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We consider a few aspects of the interplay between convex geometry and statistics. We

consider three problems of interest: how to bring a convex body specified by a self-concordant

barrier into a suitably “rounded” position using an affine-invariant random walk; how to

design a rapidly-mixing affine-invariant random walk with maximal volume ellipsoids; and

how to perform interpolation in multiple dimensions given noisy observations of the original

function on a finite set.

We begin with an overview of some background information on convex bodies which

recur in this dissertation, discussing polytopes, the Dikin ellipsoid, and John’s ellipsoid in

particular. We also discuss cutting plane methods and Vaidya’s algorithm, which we employ

in subsequent analysis. We then review Markov chains on general state spaces to motivate

designing rapidly mixing geometric random walks, and the means by which the mixing time

may be analyzed.

Using these results regarding convex bodies and general state space Markov chains, along

with recently developed concentration inequalities on general state space Markov chains, we

employ an affine-invariant random walk using Dikin ellipsoids to provably bring a convex

body specified by a self-concordant barrier into an approximately “rounded” position. We

also design a random walk using John’s ellipsoids and derive its mixing time.

Departing somewhat from these themes, we also discuss regression in multiple dimensions



over classes of continuously differentiable functions. We provide a cutting plane algorithm

for the case of first-order differentiable functions with Lipschitz gradients. We additionally

consider the more general case of higher-order continuously differentiable functions, proving

Whitney’s extension theorem for this case, and outlining a quadratic program to perform

regression for this setting.
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Chapter 1

INTRODUCTION

This dissertation considers a few aspects of the interplay between convex geometry and

statistics. We consider three problems of interest: how to bring a convex body specified by a

self-concordant barrier into a suitably “rounded” position using an affine-invariant random

walk; how to design a rapidly-mixing affine-invariant random walk with maximal volume

ellipsoids; and how to perform interpolation in multiple dimensions given noisy observations

of the original function on a finite set.

Chapter 2 introduces background information on convex bodies that recur in this disser-

tation. We give a basic overview some convex bodies, such as polytopes and ellipsoids. We

discuss a few manners in which convex bodies may be specified, and we also discuss cutting-

plane methods for minimizing convex functions using one of these specifications. We finally

discuss two types of ellipsoids in detail, namely the Dikin ellipsoid and John’s ellipsoid, and

the means by which they provide a suitable approximation for certain convex bodies.

Similarly, Chapter 3 introduces background information on Markov chains which recur

in this dissertation. Geometric random walks provide the means by which approximately

uniform random samples from such convex bodies may be taken, a necessary step in bringing

a convex body into a rounded position. This chapter discusses how to construct a random

walk with a specified stationary distribution on a convex body, and basic tools for analyzing

the mixing time of such random walks.

Chapter 4 provides an algorithm to bring a convex body into a suitably rounded position

via an affine transformation. The algorithm makes use of samples drawn from an affine-

invariant random walk known as the Dikin walk, which uses samples drawn from Gaussian

proposal distributions with covariances specified by scaled Dikin ellipsoids. The proof that
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this algorithm works rely on recent concentration inequalities for general state space Markov

chains.

Chapter 5 proposes another affine-invariant random walk known as John’s walk, which

utilizes the uniform distribution on scaled John’s ellipsoids to draw samples. The mixing

time of this random walk is derived, and an algorithm to provide suitably approximate John’s

ellipsoids using cutting-plane methods are

Departing somewhat from the theme of the previous chapters, we discuss interpolation

in multiple dimensions for the class of first-order differentiable functions with Lipschitz gra-

dients in Chapter 6. We discuss noiseless and noisy variants of the problem, the latter

which refer to as the regression problem. A cutting-plane method for solving this regression

problem is discussed. Sample complexity arguments yielding the choice of the complexity

parameter for the regression problem are given. Empirical results of the methods of this

chapter are provided.

Finally, in Chapter 7 we conclude with describing an algorithm to extend the methods

of Chapter 6 to the class of functions whose m-th order derivatives are continuous. We give

a Calderón-Zygmund decomposition and discuss its properties. We provide a proof of Whit-

ney’s extension theorem using this decomposition, and show that the function interpolation

problem may be solved via a linear program. We also show that its noisy variant may be

solved via a quadratic program. We leave the implementation of these methods, including

the choice of the complexity parameter, for future work.

We owe the reader a comment on notation used throughout this dissertation. We use

lowercase such as a, b to either indicate vectors in the Euclidean space Rn or constants in

R, and the distinction will be obvious depending on the context. We use the notation a⊤b

or ⟨a, b⟩ to indicate the standard inner product for vectors a, b ∈ Rn. Given a set S ⊂ Rn

and a point x ∈ Rn, we denote the gradient of a function f : S → R at x as ∇f(x) ∈ Rn

and its linear form Df(x)[h1] = ∇f(x)⊤h1. Similarly, we denote the Hessian as ∇2f(x) and

its bilinear form D2f(x)[h1, h2] = h⊤
1 ∇2f(x)h2. In chapters 6 and 7, we use ∂ in place of

D. We use the script notation K,X , etc., to denote convex bodies in Rn, whereas we use
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standard uppercase fonts C, S, etc., to denote subsets of Rn. Additionally matrices will use

uppercase notation such as A,B, etc. Again the distinction between sets and matrices will

be obvious depending on the context. The trace of a square matrix M is denoted tr(M),

and its determinant is denoted det(M). The notation diag(d1, . . . , dm) indicates the diagonal

matrix with entries d1, . . . , dm on its diagonal. We use int(S) to denote the interior of a set

S ⊂ Rn, and ∂S to denote its boundary. Linear operators mapping between Banach spaces

will be denoted with the typeface, P, I, etc. The notation Õ refers to “big O” notation in

which polylogarithmic factors and terms depending on the error parameters are suppressed.

Finally, the constant ω < 2.373 is the current value of the fast matrix multiplication constant

(Williams, 2011; Davie and Stothers, 2013; Le Gall, 2014).
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Chapter 2

SOME PROPERTIES OF CONVEX GEOMETRY AND
CONVEX OPTIMIZATION

In this chapter we give an overview of properties from convex geometry and convex

optimization that we make repeated use of in Chapters 4, 5, and 6.

2.1 Convex Sets and Convex Functions

We enumerate some standard definitions, properties, and theorems regarding convex sets

and convex functions in Rn (see, for example, (Boyd and Vandenberghe, 2004) and (Bubeck,

2015)). We additionally discuss means by which we may specify convex sets and functions.

Definition 2.1.1 (Convex Set and Convex Function). A set S ⊂ Rn is said to be convex if

given any x, y ∈ S and any α ∈ [0, 1], we have

αx+ (1− α)y ∈ S.

In other words, the set S contains all of its line segments. A function f : S → R is said to

be convex if S is convex and given any x, y ∈ S and any α ∈ [0, 1],

f(αx+ (1− α)y) ≤ αf(x) + (1− α)f(y).

In other words, the function f between any two points lies below the chord connecting the

function’s values at those points.

We will also require the more specific notion of a convex body.

Definition 2.1.2 (Convex Body). A convex body K ⊂ Rn is a closed and bounded convex

set with non-empty interior.
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A basic property of convex sets that we require is the separation theorem.

Theorem 2.1.3 (Separation Theorem). Let S ⊂ Rn be a closed convex set, and assume that

x0 ∈ Rn \ S. There exists a ∈ Rn \ {0} and b ∈ R such that

a⊤x0 > b

and for all x ∈ S,

a⊤x ≤ b.

The hyperplane
{
x ∈ Rn | a⊤x = b

}
is said to “separate” x0 from S.

This result implies the supporting hyperplane theorem.

Theorem 2.1.4 (Supporting Hyperplane Theorem). Let S ⊂ Rn be a non-empty convex set,

and let x0 ∈ ∂S (i.e., the boundary of S). There exists a ∈ Rn \ {0} such that

a⊤(x− x0) ≤ 0

for all x ∈ S. The set
{
x ∈ Rn | a⊤x = a⊤x0

}
is said to be a “supporting hyperplane” for S.

One basic theorem we require is the first-order condition for convexity (Boyd and Van-

denberghe, 2004).

Theorem 2.1.5 (First-Order Condition). Suppose f : S → Rn is differentiable. Then f is

convex if and only if S is convex and for all y ∈ S and all x ∈ intS we have

f(y) ≥ f(x) +∇f(x)⊤(y − x).

The affine function of y given by f(x)+∇f(x)⊤(y−x) is a first-order Taylor approximation

of f near x. For convex functions, the first-order approximation is a global underestimator

of the function. We may generalize this condition for non-differentiable functions as follows.

Definition 2.1.6 (Subgradient and Subdifferential). Let S ⊂ Rn and f : S → R, where f

is not necessarily convex. The vector g ∈ Rn is a “subgradient” of f at x if for all y ∈ S,

f(y) ≥ f(x) + g⊤(y − x).
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The set of all subgradients of f at x is called the “subdifferential” of f at x, and is denoted

∂f(x).

One may show (see, e.g., (Bubeck, 2015) proposition 1.1) that given f is convex, for any

x ∈ intS, the subdifferential ∂f(x) ̸= ∅. If f is differentiable at x, then ∂f(x) = {∇f(x)}.

Additionally, consider minimizing f on S. If we are given a test point x and a subgradient

gx at x, then any y ∈ S such that g⊤x (y − x) > 0 implies that f(y) > f(x) by the first-order

condition. Thus the subgraident gx provides a means of localizing a minimizer of f by stating

that it must lie in the half-space
{
y ∈ S | g⊤x (y − x) ≤ 0

}
.

Now we define a few convex sets which frequently occur in this dissertation.

Definition 2.1.7 (Polyhedron and Polytope). A “polyhedron” P is an intersection of half-

spaces,

P =
m∩
i=1

{
x ∈ Rn | a⊤i x ≤ bi

}
=
{
x ∈ Rn | a⊤i x ≤ bi, i = 1, . . . ,m

}
.

If P is closed and bounded, and then we refer to P as a polytope.

Half-spaces are clearly convex, and it is trivial to verify that convexity is preserved under

intersections. Thus polyhedrons are convex. If a polytope is full-dimensional, we use the

notation P in the sequel.

Definition 2.1.8 ((Convex) Cone). A set C ⊂ Rn is called a cone if for every x ∈ C and

every α ≥ 0, we also have αx ∈ C. A set C is a convex if for any α1, α2 ≥ 0 and any

x1, x2 ∈ C, we have α1x1 + α2x2 ∈ C.

The space of positive semidefinite matrices form a closed convex cone, which we denote Sn
+.

Its interior is an open convex cone, the set of positive definite matrices, Sn
++. Finally, we

define ellipsoids.

Definition 2.1.9. Let Sn
++ denote the cone of positive definite matrices, and let E ∈ Sn

++.

An “ellipsoid” E ⊂ Rn is a convex body of the form

E =
{
x ∈ Rn | (x− xc)

⊤E−1(x− xc) ≤ r2
}
,
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where xc denotes its center, and r its radius. Equivalently,

E =
{
xc + E1/2y | |y| ≤ r

}
.

We employ ellipsoids which adapt to the local geometry of a convex set K ⊂ Rn in Chapters

4 and 5.

Given a convex body K ⊂ Rn, there are three types of oracles which characterize the

body which are mentioned in this dissertation. The simplest oracle is a membership oracle,

which given a test point y ∈ Rn, indicates whether y ∈ K. A slightly more complicated

oracle is a separation oracle, which either certifies that y ∈ K or provides a hyperplane which

separates y from K as in theorem 2.1.3. A third way to specify the body is to use a barrier

function. We will be interested in self-concordant barriers, which we describe next.

2.1.1 Self-Concordant Barriers

Informally, a barrier is a continuous, convex function defined on the interior of a convex

set which tends to infinity as one approaches the boundary of that set. Additionally, self-

concordance is a regularity condition in that the second derivative at a point along any

direction is large compared to its first and third derivatives along the same direction. A

formal definition from (Nesterov and Nemirovsky, 1994) follows.

Definition 2.1.10 (Regular self-concordant barrier). Let K ⊂ Rn be a convex set. For any

function F : intK → R having continuous derivatives of order k, for vectors h1, . . . , hk ∈ Rn,

we recursively define for k ≥ 1

DkF (x)[h1, . . . , hk] :=

lim
ϵ→0

Dk−1F (x+ ϵhk)[h1, . . . , hk−1]−Dk−1F (x)[h1, . . . , hk−1]

ϵ
,

and we define DkF (x) := F (x) for k = 0, where we have assumed that x ∈ int(K). For

x /∈ int(K), we let F (x) = ∞. We call such an F a regular self-concordant barrier if it

satisfies the following conditions:
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1. (Convex, Smooth): F is convex and thrice continuously differentiable on int(K).

2. (Barrier): For every sequence of points {xk} ∈ int(K) converging to a point x /∈ int(K),

we have limk→∞ F (xk) = ∞.

3. (Differential Inequalities) For all h ∈ Rn and all x ∈ int(K), the following inequalities

hold:

(a) F (x) is “self-concordant,” i.e.,

D3F (x)[h, h, h] ≤ 2(D2F (x)[h, h])
3
2 .

(b) For some ν ∈ R,

|DF (x)[h]|2 ≤ νD2F (x)[h, h].

The smallest such ν is the “self-concordance parameter” of the barrier.

Self-concordant barriers are general in the sense that for every convex body K ⊂ Rn, there

exists a self-concordant barrier with self-concordance parameter ν = (1 + o(1))n (Nesterov

and Nemirovsky, 1994; Bubeck and Eldan, 2014), though this barrier may not be easy to

compute. Additionally, if F is a self-concordant barrier for K and A is a non-singular affine

transformation, then FA(x) := F (A−1(x)) is a self-concordant barrier for A(K). We shall

refer to a general self-concordant barrier as Fs in the sequel. We now describe some concrete

examples of self-concordant barriers given in (Narayanan, 2016).

Logarithmic barrier of a polytope

Given a polytope P =
{
x ∈ Rn | a⊤i x ≤ bi, i = 1, . . . ,m

}
, the logarithmic barrier is the real-

valued function

Fℓ(x) = −
m∑
i=1

log(bi − a⊤i x). (2.1)

The self-concordance parameter associated with Fℓ is νℓ = m.
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Hyperbolic Barriers

The vector space of polynomials has connections to convex analysis (Güler, 1997). We

summarize the results here and an example. A polynomial p : Cn → C is said to be

homogenous of degree q if

p(tx) = tqp(x)

for all x ∈ Cn and all t ∈ C. We may define hyperbolic homogenous polynomials as follows.

Definition 2.1.11 (Hyperbolic polynomial). A homogeneous polynomial p of degree q is said

to be hyperbolic with respect to a direction d ∈ Rn if and only if p(d) ≠ 0 and there exists a

constant t0 ∈ R such that p(x+ itd) ̸= 0 if x ∈ Rn and t < t0.

Associated with such polynomials is a cone of hyperbolicity.

Definition 2.1.12 (Hyperbolic cone). Let p be a homogeneous hyperbolic polynomial of

degree q with respect to direction d. The set

{
x ∈ Rn

∣∣ t 7→ p(x+ td) has all negative roots
}

is called the cone of hyperbolicity of p.

It may be shown (Güler, 1997) that such cones are convex. For each polynomial (and the

convex cone it defines) we may construct a barrier function as follows:

Fh(x) = − log p(x).

For concrete examples, consider the polynomial p(X) = detX, where X ∈ Sm. Its hy-

perbolicity cone is the cone of m × m symmetric positive definite matrices. In this case,

Fh(x) = − log detx is a hyperbolic barrier with self-concordance parameter νh = m. Addi-

tionally, let A1, . . . , Ak be non-singular affine transformations, and consider

K =
k∩

i=1

Ai(Bn),
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where Bn is the unit Euclidean ball in Rn. K is an intersection of k ellipsoids, and thus is

convex. The function

Fh(x) = −
k∑

i=1

log(1− ∥Ai(x)∥2)

is a hyperbolic barrier for K with self-concordance parameter νh = k.

2.2 Dikin Ellipsoids

Suppose a convex body K ⊂ Rn is equipped with a self-concordant barrier F . Dikin ellipsoids

are ellipsoids which adapt to the local geometry of K via the Hessian of F at x. Dikin

ellipsoids are defined as follows.

Definition 2.2.1 (Dikin ellipsoid). Given any point x ∈ K and a self-concordant barrier F

for K, the Dikin ellipsoid of radius r is

Dx(r) :=
{
y ∈ Rn

∣∣ D2F (x)[x− y, x− y] ≤ r2
}
. (2.2)

If r = 1, we let Dx := Dx(r).

We now enumerate some properties of Dikin ellipsoids. Firstly, the Dikin ellipsoid locally

defines the norm

∥h∥2x = D2F (x)[h, h], (2.3)

where x ∈ intK and h ∈ Rn. Secondly, Nesterov and Nemirovsky (1994) showed that

Dx ⊂ K

for any x ∈ intK. Thirdly, Dikin ellipsoids are affine-invariant in that Dx(r) is the Dikin

ellipsoid of radius r about a point x ∈ K and T (·) is a non-singular affine transformation,

then the Dikin ellipsoid of radius r centered at the point T (x) is T (Dx(r)), provided the new

barrier that is used is H(y) := F (T−1(y)) (Narayanan, 2016).
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2.2.1 The Dikin Ellipsoid for a Polytope

In chapter 5, we use some properties of the Dikin ellipsoid with regards to the logarithmic

barrier defined in equation (2.1). We illustrate some of properties of the Dikin ellipsoid for

this special case here, noting that they hold more generally, as shown in Chapters 2 and 3 of

(Nesterov and Nemirovsky, 1994). Our illustration does not make explicit use of the theory

of self-concordance, and is similar to that of Vishnoi (2014) with some modifications.

Given a polytope P as specified in definition 2.1.7, define the slacks of each inequality

defining P to be

si(x) := bi − a⊤i x.

The logarithmic barrier thus can be written as

F (x) =
m∑
i=1

log(si(x)).

The gradient of this barrier is

∇F (x) =
m∑
i=1

ai
si(x)

,

and the Hessian is

H(x) := ∇2F (x) =
m∑
i=1

aia
⊤
i

si(x)2
.

Letting Sx := diag(s1(x), . . . , sm(x)), we may equivalently write H(x) = A⊤S−2
x A.

We first show that the Dikin ellipsoid of radius 1 is contained in P .

Proposition 2.2.2. For every x ∈ intP, we have Dx ⊂ P.

Proof. Let y ∈ Dx. Then (y − x)⊤H(x)(y − x) ≤ 1. Equivalently,
m∑
i=1

|a⊤i (y − x)|2

|si(x)|2
≤ 1,

so |a⊤i (y − x)|2/si(x)2 ≤ 1 for all i ∈ {1, . . . ,m}. Equivalently, for each i, we have(
si(x)− si(y)

si(x)

)2

≤ 1.

This implies that 0 ≤ si(y)/si(x) ≤ 2 for each i where si(x) > 0 since x ∈ intP . Thus

si(y) ≥ 0, and y ∈ P .
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The analytic center of a polytope is the interior point which minimizes the logarithmic

barrier. Denote this point xac, and note the following result, which states that the Dikin

ellipsoid centered at xac inflated by a factor of m contains the polytope.

Proposition 2.2.3. Given the analytic center of P is xac, we have

P ⊂ Dxac(m).

Proof. Given any x ∈ P , we seek to show that (x− xac)
⊤H(xac)(x− xac) ≤ m2. We have

(x− xac)
⊤H(xac)(x− xac) = (x− xac)

⊤

(
m∑
i=1

aia
⊤
i

si(xac)2

)
(x− xac)

=
m∑
i=1

|a⊤i (x− xac)|2

|si(xac)|2

=
m∑
i=1

|si(xac)− si(x)|2

|si(xac)|2

= m− 2
m∑
i=1

si(x)

si(xac)
+

m∑
i=1

|si(x)|2

|si(xac)|2
.

To analyze this sum, let f(x) =
∑m

i=1
si(x)
si(xac)

. Clearly f(xac) = m. The gradient of f as a

function of x is

∇f(x) =
ai

si(xac)
= ∇F (xac),

and xac minimizes F (x), so ∇f(xac) = 0. Thus f(x) = m for all x ∈ P . Consequently,

(x− xac)
⊤H(xac)(x− xac) = −m+

m∑
i=1

(
si(x)

si(xac)

)2

≤ −m+

(
m∑
i=1

si(x)

si(xac)

)2

≤ −m+m2

≤ m2,

where the first inequality followed since each term in the sum is non-negative. Thus x ∈

Dxac(m).
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Finally, we note that m may be replaced with
√
m in the previous proposition in the case

of a symmetric polytope.

Proposition 2.2.4. Given the analytic center of a symmetric polytope P is xac, we have

P ⊂ Dxac(
√
m).

Proof. We may shift P such that xac = 0. Since 0 ∈ intP , we must have bi ̸= 0 for each i.

Thus we may rescale each ai by dividing by bi. Thus no generality is lost in assuming that

the polytope is defined by

P =
{
x | a⊤i x ≤ 1, i = 1, . . . ,m

}
,

and by symmetry for each inequality a⊤i x ≤ 1, there is a corresponding inequality a⊤j x ≥ −1.

The Dikin ellipsoid centered at xac = 0 is

D0 =

{
x ∈ Rn

∣∣ m∑
i=1

|a⊤i xi|2 ≤ m

}
.

Given any x ∈ ∂D0, we have
∑m

i=1 |a⊤i xi|2 = m, so there must exist at least one i such that

|a⊤i x|2 ≥ 1. Thus either a⊤i x ≥ 1 or a⊤i x ≤ −1, whence x /∈ intP .

To summarize, Dikin ellipsoids thus provide a good approximation of a polytope P in

the sense that

Dxac ⊂ P ⊂ Dxac(m)

where we may instead use the radius
√
m if P is symmetric. In general P must be specified

by at least n + 1 inequality constraints. The ellipsoid defined in the next section gives us a

better approximation with n rather than m.

2.3 John’s Maximal Volume Ellipsoid Theorem

For a convex body K ⊂ Rn, Fritz John considered finding the ellipsoid of maximal volume E

such that E ⊂ K. John (1948) showed that each convex body contains a unique maximum

volume ellipsoid E , and characterized how to find it. John proved the following theorem.
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Theorem 2.3.1 (John’s Maximal Volume Ellipsoid Theorem). Each convex body K ⊂ Rn

contains a unique ellipsoid of maximal volume. The ellipsoid is B if and only if the following

conditions are satisfied: B ⊂ K, and for some m ≥ n there are Euclidean unit vectors {ui}mi=1

on the boundary of K and positive constants {ci}mi=1 satisfying,

m∑
i=1

ciui = 0, (2.4)

m∑
i=1

ciuiu
⊤
i = In, (2.5)

where In denotes the identity matrix in Rn×n.

Note that condition (2.5) is sometimes written equivalently as

⟨x, y⟩ =
m∑
i=1

ci ⟨ui, x⟩ ⟨ui, y⟩

for all x, y ∈ Rn. Using the cyclic invariance of the trace and that the {ui} are unit vectors,

condition (2.5) implies that
n∑

i=1

ci = n, (2.6)

a property we employ in the analysis of the random walk we develop in chapter 5.

We now enumerate some properties from Ball (1992) which provide additional insight

into the geometric properties of John’s ellipsoids. Note that condition (2.4) implies that all

the contact points do not lie in one in one half-space of the unit ball, and this condition

is redundant in the symmetric case, since for every contact point ui, its reflection about

the origin −ui is also a contact point. Condition (2.5) guarantees such contact points do

not lie close to a proper subspace. Furthermore, it may be shown that there are at most

n(n+ 3)/2 contact points for general K, and n(n+ 1)/2 non-redundant contact points if K

is origin-symmetric (Gruber, 1988). At each ui, the supporting hyperplane to K is unique

and orthogonal to ui, since this is the case for the unit ball. Thus considering the polytope

resulting from such supporting hyperplanes, P =
{
x ∈ Rn

∣∣ ⟨ui, x⟩ ≤ 1, i = 1, . . . ,m
}

, the



15

convex set K obeys the sandwiching B ⊂ K ⊂ P . By Cauchy-Schwarz, for any x ∈ P , we

have

−|x| ≤ ⟨ui, x⟩ ≤ 1.

Since the weights {ci} are positive, it follows by employing conditions (2.4), (2.5), and (2.6)

that
0 ≤

∑
i

ci(1− ⟨ui, x⟩)(|x|+ ⟨ui, x⟩)

= |x|
∑
i

ci + (1− |x|)

⟨∑
i

ciui, x

⟩
−
∑
i

ci ⟨ui, x⟩2

= n|x| − |x|2,

from which it follows that |x| ≤ n. If the convex body is origin-symmetric, then by substi-

tuting −ui for ui, for any x ∈ P , we have

| ⟨ui, x⟩ | ≤ 1.

It follows that

|x|2 =
m∑
i=1

ci ⟨ui, x⟩2 ≤
m∑
i=1

ci = n,

so |x| ≤
√
n. The following corollary of John’s theorem results.

Corollary 2.3.2. After an appropriate affine transformation A(·), any convex body K ⊂ Rn

satisfies

B ⊂ A(K) ⊂ nB.

If A(K) is origin-symmetric, then the containment is

B ⊂ A(K) ⊂
√
nB. (2.7)

The containments are tight, as indicated in by taking K to be the unit cube in the symmetric

case, and to be the standard regular simplex in the non-symmetric case (Ball, 1997).

For completeness with regards to the Markov chain we develop in chapter 5, we provide

a proof of John’s theorem for a general convex body similar to the proof of Ball (1997). We

refer the reader to Appendix A for the proof.
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2.4 Cutting Plane Methods

In this section we review cutting plane methods for finding a point in a convex body, and

also discuss extending the feasibility method to minimization.

2.4.1 The Feasibility Problem

The feasibility problem in cutting-plane methods are as follows: given a convex body K ⊂ Rn,

find a point x ∈ K. To this end, cutting-plane methods assume that one has access to a

separation oracle for K. I.e., given any y ∈ K and a test point x, the separation oracle gives

a vector wx such that

(y − x)⊤wx ≤ 0.

Thus we are performing localization of K in the sense that we are certifying that K is

contained in a half-space,

K ⊂
{
y ∈ Rn | (y − x)⊤wx ≤ 0

}
.

Generally, a cutting-plane scheme to find such a point x ∈ K is given in algorithm 2.4.1.
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Given S0 ⊃ K, a point x0 ∈ int(S0), and the number of iterations T . For t ≥ 0:

1. Call the separation oracle with xt.

(a) If t < T and xt ∈ K, then terminate the loop, returning the feasible point xt ∈ K.

(b) Otherwise, use the vector wt := wxt returned from the separation oracle to localize

K, letting

S ′
t+1 =

{
y ∈ Rn | (y − xt)

⊤wt ≤ 0
}
∩ St,

so K ⊂ S ′
t+1. Embed the intermediate localizer S ′

t+1 into a convex body St+1, and

find a point xt+1 ∈ int(St+1). Increment t and loop.

(c) If t = T and xt /∈ K, terminate the loop with no point found, declaring that

λn(K) ≤ λn(ST ), where λn(·) denotes the n-dimensional volume.

Algorithm 2.4.1: Cutting Plane Method

There are many different methods which follow this general technique. For example,

consider the following methods.

• Ellipsoid Method: Choose S0 to be an ellipsoid containing K centered at some known

point x0 for some known positive definite matrix Σ0:

S0 =
{
y ∈ Rn | (y − x0)

⊤Σ−1
0 (y − x0) ≤ 1

}
.

S ′
t+1 is chosen to be the half-ellipsoid which contains K,

S ′
t+1 = St ∩

{
y ∈ Rn | w⊤

t (y − xt) ≤ 0
}
.

S ′
t+1 is chosen to be the unique minimum volume volume ellipsoid containing S ′

t+1,

given as (see, e.g., Bubeck (2015))

St+1 =
{
y ∈ Rn | (y − xt+1)

⊤Σ−1
t+1(y − xt+1) ≤ 1

}
,
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where
xt+1 = xt −

1

n+ 1

Σtwt√
w⊤

t Σtwt

,

Σt+1 =
n2

n2 − 1

(
Σt −

2

n+ 1
Σtw̃tw̃

⊤
t Σt

)
.

Note that it may be shown that λn(St+1) ≤ exp
(
− 1

2n

)
λn(St).

• Center of Gravity Method: Compute the center of gravity of St,

xt =
1

λn(St)

∫
x∈St

x dx,

and query the separation oracle to get wt. Let

St+1 = S ′
t+1 = St ∩

{
y ∈ Rn | (y − xt)

⊤wt ≤ 0
}
.

Note that finding the center of gravity is a challenging problem unto itself which

we revisit in chapter 4, so this is mainly used as a proof of concept. Additionally,

Grunbaum’s theorem (see, e.g., Bubeck (2015)) implies that λn(St+1) ≤
(
1− 1

e

)
λn(St).

2.4.2 From Feasibility to Minimization

To modify the cutting-plane method to perform minimization, the steps are essentially the

same, but with one modification. The minimization problem is essentially a feasibility prob-

lem in which we instead seek a point x̂ in the set K∩{x | f(x)− f(x⋆) ≤ γ}, where γ > 0 is

an error tolerance and x⋆ is any minimizer of f on K. If we find a point y ∈ K, we instead

use the oracle specified by any subgradient wy ∈ ∂f(y) to localize an optimal solution. If

0 ∈ ∂f(y), then y is an optimal point, and we are done. Otherwise, we use the hyperplane{
x | w⊤

y (x− y) ≤ 0
}

within which the set {x | f(x) ≤ f(y)} is contained, and proceed. If an

optimal x⋆ was not found in T iterations, we find an approximate solution as follows. Letting

T ′ ⊂ {0, 1, 2, . . . , T} denote the steps for which an xt ∈ K was found, after T iterations we

return

x̂T ∈ argmin
xs, s∈T ′

f(xs). (2.8)
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Note that f(x⋆) is not known, so we cannot directly evaluate whether any approximate

solution x̂T ∈ K satisfies the error tolerance. However, given information on the geometry

of K and on the objective function f we may choose T to guarantee that this is the case. To

that end, we follow the general discussion of cutting plane methods of Nemirovski (1995).

Let x ∈ K, and given ϵ ∈ (0, 1), let

Kϵ(x) := x+ ϵ(K − x)

= {(1− ϵ)x+ ϵz | z ∈ K} .

Now let f ⋆
ϵ := infx∈K fϵ(x) where fϵ(x) := supy∈Kϵ(x) f(y). Nemirovski (1995) defines an

ϵ-solution to be any x ∈ K such that

f(x) ≤ f ⋆
ϵ ,

and provides the following theorem.

Theorem 2.4.1. Assume that after T steps the method has not terminated with an optimal

solution. Then given that T ′ ̸= ∅, any solution x̂T of equation (2.8) is an ϵ-solution for any

ϵ ∈ (0, 1) such that

ϵn >
λn(ST )

λn(K)
. (2.9)

If the function f is convex and continuous on K, then any ϵ-solution x satisfies

f(x)− f(x⋆) ≤ ϵ

(
sup
x∈K

f(x)− f(x⋆)

)
(2.10)

for any optimal x⋆ ∈ K. If the function f is Lipschitz continuous on K with respect to some

norm | · | with Lipschitz constant Lf , then any ϵ-solution x satisfies

f(x)− f(x⋆) ≤ diam(K)Lfϵ (2.11)

for any optimal x⋆ ∈ K, where diam(K) is the diameter with respect to the same norm.
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Proof. Given x ∈ K and ϵ ∈ (0, 1), let y ∈ Kϵ(x). Then y = (1 − ϵ)x + ϵz for some z ∈ K.

By the continuity and convexity of f , we have

sup
y∈Kϵ(x)

f(y) = sup
z∈K

f((1− ϵ)x+ ϵz)

≤ f(x) + ϵ

(
sup
z∈K

f(z)− f(x)

)
.

Thus

f ⋆
ϵ − inf

x∈K
f(x) ≤ ϵ

(
sup
z∈K

f(z)− inf
x∈K

f(x)

)
,

which proves (2.10). Furthermore if f is Lipschitz with respect to a norm | · |, we have

f ⋆
ϵ − inf

x∈K
f(x) ≤ ϵ sup

z,x∈K
(f(z)− f(x))

≤ ϵ Lf sup
z,x∈K

|z − x|,

which proves (2.11). To prove (2.9), since λn(ST ) < ϵnλn(K) = λn(Kϵ(x)), by monotonicity

we must have that Kϵ(x) ̸⊂ ST . Thus there must exist a y ∈ Kϵ(x) \ ST . It follows that for

any x̂T of (2.8) satisfies

f(x̂T ) < f(y) ≤ sup
y∈Kϵ(x)

f(y) = fϵ(x),

since any such y must have been removed by the subgradient oracle for some t ∈ T ′. Since

x ∈ K was arbitrary, it follows that f(x̂T ) ≤ f ⋆
ϵ = infx∈K fϵ(x), or that x̂T is an ϵ-solution.

Thus to satisfy a general error tolerance γ > 0, one need only to know that either f is

bounded on K or to know the Lipschitz constant associated with f on K and the diameter

of K with respect to some norm | · |.

2.4.3 Vaidya’s Algorithm

In Chapter 5 and Chapter 6, we make use of Vaidya’s algorithm to minimize a convex

function over a convex set. We state this algorithm here for the feasibility case, noting we

may employ the modification of section 2.4.2 to perform minimization.
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Vaidya’s algorithm is a cutting-plane method which seeks a feasible point in an arbitrary

convex set,

X ⊂ S0 :=
{
x ∈ Rn

∣∣ ∥x∥∞ ≤ ρ
}
,

where we note that the implementation of Anstreicher (1997) assumes ρ = 1. The set X

is specified by a separation oracle: given a point y ∈ Rn, the oracle either certifies that

y ∈ X , or returns a separating hyperplane between y and X (i.e., a vector w such that

X ⊂
{
x
∣∣ w · (x− y) ≤ 0

}
). The algorithm initializes with a polytope S0 ⊃ K and an

interior point x0 of S0, and maintains a polytope St ⊃ X and an interior point xt of St at

each iteration t, where St is defined via the separation oracle. At each iteration t, a constraint

is either added or deleted depending on certain criteria, and Anstreicher (1997) shows that

the polytope St is specified by no more than 200n constraints throughout the algorithm.

After T = O(n(L+ log ρ)) calls to the separation oracle, we have

λn(ST ) < λn(2
−LBn),

where λn(·) denotes the n-dimensional Lebesgue measure and L = Ω(log n) is a user-specified

constant. Thus, the algorithm certifies that if no feasible point is found within T iterations,

the volume of X is less than that of an n-dimensional ball of radius 2−L. We remark that

the value of T in our case (where ρ ̸= 1 in general) is easily determined via an argument

along the lines of lemma 3.1 in (Anstreicher, 1997), and is given as

T ≥
n
[
1.4L+ 2 log n+ 2 log(1 + 1/ϵ) + 0.5 log

(
1+τ
1−ϵ

)
+ 2 log(ρ)− log(2)

]
∆V

, (2.12)

where ϵ = 0.005 and τ = .007 are parameters of the algorithm, and ∆V = 0.00037. The

algorithm uses a total of

O(n(L+ log ρ)κ+ nω+1(L+ log ρ)) (2.13)

operations, where κ is the cost of evaluating the separation oracle.
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Chapter 3

MARKOV CHAINS ON GENERAL STATE SPACES

This chapter provides an introduction to Markov chains on general state spaces which

provides the foundation for proving that the Markov chains with transition measures defined

using the ellipsoids introduced in Chapter 2 are rapidly mixing in terms of the dimension.

3.1 Definition

We first formally define a Markov chain for general state spaces and discuss some of their

properties. To that end, consider defining a probability space. A convex body K ⊂ Rn

will define a state space, and let A be the σ-algebra generated by the set of all Lebesgue-

measurable subsets of K. Additionally, for any u ∈ K and any A ∈ A, we define the one-step

probability measure Pu(A) as the probability of being in the set A after taking one step from

u, or equivalently,

Pu(A) =

∫
v∈A

dPu(v).

Finally, given an initial probability measure π0 on K, we let π0(A) represent the probability of

starting in the set A ∈ A. With this setup, we may now define a discrete-time, homogeneous

Markov chain on general state spaces.

Definition 3.1.1 (Markov chain). A Markov chain is a sequence of points X0, X1, X2, . . .

such that P (X0 ∈ A) = π0(A) and

P (Xt+1 ∈ B|Xt = xt, . . . , X0 = x0) = P (Xt+1 ∈ B|Xt = xt) = Pxt(B)

for any A,B ∈ A and any xs ∈ K for s ∈ {0, 1, . . . , t}. More generally, a Markov chain is

the triplet {K,A, Px}, where the transition measure Px is specified for all x ∈ int(K), along

with an initial measure π0.
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Thus, for a Markov chain, the probability of being in any given set A ∈ A after one step

depends only on starting position of the step, and not on any previous positions. Note that

some authors (Lovász and Simonovits, 1993) use the terminology Markov scheme to refer to

the case where the initial probability measure π0 for the starting point X0 is unspecified, and

a Markov chain to refer to the triplet {K,A, Px} along with the initial measure. We avoid

this distinction in the sequel, and refer to either case as a Markov chain depending on the

context.

Before proceeding, it is illustrative to consider some common examples of Markov chains

on general state spaces. Consider random walks on convex bodies K ⊂ Rn, where the state is

the current location in the body. Here are two such walks which assume only a membership

oracle, and their associated transition measures:

• Ball Walk: Px is uniform on Bn(x, δ), the n-dimensional Euclidean ball of radius δ

centered at x. The ball walk picks a random point y from ball of radius δ centered at

x. If y ∈ K, the step is accepted. Otherwise, the step is rejected.

• Hit and Run: Px is uniform on random chord through K. To generate the next step

given the current location x ∈ K, hit and run picks a random direction which defines

a line ℓ through x ∈ K. The next step y is chosen uniformly on ℓ ∩ K.

3.2 Stationarity, Reversibility, and Laziness

One natural question that arises is if a Markov chain reaches a steady state distribution,

known as the stationary measure. We formally define this probability measure as follows.

Definition 3.2.1 (Stationary distribution). A distribution π is called stationary if for all

A ∈ A, we have

π(A) =

∫
u∈K

Pu(A)dπ(u). (3.1)

In other words, a probability measure π is stationary if the probability of being in any set

A ∈ A is the same after one step. Note that this distribution is also referred to as the
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invariant measure given this property.

The notion of the stationary distribution is related to reversibility.

Definition 3.2.2 (Reversible). A Markov chain is reversible with respect to the distribution

π if for all u, v ∈ K, we have

dPu(v)dπ(u) = dPv(u)dπ(v). (3.2)

Given any A,B ∈ A, it follows that∫
u∈A

Pu(B)dπ(u) =

∫
v∈B

Pv(A)dπ(v).

Equation (3.2) is sometimes referred to as detailed balance. Reversibility is a useful property

because of the following fact.

Proposition 3.2.3 (Reversibility and Stationary Distribution). If a Markov chain is re-

versible with respect to a distribution π, then π is stationary for the chain.

Proof. For any A ∈ A, we have∫
u∈K

Pu(A)dπ(u) =

∫
v∈A

Pv(K)dπ(v)

=

∫
v∈A

dπ(v)

= π(A),

where the first equality follows from reversibility. Thus, π(A) is stationary by definition

3.2.1.

The Markov chains we employ in chapters 4 and 5 will be lazy chains, which we define

as follows.

Definition 3.2.4 (Laziness). A Markov chain with transition measure Pu may be made “lazy”

if with probability 1/2, we do not make any transition from the current location u ∈ K, and

instead do nothing. This implies that the transition measure of a lazy chain is

Qu(A) =
1

2
Pu(A) +

1

2
IA(u) (3.3)

for any A ∈ A, where IA(u) is the indicator for the set A.
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It is useful to note a stationary measure is preserved under making the chain lazy.

Proposition 3.2.5. Given a Markov chain with a stationary distribution π, the lazy version

of the chain also has the stationary distribution π.

Proof. Let Qu denote the transition measure of the lazy version of the chain at a point u ∈ K

as in equation (3.3). Then∫
u∈K

Qu(A)dπ(u) =
1

2

∫
u∈K

Pu(A)dπ(u) +
1

2

∫
u∈K

IA(u)dπ(u)

=
1

2
π(A) +

1

2
π(A)

= π(A).

3.3 The Metropolis Filter

The Metropolis filter (Roberts et al., 2004) is means by which we may guarantee that a

Markov chain reaches the stationary measure is π. Given the current point x and the

transition measure Px, we seek to generate the next point in the chain. We then propose a

point y sampled from Px. Let q = dπ
dλ

and px = dPx

dλ
be Radon-Nikodym derivatives of π and

Px, respectively, with respect to some dominating measure λ. Similarly let py = dPy

dλ
. The

Metropolis filter is as follows: we independently let the next point be y with probability

αx(y) = min

(
1,

q(y)py(x)

q(x)px(y)

)
.

This produces a new Markov chain with transition density p̃x(y) = px(y)αx(y) which is

reversible with respect to π. For y ̸= x, we have

dπ(x) dP̃x(y) = [q(x) dλ(x)] [px(y)αx(y) dλ(y)]

= min[q(x)px(y), q(y)py(x)] dλ(x) dλ(y)

This expression is the same if we swap x and y, whence (3.2) holds.
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3.4 Convergence and Conductance

The notion of stationarity is closely related to the notion of flow between sets in the state

space. Another way to look at the one-step probability distribution is to consider the ergodic

flow.

Definition 3.4.1 (Ergodic flow). The ergodic flow Φ(A) of a set A ∈ A is the probability of

transitioning from A to K \ A under the stationary measure π, i.e.,

Φ(A) =

∫
u∈A

Pu(K \ A)dπ(u).

The following theorem formally links the notion of stationarity and ergodic flow.

Proposition 3.4.2. A distribution π is stationary if and only if Φ(A) = Φ(K \ A).

Proof. Considering the difference, we have

Φ(A)− Φ(K \ A) =
∫
u∈A

Pu(K \ A)dπ(u)−
∫
u/∈A

Pu(A)dπ(u)

=

∫
u∈A

(1− Pu(A)) dπ(u)−
∫
u/∈A

Pu(A)dπ(u)

= π(A)−
∫
u∈K

Pu(A)dπ(u).

The last quantity is the probability of staying in A after one step, and by definition 3.2.1 is

equal to π(A) if and only if π is stationary.

This proposition is stating the intuitive result that for stationarity, the ergodic flow out of

any set A ∈ A should be equal to the flow into that set, which is consistent with the notion

of reversibility.

Given the existence and uniqueness of a stationary distribution, a natural question that

rises is how quickly such a chain converges to this distribution. Intuitively, a fastly converging

chain should have high ergodic flow out of any set A ∈ A with respect to the stationary

distribution. The definition of conductance formalizes this notion.
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Definition 3.4.3 (Conductance). The conductance of a Markov chain is defined as

ϕ = inf
A∈A: π(A)≤ 1

2

Φ(A)

π(A)
,

where π is the stationary distribution of the chain.

Note that the ergodic flow Φ(A) is the probability of transitioning from A to K \ A under

the stationary distribution, and π(A) is the probability of being in the set A under the sta-

tionary distribution. Thus conductance represents the worst-case scenario of the probability

of transitioning out of a set A adjusted for the probability that the chain is in set A under

the stationary distribution.

Fastly mixing Markov chains should intuitively avoid staying in any set A for too long

(i.e., avoid a “bottleneck”), so a high value of ϕ informs us that our chain mixes rapidly.

We use the approach of Lovász and Simonovits (1993) of lower-bounding the conductance of

the chain to prove mixing times. Recall the total variation distance between two measures

P1, P2 on a measurable space (K,A) is

dTV (P1, P2) = sup
A∈A

|P1(A)− P2(A)|.

Note that |P1(A)−P2(A)| = |P1(K \A)−P2(K \A)|, so if the supremum is attained on any

A ∈ A, then it is attained on K\A ∈ A as well. If P1 and P2 are both absolutely continuous

with respect to a dominating measure µ and thus have densities p1 := dP1

dµ
and p2 := dP2

dµ
,

respectively, the total variation distance may also be written as

dTV (P1, P2) =
1

2

∫ ∣∣p1 − p2
∣∣dµ

= 1−
∫

min(p1, p2) dµ

= 1−
∫
S1

[
min

(
1,

p2
p1

)]
p1 dµ

= 1− EP1

[
min

(
1,

p2
p1

)]
,

(3.4)

where S1 =
{
x
∣∣ p1(x) > 0

}
. Recall that (3.4) does not depend on the choice of dominating

measure µ but rather that the densities are correctly specified with respect to the dominating
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measure. Additionally, note that the equality is attained on
{
x
∣∣ p1(x) ≥ p2(x)

}
almost

everywhere with respect to µ (or alternatively on its complement). The following relationship

between conductance and the total variation distance to the stationary measure was proven

in (Lovász and Simonovits, 1993).

Theorem 3.4.4 (Lovász and Simonovits). Let π0 be the initial distribution for a lazy, re-

versible Markov chain with conductance ϕ and stationary measure π, and let πt denote the

distribution after t steps. Let π0 be an M-warm start for π, i.e., we have M := supA∈A
π0(A)
π(A)

=

O(1). Then

dTV (πt, π) ≤
√
M

(
1− ϕ2

2

)t

.

As a consequence of this theorem, we have the following bound on the mixing time.

Corollary 3.4.5. Given ϵ > 0, M := supA∈A
π0(A)
π(A)

= O(1), and t ≥ τ(ϵ) := ⌈ 2
ϕ2 log(

√
M/ϵ)⌉,

we have dTV (πt, π) ≤ ϵ. Thus the Markov chain mixes in Õ(ϕ−2) steps from a warm start.

To find mixing times, it then suffices to lower-bound the conductance ϕ.

Occasionally, as in the case of the geometric walk known as the ball walk (in which steps

are generated from uniformly distributed samples on the Euclidean ball of a certain radius),

it is useful to define a local version of conductance, as follows.

Definition 3.4.6 (Local Conductance). The local conductance of a point u ∈ K for a Markov

chain is defined as

ℓ(u) = 1− Pu({u}),

i.e., the probability of leaving the point u ∈ K.

We mention this definition here to note an advantage of the random walks we employ in

Chapter 4 and develop in Chapter 5 as compared to the ball walk. Namely, points near

corners of some convex bodies may be such that the probability of making a transition is

quite low, and thus we must make some adjustments to our chain to avoid this problem of
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not transitioning. For example, in the hypercube case with the ball walk, the probability

of staying within the body decays exponentially with dimension at a corner, and thus the

local conductance at a corner is quite small. In a strict sense, then, random walks using the

uniform distribution on a Euclidean ball as a transition measure are not rapidly mixing, since

an exponential number of steps in terms of the dimension will be required to leave the corner.

To circumvent this problem, the ball walk is often instead employed in the smoothed body

K̃ = K + αBn (Vempala, 2005). Alternatively, in analyzing the ball walk, points with small

local conductance are ignored (Vempala, 2005). For hit and run, the algorithm is known to

mix fast from any interior point of K (Lovász and Vempala, 2006a), but the mixing time

depends on the ratio R2/r2 where it assumed rBn ⊂ K ⊂ RBn, as well as log(R/d) where d

is the distance of the starting point from the boundary.

Affine-invariant random walks are random walks for which the mixing time is unaffected

by affine transformations of K. The affine-invariant random walks we employ in Chapter

4 and design in Chapter 5 do not suffer from poor local conductance, since the ellipsoids

they use to make steps adapt to the local geometry, and no modifications to the body K or

ignoring portions of the body in the analysis will need to be made. Additionally, the mixing

times will not depend on the ratio R/r. However, it is unknown whether these random walks

mix rapidly from any given interior point.

3.5 Conditional Expectation as a Bounded Linear Operator

In this section we discuss conditional expectation as a bounded linear operator on Hilbert

spaces. Necessary background information from functional analysis is provided in Appendix

B. Markov chains and their stationary measure π(·) define a Hilbert space L2(π) with inner

product

⟨f, g⟩L2(π) :=

∫
u∈K

f(u)g(u) dπ(u),

which induces the norm

∥f∥L2(π) := ⟨f, f⟩1/2L2(π) = (Eπ[|f |2])1/2.
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More generally, Markov chains define a Banach space Lq(π) with 1 ≤ q < ∞ with the norm

∥f∥Lq(π) := (Eπ[|f |q])1/q,

or in the q = ∞ case, with the norm

∥f∥L∞(π) = ess sup
x∈K

|f(x)|

:= inf {c > 0 | π {x ∈ K | |f(x)| > c} = 0} .

The transition measure Pu may be viewed as a linear operator P on Lq(π). The operator

acts on measures on the left, creating a measure µP. That is, for every A ∈ A, we have

µP(A) :=

∫
x∈K

Px(A) dµ(x),

and condition (3.1) may equivalently be written as πP = π. Additionally, this operator acts

on functions on the right. Note that

(Pf)(u) := EPu [f ] =

∫
v∈K

f(v) dPu(v),

i.e., the expected value of f(vt+1) given that vt = u. Note that it is straightforward to show

that this operator maps Lq(π) to Lq(π) for any q such that 1 ≤ q < ∞, since

|(Pf)(u)|q =
∣∣∣∣∫

v∈K
f(v) dPu(v)

∣∣∣∣q
≤
∫
v∈K

|f(v)|q dPu(v),

by Jensen’s inequality, and thus

∥Pf∥qq =
∫
u∈K

|(Pf)(u)|q dπ(u)

≤
∫
u∈K

(∫
v∈K

|f(v)|q dPu(v)

)
dπ(u)

=

∫
v∈K

|f(v)|qdπ(v)

= ∥f∥qq,
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where we applied Fubini’s theorem and πP = π in the third line. Thus the operator P acts

as a contraction in that the P is bounded and the operator norm satisfies

∥P∥Lq(π) := sup
f∈Lq(π): ̸=0 a.e.−π

∥Pf∥Lq(π)

∥f∥Lq(π)

≤ 1.

Equality is achieved with f = 1 almost everywhere with respect to π, so ∥P∥Lq(π) = 1.

Similar statements apply for the q = ∞ case.

We will be concerned with the q = 2 case. Note that in this case the conditional expec-

tation defines a self-adjoint linear operator.

Proposition 3.5.1. If a Markov-chain is reversible with respect to π, then P : L2(π) → L2(π)

is a self-adjoint linear operator.

Proof. For any f, g ∈ L2(π), by reversibility we have

⟨Pf, g⟩L2(π) =

∫
x

(∫
y

f(y) dPx(y)

)
g(x) dπ(x)

=

∫
y

f(y)

(∫
x

g(x) dPy(x)

)
dπ(y)

= ⟨f, Pg⟩L2(π) .

3.6 Ergodicity, the Spectral Gap, and Mixing Times

Before reading this section, we again encourage the reader to review some results from

functional analysis provided in Appendix B. We consider only lazy reversible chains, though

mention that the theory extends to the non-lazy non-reversible case as well (Roberts and

Rosenthal, 1997; Kontoyiannis and Meyn, 2012). For our chains, we let P t
x to denote the

distribution of Xt conditioned on X0 = x, and the measure of our chain after t steps is π0P
t

where π0 is the measure of X0. Roberts et al. (2004) define ergodicity in terms of the total

variation distance as follows.
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Definition 3.6.1 (Ergodicity). A discrete-time homogenous Markov chain with invariant

distribution π, state space K, and transition measure Px(·) is said to be uniformly ergodic if

there exists ρ < 1,M < ∞ such that

dTV (P
t
x, π) = Mρt, t ∈ N.

A weaker condition is geometric ergodicity in which the constant M depends on the initial

state x ∈ K. A chain is said to be geometrically ergodic if, given x ∈ K, there exists

M(x) < ∞ such that

dTV (P
t
x, π) = M(x)ρt, t ∈ N.

Note that given a warm start and a lower bound on the conductance ϕ for a lazy, reversible

Markov chain on a general state space, theorem 3.4.4 implies that the Markov chain is

geometrically ergodic.

We next define the spectrum of the Markov chain as determined by the conditional

expectation linear operator P, and its spectral gap.

Definition 3.6.2 (Spectrum). Given a Markov chain {K,A, Pu} and the linear operator P

defined as in section 3.5, the spectrum of the chain is

S2 :=
{
λ ∈ C \ {0} | (P− λI)−1 does not exist as a bounded linear operator on L2(π)

}
,

where I is the identity map on L2(π).

We additionally define the spectral gap as follows.

Definition 3.6.3 (Spectral Gap). The spectral gap of Markov chain is

γ :=

sup {|γ| | γ ∈ S2, γ ̸= 1} , if eigenvalue 1 has multiplicity 1,

0, otherwise.
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If the chain is reversible, then by theorem B.7, the spectrum lies on the real line and is

contained in the closed interval [−1, 1]. The lazy version of the chain (with transition measure

Qu(A) =
1
2
Pu +

1
2
IA(u), A ∈ A) then satisfies

⟨f, Qf⟩L2(π) =
1

2
⟨f, Pf⟩L2(π) +

1

2
⟨f, If⟩L2(π)

≥ −1

2
∥f∥L2(π) +

1

2
∥f∥L2(π)

= 0,

so the lazy chain’s spectrum lies in the closed interval [0, 1]. That geometrically ergodicity is

equivalent to admitting a non-zero spectral gap is shown in (Roberts and Rosenthal, 1997)

and (Kontoyiannis and Meyn, 2012). Given theorem 3.4.4, we thus may presume the Markov

chains in this dissertation admit a spectral gap.

Finally, we remark that one contribution of Paulin (2015) is relating the spectral gap to

the mixing time for ergodic chains. We state this theorem as follows, and refer the reader to

(Paulin, 2015) for a proof.

Theorem 3.6.4 (Relationship between Mixing Times and Spectral Gap). For a lazy, re-

versible, ergodic Markov chain, we have

γ ≥ 1

1 + τ(ϵ)/ log(1/ϵ)
,

where 0 ≤ ϵ < 1/2, and τ(ϵ) is as defined in corollary 3.4.5. For an arbitrary initial

distribution π0 which is absolutely continuous with respect to π, we have

dTV (π0P
t, π) ≤ 1

2
(1− γ)t

√
Nπ0 − 1,

where we define

Nπ0
:= Eπ

[(
dπ0

dπ

)2
]
=

∫
x∈K

dπ0

dπ
(x) dπ0(x). (3.5)
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Chapter 4

ROUNDING A CONVEX BODY SPECIFIED BY A
SELF-CONCORDANT BARRIER

4.1 Introduction

The recent Õ(n3) algorithm of Cousins and Vempala (2015) for volume computation presumes

the convex body K is suitably rounded in the sense that

Bn ⊂ K ⊂ O(
√
n)Bn, (4.1)

but omits an algorithm to perform such a rounding step. Although for simple convex bodies

one may be able to find a suitable affine transformation such that the body is suitably

rounded by inspection, this in general will not be the case, necessitating the need for rounding

algorithms. Rounding algorithms have been analyzed in (Kannan et al., 1997) and (Lovász

and Vempala, 2006b), but have complexities Õ(n5) and Õ(n4), respectively, dominating the

volume estimation. Furthermore, these algorithms require multiple phases, either interlaced

with the volume computation algorithm (Kannan et al., 1997), or requiring several phases of

sampling and incrementally rounding as a preprocessing step (Lovász and Vempala, 2006b),

which adds additional complication. Due to the affine-invariant nature of the Dikin walk,

this interweaving of rounding and sampling phases will be unnecessary, and just one phase

of sampling is required. Given a warm start, our algorithm requires Õ(n3ν) samples, where

K is described by a self-concordant barrier F with complexity parameter ν.

4.2 Isotropic Position

Let K ⊂ Rn be a convex body. Let π denote the uniform measure on K, and let X be

a random sample from π. Denote the centroid of K as µ = Eπ[X] and the covariance (or
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inertia) matrix Σ = Eπ[(X − µ)(X − µ)⊤]. Such a convex body is said to be in isotropic

position if µ = 0 and Σ = I. Equivalently, if µ = 0, the convex body is in isotropic position

if for every u ∈ Sn−1 (where Sn−1 denotes the unit sphere in Rn), we have Eπ[|u⊤X|2] = 1.

The connection between isotropic positioning and the assumption in (4.1) are as follows.

Kannan et al. (1995) showed that for K in isotropic position, we have√
n+ 1

n
Bn ⊂ K ⊂

√
n(n+ 1) Bn,

so Bn ⊂ K. Note also that any uniform random sample Y from isotropic K satisfies

E|Y |2 = E[tr(Y Y ⊤)]

= tr(E[Y Y ⊤])

= n.

It follows by Markov’s inequality that for any Y chosen uniformly at random from an isotropic

K ⊂ Rn, we have

P(|Y | ≥ s
√
n) ≤ 1

s2
,

so all but a fraction of δ > 0 of K is contained within a Euclidean ball of radius
√
n/δ. In

fact this may be strengthened for large enough s by lemma 5.17 in (Lovász and Vempala,

2007), which states that

P(|Y | ≥ s
√
n) ≤ e−s+1.

In either case, if we ignore a small portion of K, assumption (4.1) holds.

Note that any convex body with a non-empty interior may be transformed into an

isotropic body K̃ by an affine transformation,

K̃ =
{
y ∈ Rn

∣∣ Σ1/2v + µ ∈ K
}

=
{
Σ−1/2(x− µ)

∣∣ x ∈ K
}
.

Finding such an affine transformation necessitates estimating the mean µ and the covariance

matrix Σ. As these cannot be estimated with infinite precision, the best one can hope for
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is approximate isotropic positioning. A convex body K is said to be in φ-nearly isotropic

position for φ ∈ (0, 1) if

1− φ ≤ Eπ[XX⊤] ≤ 1 + φ, (4.2)

Note that (4.2) is equivalent to the statement that

∥Σ + µµ⊤ − I∥ ≤ φ,

or that the eigenvalues of Σ + µµ⊤ are bounded between (1− φ) and (1 + φ).

Several researchers (Rudelson, 1999; Adamczak et al., 2010) have addressed a related

question: given an isotropic log-concave distribution on Rn (which includes the uniform

distribution on a convex body), how many independent points Xi are required such that for

some given φ > 0, we have ∥∥∥∥ 1

N

N∑
i=1

XiX
⊤
i − I

∥∥∥∥ ≤ φ (4.3)

with overwhelming probability, where ∥M∥ denotes the spectral norm a matrix M . Note

that for a positive semidefinite matrix M we have ∥M∥ = supu∈Sn−1 u⊤Au, whence equation

(4.3) is equivalent to

1− φ ≤ 1

N

N∑
i=1

|X⊤
i u|2 ≤ 1 + φ for all u ∈ Sn−1.

This implies (4.2) for the empirical measure given µ = 0 is known. While the results of

(Rudelson, 1999) and (Adamczak et al., 2010) among others show that N = Õ(n) uniform

samples suffice, they are presumed to be independent, which is not easily obtained for a

general convex body K ⊂ Rn.

The typical approach instead is to acquire samples from the convex body K ⊂ Rn using

geometric random walks such as the ball walk (Kannan et al., 1997; Lovász and Vempala,

2006b). Unfortunately, these approaches suffer from an assumption on K being rounded

such that rBn ⊂ K ⊂ RBn, where the ratio R/r is not too large. However, the assumption

for volume computation of (4.1) was r = 1 and R =
√
n. Thus, multi-phase Monte Carlo
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algorithms are used such that either volume computation steps are interwoven with rounding

steps (Kannan et al., 1997), or many sampling and rounding phases are performed initially

as a preprocessing step (Lovász and Vempala, 2006b). These approaches require Õ(n5) and

Õ(n4) membership oracle calls, respectively. We instead employ an affine-invariant random

walk, the Dikin walk (Narayanan, 2016), which will require only one sampling phase. While

our analysis is specific to that of the Dikin walk, it is easily modified to any geometrically

ergodic affine-invariant random walk.

4.3 Sampling with the Dikin Walk

In this section we describe the Dikin walk on a convex body K specified by a self-concordant

barrier. We begin with the description of the body.

4.3.1 Defining the Convex Set

We assume that K := Kℓ ∩ Kh ∩ Ks, where Kℓ is a polytope with m faces accompanied by

a logarithmic barrier Fℓ, Kh is a convex set accompanied by a hyperbolic barrier Fh with

self-concordance parameter νh, and Ks is a convex set accompanied by a self-concordant

barrier Fs whose self-concordance parameter νs. We assume that K is bounded and contains

the origin, though each of the convex sets comprising the intersection defining K may be

unbounded.

Definition 4.3.1 (General self-concordant barrier). Given Fℓ, Fh, Fs as above, we define the

self-concordant barrier function

F := Fℓ + nFh + n2Fs,

and define

ν := m+ nνh + (nνs)
2

to be the complexity parameter of F (this differs from its self-concordance parameter, which

is bounded above by m+ nνh + n2νs).
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Given the current step x ∈ int(K), generate the next step y as follows.

1. Toss a fair coin. If the result is heads, let y = x.

2. Otherwise,

(a) Sample z from the density gx.

i. If z /∈ K, let y = x.

ii. If z ∈ K, let

y =

z, with probability min
(
1, gz(x)

gx(z)

)
x else.

Algorithm 4.3.1: Dikin Walk Step

4.3.2 Dikin Ellipsoids and the Dikin Walk

We refer the reader to section 2.2 to review Dikin ellipsoids and their properties. Namely,

the Dikin ellipsoid Dx(r) is given by (2.2) and the local norm it induces is given by (2.3).

Using the local norm, one may then define a Gaussian proposal distribution to use in the

walk we will define. For x ∈ intK, let gx denote the Gaussian density function given by

gx(y) :=
( n

πr2

)n
2
exp

(
−n∥y − x∥2x

r2
+ V (x)

)
,

where

V (x) =

(
1

2

)
log detD2F (x).

In other words, gx(y) is the density of a Gaussian distribution centered at x with covariance

matrix r2

n
(D2F (x))−1. We may now define the Dikin walk, provided in algorithm 4.3.1.
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4.3.3 Mixing Time of the Dikin Walk

Narayanan (2016) analyzed the convergence of this walk to the uniform distribution on a

convex body K ⊂ Rn, and proved the following theorem.

Theorem 4.3.2 (Mixing Time of the Dikin Walk). Let K ⊂ Rn be an n-dimensional convex

set accompanied by a self-concordant barrier function F as defined in section 4.3.1 with

complexity parameter ν. Let x0 = x ∈ intK be a “s-central” starting point, where s is defined

such that s ≥ |p−x|
|q−x| for any chord pq in K through x. If τ1 is the time of the first non-trivial

move of the Markov chain, and πt is the measure of the chain after t steps, then the number

of steps after τ1 before dTV (πt, π) ≤ ϵ is O(nν(n log(νs) + log(1
ϵ
))). The waiting time τ1 of

the first non-trivial move has a geometric distribution whose mean is bounded above by a

universal constant. If x0 = x ∈ intK is generated via a warm start, then the number of steps

needed such that dTV (πt, π) ≤ ϵ is O(nν log 1
ϵ
).

Given theorem 3.6.4, the spectral gap of the Dikin walk from a warm start immediately

follows.

Corollary 4.3.3 (Dikin Walk Spectral Gap). The spectral gap γ of the Dikin walk given a

warm start is Ω( 1
nν
).

We will use the Dikin walk as a means to bring a convex body into approximate isotropic

position. Before we analyze this method, however, we derive some moment bounds for

isotropic random vectors.

4.4 Moment Bounds for Log-Concave Densities in Isotropic Position

Lovász and Vempala (2007) address the general case of random variables Y with densities

with respect to the Lebesgue measure which are log-concave. Assume λ denotes the Lebesgue

measure in Rn and the Radon-Nikodym derivative (i.e., density) is f = dπ
dλ

. Log-concave

densities are defined as densities f : Rn → R+ satisfying

f(αx+ (1− α)y) ≥ f(x)αf(y)1−α
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for every x, y ∈ Rn and all α ∈ [0, 1]. Equivalently, the support of f is convex and log f is

concave. Trivially the uniform density on a convex body K meets this assumption.

We will require bounds on E|Y |k for k = 1 and k = 4, as well as a bound on |Y |. We

employ two useful lemmas from (Lovász and Vempala, 2007) to this end. By theorem 5.22

of (Lovász and Vempala, 2007), for any Y with a log-concave density, we have

(E|Y |)k ≤ E|Y |k ≤ (2k E|Y |)k, (4.4)

where first inequality is just Jensen’s inequality and the second inequality is a generalized

Khinchine inequality. Secondly, lemma 5.18 from (Lovász and Vempala, 2007) states that

for any log-concave density corresponding to a body in isotropic position, we have

|Y | ≤ n+ 1. (4.5)

almost everywhere. Using (4.4), given isotropic K, have the expected norm bound,
√
n

16
≤ E(|Y |) ≤

√
n,

which implies by using (4.4) again that

n2

164
≤ E(|Y |4) ≤ 84n2. (4.6)

4.5 Rounding the Body

Assume that the mean and covariance of the uniform distribution π on K are µ and Σ,

respectively. Given X ∼ π, we seek a vector θ and a square invertible matrix A such that

Y = A(X − θ) is an approximately isotropic random vector. Clearly, E[Y ] = A(µ − θ) and

Cov(Y ) = AΣA⊤, so
E[Y Y ⊤] = Cov(Y ) + E[Y ]E[Y ]⊤

= A(Σ + (µ− θ)(µ− θ)⊤)A⊤.

For approximate isotropic position, we require

∥A(Σ + (µ− θ)(µ− θ)⊤)A⊤ − I∥ ≤ φ. (4.7)
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which follows from the triangle inequality if we can show that

∥A(µ− θ)(µ− θ)⊤A⊤∥ ≤ φ1 (4.8)

and

∥AΣA⊤ − I∥ ≤ φ2, (4.9)

where φ1, φ2 satisfy φ1 + φ2 ≤ φ.

To choose A and θ, we sample from the body. We presume that we have a sample

{X1, X2, . . . , XT} of points taken from the a Dikin walk on K ⊂ Rn where dTV (π1, π) ≤ ϵ.

We then form the usual estimates,

X̄ =
1

T

T∑
t=1

Xt, (4.10)

and

Σ̂ =
1

T

T∑
t=1

(Xt − X̄)(Xt − X̄)⊤. (4.11)

Note that exact isotropic positioning with φ = 0 in (4.7) is achieved via θ = µ and A = Σ−1/2.

Thus, the natural choices for θ and A given samples are X̄ and Σ̂−1/2, respectively.

4.5.1 Analysis Using Markov Chain Concentration Inequalities

We first presume that we have drawn (dependent) samples starting from the uniform distri-

bution on a body K in isotropic position. We then extend the analysis to the general case

in which our first sample is nearly uniform and K is not isotropic. The following Bernstein

inequality for ergodic Markov chains provides the means by which we prove near-isotropic

positioning.

Theorem 4.5.1 (Paulin (2015)). Let Z1, . . . , ZT be samples taken from a stationary, lazy,

reversible Markov chain with spectral gap γ and stationary measure π. Consider any mea-

surable f ∈ L2(π) be such that

|f(Z)− Eπ(f(Z))| ≤ C,
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and define Vf := Varπ(f). Let S :=
∑⊤

t=1 f(Zt). Then

Pπ(|S − Eπ(S)| ≥ a) ≤ 2 exp

(
− γa2

4TVf + 10aC

)
. (4.12)

To bound the probability in (4.12) by η ∈ (0, 1), let a = φT . Then inverting (4.12), we see

that

T =

⌈
(4Vf + 10Cφ) log(2/η)

φ2γ

⌉
samples are required to bound (4.12) by η. Note that the spectral gap γ of the Dikin walk

provided by corollary 4.3.3. Given any function f , it remains to bound C and Vf to bound

the number of samples T such that 1
T
(S − Eπ(S)) is between −φ and φ with probability

1− η.

Now consider bounding the affine-invariant quantities

∥Σ−1/2(X̄ − µ)(X̄ − µ)⊤Σ−1/2∥ (4.13)

and

∥Σ−1/2(Σ̂− Σ)Σ−1/2∥. (4.14)

Note that Σ̂ = Σ̂0 − X̄X̄⊤ where Σ̂0 = 1
T

∑⊤
t=1XiX

⊤
i . For K in isotropic position, (4.13)

reduces to

∥X̄X̄⊤∥ = |X̄|2

and (4.14) reduces to

∥Σ̂− I∥ = ∥(Σ̂− Σ̂0) + (Σ̂0 − I)∥

≤ ∥ − X̄X̄⊤∥+ ∥Σ̂0 − I∥

= |X̄|2 + ∥Σ̂0 − I∥. (4.15)

We consider each term in (4.15) separately, applying (4.12) to each.

Considering the mean, note the following lemma.
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Lemma 4.5.2 (Mean Bound). Let X1, . . . , XT1 be sampled from a stationary, lazy, reversible

Markov chain with spectral gap γ on an isotropic convex body K. Then |X̄| ≤ φ1 with

probability at least 1− η1 for

T1 ≥

⌈
[(15/4)n+ 10(n+ 1)φ1] log(2/η1)

φ2
1γ

⌉
. (4.16)

Proof. We have
1

T
|S − Eπ(S)| =

∣∣∣∣ 1T
T∑
t=1

Xt

∣∣∣∣
≤ 1

T

T∑
t=1

|Xt|.

Thus, let Y ∼ π where π denotes the uniform distribution on an isotropic body K, and let

f(Y ) = |Y |. Applying (4.5), we have

|f(Y )− Eπ[f(Y )]| ≤ |Y |

≤ n+ 1,

so we make take C = n+ 1. Applying (4.4), we have

Vf = Eπ(|Y |2)− (Eπ|Y |)2

≤ n− (1/16)Eπ(|Y |2)

= (15/16)n.

Thus, the lower bound for T1 in (4.16) follows.

Considering the variance, note the following lemma.

Lemma 4.5.3 (Covariance Bound). Let X1, . . . , XT2 be sampled from a stationary, lazy,

reversible Markov chain with spectral gap γ on an isotropic convex body K. Then |Σ̂0−I| ≤ φ2

with probability at least 1− η2 for

T2 ≥

⌈
(4(84 − 1)n2 + 10(n2 + n− 1)φ2) log(2/η2)

φ2
2γ

⌉
(4.17)
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Proof. Noting that

sup
u∈Sn−1

u⊤(Σ̂0 − I)u = sup
u∈Sn−1

u⊤

[
1

T

⊤∑
t=1

(
XtX

⊤
t − I

)]
u

≤ 1

T

⊤∑
i=1

sup
u∈Sn−1

u⊤(XtX
⊤
t − I)u.

we may apply (4.12) with
f(Y ) = sup

u∈Sn−1

u⊤(Y Y ⊤ − I)u

= |Y |2 − 1.

To find a bound C, inequality (4.5) implies that

|f(Y )− Eπ[f(Y )]| = |Y |2 − n

≤ (n+ 1)2 − n,

so we make take C = n2 + n− 1. To bound Vf , using (4.6), we have

Vf = Eπf(Y )2 − (Eπf(Y ))2

= Eπ[(|Y |2 − 1)2]− (n− 1)2

= Eπ[|Y |4]− 2Eπ[|Y |2]− n2 + 2n

≤ (84 − 1)n2.

Thus, the lower bound for T2 in (4.17) follows.

Since T2 > T1 and γ ≥ c
nν

for some universal constant c > 0, we conclude that with

T = T2 = Õ(n3ν) Dikin walk samples from the stationary measure on an isotropic body, we

have

∥Σ̂− I∥ ≤ φ

with probability at least 1− η, where φ = φ2
1 + φ2 and η = 2η2.

It remains to show approximate isotropic positioning for the general case in which the

body K is not isotropic, and the samples are taken from a distribution which is only approx-

imately stationary. We prove (4.7) using lemmas 4.5.2 and 4.5.3 as follows.
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Theorem 4.5.4 (Near Isotropic Position). Let

K̃ =
{
Σ̂−1/2(x− X̄)

∣∣ x ∈ K
}
.

If T ≥ T2, then K̃ is nearly isotropic in that given any Y uniformly drawn from K̃, we have

∥E[Y Y ⊤]− I∥ ≤ φ2
1

(1− φ2)2
+

φ2

1− φ2

. (4.18)

with probability at least 1− η.

Proof. Lemma 4.5.3 provides a bound

∥MM⊤ − I∥ ≤ φ2

where M = Σ−1/2Σ̂1/2. We require a bound of the form of (4.9), i.e., we need to bound

∥(MM⊤)−1 − I∥. Given lemma 4.5.3, the eigenvalues of (MM⊤)−1 are contained in the

interval [(1 + φ2)
−1, (1− φ2)

−1]. Thus

∥(MM⊤)−1 − I∥ ≤ φ2

1− φ2

.

Similarly, lemma 4.5.2 provides a bound

∥Σ−1/2(X̄ − µ)(X̄ − µ)⊤Σ−1/2∥ ≤ φ2
1,

but we require a bound of the form (4.8). Since the spectral norm is sub-multiplicative, we

have

∥Σ̂−1/2(X̄ − µ)(X̄ − µ)⊤Σ̂−1/2∥ = ∥M−1Σ−1/2(X̄ − µ)(X̄ − µ)⊤Σ−1/2(M⊤)−1∥

≤ φ2
1∥M−1∥2

≤ φ2
1

(1− φ2)2
.

Combining the two bounds yields (4.18).

Finally, note that we have assumed throughout that we are sampling precisely from

the uniform measure. In practice, after an initial “burn-in” phase, the first sample in the
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estimators (4.10) and (4.11) will be drawn from a measure that is approximately uniform.

We state the following theorem from Paulin (2015) which shows that we pay a penalty of

just ϵ for taking our first sample a point X1 such that dTV (π1, π) ≤ ϵ.

Theorem 4.5.5 (Bounds for Non-stationary Chains). Let X1, . . . , Xt be a time homogenous

Markov chain with state space K and stationary distribution π. Suppose that g(X1, . . . , Xt)

is a real-valued measurable function, and X1 is distributed according to some distribution q.

Then

Pq(g(X1, . . . , Xt) ≥ a) ≤ N1/2
q [Pq(g(X1, . . . , Xt) ≥ a)]1/2,

where Nq was defined in (3.5). If we “burn” the first t0 observations, we have

Pq(g(Xt0+1, . . . , Xt0+t) ≥ a) ≤ Pπ(g(Xt0+1, . . . , Xt0+t) ≥ a) + dTV (qP
t0 , π).

4.5.2 Complexity of Rounding

Note that an approximately uniform random sample may be generated in Õ(nν) steps of

the Dikin Walk given a warm start (which may be generated in Õ(n2ν) steps after the first

move from an s-central point). Since our algorithm required Õ(n3ν) samples, in either the

case of a warm start or after the first move from an s-central point, a total of Õ(n3ν) steps

are required. If the complexity parameter of the Dikin walk is ν = n, then this matches the

number of membership oracle calls of Lovász and Vempala (2006b). However, each sample

of the Dikin walk requires additionally the computation of the Hessian of the self-concordant

barrier which specifies the body of the random walk. Denoting this cost ζ, the complexity

of the algorithm is thus Õ(ζn3ν).

We state ζ for two special cases. For the case of a polytope described by m inequal-

ity constraints, we have self-concordance parameter m. Let si(x) := 1 − a⊤i x denote the

slack in the i-th constraint for i = 1, . . . ,m. Given the current location of the random

walk is x ∈ K, the Hessian of the logarithmic barrier is H(x) = A⊤S−2
x A, where Sx :=

diag(s1(x), . . . , sm(x)). Letting Ax := A⊤S−1
x , the Hessian is equivalently H(x) = A⊤

xAx,
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where A⊤
x = [a1/s1, . . . , am/sm]. By padding A⊤

x with zeros as necessary and then partition-

ing the resultant matrix into less than (m + n)/n submatrices of dimension n × n, we may

compute the Hessian in ζ = O(mnω−1) arithmetic operations. In the case of a semidefinite

constraint of rank r, the number of arithmetic steps required for computing the Hessian of

the log det barrier is ζ = O(n2r2 + nrω) (Nesterov and Nemirovsky, 1994).

4.6 Simulation

Consider the following polytope defined by n+ 1 inequality constraints,

∆n
c :=

{
x ∈ Rn

∣∣∣∣ n∑
i=1

xi ≤ 1 and xi ≥ 0 for i = 1, . . . , n

}
.

∆n
c is the simplex in Rn corresponding to a corner of a unit cube located in the non-negative

orthant. To generate a uniform random sample in this polytope, we may use the Dirichlet

distribution. The Dirichlet distribution is parameterized by a vector α = (α1, α2, . . . , αn+1)

and is supported on the n-standard simplex in Rn+1, i.e.,

∆n :=

{
x ∈ Rn+1

∣∣∣∣ n+1∑
i=1

xi = 1 and xi ≥ 0, i = 1, 2, . . . , n+ 1

}
.

The Dirichlet distribution’s density function is

f(x | α) = 1

B(α)

(
n+1∏
i=1

xαi−1
i

)
I∆n(x),

where IS(x) = 1 if x ∈ S and 0 otherwise, and

B(α) :=
n+1∏
i=1

Γ(αi)

Γ(
∑n+1

i=1 αi)

is the multivariate beta function. The mean of the Dirichlet distribution is

EX =
α

α0

where α0 :=
∑n+1

i=1 αi, and the covariance is

Cov(Xi, Xj) =


αi(α0−αi)

α2
0(α0+1)

i = j,

−αiαj

α2
0(α0+1)

i ̸= j.
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For the special case corresponding to the uniform distribution on ∆n, we have α = 1n+1 :=

[1, . . . , 1]⊤, and α0 = (n+ 1). The mean is

EX =

(
1

n+ 1

)
1n+1.

and the covariance matrix is

Cov(X) =

(
1

(n+ 1)2(n+ 2)

)[
(n+ 1)In+1 − 1n+11

⊤
n+1

]
.

To generate a uniform random sample on ∆n
c , it suffices to sample X from a Dirichlet

distribution with α = 1n+1, and keep only the first n coordinates. Similarly, the mean

is the first n coordinates of EX, and the covariance is the n × n submatrix of Cov(X)

corresponding to the first n coordinates. Letting c = 1/((n+ 1)2(n+ 2)), it may be verified

that the covariance matrix corresponding to the uniform distribution on ∆n
c has eigenvalues

c(n+ 1) of multiplicity n and c of multiplicity 1.

We may further transform this simplex via a linear transformation. Let the covariance

matrix of ∆n
c be Σ, and its eigenvalue decomposition be UΛU⊤. Let Λ = diag(λ1, λ2, . . . , λn),

where λ1 = c. To transform the simplex such that we have a condition number κ, consider

the matrix D = diag(
√

(n+ 1)/κ, 1, . . . , 1). Then we may form the new covariance matrix,

by letting Λ̃ = DΛD, and thus,

Σ̃ = U Λ̃U⊤

= UDΛDU⊤

= UD(U⊤U)Λ(U⊤U)DU⊤

= (UDU⊤)Σ(UDU⊤)

≡ LΣL⊤,

where L = UDU⊤. Thus our linear transformation is y = L(x), where L = UDU⊤.

We simulated the Dikin walk in the Python programming language on the simplex ∆n
c

and transformed versions thereof. We chose the radius to be 0.35, which empirically led

to approximately 30 to 40 percent of the samples being rejected by the Metropolis filter.
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We chose the transformation L such that the condition number of the covariance matrix

corresponding to the transformed body was κ = (n + 1)k for k = 1, 2, 3, or 4, where the

k = 1 case corresponds to no transformation. We set the dimension to be n = 10, 20, or 40.

For each combination of k and n, we took an initial (stationary) random sample using the

Dirichlet distribution, and then simulated a total of 106 steps of the Dikin walk. We then

formed the mean estimator (4.10) and the covariance estimator (4.11) by taking consecutive

windows of size T of the 106 steps of the walk. We choose the window size T = ⌈nα⌉ for

α ∈ {1.5, 1.75, 2, . . .}, where the maximum α is chosen such that we have at least consecutive

10 windows of size T for each value of n.

For mean estimator X̄, we considered the error ϵ := |Σ−1/2(X̄ − µ)|2. For the covariance

estimator Σ̂, we let M = Σ−1/2Σ̂1/2, and found the smallest value C such that

1

C
≤ λ(MM⊤) ≤ C,

where λ(S) denotes the eigenvalues of a symmetric matrix S. Note that this value of C

bounds the spectrum of (MM⊤)−1 as well. Plots showing these estimators are shown in

figures 4.1 through 4.6. The median error is indicated with the solid line, and the bands

indicate the middle 90% of all simulations, where we interpolated if the 0.05 and 0.95 quan-

tiles were not precisely defined. Given the results of lemmas 4.5.2 and 4.5.3, we expect both

of these errors to relatively controlled with Õ(n3ν) = Õ(n4) samples. This is indeed the

case. Additionally, the affine-invariance is readily apparent in that for a given n, each plot

exhibits similar behavior irrespective of the value of k.
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Figure 4.1: Mean errors for n = 10.
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Figure 4.2: Covariance errors for n = 10.
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Figure 4.3: Mean errors for n = 20.
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Figure 4.4: Covariance errors for n = 20.
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Figure 4.5: Mean errors for n = 40.
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Figure 4.6: Covariance errors for n = 40.
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4.7 Discussion

We have provided an algorithm to round a convex body with complexity Õ(κn3ν). The

benefit of using this random walk is that it generalizes to convex bodies specified by a self-

concordant barrier, and avoids the interleaving of sampling and rounding phases of other

algorithms. Additionally, while our algorithm’s complexity is derived in terms of the Dikin

walk, our analysis was general in that it applies to any affine-invariant random walk which

admits a spectral gap.

We have also supported our algorithm with simulations illustrating the number of samples

required to bring polytopes into an approximately isotropic position, matching roughly our

theoretical bounds. We believe with further analysis we may be able to reduce the power of

n in the number of samples required, and this may necessitate developing tools akin to the

matrix concentration inequalities of Tropp (2012) for the case of general state-space Markov

chains. We leave this problem open to future work.
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Chapter 5

AN AFFINE-INVARIANT RANDOM WALK USING JOHN’S
MAXIMAL VOLUME ELLIPSOID

5.1 Introduction

Drawing random samples from a convex body in K ⊂ Rn is an important problem for volume

computation and optimization which has generated a large body of research. Usually K is

specified by a membership oracle which certifies whether or not a test point x ∈ Rn is

contained in K. Given such an oracle, geometric random walks are then used to explore

K such that after a sufficient number of steps, the walk has “mixed” in the sense that the

current point is suitably close to a point uniformly drawn from K in terms of statistical

distance. To use such walks, an assumption that B(r) ⊂ K ⊂ B(R) is often made, where

B(r) represents the Euclidean ball of radius r > 0. One common example of such geometric

walks is the Ball Walk, which generates the next point by uniformly randomly sampling from

a ball of radius δ ≤ r/
√
n centered at the current point, and mixes in Õ(n(R2/δ2)) steps from

a warm start (Kannan et al., 1997). Another is Hit and Run, where the next point is chosen

uniformly at random from a random chord in K which intersects the current point. Hit and

Run mixes in O(n3(R2/r2) log(R/(dϵ))) where the starting point is a distance d from the

boundary and ϵ is the desired distance to stationarity (Lovász and Vempala, 2006a). Both

Ball Walk and Hit and Run thus depend on the rounding of the convex body in question,

i.e., the term R/r, which may be arbitrarily large in terms of n. An affine transformation is

required as a preprocessing step to bring the convex body into a position for which R/r is

suitably small. Such rounding transformations depend on drawing samples to estimate the

covariance matrix of the body, and thus the complexity of rounding dwarfs the complexity of

sampling. As such, random walks which circumvent the problem of rounding are desirable.
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One recent algorithm which avoids rounding the body is known as projected Langevin

Monte Carlo (Bubeck et al., 2018), and uses a discretization of Langevin diffusion with a

projection of each step onto the body if necessary. This algorithm mixes in Õ(n7) steps

from any starting point, but the complexity of each iteration depends additionally on the

projection which may be costly for general bodies. Affine-invariant walks (i.e., geometric

walks whose mixing time is invariant to such affine transformations) are another class of

random walks which avoid the problem of rounding. One such random walk is known as Dikin

Walk (Kannan and Narayanan, 2012), which uses uniform sampling from Dikin ellipsoids to

make steps. Given a polytope with m inequality constraints, the Dikin Walk mixes in Õ(mn)

steps from a warm start. This random walk was extended to general convex bodies equipped

with a ν-self-concordant barrier by Narayanan (2016), and mixes in Õ(n3ν2) steps from a

warm start. For the case of a polytope, this implies that the Dikin walk equipped with

the Lee-Sidford (LS) barrier (Lee and Sidford, 2013) mixes in Õ(n5) steps from a warm

start, though at each step one must additionally compute the LS barrier which requires

O(nnz(A) + n2) arithmetic operations, where nnz(A) is the number of non-zeros in the

matrix A which defines the polytope.

This chapter introduces another affine-invariant random walk akin to Dikin Walk which

uses uniform sampling from John’s ellipsoids to make steps, and show that this walk mixes in

Õ(n7) steps from a warm start. The logarithmic factors in this mixing time depend only on

the warm start and error parameters (and not on the dimension or the number of inequality

constraints defining, say, a polytope). The type of convex body K is not specified (i.e., need

not be a polytope) in our analysis of the mixing time, but one must have access to the John’s

ellipsoid of the current symmetrization of the convex body. For the special case of a polytope,

we describe an algorithm to compute the John’s ellipsoid of the current symmetrization in

Õ(mnω+1+n2ω+2) iterations, noting that the Dikin Walk also has computational complexity

for each step of the walk which is linear in m. Thus, since the mixing time does not depend

on m, our algorithm may be suitable in cases in which m ≫ n and n is not prohibitively

large.
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This chapter is organized as follows. In section 5.2 we recall John’s theorem which

characterizes the maximum volume ellipsoids contained in a convex body, describe the convex

program to find such an ellipsoid in the case of a polytope, and additionally describe our

algorithm for John’s Walk. In section 5.3, we analyze the mixing time of our algorithm. In

section 5.4, we describe an algorithm to compute suitably approximate John’s ellipsoids for

the special case of a polytope, and show that the mixing time is maintained with using these

approximate ellipsoids.

5.2 John’s Walk

In this section, we describe John’s maximum volume ellipsoid for a convex body K ⊂ Rn,

and describe a geometric random walk using such ellipsoids. We refer the reader to section

2.3 to review John’s theorem and its consequences for a general convex body K ⊂ Rn. We

discuss John’s maximal volume ellipsoid for the special case of a polytope next.

5.2.1 John’s Ellipsoids Via Convex Programming

For general convex bodies, finding John’s maximal volume inscribed ellipsoid is hard to com-

pute. However for polytopes, methods exist which calculate the maximal volume ellipsoid up

to a user-specified tolerance parameter. Now let P =
{
x ∈ Rn

∣∣ Ax ≤ 1
}

denote a polytope

in Rn, where A ∈ Rm×n. Note that we may parameterize any ellipsoid centered at xc as

E =
{
Ey + xc

∣∣ |y| ≤ 1
}
,

or equivalently by

E =
{
x
∣∣ (x− xc)

⊤E−2(x− xc) ≤ 1
}
,

where E ∈ Sn
++. For a general convex body K ⊂ Rn, since the volume of E is proportional

to detE, the convex optimization problem to be solved is as follows (Vandenberghe et al.,



60

1998):
min

E∈Sn
++, xc∈Rn

− log detE

subject to sup
|y|≤1

IK(Ey + xc) ≤ 0,

where IK(x) = ∞ if x /∈ K, IK(x) = 0 if x ∈ K, and we note that log det(·) is concave on

Sn
++. In the special case of a polytope P =

{
x ∈ Rn

∣∣ Ax ≤ 1
}

, letting {ai}mi=1 denote the

rows of A, note that sup|y|≤1 ⟨ai, Ey + xc⟩ ≤ 1 if and only if |Eai|+ ⟨ai, xc⟩ ≤ 1. Thus, the

maximum volume ellipsoid is found as the solution of the optimization problem,

min
E∈Sn

++, xc∈Rn
− log detE

s.t. |Eai|+ ⟨ai, xc⟩ ≤ 1, i = 1, . . . ,m.

(5.1)

We address the issue of computing approximate John’s ellipsoids for polytopes using convex

programming in section 5.4.

5.2.2 The John’s Walk Algorithm

We state the algorithm for a general convex body K. At a given point x ∈ K, let the

symmetrization of x ∈ K be

Ks
x := K ∩

{
2x− y

∣∣ y ∈ K
}
,

and let Ex =
{
Exu+ x

∣∣ |u| ≤ 1
}

denote the John’s ellipsoid of Ks
x. Similarly, let the rescaled

John’s ellipsoid be Ex(r) =
{
r(Exu) + x

∣∣ |u| ≤ 1
}

, where the radius r > 0 will be specified

in section 5.3. Assume 0 = x0 ∈ int(K), and we have computed Ex0 . To generate a sample

xi given xi−1, we use algorithm 5.2.1, where λ(·) denotes the Lebesgue measure on Rn:

Algorithm 5.2.1 is a Metropolis-Hastings geometric random walk which uses the uniform

measure Qx(·) on the dilated John’s ellipsoid Ex(r) as the proposal distribution. Tossing a fair

coin ensures the transition probability kernel defined by the algorithm is positive definite,

which is known as making the walk lazy. Lazy random walks have the same stationary

distribution as the original walk at the cost of a constant increase in mixing time (we will
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Given x ∈ Ks
x, r > 0, and Ex, generate the next step y as follows:

1. Toss a fair coin. If the result is heads, let y = x.

2. If the result is tails:

(a) Draw a uniformly distributed random point z from Ex(r).

(b) Compute Ez using Ks
z.

(c) If x /∈ Ez(r), let y = x. Otherwise, let

y =

z, with probability min
(
1, λ(Ex(r))

λ(Ez(r))

)
= min

(
1, detEx

detEz

)
,

x, else.

Algorithm 5.2.1: John’s Walk Step

analyze the non-lazy walk, noting that the mixing time is not affected in terms of complexity

as a function of m and n). The rejection of any sample z such that x /∈ Ez(r) is necessary to

ensure the random walk is reversible.

The uniform measure on the John’s ellipsoid Ex(r) is absolutely continuous with respect

to the Lebesgue measure λ, and thus the Radon-Nikodym derivative (i.e., density) for the

proposal distribution is

qx(y) :=
dQx

dλ
(y)

=

(
1

λ(Ex(r))

)
· 1{y∈Ex(r)}.

(5.2)

The acceptance probability corresponding to the uniform stationary measure in the Metropo-

lis filter is

αx(y) = min

[
1,

λ(Ex(r))
λ(Ey(r))

]
.

By the Lebesgue decomposition, the transition probability measure Px(·) of the non-lazy
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version of algorithm 5.2.1 is absolutely continuous with respect to the measure

µ := λ+ δx, (5.3)

where δx(·) is the Dirac measure at x corresponding to a rejected move. The transition

density is thus

px(y) :=
dPx

dµ
(y)

= αx(y)qx(y)1{y ̸=x, x∈Ey(r)} + ρ(x)1{y=x}

= min

[
1

λ(Ex(r))
,

1

λ(Ey(r))

]
1{y ̸=x, x∈Ey(r), y∈Ex(r)} + ρ(x)1{y=x},

where 1{·} is the indicator function and the rejection probability is denoted ρ(x). We next

analyze the mixing time of the walk.

5.3 Analysis of Mixing Time

In what follows we let a discrete-time, homogeneous Markov chain be the triple {K,A, Px}

along with a distribution π0 for the starting point, where the sample space is the convex

body K ⊂ Rn, the measurable sets on K are denoted by A, and Px denotes the uniform

measure on the scaled John’s ellipsoid of radius of Ks
x.

5.3.1 Conductance and Mixing Times

We use the approach from Lovász and Simonovits (1993) of lower-bounding the conduc-

tance of the chain to prove mixing times. We refer the reader to section 3.4 to review the

relationship between convergence and conductance.

5.3.2 Isoperimetry

The typical means by which one finds lower bounds on the conductance is via isoperimetric

inequalites. We first restate the cross-ratio used in isoperimetric inequality we will employ.
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Definition 5.3.1 (Cross-Ratio). Let x, y ∈ K, and let p, q be the end points of a chord in K

passing through x, y where the cross-ratio is defined to be

σ(x, y) =
|x− y||p− q|
|p− x||y − q|

,

where | · | denotes the Euclidean norm.

Additionally, for any S1, S2 ⊂ K, let

σ(S1, S2) = inf
x∈S1,y∈S2

σ(x, y).

Lovász (1999) proved an isoperimetric inequality involving the cross-ratio from which the

conductance ϕ may be lower-bounded for the special case of the uniform distribution on a

convex body K ⊂ Rn. It was extended to log-concave measures by Lovász and Vempala

(2007) for which the uniform measure on convex body is a special case. We state the latter

result as follows.

Theorem 5.3.2 (Lovász and Vempala). For any log-concave measure π(·) supported K and

a partition of K into measurable subsets S1, S2, and S3 = K \ (S1 ∪ S2), we have

π(S3) ≥ σ(S1, S2)π(S1)π(S2).

5.3.3 Mixing of John’s Walk

The key step in proving conductance lower bounds is to show that if two points are close

in geometric distance, then they are close in statistical distance. Note that given John’s

ellipsoid Ex =
{
Exu+ x

∣∣ |u| ≤ 1
}

, a local norm is induced via

∥y − x∥2x = (y − x)⊤E−2
x (y − x).

We first relate this local norm to the cross-ratio as follows.

Theorem 5.3.3. Let ∥ · ∥x denote the norm induced by the John’s ellipsoid of Ks
x. Then

σ(x, y) ≥ 1√
n
∥y − x∥x.
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Proof. Noting that the cross-ratio is invariant to affine transformations, without loss of

generality we may assume by a suitable affine transformation that the John’s ellipsoid of Ks
x

is the unit ball, and thus ∥y−x∥x = |y−x|. Let p, x, y, q denote successive points on a chord

through Ks
x. Then

σ(x, y) =
|x− y||p− q|
|p− x||y − q|

≥ |x− y| (|p− x|+ |y − q|)
|p− x||y − q|

≥ max

(
|x− y|
|y − q|

,
|x− y|
|p− x|

)
≥ |x− y|√

n
,

where the last inequality follows from the containment in equation (2.7).

Before bounding the statistical distance between Px and Py given a bound on the geomet-

ric distance between x and y, we first state some useful lemmas regarding the ellipsoids Ex
and Ey. The next lemma is a generalization of the Cauchy-Schwarz inequality to semidefinite

matrices.

Lemma 5.3.4 (Semidefinite Cauchy-Schwarz). Let α1, . . . , αm ∈ R and let A1, . . . , Am ∈

Rr×n. Then (
m∑
i=1

αiAi

)(
m∑
i=1

αiAi

)⊤

≼

(∑
i

α2
i

)(
m∑
i=1

AiA
⊤
i

)
,

where A ≼ B signifies that B − A is positive semidefinite.

Proof. The proof is as in lemma 3.11 in (Kannan and Narayanan, 2012), which we repeat

here for convenience. For all i and j,

(αjAi − αiAj)(αjAi − αiAj)
⊤ ≽ 0.
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Thus

0 ≼ 1

2

m∑
i=1

m∑
j=1

(αjAi − αiAj)(αjAi − αiAj)
⊤

=
1

2

m∑
i=1

[( m∑
i=1

α2
j

)
AiA

⊤
i − αiAi

m∑
j=1

(
αjA

⊤
j

)
−

(
m∑
j=1

(αjAj)

)(
αiA

⊤
i

)
+ α2

i

m∑
i=1

AjA
⊤
j

]

=

(∑
i

α2
i

)(
m∑
i=1

AiA
⊤
i

)
−

(
m∑
i=1

αiAi

)(
m∑
i=1

αiAi

)⊤

.

Now we study how the volume and aspect ratio of the John’s ellipsoid changes from a

move from x to y. If the John’s ellipsoid centered at x = 0 is the unit ball, and we make a

move to y, the matrix Ey which induces Ey satisfies the solution of

min
E∈Sn

++

− log detE

s.t. |Eui|+ ⟨ui, y⟩ ≤ 1, i = 1, . . . ,m,

(5.4)

where m = n(n+1)/2 and the ui’s are the contact points of K (i.e, those not induced by the

symmetrization). Using the constraint of (5.4), theorem 2.3.1, and lemma 5.3.4, we deduce

an upper bound on detEy as follows.

Lemma 5.3.5. Let c > 0 be some universal constant, let r = cn−5/2, and presume y is

chosen from a ball of radius r such that ∥y − x∥x = |y − x| ≤ r. Then

detEy ≤ 1 + cn−2.

Proof. By (5.4), Ey is the maximum of log detE of under the constraints |Eui| ≤ 1 − u⊤
i y.

Since the weights ci corresponding to the John’s ellipsoid Ks
x are positive, the constraint

implies that ∑
i

ciu
⊤
i E

2
yui ≤

∑
i

ci(1− u⊤
i y)

2.



66

By (2.5), (2.6), and using the linearity and cyclic invariance of the trace, we have

tr(E2
y) ≤

∑
i

ci − 2
∑
i

ciu
⊤
i y +

∑
i

ci(u
⊤
i y)

2

= n− 2

(∑
i

ciui

)⊤

y + y⊤

(∑
i

ciuiu
⊤
i

)
y

= n− 2

(∑
i

ciui

)⊤

y + |y|2.

Considering |
∑

i ciui| to bound the middle term, we may employ lemma 5.3.4. Letting

αi =
√
ci and Ai =

√
ciui, we have

(∑
i

ciui

)(∑
i

ciui

)⊤

≼

(∑
i

ci

)(∑
i

ciuiu
⊤
i

)

Noting the right side is equal to nIn, it follows that

∣∣∣∣∑
i

ciui

∣∣∣∣ ≤ √
n.

Therefore, if y is chosen from a ball of radius cn−5/2, by Cauchy-Schwarz we conclude that

tr(E2
y) ≤ n+ cn−2,

where we have absorbed the |y|2 ≤ c2n−5 term into the constant. Now letting the eigenvalues

of Ey be denoted di > 0, we have by the arithmetic-geometric mean inequality,

(detEy)
2/n =

(
n∏

i=1

d2i

)1/n

≤ 1

n

n∑
i=1

d2i

≤ 1

n

(
n+ cn−2

)
,
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Thus,

detEy ≤ (1 + cn−3)n/2

≤ (1 + cn−3)n

= 1 + cn−2 +
n∑

k=2

(
n

k

)
(cn−3)k

≤ 1 + cn−2 +
n∑

k=2

(ne
k

)k
(cn−3)k

≤ 1 + cn−2 +
∞∑
k=2

(ecn−2)k

= 1 + cn−2 + (ecn−2)2
(

1

1− ecn−2

)
= 1 + cn−2

(
1 +

ce2

n2 − ce

)
.

Absorbing terms into the constant, the claim holds.

We deduce a lower-bound on detEy by considering a positive definite matrix of the form

E = β(I−αyy⊤) that is feasible for (5.4). Note that such a matrix has eigenvalue β(1−α|y|2)

of multiplicity 1 corresponding to unit eigenvector y/|y|, and eigenvalues β of multiplicity

n− 1 corresponding to any unit vector z which is orthogonal to y.

Lemma 5.3.6. The matrix β(In−αyy⊤) is feasible for (5.4) with β =
(
1− |y|√

n

)
and α = 2

√
n

|y| .

Proof. We divide the contact points ui which do not arise from the symmetrization into two

sets: A =
{
i
∣∣ ⟨ui, y⟩ ≤ |y|√

n

}
and B =

{
i
∣∣ ⟨ui, y⟩ > |y|√

n

}
. If i ∈ B, we have

1− ⟨ui, y⟩ > 1− |y|√
n
,

and noting that E ≻ 0 and 0 ≺ (In − αyy⊤) ≺ In for β > 0 and 0 < α < |y|2,

|Eui| ≤ β|In − αyy⊤| ≤ β.
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Thus it suffices to choose β = (1− |y|√
n
) for feasible E if i ∈ B. If i ∈ A, we have

|Eui|2 = β2u⊤
i (I − αyy⊤)2ui

≤ u⊤
i (I − αyy⊤)2ui

= 1− α ⟨ui, y⟩2

≤
(
1− α

2
⟨ui, y⟩

)2
≤
(
1− α|y|

2
√
n

)2

,

where the second inequality follows from I−αyy⊤ ≻ (I−αyy⊤)2. Thus the choice of α = 2
√
n

|y|

guarantees E is feasible.

Lemma 5.3.7. Let c be some universal constant, let r = cn−5/2, and presume y is chosen

from a ball of radius r such that ∥y − x∥x = |y − x| ≤ r. Then

detEy ≥ 1− cn−2.

Proof. Considering the matrix E as provided by lemma 5.3.6, Ey satisfies

detEy ≥ detE

= βn(1− α|y|2)

=

(
1− |y|√

n

)n

(1− 2
√
n|y|).

Considering (1− |y|√
n
)n, noting that |y| ≤ cn−5/2, we have

log

(
1− |y|√

n

)n

≥ n log(1− cn−3)

= −n

(
∞∑
k=1

(cn−3)k

k

)

≥ −
∞∑
k=1

(cn−2)k

k

= log(1− cn−2).
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Thus
detEy ≥ (1− cn−2)(1− 2cn−2)

≥ (1− 3cn−2),

and the claim follows by absorbing 3 into the constant.

Lemmas 5.3.5 and 5.3.7 establish that for some universal constant c > 0 and |y − x| ≤

cn−5/2, the volume ratio of Ey and Bx satisfies

1− cn−2 ≤ λ(Ey)
λ(Bx)

≤ 1 + cn−2, (5.5)

This does not necessarily indicate that the John’s ellipsoid Ey does not lie close to some

proper subspace of Rn, a property we require so rejection does not occur too frequently. The

following lemma guarantees that this is indeed not the case.

Lemma 5.3.8. Let d1 ≥ d2 ≥ . . . ≥ dn > 0 denote the eigenvalues of Ey. Then the minimum

eigenvalue dn satisfies

dn ≥ 1− cn−1

for large enough n.

Proof. Presume the eigenvalues are ordered such that d1 ≥ . . . ≥ dn. We have

detEy =
n∏

i=1

di ≥ 1− cn−2.

By the power mean inequality and tr(E2
y) ≤ n+ c/n2, it follows that

1

n
tr(Ey) ≤

√
1

n
tr(E2

y)

=
√
1 + cn−3

≤ 1 + cn−3,
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so tr(Ey) ≤ n+ cn−2. By the arithmetic-geometric mean inequality, we thus have

(1− cn−2)/dn ≤
∏
i<n

di

≤
(∑

i<n di

n− 1

)n−1

≤
(
n+ cn−2 − dn

n− 1

)n−1

=

(
1 +

1 + cn−2 − dn
n− 1

)n−1

.

Since (1 + z/m)m ≤ exp(z) for z ≥ 0 and integer m ≥ 1,

(1− c/n2) ≤ exp(1 + cn−2 − dn)dn,

or equivalently,

− [(1− dn) + log(1− (1− dn))] ≤ cn−2 − log(1− cn−2).

The claim is true if dn ≥ 1, so we may assume that dn < 1. Expanding terms, we have

−(1− dn)− log(1 + (1− dn)) =
∞∑
k=2

(1− dn)
k

k

≥ (1− dn)
2

2
,

and
cn−2 − log(1− cn−2) = 2cn−2 +

∞∑
k=2

(cn−2)k

k

≤
(
2cn−2 + (cn−2)2

(
1

1− cn−2

))
= cn−2

(
2 +

c2

n4 − cn2

)
Thus by absorbing terms into the constant, (1 − dn)

2/2 ≤ cn−2, which implies that dn ≥

1− (
√
2c)n−1. Absorbing terms again, the claim holds.

Now to derive a lower bound on the conductance for John’s walk, we first must bound

the statistical distance between two points given a bound on their geometric distance with
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respect to the local norm. Again without loss of generality in what follows we may assume

x = 0 and the John’s ellipsoid centered at x is the unit ball Bx (otherwise perform an affine

transformation such that this is the case). Let x, y ∈ K represent any two points in the body

such that ∥y−x∥x = |y−x| ≤ r, where r ∈ (0, 1) is a constant to be specified in terms of the

dimension n. Let Px and Py denote the one-step transition probability measures defined at

x and y, respectively. Let the uniform probability measures defined by the rescaled John’s

ellipsoids Ex(r) and Ey(r) be denoted Qx and Qy, respectively. We seek to bound

dTV (Px, Py) ≤ dTV (Px, Qx) + dTV (Qx, Qy) + dTV (Qy, Py) (5.6)

by choosing r such that the right side of (5.6) is 1− Ω(1).

To bound dTV (Qx, Qy) in (5.6), letting Q̃y denote the probability measure corresponding

to the uniform distribution on a ball of radius r centered at y, we may alternatively bound

dTV (Qx, Qy) ≤ dTV (Qx, Q̃y) + dTV (Q̃y, Qy). (5.7)

We bound each term in (5.7) separately. To bound dTV (Qx, Q̃y), note that by our assumption

that Ex = Bx (the unit ball at x), the corresponding densities with respect to the dominating

Lebesgue measure λ are

qx(z) =

(
1

λ(Bx(r))

)
· 1{z∈Bx(r)}

and

q̃y(z) =

(
1

λ(By(r))

)
· 1{z∈By(r)}.

Thus using (3.4) and noting λ(Bx(r)) = λ(By(r)), we have

dTV (Qx, Q̃y) = 1−
∫
Bx(r)∩By(r)

qx(z) dλ(z)

= 1− λ (Bx(r) ∩ By(r))

λ(Bx(r))

= 1− λ (Bx ∩ By)

λ(Bx)
.

(5.8)

The Lebesgue measure of Bx ∩ By is equal to twice the volume of a spherical cap. The

following lemma regarding the volume of a hyperspherical cap from Lovász and Simonovits

(1993) is useful.
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Lemma 5.3.9. Let Bx ⊂ Rn be the Euclidean ball of unit radius centered at x. Let H ⊂ Rn

define a halfspace at a distance of at least t from x (so x is not contained in the halfspace).

Then for t ≤ 1√
n
, we have

λ(H ∩ Bx) ≥
1

2

(
1− t

√
n
)
λ(Bx).

The following lemma results trivially from lemma 5.3.9 and (5.8).

Lemma 5.3.10. Let t ≤ 1. If ∥y − x∥x = |y − x| ≤ rt√
n
, then

dTV (Qx, Q̃y) ≤ t.

To bound dTV (Q̃y, Qy), note that we are bounding the total variation distance between

a density supported on a ball and a density supported on an ellipsoid with the same center.

The following lemma provides the bound.

Lemma 5.3.11. If ∥y − x∥x ≤ r = cn−5/2, the total variation distance between Q̃y and Qy

satisfies

dTV (Q̃y, Qy) ≤ 1/4.

Proof. Note that by (3.4), we have

dTV (Q̃y, Qy) = 1− EQ̃y

[
min

(
1,

λ(By(r))

λ(Ey(r))

)]
= 1−min

[
1,

λ(By)

λ(Ey)

]
PQ̃y

(Z ∈ Ey(r))

≤ 1−min

[
1,

λ(By)

λ(Ey)

]
PQ̃y

(Z ∈ Ey(r)|B)PQ̃y
(Z ∈ B),

where B denotes the event in which Z ∈ (1 − c
n
) · By(r). By lemma 5.3.8, it follows that

PQ̃y
(Z ∈ Ey(r)|B) = 1 since the smallest eigenvalue of Ey is at least 1− cn−1. Additionally

by (5.5),

min

[
1,

λ(By)

λ(Ey)

]
≥ 1

1 + cn−2

≥ exp(−cn−2).
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Now noting that (1− x
2
) ≥ e−x for x ∈ [0, 1], we have PQ̃y

(Z ∈ B) =
(
1− c

n

)n ≥ e−2c, and

dTV (Q̃y, Qy) ≤ 1− exp
(
−c(2 + n−2)

)
.

The claim holds choosing c large enough relative to n.

To bound dTV (Px, Qx), we provide the following lemma.

Lemma 5.3.12. If ∥y − x∥x ≤ r = cn−5/2, the total variation distance between Px and Qx

satisfies

dTV (Px, Qx) ≤ 1/4.

Proof. With some abuse of notation with regards to (5.2), temporarily let the density of Qx

with respect to the dominating measure µ as defined by (5.3) be

qx(y) :=
dQ

dµ
(y) =

(
1

λ(Ex(r))

)
· 1{y∈Ex(r), y ̸=x}.

Then since qx(x) = 0 and px(y) ≤ qx(y) for y ̸= x, by (3.4) we have

dTV (Px, Qx) = 1−
∫
{
y

∣∣ qx(y)≥px(y)

}min [qx(y), px(y)] dµ(y)

= 1−
∫
K\{x}

min [qx(y), px(y)] dλ(y)

= 1−
∫
Ex(r)∩\{x}

min

[
1

λ(Ex(r))
,

1

λ(Ey(r))

]
· 1{x∈Ey(r)} dλ(y)

= 1−
∫
Ex(r)

[
min

(
1,

λ(Ex(r))
λ(Ey(r))

)]
· 1{x∈Ey(r)} ·

(
1

λ(Ex(r))

)
dλ(y)

= 1− EQx

[
min

(
1,

λ(Ex)
λ(EY )

)
· 1{Y ∈A}

]
.

,

where we let A denote the “accept” event in which x ∈ EY (r). Since Ex = Bx, as in the proof

to lemma 5.3.11, we have for all Y ∈ A

min

[
1,

λ(Ex)
λ(EY )

]
≥ 1

1 + cn−2
,
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Therefore,

dTV (Px, Qx) ≤ 1−
(

1

1 + cn−2

)
PQx(Y ∈ A)

≤ 1−
(

1

1 + cn−2

)
PQx(Y ∈ A|Y ∈ B)PQx(Y ∈ B),

where B is the event in which Y ∈ (1 − c
n
) · Ex(r) = r(1 − c

n
) · Bx. Again by lemma 5.3.8,

PQx(Y ∈ A|Y ∈ B) = 1. The remainder of the proof is as in lemma 5.3.11.

Note that by a similar argument, dTV (Qy, Py) ≤ 1/4 for some universal c > 0 as well.

Combining this with lemmas 5.3.10, 5.3.11, and 5.3.12, the following theorem results.

Theorem 5.3.13. If ∥y − x∥x ≤ rt√
n
= ctn−3 for some universal constant c > 0 and some

t ≤ 1, the total variation distance between Px and Py satisfies

dTV (Px, Py) ≤ 3/4 + t = 1− ϵ.

In particular, we may choose t = 1/8 so ϵ = 1/8.

We finally arrive at a lower bound on the conductance for John’s Walk using theorems

5.3.2, 5.3.3, and 5.3.13. The proof of the next result is similar to corollary 10 and theorem

11 in (Lovász, 1999).

Theorem 5.3.14 (Conductance Lower Bound). Consider the partition K = S1 ∪ S2 where

S1, S2 ∈ A, and let π be the uniform measure on K, i.e.,

π(A) =
λ(A)

λ(K)
for all A ∈ A.

Then for large enough n and t = 1/8, we have∫
S1

Px(S2)dπ(x) ≥
( c

512n7/2

)
min(π(S1), π(S2)),

so ϕ = Ω(n−7/2).
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Proof. Note that the Radon-Nikodym derivative of Px with respect to the Lebesgue measure

λ is is well-defined for all y ∈ K \ {x}, and is given as

dPx

dλ
(y) = min

[
1

λ(Ex(r))
,

1

λ(Ey(r))

]
1{x∈Ey(r), y∈Ex(r)}.

Let

ρ(x) :=
dπ

dλ
(x) =

1

λ(K)
· 1{x∈K}

be the density for π. Then for any x, y ∈ K such that y ̸= x, we have

ρ(x)
dPx

dλ
(y) = ρ(y)

dPy

dλ
(x),

from which it follows that π is the stationary measure for the chain.

Now consider points far inside S1 that are unlikely to cross over to S2. Letting t = 1/8

so ϵ = 1/8 as in theorem 5.3.13, we define

S ′
1 := S1 ∩

{
x
∣∣ ρ(x)Px(S2) <

ϵ

2λ(K)

}
.

Similarly, let

S ′
2 := S2 ∩

{
y
∣∣ ρ(x)Py(S1) <

ϵ

2λ(K)

}
.

Since ρ(x)Px(S2) ≥ ϵ/(2λ(K)) for x ∈ S1 \ S ′
1, we have∫

S1

Px(S2)dπ(x) ≥
∫
S1\S′

1

ρ(x)Px(S2)dλ(x)

≥ ϵλ(S1 \ S ′
1)

2λ(K)

= (ϵ/2)π(S1 \ S ′
1).

Similarly for y ∈ S2 \ S ′
2, we have∫

S2

Py(S1)dπ(x) ≥ (ϵ/2)π(S2 \ S ′
2).

By the reversibility of the chain, we have∫
S1

Px(S2)dπ(x) =

∫
S2

Py(S1)dπ(y), (5.9)
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so it follows that

∫
S1

Px(S2)dπ(x) =
1

2

∫
S1

Px(S2)dπ(x) +
1

2

∫
S2

Px(S1)dπ(x)

≥ ϵ

4
(π(S1 \ S ′

1) + π(S2 \ S ′
2))

= (ϵ/4)π(K \ (S ′
1 ∪ S ′

2)).

Now let δ = ctn−3. Assuming that π(S ′
1) ≤ (1−δ)π(S1), we have π(S1\S ′

1) = π(S1)−π(S ′
1) ≥

δπ(S1), and thus

∫
S1

Px(S2)dπ(x) ≥ ϵδπ(S1) ≥ (ϵδ/2)min(π(S1), π(S2))

=
( c

128n3

)
min(π(S1), π(S2)),

which proves the claim. Similarly if π(S ′
2) ≤ (1 − δ)π(S2), the claim is proved again using

(5.9). Thus assume that π(S ′
1) > (1−δ)π(S1) and π(S ′

2) > (1−δ)π(S2). By theorem (5.3.2),

we have

π(K \ (S ′
1 ∪ S ′

2)) ≥ σ(S ′
1, S

′
2)π(S

′
1)π(S

′
2).

Now given x ∈ S ′
1 and y ∈ S ′

2, the total variation between Px and Py satisfies

dTV (Px, Py) ≥ Px(S1)− Py(S1)

= 1− Px(S2)− Py(S1)

≥ 1− Px(S
′
2)− Py(S

′
1)

> 1− ϵ.

By theorem 5.3.13, it follows that ∥y − x∥x > δ. Then by theorem 5.3.3, it follows that

σ(S ′
1, S

′
2) ≥ n−1/2∥y − x∥x > δn−1/2.
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Finally, we deduce that∫
S1

Px(S2)dπ(x) ≥ (ϵδn−1/2/4)π(S ′
1)π(S

′
2)

≥
(
ϵδ(1− δ)2

4
√
n

)
π(S1)π(S2)

≥
(
ϵδ(1− δ)2

8
√
n

)
min(π(S1), π(S2))

=

(
c(1− δ)2

512n7/2

)
min(π(S1), π(S2)).

The claim follows by absorbing terms into the constant for large enough n.

5.4 Approximate John’s Ellipsoids

We describe a cutting plane algorithm for computing approximate John’s ellipsoids for the

current symmetrization of a polytope P =
{
z ∈ Rn

∣∣ Az ≤ 1
}

, and show the mixing time is

preserved for such ellipsoids. While algorithms such as that of (Anstreicher, 2002) requires

Õ(m3.5) arithmetic operations to find an approximate John’s ellipsoid, our algorithm retains

linear complexity in m and thus is appropriate for the m ≫ n case. To find an approximate

John’s ellipsoid while keeping the computational complexity linear in m, we may use the

volumetric cutting plane method of (Vaidya, 1996), and remark that its complexity has

recently been improved in the algorithm by Lee et al. (2015). For an efficient implementation

of Vaidya’s algorithm, we refer the reader to (Anstreicher, 1997), and make use of a slightly

modified version of that algorithm here.

We refer the reader to review Vaidya’s algorithm in section 2.4.3, and note that we will

be applying the method with here with dimension d := (n(n− 1))/2. Given that the current

location of the random walk is some x in the interior of P , the current symmetrization of

the polytope is
Ps

x = P ∩
{
2x− y

∣∣ y ∈ P
}

=
{
z
∣∣ Az ≤ 1

}
∩
{
2x− y

∣∣ Ay ≤ 1
}

= x+
{
y ∈ Rn

∣∣ ∥Ay∥∞ ≤ 1− Ax
}
.
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For any x in the interior of P , we have 0 < 1−Ax. With b = 1−Ax and denoting the rows

of A as
{
a⊤i
}m
i=1

, let

ã⊤i =

a⊤i /bi i = 1, . . . ,m,

−a⊤i−m/bi−m i = m+ 1, . . . , 2m.

This defines a matrix Ã ∈ R2m×n which may be computed in O(mn) arithmetic operations.

We thus seek the maximum volume ellipsoid centered at the origin contained in

P̃ =
{
y ∈ Rn

∣∣ Ãy ≤ 1
}
,

and we note that the analytic center of this polytope is the origin given the symmetrization.

To keep ρ and L suitably small, it will be useful to make a further linear transformation

to P̃ before using Vaidya’s algorithm. We review some properties of Dikin ellipsoids which

will enable us to do so. For any z in the interior of P̃ , the Dikin ellipsoid centered at z of

radius r is defined by

Dz(r) =
{
y ∈ Rn

∣∣ (y − z)⊤H(z)(y − z) ≤ r2
}
,

where H(z) is the Hessian of the log-barrier at z, i.e.,

H(z) =
2m∑
i=1

ãiã
⊤
i

(1− ã⊤i z)
2
= Ã⊤S−2

z Ã,

where si(z) = 1 − ã⊤i z and Sz = diag(si(z)). Dikin ellipsoids are affine invariants in that if

Dz(r) is the Dikin ellipsoid for the polytope P̃ centered at some z in the interior of P̃ and

T (·) is an affine transformation, the Dikin ellipsoid of radius r centered at the point T (z) for

the polytope T (P̃) is T (Dz(r)).

Let Dz denote the Dikin ellipsoid of radius 1 centered at z. We have

Dz ⊂ P̃ ,

D0 ⊂ P̃ ⊂
√
2mD0,
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for any z in the interior of P̃ , and z = 0, respectively. Here D0 =
{
y
∣∣ y⊤Hy ≤ 1

}
where

H := H(0) = Ã⊤Ã. Letting T (y) = H1/2y, we thus have T (D0) = B. The resultant polytope

is

T (P̃) =
{
v ∈ Rn

∣∣ ÃH−1/2v ≤ b
}
.

The complexity of the transformation T is as follows. Computing ÃS−1
0 requires O(mn)

arithmetic operations. By padding Ã with zeros as necessary and then partitioning the re-

sultant matrix into less than (2m+ n)/n submatrices of dimension n× n, we may compute

H = Ã⊤Ã in O(mnω−1) arithmetic operations. Computing ÃH−1/2 given H−1/2 similarly

requires O(mnω−1) arithmetic operations, and computing H−1/2 costs O(nω) arithmetic op-

erations (Demmel et al., 2007). Thus the linear transformation T costs O(mnω−1) arithmetic

operations since m > n.

With some abuse of notation, now let P =
{
y
∣∣ Ay ≤ 1

}
where A ∈ R2m×n denote the

centrally symmetric polytope for which D0 = B, noting we can again rescale the rows of A

in O(mn) arithmetic operations to ensure b = 1. To find the maximum volume inscribed

ellipsoid centered at y = 0, we may find the solution of the following optimization problem:

min − log detX

s.t.
⟨
X, aia

⊤
i

⟩
≤ 1, i = 1, . . . , 2m,

X ≽ In/n.

(5.10)

Here ⟨A, B⟩ = tr(A⊤B) is the inner product which induces the Frobenius norm, and the

maximum volume ellipsoid in this parameterization is given by E0 =
{
y
∣∣ y⊤E−1y ≤ 1

}
if

E ≻ 0 is optimal. Since we are optimizing over symmetric matrices, the cutting plane

method to solve (5.10) has dimension d = (n+ 1)n/2. The constraint X ≽ In/n arises from

the nesting

D0 ⊂ P ⊂
√
nE0.

Finally, note that we may initialize the cutting-plane algorithm using In as a feasible point.

To specify the separation oracles, we let X denote the feasible region of (5.10). The

objective function is f0(X) = − log detX, which has gradient ∇f0(X) = −X−1. The region
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X is defined by the intersection of the sublevel sets of convex functions fi(X) =
⟨
X, aia

⊤
i

⟩
−1,

which have gradients ∇fi(X) = aia
⊤
i , and the positive definite cone X ≽ In/n. To specify

a separating hyperplane for the constraints X ≽ In/n, by the eigenvalue decomposition we

have X = UDU⊤ where D = diag(d1, d2, . . . , dn). If di < 1/n, then let vi = Uei, where ei is

ith standard basis vector in Rn. Then the matrix viv
⊤
i defines the separation oracle, since

⟨
viv

⊤
i , X

⟩
= v⊤i Xvi = e⊤i Dei = di < 1/n.

and for any matrix Z ≽ In/n, we have

⟨
viv

⊤
i , Z

⟩
= v⊤i Zvi ≥ 1/n.

Thus with C = −viv
⊤
i and b = 1/n, we have ⟨C, X⟩ > b and

X ⊂
{
Z ∈ Rn×n

∣∣ ⟨C, Z⟩ ≤ b
}
.

To check that
⟨
X, aia

⊤
i

⟩
≤ 1 for all i, note that again we may compute diag(AXA⊤) − 1

in O(mnω−1) arithmetic operations, and check the 2m constraints. Evaluating f0(X) =

− log detX, ∇f0(X) = −X−1, and computing the eigenvalue decomposition each require

O(nω) arithmetic operations (Demmel et al., 2007). Thus the net cost of evaluating the

separation oracle is κ = O(mnω−1) since m > n.

It remains to set the parameters ρ and L, which determine the requisite number of

iterations T in equation (2.12) such that we still have mixing with the approximate ellipsoids

defined by an ϵ-solution of (5.10). Considering ρ, given that P ⊂
√
2mD0, it follows that

any feasible X satisfies ∥X∥2 ≤ 2m. Letting

∥X∥max = max
j≥i

|Xij|,

one may easily verify (Golub and Van Loan, 2012) that ∥X∥max ≤ ∥X∥2. Thus we may take

ρ = 2m.

To determine L, note that in section 5.4.1 we assume that solving (5.10) yields a positive

definite matrix Ê such that − log det Ê + log detE ≤ ϵ := 2n−10, where E is the optimal
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solution. By theorem 2.4.1, we must guarantee that
λd(ST )

λd(X )
< ϵd.

We may do so by upper-bounding λd(ST ) and lower-bounding λd(X ). The algorithm guar-

antees that

λd(ST ) < 2−dLλd(Bd). (5.11)

To provide a lower bound for λd(X ), note that since In is feasible, we must have |ai| ≤ 1.

Additionally the point (1/2)In is feasible for n ≥ 2. Now consider any positive semidefinite

X such that

∥X − (1/2)In∥F ≤ 1/4,

where ∥ · ∥F denotes the Frobenius norm in Rn×n. Since ∥X∥F ≤ ∥X∥2, it follows that

∥X − (1/2)In∥2 ≤ 1/4. By the triangle inequality,

∥X∥2 ≤ ∥X − (1/2)In∥2 + ∥(1/2)In∥2 ≤ 3/4.

Since |ai| ≤ 1, we have ⟨
X, aia

⊤
i

⟩
= a⊤i Xai ≤ ∥X∥2 ≤ 3/4,

so X is feasible. Thus X contains a Frobenius norm ball of radius r = 1/4, and we deduce

that

λd(X ) >
λd(Bd)

4d
. (5.12)

Thus by equations (5.11) and (5.12), it suffices to choose L such that

4d2−dL < ϵd,

or equivalently,

L > log2

(
4

ϵ

)
= log2

(
2n10

)
= 1 + 10 log2(n).

Noting equations (2.12) and (2.13), we thus find a suitably approximate John’s ellipsoid in

Õ(mnω+1 + n2ω+2) operations.
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5.4.1 Mixing with Approximate Ellipsoids

It remains to show that sampling from the approximate ellipsoids is sufficient to retain the

mixing time derived in section 5.3. We may again assume without loss of generality that the

John’s ellipsoid Ex of the current symmetrization Ks
x is the unit ball Bx centered at x = 0,

and we sample uniformly at random from Bx(r) where r = cn−5/2. Let Êy denote the square

root of the matrix generated by (5.10), and Ey denote the square root of the optimal matrix.

Thus necessarily we have det Êy ≤ detEy. Using Vaidya’s algorithm, we may find Êy such

that − log det Êy + log detEy ≤ n−10. Equivalently, we have

det Êy

detEy

≥ e−n−10 ≥ 1− n−10.

Thus by lemmas 5.3.5 and 5.3.7, it follows that for some universal constant c > 0, we have

1− cn−2 ≤ λ(Êy)
λ(Bx)

≤ 1 + cn−2,

where Êy is the ellipsoid induced by Êy.

To show that the aspect ratio of Êy is well-behaved, note that log(detEy/ det Êy) is

invariant to an affine transformation applied to both Ey and Êy. We thus may presume that

Ey = B. Since Ey = In is the solution to (5.1) with center xc = 0 and Êy is feasible, it follows

from the constraints that

tr(Ê2
y) = tr

((
Ê2

y

)(∑
i

ciuiu
⊤
i

))
≤
∑
i

ci = n.

Lemma 5.3.8 then follows for Êy. The remaining steps in proving a lower bound on the

conductance of the chain using the approximate ellipsoids are precisely as before.

5.5 Discussion

We have shown that John’s Walk mixes in Õ(n7) steps from a warm start. We again remark

that our mixing analysis did not presume any structure on K beyond being a convex body,

and as such there is likely considerable room for improvement by assuming more structure
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on K. There is also a bottleneck in our analysis stemming from the rejection step, since we

are forced to control the aspect ratio of the ellipsoid after a move such that rejection does

not occur too frequently. Additionally, isoperimetric inequalities which depend a notion of

average (rather than minimum) distance between sets such as that of Lovász and Vempala

(2006a) may be of use in reducing the mixing time.

We also have described an Õ(mnω+1+n2ω+2) algorithm for generating approximate John’s

ellipsoids for the special case of a polytope such that this mixing time is preserved. For the

case m ≫ n in which n is large, dependence on n2ω+2 may be prohibitive. In the preparation

of this manuscript, we had pondered the question of whether the recent approximate John’s

ellipsoids of Lee (2016) may be employed for the special case of a polytope, which may

be formed in Õ(mnω−1) arithmetic operations. We learned this question has been recently

answered in the affirmative in Chen et al. (2017). Their algorithm reaches a total variation

distance of ϵ from the uniform measure in O
(
n2.5 log4

(
2m
n

)
log
(
M
ϵ

))
steps from an M -warm

start. We note that while our mixing time is substantially worse in terms of the polynomial

order in n, our mixing time did not depend on m. Additionally, their algorithm had a cost

of O(mn2 log(m)) for each step. Our algorithm required worse per step complexity in n to

form the approximate ellipsoids while we retaining the m logm dependence.
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Chapter 6

REGRESSION FOR DIFFERENTIABLE FUNCTIONS WITH
LIPSCHITZ GRADIENTS IN MULTIPLE DIMENSIONS

One means of fitting functions to high-dimensional data is by providing smoothness

constraints. Recently, the following smooth function approximation problem was proposed

by Herbert-Voss, Hirn, and McCollum (2017): given a finite set E ⊂ Rd and a function

f : E → R, interpolate the given information with a function f̂ ∈ Ċ1,1(Rd) (the class of

first-order differentiable functions with Lipschitz gradients) such that f̂(a) = f(a) for all

a ∈ E, and the value of Lip(∇f̂) is minimal. An algorithm is provided that constructs such

an approximating function f̂ and estimates the optimal Lipschitz constant Lip(∇f̂) in the

noiseless setting.

In this chapter we address statistical aspects of reconstructing the approximating function

f̂ from a closely-related class C1,1(Rd) given samples from noisy data. We observe indepen-

dent and identically distributed samples y(a) = f(a) + ξ(a) for a ∈ E, where ξ(a) is a noise

term and the set E ⊂ Rd is fixed and known. We state uniform bounds relating the empirical

risk and true risk over the class FM̃ =
{
f ∈ C1,1(Rd) | Lip(∇f) ≤ M̃

}
, where the quantity

M̃ grows with the number of samples at a rate governed by the metric entropy of the class

C1,1(Rd). Finally, we provide an implementation using Vaidya’s algorithm, supporting our

results via numerical experiments on simulated data.

6.1 Introduction

Regression tasks are prevalent throughout statistical learning theory and machine learning.

Given n samples in E ⊂ Rd and corresponding values Y = {y(a)}a∈E ⊂ R, a regression

function f : Rd → R learns a model for the data (E,Y) that best generalizes to new points
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x /∈ E. Absent any prior information on x, the best regression function f̂ , as measured by

the squared loss, is obtained by minimizing the ℓ2 empirical risk over a specified function

class F ,

f̂ = arg inf
f∈F

1

n

∑
a∈E

|f(a)− y(a)|2,

subject to a regularization penalty. If F is equipped with a norm or semi-norm ∥ · ∥F , then

the regularized risk can take either the form

f̂ = arg inf
f∈F

1

n

∑
a∈E

|f(a)− y(a)|2 + λ · Ω(∥f∥F), (6.1)

or

f̂ = arg inf
f∈F

1

n

∑
a∈E

|f(a)− y(a)|2 subject to ∥f∥F ≤ M, (6.2)

where λ and M are hyper-parameters, and Ω : [0,∞) → R is a monotonically increasing

function.

In either case, the quality of f̂ is primarily determined by the functional class F . Recently,

numerous state of the art empirical results have been obtained by using neural networks,

which generate a functional class F through the architecture of the network. The class F is

also often taken as the span of a suitably defined dictionary of functions, or a reproducing

kernel Hilbert space (RKHS) with an appropriate kernel. For example, when Ω(∥f∥F) =

1
2
∥f∥2F and F is an RKHS, equation (6.1) leads to the popular kernel ridge regression scheme,

which has a closed form solution that is simple to compute.

When F = span({ϕk}k), the smoothness of f̂ is determined by the dictionary {ϕk}k,

or if F is a reproducing kernel Hilbert space, the regularity of f̂ is determined by the

kernel. An alternate approach that does not require choice of dictionary or kernel is to

specify the smoothness of f̂ directly, by taking F = Ċm(Rd) or F = Ċm−1,1(Rd). (The

former class contains the functions continuously differentiable up to order m. The class

of Ċm−1,1(Rd) functions is similar, but it consists of the functions that are differentiable

up to order m − 1, with the highest-order derivatives having a finite Lipschitz constant.)

However, the computational complexity of minimizing the regularized risk over these spaces
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is generally prohibitive. An exception is the space Ċ0,1(Rd), which consists of functions f

with finite Lipschitz constant, and for which several regression algorithms exist (von Luxburg

and Bousquet, 2004; Beliakov, 2006; Gottlieb et al., 2013; Kyng et al., 2015).

In recent work, Herbert-Voss, Hirn, and McCollum (2017) provide an efficient algorithm

for computing the interpolant f̂ ∈ Ċ1,1(Rd) that, given noiseless data (E,Y), minimizes the

Lipschitz constant of the gradient. In this paper we extend the methods of Herbert-Voss

et al. (2017) to regularized risk optimizations of the form (6.2). In particular, we consider

the noisy scenario in which the function to be reconstructed is not measured precisely on a

finite subset, but instead is measured with some uncertainty.

An outline of this chapter is as follows. In Section 6.1.1, we introduce the function

interpolation problem considered by Herbert-Voss et al. (2017), and summarize the solution

in the noiseless case in Section 6.1.2. Next, we consider the setting where the function is

measured under uncertainty, and derive uniform sample complexity bounds on our estimator

in Section 6.2.1. The resulting optimization problem can be solved using an algorithm due

to Vaidya (1996); we provide details on computing the solution to the regularized risk in

Sections 6.2.2 and 6.2.4. We implement the estimator and present reconstruction results on

simulated data examples in Section 6.3, supporting our theoretical contributions, and close

with a discussion.

6.1.1 Noiseless Function Interpolation Problem

Here we summarize the function approximation problem considered by Herbert-Voss et al.

(2017). First, recall that the Lipschitz constant of an arbitrary function g : Rd → R is

defined as

Lip(g) := sup
x,y∈Rd, x ̸=y

|g(x)− g(y)|
|x− y|

,

where | · | denotes the standard Euclidean norm, and we note that in the sequel we use this

definition on domains other than Rd. Second, denote the gradient of such an arbitrary g

as ∇g = ( ∂g
∂x1

, . . . , ∂g
∂xd

). Finally, let Ċm−1,1(Rd) be the class of (m − 1)-times continuously
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differentiable functions whose derivatives have a finite Lipschitz constant. In the function

approximation problem, we are given a finite set of points E ⊂ Rd such that |E| = n, and

a function f : E → R specified on E. The Ċ1,1(Rd) function approximation problem as

stated by Herbert-Voss et al. (2017) is to compute an interpolating function f̂ : Rd → R that

minimizes

∥f∥Ċ1,1(Rd) := inf
{
Lip(∇f̃) | f̃(a) = f(a) for all a ∈ E

}
.

The question of whether one can even reconstruct such an interpolating function was an-

swered by Whitney (1934). Presume that we also have access to the gradients of f on E, and

denote them {Daf}a∈E. In the case of Ċ1,1(Rd), the polynomials are defined by the specified

function and gradient information:

Pa(x) := f(a) +Daf · (x− a), a ∈ E, x ∈ Rd.

Letting P denote the space of first-order polynomials (i.e., affine functions), the map P :

Rd → P , a 7→ Pa is known as a 1-field. For any f ∈ Ċ1,1(Rd), the first order Taylor expansions

of f are elements of P , and are known as jets (Fefferman and Klartag, 2009), defined as:

Jaf(x) := f(a) +∇f(a) · (x− a), a, x ∈ Rd.

Whitney’s Extension Theorem for Ċ1,1(Rd) may be stated as follows:

Theorem 6.1.1 (Whitney’s Extension Theorem for Ċ1,1(Rd)). Let E ⊂ Rd be closed and let

P : E → P be a 1-field with domain E. If there exists a constant M < ∞ such that

(W0) |Pa(a)− Pb(a)| ≤ M |a− b|2 for all a, b ∈ E, and

(W1) |∂Pa

∂xi
(a)− ∂Pb

∂xi
(a)| ≤ M |a− b| for all a, b ∈ E, and i ∈ {1, . . . , d},

then there exists an extension f̂ ∈ Ċ1,1(Rd) such that Jaf̂ = Pa for all a ∈ E.

Given a finite set E as in the function interpolation problem, these conditions are automat-

ically satisfied. However, this theorem does not provide a solution for the minimal Lipschitz
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constant of ∇f . Le Gruyer (2009) provides a solution to both problems, which we discuss

next.

6.1.2 Minimal Value of Lip(∇f̂)

Herbert-Voss et al. (2017) define the following norm for when the first-order polynomials are

known

∥P∥Ċ1,1(E) := inf
{
Lip(∇f̃) | Jaf̃ = Pa for all a ∈ E

}
, (6.3)

and similarly define

∥f∥Ċ1,1(E) := inf
{
Lip(∇f̃) | f̃(a) = f(a) for all a ∈ E

}
, (6.4)

when the gradients {Daf}a∈E are unknown, where in both cases the infimum is taken over

functions f̃ : E → R.

Presuming we are given the 1-field P : E → P , a 7→ Pa, Le Gruyer (2009) defines the

functional Γ1 as follows.

Γ1(P ;E) = 2 sup
x∈Rd

(
max

a,b∈E, a ̸=b

Pa(x)− Pb(x)

|a− x|2 + |b− x|2

)
. (6.5)

Given only functions f : E → R, Le Gruyer (2009) also defines the functional Γ1 in terms of

f as

Γ1(f ;E) = inf
{
Γ1(P ;E) | Pa(a) = f(a) for all a ∈ E

}
,

The following theorem is proven by Le Gruyer (2009), which shows that (6.5) and its equiv-

alent formulation in (6.6) provides a solution for (6.3).

Theorem 6.1.2 (Le Gruyer). Given a set E ⊂ Rd and a 1-field P : E → P,

Γ1(P ;E) = ∥P∥Ċ1,1(E).
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An equivalent formulation of (6.5) which is amenable to implementation is as follows. Con-

sider the following functionals mapping E × E → [0,∞]:

A(P ; a, b) =
(Pa(a)− Pb(a)) + (Pa(b)− Pb(b))

|a− b|2

=
2(f(a)− f(b)) + (Daf −Dbf) · (b− a)

|a− b|2
,

B(P ; a, b) =
|∇Pa(a)−∇Pb(a)|

|a− b|

=
|Daf −Dbf |

|a− b|
.

Proposition 2.2 of (Le Gruyer, 2009) states that

Γ1(P ;E) = max
a̸=b∈E

√
A(P ; a, b)2 +B(P ; a, b)2 + |A(P ; a, b)|, (6.6)

whence a naive implementation allows Γ1(P ;E) to be found in O(n2) computations. Inspired

by Fefferman and Klartag (2009), Herbert-Voss et al. (2017) also construct algorithms which

will solve for the order of magnitude of ∥P∥Ċ1,1(E) in O(n log n) time, but we omit the details

here. Additionally, as a consequence of the proof of Proposition 2.2 of (Le Gruyer, 2009),

equation (6.5) may alternatively be written as

Γ1(P ;E) = 2 max
a,b∈E: a̸=b

sup
x∈B̄d(a+b

2
,
|a−b|

2 )

Pa(x)− Pb(x)

|a− x|2 + |b− x|2
, (6.7)

where B̄d(z, r) denotes the closed d-dimensional Euclidean ball centered at z with radius r.

Recall that the gradients {Daf}a∈E are typically not known in applications. As a corol-

lary, we have the following convex optimization problem for finding (6.4), and the minimizing

1-field provides the gradients {Daf}a∈E.

Corollary 6.1.3. Given a set E ⊂ Rd and a function f : E → R,

Γ1(f ;E) = ∥f∥Ċ1,1(E).

Recall that Pa(x) = f(a)+Daf · (x−a). The set E ⊂ Rd and the values {f(a)}a∈E are fixed,

so the optimization problem is to solve for the gradients {Daf}a∈E that minimize Γ1(P ;E).
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6.2 Regression

In statistical applications where f(a) is observed with uncertainty, one often assumes that

we observe {y(a)}a∈E, where y(a) = f(a)+ ξ(a), and ξ(a) is assumed to be independent and

identically distributed Gaussian noise for each a ∈ E. Since both the function values and

the gradients {f(a), Daf}a∈E are unknown, we minimize an empirical squared error loss over

the k := (d+ 1)n variables defining the 1-field. Given a bound on the Ċ1,1(E) seminorm of

the unknown 1-field, regression entails solving an optimization problem of the form

min
P

1

n

∑
a∈E

(y(a)− Pa(a))
2

s.t. ∥P∥Ċ1,1(E) ≤ M.

(6.8)

This is a convex optimization problem: the objective function of the empirical squared error

loss in (6.8) is convex, as is the constraint set since it is a ball specified by a seminorm. This

section proceeds as follows: we begin by analyzing the sample complexity of the function

class. These risk bounds establish almost sure convergence of the empirical risk minimizer,

and guides the choice of M . Given M , we next appeal to Vaidya’s algorithm to solve the

resulting optimization problem (6.8). We then apply the efficient algorithm of (Herbert-Voss

et al., 2017) to compute the optimal interpolating function.

6.2.1 Sample Complexity and Empirical Risk Minimization

In this section we summarize the results from (Gustafson et al., 2018) of coauthors Mo-

hammed and Xu. The constant M > 0 will be chosen via sample complexity arguments. To

this end, Mohammed and Xu derived uniform risk bounds for classes of continuous functions

f : Bd → R, where Bd denotes the unit Euclidean ball in Rd. The function classes of interest

are defined in terms of C1,1-norm balls as

FM̃ =
{
f | ∥f∥C1,1(Bd) ≤ M̃

}
,
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where we are using the norm

∥f∥C1,1(Bd) := max

{
sup
x∈Bd

|f | , sup
x∈Bd

|∇f | , Lip(∇f)

}
. (6.9)

We note that in order to derive the uniform risk bounds for the function classes FM̃ , we re-

quire such classes be compact, which necessitates the choice of the C1,1(Bd) norm in equation

(6.9) as opposed to the Ċ1,1(Bd) seminorm.

With some abuse of notation, in this section we let f ∗ denote the underlying function

from which we observe noisy samples. We observe an i.i.d. sample

S = {(x1, y1), . . . , (xn, yn)}

drawn from a probability distribution P = SX × SY |X supported on X × Y ⊂ Bd ×R under

the assumption

SY |X ∼ N (f ∗(X), σ2), where ∥f ∗∥C1,1(Bd) = M∗.

Since we are in the regression setting, we use squared error loss

L(f(x), y) = (f(x)− y)2 .

The true risk is defined as the expectation of L over P ,

R(f) = EP [L(f(x), y)] ,

and the empirical risk is the expectation over SS, the empirical distribution on the sample

S,

R̂(f) = ESS
[L(f(x), y)] .

In order for the empirical risk minimization procedure to converge to a minimizer of the

true risk, we need to bound

sup
f∈F

M̃

∣∣∣R̂(f)−R(f)
∣∣∣
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with high probability. The most natural way to do so is by expanding the risk and appealing

to entropy methods (i.e., covering number bounds) and standard concentration results. We

refer the reader to (Gustafson et al., 2018) for the details, but state the main result regarding

the empirical risk as follows.

Theorem 6.2.1. Suppose we set M̃ := n1/(2d̃), where d̃ := max {d, 5}, and let FM̃ be the

class of functions with C1,1-norm bounded above by M̃ .

(i) For 0 < δ < 1,

P

[
sup
f∈F

M̃

∣∣∣R(f)− R̂(f)
∣∣∣ < ε

]
> (1− δ)(1− e−n2/max{d,5}/2σ2

),

where ε is a monotonically-decreasing function of n for large enough n and lim
n→∞

ε = 0.

(ii)

sup
f∈F

M̃

∣∣∣R(f)− R̂(f)
∣∣∣ a.s.−−→ 0.

Additionally, the following theorem of Mohammed and Xu from (Gustafson et al., 2018)

establishes the almost sure convergence of the empirical risk minimizer.

Theorem 6.2.2. Let X ∼ PX , where PX has density p on Bd such that 0 < c ≤ infx p

for some constant c. Let f ∗ be the true regression function in that observations follow

SY |X ∼ N (f ∗(X), σ2). Suppose we set M̃ := n1/(2d̃), where d̃ := max {d, 5}, and let f̂ ∈ FM̃

be the empirical risk minimizer.

(i) For 0 < δ < 1,

P
[
sup
x∈Bd

∣∣∣f̂ − f ∗
∣∣∣ < β

]
> (1− δ)(1− e−n2/max{d,5}/2σ2

),

where β is a monotonically-decreasing function of n for large enough n and lim
n→∞

β = 0.

(ii)

sup
x∈Bd

∣∣∣f̂ − f ∗
∣∣∣ a.s.−−→ 0.
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6.2.2 Vaidya’s Algorithm

Given the value of M , it remains to solve the optimization problem (6.8). This is a convex

program over a set that is not a polytope, and can be solved using interior point methods

with a barrier function constructed for the Ċ1,1(E) seminorm constraint. However, such

methods would have no guarantees on the convergence time without deriving properties of

the barrier such as self-concordance (Nesterov and Nemirovsky, 1994), a topic we leave open

for future study. Instead, we detail a solution by way of Vaidya’s algorithm (Vaidya, 1996),

making use of a slight modification of an efficient implementation provided by Anstreicher

(1997). We refer the reader to section 6.2.2 for the details of the algorithm, and equation 2.12

and theorem 2.4.1 for the number of iterations required, noting again that in this application

we are optimizing over k = (d+ 1)n variables.

Before finding the requisite number of iterations T , let us first derive the separation

oracles, starting with the oracle for K1(M) :=
{
P | ∥P∥Ċ1,1(E) ≤ M

}
. Presume at the

current step of the algorithm, we have a set of function values and gradients {f(a), Daf}a∈E.

which generate a candidate 1-field P . By Theorem 6.1.2 and equation (6.6), we may find the

a, b ∈ E, a ̸= b such that Γ1(P ;E) = ∥P∥Ċ1,1(E) in n(n−1)/2 operations. Thus, to determine

whether the 1-field at the current step is contained in the constraint set, we simply check

if ∥P∥Ċ1,1(E) ≤ M . Otherwise, we must return a separating hyperplane in the space of 1-

fields. Let a⋆b⋆ ∈ E, a⋆ ̸= b⋆ be any elements of E that solve (6.7), with a⋆ denoting the

first element of E in the numerator of (6.7). Specifying the separating hyperplane requires

finding the x ∈ Rd that solves (6.7), that is, x ∈ Rd such that

Γ1(P ;E) = 2 sup
x∈B̄d(a⋆+b⋆

2
,
|a⋆−b⋆|

2 )

Pa⋆(x)− Pb⋆(x)

|a⋆ − x|2 + |b⋆ − x|2
. (6.10)

Equation (6.10) is a nonlinear fractional program, and is equivalent to minimizing the ratio

R(x) :=
N(x)

D(x)
, (6.11)

where N(x) = |a⋆−x|2+ |b⋆−x|2 and D(x) = 2(Pa⋆(x)−Pb⋆(x)) > 0. Here, we additionally

know that the minimizer of (6.11) attains the optimal value 1/Γ1(P ;E) due to equation (6.6).
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Jagannathan (1966) and Dinkelbach (1967) showed that for N(x) continuous, D(x) > 0

continuous, the solution to minx∈X R(x) over a compact subset X ⊂ Rd is z ∈ X if and only

if z ∈ X is also an optimal solution for

min
x∈X

N(x)−R(z)D(x).

Plugging in the optimal value R(y) = 1/Γ1(P ;E) yields the minimization

min
x

|a⋆ − x|2 + |b⋆ − x|2 −
(
2(Pa⋆(x)− Pb⋆(x))

Γ1(P ;E)

)
.

Thus finding the x which solves (6.10) amounts to minimizing a convex quadratic in x. The

solution is

z =

(
a⋆ + b⋆

2

)
+

(
Da⋆f −Db⋆f

2Γ1(P ;E)

)
.

The separation oracle for feasibility is thus specified as follows. For a candidate 1-field P ,

if ∥P∥Ċ1,1(E) ≤ M , then certify that P is a feasible 1-field. Otherwise, separate all other

1-fields P̃ =
{
f̃(a), D̃af

}
a∈E

from P via{
P̃

∣∣∣∣ 2(P̃a⋆(z)− P̃b⋆(z))

|a⋆ − z|2 + |b⋆ − z|2
≤ Γ1(P ;E)

}
,

or equivalently

(f̃(a⋆) + D̃a⋆f · (z − a⋆))− (f̃(b⋆) + D̃b⋆f · (z − b⋆)) ≤ Γ1(P ;E)
(
|a⋆ − z|2 + |b⋆ − z|2

)
.

The separation oracle for K1(M) is thus equivalent to using the vector

wa⋆,b⋆ =


1

z − a⋆

−1

−(z − b⋆)

 ∈ R2(d+1)

and the scalar ua⋆,b⋆ = Γ1(P ;E) (|a⋆ − z|2 + |b⋆ − z|2) to define the hyperplane{
v ∈ R2(d+1) | wa⋆,b⋆ · v ≤ ua⋆,b⋆

}
. (6.12)
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Appropriately padding wa⋆,b⋆ and v with zeros over the remaining possible choices of a, b thus

defines a k-dimensional separating hyperplane, and this separating hyperplane is constructed

in O(n2 + d) operations.

Note that the objective function in (6.8) is equivalent to

g(P ) =
1

n
|y − f |2.

To construct the separation oracle for K2(γ) := {P | g(P )− g(P ⋆) ≤ γ}, taking the gradient

with respect to f , we have w = 2
n
(f − y). Thus, given a current feasible field P with function

values f , the separating hyperplane is specified as{
f̃ ∈ Rn | w · f̃ ≤ u

}
, (6.13)

where u = w · f . Suitably concatenating w and f̃ with zeros to form vectors in Rk thus

specifies the separation oracle for K2(γ), and requires O(n) operations to evaluate.

Now, to find the requisite number of iterations T to find a feasible point in K1(M)∩K2(γ),

we sandwich the set K1(M) with Euclidean balls. The next result characterizes the Euclidean

ball inside K1(M).

Lemma 6.2.3. Assume |a− b| ≥ r > 0 for all a, b ∈ E, a ̸= b. Then

ρ1Bk ⊂ K1(M),

where

ρ1 =

(
r2M

8(1 + r)

)√
n.

Proof. Let P = {f(a), Daf}a∈E be any 1-field, and assume that

|Pa| =
√

|f(a)|2 + |Daf |2 ≤ ρ

for all a ∈ E, so P is represented by a vector in (ρ
√
n)Bk. Note that the numerator of (6.7)

may be written as

Pa(x)− Pb(x) = (f(a)− f(b)) +
1

2
(Daf +Dbf) · (b− a) + (Daf −Dbf) ·

(
x− a+ b

2

)
.
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Thus,
|Pa(x)− Pb(x)| ≤ 2ρ+ ρ|b− a|+ 2ρ

∣∣∣∣x− a+ b

2

∣∣∣∣
≤ 2ρ(1 + |b− a|),

where we have used the fact that x ∈ B̄d
(

a+b
2
, |a−b|

2

)
in (6.7). The denominator is minimized

at x = a+b
2

with minimal value |a− b|2/2. Thus

Γ1(P ;E) ≤ 8ρ(1 + |b− a|)
|b− a|2

≤ 8ρ(r−1 + r−2).

It follows that ∥P∥Ċ1,1(E) ≤ M if ρ ≤ Mr2

8(1+r)
.

We now derive a bounding ball for K1(M) which indicates the value of ρ to use in Vaidya’s

algorithm.

Lemma 6.2.4. Assume E is an ε−net of Bd, the unit ball in Rd, where ε < 1/10. Suppose

for all distinct a, b ∈ E, |a− b| > r. Then

K1(M) ⊂ ρ2Bk,

where

ρ2 =
√
n

[
|y|2

n
+ 4

(
10|y|
r

+
5M

2

)2
]1/2

.

Proof. Let
∏

f denote the projection of any subspace of Rk onto the n-dimensional subspace

corresponding to Daf = 0 for all a ∈ E. If y ∈
∏

f K1(M), then an optimal solution is given

by {y(a), 0}a∈E. Thus we may presume that y /∈
∏

f K1(M), whence

|f | ≤ |y|.

To bound |Daf | given a ∈ E, note that by equation (6.7) we have

2|Pa(x)− Pb(x)|
|a− x|2 + |b− x|2

≤ M
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for any b ∈ E \ {a} and x ∈ Bd
(

a+b
2
, |a−b|

2

)
. Choosing x = b implies that

|Daf · (b− a)| ≤ |f(a)− f(b)|+ M

2
|a− b|2

≤ 2|y|+ M

2
|a− b|2.

By the conditions of the lemma, given a, there exist b ∈ E \ {a} such that

|Daf · (b− a)| ≥ |Daf ||(b1 − a)|
10

.

It follows that

|Daf | ≤
20|y|
r

+ 5M.

Thus
|P |2 = |f |2 +

∑
a∈E

|Daf |2

≤ |y|2 + 4n

(
10|y|
r

+
5M

2

)2

.

We arrive at the number of iterations required such that g(P )− g(P ⋆) ≤ γ.

Theorem 6.2.5. Let γ > 0 be an error tolerance parameter, let P ⋆ be any optimal solution

to (6.8), and assume 0 < r ≤ |a − b| ≤ R for all a, b ∈ E. Applying Vaidya’s algorithm for

minimization as in (2.8) using the separation oracles specified in (6.12) and (6.13) yields an

approximate solution P̂T to (6.8) such that

g(P̂T )− g(P ⋆) ≤ γ

where we choose

L ≥ log2

(
4|y|2

nγρ1

)
,

with ρ1 as stated in lemma 6.2.3 and T is given in equation (2.12) using ρ = ρ2 from lemma

6.2.4.
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Proof. Recall that if y ∈
∏

f K1(M), then an optimal 1-field is returned without calling

Vaidya’s algorithm via {y(a), 0}a∈E. Thus we may presume that |f | ≤ |y| on
∏

f K1(M).

Thus

g(P ) =
1

n
|y − f |2 ≤ 4|y|2

n

for any P ∈ K1(M). Thus we set ε = nγ
4|y|2 , and apply theorem 2.4.1. From lemma 6.2.3, we

have that λk(K1(M)) ≥ ρk1λk(Bk). Since λk(ST ) < 2−kLλk(Bk), it suffices to choose L such

that

2−kLρ−k
1 ≤

(
nγ

4|y|2

)k

,

from which the statement results.

6.2.3 Constraining the Ċ1,1-Seminorm Rather Than the C1,1-Norm

In the previous section, we showed how to use Vaidya’s algorithm to solve the optimization

problem (6.8) that is central to this chapter. Before we use the output 1-field to actually

construct the interpolant, we need to show that the risk bounds derived in Section 6.2.1

apply to our optimization scheme. Here we briefly summarize work of coauthor Narayanan

from (Gustafson et al., 2018) which relates the risk bounds to our optimization scheme.

The only potential conflict is that our solution to (6.8) involves constraining the Ċ1,1-

seminorm of functions defined on a discrete set E ⊂ Rd; however, the risk bounds given in

Section 6.2.1 are based on the overall C1,1-norm of functions defined on the unit ball Bd ⊂ Rd

(the overall norm is the maximum of the Ċ1,1-seminorm, the Euclidean norm of the gradient,

and the absolute value of the function values). Narayanan showed that as long as the sample

size is large enough, the Ċ1,1-seminorm ∥ · ∥Ċ1,1(E) determines the C1,1-norm ∥ · ∥C1,1(Bd) in

our setup with high probability.

Recall that for a finite set of points E ∈ Rd and a function f : E → R, norms and

seminorms of f are defined in terms of their analogues for continuous-domain extensions of
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f . Specifically,

∥f∥Ċ1,1(E) := inf
{
Lip(∇f̃) | f̃(a) = f(a) for all a ∈ E

}
, where f̃ ∈ Ċ1,1

(
Bd
)
,

∥f∥C0(E) := inf

{
sup
x∈Bd

|f̃(x)| | f̃(a) = f(a) for all a ∈ E

}
, where f̃ ∈ C0

(
Bd
)
,

∥f∥C1(E) := inf

{
sup
x∈Bd

∥∇f̃(x)∥ | f̃(a) = f(a) for all a ∈ E

}
, where f̃ ∈ C1

(
Bd
)
, and

∥f∥C1,1(E) :=max
{
∥f∥C0(E), ∥f∥C1(E), ∥f∥Ċ1,1(E)

}
.

The main results are Theorem 6.2.6 and Theorem 6.2.7. Let f ∗ be the true function

that appears in the generative process. Let ∥f ∗∥C1,1(Bd) ≤ M∗. Let a set X containing n

random points be chosen i.i.d from P , which we assume has a density ρ(x) with respect

to the Lebesgue measure on Bd and a minimum density ρmin. Let yi = f ∗(xi) + ξi, where

xi ∈ X0 and ξi is a Gaussian with mean 0 and variance σ2 that is independent of all the

other ξj. Set M̃ := n1/(2d̃), where d̃ := max {d, 5}. We will denote in this section by Cd

constants depending only on d. Suppose we project y onto the set of all functions f such

that ∥f∥Ċ1,1(X) ≤ M̃ . Theorem 6.2.6 states that for a large-enough sample, the C0(X)- and

C1(X)-norms of the projection are less than M̃/2. Furthermore, theorem 6.2.7 states that

the extension of this projection to the unit ball has C1,1(Bd)-norm no more than M̃ . This is

enough to show that the sample complexity results are compatible with the construction of

the interpolant in Sections 6.2.2 and 6.2.4.

Theorem 6.2.6. Let K ⊆ L2(X) be the closed convex set of all functions f such that

∥f∥Ċ1,1(X) ≤ M̃.

Let h be the projection of y onto K with respect to the Hilbert space L2(X). Then when n is

sufficiently large, with probability at least 1− exp(−n1/100),

max
(
∥h∥C0(X), ∥h∥C1(X)

)
< M̃/2.
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Theorem 6.2.7. Let ∥h̃∥Ċ1,1(X) ≤ 1 and max(∥h̃∥C1(X), ∥h̃∥C0(X)) ≤ 1/2. Then, with proba-

bility at least 1− exp(−n1/100) any minimal Ċ1,1(Bd)-norm extension f of h̃ to the unit ball

satisfies

max
(
∥f∥C1(Bd), ∥f∥C0(Bd)

)
≤ 1.

6.2.4 Wells’ Construction for f̂ Given Lip(∇f̂)

Given M = Lip(∇f̂) and the estimates f̂(a) and D̂af for all a ∈ E, it remains to construct

the interpolant f̂ ∈ Ċ1,1(Rd). We may now apply solution methods from the noiseless

function interpolation problem. We summarize the solution provided by Wells et al. (1973)

here.

Wells’ construction takes E ⊂ Rd, the 1-field P : E → P consisting of function values

{f(a)}a∈E and gradients {Daf}a∈E, and a value M = Lip(∇f̂) as inputs. A necessary

condition for Wells’ construction to hold is that

f(b) ≤ f(a) +
1

2
(Daf +Dbf) · (b− a) +

M

4
|b− a|2 − 1

4M
|Daf −Dbf |2, ∀a, b ∈ E, (6.14)

for which the optimal objective function value and gradients returned by the methods in

Sections 6.1.2 and 6.2.2 satisfy.

For all a ∈ E, Wells defines the shifted points

ã = a− Daf

M
,

and associates a type of distance function for any x ∈ Rd to that point,

da(x) = f(a)− 1

2M
|Daf |2 +

M

4
|x− ã|2.
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Using the shifted points, every subset S ⊂ E is associated with several new sets:

S̃ = {ã | a ∈ S} ,

SH = the smallest affine space containing S̃,

Ŝ = the convex hull of S̃,

SE =
{
x ∈ Rd | da(x) = db(x) for all a, b ∈ S

}
,

S∗ =
{
x ∈ Rd | da(x) = db(x) ≤ dc(x) for all a, b ∈ S, c ∈ E

}
,

SC = SH ∩ SE.

Note that SH ⊥ SE, so SC is a singleton. Wells next defines the collection of subsets

K =
{
S ⊂ E | ∃x ∈ S∗ such that dS(x) < dE\S(x)

}
,

and a new collection of sets {TS}S∈K, where

TS =
1

2
(Ŝ + S∗) =

{
1

2
(y + z) | y ∈ Ŝ, z ∈ S∗

}
, S ∈ K. (6.15)

The collection {TS}S∈K form a partition of Rd in the sense that overlapping sets have

Lebesgue measure 0. On each set TS, Wells defines a function f̂S : TS → R which is a

local piece of the interpolating function f̂ :

f̂S(x) = dS(SC) +
M

2
dist(x, SH)

2 − M

2
dist(x, SE)

2, x ∈ TS, S ∈ K, (6.16)

where as usual for sets A,B ⊂ Rd, we have dist(A,B) = infx∈A, y∈B |x−y|. The final function

f̂ : Rd → R is then defined using (6.15) and (6.16):

f̂(x) = f̂S(x), if x ∈ TS. (6.17)

The gradient of f̂S is

∇f̂S(x) =
M

2
(z − y), where x =

1

2
(y + z), y ∈ Ŝ, z ∈ S∗.

The function f̂ : Rd → R of (6.17) satisfies the following:
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Theorem 6.2.8 (Wells’ Construction). Given a finite set E ⊂ Rd, a 1-field

P : E → P, and a constant M satisfying (6.14), the function f̂ : Rd → R defined by (6.16)

is in Ċ1,1(Rd) and satisfies

1. Jaf̂ = Pa for all a ∈ E.

2. Lip(∇f̂) = M .

(Herbert-Voss et al., 2017) provides efficient algorithms to implement Wells’ construc-

tion. We refer the reader to (Herbert-Voss et al., 2017) for the details, but state briefly

the computational cost of their methods. Let m = |K|, and note that in the worst case

m = O(n⌈d/2⌉). A pessimistic bound on the storage as well as the number of computations

for the one time work is O(m2). The query work is then also bounded by O(m2), however

using more efficient querying algorithms to find the set TS ∈ K to which a given x ∈ Rd

belongs can lessen the work significantly. Using a tree structure, for example, will require

O(logm) = O(log n) work per query if the tree is balanced, but this need not be the case in

general.

6.3 Simulation

In this section we describe work with coauthor Matthew Hirn to illustrate the algorithm.

We numerically compute the empirical risk minimizer f̂ over the functional class,

FM = {f | ∥f∥C1,1(Bd) ≤ M}.

To do so, we solve the optimization problem (6.8) for a 1-field P over the finite set E. This

can be done efficiently with the algorithm described in Section 6.2.2, or using any constrained,

convex optimization algorithm (such as interior point methods). The 1-field P is extended

to a function f̂ in FM , using the algorithm described by Herbert-Voss et al. (2017).

The underlying function f : R2 → R is taken as:

∀x = (x1, x2) ∈ R2, f(x1, x2) =

 cos(πx1) sin(πx2) exp
(
− 1

1−|x|2

)
, |x| < 1,

0, |x| ≥ 1,
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which is supported in the unit ball B2. The training points E are sampled uniformly from

B2, and noisy function values y(a) = f(a) + ξ(a) for a ∈ E are recorded, where ξ(a) is i.i.d.

Gaussian white noise with standard deviation σ. To approximate the generalization error

between f̂ and f on B2, the unit cube in which B2 is inscribed is sampled on a grid containing

214 points (27 along each axis). As such, all errors over B2 described below are numerically

approximated on the intersection of this grid with B2.

The error supx∈B2 |f(x)− f̂(x)| between f and the empirical risk minimizer is plotted in

Figure 6.1a as a function of n, for various values of the noise standard deviation σ. The value

of M grows with n according to M = O(1/n10), as in the proof of Theorem 6.2.1. Figure

6.1b plots the generalization error for the quadratic loss, i.e.,
(∫

B2 |f(x)− f̂(x)|2 dx
)1/2

. Both

figures show that the generalization error generally decreases as n (and correspondingly M)

increase.

Figure 6.2 gives a qualitative assessment of the empirical risk minimizer f̂ . In each figure

the original function is shown in the upper left plot. In figure 6.2a, the subsequent plots

(in left to right order, and then proceeding to the second row) are for the noiseless (σ = 0)

setting for N = 8, 23, 38, 84, 180 samples. Figure 6.2b shows the noisy scenario for N = 84

samples with σ = 2−j, j = 5, 4, . . . , 1 (in the analogous order). As expected, the empirical

risk minimizer f̂ visually appears to better match the underlying function f as n increases.

Figure 6.2b fixes n = 84 and plots f̂ for increasing values of the noise standard deviation.

While for large noise (σ = 0.5) the empirical risk minimizer f̂ deviates noticeably from f ,

for lower noise values (σ ≤ 0.25), f̂ is a stable approximation of f .
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(a) Maximum error

(b) Root mean square error

Figure 6.1: Generalization error as a function of |E| = n
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(a) Noiseless recovery

(b) Noisy recovery

Figure 6.2: Interpolants f̂ in the noisy and noiseless scenarios
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6.4 Discussion

In this chapter, we extened the function interpolation problem considered by Herbert-Voss

et al. (2017) to the regression setting, where function values f(a) are observed with un-

certainty over finite a ∈ E. We imposed smoothness on the approximating function by

considering regression solutions in the class of C1,1(Rd) functions. Minimizing the risk over

this function class is computationally tractable optimization problem, requiring O((d+1)2n2)

calls to a separation oracle using Vaidya’s algorithm. We presented a separating hyperplane

that requires O(n2) operations, and given the output of Vaidya’s algorithm, reconstruct the

interpolant using efficient implementations of Wells’ construction proposed by Herbert-Voss

et al. (2017).

We stated uniform bounds relating the empirical risk of the regression solution to the

true risk using empirical processes methods. The covering number of the class of C1,1(Rd)

functions is known and can be used to derive the covering number of Lipschitz loss classes.

Our loss class is unbounded, but by conditioning on a suitable bound that increases with

n, we obtain high probability bounds. As a consequence of the uniform risk bounds, al-

most sure convergence of the empirical risk minimizer is also guaranteed. These theoretical

contributions were supported by numerical results via simulation.
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Chapter 7

REGRESSION FOR HIGHER-ORDER DIFFERENTIABLE
FUNCTIONS IN MULTIPLE DIMENSIONS

In this chapter we describe an algorithm to generalize the Ċ1,1(E) regression of section

6.2 to Ċm(E) regression. We discuss a Calderón-Zygmund decomposition of a local section

of Rd that was proposed by (Fefferman, 2011), prove some basic properties regarding this

decomposition, and implement it in R2 to illustrate these properties. We then also show

how to use this decomposition to solve Ċm(E) regression. As a step to this end, we prove

Whitney’s extension theorem using this decomposition in a manner similar to (Fefferman

et al., 2016). We leave the implementation of the algorithm for Ċm(E) regression and the

derivation of uniform risk bounds for future work.

7.1 The Function and Jet Interpolation Problems

As in Chapter 6, we presume that we observe a function f on a finite set E ⊂ Rd, where N =

|E| ≥ 2. The function interpolation problem is to extend our observations of f on E to Rd by

forming an interpolant F : Rd → R such that for all a ∈ E, we have f(a) = F (a). Further,

we will require that F satisfies certain smoothness constraints. For any non-negative integer

m, let Cm(Rd) denote the Banach space of real-valued m-times continuously differentiable

functions F on Rd for which the norm

∥F∥Cm(Rd) = sup
x∈Rd

max
|α|≤m

|∂αF (x)| (7.1)

is finite. Here α is a multi-index, α = (α1, α2, . . . , αn), where each αi is a non-negative

integer. With some abuse of notation (with regards to the cardinality of a set E denoted by
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|E|), we use the notational shorthand as described in the following operations,

|α| = α1 + α2 + . . .+ αn, (sum of components)

α! = α1!α2! . . . αn!, (factorial)

xα = xα1
1 xα2

2 · · · xαn
n , (power)

∂α =
∂α1
1 ∂α2

2 , . . . ∂αn
n

∂xα1
1 ∂xα2

2 . . . ∂xαn
n

. (high-order partial derivative)

Note also that ∂0F (x) is defined to be F (x).

The function interpolation problem is to find an interpolant F ∈ Cm(Rd) for which the

norm ∥F∥Cm(Rd) is as small as possible such that F (a) = f(a) for all a ∈ E. Whereas in

chapter 6 using theorem 6.1.2 we were able to construct an interpolant which had minimal

C1,1(Rd) norm, in what follows we will be satisfied to find an F ∈ Cm(Rd) which has a

minimal norm up to a multiplicative constant, i.e.,

∥F∥Cm(Rd) ≤ C∥F̃∥Cm(Rd),

where F̃ is any minimal interpolating function and C depends only on m and d.

To solve the function interpolation problem, we again instead first consider the jet inter-

polation problem. Recall Taylor’s theorem (Folland, 2005), which states that if F ∈ Cm(S)

on a convex set S ⊂ Rd, then for any x, y ∈ S

F (y) =
∑

|α|≤m−1

∂αF (x)

α!
(y − x)α +Rx,m−1(y − x).

The jet of F at x is the Taylor polynomial of F at x of order m− 1,

Jx(F )(y) =
∑

|α|≤m−1

∂αF (x)

α!
(y − x)α.

Taylor’s theorem states that the jet Jx(F ) is the only polynomial of degree m − 1 which

agrees with F (x) to order k at y−x. If |∂αF (x)| ≤ M for x ∈ S and |α| = m, the remainder

satisfies

|Rx,m−1(y − x)| = M

m!
∥y − x∥m∞,
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where ∥h∥∞ =
∑d

i=1 |hi|. With Taylor’s theorem in mind, let P denote the vector space of

all real-valued polynomials in Rd of degree at most m. Clearly Jx(F ) ∈ P .

If F is a real-valued function on a cube Q, we write F ∈ Cm(Q) to denote that F and

its derivatives up to order m extend continuously to the closure of the cube Q, and define

the norm,

∥F∥Cm(Q) = sup
x∈Q

max
|α|≤m

|∂αF (x)|,

which coincides with (7.1) restricted the cube Q. If x belongs to the boundary of Q, we still

write Jx(F ) to denote the Taylor polynomial of degree m− 1 of F at x even though F is not

defined on a full neighborhood of x. For a finite set E ⊂ Rn such that |E| ≥ 2, a Whitney

field on E is a family of polynomials

P = {Pa}a∈E

such that Pa ∈ P for all a ∈ E. Considering the vector space of all Whitney fields on E, we

may define the seminorm

∥P∥Ċm(E) = max
a,b∈E, a ̸=b, |α|≤m

|∂α(Pa − Pb)(a)|
|a− b|m−|α| , (7.2)

The jet interpolation problem is then as follows: given a function f and its jets P defined

on E, find an interpolant F : Rd → R and its jets such that Ja(F ) = Pa for all a ∈ E and

∥F∥Cm(Rd) is minimal. Again we will be satisfied to solve this problem up to a multiplicative

constant depending only on m and d.

7.2 Whitney’s Extension Theorem

The question of the existence such a function F was solved by Whitney (1934). We will

provide a similar proof in the subsequent section, but first we discuss Calderón-Zygmund

(CZ) decompositions.
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7.2.1 A Calderón-Zygmund Decomposition and Its Properties

A closed, axis-aligned cube in Rd is a set

Q = I1 × I2 × . . .× Id

where the Ij are closed intervals in R with common lengths |I1| = |I2| = . . . = |Id|. Let the

sidelength δQ = |Ij| denote this common length. With some abuse of notation, for all a > 0,

we let aQ denote the cube with the same center as Q but with sidelength δaQ = aδQ. A dyadic

cube is any cube in Q ∈ Rd such that for each j ∈ {1, 2, . . . , d}, we have Ij = [2k ·ij, 2k ·(ij+1)]

for integers k, ij. Thus a dyadic cube Q has sidelength δQ = 2k for some integer k, and this

cube is contained in precisely one parent cube Q̃ with sidelength δQ̃ = 2δQ = 2k+1.

Now presume that E ⊂ Q0 for some dyadic cube Q0, and given any a, b ∈ E, we have

|a− b| ≥ ηδQ0 for some η > 0. A Calderón-Zygmund (CZ) decomposition is a finite collection

subcubes of Q0 such that the subcubes satisfy the following properties:

• Pairwise Disjoint Interiors: If Q1, Q2 ∈ CZ, then int(Q1) ∩ int(Q2) = ∅.

• Finite Covering: Q0 = ∪Q∈CZ Q and |CZ| < ∞.

• Good Geometry: If Q1, Q2 ∈ CZ, then 1
2
δQ1 ≤ δQ2 ≤ 2δQ1 .

The following decomposition of Q0 is proposed by Fefferman (2011):

CZ =
{

dyadic Q ⊂ Q0

∣∣ Q maximal and |3Q ∩ E| ≤ 1
}
. (7.3)

A dyadic subcube Q ⊂ Q0 is said to be maximal if it is the largest Q satisfying the condition

|3Q∩E| ≤ 1. Equivalently, if Q̃ is the parent cube of Q, then |3Q̃∩E| ≥ 2. To verify that CZ

given in (7.3) is in fact a CZ decomposition, note that since the cubes dyadic and maximal,

any two cubes in the decomposition have pairwise disjoint interiors. Also the collection CZ

of cubes clearly covers Q0 and the collection is finite since N = |E| < ∞, and for all a, b ∈ E

such that a ̸= b, we have |a−b| > ηδQ0 for some η > 0. To show the good geometry property,

we require the following lemma.
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Lemma 7.2.1. Suppose Q1, Q2 ⊂ Rd are any closed cubes such that Q1 ∩ Q2 ̸= ∅ and

δQ1 ≤ 1
2
δQ2. Then 3Q1 ⊂ 3Q2.

Proof. Let d∞ : Rd × Rd → R be defined as

d∞(a, b) = max {|a1 − b1|, |a2 − b2|, . . . , |ad − bd|} .

Let a ∈ 3Q1, and suppose Q1 ∩Q2 ̸= ∅. Then

d∞(a,Q2) = min
b∈Q2

d∞(a, b) ≤ 2δQ1 ≤ δQ2 .

Since 3Q2 =
{
a ∈ Rd

∣∣ d∞(a,Q2) ≤ δQ2

}
, it follows that b ∈ 3Q2.

With lemma 7.2.1, we may show the good geometry property and that CZ is a properly

defined CZ decomposition.

Theorem 7.2.2. The decomposition CZ in (7.3) is a CZ-decomposition.

Proof. It remains to show the good geometry property using lemma 7.2.1. Assume that

Q1, Q2 ∈ CZ are such that Q1∩Q2 ̸= ∅, and assume without loss of generality that δQ1 ≤ δQ2 .

For any Q1 such that δQ1 ≤ 1
4
δQ2 , by lemma 7.2.1 we have 3Q1 ⊂ 3Q2, whence

|3Q1 ∩ E| ≤ |3Q2 ∩ E| ≤ 1.

Now let Q̃1 be the parent cube of any such Q1, so δQ̃1
= 2δQ1 ≤ 1

2
δQ2 . Then again by lemma

7.2.1 we have 3Q̃1 ⊂ 3Q2, and thus

|3Q̃1 ∩ E| ≤ |3Q2 ∩ E| ≤ 1,

whence Q1 was not maximal. Continuing taking parent cubes of Q1 in this fashion if neces-

sary, we see that a maximal dyadic cube Q1 such that δQ1 ≤ δQ2 must satisfy δQ1 ≥ 1
2
δQ2 .

The symmetric assumption that δQ1 ≥ δQ2 leads to the good geometry property.

Finally, it is important to note the following two properties about the cubes in the CZ

decomposition. Firstly, there are a finite number of cubes that intersect any given cube.
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Theorem 7.2.3. Given Q ∈ CZ, there are at most 4d cubes Q′ ∈ CZ such that Q∩Q′ ̸= ∅.

Proof. Given any Q ∈ CZ, by the good geometry property, any cube Q′ ∈ CZ such that

Q∩Q′ ̸= ∅ must have sidelength at least 1
2
δQ. Thus given that Q′ has the minimal sidelength,

we have Q′ ⊂ 2Q. The cube 2Q contains less than 4d cubes of with sidelength 1
2
δQ, so at

most 4d cubes Q′ touch Q.

Secondly, if we dilate any cube in the decomposition slightly, any point in Q0 is still contained

in a finite number of cubes.

Theorem 7.2.4. Let 0 < ϵ < 1. Any point y ∈ Q0 is contained in at most 4d cubes of the

form Q∗ = (1 + ϵ)Q, where Q ∈ CZ.

Proof. For any y ∈ Q0, there exists a cube Qy ∈ CZ such that y ∈ Qy. Fix any cube Q ∈ CZ.

We claim that Q∗ intersects Qy only if Q∩Qy ̸= ∅, whence at most 4d cubes Q∗ may contain

y in light of the previous theorem. By the good geometry property, since any cube Q′ ∈ CZ

that intersects Q has sidelength δQ′ ≥ 1
2
δQ, and Q∗ has sidelength δQ∗ < 2δQ, it follows that

Q∗ ⊂
∪{

Q′ ∈ CZ
∣∣ Q′ ∩Q ̸= ∅

}
.

Thus if y ∈ Q∗, we have Q ∩Qy ̸= ∅.

7.2.2 Illustration of the CZ Decomposition

Here we illustrate the CZ decomposition of a set E ⊂ Q0 := [0, 1]2 of equation (7.3) for

various n = |E|. These decompositions were formed by taking one uniform random sample of

E ′ from [0, 1]2 of size 16, and letting E be the first n elements of E ′ for n = 2, 4, 8, 16. We note

that the good geometry property is easily verified visually, and that |E∩3Q| ≤ 1 for each Q ∈

CZ. We also see that δQ ≤ 1
4

in all cases. Finally note that as η = minx,y∈E |x−y| decreases,

the cardinality of the CZ decomposition increases. The cubes in this decomposition will be

crucial to solving the jet interpolation problem.
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(a) n = |E| = 2.
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(b) n = |E| = 4.
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(c) n = |E| = 8.
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(d) n = |E| = 16.

Figure 7.1: CZ Decompositions for d = 2 and n = 2, 4, 8, 16.
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7.2.3 Proof of Whitney’s Extension Theorem

To prove Whitney’s extension theorem in general for a finite set E ⊂ Rd such that |E| ≥ 2,

consider the CZ decomposition of equation (7.3). Let

Γ(a,M) =
{
P ∈ P

∣∣ there exists F ∈ Cm(Rd) with ∥F∥Cm(Rd) ≤ M and Ja(F ) = P
}
.

Whitney’s theorem is as follows.

Theorem 7.2.5. Let {Pa}a∈E be a Whitney field on a finite set E, and let M > 0. Given

Pa ∈ Γ(a,M) for each a ∈ E,

|∂α(Pb − Pa)(b)| ≤ M |b− a|m−|α| for all a, b ∈ E, |α| ≤ m− 1,

there exists F ∈ Cm(Rd) such that ∥F∥Cm(Rd) ≤ CM and Ja(F ) = Pa for all a ∈ E.

Proof. Note in what follows the constants C > 0 depend only on m and d, and may change

line to line as necessary. Consider the collection of cubes CZ given in (7.3). Without loss of

generality we may presume Q0 = [0, 1]d by translating and rescaling as necessary. Note that

since we presume n = |E| ≥ 2, it follows that δQ ≤ 1
4

for any Q ∈ CZ. We classify the cubes

in Q ∈ CZ into two types,

(i) E ∩ 3Q ̸= ∅,

(ii) E ∩ 3Q = ∅.

If Q ∈ CZ is type (i), then E ∩ 3Q = {aQ}. By hypothesis, since PaQ ∈ Γ(aQ,M), there

exists FQ ∈ Cm(Rd) such that

∥FQ∥Cm(Rd) ≤ M and JaQ(FQ) = PaQ . (7.4)

We choose such an FQ as in (7.4). If Q ∈ CZ is type (ii), then Q’s parent cube Q̃ satisfies

|E ∩ 3Q̃| ≥ 2. We may pick any of the aQ ∈ E ∩ 3Q̃. By hypothesis, since PaQ ∈ Γ(aQ,M),
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again there exists FQ ∈ Cm(Rd) satisfying (7.4). Thus FQ has been defined for both types

of cubes for any cube Q ∈ CZ, and by hypothesis we have

Ja(FQ) = Pa for all a ∈ E ∩ 3Q, (7.5)

noting that for type (ii) cubes (7.5) holds vacuously since E ∩ 3Q = ∅.

Now let Q,Q′ ∈ CZ, and consider their dilations (1 + ϵ)Q, (1 + ϵ′)Q′ for ϵ, ϵ′ ∈ (0, 1).

Suppose that (1 + ϵ)Q ∩ (1 + ϵ′)Q′ ̸= ∅. We will show that

|∂α(FQ − FQ′)| ≤ CMδ
m−|α|
Q on (1 + ϵ)Q ∩ (1 + ϵ′)Q′ for |α| ≤ m. (7.6)

Let Q̃, Q̃′ denote the parent of a cubes Q,Q′ ∈ CZ, respectively. Since each cube is either of

type (i) or type (ii), we have aQ ∈ E ∩ 3Q̃ and aQ′ ∈ E ∩ 3Q̃′ where (1+ ϵ)Q∩ (1+ ϵ′)Q′ ̸= ∅.

By good geometry and theorem 7.2.4, we have that

|aQ − aQ′| ≤ CδQ.

Additionally by good geometry and theorem 7.2.4, we have that

|x− aQ|, |x− aQ′| ≤ CδQ for all x ∈ (1 + ϵ)Q ∩ (1 + ϵ′)Q′.

Thus by equation (7.4) it follows that

|∂α(FQ − PaQ)(x)| ≤ CM |x− aQ| ≤ CMδ
m−|α|
Q (7.7)

and that

|∂α(FQ′ − PaQ′ )(x)| ≤ CM |x− aQ′| ≤ CMδ
m−|α|
Q (7.8)

for all x ∈ (1 + ϵ)Q ∩ (1 + ϵ′)Q′ and for |α| ≤ m. By the theorem’s hypothesis, equations

(7.7) and (7.8), and a straightforward application of the triangle inequality, the bound in

(7.6) follows directly.

Next we introduce a partition of unity,

1 =
∑
Q∈CZ

ϕQ, (7.9)
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where each ϕQ ∈ Cm(Rd), and each ϕQ is supported in (1 + ϵ)Q, whence

|∂αϕQ| ≤ Cδ
−|α|
Q for |α| ≤ m. (7.10)

We finally define our extension operator as

F =
∑
Q∈CZ

ϕQFQ, (7.11)

where we note we have defined FQ ∈ Cm(Rd) for each type of cube in CZ, and CZ is finite.

Thus F ∈ Cm(Rd). For any y, let Qy be the unique cube in CZ which contains y. Then for

|α| ≤ m, we have by the product rule and equation (7.9) that

∂αF (y) = ∂αFQy(y) +
∑
Q∈CZ

∂α(ϕQ · (FQ − FQy))(y),

where the sum is finite due to theorem 7.2.4. Note additionally that given the support of

ϕQ, any Q ∈ CZ enters the sum only if y ∈ (1 + ϵ)Q. Since δQ ≤ 1
4
< 1, it follows from (7.6)

and (7.10) that

|∂α(ϕQ · (FQ − FQy))(y)| ≤ CMδ
m−|α|
Q ≤ CM for |α| ≤ m.

Additionally we have that |∂αFQy(y)| ≤ CM for |α| ≤ m by (7.4). We have shown that

F ∈ Cm(Rd) and ∥F∥Cm(Rd) ≤ CM .

Now to prove that Ja(F ) = Pa for all a ∈ E, we need to define multiplication of jets.

Given any x ∈ Rd, we may define a multiplication operator ⊙x such that

P ⊙x Q = Jx(PQ) for P,Q ∈ P .

Note that such an operation is equivalent to polynomial multiplication in which terms of

order m + 1 or greater are truncated. Given Q ∈ CZ, and a ∈ E, we have Ja(FQ) = Pa by

the good geometry property. Since the support of ϕQ is contained in (1+ ϵ)Q, it follows that

for each Q ∈ CZ we have

Jx(ϕQFQ) = Ja(ϕQ)⊙a Pa
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It therefore follows by equation (7.9) that

Ja(F ) =
∑
Q∈CZ

Ja(ϕQFQ) =

(∑
Q∈CZ

Ja(ϕQ)

)
⊙a Pa = Pa.

Thus F ∈ Cm(Rd) is such that ∥F∥Cm(Rd) ≤ CM and Ja(F ) = Pa for all a ∈ E.

7.3 Function Interpolation and Regression

7.3.1 Interpolation by Linear Programming

Theorem 7.2.5 provides the existence of an interpolant F ∈ Cm(Rd) which agrees with any

interpolant of minimal Cm(Rd) norm up to a multiplicative constant, but it does not provide

a means by which to find such an interpolant. Furthermore, in applications we are not given

the Whitney field {Pa}a∈E beyond the α = 0 term, since we observe only a function value

f(a) for all a ∈ E. However, we may solve the following optimization problem. Given a

non-negative integer m, we solve

min
z∈Rk,M∈R

M

s.t. ∥P∥Ċm(E) ≤ M

Pa(a) = f(a) for all a ∈ E.

(7.12)

Recall that ∥P∥Ċ(E) was defined in (7.2). In the optimization problem (7.12), we note that

z ∈ Rk represents the coefficients of the polynomials defined by the Whitney field {Pa}a∈E.

The number of monomials in the multinomial expansion of degree |α| over d variables is(
d+ |α| − 1

|α| − 1

)
.

Thus, it follows that the dimension of z is

k = |E|

∑
|α|≤m

(
d+ |α| − 1

|α| − 1

) .

This optimization problem has a linear objective function and is specified by linear equality

and inequality constraints in the variable z ∈ Rk, and hence is a linear program. Given its
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solution, we form the extension F using the CZ decomposition and the partition of unity as

discussed in the previous section. Namely, (7.11) yields the interpolant F ∈ Cm(Rd). Though

this linear program will not be tractable for large m or d, for applications we typically will

have d = 2 or d = 3, and small m will yield a parsimonious model of observed data.

7.3.2 Regression by Quadratic Programming

It remains to describe the function regression problem akin to section 6.2. We again leave this

topic for future work, but describe what remains to be done to extend the methods of chapter

6 to the m-times differentiable case. Again, we observe noisy samples y(a) = f(a) + ξ(a) for

all a ∈ E, and the constant M will be chosen via sample complexity arguments as in section

6.2.1. Given the value of M , one obtains the quadratic program

min
z∈Rk

1

n

∑
a∈E

(y(a)− Pa(a))
2

s.t. ∥P∥Ċm(E) ≤ M

where k is as in the linear program, and the extension F is again constructed via (7.11).

7.3.3 Constructing a Partition of Unity

Finally, it is worth mentioning how to construct the partition of unity (7.9). We state

the approach shown in (Tu, 2010). It suffices to use a C∞(R) function to construct bump

functions in R, and then use the Cartesian product of such functions to form a bump function

on Rd. It may be shown by induction that the function f : R → R given by

f(t) =

e−1/t t > 0,

0 t ≤ 0
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is a C∞(R) function. Using this function, we construct a step function

g(t) =
f(t)

f(t) + f(1− t)

=


0 t ≤ 0,

1

1+ e1/t

e1/(1−t)

0 < t < 1,

1 t ≥ 1.

It may be shown that g ∈ C∞(R) and is strictly increasing on (0, 1). We may form a step

function which is increasing on an interval (a2, b2) by letting

h(t) = g

(
t− a2

b2 − a2

)
.

Letting hs(t) = h(t2), we then have a symmetric function hs ∈ C∞(R). Finally, we let

ρ(t) = 1− hs(t) = 1− g

(
t2 − a2

b2 − a2

)
,

we have formed a C∞(R) bump function centered at 0 which is 1 on [−a, a] and is supported

on [−b, b]. Translating by considering ρ(t− s) yields a bump function centered at s, and the

a and b may be modified as necessary. Finally, a bump function ρ ∈ C∞(Rd) may be formed

via

φ(x) =
d∏

i=1

ρ(xi),

Since each x ∈ Q0 is contained by only finitely many cubes Q ∈ CZ, the partition of unity

in (7.9) may be formed via normalizing the bump functions φQ.
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Appendix A

PROOF OF JOHN’S MAXIMAL VOLUME ELLIPSOID
THEOREM

In this appendix we prove John’s maximal volume ellipsoid theorem providing a proof

similar to that of Ball (1997). We first enumerate some properties on the polars of convex

sets which will be necessary to establish the proof. In particular we will need to derive the

polar of an ellipsoid.

A.1 Polars of Sets

In this section we review some properties of the polar of a set. The definition of the polar of

a set is as follows.

Definition A.1 (Polar of a Set). Let S ⊂ Rn. Then the polar of S is defined to be

S◦ = {y ∈ Rn : ⟨y, x⟩ ≤ 1 for all x ∈ S} .

The polar of a set is convex even if the original set is not.

Proposition A.2. S◦ is convex.

Proof. Let y1, y2 ∈ S◦, and α1 + α2 = 1 where α1, α2 ≥ 0. Then given any x ∈ S, we have

⟨α1y1 + α2y2, x⟩ = α1 ⟨y1, x⟩+ α2 ⟨y2, x⟩ ≤ α1 + α2 = 1,

so (α1y1 + α2y2) ∈ S◦.

The polar of a ball is given the ball defined with respect to the dual norm.



127

Proposition A.3. Let B := {x ∈ Rn | ∥x∥ ≤ 1}, where ∥ · ∥ is a norm. Then B◦ = B⋆ :=

{y ∈ Rn | ∥y∥⋆ ≤ 1}, where ∥ · ∥⋆ is the dual norm defined by

∥y∥⋆ = sup
x∈Rn: ∥x∥≤1

⟨x, y⟩ .

Proof. Note that it is straightforward to verify that the dual norm is a norm, and by its

definition the generalized Cauchy-Schwarz (GCS) inequality

⟨x, y⟩ ≤ ∥x∥∥y∥⋆

holds. If y ∈ B◦, we have ⟨y, x⟩ ≤ 1 for all x ∈ B. Picking x such that ∥x∥ = 1, it follows

that ⟨y, x⟩ ≤ ∥x∥. By GCS, this implies ∥y∥⋆ ≤ 1, and thus y ∈ B⋆. Conversely, if y ∈ B⋆,

then for all x ∈ B, we have ⟨y, x⟩ ≤ ∥x∥∥y∥⋆ = 1 by GCS, so y ∈ B◦.

Lemma A.4. Let E be an ellipsoid in Rn, defined as

E =

{
x ∈ Rn |

n∑
j=1

⟨x, ej⟩2

α2
j

≤ 1

}
,

where {ei}ni=1 is an orthonormal basis for Rn and αi > 0 for i = 1, . . . , n. Then

E◦ =

{
y ∈ Rn |

n∑
j=1

α2
j⟨y, ej⟩2 ≤ 1

}
.

Proof. Since the situation is invariant to rotations, without loss of generality we may assume

the ellipsoid E is axis-aligned, i.e.,

E =

{
x ∈ Rn |

n∑
i=1

x2
i

α2
i

≤ 1

}
.

Note that the ball

BD := {x ∈ Rn | ∥x∥D ≤ 1}

is equivalent to

E =
{
x ∈ Rn | ∥x∥2D ≤ 1

}
,
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where the norm ∥ · ∥D is defined by

∥x∥D := (x′Dx)
1/2

= ∥D1/2x∥,

with D = diag
(

1
α2
1
, . . . , 1

α2
n

)
. Applying proposition A.3, we have E◦ = B⋆

D. It remains to find

the dual norm which defines this ball. We have

∥y∥D⋆ := sup
x:∥x∥D≤1

⟨x, y⟩

= sup
x:∥D1/2x∥≤1

⟨x, y⟩

= sup
u:∥u∥≤1

⟨
D−1/2u, y

⟩
= sup

u:∥u∥≤1

⟨u, v⟩ ,

where v = D−1/2y. By the Cauchy-Schwarz inequality, the supremum is ∥u∥∥v∥ achieved by

u = cv where c is chosen such that ∥u∥ ≤ 1. Thus the supremum is 1·∥v∥ = ∥v∥ = ∥D−1/2y∥,

and
B⋆
D = {y ∈ Rn | ∥y∥D⋆ ≤ 1}

=
{
y ∈ Rn | ∥y∥2D⋆ ≤ 1

}
= E◦,

where E◦ is as defined in the statement of the lemma.

Lemma A.4 will be used in the proof of John’s theorem regarding the contact points of the

maximum volume ellipsoid. We conclude this aside into the polar of a set by noting that the

polar of the polar is the original set when that set is convex. Thus the polar of the polar

ellipsoid is the original ellipsoid.

Proposition A.5. If C is a closed convex set with 0 ∈ intC, then (C◦)◦ = C.

Proof. Assume x ∈ C. Then ⟨y, x⟩ ≤ 1 for all y ∈ C◦ by definition. However,

(C◦)◦ = {z ∈ Rn | ⟨z, y⟩ ≤ 1 for all y ∈ C◦} ,
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so x ∈ (C◦)◦. Conversely, assume that z ∈ (C◦)◦, so ⟨z, y⟩ ≤ 1 for all y ∈ C◦. If z /∈ C, then

by theorem 2.1.3, there exists a hyperplane {y ∈ Rn | ⟨w, y⟩ = 1} such that ⟨w, z⟩ > 1 and

⟨w, x⟩ ≤ 1 for all x ∈ C. This implies that w ∈ C◦, so ⟨z, w⟩ ≤ 1, a contradiction.

A.2 Proof of John’s Theorem

With lemma A.4, we now prove theorem 2.3.1.

A.2.1 Sufficiency

The easier direction is to prove that if such a set of weights and contact points exist, then

Bn
2 is the unique ellipsoid of maximal volume, which we prove first. Let us assume that such

a set of contact points and weights exist. Let

E =

{
x :

n∑
i=1

⟨x, ei⟩2

α2
i

≤ 1

}

be an ellipsoid in K for some orthonormal basis {ei}ni=1 and positive αi. We want to show

that
n∏

i=1

αi ≤ 1,

from which it follows that the product equals 1 if and only if αi = 1 for all i, or equivalently

that E = Bn
2 .

Since E ⊂ K, for each i the hyperplane {x : ⟨x, ui⟩ = 1} does not cut E . This implies

that each ui belongs to the polar ellipsoid,

E◦ =

{
y :

n∑
j=1

α2
j⟨y, ej⟩2 ≤ 1

}
.

Thus, for each i, we have that
n∑

j=1

α2
j⟨ui, ej⟩2 ≤ 1.

Since

n = tr(In) = tr

(
m∑
i=1

ci ⟨ui, ui⟩

)
=

m∑
i=1

citr(⟨ui, ui⟩) =
m∑
i=1

ci,
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it follows that
m∑
i=1

ci

n∑
j=1

α2
j⟨ui, ej⟩2 ≤

m∑
i=1

ci = n.

By condition (2.5), it follows that the left side of the above inequality is
∑

j α
2
j since ej is a

unit vector. Thus, the inequality is equivalent to

1

n

n∑
j=1

α2
j ≤ 1.

By the arithmetic-geometric mean inequality, we have(
n∏

j=1

α2
j

)1/n

≤ 1

n

n∑
j=1

α2
j ≤ 1,

which proves that E = Bn
2 .

A.2.2 Necessity

We want to show that if Bn
2 is the maximal volume ellipsoid contained in K, then there exist

contact points {ui}mi=1 such that for each i, we have ui ∈ K ∩ Bn
2 , and there exists ci > 0

where
m∑
i=1

(ci
n

)
(uiu

⊤
i ) =

In
n
.

If this is possible, we know by taking the trace that
m∑
i=1

ci
n

= 1,

so we want to show that the matrix In/n can be written as a convex combination of a finite

number of matrices of the form uu⊤. Equivalently, we need to show that In/n belongs to

the convex hull of the set of all such rank one matrices,

T =
{
uu⊤ | u is a contact point

}
.

We will prove this by showing a contradiction that if In/n /∈ T , then we can perturb the unit

ball slightly to get a new ellipsoid in K of larger volume than the unit ball.
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Assume In/n /∈ T . There exists a separating hyperplane in the spaces of matrices that

separates In/n from T . Thus there is a linear functional ϕ(·) on the spaces of matrices such

that for each contact point u, we have

ϕ

(
In
n

)
< ϕ(uu⊤).

By letting the space of matrices in Rn×n be represented by a vector in Rn2 , ϕ may be

represented by an n× n matrix H so that for any matrix A,

ϕ(A) =
∑
jk

HjkAjk.

Since the matrices uu⊤ and In/n are symmetric, we may assume that H is as well. Note

that the matrices uu⊤ and In/n both have trace of 1, so the situation remains unchanged if

we add a constant to each diagonal entry of H. Thus, we may assume that tr(H) = 0, but

this implies that ϕ(In) = 0. Subsequently, unless the {u} are the canonical basis of Rn, we

have found a symmetric matrix H with zero trace such that

∑
jk

Hjk(uu
⊤)jk > 0.

For each vector u, the left side of the above inequality is equivalent to u′Hu. For δ > 0, the

set

Eδ = {x ∈ Rn | x′(In + δH)x ≤ 1}

is an ellipsoid, and this set tends to Bn
2 as δ tends to 0. If u is a contact point, then

u′(In + δH)u = 1 + δu′Hu > 1,

since u′Hu > 0. Since the boundary of K is compact and the map x 7→ x′Hx is continuous,

Eδ will not contain any other point of the boundary of K as long as δ is sufficiently small.

For such δ, the ellipsoid Eδ is strictly inside K and some slightly expanded ellipsoid is inside

of K.
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It remains to prove that the volume of Eδ is at least that of Bn
2 , i.e., vn(Eδ) ≥ vn(Bn

2 ). Let

λj denote the eigenvalues of the symmetric matrix In + δH. Then

vn(Eδ) =
vn(Bn

2 )∏n
j=1 λj

,

so vn(Eδ) ≥ vn(Bn
2 ) if

∏n
i=1 λj ≤ 1. But tr(In + δH) =

∑n
j=1 λj = tr(In) + δtr(H) = n since

tr(H) = 0. Thus we have

1 =
1

n

∑
j=1

λj ≥

(
n∏

j=1

λj

)1/n

,

where the last inequality follows from the arithmetic-geometric mean inequality, whence∏n
j=1 λj ≤ 1 as necessary.
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Appendix B

THE SPECTRUM OF BOUNDED LINEAR OPERATORS

We recall the following definitions and theorems from functional analysis, and refer the

reader to (Hunter and Nachtergaele, 2001) and (Rudin, 1991) for details. A real-valued

normed linear space is a metric space with the metric derived its norm, i.e., d(x, y) = ∥x−y∥.

If a normed linear space is complete, it is known as a Banach space. If the norm is induced

by an inner product, i.e., ∥x − y∥ =
√
⟨x, y⟩, then the Banach space is known as a Hilbert

space.

An operator between real-valued Banach spaces X,Y is a map A : X → Y . The operator

A is said to be linear if for any x1, x2 ∈ X and any α1, α2 ∈ R, we have

A(α1x1 + α2x2) = α1A(x1) + α2A(x2).

A linear operator A is said to be bounded if there exists a constant M such that

|A(x)| ≤ M∥x∥ for all x ∈ X.

The norm of a bounded linear operator is defined as

∥A∥ ≡ sup
x∈X: ∥x∥≠0

∥A(x)∥
∥x∥

.

An important theorem is which allows us to further characterize bounded linear operators

is the following.

Theorem B.1 (Riesz Representation Theorem). If A is a bounded linear operator on a

separable Hilbert space H, then for every x ∈ H, there exists a y ∈ H such that

A(x) = ⟨x, y⟩

Moreover, the operator norm satisfies ∥A∥ = ∥y∥.
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The adjoint of a bounded linear operator on a Hilbert space is defined as in the following

theorem, which results from the Riesz representation theorem.

Theorem B.2 (Existence and Uniqueness of the Adjoint Operator). If A is a bounded linear

operator on a Hilbert space H, then there is a unique operator A∗ on H such that

⟨x, A∗y⟩ = ⟨Ax, y⟩ for all x, y ∈ H.

Furthermore, A∗ is linear and bounded, ∥A∗∥ = ∥A∥, and (A∗)∗ = A. The operator A∗ is

known as the adjoint of A.

In the case that A = A∗, we say that A is a self-adjoint operator.

We now characterize the resolvent and the spectrum of bounded linear operators on a

Hilbert space.

Definition B.3 (Resolvent and Spectrum). The resolvent set of an a bounded linear operator

A on a Hilbert space H, denoted by ρ(A), is the set of complex numbers λ such that (A−λI) :

H 7→ H is a bijection, where I denotes the identity operator. The spectrum of A, denoted by

σ(A), is the complement of the resolvent set in C, i.e., σ(A) = C \ ρ(A).

The open mapping theorem states that a bounded linear operator A which is surjective is

an open map. Thus the resolvent set is open, and the spectrum is closed. When λ ∈ ρ(A),

both (A−λI) and (A−λI)−1 are bijective bounded linear operators. Thus the spectrum may

σ(A) may also be characterized as the set of λ ∈ C such that (A− λI)−1 does not exist as a

bounded linear operator.

We may relate the resolvent set and the spectrum to the operator norm via the following

theorem.

Theorem B.4. If A is a bounded linear operator on a Hilbert space, then the resolvent set ρ(A)

is an open subset of C that contains the “exterior disk” {λ ∈ C | |λ| > ∥A∥}. Equivalently,

the spectrum σ(A) is a closed subset of C which is contained in {λ ∈ C | |λ| ≤ ∥A∥}.
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The spectral radius of a bounded linear operator is defined as follows.

Definition B.5 (Spectral Radius). The spectral radius of a bounded linear operator A is

defined as

r(A) ≡ sup
{
|λ|
∣∣ λ ∈ σ(A)

}
.

Theorem B.4 may be refined as follows.

Theorem B.6 (Gelfand’s Formula). If A is a bounded linear operator, then

r(A) = lim
n→∞

∥An∥1/n.

If A is self-adjoint, then r(A) = ∥A∥.

Finally, we have the following result which characterizes the spectrum of bounded self-adjoint

operators and is analogous to the finite-dimensional case.

Theorem B.7. If A is a bounded, self-adjoint operator on a Hilbert space, then the spectrum

of A is real-valued and is contained in the closed interval [−∥A∥, ∥A∥].
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