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Abstract
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Subodh Selukar

Co-Chairs of the Supervisory Committee:
Susanne May

Department of Biostatistics

Megan Othus
Fred Hutchinson Cancer Research Center

This dissertation comprises three projects that span the design, conduct and analysis

of contemporary clinical trials, presented in individual chapters. The first project extends

methods for stratified randomization to account for the possibility that experimental arms

of a platform trial differ in eligibility criteria. The second project proposes a novel approach

for evaluating cure model appropriateness in studies with long-term survivors. The third

project develops a framework for sequential monitoring in one N-of-1 trial and joint analysis

of a series of sequentially-monitored N-of-1 trials.

Project 1: We extend methods for stratified randomization to the setting of differing ex-

perimental arm eligibility in platform trials. We suggest modifying block randomization by

including experimental arm eligibility as a stratifying variable, and we suggest modifying

the imbalance score calculation in dynamic balancing by performing pairwise comparisons

between each eligible experimental arm and standard of care arm participants eligible to

that experimental arm. We also derive a formula to quantify the relative efficiency loss of

platform trials with varying eligibility compared to trials with non-varying eligibility.



Project 2: We develop a novel approach for evaluating cure model appropriateness in

studies with long-term survivors. We propose a method that assesses the proportion of un-

cured remaining at the time of analysis. We demonstrate that this method has desirable

asymptotic and finite-sample properties with parametric models and that it displays supe-

rior performance over existing methods.

Project 3: We propose a framework for the sequential monitoring of one N-of-1 trial and

the joint analysis of a series of sequentially-monitored N-of-1 trials. We suggest considering

design blocks (repeated units of time with fixed numbers of each treatment allocation) as

independent units for use with existing monitoring boundaries when analyzing continuous

data with a linear mixed-effects model. To jointly analyze several trials together, we propose

computing a bias-adjusted estimate for each trial and then combining the estimates with

a random-effects model with inverse-variance weighting. We show that type-1 error can be

inflated for N-of-1 trials with few treatment blocks under sequential monitoring, but trials

with a substantial number of treatment blocks or with a substantial number of periods per

block can have nominal rates. For those settings, our proposed framework for sequential

monitoring can support clinicians in providing important decisions earlier, on average, for

patients engaged in N-of-1 trials.
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Chapter 1

STRATIFIED RANDOMIZATION FOR PLATFORM TRIALS
WITH DIFFERING EXPERIMENTAL ARM ELIGIBILITY

This research has been published in the journal Clinical Trials :

Selukar S, May S, Law D, Othus M. Stratified randomization for platform trials with differing

experimental arm eligibility [published online ahead of print, 2021 Aug 21]. Clin Trials.

2021;17407745211028872. doi:10.1177/17407745211028872

1.1 Background

The novel coronavirus COVID-19 spurred an unprecedented effort for rapid discovery of

effective therapeutic and preventative agents. Some of these efforts involve the use of plat-

form trials (I-SPY COVID-19, NCT04488081; DisCoVeRy, NCT04315948; RECOVERY,

NCT04381936; SOLIDARITY, EudraCT Number 2020-000982-18), a type of master proto-

col design that compares multiple experimental arms to a common standard of care arm.

Authors have previously described how to add and drop arms within a single protocol, mak-

ing the design appealing for rapidly developing areas. [1, 2]

In oncology, the LEAP trial (NCT03092674) [3] was a platform trial for acute myeloid

leukemia (AML), conducted by the NCI-funded SWOG Cancer Research Network. The

trial evaluated several therapies with varying mechanisms of action, including immunother-

apies and targeted agents. Because of these varying mechanisms, certain participant sub-

populations were thought to potentially be harmed by specific therapies, so eligibility nec-

essarily differed across arms. For example, patients with pre-existing autoimmune diseases

were precluded from receiving checkpoint inhibitor immunotherapy. However, trial investi-

gators did not want to modify trial-wide eligibility to address this, as a key desire for the trial
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was to be as inclusive as possible. Allowing for varying eligibility did not impact trial con-

duct beyond requiring appropriate treatment assignment and, thus, randomization. Other

trial examples have acknowledged varying eligibility, but they did not detail their procedures

for treatment assignment, and authors have called for more research on this issue. [2, 4, 5]

Investigators may wish to perform stratified randomization to ensure that important

baseline prognostic factors remain balanced across study arms. Further, adjusting for strati-

fication variables may also increase power during analysis. [6] Existing methods for stratified

randomization assume that all arms share the same eligibility criteria. As such, utilizing these

methods requires applying the most stringent set of eligibility criteria: the intersection across

every study arm’s eligibility. This may limit trial accrual and may hinder inference to the

appropriate target populations. [7, 8]

In this chapter, we propose extensions to existing methods of both block randomization

and dynamic balancing to appropriately perform stratified randomization in the setting of

varying eligibility. We provide worked examples of both approaches, and we also briefly

describe the efficiency (in terms of the size of the common standard of care arm) of platform

trials when experimental arms differ in participant eligibility.

1.2 Methods

1.2.1 Extending Existing Methods for Stratified Randomization

In the analysis of a trial with differing experimental arm eligibility, each experimental arm

is compared to the subset of participants in the standard of care arm who meet the ex-

perimental arm’s eligibility criteria. For example, consider a trial with three experimental

arms, E1, E2 and E3. A participant randomized to the standard of care arm and eligible

to experimental arms E1 and E2 but not E3 could be used in comparisons with E1 and E2

but is not used in a comparison with the experimental arm E3. This raises a difficulty of

treatment assignment: how should we appropriately assign participants to maintain a desired

allocation ratio, achieve balance across specified stratification factors and also accommodate
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this varying eligibility? This section outlines the modifications we propose to allow existing

methods in block randomization and dynamic balancing to address this problem.

Throughout this chapter, we consider a platform trial defined as a multi-arm trial with

a single, common standard of care arm and at least two experimental arms that may start

and/or end at different time points. We want to achieve balance on a prespecified set of

stratification variables observable prior to arm assignment that remains the same across

experimental arms. We assume all participants are eligible to the standard of care arm and

at least one experimental arm for enrollment, and subjects are assigned to exactly one study

arm. We describe 1:1 randomization in the examples, but each of the two proposed methods

easily accommodates other allocation ratios in a manner corresponding to what would be

done for the respective method without differing eligibility.

Block Stratified Randomization

In block stratified randomization, investigators create blocks (of fixed or varying size) for

each stratum defined by the stratification variables and fill the blocks with random treat-

ment assignments such that balance is achieved between arms within each block. A newly

enrolled participant is matched with the corresponding stratum block and assigned to the

next unassigned treatment.

We propose adding arm eligibility as an additional stratification factor to accommodate

arms with differing eligibility. In other words, each possible combination of experimental arm

eligibility contains its own nested set of the prespecified strata. With three experimental arms

and differing eligibility criteria for each arm, a participant could be eligible to only one of

the three, two of the three or all three arms, thus representing 7 (= 23 − 1) experimental

arm eligibility strata. Additionally, these eligibility strata would themselves contain strata

based on the prespecified stratification variables.

This simple extension addresses the problem of differing eligibility while achieving bal-

ance and targeting the desired allocation ratio. However, the number of possible eligibility

combinations increases exponentially with the number of experimental arms. A trial with
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three experimental arms and just one binary stratification variable would have 14 strata,

and many trials may desire more experimental arms and/or stratification factors.

Importantly, while the maximum number of eligibility combinations for K experimental

arms is 2K−1, this does not necessarily represent the number eligibility strata for a given trial,

as these depend on exactly how the experimental arms differ in eligibility. To illustrate this,

we describe two examples. First, consider a trial with two experimental arms. In addition to

any trial-wide eligibility criteria, the first experimental arm (arm A) only recruits subjects

over the age of 65 and the second (arm B) only recruits biomarker positive subjects. In this

case, subjects can be eligible to both arms (older than 65 and biomarker positive) or exactly

one (either older than 65 or biomarker positive but not both), so the number of eligibility

combinations is fully 22 − 1 = 3. Suppose, instead, arm B had no additional restrictions

beyond the trial-wide eligibility. In that case, while there are three possible combinations,

only two eligibility strata are needed: (1) eligible to A and B or (2) only eligible to B, as

no subjects would be only eligible to A. To expand on this, consider a different trial with

three experimental arms (E1, E2 and E3). Beyond trial-wide eligibility criteria, E1 only

recruits subjects younger than 65, E2 only recruits subjects younger than 75, but E3 has

no additional restrictions. This results in just three eligibility strata: (1) eligible to E1, E2

and E3 (for subjects younger than 65), (2) eligible to E2 and E3 but not E1 (subjects aged

65-74), or (3) only eligible to E3 (subjects aged 75 and older).

Dynamic Balancing

A general scheme of dynamic balancing [9] involves calculating the imbalance caused by

provisionally assigning a participant to each eligible study arm and then using these imbal-

ance scores to weight the participant’s randomization toward the arm that results in the

least imbalance. As each new participant enters the study, this procedure is repeated. The

method requires specification of how to compute an “imbalance score” and how to use these

imbalance scores to weight study arm assignment.

To accommodate differing arm eligibility, we propose that investigators modify an existing
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dynamic balancing scheme’s imbalance score calculation by considering pairwise calculations

for each experimental arm and participants assigned to the standard of care arm who were

eligible for that experimental arm. These pairwise calculations can be summarized into a

single imbalance score (e.g., the maximum across the pairwise calculations) for adding the

new participant to a given eligible study arm analogous to an imbalance score from the

underlying dynamic balancing scheme.

For example, consider imbalance measured by differences in counts, defined as T (·),

of subjects of the same stratification factor level as a new participant. For each eligible

experimental arm Ej (j = 1, 2, . . .) and corresponding standard of care subset CEj
, we

can tally the number who have the same stratification factor level and add to the tally

the new participant. Then we conduct pairwise comparisons with the absolute differences

|T (Ej) − T (CEj
)|. The imbalance score for adding the new participant to a given arm

could then be the maximum of these differences. (We provide full details for this scheme

in the Online Appendix.) Existing methods, which do not allow for varying eligibility, only

calculate one count for the standard of care arm (T (C)) and that same count is used in all

the difference calculations, e.g. |T (E1)− T (C)|.

The calculated imbalance scores may then be mapped to randomization weights as in

dynamic balancing without varying eligibility criteria. As these weights can accommodate

a desired allocation ratio, this method also resolves the issue of varying eligibility while

achieving balance and targeting the desired allocation ratio.

Stratified Randomization when Adding or Dropping Experimental Arms

Dropping an experimental arm does not require modifications to the above procedures. The

dynamic balancing algorithm would no longer compute an imbalance score for adding to

the dropped arm and would not compute pairwise differences with that arm. The block

randomization method would discontinue the strata that include the dropped arm. For

example, if an arm E3 were dropped with E1 and E2 continuing, then strata for eligibility to

E1 only, E2 only or both E1 and E2 would continue, but other strata that include eligibility
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to E3 would not be used for future participants.

However, the above methods do require further specification after the addition of an

experimental arm. The methods involve the eligibility and arm assignment of previously-

randomized participants, so we must specify how each algorithm accommodates these exist-

ing participants but also ensures only concurrently randomized participants are compared

to account for potential changes in participant characteristics over time (e.g., more recent

participants may have systematic differences in prior care compared to those enrolled earlier).

In order to only analyze concurrently randomized participants (i.e., not include prior stan-

dard of care participants in the analysis of a new arm), we recommend not using previously-

randomized standard of care participants in randomization calculations for the new arm

- even if they would have been eligible for the new arm. But to ensure maximal use of

the existing data, calculations involving any continuing arms should continue to include

previously-randomized standard of care participants eligible to the continuing arms.

In block randomization, this means, upon the addition of the new arm, the creation of a

new stratum for participants only eligible to the new arm and also new strata for participants

eligible to the new arm and combinations of the continuing arms. For example, if a new arm

E3 is added with continuing experimental arms E1 and E2, then four new strata would be

added: one for participants eligible to only E3, one each for E1 and E3 or E2 and E3 and

one for E1, E2 and E3 eligibility. The previously-existing strata would continue for new

participants eligible to any combination of the continuing arms E1 and E2 but not E3.

This recommendation does not require any significant changes to the dynamic balancing

procedure after the addition of the new arm. When a new participant is eligible to continuing

experimental arms, the imbalance score calculations will continue to include all participants

previously assigned to the continuing arms and those assigned to standard of care but eligible

to the continuing arms. Calculations involving the new arm will only include participants

assigned since the addition of the new arm and eligible to the new arm.

In the STAMPEDE trial, investigators implemented a different method for randomization

after adding a new experimental arm: they restarted the stratified randomization process
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after the addition of each arm. [4] While this seems logistically simpler, from a simulation

study summarized in the Online Appendix, we conclude that the algorithm we suggest above

causes less deviation from the desired allocation ratio in the balancing process. The choice

may have practical impacts to sequential monitoring of the study, as deviations from the

desired allocation ratio can affect statistical operating characteristics such as type-1 error.

1.3 Results

1.3.1 Worked Examples

Block Randomization

For block randomization, we illustrate the proposed extension with an example with one

binary stratification factor of biomarker status (positive or negative). Consider a trial with

a standard of care arm, C, and two experimental arms, E1 and E2. Subjects can be eligible

for any combination of the experimental arms but all are eligible for C and at least one

experimental arm.

In Table 1.1, we provide sample treatment assignments using blocks of size 6 and 1:1 ran-

domization (other allocations are straightforward to implement). Suppose we have already

randomized several participants (assignments struck through), and the next participant to

be randomized is eligible to E1 and E2 and is biomarker positive. As shown in the table (in

bold and italics), the new participant would be assigned E1.

Dynamic Balancing

To illustrate dynamic balancing, we consider a trial with three experimental arms, E1, E2

and E3, a standard of care arm, C, and one binary stratification factor for biomarker status

(positive or negative). Again, subjects can be eligible for any combination of the experimental

arms but all are eligible for C and at least one experimental arm.

We depict the eligibility and treatment assignments of already-randomized participants

with a Venn Diagram (Figure 1.1a). Each point labeled E1, E2, E3 or C represents the



8

Table 1.1: One block of treatment assignments for participants in each of the strata defined

by arm eligibility (each combination of experimental arms E1 and E2) and biomarker status

(positive or negative)

Eligible to E1 Only Eligible to E2 Only Eligible to E1 and E2

Positive Negative Positive Negative Positive Negative

C E1 E2 E2 E1 C

E1 C C E2 E1 E2

E1 E1 C C E2 E2

C C C E2 C C

E1 C E2 C E2 E1

C E1 E2 C C E1

...
...

...
...

...
...
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E1
E1

E1
E1

E2

E2 E2

E3

E3

E3

E3

C

CC

C

C

(a) Already-Randomized Subjects Partway

through Accrual

E1
E1

E1
E1

E2

E2 E2

E3

E3

E3

E3

C

CC

C

C

(b) Already-Randomized Subjects Partway

through Accrual, Accounting for New Subject

Eligible to E1, E2 and C but not E3

Figure 1.1: Eligibility and Study Arm Assignment Partway through Accrual. Each currently-

randomized participant is represented by their arm assignment, and their location within the

circle indicates their experimental arm eligibility prior to randomization.

treatment assignment of an already-randomized participant, and the circle(s) containing

that point represent the eligibility of that participant. Points lying in the intersection of

multiple eligibility circles indicate the participant is eligible to more than one experimental

arm. To use existing randomization methods, it would require that these three circles overlap

completely: in other words, all subjects must be eligible for all experimental arms.

Figure 1.1a describes the eligibility and assignments partway through accrual. In this

case, for example, the blue (top) circle represents eligibility for E2. One participant random-

ized to E2 was only eligible for E2, another was eligible for E2 and E3 and one was eligible

for all experimental arms. Three participants randomized to C were eligible for E2 (two were

eligible for all arms and one was eligible for E2 and E1) and would be used in imbalance

calculations made for new participants eligible for E2.
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Suppose the trial enrolls a new biomarker positive participant eligible to enroll on arms

E1, E2 and C but not E3. In Figure 1.1b, we illustrate how the dynamic balancing algorithm

will not incorporate the participants randomized to E3 or standard of care participants

who were only eligible to E3 (struck-through). The calculation includes standard of care

participants who were eligible to all arms or any combination of E1 and E2.

For this example, we implement an extended Pocock-Simon [9] procedure. We focus on

the counts of already-randomized participants of the same biomarker status and compute

the imbalance from adding the new participant to each eligible study arm. To calculate the

imbalance due to adding to a given arm, we do the following: For each eligible experimental

arm, we compute the absolute difference between the count in the experimental arm and

those in C who could have been randomized to that experimental arm. The imbalance score

for adding to the given study arm is then the largest among these absolute differences. (See

Online Appendix for full details.)

In Table 1.2, we cross-tabulate the number randomized to each eligible experimental arm

and the number randomized to C who were eligible for that experimental arm by stratification

level. The tallies in bold represent the participants with the same level of the stratification

factor as the new participant.

Table 1.3 details the full calculations of the modified dynamic balancing procedure by

examining the imbalance due to adding the new participant to each eligible study arm. The

right column of each row gives the imbalance score due to the addition to a given arm. We

see that adding the new participant to E1 or E2 gives an imbalance of 2, while adding to C

gives an imbalance score of 0.

With C having the lowest imbalance score after addition of the new participant, we give

it the largest weight in a weighted randomization procedure (in which the user could also

specify the allocation ratio).
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Table 1.2: Tallies by Arm and by Stratification Factor Level†

E1 CE1

Negative 1 2

Positive 3 2

E2 CE2

Negative 1 2

Positive 2 1

† The two tables provide the counts by biomarker status of those participants randomized to E1,

E2 or CE1 and CE2, the standard of care arm participants who were eligible for E1 and E2,

respectively. The bold numbers represent the counts for participants of the same biomarker status

as the new participant.

Table 1.3: Algorithm Procedure for New Study Subject

Add to E1†
E1 CE1 Imbalance

4 2 |4− 2|

E2 CE2 Imbalance

2 1 |2− 1|
max(|4− 2|, |2− 1|) = 2

Add to E2†
E1 CE1 Imbalance

3 2 |3− 2|

E2 CE2 Imbalance

3 1 |3− 1|
max(|3− 2|, |3− 1|) = 2

Add to C†
E1 CE1 Imbalance

3 3 |3− 3|

E2 CE2 Imbalance

2 2 |2− 2|
max(|3− 3|, |2− 2|) = 0

† Each row indicates the addition of the new participant to a given study arm. The tables show

the relevant tallies modified for this addition in bold and the right column gives the imbalance

score computed by adding the new participant to that study arm.
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1.3.2 Efficiency of Platform Trials with Differing Arm Eligibility

Ventz et al. [2] discuss the potentially dramatic reductions in sample size when conducting

a platform trial compared to multiple independent two-arm studies. However, they also

observe that the additional flexibility to add arms mid-study incurs an efficiency loss in

sample size compared to randomizing all experimental arms initially.

We can describe the efficiency of platform trials with differing arm eligibility by evaluating

the proportion of subjects randomized to the standard of care arm. In a two-arm study with

1:1 allocation, the proportion randomized to standard of care is 1
2
. In a multi-arm trial with

K experimental arms and equal allocation, it is 1
K+1

. Platform trials with differing arm

eligibility are maximally efficient when they resemble a multi-arm trial with equal allocation

(corresponding to all shared eligibility) and minimally efficient when resembling a two-arm

study (corresponding to each participant being eligible to exactly one experimental arm).

Using the law of total probability, we can fully characterize the proportion randomized

to the standard of care arm when we assume balance is reached (see Online Appendix). We

perform this calculation under the assumption that that all experimental arms are started

and ending at the same time, but a more general framework allowing for adding and dropping

arms is possible, if needed. The proportion depends on the probability of each combination

of experimental arm eligibility. As expected, if the probability of subjects being eligible

to all experimental arms is high, the platform trial has higher efficiency (i.e., more closely

resembles a multi-arm trial with equal allocation); as this probability decreases, the efficiency

decreases.

As an example, suppose a platform trial has two experimental arms, E1 and E2, and a

subject’s probability of being eligible to both experimental arms is α, and the probability of

being eligible for only E1 is 1−α
2

and the probability of being eligible for only E2 is also 1−α
2

.

Each experimental arm plans to enroll 100 subjects at a 1:1 allocation with the standard of

care arm.

Consider three scenarios: α1 = 1, α2 = 0 and α3 = 1
2
. The scenario with α1 is a situation
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with no varying eligibility, while α2 has completely distinct eligibility between experimental

arms, and α3 represents an intermediate scenario. The probability of being randomized

to standard of care (under assumptions given in the Online Appendix), is 1
3
, 1

2
and 5

12
,

respectively.

A different way to assess the efficiency of platform trials with differing arm eligibility is

by comparing the relative sample sizes of the standard of care arm (differences in the total

size of the trial due to differing eligibility would only occur via the size of this arm). In

the above example, the sizes of the standard of care arm would be 100, 200 and 1000
7
≈ 143

based on the planned allocation and sample sizes. With these calculations, we reach the

same conclusion as above: if the probability of subjects being eligible to all experimental

arms is high, the platform trial has higher efficiency.

1.3.3 LEAP Trial Example

In this section, we describe the decision-making and treatment assignment process for the

LEAP trial (clinicaltrials.gov ID: NCT03092674), which used the method for dynamic bal-

ancing described above. As stated in the background section, the LEAP trial was a platform

trial for AML: in particular, it evaluated AML therapies in medically less-fit older adults, a

patient population that suffers from therapeutic resistance and reduced chemotherapy toler-

ance. A key goal of the trial was to be “as unrestrictive as possible and to provide treatment

options for the real-world patient.” [3]

The trial was designed to begin with a standard of care arm, azacytidine monotherapy,

and three experimental arms: (1) nivolumab in combination with azacytidine; (2) midostau-

rin in combination with azacytidine; and (3) decitabine in combination with cytarabine. [3]

(Arm 3 was only going to open after Phase 2 accrual to arms 1 and 2 was complete.) No-

tably, the nivolumab combination arm used a checkpoint inhibitor to activate an immune

response, and the midostaurin combination was known to have possible cardiac toxicities.

As such, while some patients could be ineligible to these two experimental arms, they would

still be recruited if they were eligible to at least one experimental arm and the standard of
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care. Excluding all patients with preexisting autoimmune disease or heart risks would have

limited the generalizability of study outcomes.

The study team anticipated that most patients would be eligible to all study arms, so

allowing varying eligibility was not expected to substantially increase trial sample size but

would allow for better generalizability and provide wider access to trial therapies.

In addition, the investigators also wanted to balance randomization on age, performance

status and FLT3 mutation status, which are important prognostic variables for patients with

AML. [3] A chance imbalance on these variables would complicate the interpretations of the

analysis, so the investigators chose to employ stratified randomization.

They opted to use dynamic balancing, as opposed to block randomization, based on the

number of possible eligibility combinations, number of stratifying variables and the planned

sample size set. The imbalance score calculations for LEAP were identical to the calculations

used in the example for dynamic balancing above.

For randomization weights, the study employed telescoping weights of 0.75 and 0.25, if

eligible to 2 arms, or 0.75, 0.1875 and 0.0625, if eligible to 3 arms, with the highest weight

given to the arm with the smallest imbalance score. This choice of weights was based, in

part, on a paper by Brown et al., [10] who assessed different weighting schemes of dynamic

balancing. However, their paper only considered trials with two arms and a limited number

of weights, and research on optimal weighting in more general settings has not been done.

The trial was closed to accrual after observing an unexpected safety signal in the nivolumab

combination arm. [11] The study randomized 78 subjects: 26 patients were randomized to

the standard of care, 26 to the midostaurin combination arm and 26 to the nivolumab com-

bination arm. Seven patients were not eligible for the nivolumab combination arm and one

was not eligible for the midostaurin combination arm.

We observe that approximately 10% of randomized subjects (8 of 76) were not eligible

to all experimental arms. In this example, we see that that differing eligibility did not

substantively impact the efficiency of the trial.
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1.4 Conclusions

Platform trials offer a framework to efficiently conduct randomized studies within a develop-

ing research area. In some platform trials, if experimental arms differ in eligibility, existing

methods for stratified randomization cannot be naively employed. This chapter proposes

extensions to existing methods that properly account for differing arm eligibility.

While straightforward, the extensions we outline in this project pave the way for more

flexible platform trials using stratified randomization. With current methods for stratified

randomization, trials must enroll only participants eligible to all experimental arms, limiting

accrual and generalizability. The extensions we describe here address this issue directly and

obviate such a requirement.

Our proposed methods are not intended to replace important conversations regarding

the increased trial complexity by allowing varying experimental arm eligibility. As shown

in this chapter, such trials require adjustment to the treatment assignment process, and

the complexity also affects other aspects such as trial logistics. While some scenarios may

justify these complications, others may benefit from simpler, common eligibility criteria

across arms. It is an important role of biostatisticians to scrutinize proposed eligibility

criteria and evaluate whether the advantages of differing eligibility outweigh the increased

complexity.

We note that it is valid to implement simple randomization to assign subjects to eligible

treatment arms, and simple randomization is straightforward to implement. Researchers can

employ stratified randomization to increase power [6] or to prevent imbalance by chance on

important prognostic variables, but the increased costs in implementation may not always

be justified in this complex setting. Again, it is a role of biostatisticians for a given study

to gauge whether the increase in computational complexity justifies the benefits of stratified

randomization.

This research outlines one modification for varying eligibility each for block randomization

and dynamic balancing, but other possible modifications are possible. For block random-
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ization, our recommendation dramatically increases the number of strata as the number of

treatment arms increases. As such, this recommendation may only be practical with small

numbers of stratification factors and/or few eligibility strata, and, while the dynamic bal-

ancing algorithm may be more difficult to implement, it does not suffer from this problem.

Separately, our recommendation for dynamic balancing is flexible to many choices, but the

efficiency may depend strongly on the underlying chosen dynamic balancing scheme.

We also describe the efficiency of platform trials with differing experimental arm eligibil-

ity. As the number of participants eligible to all experimental arms increases, the platform

trial becomes more efficient: the size of the common standard of care arm decreases to re-

semble the size in a multi-arm trial with non-varying eligibility across study arms. As such, a

trial may be less efficient than expected if the proportion of participants ineligible to arm(s)

is higher than anticipated, and this directly impacts the planned sample size and costs for

the trial. Researchers can estimate a crude maximum size of the standard of care arm by

assuming participants would each be eligible to exactly one experimental arm and refine this

estimate with the formula in the appendix based on anticipated participant eligibilities.

Throughout this project, we assume all experimental arms require balance on the same

set of prespecified stratification factors. This serves to simplify the presentation, but careful

implementation can also allow investigators to employ the proposed extensions with differ-

ing subsets of the trial’s set of stratification factors across experimental arms. This may be

desirable if, for example, one arm has a small sample size that limits the number of allowable

stratification factors for that arm. The implementation would require a user to first map each

combination of participant arm eligibilities to the joint set of stratification factors needed

for the arms of that combination. Then, the user would modify the proposed extensions by

using these combinations in place of the full set of stratification factors: in block stratified

randomization, use these combinations to form the nested strata within corresponding el-

igibility strata and, in dynamic balancing, use the combination corresponding to the new

participant’s eligibility for the balancing calculations.

The implementation of these algorithms to properly address varying arm eligibility can re-
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quire non-trivial effort when developing a study. But we believe that the methods we present

here will be important in the design of more flexible platform trials that can accommodate

differing eligibility criteria.
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Chapter 2

RECEUS: RATIO ESTIMATION OF CENSORED UNCURED
SUBJECTS, A DIFFERENT APPROACH FOR STUDYING
SUFFICIENT FOLLOW-UP IN STUDIES OF LONG-TERM

SURVIVORS

2.1 Introduction

2.1.1 Sufficient Follow-Up Time in Cure Models

Researchers have been interested in estimating the fraction of patients cured of cancer for

over 70 years. Early studies reported the five-year survival rate as an assessment of cure, but

Boag [12] and Berkson and Gage [13] argued against this measure and introduced models

that instead analyzed the cure fraction explicitly as the proportion of a cohort not susceptible

or “cured” of the event of interest. Since then, cure model literature has grown with many

new methods and extensions.

When members of the population are cured, cure models allow researchers to explicitly

describe this population heterogeneity. [14] This can facilitate answering questions such as

whether subgroups differ in long-term survivorship or how survival differs in those who are

not long-term survivors. In health economics, when conducting cost-effectiveness analyses,

cure models may improve estimation of mean overall survival (mOS). [15] Calculation of

the mOS requires the use of parametric models (unless all subjects within a study have

observed events), and Othus et al. (2017) describe how to implement cure models within

this framework.

Amico and Van Keilegom [16] describe that a key assumption in all cure models is that

there is sufficient follow-up to identify model parameters. To motivate the importance of this

sufficient follow-up time, we examine the 3-arm phase 2/3 study, S1117 (clinicialtrials.gov
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Figure 2.1: Kaplan-Meier estimate for the survival function based on data of trial S1117

ending in 2014.

identifier: NCT01522976 [17]), which investigated combination therapy versus single-agent

azacitidine for newly diagnosed myelodysplastic syndrome (MDS) patients. Anderson [18]

reported that approximately 40% of patients with MDS may be cured by allogeneic bone

marrow transplantation. While the combination arms in S1117 failed to show sufficient

efficacy to proceed to phase 3, prior research such as Anderson’s paper motivated the clinical

leadership to want to evaluate whether some subjects may have been cured of their disease.

Based on the data first released by the data safety monitoring committee, clinical in-

vestigators believed that results for overall survival (Figure 2.1) indicated a plateau at the

right tail or that a non-zero fraction of subjects may be long-term survivors of the disease.

However, there is heavy censoring before the plateau, so it seems there may not be adequate

follow-up to fit a cure model.
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2.1.2 Existing Methods to Study Sufficient Follow-Up Time

As per Amico and Van Keilegom [16], the mixture cure framework is a popular and well-

studied area in the broader cure models literature. This framework considers the population

to be a mixture of cured subjects who will not experience the outcome of interest and subjects

susceptible to the outcome. As a result, the cumulative distribution function (cdf) of the

event times T can be written as F (t) = (1 − π)F0(t), where π is the cure fraction in the

population and F0(t) is the cdf of the event times for uncured subjects. The existing methods

for studying sufficient follow-up were developed within this framework.

Maller and Zhou [19] were among the first to study sufficient follow-up time, focusing on

the supports of the censoring distribution, with cdf G(t), and the event time distribution for

uncured subjects. In particular, they examined τF0 = mint{t : F0(t) = 1}, the earliest time

that the event time cdf for uncured subjects reaches 1, and τG, the analogous quantity for

the censoring distribution. They identified a criterion τF0 < τG as a necessary condition for

valid assessment of a cure fraction. In words, this states that the longest event times for

uncured subjects cannot be unobservable due to censoring.

They proposed a hypothesis test to quantify this approach, called the α̂n test. The test

quantifies the difference between the largest event time (an estimate of τF0) and the largest

censored time (an estimate of τG).

Two studies remarked on poor control of type-1 error by the α̂n test and each developed

a different method to address the issue: one by Maller and Zhou [20] themselves, the qn test,

and one by Shen [21], the α̃n test. Both modify the test statistic of α̂n to improve upon it.

The qn test requires explicit specification of the true cure fraction and censoring distribution

in order to calculate critical points, making it difficult to use in practice. The α̃n test does

not impose such a requirement.

All three of these tests focus on assessing sufficient follow-up time with a hypothesis test

of τF0 < τG. However, in practice, many studies will necessarily have finite follow-up due

to cost, so they will rarely have long enough follow-up to allow for the tail of the uncured
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subjects’ event time distribution to be observed before being censored. This means the

premise of testing τF0 < τG may itself be unrealistic in many research settings.

Fortunately, Yu et al. [22] describe how cure fraction and median survival estimates im-

prove as follow-up time increases without necessarily reaching the point of all failures being

observed. Simulations summarized in the appendix expand on this to show that in Weibull

mixture cure models, estimation with low mean-squared error and nominal confidence in-

terval coverage can be achieved with 1% uncured remaining or longer follow-up, depending

on the setting. Taken together, this motivates a different approach to quantifying sufficient

follow-up time, which we describe in Section 2.2.1.

2.1.3 Evaluating Sufficient Follow-Up in S1117

Returning to the example of S1117, the existing methods for quantifying sufficient follow-

up provide mixed evidence for fitting a cure model to the available data (α̂n < 0.001 and

α̃n = 0.134). Thus, these methods do not guide an analyst to a clear conclusion regarding

the appropriateness of a cure model. They also do not support the intuition that heavy

censoring prior to the plateau may violate the assumption of sufficient follow-up.

This paper aims to provide a different approach for evaluating the appropriateness of

a cure model. We describe our proposed statistic in Section 2.2.1. Section 2.2.2 defines

the possible classification errors in claiming sufficient follow-up with this approach. We

derive asymptotic properties for the proposed statistic estimated by maximum likelihood in

Section 2.2.3 and then suggest approaches for addressing sensitivity to model misspecification

in Section 2.2.4. We verify finite sample performance in Section 2.3. Then we conclude with

two data examples in Section 2.4 and a discussion, Section 2.5.
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2.2 A Novel Method for Quantifying Sufficient Follow-Up Time

2.2.1 Targeting the Proportion of Uncured Remaining

Throughout the rest of the paper, in light of the mixture cure framework, we consider the

true event times T to have survival function

S(t; π, θ) = π + (1− π)Suc(t; θ) (2.1)

with π the unknown cure fraction and a survival function Suc(t) belonging to common para-

metric families with unknown parameter vector θ ∈ Θ ⊆ <p, p < ∞ (we may suppress the

dependence of S and Suc on π and θ in the notation for clarity). We also consider indepen-

dent, uniformly sampled accrual times A ∼ Unif(0, a) (a known) and a known administrative

censoring time τ (with a < τ). These are intended to parallel the real-world context of clin-

ical trials that often accrue until a prespecified time a and analyze at a prespecified time

τ .

Based on Yu et al. [22] and summaries in the appendix, we observe that estimation and

inference improve as the proportion of uncured remaining decreases but may also depend on

the underlying cure fraction. This motivates that the proportion of uncured remaining can

be used to quantify the sufficiency of follow-up. Based on this, we propose that the quantity

r =
Suc(τ)

S(τ)
=

Suc(τ)

π + (1− π)Suc(τ)
(2.2)

can be useful to quantify sufficient follow-up time in a mixture cure setting. We can then use

the following estimator (where we replace the population quantities with suitable estimates):

r̂n =
Ŝn,uc(τ)

Ŝn(τ)
=

Ŝn,uc(τ)

π̂n + (1− π̂n)Ŝn,uc(τ)
. (2.3)

Heuristically, this ratio statistic quantifies the estimated proportion of uncured remaining

at the administrative censoring time and standardizes it to the estimated overall proportion

remaining and censored at τ . This standardization incorporates the cure fraction and cen-

soring pattern in the data (as opposed to simply targeting the proportion uncured alone).
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We propose to use this statistic in a method we call RECeUS (Ratio Estimation of

Censored Uncured Subjects, pronounced “ree-sus”) to assess sufficient follow-up as follows:

1. Estimate the quantities S(τ), Suc(τ) and π.

2. If π̂n is very small, then either a cure model is likely not a valid model or follow-up is

likely insufficient for valid results. We suggest using π̂n > 0.025 (or a higher threshold)

as a screening procedure.

3. If π̂n is away from 0, then estimate r - small values of r̂n represent sufficiency of follow-

up time. We suggest using r̂n < 0.05 to reasonably conclude sufficient follow-up time.

We evaluate the use of this threshold in Section 2.3.

2.2.2 Defining Possible Errors when Concluding Sufficient Follow-Up

In addition to motivating a statistic for quantifying the sufficiency of follow-up, the results of

Yu et al. [22] and the appendix also motivate reframing the possible errors when concluding

sufficient follow-up. In previous literature, errors have been defined in a manner parallel

to hypothesis testing with type-1 and -2 errors. But because we now allow for the claim

of sufficient follow-up time with a non-zero (but small) proportion of uncured subjects, we

must redefine the errors involved.

We incorrectly claim to not have sufficient follow-up when the method suggests follow-up

is not sufficient but a cure fraction exists and few uncured subjects remain at the end of

the study. On the other hand, we incorrectly claim sufficient follow-up time for employing a

cure model when a method suggests follow-up is sufficient but (a) no cure fraction exists to

generate the data, or (b) a cure fraction exists but too high a fraction of uncured subjects

remains at the end of the study to reliably identify it.

While these errors do resemble type-1 and type-2 errors in hypothesis testing, they rely on

the latent status of subjects at the end of the study in addition to data generating parameters.

As such, we distinguish them by adopting the following notation. First, define the random
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variable G = 1{Declare cure model is appropriate}. Next, let π ∈ [0, 1] be the underlying

cure fraction, and u = Suc(τ) ∈ [0, 1] be the fraction of uncured subjects remaining (have

not experienced the event of interest) at the end of the study (note that uncured subjects

would not be identifiable in practice as cure is considered a latent status). Then define

γπ(u) ≡ Pr(G = 1;u, π). (2.4)

A useful method for distinguishing when a cure model is and is not appropriate should

thus have the following properties:

1. γπ(u)→ 1 when π > 0 and u→ 0; and

2. γπ(u)→ 0 when either

(a) π = 0 with any value u ∈ [0, 1], or

(b) π > 0 but u→ 1.

The first property states that the method increases its probability to 1 in reaching the

correct conclusion that the cure model is appropriate when a cure fraction exists and the

proportion of uncured subjects remaining at the end of the study decreases to 0.

The second property states that the method decreases to 0 in its probability in reaching

the incorrect conclusion that the cure model is appropriate when either (a) no cure fraction

exists to generate the data, or (b) a cure fraction exists but the fraction of uncured subjects

remaining at the end of the study increases to 1.

2.2.3 Asymptotic Properties when Estimating via Maximum Likelihood

For the estimator r̂n, we require estimation of S(τ). In this paper, we present asymptotic

properties and simulation results when we fit a parametric mixture cure model via maximum

likelihood. In general, one may also use more flexible methods to estimate S(τ).
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We accrue each subject i = 1, . . . , n at an accrual time Ai ∼ Unif(0, a), and we follow

these subjects until the administrative censoring time τ . As such, we record an indicator for

censoring (∆i) along with an observed time as the minimum of either their elapsed study time

(Ti) or the time from accrual until administrative censoring time (τ−Ai). In other words, we

observe a sample of n independent and identically distributed pairs {(Yi,∆i) : i = 1, . . . , n}

with Yi = min(Ti, τ − Ai) and ∆i = 1{Ti ≤ τ − Ai}. Define G(t; π, θ) = Pr(T ≤ t) with

derivative g(t; π, θ) based on the parametric model for the event times.

Because of the assumed independence between the event times and accrual, the log-

likelihood is proportional to

ln(π, θ;Y,∆) ∝
n∑
i=1

∆i log g(Yi; π, θ) + (1−∆i) log(1−G(Yi; π, θ)).

We first estimate the model parameters

ηn = (πn, θn) = arg max
π∈[0,1]×θ∈Θ

ln(π, θ;Y,∆).

Now, define

`(η;Y,∆) = ∆ log g(Y ; π, θ) + (1−∆) log(1−G(Y ; π, θ))

with a second derivative ((p + 1) × (p + 1) Hessian matrix) ῭ =
[

∂2

∂ηi∂ηj
`(η;Y,∆)

]
with

i, j = 1, . . . , p+ 1.

Then we have, with SC and fC the survival and probability density functions of C = τ−A,

E[῭(η;Y,∆)] =

∫ τ

0

῭(η;Y,∆ = 1)SC(y)g(y) dy+

∫ τ

τ−a

῭(η;Y,∆ = 0)(1−G(y))fC(y) dy. (2.5)

Theorems 1-2 describe the consistency and asymptotic normality of the model parameters

and of r̂n estimated by maximum likelihood.

Theorem 1 (Consistency) Under regularity conditions R1-R5, listed in the Appendix B.2,

we have, by van der Vaart, [23]

ηn →p η0 = arg max
π∈[0,1]×θ∈Θ

E [`(η;Y,∆)] .
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Then, by R6 and the continuous mapping theorem, [23]

r̂n =
Ŝn,uc(τ)

Ŝn(τ)
→p

Suc(τ)

S(τ)
= r.

Theorem 2 (Asymptotic Normality) Let I ≡ I(η) = −E[῭(η;Y,∆)]. Then, by regular-

ity conditions R1-R5 in the Appendix B.2, we have by van der Vaart [23]

√
n(ηn − η0)→d N(0, I−1).

Next, assuming R6 and r(η) is differentiable at η0, denote the (p+ 1)× 1 gradient vector

D ≡ D(η0) =
[
∂
∂ηi
r(η)|η=η0

]
with i = 1, . . . , p+ 1. By the Delta method, [23]

√
n(r̂n − r)→d N(0, DI−1DT ). (2.6)

2.2.4 Addressing Sensitivity to Model Misspecification: RECeUS-AIC

Parametric models can be sensitive to model misspecification. As such, it is common practice

in this area to perform model selection when employing parametric models. Researchers can

visually inspect various model fits by comparing the fitted survival curve against the Kaplan-

Meier estimate, and it has also been suggested to study the profile likelihood function of the

cure fraction parameter. [22]

We propose addressing sensitivity to model misspecification in RECeUS by employing

AIC. [24] First, select among a class of models with AIC, then use the RECeUS method

with the best-fitting model. In this paper, we select from a class of models that includes the

non-cure and mixture-cure versions of the Exponential, Weibull, Gamma and Log-Logistic

models. Choosing any non-cure model immediately leads to a conclusion that a cure model

is not appropriate. This class reflects an array of commonly-used models that can capture a

wide variety of behavior in the data.

2.3 Studying Finite Sample Properties via Simulation

In this section, we study the properties of the RECeUS procedure in sample sizes of 100,

250, 500 and 1000 to evaluate the procedure in real-world sample sizes.
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We generate data from Gamma, Weibull and Log-Logistic mixture cure distributions

with varying parameters and cure fractions (ranging from 0 to 0.8). We additionally vary

the administrative censoring time (τ) to represent (approximately) the 75th, 90th, 95th, 99th

and 99.9th percentiles of the uncured distribution. Using the notation of Section 2.2.2, this

corresponds to using π ∈ [0, 0.8] and u ∈ {0.25, 0.1, 0.05, 0.01, 0.001}.

To better represent clinical trial analyses occurring at prespecified times, follow-up times

corresponding to the percentiles are rounded to the nearest quarter to generate the data.

For example, for the Weibull(2,1) distribution, we use administrative censoring times of 1.25,

1.5, 1.75, 2.25 and 2.75.

For a given distribution, we fix the accrual end at a = τ0.75/2 (half of the 75th percentile

of the given uncured distribution) and vary τ as we indicate above. With a fixed a, increasing

τ indicates longer study follow-up.

We summarize 5000 simulations in all settings.

For the RECeUS procedure, we evaluate a threshold r̂n < 0.05 and screening with π̂n >

0.025. If either criterion is not satisfied, the procedure indicates the data are not adequate

for fitting a cure model - due to insufficient follow-up and/or very small or no cure fraction.

Larger thresholds for r̂n mean more frequently concluding a cure model is appropriate - both

when this is a correct and an incorrect decision. The opposite applies for smaller thresholds.

The α̂n and α̃n tests conclude sufficient follow-up based on both a threshold of 0.05 and the

last observed time being a censoring time.

Results in the appendix indicate settings with non-zero cure fraction (π > 0) and 0.1%

uncured remaining (u = 0.001) have small mean-squared error and nominal coverage of

confidence intervals for cure model parameters, so a cure model seems appropriate. As such,

we desire γπ(0.001) close to 1. Also, recall that we desire γ0(u) close to 0, a low probability

of incorrectly claiming a cure model is appropriate when a cure fraction does not exist to

generate the data.

We provide the results from the Weibull(2,1) mixture cure distribution, but patterns are

similar across distributions. In Figure 2.2, we present γπ(0.001), with varying π ∈ [0.1, 0.8]
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and γ0(u), with varying u ∈ {0.25, 0.1, 0.05, 0.01, 0.001}, for each procedure (RECeUS-AIC,

Maller and Zhou’s α̂n and Shen’s α̃n). In Appendix B.3, we also tabulate the results.

The rate at which the RECeUS-AIC procedure incorrectly claims a cure model is appro-

priate when π = 0 decreases with sample size at all values of u. It can have γ0(u) as high as

12.2% in small samples with n = 100 and decreases to 1.2% or less by n = 1000 for all u.

The Maller and Zhou (1994) α̂n test has uniformly high γ0(u) in a range from 13.3%

to 54.3%. The rates do not decrease with additional sample size as with the RECeUS-AIC

procedure. In this Weibull(2,1) example, we find the Shen (2000) α̃n statistic has a maximum

γ0(u) = 4.4%, and the rates often decrease with additional sample size, but this does not

hold for all u. In other distributional settings this also does not always hold.

As sample size increases, the RECeUS-AIC procedure more frequently reaches the correct

conclusion that a cure model is appropriate with a non-zero cure fraction and 0.1% uncured

remaining (u = 0.001). The RECeUS-AIC procedure has γπ(0.001) > 80% at n = 100 and

reaches γπ(0.001) > 99% by n = 1000 for all π > 0.

The α̂n test has a maximum γπ(0.001) = 0.874 in settings with a non-zero cure fraction.

However, the rates γπ(0.001) appear to decrease with sample size and are generally lower

than in the analogous settings of the RECeUS-AIC procedure. On the other hand, the α̃n

test has lower γπ(0.001), with a maximum of 0.315, and these rates also appear to decrease

with sample size. In these simulations, τF0 > τG, so any conclusion of sufficient follow-up is

technically incorrect based on the construction of the α̂n and α̃n statistics. This explains the

decrease with sample size even with a non-zero cure fraction and longer follow-up.

While we claim a cure model is appropriate in settings with non-zero cure fractions and

0.1% uncured remaining, interpreting the results for 25% down to 1% uncured remaining

(u ∈ [0.01, 0.25]) is less straightforward. A cure fraction does exist, but these follow-up

times may not represent adequate follow-up time for valid cure model results. In other

words, we may not know when the value u becomes sufficiently small to desire γπ(u) to move

from being close to 0 to being close to 1. We describe the behavior of RECeUS-AIC under

these settings below.
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Figure 2.2: Evalulation of RECeUS-AIC, the Maller and Zhou (1994) α̂n statistic and the

Shen (2000) α̃n statistic when data are generated with a cure fraction (top) or without a

cure fraction (bottom).
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With cure fractions of 30% or larger, the probability of concluding a cure model is ap-

propriate increases with sample size when 1% uncured remain (u = 0.01). However, with a

cure fraction of 10%, this does not hold: this reflects that longer follow-up may be needed

to identify smaller cure fractions.

Across all settings with non-zero cure fraction, γπ(u) decreases to 0 with sample size

when 5% or more of the uncured remain (u ≥ 0.05). This follows from the use of 0.05 as the

threshold for r̂n, which implicitly expresses that a cure model is appropriate with at most

5% uncured remaining and even less with smaller cure fractions.

We conclude that RECeUS has high γπ(0.001) with π > 0, when we desire high rates of

concluding a cure model is appropriate, and it has low γ0(u) for all u across many settings.

The α̂n test possesses both high γ0(u) and γπ(0.001), while α̃n has both low γ0(u) and

γπ(0.001). At values of u > 0.001 with π > 0, RECeUS has a higher probability of concluding

sufficient follow-up earlier with a larger cure fraction.

2.4 Revisiting the Motivating Data Example

SWOG Cancer Research Network, a US NCI-funded clinical trials cooperative group, pro-

vides a rare setting for studying cure models because SWOG continues to follow patients

after the primary analysis. Therefore, we can directly evaluate whether tests of sufficient

follow-up are concordant with results after additional years of follow-up with data examples.

The data in Figure 2.1 represent trial data from 2014. In this case, α̂n < 0.001 calculated

on the 2014 data claims sufficient follow-up, but the α̃n = 0.134 does not. Alternatively,

we can employ RECeUS-AIC. For the class given in Section 2.2.4, AIC selects the non-cure

Log-Logistic model. As such, by the RECeUS-AIC method, we immediately conclude a cure

model is not appropriate for these data.

SWOG has additional follow-up data for trial S1117. The data for this trial, in Figure

2.3, represent a scenario with 3 additional years of follow-up, and the data do not seem

sufficient for cure model analysis: the tail of the survival probability estimate continues to

decrease after 2014. In the figure, we provide the fitted curve based on the 2014 data with the
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Figure 2.3: Kaplan-Meier estimates for the survival function based on data through trial

S1117 end in 2014 (black) and extended follow-up with five years of total follow-up (blue).

The best-fitting mixture-cure model (mixture-cure Gamma model) based on 2014 data is

overlaid in black.

best-fitting mixture-cure model, the mixture-cure Gamma model. We see the curve seems to

fit much of the data closely, but it differs at the right tail. As such, summaries that require

accurate estimation of the right tail would be biased.

We see the RECeUS-AIC and α̃n methods agree with that conclusion of insufficient follow-

up in 2014, while α̂n claims follow-up was sufficient, which seems inappropriate. This may

follow from comments by Maller and Zhou [20] and Shen [21] that the α̂n test incorrectly

concludes a cure model is appropriate too frequently.

As a second example, we examine trial S0106 (clinicialtrials.gov identifier: NCT00085709

[25]). The trial randomized acute myeloid leukemia (AML) patients to either standard

therapy or the combination of standard therapy and the drug mylotarg. As with S1117,

the promises of allogeneic transplant inducing cure in AML patients in the past prompted

investigators to explore cure modeling in S0106. The trial released data in 2011, and α̂n =
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0.002 based on 2011 data claims sufficient follow-up, while α̃n = 0.368 does not. For the

RECeUS-AIC method, we select a Weibull mixture-cure model, and we calculate π̂n =

0.426 > 0.025 and then r̂n = 0.032. With r̂n < 0.05, we have evidence to conclude sufficient

follow-up.

For this trial, SWOG also has additional follow-up in Figure 2.4. We see that even with

extended follow-up, a plateau exists at a similar level in the tail of the survival function

estimate. This supports the conclusion that follow-up at the trial’s data release in 2011

does seem sufficient for cure model analysis. Further, we see that the fitted curve for the

best-fitting mixture-cure model, the Weibull mixture-cure model, seems to fit the extended

follow-up well.

In this situation, the extended follow-up seems to confirm the conclusions reached by

the α̂n and RECeUS methods calculated based on 2011 data and not the conclusion of the

α̃n approach. This occurs by construction of the α̃n test: it often requires a larger relative

difference between the largest observed time and the largest event time than the α̂n test.

These data examples illustrate other advantages of using the RECeUS approach in as-

sessing sufficient follow-up over other methods: the approach agrees with the results after

additional years of follow-up in both examples, while the other methods provide contradic-

tory results.

2.5 Discussion

Othus et al. [26] conclude that cure model results from data with insufficient follow-up time

can be biased, so researchers should evaluate the appropriateness of a cure model before

disseminating results. Existing tests for assessing sufficient follow-up implicitly conclude

that a cure model is inappropriate if any uncured subjects remain at the end of the study.

As such, these tests are not calibrated for the real-world setting in which some proportion of

uncured subjects do exist at the end of the study: the α̂n test frequently concludes sufficient

follow-up for a cure model when no cure exists, while the α̃n test rarely concludes sufficient

follow-up even with a non-zero cure fraction and long follow-up.
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Figure 2.4: Kaplan-Meier estimates for the survival function based on data through trial

S0106 end in 2014 (black) and extended follow-up with data from 2018 (blue). The best-

fitting mixture-cure model (mixture-cure Weibull model) based on 2011 data is overlaid in

black.
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From Yu et al. [22] and simulations summarized in the appendix, evidence exists to

motivate a different approach. We suggest quantifying sufficient follow-up by studying the

proportion of uncured subjects remaining in the study (or a standardized version, r). We

demonstrate that, when implemented via maximum likelihood estimation, the estimator r̂n is

consistent and asymptotically normal under standard regularity conditions. In finite samples,

the RECeUS procedure frequently concludes sufficient follow-up when a cure fraction exists

and the follow-up corresponds to 0.1% uncured remaining or less. The follow-up time needed

to identify and reliably estimate a cure fraction decreases as the cure fraction increases away

from zero. When the cure fraction is zero, the method also has a low rate for concluding

sufficient follow-up.

In this paper, we estimate the ratio r via maximum likelihood estimation following the

standard practice in using parametric cure models in applied fields such as health economics,

but we do not study the properties in cases where S(t) is estimated in a more flexible manner.

This is an important future direction of the work. As the RECeUS method readily permits

flexible model specification for S(t), researchers may choose to employ more flexible methods

instead or in addition to the suggested model selection procedure.

We believe that this novel method offers a promising new approach to sufficient follow-up

time in cure models, and we hope that the interpretability and flexible implementation may

lead to the widespread use of RECeUS in scientific practice.
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Chapter 3

A FRAMEWORK FOR SEQUENTIAL MONITORING OF ONE
N-OF-1 TRIAL AND COMBINING RESULTS ACROSS A

SERIES OF SEQUENTIALLY-MONITORED N-OF-1 TRIALS

3.1 Introduction

Randomized controlled trials (RCTs) are the gold standard for evidence in biomedical sci-

ence in settings where designed experiments are ethical and tractable. However, authors

have described several limitations to this approach: (1) standard RCTs study a group-level

treatment effect that may fail to describe heterogenous treatment effects across patients; (2)

they may be logistically intractable in conditions with a small population; and (3) the long

timeline from developing the study to reporting results could be a detriment in the early

stages of rapidly-developing settings such as emerging pandemics. [27, 28, 29, 30]

One possible approach to address these limitations is to perform an N-of-1 trial. In an

N-of-1 trial, an investigator randomly assigns the subject to a sequence of crossovers between

two or more treatment options. These trials are frequently organized with a block structure

such that each treatment block contains all treatment options a fixed number of times. [31]

For example, a study comparing treatment A against treatment B with 4 periods per block

would have repeated blocks with treatment assignments of AABB, ABBA, ABAB, BAAB,

BABA or BBAA. One possible sequence for a trial with five blocks is shown in Figure 3.1.

N-of-1 trials provide personalized evidence for the subject and typically have a smaller

start-up cost compared to standard RCTs. Additionally, researchers have studied how to

combine results from a series of N-of-1 trials to assess the group-level treatment effect. [32]

These trials are typically most applicable in settings with a chronic condition and to study

treatment options with a fast uptake and limited sustained effect after discontinuation. N-of-
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Figure 3.1: Possible sequence of treatment assignments for an N-of-1 trial with two treatment

options (A or B), four periods per block and five blocks.

1 trials typically do not evaluate novel interventions and instead consider well-established or

relatively safe options. [33] A draft FDA guidance was developed in January 2021 for inves-

tigational N-of-1 trials studying antisense oligonucleotide products for rare genetic diseases,

[34] but, for this project, we focus on a framework for N-of-1 trials assessing the effectiveness

of well-established or relatively safe treatment options.

One illustrative example can be seen in a report from March et al. (1994) that describes 25

N-of-1 trials assessing the effect of paracetamol or a non-steroidal anti-inflammatory drug on

patient-reported pain (measured by visual analog score) in patients with osteoarthritis. They

were motivated by a lack of consensus from standard RCTs and an understanding that large

variability in treatment effect may preclude extrapolating previous results to individuals.

Each constituent trial within the series of 25 aimed to choose an appropriate individualized

treatment, and the series as a whole aimed to evaluate treatment options in the patient

population. [35]

In standard RCTs, discontinuation of the study for one subject does not generally cause

the termination of the study as a whole. However, in N-of-1 trials, if an investigator or subject

chooses to discontinue their involvement in the study, then the study ends. If this choice

occurs after looking at unblinded data or after considering perceived treatment differences,

then the study results could be biased. This can be an even larger issue for trials that aim

to incorporate blinding in their design - and Punja et al. found that the majority of N-of-1

trials do incorporate blinding. [33] This scenario may occur, for example, if the clinician
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and patient assess the patient’s outcome at every visit and choose to stop upon observing a

single dramatic response. Such an approach inflates type-1 error.

Sequential monitoring methods - methods for validly analyzing accruing data - have been

well-studied in standard RCTs, but, to our knowledge, they have not yet been implemented

in the N-of-1 trial setting. [36, 37] In this article, we describe the statistical challenges for

sequential monitoring in this setting, we develop a framework for sequentially monitoring

one N-of-1 trial and jointly analyzing a series of sequentially monitored N-of-1 trials, and

we evaluate this framework via simulation. Because sequential monitoring has been most

commonly employed within a frequentist paradigm, we focus on frequentist approaches in

this work.

3.2 Methods

3.2.1 A Strategy for Sequential Monitoring with N-of-1 Trials

Existing approaches for sequential monitoring cannot naively be applied to the N-of-1 setting

because they rely on an “independent increments” structure to the data: contributions to the

accumulating test statistic in the sequential trial should be independent. [38] It is important

to confirm this holds for N-of-1 trials in which we study only one subject. Additionally, even

under an independent increment structure, a concern for studies with correlated data is that

the information may not monotonically increase, which also affects properties of existing

sequential monitoring methods. [39]

One strategy to employ the existing sequential monitoring boundaries is to identify in-

dependent units that satisfy the independent increments assumption. We use this strategy

to propose how to implement sequential monitoring in Section 3.2.2 by utilizing the block

structure of N-of-1 trials. This relies on two assumptions of crossover trials: (1) no carryover

effect: the outcome cannot depend on the previous time period’s treatment effect and (2)

no outcome drift: the underlying process generating the outcome must not be changing over

time outside of the effect of the treatments under study. Design and analysis methods exist
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to mitigate the impact of deviation from these assumptions. [31]

For the remainder of this article, we assume the above two conditions hold and that there

are no missing data. We consider N-of-1 trials that evaluate exactly two treatment options

with a continuous outcome (for a series of trials, we assume all constituent trials measure the

same outcome) for a planned number of treatment blocks. The number of treatment periods

per block, J , is the same for all blocks. For the ease of presentation, we also assume that

treatment blocks are “balanced” with equal numbers of both treatment options within each

block. For other aspects of trial conduct and integrity, such as blinding, we refer readers to

texts such as Friedman et al., as the considerations are common to all RCTs. [40]

3.2.2 Sequential Monitoring for One N-of-1 Trial

The goal of N-of-1 trials is to decide which treatment option works best for the patient

under study, and monitoring accruing data could allow researchers to make the decision

sooner than the planned end of the trial. Sequential monitoring methods facilitate valid

early stopping for RCTs, but they have not been implemented in N-of-1 trials. While some

articles and guidances have stated that sequential stopping rules could be used in N-of-1

trials, [31, 41, 42, 43] we did not find details for implementing these rules, and others have

stated the need for researching sequential stopping rules for this setting. [36, 37]

In the current state of N-of-1 literature, no uniformly adopted approach exists for analyz-

ing the data, [33, 44] but authors have suggested using a mixed-effects model as a standard

approach. [45] As such, we propose monitoring the Wald test statistic from a linear mixed-

effects model. We specify the model with a random intercept term for each treatment block, a

fixed intercept and a coefficient for the treatment variable. The Wald test statistic evaluates

if the coefficient for the treatment variable is equal to 0.

This model can be written as

E[Yij|γi, α, β] = γi + α + Zijθ,
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With Yij and Zij the outcome measurement and treatment variable, respectively, at the

jth period (j = 1, . . . , J) of the ith treatment block (i = 1, . . . , B planned treatment blocks),

γi the random intercept of the ith block, α the fixed intercept and θ the coefficient for the

treatment variable. We assume the γi are independently drawn from the mean-zero Normal

distribution with variance g2. The use of random intercepts permits some correlation among

treatment periods of the same block, so this model may accommodate some deviation from

the assumptions described in Section 3.2.1.

Without loss of generality, suppose Z = 0 corresponds to treatment A and Z = 1

corresponds to treatment B. By this specification, the estimate of the coefficient for the

treatment variable, θ̂, is an estimate of the average treatment effect (ATE) - comparing

the change from A to B and averaging across treatment blocks - specific to the subject of

the N-of-1 trial. If there are L planned looks at the data, we calculate this estimate after

the prespecified blocks b1, . . . , bL (2 ≤ b1 < . . . < bL = B). In practice, some additional

measurements may be available between the time when an estimate is computed and the

decision of trial stopping, but we assume these measurements are not considered for the trial

stopping decision.

In the Appendix, Section C.1, we verify that this approach satisfies monotonic informa-

tion growth (the independent increments condition is satisfied by the treatment blocks as

independent units and use of the linear mixed-effects model [46]). In particular, we demon-

strate that the information for the Wald test statistic increases linearly with the number

of treatment blocks when using balanced treatment blocks. Taken together, we can validly

employ classical sequential monitoring methods.

In Section 3.3, we evaluate different choices of sequential monitoring boundaries when

monitoring the Wald test statistic from a linear mixed-effects model.

3.2.3 Jointly Analyzing a Series of Sequentially Monitored N-of-1 Trials

We assume that, when jointly analyzing a series of trials, the constituent trials have been

completed and only the summary point estimate and its estimated standard error are avail-
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able. Additionally, for this project, we assume that the constituent trials had the same

boundary shape and planned number of looks.

Previous researchers have described how point estimates from a sequentially monitored

trial are biased. [47] The bias depends on the monitoring shape and timing for each trial, [48]

and this impacts the properties of a combined point estimate from a series of sequentially

monitored trials. In addition, early stopping reduces the statistical information for the point

estimate compared to stopping at the planned end.

Several options for bias-adjusted point estimators have been proposed in the literature,

which we list in Section 3.2.4. To jointly analyze a series of sequentially monitored N-of-1

trials, we propose adjusting the bias of each constituent point estimate and combining the

adjusted estimates with an inverse-variance weighted linear mixed-effects model (where each

variance is the square of the constituent estimated standard error). [49] We specify the model

with a random intercept term for each constituent trial and a fixed intercept. This approach

accounts for the impact of early stopping on bias and information within the constituent

trials.

The model can be written as

E[Tc|ωl, θ∗] = ωc + θ∗,

With Tc the bias-adjusted point estimate of the cth study (c = 1, . . . , C total constituent

trials in the series), ωc the random intercept for the cth constituent trial and θ∗ the fixed in-

tercept. We assume the ωc are independently drawn from the mean-zero Normal distribution

with variance g2
S.

The estimate of the fixed intercept, θ̂∗, represents the estimated average - across subjects

- of the ATEs. An alternative meta-analysis approach for combining estimates would be to

employ a fixed-effects model, but authors have pointed out that such a model would assume

that a single common ATE would exist across all members of the study population. [50]

The mixed-effects meta-analysis approach, instead, supposes that each subject could have a

different ATE and it targets the average across these ATEs. This mixed-effects approach is
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more compatible with the personalized medicine setting of N-of-1 trials.

In Section 3.3, we evaluate different point estimators to be used in the joint analysis. We

also assess the properties of the combined point estimator.

3.2.4 Candidate Point Estimators

We consider three types of point estimators (their specific forms are provided in the ap-

pendix): (1) naive estimator (no bias adjustment), (2) bias-adjusted mean, [51] (BAM), and

(3) median-unbiased estimator (MUE). The MUE requires specifying an ordering, and we

include the following orderings: analysis-time (AT), sample mean (SM) and likelihood ratio

(LR). [52]

By construction, all of these point estimators are members of the class of Z-estimators.

With this observation, we derive expressions for standard error of each of the estimators

based on the asymptotic variance of members of this class. [53]

3.3 Results

In this section, we evaluate the properties of the proposed methods. First, we assess the type-

1 error when sequentially monitoring one N-of-1 trial to evaluate under what scenarios the

sequential monitoring has well-calibrated type-1 error. We then study the power, probability

of early stopping and average number of blocks at stopping under varying effect sizes. Next,

we evaluate the bias and mean-squared error (MSE) of point estimators from one sequentially

monitored N-of-1 trial. Finally, we assess the bias and mean-squared error for the proposed

combined point estimator for jointly analyzing a series of sequentially monitored N-of-1 trials.

3.3.1 Simulation Setup

We summarize the results from a simulation study in which we simulate N-of-1 trials in

each of several settings. We suppose these trials emulate real-world studies that have 1-

week treatment periods and the outcome is continuous and has mean 0 under the baseline
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treatment (i.e., the treatment for which we assign Z = 0 - this can be considered the standard

of care or placebo). We set the error variance and the random intercept (within a block)

variance each as 1. Treatment blocks are independent, and the order of treatments within

blocks is generated randomly.

We vary the planned number of blocks from 3 to 26 with 2 to 6 periods per block, and

we vary the treatment effect from 0 to 5.

We study three different sequential monitoring boundary shapes. The “boundary” is the

sequence of critical values to which we compare the monitored test statistic - and, while each

sequence controls type-1 error at a prespecified level, different sequences, or shapes, induce

different stopping rules. [54] Boundary shapes differ by their likelihood of stopping the trial at

an earlier analysis. We construct either (1) symmetric O’Brien-Fleming boundaries (OBF),

[55] a common conservative-early boundary shape (i.e., need stronger evidence to stop at an

earlier analysis), (2) symmetric Pocock boundaries, [56] a less conservative-early boundary

shape, or (3) asymmetric boundaries with OBF for efficacy and Pocock for futility, each

aimed at controlling the stopping probability under the null (type-1 error) at two-sided 5%.

The designs allow for the conclusion that neither treatment option has displayed convincing

evidence.

We vary the number of planned looks - prespecified instances at which the trial may

be stopped based on an unblinded analysis - with either (1) one look (i.e., no sequential

monitoring), (2) two equally-spaced looks, (3) four equally-spaced looks, or (4) looks after

every treatment block. For example, with 13 treatment blocks and two looks, an unblinded

analysis occurs after 7 treatment blocks and after 13 blocks, and the trial may be stopped

at either analysis.

We also assess the effect of 5 versus 10 constituent trials in a series of N-of-1 trials.

Previous authors have suggested five or more units as a guideline for random-effects models.

[57] For computational efficiency, we simulate 10,000 independent trials for each setting,

and then we simulate multiple series of N-of-1 trials by collecting these generated trials into

groups of size 5 or 10. For each group, we perform the analysis as described in Section 3.2.3.
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We fit all mixed-effects models with the REML procedure using R 4.0 with the packages

lme4 and metafor, and we construct sequential monitoring boundaries and compute bias-

adjusted estimates with the package RCTdesign in R 3.2.

3.3.2 Properties for One Sequentially-Monitored N-of-1 Trial

Type-1 Error

Existing monitoring boundaries assume normality for their construction, but, when con-

ducting larger RCTs, monitoring an asymptotically normal statistic can be appropriate. [58]

However, we may expect to see different behavior in the setting of N-of-1 trials. In this

section, we assess the effect of the number of looks, the number of blocks and periods per

block and shape of the monitoring boundary on the type-1 error.

In Figures 3.2-3.3, we illustrate the type-1 error rates across 10,000 N-of-1 trials for two

and six periods per block, OBF or Pocock boundary shapes and varying numbers of looks

and numbers of blocks.

We see that type-1 error decreases with larger numbers of blocks, and the type-1 error

increases with more looks. The O’Brien-Fleming (OBF) boundary shape has consistently

lower type-1 error compared to the Pocock shape, and the asymmetric shape (not pictured)

lies between the two.

The type-1 error decreases dramatically from two periods per block to six periods per

block. With two periods per block, even one look at the data - no sequential monitoring

- does not reach the nominal 5% type-1 error rate by 26 blocks, and more looks results in

higher type-1 error inflation. However, with six periods per block, and sequential monitoring

with up to four looks at the data can be achieved with nominal type-1 error rate if using an

OBF boundary shape.

From these results, we conclude that type-1 error can be very large (inflation of 2-7 times

the nominal 0.05 rate) with 13 or fewer treatment blocks and 2 periods per block. With 6

periods per block, the type-1 error ranges from 0.04 to 0.10 for 3-26 treatment blocks, which
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Figure 3.2: Type-1 error for sequentially monitoring one N-of-1 trial with two periods per

block and varying boundary shapes, blocks and looks. Nominal 5% type-1 error indicated in

red.
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may be acceptable, especially with 13 or 26 treatment blocks.

Power, Probability of Early Stopping and Average Number of Blocks at Stopping

This section summarizes three other properties of sequential monitoring for one N-of-1 trial:

power, probability of early stopping and the average number of blocks at stopping. We

summarize the results for each of the three measures across 10,000 N-of-1 trials under different

effect sizes, number of blocks and periods per block.

From this section onward, we only summarize the settings with 13 or 26 treatment blocks

and 1-4 looks and the OBF boundary shape, excluding the setting with 13 blocks, 2 periods

per block and 4 looks. These are settings with type-1 error less than 10%, based on the

results from Section 3.3.2.

From Figure 3.4, we see the power does not appreciably differ when comparing no se-

quential monitoring against 2 or 4 looks at the data based on the overlapping power curves.

For all of the reported settings, the power approaches 1 with increasing effect size. We also

see that the power approaches 1 with smaller effect sizes with increasing numbers of blocks

and increasing numbers of periods per block.

Figure 3.5 illustrates that the probability of stopping early increases with more looks at

the data, and the probability increases to 1 with larger effect sizes. And, similar to power,

the probability approaches 1 with smaller effect sizes as the number of blocks or number of

periods per block increases.

We see the results for average number of blocks at stopping, in Figure 3.6, mirror the

patterns from the probability of early stopping. As the (planned) number of blocks and the

number of periods per block increases, the average number of blocks at stopping decreases.

The average also decreases with more looks at the data.

Bias and Mean-Squared Error of Point Estimators

In this section, we compare the candidate point estimators based on bias and mean-squared

error (MSE) across 1,000 sequentially monitored N-of-1 trials. Similar to the construction
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Figure 3.4: Power for sequentially monitoring one N-of-1 trial with varying numbers of blocks,

periods per block, looks and an OBF boundary shape. This excludes the setting with 13

blocks, 2 periods per block and 4 looks due to large type-1 error.
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Figure 3.5: Probability of early stopping for sequentially monitoring one N-of-1 trial with

varying numbers of blocks, periods per block, looks and an OBF boundary shape. This

excludes the setting with 13 blocks, 2 periods per block and 4 looks due to large type-1

error.
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of the monitoring boundaries, the estimation of the candidate point estimators also employs

normality. The results of this section assess whether the bias-adjusted estimators continue

to maintain desirable properties under N-of-1 settings and compare bias and MSE between

the candidate estimators.

We present the results for trials monitored with the OBF boundary shape - estimators

had consistently lower mean-squared error with the OBF shape compared to the Pocock

shape - and 2 looks at the data.

With large effect sizes, the point estimates become identical, so we provide the results for

effect sizes smaller than 5 in this article. With 1 look at the data (no sequential monitoring),

all point estimators are identical under all settings.

We display the bias and MSE of these candidate estimators in Figure 3.7 for 13 or 26

blocks and 2 or 6 periods per block with 2 looks. (We provide a table with the full results

in the Appendix, Section C.3.1.)

Bias decreases with increasing numbers of blocks and periods per block. The MUE

candidates have similar bias at all effect sizes, and all estimators have similar bias at effect

sizes of 0 and 3. The naive estimator has the highest bias at all settings, and the BAM has

the lowest bias. For the BAM, a negative bias with 26 blocks and 6 periods per block results

in a larger absolute bias compared to MUE candidates at effect sizes of 1-1.25 - however, the

discrepancy is within simulation error, approximately 0.01.

The MSE also decreases with increasing numbers of blocks and periods per block. The

MUE candidates have similar MSE at all effect sizes. With 13 blocks and 2 periods per block,

the BAM has smaller MSE across effect sizes compared to other candidates and the naive

estimator has larger MSE (this pattern reverses at effect size 3), but the largest discrepancies

were small, within 0.02. By 26 blocks and 6 periods per block, MSE is nearly identical across

point estimators.

The MSE increases for all estimators with increasing effect size. Authors have previously

explained this as due to studies more frequently ending earlier, with less information and,

thus, larger variances. [59]
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Figure 3.7: Bias (top) and mean-squared error (bottom) for candidate point estimators with

13 treatment blocks and 2 periods per block (left) or 26 treatment blocks and 6 periods per

block (right) and 2 looks at the data with an OBF boundary shape. MUE.SM, MUE.AT

and MUE.LR refer to the median-unbiased estimators with sample-mean, analysis-time and

likelihood-ratio orderings, respectively, BAM refers to the bias-adjusted mean, and Naive

refers to the naive estimator. Bias of 0 indicated in red.
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Figure 3.8: Mean-squared error for the combined point estimator from a series of 5 or 10

sequentially-monitored N-of-1 trials with varying numbers of blocks and periods per block

and an OBF boundary shape with 2 looks at the data.

3.3.3 Properties for a Series of Sequentially Monitored N-of-1 Trials

Bias and Mean-Squared Error of the Combined Point Estimator

This section presents the results of the bias and MSE for the combined point estimator across

200 series of N-of-1 trials with 5 trials per series or 100 series with 10 trials per series. Based

on the results of Section 3.3.2, we employ the bias-adjusted mean as the estimate from each

constituent trial within a series for computing the combined point estimator.

We focus on the effect of number of trials on the bias and mean-squared error of the

combined point estimator across differing effect sizes, numbers of blocks and periods per

block. All constituent trials in a series have the same planned number of blocks and the

same number of periods per block. We present the results of the setting in which all trials

used an OBF boundary shape with 2 looks at the data.

We see that the MSE decreases with increasing numbers of trials within the series in

Figure 3.8. The patterns of MSE for the combined point estimator across different effect

sizes and blocks or periods per block resemble the patterns we observe for point estimators
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for one N-of-1 trial.

We do not have strong evidence for changes in bias with increasing numbers of trials

within a series as evidenced by Figure C.1 in the Appendix, Section C.3.2. However, this

result is limited by the small number of simulations.

3.4 Discussion

Sequential monitoring permits statistically valid early stopping of studies for efficacious (or

futile) treatments. For N-of-1 trials, sequential monitoring has the potential to deliver rapid,

optimal care for individual patients. In this article, we develop a framework for sequen-

tial monitoring of one N-of-1 trial and for jointly analyzing a series of already-completed

sequentially-monitored N-of-1 trials. We propose that the treatment block design commonly

used in N-of-1 trials combined with a mixed-effects model for analysis facilitates the use of

existing sequential monitoring methodology in one N-of-1 trial. To combine results from a

series of N-of-1 trials, we suggest researchers combine bias-adjusted point estimators from

the constituent studies with a random-effects meta-analysis model. [49]

In registrational trials, type-1 error control can be of central importance. However, N-of-1

trials frequently study treatments with minimal risks, so the possibility of early stopping for

a promising treatment may outweigh the risks. As such, while we find several settings with

large type-1 error, trial-specific considerations may take precedence and strict type-1 error

control may not be the highest priority.

In settings with acceptable type-1 error rates - larger numbers of blocks and periods

per block and an O’Brien-Fleming boundary shape - we find sequential monitoring can have

benefits in the power, probability of early stopping and average number of blocks at stopping.

These gains can be realized even with modest effect sizes if the planned number of blocks

or number of periods per block is large: for example, with 26 planned blocks and 2 periods

per block, the average number of blocks at stopping is nearly half the planned number at an

effect size of 1.25.

We compare the bias and mean-squared error (MSE) of several candidate point estimators
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for sequential monitoring in one N-of-1 trial, and our results indicate bias-adjusted estimators

continue to provide improvement over a naive estimator in the N-of-1 setting. We find

that the bias-adjusted mean (BAM) has smaller bias and similar MSE compared to other

estimators, so we recommend choosing the BAM for combining point estimates across a series

of sequentially monitored N-of-1 trials. When jointly analyzing a series of N-of-1 trials, we

observe that the MSE decreases with a larger number of constituent trials, as expected, but

we do not have evidence to suggest that the bias of the point estimator decreases with more

constituent trials.

In this work, we assume that constituent trials within a series employ the same boundary

shape (along with the same number of looks). In the Appendix, Section C.3.3, we present

preliminary results for allowing constituent trial boundary shape to differ: we vary the

number of trials within a series having either an OBF shape or a Pocock shape. The results

suggest that series with more OBF trials have smaller mean-squared error of the combined

point estimator, with this effect diminishing with more periods per block or more blocks.

We do not have clear evidence for a pattern with bias. In the future, we could expand these

results and address a broader range of trial designs.

An important limitation of this work is the relatively small number of simulations for

assessing a series of N-of-1 trials. Due to computational burden, we only provide results for

200 series with 5 constituent trials and 100 series with 10 constituent trials, and we also could

not study series with more than 10 constituent trials. Because of this, patterns may not be

detectable due to simulation variability or due to assessing a maximum of 10 constituent

trials: in particular, we could not detect patterns in bias, but such patterns may be apparent

with a larger number of simulations.

One avenue of future work is assessing the impact of violations to the assumptions of (1)

no carryover effect and (2) no outcome drift. Such violations may occur due to issues such as

unplanned unblinding to treatment assignment (possibly causing a carryover effect through

a placebo effect) or disease progression (possibly causing outcome drift). Methods exist to

minimize the impact of these violations, but they may need modification for the sequential
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monitoring setting. For example, methods to address a time trend in the outcome may affect

our results for the properties of our framework due to changes in the analysis models.

For this work, we assume that the number of treatment periods per block is fixed and

equal across all treatment blocks within an N-of-1 trial. This may not hold, for example, when

certain blocks have missing data. Under this setting, our results for monotonic information

growth may not apply (even if the data are missing completely at random), so further research

is needed to evaluate the impact of differing numbers of treatment periods.

We also assume constituent trials of the N-of-1 series have been completed at the time

of analysis, a retrospective approach. In contrast, a cumulative meta-analysis would take a

prospective approach by analyzing the series of N-of-1 trials as data from each trial accrue.

This approach would require specifying a sequential monitoring procedure at the level of

the constituent trials (possibly, in addition to monitoring within each trial), but it could

allow investigators to reduce the number of N-of-1 trials needed. A future direction is to

evaluate whether the benefits of the cumulative meta-analysis approach warrant the increased

complexity relative to the retrospective approach.

The mixed-effects model for analyzing one sequentially monitored N-of-1 trial easily ex-

tends to more than two treatment options and to other types of outcomes such as binary

or count data. However, outside of the continuous outcome setting, the target estimand for

the trial may no longer be an average treatment effect (ATE), and the proposed procedure

for combining results may no longer target an average across ATEs. Future work will aim

to develop a unified framework to address these concerns.

Tools for sequential monitoring have been well-studied and are widely available for stan-

dard RCTs, and the proposed framework allows researchers to utilize these existing resources

for the setting of N-of-1 trials. For shorter N-of-1 trials (i.e., those with a small planned

number of treatment blocks or with few periods per block), sequential monitoring is not

appropriate due to highly inflated type-1 error, but, for longer trials, sequential monitoring

under the proposed framework can assist clinicians in making important decisions sooner,

on average, for their patients.
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Appendix A

APPENDIX FOR CHAPTER 1

A.1 Dynamic Balancing with Differing Experimental Arm Eligibility

The following is one possible schema for randomizing a newly enrolled participant to a

treatment arm when balancing on L categorical stratification factors using a Pocock-Simon

method for dynamic balancing. We assume 1:1 randomization in the following, but mod-

ification of the weighting scheme below easily allows for extension to other randomization

ratios.

If the participant enrolls on the trial with no other previously randomized participants

having the same combination of stratification variables, then the participant is randomly

assigned to an eligible arm with equal weight given to all the eligible arms. Otherwise, we

proceed with the following scheme:

1. For each eligible experimental arm, E ∈ E = {eligible experimental arms}, and for

each stratification factor l = 1, . . . , L, tally the number of participants previously

randomized to that arm Tl(E) and randomized to the standard of care arm but eligible

for that experimental arm Tl(CE). Only include participants with the same level of

stratification factor l as the new participant.

2. Calculate the imbalance caused by adding the participant to each eligible study arm:

(a) Choose one Y ∈ S, where S = {eligible experimental arms and standard of care arm, C}

(b) Increment the tally in arm Y with Tl(Y )∗ = Tl(Y ) + 1 for all l = 1, . . . , L but

keep the tallies the same for all other arms Z ∈ S with Z 6= Y : Tl(Z)∗ = Tl(Z)

for l = 1, . . . , L.
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(Note: if Y = C, then this implies Tl(CE)∗ = Tl(CE) + 1 for all E ∈ E.)

(c) Compute the pairwise differences |Tl(E)∗ − Tl(CE)∗| for all eligible experimental

arms E ∈ E

(d) The imbalance score for adding the participant to arm Y is

L∑
l=1

max
E
|Tl(E)∗ − Tl(CE)∗|

(e) Repeat this process for all arms in S

3. Order each of the resulting s = |S| imbalance scores in order from largest (most im-

balanced) to smallest (least imbalanced).

4. Then one choice of randomization weights is as follows: for i = 1, . . . , s the index in

decreasing order of imbalance scores above, assign pi = i
s(s+1)/2

.

That means the most imbalanced arm has the smallest randomization weight p1 =

1
s(s+1)/2

and the least imbalanced arm has the highest weight ps = s
s(s+1)/2

. This is one

possible algorithm that ensures a strictly increasing sequence of weights from most to

least imbalance.

If an m-way tie (m ∈ {2, . . . , s}) of imbalance scores exists at i ∈ {1, . . . , s}, equally

split the assigned weight pi+ · · ·+pi+m−1 across the tied arms. (In other words, equally

split the weight the arms would have had if they could have been ordered.)

A.2 Comparing Methods for Accommodating New Experimental Arms

We compare two approaches to accommodate newly added experimental arms in a platform

trials with differing experimental arm eligibility. In the first method, which we will call

“split data,” we restart the stratified randomization procedure anew upon the addition of

the new arm: we do not use any participants randomized prior to addition of the new arm in

future randomization calculations. The second method, “combine data,” allows participants
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in continuing arms to be used in randomization calculations, but calculations involving the

new arm only use participants enrolled after the addition of the new arm. This is more

difficult to implement (as it requires the randomization system to use different subsets of

participants), but it has the advantage of using more of the existing data.

Both methods provide appropriate balanced randomization at the prespecified allocation

ratio with sufficient numbers of participants, but the allocation ratio may deviate from the

specified ratio with random noise in a small window after the addition of the new arm. When

the allocation ratio differs from the desired ratio, this can affect properties of hypothesis

testing - this can be particularly important for sequential monitoring in clinical trials, which

may rely on small tail probabilities early in a trial. As such, even local disruptions to the

allocation ratio could have important effects in practice.

To assess the differences in disruption to the allocation ratio, we evaluate the deviation

from desired allocation ratio (measured as the mean squared difference from the specified

allocation ratio) and the variance of the observed allocation ratio for a fixed number of

participants before and after the addition of a new experimental arm. Both the deviation

and the variance should decrease to 0 with sufficient numbers of participants, so an increase

in either quantity after the addition of a new arm indicates a disruption.

We simulate platform trials that begin with two experimental arms, have 2-3 stratification

factors to balance on and add 1-2 additional experimental arms. We vary the addition of

a third experimental arm at 100-300 pooled experimental arm participants, and, if we add

a fourth experimental arm, it is added at 350 pooled experimental arm participants. We

use the dynamic balancing scheme to assign study arms at a 1:1 allocation and close each

experimental arm after it contains 200 participants.

In Tables A.1-A.2, we tabulate the average deviations and variances across 10,000 trials

for platform trials with 3 or 4 total experimental arms and with 2 stratification factors. We

perform these computations with a window size of 25 participants. We display the results for

the allocation ratio from one of the two initial experimental arms, but results are similar for

both initial arms, and conclusions are also similar when using 3 stratification factors rather
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Table A.1: Mean Deviances and Variances (in 10−4) of Allocation Ratio Across 10,000 Sim-

ulated Trials with One Added Experimental Arm (Arm 3), Two Stratification Factors and

a Window Size of 25

Deviation Pre-Arm 3 Variance Pre-Arm 3 Deviation Post-Arm 3 Variance Post-Arm 3

Add Arm 3 at 100 Combine 17.8 11.76 9.89 6.69

Split 17.33 11.85 21.63 4.99

Add Arm 3 at 200 Combine 4.09 2.60 2.64 1.79

Split 4.16 2.62 6.33 1.40

Add Arm 3 at 300 Combine 1.70 1.11 1.24 0.82

Split 1.76 1.13 2.91 0.63

than 2.

Before the addition of any new experimental arm, the two approaches have similar de-

viation and variance (as expected, because the methods are identical before a new arm).

The split data approach has consistently larger deviations than the combine data approach

directly after the addition of a new experimental arm independent of the timing of the third

experimental arm. However, with this window size of 25, we do observe that the split data

approach has a smaller variance after the addition of a new arm.

With this window size, we see the split data approach suffers from the disruption more the

later the third experimental arm is added: when added after at least 200 pooled experimental

arm subjects, the deviation from the desired allocation ratio after the addition of a fourth

experimental arm remains higher than the deviation before adding the third arm.

Notably, these represent small differences on the order of 10−4 or smaller and may not

practically impact trials depending on the timing of interim analyses. We advocate for the

combine data approach based on the deviations from the desired allocation ratio in this

simulation study, but we acknowledge that the ease of implementation of the split data

approach may be more appealing for those implementing these randomization systems.
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Table A.2: Mean Deviations and Variances (in 10−4) of Allocation Ratio Across 10,000

Simulated Trials with Two Added Experimental Arms (Arms 3 and 4), Two Stratification

Factors and a Window Size of 25

D.† Pre-Arm 3 V.‡ Pre-Arm 3 D. Post-Arm 3 V. Post-Arm 3 D. Post-Arm 4 V. Post-Arm 4

Add Arm 3 at 100 Combine 17.2 11.7 9.14 6.66 1.12 0.87

Split 17.9 11.8 22.2 5.03 5.67 0.69

Add Arm 3 at 200 Combine 4.07 2.61 2.69 1.81 0.87 0.69

Split 4.17 2.63 6.35 1.38 4.67 0.55

Add Arm 3 at 300 Combine 1.83 1.12 1.25 0.83 0.73 0.56

Split 1.80 1.14 2.94 0.64 3.71 0.45

† Deviation, ‡ Variance

A.3 Characterizing Platform Trial Efficiency with Differing Arm Eligibility

Platform trials typically specify a maximum sample size for each experimental arm, but the

size of the standard of care arm depends on the amount of common eligibility shared between

experimental arms and on the allocation ratio. Even under equal allocation, when subjects

are not all eligible to all (K) experimental arms, the probability of a given subject being

randomized to the standard of care arm increases from 1
K+1

, the probability when all subjects

are eligible to all experimental arms. We describe the relative efficiency of a platform trial

with varying eligibility criteria across arms by comparing the probability of randomization

to the standard of care against that probability in a trial with non-varying eligibility.

Platform trial efficiency arises via the size of the common standard of care arm, so

efficiency can also be assessed by evaluating relative sizes of the standard of care arm. This

evaluation requires specification of the planned sample size for each experimental arm in

addition to the specification of arm eligibility probabilities, and we reach similar conclusions

using the relative sample sizes as the relative probabilities.

In this section, we derive a general expression for the probability of randomizing to the

standard of care arm for arbitrary arm eligibility and number of experimental arms. We
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assume this calculation is done under the simplified scenario that all experimental arms are

started and ending at the same time - a more general framework allowing for adding and

dropping arms is possible, if needed.

With K experimental arms, there are 2K − 1 possible combinations (sets) of eligibility to

those arms based on the power set and the requirement that subjects be eligible for at least

one experimental arm. Consider organizing the eligibility combinations by their “order,”

i.e., the total number of eligible arms in a given combination (the cardinality of a given

combination set).

Let F
(j)
i be the ith combination of eligible arms of the jth order with j = 1, . . . , K and

i = 1, . . . ,
(
K
j

)
.

For example, for K = 3 experimental arms:

F
(1)
1 = {E1}, F

(1)
2 = {E2}, F

(1)
3 = {E3}

F
(2)
1 = {E1, E2}, F

(2)
2 = {E1, E3}, F

(2)
3 = {E2, E3}

F
(3)
1 = {E1, E2, E3}

For a new participant, define the random variable B
(j)
i to indicate whether F

(j)
i contains

exactly all experimental arms to which the new participant is eligible and no more (in other

words, an indicator that F
(j)
i is the largest set by cardinality in the power set of the new

participant’s eligible experimental arms). Using the example above, if a new participant is

eligible to E1 and E3 but not E2, then we observe B
(2)
2 = 1 and B

(j)
i = 0 for all i 6= 2 and

j 6= 2.

Let q
(j)
i = P (B

(j)
i = 1), with

∑K
j=1

∑(K
j )

i=1 q
(j)
i = 1. The collection of B

(j)
i over all i, j form

a random vector drawn from a multinomial distribution with 2K−1 categories, exactly one

trial and category probabilities given by q
(j)
i . We assume that new participants are drawn

independently and identically from this distribution.



68

For a given new participant under iid sampling, by the law of total probability,

P (randomize to C) =
K∑
j=1

(K
j )∑
i=1

P (randomize to C ∩B(j)
i = 1)

=
K∑
j=1

(K
j )∑
i=1

P (randomize to C|B(j)
i = 1)P (B

(j)
i = 1).

When balance is achieved, assuming a planned 1:1 allocation (this can be extended to

other ratios), for each j = 1, . . . , K we have P (randomize to C|B(j)
i = 1) = 1

j+1
(every

eligible study arm is equally likely). Then we can write

P (randomize to C) =
K∑
j=1

1

j + 1

(K
j )∑
i=1

q
(j)
i .

A multi-arm trial with non-varying eligibility would require q
(K)
1 = 1 (thus, implicitly,

q
(j)
i = 0 for all other combinations j = 1, . . . , K − 1 and i = 1, . . . ,

(
K
j

)
). This results in

P (randomize to C) = 1
K+1

. As we deviate from q
(K)
1 = 1, the platform trial becomes less

efficient, as the proportion randomized to the standard of care arm increases from 1
K+1

.
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Appendix B

APPENDIX FOR CHAPTER 2

B.1 Estimation and Inference of Mixture Cure Model Parameters Improve
with Longer Follow-Up

This section expands on the results of Yu et al. [22] and assesses the hypothesis that es-

timation and inference need not be limited to the setting in which we believe no uncured

subjects remain at the end of the study, or τF0 < τG. We perform simulations to study

the mean-squared error and coverage of 95% confidence intervals when fitting mixture cure

models as follow-up time increases. (Note that here emphasis lies in the patterns across

follow-up times.) These results are drawn from the simulation study described in Section

2.3.

We fit correctly-specified mixture cure models via maximum-likelihood estimation and

compute the mean-squared error and coverage of Wald-based 95% confidence intervals for

each model parameter estimate.

Researchers often focus on estimation and inference on the cure proportion, so we provide

results of this parameter from a Weibull(2,1) mixture cure generating distribution in this

section. Figures B.1a and B.1b demonstrate clear improvements in estimation and inference

over time and with increased sample size. (We do notice that at small sample sizes of n = 100,

confidence intervals may be larger than needed with conservative coverage.)

We emphasize that a similar trend of improvement over time remains across other dis-

tribution settings and across other model parameters. The shape and magnitude of im-

provement may differ, but mean-squared error decreases and confidence interval coverage

approaches the nominal rate.

In addition to supporting the claim that researchers can compute statistics with nominal
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coverage and low mean-squared error without τF0 < τG holding, figures such as these can also

quantify the length of time most helpful in a trade-off between follow-up time and statistical

validity (as measured by mean-squared error and coverage). For the Weibull model, it seems

that mean-squared error and coverage improve dramatically from 25% uncured remaining to

5% uncured remaining. However, with fewer than 1% uncured remaining, additional follow-

up seems to show diminishing gains. As such, we might reasonably consider 1% or lower

uncured remaining to be strong evidence for sufficient follow-up, and we might be skeptical

of the follow-up when many more than 5% of uncured remain in the study.

We believe that these results may support a shift for the discussion of “sufficient” follow-

up time being a single number for a given study to being a range of times depending on a

researcher’s decision on such a trade-off.

B.2 Regularity Conditions for Asymptotic Properties

Here, we list the regularity conditions necessary for Theorems 1 and 2. We invoke van der

Vaart [23] Theorems 5.41 and 5.42.

Theorem 5.41 establishes asymptotic normality of maximum likelihood estimators (in

the view of maximum likelihood estimation as Z-estimation with the score equations) and

5.42 ensures consistent roots exist in this setting. Define ψη(x) ≡ l̇n(η) = d
ηi
l(η; y, δ) and

mη(x) ≡ l(η; y, δ) (with X = (Y,∆)).

The regularity conditions needed for consistency and asymptotic normality of maximum

likelihood estimation are as follows.

R1. The parameter of interest η0 is a local maximum of Emη(Y,∆) and 0 = Eψη0(Y,∆).

R2. The score equations ψη(y, δ) are twice continuously differentiable for every (y, δ).

R3. The second moment E||ψη0(Y,∆)||2 <∞.

R4. The matrix Eψ̇η0(Y,∆) exists and is nonsingular.
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R5. The second-order derivatives of the score equations are dominated by a fixed integrable

function ψ̈(y, δ) for every η in a neighborhood of η0.

R6. S(t) is uniformly bounded away from 0 when t ∈ [0, τ ].

By van der Vaart [23], these conditions are sufficient in the setting of maximum likelihood

estimation from common parametric families but are likely stricter than necessary. The

Exponential, Gamma, Weibull and Log-Logistic families used with Uniform censoring in this

report, as popular choices in applied survival analysis, clearly meet these conditions due

to their smoothness. The final condition should hold in real-world conditions with finite

follow-up.

In addition, for consistency and asymptotic normality of r̂n, we do require η 7→ r(η) be

continuous and differentiable at η0. But the listed conditions are frequently sufficient for this

because r(η) is a smooth transformation of η in these parametric models.

These theorems do not preclude the existence of other, inconsistent roots. We have not

experienced this in practice, but if needed to address multiple roots, van der Vaart [23]

suggests considering a preliminary consistent estimate and then choose the closest root. In

particular, we recommend the root closest to π̃n = S̃KM,n(τ) (where S̃KM,n(τ) is the estimate

of survival probability at the end of the study by Kaplan-Meier) because this is a simple,

consistent non-parametric estimator of π0. [20]

B.3 Extended Simulation Results

In this paper, we present the results from the Weibull(2,1) mixture cure distribution, but

patterns are similar across distributions. We report γπ(u) in Table B.1 for each procedure

(RECeUS-AIC, α̂n and α̃n) across the varying π ∈ [0, 0.8] and u ∈ {0.25, 0.1, 0.05, 0.01, 0.001}.

In addition to γπ(u), the RECeUS procedure also includes the true ratio r for additional

context: if r is small, then we expect γπ(u) to be large and the opposite if r is large. We

summarize the key results in the main text.
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We can also compare RECeUS-AIC to RECeUS fit with the correctly-specified model. We

include this comparison for the Weibull(2,1) mixture-cure distribution in Table B.2. As the

results between RECeUS-AIC and RECeUS-Weibull differ, we can immediately conclude that

AIC does not always correctly select the Weibull model under these settings. Correct model

specification does have improved behavior, but the RECeUS-AIC procedure has acceptable

properties and model selection reduces sensitivity to model misspecification (over choosing

a single model a priori).
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Table B.2: Rates for Concluding Sufficient Follow-Up (γπ(u)) in RECeUS-Weibull and

RECeUS-AIC by Percentage of Uncured Remaining, Sample Size and Cure Fraction in 5000

Simulations

RECeUS-Weibull* RECeUS-AIC

% Uncured Remaining† % Uncured Remaining†

Cure Fraction Sample Size 25% 10% 5% 1% 0.1% 25% 10% 5% 1% 0.1%

0%

100 0.024 0.013 0.019 0.036 0.003 0.122 0.084 0.055 0.029 0.002

250 0.001 0.000 0.001 0.003 0.000 0.067 0.037 0.026 0.012 0.000

500 0.000 0.000 0.000 0.000 0.000 0.038 0.017 0.005 0.001 0.000

1000 0.000 0.000 0.000 0.000 0.000 0.012 0.002 0.000 0.000 0.000

10%

100 0.039 0.042 0.075 0.456 0.964 0.132 0.101 0.107 0.322 0.811

250 0.002 0.003 0.010 0.424 0.998 0.070 0.062 0.066 0.373 0.928

500 0.000 0.000 0.000 0.386 1.000 0.047 0.035 0.039 0.387 0.969

1000 0.000 0.000 0.000 0.320 1.000 0.019 0.005 0.005 0.339 0.998

30%

100 0.102 0.126 0.242 0.790 0.996 0.149 0.146 0.215 0.589 0.922

250 0.020 0.028 0.114 0.880 1.000 0.086 0.078 0.149 0.699 0.986

500 0.001 0.003 0.036 0.951 1.000 0.064 0.071 0.098 0.807 0.999

1000 0.000 0.000 0.006 0.988 1.000 0.044 0.038 0.067 0.920 1.000

60%

100 0.236 0.302 0.453 0.876 0.996 0.193 0.243 0.325 0.650 0.907

250 0.098 0.159 0.362 0.953 1.000 0.135 0.169 0.277 0.765 0.965

500 0.027 0.073 0.305 0.990 1.000 0.091 0.120 0.255 0.866 0.991

1000 0.003 0.022 0.223 0.999 1.000 0.071 0.092 0.222 0.923 0.999

80%

100 0.412 0.459 0.580 0.867 0.988 0.206 0.253 0.339 0.584 0.820

250 0.243 0.337 0.538 0.937 1.000 0.204 0.260 0.383 0.727 0.957

500 0.125 0.228 0.504 0.985 1.000 0.142 0.210 0.364 0.826 0.982

1000 0.038 0.127 0.454 0.998 1.000 0.102 0.153 0.347 0.901 0.996

∗ The RECeUS-Weibull procedure employs the correctly-specified Weibull model for estimation.

† In this setting, the exact follow-up times generating the data were 1.25, 1.5, 1.75, 2.25 and 2.75. These

are the follow-up times corresponding to the percentiles rounded to the nearest quarter in order to more

closely represent clinical trial data.
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Appendix C

APPENDIX FOR CHAPTER 3

C.1 Verifying Monotonic Information Growth

Shoben et al. [39] discuss conditions for nonmonotonic information growth and its impact

on sequential monitoring. They note that highly correlated data - as we might expect from

N-of-1 trials - can lead to nonmonotonic information growth. In this section, we verify that

the proposed approach of Section 3.2.2 does not suffer from nonmonotonic growth.

First, we introduce matrix notation for the analysis model for analyzing one N-of-1 trial.

Let Yij be the outcome measurement in treatment block i = 1, . . . , B and treatment period

j = 1, . . . , J , and let Zij be a binary indicator for the treatment variable. Recall that Zij = 1

exactly J/2 times per block and 0 otherwise by the assumption of balanced treatment blocks.

Denote Xi as the design matrix with the form

Xi =


1 Zi1
...

...

1 ZiJ

 .
The analysis model can then be written in matrix form as

E[Yi|γi, β] = γi1J×1 +Xiβ,

Where γi is the (scalar) random intercept by treatment block and the parameter vector

β = (α, θ)T contains α the fixed intercept and θ the true ATE for the subject of the N-of-1

trial. The matrix 1J×1 is a matrix of dimension J × 1 with all elements equal to 1. The

matrix Yi is the vector (Yi1, . . . , YiJ)T .
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Let σ2 be the error variance, and we assume γi ∼ N(0, g2) with the errors being indepen-

dent of the random intercepts. Thus, we can write the covariance matrix for Yi as

Σ ≡ V ar(Yi) = σ2IJ×J + g21J×J ,

Where IJ×J indicates the identity matrix of dimension J × J .

If the study ends at treatment block m, then the estimate of β is (by the assumptions

for independent treatment blocks)

β̂(m) =

(
m∑
i=1

XT
i Σ−1Xi

)−1( m∑
i=1

XT
i Σ−1Yi

)

with variance

V ar(β̂(m)) =

(
m∑
i=1

XT
i Σ−1Xi

)−1

.

The approximate information, assuming large sample theory, is the inverse of the variance.

I(β̂(m)) =
m∑
i=1

XT
i Σ−1Xi

We can focus on the information contribution from an arbitrary treatment block i,

I(i) = XT
i Σ−1Xi = XT

i (σ2IJ×J + g21J×J)−1Xi.

By the Sherman-Morrison formula we can write

(σ2IJ×J + g21J×J)−1 =
1

σ2
IJ×J −

g2

σ2(σ2 + Jg2)
1J×J .

Then we have

I(i) =
1

σ2
XT
i Xi −

g2

σ2(σ2 + Jg2)
XT
i 1J×JXi

=
1

σ2

 J
∑J

j=1 Zij∑J
j=1 Zij

∑J
j=1 Z

2
ij

− g2

σ2(σ2 + Jg2)

 J2 J
∑J

j=1 Zij

J
∑J

j=1 Zij (
∑J

j=1 Zij)
2

 .
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Let Ti =
∑J

j=1 Zij . Because Zij is a binary variable, it is always true that Zij = Z2
ij, so

Ti =
∑J

j=1 Z
2
ij as well. Then we can write

I(i) =
1

σ2 + Jg2

J Ti

Ti
(σ2+Jg2)Ti−g2T 2

i

σ2

 .
The information contribution for the θ̂ component of β̂(m) for treatment block i is then

I(θ̂)(i) =
1

σ2 + Jg2

(σ2 + Jg2)Ti − g2T 2
i

σ2
−
(

Ti
σ2 + Jg2

)(
σ2 + Jg2

J

)(
Ti

σ2 + Jg2

)
=

1

σ2 + Jg2

[
(σ2 + Jg2)Ti − g2T 2

i

σ2
− T 2

i /J

]
=

1

σ2
(Ti − T 2

i /J)

When we assume balanced treatment block, in fact, Ti = J
2

and T 2
i = J2

4
for all i. So

I(θ̂)(i) =
1

σ2

(
J

2
− J

4

)
=
J/2

σ2

Thus the information contribution from each block I(θ̂)(i) > 0, so information growth

is monotonic. Further, because I(θ̂)(i) is independent of the index i, we can see that the

information increases linearly with the number of treatment blocks with rate J/2
σ2 .

For unbalanced treatment blocks, as long as both treatments appear at least once within

each block (i.e., 0 < Ti < J for all i), the derivation would be similar but the rate may not

be independent of index i.

Throughout this derivation, we assume the number of periods per block is a fixed number

J - the general setting with number of periods possibly differing by block may not necessarily

have monotonic information growth. This could occur, for example, due to missing data.

C.2 Bias-Adjusted Point Estimators

Many authors have documented the bias of estimates following a group sequential trial.

Intuitively, this arises because trials will more frequently end because of an overestimate
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of the effect size, while estimates closer to the null do not frequently lead to stopping.

Researchers have proposed several methods for reducing or eliminating this bias. We note

that some authors contend that this bias is not a problem in larger group-sequential trials,

but in the N-of-1 setting this adjustment seems critical.

In a series of N-of-1 trials, we anticipate individual trials may differ in their monitoring,

so the bias from each trial estimate may differ.

We study two types of estimators for de-biasing the effect size estimate from the linear

mixed model in addition to the naive estimator of the ATE θ̂. Let ϑ̂ be the observed naive

point estimate of the ATE, M ∈ {2, . . . , B} be the random variable for the treatment block

at which the study stopped and m be its observed value.

1. Bias-Adjusted Mean (BAM), the parameter value θ̃BAM that solves

E[θ̂; θ = θ̃BAM] = ϑ̂.

2. Median Unbiased Estimate (MUE), the parameter value θ̃MUE that solves

P ((M, θ̂) >o (m, ϑ̂); θ = θ̃MUE) =
1

2
.

This estimator requires specifying an ordering for >o, and researchers have previously

used orderings based on the analysis stage (AT), the sample mean (SM) and the like-

lihood ratio statistic (LR).

The density of the naive estimator is considered to be the sequential density derived

by Armitage, McPherson and Rowe. [52] This appeals to the asymptotic normality of the

naive estimator. The probability of the MUE is taken with respect to this density, and the

expectation of the BAM is taken with respect to this density and averaging over the random

variable of treatment block.

By construction, we observe that each of these estimators is a member of the class of

Z-estimators. To verify the asymptotic normality of these estimators, we employ van der
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Vaart theoerm 5.41. [53] Because the estimating equations are smooth functions of the

Gaussian density, they satisfy the differentiability conditions needed. As such, we employ

the expressions for the asymptotic standard error for the estimates of standard error.

C.3 Additional Simulation Results

C.3.1 Bias and Mean-Squared Error for One Sequentially-Monitored N-of-1 Trial

In Tables C.1-C.2, we present the full bias and mean-squared error results with 2 looks at

the data.

C.3.2 Bias for A Series of Sequentially-Monitored N-of-1 Trials

Figure C.1 displays the bias of the combined point estimator at different effect sizes, number

of blocks and periods per block with all constituent trials using an OBF boundary shape and

2 looks at the data. The difference in bias between 5 trials and 10 trials within a series does

not appear to be importantly different when we summarize 100-200 simulated series. It is

possible that, with a larger number of simulations, we may be able to detect patterns in the

bias across numbers of trials within a series.

C.3.3 Bias and Mean-Squared Error for A Series of Sequentially-Monitored N-of-1 Trials,

Preliminary Results Allowing for Boundary Shapes to Vary within the Series

In this section, we present preliminary results when allowing for constituent trials in a series

to have either a Pocock boundary shape or an OBF shape (for either shape, there remain 2

looks at the data). We vary the number from 0% to 100% OBF constituent trials (i.e., series

comprised of only Pocock trials to only OBF trials) with 5 or 10 N-of-1 trials in a series.

We report across similar settings as in Section C.3.2 and continue to summarize across 200

series with 5 constituent trials or 100 series with 10 constituent trials.

Figures C.2 and C.3 display the preliminary results. We see series with more OBF con-

stituent trials have consistently smaller MSE across non-zero effect sizes, but the difference
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Table C.1: Bias across 1,000 N-of-1 trials of candidate point estimators with 2 looks

Blocks Periods Effect MUE.SM MUE.AT MUE.LR BAM Näıve

13

2

0 0.01 0.01 0.01 0.01 0.01

0.5 0.04 0.04 0.04 0.02 0.05

0.75 0.05 0.06 0.05 0.03 0.07

0.9 0.06 0.06 0.06 0.03 0.08

1 0.06 0.06 0.06 0.03 0.08

1.1 0.06 0.06 0.06 0.03 0.09

1.25 0.05 0.05 0.05 0.03 0.09

1.5 0.05 0.05 0.05 0.03 0.09

3 0.02 0.02 0.02 0.01 0.02

6

0 0.01 0.01 0.01 0.01 0.01

0.5 0.03 0.04 0.03 0.02 0.05

0.75 0.04 0.05 0.04 0.03 0.07

0.9 0.04 0.04 0.04 0.03 0.07

1 0.04 0.03 0.04 0.02 0.06

1.1 0.03 0.03 0.03 0.02 0.05

1.25 0.02 0.02 0.02 0.01 0.04

1.5 0.02 0.02 0.02 0.01 0.02

3 0.02 0.02 0.02 0.02 0.02

26

2

0 -0.01 -0.01 -0.01 -0.01 -0.01

0.5 0.00 0.01 0.00 -0.01 0.01

0.75 0.02 0.02 0.02 0.00 0.04

0.9 0.02 0.03 0.02 0.00 0.05

1 0.03 0.03 0.03 0.01 0.06

1.1 0.03 0.02 0.03 0.00 0.06

1.25 0.02 0.02 0.02 0.00 0.06

1.5 0.01 0.01 0.01 -0.01 0.03

3 -0.01 -0.01 -0.01 -0.01 -0.01

6

0 0.00 0.00 0.00 0.00 0.00

0.5 0.02 0.03 0.02 0.01 0.04

0.75 0.02 0.02 0.02 0.01 0.04

0.9 0.01 0.01 0.01 0.00 0.02

1 0.00 0.00 0.00 -0.01 0.01

1.1 0.00 0.00 0.00 -0.01 0.00

1.25 0.00 0.00 0.00 -0.01 0.00

1.5 0.00 0.00 0.00 0.00 0.00

3 0.00 0.00 0.00 0.00 0.00
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Table C.2: Mean-squared error across 1,000 N-of-1 trials of candidate point estimators with

2 looks

Blocks Periods Effect MUE.SM MUE.AT MUE.LR BAM Näıve

13

2

0 0.17 0.17 0.17 0.16 0.17

0.5 0.18 0.18 0.18 0.17 0.19

0.75 0.19 0.20 0.19 0.18 0.20

0.9 0.19 0.20 0.19 0.19 0.21

1 0.20 0.20 0.20 0.19 0.21

1.1 0.20 0.21 0.20 0.20 0.21

1.25 0.21 0.21 0.21 0.20 0.21

1.5 0.21 0.22 0.21 0.21 0.21

3 0.27 0.27 0.27 0.28 0.27

6

0 0.06 0.06 0.06 0.05 0.06

0.5 0.07 0.07 0.07 0.07 0.08

0.75 0.07 0.08 0.07 0.07 0.08

0.9 0.08 0.08 0.08 0.08 0.08

1 0.08 0.08 0.08 0.08 0.07

1.1 0.08 0.08 0.08 0.08 0.08

1.25 0.09 0.09 0.09 0.09 0.08

1.5 0.09 0.09 0.10 0.10 0.09

3 0.10 0.10 0.10 0.10 0.10

26

2

0 0.08 0.08 0.08 0.08 0.08

0.5 0.09 0.09 0.09 0.08 0.09

0.75 0.09 0.10 0.09 0.09 0.10

0.9 0.10 0.10 0.10 0.10 0.11

1 0.10 0.10 0.10 0.10 0.11

1.1 0.11 0.11 0.11 0.10 0.11

1.25 0.11 0.11 0.11 0.11 0.11

1.5 0.12 0.13 0.12 0.12 0.11

3 0.15 0.15 0.15 0.15 0.15

6

0 0.03 0.03 0.03 0.03 0.03

0.5 0.04 0.04 0.04 0.04 0.04

0.75 0.04 0.04 0.04 0.04 0.04

0.9 0.04 0.05 0.04 0.05 0.04

1 0.05 0.05 0.05 0.05 0.04

1.1 0.05 0.05 0.05 0.05 0.05

1.25 0.05 0.05 0.05 0.05 0.05

1.5 0.05 0.05 0.05 0.05 0.05

3 0.05 0.05 0.05 0.05 0.05
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Figure C.1: Bias for the combined point estimator from a series of 5 or 10 sequentially-

monitored N-of-1 trials with varying numbers of blocks and periods per block and an OBF

boundary shape with 2 looks at the data. Bias of 0 indicated in red.

between the shapes decreases with more constituent trials, treatment blocks and periods per

block. We do not see a consistent pattern for bias. Similar to above, a larger number of

simulations may provide the precision to detect other patterns.
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Figure C.2: Mean-squared error for the combined point estimator from a series of 5 or 10

sequentially-monitored N-of-1 trials with varying numbers of blocks and periods per block

and varying OBF boundary shape.
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Figure C.3: Bias for the combined point estimator from a series of 5 or 10 sequentially-

monitored N-of-1 trials with varying numbers of blocks and periods per block and varying

OBF boundary shape. Bias of 0 indicated in red.
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Appendix D

SOFTWARE AND SOFTWARE-RELATED QUALITY
CONTROL OF THIS DISSERTATION

Code for reproducing results from this dissertation will be available at https://github.com/srselukar.

This section describes R packages used in the code and procedures for validating the code

base for each project.

In general, the code is written as nested functions, and each function is verified inde-

pendently. For functions from packages available on CRAN, no further verification has been

done. For user-created functions, I verify by testing multiple iterations of the input and

checking the output - if the input is simulated data, then independent simulation runs under

different settings were used.

D.1 Stratified Randomization for Platform Trials with Differing Experimental
Arm Eligibility

1. Simulating treatment assignments for platform trials: code generates subject data with

eligibility information and sequentially assigns each subject according to the proposed

methodology then returns the dataset with treatment assignments and eligibility in-

formation

• Only base R functions are used

• No additional verification beyond the default

## Output:

# Data frame ordered by enrollment containing

# 1. strat factors
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# 2. eligibility at enrollment for each experimental arm

# 3. assigned arm

## Inputs:

# 1. Time (# subjects) when arm added: (assuming 200 per arm) 100-300 total

# subjects in experimental arms

# 2. # initial experimental arms: fixed at 2

# 3. Probability of each eligibility combination: fixed at all equal

# 4. Planned sample size for arms: fixed at 200

# 5. Binary stratification factors: varies from 2-3

# a. Factor 1: p=0.5

# b. Factor 2: p=0.3

# c. (Optional) Factor 3: p=0.25

### Simulate data

simDatGen <- function(probEligInit=NULL,probEligAdd=NULL,# vectors of probabilities

# for each possible combination (PROBABILITIES NEED TO MATCH THE SAMPLING FRAME)

probStrat1=0.5,probStrat2=0.3,probStrat3=NA, # probabilities for the success

# of each strat factor; by default, only 2 factors

numSubjInit,numSubjAdd, # number of subjects before arm added and

# number of subjects after

numSims){

numExp <- 2 # fixed at 2 experimental arms for now

if (is.null(probEligInit)) probEligInit <- rep(1/(2**numExp-1),2**numExp-1)
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# if null, equal probabilities

if (is.null(probEligAdd)) probEligAdd <- rep(1/(2**(numExp+1)-1),2**(numExp+1)-1)

numSubj <- numSubjInit+numSubjAdd

### Simulate Eligibility

eligInit <- matrix(unlist(

sample(list(c(1,0,NA),

c(0,1,NA),

c(1,1,NA)),

numSubjInit * numSims,

replace=TRUE,

prob=probEligInit

)

),ncol=3,byrow=TRUE)

eligAdd <- matrix(unlist(

sample(list(c(1,0,0),

c(0,1,0),

c(1,1,0),

c(1,0,1),

c(0,1,1),

c(1,1,1),

c(0,0,1)),

numSubjAdd * numSims,

replace=TRUE,

prob=probEligAdd

)
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),ncol=3,byrow=TRUE)

### Simulate Binary Stratification Factors

strat1 <- sample(c("strat1_F","strat1_S"),numSubj * numSims,

prob=c(1-probStrat1,probStrat1),replace=TRUE)

strat2 <- sample(c("strat2_F","strat2_S"),numSubj * numSims,

prob=c(1-probStrat2,probStrat2),replace=TRUE)

if (!is.na(probStrat3)) strat3 <- sample(c("strat3_F","strat3_S"),numSubj * numSims,

prob=c(1-probStrat3,probStrat3),replace=TRUE) else strat3 <- NULL

### Create output datasets for initial subjects and subjects after adding arm;

## assign everyone NA for treatment arm

initData <- cbind(strat1[1:(numSubjInit * numSims)],

strat2[1:(numSubjInit * numSims)],

strat3[1:(numSubjInit * numSims)],

rep(NA,numSubjInit * numSims),

eligInit)

addData <- cbind(strat1[(numSubjInit*numSims+1):(numSubj*numSims)],

strat2[(numSubjInit*numSims+1):(numSubj*numSims)],

strat3[(numSubjInit*numSims+1):(numSubj*numSims)],

rep(NA,numSubjAdd * numSims),

eligAdd)

return(list(

initData,

addData
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))

}

### Compute randomization tables given already randomized data

## Input:

# Dataset with columns for each strat factor,

# assigned study arm (or NA),

# eligibility (1/0) for each experimental arm (NA for arm not added)

# Number of strat factors

# Which participant to randomize (row index)

## Output:

# Table(s) of counts of subjects with same strat factor level

# One table for each pairwise comparison with control

funTab <- function(x,numFactors,rowIdx){ # assumes that x is a data frame

# with columns 1:numFactors are strat factors and

# there exists "arm" a variable for treatment arm

elig <- as.numeric(x[rowIdx,(numFactors+1+1):ncol(x)]) # grab the

# experimental arm eligibilities

if (sum(elig,na.rm=TRUE)==1){ # if not eligible to multiple experimental arms

tabOut <- matrix(NA,ncol=2,nrow=numFactors) # table for exactly one arm or control

for (i in 1:numFactors) tabOut[i,] <- table( # count the number of subjects

# randomized to control or the

# eligible exp arm of the same strat level

factor(x[

x[,i]==x[rowIdx,i] & # other subjects with the same strat level

x[,(numFactors+1)+which(elig==1) # pick out the eligible experimental arm
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]==1, # so that they have the same (or more) eligibility

(numFactors+1) # pick out the arm variable (because we are counting

# how many in the same arm already)

],

levels=c(0,which(elig==1)))

)

return(tabOut)

} else {

tabOut <- vector("list",sum(elig,na.rm=TRUE)) # a table for each arm and

# associated control

for (j in 1:sum(elig,na.rm=TRUE)){

tabOut[[j]] <- matrix(NA,ncol=2,nrow=numFactors)

for (i in 1:numFactors) tabOut[[j]][i,] <- table( # count the number of subjects

# randomized to control or the

# eligible exp arm of the same strat level

factor(x[

x[,i]==x[rowIdx,i] & # other subjects with the same strat level

x[,(numFactors+1)+which(elig==1)[j] # pick out the eligible experimental arm

]==1, # so that they have the same (or more) eligibility

(numFactors+1) # pick out the arm variable

],

levels=c(0,which(elig==1)[j]))

) # creates a table for each experimental arm j=1,...,sum(elig,na.rm=TRUE)

}

return(tabOut)

}

}
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### One simulation run:

## Input:

# One data set of pre-arm add data and one data set of post-arm add data

# When to add arm (# of subjects)

## Output:

# Data frame ordered by enrollment containing

# 1. strat factors

# 2. eligibility at enrollment for each experimental arm

# 3. assigned arm

## Outline:

# 1. Loop over all subjects in the pre-arm add data with

# stratified randomization method

# 2. Switch to post-arm add data;

# break loop and output data when 200 in every arm

assignArms <- function(datInInit,datInAdd, # one dataset each for pre- and

# post-add

numFactors, # number of stratification factors

numArmsInit=2, # number of experimental arms before adding

pBalance=0.67, # weight given to the least imbalanced arm for randomization

combData, # an indicator variable to decide whether to combine pre-add data

# into calculations after adding arm

numAdd, # number of pooled experimental arm subjects

# when we add the new experimental arm

armSize=200){ # the number needed in each experimental arm to close the arm
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### start with initial data

# loop over each subject in pre-add data and assign an arm

# count number randomized to each experimental arm

# end loop when numAdd subjects randomized (pooled) to experimental arms

dat <- datInInit

# dat[,numFactors+1] will store the arm variable

for (j in 1:nrow(dat)){ # plan to run through all of the subjects in the input

# initial data: the input data will be larger than needed

# to hit the desired number of experimental arm subjects

elig.j <- c(0,which(dat[j,(numFactors+1+1):(numFactors+1+numArmsInit)]==1))

# create a vector of the control arm (0) and experimental arms to

# which subject is eligible

if (j==1){ # need to deal with first subject differently (randomly assign

# based on eligibility)

dat[,numFactors+1][j] <- sample(elig.j,1)

} else {

N <- length(elig.j) # number of arms to which subject is eligible

G <- rep(NA,N) # will hold the balance for each arm possible

pUnbalance <- (1-pBalance)/(N-1) # the weights for the more imbalanced study arms

p <- rep(pUnbalance,N) # hold the probabilities of allocation,

# initially assign least favorable weight

tab.j <- funTab(dat,numFactors,j) # get the pairwise tabulations for

# the subject under consideration
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if (!is.list(tab.j)){ # if tab.j is not a list,

# then it is only one table because subject is only eligible to 1 experimental arm

for (armIdx in 1:N){ # N=2 based on the if statement

tab.j.arm <- tab.j

tab.j.arm[,armIdx] <- tab.j.arm[,armIdx]+1 # for each eligible study arm,

# we will add one to its count to check the imbalance for adding to that arm

G[armIdx] <- sum(max(dist(tab.j.arm[1,],"manhattan")),

max(dist(tab.j.arm[2,],"manhattan")),

ifelse(numFactors==3,max(dist(tab.j.arm[1,],"manhattan")),0) # also add over

# the 3rd stratification factor if it exists

)

}

} else { # if tab.j is a list, then there are multiple tables

# because of multiple experimental arm eligibilities

Gtab1 <- Gtab2 <- matrix(nrow=N,ncol=N-1) # store the imbalance for each

# stratification factor for adding to each arm, over all pairwise comparisons (N-1)

if (numFactors==3) Gtab3 <- matrix(nrow=N,ncol=N-1) # if a 3rd factor is included

for (armIdx in 0:(N-1)){ # for each eligible study arm, we will add one to

# its count to check the imbalance for adding to that arm

for (tabIdx in 1:(N-1)){ # calculate the imbalance for each table (number of

# pairwise tables is N-1 > 1 in this else statement)

tab.j.arm <- tab.j[[tabIdx]] # grab one pairwise table

if (armIdx==0) tab.j.arm[,1] <- tab.j.arm[,1]+1 # the study arm being added is

# the contorl arm: add one to the column in every pairwise table

if (tabIdx==armIdx) tab.j.arm[,2] <- tab.j.arm[,2]+1 # the study arm being added

# is the experimental arm of the current pairwise table: add one
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Gtab1[armIdx+1,tabIdx] <- dist(tab.j.arm[1,],"manhattan")

Gtab2[armIdx+1,tabIdx] <- dist(tab.j.arm[2,],"manhattan")

if (numFactors==3) Gtab3[armIdx+1,tabIdx] <- dist(tab.j.arm[3,],"manhattan")

}

G[armIdx+1] <- sum( # sum across stratification factors for the imbalance due to

# adding to the given study arm

max(Gtab1[armIdx+1,]), # imbalance for strat factor 1 and given study arm

max(Gtab2[armIdx+1,]), # strat factor 2

ifelse(numFactors==3,max(Gtab3[armIdx+1,]),0) # optional strat 3

)

}

}

dup.j <- duplicated(G) | duplicated(G,fromLast = TRUE) # gets all indices of

# the duplicated arm imbalances

if (!any(dup.j)){ # no duplications

p[which.min(G)] <- pBalance # give the most balanced arm a

# higher probability of allocation

dat[,numFactors+1][j] <- sample(elig.j,1,prob=p)

} else if (length(dup.j)==2){ # only eligible for ctrl + one treatment and

# both tied, so give equal weight in randomizing

dat[,numFactors+1][j] <- sample(elig.j,1)

} else { # eligible for multiple arms,

# need to consider whether the duplicates are above or below the

# smallest imbalance score

if (min(G[dup.j])==min(G)){ # the smallest imbalance is duplicated

pTie <- (pBalance+(sum(G==min(G))-1)*pUnbalance)

p[G==min(G)] <- pTie/sum(G==min(G))
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p[G!=min(G)] <- (1-pTie)/sum(G!=min(G))

dat[,numFactors+1][j] <- sample(elig.j,1,prob=p)

} else { # the smallest imbalance is not duplicated, so ignore duplicates

p[which.min(G)] <- pBalance # give the most balanced arm a

# higher probability of allocation

dat[,numFactors+1][j] <- sample(elig.j,1,prob=p)

}

}

if (sum(dat[,numFactors+1]==1 | dat[,numFactors+1]==2,na.rm=TRUE) > numAdd) {

# stop the loop once we hit the desired number of experimental arm subjects

initSubj <- j

break

}

}

}

datInit <- dat[1:initSubj,]

rm(dat) # clean it up just in case

### now deal with the subjects after adding the additional experimental arm

# repeat the process but with post-add data

# use combData variable to decide if funTab() function includes the

# pre-add data or not

# keep counter of total number randomized to each arm

# end loop when all arms have armSize subjects
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if (combData) { # either combine the initial data (for those assigned) with the

# data with add or keep separate

dat <- rbind(datInit,datInAdd) # the combined data of the

# actually-assigned initial subjects + the potential data after adding arm

addIdx <- (initSubj+1):(initSubj+nrow(datInAdd)) # only loop over new,

# non-assigned subjects

preAddOffset <- rep(0,numArmsInit+1) # because we include the pre-add data,

# we do not need an offset

} else {

dat <- datInAdd # only use additional data for stratified randomization procedure

addIdx <- 1:nrow(datInAdd)

preAddOffset <- table(factor(datInit[,numFactors+1],levels=1:(numArmsInit+1)))

# we want to include this offset to properly count the

# arm sizes in the following loop

}

for (j in addIdx){ # run through all of the subjects in the input add data:

# the input data will be larger than needed to

# hit the desired number of experimental arm subjects

elig.j <- c(0,which(dat[j,(numFactors+1+1):ncol(dat)]==1)) # create a vector of

# the control arm (0) and experimental arms to which subject is eligible

if (any(elig.j > 0)){ # if no experimental arm eligibility, skip this subject

if (j==1){ # need to deal with first subject differently (randomly

# assign based on eligibility)

dat[,numFactors+1][j] <- sample(elig.j,1)

} else {
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N <- length(elig.j) # number of arms to which subject is eligible

G <- rep(NA,N) # will hold the balance for each arm possible

pUnbalance <- (1-pBalance)/(N-1)

# the weights for the more imbalanced study arms

p <- rep(pUnbalance,N) # hold the probabilities of allocation,

# initially assign least favorable weight

tab.j <- funTab(dat,numFactors,j) # get the pairwise tabulations for

# the subject under consideration

if (!is.list(tab.j)){ # if tab.j is not a list,

# then it is only one table because subject is only eligible to 1 experimental arm

for (armIdx in 1:N){ # N=2 based on the if statement

tab.j.arm <- tab.j

tab.j.arm[,armIdx] <- tab.j.arm[,armIdx]+1 # for each eligible study arm,

# we will add one to its count to check the imbalance for adding to that arm

G[armIdx] <- sum(max(dist(tab.j.arm[1,],"manhattan")),

max(dist(tab.j.arm[2,],"manhattan")),

ifelse(numFactors==3,max(dist(tab.j.arm[1,],"manhattan")),0) # also add over the

# 3rd stratification factor if it exists

)

}

} else { # if tab.j is a list, then there are multiple tables because

# of multiple experimental arm eligibilities

Gtab1 <- Gtab2 <- matrix(nrow=N,ncol=N-1) # store the imbalance for each

# stratification factor for adding to each arm,

# over all pairwise comparisons (N-1)

if (numFactors==3) Gtab3 <- matrix(nrow=N,ncol=N-1) # if a 3rd factor is included

for (armIdx in 0:(N-1)){ # for each eligible study arm,
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# we will add one to its count to check the imbalance for adding to that arm

for (tabIdx in 1:(N-1)){ # calculate the imbalance for

# each table (number of pairwise tables is N-1 > 1 in this else statement)

tab.j.arm <- tab.j[[tabIdx]] # grab one pairwise table

if (armIdx==0) tab.j.arm[,1] <- tab.j.arm[,1]+1 # the study arm being added is

# the control arm: add one to the column in every pairwise table

if (tabIdx==armIdx) tab.j.arm[,2] <- tab.j.arm[,2]+1 # the study arm being added

# is the experimental arm of the current pairwise table: add one

Gtab1[armIdx+1,tabIdx] <- dist(tab.j.arm[1,],"manhattan")

Gtab2[armIdx+1,tabIdx] <- dist(tab.j.arm[2,],"manhattan")

if (numFactors==3) Gtab3[armIdx+1,tabIdx] <- dist(tab.j.arm[3,],"manhattan")

}

G[armIdx+1] <- sum( # sum across stratification factors for

# the imbalance due to adding to the given study arm

max(Gtab1[armIdx+1,]), # imbalance for strat factor 1 and given study arm

max(Gtab2[armIdx+1,]), # strat factor 2

ifelse(numFactors==3,max(Gtab3[armIdx+1,]),0) # optional strat 3

)

}

}

dup.j <- duplicated(G) | duplicated(G,fromLast = TRUE) # gets all indices of

# the duplicated arm imbalances

if (!any(dup.j)){ # no duplications

p[which.min(G)] <- pBalance # give the most balanced arm a

# higher probability of allocation



100

dat[,numFactors+1][j] <- sample(elig.j,1,prob=p)

} else if (length(dup.j)==2){ # only eligible for ctrl + one treatment and

# both tied, so give equal weight in randomizing

dat[,numFactors+1][j] <- sample(elig.j,1)

} else { # eligible for multiple arms, need to consider whether the duplicates are

# above or below the smallest imbalance score

if (min(G[dup.j])==min(G)){ # the smallest imbalance is duplicated

pTie <- (pBalance+(sum(G==min(G))-1)*pUnbalance)

p[G==min(G)] <- pTie/sum(G==min(G))

p[G!=min(G)] <- (1-pTie)/sum(G!=min(G))

dat[,numFactors+1][j] <- sample(elig.j,1,prob=p)

} else { # the smallest imbalance is not duplicated, so ignore duplicates

p[which.min(G)] <- pBalance # give the most balanced arm a

# higher probability of allocation

dat[,numFactors+1][j] <- sample(elig.j,1,prob=p)

}

}

expArmSizes <- preAddOffset + table(factor(dat[,numFactors+1],

levels=1:(numArmsInit+1))) # counter of the size of each experimental arm

if (any(expArmSizes >= armSize)){ # close experimental arms that are full

dat[(j+1):nrow(dat),(numFactors+1)+which(expArmSizes >= armSize)] <- NA # make all

# later subjects ineligible to full arms

}

if (all(expArmSizes >= armSize)) { # stop the loop once we hit the desired number

# of subjects in all experimental arms
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break

}

}

}

}

# store the final assigned data

if (combData){

datFin <- dat[1:j,]

} else {

datFin <- rbind(datInit,dat[1:j,])

}

finSubj <- nrow(datFin)

outArmSizes <- table(factor(datFin[,numFactors+1],levels=0:(numArmsInit+1)))

return(list(datInit,datFin, # record each output data set

initSubj,finSubj, # record the time (subject number) at which each "stage" ended

outArmSizes # record the final arm sizes

)

)

}

2. Summarizing different approaches after addition of experimental arms: for each exper-

imental arm, as each subject accrues, the code calculates the ratio of subjects assigned

to the experimental arm compared to eligible subjects assigned to the standard of care
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arm and summarizes how the ratio changes in the window before and after addition of

new experimental arms

• Only base R functions are used

• In addition to the default verification of the simulation functions, the methods

were checked to ensure balance was being achieved by assessing whether the ratios

described above approach 1 as subjects accrue

D.2 RECeUS: Ratio Estimation of Censored Uncured Subjects, A Different
Approach for Studying Sufficient Follow-Up in Studies of Long-Term Sur-
vivors

1. Simulating data with long-term survivors: code uses the inverse transform method

to sample from a specified mixture-cure distribution and returns observed times and

censoring

• Uses R package: flexsurvcure (available on CRAN)

• No additional verification beyond the default

### Simulate data

## Expect:

## n=sample size per simulation,

## sims=number of simulations,

## seed=seed for random draw

## dist=type of uncured distribution (exp, wei, llogis, g.gam),

## params=param vector that includes truCure as first element and

## the parameters of the uncured distribution after truCure,

## tauP=what percentile of uncured distribution is admin censoring

simData <- function(n=100,sims=1,seed=2019,params=c(0.3,1),dist="exp",tau=1.5,
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accrualTime=NULL){

if (is.null(accrualTime)) accrualTime <- tau/2

truCure <- params[1]

truTheta <- params[-1]

set.seed(seed)

u <- runif(sims * n)

cens <- runif(sims * n,min=tau-accrualTime,max=tau) # akin to uniform accrual:

# note that min(T,tau-A)=min(T,C) where C=tau-A~Unif(tau-accrual,tau)

# Inverse transform sampling: X = q(u / (1-pi)) [equal in distribution;

# q is quantile function; u is uniform sample; pi is cure]

if (dist=="exp"){

truT <- ifelse(!is.nan(qexp(u/(1-truCure),rate=truTheta[1])),

qexp(u/(1-truCure),rate=truTheta[1]),Inf

)

}

if (dist=="wei"){

truT <- ifelse(!is.nan(qweibull(u/(1-truCure),shape=truTheta[1],

scale=truTheta[2])),

qweibull(u/(1-truCure),shape=truTheta[1],scale=truTheta[2]),Inf

)

}

if (dist=="llogis"){

truT <- ifelse(!is.nan(qllogis(u/(1-truCure),shape=truTheta[1],

scale=truTheta[2])),
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qllogis(u/(1-truCure),shape=truTheta[1],scale=truTheta[2]),Inf

)

}

if (dist=="gam"){ # uses RATE parameterization in flexsurv!!

# use rate here to be consistent

truT <- ifelse(!is.nan(qgamma(u/(1-truCure),shape=truTheta[1],

rate=truTheta[2])),

qgamma(u/(1-truCure),shape=truTheta[1],rate=truTheta[2]),Inf

)

}

if (dist=="g.gam"){

truT <- ifelse(!is.nan(qgengamma(u/(1-truCure),mu=truTheta[1],

sigma=truTheta[2],Q=truTheta[3])),

qgengamma(u/(1-truCure),mu=truTheta[1],sigma=truTheta[2],Q=truTheta[3]),Inf

)

}

# Observed in sample

obsY <- pmin(cens,truT)

obsDelta <- truT <= cens

return(data.frame(Y=obsY,D=obsDelta))

}

2. Fitting models to simulated data: code fits class of parametric models and calculates

sufficient follow-up statistics for the simulated data and returns all calculated estimates

• Uses R package: flexsurvcure (available on CRAN)
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• In addition to the default verification of the simulation functions, the information

of the RECeUS r̂n statistic was calculated numerically in R and compared to

simulated results

### Analysis Functions

## Wrapper function for computing MLE

mleFun <- function(dat,dist="exp"){ # expects a df with columns Y,D

if (dist=="exp"){

tmp <- flexsurvcure(Surv(Y,D)~1,data=dat,dist="exp")

return(c(pi=tmp$res[1,1],rate=tmp$res[2,1],

piLB=tmp$res[1,2],piUB=tmp$res[1,3],

rateLB=tmp$res[2,2],rateUB=tmp$res[2,3],

AIC=tmp$AIC))

}

if (dist=="expUnc"){

tmp <- flexsurvreg(Surv(Y,D)~1,data=dat,dist="exp")

return(c(pi=0,rate=tmp$res[1,1],

piLB=NA,piUB=NA,

rateLB=tmp$res[1,2],rateUB=tmp$res[1,3],

AIC=tmp$AIC))

}

if (dist=="wei"){

tmp <- flexsurvcure(Surv(Y,D)~1,data=dat,dist="weibull")

return(c(pi=tmp$res[1,1],shape=tmp$res[2,1],scale=tmp$res[3,1],

piLB=tmp$res[1,2],piUB=tmp$res[1,3],

shapeLB=tmp$res[2,2],shapeUB=tmp$res[2,3],

scaleLB=tmp$res[3,2],scaleUB=tmp$res[3,3],

AIC=tmp$AIC))
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}

if (dist=="weiUnc"){

tmp <- flexsurvreg(Surv(Y,D)~1,data=dat,dist="weibull")

return(c(pi=0,shape=tmp$res[1,1],scale=tmp$res[2,1],

piLB=NA,piUB=NA,

shapeLB=tmp$res[1,2],shapeUB=tmp$res[1,3],

scaleLB=tmp$res[2,2],scaleUB=tmp$res[2,3],

AIC=tmp$AIC))

}

if (dist=="llogis"){

tmp <- flexsurvcure(Surv(Y,D)~1,data=dat,dist="llogis")

return(c(pi=tmp$res[1,1],shape=tmp$res[2,1],scale=tmp$res[3,1],

piLB=tmp$res[1,2],piUB=tmp$res[1,3],

shapeLB=tmp$res[2,2],shapeUB=tmp$res[2,3],

scaleLB=tmp$res[3,2],scaleUB=tmp$res[3,3],

AIC=tmp$AIC))

}

if (dist=="llogisUnc"){

tmp <- flexsurvreg(Surv(Y,D)~1,data=dat,dist="llogis")

return(c(pi=0,shape=tmp$res[1,1],scale=tmp$res[2,1],

piLB=NA,piUB=NA,

shapeLB=tmp$res[1,2],shapeUB=tmp$res[1,3],

scaleLB=tmp$res[2,2],scaleUB=tmp$res[2,3],

AIC=tmp$AIC))

}

if (dist=="gam"){

tmp <- flexsurvcure(Surv(Y,D)~1,data=dat,dist="gamma")

return(c(pi=tmp$res[1,1],shape=tmp$res[2,1],rate=tmp$res[3,1],
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piLB=tmp$res[1,2],piUB=tmp$res[1,3],

shapeLB=tmp$res[2,2],shapeUB=tmp$res[2,3],

rateLB=tmp$res[3,2],rateUB=tmp$res[3,3],

AIC=tmp$AIC))

}

if (dist=="gamUnc"){

tmp <- flexsurvreg(Surv(Y,D)~1,data=dat,dist="gamma")

return(c(pi=0,shape=tmp$res[1,1],rate=tmp$res[2,1],

piLB=NA,piUB=NA,

shapeLB=tmp$res[1,2],shapeUB=tmp$res[1,3],

rateLB=tmp$res[2,2],rateUB=tmp$res[2,3],

AIC=tmp$AIC))

}

if (dist=="g.gam"){

tmp <- flexsurvcure(Surv(Y,D)~1,data=dat,dist="gengamma")

return(c(pi=tmp$res[1,1],mu=tmp$res[2,1],sigma=tmp$res[3,1],shape=tmp$res[4,1],

piLB=tmp$res[1,2],piUB=tmp$res[1,3],

muLB=tmp$res[2,2],muUB=tmp$res[2,3],

sigmaLB=tmp$res[3,2],sigmaUB=tmp$res[3,3],

shapeLB=tmp$res[4,2],shapeUB=tmp$res[4,3],

AIC=tmp$AIC))

}

if (dist=="g.gamUnc"){

tmp <- flexsurvreg(Surv(Y,D)~1,data=dat,dist="gengamma")

return(c(pi=0,mu=tmp$res[1,1],sigma=tmp$res[2,1],shape=tmp$res[3,1],

piLB=NA,piUB=NA,

muLB=tmp$res[1,2],muUB=tmp$res[1,3],

sigmaLB=tmp$res[2,2],sigmaUB=tmp$res[2,3],
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shapeLB=tmp$res[3,2],shapeUB=tmp$res[3,3],

AIC=tmp$AIC))

}

}

## M-Z test statistic Maller Zhou (1994)

mzTest <- function(dat){ # expects a df with columns Y,D

maxE <- max(dat$Y[dat$D==1]) # last event time

if (max(dat$Y) > maxE){

plat <- max(dat$Y) - maxE

numBefore <- sum(dat$D==1 & dat$Y > (maxE-plat)) # number of events that

# are plateau length before the last event

return(

(1-numBefore/nrow(dat))**nrow(dat) # alphahat

)

} else return(NA) # if the last observation is an event, then this test fails

}

## qn test statistic Maller Zhou (1996)

qnTest <- function(dat){ # expects a df with columns Y,D

maxE <- max(dat$Y[dat$D==1]) # last event time

maxAll <- max(dat$Y)

if (maxAll > maxE){

numPlat <- sum(dat$D==1 & dat$Y > (2*maxE-maxAll) & dat$Y <= maxE) # number of

# events that are between (2*maxE-maxAll) (exclusive) and maxE (inclusive)

return(

numPlat/nrow(dat) # qn

)
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} else return(NA) # if the last observation is an event, then this test fails

}

shenTest <- function(dat){ # Shen 2000

maxE <- max(dat$Y[dat$D==1]) # last event time

maxAll <- max(dat$Y)

if (maxAll > maxE){

w <- (maxAll - maxE)/maxAll

tauG <- w*maxE+(1-w)*maxAll

numBefore <- sum(dat$D==1 &

(dat$Y >= tauG*maxE/maxAll & dat$Y <= maxE)

) # number of events that are "plateau" length before the last event (plateau here

# is different than before)

return(

(1-numBefore/nrow(dat))**nrow(dat) # alphatilde

)

} else return(NA) # if the last observation is an event, then this test fails

}

D.3 A Framework for Sequential Monitoring of One N-of-1 Trial and Com-
bining Results across a Series of Sequentially-Monitored N-of-1 Trials

1. Simulating data from N-of-1 trials: code generates each N-of-1 trial based on correctly-

specified linear mixed-effects model then returns the naive estimate after every treat-

ment block and its standard error

• Uses R packages (all available on CRAN):

– gtools - Computing possible combinations of treatment assignment sequences
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– mvtnorm - Generate data

– lme4 - Analyze data at each treatment block

• No additional verification beyond the default

### Function to simulate data for one (n-of-1) trial

## 1. generate the treatment assignments

## 2. construct fixed design matrix and covariance matrix

## 3. simulate one trial

## Inputs:

# 1. numPeriods: number of periods per block

# NOTE: currently, must be multiple of 2 because balanced

# treatment frequency within blocks

# 2. numBlocks: number of independent blocks

# 3. fixIntercept: fixed effect under "control" (default to 0,

# do not plan on changing)

# 4. fixSlope: fixed treatment effect

# 5. randVar: Random effect variance (i.e., within-block covariance) (default to 1)

# 6. errVar: Error variance (default to 1, do not plan on changing)

# 7. inSeqs: matrix of possible sequences for periods within a block

# each row is possible sequence (not simulation input:

# generated by simData function by numPeriods/numBlocks/timeBlock arguments)

## Output:

# Dataframe with names y (outcome vector), trt (treatment assignment) with

# nrow()=numPeriods*numBlocks

simOneTrial <- function(numPeriods,

numBlocks,
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fixIntercept,

fixSlope,

randVar,

errVar,

inSeqs){

fixParams <- c(fixIntercept,fixSlope)

### generate treatment assignments

blockSeqs <- sample(1:nrow(inSeqs),numBlocks,replace=TRUE) # indicates which

# of the sequences used for each of the blocks; assignments may be repeated

trtAsns <- c(t(inSeqs[blockSeqs,])) # converts the sequences above to a vector

# of the assignments for the full trial

### construct fixed design matrix and covariance matrix

fixDesignMat <- cbind(rep(1,numPeriods*numBlocks),trtAsns)

blockCovar <- errVar*

diag(numPeriods)+randVar*matrix(1,nrow=numPeriods,ncol=numPeriods)

trialCovar <- diag(numBlocks) %x% blockCovar

### simulate one trial

y <- rmvnorm(1,

mean=(fixDesignMat %*% fixParams),

sigma=trialCovar

)

return(cbind(block=rep(1:numBlocks,each=numPeriods),y=c(y),trt=trtAsns))

}
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### Function to simulate data for all trials in a simulation set

# (calls simOneTrial)

## Inputs:

# 1. numTrials: number of trials to simulate (default to 1 for testing)

# 2. timeBlock: binary variable to indicate whether

# sequences must be ABBA/BAAB-type to account for time confounding,

# or if other sequences are also acceptable

# (defaults to FALSE, not currently supported)

# 3+. arguments for simOneTrial

## Output:

# array with dim()=c(numPeriods*numBlocks,3,numTrials)

# one layer for each trial, each layer has 3 columns (y, trt and block,

# inherited from simOneTrial) and numPeriods*numBlocks rows

simData <- function(numTrials=1,

timeBlock=FALSE,

numPeriods=4,

numBlocks=3,

fixIntercept=0,

fixSlope=1,

randVar=1,

errVar=1){

if (numPeriods %% 2 != 0 ) stop("Unbalanced treatment frequency within blocks")

### generate possible treatment sequences for each block

tmpSeqs <- permutations(numPeriods,numPeriods,

c(rep(0,numPeriods/2),rep(1,numPeriods/2)),



113

set=FALSE) # calculates all possible sequences (with some duplicates)

posSeqs <- tmpSeqs[!duplicated(tmpSeqs),]

if (timeBlock){

stop("Not supported") # need to figure out how to select only the

# time confounding sequences from posSeqs

} else {

inSeqs <- posSeqs

}

### call simOneTrial

out <- replicate(numTrials,

simOneTrial(numPeriods,

numBlocks,

fixIntercept,

fixSlope,

randVar,

errVar,

inSeqs))

return(out)

}

2. Summarizing type-1 error, power, early stopping and average number of blocks at

stopping: code computes monitoring boundaries then returns decision and numbers of

blocks at stopping

• Uses R package: gsDesign (available on CRAN)



114

• No additional verification beyond the default

3. Summarizing bias and mean-squared error for candidate point estimators: code com-

putes monitoring boundaries, candidate point estimates and estimates of standard

error

• Uses R package: RCTdesign (not available on CRAN)

• In addition to the default verification of the simulation functions, the RCTdesign

package functions were verified in the following ways:

– Compared monitoring boundaries with those returned by gsDesign package

– Compared the “lower-level” functions (e.g., sequential monitoring density,

expectation of naive estimate) against user-written functions written in base

R

– Compared higher-level functions (e.g., computing point estimates) against

user-written functions written with lower-level RCTdesign functions

### Function to create monitoring boundaries (requires RCTdesign)

# only 3 specific boundary shapes supported currently

# Inputs:

# 1. stopTimes: vector of stopping times (i.e., blocks after which

# data are analyzed)

# stopTimes[1] >= 2 and stopTimes[length(stopTimes)] == last block of trial

# 2. totBlocks: total number of blocks (max "sample size")

# 3. boundType: type of boundary (supporting symmetric OBF, symmetric Pocock and

# asymmetric with OBF upper and Pocock lowerr)

# 4. alpha: one-sided alpha level (defaults to 0.025, not planning to change)
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# Outputs:

# seqDesign object

makeBounds <- function(stopTimes,

boundType="symOBF",

alpha=0.025){

if (boundType=="symPoc"){

out <- seqDesign(nbr.analysis=length(stopTimes),sample.size=stopTimes,

arms=1,

design.family="Pocock",

test.type="two.sided")

} else if (boundType=="symOBF"){

out <- seqDesign(nbr.analysis=length(stopTimes),sample.size=stopTimes,

arms=1,

design.family="OBF",

test.type="two.sided")

} else if (boundType=="asym") { # asymmetric with OBF upper and Poc lower;

# NOTE: allows for conclusion of null at last analysis

# (if no crossing at last stage)

upBound <- seqDesign(nbr.analysis=length(stopTimes),sample.size=stopTimes,

arms=1,

design.family="OBF",

test.type="two.sided")$boundary[,4]

loBound <- seqDesign(nbr.analysis=length(stopTimes),sample.size=stopTimes,

arms=1,

design.family="Pocock",

test.type="two.sided")$boundary[,1]
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out <- seqDesign(nbr.analysis=length(stopTimes),sample.size=stopTimes,

arms=1,

exact.constraint=cbind(loBound,0,0,upBound),

test.type="two.sided")

} else stop("Not supported")

return(out)

}

### Function to return bias-adjusted estimates from a naive estimate at stopping

# (requires RCTdesign)

# Inputs:

# 1. boundObj: the seqDesign object used for monitoring

# 2. stopIdx: index of stopping

# 3. est.Naive: naive estimate at stopping

# 4. se.Naive: naive estimate of standard error at stopping

# 5. h: increment size for numerical derivative

# Outputs: list of two vectors of length 6

# 1. vector of naive + bias-adjusted estimates

# 2. vector of corresponding estimated standard errors

calcEst <- function(boundObj,stopIdx,est.Naive,se.Naive,h){

newBound <- update.seqDesign(boundObj,

exact.constraint=seqBoundary(boundObj,scale="Z"),design.family="Z",

# otherwise, update may change the Z boundaries! (esp for asymmetric bounds)
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sd=se.Naive*sqrt(boundObj$specification$sample.size[stopIdx])

# need to update the input standard deviation (note that seqDesign expects

# SD not SE)

)

### RCTdesign natively returns all bias-adjusted estimates except conditional BAM

infOut <- seqInference(newBound,observed=est.Naive,analysis.index = stopIdx,

inScale="X")

estMUE.SM <- infOut[,4]

estMUE.AT <- infOut[,5]

estMUE.LR <- infOut[,6]

est.BAM <- infOut[,7]

## calculate CBAM

est.CBAM <- tryCatch(

myCBAM(desIn=newBound,observed=est.Naive,analysis.index=stopIdx,

searchRange=est.Naive+c(-1,1)),

error=function(e) return(NA)

)

if (is.na(est.CBAM)) {

tryCatch(

myCBAM(desIn=newBound,observed=est.Naive,analysis.index=stopIdx,

searchRange=est.Naive+c(-3,3)),

error=function(e) return(NA)

)

}
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## collect all estimates

estOut <- cbind(

estMUE.SM,estMUE.AT,estMUE.LR,

est.BAM,

est.CBAM,

est.Naive

)

### Use Z-estimator large-sample theory to produce estimated variance/SE

pSeqOut <- cbind(

(pSeq(newBound,observed=estOut[,1],theta=estOut[,1]-h,analysis.index=stopIdx)[,4]-

pSeq(newBound,observed=estOut[,1],theta=estOut[,1]+h,analysis.index=stopIdx)[,4])/

(2*h), # MUE.SM

(pSeq(newBound,observed=estOut[,2],theta=estOut[,2]-h,analysis.index=stopIdx)[5]-

pSeq(newBound,observed=estOut[,2],theta=estOut[,2]+h,analysis.index=stopIdx)[,5])/

(2*h), # MUE.AT

(pSeq(newBound,observed=estOut[,3],theta=estOut[,3]-h,analysis.index=stopIdx)[,6]-

pSeq(newBound,observed=estOut[,3],theta=estOut[,3]+h,analysis.index=stopIdx)[,6])/

(2*h) # MUE.LR

)

meanSeqOut <- (meanSeq(newBound,estOut[,4]+h)[2]-

meanSeq(newBound,estOut[,4]-h)[2])/(2*h)

condmeanSeqOut <- (condMeanSeq(newBound,stopIdx,estOut[,5]+h)-

condMeanSeq(newBound,stopIdx,estOut[,5]-h))/(2*h)
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B <- cbind(

pSeqOut,

meanSeqOut[[1]],

condmeanSeqOut

)

A <- (cbind( # delta method

(pSeq(newBound,observed=estOut[,1]-h,theta=estOut[,1],analysis.index=stopIdx)[,4]-

pSeq(newBound,observed=estOut[,1]+h,theta=estOut[,1],analysis.index=stopIdx)[,4])/

(2*h), # MUE.SM

(pSeq(newBound,observed=estOut[,2]-h,theta=estOut[,2],analysis.index=stopIdx)[5]-

pSeq(newBound,observed=estOut[,2]+h,theta=estOut[,2],analysis.index=stopIdx)[,5])/

(2*h), # MUE.AT

(pSeq(newBound,observed=estOut[,3]-h,theta=estOut[,3],analysis.index=stopIdx)[,6]-

pSeq(newBound,observed=estOut[,3]+h,theta=estOut[,3],analysis.index=stopIdx)[,6])/

(2*h), # MUE.LR

1,

1 # no need for Delta method for BAM or CBAM because derivative is 1

)**2)*

((se.Naive**2)) # NOTE: naive SE takes into account sample size

seOut <- cbind(

sqrt( # SE instead of variance

(A/(B**2)) # large-sample approximation for variance of Z-estimators

# (NOTE: naive SE already took into account sample size)

),
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se.Naive

)

return(list(

estOut,seOut

))

}

## Helper functions to calculate CBAM

# calculate the conditional expectation

condMeanSeq <- function(desIn,anaIdx,theta){

# calculate denominator of conditional likelihood

# (probability of stopping at look=anaIdx)

totLooks <- nrow(seqBoundary(desIn))

if (totLooks > 1) {

cumeProbs <- (seqEvaluate(dsn=desIn,theta=theta,pwr=NULL)[[3]][4+(1:anaIdx)])

# use RCTdesign to calculate the probabilities

if (anaIdx == 1) probM <- cumeProbs[1] else probM <- diff(cumeProbs)[anaIdx-1]

# need to use diff() to calculate the probability of each stage > first

} else probM <- 1 # automatically stops if only 1 look

integCondSeq(x=desIn,analysis.index=anaIdx,observed=Inf,theta=theta,task="e")[1,4]/

probM # need to use observed=Inf to indicate a full expectation,

# but only at stopping stage (not mean across all stages)
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}

# find the root over conditional expectations

# (note: analogous to BAM but using conditional density)

myCBAM <- function(desIn,observed,analysis.index,searchRange=c(-3,8)) {

if ( # do not return estimate if should not have stopped

analysis.index != nrow(desIn$boundary) & # not the last look

!(observed < desIn$boundary[analysis.index,1] |

observed > desIn$boundary[analysis.index,4])

# did not cross the boundary at that look

) {

return(NA)

} else return(uniroot(function(t) as.numeric(condMeanSeq(desIn,analysis.index,t))-

observed,interval=searchRange)$root)

# return CBAM when stopped properly

}

### Function to use input monitoring boundary and simulation results to

# output bias-adjusted estimates with standard errors

## Inputs:

# 1. dataIn: simulation results - a matrix of the estimates and

# standard errors with

# nrow() = number of simulations

# ncol() = 2*(number of trial blocks-1) with

# odd columns the estimates after each block (no analysis after block 1) and
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# even columns the (observed) standard error

# 2. stopTimes: vector of stopping times (i.e., blocks after which data would have been analyzed)

# stopTimes[1] >= 2 and stopTimes[length(stopTimes)] == last block of trial

# 3. boundIn: seqDesign object

# 4. h: increment size for numerical derivative

## Outputs: list of 2 matrices (numSims rows and 6 columns, one for each estimator)

# 1. estimates

# 2. estimated standard errors

## Important: block 1 estimate/SE not included in simulation results -

# impacts the indexing

anaSims <- function(dataIn,stopTimes,boundIn,

h=1e-6){

numBlocks <- stopTimes[length(stopTimes)]

### First find the block the trial stops at

bounds <- matrix(

seqBoundary(boundIn,scale="Z")[,c(1,4)],

ncol=2)

stopFun <- function(x) min(which(x < bounds[,1] | x > bounds[,2]),nrow(bounds))

# return logical index of stop

if (length(stopTimes) > 1){

statIn <- dataIn[,2*(stopTimes-1)-1]/dataIn[,2*(stopTimes-1)]

# transform the simulation data to wald statistic for monitoring boundary
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} else {

statIn <- matrix(

dataIn[,2*(stopTimes-1)-1]/dataIn[,2*(stopTimes-1)],

# transform the simulation data to wald statistic for monitoring boundary

ncol=length(stopTimes)

)

}

stopIdx <- apply(statIn,1, # look at each row’s Wald statistics

FUN = stopFun # find the index of stopping for that trial

)

stopBlock <- stopTimes[stopIdx] # return the stopping block

### Find the corresponding naive estimate

est.Naive <- dataIn[,2*(stopTimes-1)-1][cbind(1:nrow(dataIn),stopIdx)]

# this picks out the specific stopIdx column of each row to

# get the resultant naive estimates

se.Naive <- dataIn[,2*(stopTimes-1)][cbind(1:nrow(dataIn),stopIdx)]

# this repeats to return the naive SE

### Loop over each trial to return the desired estimates/standard errors

# Need to run this loop because each bias-adjusted estimate requires an

# update to the trial’s SD
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estOut <- seOut <- matrix(ncol=6,

nrow=nrow(dataIn))

for (i in 1:nrow(dataIn)){

tmp <- tryCatch(calcEst(boundIn,stopIdx[i],est.Naive[i],se.Naive[i],h),

error=function(e) return(NA))

if (length(tmp)==2){ # some minor error handling if a given design did not work

estOut[i,] <- tmp[[1]]

seOut[i,] <- tmp[[2]]

}

}

### Report out estimates with estimated standard errors

return(list(

estOut,

seOut

))

}

4. Summarizing bias and mean-squared error for combined point estimator: code groups

the above-generated bias-adjusted means into series of 5 or 10 trials then returns the

combined point estimate

• Uses R package: metafor (available on CRAN)
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• No additional verification beyond the default


