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Phylodynamics is an area at the intersection of phylogenetics and population genetics that

aims to reconstruct population size trajectories from genetic data. Phylodynamic methods

rely on a standard framework based on the coalescent, a stochastic process that generates

genealogies connecting randomly sampled individuals from the population of interest. The

shape of a genealogy is influenced by the effective population size trajectory and, under the

coalescent framework, the times at which genealogical lineages coalesce contain information

about population size dynamics. I show that these coalescent times can be viewed as

realization of a point process and that estimation of population size trajectories is equivalent

to estimating a conditional intensity of the coalescent point process. This thesis presents a

Gaussian process-based Bayesian nonparametric approach to estimate effective population

size trajectories. First, I summarize and discuss current approaches to statistical inference

in phylodynamics. Next, I demonstrate how recent advances in Gaussian process-based

nonparametric inference for Poisson processes can be extended to Bayesian nonparametric

estimation of population size dynamics when the genealogy is assumed fixed. I compare our

Gaussian process (GP) approach to one of the state of the art Gaussian Markov random

field (GMRF) methods for estimating population trajectories. Next, I show that when

a representative genealogy is available, perhaps estimated using one of the phylogenetic

reconstruction methods, we can replace Markov chain Monte Carlo (MCMC) methods to



perform inference by integrated nested Laplace approximation (INLA). This approximation,

actively used in spatial statistics, results in recovery of population size trajectories that is

much faster than current MCMC-based methods. However, the INLA algorithm cannot be

generalized to a more realistic setting, where one starts with molecular data instead of a

genealogy. Therefore, I return to MCMC to extend the GP approach to infer population

size trajectories from molecular data directly. I test the GP-based method on simulated and

real data. For real data, I estimate effective number of infected individuals with Hepatits C

virus in Egypt from 1700 to 1993, the effective number of individuals infected with human

influenza A virus in New York between 2000 and 2005 and effective number of Bisons across

Beringia from present time to 100,000 years ago.
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Chapter 1

INTRODUCTION

Changes in population size affect the variability of gene frequencies in natural popula-

tions, allowing genetic variation in present-day and recent-past molecular sequence data to

help recover the more distant past demographic history of the population. This variabil-

ity also enables researchers to examine the factors driving past population dynamics and

to establish molecular surveillance of emerging infectious diseases. For example, Campos

et al. (2010a) analyze ancient and modern musk ox mtDNA samples dated from 56, 900

radiocarbon years old to present and recover the population dynamics throughout the late

Pleistocene to the present; 63 RNA sequences of hepatitis C virus (HCV) obtained in 1993

effectively reveal the dynamics of HCV infections in Egypt over the past century (Pybus

et al., 2003); and human influenza A/H3N2 subtype sequences sampled over a 12 year period

in New York state return estimates of the seasonal population dynamics of human influenza

A/H3N2 (Rambaut et al., 2008).

In 1931, Sewall Wright introduced the concept of the effective population size of a pop-

ulation (Wright, 1931). The effective population size is the number of breeding individuals

in an idealized population that is randomly mating and that has the same gene frequency

changes as the population being studied. The study of effective population sizes has grown

into a central theme in population genetics ever since. Molecular epidemiologists often em-

ploy estimates of effective population size to approximate census population size (number of

infected individuals) by incorporating knowledge about the expected number of molecular

sequence substitutions (e.g., DNA substitutions) per calendar time unit along the inferred

genealogy, generation time in calendar units and the population variance in number of off-

spring (Wakeley and Sargsyan, 2008). However, even when such prior information is avail-

able, interpreting estimates of the effective population size remains challenging, especially

in studies of infectious diseases(Frost and Volz, 2010).
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Initially, most studies focused on two summary statistics of a multiple alignment of

molecular sequences – the number of segregating sites (Watterson, 1975) and the mean

number of nucleotide differences between two sequences in a sample (Tajima, 1983) – to

quantify the effective population size. However, with the introduction of coalescent theory

(Kingman, 1982) and the coalescent with variable population size (Slatkin and Hudson,

1991a; Griffiths and Tavare, 1994), the genealogical relationships among the sequences in a

sample have begun to inform estimates of effective population size and its dynamics over

time.

The coalescent provides a probability model that describes the relationship between the

coalescent times in a gene genealogy and the effective population size (Nordborg, 2001; Hein

et al., 2005). Some coalescent-based methods assume that a single genealogy is available

(Fu, 1994; Pybus et al., 2000) and others produce estimates of effective population size

trajectories directly from molecular sequence data through an unknown genealogy (Kuhner

et al., 1995; Drummond et al., 2002, 2005; Minin et al., 2008). Methods that take into

account the genealogical uncertainty more efficiently use the information present in the data

(Felsenstein, 1992); however, the achieved efficiency comes at substantial computational cost

of Monte Carlo methods needed to integrate over the space of genealogies. When molecular

sequences contain sufficient phylogenetic information, the computationally expensive Monte

Carlo can be omitted in favor of inferring the population size trajectory from a single

estimated genealogy (Pybus et al., 2000; Minin et al., 2008). However, such a two step

estimation procedure can lead to substantial underestimation of uncertainty in population

size estimates and, therefore, should be used with caution (Minin et al., 2008).

When all molecular sequence data are sampled at the same time under an isochronous

sampling scheme, it is possible to estimate θ = 4Neµ, where the effective population size Ne

is measured in units of generations in a diploid population and µ represents the substitution

rate per site per generation. If one has access to an independent estimate of µ via previous

studies or from other sources, one can estimate Ne directly, otherwise Ne and µ remain

confounded. Felsenstein and Rodrigo (1999) extend the coalescent model to incorporate

genealogies with sequence data sampled at different times under a heterochronous sampling

scheme. Here, the sampling times of noncontemporary sequences can provide information
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about µ and help to identify Ne and µ separately (Rambaut, 2000; Pybus et al., 2003).

Such serially sampled data are common in studies of ancient DNA and of rapidly evolving

viruses.

Scientific interest often lies in the changes of the effective population size over time or,

in other words, in the effective population size trajectory, Ne(t). Most inferential tools for

estimating such a trajectory assume a simple parametric form of Ne(t), such as exponential

or logistic growth. Maximum likelihood (Griffiths and Tavare, 1994; Kuhner et al., 1998)

and full Bayesian (Drummond et al., 2002) approaches provide estimates of the parameters

that characterize these functional forms. However, for poorly studied populations, a simple

parametric form remains difficult to justify and more flexible nonparametric methods are

preferable.

Over the last 15 years, the development of nonparametric methods to infer Ne(t) has

blossomed. A common characteristic of most of these methods is an underlying assump-

tion of a piece-wise constant or linear trajectory describing Ne(t). Early methods, such

as the skyline plot (Pybus et al., 2000) and its regularized version, the generalized skyline

plot (Strimmer and Pybus, 2001), provide fast but noisy estimates of Ne(t) from a fixed

genealogy. Drummond et al. (2005), who call their method the Bayesian skyline plot, and

Opgen-Rhein et al. (2005) introduced more sophisticated multiple change-point models to

estimate population trajectories in a Bayesian framework. The most popular implemen-

tation of the Bayesian skyline plot, available in the Bayesian Evolutionary Analysis by

Sampling Trees software package (BEAST) (Drummond et al., 2012), starts from the se-

quence data and models Ne(t) as a piece-wise constant function with a fixed number of

changes a priori. Opgen-Rhein et al. (2005) propose a similar model, but these authors

infer the number of change-points simultaneously with other model parameters. However,

in contrast to Drummond et al. (2012), Opgen-Rhein et al. (2005) condition on a single

genealogy.

Recently, Minin et al. (2008) and Palacios and Minin (2013) have proposed and im-

plemented Bayesian nonparametric approaches that rely on Gaussian processes (GPs) for

prior specification of Ne(t). GP-based nonparametric methods enjoy a long and success-

ful history in spatial statistics (Cressie, 1993) and machine learning literature (Rasmussen
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and Williams, 2006), but GP-based inference started to appear in the evolutionary genet-

ics literature only recently. In the context of effective population size estimation, GP-based

methods allow for more flexible prior specification than previous approaches based on piece-

wise continuous prior formulations. The Bayesian skyride model of Minin et al. (2008) a

priori assumes that the population size trajectory follows a discretized log-Gaussian pro-

cess, while the continuous time GP-based method of Palacios and Minin (2013) puts a

continuously defined exponential Gaussian process prior on the population size trajectory.



5

Chapter 2

MODERN BAYESIAN NONPARAMETRIC METHODS FOR
PHYLODYNAMICS

The main goal of this chapter is to provide a general overview of modern Bayesian

nonparametric methods for inference of effective population size trajectories. First, we for-

mulate the problem of effective population size estimation in general terms within a Bayesian

framework. We then develop a notation that allows us to work with both isochronous and

heterochronous sampling, and unifies the presentation of multiple change-point and Gaus-

sian process models. Next, we show that coalescent-based estimation of population size

trajectories can be thought of as estimation of an intensity function of a temporal point

process. This point process representation allows us to make explicit connections between

Bayesian nonparametric phylodynamics methods and Bayesian nonparametric estimation

of an intensity of an inhomogeneous Poisson process. This connection is important, because

borrowing statistical and computational techniques from the point process literature should

be fruitful for extending Bayesian nonparametric phylodynamics models in the future. To

illustrate the performance of Bayesian nonparametric phylodynamics, we analyze simulated

and real data.

2.1 General Model Formulation

2.1.1 Likelihood for Sequence Alignment

Let Y denote an n × L sequence alignment matrix, where n represents the number of

individuals randomly sampled from the population of interest and L refers to the length of

the sequence alignment. The sequence alignment usually represents DNA or RNA sequences

from a protein coding region or a “gene.” We assume that sites within the alignment are

fully linked, meaning that there is no recombination possible between the sequences. This

last assumption implies that we can postulate an existence of a genealogy/phylogeny g,
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in the form of a rooted bifurcating tree, that represents ancestral relationships among the

sampled individuals. We assume that sequence alignment Y is generated by a substitution

process, defined by a parameter vector m, acting on the genealogy g. This construction

yields the following likelihood function:

P (Y | g,m). (2.1)

Although specifics of the substitution process are not important for the general model for-

mulation, it is commonly assumed that at each alignment site substitutions occur according

to a continuous-time Markov chain. In such cases the likelihood function (2.1) is referred

to as the Felsenstein likelihood (Felsenstein, 1981).

2.1.2 Coalescent Prior

We proceed in a hierarchical Bayesian framework by putting a coalescent prior distribu-

tion on the genealogy g. When all sequences are sampled at effectively the same time

(isochronous sampling), this prior becomes

P (g | Ne(t)) ∝
n�

k=2

Ck

Ne(tk−1)
exp

�
−Ck

� tk−1

tk

1

Ne(t)
dt

�
, (2.2)

where tn = 0 denotes the time of sampling, 0 < tn−1 < ... < t1 are coalescent times, times at

which two lineages meet their most recent common ancestor, and Ck =
�k
2

�
is the coalescent

factor that depends on the number of lineages k = 2, ..., n. The prior (2.2) is a product

of (n − 1) conditional densities of coalescent times, where each density is quadratic in the

number of lineages and inversely proportional to the effective population size. Figure 2.1

shows an example of a population that experiences growth and then decay in population

size. To appreciate the effect of the effective population size on the distribution of the

coalescent times, consider coalescent times t5, t4, t3, and t2 in Figure 2.1. The elapsed

times since the last coalescent event are long for t5, t4, owing to relatively large population

sizes in the vicinity of these times. In contrast, coalescences occur vary fast at times t3 and

t2 when the population size becomes small.

The heterochronous coalescent or serially sampled coalescent arises when not all se-
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Figure 2.1: Example of a genealogy of 10 individuals randomly sampled at time t10 (red
circles) from the population depicted as black circles at time t10 in the left plot. When
we follow their ancestry back in time, two of the lineages coalesce at time t9, the rest of
the lineages continue to coalesce until the time to the most recent common ancestor of the
sample at time t1. The population size trajectory is shown as the solid black curve. When
the population size is large (around t5), any pair of lineages coming from time t5 (red circles
at t5) take longer to meet a common ancestor at time t4. The figure in the top left corner
shows the genealogy reconstructed by following the ancestry of the 10 individuals. It is an
aligned representation of the genealogy depicted in the main plot.
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quences are sampled at the same time (Figure 2.2). In this case, the coalescent prior is

P (g | Ne(t)) ∝
n�

k=2

C0,k

Ne(tk−1)
exp

�
−

�

I0,k

C0,k

Ne(t)
dt−

m�

i=1

�

Ii,k

Ci,k

Ne(t)
dt

�
, (2.3)

where tn = 0 < tn−1 < · · · < t1 denote the coalescent times as before, but the coalescent

factor Ci,k =
�ni,k

2

�
depends on the number of lineages ni,k in the interval Ii,k defined by

coalescent times and sampling times sm = 0 < sm−1 < ... < s1 < s0 of nm, ..., n1 sequences

respectively,
�m

j=1 nj = n. Here, time is measured backwards. Present time is t1 = 0 and

the time to the most recent common ancestor is t1 units ago. We denote intervals that end

with a coalescent event by

I0,k = (max{tk, sj}, tk−1], for sj < tk−1 and k = 2, . . . , n, (2.4)

and intervals that end with a sampling event by

Ii,k = (max{tk, sj+i}, sj+i−1], for sj+i−1 > tk and sj < tk−1, k = 2, . . . , n. (2.5)

The main difference between equations (2.2) and (2.3) is in that the conditional density for

the next coalescent time tk−1 is the product of the density of the coalescent time tk−1 ∈ I0,k

and the probability of not having a coalescent event during the period of time spanned

by intervals I1,k, ..., Imk,k, where mk is the number of intervals that end with a sampling

event in (tk, tk−1] (Felsenstein and Rodrigo, 1999). Lastly, we point out the densities on the

right-hand sides of equations (2.2) and (2.3) are in fact densities of the coalescent times.

The corresponding genealogical densities are obtained by dropping the factors Ck and C0,k,

because for a given genealogy, we do not need to enumerate all possible orders in which

lineages coalesce one pair at a time.

2.1.3 Posterior Inference

We have now defined the likelihood function (2.1) and two priors for genealogies (2.2) and

(2.3), corresponding to contemporaneously and serially sampled data. The next step is to

define a hyper-prior P (Ne(t) | θ) for the effective population size trajectory with hyper-

parameters θ, accompanied by their own prior P (θ). Various approaches to this prior

specification will be discussed in the next section. We also need a prior for the substitution
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Figure 2.2: Example of a genealogy relating serially sampled sequences (heterochronous sampling).
The number of lineages changes every time we move between intervals (Ii,k). Each endpoint of
an interval is a coalescent time ({tk}nk=1) or a sampling time ({sj}mj=1). The number of sequences
sampled at time sj is denoted by nj .
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process parameters, P (m). Such a prior heavily depends on the choice of the substitution

model and usually follows standard practice in Bayesian phylogenetics (Suchard et al., 2001;

Ronquist et al., 2012).

We are now ready to define the posterior distribution of all model parameters:

P (g,m, Ne(t),θ | Y) ∝ P (Y | g,m)P (m)P (g | Ne(t))P (Ne(t) | θ)P (θ), (2.6)

where we assume that the substitution process parameters m and genealogy g are a priori

independent. If the genealogy is assumed to be fixed, the posterior distribution simplifies

as follows:

P (Ne(t),θ | g) ∝ P (g | Ne(t))P (Ne(t)|θ)P (θ). (2.7)

2.2 Priors on Effective Population Size Trajectory

2.2.1 Multiple Change-Point Models

A Bayesian multiple change-point method, developed by Opgen-Rhein et al. (2005), is im-

plemented for a fixed genealogy with contemporaneous data in the R package APE (Paradis

et al., 2004). The authors assume a piece-wise constant trajectory

Ne(t) =
k+1�

j=1

γj1(aj−1,aj ](t), (2.8)

where the change-points a1, ..., ak are a priori uniformly distributed in [0, t1], ak+1 = t1 is

the time to the most recent common ancestor, a0 = 0 is the sampling time of the contem-

poraneous sequences and for an interval A

1A(t) =






1 if t ∈ A,

0 otherwise.

The number of change-points, k, has a truncated Poisson prior with hyperparameter λ ∼

Gamma(a, b). A priori

γj ∼ Gamma(αj , βj) for j = 1, . . . , k + 1. (2.9)

The authors approximate the posterior distribution of Ne(t) and other model parameters

by Markov chain Monte Carlo (MCMC) sampling.



11

The Bayesian skyline plot (Drummond et al., 2005) is implemented in BEAST (Drummond

et al., 2012) to estimate population size trajectories directly from serially sampled sequence

data. This method considers the following piece-wise constant prior

Ne(t) =
k+1�

j=1

γj1(aj−1,aj ](t), (2.10)

with γk > 0 for k ≤ n−2 change-points a1, ..., ak. These change-points are an ordered subset

of the coalescent times {tn−1, ..., t2}, and a0 = tn = 0 and ak+1 = t1. That is, the effective

population size changes only at some coalescent events. The number of change-points is

fixed by the user. The heights of step function (2.10) follow an auto-exponential prior:

γj ∼ Exponential(γj−1), for j = 1, . . . , k + 1. (2.11)

The first step function height, γ1 receives an improper scale-invariant prior with density

f(x) ∝ 1/x. Drummond et al. (2005) approximate the posterior distribution of Ne(t) and

other model parameters, including the genealogy, using MCMC.

2.2.2 Coalescent as a Point Process

Before proceeding to the GP-based priors on the effective population size trajectory, we

take a moment to view the coalescent as a point process. First, we notice that equations

(2.2) and (2.3) suggest that once we extract the coalescent times from a genealogy , the

genealogy does not provide any further information about the effective population size

dynamics. Next, recall that the coalescent and its companion ancestral process, that tracks

the number of genealogical lineages, are continuous-time Markov chains and the coalescent

times are transition times of these two chains (Tavaré, 2004). Therefore, the coalescent

times form a Markov point process with a conditional intensity inversely proportional to

Ne(t) (Andersen et al., 1995). See (Palacios and Minin, 2013) for a more detailed exposition.

Benefits of the above reflection may not be immediately obvious, but viewing the coales-

cent as a point process allows us to recognize that the problem of reconstructing population

size trajectory from coalescent times closely resembles the problem of estimating an inten-

sity function of the inhomogeneous Poisson process. The latter task is well studied in the
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statistical literature, providing opportunities to adapt point process estimation tools to the

coalescent framework. In fact, the multiple change-points discussed above can be viewed as

modifications of the change-point approach to Poisson process intensity estimation (Raftery

and Akman, 1986; Green, 1995).

The aforementioned change-point modeling falls into the area of nonparametric statis-

tics, in which the number of parameters can grow indefinitely with dimensionality of the

data. One popular alternative to the change-point approaches is GP-based nonparamet-

ric inference. A GP is a stochastic process such that any finite sample taken from the

realization of the process has a multivariate normal (MVN) distribution (Rasmussen and

Williams, 2006). For example, Brownian motion and Ornstein-Uhlenbeck processes are GPs.

GP-based models are very flexible and amenable to multivariate extensions, making these

models dominant players in the point process and spatial statistics literature (Cressie, 1993).

We now turn to describing the methods that use GP-based approaches to nonparametric

inference of population dynamics.

2.2.3 Gaussian Process-Based Nonparametrics

There are two GP-based approaches to estimation of effective population size trajectories.

The first approach – the Bayesian skyride (Minin et al., 2008) – assumes that given a

genealogy, the effective population size trajectory is a piece-wise constant function with

change-points coinciding with the coalescent times:

Ne(t) =
n�

k=2

exp (γk) 1(tk,tk−1](t). (2.12)

In contrast to the Bayesian skyline, all elements in γ = (γ2, . . . , γn) are allowed to be

distinct. Instead, Minin et al. (2008) place a potentially strong smoothing prior on γ:

P (γ | τ) ∝ τ
(n−2)/2 exp

�
−
τ

2

n�

k=2

(γk − γk−1)2

δk

�
, (2.13)

where τ is a precision parameter that determines how much differences between adjacent

γs are penalized and δs are chosen either to be all one or are set to midpoint distances

between inter-coalescent intervals. The precision hyperparameter τ receives a Gamma prior
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distribution. The prior specified by (2.13) can be thought as a first-order random walk

with normal increments and with initial distribution unspecified. Alternatively, we can

view γ a priori as a discretized GP, discretely observed Brownian motion to be specific, on

an irregular grid. In light of our discussion of point processes, it is not surprising that a

very similar random walk prior was used for Bayesian nonparametric estimation of Poisson

process intensity (Arjas and Heikkinen, 1997). Minin et al. (2008) approximate the posterior

distribution of γ, τ , and other model parameters, including the genealogy, using MCMC,

implemented in BEAST (Drummond et al., 2012).

To avoid artificial discretization of Ne(t) and potential statistical problems associated

with such discretization, Palacios and Minin (2013) propose a more flexible GP-based prior

for Ne(t). They model the effective population size trajectory Ne(t) as a linear transforma-

tion of an exponential Brownian motion:

Ne(t) = {1 + exp[−γ(t)]}/λ, (2.14)

where γ(t) ∼ BM(τ) and BM(τ) denotes a Brownian motion process with mean function 0

and precision parameter τ . Parameter λ is necessary for technical reasons we outline below.

Using a continuous stochastic process prior for Ne(t) has its price: the densities (5.2)

and (2.3) become intractable due to the stochastic integration involved in computing these

densities. A similar problem occurs during estimation of the Poisson process intensity. Until

recently, the only available solution involved discretization of the Poisson intensity (Møller

et al., 1998), which is not too different from the Bayesian skyride solution above. For

estimation of the Poisson process intensity, Adams et al. (2009) propose a data augmentation

that bypasses stochastic integration and avoids discretization of the intensity. Palacios

and Minin (2013) develop a similar solution for the effective population size estimation.

Their data augmentation procedure requires that Ne(t) has a lower bound denoted by λ
−1

in Equation (2.14). Palacios and Minin (2013) place a Gamma prior distribution on the

precision hyperparameter τ and a mixture of uniform and exponential distributions on λ as

follows:

P (λ) = �
1

λ̂
1
{λ<λ̂}

+ (1− �)
1

λ̂
e
− 1

λ̂
(λ−λ̂)1

{λ≥λ̂}
, (2.15)
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where � > 0 is a mixing proportion and λ̂ is our best guess of the upper bound, possibly

obtained from previous studies.

The discretization-free GP-based estimation of Ne(t) is currently available only for a

fixed genealogy. Palacios and Minin (2013) approximate the posterior distribution of Ne(t),

τ , λ, and latent variables, introduced by the data augmentation, by MCMC sampling. Of

course, one cannot keep track of the infinite dimensional object Ne(t) without discretization.

During MCMC, Ne(t) is sampled at a finite number of time points at each iteration. After

MCMC is finished, a grid of points {s1, ..., sB} is formed and for each g = 1, . . . , B, the

posterior distribution of Ne(sg) is obtained from the MCMC samples by drawing from the

posterior predictive distribution of Ne(sg). We emphasize that the coarseness of the grid

has no bearing on statistical inference, because the grid is not used during the MCMC

sampling. The grid can be made as fine as necessary after the MCMC is finished.

2.3 Examples

2.3.1 Fixed Genealogy

Consider a population that experienced an expansion followed by a contraction under the

following demographic scenario:

Ne(t) =






e
4t

t ∈ [0, 0.5],

e
−2t+3

t ∈ (0.5,∞).
(2.16)

Starting with 100 contemporaneous samples from this population, we simulated coalescent

time points according to the specified demographic scenario. These coalescent times are

shown as crosses at the bottom of each plot in Figure 2.3. The first plot in Figure 2.3 shows

the piece-wise constant nature of the reconstructed trajectory using the Bayesian skyride

method for a fixed genealogy and the second plot shows a smoother reconstructed trajectory

using the continuous-time GP-based method. In both plots, the truth (Equation 2.16) is

represented by a dashed line, posterior medians by solid lines and 95% Bayesian credible

intervals (BCIs) by shaded areas. Although both methods recover a trajectory of a pop-

ulation that experiences growth and then a decay, the methods have difficulty timing the
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Figure 2.3: Example of a population that experienced expansion followed by a crash in population
size. The true population size trajectory is depicted as dashed lines in the two plots. The simulated
coalescent times are represented by the points at the bottom of each plot. We show the log of the
effective population size trajectory estimated under the Bayesian Skyride (left plot) and continuous
time GP inference of effective population size (right plot). Posterior medians are shown as solid
black lines and 95% Bayesian credible intervals (BCIs) are represented by gray shaded areas.

peak of the population size. We will see further in the chapter how increasing the number

of independent loci under analysis improves precision of the phylodynamic reconstruction.

We now consider real data examples. There are two major areas of application of phy-

lodynamic methods. The first area corresponds to evolutionary studies of rapidly evolving

infectious agents, such as RNA viruses. The second application area seeks to uncover past

population size dynamics from ancient DNA. We showcase the usefulness of phylodynamic

methods in these two areas by re-analyzing HCV in Egypt and bison across Beringia.

We first consider an estimated gene genealogy from 63 HCV E1 sequences sampled in

1993 in Egypt (Pybus et al., 2003). This genealogy is depicted by the 62 coalescent time

points at the bottom of the plots in Figure 2.4. We apply the Bayesian skyride and GP-

based phylodynamic reconstruction to this genealogy. Both methods recover a population

size trajectory that increases exponentially after the 1920s and decreases after the 1970s.

This reconstruction is consistent with a hypothesized role of parenteral antischistosomal

therapy (PAT) in HCV spread in Egypt (Frank et al., 2000). The PAT campaign started
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Figure 2.4: Egyptian HCV. The plots show the log of the scaled effective population size estimated
using the Bayesian skyride (left) and the GP-based method (right) from the majority clade support
genealogy with median node heights. Vertical dashed lines mark the years 1920, 1970, and 1993
from left to right. See the caption of Figure 2.3 for the rest of the legend.

in the 1920s, with the treatment administered intravenously, which together with a lack of

sanitary practices is believed to have lead to a rapid increase of HCV infections in Egypt.

The intravenous administration of the PAT was gradually replaced by oral administration in

the 1970s, a change that is reflected in the decay in the effective number of HCV infections

in our phylodynamic reconstructions.

To investigate the evolution and demographic history of Pleistocene bison, Shapiro et al.

(2004) collected 152 mtDNA samples from bison fossils found in Alaska, Canada, Siberia,

China, and the lower 48 United States with dates that spanned a period of more than 80,000

radiocarbon years before present. As with the HCV example, we used these DNA samples to

reconstruct a genealogy of these samples under a molecular clock assumption. In Figure 2.5,

we show bison population size trajectories reconstructed using the Bayesian skyride and the

GP-based method from the estimated genealogy. Here, both methods agree in a recovered

population size trajectory that reaches its maximum around 40 ka B.P., followed by a decay

until it reaches a bottleneck around 10 ka B.P. This bottleneck occurs at the time of human

settlement in Alaska, agreeing with previous analyses (Drummond et al., 2005).
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Figure 2.5: Berigian bison. The plots show the log of the scaled effective population size estimated
using the Bayesian skyride (left) and the GP-based method (right) from the majority clade support
genealogy with median node heights. Vertical dashed lines mark 40 ka B.P. and 10 ka B.P.. See the
caption of Figure 2.3 for the rest of the legend.

2.3.2 Accounting for Genealogical Uncertainty

We now consider the same molecular data of HCV in Egypt and bison described earlier,

but instead of conditioning on a reconstructed genealogy, proceed with the estimation of

population size trajectories from the molecular data directly using the Bayesian skyride

method. Figure 2.6 shows the recovered trajectories. In both cases, the key aspects of the

population sizes are recovered from a fixed genealogy and from the sequence data directly,

however, assessment of uncertainty and the degree of smoothness of the recovered trajec-

tories differ substantially. These results reiterate that despite the attractive simplicity of

the fixed genealogy methods, methods that properly account for genealogical uncertainty

should be preferred to the fixed-genealogy approaches.
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Figure 2.6: Analysis of molecular data from Egyptian HCV and bison examples. The left plot
shows the log of the scaled effective population size of the Egyptian HCV and the right plot shows
the log of the bison scaled effective population size, with both trajectories recovered by the Bayesian
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of the legend.
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Chapter 3

INFERENCE OF EFFECTIVE POPULATION SIZES FROM
GENEALOGIES WITH GAUSSIAN PROCESSES

3.1 Introduction

Statistical inference in population genetics increasingly relies on the coalescent (Kingman,

1982), the probability model that describes the relationship between a gene genealogy of a

random sample of molecular sequences and effective population size. This model provides

a good approximation to the distribution of ancestral histories that arise from classical

population genetics models (Rosenberg and Nordborg, 2002). More importantly, coalescent-

based inference methods allow us to estimate population genetic parameters, including

population size trajectories, directly from genomic sequences (Griffiths and Tavaré, 1994).

Recent examples of coalescent-based population dynamics estimation include reconstructing

demographic histories of musk ox (Campos et al., 2010b) from fossil DNA samples and

elucidating patterns of genetic diversity of the dengue virus (Bennett et al., 2010a).

Here, we are interested in estimating effective population size trajectories from gene

genealogies. The effective population size is an abstract parameter that for a real biolog-

ical population is proportional to the rate at which genetic diversity is lost or gained. In

the absence of natural selection, the effective population size can be used to approximate

census population size by knowing the generation time in calendar units (e.g. years) and

the population variability in number of offspring (Wakeley and Sargsyan, 2009). The latter

quantity might be difficult to know; however, sometimes it suffices to analyze an arbitrarily

rescaled population size trajectory, assuming the variability in number of offspring remains

constant. The effective population size is equal to the census population size in an idealized

Wright-Fisher model. The Wright-Fisher model is a simple and established model of neu-

tral reproduction in population genetics that assumes random mating and non-overlapping

generations. For some RNA viruses, for example human influenza A virus, the effective
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population size rescaled by generation time (3 to 4 days) cannot be interpreted directly

as the effective number of infections because of the presence of strong natural selection.

However, one can always adopt a more cautious interpretation of the effective population

size as a measure of relative genetic diversity (Rambaut et al., 2008; Frost and Volz, 2010).

Coalescent-based methods for estimation of population size dynamics have evolved from

stringent parametric assumptions, such as constant population size or exponential growth

(Griffiths and Tavaré, 1994; Kuhner et al., 1998; Drummond et al., 2002), to more flexible

nonparametric approaches that assume piecewise linear population trajectories (Strimmer

and Pybus, 2001; Opgen-Rhein et al., 2005; Drummond et al., 2005; Heled and Drummond,

2008; Minin et al., 2008). The latter class of methods is more appropriate in the absence of

prior knowledge about the underlying demographic dynamics, allowing researchers to infer

shapes of population size trajectories rather than to impose parametric constraints on these

shapes. These nonparametric methods, however, model population dynamics by imposing

a priori piecewise continuous functions which require regularization either by smoothing

or by controlling the number of change points, also a priori. The former regularization –

which works better in practice (Minin et al., 2008) – is inherently difficult because these

piecewise continuous functions are defined on intervals of varying size. The piecewise nature

of these methods creates further modeling problems if one wishes to incorporate covariates

into the model or impose constraints on population size dynamics (Minin et al., 2008). In

this chapter, we propose to solve these problems by bringing the coalescent-based estima-

tion of population dynamics up to speed with modern Bayesian nonparametric methods.

Making this leap in statistical methodology will allow us to avoid artificial discretization of

population trajectories, to perform regularization without making arbitrary scale choices,

and, in the future, to extend our method into a multivariate setting.

Our key insight stems from the fact that the coalescent with variable population size is an

inhomogeneous continuous-time Markov chain (Tavaré, 2004) and, therefore, can be viewed

as an inhomogeneous point process (Andersen et al., 1995). In fact, all current Bayesian

nonparametric methods of estimation of population size dynamics resemble early Bayesian

approaches to nonparametric estimation of the Poisson intensity function via piecewise

continuous functions (Arjas and Heikkinen, 1997). Estimation of the intensity function of
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an inhomogeneous Poisson process is a mature field that evolved from maximum likelihood

estimation under parametric assumptions (Brillinger, 1979) to frequentist (Diggle, 1985)

and, more recently, Bayesian nonparametric methods (Arjas and Heikkinen, 1997; Møller

et al., 1998; Kottas and Sansó, 2007; Adams et al., 2009).

Following Adams et al. (2009), we a priori assume that population trajectories follow

a transformed Gaussian process (GP), allowing us to model the population trajectory as a

continuous function. This is a convenient way to specify prior beliefs without a particular

functional form on the population trajectory. The drawback of such a flexible prior is that

the likelihood function involves integration over an infinite-dimensional random object and,

as a result, likelihood evaluation becomes intractable. Fortunately, we are able to avoid this

intractability and perform inference exactly by adopting recent algorithmic developments

proposed by Adams et al. (2009). We achieve tractability by a novel data augmentation for

the coalescent process that relies on thinning algorithms for simulating the coalescent.

Thinning is an accept/reject algorithm that was first proposed by Lewis and Shedler

(1979) for the simulation of inhomogeneous Poisson processes and was later extended to a

more general class of point processes by Ogata (1981). In the spirit of Ogata (1981), we

develop novel thinning algorithms for the simulation of the coalescent. These algorithms,

interesting in their own right, open the door for latent variable representation of the co-

alescent. This representation leads to a new data augmentation that is computationally

tractable and amenable to standard Markov chain Monte Carlo (MCMC) sampling from

the posterior distribution of model parameters and latent variables.

We test our method on simulated data and compare its performance with a representative

piecewise linear approach, a Gaussian Markov random field (GMRF) based method (Minin

et al., 2008). We demonstrate that our method is more accurate and more precise than

the GMRF method in all simulation scenarios. We also apply our method to two real

data sets that have been previously analyzed in the literature: a hepatitis C virus (HCV)

genealogy estimated from sequences sampled in 1993 in Egypt and a genealogy of the H3N2

human influenza A virus estimated from sequences sampled in New York state between

2002 and 2005. In the HCV analysis, we successfully recover all believed key aspects of the

population size trajectory. Compared to the GMRF method, our GP method better reflects



22

the uncertainty inherent in the HCV data. In our second real data example, our GP method

successfully reconstructs a population trajectory of the human influenza A virus with an

expected seasonal series of peaks followed by population bottlenecks, while the GMRF

method’s reconstructed trajectory fails to recover some of the peaks and bottlenecks.

3.2 Methods

3.2.1 Coalescent Background

The coalescent model allows us to trace the ancestry of a random sample of n genomic

sequences. These ancestral relationships are represented by a genealogy or tree; the times

at which two sequences or lineages merge into a common ancestor are called coalescent times.

The coalescent with variable population size can be viewed as a non-homogeneous Markov

death process that starts with n lineages at present time tn = 0 and decreases by one, with

time running backwards, until reaching one lineage at t1, at which point the samples have

been traced to their most recent common ancestor (Griffiths and Tavaré, 1994). Here, we

assume that a genealogy with time measured in units of generations is observed. The shape

of the genealogy depends on the effective population size trajectory, Ne(t), and the number

of samples accumulated through time: the larger the effective population size, the longer

two lineages need to wait to meet a common ancestor and the larger the sample size, the

faster two lineages coalesce. Formally, let tn = 0 denote the present time when all the n

available sequences are sampled (isochronous coalescent) and let tn = 0 < tn−1 < · · · < t1

denote the coalescent times of lineages in the genealogy with time going backwards. Then,

the conditional density of the coalescent time tk−1 takes the following form:

P [tk−1|tk, Ne(t)] =
Ck

Ne(tk−1)
exp

�
−

� tk−1

tk

Ck

Ne(t)
dt

�
, (3.1)

where Ck =
�k
2

�
is the coalescent factor that depends on the number of lineages k = 2, . . . , n.

The heterochronous coalescent arises when samples of sequences are collected at different

times (Figure 3.1). Such serially sampled data are common in studies of rapidly evolving

viruses and analyses of ancient DNA (Campos et al., 2010b). Let tn = 0 < tn−1 < · · · < t1

denote the coalescent times as before, but now let sm = 0 < sm−1 < · · · < s1 < s0 = denote
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Figure 3.1: Example of a genealogy relating serially sampled sequences (heterochronous sampling).
The number of lineages changes every time we move between intervals (Ii,k). Each endpoint of
an interval is a coalescent time ({tk}nk=1) or a sampling time ({sj}mj=1). The number of sequences
sampled at time sj is denoted by nj .
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sampling times of nm, . . . , n1 sequences respectively,
�m

j=1 nj = n. Further, let s and n

denote the vectors of sampling times (time measured backwards) and numbers of sequences

sampled at these times, respectively (Figure 3.1). Now, the coalescent factor changes not

only at the coalescent events but also at the sampling times. Let

I0,k = (max{tk, sj}, tk−1], for sj < tk−1 and k = 2, . . . , n, (3.2)

be the intervals that end with a coalescent event and

Ii,k = (max{tk, sj+i}, sj+i−1], for sj+i−1 > tk and sj < tk−1, k = 2, . . . , n, (3.3)

be the intervals that end with a sampling event. We denote the number of lineages in Ii,k

with ni,k. Then, for k = 2, ..., n,

P [tk−1|tk, s,n, Ne(t)] =
C0,k

Ne(tk−1)
exp−

��

I0,k

C0,k

Ne(t)
dt+

m�

i=1

�

Ii,k

Ci,k

Ne(t)
dt

�
, (3.4)

where Ci,k =
�ni,k

2

�
. That is, the density for the next coalescent time tk−1 is the product of

the density of the coalescent time tk−1 ∈ I0,k and the probability of not having a coalescent

event during the period of time spanned by intervals I1,k, . . . , Im,k (Felsenstein and Rodrigo,

1999).

3.2.2 Gaussian Process Prior for Population Size Trajectories

For both isochronous or heterochronous data, we place the same prior on Ne(t):

Ne(t) =

�
λ

1 + exp {−f(t)}

�−1

, (3.5)

where

f(t) ∼ GP(0,C(θ)) (3.6)

and GP(0,C(θ)) denotes a Gaussian process with mean function 0 and covariance function

C(θ) with hyperparameters θ. A priori, 1/Ne(t) is a Sigmoidal Gaussian Process, a scaled

logistic function of a Gaussian process whose range is restricted to lie in [0, λ]; λ is a

positive constant hyperparameter, the inverse of which serves as a lower bound of Ne(t)

(Adams et al., 2009).
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A Gaussian process is a stochastic process such that any finite sample from the process

has a joint Gaussian distribution. The process is completely specified by its mean and co-

variance functions (Rasmussen and Williams, 2006). For computational convenience we use

Brownian motion as our Gaussian process prior. Generating a finite sample from a Gaus-

sian processes requires O(n3) computations due to the inversion of the covariance matrix.

However, when the precision matrix, the inverse of the covariance, is sparse, such simula-

tions can be accomplished much faster (Rue and Held, 2005). For example, when we choose

to work with a Brownian motion with covariance matrix elements C(t, t
�
) = 1

θ (min(t, t
�
))

and precision parameter θ, then the inverse of this matrix is tri-diagonal, which reduces the

computational complexity of simulations from O(n3) to O(n). In our MCMC algorithm,

we need to generate realizations from the Gaussian processes at thousands of points, so the

speed-up afforded by the Brownian motion becomes almost a necessity, prompting us to use

this process as our prior in all our examples.

3.2.3 Priors for Hyperparameters

The precision parameter θ controls the degree of autocorrelation of our Brownian motion

prior and influences the “smoothness” of the reconstructed population size trajectories. We

place on θ a Gamma prior distribution with parameters α and β. The other hyperparameter

in our model is the upper bound of 1/Ne(t), λ. When this upper bound λ is unknown, the

model is unidentifiable (see equation (3.5)). However, in many circumstances it is possible

to obtain an upper bound λ (or equivalently, a lower bound on N(t)) from previous studies

and use this value to define the prior distribution of λ. We use the following strategy to

construct an informative prior for λ. Let λ̂ denote our best guess of the upper bound,

possibly obtained from previous studies. Then, the prior on λ is a mixture of a uniform

distribution for values to the left of λ̂ and an exponential distribution to the right:

P (λ) = �
1

λ̂
I
{λ<λ̂}

+ (1− �)
1

λ̂
e
− 1

λ̂
(λ−λ̂)

I
{λ≥λ̂}

, (3.7)

where � > 0 is a mixing proportion. When λ̂ is considerably smaller than the unknown

λ, the recovered curve will be visibly truncated around λ̂, indicating that one needs to try

higher values of λ̂.
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3.2.4 Doubly Intractable Posterior

Coalescent times T = {tn, tn−1, . . . , t1} of a given genealogy contain information needed to

estimate Ne(t) (see equations (3.1) and (3.4)). Given that Ne(t) is a one-to-one function of

f(t) (equation (3.5)), we will focus the discussion on the inference of f(t). The posterior

distribution of f(t) and hyperparameters θ and λ becomes

P (f(t), θ, λ|T ) ∝ P (T |λ, f(t))P (f(t)|θ)P (θ)P (λ), (3.8)

where P (f(t)|θ) is a Gaussian process prior with hyperparameter θ and

P (T |λ, f(t)) =
n�

k=2

Ckλ

1 + exp {−f(tk−1)}
exp

�
−Ck

� tk−1

tk

λ

1 + exp {−f(t)}
dt

�
(3.9)

is the likelihood function for the isochronous data (heterochronous data likelihood has a

similar form). The integral in the exponent of equation (3.9) and the normalizing constant

of equation (3.8) are computationally intractable, making the posterior doubly intractable

(Murray et al., 2006).

Adams et al. (2009) faced a similar doubly intractable posterior distribution in the con-

text of nonparametric estimation of intensity of the inhomogeneous Poisson process. These

authors propose an introduction of latent variables so that the augmented data likelihood

becomes tractable. This tractability makes the posterior distribution of latent variables

and model parameters amenable to standard MCMC algorithms. Since Adams et al. (2009)

based their data augmentation on the thinning algorithm for simulating inhomogeneous

Poisson processes, we would like to devise a similar data augmentation based on a thinning

algorithm for simulation of the coalescent with variable population size. In this simulation,

we envision generating coalescent times assuming a constant population size and then thin-

ning these times so that the distribution of the remaining (non-rejected) coalescent times

follows the coalescent with variable population size. Since no thinning algorithm for simu-

lating the coalescent process exists, we develop a series of such algorithms. In developing

these algorithms, we find it useful to view the coalescent as a point process, a representation

that we discuss below.
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3.2.5 The Coalescent as a Point Process

The joint density of coalescent times is obtained by multiplying the conditional densities

defined in equations (3.1) or (3.4). This density can be expressed as

P (t1, . . . , tn−1|Ne(t)) =
n�

k=2

λ
∗(tk−1|tk) exp

�
−

� tk−1

tk

λ
∗(t|tk)dt

�
, (3.10)

where λ
∗(t|tk) denotes the conditional intensity function of a point process on the real

line (Daley and Vere-Jones, 2002). For isochronous coalescent, the conditional intensity is

defined by the step function:

λ
∗(t|tk) =

�
k

2

�
Ne(t)

−11{t∈(tk,tk−1]}, for k = 2, . . . , n, (3.11)

and the conditional intensity of the heterochronous coalescent point process is:

λ
∗(t|n, s, tk) =

m�

i=1

�
ni,k

2

�
Ne(t)

−11{t∈Ii,k}, for k = 2, . . . , n. (3.12)

This novel representation allows us to reduce the task of estimating Ne(t) to the estimation

of the inhomogeneous intensity of the coalescent point process and to develop simulation

algorithms based on thinning.

3.2.6 Coalescent Simulation via Thinning

To the best of our knowledge, the only method available for simulating the coalescent under

the deterministic variable population size model is a time transformation method (Slatkin

and Hudson, 1991b; Hein et al., 2005). This method is based on the random time-change

theorem due to Papangelou (1972). Under the time transformation method, to simulate

coalescent times, we proceed sequentially starting with k = n and tn = 0, generating t from

an exponential distribution with unit mean, solving

t =

� tk−1

tk

λ
∗(u|tk)du (3.13)

for tk−1 analytically or numerically and repeating the procedure until k = 2. For isochronous

coalescent, λ
∗(u|tk) is defined in equation (3.11) and for the heterochronous coalescent,

λ
∗(u|tk) = λ

∗(u|n, s, tk) is the piecewise function defined in equation (3.12). When Ne(t) is
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stochastic, the integral in equation (3.13) becomes intractable and the time transformation

method is no longer practical. Instead, we propose to use thinning, a rejection-based method

that does not require calculation of the integral in equation (3.13).

Lewis and Shedler (1979) proposed thinning a homogeneous Poisson process for the sim-

ulation of an inhomogeneous Poisson process with intensity λ(t). The idea is to start with a

realization of points from a homogeneous Poisson process with intensity λ and accept/reject

each point with acceptance probability λ(t)/λ, where λ(t) ≤ λ. The collection of accepted

points forms a realization of the inhomogeneous Poisson process with conditional intensity

λ(t). Ogata (1981) extended Lewis and Shedler’s thinning for the simulation of any point

process that is absolutely continuous with respect to the standard Poisson process. We

develop a series of thinning algorithms for the coalescent process that are similar to Ogata’s

algorithms, but not identical to them. Algorithm 1 outlines the simulation of n coalescent

times under the isochronous sampling. Given tk, we start generating and accumulating

exponential random numbers Ei with rate Ckλ, until tk−1 = tk +E1 +E2 + . . . is accepted

with probability 1/Ne(tk−1)λ. In order to ensure convergence of the algorithm, we require
�∞
0

du
Ne(u)

= ∞ a.s., which is equivalent to requiring that all sampled lineages can be traced

back to their single common ancestor with probability 1. Notice that Ne(t) can be either de-

terministic or stochastic. The latter case is considered in Algorithm 3, where we work with

f(t) instead of Ne(t) for notational convenience. Algorithm 2 and 4 describe the equivalent

algorithms for heterochronous data.

If Ne(t) is deterministic and equation (3.13) can be solved analytically, the time trans-

formation method is likely to be more efficient that thinning since the thinning algorithm

is an accept/reject algorithm with the acceptance probability highly dependent on the defi-

nition of λ. However, efficiency of the thinning algorithm can be improved by replacing the

constant upper bound λ on 1/Ne(t), by a piece-wise constant or a piece-wise linear function

of local upper bounds in order to achieve higher acceptance probabilities, similarly to the

adaptive rejection sampling of Gilks and Wild (1992).

To prove that Algorithm 1 generates coalescent times, we have the following proposition:
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Algorithm 1 Simulation of isochronous coalescent times by thinning - Ne(t) is a determin-
istic function
Input: k = n, tn = 0, t = 0, 1/Ne(t) ≤ λ, Ne(t)
Output: T = {tk}

n
k=1

1: while k > 1 do

2: Sample E ∼ Exponential(Ckλ) and U ∼ U(0, 1)
3: t=t+E
4: if U ≤

1
Ne(t)λ

then

5: k ← k − 1, tk ← t

6: end if

7: end while

Algorithm 2 Simulation of heterochronous coalescent by thinning - Ne(t) is a deterministic
function
Input: n1, n2, . . . , nm, s1, . . . , sm, 1/Ne(t) ≤ λ, Ne(t), m
Output: for n =

�m
j=1 nj , T = {tk}

n
k=1

1: i = 1, j = n− 1, n = n1, t = tn = s1
2: while i < m+ 1 do

3: Sample E ∼ Exp(
�n
2

�
λ) and U ∼ U(0, 1)

4: if U ≤
1

Ne(t+E)λ then

5: if t+ E < si+1 then

6: tj ← t ← t+ E

7: j ← j − 1, n ← n− 1
8: if n > 1 then

9: go to 2
10: else

11: go to 14
12: end if

13: else

14: i ← i+ 1, t ← si, n ← n+ ni
15: end if

16: else

17: t ← t+ E

18: end if

19: end while
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Algorithm 2 Simulation of isochronous coalescent times by thinning with f(t) ∼

GP(0,C(θ))

Input: k = n, tn = 0, t = 0, ij = 0, mj = 0, j = 2, . . . , n, λ
Output: T = {tk}

n
k=1, N = {{tk,i}

mk
i=1}

n
k=2, fT ,N

1: while k > 1 do

2: Sample E ∼ Exponential(Ckλ) and U ∼ U(0, 1)
3: t=t+E
4: Sample f(t) ∼ P (f(t)|{f(tl)}nl=k, {{f(tl,i)}

ml
i=1}

n
l=k; θ)

5: if U ≤
1

1+exp(−f(t)) then

6: k ← k − 1, tk ← t

7: else

8: ik ← ik + 1, mk ← mk + 1, tk,ik ← t

9: end if

10: end while

Algorithm 3 Simulation of heterochronous coalescent by thinning with f(t) ∼ GP(0,C(θ))

Input: n1, n2, . . . , nm, s1 = 0, . . . , sm, ij = 0, mj = 0, j = 2, . . . , n, λ, m
Output: for n =

�m
j=1 nj , T = {tk}

n
k=1, N = {{tk,i}

mk
i=1}

n
k=2, fT ,N

1: i = 1, j = n− 1, n = n1, t = tn = s1
2: while i < m+ 1 do

3: Sample E ∼ Exp(
�n
2

�
λ) and U ∼ U(0, 1)

4: Sample f(t+ E) ∼ P (f(t+ E)|{f(tl)}nl=k, {{f(tl,i)}
ml
i=1}

n
l=k; θ)

5: if U ≤
1

1+exp(−f(t+E)) then

6: if t+ E < si+1 then

7: tj ← t ← t+ E

8: j ← j − 1, n ← n− 1
9: if n > 1 then

10: go to 2
11: else

12: go to 14
13: end if

14: else

15: i ← i+ 1, t ← si, n ← n+ ni
16: end if

17: else

18: if t+ E < si+1 then

19: tj+1,ij+1 ← t+ E, ij+1 ← ij+1 + 1
20: end if

21: t ← t+ E

22: end if

23: end while
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Proposition 1. Algorithm 1 generates tn < tn−1 < · · · < t1, such that

P (tk−1 > t|tk) = exp

�
−

� t

tk

Ckdx

Ne(x)

�
, (3.14)

where Ne(t) is known deterministically.

Proof. Let Ti = tk + E1 + . . . + Ei, where {Ei}
∞
i=1 are iid exponential Exp(Ckλ) random

numbers. Given tk, Algorithm 1 generates and accumulates iid exponential random numbers
until Ti is accepted with probability 1/λNe(Ti), in which case, Ti is labeled tk−1. Let
N(tk, t] = #{i ≥ 1 : tk < Ti ≤ t} denote the number of iid exponential random numbers
generated in (tk, t]. Then, {N(tk, t], t > tk} constitutes a Poisson process with intensity
Ckλ. Then, given N(tk, t] = 1, the conditional density of a point x in (tk, t] is 1/(t− tk) and
the probability of accepting such a point as a coalescent time point with variable population
size is 1/λNe(x). Hence

P (tk−1 ≤ t|tk, N(tk, t] = 1) =
1

λ(t− tk)

� t

tk

dx

Ne(x)
, (3.15)

and

P (tk−1 > t|tk, N(tk, t] = m) =

�
1−

1

λ(t− tk)

� t

tk

dx

Ne(x)

�m

. (3.16)

Then,

P (tk−1 > t|tk) =
∞�

m=1

P (tk−1 > t|tk, N(tk, t] = m)P (N(tk, t] = m)

=
∞�

m=1

�
1−

1

λ(t− tk)

� t

tk

dx

Ne(x)

�m
(Ckλ(t− tk))

m exp [−Ckλ(t− tk)]

m!

= exp [−Ckλ(t− tk)]
∞�

m=1

�
Ckλ(t− tk)− Ck

� t
tk

dtk−1

Ne(tk−1)

�m

m!

= exp

�
−

� t

tk

Ckdx

Ne(x)

�
.

3.2.7 Data Augmentation and Inference

As mentioned in the previous section, our thinning algorithm for the coalescent is motivated

by our desire to construct a data augmentation scheme. We imagine that observed coalescent

times T were generated by the thinning procedure described in Algorithm 1, so we augment

T with rejected (thinned) points N . If we keep track of the rejected points resulting from
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Algorithm 1, then, given tk, f(tk), fNk = {f(tk,i)}
mk
i=1 and λ, we start proposing new time

points Nk = {tk,1, . . . , tk,mk
} until tk−1 is accepted, so that

P (tk−1,Nk|tk, f(tk−1), fNk , λ) = (Ckλ)
mk+1 exp {−Ckλ(tk − tk−1)}

�
1

1 + exp {−f(tk−1)}

�

×

mk�

i=1

�
1−

1

1 + exp {−f(tk,i)}

�
.(3.17)

For the heterochronous coalescent, equation (3.17) is modified in the following way:

P (tk−1,Nk|tk, f(tk−1), fNk , λ, s,n) = (λC0,k)
1+m0,k exp{−λC0,kl(I0,k)}

×

��
1

1 + exp {−f(tk−1)}

� mk�

i=1

1

1 + exp {f(tk,i)}

�
m�

i=1

[(λCi,k)
mi,k exp{−λCi,kl(Ii,k)}] ,(3.18)

where l(Ii,k) denotes the length of the interval Ii,k and mi,k =
�mk

l=1 1 {tk,l ∈ Ii,k} denotes

the number of latent points in interval Ii,k . Let fT ,N =
�
{f(tk)}

n
k=1 ,

�
{f(tk,i)}

mk
i=1

�n
k=2

�
,

then the augmented data likelihood of T and N becomes

P (T ,N|fT ,N , λ) =
n�

k=2

P (tk−1,Nk|tk, f(tk−1), fNk , λ). (3.19)

Then, the posterior distribution of f(t) and hyperparameters evaluated at the observed T

and latent N time points is

P (fT ,N , λ, θ|T ,N ) ∝ P (T ,N|fT ,N , λ)P (fT ,N |θ)P (λ)P (θ). (3.20)

The augmented posterior can now be easily evaluated since it does not involve integration

of infinite-dimensional random functions. We follow Adams et al. (2009) and develop a

MCMC algorithm to sample from the posterior distribution (3.20). At each iteration of our

MCMC, we update the following variables: (1) number of “rejected” points #N ; (2) the

locations of the rejected points N ; (3) the function values fT ,N and (4) the hyperparameters

θ and λ.

3.2.8 MCMC Sampling

Since the coalescent under isochronous sampling is a particular case of the coalescent model

under heterochronous sampling, we employ here the notation of the heterochronous coales-

cent, understanding that C0,k = Ck, I0,k = (tk, tk−1] and i = 0 for isochronous data.
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Sampling the number of latent points. A reversible jump algorithm is constructed

for the number of “rejected” points. We propose to add or remove points with equal

probability in each intercoalescent interval. When adding a point in a particular inter-

val, we propose a location uniformly from the interval and its predicted function value

f(t∗) ∼ P (f(t∗)|fT ,N , θ). When removing a point, we propose to remove a point selected

uniformly from the pool of rejected points in that particular interval. We add points with

proposal distributions qi,kup and remove points with proposal distributions qi,kdown. Then,

q
k
up =

P (f(t∗)|T ,N )

2l(Ik)
, (3.21)

q
k
down =

1

2#(Nk)
, (3.22)

and the acceptance probabilities are:

a
k
up =

l(Ik)λCk

(#Nk + 1)(1 + ef(t
∗))

, (3.23)

a
k
down =

(#Nk)(1 + e
f(t∗))

l(Ik)λCk
, (3.24)

Sampling locations of latent points. We use a Metropolis-Hastings algorithm to update

the locations of latent points. We first choose an intercoalescent interval with latent points

with probability proportional to its length and we then propose point locations uniformly at

random in that interval together with their predictive function values ft∗ ∼ P (ft∗ |fT ,N , θ).

a
k =

Ci,k

�
1 + e

f(t)
�

Ci∗,k

�
1 + ef(t

∗)
� . (3.25)

Sampling transformed effective population size values. We use an elliptical slice

sampling proposal described in (Murray et al., 2010). In both cases, isochronous or hete-

rochronous, the full conditional distribution of the function values fT ,N is proportional to

the product of a Gaussian density and the thinning acceptance and rejection probabilities:

P (fT ,N |T ,N , λ, θ) ∝ P (fT ,N |θ)L(fT ,N ), (3.26)
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where

L(fT ,N ) =
n�

k=2

�
1

1 + e−f(tk−1)

� mk�

i=1

1

1 + e
f(tk,i)

. (3.27)

Sampling hyperparameters. The full conditional of the precision parameter θ is a

Gamma distribution. Therefore, we update θ by drawing from its full conditional:

θ|fT ,N , T ,N ∼ Gamma

�
α
∗ = α+

#{N ∪ T }

2
, β

∗ = β +
f
t
T ,NQfT ,N

2

�
, (3.28)

where Q = 1
θC

−1.

For the upper bound λ on Ne(t)−1, we use the Metropolis-Hastings update by proposing new

values using a uniform proposal reflected at 0. That is, we propose λ∗ from U(λ− a, λ+ a).

If the proposed value λ
∗ is negative, we flip its sign. Since the proposal distribution is

symmetric, the acceptance probability is:

a =
P (λ∗)

P (λ)

�
λ
∗

λ

�#{N∪T }
exp

�
− (λ∗

− λ)
n�

k=2

mk�

i=1

Ci,kl(Ii,k)

�
, (3.29)

where P (λ) is defined in equation (3.7)

We summarize the posterior distribution of Ne(t) by its empirical median and 95%

Bayesian credible intervals (BCIs) evaluated at a grid of points. This grid can be made

as fine as necessary after the MCMC is finished. That is, given the function values fT ,N

at coalescent and latent time points, and the value of the precision parameter θ at each

iteration, we sample the function values at a grid of points g = {g1, ..., gB} from its predictive

distribution fg ∼ P (fg|fT ,N , θ), and evaluate {Ne(gi)}
B
i=1.

3.3 Results

3.3.1 Simulated Data

We simulate three genealogies relating 100 individuals, sampled at the same time t = 0

(isochronous sampling) under the following demographic scenarios: 1) constant population

size trajectory: Ne(t) = 1; 2) exponential growth: Ne(t) = 25e−5t; and 3) population

expansion followed by a crash: Ne(t) = e
4t1{t∈[0,0.5]} + e

−2t+31{t∈(0.5,∞)}. We compare the

posterior median with the truth by the sum of relative errors (SRE):

SRE =
K�

i=1

|N̂e(si)−Ne(si)|

Ne(si)
, (3.30)
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where N̂e(si) is the estimated trajectory at time si with s1 = t1, the time to the most recent

common ancestor and sK = tn = 0 for any finite K. In our examples, we use 150 for the

number of points K to calculate the SRE. Similarly, we compute the mean relative width

(MRW) of the 95% BCIs defined in the following way:

MRW =
K�

i=1

|N̂97.5(si)− N̂2.5(si)|

KNe(si)
. (3.31)

We also compute the percentage of time, the 95% BCIs cover the truth (envelope) in the

following way:

envelope =

�K
i=1 I(N̂2.5(si) ≤ N(si) ≤ N̂97.5(si))

K
. (3.32)

As a measure of the frequentist coverage, we calculate the percentage of times the truth

is completely covered by the 95% BCIs (envelope = 1), by simulating each demographic

scenario and performing Bayesian estimation of each such simulation 100 times.

We compute the three statistics for the three simulation scenarios for K = 150 at equally

spaced time points (Table 3.1). These statistics do not change significantly when we use

higher values of K. Additionally, we compute the variation of N̂e(t) over a regular grid of

K = 150 points as follows:

variation =
K−1�

i=1

|N̂e(si+1)− N̂e(si)|, (3.33)

For all simulations, we set the mixing parameter � of the prior density for λ (equation

(3.7)) to � = 0.01. The parameters of the Gamma prior on the GP precision parameter θ were

set to α = β = 0.001. We summarize our posterior inference in Figure 3.2 and compare our

GP method to the GMRF smoothing method (Minin et al., 2008). The effective population

trajectory is log transformed and time is measured in units of generations.

For the constant population scenario (first row in Figure 3.2), the truth (dashed lines)

is almost perfectly recovered by the GP method (solid black line) and the 95% BCIs shown

as gray shaded areas are remarkably tight. For the exponential growth simulation (second

row), the GMRF method recovers the truth better in the right tail, while our GP method

recovers it much better in the left tail. The higher variation of the GP reconstruction in

the right tail makes this measure higher than for the GMRF reconstruction. Overall, our
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Table 3.1: Summary of Simulation Results Depicted in Figure 3.2. SRE is the sum of relative errors
as defined in equation (3.30), MRW is the mean relative width of the 95% BCI as defined in equation
(3.31), envelope is calculated as in equation (3.32) and variation is calculated as in equation (3.33).

Simulations SRE MRW Envelope Variation
GMRF GP GMRF GP GMRF GP GMRF GP TRUTH

Constant 50.41 4.15 4.21 0.72 100.0% 100.0% 2.27 0.08 0.00
Exp. growth 47.65 33.60 2.55 2.35 100.0% 100.0% 30.19 52.41 24.80
Expansion/crash 181.88 140.88 10.7 7.26 77.33% 92.0% 5.69 6.94 13.46

GP method better recovers the truth in the exponential growth scenario, as evidenced by

SREs and MRWs in Table 3.1. The last row in Figure 3.2 shows the results for a population

that experiences expansion followed by a crash in effective population size. In this case,

95% BCIs of the two methods do not completely cover the true trajectory. While an area

near the bottleneck is particularly problematic, the GP method’s envelope is much higher

(92%) than the envelope produced by the GMRF method (77.3%), the variation recovered

by the GP method is closer to the true variation in all simulation scenarios and in general,

in terms of the four statistics employed here, the GP method shows better performance.

Results for the GMRF method were obtained using the BEAST software (Drummond et al.,

2012) with running times ranging from 25 to 40 minutes, while results for the GP method

were obtained using R with running times ranging from 60 to 180 minutes. Although our

GP implementation takes longer, we obtain better performance in a still reasonable amount

of time. Figure 3.3 shows the trace plot of loglikehood and the effective sample size per grid

point for the exponential simulation. In all cases, the effective sample size is larger than

120.

Next, we simulate each of the three scenarios 100 times and compute the four statistics

described before for both methods. The distributions of these statistics are represented by

the boxplots depicted in Figure 3.4. In general, our GP method has smaller SREs, except in

the constant case, where the distributions look very similar; smaller MRWs, larger envelopes

and variation closer to the truth. Additionally, we calculate the percentage of times, the

envelope is 1 as a proxy for frequentist coverage of the 95% BCIs. Since the 95% BCIs are

calculated pointwise at 150 equally spaced points, we do not necessarily expect frequentist
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Figure 3.2: Simulated data under the constant population size (first row), exponential growth
(second row) and expansion followed by a crash (third row). The simulated points are represented
by the points at the bottom of each plot. We show the log of the effective population size trajectory
estimated under the Gaussian Markov random field smoothing (GMRF) method and our method:
Gaussian process-based nonparametric inference of effective population size (GP). We show the true
trajectories as dashed lines, posterior medians as solid black lines and 95% BCIs by gray shaded
areas.
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Figure 3.3: Trace plot of loglikehood (left plot) and effective sample sizes of Ne(t) evaluated at a
grid of points (right plot) for the recovered exponential growth trajectory using the GP method.

coverage to be close to 95%. The results are shown as the numbers at the top of the right

plot in Figure 3.4. The coverage levels obtained using the GP method are larger than those

obtained using the GMRF method.

3.3.2 Egyptian HCV

Hepatitis C virus was first identified in 1989. By 1992, when HCV antibody testing became

widely available, the prevalence of HCV in Egypt was about 10.8%. Today, Egypt is the

country with the highest HCV prevalence (Miller and Abu-Raddad, 2010). A widely held

hypothesis that can explain the epidemic is the role of a parenteral antischistosomal therapy

(PAT) campaign, that started in the 1920s, combined with lack of sanitary practices as the

means for transmission. The campaign was discontinued in the 1970s when the intravenous

treatment was gradually replaced by oral administration of the treatment (Ray et al., 2000).

Coalescent demographic methods developed over the last 10 years demonstrated evidence

in favor of this hypothesis (Pybus et al., 2003; Drummond et al., 2005; Minin et al., 2008).

Therefore, this example is well suited for testing our method. We analyze the genealogy

estimated by Minin et al. (2008), based on 63 HCV sequences sampled in Egypt in 1993,

and compare our method to the GMRF smoothing method (Minin et al., 2008). The

results are depicted in Figure 3.5, with time scaled in units of years. In line with previous
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(bottom right) based on 100 simulations for a constant trajectory, exponential growth and expansion
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frequentist coverage of the 95% BCIs, and the dashed lines in the bottom right plot indicate variations
of the true simulated trajectories.
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Figure 3.5: Egyptian HCV. The first plot (left to right) is one possible genealogy reconstructed by
Minin et al. (2008). The next two plots represent the log of scaled effective population trajectory
estimated using the GMRF smoothing method and our GP method. The posterior medians for the
last two plots are represented by solid black lines and the 95% BCI’s are represented by the gray
shaded areas. The vertical dashed lines mark the years 1920 (the start of intravenous PAT) , 1970
(the end of intravenous PAT) and 1993 (sampling time of sequences).

results (Pybus et al., 2003; Drummond et al., 2005; Minin et al., 2008), our estimation

recovers the exponential growth of the HCV population size starting from the 1920s when

the intravenously administered PAT was introduced. Both Pybus et al. (2003) and Minin

et al. (2008) hypothesize that the population trajectory remained constant before the start

of the exponential growth. The GMRF and GP approaches disagree the most on the HCV

population size reconstruction prior to 1920s. The GP method produces narrower BCIs near

the root of the genealogy (1710-1770) than the GMRF approach. In contrast, GP BCIs are

inflated in the time period from 1770 to 1900 in comparison to the GMRF results. We

believe that the uncertainty estimates produced by the GP approach are more reasonable

than the GMRF result, because there are multiple coalescent events during 1710- 1770,

providing information about the population size, while the time interval 1770 - 1900 has

no coalescent events, a data pattern that should result in substantial uncertainty about the

HCV population size. Another notable difference between the GMRF and GP methods is

in estimation of the HCV population trajectory after 1970. The GP approach suggests a

sharper decline in population size during this time interval.
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3.3.3 Seasonal Human Influenza

Here, we estimate population dynamics of human influenza A, based on 288 H3N2 sequences

sampled in New York state from January, 2001 to March, 2005. Sequences from the coding

region of the influenza hemagglutinin (HA) gene of H3N2 influenza A virus from New

York state were collected from the NCBI Influenza Database (Influenza Genome Sequencing

Project, 2011), incorporating the exact dates of viral sampling in weeks (heterochronous

sampling) and aligned using the software package MUSCLE (Edgar, 2004). These sequences

form a subset of sequences analyzed in (Rambaut et al., 2008). We carried out a phylogenetic

analysis using the software package BEAST (Drummond et al., 2012) to generate a majority

clade support genealogy with median node heights as our genealogical reconstruction. The

reconstructed genealogy is depicted in the left plot of Figure 3.6. Demography of H3N2

influenza A virus in temperate regions, such as New York, is characterized by epidemic peaks

during winters followed by strong bottlenecks at the end of epidemic seasons. As expected,

our method recovers the peaks in the effective number of infections during all seasons

starting from the 2001-2002 flu season (flu seasons are represented as dotted rectangles in

Figure 3.6). The GMRF method fails to recover the peak during the 2002-2003 season. The

large uncertainty in population size estimation during the 1999-2000, 2000-2001, and at the

beginning of 2005-2006 seasons is explained by the small number of coalescent events during

those time periods, however, this uncertainty is larger in the GMRF recovered trajectory.

During the 2001-2002 flu season, the GMRF method fails to recover the expected trajectory

of a peak followed by a bottleneck and instead, this method recovers an epidemic that

started during the end of 2001, increased and remained “at peak” until the end of the

following winter. The GMRF recovered trajectory during the winter season of 2003 exhibits

a steep decrease. In contrast, the GP method detects a late peak during the 2001-2002

season, followed by a decline in the number of infections. There is a small bump in the

effective population size of influenza in the winter of 2003, which is more realistic than a

steady decline in the number of infections estimated by the GMRF method. Overall, we

believe that the GP reconstructed trajectory is more plausible from an epidemiological point

of view than the GMRF population size reconstruction.
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Figure 3.6: H3N2 Influenza A virus in New York state. The first plot (left) is the estimated
genealogy. The second and third plots are the GMRF and GP estimations of log scaled effective
population trajectories. Winter seasons are represented by the dotted shaded areas. Posterior
medians are represented by solid black lines and 95% BCIs are represented by gray shaded areas.

3.4 Prior Sensitivity

In all our examples, we placed a Gamma prior on the precision parameter θ with parameters

α = 0.001 and β = 0.001. This precision parameter, unknown to us a priori, controls the

smoothness of the GP prior. We investigate the sensitivity of our results to the Gamma

prior specification using the Egyptian HCV data. In the first plot of Figure 3.7, we show

the prior and posterior distributions of θ under our default prior. The difference in densities

suggests that prior choices do not have an impact on the posterior distribution. Since the

mean of a Gamma distributed random variable is α/β, we investigate the sensitivity by

fixing β = .001 and setting the value of α to 0.001, 0.002, 0.005, 0.01 and 0.1, corresponding

to prior means 1, 2, 5, 10 and 100 and variances 1000, 2000, 5000, 10000 and 100000, and

by trying two extremes: α = 1, β = .0001 and α = .001, β = 1, to examine the posterior

distribution of θ under these priors. The posterior sample boxplots displayed in Figure 3.7

demonstrate that our results are fairly robust to different choices of α.

3.5 Sensitivity to the Order of the Gaussian Process

We evaluate our GP-based method for three different Gaussian Process priors for the Egyp-

tian HCV genealogy. In Figure 3.8, we show the recovered trajectories for Brownian Motion
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Figure 3.7: Prior sensitivity on the GP precision parameter. Left plot shows the prior and posterior
distributions represented by dashed line and vertical bars respectively. Right plot shows the boxplots
of the posterior distributions of the precision parameter when the prior distributions differ in mean
and variance of the precision parameter θ. These plots are based on the Egyptian HCV data.

(BM), Ornstein-Uhlenbeck (OU) and approximated Integrated Brownian motion (IBM)

(Lindgren and Rue, 2008). The common characteristic of these three priors is the sparsity

of their precision matrices (inverse covariance matrix), allowing for computational tractabil-

ity. Figure 3.8 shows that the order of the process does make a difference, but only in regions

with large posterior uncertainty, where prior influence is more pronounced.
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Figure 3.8: Egyptian HCV recoverd by placing three different Gaussian process priors. The first
plot (left to right) corresponds to a Brownian motion (BM), the second – to Ornstein-Uhlenbeck
(OU) and the last one – to the approximated integrated Brownian motion (IBM).
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3.6 Discussion

We propose a new nonparametric method for estimating population size dynamics from

gene genealogies. To the best of our knowledge, we are the first to solve this inferential

problem using modern tools from Bayesian nonparametrics. In our approach, we assume

that the population size trajectory a priori follows a transformed Gaussian process. This

flexible prior allows us to model population size trajectory as a continuous function without

specifying its parametric form and without resorting to artificial discretization methods.

We tested our method on simulated and real data and compared it with the competing

GMRF method. On simulated data, our method recovers the truth with better accuracy

and precision. On real data, where true population trajectories are unknown, our method

recovers known epidemiological aspects of the population dynamics and produces more

reasonable estimates of uncertainty than the competing GMRF method.

We bring Bayesian nonparametrics into the coalescent framework by viewing the coa-

lescent as a point process. This representation allows us to adapt Bayesian nonparametric

methods originally developed for Poisson processes to the coalescent modeling. In particular,

it allows us to adapt the thinning-based data augmentation for Poisson processes developed

by Adams et al. (2009). We devise an analogous data augmentation for the coalescent by

developing a series of new thinning algorithms for the coalescent. Although we use these

algorithms in a very narrow context, our novel coalescent simulation protocols should be of

interest to a wide range of users of the coalescent. For example, we are not aware of any

competitors of our Algorithms 2 and 4 that allow one to simulate coalescent times with a

continuously and stochastically varying population size.

Our method works with any Gaussian process with mean 0 and covariance matrix C,

where the latter controls the level of smoothness and autocorrelation. For computational

tractability however, sparsity in the precision matrix (inverse covariance matrix) may be

necessary for complex trajectories with a high number of latent points. One way to achieve

sparse matrix computations and computational tractability is to use GP that is also Markov.

In all our examples, we use Brownian motion with precision parameter θ; however, the non-

differentiability characteristic of the Brownian motion is compensated by the fact that our



45

estimate of effective population trajectory is the posterior median evaluated pointwise, which

is smoother than any of the sampled posterior curves. Additionally, we compared Brown-

ian motion, Ornstein-Uhlenbeck and a higher order integrated Brownian motion for one of

our examples and obtained very similar results under all three priors. Finite sample distri-

butions under these three priors enjoy sparse precision matrices that yield computational

tractability comparable to the GMRF method. In our Brownian motion prior, the precision

parameter controls the level of smoothness of the estimated population size trajectory. We

find that this important parameter shows little sensitivity to prior perturbations.

Our method assumes that a genealogy or tree is given to the researcher. However,

genealogies are themselves inferred from molecular sequences, so we need to incorporate

genealogical uncertainty into our estimation. Our framework can be extended to inference

from molecular sequences instead of genealogies by introducing another level of hierarchical

modeling into our Bayesian framework, similar to the work of Drummond et al. (2005) and

Minin et al. (2008). Further, we plan to extend our method to handle molecular sequence

data from multiple loci as in (Heled and Drummond, 2008). Finally, we would like to

extend our nonparametric estimation into a multivariate setting, so that we can estimate

cross correlations between population size trajectories and external time series. Estimating

such correlations is a critical problem in molecular epidemiology.

We deliberately adapted the work of Adams et al. (2009) on estimating the intensity

function of an inhomogeneous Poisson process to the coalescent, as opposed to alternative

ways to attack this estimation problem (Møller et al., 1998; Kottas and Sansó, 2007). We

believe that among the state-of-the-art Bayesian nonparametric methods, our adopted GP-

based framework is the most suitable for developing the aforementioned extensions. First,

it is straightforward to incorporate external time series data into our method by replacing a

univariate GP prior with a multivariate process that evolves the population size trajectory

and another variable of interest in a correlated fashion (Teh et al., 2005). Second, the fact

that our method does not operate on a fixed grid is critical for relaxing the assumption of

a fixed genealogy, because fixing the grid a priori is problematic when one starts sampling

genealogies, including coalescent times, during MCMC iterations.

Finally, since the coalescent model with varying population size can be viewed as a
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particular example of an inhomogeneous continuous-time Markov chain, all our mathemat-

ical and computational developments are almost directly transferable to this larger class

of models. Therefore, our developments potentially have implications for nonparametric

estimation of inhomogeneous continuous-time Markov chains with numerous applications.
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Chapter 4

INTEGRATED NESTED LAPLACE APPROXIMATION IN
PHYLODYNAMICS

4.1 Introduction

Estimation of population size dynamics from molecular data is a fundamental task in ecology

and public health. Since population size fluctuations affect the variability of population gene

frequencies, current molecular sequence data provide information about the past population

size trajectory. Such indirect inference is particularly useful in retrospective studies, where

assessing past population sizes via sampling or fossil records is impossible. For example,

RNA samples of hepatitis C virus (HCV) obtained in 1993 were sufficient to estimate the

dynamics of HCV infections in Egypt from 1895 to 1993 (Pybus et al., 2003); and ancient

and modern musk ox mitochondrial DNA samples, dated from 56,900 radiocarbon years old

to contemporaneous, allowed for estimation of musk ox population dynamics throughout

the late Pleistocene to the present (Campos et al., 2010a).

Molecular sequence data of individuals sampled at a single time point (isochronous

sampling) or at different points in time (heterochronous sampling) are related to each other

via, a usually unknown, genealogical relationship. A genealogy is a rooted bifurcating tree

that describes the ancestral relationships of the sampled individuals. In the genealogy, each

internal node indicates that the two lineages met a common ancestor. Such events are called

coalescent events, and these events occur at coalescent times.

Kingman’s coalescent (Kingman, 1982) is a probability model that describes a stochastic

process of generating a genealogy of a random sample of molecular sequences given the

effective population size (Nordborg, 2001; Hein et al., 2005). The original formulation, that

considered only a constant population size, was later generalized to a variable population size

(Slatkin and Hudson, 1991b; Griffiths and Tavaré, 1994). Statistically, the coalescent model

was an important advance, because it allowed for likelihood-based inference of population

dynamics.
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Many coalescent-based methods for estimation of effective population size trajectories

have been developed over the last 10 years. Some methods may or may not consider the

genealogical uncertainty and can produce estimates of population size trajectories from a

fixed genealogy or directly from molecular data (Kuhner et al., 1995; Drummond et al.,

2002, 2005; Minin et al., 2008). Felsenstein (1992) showed that likelihood-based methods

that account for genealogical uncertainty are statistically the most efficient. However, all

methods that incorporate genealogical uncertainty in population size dynamics reconstruc-

tion integrate over the space of genealogies using Markov chain Monte Carlo (MCMC). Such

MCMC sampling of genealogies is computationally expensive. Sometimes, a single geneal-

ogy estimated from sequences that contain sufficient phylogenetic information is enough to

estimate population trajectories accurately (Pybus et al., 2000; Minin et al., 2008). In this

chapter, we are interested in providing a fast estimation of population size trajectories from

a fixed genealogy.

Some coalescent-based methods assume a simple parametric form of the population size

trajectory (e.g., exponential or logistic growth), allowing the model parameters to be esti-

mated by maximum likelihood or Bayesian methods. However, more flexible nonparametric

methods are preferable for populations with poorly understood population dynamics, where

it may be difficult to justify a simple parametric form of the population size trajectory. In

fact, all recently developed methods rely on Bayesian nonparametric techniques to perform

inference (Opgen-Rhein et al., 2005; Drummond et al., 2005; Heled and Drummond, 2008;

Minin et al., 2008; Palacios and Minin, 2013). A common characteristic of most of these

methods is the assumption of a piece-wise linear trajectory of effective population sizes and

the possibility of the number of parameters growing with the number of samples. Bayesian

skyline methods (Drummond et al., 2005; Heled and Drummond, 2008) and Opgen-Rhein

et al. (2005) use multiple change point models to estimate population trajectories in a

Bayesian framework. The method of Opgen-Rhein et al. (2005) is implemented only for a

fixed genealogy. Recently, Bayesian nonparametric approaches that rely on Gaussian pro-

cesses have been successfully implemented (Minin et al., 2008; Palacios and Minin, 2013).

These methods model the effective population size as a function of a Gaussian process (GP)

a priori, providing more flexible priors than previous Bayesian nonparametric methods.
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GP-based models use MCMC methods to perform Bayesian inference. We show that

when the genealogy remains fixed, these models fall into a general class of latent Gaus-

sian models, for which integrated nested Laplace approximation (INLA) can be used to

perform computationally efficient approximate Bayesian inference (Rue et al., 2009; Illian

et al., 2012). Here, we adapt the INLA methodology to the estimation of population size

trajectories and replace MCMC entirely. Our approximation is accurate and much faster

than MCMC, while still providing the benefits of the Gaussian process-based Bayesian non-

parametric approach. We illustrate the performance of our method with simulated and two

real data sets.

4.2 Coalescent Background

We assume that a genealogy with time measured in units of generations is available. Let

tn = 0 denote the present time when all n available sequences are sampled (isochronous )

and let tn = 0 < tn−1 < ... < t1 denote the coalescent times of lineages in the genealogy. Let

Ne(t) denote the time evolution of the effective population size as we move into the past.

Then, the conditional density of the coalescent time tk−1, given the previous coalescent time

tk, takes the following form:

P [tk−1|tk, Ne(t)] =
Ck exp

�
−
� tk−1

tk
Ck

Ne(t)
dt

�

Ne(tk−1)
, (4.1)

where Ck =
�k
2

�
is the coalescent factor that depends on the number of lineages k = 2, ..., n,

meaning that the density for the next coalescent time is quadratic in the number of lineages

and inversely proportional to the effective population size. The larger the population size,

the more genetic variability is in the population and hence, the longer it takes for two

lineages to coalesce. The larger the number of lineages, the faster two of them meet their

common ancestor.

The heterochronous coalescent arises when samples of sequences are collected at different

times. The conditional density of a coalescent time tk−1 is slightly different than equation

4.1 since it takes into account the fact that the number of lineages at each time point depends

not only on the number of coalescent events (in which case, the number of lineages decreases

by one each time), but also on the new samples incorporated into the analysis at any time
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after the last coalescent time tk. See Felsenstein and Rodrigo (1999) and Drummond et al.

(2002) for a more detailed account of heterochronous sampling.

Under this coalescent-based framework, we ignore the effects of population structure,

recombination and selection (Nordborg, 2001). The parameter of interest, the effective pop-

ulation size, can be used to approximate census population size by knowing the generation

time in calendar units and the population variability in the number of offspring. The latter

quantity might be difficult to know a priori, however, sometimes it suffices to analyze an

arbitrarily rescaled population size trajectory, assuming the variability in the number of

offspring remains constant.

4.2.1 Estimation of Ne(t) using a discrete-time GMRF

There are two approaches to estimation of effective population size trajectories that use

Gaussian processes. The first approach, developed by Minin et al. (2008), assumes a pri-

ori that given a genealogy, the effective population size trajectory is a piecewise constant

trajectory with change points (knots) placed at coalescent times. That is,

Ne(t) =
n�

k=2

exp (γk) 1(tk,tk−1](t), (4.2)

where

γ = (γ2, ..., γk) ∼ MVN
�
0, (τQ)−1

�
and

1(tk,tk−1](t) =






1 if t ∈ (tk, tk−1],

0 otherwise.

More specifically, a priori γ is assumed to be an intrinsic Gaussian Markov random field

(GMRF) on a chain graph connecting nodes 2 through n. Minin et al. (2008) used a

random walk of the first order (rw1) on an irregular grid of mid-points of inter-coalescent

time intervals. For this reason, we refer to this method here as the coalescent grid Gaussian

process (CGGP). The random walk construction implies that matrix Q is tridiagonal and

positive semidefinite (hence the intrinsic GMRF). See (Rue and Held, 2005) for background

on GMRFs.

The precision parameter τ has a Gamma prior distribution with α = β = 0.001. The

authors estimate γ and τ by MCMC sampling from the posterior distribution of these
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parameters. The estimated trajectory and the corresponding uncertainty are reported in

the form of pointwise posterior medians and 95% Bayesian credible intervals (BCIs) obtained

from the MCMC samples.

4.2.2 Estimation of Ne(t) using a continuous-time GP

Instead of modelling Ne(t) as a piecewise continuous function a priori, Palacios and Minin

(2013) propose a more flexible prior specification and place a transformed Gaussian process

prior on Ne(t). The transformation is a sigmoidal function with a lower bound. This

particular transformation is required in order to perform exact posterior inference via a

data augmentation scheme, which is similar to the work of Adams et al. (2009). However, a

log-Gaussian transformation using a finely discretized Gaussian process, in principle, would

produce similar results (Møller et al., 1998; Adams et al., 2009).

Exact posterior inference with GP

Palacios and Minin (2013) place the following prior on Ne(t):

Ne(t) =

�
λ

1 + exp[−γ(t)]

�−1

, (4.3)

where

γ(t) ∼ GP(0, C) (4.4)

and GP(0, C) denotes a Gaussian process with mean function 0 and covariance function C.

A Gaussian process restricted to finite data is a multivariate Gaussian distribution. That is,

γ(t1), ..., γ(tB) ∼ MVN(0,Σ). A priori, 1/Ne(t) is a sigmoidal Gaussian process, a scaled

logistic function of a Gaussian process which range is restricted to lie in [0, λ]; λ is a positive

constant hyperparameter, inverse of which serves as a lower bound of Ne(t) (Adams et al.,

2009). The likelihood function is the product of the conditional densities in equation (4.1)

and involves integration of Ne(t), that under the GP assumption, is intractable. Following

earlier work by Adams et al. (2009) on Poisson processes, we performed inference assuming

an augmented data likelihood which allows to bypass intractability in the likelihood in

previous work. We implemented our method for the Brownian motion GP with a precision

parameter τ . We placed a Gamma prior distribution on the precision hyperparameter τ
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with α = β = 0.001 and a mixture of uniform and exponential distributions on an upper

bound of 1/Ne(t) (or equivalently, a lower bound on Ne(t)) as follows:

P (λ) = �
1

λ̂
I
{λ<λ̂}

+ (1− �)
1

λ̂
e
− 1

λ̂
(λ−λ̂)

I
{λ≥λ̂}

, (4.5)

where � > 0 is a mixing proportion and λ̂ is our best guess of the upper bound, possibly

obtained from previous studies. We estimated τ and Ne(t), or equivalently, τ , γ(t) and λ by

MCMC sampling from the posterior distribution of these parameters. The estimated trajec-

tory and the corresponding uncertainty are reported in the form of the pointwise posterior

medians and 95% BCIs evaluated at a grid of points {s1, ..., sB} obtained from the MCMC

samples. This grid can be made as fine as necessary after the MCMC is finished. The values

of {γ(s1), γ(s2), .., .γ(sB)} are obtained via the GP predictive distribution conditioning on

the values of each iteration. This method will be referred to as exact Gaussian process

(EGP).

Discretized continuous-time GP

The continuous-time version of the prior specified in Eq. 4.2, is

Ne(t) = exp [γ(t)] , (4.6)

where γ(t) is the Gaussian process described in equation (4.4). However, for the same reason

described in the previous section, the likelihood function becomes intractable. Palacios and

Minin (2013) showed that estimation of the effective population size is analogous to the

estimation of an inhomogeneous intensity of a point process. In this context, and under

the prior described in Eq. 6, estimation of Ne(t) is computationally equivalent to the

estimation of the intensity function of a Log-Gaussian Cox process (Møller et al., 1998). In

a Log-Gaussian Cox process, the likelihood is commonly approximated by discretization.

The approximation method proceeds by constructing a fine regular grid {s1, ..., sB} over the

observation window and approximate
�

dt

Ne(t)
=

�
exp [−γ(t)] dt, (4.7)

by
B�

j=2

exp
�
−γ

∗
j

�
∆, (4.8)
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where ∆ is the distance between grid points, and γ
∗
j is a representative value of γ(t) in the

interval (sj−1, sj), usually at the midpoint. Note that if the Gaussian process is a Brownian

motion process, this approximation is similar to the CGGP method described in section

4.2.1. The difference is in the construction of the grid. In the CGGP method, the grid is

irregular and determined by the coalescent times. For this reason, we call approximation

(4.8) a regular grid Gaussian process (RGGP).

4.3 Integrated Nested Laplace Approximation

INLA provides fast and accurate Bayesian approximation to posterior marginals in latent

Gaussian models (Rue et al., 2009). Latent Gaussian models are a wide class of hierar-

chical models in which the response variables y = (y1, . . . , yn) are assumed to be condi-

tionally independent given some latent parameters η = (η1, . . . , ηn) and other parameters

θ1. The second hierarchical level corresponds to specifying η as a function of a GMRF x

= (x1, . . . , xn) with a precision matrix Q and hyperparameters θ2, and the third and last

hierarchical stage corresponds to prior specifications for the hyperparameters θ = (θ1,θ2)

Formally,

π(y|η,θ1) =
�

j

π(yj |ηj(xj),θ1), (4.9)

x ∼ MVN(0,Q−1(θ2)), (4.10)

and

θ ∼ P (θ). (4.11)

An interface in R, called INLA, implements a wide variety of likelihoods (equation (4.9)),

link functions (η) and GMRFs (equation (4.10)), including the Poisson likelihood model

for each observed value of yj (not necessarily the same for every yj) with a logarithmic

additive link function and random walk of first order as a GMRF. See www.r-inla.org for

documentation.

The coalescent with variable population size (equation (4.1)), together with the GMRF

prior specification (equation (4.2)) falls into the latent Gaussian model class, so INLA can

be implemented for these coalescent models. In the case of the continuously specified GP
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(section 4.2.2), the approximate posterior method described in Section 4.2.2.2 (RGGP) also

falls into the latent Gaussian model class.

4.3.1 INLA for Phylodynamics

Although INLA is implemented for a wide variety of latent Gaussian models, we will only

describe the main steps of the approximation for posterior inference of effective population

size trajectories. A typical summary of the posterior distribution of the effective population

size trajectory, Ne(t), is described by posterior medians and 95% BCIs evaluated pointwise

on a grid of time points. These values can be obtained from the posterior marginals of the

population trajectory on the grid. For the CGGP model described in section 4.2.1, we then

wish to obtain the posterior marginals

Pr(γi|t) =

� ∞

0
Pr(γi|τ, t)Pr(τ |t)dτ, i = 2, .., n (4.12)

and

Pr(τ |t), (4.13)

where t denotes the vector of coalescent times. A nested procedure is used to construct

approximations of Pr(γi|τ, t) and Pr(τ |t) first and then numerically integrate out τ to arrive

at Pr(γi|t). The approximation of the marginal of τ is

P̃r(τ |t) ∝
Pr(γ, τ, t)

P̃rG(γ|τ, t)

����
γ∗(τ)

, (4.14)

where γ∗(τ) is the mode of the full conditional Pr(γ|τ, t), obtained using the Newton-

Raphson algorithm, and P̃rG(γ|τ, t) is the Gaussian approximation of this full conditional

constructed via a Taylor expansion around γ∗(τ). The resulting P̃rG(γ|τ, t) is a Gaussian

distribution with mean γ∗ and precision matrix Q +diag(c), where Q is the prior precision

matrix of the GMRF γ and a vector c consists of the second order Taylor series coefficients.

The approximation to the full conditional Pr(γi|τ, t) is the following:

P̃r(γi|τ, t) ∝
Pr(γ, τ, t)

P̃rG(γ−i|τ, t)

����
γ∗
−i

, (4.15)

where γ∗
−i = EG(γ−i|γi, τ, t) and P̃rG(γ−i|τ, t) are derived from P̃rG(γ|τ, t).
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For the continuously specified GP approximation described in section 4.2.2, the INLA

approximation is, in essence the same, but the GMRF is placed at the mid-points of a finer

and regular grid. In this case, there are two levels of approximation, one level corresponding

to the likelihood discretization and another level corresponding to the approximation of

marginal posterior distributions of model parameters.

4.4 Results

4.4.1 Simulated Data

We compare INLA and MCMC approaches for the models described in sections 4.2.1 and

4.2.2. With time measured in expected mutations per site, we simulate three genealogies

relating n = 100 individuals under the following demographic scenarios:

1. Constant population size trajectory: Ne(t) = 1.

2. Exponential growth: Ne(t) = 25e−5t.

3. Population expansion followed by a crash:

Ne(t) =






e
4t

t ∈ [0, 0.5],

e
−2t+3

t ∈ (0.5,∞).
(4.16)

Figure 4.1 shows the log effective population size trajectories recovered for the three

scenarios under the CGGP model using the MCMC approach (black lines and gray shaded

areas) and the INLA approach (blue dark lines and blue dashed lines). In all the cases, the

INLA approximation is very close to the results obtained using MCMC.

Figure 4.2 shows the log effective population size trajectories recovered for the same three

scenarios for the continuously specified GP. In this case, the comparison is not entirely fair

because we are comparing the exact MCMC method (EGP) with the doubly approximated

INLA on the RGGP model. Nevertheless, both estimations look very similar for the last

two cases (exponential growth and expansion followed by crash). In all cases, INLA results

are very similar to the results for the CGGP model and the difference between the MCMC

method and INLA methods in the constant trajectory example could be an artifact of the
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Figure 4.1: INLA vs MCMC for CGGP: Simulated data under the constant population size (first
row), exponential growth (second row) and expansion followed by a crash (third row). The true
trajectories are represented by black dashed lines. We show posterior medians estimated with MCMC
sampling (solid black lines) and 95% BCIs estimated with MCMC (gray shaded areas). Posterior
medians obtained using INLA are denoted by solid blue lines and INLA 95% BCIs are shown as
dashed blue lines.
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likelihood approximation and the convergence of the MCMC method. However, a more

likely explanation is poor approximation of the marginal posterior of the Brownian motion

precision, τ , by INLA. Indeed, when we examined MCMC-based and INLA-based marginal

posteriors of τ , we found that the two marginals did not agree at all. We recommend to

use the INLA approximation for rapid estimation, however one needs to be cautious about

the precision estimated by this approximation.

4.4.2 Hepatitis C virus in Egypt

We analyze a genealogy estimated from 63 HCV E1 sequences sampled in 1993 in Egypt.

This is perhaps the most commonly used dataset for evaluating different methodologies for

estimation of population size trajectories. Minin et al. (2008) compared population size

trajectories recovered from a single fixed genealogy and from the sequence data directly.

The authors show that there is little difference between these two estimation protocols.

They argue that in this case genealogical uncertainty does not play a significant role in the

estimation of the Egyptian HCV population dynamics.

Figure 4.3 shows the recovered effective population sizes as black lines and uncertainty

as gray shaded areas for the CGGP (left plot) and the EGP (right plot) using MCMC and as

blue solid lines and blue dashed lines for the INLA approximation for CGGP (left plot) and

RGGP (right plot). In this case, it is remarkable how similar the INLA approximations are to

the MCMC results, even for the continuously specified model with the double approximation

(INLA-RGGP). In all cases, the known aspects of the HCV epidemic in Egypt are recovered:

an exponential growth starting around 1920s and a decline in population size after 1970s

(Pybus et al., 2003).

4.4.3 Influenza A virus in New York

We analyze a genealogy estimated from 288 H3N2 sequences sampled in New York state

from January, 2001 to March, 2005 to estimate population size dynamics of human influenza

A in New York. This genealogy has also been analyzed before (Palacios and Minin, 2013)

and can be obtained from the authors. The key aspects of the influenza A virus epidemic

in temperate regions like New York are the epidemic peaks during winters followed by
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Figure 4.2: INLA vs MCMC for RGGP and EGP respectively: see Figure 4.1 for the legend.
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Figure 4.3: HCV in Egypt. Estimation of the log effective population size trajectories. In both
plots, INLA approximations to posterior medians and 95% BCIs are represented by blue solid lines
and blue dashed lines respectively. Approximations using MCMC sampling are represented by black
solid lines and shaded areas. The left plot shows the results assuming the CGGP model and the
right plot shows the result assuming the EGP for the MCMC sampling results and the RGGP model
for the INLA approximation.
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Figure 4.4: Influenza A in New York. Estimation of the log effective population size trajectories. In
both plots, INLA approximations to posterior medians and 95% BCIs are represented by blue solid
lines and blue dashed lines respectively. Approximations using MCMC sampling are represented by
black solid lines and shaded areas. The left plot shows the results assuming the CGGP model and
the right plot shows the result assuming the EGP for the MCMC sampling results and the RGGP
model for the INLA approximation.

strong bottlenecks at the end of the winter season. The first plot in Figure 5 shows the

recovered population size trajectories assuming the CGGP model. In this case, the MCMC

and the INLA approximation deviate from each other substantially, however, the expected

peaks during the winter seasons in 2002, 2004 and 2005 are recovered by both methods. The

MCMC approach does not recover a peak in the 2003 season, while the INLA approximation

resemble more the results from the continuously specified model. INLA and MCMC results

are very similar for the continuously specified model (right plot of Figure 4.4) with the

notable differences in 95% BCIs near the time to the most recent common ancestor. This

difference again may be an artifact of the double approximation involved.

4.4.4 Running times

The MCMC chains used for the CGGP model have length 1,000,000 with 100,000 of burn-in

and generated using the BEAST software (Drummond and Rambaut, 2007; Minin et al.,
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2008) on a desktop PC. The running times range from 20 minutes to a couple of hours

depending on the data. For the INLA approach, results were generated using the R interface

INLA on the same computer in less than 2 seconds for all scenarios.

For the continuously specified GP model described in section 4.2.2, MCMC times are at

best as fast as MCMC for the CGGP approach, while the results obtained using INLA, were

generated in less than 5 seconds on a grid of size 1000.

4.5 Discussion

We show that recent Gaussian process-based Bayesian nonparametric approaches to es-

timation of effective population size trajectories fall into a larger class of latent Gaussian

models, allowing us to perform approximate Bayesian inference using INLA. We show that it

is possible to estimate population size trajectories from fixed genealogies in seconds without

sacrificing any modeling advantages of recently developed Bayesian nonparametric methods.

We did observe a significant discrepancy between the INLA approximation and MCMC

inference for the continuously specified GP model in the case of constant population size.

We want to point out that in this case, we are not comparing apples to apples. We should

be comparing INLA approximation to the MCMC for the regular grid approximation of

the continuously specified GP. However, we did not have access to approximate GP-based

MCMC for phylodynamics. In the absence of a better option, we are comparing INLA to

the exact MCMC for this GP model (Palacios and Minin, 2013). Therefore, we remain

uncertain whether the grid approximation or the INLA approximation is to blame for the

discrepancy observed in the top plot of Figure 4.2. The discrepancy between the marginal

posterior distributions estimated by INLA and MCMC and the fact that the precision of

the RGGP likelihood discretization did not have any effect on our results suggest that

INLA approximation indeed fails in this simulation scenario. This assertion is supported

by another disagreement of INLA and MCMC for the CGGP model in the influenza A

example, where we are comparing them under the same discretization.

A natural extension of the methods presented here is the incorporation of genealogical

uncertainty into the model. This extension can be accomplished by introducing another

level of hierarchical modeling and analyzing molecular data directly (Drummond et al., 2005;
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Minin et al., 2008). Even though the full posterior distribution of population trajectories

from molecular sequence data no longer falls into the latent Gaussian model class, we

believe that the extension is possible using Metropolis independence sampler (Rue et al.,

2004). Nevertheless, the ability to obtain fast estimates of population size trajectories from

a fixed genealogy (as with INLA) should be a boon for biological researchers who need to

screen multiple populations of interest quickly or to provide an online analysis of epidemic

outbreaks with enormous flow of molecular data in real time (Fraser et al., 2009).

There are other approaches to the estimation of effective population sizes under more

complicated coalescent models that include recombination (McVean and Cardin, 2005; Li

and Durbin, 2011). These methods assume a simple change point model for the effective

population size trajectory. In principle, Bayesian nonparametric approaches similar to the

approaches discussed here can be applied in this setting. However, presence of recombination

makes such extensions potentially challenging.

Other approximate Bayesian methods could be applied to Bayesian nonparametric phy-

lodynamics, such as variational Bayes (VB) (Bishop, 2006) and expectation propagation

(EP) (Cseke and Heskes, 2010). For our particular application with a sparse GP prior, such

as Brownian motion, Cseke and Heskes (2010) show that INLA should be faster than EP

methods.
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Chapter 5

GAUSSIAN PROCESS-BASED BAYESIAN NONPARAMETRIC
INFERENCE OF PHYLODYNAMICS DIRECTLY FROM

MOLECULAR SEQUENCES

5.1 Introduction

The effective population size is one of the most important parameters that affect genetic

variation. For example, a population with no migration and a small number of individuals

sustained over several generations, will lose most of its genetic variation. Estimation of ef-

fective population sizes is therefore of paramount importance in areas such as conservation

biology and epidemiology, with the latter aiming at containing viral prevalence. Genetic

variation present in genetic sequence data allows us to recover past population dynamics

under some simplifying assumptions. A popular neutral model used to understand genetic

variation present in a random sample of individuals from a single population assumes that

the observed genetic variability is the consequence of mutation forces acting at random on

the genealogical tree of the samples. A genealogical tree or gene genealogy is a bifurcating

tree with tips representing individuals’ genetic data at the time when the genetic sequences

are sampled and the lineages back in time represent the ancestry of the sample. The root

of the tree denotes the time when all lineages meet their most recent common ancestor.

Researchers are able to observe genetic sequences and possibly gain information about sub-

stitution rates from a combination of in vivo and in vitro experiments, but gene genealogies

are hardly available. Kingman’s coalescent (Kingman, 1982) allows us to model gene ge-

nealogies in a probabilistic framework where the rate at which two lineages meet a common

ancestor in the past (coalescent event) depends on the number of lineages and the effec-

tive population size. The coalescent model has proven to be a good model to approximate

genealogical relationships (Wakeley and Ramachandran, 2012).



64

Several coalescent-based methods to infer effective population size trajectories have been

proposed in the last 15 years. Most of these methods model the effective population size tra-

jectory as a piece-wise linear trajectory (Heled and Drummond, 2008; Minin et al., 2008) or

as a specific functional form, such as exponential growth (Griffiths and Tavaré, 1994; Kuh-

ner et al., 1998; Drummond et al., 2002). Recently, a Gaussian process (GP) based Bayesian

nonparametric method has been proposed (Palacios and Minin, 2013). This method models

the effective population size trajectory as a continuous function in time in a nonparametric

framework. More specifically, the method of Palacios and Minin (2013) places a transformed

Brownian motion prior on the effective population size trajectory. However, this method is

only implemented for a fixed genealogy. We extend this methodology to perform inference

of effective population size dynamics from genetic sequence data directly. We equip modern

Bayesian methods implemented in BEAST (Drummond et al., 2012) with the GP-based prior

on effective population size dynamics. We test our method on a real data set of hepatitis

virus C in Egypt.

5.2 Methods

5.2.1 Likelihood for Sequence Alignment

Let Y denote an n × L sequence alignment matrix of n individuals randomly sampled

from the population of interest. The sequence alignment of length L usually represents

DNA or RNA sequences from a protein coding region or a “gene.” We assume that there

is no recombination possible between the sequences, so that we can assume the existence

of one genealogical tree g relating all sequences. We assume that the sequence alignment

Y is generated by a substitution process, defined by a parameter vector m, acting on the

genealogy g. This construction yields the following likelihood function:

P (Y | g,m). (5.1)

We assume standard finite-sites neutral substitution models that randomly substitute one

nucleotide for another at individual sites according to a continuous-time Markov chain

(Tavaré, 2004). The parameter vectorm contains parameters such as the transition/transversion

ratio and a global mutation rate µ that scales the genealogy from units of mean number



65

of substitutions to calendar units. In principle, we can use any of the substitution models

implemented in BEAST (Drummond et al., 2012), denoting by p(m) the prior distribution

on m. The likelihood function equation (5.1) is referred to as the Felsenstein likelihood and

computed via a recursive method, known as the peeling algorithm (Felsenstein, 1981).

5.2.2 Coalescent Prior

We proceed in a hierarchical Bayesian framework by putting a coalescent prior distribution

on the genealogy g. Let tn = 0 be the time of sampling (isochronous sampling) and let

0 < tn−1 < ... < t1 denote the coalescent times. The coalescent prior is

P [g | Ne(t)] =
n�

k=2

1

Ck
P [tk−1 | tk, Ne(t)], (5.2)

where Ck =
�k
2

�
is the coalescent factor that depends on the number of lineages k = 2, ..., n

and

P [tk−1 | tk, Ne(t)] =
Ck

Ne(tk−1)
exp

�
−

� tk−1

tk

Ck

Ne(t)
dt

�
, (5.3)

denotes the conditional density of the coalescent time tk−1. Since the genealogy contains

both coalescent times and topology, we need to take the combinatorial factor Ck out of

expression (5.3) to get expression (5.2).

For the heterochronous coalescent, when samples of sequences are collected at different

times, let tn = 0 < tn−1 < · · · < t1 denote the coalescent times as before, but now let

sm = 0 < sm−1 < · · · < s1 < s0 = t1 denote sampling times of nm, . . . , n1 sequences

respectively,
�m

j=1 nj = n. Further, let s and n denote the vectors of sampling times

and numbers of sequences sampled at these times, respectively. Then the coalescent prior

becomes

P [g | s,n, Ne(t)] =
n�

k=2

1

C0,k
P [tk−1 | tk, s,n, Ne(t)], (5.4)

where

P [tk−1|tk, s,n, Ne(t)] =
C0,k

Ne(tk−1)
exp−

��

I0,k

C0,k

Ne(t)
dt+

m�

i=1

�

Ii,k

Ci,k

Ne(t)
dt

�
, (5.5)

and the coalescent factor Ci,k =
�ni,k

2

�
depends on the number of lineages ni,k in the interval

Ii,k defined by coalescent times and sampling times. We denote half-open intervals that end
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with a coalescent event by

I0,k = (max{tk, sj}, tk−1], (5.6)

for sj < tk−1 and k = 2, . . . , n, and half-open intervals that end with a sampling event by

Ii,k = (max{tk, sj+i}, sj+i−1], (5.7)

for sj+i−1 > tk and sj < tk−1, k = 2, . . . , n,.

5.2.3 Gaussian Process Prior for Population Size Trajectories

For both isochronous or heterochronous data, we place the same prior on Ne(t):

Ne(t) =

�
λ

1 + exp {−f(t)}

�−1

, (5.8)

where

f(t) ∼ GP(0,C(θ)) (5.9)

and GP(0,C(θ)) denotes a Gaussian process with mean function 0 and covariance func-

tion C(θ) with hyperparameters θ. A priori, 1/Ne(t) is a Sigmoidal Gaussian Process,

a scaled logistic function of a Gaussian process whose range is restricted to lie in [0, λ];

λ is a positive constant hyperparameter, the inverse of which serves as a lower bound of

Ne(t) (Adams et al., 2009). For computational convenience, we use Brownian motion with

precision parameter θ as our Gaussian process prior.

5.2.4 Priors for Hyperparameters

We place a Gamma prior distribution with parameters α and β on the precision parameter

θ. The other hyperparameter in our model is the upper bound of 1/Ne(t), λ. We will

assume that it is possible to obtain an upper bound λ (or equivalently, a lower bound on

N(t)) from previous studies. This assumption can be relaxed by placing a prior on λ as

described in Chapter 3.

5.2.5 Data Augmentation and Inference

Let coalescent times be denoted by T = {tn, tn−1, . . . , t1}. Then, equations (5.2) and (5.4)

can be expressed as

P (g | Ne(t)) =
P (T | Ne(t))�n

k=2Ck
, (5.10)
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and

P (g | s,n, Ne(t)) =
P (T | s,n, Ne(t))�n

k=2C0,k
, (5.11)

respectively. We are now ready to define the posterior distribution of all model parameters:

P (g,m, Ne(t),θ | Y) ∝ P (Y | g,m)P (m)P (T | Ne(t))P (Ne(t) | θ)P (θ), (5.12)

for isochronous data and

P (g,m, Ne(t),θ | Y, s,n) ∝ P (Y | g,m)P (m)P (T | s,n, Ne(t))P (Ne(t) | θ)P (θ), (5.13)

for heterochronous data. However, placing the GP-based prior on Ne(t) yields an intractable

prior for coalescent times,

P (T | Ne(t)) = P (T | λ, f(t)) =
n�

k=2

Ckλ

1 + exp {−f(tk−1)}
exp

�
−Ck

� tk−1

tk

λ

1 + exp {−f(t)}
dt

�
,

(5.14)

because the integral in the exponent of equation (5.14) is computationally intractable (sim-

ilarly for the heterochronous case). Therefore, we perform posterior inference in an aug-

mented data space, as in Chapter 3, with posterior distribution:

P (g,N ,m, Ne(t),θ | Y) ∝ P (Y | g,m)P (m)P (T ,N | fT ,N , λ)P (fT ,N | θ)P (θ), (5.15)

where N is a set of Nk = {tk,1, . . . , tk,mk
} sets formed by mk latent points tk,i, such that

P (tk−1,Nk | tk, f(tk−1), fNk , λ) = (Ckλ)
mk+1

× exp {−Ckλ(tk − tk−1)}

�
1

1 + exp {−f(tk−1)}

� mk�

i=1

�
1−

1

1 + exp {−f(tk,i)}

�
, (5.16)

and

P (T ,N | fT ,N , λ) =
n�

k=2

P (tk−1,Nk | tk, f(tk−1), fNk , λ). (5.17)

Here, equation (5.17) is referred to as the augmented coalescent prior. The augmented model

represented in Figure 5.1 allows for tractable inference given that the set of coalescent times

T and the set of (non-coalescent) latent points N have a tractable joint density as shown

in equation (5.16). The derivation of such a density is based on the thinning algorithm for
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m

Ne(t)

Figure 5.1: Graphical model representation of the augmented model. We assume that sequence
data Y are observed and depend on the substitution process with parameters m and gene genealogy
with coalescent times T . The augmented coalescent process that generates T and N jointly depends
on Ne(t) and is conditionally independent of the substitution process with parameters m given Y.
The effective population size trajectory Ne(t) depends on the Brownian motion precision parameter
θ.

non-homogeneous Poisson processes (Lewis and Shedler, 1979) and inferential framework of

Adams et al. (2009) for Poisson processes. The derivation of equation (5.16) is detailed in

Chapter 3.

Although the fact that sequence data Y are independent of latent points N is not evident

from the representation in Figure 5.1, our construction implies that P (Y | g,m,N ) = P (Y |

g,m).
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5.3 MCMC Sampling

We approximate the posterior distribution of model parameters via a MCMC sampling

scheme to approximate the posterior given in equation (5.15). Parameters and latent points

are sampled in blocks within a random scan Metropolis-within-Gibbs framework.

5.3.1 Latent Points Sampling

We construct a reversible jump algorithm for the number of latent points m =
�k

k=2mk.

Since conditional on everything else, the latent points N only depend on Ne(t) and T , we

use the same proposals and acceptance probabilities defined in Chapter 3 for the number of

latent points in each coalescent interval. Additionally, we use a Metropolis-Hastings algo-

rithm to update the locations of latent points. We first choose an intercoalescent interval

with latent points with probability proportional to its length and then propose point lo-

cations uniformly at random in that interval together with their predictive function values

ft∗ ∼ P (ft∗ |fT ,N , θ).

5.3.2 Sampling Transformed Effective Population Size Values

As shown in Figure 5.1, the effective population size trajectory is separated from the data

Y by one level in the hierarchical model. This implies that given T ,N , Ne is independent

of Y. We then can use the same elliptical slice sampling proposal as described in Chapter

3, with the acceptance probabilities remaining the same.

5.3.3 Sampling GP precision parameter

As described in Chapter 3, the full conditional of the precision parameter θ is a Gamma

distribution. Therefore, we update θ by drawing from its full conditional θ | fT ,N , T ,N ∼

Gamma (α∗
, β

∗), with

α
∗ = α+

#{N ∪ T }

2
, (5.18)

and

β
∗ = β +

f
�
T ,NQfT ,N

2
, (5.19)

where Q = 1
θC

−1 is the inverse covariance matrix.
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5.3.4 Tree Sampling

We use a Metropolis-Hastings algorithm to update the genealogical trees. We use the same

tree proposal moves defined in BEAST (Drummond et al., 2012). The tree proposal moves

areWilson-Balding move, subtree-exchange, and node age move (uniform). See (Drummond

et al., 2002) for details. Since a change in topology alone does not affect the definition of

coalescent and latent points, we only define new acceptance probabilities for moves that

involve a change in coalescent times T . Given a new coalescent time t
∗, we sample f(t∗) ∼

P (f(t∗) | fT ,N , θ) to obtain the new value of Ne(t∗).

If the height of the tree remains constant, the definition of the latent points involved

in the adjacent inter-coalescent intervals and the number of latent points in those inter-

coalescent intervals change. Figure 5.2 (a) shows an example of a possible proposed change

in coalescent times. In the top left plot, there are no latent points between t3 and t2,

however, after t3 is replaced by t
∗
3 in the bottom left plot, there are now 2 latent points

between t
∗
3 and t2. The locations of the latent points remain the same, but their labels

and contribution to the augmented coalescent prior change. Let q(T ∗ | T ) be the proposal

distribution of a new set of coalescent times T ∗ given the current state T and let

H1 =
q(T | T ∗)

q(T ∗ | T )
(5.20)

be the ratio of tree backward and forward proposal densities. The specific expressions of

H1 can be obtained from Drummond et al. (2002). Let

H2 =
P (fT | fT ∗,N , θ)

P (fT ∗ | fT ,N , θ)
(5.21)

be the ratio of backward and forward proposal densities of effective population sizes. Then,

when the tree height remains unchanged, the joint acceptance probability of accepting the

new genealogy, latent points and appropriate values of the effective population size is:

ag = min

�
P (Y | g∗

,m)

P (Y | g,m)

P (T ∗
,N

∗
| fT ∗,N ∗ , λ)P (fT ∗,N ∗ | θ)

P (T ,N | fT ,N , λ)P (fT ,N | θ)
H1H2, 1

�
(5.22)

When the tree height is changed we additionally propose new locations for the latent

points that are affected by the change of coalescent times. The new location for each
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     a)Tree height fixed

Current State

    b)Tree height sampled

Current State

Proposed State

Figure 5.2: (a) Tree height fixed. The coalescent time t3 is replaced by t
∗
3; the labels of the latent

points t4,2 and t4,1 change to t3,2 and t3,1, but not their values. Given the new coalescent time t
∗
3, a

new value Ne(t∗3) (red circle) replaces Ne(t3). (b) Tree height sampled. All the coalescent times are
sampled except the sampling time t4. In this case, all the latent points that change definition after
the tree move are sampled within the new intercoalescent interval. For example, t4,2 is replaced by
t
∗
4,2 ∼ U(t∗3, t

∗
4), while t4,1 remains in the same location. Given a new location t

∗, its corresponding
Ne(t∗) is also sampled (red circles).
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affected latent point is sampled uniformly at random in the new intercoalescent interval.

For example, t3,2 in the top right plot in Figure 5.2 is replaced by t
∗
3,2 ∼ U(t∗2, t

∗
3) in the

right bottom plot in Figure 5.2, while the location of t4,1 remains unchanged. For each new

latent or coalescent time location t
∗, we sample f(t∗) ∼ P [f(t∗)|fT ,N , θ] to obtain the new

value of Ne(t∗). The ratio of backward and forward proposal densities is:

H3 =
P (fT ,N |fT ∗,N ∗ , θ)

P (fT ∗,N ∗ |fT ,N , θ)

n�

k=2

�
t
∗
k−1 − t

∗
k

tk−1 − tk

�m∗
k

, (5.23)

where m
∗
k ≤ mk is the number of latent point moves between tk−1 and tk. The acceptance

probability is then defined by equation (5.22) with a replacement of H2 by H3.

5.3.5 Sampling Substitution Parameters

Most of the acceptance probabilities for sampling the parameters m remain the same as

the current implementation of BEAST (Drummond et al., 2012), however, there is a scaling

move that proposes a new set of re-scaled coalescent times T ∗ and µ
∗ ∈ m

∗ jointly. In this

case, given a new set of coalescent times T ∗, we use the same proposals as when the height

of tree is changed. The corresponding acceptance probability is then

ag = min

�
P (Y | g∗

,m)P (m∗)

P (Y | g,m)P (m∗)

P (T ∗
,N

∗
| fT ∗,N ∗ , λ)P (fT ∗,N ∗ | θ)

P (T ,N | fT ,N , λ)P (fT ,N | θ)
H4H3, 1

�
(5.24)

where

H4 =
q(T ,m | T ∗

,m
∗)

q(T ∗,m∗ | T ,m)
(5.25)

is the ratio for the scaling move proposal densities.

5.3.6 Egyptian HCV

We analyze 63 HCV sequences gathered in 1993 in Egypt. We reanalized the data using the

Bayesian skyride (Minin et al., 2008) as well as our GP model. For both cases, we assumed

the HKY CTMC mutation model (Hasegawa M, 1985) using the BEAST (Drummond et al.,

2012) implementation of both methods. The Bayesian Skyride method was run for 50 million

iterations with the first 5000 discarded as burn-in. Genealogies and model parameters were

sampled every 5000 iterations. The effective population size trajectory estimated using

Bayesian Skyride is a piece-wise linear trajectory of estimated effective population sizes at
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Figure 5.3: Egyptian HCV. Log of scaled effective population trajectory estimated using the GMRF
method and our GP method. The posterior medians are represented by solid black lines and the
95% BCI’s are represented by the gray shaded areas. The vertical dashed lines mark the years 1920
(the start of intravenous PAT) , 1970 (the end of intravenous PAT) and 1993 (sampling time of
sequences).

a grid of 62 points. Our method was run for 550,000 iterations with the first 2000 discarded

as burn-in and thinned every 1000 iterations. We estimated effective population sizes at a

regular grid of 150 points. Log-likelihood trace plot and effective sample sizes at the grid of

150 points are displayed in Figure 5.4. Figure 5.3 shows the recovered effective population

size trajectories, with time scaled in units of years, using both methods. In both cases,

we recover the previously found pattern: An exponential growth phase starting around

the 1920s and a decay around the 1970s (Palacios and Minin, 2013). The GP recovered

trajectory agrees with previous result in Chapter 3 with a fixed genealogy while the GMRF

results disagrees in having a local maximum around 1870. This result might be an artifact

of the artificial discretization nature of the GMRF method.

5.4 Conclusions

Bayesian estimation of population size trajectories from gene sequence data usually involves

two levels of hierarchical modeling. Given gene sequence data and a substitution model, one
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Figure 5.4: Effective sample sizes of Ne(t) evaluated at a grid of points (left plot) and trace plot
of loglikehood (right plot) for the recovered hcv effective population size trajectory using the GP
method.

can estimate a genealogical tree. Given a genealogical tree and the coalescent model, one

can estimate the effective population size. In order to add as much flexibility as possible

in terms of the shape of the population trajectory, a GP-based Bayesian nonparametric

method has been recently developed for a fixed genealogy. Here, we extend the GP method

to sample genealogies and estimate population trajectories directly from molecular sequence

data.

The GP-based method uses a transformed Gaussian process prior on population size tra-

jectories and importantly, this prior is independent of the genealogy in contrast to Bayesian

Skyride (Minin et al., 2008). This flexibility allows for easy extension to incorporate multiple

loci data.

We tested our method on real data and compared it with the competing GMRF method.

Our method allows to estimate population size trajectories further back in time and to

better assess uncertainty. Further, our GP-based Bayesian nonparametric model can be

extended to incorporate other temporal processes correlated to effective population sizes

into the framework.
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Chapter 6

DISCUSSION AND FUTURE DIRECTIONS

6.1 Summary of Contributions

The effective population size is one of the most important parameters in evolutionary ge-

netics. The introduction of the coalescent model on genealogies (Kingman, 1982) allowed

for estimation of effective population size trajectories from genetic data. In this thesis, I

develop a series of Gaussian process-based Bayesian methods to infer effective population

size trajectories over time. My work has been motivated by applications in public health,

in particular, in infectious diseases of rapid evolution such as human influenza virus and

hepatis C, as well as by analysis of ancient DNA.

There has been a recent increase in interest in models for estimation and prediction of

disease dynamics that are able to combine molecular data with other sources of information

(Kühnert et al., 2011). With this goal in mind, I focus my dissertation on developing a

flexible model that would allow, in principle, for integration of temporal data pertinent to

the population in question and molecular data. By placing a transformed Gaussian process

prior on the effective population size trajectory, I explicitlly model the effective population

size as a continuously varying stochastic process as opposed to the other methods developed

for phylodynamics. The advantage of modeling population dynamics continuously is not

only because such modeling is more intuitive, but also because it would allow for correlating

population dynamics with other temporal processes observed at certain times.

In Chapter 2, I discuss modern Bayesian nonparametric methods for phylodynamics. I

show that the coalescent process on genealogies is a point process comprised of coalescent

times and that estimation of effective population size trajectories is equivalent to the prob-

lem of estimation of the intensity function of this point process. This connection is crucial

for developing the methods of Chapters 3, 4 and 5. In Chapter 3, I develop a GP-based
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method to infer population size trajectories from a fixed genealogy. The challenge of this

method is to overcome intractability of the likelihood function. I demonstrate how recent

advances in GP-based nonparametric inference for Poisson processes can be extended to

solve intractability of the coalescent likelihood function when the effective population size

varies stochastically. While developing the inferential framework, I introduce new algo-

rithms for simulation of genealogies for stochastically varying effective population sizes. I

successfully recover the effective population size trajectories from simulated and real data.

In Chapter 4, I introduce an integrated nested Laplace approximation to the method of

Chapter 3 and a popular GMRF method for estimation of effective population size trajec-

tories from gene genealogies. This approximation replaces MCMC entirely and produces

accurate approximations in a prompt manner. My method implemented in R has already

been applied to infer dynamics of the number of infected individuals on simulated data

(Frost and Volz, 2013). However, a fixed genealogy is rarely available and we need to infer

population size trajectories from genomic data directly. The INLA approach approximates

posterior marginals of a particular class of models called latent Gaussian models. When

genealogies are unknow, the posterior distribution of substitution parameters, genealogy,

and effective population size trajectory no longer fall into the latent Gaussian models class.

I then developed an MCMC approach to infer effective population size trajectories from

sequence data direclty. In Chapter 5, I extended the GP-based method of Chapter 3 to

infer population size trajectories and other parameters from genomic data. This method

has been successfully implemented in BEAST (Drummond et al., 2012).

The coalescent prior on genealogies used in all the models described here assumes a

random sample of orthologous, nonrecombining and neutrally evolving sequences from a

panmictic population. Any violation of these assumptions will result in an estimated effec-

tive population size trajectory that is not directly proportional to census population size.

Selection effectively shifts the distribution of mutations on the genealogy; therefore, interpre-

tation of effective population size estimation under selection needs to be done with caution

(Pybus and Rambaut, 2009; Ho and Shapiro, 2011). Recombination is clearly a problem

for all the methods described so far, since these methods assume a single genealogy. In
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principle, it should be possible to extend Bayesian nonparametric phylodynamic methods

to include a possibility of recombination similarly to the work of Kuhner and Smith (2007),

but software development and computational costs will be significant. Alternatively, one

can use a sequential Markov approximation of the coalescent process (McVean and Cardin,

2005), as was done in a recent attempt to leverage whole-genome sequence data of a sin-

gle individual to estimate population size dynamics (Li and Durbin, 2011). Although the

inferential framework in this case is very different from the one described in this chapter,

Bayesian nonparametric approaches similar to those detailed here, can also be applied in

this setting. In the rest of this section we discuss further possible extensions of the currently

available phylodynamic methods.

6.1.1 Multiple Loci

Data from multiple unlinked genetic loci are rapidly becoming the norm in the era of

next-generation sequencing. Evolutionary dynamics of such independently evolving loci are

governed by the same demographic history of the population under study, enabling straight-

forward estimation of effective population size trajectories based on multilocus genetic data.

Increasing the number of loci improves precision of the phylodynamic estimation, which is

critical for these nonparametric procedures that often suffer from large BCIs. One of the

primary difficulties in estimating population dynamics is that most of the coalescent events

in the reconstructed genealogy usually occur in a short time span. During the long periods

of time in which few coalescent events occur, there is not much data to infer the population

dynamics. Increasing the sample size mitigates this problem to a certain extent, but the

additional coalescent events also tend to occur in a small stretch of time. It is more advan-

tageous to increase the number of loci since this provides extra information during the long

time frames with few coalescent events (Heled and Drummond, 2008).

To allow for inference of effective population size trajectories from multiple loci, Heled

and Drummond (2008) implemented the extended Bayesian skyline plot in BEAST (Drum-

mond et al., 2012). This new version of the Bayesian skyline places a different prior on

Ne(t). Instead of a piece-wise constant function with jumps at some coalescent points,

the estimated trajectory is piece-wise linear with straight lines connecting “heights” γj at
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change-points a1, ..., ak, that is,

Ne(t) =
k+1�

j=1

�
γj−1 + (γj − γj−1)

t− aj−1

aj − aj−1

�
1(aj−1,aj ](t). (6.1)

The change-points are an ordered subset of the coalescent times {tn, . . . , t1}, which now

include coalescent times from genealogies at all loci, and a0 = tn = 0 and ak+1 = t1. Here,

a priori

γj ∼ Exponential(θ), for j = 1, . . . , k + 1, (6.2)

where θ may be either fixed or have a prior P (θ). The number of change-points k has a

truncated Poisson distribution with mean ln(2).

Gill et al. (2013) have developed a model, called the Bayesian skygrid that generalizes

and improves the Bayesian skyride. It differs from the Bayesian skyride not only in its

ability to incorporate data from several loci, but also in that the estimated piecewise con-

stant trajectory has change-points at fixed user-specified times rather than coalescent times.

Given ordered times sB < · · · < s1, with sB = 0 and s0 = ∞, we have

Ne(t) =
B�

k=1

exp (γk) 1[sk,sk−1)(t), (6.3)

where γ = (γ1, . . . , γB) is a priori a Gaussian Markov random field.

To illustrate the benefits of estimating population dynamics from multilocus data, we

simulate genealogies under the same demographic scenario as in Example 1.4. We estimate

the effective population size from 1, 2, 5, and 10 genealogies using the Bayesian skygrid with

n = 99 and s100, . . . , s1 equally spaced times between 0 and 2.5. Figure 6.1 demonstrates

that increasing the number of loci even modestly leads to appreciable gain of estimation

precision.

6.1.2 Effect of Population Structure

The coalescent with variable population size assumes that there is random mixing in the

population and that the samples are taken randomly from the population. This former

assumption is clearly violated for many real populations, because individuals tend to mate

with other individuals in geographic or social proximity. In presence of a well defined popu-

lation structure, a simple random sample of the whole population will not efficiently capture
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1, 2, 5, and 10 simulated genealogies.



80

the diversity of each subpopulation and the coalescent with variable population size applied

directly to the whole sample will not account for the “blocking/clustering” of sampled

lineages in the genealogy. Instead, a better strategy would be to consider gathering a strat-

ified sample by subpopulation and estimate the total population size trajectory under the

structured coalescent prior on genealogies (Hudson, 1990; Beerli and Felsenstein, 2001). The

structured coalescent accounts for subpopulations with different population sizes and allows

for migration between subpopulations. The structured coalescent has been used for para-

metric estimation of population size trajectories and migration parameters from isochronous

and heterochronous data in Bayesian and maximum likelihood frameworks (Ewing and Ro-

drigo, 2006a,b; Beerli and Felsenstein, 2001). To our knowledge, no implementation of the

structured coalescent equipped with Bayesian nonparametric estimation of subpopulation

size trajectories is available.

A more complex violation of random mixing occurs when individuals in the population

are a connected by a social or contact network (Welch et al., 2011). The standard struc-

tured coalescent assumes random mating within subpopulations and constant variability in

number of offspring, making this modeling framework incapable of handling network-based

population structure. In order to account for contact heterogeneity and hence, a variable

reproductive variance, attempts to equip the coalescent with social network modeling are

emerging. If we are interested in a population of infected individuals with a certain rapidly

evolving infectious disease, knowing the social or contact network of the sampled individ-

uals should help in reducing uncertainty in the genealogical reconstruction (transmission

network) among the samples. However, knowledge about the social network and, moreover,

knowledge of the dynamics of the social network are not readily available to us in practice.

Network-based coalescent presents further challenges in formulating a model for the social

network of the sample and the population size affect the shape of the genealogy in a statisti-

cal (likelihood-based) framework. In light of these difficulties, it is not surprising that so far

progress on merging the coalescent and network-based approaches advanced mainly through

simulations with an aim to measure the impact of network structure on the estimation of

effective population sizes (Goodreau, 2006; O’Dea and Wilke, 2010; Leventhal et al., 2012).
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6.1.3 Coalescent and Infectious Disease Dynamics

Phylodynamic methods have been widely applied to study the evolution of rapidly evolv-

ing diseases. Here, inference is based on sampled disease agent molecular sequences from

infected hosts. If superinfection is rare and mutations accumulate fast relative to epidemic

growth, each coalescent time in a genealogy of sampled consensus viral isolates from in-

fected individuals corresponds to a transmission event (Volz et al., 2009). Estimation of

effective population size under the coalescent with variable population size prior on ge-

nealogies assumes that generation length and variability in number of transmissions are

constant through time. For some pathogens, this may be unrealistic and interpretability of

the effective population size as the number of infections becomes imprecise. In order to gain

interpretability of epidemiologically relevant parameters, there has been a growing interest

in formalizing the integration of phylodynamic methods and standard epidemiological and

ecological models (Grenfell et al., 2004; Pybus and Rambaut, 2009; Volz et al., 2009; Ben-

nett et al., 2010b; Frost and Volz, 2010; Kühnert et al., 2011). In the most recent effort on

this front, Volz (2012) considered a population under a continuous time birth-death process

with varying birth-death rates and expressed the coalescence rate in terms of the birth rate

(incidence) and the number of infected individuals (prevalence). Further, the dynamic popu-

lation model was extended to include migration and two stages of infection to accommodate

cases where the transmission probability per contact changes over the course of infection.

In addition to incorporating disease dynamics into the coalescent, there is a growing need to

integrate molecular data with clinical, socio-demographic, and other relevant data in order

to measure the correlation between the population size and the environment (Rasmussen

et al., 2011). We hope that more sophisticated Bayesian modeling will be able to solve these

challenging problems.
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