. This situation is characterized by
the partial breaking of the bulk conformal symmetry by degrees of freedom localized on the
defect. For instance, when the geometry of the defect is a straight, infinite line, which we
will henceforth take to be placed along the 7 axis in coordinates (7,z1,...,7p_1) € R”, the
minimal set of conformal symmetry generators required to have a dCFT describing a line
defect are those generating dilatations D, translations along the 7 axis P =P, and special
conformal transformations along the 7 axis K = K™. We will also assume invariance under
the transverse rotations and reflections preserving the 7 axis, which we denote O(D—1)7. We
denote the transverse rotation generators as sz and reflection generators as RH, including
also reflections about a plane perpendicular to the 7 axis. Altogether, this leads us to assume
the spacetime symmetry group SL*(2,R) x O(D — 1)7 where SL*(2,R) denotes the set of
real 2x2 matrices M with det M = £1. We will denote the R eigenvalues by r# = +1. We
will mainly be interested in the case D = 3, in which case we denote the SO(3) and SO(2)r

spins of bulk and defect operators living on a straight, infinite defect by ¢ and s, respectively.
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Figure 3.3: A schematic illustration of the operator-state mapping with conformal defects.

3.2.1 Defect-changing operators

Let us consider a CFT placed on R x SP~1. The CFT may contain various non-trivial line
defects of distinct types a, which we label D*. We now imagine placing two, possibly distinct,
conformal defects D, DP at the north and south poles of the SP~! that extend all throughout
the R direction, which we choose as defining imaginary time. We denote the Hilbert space
of states describing the quantization on SP~! with the pair of defects as H, which we will
call the defect-changing Hilbert space. The usual Weyl transformation that implements the
state-operator map between R x SP~! and RP brings this defect configuration to a straight,
infinite line defect in R” containing a point-like junction at the origin accross which the
defect type changes, illustrated in Fig. 3.3. We will refer to the operators hosted at these
junctions defect-changing operators.

The notion of a defect-changing operator bears close resemblance with that of a boundary
condition-changing operator in two dimensional theories. Of course, in two dimensions a
defect-changing operator may be viewed as a boundary condition-changing operator via the
folding trick. Much of the formalism used to describe correlation functions of boundary
condition-changing operators in two dimensions carries over directly to our setting, since the

SL(2,R) conformal symmetry, which plays a significant role in determining the functional
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form of correlation functions involving operators on the defect, is present regardless of the
ambient spacetime dimension.

Indeed, defect-changing operators may be organized into primary and descendant op-
erators under the SL(2,R) subgroup of the conformal symmetry preserved by the defect.
We will label the defect-changing primaries and their scaling dimensions by ¢% and A%,
respectively, letting ¢3° be the operator with lowest scaling dimension in H* and ordering
AL < A% for i < j. We note a slight subtlety in defining the SL(2,R) charges of defect-
changing operator. The subtlety comes from the fact that performing the naive integral of
the dilatation current x, T*” around a sphere containing some primary operator will have ad-
ditional UV-divergent contributions when the stress tensor insertion approaches the defect.
These UV-divergent contributions do not contribute to the scaling dimension, representing
instead a contribution coming from the “defect mass”, so we thus define the defect-changing
scaling dimension as the cutoff-independent piece in this scheme.

We will from now on assume the defect-changing Hilbert spaces furnish a representation
of the one-dimensional conformal symmetry algebra, generated by operators acting on the
defect-changing Hilbert spaces Dab , peab , K @ with the defect-changing operators transform-

ing in the usual way

[D®, O%(7)] = (10- + A)O%(7)
[P*,0%(7)] = 9,0 ()
[kab, (’)“b(T)] = (7'287 + 2A7’)(9“b(7)

In general, under a spacetime orientation-reversing transformation a line defect D can
map to its orientation-reversed partner D% but in this work we will always have a = a
corresponding to orientationless defects. For the remainder of the work, we will also only
deal with defect-changing operators having s = 0. Since there are thus no charges that

transform non-trivially under complex conjugation, we take Hermitian conjugation to act as

(¢°(r)T = 720 (1/7). (3.3)
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3.2.2  Defect g-function

The most fundamental quantity characterizing a conformal line defect is the value of its
defect g-function, which can be defined as the vacuum expectation value of the defect on an

SP spacetime where the defect is placed on an equator of S

Jo = A%D/Zg[), (34)

with Z¢, denoting the partition function of the theory in the presence of the defect D*. Upon
subtracting off any cosmological constant ambiguities, this quantity has been shown to be
a RG monotone in D > 2 [67, 28, 51|, and may be identified with the quantum dimension
in the case when D is topological. By performing a conformal map to flat space that maps
the defect to an infinite line, we alternatively may interpret g, as the expectation value of
the identity primary operator in the presence of the defect in radial quantization around a

point on the defect

ga = (I"), (3.5)

where we use 1** to denote the identity operator in the defect Hilbert space H.

In equating (3.4) and (3.5), there is a subtlety related to the choice of infrared regulator;
implicitly, the relation assumes that we regulate the point at infinity as if, globally, we take
flat space to be R” U{co}. This choice of infrared regulator is standard if we require special
conformal symmetry, which is strictly ill-defined on R”. When points at infinity are not all
identified, this different choice of infrared regulator can indeed produce different results for
the straight and circular defects in certain examples [54, 64]. From now on we will simply
refer to flat space as R, but the reader should keep in mind that we assume the choice of
regulator is such that the equality of (3.4) and (3.5) makes sense. We will see in the next

section how g, enters inside correlation functions of defect-changing operators.
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3.2.3  Correlation functions of defect-changing operators

Again, we will work in flat space with all defects placed along the 7 axis in RP. Correlation
functions of defect-changing operators may be described using very similar formalism to the
D = 2 case of correlation functions of boundary condition changing operators [95, 129], except
that in higher dimensions there is no Virasoro symmetry. As with local operators, there is a
notion of an operator product expansion (OPE) of defect-changing operators. Let us consider
a configuration where two defect-changing operators ¢$°, ¢§’-C are inserted at nearby points,
contained within a sphere without other operator insertions. At long distances, this creates
a new operator in the H* defect Hilbert space. The OPE may be expressed as a sum over

primary and descendant operators of the form (assuming 7 > 0)*
BP(T) X BH(0) = 030,00 T + Y Ao AT ATEAT N " am g 0ne () () (3.6)
k n=0

with |¢77(™) = Pn|¢a(0)), where the coefficients B,(;Z]) are fixed by SL(2,R) symmetry to be’

(A + A7 — AF),

By = (3.7)

One issue we must take care with is the normalization of defect-changing operators. A

general two-point function of defect-changing primary operators takes the form

a
_ 9ay

(B2(r) ot (7)) = o (3.8)

T12

where 75 = 71 — 75 and we assume 7; > 75. Note that in general, we will use a 7-ordering
convention inside correlation functions. Next we observe that the SL(2,R) conformal sym-
metry may be used to cyclically permute the operators inside a correlation function, which

allows us to swap the location of the operators in (3.8), leading to the relation

Jatf = gbozf (3.9)

4Note here we do not demand unit-normalization of the operators appearing on the right-hand side.

®(a), denotes the Pochhammer symbol.
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One solution is to choose af = g, !, which leads to unit-normalization of non-trivial defect-
changing primaries.

Continuing, a general 3-point function involving non-trivial defect-changing operators
takes the form (assuming 7, > 7,41 > 0)

beca

a C ca ijk ca a C ca
<¢ib(7-1)¢? (12) 95" (73)) = Aste A{?gq Abea ?jk = Aib + A? — A (3.10)
17 tkyg gk

Ti2" Tig  T23
Using again the SL(2,R) symmetry to cyclically permute the operators in (3.10) leads to

the relations

bca — )\cab — )\abc (311)

ijk ki kij -

At this point it is also appropriate to mention the constraint coming from the R™ reflection

symmetry. We assume that the R™ reflection leads to a relation

(@ (7)) (12)05° (7)) = ") (e () (—m)ole (—m))  (3.12)

for three-point functions. An operator ¢¢°(0) cannot be associated with a definite R eigen-
value since the reflection acts as a map between different defect Hilbert spaces and 62 reflects

>, aa
il

an ambiguity in the choice of basis, except when a = b and e is physically meaningful.

The fact that (}A%T)2 = I leads to the relation
02 4+ 62 =0 mod 2, (3.13)

but in this work we may simply set 02 = 0 for a # b. Another important symmetry to
impose at this point is the Z] unitary reflection symmetry, implemented by RT. These

considerations, combined with those following from Hermitian conjugation, yield

abc __ i7r(9‘.‘b+01?0+0m) bac __ bac\ *
Afj = €T T TN = (A5

With these relations we are now prepared to discuss four-point functions, which are the

main objects of study in our bootstrap calculations. A four-point function of defect-changing
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operators, as dictated by the SL(2,R) symmetry, takes the general form

raa \ 25 [ [\ 25 Gebel(w)
(1) P2 (1) 5 (73) 9 (74)) = < ) ( ) — 3.14
s = () () ety e G
where x = 1284 gyd
T13724
3 Aol pghe st
Gz]bkld( ) <¢]ca| ¢ca> gAgl (l’) Az]b = Aib - A? : (315)

The functions gx 212831 (1) are 1d conformal blocks, given by
gﬁl%AM (13) = .’L‘AQF1<A — A127 A + A34, QA, .T)

It is worth pointing out now how the g-function enters as a non-trivial ingredient in four-
point functions. Assuming all primary operators other than the identity are unit-normalized,

we may expand (3.15) as

G = = @) S N aah S (@) (3.16)
. pearee
Thus, the g-function appears as the coefficient of the identity operator when the exchanged
operators are genuine defect operators. Intuitively, since g measures the number of degrees
of freedom on the defect, having g < 1 enhances the contribution of the vacuum sector.
Finally, four-point functions of defect-changing operators are subject to crossing sym-
metry, which again amounts to a cyclic permutation of the operator labels in addition to a

change in the cross-ratio x — 1 — x. Explicitly, crossing symmetry becomes the statement

that
(1= )24 Gl () = o5 Gl (1L — ). (347

We define for later convenience a modified set of conformal blocks that have definite crossing
parity

abc Acda

ab pbe ped pda c cd AXC, c cd A A
Fa 70 () = (1= ) MIHAR g0 () 4 AR g R (L ) (3.18)
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Figure 3.4: A topological surface operator for a symmetry group element g that surrounds
a line defect can be shrunk down onto the line a, implementing a symmetry transformation
of the line leading to a potentially new line a?. This process may also be done partially, as
shown, to create a topological junction between the topological surface and the line defects
a,a’.

In terms of the blocks in (3.18), the statement of crossing symmetry (leaving the x dependence
implicit) becomes

0 asa%%z% O ¢;fa¢ab¢%

0= ﬁF +—F
ga 9d ( )
ab be CL ab tbe rcd
b d PP ¢ bd bed (]5 P3Pk 3.19
+ E NigmAmit F. A T # + E oA mc]k .
s sl

From (3.19), it is clear why the g-function has not made it into prior bootstrap studies
involving correlation functions of defect operators, since if line defects of only a single type
are considered then multiplying the above expression by g will lead to a crossing equation
with a conventional contribution from the identity operator and further cannot modify any
positivity properties. With the introduction of multiple defect types, where defect-changing
operators become involved, then g can enter and we may constrain the physically allowed

values, as we will later demonstrate.

3.2.4  FExplicit and spontaneous symmetry breaking on line defects

Defects generally break the symmetries of the bulk, as we saw before in the case of spacetime

symmetries. Unsurprisingly, defects can also break global, internal symmetries. The partic-
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Figure 3.5: Sweeping the Z, Ising topological surface defect past defect-changing operators
inserted in a correlation function gives a constraint on three-point functions, illustrated here
graphically.

ular pattern of symmetry breaking gives rise to constraints on correlation functions involving
defect-changing operators, as we will see. The general mathematical structure describing the
interplay between non-topological defects and topological symmetry defects implementing
finite symmetries is a developing subject, but for the simple case of a Z, symmetry, which
we study in this work, an intuitive description suffices. For recent work describing this struc-
ture in category-theoretic language, see e.g. [19, 12]. In two-dimensions, one can use the
mathematical language of module categories over fusion categories to describe the interplay
of finite symmetries with boundaries/defects [66, 91, 89, 43].

We first describe the consequences of global symmetry for defects that explicitly break
the Zy symmetry, such as the Ising pinning field defect in any dimension. To create the

pinning field defect, we can imagine starting from a clean system and making a perturbation
S =nh / o(r,0)dr (3.20)

to the effective action. This kind of perturbation explicitly breaks the Z, symmetry; con-
sequently, in the IR we may end up at one of two defect fixed points, which we call DT,
depending on the sign of h.

In general, the bulk global symmetries act on the space of defects. For an invertible
G symmetry, we can abstractly define an action of ¢ € G on the space of defect labels via

a? = g-a, making the space of defect labels a kind of G-module. The full structure needed to
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Figure 3.6: An illustration of the four types of defect-changing operators considered in this
work.

describe a symmetry action on a defect, however, is more sophisticated than a G-module since
it contains additional information about properties of junctions between the topological and
non-topological defects. It is interesting to note that, in the event that a? = a, the symmetry
must act trivially on the defect as an object that can be inserted in a correlation function
g : D* — D* whenever its defect g-function obeys g, > 0.

For the specific case of the pinning field defect, we have two defect labels + which
are mapped to each other by the generator g of the Z; symmetry +9 = . We also will
consider the trivial defect label 0, which obviously obeys 09 = 0. By considering making the
perturbation (3.20) non-uniform along 7, we can create other kinds of defect configurations
with new excitation types such as domain walls and endpoints, illustrated in Fig. 3.6.
Accordingly, the defect-changing operators transform as g : ¢2° — % quﬁ?gbg, illustrated in
Fig. 3.5 for a case of multiple defect-changing operator insertions. Akin to the case of the
spacetime reflection symmetry mentioned previously, when (a,b) # (a% b%) the quantities
¢ represent the freedom to perform a change of basis by an overall phase, and otherwise
¢ is physically meaningful and represents the Z, charge. A slight exception to this are
domain wall operators. For a domain wall operator, we can consider the combined action
of the R" reflection and internal Z, symmetry. Since applying this combination twice must

do nothing®, we conclude that 6T + ¢7= = 0 mod 1, representing a conserved charge.

SWe assume we work in a basis in which both symmetries do not act on any internal quantum numbers,
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In the cases we will consider, however, operators with a non-trivial value of this charge in
the domain wall channel may not appear so we will again set ¢?* = 0 whenever a or b are
non-trivial.

The constraints coming from the Ising symmetry in correlation functions are encoded in

relations between OPE coefficients

T+ \FFTF +F+ _ (\FEF
Aok = A Aok = Ak

0+ __ \FOF +0F _ yF0+
Aijk = )‘ijk )‘ijk = )‘ijk

0+0 __ img?? y0F0 000 _ _im(q%0+q%0+¢%) 4 000
Age = €T AR Nijk, = € 7N

and permutations thereof, which follow from the relation illustrated in Fig. 3.5. We have
only listed the examples relevant for correlation functions of endpoint operators and bulk
operators. These relations will enter later when we derive the crossing equations.

So far we have discussed properties of line defects that explicitly break the Z, symme-
try. We will see now that the construction introduced so far naturally leads to a notion of
spontaneous symmetry breaking for line defects. We will first discuss the properties that we
expect for such a line defect, and then show how we may construct such a defect via a defect
that explicitly breaks the symmetry.

Our starting assumption is that we have a bulk CF'T with an unbroken Z, symmetry. We
will also assume the theory possesses a line defect D! with long-range order (LRO) of the Z,
symmetry, in a sense that we will describe. We will call this kind of defect an LRO defect
without regard to its stability, which is an additional physical consideration that determines
whether the defect would naturally be realized in the setting of a UV completion of the CFT
without fine-tuning. When D! is stable, we will refer to it as an SSB defect.

First, the combined bulk and defect system still preserves the Z, symmetry, implying for
instance that all Zs-odd local operators have a vanishing expectation value with or without

D!. For there to be long-range order of the Zy symmetry, there necessarily exists some Zy-odd

which is allowed since the internal Zy and reflection symmetries commute.
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defect primary operator gbf{_ whose connected two-point function obeys

lim (¢} _(7)¢p _(0)) ~ const. (3.21)

T—00
and thus represents the order parameter on the defect. Consistency with scale invariance
thus dictates that Ag,_ = 0, implying that it is a topological local operator. This additional
topological local operator, which is distinct from the trivial operator since it carries Zs charge,
indicates that D! is non-simple. A consequence of the non-simplicity and the additional non-
trivial operator with A = 0 is a twofold degeneracy of scaling dimensions of every operator on
D!, since fusing any operator on D! with gzﬁé{_ will give a distinct operator with the opposite
Zo charge. The presence of (bg’_ will also generally lead bulk Zs-odd operators to acquire
LRO of their connected two-point functions when measured parallel to the defect, which
can be seen by noting that gzﬁé{_ would generally give the leading contribution to the defect
operator expansion (DOE) of such an operator. We do not want to claim, however, that
the presence of a defect order parameter with LRO is sufficient to claim that D' supports
SSB—we also require that D! be stable.

To discuss the stability requirements, let us now explain how to describe the excitations
of the LRO defect D' in terms of defect-changing operators introduced before in the context
of a defect that explicitly breaks Zs. Consider again the radial quantization picture on
the spacetime R x SP~!. In a phase where a Z, symmetry is spontaneously broken, an
infinitesimal perturbation of the system that explicitly breaks the symmetry will drive the
system towards one of the two vacuum sectors with a fixed sign. In defect terminology, we
thus expect the SSB defect to flow to pinning field defects D*. The non-simplicity implies

that we may write D! = DT @ D™, resulting in a Hilbert space that decomposes as
H=H""oH"oH ToH . (3.22)

On R x SP~1 these sectors in which the Hilbert space decomposes represent the choice
of how we pin the sign of the defect at the north and south poles. The different types of
excitations are distinguished by whether the defects at the north/south poles have the same

sign or opposite sign.
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For a LRO defect, the operators in the H** H*T sectors are all genuine dynamical
excitations, whereas for D* the allowed excitations are captured only by H** and those
in H*F should be thought of as point-like defects that may only be generated by hand.
Conversely, this suggests that if we are given any defect with explicitly-broken Z, symmetry
we may formally construct an SSB defect by, for instance, coupling the sign of the pinning
field to a pair of dynamical classical spins at the north/south poles in the R x SP~1 picture,
recovering both the defect and domain wall sectors as dynamical excitations. The question
now is whether this way of constructing an SSB defect is stable. Since for the non-simple
SSB defect both defect and domain-wall excitations are allowed, stability requires that the
scaling dimension of the lightest non-trivial operator in either sector must be irrelevant with

scaling dimension A > 1.

3.2.5 Implementing selection rules in OPFEs

In our bootstrap calculations, we will consider correlation functions involving the leading end-
point operator ¢j* with transverse SO(2)7 spin s = 0 together with the leading bulk, scalar
primary operators ¢ and ¢ of the 3d Ising CFT. Having described the various symmetries
and selection rules applicable for general Z,-breaking line defects and their defect-changing
operators, we now demonstrate how the OPEs of these operators are constrained.

Let us assign some labels to the different sets of operators appearing in the dCFT sce-
nario that we consider, refined by the symmetry charges and defect labels. We will assume
further that each set only contains operators appearing in the OPEs of (b8+, o and e. Recall
again that all operators under consideration must be SO(2)r singlets and must also be even
under reflections about the transverse directions, so we do not label the quantum numbers
associated with these symmetries. We denote the set of bulk SL(2,R) primary operators
with Zs charge ¢ and ZI charge r™ by 89" . We denote the sets of endpoint, defect, and
domain wall operators by D%, ®*+ and ®*~, respectively. We do not need to additionally
specify the Zs or Z7 charges of operators in these sectors since the Z, symmetry is broken

and the Z] symmmetry is unbroken only for defect operators, as discussed above, but all
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such operators appearing in the OPEs under consideration will be even under Z7 reflections
whenever they correspond to a defect-changing operator involving a non-trivial defect.

The step that requires the most care is classifying bulk SL(2,R) primary operators by
their R parity. In some instances such operators will be bulk descendant operators, so their
R parity can differ from their parent primary operator. This analysis will later help us to
decide in which OPE channels bulk descendant operators that are SL(2,R) primaries may
appear.

If we consider a bulk traceless symmetric tensor primary operator’ O,, with a representing
its SO(3) indices, with SO(3) spin ¢, parity p, and scaling dimension A, a Z7 transformation

acts as
725 : Ou(1,Z) = (=1)PT" O4(—T, 7),

where we use n, to denote the number of components set to point along the 7 direction,
giving ™ = p + n,. Tracelessness and the requirement of being an SO(2)r singlet implies
that at bulk descendant level zero O, appears only with all its free indices set to 7, which
will apply for the rest of this discussion. There are a few ways that we can generate SL(2,R)
primaries that are bulk conformal descendant operators.

First let us assume that O, is a scalar operator O with ¢ = 0 and scaling dimension A.
In this case, we may construct SO(2)r singlet operators that are SL(2,R) descendants by

considering operators of the form

OW(z) =" a}(9,)™(0,0)N"O(). (3.23)

n=0
Such operators have scaling dimensions A + 2N and " = 0. It is not possible to obtain an
operator at odd descendant level for such a scalar operator that satisfies all of our symmetry
requirements, so we cannot construct any descendants from O with ™ = 1. If O, has ¢ > 0,

it is possible again to find SL(2,R) primaries amongst the bulk descendant operators using

"We will not need to consider pseudo-tensor operators and their descendants since they always violate
the transverse parity symmetries.
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the same construction as in (3.23) with scaling dimensions A+2N, in addition to others that
come from contracting an even number of derivatives with the SO(3) indices of O, in a way
that preserves SO(2)r invariance. All such operators will have 7 = ¢ mod 2 matching O,.
When ¢ > 0, it is also possible to construct descendant operators that are SL(2,R) primaries
with the opposite r7 eigenvalue while still maintaining the other symmetry requirements.
This can be done, for instance, by contracting an odd number of derivatives with the SO(3)
indices of O, in an SO(2)p-invariant way. This leads to operators with scaling dimensions
A+2N+1landr" =/+1 mod 2.

To summarize, we see that for spin-¢ traceless symmetric tensor operators O, with Zs
charge ¢ we have

00 o*No,, (e?2Z - o*NO,, (e22Z+1
Y3 13

PPNHO,, 0<le2Z+1 N0, 0<le2Z

where we use the shorthand 0", to denote an arbitrary SL(2,R) primary at bulk descendant

level n in the conformal tower of O,. For later use, we will also introduce the notation
’Bg’;; = {(’)a c | lo =10, K" |(9> = 0} (3.24)

containing only 3d bulk primaries with spin /.

In total, we may finally express the content of each of the OPEs as

¢+0 % ¢0+ C D+t o X ¢0+ C @0—&-
¢+0 X (bOf C @Jrf £ X ¢0+ C ©0+

(3.25)
¢0+ % ¢+0 C %0,0 U %170 oXeC %1,0 U %1,1

exec B oxoc B

In the above discussion, we have only treated operators as being primary with respect
to the residual SL(2,R) conformal symmetry preserved by the defect. However, an essen-
tial ingredient that connects the bulk and defect together in our bootstrap calculations is

to include four-point functions of defect-changing operators involving non-trivial conformal
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defects together with bulk operators. But the OPE of bulk operators O,, Oy is constrained
by the full SO(D + 1,1) symmetry

Oulw) x O4(0) = Y Clkiy(w,3,) Oc(0) (3.26)

C

where O, is a bulk SO(D + 1,1) primary operator and C2¢(z,d,) is a differential operator
which exactly determines the contributions of descendant operators of O, given the OPE
coefficient A.p. There is no known closed-form expression for C34 (z,d,) in D = 3, the
dimension mainly study in this work, but it can be computed up to arbitrary high descendant
level in various ways.

We will consider correlation functions of bulk operators that are always inserted along
the 7 axis. In this limit, we can make use of the OPE of the form (3.6) for the special case of
bulk operators, which contains less structure than (3.26) but, as we will see, is necessary to
consider a mixed bootstrap system of endpoint operators and bulk operators. The fact that
some SO(D + 1,1) descendant operators can be primary with respect to SL(2, R) means, in
a completely generic CFT, the OPE coefficients of such primaries appearing in (3.6) will be
fixed in terms of the OPE coefficients \.., and we can make use of this information to give
stronger bounds in bootstrap.

Let us consider some bulk primary operator O, and let O™ label bulk descendants

at descendant level n that are primary with respect to SL(2,R). Let us consider just the

operators ¢ot, ¢f® and o, and suppose that

oxo>0,

0t x ¢d? 2 0,

Let us illustrate how to incorporate the information about the OPE coefficients of bulk

descendant operators in our setup. First we define

(n)i  _ /\@i")"'opoq

Q0,0,0, = ; (3.27)

20,0,0,
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which are completely fixed by the SO(D + 1,1) conformal symmetry. Let us next consider
a simple system of four-point functions where O, and its descendants appear as exchanged

primary operators, which we may write as

Goao' (2) ZZ (NS00 I, +n(2) + D _(AG00) gxg () (3.28)
] (@)
Ggaraoz[r) = )\O*O'U Z Z )\?;(_S) i 00 (;LBO:LUQAO +n + Z )\((]9_6((]))\00'0 ( ) (329)
GO0 () =2, ZZ (@32 20%0 (@) + 3" (Mows) 29X (@) (3.30)
j O

It is straightforward now to make use of the knowledge of ag?(’;poq in our bootstrap setup.
In our numerical calculations, we may treat the OPE coefficients appearing in the crossing
equations as unknowns and the fact that the crossing equations can be expressed as quadratic
forms in these unkowns permits the use of semidefinite programming techniques. That is, a

generic crossing equation will take the form®

> T (PoVR,(2) =0  Po=2Xo"Ab (3.31)
(@]

where Xo is a vector of OPE coefficients in which O appears and the crossing vectors V§ o(T)
have entries that are matrices. Such a crossing equation can be derived easily from (3.28-
3.30). A bulk operator distinct from O,, which we will consider only as an SL(2, R) primary,

can have its contributions to (3.28-3.30) accounted for as in (3.31), writing the contribution

8The product is taken treating Py as a scalar with the scalar multiplication replaced with matrix
multiplication, and the trace is taken element-wise in the crossing vector.
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also using crossing parity-definite blocks (3.18) and using shorthand ¢ for ¢9*, ¢°,

FR%% 0
0 0
o
0 0
Va(z) = 1F2¢m R Mo = Aol (3.32)
21A - 0 Aooo

o g

b0
0 0
0 Fg7oe

In contrast, since the OPE coefficients of SL(2,R) primaries that are bulk descendants of
the operator O, when it appears in ¢ X ¢ are known exactly up to Aoy, their contribution
will take a different form. However, to use these relations we must ultimately truncate the
number of descendant operators whose OPE coefficients we use explicitly to some maximum
level K. This is because the dimension of the OPE vector X@* grows with K since each

0+0

A0 is not obviously related by symmetry to Aooo- The upshot is that with some choice

Om)igQ
of K we may derive an analogous, but more complicated, crossing vector akin to (3.32)

involving the OPE vector

T
(K) _ (yo+0 K 040
>‘O - )‘O*OO AO*UU @n:l @z A@ﬁ")'ioo

that will intertwine the contributions of O, and its descendants.

From this discussion we see why it is not possible to allow four-point functions only
involving bulk operators to be taken away from the collinear limit at this stage. This would
involve using full 3d conformal blocks, which automatically sum up these SL(2,R) primaries
that, as we showed, in this problem must be carefully intertwined with their contributions to
the ¢°F x ¢ OPE. However, the 3d conformal block decomposition can be used as long as

the purely bulk four-point functions are included twice, once as in the above discussion using
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the decomposition into SL(2,R) primaries and again using the full SO(D + 1,1) primary
decomposition. It is easy to see then that this would lead to a setup in which it is possible to
achieve violations of crossing symmetry with semidefinite programming. This would generate
additional computational cost, since one will then need to account for the different SO(3)
spin sectors, but this would make the sensitivity to the bulk operator spectrum at least as
sensitive as the standard 3d bootstrap of local operators, which is highly desirable.

For simplicity, we will take into account knowledge of the descendant OPE coefficients
only for level-two descendant operators of bulk scalar primaries. Our first task is to de-
termine, for a given bulk, scalar primary, what are the corresponding level-two SL(2,R)
primaries. Since ultimately we will consider four-point functions where all external bulk
operators are parity-even scalars inserted collinearly, we only need the level-two bulk descen-
dants that are SO(D — 1) transverse spin and transverse reflection singlets. A general level
two descendant operator of a bulk, scalar primary satisfying the spin and parity constraints

takes the form
0®) = (a P2+ b P})|0) (3.33)

The constraint that |O®)) is an SL(2,R) primary is equivalent to demanding

: . . - 1 2A(a(2A 4+ 1) — b(D — 1))
0= %IL%<O(2)(7—7 x)(’)((], O)) = :lfli%(a 63 + bVQD—l) |$|2A = ( 7—22-&-2 (

which yields

_Dp-1,
oA T

(3.34)

We will define |O@) = b (ZDA—;lle + P?) |O). The normalization of this state, which we will

also need, may be easily computed using the conformal symmetry algebra to be

2A +1
b= \/8(D “DAG+ DA+ = D) (3:35)

which ensures that |O®)) is a unit-normalized SL(2,R) primary. We lastly determine the
OPE coefficient of O®@ appearing in the OPE of bulk, scalar primaries Oy, O, relative to
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Ao0,0,- To do this, we compute (assuming 7 > 1)

lim (O (7, )01 (1,0)02(0, 0)) = lim(ad? + bV}, ,)(O(7, 7)O1(1,0)0:(0,0))

Z—0
(A + Al?)(A - A12) )\@(91@2

(3.36)

— —b(D - 1)

Note that the above functional form serves as an independent check that we correctly iden-

tified O as an SL(2,R) primary. From (3.36) and comparing with (3.10) we extract

@  _ Ao@0,0, WD 1) (A + Ap)(A = App)

10010 = N o0 2A + 1

3.2.6  Crossing equations

Having accounted for the various symmetry constraints and selection rules, we are ready to
express the system of crossing symmetry constraints in a manner suitable for our bootstrap
analysis. To do so, we must enumerate all four-point functions involving the external op-
erators ¢y, o, and ¢, and impose the crossing symmetry relation (3.19). Suppressing the

coordinate dependence, the four-point functions that we consider are

(@00 6T 007), (600" 970), (00" ¢ 00), (0™ 9™ 0a), (eg” ™),

(oco00), (oo€e), (oeae), (eeee).

All others are related to the above set by crossing symmetry. We could also imagine aug-
menting the above set of correlators by other important operators in the game such as the
displacement operator D;, or the other leading primary operators such as ¢+ or ¢ ~. These
larger systems of correlators certainly deserve more study in the future. We list the decom-

position of the above four-point functions into conformal blocks in Appendix B, and present
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here the result in a compactified form

0= g*lvarJr + Tr(Céx?)VOO,O) + Tr(PrVy) + Tr(FPye Vi) + Z TT(PO,scaIV&O’scal)

I#£0€B37,
(=0,A<6

+ Y Tr(Posca V™) + D (0G0 VAT + ) (Anie) VA~ + ) Tr(P VYY)

0eB;, m>0 m>0
(=0,A<6

+ > TPV + D TPV + D DowPVE
I£0eB0,0 OeBL0 OeBl1
(3.37)

where C}, 4 is the 3 x 3 constant matrix with all elements equal to unity. The OPE vectors

appearing in (3.37) are

_ 040 — 040 040 040 040
Ar = ()‘TOO ATUG) Age = ()‘000 )‘500 Acoo )‘5(2>00 )‘g<2>oo)
T T
0.0 _ (\o0+0 YLoo _ (yo+o
)‘(’),scal - < 00 >\Oaa /\Oaa )\@(2)00> )‘(’),scal - ( 00 >\Oaa )\(§<2)00
)0+ T 0,0 040 1040 1040) 31,0 010 y040)
— [ \+00 +00 0 _ + 40 \0+ 0 _ n "
)‘m (Amao Amse) A ()‘OOO )‘OUJ)‘Oes) )\O <)‘OOO /\Oaa)

3.2.7  Example: pinning field in D = 2

In two dimensions, the pinning field defect of the Ising CFT can be studied exactly using
bCFT techniques. As a sanity check to confirm our above analysis about selection rules and
crossing symmetry, we compute four-point functions of the endpoints of the pinning field
defect both with and without bulk operators. Studying the case of D = 2, rather than
D = 4 which also may be exactly solved, is especially useful for the purpose of verifying how
g enters in four-point functions. This is because for D = 4 the pinning field defect has g = 1,
resembling the case of local operators, and is thus less illuminating.

In D = 2, the study of line defects is equivalent to the study of conformal interfaces
between a given CFT 7T and itself, which is yet still equivalent to the study of conformal
boundary conditions of 7 ® T via the folding trick. A special class of conformal interfaces
are factorized interfaces, which correspond to separately imposing conformal boundary con-

ditions on 7 and 7 in the folded theory. It turns out that the pinning field line defect of the
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2d Ising CFT is an example of a factorized interface, obtained by imposing a the continuum
version of a fixed-spin boundary condition on each copy. We will for the rest of this section
use T to denote the 2d Ising CFT.

Recall that the 2d Ising CF'T supports three simple conformal boundary conditions, which

may be described in the Cardy state formalism via

1 1 1
+) = EU» + Elaf)) + Srlod

1f) = 1) = &)

The states |O)) are known as Ishibashi states, satisfying the condition (L,, — L_,)|O)). For
a conformal boundary condition B, its boundary g-function may be defined as the overlap

of the vacuum state with the corresponding Cardy state |B)
9 =1(0|B), (3.38)

which has the interpretation of the disc partition function. In the folded theory, the pinning
field defect corresponds to the Cardy state

D*) =) @ %) (3.39)

from which it is straightforwrard to extract g = 1/2. The determination of other pieces of
dCF'T data is accomplished straightforwardly, for the most part, using tricks associated with
the factorized nature of the pining field defect. A generic line defect of the 2d Ising CFT may
be described using the description of 7 ® T as an orbifold of a compact boson and studying
the corresponding set of conformal boundary conditions.

We now show how to compute additional pieces of dCFT data for the pinning field defect,
which will make extensive use of the following trick. Consider placing a single copy of T
on the upper half plane (UHP), and impose the “+” boundary condition without loss of
generality. Next note that a z — 22 coordinate transformation maps the negative real line
onto the positive real line, which in turn corresponds to placing the pinning field defect along

the positive real line with endpoints at the origin and at infinity. Since we did not place a
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Figure 3.7: The coordinate transformation z — z? folds an arbitrary conformal boundary
condition b into a semi-infinite line defect, which we denote with the same label for such
factorized line defects. In the presence of additional bulk operator insertions, this prepares
a correlation function of the bulk operators in addition to the leading boundary operator

non-trivial boundary primary operator at the origin or at infinity, this procedure produces
endpoint primary operators with the lowest scaling dimension ¢J". With this trick, a general
four-point function involving two endpoint primaries, as above, and two bulk operators can
be computed as follows. To compare the results with the setup we outlined earlier, we will
take the bulk operators to be inserted colinearly with the defect, which amounts to taking
the bulk operators to be inserted along the imaginary axis before the z — 22 transformation.
Thus, let 2 = /7 for real 7 < 0. For a general four-point function involving bulk scalar

operators O, Oy, we then have

(A0 = IV, (3.40)

Note that we only use a single complex coordinate to specify the positions of operators,
defining O(z) = O(z, z*), since in the presence of a boundary only a single copy of the
Virasoro algebra is preserved.

Let us use this result to compute various quantities for the case of the 2d Ising pinning
field defect. First we consider the case where both O; and O, are trivial, which yields the

norm of the leading endpoint primaries

1

S =90 = (D = (RH1e8),

where we use (.)p to denote expectation value in the presence of the boundary condition B

on the UHP. From now on we will take ¢8+ to be unit-normalized, which amounts to taking
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(I)4+ = 1 in the remaining calculations.

We next use (3.40) to extract the scaling dimension of the leading endpoint primary ¢J*.
For the present case of a factorized defect, this turns out to be a universal quantity that

only depends on central charge A = -%, giving the result Aj" = % for the Ising pinning field

16
defect. To see this, we consider a slight modification of the relation (3.40) to account for
the anomalous transformation of the stress tensor under conformal transformations. Noting
that (T'(2))p = 0 for any conformal boundary condition B, only the Schwarzian derivative

term from the stress tensor conformal transformation contributes to the three-point function

of two endpoints and T'(z)

1 1

—_— 3.41
64 |72 ( )

c

(ST IT(MIo0") = {vriTh =

Along with the identical result from the antiholomorphic component of the stress tensor, we
may read off AJT = 1/32.

We next compute OPE coefficients of o,¢ in the OPE of the endpoint operators. This

is done using the general form of the one-point function of a bulk primary operator (which

must have s = 0 to have a non-vanishing one-point function) in the presence of a boundary

B + 1
OE)s = =% = (R0 = R (3.42)

Using A, = 1/8, A, =1, a} =24 and a =1 we find A2 = 1 and A% = 1/4 [27].

The dCFT quantities computed above will help to verify the crossing symmetry of four-
point functions involving the endpoint operators, as we now demonstrate. To compute
four-point functions involving two endpoints and two bulk operators, we need first to know
the two-point functions of bulk operators in the presence of the fixed boundary condition.

A general such two-point function has the form

G3,0,(©) L Ja—2f?

BEEE R T BEEEEEE ]

(01(21)0x(22)) 5 (3.43)
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For the 2d Ising CFT with fixed-spin boundary, we have [52]

G;@%=¢<T§éyﬂ+(féz)lﬂ (3.44)

o ((5) () ) e

b 1+E+E

Now consider (3.14) in the limit where 71 — oo and 74 — 0

Gabed () T
(O L IO = o= (3.47)
T1| 7 v

do Ad
Ty AL+APe To

In the 7 coordinates, we also have

(x1/4 . w_1/4)2 .

£ =

> =

Finally comparing (3.47) with (3.40) for the specific case of the pinning field defect with two

bulk operator insertions, we get

+00+ gL Loa 1y
GOO1020($) - 4A1+A2 Goloz Z ($ - ) :
Using (3.44-3.46) and expanding in small z, which corresponds to the OPE limit of the bulk
operators approaching the endpoint operators, we see that in terms of SL(2, R) blocks in the

endpoint channel we have

- 1 _ .
Gloot () = 915" (2) + g dnfan (@) + O("%) (3.48)
G+00+ o 1 —31/32,3/32 2 —31/32,3/32 O 97/32
o () = (9™ @) = TP (@) + 0T (3.49)
1 —31/32,31/32 32 —31/32,31/32
%ﬁmhﬂ{wg )+ Tt @) 0T ) (3.50)

We see that the endpoint Virasoro primaries appear with the correct OPE coefficients that
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were derived above. Using the crossing relation (3.17) we can also derive

1 1 1
G2 = 14 a0+ (o) + el (@) 406 (35)
1 1
Gos'(@) = 5 (g?;;% So917e (@) + o<x33/8>) (3.52)
1
Goget" (1) =1+ 1562"(2) + O(a") (3.53)

Here we see the expected expansion into operators in the bulk channel, noting additionally
that A\..c = 0 and \.,, = 1/2. An additional consistency check is that in (3.51) and (3.53)
SL(2,R) primaries appear only at even Virasoro descendant levels, consistent with the fact
that these correlators respect the parity symmetries R™ which act on the bulk Virasoro
generators as (Ly, L,) — (Lyn, L,) and (L, L,) — ((=1)"L,,, (—=1)"L,,).

The final, more non-trivial case is the four-point function involving only endpoint oper-
ators where the trick used above is no longer applicable. This was computed in a general

setting in [45] from which we quote

G0 = (o) Zhw) o) =PRI s

l1—2z

where Z¢, (t) is the closed-channel annulus partition function of the Ising CFT

1 1

Z9.(t) = %Xo(t) + §X1/2(t) + ﬁ)ﬁ/w(t)- (3.55)

The functions x;(t) are the ¢ = 1/2 Virasoro characters, and we will need the few g-series

terms in their g-series expansions [52]

XO(T) _ q71/48 4 q95/48 T q143/48 + O(q49/16) (356)
Xuis(7) = g2 921+ g1 O(gRY) (3.57)
Xapa(7) = P8+ g g O(g1T %), (3.58)

where ¢ = ¢*™. The limit  — 0 is controlled by the OPE where the endpoints shrink down
to bulk operators. Indeed, the expansion in this limit may be carried out for a few terms to

check for the expected appearance of the bulk Virasoro primaries. The regime of small x in
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Xn(t(z)) is dominated by the terms with the smallest powers of ¢q. Expanding in small z and

writing the result as a sum of SL(2,RR) blocks gives

1 1 1
Ghis5 @) = 5 (18 + Jpat )+ ) 0T ). (39

In the above, the leading contribution of each Virasoro primary is exactly in agreement with
our predictions from our calculations of the OPE coefficients, multiplied by a common factor
of the defect g-function g = 1/2. To be sure that everything works as expected, in particular
that the contribution from the identity operator is consistent with crossing in the crossed
channel, we also compute the conformal block expansion in the crossed channel where the
endpoint operators are expanded in defect/domain wall operators. This can be done by

noting that ¢(z) = 1/t(1 — z) and using Z9, (1/t) = Z¥, (¢) with

Z2.(6) = volt) (3.60)
Z (1) = x1/2(0) (3.61)

the open-channel partition functions in the presence of equal or mixed fixed boundary con-

ditions. Again making use of (3.17) we obtain

1
Gioon' (x) =1+ 51—293’0(%) +0(z") (3.62)
. 1 1
Gooop (%) = 75 (g‘f’“(x) g (@) + O(x5)) (3.63)

We thus see that the contributions from the identity operators in the two OPE channels differ
by a factor of g. To have g appear as in (3.16) we can everywhere divide by g. Implementing
this in (3.63) allows us to extract the OPE coefficient of the domain wall Virasoro primary

A = ﬁi in the OPE of the endpoints.

3.3 Bootstrap bounds on symmetry-breaking defects

We now discuss the conformal bootstrap approach to studying the pinning field defect in

the D = 3 Ising CF'T, with the goal of both obtaining bounds on the leading defect CFT
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data and presenting the results of spectrum extraction on the higher operator spectrum from
g-minimization.

Our bootstrap analysis proceeds using the standard formulation of numerical conformal
bootstrap problems as polynomial-matrix problems (PMPs), which are internally converted
to semidefinite programming problems (SDPs) and solved using the solver SDPB [131]. These
techniques will allow us to numerically impose necessary conditions that any hypothetical
set of CFT data must satisfy, and to optimize quantities of our choosing subject to the
constraints.

The calculations involve numerically searching for a linear functional « of the form

Z Z al MV . (3.64)

x:2
that acts on the space of crossing vectors and satisfies certain positive-semidefiniteness con-
straints. The output of a acting on a crossing vector is a matrix whose entries are, usually®,
polynomials in the scaling dimension of exchanged operators. We refer to the maximum
number of derivatives A as the derivative order, which we may increase to yield stronger
bounds. The task of searching for « is performed using the SDPB. There is a further trun-
cation parameter, which we call k, which represents the order to which we approximate the
SL(2,R) blocks as polynomials in the cross ratio, which yields a rational function of A when

evaluated at the crossing-symmetric point z = 1/2

.T}A

Xx(A)

where x,(x) is chosen to factor out all poles and P, (x; Ajs, Asy, A) is a degree-x polynomial.

g (1) & P (x; A1g, Agy, A) (3.65)

We will choose kK = A + 10 throughout this work. Importantly, x, is positive for A > 0,
allowing us to express all positivity constraints only in terms of P, whenever A is not
explicitly fixed, suitable for input into SDPB. Depending on the particular calculation, we will
require « to satisfy different constraints, which we will outline in the following subsections

in addition to discussing our bounds.

9We will shortly discuss constraints for which we assign a different meaning to the continuous parameter
in SDPB.
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3.83.1 Incorporating 3d Ising CFT data

One the main goals of our work is to develop the ability to study conformal defects in a way
that can effectively and rigorously incorporate details about the bulk operator spectrum. To
accomplish this, we take advantage of the wealth of information known about the local op-
erator spectrum of the D = 3 Ising CFT to study its pinning-field defect. Firstly, the scaling
dimensions and OPE coefficients involving the leading Zs-odd and even scalar primaries o, €

are known to high precision from previous conformal bootstrap calculations, taking values

(Mg, Acy Aevors Aece) = (0.5181489(10), 1.412625(10), 1.0518537(41), 1.532435(19))  (3.66)

where the bold uncertainties represent rigorous errors [94]. In our setup, o and e appear
both as external and exchanged primary operators in the four-point functions we consider.
The fact that these operators are external in our setup makes it somewhat difficult to fully
account for the uncertainty in (A,, A.), since this would involve performing a scan over these
quantities during the optimization of any defect quantity. Recently, the navigator bootstrap
method has been developed to efficiently deal precisely this type of problem [126, 102].
However, the precision we are able to achieve for any defect quantity is many orders of
magnitudes less than the precision of quantities in (3.67), making the error introduced by
fixing the values of these quantities insignificant for the purposes of this work. We postpone
a more sophisticated navigator bootstrap treatment to future work, opting instead to choose

values from the navigator bootstrap minimum of [134]

(Agy Ary Aevors Aece) = (0.518148884, 1.41262383, 1.05185442, 1.53243407) (3.67)

for all bootstrap calculations performed in our work, unless otherwise stated. The OPE
coefficients \.oq, Acee enter through their ratio in our calculations through the parameter
Toe = Acee/ Acoo-

Beyond the leading bulk operator data, scaling dimensions of subleading operators of the
Ising CFT have been estimated using a variety of methods [132, 125, 163]. Our strategy will

be to explicitly assume that a subset of relatively low-lying bulk operators appear as internal



100

o T o= ¥ Exact
5 5(4)— #  Fuzzy sphere
o (3 —— @$  Bootstrap (non-rigorous)
4 0(2)— I Bootstrap (rigorous)
gl oo un —  Allowed
< 34 T —*—
2
E — %
14
g %

Zo-odd Zo-even

Figure 3.8: A graphical illustration of the discrete bulk primary spectrum included in our
numerical bootstrap calculations. We use (o), e() to denote the leading Z,-(odd,even)
spin-¢ traceless symmetric tensor operator of the 3d Ising CFT in the instances where the
operator does not have a more conventional symbol. Each horizontal light blue line represents
an operator dimension explicitly allowed to appear in the crossing equation, whose values
we choose based on the available bootstrap/fuzzy sphere data shown in the scattered points.
The fuzzy sphere data are taken from [163] and the bootstrap data with (non)-rigorous error
are taken from ([132])[125]. For clarity, we only explicitly mark operators that are bulk
primaries; their descendants also appear as explained in the main text.

operators in our crossing equation (3.37), allowing also for uncertainty in the exact values

of the scaling dimensions of these operators. We note that an analogous strategy was used

to study the space of boundary conditions of specific rational CFTs, where it is especially

effective since all bulk operator dimensions are known exactly [45]. In our context, while it

will be essential to make discrete bulk spectrum assumptions to yield strong bounds on the
10

defect CFT data, we must exercise caution in how much we assume™.

First, excluding the cases where rigorous errors have been obtained [125], the errors in the

scaling dimensions of the remaining sub-leading bulk operators from bootstrap techniques

10Tn practice we found relatively little sensitivity to the precise choices of subleading operator dimensions
of our bounds on defect quantities, but it difficult to do a careful analysis since there are a large number
of parameters.
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are non-rigorous [132]. Another issue is the possibility that the set of operators present in
the OPEs 0 x 0, 0 x €, and € x €, which are the only OPEs studied in [132], does not exhaust
the complete set of low-lying bulk operators. The main reason this is a possibility is because
pseudotensor operators and Zs-even tensor operators with odd ¢ are kinematically excluded

from these OPEs, and in principle our setup would be sensitive to the latter set!!.

In light of these uncertainties about the bulk operator spectrum, we will work with the
following set of assumptions about the scaling dimensions of low-lying bulk primaries of the
D = 3 Ising CFT. The recent results from the fuzzy sphere regularization technique seem to
account for all operators predicted in [132] with A < 7 and ¢ < 4 [163], and further do not
uncover any additional operators in this range, giving justification to our assumption that
all operators in this range are known. An example of such a potential unknown operator is
the leading Zs-even, vector primary, whose scaling dimension is now expected to be at least
A > 7 [105, 163]. Since there is no existing data that could completely cover the spectrum
of operators with ¢ > 5 within some higher range of A, we will assume a completely general
spectrum of operators with A > 6, coinciding with the ¢ = 5 unitarity bound A > ¢+ 1 in
D =3.

Our task now is to incorporate the known bulk operators with A < 6 and ¢ < 4 into our
setup. Our spectrum assumptions in this regime are illustrated graphically in Fig. 3.8. For
each subleading bulk primary O with scaling dimension Ay, we let d represent the error in
Ap and further use a small discrete sampling width of at most € = 0.002. We set ¢ according
to the rigorous error of Ap whenever possible, and otherwise we uniformly choose § = 0.1,
which is roughly one to four orders of magnitude larger than any non-rigorous error. As
seen in Fig. 3.8, this choice includes both the bootstrap and fuzzy sphere predictions for all

operator dimensions with non-rigorous error to be allowed in the crossing equation.

In addition to each bulk primary operator, we also must consider the contributions of its

complete set of descendant operators, some of which will be SL(2,R) primary operators as

1Tn the latter case, more precisely our setup is sensitive to descendants of such operators.
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we discussed before. Altogether, this leads to a number of constraints that are fixed accross

all of our calculations

alVRPEE 120 e£0 eV, Ao <6 (3.68)
alVX' =0  Ac{A.+4}U{Ap+nep+2m:0 € %gg{z,e > 0,m € Ng} U [6,00)

(3.69)

a[Vl,O,scal ] =0 o ?é O e %?%07 Ao <6 (370)

Ap+neo

a[VX' =0  Ae{A, +4}U{Ao +neo+2m: O e By, 0 >0,m e N} U[6,00)

(3.71)
a[V3’] =0 Aec{Ao+nep+2m+1:0c¢€ %é’dljl >0,m € Ny} (3.72)
alVi'l=0  A€{Ao+ne:0eBy, (>0}U[600) (3.73)
a[VE'] =0  Ae{Ao+neo+2m+1:0 By, ¢>0,meN} (3.74)

where in all the above we take n € Z with |nep| < do. Further, note that when O = &', T’
in the above we incorporate the rigorous errors on the ratio of OPE coefficients A.rec/Aeroo
and Arvee /Ao [125]. We also introduce the ratio rp = Apee /Aroe = Ac/A,.

Finally, we mention in passing that we also could have used a continuous interval posi-
tivity constraint to account for uncertainties instead of a discrete sampling [5], but for some
bulk operators we will use such a continuous interval constraint for ratios of OPE coeffi-
cients, as we will explain shortly, and it is not as straightforward to combine these distinct
continuous constraints in SDPB. We find very little sensitivity in our setup to changes in € or

0, so the discrete sampling is sufficient for our purposes.

3.3.2  Defect gap assumptions

Having outlined the spectrum assumptions we make about the set of bulk operators, we now
turn to describing our limited set of assumptions about defect-changing operators. Recall
that our main goal is to describe the IR fixed-point of a defect RG flow triggered by a

relevant, explicit Z, symmetry-breaking perturbation. This physical scenario implies two
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main consequences for the low-lying defect CF'T data:

1. The IR defect fixed-point lacks a non-trivial, relevant defect operator preserving both
parity /reflection and SO(2)7 spacetime symmetries. Our setup is not sensitive to par-

ity /reflection and SO(2)7 violating operators, so we assume A7+ > 1.

2. The defect g-theorem guarantees that g < 1 at the IR defect fixed-point.

The first consequence will be explicitly assumed, and the second consequence will guide our
search for finding the physical values of the Ising pinning field defect’s CFT data based on
those that imply g < 1 as a non-trivial consequence of imposing crossing symmetry.

Based on these simple physical consequences, we impose the following set of constraints
on « in the most general setting. All of our calculations will begin with the assumption
that there exists an endpoint operator ¢J* with lowest scaling dimension AJ". Then the

constraints on a become

a[VRFT=0  A>AY . (3.75)
a[ViT] =0 A > Af;lin (3.76)
alVAT]=0  A>AfL (3.77)
The most general gap choices for the gap assumptions are A?j{nin = AJT, Afhn = 1, and
Aaf ain = 0. We will also later make various stronger, non-generic gap assumptions in the

defect-changing operator sectors to obtain stronger bounds.

8.8.3 AyT island and bounds on |Ni) /ALY

The first set of bounds we present constrain the ratio of the OPE coefficients A2 and A%,

shown in Fig. 3.9. The reason to introduce these bounds first is because we will use the
results in all of our subsequent calculations as a way to encode information about the lack of

degeneracy of operators with scaling dimension equal to A, or A, appearing in the ¢J* x ¢f°



104

4.0 0.42
(AT A AThin)
3.5 0.55 (1,0, A0 + 1)
(1,0, 80 + 1) Cas
. | 0,50 7 (1,0, A +1.5) N /
3.0 45 - . (1.4,0.6, A" + 1) \
— B e I R [ INGEON
S’rg 2.5 0.40 - 0.40 - Fuzzy sphere
ci(b
>> 20+ 0.35 T T T T
138 0.09 0.10 0.118712 0.13
o w
< 1.5 7
1.0 . // 0.38 -
0517 A=15A=25 =35
0.0 T T T T T T T T T T T
0.10 0.15 0.20 0.25 0.30 0.35 0.40 0.1025 0.1050 0.1075 0.1100 0.1125 0.1150
0+ 0+
AO A0

Figure 3.9: Bounds on the ratio of OPE coefficients of the 3d Ising pinning field endpoint
primaries ¢t fusing to £ and o. We compute this for various gap assumptions and choices
of A. Unless otherwise indicated the bounds are computed with A = 45. Left: The most
general bound where only A7* > 1 is assumed. Right: The same calculation with stronger
gap assumptions. We show the A = 35 bound to demonstrate that the stable region lies
in the interior of the most general bound once a non-trivial A" gap is assumed, which is
outlined in the same plot.

OPE. The main effect of this additional assumption will be to give a stronger restriction on
the allowed values of AJT.

There are a few main takeaways from the bounds of Fig. 3.9. First, they reveal an
island of allowed values of AJ" that is separated from the remaining allowed values, even
when no non-trivial gap assumptions for defect-changing operators are made'?. We claim
that this island indeed contains the physical pinning-field defect solution (up to our fixed
assumptions about the bulk) based on the additional evidence that we will summarize from
our other bounds, and also the fact that the fuzzy sphere estimate of AJ* and rf§+ agree very
well with the values contained within the island. It is further noteworthy that the allowed

“continent” that exists for values of Aj" exceeding those contained in the island does not

12The existence of an island in the allowed region does not require the extra assumption encoded by
computing this OPE ratio, but its width in AJ" is reduced.
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seem to possess any feature that is robust to an increase in A. This makes it difficult to say

whether any potentially new physical solutions lie in this region.

We now describe how the bounds on are derived. Let us consider the contribution of o, ¢
to the crossing equation (3.37) as internal operators, given by AT - Vo¢(z) - X.. Recall that
the OPE vector A, is given by

. T
Koo = (A0 A% Arr AU A2 (3.78)
As was pointed out in [94], if in some calculation we only impose a[V?¢(z)] > 0, this allows

for solutions to crossing containing contributions of the form

> (N)T V() - XL (3.79)

)

which has the interpretation that multiple operators appear with dimensions equal to A, A.,
each with their own distinct OPE vector Xf,s of the form (3.78). Clearly then the uniqueness
of the operators with scaling dimensions equal to A,, A, is not encoded in this treatment.
The uniqueness of o, ¢ is an important physical assumption, so imposing it can potentially
eliminate unphysical solutions and give stronger bounds.

We will extract consequences of the uniqueness of o, ¢ appearing in the ¢°* x ¢ OPE by
explicitly fixing |A% /A%Y] to different values and determining which choices are disallowed
by crossing symmetry. Note that we bound only the absolute value because for any solution

where A7 /ALY is allowed A0 /A0 = =A% /A% must also be allowed by symmetry.

Thus, we may assume Ay /%Y > 0 without loss of generality. The main external scanning
parameter in our problem is the dimension of the leading endpoint operator AJ*. For any
given AJ*, we compute upper and lower bounds on [A{/A%0| using a “cutting-curve” algo-
rithm adapted from an essentially identical algorithm introduced in [40], which we describe

in Appendix C.
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0+
To implement this scan, we fix some 0:?2 13 and let

(%0, N%0) = |20 (sin 0%, cos 620, (3.80)

og )

Substituting (3.80) into Ay, we define the reduced OPE vector

— T —
W= (2] Ao AL, A2 = MOOE) - Ko

00 £(2)00

st oo+
sinf;? cosbf,2 0 0

MRy = | o 0 10
0 0 01
We finally replace
(Noe) T Vo) - Xge = (X0(690 )T - VO _(2;0207) - X0 (%07 (3.81)

: 0 oyt 9/ 00" 0/ 085 N\T - . .
with VI _(2:652 ) = M%(052 ) - Vye(z) - M?(052 )" in the crossing equation to account for
0+
our explicit choice of 02 . To compute the bounds shown in Fig. 3.9, we run the “cutting

curve” algorithm subject to (3.68-3.77) in addition to

a[Vg'(2)] = 1 (3.82)

a[VyT(z)] = 0, (3.83)

as our normalization and to account for the identity operator in the defect channel with

unspecified g, and finally

o[ VI (2:60% )] = 0 (3.84)

) Y oe

0+
where 9?@ takes the role of the parameter v in the notation of Appendix C.
In calculations of other defect quantities, we will make use of the bounds of Fig. 3.9 in
the following way. Again, without using a more sophisticated setup such as the navigator

0+
method, it is somewhat impractical to scan over fixed values of 022 as we did above when

13The trigonometric parameterization is convenient for the purpose of bounding | A% /A2¢Y| since it makes
the scanning region bounded.
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computing bounds on other quantities. We settle instead for allowing [A\%4 /%S| to take any

values within the allowed regions implied by Fig. 3.9. In SDPB each constraint supports up
to one continuous parameter that appears polynomially. The continuous parameter usually
takes the role of the scaling dimension of an exchanged primary operator, but since in V,.(x)
all operator dimensions are fixed we are free to use rf§+ = A% /A%0) as a continuous
parameter. It is straightforward to modify the derivation of the constraint VY_(z, 9??) to

0+
arrive on one that depends directly on rfg

e
1 r75¢ 0 0
VI (2,08 = MTrT) - V() - MO T M%) =0 0 1 o, (3.85)

)’ oeg gg g€

0 0 01

which enters in the crossing equation via the term

N 0+ 0o+, = 0+ - 0+
(A;E(T?g ))T ' VZE(I,T?Q ) : /\ZE(T?Q ) )‘Zs(rig ) - ( 2&? >\50'o' A[;(E?OO

Ati)

2)00

0+ 0+
Note that rfg appears quadratically in V] _(x; rﬁg ). We would like to impose

P9 (AYT) € [Fanin(AY), Fax (A,

where the upper and lower bounds are set by Fig. 3.9 and depend on the choices of A and gap
assumptions made in a particular calculation. In SDPB, however, the continuous parameter

is assumed to take values in y € [0, 00). By letting

0+ Yy
Tg)g (A8+) = rmin<A8+) + (TmaX(ABH) - 7’min(Ang)) Fy (3.86)

0+
we can convert the interval constraint on r22 to a form suitable for input to SDPB, further

without introducing any discretization error, which would otherwise be required. Upon
0+

making the substitution (3.86) the crossing vector V;E(x,rfg ) depends non-polynomially

on y, which is not suitable for input to SDPB. This is easily fixed by choosing 1/(1 + y)? as a

positive prefactor, and imposing
al(1+y)* Vi (2,9)(A07))] = 0

" (3.87)
180 (AGF) € [Fmin(A5F), Tmax (A5 7))
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in our subsequent calculations. With this strategy, the uniqueness of o, in the ¢ x ¢+°

OPE is only partially accounted for, since again solutions with multiple OPE vectors in the

spirit of (3.79) are allowed, but this nonetheless gives improved constraining power in our

other bounds.

3.3.4 Bounds on g-function
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Figure 3.10: Bounds on the defect g-function with various defect spectrum assumptions. The
bounds are obtained using A = 45, unless otherwise indicated.

Next we explore bounds on the defect g-function, which are shown in Fig. 3.10. A number

of interesting physical implications follow from these bounds. First, we learn that all values

of AJ sitting within the islands of Fig. 3.9, even for the range obtained with no non-trivial

assumptions about the defect operator spectrum, are inconsistent with g > 1. This means

that a generic point within the island will satisfy all of the necessary requirements we expect
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Figure 3.11: Zeros of the optimal functional obtained from g-minimization at A = 45 for
the defect, domain wall, and endpoint spectra, going from left to right. The spectra in the
upper subplot were obtained upon minimizing g with no assumptions on the defect-changing
spectrum other than A]T > 1. The spectra in the lower row were obtained assuming
ATT > 1.4, Af~ > 0.6, and A% > AT + 1.5. We also present the corresponding operator
dimensions computed with the fuzzy sphere regularization for comparison, whose values we
list in Tab.
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of the true pinning field defect. Together with existing analytical and numerical evidence,
which predict values for A8+ and ¢ that are overall very consistent with the island seen
in Fig. 3.10, we can safely reason that the physical solution is indeed responsible for the
island. Another interesting feature is that g < 1/2 is totally ruled out. This is significant
because it means that the non-simple SSB defect DT @ D~ can flow to the trivial defect,
since this defect would have gssp = 29+ > 1. If g < 1/2 were allowed, then we would not
have ruled out the scenario where domain wall proliferation drives the non-simple defect
fixed point to a non-trivial symmetry-preserving defect with g < 1. This scenario would be
very surprising, since it would require the existence of a stable, symmetry-preserving line
defect of the 3d Ising CF'T, but we know of no evidence supporting the existence of such an
object. In principle, given our bounds, it is still possible that domain walls drive the SSB
defect to a non-trivial (non-perturbative) g > 1 defect, but this scenario is quite unlikely for
the same reason.

Another interesting feature of our bound on ¢ is the region where the bounds have
appeared to saturate. We can see that there is a kink in the island along its lower edge, and
there is a sizeable region near this kink where the lower bound on g is essentially insensitive
to increasing A and imposing stronger gap assumptions. This behavior serves as strong
evidence that our setup is close to saturating the physical value of g, which we expect to live
near this kink.

A further indication that the physical dCFT data lie near the kink comes from the spectra
produced during g minimization. When g is minimized, the functional a* which produces the
optimal bound also produces a unitary solution to the crossing equations for free [59, 132].
We show the spectra of defect-changing operators implied from «o* in Fig. 3.11. When we
choose AJt to be near the kink, the low-lying spectra predicted shows excellent agreement

with the fuzzy sphere predictions. We see very close agreement between our predictions and

those of the fuzzy sphere for AT, AFT, Af~, AT, AJtH, and AY". Unfortunately, looking

14¢8+ is an external operator. Since the OPE coefficients involving ¢8+ are accounted for in the discrete

constraint V7 _, we do not expect it to necessarily appear as a zero of a[Vy'(z)].
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beyond these low-lying operators, the fuzzy sphere appears to predict a few operators that
we do not find, so our ability to make comparison is rather limited. There are a few reasons
that could explain why we seem to miss these operators. One explanation is that we have not
yet included enough constraints in our setup. We have not yet included constraints coming
from using the displacement operator or ¢, ¢t as external operators, which would allow
more physical assumptions to be made. We also could include more constraints about the
bulk, such as fixing more of the bulk descendant OPE coefficients or fully incorporating 3d
conformal blocks, as we will discuss later. A final possibility is that we have chosen bulk
CFT data that are too far from their physical values. It will be interesting in the future to
implement these improvements to learn more about the higher operator spectrum.

We finally mention how we obtain the bounds on g, which follows the standard technique
to optimize OPE coefficients. To briefly recall how this works, we first act on the crossing

equation with a linear functional o and write the result as
1 . .
—a[Vit+ o[ Vi + > AT - a[Vi]- X =0 (3.88)
g i

where V; runs over all crossing vectors included in (3.68-3.77) in addition to (3.87), repre-
senting the remaining terms in the crossing equation. Setting oz[Vg’O] = #+1 and imposing

a[V;] = 0 allows us to derive

a[Vi™] < Fg, (3.89)
which means Fa[V{ 1] yields a valid upper/lower bound on g, and we use SDPB to find an «
saturating the optimal bound subject to the constraints.

3.3.5  Defect-changing operator dimensions

We next discuss our bounds on the scaling dimensions of various defect-changing operators.
Our most general results are upper bounds on A", Af~ and A" as a function of AJT,
where we make no assumptions about the defect-changing spectrum other than AfT >

1. These bounds are obtained by imposing (3.68-3.77), (3.87), and (3.83) and finding the
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The only assumption about the defect-changing operator spectra is A" > 1, which is also

encoded in the bound on |\ /A%
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Figure 3.13: Allowed region for the leading domain wall operator with various non-generic
gap assumptions. In all instances, we compute a bound assuming only a single relevant

domain wall operator.

smallest disallowed choices of the gaps in the defect-changing sectors using a binary search.

The bounds are shown in Fig. 3.12 and lead to the following general bounds

1 <ATT<1.625

AF7 <0870 AT <2.210.

The values at which the above bounds are saturated, as a function of increasing A, agree

well with the values predicted by the fuzzy sphere [161]

(AT AF, A = (1.61(5), 0.84(5), 2.24(10)).

The most interesting consequence of these bounds is the proof, with no non-trivial defect-

changing spectrum assumptions, that ¢J~ is a relevant operator of the DT & D~ fixed

point, thus ruling out this non-simple defect from supporting stable spontaneous symmetry

breaking. This likely proves that there is no conformal line defect of the 3d Ising CF'T that
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Figure 3.14: The allowed region for the ratio of OPE coefficients /\%8 /Ao The bounds are
computed at A = 45.

can support SSB, but in principle there can exist defects without any obvious perturbative

description where SSB occurs, which our results do not technically rule out.

To obtain more refined estimates of AJ ™, we further impose Af~ > 1, amounting to
assuming only a single relevant domain wall is present. The new allowed region in A~ is
now bounded from below due to these secondary gap assumptions. These gap assumptions

are implemented by respectively replacing (3.77) with

a[VZOI,] >0 (3.90)
alViT]>0 A>1 (3.91)

All the other constraints are imposed in the same way as before, and we use the “cutting

curve” algorithm again to obtain the final islands using Aj~ as scanning parameters.
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3.3.6 Stress tensor OPE ratio

A final quantity that we bound is A%g /Moo, representing the ratio of OPE coefficients

of the stress tensor appearing in the endpoint vs. ¢ OPEs. We obtain the bound in an

essentially identical manner as described earlier in the case of A7/ \%H0| except we scan
over 0504% = AJE0 /A1ss using the crossing vector Vo (z, HZOJrU), defined as
0 0

VT(ZL', T£8+g) = MT(9£8+0) . VT<J]) . MT(QZ;%“'U)T MT(0£8+U) = (sin 9T8+0' COS 95:8_,_0.)
(3.92)

The results are shown in Fig. 3.14.

3.4 Discussion

In this chapter, we have demonstrated the power of modern numerical conformal bootstrap
tools to probe the properties of conformal line defects in specific CF'Ts in higher dimensions.
We focused on the case of the pinning field defect in the 3d Ising CFT, giving essentially
rigorous bounds on a variety of the most important quantities characterizing this defect. Our
most physically important result is the proof that the non-simple “LRO defect” DT @ D~
related to the pinning field defect cannot support stable spontaneous symmetry breaking
due to the RG-relevance of the domain-wall creation operator, under the assumption that
the bootstrap island we find is indeed due to the 3d Ising pinning field defect.

There are a number of interesting directions that are worth more study in the future. One
direction is to pursue improvements to our setup. Some options that stand out are firstly
to include more external defect-changing operators such as the displacement operator, Af™,
or Aj~. While the dimensions of these operators are quite large compared to that of ¢8+,
making them generally somewhat less constraining, including them allows more physical
assumptions to be encoded, such as the uniqueness of these operators. Hopefully, these
additional operators make way for a more accurate picture of the higher operator spectrum,
which we were not able to achieve in this work beyond the first two operators in each

defect-changing sector. Another interesting possibility is to include the full 3d conformal
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blocks in correlation functions that only contain bulk operators. While this likely comes at
a significantly higher computational cost, sensitivity beyond that of the pure bulk 3d Ising
bootstrap would be achieved, which would be a significant advantage compared with our
setup. Conversely, one can fantasize that, since augmenting the 3d bulk Ising bootstrap
setup with the defect-changing operators of the pinning field strictly strengthens any bulk
bounds in principle, the complete system of bulk and defect-changing operators could lead
to a shrinkage of the 3d Ising bulk bootstrap allowed region compared with the existing,
purely bulk results [94]. To attempt this, it will be important to also upgrade to a navigator
bootstrap setup to more efficiently scan over the rather large number of parameters that

could be involved [126].

Beyond the 3d Ising pinning field, which is the simplest example of a line defect in
a strongly coupled CFT in higher dimensions, a rich set of defects exist in other CFTs
as well that merit future study. Spin impurities are a particularly physical example of a
line defect, naturally appearing in e.g. the O(N) WF theories, but are difficult to study
analytically due to quantum effects [150, 103, 50]. Bootstrap does not suffer from issues due
to being in a strong-coupling regime like in perturbation theory, so our method seems like an
especially effective way to study these defects. Other theories that deserve attention from the
perspective taken in this work are conformal gauge theories. The problem of bootstrapping
such gauge theories has already proved to be a challenge; the problem can be set up in a
similar fashion to simpler theories, but the results are not nearly as strong compared with
e.g. the O(N) CFTs [41, 5, 83]. One natural guess as to why previous bootstrap studies
of gauge theories have not had as much success is that, when they have a flavor symmetry
such as SU(N), the flavor fundamental can be missing from the spectrum of local operators.
An operator in the fundamental representation can fuse to create operators in the other
representations, so it should be more constraining from a bootstrap point of view. However,
in these gauge theories the Wilson line can often carry such a fundamental rep. operator at
its endpoint. Using the techniques developed here, we hope that a deeper understanding of

conformal gauge theories could be achieved.
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Finally, we mention that the problem of studying line defects in two-dimensional theories
is still quite open. It has proven extremely difficult to solve conformal boundary conditions
beyond the rational boundaries of rational models and toroidal compactifications, so numeri-
cal bootstrap techniques are a natural next resort. There are a much richer set of constraints
on line defects in two dimensions coming from the modular transformation properties of the
annulus partition function [95], so combining these new consistency conditions in addition

to those introduced in this chapter seems quite promising.
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Appendix A
MODULAR BOOTSTRAP EQUATIONS

The reduced modular covariance equation reads
Zred(_l/Ta _1/7_-) = Fredzred(Ta 7_—)

Here we list F for each N along with the corresponding reduced partition function compo-

nents.

A0.1 Ne2Z+1

As discussed, when N is odd the LSM anomaly does not lead any Zy subgroup to have
a Zy anomaly. When N is prime, such as in the cases we consider, the full orbit of the
automorphism group of any non-trivial g € Z3; contains all other non-trivial TDLs. Con-
sequently, we may perform the maximal reduction and lose no generality. If we denote the

trivial representation by p; and the trivial element of G by g; then

1 1 1 p1
1G] [€] €] 4
—| =t gt 1|7
Frea 1G] Ie] Ie] Zired Em;«épeRep(G) Z°
IGl—1 -1 0 Zg#geGZg

A.0.2 N €27

In the case of even N, the full reduction is no longer possible. However, by grouping together
all TDLs with identical Z,; anomalies according to Table 2.1 we still may perform a non-

trivial reduction.
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N =2

According to Table 2.1 there are two types of TDLs, both with order 2: non-anomalous or
anomalous with £ = 1. Denote the subset of G corresponding to the former as [2N] and the
latter as [2A].

Next, denote representations of Z3; as vectors p = [i,j,k]. There are then two auto-
morphism classes of representations induced by automorphisms preserving the spin selection
rules of the LSM anomaly: a class [O] where an odd number of components of p is non-trivial

and a class [E] where an even number is non-trivial. Then

SR 2
% % % % _% ZpE[E] z°
Frea = % % % _% 0 | Zeea = Epe[o] zZ°
1 1 -1 0 O de[QA] Z,
6 -2 0 0 0 ZgE[ZN] Zg

N =4

Table 2.1 indicates that there are three classes of TDLs. All order 2 TDLs are non-anomalous
and we will denote the class of such TDLs by [2N]. Order 4 TDLs are either anomalous with
k = 2 or non-anomalous, respectively denoted by [4A] and [4N]. There are also three classes
of non-trivial representations. The first, denoted [2E]|, are representation vectors where an
even number of components is equal to 2 and the rest are equal to 0. Then [20] denotes the

representation vectors where an odd number of components are equal to 2 and the rest are
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0. Finally, [4] denotes all remaining, non-trivial representation vectors. These give

oi o o 4 o o W zn

oi o o of o of "o > peier) 27

% i 1 % 1 "1 U > peiz0) 27
Fa=f¢% § § § -5 0 0 Ziea = 2 peiy 2°

77 7 -1.0 0 0 e Zo

§ 8 -8 0 0 0 0 > ein Zo

8 -16 0 0 0 0 0 e Zo

N =6

Following a similar pattern as before, we label the classes of TDLs as
[2N], [2A], [3N], [6N], [6A] where the order 2 anomalous TDLs have & = 1 and the or-
der 6 anomalous TDLs have & = 3. There are five classes of non-trivial representations.
We denote the classes containing an even/odd number of components being equal to 3 as
[3E]/[30]. There is a class where each component is an even number, which we denote by
[E]. There is a class containing only odd numbers with at least one component not equal to
3, denoted [O]. Finally, there is a class where the components are a mix of even and odd

numbers, denoted [EO]. These give

_1 _1 _1 11 1 _1 _1 _1 _1 _1 AS!
216 216 216 216 216 216 216 216 216 216 316
1 1 1 1 1 1 1 __1 1 1 __1 Z zp
72 72 72 72 72 72 72 216 72 72 216 pPE[BE]
1 1 1 1 1 1 1 1 1
54 54 54 51 31 31 s O 52 s 0 > peiso] Z°
13 13 13 13 13 13 13 13 1 __1 _ 1 > yAS
o8 108 108 108 108 108 108 108 216 216 216 pE[E]
13 13 13 13 13 13 13 _ 13 _ 1 _ 1 1 Z YA
36 36 36 36 36 36 36 108 72 73 216 N p€E[O]
_ 13 13 13 13 13 13 13 1 1
Fa=|%8 8 8 8 £ 8 -2 0 BT 0 Licq = 2peleo) 27
1 1 —1 1 1 —1 0 0 0 0 0 de[2A] Zg
6 -2 0 6 -2 0 0 0 0 0 0 S peian Zo
26 26 26 -1 -1 -1 0 0 0 0 0 S petan Zo
26 26 —-26 -1 -1 1 0 0 0 0 0 ZgE[GA] Zg
156 —52 0 —6 2 0 0 0 0 0 0 ZgE[GN] Zg
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Appendix B
CROSSING EQUATIONS

In terms of conformal blocks (3.18), the full set of crossing equations is

O:Gj:l)F[fi‘z"z’(x)Jr S ML ELY @ Y (WMR)FSY(x)  (B.Y)

O€[++;r"=0] Oc [Oo;g;a(ﬂ
0=2F35(x)+ Y (AP FR2%(x) £ Y (—1)I(AJS0) FL% (x) (B.2)
e Joorg 5]
0==F77%@) + > POOPFI (1) Y Ao FR7(x) (B.3)
OE O+] OG[ O’I‘q 700]
0= MEOULFLY (@) £ Y MAwoFLL (x) (B.4)
O€[0+4] Oc [OO;T;::lO]
0==F2x)+ Y NOSPFO% @)+ Y MBAeoFi% (z) (B.5)
O¢€[0+] Oc [OO;T,;::(]O]
0=F"(x)+ Y. A,oFZ7"(x) (B.6)
oeo0;" =]
0=F2@)+ Y. doreoFEE(@) Y Dol FY(2) (B.7)
Oc [UO;T(;::OO] Oe [OO;T;z(i’l]
0= > (-1 Aol FZ(x) (B.8)
oefoo” =]
0=F““(z)+ >  NoF&“(x). (B.9)
oc [00 " —00]

The crossing equations lead to the following crossing vectors listed below. Note that for

crossing vectors whose elements are non-trivial matrices, we use “0” to represent the zero
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Appendix C
CUTTING-CURVE ALGORITHM

Here we describe an algorithm to solve an optimization problem frequently encountered
in this work. Throughout this section, we will assume all scaling dimensions of external
operators are held fixed. Let V(x;7v) be a crossing vector that depends on some internal
parameter v that may take values within a finite interval v € [y, v (i-e. it does not represent
the scaling dimension of an external operator—if it did, we expect the algorithm described in
this section to be substantially less efficient than alternative approaches such as the navigator
method.). We will either take + to be the scaling dimension of an internal operator or a ratio
of two OPE coefficients. Next, let Va ;(z) represent the remaining set of crossing vectors
we will impose positivity on within some ranges S; of the internal scaling dimension A € S;,
where S; may be disconnected. Finally let A/(x) be a normalization crossing vector.

We wish to numerically solve the problems

(Maximize/Minimize) 7 subject to Ja satisfying
alN(z)] =1
afV(z;7)] = 0
a[Va(x)] =0 A€ S;

where « is defined as in the main text in (3.64). We will assume, for this implementation,
that the set of allowed values of v is connected—we have found no evidence to the contrary
in the examples studied in this work. For the purpose of defining our algorithm, this means
that when the scaling dimensions of all external operators are fixed, the allowed range of ~
forms an interval. Note that we may not simply optimize v using SDPB directly, since 7 is

not explicitly bounded by the value of a linear functional acting on some crossing vector, as
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is the case when, say, optimizing the magnitude of OPE coefficients.

We require an algorithm that can efficiently do the following:

1. If there is actually no allowed v € [y;, v4], rigorously rule out the entire range.

2. If there is an allowed v € [y, 1], find a single allowed point.

When there is at least one allowed point, the hardest part of the calculation is finding such an
allowed point. Once an allowed point . is found, since we assume the entire range of allowed
values to be an interval we know v; < Vmin < 7 < Ymax < Vh, Where Yimin, Ymax represent the
optimal lower /upper bounds. From there we may efficiently approximate ~iin, Ymax, to within
some desired tolerance, by performing a standard binary search that tests for feasibility of

different choices of v, where we simply seek any « such that

alN(z)] =1
a[V(z;7)] = 0

OC[VAJ'(I)] t 0 A S SZ

If such an « is found, the semidefinite program is feasible (i.e. all of the constraints can be
satisfied), which proves v in the above is disallowed via the standard numerical bootstrap
logic. Depending on whether we seek to approximate the lower or upper bounds, we then
raise or lower v and repeat.

To find the allowed point, we use the following strategy, which is essentially equivalent to
the m = 2 case of the “cutting-surface” algorithm described in [40], although there is a very
minor technical difference in our problem which is that o[V (z;~)] will not be a quadratic
form in y!. Define Ay = [y;,71], the set of initially allowed v, and let 79 = (v, —;)/2 be the
initial value of  to check. The trick noticed in [40] is that any time some linear functional

a rules out a point -, it will also rule out points in some neighborhood of v. We define this

'When we are computing OPE ratios with this method we will let the OPE ratio equal e.g. cot~y, tan,
which compactifies the possible values that must be scanned over. When = is an internal scaling dimension
a[V(z;7)] will be a higher-degree polynomial.
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neighborhood by computing the nearest roots below and above 7 of det a[V (x; )], defining
some interval Z, that is totally ruled out since the eigenvalues of o[V (x;7)] are necessarily
positive at points continuously connected to o without encountering a root of det a[V (x; )],
which is a smooth function of v (this is actually a weaker condition than could possibly be
imposed, but we find it sufficient.). The set of allowed points then becomes A; = Ag\Z.
To proceed in the algorithm, each A; representing the allowed region after checking ; will
be expressible as a union of intervals A; = |, J:.. There are different ways to choose 7;1,
but we found in practice that choosing 7;11 to be the midpoint of the widest 7' the most
efficient for finding an allowed point. Once we find an allowed v, we enter the binary search
phase described previously.

Sometimes the aforementioned choice of v;,; struggles to fully exclude all values of ~
when there should be no allowed value, but we consider a point ruled out if it does not find
an allowed value within 75 iterations. This seems to happen due to the fact that we use
“hot-starting,” i.e. for each call to SDPB we recycle o from the previous run since it will
necessarily be positive when evaluated on all the fixed constraints a[Va;(z)] = 0. As the
algorithm proceeds, Z; typically shrinks in width?, whereas Z, usually is sufficiently wide
such that A; is still connected. We experimented with letting SDPB run longer for each check
of v by saving a checkpoint at termination only after every few runs, but it is unclear the
ultimate effect this choice has on the overall efficiency. There are also other choices of ;1
that seem to perform somewhat better at ruling out the full range of v when applicable,
but we find choosing a method optimized for disallowed points less desirable since another
way to judge when there should be no allowed ~ is the point, as a function of the external
dimension, at which the upper and lower bounds on 7 agree, although this is arguably not
fully rigorous. However, in our problem the external dimension is AJ", and all evidence
suggests that there are two connected components of the allowed values of A)™ which we

confirmed at small A, so we find the approach described here satisfactory.

ZStrangely, this seems to be the opposite behavior to what is described in [40], where the functional near
the boundary of the allowed region apparently rules out roughly half of the search space at each step.
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