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In many areas of biology, recent advances in technology have facilitated the measure-

ment of large numbers of features, while the number of observations in a data set

may remain relatively modest. In this setting, lasso regression and related procedures

have been extensively studied for prediction, while the problem of inference is rela-

tively less studied. Most inference in high dimensions is based on simple marginal

associations between variables. However, a richer characterization of the associations

between variables can be obtained by examining conditional relationships, which ac-

count for the joint behavior of the variables. Inference on conditional relationships

is more difficult, because it requires one to specify how features are related to one

another, to estimate these relationships, and to characterize the uncertainty in the

estimation procedure. In Chapters 2 and 3, we explore a few methods for testing

hypotheses about conditional relationships in the high-dimensional setting. In Chap-

ter 4, we note some strong distributional assumptions implicit in many treatments

of high-dimensional graphical models, and propose a modification which treats this

issue.
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NOTATION

Except where defined otherwise, in this dissertation vectors are denoted in lower

case bold font, matrices in upper case bold font, while scalars are in lower case font.

We use n to denote sample size, and d to denote the number of features, or the

dimension. For instance, X ∈ Rn×d may denote a collection of d features measured

on n individuals. We can write the features as xj ∈ Rn, j = 1, . . . , d, while xij may

denote the value of feature j on the ith individual.
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Chapter 1

INTRODUCTION

In many areas of biology, recent advances in technology have facilitated the mea-

surement of large numbers of features. However, the number of independent obser-

vations, or the sample size, in an analysis may be comparatively small. Examples of

such technology include DNA sequencing, which measures millions of genetic variants,

or gene expression arrays which measure the abundance of thousands of transcripts.

These data are often termed ‘high-dimensional’, since they involve many more vari-

ables, or dimensions, than traditional data sets.

Using high-dimensional data for prediction has received much attention, especially

in the machine learning community. On the other hand, methods for inference specific

to the high-dimensional setting are relatively under-developed. A typical inferential

analysis might model each feature separately, using classical techniques. Such analy-

ses could be termed marginal, since they do not model the features in a multivariate

framework. For instance, in genome-wide association studies, it is standard to calcu-

late the correlation between individual genetic variants and a disease trait, and report

those variants which produce p-values below a certain threshold [Pearson and Mano-

lio, 2008]. However, correlation famously does not imply causation: a genetic variant

may be correlated with disease, yet have no functional consequences. A richer char-

acterization of association can be obtained through conditioning on, or adjusting for,

other variables. For instance, under mild assumptions, a genetic variant which is cor-

related with disease after conditioning on all other genetic variants is actually causal

of disease. Conditional associations cannot always be interpreted as causal, and are

not always warranted in the high-dimensional setting. Nonetheless, the lack of tools
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for conditional inference in high-dimensions is a conspicuous gap in the statistical

literature.

Inference for conditional associations is more difficult than inference for marginal

associations, since conditioning requires the analyst to (i) specify how features are

related to the outcome via a statistical model, (ii) estimate these relationships, and

(iii) quantify uncertainty in the estimation procedure. Specifying a correct model is

difficult, even in the low-dimensional setting where we have few variables, and rea-

sonable a priori understanding of how they relate to each other. This is even more

challenging in high dimensions, where we may know little about the individual vari-

ables. Estimation is also difficult, since a model that accounts for all of the features

necessarily involves many parameters, while the amount of information available to

estimate these parameters (i.e. the sample size) is typically small. Estimation of

high-dimensional parameters can often be improved by exploiting sparsity, or similar

structure. However, it is notoriously challenging to express uncertainty in sparse pa-

rameter estimates [see e.g. Pötscher and Leeb, 2009]. Larry Wasserman characterizes

the demand for methods that ‘work’ in high-dimensions, but do not rely too heavily

on assumptions, as the key foundational issue in modern statistics [Wasserman, 2011].

The difficulty of conditioning in high dimensions is best exemplified in the setting

of linear regression, where one seeks to model an outcome y ∈ Rn using features

{xj ∈ Rn : j = 1, . . . , d}. When d is much smaller than n, one can estimate how

the xj’s are related to the outcome, in the conditional sense, and perform inference

using classical tests, such as the Wald, likelihood ratio, or score test. Flexible mod-

eling approaches, such as additive models [Hastie and Tibshirani, 1990], allow for

non-parametric, and semi-parametric inference. Further, model-agnostic variance es-

timates permit valid inference even when the assumed model is violated [Huber, 1964,

White, 1980]. However, when the dimension d is large, inference is more difficult. For

each feature, we want to know whether it has an effect on the outcome that is distinct

from the effects of the other features. When there are more features, it is increasingly
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difficult to distinguish the effect of a single feature from the joint effect of all other

features. When d is smaller than n, this difficulty is reflected in large standard errors

for multiple linear regression parameter estimates, resulting in low power. When d

is larger than n, linear regression estimates are undefined. Methods for variable se-

lection, such as the lasso [Tibshirani, 1996], can be used to select which variables are

conditionally related to the outcome [Zhao and Yu, 2006]. However, tools for formal

inference, such as p-values or confidence intervals, are not available for the lasso or

related procedures.

This dissertation is motivated by the unresolved challenges of estimation and con-

ditional inference in high-dimensional statistics. In Chapter 2 we propose an inference

procedure for high-dimensional linear models, termed the penalized score test. In or-

der to use this method, we use penalized regression to account for the effects of all

but a single feature, and then test the residuals from this penalized regression for

correlation with the held-out feature. Interestingly, we show that this procedure is

closely tied to high-dimensional variable selection techniques, such as the lasso, as

well as classical mixed models, depending on the penalty used.

In Chapter 3, we extend the penalized score test framework to the context of

M-estimation. This includes the important special cases of generalized linear models

and graphical models, which we investigate in further detail. This extension also gives

model-agnostic standard errors, which give valid inference even when the specified

model is not correct.

In Chapter 4, we investigate the distributional assumptions implied by linear mod-

els in the graphical setting. In order to relax these assumptions, we propose a flexible,

non-parametric alternative called ‘Sparse Conditional Independence Graph Estima-

tion with Joint Additive Models’, or SpaCEJAM.

We end with a discussion in Chapter 5.

The methodologies described in this dissertation have been implemented as easy-

to-use software, which makes them available to researchers. The R package lassoscore,
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available at http://cran.r-project.org/package=lassoscore, implements the pe-

nalized score test in Chapters 2 and 3. The R package spacejam, available at http:

//cran.r-project.org/package=spacejam, implements the methods described in

Chapter 4.

http://cran.r-project.org/package=lassoscore
http://cran.r-project.org/package=spacejam
http://cran.r-project.org/package=spacejam
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Chapter 2

INFERENCE IN HIGH DIMENSIONS WITH THE
PENALIZED SCORE TEST

2.1 Introduction

Suppose we are interested in the association between an outcome variable y ∈ Rn and

a set of predictors xj ∈ Rn, j = 1, . . . , d. In order to assess this we might consider

the model

y = Xβ + ε, (2.1)

where X = [x1, . . . ,xd] ∈ Rn×d, β ∈ Rd is vector of coefficients, and ε ∈ Rn is a vector

of errors with mean zero and constant variance. If the number of variables d is much

smaller than n, we could perform a formal statistical test for whether an element of

β is zero using classical methods, such as the score, likelihood ratio, or Wald test.

However, in the high-dimensional setting, when the number of variables d is large,

these tests have low power, or are undefined.

In the case where d is large, penalized regression techniques, such as the lasso

[Tibshirani, 1996], which takes the form

β̂λ = arg min
b∈Rd

{
1

2n
‖y −Xb‖22 + λ‖b‖1

}
, (2.2)

can be used to provide a sparse estimate of β. Under suitable conditions, explored by

Zhao and Yu [2006], the sparsity pattern of the lasso coefficient vector β̂λ correctly

identifies which elements of β are zero. However, the lasso and related procedures

do not provide p-values or confidence intervals, and thus devising formal hypothesis

tests for the parameter β remains an open problem.
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In recent years there has been some work on formal inference in the high-dimensional

setting: the bootstrap has been used to estimate the sampling distribution of lasso

coefficients [Tibshirani, 1996, Bach, 2008, Chatterjee and Lahiri, 2011], Meinshausen

and Bühlmann [2010] proposed stability selection, a sub-sampling technique which

can control familywise error rates, and Fan and Li [2001] provided sandwich formulas

for penalized coefficients. However, bootstrapping and sub-sampling are computa-

tionally expensive and their finite sample properties may not be desirable, especially

for methods that involve thresholding, like the lasso. Available variance formulas

also suffer shortcomings: they typically neglect the fact that the tuning parameter

tends to be selected based on the data, and are often only available for the non-zero

coefficients.

Recently, Lockhart et al. [2013] proposed the covariance test, which produces a se-

quence of p-values as λ decreases and features become non-zero in the lasso regression

(2.2). Suppose the kth feature to become non-zero does so when the tuning parameter

in (2.2) is λk−η, for some arbitrarily small constant η > 0. Here, λk is the kth knot in

the lasso solution path. The covariance test statistic produces a p-value for each λk,

which tests the null hypothesis that supp(β̂λk) ⊇ supp(β). Thus, the covariance test

can be used to test whether all relevant variables are non-zero in the lasso coefficient

vector. However, this does not give confidence intervals or p-values for any individual

variable’s coefficient.

Even more recently, Taylor et al. [2014] and Lee et al. [2013b] extended the co-

variance testing framework to test hypotheses about individual features, after condi-

tioning on a model selected by the lasso. However, their framework permits inference

only about features which have non-zero coefficients in a lasso regression; this set of

features will vary across samples, making interpretation difficult. In contrast, our

framework can be applied to all features in a data set, and can be used to understand

why coefficients in a lasso regression are non-zero in the first place.

Alternatively, Zhang and Zhang [2011], van de Geer et al. [2013] and Javanmard
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and Montanari [2013] proposed the low-dimensional projection estimator (LDPE) for

inference in high dimensions based on inverting the stationary conditions for lasso

regression. To do this, LDPE uses lasso regression among the covariates to estimate

the inverse of XTX. Under suitable assumptions, LDPE is asymptotically optimal, in

that the variance of the estimator achieves the Gauss-Markov lower bound. However,

unlike Lockhart et al. [2013], who give p-values associated with the knots in the

lasso solution path, this method uses the lasso as a starting point for a different

estimator. Decisions made using their confidence intervals need not correspond to

variable selection using the lasso.

We applied the covariance test and LDPE to a diabetes data set, previously studied

by Efron et al. [2004], and which we analyze in greater detail in Section 2.3.3. The

data consist of a measure of diabetes disease progression for 442 patients, along with

10 variables. Table 2.1 lists the variables introduced or removed at each knot λk in the

lasso solution path, along with their associated p-values from the covariance test and

LDPE. For the sake of comparison, we also include the p-values produced by multiple

linear regression with all variables, the p-values produced by simple linear regression

of the outcome on each feature separately, and the p-values from our proposed lasso-

penalized score test, described in Section 4.4. LDPE requires specification of a tuning

parameter, which we chose using 10-fold cross-validation.

Using the covariance test to select λ, we might decrease λ and stop when some

p-value greater than 0.05 is observed. Using this rule, we would stop upon reaching

a p-value of 0.86 at knot 6, and report a model with 5 covariates. However, knot 7

produces a p-value of 0.04, which suggests that all variables were not in the model

after knot 5. Should we use the model with 7 or 5 variables? In the model with

7 variables, how should we interpret the presence of glucose, which produced a p-

value of 0.86? Further, using any reasonable stopping rule, we would include HDL

in our model. However, HDL yields a p-value of 0.63 in multiple linear regression,

suggesting there is little evidence for its association after accounting for trends in
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Knot Predictor covTest LDPE Pen. score test Multiple lin. reg. Simple lin. reg.

1 BMI 3.7× 10−9 2.3× 10−15 5.1× 10−22 4.3× 10−14 3.4× 10−42

2 LTG 1.9× 10−22 2.9× 10−10 2.6× 10−18 1.6× 10−5 8.8× 10−39

3 MAP 0.005 1.4× 10−6 2.6× 10−8 9× 10−8 1.6× 10−22

4 HDL 0.003 0.93 3.6× 10−15 0.63 6.1× 10−18

5 Sex 0.008 1.7× 10−4 0.002 0.36 0.0012
6 Glu 0.86 0.31 0.057 0.079 7.6× 10−17

7 TC 0.04 0.07 0.14 0.058 6.9× 10−6

8 TCH 0.54 0.41 0.17 0.27 2.3× 10−21

9 LDL 0.87 0.30 0.21 0.16 2.3× 10−4

10 Age 0.98 0.87 0.87 0.87 7.1× 10−5

11 -HDL - - - -
12 HDL 0.80 0.93 3.6× 10−15 0.63 6.1× 10−18

Table 2.1: The diabetes data set. Variables are ordered according to when their
coefficients become non-zero in the lasso solution (2.2), as λ→ 0. ‘covTest’ refers to
the method of Lockhart et al. [2013] and p-values for this method were produced by
the covTest R package. ‘LDPE’ refers to the method of Zhang and Zhang [2011] and
van de Geer et al. [2013], for which code was provided by the authors. Mutiple and
simple linear regression refer to those p-values produced by the Wald test. ‘Pen. score
test’ refers to the lasso-penalized score test, described in Section 4.4, with λ = 4. At
the 11th knot, HDL leaves the lasso solution, and no p-value is available for covTest.
Of the p-values presented in this table, only those from covTest are ordered. For
ease of display, here we present p-values for all methods in the ordering given by the
covTest p-values.
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all other features. How should we interpret this discrepancy? The answers to these

questions are not clear.

Using LDPE, the results are broadly similar to those from multiple linear regres-

sion. Here, the sample size is sufficient so that the inverse of XTX can be accurately

estimated. However, in higher dimensions, this may not be the case.

In this paper, we propose the penalized score test, which can be interpreted as

a compromise between multiple linear regression on all features, and simple linear

regression on each feature separately. We show that the sparsity pattern of the lasso

results from a decision based on this test. Unlike the covariance test statistic, it gives

p-values for the association of each individual feature with the outcome, and unlike

LDPE, the resulting p-values are directly related to variable selection using the lasso.

The rest of the paper is organized as follows. In Section 4.4 we describe our

proposed method, the penalized score test, for general penalties. In Section 2.3 we

consider the special case of the lasso-penalized score test, and explore its asymptotic

distribution, its relationship to consistent variable selection (Section 2.3.1), and the

behavior of the test on simulated and real data (Sections 4.5.1, 2.3.3 and 2.3.4). In

Section 2.4 we consider the special case of the ridge-penalized score test. In Section 2.5

we propose extensions to other sparsity-inducing penalties. We end with a discussion

in Section 2.6.

2.2 The penalized score test

Throughout the paper, we assume that yT1n = 0, xTj xj = n and xTj 1n = 0 for j =

1, . . . , d. Vectors are denoted in lowercase bold font, while matrices are in uppercase

bold font. In order to simplify the notation, we will consider a single variable of

interest x = xj, and denote Z = [ xk, k 6= j ] ∈ Rn×(d−1) as the matrix containing

all other features. Note that any procedure applied to xj can be applied to all other
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variables in turn. With this notation, we re-write the model (2.1) as

y = αx + Zβ + ε, (2.3)

where α ∈ R and β ∈ Rd−1.

Our goal is to test H0 : α = 0. One way to do this is using the score test, based on

the derivative of the log-likelihood of the model, also known as the score, evaluated

under the null hypothesis. Using the model (2.3), and assuming normality of the

errors, the (scaled) score statistic is

T = xT (y − y0)/
√
n, (2.4)

where y0 = Zβ. We reject H0 when |T | is large, with respect to an appropriate

reference distribution.

Typically, in applying the score test, the parameters are estimated under the con-

straints imposed by the null hypothesis. In the setting of (2.3), this corresponds

to estimating β using multiple linear regression of y on Z. However, when d is an

appreciable fraction of n, multiple linear regression of y on Z yields highly variable

coefficient estimates, resulting in low power, and when d > n multiple linear regres-

sion of y on Z is undefined. As an alternative, we could use a small subset of the

other features in estimating β, with e.g. step-wise regression. However, selecting an

appropriate model is challenging, and inference after model selection is notoriously

difficult [Berk et al., 2013, Leeb and Pötscher, 2005].

Instead, we propose to estimate β in (2.3) using penalized regression. The pro-

posed approach is as follows. We first calculate b̂0
λ, which serves as an estimate of β,

using the penalized regression

b̂0
λ = arg min

b

{
‖y − Zb‖22/(2n) + λJ(b)

}
, (2.5)
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where J(b) is a penalty function, such as the lasso (J(b) = ‖b‖1), ridge (J(b) =

‖b‖22/2), or subset selection (J(b) = ‖β‖0), and λ is a non-negative tuning parameter.

We then set ŷ0
λ = Zb̂0

λ, and form the test statistic

Tλ = xT (y − ŷ0
λ)/
√
n, (2.6)

a measure of association between x and y − ŷ0
λ. We declare Tλ to be statistically

significant, for a null hypothesis to be discussed in Section 2.2.1, when |Tλ| is large,

based on an appropriate reference distribution. Since Tλ looks superficially like the

score statistic from linear regression (3.5), we refer to this procedure as the penalized

score test.

Interestingly, if we choose J(b) = ‖b‖1, and declare Tλ to be significant when

|Tλ| >
√
nλ, then Tλ is significant precisely when x’s coefficient is non-zero in a lasso-

penalized regression of y on x and Z together. That is, the sparsity pattern of the

lasso solution for a given λ is the result of a decision based on the proposed test. We

make this assertion precise in Proposition 1, the proof of which follows immediately

from the Karush-Kuhn-Tucker conditions for lasso regression.

Proposition 1. Let (âλ, b̂λ) be the lasso solution

(âλ, b̂λ) = arg min
(a,b)∈Rd

{
‖y − ax− Zb‖22/(2n) + λ‖(a,b)‖1

}
, (2.7)

and let Tλ be as in (2.5) and (2.6) with J(b) = ‖b‖1. Then, âλ 6= 0 if and only if

|Tλ| >
√
nλ.

Further, if we choose J(b) = ‖b‖22/2, corresponding to ridge regression, then Tλ

is precisely the score statistic from a mixed effects model, where the effects of Z

are assumed to be random. We make this assertion precise in Proposition 2. This

connection is further explored in Section 2.4.
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Proposition 2. Suppose that

y | β = αx + Zβ + ε

β ∼ Nd−1
(
0, σ2

ε (nλ)−1Id−1
)

(2.8)

ε ∼ Nn(0, σ2
ε In),

and let l(α) be the log-likelihood of y, with score l̇(α) = ∂
∂α
l(α). Let Tλ be as in (2.5)

and (2.6) with J(b) = ‖b‖22/2. Then Tλ/σ
2
ε = l̇(0)/

√
n.

2.2.1 What hypothesis is being tested?

When using penalized regression to estimate β, some systematic bias is incurred:

our estimate b̂0
λ is shrunken towards zero, relative to the unbiased multiple linear

regression estimate. In this section, we describe how this bias affects inference, for

a given tuning parameter λ. We will see that the hypothesis being tested using the

penalized score test (2.6) depends on the tuning parameter λ.

For the moment, consider the case where
√
nλ→ 0 as n→∞ and the dimension

d is fixed. As shown by Knight and Fu [2000], for bridge penalties (J(b) =
∑

j |bj|γ

where γ > 0) we have that b̂0
λ →p b̂0

0 ≡ (ZTZ)−1ZTy, where we recognize b̂0
0 as the

multiple linear regression estimate of β under H0 : α = 0. Thus, in this asymptotic

setting, Tλ has the same limiting distribution as the classical score statistic, and

one can interpret Tλ as a test of H0 : α = 0 vs. H1 : α 6= 0. However, this

asymptotic treatment neglects the fact that in any finite sample, Tλ depends on the

tuning parameter λ. For this reason, throughout this paper we predominantly consider

an asymptotic scenario with λ fixed, a scenario also considered by Yu and Ruppert

[2002] in the context of penalized spline estimation.
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In the fixed-λ regime, we define the population-level parameters

(aλ,bλ) = arg min
a∈R,b∈Rd−1

{
1

2n
E‖y − ax− Zb‖22 + λJ(b)

}
. (2.9)

The stationary conditions of (2.9) imply that aλ = E[xT (y − Zbλ)/n], which is a

measure of linear association between x and y − Zbλ. That is, aλ is a measure of

correlation between the feature of interest x, and the outcome y with the penalized

effects of Z removed. Note that when aλ = 0, we have that E[ xT (y−Zbλ)/
√
n ] = 0,

where we recognize xT (y−Zbλ)/
√
n as the penalized score statistic with b̂0

λ replaced

by bλ. Provided b̂0
λ converges quickly enough to bλ, then Tλ is centered around zero,

asymptotically, when aλ = 0. Thus, the statistic Tλ tests

H0,λ : aλ = 0 vs. H1,λ : aλ 6= 0.

We can write the parameter aλ more simply as

aλ = α + σTxz(β − bλ), (2.10)

where σxz = ZTx/n. Recall that in multiple linear regression of y on (x,Z), the

parameter associated with x is α, while in simple linear regression of y on x alone,

the coefficient associated with x is α + σTxzβ. Now, when λ = 0, then aλ = α. On

the other hand, when λ is large, bλ tends to zero and aλ tends to α+σTxzβ, provided

J(b) > J(0) when b 6= 0. For moderate values of λ, aλ is thus a compromise between

the multiple and simple linear regression parameters associated with x.

To make this interpretation of the parameter aλ more concrete, consider the case

of J(b) = ‖b‖0, which corresponds to subset selection. This setting was studied by

Berk et al. [2013], who discuss how the parameter associated with a feature x depends

on which subset of the features Z are included in a regression model. Our framework,

in which the parameter associated with x depends on the extent to which the effects
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of Z are penalized, generalizes this concept.

In this fixed-λ regime, the distribution of Tλ depends on the choice of the penalty

J(b) and the value of λ in (2.5). In Section 2.3 we give asymptotic theory for the dis-

tribution of Tλ for the special case of lasso regression, J(b) = ‖b‖1. The distribution

of the ridge-penalized score statistic, J(b) = ‖b‖22/2, comes from mixed-model theory,

and is given in Section 2.4. We briefly discuss other penalty choices in Section 2.5.

2.3 The lasso-penalized score test

In this section, we examine in greater detail the penalized score test when the lasso

is chosen as the penalty. That is, we first obtain the penalized coefficient vector

b̂0
λ = arg min

b∈Rd−1

{
‖y − Zb‖22/(2n) + λ‖b‖1

}
, (2.11)

and then form the test statistic Tλ = (y − Zb̂0
λ)/
√
n. Here we state Proposition 3,

proven in the Appendix, which gives the asymptotic distribution of Tλ.

First, we require some notation. Let A = supp(bλ), where |A| = q, and assume,

without loss of generality, that bλ is ordered so that bλ = (bλ,1, . . . , bλ,q, 0, . . . , 0)T ,

and partition Z as Z = [ZA,ZAc ]. Denote PA = ZA(ZT
AZA)−1ZT

A as the projection

onto the columns of ZA, and let ΣA = ZT
AZA/n.

Note that the stationary conditions of (2.9) with J(b) = ‖b‖1 require that

λτ = E[ZT (y − aλx− Zbλ)/n], (2.12)

for some τ satisfying τA = sign(bλA) and ‖τAc‖∞ ≤ 1.

We will require the following conditions. Note that some of these conditions

depend on λ, and thus may hold for some values of λ, and not for others.

(A1) y = αx+Zβ+ε, where x and Z are fixed, and ε = [ε1, . . . , εn]T are independent

and identically distributed with mean zero and variance σ2
ε .
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(A2) The covariates [x,ZA] are such that limn→∞ ‖r‖∞/‖r‖2 → 0, where r = (In −

PA)x ∈ Rn.

Condition (A2) is needed in order to apply the Lindeberg-Feller Central Limit The-

orem, and requires that no single element of (In − PA)x is too large, relative to the

other elements.

In order to allow d to grow more quickly than n, we require the following additional

conditions.

(A3) λ, (α,β) and (x,Z) are such that ‖τAc‖∞ ≤ 1− δ for some δ > 0.

(A4) The matrix Z is such that ‖ZT
AcZA/n‖∞ = o(

√
n/(q log q)).

(A5) The errors ε have sub-Gaussian tails. That is, there exists some constants

c, h > 0 such that Pr(|εi| > x) < 2 exp(−hx2), ∀x > c. Furthermore, Z = [zij]

has bounded entries, i.e. |zij| < M, ∀i, j.

(A6) The minimum eigenvalue of ΣA is bounded (i.e. Λmin(ΣA) ≥ η > 0), and the

sample size n, the dimension d, the number of non-zero parameters q, and the

minimum non-zero coefficient bmin ≡ min{ |bλ,1|, . . . , |bλ,q| } are such that

log(d)

n
+
q log(q)

nb2min

→ 0.

Conditions (A3) and (A4) guarantee that the zero and non-zero elements of bλ can

be distinguished from one another. In particular, (A3) requires that the inactive

variables ZAc cannot be too correlated with the residuals y − aλx − Zbλ. By the

stationary conditions of (2.9), we know that ‖τAc‖∞ ≤ 1; here (A3) ensures enough

separation in this inequality as the dimension grows. Similarly, (A4) requires that

correlation between the active and inactive features cannot grow too quickly. This is



16

related to the irrepresentable condition, given in Zhao and Yu [2006], which can be

written as ‖ZT
A∗cZA∗(Z

T
A∗ZA∗)

−1sign(βA∗)‖∞ < 1, where A∗ = supp(β).

Conditions (A5) and (A6) are somewhat standard in high-dimensional statistics.

The sub-Gaussian tails of ε and boundedness of Z allow d to grow quickly, so long

as log(d)/n → 0. We assume sub-Gaussian tails in (A5) for convenience; we could

assume e.g. polynomial tails, at the cost of a slower rate of convergence. The condition

on q log(q)/(nb2min) ensures that the non-zero elements of bλ are large enough to

be detected in the estimate b̂0
λ. The condition on Λmin(ΣA) ensures that bλA is

identifiable.

Proposition 3. Let b̂0
λ be as in (2.11) and define Tλ = xT (y − Zb̂0

λ)/
√
n. Assume

conditions (A1)-(A6) hold. Then under H0,λ : aλ = 0,

Tλ

σε
√

xT (In −PA)x/n
→d N (0, 1) . (2.13)

Note that when λ is chosen large enough so that bλ = 0, then A = ∅, and

the variance of Tλ is approximately σ2
ε , as in simple linear regression. On the other

hand, if λ = 0, the variance of Tλ is approximately σ2
εx

T
(
In − Z(ZTZ)−1ZT

)
x/n, the

variance of the classical score statistic used to test α = 0 in the model (2.3).

Unfortunately, the variance formula given in (2.13) depends on the support set

A = supp(bλ) and the residual variance σ2
ε , which are in general unknown. Estimating

the residual variance σ2
ε is required in a number of other procedures, such as the

covariance test [Lockhart et al., 2013], and there are a few options available [see e.g.

Fan et al., 2012].

In order to estimate A, we propose two options:

1. Use the observed support Â = supp(b̂0
λ) as an estimate of A:

v̂ar(Tλ) = σ̂2
εx

T (In −PÂ)x/n. (2.14)
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We call this the asymptotic variance estimate since it relies on the property that

Â = A with high probability, asymptotically.

2. Replace xT (In −PA) x/n with the upper bound of 1:

v̂ar(Tλ) = σ̂2
εx

Tx/n = σ̂2
ε . (2.15)

We call this the conservative variance estimate.

In Section 4.5.1 we show that the asymptotic variance generally works well in

practice. Using the conservative variance estimate has an appealing interpretation

in light of Proposition 1. The penalized score test (2.6) tests the effect of a single

feature x = xj in (2.3), adjusting for the other features Z = [xk, k 6= j] with lasso

regression. When using the penalized score test for testing the effect of x = xj

for each j = 1 . . . , d in turn, the conservative variance estimate will be the same

for each j = 1, . . . , d. Thus, the sparsity pattern of lasso regression, which results

from comparing each Tλ to
√
nλ, is the same as the set of rejections that results from

applying the penalized score test to each feature in turn, using the same (conservative)

significance threshold.

2.3.1 Bias and the irrepresentable condition

As we saw in Section 2.2.1, when λ > 0 the penalized score test does not test the null

hypothesis H0 : α = 0, as in multiple linear regression, but instead adopts the null

hypothesis H0,λ : aλ = 0. Thus, if the penalized score test is used as a surrogate for

classical tests of H0 : α = 0 versus H1 : α 6= 0, it may not be an unbiased test. In this

section we investigate the relationship between the penalized score test and unbiased

tests of H0 : α = 0, and show that, in the case of the lasso penalty, differences between

the tests are closely related to the irrepresentable condition established by Zhao and

Yu [2006].
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As discussed in Section 2.2.1, our main interest in this paper is in the interpretation

and behavior of the penalized score test at a particular tuning parameter λ. However,

in this section, we consider the behavior of the lasso-penalized score test as λ → 0

in order to establish a connection with variable selection consistency results. We

note that when using the lasso-penalized score test in practice, variable selection

consistency is not necessary in order to obtain a valid test of H0,λ.

First, we show that the lasso-penalized score statistic (2.6) can be interpreted as a

shifted version of a classical score statistic. Let Â = supp(b̂0
λ) in (2.11), and consider

testing for the effect of x, adjusted for ZÂ, using the classical score test (3.5). In this

case, the classical score statistic (3.5) takes the form

TÂ = xT (In −PÂ) y/
√
n. (2.16)

Suppose b̂0
λ is ordered such that b̂0

λ = (b̂0λ,1, . . . , b̂
0
λ,|Â|, 0, . . . , 0)T = (b̂0

λÂ,0
T )T , where

min{|b̂0λ,1|, . . . , |b̂0λ,|Â||} > 0. Let σxÂ = ZT
Âx/n, ΣÂ = ZT

ÂZÂ/n, and τ̂ Â = sign(b̂0
λÂ).

Using the identity Zb̂0
λ = PÂy− λZÂΣ−1Â τ̂ Â, given in Equation 21 of Tibshirani and

Taylor [2012], we get that

Tλ = TÂ +
√
nλσT

xÂΣ−1Â τ̂ Â. (2.17)

Thus, the penalized score statistic Tλ differs from the classical score statistic TÂ by
√
nλσT

xÂΣ−1Â τ̂ Â.

Now, suppose that we wish to test H0 : α = 0. In Section 2.2.1, we saw that Tλ

is centered around zero when aλ = 0. Therefore, unless α = aλ, the penalized score

test may not be unbiased as a test of H0 : α = 0. On the other hand, TÂ is centered

around zero when Â contains all variables relevant to the outcome. A sufficient

condition for TÂ to be centered around zero is then Â = A∗, where A∗ = supp(β).

In order to make use of (2.17) to compare the penalized score test to an unbiased
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test of H0, we thus consider the case where (y,Z, λ) are such that Pr(Â = A∗) → 1

and Pr(τ̂ Â = sign(βA∗)) → 1 under H0 : α = 0. Zhao and Yu [2006] showed that

this holds provided that λ → 0 and
√
nλ → ∞ as n → ∞, in addition to some

assumptions on (y,Z), which we omit here for ease of exposition. Note that we have

not yet made any assumptions on the relationship between x and Z. Under these

assumptions, by (2.17) we have that

Tλ = TA∗ +
√
nλσTxA∗Σ

−1
A∗τA∗ + op(1), (2.18)

where τA∗ = sign(βA∗). Here, we can consider TA∗ to be the ‘oracle’ test statistic:

the score statistic for testing H0 : α = 0, which knows in advance the support of β.

Now, in order for the lasso to recover the support of (α,β) in lasso regression of

y on (x,Z), as in (2.7), Zhao and Yu [2006] showed that, in addition to conditions

on (y,Z, λ) required for (2.18) to hold, an irrepresentable condition must hold. This

condition implies (among other things) that |σTxA∗Σ−1A∗τA∗| < 1. Examining Proposi-

tion 1, we can see the connection between the irrepresentable condition and recovery

of the support of (α,β). In the lasso solution (2.7), âλ = 0 when |Tλ| ≤
√
nλ. Under

H0 : α = 0, we have that TA∗ = Op(1), and thus by (2.18), PrH0(|Tλ| ≤
√
nλ) → 1

when |σTxA∗Σ−1A∗τA∗| < 1. That is, when the irrepresentable condition is satisfied, the

penalized score statistic Tλ is close enough to the oracle statistic TA∗ for the decision

rule used by the lasso (i.e. ‘reject H0,λ when |Tλ| >
√
nλ’) to correctly identify that

α = 0.

In the preceding discussion we assumed that λ was chosen in order to have Â =

A∗. However, this is not necessary in order to for the penalized score test to yield

meaningful results. How far the penalized score statistic Tλ deviates from zero under

H0 : α = 0 depends more on the bias of b̂0
λ relative to β, rather than the support

set Â per se. Choosing a smaller λ will result in less bias in b̂0
λ relative to β, at

the expense of a larger number of degrees of freedom spent in the lasso regression
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(2.5). We explore this issue numerically in Section 4.5.1, and discuss it further in

Section 2.6.

2.3.2 Simulation study

In this section, we study the empirical behavior of the lasso-penalized score test. We

show that the test serves as a useful proxy for tests of H0 : α = 0 provided λ is small

enough, and that it behaves like tests of marginal correlation when λ is large.

First, we generated a matrix of correlated features X ∈ Rn×d, where the rows

were independently distributed Nd(0,S) with Sjk = 0.5|j−k|. We then generated an

outcome y ∼ Nn(Xβ, In), where we set 10 elements of β at random to be 0.4, and the

rest to be zero. We used sample sizes of n = 50, 75, 100, 150, 200, 300 and 400, and

dimensions of d = 100 and d = 300. Results are averaged over B = 500 simulated

data sets, where β was held constant over replications with the same dimension d.

We performed the lasso penalized score test on each feature in turn, for a sequence

of values of λ. For the sake of comparison, we also performed simple linear regression

of y on each feature, multiple linear regression of y on all features (for the cases

where d > n), LDPE, and the ‘oracle’ score test, which tests for the association of

feature xj, and knows the support of the other features {βk : k 6= j}. In order to

make results comparable, we used the same estimate of the residual variance σ2
ε in

the penalized score test, multiple linear regression, and in simple linear regression,

which we obtained using the refitted cross-validation method described by Fan et al.

[2012]. Note that we do not compare to methods of Lee et al. [2013b] and Taylor

et al. [2014], which describe inference regarding only those features with non-zero

coefficients in lasso regression, or the covariance test of Lockhart et al. [2013], which

does not provide inference for individual features.

We declared a test to be significant when the resulting p-value was less than 1/d.

Since 10 feature are truly associated with the outcome, we would expect (d−10)/d ≈ 1

false positives per simulated data set for an unbiased test, which we will refer to as the
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‘nominal error rate’. For each test we calculated the expected false positives (EFP)

and the power. For a particular test, if pjk is the p-value for feature j on the kth

simulated data set, EFP and power are given by

EFP =
1

B

B∑
k=1

∑
j:βj=0

1{pjk < 1/d}

power =
1

B

1

‖β‖0

B∑
k=1

∑
j:βj 6=0

1{pjk < 1/d},

where 1{·} is the indicator function and ‖β‖0 = 10 is the cardinality of β, where here

we use the notation of Equation 2.1. We chose to use a significance threshold in order

to control EFP, but in principle one could use any method of error control, such as a

Ŝidák, Bonferroni, or FDR correction.

In Figure 2.1 we examine the p-values produced by the lasso-penalized score test

when λ = 0.005 and λ = 0.6, for a single simulated data set with d = 100 and n = 200,

and compare them to the p-values produced by multiple and simple linear regression.

When λ = 0.005, 88 of the 100 coefficients are non-zero in the lasso regression on

all features. Consequently, we see that the penalized score test behaves much like

multiple linear regression including all 100 features. On the other hand, when λ = 0.6,

only 3 features are included in the lasso regression on all features, and the p-values are

similar to those from simple linear regression performed on each feature separately.

For the sake of comparison, we also plot the multiple linear regression p-values against

those from simple linear regression, which demonstrates that the behavior of these two

tests are quite different. Note that the penalized score test p-values are not identical

to those from classical tests: inference with the penalized score test is with respect

to the parameter aλ, given in (2.10), which, as discussed in Section 2.2.1, measures

different types of associations than those measured with simple or multiple linear

regression.

Figure 2.2 summarizes the results of the experiment over the B = 500 replications.
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Penalized Score Test, (λ = 0.6)
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Figure 2.1: Comparison of lasso-penalized score test p-values for H0,λ : aλ = 0 to
traditional p-values for H0 : α = 0, using the asymptotic variance formula (2.14). (a)
The p-values from multiple linear regression plotted against those from the penalized
score test with λ = 0.005. (b) The p-values from simple linear regression plotted
against those from the penalized score test with λ = 0.6. (c) Multiple and simple
linear regression p-values plotted against each other.

We see that simple linear regression provides high power, but also results in high

EFP. Recall that simple linear regression will detect features which are marginally

correlated with y, whereas here we are interested in the conditional relationships.

When λ is large, the penalized score test has nearly identical power and EFP to

simple linear regression; this is not surprising, since in that setting the penalized

score test is almost identical to simple linear regression (see e.g. Figure 2.1). As λ is

decreased, the number of false positives converges to the nominal rate, for all sample

sizes n and dimensions d considered, at the cost of lower power. This reduction in

power should be expected: as λ is decreased, more features enter the lasso regression

(2.11), making it increasingly difficult to distinguish the effect of the feature x from

the effects of the other correlated features in the model. In the extreme case of λ = 0,

or equivalently, using multiple linear regression, power is quite low. We see that the

performance of our method using λ = 0.05 or λ = 0.07 typically yields comparable

type-I error, and slightly higher power, than LDPE.

In the bottom panels of Figure 2.2, we also plot the number of non-zero coefficients
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Figure 2.2: Simulation experiments. ‘Or’ indicates the oracle test, ‘LDPE’ indicates
the method of Zhang and Zhang [2011] and van de Geer et al. [2013], ‘MLR’ indi-
cates multiple linear regression, and ‘SLR’ indicates the results from simple linear
regression. The six values of λ correspond to the lasso-penalized score test. In the
top panels, the horizontal line indicates the nominal error rate (d− 10)/d ≈ 1. In the
bottom panels, the horizontal line indicates the true number of non-zero coefficients
‖β‖0 = 10. Results are averaged over 500 simulated data sets.
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in lasso-penalized regression of y on X. EFP is closest to the nominal rate when λ

is smallest, and here we see that this results in many more non-zero lasso coefficients

than the number of truly non-zero coefficients. That is, in order to strictly control

the error rate, it seems beneficial to choose λ to be smaller than one would choose it

if variable selection with the lasso were the goal. This assertion is supported by the

theory in Section 2.3.1, where we showed that Tλ can diverge to ±∞ under H0 : α = 0,

if λ is chosen so that the lasso selects the correct model (i.e.
√
nλ→∞ while λ→ 0).

On the other hand, in Section 2.2.1 we showed that Tλ is centered around zero under

H0 : α = 0 when
√
nλ→ 0.

2.3.3 Diabetes data

Here we re-examine the diabetes data set from Section 2.1. We apply the lasso-

penalized score test, for a range of 300 values of λ between 0 and 50. We estimate σ2
ε

by the residual variance from multiple linear regression on all features.
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Figure 2.3: Diabetes data set. Lasso-penalized score test p-values were generated
using the asymptotic variance formula (2.14). The vertical line at λ = 4 indicates the
value chosen to produce p-values for the penalized score test given in Table 2.1. Dots
at λ = 0 and λ = 50 indicate p-values from multiple linear regression on all features,
and simple linear regression on each feature alone.
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Figure 2.3 summarizes the results of this analysis, showing both − log10 and un-

transformed p-values for each of the λ values, using the asymptotic variance formula

(2.14). For comparison, we also plot the multiple and simple linear regression p-

values; these are displayed in Figure 2.3 at the far left side (λ = 0) and on the far

right side (λ = 50) respectively. We see that the p-values from the penalized score

test interpolate the multiple linear regression p-values and the simple linear regression

p-values, and vary widely depending on the value of λ chosen. The p-values for each

feature are piece-wise continuous, with jumps when the set supp(b̂0
λ) = Â changes.

The jumps typically result in smaller p-values immediately after an element of b̂0
λ

becomes non-zero, since the variance of the test statistic, σ2
εx

T (In −PÂ) x/n, will

be smaller when the size of the set Â is larger. This phenomenon is investigated in

greater detail in Section 2.3.4.

The vertical line in Figure 2.3 indicates the value of λ = 4, chosen to produce the

p-values in Table 2.1. With this value of λ, 4 of the 10 covariates (AGE, TC, LDL,

and TCH) have zero coefficients in lasso regression on all features, while the rest are

non-zero. Lasso regression on all features with this choice of λ yields an R2 of 0.50,

compared to the R2 of 0.52 using multiple linear regression on all features. Both in

Table 2.1 and in Figure 2.3, we see that this value of λ results in p-values which are

qualitatively similar to those from multiple linear regression on all features. However,

it is notable that HDL appears strongly associated in this lasso-penalized score test,

but not in the multiple linear regression. The multiple linear regression results suggest

that the effects of HDL can be explained by other features in the data set; using the

penalized score test with λ = 4, the effects of other features are sufficiently shrunken

towards zero so that HDL appears associated with the response.

In Figure 2.4 we once again show p-values corresponding to the lasso score test

applied to the diabetes data. This time, however, we calculate p-values using the

conservative variance estimate v̂ar(Tλ) = σ2
ε , in (2.15), for each feature. Since this

variance formula does not depend on the support of b̂0
λ, the p-values are continuous
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Figure 2.4: Diabetes data set. Lasso-penalized score test p-values generated using the
conservative variance formula (2.15). The lasso decision rule, shown in black, corre-
sponds to Φ(−2

√
nλ/σε), where Φ(·) is the standard normal distribution function.

curves. Further, since the same reference distribution is used for each feature, the

decision rule which yields the sparsity pattern of the lasso, ‘reject H0,λ when |Tλ| >
√
nλ’, corresponds to the same p-value threshold for each feature. This threshold is

displayed as a thick black line in Figure 2.4; when the p-value for a feature crosses the

line, its coefficient becomes non-zero in the lasso regression. For instance, at λ = 4,

the p-value threshold is 0.12. The variables AGE, TC, LDL, and TCH have p-values

above this threshold and thus have zero coefficients.

2.3.4 Assessing the impact of thresholding

It is well-known that the finite sample distributions of estimators that involve thresh-

olding may be far from their large-sample limits. The canonical example of this phe-

nomenon is Hodges’ ‘super-efficient’ estimator [see e.g. Lehmann and Casella, 1998,

page 589]; similar behavior has also been observed in lasso-type estimators [Knight

and Fu, 2000, Pötscher and Leeb, 2009]. In this section, we explore how thresholding

can impact the type-I error rate of the penalized score test, when the lasso is used
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as the penalty. We follow the example of Leeb and Pötscher [2005], and consider the

two-variable case, where the exact distribution of Tλ is simple to obtain. As we will

see, our proposed test can be either conservative or anti-conservative, depending on

the underlying parameters, and the nominal type-I error of the test.

Suppose we are interested in the effect of a variable x ∈ Rn, adjusted for an

additional variable z ∈ Rn. Further suppose that y = αx + βz + ε, where x and z

are fixed, xTz/n = ρ, xTx/n = zTz/n = 1, and ε ∼ Nn(0, In). As a reminder, we are

testing the effect aλ = α + ρ(β − bλ), given in (2.10).

In this simple case, the lasso-penalized score test has two steps:

1. Regress y on z using the lasso. This corresponds to soft-thresholding the quan-

tity yTz/n. That is, we set b̂0λ = sign(yTz)(|yTz/n| − λ)+, an estimate of bλ

under the null hypothesis H0,λ : aλ = 0.

2. Construct Tλ = xT (y − b̂0λz)/
√
n, and compare to a normal reference distribu-

tion, with variance to be specified next.

Under H0,λ : aλ = 0, Proposition 3 shows that in large samples, Tλ should have

variance 1− ρ2 when |EyTz/n| > λ, and 1 otherwise. In finite samples, we can either

use the asymptotic estimate (2.14) (i.e. use v̂ar(Tλ) = 1− ρ2 when |yTz/n| > λ, and

v̂ar(Tλ) = 1 otherwise), or the conservative estimate (2.15) (i.e. always use variance

v̂ar(Tλ) = 1). We will investigate the behavior of the test for both estimators.

Here, Tλ can be written explicitly as

Tλ =



√
n[(1− ρ2)α + ρλ] + (x− ρz)Tε/

√
n if zTy/n ≥ λ

√
n(α + ρβ) + xTε/

√
n if |zTy/n| < λ

√
n[(1− ρ2)α− ρλ] + (x− ρz)Tε/

√
n if zTy/n ≤ −λ

. (2.19)

It is easy to see that, conditioned on zTy ∼ N(n(ρα + β), n), Tλ is normally
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distributed. To find the marginal distribution of Tλ, we simply calculate EzTy[Tλ |

zTy ], by numerical integration.

Our goal is to determine the impact of thresholding on type-I error. In order to do

this, we choose (α, β) such that (i) the null hypothesis H0,λ : aλ = 0 is true, and (ii)

the probability Pr(zTy/n ≥ λ) is controlled to be γ. Since zTy/n ∼ N(ρα+ β, 1/n),

we must have that β = Φ−1(γ)/
√
n+ λ− ρα in order to achieve Pr(zTy/n ≥ λ) = γ,

where Φ(·) is the standard normal distribution function. In order to have aλ = 0,

we must have α + ρ(β − bλ) = 0, where bλ = sign(E[ yTz ])(|E[ yTz/n ]| − λ)+ =

sign(αρ+ β)(αρ+ β − λ)+. Thus, with restrictions (i) and (ii), we must have that

α =


−ρλ/(1− ρ2) if γ > 0.5

−ρ(Φ−1(γ)/
√
n+ λ)/(1− ρ2) if Φ(−2

√
nλ) ≤ γ ≤ 0.5

ρλ/(1− ρ2) if γ < Φ(−2
√
nλ)

β = Φ−1(γ)/
√
n+ λ− ρα.

The cases γ > 0.5, Φ(−2
√
nλ) ≤ γ ≤ 0.5, and γ < Φ(−2

√
nλ) correspond to the

cases EzTy/n > λ, |EzTy/n| ≤ λ, and EzTy/n < −λ respectively. Note that for

fixed λ, Φ(−2
√
nλ) ≈ 0 for large n.

When |EzTy/n| ≤ λ, or equivalently, when Φ(−2
√
nλ) ≤ γ ≤ 0.5, then bλ = 0

in truth. However, with probability γ, we will erroneously have b̂0λ > 0. Likewise,

when EzTy/n > λ, or equivalently, when γ > 0.5, we then have bλ > 0, but with

probability 1− γ −Φ[−2
√
nλ−Φ−1(γ)], which is approximately 1− γ for

√
nλ large

enough, we erroneously set b̂0λ = 0. Thus, by varying γ, we can examine the impact

of erroneously including or excluding a feature in the lasso regression.

Figure 2.5 displays the relative type-I error of the test under H0,λ : aλ = 0, i.e.

(observed type-I error)/(nominal type-I error), for a range of values of γ, using both

the asymptotically derived variance estimate (2.14) and the conservative variance
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estimate (2.15). We chose λ = 0.2, and n = 500. Note that by parametrizing the

coefficients by γ, the results depend only very weakly on n; similar curves can be

obtained for arbitrarily large sample sizes.
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Figure 2.5: Relative type-I error rate, i.e. (observed type-I error)/(nominal type-I
error), as a function of γ = Pr(b̂0λ > 0). Solid lines indicate the error rates for the
asymptotic variance formula (2.14), while dashed lines indicate the error rates when
using the conservative variance (2.15). Note that the inflection point at γ = 0.5 is
due to the fact that bλ = 0 when Φ−1(−2

√
nλ) < γ ≤ 0.5, while bλ > 0 when γ > 0.5.

We see that when we use the conservative variance (dashed lines), the test is

indeed conservative. When γ = 0 the observed error rate is identical to the nominal

rate, while the test becomes increasingly conservative as γ increases.

On the other hand, when we use the asymptotic variance formula (solid lines),

the test can be anti-conservative when both the nominal type-I error rate and γ are

small, but is otherwise conservative. In general, the behavior of the test is worse for

small type-I error rates, and when the correlation between the features is larger.

A reviewer suggested that one could estimate the distribution of Tλ more accu-

rately using the methods described by Andrews and Guggenberger [2009]. In order to

implement this procedure, one would use a critical value for Tλ based on a hybrid of

m-of-n bootstrap samples, and the critical values based on an asymptotic distribution



30

of the test. Alternately, the framework of Berk et al. [2013] could be used to obtain

a conservative version of the test.

2.4 The ridge-penalized score test

In this section, we examine in greater detail the penalized score test where the ridge

penalty is used in (2.5). That is, we first obtain the penalized coefficient vector

b̂0
λ = arg min

b∈Rd−1

{
‖y − Zb‖22/(2n) + λ‖b‖22/2

}
, (2.20)

and then form the test statistic Tλ = (y − Zb̂0
λ)/
√
n in (2.6).

First, we prove Proposition 2. Let HZ ≡ Z(λId−1 + ZTZ/n)−1ZT/n denote the

n× n smoother matrix from ridge regression. Here we can write Tλ as

Tλ = xT (In −HZ)y/
√
n. (2.21)

We now show that (2.21) can be interpreted as the score statistic from a mixed

model. If we assume (2.8), then the marginal distribution of y is

y ∼ Nn

(
αx, σ2

ε [(nλ)−1ZZT + In]
)
. (2.22)

Writing l(α) as the log-likelihood of the data under (2.22), we can write the score,

evaluated at α = 0, as

l̇(0) =
1

σ2
ε

xT
[
(nλ)−1ZZT + In

]−1
y.

Recognizing that [(nλ)−1ZZT + In]−1 = (In −HZ), we see that the score for testing

α = 0 in (2.8) is

l̇(0) =
1

σ2
ε

xT (In −HZ)y,
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which is a scaled form of (2.21). That is, the ridge-penalized score statistic is equiva-

lent to the score statistic for testing the effect of feature x in a mixed model, where all

the other features have normally distributed random effects with variance σ2
ε (nλ)−1.

The distribution of the ridge-penalized score statistic Tλ, or equivalently l̇(0),

depends on whether we consider β to be fixed under the null hypothesis H0,λ : aλ = 0

in (2.9), or random under the null hypothesis H0 : α = 0 in (2.8). With β fixed,

solving (2.9) when aλ = 0 yields Zbλ = HZ(αx + Zβ), and thus E[Tλ | β] = xT (In −

HZ)(αx + Zβ)/
√
n =

√
n[α + σTxz(β − bλ) ] = 0. Thus, we can write the exact

distribution of Tλ under H0,λ : aλ = 0 as

Tλ | β
H0,λ∼ N(0, σ2

εx
T (In −HZ)2x/n), (2.23)

since Tλ is simply a linear function of a normal vector with mean zero. On the other

hand, when H0 : α = 0 in the mixed model (2.8), we can use the marginal distribution

of y in (2.22) to obtain

Tλ
H0∼ N(0, σ2

εx
T (In −HZ)x/n). (2.24)

It is easy to show that xT (In −HZ)2x ≤ xT (In −HZ)x, and thus Tλ has a smaller

variance if we assume that β is fixed.

In our usual interpretation of the penalized regression (2.5), we do not consider

the effects of the features to be random draws from some population. Instead, we can

motivate the use of ridge regression with the desire for an estimate of β with smaller

variance than the multiple linear regression estimate [Draper and Van Nostrand, 1979].

Using a mixed-effects framework when β is non-random is also discussed by Hodges

and Reich [2010] in the context of spatial statistics, and Greenland [2000] in the

context of epidemiology.
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2.5 Extension to other sparsity-inducing penalties

We have shown that the sparsity pattern of the lasso can be interpreted as resulting

from a statistical test. In this section, we show that other sparsity-inducing penalties,

such as smoothly clipped absolute deviation (SCAD) [Fan and Li, 2001] and the elastic

net [Zou and Hastie, 2005], can also be interpreted in a similar framework.

Suppose we obtain sparse estimates (α̂λ, b̂λ) of the linear regression parameters

(α,β), by solving the optimization problem

(âλ, b̂λ) = arg min
(a,b)∈Rd

{
1

2n
‖y − ax− Zb‖22 + λJ(a,b)

}
. (2.25)

A common characteristic of sparsity-inducing penalties is non-differentiability of J(a,b)

around zero. Suppose J(a,b) is symmetric about zero, with subdifferential ∂
∂a
J(a,b) |a=0=

[−1, 1]. The elastic net and SCAD are two such examples. Now, denote

b̂0
λ = arg min

b∈Rd−1

{
1

2n
‖y − Zb‖22 + λJ(0,b)

}
. (2.26)

A necessary condition for âλ = 0 in (2.25) is that xT (y − Zb̂0
λ)/n ∈ [−λ, λ]. Using

the notation from Section 4.4, we have that

{âλ = 0} =⇒ {|Tλ| ≤
√
nλ}.

In addition, if J(a,b) is convex, as is the case for the elastic net, then

{âλ = 0} ⇐⇒ {|Tλ| ≤
√
nλ}.

In other words, the sparsity pattern of coefficient vectors induced by any convex

penalty with subdifferential [−1, 1] at the origin can be interpreted as a decision made

based on the penalized score statistic Tλ.
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For non-convex penalties, such as SCAD, the penalized score test gives only a

necessary condition for regression parameters to be zero. In practice, however, the

penalized score test is in some sense both necessary and sufficient to determine the

sparsity pattern produced by non-convex penalties. Solutions to non-convex problems

like SCAD are often found using coordinate-descent procedures, which solve for a local

optimum of (2.25) by iteratively minimizing with respect to each element of (a,b)

[Zou and Li, 2008, Breheny and Huang, 2011, Mazumder et al., 2011]. If we use

(0, b̂0
λ) as initial values, and then solve (2.25) using coordinate descent, the algorithm

will converge to (0, b̂0
λ) when |Tλ| ≤

√
nλ. That is, {|Tλ| ≤

√
nλ} is also sufficient for

{âλ = 0}, when using this algorithm.

In order to obtain p-values for these other sparsity-inducing penalties, we require

an appropriate reference distribution, which we leave for future work.

2.6 Discussion

In this paper, we presented the penalized score test, in which the hypothesis being

tested depends on the value of the tuning parameter λ. Therefore, λ should be

chosen to yield a test which is scientifically meaningful. For instance, if the simple

linear regression parameter α+σTxzβ is a scientifically meaningful target of inference,

one should choose λ to be large (i.e. perform simple linear regression). On the other

hand, λ should be chosen as small as possible when the multiple linear regression

parameter α in (2.3) is of interest. Perhaps the simplest way to choose λ in this case

is to specify how many degrees of freedom we are willing to invest in estimating the

nuisance parameter β. Whether this controls type-I error of the penalized score test

at an acceptable level is highly context-specific, and in general difficult to ascertain.

With any λ > 0, some bias in b̂0
λ relative to β will be incurred, in which case the

penalized score test may be thought of as a pragmatic approximation to classical

tests, when multiple linear regression is undefined, or produces coefficient estimates

which are too variable to be useful.
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In this manuscript, we focused on testing the hypothesis H0,λ : aλ = 0 using a score

test. The test does estimate effect sizes or provide confidence intervals. However,

estimates of effect size can be obtained by fitting the sample version of (2.9), i.e.

(âλ, b̂λ) = arg min(a,b) {‖y − ax− Zβ‖22/(2n) + λJ(b)}. Confidence intervals for aλ

when using the ridge penalty (J(b) = ‖b‖22/2) are available from mixed-model theory.

For the lasso (J(b) = ‖b‖1), slight modifications of our theory in Section 2.3 can be

used to show that
√
n(âλ − aλ) →d N

(
0, σ2

ε

[
xT (In −PA)x/n

]−1)
, under (A1-6).

This result might be used for a penalized version of the Wald test.

Several possible extensions of the proposed method are outlined here. Instead of

testing for the effect of a single feature x ∈ Rn, we can test for groups of k variables

X ∈ Rn×k, with the score statistic Tλ = XT (y − Zb̂0
λ)/
√
n ∈ Rk. The distribution

of Tλ, under an appropriate null hypothesis, follows in a straightforward way from

Proposition 2 for a ridge penalty, or from Proposition 3, for a lasso penalty. From

Proposition 1, we know that in the lasso regression of y on (X,Z), one or more of the

coefficients associated with X is non-zero if and only if ‖Tλ‖∞ >
√
nλ, where Tλ is

constructed using the lasso penalty. Analogous to Proposition 1, the sparsity pattern

of the group lasso [Yuan and Lin, 2007b] and the standardized group lasso [Simon

and Tibshirani, 2012b] could also be understood in terms of restrictions on this score

statistic Tλ, for an appropriate choice of penalty function J(b).

The lasso-penalized score test is implemented in the lassoscore R package, avail-

able on the Comprehensive R Archive Network (CRAN).
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Chapter 3

INFERENCE FOR `1-PENALIZED M-ESTIMATORS

3.1 Introduction

Suppose we observe n independent and identically distributed random variables Xi ∈

Rm, 1 ≤ i ≤ n,Xi ∼ P , and are interested in some functional θ ≡ θ(P) ∈ Rd of their

distribution

θ = arg min
ω∈Rd

EP l(ω;Xi), (3.1)

where l : Rd×Rm 7→ R is a loss function. For instance, in linear regression, we might

have Xi = (Yi, Zi), where Yi ∈ R is some outcome of interest, and Zi ∈ Rd is a vector

of covariates, and seek the minimizer of EP l(ω;Yi, Zi) = EP(Yi − ωTZi)2. In this

case θ is the vector of linear regression coefficients. Alternately, θ(P) may define the

parameters of generalized linear model, or the covariance matrix in a multivariate

normal distribution, cases considered in Sections 3.3 and 3.4 respectively.

Typically, when d� n one uses the empirical version of (3.1) as an estimate of θ

θ̂ = arg min
ω∈Rd

{l(ω)/n} , (3.2)

where l(ω) =
∑n

i=1 l(ω;Xi). Formally, θ̂ is known as an M-estimator, and classical

theory giving the asymptotic distribution of θ̂ when d� n can be found in e.g. van

der Vaart [2000]. Using this theory, one can perform formal statistical hypothesis

tests regarding the parameter θ.

However, when the number of parameters d is large relative to the sample size n,

these classical tests may have low power, or may even be undefined. In this setting,
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`1-penalized M-estimators such as

θ̂λ = arg min
ω∈Rd

{l(ω)/n+ λ‖ω‖1} , (3.3)

where λ ≥ 0 is a tuning parameter, have become popular. These produce a sparse

estimate θ̂λ, which, under appropriate conditions, can identify which elements of θ

are zero [Zhao and Yu, 2006, Bunea et al., 2008, Lee et al., 2013a]. Thus, we might use

whether an element of θ̂λ is non-zero as evidence for whether an element of θ is non-

zero. However, quantifying the strength of this evidence, with p-values or confidence

intervals, is an open problem.

For the special case of `1-penalized linear regression,

θ̂λ = arg min
ω∈Rd

{
1

2n

n∑
i=1

(
Yi − ωTZi

)2
+ λ‖ω‖1

}
, (3.4)

a few methods for inference have been proposed, based on inverting the stationary

conditions for lasso regression [van de Geer et al., 2013, Zhang and Zhang, 2011,

Javanmard and Montanari, 2013], conditioning on the selected model [Lee et al.,

2013b, Taylor et al., 2014], or considering the change in model fit along the lasso

solution path [Lockhart et al., 2013]. However, while these approaches are based on

`1-penalized regression, they do not provide a connection between inference for the

coefficient θ and the sparsity pattern of θ̂λ. On the other hand, Meinshausen and

Bühlmann [2010] proposed stability selection, a sub-sampling procedure which can

control the family-wise error rate of any selection procedure. While stability selection

can be applied to penalized M-estimators, it can be computationally expensive, and

in some cases overly conservative.

The approach we follow in this paper builds on the recently proposed penalized

score test for linear regression from Chapter 2, which can be used as an alternative

to classical hypothesis tests in the high-dimensional setting. In order to use this test,
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one performs penalized regression of the outcome on all but a single feature, and then

computes the correlation of the residuals with the held-out feature. This procedure

is then applied to all features in turn. Specifically, if y ∈ Rn is the outcome, x ∈ Rn

is a feature of interest, and Z ∈ Rn×(d−1) is a matrix containing d− 1 other features,

then the penalized score statistic takes the form

Tλ =
1√
n

xT (y − Zb̂0
λ),

where b̂0
λ = arg minb {‖y − Zb‖22/(2n) + λJ(b)}. The null hypothesis is rejected

when |Tλ| is large, with respect to an appropriate reference distribution. The null

hypothesis being tested is of the form H0,λ : aλ = 0 vs H1,λ : aλ 6= 0, where aλ

can be viewed as a compromise between the effect of x in simple linear regression,

and the effect of feature x in multiple linear regression of y on x and Z together.

We showed that when J(b) = ‖b‖1, the sparsity pattern of lasso regression on all

features results from a decision based on the penalized score test. Specifically, if

(âλ, b̂λ) = arg min(a,b){‖y− ax−Zb‖22/(2n) + λ‖(a,b)‖1}, then âλ 6= 0 if and only if

|Tλ| >
√
nλ.

In this paper, we extend the framework of Chapter 2 to penalized M-estimation.

We present a general approach for hypothesis testing in the high-dimensional setting.

We will see that, just as in linear regression, model selection with `1-penalized M-

estimators can be understood as a decision based on a statistical test.

The rest of the chapter is organized as follows. In Section 3.2 we develop general

theory for testing in the context of high-dimensional M-estimators. We then investi-

gate two special cases in more detail: in Section 3.3 we consider `1-penalized GLMs,

in particular logistic regression, and in Section 3.4 we apply our framework to the

Gaussian graphical model setting. We end with a discussion in Section 3.5.
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3.2 Inference for `1-penalized M-estimators

As shown in Section 2.3 of Chapter 2, the sparsity pattern of `1-penalized linear

regression, or the lasso, can be interpreted as a decision based on a modified score

statistic. Here, we show how the same framework applies to M-estimators, and state

Theorem 5, which gives the asymptotic distribution of the proposed test statistic.

Partition θ as θ = (α,β) where α ∈ R and β ∈ Rd−1, and suppose that we are

interested in testing the hypothesis H0 : α = 0 vs. H1 : α 6= 0. Let l(α,β) = l(θ) =∑n
i=1 l(θ;Xi) denote the loss function, as in (3.2). When the dimension d is much

smaller than n, one can test H0 using the classical score statistic, based on the score,

or derivative, of the loss function, evaluated under the restrictions imposed by the

null hypothesis. The score statistic can be written as

T = l̇a(0, b̂
0)/
√
n, (3.5)

where l̇a(a,b) = ∂
∂a
l(a,b), and b̂0 = arg minb{l(0,b)/n}. The score statistic (3.5)

measures how much the loss would be reduced if we were to relax the restrictions

imposed by the null hypothesis. Under mild regularity conditions, given in van der

Vaart [2000], T is asymptotically normally distributed with mean zero when α = 0,

and otherwise diverges to ±∞. Thus, one typically rejects H0 when |T | is large, with

respect to the appropriate normal reference distribution.

Unfortunately, when the dimension d is large relative to n, the estimate b̂0 of β

may be highly variable, or even undefined. As an alternative, we can introduce bias

in our estimate of β in order to reduce variance. One way of doing this is to use an

`1-penalized estimate b̂0
λ = arg minb{l(0,b)/n+λ‖b‖1}. The penalty ‖b‖1 forces the

estimate b̂0
λ to contain many zero entries when λ is large enough, and under certain

assumptions, reasonably approximates β [van de Geer, 2008, Negahban et al., 2012].
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This procedure suggests the penalized score statistic

Tλ = l̇a(0, b̂
0
λ)/
√
n. (3.6)

Here, (3.6) can also be obtained by considering the score for the `1-penalized loss

function, and so we call it a penalized score test. In Theorem 5 we give the asymptotic

distribution of (3.6), under an appropriate null hypothesis, which can be used to

calculate p-values.

The sparsity pattern of `1 penalized M-estimators corresponds precisely to a de-

cision based on the penalized score statistic (3.6). We state this connection in Theo-

rem 4, the proof of which follows immediately from the Karush-Kuhn-Tucker condi-

tions.

Theorem 4. Suppose l(a,b) + λ‖(a,b)‖1 is strictly convex, and let

(âλ, b̂λ) = arg min
(a,b)∈Rd

{l(a,b)/n+ λ‖(a,b)‖1}. (3.7)

Then âλ 6= 0 if and only if |Tλ| >
√
nλ.

As discussed in Section 3.1, the estimate (3.7) has been suggested as a procedure to

select which elements of θ = (α,β) are zero. Theorem 4 shows that the criteria on

which the sparsity pattern of θ̂λ = (âλ, b̂λ) is based mirrors a hypothesis test using

the classical score statistic (3.5).

3.2.1 The null hypothesis

In this section we describe how the use of the biased estimate b̂λ of β affects the

null hypothesis being tested by the penalized score statistic (3.6), for a given tuning

parameter λ. While b̂λ may be asymptotically unbiased when λ → 0 [van de Geer,

2008, Negahban et al., 2012], some bias will always be incurred in finite samples if
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λ > 0; we characterize the bias by considering the asymptotic scenario with λ ≥ 0

fixed.

Let (aλ,bλ) be the population-level parameters:

(aλ,bλ) = arg min
(a,b)∈Rd

{EP l(a,b)/n+ λ‖b‖1} . (3.8)

When aλ = 0, the stationary conditions of EP l(a,b)/n+λ‖b‖1 imply that EP l̇a(0,bλ) =

0, provided we can exchange the derivative and integral. This means that the penal-

ized score statistic Tλ in (3.6) can be seen as the empirical version of l̇a(0,bλ), with

bλ replaced by the estimate b̂0
λ. Thus, provided b̂0

λ converges quickly enough to bλ,

Tλ should be asymptotically centered around zero when aλ = 0, and otherwise should

diverge to ±∞. It follows that the penalized score statistic Tλ tests

H0,λ : aλ = 0 vs H1,λ : aλ 6= 0.

We now use Taylor’s expansion in order to write the parameter aλ in terms of (α,β).

Let l̈ab(a,b) = ∂2

∂a∂b
l(a,b) and l̈aa(a,b) = ∂2

(∂a)2
l(a,b). From the definition of θ =

(α,β), we know that EP [l̇(α, β)] = 0. Now, for some (ã, b̃) between (aλ,bλ) and

(α,β), we can write

0 = EP l̇a(α,β)

= EP
[
l̇a(aλ,bλ) + l̈aa(ã, b̃)(aλ − α) + l̈Tab(ã, b̃)(bλ − β)

]
.

By the definition of aλ, we know that EP l̇a(aλ,bλ) = 0, and so we can rearrange terms

to write

aλ = α + ηT (β − bλ),

where η = EP l̈ab(ã, b̃)/EP l̈aa(ã, b̃) is a measure of dependence between the parame-

ters α and β. That is, aλ differs from α due to (i) the bias introduced by penalization
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β − bλ, and (ii) the dependence between the parameters η.

In many models, such as those considered in Sections 3.3 and 3.4, α measures the

conditional association between two features. Note that when λ = 0, we have bλ = β,

and thus aλ = α. On the other hand, when λ is large, aλ can often be interpreted as

a measure of marginal association between two features. Though the penalized score

test is not guaranteed to be unbiased for the test H0 : α = 0 vs H1 : α 6= 0, it is still

useful in practical high-dimensional settings, as we show in Sections 3.3.2 and 3.4.3.

3.2.2 The distribution of Tλ

Here we present Theorem 5, which gives the asymptotic distribution of Tλ under H0,λ.

First, we will introduce some notation and assumptions. Without loss of generality,

suppose the first q elements of bλ are non-zero, and the rest are zero, i.e. bλ =

(bλ,1, . . . , bλ,q, 0, . . . , 0)T = (bλA,bλAc), where bmin = min{ |bλ,1|, . . . , |bλ,q| } > 0 and

A = supp(bλ). Partition the vector of derivatives as l̇(a,b) = [l̇a(a,b), l̇TA(a,b), l̇TAc(a,b)]T ,

and denote the matrix of second derivatives as

l̈(a,b) =


l̈aa l̈TAa l̈TAca

l̈Aa l̈AA l̈TAca

l̈Aca l̈AcA l̈TAcAc

 (a,b) ∈ Rd×d.

We will require the following regularity conditions on l(a,b).

(B1) l(a,b) is twice continuously differentiable in (a,b), almost surely, in a neigh-

borhood of (aλ,bλ). Further, the derivative and integral can be exchanged,

so that (3.8) implies EP [l̇(aλ,bλ)/n] = −λτ , where τA = sign(bλA) ∈ Rq,

τAc ∈ [−1, 1]d−q−1, and τa = 0.
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(B2) The information matrix

V ≡ varP

 l̇a(aλ,bλ)/√n
l̇A(aλ,bλ)/

√
n

 ∈ R(q+1)×(q+1)

exists and is positive definite.

(B3) The matrix

U ≡ EP

 1

n

 l̈aa l̈TAa

l̈Aa l̈AA

 (aλ,bλ)

 ∈ R(q+1)×(q+1)

exists and is positive definite.

Conditions (B1-B3) are somewhat standard regularity conditions for M-estimators

[see e.g. Theorem 5.41 of van der Vaart, 2000]. However, our conditions on the deriva-

tives of l(a,b) differ from classical treatments in a few important ways. First, since we

use a penalty, the scores will not, in general, have zero expectation: EP
[
l̇(aλ,bλ)

]
=

−λτ , whereas EP [l̇(α,β)] = 0. Second, our conditions on the derivatives of l(a,b)

depend on the support of bλ. Thus, we allow EP [̈l(aλ,bλ)] to be rank-deficient, so

long as U is full-rank.

In order to allow d to grow more quickly than n, we require the following additional

conditions.

(B4) The expectation of the score, EP [ l̇(aλ,bλ)/n ] = −λτ , satisfies ‖τAc‖∞ ≤ 1− δ

for some δ > 0.

(B5) The elements of the score vectors l̇(aλ,bλ;Xi) have sub-Gaussian tails. That is,

there exists a c such that for any x > 0 and each ej = (0, . . . , 0, 1, 0, . . . , 0)T ∈

Rd, j = 1, . . . , d, we have that Pr(|eTj {l̇(aλ,bλ;Xi) + λτ}| > x) < ge−hx
2

for all

x > c and for some h, g > 0 not depending on j, or x.



43

(B6) The minimum eigenvalue of UAA is bounded, i.e. Λmin(UAA) ≥ ζ > 0. Further,

the sample size n, the dimension d, the number of non-zero parameters q, and

the minimum non-zero coefficient bmin ≡ min{ |bλ,1|, . . . , |bλ,q| } satisfy

log(d)

n
+
q log q

nb2min

+
q2

n
→ 0.

(B7) The matrix of second derivatives l̈(a,b) satisfies ‖̈lAAc(a,b)/n‖2 = op

(√
n/(q log q)

)
in a neighborhood of (aλ,bλ).

(B8) The matrix of second derivatives l̈(a,b) is Lipschitz continuous in a neighbor-

hood of (aλ,bλ). Further, l̈AA(aλ,bλ)/n converges sufficiently quickly to its

expected value∥∥∥∥∥∥ 1

n

 l̈aa l̈TAa

l̈Aa l̈AA

 (aλ, bλ)−UAA

∥∥∥∥∥∥
2

= Op(
√

(q log q)/n).

Assumptions (B4-7) occur in similar form in Section 2.3 of Chapter 2, and are dis-

cussed in more detail there, in the context of linear regression. Here, we require the

additional condition (B8) in order to show that l̈(âλ, b̂λ)/n is sufficiently close to

EP [ l̈(aλ,bλ)/n ]. Lipschitz continuity in (B8) is also required by van de Geer [2008]

in order to prove risk-consistency of `1-penalized M-estimators.

With these assumptions, we can now state our main theoretical result, which is

proven in Section A.2 of the Appendix.

Theorem 5. Suppose conditions (B1-8) hold, and H0,λ : aλ = 0 is true. Then, there

exists a minimizer b̂0
λ = arg minb{l(0,b)/n+ λ‖b‖1} such that

Tλ√
v
→d N (0, 1) ,
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where

v = vaa + uTAaU
−1
AA(VAAU−1AAuAa − 2vAa). (3.9)

Note that the term U−1AAVAAU−1AA is a ‘sandwich’ variance formula, for misspecified

models [Huber, 1967, White, 1980], which arises in other treatments of lasso-type

estimators [e.g. Fan and Li, 2001]. Since in general (aλ,bλ) 6= (α,β), we know that

l(aλ,bλ) is not the negative log-likelihood of our data. Thus our model is in some

sense misspecified, due to the penalty λ‖b‖1.

In order to apply Theorem 5 in practice, we need estimates of supp(bλ) = A,

U, and V. We suggest using Â = supp(b̂0
λ) as an estimate of A, and the ‘plug-in’

estimates of U and V given by

Û =
1

n

 l̈aa(0, b̂0
λ) l̈aÂ(0, b̂0

λ)

l̈T
aÂ(0, b̂0

λ) l̈ÂÂ(0, b̂0
λ)

 (3.10)

V̂ =
1

n

n∑
i=1

(si − s̄)(si − s̄)T , (3.11)

where si =

 l̇a(0, b̂0
λ;Xi)

l̇Â(0, b̂0
λ;Xi)

, and s̄ =
∑n

i=1 si/n. Using Â as an estimate of A is

supported by Lemma 6 of the Appendix, where we show that Pr[Â = A] → 1. The

estimate (3.11) is sometimes referred to as the Huber-White estimator, or the outer-

product estimator [Huber, 1967, White, 1980]. In regression models, we find that

the degrees-of-freedom adjustment V̂′ = nV̂/(n − |Â|) can give better finite-sample

performance than (3.11) [MacKinnon and White, 1985].

In Sections 3.3 and 3.4, we also give model-based standard errors for the special

cases where l(·) is either the log-likelihood in a generalized linear model, or the log-

likelihood of a multivariate Gaussian distribution.
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3.3 Inference in high-dimensional generalized linear models

In this section we consider a special case of the theory developed in Section 3.2 for

inference for generalized linear models (GLMs). Suppose we have an outcome y ∈ Rn,

which we wish to predict using X ∈ Rn×d. In a GLM, one relates the expectation of

y to the covariates X through a link function g such that g (EP [y | X]) = g(µ) = Xθ

[McCullagh and Nelder, 1989]. An important feature of GLMs is that the variance

of the outcome y is allowed to depend on the mean µ through the variance function

var(y) = φV (µ), where φ is the dispersion parameter. When the canonical link

function g(·) is used, the loss function used by a GLM has the form

l(θ) = −yTXθ + 1TnA(Xθ),

where A(x) is a convex function satisfying ∂A(x)/∂x = g−1(x), and A(Xθ) ∈ Rn

denotes element-wise application of A(x) to the vector Xθ. For simplicity, in this

section we only consider canonical link functions. Table 3.1 gives some common

examples of g(x), A(x), and V (µ), as well as the first and second derivatives of l(·),

necessary to construct Tλ and the components of its variance.

Family g−1(x) A(x) V (µ) l̇(θ) l̈(θ)

Gaussian x x2/2 1
Binomial expit(x) log(1 + ex) µ(1− µ) −XT (y − ŷ) XTdiag (V (ŷ)) X
Poisson ex ex µ

Table 3.1: Cannonical link functions, variance functions, and derivatives of loss func-
tions for common GLMs. Here ŷ = ŷ(θ) = g−1(Xθ) denotes the fitted values.

As in Section 3.2, we partition the parameter θ as θ = (α,β), where α corresponds

to the regression coefficient of a single feature of interest x ∈ Rn, and β corresponds

to the regression coefficients of all other features Z ∈ Rn×(d−1). In order to perform
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the penalized score test in this setting, we first fit the restricted model

b̂0
λ = arg min

b∈Rd−1

{[
−yTZb + 1TnA(Zb)

]
/n+ λ‖b‖1

}
, (3.12)

and then compare the penalized score statistic Tλ = l̇a(0, b̂
0
λ)/
√
n to an appropriate

reference distribution. From Table 3.1, we see that when using the canonical link

function, the score statistic has a simple form: Tλ = xT (y − ŷ0
λ)/
√
n, where ŷ0

λ =

g−1(Zb̂0
λ) are the fitted values from the regression (3.12). That is, the score statistic

is simply a measure of correlation between the feature of interest x and the residuals

y − ŷ0
λ from the penalized regression of y on Z.

3.3.1 Variance estimation

We can apply Theorem 5 in order to obtain the asymptotic distribution of Tλ under

H0,λ. Applying this theorem requires an estimate of the variance of Tλ, which we

consider next. In Section 3.2.2, we proposed using (3.10) and (3.11) to estimate

the variance of Tλ. We will call that estimate the sandwich variance. However, for

correctly-specified GLMs with a fixed design matrix the variance of the score has an

explicit form:

varP

[
l̇(0,bλ)/

√
n
]

= XTdiag(varP(y))X/n = φXTdiag(V (µ))X/n = φ̈l(θ)/n.

Provided an estimate of θ is available, this suggests an alternative to the empirical

variance of the score in Equation 3.11. Though any number of estimators of θ could

be used, for simplicity we propose using (0, b̂0
λ), which leads to the estimate V̂ = φÛ,

where Û is as in (3.10). Plugging this into (3.9) we get

v̂ar[Tλ ] = φ(ûaa − ûT
aÂÛÂÂûaÂ) (3.13)
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where φ is the (known) dispersion parameter. This formulation for the variance of Tλ

is precisely analogous to the ‘asymptotic variance’ discussed in Chapter 2. Here, we

refer to (3.13) as the model-based variance.

In summary, we will consider two estimates of the variance of Tλ:

• Sandwich variance: Use (3.10) and (3.11) in the formulas in Theorem 5. This

variance estimate does not require the GLM to be correctly specified, and allows

for a stochastic design matrix.

• Model-based variance: Replace the empirical estimate of the score variance

(3.11) with a model-based approximation, which yields (3.13). This formu-

lation assumes a fixed design matrix, and that l(θ) is the log-likelihood of y, up

to constants.

For many forms of l(·), fitting the model (3.12) can be done efficiently using

the glmnet R package [Friedman et al., 2010]. The penalized score statistic and its

variance can be calculated using the lassoscore R package [Voorman, 2014], which

is available on CRAN.

3.3.2 Simulation experiments

In this section, we illustrate the penalized score test for logistic regression. In Sec-

tion 3.2.1 we argued that the penalized score test quantifies evidence against the null

hypothesis H0,λ : aλ = 0, while in practice, we may be more interested in the null

hypothesis H0 : α = 0, where in general α 6= aλ. Here, we will see that when α = 0

the penalized score test behaves like a test of H0 : α = 0, provided λ is small enough.

We generated the design matrix X ∈ Rn×d according to one of two schemes:

• Correlated features : Rows of X were independently distributed Nd(0,Σ), where

Σjk = 0.5|j−k|.



48

• Independent features : Rows of X were independently distributed Nd(0, Id).

We then generated the outcome y as a vector of independent Bernoulli random vari-

ables, with probability of success exp(Xθ)/(1+exp(Xθ)), where we randomly selected

10 elements of θ to be 0.5, and the rest to be zero.

The scheme with correlated features serves to demonstrate that the penalized

score test can behave like a test of H0 : α = 0, even when aλ 6= α. The setting

with independent features serves to corroborate our theory, since, in this scheme

H0,λ : aλ = 0 is true when α = θj = 0.

We let d = 100, and set n to be either 200 or 400. Though the sample size is larger

than the number of features, multiple logistic regression is unstable. In fact, when

n = 200, and we perform logistic regression of y on all 100 features, the Fisher scoring

algorithm used by R’s glm function yields fitted probabilities near 0 or 1, and does

not converge. Thus, if we wish to test which elements of θ are zero, some alternative

to classical testing procedures is required.

On each of the 100 features, we performed the penalized score test for several values

of λ, over 2000 replications where both X and y were sampled from the distribution

described above, with fixed coefficient vector θ. For the sake of comparison, we also

performed multiple logistic regression of y on all features (for n = 400 only), simple

logistic regression of each feature on the outcome, and an oracle test in which we

calculated the classical score test for each feature, adjusting only for other features

with non-zero coefficients in θ. That is, the oracle test reflects the unattainable

scenario where we test H0 : θj = 0 for j = 1, . . . , 100, and know the support of

θ−j = {θk : k 6= j}.

We declared a test to be significant when its p-value was less than 0.01. Thus,

for an unbiased test, we would expect on average 0.01 × 90 = 0.9 false positives per

simulated data set, which we will refer to as the nominal, or advertised error rate. We

calculated the average number of false positives per simulated data set, or Expected
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False Positives (EFP), and the power for each test. Specifically, for a given test, if

pjm is the p-value resulting from the jth feature on the mth simulation run, then the

EFP and power are given by

EFP =
1

B

B∑
m=1

∑
j:θj=0

1{pjm < 0.01}

power =
1

B

B∑
m=1

1

‖θ‖0

∑
j:θj 6=0

1{pjm < 0.01}

where 1{·} is the indicator function, B = 2000 is the number of simulations, and

‖θ‖0 = 10 is the number of non-zero parameters.

Figure 3.1 summarizes the results of the experiment. When the features are corre-

lated, y is marginally dependent on all features, while it is independent of {xj : θj = 0}

after conditioning on {xj : θj 6= 0}. Thus, simple logistic regression, which tests for

marginal associations, has higher EFP than the nominal rate. Further, EFP increases

with the sample size, as the power of simple logistic regression to detect these marginal

associations increases. Similarly, when testing for the effect of features xk : θk = 0,

the penalized score test does not fully account for the effects of {xj : θj 6= 0}, and

thus tends to have higher EFP than the advertised rate. For λ = 0.1 the results of

the penalized score test are qualitatively similar to simple logistic regression. On the

other hand, we see that the number of false positives produced by the penalized score

test is closer to the nominal level when λ is smaller, since less bias is incurred in the

estimate b̂0
λ relative to β.

When the features are independent, all tests, except multiple logistic regression,

have EFP around the nominal rate of 0.9. This might be expected, since, in this case,

the distribution of y depends on a feature xj, either marginally or conditionally, only

when θj 6= 0. Thus, estimating the effects of {xj : θj 6= 0} is not necessary in order
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Figure 3.1: Expected false positives (EFP) and power. ‘MLR’ indicates multiple
logistic regression, ‘SLR’ indicates simple logistic regression, and the seven values of
λ indicate results for the penalized score test. Note that multiple linear regression
is only available for n = 400, as the results with n = 200 do not converge in R. In
the top panels, the horizontal line indicates the nominal error of 0.9 expected false
positives per simulated data set.
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to control the error rate.

It is notable that multiple logistic regression gives a larger number of false positives

than the advertised rate both when features are correlated, and when features are

independent. This may be due to the fact that the number of parameters d = 100 is

an appreciable fraction of the sample size n = 400, whereas classical theory requires

that d/n → 0. Indeed, repeating the experiment with n = 600 yielded an average

of 1.8 false positives per simulated data set, with both correlated and independent

features, which is much closer to the nominal level.

In general, the model-based variance formula gives lower EFP than the sandwich

variance formula. Recall that in the model-based variance estimate, we use (0, b̂λ)

as an ad-hoc estimate of θ. This results in fitted values ŷ0
λ, used in (3.13), which

are shrunk towards the mean of y. For logistic regression the variance V (·) is largest

when the fitted probabilities are near 0.5, and thus this shrinkage tends to increase

the variance V (ŷ0
λ), resulting in a smaller number of false positives than if θ were

known.

The sandwich formula yields a relatively high number of false positives when

n = 200 and λ = 0.1, under both schemes of generating X. This may be due to the

large number of non-zero coefficients in the associated `1-penalized regression when

λ is small, whereas our theory requires the number of non-zero coefficients in (3.8)

to be small, relative to n (see Assumption (B6)). This is supported by the fact that

when λ = 0.1 and n is increased to 400, EFP is much closer to the nominal level.

We also note that decreasing λ gives higher power when the features are inde-

pendent, while it gives lower power when the features are correlated. Decreasing λ

reduces variance of the residuals y − ŷ0
λ. When the features are independent, this

reduction of variance simply makes identifying associations easier, since associated

features explain a larger proportion of the residual variance. On the other hand,

reducing λ also lets more features enter the model, which increases co-linearity and

reduces power, in the presence of correlated features.
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3.4 Inference in high-dimensional Gaussian graphical models

Suppose we observe a matrix X = [x1, . . . ,xm] ∈ Rn×m, and are interested in the pat-

tern of association between the features {xj : j = 1, . . . ,m}. Here, we assume that the

features are centered and scaled so that xTj xj/n = 1 and xTj 1n = 0 for j = 1, . . . ,m.

These associations are sometimes summarized with a graphical model, in which the

features correspond to vertices, and the edges describe relationships between features.

In particular, suppose we are interested in the conditional dependence graph, where

presence of an edge indicates dependence between two features, after conditioning on

all other features. When the rows of X are independently distributed Nm(0,Θ−1),

features j and k are conditionally dependent if and only if Θjk 6= 0. Thus, in this

setting, an estimate of the conditional independence graph can be obtained by infer-

ring which elements of Θ are non-zero. Note that m denotes the number of features,

while there are d ≡
(
m
2

)
parameters which define the conditional independence graph.

In this section, we will investigate two ways to perform approximate inference on

Θ in the high-dimensional setting, using the framework introduced in Section 3.2.

The first method, discussed in Section 3.4.1, is based on the graphical lasso [Yuan

and Lin, 2007a, Friedman et al., 2008], which involves the joint distribution of X. In

Section 3.4.2 we consider an alternate method based on neighborhood selection [Mein-

shausen and Buhlmann, 2006], which involves the conditional distributions {xj | xk :

k 6= j}. We compare the results obtained using the two procedures in Section 3.4.3.

3.4.1 Inference with the graphical lasso

When m � n, Θ can be estimated by minimizing the negative log-likelihood of the

multivariate normal distribution

Θ̂ = arg min
W∈Sm

{tr(WC)− log det(W)} ,
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where Sm is the space of m×m symmetric positive definite matrices, and C = XTX/n

is the sample covariance matrix of X. In this setting, a number of methods can be

applied to test whether individual elements of Θ are zero [Drton and Perlman, 2004,

2007, Dempster, 1972]. In particular, Drton and Perlman [2004] provide simultaneous

confidence intervals for each element of Θ̂, which can be used to perform formal

hypothesis tests.

When the dimension m is large, we can instead consider the graphical lasso [Yuan

and Lin, 2007a, Friedman et al., 2008]:

Θ̂λ = arg min
W∈Sm

{
tr(WC)− log det(W) + λ

∑
q 6=r

|wqr|

}
, (3.14)

where wqr denotes the qrth entry of W1. For sufficiently large λ, the resulting estimate

Θ̂λ is sparse, and noting which elements of Θ̂λ are zero in a sample provides a guess

for the sparsity pattern of Θ in the population. Notably, however, the method does

not provide measures of uncertainty, such as p-values, for the selection procedure.

Here, we show how Theorems 4 and 5 can be applied to the graphical lasso (4.4).

The score of the objective function takes the form

l̇(Θ)/n = C−Θ−1 (3.15)

Given a particular pair of variables (xj,xk) with j, k ∈ {1, . . . ,m} and j 6= k, we can

parametrize l(W) as

l(a,b)/n ≡ l(W)/n = tr(WC)− log det(W),

where a = wjk and b = {wqr : (q, r) 6= (j, k)}, where b is a vector of d− 1 elements.

1In Friedman et al. [2008]’s formulation, the diagonal of W is penalized as well
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For this choice of l(a,b), the penalized score statistic takes the form

Tλ =
√
n

(
cjk −

[
Θ̂
−1
0,λ

]
jk

)
, (3.16)

where cjk is the jkth entry of C, and

Θ̂0,λ = arg min
W∈Sm:wjk=0

{
tr(WC)− log det(W) + λ

∑
q 6=r

|wqr|

}
. (3.17)

Applying Theorem 4, we find that [Θ̂λ]jk 6= 0 if and only if |Tλ| >
√
nλ. Note that

when λ is large, then Θ̂0,λ = Im, and hence Tλ =
√
ncjk. Therefore, when λ is large,

Tλ is a measure of marginal, or Pearson, correlation between xj and xk.

Theorem 5 gives the distribution of Tλ, under H0,λ : aλ = 0. In order to estimate

the variance of Tλ in (3.16), we also require the second derivatives of l(Θ), which are

given by

∂2l(Θ)/n

∂Θjk∂Θqr

=
[
Θ−1

]
jq

[
Θ−1

]
kr

+
[
Θ−1

]
jr

[
Θ−1

]
kq
. (3.18)

We can then plug (3.15) and (3.18), evaluated at Θ̂0,λ, into (3.10) and (3.11) in order

to compute the sandwich variance, as in Section 3.3.1.

As with GLMs in Section 3.3.1, we can also derive a model-based variance for

Tλ in (3.16). When the rows of X are independently distributed Nm(0,Θ−1), then,

for any matrix W, we have that var[ l̇(W)/
√
n ] = var(C/

√
n) = var[ l̇(Θ)/

√
n ] =

l̈(Θ)/n, using the fact that the information matrix (var[ l̇(Θ)/
√
n ]) is also the second

derivative matrix when the model is correctly specified2. Thus, if we have an estimate

of Θ, we can plug it into l̈(Θ) as an alternative to the empirical information matrix

V̂ in (3.11). For simplicity, we propose using Θ̂0,λ as an estimate of Θ, which gives

2This fact can also be seen by noting that nC has a Wishart(Θ−1, n) distribution.
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V̂ = Û, and leads to the variance estimate

v̂ar(Tλ) = ûaa − ûTÂaÛ
−1
ÂÂûÂa, (3.19)

where Û is as in (3.10). We refer to (3.19) as the model-based variance estimate. This

is precisely analogous to the model-based estimate (3.13) discussed in Section 3.3.1.

In order to perform the penalized score test, we use the glasso package to fit

(3.17) [Friedman et al., 2011]. Both the model-based and sandwich variances are

calculated in the R package lassoscore.

3.4.2 Inference with neighborhood selection

As an alternative to working with the joint distribution of X, we could instead consider

the conditional distributions xj | {xk : k 6= j}. When the rows of X are distributed

Nm(0,Θ−1), the conditional distributions are

xj | {xl : l 6= j} =
∑
l 6=j

γjlxl + εj, (3.20)

where γjl = Θjl/Θll and εj ∼ N(0, 1/Θjj). Thus, determining whether the jlth

element of Θ is non-zero is equivalent to determining whether γjl is non-zero in

(3.20). In the low-dimensional setting, we can perform formal inference regarding

linear regression parameters using ordinary least squares. In the high-dimensional

setting, we can use node-wise lasso regression, sometimes called neighborhood selection

[Meinshausen and Buhlmann, 2006], where, for each j = 1, . . . ,m, we perform lasso

regression of xj on all other features

{γ̂jl,λ : 1 ≤ l ≤ m, l 6= j} = arg min
wjl:l 6=j

{
‖xj −

∑
l 6=j

wjlxl‖22/(2n) + λ
∑
l 6=j

|wjl|

}
. (3.21)
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Just as with the graphical lasso, the sparsity pattern of the estimates (3.21) is used

to provide an estimate for which elements of Θ are non-zero. Lasso regression is a

special case of the GLMs considered in Section 3.3, and thus we can use the penalized

score test to frame the sparsity pattern of (3.21) as a statistical test. For instance,

the penalized score statistic for the effect of xk using xj as the outcome is

Tλ =
1√
n

xTk

(
xj −

∑
l 6=j

γ̂0jl,λxl

)
, (3.22)

where

{
γ̂0jl,λ : 1 ≤ l ≤ m, l 6= j

}
= arg min

wjl:l 6=j, wjk=0

{
‖xj −

∑
l 6=j

wjlxl‖22/(2n) + λ
∑
l 6=j

|wjl|

}
.

(3.23)

By Theorem 4, we know that θ̂jk,λ 6= 0 if and only if |Tλ| >
√
nλ.

Theorem 5 gives the asymptotic distribution of Tλ under H0,λ : aλ = 0. As

in Section 3.3.1, we can use either model-based or sandwich variance estimates to

obtain p-values.

Note that when we apply this procedure to each pair of features (j, k), we can

obtain a p-value from the lasso regression using xj as the outcome, and also when

using xk as the outcome, which need not be the same. We treat this issue by simply

averaging the two test statistics produced for each (j, k) in order to obtain a single

test statistic, and compare to a N(0, 1) reference distribution. This procedure is

conservative when the null hypotheses are true.

3.4.3 Simulation experiments

In this section, we investigate the behavior of the penalized score test applied to the

graphical lasso and neighborhood selection, as described in Sections 3.4.1 and 3.4.2,

respectively. As with the simulations in Section 3.3.2, we will seek to demonstrate
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that, even though the penalized score test measures evidence against H0,λ : aλ = 0,

it serves as a useful approximation to classical tests of H0,λ : α = 0 when λ is small

enough.

We generated a matrix X ∈ Rn×m of m = 50 features according one of two

schemes:

• Correlated features : Rows of X were independently distributed Nm(0,Θ−1),

where Θkk = 1 for k = 1, . . . ,m, and for 50 randomly chosen pairs (j, k) : j < k

we set Θjk = Θkj = 0.3. Figure 3.2 shows the resulting conditional dependence

graph.

• Independent features : Rows of X were independently distributed Nm(0, Im).

The scheme with correlated features demonstrates the ability of the penalized

score test to behave like a test of H0 : α = 0, while the scheme with uncorrelated

features validates the theory for the case where H0,λ : aλ = 0 is true.

Figure 3.2: Conditional dependence graph used in the “correlated features” scheme.
Each vertex corresponds to a features, and edges indicate conditional dependence
between features.

We performed the penalized score test based on the graphical lasso and neighbor-
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hood selection for several values of λ, over B = 500 simulated data sets, with n = 100

or n = 200. For the sake of comparison, we tested whether pairwise Pearson correla-

tions were non-zero, as well as whether the partial correlations were zero [Drton and

Perlman, 2004, 2007].

To account for multiplicity in testing the d ≡
(
m
2

)
edges in the conditional depen-

dence graph, we declared a test to be significant if the resulting p-value was smaller

than 1/d = 0.0008. We calculated the EFP and power for each test, using the same

formulas as in Section 3.3.2. In the scenario with correlated features, since 50 edges

are present, an unbiased test should have an EFP of 0.96 = (1/d) × (d− 50), while

when the features are independent, an unbiased test should have an EFP of 1. Note

that when the features are independent, power is undefined.

Figures 3.3 and 3.4 summarize the results of the experiment for correlated and

independent features, respectively. In addition, Table 3.2 gives the average number of

non-zero coefficients in the associated `1-penalized M-estimators (4.4) and (3.21). In

Figure 3.3, we see that the penalized score test, using either neighborhood selection

or the graphical lasso, can control EFP at the nominal level when λ is small, while

giving similar EFP to marginal correlation when λ is large. EFP is closest to the

nominal level when λ ≤ 0.1 in which case we see from Table 3.2 there are a few

hundred non-zero coefficient estimates in both the graphical lasso and neighborhood

selection, many more than the 50 truly non-zero parameters. That is, in order to

control false positives, it seems beneficial to choose λ to be smaller than one would if

variable selection were the goal. This was also observed in Section 4.5.1 of Chapter 2

in the context of linear regression.

It is notable, however, that the sandwich variance for the graphical lasso gives a

high number of false positives when n = 100, regardless of the choice of λ. When λ

is large, the high EFP may be due to discrepancies between aλ and α, whereas when

λ is small, the high EFP is likely due to instability in the sandwich variance estimate

V̂. Indeed, from Table 3.2, we see that the dimension of V̂ is on the order of 645×645
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Figure 3.3: Results, for graphical model simulations with correlated features. Verti-
cal bars indicate 95% confidence intervals, from Monte-Carlo error. ‘pcor’ indicates
the test for partial correlations, ‘glasso’ indicates the penalized score test using the
graphical lasso, ‘NS’ indicates the penalized score test for neighborhood selection, and
‘Pearson’ indicates the test for marginal correlation.
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when λ = 0.05 and n = 100; consequently, V̂ may be a poor estimate of V. This

explanation for high EFP when λ is small is corroborated by the simulations with

independent features, displayed in Figure 3.4, where we also observe EFP higher than

the nominal rate for the graphical lasso when λ is small, using the sandwich variance

estimate. Note that we do not observe such bad performance using neighborhood

selection. This may be due to the fact that variance estimates in neighborhood

selection depend only on the non-zero coefficients in a single lasso regression, while

the graphical lasso variance estimates are based on all non-zero coefficients in the

matrix Θ̂0,λ. A similar phenomenon was observed in Section 3.3.2, when using the

sandwich variance for GLMs when both λ and the sample size are small.

Figure 3.4: Results for graphical model simulations, with independent features. Ver-
tical bars indicate 95% confidence intervals, from Monte-Carlo error. ‘pcor’ indicates
the test for partial correlations, ‘glasso’ indicates the penalized score test using the
graphical lasso, ‘NS’ indicates the penalized score test using neighborhood selection,
and ‘Pearson’ indicates test for marginal correlation.

We see that the power of the penalized score test decreases with λ, for both the

graphical lasso and neighborhood selection, and that the trend is more pronounced

when n = 100. However, the penalized score test still enjoys substantially higher

power than the classical test of partial correlation. The low power of tests for partial

correlation may be due to the large number of degrees-of-freedom, relative to the

sample size.
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Correlated Features Independent Features
n = 100 n = 200 n = 100 n = 200

λ NS glasso NS glasso NS glasso NS glasso
0.4 15 17 14 15 0.04 0.04 0 0
0.3 35 41 36 40 2 2 0.008 0.006
0.2 78 105 52 61 48 51 5 5
0.15 142 192 74 99 138 154 39 39
0.1 284 351 167 217 322 360 177 188
0.05 583 645 467 517 655 695 541 562

Table 3.2: Average number of non-zero parameters in neighborhood selection (NS)
and the graphical lasso (glasso), at each value of λ. For neighborhood selection, the
number reported is half the number of non-zero coefficient estimates from summed
over all of the node-wise lasso regressions, in order to make results comparable with
the graphical lasso.

The fact that the penalized score test controls false positives, provided λ is small

enough, demonstrates that the penalized score test serves as a useful proxy for classical

tests of conditional independence, such as partial correlation, which have low power

in these simulations.

3.5 Discussion

In this chapter, we proposed an extension of the penalized score test for linear models

to the setting of `1-penalized M-estimators, and explored the special cases of `1-

penalized generalized linear models and Gaussian graphical models. The test we

proposed serves as an alternative to classical tests for a single parameter α, when there

are a large number of nuisance parameters β. The test is most accurately viewed as a

test of H0,λ : aλ = 0, where aλ differs from α due to bias from the penalized estimate

of β. However, through simulation, we showed that this test serves as a useful proxy

for tests of H0 : α = 0, provided that λ is small enough.

In Theorem 4 we showed that the penalized score test is closely tied to variable

selection with `1-penalized M-estimators. However, the simulations in Sections 3.3.2
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and 3.4.3 demonstrated that in order to control type-I error at the nominal rate, λ

must be chosen smaller than if variable selection with `1-penalized M-estimators were

the goal. That is, the test performs best when the number of non-zero parameter

estimates ‖b̂λ‖0 is larger than the number of truly non-zero parameters ‖β‖0.

In practice, choosing λ in order to achieve a powerful test that also controls type-I

error may not be straightforward. Bias in the parameter estimate bλ decreases with

λ, while our theory requires ‖bλ‖0 to be small relative to n. Thus, the most pragmatic

option may be to choose λ such that ‖b̂λ‖0 is a small fraction of the sample size.

An interesting extension of this work would be effect size estimation for a single

parameter of interest using penalization to estimate nuisance parameters. Theory

for confidence intervals follows in a straightforward way from Theorem 5. We leave

implementation details to future work.
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Chapter 4

GRAPH ESTIMATION WITH JOINT ADDITIVE
MODELS

4.1 Introduction

In recent years, there has been considerable interest in developing methods to estimate

the joint pattern of association among a set of random variables. The relationships

between d random variables can be summarized with an undirected graph Γ = (V,E)

in which the random variables are represented by the vertices V = {1, . . . , d} and

the conditional dependencies between pairs of variables are represented by edges E ⊂

V × V . That is, for each j ∈ V , we want to determine a minimal set of variables on

which the conditional densities pj(xj | {xk, k 6= j}) depend,

pj(xj | {xk, k 6= j}) = pj(xj | {xk : (k, j) ∈ E}).

Recently there has also been considerable work in estimating marginal associations

between a set of random variables [see e.g. Basso et al., 2005, Meyer et al., 2008,

Liang and Wang, 2008, Hausser and Strimmer, 2009, Chen et al., 2010]; however, in

this chapter we focus on conditional dependencies, which provide richer information

about the relationships among the variables.

Estimating the conditional independence graph Γ based on a set of n observations

is an old problem [Dempster, 1972]. In the case of high-dimensional continuous data,

most prior work has assumed either (a) multivariate Gaussianity [see e.g. Friedman

et al., 2008, Rothman et al., 2008, Yuan and Lin, 2007c, Banerjee et al., 2008] or

(b) linear conditional means [see e.g. Meinshausen and Bühlmann, 2006, Peng et al.,
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Figure 4.1: Cell signaling data from Sachs et al. [2005]. (a)-(c) Pairwise scatterplots
for PKC, P38 and PJNK. (d) Partial residuals from the linear regression of P38 on
PKC and PJNK. The data are standardized to have normal marginal distributions,
but are clearly not multivariate normal.

2009] for the features. However, as we will see, these two assumptions are essentially

equivalent. As an illustration, consider the cell signaling data set from Sachs et al.

[2005], which consists of protein concentrations measured under a set of perturbations.

We analyze the data set in more detail in Section 4.5.3. Pairwise scatterplots of three

of the variables are given in Figure 4.1 (a)-(c) for one of 14 perturbations. Here,

the data have been transformed to be marginally normal, as suggested by Liu et al.

[2009]. The transformed data clearly are not multivariate normal, given the non-

constant variance in the bivariate scatterplots, and as confirmed by a Shapiro-Wilk

test (p < 2× 10−16).

Can the data in Figure 4.1 be well-represented by linear relationships? In Fig-

ure 4.1 (d), we see strong evidence that the conditional mean of the protein P38 given

PKC and PJNK is nonlinear. This is corroborated by the fact that the p-value for

including quadratic terms in the linear regression of P38 onto PKC and PJNK is

small (p < 2 × 10−16). Therefore in this data set, the features are not multivariate

Gaussian, and marginal transformations do not remedy the problem.

In order to flexibly model conditional mean relationships, we could specify a more

flexible joint distribution. However, joint distributions are difficult to construct and

computationally challenging to fit, and the resulting conditional models need not be
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easy to obtain or interpret. Alternatively we can specify the conditional distributions

directly. This has the advantage of simpler interpretation and greater computational

tractability. In this chapter, we will model the conditional means of non-Gaussian

random variables with generalized additive models [Hastie and Tibshirani, 1990], and

will use these in order to construct conditional independence graphs.

Throughout this chapter, we will assume that we are given n independent and iden-

tically distributed observations from a d-dimensional random vector x = (x1, . . . , xd) ∼

P . Our observed data can be written as X = [x1, . . .xd] ∈ Rn×d. Note that lower-case

x is a vector, in contrast to our usual notation, to distinguish the random variables x

from the observed data X.

The rest of the chapter is organized as follows. In Sections 4.2 and 4.3 we review

methods for modeling conditional dependence relationships among a set of variables,

and discuss their limitations. In Section 4.4 we propose our method (SpaCE JAM)

and an algorithm for its computation. We illustrate our method on real and simulated

data in Section 4.5, and compare with available methods. In Section 4.6 we extend

the method to the estimation of directed acyclic graphs with known causal ordering.

In Section 4.7 we prove consistency of our algorithm, and in Section 4.8 we propose

a screening rule for estimation in high dimensions.

4.2 Modeling conditional dependence relationships

Suppose we are interested in estimating the conditional independence graph Γ for a

random vector x ∈ Rd. If the joint distribution is known up to some finite dimensional

parameter θ, then to estimate Γ it suffices to estimate θ via e.g. maximum likelihood.

One practical difficulty that arises in estimating Γ is specification of a plausible joint

distribution. Specifying a conditional distribution, such as in a regression model, is

typically much less daunting. We therefore consider pseudo-likelihoods [Besag, 1974,
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1975] of the form

log(pPL(x;θ)) =
d∑
j=1

log (pj(xj | {xk : (j, k) ∈ E};θ)) .

For a set of arbitrary conditional distributions, there need not be a compatible joint

distribution [Wang and Ip, 2008]. However, the conditionally specified graphical

model has an appealing theoretical justification, in that it minimizes the Kullback-

Leibler distances to the conditional distributions [Varin and Vidoni, 2005]. Further-

more, in estimating conditional independence graphs, our scientific interest is in the

conditional independence relationships rather than in the joint distribution. So in a

sense, modeling the conditional distribution rather than the joint distribution amounts

to a more direct approach to graph estimation. We therefore advocate for an approach

for non-Gaussian graphical modeling based on conditionally specified models [Varin

et al., 2011].

4.3 Previous work

4.3.1 Estimating graphs with Gaussian data

Suppose for now that x has a joint Gaussian distribution with mean 0 and precision

matrix Θ. One can write the negative log-likelihood of the joint distribution, up to

constants, as

− log det(Θ) + tr
(
xxTΘ

)
. (4.1)

In this case, the conditional relationships are linear,

xj | {xk, k 6= j} =
∑
k 6=j

βjkxk + εj, j = 1, . . . , d, (4.2)

where βjk = −Θjk/Θkk and εj ∼ N1(0, 1/Θjj). To estimate the graph Γ, we must

determine which βjk are zero in (4.2), or equivalently which Θjk are 0 in (4.1). This
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is simple when n� d.

In the high-dimensional setting, when the maximum likelihood estimate is unsta-

ble or undefined, a number of approaches have been proposed to estimate the con-

ditional independence graph Γ, which we review here. Meinshausen and Bühlmann

[2006] proposed fitting (4.2) using an `1-penalized regression. This is referred to as

neighborhood selection:

{
β̂jk : 1 ≤ j, k ≤ d

}
= arg min

βjk:1≤j,k≤d

{
1

2

d∑
j=1

‖xj −
∑
k 6=j

xkβjk‖2 + λ
d∑
j=1

∑
k 6=j

|βjk|

}
.

(4.3)

Here λ is a nonnegative tuning parameter that encourages sparsity in the coefficient

estimates. Peng et al. [2009] improved upon the neighborhood selection approach

by applying `1 penalties to the partial correlations; this is known as sparse partial

correlation estimation.

As an alternative to (4.3), many authors have considered estimating Θ under the

multivariate normality assumption by maximizing an `1-penalized joint log likelihood

[see e.g. Yuan and Lin, 2007c, Banerjee et al., 2008, Friedman et al., 2008]. This

amounts to the optimization problem

Θ̂ = arg min
Θ�0

{
− log det(Θ) + tr

(
XTXΘ

)
/n+ λ‖Θ‖1

}
, (4.4)

known as the graphical lasso. The solution Θ̂ to (4.4) serves as an estimate for Θ,

and hence the sparsity pattern of Θ̂ (induced by the `1 penalty) provides an estimate

of Γ.

At first glance, neighborhood selection and sparse partial correlation may seem

semi-parametric: a linear model may hold in the absence of multivariate normality.

However, while (4.2) can accurately model each conditional dependence relationship

semi-parametrically, the accumulation of these specifications is very restrictive in

terms of the joint distribution. In fact, Khatri and Rao [1976] proved that if (4.2)
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holds, along with some other mild assumptions, then the joint distribution must be

multivariate normal. Notably, this is true regardless of the distribution of the errors

ε1, . . . , εd in (4.2). In other words, even though (4.3) does not explicitly involve the

multivariate normal likelihood, normality is implicitly assumed. This means that if

we wish to model non-normal continuous data, then non-linear conditional models

are necessary.

4.3.2 Estimating graphs with non-Gaussian data

We now briefly review three existing methods for modeling conditional independence

graphs with non-Gaussian data. The normal copula or nonparanormal model (Liu

et al. 2009, Liu et al. 2012, Xue and Zou 2012, studied in the Bayesian context by

Dobra and Lenkoski 2011) assumes that x has a nonparanormal distribution: that

is, (h1(x1), . . . , hd(xd)) ∼ Nd(0,Θ) for functions h1(·), . . . , hd(·). After h1(·), . . . , hd(·)

are estimated, one can apply any of the methods mentioned in Section 4.3.1 to the

transformed data. The conditional model implicit in this approach is

hj(xj) | {xk, k 6= j} =
∑
k 6=j

βjkhk(xk) + εj, j = 1, . . . , d. (4.5)

This is itself a restrictive assumption, which may not hold, as seen in Figure 4.1.

Forest density estimation [Liu et al., 2011] replaces the need for distributional

assumptions with graphical assumptions: the underlying graph is assumed to be a

forest. Then bivariate densities are estimated non-parametrically. Unfortunately, the

restriction to acyclic graphs may be inappropriate in applications, and maximizing

over all possible forests is infeasible.

The graphical random forests [Fellinghauer et al., 2013] approach uses random

forests to flexibly model conditional means, and allows for interaction terms. But

this does not correspond to a well-defined statistical model, and guarantees on feature

selection consistency are unavailable.
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4.4 Method

4.4.1 Jointly additive models

In order to estimate a conditional independence graph using a pseudolikelihood ap-

proach, we must estimate the variables on which the conditional distributions pj(·)

depend. However, since density estimation is generally a challenging task, especially

in high dimensions, we focus on the simpler problem of estimating the conditional

mean E[xj | {xk : (j, k) ∈ E} ], under the assumption that the conditional distribu-

tion and the conditional mean depend on the same set of variables. Thus, we seek to

estimate the conditional mean fj(·) in the regression model

xj|{xk, k 6= j} = fj (xk : k 6= j) + εj,

where εj is a mean-zero error term. Since estimating arbitrary functions fj(·) is

infeasible in high dimensions, we restrict ourselves to additive models of the form

xj|{xk, k 6= j} =
∑
k 6=j

fjk(xk) + εj, (4.6)

where fjk(·) ∈ F for some space of functions F . This amounts to modeling each

variable using a generalized additive model [Hastie and Tibshirani, 1990]. Unlike

Fellinghauer et al. [2013], we do not assume that the errors εj are independent of the

additive components fjk(·), but merely that the conditional independence structure

can be recovered from the additive components fjk(·).

4.4.2 Estimation with SpaCE JAM

Since we believe that the conditional independence graph is sparse, we fit (4.6) using a

penalty that performs simultaneous estimation and selection of the fjk(·). Specifically,

we link together d sparse additive models [Ravikumar et al., 2009] using a penalty
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that groups the parameters corresponding to a single edge in the graph. This results

in the problem

minimize
fjk∈F ,1≤j,k≤d

{
1

2n

d∑
j=1

‖xj −
∑
k 6=j

fjk(xk)‖22 + λ
∑
k>j

(
‖fjk(xk)‖22 + ‖fkj(xj)‖22

)1/2}
.

(4.7)

We consider fjk(xk) = Ψjkβjk, where Ψjk is a n× r matrix whose columns are basis

functions used to model the additive components fjk, and βjk is an r-vector con-

taining the associated coefficients. For instance, if we use a linear basis function, i.e.

Ψjk = xk, then r = 1 and we are modeling only linear conditional means, as in Mein-

shausen and Bühlmann [2006]. Higher-order terms allow us to model more complex

dependencies. The standardized group lasso penalty [Simon and Tibshirani, 2012a]

encourages sparsity and ensures that the estimates of fjk(·) and fkj(·) will be simul-

taneously zero or non-zero. Problem (4.7) is the natural extension of sparse additive

modeling [Ravikumar et al., 2009] to graphs, and generalizes neighborhood selection

[Meinshausen and Bühlmann, 2006] and sparse partial correlation [Peng et al., 2009]

to allow for flexible conditional means. We call the solution to (4.7) SpaCE JAM (for

SPArse Conditional Estimation with Joint Additive Models), to reflect its ties with

the aforementioned techniques.

Algorithm 1 uses block coordinate descent to solve (4.7). Since (4.7) is convex, the al-

gorithm converges to the global minimum [Simon and Tibshirani, 2012a]. Performing

Step 2 requires an r × r matrix inversion, where r is the number of basis functions;

this must be performed only twice per pair of variables. Estimating 30 conditional

independence graphs with r = 3 on a simulated data set with n = 50 and d = 100

takes 1.1 seconds on a 2.8 GHz Intel Core i7 Macbook Pro.
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Initialize β̂’s
Repeat until convergence:
For (j, k) ∈ V × V :
1: Calculate the vector of residuals for the jth and kth variables:

rjk ← xj −
∑

i6=j,k Ψjiβ̂ji

rkj ← xk −
∑

i6=j,k Ψkiβ̂ki

2: Regress the residuals on the specified basis functions:

β̂jk ←
(
ΨT
jkΨjk

)−1
ΨT
jkrjk

β̂kj ←
(
ΨT
kjΨkj

)−1
ΨT
kjrkj

3: Threshold:

β̂jk ←
(

1− nλ
(
‖Ψjkβ̂jk‖22 + ‖Ψkjβ̂kj‖22

)−1/2)
+

β̂jk

β̂kj ←
(

1− nλ
(
‖Ψjkβ̂jk‖22 + ‖Ψkjβ̂kj‖22

)−1/2)
+

β̂kj

Algorithm 1: SpaCE JAM algorithm

4.4.3 Tuning

A number of options for tuning parameter selection are available, such as generalized

cross-validation [Tibshirani, 1996], the Bayesian information criterion [Zou et al.,

2007], and stability selection [Meinshausen and Bühlmann, 2010]. We take an ap-

proach motivated by the Bayesian information criterion, as in Peng et al. [2009]. For

the jth variable, the criterion is

bicj(λ) = n log(rssj(λ)) + log(n)dfj(λ), (4.8)

where rssj(λ) = ‖xj−
∑

k 6=j Ψjkβ̂
(λ)

jk ‖22 is the residual sum of squares from minimizing

(4.7) with tuning parameter λ, and df(λ)j is the degrees of freedom used in this

regression. We seek the value of λ that minimizes
∑d

j=1 bicj(λ). When a single basis

function is used, we can approximate the degrees of freedom by the number of non-

zero parameters in the regression [Zou et al., 2007, Peng et al., 2009]. But when r > 1
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basis functions are used, we use

dfj(λ) = |S(λ)
j |+ (r − 1)

∑
k

‖Ψjkβ̂
(λ)

jk ‖22
‖Ψjkβ̂

(λ)

jk ‖22 + λ
, (4.9)

where S
(λ)
j = {k : ‖β̂

(λ)

jk ‖ 6= 0}. Though (4.9) was derived under the assumption of

an orthogonal design matrix, it is a good approximation for the non-orthogonal case

[Yuan and Lin, 2006].

In order to perform SpaCE JAM, we must select a set of basis functions. In the

absence of domain knowledge, we use cubic polynomials, which can approximate a

wide range of functions.

4.5 Numerical experiments

4.5.1 Simulation setup

As discussed in Section 4.2, it can be difficult to specify flexible non-Gaussian distribu-

tions for continuous variables. However, construction of multivariate distributions via

conditional distributions is straightforward when the variables can be represented with

a directed acyclic graph. The joint probability distribution of variables in a directed

acyclic graph can be decomposed as p(x1, . . . , xd) =
∏d

j=1 pj(xj|{xk : (k, j) ∈ ED}),

where ED denotes the directed edge set of the graph. This is a valid joint distribution

regardless of the choice of conditional distributions pj(xj|{xk : (k, j) ∈ ED}) [Pearl,

2000, Chapter 1.4]. We chose structural equations of the form

xj|{xk : (k, j) ∈ ED} =
∑

(k,j)∈ED

fjk(xk) + εj, (4.10)

with εj ∼ N(0, 1). If the fjk are chosen to be linear, then the data are multivariate

normal, and if the fjk are non-linear, then the data will typically not correspond to

a well-known multivariate distribution. We moralized the directed graph in order to
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obtain the conditional independence graph [Cowell et al., 2007, Chapter 3.2]. Note

that here we have used directed acyclic graphs simply as a tool to generate non-

Gaussian data, and that the full conditional distributions of the random variables

created using this approach are not necessarily additive.

We first generated a directed acyclic graph with d = 100 nodes and 80 edges

chosen at random from the
(
100
2

)
possible edges. We used two schemes to construct a

distribution on this graph. In the first setting, we chose fjk(xk) = bjk1xk + bjk2x
2
k +

bjk3x
3
k, where the bjk1, bjk2, and bjk3 are independent and normally distributed with

mean zero and variance 1, 0.5, and 0.5, respectively. In the second case, we chose

fjk(xk) = xk, resulting in multivariate normal data. In both cases we scaled the

fjk(xk) to have unit variance.

We generated n = 50 observations, and compared SpaCE JAM to sparse par-

tial correlation [Peng et al., 2009, R package space], graphical lasso [Yuan and Lin,

2007c, R package glasso], neighborhood selection [Meinshausen and Bühlmann, 2006,

R package glasso], nonparanormal [Liu et al., 2012, Xue and Zou, 2012, R pack-

age glasso], forest density estimation [Liu et al., 2011, code provided by authors],

the method of Basso et al. [2005, R package minet], and graphical random forests

[Fellinghauer et al., 2013, code provided by authors]. In performing neighborhood se-

lection, we declared an edge between the jth and kth variables if β̂jk 6= 0 or β̂kj 6= 0.

We performed SpaCE JAM using three sets of basis functions: Ψjk = [ xk,x
2
k ],

Ψjk = [ xk,x
3
k ], and Ψjk = [ xk,x

2
k,x

3
k ].

4.5.2 Simulation results

Figure 4.2 summarizes the results of our simulations. For each method, the numbers

of correctly and incorrectly estimated edges were averaged over 100 simulated data

sets for a range of 100 tuning parameter values. When the fjk(·) are non-linear,

SpaCE JAM with the basis Ψjk = [ xk,x
2
k,x

3
k ] dominates SpaCE JAM with the basis

sets Ψjk = [ xk,x
2
k ] or [ xk,x

3
k ], which in turn tend to enjoy superior performance
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Figure 4.2: Simulation study. The number of correctly estimated edges is displayed
as a function of incorrectly estimated edges, for a range of tuning parameter values, in
the non-linear (left) and Gaussian (right) set-ups, averaged over 100 simulated data
sets. Dots indicate the average model size chosen using the bic criterion. In the order
of appearance in the legend, the competing methods are those of Liu et al. [2012],
Basso et al. [2005], Liu et al. [2011], Fellinghauer et al. [2013], Yuan and Lin [2007c],
Meinshausen and Bühlmann [2006], Peng et al. [2009].

relative to all other methods (left panel of Figure 4.2). Furthermore, even though the

basis sets Ψjk = [ xk,x
2
k ] and [ xk,x

3
k ] do not entirely capture the functional forms of

the data-generating mechanism, they still outperform methods that assume linearity,

as well as competitors intended to model non-linear relationships.

When the conditional means are linear and the number of estimated edges is small,

all methods perform roughly equally (right panel of Figure 4.2). As the number

of estimated edges is increased, sparse partial correlation performs best, while the

graphical lasso, the nonparanormal and the forest-based methods perform worse. This

agrees with the observations of Peng et al. [2009] that sparse partial correlation and

neighborhood selection tend to outperform the graphical lasso. In this setting, since

non-linear terms are not needed to model the conditional dependence relationships,

sparse partial correlation outperforms SpaCE JAM with two basis functions, which

performs better than SpaCE JAM with three basis functions. Nonetheless, the loss

in accuracy due to the inclusion of non-linear basis functions is not dramatic, and



75

SpaCE JAM still tends to outperform other methods for non-Gaussian data, as well

as the graphical lasso.

4.5.3 Application to cell signaling data

We apply SpaCE JAM to a data set consisting of measurements for 11 proteins

involved in cell signaling, under 14 different perturbations [Sachs et al., 2005]. To

begin, we consider data from one of the 14 perturbations (n = 911), and compare

SpaCE JAM using cubic polynomials to neighborhood selection, the nonparanormal

skeptic, and graphical random forests with stability selection. Minimizing the BIC

for SpaCE JAM yielded a graph with 16 total edges. We compared SpaCE JAM to

competing methods, selecting tuning parameters such that each resulting estimated

graph contained 16 edges, as well as 10 and 20 edges for the sake of comparison.

Figure 4.3 displays the estimated graphs, along with the directed graph presented in

Sachs et al. [2005].

The graphs estimated using different methods are qualitatively different. If we

treat the directed graph from Sachs et al. [2005] as the ground truth, then SpaCE JAM

with 16 edges correctly identifies 12 of the edges, compared to 11, 9, and 8 using sparse

partial correlation, the nonparanormal skeptic, and random forests, respectively.

Next we examined the other 13 perturbations, and found that for graphs with

16 edges, SpaCE JAM chooses on average 0.93, 0.64 and 0.2 more correct edges

than sparse partial correlation, nonparanormal skeptic, and graphical random forests,

respectively (p = 0.001, 0.19 and 0.68 using the paired t-test). Since graphical random

forests does not permit arbitrary specification of graph size, when graphs with 16 edges

could not be obtained, we used the next largest graph.

In Section 4.1, we showed that these data are not well-represented by linear models

even after the nonparanormal transformation. The superior performance of SpaCE

JAM in this section confirms this observation. The differences between the SpaCE

JAM and graphical random forests results indicate that the approach taken for mod-
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Figure 4.3: Cell signaling data set; graph reported in Sachs et al. [2005] is shown on
the left. On the right, graphs were estimated using data from one perturbation of the
data set. From top to bottom, panels contain graphs with 20, 16 and 10 edges. From
left to right, comparisons are to Peng et al. [2009], Liu et al. [2012], Fellinghauer et al.
[2013]. We cannot specify an arbitrary graph size using graphical random forests, so
graph sizes for that approach do not match exactly.

eling non-linearity does affect the results obtained.

4.6 Extension to directed graphs

In certain applications, it can be of interest to estimate the causal relationships un-

derlying a set of features, typically represented as a directed acyclic graph. Though

directed acyclic graph estimation is in general NP-hard, it is computationally tractable

when the causal ordering is known. In fact, in this case, a modification of neighbor-

hood selection is equivalent to the graphical lasso [Shojaie and Michailidis, 2010].

We extend the penalized likelihood framework of Shojaie and Michailidis [2010] to
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Figure 4.4: Simulation example with directed acyclic graphs. The simulation is ex-
actly as in Section 4.5.1 and Figure 4.2. For each method, the number of correctly and
incorrectly estimated edges are averaged over 100 simulated data sets, for a range of
100 tuning parameter values. The competing method is that of Shojaie and Michai-
lidis [2010].

non-linear additive models by solving

minimize
βjk,2≤j≤p,k≺j

{
1

2n
‖xj −

∑
k≺j

Ψjkβjk‖22 + λ
∑
k≺j

‖Ψjkβjk‖2

}
,

where k ≺ j indicates that k precedes j in the causal ordering. When Ψjk = xk, the

model is exactly the penalized Gaussian likelihood approach of Shojaie and Michailidis

[2010].

Figure 4.4 displays the same simulation scenario as Section 4.5.1, but with the

directed graph estimated using the (known) causal ordering. Results are compared to

the penalized Gaussian likelihood approach of Shojaie and Michailidis [2010]. SpaCE

JAM performs best when the true relationships are non-linear, and performs compet-

itively when the relationships are linear.
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4.7 Theoretical Results

In this section, we provide theory for consistency of the SpaCE JAM graph estimate.

Here, we focus on theory for undirected graphs. Similar results also hold for directed

graphs, but we omit them due to space considerations. The theoretical development

follows that of sparsistency results for sparse additive models with orthogonal series

smoothers [Ravikumar et al., 2009].

First, we must define the graph for which SpaCE JAM is consistent. Recall that

we have the random vector x = (x1, . . . , xd) ∼ P , and X = [ x1, . . . ,xd] ∈ Rn×d is

a matrix where each row is an independent draw from P . For each (j, k) ∈ V × V

consider the orthogonal set of basis functions ψjkt(·), t ∈ N. Define the population

level parameters β∗jk ∈ R∞ as

{
β∗jk, k = 1, . . . , d

}
≡ arg min
βjk : k=1,...,d

{
E|xj −

∑
k 6=j

∞∑
t=1

ψjkt(xk)βjkt|2
}
, j = 1, . . . , d.

Let Sj = {k : ‖β∗jk‖ 6= 0} and sj = |Sj|. Let fjk(xk) =
∑∞

t=1 ψjkt(xk)β
∗
jkt ∈ F . Then

xj =
∑
k∈Sj

fjk(xk) + εj, j = 1, . . . , d,

where ε1, . . . , εd are residuals, and
∑

k∈Sj fjk(xk) is the best additive approximation

to E[xj | {xk : k 6= j}], in the least-squares sense. We wish to determine which of the

fjk(·) are zero.

On observed data, we use a finite set of basis functions to model the fjk(·). Denote

the set of r orthogonal basis functions used in the regression of xj on xk as Ψjk =

[ψjk1(xk), . . . , ψjkr(xk)], a matrix of dimension n × r such that ΨT
jkΨjk/n = Ir. Let

β
∗(r)
jk = [β∗jk1, . . . , β

∗
jkr]

T denote the first r components of β∗jk. Further, let ΨSj be the

concatenated basis functions in {Ψjk : k ∈ Sj}, thus ΨSj is a matrix of dimension

n × sjr. Also let ΣSj ,Sj = n−1ΨT
Sj

ΨSj and Σjk,Sj = n−1ΨT
jkΨSj . Define the sub-
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gradient of the penalty in (4.7) with respect to βjk as gjk(β). On the set Sj, we write

the concatenated sub-gradients as gSj , a vector of length sjr.

Let β̂ be the parameter estimates from solving (4.7), let Ên = {(j, k) : ‖β̂jk‖22 +

‖β̂kj‖22 6= 0} be the corresponding estimated edge set, and let E∗ = {(j, k) : k ∈

Sj or j ∈ Sk} be the graph obtained from the population level parameters. In Theo-

rem 6, we give precise conditions under which pr(Ên = E∗)→ 1 as n→∞.

Theorem 6. Let the functions fjk be sufficiently smooth, in the sense that if f
(r)
jk =∑r

t=1 ψjkt(xk)β
∗
jkt, then |f (r)

jk (xk) − fjk(xk)| = Op(1/r
m) uniformly in (j, k) ∈ V × V

for some m ∈ N. For j = 1, . . . , d, assume the basis functions satisfy Λmin(ΣSj ,Sj) ≥

Cmin > 0 with probability tending to 1. Assume the irrepresentability condition,

‖Σjk,SjΣ
−1
Sj ,Sj

ĝSj‖22 + ‖Σkj,SkΣ
−1
Sk,Sk

ĝSk‖22 ≤ 1− δ, (4.11)

holds for (j, k) /∈ E∗ and some δ > 0 with probability tending to 1, where ĝSj = gSj(β̂).

Assume the following conditions on the number of edges |E∗|, the neighborhood size

sj, the regularization parameter λ, and the truncation dimension r:

r log(r|E∗c|)
λ2n

→ 0, max
j

rsj log(r|E∗|)
λ2n

→ 0, max
j

sj
rmλ

→ 0, and

1

ρ∗
max
j

[(
sjr log(r|E∗|)

n

)1/2

+
sj
rm

+ λ(rsj)
1/2

]
→ 0

where ρ∗ = minj mink∈Sj ‖β∗jk‖∞. Further, assume the variables

ξjkt ≡ ψjkt(xk)εj for j, k ∈ V, and j = 1, . . . , d

have exponential tails, that is pr[ |ξjkt| > z] ≤ ae−bz
2

for some a, b > 0.

Then, the SpaCE JAM graph estimate is consistent: pr(Ên = E∗)→ 1 as n→∞.
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4.8 Extension of SpaCE JAM to high dimensions

In this section, we propose an approximation to SpaCE JAM that can speed up

computations in high dimensions. Our proposal is motivated by recent work in the

Gaussian setting by Witten et al. [2011] and Mazumder and Hastie [2012]. They

showed that for the graphical lasso (4.4), the connected components of the estimated

conditional independence graph are precisely the connected components of the esti-

mated marginal independence graph, where the jth and kth variables are considered

marginally independent when |xTj xk| < λ. Consequently, one can obtain the exact so-

lution to the graphical lasso problem in substantially reduced computational time by

identifying the connected components of the marginal independence graph, and solv-

ing the graphical lasso optimization problem on the variables within each connected

component.

We now apply the same principle to SpaCE JAM in order to quickly approximate

the solution to (4.7) in high dimensions. Let ρ
(jk)
m = supf,g∈F ρ(f(xk), g(xj)) be the

maximal correlation between xj and xk over the univariate functions in F such that

f(xk) and g(xj) have finite variance. Define the marginal dependence graph ΓM =

(V,EM), where (j, k) ∈ EM when ρ
(jk)
m 6= 0. If the jth and kth variables are in

different connected components of ΓM , then they must be conditionally independent

in the large-sample SpaCE JAM graph. Theorem 7, proven in the Appendix, makes

this assertion precise.

Theorem 7. Let C1, . . . Cl be the connected components of ΓM . Suppose the space of

functions F contains linear functions. If j ∈ Cu and k /∈ Cu for some 1 ≤ u ≤ l, then

(j, k) /∈ E∗.

Theorem 7 forms the basis for Algorithm 2. There, we approximate the maximal

correlation using the canonical correlation [Mardia et al., 1980] between the basis

expansions Ψkj and Ψjk: ρ̂
(jk)
m = maxv,w∈Rr ρ(Ψjkv,Ψjkw).
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1: For (j, k) ∈ V × V , calculate ρ̂
(jk)
m , the sample canonical correlation between Ψkj and Ψjk.

2: Construct the marginal independence graph: (j, k) ∈ Γ̂M when |ρ̂(jk)m | ≥ λ2.

3: Find the connected components C1, . . . Cl of Γ̂M .
4: Perform Algorithm 1 on each connected component.

Algorithm 2: A fast approximation for SpaCE JAM in high dimensions

In order to show that i) Algorithm 2 provides an accurate approximation to the

original SpaCE JAM problem, ii) the resulting estimator outperforms methods that

rely on Gaussian assumptions when those assumptions are violated, and iii) Algo-

rithm 2 is indeed faster than Algorithm 1, we replicated the graph used in Section

4.5.1 five times. This gives d = 500 variables, broken into five components. We took

n = 250, and set Ψjk = [ xk,x
2
k,x

3
k ].
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Figure 4.5: Performance of SpaCE JAM using Algorithm 2. The number of correctly
and incorrectly estimated edges are averaged over 100 simulated data sets, for each
of 100 tuning parameter values. SpaCE JAM was applied using cubic polynomials as
basis functions. The competing method is that of Meinshausen and Bühlmann [2006].

In Figure 4.5 we see that when λ2 in Algorithm 2 is small, there is little loss in

statistical efficiency relative to the full SpaCE JAM algorithm (Algorithm 1), which
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is a special case of Algorithm 2 with λ2 = 0. Further, we see that SpaCE JAM

outperforms neighborhood selection even when λ2 is large. Using Algorithm 2 with

λ2 = 0.5 and λ2 = 0.63 led to a reduction in computation time over Algorithm 1 by

25% and 70%, respectively.

We note here that Theorem 7 continues to hold if maximal correlation ρ
(jk)
m is

replaced with some other measure of marginal association ρ
(jk)
∗ , provided that ρ

(jk)
∗

dominates maximal correlation in the sense that ρ
(jk)
∗ = 0 implies that ρ

(jk)
m = 0. That

is, any measure of marginal association, such as mutual information, which detects

the same associations as maximal correlation (i.e. ρ
(jk)
∗ 6= 0 if ρ

(jk)
m 6= 0) can be used

in Algorithm 2.
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Chapter 5

DISCUSSION

This dissertation focuses on the development of new statistical methods for de-

tecting conditional associations in high dimensions. Rigorously evaluating evidence

for conditional associations is challenging in the high dimensional setting, since it

requires simultaneous estimation of many parameters with a limited amount of data.

In Chapter 2 we proposed the penalized score test for linear regression, which

can be viewed as an approximation to classical tests which are based on multiple

linear regression. The idea of our approach is simple: we estimate the effects of all

but a single feature of interest, using penalized regression, and test the residuals for

correlation with the held-out feature. Using penalized regression to estimate high-

dimensional nuisance parameters is not new. For instance, in spatial statistics, ridge

regression is commonly used to account for confounding by location. However, we

show that the same principle applies much more broadly. In particular, we study

lasso penalization in more detail, and show that variable selection with the lasso

can be understood as a decision based on our proposed test. That is, the penalized

score test can be used to formalize variable selection with the lasso as a statistical

hypothesis test. In Chapter 3 we extended the penalized score test to the general

M-estimation setting, where we explored inference in high-dimensional GLMs and

Gaussian graphical models in more detail.

In Chapters 2 and 3, we argued that instead of measuring conditional dependence

per se, the penalized score test strikes a compromise between conditional and marginal

dependence, where the compromise is governed by a tuning parameter λ. We showed

in simulations that this compromise is useful in practice, in that it controls type-I
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error at a similar level to an unbiased test of conditional dependence, while enjoying

substantially higher power than classical tests. However, it remains to rigorously

evaluate the contexts in which the penalized score test is useful, and when it can

be misleading. While we give asymptotic theory which allows the dimension to be

much larger than the sample size, in practice we cannot expect that for an arbitrary

dimension, sample size, and data structure, we can reliably distinguish the effect of a

single feature from the joint effects of other features. Some rules of thumb regarding

what is a reasonable statistical question to ask of a particular high-dimensional data

set would be greatly useful.

There are a few interesting extensions of Chapters 2 and 3. Here, we focused

on the problem of testing the effect of a single feature. However, the results should

extend naturally to tests of multiple features. Also, we focused on hypothesis testing,

and did not consider effect estimation in detail. Estimating effects, and their associ-

ated standard errors, follows in a straightforward way from the penalized score testing

framework, but it remains to rigorously evaluate the performance of such estimators

on real data. In addition, our theoretical results for the `1-penalized score test should

apply more generally to other penalties. While penalty choice has been studied ex-

tensively for the purposes of estimation and prediction, it remains to evaluate which

penalties are most effective for inference.

Lastly, the field of high-dimensional inference is rapidly growing, and many meth-

ods have recently been proposed [see e.g. Zhang and Zhang, 2011, Lockhart et al.,

2013, van de Geer et al., 2013, Javanmard and Montanari, 2013, Lee et al., 2013b,

Taylor et al., 2014]. It would be extremely useful to evaluate the relative performance

of these methods empirically.

In Chapter 4, we explored modifications of available methods for estimating con-

ditional dependence graphs, to allow for flexible estimation of the conditional effects.

In particular, we noted the strong distributional assumptions that are implicit in

methods that assume linearity, and proposed a semi-parametric alternative, called
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SpaCEJAM, which allows for more flexible estimation of conditional independence

relationships. In this chapter, we used the sparsity pattern of groups of coefficients

in order to estimate the conditional dependence graph. However, we may be able to

perform more formal inference about conditional dependence by applying the penal-

ized score testing framework of Chapters 2 and 3. This would require extending the

penalized score test to groups of variables, which we leave to future work.
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Appendix A

APPENDIX: TECHNICAL PROOFS

A.1 Proofs for Chapter 2

In this section we prove Proposition 3. First, we state and prove a basic result. We

then proceed by stating and proving lemmas needed in the proof of Proposition 3.

Lemma 1. Let {Xij : i = 1, . . . , n; j = 1, . . . , d} be a set of random variables such

that {X1j, . . . , Xnj} are mutually independent. Assume E(Xij) = 0, and that there

exist h, c > 0, not depending on i or j such that Pr(|Xij| ≥ x) ≤ 2 exp(−hx2), ∀x > c.

Denote Zj =
∑n

i=1Xij/
√
n. Then

max
j=1,...,d

|Zj| = Op

(
log1/2(d)

)
.

Proof. First we state a well-known equivalent definition of a sub-Gaussian random

variable, which follows from, e.g. Lemma 14.2 in Bühlmann and van de Geer [2011].

We have that Pr(|Xij| ≥ x) ≤ 2 exp(−hx2) for x > c if and only if MXij(t) ≤

exp(−kt2) for some k > 0, where MXij(t) is the moment generating function of Xij.

Using this fact, we know that Zj is sub-Gaussian since MZj(t) =
∏n

i=1MXij(t/
√
n) ≤

exp(−kt2). Applying the union bound, we get that

Pr

[
max
j=1,...,d

|Zj| > t log1/2(d)

]
≤

d∑
j=1

Pr
[
|Zj| > t log1/2(d)

]
≤ 2d exp(−ht2 log(d))

= 2 exp(log(d)[1− ht2])

≤ 2 exp(log(2)[1− ht2]),
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where the last inequality holds when ht2 > 1 and d ≥ 2. Thus, we can choose a

large value of t, not depending on d, such that Pr
[
maxj=1,...,d |Zj| > t log1/2(d)

]
is

arbitrarily small, which gives the result.

Lemma 2. Suppose conditions (A1),(A5) and (A6) hold. Then the estimator

b̃ = arg min
b:‖bAc‖=0

{
1

2n
‖y − aλx− Zb‖22 + λ‖b‖1

}

satisfies ‖b̃A − bλA‖2 = Op

(√
q log(q)/n

)
.

Proof. To simplify the notation, assume without loss of generality that aλ = 0. Oth-

erwise we can replace y with y − aλx, and the proof still holds.

Let Q(c) = ‖y − ZAc‖22/(2n) + λ‖c‖1, so that b̃A = arg minc∈Rq Q(c). Note that

Q(·) is strictly convex, and thus b̃A is unique, since ZA is full rank by (A6). We will

show that for all ξ > 0 there exists a constant m, not depending on n, such that

lim
n→∞

Pr

[
inf

c:‖c‖2=m
Q(bλA + c

√
q log(q)/n) > Q(bλA)

]
≥ 1− ξ. (A.1)

Convexity of Q then implies that b̃A is in the ball {bλA + c
√
q log(q)/n : ‖c‖2 ≤

m} with probability at least 1 − ξ. Thus, we have limn→∞ Pr[‖b̃A − bλA‖2 >

m
√
q log(q)/n] ≤ ξ, i.e. ‖b̃A − bλA‖2 = Op(

√
q log(q)/n).

We now proceed to prove (A.1). Let w = arg minc∈Rq :‖c‖2=mQ(bλA+c
√
q log(q)/n).

Expanding terms, we can write

Q
(
bλA + w

√
q log(q)/n

)
−Q(bλA) = −

√
q log(q)

n3/2
wTZT

A(y − ZAbλA) +
q log(q)

2n2
wTZT

AZAw

+ λ‖bλA + w
√
q log(q)/n‖1 − λ‖bλA‖1. (A.2)

First note that, for g, h ∈ R, |g + h| = |g| + sign(g)h when |h| ≤ |g|. Thus, we

have
∥∥∥bλA + w

√
q log(q)/n

∥∥∥
1

= ‖bλA‖1 + τ TAw
√
q log(q)/n when m

√
q log(q)/n <
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min{|bλ,1|, . . . , |bλ,q|} = bmin. Since
√
q log(q)/n/bmin → 0 by (A6), for n large enough

we can write

Q
(
bλA + w

√
q log(q)/n

)
−Q(bλA) = −

√
q log(q)

n3/2
wTZT

A(y − ZAbλA) +
q log(q)

2n2
wTZT

AZAw

+ λ

√
q log(q)

n
τ TAw

= −
√
q log(q)

n3/2
wT
[
ZT
A(y − ZAbλA)− λnτA

]
+
q log(q)

2n2
wTZT

AZAw (A.3)

We now bound wT
[
ZT
A(y − ZAbλA)− λnτA

]
in (A.3). Note that ZT

A(y−ZAbλA)−

λnτA = ZT
Aε, using (2.12). Thus we have

∣∣wT
[
ZT
A(y − ZAbλA)− λnτA

]∣∣ ≤ ‖w‖1‖ZT
Aε‖∞

≤ √q‖w‖2‖ZT
Aε‖∞, (A.4)

Now note that wTZT
AZAw/n ≥ Λ2

min(ΣA)‖w‖22. Thus, we get that

Q
(
bλA + w

√
q log(q)/n

)
−Q(bλA) ≥ −q log1/2(q)

n3/2
‖w‖2‖ZT

Aε‖∞ +
q log(q)

2n
Λ2

min(ΣA)‖w‖22

=
q log1/2(q)m

n

(
m log1/2(q)Λ2

min(ΣA)/2− ‖ZT
Aε‖∞/

√
n
)
.

We know ‖ZT
Aε‖∞/

√
n = Op(log1/2(q)), by Lemma 1, which applies by (A5). Thus,

we can choose m, not depending on n, such that (A.1) holds, provided that Λmin(ΣA)

is bounded below, which is guaranteed by (A6).

Lemma 3. Suppose conditions (A1) and (A3-A6) hold. Then any minimizer b̂λ of

‖y − aλx− Zb‖22/(2n) + λ‖b‖1 (A.5)

satisfies ‖b̂λA − bλA‖2 = Op

(√
q log(q)/n

)
and limn→∞ Pr[‖b̂λAc‖2 = 0] = 1.
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Proof. As in Lemma 2, assume without loss of generality that aλ = 0.

It suffices to show that b̃, from Lemma 2, is the unique minimizer of (A.5) with

probability tending to 1, since this implies that limn→∞ Pr[‖b̂λAc‖2 = 0] = 1 and that

[n/(q log q)]1/2‖b̂λA − bλA‖2 = [n/(q log q)]1/2‖b̃A − bλA‖2 + op(1).

By the Karush-Kuhn-Tucker conditions, b̃ is a minimizer of (A.5) if and only if

ZT (y − Zb̃)/n = λτ̃ for some τ̃ satisfying ‖τ̃‖∞ ≤ 1 and τ̃i = sign(b̃i) for b̃i 6= 0.

Since we already know that ‖ZT
A(y − Zb̃)/n‖∞ ≤ λ and zTi (y − Zb̃)/n = λsign(b̃i)

for b̃i 6= 0 (by the definition of b̃), if we can show that

lim
n→∞

Pr

[
1

n

∥∥∥ZT
Ac(y − Zb̃)

∥∥∥
∞
< λ

]
= 1, (A.6)

then we will have shown that b̃ is a minimizer of (A.5) with probability tending to

1. Furthermore, when ‖ZT
Ac(y − Zb̃)/n‖∞ < λ holds then b̃ is the unique minimizer

of ‖y − Zb‖22/(2n) + λ‖b‖1. To see this note that all minimizers of (A.5) produce

the same fitted values [Tibshirani, 2013]. Thus, if ‖ZT
Ac(y − Zb̃)/n‖∞ < λ, then

‖ZT
Ac(y−Zb̂λ)/n‖∞ < λ for any minimizer b̂λ of (A.5), which implies that ‖b̂λAc‖2 =

0, by the Karush-Kuhn-Tucker conditions. When ‖b̂λAc‖2 = 0, then b̂λ = b̃, which

is unique, as was argued in the proof of Lemma 2.

We now show that (A.6) holds. Adding and subtracting ZT
AcZAbλA/n we get

1

n
‖ZT
Ac(y − Zb̃)‖∞ ≤

1

n
‖ZT
Ac(y − ZAbλA)‖∞ +

1

n
‖ZT
AcZA(bλA − b̃A)‖∞. (A.7)

First, we bound (1/n)‖ZT
AcZA(bλA − b̃A)‖∞ in (A.7). By (A4) and Lemma 2, we

have

1

n

∥∥∥ZT
AcZA(b̃A − bλA)

∥∥∥
∞
≤ 1

n

∥∥ZT
AcZA

∥∥
∞ ‖b̃A − bλA‖∞

≤ 1

n

∥∥ZT
AcZA

∥∥
∞ ‖b̃A − bλA‖2

= op(1). (A.8)
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We now bound (1/n)‖ZT
Ac(y−ZAbλA)‖∞ in (A.7). Recall that ZT (y−Zbλ)−nλτ =

ZTε. Using Lemma 1 to bound ‖ZT
Acε‖∞/n we get that

1

n
‖ZT
Ac(y − Zbλ)‖∞ =

1

n
‖ZT
Ac(y − Zbλ)− nλτAc + nλτAc‖∞

≤ 1

n
‖ZT
Acε‖∞ + λ‖τAc‖∞

≤ Op

(
log1/2(d− q)

n1/2

)
+ λ(1− δ)

= op(1) + λ(1− δ), (A.9)

where we used ‖τAc‖∞ < 1− δ, by (A3), and log1/2(d− q)/n1/2 → 0, by (A6).

Altogether, applying the bounds (A.8) and (A.9) to (A.7), we have

∥∥∥(1/n)ZT
Ac(y − Zb̃)

∥∥∥
∞
≤ λ(1− δ) + op(1),

which is smaller than λ with probability tending to 1. Thus, (A.6) holds.

Lemma 4. Suppose conditions (A1) and (A3-A6) hold. Then any minimizer b̂λ of

‖y − aλx− Zb‖22/(2n) + λ‖b‖1 satisfies

√
n(b̂λA − bλA) =

1√
n

Σ−1A ZT
Aε+ op(1).

Proof. As in Lemma 2, assume without loss of generality that aλ = 0.

By the stationary conditions defining b̂λ we have that

ZT (y − Zb̂λ)/n = λτ̂ , (A.10)

for some τ̂ ∈ [−1, 1]d. First, we show that Pr[τ̂A = τA] → 1 as n → ∞ (recall

from (2.12) that τA = sign(bλA)). By Lemma 3, given ξ > 0, there exists a c > 0

such that limn→∞ Pr
[
‖b̂λA − bλA‖2 < c

√
q log(q)/n

]
> 1 − ξ. Further, by (A6),
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we have c
√
q log(q)/n < bmin for n large enough. Now, bmin > c

√
q log(q)/n >

‖b̂λA − bλA‖2 ≥ ‖b̂λA − bλA‖∞ implies that all elements of b̂λA are non-zero and

that sign(b̂λA) = sign(bλA). Thus, since τ̂A = sign(b̂λA) when all elements of b̂λA

are non-zero, we have limn→∞ Pr[τ̂A = τA] > 1 − ξ. Since ξ is arbitrary, we have

limn→∞ Pr[τ̂A = τA] = 1.

Thus, from (A.10), we can write

0 = ZT
A(y − Zb̂λ)/

√
n−
√
nλτ̂A

= ZT
A(y − Zb̂λ)/

√
n−
√
nλτA + op(1)

= ZT
A(y − Zbλ)/

√
n−
√
nλτA −

1

n
ZT
AZA
√
n(b̂λA − bλA)

− 1

n
ZT
AZAc

√
nb̂λAc + op(1). (A.11)

Now, from Lemma 3 we have that Pr[‖b̂λAc‖2 = 0] → 1. Also, from (2.12) we know

that ZT
A(y − Zbλ)/

√
n−
√
nλτA = ZT

Aε/
√
n. Thus, we can write

0 = ZT
Aε/
√
n− 1

n
ZT
AZA
√
n(b̂λA − bλA) + op(1).

Multiplying through by Σ−1A gives the result.

With these lemmas, we can now prove our main result.

Proof of Proposition 3. Recall that b̂0
λ = arg minb{‖y − Zb‖22/(2n) + λ‖b‖1}. Since

aλ = 0, we have that b̂0
λ = b̂λ, using the notation of Lemmas 3 and 4.

First, we have

Tλ =
1√
n

xT (y − Zb̂λ)

=
1√
n

xT (y − Zbλ)−
1

n
xTZA

√
n(b̂λA − bλA)− 1√

n
xTZAcb̂λAc .
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Now, Pr[‖b̂λAc‖2 = 0]→ 1 by Lemma 3. Thus, we get

Tλ =
1√
n

xT (y − Zbλ)− σTxA
√
n(b̂λA − bλA) + op(1),

where σxA = ZT
Ax/n.

Now, using Lemma 4, we know

√
nσTxA(b̂λA − bλA) =

1√
n
σTxAΣ−1A ZT

Aε+ op(1).

Also, since H0λ : aλ = 0 is true, we have xT (y − Zbλ) = xTε, and so

Tλ =
1√
n

(
xTε− σTxAΣ−1A ZT

Aε
)

+ op(1) =
1√
n

xT (In −PA)ε+ op(1).

Dividing by σε
√

xT (In −PA)x/n we get

Tλ

σε
√

xT (In −PA)x/n
=

rTε

σε‖r‖2
+ op(1),

where rT = xT (In −PA). Now, the Lindeberg-Feller Central Limit Theorem guaran-

tees that Tλ/
(
σε
√

xT (In −PA)x/n
)
→d N(0, 1) if the Lindeberg condition holds:

lim
n→∞

n∑
i=1

E
[

(riεi)
2

σ2
ε‖r‖22

1

{
|riεi|
σε‖r‖2

> η

}]
= 0, ∀η > 0.

Using that |ri| ≤ ‖r‖∞, and that the εi’s are identically distributed, we get

n∑
i=1

E
[

(riεi)
2

σ2
ε‖r‖22

1

{
|riεi|
σε‖r‖2

> η

}]
≤

n∑
i=1

r2i
σ2
ε‖r‖22

E
[
ε2i 1

{
|εi|‖r‖∞
σε‖r‖2

> η

}]
=

1

σ2
ε

E
[
ε211

{
|ε1|‖r‖∞
σε‖r‖2

> η

}]
.
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Now, since ‖r‖∞/‖r‖2 → 0 by (A2), we have that ε211 {|ε1|‖r‖∞/(σε‖r‖2) > η} →p 0.

Thus we can apply the Dominated Convergence Theorem, using the dominating ran-

dom variable ε21, which satisfies E[ε21] = σ2
ε <∞ and ε21 ≥ ε211 {|ε1|‖r‖∞/(σε‖r‖2) > η}

with probability 1, to get that

1

σ2
ε

E
[
ε211

{
|ε1|‖r‖∞
σε‖r‖2

> η

}]
→ 0,

which in turn gives the result.

A.2 Proofs for Chapter 3

In this section we prove Theorem 5. We begin by stating and prove a few lemmas

needed in the proof of Theorem 5.

Lemma 5. Suppose conditions (B1), (B3), (B5-6) and (B8) hold. Then

b̃ = arg min
b:‖bAc‖2=0

{l(aλ,b)/n+ λ‖b‖1}

satisfies ‖b̃A − bλA‖2 = Op(
√

(q log q)/n).

Proof. To simplify notation, suppress the dependence on a, e.g. l(b)/n = l(aλ,b)/n,

l̇(b) =
∂

∂b
l(aλ,b) and l̈(b) =

∂2

∂b2
l(aλ,b). Further, let hn =

√
(q log q)/n.

Let Q(c) = l([c,0])/n + λ‖c‖1, where c ∈ Rq, so that b̃A = arg mincQ(c). To

prove this lemma, we will show that for all ξ > 0, there exists a constant m, not

depending on n, such that

lim
n→∞

Pr

[
inf

c:‖c‖2=m
Q (bλA + hnc) > Q (bλA)

]
≥ 1− ξ. (A.12)

Convexity of Q then implies that b̃A is in the region {bλA + hnw : ‖w‖2 < m} with

probability at least 1−ξ. Thus we have that limn→∞ Pr[h−1n ‖b̃A−bλA‖2 < m] < 1−ξ,

i.e. ‖b̃A − bλA‖2 = Op(hn), where hn =
√

(q log q)/n.
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We now proceed to prove (A.12). Let w = arg minc:‖c‖2=mQ (bλA + hnc). Using

Taylor’s expansion, we can write

Q (bλA + hnw)−Q (bλA) =
1

n

[
hnl̇A(bλ)

Tw +
h2n
2

wT l̈AA(b̄)w

]
+ λ (‖bλA + hnw‖1 − ‖bλA‖1) , (A.13)

for some b̄ between bλA and bλA + hnw.

First note that, for g, t ∈ R, |g + t| = |g|+ sign(g)t when |t| ≤ |g|. Thus, we have

‖bλA + hnw‖1 = ‖bλA‖1 + hnτ
T
Aw when mhn < min{|bλ,1|, . . . , |bλ,q|} = bmin. Since

hn/bmin → 0 by (B6), for n large enough we can write

Q (bλA + hnw)−Q (bλA) =
1

n

[
hnl̇A(bλ)

Tw +
h2n
2

wT l̈AA(b̄)w

]
+ λhnτ

T
Aw

=
hn
n

[
l̇A(bλ) + nλτA

]T
w +

h2n
2n

wT l̈AA(b̄)w. (A.14)

We first bound the term
[
l̇A(bλ) + nλτA

]T
w in (A.14). Using the Cauchy-

Schwartz inequality, we have

[
l̇A(bλ) + nλτA

]T
w ≤

∥∥∥l̇A(bλ) + nλτA

∥∥∥
∞
‖w‖1

≤ √q
∥∥∥l̇A(bλ) + nλτA

∥∥∥
∞
‖w‖2. (A.15)

Now, we bound the term wT l̈AA(b̄)w in (A.14). Adding and subtracting l̈AA(bλ)−
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nUAA we get

wT l̈AA(b̄)w = nwT
[̈
lAA(b̄)/n− l̈AA(bλ)/n

]
w + nwT

[̈
lAA(bλ)/n−UAA(bλ)

]
w

+ nwTUAAw

≥ −n
∥∥∥̈lAA(b̄)/n− l̈AA(bλ)/n

∥∥∥2
2
− n

∥∥∥̈lAA(bλ)/n−UAA

∥∥∥2
2

+ nwTUAAw.

Now, applying (B8) to the above, and noting that wTUAAw ≥ Λ2
min(UAA), we get

h2n
2n

wT l̈AA(b̄)w ≥ h2n
2
Op(‖b̄− bλ‖22) +

h2n
2
Op(h

2
n) +

h2n
2

Λmin(UAA)‖w‖22

≥ op(h
2
n) +

(mhn)2

2
Λ2

min(UAA). (A.16)

Altogether, using the bounds (A.15) and (A.16) in (A.14) we have that

Q (bλA + hnw)−Q (bλA) ≥ (mhn)2

2
Λ2

min(UAA)−
mhn
√
q

n

∥∥∥l̇A(bλ) + nλτA

∥∥∥
∞

+ op(h
2
n)

= mhn

(
mhnΛ2

min(UAA)/2−
√
q

n

∥∥∥l̇A(bλ) + nλτA

∥∥∥
∞

)
+ op(h

2
n).

Now, applying Lemma 1 and (B5) we have that (
√
q/n)

∥∥∥l̇A(bλ) + nλτA

∥∥∥
∞

=

Op(
√

(q log q)/n) = Op(hn). Thus, using the rates in (B6), we know we can choose

m, such that for n large enough mhnΛ2
min(UAA)/2 ≥ (

√
q/n)

∥∥∥l̇A(bλ) + nλτA

∥∥∥
∞

with

probability greater than 1−ξ. With this choice ofm, we get that limn→∞ Pr [Q (bλA + hnw)−Q (bλA)] ≥

1− ξ, and thus (A.12) holds.

Lemma 6. Suppose conditions (B1) and (B3-8) hold. Then there exists a minimizer

b̂λ of Q(b) = l(aλ,b)/n+ λ‖b‖1 that satisfies ‖b̂λA−bλA‖2 = Op(
√

(q log q)/n) and

Pr[‖b̂λAc‖2 = 0]→ 1 as n→∞.

Proof. Let b̃ be as in the Lemma 5, and let hn =
√

(q log q)/n. It suffices to show

that b̃ minimizes Q(b) with probability tending to 1, since this implies the existence
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of a minimizer b̂λ satisfying limn→∞ Pr[‖b̂λAc‖2 = 0] = 1 and h−1n ‖b̂λA − bλA‖2 =

h−1n ‖b̃A − bλA‖2 + op(1) = Op(1).

By the Karush-Kuhn-Tucker conditions, b̃ is a minimizer of l(b)/n+λ‖b‖1 when

l̇(b̃)/n = −λτ̃ for some τ̃ satisfying ‖τ̃‖∞ ≤ 1 and τ̃j = sign(b̃j) for b̃j 6= 0. We

already know that ‖l̇A(b̃)/n‖∞ ≤ λ and l̇j(b̃)/n = −λsign(b̃j) for b̃j 6= 0, i.e. the

conditions hold for l̇A(b̃). Thus, if we can show that

lim
n→∞

Pr

[
1

n

∥∥∥l̇Ac(b̃)
∥∥∥
∞
< λ

]
= 1, (A.17)

then we will have shown that b̃ minimizes Q(b) with probability tending to 1.

We now show that (A.17) holds. Adding and subtracting l̇Ac(bλ) we get

1

n

∥∥∥l̇Ac(b̃)
∥∥∥
∞
≤ 1

n

∥∥∥l̇Ac(b̃)− l̇Ac(bλ)
∥∥∥
∞

+
1

n

∥∥∥l̇Ac(bλ)∥∥∥
∞

(A.18)

We begin by bounding (1/n)
∥∥∥l̇Ac(b̃)− l̇Ac(bλ)

∥∥∥
∞

in (A.18). Using Taylor’s expansion

we can write

1

n

∥∥∥l̇Ac(b̃)− l̇Ac(bλ)
∥∥∥
∞

=
1

n

∥∥∥̈lAcA(b̄)(b̃A − bλA) + l̈AcAc(b̄)(b̃Ac − bλAc)
∥∥∥
∞

=
1

n

∥∥∥̈lAcA(b̄)(b̃A − bλA)
∥∥∥
∞

≤ 1

n

∥∥∥̈lAcA(b̄)
∥∥∥
∞

∥∥∥b̃A − bλA

∥∥∥
∞

≤ 1

n

∥∥∥̈lAcA(b̄)
∥∥∥
∞

∥∥∥b̃A − bλA

∥∥∥
2

= op(1), (A.19)

where we used that 1
n

∥∥∥̈lAcA(b̄)
∥∥∥
∞

= op(1/hn) by (B7) while ‖b̃A − bλA‖2 = Op(hn)

by Lemma 5
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We now bound (1/n)
∥∥∥l̇Ac(bλ)∥∥∥

∞
in (A.18). Adding and subtracting λnτAc we get

1

n

∥∥∥l̇Ac(bλ)∥∥∥ =
1

n

∥∥∥l̇Ac(bλ) + λnτAc − λnτAc
∥∥∥
∞

≤ 1

n

∥∥∥l̇Ac(bλ) + λnτAc
∥∥∥
∞

+ λ‖τAc‖∞ (A.20)

≤ 1

n

∥∥∥l̇Ac(bλ) + λnτAc
∥∥∥
∞

+ λ(1− δ),

where we used (B4) to bound ‖τAc‖∞. Now, applying Lemma 1 to (1/n)
∥∥∥l̇Ac(bλ) + λnτAc

∥∥∥
∞

,

which applies by (B5), we get that

1

n

∥∥∥l̇Ac(bλ) + λnτAc
∥∥∥ ≤ Op

(
log1/2(d− q)

n1/2

)
+ λ(1− δ)

= op(1) + λ(1− δ), (A.21)

where we used the rates in (B6) to get Op

(
log1/2(d− q)/(n1/2)

)
= op(1). Altogether,

applying the bounds (A.19) and (A.21) to (A.18), we have

1

n

∥∥∥l̇Ac(b̃)
∥∥∥
∞
≤ λ(1− δ) + op(1),

which is smaller than λ with probability tending to 1. Thus, (A.17) holds.

Lemma 7. Suppose conditions (B1) and (B3-8) hold. Let b̂λ be the minimizer of

l(aλ,b)/n + λ‖b‖1 satisfying Lemma 6, and let w ∈ Rq be a vector with ‖w‖2 = 1.

Then
√
nwT (b̂λ − bλ) = − 1√

n
wTU−1AA

(
l̇A(bλ) + λnτA

)
+ op(1).

In other words b̂λ is asymptotically linear with influence function −U−1AA

(
l̇A(aλ,bλ;Xi) + λτA

)
.

Proof. As in Lemma 5, let hn =
√

(q log q)/n. By the stationary conditions defining

b̂λ we have that

0 = l̇(b̂λ)/n+ λτ̂ , (A.22)
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for some τ̂ ∈ [−1, 1]d. First, we show that Pr[τ̂A = τA] → 1 as n → ∞ (recall

from (B1 that τA = sign(bλA)). By Lemma 6, given a ξ > 0, there exists a m > 0

such that limn→∞ Pr
[
‖b̂λA − bλA‖2 < mhn

]
> 1 − ξ. Further, by (B6), we have

mhn < bmin for n large enough. Now, bmin > mhn > ‖b̂λA − bλA‖2 ≥ ‖b̂λA − bλA‖∞
implies that all elements of b̂λA are non-zero and that sign(b̂λA) = sign(bλA). Thus,

since τ̂A = sign(b̂λA) when all elements of b̂λA are non-zero, we have limn→∞ Pr[τ̂A =

τA] > 1− ξ. Since ξ is arbitrary, we have limn→∞ Pr[τ̂A = τA] = 1.

Now, given an r ∈ Rq with ‖r‖2 = O(1) to be specified later, (A.22) implies that

0 = rT
(
l̇A(b̂λ)/

√
n+ λ

√
nτA

)
+ op(1)

=
1√
n

rT
(
l̇A(bλ) + λnτA

)
+

1

n
rT l̈AA(b̄λ)

√
n(b̂λA − bλA)

+
1

n
rT l̈AAc(b̄λ)

√
nb̂λAc + op(1)

=
1√
n

rT
(
l̇A(bλ) + λnτA

)
+

1

n
rT l̈AA(b̄λ)

√
n(b̂λA − bλA) + op(1). (A.23)

Adding and subtracting l̈AA(b̄λ)−UAA we get

1

n
rT l̈AA(b̄λ)

√
n(b̂λA − bλA) =

1

n
rT
[̈
lAA(b̄λ)− l̈AA(bλ)

]√
n(b̂λA − bλA)

+ rT
[

1

n
l̈AA(bλ)−UAA

]√
n(b̂λA − bλA)

+ rTUAA
√
n(b̂λA − bλA). (A.24)

By Lipschitz continuity in (B8) and Lemma 6 we have

1

n
rT
[̈
lAA(b̄λ)− l̈AA(bλ)

]√
n(b̂λA − bλA) ≤ ‖r‖2

∥∥∥̈lAA(b̄λ)/n− l̈AA(bλ)/n
∥∥∥
2

√
n‖b̂λA − bλA‖2

= Op

(√
n‖b̂λA − bλA‖22

)
= Op

(
q log(q)√

n

)
= op(1). (A.25)
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Also by (B8) and Lemma 6 we have that

rT
[

1

n
l̈AA(bλ)−UAA

]√
n(b̂λA − bλA) ≤ ‖r‖2

∥∥∥∥ 1

n
l̈AA(bλ)−UAA

∥∥∥∥
2

√
n‖b̂λA − bλA‖2

= Op

(
q log(q)√

n

)
= op(1). (A.26)

Thus, applying the bounds (A.25) and (A.26) to (A.24), we get that

1

n
rT l̈AA(b̄λ)

√
n(b̂λA − bλA) = rTUAA

√
n(b̂λA − bλA) + op(1).

Applying this to (A.23) we get that

0 =
1√
n

rT
(
l̇A(bλ) + λnτA

)
+ rTUAA

√
n(b̂λA − bλA) + op(1).

Choosing r = U−1AAw with ‖w‖2 = 1, and noting that ‖r‖2 ≤ 1/Λmin(UAA) = O(1)

by (B6), we get the result.

Proof of Theorem 5. Recall that b̂0
λ = arg minb{l(0,bλ)/n + λ‖b‖1}, and that when

aλ = 0, we have b̂0
λ = b̂λ, using the notation of Lemmas 5 and 6. If b̂0

λ is not unique,

let it be the minimizer satisfying Lemmas 6 and 7.

First, for some b̄ between bλ and b̂0
λ we have

Tλ =
1√
n
l̇a(b̂

0
λ) =

1√
n
l̇a(bλ) +

1

n
l̈TAa(b̄)

√
n(b̂0

λA − bλA) +
1√
n

l̈TAca(b̄)b̂0
λAc .

Now, Pr[‖b̂0
λAc‖2 = 0]→ 0 by Lemma 6, and so

Tλ =
1√
n
l̇a(bλ) +

1

n
l̈TAa(b̄)

√
n(b̂0

λA − bλA) + op(1).
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Adding and subtracting l̈Aa(bλ)/n− uAa we can write

l̈Aa(b̄)/n
√
n(b̂0

λA − bλA) =
1

n

[̈
lAa(b̄)− l̈Aa(bλ)

]T √
n(b̂0

λA − bλA)

+
[̈
lAa(bλ)/n− uAa

]T √
n(b̂0

λA − bλA) + uTAa
√
n(b̂0

λA − bλA).

By (B8) and Lemma 6 we have that

1

n

[̈
lAa(b̄)− l̈Aa(bλ)

]T √
n(b̂0

λA − bλA) = op(1),

and that

[̈
lAa(bλ)/n− uAa

]T √
n(b̂0

λA − bλA) = op(1).

Thus, we get

Tλ =
1√
n
l̇a(bλ) +

√
nuTAa(b̂

0
λA − bλA) + op(1).

Now, using Lemma 7 we get that

Tλ =
1√
n
l̇a(bλ)−

1√
n

uTAaU
−1
AA

(
l̇A(bλ) + λnτA

)
+ op(1)

=
1√
n

n∑
i=1

Zi + op(1),

where Zi ≡ l̇a(bλ;Xi) − uTAaU
−1
AA

(
l̇A(bλ;Xi) + λτA

)
. Note that Zi’s are inde-

pendent and identically distributed, with EP [Zi] = 0 and varP [Zi] ≡ v = vaa +

uTAaU
−1
AA(VAAU−1AAuAa − 2vAa). Thus, applying the Central Limit Theorem to Tλ/v,

we get the result.
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A.3 Proofs for Chapter 4

Proof of Theorem 6

Proof. First, β̂ is a solution to (4.7) if and only if

− 1

n
ΨT
jk

(
xj −

∑
l 6=j

Ψjlβ̂jl

)
+ λgjk(β̂) = 0 for (j, k) ∈ V × V, (A.27)

where gjk(β̂) is the vector satisfying

gjk(β) =
Ψjkβjk

(‖Ψjkβjk‖22 + ‖Ψkjβkj‖22)1/2
when ‖βjk‖2 + ‖βkj‖2 6= 0

‖gjk(β)‖22 + ‖gkj(β)‖22 ≤ 1 when ‖βjk‖2 + ‖βkj‖2 = 0.

We base our proof on the primal-dual witness method of Wainwright [2009]. That is,

we construct a coefficient-subgradient pair (β̂, ĝ), and show that they solve (4.7) and

produce the correct sparsity pattern, with probability tending to 1. For (j, k) ∈ E∗, we

construct β̂jk and the corresponding sub-gradients ĝjk using SpaCE JAM, restricted

to edges in E∗:

arg min
βjk:(j,k)∈E∗

 1

2n

d∑
j=1

‖xj −
∑
k∈Sj

Ψjkβjk‖22 + λ
∑

(j,k)∈E∗

(
‖Ψjkβjk‖22 + ‖Ψkjβjk‖22

)1/2 .

(A.28)

For (j, k) ∈ E∗c, we set β̂jk = 0, and use (A.27) to solve for the remaining ĝjk when

k /∈ Sj. Now, β̂ is a solution to (4.7) if

‖gjk(β̂jk)‖22 + ‖gkj(β̂kj)‖2 ≤ 1 for (j, k) /∈ E∗. (A.29)
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In addition, Ên = E∗ when

β̂Sj 6= 0 for j = 1, . . . , d. (A.30)

Thus, it suffices to show that that Equations (A.29) and (A.30) hold with high prob-

ability.

Condition (A.30): We start with the ‘primal’ problem. The stationary condition for

β̂Sj is given by

− 1

n
ΨT
Sj

(xj −ΨSj β̂Sj) + λĝSj = 0.

Denote by
∑

k∈Sj

[
fjk(xj)− f (r)

jk (xj)
]

= wj the truncation error from including only

r basis terms. We can write xj = ΨSjβ
∗(r)
Sj

+ wj + εj. And so

1

n
ΨT
Sj

(
ΨSj(β̂Sj − β

∗(r)
Sj

)−wj − εj
)

+ λĝSj = 0,

or

(β̂Sj − β
∗(r)
Sj

) =

(
1

n
ΨT
Sj

ΨSj

)−1(
1

n
ΨT
Sj

wj +
1

n
ΨT
Sj
εj − λĝSj

)
, (A.31)

using the assumption that 1
n
ΨT
Sj

ΨSj is invertible. We will now show that the inequal-

ity

max
j
‖β̂Sj − β

∗(r)
Sj
‖∞ < min

j
min
k∈Sj
‖β∗(r)jk ‖∞/2 ≡ ρ∗/2 (A.32)

holds with high probability. This implies that ‖β̂jk‖2 6= 0 if ‖β∗(r)jk ‖2 6= 0.

From (A.31) we have that

max
j
‖β̂Sj − β

∗(r)
Sj
‖∞ ≤ max

j

∥∥∥∥Σ−1Sj ,Sj 1

n
ΨT
Sj

wj

∥∥∥∥
∞

+ max
j

∥∥∥∥Σ−1Sj ,Sj 1

n
ΨT
Sj
εj

∥∥∥∥
∞

+ max
j
λ
∥∥∥Σ−1Sj ,Sj ĝSj∥∥∥∞

≡ T1 + T2 + T3.

Thus, to show (A.32) it suffices to bound T1, T2, and T3.



103

• Bounding T1:

By assumption, we have that |f (r)
jk (xk) − fjk(xk)| = Op(1/r

m) uniformly in k.

Thus, n−1/2‖wj‖2 =
∥∥∥1/n

∑
k∈Sj

[
f
(r)
jk (xk)− fjk(xk)

]∥∥∥
2

= Op(sj/r
m) uniformly

in j.

This implies that

T1 ≤ max
j

∥∥∥∥Σ−1Sj ,Sj 1

n
ΨT
Sj

wj

∥∥∥∥
2

≤ max
j

∥∥∥∥Σ−1Sj ,Sj 1√
n

ΨT
Sj

∥∥∥∥
2

1√
n
‖wj‖2

≤ C
−1/2
min max

j
Op (sj/r

m) = Op

(maxj sj
rm

)
.

In the above, we used that Λmax

(
Σ−1Sj ,Sj

1√
n
ΨT
Sj

)
=
(
Λmin

(
ΣSj ,Sj

))1/2
.

• Bounding T2:

Here, we use lemma 1 which bounds the `∞ norm of the average of high-

dimensional i.i.d. vectors. First, by the definition of εj we must have that

E[ψjkt(xk)εj ] = 0, i.e. the residuals are uncorrelated with the covariates.

Let zjkt ≡ ψjkt(xk)
T εj, which is sum of n independent random variables with

exponential tails. We have that

max
j
‖ΨT

Sj
εj‖∞/n = max

j
max
k∈Sj

max
t=1,...,r

|zjkt|/n ≤ max
(j,k)∈E∗

max
t=1,...,r

{|zjkt| ∨ |zkjt|/n} ,

the maximum of 2r|E∗| elements. We can thus apply lemma 1 to obtain

T2 = max
j

∥∥∥∥Σ−1Sj ,Sj 1

n
ΨT
Sj
εj

∥∥∥∥
∞
≤ max

j

∥∥∥Σ−1Sj ,Sj∥∥∥∞
∥∥∥∥ 1

n
ΨT
Sj
εj

∥∥∥∥
∞

≤ max
j

(rsj)
1/2C−1minOp

((
log(2r|E∗|)

n

)1/2
)

= Op

((
maxj sjr log(r|E∗|)

n

)1/2
)
.

• Bounding T3:
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We have that ‖ĝjk‖22 ≤ 1 for (j, k) ∈ E∗, so

T3 ≤ λmax
j

∥∥∥Σ−1Sj ,Sj∥∥∥∞ ≤ λmax
j

(rsj)
1/2
∥∥∥Σ−1Sj ,Sj∥∥∥2 ≤ λmax

j

(rsj)
1/2

Cmin

.

Altogether, we have shown that

max
j
‖β̂Sj−β

∗(r)
Sj
‖∞ ≤ Op

(maxj sj
rm

)
+Op

((
(maxj sj)r log(r|E∗|)

n

)1/2
)

+λmax
j

(rsj)
1/2

Cmin

.

By assumption,

1

ρ∗
max
j

[(
sjr log(r|E∗|)

n

)1/2

+
sj
rm

+ λ(rsj)
1/2

]
→ 0

which implies that maxj ‖β̂Sj −β
∗(r)
Sj
‖∞ < ρ∗/2 with probability tending to 1 as

n→∞.

Condition (A.29): We now consider the ‘dual’ problem. That is, we must show that

‖ĝjk‖2 + ‖ĝkj‖2 ≤ 1 for each (j, k) /∈ E∗. From the discussion of Condition (A.30),

we know that

ĝjk =
1

λn
ΨT
jk

(
ΨSj(β̂Sj − β

∗(r)
Sj

)−wj − εj
)

=
1

λn
ΨT
jk

(
ΨSjΣ

−1
Sj ,Sj

(
1

n
ΨT
Sj

wj +
1

n
ΨT
Sj
εj − λĝSj

)
−wj − εj

)
= − 1

λn
ΨT
jk

(
I− 1

n
ΨSjΣ

−1
Sj ,Sj

ΨT
Sj

)
wj −

1

λn
ΨT
jk

(
I− 1

n
ΨSjΣ

−1
Sj ,Sj

ΨT
Sj

)
εj

− 1

n
ΨT
jkΨSjΣ

−1
Sj ,Sj

ĝSj

≡M jk
1 +M jk

2 +M jk
3 .

We will proceed by bounding ‖M jk
1 ‖2 + ‖Mkj

1 ‖2, ‖M
jk
2 ‖2 + ‖Mkj

2 ‖2 and ‖M jk
3 ‖2 +

‖Mkj
3 ‖2, which will give us a bound for the quantity of interest, ‖ĝjk‖2 + ‖ĝkj‖2.
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• Bounding M1: When bounding T1 earlier, we saw that n−1/2‖wj‖2 = Op(sj/r
m).

Now
(
I−ΨSjΣ

−1
Sj ,Sj

ΨT
Sj
/n
)

is a projection matrix, and by design n−1/2Ψjk is

orthogonal, so that all the eigenvalues of n−1/2Ψjk are 1. Therefore

‖M jk
1 ‖2 ≤

1

λ
n−1/2‖Ψjk‖2 n−1/2 ‖wj‖2 = Op

( sj
λrm

)
,

and

‖M jk
1 ‖2 + ‖Mkj

1 ‖2 ≤ Op

(sj ∨ sk
λrm

)
,

which tends to zero because sj/(λr
m)→ 0 uniformly in j.

• Bounding M2:

First, note that

λ‖M jk
2 ‖2 ≤ n−1‖ΨT

jkεj‖2 + n−1/2‖Ψjk‖2
∥∥∥n−1/2ΨSjΣ

−1
Sj ,Sj

∥∥∥
2
‖ΨT

Sj
εj‖2/n

≤ n−1‖ΨT
jkεj‖2 + C

−1/2
min ‖Ψ

T
Sj
εj‖2/n

≤
√
r‖ΨT

jkεj‖∞/n+ (rsj/Cmin)1/2 ‖ΨT
Sj
εj‖∞/n.

Then, applying lemma 1, as in the bound for T2, we get

λ max
(j,k)∈E∗c

‖M jk
2 ‖2 ≤ Op

((
r log(r|E∗c|)

n

)1/2
)

+Op

((
rmaxj sj log(r|E∗|)

n

)1/2
)
.

Thus, max(j,k)∈E∗c
{
‖M jk

2 ‖2 + ‖M jk
2 ‖2

}
→ 0 when

r log(r|E∗c|)
λ2n

→ 0 and max
j

rsj log(r|E∗|)
λ2n

→ 0.

• Bounding M3:

By the irrepresentability assumption, we have that ‖M jk
3 ‖22 + ‖Mkj

3 ‖22 ≤ 1 − δ
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with probability tending to 1.

Thus, since ‖M jk
1 ‖2 + ‖Mkj

1 ‖2 + ‖M jk
2 ‖2 + ‖Mkj

2 ‖2 = op(1), we have that for each

(j, k) ∈ E∗c

max
(j,k)∈E∗c

{‖ĝjk‖2 + ‖ĝkj‖2} ≤ 1− δ

with probability tending to 1. Further, since we have strict dual feasibility, i.e.

‖ĝjk‖2 + ‖ĝkj‖2 < 1 for (j, k) ∈ E∗c, with probability tending to 1, the estimated

graph is unique.

Proof of Theorem 7

Proof. Consider a variable j, with j ∈ Cu. Our large-sample model requires minimiz-

ing E|xj−
∑

k 6=j
∑∞

t=1 ψjkt(xk)βjkt|2 with respect to the βjkt, or equivalently, minimiz-

ing

E|xj −
∑
k 6=j

fjk(xk)|2

over functions fjk ∈ F . We have that

E|xj−
∑
k 6=j

fjk(xk)|2 = Ex2j − 2
∑
k 6=j

E[xjfjk(xk) ] +
∑
k 6=j

∑
l 6=j

E[ fjk(xk)fjl(xl) ]

= Ex2j − 2
∑
k∈Cu

E[xjfjk(xk) ]− 2
∑
k/∈Cu

E[xjfjk(xk) ] +
∑
k∈Cu

∑
l∈Cu

E[ fjk(xk)fjl(xl) ]

+
∑
k/∈Cu

∑
l /∈Cu

E[ fjk(xk)fjl(xl) ] + 2
∑
k/∈Cu

∑
l∈Cu

E[ fjk(xk)fjl(xl) ].
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By assumption
∑

k/∈Cu E[xjfjk(xk) ] =
∑

k/∈Cu
∑

l∈Cu E[ fjk(xk)fjl(xl) ] = 0. Thus,

collecting terms, we get

E|xj −
∑
k 6=j

fjk(xk)|2 = E|xj −
∑
k∈Cu

fjk(xk)|2 + E|
∑
k/∈Cu

fjk(xk)|2.

Minimization of this quantity with respect to {fjk ∈ F , k /∈ Cu} only involves the

last term, which achieves its minimum at zero when fjk(·) = 0 almost everywhere for

each k /∈ Cu.
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