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University of Washington
Abstract
Stable Processes with Opposing Drifts
by James M. Wright

Chairperson of the Supervisory Committee: Professor Robert M. Blumenthal
Department of Mathematics

A strong Markov process. W°. is constructed by a natural linking together of
two independent stable processes of type (a.3;) and (a. 3,). The drift for a stable

process X of type (a.:3) can be measured by 3 since
0/ <~ 1 1 -1, . Ta
P (X;>0)= -+ —tan™ (-Jdtan(—)).
2 7ma 2

Conditions for when W will hit 0 are determined and asymptotics for . the time
it reaches 0. are obtained.

We then consider the extension problem for W which is to describe all. or at
least important classes. of processes W, defined for all time, that agree with 117
until time o. It is custumary to require that the extension have no sojourn at 0.
Our interest is in scale-invariant extensions since W is scale-invariant. Extensions

of the stable processes (a, 3) killed at o are also considered.
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Chapter 1

Preliminaries

1.1 Introduction

The problem of finding extensions of a Markov process has been studied by many
people. Watanabe [21]. Motoo [15], It6-McKean [10], It6 [9]. Lamperti [12]. Blumen-
thal [2], Rogers [17], Salisbury [19], Erickson [6], and Vuolle-Apiala [20] all consider
some sort of extension problem.

One well studied problem, initially considered by Feller and then It6-McKean [10].
among others. is as follows: find all strong Markov processes on [0.2c). with sample
paths that are right continuous with left limits. which behave like Brownian motion
in (0,00). These are the so-called Feller Brownian motions.

Lamperti [12] and Vuolle-Apiala [20] consider self-similar processes (Lamperti
calls them semi-stable) in (0. oc) and extensions to [0. oc) which are also self-similar.
A Markov process (.X;) is said to be self-similar of index « if the transition function
Py(x, A) satisfies

Pz, A) = Py(a®z.a”4).

for some a > 0. Note that the o stable processes are self-similar of index 1/a. We

will sometimes use the phrase scale-invariant for self-similar.
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As another example. let X be a real-valued strictly stable process. In other
words. X is a strong Markov process with stationary independent increments and
has sample paths that are right continuous with left limits. The characteristic

function is given by

E°(e7%) = exp (~t{6]°(1 + idsgn(8) tan( %))

o

fora e (0.1)U(1.2] and 3 € [-1.1] or
BO(7%) = exp (~Hl0l(1 + 2 sgn(6) ln o))

for @ = 1 and 3 € [-1.1] We will say X is stable of type (a.:3). Stable pro-
cesses hit points provided @ > 1. and in this case let X? denote X killed at
o=inf{t >0: X,=0}. X°is called the minimal process. We show there is a
unique extension of this minimal process which has no sojourn at zero and exits
zero continuously. In addition. we show that there are infinitely many scale-invariant
extensions with the property that the excursion start with a jump from zero.

The general theory of excursions from a set can be found in Motoo {15] which
deals with a very general situation: find all Markov processes which agree. until
hitting the boundary. with the given minimal process X° where the boundary is not
necessarily a point. Extensions are characterized in terms of the minimal process.
the boundary process, and auxiliary factors which relate to the time spent on the
boundary (by the extension) and how the extension exits the boundary. These sort
of extension results are known when the minimal process involves Brownian motion.

We are interested in real-valued processes and a boundary which is a single point.
namely zero. Also, we are interested in extensions which have no sojourn at zero.
In other words, E°(f5° 1{03(X;)dt) = 0. where X is the extension of the minimal
process. Thus. we are not interested in extensions which remain at the boundary
for an exponential amount of time and then exit via a jump kernel or extensions

with “sticky” boundaries.



As another example, we construct a Strong Markov process using a technique
of Meyer [13] by a natural linking together of two independent processes each with
stationary independent increments. We are primarily interested with linking stable
processes whose Lévy measure is not concentrated on (—00,0) or (0,00). Using a
result of Kesten [11] we obtain asymptotics for the hitting time of zero. The scaling
properties of stable processes is integral to obtaining these asymptotics. We are able
to determine when this new process will hit zero.

Extension results when the minimal process involves Brownian motion or a

Cauchy process with linear drift are known, so throughout we take o € (0,2) with

a#l.

1.2 Notation and Terminology

Notation and terminology follows for the most part Blumenthal and Getoor [4]. Let
(Q, F.,Fi. X:,0,. P*) be a Markov Process of function space type with state space
(E.£). So we have:

1. Q is the space of all maps from [0,0c) to E.

(8

X is the coordinate map on {2, i.e.. for w € Q. X;(w) = w(t).
3. F is a o-field containing o(X, : £ > 0).

4. {F; : t > 0} is an increasing family of sub o-fields of F and for each t. F,is a

-
%

o-field containing (X, : s < t).

5. for each t, 8, : Q — Q is defined by 6;(w(s)) = w(t + s) or, in other words.
‘X's o al(w) = w(t + S).

6. for each x € E, P* is a probability measure on (2, F).

.forallz € E and ¢t and s and f € b€, E*(f o X\yo|Fi) = EX(f 0 X,).

-1



We are only interested when E is a subset of the real numbers.
An additive functional of X is a family A = {4, : t > 0} of functions from
Q — [0, 00) satisfying:

1. ¢t = Ai(w) is non-decreasing, right continuous with A¢(w) = 0 except for w € A

where P#(A) =0 for all g,
2. for each t, 4, € F;,

3. for each ¢ and s, A;ys = Ar + A, 0 6, almost surely P* for each p.

The canonical example of an additive functional is given by

t
A(w) = / F(X,)ds
0

where f is a bounded measurable nonnegative function.
For any b € E, set Z = {t : X; = b} and let ¢ = inf{t > 0 : X; = b}. By local
time at b we mean a continuous additive functional (CAF), L, which increases only

on Z. In other words,

t
/ 1y (X,)dL, = L.
0

L will be normalized to be the unique CAF satisfying

E*(e~°) = E*( / e~tdL,)

0
forall z in E.
A kernel H on (0, F) is a positive function H(w, A) defined forw € Qand A € F
such that
w H(w, A)

is measurable for each 4 € F and

A H(w,A)
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is a measure on F for each w € Q.
The following notation will be used to indicate that the distribution of X under

P is the same as the distribution of Y under Q
(X.P)~ (Y.Q).

The indicator function of set 4 will be denoted 1 4(-) and R® will denote R \{0}.

For convenience, we will sometimes write X (T') for X7.

1.3 Some Excursion Theory

In this section some excursion theory is presented. See Blumenthal [3] or Getoor [§]
for more details.

X =(Q.F. Fi, X6, P*) is a standard Markov process with state space (E.£).
where E is a subset of the real numbers. Fix a point b € E that is recurrent, i.e..
P*(0d < ) =1 for all £ € E. where ¢ = inf{t > 0 : X; = b}. This process can
be described in terms of the set Z = {t : X;, = b} and the excursions away from b.
which are pieces of path defined on the complement of Z. To be precise. let (r.s)
be a maximal open interval in the complement of Z. so s = r+ ¢ 08,. An excursion

is a piece of the path defined by
e(t)=X,.+, 0_<_t<$—l'.

One has e(t) # b for all t € (r,s) and either of the possibilities e(0) = b or ¢(0) # b
may occur. It is sometimes useful to define the path for t > s —r by setting e(f) = b
fort>s—r.

An excursion measure is a measure P on Q with the following properties:

1. P is supported on {w : () > 0}and on {w:w(t)=0 for t > o(w)}:

2. E(1-e77) <



3. for each bounded, measurable f and each t and T € F,

E(fo8;TN{o>t}) = EEX(f):Tn{oc > t}).

Furthermore. if G denotes the set of strictly positive left endpoints of the maximal
intervals in the complement of Z, then P is the unique measure on () satisfying
E(Y YK(r8,) = E*( [ Y,P(K,)dL,)
reG 0
for all previsible Y. positive B x F* measurable K", and r € R. where B denotes the
Borel sets of R* and F* is the o-algebra of universally measurable sets over (. F).
The excursion measure can be described in terms of an entrance law. If Q, is

the semi-group operator for X killed at o.
Qif(x) = E*(f(X\):t < g).

then an entrance law {n,:s > 0} for @, is a family of finite measures on the Borel
sets of E\{b} satisfying
rlth = 7]3-{-—!

for all s and ¢ and such that E™ (1 — ™) remains bounded as s approaches 0. If P
is an excursion measure then {n,(-)}. where 7,(-) = P(X, € -.s < ¢). is an entrance
law.

The process X can be thought of as being comprised of the minimal process.
which is the original process killed at b, and the excursion measure or the entrance

law.



Chapter 2

Construction

In this chapter a strong Markov process is constructed using a technique of Meyer [13]
where independent processes. X and Y. each with stationary independent incre-
ments are linked together. In our construction, the Lévy measure for X and for }
is not concentrated on either (—oc.0) or (0.~). Meyer’s procedure involves linking
the paths of X and Y together via a stochastic kernel. As we shall see. the notation

quickly becomes quite cumbersome when dealing with this simple intuitive idea.

2.1 Meyer’s Procedure

Let X and Y be processes with stationary independent increments. We will assume
the sample space is D[0. o), the space of real-valued paths which are right contin-
uous with left limits. We will let P* denote probabilities for X starting at r and
@ denote probabilities for Y starting at x. Define T = inf{t > 0 : X, < 0} and
S = inf{t > 0:Y; > 0}. We will assume that for + > 0. P*(X(T) = 0) = 0 and
that for £ < 0, @*(Y'(S) = 0) = 0. We will also assume that if X and ¥ do hit
points they satisfy the hypotheses of the following theorem due to Millar [14].



Theorem 2.1.1 (Millar) Let X be a real process with stationary independent in-
crements. For r € R, define H, =inf{t > 0: X, =z} and for £ > 0,
T, =inf{t>0: X; >z} end T_, =inf{t > 0: X, < —x}. If X satisfies

1. P(H, < ) > 0 for all z,
2. P(T, < x)=PYT_, <xx)=1 forall z >0,

3. PX(T,) =x) = P"(X(T_,) = —z) =0 for all z > 0,

-

then. for any xr # 0 and starting from 0. X jumps across level & infinitely often

before hitting r.

The stable processes, with a € (1,2) and Levy measure not concentrated on (0. x)
or (—oc.0) satisfy the hypotheses of this theorem.

We will define a process which behaves like X when the path is in (0, oc) and like
Y when the path is in (~oc,0). For notational convenience we consider a function
space realization of the two processes and use Meyer’s notation. Thus. we can
assume that both X" and Y are the coordinate process.

To be specific, let X; be the coordinate process on D[0.>c) with shift operator
6,. For r € R, (P*) and (Q") are measures such that (X, P*) and (X.Q%) are inde-
pendent processes. starting from r. each with stationary. independent increments.
Define 7 = o{X,:s < t} and let 7, denote the universal completion of F?, and F
that of F2,. Define T =inf{t > 0: X; < 0} and S = inf{t > 0: X, > 0}. We will
define W which evolves as follows. For £ > 0. W behaves like X under P* until
jumping into (—o0,0) at X(T'): now W behaves like X under QX" until jumping
into (0.c): and so on.

More precisely, set £ =T V S. Adjoin 4 to R® as an isolated point. Define X° as

X t <
X={"" ¢
) £<t.

follows



Set @ = {w € D[0,c) : {t : w(t) = 8} = [£(w),o0)}. Observe that £ is the lifetime
of w. [4] will denote the “point” in ) defined by [6](t) = & for all £. Define the
following kernel on (Q2. F)

H(w, ") = L(co00)(Xe(w)) Q) () + 1 (0,00 (Xe(w)) PXe) (). (2.1)
H is called a rebirth kernel. Set
W={we":for w=(wp,w,...) if &(w;) =0 then w; =wiy, =... = [6]}

and let G = F"|w and set |6] = ([61.6]....). For w = (wg,w,...). let p, be the

projection map, i.e., p,(w) = wy, and let 7, (w) = (wq, ..., wy)-

Lemma 2.1.2 (Meyer) For each r € R®, there ezists a measure II* on W for

which (p,) is @ Markov chain with transition kernel H and initial law R* given by
R* = 1(_00'0) (.L')Qt + l(o'x)(l’)PI.

Forwe W, w=(wy.w;....). set s_; =0 and define

—
!\D
N

~—

se(w) = E(wo) + . +E(wi) for k>0

Sec(Ww) = nll}rxoxo sp(w).

Now we are in position to define a process with the prescribed behavior. For w € W

define W) (w) as follows

[ X%(wo) if0 < t < so(w)

‘X—to—ao(w)(“"l) if SO(w) S t< 51(1,U)

WY (w) =

) if sc(w) <t
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To define shift operators 8, on W we first observe that for fixed w and any ¢ there
is a k with s¢_;(w) <t < si(w). Define 6, by

0:(w) = (Br—s,_, (w) (W ): Wkt 11 -)-

where 8 is the shift for X. If s(w) < ¢, then define @,(w) = |6]. It is easy to
verify that the following hold:

1. 6,06, =86,,,,

2. W2o 8, =W,

3. 50060, =39 —ton {t < s},

4. for w = (wo,wy....), O, (w) = (wi,we....) and 8,,_ (W) = (w.wiyr,...).

We now proceed to define fields G;. For a G measurable function f, we say it
is G, measurable if and only if for any k., fl(,,_ <ics,) is of the form A o 5 where

h(we,wy, ...,wy ) is such that for all fixed (wg,w, ..., wr_;) with
E(wo) + ... + E(wh—1) < t < E(wo) + .. + E(wi)

the function w — h(wy, ..., wr—1,w) is measurable with respect to Ft—(e(wo) . tElwr_r))-
In other words, G, contains information up to &(wp) + ...+ &(wi) < t. Observe that
W? € G, and {s; < t} € G;. The following is Meyer’s [13] result.

Theorem 2.1.3 (Meyer) W° = (W,G,G,.W?,0,,1I*) is a Strong Markov pro-

Cess.

2.2 Hitting Zero

Our primary interest is when (X, P) and (Y, Q) are independent stable processes of

type («, 31) and (a, 32). respectively. The stable processes will be reviewed in the
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next chapter, but we make a few observations. If 3, = 35, then W? is equivalent to
either of the original processes killed at zero. This follows from the strong Markov
property and our choice of rebirth kernel. If 3, # 3, then W?° behaves like different
stable processes on either side of zero. Of course, the two processes X and Y could
have different a’s, but our analysis relies on the scaling properties of stable processes.
so we do not consider any case where different values of a are used.

A patural question arises: will W hit zero? If so. the existence of extensions
beyond the first hit of 0 are what we consider. This will be addressed. for the
processes of interest to us, in Chapter 4.

The following result is a step in that direction. Let S, be the successive times

that W jumps across 0.
Theorem 2.2.1 For each r € R®,
IF(lim S < s0. {W*(S,) = 0}) =0. (2.3)
Proof. First observe that for all e > 0, y > 0. there is § > 0 such that for [y| > e.
IIY(€ < d) <. (2.4)
To see this. note that
I1Y(€ < 8) < max(P°(]X,| > €. for some t < d).Q°(|.X,| > €. for some ¢ < 4)).
Now for any ¢ > 0 define
A;={weW: lim S, <.|W"S,)|>e€ io}.
So for all 6 > 0 we have

lim (II(A, N {Spse1 — Su <6 Yn > N})) = IF(A,). (:

Nooe

!\J
(31}



Now suppose that the left side of (2.3) is strictly positive. Pick e, > 0 and €; > 0

where
I* (A, ) = €. (2.6)
Pick d > 0 so that for [y| > €,
€2
IY(E <d) < 7
Using this 4. choose NV so that for
I'={Su+1— Sn <3 Vn > N:|[W°(Si)| > ¢ for some k> N}

we have by (2.6)
3
HI(F) 2 162.
Now set My = inf{k > N : [W°(S)| > €}. The strong Markov property for

{W9(S,) : n > 1} yields
%62 < IIF(T) ST (Suy+1 — Suy < 8: My < )

= Hr(f (o] gs‘"N <& My< QC)

< IH(OY°Suy) (g < ) WSy )| > €) < -6;)2—

a contradiction. Thus.

II*( lim S, < o, {W(S,) = 0}) =0.



Chapter 3

Stable Processes and the Minimal

Process

This chapter contains some facts about stable processes. We also consider when 1
is constructed using independent stable processes. A result of Kesten [11] is used to
obtain asymptotics for the hitting time of zero. This allows us to determine if W®
will hit zero. We note that the stable processes with o < 1 do not hit points. Yet.
if W is constructed using stable processes with « € (%. 1) and with certain J;, then
W will hit zero. In other words, there is enough “push” towards zero. However.

when a < 1, W will not hit zero. regardless of the choice of 3;.

3.1 Stable Processes

Let X = (X});>0 be a real-valued, strictly stable processes of index a with P* and
E* denoting probability and expectation starting from r. Recall that we exclude

a =1 or 2. In particular, the characteristic function is of the form:

E%(e%) = exp(~tl° (1 + ifsgn(8) tan( ).
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with [3] < 1. We will say X is stable of type (a,3). If X is symmetric stable it is
of type (a,0). This is justified by the following well known result:

TQ

¢g=P"(X;>0)=P%X,>0) ==+ %arctan(—d tan(—‘)—))

o)

where arctan(r) € (—#/2,7/2). In some sense the tendency of the process to be
“positive” or “negative” is measured by g or p =1 — ¢, respectively.

A simple calculation shows ag < 1 with equality if and only if & > 1 and 3 = 1.
Similarly, ap < 1 with equality if and only if & > 1 and 3 = —1. Furthermore. the

following bounds are obtained
1 . 1
max(0.1 - —) < p.¢ < min(1, —). (3.1)
a! a!

For a <1 and p =0 X is called a stable subordinator or if ¢ = 0 then —X is a
stable subordinator. If 3 = —1 the Lévy measure for X is concentrated on (0, x).
i.e.. X has no negative jumps. Similarly. when 3 = 1 X has no positive jumps since
the Lévy measure for X is concentrated on (—oc.0). We will not be interested when
|3] = 1 since the jumping over hypotheses of Theorem 2.1.1 are not satisfied.

The stable processes have nice scaling properties. Define the following random

times

T, = inf{t: X, > r}.
T =inf{t : X, < 0},

and
S =inf{t: X, > 0}.

The following scaling properties hold:

L. #I
(Xe. P*) ~ (7o X P 7)), (3.2)

(Liep- P°) ~ (|2|°Ty. P*). (33)



(S, P71y ~ (j2*5, P71, (3.4)
if 3=0 (8, P~y ~ (T, Py, (3.5)
(X7, P*) ~ (¢! X4, P7). (3.6)

The following result of Bingham [1] will be used in the next section.

Theorem 3.1.1 (Bingham) Let (X)) be a stable process of type (a.3) and

~

T. = inf{t: X; > z}. Then there is a positive k with

P(Tiyy > t) ~ k(|z]°/t)? ast = . (3.7)

3.2 Conditions for W° to Hit Zero

In this section we consider when independent stable processes of type (a.3;). i = 1.2
are used to construct W°. In particular, W? behaves like a stable of type (a.J;)
when the path is in (0.2c) and like a stable of type (a.3;) when the path is in
(—o0.0). Set

72 =Q%X;>0)

and

p = P(X, <0).

It seems plausible that W has scaling properties similar to the stable processes
since on [s;, sj4+1), W° behaves as a stable of type (a.,3;) started from wir1(0) =

wj(£). where i =1 or 2. We have the following.
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Lemma 3.2.1 Fori >0,
IF(W) € A) = I*(c™'W) € A). (3.8)
Proof . This is easily done using induction. For i = 0 using (3.6)
O (™' W2 € A) = R®(c'X, € A)

= R*(X; € A)
=I*(W? € A).

Now suppose [I*(¢c™'W), € A) =TI*(W? € 4) and consider the following.

O=(c™'W,)_, € 4) =I%(W? 08, € cA)

siet
= II=(O%% (W) € 4))
= II5(I1 W5 (WP € cA))
= I (TTY (WP € cd))
=I*(W 08, € A)

— Hz ( W’O

Sit1

€ 4).
O

The next result, due to Kesten [11], will be used to obtain asymptotics for
o =inf{t >0: W? = 0}.

Theorem 3.2.2 (Kesten) Let M,,Q, , n > 1. be real valued random variables
such that (M,,Qn)n>1. are independent and identically distributed and
P(M, >0,Q, > 0) =1. Assume that

E(log M;) <0,
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but that for some v > 0
E(M]) =1,
E(M logt M) < .
0< E(Q]) < <.

If in addition log M, is not lattice and Q, is not a constant times (1 — AM}). i.e..
P(Ql = (1 it l‘/[])r) <l1
for each fized r. then the series

R=Qi+> M...M;_Q;

=2

converges with probability one. Moreover. there is a positive constant k with
lim t"P(R > t) = k.
t—oc

Now we are ready to determine when W will hit zero. In other words. determine
when II*(¢ < oc) = 1. From Lemma 3.2.1. it suffices to consider W™ starting from

& = 1. Define the following random times for W°:
T =inf{t>0:W? <0}.
S =inf{t >0: WY > 0}.
R=T+So00r.
Ro = O.

and for n > 1
R.=R,.1+Rofp _,.

Note that R, is the nth time that W° has jumped into (0. ).
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We need the distribution of where a stable process. starting from any nonzero r
first jumps across zero. The stable processes do jump over levels [14] and the jump

distribution is known (see [18]. [16]). In particular, when ag, < 1

sin (Tagq,) yoe

T

Q '(Xsedy) = (1+y)"'dy. (3.9)

and when ap; < 1

sin (map;)

P (Xredy) = [yl =P (1 + |y|)~'dy. (3.10)

Define the following random variables for n > 1
M, = (W"R,)/W*R,_))*
O,=M,-...- M,

Sy =logll, = Z log M;
i=1

R (@] 93,‘_1

O = W R
Using (3.8) and the strong Markov property we have the following for any

bounded measurable functions f and ¢

IT'(f(M2)g(Q>))

_ . . a ROHRl
= ' (f((WO(Ry)/W°(R1))®)g (W))
R
=TI (f((W°(R)/W°(R,))*)g (m“em)
= IN(I*(f(W°(R)/x)*)g(R/x))|e=wo(ry))

=II'(f(W°(R))g(R)).

From this and noting that for r > 0 the joint distributions of W°(R,) and R, under
II* is the same as that of rWW°(R,) and r*R, under II'. it follows that (M,..Q.)n>:

is an i.i.d. sequence and. hence. so are (Qn)n>1 and (M)n>1. Thus. (S,).>1 is
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a random walk with mean IT'(log M;). Also. we note that we have the following

decomposition for R,

Rn == Z .'1/[1 cee -"/[i—lQi + Ql-

i=2

Now consider the random walk (S,),>;. Use the strong Markov property at time

T and use (3.8) to see

II'(log M) = aII'(log W°(R,))

= all'(log W*(T + S 0 87))
= ofl™ (log(W*(5))) + o' (log(|W*(T)[)).
So. using (3.9) and using formula 1.251.1 in Tables of Integrals. Series. and
Products. Gradshteyn and Ryzhik (4th edition), we have
—-1 -0 _sinwagy [ =0y a=1
17! (log W°(5)) = 222222 /0 log(z)z=% (1 + r)~dr

= w&) csc ((1 — age)m)(~mcot ((1 — agy)))

= wcot(qqem).

Similarly. ITI'(log [W°(T)|) = = cot(ap; 7). Thus. we have

IT'(log M) = an(cot(ag,) + cot(ap,w))

sin(a(gs + p1)7)
sin{agem) sin(ap,w)”

Since agy; < 1 and ap; < 1. we will have IT'(log M;) < 0 provided a(pr +q2) > 1.
In this case. set vy = p; + ¢, — é and consider IT'(M7). Using (3.8) and the strong

Markov property we have
M) = THWYT + S 0 67)™7)

= ' ((WO(S)* 0 Oy)



= I ((W°(S)°7)) | e=wory)
=Y (2] W*(S)™)s=wormy)
= IY(|W(T) [+ I~ ((WO(S))*7).
Using (3.9)

sin aqym
T

IY(WO(S)™) = | a4 )

sin agem
= g2 Blav — ags + l.ag — a)

iy

sin(aga ) __ sin(raqy)
"~ sin((ay — agqs + 1)7)  sin(ap,7)’

where B(r.y) is the Beta function. Similarly,

sin(ap;m)
sin(aqym)’

(W)™ =

and so we have

sin(map, ) sin(raq,)
sin(agym) sin(ap,w)

N (M]) =

Next consider II'(R7). To show this expectation is finite it will suffice to show
that IT'(T7) and II!(S7) are finite since v < 1 and
YT + S0 67)" <IN T") +II'((S 0 87)").
where
II'((S 0 07)") = I"(IT*(S57) | czwo(r)
= NI (|2]"S) [ e=wo(n))
= II7Y(SM I (IW(T)[*).

We show that IT'(T7) is finite. A similar argument will show that I-1(S7) is

finite. We have

IYT") =TYT":T < N)+IYT":T > N)



oQ
< N7 +/ oy > t)dt.
NY
Since IY(T” > ¢) = PY(T” > t), we have from (3.7) in Theorem 3.1.1, for NV

large enough

® 1 It — = pl - cc’--px/'r
/N_'II(T">t)dt /MP(th)dtgA/t dt.

N

The last integral is finite since vy < p;. So we have
IT'(R]) < .

Next, we will verify II'(M7 log* M;) < oc. Making use of (3.8) and the strong

Markov property we have the following
' (M7 log*™ M) < T M7 |log(M;)])

= oII"(W'(R,)™| log(W®(R\))])
= oIl (W(T + S 0 87)*| log(W*(T + S 0 67))])
= oIT'(W°(S)*| log(W°(S))| 0 O7)
= oIl (T (W°(8)*7| log(W*(S))]) e=wocr)
= oIl (I (|z|*"W°(S) | log(|2{W°(S)) ) c=wo(ry)
< oI (I (J2 W (S)*"(| log |z]] + | log(W°(S)]))|e=wor)

= oIl (|W°(T)|*"| log(IW*(T) DI~ (W°(S)>)

+all' (JW(T)|*")II™ (W(S)*"[ log(W°(S))]).

But we have
I (W°(S)" | 1og(W(S))]) = [ 27| log(z) 2 ™(1 + )" d

= = ap;—1 ey
—c/O | log(x)|z (1 +2)"'dx.



The last integral is finite since —1 < ap;, — 1 < 0.

Observe that log(M,) has a continuous distribution so is not lattice. Also, Q, >0
whereas 1M, takes on negative and positive values, so Q; is not a constant multiple
of (1 ~ M).

Using Kesten's result (Theorem 3.2.2), we have proved

o0
Theorem 3.2.3 Set R = Z My...M;_1Qi+Q\. ThenII'(R < o) = 1. Moreover,
=2

for some k >0
MYR >t)~kt™ as t— oo. (3.11)
Corollary 3.2.4 The following holds, with k as above,
I'(1 — e *° Ry ~ k(1 = 4)|2|*” asz — 0. (3.12)
Proof. Let p be the distribution of R under II'. Then
(1 — &Ry = /0°° /o " (e~ dt}u(ds) = /0°° u(t, 00)e~dt.

By (3.11) we can pick k;,k; with k; < k < k; and choose N large enough so that
fort > N, k1t™ < p(t,20) < kyt™. Then we have for § > 0,

N oc
/ u(y, 0o)fe~dy + k1/ Yy "0edy (3.13)
0 N
ST(1-e™F)
N o0
< / 1(y, 00)8e~dy + k, /N Yy "0e~dy. (3.14)
0

where the first terms in (3.13) and (3.14) are 0(8?) and the second terms are

k87 /°° ~Te=Ydy.
ey
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Now we will determine when IT'(¢ < oc) = 1. Recall 1 is the mean for the random

walk (S,) where S, = logIl,, = alog W(R,) and so

i = ' (log(M,)) = ma(cot(agom) + cot(apm))

_ _sin(a(gz + p1)7)
sin(ag, ) sin(ap, )

Thus. we see that
p >0 if and only if a(p; + ¢2) < 1.
p =0 if and only if a(p; + ¢2) = 1.

and

p <0 if and only if a(p; + ¢2) > 1.

If 4 > 0 then the random walk S, = alog(W°(R,)) drifts to ~c. so then does
W(R,). If p =0. then consider

II'((log M)?) = II'(log(W (T + S 0 ©r)?))
< 21T (log(JW/(T)])?) + 20T~ (log(W'(S))?)
but from (3.9)
! (log(W(S)?)) = ¢ /0 ” log(2)22%P "\ (1 + ) ~\d.
This integral if finite since —~1 < ap; ~1 < 0. Similarly. II' (log(|W(T)])?) <  and
so by the central limit theorem.

limsupII*(S, > 0) > 0.

Thus. when g > 0. W will not hit the origin. If 4 < 0. then Theorem 3.2.3
applies. In this case, from our construction and the fact that stable processes satisfy
the hypotheses of Theorem 2.1.1 we can identify R with ¢ = inf{t > 0 : W, = 0} and

we have the following.

Theorem 3.2.5 IT'(s < o0) = 1 if and only if up < 0.



Chapter 4

Extensions

This chapter has some extension results. Let X°. with transition operators P°. be a
Markov process started at a point in R® = R\ {0} and killed at the time. ¢. when it
reaches {0}. The process X" is called the minimal process. The extension problem
is to describe all. or at least important classes of. processes X defined for all time
that agree with X® up until time o. To get uniqueness theorems it is customary to

require that the extension has no sojourn at {0}. that is
oo -
Pr(/0 1j03(X,)dt = 0) = 1

for all starting points r. Another restriction often placed on the extension, X. is

that it reenters R from {0} continuously. that is
P*(for some 5. X,_ =0.X,#0) =0

for each r. Processes with this property are said to have continuous entrance (from
the distinguished state 0). At the other end of the spectrum are extensions that
begin all their excursions away from {0} by means of jumps. We will give some
uniqueness of extension theorems that apply to extensions with no sojourn and

continuous entrance. and a theorem concerning jumping in extensions of a particular

type.



N
wn

We will consider extensions of a stable process killed at zero as well as the case
where the minimal process is a mixture of stable (a.3,) and (a, 32) processes. as
constructed in Chapter 3. Naturally, it was necessary to determine conditions on
@, B1.3, so that o is finite. In addition, the University of Washington thesis of
Andrew Booker [5]. concerning the case a = 1. indicates that the asymptotics of
Corollary 3.2.4 will play an important role in this investigation (see Theorem 4.2.3).

That explains our interest in the problems of Chapter 3.

4.1 Motoo’s Theory

The description of the possible extensions of a given minimal process was given. in

a very general setting. by Motoo [15]. Let
V() = BX( [ e f(x)dt)
0
denote the resolvent operator for the minimal process. In Motoo's theory a key role
is played by the ratio

4 _ W)
H*f(r)= Bl =) (4.1)

defined for r € R% A > 0, and f bounded and Borel measurable. Note that H*
depends only on the minimal process. Motoo defines H*f(0) to be the limit

H*f(0) = lim A f(x) (+2)

for those f for which the limit exists. We will call “Motoo’s hypothesis” the assertion
that the limit in (4.2) exists for every bounded continuous function f on R which
vanishes at 0. In [15] Motoo proves that if H*f(0) exists for a given f and if X is

an extension of X° with continuous entrance and no sojourn then

E°([[ e Mf(Xoat) = B f(0).
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See V-(4.2) of [3] for a proof. In particular. if Motoo's hypothesis holds then there

can be only one such extension since
([ e Mf(Xdt) = VOf(z) + E%e B £(0).
0

and the right side of this equality is determined by the minimal process. and the
potential operators on the left side determine the law of X.

We will show that Motoo’s hypothesis holds when the minimal process is stable
of type (a. 3) killed at o. Note that it does not hold for Brownian motion killed at
o, since one obtains different limits in (4.2) according to whether 0 is approached
from below or above.

We also will consider a minimal process where the state space is (0.2c) and we
seek extensions to [0.5c). Then in (4.2) we are considering limits as = decreases to
0.

Finally. one can see without difficulty that for applying Motoo’s theorem it is

necessary to verify the limit in (4.2) only for a single value of A. say A = 1.

4.2 A Unique Extension

Let X° denote X killed at zero where X is a real stable process of type (a..3) with
a > 1 and 3 € (-1,1). The hitting time of zero is denoted by . We are interested
in extensions with continuous entrance and no sojourn at zero.
Let U’y denote the resolvent operator for X and let ¥ denote the resolvent for
X% ie.
M) = B5( [ e p(x)de)
Vf(@) = E([ e p(Xoar).
The matter at hand is to verify that (4.2) exists for every f € Co(R).

Two preliminary Lemmas are needed. The first is a consequence of (3.7) in

Theorem 3.1.1. and the second is a special case of Corollary 3.2.4.
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Lemma 4.2.1 Let X be a real-valued stable process of type (a, ). Set
S =inf{t: X, > 0} and ¢ = P*(X, > 0). There ezists k; > 0 such that for z € R°

E7(1 - e5) ~ ky)z|? asz — 0. (4.3)
Proof. Using scaling (3.4)
E7H(1 - e™S) = E7l(1 —e71°%) =
= [Tt P (jals > t)de =

= |z]* /0 T el PS> £)dt.

In other words. the Laplace Transform of the measure with density function

P~Y(S > t) is given by

E~Y1 — e7l15)
|z '
By an Abelian Theorem (Theorem 4 in Feller [7, XIIIL.5]) the result follows from
Theorem 3.1.1 since P~Y(S > t) = P%(T, > t). O

Lemma 4.2.2 Let X be a real-valued stable process of type (o.3) with a € (1.2)
and set o = inf{t > 0: X, = 0}. There ezists k; > 0 such that for xr € R°

E* (1 —e™%) ~ ky|z|*! asz — 0. (4.4)

We can now establish the following.

Theorem 4.2.3 Let X, be a stable process of type (o, 3) with a € (1.2). Let U,
and V) denote the resolvent operators for X and for X killed at 0 = inf{t : X, = 0}.
respectively. Then for any f € Co(R)

i VoL (@)

BB (=) U1 £(0). (4.3)



28

Proof. Functions in Co(R) which are differences of bounded increasing functions
generate a dense subset of Cy(R) so it suffices to prove (4.5) for increasing f.

By the strong Markov property
Uif(z) = VP f(z) + U1 f(0)E* (™) (4.6)
soforz <0
Vi F(2) S ULF(0) — UL F(O)E*(e7°).
Thus, it follows that

. Vof(;v)
1 — 1S\
T PET (1 =)

Recall S = inf{t: X, > 0} and so

< Ui f(0).

S
f(e) = B5( e f(X0)dt) + B*(e™SU f(Xs))

> E%( /0 * et F(X)dt) + U FO)E*(e™5),

since f is increasing. So we have
VP f(z) = Uif(z) - U1 f(O)B*(e™)
> Ez(/os e”' f(Xi)dt) + Ui f(0)E*(e™®) — U1 f(0) E*(e™)

= E%( /0 se“f(Xt)dt) — U1 f(0)E*(1 - e™%) + U1 f(0)E*(1 — e7°).

Thus,
VA s B O i) B0 =) g,
Ef(l—e7) = Ef(ie) Bl —e)
Using (4.3) and (4.4) we have
iy Zo( o) = ki 5~ glat e =
and so

0 .
lim jnf —17 (%)

MY BT - ey 2 DO



Thus.
V)
By symmetry. a similar argument yields
I
lim —11E) - rq).

zi0 E*(1 —e™?)

We can now establish the following extension result.

Theorem 4.2.4 Let X be a stable process of type (. 3) witha > 1 and 3 € (~1.1).
Then X has no sojourn at zero. leaves zero continuously. and is the only ectension

of the minimal process with these two properties.

Proof. Since the Fourier transform of X] is integrable X, has a density so
P°(X,;=0)=0 for all ¢ > 0. Thus. there is no sojourn at zero. Assuming the
continuous entrance has been established, the uniqueness follows from the continuity
at 0 of Motoo’s ratio (4.2). which we have just established. For the continuous
entrance property, let f(r.y) =1if £ = 0.y # 0 and f(r.y) = 0 otherwise. The
Lévy system formula (see VII-2(d) in [3]).

E°Y f(X._.X,) = E® / ds / X X, + y)p(dy)
" 0
where p is the Lévy measure for X. yields

E'S f(X._.X,) =0.

Clearly.
Z l{O}C(«Ys) < Z f(-Ys—wX’s)
s€G 8
and so P(Xy #0) =0 as required. a

We also have the following.
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Theorem 4.2.5 Let X be a stable process of type (a.0) with a > 1. Then |X| has
no sojourn at zero, leaves zero continuously, and is the only extension of the minimal

process (|X| killed at o) with these two properties.

Proof. The monotoneity argument in the previous proof will not suffice. Let [’y and
V¥ denote the resolvent operators for |X| and |X| killed at . respectively. Using

the strong Markov property we have for z > 0
U f(x) = V7 f(2) + E*(e™) U1 £(0)

and by rearranging terms

Ufe) U f(0) _ V() .
E<(l—e~) Et(i ey L)

Now for continuous f with compact support and continuous derivative
|1 f(x) ~ L1 f(0)] < /0 e E°(|f(1Xe + zl) = F(1Xu])|dt = O(x)

while E*(1 — %) ~ k|z|'~* where 1 — 1/a € (0. 3). Thus.

VIf(x
Motoo’s ratio is continuous at zero and, as in the above proof. we see that there
is continuous entrance and no sojourn at zero. a
Note that this argument would have sufficed for Theorem 4.2.3. We included

the argument given there with a view to other possible applications.

4.3 A Jumping In Extension

In this section we consider extensions of W whose excursions from zero begin with a
jump into R?. Recall that W? is constructed from stables of type (a. ) and (a. .J)
with I[T*(¢ < oc) = 1. for all + € R°. Set v = p,; +¢2 — 1/a > 0. Recall that W has
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a scaling property (Lemma 3.2.1) at the “jump over” times s;. In fact. (W9, II*)
has scaling, i.e., the processes (c/ "W,‘}C, I1*) and (W2, /") are equal in law.

To see this. note that having established the existence of (W?.II%) it can be real-
ized in the following way: take an independent family of processes (X™. Y™ > 1m>1
where the X’s are stable of type (a, ;) starting at 0 and the ¥'s are stable of type

(a.3,) starting at 0. Then given an r. say r > 0, define as follows

[ X!4r if0<t<T,
T, = inf{t|X} < —z}

Vilp +Xh 42 T <t<T +8
Sy = inf{r|¥}} > ~(XL + 1)}

‘Yt2—(’n+51) if T[ + Sl S t< Tl + S[ + T2
+Y3 + X+
T, = inf{t{X? < —(Yd + X} + 1)}

&
Call II* the law of that process.

The function c!/ *Wy). is defined exactly as was the function W? except that .r is
replaced by c'/*z and Xj is replaced by ¢'/* X}, and Y} is replaced by ¢!/ *Y¥}).- Since
that does not change the laws of the building blocks. we see that W has scaling.

For  a measure on R?, define II" by

"(A4) = /p I (A)n(dz). (4.7)

We are interested in the existence of scale invariant extensions W~ (with laws P*) of

W with excursion measure of the form (4.7). A few observations are in order.
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First, note that P is an excursion measure for the excursions away from zero for
a process W if (recall the notation from Section 1.3)
E*(Y Z,F 08,) = P(F)E( / ~ 2,dL,) (4.8)
seG 0
where L is local time at zero normalized so that E° [[°e~*dL, = 1. If we take
Z,=e™ and F = [ e~™Mg(X,)dt the left side of (4.8) is
EOY e / e~ Mg(Wiy,)dt

I€G

+ood,

=E'Y / =N g(W,)dr

€G

= [23(0)

where § = glg}c. Thus, with this choice of Z, and F, (4.8) becomes

Cr3(0) = P( [ eNg(Wode) B[~ e MdL,). (4.9)

0
Taking A = 1 we get
0ig(0) = P([ eg(Wde).
Thus, P determines U’ 19(0), (since U';1(0) = 1), and hence P determines the law of
Ww.
Taking g = 1. we see that P(1 —e~") < 1. and P(1- e”?) =1 if and only if W
has no sojourn at 0.
Second. a characteristic measure compatible with a minimal process (W?°. II*) is a
measure n on path space such that relative to n the coordinate process is Markovian

with II* as laws, killed at ¢, and n(1 — e™7) < . i.e.,
n(uv o8yt < o) = n(lI"(v):un {t < o}).

where u is 0{W? : r < t} measurable.
According to a theorem of Salisbury [19]. if n is a characteristic measure satis-

fying certain other conditions then there is an extension W~ of the minimal process
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(necessarily unique in law) having n as the excursion measure for the excursions
away from zero.

Let 7 be a measure such that [|g|]| = co and II"(1 — e~%) is finite. Clearly
II" is a characteristic measure. Note that [I"(¢ = 0) = [I*(¢ = 0)5(dz) and so
[I"(c = 0) = 0. The characteristic measure II" satisfies the following additional

conditions:

1. II" is o-finite,

o

NI = o

3. If n’ is a characteristic measure and n' < II” then n' attributes no mass to the

set of paths which start at 0,

-

. If V is any neighborhood of 0 then

I"(W? ¢ V for some ¢ < g) < .

Condition (1) follows from oc > II"(1 — ™) > (1 — e~)[I"(¢ > ¢). Condition

(2) is clear since ||II*|| = 1 for all z and ||n|| = oc. Condition (3) is clear since

II"(W°(0) = 0) = 0. As to condition (4), let 7 = inf{t|W? ¢ V}. Note that
there exists § > 0 such that II*(1 —e™") > § for all x ¢ V since for r > 0.
I*(1-e™") >O*(1-eT) and for + <0, 1*(1 —e~) > I*(1 —e~5) and by scaling

these increase with |z|. So we have
M"1-e")>0"(1-¢e7:7 < 0)
=MV’ - e™); 7 < o)
>4 -0 < a),
and so

I"(r <o) < . (4.10)
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These conditions are sufficient conditions for Salisbury’s theorem. According to
his theorem if we normalize 7 so that [I"(1 —e™?) < 1, there is a recurrent extension
of W? and the excursion measure of the extension is II".

Now let us take 5 of the form

Cll(—oc,o) (d:::) + c21(0,oo) (d.’l.‘) )
||¢ ||

n(dz) =

II"(1 — e™) will be finite provided ¢ > 1 and since IT1*(1 — e~7) ~ k|z|®" for = near

zero, provided ay — € > —1 or € < a(p; + ¢2). We have the following.

Theorem 4.3.1 Let W° be a mizture of stable processes of type (@, 3,) and (a. J»)
such that II*(0 < o0) =1 for all € R". Fore € (1,a(p, + q2)) define n(dz) by

cll(—oo,O) (d.L') + Cgl(o'oo) (dl‘)

n(dz) =
x| |z]¢

(4.11)

with ¢; and ¢; such that I"(1 —e™7) = 1. Then II" is the ezcursion measure of a re-

current scale invariant extension of W° which has no sojourn at zero. Conversely, a
1 . - . Wo . h . d . h .

recurrent scale 1nvariant extension of with no sojourn at zero and with ezcursion

measure given by I1" must have 1) of the form (4.11) with € € (1, a(p; + ¢2)).

Proof. For the first half of the proof, it follows from the discussion preceeding the
statement of the theorem that for n(dzr) of the form (4.11) there is an extension with
excursion measure [I7 so it suffices to verify that the extension is scale invariant.

Scaling can be characterized in terms of the resolvent operators for the extension.
ie,fora>0

1 _L, L
Urf(z) = ;ka/afoa a(asz),

and since U, f(r) is determined by the minimal process and Uy f(0), i.e..
Usf(z) = Vif(x) + TI*(e7*") U £(0), (412)
it suffices to verify

UAf(0) = ~Usjaf 0a~H(0) (4.13)



to see that the extension is scale invariant.

It will be convenient to introduce Rogers’s [17] operators n,, the Laplace trans-

form of the entrance law. or equivalently

m(f) =T [ e fWat).

Note that n, satisfies the “resolvent equation”. i.e., for A > 0. £ > 0 and A # p

n,\—n,,

l’l,\‘/;‘o = i~ Y
Taking g =1 in (4.9) and multiplying by X yields
1 = Any(1)I1° / = eMdLs.
0

In other words.

Thus. we have the following
ma(f) =T([" e pwyar
= [ /"e-“f(w,)dt)n(dz)
RO 0

By CT—
RO 0

= [ ¥ / " =M F(am W )dt)p(dz)a= D
RO 0

= am e [T et fo ama (Wy)dt)
0

= a—l+((_l)/an,\/a(f (] a_tl'—).
And so )
nA/a(fo (l—:)

1 1
U -5(0) =
al,\/afOG (0) Ana/a(L)

na(f)
/\n,\(l)

(4.14)
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= Uy f(0).

It follows that the extension is scale invariant.

Now assume that Y is a recurrent scale invariant extension with excursion mea-

sure given by (4.7). From scaling, for any a > 0 (4.13) holds. so that

nA(f) _ naja(foa™s) ]
da@) ~ Aned) (113)

In particular. with f =1

1 L
na(4) = ;%nA/a(ao 4. (4.16)

Using (4.16) and the (4.14) we have the following:

QLI/‘)—:-;&— / V 1)(z)ny(dx)
1.. 1 n/\(l) |
= Jeoa ”O/a( ) )nA/a(l) sa(d(a=r))
= énri';(:'z) /;;D I,';lﬂ/a(l)(-'lf)n,\/a(dl')
1 1 .
= ;nr,l\;f(l)) n'\/“"‘#o/a(l)

— }_ nA(l) nu\/a(l) - ny/a(l)
anye(l) pla-2Afa
Simplifying the above

ny (l)nA/a(l) = nz\(l)nu/a(l)'

Thus. as a function of A. we must have ny(1) = k)? for some é. and (4.15) becomes
-1
nA(f) = a’nyju(foa™).
In terms of the excursion measure

H”(/an""f(W’,)dt) = a‘H"(/o‘r e~3F (a3 W) db).
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Thus, we have
T ¢ -t > .
LI e pwdenaz)
~d ﬁ I /0 " e f(amEW,)dt)n(dx)
cla
Y NN | z -\t —ﬁ r . ’
=aft [ ([T e (o Wa)dt)n(de)
5+1 atler, (1% _app Lo L
=™t [ I ([ e (o W dtn(d(a¥ r)
PO 0
=™ [ ([ e fWdtn(d(at 2)).
In other words. with 7,(dr) = a**'5(d(a=z)).
[ a2V fa) = [ na(@e) 2 s().
Now for continuous f with compact support

AV F(2) =TE( [ Ae™ f(W)dt)

Ao
= IT( /0 e~ f(Wya)dt),
which clearly goes to f(x) as A = oc, and does so boundedly since ||AVY f|| < [If]l-
Furthermore. for V" a neighborhood of 0 such that f vanishes inside V" and with

[|fl] < 1. and setting 7 = oy-. we have
NPf(o) STE([ e Nitir < 0) S TE(r < o).
0

But. from (4.10)
/ *(r < o)p(dz) < x.

It is straightforward to see that II*(r < o) is also integrable with respect to 7,(dr).
Thus it must be that p(dz) = a‘5+‘r](d(aal‘.zt)). i.e.. 17 is scale invariant. so it follows

that
C[l(_ocvo)(d.'l:) Czl(o'x)(d.‘l.‘)
ol of
where € = a(d + 1) + 1. As before. € needs to be in the interval (1.a(p, + ¢)) for

II7(1 — e™") to be finite. N

n(dr) =
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